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1 Introduction

1,2 denote positive absolute constants. If f(z) = O(g(m)) as r — oo, then we write
f(z) < g(z); f(x) > g(x) is defined analogously. If both f(z) < g(x) and f(z) > g(x)
hold, then we write f(z) =< g(x). The set of the positive integers is denoted by N. A set
A C N is said to be primitive if there are no a € A, a’ € A with a # @/, ala’. The family of
the primitive sets A C N is denoted by P. A subscript N indicates if we restrict ourselves
to integers not exceeding N, so that Ny = {1,2,..., N}, and Py denotes the family of the
primitive subsets of {1,2,..., N}. The number of distinct prime factors of n is denoted by
w(n), while Q(n) denotes the total number (counted with multiplicity) of prime factors of n:

Q(n) = Z a.

p*{n

(Here p®||n denotes that p®|n but p*™ {n.)

It is well-known and easy to prove (see, e.g., [11] p. 244) that

max | A] = N — [N/2) (: (% + 0(1)) N) | (1.1)

A€eP

Behrend [3] proved that

1 log N
1, sV 1.2
,Etne%i —a “ (loglog N)1/2 (1.2)
for some absolute constant ¢; and all N > 3, and Pillai [13] showed that
1 log N
max 08 (1.3)

- > 62—1/2
Aeby £~ a (loglog V)

for N > 3. Erdés [5] conjectured and Erdés, Sarkozy and Szemerédi ([7], [8]) proved that

log N

1
- = (1 1 N . 1.4
Aty £ (1+0(1) @rloglog N2 & & 7 (1.4)
Erdés [4] proved that
1
> <cs forall AcP with 1¢ A (1.5)
= aloga

These results have been extended in various directions. Surveys of the results on primitive
sets are given in [11], [8], [1] and [15].

Each of (1.1), (1.2) and (1.5) provides an upper bound for a certain type of density of a
primitive set A € Py. To make this assertion more precise, we use the following notation
and definitions:



If f is a non—negative arithmetic function, then we write

S(f. A) =" fla) (1.6)

acA
and, for N € Nand A C {1,2,...,N},
_ S(f,A)
5(f’A’N)_S(f,{1,2,...,N})' (1.7)

We call the function f a weighting, and for a given weighting f,

Definition 1. §(f, A, N) is called the f—density of A in Ny.

The estimates (1,1), (1,2) and (1,5) correspond to the weightings fi, fo and f3, where for
n €N

fi(n) =1, (1.8)
resp.
1 . 0 f =1
f3(n) = nTogn ( more precisely, f3(n) = {nl;gn fz;r Z - 1) : (1.10)

Using this terminology, the results quoted above say that the maximal f-density of a prim-
itive set in Ny is %, @) (W), resp. O (W) for the weightings fi1, fo and f5.

It is a natural question to ask what happens for other weightings. Can one make the maximal
f—density of a primitive set even smaller under a suitable weighting f7 In this form, of course,
the question is too general; one needs certain restrictions on the weight function f. There
are two natural directions of posing restrictions: first, one might want to study (analytically)
“smooth” weightings and, secondly, in some applications it can be useful to have results on
multiplicative weightings. Correspondingly, we introduce

Definition 2. The weighting f is said to be smooth if
(i) 0 < f(n) <1foralln
and there is a number n, € N such that

(i) f(no) >0,
(iii) f(n) < f(n—1) for n > n,.

Definition 3. The weighting f is said to be a multiplicative weighting if

3



(i) f is a multiplicative function;
(ii) f(n) >0 for all n;
(iii) f(1) =1 (so that f(n) # 0).

Each of the weightings fi, fo and f3 is smooth, and f; and f5 are also multiplicative, but f3
is not multiplicative.

If f is a smooth or multiplicative weighting and N € N, then let F'(f, N) denote the maximal
f-density of a primitive set in Ny:

F(f,N) :Eé%xé(f,A,N).

Then by (1.1), (1.4) and (1.5) we have

F(fi,N) :%—1—0(1), (1.11)
F(fs,N) = (1+0(1)) (2ﬂoglth)1/2 (1.12)

and
F(fs,N) < Jog log N (1.13)

so that out of these three weightings the Erdés weighting f3 provides the best upper bound
for the density of a primitive set.

In this paper our goal is to study the F(f, N) function for both smooth and multiplicative
weightings f.

2 The results

First we will study the following problem: how small can one make F(f, N) for a suitable
smooth weighting. It will turn out that the Erdés weighting f3 is superior not only to the
weightings f; and fy; but, apart from at most a constant factor, it is optimal amongst all
smooth weightings:

Theorem 1. Ife > 0, f is a smooth weighting and N > N,(e, f), then there is a set A € Py
with 1

(2.1)

Note that Erdds, Sarkozy and Szemerédi proposed [8]:



Conjecture. For all € > 0 there is a number K = K(¢) such that if 4 € P and
AN, K] =2, (2.2)

then we have

<l+e. (2.3)

2

1
aca 4708 ¢

If this conjecture is true and 0 < & < 1, then for N large enough (in terms of ¢) and all
A € Py, for the smooth weighting

f(n)_{ol forn< K

forn > K

nlogn

we have

_1
Daenfla) Zi‘éﬁ aloga 1+4¢ 1+ 92

o(f, A N) = = < - < :
AN = S T~ Shoren e~ (1= 5)loglogV *~ loglog ¥

Thus for all € > 0 there is a smooth weighting f with

1+e¢

F(f,N) < ————

and by Theorem 1, the constant factor 1 + ¢ here cannot be replaced by 1 — e. In other
words, assuming that the conjecture is true, even the best constant factor is known.

Next we will determine the order of magnitude of F'(f, N) for the most important special
family of weightings, namely, for f,, where

1
fo(n) = —and 0 < 0 < 0.
/rLU

Indeed, by a theorem of Erdds [6] these are the only weightings which are simultaneously
both, smooth and multiplicative. Besides, this family includes the important special cases
o0 =0 and 1 when we obtain the weightings (1.8), resp. (1.9).

Theorem 2. We have

F(f,,N)=<1 for o> 11/10, (2.4)
F(f,, N) = (log(1/(c —1)))""* for 11/10 >0 > 1+3/log N, (2.5)
F(f,,N) = (loglog N)""2 for |0 —1| <3/logN, (2.6)
F(f, N) = (log(1/(1=0)))""* for 1=3/logN >0 > 9/10 (2.7)

and



F(f,,N)=<1 for 9/10> 0 >0. (2.8)

While for most o values these estimates are connected with known results, the proof will
also contain two important new elements. First, there will be a new large family of primitive
sets constructed for the case ¢ — 1— (formula (2.7)) which leads to a new problem of
independent interest that we shall settle in the form of Theorem 3 below. Secondly, in
the proof of Theorem 3, and also implicity in the proofs of the other cases in Theorem 2,
there will be a new large family of primitive sets constructed (see formula (5.21)). This
construction seems to be canonical in a certain sense, we will return to this problem in a
subsequent paper.

