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Abstract

In [8] we posed a series of extremal (set system) problems under dimension con-
straints. In the present paper we study one of them: the intersection problem. The
geometrical formulation of our problem is as follows. Given integers 0 < t, k < n deter-
mine or estimate the maximum number of (0, 1)—vectors in a k—dimensional subspace
of the Euclidean n—space R™, such that the inner product (“intersection”) of any two is
at least t. Also we are interested in the restricted (or the uniform) case of the problem;
namely, the problem considered for the (0, 1)-vectors of the same weight w.

The paper consists of two parts, which concern similar questions but are essentially
independent with respect to the methods used.

In Part I we consider the unrestricted case of the problem. Surprisingly, in this
case the problem can be reduced to a weighted version of the intersection problem for
systems of finite sets. A general conjecture for this problem is proved for the cases
mentioned in [8]. We consider also a diametric problem under dimension constraint.

In Part IT we study the restricted case and solve the problem for t = 1 and k < 2w,
and also for any fixed 1 <t < w and k large.

MSC: 05D05, 05E99

Keywords: Combinatorial extremal problems; Intersection theorems; Diametric problem;
Dimension constraint; Weighted intersection problem



1 Introduction

N denotes the set of positive integers. For i,j € N, i < j the set {i,7+1,...,7} is denoted
by [i,j] and [n] stands for [1,n]. For w,n € N, w < n we set

ol — {F:Fcin]}, ([Z]> ={F¢ ol 1 |F| = w}.

With each subset we associate its characteristic (0,1)— vector in R™. For the sets of (0,1)-
vectors corresponding to 2" and ([Z]) we use the notation

E(n) ={0,1}" C R" and E(n,w) = {:E" € E(n):x" has w ones}.

For A C E(n) we write dim(A) = k if the vector space spanned by A has dimension k.

The set theoretical extremal problems can be formulated in terms of vector spaces and vice
versa. In particular concepts like t—intersecting families of subsets and antichains of subsets
translate in the language of (0,1)—vectors in a natural way.

A family F C 2" is called t-intersecting if |Fy N Fy| >t holds for all Fy, F, € F.

Correspondingly A C F(n) is called t—intersecting if any two vectors from A have at least ¢
common ones.
Note that families of sets are denoted here by script letters.

We ask now for a maximum sized t-intersecting system A C E(n), contained in a k-
dimensional subspace of R". Given 0 < t, k < n define

Ji(n, k) = max{|A| : A C E(n) is a t-intersecting system with dim(A) = k}.

Notice that the case k = n is the well known intersection problem solved by Katona [16].
Let us define the family

/c<n,t):{Aez[nlzyA\2”T”}: O (W), it 2] (n+1).

. ]
gt

Theorem Ka [16]. Suppose that A C 2[") is t-intersecting. Then

K (n, 1)1, if 2| (n+1)

. (1.1)
2AC(n—1,8), if 2+ (n+1).

|A] < Ji(n,n) = {

The general case of our intersection problem under dimension constraint (called unrestricted
case) is studied in Part I. We aim to prove the following conjecture, stated also in [8].

Conjecture 1. Fort >n—k+1

k-1 k—1
> )+ X e, 2| (n+1)
Ji(n, k) = ’:k_l_kz =g (12)
2 Y ("2 X (), if2fn+1).
i=k—1-n=tH j= =l



We establish the conjecture for some range of parameters. Note that the caset <n—k+1
is simple as it is shown in Section 5. We also consider a diametric problem under dimension
constraint.

In Part IT our problem is considered for (0,1)—vectors of the same weight: the restricted case.

Namely, given positive integers t < w < n, k < n, the problem is to determine or estimate

Ji(n, k,w) £ max{|A| : A C E(n,w), A is a t-intersecting system with dim(A) < k}.

Here we study the problem mainly for intersecting systems, that is for the case t = 1. For
this case we use the notation J(n, k,w). The general case of the problem seems to be more
difficult.

We recall now the famous Erdés—-Ko-Rado Theorem in our terminology.

Theorem EKR [11].
(i) For2w <n

w—1

J(n,n,w) = (n N 1). (1.3)

(1)) For1 <t <w andn > n,(w,t)

J(n,n,w) = (" - t). (1.4)

w—t

For sharpenings of Theorem EKR (with ¢ > 1) see [9], [14], [18]. The complete solution of
the problem is given in [2].

Note that for 2w < n the unique intersecting system A C FE(n,w) achieving bound (1.3)
is a “star”, that is all vectors in E(n,w) with 1 in a fixed coordinate. For 2w = n there
are many other choices for an optimal system. For the case (ii) the unique (up to obvious
isomorphisms) optimal t—intersecting system is a “t—star”, that is all vectors with ones in ¢
fixed positions.

Observe that a t-star A has dim(A) = n — ¢. Thus Theorem EKR gives also a solution for
our intersection problem in the case k =n — 1.

Corollary EKR. For 2w < n we have

J(n,n —1,w) = (”_1>.

w—1

Note that the obvious restriction in Theorem EKR is just to avoid triviality, since in the
case 2w >n  FE(n,w) is “automatically” intersecting, and hence J(n,n,w) = (7).

It is also clear that for 2w > n

J(n, k,w) = max |Uy N E(n,w)|, (1.5)



taken over all k—dimensional subspaces Uy of R". For 1 < w < n let us denote by M (n, k,w)
the quantity in the RHS of (1.5).

In [7] M(n,k,w) has been determined for all parameters.
Theorem AAK [7]. Given w,k,n € N; w k<n
(a) M(n,k,w)=M(n,k,n—w)

(b) For w < % we have

W if (i) 2w < k
M(n,k,w) = q (PF=eN22e=k - Gf (i) k < 2w < 2(k — 1)
k=1, if (i) k— 1 < w.

The key sets giving the maximal values in the three cases are

(i) S = E(k,w) x {0}*
(i) Sy = E(2k — 2w, k — w) x {10,01}27F x {0}~
(iii) S5 = {10,013 x {1}oht1 5 {oyrhetl,

We state now our conjecture in terms of M (n,k,w).

Conjecture 2. For w < n/2

J(n,k,w)=M(n—1,kw-—1).

In Part II the conjecture is established for the case k < 2w.

We also determine Jy(n,k,w) for any 1 <t <w and k sufficiently large.

PART I: The unrestricted case

The main results of this part concern Conjecture 1, and they are stated in Section 3. But
we start with a key observation in Section 2, showing that the problem (for the unrestricted
case) can be reduced to a weighted version of the t— intersection problem for systems of finite
sets. In section 5 we give proofs of the main results using auxiliary results from Section 4.
Finally, in Section 6 we consider a diametric problem under dimension constraint which
turns out to have a simple solution.

2 Reformulation of the problem

Given integers 1 < k < n we assign to each element i € [k] a weight w; € N such that
k

> w; = n. Then the sequence (wy, ..., wy) is called a weight distribution on [k].

i=1



For each A € 2" define its weight w(A4) = >, , w;.

Given a weight distribution w, we say that a set system A C 2[¥ is t~weight intersecting
if w(AN B) >t holds for all A, B € A.

Our weight—intersecting problem is to determine

f(n,k,t) 2 max {|A]:Ac 2" is t-weight intersecting with weight distribution w}.
k

w: Yy w;=n
i=1

Another problem is given ¢, k and a weight distribution (wy, ..., wy) determine

glwy, ..., wy; t) 2 max{|A|: A C 2™ is a t-weight intersecting system }.

The second problem seems to be more difficult than the first one. However we will see below
that for our purposes the first problem is more important.

Denote by F(wy,...,w) (w; € N;i=1,... k) the set of all k~tuples with entries 0 or w; in
the i-th coordinate, i.e. F(wy,...,wg) = {0,w;} x -+ x {0, wg}. This is another description
of the set 2I¥ with the weight distribution w : (wy, . ..,wy) on the ground set [k].

We need also the following notion from [7].

An r x n real matrix M of rank(M) = r is said to have a positive step form if it has the
form shown in Figure 1.

—

Figure 1

where each shade (“step”) of size {; > 1 (i =1,...,r), with >_._, ¢; = n, depicts {; positive
entries of the i—th row and above the steps M has only zero entries.
Lemma 1.1 [7]. A matriz M can be brought to a positive step form by elementary row

operations or permutations of columns iff the space spanned by rows of M contains a positive
vector (a vector with positive coordinates only).



Remark 1.1. It follows from the proof of Lemma 1.1 [7] that M can be brought also to a
positive step form with ¢1 > 05 > --- > /,.

Lemma 1.2. The quantities Jy(n, k) and f(n,k,t) are equal.

Proof. Let A C E(n) be a t-intersecting system of vectors with dim(A) = k. W.l.o.g. we
can assume that there is no coordinate set {i1,...,4,} C [n] in which all vectors of A have
all-zeros. This is clear because otherwise we can replace the coordinates i1, ..., 7, into 1’s in
each vector of A~ A*, where A* is a maximal subset of A with dim(A*) =k — 1. Obviously
the new set A’ is also t—intersecting and dim(A’) = k. Let G be a generator matrix for the
k-dimensional subspace U £ span(A) C R". U contains a positive vector, therefore (by
Lemma 1.1) G can be transformed to a positive step form. In particular w.l.o.g. we may
assume that G has a form, shown in Figure 2, where [ is the k£ x k identity matrix.
1-1

—

n—k k
Figure 2

Let u?} be the first row of G’ and suppose it has ¢ nonzero coordinates. Consider the following
partition A = A; U Aj U A, where A; consists of the elements of A which are obtained by
linear combinations (of the row vectors of GG) involving u}, i.e. the elements of A with 1 in
the (n — k + 1)-th coordinate, Aj consists of the vectors from A \ A; with zeros in the first
¢ —1 coordinates, and Aj = A~ (AgU Aj). Consider now the following transformation of A.

