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Abstra
t: It was shown in [1℄ that in any \dense" �nite poset P = (P;<)(e.g. in the Boolean latti
e) every maximal anti
hain S may be partitionedinto disjoint subsets S1 and S2, su
h that the union of the upset of S1 with thedownset of S2 yields the entire poset: U(S1) [D(S2) = P .Under suitable denseness assumptions we establish splitting properties in greatgenerality for in�nite posets, dire
ted graphs and set systems. We show alsothat for 
ountable posets the 
onje
ture (4.4) of [1℄ is not true. The poset ofsquarefree integers serves as an example.It seems also to be of interest that already for the �nite Boolean latti
e there areanti
hains whi
h splitt 
ardinalitywise only in an extremely unbalan
ed way.Finally we introdu
e new notions of splitting, 
alled Y {splitting, �{splitting andX{splitting. For instan
e in a Y {splitting fS1; S2g in addition to the propertyabove we have also that U(S1) [D(S1) [ S2 = P . We establish �rst results ina 
hallenging new area.BASIC DEFINITIONS FOR POSETSDownsets, upsets, generators, anti
hainsLet P = (P;<) be a partially ordered set (poset) and let H be a subset of P .The downset D(H) of the subset H isD(H) = �x 2 P : 9s 2 H(x � s)	: (1:1)The upset U(H) of H isU(H) = �x 2 P : 9s 2 H(s � x)	: (1:2)29



30We introdu
e also the setsD�(H) = �x 2 P : 9s 2 H(x < s)	 (1:3)and U�(H) = �x 2 P : 9s 2 H(s < x)	: (1:4)A subset G � P is 
alled a generator of P , ifU(G) [D(G) = P: (1:5)A generator G of P is 
alled minimal, if no proper subset of G is a generatorof P .A subset S � P is 
alled anti
hain or Sperner system, if no two elements of Sare 
omparable. An anti
hain S is maximal (or saturated) if for every anti
hainS0 � P , S � S0 implies S = S0. It is easy to see that an anti
hain S is maximali� it is a generator of P . We also remark that a minimal generator of P is notne
essary an anti
hain.A splitting property and notions of densenessWe say that H � P has the splitting property, if there exists an H1 � H withU(H1) [D(H rH1) = P: (1:6)Of 
ourse, for H to have the splitting property it is ne
essary that H is agenerator of P . We say that P has the splitting property, if every maximalanti
hain has the splitting property.Now we introdu
e notions of denseness in P for H � P .If for every open interval < x; y >= fz 2 P : x < z < yg with endpointsx; y 2 P rH :(d1) hx; yi \H 6= �) jhx; yi \ P j � 2,then we 
all H d1{dense in P ,(d2) hx; yi \H 6= �) jhx; yi \H j � 2,then we 
all H d2{dense in P .Furthermore, if for every open interval hx; yi with endpoints x; y 2 P :(d�2) hx; yi \H 6= �) jhx; yi \H j � 2,then we 
all H d�2{dense in P .Clearly, a d�2{dense set is also d2{dense and a d2{dense set is also d1{dense.Remarks:In the spe
ial 
ase H = P in [1℄ for d�2{denseness the term \P is weaklydense" is used. Also, P is strongly dense, if for any non{empty intervalhx; yi and any z 2 hx; yi there is a z0 2 hx; yi in
omparable with z. For�nite P the notions 
oin
ide. Then P is said to be dense.If H is an anti
hain, then d2{dense 
oinsides with d�2{dee and they arethe same as \the anti
hain H is dense in P".



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 31Finally it is 
onvenient to have the following notation:For H;G � P we write H >j< G i� for all h 2 H and all g 2 G elements h andg are in
omparable. For s; s0 2 P and G � P we also write s >j< s0 instead offsg >j< fs0g and s >j< G instead of fsg >j< G.Similarly, we writeU(s) = U(fsg); U�(s) = U�(fsg); D(s) = D(fsg); D�(s) = D�(fsg): (1:7)REDUCTION OF GENERATORS TO ANTICHAINSWe begin with an auxiliary result.Lemma 1 For any poset P let C � P be a set su
h that every element 
 2 Cis 
omparable with at least one other element 
0 of C. Then(i) there exists a C1 � C su
h that for C2 = C rC, we have the properties:8a 2 C1 9b 2 C2 su
h that a > b, 8b 2 C2 9a 2 C1 su
h that b < a.(ii) there exists a C1 � C with D(C) [ U(C) = D(C1) [ U(C2).Proof: (i) Let A � C be a maximal anti
hain in C. Its existen
e is guaranteedby Zorn's Lemma. By the maximality of the anti
hain AC � D�(A) [ U�(A) [A:We write A in the form A = Amax [ Amin [ A0;whereAmax = fa 2 A :6 9
 2 C with 
 > ag; Amin = fa 2 A :6 9
 2 C with 
 < ag;A0 = Ar (Amax [Amin):By our assumption on C Amax \Amin = � and also one of the sets D�(A) andU�(A) is not empty. W.l.o.g. we 
an assume that D�(A) 6= � and 
onsider thesets C1 = �Amax [ U�(A) [A0� \ C; (2:1)C2 = �Amin [D�(A)� \ C; (2:2)whi
h 
learly satisfy C2 = C r C1.One also readily veri�es that they 
an serve as sets whose existen
e is 
laimedin (i) and (ii).Let now G � P be a generator of P . Partition it into G = G1 _[G2, whereG1 = fg 2 G : 9g0 2 G; g0 6= g and g >j< g0g; (2:3)



