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1. Introduction

An important discovery of Marica-Schénheim [5] is
THEOREM 1. Any m distinct sets have at least m distinct differences.

This result has various generalisations [1-4] and one of a new kind is

THEOREM 2. If S, ..., S, aredistinct sets, and Ty, ..., T, are sets such that each S,
has some T; as a subset, then there are at least m distinct differences S;\T;.

The form of this theorem led us to conjecture that m sets can be partitioned into
S and T having m— 1 differences S\ T with S€ S, T e X. Given an ordered sequence
Sy, ..., S,y of sets let d be the number of differences S;\ S; withi < j and e be the largest
n for which there are S;, < ... = §; with 1 <i, <... <i, < m. We believe m, d, e
are related.

The generalisation of Theorem 1 by Daykin-Lovasz [4] is

THEOREM 3. Any non-trivial Boolean function takes at least m distinct values when
evaluated over m distinct sets.

We give a generalisation of this theorem, which also yields a new proof.

2. Proof of Theorem 2

We may assume all the sets S;, T; are subsets of {1, 2, ..., r} and use induction on r.
Thecaser = listrivial. Put© = {S,,...,S,.},T = {Ty, ..., T}, A = {S\r: S\re&
and SureS}, B={S\r:5e8}, €={T:r¢TeT} and D= {T\r: TeI}
Then m = |U|+|B|, where |.| denotes cardinality. Also U,E and B, D satisfy the
hypothesis on {1, 2, ...,r—1} so [U] < [UN\C]| and |B| < [B\D|. If E€U\C then
E = A\C for some Ael, CeC®. Thus A\r, Aure@ and r¢CeZ so E\yr,
Eure@\Z. On the other hand if Ee B\ D then clearly either E\r or EUr is in
&\ZT. Hence I\ C|+ B\ D] < |&\Z] and the result follows.

3. Generalisation of Theorem 3

Let ¢ be a fixed positive integer. If S is a set then S° denotes the set of all
c-dimensional vectors with elements in S, and a c-ary operation f on S is a mapping
f:8° - S. Given such a map ffor 4,, ..., A, = S put

f(Ay, .., A)={f(ay,...,a):a,€4; for 1<i<ch
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Call f expansive if
4] <|f(4,..,4)] forall AcS.

Call f c-expansive if
4, < |f(Ay, ..., 4)] forall A;,..,A.,=S with |4,|=..=|4,l

Notice that when |S| = 2 expansive is the same as c-expansive and simply means
non-constant Boolean function.

If S, T are sets and f : S° — S while g : T° —» T we define the direct product h of f
and g to be the map 4: (Sx T)° - Sx T such that

B((S15 1), ooy (e 1)) = (F (545 . 80), 82y, .., 2)) forall s;€S and #eT

The direct product of expansive maps is not expansive, for example let ¢ = 2,S = {0,
1, 2}, f(a, b) =max {0, a—b}, take the direct product of f with itself and
A = (SxSN\{(O, 0), (2,2)}. It would be interesting to have more results like

THEOREM 4. In the above notation, if f is expansive and g is c-expansive then h is
expansive.

Proof. If B< Sx T and m is a positive integer let B,, be the set of all se S such
that (s, ¢) € Bfor at least m different e T. Let A =« Sx T be givenand xe f (4,,, ..., A,)-
Thus there are sy, ..., s, € 4,, with x = f(sy,...,5). For 1 <i < c there are distinct
tits s tim€ T with (s, t;;)€ A for 1 < j < m. By hypothesis on g we have

ms< I{g(tljls tees tcjc): 1 Sjl’ ~-"jc < m}l

and this means that x e (h(4, ..., 4)),. Finally

|4l = 2 |4ul S Z1f Ay s Al S TR, -.s D)l = 10(4, ..., A)]

and the proof is complete.
Now let |S] = 2 and f{, ..., f, : S°— S. Further let i, P be the set of all matrices
of order nx ¢, nx 1 respectively with elements in S. Define e : 3t —» P by

(fl(all) (XS] alc))
e(a;) = : forall (a;)e9.
fn(anl’ sery anc)

By induction on » we immediately get from Theorem 4 that if fi,...,f, are
non-constant then e is expansive. The case of this with f; = ... = f, is Theorem 3.
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