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Khovanov-Rozansky
link homology

Fix an integer N > 2



Khovanov-Rozansky 04
> KRy (L) = @i jerH"

dim@ Hi’j < XX

® Euler characteristic is a specialisation of HOMFLY

X(KRy (L)) := > (=1)'¢’ dimg(H")

1,1 EL

® KR homology is functorial

® Constructed using matrix factorisations



L = Hopf link

KRy (L)



T a triangulated category (MFs)

T®?

A

F KRy (L) = HH, (F)




T a triangulated category (MFs)










T(ZE4) T(Zli‘g) K (hmf( AR + :CN—H))

N+1 , N+1 _ _N+1 _ N+1
W=a" +a 7 —a T — T

we will define A, X € hmf(W)
(0 — X — A — 0) € K (hmf(W))

c=Px_,A is an integral transform



@[X] — @[xla L2, L3, 334]

W = xiVH —I—xé\rle —$év+1 —xi\”rl
Dgg(@[ail,CCz,aig,QM]/W) _ > hmf(W)
Q[X]/(xl — L4,L2 — ZEg) < > A — ACB1:QZ4,CU2::133

Diagonal I canonical

Qlx]/(x1 + T2 — 23 — T4, 21T2 — T374) «—> X

Soergel bimodule



\ K (hmf(x; Nl +:13N+1))

Z \\ .

K® (hmf (x5 N+l +xN+1))

N—+1 N—+1 N—+1 N—+1
W =gt 4 gl Tt — g N gV

(0 — X — A —0) € K’(hmf(W))

c=Px_,A is an integral transform






s

F=c = Ox A 0Dx A =Dk

K:=(X —-A)® (X — A) is the convolution



K? (hanf (2 1 + 2 1))

\ ,

F =g
K=(X—->A)® (X —=A)

Y

K ® Apy—zy @ Dygg—z, is a complex over Qlzi,...,xg)

Kb(hmf(xév+1 + :civﬂ))

Theorem (KR): KRy (L) is f.d. over Q
and is an invariant of links.



Computing
Khovanov-Rozansky
link homology



The problem

@ K ®Ay—¢z, ®Ayg=z, is a cpx over Q[z1,...,zg)
® The computer will hot enjoy computing H~

® Monomials z;' act null-homotopically, try
to exploit this...



A toy example

e (X,D) a Z/2-graded complex of finite free C|z|-modules.
e Suppose AD + DX = z"™ - 1x, for some homotopy A.

e Then on U =C\ {0},

p) A
—D+D =1y,
Ak A

so X is contractible on U, H*(X) supported at {0}.



Contracting homotopy : meromorphic function

H*(X) Res,—o(f)

7{ ialX 1 f(z)dz
C

Ak 271 C



Theorem (M-Dyckerhoff)

271 Ak

Y(H*X) = Lj{ str <)\dX> dz dX :=0,(D)dz
C

To make sense of integrating without the supertrace:
VA Clz] — Clz] XC[2n] Q(:([:[zn]/(c a connection

horizontal sections C[z]/z"

Lipman: L 9(2)
P ) 27'('2 C Zn

dz = tr ( gz, V"] on C[z]/z”)



leig(z)dztr(g[z,vc)] on C[Z]/Zn)

Z’I’L

A
7{ —dX := A[D, V"] is an idempotent on X ® C[z]/2"
C

Zn

(D, V"] is the Atiyah class

Theorem: Im(\[D, V') = H*X



Computations

® Using Singular to split idempotents

® Poincare polynomial

KRy (L,q,t) = Ztiqj dimg H"’
]
01017320 4 28t + '8 + 2410t + 241413 + ¢4
L7023 1 20122 + 12t + 20101 4+ 941043 + 2410
12 4 B0 4 2081 + T3 + 015 + 24543
_3 1241 + 215 + 24215 + 19)
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[nfPushforverd] result 1s size B4,

[nTPusnTorvord] elopsed time 281745140ms,

[nfPushforvardinductive] In step 3 vith ring vars x(21),x(12)

[nfPushforvord] Pushing forvard matrix of size 84 with N = 4

rmaam] Reducing natrix of size 336

N = 4 Borromean rings
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