On Logarithmically Asymptotically Optimal
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R. Ahlswede and E. Haroutunian

Abstract. We introduce a new aspect of the influence of the information-
theoretical methods on the statistical theory. The procedures of the prob-
ability distributions identification for K (> 1) random objects each having
one from the known set of M (> 2) distributions are studied. N-sequences
of discrete independent random variables represent results of N observa-
tions for each of K objects. On the base of such samples decisions must be
made concerning probability distributions of the objects. For N — oo the
exponential decrease of the test’s error probabilities is considered. The re-
liability matrices of logarithmically asymptotically optimal procedures are
investigated for some models and formulations of the identification prob-
lems. The optimal subsets of reliabilities which values may be given be-
forehand and conditions guaranteeing positiveness of all the reliabilities
are investigated.

“In statistical literature such a problem is referred to as one of classifica-
tion or discrimination, but identification seems to be more appropriate”

Radhakrishna Rao [1].

1 Problem Statement

Let Xy = (Xgn, n € [N]), k € [K], be K(> 1) sequences of N discrete inde-
pendent identically distributed random variables representing possible results of
N observations, respectively, for each of K randomly functioning objects.

For k € [K], n € [N], X, assumes values x5, in the finite set X of cardinality
|X|. Let P(X) be the space of all possible distributions on X. There are M (> 2)
probability distributions Gy, ..., Gy from P(X) in inspection, some of which
are assigned to the vectors Xy, ..., Xg. This assignment is unknown and must
be determined on the base of N—samples (results of N independent observations)
Xg = (Tk1,...,Tk,N), Where xy , is a result of the n-th observation of the k-th
object.

When M = K and all objects are different (any two objects cannot have the
same distribution), there are K'! possible decisions. When objects are indepen-
dent, there are M possible combinations.

Bechhofer, Kiefer, and Sobel presented investigations on sequential multiple-
decision procedures in [2]. This book is concerned principally with a particular
class of problems referred to as ranking problems.
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Chapter 10 of the book by Ahlswede and Wegener [3] is devoted to statistical
identification and ranking problems.

We study models considered in [2] and [3] and variations of these models
inspired by the pioneering papers by Ahlswede and Dueck [4] and by Ahlswede
[5], applying the concept of optimality developed in [6]-[11] for the models with
K=1.

Consider the following family of error probabilities of a test

i lidanner (M2, mi) # (o, 1), s, I € [M], k€ [K],
which are the probabilities of decisions [1,lo, ..., when actual indices of the
distributions of the objects were, respectively, my,mo, ..., mg.

The probabilities to reject all K hypotheses when they are true are the fol-
lowing
(N) (N)
mi,ma,...,m|mi,ma,...mg my1,mo,....mg|ly,lo,... . lxg°
(L1sl2se el )£ (ma,ma,..mk)

We study exponential decrease of the error probabilities when N — oo and
define (using logarithms and exponents to the base e)

(N)

lim — N log oy mayeeom |l oyl Eml7m27»--7mK\117127»--7lK = 0. (1)

N—o0
These are exponents of error probabilities which we call reliabilities (in asso-
ciation with Shannon’s reliability function [12]). We shall examine the matrix
E ={FEn, mo...mxlilz....1x + @and call it the reliability matrix.

Our criterion of optimality is: given M, K and values of a part of reliabilities
to obtain the best (the largest) values for others. In addition it is necessary
to describe the conditions under which all these reliabilities are positive. The
procedure that realizes such testing is identification, which following Birgé [10],
we call “logarithmically asymptotically optimal” (LAO).

Let N(z|x) be the number of repetitions of the element x € X in the vector
x € XN, and let

Q={Q(z) = N(z[x)/N, =€ X}
is the distribution, called “the empirical distribution” of the sample x in statis-
tics, in information theory called “the type” [12],[13] and in algebraic literature
“the composition”.

Denote the space of all empirical distributions for given N by P(")(X) and
by TéN) the set of all vectors of the type @ € P(V)(X).

Consider for k € [K], m € [M], divergences

D(Ql|Gm) = Qx(x) )log = ulz)

reX (JC)’

and entropies

=~ Qu(x)log Qu(x).

reX
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We shall use the following relations for the probability of the vector x when
G, is the distribution of the object:

G (x HG (zn) = exp{=N[D(Q||Gr) + H(Q)]}.