Theorem 3. If N € N, 3 < Q < N and A is a primitive set all whose elements a satisfy
N/Q < a < N, then we have
1 1
Z - < _ log@ (2.9)

Cs 1/2°
“~a  (loglog Q)"

and this estimate is the best possible, i.e., there is a set A with

AcCP, ACNy—Nyjpg (2.10)
and ) log O
0g
— —_———. A1
Z . o (loglog Q)'/2 (2.11)

acA

Note that (2.9) was stated by Erdés, Sarkézy and Szemerédi, however, no proof has ever
been given. Since there are certain difficulties in adopting Behrend’s method to prove this,
for the sake of completeness we will present the proof here.

In the remaining part of the paper we will study multiplicative weightings.

The multiplicative analog of Theorem 1 is nearly trivial:

Proposition.

N
(1) If f is any weighting and N € N, with Y f(n) > 0, then

n=1

F(f,N) > (ngﬂ + 1) - (2.12)

(ii) There is a multiplicative weighting f such that

F(f,N) = (mgg]” +1)_1. (2.13)

(So that in the special case N = 2 we have

1 log N !
in F(f,2") = 1) .
o (/:2) k+1 <log2 T ) )




Proof:

(i)

Write K = [%-‘. Then we have
N K
S(fAL2,.. . N} =) fn)=> >
n=1 k=0 2k—l<n<min(N,2k)

Here the greatest of the inner sums satisfies

> f(n) > ! S(f,{1,2,...,N}).

2k—1<n<min(N,2F) K+1

(2.14)

Let A = {n: 2" < n < min(N,2*)} with a k satisfying (2.14). Then clearly A € Py,

and by (2.14), we have

1
S(f, A) > K—Hs(f,{m,...,N})

and whence

S(f,A) - 1
(f.{1,2,....,N}) ~ K+1’

5 9 A, N -
Y ) S
which proves (2.12).

Define the multiplicative function f by

1 forn=2“
f(n) = o
0 for n # 2%,

and write L = LMJ Then we have

log 2
N
S(f 412, N})=> fn)=> 1=L+1, (2.15)
n=1 20<N
and clearly, any set A € Py may contain only one of the numbers 1,2,...,2" and thus
we have
S(f,A) =Y f(n)<1 forall ACPy. (2.16)

neA

(2.13) follows from (2.15) and (2.16).

The proof of the Proposition above warns that if we want a reasonable lower bound for
F(f,n), then we must be able to control the values of f(p®) for prime powers p® with a > 1.

If f is completely multiplicative, then the primes p with f(p) > 1 also may cause a problem:
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Theorem 4. If f is a completely multiplicative function such that there is a prime p with
f(p) > 1, then there are numbers C = C(p, f(p)) > 0, N, = N,(p) such that for N € N,
N > N,, we have

F(f,N)>C. (2.17)

If we want a good upper bound for F(f, N) (for multiplicative weightings f) then, by the
Proposition and Theorem 4 above, it is reasonable to assume that

0<flp) <1 (2.18)

and
f(p*) =0 for a > 2.

However, (2.18) is still too general to handle it, thus we will restrict ourselves to the most
important special case when f(p) =0 or 1:

Definition 4. A multiplicative weighting f is said to be a combinatorial weighting if

(i) f(p) =0 or 1 for every prime p;

(ii) f(p®) = 0 for every prime p and a = 2,3, .. ..

For fixed N and suitable combinatorial weighting f, F(f, N) can be made as small as

1/2
c (101%)1&1\/) (compare this with the bounds —%—+ and —+ obtained in the case of smooth
g N loglog N log N

weighting, resp. general multiplicative weighting):

Theorem 5. If N € N, then there is a combinatorial weighting f with

log log N) 1/2

2.1
log N (2.19)

F(f,N) <c7(

We conjecture that Theorem 5 is best possible apart from the value of the constant in (2.19):

Conjecture 1. For any fixed N € N and every combinatorial weighting f we have

loglog N 1/2
— : 2.20
log N ) (220)

PN > o
Unfortunately, we have not been able to prove this and, indeed, this seems to be difficult.
However, we have been able to show that (2.20) holds at least in the two extreme cases when
f(p) = +1 holds for “very few”, resp. “almost all” primes. Moreover, in the first case we

can prove a stronger result under the assumption that a well-known conjecture of Frankl
holds.

A family of sets is said to be an antichain if none of the given sets contains another one. We
say that a family F of sets is convez if for all A,B € F, A C Band A C C C B we also have
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C € F, and the family F is said to be a downset if whenever A € F and B C A, then we
also have B € F.

Conjecture 2 (Frankl [9]). If M € N and F is a non—empty convex family of subsets of a
set § of cardinality M, then there is an antichain B C F satisfying

72 (o)™

For our purposes it suffices to use the following slightly weaker form of Frankl’s conjecture:
Conjecture 2’. The statement of Conjecture 2 holds if we specialize it to downsets.
We will prove:

Theorem 6.
(i) If N € N and f is a combinatorial weighting with

II r<n (2.21)

p<N
f(p)=+1

then (2.20) holds (unconditionally).

(i) If N € N and f is a combinatorial weighting with

IT »<n°, (2.22)

p<N
f(p)=+1

then, assuming that Congecture 2’ is true, (2.20) must hold.

(We remark that in the last section we will return to Conjecture 2’ and Theorem 6, (ii).)

Theorem 7. If N € N and f is a combinatorial weighting with

> 1. i, (2.23)

p<N p

f(p)=0

then we have
F(f,N) >

(S

(Which is much stronger than (2.20).)

We can also handle the case when all the primes p with f(p) = 1 lie in a short interval (this
is certainly the most interesting case that we can handle):

Theorem 8. If N e N, N > 3, x and y are positive real numbers with
exp <((10g z)~" + (log N)’l/Q)_l) <y<x<N, (2.24)
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P is a set of primes so that
y<p<uz forallpeP, (2.25)

and f denotes the combinatorial weighting defined by

)1 forpeP
f(p)—{o forp & P,

then we have )

F(f,N) >CQW

(Note that, e.g., we may take z = N, y = exp((logN)1/2), or x = exp((logN)l/Q), Yy =
exp (3(log N)'/2)).

With further assumptions (just a weak lower bound for |P| and making interval (2.24) slightly
shorter) the lower bound for F'(f, N) could be improved considerably; see the remark at the
end of the proof of the theorem.

