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• An: x2 + yn+1 + z2 (n ≥ 1)

• Dn: xn−1 + xy2 + z2 (n ≥ 4)

• E6: x3 + y4 + z2

• E7 : x3y + y3 + z2

• E8 : x3 + y5 + z2

are explicitly known, there are finitely many of them.

See the book of Yoshino and a paper of Kajiura, Saito
and Takahashi for explicit lists.
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p
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q
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Isolated surface singularities–II

Indecomposable Cohen–Macaulay modules over
minimally ellipticsingularities
• Tp,q,r(λ) : xp + yq + zr + λxyz, where

1
p

+ 1
q
+ 1

r
≤ 1 andλ ∈ k \ {finite set}

• Tp,q,r,t(λ) : xp + yq = uv, ur + vt = λxy

have been classified by Kahn (1987)

and Drozd, Greuel and Kashuba (2001).

Their method relates maximal Cohen–Macaulay
modules with vector bundles on the exceptional fiber
of a minimal resolution of singularities and uses a
classification of vector bundles ongenus onecurves.

This description israther unexplicit.
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Description of Results

• Matrix factorizations ofw = xyz ∈ kJx, y, zK.

• Maximal Cohen–Macaulay modules over certain
complete intersections, likekJx, y, u, vK/(xy, uv).

• More generally, a classification ofall maximal
Cohen–Macaulay modules overdegenerate cusps.

• Newtype oftamematrix problems: representations
of decorated bunches of chains.

• Example of such a problem is the following:

X 7→ S−1XT.

HereX ∈ Matn×n(K) andS, T ∈ GLn(D) are such
thatS(0) = T (0) for K = k((t)) andD = kJtK.
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Main Construction–I
• Let (A,m) be a complete reduced butnon–isolated
Cohen–Macaulaysurfacesingularity.

• LetR ⊇ A be the normalization ofA.

• By a Theorem of Serre,R is Cohen–Macaulay.

• Let I = AnnA(R/A) be theconductor ideal.

• Then we have:I = IA = IR.
• Moreover,

I
∼=
−→ HomA(R,A), x 7→ (r 7→ xr).

Hence,I is Cohen–Macaulay viewed asA– or
R–module.
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��

MCM(R)
Q(R̄)⊗R−

// Q(R̄)−mod,

whereR⊠A M = (R ⊗A M)∨∨.
MCM Modules over non-isolated surface singularities– p. 6/25



Main Construction–II
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Main Construction–III
•We have

MCM(A)
Q(Ā)⊗A−

//

R⊠A−
��

Q(Ā)−mod

Q(R̄)⊗Q(Ā)−
��

MCM(R)
Q(R̄)⊗R−

// Q(R̄)−mod

• Key idea: recoveran objectM of MCM(A) from

• Its normalizatioñM := R⊠A M

• The induced moduleV := Q(Ā)⊗A M

• Gluing mapQ(R̄)⊗Q(Ā) V
θ
−→ Q(R̄)⊗R M̃ .
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Category of Triples–I
We have a pair of functors

MCM(R) −→ Q(R̄)−mod←− Q(Ā)−mod.

Definition. Consider the categoryTri(A) whose

objects are triples(M̃, V, θ), where

• M̃ ∈ MCM(R)

• V ∈ Q(Ā)−mod

• Q(R̄)⊗Q(Ā) V
θ
−→ Q(R̄)⊗R M̃ is

• a surjectiveQ(R̄)–linear map

• such thatV
θ̃
−→ Q(R̄)⊗R M̃ is injective.
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Category of Triples–II

A morphism(M̃, V, θ)→ (M̃ ′, V ′, θ′) in the category
of triplesTri(A)

1 1
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Category of Triples–II

A morphism(M̃, V, θ)→ (M̃ ′, V ′, θ′) in the category
of triplesTri(A) is given by a pair of morphisms

M
f
−→M ′ and V

g
−→ V ′

1 1
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Category of Triples–II

A morphism(M̃, V, θ)→ (M̃ ′, V ′, θ′) in the category
of triplesTri(A) is given by a pair of morphisms

M
f
−→M ′ and V

g
−→ V ′

such that the diagram

Q(R̄)⊗Q(Ā) V
θ

//1⊗g
��

Q(R̄)⊗R M̃1⊗f
��

Q(R̄)⊗Q(Ā) V
′ θ′

// Q(R̄)⊗R M̃
′

commutes.
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Main Theorem
Once again: we have a diagram of categories