For my € [M], k € [K]7 when the objects are independent and G,,, is the
distribution of the k-th object:

K
P e (51,2, xi) = exp{ =N} D(QullGm,) + H@QW)]}. (2)
k=1

The equalities follow from the independence of N observations of K objects
and from the definitions of divergences and entropies. It should be noted that
the equality (2) is valid even when its left part is equal to 0, in that case for
one of xj, the distribution @)y is not absolutely continuous relative to G,,, and
D(Qi|G,) = 0.

Our arguments will be based on the following fact: the “maximal likelihood”
test accepts as the solution values my,ms, ..., my, which maximize the proba-
bility P, ml)M2 mx (X1,X2,...,Xx), but from (2) we see that the same solution

can be obtained by minimization of the sum Z [D(Qk||Gm,,) + H(Qk)], that is

the comparison with the help of divergence of the types of observed vectors with
their hypothetical distributions may be helpful.
In the paper we consider the following models.

1. K objects are different, they have different distributions among M > K
possibilities. For simplicity we restrict ourselves to the case K =2, M = 2. It is
the identification problem in formulations of the books [2] and [3].

2. K objects are independent, that is some of them may have the same distri-
butions. We consider an example for K, M = 2. It is surprising, but this model
has not been considered earlier in the literature.

3. We investigate one object, K = 1, and M possible probability distribu-
tions. The question is whether the m-th distribution occurred or not. This is the
problem of identification of distributions in the spirit of the paper [4].

4. Ranking, or ordering problem [5]. We have one vector of observations X =
(X1,Xs,...,Xn) and M hypothetical distributions. The receiver wants to know
whether the index of the true distribution of the object is in {1,2,...,7} or in
{r+1,...,M}.

5. r-identification of distribution [5]. Again K = 1. One wants to identify the
observed object as a member either of the subset S of [M], or of its complement,
with r being the number of elements in S.

Section 2 of the paper presents necessary notions and results on hypothesis
testing. The models of identification for independent objects are considered in
section 3 and for different objects in section 4. Section 5 is devoted to the problem
of identification of an object distribution and section 6 to the problems of r-
identification and ranking. Some results are illustrated by numerical examples
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and graphs. Many directions of further research are indicated in the course of
the text and in the section 7.

2 Background

The study of interdependence of exponential rates of decrease, as the sample size

N goes to the infinity, of the error probabilities ozﬁ\;) of the “first kind” and aéﬁ)
of the “second kind” was started by the works of Hoeffding [6], Csiszar and Longo
[7], Tusnddy [8], Longo and Sgarro [9], Birgé [10], and for multiple hypotheses
by Haroutunian [11]. Similar problems for Markov dependence of experiments
were investigated by Natarajan [14], Haroutunian [15], Gutman [16] and others.
As it was remarked by Blahut in his book [17], it is unfortunately confusing that
the errors are denoted type I and type II, while the hypotheses are subscripted
0 and 1. The word “type” is also used in another sense to refer to the type of a
measurement or the type of a vector. For this reason we do not use the names
“0” and “1” for hypotheses and the name “type” for errors. Note that in [17]-[19]
an application of the methods of hypothesis testing to the proper problems of
information theory is developed.

It will be very interesting to combine investigation of described models with
the approach initiated by the paper of Ahlswede and Csiszar [20] and developed
by many authors, particularly, for the exponentially decreasing error probabili-
ties by Han and Kobayashi [21].

In [22] Berger formulated the problem of remote statistical inference. Zhang
and Berger [23] studied a model of an estimation system with compressed in-
formation. Similar problems were examined by Ahlswede and Burnashev [24]
and by Han and Amari [25]. In the paper of Ahlswede, Yang and Zhang [26]
identification in channels via compressed data was considered. Fu and Shen [19]
studied hypothesis testing for an arbitrarily varying source.

Our further considerations will be based on the results from [11] on mul-
tiple hypotheses testing, so now we expose briefly corresponding formulations
and proofs. In our terms it is the case of one object (K = 1) and M possible
distributions (hypotheses) Gi,...,Gu. A test p(x) on the base of N-sample
x = (21,...,zy) determines the distribution.