Probably for a combinatorial weighting f, one cannot make F(f, N) as small as in (2.19)
uniformly in N. In this direction we will prove:

Theorem 9. There is a combinatorial weighting f satisfying

F(f,N) < co for all N e NN > 3. (2.26)

1
(loglog N)1/2

Again we conjecture that this is best possible apart from the value of the constant factor:

Conjecture 3. For every combinatorial weighting f we have

1

F(f,N)>cy1—"—5
(/, N) Cll(loglogN)l/Q

for infinitely many N € N. (2.27)

Again, we can prove this only in the two extreme cases when f(p) = +1 holds for “very
few”, resp. “many” primes:

Theorem 10. If f is a combinatorial weighting satisfying
[{p: p prime ,p < N, f(p) = 1}] < loglog N for n > N, (2.28)

then (2.27) holds for infinitely many N € N.
Theorem 11. [If there are C > O and N, so that we have

[{p: p prime ,p < N, f(p) = 1}| > NOCEN ™ for N > N, (2.29)

then there is a c1y = ¢11(C) so that (2.27) holds for infinitely many N .

10



3 Proof of Theorem 1

Assume first that

R2Y" f(n) < +o0. (3.1)

Clearly {n,} € Py (where n, is the number defined in (ii) in Definition 2) for all N > n,
whence

S(f,{no}) _ f
(f.{1,2,...,N}) Z:f

1

() f(n)

F(f,N) = max6(f, A, N) = 5(f, {no}, N} = = ;z( | R

n

and, by (3.1) and by (ii) in Definition 2 this is > 1/(loglog N) if N is large enough.
Assume now that N
]\}1_1)110021 f(n) = +oo. (3.2)

In this case, the proof will be based on

Lemma 1. Ife >0, n >0 and N > N,(e,n), then for all but nN integers n not exceeding
N we have
|2(n) — loglog N| < eloglog N.

Proof of Lemma 1: This is a well-known result of Hardy and Ramanujan [10]. (See
Lemma 6 for a sharper version of this result.)

Now write
B(N,t) = {n:n < N,Q(n) =t},
M(N,e) = U B
t<(1+¢)loglog N
and

M(N,e) ={1,2,...,N} \ M(N,e) ={n:n < N,Q(n) > (1+¢)loglog N'}.

By Lemma 1, for ¢ > 0,7 > 0 and N > Ny(e,n) we have

IM(N,e)| <nN. (3.3)
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By (iii) in Definition 2 and (3.3), there is a number k, = k,(¢) € N such that for k > k,,
k € N we have

Y. fm<fe@) Y, 1< fEHIMEM /1)) < 2k+1f 2%) < EE: fn

2k «p<oktl 2k «p<oktl n=2F-141
nEM(2F+1 £/4) neEM(2F+1 £/4)

A>|m

whence, defining K by 257! < N < 2K by (3.2) we have for some N sufficiently large
> f(n) <% > f(n) and thus
n=1

n<2ko
K-1 c N K-1
Yo o fm= D fm+ > D < Y fm+ Y, Y fn)
nEM(N,e/2) n<2ko k=ko+1 92k<pn<ok+1 n=1 k=ko+1 2k<n<ok+1
nEM(N,e/2) nEM(2%,c/4)
c N K-1 c 2k N
n=1 k=ko+1 =~ p=2k—141 24
It follows that
N N
oY = Y =Yt >t > (1-5) Y o).
t<(14¢/2)loglog N neB(N,t) neM(N,z/2) n=1 neM(N,e/2) n=1

Let T denote the ¢ value for which here the inner sum is maximal. Then by the pigeon hole
principle we have

1—¢/2 al - &
S(f.B(N.T)) neBZNT fn (1+¢/2)loglog N ;f(n) ~ log log N ;f(n)
1—¢
:BQQWSUKLHWND
whence (f BN, T))
1—¢
O BIN.T), N) = S(f,{1,....N}) ~ loglog N*

Since B(N,T) € Py also holds trivially, this completes the proof of Theorem 1.
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4 Proof of Theorem 2

We have to distinguish several cases. It will turn out that the cases when o is outside the
interval 1 — e < 0 < 1+ ¢ are trivial, i.e., the problem can be reduced to ¢ — 1. Moreover,
if o is “very close” to 1 (in terms of N) or 1 —e < ¢ < 1 but ¢ is “not very close” to 1, then
we will reduce the problem to the theorems of Behrend, resp. Pillai. Thus the only really
interesting case is when 1 < 0 < 1+ ¢ but ¢ is “not very close” to 1.

Case 1. Assume that o > 13. Then by {1} € Py we have

> — _
max S(fo, A) 2 S(fo. {1}) = 1 (4.1)
and, on the other hand,
+00 1 +00 1
S(fa’{l’Q""’N})<ZESZWZCI2' (42)
n=1 n=1

(2.4) follows from (4.1) and (4.2).

Case 2. Assume that 0 < o < 2. Then with {n: [N/2] <n < N} € Py we have

max S(fA) > Y L= Y eI ()

AePy n Ne = 2 Ne 2
[N/2]<n<N [N/2]<n<N

On the other hand,

N N
S(fo (1,2, N Zni <

(2.8) follows from (4.3) and (4.4).

< ClgNlig. (44)

Case 3. Assume that |0 — 1] < logiN' Then by Pillai’s theorem, there is a primitive set

A € Py satisfying (1.3); let A, denote such a set. Then we have

Eé&)]\(f S(fg, )> S faa 0 Z Z a1+(3/10gN

aer CLE o
log N
> —e 3 — 4.5
¥ o = L 0 Tl o

On the other hand, by Behrend’s theorem (1.2), for all A € Py we have
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1 1 1
5%%#&;;<Z;$mmﬁzbﬁﬁ%ﬁ

acA acA acA
1 log N
3
= - <K —————— (forall Py). 4.6
e;a<< (log log N 172 (for all A € Py) (4.6)
Moreover, clearly we have
Ny N 1 N 1 N 4
— il — 3 -
S(fa’ {1’2’ T 7N}) - ; ne < e nl—3/log N = ; nN—3/logN =¢€ nzzl n < IOgN,
(4.7)

and a similar computation shows that

S(fr.{1,2,...,N}) > log N. (4.8)
(2.6) follows from (4.5), (4.6), (4.7) and (4.8).

