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Abstract

We consider two generalizations of group testing: threshold group testing
(introduced by Damaschke [7]) and majority group testing (a further gen-
eralization, including threshold group testing and a model introduced by
Lebedev [14]).

We show that each separating code gives a nonadaptive strategy for threshold
group testing for some parameters. This is a generalization of a result in [2]
on “guessing secrets”, introduced in [5].

We introduce threshold codes and show that each threshold code gives a
nonadaptive strategy for threshold group testing. We show that there exist
threshold codes such that we can improve the lower bound of [3] for the rate
of threshold group testing.

We consider majority group testing if the number of defective elements is
unknown (otherwise it reduces to threshold group testing). We show that
cover-free codes and separating codes give strategies for majority group test-
ing. We give a lower bound for the rate of majority group testing.
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1. Introduction

Group testing is of interest for many applications like in molecular biology.
For an overview of results and applications we refer to the books [8] and [9].

The classical group testing problem is to find the unknown subset D of
all defective elements in the set [N] = {1,2,..., N}.

For a subset S C [N] a test ts is the function ts : 2V — {0,1} defined
by
_J o i |SND|=0
ts(D) = { 1 , otherwise.

We define search strategies as in [1]. A strategy is called successful, if we
can uniquely determine D. We remind the reader of the concepts of adaptive
and nonadaptive strategies.

Strategies are called adaptive if the results of the first k—1 tests determine
the kth test. Strategies in which we choose all tests independently are called
nonadaptive.

In the present paper we study two generalizations of group testing which
are quite natural.

In threshold group testing the integers 0 < [ < u are given and a test
ts is the function ts : 21" — {0,1,{0,1}}, defined by

0 L SND| <1
1 , i |SND| > u
{0,1} , otherwise
(meaning that the result can be arbitrary 0 or 1).

ts(D) =

In threshold group testing it is not possible to find the set D of all defective
elements exactly if the gap g =u — 1 —1 > 0 (see [7]). It is only possible to
find a set F of subsets of [N] which includes D and VP, P’ € F : |P\P| <
g and |[P\P'| < g.

In majority group testing there are two functions f1, f> : {0,1,..., N} —
R* which put weights on the number D = |D| € {0,1,..., N} of defective
elements and f;(D) < fo(D) VD € [0,1,..., N].

They describe the structure of tests ts : 2I¥ — {0,1,{0,1}} as follows
0 ,if [SND| < f,(D)

1 ,if [SND| > fo(D)
{0,1} , otherwise
(meaning that the result can be arbitrary 0 or 1).

ts(D) =
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Clearly majority group testing is a generalization of threshold group testing.
We get threshold group testing as a special case by setting f;(D) = [ and
f2(D) = w. Furthermore the models are equivalent if the number D of
defectives is known. In majority group testing, in particular also for threshold
group testing, it is not possible to find the set D of all defective elements.
We can find a set of subsets F C 2V, which contains D. This set depends
on f; and fy, on D, and on the strategy used. In this case we call a strategy
successful, if we can find an F with the smallest possible size in the worst
case.

A special case of majority group testing was introduced by Lebedev [14]
as follows

0 Lif|SND|<2
ts(D) = 1 L if|SnD|>2
{0,1} ,if |[SND|=2.

It was shown in [14] that a (w,w) separating code gives a successful non-
adaptive strategy if it is assumed that D is odd and that D < 2w. (See
Section 5 for other special cases studied in [14]).

In [2] it was shown that for guessing secrets (that means | = 0 and
u = D for threshold group testing) a (D, D) separating code gives a successful
nonadaptive strategy. We prove in Section 2 that for threshold group testing
a (u, D — 1) separating code gives a successful nonadaptive strategy if D =
u~+1. This improves the result of [3] for this special case, because the authors
use a (u, D —1) cover-free code for the strategy, which has a smaller rate than
a separating code.

In Section 3 we introduce threshold codes and show that these codes
give nonadaptive strategies for threshold group testing, if the number of
defectives are known. We improve the lower bound for the rate of threshold
group testing of [3]. In Section 4 we give a list of values for the bound of
Section 3 by computer calculation.

Finally, in Section 5 we consider majority group testing for fi(D) =
[27—1and fo(D) = [2] + 1 where 2 < k € N. We first give conditions for
a successful nonadaptive strategy. Then we give a lower bound for its rate.
Again we find relations to separating codes and cover-free codes.

We call a set S C [N] a test set if it is used in defining the test ts. We
assume that D > u, because otherwise it is not possible to find any defective
element.