Replace all nonzero entries of u} by 1’s: u} — vf. Replace all other entries of the first
¢ — 1 columns of G by 0’s. Note that the same linear combinations as for G, (now for the
new generating matrix) give a new set B C E(n) with |B| = |A|. Denote the set of vectors
(obtained after the described transformation) corresponding to Ay, Ay, Ay by Bi, By, B, resp.
That is we have A — By, Aj — B|, Ay — B{. Turn now to the sets By, B, Bj + v}.
Observe that these sets are disjoint and moreover their union B* = By U By U (B} + v}) is
a t-intersecting system with |B*| = |A| and dim(B*) = k.

Applying this transformation to all other “steps” we can reduce G to a positive step form
G’ where all steps consist of 1’s and all other entries in G are 0’s, i.e. all columns of G’ are
unit vectors.

Now the rows v}, vy, ... vy of G' can be associated with the elements of {1,..., k} where
each element i € {1,...,k} has weight w; = the number of 1’s in v}
This completes the proof. 0



Given weight distribution w = (wy, ..., wy) on [k| we define the weighted Katona family

K(k,t), = {F e 2M:w(F) > %H},

where n = wy + -+ - +wg and 2 | n + t.

Note that IC(k,t),, is t—intersecting. Our Conjecture 1 can be explained now in terms of the
weighted Katona family. It says that given n, k and t > n—k-+1, 2 | n+t an optimal t—weight
intersecting family A C 2[¥ can be realized for the weight distribution w = (n—k+1,1,...,1)
and

[IC(Fy 1), if 2 (n+1t)
T k) = Fn kb t) = gln—k+1,1,... 1:) = 2.1
(k) = fln. k. £) = gl ) {2|IC(k—1,t)w|, if 24 (n+1). 1)
For 2 n+t the bound in (1.2) is attained for A = K(k,t+1)U{A € 21 (A) = 2t=11,

Remark 1.2. One may expect also that the family K(k,t),, is optimal also for any weight
distribution w. However in general this is not the case. Note for instance that ¢(3, 3,3, 1;6) >
4, while the Katona family (consisting of the sets with weight > 8) contains only two
elements: {1,2,3} and {1,2,3,4}.

3 Main results

We state now our main results for the unrestricted case of our problem, considered in Part I.
In the sequel we will use f(n, k,t) rather than the identical (in view of Lemma 1.2) notation
Ji(n, k). Let us also denote the RHS of (1.2) by m(n, k,t).

Theorem 1.1.
(i) f(n kt) <281

(ii) Fort <mn—k+1 we have f(n, k,t) = 2F1,

The smallest ¢ for which the problem is open is t = n — k + 2. The next theorem gives a
partial solution for this case.

Theorem 1.2. Forn > %k —1,t=n—k+ 2 we have

f(n,k,t) = m(n, k,t) =282,

Theorem 1.3. Given positive integers t,k and wy > -+ > ws > 2, s < k, such that
t>w +---+ws. Then

Kk Dal, 2] (n+1)

cowg, 1y 15E) = '
g(w17 , W ) {2|K(k—1,t)w|7 Zf2T<n+t>

7



Corollary 1.1. For positive integers k and t > w; (n = w, +k — 1) we have

k—1 k—1
> )+ X ¢ 2| (n+t)
i=ntt g j=ntt
g(wi,1,...,L;t) =m(n,k,t) = ¢ =%, T
k-1 2 > ("H+2 X (5, 2t(n+0).
izingf*l,wl ,L-:n+;71

Theorem 1.4. Fort > 2(n — k) — 1 we have

f(n,k,t) =m(n,k,t).

Corollary 1.2. For k <n <k + 3 we have

f(n,k,t) =m(n,k,t).

Theorem 1.5. For $(n—t) —1 < k < ™ we have

f(n,k,t) =m(n, k,t).

Theorem 1.6. Forn > kv2k/2,t > n — k+ 2 we have

f(n,k,t) =m(n,k,t).

4 Auxiliary tools and results

4.1 Distance properties

For 2%, y* € F(wy, ..., w;) define the distance dist(z*, y*) = Zle lz; — yil.

Lemma 1.3. Let A, B C F(wy,...,wg) be such that the nonzero distances occuring in A do
not occur in B. Then

|A||B| < 2%
Proof. Let us think of elements of F(wy,...,wy) as vectors in the k—dimensional vector

space GF(2)*. Then the statement follows from the observations:
a) For uF v* € F(wy,...,wy) one has dist(u®, v*) = weight(u® + vF),

8



b) For u¥ uk € A and for vf,v5 € B
dist(uf, u) # dist(vf, v5) = ub +ub # v + vk = ub +of £ ub + k.

Hence
|A+ B| 2 [{u" + " :u" € Av" € B} = |A||B| < 2~

Lemma 1.4. Given ay,as,...,a; € N, let n = Zle a; = %k -1,

then there exist I, J C [k] with I N J = @ such that

(i) Yai=3 a;=3, if2|k

i€l jed
(it) Yoa; = a; =51 if 24 k.
i€l jed
Proof. We prove only the case (i) (the case (ii) is similar). W.l.o.g let a; > -+ > ay.
Note that the number of 1’s in aq, ..., a; is at least g + 1. That is we have
ay > 0 > Ay > 2, am+1:-~~:ak:1vvithm§§—1.

Also note that if a1 + -+ + a,, < g, then we are done. Therefore let a; + - + a,, > %
Suppose now a; + ...a; < g, for some 1 < s < m. Such an s always exists since a; < g

fai+--+a, = g —1lor g then we are done, since we have at least g + 1 ones and one can

find disjoint sets I and J satisfying the condition (i). Thus let

Lk k
a1+---+as=§—y, yZQanda1+---+as+as+1Z§+1~ (4.1)

Now to complete the proof it suffices to justify the following
Claim. The number of ones, &k —m > g +y—1.
Proof. In view of (4.1) we have az11 >y + 1.

Therefore
s+1

Zai > (y+1)(s+1)

and hence 2(m —s—1)+k—m <ago+ - +ap <3k —1—(y+1)(s+1).

Finally, since y > 2 and s > 1, we getconstraints12-2703 k—m > 24 (y—1)(s+1)—1 > &+y.
0



4.2 Shifting and multiexchange techniques

Recall the known operation in Extremal Set Theory called shifting, which was introduced
by Erdss, Ko and Rado [11]. Given B C 2¥/, B € B and integers 1 <i < j < k

5(B) 2 {{z‘} U(BNAY). ifigBjeBAi}UBN{j}¢B

B otherwise

SZJ(B> = {SU(B) B e B}
It is known (see e.g. [10]) that the following properties hold for any B C 2/

S1. |5,(8)| = |B].

S2. After finitely many shifting operations B can be reduced to a shifted family, i.e. a
family B’ with 5;;(B") =B forall 1 <i < j <n.

S3. If B is t-intersecting then so is S;;(B).

We extend now the shifting operation to any set system B over a ground set [k] with a weight
distribution w : (wy,...,wy), wy > --- > wy. For any B € B C 2l¥ define the weighted
shifting operation S; ; where i € [k], J = {j1,...,Jm} C [k] and ¢ < min{j1,...,Jm}.

{iyu(BNJ), iti¢B,JC B {i}U(B~NJ)¢Band w;, +---+wj, <w;

B, otherwise

Si1(B)y = {

S@J(B)w £ {S@J(B)w B e B}
Note that for |J| = 1 we have standard shifting and properties S1, S2, S3 are valid.
Suppose now S; ;(B) = B for all 1 < i < j < k. Apply then S;; for some admissible

i1and J € (U;]). It is easy to show that properties S1, S2, S3 hold with respect to S; ;.
Thus B can be reduced to a shifted family, that is to a family B’ with S, ;(B'), = B’ for

all admissible ¢ and J € ([Ig]). This procedure can be applied consecutively to all possible
J C [k] (|J] =2,3,...) reducing B to a family B*, such that S; ;(B*),, = B* for all admissible
7 and J. Such a family B* is called then w—shifted.

More precisely, it is not difficult to prove the following.

Suppose B C 2 is shifted with respect to all shifts Si.g with J C ([’Z]). Then for any

J C (z[ﬂ) one has

1|55, (B)uw| = |B

2. If B is t-intersecting then so is S; j(B)u-

10



e In the sequel, when we deal with families over weighted ground sets, by shiftedness we will
always mean the w-shiftedness and t-intersecting will mean t-weight-intersecting.

Next define a multiexchange operation introduced in [5].

Given A C 2¥ and disjoint sets I, H C [k] define

Aipn={AcA:ICAHNA=2and (ANI)UH ¢ A}.

Then the multiexchange operation 77 g, called an (|I],|H|)-exchange, is defined by
TI,H(A) = (.A N .A]’H) U {(A N I) UH:Aec AI,H}-

Note that in case |I| = |H| = 1 we have the exchange operation in usual sense denoted here
by T;; (i,j € [k]). We consider now only a special type of this operation when |H| = [I| + 1.
Given A C 2% we apply first a (0,1)-exchange Tt . Repeatedly applying this operation for
all H € (Uf]) the family A can be brought to another family I3 which is stable with respect
to each (0,1)-exchange, i.e. T; y(B) = B for all H € (Uf]). Clearly |B| = |A| and if A is
t—intersecting so is B.

Next we apply to B a (1,2)-exchange 17 .

Again we have |T; g (B)| = |B| and it is easy to show that 77 5 (B) preserves the intersection
property of A. This procedure we continue for all I € ([k]) and H € ([g]) reducing B to a

1
stable family C such that 77 4 (C) =C.
Iteratively applying the described procedure of (i — 1,7)-exchanges (i = 1,2,...) T gy for

all 1 € (l[l_c]l) and H € (U;}) we reduce A to a stable, with respect to all multiexchange

operations, family A4* (see [5]).
Now the following properties of A* can be easily observed.

