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1. THE RESULT

Let X = {x;: 1 < i < n} be a finite set, and let & — {E:1 <i< N}bea
set of N nonempty subsets of X. The couple H,¥ = (X, &) is called a (simple)
hypergraph (see [5]) if Uil E,=X.

The x;’s are called vertices and the E;’s are called edges. Two distinct
edges are said to be adjacent if their intersection ‘is not empty.

Let g(H,Y) = Zf’:—ll {Jj:j > i, E;NE;, #+ @} count the number of
adjacent pairs of edges in H,". '

A hypergraph H," is of the type S, " if its edge set & is of the form

€ ={EECX,|E| =m+ 1} U{E .., Ey ), (1

where | E; | = mfori=1,.., N,, and m and N,, are uniquely defined by

n

N=% () + Nn. 0< N, < (7).

n
t=m+1 l m
THEOREM. For all natural numbers n, N with | < N < A

max g(H,N) = max g(S,M).
H"N S"N

2. PROOF OF THE THEOREM

We first give a few definitions and then we proceed by proving two lemmas.
Lemma 1 is needed in the proof of Lemma 2 only. The theorem easily follows
by iteratively applying Lemma 2. For Z C P(X), the power set of X, let
 ={E:Ees/,|E| =t} and o, = P(X),\o, .
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For o7, # C 2(X) define
s/, B) = [{(4,B): Ac s/, Be B, ANB = o}|
andd%use the abbreviation s(.7) for s(.«/, ).

LEMMA 1. Let H,N = (X, &) be a hypergraph and let m, | be integers such
thatn = m = I If |

{é(ym I :V|éylia (2)
then
S(g)L 3 ézm) > S(é)m 5 ézl)
Strict inequality holds if and only 1'fmA >landn > 1+ m.

Proof. One has

m

_ — . (n—1
s@1. En v ) =161 ("),
s@En 60 E) =161 ("),
and therefore by (2)

R N L G BT (v

/
SECILl (MR B A E

because / << m. Clearly, (,",.,) — (."5",) = 1 if and only if m > [ and -
n>m-+ [l ~

Lemma 2. For a hypergraph H, = (X, &) define m, I, and R by
m = max{t: &, # o},
[ = min{t: &, # o},

R - mln(] 61 !’ ! ézm ‘)

&

If for any £0C &, , &,9C &, with | 6 =16, = R we define
& =(6 —E0)UE,N,
then
5(&) < s(6),

provided that m > | 4 1.
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Proof. Since

S(6) = 26— 60,69 + 5(60) + 56 — 6)
= 25(6 — &%, &°) + (& — &)%)

and since

S(E) = 25(6 — &0, 6,0 + 5(6,,0) + s5(6 — &)
< 25(8, 6,0 + (& — &)

it suffices to show that

S(E — 60,60 — 5(E, 6,9 = 0.

Now
3 v () v Q - n — / z 0
s@ =t =R Y (") + 56,60 (3)
t=m+1
and
s€.6.9 <R Y (") w56, - a0 8,0, (4)
t=1+1 .
Therefore

s(6 — &,°, %) — 5(67, én?)

n—m-—1l—1

S (A e | R R e T

The first summand is nonnegative, because # — / > n — m. The second
summand is also nonnegative. This is obvious in the case E;, = &0, and in
the case &, + &,° we have | 60| = | &,°], £,9 = &, and now Lemma |
applies. Q.E.D.

3. OPEN PROBLEMS

It was shown in [I] that the maximal number of pairwise nondisjoint
n-1

k-tupels in an n-set is (}71). This result has been generalized in various
directions (see [3, 4]); however, the following questions are still not answered.

v
(1) Given N, (32}) < N < (}), what is the maximal number of pairs of
nondisjoint k-tuples one can have for a set of N k-tuples chosen from an
n-set? '
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(2) Under the same conditions as those in (1), what is the minimal
number ?

For k = 2 question | was answered in [2]. There is hope that the techniques
used there are suited also for solving the problem for general k. This solution
would allow one to specify the “boundary” of an optimal hypergraph S,V
in the theorem. Problem (2) is easy for £ = 2 and 3, but seems hard for larger
values of k. It is intimately connected with the next problem.

(3) For which hypergraphs is miny, ~ g(f,") assumed ?

(4) Let giH,N) for H,” = (X, &) count the pairs of sets from &
whose intersection has cardinality at least d. Find hypergraphs for which
maxy v 84(H,") is assumed. Already for d = 2 there are values of n and N
for which no S,V is optimal.

Note added in proof. The problem solved in this paper has been solved independently
by P. Frankel in his paper “On the Minimum Number of Disjoint Pairs in a Family of
Finite sets,” J. Combinatorial Theory Ser. A 22 (1977), 249-251. However, our method of
solution is different.
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