32and G2 = GrG1. Obviously G2 is an anti
hain in P .We 
onsider the poset P 0 = (P 0; <), whereP 0 = P r �D(G1) [ U(G1)�: (2:4)Sin
e G is a generator of P , G2 is a generator and hen
e maximal anti
hain inP 0. This and Lemma 1 yield the following result on redu
tion.Proposition 1. Let G � P be a generator of P and let G1; G2 be de�ned asabove, G1 _[G2 = G. Now G has the splitting property in P i� the maximalanti
hain G2 in P 0 has the splitting property in P 0.The next and last result on redu
tion is readily veri�ed.Proposition 2. Let G be any d1{dense (resp. d2-dense) subset of P (notne
essarily a generator) and de�ne G1; G2 and P 0 as in (2.3) and (2.4). ThenG2 is d1{dense (resp. d2{dense) in the poset P 0.SPLITTING OF D1{DENSE ANTICHAINSUnder the weakest of our density assumptions and further regularity 
onditionswe present next a splitting result for not ne
essarily �nite posets.Theorem 1 Let P be a poset and let S � P be a maximal anti
hain, whi
h isd1{dense.Additionally, we assume that(i) in D�(S) exists an anti
hain S with D(S) = D�(S)(ii) in U�(S) exists an anti
hain S with U(S) = U�(S)(iii) S 
arries a well{ordering � with the property: for all u 2 S the setA(u) = fs 2 S : s < ug has a maximal element a

ording to �.Then S has the splitting property.Proof: For every d 2 S we 
onsider the setB(d) = fs 2 S : d < sg: (3:1)Let f(d) be its minimal element a

ording to �. We 
onsider S1 = Sd2S�f(d)	and prove that it gives the desired splitting. Sin
e S is a maximal anti
hain,of 
ourse D(S) [ U(S) = P:From 
ondition (i) and the 
onstru
tion of S1 we getD(S1) = D(S)r (S r S1):It remains to prove that U(S r S1) = U(S)r S1:



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 33By 
ondition (ii) for this it suÆ
es to show thatS � U(S r S1):Suppose then, to the opposite, that for some u 2 S we have u =2 U(S r S1).We 
onsider the set A(u) = fs 2 S : s < ug: (3:2)Sin
e u =2 U(S r S1), ne
essarily A(u) � S1. Let s0 2 A(u) be a

ording to �the maximal element of A(u), whi
h exists by (iii). From the 
onstru
tion ofS1 it follows that s0 = f(d0) for some d0 2 S.We 
onsider now the open interval hd0; ui, whi
h 
ontains s0 2 S. Sin
e S isd1{dense there is a t 2 P with t 6= s0 and d0 < t < u.Furthermore, sin
e d0 2 S and by (i) S is anti
hain with D(S) = D�(S), weknow that t =2 D�(S). Symmetri
ally, by (ii), t =2 U�(S), and hen
e t 2 S.Now we have t 2 A(u), sin
e t < u, and t 2 B(d0), sin
e d0 < t. However, s0is the maximal element of A(u) in the well{ordering �. Hen
e, s0 is not theminimal element in B(d0) a

