Appendix: On Edge—Isoperimetric Theorems for
Uniform Hypergraphs

R. Ahlswede and N. Cai

1 Introduction

Denote by 2 = {1,...,n} an n—element set. For all A, B € (g), the k—element
subsets of {2, define the relation ~ as follows:

A ~ B iff A and B have a common shadow, i.e. thereis a C € (k(_?l) with C C A
and C' C B. For fixed integer «, our goal is to find a family A of k—subsets with
size «, having as many as possible ~ —relations for all pairs of its elements. For
k = 2 this was achieved by Ahlswede and Katona [2] many years ago. However,

it is surprisingly difficult for £ > 3, in particular there is no complete solution
even for k = 3. Perhaps, the reason is the complicated behaviour for “bad o so
that the most natural and reasonable conjecture, which will be described in the
last section and was mentioned already in [2], is false. Actually, our problem can

also be viewed as a kind of isoperimetric problem in the sense of Bollobas and
Leader ([4], see also [6]). They gave two versions. Partition the vertex set V' of
a graph G = (V, F) into 2 parts A and A€ such that for fixed o |A| = a and

I. The subgraph induced by A has maximal number of edges
or

II. The number of edges connecting vertices from A and A€ is as small as
possible.

When G is regular, the two versions are equivalent. In our case we define G =
(V,E)byV = (¥)and E = {{A, B} C V: A # B and A ~ B}. Thus the original
problem is an edge—isoperimetric problem for a certain regular graph. In order
to solve our problem, in Section 2 we reduce it to another kind of problem, which
we call “sum of ranks problem”: For a lattice with a rank function find a downset

of given size with maximal sum of the ranks of its elements. Similar questions
were studied in [3], [6], and [8]. In Section 3, we go over to a continuous version

of the problem and solve it for ¥ = 3 and “good «”. Some of the auxiliary
results and ideas there extend also to general k. A related but much simpler

result concerning a moment problem is presented in Section 4.

2  From Edge-Isoperimetric to Sum of Ranks Problem

In this section we reduce the edge—isoperimetric problem to the sum of ranks
problem. Denote by £(n, k) = (Syx, <) the lattice defined by
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Sn k= {(mh...,wk) 1<y <ao---<xp <n,ay €Z+}
and (21,...,2k) < (29,...,2}) & 2; < 24(1 <4 < k). For #F € S,, , the rank
of z¥ is defined as |2*| = Zle z; and for W C Sy, let |[W]| = 3 iy 2"
In addition we let A = {z1,..., 21} € (g), with elements labelled in increasing
order, correspond to 2% = ®(A) £ (21,...,2%) € Sn, and, similarly, A C (2)

to ¢(A) = {@(A) : A € A}. Moreover, for A C (‘,?) we introduce

P(A) = {(A,B) € A*>: A~ B}.

Using for A € A and 1 < ¢ < j < n the following “pushing to the left” or
so—called switching operator O; ;, which is frequently employed in combinatorial
extremal theory:

01;(A) = (A\{jj)u{i}if (AN{jHUui{i}¢ A jeA andi¢g A

otherwise,

one can prove, by standard arguments, that for fixed a an A C (¥) with |A| = a,
which maximizes | P(A) |, can be assumed to be within a family of subsets, which
are invariant under the pushing to left operator. It is also easy to see that such
subsets correspond to a downset in L(n, k).

Lemma 1. For a € Z% max|4j—o | P(A) | is assumed by an A C () s.t. D(A)
is a downset in L(n, k).

Now we are ready to show the first of our main results.

Theorem 1. For fized o € Z*, mazimizing | P(A) | for A C (%), |A| = «, is
equivalent to finding a downset W in L(n, k) with |W| = « and mazimal ||W]].

Proof. Assume that A C (f), W = &(A) is a downset in L(n, k), and |A| = a.
For every zF € W there are exactly

(‘Ti-i-l — T — 1) (k ﬁ;l_ Z) = (mi-‘rl —T; — 1)(/€ — Z) (11)

y¥’s with y* < ¥, whose first 4 components coincide with those of z* and the
(i 4+ 1)-st components differ, and for which A and B have a common shadow if
2k = @(A) and y* = &(B). (Here 9 = 0.) By (1.1), for 2% = &(A) fixed, there

is a total of

k—1 k k—1 k—1
@i —mi—Dk—i)= (k—i+ 1Dz — Y (k—i)zi— > (k—1i)
=0 =1 =0 1=0

:éxi—<k;1) :|x’f|—<k;r1> (1.2)
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B’s with ®(B) = y* < 2%, B ~ A, and with ®(B) € A, because ¢(A) is a
downset. Consequently

=2 2 =2 (U ) A
zkeWw

Thus our theorem follows from Lemma 1 and (1.3).

From now on we study our problem in the “sum-rank” version.

3 From the Discrete to a Continuous Model

A natural idea to solve a discrete problem for “good parameters” is to study
the related continuous problem. Every z* € Z* we let correspond to a cube
C(zF) £ {a* : [2;] = 2} in R¥. This mapping sends our Sy, for U € ZT to
5 Suk 2 {xk 0<x <xo--- < <U, [mi] # [z;], i 4 #j} Thus, keeping
the partial order “<”, we can “embed” our L(U, k) into a “continuous lattice”
5 LU, k) = (= Su.k, <). Moreover, the image = W £ &(W) of a downset W in
L(U, k) is a downset in = L(U, k), with (finite) integer—components for maximal
points. Let p be the Lebesgue measure on Rk/7 and let &’ < k be specified by

the context. For W C R, define
W] = / [@Fldps, where |o*| = 3. (3.1)
W N
J

Let D be the set of downsets in = £(U, k) with finitely many maximal points.
Since it is of no consequence if we add or substract a set of measure zero, we will
frequently exchange “<” (or “>”) and “<” (or “>”) in the sequel. It is enough

in our problem for “good o” to consider max [W||in = L(U, k),

w(SW)=a,SWeD |
and the following lemma is the desired bridge.

