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Eisenstein Series and the Trace Formula

for GL(2) over a Function Field

Yuval Z. Flicker
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Abstract. We write out and prove the trace formula for a convolu-
tion operator on the space of cusp forms on GL(2) over the function
field F of a smooth projective absolutely irreducible curve over a finite
field. The proof – which follows Drinfeld – is complete and all terms
in the formula are explicitly computed. The structure of the homo-
geneous space GL(2, F )\GL(2,A) is studied in section 2 by means
of locally free sheaves of OX -modules. Section 3 deals with the reg-
ularization and computation of the geometric terms, over conjugacy
classes. Section 4 develops the theory of intertwining operators and
Eisenstein Series, and the trace formula is proven in section 5.

2010 Mathematics Subject Classification: Primary 11F70, 11F72; Sec-
ondary 22E35, 22E55, 11G20, 11R39, 11R52, 11R58, 14H30, 11S37
Keywords and Phrases: Eisenstein series, intertwining operators,
trace formula, automorphic representations, GL(2), function fields,
orbital integrals

1 Introduction and statement of the Trace Formula

1.1 Introduction

The (non-invariant) trace formula for GL(2) over a number field was stated
and its proof sketched in chapter 15 of the influential book of Jacquet and
Langlands [JL70] of 1970. It was used there for comparison of automorphic
representations of the multiplicative group of a quaternion algebra, with auto-
morphic representations of GL(2).
Drinfeld used the trace formula for GL(2) over a function field F to prove
Langlands’ conjecture for GL(2, F ), and to count in [D81] the number of two
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2 Yuval Z. Flicker

dimensional irreducible representations of the fundamental group of a smooth
projective geometrically irreducible curve X over a finite field. To check the
statement of the trace formula of [JL70] in the function field case, Drinfeld gave
a detailed (but unpublished) proof. It differs from the one sketched in [JL70].

It is this proof of Drinfeld which is given in this paper.

The main reason why this proof is still interesting is the elementary and un-
conventional treatment of Eisenstein series (see subsections 4.7-4.8 below), and
the computation of traces in the spirit of Tate [T68], see subsection 5.2. In
both cases it is based on a “baby model” (see Proposition 4.31, Corollary 4.32,
Lemma 5.11), which cries out for generalization.

Let us describe the contents of this article.

The trace formula itself is stated in subsection 1.2 with a few comments. More
comments, including informal ones, are given in section 3.

Section 2 contains a dictionary between the language of adèles and the lan-
guage of vector bundles on the smooth projective curve X corresponding to
F . In particular, the set of rank n vector bundles on X is identified with
GL(n, F )\GL(n,A)/GL(n,OA), where OA ⊂ A is the ring of integral adèles.
This dictionary goes back to A. Weil [W38], although in an older language. It
underlies Drinfeld’s Geometric Langlands program [BD].

The terms which appear in the geometric part of the trace formula – orbital in-
tegrals and weighted orbital integrals – are estimated and regularized in section
3.

In section 4 intertwining operators, Eisenstein series, and L-functions are in-
troduced. The rationality of the intertwining operator M(µ1, µ2, t) and the
functional equation M2 = 1 are first proven using local computations: nor-
malization of the intertwining operators by L-functions and ε-factors, and the
functional equation of the L-functions.

In subsections 4.7-4.8 these facts are proven using an alternative, global ap-
proach. The ideas might go back to Selberg. But technically the exposition is
quite different and more elementary: in the case of function fields the analytic
problems disappear.

The trace formula is proven in section 5. The logarithmic derivative of the
intertwining operator appears as a result of a computation of the trace of some
operator in a power series space, see Lemma 5.11. This computation is probably
related to Tate’s article [T68].

Here are some questions.

1. Could the methods of subsections 4.7-4.8 and section 5 be extended to
prove the functional equation for Eisenstein series, and the trace formula, for
an arbitrary reductive group over a function field?

2. Is there a modification of the technique from subsections 4.7-4.8 that would
work in the case of number fields, e.g., for GL(2,Q)? One could try to replace
the space of formal power series used in subsections 4.7-4.8 by some space of
holomorphic functions.

3. What is the precise relationship between Lemma 5.11 and Tate’s [T68]?

Documenta Mathematica 19 (2014) 1–62



Eisenstein Series and the Trace Formula . . . 3

4. What is the relationship between the approach to Eisenstein series of subsec-
tions 4.7-4.8, and the classical approaches: that of Selberg-Langlands-Arthur,
and that of scattering theory (see [FP72] or [LP76])?

This author’s initial motivation to write out Drinfeld’s expression and proof of
the trace formula for GL(2) over a function field stems from his search for higher
rank analogues of Drinfeld’s formula [D81]. This led us to count with Deligne
[DF13] the number of rank n (≥ 2) local systems with principal unipotent
local monodromy at least at two places. There we use the trace formula in the
compact quotient case, and the transfer of automorphic representations from a
compact form to GL(n). This explains the condition: “at least at two places”.
The case of [D81] is rank n = 2, no monodromy. To complete the study
of [D81] and of [DF13] in rank two one has to consider the case of principal
unipotent local monodromy at a single place. This is done in [F], using the
explicit computations of the trace formula for GL(2) over a function field of
the present work. This was our initial motivation to write out this formula.
Drinfeld’s proof in the case of rank two, no ramification, is also given in [F].
Of course there are numerous expositions of the trace formula of [JL70], e.g.
[GJ79], geared to explain the lifting application of [JL70], mainly in the number
field case. But none computes explicitly (and accurately, cf. [D81]) all the terms
which appear in the trace formula. The latter is precisely what is needed for the
counting applications of [D81] and [F]. An attempt at a complete exposition
of the computations for GL(2) in the number field case is at [AFOO].
Of course the trace formula of [JL70] was generalized to the higher rank case
by Arthur, see e.g. [A05], in the number field case, and by Lafforgue, see e.g.
[Lf97], in the function field case. But the important applications of these works
did not require explicit evaluation of all the terms which appear in the trace
formula, so our results are not included in those of [Lf97], even in the case of
GL(2) considered here.
In the number field case, the Remark on p. 112 of [A05] states: “As a matter
of fact, it is only in the case of GL(2) that the general coefficients have been
evaluated. It would be very interesting to understand them better in other
examples, although this does not seem to be necessary for presently conceived
applications of the trace formula”. Indeed the applications of [D81], [DF13],
[F] – counting rather than comparing – are of different nature than those of
[JL70], [A05], [Lf97], where most terms can be erased a-priori in the comparison
so they need not be computed.
To repeat what is explained above, we also think the approach of subsections
4.7-4.8 and section 5 is original, substantially different from the currently known
methods (which are developed in [A05], [Lf97]), interesting and warrants further
development.
I am deeply grateful to V. Drinfeld for making available to me his unpublished
notes, for teaching me lots of mathematics in the process, and for his per-
mission to publish this paper; to A. Beilinson for telling me at IHES about
Drinfeld’s notes; to the referee for the very careful reading. The author was
a Schonbrunn visiting Professor at the Hebrew University, Jerusalem. Work
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4 Yuval Z. Flicker

partially supported by a grant (#267097) from the Simons Foundation.

1.2 Statement of the Trace Formula

Let us write the trace formula for GL(2) over a function field F of a smooth
projective geometrically connected curve X over a finite field Fq, and a test
function f in C∞

c (GL(2,A)) (subscript c for “compactly supported”, super-
script ∞ for “locally constant”, A denotes the ring of adèles of F ).
Let r0 be the representation of GL(2,A) by right translation on the space
A0,α of cusp forms on αZ · GL(2, F )\GL(2,A), and r0(f) =

∫
f(g)r0(g)dg

(g ∈ GL(2,A)) the convolution operator; dg = ⊗vdgv is a Haar measure. Here
α is a fixed idèle of degree 1, whose components are almost all equal to 1.
A cusp form is a function φ : GL(2, F )\GL(2,A)→ E (E is a fixed algebraically
closed subfield of C) which is invariant on the right by some open compact
subgroup of GL(2,A), and

∫
N(F )\N(A) φ(nx)dn = 0 for all x in GL(2,A). Here

N denotes the unipotent upper triangular subgroup of GL(2). We also write A
for the diagonal subgroup, and A′ = A−Z where Z is the center of GL(2). By
a well known result of G. Harder, when F is a function field (but not a number
field) a cusp form is compactly supported modulo Z(A).

Theorem 1.1. For any f ∈ C∞
c (GL(2,A)) we have tr r0(f) =

∑
1≤i≤8 Si(f).

The terms are:

S1(f) =
∣∣αZ ·GL(2, F )\GL(2,A)

∣∣ ∑

γ∈αZ·F×

f(γ).

S2(f) =
∑

F2

S2,F2(f),

S2,F2(f) = |AutF F2|−1
∑

γ∈αZ(F2−F )

∫

GL(2,A)/αZ·F×
2

f(xγx−1)dx.

Here F2 ranges over the set of isomorphism classes of quadratic extensions of
the field F . For each F2 we fix an embedding F2 →֒ M(2, F ) into the ring of
2× 2 matrices over F .

S3(f) =
∑

γ∈αZ·A′(F )

∫

A(A)\GL(2,A)
f(x−1γx)v(x)dx.

Any x ∈ GL(2,A) can be written in the form ank, a ∈ A(A), k ∈ GL(2, OA),
n = ( 1 b0 1 ), b is determined uniquely by x up to b 7→ ub+ w, u ∈ O×

A , w ∈ OA.
Put v(x) =

∑
v logq(max(1, |bv|v)).

S4(f) =
∑

a∈F×αZ

θ̃a,f (1), θ̃a,f (t) =
1

2
(θa,f (t) + θa,f (t

−1)),

θa,f (t) =

∫

F×αZN(F )\GL(2,A)
f
(
x−1 ( a a0 a )x

)
tht

+(x)dx,

Documenta Mathematica 19 (2014) 1–62



Eisenstein Series and the Trace Formula . . . 5

ht+ : GL(2,A)→ Z is defined by ht+ (( a c0 b ) k) = deg a− deg b (k ∈ GL(2, OA);
a, b ∈ A×; c ∈ A).

S5(f) =
−1
4πi

∑

µ1,µ2

∮

|z|=1

tr I(µ1νz, µ2νz−1 , f)
m′(µ1/µ2, z)

m(µ1/µ2, z)
2zdz.

Here m(µ, z) = L(µ, z)/L(µ, z/q). The µ1, µ2 range over the set of characters
of A×/F× · αZ, νz(x) = zdeg(x). Also I(µ1, µ2) is the space of right locally
constant functions φ on GL(2,A) with

φ (( a c0 b )x) = |a/b|1/2µ1(a)µ2(b)φ(x) (x ∈ GL(2,A); a, b ∈ A×; c ∈ A).

It is a GL(2,A)-module by right translation, and tr I(µ1νz , µ2νz−1 , f) is the
trace of the indicated convolution operator.

S6(f) =
−1
4πi

∑

µ1,µ2

∮

|z|=1

tr[I(µ1νz , µ2νz−1 , f) ·R(µ1, µ2, z)
−1 d

dz
R(µ1, µ2, z)]dz.

Notations are as in S5(f), and R(µ1, µ2, z) : I(µ1νz , µ2νz−1)→ I(µ2νz−1 , µ1νz)
is an operator, rational in z, defined as a product ⊗vR(µ1v, µ2v, zv), zv =
zdeg(v). The product is well defined as the local operator maps the function in
the source whose restriction to GL(2, Ov) is 1 to such function in the target.
Further, R(µ1v, µ2v, z) is defined to be

[L(µ1v/µ2v, z
2/qv)/L(µ1v/µ2v, z

2)]M(µ1v, µ2v, z).

The operator M(µ1v, µ2v, z) =M(µ1vνz, µ2vνz−1) is defined first by an integral

φ 7→
∫
φ
((

0 −1
1 0

) (
1 y
0 1

)
x
)
dy if |(µ1v/µ2v)(πππv)z

2| < 1,

then by analytic continuation, as it is a rational function in z. The operators
I(µ1νz, µ2νz−1 , f) and R(µ1, µ2, z) are considered as operators on

I0(µ1, µ2) = {φ ∈ C∞(GL(2, OA)); φ ((
a c
0 b )x) = µ1(a)µ2(b)φ(x);

x ∈ GL(2, OA), a, b ∈ O×
A ; c ∈ OA}.

S7(f) =
1

4

∑

µ

tr I(µ, µ, f), S8(f) = −
∑

µ

∫

GL(2,A)
f(x)µ(det x)dx.

Both sums range over all characters µ of A×/F× · α2Z. The sum of S8 is over
all automorphic one dimensional representations (µ◦det) of αZ\GL(2,A). The
integral there represents the trace of the convolution operator associated with f .

The terms S1(f) and S2(f) are finite by Proposition 3.5, 3.6, 3.9. The argument
used in the proof of Proposition 3.9 shows that for any γ ∈ αZ(A(F ) − Z(F ))
the function x 7→ f(x−1γx) on A(A)\GL(2,A) has compact support, hence the
integral in S3(f) converges.

Documenta Mathematica 19 (2014) 1–62



6 Yuval Z. Flicker

By Proposition 3.11 the function θa,f (t) is rational and may have at t = 1 a

pole of order at most 1, for each a ∈ A×. Hence θ̃a,f (t) is regular at t = 1.
From Proposition 3.5 it follows that the sums in S3(f) and S4(f) are finite, so
these terms are well defined.
For any f = ⊗fv in C∞

c (GL(2,A)), the operator I(µ1, µ2, f) is zero unless µi
are unramified at each v where fv is GL(2, Ov) biinvariant. This implies that
the sums in Si(f) (5 ≤ i ≤ 8) are finite, for a given f . To see that S5(f) and
S6(f) are well defined, note that the rational functions m(µ, t), R(µ1, µ2, t),
R(µ1, µ2, t)

−1 are regular on |t| = 1 for all characters µ, µ1, µ2 of A×/F× ·αZ.
For m(µ, t) this follows from Proposition 4.11, for R and R−1 from Corollary
4.28.
The distributions [linear forms on C∞

c (GL(2,A))] f 7→ tr r0(f), Si(f) (i =
1, 2, 5, 7, 8) are invariant, namely take the same value at f and fh(x) =
f(h−1xh), h ∈ GL(2,A). For i = 3, 4, 6 we have Si(f

h) = Si(f) if h ∈
GL(2, OA), but Si is not invariant.
If f ∈ C∞

c (GL(2,A)) takes values in Q then tr r0(f) ∈ Q, since the representa-
tion r0 is defined over Q. For i = 1, 2, 3, 4, 8 it is clear that Si(f) ∈ Q. For i = 7
the integrand contains the factor µ(ab)|a/b|1/2 which involves

√
q. However the

sum includes with µ also µε, ε(α) = −1, and so the sum of the terms indexed
by µ and µε can be written as an integral over the domain where |a/b| is in
q2Z.
To see that S5(f) is rational, we put a(µ1, µ2) =

1
2πi

∮
|t|=1

f(µ1, µ2, t)dt where

f(µ1, µ2, t) = tr I(µ1νt, µ2νt−1 , f) · d
dt

lnm(µ1/µ2, t
2),

and claim that for any σ ∈ Gal(Q/Q) one has σ(a(µ1, µ2)) = a(σµ1,
σµ2). Note

that Gal(Q/Q) acts on the group of characters on A×/F× · αZ as they are all
Q-valued. Now a(µ1, µ2) is the sum of the residues of f(µ1, µ2, t) at the points
of the unit disc. We have that σ(f(µ1, µ2, t)) = f(σµ1,

σµ2, ε(σ) · σt) with
ε(σ) = σ(

√
q)/
√
q. However, if f(µ1, µ2, t) has a pole at t = t0 and |t0| < 1,

then by Proposition 4.11, |σ(t0)| < 1 for any σ ∈ Gal(Q/Q). Hence S5(f) ∈ Q.
To see that S6(f) ∈ Q one proceeds similarly, using the results of Corollary
4.28 on the poles of R(µ1, µ2, t) and R(µ1, µ2, t)

−1.

2 Locally free sheaves of OX-modules

2.1 Stable bundles

Let X be a smooth geometrically connected projective curve over Fq (we take
minimal q). Denote by OX the structure sheaf of X . Denote by Bunn the set of
isomorphism classes of rank n locally free sheaves ofOX -modules. By a (vector)
bundle we mean here simply a locally free sheaf. In particular, Bun1 = PicX .
The Picard group PicX of invertible, or rank 1, locally free sheaves L of OX -
modules, is naturally isomorphic to the group of classes D of (Weil) divisors
D =

∑
v nvv (nv ∈ Z, v ∈ |X |). Here |X | is the set of closed points of X ,

Documenta Mathematica 19 (2014) 1–62



Eisenstein Series and the Trace Formula . . . 7

and the divisors D, D′ lie in the same class (are linearly equivalent) if their
difference is the (principal) divisor (f) =

∑
v ordv(f)v where f is a nonzero

rational function on X and ordv(f) is the order of f at v ∈ |X | (ordv(f) > 0 if
v is a zero, ordv(f) < 0 if v is a pole, ordv(f) = 0 otherwise). If L,M ∈ PicX
correspond to the divisors D, D′ then L⊗M corresponds to D +D′.
There is a degree map deg on PicX : deg(

∑
v nvv) =

∑
v nv deg(v) defines

deg(L) = deg(D), where deg(v) = [kv : Fq]. Here kv is the residue field of the
function field F = Fq(X) of X over Fq at v; assume Fq is algebraically closed
in F . We write Fv for the completion of F at v,Ov for its ring of integers. The
cardinality of the residue field kv = Fqv at v is denoted by qv, thus qv = qdeg(v).
We also write deg(D) for deg(D), as the degree of a principal divisor is 0; recall
that D denotes the class of D.

Denote by χ(L) = dimFq H
0(X,L)− dimFq H

1(X,L) the Euler-Poincaré char-
acteristic of L ∈ PicX . Here Hi(X,L) are finite dimensional vector spaces
over Fq. Then χ(OX) = 1− g where g = dimFq H

1(X,OX) is named the genus
of X . The Riemann-Roch theorem asserts that χ(L) − deg(L) = χ(OX) is
independent of L ∈ PicX .

Define the degree of a locally free sheaf E of OX -modules of rank n to be
deg E = χ(E) − nχ(OX). The determinant of E is det E =

∧n E ∈ PicX . We
have deg E = deg det E . This gives an alternative definition of the degree. A
proof of this equality is as follows. If E is a line bundle, then there is nothing
to prove. In the general case, use the fact that both deg E and deg det E are
additive (if E ′ ⊂ E is a subbundle, then deg E = deg E ′+deg(E/E ′) and similarly
for deg det E), and that each vector bundle has a flag, Ei, such that Ei/Ei−1 are
line bundles.

The height of a rank two locally free sheaf E of OX -modules is the integer
ht(E) = maxL(2 degL− deg E), L ranges over all invertible subsheaves of E .

Proposition 2.1. We have −2g ≤ ht(E) <∞.

Proof. Let L be an invertible subsheaf of E . From the Riemann-Roch theorem
χ(L) = degL + 1 − g we obtain dimFq H

0(X,L) ≥ degL + 1 − g, whence
degL ≤ dimFq H

0(X,L) + g − 1 ≤ dimFq H
0(X, E) + g − 1, so ht(E) is finite.

Let L be an invertible subsheaf of E of maximal degree. LetM be an invertible
sheaf with degM = degL + 1. Then Hom(M, E) = 0. Also, by Riemann-
Roch for the rank 2 sheaf E , dimFq Hom(M, E) = dimFq H

0(X,M−1E) ≥
deg(M−1E) + 2 − 2g = deg E − 2 degM + 2 − 2g = deg E − 2 degL − 2g,
so 2 degL − deg E ≥ −2g.

A rank two locally free sheaf E of OX -modules is called stable if ht(E) < 0
and semistable if ht(E) ≤ 0. In general, the slope µ(E) of a locally free sheaf
E over an algebraic curve is defined to be deg E/ rk E , and E is called stable if
µ(F) < µ(E) for all proper nonzero subbundles F of E (semistable if ≤). A
locally free sheaf E of rank two is called almost stable if ht(E) < 2g − 1, and
very unstable if ht(E) ≥ 2g − 1. If g = 0, every E is very unstable.
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Remark 1. A very unstable vector bundle E of rank 2 splits into the direct
sum of two line bundles. We give here a relatively elementary treatment. An
extension can be found in the work of Harder and Narasimhan. If E is very
unstable, L is an invertible subsheaf of E of maximal degree, and M = E/L,
thenM is invertible and Ext(M,L) = H1(X,M−1L) is 0 since

degM−1L = degL− degM = 2degL − deg E = ht E ≥ 2g − 1.

Indeed, by Serre dualityH1(X,M−1L) = H0(X,L−1Mω) where ω denotes the
canonical bundle. But degL−1Mω ≤ 2g− 2− (2g− 1) < 0, and H0(X,F) = 0
for an invertible sheaf F with negative degree.

Proposition 2.2. The number of isomorphism classes of almost stable rank
two locally free sheaves E of OX-modules with a fixed degree is finite.

Proof. The height of an almost stable sheaf lies in [−2g, 2g − 2]. Hence it
suffices to show the finiteness for E with a fixed degree n and height h. Every
such sheaf lies in an exact sequence 0 → L → E → M → 0, where L and
M are invertible sheaves and 2 degL − deg E = h. Then degL = (n + h)/2,
degM = (n − h)/2. Since the degrees of L and M are fixed, there are only
finitely many possibilities for L andM (set of cardinality of the Fq-points on
the abelian variety Pic0(X)). With L andM fixed there are only finitely many
choices for E as Ext(L,M) is finite.

The group PicX acts on Bun2 : (L ∈ PicX, E ∈ Bun2) 7→ L ⊗ E . As

deg(L ⊗ E) = 2 deg(L) + deg(E),

the set of almost stable sheaves is invariant under this action. In a PicX-orbit
we may choose E to have deg(E) in {0, 1}. Hence we deduce

Corollary 2.3. The number of PicX-orbits on the set of isomorphism classes
of almost stable rank two locally free sheaves of OX-modules is finite.

2.2 Bundles and lattices

Let E be a rank n locally free sheaf of OX -modules. Denote by Eη the fiber
(= stalk) of E over the generic point η of X . Let E(v) be the stalk of E at the
closed point v ∈ |X |. Let O(v) be the local ring of X at v. Then Eη is an
n-dimensional vector space over F , and E(v) is an O(v)-lattice in Eη, namely a
rank n free O(v)-submodule of Eη.
A set M of O(v)-lattices M(v) in a finite dimensional vector space V over F , v
ranges over the set |X | of closed points in X , is called adelic if there exists a
basis {e1, . . . , en} in V such that M(v) = O(v)e1 + · · ·+O(v)en for almost all v
in |X |. “Almost all” means “with at most finitely many exceptions”. If M is
adelic then it is adelic with respect to any basis {e1, . . . , en} of V .
The set of stalks {E(v); v ∈ |X |} of a locally free sheaf E of OX -modules is
adelic. Conversely, an adelic set of lattices M = {M(v); v ∈ |X |} in a finite
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dimensional vector space V over F is the set of stalks of the locally free sheaf
E of OX -modules defined by

H0(U, E) = {s ∈ V ; ∀v ∈ U, s ∈M(v)}

for any open subset U of X . Obtained is an equivalence of the category of finite
rank locally free sheaves ofOX -modules, with the category of finite dimensional
vector spaces over F with adelic sets of O(v)-lattices.

Let Ov be the completion of O(v). The completion of F at v is denoted Fv.
Let V be a finite dimensional vector space over F . Put Vv = V ⊗F Fv. There
is a natural bijection between the set of O(v)-lattices in V , and Ov-lattices in
Vv: an O(v)-lattice M ⊂ V corresponds to the lattice M ⊗O(v)

Ov in Vv; an
Ov-lattice N ⊂ Vv corresponds to the O(v)-lattice N ∩ V .

The category C whose objects are finite dimensional F -vector spaces V with
adelic sets {Mv; v ∈ |X |} of Ov-lattices Mv in Vv is equivalent to the category
of finite rank locally free sheaves of OX -modules E , by E 7→ (Eη, {Ev}), where
Eη is the generic fiber of E and Ev is the completion of the stalk of E at the
closed point v ∈ |X |.
Let Rn be the set of isomorphism classes of pairs (E , i) where E is a rank n
locally free sheaf of OX -modules, and i is an isomorphism from the generic
fiber of E to Fn. The pairs (E , i) and (E ′, i′) are isomorphic if there is an
isomorphism E→̃E ′ which induces a commutative diagram when restricted to
the generic fiber with sides i and i′ and the identity Fn → Fn. The group
GL(n, F ) acts on Rn by g : (E , i) 7→ (E , g ◦ i). Then GL(n, F )\Rn = Bunn is
the set of isomorphism classes of rank n locally free sheaves of OX -modules.

The set Rn is the set of adelic collections of Ov-latticesMv ⊂ Fnv , v ∈ |X |. The
group GL(n, Fv) acts transitively on the set of Ov-lattices in F

n
v . The stabilizer

of the standard lattice Onv in Fnv is GL(n,Ov). Thus the set of Ov-lattices in
Fnv is GL(n, Fv)/GL(n,Ov), and Rn is GL(n,A)/GL(n,OA), where A is the
ring of adèles in F and OA =

∏
v∈|X|Ov. Thus

Bunn = GL(n, F )\GL(n,A)/GL(n,OA).

The elements of GL(n,A)/GL(n,OA) are called matrix divisors, and the ele-
ments of GL(n, F )\GL(n,A)/GL(n,OA) classes of matrix divisors. For n = 1,
the identification of GL(n, F )\GL(n,A)/GL(n,OA) with Bunn is the identifi-
cation of classes of divisors with invertible sheaves.

The group GL(n,A) can be identified with the set of triples

(E , iη : Eη ∼→ Fn, (iv : Ev ∼→ Onv )).

Given a rank n locally free sheaf E , an isomorphism iη : Eη ∼→ Fn, and for each

closed point v in |X | an isomorphism iv : Ev ∼→ Onv of the completion Ev of the
stalk E(v) at v with Onv , let us define the corresponding g = (gv) in GL(n,A).
Each gv has to be an automorphism Fnv → Fnv , with gv(O

n
v ) = Onv for almost
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10 Yuval Z. Flicker

all v. Construct gv as the composition iv ◦ i−1
η :

Fnv = Fn ⊗F Fv
iη
∼← Eη ⊗F Fv = EFv = Ev ⊗Ov Fv

iv∼→ Onv ⊗Ov Fv = Fnv .

Note that since E is locally free, for almost all v the map gv = iv ◦ i−1
η takes

Onv ⊂ Fnv to Ev ⊂ Eη⊗FFv via i−1
η , and then to Onv via iv. To show that the map

{(E , iη, (iv))} → GL(n,A) is bijective one shows that GL(n,A) acts on the set
of triples, simply transitively. Viewing the trivial locally free sheaf as OnA (space
of columns), g(E , iη, (iv)) is defined to be (gE , iη, (iv◦g−1

v )), where iv◦g−1
v maps

the stalk gvEv of gE at v to Onv . The set of pairs {(E , iη)} then corresponds to
GL(n,A)/GL(n,OA), the set of pairs {(E , (iv))} to GL(n, F )\GL(n,A), and
the set {E} to GL(n, F )\GL(n,A)/GL(n,OA).
To an idèle a = (πππ−nv

v uv; v ∈ |X |), where πππv denotes a generator of the maximal
ideal in the ring Ov of integers in Fv, uv ∈ O×

v and nv ∈ Z, we associate the
divisor D =

∑
v nvv, and the degree

deg(a) = deg(D) =
∑

v

nv deg(v), deg(v) = [Fv : Fq],

where Fv is the residue field of F at v, a finite field of qv = qdeg(v) elements.
For g ∈ GL(2,A) write deg g for deg det g. Recall that OA =

∏
v Ov (v ∈ |X |).

For t ∈ C× we write
νt(a) = t− deg(a) =

∏

v

t−nvv

where tv = tdeg(v). Then νq−1 (a) =
∏
v q

nv
v = |a| is equal to ν(a) = qdeg(a).

Also νt(πππv) = tv, νq−1(πππv) = |πππv|.
Let L andM be invertible sheaves. Fix isomorphisms iL, iM of their generic
fibers with F . Each of (L, iL) and (M, iM) defines an element of A×/O×

A ,
namely a divisor on X . Choose representatives a, b in A×, for example

∑
v nvv

is represented by (πππ−nv
v ). Given an exact sequence 0 → L → E → M → 0 of

locally free sheaves, choose an isomorphism ϕ between the generic fiber of E and
F 2 so that the induced exact sequence of generic fibers 0→ F → F 2 → F → 0
is standard

(
x 7→ ( x0 ) , (

x
y ) 7→ y

)
. The isomorphism ϕ is defined uniquely up

to left multiplication by an automorphism of F 2 of the form ( 1 t0 1 ), t ∈ F .
The pair (E , ϕ) determines an element of GL(2,A)/GL(2, OA), of the form
u = ( 1 z0 1 ) (

a 0
0 b ), with z in A. Since u is defined up to right multiplication by

an element of GL(2, O), z is uniquely defined up to addition of an element of
a
bOA. Replacing ϕ by ( 1 t0 1 )ϕ with t ∈ F replaces z by z + t. Thus we get a
bijection

Ext(M,L)→ A/(F +
a

b
OA).

This is an isomorphism of Fq-vector spaces.
In summary, if the invertible sheaves L and M correspond to idèles a and
b, then Ext(M,L) ≃ A/(F + a

bOA), and the map Ext(M,L) → Bun2 which
associates to the exact sequence 0 → L → E → M → 0 its middle term,
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coincides with the map A/(F + a
bOA) ≃ H1(X,M−1L), see [S97], II. 5. The

isomorphism A/(F + a
bOA)

∼→ Ext(M,L) is H1(X,M−1L)→̃Ext(M,L).

2.3 The space GL(2, F )\GL(2,A)

Proposition 2.4. Given a ∈ A×, deg a ≥ 2g − 1, then aOA + F = A.

Proof. If L is an invertible sheaf on X associated with a, then A/(F + aOA) =
H1(X,L). By Serre dualityH1(X,L) ≃ H0(X,L−1ω), where ω is the canonical
bundle of degree 2g − 2. Then deg(L−1ω) ≤ (2g − 2) − (2g − 1) = −1 < 0,
hence H0(X,L−1ω) = {0}.

Define a function

ht+ : GL(2,A)→ Z by ht+ (( a c0 b ) k) = deg a− deg b

for all a, b ∈ A×, c ∈ A, k ∈ GL(2, OA). It is clearly a well defined function on
B(F )\GL(2,A). For x ∈ GL(2,A), put

ht(x) = max
γ∈GL(2,F )

ht+(γx).

On GL(2, F )\GL(2,A) it is well defined.

Proposition 2.5. For any x ∈ GL(2,A) we have −2g ≤ ht(x) <∞.

Proof. This follows from Proposition 2.1 as if E is a rank two locally free sheaf
of OX -modules associated to the image of x in GL(2, F )\GL(2,A)/GL(2, OA),
then ht(x) = ht(E).

Put HB = {x ∈ B(F )\GL(2,A); ht+(x) > 0} and

H = {x ∈ GL(2, F )\GL(2,A); ht(x) > 0}.

Proposition 2.6. (1) The restriction p to HB of the natural projection p′ :
B(F )\GL(2,A)→ GL(2, F )\GL(2,A) is a homeomorphism HB → H.
(2) The set {x ∈ GL(2, F )\GL(2,A); ht(x) ≤ n} is compact modulo the center
Z(A) of GL(2,A) for every integer n.

Proof. (1) The map p is clearly onto. To show that p is injective it suffices to
show for any x in GL(2,A), γ ∈ GL(2, F ), that ht+(x) > 0 and ht+(γx) > 0
implies γ ∈ B(F ). This is a typical application of the Harder-Narasimhan
filtration. In simple, explicit terms, this follows from

Lemma 2.7. If g ∈ GL(2, F )−B(F ) then ht+(x) + ht+(gx) ≤ 0.

Proof. Write g as g1wg2 with g1, g2 in B(F ), w = ( 0 1
1 0 ). Put x′ = g2x.