ording to �. Therefore, s0 6= f(d0), whi
h is a
ontradi
tion.Corollary 1 Let S be a maximal anti
hain in a �nite poset P . If S is d1{densein P , then S has the splitting property.Remark 3: Theorem 2.1 of [1℄ is a spe
ial 
ase of this Corollary and alsoTheorem 3.1 of [1℄ easily follows. A
tually in 
ase of �nite posets the proofabove 
losely resembles the se
ond proof of [1℄.An instru
tive in�nite poset is Z = (Z;<), where Z is the set of 0{1{sequen
esand for two sequen
es a = (a1; a2; : : :); b = (b1; b2; : : :) 2 Z a � b exa
tly ifai � bi for all i = 1; 2; : : :. Clearly, any subset H � Z is d1{dense.Corollary 2 Let S � Z be a maximal anti
hain, whose members have at mostk ones. Then S has the splitting property.Proof: The maximal elements in D�(S) form an anti
hain S and the minimalelements in U�(S) form an anti
hain S. They guarantee (i) and (ii). Sin
e foru 2 S A(u) is �nite, also (iii) holds.THE LATTICE OF SQUARE{FREE NUMBERS DOES NOT HAVE THESPLITTING PROPERTYLet Z� � Z = f0; 1g1 be the set of all 0{1{sequen
es with �nitely many ones.Those sequen
es 
an be identi�ed with the sequen
es of exponents in the primenumber representation of square{free numbers IN �. The order relation in Z,and thus in Z� says in terms of N� : for a; b 2 IN � a � b i� a j b (a divides b).A

ording to this relation the upset of H � IN � is the set of multiples of HM(H) = fn 2 IN � : `jn for some ` 2 Hg (4:1)and the downset is the set of divisors of H



34 D(H) = fn 2 IN � : nj` for some ` 2 Hg: (4:2)Theorem 2 The poset of square{free numbers does not have the splittingproperty.Remark 4: IN � is a 
ountable and strongly dense poset. Therefore Theorem2 refutes Conje
ture 4.4 of [1℄.Proof of Theorem 2: We 
onstru
t a maximal anti
hain S without thesplitting property as follows:We 
hoose an arbitrary T1 2 IN and 
onsider the setA1 = fn 2 IN � : T1 < n � 2 T1g:Next we 
hoosse any T2; T2 > 8 T 21 , and de�ne the setA2 = �n 2 IN � : n 2 (T2; 2 T2℄rM(A1)	:Indu
tively, for every k > 1 we 
hoose Tk; Tk > 8 T 2k�1, and de�ne the setAk = (n 2 IN � : n 2 (Tk; 2Tk℄rM  k�1[i=1 Ai!) :Finally we de�ne S = 1[i=1Ai: (4:3)Clearly, numbers in Ai are in
omparable and a 2 Ai, b 2 Aj (i < j)are in
omparable, be
ause we have ex
luded the multiples of Ai in thede�nition of Aj and b > a. Thus S is an anti
hain (also 
alled primitivesequen
e in Number Theory).We show next that S is maximal, that is, IN � =M(S) [D(S). If this isnot the 
ase, then an � 2 IN � with � =2 M(S) [D(S) and, parti
ularly,� =2 (Ti; 2 Ti℄ for i = 1; 2; : : : exists. Hen
e 2 Tk < � � Tk+1 for somek 2 IN or 2 � � � T1. It follows from Bertrand's postulate that thereexists a prime p 2 P (the set of all primes) su
h thatTk+2� < p � 2Tk+2� or, equivalently, Tk+2 < � � p � 2 � Tk+2:Sin
e Tk+2 > 8 T 2k+1 and 2 Tk < � � Tk+1, we 
on
lude that2 Tk+1 < p < Tk+2:Hen
e p > � and � � p 2 IN �.



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 35Now, if � � p 2 M(S) or (equivalently) �0j� � p for some �0 2 S (�0 �2 Tk+1), then, sin
e p 2 P and p > 2 Tk+1 we have �0j� and hen
e� 2M(S), a 
ontradi
tion.On the other hand, if � p =2 M(S) r S then the 
onditions Tk+2 <� p � 2 Tk+2, � p 2 IN � yield � p 2 S. But then � 2 D(S), again a
ontradi
tion.Finally we show that the maximal anti
hain S does not have the splittingproperty.Let us assume to the opposite that for some S1 � SD(S1) [M(S r S1) = IN �:Ne
essarily S1 6= �, be
ause for example all squarefree integers from[1; T1) and all primes from (2 Tk; Tk+1℄, k 2 IN , are not in M(S).Let then � 2 S1 and Tk < � � 2 Tk for some k 2 N. From Bertrand'spostulate we know that there is a prime q with 2 Tk < q � 4 Tk. Considerthe integer � � q. Obviously � � q 2 IN � and sin
e Tk+1 > 8 T 2k we have2 Tk < � � q < Tk+1:Clearly, � � q =2 D(S), be
ause S is an anti
hain and � 2 S.On the other hand ��q 2M(SrS1) would imply �0j�q for some �0 2 SrS1and then �0 � 2 Tk, be
ause � � q < Tk+1, and hen
e �0j�, be
ause2 Tk < q. But then �0; � are in the anti
hain S and at the same time
omparable. This 
ontradi
tion implies that for the integer � � q 2 N��q =2 D(S1) [M(S r S1):ON THE SPLITTING RATIO OF MAXIMAL ANTICHAINSIN THE BOOLEAN POSET LN = f0; 1gNTo �x ideas, let us 
onsider the maximal anti
hain S = �[n℄` � in Ln. For asplitting S = S1 _[S2 ne
essarily D(S1) � � [n℄`�1� and U(S2) � � [n℄`+1�, 1 � ` �n� 1, and therefore ``+ 1�ǹ� � jS1j � 1̀� n`�1� = 1n�`+1�ǹ�;n� `n� `+ 1�ǹ� � jS2j � 1n�`� n`+1� = 1`+1�ǹ�:Thus