Lemma 2. Suppose that = W € D has only mazimal points with integer com-
ponents, and so for a W C LU k) = W = &(W).

Then

1= W= W]~ Yo, where o= (% W), (3.2)
Proof.
135 Wl = e ICE = Sovew Jogor, lotlia(da®)
=2 kew zz:—l dry ... fzzll—l di, Z§:1 T

k Zq k
= szew Zi:1 zi—1 xidx; = szeW Zi:l %(221- -1)
(3.3)

and (3.2) follows, because |W| = u(= W). We say that W € D can be reduced
to W' € D, if (W) = (W) and [[W'|| > [[W]].
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4 Cones and Trapezoids

Next we define cones and trapezoids, which will play important role in our
problem. A cone in = Sy is a set

Kk(u):{ackERk:O<m1<-~~<mk§uand [z:] # [z;] for i # j}, with u < U.
(4.1)

Clearly, = Sy is a cone itself. It can be denoted by K (U). A trapezoid Ry (v, u)
in K3(U) is a downset below (v, u...u), where 0 <v <u < U, i.e.
Ri(v,u) = {xk €S Sk ar <v,mp < u} (4.2)

and therefore K (u) = Ry (u, u). Moreover, for W C Ky (u) set

w2 Ki(u) W (4.3)
and A —
W 2 L(u,.. ., u)) - b2k e WO, (4.4)
For integral u one can easily verify that
W=v® for v=ww (4.5)
and .
Ri(v,u) = K" (u—v) (4.6)

Lemma 3. For W € D and W C Ki(u), u < U,
W] = (1K ()] = kL u(W) 4 [[W ). (4.7)
Proof. According to the definitions of “(u)” and “|| |7,
W= f a#100025) = oo s
= k()] = fpre [a*|p(da)

= k)l = Sy Xgor (Lu) = z5)n(da?)
= [|Kp(@)] = klu]p(W) 4 [0,

Notice that for u ¢ ZT W) is not in £L(u, k).
Corollary 1. Foru € Z™*

ku

()] = 5 (K (). (48)

Proof. One can verify (4.8) by standard techniques in calculus for evaluating
integrals, however, Lemma 3 provides a very elegant and simple way.
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By (4.7) for W C Ky (u)

W= (W] = (x| = (W) (4.9)
and by (4.5) and (4.7) one can exchange the roles of W and W. Therefore we
have

W = [[WI| = [|Kx(u)|| = ku p(W). (4.10)

“Adding (4.9) and (4.10)” and using the fact u(Kx(u)) = u(W) + u(W(“)), we
obtain (4.8). Next we establish a connection between || Ky (u)|| and p(Kj(u)) for

not necessarily integral u. It can elegantly be expressed in terms of densities. We
define the density of W C R¥ (k' < k defined by context) as

W]
diy (W) = and set d = dj. 4.11
VW) = s ‘ (111)
Then Corollary 1 takes the form
k
d(Ky(uw) = SUs UE Zt. (4.12)

We extend this formula to general w.

Lemma 4. For u < U not necessarily integers, denote by 6 = {u} = u — |u
the fractional part of w. Then

(i) p(Krw) = () + (),

(1) Kk (u)]| = 5 (Kr(u) + E520(1 = 6) ([)
and therefore

(i) d(Ky(u)) = ko 4 7000

L(lu)+1-k) +(k—1)0
Proof. By its definition

Ki(u) = K ([u]) U{a": [u] <zp <wand (21,...,26-1) € Kp—1([u))}
£ Ki(lu)) U J (say).
(4.13)

On the other hand, according to the correspondence @ between the discrete and
the continuous models,

(i) = () sy = (). (4.14)
Therefore u(.J) = 6( ")) and consequently (i) holds. Now

k—1

1K ()]l = 1Kk (L)) +]]7]]- (4.15)
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By Corollary 1 and (4.14)

I (L)l =53 (4), (4.16)
Furthermore, by (4.8) for k — 1 and by (4.14)
11 = () Sy o+ JL [ (L)
= (lu) +5)0(") + 0554 [u) (1)

Combination of these three identities gives

= 5(5)- (3o

and thus
|| K (u)]| = %(sz) + (%M + g) 9(&?1). (4.18)

This and (i) imply

(4.17)

|1 Kx(w)]] = 5 u(Ki(w) = =52 (4) + (% - %19) o(L)
= () 4 elo(i) - (i
= _M( _1 02

and therefore (ii).

Remark 1 (to Lemma 4).

Actually, we can derive a somewhat more general result along the same lines.
Let Jy(u,u) & {(z1,...,2) |u < 21 < -+ < 2 < v and [z;] # [2;], for
i#jhu<uw €R, & [u] —uand 0 =u' — [v/] £ {u}, then

p(Ji(u,u')) = (L“/J . M) + (L vl _[ ])(0+0’)+09’(L wl- 2[ 1) (4.19)

and

ottty == -on-ero) (") 7)o 2,
(4.20)

This can be seen as follows.

By shifting the origin, we can assume w..o.g., that v = —0, 6 € [0,1), i
|u] = 0. Then

Je(u,u') =K ([u'|)U({z1 : =0 < 1 < 0} x {(acz,.. cxk) (T2, k) € Kroa([u']))
U({(m,...,xk,l):(zh.. s Th— 1)€Kk 1 Lu } {Ik Luj<xk<u})
U({I1 -0 <z < O} X {(IQ,.. y Tho— 1) € Ky 2(Luj)} X {Ik LUJ <xp <u })
and by the same argument as the one used in the proof of Lemma 4 we obtain

(4.19) and (4.20).
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5 The Cases k = 2,3

Using the same idea as in the proof of Theorem 1 in [2] simple calculations lead
to two alternatives.

