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Conference in celebration of the work of Bill Crawley - Boevey,

Bielefeld and Manchester , Sept. 1,2021, 12h- 12h50 , B. Keller

On Amiot's conjecture

some memories 1985 - 1989

1985 Bill defends his Ph.D. thesis

at Cambridge supervised by Steve Donkin

1986 Bill starts apostdoc with Sheila Brenner and Michael Butler

at Liverpool

(BK starts his Ph. D. thesis at Zurich supervised by P. Gabriel )



M. Butler (1929-2012) and S. Brenner (1930-2002)
at the ICRA in Cocoyoc in 1994

At the ICRA in Beijing in 2000
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The Brenner-Butler
theorem in tilting
theory replaces the
use of black magic
with the use of

adjoint functors.

More postdocs at Liverpoolfrom the 80s/90s : Mike Prest
,
Alastair King , - . .

Bill 's research at Liverpool : Tame algebras and bases, Functional filtration and
the problem of an idempotent and a square - zero matrix (no Gelfand's problem), . . .



Peter Gabriel (1933-2015)

Regular modules for tame hereditary algebras

Claus Michael Ringel 
           in 1988
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1988 Bill becomes apostdoc at Bielefeld in Ringel's group

1989 Peter Gabriel invites Bill for a seminar talk at Zurich

Gabriel'smotto in interpersonal relations :

Viel Feind
,
vielEhr ! The more enemies

,
the more honour!

A quote from Gabrielduring a master course (to Paul Schmutz) :

Es macht mir nichts aces
,
sie zu beleidigen .

Ido notmind offendingyou.

Gabrieldid not want to apply the above motto to Bill !

But he was not happy with the subject of Bill's talk :

He suggested to Bill, as tactfully as he could, to turn to other problems.
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One ofthe otherproblems Bill turned to :

The structure and representations ofpreprojective algebras.

This talk is about (two - and three- dimensional, deformed) pmprojective algebras.

Amiot's conjecturepredicts thatalltriang.cat. with certainproperties can be

constructed from deformed 3-dim . preprojective algebras
= Ginzburg dg algebras.

Plan : 1
.
Frompreprojective algebras to Amiot's conjecture

2
.
Constructive) criticism of the conjecture

3. Recent progress
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1. Frompreprojective algebras to Amiot's conjecture

② a finite connected acyclic quiver, e.g. 1
B
• 2

*
> 3

.

K - E for simplicity

ITIQ) the preprojective algebra (Gelfand- Ponomarev 1976) of Q over K
,
e.g.

1← 2 I - 3 with g-
- I [g.g*] or with -p*p=0,pp 't- ax*=0, ✗d-= 0.p* ✗

*

✗c- Q1

Facts 11-167 as a right hk-module

1) 11-161/no,
± ☒ M
MEpreLKQ)

←

system of mpms. of the isoclasses of indec .pneproj. k6 - modules

so dim ITLQI E- ← 6 DynkinGabriel



←
isom.

to its k- decalas a right module 6

2) dam 11707e- ⇒ 11-167 is Frobenius

⇒ mod 17107=3k-fin. dim. rightKQ
-mod

.} is Frobenius

→

Heller
, Happel

modMa = (ModHill/(proj. - inj.) is can. triang.

3)

a
symmetrized Euler form

consequence : doin Ext1119, N) = AimExt1-(N,M) .

Consequence of Bill'sproof:

k-daw-
①F-✗t
'
(Mia)

- Ex-1^-1141147 if@ Dynkin
Horn (NIM)

Reformulation for Q Dynkin : modAlai is 2- Calabi-Yau as a triang.cat.
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From now on we assume : Q is Dynkin with underlyinggraph. A .

4) 11-161 is wild except if A- C- {Az, Az , Ay , Dy , As } .

5) However, 11-167 is always 2- representation - finite (in the sense of Iyama),
i.e. modITCQI contains a (canonical) cluster - tilting object T.

as →

equivalently : mod17107 constructed by Geiss- Leclerc
- Schier (2006,2007)

Def. (Iyama 2007) : Tis 12-1 cluster- tilting if

a) Tis rigid, i.e. Exttctct) =0

b) T is a 2-stepgenerator of mod11-107 , i.e. File mod11-101, there is a triangle

T
,

0 To °M o IT,

with To
,
T
, c- addCT).
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Example : Q : 1→ 2 → 3 → 4 → 5
.

Then the canonical cluster- tilting object T

of modFIKRI has endomorphism algebra EndCT) given by

com.net
inner arrow no commutativity rel.

↳ zero

f relation
boundary arrow no zero relation

In other words, Endlt) is the Jacobian algebra Jr,w of the aquiver with potential .

IR.hr) given by



g

R :
,
W = -2.

.

-II?

