OBERSEMINAR WINTER TERM 2024/25:
K-THEORY OF NUMBER RINGS

LENNART GEHRMANN, FABIAN HEBESTREIT

Locally symmetric spaces December 4
Suppose that a group I' acts freely and properly on a contractible topological space X. Show
that the group (co-)homology of I' can be computed by the singular (co-)homology of I'\ X
[Wei94][Theorem 6.10.5]. Let G be a Lie group (with finite component group). State that all
maximal compact subgroups K of G are conjugated and that the symmetric space X = G/K is
contractible [Hoc65][Theorem XV.3.1]. Discuss the case G = GL,(R), K = O,,. In particular,
show that G/ K is contractible by Gram—Schmidt. Introduce arithmetic subgroups. Show that
they contain torsion-free subgroups of finite index [Mil][Appendix, Lemma 8.2] and that they
act properly on the associated symmetric space [Har23][Chapter 1.2.3]. Sketch the proof of the
de Rham theorem ([Leel3][Chapter 18]) and use it to deduce that for an torsion-free arithmetic
group I' C G one has H*(T,R) = H*(Q(X)"). The existence of a torsion-free normal subgroup
then implies the same equality for all arithmetic groups I' C G.

The main theorem and injectivity December 4
Define semi-simple algebraic groups and give SL,,(R) as an example. Introduce the subcomplex
I C Q(X) [Bor74][Section 3]. Discuss that I can be related to Lie algebra cohomology and
discuss basic results, i.e., forms in I are closed and harmonic (see [BWO00], Chapter II).
Use the unitarian trick and Bott periodicity to compute Igr, (r) (see [Sou] and the references
therein). Assuming that Ig,, r) — QX )'' is an isomorphism in small degrees, compute the
rational K-groups of Z. State Proposition 3.6 of [Bor74] and prove the injectivity statement.
In particular, discuss [Bor74][Section 1 and 2].

Duality groups and Borel-Serre compactification December 18
Introduce FL groups and how they arise from actions on nice topological spaces. Describe the
cohomology H*(I',Z[I']) in terms of the boundary of the universal covering. [Bro94][Chapter
VIII, Lemma 7.4, Propositions 7.5, 8.1 and 8.2]. Prove the implication (i) = (iv) of
[Bro94][Chapter VIII, Theorem 10.1]. Discuss the Borel-Serre compactification I'\ X of '\ X
following [Har23][Chapter 1.2.7 and 1.2.8]. Focus on the case G = GL,,(R). Relate the bound-
ary of X to the spherical building of G [BS73][Section 2.8].

Finite generation of K-groups December 18
Explain Quillen’s proof of the Solomon-Tits theorem for GL,, [Qui73a][Theorem 2]. Show
that K-groups of number rings are finitely generated. You can either follow Quillen’s original
proof by first explaining Quillen’s Q-construction of K-theory given in [Qui73b] and deduce
the statement from the rank filtration long exact sequence [Qui73a][Theorem 3]. Or you can
deduce it from homological stability as in [vdK80].

Matsushima’s theorem and surjectivity January 22
Matsushima’s theorem states that in small degrees the homomorphism I5 — H*(Q(X)V) is
an isomorphism as long as I'\X is compact. Prove Matsushima’s theorem [Mat62] and say
some words on Borel’s generalization to the non-compact case [Bor74][Theorem 3.5].
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6 Borel’s theorem January 22
Sketch the construction of Borel’s subcomplex C' C Q(X)' [Bor74][Section 4-7, in particular
Theorem 7.4].
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