MCM(A)
Q(Ā)⊗A−

//

R⊠A−
��

Q(Ā)−mod

Q(R̄)⊗Q(Ā)−
��

MCM(R)
Q(R̄)⊗R−

// Q(R̄)−mod

Theorem(Burban–Drozd). The functor

MCM(A) −→ Tri(A)

mapping a maximal Cohen–MacaulayA–moduleM
to the triple

(
R⊠A M,Q(Ā)⊗A M, θM

)
is an

equivalence of categories.
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• LetA = kJx, y, zK/xy be anA∞–singularity.

• Its normalization is
R = R1 ×R2 = kJx, z1K× kJy, z2K.

• The conductor ideal isI = (x, y)A = (x, y)R.

• Hence, we have:
Ā := A/I = kJzK −→ R̄ := R/I = kJz1K× kJz2K

• Let
(
M̃, V, θ

)
be an object ofTri(A). Then

• M̃ ∼= Rp
1 ⊕R

q
2 andV = Kt
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Example: A∞–singularity

• LetA = kJx, y, zK/xy be anA∞–singularity.

• Its normalization is
R = R1 ×R2 = kJx, z1K× kJy, z2K.

• The conductor ideal isI = (x, y)A = (x, y)R.

• Hence, we have:
Ā := A/I = kJzK −→ R̄ := R/I = kJz1K× kJz2K

• Let
(
M̃, V, θ

)
be an object ofTri(A). Then

• M̃ ∼= Rp
1 ⊕R

q
2 andV = Kt

• whereK := Q(Ā) = k((z))
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Example: A∞–singularity

• LetA = kJx, y, zK/xy be anA∞–singularity.

• Its normalization is
R = R1 ×R2 = kJx, z1K× kJy, z2K.

• The conductor ideal isI = (x, y)A = (x, y)R.

• Hence, we have:
Ā := A/I = kJzK −→ R̄ := R/I = kJz1K× kJz2K

• Let
(
M̃, V, θ

)
be an object ofTri(A). Then

• M̃ ∼= Rp
1 ⊕R

q
2 andV = Kt

• whereK := Q(Ā) = k((z))

• θ is given by a pair of matrices
(Θ1,Θ2) ∈ Matp×t

(
K

)
×Matq×t

(
K

)
.
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Example: A∞–singularity
Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK
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Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK reduces to thematrix problem:
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Example: A∞–singularity
Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK reduces to thematrix problem:

(Θ1,Θ2) 7→ (Φ1Θ1Ψ
−1,Φ2Θ2Ψ

−1)
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Example: A∞–singularity
Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK reduces to thematrix problem:

(Θ1,Θ2) 7→ (Φ1Θ1Ψ
−1,Φ2Θ2Ψ
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where
• Θ1 ∈ Matp×t
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Example: A∞–singularity
Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK reduces to thematrix problem:

(Θ1,Θ2) 7→ (Φ1Θ1Ψ
−1,Φ2Θ2Ψ

−1)

where
• Θ1 ∈ Matp×t

(
K

)
, Θ2 ∈ Matp×t

(
K

)

• K = k((z)) andD = kJzK
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Example: A∞–singularity
Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK reduces to thematrix problem:

(Θ1,Θ2) 7→ (Φ1Θ1Ψ
−1,Φ2Θ2Ψ

−1)

where
• Θ1 ∈ Matp×t

(
K

)
, Θ2 ∈ Matp×t

(
K

)

• K = k((z)) andD = kJzK

• Ψ ∈ GLt(K), Φ1 ∈ GLp(D) andΦ2 ∈ GLq(D).
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Example: A∞–singularity
Summary: classification of matrix factorizations of
w = xy ∈ kJx, y, zK reduces to thematrix problem:

(Θ1,Θ2) 7→ (Φ1Θ1Ψ
−1,Φ2Θ2Ψ

−1)

where
• Θ1 ∈ Matp×t

(
K

)
, Θ2 ∈ Matp×t

(
K

)

• K = k((z)) andD = kJzK

• Ψ ∈ GLt(K), Φ1 ∈ GLp(D) andΦ2 ∈ GLq(D).

