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Algebra and Rodeele Varieties

jtw EL Green & L Hike

jt in progress with EL Green I C- Marcos

1) Algebra varieties
Idea : Non - commutative Grebner basis theory

I

affine algebraic variety V
• every pot in V is an algebra kQ⇐

• 3- a distinguished pt in V given

by a monomial algebra Amon



Theorem :
C Green - Hile- 52L) t Aev

c) dim A = dim Aman

2) Carton matrix Ca of A = Canon

3) gldim Amon 7 gldim A

4) If gldim Amen Coo then the Cartan

determinant cog holds for
A

.

5) Aman (D) - Koszal =D A CD? -tszcel

6) Anon quasihereditary =D A quasi hereditary
Rbs : career - s) For kQ⇐ monomial , then there

is a comb . criterion on CQII) to determine

whether CQ.IT is quasi hereditary or not .



Construction of 8
B. = { finite paths in a}A = kQ/Ic<

arrows>
2

< well -order an B admissible

Eg length lexicographical

Def D • n = E Lpp c- kQ
PEB

tip se =p largest p st xp -1-0 .

• ✗ c- kQ

tip ✗ = { tip al ne ×]

2)
G EI is a Grebner basis for I Cwrta)



if (tip of> = (tipi>••
ka ka ka

RI :
<g> =I

associated
3) Amen = KQ / < tip I>

monomial

algebra
T min gensetg <tip I>

4) Won tips : W= B -T

Fundamental Lemma :

kQ =

F¥E
I ④ spanner

⇒ FEET c- kQ
,
3- ! g£ c-I 3- ! ne C-SpankW

"

I Cannt = get nz new

uE{nn¥



Gee.nl =/ gt = t - I can n It c-T}
NENE

is a Grebner basis for I Reduced Grabner
basis

Def

VT = { (can > c- kw / Gleam,={ t - E Cann ÉNEUE

is a Gesner basis for
< Team> }

Theorem ( Green - Hike - s)

Vin is an affine algebraic variety .



Example
,
a

> 2
f

> 3 < length lexicographical
Q : a d g

a> . . - . >ofÉ
,

> 5- >
É

e

I = Lab - Cd , de - fog ,
be>

T = { ab , dei be } a- 53 Cabled
,
Cdeifcy

VT = { ( d. B) c-hi / Tea .

=/ ab-✗Éd , de - pfg.be }
is a Grebner basis ferfkca.rs;)}

Reduce Gears, by T : aberos - trade us -

p2efg-isdB-oVT-fkQq@p.iyd.B-0 d. pek }

(0,07 At kQ/< ab.de ,
be>

= Amen



2) Module varieties

Idea A =kQ/I ME kQ⇐ -
Red

Right Grebner basis theory
I

affine algebraic variety by

• pts in VM are in kQ⇐ - Red

•
two modules in Voe share homological
properties

Prop ( Green - Marcos - S) : tf M
'

c- Voe

dim Tl = dim ol
'



Green - Solberg algorithmic construction of a
projective resolution Qin of 04

order Resolution

Def : o - pd M : = sup { n I Qnn -1-0}

a- fin dim A : = sup { o - palm / Kill c-KOFI
meal

Sto - pd Moo}
Theorem calls) :
D toe

'

c-Vor Opd M
'
= opd M OdinV

2) adim Voy 7 pd M
'

,
t or

'

c-Voy

3) ofindim A soo

4) findim A soo ←→



Step { pool / pd M < 00 I op.com =D}<oo

Construction of Noe

①wire =P →M P c- KQ - Red
i c-I projective

< admissible order on B & fix order on I

→ < on a basis B• of P

Lm = kertc-pp-T.sn

Def : Get e Loe is a Right Grebner basis for
her

if {tip R%a - (tiptoe>so
T~xr-bi.GE?eaa=Lm



Def :

UM = { L ↳P / < tip Dag =L tiptoe>ka

and PI c L }

Theorem ( GMs) :

Vor is an affine algebraic variety .



Example I
1
a

> 4 b I = Cabg>
Q :

2C >5
d 57 8>8

a> b> . . . .
> of

3
e

> g

f '

k
'
>k

M

o

"

↳ = ⑧→ R④Pz④B Dk
'
>k (d) 5h2

"Yea
4 F z (9) 7

⑦ ¥ Ie k
'
> k

Get = { ab , cdg - efg} ReduceI by set

T*= { ab , edgy
abg → - Xcdgieefg
us +2-Xefg -4efg

Get = { ab - ✗ad - Uef , Cdg - 2-efg} ⇒ (2×-4)=0

UM = d L cop / <tip 27kg = (abicdgsa RPICL }
= { ( ✗ ihZ) c- k3 / ✗-2-4=0 }



Example 2
>
, 2h ,

dek

c) > 3 Ma =p
'
>k '

Q : ,

a >
2
b

3 = Log ↳ P
,
→ %

a> b> c ge*={ ab - da }
+
*
= Lab}

Voy =k

Fleek Meee Voe, and Matter

Distinguished point in Voe, :

"

monomial module "

seems to playa
4=0 similar role

& k
c- Vma fervor as

moniomalalgfesaftar
.




