TOWARDS CHARACTERISING EQUALITY IN CORRELATION INEQUALITIES

Rudolf Ahlswede and Levon H. Khachatrian

Universität Bielefeld Institute of Problems Fakultät für Mathematik of Information and Automation Postfach 100131 Armenian Academy of Sciences 4800 Bielefeld 1 Erevan–44 P. Sevak str. 1 Germany Armenian Visiting SFB 343

1. Introduction

For most of the basic inequalities in mathematics we know conditions, which completely specify the cases of equality. Many combinatorial correlation inequalities are special cases of the AD–inequality as is explained in the books [10], [11] or in [12].

However, for this inequality it seems to be difficult to classify the cases of equality. Certainly, this is even more difficult for the much more general inequalities of [12] and its relatives, which can be produced by the very same ideas of exploiting notions of expansiveness. In fact the equality characterization problem for these general inequalities constitutes by itself a rich area in combinatorial extremal theory. Closer to home their are the equality characterization problems for inequalities, which are consequences of the AD–inequality. Aharoni and Holzman ([9]) completely settled this for the Marica– Schönheim inequality. Another, though fairly special, still interesting case of AD could be handled by Beck [3].

It seems that the first study of this kind was made by Daykin, Kleitman, and West [5], who investigated the inequality |A| |B| ≤ |L| |A ∧ B|, (1.1) where the lattice L is a product of finite chains and A ∧ B = {a ∧ b : a ∈ A, b ∈ B}. If L is a lattice of subsets of a finite set, then this inequality follows immediately from an inequality known to combinatorialists as Kleitman’s inequality [3] and known to probabilists and physicists as Harris’s inequality [19]. The more general inequality (1.1) was proved by Anderson [10] and by Greene/Kleitman [17].

Actually the product of chains is a distributive lattice and (1.1) extends to any distributive lattice, because as such it is a special case of FKG ([15]). This was noticed by Seymour and Welsh [14].

FKG in turn is a simple consequence of AD (see [12]). Our renewed interest in correlation inequalities came with our introduction and study of cloud–antichains ([1], [7]) and the connection to inequality (1.1), which we established in [8].

The main contributions of the present paper are two equality characterization results. They both continue and complete basic investigations of Daykin, Kleitman and West [5].

I. On pages 142–143 of [5] there is a detailed discussion about the difficulties in extending the results (Theorems 4, 5) basic for equality characterization in (1.1) for lattices, which are products of chains of equal length k , to lattices, which are products of chains of varying lengths, say k_1, k_2, . . . , k_n .

We overcome these difficulties and also obtain the desired equality characterizations in Theorems 1, 2 (Section 3).

Actually the corresponding statement (Theorem 6 of [5]) for equal length chains contains a flaw (see Example 1 in Section 2). The statement holds, however, if k is a prime.

II. Hilton [4] proved that if A and B are subsets of a Boolean algebra each not containing an element and its complement, and if no element of A is related to any element of B , then |A ∪ B| ≤^1_2 |L| .

In [5] this was generalized to lattices with a polarity (Theorem 8). Among others the authors called for solving the equality problem.

Our answer is Theorem 3 and 4 in Section 5.

2. Previous Results

We repeat results of Daykin, Kleitman and West [5]. They are described in the abstract of [5]. Except for a reference to these Theorems in brackets, we literally repeat the main part of the abstract:

“Let L be a lattice of divisors of an integer (isomorphically, a direct product of chains). We prove |A||B| ≤ |L||A ∩ B| for any A, B ⊂ L where | · | denotes cardinality and A∩B = {a∩b : a ∈ A, b ∈ B} . |A∩B| attains its minimum for fixed |A|, |B| when A and B are ideals (Theorem 2). | · | can be replaced by certain other weight functions (Theorem 3). When the n chains are of equal size k , the elements may be viewed as n–digit k–ary numbers. Then for fixed |A|, |B|, |A∩B| is minimized when A and B are |A| and |B| smallest n–digit k–ary numbers written backwards and forwards, respectively (Theorem 4). |A ∩ B| for these sets is determined and bounded (Theorem 5).”

We don’t need Theorem 3. Whereas Theorems 2, 4 are selfexplanatory, we give the details of Theorem 5 for the orientation of the reader, eventhough we don’t rely upon it. Theorem 5. [5] Suppose L is a product of n chains of size k , 0 ≤ α ≤ k^n , o ≤ β ≤ k^n . Let μ_k(n, α, β) = min { |A ∩ B| : |A| = α , |B| = β } and ε_k(n, α, β) = μ_k(n, αβ) −^{αβ}_{kn} . If pk^{n−1} < α ≤ (p + 1)k^{n−1} and β ≡ r mod k , then

(i) μ_k(n, α, β) = μ_k ( n − 1, α − pk^{n−1}, ⌈ β − p k ⌉) + { 0 ; p = 0 ∑_{p−1} j=0 ⌈_{β−j} k ⌉ ; p > 0

(ii) ε_k(n, α, β) = ε_k ( n − 1, α − pk^{n−1}, ⌈ β − p k ⌉) + { r ⌈ 1 −^α_{kn} ⌉ ; 0 ≤ r ≤ p (k − r)^α_{kn} ; p < r < k

Furthermore, (iii) ε_k(n, k^n − α, k^n − β) = ε_k(n, α, β) (iv) μ_k(n, k^n − α, k^n − β) = μ_k(n, α, β) + k^n − α − β and, finally, (v) 0 ≤ ε_k(n, α, β) ≤ k n 4 .

Remark 1 In the notation of this theorem equality characterization for (1.1) means to find necessary and sufficient conditions for ε_k(n, α, β) = 0. (2.1) Theorem 6 of [5] asserts that (2.1) holds if and only if (i) k^n | αβ , k | α and k | β or (ii) trivially, α or β is k^n or 0 .

This is true if k is a prime. For composite k the conditions (i) or (ii) are necessary, but not sufficient.

Example 1 Choose n = 3 , k = 4 , α = β = 8 .