We study error probabilities O‘Eﬁl) for m,l € [M]. Here O‘Eﬁl) is the probability
that the distribution G; was accepted instead of true distribut(ijg? G,,. Form =1

thus:

m|m

the probability to reject G, when it is true, is denoted by «

alh = 3" ol
l:l#m
This probability is called [27] the test’s “error probability of the kind m”. The
matrix {O‘gz)} is sometimes called the “power of the test” [27].
In this paper we suppose that the list of possible hypotheses is complete.
Remark that, as it was noted by Rao [1], the case, when the objects may have
also some distributions different from G, ..., Gy, is interesting too.



On Logarithmically Asymptotically Optimal Testing 557

Let us analyze the reliability matrix

with components

B = ngnoo— NIOgO‘Eﬁl)v m,l € [M].

According to this definition and the definition of aff;‘? we can derive that
Really,
Epjm = hm — —log Z O‘mu =
l:m#l
s el () _1 (C0) I
= 1\}211& N log Lni?;fl ,,; + hm log |:(l§;la ) /max | = lglﬂl;ll Enpi-

The last equality is a consequence of the fact that for all m and N

Z O‘m|l /maxa( )<M—1
l:m#l

In the case M = 2, the reliability matrix is
Eq E12>
E= 4
(E21 Eyo )

and it follows from (3) that there are only two different values of elements,

namely
El\l = E1\2 and E2|1 = E2|27 (5)

so in this case the problem is to find the maximal possible value of one of them,
given the value of the other.

Inthe case of M hypotheses for given positive and finite E1 |1, Eaa, . . ., Enr1,m1
let us consider the regions of distributions

R ={Q: DQIIG) < Eyi}, l€[M—1], (6)

Ry ={Q: D(QIIGI) > Eyp, 1€ [M—1]} =P(X U Ri, (7)

=R (P™), 1€ M]. (8)
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Let
By = Ej(Ey) = By, 1€ [M—1], 9)

E:n|l = E:nll(El\l) = Qig7f21 D(Q||Gm), me[M], m#1, l€[M-1], (10)

Erm = Epm(Bups - Ev—i,m—1) = _inf D(Q||Gr), me [M —1], (11)
QERM

viv = Ev (B, Evi 1) = 161[11\141131] B (12)

If some distribution G,, is not absolutely continuous relative to G; the reliability
E:‘nl , will be equal to the infinity, this means that corresponding afﬁl) = 0 for
some large N.

The principal result of [11] is:

Theorem 1. If all the distributions G,, are different and all elements of the
matrix {D(G(||Gn)}, I, m € [M], are positive, but finite, two statements hold:

a) when the positive numbers Ey |1, Eyj, ..., Ea—1,0—1 satisfy conditions

El\l < min D(GlHGl),
le[2,M)]

E i in E* (E in  D(G||Gw)], 2, M —1],
m|m<m1ﬂ[l€?£1_11] it z|z)al€[£1i1117M] (Gi]|Gm)], m €| ]

then there exists a LAO sequence of tests, the reliability matrix of which E* =
{£5,;} is defined in (9),(10),(11),(12) and all elements of it are positive;

m

b) even if one of conditions (13) is violated, then the reliability matrix of any
such test has at least one element equal to zero (that is the corresponding error
probability does not tend to zero exponentially).

The essence of the proof of Theorem 1 consists in construction of the following
optimal tests sequence. Let the decision [ will be taken when x gets into the set

BI(N): U TéN), le[M], N=1,2,.... (14)

QeRr™M

The non-coincidence of the distributions G,, and the conditions (13) guarantee
that the sets from (14) are not empty, they meet conditions

BB =, 1 #m,

and
M
B = 2%,
=1

and so they define a sequence of tests, which proves to be LAO.
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For the simplest particular case M = 2 elements of the reliability matrix (4)
satisfy equalities (5) and for given Eyj; from (5) and (7) we obtain the value of
E§|1 = E§|2:

B3 (B) = D(Ql|G2). (15)

inf
Q:D(Q||G1)<E1
Here, according to (13), we can take Eyj; from (0, D(G2G1)) and Ej, (Eq)1)
will range between D(G1]||G2) and 0.

3 Identification Problem for Model with Independent
Objects

We begin with study of the second model. To illustrate possibly arising devel-
opments and essential features we consider a particular case K = 2, M = 2. It
is clear that the case with M = 1 is trivial. The reliability matrix is (see (1))

Eian Evae Bz B2
E— Eio1,1 Er21,2 E1212,1 E12p2,2
Es1i11 Eaqpn2 Bz Ea1p2,2
Es2111 Eappn2 Eappe1 Ea22)2,2

Let us denote by oM @ and gW

milli? T malla mill
the reliabilities as in (4) for, respectively, the first and the second objects.

