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Holes in data



Geometry and topology of biomolecules

Gramicidin (an antibiotic functioning as an ion channel)
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Homology inference



Inferring homology from samples

Given: �nite sample P ⊂ X of unknown shape X ⊂ Rd

Problem (Homology inference)
Determine the homologyH∗(X).

Problem (Homological reconstruction)
Construct a shape RwithH∗(R) ≅ H∗(X).

Approach:

● approximate the shape by a thickening Pδ = ⋃
p∈P

Bδ(p) covering X

This works, but requires strong assumptions:
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Homology reconstruction by thickening
Theorem (Niyogi, Smale, Weinberger 2006)
LetX be a submanifold of Rd. Let P ⊂ X and δ > 0 be such that
● Pδ coversX, and
● δ <

√
3/20 reach(X).

ThenH∗(X) ≅ H∗(P2δ).
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Homology inference using persistence
Theorem (Cohen-Steiner, Edelsbrunner, Harer 2005)
LetX ⊂ Rd. Let P ⊂ X and δ > 0 be such that
● Pδ coversX,
● the inclusionsX ↪ Xδ ↪ X2δ induce isomorphisms in homology.

ThenH∗(X) ≅ imH∗(Pδ ↪ P2δ).

Proof.

H∗(

X

) H∗(

Xδ

) H∗(

X2δ

)

H∗(

Pδ

) H∗(

P2δ

)

imH∗(Pδ ↪ P2δ)
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What is persistent homology?
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What is persistent homology?

Persistent homology is the homology of a �ltration.

● A �ltration is a certain diagram K ∶ R→ Top of topological spaces,
indexed over the poset of real numbers R ∶= (R, ≤)

Ks Kt

● a topological space Kt for each t ∈ R
● an inclusion map Ks ↪ Kt for each s ≤ t ∈ R

● Apply homologyH∗ ∶ Top→ Vect
● Persistent homology is a diagramM = H∗ ○ K ∶ R→ Vect
(persistencemodule):

Ms Mt
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Barcodes: the structure of persistence modules

Theorem (Crawley-Boevey 2015)
Any persistencemoduleM ∶ R→ vect (of �nite dim. vector spaces over some
�eldF) decomposes as a direct sum of interval modules

→ ⋅ ⋅ ⋅ → 0→ F→ ⋅ ⋅ ⋅ → F→ 0→ ⋅ ⋅ ⋅ →

(in an essentially unique way).

● The supporting intervals form the persistence barcode.

● We rarely have such a simple structure for other diagrams, like
R2 → vect (2-parameter persistence modules)
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Two-parameter persistence
Consider grid-shaped commutative diagrams of vector spaces:

V0,0 V1,0 V2,0 Vm,0

V0,1 V1,1 V2,1 Vm,1

V0,n V1,n V2,n Vm,n

Classi�cation of indecomposables [Drozd 77; Leszczyński 94]:

m ⋅ n ∈

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

{0, 1, 2, 3} �nite type (�nite classi�cation)

{4} tame type (1-parameter families)

{5, 6, . . . } wild type (undecidable theory)
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Two-parameter persistence with surjections
Common setup for 2-parameter persistence in degree 0:
● Merging components yields surjective horizontal maps

V0,0 V1,0 V2,0 Vm,0

V0,1 V1,1 V2,1 Vm,1

V0,n V1,n V2,n Vm,n

Does the special structure simplify the picture?

Theorem (B., Botnan, Oppermann, Steen 2020)
The representation type ofm × n grids in which all horizontal maps are
surjective is the same as that of generalm × (n − 1) grids.
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Stability



Stability of persistence barcodes for functions

Theorem (Cohen-Steiner, Edelsbrunner, Harer 2005)
Let f , g ∶ X → Rwith ∥f − g∥∞ = δ (and some regularity assumptions).
Consider the persistence barcodes of (sublevel set �ltrations of) f and g.
Then there exists a δ-matching between their intervals, meaning that:

● matched intervals have endpoints within distance ≤ δ, and
● unmatched intervals have length ≤ 2δ.
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Persistence and stability: the big picture

Data point cloud P ⊂ Rd

Geometry function f ∶ Rd → R

Topology topological spaces (�ltration) K ∶ R→ Top

Algebra vector spaces (persistence module) M ∶ R→ Vect

Combinatorics intervals (persistence barcode) B ∶ R→Mch
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Geometric interleavings
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Interleavings

Let δ = ∥f − g∥∞. Write Ft = f −1(−∞, t] for the t-sublevel set of f .

