Gentle algebras arising from triangulations

of surfaces with orbifold points




Generalized cluster algebras

Surfaces with orbifold points

Gentle algebras associated to triangulations
Main result

Mutations of representations

Generic bases and bangle bases

2 56 & & 5 ®» @

Some questions

Workshop ‘Geometry and Representations’ Gentle algs from triangs of surfs with orb pts Daniel Labardini-Fragoso 2 /30



Generalized cluster algebras







Generalized cluster algebras

Definition (Chekhov-Shapiro)

Let F be the field of rational functions in n indeterminates with complex
coefficients. Suppose we have a skew-symmetrizable seed (B, x) in F.

® For each k € {1,...,n}, define the generalized seed mutation
,uiﬂ(B,x) = (ur(B),x"), where

bik _ bik
T s
gk H Z; ", H Ly
’ i:b; >0 i:b;, <0

X = | T1y-.- 5 Tk—1, y Lht1s- -3 Tn
Ty

® The (coefficient-free) is the
@Q-subalgebra of F generated by the union of all clusters produced from
(B,x) by finite sequences of generalized seed mutations.

Forry =---=7r,=1and 6 = --- = 6, = u + v, we obtain Fomin-
Zelevinsky's cluster algebra.
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Generalized cluster algebras

Example
0o -2 1
LetB=| 1 0 -1 |, x=(z1,22,23), p=(1,2,1),
-1 2 0]
0 =u+v, 0y=u?~+wuv+v% 6O3=u-+v. Then:
[0 2 -1
To+x
(L Mlﬁ(B?x): -1 0 0 7< 2;— 37‘7:27‘773)
1 0 0 !
[0 2 -1 p) 2
Trit+wr1r3+T
e M279(B7x) — -1 0 1 P ((L’l, L T & 37:1:3)
1 -2 0 2
[0 0 -1
xr1+x
(3 [,L379(B7X) — 0 0 1 ) <$1,.’L’2, 1x 2)
1 -2 0 ’
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Theorem (Chekhov-Shapiro)



Surfaces with orbifold points



Surfaces with orbifold points

Definition
An is a quadruple (X, M, O, 0)
consisting of:

® a compact, connected, oriented, two-dimensional real manifold > with
non-empty boundary;

® a finite subset Ml C 0% with at least one point from each boundary
component;

a finite subset O C ¥\ 0%;
@ a function 0: O — Z>o.

<>
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Surfaces with orbifold points

Definition

An on (X,M,0,0) is a curve
that connects points of M, is not
homotopic in ¥\ O to a point or
a boundary segment, and does not

cross itself.

Definition @ @
A of (X,M,0,0) is

a maximal collection (up to isotopy

rel MU Q) of arcs that do not cross

each other.

o ) = E D QC
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Surfaces with orbifold points

Definition (Chekhov-Shapiro, ljeh‘\/\son—Shq(;mm_l—umqum)
Each triangulation T of (X,M,0,0) gives rise to a skew-symmetrizable

matrle \
0O-1L 00 o é g % %
1 0= 1 0 1 o =2
O 1 01 O -1 2 0
0O -1 20 1 :
} o 0010 D 2]
o -1 O O 0 6\ 0O 2 -2
1 0 2 -1 O =il @© o}
o -L 0 1 O 1 0 o
\ o L -2 0 1
o 0 0 o -L
Observation
We can take ry,...,rn, to be any choice of positive divisors of dy, . .., d,.
=} (= = E DA
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Surfaces with orbifold points

Taking r1 =: dy, ..., = dp, wy :=2cos(m/o(q)), and
0. — {u—l—v j not pending

: we have:
u? + wyuv +v?  j pending around ¢ € O

Theorem (Chekhov-Shapiro)

The ring of Penner lambda lengths on the decorated Teichmiiller space of
any surface with marked points and orbifold points is a generalized cluster

algebra (so-called have to be chosen). Moreover, there
is a bijection

{arcs on (,M,Q,0)} <— {cluster variables of A??(B(T),Ar)}
which in turn induces a bijection
{triangulations of (X,M, 0, 0)} <— {clusters of A?*(B(T),\;)}

making flips correspond to generalized cluster mutations.
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Surfaces with orbifold points

Concretely, the generalized cluster mutation corresponding to a flip takes
one of the following forms:

N

°® wq := 2 cos(w/o(q))

Workshop ‘Geometry and Representations’ Gentle algs from triangs of surfs with orb pts Daniel Labardini-Fragoso 13 / 30



Surfaces with orbifold points

From now on, we assume that (X, M, 0, 0) = (X,M, O, ¢3) is an unpunc-
tured surface with . This implies wy = 1 for all
q € O, hence the generalized cluster mutation corresponding to a flip takes
one of the following forms:

° ? A
N
PS o
wq := 2cos(m/o(q))
° cos (VS) - ij
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Gentle algebras associated to triangulations



Gentle algebras associated to triangulations

Definition (LF-Mou)
For each triangulation T of (3, M, O, ¢3), let be the following
quiver with potential:

:= {arcs belonging to T}

:= clockwisely drawn within — Z a® B85 + Z
triangles of T j pendmg
° ° ° o

7.9 5 (@G a
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Gentle algebras associated to triangulations

The of (Q(T),S(T)) is finite-dimensional gentle.
Thus, indecomposable A(T")-modules «— curves on (X, M, O, ¢3) not in 7T'.