2. Nonadaptive threshold group testing using separating codes

It is obvious that it is not possible to find defective elements if D < u—1.
In [7] it is shown that if D > u we can find a set P such that

ID\P| < gand [P\D| < g (1)

or we can even find a set F of subsets of [IN] with
DeF and VP, P €F: |P\P| <gand |P\P'|<g. (2)

We say that a strategy for threshold group testing is successful if we found
a set F satisfying condition (2). The size of F cannot be reduced. It is shown
in [7] that all answers given for a strategy can be the same for all sets in
the set F as for the set D of defective elements. Thus we cannot distinguish
these sets. First we consider the case where the number D of defectives is
known.

Definition 1. np,(N, [, u, D) is the minimal number of tests of a nonadap-
tive strateqy for threshold group testing with lower bound | and upper bound
u (see the definition in the introduction) to find a set F which fulfills (2),
if there are D defective elements. Rrp, = Rrp(l,u,D) = supN%
denotes the mazximal achievable rate of a nonadaptive strateqy for threshold
group testing for given D, u,l.

Definition 2. AnnxN matriz (m;;)i1<i<ni<j<n 1 called a (w,r) separating
code of size n x N, if for any pair of subsets I,J C [N] such that |I| = w,
|J| =r, and INJ =0, there exists a row index k € [n] such that my; = 1
Vi€ I and my; = 0 Vj € J or vice versa.

By ng(N,w,r) we denote the minimal number of rows of a (w, r) separat-
ing code with NV columns and by Rg the corresponding maximal achievable
rate.

Theorem 1. Let D =u+ 1, then nyp(N,l,u, D) < ng(N,u, D —1).

Proof. Let (m;;)

We use the n rows as test sets (written in binary representation) for our
strategy and show that we can find a set F of sets such that (2) is fulfilled.

i=1..n be a (u, D — 1) separating code of size n x N.
i



Let Fo = {A;, Ay, ... ,.A(N)} be the set of all D element subsets of
D
{1,2,...,N}.
First consider A; and search for the set A; with the smallest index i > 1,
such that |[A\A;| >g=u—1-1.
Now we compare these two sets.

Case 1: u— 1 < A\ A < u.

Set Z = (A;\A;) U B, where B C A; N Ay, such that |Z| =u

and set J C A;\B, such that |J| = D — [. This is possible because
B/ <L

Case 2: |[A;\A;| > w.
Set Z C A;\A; such that |Z| = v and set J C A;, such that |J| =D —1.

There exists a row (a test set S), because of the properties of separating
codes, such that Z C § and J ¢ S or vice versa, where § is the subset which
corresponds to the row.

If the result is 1 and (Z C S and J ¢ S) then we continue our strat-
egy with the set F; = Fo\{A;}. Otherwise we continue with the set F; =
Fo\{A;}. If the result is 1 and (Z ¢ S and J C S) then we continue our
strategy with the set F; = Fo\{.A;}. Otherwise we continue with the set
Fy = TFo\{A:}.

If A; € F; we search again for the set with the smallest index ¢ > 1, such
that |A;\A;| > g =u—1— 1, if such a set exists.

Otherwise we continue with A4s. We stop at step s if there are no sets A and
B in the set such that |A\B| > g and |B\\A| > g. The remaining set F, has
the claimed properties:

We did not exclude the set D which contains all defective elements from
our set for the following reason. If we compare D and A and the result of our
test is 1, we remove A, because more than u elements of D are in the test
set. If the result is 0 we also remove A, because then less than [ elements
are in the test set S. Therefore our remaining set F, contains the set with
all defective elements and for Fy (2) holds. O

The following is an upper bound for ng (the authors use the terminology
(N, u)-universal sets, which are (u, u)-separating codes).

Theorem [16] ng(N,u,u) < 2u2?“log N.



In conjunction with our Theorem 1 this implies (this was shown in [2] for
[ =0 only)

Corollary 1. If D = u + 1, then npp(N,l,u, D) < 2u2“log N and Ry >
1
Ju2%u -

By random choice of a separating code (see [6]) we get a lower bound on
Rg and thus we get from Theorem 1

Corollary 2.
—log(1 — 2~(2w)

Rpy > Rg >
== 2u — 1

(3)

3. A general lower bound for nonadaptive threshold group testing

In the previous section we got a lower bound for threshold group testing
if D = u+ 1. The best known bound for general D was given in [3] using
cover-free codes.

