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1. INTRODUCTION

Let Q, be the field of p-adic numbers with a p-adic valuation | - |, that has
the properties

| x +ylp, <max(|x|,, |yl
Xyl =1x1p1¥l

and is so normalized that | p™ |, = p~™. As is well-known, Q,, is a complete
metric space with respect to the distance function d(x, y) = | x — y | » and
the field of rational numbers Q is dense in Q,, .

We will consider functions defined on the set of p-adic integers

I={x:x], <1},

with values in Q,, . The theory of p-adic valued functions in the period from
the introduction of p-adic numbers by Hensel [1] at the end of the nineteenth
century until very recent times resembles closely the theory of analytic
functions.

The study of p-adic valued functions from the point of view of the con-
structive theory of functions and approximation theory was initiated in 1944
by Dieudonné [2], who proved that every continuous p-adic valued function
on a compact subset of Q, can be approximated uniformly by polynomials.
A more constructive proof of this result was given in 1958 by Mahler [3, 4]
(see also [5, Chap. 6]) for continuous functions on 1. Mahler’s theorem can be
stated as follows.

THEOREM A. Let f: I — Q, be a continuous function and let

a(f) = }_j (—1)yn—* (Z)f(k), k=0,1,2,.. (1.1)
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191  APPROXIMATION IN p-ADIC ANALYSIS

Then the series .

> a(n(;) (12)
converges uniformly on I and
f(x) = i ak(f)(z) for every x e 1. (1.3)

k=0

Mabhler’s series (1.2) is clearly the analogue of Newton’s interpolatory
series and it was natural to use this series since a continuous function f on 1
is completely determined by its values on the set J — {0, 1, 2,...}, which is
dense in 1. However, the remarkable fact here is that series (1.2) converges
uniformly for every continuous function S on I This is clearly equivalent to
stating that for every continuous 7 on I

lim | a,(f)], = 0. 14)

A simple analytic proof of this result was given recently in [6].

Another, even more remarkable property of Mahler’s expansion is that
‘the nth partial sum of series (1.2) is a polynomial of best approximation of
degree <Cn to f on I. This result can be established quite easily in p-adic
analysis.

If f'is a continuous function on I, and a,(f) is defined by (1.1), then

| a. (D), < max | f(0)l, for everyn =0, 1, 2,.... (1.5)

On the other hand, since’

<1 for x e I,

from (1.3) it follows that
1 @), < max | ay(f), . (1.6)
From inequalities (1.5) and (1.6) it follows that |
max | f(x)], = max | a,(f)l, . | (1.7)

Since any polynomial P of degree < 7 is of the form

 (¢)

M=

P(x) =

k=0
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we have, by (1.7), 7
max | f(x) — P(x)l, = max (| ax(f) — o |y, I <k <n; max |a(f)l,)

= max | ay(f)l, .

On the other hand, if

n

P =Y alN(})

k=0
is the nth partial sum of Mahler’s expansion (1.3) of f, we have, by (1.7),

n;gx | f(x) — P.*(0)|, = kn>l%4)—(1 | ar(F)lp -

- Hence, if we denote by P, the set of all polynomials of degree <C n, we have

max | £() — P, = jnf (max | £() — PIL,) = max | (),

This fact that the nth partial sum of Mahler’s expansion (1.3) of a con-
tinuous function f on I is a polynomial of best approximation to f of degree
< n seems to be quite important, even if the polynomials of best approxi-
mation are not unique. It indicates that one should expect that the structural
- properties of a continuous function f could be characterized, as in real
analysis, in terms of the asymptotic properties of the coefficients a.( f).

The aim of this paper is to present several results of this type. These results
are stated in Section 2. Section 3 contains lemmas necessary for the proof of
our theorems and, finally, Section 4 contains proofs of the theorems.

2. RESULTS

The first problem that will be considered here is closely related to Mahler’s -
Theorem A and it can be stated as follows. .