Then ht+(x) = ht+(x′), ht+(gx) = ht+(wx′). Thus we need to show that
ht+(x′) + ht+(wx′) ≤ 0. Suppose x′ =

( a1 c1
0 b1

)
k1, wx

′ =
( a2 c2

0 b2

)
k2 with
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k1, k2 ∈ GL(2, OA). Put k2k
−1
1 =

(
α β
γ δ

)
. Then

( a2 c2
0 b2

) ( α β
γ δ

)
= w

( a1 c1
0 b1

)
=

(
0 b1
a1 c1

)
. Hence b2γ = a1. Thus deg a1 ≤ deg b2 (as deg γ ≤ 0, since γ ∈ OA).

But deg a2b2 = deg a1b1. Hence deg a2 ≤ deg b1. Then ht+(x′) + ht+(wx′) =
deg a1 − deg b1 + deg a2 − deg b2 ≤ 0.

Now the natural projection p′ : B(F )\GL(2,A)→ GL(2, F )\GL(2,A) is open
and HB is an open subset of B(F )\GL(2,A). Hence the bijection p = p′|HB :
HB → H is open. Since it is also continuous, p is a homeomorphism.

(2) The image of the set S = {x ∈ B(F )\GL(2,A);−2g ≤ ht+(x) ≤ n} in
GL(2, F )\GL(2,A) under p′ contains the set {x ∈ GL(2, F )\GL(2,A); ht(x) ≤
n}. So it suffices to show that S is compact mod Z(A). Choose a compact C
in A× with

CF× = {t ∈ A×;−2g ≤ deg t ≤ n}.
Choose an idèle d with deg d ≥ 2g − 1. Put

Y =
{
( 1 c0 1 ) (

a 0
0 b ) k; k ∈ GL(2, OA), a, b ∈ A×,

a

b
∈ C, c ∈ dOA

}
.

Lemma 2.8. The map Y → S is surjective.

Proof. Let x ∈ GL(2,A),−2g ≤ ht+(x) ≤ n. We need to show that x can
be written as hy with y ∈ Y and h ∈ B(F ). Write x as ( r s0 t )K with k ∈
GL(2, OA), r, t ∈ A×, s ∈ A. It remains to show that ( r s0 t ) can be expressed as( α γ
0 β

)
( 1 c0 1 ) (

a 0
0 b ) with a, b ∈ A×, ab ∈ C, c ∈ dOA, α, β ∈ F×, γ ∈ F . Thus we

need to show the existence of a, b, c, α, β, γ such that
(*) aα = r, βb = t, a, b ∈ A×, α, β ∈ F×, a

b ∈ C,
(**) b(αc+ γ) = s, c ∈ dOA, γ ∈ F.
By definition of x, deg r − deg t lies in [−2g, n], so the existence of a, b, α, β
satisfying (*) follows from the definition of C. The existence of c ∈ dOA and
γ ∈ F satisfying αc+ γ = s/b follows from: cOA +F = A if deg c ≥ 2g− 1.

Since Y is compact mod Z(A), so is S, and (2) follows. �

In summary, the homogeneous space GL(2, F )\GL(2,A) is the union of the
compact mod Z(A) set {x ∈ GL(2, F )\GL(2,A); ht(x) ≤ 0}, and the set
H = {x ∈ GL(2, F )\GL(2,A); ht(x) > 0}, whose structure is simpler. The set
HB, hence also the sets H and GL(2, F )\GL(2,A), are noncompact modulo
Z(A). Indeed the function ht+ takes arbitrary large values.
The image of H in Bun2 = GL(2, F )\GL(2,A)/GL(2, OA) is the set of non-
semistable locally free sheaves.
The set GL(2, F )\GL(2,A)/GL(2, OA) is analogous to the set

SL(2,Z)\ SL(2,R)/ SO(2) = SL(2,Z)\h,

where h = {z ∈ C; Im z > 0}, the upper half plane, is isomorphic to
SL(2,R)/ SO(2), by

g 7→ g(i) = (ai + b)/(ci+ d).
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The set B(F )\GL(2,A)/GL(2, OA) is analogous to N\h where N is the group
of transformations z 7→ z+n (n ∈ Z) on h. The function ht+ is analogous to the
function z 7→ ln Im z on N\h. The statement −2g ≤ ht(x) <∞ corresponds to
the statement that the natural map from the half plane {z ∈ C; Im z ≥

√
3/2}

to SL(2,Z)\h is onto. The statement that p : HB → H is homeomorphism
corresponds to the statement that the map N\{z ∈ C; Im z > 1} → SL(2,Z)\h
is injective, and the compactness of {x ∈ GL(2, F )\GL(2,A); ht(x) ≤ n}
corresponds to the statement that the complement in SL(2,Z)\h of the image
of the half plane {z ∈ C; Im z > h} is compact.

2.4 ℓ-groups

An ℓ-space is a Hausdorff topological space such that each of its points has a
fundamental system of open compact neighborhoods.
We shall consider on ℓ-spaces only measures for which every open compact
subset is measurable, and its volume is a rational number. If dx is such a
measure on an ℓ-space Y , and f is a locally constant compactly supported
function on Y with values in a field E of characteristic zero, then

∫
Y f(x)dx

reduces to a finite sum, and it is well defined.
On topological groups we consider only left- or right-invariant measures.
An ℓ-group is a topological group with an ℓ-space structure.

Proposition 2.9. Let G be an ℓ-group. Then (1) there exists a fundamen-
tal system of neighborhoods of the identity in G consisting of open compact
subgroups;
(2) there exists a left Haar measure on G such that the volume of each open
compact set is a rational number.

Proof. (1) Let U be a neighborhood of the identity in G. We shall show that U
contains an open compact subgroup. Since G is ℓ-space, we may assume that U
is open and compact. Put V = {x ∈ G;xU ⊂ U}. Then V = ∩u∈UUu−1, hence
it is compact. Now for each v in V and u in U , by continuity of multiplication
m there exists an open subsetWu containing v, and Uu in U containing u, such
that m(Wu, Uu) ⊂ U . As U is compact and U = ∪u∈UUu, there are finitely
many u1, . . . , un in U with U = ∪1≤i≤nUui . Then W = ∩1≤i≤nWui is open
in V and it contains v. Thus V is an open neighborhood of the identity, and
V · V = V . Then V ∩ V −1 is an open compact subgroup in U .
(2) Fix some left Haar measure on G. Denote the volume of an open compact
subgroup U by |U |. For two such groups, U1 and U2 we have

|U1|
|U2|

=
|U1|

|U1 ∩ U2|
/
|U2|

|U1 ∩ U2|
=

[U1 : U1 ∩ U2]

[U2 : U1 ∩ U2]
∈ Q.

Consequently the Haar measure on G can be chosen to assign rational volume
to every open compact subgroup of G. But then the volume of every open
compact subset K in G is rational, since as in (1) for such K there is a compact
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open subgroup U of G with KU ⊂ K, and then |K| = [K : U ]|U | is rational,
where K is a disjoint union of [K : U ] translates of U .

Fix an ℓ-groupG and a left Haar measure onG such that the volume of any open
compact set is a rational number. Fix a field E of characteristic zero. The E-
vector space HG of compactly supported locally constant functions f : G→ E
is an algebra under the convolultion (f1 ∗ f2)(g) =

∫
G f1(h)f2(h

−1g)dh. For an
open compact subgroup U in G the set of U -biinvariant functions in HG is a
subalgebra HU

G , called the Hecke algebra of (G,U). Although HG has no unit
(unless G is discrete, when the δ-function is in HG), H

U
G does: it is δU : G→ Q,

the characteristic function of U divided by |U |.
A representation π of the group G on a vector space V is called smooth if
the stabilizer of any vector of V is open, and admissible if it is smooth and
for any open subgroup U of G the space V U of U -fixed vectors in V is finite
dimensional.
If π is a smooth representation of an ℓ-group G on a vector space V over E, for
each f ∈ HG define the operator π(f) : V → V by π(f)v =

∫
G f(g)π(g)vdg.

This integral reduces to a finite sum since π is smooth, and π(f1 ∗ f2) =
π(f1) ◦ π(f2). Then V is naturally an HG-module, and for any open compact
subgroup U of G, the space V U is a unital module over HU

G .

Proposition 2.10. (1) A smooth G-module V 6= {0} is irreducible iff for
every open compact subgroup U of G either V U = 0 or V U is an irreducible
HU
G -module.

(2) Given an open compact subgroup U of G and an irreducible unital HU
G -

module M , there exists a smooth irreducible G-module V such that V U is iso-
morphic to M as an HU

G -module, and V is determined by this property up to
isomorphism.

For a proof see [BZ76], 2.10. See [BZ76], 2.11 for
Schur’s Lemma. Let π be an irreducible admissible representation of G in a
vector space V over an algebraically closed field E. Then any nonzero G-module
morphism (intertwining operator) V → V is a scalar.

Proposition 2.11. Let π be an irreducible admissible representation of G in
a vector space V over an algebraically closed field E. For any field extension
E′ of E, the representation of G in V ⊗E E′ is also irreducible.

Proof. By Proposition 2.10, the statement reduces to a similar statement for
finite dimensional algebras, since π is assumed to be admissible.

Let E be a subfield of C invariant with respect to complex conjugation. A
representation of G on a vector space V over E is unitary if there is a G-
invariant scalar product on V (thus a bilinear function (·, ·) : V × V → E with
(v, w) = (w, v) and (v, v) = 0 iff v = 0, and (gv, gw) = (v, w) for all v, w in V
and g in G).
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Note that we do not require V to be complete with respect to the scalar product,
even in the case E = C. If E is algebraically closed and the representation of
G in E is irreducible and admissible, then the G-invariant inner product on V
is unique up to a scalar multiple, if it exists.

Proposition 2.12. Let π be an admissible unitary representation of G in the
E-space V . Fix a G-invariant scalar product on V . Let L be an invariant
subspace of V , and L⊥ its orthogonal complement. Then V = L⊕ L⊥.

Proof. Given x ∈ V , we need to express it as x1 + x2 with x1 ∈ L and x2 ∈
L⊥. Since π is smooth there exists a compact open subgroup U of G with
x ∈ V U . Since π is admissible, dimE V

U is finite. Thus x = x1 + x2 for
some x1 ∈ LU , x2 ∈ V U , x2 orthogonal to LU . It remains to show that x2 is
orthogonal to the entire space L. Let δU be the unit in HU

G . Then π(δU ) is the
orthogonal projector V 7→ V U . Hence for every y in L, (x2, y) = (π(δU )x2, y) =
(x2, π(δU )y) = 0 since π(δU )y ∈ LU .
It follows that every admissible unitary representation of G is a direct sum
of irreducible representations. This sum is not necessarily finite. However,
given an open compact subgroup U of G, only finitely many summands contain
nonzero U -invariant vectors.

2.5 Automorphic forms

Let E be an algebraically closed field of characteristic zero. An automorphic
form is a smooth function φ : GL(2, F )\GL(2,A) → E, where by smooth we
mean that there is an open subgroup Uφ of GL(2,A) such that φ(xu) = φ(x)
for all u ∈ Uφ and x ∈ GL(2,A). A cusp form is an automorphic form φ with∫
A/F φ ((

1 z
0 1 )x) dz = 0 for all x ∈ GL(2,A).

Since φ is right locally constant (= smooth) and A/F is compact, the integral
here is well defined and reduces to a finite sum.
Let AE0 be the space of cusp forms φ : GL(2, F )\GL(2,A) → E. The group
GL(2,A) acts on AE0 by right translation: (r(h)φ)(g) = φ(gh). By a character
of an ℓ-group G with values in E we mean a locally constant homomorphism
χ : G→ E×. If E ⊂ C such χ is called a unitary character if |χ(g)| = 1 for all
g in G.
Denote by AE0 (χ) the space of φ ∈ AE0 with φ(ax) = χ(a)φ(x), a ∈ A× (identi-
fied with the center of GL(2,A)), x ∈ GL(2, F )\GL(2,A). The space AE0 (χ) is
invariant under the GL(2,A)-action.
Let π be an irreducible representation of GL(2,A) over E. By Schur’s lemma,
there is a character χ : A× → E× such that for every a in A×, π(a) is multipli-
cation by χ(a). This χ is called the central character of π.
If V ⊂ AE0 is an irreducible admissible representation π of GL(2,A) and χ is
the central character of V , then V ⊂ AE0 (χ). Since the center of GL(2, F ) acts
trivially on AE0 , χ is trivial on F×. Thus every irreducible admissible π ⊂ AE0
lies in AE0 (χ), where χ is the central character of π, which is a character of
A×/F×. The following is known also e.g. for GL(n).
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Proposition 2.13. Fix an open subgroup U of GL(2,A). There exists a com-
pact mod Z(A) subset K of GL(2, F )\GL(2,A) such that the support of any
U -invariant cusp form is contained in K.

Proof. We first show that there is an integer n such that given z ∈ A and
x ∈ GL(2,A) with ht+(x) ≥ n, there exist u ∈ U and β ∈ F with ( 1 z

0 1 )x =(
1 β
0 1

)
xu.

To see this, fix an effective divisor −D =
∑
v∈|X| nvv on X , put d = (πππnvv )

and let JD = dOA be the corresponding ideal in OA. The groups Γ(D) = {γ ∈
GL(2, OA); γ ≡ I mod JD} make a basis of neighborhoods of the identity in
GL(2,A). Thus we may assume in this proof that U = Γ(D). In this case
we shall show that n = 2g − 1 − deg(d). Indeed, fix z ∈ A and x = ( a c0 b ) k
with k ∈ GL(2, OA) and ht+(x) = deg a − deg b ≥ 2g − 1 − deg(d) (note:
deg(d) = − degD =

∑
v nv deg v). Then ad

b OA + F = A and z = ad
b t + β

for some β ∈ F and t ∈ OA. Put u = k−1 ( 1 td0 1 ) k. Then u ∈ Γ(D) and
( 1 z0 1 ) x =

(
1 β
0 1

)
xu.

We claim the proposition holds with K = {x ∈ GL(2, F )\GL(2,A); ht(x) <
n}. This K is compact modulo Z(A). Let φ be a U -invariant cusp form,
x ∈ GL(2,A), ht(x) ≥ n. We shall show that φ(x) = 0. Replacing x by
γx for suitable γ ∈ GL(2, F ), we assume that ht+(x) ≥ n. By our choice of
n, φ (( 1 z0 1 ) x) = φ(x) for all z in A. Since φ is a cusp form, φ(x) = 0.

Corollary 2.14. The representation of GL(2,A) in AE0 (χ) is admissible.

Proposition 2.15. Let E′ be an extension of E, and χ : A×/F× → E× a
character. Then AE

′

0 (χ) = AE0 (χ)⊗E E′.

Proof. The space AE0 (χ) ⊗E E′ consists of the functions φ in AE
′

0 (χ) whose
values span a finite dimensional space over E, since φ ∈ AE0 (χ) takes finite
number of values times the set Γ of values of χ. But every φ in AE

′

0 (χ) has this
property, since the set of its values lies in finitely many cosets of Γ.

Given a representation π of GL(2,A) over E and a character ω : A× → E×,
write ωπ or πω or ω⊗π or π⊗ω for the representation (πω)(x) = ω(detx)π(x)
in the space of π.

Proposition 2.16. For any characters χ, ω : A×/F× → E×, we have
AE0 (χ)⊗ ω = AE0 (χω

2).

Proof. We need to construct an invertible linear map L : AE0 (χ) → AE0 (χω
2)

such that for every φ ∈ AE0 (χ) and h ∈ GL(2,A) we have r(h)L(φ) =
ω(deth)L(r(h)φ), where (r(h)φ)(x) = φ(xh).
Such L is (Lφ)(x) = φ(x)ω(det x).

Proposition 2.17. Given a character χ : A×/F× → E× there exists a char-
acter ω : A×/F× → E× such that χ(x)ω(x)2 is a root of unity for every x in
A×/F×.
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Proof. Fix α ∈ A×/F× with degα = 1. Such α exists since in the finite field
extension F/Fq(t), where t ∈ F is transcendental over Fq, there are always
primes which split completely. Fix c in the algebraically closed field E with
c2 = χ(α). Define ω : A×/F× → E× by ω(x) = c− deg(x), put χ1(x) =
χ(x)ω2(x), put αZ = {αn;n ∈ Z}. Then χ1 is a character of the profinite
group A×/F× · αZ, hence the values of χ1 are roots of 1.

Proposition 2.18. Let E be a subfield of C invariant under complex conjuga-
tion, χ an E×-valued unitary character of A×/F×. Then the representation of
GL(2,A) in AE0 (χ) is unitary.

Proof. The function x 7→ φ1(x)φ2(x) on GL(2, F )\GL(2,A), where φ1,
φ2 ∈ AE0 (χ), is invariant under Z(A) and is compactly supported as a
function on PGL(2, F )\PGL(2,A). Let dx be an invariant measure on
PGL(2, F )\PGL(2,A). It exists since PGL(2, F ) is a discrete subgroup of
PGL(2,A), a group with a two-sided invariant measure. Then

(φ1, φ2) =

∫
φ1(x)φ2(x)dx (x ∈ PGL(2, F )\PGL(2,A))

is an invariant scalar product on AE0 (χ).

Corollary 2.19. The representation of GL(2,A) in AE0 (χ) is a direct sum of
irreducible subrepresentations.

Note that we may assume that all values of χ are roots of unity, and that
E = Q.
The multiplicity one theorem asserts that in AE0 (χ) any irreducible representa-
tion of GL(2,A) occurs with multiplicity one.
An irreducible representation of GL(2,A) over an algebraically closed field E
is called cuspidal if it is isomorphic to a subrepresentation of AE0 .

2.6 Factorizability

Irreducible admissible representations of GL(2,A) are factorizable, as we pro-
ceed to show. Let E denote an algebraically closed subfield of C. An irre-
ducible representation of GL(2, Fv) in an E-space V is unramified if V contains
a nonzero GL(2, Ov)-invariant vector.

Proposition 2.20. The space of GL(2, Ov)-invariant vectors V
GL(2,Ov) in an

unramified representation (π, V ) of GL(2, Fv) is one dimensional.

Proof. Denote by Hv = Cc(GL(2, Ov)\GL(2, Fv)/GL(2, Ov)) the Hecke con-
volution algebra of compactly supported GL(2, Ov)-biinvariant E-valued func-
tions on GL(2, Fv). We claim it is a commutative algebra. Indeed, for any
f ∈ Hv, the function

tf(x) = f(tx), where tx is the transpose of x, is also inHv.
Since t(xy) = tytx, we have t(f1 ∗ f2) = tf2 ∗ tf1 for all f1, f2 ∈ Hv. By Cartan
decomposition every GL(2, Ov)-double coset in GL(2, Fv) contains a diagonal
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matrix. Hence tf = f for all f ∈ Hv, and f1∗f2 = t(f1∗f2) = tf2∗ tf1 = f2∗f1
for all f1, f2 ∈ Hv. If V is unramified, V GL(2,Ov) is a nonzero irreducible Hv-
module. But Hv is commutative, so dimE V

GL(2,Ov) is 1.

Given an irreducible admissible representation πv of GL(2, Fv) in a space Vv
for every closed point v ∈ |X | such that πv is unramified for all v ∈ S, S ⊂ |X |
finite, construct a representation π = ⊗πv of GL(2,A) as follows. For each

v ∈ |X | − S choose a nonzero vector ξ0v ∈ V GL(2,Ov)
v . For any finite set S′ ⊃ S

of closed points of X put VS′ = ⊗v∈S′Vv. If S′′ ⊃ S′ ⊃ S, define an inclusion
VS′ →֒ VS′′ by x 7→ (⊗v∈S′′−S′ξ0v) ⊗ x. Put V = lim

→
S′⊃S

VS′ . It is the span of

the vectors ⊗v∈|X|ξv, ξv = ξ0v for almost all v, and ξv ∈ Vv for all v ∈ |X |.
Then V is a GL(2,A)-module in a natural way; denote by π the corresponding
representation of GL(2,A). The vectors ξ0v are determined uniquely up to a
scalar multiple, hence π is uniquely determined by the πv for all v ∈ |X |.
Reducing to irreducible finite dimensional representations of tensor products
of algebras, we have

Proposition 2.21. Given an irreducible admissible representation πv of
GL(2, Fv) for every v in |X | which is unramified for almost all v, π = ⊗vπv is
an irreducible admissible representation of GL(2,A). Every irreducible admis-
sible representation π of GL(2,A) equals ⊗vπv for some irreducible admissible
representations πv of GL(2, Fv) which are almost all unramified. The represen-
tations πv are determined by π uniquely up to isomorphism.

3 Looking for a trace formula

3.1 Trace formula in the compact case

Let X be an ℓ-space. Denote by C∞(X) the space of E-valued locally constant
(= smooth) functions on X . Here E is a fixed algebraically closed subfield of C.
Let C∞

c (X) be the space of smooth compactly supported E-valued functions on
X . Let r be an admissible representation of an ℓ-group G in an E-space V . Fix
a Haar measure dx on G. Given f ∈ C∞

c (G), define r(f) =
∫
G f(x)r(x)dx, an

endomorphism of V . Since f is C∞, that is smooth, it is right invariant under
an open subgroup U of G. Then Im r(f) ⊂ V U , so Im r(f) is finite dimensional,
and the trace tr r(f) is well defined. Let r be now the representation of G on
C∞(Γ\G) by right translation, where Γ is a discrete cocompact subgroup of G.
Since r is admissible, tr r(f) is defined.

Proposition 3.1. Let G be an ℓ-group. Let Γ be a discrete cocompact sugroup
of G. Then G has a two sided invariant measure and Γ\G has a G-invariant
measure.

Proof. Since (see [BZ76]) Γ\G admits a measure which when translated by x
in G is multiplied by ∆(x), where ∆ is the modulus of G, we have |Γ\G| =
∆(x)|Γ\G|, thus ∆ = 1.
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Proposition 3.2. Let X be an ℓ-space, dx a measure on X, K ∈ C∞
c (X×X).

Define a linear endomorphism A of C∞(X) by (Aφ)(y) =
∫
X K(x, y)φ(x)dx.

Then the image of A is finite dimensional and trA =
∫
X
K(x, x)dx.

Proof. We may assume that K(x, y) is of the form ϕ(x)ψ(y), as such functions
span C∞

c (X ×X). In this case the claim is clear.

Proposition 3.3. Let G be an ℓ-group, Γ a discrete cocompact subgroup, r the
representation of G in C∞(Γ\G) by right translation, dx a Haar measure on
G, f ∈ C∞

c (G), S a set of representatives of the conjugacy classes in Γ, ZΓ(γ)
the centralizer of γ in Γ. Then tr r(f) =

∑
γ∈S

∫
G/ZΓ(γ)

f(xγx−1)dx.

Proof. We first show that for each γ ∈ Γ the function x 7→ f(xγx−1) on
G/ZΓ(γ) is compactly supported, and that there are at most finitely many
γ ∈ S for which x 7→ f(xγx−1) is not identically zero. For this, fix a compact
subset K in G with KΓ = G. Given x ∈ G there are k ∈ K, δ ∈ Γ, with
x = kδ. Fix γ ∈ Γ. If f(xγx−1) 6= 0 then kδγδ−1k−1 lies in suppf , thus
δγδ−1 ∈ Kf = K·suppf ·K. Since Kf is compact Kf ∩ Γ is finite, and there
are only finite number of possibilities for δγδ−1. Hence there are only a finite
number of possibilities δ1, . . . , δn for δ modulo ZΓ(γ). Then f(xγx−1) 6= 0
implies that x ∈ K ′ZΓ(γ), where K

′ = ∪1≤i≤nKδi is compact. If f(xγx−1) 6=
0, the conjugacy class of γ in Γ intersects the finite set Kf ∩Γ. The number of
such classes is finite. Thus the sum is finite and the integrals converge.
Now given φ in C∞(Γ\G), for any y in G we have

(r(f)φ)(y) =

∫

G

f(x)φ(yx)dx =

∫

G

f(y−1x)φ(x)dx =

∫

Γ\G
Kf(x, y)φ(x)dx

where Kf (x, y) =
∑

γ∈Γ f(y
−1γx). Then

tr r(f) =

∫

Γ\G
Kf (x, x)dx =

∫

Γ\G

∑

γ∈Γ

f(x−1γx)dx

=

∫

Γ\G

∑

γ∈S

∑

δ∈ZΓ(γ)\Γ
f(x−1δ−1γδx)dx =

∑

γ∈S

∫

Γ\G

∑

δ∈ZΓ(γ)\Γ
f(x−1δ−1γδx)dx

=
∑

γ∈S

∫

ZΓ(γ)\G
f(x−1γx)dx.

3.2 Case of GL(2), oversimplified

Let now AE0 denote the space of E-valued cusp forms on GL(2, F )\GL(2,A).
The right-shifts representation of GL(2,A) on AE0 is not admissible since the
center Z(A) of GL(2,A) is not compact. Fix a degree-one idèle α and put
αZ = {αn;n ∈ Z}. It is a cyclic subgroup of A×, and we view A× as the
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center of GL(2,A). Denote by AE0,α the space of cusp forms in AE0 invariant

under α, and by r0 the representation of GL(2,A) on AE0,α by right translation.

Since A×/F×αZ is compact and every U -invariant cusp form – where U is an
open subgroup of GL(2,A) – is supported on some compact modulo Z(A) set
K ⊂ GL(2, F )\GL(2,A), the representation r0 is admissible. Hence tr r0(f) is
defined for every f ∈ C∞

c (GL(2,A)).
Put Ac,α = C∞

c (αZ · GL(2, F )\GL(2,A)). Fix f ∈ C∞
c (GL(2,A)). Let r be

the right representation of GL(2,A) on Ac,α. We proceed to compute tr r(f)
as if the space αZ ·GL(2, F )\GL(2,A) were compact, to see what needs to be
corrected. This space is not compact and r is not admissible, so that in fact
tr r(f) makes no sense.
For any ringR define A(R) = {diag(a, b); a, b ∈ R×}, A′(R) = {diag(a, b); a, b ∈
R×, a 6= b}, N(R) = {( 1 a0 1 ) ; a ∈ R}. Let Q be the set of quadratic extensions
of the field F . For each L ∈ Q choose an embedding L →֒M(2, F ); it exists and
is unique up to an automorphism of M(2, F ); all automorphisms of M(2, F )
are inner. Given γ ∈ αZ · GL(2, F ), denote by Z(γ) the centralizer of γ in
αZ GL(2, F ).

Proposition 3.4. Every conjugacy class of αZ · GL(2, F ) intersects precisely
one of : F× · αZ; a ( 1 1

0 1 ), a ∈ F× · αZ; αZ · A′(F ); αZ · (L× − F×) for some
L ∈ Q. In the first two cases the number of intersection points is 1, in the
3rd case 2, in the 4th case: the number of automorphisms of L over F . The
centralizers Z(γ) are αZ ·GL(2, F ), αZF×N(F ), αZ ·A(F ), αZL×, respectively.

Immitating the trace formula in the compact case, one may expect

tr r(f) = S1(f) +
∑

L∈Q
S2,L(f) + S3(f) + S4(f)

with
S1(f) = |αZ ·GL(2, F )\GL(2,A)|,

S2,L(f) = |AutF (L)|−1
∑

γ∈αZ·(L×−F×)

∫

αZ·L×\GL(2,A)
f(x−1γx)dx,

S3(f) =
1

2

∑

γ∈αZA′(F )

∫

αZA(F )\GL(2,A)
f(x−1γx)dx,

S4(f) =
∑

a∈αZ·F×

∫

αZF×N(F )\GL(2,A)
f(x−1a ( 1 1

0 1 )x)dx.

The left side of this wrong trace formula is divergent. So is S3(f), since the
homogeneous space A(A)/αZ ·A(F ) is not compact. We shall show that S1(f)
and

∑
L∈Q S2,L(f) converge, and although S4(f) diverges, we shall show in

which way it does.

Proposition 3.5. Given f ∈ C∞
c (GL(2,A)), the number of conjugacy classes

of γ ∈ αZ ·GL(2, F ) with x ∈ GL(2,A) and f(xγx−1) 6= 0 is finite.
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Proof. The sets K1 = {tr h;h ∈ suppf} ⊂ A, K2 = {deth;h ∈ suppf} ⊂
A× are compact. It suffices to show that the set {γ ∈ αZ · GL(2, F ); tr γ ∈
K1, det γ ∈ K2} is a union of finitely many conjugacy classes. Put γ = αnx for
some x ∈ GL(2, F ). Then 2n = deg γ, so n lies in a finite set. Fix n. Then
tr x ∈ α−nK1, detx ∈ α−2nK2. But the sets F ∩ α−nK1 and F× ∩ α−2nK2

are finite. Hence the trace and determinant of x can take only finitely many
values. As the number of conjugacy classes of elements in GL(2, F ) with fixed
trace and determinant is at most two, we are done.

3.3 Central elements

Proposition 3.6. The volume |GL(2, F ) · αZ\GL(2,A)| is finite.

Proof. This volume is equal to (below x ∈ αZ GL(2, F )\GL(2,A)/GL(2, OA))

∑
x |αZ GL(2, F ) ∩ xGL(2, OA)x

−1\xGL(2, OA)|
= |GL(2, OA)|

∑
x |αZ GL(2, F ) ∩ xGL(2, OA)x

−1|−1.

For x in GL(2,A)/GL(2, OA), let E = xO2
A be the associated rank 2 locally free

sheaf on X . Then Aut(E) consists of the g ∈ GL(2,A) which map (E =)xO2
A

to xO2
A and the generic fiber F 2 to itself, thus Aut E is

GL(2, F ) ∩ xGL(2, OA)x
−1 = αZ GL(2, F ) ∩ xGL(2, OA)x

−1.

We then need to show the convergence of

∑

E∈Bun2 /J

|Aut E|−1,

J being the image of αZ under the natural homomorphism A× → PicX . The
number of J-orbits on the set of stable rank two locally free sheaves on X is
finite, so it remains to show that the sum of |Aut E|−1 over the set Bunun2 of
J-orbits of unstable rank two locally free sheaves on X is convergent.

Lemma 3.7. (1) A rank two locally free sheaf E on X is very unstable (ht(E) ≥
2g−1) iff E ≃ L⊕M where L,M are invertible sheaves with degL−degM≥
2g − 1.
(2) If L,M ∈ PicX and degL− degM≥ max(2g − 1, 1) then

|Aut(L ⊕M)| = (q − 1)2qdegL−degM+1−g.

(3) If L ⊕M ≃ L′ ⊕M′ with degL > degM, degL′ > degM′ then L ≃
L′,M≃M′.

Proof. (1) If L is an invertible sheaf of E of maximal degree and M = E/L,
then M is invertible, and Ext(M,L) = H1(X,M−1L) is 0 (by Serre duality)
as

degM−1L = degL − degM = 2degL− deg E = ht(E) ≥ 2g − 1.
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The exact sequence

0→ Hom(M,L)→ Aut(L ⊕M)→ AutL ×AutM→ 0

implies (2) since Hom(M,L) = H0(X,M−1L) and H1(X,M−1L) = {0}, so
the Riemann-Roch theorem implies that dimH0(X,M−1L) = deg(M−1L) +
1−g. If the invertible sheaf L corrsponds to aOA, then AutL consists of g ∈ A×

which map the generic fiber F onto itself (thus g ∈ F×) and map aOA onto
itself (thus g ∈ O×

A ). Then AutL = F× ∩O×
A = F×

q has cardinality q − 1.

For (3), put E = L ⊕ M ∼→ L′ ⊕M′. Since degL > (deg E)/2 > degM′,
we have Hom(L,M′) = {0}. Hence the image of L under the isomorphism
L ⊕M ∼→ L′ ⊕M′ lies in L′. Hence L ≃ L′ andM≃ E/L ≃ E/L′ ≃M′.

Assume g ≥ 1, so that 2g − 1 ≥ 1 (the case g = 0 is similar). The lemma
implies

∑

E∈Bunun
2 /J

|Aut E|−1 = (q − 1)−2|Pic0(X)|
∑

n≥2g−1

qg−1−n <∞.

Corollary 3.8. If the Haar measure on GL(2,A) is normalized so that
|GL(2, OA)| is a rational number, then |αZ ·GL(2, F )\GL(2,A)| ∈ Q.