Remark. This problem of linear algebra is close to
classification of representations of• ← • → • over
the fieldK.
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:

•

(
R1 ⊕R2,K,

(
(zn), (1)

))
, wheren ∈ Z
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:

•

(
R1 ⊕R2,K,

(
(zn), (1)

))
, wheren ∈ Z

•

(
R1,K,

(
(1), ∅

))
and

(
R2,K,

(
∅, (1)

))
.
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:

•

(
R1 ⊕R2,K,

(
(zn), (1)

))
, wheren ∈ Z

•

(
R1,K,

(
(1), ∅

))
and

(
R2,K,

(
∅, (1)

))
.

Indecomposable matrix factorizations ofw = xy are:
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:

•

(
R1 ⊕R2,K,

(
(zn), (1)

))
, wheren ∈ Z

•

(
R1,K,

(
(1), ∅

))
and

(
R2,K,

(
∅, (1)

))
.

Indecomposable matrix factorizations ofw = xy are:
• M(ϕn, ψn) andM(ψn, ϕn), wheren ≥ 1

ϕn =

(
y zn

0 x

)
andψn =

(
x −zn

0 y

)
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:

•

(
R1 ⊕R2,K,

(
(zn), (1)

))
, wheren ∈ Z

•

(
R1,K,

(
(1), ∅

))
and

(
R2,K,

(
∅, (1)

))
.

Indecomposable matrix factorizations ofw = xy are:
• M(ϕn, ψn) andM(ψn, ϕn), wheren ≥ 1

ϕn =

(
y zn

0 x

)
andψn =

(
x −zn

0 y

)

• M(x, y) andM(y, x).
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Example: A∞–singularity

Indecomposable objects ofTri(A) are:

•

(
R1 ⊕R2,K,

(
(zn), (1)

))
, wheren ∈ Z

•

(
R1,K,

(
(1), ∅

))
and

(
R2,K,

(
∅, (1)

))
.

Indecomposable matrix factorizations ofw = xy are:
• M(ϕn, ψn) andM(ψn, ϕn), wheren ≥ 1

ϕn =

(
y zn

0 x

)
andψn =

(
x −zn

0 y

)

• M(x, y) andM(y, x).

It is a result of Buchweitz, Greuel and Schreyer.
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,

whereu =
y
x andv =

xz − y
x = z − u.
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,

whereu =
y
x andv =

xz − y
x = z − u.

I := HomA(R,A) = (x, y)A = (uv)R.
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,

whereu =
y
x andv =

xz − y
x = z − u.

I := HomA(R,A) = (x, y)A = (uv)R.

In particular,
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,

whereu =
y
x andv =

xz − y
x = z − u.

I := HomA(R,A) = (x, y)A = (uv)R.

In particular,

• Ā := A/I = kJzK
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,

whereu =
y
x andv =

xz − y
x = z − u.

I := HomA(R,A) = (x, y)A = (uv)R.

In particular,

• Ā := A/I = kJzK

• R̄ := R/I = kJu, vK/uv
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Degenerate CuspT32∞

LetA = kJx, y, zK/(x3 + y2 − xyz).

Obviously, it is a degeneration of the cusp
kJx, y, zK/(x3 + y2 + zr − xyz).

The normalization ofA isR = kJu, vK,

whereu =
y
x andv =

xz − y
x = z − u.

I := HomA(R,A) = (x, y)A = (uv)R.

In particular,

• Ā := A/I = kJzK

• R̄ := R/I = kJu, vK/uv

• Q(Ā) = k((z)) andQ(R̄) = k((u))× k((v)).
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

MCM Modules over non-isolated surface singularities– p. 17/25



Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp andV ∼= Kq, whereK = k((z))
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp andV ∼= Kq, whereK = k((z))

• θ is given byΘ1,Θ2 ∈ Matp×q(K).
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp andV ∼= Kq, whereK = k((z))

• θ is given byΘ1,Θ2 ∈ Matp×q(K).

The matrix problem is the following:
(
Θ1,Θ2

)
7→

(
Φ1Θ1Ψ

−1,Φ2Θ2Ψ
−1

)
,
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp andV ∼= Kq, whereK = k((z))

• θ is given byΘ1,Θ2 ∈ Matp×q(K).

