Sets of n—length 0-1-sequences with minimal
shadow in (n — 1)-length subsequences!
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For A" = ﬁ X , the sequences of length n over the alphabet A, we consider for sets
Acar théir shadow VA = {z"7! € A" : 2" ! issubsequence of some a" € 4} .
The goal is to find for given cardinalities sets of minimal cardinality of the shadow.
It 1s not optimal to choose the éegménts of the B-G order (see Preprint 92-036).
Example: Choose X = {0,1,2,}, n =3, and notice that the 12" initial segment
in B-G order is A = {000,100,101,001, 110,101,011, 111, 200,020, 002, 210}

with vA = {00,10,01,11,20,02,21} , |VA| =7 . However, for

B = {000, 100,010,001, 110,101,011, 111,200, 210,201,211} , |B| = 12, we have

vB = {00,10,01,11,20,21}, |VB|=6. |

However, in the binary case the B—G order coincides with the H-order of [1]:

For any integer u € [0,2"] the u-th initial segmeﬁt consists of all =™ € {0,1}" with
less than n —k ones and all remaining elements with n—k ones, whose complements
aredn the initial segment of the squashed order (used for instance in Kruskal-Katona).

As in the vertex isoperimetric problem in binary Hamming space ([1]) it is optimal
also for our shadows of sets in {0,1}" .

We use the unique binomial representation of an integer wu
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and observe that for an initial, H-order segment S with |S|=u
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v
Theorem. For every A C {0,1}" |VA| > G(n,|A|) and the bound is achieved by
the u-th wnitial segment in H-order. :

The proof is an immediate consequence of our main discovery, the
' v
V-Inequality: If w; <wy < G(n,w) and w < wp+ w;y , then

v

&) < C(n—1,w0) + Cln— 1, 1), (3)

! We are grateful to David Daykin for the communication on this subject.
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Proof of Theorem by induction on n: For n =2 (3) is readily verified. From
the TH for n — 1 we proceed to n . Define for 4 C {0,1}" and B C {0,1}"*"!

Ai={zy...%q_1:71...Tp-12 € A} and B*i={y; ... Yn-12 Y1 .. Yn-1 € B} .
Next observe that ULO(VAi) %1 C VA, Ni_o(VA) *i=0 |
v
and that therefore |VA|> ST_ VA > 1 G(n —1,]4;]) (by the IH) .
v
According to the V-inequality this can be lower bounded with the desired G(n,|A]) ,

v
if |Aol,|A1] < G(n,|A|) . Otherwise we have for some 1 |4;| = max(|Aol, |A:]) =
v

G(n,]A|) and we are done again, because VA D 4, . '

Proof of the V—inequality : Instead of presenting our original proof with fairly
lengthly calculations with binomial coefficients, we derive the inequality from Lemma
6 of [2], which in turn makes use of an inequality of Eckhoff and Wegner. Define .

G(n,u) :,(Z>+<nil>+m+<z>+(ko—[—k1>+';'+<titl);u asin (1). (4)

Lemma 6 of [2]: If 0 <wu; <wup and u <wuj + ug , then

G(n,u) < max(uz, G(n — Lu1)) + G(n — 1, uz).

Proof of V—inequality : If (3) does not hold, then

v v v
w — G(n,w) <wo — G(n—1we) +w1 — G(n — 1,wi)

v
and with the convention w(n—1) =u — G(n,u)

w(n — 1) <Wo(n — 1) + wi(n — 2). - (5)

Now (1), (2), and (4) imply that

GM—LH@—U):&WWL | (6)
G(n—1,w(n—1)) > G(n — 2,wo(n — 2)) + G(n—2,m(n - 2)) (7)
Lemma 6, (5), and (7) yield |
G(n—1,%(n—1)) <Wo(n —2) + G(n - 2,w1(n —2))

v
or by our convention and (6) G(n,w) < wg , a contradiction to our hypothesis.
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