Whence a beautifully compact description of Jr, w . Such a description

exists for EndCTI , TEmodITIQ), for an arbitrary Dynkin quiver Q .

canonical

Remark: If we know Endo> = Jaw , We can describe the objects/isom.
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of mod17107 because T is a rigid 2-stepgenerator :

{objects ofmodITCQI}/isom.

•
~ {minimalmorph. T.to To of adult)}/isom

Lionelf) 0 I f
arbitrary quiver

What about the morphisms ? withpotential

Important discovery (Victor Ginzburg 2006) : Each Jacobian algebra Ipfwhas a
canonical "enhancement" PR,w (now called the Ginzburg dg algebra) .

Rk : Paw is a dg f- differentialgraded) algebra which is connective

(HPraw = 0
, Fp>0) and has H°Pair = Jew .

Moreover
,
it is

(homologicalg) smooth (Kontsevich) and bimodule 3- CY (VDB 2009).



C. Amiot in ‘08

M. Duflo, C. Amiot, B. Leclerc, I. Reiten
11-07-2008
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Thm (Amiot 2009) : We have a canonical triangle equivalence
mod LTLQI

-
- CR,w where CR

,w
in the

(generalized) cluster category Cpr,w
=

per(Pp.nl/pvdlPR.w) .
I tperfectderived

category
perfectly valued ckr.cat. :
{theDTI Mlk c-perk}

Conjecture (Amiot2010) : Let it be a Hom-finite, karoubian.tiiang.cat. 8th.

a) f is algebraic lice
.
II E- for some Frob

,
cat. E)

.

b) f is 2- Calabi-Yau as a triang.cat.

c) I contains a cluster - tilting object T.



Then f - CR
,
w
,

Tl ° TRW .

Inparticular , 12
A-

we have End(T) = Ender,w(Tru ) =Jar .

Evidence accumulated so far :

1) A-Reiter 12008) : Ok if Endct) is hereditary

2)Amiot 12009) : f- modÑlQ7
,
Q Dynkin, T canonical

3) Baan - Iyama - Reiten - Smith (2011) combined with

Amiot- Reiter - Todorov(20/1) and Amiot- Iyama- Reiter - Todorov 12015) :

SudCII
, subII) C- mod 17107, 6 acyclic

4) Amiot- Iyama - Reiter 12011) and Broomhead (2012) : categories from dimer models

5) Amiot- Iyama - Reiten 12011) and Thanhoffer- VDB 12016) : f- CI/RG) , R=kExy.z], 6cyclic
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61 Kalck- Yang, Relative singularity categories III : Chester resolutions (preprint 0612020)

7) Garcia Elsevier : Monomial Gorenstein algebras and the stably CY-property (20211

2.co/--ticism of the conjecture

Recall:

Conjecture (Amiot2010) : Let it be a Hom-finite triangulated category s.tk.

a) f is algebraic (⇒ 8I E-, E Frob. ) ←→ f÷H°A .
Apmtriang. dg eat.

b) f is 2- Calabi-Yau as a triang.cat.

c) I contains a cluster - tilting object T.

Then 1- (RW) and f
-

CR
,
w
,

T' ° TRW
A-

Inparticular, we have End(T)
= Ender

.

wlrr.ir ) = Ta,R .

Question : Which of the three assumptions a), b), c) is unnatural

teennaturally weak) ?



Максим Л. Концевич
1964-

✓
moreprecisely : unnaturally weak 14

Question : Which of the three assumptions is unnatural ?

Answer : Condition b) because itpostulates structure on H°A instead ofA !

Question : What is the correct lift to A of the notion of 2-CY- structure on H°A ?
cyclic homology-7

Def. lkontsevichj : Alright) 2-CY-structure on A is a class ye DHC-21A)

which is non degenerate , i.e. its image under

DHC-21A) - DHH-21A)
-
° Hornpaella, -22Door)

is an isomorphism in DAE .

New condition : G) A Iasin a)) carries a 2- CY structure in this sense
.
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Sanity check :
←

AtmJR.ve•
4hm : Suppose law) is a Jacobi- finite quiver with potential . Then F- Crew

is Hom . finite and a), b'I, c) hold for A = ¢RÑdg←
candy enhancement.

3. Recentprogress

9hm : The modified conjecture is true .

Key ingredients : 1) Localization seq. in cyclic homology (19987 .

2) Van den Bergh 's superpotential Thm 12015) : IfA is a (pseudocompact)

connective augmented dg algebra with a (left) 3-Cy - structure,
then A is weakly equivalent to Pr,w for some CR

,
WI .



Junyang Liu
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Remains to be done : If E is a stably 2- Cy cat. occurring in nature , then A- (E)dg

carries a can . fright) 2- CY structure .

Rk : This should even hold for relative CY- structures

(in the sense of Toén/Brar- Dyckerhoff) . Ongoing work byJungang Liu .



https://www.zazzle.com/create/designtool
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