Then the sublevel set �ltrations F,G ∶ R→ Top are δ-interleaved:

Ft−δ Ft Ft+δ

Gt−δ Gt Gt+δ

∀t ∈ R.

Applying homology (a functor) preserves commutativity

● persistent homology of f , g: δ-interleaved persistence modules
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Algebraic stability of persistence barcodes

Theorem (Chazal et al. 2009, 2012; B, Lesnick 2015)
If two persistencemodules are δ-interleaved,
then there exists a δ-matching of their barcodes.

δ

2δ
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Structure of persistence sub-/quotient modules

Proposition (B, Lesnick 2015)
LetM↠ N be an epimorphism of persistencemodules.
Then there is an injection of barcodes B(N) ↪ B(M)with the following
property:
if J is mapped to I, then
● I and J are aligned below, and
● I bounds J above.

This construction is functorial.

● Sort intervals with same left end by length, in both B(M) and B(N)

● Match up intervals in sorted order

Dually, there is an injection B(M) ↪ B(N) for monomorphismsM ↪ N.
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Induced matchings

For f ∶M → N a morphism of pfd persistence modules, the epi-mono
factorization

M↠ im f ↪ N

gives an inducedmatching χ(f ) between their barcodes:

● compose the functorial injections B(M) ↩ B(im f ) ↪ B(N) from
before to a matching

χ(f ) ∶ B(M) ↛ B(N).

B(M)I
B(im f )
B(N)J

24 / 47



Induced matchings

For f ∶M → N a morphism of pfd persistence modules, the epi-mono
factorization

M↠ im f ↪ N

gives an inducedmatching χ(f ) between their barcodes:

● compose the functorial injections B(M) ↩ B(im f ) ↪ B(N) from
before to a matching

χ(f ) ∶ B(M) ↛ B(N).

B(M)I
B(im f )
B(N)J

24 / 47



Algebraic stability via induced matchings
Consider an interleaving ft ∶Mt → Nt+δ , gt ∶ Nt →Mt+δ (t ∈ R):

Mt

Nt−δ Nt+δ

ftgt−δ

Nt−δ ,t+δ

Construct an induced δ-matching of barcodes:
● Match every interval in B(N) of length > 2δ to a similar interval
in B(M)

δδ

B(M)

B(imN(−δ, δ))
B(im f )
B(N(δ))
B(N)
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Topological simpli�cation of functions

Consider the following problem:

Problem (Topological simpli�cation)
Given a function f and a real number δ ≥ 0, �nd a function fδ with the
minimal number of critical points subject to ∥fδ − f ∥∞ ≤ δ.
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Persistence and Morse theory
Morse theory (smooth or discrete):
● Relates critical points to homology of sublevel sets
● Provides a method for canceling pairs of critical points

(fromMilnor: Lectures on the h-cobordism theorem, 1965)

Persistent homology:
● Relates homology of di�erent sublevel set
● Identi�es pairs of critical points (birth and death of homology) and
quanti�es their persistence
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Persistence and discrete Morse theory
For a Morse fuction:
● critical points correspond to endpoints of barcode intervals

By stability of persistence barcodes:

Proposition
The critical points of f with persistence > 2δ provide a lower bound on the
number of critical points of any function g with ∥g − f ∥∞ ≤ δ.

Theorem (B, Lange, Wardetzky, 2011)
Let f be a function on a surface and let δ > 0.
Canceling all pairs with persistence ≤ 2δ yields a function fδ
● satisfying ∥fδ − f ∥∞ ≤ δ and
● achieving the lower bound on the number of critical points.

Does not generalize to higher-dimensional manifolds!
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Sublevel set simpli�cation

Let Ft = f −1(−∞, t] denote the t-sublevel set of f .

Problem (Sublevel set simpli�cation)
Given a function f ∶ X ⊂ R3 → R and t ∈ R, δ > 0,
�nd a function g with ∥g − f ∥∞ ≤ δminimizing dimH∗(Gt).

Theorem (Attali, B, Devillers, Glisse, Lieutier 2013)
Sublevel set simpli�cation inR3 is NP-hard.
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Functional topology



When was persistent homology invented?

H. Edelsbrunner, D. Letscher, and A. Zomorodian
Topological persistence and simpli�cation
Foundations of Computer Science, 2000

V. Robbins
Computational Topology at Multiple Resolutions.
PhD thesis, 2000

P. Frosini
A distance for similarity classes of submanifolds of a Euclidean space
Bulletin of the Australian Mathematical Society, 1990.
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When was persistent homology invented �rst?
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Motivation and application: minimal surfaces

Problem (Plateau’s problem)
Find a surface of least area spanned by a given closed Jordan curve.