36 ` � jS1jjS2j � 1n� ` (5:1)or max� jS1jjS2j ; jS2jjS1j� � max(`; n� `) � n.So the ratio of the 
ardinalities is at most linear in n. However, we 
onstru
t an-ti
hains whose splitting ratios �(n) = minn jS2jjS1j : fS1; S2g is a splitting of Lnosatisfy for large n �(n) � 2"n for some 
onstant ": (5:2)Constru
tion: For a k 2 IN , 2jk, let L = Lk � �[k℄k2 � be a 
ode with minimalHamming distan
e � 4 and with a maximal number of 
odewords. We 
onsiderthe poset Pk = f0; 1gk r U(L) and de�ne E = Ek as the set of all maximalelements in Pk. Every element of E has at least k2 ones.For n = k � r 2 IN partition [n℄ into r blo
ks R1; R2; : : : ; Rr ea
h of 
ardinalityk.We denote by It, 1 � t � r, the 0{1{sequen
e of length n, whi
h has onesexa
tly in the positions from blo
k Rt. For any ` 2 L, e 2 E and t; 1 � t � r,we denote by `t and qt the 0{1{sequen
es of length n, whi
h have zeros in theblo
ks Ri, i 6= t, and ` resp. e in the blo
k Rt.De�ne L�t = f`t : ` 2 Lg and E�t = fet : e 2 Eg. We 
onsider now S = A[B �f0; 1gn, whereA = �a 2 f0; 1gn : a ^ It 2 L�t for all 1 � t � r	andB = �b 2 f0; 1gn : 9t 2 f1; : : : ; rg with b ^ It 2 E�t and b ^ Tt0 = It0 fort0 6= t	.One 
an verify that S is a maximal anti
hain and by Corollary 2 possesses thesplitting property.We observe that A � �[n℄n2 � and 
onsider the setX = U(A) \� [n℄n2 + 1�:It satis�es X \ D(B) = �, be
ause S is anti
hain and for any x 2 X thereexists exa
tly one a 2 A with a < x, sin
e a1; a2 2 A implies dH(a1; a2) � 4.Hen
e, for every splitting S = S1 _[S2, D(S1)[U(S2) = f0; 1gn we always haveA � S2.Therefore, using a familiar lower bound on jLj,jS2j � jAj = jLjnk >  
�kk2 �k2 !nkand jS1j � jBj = nk � jEj < nk � 2k:Now jS2jjS1j � 2"(
)n for large n, if we 
hoose k � pn.