Lemma 5. For k=2, U € Z* and W € D consider
mi1(W) £ max{z : (z,y) € W for some y}. (5.1)
Then

(i) W can be reduced to a trapezoid, if mi(W) < %
and
(ii) W can be reduced to a cone, if mi(W) > ¥.

Now we turn our attention to k = 3 and drop all subscripts & (for example write
K(U) instead of K3(U) and so on).
For W C K(U) we call the 2-dimensional set

Su(W) 2 {(z,y) : (x,y,u) € W and (z,y,u+e) ¢ W foralle >0}  (5.3)

a Z—-surface of W at u.

We call this surface regular, when for some (x,y) € S,(W) and some ¢ > 0
(z,y,u +¢) € K(U). Therefore S, (W) is irregular iff w = U. The Y- and
X-—surfaces are defined analogously. We present now the basic idea of “moving

top layers from lower density to higher density”.
Observe first that the condition p(R(v,u)) = « (for fixed a) forces v to depend
continuously on u, say

v = Vo (u). (5.4)

There are again two alternatives.

Lemma 6. Fork=3,u <U, andU € Z* any trapezoid R(v,u) can be reduced
to a cone or the trapezoid R(V,(U),U).

Proof. Fix a and U € Z*. Then ||R(Va(u),u)|| is a continuous function in v,
which achieves a maximal value. So, if the lemma is not true, then there are a
U € 7%, an a, and a ug with vg £ V,, (ug) < uo < U and R(vo,ug) achieves the
maximal value. R(vp,uo) has one regular Z—surface and one regular X-surface,
namely

S 2 {(z,y): O<x<y<(u0]—1x<voand 14 [yl}

and S £ {(y,2): [vo] <y <z<ugand [y] # [2]}. (5.6)

(c.f. Figure 1)
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Vo
[ug] — 1

-
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[vo] ——
[ ]
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) : S :/:/i :Sél) Zi_[;):i/::::S(Q)

Fig. 1.
Case 1: d(S1) + up < d(S2) + vo. (5.7)
Choose 91,02 > 0 and define
Dy =85 x{z:up—0 <z<wup}

and Dy = {z :vg <z < wp+ b2} X S5.
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They satisfy

n(D1) = p(Ds2), (5.10)
0 <wug — ((Uo] — 1),(52 < (LUOJ + 1) — Vo, (511)
and
d(S1) + uo < d(S5) +vo < d(S3) + vo, (5.12)
where
Sy & SQ\{ Y,2) : ug — 01 <z§u0} (5.13)
and

Séé{Sé’\{(y,z):vo<y§vo+1} if vo€Z* (5.14)

Sy otherwise.

The second inequality in (5.12) follows from Lemma 4 and our choice is possible
by (5.7). Then

R £ (R(U()/U,()) N Dl) UuD, €D (515)

is a trapezoid with measure a.
However by (5.9) - (5.14),

IRI| = [|R(vo, uo)|| = [|D2|| — || D]
[<52)f“°+52xdm+62|\52|\] (11811181 + p(S1) [0, 2dz]

uo—61

= [(n(55)62) (vo + %) + (8241(55))d(S5)] — [(u(S1)81)d(S1) + (k(S1)é1) (uo — 3 )]
= M(D2) [vo + % +d(S3)] — u(Dr) [d(Sh) + uo — &
= u(D1) [(d(S3) + vo) — (d(S1) +uo) + 2E22] > 0

a contradiction. Here the fourth equality follows from wu(S%)d2 = w(D2) and

1(S1)01 = p(D2) (by (5.9)), the fifth equality follows from (5.10) and the in-
equality follows from (5.12).

Case 2: d(S1) +uo > d(S2) + vo. One can come to a contradiction just like in
case 1.
Case 3: d(S1) + uo = d(S2) + vo. (5.16)
Ss is a “shifted cone”. One can calculate d(S2) and conclude with (5.16)

|_’LLO-| — 2> . (517)
Consequently the following two surfaces are not empty:

St E{(z.y) O<x<y<[uo]—2z<voand(ﬂ7&(]}
and S(l) £ {(y,2): o] <y<z<ug—1and [y] # [2]} (5.19)
—Sg\{y, u0—1<z§u0}
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(See Figure 1) Assume first that

1
u(Sh) = u(s). (5.20)
Let
Dy —{ z,Yy,%) € R(vo,uo) : o—1<z§u0}
=S x{z:Juol —1<z<ujUS x{z:uo—1<2<[u] -1}
£ DiuDY,
D, é{('Tvyyz)GSU:UO<ISI0,ZSUO—1}
o0 <o < fool} xS U [Upma({os foo] +i- 1<z <o} x 5)]
(5.22)
where

Séi) = Séi_l) ~A{(y,2) vl +2—i <a < o] +3—i},
the last v(® equals g, for the other i’s v(¥) = [vy]+i, and finally z is specified by
w(D1) = pu(D3), if such an x exists.

Otherwise continue with Case 4. Introduce now

R’ = (R(vo,u0) ~ D1) U Dy,
R’ is a trapezoid with measure a. Now we have, with justifications given

afterwards,

)
+ [s1) (Tuo] = 2ok — 1) (Tuo] — wo) + Hs;u(w —uo)]
= (D) (A(S1) + o — 2=l ) (DY) [a(S5) + Tuo] — Lot —1]
= (MDA + (DY o 1) <D1>+u(D1’>)
+2u(DY) (wo — Tuo] + 1) + & ([uo] — uo) (Q;L(D’l) + u(DY))
u(D1)(d(S1) + 1o — 1) + & (o — [ug] + 1) (DY) + 3 (uo] = uo) (2u(D}) + (DY)
D(d(S1) +ug —1) + 1 [*‘Mfs’i)) + 2 PURLPD (00D }

D4 || [u (S, ( M) (uo — [uo] + 1) + [|Su ]| (uo — [uo] + 1)]
Sy

=D
< (d(81) + o — 1+ 288 ) u(Dy).
(5.23)
Here the second and the fourth equality are obtained by

p(D1) = (1) (uo — [uo] +1) and p(DY) = u(S7)([uo] — uo).