Let A C 2% be a t-intersecting family. Then

T1. |A*| = | A
T2. A* is t-intersecting.
T3. If A€ A* with |A| = r, then A* contains all subsets B C [k] with |B| > r.

Lemma 1.5. Given weight distribution w : (wy,...,ws, 1,...,1) on [k], with 2 | (n + t);

k
n = Y w;, let A C 2™ be an optimal t-weight intersecting family. Then there exists a
i=1
t-weight intersecting family A* with |A*| = | A| which is invariant on [s + 1,k]. Namely if
A= (A1 UA,) € A", where Ay = AN[l,s]|, Ay = AN|[s+ 1,k], then A* contains every
subset B = A, UFE (E € 257U with |E| > | A,

Proof. Apply successively multi-exchange operations T; g(A) for all I € ([S:[lik]), H €
([S+.1’k]) it =1,2,..., reducing A to a stable, with respect to the described multiexchange

operations, family. Thus w.l.o.g. we may assume that A is a shifted and stable (with

11



respect to (|I|,|H|)-exchange) family. Note that, in view of property T3, if (4; U Ay) € A
(A C [1,s], Ay C [s+1,k]), then A contains also all elements (4, UF), F C [s+ 1, k| with
[F'| > [Ay].

Given i,j € [s + 1,k], define now A} = {A € A: i€ Aj ¢ A}, B={B € A, :
(B\{i})U{j} ¢ A1}, B ={(B\{i})U{j}: Be€ B} Thus|B|=|B|, BNA=(@. Define
also Fy ={Be€B: wB) <™ -1}, /, =B\ F, Fl ={B € B : w(B) < = -1},

Fy =B\ F|. Consider now two new families
A =(A\F)UF, A"=(A\F)UZF.

Claim. (i) A" and A" are t-intersecting. (i) |A'| = |A"| = |A|.

Proof. To prove that A’ (resp. A”) is intersecting it suffices to show that FoUF, (resp. F1U
F}) is intersecting. This follows from the definition of A;. Suppose now, for a contradiction,
EecF, Fl'e FFand w(ENF') <t Since w(E)+ w(F') < n+t— 2, there exists [ € [k]
such that [ ¢ (EU F'). If | € [s], then (by the shiftedness of A) F £ ((F'\ {j}) U{l}) € A
and w(ENF) =w(ENF') <t,acontradiction. Suppose now [ € [s + 1,k]. Then by the
stability of A (defined above) F' £ (F' U {l}) € A and again w(E N F) < t, a contradiction.
Thus Fy U F] is t-intersecting. The family F, U F} is t-intersecting because w(F) > 2 for
all F' € (F», U F), completing the proof of (i).

To prove (ii) note that
Al = [Al+ | Pl = Al |AY = Al + || = | F2l. (4.2)

Since |F1| = |Fi|, |Fa| = |F3|, we infer that |Fi| = |Fs], otherwise by (4.2) max{|A|, |A"|} >
|A|, a contradiction with the optimality of A. This with (4.2) completes the proof of the
claim. ]

As a new intersecting family of the same size we take now A’ for which w(A’") > w(A) where

w(A) £ Y w(A). We continue this procedure transforming A to a family A* which is
AcA

either stable with respect to all exchange operations 7T}; with i,j € [s 4+ 1, k|, or consists of

all sets A with w(A) > 2. This completes the proof of Lemma 1.5. O

4.3 Properties of function g(wq,...,wg;t)
k

Lemma 1.6. For integers wy > -+ > wy, = 1 with 24 <Z w; + t) we have
i=1

glwy, ... wg;t) = 2g(wy, ..., wr_1;1).

Proof. Let A C 2%l be an optimal t-weight intersecting system for the weight distribution
w: (wy, ..., wg). Suppose also w.l.o.g. that A is shifted. Define the families

AOZ{AEAIk¢A}, ./41:./4\./40.

12



Ao C 2l-=1 is a t-intersecting family with the weight distribution w : (w1, ..., ws_1). Corre-
spondingly the family Ay U Aj, where Aj = {AU {k}: A€ AO}, is also t—intersecting. Since
|A| = | Ag| we have |A] > 2| Aq| and hence, in view of optimality of A, we have |A;| > |Ay.
Note that if |A;| = |Ag|, then we are done. Thus assume that |A;| > |Ag|. The idea of the
proof is to reduce A to another t—intersecting family A* with |A*| = |A| so that | Aj| = |.Aj]
(A5 and A7 are defined as Ay and A; in A).

Define the subclass B C A; and the family B’ by
B={BeA :(B~{k}) ¢ A}, B ={B~{k}:BeB}.

Next partition B into two sets B = F; U Fp with F; & {B eB:w(B) < "T*t} and Fy £
B~ F;. Correspondingly for B’ we get the induced partition B’ = F; U F}, where F| =
{F~A{k}: FeF} i=1.2.

Define now the families A’ = (AN Fp) UF;, A" = (AN Fy) U F.

Claim. (i) A" and A" are t-intersecting families. (ii) |A'| = |A"| = | A|.

Proof. For (i) it suffices to show that both F; U F| and F, U Fj are t-intersecting. Conse-
quently it suffices to show that F; and F, are (¢ 4 1)-intersecting. Suppose E, F' € F; and
w(ENF) =t Since w(E) + w(F) < n + t, the shiftedness of A implies that there exists

j €[1,k—1] such that F' & (F\ {k})U{j} € A. But w(E N F’) < t, a contradiction. The
family F5 is (t + 1)-intersecting since w(E) + w(F) >n+t+ 1 for all E, F € Fs.

Part (ii) can be proved by repeating the argument used in Lemma 1.5. Equivalently it follows

that | 71| = || = [Fi| = |75 O

To complete the proof of Lemma 1.6 note that we reduce A to a new t—intersecting family

A* = A or A” of the same size, so that |A*| = 2|A43|. O

Lemma 1.7. Let wy > wy > -+ > ws > 2, weyg =+ =wi = 1 and let > w; < t, then
i=2

glwy, ..., ws, ;... 1;t) < glwy +1,...,ws — 1,1,...,1;¢t).

Proof. Let A C 2/l be an optimal ¢-intersecting system over [k] with w : (wy, ..., w,,1...1),
ie. |Al =g(wy,...,ws 1,...,1;t), and wye+- - - +ws < t (note that the case s = k is trivial).

We start with the assumption that A is w-shifted. By Lemma 1.6 it suffices to prove the
statement for 2 | (n+t) (n = wy; + -+ + ws + k — s). Then in view of Lemma 1.5 we may
also assume that A is invariant in [s + 1,..., k].

Next partition A into four subfamilies A = Ay U Ag1 U Ajp U A1,
AOOZ{AGA:1¢A,S¢A},A10:{A€A:1€A,S¢A},
A()l:{AG.AZ1¢A,S€A},A11:{AEAZ1€A,S€A}.

Define now the set of minimal elements M C A: M ={M € A: EC M = E ¢ A}.

Define also Mgy = M N Ag; and Mg = M N Ayp.
Represent each element A € A by the pair (X,Y), where X = AN[l,s], Y = AN[s+ 1, k]|

13



The following properties of A will be used below.

a) For A; € Ajp and Ay € Ay we have w(A; N Ag) >t + ws.

(a)

(b) For E € Ay and F' € Ajp we have w(E) +w(F)>n+t (n=w; + - +ws +k—9).

(c) Suppose (X,V) € Mg and (X ~{1}) U{s},U) € Mg;. Then |U| > |V |+ w; — ws.
)

d) If (X, W) € M then there are exactly (¥ %) elements (X,Y) € M with [Y| = |[W|.
W

Let A = (X1,Y7), Ay = (X3, Ys) and w(A; N Ay) = 1. Since t > wy + -+ + ws we have
Y1 N Y| > ws. By the shiftedness A contains an element B = (X3 U {s}, Y2 \ Z) with
Z C (Y1NnY;) and |Z| = ws. Hence w(A; N B) > 1 —ws > t concluding property (a).

To prove (b) suppose the converse. A is w-shifted and invariant in [s + 1,n|. This with
t > wy+ - - -+ w, implies that there exist £ € Mjp and F € My with EUF = [k]. Observe
now that the assumption w(E)+w(F) < n+t is contradictory with the t—weight intersection
property of A.

Property (c) directly follows from the shiftedness of A. Since A is invariant in [s + 1, n],
property (d) follows as well.

Define then M7, = {(X,Y ~ {i}) : (X,Y) € Myo,i € Y} and consider a new family A*,

./4* é (Aoo U All) U (.A()l AN M()l) U (.Alo U MTO)

Claim. (i) A* is a t—weight intersecting family for the weight distribution

w*: (wy +1,...,ws —1,...,1) of the ground set [k].

(ii) [A*] = [A].

Proof. First note that M7, is t-intersecting. Further in view of property (a), M7,UA10UAgo
is t-intersecting for weight distribution w*. Note also that Mj, U A;; is t-intersecting for
w* (since it is (¢ — 1)—intersecting for w). By property (b), for E € Mjy and B € Ay ~ My
holds w(E)+w(B) > n+t+1. This implies that for all M € M3, holds w(M)+w(B) > n+t
and hence M7, U Ag; is also t—intersecting, completing the proof of (i).

Let us show now that for every E = (X,U) € My, there exists an element F = ((X ~
{s})U{1},V) € M. This is true because otherwise, in view of the shiftedness of A, there
exists I € My, I’ C F such that F' N [s+ 1,k] = (. But this is a contradiction since
wy + -+ + ws < t and hence w(F' N E) < t. In fact, since wy > 2 we have |V| > 3.