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 37THE SET{THEORETICAL FORMULATION OF THESPLITTING PROPERTY, D2{DENSENESSLet P be a poset and let S � P be a maximal anti
hain in P . Consider thefamilies of sets A;B � 2S de�ned byA = �A(u) : u 2 U�(S)	; B = �B(d) : d 2 D�(S)	: (6:1)Here we use again the de�nitions (3.1) and (3.2) for A(u) and B(d).The splitting property of S 
an equivalently be written in the set{theoreti
formulation: There exists a partition of S; S = S1 _[S2; su
h thatS1 \ A 6= � for all A 2 A and S2 \ B 6= � for all B 2 B: (6:2)We 
an forget now how A;B originated in (6.1) from (P ; S) and 
an 
onsiderabstra
tly any set S and two families A;B of subsets of S and ask whether theyhave the splitting property (6.2).Of 
ourse any abstra
t system (S;A;B) 
an be viewed as 
oming via (6.1) froma suitable poset. The new language 
reates new asso
iations. For instan
e in[2℄ for any set system M � 2S a so 
alled B{property was introdu
ed, whi
hmeans that S has a partition S = S1 _[S2 withH \ S1 6= � and H \ S2 6= � for all H 2M: (6:3)Obviously, if M = A [ B has the B{property, then S possesses the splittingproperty with respe
t to A;B, but the 
onverse is not always true.In the following spe
ial situation it is easy to establish the B{property.Proposition 3. Let S be an in�nite set and let M � 2S be 
ountable, M =fH1; H2; : : : ; g; and let everyHi 2M be in�nite. ThenM has the B{property.Proof: Sin
e jHij =1 for i = 1; 2; : : :, we 
an sequentially 
hoose two di�erentelements hi; gi 2 Hi for i = 1; 2; : : : su
h that hi 6= hj , hi 6= gj , gi 6= gj (i 6= j).Now we de�ne S1 = fh1; h2; : : :g and S2 = S r S1:Here we 
onsider for the �rst time the property d2{dense for a maximal an-ti
hain S � P . We study it right away in the new setting. The set S is d2{densefor the set systems A;B � 2S , if for all A 2 A and all B 2 B ne
essarilyjA \Bj 6= 1: (6:4)We also say that A;B have property d2.Theorem 3 Let A;B � 2S have property d2, let � =2 A [ B and let both, Aand B, be 
ountable. Then S has the splitting property for (A;B).Proof: First note that this theorem is not a 
onsequen
e of Proposition 3,where we require all members of A and B to be in�nite.



38Let now A = fA1; A2; : : :g, B = fB1; B2; : : :g and by property d2 jAi \Bj j 6= 1for all Ai 2 A, Bj 2 B. Then we 
an 
hoose a1 2 A1 and b1 2 B1; a1 6= b1. Weremove all sets from A whi
h 
ontain a1 and all sets from B, whi
h 
ontain b1.We remove also the element a1 from every set in B and the element b1 fromevery set in A. We denote the remaining sets by A1 and B1. Now verify that� =2 A1 [ B1 and A1;B1 have again property d2!We note also that the set system A1 (as well as B1) is ordered a

ording tothe ordering of A, i.e. A1 = fA11; A12; : : :g A1k = Am r fa1g is followed byA1t = A` r fa1g for k < t i� m < `.Now we 
hoose a2 2 A11, b2 2 B11 , a2 6= b2 and 
onstru
t set systems A2;B2,et
. Continuation of this pro
edure leads to the subsets of S : S1 = fa1; a2; : : :gand S2 = fb1; b2; : : : ; g. They splitt A;B.Next we show how important it is that in Theorem 3 both, A and B, are
ountable.Example 2: (S 
ountable, A;B � 2S, � =2 A [ B, A;B have property d2 (andeven a stronger property), A is 
ountable, B is non{
ountable, but S does nothave the splitting property.)S = IN , A = fA � IN : jA
j < 1g, where A
 is the 
omplement of A,B = fB � IN : jBj =1g. Clearly for every A 2 A and B 2 BjA \ Bj =1 (stronger than d2):Suppose that S = S1 _[S2 and thatS1 \ A 6= � 8 A 2 A and S2 \ B 6= � 8 B 2 B: (6:5)In 
ase jS1j < 1 we have S
1 2 A and hen
e S1 \ S
1 = � violates the �rstrelation in (6.5). In 
ase jS1j = 1 we have S1 2 B and hen
e S2 \ S1 = �violates the se
ond relation.SPLITTING OF SETS WITH PROPERTY D2, MINIMALREPRESENTATIVE SETS AND MINIMAL COVERINGSThe results of the last Se
tion gave the motivation for introdu
ing a further
on
ept.Let S be a set and M� 2S. The set R � S is a representative set for M, ifR \H 6= � for all H 2 M: (7:1)A representative set for M R � S is minimal, if no proper subset R0 � R isrepresentative set for M.Theorem 4 For a set S and A;B � 2S with property d2 and � =2 A [ B letalso A (or B) have a minimal representative set.Then S has the splitting property.Proof: We show that we 
an 
hoose as S1 in the partition of S the minimalrepresentative set R � S of A.