The matrix problem is the following:
(
Θ1,Θ2

)
7→

(
Φ1Θ1Ψ

−1,Φ2Θ2Ψ
−1

)
,

where
• Ψ ∈ GLq(K)
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp andV ∼= Kq, whereK = k((z))

• θ is given byΘ1,Θ2 ∈ Matp×q(K).

The matrix problem is the following:
(
Θ1,Θ2

)
7→

(
Φ1Θ1Ψ

−1,Φ2Θ2Ψ
−1

)
,

where
• Ψ ∈ GLq(K)

• Φ1,Φ2 ∈ GLp(D) are such thatΦ1(0) = Φ2(0)
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Matrix Problem for MCM(T32∞)

Let T =
(
M̃, V, θ

)
be an object ofTri(A).

• M̃ ∼= Rp andV ∼= Kq, whereK = k((z))

• θ is given byΘ1,Θ2 ∈ Matp×q(K).

The matrix problem is the following:
(
Θ1,Θ2

)
7→

(
Φ1Θ1Ψ

−1,Φ2Θ2Ψ
−1

)
,

where
• Ψ ∈ GLq(K)

• Φ1,Φ2 ∈ GLp(D) are such thatΦ1(0) = Φ2(0)

• andD = kJzK.
MCM Modules over non-isolated surface singularities– p. 17/25



Canonical Forms: Continuous Series

MCM Modules over non-isolated surface singularities– p. 18/25



Canonical Forms: Continuous Series

Θ1 =




za1I 0 0 . . . 0

0 za2I 0 . . . 0
... ... .. . .. . ...

0 0 . . . .. . 0

0 0 . . . 0 zatI




Θ2 =




0 zb2I 0 . . . 0

0 0 zb3I . . . 0
... ... ... .. . ...
0 0 0 . . . zbtI

zb1J 0 0 . . . 0



.
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Canonical Forms: Continuous Series

Θ1 =




za1I 0 0 . . . 0

0 za2I 0 . . . 0
... ... .. . .. . ...

0 0 . . . .. . 0

0 0 . . . 0 zatI




Θ2 =




0 zb2I 0 . . . 0

0 0 zb3I . . . 0
... ... ... .. . ...
0 0 0 . . . zbtI

zb1J 0 0 . . . 0



.

(
(a1, b1), . . . , (at, bt)

)
∈ Z

2t, I = Ip andJ = Jp(λ).
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Canonical Forms: Discrete Series
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Canonical Forms: Discrete Series

Θ1 =




zm0 0 0 . . . 0

0 zm1 0 . . . 0
... ... . .. . .. ...
0 0 . . . zmt 0




Θ2 =




0 zn1 0 . . . 0

0 0 zn2 . . . 0
... ... ... . .. 0

0 0 0 . . . znt+1


 .
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MCMs over kJx, y, zK/(x3 + y2 − xyz)
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MCMs over kJx, y, zK/(x3 + y2 − xyz)

Theorem(Burban–Drozd). Let(Θ1,Θ2) be an
indecomposable canonical form as above and
Θ = Θ1(u) + Θ2(v).

MCM Modules over non-isolated surface singularities– p. 20/25



MCMs over kJx, y, zK/(x3 + y2 − xyz)

Theorem(Burban–Drozd). Let(Θ1,Θ2) be an
indecomposable canonical form as above and
Θ = Θ1(u) + Θ2(v).

Consider the matrix

Θ̄ :=
(
xI | yI |Θ

)
∈ Matp×q(R).
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MCMs over kJx, y, zK/(x3 + y2 − xyz)

Theorem(Burban–Drozd). Let(Θ1,Θ2) be an
indecomposable canonical form as above and
Θ = Θ1(u) + Θ2(v).

Consider the matrix

Θ̄ :=
(
xI | yI |Θ

)
∈ Matp×q(R).

LetL ⊆ Rp be theA–module generated by the
columns of the matrix̄Θ.
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MCMs over kJx, y, zK/(x3 + y2 − xyz)

Theorem(Burban–Drozd). Let(Θ1,Θ2) be an
indecomposable canonical form as above and
Θ = Θ1(u) + Θ2(v).

Consider the matrix

Θ̄ :=
(
xI | yI |Θ

)
∈ Matp×q(R).

LetL ⊆ Rp be theA–module generated by the
columns of the matrix̄Θ.