The first inequality follows from d(S1) > d(S7) and p(D1) = u(D} ) +p(DY) and
the second one follows from p(S1) > w(S7). Similarly, since d(52 )) < d(SY))
and ,u(Sél)) > d(SéZ)) for i > 2

D] > (d(Sél)) +vg + %) 1(Ds). (5.24)
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Finally, as S> and Sél) are shifted cones, by (iii) in Lemma 4, (5.6), (5.16), and
(5.19)

(S(l)) + vy > d(SQ) — 14y = d(Sl) +ug — 1. (5.25)

So a contradiction ||R'|| — ||R(vo, wo)|| = [|D2|| — ||D1]| > 0 follows from (5.19),
(5.23), and (5.25). Therefore (5.20) must be false, i.e.

n(S1) < u(S5D). (5.26)

Let now = u = [ug] — 2, S3 = K(= u) ~ S} (c.f. Figure 1), £ = 1 — {vo}, and
n=ug — ([uo] — 1), then by (5.26)

u(S3) — u(S1) > u(Ss) — p(SE7) = (% u— [wo]) (€ — ), (5.27)

and by (i) in Lemma 4

H(S5) = 2[5 u[u)* = (5w o)) + 265 u— fuo)] = L0l (= g 12
(5.28)
However, by their definitions
) N 1, N
u(SH) + n(S) = n(K (S w) = 3 (%t ). (529
Adding (5.27) to (5.29) we obtain
1 ~ ~ 1, ~
w(Ss) > (= u—1) = ut o (= u—[vl) (€ =) (5.30)
(5.28) and (5.30) imply
(% u—Too]) (B u—[w] =1+€+n) > Z=(Su—1). (5.31)

Simplifying (5.31), we obtain

2

(5w Two])” > == + = — [oo] = (€4 1) (5w~ [w]) > =3~ — § S ut [w]
(as—>u2 [vo], see (5.17) and as £ + 71 < 2)
(:u_g)Q_gHvOL ie.

lu—[vo]>ﬁlu—¥,

o] < (1) St 2= (1-2)a— 1422,

NI

or

(5.32)
where @ £ [ug] —1 == u+1. On the other hand, by (iii) in Lemma 4 and (5.16)

with 7' = {uo}

d(S1) =d(S2) + v —ug < (u() + [vo] + %) + vo — Ug

= ’UO |—’U0-| + = U (’}UO"‘O )1

(5.33)
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Consider that S; is the union of a rectangle and a 2—-dimensional cone (a
triangle).
15111 = 5 ([vo]® = Twol) [vo] + vo (@ — [vo]) ([%1 + m) .
= 3[[v01*(Tvo] = 1) + v (@ = [wo]) (vo + [v0] +7)],
and
u(S1) =
(5.33) - (5.35) imply

(Tv0]? = [vol) + vo (@ — [vo]). (5.35)

DN | =

o+ o] + ) (3(To1” = o) + vo - mw>
> L{[vo]?([vo] = 1) +vo (T — [vo]) (vo + [vo] +7)], i.e

[vo] ((7}0] — 1) uT’ ([11)0]” )1 > v (ﬂ — [vo]) (ﬁ — v — [vo] — 57_7 Fi;’_i) — /110((2)0]2 — ﬁu(ﬂ)
— o (@ — 3[v0]7 + [v0]%) + vo[ve] + vo (@ — [vo]) | (Teo] - vo) — 2= ]

2 ([uo] = 1) [ (& — 3] + [oo]?) + ] = (@~ [o0]) 252

ie.
@ = 3] + [e0]? < (20— [e0]) S5 — ool (5.36)
< %;ﬁfvgqojl - |_7}0-|~
Comparing (5.32) and (5.36), one can conclude
2
(=) e s [(-2) + 25
1,1 1 _ V2 \/5—4
<z 2\/_u5\/_ ﬂ(l 2)+ i
_1 1 5v2—4 1 2
_i<2ﬁﬁ_5ﬁ_ o )_i 1—7), or
2
—Q) —3(1—ﬁ 1< 5.37)

4(5v2-4)+(5v2—4)
L(3v2+2)+ (2 B )

One can check that (5.37) does not hold unless @ < 8, or [ug| < 8. However,

it is not difficult to check that (5.16) and (5.26) cannot hold simultaneously for
4 < u < 8. Finally using the condition U ¢ Z¥ it follows that U > 4. One can
also check the lemma for 3 < u < 4.

Case 4

If an z¢ with pu(D1) = p(D2) does not exist, i.e. Dy is too big to find a Dy with
the same measure, we choose a proper h, 0 < h < 1, such that for

D, £ {(J:,y,z) € R(vo,ug) :up—h <z < uo} and
Dy & {(2,y,2) € Sy 1vo <x <y <ug—h}, p(D1) = pu(D2).
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Dy is a shifted cone. By the arguments leading to Lemma 4, (c.f. (4.18), (4.19)
in Remark to Lemma 4) we get for its density

B {vo} (1-{vo})
uo—h—Twol| +2(1—{v0})
B {vo} (1—{wo})
|uo—h—fvo] |++2(1—{U0}) .

d(D2) > 3[vo] + 5 [uo — h — [vo] — (1 —{wo})]

= 3(uo +vo — h)

However, by (5.16) and Lemma 4
h h ho1
d(D1) = d(S1) +uo — D) = d(S2) +vo — ) < wo + [vo] +uo — 5-1-1
Then

{vo} (1—{v0})
|luo—h—Tv0l| " +2(1—{v0})
> %(UO — |_7}0~|) —h— %

d(Ds) —d(Dy) 2 % + % — [vo] —h— -

Thus by (5.16), for uy > 8
d(D2) > d(D»).