Definition 3. Annx N matriz (m;;)1<i<ni<j<n is called a (w,r) cover-free
code of size n x N, if for any pair of subsets T, J C [N] such that |Z| = w,
T =r, and TN T =0, there exists a row index k € [n] such that my; =1
VieZ and my; =0Vj e J.

n.(N,w,r) denotes the minimal number of rows among all (w,r) cover-
free codes with N columns.

Threshold group testing without gap is a special case of the complex
group testing model, which was introduced in [20]. In complex group testing
we have a set of N elements and a family P of defective subsets of this set.
The test gives a positive result, if it includes all elements of a defecive subset.
The goal is to find all defective subsets.

Let D the set of defective elements in threshold group testing with the
upper bound u and the lower bound [. If we choose P = (7,5) then threshold
group testing and complex group testing are the same. Therefore the bounds
for complex group testing in [11] can be used for threshold group testing
without gap. For u = 3 it is the same bound like in [3].

In [3] it is shown that every (u, D’ — ) cover-free code is a nonadaptive
strategy for threshold group testing, if D is unknown but bounded by D'.
This implies



Theorem [3] n/, (N, I, u, D) < n.(N,u, D’ — 1), where n’, denotes the
minimal number of tests of a nonadaptive strategy for threshold group testing
with lower bound [, upper bound u, and D bounded by D’

Applying a bound for cover-free codes it is shown in [3]

Theorem [3]

u+ D —IN" fu+ D=1\
(N Lu, DY) < 677f7> C—jf—>'

N
1 D' —1)1 —+1) ).
(—I—(u—l— )Og(u+D’—l+>)
For the rate this gives

’_ D' —1 u m
Lo () () "
- D —l+u '

The best known lower bound using cover-free codes for the rate of thresh-
old group testing is given in [10] (see also [18], [19] for constructions of cover-
free codes) by

;o D'—1 ", U
—log (1 - (D’Df—liu) (m) ) 5
D' —l+u-—1 ' ©)

One gets this lower bound by random choice of a (u, D’ —[) cover-free
code.

R >

We first consider the case when D is given and derive another lower bound

denote by r; = (my1, ..., m;n) the ith row and By ¢; = (muj, ... my;) the jth
column.

Definition 4. We call an n x N matriz a (D, u,l)-threshold code, if for all
A B C {1,2,...,N}, |A| = |B] = D, and |A\B| > u — 1 there exists an
i€{l,2,...,n} such that

(ZaeA Mie > u  and ZbGB Mgy < l)
or (6)
(ZaeA mi, <1 and Zbeg My > ).

We call the rows of the matrixz tests and the columns codewords.
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In the previous section we have shown how to get a nonadaptive group
testing strategy in case D = u+[ by an (u, D —1) separating code. A (D, u,1)
threshold code is defined in such a way that it gives a nonadaptive strategy
for threshold group testing for every u, [, D. Therefore we get the following

Lemma 1. FEvery (D,u,l) threshold code gives a nonadaptive strategqy for
threshold group testing if the number D of defectives is known.

Now we want to find a lower bound for the rate R = @ of a (D,u,l)
threshold code by random choice. First we calculate the rate for codes with a
weaker condition (67), that is if (6) holds only for all A and B with |[ANB| = z
for some z fixed.

Given an integer N, what is the minimal number (of rows) n such that a
threshold code of size n x N fulfills this weaker condition?

We say that ¢; is bad if there exists a pair of sets A, B C {1,2,...,N}
with |A| = |B| = D and for which (6’) is not true for any row. Otherwise
are independent identical distributed random variables. We choose P(X;; =
1) =pand P(X;; =0) =gq.

Let A,B C [N] with |[ANB| = D —u+ 1. Then every test (row) of
a (D, u,l)-threshold code contains exactly [ 1s inside of the positions corre-
sponding to |A N B|. If there are less, then in the first set we cannot have
more than u 1s, and if there are more then in the second set we will have
more than [ 1s. Therefore in this case

P(cjisbad AN|ANB| =D —u+1) =

(D—i\i:%_l) . (D+u'5171) . (1 . 2(Dflu+l)pqu7upuflqufl>n .