This follows from the proof of the last proposition.

3.4 Elliptic elements

Proposition 3.9. Let L be a quadratic extension of F, γ ∈ αZ · (L× − F×) ⊂
GL(2,A), and f ∈ C∞

c (GL(2,A)). Then the function x 7→ f(xγx−1) on
GL(2,A)/αZ · L× has compact support.

Proof. We need to show that the map x 7→ xγx−1 on GL(2,A)/αZ ·L× is proper
(the preimage of a compact is compact). Since (L⊗F A)×/αZ ·L× is compact,
it suffices to show that the map ψ(x) = xγx−1, ψ : GL(2,A)/A×

L → GL(2,A),
is proper (AL = L⊗F A is the ring of adèles of L).

Lemma 3.10. Let F be a local field in this lemma. Suppose γ ∈ M(2, F )
is regular, i.e. the subalgebra E = F [γ] generated by γ is a field or is F × F .
Then the map ψ : GL(2, F )/E× → GL(2, F ), x 7→ xγx−1, is proper. Moreover,
if γ ∈ GL(2, O) and the ring O[γ] is integrally closed, then ψ−1(GL(2, O)) =
GL(2, O)/E× ∩GL(2, O).

Proof. The conjugacy class C of γ is a closed subset of GL(2, F ), since γ is
regular. So it suffices to show that ψ maps GL(2, F )/E× homeomorphically
onto C. It is clear that ψ is continuous, injective and Imψ = C. It remains to
show that the map ψ′ : GL(2, F )→ C, x 7→ xγx−1, is open. For this, it suffices
to show that C is the set of F -points of a smooth variety C over F , and that ψ′
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is smooth, that is its differential is everywhere onto. Since C is a homogeneous
space under a connected group G is suffices to show that the tangent map dψ′

of ψ′ at the identity is onto. When verifying these properties of C and ψ′, we
may replace F with an extension, thus we may assume that γ is of the form
diag(a, b) with a 6= b, or ( a 1

0 a ) (if E is nonseparable over F ). To compute the
tangent map dψ′ : Lie G → Tγ(C) of ψ′(x) = xγx−1 near the identity x = 1,
let Y be in Lie G, and put x = 1+ ǫY , where ǫ2 = 0. Then x−1 = 1− ǫY and
ψ′(x) = (1 + ǫY )γ(1 − ǫY ) = 1 + ǫ(Y γ − γY ), so dψ′(Y ) = Y γ − γY is onto
the tangent space Tγ(C) of C at γ, and ψ is proper.
If x ∈ GL(2, F ) and xγx−1 ∈ GL(2, O), put M = x−1O2. Then γM ⊂ M . In
addition, γ ∈ GL(2, O), so γO2 ⊂ O2. ThusM and O2 are O[γ]-submodules in
F 2. Both modules are of finite type. As F 2 is a rank one free E = F [γ]-module,
and we assume that O[γ] is integrally closed, namely it is the ring of integers in
E = F [γ], both M and O2 are rank one torsion free over the discrete valuation
ring O[γ] (being rank two over O). Hence there exists a ∈ E× with M = aO2.
Thus xaO2 = O2, that is xa ∈ GL(2, O).

Now for γ as in the proposition, for almost all closed points in X the component
of α at v is 1, γ ∈ GL(2, Ov), and the ring Ov[γ] is integrally closed. This and
the lemma imply the proposition. �

3.5 Regularization of the unipotent terms

To study the integral which occurs in S4(f), we regularize it as

θa,f(t) =

∫

αZ·F×N(F )\GL(2,F )

f(ax−1 ( 1 1
0 1 )x)t

ht+(x)dx.

Proposition 3.11. (1) For every f ∈ C∞
c (GL(2,A)) and a ∈ A×, the integral

θa,f (t) converges as an element of C((t)), and ζF (q
−1t)−1θa,f (t) ∈ C[t, t−1],

where ζF (t) =
∏
v∈|X|(1 − tv)−1, tv = tdeg v.

(2) If f is the characteristic function of GL(2, OA) in GL(2,A), then

θ1,f (t) = |GL(2, OA)| · (q − 1)−1qg−1 · |Pic0(X)|ζF (q−1t).

Proof. (1) It suffices to consider f(x) =
∏
v fv(xv), x = (xv) ∈ GL(2,A), where

fv ∈ C∞
c (GL(2, Fv)) for all v ∈ |X | and fv is the characteristic function f0

v of
GL(2, Ov) at almost all v, since such functions span C∞

c (GL(2,A)). Normalize
the measures on F×

v and Fv so that |O×
v | = 1 = |Ov|. Denote by valv(xv) the

valuation of xv ∈ F×
v , normalized by valv(πππv) = 1. Define a function

h+v : GL(2, Fv)→ Z by h+v ((
a b
0 c ) k) = valv(a)− valv(c), k ∈ GL(2, Ov).

Then h+v is well-defined and ht+(x) =
∑
v∈|X| h

+
v (xv) deg(v). We have

θa,f (t) = |A×/αZ · F×| · |A/F |
∏

v

θav ,fv (tv)
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where

θav,fv (tv) =

∫

F×
v N(Fv)\GL(2,Fv)

fv(avx
−1 ( 1 1

0 1 )x)t
h+
v (x) deg vdx

and tv = tdeg(v). To compute it, note that pn,v = diag(πππnv , 1) (n ∈ Z) make a
set of representatives of the two sided coset space

F×
v N(Fv)\GL(2, Fv)/GL(2, Ov).

Then

θav,fv (tv) =
∑

n∈Z

tnv

∫

F×
v N(Fv)∩p−1

n,v GL(2,Ov)pn,v\p−1
n,v GL(2,Ov)

fv(avx
−1 ( 1 1

0 1 )x)dx

=
∑

n∈Z

tnv |F×
v N(Fv) ∩ p−1

n,vGL(2, Ov)pn,v|−1

∫

p−1
n,v GL(2,Ov)

fv(avx
−1 ( 1 1

0 1 )x)dx

=
∑

n∈Z

q−nv tnv

∫

GL(2,Ov)

fv(avypn,v ( 1 1
0 1 ) p

−1
n,vy

−1)dy =
∑

n∈Z

τn(fv)q
−n
v tnv ,

where τn(fv) =
∫
GL(2,Ov)

fv(avy
(
1 πππnv
0 1

)
y−1)dy is 0 if n << 0 and τn(fv) =

fv(av) for n >> 0.
If av ∈ O×

v and fv is the characteristic function of GL(2, Ov), then τn(fv) =
|GL(2, Ov)| for n ≥ 0 and un,v = 0 for n < 0, so

θav ,fv(tv) = |GL(2, Ov)|(1− tv/qv)−1.

(2) It remains to compute (note that |O×
A | = 1 and |OA| = 1) :

|A×N(A)/αZF×N(F )| = (|A×/αZF×|/|O×
A |)(|A/F |/|OA|).

The exact sequence 1→ F×
q → O×

A → A×/αZF× → PicX/αZ(= Pic0(X))→ 1

implies that the first factor on the right is |Pic0(X)|/(q−1). The exact sequence

0→ Fq → OA → A/F → H1(X,OX)→ 0

implies that the second factor on the right is qg−1.

4 Intertwining operators and Eisenstein series

4.1 Intertwining operators

Let E be an algebraically closed field of characteristic zero, and v ∈ |X | a
closed point of X . Denote by |a|v the absolute value of a ∈ F×

v normal-
ized by |πππv| = q−1

v . It is an E×-valued character of F×
v . Fix a square root√

q = q1/2 of q in E. If E ⊂ C we choose q1/2 > 0. For E-valued characters
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µ1, µ2 of F×
v denote by I(µ1, µ2) both the space of right locally constant func-

tions φ : GL(2, Fv) → E with φ(
(
a1 b
0 a2

)
x) = |a1/a2|1/2v µ1(a1)µ2(a2)φ(x) (x ∈

GL(2, Fv); a1, a2 ∈ F×
v ; b ∈ Fv), and the action of the group GL(2, Fv) by right

translation on I(µ1, µ2). The induced representation I(µ1, µ2) is admissible
by the Iwasawa decomposition G = BK. It is unitarizable when µ1, µ2 are

unitary. It is possible to work with I(| · |1/2v µ1, | · |1/2v µ2), in whose definition

the factor |a1/a2|1/2v µ1(a1)µ2(a2) becomes |a1|vµ1(a1)µ2(a2), but later we shall

need to multiply back by | · |−1/2
v . The following is a standard basic result.

Proposition 4.1. If µ1/µ2 6= | · |v, | · |−1
v , then the representations of GL(2, Fv)

in I(µ1, µ2) and I(µ2, µ1) are irreducible and isomorphic. If µ1/µ2 = | · |v or
| · |−1

v then I(µ1, µ2) contains a unique proper invariant subspace I ′(µ1, µ2) and
there is a GL(2, Fv)-isomorphism I ′(µ1, µ2) ≃ I(µ2, µ1)/I

′(µ2, µ1). If µ2/µ1 =

| · |v, the subspace I ′(µ1| · |−1/2
v , µ1| · |1/2v ) is one dimensional; x ∈ GL(2, Fv)

acts on I ′(µ1| · |−1/2
v , µ1| · |1/2v ) via multiplication by µ1(x). The subspace

I ′(µ2| · |1/2v , µ2| · |−1/2
v ) is denoted by St(µ2) = St(µ2| · |1/2v , µ2| · |−1/2

v ).

It is isomorphic to I(µ2| · |−1/2
v , µ2| · |1/2v )/I ′(µ2| · |−1/2

v , µ2| · |1/2v ). It consists of

φ ∈ I(µ2| · |1/2v , µ2| · |−1/2
v ) with

∫

GL(2,Ov)

µ2(det x)
−1φ(x)dx = 0.

If I(µ1, µ2) ≃ I(µ′
1, µ

′
2) then {µ1, µ2} = {µ′

1, µ
′
2}, the representations I(µ1, µ2)

(µ1/µ2 6= | · |v or | · |−1
v ) and St(µ′

2) are infinite dimensional and inequivalent,
and St(µ1) ≃ St(µ2) implies µ1 = µ2.

We proceed to describe the operator intertwining I(µ1, µ2) and I(µ2, µ1).

Proposition 4.2. If |µ1(πππv)/µ2(πππv)| < 1 the integral

(Mφ)(x) =

∫

Fv

φ(
(
0 −1
1 0

) (
1 y
0 1

)
x)dy

converges for each φ ∈ I(µ1, µ2) and x ∈ GL(2, Fv), and Mφ ∈ I(µ2, µ1).

Proof. As
(
0 −1
1 0

) (
1 y
0 1

)
=
(
y−1 −1
0 y

)(
1 0
y−1 1

)
, the integrand is

µ2(y)µ1(y)
−1|y|−1

v φ
((

1 0
y−1 1

)
x
)
,

which is 0 if |y|v is small, and µ2(y)µ1(y)
−1|y|−1

v φ(x) if |y|v is big enough. For
sufficiently large n then the part of the integral over |y|v ≥ qnv is bounded by
φ(x) times

∫

|y|v≥qnv

|µ2(y)/µ1(y)| · |y|−1
v dy = |O×

v |
∑

k≥n
|µ1(πππv)/µ2(πππv)|k <∞.
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It is clear that (Mφ)(( 1 c
0 1 )x) = (Mφ)(x) (c ∈ Fv) and (Mφ)(( a 0

0 b )x) equals

∫

Fv

φ(( b 0
0 a )

(
0 −1
1 0

) (
1 yb/a
0 1

)
x)dy = µ1(b)µ2(a)

∣∣∣∣
b

a

∣∣∣∣
1/2

v

∣∣∣a
b

∣∣∣
v
(Mφ)(x).

We obtained, if |µ1(πππv)/µ2(πππv)| < 1, a GL(2, Fv)-equivariant map

M =M(µ1, µ2) : I(µ1, µ2)→ I(µ2, µ1).

Let νt be the unramified character of F×
v with νt(πππv) = t. Put M(µ1, µ2, t) =

M(µ1νt, µ2νt−1). It converges for any µ1, µ2, provided t ∈ C is small enough
in absolute value. To define M(µ1, µ2) as the value at t = 1 of the analytic
continuation ofM(µ1, µ2, t), we need these operators to be defined on the same
space, which we will take to be

I0(µ1, µ2) = {φ ∈ C∞(GL(2, Ov));φ(
(
a1 b
0 a2

)
x) = µ1(a1)µ2(a2)φ(x),

a1, a2 ∈ O×
v , b ∈ Ov, x ∈ GL(2, Ov)}.

By the Iwasawa decomposition G = BK, the restriction map I(µ1νt, µ2νt−1)
→ I0(µ1, µ2) is bijective for any t. Identifying these spaces, the operator
M(µ1, µ2, t) becomes a map I0(µ1, µ2)→ I0(µ2, µ1).
Write L(µ, t) for (1 − µ(πππv)t)−1 if µ is unramified, and L(µ, t) = 1 if µ is a
ramified character of F×

v .

Proposition 4.3. The operator valued function M(µ1, µ2, t) is rational in t ∈
C×. In fact the function t 7→ L(µ1/µ2, t

2)−1(M(µ1, µ2, t)φ)(x) is a polynomial
in t for all φ ∈ I0(µ1, µ2), x ∈ GL(2, Ov). If µ1, µ2 are unramified and the
restrictions of φ ∈ I(µ1νt, µ2νt−1) and ψ ∈ I(µ2νt−1 , µ1νt) to GL(2, Ov) are 1,

then M(µ1, µ2, t)φ = L(µ1/µ2,t
2)

L(µ1/µ2,q
−1
v t2)

ψ.

Proof. Put φt = M(µ1, µ2, t)φ and a1 =
∫
|y|v≤1 φ(

(
0 −1
1 y

)
x)dy where x ∈

GL(2, Ov). Then

φt(x) = a1 +

∫

|y|v>1

µ2(y)µ1(y)
−1|y|−1

v νt(y)
−2φ

((
1 0
y−1 1

)
x
)
dy.

We shall show that this is the Taylor series of a rational function.

If n is large enough, φ
((

1 0
y−1 1

)
x
)

= φ(x) for |y|v ≥ qnv . Then φt(x) =

a1 + a2(t) + a3(t) with

a2(t) =

∫

1<|y|v<qnv
µ2(y)µ1(y)

−1|y|−1
v νt(y)

−2φ
((

1 0
y−1 1

)
x
)
dy,

a3(t) = φ(x)

∫

|y|v≥qnv
µ2(y)µ1(y)

−1|y|vνt(y)−2dy.
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Clearly a2(t) is a polynomial in t (since νt(πππ
−1
v )−1 = t) and a3(t) =

ct2nL(µ1/µ2, t
2).

If µ1, µ2 are unramified and x ∈ GL(2, Ov), a1 = 1 and the expression for φt(x)
is

φt(x) = 1 +

∫

|y|v>1

µ2(y)µ1(y)
−1|y|−1

v νt(y)
−2dy

= 1− (1− q−1
v )

∑

k≥1

(µ1(πππv)/µ2(πππv))
kt2k

= 1 +
(1− q−1

v )(µ1(πππv)/µ2(πππv))t
2

1− (µ1(πππv)/µ2(πππv))t2
=

L(µ1/µ2, t
2)

L(µ1/µ2, q
−1
v t2)

.

The operator M(µ1, µ2, t) : I(µ1νt, µ2νt−1) → I(µ2νt−1 , µ1νt) intertwines the
GL(2, Fv)-modules for every t where it is defined. It can be regarded as
a rational function of t (in fact, of t2) with values in the set of operators
I0(µ1, µ2)→ I0(µ2, µ1). Indeed,

M(µ1, µ2, t) =M(µ1νt, µ2νt−1) =M(µ1νt2 , µ2).

Define

R(µ1, µ2, t) =
L(µ1/µ2, q

−1
v t2)

L(µ1/µ2, t2)
M(µ1, µ2, t).

Corollary 4.4. Suppose µ1 and µ2 are unramified and ϕ ∈ I(µ1νt, µ2νt−1),
ψ ∈ I(µ2νt−1 , µ1νt) are the functions whose restrictions to GL(2, Ov) are one,
then R(µ1, µ2, t)ϕ = ψ. �

Given characters µ1, µ2 of A×, write I(µ1, µ2) for the space of right locally
constant functions φ on GL(2,A) which satisfy

φ
((

a1 b
0 a2

)
x
)
= µ1(a1)µ2(a2)|a1/a2|1/2φ(x). Put ν(a) = qdeg(a).

Then I(µ1, µ2) is the restricted tensor product of the spaces I(µ1v, µ2v) where
µiv is the component of µi at v (the restriction of µi to F×

v →֒ A×); it is
spanned by ⊗vφv with φv ∈ I(µ1v, µ2v) for all v and φv|GL(2, Ov) = 1 for
almost all v, where µiv|O×

v = 1, i.e. µiv are unramified. Define the character
νt of A× by νt(a) = tdeg(a). Then the restriction of νt to F×

v is νtv , the
unramified character of F×

v with νtv (πππv) = tv(= tdeg(v)). As in the local case,
we identify the spaces I(µ1νt, µ2νt−1) with I0(µ1, µ2) for all t. The operator
R(µ1, µ2, t) from I(µ1νt, µ2νt−1) to I(µ2νt−1 , µ1νt) defined by R(µ1, µ2, t) =
⊗vR(µ1v, µ2v, tv) is rational in t. On any element in I(µ1νt, µ2νt−1) at most
finitely many components R(µ1v, µ2v, tv) do not act as the identity. Also write
m(µ, t) for L(µ, t)/L(µ, t/q).
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4.2 Eisenstein series

Write Aα = C∞(αZ ·GL(2, F )\GL(2,A)),

Ac,α = C∞
c (αZ ·GL(2, F )\GL(2,A)), Y = A(F )N(A)\GL(2,A)

and Yα = Y/αZ. Normalize the Haar measure on N(A) ≃ A by |N(A)/N(F )| =
|A/F | = 1. The Haar measure on N(A) is invariant with respect to conjugation
by the elements of A(F ) by the product formula. So it extends to a two-sided
invariant measure on the space αZ · A(F )N(A). This, and the two-sided Haar
measure on GL(2,A) induce an invariant measure on Yα.
Let ϕ and ψ be locally constant functions on Yα, at least one of which is com-
pactly supported. Put (ϕ, ψ) =

∫
Yα
ϕ(x)ψ(x)dx. On αZ ·GL(2, F )\GL(2,A) a

scalar product is similarly defined. Define the map E∗ : Aα → C∞(Yα) by

φ 7→ φN , φN (x) =

∫

N(F )\N(A)
φ(nx)dn, x ∈ GL(2,A).

Note that N(F )\N(A) is compact, so the integral converges. Note that kerE∗

is the space A0,α of cusp forms invariant under α. For any f ∈ C∞
c (Yα) define

a function Ef on αZ ·GL(2, F )\GL(2,A) by

(Ef)(x) =
∑

γ∈A(F )N(F )\GL(2,F )

f(γx), x ∈ GL(2,A).

Proposition 4.5. The sum defining (Ef)(x) converges. For f ∈ C∞
c (Yα) and

φ ∈ Aα we have (Ef, φ) = (f, E∗φ).

Proof. Consider the diagram

Yα
r← αZ ·A(F )N(F )\GL(2,A) s→ αZ ·GL(2, F )\GL(2,A).

Since N(F )\N(A) is compact, the map r is proper. Hence the natural embed-
ding r∗ maps C∞

c (Yα) to C
∞
c (αZ · A(F )N(F )\GL(2,A)). Given

ψ ∈ C∞
c (αZA(F )N(F )\GL(2,A)),

define a function s∗ψ on αZ GL(2, F )\GL(2,A) by

(s∗ψ)(x) =
∑

γ∈A(F )N(F )\GL(2,F )

ψ(γx), x ∈ GL(2,A).

The sum is finite since ψ is compactly supported, and

s∗ψ ∈ C∞
c (αZ GL(2, F )\GL(2,A)).

The sum which defines (Ef)(x) converges since E = s∗r∗.
Now define E∗ = r∗s∗, where s∗ is the natural embedding, and

r∗ : C∞(αZA(F )N(F )\GL(2,A))→ C∞(Yα)

is defined by (r∗h)(x) =
∫
N(F )\N(A) h(nx)dn, x ∈ GL(2,A). Since (r∗, r∗) and

(s∗, s∗) are adjoint pairs, so is (E = s∗r∗, E∗ = r∗s∗).
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The image AE,α of the Eisenstein map E = s∗r∗ : C∞
c (Yα)→ Ac,α is called the

Eisenstein part of Ac,α. The maps E and E∗ intertwine the GL(2,A)-action;
AE,α is an invariant subspace of Ac,α.

Proposition 4.6. The space Ac,α is an orthogonal direct sum of the space A0,α

of cusp forms and of AE,α.

Proof. Cusp forms are compactly supported. Since A0,α = kerE∗ and AE,α =
imE, we have A0,α ⊥ AE,α. Given a compact open subgroup U in GL(2,A),
put AUα for the space of U -invariant functions in Aα, and

AUc,α = Ac,α ∩ AUα , AU0,α = A0,α ∩ AUα , AUE,α = AE,α ∩ AUα .

It remains to show that AU0,α+A
U
E,α = AUc,α. If not there exists a nonzero linear

form ℓ : AUc,α → C which is zero on AU0,α+A
U
E,α. There exists f ∈ AUα such that

ℓ(φ) = (φ, f) for every φ ∈ AUc,α. For any U -invariant function ψ ∈ C∞
c (Yα) we

have (ψ,E∗f) = (Eψ, f) = ℓ(Eψ) = 0. Hence E∗f = 0, thus f ∈ AU0,α. This

however is impossible since f is orthogonal to the space AU0,α of U -invariant
cusp forms.

Given φ ∈ C∞
c (Yα) and x ∈ GL(2,A), put (Mφ)(x) =

∫
N(A) φ(

(
0 −1
1 0

)
nx)dn.

The integral converges, by

Proposition 4.7. The map N(A) → Yα, n 7→ αZA(F )N(A)
(
0 −1
1 0

)
nx, is

proper.

Proof. It suffices to consider the case of x = 1. The function

ht+ : Yα → Z, ( a c0 b ) k 7→ deg a− deg b,

is continuous. Thus it suffices to show that the map ϕ(a) = ht+(
(
0 −1
1 0

)
( 1 a0 1 )),

ϕ : A→ Z, is proper. But
(
0 −1
1 0

) (
1 av
0 1

)
is in GL(2, Ov) if |av|v ≤ 1; otherwise

it is =
(
a−1
v −1
0 av

)(
1 0
a−1
v 1

)
. If a = (av), then ϕ(a) = −2

∑
v max(0, logq |av|v),

as logq |av|v = − valv(av) deg(v). Hence ϕ is proper.

By definition, x 7→ (Mφ)(x) is invariant under left translation by N(A), and
also by αZ ·A(F ). Indeed,

(Mφ)(( a 0
0 b ) x) =

∫

A
φ(
(
0 −1
1 0

)
n ( a 0

0 b )x)dy =
∣∣∣a
b

∣∣∣
∫

N(Z)
φ(( b 0

0 a )
(
0 −1
1 0

)
nx)dn

and |a/b| = qdeg(a/b). Thus M maps C∞
c (Yα) to C

∞(Yα).

Proposition 4.8. Denote by I the natural embedding of C∞
c (Yα) in C

∞(Yα).
Then

E∗E = I +M.
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Proof. By the Bruhat decomposition, an element of GL(2, F ) which is not in
A(F )N(F ) has a unique decomposition n1a

(
0 −1
1 0

)
n2 with ni ∈ N(F ), a ∈

A(F ). Thus, for any φ ∈ C∞
c (Yα), x ∈ GL(2,A), we have

(Eφ)(x) =
∑

γ∈A(F )N(F )\GL(2,F )

φ(γx) = φ(x) +
∑

ν∈N(F )

φ(
(
0 −1
1 0

)
νx).

Hence

(E∗Eφ)(x) = |N(A)/N(F )|φ(x) +
∫

N(F )\N(A)

∑

ν∈N(F )

φ(
(
0 −1
1 0

)
νnx)dn

= φ(x) +

∫

N(A)
φ(
(
0 −1
1 0

)
nx)dn = φ(x) + (Mφ)(x).

Proposition 4.9. Let µ1, µ2 be characters of A×/F×. If t is sufficiently small,
for all φ ∈ I(µ1νt, µ2νt−1) and x ∈ GL(2,A), the integral (M(µ1, µ2, t)φ)(x) =∫
N(A) φ(

(
0 −1
1 0

)
nx)dn converges and defines a function in I(µ2νt−1 , µ1νt).

Moreover, M(µ1, µ2, t) = q1−gm(µ1/µ2, t
2)R(µ1, µ2, t).

Proof. Recall that |a| = qdeg(a) and that I(µ1, µ2) consists of the φ in
C∞(GL(2,A)) with

φ(
(
a1 0
0 a2

)
x) = |a1/a2|1/2µ1(a1)µ2(a2)φ(x),

while νt(a) = tdeg a. We put tv = tdeg(v). We may assume that φ(x) =∏
v φv(xv) with φv ∈ I(µ1vνtv , µ2vνt−1

v
). For almost all v, the restriction

of φv to GL(2, Ov) is 1. We may replace φv, µi, t by their complex ab-
solute values to assume t > 0 and φv, µi take real nonnegative values.
Then (M(µ1, µ2, t)φ)(x) = c

∏
v τv, with τv =

∫
N(Fv)

φv(
(
0 −1
1 0

)
nxv)dn =∫

Fv
φv(
(
0 −1
1 z

)
xv)dz. The measure dnv onN(Fv) is normalized by |N(Ov)| = 1,

and c = |N(A)/N(F )| in the measure ⊗vdnv on N(A).
We saw that for small enough t the integral which defines τv converges for all v.
For almost all v we have τv = L(µ1v/µ2v, t

2
v)/L(µ1v/µ2v, q

−1
v t2v), so the product∏

v τv converges for small t. NowM(µ1, µ2, t) = c
∏
vM(µ1v, µ2v, tv). Each fac-

tor here is
L(µ1v/µ2v ,t

2
v)

L(µ1v/µ2v ,q
−1
v t2v)

R(µ1v, µ2v, tv). Put R(µ1, µ2, t) = ⊗vR(µ1v, µ2v, tv),

and m(µ, t) = L(µ,t)
L(q−1t,µ) , where L(µ, t) =

∏
v L(µv, tv). Note that c is

|O| = q1−g, using 0→ Fq → O → A/F → H1(X,OX)→ 0.

It follows (since L(µ, t) is a rational function of t) that after identifying the
spaces I(µ1νt, µ2νt−1) for all t, the operator

M(µ1, µ2, t) : I(µ1νt, µ2νt−1)→ I(µ2νt−1 , µ1νt)

(defined for small t) depends on t rationally. Hence M(µ1, µ2, t) is defined for
almost all t, and it commutes with the action of GL(2,A).
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4.3 L-functions

Let us review the theory of L-functions for GL(2). Let E be an algebraically
closed field of characteristic zero. The valuation valv(a) of a ∈ F×

v is the largest
integer n with a ∈ πππnvOv. For any character ψ : Fv → E×, ψ 6= 1, let r(ψ)
be the largest n such that ψ(πππ−n

v Ov) = 1. Normalize the Haar measure on
Fv by |Ov| = 1. The conductor of a character χ : F×

v → E× is n = 0 if
χ(O×

v ) = 1, i.e., χ is unramified; otherwise it is the smallest n ≥ 1 such that
χ(1 + πππnvOv) = 1. Given χ, put L(t, χ) = (1 − χ(πππv)t)−1 if χ is unramified,
L(t, χ) = 1 is χ is ramified. Given ψ 6= 1, put

Γ(χ, ψ, t) =

∫

F×
v

χ(x)−1ψ(x)t− valv(x)dx, ψ : Fv → E×.

This Γ(χ, ψ, t) is a formal power series in t which contains positive and negative
powers of t. Tate’s thesis (see [Lg94], VII, section 3-4) establishes

Proposition 4.10. The formal series Γ(χ, ψ, t) has finitely many positive pow-
ers of t. It is a rational function of t, namely a Laurent series of a ratio-

nal function of t at t = ∞. Put ε(χ, ψ, t) = L(χ,t)Γ(χ,ψ,t)

L(χ−1,q−1
v t−1)

. It has the form

c(χ, ψ)tn(χ,ψ). If r(ψ) = 0 then n(χ, ψ) is the conductor of χ. If in addi-
tion χ is unramified then ε(χ, ψ, t) is 1. If a ∈ F×

v , ψa(x) = ψ(ax), then
ε(χ, ψa, t) = χ(a)(qvt)

valv(a)ε(χ, ψ, t).

Note that L and ε are usually considered, in the case where E = C, as functions
of s, where t = q−sv , rather than of t. The Haar measure on Fv is usually

normalized by |Ov| = q
−r(ψ)/2
v , as this measure is self-dual with respect to the

pairing Fv×Fv → E×, (x, y) 7→ ψ(xy). This choice of measure is not convenient
if E 6= C since E has no distinguished square root of q.
Given a character χ of A×, denote its restriction to F×

v by χv. The restriction
to Fv of a character ψ of A is denoted ψv. For a closed point v of X , we write
deg(v) for the dimension of the residue field at v over Fq, and qv = qdeg(v).
Given a character χ : A×/F× → E×, put L(χ, t) =

∏
v L(χv, tv), where tv =

tdeg(v); the product converges in E[[t]]. Let ψ : A/F → E× be a character 6= 1.
Then ε(χ, t) = q1−g

∏
v ε(χv, ψv, tv) converges as almost all factors are 1, and

ε(χ, t) is independent of ψ by Proposition 4.10.

Proposition 4.11. For any character χ : A×/F× → E× the formal series
L(χ, t) is rational in t, and L(χ, t) = ε(χ, t)L(χ−1, q−1t−1). If the restriction
of χ to the group of x ∈ A×/F× with deg(x) = 0 is nontrivial, then L(χ, t)
is a polynomial. If the restriction is trivial, χ is given by χ(x) = udeg(x), and
then L(χ, t) has precisely two poles: t = u−1 and t = q−1u−1, both poles are
simple. If χ : A×/F× → C× is a unitary character (|χ(x)| = 1 for all x) then
the zeroes of L(χ, t) lie in the doughnut {t ∈ C; q−1 < |t| < 1}.

The proof of this is also in [Lg94], Chapter VII, sections 7-8. The following is
due to [W45].
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Theorem 4.12. (A. Weil). For any unitary character χ : A×/F× → C×, all
zeroes of L(χ, t) lie on the circle |t| = q−1/2.

Given a character ψ : A/F → E×, ψ 6= 1, let W (ψ) be the space of locally
constant functions φ : GL(2, Fv) → E with φ(( 1 z0 1 ) x) = ψ(z)φ(x) for all
z ∈ Fv, x ∈ GL(2, Fv). The group GL(2, Fv) acts onW (ψ) by right translation.
Fix a Haar measure d×x on F×

v . For any φ ∈W (ψ) put

Λφ(t) =

∫
φ(( a 0

0 1 ))(qvt)
valv(a)d×a, Λ̃φ(t) =

∫
φ(( 0 1

a 0 ))(qvt)
valv(a)d×a.

Both Λφ(t) and Λ̃π(t) are formal power series in t, containing positive and
negative powers of t.
Let π be an irreducible admissible representation of GL(2, Fv) over E. Then
π(( a 0

0 a )) is the operator of multiplication by a scalar η(a) ∈ E×. The character
η : F×

v → E× is called the central character of π.

