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1 Introduction and Main Results

Let P = {p1 < p2 < ...} be the set of primes and N be the set of natural numbers. Denote
N(n) ={1,...,n}, P(n) = P(N(n). For a,b € N denote the maximal common divisor of
a and b by (a,b). Let also S(n, k) be the family of sets A C N(n) of positive integers not
containing k + 1 coprimes. Define

k) = Al
f(n, k) Aé’%%ifk)’ |

In the paper [?] the following result was proved.

Theorem 1 For all sufficiently large n
f(n, k) = ’E(n7 k)’?
where

E(n,k) ={a € N(n): a=up;, for somei=1,... k}. (1)

Letnow Q = {¢1 < g2 < ... < ¢} C P be a finite set of primes and R(n,Q) C S(n,1) be such
a family of sets of positive integers that for arbitrary a € A € R(n,Q), (a,[]_, qj> > 1.

In [?] the following result was proved.

Theorem 2 Let n > [[}_, q;, then

A
2 Al = Mg, ..., 2q,q1 - . 2
f(n,Q) Aer%?;f,{@)' | = max [M(2q1,.., 24, a1 g) (\N(n), (2)

where M(B) is the set of multiples of the set of integers B.



In [?] was also stated the problem of finding a maximal set of positive integers from N(n)
which satisfies the conditions of Theorems ?? and ?? simultaneously, i.e. to find a set A
without k& 4+ 1 coprimes and such that each element of this set has a divisor from Q. This
paper is devoted to the solution of this problem. In our work we use the methods from

paper [?].

Denote by R(n, k,Q) C S(n, k) the family of sets of positive integers with the property that
an arbitrary a € A € R(n, k, Q) has a divisor from Q. For given sand T = {r; <rs < ...} =
P—Q let F(n,k,s,Q) C R(n,k, Q) be the family of sets of squarefree positive numbers
such that for arbitrary a € A € F(n,k,s,Q) we have (r;,a) = 1, i > s. For given s,r the
cardinality of the family F'(n, k, s, Q) and the cardinalities of A € F(n,k, s, Q) are bounded
from above as n — oo.

Next we formulate our main result, which extends both, Theorem 7?7 and Theorem ?7?.

Theorem 3 For sufficiently large n the following relation is valid

A
k,Q) = a Al = a M(F N(n)|, 3
Pk Q2 max (A= max o [M(F)[|N(@) )
where s is the minimal integer which satisfies the inequality ry > .

We have the following important

Corollary 1 Ifr =k + 1, then

This corollary gives the solution of obtaining an explicit formula for ¢(n, k, Q) in the first
nontrivial case (since if r < k, then trivially M(qi,...,q¢-)[1N(n) is a maximal set).
2 Proofs

Let’s remind the definition of the left pushing which the reader can find in [?]. For arbitrary

a=up§, p; <pj, (Pipj,u) =1, a>0andp; € Q or p;,p; € Q (5)
define
Li,j (Cl, Q) = pzau
If a is not of the form (??), we set L; j(a,Q) = a. For A C N denote

_ LL'(CL,Q), Li,'(aa@) ¢ A7
Li,j(% AQ) = { a, ’ Lz‘,j‘(% Q) € A.



At last set
Li,j(A7 @) = {Li,j(a>A7 Q)a ac A}

We say that A is left compressed if for arbitrary ¢ < j

Lij(A,Q) =

It can be easily seen that every finite A C N, after finite number of left pushing operations,
can be made left compressed,

1Li;(A,Q)] > |4
and if A € R(n, k,Q), then L; ;(A,Q) € R(n, k,Q).

If we denote by O(n, k,Q) C R(n,k,Q) the family of sets achieving the maximum in (?7?)
and if C(n,k, Q) C R(n,k,Q) is the family of left compressed sets from R(n,k,Q), then it
follows that O(n, k, Q) (" C(n, k, Q) # 0. Next we assume that A € C(n, k, Q) O(n, k, Q).
For arbitrary a € A we have the decomposition a = a'a?, where a' = 7 .. T?f !,
j, a® = qﬁl...qff; Qe < Qor My 8, 05, 0; > 0. If a =it qull. q” €A o0 >0,
thena =r; ...ri,q; ... q; € A as well and also a = ua € A for all u € N: ua < n. Consider
all squarefree numbers A* C A and for given a? the set of all a' such that a'a® € A*. This
set is the ideal generated by division. The set of minimal elements from this ideal we denote

by P(a?, A*). Tt follows that (A € O(n, k,N)),

7“1'<7'j,Z‘<

A= M{a'a* o' € P(a ﬂN

For each a® we order {a; < aj < ...} = P(a? A*) colexicographically according to their
decompositions a} =r;, ...r; ;- Let p be the maximal over the choices of a® positive integers
such that r, divides some qa; for which aja* € A*. From the left compressedness of the
set A it follows that a' = a}aQ, j < 1 also belongs to A. Then the set B of elements

b= b2 <n, (bl,H;:1 qj) — 1 such that 1 = ¢ ...¢%, 8; >0 and al[b, a} o', j <iis
exactly the set