These numbers satisfy (i), however, for all ideals A, B ⊂ L with |A| = |B| = 8 inspection shows that |A ∧ B| > 1 = |A||B| · 4^{−3} . We shall see that (i) has to be replaced by

(i*) there are positive integers i, α_1 and β_1 such that α = k^i · α_1 and β = k^{n−i}β_1.

3. Equality characterizations in |A ∧ B| ≥ |A||B|L^{−1} Let L = [k_1]×· · ·×[k_n] be the lattice defined as direct product of chains [k_i] of length k_i ≥ 2(i = 1, . . . , n) . For any I ⊂ [n] = {1, 2, . . . , n} we define the sublattice L_I , ∏ i∈I [k_i]. (3.1)

Theorem 1. (Equality characterization within ideals) For ideals A, B ⊂ L equality in (1.1) holds if and only if (a) A or B equals ϕ of L . or (b) There exists an I ⊂ [n] , 0 < |I| < n , such that A = L_I × A_1 and B = B_1 × L_{[n]}r_I . So, |A| = ∏ i∈I k_i · |A_1| and |B| = ∏ i∈[n]rI k_i · |B_1| . for some ideals A_1 ⊂ L_{[n]}r_I and B_1 ⊂ L_I .

Theorem 2. (Equality characterization for general sets in terms of cardinalities) Equality in (1.1) is assumed for sets of cardinality α and β if and only if

(a) α or β is 0 or n∏ i=1 k_i or (b) There exists an I ⊂ [n] , 0 < |I| < n , and there exist positive integers α_1, β_1 with α = ∏ i∈I k_i · α_1, β = ∏ i∈[n]rI k_i · β_1.

Notice that Theorem 2 is an immediate consequence of Theorem 2 of [5] mentioned in Section 2 and Theorem 1. We need here another well–known result, which is now also a child of AD (see [12]).

Chebyshev’s Inequality: Suppose that we have the two decreasing sequences of non– negative numbers u_1 ≥ u_2 ≥ · · · ≥ u_m ≥ 0 and x_1 ≥ x_2 ≥ · · · ≥ x_m ≥ 0, then m∑ i=1 u_ix_i ≥ m^{−1} m∑ i=1 u_i · m∑ i=1 x_i. (3.2)

Moreover, equality holds if and only if at least one of the conditions u_1 = u_2 = · · · = u_m or x_1 = x_2 = · · · = x_m holds. Proof of Theorem 1 Clearly, condition (a) and also condition (b), imply equality in (1.1). The issue is to prove that equality implies (a) or (b).

Suppose then that A ≠ ϕ , B ≠ ϕ and that (the case n = 1 being trivial) n ≥ 2 . For any r ∈ [n] and i ∈ [k_r] define A_i = {a^n ∈ A : a_r = i}, B_i = {b^n ∈ B : b_r = i}. (3.3) Clearly

A = k_r⋃

i=1 A_i, B = k_r⋃

i=1 B_i (3.4)

and A_i ∩ A_j = ϕ, B_i ∩ B_j = ϕ for i ≠ j. (3.5) Therefore

|A ∩ B| = k_r∑

i=1 |A_i ∩ B_i|. (3.6)

Set now A_i = {i} × A^∗_i , B_i = i × B^∗_i , where A^∗_i , B^∗_i ⊂ L^{(r)} , ∏ j≠r [k_j] , |A^∗_i | = |A_i| , |B^∗_i | = |B_i| , and |A_i ∩ B_i| = |A^∗_i ∩ B^∗_i | .

Since A and B are ideals, also A^∗_i , B^∗_i (i = 1, . . . , k_r) are ideals and A^∗_1 ⊃ A^∗_2 ⊃ · · · ⊃ A^∗_{kr} ; B^∗_1 ⊃ B^∗_2 ⊃ · · · ⊃ B^∗_{kr} . (3.7) Therefore we have |A_1| ≥ |A_2| ≥ · · · ≥ |A_{kr} |; |B_1| ≥ |B_2| ≥ · · · ≥ |B_{kr} |. (3.8) Since for ideals C , D always C ∩ D = C ∧ D (3.9) we conclude from (1.1) for i = 1, . . . , k_r |A^∗_i ∩ B^∗_i | ≥ |A^∗_i | |B^∗_i | ∏ i≠r kj = |A_i| |B_i| ∏ i≠r kj . (3.10)

Hence, by (3.6) and the following definitions

|A ∩ B| = k_r∑

i=1 |A^∗_i ∩ B^∗_i | ≥ 1 ∏ j≠r kj k_r∑

i=1 |A_i||B_i|.

Under the conditions (3.8) we can apply now Chebyshev’s inequality, which yields

|A ∩ B| ≥ 1 ∏ j≠r kj ∑_{kr} i=1 |A_i| ∑_{kr} i=1 |B_i| k_r = |A| |B| |L| .

In the case |A ∩ B| =^{|A| |B|}_{|L|} therefore necessarily

|A^∗_i ∩ B^∗_i | = |A_i| |B_i| ∏ j≠r kj for i = 1, 2, . . . , k_r and by the equality characterization in Chebyshev’s inequality

|A_1| = |A_2| = · · · = |A_{kr} | = |A| k_r or|B_1| = |B_2| = · · · = |B_{kr} | = |B| k_r holds.

Define then I ⊂ [n] as the set of all positions for which |A_1| = · · · = |A_{ki} | (i ∈ I) . Clearly, then |B_1| = · · · = |B_{kj} | (j ∈ [n] ∖ I) .

If now I = [n] , then A = L , and if I = ϕ , then B = L , and we are not under our supposition.

Finally, if 0 < |I| < n , we conclude with (3.7) that A^∗_1 = A^∗_2 = · · · = A^∗_{kr} for r ∈ I and that B^∗_1 = B^∗_2 = · · · = B^∗_{kr} for r ∈ [n] ∖ I . Therefore we must have

A = L_I × A_1 and B = B_1 × L_{[n]}r_I ,

where A_1 ⊂ L_{[n]}r_I and B_1 ⊂ L_I are ideals.

4. Auxiliary results for equality characterization for cloud–antichains of length two satisfying a polarity constraint

As indicated under II of the Introduction we obtained a second equality characterization. Its derivation is based also on the first characterization in Theorem 2. We introduce first some notions from [5] and [8].