, Er(ji‘ ;, the error probabilities and

Lemma. If 0 < Eﬁ)l < D(Gs||Gy), i = 1,2, then the following equalities hold

true:
By ol = By, + BE) i my £ L, ma £ 1D, (16)
Eml,m2|l1,l2 = Ef’fi\ll’ lf ms_; = lg_i7 my ;é li7 Z = 1,2, (17)

Proof. From the independence of the objects it follows that

(N) _ (N1) (N,2) .
Xy malinle = %y |ly Fmally if my # i, ma #lo, (18)
N N.i N,3—i . )
afm),m?lll,b - afmllz(l B O[Ens—iugfi)’ if ma—i =ls—s, mi # b, 1=1,2, (19)

According to (1), from (18) we obtain (16), from (19) and the conditions of
positiveness of Eﬁi and Eég, i=1,2, (17) follows.

Theorem 2. If the distributions G1 and Go are different, the strictly positive
elements Ey 1)1,2, E11)2,1 of the reliability matriz E are given and bounded above:

Eiph2 < D(G2||Gh), and Ej 21 < D(Ge||Gh), (20)
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then the other elements of the matriz E are defined as follows:

Esi22=FE1112, Fi2p22=FEi 1321,

Eiop1,1 = Ea2121 = D(Q||G2),

inf
Q: D(Q||G1)§E1,1\1,2

D(Ql|G2), (21)

E2,1\1,1 = E2,2\1,2 = inf
Q: D(Q||G1)§E1,1\2,1

Eyopn1=FEi211+ E211,1,  Eoa,2 = Eaaun + Eigee,
Eyop21=E12111+ Fr212,2,  Er22=Fri1,2+ Eie1,

Em1,m2|m1,m2 = min Eml,m2|ll,l2, mp,mg =1,2.
(I1,l2)#(m1,m2)

If one of the inequalities (20) is violated, then at least one element of the matriz
E is equal to 0.

Proof. The last equalities in (21) follow (as (3)) from the definition of

= > an my,my = 1,2,

ma,mally,l2’
(I1,l2)#(m1,m2)

(N)
mi,mz|mi,ma

Let us consider the reliability matrices of each of the objects X; and X»

1) (1) (2) (2)
ED — <E11 E12> and E® — <E11 E1|2> )

(1) (1) (2) p(2)
E2\1 E2\2 E2\1 E2|2

From (5) we know that Eﬁ)l = E% and EéT)l = Eég7 i =1,2. From (20)

it follows that 0 < E{]] < D(Ga[|G1), 0 < E{}] < D(G5]|G1). Really, if

0 < Eyipa < D(G2||Gh), but B} > D(Gs||G1), then from (19) and (1) we

1)1

arrive to 1

T _ (N,2)

ngnoo N log(1 ) ) <0,
therefore index Ny exists, such that for subsequence of N > Ny we will have
1-— a%’m > 1. But this is impossible because a%’m is the probability and must
be positive.

Using Lemma we can deduce that the reliability matrix E can be obtained

from matrices E®) and E®) as follows:

(BB D B B

I B RN T R
e wee) sl |
ey B B inGeg 52
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in other words, providing, that conditions (20) are fulfilled, we find that

E1,1|l,2 = Ei\QQ) = Ei\Ql) and E171‘271 = E§|12) — _E‘§|11)7

2
Esi22=FE1 112 = ER)

_ _
120 Prepe=FEiap=F

Eiop11 = Eappp1 = E(2) Esq111 = Eappi2 = E(l)

2|17 21
Eyopa = Ey) + B, Eaapa =Byl +Efp, (22)
By o201 = Eﬁz) + E§|21) Erijee = Eﬁg + Eﬁg
By malmi,ms = min{E$3|m17E7(jz‘m2}, my,mo = 1,2,

From Theorem 1 we know that if Eﬁi € (0, D(G2||Gy)), i = 1,2, then the tests

of both objects are LAO and the elements EéT)P i =1,2, can be calculated (see
(15)) by

EY) = inf D(Q|Ga), i=1,2, (23)
@:D(QIG)<ED,

and if B{}} > D(Gs||Gh), then Efj} = 0.

