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The category Py

An object of Py is determined by:
1. V= F(V),
2. FV,W : I'd(Homk(V, W)) — Homk(F(V), F(W))



The category Py

An object of Py is determined by:
1. V= F(V),
2. FV,W : I'd(Homk(V, W)) — Homk(F(V), F(W))

Evaluation F — F(k") gives an equivalence of categories
Py =~ I'(Endk(k"))-mod =: S, 4(k)-mod

provided that n > d.



Examples of strict polynomial functors

V s vEd (1),
Vo (V®d)zd (Sd)7
V s (Vo) ().
V ~ ((V®d)alt)2d ~ ((V®d)alt)zd (/\d),

If char(k)=p, p >0,
Vo~ v (/(1))7
F(’) = Fo /(1) o...0 I(l)



Young diagram of weight d: A = (A1,..., \k), D_\j =d.

{F»} — complete set of simple objects in Py

Problem Compute Ext}‘;d(F“, Fy).



Young diagram of weight d: A = (A1,..., \k), D_\j =d.

{F»} — complete set of simple objects in Py

Problem Compute Ext}‘;d(F“, Fy).

Sy=im(M @ . oM — 14— S 5,
Wy =im(M@...eM — 19— M ... @A),

F,\ — 5)\, W,\ —> F/\.



The Lusztig Conjecture
Extp (Fy, Sx) has parity for i, A in the Jantzen region.



The Lusztig Conjecture
Extp (Fy, Sx) has parity for i, A in the Jantzen region.

1 if u=XAn=0,

dim(Extp, (W, S))) = { 0  otherwise.



The Lusztig Conjecture
Extp (Fy, Sx) has parity for i, A in the Jantzen region.

. n 1 if p=Xn=0,
d|m(EXt7>d(Ww 5\) = { 0 othl;rwise.

Program Compute Ext}*;d _(Wlsi), Sy) for i > 0.
pl



Computing Ext}k;dp(ngl), Sy\)



Computing Ext;‘)dp(ngl), Sy\)



Computing Extp, ( W,El), Sy\)

Fact If c(\) # 0, then Extj, (WSY, S)) = 0.



Computing Extp, ( ngl), Sy\)

Fact If c(\) # 0, then Extj, (WSY, S)) = 0.

F — FO
C:DPy —> 'D'Pdp
K"(F)(V) := RHompp,, (M (V* © IM), F),
K/(F) := K (F#)#.



Computing Ext%dp(ngl), S))

A e(A),q(h) = {A% .. a0,
Fact If c(\) # 0, then Extj, (WSY, S)) = 0.

F — F®
C:DPy — 'D’Pdp

K"(F)(V) := RHompp,, (M (V* @ 1), F),
K/(F) := Kr(F#)#,

Theorem 1 There is a two-sided adjunction
(_
C:DPy — DPqp: K, K'.

Hence Extp, (WS, Sy) ~ HExts, (W,,, K'(S))).



H*(K"(F))(V) == Extp, (F4(V* @ 1), F)
is a graded module over
Ext;‘pdp(rd(v* ® 1), rI(v* @ 1))



H*(K"(F))(V) := Ext}k;dp(rd(v* ® 1M), F)

is a graded module over

Ext;;dp(rd(v* ® 1M), 14 (v* @ IM)) ~ (Endy (V) ® A)
where A := Ext%p(l(l), 1)) ~ k[x]/xP, for deg(x) = 2.



H*(K"(F))(V) := Ext}k;dp(rd(v* ® 1M), F)

is a graded module over

Ext;;dp(rd(v* ® 1M), 14 (v* @ IM)) ~ (Endy (V) ® A)
where A := Ext%p(l(l), 1)) ~ k[x]/xP, for deg(x) = 2.

Paf .= {F : A-mod™ — k-mod¥¢",
strict polynomial of degree d over k}.

Evaluation F — F(k" ® A)
gives an equivalence of categories

P3" ~ r(Endy (k™) ® A)-mod&”

provided that n > d.



Examples of affine strict polynomial functors:
For0<j<p—1, xj(W):=xW/xTW[]],
S(a@f;,,_;,\;_,,;@)(w) = S\(xj(W)),

STy (W) = N (W) @raa) k.



Examples of affine strict polynomial functors:
For0<j<p—1, xj(W):=xW/xTW[]],
S(awf /\’y@)(W) = SA(XJ(W))’

S&fl);n_;(l))(vv) = NP(W) Qra(a) k.

Theorem 2

K7 (S3)(V) = S3f)(V & A)[=h(\)]



Examples of affine strict polynomial functors:
For0<j<p-—1, xj(W):=xW/TW[-]],

S&fl);n_;(l))(vv) = NP(W) Qra(a) k.

Theorem 2

K7 (S3)(V) = S3f)(V & A)[=h(\)]

A~K[Z/p] ~k[x]/xP  «—  K[Z] ~k[x,x"1]

r9(M,(k[x]/xP))-mod®” <  T9(M,(k[x,x]))-mod



Kom(Paf) := {F : A-mod™ — Komy,
strict polynomial of degree d over k}

DP .= Kom(P3)/qis



Kom(Paf) := {F : A-mod™ — Komy,
strict polynomial of degree d over k}

DP .= Kom(P3)/qis

Theorem 3
There is a commutative diagram of adjunctions where the bottom
row is a left part of recollement of triangulated categories.

DPy
Lt NN

%
C' . DPY = DPpy : Kol Kbt

Moreover, we have

K"2(5)) = S26,)[=h(V)]



The idea of proof

1. P, — T9(V* @ 1M) a projective resolution,
B :=Homp,,(Px, P.).
By dg—Morita theory we have a recollement

D(B-mod) < DPpq.



The idea of proof

1. P, — T9(V* @ 1M) a projective resolution,
B :=Homp,,(Px, P.).
By dg—Morita theory we have a recollement

D(B-mod) < DPpq.

2. H*(B) ~ T¥(Endy(V) ® A),
B is formal as a [“(Endy(V/))-algebra.

Hence
D(B-mod) ~ DP.



Application: The Collapsing Conjecture

Corollary
For any F, G € Py

Ext;)pd(F(l)a G(l)) = EXt;’d(F’ Ga)

where Ga(V) := G(V ® A).



Application: The Collapsing Conjecture

Corollary
For any F, G € Py

Ext%pd(F(l); G(l)) = EXt;’d(F’ Ga)

where Ga(V) := G(V ® A).

Proof:
Extp, , (FM), 6W) = Exty (C(F),C(G)) ~ Extp, (F,K'(C(G))) ~

Extp, (F, t(f(G))) = Exth, (F, Ga).
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The Kuhn stratification

There is a stratification of P, by abelian categories with a set of
strata indexed by a poset

T:={a=(a,...,05) 1 j >0,> ajp) =d},

with ordering generated by

(Oéo,...,Oés) < (ao,...,aj+p,04j+1 - 1,...,045).

—
Py — Px = Pxjz
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The Kuhn stratification

There is a stratification of P, by abelian categories with a set of
strata indexed by a poset

T:={a=(a,...,05) 1 j >0,> ajp) =d},

with ordering generated by

(Oéo,...,Oés) < (ao,...,aj+p,04j+1 - 1,...,045).

—
Py — Px = Pxjz

—
P Tmex = Pd — k[Z4]-mod



Hopefully, we have

DPF _>D7D —>DPIC/Ja

Dpjmax — DPy E D(k[X4]-mod).