For [u,] < 8 we check it directly.

Remark 2. For m € Z* denote by Dy, the set of downsets of = L(U)(£
L(U,3)) with m mazimal points. We can show that max,,w)—a,wep,, ||W|| can
be achieved, as well.

More precisely, define a metric on the set {(z%,y",2z%)% | : (27,4, 2") € R} as
the sum of Euclidean (or L;—) metrics of the k components points. Then for
fixed w(W) = a, W € Dy, ||W]| is a continuous function of its maximal points.

6 On Regular Surfaces

Lemma 7. Every W € D can be reduced to a W’ € D, which has of each of the
reqular X—,Y — and Z— surfaces at most one (for U € ZT).

Proof. Suppose there exists a W that canot be reduced to such kind of W’.
W.lo.g. by Remark 1 we assume W achieves — max,w)=a,wen,, [|W]l,
m

(recalling D = |J,-_, Dy, by its definition). -

Case 1: Suppose W has at least 2 regular z—surfaces, say 5; at i, for i = 1,2,
and
d(Sl) +up < d(SQ) —+ Uso. (61)
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Using the same method as in the proof of Lemma 6, Case 1, one can obtain a
contradiction. Furthermore, we can see that W has 2 regular X —surfaces iff W (%)

has 2 regular Z—surfaces. Since W and W®) must achieve the maximal value
simultaneously, we are left with Case 2: W has at least 2 regular Y —surfaces Sy

at v1 and Sy at vy with
d(S1) +v1 < d(S2) + vz (6.2)

and of each of the regular Z— and X — surfaces at most one. Let S5 = S,

if vo ¢ Z, and otherwise let S5 = So \ {(z,2) | v1 < 2z < v + 1}. Since
W has no 2 regular Z—surfaces nor X—surfaces, Ss is rectangular, consequently
d(S5) > d(S2). Thus we can use S5 to replace Sy and play the same game as
before to arrive at a contradiction.

7 Main Result in Continuous Model, k£ = 3

Theorem 2. For U € Z* and fired o every W € D with n(W) = a can be
reduced to a cone or the trapezoid R(Va(U),U).

Proof. Assume the theorem is not true. Then by Remark 1 and Lemma 6 there
exists a W € D with m maximal points achieving maximal value of ||[W|| over
U, <m Dm, which is neither a cone nor a trapezoid. Moreover, by Lemma 7 we
can assume that W has at most one regular X —, at most one regular Y —, and
at most one regular Z— surface.

Case 1: W has only one (regular or irregular) Z—surface at uw < U. Then W has
one or two maximal points, whose third components must be u. Subcase 1.1:
W has one maximal point, say P = (w,v,u). Because v = [u] — 1 implies W is
a trapezoid, we assume w < v < [u] — 1. Thus, W has one Z-surface S; and
one Y-surface, which are shown in Figure 2 (a).

We are going to use the same idea as before. However, it is not enough to
exchange the layers. Instead of it we will exchange cylinders. (a) Suppose w >

u— [v].

We choose 0 < h; < u — [v] and define Sgé{(y,z):v<y<z§u—h1 and
fy};é(21}7D1:Sl><{z:u—hl<z§u}7D2é{x:O<x§w}><Sg,and
W' = (W \ D1) U Ds such that

1(D1) = p(Ds2). (7.1)
Then W’ € D and furthermore, if we denote {v} by 6 and use the arguments of
the proof of Lemma 4 (see Remark to Lemma 4), then we obtain
O —)[L— (0 +0)] —000 —0)(lu—h) —[])""

(L= ha) = [o] = 1) + 200" + ) + 200 ([u— ha] — [0]) "
(7.2)

d(S2) — (v+u—hy) =

I
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|
Dy |
|
|
h | P(w,v,u)
| P(w,v,u)
Sq Y - surface
S1
v Z
X X
z=u y=v
(a) (b)
Fig. 2 (a).

where @ 2 {u—h1} and 0 =1 — 0 = [v] — v, if u — hy — [v] > 1. By Lemma 4

and Corollary 2,

01 —-6) L
— < - = . .
Consequently
d(Sa) — (d(S1) +u) > —h1 +m — 12 (7.4)

Therefore, by simple calculation

[IW = [[W]| = ||D2|| — [|D1]|
= (D2) (d(S2) + %) — u(D1) (d(S1) +u — h—i) (7.5)
= u(D2) [d(S2) — (d(S1) +u) + L+ B8] > (D) [2 — & + 1y — na] .

By (7.2),

0(1-0) B —6(1 —6)
lu—hy]—[v] —14+20 |u—hi]—[v]—1+2(1-0)

m Z — (76)
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P(w,v,u)
D1 hl
So
w
Z
Y
(c)
Fig. 2 (b).
Thus, (7.3) and (7.6) imply
1
771 — 772 Z —_ . (77)

2
However, when h; < u — [v] — 1, (7.5) and (7.2) imply the contradiction

W[ > [[W]]. (7.8)

When u — [v] =1 < hy < u— [v], S2 becomes a rectangle (c.f. Figure 3) and
d(S2) :v+u—h1+g— % Then use

1-0 u—[v]-M
2 2 ’

m = (7.9)
and (7.8) holds again. (b) If w < u — [v], then we choose 0 < hy < w and let
S =S~ {(z,y) : 0 <z < ho}, S5 ={(y.2) 1 v <y <2 <ufyl # ]},
Di 2 S x{z:[v] <z <u},and Dy = So x {z : 0 <z < he} with
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(v,u — hy)

Fig. 3.

w(Dy) = w(D}). Considering (W ~ D) U D} in a similar way we arrive at
a contradiction. (c.f. Figure 2 (a)) Subcase 1.2: W has 2 maximal points.