Let L be a distributive lattice. For a subset C of L let u(C) and ℓ(C) denote the filter and the ideal generated by C , that is,

u(C) = {c ∈ L : ∃ a ∈ C, a ≤ c}, (4.1) ℓ(C) = {c ∈ L : ∃ a ∈ C, a ≥ c}. (4.2) By a polarity σ of the lattice L (in the sence of [18]) is meant an order–reversing bijection, whose square is the identity. That is, a ≤ b implies σb ≤ σa and σ ( σ(a) ) = a . For example complementation is a polarity. For A ⊂ L we set σ(A) = {σa : a ∈ A} . If a ≰ b and b ≰ a we write a ⊃|⊂ b . If for A, B ⊂ L and for all a ∈ A, b ∈ B we have a ⊃|⊂ b , then we write A ⊃|⊂ B .

Let us consider a problem studied in [5], which generalizes the problem considered by Hilton [4] and which is mentioned under II in the Introduction.

For A, B ⊂ L we write A ∋|∈ B , if A ⊃|⊂ B (4.3) and if

a ∈ A implies σ(a) /∈ A and b ∈ B implies σ(b) /∈ B. (4.4)

We also speak of a polar image free cloud–antichain.

Theorem 8 of [5] says that A ∋|∈ B implies |A| + |B| ≤ π ≤ 1 2 |L|, (4.5) when π is the number of nontrivial orbits of σ (i.e., unordered pairs {e, σe} with e ≠ σ(e) ). It was asked in [5]: “Which A, B achieve the maximum π ?”.

Here we completely answer this question, when L is a direct product of chains of arbitrary lengths and polarity is complementation.

At first we represent auxiliary results, which are true for any distributive lattice and any polarity σ . 8

Suppose that for A, B ⊂ L A ∋|∈ B and |A| + |B| = π. (4.6) Let (A^∗, B^∗) be any pair of bisaturated extensions of (A, B) with respect to (4.3), that is A ⊆ A^∗ , B ⊆ B^∗ , A^∗ ⊃|⊂ B^∗ and A^∗, B^∗ are maximal. Obviously, A^∗ and B^∗ are both convex. Notice that the pair (A^∗, B^∗) is not uniquely defined. However, we can write A^∗ = A ∪ σ(A_1) ∪ D_1, B^∗ = B ∪ σ(B_1) ∪ D_2, where D_1 ∪ D_2 ⊂ D = { a ∈ L : σ(a) = a } , (A_1 ∪ B_1) ∩ D = ∅ and A_1 ⊂ A , B_1 ⊂ B , since, if say a ∈ σ(A_1) and σ(a) /∈ A we could take sets A^′ = A ∪ {a} , B for which (4.3), (4.4) hold and |A^′| + |B| = π + 1 in contradiction to (4.5). So A^∗ and B^∗ can be represented as

A^∗ = A_1 ∪ σ(A_1) ∪ A_2 ∪ C ∪ D_1, B^∗ = B_1 ∪ σ(B_1) ∪ B_2 ∪ σ(C) ∪ D_2, where σ(A_2 ∪ B_2) ∩ (A^∗ ∪ B^∗) = ∅ .

Since (A^∗, B^∗) satisfies (4.3) and is bisaturated, necessarily

E = ℓ(A^∗) \ A^∗ = ℓ(B^∗) \ B^∗ = ℓ(A^∗) ∩ ℓ(B^∗) and F = u(A^∗) \ A^∗ = u(B^∗) \ B^∗ = u(A^∗) ∩ u(B^∗) (see also [8]).

Clearly, no element of E is greater than an element from L \ E , because E is an ideal, and no element of F is smaller than an element from L \ F , because F is a filter. Formally, E ∩ ( u(A^∗) ∪ u(B^∗) ) = ∅ and F ∩ ( ℓ(A^∗) ∪ ℓ(B^∗) ) = ∅. E and F are unions of the following sets:

E = R ∪ D_3 ∪ σ(A^∘_2) ∪ σ(B^∘_2 ) and F = σ(R) ∪ D_4 ∪ σ(A^1_2) ∪ σ(B^1_2 ), where R ⊂ L\D, D_3 ⊂ D, D_4 ⊂ D, A^∘_2 ∪A^1_2 = A_2, A^∘_2 ∩A^1_2 = ∅, B^∘_2 ∪B^1_2 = B_2, B^∘_2 ∩B^1_2 = ∅.

Lemma 1.

A^∘_2 ⊃|⊂ σ(A^1_2) , A^∘_2 ⊃|⊂ σ(B^1_2) , A^1_2 ⊃|⊂ σ(B^∘_2 ) , B^∘_2 ⊃|⊂ σ(B^1_2) , (A^∗ ∪ B^∗) \ (A^∘_2 ∪ B^∘_2 ) ⊃|⊂ D_3 and (A^∗ ∪ B^∗) \ (A^1_2 ∪ B^1_2 ) ⊃|⊂ D_4 . Proof: Suppose there exists an a ∈ A^∘_2 and an a_1 ∈ σ(A^1_2) for which a > a_1 or a < a_1 . a > a_1 is impossible, because a ∈ A^∘_2 ⊂ A^∗ and a_1 ∈ σ(A^1_2) ⊂ F . Also a < a_1 , or equivalently σ(a) > σ(a_1) , is impossible, because σ(a) ∈ σ(A^∘_2) ⊂ E and σ(a_1) ∈ A^1_2 ⊂ A^∗ . Hence A^∘_2 ⊃|⊂ σ(A^1_2) . The other relations one proves similarly. We have π = |C| + |A_1| + |A_2| + |B_1| + |B_2| + |R|, D = D_1 ∪ D_2 ∪ D_3 ∪ D_4 and |L| = 2π + |D|. From assumption (4.6) we have π = |A| + |B| = |A_1| + |A_2| + 2|C| + |B_1| + |B_2| and hence |R| = |C|. (4.7) We consider now ℓ(C) ∩ ℓ(σC) . In Theorem 8 of [5] it is shown, that ℓ(C) ∩ ℓ(σC) ⊂ R, (4.8) and so |ℓ(C) ∩ ℓ(σC)| ≤ |R| = C by (4.7). Also (see Lemma 2 of [5]) it is proved, that |C| ≤ |ℓ(C)| · |ℓ(σC)| |L| ≤ |ℓ(C) ∩ ℓ(σC)|, which together with (4.7) and (4.8) gives us |R| = |C| = |ℓ(C)| · |ℓ(σC)| |L| = |ℓ(C) ∩ ℓ(σC)| (4.9) and ℓ(C) ∩ ℓ(σC) = R. (4.10)