To prove (ii) (that is |[Mo| < |M7,]) it suffices, in view of property (d), to show that

(kll; |S) = (|é|_—81)‘ (4.4)

First observe that property (b) implies

U+ V= k—s+t—(wa+ +ws). (4.5)

14



This with property (c) and the condition ¢ > wq + - - - + ws_1 implies that |U| > % Then
(4.5) gives k — s — |U| < |V| < |U|, which implies (4.4) and consequently (ii).

This completes the proof of Lemma 1.7. 0J

Remark 1.4. Note that Lemma 1.7 is not true in general. For example, observe that
9(2,2,2,2,2,2;8) = 7 while ¢(3,2,2,2,2,1;8) = 6.constraints12-2703

Lemma 1.8. Given n,ay,...,ap, a0 € Nwithay +---+ap, =n, a > ”TH Let X be the set
of solutions (x1,...,xx) € E(k) of the inequality

k
Z%’%‘ > a. (4.6)
i=1

Then . .
— k—1 — (k-1
G £ = ‘
;ai:" i=a—(n—k+1) i=a
and the maximum is assumed fora; =n—k+1, a,=---=a; = 1.

Proof. Assume w.l.o.g. a; > --- > a;. We proceed by induction on «a, n, k.

Claim. For "T“ <a<n—k+1
G(n, k,a) =271,
Proof. Note first that G(n,k,«) < 2¥71. Indeed, since o > ! then (zq,...,25) € X
implies that (1 —xy,...,1 — ;) ¢ X.
On the other hand setting a; =n—k+1, a0 =--- =a; = 1 we get

constraints12 — 2703G(n, k,a) > | X| = RHS(4.7) = 281,

O
Suppose now that a > ”T“ and @ > n — k+ 1. Given n and k suppose also that (4.7) holds
for all smaller values of n and k. Separating the solutions (z1,...,z;) € X of (4.6) with

rr = 0 and with z; = 1, we may apply the induction hypothesis since @ — a; > %’“H
Then we get

I X| <Gn—ag,k—1,0)+Gn—apk—1,a—a)

k—2 k—2 k—2 k—2

k—2 k—2 k—2 k—2

20000 2 () 2 () e
i=a—(n—ar—k+2) = i=a—(n—k+2) i=a—ay

To complete the proof of the lemma it remains to verify that RHS(4.8) < RHS(4.7). O

Remark 1.5. We note that later on Lemma 1.8 will not be used. However it shows that
given n, k and ¢ the ”biggest” Katona family IC(k,t),, is assumed for the weight distribution
w: (n—*k+1,1,...,1).This fact could be helpful for comparisons of K(k,t), with other
”competitor” t—weight intersecting families.

15



5 Proofs of Theorems 1.1 — 1.6

Proof of Theorem 1.1
In view of Lemma 1.2 the statement (i) follows.constraints12-2703

Let now t < n —k+ 1. Then for the Weight distribution w : (n —k+1,1,...,1) we take the
t—weight intersecting family A = {A c 2l {1} e A} O

Proof of Theorem 1.2

It is more convenient to proceed here with F(wy, ..., wy) defined in Section 2.
First we prove the theorem for

Case n = 37’“ —1; 2 | k. Let B C F(wy,...,w) be a t—weight intersecting system. In
view of Lemma 1.4 there exist subsets I, J C [1,k]; INJ = & so that

k
el JjEJ
Consider the following subsets of [1, k]
51 @ SQ [1,k]\[, 53:[1,]{3]\J, S4ZIUJ.

For any subset S C [k] we define now its characteristic vector by
Wy, lf] es
0, ifjé¢s.

Thus let X(S;) = vF (i = 1,2,3,4), and let us denote C' = {vF,v5 05 vk}, In V1ew of (5.1)

the minimum dlstance of C'is k—1, that is dist(v},v}) > k — 1 for any distinct vf, v € C.

Since B is t—intersecting, it is also clear that for any xﬁ, y* € B dist(2F,y%) <n—t=k—2.

X(S) = (x1,...,21) € F(wy,...,wg), where z; = {

Applying now Lemma 1.3 we get |B||C] = |B|4 < 2*. O
k

Case n > % —1; 2| k. Given wy > -+ > wy, with > w; = n clearly there exist
i=1

k
w’1 > .-+ >y so that w; > w;, 221 w, = % — 1. Then by the previous case there exists a set
1=
= {vf" o ¥ ¥} C F(w), ..., w}) with minimum distance k — 1.

Construct now the set C' = {UI,UQ,U3, kY C F(wi,...,wy), where each vector vf (i =
1,2,3,4) is obtained from v} by replacing every nonzero coordinate w (5 € [K]) by w;.
Since w; > wj the new set C’ has minimum distance at least k — 1. The rest of the proof is
the same as for the case n = %k — 1.

The proof of case 21 k is similar. O

Proof of Theorem 1.3

Let A C 2% be an optimal t-weight intersecting family with w : (wy,...,w;). In view of
Lemma 1.6 we consider only the case 2 | n + ¢. Suppose A € A. We assume w.l.o.g. that A
is shifted and invariant in [s + 1,n]. These properties of A with ¢ > w; + - - - + w, imply that
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A contains also an element B, with w(B) = w(A), so that AU B = [k]. Since A is t—weight
intersecting we infer that w(A) > 2. O

Proof of Theorem 1.4

Suppose A C 2l is an optimal t-weight intersecting family for a weight distribution w :
(wy, ..., W), iwi:n. Assume wy > - > wy > 2, weyy =---=wp =1, 1 < s < k. Then
w2+--~—|—wsiln—/~c+s—w1 <2n—-k)—1<t.

Now using Lemma 1.7 and then Corollary 1.1 we get

Al <gn—k+1,1,...,1; t) = m(n, k,t).

OJ
Proof of Theorem 1.5
We need the following simple
Fact. For positive integers wy, ..., wy with w; > 2, i € [k] we have
g(wla"'awk; t) < g(w1>"'7wi - 17"'7wk; t— 1) (52>
This is clear because any t-weight intersecting family A C 28 with w : (wy, ..., wy) is also
(t — 1)—weight intersecting for w : (wy, ..., w; — 1,... wy).
Note also that (5.2) implies
fn+ Lkt +1) < f(n,k,0). (5.3)

Note first that the condition of the theorem can be written as n —
Suppose first that n < 25 This together with % > k implies that ¢ > 2(n k) — 1 Then
by Theorem 1.4 we have f(n k,t) =m(n,k,t).

4k+1 < n+t —k n+t > k.
3 )

Suppose now n > %L Then in the case 2|(n + t) there exists an integer @ > 1 such

thatn—% < a< "T”—k. Put further n’ = n —«a, ' = t — a and note that n’ <
L0’ + ¢ > 2k. Note also that for 2 )( (n +t) there exists an integer 1 < o < 2 —k
such that n’ =n —a = [%H] and ' +n' > 2k +1 (' =t — a). In both cases this implies
that ¢ > 2(n’ — k) — 1 and hence (by Theorem 1.4) f(n’, k,t') = m(n', k,t"). Now by (5.3)
we get f(n,k,t) < m(n’,k,t'). On the other hand, since “#* = 2= — o >k, for 2|(n +t)
(and similarly for 21 (n + t)) we have

k—1 k—1
Fn,k,t) > m(n, k,t) = (k B 1) + (k B 1)



Proof of Theorem 1.6

We proceed by induction on ¢ and n.

Caset=n — k + 2, nzl’“z%.
K2k~ 3k
2 =7

Since — 1, Theorem 1.2 gives the result.

Case n = P“T\/z_k—‘, t >n —k+ 2 (for convenience let @ be an integer).

Suppose A C 2/ is a t-weight intersecting family with weight distribution w : (wy, ..., w;)
of the ground set and wy > - -+ > wy. By property (5.2)

gwy, ... wy; t) < glwy, ... we, 1,015 )

forsome 1 <s<kandt' =t— (wsy1+---+wg)+ (k—s). Let us denote a = (wgyq + -+ +
wg)—(k—s),n’ =w;+---+ws+ (k—s). The family A considered for the weight distribution
(wr,...,ws 1,...,1) is a t'—weight intersecting family, with ¢/ =t —a; n’ =n — .

We have ”TH > k and we aim to choose now an «, such that

n’+t'_n+t
2 2

—a >k (5.4)

Observe then that o < (k — s)(vV2k/2 —1) <n — k — s(v/2k/2 — 1).
Consequently

2 2 "t 2
\/2_k—1), t’zn'—k+225(\/2_k—1),n+t >3(Q—1)+1+E (5.5)

2kt s( 2 =% 2

Hence to guarantee (5.4) it is sufficient to take s = @ + 1. Thus, given t' =t — « there
exists s < @ + 1 so that (5.4) holds.

Observe now that w; > @ > s — 2. This together with wy +---4+w, =n' — k+ s —w; and
t' >n' — k+ 2 implies that ¢’ > wy + - - - + w;.

Finally applying Lemma 1.7 and Corollary 1.1 we get

k—1

kE—1
AL glwns w1 ) Smlel k) = 37 ( / )

i=k—1-"2t !
2

We are prepared now to apply induction.
Let n > @ + 1 and t > n — k+ 2. Then the value a = 1 satisfies inequality (5.4). Since
|A| < f(n,k,t) < f(n—1,k,t — 1), the induction hypothesis gives

Al < f(n—1,k,t —1) =m(n—1,k,t — 1) = m(n, k,1).