Case 4. Assume that 1
<0< — (4.9)

1 :
* log N 10

Write M = [exp{1/(c — 1)}]. By (4.9) we have

exp{1/(c — 1)} > exp{10}
and
exp{1/(c — 1)} < exp{(logN)/3} < N

whence
e <M < N. (4.10)

By (4.10) and Pillai’s theorem (1.3), there is a set A, € Py C Py with

Z 1 > log M S 1
s, @ (oglog M)'> ™ (5 — 1) (log(1/ (0 — 1))
whence {
max S(f,, A) > S(f,, Ap) > : (4.11)
e (o= 1)(log(1/ (o — 1)))""*
Moreover, a simple computation shows that
N
1 > dx 1
S(f07{1727"'7N}):ZEX/1 520—1. (412)



It remains to give an upper bound for the maximum in (4.11). It follows from Behrend’s
theorem by partial summation that, writing

1
Z(An)= Y o
acA,a<ln

for A € Py we have

1 1 1 1 Xz -Zm -1
D= oD <y —+ D ()ng_(l :

acA acA acA acA n=M+1
a<M a>M a<M
= (loglog M)1/2 o no=t  (n+ 1)1

log M o logn 1 1
< (loglog M)1/2 +nz (loglogn)'/2 (n"—l  (n+ 1)”‘1)

=M+1
1 = 1 1
<—————|logM 1 —
= (log log M)'/2 <Og + n:%ﬂ( ogn) (na—l (n+ 1)0——1)>

1 log M
—— | log M 1 —1 -1 —_
= (loglog V172 ( og M + Z (logn —log(n — 1)) + 0l + 1)01>

n=M+1

1 1 1 M=o
——— = | log M ————— | logM
(loglogl\/[)l/2 (og i Z n") < (log log M)1/2 (og oz 1>

n=M+1
log M 1
< < (for all A € Py). (4.13)
(loglog M) (5 — 1) (log(1/(c — 1))) "/
(2.5) follows from (4.11), (4.12) and (4.13).
Case 5. Assume finally that
9 3
— 1-— . 4.14
10 oS log N ( )

This is the most interesting case, and to handle it we need Theorem 3 which will be proved in
the next section. Here we will show that, indeed, (2.7) in Theorem 2 follows from Theorem

3.

To give a lower bound for F(f,, V), write
Q=exp{l/(1-0)}. (4.15)
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Then
3<QR<N (4.16)

follows from (4.14) so that Theorem 3 can be applied. By Theorem 3 there is a set A
satisfying (2.10) and (2.11). For this set A we have

- A (3] e ()

acA acA acA

1 . 1 B log @
=-N'"7) — > N7
. >

12
“~a (loglog Q)"
Nl—o‘
— 7 (for some A € Py). (4.17)
(1—0)(log(1/(1 - 0)))
Moreover, we have
N
1 Nl o
o) 17 27 .. = : 4.1

S(fr { Z = (4.18)

Now consider a set A € Py, define () again by (4.15), and define the positive integer K by
N N
QK <@= QK1

Then clearly we have

K
S(for A) = Z <) al—o +> 3 aia (4.19)
aEA acA k=1 acA
,Q N/Q*<a<N/QF-1

Here both the first sum and the inner sum in the second term are of the form

> -
acA a
M/Q<a<M

where A € P and, by (4.16), 3 < @ < M. Thus by Theorem 3 this sum is

at=c 1 log @
R I S
1/2
acA a acA a (log log Q) /
M/Q<a<M M/Q<a<M

16



(note that, clearly, in Theorem 3 the assumption N € N can be dropped). Thus it follows
from (4.15), (4.16) and (4.19) that

. K N l1-o 1 Q
o) < (Ql X () ) oalos @7

N
< <N1—0+N1—JZ 1 ) 1
- ek—l

(1 - o) (log(1/(1 — o))"
Nl—a
(1— o) (log(1/(1 - 0))) "

< (for all A € Py). (4.20)

(2.7) follows from (4.17), (4.18) and (4.20), and this completes the proof of Theorem 2.

5 Proof of Theorem 3

In order to prove (2.9), we have to show that if N e N;3<Q <N, ACN

N/Q <a<N forall ac A (5.1)
and

Zl > C% (5.2)

— 1/2
“~a~  (loglogQ)"

where C' is large enough, then there are a,a’ with
ac€A deA a#d, ald. (5.3)
Write all a € A as the product of a square and a squarefree integer:
2
a = (u(a)) v(a), ula) €N, v(a) €N, |u(v(a))] =1

(where p is the Mobius function). Let

A, ={a:a€ A, u(a) =u}

so that .
1 X1 1
Sloyls b =
acA a u=1 u acA U(CL)
u(a)=u
Since .
21 w2
— =<2
— u? 6 ’



it follows from (5.2) and (5.4) that there is a number u = u, for which the innermost sum
in (5.4) is at least half of the lower bound in (5.2):

1 C log @
—_ > 5.5
2 3@ 2 2 Togloz Q7 (55)
u(?z?juo

Write M = N/u2 and B = {b : there is an a € A with u(a) = u,, v(a) = b}. It follows from
(5.1), (5.5) and the definition of B that

M/Q <b< M forall beB, (5.6)
all b€ B are squarefree (5.7)

and L c 1
Z o> _ log@ (5.8)

12
b~ 2 (loglog Q) /
Moreover, if
beB, b eB, b£l, b, (5.9)

then defining a,a’ by a = u2b, a’ = w2V, clearly (5.3) holds so that it suffices to show that
assuming (5.6), (5.7) and (5.8), there are b, b’ satisfying (5.9). (In other words, we have
reduced the problem to the case when the given set consists of squarefree integers.)

Write d(n,B) = [{b: b € B,bln}|, wg(n) = |{p : p prime ,p < Q,p|n}| and 7 = [[p. We
pln
need several lemmas.

Lemma 2.

H (1 + %) < c14log Q.

p<Q

Proof of Lemma 2: By the well-known formula

1 1
Z—zloglogx+cl5+0( )
P log x

p<z

(see, e.g., [12, p. 20]) and since 1 4+ z < e*, we have

H (1 + %) < H exp(1l/p) = exp (Z %) < exp(loglog Q) =log Q.

p<Q p<Q p<Q
Lemma 3.

Z 2ve (n) < cigrlog Q).

18



Proof of Lemma 3: By Lemma 2 we have

ECED DD SN (VL) B ol RS SRS DI

n<zx n<zr k=0 n<z = piy < <p1k<Q
Piq - pzk|n
T
Al YHND VIR ELEID D Pl
Piy <<pi, <Q n<z iy <-<pi,, <Q Py - P
Piy--Pij In
1 1
<z+z Z — =2z 1+ - | <zlogQ.
piy <-<pij, <Q Pir - - - Piy p<Q p

Lemma 4. If B satisfies (5.6), (5.7) and (5.8), then

_ C log @
S dmB) > oMot
Mjoonent 4" (loglog Q)Y

Proof of Lemma 4: By (5.6), (5.7) and (5.8) we have

o odmB) = > dn,B)= Y DY 1=> > 1

M/Q<n<M M/Q<n<M M/Q<n<M bln beB M/Q<n<M
beB bin

M M M 1 C log @

=y > 1=> {—}>§ =Y T > M

beB n<M beB b beB 20 2 begb 4 (loglog Q)"
bln

Lemma 5. (Sperner [16]) If S is a finite set and Sy, 54, ..., Sy are distinct subsets of S

with
)
t> (nsvz])’ (510

then there are i, j such that i # j and S; C 5.