According to our assumption on regular surfaces the Z—surface S; of W must
be as in Figure 4.

Then we follow the same reasoning as in the previous subcase in the shadow
part (i.e. exchange cylinders in the shadow part {(m,y7z) € Sy |z < v0}7
where vg is the smaller first component in the 2 maximal points) and obtain a
contradiction.

Case 2: W has 2 Z-surfaces. Since W and W always simultaneously achieve
their maximum, we can assume W has 2 Z-surfaces too, because otherwise we
can use W, which has been studied in Case 1 already, instead of W. However,
W has 2 Z-surfaces iff W has one regular X—surface, and

{(0,y,2) e SU} W # 2. (7.10)

Thus we can assume W has one regular X—surface and (7.10) holds.

Then by our assumption W has 2 maximal points, say P; = (wy,v1,U) and
Py, = (wa,v9,u) and v1 < [U] — 1. Subcase 2.1: [v1] > |u]. Then wy < wo,

because P is maximal. Recalling that in our proof under subcase 1.1 we only
exchange the points (z,y, z) with < w, and y > [v], in the present case we
can use the plane x = w; to cut Sy into 2 parts and repeat the same reasoning
as in subcase 1.1 to obtain a contradiction in the part z > wy.

Moreover, for this kind of W’s, W () has 2 maximal points, P = (W1,01,U) and
PQ = (1.2127{)2712) with ’LZIl =U — ’V’Ul-|, ’[11 = U—’Ul, ’LZIQ = U—u, ’{12 =U - |—w1-|7
4 =U —wp, le w; = [01] — 1, 9o = [4] — 1 and wy > ;. Therefore, the
following subcase 2.2 can be cancelled from our list. Subcase 2.2: wy = [v;]—1,
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Pl(wvvvu)

S

Fig. 4.

vy = [u] —1, and we > w;. Subcase 2.3: w1 = [v1| — 1, va = [u] — 1, we < wy,

and [v1]| < w. In this subcase, there are one regular Z—surface and one regular
Y —surface passing P .

Denote by S1 = {(z,y) : y < v1 [#] # [y]} the irregular Z-surface, by S»
the regular X-surface at wy, a shifted cone, and by S5 = {(y,2) : [y] # [z],
(0,y,2) € Sy ~ W} as in Figure 5.

Then = W £ W N {(m, Y,z) 1y > vl} is a cylinder with base Sy. Therefore we
can assume
vo—vr=[u]l—1—v; >U —u, (7.11)

because otherwise, by Lemma 5, we can replace — W by a cylinder with the
same size 2—dimensional trapezoid base and the same height, and then reduce
W to a downset with 2 regular Y—surfaces. If d(S1) + U < d(S3), then we can
repeat our reasoning as before and arrive at a contradiction. So we only need to
consider

which, in fact, is also impossible. By Lemma 4

(1 —0)

S . 7.13
o —1F 120 17 (7.13)

d(Sl) =1+
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P

S

(a) z=U
Fig.5 (a).

Partitioning S3 into a rectangle S} and a (2-dimensional) cone S}, we obtain

1Sall = 5[] = 1+ 00 + U+ (S + (U + [ul ~ Du(sy),  (7.14)
u(si) = (el = 1= )@ - sy = (V7YY )

and
(S3) = n(Sh) + (%) (7.16)

(see Figure 5 (c).) Thus, it follows from (7.12) — (7.16) that

[Ufuf(ﬁﬂ 71)+’U1} ((u] flfvl)(Ufu)f([u} ,1,“) (U B ([;t] - 1)> +n p(Ss) > 0.
(7.17)

N =

(7.11) and (7.17) imply

1 (S3) > ([u] =1 —w) (U - (Zﬂ - 1)>- (7.18)
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W .
So Z
Y
xr = W2
(b)
Fig.5 (b).
|
|
S3 |
S
w
Z
Y
=0
()
Fig.5 (c).
However, by (7.15) and (7.16)
1(Ss3) U—-u 1

(1= o) ()~ @00y * R —1—w; <4 U - (fu] 1) > 2.

(7.19)
On the other hand, by the definition of 7, n < 1, which contradicts (7.18) and
(7.19). When U — [u] — 1 < 1, we can directly derive a contradiction.

Thus we are left with the case wy < [v1] — 1 (and [v1] < u), i.e. both of the
regular X — and Y-surfaces pass through P;, or in other words neither of the
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surfaces passes through P, unless P» shares one of them with P;. In fact, all of
the following 3 subcases are not new to us.

Subcase 2.4: There is no regular surface passing through Py, ie. PQ = ([u] -

2, [u] — 1,u). Then the top part of W, namely, Wy £ W N {(z,y,2) : 2 > u} is
a cylinder with a 2 dimensional trapezoid Rg (w1, v1) (its irregular Z surface) as
base. By similar reasoning with Lemma 5 as after (7.11) we can assume v; = |u],
which has been treated in the subcase 2.1.

Subcase 2.5: | and P share a regular X —surface, i.e. w; = w2 and v = [u]—1.
Then W) falls into subcase 2.4.

Subcase 2.6: 1?1 and P, share a regular Z—surface, i.e. v; = v, and we =
[v3] — 1. Then W) falls into subcase 2.3.