P s
B(a):{ug’n, uzTgl'- fo quﬁl‘ qﬂéF az,ﬁz>0 <F7HTquj> :1}
j=1 j=1

Denote
Pp(aQ,A*) = {a € P(aQ,A*) (a,r,) = rp},

PP(A") = {a € P?(a*, A*) for some a*, such that (a*,q,) = ( Hc&) }

and

@)= J Bl).

a€Pr(a?,A*)



Then the set | J,_, P?(A*) is exactly the set | J,. P*(a?, A*) of numbers which are divisible by
7,. Since each a € P(a?, A*) for all a? has divisor from Q, it follows that for some 1 < s <r

U B@ UL

a€P{(A¥)

: (6)

1
P
r

Next for this s we define the transformation
P(a?, A*) = (P(a® A*) — PP(a®, A")) | R(a®, A%),
where

R(a®,A*) = {veEN; vr, e P(a* A)},
Pr(a®, A*) = {a=ad'a® € P/(A")}.

It is easy to see that

|JP(a®, A7) C S(n, k,Q).

a2

Next we prove that if 7, > r, then

’M (U P(az,A*)> (N(n)| > |A| (7)
(l2

which is a contradiction to the maximality of A.

For a € Rf(a* A*), a=ry, .. Tip Gy Qi Tiy < oee < Tip < Tpy @y oo QG = a® denote

p—1 T
D(a) = {v € N(n) : v:rf‘ll...rf;qull...qf?T, aj, B; > 1, (T’HTquJ) = 1}.
j=1  j=1

jf

It can be easily seen that
D(a) ﬂ D(d")=0,a#d

and

M (U (P(a? A*) — P?(d?, A*))) () D(a) = 0.

a?

Thus to prove (?77?) it is sufficient to show that for large n > ng
|D(a) > r|B(ar,)]. (8)
To prove (?77) we consider three cases.

First case: n/(ar,) > 2 and p > py.



From (77?) follows that

EIT IR p p— m(-H)e-2) )

af e ﬂl /BZ
o,0,3;>1 Ty - 'Tif Tp qj1 e ‘qje j=1

::%m—uumewmim%—wum—wﬁ(“%)ﬁo‘%)

At the same time

p—1 r
D(a) é {U GN(TL), U:T’il...T’Z’qu‘l...qj‘ZFh (Fl,HTqu]'> = 1} - D(a)

j=1j=1

and using (?7) we obtain the inequalities

D(a)] > |D(@)] > ¢, ——" pl(l—ij 1(-2). o

T’il"',rl'qul"'qjl ;

Thus from (77?), (??) it follows that

L (=

e 7 1 r 1
> — <1——>’I"pH(1——>>T.
Ca - rj , d;

The last inequality follows from (?7?).

Second case: n/(ar,) > 2, p < po.

Then we apply relations (?7) and obtain the inequalities

BW”'<“+dm—nnm@—m%ﬁm%—nmww4ﬁlO‘%>:O‘%)

Dl > (1_6)(%—1)...<7~,-f—1)n(qj1—1>...(qje—1>ﬁ( _%)H(l_%)

From these inequalities it follows that

D) _1-c
|B(ar,)| 1+¢€

Here the last inequality is valid for sufficiently small €, because r, > r.

Last case: 1 < n/(ar,) < 2.



In this case |B(ar,)| = 1. Let 74, ... 74,7,q;, ... q;, = B(ar,). Then we choose r, > (g;,)" and
n >[I, 7 ITj, ¢;- We have r, > r,. Indeed, otherwise

g T P T
n > Herqj > QHqu > 2ar,
j=1 g=1 j=1j=1
which is a contradiction to our case.

Hence

iy o T @y - g Ty - .rl-quzl Qs

s Tiy T G Tiy TGy - QT C D(a).
Thus in this case also |D(a)| > r = r|B(ar,)|.