Now we are ready to complete the proof of Theorem 3. First we will show that there is a
positive integer n satisfying

M/Q <n< M, (5.11)

C Quq(n)
10¢13 (loglog Q)'/?

d(m, B) > (5.12)

and
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1
qua(n) - g LQ (5.13)

10 (loglog Q)Y/?"

Let A denote the set of the integers n satisfying (5.11), (5.12) and (5.13), write Ny = {n :
M/Q < n < M}, let N7 denote the set of the integers n satisfying (5.11) and

C 2we(n)
< )
~ 10c15 (loglog Q)1/2

d(m, B)

finally, let Ay denote the set of the integers n satisfying (5.11), (5.12) and

que(n) < < &_
~ 10 (loglog Q)'/?

Then clearly we have
N: (NO \Nl) \NQ
so that, by Lemmas 3 and 4,

Y dm.B)> Y dmB)— > dmB)- Y _ dm,B)

neN neNo neN neN2

C log ) C 2we(n) C log )
Moo _ ~ oW
- (loglog Q)1/2 n%\; 10c16 (loglog Q)'/2 n%\; 10 (loglog Q)'/2

C log @ C C log @
> — qwon) _ Z pr_ O
- 4m(log log Q)2 10c¢16(loglog Q)1/? 7;4 10 (loglog @Q)'/?
c ¢ log ) C log @)
A .V L S ) L}
~ (4 10 10) (loglog@)'/2 20" (loglog @)'/? ~

So that, indeed, A is non—empty, i.e., there is an integer n satisfying (5.11), (5.12) and
(5.13).

For such an integer n, let by < by < --- < b; denote all the integers b with b € B, b|n, so
that, by (5.12),

t=d(m,B ¢ 2uat) 5.14
=a(n > . .

(7, B) 10c16 (loglog Q)'/2 (5.14)
For i =1,2,...,t, define the integer ¢; by

n
“=1y (5.15)
Then by (5.6) and (5.11) we have
no_n M



Now write

S ={p:pprime, p < Q, pn}

and
S; = {p: p prime, plg;} for i =1,2,... ¢t
so that
151 = wo(n), (5.17)
and, by (5.16), Si,...,S; are subsets of S. In order to use Lemma 5, first we have to show
that (5.10) in the Lemma holds. By Stirling’s formula and (5.17), the right hand side of
(5.10) is
5] ) ( wq(n) ) 2w
- S T a— (5.18)
(Hsl/ﬂ [wq(n)/2] (wq(n))'/?

If C' is large enough, then it follows from (5.13) for all @ > 3 that
wg(n) > loglog Q. (5.19)

It follows from (5.18) and (5.19) that

S| owa(n)
<[|5|/2]) = T loglog Q)12 (5.20)

By (5.14) and (5.20), (5.10) would follow from

qwq(n) C quq(n)
< .
e (loglog@)'/2 " 10¢14 (loglog Q)/?

If C is large enough (C' > 10¢;3¢14), then this holds so that, indeed, Lemma 5 can be applied.
We obtain that there are ¢,j with ¢ # j, S; C S;. Then, clearly, ¢;|¢;. By (5.15), it follows
that b;|b; with j # 4, Then (5.9) holds with b = b;, b’ = b;, and this completes the proof of
(2.9).

In order to prove (2.10) and (2.11), we need the following lemma:

Lemma 6. For all € > 0 there is a number K = K (¢) such that if 3 < Q < N then
20(n) —loglog Q| < K (loglog Q)"

holds for all but eN positive integers n not exceeding N .

Proof of Lemma 6: This follows from the Turan—Kubilius inequality [12].

Write
A(N,Q,t):{n:N/Q<n§N,QQ(n):t}. (5.21)

21



Clearly, each of these sets satisfies (2.10). It follows from Lemma 6 by partial summation
that for all € > 0 there is a number L = L(¢) such that for all 3 < @ < N we have

1 3 1
oY s (1-5) X -9k (5.22)
t acA(N,Q,t) N/Q<n<N

where in > we sum over all ¢ € N such that
¢

|t —loglog Q| < L(loglog Q). (5.23)

Now we fix an € value, say let ¢ = 1/2, and let 7' denote a t value (satisfying (5.23)) for
which the innermost sum in (5.22) is maximal. Then by the pigeon hole principle we have

1 (1/2)log @
aeA(%,:Q,T) a” 3L(1/2)(loglog Q)*/2

so that (2.11) also holds and this completes the proof of Theorem 3.

We remark that the construction at the end of the proof could be made more explicit by
using deeper information on the distribution of the number of prime factors and, indeed, it

could be shown with a little work that A = A(N, Q, [loglog Q]) satisfies (2.10) and (2.11).

6 Proof of Theorem 4

Write f(p) = D (> 1). Let N > p? and define the positive integer k by

pF < N <pth. (6.1)

Since f is completely multiplicative, by (6.1) we have

N pk pkfl pkfl pkfl
D Fm) = fm) =D flip) = fp) Y fG@) =D f(n).
n=1 n=1 i=1 i=1 n=1
It follows that
N N pk—1 N 1 N D_1 N
Y. fm =) fm) =D f) =) f)— 5D fln)=—%5=> f(n). (62
n=pk—14+1 n=1 n=1 n=1 n=1 n=1
Define L by
oL TIph=l « N < 2Fph L, (6.3)
Then by (6.1) and (6.3) we have
oL 2N 202N 92 <




whence

log p?

L< < 6logp.
log 2 0&p

Write
A= {20 2t p o 2 N for 1 <t <L —1

and
Ap = {21 11, . N}
Then clearly
Ay e Py for1 <t< L, (6.4)
and we have

Yoo rm) =YY" fn). (6.5)

n=pk—141 t=1 necA;

Let T" denote the t value for which the inner sum on the right hand side is maximal. Then
by (6.2) and (6.5) we have

N
S(f. Ar) = ) f(n) z R IOEE ™ Zf = 215712, V)
n€Ar n=pk—141
whence A Do
5(f, Ar, N) = oS AT) Do (6.6)

S(fA12,...,N}) — LD~
It follows from (6.4) and (6.6) that

D -1

F(f,N)> ——

(5.2 25

so that (2.17) holds with % in place of C' and this completes the proof of Theorem 4.