This completes the proof of Theorem 1.6. 0
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6 Diametric problems

The Hamming distance between two vectors 2" = (21, ...,2,), ¥" = (Y1,...,Yn) € E(n) is
defined by dp(z",y") = |{i € [n] : #; # y;}|. The diameter of a set A C E(n) is defined by
diam(A) = max dg(z",y").

™ yneA
Kleitman proved the following

Theorem Kl [17]. For a set A C E(n) with diam(A) = 3§ < n one has

5/2
Z% (7;)’ if 29
max [A] =< '= (6.1)
< (6—1)/2
Ak 2 S (", if24e
=0

The diametric problem for n—sequences over any g—ary alphabet is solved in [4].

In [1] it was shown that the intersection and diametric problems are equivalent, that is
Theorem Ka and Theorem Kl can be reduced to each other.

Consider now the diametric problem under dimension constraint.
Define
Ds(n, k) = max{|A| : A C E(n),diam(A) = §,dim(A) =k < n}.
For n = k by Theorem Kl we readily have Ds(n,n) = RHS (6.1). A simple observation

shows that Theorem Kl gives the answer for any n > k.

Theorem 1.7.
2k ifk<d<n

6.2
Ds(k, k), it 6 < k. (6.2)

D5(Tl, k) = {

Proof. Let A C E(n) with diam(A) = § and dim(A) = k. One needs only to note that
there exist n — k coordinates iy, ..., k € [n], such that deleting them in all vectors of A
we get a new set of vectors A’ C F(k) with dim(A") =k, |A’| = |A| and diam(A’) <. O

Thus the intersection and diametric problems under dimension constraint are
not equivalent!

Let us consider also the following weight diametric problem in F'(wy, ..., wy).

The diameter § of a set B C F'(wy, ..., wy) is defined by §(B) = max _dist (zF, ).
zhyteB

Given n, k, ¢ define
ff(n,k,0) = o max {IB| : 6(B) =6,B C F(wr,...,wy)}.

Given k,d and F(wy,...,wy) define also the function

g (wi,...,wg;6) =max{|B|: 0(B) =6, B C F(wy,...,wy)}.
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Then we have the following

Lemma 1.9.

(i) f(n k,t) = f*(n,k,n—1).
k

(”) g<w177wk;t) :g*(wh?wk;n_t) (né ;U}Z)

Proof. We mentioned above that the case n = k was proved in [1]. The idea of the proof
works also in our case and the reader can prove the statement repeating all the steps. [

PART 1I: The restricted case

Our main result in this part is

Theorem 2.1.

M(n—1,kw—1)= (37242)2%7k2 4 (i) k< 20w < 2(k — 1);w < 2

J(n,k,w)=¢ Mn—1,kw-—1) =21 if (i) k <w
M(n, k,w), if (#1) w > 3.

|
I3

Note that Theorem 2.1 doesn’t cover the case k > 2w.

Besides the cases in Theorem 2.1 we establish Conjecture 1 for k sufficiently large. In this
case we have a more general result for t—intersecting systems.

Theorem 2.2 For 1 <t <w and k > k,(w,1)

Mn—tkw—t)= w’i , ifk<n—t
w—t/’ ’

To prove these theorems we use several auxiliary results derived in sections 7, 8 and also
results and tools from [7]. However, the main auxiliary result is a LYM-type inequality
proved in Section 7. It should be also noted that the shifting technique used in Part 1 does
not seem to work here.

7 Main auxiliary result

Recall the notion of a chain and antichain for set systems, (translated into the language of
(0, 1)-vectors). A C E(n) is called a chain of length |A] if a™ > 0™ or a” < b" holds for all
a",b" € A (here we mean the componentwise inequality, which corresponds to an inclusion
for the corresponding sets). A chain of length n 4 1 is called maximal. Also A C E(n) is an
antichain if it contains no chain of length two.
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Given aq, ...,a,, A € RT let X C E(n) be the (0, 1)-solutions of the equation
i=1

Clearly for any such equation (7.1) the set of solutions X corresponds to some antichain
(whereas the opposite is not true).

Recall now the well known LYM inequality (see e.g. [10]), which says that for any antichain
A C E(n) (in particular for X)

1
Z —— <1 (LYM inequality), (7.2)
vEA (HU”H)

where ||v™]| denotes the number of 1’s in v™.

Equality in (7.2) holds iff A = E(n, ) for some i € [n]. For the solutions of (7.1) this means
that a; = as = --- = a,. What can we say in the case when not all a;’s are equal? Can we
improve (7.2) in this case?

Define o; 2 [{2" € X : ||z™|| = i}, that is a; = | X N E(n,q)|.
Lemma 2.1. (LYM-type inequality for equations) Assume in (7.1) a; # a; for some
i,j €[n], and .7 a; # X. Then

1 n—1

Y
n
aneX (Hwnll)

(7.3)

or equivalently

> et
i=1 (7;) oon
Proof. W.l.o.g. let a; > as. Let C, be the set of maximal chains in E(n), and let C be the

set of maximal chains, which do not meet any member of X, that is the elements ( maximal
chains ) of C,, which do not contain a solution of (7.1).

We claim that
ICi| > (n—1)! (7.4)

and proceed by induction on n > 2.
Induction beginning: n = 2.

We have a; # ay and a; + ay # A. Clearly there exists at most one solution of (7.1):
10 or 01, since 00 and 11 are not solutions. Hence |C;| > 1 (since either {00,10,11} or
{00,01,11} € C3.

Induction step: n — n + 1.
Partition Cpn4; into (n — 1)! “equivalent” classes Sy, ..., Sm_1y, with |S;| = n(n 4+ 1); (i =
1,...,(n=1)!) in the following way. Let A be a maximal chain in F(n+ 1), i.e. |A| =n+2.
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Denote by Aj the set of all vectors obtained from A by deletion of the first two coordinates.
Clearly |Ag| = n; moreover Ay is a maximal chain in E(n —1). We call A, the kernel of A.
Consider now the set of all maximal chains in E(n+1), which have a given kernel. There are
n(n + 1) such maximal chains which we join into one class of maximal chains §;. There are
(n —1)! distinct kernels, so we get a partition of C,41 into (n—1)! classes Sy, ..., Sm-1). We
call them equivalent because the property of a class we are going to prove does not depend
on the choice of a class. Note that to prove the claim (7.4) it suffices to show that each class
S; contains at least n “forbidden” chains, i.e. chains from C;_ ;.

This was shown to be true for n = 2 where we have only one class S; consisting of two
maximal chains and the kernel Ay = @. Thus we proceed assuming that this property holds
for the partition of C, into (n — 2)! equivalent classes. For convenience here we represent
each maximal chain A = {o},..., v} C E(n), with |[v}|| =i—1 (i =1,...,n+1), by the
(n + 1) x n array with the vector v as its i—th row. W.l.o.g. let S; be the class with the
following kernel

T3 T4 Tni1

0O 0 0 - 00 )

1 0 0 - 00

L1 O o 00 (n — 1)—chain.
1 11 - 10

1 11 1 1

/

Define the subclass 8] C S; by S| = {4 € & : 1 = 0 V(1,...,20p1) € (AN {1"F1]) ],
where 1" is the all one vector. Note that |S;| = n(n — 1). Clearly deleting the last row
and the last column in any member of S| we get a maximal chain from C,,.

We distinguish between two cases.
Case 1: > a; # A ie. (11...10) ¢ X.

In this case we can apply the induction hypothesis to S; (more precisely to the restriction
of 8] on coordinates x1,...,z,) considered as a subclass of C,. By induction hypothesis S}

contains at least n —1 elements from C;, ;. Let us show that S; contains one more forbidden
chain B € §; \S] (BeC;, ).

Subcase a): for some 1 <t < n there exists

" = (21, T2, Ty, ., 0n) = (01...10...0) € X,
t

Since a; > ag, it is not hard to see that the following chain B € & \ 7,
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1 To | T3 R T Tyl
O o0 (0 O - 0 O 0
0O 01 O 0 O 0
B = 0 0 (1 1 1 0 0
1 0 |1 1 1 0 0
1 1 ]1 1 1 0 0
1 1 |1 1 1 1 1

is from C;, ;.
Subcase b): for every 1 <t <n

Then the following chain B € §; \ S,

T1 To | T3 T Tpg
0 0110 O 0

e DA
0 1 1 1 1
1 1 ]1 1 1

does the work, i.e. B€C; ;.
Case 2: > " a; =\, ie (11...10) € X.

In this case we cannot use the induction hypothesis, but now we will describe a direct
construction of at least n forbidden maximal chains.

Consider the following chain

T1 T2 o Tp4l

o o1 --- 1 (7.5)
o 1|1 --- 1

1 0|1 --- 1.

Clearly we can have at most one vector out of these three as a solution of our equation (7.1),
since a; # as.

Subcase a): none of the vectors from (7.5) is in X.

Consider then the maximal chains Ay, ..., A, € & \ §] shown below. Note that in each A;
(i = 1,...,n) the first coordinate x; gets the value x; = 1 first time in the (n + 2 — i)-th
member (row) of A;.
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0 0j0 O - 0 0 0j0 O - 0
8 8 (1) 8 8 00/10 - 0 0/0 0 - 0
_ N . 1 0/1 0 - 0
A = Ay=0 0|1 1 10 CA, = oo :
? 8 1 } i 1 01 1 1 0 1 0j1 1 --- 10
1111 1 1 0fL 1 11 10/1 1 - 11
1 1]1 1 11 1 11 1 11
Consider also the maximal chains By, ..., B, € §; \ S}, where B; (i = 1,...,n) is obtained
from A; by transposition of the first two coordinates.
0 0/0 0 0 0 0/0 0 0
S R E S S B
. A . 0 111 0 0
Blz BQZ 0 0 1 1 1 O BTL: . .
8?11 } 0 1111 10 0 11 1 10
1 111 1 1 0 11 1 11 0 11 1 1 1
1 1|1 1 11 1 1|1 1 11

Observe now that all 2n maximal chains defined above are from C, ;. This is clear since all
vectors contained in Ay, ..., A,, B1,..., By, except of those which are from chain (7.5), are
“covered” by the vector (1...10).