Let f'be a p-adic valued function defined on I = {x : | x |, << 1} and let the
p-adic numbers (a,(f)) be defined on J = {0, 1, 2,...} by

a.(f) = i (=D»* (D) f0),  n=0,1,2,.. 2.1)

What are the necessary and sufficient conditions for fin order that

Ll_l;g | an(f)lp =07 ' (2.2)

In view of Mahler’s Theorem A, the continuity of fon Iis clearly a sufficient
condition for (2.2). However, since a,(f) is defined in terms of the values of
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J on J, the continuity of f is certainly not a necessary condition for (2.2).
We will show here first that a weaker condition, which can be described as the
uniform continuity of f on J, is both necessary and sufficient for (2.2). This
result can be stated more precisely as follows:

THEOREM 1. Let f be a p-adic valued Sfunction on the set J = {0, 1, 2,..}
and let (a,(f)) be the sequence of p-adic numbers defined by (2.1). We have
then '

lim | a,(f)l, = 0
if and only if

wi(p~®) = max | f(k + p") — f(k)|, — 0 (1 > o0). (2.3)

Condition (2.3) is clearly satisfied if /' is a continuous p-adic. valued func-
tion on I. |

Next, we consider functions that satisfy continuity conditions stronger than
(2.3). For such functions it is natural to expect more precise results than (2.2).

THEOREM 2. Let f be a p-adic valued function deﬁnéd on the set J =
{0, 1, 2,...3, let (a,(f)) be the sequence of p-adic numbers defined by (2.1) and
let 0 < o < 1. We have then

| | a,(f)ly =0  (n— ) (2.4)
if and only if

- wilp™) = max | f(k 4 p) —f(B], = O(p~H)  (t— 0). (2.5)

A special case of Theorem 2 corresponding to o« = 1, in a slightly modified
form, was suggested as a research problem by Prof. Mahler in his lectures on
p-adic analysis at the Ohio State University in the summer quarter 1973.

A class of p-adic valued functions which satisfy both conditions (2.3) and
(2.5) are p'-periodic functions. A function f: I — Q,, is pt-periodic (t > 1) if

f(x +pH) = f(x) for every x € I.

For pt-periodic functions on J we have the following much stronger result
than (2.4).

THEOREM 3. Let f:J — Q, be a pi-periodic function with t > 1 and let
(an(f)) be the sequence of p-adic numbers defined by (2.1). Then for every
n_=pt

@)y < p=7/?1  max @y (2.6)

0<k<<pl—
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If, in particular, (f(n)) is a p’-periodic sequence of rational integers,
Theorem 3 states that, for every n > p?, the integer

S 0w

is divisible by pln/»'l, ,

To study more general problems of this type we will choose an arbitrary
continuous, nondecreasing function 2 on [0, 1], with £2(0) = 0, and we will
consider p-adic valued functions on I that satisfy the condition

wi(p™) = max | f(k +p9) — fR), = OQ(p~"))  (t— o). (2.7)
In view of Theorem 2, it would be natural to expect the estimate

lax(P)lp = O81[n))  (n— o0), (2.8)

and, conversely, that (2.8) should imply (2.7). However, results of this
generality seem to be very difficult to prove, if they are correct at all. We are
able to show that (2.7) implies (2.8) if the speed with which 2 converges to
zero is restricted by the condition

‘ligoigf—sg[%l >0, (2.9)

As examples of function satisfying this condition we mention in particular

(A = (log (1/A)— 0 < a< ) (2.10)
Q) = M 0 < o< o) | (2.11)

and
Q(A) = exp(—clog«(1/X)) O <a<l, (2.12)

but the function (1) = exp(—1/A) does not satisfy condition (2.9).

THEOREM 4. Let f be a p-adic valued function on J such that
wAp~) = max | f(k + p) ~ f(B)], = OQ2p~) (1 o0).

and let (a,(f)) be'thelsequence of p-adic numbers defined by (2.1). If the
Junction Q satisfies condition (2.9), then '

| an()ly = O /n)  (n— ).