7 Proof of Theorem 5

Define the set P by
1
P = {p:p prime,p < S log N}

so that, by the prime number theorem, for N > N, we have

1 logN
—— 7.1
PI> 3 oglog N (7.1)
and
Hp < exp(log N) = N, (7.2)

peEP

and define the arithmetic function f by

23



(a) f is multiplicative;

(b) if p is a prime, then

_J1 forpeP,
f(p)_{o for p ¢ P;

(c) if p is a prime, then we have

fp*)=0fora=2,3,....

Then clearly, f is a combinatorial weighting. Moreover, f(n) = 1 if and only if n is of the
form

n= H p with some P(n) C P, (7.3)
peP(n)
and for every other n € N we have f(n) = 0.
By (7.2), for each n of this form we have

n = H p§Hp<N.

PEP(n) peP

The number of the integers of form (7.3) is equal to the number of subsets P(n) of P, so
that there are 27! integers n of this form. It follows that

S(fAL2,... N =) fin)= Y 1=2" (7.4)
n=1 n:f(n)=1

Now consider a set A € Py, and let

A ={a:ac A fla)=1}={a:ac Aal[]p}

peEP

Then every a € A* is of the form (7.3), and A* is primitive set, thus for a; € A*, as € A,
a1 # ap we cannot have

P(a1) C P(ag).

Thus by Lemma 5 (Sperner’s theorem) and (7.1) we have

i 1P| 9[P| olPI
15 (i) < g < w0 79

It follows from (7.4) and (7.5) that for all A € Py we have

__ SUA) SUAY A (loglog N\
AN = S e N 5L, . N} 27 <Clg( log N )

which proves (2.19).
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8 Proof of Theorem 6

(i) Let p; denote the i'* prime: p; = 2, p, = 3, p3 = 5, ..., and write
P = {pi1api27 s 7pit} = {p : prime » D S Naf(p) = +1} (81)

Then by (2.21) and the prime number theorem we have

N=>]]r= sz-j > [ [ i = exp((1+o(1))tlog t)

peEP j=1
whence
(14 0(1))tlogt < log N
so that log N
0g
< _ .
t<(1+ 0(1))loglogN (8.2)
By (2.21) clearly we have n < N, f(n) =1 if and only if n | [] p so that
peEP
N
S(f,{l,Z,...,N}):Zf(n):‘{n:n]Hp} = (8.3)
n=1 peEP
Moreover, clearly the set
A= { o | ] pwla) = [t/21}
peEP
satisfies A € Py, and we have
t
S(7.4) = 3 fla) = 1= 141 = (1) (83
acA acA 2
By (8.2) and (8.3) we have
S(fv'A) <t) —t —1/2
F(f,N)>6(f, A N) = = 27 > ootV
PN 20 AN = g vy )T T

whence, by (8.1), (2.20) follows.

(ii) Define P and t again by (8.1). Replacing (2.21) by (2.22) in the proof of (8.2), in the
same way we obtain

log N

t S (C+ O(l))w,

(8.4)

and again (8.3) holds. Now to define a “large” set A C Py (“large” in terms of the
weighting f), we will use the statement of Conjecture 2’ (which is assumed to be true
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now). We use Conjecture 2’ with P in place of S, and we define the family F so that
for R € P we have R € F if and only if [[ p < N. Then clearly F is a downset, so

PER
that we may apply Conjecture 2’. We obtain that there is an antichain B with
M
1B| > \f|( )2—M. (8.5)
[M)2]

Here we have

|F| = {R:RCP,H})SN}':HTL:?HHp,ngN}|:]{n:f(n):—i-l,nSN}]
PER pEP
=Y " f(n)=S(f.{1,2,....N}) (8.6)
and

M=|S|=[P| =t (8.7)

Now define the set A of positive integers so that a € A if and only if there is an R € B

with [[ p = a. It follows from the definition of F that for all a € A we have a < N,
PER
and A is primitive since B is an antichain, so that we have A C Py.

By (8.5), (8.6) and (8.7) we have

S(f,A) =Y fla) =) 1=|A|

acA acA

=|B| > S(f,{1,2,...,N}) <[t;2])2—t > S(f,{1,2,...,N})t7/?
whence
5(f, A N) = S, A) > 712
T S(f,{1,2,...,N}) ’

By (8.2), the result follows.

9 Proof of Theorem 7

Write
A={a:N/2<a<N,f(a)=1}.

26



Then clearly we have A € Py. Moreover, by (2.23) clearly we have

S(fA) = fla)=|Al = {a: N/2<a <N, f(a) = 1}]

acA
=|Ha:N/2<a< N} —-|{a:N/2<a<N,f(a) =0}
= (N— [N/Q]) —|{a:N/2 <a< N,3pprime with p < N, f(p) =0,p | a}|

N
> - > Ha:N/2<a<N,p|a}|
p<N
f(p)=0
N N N N 1 N N N
> = > - > —
=72 Z(2p+1)_2 2 Zp 2 125 o) >
p<N p<N p<N
f(p)=0 f(p)=0
if N is large enough. Thus we have
S(f, A S(f, A N/5 1
SEAN) - SUASUA N5 1
S(f,{1,2,...,N}) N N 5
> ) 21

whence the result follows.

10 Proof of Theorem 8

The crucial tool in the proof will be a variant of the statement of Conjecture 2’. Indeed,
we will be able to prove a lemma which is weaker than Conjecture 2’ in the sense that we
need an additional assumption and we also lose a constant factor but, on the other hand, it
controls the situation better when |£] is small.

If S is a finite set then we say that the subsets R C S with |R| = £ are at level £. If £ is a
family of subsets of & which contains all the subsets of S at level ¢, then we say that £ is
full at level ¢. If ¢ < k then we say that the level k is higher than level /.

Definition 4. If £ is a non—empty family of subsets of a set S, its highest full level is level
¢ (if there is no full level we put ¢ = 0), and level k is the highest level which contains at
least one subset belonging to £, then k£ — £ is said to be the height of the family £.

Lemma 7. If S is a finite set with |S| = s, € is a non-empty downset of subsets of S, the
highest full level of £ is level £, and the hight of € is H, then £ contains an antichain A of

length
1

1
> — & 10.1
Al 2 QmaX(H,go(S,ﬁ)) €1 ( )
where @(s,l) is defined by
251 s
o(5,0) = 7= forl > [—} (10.2)
([5/2]) 2



and

POV IRt RER A Y (10.3)
() 2
Moreover, here we have
©(5,0) < c18Y? for [s/2] — s/ <4 < s (10.4)
and, writing A = [s/2] —
(s, ) < Co2 for (< [s/2] —sY (10.5)
Finally, independently of £, (10.1) can be replaced by
1
Al > &l 10.6
| | CngaX(H, (10g|g|)1/2’1)| | ( )

(Note that we will need only (10.6), however, the sharper (10.1) also can be useful in some
applications.)

Proof of Lemma 7. In order to prove (10.1), we have to distinguish two cases.

