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Dihedral Groups |

Cayley graph with the simple reflections as a generating set.




Dihedral Groups Il

Cayley graph with all reflections as generating set?
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Result is K, , graph.

This has homotopy type of Milnor fibre of complexified
arrangement.



Non-crossing partitions

W finite real reflection group of rank n

|w| = total reflection length

partial order: wy < wy & |wa| = |wa| + |wy twal.
(abcd = bdabdc?)

v is a fixed Coxeter element.

NCP= elements in [e,~] (lattice under <)
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Dihedral NCP lattice



Classical Non-crossing Partitions
Example: W =%,
reflections are transpositions
v=(1,2,...,n,n+1), an (n+ 1)-cycle
w <~ if and only if
cyclic order in blocks is that induced by v and
blocks of w are non-crossing.

® D,
& (226)(.7)

> .8

@ (1234.5678)
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Proper part of 24 NCP lattice
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Braid group of W

B(W) is the group with

generating set {[w] | w € NCP,w # e} and
relations [wy][wy *wa] = [wa] whenever wy < wa.
Example: W = Dy, dihedral group of square.
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The classifying space K

Can extend presentation 2-complex of B(W) by filling in higher
dimensional cells for longer chains.

wy < wp and wy < ws implies wy < ws but also

W1_1W2 < W1_1W3.

Resulting complex, K, is a K(B(W),1)!



Universal cover of K

Let X be universal cover of K.

This is a simplicial complex with vertex set B(W), the braid group.
It has a k-cell on {go,g1,...,8k} if
gi=go[w]forl<i<kande<w <w <---<win NCP.
Write this cell as (go, {e < w1 < wa < -+ < wi}).

Of course B(W) acts on X by left multiplication:

g'(go,{e<W1<"'<Wk}):(ggo,{e<W1<"'<Wk}).

Here (go,{e < w1 < wp < --- < wy}) has facets
(go,{e<wmi<wmw< - <w<- - <w})forl<i<k
and a ‘top facet’

(go[mi], {e < W1_1W2 < W1_1W3 << Wl_lwk})



Cells of X

9.[\4,] 80[“’3]
9ullva) galw: ]
—_

9olw.) 9olw,]

g (3,(\«/,] , §e< W, W, < w('w;})

(20 {e<u <ucu ,75)



Intermediate covers of K

If H <t B(W) we can construct an intermediate cover H\ X
vertex set: H\B(W)

cells : (Hg,{e < w1 <wa < -+ < w})

H\B(W) action

If H=ker(¢) for ¢ : B(W) — G identify Hg with ¢(g), giving a
G action on H\X.

(¢p(g),{e < w1 < wp <--- < wy}) has 'top facet’

(p(g)o([wi]) {e < wy twy < wytws <o < wytwil)



Milnor fibre for discriminant

Example: (Milnor fibre of discriminant.)

¢ BW)—Z:[w]— |wl|

ker(p)\X cells (n,{fe <wi <wp < --- < w}),n€Z.
(n,{e < wy < wy < --- < wy}) has top facet
(n+|wi|, {e < wytwo < - < witwy})
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Retraction of cover
Definition: We define N to be the finite subcomplex of ker(¢)\ X
consisting of the cells of the form

(m{e<w <wy<--- <we}),0<m< n— |w
Note: We observe that N is the union of cells of the form

(0,{e<wy <wy << <Wy_1}), |Wpo1]l=n—-1
and their faces. In particular, N is (n — 1)-dimensional.

Proposition: The subcomplex N is a strong deformation retract
of ker(¢)\X.

Lemma: If |wi| < n then, in H\X, the cell

(Hg,{e <wi <ws <--- < wy}) is a facet of precisely two cells of
form (Hg',{e < w1 <up < -+ < ug <~v}).

They are (Hg,{e < w1 < wo < -+ < wy < v}) and

(Hg[vw;l]_l, {e< 'yw,:l < 'ywilwl << 'ywljlwk_l <~})



Full Milnor fibre
Example: (Milnor fibre.) 8 : B(W) — Z x W : [w] — (|w], w).
cells of ker(O)\X: ((n,w),{e <wi <wp <--- < wy}),
for n € Z,w € W with parity(w) = parity(n).
((n,w),{e < wp <wo <--- < w}) has top facet
((n+ |wa|, ww), {e < wy twa < -+ < wytwi})

Definition: We define M to be the finite subcomplex of ker(6)\ X
consisting of the cells of the form

(mw),{e<w <wp <--- < w}),

where 0 < m < n — |wg| and parity(w) = parity(m).

Note: We observe that M is the union of cells of the form
((O,w),{e<wi <wo < - <Wp_1}), [Wo—1|=n—1,we Wy

and their faces.

Proposition: The subcomplex M is a strong deformation retract
of ker(9)\ X.



Structure of Milnor fibre for discriminant
Define the following subcomplexes of N:

N; = {7 | 7= (j,0) where j > i}.
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Structure of Milnor fibre for discriminant Il
Each cell in N; \ Nj;1 has the form
(i,{e <wyp < -+ < wy}), with i+ |wg| < n.
N; has the structure of the mapping cone of a map
¢i : INCPp p—i—qj| — Niy1

where the cone point corresponds to the vertex (i, {e}) of N;.

The corresponding filtration {Ng D Ny D --- D Np_1} of N can be
used to compute the homology of N. This is possible since each
quotient space N;/N;;1 has the homotopy type of the suspension
of [NCPyy p—i_qj| while [INCPyy ,_;_qj| in turn has the homotopy
type of a wedge of spheres.