Subcase b): (101...1) € X.

Then the chains Aq, ..., A, are forbidden.

Symmetrically if (011...1) € X, then By,..., B, are forbidden.

Subcase c¢): (001...1) € X.

Then except for the A; and B all 2(n — 1) remaining maximal chains are forbidden.

Thus we have proved that in &; there are at least n maximal chains from C;;, ;. Note also

that all our arguments in this proof did not depend on the choice of an equivalent class S;,
i=1,..., (n— 1)L

This means that for given n the total number of forbidden chains |C| > (n — 1)(n — 2)!,
completing the proof of the claim (7.4).

Since |C,| = n!, the number of maximal chains containing elements from X (solutions of
equation (7.1))
ICol —1Cr <nl—=(n—1)l=(n—1)(n—1)!

On the other hand there are exactly ¢!(n — 7)! maximal chains containing a given vector x"
with ||2"|| = ¢, and each maximal chain contains at most one element from X. Therefore we
have

Y aii(n =il < (n—1)(n— 1),

i=1
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or equivalently
- le% n—1

2 =

n .

Clearly Lemma 2.1 implies

Corollary 2.1. Under the hypothesis of Lemma 1

|X|§(LZJ>n;1' (7.6)

2

A refined version of Corollary 2.1 is the following.

Lemma 2.1*. Assume w.l.0.g. that ay > ay > -+ > a, = 1, and let N(n) be the mazimum
number of (0, 1)-solutions of the equation

aBxy 4+ FanTy, =\ (7.7)

among all choices of a1, ..., a,, N € RT with a; # a; for some i,j € [n]. Then
(1)

(é), if 2| n
Nn) = {2(’,%%), if 24n,n > 3. (78)

(ii) The bound (7.8) is attained if and only if
or M2 if2|n

ntl if2tn,

S I3

a1:2,a2:---:an:1;)\:{
or

ne€{3,4},a1 =ay > l,a3=a, =1, A =a+ 1.

Proof. Taking a; =2, a =+ =a, = 1, A\ = [%H] we see that the RHS of (7.8) is a lower
bound for N(n).

Let X C E(n) be the set of solutions of (7.7), so | X| = N(n).
Case 2 | n. Setting n = 2¢, by Lemma 2.1 we have

20

;@STK . (7.9)

Let us first estimate «y, that is the size of the set of solutions X’ C X of equations

i a;r; = A

i=1
zn: z; = L. (7.10)
i=1
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Claim. a, < (¥7}), for £ > 1.

Proof. Since a; > ay > -+ > a, = 1, equations (7.10) can be transformed to the following

bll'l—f—"'—l-bml’m:/\/
$1+“'+$n:€7 (711)
where b; = a; — 1,1 =1,....m, X' = X—/1, 1 <m < n— 1. Suppose first, there are two

distinct elements among {b1, ..., b, }. Then by Corollary 2.2 the number of solutions of the
first equation of (7.11) is upper bounded by (Lg J)mT_l This clearly implies that
2

-1/ m n—m
|X/| S = ( m ) ( n—m )
m \[5]/\["7"]
It can be verified that

mt () (i) < max =) (20) = B (D C) < (49).

Let now by = --- = b,,, which means that a1 = --- = a,, = a > 1, Qi1 =+ = ap = 1.
To complete the proof of the claim we need the following simple facts.

Fact 1. Given integers 1 < m < n — 1 we have

() () > () 12

if and only if 2 | n, m =2 (m =n —2), or n =2m = 8.

() (1) = (1) )

ifand only if 2¢tn, m=2 (m=n—-2),orm=1(m=n—1).

a)

b)

Fact 2. Given integer ¢ > 2 we have
20— 2 20— 2 X)), if6>2
- 1
(-1 (-3 :(571), if ¢ =2.

Clearly (7.12) and (7.13) imply that to prove the claim it suffices to consider the cases m = 2,
m=mn—2and n=2m = 8.

Suppose m = 2. Then (7.11) can be written as

(a—Dzy+(a—Dzg=A—14
I1+"‘+xn:€- (714)
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Note that in order that |X'| = ay > (25:11) holds, the first equation of (7.14) must have two

solutions (otherwise | X'| < @{?)).

Hence if | X'| > (25:11), then we must have A — ¢ = a — 1. This means that the equation (7.7)
is of the form
ary +aro+x3+---+x, =0+a— 1

Now an easy calculation shows that
20— 2 20— 2 20— 2
Xl < (e-1)+(£—1+a)+(£—1—a>
5 20— 2 N 20 — 2 <9 20 — 2 L 20 — 2
(-1 {—1—a - (-1 (-3 '
In view of Fact 2 we now conclude that for £ > 2

xi< (X)) < v,

a contradiction with the assumption | X| = N(n).

In the case £ = 2 we have | X| = (31) = 4, moreover this can be achieved for any positive

a# 1 and A = a+ 1. Similarly observe that for the case m = n — 2 we have

20— 2 20
< i :
‘X’—Q(g_1) < (€_1>, if > 2

The same can be shown for n = 2m = 8. This completes the proof of the claim. OJ
Let us rewrite (7.9) as
< a 2« 20—-1  «
i j — ¢
2t S 5
20 20 20
=) G 2 6)
This clearly implies
1 20 2
20—1( 20 (,*)
Set S a2 () e
i=1 j=b+1 20 \f-1 ( ¢ )

Hence

S 22 g ) _2a oy
£ ;= 26 g_ 1 (67 (67 (2£) — 2€ g_ 1 €+_101g

20—1
/-1

2w—1( 2 1 (2—1 20 n
;O"— 20 (6—1)+€+1(€—1) (ﬁ—l) ("7—2> (7.15)

Since ay < ( ) (for £ > 2) we get



Note that (7.15) implies that | X| < (42_51) if ap < (?f:ﬂ). The latter, in view of the claim,

means that except for the case ¢ = 2 one has | X| = ( ;_Zl) only if oy = (2;:11). The observation
in the proof of the claim shows that o, = (2;:11) ifand only if m =1;a; > 1, a0 = --- =
ap,=l,orm=n—-—1,a1=---=a,-1>1,a,=1

Observe further that the case m = n — 1 is excluded, since otherwise |X| < (25_711),

contradiction.

Finally observe that the equation ax; + 9 + -+ + x,, = A has (ZQ_ZI) solutions from F(n) if
and only if a = 2, A = ¢+ 1. This completes the proof of the case 2 | n.

Case 2 1 n. The upper bound (7.8) directly follows from (7.6).

The part (ii) for this case can be easily derived, proceeding along the same lines as for the
even case. 0

Remark 2.1. In fact the equality (7.8) gives the second biggest size for the (0, 1)-solutions
of the equation (7.1). We emphasize that this is not true for antichains in general, i.e. the
second biggest size of an antichain can exceed the RHS of (7.8).

8 Further preparations

Consider a system of n — k independent equations
(2™ =0;i=1,...,n—k (8.1)

where v}, ..., v, € R ((-,-) means the standard inner product).

Consider only the solutions of (8.1) which are in E(n,w). That is consider the set X of all
solutions of the system

)y =0;i=1,...,n—

irgza e
where 2" € {0,1}" and 1" is the all-one vector.
In view of Lemma 1.1, the system (8.2) can be brought to a form

(ur,x"y=c¢;i=1,...,n—k+1, (8.3)
where the matrix of coefficients has a positive step form with the step sizes ¢ > --- >
lppy1 > 1.
Lemma 2.2 [7]. For the set X of solutions of (8.2) we have

nektl g,
X < max 11 (w) < M(n, k,w). (8.4)
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Lemma 2.3. Let2 < /1 <2k—2w—2 andw < k < 2w < n. Then for the set X of solutions
of (8.2) we have
(PR2e )22k 2 i > w3
X] < S ()72, ifk=w+3 (8.5)
9 ifk=w+2
and equality holds if and only if {1 = 2k — 2w — 2 or {1 = 2k — 2w — 3.

Proof. The proof is rather elementary although somewhat tedious and requires a step by
step verification of several inequalities.

First we proof that the maximum is attained when ¢; = 2k — 2w — 2 or 2k — 2w — 3. The
proof is based on the following inequalities which can be easily verified.

()<L o
(e () =< (2D (5250 (57)
(£>2 - (ﬁ:i) (8.8)

14 l
|X| < ( 1>M(n—€1,k—€1+1,w—w1) for somelgwlggl.
Wi

(i) For £ >2w; w>1,7r>1

(ii) For £ > s> 2
(iii) For £ > 2w+ 1

In view of Lemma 2.2 for given ¢,

Now notice that the expression for M (n, k,w) in Theorem AAK is always of the form (2:) 2t
for suitable parameters. Therefore we can write now

IXWS(ﬁ><?>T, (8.9)

where {1 +2r+t—1=kand w; +r+t < w.
Suppose now X has maximum cardinality, then in view of (8.6) we have 1 + 2r > 2k — 2w.

Suppose then that ¢; < 2k — 2w — 3. Then we can see from Theorem AAK that ¢ > 1. This
and (8.8) yield wy = [£].
But in this case we get a contradiction with (8.7) and the assumption that X is a maximal
set. Thus ¢; = 2k — 2w — 2 or ¢; = 2k — 2w — 3. Denote the RHS of (8.9) by f(¢1). Note
further that if /1 = 2k — 2w — 3 then necessarily w; = kK — w — 1 by maximality of X and

(8.8) and therefore f(2k — 2w — 3) < f(2k — 2w — 2). Thus we have

2k — 2w — 2
\X|=( v )Mw,k',w'),

w1
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where ' =n —2k+2w+2, K =2w—k+3, W' =w — w.