Proposition 4.13. Let π be an irreducible admissible infinite dimensional rep-
resentation over E of GL(2, Fv). Let η be the central character of π. (1) There
exists a unique GL(2, Fv)-invariant subspace W (π, ψ) of W (ψ) equivalent to
π. (2) If φ ∈ W (π, ψ) then Λφ(t) is the Laurent series at t = 0 of a rational

function, and Λ̃φ(t) is the Laurent series at t = ∞ of a rational function. (3)
There exists a nonzero polynomial P ∈ E[t] such that for any φ ∈ W (π, ψ) we
have P (t)Λφ(t) ∈ E[t, t−1]. There exists φ ∈ W (π, ψ) with Λφ(t) 6= 0. (4) The

quotient Λ̃φ(t)/Λφ(t) of rational functions in t does not depend on the choice of
φ in W (π, ψ) with Λφ(t) 6= 0. (5) The lowest degree polynomial P ∈ E[t] which

satisfies (3) and P (0) = 1 is independent of ψ. (6) Put Γ(π, ψ, t) = Λ̃φ(t)/Λφ(t)

and ε(π, ψ, t) = Γ(π,ψ,t)L(π,t)

L(π⊗η−1,q−2
v t−1)

where L(π, t) = P (t)−1 with P of (5). Then

ε(π, ψ, t) has the form c(π, ψ)tn(π,ψ), c(π, ψ) in E× and n(π, ψ) in Z. (7) If
ψa(x) is ψ(ax) for a ∈ F×

v , then ε(π, ψa, t) = η(a)(qvt)
2 valv(a)ε(π, ψ, t).

This is [JL70], Theorem 2.18. Our L and ε relate to those LJL, εJL of Jacquet-
Langlands by LJL(π, s) = L(π, tv), tv = q−sv , εJL(π, ψ, s) = ε(π, ψ, tv). Note
that the proof of [JL70], which claims that Λφ(t) is a Laurent series of a mero-
morphic function in C − {0}, shows that Λφ(t) is rational. In general, the
meromorpic functions of s over p-adic and global function fields are rational
functions of qs. Every smooth finite dimensional irreducible representation of
GL(2, Fv) is one dimensional, of the form x 7→ χ(det x), where χ : F×

v → E×

is a character ([JL70], Proposition 2.7).

Proposition 4.14. Let π, π′ be irreducible admissible infinite dimensional
representations of GL(2, Fv) with equal central characters. If there is a char-
acter ψ : Fv → E× such that for every character ω : F×

v → E× we have
Γ(πω, ψ, t) = Γ(π′ω, ψ, t), then π ≃ π′.

For a proof see [JL70], Corollary 2.19.
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The conductor of an irreducible admissible infinite dimensional representation
π of GL(2, Fv) is the integer n(π, ψ), with ψ normalized by r(ψ) = 0. It is
well defined, as from (7) above, the integer n(π, ψ) of (6) is not changed if ψ is
replaced by ψa : x 7→ ψ(ax).

Proposition 4.15. The conductor of π is the least integer n such that the
representation space of π contains a nonzero vector invariant under the group
Hn = {

(
a b
c d

)
∈ GL(2, Ov); c ∈ πππnvOv, d ∈ 1 + πππnvOv}. For this n, dimE πππ

Hn =
1.

For a proof see Casselman, Math. Ann. 201 (1973), 301-314.

Proposition 4.16. Let π be an irreducible admissible infinite dimensional rep-
resentation, with central character η, of GL(2, Fv). Let ψ : Fv → E× be a non-
trivial character. Then there exists an integer mπ such that if χ : F×

v → E× is
any character with conductor > mπ, then L(πχ, t) = 1 and

ε(πχ, ψ, t) = ε(χ, ψ, t)ε(χη, ψ, qvt)q
−r(ψ)
v .

For a proof see [JL70], Proposition 3.8. See [JL70], Proposition 3.5, 3.6, for a
proof of:

Proposition 4.17. Let µ1, µ2 be characters of F×
v , and ψ 6= 1 a character of

Fv. If µ1/µ2 6= | · |±1
v then L(I(µ1, µ2), t) = L(µ1, t)L(µ2, t) and

ε(I(µ1, µ2), ψ, t) = ε(µ1, ψ, t)ε(µ2, ψ, t)q
−r(ψ)
v .

If µ2/µ1 = | · |v, then

L(St(µ1| · |−1/2
v , µ1| · |1/2v ), t) = L(µ1| · |1/2v , t),

ε(St(µ1| · |−1/2
v , µ1| · |1/2v ), ψ, t) =

L(µ−1
1 , t−1)

L(µ1, t)
ε(µ1, ψ, t)ε(µ1| · |v, ψ, t)q−r(ψ)v .

If π is a cuspidal representation of GL(2, Fv) then L(π, t) is 1.

Recall that an irreducible admissible infinite dimensional representation π of
GL(2, Fv) on a vector space V is called unramified if its space V K of K =
GL(2, Ov)-fixed vectors is nonzero. In this case V K is one dimensional, and
π = I(µ1, µ2) with unramified µ1, µ2 and µ1/µ2 6= | · |±1.

Corollary 4.18. Let π be an unramified irreducible admissible infinite di-
mensional representation of GL(2, Fv) and ψ 6= 1 with r(ψ) = 0. Then
ε(π, ψ, t) = 1.

Proof. Here π = I(µ1, µ2) with unramified µ1, µ2, so the claim follows from the
last proposition and Tate’s Thesis.
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Let π be an admissible irreducible representation of GL(2,A) whose local com-
ponents are all infinite dimensional. Put L(π, t) =

∏
v L(πv, tv), tv = tdeg(v);

the infinite product converges in E[[t]]. For any character ψ : A/F → E×, ψ 6=
1, put ε(π, ψ, t) =

∏
v ε(πv, ψv, tv); almost all factors here are 1. From (7)

it follows that if the central character of π is trivial on F×, then ε(π, ψ, t) is
independent of the choice of ψ : A/F → E×. We denote it in this case by
ε(π, t).
Theorems 11.1, 11.3 of [JL70] assert:

Theorem 4.19. Let π be an irreducible admissible representation of GL(2,A)
over E. Denote by η : A× → E× its central character. Then π is cuspidal iff
(1) η is trivial on F×; (2) all local components of π are infinite dimensional; (3)
for any character ω : A×/F× → E×, the formal series L(πω, t) is a polynomial
in t, and (4) L(πω, t) = ε(πω, t)L(πη−1ω−1, q−2t−1).

Note that (4) makes sense due to (3). In [JL70], (3) is formulated as stating
that the product

∏
v L(πvωv, tv) converges absolutely for sufficiently small t,

and its value has an analytic continuation to a holomorphic function in C−{0}.
But the argument of [JL70] can be modified to lead to (3) in our case of E which
is not C, over a function field F . Note that (4) is not

∏
v Γ(πvωv, ψv, tv) = 1;

indeed the product here does not converge.

Proposition 4.20. If π, π′ are cuspidal representations of GL(2,A) and πv ≃
π′
v for almost all v, then π ≃ π′.

Proof. Let S be a finite set of closed points of X with πv ≃ π′
v at v 6∈ S.

Let η, η′ be the central characters of π, π′, and ηv, η
′
v their components at

v (restrictions to F×
v ). By our assumption, η′v = ηv for all v 6∈ S. But the

groups F×
v , v 6∈ S, generate a dense subgroup of A×/F×. Hence η′ = η. By

the Theorem 4.19, of [JL70], above, fixing a character ψ : A/F → E×, ψ 6= 1,
for any character ω : A×/F× → E× one has

∏

v

L(πvωv, tv) =
∏

v

ε(πvωv, ψv, tv)L(πvη
−1
v ω−1

v , q−2
v t−1

v ),

∏

v

L(π′
vωv, tv) =

∏

v

ε(π′
vωv, ψv, tv)L(π

′
vη

′
v
−1ω−1

v , q−2
v t−1

v ).

Since πv ≃ π′
v at all v 6∈ S, we conclude

∏

v∈S
Γ(πvωv, ψv, tv) =

∏

v∈S

ε(πvωv, ψv, tv)L(πvη
−1
v ω−1

v , q−2
v t−1

v )

L(πvωv, tv)

=
∏

v∈S

ε(π′
vωv, ψv, tv)L(π

′
vη

′
v
−1ω−1

v , q−2
v t−1

v )

L(π′
vωv, tv)

=
∏

v∈S
Γ(π′

vωv, ψv, tv).

Since η = η′, it follows from Proposition 4.16 that for each v ∈ S there exists
mv > 0 such that if χ : F×

v → E× is any character whose conductor is ≥ mv,
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then Γ(πvχ, ψv, t) = Γ(π′
vχ, ψv, t). Fix v ∈ S and a character χ of F×

v . By
Proposition 4.14, it suffices to show Γ(πvχ, ψv, t) = Γ(π′

vχ, ψv, t). For this, it
suffices to choose a character ω : A×/F× → E× in the last displayed equation
with ωv = χ and such that for each u ∈ S − {v}, the conductor of ωu is
bigger than mu. But the group H = F×

v

∏
u∈S−{v}O

×
u maps isomorphically

and homeomorphically onto its image in A×/F×. Hence any character of H
extends to a character of A×/F×.

Proposition 4.21. Let η be a character of A×/F×, S a finite set of closed
points of X,ψ 6= 1 a character of A/F with r(ψu) = 0 for all u in S. Suppose
that for any closed point v ∈ |X | − S, πv is an irreducible admissible infinite
dimensional representation of GL(2, Fv) with central character ηv such that al-
most all πv are unramified, there is no pair µ1, µ2 of characters of A×/F× with
πv = π(µ1v, µ2v) for almost all v ∈ |X |−S, and for any character ω of A×/F×

which is unramified at all points of S, the formal series
∏
v 6∈S L(πvωv, tv) and∏

v 6∈S L(πvη
−1
v ω−1

v , tv) are polynomials, and there exists a number c ∈ E× and
integers nu > 0 (u ∈ S) such that

∏

v 6∈S
L(πvωv, tv) = c

∏

u∈S
(ω(πππu)tu)

nu
∏

v 6∈S
ε(πvωv, ψv, tv)L(πvη

−1
v ω−1

v , q−2
v t−1

v ).

Then there exists a cuspidal representation π of GL(2,A) with central character
η such that for every v ∈ |X | − S the local component of π at v is πv.

A proof is in [JL70], Theorem 11, Corollary 11.6, proof of Theorem 12.2.
The representation π is unique by Proposition 4.20.

4.4 Intertwining again

We can now return to the study of the intertwining operators.

Proposition 4.22. Let µ1, µ2 be characters of F×
v . Let ψ 6= 1 be a character

of Fv. Then

R(µ1, µ2, t)R(µ2, µ1, t
−1) = ε

(
µ1

µ2
, ψ, q−1

v t2
)
ε

(
µ2

µ1
, ψ, q−1

v t−2

)
.

Proof. By the transformation formula for the ε-factors, the right hand side
does not depend on ψ. We then choose ψ with kerψ ⊃ Ov and kerψ 6⊃ πππ−1

v Ov.
We can rewrite the asserted equality as

M(µ1, µ2, t)M(µ2, µ1, t
−1) = Γ

(
µ2

µ1
, ψ, q−1

v t2
)
Γ

(
µ2

µ1
, ψ, q−1

v t−2

)
.

The restriction map I(µ1, µ2)→ I(µ1/µ2), where

I(µ) = {f ∈ C∞(SL(2, Fv)); f
((

a b
0 1/a

)
x
)
= µ(a)|a|vf(x)},
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is an isomorphism (µ : F×
v → E× is a character). The group SL(2, Fv) acts

transitively on F 2
v − {(0, 0)} on the right. The stabilizer of the vector (0, 1) is

N(Fv). Then N(Fv)\ SL(2, Fv) can be identified with F 2
v −{(0, 0)} by

(
a b
c d

)
7→

(c, d) ∈ F 2
v − {(0, 0)}. Using this we identify I(µ) with

V (µ) = {f ∈ C∞(F 2
v − {(0, 0)});

f(ax) = µ(a)−1|a|−1
v f(x), a ∈ F×

v , x ∈ F 2
v − {(0, 0)}},

so I(µ1, µ2) with V (µ1/µ2). The operator M(µ1, µ2, t) corresponds to the
operator M(µ1/µ2, t

2) where

M(µ, s) : V (µνs)→ V (µ−1νs−1), (M(µ, s)f)(x) =

∫

{y;x∧y=1}
f(y)dy.

Here ∧ denotes the symplectic form (a, b)∧(c, d) = ad−bc on F 2
v . The measure

on the line ℓx = {y ∈ F 2
v ;x ∧ y = 1} is transferred from the Haar measure on

Fv via the map Fv → ℓx given by a 7→ y0 + ax where y0 is a fixed point on ℓx.
So we need to show:

M(µ, s)M(µ−1, s−1) = Γ(µ, ψ, q−1
v s)Γ(µ−1, ψ, q−1

v s−1).

For sufficiently small s ∈ C× define operators As : C∞
c (F 2

v ) → V (µνs) and
Bs : C

∞
c (F 2

v )→ V (µ−1νs) by

(Asf)(x) =

∫

Fv

f(ax)µ(a)νs(a)da, (Bsf)(x) =

∫

Fv

f(ax)µ(a)−1νs(a)da.

Restriction defines an isomorphism V (µνs)→ V0(µ), where

V0(µ) = {f ∈ C∞(O2
v − {(0, 0)});

f(ax) = µ(a)−1f(x), x ∈ O2
v − {(0, 0)}, a ∈ O×

v },

so we can identify the spaces V (µνs) as s varies.
The operators As and Bs, defined above for small s, depend rationally on s.
Hence they can be extended to all s.
Consider the Fourier transform

F : C∞
c (F 2

v )→ C∞
c (F 2

v ), (Ff)(y) =

∫

F 2
v

f(x)ψ(x ∧ y)dx.

Lemma 4.23. We have M(µ, s)As = Γ(µ−1, ψ, q−1
v s−1)Bs−1F ,

M(µ−1, s−1)Bs−1 = Γ(µ, ψ, q−1
v s)AsF.

Proof. Given f ∈ C∞
c (F 2

v ), x ∈ F 2
v − {(0, 0)}, we first show

Γ(µ−1, ψ, q−1
v s−1)(Bs−1Ff)(x) = (M(µ, s)Asf)(x).
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The operators F , As, Bs commute with the action of SL(2, Fv). This action is
transitive on F 2

v − {(0, 0)}, so we may assume x = (0, 1). We compute

(Bs−1Ff)((0, 1)) =

∫

Fv

(Ff)((0, a))µ(a)−1νs−1(a)da,

(Ff)((0, a)) =

∫

F 2
v

f(y, z)ψ(ya)dydz = ϕ̂(−a),

ϕ̂(a) =

∫
ϕ(y)ψ(−ya)dy, ϕ(y) =

∫
f(y, z)dz.

Tate’s functional equation (see [L], VII, section 3-4) is

Γ(µ−1, ψ, q−1
v s−1)

∫
ϕ̂(a)µ−1(a)νs−1(a)da =

∫
ϕ(y)µ(y)νs(y)

dy

|y| .

(Formally this can be deduced from the definition of the Γ-function and the
inversion formula ϕ(y) =

∫
ϕ̂(a)ψ(ay)da. However the left side converges for

large |s|, while the right for small |s|, so one has to show both sides are rational
in s).
We conclude that the left side of the equation to be shown is

∫
ϕ(y)µ(−y)νs(y)|y|−1dy =

∫ ∫
f(y, z)µ(−y)νs(y)|y|−1dydz

while the right side is (recall: x = (0, 1), so (0, 1) ∧ (y, z) = −y)
∫
(Asf)(−1, z)dz =

∫ ∫
f(−y, yz)µ(y)νs(y)dydz.

The proof of the second identity of the lemma is similar. �

The inverse Fourier transform coincides with F since the form (x, y) 7→ x ∧ y
in the definition of F is skew-symmetric. Hence F 2 = 1, and it follows from
the Lemma that

M(µ, s)M(µ−1, s−1)Bs−1 = Γ(µ, ψ, q−1
v s)Γ(µ−1, ψ, q−1

v s−1)Bs−1 .

However, the operator Bs−1 is onto for those s where it is defined (even its
restriction to C∞

c (F 2
v −{(0, 0)}) is onto), as V (µνs) is irreducible, so the propo-

sition follows.

Proposition 4.24. For any characters µ1, µ2 of A×/F× we have

M(µ1, µ2, t)M(µ2, µ1, t
−1) = 1.

Proof. From Proposition 4.21, M(µ1, µ2, t)M(µ2, µ2, t
−1) is equal to

q2−2gm(µ1/µ2, t
2)m(µ2/µ1, t

−2)R(µ1, µ2, t)R(µ2, µ1, t
−1),
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while Proposition 4.22 implies, for any character ψ 6= 1 of A/F , that

R(µ1, µ2, t)R(µ2, µ1, t
−1)

is ∏

v

[ε(µ1v/µ2v, ψv, q
−1
v t2v)ε(µ2v/µ1v, ψv, q

−1
v t−2

v )]

= q2g−2ε(µ1/µ2, q
−1t2)ε(µ2/µ1, q

−1t−2).

As ε(χ, t) = q1−g
∏
v ε(χv, ψv, tv) satisfies the functional equation L(χ, t) =

ε(χ, t)L(χ−1, q−1t−1), we have that

ε(µ1/µ2, q
−1t2)ε(µ2/µ1, q

−1t−2)m(µ1/µ2, t
2)m(µ2/µ1, t

−2),

which is equal to

ε(µ1/µ2, q
−1t2)L(µ2/µ1, t

2)

L(µ1/µ2, q−1t2)
· ε(µ1/µ2, q

−1t−2)L(µ1/µ2, t
2)

L(µ2/µ1, q−1t−2)

is equal to 1.

4.5 M2 = 1 via Mellin transform

We shall next study the relationship between M : C∞
c (Yα) → C∞(Yα) and

M(µ1, µ2, t) : I(µ1ν
t, µ2ν

−t) → I(µ2ν
−t, µ1ν

t), and conclude that M2 = 1.
Both are defined by the same integral formula. Here µ1, µ2 are characters of
A×/F× · αZ. Put

η(( a 0
0 b )) = µ1(a)µ2(b)|a/b|1/2νt(a/b), η : A(A)/A(F ) · αZ → E×.

It is a character. Recall that Yα = αZN(A)A(F )\GL(2,A) and (Mf)(x) =∫
N(A) f(

(
0 −1
1 0

)
nx)dn. Suppose that f ∈ C∞

c (Yα), and t ∈ E×. Define a

function T (f, µ1, µ2, t) : GL(2,A)→ C by

(T (f, µ1, µ2, t))(x) =

∫

αZA(F )\A(A)
f(a−1x)η(a)d×a.

Then T (f, µ1, µ2, t) ∈ I(µ1νt, µ2ν−t) is called the Mellin transform of f . The
notation T can be used also when f ∈ C∞(Yα) is not compactly supported,
whenever the integral converges.

Proposition 4.25. For ϕ ∈ C∞
c (Yα), characters µ1, µ2 : A×/F× · αZ →

E× and large enough t ∈ C×, the integral defining T converges, and
T (Mϕ,µ1, µ2, t) =M(µ2, µ1, t

−1)T (ϕ, µ2, µ1, t
−1).

Proof. By definition,

(T (f, µ1, µ2, t))(x) =

∫∫
f(( a 0

0 b )
−1
x)µ1(a)µ2(b)|a/b|1/2νt(a/b)d×ad×b.
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Put f = Mϕ, so f(( a 0
0 b )

−1
x) = |b/a|

∫
N(A) ϕ((

b 0
0 a )

−1 ( 0 −1
1 0

)
nx)dn. Hence

(T (f, µ1, µ2, t))(x) equals

∫ ∫ ∫
ϕ(( b 0

0 a )
−1 ( 0 −1

1 0

)
nx)µ1(a)µ2(b)|b/a|1/2νt(a/b)d×ad×bdn

=

∫

N(A)
(T (ϕ, µ2, µ1, t

−1))(
(
0 −1
1 0

)
nx)dn

= (M(µ2, µ1, t
−1)T (ϕ, µ2, µ1, t

−1))(x).

If t is large enough, the integral which defines M(µ2, µ1, t
−1) converges, and so

is the integral which defines T (f, µ1, µ2, t), which justifies the computation.

Proposition 4.26. If ϕ ∈ C∞
c (Yα) then Mϕ ∈ C∞(Yα). If Mϕ ∈ C∞

c (Yα)
then M2ϕ = ϕ.

Proof. Put f = Mϕ and h = Mf = M2ϕ (h is defined if f ∈ C∞
c (Yα)). By

Proposition 4.25,

T (h, µ1, µ2, t) =M(µ2, µ1, t
−1)T (f, µ2, µ1, t

−1),

T (f, µ2, µ1, t
−1) =M(µ1, µ2, t)T (ϕ, µ1, µ2, t).

The first equation holds only for large enough t, and the second only for small
enough t. However, both sides of the second equality depend rationally on t (for
the left side, this is true since f =Mϕ is compactly supported), hence it holds
for all t in C×. Hence for large enough t, by Proposition 4.24 T (h, µ1, µ2, t) =
T (ϕ, µ1, µ2, t) for all µ1, µ2. This implies h = ϕ.

4.6 Poles, zeroes and values of R and M

Recall that νt(x) = tdeg(x) is a character of A×/F× with νt(πππv) = tv (= tdeg(v)),
and locally we write νt for the unramified character of F×

v with νt(πππv) = t.
Let µ1, µ2 be characters of F×

v . Recall:

R(µ1, µ2, t) =
L(µ1/µ2, q

−1
v t2)

L(µ1/µ2, t2)
M(µ1, µ2, t).

Proposition 4.27. (1) The function R(µ1, µ2, t) is regular at t = 0.
It has a pole at τ ∈ C× iff µ2ντ−1/µ1ντ = ν (with ν(πππv) = q−1

v ). This pole has
order 1.
The function R(µ1, µ2, t)

−1 has a pole at τ ∈ C× iff µ1ντ/µ2ντ−1 = ν. This
pole has order 1.
(2) Suppose R(µ1, µ2, t)

−1 has a pole at τ ∈ C×. Then the function
R(µ1, µ2, t) is regular at t = τ . Put L = limt→τ (t − τ)R(µ1, µ2, t)

−1 and
Q = R(µ1, µ2, τ). The operators Q : I(µ1ντ , µ2ντ−1) → I(µ2ντ−1 , µ1ντ ) and
L : I(µ2ντ−1, µ1ντ ) → I(µ1ντ , µ2ντ−1) intertwine the GL(2, Fv)-action. The
representations of GL(2, Fv) in the spaces kerQ, cokerQ, imL are isomorphic
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to the square integrable St(µ1ντ , µ2ντ−1). The representations of GL(2, Fv)
in the spaces kerL, cokerL, imQ are isomorphic to the one dimensional
x 7→ µ2(x)(νντ−1 )(x) = µ1(x)ντ (x).
(3) The statement (2) remains true with R(µ1, µ2, t) replaced by R(µ1, µ2, t)

−1.

Proof. From the first part of the proof of Proposition 4.3 it follows that

M(µ1, µ2, t)/L(µ1/µ2, t
2) = R(µ1, µ2, t)/L(µ1/µ2, q

−1
v t2)

is regular. So R(µ1, µ2, t) could have a pole at t ∈ C× only if L(µ1/µ2, q
−1
v t2)

is ∞, that is µ2ντ−1/µ1ντ = ν (recall: ν(x) = |x|), and the order of the pole is
at most 1.
A similar statement holds for R(µ1, µ2, t)

−1 = c(µ1, µ2)t
n(µ1,µ2)R(µ2, µ1, t

−1).
(The last equality follows from Proposition 4.22. In fact n(µ1, µ2) = 0,
but we do not need this.) Namely R(µ1, µ2, t)

−1 has a pole at τ ∈ C× iff
µ1ντ/µ2ντ−1 = ν. This pole has order 1.
Suppose µ1ντ/µ2ντ−1 = ν. Then µ2ντ−1/µ1ντ 6= ν so that R(µ1, µ2, t)

−1 is
regular at t = τ . With L, Q defined as in the proposition, it is clear they
commute with the GL(2, Fv)-action. If L = 0 then Q = R(µ1, µ2, τ) has no
pole, in fact it is an isomorphism. If Q = 0 then L would be an isomorphism,
as the operator limt→τ R(µ1, µ2, t)/(t− τ) would be the inverse of L. However,
the representations of GL(2, Fv) in I(µ1ντ , µ2ντ−1) and I(µ2ντ−1 , µ1ντ ) are
not equivalent, hence L 6= 0, Q 6= 0. As L 6= 0, the function R(µ1, µ2, t)

−1

does have a pole at t = τ . From the description of the invariant subspaces
of I(µ1ντ , µ2ντ−1) and I(µ2ντ−1 , µ1ντ ) the claims in the proposition on the
description of the action of GL(2, Fv) follow. The regularity of R(µ1, µ2, t) at
t = 0 follows from that of L(µ1/µ2, q

−1
v t2)−1R(µ1, µ2, t).

In conclusion, the representation of GL(2, Fv) in I(µ1νt, µ2νt−1) is reducible
iff R(µ1, µ2, t) or R(µ1, µ2, t)

−1 has a pole at t = τ . These last operators are
regular at t ∈ C× if µ1/µ2 is ramified. If µ1/µ2 is unramified and (µ1/µ2)(πππv) =
a, then the poles of R(µ1, µ2, t) are at ±

√
qv/a, and those of R(µ1, µ2, t)

−1 are

at ±
√
a/qv.

Corollary 4.28. Let µ1, µ2 be characters of A×/F× · αZ. If R(µ1, µ2, t) has
a pole at t = τ ∈ C×, then |τ | = √q. If R(µ1, µ2, t)

−1 has a pole at t = τ ∈ C×

then |τ | = q−1/2.

Indeed, a character of A×/F× which takes the value 1 at α is unitary, thus
|a| = 1.

Proposition 4.29. Let µ1, µ2 be characters of A×/F× · αZ and τ ∈ C×,
|τ | ≤ 1. If M(µ1, µ2, t) has a pole at t = τ then µ1 = µ2 and τ = ±q−1/2.
If µ1 = µ2 is denoted µ and τ = ±q−1/2 then M(µ, µ, t) has an order 1 pole
at τ . The image of the operator C = limt→τ (t − τ)M(µ, µ, t) in this case is
one dimensional and is spanned by the function f(x) = µ(det x)ντ (detx) in
I(µντ−1 , µντ ). Further, M(µ1, µ2, t) is regular at t = 0.
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Proof. Recall thatM(µ1, µ2, t) = q1−gm(µ1/µ2, t
2)R(µ1, µ2, t) wherem(µ, t) =

L(µ, t)/L(µ, t/q). Let τ ∈ C×, |τ | ≤ 1. By Corollary 4.28, the function
R(µ1, µ2, t) is regular at τ . By Proposition 4.11, the function m(µ1/µ2, t

2)
is not regular at τ only if µ1 = µ2 and τ = ±q−1/2. In these cases it has a
simple pole. HenceM(µ1, µ2, t) is regular at t = τ (0 < |τ | ≤ 1) unless µ1 = µ2

and τ = ±q−1/2 where the order of the pole is at most 1. When µ1 = µ2 = µ
and τ = ±q−1/2, the operator C = limt→τ (t− τ)M(µ, µ, t) is a scalar multiple
of R(µ, µ, t) = ⊗vR(µv, µv, τv), τv = τdeg(v).
From (1) in Proposition 4.27, the function R(µv, µv, τv)

−1 has a pole at t = τ
(tv = τv). Its statement (2) implies that the image ofR(µv, µv, τv) is one dimen-
sional and GL(2, Fv) acts on it via the character x 7→ µv(detx)ντ (detx)

deg v.
This implies the proposition, except the final claim, which follows from the
regularily of R(µ1, µ2, t) at t = 0, and that of m(µ1/µ2, t

2) at t = 0.

Let µ1, µ2 be characters of A×/F×. The operator M(µ1, µ2, t) maps
I(µ1νt, µ2νt−1) into the space I(µ2νt−1 , µ1νt), which in general is different from
I(µ1νt, µ2νt−1). However, when µ1 = µ2 = µ and t = ±1, then M(µ1, µ2, t)
maps I(µ1νt, µ2νt−1) to itself; M(µ, µ, t) is regular at t = ±1. The representa-
tion of GL(2,A) in I(µντ , µντ−1), τ = ±1, is irreducible, and hence M(µ, µ, τ)
is a scalar operator. Moreover, from Proposition 4.26, M(µ, µ, τ)2 = 1 at
τ = ±1.
Proposition 4.30. If µ is a character of A×/F× and τ = ±1, then
M(µ, µ, τ) = −1.
Proof. In view of the relation between M and R, it suffices to verify that

lim
t→1

L(1, t)

L(1, t/q)
= −qg−1 and R(µ, µ, τ) = 1.

In fact, for any character ω of F×
v , R(ω, ω, τ) is 1 at τ = ±1. Indeed, sup-

pose first ω is unramified. Then there exists a function f in I(ωντ , ωντ ) whose
restriction to GL(2, Ov) is 1. By the normalization of the intertwining op-
erator (Proposition 4.3(2)), R(ω, ω, τ)f = f . However, the representation of
GL(2, Fv) on I(ωντ , ωντ ) is irreducible, so R(ω, ω, τ) = 1 if ω is unramified.
The general case reduces to the case where ω is unramified, or even ω = 1, by
the commutativity of the diagram

I(ωντ ,ωντ )
R(ω,ω,τ)−→ I(ωντ ,ωντ )

↑ ↑
I(ντ ,ντ )⊗ω

R(1,1,τ)−→ I(ντ ,ντ )⊗ω

To compute the limit of the ratio of L-functions, we use the functional equation
L(1, t/q) = ε(1, t/q)L(1, t−1). Then

lim
t→1

L(1, t)/L(1, t/q) = ε(1, 1/q)−1 lim
t→1

L(1, t)/L(1, t−1).

By the definition of the global ε-function and its properties (Proposition 6.1,
6.3), ε(1, 1/q) = q1−g. Since L(1, t) has a pole of order one at t = 1, by
L’Hôpital rule limt→1 L(1, t)/L(1, t

−1) is −1.
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4.7 Global Eisenstein approach

These proofs of M2 = 1 and rationality of M(µ1, µ2, t) are based on local
computations (normalization of the intertwining operators by L-functions and
ε-factors), and the functional equation of the L-function. The following alter-
native proof of these results is based on properties of the Eisenstein map.

The alternative approach of this subsection, the following subsection 4.8, and
the computation of traces in subsection 5.2 are motivated by Tate [T68]. They
are the newest part of this paper, which – as noted in the introduction – cries
out for generalization from our context of GL(2), and for further study.

We shall use the maps ht+ : Yα → Z and ht : αZ GL(2, F )\GL(2,A) → Z.
Both maps are proper. However, ht+ is onto while the image of ht con-
tains the positive integers but only finitely many negatives. So in some sense
Yα is less compact than αZ GL(2, F )\GL(2,A), so the map E : C∞

c (Yα) →
C∞
c (αZ GL(2, F )\GL(2,A)) should have a big kernel. For ϕ in kerE we have

(1 +M)ϕ = E∗Eϕ = 0. Hence M2ϕ = ϕ. Unlike M , the operator M2 com-
mutes with the action of A(A) on C∞

c (Yα) by left translation. Hence M2ϕ = ϕ
not only for ϕ ∈ kerE but also for ϕ in the span of A(A)-translates of ϕ in
kerE. The number of such linear combinations is already sufficiently large to
imply M2 = 1. We now turn to rigorous proofs.

Proposition 4.31. Let M : C[z, z−1]n → C((z))n be a C-linear map with
M(zu) = z−1M(u) for all u ∈ C[z, z−1]n. Let I denote the natural embedding
C[z, z−1]n →֒ C((z))n. Put B = I + M . Suppose there is some k ∈ Z for
which the vector space (ImB)/B(zkC[z−1]n) is finite dimensional. Then there
is some

P (z) ∈ GL(n,C(z)) ⊂ GL(n,C((z)))

with P (z−1) = P (z)−1 and (Mu)(z) = P (z)u(z−1) for all u(z) ∈ C[z, z−1]n.

Proof. Denote by ei the column in Cn with nonzero entry only at the ith
row, where it is 1. From M(

∑
i(
∑
j cijz

j)ei) =
∑

i(
∑

j cijz
−j)Mei, we see

that (Mu)(z) = P (z)u(z−1) where P (z) is the n × n matrix with columns
Me1, . . . ,Men whose entries are in C((z)). If u is in the kernel of B = I +M ,
then P (z)u(z−1) = −u(z). Since ImB = ∪m≥1B(zmC[z−1]n) and there is
some k ≥ 0 such that B(zkC[z−1]n) has finite codimension in ImB, there is
some ℓ with B(zℓC[z−1]n) = ImB. Then kerB + zℓC[z−1]n = C[z, z−1]n. For
each i (1 ≤ i ≤ n), zℓ+1ei ∈ kerB + zℓC[z−1]n. Hence there is a matrix W ∈
M(n,C[z, z−1]) whose columnes are in kerB andW−zℓ+1 Id ∈ zℓM(n,C[z−1]),
where Id is the identity matrix. But then W ∈ GL(n,C(z)), and since the
columns of W are in kerB, we have P (z)W (z−1) = −W (z). Then P (z) =
−W (z)W (z−1)−1, and P (z−1) = −W (z−1)W (z)−1 = P (z)−1.