Lemma 2. Suppose (4.6) holds. Then

(i) ℓ(C) = C ∪ A^1_2 ∪ σ(B^∘_2 ) ∪ R ; |ℓ(C)| = 2|C| + |A^1_2| + |B^∘_2 | ;

ℓ(σC) = σ(C) ∪ σ(A^∘_2) ∪ B^1_2 ∪ R ; |ℓ(σC)| = 2|C| + |A^∘_2| + |B^1_2 | . (ii) (|A^1_2|+|B^∘_2 |)(|A^∘_2|+|B^1_2|) = 2·|C|·|A_1|+2·|C|·|B_1|+|C|·(|D_1|+|D_2|+|D_3|+|D_4|) . Proof: (i) Let us introduce T = C ∪A^1_2 ∪σ(B^∘_2 ) , S = σ(C)∪σ(A^∘_2)∪B^1_2 and show that T ⊃|⊂ S . Since A^∗ ⊃|⊂ B^∗ and σ(A^∗) ⊃|⊂ σ(B^∗) , we have C ⊃|⊂ σ(C) ; C ⊃|⊂ B^1_2 ; C ⊃|⊂ σ(A^∘_2) ; A^1_2 ⊃|⊂ σ(C) ; A^1_2 ⊃|⊂ B^1_2 ; σ(B^∘_2 ) ⊃|⊂ σ(C) ; σ(B^∘_2 ) ⊃|⊂ σ(A^∘_2) . Also, according to Lemma 1, A^1_2 ⊃|⊂ σ(A^∘_2) and σ(B^∘_2 ) ⊃|⊂ B^1_2 . Hence T ⊃|⊂ S .

Now we consider ℓ(T ) and ℓ(S) . Clearly ℓ(C) ⊆ ℓ(T ) and ℓ ( σ(C) ) ⊆ ℓ(S) . Let ℓ(T ) = T ∪ W_1 and ℓ(S) = S ∪ W_2 for some W_1, W_2 ⊂ L . Let us prove that W_1 ∪ W_2 ⊂ R . For this it is sufficient to show ( ℓ(S) ∪ ℓ(T ) ) ∩ ( L \ (T ∪ S ∪ R) ) = ∅, since T ⊃|⊂ S. One has

L \ (T ∪ S ∪ R) = F ∪ A_1 ∪ σ(A_1) ∪ B_1 ∪ σ(B_1) ∪ A^∘_2 ∪ B^∘_2 ∪ D_1 ∪ D_2 ∪ D_3.

Since T ∩ F = ∅ , here ℓ(T ) ∩ F = ∅ .

Suppose that a ∈ A_1 ∪ σ(A_1) and a ∈ ℓ(T ) = ℓ(C) ∪ ℓ(A^1_2) ∪ ℓ ( σ(B^∘_2 ) ) . Then a /∈ ℓ(C) ∪ ℓ ( σ(B^∘_2 ) ) , because ( A_1 ∪ σ(A_1) ) ⊃|⊂ C ∪ σ(B_2) . If a ∈ ℓ(A^1_2) , then there exists an a_1 ∈ A^1_2 and an a < a_1 with σ(a) > σ(a_1) . This is impossible, because σ(a) ∈ A_1 ∪ σ(A_1) ⊂ A^∗ and σ(a_1) ∈ σ(A^1_2) ⊂ F . Hence, ℓ(T ) ∩ ( A_1 ∪ σ(A_1) ) = ∅ .

Similarly, ℓ(T ) ∩ ( B_1 ∪ σ(B_1) ) = ∅ .

Suppose that a ∈ A^∘_2 and a ∈ ℓ(T ) = ℓ(C) ∪ ℓ(A^1_2) ∪ ℓ ( σ(B^∘_2 ) ) . It means that there exists an a_1 ∈ C ∪A^1_2 ∪σ(B^∘_2 ) for which a < a_1 or (equivalently) σ(a) > σ(a_1) , which is impossible, because σ(a) ∈ σ(A^∘_2) ⊂ E and σ(a_1) ∈ σ(C) ∪ σ(A^1_2) ∪ B^∘_2 ⊂ L \ E . Therefore we have ℓ(T ) ∩ A^∘_2 = ∅ and similarly ℓ(T ) ∩ B^∘_2 = ∅ .

Suppose that a ∈ D_1 and a ∈ ℓ(T ) . It means, that there exists an a_1 ∈ C ∪A^1_2 ∪σ(B^∘_2 ) for which a < a_1 . Clearly, a_1 /∈ C ∪ σ(B^∘_2 ) , because D_1 ⊃|⊂ ( C ∪ σ(C) ∪ B_2 ∪ σ(B_2) ) . If a_1 ∈ A^1_2 and a < a_1 , then σ(a) > σ(a_1) , which is impossible, because σ(a) = a ∈ D_1 ⊂ A^∗ and σ(a_1) ∈ σ(A^1_2) ⊂ F . Therefore ℓ(T ) ∩ D_1 = ∅ , and similarly ℓ(T ) ∩ D_2 = ∅ , ℓ(T ) ∩ D_3 = ∅ .

Thus ℓ(T ) ∩ ( L \ (T ∪ S ∪ R) ) = ∅ and hence W_1 ⊂ R . Similarly it can be proved that ℓ(S) ∩ ( L \ (T ∪ S ∪ R) ) = ∅ and W_2 ⊂ R . Therefore we have ℓ(T ) ∩ ℓ(S) ⊂ R. However, since ℓ(C) ⊆ ℓ(T ) and ℓ ( σ(C) ) ⊆ ℓ(S) from (4.10) we conclude that 11

ℓ(T ) ∩ ℓ(S) = R. Now we apply (4.9) and get

|C| = |R| = |ℓ(C)| · |ℓ(σC)| |L| ≤ |ℓ(T )| · |ℓ(S)| |L| ≤ |ℓ(T )∩ℓ(S)| = |ℓ(C)∩ℓ ( σ(C) ) | = |R| = |C|.