Case 1. Assume first that the levels £+ 1,£+2,...,¢+ H in total contain at least |£[/2 of
the subsets in £. Then by the pigeon hole prmmple one of these levels contains at least ‘8|
subsets in &; denote the family of these subsets by A. Then clearly A C £, A is an antlcham
and

|<‘3|

Al = (10.7)

which proves (10.1).

Case 2. Assume now that the levels 0, ..., ¢ in total contain at least |£|/2 of the subsets in

E. Tt follows that £
s S
. = 10.
@>+Q)+ +(a>2 (10.8)

Now we choose A as the family of all the subsets of S at level [s/2] if £ > [s/2], resp. at
level ¢ if ¢ < [s/2]. Then clearly A C £ and A is an antichain. It remains to estimate |.A|.

If ¢ > [s/2], then

4= (12

while for ¢ < [s/2], by (10.8), we have

= (7 ’ £ 11 or s
4= ()> () e <l

v

([3/2]>|£5| ;( ) ;( )|5|(f0r€>[/2])
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so that in both cases we have

11
Al > 5

I (10.9)

which proves (10.1).
Next we will estimate (s, £). If [s/2] —s'/2 < ¢ < s, then (10.4) follows trivially from (10.2),

(10.3), S
([52}) >
() ()<

@ - ([3/2] . [51/2]) (for [5/2] = 5" < £ < [s/2]).

and

Assume now that
A=[s/2] — (> s'2 (10.10)

Write § = s — 20 — 1 so that, by (10.10),

d=s5-2([s/2] = A) = 1>2A - 1> A > s'/2 (10.11)

By the inequality
l—ax<e™™,

fori=1,2,...,¢ we have
S B S {—1+1
(—i) \L—i+1)s—0+i
S 1_3—2€+2i—1 B s 1 0+ 2i
(—i+1 s—L0+i C\U—i+1 s— (0 —1)
s 0+ 2i s 0+ 2i
< - < _ _
(eor) () = () ()

It follows that, for j =1,2,...,¢,
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so that by (10.3) and (10.11) we have

w0=() 5 (.)

=

() () ()= (-2)

l . ) .
Zexp (—6—‘7) < exp (—6—‘7)
S S

Jj=0

IN

B 1
1 —exp(—d/s)

since uniformly for 0 < z < 1 we have 1 — exp(—z) > x, and this proves (10.5).

Finally, in Case 1 (10.6) follows from (10.7). Since in Case 2 (10.9) holds, thus in this case to
prove (10.6) it suffices to show that in this case ¢(s, ) in the denominator of (10.9) satisfies

(s, ) < max((log|E])"/2, 1). (10.12)

If ¢ > s/4, then we have

ez (3)+ () () 2 ()

54 [s/4]
s—i+1 s—s/4

=||=—> = 3ls/4], 10.13

E ! Hl s/4 1oL

and, on the other hand, by (10.4) and (10.5) for all £ we have
o(s,0) < s'/2, (10.14)

(10.12) follows from (10.13) and (10.14).

If ¢ < s/4, then we have
A=1[s/2] —{>s

so that by (10.5) we have
o(s,0) = O(1) (for ¢ < s/4) (10.15)

and thus (10.12) holds trivially, which completes the proof of Lemma 7.

Now we may complete the proof of the theorem. We will use Lemma 7 with § = P and with

SZ{R:RcP,HpgN}.

PER

Then clearly £ is a downset, and it follows from the condition [] p < N that
PER

€] < N. (10.16)
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Now we will estimate ¢ and H (both defined as in Lemma 7).

Assume that ¢ € N and

1
v < [OgN] , (10.17)
log x

and consider a set R = {p1,p2,...,pr} C P with |R| = ¢'. Then by (2.25) and (10.17) we
have

[[r=pp2...pr <o <alosMloss = N

PER
and thus R C &, so that & is full at level ¢'. It follows that
log N
= {Og } . (10.18)
log x

By the definition of £ and H, the family £ is not empty at level £ + H, i.e., there is a set R
with

ReE (10.19)
and |R| = ¢+ H. Write R = {p1,p2, ..., peru }. Then by (2.25) and (10.19) we have

N >pips...perm >y
whence, by (2.24),

log N _ _ log N
< log N((1 L4 (log N)~V/?) = ==
oy =08 ((log )~ + (log N)~'/?) g

It follows from (10.18) and (10.20) that

H={(+H)—(< (lmg_N + (logN)1/2) — [
log

(+H < + (log N)/2. (10.20)

log N
log

} < 1+ (log N)*? < 2(log N)'/2. (10.21)

By (10.6) in Lemma 7, (10.16) and (10.21), there is an antichain A C & of length

! €] > ! el = —EL_ (10.29)
max(H, (log [£])1/2, 1) max((log N)V/2, (log N)/2,1) " (log N)/2" 2

|A| >

Now let B denote the set of the squarefree integers b with
{p:p prime ,p| b} € A.
Then we have
|1B| = |Al, (10.23)

B C{1,2,...,N} by A € £, and B is primitive since A is an antichain, so that we have
B C Py. It follows from (10.22) and (10.23) that

_suB B AL 1
FUN) 20BN = 55— N1 18]~ €]~ (e M)

which completes the proof of the theorem.

Note that assuming that there is just a weak lower bound for |P| we could make (10.15)
effective, and then replacing the interval in (2.24) by a slightly shorter one, the lower bound
for F'(f, N) could be improved considerably.
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11 Proof of Theorem 9

For k=1,2,..., let p; denote the smallest prime with 33 < pr- Then by the prime number
theorem we have

pr = (1+0(1))3%. (11.1)
It follows that for k > k, we have

PiP2 - - - Pk—1 < Dk- (11.2)

Write P = {p1, pa, . .. }, and define the combinatorial weighting f by

)1 ifpeP
f(p)_{o itpdP.

Then f(n) = 1 if and only if n is of the form (7.3), and for every other n € N we have
f(n) =0.
Now fix some N € N with N > p; (the case 3 < N < p, is trivial), and define the positive

integer K by
P < N < PK+1 (113)

so that, by (11.1), we have

1
K = (10g3 + 0(1)) loglog N. (11.4)

It follows from (7.3), (11.2) and (11.3) that

N

S(f A2, N}) =D fm)=H{n:n< N, f(n)=1}>{n:n|p .. .pxa}|=25"
" (11.5)

Now consider a set A € Py, and let

A" ={a:a€ A, f(a) =1}.

Then every a € A* is of the form (7.3) and, indeed, writing Pk = {p1,p2, ..., Pk}, by (11.3)
for each of these a’s we have
P(CL) C PK.

A* is a primitive set, thus for a; € A*, as € A*, a1 # as we cannot have

P(ar) C P(az).