From the above follows that for sufficiently large n > ng(Q) for all a € R?(a?, A*) inequal-
ity (?7) is valid and taking into account (??) we obtain (??). This is a contradiction to
the maximality of A. Hence the maximal r; € P — Q which appears as a divisor of some
a € U,: P(a* A*) such that M(A*)(N(n) € O(n, k, Q) satisfies the condition r, < r. This
inequality implies the statement of the theorem.

To prove the corollary note that for Q = {q; < ... < qx < qry1}

M(qi,q2, - Q) ﬂN(n) € R(n,k,Q).

From the left compressedness of A it follows that if ¢; € A, then ¢; € A, j < 4. Let
Q-G €A, @1 € A Then ¢;q; belongs to A for all t < i < j < k4 1. Next we should
maximize (over the choice of a;; € N — M(Q)) the value

M(giaj, i=t+1,....k+1)[|N(n)

such that
ZE {qay, i=t+1,... k+1} C S(n, k Q). (11)

Completely repeating the proof of the theorem one can show that each a;; can be chosen
in such a way that for each ¢, j a;; is the product of some primes r,, € P — Q such that
rm < k —1t+ 1. Then it can be easily seen that for arbitrary ¢t < k

Pt >k —t+1 (12)
except the cases ry = 3 and/or r; = 2, when equality holds in (?7?).
Thus if (?77) is valid, then we can only increase the volume of Z if we choose
Z=Aqrj, i=t+1,..k+1,j=1,... k—t—1}.

But in this case
ZeSnk—t—1,Q)
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and we only increase Z by choosing
Z:{Qt-i-la%rja Z:t+2,,]{f—|—1, ]:1,,]{5—t—1}
Continuing this process we arrive at the following three cases:

M(Ch, coy Q=25 Qk—19k, Qk—19k+1, Gk 9k+1,
qzr],z:k—l,k,k+1,j:1,2)ﬂN(n), 7“2:3
M(qr, - k=1, GQrt1, @1, Qe171) (IN(n), 1 =2, 79> 3
M(q,...,q)(N(n), otherwise

(13)

Now by comparing the densities (see (??)) of the sets in the right hand side of (??) we prove
that indeed a maximum cardinality among these three possibilities for large n has the set

M(q1, ... ,q:) (N(n).

It is enough to calculate the contribution of the last three primes qx_1, qx, qx+1 to the corre-
sponding densities. These contributions to the three sets are respectively

k—2
2 1 1 1 1 1 1 1 H 1
3\&-1 W& Gk 3N\G—1Gk  Ge1Gkt1  Gk+1 /) ) G qj

k—2
1 1 H 1
’ (Q(Ik 2qk+1) qj
k—2
1 1 1
= (o) I0-3)
’ (%—1 Ak qk—19k /) - q;

7=1

It is an easy exercise to show that ds > dy, ds. Thus the third case gives us the maximal set
(for sufficiently large n) and the corollary is proved.

Open problems. It would be interesting to know whether it is possible to find a bound on
p which depends only on £ but not on Q7 As it can be seen from (??) and (??) this can be
done in the case Q = () and k& = 1.

Another question is whether in some cases the optimal F' satisfying M (F) (N(n) € O(n, k, Q)
should contain an a € F', whose decomposition into primes contains more than one element
from P — Q7

Auxiliary facts.

Statement 1 We have



This statement is a simple consequence of the following property of primes (see for ex. [?],

Theorem 13.13):
]. t—o0 e_C
R R
11 ( p) logt’

pEP(t)

where C' is the Euler constant.

Statement 2 [f

gb(a:,y):‘ a<uz: a,Hpj =1

pi<y

then for some constants c1,co and all x,y;x > 2y > 4,

cle<1——)<¢xy <c2xH(1——). (15)

p;i<y p;i<y

The proof of this statement one can find in [?].
Define the dB density of B C N as the limit (if it exists)

4B = tim BONOL

n— o0 n

(16)

It can be easily seen that the density of the set

/
B:{b:pilpza:np, C¥121, <F7Hpjs> Il} (17)
s=1

f f
o 105) e (-5)
a o I—— = I——

and for a fixed number of B;, j =1,...,c of the form (??) for sufficiently large n > n(e) we

have
(piy — 1) .. (plm H (1 - —> (18)

is equal to

|B;, NN(n)| = (1£e€)

where p;;, pj,,m, f can be different for different j.
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