ThenL∨∨ is an indecomposable maximal
Cohen–MacaulayA–module
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MCMs over kJx, y, zK/(x3 + y2 − xyz)

Theorem(Burban–Drozd). Let(Θ1,Θ2) be an
indecomposable canonical form as above and
Θ = Θ1(u) + Θ2(v).

Consider the matrix

Θ̄ :=
(
xI | yI |Θ

)
∈ Matp×q(R).

LetL ⊆ Rp be theA–module generated by the
columns of the matrix̄Θ.

ThenL∨∨ is an indecomposable maximal
Cohen–MacaulayA–module

and any indecomposable maximal Cohen–Macaulay
A–module has such form.
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MCM modules over T32∞
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MCM modules over T32∞

Corollary(Burban–Drozd). MCM modules over

A = kJx, y, zK/(x3 + y2 − xyz) of rank oneare
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MCM modules over T32∞

Corollary(Burban–Drozd). MCM modules over

A = kJx, y, zK/(x3 + y2 − xyz) of rank oneare

• Im, λ =
〈
xm+1, yxm−1 + λ(xz − y)m

〉
,

wherem ∈ N andλ ∈ k∗.
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MCM modules over T32∞

Corollary(Burban–Drozd). MCM modules over

A = kJx, y, zK/(x3 + y2 − xyz) of rank oneare

• Im, λ =
〈
xm+1, yxm−1 + λ(xz − y)m

〉
,

wherem ∈ N andλ ∈ k∗.
• Jm, λ =

〈
xm+1, ym + λxm−1(xz − y)

〉
,

wherem ∈ N andλ ∈ k∗.
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MCM modules over T32∞

Corollary(Burban–Drozd). MCM modules over

A = kJx, y, zK/(x3 + y2 − xyz) of rank oneare

• Im, λ =
〈
xm+1, yxm−1 + λ(xz − y)m

〉
,

wherem ∈ N andλ ∈ k∗.
• Jm, λ =

〈
xm+1, ym + λxm−1(xz − y)

〉
,

wherem ∈ N andλ ∈ k∗.
• I =

〈
x, y

〉
∼= R and the regular moduleA.
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MCM modules over T32∞

Corollary(Burban–Drozd). MCM modules over

A = kJx, y, zK/(x3 + y2 − xyz) of rank oneare

• Im, λ =
〈
xm+1, yxm−1 + λ(xz − y)m

〉
,

wherem ∈ N andλ ∈ k∗.
• Jm, λ =

〈
xm+1, ym + λxm−1(xz − y)

〉
,

wherem ∈ N andλ ∈ k∗.
• I =

〈
x, y

〉
∼= R and the regular moduleA.

Example. In the terms of matrix factorizations

J2, λ
∼= Cok

(
A2

(
x+µ(µ+1)z2 y+µxz

y−(µ+1)xz −x2

)

−−−−−−−−−−−−−→ A2
)
.
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MCM modules over kJu, v, wK/uvw
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MCM modules over kJu, v, wK/uvw

Theorem(Burban–Drozd). Any MCM module of
rank one overkJu, v, wK/uvw which is locally free on
the punctured spectrum, is isomorphic to the cokernel
of one of the following matrices (or its transpose)
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MCM modules over kJu, v, wK/uvw

Theorem(Burban–Drozd). Any MCM module of
rank one overkJu, v, wK/uvw which is locally free on
the punctured spectrum, is isomorphic to the cokernel
of one of the following matrices (or its transpose)

•

(
u 0

vp + λwq vw

)
,
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MCM modules over kJu, v, wK/uvw

Theorem(Burban–Drozd). Any MCM module of
rank one overkJu, v, wK/uvw which is locally free on
the punctured spectrum, is isomorphic to the cokernel
of one of the following matrices (or its transpose)

•

(
u 0

vp + λwq vw

)
,

(
λu+ vpwq wq+1

uq+1 vw

)
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MCM modules over kJu, v, wK/uvw

Theorem(Burban–Drozd). Any MCM module of
rank one overkJu, v, wK/uvw which is locally free on
the punctured spectrum, is isomorphic to the cokernel
of one of the following matrices (or its transpose)

•

(
u 0

vp + λwq vw

)
,

(
λu+ vpwq wq+1

uq+1 vw

)

•




u wl 0

0 v um

λvn 0 w


 ,
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MCM modules over kJu, v, wK/uvw