According to (22) and (23), we obtain, that when (20) takes place, the el-
ements of the matrix E are determined by relations (21). When one of the
inequalities (20) is violated, then from (23) and the first and the third lines of
(22) we see, that some elements in the matrix E must be equal to 0 (namely,
either E 51,1, or Fyq)1,1 and others).

Now let us show that the compound test for two objects is LAO, that is
it is optimal. Suppose that for given Ej 110 and Ej 21 there exists a test

with matrix E/, such that it has at least one element exceeding the respective
element of the matrix E. Comparing elements of matrices E and E different

’

from Ej 11,2 and Ey 1)2,1, from (22) we obtain that either 4 o1 1 < E) 911,10 OF
Eyq1 < E; 11,1 i.e. either E§|21) < E§|21) , or Eélll) < E§|11) . It is contradiction

to the fact, that LAO tests have been used for the objects X; and Xs.

When it is demanded to take the same values for the reliabilities of the first
and the second objects Eﬁ?) = EﬁQ) = a; and, consequently, Eé‘ll) = E§|21) = asg,
then the matrix E will take the following form

aq al a1 2(11
as min(ay,as) ay+as ar
as a1 +as min(ay,as) a;
2a5 az az az

E =
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4 Identification Problem for Models with Different
Objects

The K objects are not independent, they have different distributions, and so the
number M of the distributions is not less than K. This is the model studied in
[2]. For brevity we consider the case K = 2, M = 2. The matrix of reliabilities
will be the following:

E1212E12|21)
E = (Zzne Pz 24
(E271172 Es 12,1 (24)

Since the objects are strictly dependent this matrix coincides with the reliability
matrix of the first object (see (4))

(1) )
= - (1 )
= 1) (1) |
E2\1 E2|2
because the distribution of the second object is uniquely defined by the distrib-
ution of the first one.

We can conclude that among 4 elements of the reliability matrix of two de-
pendent objects only 2 elements are distinct, the second of which is defined by
given Ei‘lf = E172|172.

From symmetry it follows that the reliability matrix of the second object also
may determine the matrix (24).

5 Identification of the Probability Distribution of an
Object

Let we have one object, K = 1, and there are known M > 2 possible distribu-
tions. The question is whether r-th distribution occured, or not. There are two

error probabilities for each r € [M] the probability oziivz)ﬂ 12 t0 accept [ different

(N)

mmar|l=r that r is accepted,

from 7, when 7 is in reality, and the probability «
when it is not correct.
The probability oziivz)ﬂ . is already known, it coincides with the probability

(N)

O[7"|r’

which is equal to ) aff‘\lf). The corresponding reliability FE,,—, 1, is equal
L:l#r
to E,, which satisfies the equality (3).
We have to determine the dependence of E,, . ;—, upon given E,,_,+, =
E,|., which can be assigned values satisfying conditions (13), this time we will

have the conditions:

0< Eyp < }rll;én D(G/||Gy), re€[M].
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We need the probabilities of different hypotheses. Let us suppose that the
hypotheses G, ..., Gy have, say, probabilities Pr(r), r € [M]. The only sup-
position we shall use is that Pr(r) > 0, r € [M]. We will see, that the result
formulated in the following theorem does not depend on values of Pr(r), r €
[M], if they all are strictly positive.

Now we can make the following reasoning for each r € [M]:

(N) _
(N) _PrV(m#Erl=r) N)
am#’l“l:’l“ - Pr(m # 7’) - Z PI‘ Z Pr m ’f'

mim#£r

mim#r

From here we see that for r € [M]

T 1 (N)
Em?éT”:T = ]\}l_rfloo (_N lOg am#r\l:r =

—— 1 (V)
:A}ET}OON log Z;é Pr(m) — log 2 am‘TPr :mH}TILI;léTE e (25)

Using (25) by analogy with the formula (15) we conclude (with R, defined as in
(6) for each r including r = M by the values of E,|, from (0, lrrll;n D(Gy||Gr)))

that

Eririi=r(Er,) = min  inf D(Q||Gn,
prer(Ery) = i inf D@Q|Gin) =

= min inf D(Q||Grn), Te€[M]. 26
m:m#r Q:D(Q||Gr)<E,, (QH ) [ ] ( )

We can summarize this result in

Theorem 3. For the model with different distributions, for the given sample x

we define its type @, and when @ € RSN) we accept the hypothesis r. Under

condition that the probabilities of all M hypotheses are positive the reliability
of such test Ey, i, for given E,,_, ;4. = E,|, is defined by (26).