Theorem (Briistle-Zhang, 2010)
Suppose O = @, Let M, N, be string modules over A(T) and var, YN, their
corresponding arcs on (X, M, Q, c3). The following are equivalent:

® Homy(N,7(M)) =0 = Homa(M,7(N));

® -~y and yn do not cross in ¥\ 90X,

Theorem (Geiss-LF-Schroer, 2020)
Suppose O = &, Let M, N, be indecomposable A(T)-modules and s, yn,
their corresponding curves on (3, M, Q, c3). The following are equivalent:
® Homy(N,7(M)) =0 = Homa(M,7(N)),
® ~) and yy do not cross in ¥\ 9%,

o = = =
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Gentle algebras associated to triangulations

Theorem (Geiss-LF-Schroer, 2020)
Suppose O = @. For any triangulation T' of (X, M, O, c3),
© there is a bijection between the set of laminations of (3, M, Q, c3) and
the set of T-reduced irreducible components of A(T);

® the generic values of the Caldero-Chapoton map on the T-reduced com-
ponents of A(T') coincide with Musiker-Schiffler-Williams" expansions
in terms of perfect matchings of bipartite graphs.
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Main result




Main result
Theorem (LF-Mou)

For each triangulation T of (X, M, O, c3) there are commutative diagrams of bi-
Jections {arcs on (2,M, 0, c3)}

hekhov-Shapiro
Paln-Pilaud -Plamondon

cluster vars. in A”?(B(T))
LF-Moy /
CCa
{7-rigid indec. pairs over A(T)}
{triangulations of (¥, M, O, c3)}
hekhov-Shapiro
’Pl -’Pil A‘?' w\nmlon_
B unlabeled seeds in A”%(B(T))
LF-Mou /
o : CCA(T)

{support 7-tilting pairs over A(T)}
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Mutations of representations



Key observation

Recall the three types of basic configurations of triangles making up 7"

¢ e UE]/E‘ ] /E ® Celfp

Clel/e> § 9 ¢
Ce :c\ % 5c tl‘,[e]/g © q: a; 8 Ud/e q:
&

Q:ér(ﬁ Ce

(1‘,[51/5

Observation

Whenever the third configuration appears somewhere in I', the bimodule
we attach to a : j — k is free as a left module and as a right module.
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Mutating a representation at a pending arc

£, M,
(@ @)
V\ Mk xM,\(M) MK m

7ln 71N . 2
5/ N AN /= V\\
C N, C Y Xem 1 oM, (6m) +£,8Mw)

‘ f e :

j %C\ @ Mj Mc \1QM G[Eul/t-:@c MJWGEEKVE:% ‘%l
£ c ¢

Obs. L

(Q) OW:O:W

&y

Uelfe o —Cled/z ®
Uefp 8 T Cla/ @ Cidfe (LL) RGV(D\) — /EI/\ T MQ((MJ
C < \S ?ree oveyr @[Ed/ﬁi

® Tl Clel/e _
N (iii) Lmg = (C[EA/E:; C’%IM<MC)

L . A &
s inectie over Cl “l/gj )

So Oﬂimﬂ’ﬂwerv(;}lf_w‘xﬂo SP’ltS
_LmD‘
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Mutating a representation at a pending arc
ChOOSP_ G;[IK]/E& ‘MOAL( l’LoWLombr()LuSms : Q[E‘A/E:'% Ml — M@\'ﬁ\

Sig\zg — Sher  such that o= _kerﬂ“ and T°5=ﬂm

g

Del (LF-Mou) The pre-mutation i (M)
ﬂ ® L EDMQ‘”"‘ and  use the natural isomor hisms
6\ J_mﬁ\ =Ter H N
[0 1 1e] / \ g J O ety (ME»&/&:@&A ,B) =
ME“&/@ 2 ® M Q[E‘A/EL M, Hom@(A, B) =

f Mp'Ma  and  MiMeMa - T HOM Uid/z (A/ G:/[EA/&L@ B)

TL\M (LF‘MOM) b= cdeg §€et€é Jchrouak

r‘educ‘t\on chess

(ic) m,utqtmy\_ /«4K LS Moiuﬁa over A(ﬁk“—))
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Generic bases and bangle bases




Generic bases and bangle bases

Theorem (LF-Mou)

Let (X,M, @, ¢3) be an unpunctured surface with orbifold points of order 3.
If at least one boundary component of 3 has an odd number of marked
points, then for any triangulation T, the set of generic values of the Caldero-
Chapoton map on the T-reduced irreducible components of A(T) is linearly
independent. This set is invariant under mutations of representations.

Conjecture

The aforementioned generic values of the Caldero-Chapoton map on the
T-reduced components coincide with Banaian-Kelley’s expansions in terms
of perfect matchings.

A proof would follow from a combination

(LF-Mou) + (ongoing work of Banaian-Valdivieso).

o = = =

) Q(
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Some questions




Some questions

Is Geiss-Leclerc-Schroer’s generic set always linearly independent?

does GLS's generic set span the Caldero-Chapoton algebra of A(T")?

© s the Caldero-Chapoton algebra of A(T') equal to the generalized clus-
ter algebra of (X, M, Q, c3)?
what is the relation to Paquette-Schiffler's approach?

)

© is there a way to tackle orbifold points of higher order?
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Thank you!
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