Therefore |ℓ(C)| = |ℓ(T )| , |ℓ(σC)| = |ℓ(S)| and since ℓ(C) ⊆ ℓ(T ) , ℓ ( σ(C) ) ⊆ ℓ(S) , necessarily

ℓ(C) = ℓ(T ) = C ∪ A^1_2 ∪ σ(B^∘_2 ) ∪ R; |ℓ(C)| = 2|C| + |A^1_2| + |B^∘_2 | and ℓ ( σ(C) ) = ℓ(S) = σ(C) ∪ σ(A^∘_2) ∪ B^1_2 ∪ R; |ℓ(σC)| = 2|C| + |A^∘_2| + |B^1_2 |.

This proves (i).

(ii) follows from (4.9) and (i) after simplification.

Lemma 3. Suppose (4.6) holds. Then

(i) |A^1_2| · |B^1_2 | = |C| · |D_4|, |A^∘_2| · |B^∘_2 | = |C| · |D_3|, |A^∘_2| · |A^1_2| = 2 · |C| · |A_1| + |C| · |D_1|, |B^∘_2 | · |B^1_2 | = 2 · |C| · |B_1| + |C| · |D_2|, (ii) |ℓ(A^∗) ∩ ℓ(B^∗)| = |C| + |D_3| + |A^∘_2| + |B^∘_2 | = |ℓ(A^∗)| · |ℓ(B^∗)| |L| .

Proof: We consider sets P_1 = C ∪ A^1_2, P_2 = C ∪ A^∘_2, P_3 = C ∪ A^∘_2, P_4 = C ∪ σ(B^∘_2 ), Q_1 = σ(C) ∪ B^1_2 Q_2 = σ(C) ∪ B^∘_2 Q_3 = σ(C) ∪ σ(A^1_2) Q_4 = σ(C) ∪ B^1_2 .

It can be verified (using A^∗ ⊃|⊂ B^∗ and Lemma 1), that P_i ⊃|⊂ Q_i ; (i = 1, 2, 3, 4) .

We are interested in |ℓ(P_i) ∩ ℓ(Q_i)| and |u(P_i) ∩ u(Q_i)| for i = 1, 2, 3, 4 . Since P_1 ⊂ A^∗ , Q_1 ⊂ B^∗ , we have

ℓ(P_1) ∩ ℓ(Q_1) ⊂ E = σ(A^∘_2) ∪ σ(B^∘_2 ) ∪ D_3 ∪ R and u(P_1) ∩ u(Q_1) ⊂ F = σ(A^1_2) ∪ σ(B^1_2) ∪ D_4 ∪ σ(R).

According to Lemma 1 P_1 ⊃|⊂ σ(A_∘) ∪ D_3 and Q_1 ⊃|⊂ σ(B_∘) ∪ D_3 . 12

Therefore

|ℓ(P_1) ∩ ℓ(Q_1)| = C and |u(P_1) ∩ u(Q_1)| ≤ |A^1_2| + |B^1_2 | + |D_4| + |C|. (4.11) Similarly,

|ℓ(P_2) ∩ ℓ(Q_2)| ≤ |A^∘_2| + |B^∘_2 | + |D_3| + |C| and |u(P_2) ∩ u(Q_2)| = |C|. (4.12) We also verify that

ℓ(P_3) ∩ ℓ(Q_3) ⊂ A_1 ∪ σ(A_1) ∪ σ(A^∘_2) ∪ A^1_2 ∪ D_1 ∪ R and u(P_3) ∩ u(Q_3) = σ(R) or |ℓ(P_3) ∩ ℓ(Q_3)| ≤ 2 · |A_1| + |A^∘_2| + |A^1_2| + |D_1| + |C| = 2|A_1| + |A_2| + |D_1| + |C| and |u(P_3) ∩ u(Q_3)| = |C|. (4.13) Furthermore

ℓ(P_4) ∩ ℓ(Q_4) = R and u(P_4) ∩ u(Q_4) ⊂ B_1 ∪ σ(B_1) ∪ B^∘_2 ∪ σ(B^1_2) ∪ D_2 or |ℓ(P_4) ∩ ℓ(Q_4)| = |C| and |u(P_4) ∩ u(Q_4)| ≤ 2|B_1| + |B_2| + |D_2| + |C|. (4.14) Now, since L is a distributive lattice, we can apply the AD inequality and obtain |P_i| · |Q_i| ≤ |P_i ∨ Q_i| · |P_i ∧ Q_i| ≤ |u(P_i) ∩ u(Q_i)| · |ℓ(P_i) ∩ ℓ(Q_i)| for i = 1, 2, 3, 4 . From (4.11) – (4.14) we have that

|A^1_2| · |B^1_2 | ≤ |C| · |D_4|, |A^∘_2| · |B^∘_2 | ≤ |C| · |D_3|, |A^∘_2| · |A^1_2| ≤ 2|C| · |A_1| + |C| · |D_1|, |B^∘_2 | · |C^1_2 | ≤ 2|C| · |B_1| + |C| · |D_2|. (4.15) Now (i) follows from (4.15) and (ii) in Lemma 2. (ii) follows from (i) after simplification. Remark 2: Let us define s^∗(L) as the smallest real number s^∗ such that |M| · |N| ≤ S^∗|M ∩ N| for all ideals M, N ⊂ L with M ⊈ N , N ⊈ M . From (ii) in Lemma 3 we draw a simple conclusion.

Corollary. Assume that s^∗ < |L| . Then (4.6) holds if and only if |A| · |B| = 0 , i.e. one of A, B is ∅ , and the other consists of π nontrivial orbits.