If we assign

(7)

1g ((put) ("5 ))

log (1= 2(7 ) prg )

then the right-hand side of (7) does not exceed % and the average number
of bad columns does not exceed % Thus there exists a matrix which has at

+1

n="n, =

N
least % good columns. By using R > limy_, 105 2 we get

*

o ~log (1=2("")p"e")
- D+u—-1-1

(8)
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We want to consider the general case. We say that c; is bad if there exists
a pair of sets A, B C {1,2,..., N} with |A| = |B] = D and for which (6) is

not true for any row. Clearly

D—u+l
P(c;isbad) = Y P(c;is bad A |ANB| = k). (9)
k=0

If |JANB| =k we get
P(cjisbad AN |ANB| =k) = (ZDN_—kl_l) ) (2D—Dk;—1)_
(1205 (e (SR, (e S0 ()
(o)
Now we need an upper bound

P(c; is bad) < (D—u+l+1)k€{0 max. W P(c; is bad AN|ANB| = k). (11)

We calculate for each k the rate like for k = D — u 4+ [. The factor
(D—u+1+1)in (11) does not change the rate. Therefore the minimal of
these rates gives a bound for the rate in the general case.

Hence we get

Theorem 2. Let 0 <[ <u < D be given, then

Rpp, > R = max  min 12
- 0<p<10<k<D—u+l (12)

—log(1 — 2035 (/g I (22, (P )ptaP ) () (7 )paP )
2D—k—1 -

This formula is better than the known one, because every (u, D —1) cover-
free code is a (D, u,l) threshold code. The bound for the rate of cover-free
codes is derived in the same way as we did for threshold codes. Recall that
the best known bound for the rate, using cover-free codes is

_ D-1 u u
—log (1 - (2) (5ds) )
D—Il+u—1 '

Ry > Re = (13)




It holds —log(1 — x) ~ x if x is small. Thus we want to compare

Rr = max min (14)
0<p<10<k<D—u-+l

2555 Qe (2L (P e (7 )pe )

2D —k—1
and by
(o) (50m)”
© D—Il+u—1 (15)
Note first that, since u > [+ 1, forall 0 < k<D —u+1
2 2 1 1
Fr = > >fr=———> —. 1
" 9o9D—-k—-1"2D0-1""Y D—l+u—-1"D (16)

Wehaveg—g > 1, for instance foru=[l+1and k=D — 1 %:2, or A =0,
p =1, and therefore x = 0, as it occurs in the result of [2].
We start with our analysis for u = [ 4+ 1, that is in relative quantities

l

A= —
D"u

u
- _ v 1
DT D (17)
and for the probabilities in (15)

v
D—l+u 1-X+pu

=p=p l-—p=q (18)

We begin first with the entropy description of the lower bounds for
u=1+1

Re = FoptP (1 — p)' =P = Fo2 WP, (19)
min{k,l} I
> i g
meoz f i () 0
j:

( :Zk (D . k)piqD"“_i) :



For w =1+ 1 we have

k
E\ ,
; J(1 — ;\k—J
Re(t) = Frumin ) (j)“(l 1)

| <
|
o

l

193 (77 )

t=0 ¢

where (1 — %)SUM stands for (1 — SUM)SUM.

Argument We choose the optimal j for all sums (max. entropy princi-

ple). If j* = uk = AkD, then

T — )7 > —— >_
<.)u =)™ 2725

j*
D - k -k -k 1 1
u=j*(1 — D—k—u+j > >
<u—j*)u =w ~“D—-k+1~D
1-— LA S —
(l—j*)ﬂ (=) “D-k+1~D
Consequently
Br() o Fronyp-on)

Rc _FC

Therefore we have

Theorem 3. In the case without gap, that is u =14 1, it holds

We write now

RT = FT min E1E2E3
0<k<D—u+l

with By = S0 ()i B = S (O
and B3 = l —J ( )ptqD k—t
To approxnnate E1 for all k observe first that we need

Jj(k) < kpD and j(k) < AD.

11
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Let k <1—p+ A and

A

— )\:—
p=p(u,A) T—

then for j = 1_;‘ — D the inequalities in (24) hold.

Lemma 2. 1. A <p(p,\) < p.

2. p(p, A) < B2 for p < 5.

3. The inequality /A < p(u, \) does not hold.
Proof.

1. Since p >\, 1 —p+A<1and A <p(u,\) then

A= (1= p+Np(,A) < (1 + (A= p)p
or equivalently
A= p < (A= ppu,
which holds, because 0 < g <1 and A — p is negative.

2. The inequality is equivalent to

ptA =N
2 2

A<
or to
A= N <p— g
which holds, because A < p < % and thus
AL =A) < p(l—p).
3. Counterexample: pu = % and A = i.
It remains to estimate Ey and E5 from below
D—k
D—k\ . .
B, — i D—k—i
> 'E;)( i )pq :
i=u—j(Kk

where u — j(k) = (u — ﬁ“)D <p(l—-k)D.