Corollary 4.32. A C-linear map M : C[z, z−1] → C[z, z−1] which satisfies
the conditions of Proposition 4.31 has M2 = Id.
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Recall that Yα = αZA(F )N(A)\GL(2,A). Write C∞
+ (Yα) for the space of the

E-valued functions f on Yα with (1) f(x) = 0 if ht+(x) is large enough, and (2)
f is invariant under right translation by some open subgroup U of GL(2,A).
Note that C∞

c (Yα) ⊂ C∞
+ (Yα) ⊂ C∞(Yα).

Proposition 4.33. The image of C∞
c (Yα) under M lies in C∞

+ (Yα).

Proof. For f ∈ C∞
c (Yα) there exists an integerm such that f(x) = 0 if ht+(x) <

−m. We shall show that for such f , (Mf)(x) =
∫
N(A) f

((
0 −1
1 0

)
nx
)
dx is zero

if ht+(x) > m. It suffices to show then that for x ∈ GL(2,A) with ht+(x) > m,
and any n ∈ N(A), we have ht+

((
0 −1
1 0

)
nx
)
< −m. But by Lemma 2.7 we

have

ht+(x) + ht+
((

0 −1
1 0

)
nx
)
= ht+(nx) + ht+

((
0 −1
1 0

)
nx
)
≤ 0.

Proposition 4.34. Let U be an open subgroup of GL(2, O). For every integer
m ≥ 1 define

WU
m = {ϕ ∈ C∞

c (Yα)
U ; ϕ(x) = 0 if ht+(x) < m},

Y Um = {ϕ ∈ C∞
c (αZ ·GL(2, F )\GL(2,A))U ; ϕ(x) = 0 if ht+(x) < m}.

Then E(WU
m) = Y Um for large enough m.

Proof. Put

ZUm = {ϕ ∈ C∞
c (αZ ·A(F )N(F )\GL(2,A))U ; ϕ(x) = 0 if ht+(x) < m}.

Recall that

E = s∗r
∗, s∗(x) =

∑

γ

ψ(γx), γ ∈ A(F )N(F )\GL(2, F ).

It is clear that s∗(ZUm) = Y Um . It suffices to show that r∗(WU
m) = ZUm for

sufficiently large m. In fact, we showed, as the first claim in the proof of
Proposition 2.13, that for an open subgroup U of GL(2,A), that there is an
integer m with the property that if z ∈ A, x ∈ GL(2,A), ht+(x) ≥ m, then
there is u ∈ U , β ∈ F , with ( 1 z0 1 )x =

(
1 β
0 1

)
xu. In other words, if x ∈ GL(2,A)

and ht+(x) is large enough, then N(A)x ⊂ N(F )xU .

We shall now give a different proof of Proposition 4.26.

Proposition 4.35. If ϕ ∈ C∞
c (Yα) and Mϕ ∈ C∞

c (Yα) then M
2ϕ = ϕ.
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Proof. Let us introduce a structure of C[z, z−1]-module on C∞(Yα) by

(zf)(x) =
1√
q
f (( α 0

0 1 )x) , f ∈ C∞(Yα), x ∈ GL(2,A).

From

(Mφ) (( a 0
0 b )x) =

∣∣∣a
b

∣∣∣
∫

N(A)
φ
(
( b 0
0 a )

(
0 −1
1 0

)
nx
)
dn

it follows that M(zf) = z−1M(f); recall that |α| = q, and f is invariant under
α. This is the reason for introducing the factor

√
q. Let U be an open subgroup

of GL(2, O). Put

WU
c = C∞

c (Yα)
U , WU

+ = C∞
+ (Yα)

U .

Both are C[z, z−1]-submodules in C∞(Yα). Denote by WU
0 the set of functions

f ∈ C∞(Yα)
U such that f(x) = 0 if ht+(x) 6= 0. Then the natural map

WU
0 ⊗C C[z, z−1] → WU

c is an isomorphism. In the same way we have a
canonical isomorphism WU

0 ⊗C C((z))→WU
+ . The operator

M :Wc = C∞
c (Yα)→W+ = C∞

+ (Yα)

maps WU
c into WU

+ . Hence it defines a map

M :WU
0 ⊗C C[z, z−1]→WU

0 ⊗C C((z))

satisfying the first condition of Proposition 4.31.
It remains to check the second condition of that Proposition. The space WU

m

can be identified with WU
0 ⊗C z

−mC[z−1], and then the operator B = I +
M is just E∗E. Thus it suffices to show that for some m ∈ Z, the space
E∗E(WU

c )/E∗E(WU
m) is finite dimensional. Since E(WU

m) = Y Um for large m,
and {x ∈ GL(2, F )\GL(2,A); ht(x) ≤ m} is compact mod Z(A), it follows
that the subspace

E(WU
m) ⊂ C∞

c (αZ GL(2, F )\GL(2,A))U

has finite codimension. Thus M satisfies both conditions of Proposition 4.31,
and our claim follows from Corollary 4.32.

To use Proposition 4.31 to give another proof of the rationality ofM(µ1, µ2, t),
we take a different view of the Mellin transform and the relationship between
the operators M and M(µ1, µ2, t). Let Ic(µ1νz−1 , µ2νz) be the space of locally
constant functions f : GL(2,A)→ C[z, z−1] with

f (( a c0 b )x) = µ1(a)µ2(b)νz(b/a)|a/b|1/2f(x).

Let I+(µ1νz−1 , µ2νz) be

Ic(µ1νz−1 , µ2νz)⊗C[z,z−1] C((z)).
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The group αZ ⊂ GL(2,A) acts trivially on these Ic and I+. We put

Ic = ⊕Ic(µ1νz−1 , µ2νz), I+ = ⊕I+(µ1νz−1 , µ2νz),

where the sums range over all characters µ1, µ2 of A×/F× · αZ.

Proposition 4.36. There exists an isomorphism of C((z))-modules I+
∼→

C∞
+ (Yα) which is GL(2,A)-equivariant and maps Ic to C∞

c (Yα).

Proof. Define a map F : I+ → C∞
+ (Yα) by mapping

ϕ = {ϕµ1,µ2} ∈ I+, ϕµ1,µ2 ∈ Ic(µ1νz−1 , µ2νz),

to

(Fϕ)(x) = constant term of the formal series
∑

µ1,µ2

ϕµ1,µ2(x) ∈ C((z)),

for any x ∈ GL(2,A). The map F is well defined, commutes with the actions
of C((z)) and GL(2,A). The inverse of F exists, as follows. If ψ ∈ C∞

+ (Yα)
then F−1(ψ) = {ϕµ1,µ2} with ϕµ1,µ2 ∈ I+(µ1νz−1 , µ2νz) given by

ϕµ1,µ2(x) =

∫

A(A)/αZ·A(F )

ψ(h−1x)η(h)dh,

where

η : A(A)→ C((z))×, η(diag(a, b)) = µ1(a)µ2(b)νz(a/b).

The last integral converges in the field C((z)). A base of the topology is given
by znC[[z]], n > 0. The map F maps Ic to C

∞
c (Yα).

Put I0 = ⊕µ1,µ2I0(µ1, µ2), with

I0(µ1, µ2) = {f ∈ C∞(GL(2, O)); f (( a c0 b )x) = µ1(a)µ2(b)f(x)}.

Denote by M(z) the map I0 → I0 which takes I0(µ1, µ2) to I0(µ2, µ1) via
M(µ1, µ2, z). We use the isomorphism F to identify the spaces I+ and C∞

+ (Yα),
as well as Ic and C

∞
c (Yα). The natural isomorphism

Ic(µ1νz−1 , µ2νz)
∼→ I0(µ1, µ2)⊗C C[z, z−1]

and

I+(µ1νz−1 , µ2νz)
∼→ I0(µ1, µ2)⊗C C((z))

permit us to identify Ic and I0 ⊗C C[z, z−1] as well as I+ and I0 ⊗C C((z)).
Thus the map M : C∞

c (Yα)→ C∞
+ (Yα) induces an operator

M0 : I0 ⊗C C[z, z−1]→ I0 ⊗C C((z)).
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Proposition 4.37. Regard the elements of I0 ⊗C C[z, z−1] as functions of z
with values in I0 and the elements of I0 ⊗C C((z)) as formal series in z with
coefficients in I0. Then for any u ∈ I0 ⊗C C[z, z−1] one has (M0u)(z) =
M(z)u(z−1), M(z) is viewed as a formal series in z.

Proof. Write ι for the automorphism of C[z, z−1] which maps z to z−1. Given
a function f : GL(2,A) → C((z)), denote by f0 the function GL(2,A) → C
such that f0(x) is the constant term of f(x).
Define an operator

M ′′ : I0 ⊗C C[z, z−1]→ I0 ⊗C C((z)) by (M ′′u)(z) =M(z)u(z−1).

We claim that M0 = M ′′. Consider M ′′ as a map Ic → I+. We have to
show that for every f ∈ Ic, we have FM ′′f = MFf , for the isomorphism
F : I+

∼→ C∞
+ (Yα). As Ic is the sum over µ1, µ2 of Ic(µ1νz−1 , µ2νz), it suffices

to consider f in one of these summands.
For x ∈ GL(2,A), we have (M ′′f)(x) =

∫
N(A) ιf

((
0 −1
1 0

)
nx
)
dn. Then

(FM ′′f)(x) = (M ′′f)0(x) =
∫

N(A)
f0
((

0 −1
1 0

)
nx
)
dn

(MFf)(x) =

∫

N(A)
Ff
((

0 −1
1 0

)
nx
)
dn =

∫

N(A)
f0
((

0 −1
1 0

)
nx
)
dn

are equal, as required.

4.8 A second proof of the rationality of M(µ1, µ2, t) and of the
functional equation M(µ1, µ2, t)M(µ2, µ1, t

−1) = 1

Let U , WU , A be as in the proof of Proposition 4.35. Then WU =
⊕µ1,µ2W

U
µ1,µ2

, where WU
µ1,µ2

is the space of functions f ∈WU with

f (( a 0
0 b )x) = µ1(a)

−1µ2(b)
−1f(x)

whenever deg(a) = deg(b) = 0. The natural maps I0(µ2, µ1)
U ∼→WU

µ1,µ2
permit

one to identify WU and the space IU0 . The map

M :WU ⊗C C[z, z−1]→WU ⊗C C((z))

is induced by the operator

M0 : I0 ⊗C C[z, z−1]→ I0 ⊗C C((z)).

The proof of Proposition 4.35 implies that the operator M satisfies the con-
ditions of Proposition 4.31. Then M is given by a formula of the form
(Mu)(z) = P (z)u(z−1), where P (z) is an automorphism of V which depends
on z rationally, and P (z−1) = P (z)−1. From Proposition 4.37 it follows that
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P (z) is just the restriction ofM(z) to IU0 ⊗CC[z, z−1]. The group U may be ar-
bitrarily small. Hence M(z) is a rational function of z, and M(z)M(z−1) = 1.
Hence for any characters µ1, µ2, of αZ · F×\A×, the operator M(µ1, µ2, z)
depends rationally on z, and

M(µ1, µ2, z)M(µ1, µ2, z
−1) = 1.

The same is true for any characters µ1, µ2 of A×/F×, which are not necessarily
trivial at α. To see this, it suffices to use the identities M(µ1νt, µ2νt, z) =
M(µ1, µ2, z) and M(µ1νt, µ2νt−1 , z) =M(µ1, µ2, tz). �

5 Proof of the trace formula

5.1 The geometric part

Our aim is to compute the trace tr r0(f), where f ∈ C∞
c (GL(2,A)) and r0 is

the representation of GL(2,A) by right translation on the space A0,α of cusp
forms invariant under α. Recall that the space Ac,α of α-invariant automorphic
forms is equal to the direct sum of A0,α and AE,α = Im(E : C∞

c (Yα)→ Ac,α).
The corresponding representations of GL(2,A) are denoted by r and rE . Had
r been admissible, we would have had tr r0(f) = tr r(f) − tr rE(f), and the
computation of tr r0(f) would have reduced to that of tr r(f) and tr rE(f).
But r and rE are not admissible, so tr r(f) and tr rE(f) make no sense.
Suppose f is right invariant under the open subgroup U of GL(2, O). Denote
by AU0 , A

U
c , A

U
E the spaces of U -invariant vectors in A0,α, Ac,α, AE,α. Since

Im r0(f) ⊂ AU0 , we have tr r0(f) = tr rU0 (f), where r
U
0 (f) is the restriction of

r0(f) to A
U
0 .

Denote by χm the characteristic function of the set

{x ∈ αZ ·GL(2, F )\GL(2,A); ht(x) < m}, m > 0.

Denote by θm the operator of multiplication by χm on Ac,α.

Proposition 5.1. (1) For any m > 0, dim θm(AUc ) <∞.
(2) If m >> 1 then (a) θm acts as the identity on AU0 , and (b) θm(AUE) ⊂ AUE.

Proof. (1) The support of χm is compact mod Z(A), the quotient by the open U
is then finite. (2a) AU0 is finite dimensional, consisting of compactly supported
forms. (2b) By (2a), (1− θm)AUE = (1− θm)AUc . This lies in AUE as U -invariant
cusp forms are uniformly compactly supported. Hence θm(AUE) ⊂ AUE .

Denote by rU (f) and rUE(f) the restrictions of r(f) to A
U
c and AUE . For m such

that θm(AUE) ⊂ AUE , denote the restriction of θm to AUE again by θm. Then for
m >> 1,

tr r0(f) = tr rU0 (f) = tr(θmr
U (f))− tr(θmr

U
E (f)) = tr(θmr(f))− tr(θmr

U
E(f)).

We then proceed to compute tr(θmr(f)) and tr(θmr
U
E(f)).
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Proposition 5.2. There exist cf ∈ E and αm ∈ E with limn→∞ αm = 0, and

tr(θmr(f)) =
∑

1≤i≤4

Si(f) + cf (m−
1

2
) + αm.

Proof. The map θmr(f) : Ac,α → Ac,α is an integral operator with kernel
χm(y)Kf (x, y), where Kf (x, y) =

∑
γ∈αZ·GL(2,F ) f(x

−1γy). Then

tr(θmr(f)) =

∫

αZ·GL(2,F )\GL(2,A)
χm(x)Kf (x, x)dx.

Lemma 5.3. There exists mf > 0 such that if x ∈ GL(2,A), γ ∈ αZ GL(2, F ),
ht+(x) > mf , f(x

−1γx) 6= 0, then γ ∈ αZA(F )N(F ).

Proof. We have γx = xy, y in supp(f). Since ht+(x) + ht+(δx) ≤ 0 for δ ∈
GL(2, F )−B(F ), we have that ht+(x) > 0. If in addition we had ht+(xy) > 0,
we would conclude that γ ∈ αZB(F ). The number mf = −min{ht+(z); z ∈
GL(2, O) · supp(f)} then has the property that ht+(x) > mf , y ∈ supp(f),
implies ht+(xy) = ht+(x) + ht+(ky) > 0, where x = bk and ky = b′k′ so that
xy = bb′k (b, b′ ∈ B(A); k, k′ ∈ GL(2,A)).

Denote by ξm the characteristic function of the set {x ∈ GL(2,A); ht+(x) ≥
m}, by A′(F ) the set of nonscalar diagonal matrices, and by Ell the set of
elliptic matrices in GL(2, F ), namely those whose eigenvalues are not in F .
Put w = ( 0 1

1 0 ).

Lemma 5.4. If m is big enough, then χm(y)Kf (x, x) is the sum of

T1,m(x) = χm(x)
∑

γ∈αZ·F×

f(γ), T2,m(x) =
∑

γ∈αZ·Ell

f(x−1γx),

T3,m(x) =
1

2

∑

γ∈αZ·A′(F )

∑

δ∈A(F )\GL(2,F )

f(x−1δ−1γδx) · (1− ξm(δx)− ξm(wδx)),

T4,m(x) =
∑

a∈αZ·F×

∑

δ∈F×N(F )\GL(2,F )

f(x−1δ−1 ( a a0 a ) δx) · (1 − ξm(δx)).

Proof. T1,m(x) is the contribution of the elements γ ∈ αZ·F× in χm(x)Kf (x, x).
We claim that the contribution of the elements γ ∈ αZ · Ell in χm(x)Kf (x, x)
is T2,m(x). To show this, we need to see that if x ∈ GL(2,A), γ ∈ αZ · Ell
and Φ(x−1γx) 6= 0, then ht+(x) < m. Indeed, if ht(x) ≥ m then there is
some δ ∈ GL(2, F ) with ht+(δx) ≥ m. Lemma 5.3 then implies that δγδ−1 ∈
αZA(F )N(F ), contradicting γ ∈ αZ · Ell.
Denote by T ′

3,m(x) the contribution into χm(x)Kf (x, x) of the elements γ of

the form αjγ, j ∈ Z, γ ∈ GL(2, F ) with distinct eigenvalues in F . By T ′
4,m(x)
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we denote the contribution of the elements αjγ, j ∈ Z, γ ∈ GL(2, F ), γ /∈ F×

but the eigenvalues of γ are equal. We have

T ′
3,m(x) =

1

2
χm(x)

∑

γ∈αZ·A′(F )

∑

δ∈A(F )\GL(2,F )

f(x−1δ−1γδx).

The factor 1
2 appears since diag(b, a) is conjugate to diag(a, b). To show that

T ′
3,m(x) = T3,m(x) it suffices to show that when f(x−1δ−1γδx) 6= 0,

χm(x) = 1− ξm(δx)− ξm(wδx),

namely if ht(x) ≥ m then either ht+(δx) ≥ m or ht+(wδx) ≥ m. So if
ht(x) ≥ m, then there is some η ∈ GL(2, F ) with ht+(ηx) ≥ m. By Lemma
5.3, ηδ−1γδη−1 ∈ αZA(F )N(F ), but this implies that ηδ−1 ∈ A(F )N(F )
or ηδ−1w ∈ A(F )N(F ). Correspondingly, ht+(δx) = ht+(ηx) ≥ m or
ht+(wδx) = ht+(ηx) ≥ m, but both inequalities cannot hold simultaneously if
m > 0.
Now

T ′
4,m(x) = χm(x)

∑

a∈αZ·F×

∑

δ∈F×N(F )\GL(2,F )

f(x−1δ−1 ( a a0 a ) δx).

To show that this equals T4,m(x) we need to check that when

f(x−1δ−1 ( a a0 a ) δx) 6= 0

and ht(x) ≥ m, then ht+(δx) ≥ m. Suppose then that ht+(ηx) ≥ m for
η ∈ GL(2, F ). Then by Lemma 5.3 we have

ηδ−1 ( a a0 a ) δη
−1 ∈ αZA(F )N(F ).

Hence ηδ−1 ∈ A(F )N(F ), so that ht+(δx) = ht+(ηx) ≥ m.

We conclude that tr θmr(f) =
∑

1≤i≤4 ti,m with

ti,m =

∫

αZ·GL(2,F )\GL(2,A)
Ti,m(x)dx.

To prove the proposition it suffices to show that ti,m = Si(f)+ ci(2m−1)+βm
for all i (1 ≤ i ≤ 4), where ci does not depend on m and limβm = 0. It is clear
that t1,m → S1(f) as m → ∞. As T2,m(x) is independent of m, t2,m = S2(f).
Now

t3,m =
1

2

∑

γ∈αZ·A′(F )

∫

αZ(A(F )\GL(2,A)
f(x−1γx)(1− ξm(x)− ξm(wx))dx

=
1

2

∑

γ∈αZ·A′(F )

∫

A(A)\GL(2,A)
f(x−1γx)s(x)dx
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where

s(x) =

∫

αZA(F )\A(A)
[1− ξm(yx)− ξm(wyx)]dy

= vol{y ∈ αZA(F )\A(A); ht+(yx) < n, ht+(wyx) < n}.
Note that for y ∈ A(A), ht+(yx) = ht+(y)+ht+(x) and ht+(wyx) = ht+(wx)−
ht+(y). Hence

s(x) = |{y ∈ A(A)/αZ · A(F ); ht+(wx) −m < ht+(y) < m− ht+(x)}|.

This is the number of integers between ht+(wx) − m and m − ht+(x). So
s(x) = 2m− 1− ht+(x)− ht+(wx).

Lemma 5.5. We have ht+(x) + ht+(wx) = −2r(x), where if x = a
(
1 y
0 1

)
k,

a ∈ A(A), k ∈ GL(2, O) and y ∈ A, we put r(x) =
∑

vmax(0, logq |yv|v).

Proof. Note that y is determined up to a change y 7→ by + c, b ∈ O×, c ∈ O,
so r(x) is well defined. The asserted relation does not change if x is replaced
by axk, a ∈ A(A), k ∈ GL(2, O), so we may assume x =

(
1 y
0 1

)
∈ N(A).

Then ht+(x) = 0, and ( 0 1
1 0 )

(
1 y
0 1

)
=
(

− 1
y 1

0 y

)(
1 0
1
y 1

)
implies that ht+(wx) =

−2r(x).

Lemma 5.5 implies that

t3,m = S3(f) + (m− 1

2
)

∑

γ∈αZ·A′(F )

∫

A(A)\GL(2,A)
f(x−1γx)dx.

Next

t4,m =
∑

a∈αZ·F×

∫

αZF×N(F )\GL(2,A)
f
(
x−1 ( a a0 a )x

)
(1− ξm(x))dx

=
∑

a∈αZ·F×

∫

{x∈αZF×N(F )\GL(2,A); ht+(x)<m}
f
(
x−1 ( a a0 a )x

)
dx.

Recall that θa,f(t) =
∫
αZF×N(F )\GL(2,A) f

(
x−1 ( a a0 a ) x

)
tht

+(x)dx is a Laurent

series at t = 0 of a rational function of t with ζF (q
−1t)−1θa,f (t) ∈ C[t, t−1].

Suppose θa,f(t) =
∑

k uk(a)t
k. Then t4,m =

∑
a∈αZ·F×

∑
k<m uk(a). Since

ζF (q
−1t) has a simple pole at t = 1, we have that θa,f (t) =

ρ(a)
1−t + θa,f(t), with

θa,f (t) without poles on 0 < |t| ≤ 1. Then

θ̃a,f (t) =
1

2
(θa,f (t) + θa,f (t

−1)) =
1

2
(θa,f (t) + θa,f (t

−1)) +
1

2
ρ(a),

θ̃a,f (1) = θa,f (1) +
1

2
ρ(a) =

1

2
ρ(a) +

∑

k

(uk(a)− ρ(a))
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= lim
m→∞

[
∑

k<m

uk(a)− (m− 1

2
)ρ(a)].

Then

t4,m =
∑

a∈αZ·F×

θ̃a,f(1) + (m− 1

2
)ρ(a) + βm, βm → 0 as m→∞,

and S4(f) =
∑
a∈αZ·F× θ̃a,f (1). Proposition 5.2 follows. �

Note that βm is 0 for sufficiently large m, as will be seen below.

5.2 The Eisenstein contribution

Next we turn to computing tr(θmr
U
E(f)) for large m. Put WU

c = C∞
c (Yα)

U ,
WU
M = (1 +M)WU

c .

Proposition 5.6. The operator E∗ maps AUE isomorphically onto WU
M .

Proof. As AUE = E(WU
c ) and E∗E = 1+M , it suffices to show that kerE∗E =

kerE. For ϕ ∈ kerE∗E we have (Eϕ,Eϕ) = (E∗Eϕ,ϕ) = 0, hence Eϕ =
0.

Definition 1. Denote byWU
m the space of f inWU

c with f(x) = 0 if ht+(x) <
m. Denote by ξm also the operator WU

m → WU
m of multiplication by the

characteristic function of the set {x ∈ Yα; ht+(x) ≥ m}. [If m > 0 then ξm is
a left inverse to the operator 1 +M :WU

m →WU
M . Indeed, if f is in WU

m , then
(Mf)(x) = 0 already when ht+(x) > −m since ht+(wnx)+ht+(nx) < 0 implies
ht+(wnx) < m and so f(wnx) = 0.] Hence πm = (1 +M)ξm : WU

M → WU
M

satisfies πmπm = πm, for m > 0. Put πm = 1− πm.

Proposition 5.7. For sufficiently large m, E∗ intertwines θm with πm, thus
πmE

∗ = E∗θm, namely the diagram

AUE
E∗
→ WU

M

θm↓ ↓πm
AUE

E∗
→ WU

M

is commutative.

Proof. Suppose f ∈ AUE and (1− θm)f = 0. Then f(x) = 0 for x with ht(x) ≥
m. As ξm(x) 6= 0 only on x with ht+(x) ≥ m, we have 0 = (1 +M)ξmE

∗f =
(1 − πm)E∗f , the last equality as 1 − πm = πm = (1 +M)ξm. For such f we
have E∗θmf = E∗f and πmE

∗f = E∗f .
If f ∈ AUE and θmf = 0, then by Proposition 4.34 there is ϕ ∈ WU

m with
f = Eϕ. Then

πmE
∗f = πmE

∗Eϕ = πm(1 +M)ϕ = πm(1 +M)ξmϕ = πmπ
mϕ = 0,

hence E∗θmf = πmE
∗f for such f .

Any f ∈ AUE can be written as f = f1 + f2, f1 = (1 − θm)f , f2 = θmf , thus
θmf1 = 0 and (1 − θm)f2 = 0.
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Definition 2. Recall that Yα = αZA(F )N(A)\GL(2,A). Denote by σc, σ+,
σM the representations of GL(2,A) in the spaces

Wc = C∞
c (Yα), W+ = C∞

+ (Yα), WM = (1 +M)C∞
c (Yα).

Consider σc(f), σ+(f), σM (f) as operators in the spaces WU
c , WU

+ , WU
M .

Corollary 5.8. We have tr(θm · rUE(f)) = tr(πm · σM (f)).

Proof. The operator E∗ yields an isomorphism of AUE = E(WU
c ) with WU

M

intertwining θm with πm.

In the proof of Proposition 4.35 we introduced a structure of C[z, z−1]-module
on WU

c and WU
+ , as well as isomorphisms WU

c ≃ WU
0 ⊗C C[z, z−1] and WU

+ ≃
WU

0 ⊗C C((z)), where WU
0 = {f ∈ WU

c ; f(x) = 0 if ht+(x) 6= 0}. Under these
isomorphisms, the operator M :WU

c →WU
+ corresponds to the operator

M :WU
0 ⊗C C[z, z−1]→ WU

0 ⊗C C((z)),

which satisfies the conditions of Proposition 4.31, hence has the form

(Mu)(z) = P (z)u(z−1) for u ∈WU
0 ⊗C C[z, z−1]

which is viewed as a function of z with values in WU
0 . Here P (z) is a rational

function in z with values in AutWU
0 , and P (z−1) = P (z)−1.

Now σc(f) is an endomorphism of WU
c as a C[z, z−1]-module. The correspond-

ing endomorphism of the module WU
0 ⊗C C[z, z−1] is determined by a function

B(z) in End(WU
0 ) ⊗C C[z, z−1]. The endomorphism of WU

0 ⊗C C((z)) corre-
sponding to the operator σ+(f) is determined by the same function B(z). The
relation

Mσc(f) = σ+(f)M becomes P (z)B(z−1)u(z−1) = B(z)P (z)u(z−1)

for any u ∈WU
0 ⊗C C[z, z−1], thus B(z−1) = P (z)−1B(z)P (z).

Definition 3. Under the isomorphism WU
+ ≃ WU

0 ⊗C C((z)), the subspace
WU
M = (1 +M)WU

c is mapped onto the subspace L consisting of all rational
functions of the form u(z) + P (z)u(z−1), with u ∈ WU

0 ⊗C C[z, z−1]. Put

Lm = L ∩ (WU
0 ⊗C z

−m+1C[[z]]).

Denote by Lm the set of rational functions of the form

u(z) + P (z)u(z−1) with u ∈ WU
0 ⊗C z

−mC[z−1].

For sufficiently large m we have L = Lm⊕Lm. Under the isomorphismWU
M

∼→
L, the operator πm : WU

M → WU
M corresponds to the idempotent operator

L → L with kernel Lm and image Lm. This projection will also be denoted
by πm. Thus tr(πmσM (f)) = tr(πmB), where B : L → L is the operator of
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multiplication by B(z). On the left, πm is an operator on WU
M , on the right,

on L.
Fix Q1, Q2 ∈ M(k,C[z, z−1]), k ≥ 1, such that detQi 6= 0. Suppose the func-
tion Q2(z)

−1Q1(z) is regular at z =∞, thus Q1(z) ∈ Q2(z)M(k,C[[z−1]]), and
the function Q1(z)

−1Q2(z) is regular at z = 0, thus Q2(z) ∈ Q1(z)M(k,C[[z]]).
Put R = C[z, z−1]k. For m ≥ 1, put

Rm = R ∩ z1−mQ1(z)C[[z]]k ∩ zm−1Q2(z)C[[z−1]]k.

Also put
Rm− = z−mQ1(z)C[z−1]k Rm+ = zmQ2(z)C[z]k.

Then dimRm is finite.

Proposition 5.9. We have R = Rm− ⊕Rm ⊕Rm+ ,

Rm ⊕Rm+ = R ∩ z1−mQ1(z)C[[z]]k

and
Rm ⊕Rm− = R ∩ zm−1Q2(z)C[[z−1]]k.

Proof. The natural map ϕ : Rm− → X− = C((z))k/z1−mQ1(z)C[[z]]k is an
isomorphism (note that C((z))/z1−mC[[z]] ≃ z−mC[z−1] andQ1(z) is invertible
in GL(k,C((z))). The natural map

ψ : Rm+ → X+ = C((z−1))k/zm−1Q2(z)C[[z−1]]k

is then too. The natural map f : R/Rm → X−⊕X+ is injective (by definition
of Rm as the intersection of R and the denominators of X−, X+) and the
composition of the natural map Rm+ ⊕Rm− → R/Rm with f is ϕ⊕ ψ.

Definition 4. (1) Denote by prm : R→ R the projection with kernel Rm+⊕Rm−
and image Rm. (2) If A(z) is a matrix in M(k,C[z, z−1]), denote by A[z] also
the corresponding automorphism of R = C[z, z−1]k. Denote by A0 the constant
term of A(z).

Proposition 5.10. The trace tr(prm ·A[z]) is equal to

(2m−1) trA0−resz=0 trA(z)Q
′
1(z)Q1(z)

−1dz−resz=∞ trA(z)Q′
2(z)Q2(z)

−1dz.

Proof. Define a projection prm+ : R→ R with image Rm+ and kernel Rm− +Rm,
and a projection prm− : R → R with image Rm− and kernel Rm+ + Rm. Analo-
gously to the decomposition R = Rm− ⊕Rm ⊕Rm+ , consider the decomposition

R = z−mC[z−1]k ⊕ (z1−mC[z]k ∩ zm−1C[z−1]k)⊕ zmC[z]k,

namely the case where Q1 = 1 = Q2. Denote the associated projections by pm− ,
pm, pm+ . Since the space z−mC[z−1]k/Rm− ∩ z−mC[z−1]k is finite dimensional,
the operator prm+ −pm+ has finite rank, and the operator prm− −pm− has finite
rank since zmC[z]k/Rm+ ∩ zmC[z]k is finite dimensional.
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Lemma 5.11. We have

tr(prm− ·A[z]− pm− · A[z]) =resz=0 trA(z)Q
′
1(z)Q1(z)

−1dz,

as well as

tr(prm+ ·A[z]− pm+ · A[z]) = resz=∞ trA(z)Q′
2(z)Q2(z)

−1dz.