Example 2: Let L be any lattice for which (1.1) holds. We consider a new lattice L^′ = L ∪ {ξ} , where element ξ is defined to satisfy ξ ≥ u for all u ∈ L . Clearly, L^′ is a lattice for which |M| · |N| ≤ |L^′| · |M ∩ N| for all ideals M, N ⊂ L^′ , but s^∗ < |L^′| .

We present our last important auxiliary result.

Lemma 4. Suppose that (4.6) holds, 0 < |A| ≤ |B| and |D| ≤ 1 , then A^∗ = A.

Proof: Let |D| = 0 or equivalently D_1 = D_2 = D_3 = D_4 = 0 . We apply Lemma 3:

|A^1_2| · |B^1_2 | = 0, |A^∘_2| · |B^∘_2 | = 0, |A^∘_2| · |A^1_2| = 2|C| · |A_1|, |B^∘_2 | · |B^1_2 | = 2|C| · |B_1|.

Suppose that |A_1| ≠ 0 , then |A^∘_2| ≠ 0 , |A^1_2| ≠ 0 (since always C ≠ ∅ , if |A| > 0 ). Hence |B^1_2 | = |B^∘_2 | = |B_1| = 0 , which contradicts |A| ≤ |B| . Therefore, if |D| = 0 , then |A_1| = 0 and hence A^∗ = A .

Now let |D| = 1 . There are 4 possibilities:

Suppose first that D_1 = 1 , D_2 = D_3 = D_4 = 0 . Then Lemma 3 gives |A^1_2|·|B^1_2| = 0 , |A^∘_2|·|B^∘_2 | = 0 , |A^∘_2|·|A^1_2| = 2|C|·|A_1|+|C| > 0 , |B^∘_2 |·|B^1_2| = 2|C|·|B_1| .

We have |A^∘_2| ≠ 0 , |A^1_2| ≠ 0 and hence |B^∘_2 | = |B^1_2 | = |B_1| = 0 , which contradicts |A| ≤ |B| . Therefore this case is impossible. Suppose next that D_1 = 0 , D_2 = 1 , D_3 = D_4 = 0 . Then we have |A^1_2|·|B^1_2| = 0 , |A^∘_2|·|B^∘_2 | = 0 , |A^∘_2|·|A^1_2| = 2|C|·|A_1| , |B^∘_2 |·|B^1_2| = 2|C|·|B_1|+|C| > 0 .

Hence |B^∘_2 | ≠ 0 , |B^1_2 | ≠ 0 imply |A^∘_2| = |A^1_2| = |A_1| = 0 and A^∗ = A . Now suppose that D_1 = D_2 = 0, D_3 = 1, D_1 = 0.

Then we have |A^1_2| · |B^1_2| = 0 , |A^∘_2| · |B^∘_2 | = |C| > 0 , |A^∘_2| · |A^1_2| = 2|C| · |A_1| , |B^∘_2 | · |B^1_2| = 2|C| · |B_1| . In the case |A_1| ≠ 0 necessarily |A^1_2| ≠ 0 , |B^1_2 | = |B_1| = 0 . From |A^∘_2| · |A^1_2| = 2|C| · |A_1| > 0 and |A^∘_2| · |B^∘_2 | = |C| > 0 we conclude that |B^∘_2 | =^{|A12|}_{2|A1|} < |A^1_2| and hence |B| = |C| + |B^∘_2 | < |C| + |A^1_2| < |A| , which is a contradiction. 14

Therefore, |A_1| = 0 and hence A^∗ = A . Finally, when D_1 = D_2 = D_3 = 0 , D_4 = 1 similarly we have A^∗ = A .

5. The main results

Let L = n∏ i=1 [0, 1, . . . , k_{i−1}] be a direct product of n chains and let the polarity σ be

complementation, that is for a = (a_1, a_2, . . . , a_n) ∈ L

σ(a) = a = (k_1 − 1 − a_1, . . . , k_n − 1 − a_n). (5.1)

Obviously, if 2 | ∏_n 1 k_i , then D = ∅ (there are no trivial orbits), and if 2 ∤ ∏_n 1 k_i , then D = {(_{k1−1} 2 , . . . ,^{kn−1}_2 )} and |D| = 1 .

Theorem 3. (Equality characterization in terms of numbers, ∏_n 1 k_i even)

Suppose that L = n∏ i=1 [0, 1, . . . , k_{i−1}] , 2 | ∏_n 1 k_i and that polarity is complementation.

Then there exist A, B ⊂ L , for which (4.3), (4.4) hold and

|A| + |B| = |L| 2 = ∏_n 1 k_i 2 ; 0 < |A| ≤ |B| if and only if, there exist positive integers a, b and partition [n] = I_0^.∪ J_0 such that

|A| = a · b, a ≤ ∏ i∈I_0 ki 2 , and b ≤ ∏ i∈J_0 ki 2 . Proof: Let (A, B) be a pair for which (4.3) and (4.4) hold, |A| + |B| =^L_2 and 0 < |A| ≤ |B| . Let (A^∗, B^∗) be a bisaturated extension of (A, B) . Thus by definition A^∗ ⊃|⊂ B^∗ and according to Lemma 4 we have A^∗ = A . Therefore A = ℓ(A) \ ( ℓ(A) ∩ ℓ(B^∗) ) and B^∗ = ℓ(B^∗) \ ( ℓ(A) ∩ ℓ(B^∗) ) . We set α = |ℓ(A)| , β = |ℓ(B^∗)| , apply (ii) in Lemma 3 and obtain |A| = |ℓ(A)| − |ℓ(A) ∩ ℓ(B^∗)| = |ℓ(A)| − |ℓ(A)| · |ℓ(B^∗)| |L| = α − αβ |L| and |B^∗| = β −^{αβ}_{|L|} . Therefore the ideals ℓ(A) and ℓ(B^∗) minimize |ℓ(A) ∩ ℓ(B^∗)| for fixed |ℓ(A)| = α , |ℓ(B^∗)| = β .