(1-k)D

Ey, > ( p(u—pH)D(l — p)(l—u—(l—p)ﬁ)D
- (u—pwlo

12
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By > 2P0 (52 + 522 log pr T G2 Hog (1))

We set

IL— Pk, L — PK 1—p—(1-pkr)
_ + log(1 —
f (K, 1, A, p) = h( 1— & ) 11—« log p 11—~ og( )]

and want to find min, f(k, 1, A, p). Let r = £2% then we have

1 —
—rlogr — (1 —r)log(l —r)+rlogp+ (1 —7)log . L

D
= rlog= 1—r)1
rogr+( 7’)og1

= —D((r,1=7)||(p,1-p)),

where D((r,1 — 7)||(p,1 — p)) is called information divergence. For Ej3 we
have

=i(x)
D—k ke
Es= ) ( . >ptqD S

=0
where | — j(k) = (A — pr)D. Therefore

By > 2PO=mICEE)+ 5758 log p+ 1=ttt log (1-p)

We set

11—k —A+pkr
1—r

A —pK A—

9(k, 11, A, p) = h( )+

log(1 — p)]

K
logp +
1—x K

)‘1__’; ~ . then we have

and want to find min, f(k, u, A,p). Let s =

—slogs — (1 —s)log(l—s)+ slogp+ (1 —s)log .

1—p
1—s
= —D((s,1—9)[l(p,1—p)).

It follows

= slog]—j—i-(l—s)log
s

13



Proposition 1.

Ry ~ Fp2~D(r=nll(p1-0)=D((s. 1=l (.(1—-p) (1),

Therefore we compare
—D((r, 1=r)||(p, 1-p))=D((s, 1=5)||(p, (1=p))) (1—+) with —max(h(N), h(x)).
We need some basic calculation for the bound on Re¢.

Lemma 3. Denote P = P(\, pu) = then

K
1=A+p’

u “ D—1 b=l
r.— _ 9—h(P)A=Xp)D
Ro/Fo (D—l+u) <D—l—|—u)

Proof. We have
i uD 1-\ (1-)\)D
1—A+u 1—A+u

PPD(l—/\+u)(1 _ P)(l—P)D(1—/\+u)
9—h(P)(1-A+u)D

We note that 1 — A+ p > 1 and P > pu.
So far % > P = and we have

h(P)(1 = A+ 1) > h(p) > h()).

Now we want to show that

h(P)(1=A+p) > max(l—r)(D((r, 1 =7)[[(p, 1 =p) + D((s,1 = 5)[[(p, 1 =p))

. o _ u—pK __ A—pK _ A
with P = —Llf/\w, r= “—1% , =51 and p= e

We consider the special case D = u + [. Then we have 1 = p + A,
OSKSZA,P:%,andp:%.

For pn = X we have

MY = At ) =20 > 0= (1= )2D((5, )15 )

14



2 \—K

For A < p we have r = 2= and s = )
K 2—2K

2-2
We have to show that for 0 < x < A

2 — K 2u—rk 11 2\ — K
2y > ma ~(1-m) (DI 1= 20 2 D"

This is equivalent to (because A = 1 — )

2 < h(éﬂ—;:) + h(2(12_—'u2)n_ R) * 12—M/1 (27)
R e R e e
21 — K 2
, 2= 2h(1—22”_ o) 1—MH
— K
1= —uQK s b= 2M— o (28)

(27) is true for 4 > 1 — k. For p <1 — £ it holds % < %11;2: < 1. Therefore

_2;L—/<;
2 — 2K

_2,u—/<c

1
2 — 2k

)

< h(1

and (28) holds.
For k = 0 and p = 1, that means A = 0, the two terms are the same. In

general we get
Theorem 4. Let 1 =p+ X and A < u, then

Ry > 2"YRe.

4. Computer Results
We set RT = FT : E1 . E2 . Eg and RC = Fch with

_ D—1 u u
Ey = (DD—l—ﬁl-u) . (Dfl+u)
o E}n:llé{k,l} (];)p]qk—]
By =25 (P e

15
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By =Y (7 )pa”

We set uD =u, A\D =1, kD =k, aD =
EO = 2D60 with €y = —h(m)(l — A+ ,u)

Ey = 2P with e; = kh(2) + alog(p) + (k — ) log(1 — p)

Ey = 2P with ey = (1 — k)h(:2) + (1 — k — fo)log(1 — p) + folog(p)
where f, = (4 — a)f + (1 — r)(1

By = 2P with eg = (1 — r)h(72) + fslog(p) + (1 — k — f) log(1 — p)
where f3 = (A — a)y.