Proof. Denote by Prm− : C((z))k → C((z))k the projection with image
z−mQ1(z)C[z−1]k and kernel z1−mQ1(z)C[[z]]k. Denote by Pm− : C((z))k →
C((z))k the projection with image z−mC[z−1]k and kernel z1−mC[[z]]k (thus
the case of Q1 = 1). Denote by A((z)) the endomorphism of C((z))k which is
defined by multiplication by A(z). Then Prm− = Q1((z)) · Pm− ·Q1((z))

−1. Now

Im(Prm− ·A((z))− Pm− ·A((z))) ⊂ C[z, z−1]k,

and the restriction of the operator

Prm− ·A((z))− Pm− ·A((z)) to C[z, z−1]k (⊂ C((z))k)

is equal to prm− ·A[z]− pm− · A[z]. Hence

tr(prm− ·A[z]− pm− · A[z]) = tr(Prm− · A((z))− Pm− · A((z)))

= tr(Q1((z)) · Pm− ·Q1((z))
−1 ·A((z))− Pm− ·A((z)))

= tr(Q1((z)) · Pm− · C((z))− Pm− ·Q1((z)) · C((z))), C(z) = Q1(z)
−1A(z).

As trA(z)Q′
1(z)Q1(z)

−1 = trC(z)Q′
1(z), to prove the first claim of the lemma

it suffices to show that

tr(Q1((z)) · Pm− · C((z))− Pm− ·Q1((z))C((z))) = resz=0 trC(z)Q
′
1(z)dz

for any Q1(z) ∈ M(k,C[z, z−1]), C(z) ∈ M(k,C((z))). By linearity, it suffices
to show this when the matrices Q1(z) and C(z) have a single nonzero entry.
Thus we may assume k = 1, and that Q1(z) = zb. Thus we need to verify that
for any formal power series c(z) =

∑
d cdz

d in C((z)), we have

tr[(((zb)) · Pm− − Pm− · ((zb)))c((z))] = bc−b,

where the operations here are in C((z)). The left side is equal to

tr[(((zb)) · Pm− · ((z−b))− Pm− ) · ((zb))c((z))] = tr[(Pm−b
− − Pm− ) · ((zb))c((z))]

= tr




c−b c−b+1 ... c−1
c−b−1 c−b ... c−2

...
... ...

...
c1−2b c2−2b ... c−b


 = bc−b.

The second claim of the lemma is similarly proven.
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As prm−pm = (1− prm− − prm+ )− (1 − pm− − pm+ ) = (pm− − prm− ) + (pm+ − prm+ ),
Lemma 5.11 implies that tr(prm ·A[z]− pm ·A[z])

= − resz=0 tr[A(z)Q
′
1(z)Q1(z)

−1dz]− resz=∞ tr[A(z)Q′
2(z)A2(z)

−1dz].

Since tr(pm · A[z]) = (2m− 1) trA0, the proposition follows. �

Proposition 5.12. Let ι : C[z, z−1]k → C[z, z−1]k be the involution (ιu)(z) =
u(z−1). For sufficiently large m we have 2 tr(ι ·prm ·A[z]) = trA(1)+trA(−1).
Proof. Write A(z) =

∑
k Akz

k, Ak ∈ M(k,C). Then tr(ι · pm · A[z]) =∑
|i|<m trA2i. If m is big enough the right side here is equal to 1

2 (trA(1) +

trA(−1)). It remains to show that tr(ι · prm ·A[z]) = tr(ι · pm · A[z]) for large
enough m. As prm−pm = pm+ − prm+ +(pm− − prm− ), it suffices to show that for
large enough m

tr(ι · (pm+ − prm+ ) · A[z]) = 0 = tr(ι · (pm− − prm− ) ·A[z]).

Note that prm+ = [zm] pr0+[z
−m] and pm+ = [zm]p0+[z

−m], where as usual [zm]
here means the operator of multiplication by zm. The operators prm+ and pm+
were defined only for m > 0, but the definition extends to m = 0 so that the
two relations above hold. Now

tr(ι · (pm+ − prm+ ) · A[z]) = tr(ι · [zm](p0+ − pr0+)[z
−m] ·A[z])

= tr([z−m]ι · (p0+ − pr0+)[z
−m] ·A[z]) = tr(ι · (p0+ − pr0+)[z

−m] ·A[z][z−m])
= tr(ι · (p0+ − pr0+)[z

−2m] ·A[z]).
Recall that dimV is finite, where V = im[ι(p0+−pr0+)]. If m is big enough then

[z−2m] · A[z]V ⊂ z−1C[z−1]k ∩ z−1Q2(z)C[[z−1]]k ⊂ ker p0+ ∩ ker pr0+ .

Hence tr(ι · (p0+− pr0+)[z
−2m] ·A[z]) is zero. Hence tr(ι(pm+ − prm+ )A[z]) is zero.

The proof of tr(ι(pm− − prm− )A[z]) = 0 for large m is analogous.

Definition 5. Fix P ∈ GL(k,C(z)) such that P (z) is regular at z = 0 and
P (z)−1 is regular at z =∞. Put S = C[z, z−1]k + P · C[z, z−1]k,

Sm = S ∩ z1−mC[[z]]k ∩ zm−1P ·C[[z]]k, Sm = z−mC[z−1]k + zmP ·C[z]k.

Fix B inM(k,C[z, z−1]) such that P−1BP lies inM(k,C[z, z−1]). Then BS ⊂
S. We denote by [B] or B[z] the operator S → S of multiplication by B(z).

Proposition 5.13. We have S = Sm ⊕ Sm. Denote by psm : S → S the
projection with image Sm and kernel Sm. Then

tr(psm ·[B]) = (2m− 1) trB0

− resz=∞ tr[B(z)P ′(z)P (z)−1]dz + tr([B]; S/C[z, z−1]k).

Here B0 is the constant term of B = B(z), and tr([B];S/C[z, z−1]k) denotes the
trace of the endomorphism of S/C[z, z−1]k induced by multiplication by B(z).
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Proof. The space S is a k-dimensional free C[z, z−1]-submodule of C(z)k. Hence
there exists a matrixD in GL(k,C(z)) such that S = D·C[z, z−1]k. Since S con-
tains C[z, z−1]k, D−1 lies in M(k,C[z, z−1]). Since S contains P ·C[z, z−1]k we
deduce that D−1P ∈M(k,C[z, z−1]). Put Q1 = D−1, Q2 = D−1P . The func-
tion Q1(z)

−1Q2(z) = P (z) is regular at z = 0. The function Q2(z)
−1Q1(z) is

regular at z =∞. Under the isomorphism S→̃C[z, z−1]k, u 7→ D−1u, the sub-
spaces Sm and Sm correspond to the subspaces Rm and Rm of Proposition 5.9.
The multiplication [B] : S → S corresponds to [A] : C[z, z−1]k → C[z, z−1]k,
A = D−1BD. Then Proposition 5.10 implies the first part of the proposition,
as well as the equality

tr(psm ·B[z]) = (2m− 1) trA0 − resz=0 trA(z)Q
′
1(z)Q1(z)

−1dz

− resz=∞ trA(z)Q′
2(z)Q2(z)

−1dz.

Here A0 is the constant term of A(z). We have

tr(AQ′
1Q

−1
1 ) = − tr(D−1BD′) = − tr(BD′D−1),

tr(AQ′
2Q

−1
2 ) = − tr(D−1BP ′P−1D−D−1BD′) = tr(BP ′P−1)− tr(BD′D−1).

As A = D−1BD, we have trA = trB, and trA0 = trB0. Hence

tr(psm ·B[z]) = (2m− 1) trB0 − resz=∞ trB(z)P ′(z)P (z)−1dz

+resz=0 trB(z)D′(z)D(z)−1dz + resz=∞ trB(z)D′(z)D(z)−1dz

+(2m− 1) trB0 − resz=∞ trB(z)P ′(z)P (z)−1dz

−
∑

ζ∈C×

resz=ζ trB(z)D′(z)D(z)−1dz.

Lemma 5.14. Suppose T ∈ GL(k,C((z))), C ∈ M(k,C[[z]]) and T−1CT ∈
M(k,C[[z]]). Then resz=0 trC(z)T

′(z)T (z)−1 = a−b, where a denotes the trace
of the operator multiplication by C in the space (C[[z]]k + TC[[z]]k)/TC[[z]]k,
while b denotes the trace of multiplication by C in the space

(C[[z]]k + TC[[z]]k)/C[[z]]k.

Proof. Both sides of the asserted equality do not change if (T,C) is replaced
by (UTV,UCU−1) where U, V ∈ GL(k,C[[z]]). We may then assume that
T is a diagonal matrix, hence that k = 1. When k = 1 both sides of the
asserted relation are simply mC(0), where m is the multiplicity of zero of T (z)
at z = 0.

It follows from the lemma that − resz=ζ tr(B(z)D′(z)D(z)−1)dz is just the
trace of the operator of multiplication by B(z) on the ζ component of the
module S/C[z, z−1]k. This, and the equality just before the lemma, implies the
proposition. �
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Suppose we have P (z−1) = P (z)−1. Replace the assumption P (z)−1B(z)P (z)
∈M(k,C[z, z−1]) in Proposition 5.13 with the stronger assumption

P (z)−1B(z)P (z) = B(z−1).

Recall that L is the space of all rational functions of the form u(z)+P (z)u(z−1)
with u ∈ C[z, z−1]m. In view of the stronger assumption, L is invariant under
multiplication by B.

Definition 6. Denote by BL the operator of multiplication by B on L. Put
Lm = L∩ z1−mC[[z]]k. Denote by Lm the set of rational functions of the form
u(z) + P (z)u(z−1) with u(z) ∈ z−mC[z−1]k.

Proposition 5.15. The space Lm is finite dimensional, and L = Lm ⊕ Lm.
Denote by πm : L→ L the projection with image Lm and kernel Lm. Suppose
the function P (z) is regular at z = ±1. Then for large enough m we have that
tr(πmBL) equals

(m− 1

2
) trB0 −

1

2
resz=∞ tr(B(z)P ′(z)P (z)−1)dz

+
c

2
+

1

4
[tr(B(1)P (1)) + tr(B(−1)P (−1))].

Here B0 is the constant term of B(z), and c is the trace of the operator of
multiplication by B(z) in the space (C[z, z−1]k + P (z)C[z, z−1]k)/C[z, z−1]k.

Proof. Let S, Sm, Sm, psm, B be as in Proposition 5.13. From P (z−1) =
P (z)−1 it follows that if u ∈ S then ũ, given by ũ(z) = P (z)u(z−1), is also in
S. Define τ : S → S by τ(u) = ũ. Then τ2 = 1, L = {u ∈ S; τ(u) = u},
Lm = Sm ∩ L, Lm = Sm ∩ L, and

tr(πmBL) =
1

2
tr(psm ·B[z]) +

1

2
tr(τ · psm ·B[z]).

The finite dimensionality of Sm and Proposition 5.13 then imply that the space
Lm is finite dimensional, and L = Lm ⊕ Lm. To deduce the last claim of the
proposition from Proposition 5.13, it remains to show that

tr(τ · psm ·[B]) =
1

2
(tr(B(1)P (1)) + tr(B(−1)P (−1)))

for large enough m.
Let D, Q1, Q2 be as in Proposition 5.13. Then under the isomorphism
S→̃C[z, z−1]k, u 7→ D−1u, the operator psm : S → S translates into the
operator prm (of Proposition 5.9), and multiplication by B : S → S translates
into multiplication by

A = D−1BD, C[z, z−1]k → C[z, z−1]k.
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The map τ : S → S translates into

[C]ι : C[z, z−1]k → C[z, z−1]k, (ιu)(z) = u(z−1), C(z) = D(z)−1P (z)D(z−1).

Hence

tr(τ · psm ·B[z]) = tr(C[z]ι · prm ·A[z]) = tr(ιprmA[z]C[z]),

which – by Proposition 5.9 – is

1

2
(trA(1)C(1) + trA(−1)C(−1)) = 1

2
tr(B(1)P (1) + trB(−1)P (−1));

note that D(z) is regular at z = ±1, since so is P (z).

If F ∈ M(k,C) and Y ⊂ Ck is an F -invariant subspace, write tr(F, Y ) for the
trace of F on Y .

Proposition 5.16. Fix P (z) ∈ GL(k,C(z)) with P (z−1) = P (z)−1. Suppose
that the function P (z) is regular on |z| = 1 and at z = 0, and that it has order
1 at all its poles ζ1, . . . , ζs inside {z ∈ C; 0 < |z| < 1}. Denote by Yi the image
of the operator limz→ζi(z − ζi)P (z) acting on Ck. Fix B(z) ∈ M(k,C[z, z−1])
and suppose B1(z) = P (z)−1B(z)P (z) ∈M(k,C[z, z−1]). Then

tr(psm ·[B]) = (2m− 1) trB0 +
1

2πi

∫

|z|=1

trB(z)P ′(z)P (z)−1dz

+
∑

1≤i≤s
tr(B(ζi) +B1(ζ

−1
i ), Yi),

with B0 being the constant term of B(z).
If in addition B1(z) = B(z−1) then

tr(πmBL) = (m− 1

2
) trB0 +

1

4πi

∫

|z|=1

trB(z)P ′(z)P (z)−1dz

+
∑

1≤i≤s
tr(B(ζi), Yi) +

1

4
[tr(B(1)P (1)) + tr(B(−1)P (−1))].

Note that the subspace Yi of Ck is invariant under B(ζi) and B1(ζ
−1
i ).

Proof. In view of Propositions 5.13 and 5.15 it suffices to verify that

1

2πi

∮

|z|=1

trB(z)P ′(z)P (z)−1dz +
∑

1≤i≤s
tr(B(ζi) +B1(ζ

−1
i ), Yi)

= tr([B], S/C[z, z−1]k)− resz=∞ trB(z)P ′(z)P (z)−1dz,

where
S = C[z, z−1]k + P (z)C[z, z−1]k.

Documenta Mathematica 19 (2014) 1–62



Eisenstein Series and the Trace Formula . . . 59

For any ζ 6= 0 in C denote by Mζ and Nζ the ζ-components of the C[z, z−1]-
modules S/C[z, z−1]k and S/P (z)C[z, z−1]k, respectively. From Cauchy’s for-
mula and Lemma 5.14, it follows that

1

2πi

∮

|z|=1

trB(z)P ′(z)P (z)−1dz =
∑

1<|ζ|<∞
tr([B],Mζ)

−
∑

1<|ζ|<∞
tr([B], Nζ)− resz=∞ tr(B(z)P ′(z)P (z)−1)dz.

On the other hand, tr([B], S/C[z, z−1]k) =
∑
ζ∈C× tr([B],Mζ). Hence the re-

quired identity follows from

∑

0<|ζ|<1

tr([B],Mζ) =
∑

1≤i≤s
tr(B(ζi), Yi),

∑

1<|ζ|<∞
tr([B], Nζ) =

∑

1≤i≤s
tr(B1(ζ

−1
i ), Yi).

If P (z) is regular at ζ then Mζ = 0. At each ζi, P (z) has a pole of order
one. Hence there exists isomorphisms Mζi→̃Yi which translate the operator
[B] :Mζi →Mζi to the operator of multiplication by B(ζi) on Yi. This implies
the first identity.
For the second identity, for any ζ ∈ C×, denote by N ζ the ζ-component
of the module (C[z, z−1]k +P (z)−1C[z, z−1]k)/C[z, z−1]k. Multiplication by
P (z)−1 induces an isomorphism Nζ→̃Nζ . Under this isomorphism, multiplica-
tion by B : Nζ → Nζ translates into multiplication by B1 : N ζ → N ζ , hence
tr([B], Nζ) = tr([B1], N ζ). From P (z)−1 = P (z−1) we deduce that N ζ = 0 if
P (z) is regular at z = ζ−1, and that tr([B1], N ζ−1

i
) = tr(B1(ζ

−1
i ), Yi). This

implies the second identity, hence the proposition.

5.3 Spectral terms

To deduce the trace formula from Proposition 5.16, we use properties of the
function M(µ1, µ2, t).
Recall that we have the projection πm : L→ L with kernel Lm and image Lm,
and BL denotes the operator of multiplication by B(z) on L. The operator P (z)
is the restriction to the subspace of U -invariant vectors of the operator M on
the space I0 = ⊕I0(µ1, µ2) (µ1, µ2 range over the characters of A×/F× · αZ),
which maps I0(µ1, µ2) to I0(µ2, µ1) via M(µ1, µ2, z).

Proposition 5.17. There exists af ∈ C such that for sufficiently large m,

tr(πmBL) = (m− 1

2
)af −

∑

5≤i≤8

Si(f).
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Proof. By Proposition 4.29 the function P (z) has two poles in the domain
|z| ≤ 1, namely at z = ±q−1/2, each of order 1. We have P (z−1) = P (z)−1 and
P (z)−1B(z)P (z) = B(z−1). Hence the final claim of Proposition 5.16 applies
and implies that for large enough m,

tr(πm[B]) = (m− 1

2
) trB0+

1

4πi

∮

|z|=1

trB(z)P ′(z)P (z)−1dz+tr(B(q−1/2), Y+)

+ tr(B(−q−1/2), Y−) +
1

4
[tr(B(1)P (1)) + tr(B(−1)P (−1))].

Here B0 is the constant term of B(z) and the image of the operator
limz→±q−1/2 (z∓q−1/2)P (z) is denoted by Y±. The proposition follows once we
show that

∮

|z|=1

trB(z)P ′(z)P (z)−1dz = −4πi(S5(f) + S6(f)), (1)

tr(B(q−1/2), Y+) + tr(B(−q−1/2), Y−) = −S8(f), (2)

tr(B(1)P (1)) + tr(B(−1)P (−1)) = −4S7(f). (3)

Denote by r(z) the representation of GL(2,A) by right translation in I(z) =
⊗µ1,µ2I(µ1νz−1 , µ2νz). Here µ1, µ2 are characters of A×/F× ·αZ. Let r(z, f) be
the convolution operator defined by r(z) and the compactly supported function
f in C∞

c (GL(2,A)). Identify, as usual, I(z) to the space I0, and consider r(z, f)
as an operator in I0. From Proposition 4.36, B(z) coincides with the restriction
of r(z, f) to IU0 . Also, P (z) coincides with the restriction ofM(z) to IU0 . Hence
the integral on the left of (1) equals

∮

|z|=1

tr r(z, f)M ′(z)M(z)−1dz

=
∑

µ1,µ2

∮

|z|=1

tr I(µ2νz−1 , µ1νz, f)M
′(µ1, µ2, z)M(µ1, µ2, z)

−1dz

=
∑

µ1,µ2

∮

|z|=1

trM(µ1, µ2, z)
−1I(µ2νz−1 , µ1νz, f)M

′(µ1, µ2, z)dz

=
∑

µ1,µ2

∮

|z|=1

tr I(µ1νz, µ2νz−1 , f)M(µ1, µ2, z)
−1M ′(µ1, µ2, z)dz.

Then (1) follows from Proposition 4.9.
For (2), it follows from Proposition 4.29 that Y+ = LU , with L = ⊕Lµ, Lµ ⊂
I(µ, µ) being generated by the function x 7→ µ(x). The operator r(q−1/2, f)
acts in Lµ as the operator of multiplication by

∫
GL(2,A) f(x)µ(det x)dx. Hence

tr(B(q−1/2), Y+) = tr(r(q−1/2, f), L) =
∑

µ

∫

GL(2,A)
f(x)µ(det x)dx,
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where µ ranges over the set of characters of A×/F× · αZ. Similarly

tr(B(q−1/2), Y−) = tr(r(−q−1/2, f), L)

=
∑

µ

∫

GL(2,A)
f(x)µ(det x)ν−1(detx)dx.

Every character of A× which is trivial on F× · α2Z is either trivial on F× · αZ

or its product with ν−1 is, so (2) follows.

For (3) note that

trB(1)P (1) = tr r(1, f)M(1) =
∑

µ

tr I(µ, µ, f)M(µ, µ, 1) = −
∑

µ

tr I(µ, µ, f)

by Proposition 4.30. Similarly trB(−1)P (−1) = −∑µ tr I(µν−1, µν−1, f).

This completes the proof of the trace formula.
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Abstract. As a first step to deriving effective dynamics and ray op-
tics, we prove that the perturbed periodic Maxwell operator in d = 3
can be seen as a pseudodifferential operator. This necessitates a better
understanding of the periodic Maxwell operator M0. In particular,
we characterize the behavior of M0 and the physical initial states at
small crystal momenta k and small frequencies. Among other things,
we prove that generically the band spectrum is symmetric with re-
spect to inversions at k = 0 and that there are exactly 4 ground state
bands with approximately linear dispersion near k = 0.
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1 Introduction

Photonic crystals are to the transport of light (electromagnetic waves) what
crystalline solids are to the transport of electrons [JJWM08]. Progress
in the manufacturing techniques have allowed physicists to engineer pho-
tonic crystals with specific properties – which in turn has stimulated even
more theoretical studies. One topic which has seen relatively little at-
tention, though, is the derivation of effective dynamics in perturbed pho-
tonic crystals for states from a narrow range of intermediate frequencies
(e. g. [OMN06, RH08, APR12, EG13]). Mathematically rigorous results are
even more scarce: apart from [MP96] concerning only the unperturbed case, the
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only rigorous work covering second -order perturbations is by Allaire, Palom-
baro and Rauch [APR12]. Hence, the correct form of the subleading-order
terms has not yet been established – rigorously or non-rigorously.

This paucity of results motivated the two authors to apply a perturbation
scheme developed by Panati, Spohn and Teufel [PST03b, PST03a], space-
adiabatic perturbation theory, to derive effective dynamics and ray optics equa-
tions for adiabatically perturbed Maxwell operators. Among other things, we
settle the important question about the correct form of the next-to-leading
order terms in the ray optics equations; these terms are necessary to explain
topological effects in photonic crystals. The current paper is a preliminary, but
necessary step to implement space-adiabatic perturbation theory [DL13]: we
establish that the Maxwell operator can be seen as a semiclassical pseudodiffer-
ential operator (ΨDO) with band structure defined over the cotangent bundle
over the Brillouin torus.

This is not just the content of an innocent lemma, it turns out there are quite a
few technical and conceptual hurdles to overcome. To mention but one, we need
a better understanding of the band structure of the periodic Maxwell operator.
Despite the body of work on periodic Maxwell operators (see e. g. [Kuc01] for
a review), proofs of rather fundamental results are either scattered throughout
the literature or, in some cases, seem to have not been published at all.

Before we expound on this point in more detail, let us recall the L2-theory of
electromagnetism first established in [BS87]. The two dynamical equations

∂tE = +ε−1∇x ×H, ∂tH = −µ−1∇x × E, (1)

can be recast as a time-dependent Schrödinger equation

i∂tΨ = MwΨ (2)

where Ψ = (E,H) consists of the electric field E = (E1, E2, E3) and the mag-
netic field H = (H1, H2, H3), and

Mw :=

(
0 +i ε−1∇×

x

−iµ−1∇×
x 0

)
(3)

is the Maxwell operator. Here we used ∇×
x as shorthand for the curl (cf. Ap-

pendix A). The second set of Maxwell equation which imposes the absence of
sources,

∇x · εE = 0, ∇x · µH = 0, (4)

enter as a constraint on the initial conditions for equation (2) or, equivalently,
one can restrict the domain to the physical states of Mw (see Section 2.1). We
shall always make the following assumptions on the material weights w = (ε, µ):
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Assumption 1.1 (Material weights) Assume ε, µ ∈ L∞(R3,MatC(3)
)
are

hermitian-matrix-valued functions which are bounded away from 0 and +∞,
i. e. 0 < c idR3 ≤ ε, µ ≤ C idR3 for some 0 < c ≤ C <∞. We say the material
weights (ε, µ) are real iff their entries are all real-valued functions.

These assumptions are rather natural in the setting we are interested in: First
of all, asking for boundedness of ε and µ only instead of continuity is necessary
to include the most common cases, because many photonic crystals are made
by alternating two different materials, e. g. a dielectric and air, in a periodic
fashion. The selfadjointness of the multiplication operator defined by the elec-
tric permittivity tensor ε∗ = ε and the magnetic permeability tensor µ∗ = µ
ensure that the medium neither absorbs nor amplifies electromagnetic waves.
The positivity of ε and µ excludes the case of metamaterials with negative re-
fraction indices (see e. g. [SPV+00]); moreover, combined with the boundedness
away from 0 and +∞, it implies that ε−1 and µ−1 exist as bounded operators
which again satisfy Assumption 1.1. Lastly, our assumptions also include the
interesting case of gyrotropic photonic crystals where the offdiagonal entries of
ε = ε∗ and µ = µ∗ are complex-valued functions.

Under these assumptions, we can proceed with a rigorous definition of the
Maxwell operator (3): it can be conveniently factored into

Mw =W Rot . (5)

where the first term is the bounded operator involving the weights

W (x̂) :=

(
ε−1(x̂) 0

0 µ−1(x̂)

)
(6)

and the free Maxwell operator

Rot :=

(
0 +i∇×

x

−i∇×
x 0

)
=

(
0 +i curl

−i curl 0

)
. (7)

Rot equipped with the domain D := D(Rot) ⊂ L2(R3,C6) is selfadjoint (see
Appendix A for a precise characterization of D). For reasons that will be clear
in the following, we refer to (5) as the physical representation of the Maxwell
operator. From the representation (5) one gets two immediate consequences:
first, D(Mw) = D since W is bounded and second, Mw is not self-adjoint
on L2(R3,C6). In order to cure the lack of selfadjointness one introduces the
weighted scalar product

〈
Ψ,Φ

〉
w
:=
〈
Ψ,W−1Φ

〉
L2(R3,C6)

=
〈
W−1Ψ,Φ

〉
L2(R3,C6)

. (8)

on the Banach space L2(R3,C6), and we will denote this Hilbert space with Hw.
Then, one can show that the Maxwell operator Mw is self-adjoint on D ⊂ Hw
(cf. Theorem 2.1). Only with respect to the correctly weighted scalar product,
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the evolutionary semigroup e−itMw is unitary – which physically corresponds
to conservation of field energy E

(
E(t),H(t)

)
= E(E,H),

E(E,H) =
1

2

∫

R3

dxE(x) · ε(x)E(x) +
1

2

∫

R3

dxH(x) · µ(x)H(x)

=
1

2

∥∥(E,H)
∥∥2
w
.

Periodic Maxwell operators describe photonic crystals; here, the material
weights ε and µ are periodic with respect to some lattice Γ. As the analog
of periodic Schrödinger operators, one can use Bloch-Floquet theory to ana-
lyze the properties of Mw (cf. Section 3). Hence, many properties of photonic
crystals mimic those of crystalline solids (both physically and mathematically).
However, the rapidly increasing interest for photonic crystals resides in the fact
that, as they are artificially created by patterning several materials, they can
be engineered to have certain desired properties. To name one example, one of
the early successes was to design a photonic semiconductor with a band gap in
the frequency spectrum [JJ00, JJWM08]. Such a “semiconductor for light” is
of great interest to the quantum optics community (e. g. [Yab93]).
Since perfectly periodic media are only a mathematical abstraction, one is led to
study more realistic models of photonic crystals. One well-explored possibility
is to include effects of disorder by interpreting ε and µ as random variables
and leads to the “Anderson localization of light” (see e. g. [Joh91, FK96b,
FK97] and references therein). We will concern ourselves with another class
of perturbations where the perfectly periodic weights ε and µ are modulated
slowly,

ελ(x) :=
ε(x)

τε(λx)2
, µλ(x) :=

µ(x)

τµ(λx)2
. (9)

The perturbation parameter λ ≪ 1 quantifies the separation of spatial scales
on which (ε, µ) and the scalar modulation functions (τε, τµ) vary. The latter
are assumed to verify the following

Assumption 1.2 (Modulation functions) Suppose τε, τµ ∈ C∞b (R3) are
bounded away from 0 and +∞ as well as τε(0) = 1 and τµ(0) = 1.

To shorten the notation, we define Mλ := M(ελ,µλ) and Hλ := H(ελ,µλ).

As mentioned in the very beginning our goal is to rigorously derive both, the
effective “quantum-like” and “semiclassical” dynamics for perturbed Maxwell
operators Mλ in the adiabatic limit λ≪ 1 [DL13]. Apart from ray optics, we
will derive effective light dynamics e−itMeff which approximate the full light
dynamics e−itMλ for initial states supported in a narrow range of frequencies,

∥∥∥
(
e−itMλ − e−itMeff

)
ΠΠΠλ

∥∥∥
Hλ

= O(λ∞) . (10)
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ΠΠΠλ is the projection on the superadiabatic subspace associated with a nar-
row range of frequencies and, up to a unitary transformation, the effective
operator Meff can be constructed order-by-order in λ as the Weyl quantization
Opλ(Meff) of a semiclassical symbol; in case additional assumptions are placed
on the frequency bands, the leading-order terms are given by

Meff(r, k) =
∑

n∈I
τε(r) τµ(r)ωn(k) |χn〉〈χn|+O(λ) .

Here, the ωn are the Bloch frequency band functions and χn denotes a fixed
orthonormal basis in the reference space [DL13, Theorem 3.1]. As usual one
can also prove that the subleading-order terms ofMeff(r, k) contain geometric
quantities such as the Berry connection.
Similarly, the superadiabatic projection ΠΠΠλ is also constructed on the level of
symbols in terms ofMMMλ, the symbol of the Maxwell operator, and hence, prov-
ing that the Maxwell operator is a ΨDO associated to a semiclassical symbol
is the first order of business.

Theorem 1.3 Suppose Assumptions 3.1 on the material weights (ε, µ) and 1.2
on the modulation functions (τε, τµ) are satisfied. Then the Maxwell operator
(in Zak representation) MZ

λ = Opλ(MMMλ) is the pseudodifferential operator
associated to

MMMλ(r, k) =

(
τ2ε (r) 0
0 τ2µ(r)

)
M0(k)+

+ λW

(
0 −i τε(r)

(
∇rτε

)×
(r)

+i τµ(r)
(
∇rτµ

)×
(r) 0

)
(11)

where

M0(k) :=W Rot(k)

:=

(
ε−1(ŷ) 0

0 µ−1(ŷ)

) (
0 −(−i∇y + k)×

+(−i∇y + k)× 0

)

is the periodic Maxwell operator acting on the fiber at k defined in terms of
the weight operator W and the free Maxwell operator Rot(k). The function
MMMλ ∈ AS1

1,eq

(
B
(
d, L2(T3,C6)

))
is an equivariant semiclassical operator-valued

symbol in the sense of Definition 4.1.

For the precise definitions and the proof, we refer to Section 4.

Despite the similarities to the case of the Bloch electron [PST03a], applying
space-adiabatic perturbation theory to photonic crystals required us to solve
numerous technical and conceptual problems. In addition to defining pseudo-
differential operators on weighted L2-spaces, one other major difficulty is to
make O(λn) estimates in norm, because the norm also depends on λ (see
e. g. equation (10)). Such estimates are crucial when one wants to make sense
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of perturbation expansions of operators. This conceptual problem is solved by
introducing a λ-independent auxiliary representation (cf. Section 2.2).

However, the biggest obstacle to control the symbol MMMλ is to gain a better
understanding of the periodic Maxwell operator M0(k) and its band structure.
In particular, pseudodifferential theory requires us to understand the pointwise
behavior of M0(k) and associated objects. Even though k 7→M0(k) is linear
and defined on a k-independent domain, and thus trivially analytic, the split-
ting of the fiber Hilbert space h0 = J0(k)⊕⊥G0(k) into physical and unphysical
states is not even continuous at k = 0. Here, h0 is defined as the Banach space
L2(T3,C6) equipped with a scalar product analogous to (8), and elements of
J0(k) satisfy the source-free condition on the fiber space. We characterize how
this discontinuity enters into the band structure of M0(k), and show that it is
connected to the ground state bands, i. e. those frequency bands which go to 0
linearly as k → 0. The precise band structure of MZ

0 =
∫ ⊕
B dkM0(k) is studied

in great detail in Section 3.3 where the following result is proven:

Theorem 1.4 (The band picture of MZ
0 ) Suppose ε and µ satisfy As-

sumption 3.1.

(i) For each n ∈ Z, the band functions R3 ∋ k 7→ ωn(k) are continuous,
analytic away from band crossings and Γ∗-periodic.

(ii) If the weights (ε, µ) are real, then for all n ∈ Z, there exists j ∈ Z such
that ωn(k) = −ωj(−k) holds for all k ∈ R3.