8 A Last Auxiliary Result

Lemma 8. ForUe€Z",U >6, a= (g) - (7)< %(g) and m € Z+

IR(Va (@), U) || > IE@)ll, i p(K@)=a=p(Ra(@)U).  (8.1)

Proof. At first let us restrict ourselves to U > 12. We know from (i) in Lemma
4 that

6 (K (u)) = 6(%) +60<“2”> = (u—1)°— { [3 (0 - %)2 ) . 9)3}
(8.2)
Therefore,
A(EwW) > Su> 2 [op(Ew)t +1] =2 [6a) +1]. (8.3)
=272 2

On the other hand for n > 0, by (8.2)

[u—(l-i—n)} = (u—1)% = 3n(u — 1)? +377 -
= 6u(K () — [3(u— 12 =3P (w—1) + 1" = [3(0 = 1) + 3] Lu) + (1 = 0)° + ]
=6p(K(uw) — [3n|u)®> =3 (200 +n> —0(1 —0) + 1) [u] + (0 + n)?]

< 6u(K(w) —3lul [luln— (2n+n*+2)],
where 0£1—90.

Let _
200
n=§——(LuJ_2)+69>0 (8.5)

and 7, will be defined later. Then by (8.4) and (8.5),
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l\DICO

A(K@w) < 5 [on(K ())h(ug)}. (8.6)

when -
241+ 3
lu] > % (8.7)

Choose & = 0.12 and & = 0.035, to estimate d(K (u)) and d(K(U)), resp. By

our assumption u > 7297 if U =12, and u > 8, if U > 13. Then one can verify
(8.6) with (8.5) for u,&; (or U, &2). So, by (8.7)

A(K@) <3 [(0pw)’ +1+6] =5 (6a)F +1+&) (8.8)
A(K(U)) <3 {(6#( KW)* +1+&)]. (8.9)
Setting a = Au(K(U)), by Lemmas 3 and 4, (8.3), and (8.8), we obtain

IR(Va(U), U)]| = [|K(u)l| = 3Uu(K (u)) = 3(n(K(U)) — )+HR(U>( ) )H—HK(U)H
> g{[(csu(K(U))) +1+52} (20— u(KWU))) + [( iy 1]
-(,u(K(U))foz)f[&)z 5+1+£1] }:%36 )\), where

f(/\)—2/\71+(17)\)%7)\%7M

(on(x@))*®
(8.10)
5
is concave in \. Let ¢ = —2T &) = % and M € Z* be
(on (k@) (on(x))*
specified by
M 1/U M+1
()=:() < (") s
o ) 0=
i< —=22/_18 " \3/ 8.12
CUTE) T aw) 12
M+1\13
and as [2[2(121)])2 = A/(IJ(\%__I)U7 by (8.11) and M > 9 (when U > 12),
1(5) 1 {M(M—l)}% (5(*51))3 S 3 (1)% [M(M—l)}% 1
2(0) T 1|2 u(K@W)) 2 (2 (M+1) [o (K(U))]% (8.13)
> 4072 =21,
> [ou(ka@)]® 2% Jou(x@)]®
However, with Taylor’s expansion,
(1) > 21 — dey + 462 — 5 et
(6n(c)) *
-t (2x97 - 27xel & (8.14)
fou(ren)]? ( o)

(=2
=
—
2
S
~
-]
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Moreover, set g(z) = (14 )3 — (1 — 2)3. Then

8
9(0) = ¢"(0) = 0.¢'(0) = 5 and ¢"(x) > ~0.6254,

when 0 < z < 25 < 0.1551. Thus, by the definition of €5 and Taylor’s expansion

again

4 &1(%—e2)+262e2
[on (k)] *

1
£ (2,) — 0.6254(2e,)? — Sz=c2)¥2ae
3 [ ()] ® (8.15)

s [561(1 = 2e2) + &(2e2))]

> 2e9[—1+1.05826---—0.0150--- — 0.0332...] > 0.

F(3-en) = 2+ (5) gl220) -

Wl

—(2e2) + (3)°

2
3

5
=2 |—1+ 2- — 0.6254(2e2)? —

(8.14), (8.15) and the convexity of f imply f(A) > 0, when X € [e1, 5 — &3],
or, in other words, if U > 12 and e1u(K(U)) < o < (3 —e2) n(K(U)), then
|R(Va(U),U)|| > [|K(U)||. On the other hand (8.12) and the assumption on a
together imply o > &1 (K (U)). Moreover it follows from the assumption on a,
(8.11) and (8.13), that o < (3 — e2) (K (U)), unless

e () () e (M) cas (M)

where M is defined by (8.11).

However (8.16) implies R(V) (Va(U),U) = K(M+1) and u € [M, M +1]. There-
fore

RO(VL(U),U)NK(u)={(2,y,2) iu<z<M+1,0<z<y<M/[z] #[y]} £ 4, say.
(8.17)
This and Lemma 4 imply
M+1 1
d(A) :M+# > oM+ 3. (8.18)

Moreover, one can easily check in our case (i.e. U > 12) that M > 3U, which
together with (8.18) means that

d(A) > ;U. (8.19)

This and Lemmas 3, 4 imply

1R(Va(U ) >||—||K< =
(||R D (Va0),U)]] = [|E )]
3U(n <K<> RO(Va(U),

( U)) = 3U(u(K(U)) —a)
SU[a— (u(K(U)) —a)] + |4l (1)
))+I|AII = (d(A) - 3U) u(4) > 0.

VI\NOJ

Q:
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i.e. so far, we have shown (8.1) for U > 12. Finally, we check (8.1) directly for
U=6,7,...,11

Remark 3. For U < 6, there is no room for a = (g) — (1\24) < %([3])

9 Main Result for £k = 3 and Good o

Now let us return to our main problem in the discrete model. Denote by R* (v, u)

the downset of (v,u — 1,u) (v,u € Z1) in L(U, 3) and by K*(u) the downset of
(u—2,u—1,u) (u€Z%) in L(U,3). Then Lemmas 2,3, and 8 and Theorems 1

and 2 together imply immediately this solution.
Theorem 3. Let U € Zt, U > 6, then

(i) For a = (g) - (%) < @ for some m € Z7T,

max| a|=q P(A) is achieved by R*(U —m,U).