The computer calculates now for given p and A:

max min max e1 + ey +es3—ep.
0<p<1 0<k<l—p+A 0<v,8<1l,max{0,u+r—1}<a<min{x,\}

We have £z = gD(er+eztea=co),
C
Observations:

0<e;+e+e3—¢e <1

The biggest value for e; 4+ es + e3 — ey we have for p =\ = %

The smallest value for e; + ey + e3 — ¢g we have for (A = 0 and p
arbitrary) and for (u = 1 and \ arbitrary).

For ;1 = A (13) gives the correct value.

e p= ﬁ gives always the biggest value (therefore it is not listed in
the table below).

16



A 2 €1 t+ext+e3—ep A 1% e1t+ext+e3—eg
0 X 0.00 04104 0.97
0.1 0.1 0.47 0.41]0.5 0.89
0.110.2 0.45 0.41]0.6 0.80
0.110.3 0.43 0.4 0.7 0.69
0.1 0.4 0.41 0.4 1038 0.55
0.1 0.5 0.39 0.4 109 0.36
0.1 0.6 0.36 0.4 1]1.0 0.00
0.10.7 0.32 0.5 0.5 1.00
0.1 0.8 0.27 0.5 0.6 0.89
0.1 0.9 0.21 0.5 0.7 0.76
0.1 1.0 0.00 0.5 0.8 0.60
0.2 0.2 0.72 0.51]0.9 0.39
0203 0.69 0.5] 1.0 0.00
0204 0.65 0.6 | 0.6 0.97
0.2 0.5 0.60 0.6 | 0.7 0.83
0.2 0.6 0.55 0.6 | 0.8 0.65
0.2 0.7 0.49 0.6 | 0.9 0.41
0.2 10.8 0.40 0.6 | 1.0 0.00
02109 0.28 0.710.7 0.88
0.2 1.0 0.00 0.7 108 0.69
0.3 0.3 0.88 0.710.9 0.43
0.3 104 0.83 0.7 1.0 0.00
0.3 0.5 0.76 0.8 0.8 0.72
0.31]0.6 0.69 0.810.9 0.45
0.3 0.7 0.60 0.8 | 1.0 0.00
0.3 0.8 0.49 0.910.9 0.47
0.3 0.9 0.32 0.9 1.0 0.00
0.3 1.0 0.00 1.0 1.0 0.00

5. Majority group testing

We remind the reader of the definition of majority group testing in Sec-
tion 1.

This is a generalization of the model considered in [14].

Furthermore the author introduced and analyzed the following test:

17



[0 ,if[SNnD| <2
tS(D>—{1 Lif |SND| > L.

He mentioned as other tests:

2.
0 ,if|[SND| <2
B , or [M\S| > |S| and [SND| =2
ts(P) =9 4 ,if |SND| > 2
, or [IM\S| <|S| and [SND| = L.
3.

0 ,if |[SND| <
ts(D)=< 1 ,if |SND| >
x , otherwise.

D
2
D
2

It is clear that the test 1. is included in our definition of majority group
testing. The other two are not included.

We will now consider the case fi(D) = [2] -1 and fo(D) = |£]+1 and

write f(D) = 2.

0 i [SND < 2
ts(D) =< 1 ,if |[SND| > 2 =
{0,1} , otherwise.

If D is known this problem can be reduced to threshold group testing:

1. For D mod k =0 we set [ = % —land u= % + 1. Therefore we get
a strategy by a (£ + 1,52 D + 1) cover-free code, by a (2 + 1,2 +1)
separating code for k = 2, or by a (D, % +1, %D + 1) threshold code.

2. For D modkzswith0<s<kwesetl:%andu:%.
D+k—s (k—1)D+s

Therefore we get strategy by a (==, =) cover-free code, by
a (D—H D+1

==, %=) separating code for k = 2, or by a (D, D’L,f_s, (k_lliDJ“S)
threshold code.

Now we will consider the case when D is bounded by some D’ < N. The
number of tests depends on D’.

First we consider the case k = 2.