To prove a converse statement we need an even more restrictive hypothesis
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about £2. We shall have to assume that there exists a subinterval (0, §) of
(0, 1) such that

QAp)|(L2(X) = 1/p for every A€ (0, d). (2.13)

~ This condition is satisfied if £ is defined as in (2.10) and (2.12). It is also
satisfied if 2(1) = A* with 0 < « <{ 1, but it is clearly not satisfied if o« > 1.
More generally, (2.13) is satisfied whenever

2(A/p) -

hglogrnf o0 }—7 .

THEOREM 5. Let f be a p-adic valued function on J and let (a,(f)) be the
sequence of p-adic numbers defined by (2.1). If the function 2 satisfies condition
(2.13) and if

| an(Nlp = 021 n))  (n— 09),
then

wp=) = max | f(k + p) — f(R)], = OQ(p™) (1 oo).

3. LEMMAS

For the proof of Theorems 1-5 we need a number of preliminary results.
We will always assume here that f'is a p-adic valued function defined on the
set J = {0, 1, 2,...} and that

a(f) = i (—1)n—t (Z)f(k), n=0,1,2,.. (3.1)

We also write
wi(p™) = max | f(k + p*) — f(K), .
LemMma 1. If
wi(p™)—>0  (t— o) (3.2)
then f is bounded on J.
Proof of Lérﬁma 1. Choose T such that

My(f) = jmax | f(R)], >

<k<T
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By (3.2) we can find a ¢ such that
- max | f(k + ) — f(0)], < Mr(f). (3.3)
- 'We will show that '

S, < My (f) foreverynel. (3.4)

This inequality is clearly satisfied if 0 << n < p'. Suppose therefore that
n = pt. Then sp* < n < (s 4 1) p* for some s > 1 and so

f) =f(n —sp") + i (f(n —jp' + pD) — f(n — jp").

Since 0 << n — sp* < pt, we have, by (3.3),
[ f(m], < maX(Mpt(f), M(f)) < M. .(f).

Hence (3.4) holds also if n > p* and the lemma is proved.

LEMMA 2. For every n = 0 and m > 1 we have

m

) (;”) i i(f) = éﬂ (=D () + m) — £ (3.5)

and

Ly m\\/n
st m =0 = 3 (T asn(}))(7): (3.6)

Proof of Lemma 2. Let 1,f(x) = f(x + m). The proof of relations (3.5)
and (3.6) consists essentially in expressing the coefficients of the translated
function 7,,fin terms of the coefficients of £, Let

alraf) = 3 (<17 () raf @, (3.7)
Then
@ = ¥ araf)(]) (3.8

In [6] it was proved that

m

Y (Nt 69

=0

alraf) = 3 (<17 () flm + 1) =
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Relation (3.5) is clearly a consequence of (3.9) and (3.6) follows from (3.8)
and (3.9). , ' , .

LEMMA 3. Foreveryn = 0andt > 1 we have |
@Dl < Max ((1/p)] anys 1y, 1 <j<pt— 1;wip?).  (3.10)

Proof of Lemma 3. By (3.5), with m = pt, we have
) Pt pt ' - n—tk (1 t
@)= = X (5) @D + X 1 ()5 + 9 — 700

and (3.10) follows since p l(’}t) foreveryj = 1,..., pt — 1.
While Lemma 3 is sufficient for the proof of Theorems 1-3, we need a
more refined version of that lemma for the proof of Theorem 4.

LEMMA 4. Let f J — O, be a bounded function and let
Aln) = max | a(f)l, .

Then, for every integer ¢ > 1 and t > 1 we have
A((o + 1) p) < max((1/p°) A(pY), wi(p~t)). |
Proof of Lemma 4. By Lemma 3 we have, for everyt > landn > 0,
1y (D, <max ((/p)l a,, ()],, 1 <j<pt—1;wp).

Replacing here n by n + sp* we find that
s max ((I/p)la,, ., (Dl,, 1 <j<pt — 1;wlp-t)
< max ((1/p) A(sp?), wi(p~).
Since this inequality holds for every n = 0, it follows that

A((s + 1) pY < max((1/p) A(sph), wi(p~t)). 3.11)
In particular, we have

A2p") < max((1p) A(p"), wi(p9).