(iii) MZ
0 has 4 ground state bands indexed by the set Igs which are character-

ized as follows:

(1) ωn(k) = 0 ⇔ n ∈ Igs and k = 0.

(2) ωn(k) = ±cn(k) |k|+ o(|k|) holds for n ∈ Igs where the cn(k) are the
positive eigenvalues of the matrix (36) for the unit vector k := k

|k| .

The content of Theorem 1.4 is sketched in Figure 1. Among other things,
we prove that the ground state bands of the Maxwell operator always have a
doubly degenerate conical intersection at k = 0 and ω = 0.

The remainder of the paper is dedicated to explaining and proving Theorem 1.3
and Theorem 1.4: In Section 2, we give some basic facts on the Maxwell opera-
tor. Section 3 is devoted to the study of the properties of the periodic operator
MZ

0 with a particular attention to the analysis of the band picture. Finally, in
Section 4 where discuss pseudodifferential theory on weighted Hilbert spaces
and finish the proof of Theorem 1.3. For the benefit of the reader, we have
included some auxiliary results in Appendix A.

Before we proceed, let us collect some conventions and introduce notation used
throughout the remainder of the paper.
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Figure 1: A sketch of a typical band spectrum ofM0(k)|J0(k). The 2+2 ground
state bands with linear dispersion around k = 0 are blue. Positive frequency
bands are drawn using solid lines while the lines for the symmetrically-related
negative frequency bands are in the same color, but dashed.

1.1 Notation and remarks

The Maxwell operator is naturally defined on weighted L2-spaces Hw where
the scalar product is weighted by the tensors w = (ε, µ) according to the
prescription (8). We will use capital greek letters such as Ψ and Φ to denote
elements of Hw and small greek letters with the appropriate index to indicate
they are the electric (first three) or the magnetic (last three) component1 , for
instance Ψ = (ψE , ψH) and Φ = (φE , φH). Componentwise the scalar product
(8) reads

〈
Ψ,Φ

〉
w
:=

∫

R3

dx ψE(x) · ε(x)φE(x) +
∫

R3

dxψH(x) · µ(x)φH (x) . (12)

Let us point out that with this convention the complex conjugation is implicit
in the scalar product like a · b :=∑N

j=1 aj bj on CN . Equation (12) leads to the
natural (orthogonal) splitting

Hw := L2
ε(R

3,C3)⊕⊥ L
2
µ(R

3,C3) ,

1Note that even though physical electromagnetic fields are real-valued, we assume Ψ ∈ Hw

takes values in the complex vector space C6, and hence our distinction in notation to the
physical fields (E,H). It turns out to be crucial in the analysis of photonic crystals to admit
complex solutions.
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where L2
ε(R3,C3) is the Banach space L2(R3,C3) with the scalar product

twisted by the tensor ε and similarly for µ.
Even though the Hilbert space structure of Hw depends crucially on the weights
w = (ε, µ), the Assumption 1.1 implies the equivalence of the norm ‖·‖w with
the usual L2(R3,C6)-norm ‖·‖. This means that Hw agrees with the usual
L2(R3,C6) as Banach spaces. For many arguments in this paper, only the
Banach space structure of Hw is important, and thus, whenever convenient, we
will use the canonical identification of Hw ≃ L2(R3,C6). In particular, any
closed operator T on Hw can also be seen as a closed operator on L2(R3,C6)
which we denote with the same symbol. We will use the same notation for
weighted L2-spaces over T3: for instance, the Hilbert space

h0 := L2
ε(T

3,C3)⊕⊥ L
2
µ(T

3,C3)

is defined as the Banach space L2(T3,C6) equipped with a scalar product anal-
ogous to equation (12).
Let us turn to conventions regarding operators: Suppose A : D0(A) ⊆ B1 −→
B2 is a possibly unbounded linear operator between the Banach spaces B1 and
B2 defined on the dense domain D0(A). The operator A is called closable if
and only if for every {ψn} ⊂ D0(A) such that ψn → 0, then also Aψn → 0. The
closure of the operator A (still denoted with the same symbol) is the extension

of A to D(A) := D0(A)
‖·‖A with respect to the graph norm

‖ψ‖A :=
√
‖ψ‖2B1

+ ‖Aψ‖2B2
. (13)

When D0(A) = D(A), the operator A is said to be closed. A core C of a closed
operator is any subset of D(A) which is dense with respect to ‖·‖A. Given
any closed operator A : B1 −→ B2 between Banach spaces, the kernel (or null
space) and range of A are defined as

kerA :=
{
ψ ∈ B1 | Aψ = 0

}
⊂ D(A) ⊆B1,

ran0A :=
{
Aψ | ψ ∈ D(A)

}
⊆ B2

While kerA is automatically a closed subspace of B1, in general ran0A is not.

For this reason, we need to introduce its closure ranA := ran0A
‖·‖B2 .

Other properties, most notably selfadjointness, crucially depend on the scalar
product. Whenever the Hilbert structure of Hw is important, we will make this
explicit either in the text or in notation. To give one example, we distinguish
between the direct sum J⊕G and the orthogonal sum J⊕⊥G of vector spaces.
We found it convenient to use the shorthand v×ψ := v × ψ to associate the
antisymmetric matrix

v× =




0 −v3 +v2
+v3 0 −v1
−v2 +v1 0


 (14)

to any vectorial quantity v = (v1, v2, v3).
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2 The perturbed Maxwell operator

We will use this section to recall standard facts on the Maxwell operator [BS87,
Kuc01] and introduce the main definitions and notions. This initial part is
completed by a compendium of classical results in vector field analysis sketched
in Appendix A.

2.1 General properties of the Maxwell operator

In order to identify the domain D(Mw) explicitly we start with the free case
Mw=(1,1) = Rot which is reviewed in detail in Appendix A.5. Assumption 1.1
on w = (ε, µ) implies that Hw ≃ L2(R3,C6) agree as Banach spaces and that
W defines a bounded operator with bounded inverse. Moreover, Rot|C∞

c
is a

densely defined operators on Hw and Rot is its unique closed extension defined
on the domain D := D(Rot) (cf. eq. (59)). Since, the graph norms ‖·‖Mw

and
‖·‖Rot are equivalent, this immediately implies

D(Mw) = D =
(
kerDiv ∩H1(R3,C6)

)
⊕ ranGrad, (15)

because Mw|C∞
c

=W Rot|C∞
c

is closable and its unique closure is the product
of the bounded operator W and (Rot,D).
The weighted scalar products (8) also implies Mw is not only closed but also
symmetric, and thus, selfadjoint: for all Ψ,Φ ∈ D, we have

〈
Ψ,MwΦ

〉
w
=
〈
Ψ,W−1W RotΦ

〉
L2(R3,C6)

=
〈
RotΨ,Φ

〉
L2(R3,C6)

=
〈
W−1W RotΨ,Φ

〉
L2(R3,C6)

=
〈
MwΨ,Φ

〉
w
.

The weights in the scalar products imply that the Helmholtz-Hodge-Weyl-Leray
decomposition of the domain (15) is no longer orthogonal with respect to 〈· , ·〉w.
However, Theorem A.1 readily generalizes to the case with weights and yields
an orthogonal splitting

Hw = Jw ⊕⊥ G (16)
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where we identify the physical (or transversal) subspace

Jw = ker
(
DivW−1

)
=
{
Ψ ∈ Hw | Div

(
W−1Ψ

)
= 0
}
=W J (17)

and the unphysical (or longitudinal) subspace

G = ranGrad =
{
Ψ = Gradϕ ∈ Hw | ϕ ∈ L2

loc(R
3,C2)

}
= kerRot. (18)

We also call G the space of zero modes, because G = kerRot coincides with
kerMw asW has a bounded inverse. From the first equation of (8) we conclude
that Jw = G⊥w is the 〈· , ·〉w-orthogonal complement to G. We will denote the
orthogonal projections onto Jw and G with Pw and Qw. For later reference,
we summarize these facts into a

Theorem 2.1 ([BS87]) Suppose Assumption 1.1 on ε and µ is satisfied.

(i) The Maxwell operator Mw equipped with the (ε, µ)-independent domain

D =
(
D ∩H1(R3,C6)

)
⊕ ranGrad =

(
kerDiv ∩H1(R3,C6)

)
⊕G

defines a selfadjoint operator on Hw, and H
1(R3,C6) and C∞c (R3,C6) are

cores.

(ii) The Maxwell operator Mw = Mw|Jw⊕⊥0|G is block diagonal with respect
to the (ε, µ)-dependent orthogonal decomposition of Hw = Jw ⊕⊥ G. In
this decomposition, the domain splits into

D =
(
D ∩ Jw

)
⊕⊥ G .

(iii) The restrictions of Mw to Jw or G again define selfadjoint operators,
and thus, the dynamics e−itMw leave Jw and G invariant.

With the exception of the explicit computation of the domain, all of this is
contained in [BS87, Lemma 2.2].
We have mentioned the significance of admitting complex vector fields in the
introduction (cf. Footnote 1), and the question arises whether we can construct
solutions by evolving Ψ ∈ Hw in time and then taking real and imaginary
part of Ψ(t) = e−itMwΨ. This question will be crucial as to why usually one
needs to consider “counter-propagating waves” whose frequencies ±ω differ by
a sign. So let (CΨ)(x) := Ψ(x), Ψ ∈ L2(R3,CN), be component-wise complex
conjugation; for simplicity, we shall always use the same symbol independently
of N ∈ N. If ε and µ are real, then the weights commute with C, and

(
CMwCΨ

)E
= C

(
+i ε−1(x̂)∇×

x

)
CψH = −i ε−1(x̂)∇x × ψH

as well as an analogous computation for the other component of MwΨ imply

CMw C = −Mw . (19)

Consequently, the spectra for Maxwell operators with real weights are symmet-
ric with respect to reflections at 0; the same holds for all spectral components.
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Theorem 2.2 Suppose Assumption 1.1 on the weights ε and µ is satisfied,
and assume in addition that they are real. Then equation (19) holds and thus
the spectra σ(Mw) = −σ(Mw) and σ♯(Mw) = −σ♯(Mw), ♯ = pp, ac, sc, are
symmetric with respect to reflections about the origin 0 ∈ R.

In case ε and µ have non-trivial complex offdiagonal entries, the weights no
longer commute with complex conjugation, and (19) as well as the above the-
orem do not hold.

Remark 2.3 Symmetries of type (19), i. e. anti-unitary operators which map
Mw onto −Mw, are known in the physics literature as particle-hole symmetries
or PH symmetries for short [AZ97, SRFL08]. However, as many physicists and
mathematicians consider the second-order equation ∂2tΨ = −M2

wΨ because
it is block-diagonal, the PH symmetry for Mw is replaced by a time-reversal
symmetry for the second-order equation. Ordinary Schrödinger operators H =
−∆x + V on the other hand possess time-reversal symmetry, C H C = H .
Discrete symmetries which square to ±id have been classified systematically
for topological insulators (cf. Table II in [SRFL08]); the presence of the PH
symmetry means that Mw is in symmetry class D (provided there are no other
symmetries). According to general results on the topological classification of
band insulators (aka periodic operators), one expects that D-type operators in
dimension d = 2 admit protected states parametrized by Z-valued topological
invariants (cf. Table I in [SRFL08]). This suggests there is an analog of the
quantum Hall effect in 2-dimensional photonic crystals [RH08]. In contrast,
for topological invariants to exist in d = 3, additional symmetries appear to
be necessary (e. g. ε = µ or ε and µ have a common center of inversion); the
presence of PH symmetry alone seems to prevent the formation of topologically
protected states. Certainly, a direct proof for the Maxwell operator establishing
the existence (d = 2) or absence (d = 3) of topological invariants would be an
interesting avenue to explore.

2.2 Slow modulation of the Maxwell operator

One of the key differences between Maxwell and Schrödinger operators is that
perturbations are multiplicative rather than additive. Given material weights ε
and µ (which verify Assumption 1.1), we define their slow modulations (ελ, µλ)
to be of the form (9). Assumption 1.2 for the modulation functions (τε, τµ) en-
sures that also (ελ, µλ) satisfy Assumption 1.1 because they are again bounded
away from 0 and +∞.
We denote the λ-dependence of the weights with w(λ) = (ελ, µλ) and define
shorthand notation for the λ-dependent family of Hilbert spaces, projections
and Maxwell operators by setting

Hλ := Hw(λ) , Jλ := Jw(λ) (spaces)

Mλ := Mw(λ) , Pλ := Pw(λ) , Qλ := Qw(λ) (operators) .

Similarly, we will denote the scalar product and norm of Hλ by 〈· , ·〉λ and ‖·‖λ.
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To compare these operators for different values of λ, we will represent them on
a common, λ-independent Hilbert space: the scaling operator

S(λx̂) : Hλ −→ H0, S(λx̂) =

(
τ−1
ε (λx̂) 0

0 τ−1
µ (λx̂)

)
, (20)

is a unitary since it is surjective and preserves scalar products. The Maxwell
operator in this new representation can be calculated explicitly: for instance,
the upper-right matrix element of Mλ transforms to

τ−1
ε (λx̂)

(
−τ2ε (λx̂) ε−1(x̂) (−i∇x)×

)
τµ(λx̂) =

= −τε(λx̂) τµ(λx̂)
(
ε−1(x̂) (−i∇x)× + λ ε−1(x̂)

(
−i∇x ln τµ

)×
(λx̂)

)
,

and if we introduce the functions τ(λx) := τε(λx) τµ(λx) and

Υ(λx) :=

(
0 +i

(
∇x ln τµ

)×
(λx)

−i
(
∇x ln τε

)×
(λx) 0

)
,

we can write the Maxwell operator as

Mλ := S(λx̂)Mλ S(λx̂)
−1 =M0 + λM1

= τ(λx̂)M0 + λ τ(λx̂)W Υ(λx̂) . (21)

As a product of bounded multiplication operators, M1 is an element of B(H0).
The regularity of τε and τµ also ensures the domain is preserved.

Lemma 2.4 S(λx̂) maps D bijectively onto itself.

This means all of the operators,M0, Mλ andMλ, have the same λ-independent
domainD and cores (e. g.H1(R3,C6)) – even though the splitting of the domain
into physical and unphysical subspaces depends on λ. We denote the invariant
subspaces

Jλ := S(λx̂)Jλ , Gλ := S(λx̂)G

of Mλ with regular letters instead of bold letters, and in the same vein, the
corresponding projections are

Pλ := S(λx̂)Pλ S(λx̂)
−1 , Qλ := S(λx̂)Qλ S(λx̂)

−1 .

For λ = 0, the λ-independent representation coincides with the physical rep-
resentation since S(λx̂)|λ=0 = idH0 reduces to the identity by Assumption 1.2,
and we have J0 = J0 and G0 = G for the subspaces, as well as P0 = P0 and
Q0 = Q0 for the corresponding projections.
The unitarity of S(λx̂) and Theorem 2.1 imply H0 = Jλ⊕⊥Gλ is a λ-dependent
decomposition of H0 into 〈· , ·〉0-orthogonal subspaces which are invariant under
the dynamics e−itMλ .
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3 Properties of the periodic Maxwell operator

Photonic crystals are materials where the unperturbed material weights (ε, µ)
are periodic with respect to a lattice

Γ := spanZ{e1, e2, e3} ∼= Z3 ,

and henceforth, we shall always make the following

Assumption 3.1 (Photonic crystal) Suppose that ε and µ are Γ-periodic
and satisfy Assumption 1.1.

The lattice periodicity suggests we borrow the language of crystalline solids
[GP03]: we can decompose vectors x = y + γ in real space R3 ∼= W × Γ into
a component y which lies in the so-called Wigner–Seitz cell W and a lattice
vector γ ∈ Γ. Whenever convenient we will identify this fundamental cell W
with the 3-dimensional torus T3.
Given a lattice Γ, then there is a canonical way to decompose momentum
space R3 ∼= B×Γ∗: here, the dual lattice Γ∗ = spanZ{e∗1, e∗2, e∗3} is generated by
the family of vectors which are defined through the relations ej · e∗n = 2π δjn,
j, n = 1, 2, 3. The standard choice of fundamental cell

B :=
{∑3

j=1αj e
∗
j ∈ R3

∣∣ α1, α2, α3 ∈ [−1/2,+1/2)
}

is called (first) Brillouin zone, and elements k ∈ B are known as crystal mo-
mentum.

3.1 The Zak transform

The lattice-periodicity of ε and µ sugests to use a Fourier basis: for any CN -
valued Schwartz function Ψ ∈ S(R3,CN ) we define the Zak transform [Zak68]
evaluated at k ∈ R3 and y ∈ R3 as

(ZΨ)(k, y) :=
∑

γ∈Γ

e−ik·(y+γ)Ψ(y + γ) . (22)

The Zak transform is a variant of the Bloch-Floquet transform with the follow-
ing periodicity properties:

(ZΨ)(k, y − γ) = (ZΨ)(k, y) γ ∈ Γ

(ZΨ)(k − γ∗, y) = e+iγ∗·y(ZΨ)(k, y) γ∗ ∈ Γ∗

In other words, ZΨ is a Γ-periodic function in y and periodic up to a phase in
k. The Schwartz functions are dense in H0, so

Z : H0 −→ L2
eq(R

3, h0) ∼= L2(B) ⊗ h0
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extends to a unitary map between H0 and the L2-space of equivariant functions
in k with values in h0 := L2

ε(T3,C3)⊕⊥ L2
µ(T3,C3),

L2
eq(R

3, h0) :=
{
Ψ ∈ L2

loc(R
3, h0)

∣∣ Ψ(k − γ∗) = e+iγ∗·ŷΨ(k) a. e. ∀γ∗ ∈ Γ∗
}
,

(23)

which is equipped with the scalar product

〈Ψ,Φ〉eq :=

∫

B
dk
〈
Ψ(k),Φ(k)

〉
h0

where

〈
Ψ(k),Φ(k)

〉
h0

:=

∫

T3

dy ψE(k, y) · ε(y)φE(k, y)+

+

∫

T3

dy ψH(k, y) · µ(y)φH(k, y) .

Due to the (quasi-)periodicity of Zak transformed functions, they are uniquely
determined by the values they take on B× T3.
To see how the Maxwell operator transforms when conjugating it with Z, we
compute the Zak representation of its building block operators positions x̂ and
momentum −i∇x (which are equipped with the obvious domains):

Z x̂Z−1 = i∇k (24)

Z (−i∇x)Z−1 = idL2(B) ⊗ (−i∇y) + k̂ ⊗ idh0 ≡ −i∇y + k̂ (25)

The common domains of the components i∂kj and −i∂yj + k̂j Zak transform to
L2
eq(R3, h0) ∩H1

loc

(
R3, h0

)
and

ZH1(R3,C6) = L2
eq

(
R3, H1(T3,C6)

) ∼= L2(B) ⊗H1(T3,C6) . (26)

Note that the position operator in Zak representation does not factor, unless
we consider Γ-periodic functions ε,

Z ε(x̂)Z−1 = idL2(B) ⊗ ε(ŷ) ≡ ε(ŷ) . (27)

Operators A : D(A) −→ H0 which commute with lattice translations, e. g. op-
erators of the form (25), (27) or the periodic Maxwell operator, fiber in k,

AZ = ZAZ−1 =

∫ ⊕

B
dkA(k) ,

and the fiber operators at k ∈ R3 and k−γ∗, γ∗ ∈ Γ∗, are unitarily equivalent,

A(k − γ∗) = e+iγ∗·ŷA(k) e−iγ∗·ŷ , (28)

Operator-valued functions k 7→ A(k) which satisfy (28) are called equivariant.
It is for this reason that it suffices to consider all objects only for k ∈ B and
extend them by equivariance if necessary.
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3.2 Analytic decomposition of the fiber Hilbert space

Clearly, Q0 and P0 also commute with lattice translations, and thus, the Zak
transform yields a fiber decomposition into

QZ
0 := Z Q0Z−1 =

∫ ⊕

B
dk Q0(k) , PZ

0 := Z P0Z−1 =

∫ ⊕

B
dk P0(k) .

These fibrations also identify physical and unphysical subspaces of the fiber
Hilbert space

h0 = J0(k)⊕⊥ G0(k)

for each k ∈ B where G0(k) = ranQ0(k) and J0(k) = ranP0(k). A priori, all
we know is that this fibration is measurable in k. However, we are interested
in the analyticity properties of the fiber projections. Figotin and Kuchment
have recognized that k 7→ Q0(k) and thus also k 7→ P0(k) are not analytic at
k ∈ Γ∗ [FK96a]. The purpose of this section is to define regularized projections
k 7→ Qreg

0 (k) and k 7→ P reg
0 (k) which are analytic on all ofR3. These regularized

projections enter crucially in the proof on the existence of ground state bands
(Theorem 1.4 (iii)).

Lemma 3.2 (i) The orthogonal projections k 7→ Q0(k) and k 7→ P0(k) onto
unphysical and physical subspace are analytic on R3 \ Γ∗.

(ii) The regularized orthogonal projections k 7→ Qreg
0 (k) and k 7→ P reg

0 (k)
are analytic on all of R3. Moreover, P reg

0 (γ∗) = P0(γ
∗) and Qreg

0 (γ∗) =
Q0(γ

∗) holds for all γ∗ ∈ Γ∗.

(iii) dim
(
G0(k) ∩ J reg

0 (k)
)
= 2 for all k ∈ R3 \ Γ∗

Essentially, the idea for the definition of Qreg
0 (k) is already contained in the

proofs of Lemma 51 and Corollary 52 of [FK96a], so we will briefly sketch the
construction of Q0(k) and then proceed to define Qreg

0 (k).
Assume from now on that k ∈ B. The idea is to use the fact that G0(k) :=

ran0 Grad(k) and define an auxiliary projection Q̃0(k) = Grad(k)T (k) with
range G0(k) as the product of the operator

Grad(k) = (∇y + ik,∇y + ik) : H1(T3,C2) −→ h0.

which depends analytically on k ∈ R3 and its left-inverse T (k). Such a left-
inverse exists if and only if Grad(k) is injective, and if it exists, it is also
bounded [FK96a, p. 52] and analytic in k [ZKKP75, Theorem 4.4]. Note that
the closedness of ran0 Grad(k) = Grad(k)H1(T3,C2) for k 6= 0 follows from
the boundedness of T (k).
One can check that for k 6= 0, the operator Grad(k) is injective while for k = 0
there are zero modes,

Z(T3,C2) :=

{
y 7→

(
βE

βH

) ∣∣∣
(
βE

βH

)
∈ C2

}
= kerGrad(0) .
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Consequently, the projection Q̃0(k) = Grad(k)T (k) can only be defined in
this fashion for k 6= 0, and there is a point of non-analyticity at k = 0, because
ranGrad(0) is “smaller” by two dimensions than G0(k), k 6= 0.

Even though Q̃0(k) need not be an orthogonal projection (the proofs in [All67]
and [ZKKP75] only make reference to the Banach algebra structure), these

arguments show that G0(k) = ranQ0(k) = ran Q̃0(k) depends analytically on
k away from Γ∗. Thus, the unique orthogonal projection Q0(k) onto G0(k)
necessarily also depends analytically on k ∈ R3 \ Γ∗.
The behavior of Grad(k) at k = 0 suggests to define the regularized unphysical
space as

Greg
0 (k) := ran0 Grad(k)|H1

reg

where the closed subspace

H1
reg(T

3,C2) :=
{
ϕ = (ϕE , ϕH) ∈ H1(T3,C2)

∣∣ 〈1, ϕ♯
〉
L2(T3)

= 0, ♯ = E,H
}

= Z(T3,C2)⊥ ∩H1(T3,C2)

consists of all H1-functions orthogonal to the constant functions. Now
Grad(k)|H1

reg
is injective for all k ∈ B, and by modifying the estimates on

[FK96a, p. 52] we deduce there exists an analytic bounded left-inverse Treg(k)
for all k ∈ B. Hence, the composition

k 7→ Q̃reg
0 (k) := Grad(k)|H1

reg
Treg(k)

defines a projection onto Greg
0 (k) that depends analytically on k for all of B,

including k = 0; again, the boundedness of Treg(k) implies Greg
0 (k) is a closed

subset of h0. By the same arguments as above, the uniquely determined orthog-

onal projection Qreg
0 (k) onto Greg

0 (k) inherits the analyticity of Q̃reg
0 (k) [Kat95,

Theorem 6.35]. At k = 0, this regularized projection coincides with the usual
one, Qreg

0 (0) = Q0(0), as their ranges

Greg
0 (0) = ranGrad(0)|H1

reg
= ranGrad(0) = G0(0) (29)

are the same (this also proves that G0(0) is closed). Moreover, k 7→ Qreg
0 (k)

has a unique extension by equivariance (cf. (28)) to all of R3.
Now the analyticity of the orthogonal projection

P reg
0 (k) := idh0 −Qreg

0 (k)

onto the 〈· , ·〉h0
-orthogonal complement

J reg
0 (k) := Greg

0 (k)⊥

follows from the analyticity of k 7→ Qreg
0 (k).
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Before we prove (iii), it is instructive to juxtapose the decomposition h0 =
J0(k)⊕⊥ G0(k) with the regularized decomposition

h0 = J reg
0 (k)⊕⊥ G

reg
0 (k)

for the special case M0 = Rot, i. e. ε = 1 = µ. The difference between the
two is how the constant functions y 7→ (αE , αH) ∈ C6, are distributed amongst
them: for k 6= 0 only certain constant functions belong to J0(k),

y 7→
(
αE

αH

)
∈ J0(k) ⇐⇒ Div(k)

(
αE

αH

)
= −i

(
k · αE
k · αH

)
=

(
0
0

)
,

while for k = 0 all constant functions are elements of J0(0) and the physical
subspace “grows” by 2 dimensions at the expense of G0(0). In contrast, the
regularized physical subspace J reg

0 (k) contains all constant functions for all
values of k. We will now extend these arguments to the case of non-trivial
weights (ε, µ).

Proof (Lemma 3.2) We have already shown (i) and (ii) in the text preceding
the lemma and it remains to prove (iii). Without loss of generality, we restrict
ourselves to k ∈ B. First of all, we note that the unphysical subspace

G0(k) =

{ ∑

γ∗∈Γ∗

(
βE(γ∗) (γ∗ + k)
βH(γ∗) (γ∗ + k)

)
e+iγ∗·y

∣∣∣

{∣∣β♯(γ∗) γ∗
∣∣
}
γ∗∈Γ∗

∈ ℓ2(Γ∗), ♯ = E,H

}

and the regularized unphysical subspace

Greg
0 (k) =

{ ∑

γ∗∈Γ∗\{0}

(
βE(γ∗) (γ∗ + k)
βH(γ∗) (γ∗ + k)

)
e+iγ∗·y

∣∣∣

{∣∣β♯(γ∗) γ∗
∣∣
}
γ∗∈Γ∗

∈ ℓ2(Γ∗), ♯ = E,H

}
. (30)

coincide for k = 0, and we immediately deduce

dim
(
G0(0) ∩ J reg

0 (0)
)
= dim

(
G0(0) ∩ J0(0)

)
= 0 .

Hence, we assume from now on k ∈ B \ {0}. That means, we can write the in-
tersection as the regularized projection applied to a two-dimensional subspace,

G0(k) ∩ J reg
0 (k) = P reg

0 (k)

{
y 7→

(
βE k
βH k

) ∣∣∣ βE , βH ∈ C
}
.

The image is again two-dimensional: if we write any Ψ = ΨQ ⊕⊥ ΨP ∈ h0
as the sum of ΨQ ∈ Greg

0 (k) and ΨP ∈ J reg
0 (k), then in view of equation (30)
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the γ∗ = 0 Fourier coefficient of ψQ = Qreg
0 (k)Ψ necessarily has to vanish,

ψ̂Q(0) = 0. Thus, ψ̂P (0) = ψ̂(0) follows, and the map

C2 ∋
(
βE

βH

)
7→ P reg

0 (k)

(
βE k
βH k

)
∈ J reg

0 (k)

is injective. That means dim
(
G0(k) ∩ J reg

0 (k)
)
= 2 for k ∈ R3 \ Γ∗. �

3.3 Analyticity properties of the fiber Maxwell operator

The Zak transform fibers the periodic Maxwell operator in crystal momentum,

MZ
0 := ZM0Z−1 =

∫ ⊕

B
dkM0(k) . (31)

Each of the fiber operators

M0(k) =W Rot(k) =

(
0 −ε−1 (−i∇y + k)×

+µ−1 (−i∇y + k)× 0

)
,

acts on a potentially k-dependent subspace d(k) of h0, and has a splitting into
physical and unphysical part, M0(k) = M0(k)|J0(k) ⊕ 0|G0(k). In any case, the
selfadjointness of M0 on D implies the selfadjointness of each fiber operator
M0(k) on D(k). Since the domain of each fiber operator M0(k) may depend
on k, it is not obvious whether k 7→ M0(k) is analytic in k even though the
operator prescription is linear.

Proposition 3.3 (Analyticity) Suppose Assumption 3.1 on ε and µ holds.

(i) The domain of selfadjointness

d =
(
kerDiv(k) ∩H1(T3,C6)

)
⊕ ranGrad(k) (32)

of M0(k) is independent of k.

(ii) The map R3 ∋ k 7→M0(k) ∈ B(d, h0) is analytic.

Proof (i) Since H1(R3,C6) is a core for M0 (Theorem 2.1 (i)) and (26),
we know that H1(T3,C6) is a common core of M0(k) for all values of k.
Moreover, combining equations (59) and (26) with the fact that Div and
Grad also fiber in k yields the decomposition of d as a k-dependent direct
sum as given by (32).

The difference of the two fiber operators restricted to H1(T3,C6) extends
to a bounded operator on all of h0,

M0(k)|H1 −M0(k
′)|H1 =W

(
0 −(k − k′)×

+(k − k′)× 0

)

=:

3∑

j=1

(kj − k′j)Aj =: (k − k′) ·A . (33)
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Using
∥∥k ·A

∥∥
B(h0)

= |k| ‖W‖B(h0), it is straightforward to see that these

graph norms of M0(k) and M0(0) are equivalent on H1(T3,C6),

(
1 + |k| ‖W‖

)−1 ‖Ψ‖M0(0) ≤ ‖Ψ‖M0(k) ≤
(
1 + |k| ‖W‖

)
‖Ψ‖M0(0) .

The equivalence of the graph norms now implies that the domains, seen
as completions of H1(T3,C6) with respect to these graph norms, are in-
dependent of k,

d(k) = H1(T3,C6)
‖·‖M0(k) = H1(T3,C6)

‖·‖M0(0) = d(0) .

(ii) By (i) the domain d of each M0(k) is independent of k, and thus the
analyticity of the linear polynomial k 7→M0(k) is trivial. �

The fibration of MZ
0 can be used to extract a great deal of information on the

spectra of M0 and M0(k):

Theorem 3.4 (Spectral properties) Suppose Assumption 3.1 on ε and µ
is satisfied. Then for any k ∈ R3 the following holds true:

(i) σ
(
M0(k)|G0(k)

)
= σess

(
M0(k)|G0(k)

)
= σpp

(
M0(k)|G0(k)

)
= {0}

(ii) σ
(
M0(k)|J0(k)

)
= σdisc

(
M0(k)|J0(k)

)

(iii) σ
(
M0(k)|Jreg

0 (k)

)
= σdisc

(
M0(k)|Jreg

0 (k)

)
= σ

(
M0(k)

)

(iv) σ(M0) =
⋃

k∈B

σ
(
M0(k)

)
=
⋃

k∈R3

σ
(
M0(k)

)

(v) σ(M0) = σac(M0) ∪ σpp(M0)

Proof (i) For any ϕ ∈ C∞c (R3,C2), the vector Grad(ϕ) ∈ G0 is an element
of the unphysical subspace, and thus we have found an eigenvector to 0,

M0(k)(ZΨ)(k) =
(
ZM0Ψ

)
(k) = 0.

This means we have found a countably infinite family of eigenvectors, and
we have shown (i).