Since |A| + |B| =^{|L|}_2 , |A| ≤ |B| , necessarily α ≤ β , |A| + |B^∗| ≥^{|L|}_2 and hence α − αβ |L| + β − αβ |L| ≥ |L| 2 which is equivalent to (|L| − 2α)(|L| − 2β) ≤ 0. Therefore α ≤ |L| 2 , β ≥ |L| 2 . (5.2)

Since the ideals ℓ(A) and ℓ(B^∗) minimize |ℓ(A) ∩ ℓ(B^∗)| we apply Theorem 2 to the cardinalities |ℓ(A)| = α , |ℓ(B^∗)| = β :

(a) α or β is 0 or ∏_n i=1 k_i = |L| (b) There exists an I ⊂ [n] , o < |I| < n , and there exist positive integers α_1, β_1 with α = ∏ i∈I k_i · α_1, β = ∏ i∈[n]rI k_i · β_1.

We omit point (a), because 0 < |A| ≤ |B| . With (5.2) we conclude from (b)

∏ i∈I k_i · α_1 = α ≤ |L| 2 = ∏_n 1 k_i 2 , thus α_1 ≤ ∏ i∈[n] ki 2 , ∏ i∈[n]rI k_i · β_1 = β ≥ |L| 2 and thus β_1 ≥ ∏ i∈I k_i 2 , ∏ i∈I k_i − β_1 ≤ ∏ i∈I k_i 2 .

Hence, |A| = α −^{αβ}_{|L|} = α_1 · ∏ i∈I k_i − α_1β_1 = α_1 (∏ i∈I k_i − β_1 ) and as a, b, I_0, J_0 we can take a = α_1, b = ∏ i∈I k_i − β_1, I_0 = [n] ∖ I, J_0 = I.

This proves necessity.

Suppose now that |A| = a·b , [n] = I_0 ∪J_0 , I_0 ∩J_0 = ∅ , a ≤ ∏ i∈I_0 ki 2 , b ≤ ∏ i∈J_0 ki 2 and let us construct a pair (A, B) with properties (4.3), (4.4) and with |A|+|B| =^{|L|}_2 .

Let A_1 be the set of the first a lexicographically smallest vectors of length |I_0| in sublattice L_{I0} and let A_2 be the set of the b lexicographically biggest vectors of length |J_0| = n − |I_0| in sublattice L_{J0} . We consider A, B^∗ ⊂ L , where

A = A_1 × A_2, B^∗ = (L_{I0} ∖ A_1) × (L_{J0} ∖ A_2).

It is clear that 16

(a) A ⊃|⊂ B^∗ (b) The sets A, B^∗ are bisaturated with respect to the relation “incomparable”. (c) |A| = a · b , |B^∗| = (∏ i∈I_0 ki − a ) (∏ i∈J_0 ki − b ) . Since, 2 | ∏_n 1 k_i , then at least one of the integers |L_{I0} | = ∏ i∈I_0 ki , |LJ0 | = ∏ i∈J_0 ki is even.

Further, since a ≤^{|LI0 |}_2 , b ≤^{|LJ0 |}_2 and A_1, A_2 have lexicographic order, then necessarily at least one of the following holds

1. a_1 ∈ L_{L0} ∖ A_1 for all a_1 ∈ A_1 . 2. a_2 ∈ L_{J0} ∖ A_2 for all a_2 ∈ A_2 .

Hence A ⊂ B^∗ . It is easy to verify, that in B^∗ there are exactly^{(|LI0 |−2a)(|LJ0 |−2b)}_2 unordered pairs {c, c}; c, c ∈ B^∗ . Therefore, B^∗ = B ∪ B_1 , where B_1 ⊂ B , |B_1| = (|L_{I0} |−2a)(|L_{J0} |−2b) 2 and B contains no element and its complement. Therefore (A, B) satisfies both, (4.3) and (4.4), and we verify that

|A| + |B| = a · b + (|L_{I0} | − a)(|L_{J0} | − b) − (|L_{I0} | − 2a)(|L_{J0} | − 2b) 2 = |L| 2 . Theorem 4. (Equality characterization in terms of numbers, ∏_n i=1 k_i is odd)

Suppose L = n∏ i=1 [0, 1, . . . , k_i − 1] , 2 ∤ ∏_n 1 k_i and that polarity is complementation.

Then there exist A, B ⊂ L for which (4.3), (4.4) hold and |A| + |B| = |L| = 1 2 , |A| ≤ |B| if and only if (i) there exist positive integers a, b and a partition [n] = I_0^.∪ J_0 ; I_0, J_0 ≠ ∅ such that |A| = a · b; a < |L_{I0} | 2 ; b < |L_{J0} | 2 or (ii) |A| =

(|L_{I0} | ± 1)(|L_{J0} | ∓ 1) 4 and |B| = |L_{I0} | ∓ 1)(|L_{J0} | ± 1) 4 for all I_0, J_0 ; I_0^.∪ J_0 = [n] , I_0, J_0 ≠ ∅ .

Proof: Let (A, B) be a pair for which (4.3), (4.4), |A|+|B| =^{|L|−1}_2 and 0 < |A| ≤ |B| hold. Let (A^∗, B^∗) be a bisaturated extension of (A, B) and apply again Lemma 4 to get A^∗ = A .

As in the proof of Theorem 3: |ℓ(A)| = α, |ℓ(B^∗)| = β , |A| = α − αβ |L| , |B^∗| = β − αβ |L| , α = ∏ i∈I k_i · α_1, β = ∏ i∈[n]rI k_i · β_1.

Further, |A| + |B^∗| ≥ |A| + |B| =^{|L|−1}_2 and hence

|A| + |B^∗| = α − αβ |L| + β − αβ |L| = ∏ i∈I k_i · α_1 − α_1 · β_1 + ∏ i∈[n[rI k_i · β_1 − α_1β_1 ≥ |L| − 1 2

or equivalently ( ∏ i∈[n]rI ki − 2α1)( ∏ i∈I k_i − 2β_1) − 1 ≤ 0 .

This can be true only when

(a) 2α_1 < ∏ i∈[n]rI k_i; 2β_1 > ∏ i∈I k_i (b) 2α_1 = ∏ i∈[n]rI k_i − 1; 2β_1 = ∏ i∈I k_i − 1

(c) 2α_1 = ∏ i∈[n]rI k_i + 1; 2β_1 = ∏ i∈I k_i + 1 .