Thus by Lemma 5 (Sperner’s theorem) we have

412 (i) = (o) < re o
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It follows from (11.4), (11.5) and (11.6) that for all A € Py we have

SUA) _ SUHAY A
(f,{1,2,....N})  S(f,{1,2,....,N}) S(f,{1,2,...,N})

which, by (11.4), completes the proof of (2.26).

5(f7 A7 N) = S < 2624I<71/2

12 Proof of Theorem 10

Write P = {p1,pa,... } ={p:p prime , f(p) = 1} with p; <ps < ... .

Clearly, we may assume that P is infinite. First we will show that there are infinitely many
k € N with
PiP2 - - - Pk < Pkl (12.1)

We will prove this by contradiction: assume that there is a k,(> 1) so that

PiP2- - Dk > Pry1 for k > k. (12.2)

Write pypy...pg, = U. It follows from (12.2) by induction that

plpg...pkoﬂ-zUT fori=0,1,... . (12.3)

Consider a large i € N, and write N = N2’ so that i = (@ + 0(1)) loglog N (as i — 00).

Then by (12.3) for large i we have

1
POO,N) = ko+i> (ﬁ + 0(1)) loglog N > loglog N
og

which contradicts (2.28), and this proves that there are infinitely many k& satisfying (12.1).
Now consider a large k satisfying (12.1), and write N = pg41 — 1 so that by (2.28) we have

=|PnN(0,N)]| <loglogN. (12.4)

Write A = {a : a|lp;...pr,w(a) = [k/2]}. Then by (12.1) we have A C {1,2,...,N} and
clearly A € P so that A € Py. Moreover, we have

(R 7
AN =sFa2 vy~ 2 >F /

whence, by (12.4), the result follows.
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13 Proof of Theorem 11

Write H(N) = S(f,{1,2,...,N}) = {n:n < N, f(n) = 1}|. First we will show that there

are infinitely many M € N with
C —1/2
H(2M) > 1+§(loglogM) H(M).
We will prove this by contradiction: assume that there is an M, so that
C
H(2M) < (1 + g(1og log M)—W) H(M) for all M > M,;

we may assume that H(M,) > 1. Then for large enough k£ € N we have

H(2°M,)
H(21M,)

k
< H(M,) H (1 + %(log log 2i1M0)1/2)
%(log log Qi_lMo)_1/2>
¢ ~1/2
< H(M,) exp Ek(log k) :

On the other hand, by (2.29) for large k& we have
H(2"M,) = [{n:n < 2"M,, f(n) =1} = [{p : p prime ,p < 2°M,, f(p) = 1}|
> (2°M,) o2 MO = oxp (C(log 2°M, ) (log log 2°M,) /%)

> exp <%k(log k:)_l/Q)

(13.1)

(13.2)

which contradicts (13.2), and this shows that there are infinitely many M satisfying (13.1).
Now consider a large M satisfying (13.1), write N = 2M, and let A = {n : M < n <

2M, f(n) = 1}. Then clearly we have A C Py, and by (13.1), for large M we have

B S(f,A) _ H(2M) - H(M)
of A N) = S(f,{1,2,...,N}) H(2M)

H(M)
H(2M)

>1-— (1 - %(loglogN)l/Z) = %(loglogl\/)l/2

C _1
>1-— (1 + g(loglogM1/2>

so that (2.27) holds infinitely often with ¢ = % which completes the proof of Theoem 11.
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14 Remarks

1. We remark first that Lemma 7 can be extended to the case when the elements of the sets
S are weighted (here we did not need this generality). Indeed, let S be a finite set, and
to each n € S assign a positive number y(n). For R C § write y(R) = > ~v(r), and

reR
if £ is a family of subsets of S, then write v(€) = > 7(R). By a slight modification
REE
of the proof of Lemma 7 one can prove:
Lemma 7. If S is a finite set with a weight function vy as described above, |S| = s,
£ is a non—empty downset of subsets of S, the highest full level of £ is level £, and the
height of £ is H, then £ contains an antichain A of weight

1

7(A) 2 max(H, ¢(s, 1))

v(€)

N | —

where (s, ) is the same function as in Lemma 7.

2. In an earlier paper [2] we extended the study of divisibility properties to prefix free
sets. Most of the problems and methods studied above could be adopted in the prefix
free case; we leave the details to the reader. Here we will discuss only one related
question. Namely, the proof of Theorem 6, (ii) was based on the assumption that the
combinatorial Conjecture 2’ is true. This conjecture has only recently been given more
attention by combinatorialists, but may well be hard to prove. On the other hand, we
can settle that analogue of this problem which is needed in the prefix free situation.

Let p(n) and P(n) denote the smallest and greatest prime factor of n, respectively, and
let P*(n) denote the smallest prime greater than P(n).

Recall that for a,b € N* (square free integers) with the properties a|b and p (g) > P(a),
i.e. they are of the forma =p;...p., b =p1...pPrs1... Pt Where p; < py < --- <
Pr < pry1 < -+ < p; are distinct primes (with ¢ > r), we said in [2] that a is prefix of
b and we wrote al,b.

If A C N* is set such that there are no a € A, b € A with al,b, then A is said to be
prefix—free. Theorem 1 of [2] states that By = {b: b € N*,b PT(b) > N} is the largest
prefix—free subset of N*.

|Bn|

(It is also shown in [2] that Nlim ] = 1.) This corresponds to the combinatorial
—00 N

weighting with value 1 on all primes. Now for any combinatorial weighting f define

By (f) = {b: b e Ny with weight 1 such that P(b) is the largest prime of weight 1 or
b PT(f,b) > N}, where P*(f,b) is the smallest prime of weight 1 bigger than P(b).

Inspection of the proof of Theorem 1 shows that also in this generality By(f) is the
largest prefix—free subset of N, (f) = {n :n < N, f(n) = 1}. Actually By(f) is the
set of its maximal elements.

Now the prefix relation makes N%/(f) to a partially ordered set of a simple tree struc-
ture. In it for any upset U C Ny /(f) a largest antichain A C U satisfies |A| > $|U|.
Indeed, let p be the smallest prime with U, = {u € U : plu} # 0 and set U; = U \ U,
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then by induction hypothesis there are antichains A, C U,, A; C Uy with | A4,| > 1|l
| A| > 1|U;| and therefore A = A, U A; C U satisfies [A| > L]

1By ()]

RRGE For instance

It is readily shown that in general % is the largest lower bound for

t
if f takes the value 1 on the primes p1,ps,...,p; and N > [] p; then
i=1

By(f) = {pi'p5* .. .pi\'pe s e € {0,1}} and |By(f)| = 21, [Ny (f)] = 2"

Similarily optimal suffix—free subsets are constructed by choosing all numbers of N, ( f)
divisible by p;.
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