Hence, Lemma 4 is true if o = 1.

Now, we show by induction that Lemma 4 is true for every integer ¢ = 1.
Suppose that the lemma is true for o = 5. We have then, by induction
hypothesis, '

| an+(s+l)pt(f)'p

A((s + D pY < max((1/p%) A(p?), wi(p~). (3.12)
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By (3.11) and (3.12) we have then

A((s +2) p) < max((1/p) A((s + 1) p*), w{(p™)
< max((1/ p) max((1/ p*) A(p%, w(p™), wAp~))
< max((1/ p*+) A(p"), wA(p~*)

and the lemma is proved.

LemmA 5. Let 2 be a continuous and nondecreasing function on [0, 1] with
£(0) = 0. If there exists 6 € (0, 1) such that

QWQlp) = p20)  forevery AXe(0,9), (3.13)
then, as t — oo,

max ].Q(l/]) = @(th(P"t))

1<Kj<p

Proof of Lemma 5. Let T be a fixed integer such that 1/p™! < § and
t > T. We have then

1<i<p

max jO(1/j) < max jQ(UJ) -+ max QL. (3.14)

The first term on the right-hand side of (3.14) can be estimated as follows.
From (3.13) it follows that for every A€ (0, 8) and s = 0, 1, 2,... we have

QM p**) = p=*T1R2(). (3.15)
By choosing A = §/2 we obtain, in particular, the inequality

Qp™) = 9(3/210”1) = p~t12(8/2)
or < (p/L2(3/2)) p'Q2(p~). (3.16)

Next, suppose that p” <<j < p’. Then p™' < j < p* for some integer r
such that 7+ 1 << r < t. Hence

JRA[J) < pr&(p~th).

Since 1/p™! < 1/p™1 < 6, from (3.15), with A = 1/ptand s = ¢ —r, it
follows that .

( p—r+1) < pt—r+1Q( prl pt-ril) pt—r+1g( pH).
Hence, for every j such that p”7 < j < p?, we have

JR1J) < pH(p™)
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and it follows that ,
max Q1)) < p12(p). (3.17)

T<i<p

Finally, from (3.14), (3.16) and (3.17) follows the statement of Lemma 5.

4. PROOFS OF THE THEOREMS

Proof of Theorem 1.  Sufficiency of (2.3). Since this part of Theorem 1 was
essentially proved in [6], we shall give here only a brief outline of the proof.
Given s > 0, choose ¢ such that

wip~t) = max | £k + p1) — F(R)], < p=°

By (3.10) we have -

@, (NI, <max((/p)la,,;|,,1 <j <P =LA @D

Since, by Lemma 1, f is a bounded function on J, we can without loss of
generality assume that | f(k)|, << 1 for every k € J. From (2.1) follows then
that | a,(f)|, < 1 for all n > 0. Using this inequality and (4.1) we find that
| a.(f)l, < 1/p for all n > p*. Continuing this process we find that

lan(N)ly < 1p* for n = spt

and (2.2) follows since s can be chosen arbitrarily large.
Necessity of (2.3). Suppose next that (2.2) holds. Then

max | a,(f)l, < oo

and _
A = max | ax(f)l, >0 (n— oo). (4.2)

By (3.6) we have
fn+pH) — f(n) = éﬂ ( é ak+f(f)(7))(2)
and so

042 =160, < max]| . avn(7) (4.3)

D
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Let N be a fixed integer and p* > N. We have then

pt

Lotn(f)=r £ 2400 ¢ £ awin()

T

»

—p f @) (2= 1) § auslF)(7).

J Jj—1 j=N+1

Hence

< p~t max
spo Ak

< PN max | a(f)l, + AN).

% an(%)

Geri(f)
J

. T X ()l

From this inequality and (4.3) follows that

max [ f(n +p") — f(W)l, < p~*N max | a,(f)], + AWN).