Observe also that n’ > 2w’ and k' < 2w’. Moreover since w; < k — w — 1 we have o' >
2w — k + 1. We can apply now Theorem AAK to determine M (n', k', u’).

We distinguish between two cases:

a) w =2w—k+1.

Then M(n',k',w') = (3)2%*7*~L. Furthermore clearly w; = k —w — 1 and hence

2k — 2w — 2\ (4 00_i_
yX|:(k_w_1)<2>22 bl (8.10)

b) w >2w—k+2>kK —1.
Then M(n', k', ') = 22~%+2 which implies that w; = k — w — 2 and hence

2k — 2w — 2 o
|X| = ( Lo )22 2 (8.11)

Comparing now the RHS of (8.10) with the RHS of (8.11) we get:

1. Fork>w+4 RHS (8.10) < RHS (8.11)
2. Forw<k<w+4 RHS (8.10) > RHS (8.11)
3. Fork=w+4 RHS (8.10) = RHS (8.11)
This completes the proof of Lemma 2.3. 0J

Lemma 2.4. Let {1 > 2k — 2w + 1.
Then for the set X of solutions of (8.2) we have

2%k — 2w + 2
X| < 92w—k=2 8.12
| l_(k—w—irl) ( )

and equality holds iff 1 = 2k — 2w + 1 or 2k — 2w + 2.
Proof. For ¢, > 2k — 2w + 2 clearly we have

14
|X| < max ((;)M(n—ﬁl,k—ﬁl—kl,w—wl).
1

0<w <G

Since M(n — 01,k — 01 +1,w —w;) < 284 we get

14 14
| X| < max ( I)ngl = ( 511 )21{51,
0<wi <4 \W1 B3

Suppose 2 | /1, then we have

2k — 2w + 2i .
IX| < max ( © 2)22“’“1. (8.13)

1<i<w—k k—w-+1
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But the function in RHS of (8.13) is strictly decreasing with respect to i. This simple fact
together with the identity (2)2’“_41 = (2}:11) 2k=6+1 implies that | X| is bounded from above
2 2

by the RHS of (8.12). On the other hand one can observe that this bound is attainable if
(and by the statement above only if) ¢; = 2k — 2w + 1 or 2k — 2w + 2. This completes the
proof. O

Our next lemma combines the two previous ones.

Lemma 2.5. Let w < k < 2w <n and let {1 # 2k — 2w, 2k — 2w — 1. Then we have

(0) 1XI< ()2 ifk=w+3;w>4
and equality holds iff (1 =4 or 3

() [X] < (2o72) g2

and equality holds iff {1 = 2k — 2w + 1 or 2k — 2w + 2.

Proof. One has only to compare the bounds in Lemmas 2.3 and 2.4. 0J
For our purposes we also need the following sharpening of Lemma 2.2 [7] in a special case.

Lemma 2.6. Let X C E(n) be the set of solutions of the equation (8.3) given in a positive

step form with step sizes {1, ..., l,_ri1 > 1. Let also the r—th step have two distinct entries.
Then -
0 —1 R |
| X| < 7 Jax . (wz) < 7 M(n, k,w). (8.14)

Consider the partition of the coordinate set [n] = NyU- - -UN,, 11, with N; = Z;;ll i+ 1,0,

and let us write each vector 2" € X as 2" = (2%, 2%, ..., 2*), where 2% € E({;) is the
restriction of ™ on coordinate subset N; C [n] , i =1,...,n—k+ 1.

To prove Lemma 2.6 we use the following (more general) version of Lemma 2.2.

Lemma 2.2’ [7]. For the set X of solutions of (8.3) we have

1
> ———— <L (8.15)

Proof of Lemma 2.6. Define X, ;. to be the restriction of the vectors of X on the subset
N;, U---UN;, of the coordinate set [n].

For (a,...,a%) € X, _, define also

-----

Let us first consider the case r = 1, that is suppose the first step has two distinct entries.
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By Lemma 2.1, for the first equation of (8.3) we can write

1 0 —1
> ot 19

zh1ex; QW“H

Also in view of (8.15), for each a‘* € X; we have

1
2. =1L (8.17)

@1 atnriex @) [T ()
=2

Combining (8.16) and (8.17) (namely multiplying each summand in LHS (8.16) by its cor-
responding sum written in LHS (8.17)) we get

0 -1 1 1 1
A 2 Z Z (20 " n—kt1 - Z nkrl (8.18)
sheXs (@ atnorenexn) e T (gy) = e T (i)
=2 i=1

-----

Suppose now r > 2. Then in view of (8.18), for each b € X; _,_1 we have

.....

1 ‘er_l
Z nkhl = (. (8.19)
(z1,..., x€n7k+1)eX(Q) H (szli”)

For the first »r — 1 equations we also have (by Lemma 2.27)

> % <1 (8.20)

Finally (8.19) and (8.20) imply

(. —1 1 1
A > Z Z r— k41 -

=

. l;
‘ Lr_q n 0 L1 ( £; ) ( J )
1l ... T €X1,...r—1 zreX(z'1,..., T || . || )
( ) 1,...,r—1 ( ) HIZZH ”mZJH

=1 it
! X
Z ket l; Z n—k+1 ' : (821)

In particular for X C F(n,w) (8.21) implies

> >
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9 Proof of Theorem 2.1.

Case (iii): w > 7
This case is trivial, because F(n,w) is intersecting.
Case (ii): k<w< 7§

This case is also evident since J(n, k,w) < M(n, k,w) and (by Theorem AAK) M (n,k,w) =
M(n — 1,k,w — 1) = 2*71. Moreover the family Sz (with |S3] = M(n, k,w)) in Theorem
AAK is (w — k + 1)-intersecting.

Thus it remains to prove

Case (i): k <2w <2(k—1)

Let A C E(n,w) be an optimal intersecting family, that is |A| = J(n, k,w).
The proof consists of two parts.

1. First we show that

(9.1)

A5 me 2%“(21{;— 2w+2>_

k—w+1
Consider the following three sets

A =EQ2k —2w+2,k—w+ 1) x {01, 10}2w—kz—2 x {1} x {0m21)
A2 - E(Qk — 2w + 1, k — CL)) X {01’ 10}20-)*’9*1 X {1} X {On72w}7
Az = B(2k — 20+ 1,k — w + 1) x {01, 10}*7F=1 x {on=2+1},

Observe now that

a) dim(A4,) = dim(Ay) = dim(A;) =k

b) |Ai| = [Az| = |As| = m

c) Ay, Ay and Aj are intersecting.
This clearly implies (9.1).

2. Let us show now that |A| < m.

As we mentioned above, A can be viewed to be a subset of X, the set of solutions of a system
of equations (8.3). Rewrite now the system (8.3) in the matrix form

H(zy, ..., )" = (c1,. . Cnpsr)?, (9.2)

so that H has a positive step form with step sizes {1 > 0o > -+ >l _p11.
Our aim is now to show that ¢; = 2k — 2w + 1 or 2k — 2w + 2.
The proof consists of several observations on the structure of matrix H.

Claim 1. Each step of H consists of equal elements.
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Proof. Suppose the j-th step has two distinct elements. Then by Lemma 2.6 we get

n—k+1
G\l —1
| X| < max ( ) ,

Swi=w wW; l;
0, —1 2k — 2w+ 1
< M(n,k J < M(nk w)—mm—

gk (2h = 2w\ 2k — 2w + 1
fr— —_— = m
k—w )2k —2w+2 ’

a contradiction with |A| > m. O

Thus w.l.o.g. we can assume that the entries of all “steps” consist of only ones.
Suppose now, for a contradiction, |A| > m.

Then Lemma 2.5 implies that the only possible values for ¢; are 3 or 4, if k = w + 3 and
2k — 2w or 2k — 2w — 1, if k # w + 3. Let us consider the case k # w + 3, {1 = 2k — 2w.

In view of Claim 1 the set X of all solutions of the system (8.3) is a subset of a direct product
E(@l,wl) X E(n — 61,(4) — wl),

for some 0 < w; = ¢; < w determined from the first equation of (8.3) : x1 + -+ + xy = 1.

This with Theorem AAK implies

2k — 2 2k — 2
|X|§( w)M(n—2k+2w,2w—k+1,w—w1):( w)ZQW_k.

w1 Wi

Simple calculations show that for w; # k — w we have

2~ 2w\ ok _ (26— 2w+ 2\ o _
w1 k—w—i—l .

Thus we conclude that wy = k — w. Similarly one can show that w, = L%J for other cases.

Next let us show that providing |X| > m we must have l5 = -+ = loy, g1 = 2, loy,_ g2 =
+++=Vln 1 = 1. Suppose ¢y > 3. Then using Lemma 2.2 (with some direct calculations)

we can verify that
n—k+1
2k — 2w fl
< | | <
|X| _< k—w ) szg%c}uc—k (wz> -

=2

(12 (-

2k =20+ 2) s
k—w+1

a contradiction.

The same fact can be shown for the case ¢ = 2k — 2w — 1.
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Let H' be the submatrix of H formed by the first 2w — k + 1 rows and the first 2w columns
of H. By our observations above H' has a positive step form with ¢; = 2k — 2w, lp = --- =
Uy, 11 = 2, moreover the entries of all steps are ones.

Our last discovery is

Claim 2. The columns of H' corresponding to each step are equal. In other words H’ can
be transformed to the positive step form (with ¢, = 2k — 2w, b5 = - -+ = ly, 41 = 2) where
all steps consist of ones and all other entries of H consist of zeros.