(ii) For a= () > (2@ for some m & ZT

max| 4|—q P(A) is achieved by K*(m).

10 A False Natural Conjecture for kK = 3 and General «;
There Is “Almost” No “Order” at All

We conclude our paper by taking a look at general . Both, the result for k = 2
in [2] and our result for kK = 3 and good « suggest that the following conjecture
is reasonable, namely, that for £k = 3 and « with

()-(3) e (-(eroc

where a € Z1 and N(«) is a function depending only on «, if U is big enough,

the following configuration W is optimal for maximizing P(.A):

(i) take the ([3]) — (agl) points (z,y,2) with 2 <U — (a+ 1) in Sy

(ii) add the o — [(g) - (“‘gl)] points (U — a,y, z) where (y, z) are points of a
quasi-star or a quasi—complete graph in the sense of [2] according to the

U +1
value of o — {(3) — (a3 )}
However, this conjecture, which has been made by several authors, is false.

Example 1: For ag 2 [ () = (V3%)| - (U-2) - (U-3) = (§) = (";?) 20 +5

(when U is big enough), theW described above is S; \ (S2 U S3) where S; £
{(a:,y,z) €Sys:x= 1,2}.

Sy £{(2,3,U),(2,4,0),...,(2,U —2,U),(2,U = 1,U)},
and Ss is listed in (10.2) below.
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Now let us consider the configuration W’ with W’ £ S; \ (S2 U S%), where S is
also listed in (10.2).

S3: (2,3,U—-1),(2,4,U—1),...,(2,U=2,U~1),(2,U—-3,U-2),(2,U—4,U—2)
sS4 (1,2,U),(1,3,U0),(1,4,U),...,(1,U = 2,U),(1,U — 1,U). (10.2)

Thus, ||Ss]| > ||S5]| when U > 10 and therefore ||W|| < |[W’||. This example

tells us that a solution for general o, even when k = 3, is much more challenging.
Actually, if we pay a little bit more attention to it, we will find a deeper result
just at our hands. People working on these kinds of problems usually wish to

find “an order”, more precisely a nested optimal sequence such as
Wy cWy,cWsC...

where W; is optimal for size ¢. It is not surprising that in many cases, obviously

including our problem, there is no order at all. In these cases, and in particular
for our case, we define M}, as the maximal integer s.t. the optimal nested chain
with length M i.e. the optimal nested chain

Wi CWyCWs C--- C Wy, (10.3)

. . . . 1 /U
exists. Considering our problem we only need to study the a-s with o < 3 (3)7

because we can take “complements”. Therefore we wish M}, to be close to %(g)

In fact in [2], it was shown that My > %(g) — Y, and that therefore M, is
15—
282) 72 ),

@ Y

However, it is surprising that there is a jump between M, and Ms, because
M3 is asymptotically close to zero as can be seen from the following result.

asymptotically equal to %([3]) (i.e.

Theorem 4.

M3 < (g) — (U3—2> e (%] fO?" U > Uy. (104)

Proof. Assume the result is false. Then there is a nested optimal chain W7 C
Wy C - C Wa,.

Let oo, W and W’ be defined as in Example 1 and set a; = (g) — (Ug_l). Then
(when U is big enough) a1 < ag < az and therefore W, C Wy, C W,,. First
of all, we draw attention to the fact that in the proofs in Section 3, we actually
have already proved that the optimal configurations in Theorem 3 are unique

(except if o = %(g)) Therefore, W,, = R*(1,U) and W,, = R*(2,U) or

(1,LU—=1,U) € W, and (2,U —1,U) € Wa, (10.5)
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and so
(LU —-1,U) € Wy,. (10.6)

Consequently,
Weo # W' (10.7)

Moreover, there exists an (zo,yo,20) € Wa, with g > 3, because otherwise
by Theorems 2 and 3 in [2] ||[Wo,|| = ||W]|, which would contradict Example 1
(here W and W’ are defined as in Example 1). However, (z¢, yo, 20) ¢ R*(2,U) =

Wea, D Wa,, a contradiction.

11 A Related Topic: The Maximal Moments for the
Family of Measurable Symmetric Downsets

Next let us drop the condition [z] # [y], [y] # [2] used in the definition of
Sy,s in previous sections, i.e. consider the lattice o/ (U,3) £ (S}, <), Sp3 =

{(z,y,2) € R* : 0 < # < y < z}. The problem becomes more smooth and
therefore much simpler. To see this, we mention here two observations.

(a) To guarantee the formula analogous to (4.8), we don’t have to require u € Z™.

(b) One can simply derive a lemma analogous to Lemma 6, by standard methods
in calculus (such as to take right derivatives and so on).

In fact, in a similar but much simpler way we can prove the following result.

Theorem 5. For U € R let Iy = [0,U]®> C R® and let F,, be the family of the
Lebesgue measurable subsets S of Iy, satisfying

(i) For every S € Fo u(S) = a.
(ii) For every permutation w on {1,2,3} and every S € Fo (x1,22,23) € S
implies Tx(1y, Tr(2); Tr(3) €S-
(iii) For every S € Fq, (z,y,2) € S and (2',y',2") < (x,y,2). Also (2',y',2') €
S.

Then maxser, |||, where [|S]| = [¢(z +y + z)dx dy dz, is achieved by a set
S* € F, of the form

gt {(m,y7z) cmin{z,y, 2} < v} for some v = v(a), if a < U—Zj
{(m,y7z) :OSx,y7z§u} for some u = u(a), if a > UT
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