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 39Sin
e by de�nition R \ A 6= � for all A 2 A and it remains to be seen thatthere does not exist a B0 2 B with (S rR) \ B0 = �, or equivalently B0 � R.Assume the opposite.We 
hoose an arbitrary b 2 B0 and 
onsider the set R0 = R r fbg. Sin
e R0 isnot representative for A there is an A 2 A with A \ R 6= � and A \ R0 = �.Therefore A \ R = fbg and sin
e b 2 B0, B0 � R we have jA \ B0j = 1. This
ontradi
ts d2.Remark 5: The existen
e of minimal representatives is not ne
essary for thesplitting property.Example 3: Let S = fs1; s2; s3; : : :g be any in�nite 
ountable set and A =B = �S; S r fs1g; S r fs1; s2g; : : :	.Sin
e jA\Bj =1 for A 2 A and B 2 B, we have property d2. Neither A (norB) has a minimal representative. However, for every in�nite S1 � S, for whi
hS r S1 is also in�nite, we have a splitting of A and B. Moreover, in this 
asethe existen
e of a splitting follows from Proposition 3.Minimal representative sets are related to minimal 
overings:The setM� 2X is a 
overing of the set X , if SH2M = X , and it is a minimal
overing if no proper subset is a 
overing of X .Now, let S � P be a maximal anti
hain in the poset P . Re
all the de�nitionsof U�(s) and D�(s) for s 2 S in Se
tion 1 and 
onsider the systems of setsU = �U�(s) : s 2 S	;D = �D�(s) : s 2 S	:Sin
e Ss2S U�(s) = U�(S) and Ss2S D�(s) = D�(S), the systems U and D are
overings of U�(S) and D�(S) resp.The following statement is immediately proved by inspe
tion.Proposition 4. Let S � P be a maximal anti
hain in the poset P and let A,B, U , and D be the asso
iated set systems. Thus A (resp. B) has a minimalrepresentative set i� U (resp. D) 
ontains a minimal 
overing of U�(S) (resp.D�(S)).From here we get an equivalent formulation of Theorem 4.Theorem 4' Let S � P be a maximal anti
hain in the poset P with propertyd2 and let the asso
iated set system U (resp. D) have a minimal 
overing ofU�(S) (resp. D�(S)). Then S possesses the splitting property.Klimo [2℄ has studied minimal 
overings and proved the following result.Theorem [2℄ Let M� 2X be a 
overing of X .(i) Suppose that there is a well{ordering � of M with the property: for allx 2 X the sets fH 2 M : x 2 Hg have a maximal element a

ording to�. Then M 
ontains a minimal 
overing of X .(ii) Suppose that for all H 2 M jH j � k for some k 2 IN , then M 
ontainsa minimal 
overing of X .Remark 6: As explained in [2℄, this Theorem implies that a point{�nite 
ov-ering M of X (i.e. 8 x 2 X jfH 2 M : x 2 Hgj < 1) 
ontains a minimal
overing of X .



40From Theorems 4, 4', [2℄ and Proposition 4 we obtainCorollary 3 Let S be a set, A;B � 2S , � =2 A[ B and A;B have property d2.(i) Let � be a well{ordering of S su
h that every A 2 A has a maximalelement a

ording to �. Then S has the splitting property.(ii) Suppose that for some k 2 IN every element of S is 
ontained in at mostk sets from A, then S has the splitting property.Remark 7: An immediate 
onsequen
e of this Corollary is, that for A;B withproperty d2 and all A 2 A �nite S has the splitting property.NEW AND STRONGER SPLITTING PROPERTIESWe say that S, a maximal anti
hain in the poset P , has a Y {splitting, if forsome partition S = S1 _[S2U�(S1) [D�(S1) = U�(S) [D�(S) (8:1)and U�(S2) = U�(S): (8:2)Symmetri
ally, we say that S has a �{splitting, if for some partition S = S1 _[S2D�(S2) = D�(S) (8:3)and (8.1) holds.Finally, S has an X{splitting, if for some partition S = S1 _[S2U�(S1) [D�(S1) = U�(S2) [D�(S2) = U�(S) [D�(S): (8:4)Clearly, all these properties imply the familiar splitting property.We begin their exploration with one of the basi
 posets, namely Z = f0; 1g1.At �rst we analyse d2{dense anti
hains S for this poset. For this we look forb 2 S at intervalls h
; ai with b 2 S \ h
; ai anda = b1b2 : : : bi�1 1 bi+1 : : : bj�1 1 bj+1 : : :b = b1b2 : : : bi�1 1 bi+1 : : : bj�1 0 bj+1 : : :
 = b1b2 : : : bi�1 0 bi+1 : : : bj�1 0 bj+1 : : : :Clearly 
 2 D�(S), a 2 U�(S) and 
 < b < a. Sin
e S is b2{dense, we musthave b0 = b1b2 : : : bi�1 0 bi+1 : : : bj�1 1 bj+1 : : : 2 S:Thus property d2 implies theEx
hange property: S is 
losed under ex
hanging any two positions in itselements.