For presentation of examples let us consider the set X = {0,1} with only 2
elements. Let 5 probability distributions are given on &

Gy ={0.1, 0.9}

Gy = {0.65, 0.35}
Gs = {0.45, 0.55}
G4 = {0.85, 0.15}
G5 = {0.23, 0.77}

On Fig. 1 the results of calculations of E,, =, as function of E,,_,;», are
presented.
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The elements of the matrix of divergences of all pairs of distributions are used
for calculation of conditions (13) for this example.

0 0.956 0.422 2.018 0.082
1.278 0 0.117 0.176 0.576

{D(GnG) Yl = | 05860120 0 0.618 0.169
2.237 0.146 0.499 0 1.249
0.103 0.531 0.151 1.383 0

In figures 2 and 3 the results of calculations of the same dependence are
presented for 4 distributions taken from previous 5.
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Fig. 2.
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Fig. 3.

6 r-Identification and Ranking Problems

The model was introduced in [5] and named K-identification. Since in this paper
the letter K is already used we speak of r-identification. Given N-sample x of
measurements of the object the problem is to answer to the question: is the
distribution of the object in the part & of M possible distributions or in its
complement, here r is the number of elements of the set S.

Again we can make decision on the base of the type @ of the sample x and
suppose that before experiments all hypotheses have some positive probabilities

Pr(1), ..., Pr(M). (27)

Using (6) — (8) with some FE1 1, ..., Ea—1,m—1 meeting the conditions (13) when

Qe U RZ(N) decision “l is in §” follows.
1es
The model of ranking is the particular case of the model of r-identification

with § = {1,2,...,7}. But conversely the r-identification problem without loss
of generality may be considered as the ranking problem, to this end we can
renumber the hypotheses placing the hypotheses of S in the r first places. Be-
cause these two models are mathematically equivalent we shall speak below only
of the ranking model.

It is enough to consider the cases r < [M/2], because in the cases of larger
r we can replace § with its complement. Remark that the case r = 1 was
considered in section 5.

We study two error probabilities of a test: the probability o

)
m<r(l>r to make

incorrect decision when m is not greater than r and the probability O‘SL\QT\ 1<y 1O

make error when m is greater than r. The corresponding reliabilities are
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Ey(r) = Ep<riisr and E(r) = Epspi<r, 1 <1 < [M/2].
With supposition (27) we have

o™ _Pr(N)(mgr,l>r) B
mr|i>r = Pr(m <r) N
N) )
s S TP = b S S )
m<r m<7‘ I>r m<r m<7‘ I>r

The definition (28) of E1(r) and the equality (29) give

— 1
Ei(r) = lim — Nlogag:zr‘br

N—oo

-1
= A}E}loo N log Z ZPr m)a “ — log Z Pr(m)| = mg}}{;rEmu.

m<r [>r m<r

Analogously, at the same time

N
EQ(T) = ]\}l_n)loo — N lOg a£n>)r\l§r =

= hm —i logZZamu logZPr = ];nnla< Epnpi-

m>r [<r m>r

(29)

(31)

For any test the value of F4 () must satisfy the condition (compare (3) and (30))

Ei(r) > min Ep, .
m:m<r

(32)

Thus for any test meeting all inequalities from (13) for m < r and inequality
(32) the reliability Ea(r) may be calculated with the equality (31). For given value
of E1(r) the best Es(r) will be obtained if we use liberty in selection of the biggest
values for reliabilities F,,|,,, 7 < m < M — 1, satisfying for those m-s conditions

(13). These reasonings may be illuminated by Fig.4.