It is clear that as in threshold group testing it is not always possible to
determine the set of defectives.
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Definition 5. We say that two sets A, B of possible defective elements are
indistinguishable if for all strategies the results can be the same for both A
and B. We call a set F of subsets of [N] a solution, if the set of all defective
elements D € F and the sets in F are pairwise indistinguishable. The next
theorem gives conditions for a solution.

Theorem 5. Let D C [N] be the set of defectives and f(D) = 2. We can
determine a solution F such that for every sets Py, P € F with |P1| > |P| the
following holds

1. If P C Py and P s even then

|P\P| < 2. (29)
2. If P C Py and P is odd then

|Pi\P| < L. (30)
3. If |[P\P1| =1 and P is even then

|Pi\P| < 1. (31)
4. In all other cases we can distinguish two sets A, B with A # B.

Proof. First we show that there exists a strategy, such that we get a set
which satisfies (29), (30), and (31). We consider the set Fy = U]D:'O([M) of
all possible sets of defectives. If there are two sets in g which do not fulfill
(29), (30), and (31) we show that there exists a test such that one will be
removed and we show that the set of defectives will not be removed.

1. Let P C Py and |P| = 2a.
It is enough to have a test set S which includes exactly a — 1 elements
of P and the remaining w elements of P;\P. If the result of this
test is “1” we continue with F; = Fy\P, otherwise we continue with
Fy = Fo\{P1}. Now we have to show that we will not remove D.
If P="D then |SND|=a—1< L =a and the result is “0”.
If P, = D then |SND| = a—14+w > £ = a+%, because |[P\P| = w > 3
by assumption and the result is “17.
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2. Let P C Py and |P| = 2a + 1.
It is enough to have a test set S which includes exactly a elements of
P and the remaining w elements of P;\P. If the result of this test
is “1” we continue with F; = Fy\{P}, otherwise we continue with
Fy = Fo\{P:1}. Now we have to show that we will not remove D.
If P =D then |SND|=a <L =a+ 3 and the result is “0”.
If P, = D then [SND| = a+w > 2 = a+ 2, because |P;\P| = w > 2
by assumption and the result is “17.
3. Let P ¢ P1, |[P\P1| = 1, and |P| = 2a. It is enough to have a test
set § which includes exactly a — 1 elements of P and the remaining
w elements of P;\P. If the result of this test is “1” we continue with
F; = Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we have
to show that we will not remove D.
If P=D then [SND|=a—1< £ =a and the result is “0”.
If Py =D then [SND|=a—1+w>L2 =a+ %1 because |P;\P| =
w > 2 by assumption and the result is “17.
4. Let P ¢ Py, |P\Py| > 1, and |P| = 2a.
(a) |POP1‘ :lZ a—1.
It is enough to have a test set & which includes exactly a — 1
elements of P N Py, no other elements of P and the remaining w
elements of P;\P. If the result of this test is “1” we continue with
F; = Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we
have to show that we will not remove D.
If P=D then |[SND|=a—1< £ =a and the result is “0”.
If Py =D then [SND|=a—-1+w > %za—k%, because
|P\P;| > 1 by assumption and the result is “1”.
(b) [PNPy|=1l<a-1.
It is enough to have a test set S which includes all elements of
PNP, a—1—|P NP elements of P, and the remaining w
elements of P;\P. If the result of this test is “1” we continue with
Fy = Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we
have to show that we will not remove D.
If P="D then [SND|=0a—-1< £ =a and the result is “0”.
If P =D then |SND| =D > £ and the result is “1”.
5. Let P ¢ Py, |[P\P1] > 1, and |P| = 2a + 1.
(a) |730731| :lZ a.
It is enough to have a test set S which includes exactly a elements
of P NPy, no other elements of P and the remaining w elements
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of P\P;. If the result of this test is “1” we continue with F; =
Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we have
to show that we will not remove D.
If P =D then |SND|=a < £ =a+ 3 and the result is “0”.
If P, =D then [SND| =a+w > 2 = a+%\7)1|, because
|P\P1| > 0 by assumption and the result is “1”.

(b) [PNPy| =1<a.
It is enough to have a test set S which includes all elements of
P NPy, a—|PNPy elements of P, and the remaining w elements
of Py\P. If the result of this test is “1” we continue with F; =
Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we have
to show that we will not remove D.
If P=D then [SND|=a <2 =a+1 and the result is “0”.
If Py =D then |SND| =D > £ and the result is “1”.

In all cases it is not possible to distinguish the sets of possible solutions. [
Remarks:

1. In the corresponding matrix of a strategy for majority group testing
with f(D) = £ it is possible to exchange the zeros and the ones.