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 41So, if S 
ontains an element s = (s1; s2; : : :) with �nitely many, say k, ones,then ne
essarily S = �INk �: (8:5)We know from Remark 7 that this S has the splitting property. A
tually we
an 
hoose S1 = �s = (s1; s2; : : :) 2 S : s1 = 1	 and S2 = S r S1.Next we 
onsider Z� � Z , the poset of all 0{1{sequen
es with �nitely manyones, O� � Z , the poset of all 0{1{sequen
es with �nitely many zeros, andP1 = Z r (Z� [ O�) (8:6)the poset of all 0{1{sequen
es with in�nitely many ones and in�nitely manyzeros.Proposition 5. Every maximal anti
hain in P1 is un
ountable.Proof: Cantor's diagonal argument shows that 
ountability is 
ontradi
tory.Theorem 5(i) In the poset Z� every maximal d2{dense and non{trivial �S 6= �IN0 �� an-ti
hain S has a �{splitting.(ii) In the poset P1 every maximal d2{dense anti
hain S has an X{splitting.Proof:(i) We have already demonstrated that for some k S = �INk �.Case k even:We 
hoose S1 = na = (a1; a2; : : :) 2 �INk � :P1i=1 i ai � 0mod2o. and S2 =S r S1. Veri�
ation of the �{splitting:For b = (b1; b2; : : :) 2 � INk+1� either P1i=1 i bi � 1mod2 and then b 2 U�(S1),be
ause for some odd i0 bi0 = 1 and its repla
ement by 0 produ
es an a 2 S1,or P1i=1 i bi � 0mod2 and then b 2 U�(S1), be
ause k + 1 being odd enfor
esbi0 = 1 for some even i0 and its repla
ement by 0 produ
es an a 2 S1. Similarlywe show that D�(S1) = D�(S2) = D�(S).Case k odd:De�ne IN 1 = fn 2 IN : 2 - ng, T = �INk � and let T = T1 _[T2 be a splitting(guaranteed by Corollary 2) of Z�1 , the poset of all 0{1{sequen
es with �nitelymany ones in the positions IN 1 and zeros in the positions IN r IN 1.Now we take L1 = S1 [ T1 and L2 = �INk �r L1and again verify the �{splitting.(ii) Let S � P1 be a maximal and d2{dense anti
hain. We have to show thatthere is a partition S = S1 _[S2 withU�(S) [D�(S) = U�(S1) [D�(S1) = U�(S2) [D�(S2): (8:7)



42By the ex
hange property S is uniquely partitioned into equivalen
e 
lassesfSigi2I su
h that every 
lass Si(i 2 I) 
onsists of those elements of S whi
h
an be obtained from ea
h other by �nitely many ex
hanges.Clearly, Si(i 2 I) is 
ountable and hen
e by Proposition 5 the set of indi
es Imust be un
ountable.Now we 
onsider the setsSi = �a = (a1; a2; : : :) 2 P1 : 9 s = (s1; s2; : : :) 2 Si with s` = 0; a` = 1for some ` 2 IN and aj = sj for j 6= `	andSi = �a = (a1; a2; : : :) 2 P1 : 9 s = (s1; s2; : : :) 2 Si with s` = 1; a` = 0for some ` 2 IN and aj = sj for j 6= `	:Let S and S be the \parallel levels" of S, that is, S = Si2I Si and S = Si2I Si.It is 
lear that a partition S = S1 _[S2 satis�es (8.7) exa
tly ifS [ S � U(S1) [D(S1) and S [ S � U(S2) [D(S2): (8:8)We observe that S and S are maximal anti
hains in P1 and their equivalen
e
lasses are fSigi2I and fSigi2I resp.Moreover, for u 2 Si and d 2 Si the sets A(u) = fs 2 S : s < ug andB(d) = fs 2 S : s > dg are 
ontained in Si. For every i 2 I we 
onsider nowthe systems of setsAi = �A(u) : u 2 Si	;Bi = �B(d) : d 2 Si	; and Mi = Ai [ Bi:We observe thatMi � 2Si ,Mi is 
ountable and every subset ofMi is in�nite.By Proposition 3 Mi has property B. This is equivalent to the following:there exists a partition Si = S1i [ S2i su
h that Si [Si � U�(S1i )[D�(S1i ) andSi [ Si � U�(S2i ) [D�(S2i ). Finally we 
hooseS1 = [i2I S1i and S2 = [i2I S2i :In 
on
lusion we return to our best friend, the Boolean poset f0; 1gn. Underan ex
hange property its maximal anti
hains are of the form S = �[n℄k �.Theorem 6 If there exists a partition S = S1 _[S2 for S = �[n℄k � � f0; 1gn su
hthat U�(S1) = U�(S2) = U�(S);then S has a Y {splitting.Proof: We 
onsider the set of partitions