=1, 2, , 41 , M
m=1 !
) Ei f?uM
Er=, min B
I
T Er\r :—____ _____________
r+1 |eemmmm - |
N I
N I
|EeEe =
= min E77L|l i
. m>r,l< |
: Enp v Evm
M i

Fig. 4. Calculation of Ex(r) [E1(r)]
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and resumed as follows:

Theorem 4. When the probabilities of the hypotheses are positive, for given
Ei(r) for m < r not exceeding the expressions on the right in (13), Es(r) may
be calculated in the following way:

Erttji=¢ [Eye] Zé, : ;:]3
t=1,23 =30 r—4

0.956 r

0.8 \
0.6 \

\
\
\w
0.4 ,
=1
™~
0.176 + S~
0.146 f1=2 L
T Eyt
123, ‘ ‘ :
0.146 0.176 0.4 0.6 0.8 1 1.278
Fig. 5.
EQ (7’)
0.956
0.8 \
\
\\
A\
0.6 \
N
\
\\
0.4 N
AN
\ s=1
0.176 ™
176 1 \\\\
\ §=2 T~ . FE1 (T‘)
S — .
0.146 0.4 0.6 0.8 1 1.278
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Eo(r) [Er(r)] =

B {E7n|l7 m,lG[M]}:

nian

max min_ E_, (33)
min  E* =Ei(r) |[m>r, I<r
m<r, I>r m|l

with B, defined in (9),(10),(11),(12).

Remark. One can see from (33) that for r = 1 we arrive to (26) for r = 1.

0.169
& Epziji=i By l;] : ”71
0.14 _ = =
t=1,2,3 (=30 r—5
0.12 \
1
0.103 - \\
A
0.082 \
o
0.06 |\ N
\\\.t 3 \\\1
0.04 3\ 2
X N\ y
Ny S
‘«\ \\N
0.02 . N
S 1=l ~ B
&H‘t?:—ﬁ,_g %RL* tlt
002 004 006 0082 0103 012  0.151
Fig. 7.
Es(r
o1s | 2200
0.12
0.1
0.082
\\
0.06 |\
\
\
\\
0.04 sl
"
0.02 =2
L ‘\\\Hxﬁ L \E](r)
002 004 006 008 0.103 0.12 0.14

Fig. 8.
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In figures 5 and 7 for 2 subsets by 3 distributions taken from 5 defined for Fig.1
the results of calculation of the dependence (26) and in figures 6 and 8 the
corresponding results of the formula (33) are presented.

7 Conclusion and Extensions of Problems

The paper is a contribution to influence of the information theory methods on
statistical theory. We have shown by simple examples what questions arise in
different models of statistical identification.

Problems and results of the paper may be extended in several directions some
of which have been already noted above.

It is necessary to examine models in which measurements are described by
more general classes of random variables and processes [14]-[16], [25].

One of the directions is connected with the use of compressed data of mea-
surements [22]-[26].

One may see perspectives in application of identification approach and meth-
ods to the authentication theory [32] and steganography [33].

Acknowledgments

The study was started during the stay of the second author in January, Feb-
ruary of 2003 in ZiF, Bielefeld University. This author is grateful to Prof. R.
Ahlswede, to Dr. L. Baumer and to the staff of ZiF for hospitality and stimulating
atmosphere.

The authors are thankful to Prof. M. Malyutov for useful discussions. The help
of P. Hakobyan in formulation of Lemma and Theorem 2 in sections 3 and of S.
Tonoyan and E. Aloyan in calculation of the examples and graphs of sections 5
and 6 is acknowledged with gratitude.

References

1. R.C. Rao, Linear Statistical Inference and its Applications, Wiley, New York, 1965.

2. R.E. Bechhofer, J. Kiefer, and M. Sobel, Sequential Identification and Ranking
Procedures, The University of Chicago Press, Chicago, 1968.

3. R. Ahlswede and I. Wegener, Search Problems, Wiley, New York, 1987.

4. R. Ahlswede and G. Dueck, Identification via channels, IEEE Trans. Inform. The-
ory, Vol. 35, No. 1, 15-29, 1989.

5. R. Ahlswede, General theory of information transfer, Preprint 97-118, SFB 343
“Diskrete Strukturen in der Mathematik”, Universitat Bielefeld, 1997; General
theory of information transfer:updated, General Theory of Information Transfer
and Combinatorics, a Special Issue of Discrete Applied Mathematics, to appear.

6. W. Hoeffding, Asymptotically optimal tests for multinomial distributions, Annals.
of Math. Statist., Vol. 36, 369-401, 1965.



570 R. Ahlswede and E. Haroutunian

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

. I. Csiszar and G. Longo, On the error exponent for source coding and for testing
simple statistical hypotheses, Studia Sc. Math. Hungarica, Vol. 6, 181-191, 1971.

. G. Tusnady, On asymptotically optimal tests, Annals of Statist., Vol. 5, No. 2,
385-393, 1977.