Consequently, |
| lim sup w,(p~) < AN)

and (2.3) follows from (4.2) since N can be chosen arbitrarily large.

Proof of Theorem 2. Sufficiency of (2.5). Suppose first that (2.5) holds,
i.e., that fe Lip a on J, 0 < o < 1. Then f1s bounded on J and, as in the
proof of Theorem 1 we can assume, without loss of generality, that
| f(K)l, < 1 for ke J. 1t follows then that | a,(f)p, < 1foreverynel.

Also, since f€ Lip « on J, we have

Wip~h) = q{igJX S+ p) — f(K)l, < Myp=t  for t=0, L,2,... (49

Then, by Lemma 3, we have, for everyn =2 0andt = 1,2, r...
| @nswl( Ny < max((1p) ansi(f)lp, 1 <j < pt — 1; Myp=t).  (4.5)
Since | a,(f)l, < 1and 0 < « < 1, from (4.5) it follows that
| @no()lp < max((1 p), Myp~) < p,p~
where u, = max(l, Mf-), or

| G |p < prp™ for m (4.6)

\%
N
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Using (4.5) with # = 2 and n > p, and (4.6), we find that

| a,, ,»(f)l, < max (u,p=1, M;p=*)
< py max (p=ot, pm)
< pr P
Hence,
| G | < /«pr‘Z“ for  m = p* 4 p.

Continuing this process we find by induction that

lan(lp < pep™ for  m =p" + - +p. 4.7)

Now it is easy to see that this inequality implies (2.4). Suppose that
n > p? -+ p. Then, for some s > 2, we have

p+ 4+ p=plp°—Di(p — D] <n < pl(ps+ — 1)/(p — 1]
:ps+1 + . —I-P
Since p*+2 > n(p — 1) + p = n, we have, by (4.7),
| an( Py < prp™ < pp pPop=2 < pppn—

for n = p? -+ p and (2.4) follows.
Necessity of (2.5). Suppose next that (2.4) holds. We have then

lau(f)ly < Mn—  for n>1 (4.8)

where 0 << « <{ 1. As in the proof of the necessity part of Theorem 1, we
have, by (4.3),

| f(n +p") — f(m), < max

D

for every n > 0. Since
2 p akH(f) p—1
jglakﬂ-(f)(j)—p z ("))

it follows, by (4.8), that for every k € J,

% an(7), <ot max, k+;(f) p
< 1<1<D‘ (k + ) + 7)* (k + 1 aes( )y

N

p
Mp~* max ,ji~

1<ji<p

N

Mp—-at
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Hence,
f(m) +p) —fm)l, < Mp=t for n=0
and (2.5) follows. |

Proof of Theorem 3. Suppose that fn 4 pY) = f(n) for neJ, with
t = 1. The inequality (3.10) of Lemma 3 reduces then to

l an+pt(f)lp < max((l/p) l Qg i lp s 1 <] <pt - 1)
and it follows that for every r = 1, 2,... we have
nzrpt=la(f)l, < Mp—

where M = max,¢icpt | fF()l,. If 1 > pt we have rpt < n < (r+1)pt
for some r > 1 and so

l an(f)lp < Mp‘"’ < Mp~n/pt+1

since r > n/pt — 1. Let M = p™, Then

| an(f)l, < pmr/vt,

Since the p-adic value is always an integral power of p and

—[n/p*l < —np* + 1,
we must have |
| an(f)lp < pm-tn/71
and Theorem 3 is proved.

Proof of Theorem 4. From (2.7) it follows that

wi(p™) = max | f(k + p¥) — f(K)|, < MQ(p~) (4.9)

fort =1, 2,... Since Q(p~t) — 0 (r — ), this inequality implies, by Lemma
1, that f'is bounded on J. We can assume, without loss of generality, that
| f(K), < 1 for every ke J. We have then | an()lp < 1 for every n > 0
and consequently '

A(n) = max | a(Ol, >1 for n>=0. (4.10)
Next, from

.. Q(\p)
lllglolyfm* >0 ‘ (4.1 1)
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it follows that we can find a constant ¢ > 0 and an integer T > 1 such that

T Q(\/p)
0 <Ay <1:>—~QW>C.