Theorem(Burban–Drozd). Any MCM module of
rank one overkJu, v, wK/uvw which is locally free on
the punctured spectrum, is isomorphic to the cokernel
of one of the following matrices (or its transpose)

•

(
u 0

vp + λwq vw

)
,

(
λu+ vpwq wq+1

uq+1 vw

)

•




u wl 0

0 v um

λvn 0 w


 ,



u wl λvn

0 v um

0 0 w


 .
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Some other degenerate cusps
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Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).
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Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

MCM Modules over non-isolated surface singularities– p. 23/25



Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

Forω =
(
(m1,m2), (n1, n2), (p1, p2), (q1, q2)

)
∈ Z

8
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Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

Forω =
(
(m1,m2), (n1, n2), (p1, p2), (q1, q2)

)
∈ Z

8

min(m1,m2) = · · · = min(q1, q2) = 1
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Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

Forω =
(
(m1,m2), (n1, n2), (p1, p2), (q1, q2)

)
∈ Z

8

min(m1,m2) = · · · = min(q1, q2) = 1

andλ ∈ k∗
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Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

Forω =
(
(m1,m2), (n1, n2), (p1, p2), (q1, q2)

)
∈ Z

8

min(m1,m2) = · · · = min(q1, q2) = 1

andλ ∈ k∗ we setI(ω, λ) :=
〈
xm1+1u+ λxm2+1v,

un1+1y + un2+1x, yp1+1v + yp2+1u, vq1+1x+ vq2+1y
〉
.

MCM Modules over non-isolated surface singularities– p. 23/25



Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

Forω =
(
(m1,m2), (n1, n2), (p1, p2), (q1, q2)

)
∈ Z

8

min(m1,m2) = · · · = min(q1, q2) = 1

andλ ∈ k∗ we setI(ω, λ) :=
〈
xm1+1u+ λxm2+1v,

un1+1y + un2+1x, yp1+1v + yp2+1u, vq1+1x+ vq2+1y
〉
.

Any M ∈ MCM
lf(A), rk(M) = 1 is isomorphic to
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Some other degenerate cusps

A = kJx, y, u, vK/(xy, uv).

J :=
〈
(xu)2, (xv)2, (yu)2, (yv)2

〉
⊆ A.

Forω =
(
(m1,m2), (n1, n2), (p1, p2), (q1, q2)

)
∈ Z

8

min(m1,m2) = · · · = min(q1, q2) = 1

andλ ∈ k∗ we setI(ω, λ) :=
〈
xm1+1u+ λxm2+1v,

un1+1y + un2+1x, yp1+1v + yp2+1u, vq1+1x+ vq2+1y
〉
.

Any M ∈ MCM
lf(A), rk(M) = 1 is isomorphic to

M(ω, λ) :=
〈
J, I(ω, λ)

〉∨∨
A
⊆ A.
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Degenerate cuspkJx, y, u, vK/(xy, uv)
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Degenerate cuspkJx, y, u, vK/(xy, uv)

Example. In the above notations, let

• m1 = n1 = p1 = q1 = 1

• m2 = m,n2 = n, p2 = p, q2 = q.

MCM Modules over non-isolated surface singularities– p. 24/25



Degenerate cuspkJx, y, u, vK/(xy, uv)

Example. In the above notations, let

• m1 = n1 = p1 = q1 = 1

• m2 = m,n2 = n, p2 = p, q2 = q.

Then the corresponding Cohen–Macaulay module is
〈
x2u+λxm+1v, u2y+un+1x, y2v+yp+1u, v2x+vq+1y

〉
.
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Degenerate cuspkJx, y, u, vK/(xy, uv)

Example. In the above notations, let

• m1 = n1 = p1 = q1 = 1

• m2 = m,n2 = n, p2 = p, q2 = q.

Then the corresponding Cohen–Macaulay module is
〈
x2u+λxm+1v, u2y+un+1x, y2v+yp+1u, v2x+vq+1y

〉
.

Moreover, its presentation is

A8




y 0 0 0 v un 0 0
0 v 0 0 0 x yp 0
0 0 x 0 0 0 u vq

0 0 0 u λxm 0 0 y




−−−−−−−−−−−−−−−→ A4 −→M(ω, λ) −→ 0.

MCM Modules over non-isolated surface singularities– p. 24/25



Thank you for your attention!
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