SPLITTING PROPERTIES IN PARTIALLY ORDERED SETS AND SET SYSTEMS 43V(S) = �(S1; S2) : S1 _[S2 = S;U(S�1 ) = U(S�2 ) = U�(S)	:Let (S01; S02) 2 V(S) be extremal in the sense that S01 � S1, S01 6= S1 implies(S1; S r S1) =2 V(S). It suÆ
es to show that D�(S01) = D�(S).Suppose, in the opposite, that there exists an � 2 � [n℄k�1� with � =2 D�(S01).Hen
e, the elements �1; �2; : : : ; �n�k+1 2 �[n℄k � with �i > � are from the set S02.But then �S01 [ f�1g; S02 r f�1g� 2 V(S), be
ause 
 > �1 implies also 
 > �ifor some i � 2.SPLITTING PROPERTIES FOR DIRECTED GRAPHSWe 
onsider dire
ted graphs G = (V; E) with multiple edges, that is, both edges,(v1; v2) and (v2; v1) 
an be in E .They 
an be viewed as generalizations of posets, be
ause with every posetP = (P;<p) we 
an asso
iate a graph G(P) = �P; E(<p)� as follows:For v1; v2 2 P (v1; v2) 2 E(<p), v1 <p v2: (9:1)In su
h a graph there are no dire
ted 
y
les, so the 
lass of dire
ted graphs iswider than the 
lass of posets.If S is an anti
hain in P , then for s1; s2 2 S(a) there is no edge in G(P) between s1 and s2(b) there is no dire
ted path in G(P) from s1 to s2.For G(P) properties (a) and (b) are the same. However, for general graphsthey are di�erent. If for a set S � V (a) holds, then we 
all S an anti
hain,and if (the stronger) (b) holds, we 
all S a pathwise or (shortly) p{anti
hain.We extend now the notion of a dense poset in the sense of [1℄, dis
ussed inSe
tion 1, to graphs. We use abbreviations like a b (resp. a 6 b), if there is(resp. is not) a dire
ted path from a to b.We say that G = (V; E) is p{dense, if for every dire
ted path [a1; a2; : : : ; at℄of length t � 1 � 2 and every ai (2 � i � t � 1) there exists a dire
ted pathat  ai, a dire
ted path ai  a1 or there exists a bi on a dire
ted path froma1 to at and p{independent of ai.All notions of splitting in the previous Se
tion 8 
an be extended. However, we
onsider here only the original 
on
ept of [1℄.Let S be a maximal p{anti
hain, then S possesses a p{splitting of G, if there isa partition S = S1 _[S2 with U(S1) [D(S2) = V;where U(S1) = fv 2 V : 9 s v for some s 2 Sg;D(S2) = fv 2 V : 9 v  s for some s 2 Sg:Here is our generalization of the main result in [1℄.



44Theorem 7 Let G be a �nite p{dense, dire
ted graph, then every maximalp{anti
hain S in G possesses a splitting of G.Sket
h of proof:We follow the idea of the �rst proof of Theorem 3.1 in [1℄, whi
h is by indu
tionon jV j.If s 2 S is needed for \up" to u and for \down" to d, then for the 
haind  s  u by p{denseness either we �nd a 
hain u  d and we have a
ontradi
tion, be
ause d 
an be attained in U(S) (does not use full strength of(
)!), or by (d) there is a v with d v  u and s 6 v, v 6 s.In this 
ase independen
e of s from S would 
ontradi
t maximality of S, so wehave either for some s1 2 S s1  v or for some s2 2 S v  s2.Therefore either s1  u or d  s2 and in any 
ase a 
ontradi
tion to thede�nition of s.It remains to dis
uss the 
ase where some U(s) (or D(s)) is removed from thegraph. As in [1℄ we show by inspe
tion that the indu
ed graph on V r U(s) isp{dense.Remark 8: It is interesting to analyse number{theoreti
 examples su
h asG = (V; E), where V � IN and for m;n 2 V (m;n) 2 E i� g.
.d fm;ng = 1 andm < n.We thank Peter Erd�os for proposing the study of splitting properties in in�niteposets.Referen
es[1℄ R. Ahlswede, P.L. Erd�os, and N. Graham, \A splitting property of maximalanti
hains", Combinatori
a 15 (4), 1995, 475-480.[2℄ J. Klim�o, \On the minimal 
overing of in�nite sets", Dis
rete AppliedMathemati
s 45, 1993, 161{168.