For the case (a), as in the proof of Theorem 3, we can take integers a = α_1 , b = ∏ i∈I k_i − β_1 , I_0 = [n] ∖ I , J_0 = I and so |A| can have parameters as in (i).

If (b) holds or equivalently α =^{|L|−|LI |}_2 , β =^{|L|−|L[n]}r^{I |}_2 , then A, B can have parameters

|A| = (|L_I | + 1)(|L_{[n]}r_I | − 1) 4 , |B| ≤ |B^∗| = (|L_I | − 1)(|L_{[n]}r_I | + 1) 4 . In case (c) one has

|A| = (|L_I | − 1)(|L_{[n]}r_I | + 1) 4 , |B| ≤ |B^∗| = (|L_I | + 1)(|L_{[n]}r_I | − 1) 4 . So, |A| can have only parameters as in (i) or (ii). This proves necessity.

Sufficiency: Suppose that |A| = a · b , [n] = I_0^.∪ J_0 , I_0, J_0 ≠ ∅ , a <^{|I0|}_2 , b <^{|J0|}_2 . We construct (A, B^∗) as in the proof of Theorem 3:

A = A_1 × A_2, B = (L_{I0} ∖ A_1) × (L_{J0} ∖ A_2).

We notice that

B^∗ = B ∪ B_1 ∪ {d} ; where B_1 ⊂ B ; |B_1| = (|L_{I0} | − 2a)(|L_{J0} | − 2b) − 1 2 and d ∈ L is an element with d = d ; i.e. d = (_{k1−1} 2 , . . . ,^{kn−1}_2 ) . We verify that A, B satisfy (4.3), (4.4) and |A| + |B| = |L| − 1 2 .

Now let |A_1| =^{|LI0 |±1}_2 , |A_2| =^{|LJ0 |∓1}_2 (the sets A_1, A_2 are defined in the proof of Theorem 3) and consider

A = A_1 × A_2, B = (L_{I0} ∖ A_1) × (L_{J0} ∖ A_2).

It is easy to verify that (A, B) satisfies (4.3), (4.4),

|A| = (|L_{I0} | ± 1)(|L_{J0} | ∓ 1) 4 , B = (L_{I0} | ∓ 1)(|L_{J0} | ± 1) 4 and |A| + |B| = |L| − 1 2 . Corollary.

(i) Suppose that k_1 ≥ k_2 ≥ · · · ≥ k_n . Then for all r , r ≤ ∏_{n−1} 1 k_i 2 there exists a

pair (A, B) , A, B ⊂ L , for which (4.3) and (4.4) hold, |A| + |B| = ⌊_{|L|} 2 ⌋ and |A| = r . (ii) Suppose that k_1 = k_2 = · · · = k_n = 2 (Hilton’s result in [4])

Then for all r , r ≤ 2^{n−1} , there exists a pair (A, B) ⊂ L for which (4.3) and (4.4) hold, |A| + |B| = 2^{n−1} and |A| = r. Proof:

(i) We put a = 1 , b = r , I_0 = {n} , J_0 = {1, 2, . . . , n − 1} and apply Theorems 3 and 4.

(ii) follows from (i), because min(|A|, |B|) ≤ 2^{n−2} .

References [1] R. Ahlswede and Z. Zhang, “On cloud–antichains and related configurations”, Discrete Mathematics 85, 225–245, 1990.

[2] P. Seymour, “On incomparable families of sets”, Mathematica 20, 208–209, 1973. [3] D.J. Kleitman, “Families of non–disjoint subsets”, J. Comb. Theory 1, 153–155, 1966.

[4] A.J. Hilton, “A theorem on finite sets”, Quart. J. Math. Oxford (2), 27, 33–36, 1976.

[5] D.E. Daykin, D.J. Kleitman and D.B. West, “The number of meets between two subsets of a lattice”, J. Comb. Theory, Ser. A 26, 135–256, 1979.

[6] R. Ahlswede and D.E. Daykin, “An inequality for the weights of two families of sets, their unions and intersections”, Z. Wahrscheinlichkeitstheorie u. verw. Geb. 43, 183–185, 1978.

[7] R. Ahlswede and L.H. Khachatrian, “The maximal length of cloud–antichains”, SFB 343, Preprint 91–116, to appear in Discrete Math.

[8] R. Ahlswede and L.H. Khachatrian, “Sharp bounds for cloud–antichains of length bounds for cloud–antichains of length two”, to appear in Proc. Cambridge Combinatorial Conference in Honour of Paul Erdös on his 80th Birthday, March 1993.

[9] R. Aharoni and R. Holzman, “Two and a half remarks on the Marica–Schönheim inequality”, to appear in J. London Math. Soc.

[10] I. Anderson, “Combinatorics of Finite Sets”, Clarendon Press, Oxford 1987. [11] B. Bollobás, “Combinatorics”, Cambridge University Press, 1986. [12] R. Ahlswede and D.E. Daykin, “Inequalities for a pair of maps S × S → S with S a finite set”, Math. Zeitschrift 165, 267–289, 1979.

[13] I. Beck, “An inequality of partially ordered sets”, Preprint.

[14] P.D. Seymour and D.J.A. Welsh, “Combinatorial applications of an inequality from statistical mechanics”, Math. Comb. Phil. Soc. 77, 485–495, 1975.

[15] C.M. Fortuin, P.W. Kasteleyn and J. Ginibre, “Correlation inequalities on some partially ordered sets”, Comm. Math. Phys. 22, 89–103, 1971.

[16] I. Anderson, “Intersection theorems and a lemma of Kleitman”, Discrete Math.

16, No. 3, 181–185, 1976.

[17] C. Green and D.J. Kleitman, “Proof techniques in the theory of finite sets”, M.A.A.

Studies in Combinatorics, (G.C. Rota, Ed), 1978. 20

[18] D.E. Daykin, “Poset functions commuting with the product and yielding Chebyshev type inequalities”, C.N.R.S. Colloque, Paris 1976.

[19] T.E. Harris, “A lower bound for the critical probability in a certain percolation process”, Proc. Cambridge Phil. Soc. 56, 13–20, 1960.