Lets > 1 be an integer such that
c>=p and MQ(p=T) = p—sts+D), (4.12)
We have then, for ¢t > T,
Qp™) = cAp™) = p=Q(p)

and it follows, by induction, that, for every integer o > 1,

Q(p=o717%) = p=serQ(pt,
It follows, in particular, that |

Qp+1-1) = prrsinQ(p), (4.13)

Next, by Lemma 4 and (4.9) we have |
AL+ 5(s + 1) p) < max(p-=.4( ), MQ(p-1).

Since /1 is monotone decreasing and pstt = 1 + s(s -+ 1), it follows that
A(p+1+) <A + s(s 4 1)) pY) < max(p==s+A(pt), MO(p-1)). (4.14)
In particular, if # = T, we have by (4.10) and (4.12),

A(p*H+T) < max(p=s=+D A(pT), MQ(p~T))
< max(p=etth, MQ(p-T))
< MQ(pT). (4.15)

- Next, replacing t by s + 1 -+ Tin (4.14) and using inequalities (4.13) and
(4.15), we find that

APHD) < max(pe e A(pHT), MQ(p-s-1T))
< max(Mp—*+DQ(P-T), MQ(p—s-1-T))
< MQ( p—s—l—T).

Continuing this argument, we find, by induction, that, for every r > 1,

A(pr(s-l-l)-i-T) < MQ(p—(T—I)(S-i-l)-T)_
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Using (4.13) we find easily that

Q(p—(r—l)(s+1)—T) < p2s(s+l)Q(p—(T+1)(s+1)+T).

Hence,
A(pr(s+1)+T) < Mpzs(s;+1)Q(p—(r+l)(s+1)—T_

Let, finally, n > pst14T, Then pr(s+D+T < n < pUIVSHDAT for come
r = 1. By monotonicity of /1 and 2 we have

A(n) < A(prts¥+Ty < Mp2sts+d pr+hsin-T)
< Mpe+0Q(1jn)
and Theorem 4 is proved. |
Proof of Theorem 5. 'We have, by hypothesis,

la.(f)l, < MQ(1/n) for n>1. (4.16)

We have, by Lemma 2,

(4.17

»

£+ p) — F (), < mpax | z asH)(7)

for every n € J. Next, by (4.16),

Z akﬂ-(f)(i’.t) ] ~ | z (dm(f)/j)(?t:ll)

<P omax | a (N,

1<i<<p?

< Mp~* max jQ(1/k + )

1<j<p

< Mp™' max jQ(1/7).

1<j<p!
From this inequality and (4.17) it follows that

wAPT) = max |t p) = ), < Mp~t max (1), (418)

Since the function Q satisfies condition (2.13), we have, by Lemma 5,

P~ max jQR(1))) = 0@Q(pY)  (t—> o)

1<<j< pt

and Theorem 5 is proved.



205 APPROXIMATION IN p-ADIC ANALYSIS

W N =

w b

REFERENCES

. K. HenseL, “Zahlentheorie,” Gdschen, Berlin, 1913.

. J. DiIEUDONNE, Sur les fonctions continues p-adique, Bull. Sci. Math. 68 (1944), 79-95.

. K. MaHLER, An interpolation series for continuous functions of a p-adic variable, J.
Reine Angew. Math. 199 (1958), 23-34.

. K. MAHLER, J. Reine Angew. Math. 208 (1961), 70-72.

. K. MaHLER, “Introduction to p-Adic Numbers and Their Functions, Cambridge
Tracts in Mathematics,” Vol. 64, Cambridge University Press, Cambridge, 1973.

. R. Bojanic, A simple proof of K. Mahler’s theorem on approximation of continuous
functions of a p-adic variable by polynomials, J. Number Theory, 6 (1974), 412-415.

Printed by the St Catherine Press Ltd., Tempelhof 37, Bruges, Belgium.