2. The proof of Theorem 5 shows that for a successful strategy we have
to have for all disjoint pairs J,Z C [N] with the size L%’J + 1 two test
sets such that the elements of J are contained in one test set and no
element of 7 is contained in the other test set or vice versa. This is

exactly a separating code and therefore we have the following

Theorem 6. Let f(D) = £ and D be bounded by D', which is known, then a
(L%’J +1, L%{J +1) separating code gives a nonadaptive strategy for majority
group testing.

Now let us consider the case k > 2.
As before we have conditions for a solution. They are given by the fol-
lowing

Theorem 7. Let D C [N] be the set of defectives and f(D) = 2. We can
determine a solution F such that for every sets Py, P € F with |P1| > |P| =
ak +s (0 <s<k—1) the following holds
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1. IfPCPyands=0 ors=k—1 then

|P\P| < 1. (32)

2. If [P\P1| =1 and s = 0 then

|PI\P| < 1. (33)

3. In all other cases we can distinguish two sets A, B with A # B.

Proof.

The proof follows the same ideas as the proof of Theorem 5. First we
show that there exists a strategy, such that we get a set F which fulfills (32)
and (33). We consider the set Fy = U?ZIO ([N}) of all possible sets of defectives.

J

If there are two sets in Fy which do not fulfill (32) and (33) we show that
there exists a test such that one will be removed and we show that the set
of defectives will not be removed.

1. Let PC Py and |P|=ak+swith0<s<k—1.

(a)

s = 0:

It is enough to have a test set S which includes exactly a — 1
elements of P and the remaining w elements of P;\P. If the
result of this test is “1” we continue with F; = Fo\{P}, otherwise
we continue with F; = Fo\{P1}. Now we have to show that we
will not remove D.

If P=D then |[SND|=a—1< £ =a and the result is “0”.
If P, =Dthen [SND| =a—-1+w > L2 =a+ %, because
|P1\P| = w > 2 by assumption and k > 2. Thus the result is “1”.
s=k—1:

It is enough to have a test set S which includes exactly a elements
of P and the remaining w elements of P;\P. If the result of this
test is “1” we continue with F; = Fo\{P}, otherwise we continue
with F; = Fo\{P,}. Now we have to show that we will not remove
D.

If P=D then [SND|=a< £ =a+ %2 and the result is “0”.
If P, =D then |[SND| =a+w > % = a+%’“_1, because

2
|P1\P| = w > 2 by assumption and the result is “17.

2. Let P ¢ Py, |[P\P1] =1, and s = 0.
It is enough to have a test set S which includes exactly a — 1 elements
of P NPy and the remaining w elements of P;\P. If the result of this
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test is “1” we continue with F; = Fo\{P}, otherwise we continue with

Fy = Fo\{P:1}. Now we have to show that we will not remove D.

If P =D then [SND|=a—1< £ =a and the result is “0”.

If Py =D then [SND|=a—1+w>L2 =a+ %1 because |P;\P| =

w > 2 by assumption and the result is “17.

3. Let P ¢ Py, [P\P1| > 1, and s # 0.
(a) |7)ﬂ731‘ :lZ a.
It is enough to have a test set S which includes exactly a elements
of P NPy, no other elements of P and the remaining w elements
of P1\P. If the result of this test is “1” we continue with F; =
Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we have
to show that we will not remove D.
If P=D then [SND|=0a <2 =a+ % and the result is “0”.
If P, =D then [SND|=a+w > 2 = a—i—%, because
|P\P1| > 2 and s < k — 1 by assumption and the result is “1”.
(b) [PNP| =1<a.

It is enough to have a test set S which includes all elements of
P NPy, a—|PNPi elements of P, and the remaining w elements
of P;\P. If the result of this test is “1” we continue with F; =
Fo\{P}, otherwise we continue with F; = Fo\{P;}. Now we have
to show that we will not remove D.
If P =D then [SND|=a < £ =a+ £ and the result is “0”.

If Py =D then |[SND| =D > 2 =L and the result is “1”.

o

If the sets fulfill (32) and (33) it is not possible to distinguish them, because
it is possible to get the same test results if P =D or if P, = D. I

The proof of Theorem 7 shows that every (L%J +1,D' — (%W +1) cover-
free code gives a strategy and thus the following

Theorem 8. Let f(D) = £ and D be bounded by D', which is known, then a
(L%J +1, D' — (%W +1) cover-free code is a nonadaptive strategy for magjority
group testing.
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