. G. Longo and A. Sgarro, The error exponent for the testing of simple statistical

hypotheses, a combinatorial approach, J. of Combin., Inform. Sys. Sc., Vol. 5, No

1, 58-67, 1980.

L. Birgé, Vitesse maximales de décroissance des erreurs et tests optimaux associés,

7. Wahrsch. verw Gebiete, Vol. 55, 261-273, 1981.

E.A. Haroutunian, Logarithmically asymptotically optimal testing of multiple sta-

tistical hypotheses, Problems of Control and Inform. Theory. Vol. 19, No. 5-6,

413-421, 1990.

I. GCsiszar 1. and J. Korner, Information Theory: Coding Theorems for Discrete

Memoryless Systems, Academic Press, New York, 1981.

I. Csiszar, Method of types, IEEE Trans. Inform. Theory, Vol. 44, No. 6, 2505-2523,

1998.

S. Natarajan, Large deviations, hypotheses testing, and source coding for finite

Markov chains, IEEE Trans. Inform. Theory, Vol. 31, No. 3, 360-365, 1985.

E.A. Haroutunian, On asymptotically optimal testing of hypotheses concerning

Markov chain (in Russian), Izvestia Acad. Nauk Armenian SSR. Seria Mathem.

Vol. 22, no 1, 76-80, 1988.

M. Gutman, Asymptotically optimal classification for multiple test with empirically

observed statistics, IEEE Trans. Inform. Theory, vol 35, No 2, 401-408, 1989.

R.E. Blahut, Principles and Practice of Information Theory, Addison-Weslay,

Massachusetts, 1987.

R.E. Blahut, Hypotheses testing and information theory, IEEE Trans. Inform The-

ory, Vol. 20, No. 4, 405-417, 1974.

F.W. Fu and S.Y. Shen, Hypothesis testing for arbitrarily varying source with

exponents type constraint, IEEE Trans. Inform. Theory, Vol. 44, No. 2, 892-895,

1998.

R. Ahlswede and I. Csiszar 1., Hypotheses testing with communication constraints,

IEEE Trans. Inform. Theory Vol. 32, No. 4, 533-542, 1986.

T.S. Han and K. Kobayashi, Exponential-type error probabilities for multiterminal

hypothesis testing, IEEE Trans. Inform. Theory, Vol. 35, No. 1, 2-13, 1989.

T. Berger, Decentralized estimation and decision theory, Presented at IEEE Seven

Springs Workshop on Information Theory, Mt. Kisco, NY, September 1979.

Z. Zhang and T. Berger, Estimation via compressed information, IEEE Trans.

Inform. Theory, Vol. 34, No. 2, 198-211, 1988.

R. Ahlswede and M. Burnashev, On minimax estimation in the presence of side

information about remote data, Annals of Statist., Vol. 18, No. 1, 141-171, 1990.

T.S. Han and S. Amari, Statistical inference under multiterminal data compression,

IEEE Trans Inform Theory, Vol. 44, No. 6, 2300-2324, 1998.

R. Ahlswede, E. Yang, and Z. Zhang, Identification via compressed data, IEEE

Trans. Inform. Theory, Vol. 43, No. 1, 48-70, 1997.

A.A. Borovkov, Mathematical Statistics (in Russian), Nauka, Novosibirsk, 1997.

S. Thara, Information Theory for Continuous Systems, World Scientific, Singapore,

1993.

P.N. Chen, General formulas for the Neyman-Pearson type-II error exponent sub-

ject to fixed and exponential type-I error bounds, IEEE Trans. Inform. Theory,

Vol. 42, No. 1, 316-323, 1996.



30.

31.

32.

33.

On Logarithmically Asymptotically Optimal Testing 571

T.S. Han, Information-Spectrum Methods in Information Theory, Springer, Berlin,
2003.

T.S. Han, Hypothesis testing with the general source, IEEE Trans. Inform. Theory,
Vol. 46, No. 7, 2415-2427, 2000.

U.M. Maurer, Authentication theory and hypothesis testing, IEEE Trans. Inform.
Theory, Vol. 46, No. 4, 1350-1356, 2000.

C. Cachin, An information-theoretic model for steganography, Proc. 2nd Workshop
on Information Hiding (David Ausmith, ed.), Lecture Notes in computer Science,
Springer— Verlag, 1998.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.01667
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 2.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