Proof. First we prove the claim for the steps of size two. Let rq, ..., 79, k11 be the rows of

H’ and let hq, ..., ha, be the columns of H'. Let also (clt 2 (1] (1)) be the submatrix formed

by the rows ra, r3 and the columns hog_9,41, - - -, hog—20+4 (i.€. columns corresponding to the
second and third steps).

If a < b then the latter submatrix can be transformed (by linear combinations of rows ry
nd r) ¢ 1 1 00
WETIN0 b—a 1 1)

Exchanging now the second and third rows (of the transformed matrix) we get a contradiction
with the assertion that the size of each step, except possibly for the first one, must have size
not greater than two. This clearly implies that a = b and the same fact holds for all other
steps of size two.

Let now T = Lo 1 00 be the submatrix formed by the first two rows and
a ... Q2k—2yu 11

the first two steps. W.l.o.g. we may assume that 0 = a; < -+ < ags_9..

Let also ¢] be the number of nonzero entries in the second row of 7. Then exchanging the
first two rows of H we obtain a new matrix of positive step form with the first two steps of
sizes ¢} and 0}, = 2k — 2w + 2 — (!, respectively.

In view of Claim 1 the first step must consist of ones. Suppose now ¢; ¢ {2,2k —2w}. Then
by (7.12) and (7.13)

0 %) 2w—k—1 2k = 2w+ 2\ o5, f o
s () ()= (L)

a contradiction with | X| > m.

Next observe the case ¢ = 2k — 2w, that is a; = a; =0, a3 = - -+ = agg_2, = 1. Consider
the first two equations of our system (8.3). In view of our observations above it has the form

T+ -+ Tog2w =C1

T3+ -+ Top—2u42 = Co. (9.3)

We observed before that | X| > m holds only if ¢; = k — w. Therefore by symmetry (ex-
changing the first two rows) ¢o = k — w as well. Let Y C E(n) be the set of solutions of
(9.2). Observe that

2k — 2w — 2 2k — 2w — 2 2k — 2w 2k — 2w — 2
Yl (k—w—1>+ ( kE—w ) (k—w)+ (k—w—l)
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Hence 2k — 2 2k — 2w — 2
ke — 2w — 2w — oo
|IX| < |Y]|-2? kl:{(k—w)+2<k—w—1>}22 b=l (9.4)

It is not hard to verify now that the

2k — 2w + 2
RHS (9.3 Q2w—hk=2 _
(9:3) <<k—w+1) "

a contradiction.
Hence we conclude that ¢ = 2, that is a; = -+ - = agr_a, = 0.

Clearly the same can be shown for all other rows of H'.
This completes the proof of Claim 2. 0

Observe now that Claim 2 implies that |X| > m only if equation (9.1) has the form
H(xy,...,20)" = (k—w,1,...,1)T. (9.5)
The latter clearly means that for ¢; = 2k — 2w one has | X| > m only if

X C E(2k — 2w, k —w) x B(2,1)*7% x {on~2}. (9.6)

In fact we can show (by a counting argument) that we have equality in (9.6), however this
is not necessary here.

Similarly (repeating all the steps) one can easily show that for ¢; = 2k — 2w — 1, one has
| X| > m only if
X CE®2k—2w—1,k—w—1)x B(2,1)27F1x fon2-1),

and for the other possible cases , {1 = 4 or 3 (with £ = w + 3), one has | X| > m only if X
is in one of the following configurations:

E(4,2)* x E(2,1)“~* x {0"*}, or

E(4,2) x BE(3,1) x E(2,1)*7% x {0"*7'}, or
E(3,1)* x B(2,1)“7% x {0272},

In other words we have proved that | X| > m only if X is a direct product with the specified
parameters. It is easy to show that for an intersecting system A in a direct product X =
E(l1,wy) X -+ X E({,,w,) with 2w; < £;(i =1,...,7) we have

1
4] < 51| (9.7)

This is also a special case of a result in Frankl [13], where the maximum size of an intersecting
family A is determined for direct products (for the complete solution of the t—intersection
problem for direct products see [6]).
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We now turn to our intersecting system A C X. One can easily verify that for all possible
configurations X (with |X| > m) described above we have |X| < m.

Hence by (9.7) for a corresponding intersecting system A we have

k—w+1

2k — 2 2
|A|<m=( o )22“—“,

a contradiction. Thus the only configuration which can achieve this bound must have ¢; =
2k — 2w + 1 or {1 = 2k — 2w + 2. This completes the proof of Theorem 2.1. O

Remark 2.2. Using the same approach as in the proof of Theorem 2.1 it is not difficult to
show that there are no other optimal intersecting systems except for the systems A;, Ay, A3
described above.

10 Proof of Theorem 2.2.

We need some new definitions and notation. A t—intersecting family F C ([Z]) is called

nontrivial if
| ﬂ F|<t.
FeF

Define the following set systems
vi(n,w) = {F € ({Z]) Lt + 2N F| > t+1}
pi(n,w) = {F € (M) L CFFN[1+tw+1]# @} U{[l,w+ 1]\ {i} i € [1,4]}.

w

Denote also by Ji(n,w) the maximum possible size of a nontrivial t—intersecting family
F C ([Z]). Hilton and Milner [15] determined J;(n,w), Frankl [12] extended the result to
Ji(n,w) when n is big enough and finally a solution for all n was given in [3]. We use here

Theorem F [12]. For 1 <t <w <n, n > ny(w,t) (suitable) we have

(a) fort+1<w<2t+1
Ji(n,w) = v (n,w)|,

(b) forw >2t+1
Jt(n7w> - |:ut(nvw)|'

Let us turn now to the language of (0,1)-vectors.

Let A C E(n,w) be an optimal t-intersecting system with dim(A) = k. Consider first the
case k < n—t. Note that if A is a t—star then |A| = M (n—t,k,w—t). Therefore let A be an
optimal nontrivial t—intersecting system. Observe now that n < kw. This is clear, because
otherwise dim(A) > k.
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We have
| ( )|_ t+ 2 n—t—2 n n—t—2
L= i) \w—t—1 w—t—2

e (1, )| = (Z:’;) - (”;f; 1) Yt (10.1)

Then given w and ¢ clearly |v;(n,w)| and |p(n, w)| = O(n*~*~1). Consequently |v4(n,w)| and
lpe(n,w)| = O(k“~*1), since n < kw. Thus by the assumption |A| = O(k*~*~1). However
M(n—tkw—t)= (w’i ,) ~ ck“~" (for some constant c), a contradiction with the optimality
of A. This means that for k large an optimal t-intersecting system A C E(n,w) with
dim(A) = k forms a t—star. Hence for k > k,(w,t) and k < n —t we have

Ji(n,kyw)=M(n —t kw—t)= ( k t)'
w_

The case k > n — t directly follows from Theorem EKR. U

References

[1 | R. Ahlswede and G.O.H. Katona, Contributions to the theory of Hamming spaces,
Discrete Math. 17, 1-22, 1977.

[2 R. Ahlswede and L.H. Khachatrian, The complete intersection theorem for systems of
finite sets, Europ. J. Combin. 18, 125-136, 1997.

[3 ] R. Ahlswede and L.H. Khachatrian, The complete nontrivial-intersection theorem
for systems of finite sets, J. Combin.Theory Ser.A 76, 121-138, 1996.

[4 ] R. Ahlswede and L.H. Khachatrian, The diametric theorem in Hamming space —
optimal anticodes, Advances in Applied Math. 20, 429-449, 1998.

[5 ] R. Ahlswede and L.H. Khachatrian, Katona’s intersection theorem: Four proofs,
Combinatorica 25(1), 105-110, 2005.

[6 ] R. Ahlswede, H. Aydinian and L.H. Khachatrian, The intersection theorem for direct
products, Europ. J. Combin. 19, 649661, 1998.

[7 ] R. Ahlswede, H. Aydinian and L.H. Khachatrian, Maximal number of constant weight
vertices of the unit n—cube contained in a k—dimensional subspace, Paul Erdos and his
mathematics, Combinatorica 23 (1), 5-22, 2003.

[8 ] R. Ahlswede, H. Aydinian and L.H. Khachatrian, Extremal problems under dimension
constraints, EuroComb’01 (Barcelona), Discrete Math. 273, no.1-3, 9-21, 2003.

[9 | M. Deza and P. Frankl, Erdés—-Ko—Rado Theorem — 22 years later, STAM J. Algebra
Discr. Math. 4, 419431, 1983.

38



[10 ] K. Engel, Sperner Theory, Cambridge University Press, 1997.

[11 ] P. Erdés, Chao Ko and P. Rado, Intersection theorems for systems of finite sets,
Quart. J. Math. Oxford 12, 313-320, 1961.

[12 ] P. Frankl, On intersecting families of finite sets, J. Combin. Theory Ser.A 24, 146—
161, 1978.

[13 ] P. Frankl, An Erdés—-Ko-Rado Theorem for direct products, Europ. J. Combin. 17,
727-730, 1996.

[14 ] P. Frankl and Z. Fiiredi, Beyond the Erdés—-Ko-Rado Theorem, J. Combin. Theory
Ser.A 56, 182-194, 1991.

[15 ] A.J.W. Hilton and E.C. Milner, Some intersection theorems for systems of finite sets,
Quart. J. Math. Oxford 18, 369-384, 1967.

[16 | G.O.H. Katona, Intersection theorems for systems of finite sets, Acta Math. Acad.
Sci. Hungar. 15, 329-337, 1964.

[17 ] D.J. Kleitman, On a combinatorial conjecture of Erdés, J. Combin. Theory 1, 209
214, 1966.

[18 | R.M. Wilson, The exact bound on the Erdés-Ko-Rado Theorem, Combinatorica 4,
247-257, 1984.

39