(from Dierkes et al.: Minimal Surfaces, 2010)
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The Douglas functional

Theorem (Douglas 1930)
Given a Jordan curve Γ ∶ S1 → R3, there is a functional on the space of
reparametrizations S1 → S1 �xing three arbitrary points q1, q2, q3 ∈ S1, whose
critical points are in bijection with theminimal disks bounded by Γ.
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Existence of unstable minimal surfaces

Theorem (Morse, Tompkins 1939; Shi�man 1939)
If there are two separate stable minimal surfaces with a given boundary
curve, then there exists an unstableminimal surface (a critical point that is
not a local minimum).
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Morse inequalities

Theorem (Morse 1925)
Let f ∶M → R be aMorse function on a compact manifoldM. The Betti
numbers βi ofM and the numbersmj of index j critical points of f satisfy:

m0 ≥ β0
m1 −m0 ≥ β1 − β0

⋮

md −md−1 + ⋅ ⋅ ⋅ ±m0 ≥ βd − βd−1 + ⋅ ⋅ ⋅ ± β0

Corollary (“Mountain pass lemma”)
IfM is connected (β0 = 1) and has twominima (m0 = 2), then it also has a
critical point of index 1 (m1 ≥ β1 − β0 +m0 = β1 + 1).
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Q-tame persistence modules

De�nition
A persistence moduleM ∶ R→ vect is q-tame (ephemeral) if for every s < t
the structure mapMs →Mt has �nite (zero) rank.

● Example: the Vietoris–Rips �ltration of a compact metric space has
q-tame persistent homology.

● Morse’s goal, in modern language: su�cient conditions for q-tame
persistent homology of sublevel sets of a function.
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Structure of q-tame persistence modules

Theorem (Chazal, Crawley-Boevey, de Silva 2016)
The radical of a q-tame persistencemoduleM, de�ned by
(radM)t = ∑s<t imMs,t , admits a barcode decomposition.

Theorem (Chazal, Crawley-Boevey, de Silva 2016)
Every q-tame persistencemodule has a unique persistence diagram that
completely describes its isomorphism type in the observable category.

● A persistence diagram describes the intervals in a barcode, modulo the
endpoints.

● The observable category is the category of persistencemodules,
localized at the ephemerals.
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Generalized Morse inequalities

Assume that the sublevel sets of a bounded function f ∶ X → R are

● compact and

● have q-tame persistent homology.

Then the persistence diagram of f has �nitely many bars of length > є,
for every є.
This gives generalized Morse inequalities∑d

i=0(−1)d−i(mє
i − βi) ≥ 0.

● mi counts endpoints in intervals with length > є
Morse and Tompkins use this idea to show the existence of a minimal
surface.
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Weakly πLC �ltrations

De�nition (paraphrased fromMorse)
The sublevel set �ltration of a function f ∶X → R is said to beweakly
homotopically locally connected, orweakly πLC, if for any
● any point x ∈ X,
● any neighborhood V of x, and
● any value t > f (x),

there is

● a value swith f (x) < s < t and
● a neighborhoodU of x withU ⊆ V

such that the inclusionU ∩ f≤s → V ∩ f≤t induces trivial maps on
homotopy groups.
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An example

Claim (Morse)
If f ∶X → R is bounded below and the sublevel sets are compact, weakly πLC,
and regular at in�nity, then it has q-tame persistent homology.
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Locally homologically small �ltrations

De�nition (B, Medina-Mardones, Schmahl)
The sublevel set �ltration of a function f ∶X → R is called locally
homologically small or HLC if for

● any point x ∈ X,
● any neighborhood V of x, and
● any pair of values s, t with f (x) < s < t

there is

● a neighborhoodU of x withU ⊆ V
such that the inclusionU ∩ f≤s → V ∩ f≤t induces maps of �nite rank on
homology.
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A su�cient condition for q-tame persistence

Theorem (B, Medina-Mardones, Schmahl 2021)
If the sublevel set �ltration of a (not necessarily continuous) function
f ∶X → R is compact and HLS, then its persistent homology is q-tame.
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Topology of viral evolution

Joint work with:
A. Ott, M. Bleher, L. Hahn (Heidelberg), R. Rabadan, J. Patiño-Galindo (Columbia), M. Carrière (INRIA)
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