(ii) According to Lemma A.4,
(
Rot(k)|JRot(k)−z

)−1
is compact for all k ∈ R3

where JRot(k) = kerDiv(k) is the physical subspace for the free Maxwell

operator. Because we can write
(
M0(k)|J0(k) − z

)−1
as a product of

bounded operators and
(
Rot(k)|JRot(k)−z

)−1
[SEK+05, equation (4.23)],

the resolvent of M0(k)|J0(k) is also compact. Thus, the spectrum of
M0(k)|J0(k) is purely discrete.

(iii) This follows from (ii) and the observation that by Lemma 3.2 (iii), J0(k)
and J reg

0 (k) differ by an at most 2-dimensional subspace J reg
0 (k)∩G0(k).
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(iv) The proof is analogous to that of [FK96a, Corollary 57].

(v) From (iv) we know that σ(M0) can be written as the union of the spec-
tra of the fiber operators M0(k). Because these spectra σ

(
M0(k)

)
={

ωn(k)
}
n∈Z

in turn can be expressed in terms of piecewise analytic fre-

quency band functions k 7→ ωn(k), n ∈ Z (cf. Theorem 1.4 (i)), σsc(M0)
must be empty. �

Remark 3.5 (Absolute continuity of σ
(
M0|J0

)
) Unlike in the case of

periodic Schrödinger operators, it has not yet been proven that the spectrum
of M0|J0 is purely absolutely continuous. To show σ

(
M0|J0

)
= σac

(
M0|J0

)
, all

of the known proofs reduce the Maxwell operator to a possibly non-selfadjoint
Schrödinger-type operator with magnetic field, and these transformations in-
volve derivatives of ε and µ [Mor00, Sus00, KL01]. Hence, one needs additional
regularity assumptions on ε and µ; the best currently known are ε, µ ∈ C1(R3)
[KL01, Section 7.4]. This means, even though it is widely expected that the
spectrum is always purely absolutely continuous, flat bands (apart from ω ≡ 0)
currently cannot be excluded unless we make additional regularity assumptions
on ε and µ.

So far, most spectral and analytic properties mirror of MZ
0 those of periodic

Schrödinger operators, but there are two important differences: (i) M0 is not
bounded from below and (ii) in case of real weights the PH symmetry of the
spectrum (cf. Theorem 2.2) implies a symmetry for the frequency band spec-
trum (cf. Figure 1).
The first item in conjunction with the non-analyticity of J0(k) at k ∈ Γ∗

potentially complicates the labeling of frequency bands. For simplicity, we
solve this using the band picture proven in Theorem 1.4: first of all, we know
there exists an infinitely degenerate flat band ω0(k) = 0 associated to the
unphysical states (cf. Theorem 3.4 (i)). Moreover, it is easy to prove that 0
is an eigenvalue of M0(k)|J0(k) if and only if k ∈ Γ∗. Away from k ∈ Γ∗,
we repeat non-zero eigenvalues ωj(k) of M0(k) according to their multiplicity,
arrange them in non-increasing order and label positive (negative) eigenvalues
with positive (negative) integers, i. e. away from k ∈ Γ∗ we set

. . . ≤ ω−2(k) ≤ ω−1(k) < ω0(k) = 0 < ω1(k) ≤ ω2(k) ≤ . . .

Moreover, due to the analyticity of k 7→ M0(k), the eigenvalues depend on k
in a continuous fashion, and we extend this labeling by continuity to k ∈ Γ∗.
This procedure yields a family

{
k 7→ ωn(k)

}
n∈Z

of Γ∗-periodic functions.

Two types of bands are special: beside the zero mode band ω0(k) = 0 which is
due to states in G0(k), the ground state bands are those of lowest frequency in
absolute value:

Definition 3.6 (Ground state bands) We call a frequency band k 7→
ωn(k) of M

Z
0 a ground state band if and only if

Documenta Mathematica 19 (2014) 63–101



The Perturbed Maxwell Operator . . . 83

(i) lim
k→0

ωn(k) = 0 and

(ii) ωn is not identically 0 in a neighborhood of k = 0.

Moreover, we define Igs ⊂ Z to be the set of ground state band indices.

The ground state bands can be recovered from the space of zero modes

GS := kerM0(0) ∩ J0(0) .

using analytic continuation, and hence, also the use of P reg
0 (k) instead of P0(k)

even though they coincide at k = 0.

Lemma 3.7 (Ground state eigenfunctions at k = 0) Suppose Assump-
tion 3.1 holds true. Then GS = P reg

0 (0)
{
y 7→ a | a ∈ C6

}
is six-dimensional

and any of its elements can be uniquely written as

Ψa(y) :=
(
P reg
0 (0)a

)
(y) =

∑

γ∗∈Γ

Ψ̂a(γ
∗) e+iγ∗·y

for some a ∈ C6. The Fourier coefficients Ψ̂a(γ
∗) =

(
ψ̂Ea (γ

∗), ψ̂Ha (γ∗)
)
satisfy

the following relations:

Ψ̂a(0) = a ∈ C6 (34)

ψ̂♯a(γ
∗) ∝ γ∗ ∀γ∗ ∈ Γ∗ \ {0}, ♯ = E,H

Proof First of all, seeing asW is bounded with bounded inverse, kerM0(k) =
kerRot(k). A simple computation (cf. Lemma A.4) yields that any Ψ ∈
kerRot(0) is of the form

Ψ = a+ΨG

for some a ∈ C6 and ΨG ∈ Greg
0 (0) = G0(0). Applying P reg

0 (0) to both sides
yields P reg

0 (0)Ψ = Ψa and consequently, dimGS ≤ 6.

From
[
M0(k), P

reg
0 (k)

]
= 0 we deduce P reg

0 (0)
{
y 7→ a | a ∈ C6

}
⊆ GS. More-

over, in view of (30), y 7→ a ∈ C6 is an element of Greg
0 (0) = G0(0) if and only

if a = 0. Hence, a 7→ Ψa is injective and

dimP reg
0 (0)

{
y 7→ a | a ∈ C6

}
= dimGS = 6 .

Finally, P reg
0 (0)

(
Ψa − a

)
= 0 means Ψa − a ∈ Greg

0 (0), and thus using equa-

tion (30) once more, we deduce Ψ̂a(γ
∗) ∝ γ∗ and Ψ̂a(0) = a. �

We now proceed to the proof of Theorem 1.4 which establishes the frequency
band picture for periodic Maxwell operators (cf. Figure 1).
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Proof (of Theorem 1.4) (i) Since M0(k) is isospectral to its restriction
M0(k)|Jreg

0 (k), let us consider the latter. First of all, k 7→ ω0(k) = 0 is
trivially analytic, we may assume n 6= 0. Thus, the analyticity away from
band crossings follows from the purely discrete nature of the spectrum of
M0(k)|Jreg

0 (k) (Theorem 3.4 (iii)), the analyticity of k 7→M0(k) (Propo-

sition 3.3 (ii)) and k 7→ P reg
0 (k) (Lemma 3.2) combined with standard

perturbation theory in the sense of Kato [Kat95].

The Γ∗-periodicity of k 7→ ωn(k) is deduced from the equivariance of
k 7→M0(k).

(ii) Now assume in addition that ε and µ are real. For n = 0, we trivially
find ω0(k) = 0 = −ω0(−k). So from now on, suppose n ∈ Z \ {0}.
One can check that upon Zak transform, the PH operator (complex
conjugation) CZ := ZCZ−1 acts on elements of Ψ ∈ L2

eq(B, h0) as(
CZΨ

)
(k) = Ψ(−k). Combined with CZ MZ

0 = −MZ
0 C

Z which follows
from equation (19) since ε and µ are real, a straight-forward calculation
shows that if un(k) is an eigenfunction to ωn(k), then

(
CZun

)
(k) is an

eigenfunction to −ωn(−k), and we have shown (ii).

(iii) To show (1), we will prove

0 ∈ σ
(
M0(k)|J0(k)

)
⇐⇒ 0 ∈ σ

(
Rot(k)|JRot(k)

)
(35)

first where JRot(k) = kerDiv(k) is the physical subspace of the free
Maxwell operator, and since the spectrum of Rot,

σ
(
Rot(k)|JRot(k)

)
=

⋃

γ∗∈Γ∗

{
±|k + γ∗|

}
,

is known explicitly (cf. Lemma A.4), this will prove 0 ∈ σ
(
M0(k)|J0(k)

)
if

and only if k ∈ Γ∗. Hence, combined with Definition 3.6 this implies (1).

First of all, since the spectra σ
(
M0(k)|J0(k)

)
are discrete for any k ∈ B

(Theorem 3.4 (ii)), we only need to consider the existence of eigenvec-
tors. As the inverse of W is bounded, the equations M0(k)Ψ = 0 and
Rot(k)Ψ = 0 are equivalent on the domain d. We will now show that
the existence of ΨM0 ∈ J0(k) ∩ d to M0(k)ΨM0 = 0 is equivalent to the
existence of a ΨRot ∈ kerDiv(k) which satisfies Rot(k)ΨRot = 0.

Assume there exists an eigenvector ΨM0 ∈ J0(k) ∩ d. Then by the direct
decomposition of the domain D = kerDiv(k) ⊕ ranGrad(k) implies we
can uniquely write

ΨM0 = ΨRot +ΨG

as the sum of ΨRot ∈ kerDiv(k) and ΨG ∈ G0(k). Because the intersec-
tion J0(k) ∩ G0(k) = {0} is trivial, we know ΨRot 6= 0. Hence, ΨRot is
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an eigenvector of Rot(k),

Rot(k)ΨRot = Rot(k)
(
ΨM0 −ΨG

)
= 0.

The converse statement is shown analogously and we have proven (35).

Now we turn to (2): let us define N := |Igs|. By (ii), N needs to be
even. Due to (29), we may replace the physical subspace J0(0) with
its regularized version J reg

0 (0), and the six-dimensional space GS from
Lemma 3.7 can also be defined in terms of J reg

0 (0). Thus, we already
know N ≤ dimGS = 6. Moreover, since dim

(
G0(k) ∩ J reg

0 (k)
)

= 2
(Lemma 3.2 (iii)) and Q0(k)J

reg
0 (k) ⊂ G0(k), the operator M0(k)|Jreg

0 (k)

has a two-fold degenerate flat band k 7→ 0 and we conclude that in fact,
N ≤ 4.

To show N = 4 and property (2), we use standard analytic perturbation
theory in the sense of Kato around the eigenvalue 0: We have proven in
(i) that all band functions are continuous, and thus if ωn(0) = 0 there
exists a neighborhood V of k = 0 and a δ > 0 such that |ωn(k)| < δ
holds on V . Let us pick an orthonormal basis

{
Ψ1, . . . ,Ψ6

}
of GS; ac-

cording to Lemma 3.7, each of these Ψj is associated to a coefficient
a(j) =

(
aE(j), a

H
(j)

)
∈ C6, j = 1, . . . , 6 via (34). Then M0(0)Ψj = 0

and [Kat95, equation (2.40)] imply the ground state band functions
{ωn(k)}n∈Igs are approximately equal to the non-zero eigenvalues of the
k-dependent matrix

k ·A :=
(〈

Ψl, k ·AΨj
〉
h0

)
1≤l,j≤6

(36)

where k · A = M0(k) −M0(0) is explicitly given in equation (33) and

k · A :=
∑3

j=1 kj Aj involves the implicitly defined matrices Aj . For

a, b ∈ C6, we can directly compute the scalar product:

〈
Ψa, k ·AΨb

〉
h0

=

〈(
ψEa
ψHa

)
,W

(
−k × ψHb
+k × ψEb

)〉

h0

= k ·
∫

T3

dy
(
ψEa (y)× ψHb (y)− ψHa (y)× ψEb (y)

))

= k ·
(
aE × bH − aH × bE

)
(37)

=

〈(
aE

aH

)
,

(
0 −k×

+k× 0

)(
bE

bH

)〉

C6

(38)

To arrive at the last line, we plug in the ansatz (34) for the ground state
function, use the orthogonality of the plane waves with respect to the
standard scalar product on L2(T3) and exploit γ∗ × γ∗ = 0.

Now let us define the invertible 6× 6 matrix Λ :=
(
a(1) | · · · | a(6)

)
which

maps the canonical basis
{
v(1), . . . , v(6)

}
⊂ C6 onto

{
a(1), . . . , a(6)

}
. Then
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we can express the matrix elements of k · A in terms of Λ:

〈
v(j), k · Av(n)

〉
C6 :=

(
k · A

)
jn

=

〈
a(j),

(
0 −k×

+k× 0

)
a(n)

〉

C6

=

〈
v(j),Λ

∗
(

0 −k×
+k× 0

)
Λv(n)

〉

C6

(39)

In view of equation (37), the matrix elements possess an SO(3) symme-
try: if we define the action of R ∈ SO(3) on a ∈ C6 by setting Ra :=(
RaE , RaH

)
, then equation (37) in conjunction with R(v×w) = Rv×Rw,

v, w ∈ C3, yields

〈
Ψa, k ·AΨb

〉
h0

=
〈
ΨRa, (Rk) ·AΨRb

〉
h0
. (40)

Combining this symmetry with equation (38), we get

(
k ·A

)
jn

=

〈
RΛv(j),

(
0 +(Rk)×

−(Rk)× 0

)
RΛv(n)

〉

C6

=

〈
v(j),

(
Λ−1RΛ

)∗
Λ∗
(

0 +(Rk)×

−(Rk)× 0

)
Λ
(
Λ−1RΛ

)
v(n)

〉

C6

or, put more succinctly after replacing R with R−1 and k with Rk,

(Rk) ·A =
(
Λ−1R−1 Λ

)∗ (
k ·A

) (
Λ−1R−1 Λ

)
.

As the matrix Λ−1R−1Λ is invertible, we deduce

rank
(
k ·A

)
= rank

(
(Rk) ·A

)
= rank

(
λk ·A

)
(41)

holds for all R ∈ SO(3) and λ ∈ C \ {0}, i. e. the rank of the matrix k ·A
is independent of k 6= 0. In particular, it means that if 0 ∈ σ

(
k0 · A

)
for

some special k0 6= 0, then 0 is an eigenvalue of all matrices k ·A.
Now we will reduce this problem of 6 × 6 matrices to a problem of 3 ×
3 matrices: first of all, any basis

{
v(j)
}6
j=1

of C6 gives rise to a basis
{
Ψv(j)

}6
j=1

of GS. In particular, if we take
{
v(j)
}6
j=1

to be the canonical

basis of C6, we can apply the Gram-Schmidt procedure to
{
Ψv(j)

}6
j=1

and obtain a 〈· , ·〉h0
-orthonormal basis

{
Ψa(1)

}6
j=1

of GS with coefficients

a(j) =
(
aE(j), a

H
(j)

)
∈ C6. Due to the block structure of W−1 that is

also inherited by
〈
Φ,Ψ

〉
h0

=
〈
Φ,W−1Ψ

〉
L2(T3,C6)

, the fact that vH(1) =

vH(2) = vH(3) = 0 and vE(4) = vE(5) = vE(6) = 0 forces also the corresponding
coefficients of the orthonormalized vectors to be 0,

aH(1) = aH(2) = aH(3) = 0 , aE(4) = aE(5) = aE(6) = 0 .
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Moreover,
{
aE(1), a

E
(2), a

E
(3)

}
and

{
aH(4), a

H
(5), a

H
(6)

}
are two sets of linearly

independent vectors in C3 with aE(1), a
H
(4) ∝ (1, 0, 0).

Thus, using equation (37), one sees that the symmetric matrix k · A is
purely block-offdiagonal and can be written in term of three 3×3 matrices
B = (B1, B2, B3) as

k ·A =:

(
0 k ·B(

k ·B
)∗

0

)
. (42)

The block structure implies that

rank
(
k ·A

)
= rank

(
k ·B

)
+ rank

(
k ·B

)∗
= 2 rank

(
k · B

)
. (43)

Then in order to conclude that rank
(
k · A

)
= 4, we only need to show

that rank
(
k · B

)
= 2. Since the result is independent of k, we pick k0 =

(1, 0, 0) and use the basis obtained after Gram-Schmidt orthonormalizing{
Ψv(1) , . . . ,Ψv(6)

}
. Then a(1) ∝ v(1) and a(4) ∝ v(4) are non-trivial scalar

multiples of v(1) and v(4), and consequently, one obtains again from (37)

k0 · B =

(
0 0

0 k0 · B̃

)

where the 2× 2 matrix

k0 · B̃ =

(
k0 ·

(
aE(2) × aH(5)

)
k0 ·

(
aE(2) × aH(6)

)

k0 ·
(
aE(3) × aH(5)

)
k0 ·

(
aE(3) × aH(6)

)
)

has full rank, because k0 = vE(1) = vH(4) ∝ aE(1), aH(4) implies

det
(
k0 · B̃

)
=
(
k0 ·

(
aE(2) × aE(3)

)) (
k0 ·

(
aH(5) × aH(6)

))

∝ det
(
aE(1)

∣∣ aE(2)
∣∣ aE(3)

)
det
(
aH(4)

∣∣ aH(5)
∣∣ aH(6)

)
6= 0 .

Hence, piecing together rank
(
k0 · B

)
= 2 with equations (41) and (43)

yields that the degeneracy of the ground state bands is 4. �

3.4 Comparison to existing literature

Even though most of the results in this section are neither new nor surprising,
we still feel they fill a void in the literature: To the best of our knowledge,
it is the first time the most important fundamental properties of the fiber
Maxwell operator M0(k) are all proven rigorously in one place. Many of these
are scattered throughout the literature, e. g. various authors have proven the
discrete nature of the spectrum of M0(k) [FK97, Mor00, SEK+05] or have

Documenta Mathematica 19 (2014) 63–101



88 Giuseppe De Nittis and Max Lein

shown the non-analyticity of k 7→ P0(k) at k = 0 [FK96a]. Certainly there is no
dearth of literature on the subject (see also [Kuc01, JJWM08] and references
therein). However, most of these results are piecemeal: Some of them are
contained in publications which do not really focus on the periodic Maxwell
operator, but random Maxwell operators ([FK96b, FK97], for instance). Other
publications do not study M0 but rather operators associated to M2

0: since M
2
0

is block-diagonal, it suffices to study a second-order equation for either E or
B, see e. g. [FK96a, FK97]. In the two-dimensional case, this leads to a scalar
equation where the right-hand side is a second-order operator [FK96a].
Nevertheless, one result is new, namely Theorem 1.4 (iii): even though the pres-
ence of ground state bands is heuristically well-understood, we provide rather
simple and straight-forward proof. The k → 0 limit is related in spirit to the
homogenization limit where the wavelength of the electromagnetic wave is large
compared to the lattice spacing (see e. g. [Sus04, Sus05, SEK+05, BS07, APR12]
and references therein). On the one hand, many homogenization techniques
yield much farther-reaching results, most notably effective equations for the
dynamics (e. g. [BS07, Theorem 2.1]) while Theorem 1.4 (iii) only makes a
statement about the behavior of the ground state frequency bands. On the
other hand, compared to, say, [BS07, Theorem 2.1] or [SEK+05, Theorem 6.2],
computing the dispersion of the ground state bands for small k seems much
easier in our approach: given ε and µ, the problem reduces to orthonormalizing
2 × 3 vectors numerically and solving an eigenvalue problem for an explicitly
given 3 × 3 matrix |k · B| defined through (42) with one known eigenvalue
(namely 0). Moreover, a proof of the fact that there are 4 ground state bands
also appears to be new, e. g. in a recent publication this was stated as [SEK+05,
Conjecture 1]. Proving this fact, however, required a better insight into the na-
ture of the singularity of k 7→ P0(k) at k = 0 and necessitated the introduction
of a regularized projection P reg

0 .

4 MZ
λ and MZ

λ as ΨDOs

After expounding the properties of the periodic Maxwell operator, we proceed
to the proof of Theorem 1.3. The essential ingredient is a suitable interpretation
of the usual Weyl quantization rule

Opλ(f) :=
1

(2π)3

∫

R3

dr′
∫

R3

dk′ (Fσf)(r′, k′) e−i(k′·(iλ∇k)−r′·k̂) (44)

where

(Fσf)(r′, k′) :=
1

(2π)3

∫

R3

dr′
∫

R3

dk′ e+i(k′·r−r′·k) f(r, k)

is the symplectic Fourier transform. The idea is to combine the point of view
from [Teu03, Appendix B] and [DL11, Section 2.2] with the fact that most
results of standard pseudodifferential theory depend only on the Banach struc-
ture of the spaces involved and not on the Hilbert structure.
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First of all, equation (44) defines a ΨDO for a large class of scalar [Fol89, Hö79,
Kg81, Tay81] and vector-valued functions [Luk72, Lev90]. For instance, if f is
a Hörmander symbol or order m ∈ R and type ρ ∈ [0, 1] taking values in the
Banach space (B, ‖·‖B),

f ∈ Smρ (B) :=
{
f ∈ C∞(R6,B)

∣∣ ∀α, β ∈ N3
0 : ‖f‖m,αβ <∞

}
, (45)

where the seminorms
{
‖·‖m,αβ

}
α,β∈N3

0

are defined by

‖f‖m,αβ := sup
(r,k)∈R6

(√
1 + k2

−m+|β|ρ ∥∥∂αr ∂βk f(r, k)
∥∥
B

)
,

then (44) is defined as an oscillatory integral [Hö71]. The vector-valuedness of f
usually does not create any technical difficulties, most standard results readily
extend to vector-valued symbols, e. g. Caldéron-Vaillancourt-type theorems and
the composition of Hörmander-type symbols (see e. g. [Luk72, GMS91, MS09]
and [Teu03, Appendix A]).

In our applications B = B(h1, h2) will always be some Banach space of bounded
operators between the Hilbert spaces h1 and h2 whose elements are L2-functions
on the torus, e. g. L2(T3,CN ), h0 or d. As explained in [DL11, Section 2.2.1],
when compared to the pseudodifferential calculus associated to (−iλ∇x, x̂),
equation (44) can be seen as an equivalent representation of the same underlying
Moyal algebra [GBV88a, GBV88b]. Hence, the usual formulas and results
apply, and we may use standard Hörmander classes instead of the less common
weighted Hörmander classes as in [PST03a].

4.1 Equivariant ΨDOs

The relevant Hilbert spaces, ZHλ and ZH0, coincide with L
2
eq

(
R3, L2(T3,C6)

)

as Banach spaces, and we are in the same framework as in [Teu03, Appendix B]
and [DL11, Section 2.2.2]. The building block operators are macroscopic po-

sition iλ∇k and crystal momentum k̂ whose domains are dense in L2
eq(R3, h0)

(cf. Section 3.1).

Operators which fiber-decompose in Zak representation have the equivariance
property (28), and thus MZ

0 : L2
eq(R3, d) −→ L2

eq(R3, h0) defines a selfadjoint
operator between Hilbert spaces of equivariant functions, for instance. This
motivates the following

Definition 4.1 (Semiclassical symbols) Assume hj, j = 1, 2, are Hilbert
spaces consisting of functions on T3. A map f : [0, λ0) −→ Smρ,eq

(
B(h1, h2)

)
,

λ 7→ fλ, is called a semiclassical equivariant symbol of order m ∈ R and weight
ρ ∈ [0, 1], that is f ∈ ASmρ,eq

(
B(h1, h2)

)
, if and only if

(i) fλ(r, k − γ∗) = e−iγ∗·ŷ fλ(r, k) e+iγ∗·ŷ holds ∀ (r, k) ∈ R6, γ∗ ∈ Γ∗ and
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(ii) there exists a sequence {fn}n∈N0 , fn ∈ Sm−nρ
ρ , such that for all N ∈ N0

λ−N
(
fλ −

N−1∑

n=0

λn fn

)
∈ Sm−Nρ

ρ

(
B(h1, h2)

)

holds true uniformly in λ in the sense that for any N ∈ N0 and α, β ∈ N3
0,

there exist constants CNαβ > 0 so that the estimate
∥∥∥∥∥fλ −

N−1∑

n=0

λn fn

∥∥∥∥∥
m,αβ

≤ CNαβ λN

is satisfied for all λ ∈ [0, λ0).

Since Smρ
(
B(h1, h2)

)
and Smρ,eq

(
B(h1, h2)

)
are contained in the Moyal algebra

[GBV88a, Section III], the associated ΨDOs extend from continuous maps be-
tween vector-valued Schwartz functions to continuous maps between vector-
valued tempered distributions,

Opλ
(
Smρ
(
B(h1, h2)

))
⊂ Opλ

(
Smρ,eq

(
B(h1, h2)

))

⊂ L
(
S(R3, h1),S(R3, h2)

)
∩ L

(
S ′(R3, h1),S ′(R3, h2)

)
.

Furthermore, one can easily check that equivariant ΨDOs also preserve equiv-
ariance on the level of tempered distributions: let us define translations and
multiplication with the phase e+iγ∗·ŷ on S ′(R3, hj), j = 1, 2, by duality, i. e. we
set

(
Lγ∗F, ϕ

)
S :=

(
T, ϕ(·+ γ∗)

)
S ,

(
e−iγ∗·ŷF, ϕ

)
S :=

(
T, e+iγ∗·ŷϕ

)
S ,

for all γ∗ ∈ Γ∗ ⊂ R3. The set of equivariant tempered distributions S ′eq(R3, hj),
j = 1, 2, is comprised of those tempered distributions which satisfy

Lγ∗F = e−iγ∗·ŷF .

Then [Teu03, Proposition B.3] states that

Opλ(f) : S ′eq(R3, h1) −→ S ′eq(R3, h2)

holds for all f ∈ Smρ,eq
(
B(h1, h2)

)
. Consequently, the inclusion L2

eq(R3, hj) ⊂
S ′eq(R3, hj) and the standard Caldéron-Vaillancourt theorem imply [Teu03,
Proposition B.5]

Opλ
(
S0
ρ,eq

(
B(h1, h2)

))
⊂ B

(
L2
eq(R

3, h1) , L
2
eq(R

3, h2)
)
.

Similarly, the Moyal product ♯ which is implicitly defined through

Opλ(f♯g) := Opλ(f)Opλ(g)

extends as a bilinear, continuous map which respects equivariance,

♯ : Sm1
ρ,eq

(
B(h1, h2)

)
× Sm2

ρ,eq

(
B(h2, h3)

)
−→ Sm1+m2

ρ,eq

(
B(h1, h3)

)
. (46)
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4.2 Extension to weighted L2-spaces

We have seen that certain equivariant operator-valued functions define bounded
ΨDOs mapping between Hilbert spaces of equivariant L2-functions. The fact
B(h1, h2) only depends on the Banach space structure of h1 and h2 immediately
implies

B
(
ZD , ZHλ

)
= B

(
L2
eq(R

3, d) , L2
eq

(
R3, L2(T3,C6)

))
,

for instance, and hence any f ∈ S0
ρ,eq

(
B
(
L2(T3,C6)

))
uniquely defines a ΨDO

Opλ(f) : ZHλ −→ ZHλ. (47)

One only needs to be careful about taking adjoints: the adjoint operator cru-
cially depends on the scalar product (see e. g. the discussion of selfadjointness of
Mw in Section 2.1), but in our applications, properties such as selfadjointness
are checked “by hand”.

4.3 Proof of Theorem 1.3

Assumption 3.1 on the material weights ε and µ as well as Assumption 1.2
placed on the modulation functions imply Hλ and H0 coincide with L2(R3,C6)
as Banach spaces. Similarly, we have h0 = L2(T3,C6) on the level of Banach
spaces. This means, ZHλ and ZH0 agree with L2

eq

(
R3, L2(T3,C6)

)
as normed

vector spaces.
Seeing as we can write MZ

λ = S(iλ∇k)−2 MZ
0 , Theorem 1.3 follows from the

following

Lemma 4.2 Under the assumptions of Theorem 1.3, the following two opera-
tors are semiclassical pseudodifferential operators:

(i) S(iλ∇k)±1 = Opλ
(
S±1

)
where S, S−1 ∈ S0

1,eq

(
B
(
L2(T3,C6)

))

(ii) MZ
0 = Opλ

(
M0( · )

)
where M0( · ) ∈ S1

1,eq

(
B
(
d, L2(T3,C6)

))

Proof (i) The matrix S(r) is block-diagonal with respect to L2(T3,C6) ∼=
L2(T3,C3) ⊕ L2(T3,C3) and each block is proportional to the identity
in L2(T3,C3). Due to the assumption on the modulation functions, we
conclude

S ∈ C∞b
(
R3,B

(
L2(T3,C6)

))
⊂ S0

1

(
B
(
L2(T3,C6)

))
.

Equivariance is trivial, because S(iλ∇k) commutes with e−iγ∗·ŷ and hence

S(r) = e+iγ∗·ŷ S(r) e−iγ∗·ŷ

holds. Lastly, S−1 has the same properties as S since τ−1
ε and τ−1

µ also
satisfy Assumption 1.2. This concludes the proof of (i).
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(ii) By Proposition 3.3, the map k 7→ M0(k) is linear (the domain is inde-
pendent of k), and thus S1

1

(
B
(
d, L2(T3,C6)

))
. Equivariance follows from

equation (28), and thus we have shown (ii). �

Seeing as M0( · ) is linear, the asymptotic expansion of ♯ terminates after two
terms and the symbols of the Maxwell operators in the physical representation
can be computed from

MZ = Opλ
(
S−2♯M0( · )

)
=: Opλ(MMMλ).

ThatMMMλ is an element of AS1
1,eq

(
B
(
d, L2(T3,C6)

))
is implied by the compo-

sition properties of equivariant symbols (46) and the preceding Lemma. This
concludes the proof of Theorem 1.3.

Consequently, also the Maxwell operator in the auxiliary representation is a
semiclassical ΨDO,

MZ
λ = Opλ

(
S♯MMMλ♯S

−1
)
= Opλ

(
S−1♯M0( · )♯S−1

)
=: Opλ(Mλ) ,

whose semiclassical symbolMλ is in the same symbol class.

Corrolary 4.3 Under the assumptions of Theorem 1.3, the Maxwell operator
MZ
λ = Opλ(Mλ) in the rescaled representation is the semiclassical pseudodif-

ferential operator associated to

Mλ(r, k) = τ(r)M0(k)− λ τ(r)W
(

0 i
2

(
∇r ln τε/τµ

)×
(r)

i
2

(
∇r ln τε/τµ

)×
(r) 0

)

where τ(r) := τε(r) τµ(r). The function Mλ ∈ AS1
1,eq

(
B
(
d, L2(T3,C6)

))
is an

equivariant semiclassical symbol in the sense of Definition 4.1.

A The curl operator and the Rot operator

The aim of this Appendix is to clarify the meaning of the relation D(Rot) =
D(curl) ⊕ D(curl) used in Section 2.1 in order to define the domain of the
Maxwell operator. So to conclude our arguments from Section 2.1, we give a
brief overview on the theory of the operators curl := ∇×

x andRot. Many works
have been devoted to the rigorous study of curl on L2(Ω,C3) where Ω ⊆ R3

can be a bounded [YG90, ABDG98, HKT12] or unbounded domain [Pic98]
whose boundary satisfies various regularity properties. A lot of related results
are contained in standard texts on the Navier-Stokes equation [DL72, FT78,
GR86, Gal11]. In this Appendix, we enumerate some elementary results for the
special case Ω = R3. The crucial result is the so-called Helmholtz-Hodge-Weyl-
Leray decomposition which leads to a decomposition of any ψ ∈ L2(R3,C3)
into divergence and rotation-free component.
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A.1 The gradient operator

The gradient operator is initially defined on the smooth functions with compact
support by

∇x : C∞c (R3) −→ C∞c (R3,C3), ∇xϕ :=



∂x1ϕ
∂x2ϕ
∂x3ϕ


 . (48)

The operator ∇x is closable (any component ∂xj is anti-symmetric) and its
closure, still denoted with ∇x, has domain D(∇x) = H1(R3) and trivial null
space, ker∇x = {0}.

A.2 The divergence operator

The second operator of relevance, the divergence

div : C∞c (R3,C3) −→ C∞c (R3), divψ :=
3∑

j=1

∂xjψj , (49)

is also closable and its closure, still denoted with div, has domain [Tem01,
Section 1.2 and Theorem 1.1]

D(div) := C∞c (R3,C3)
‖·‖div =

{
ψ ∈ L2(R3,C3) | divψ ∈ L2(R3)

}
.

A relevant result is the Stokes formula [Tem01, Theorem 1.2], i. e. we have

Xψ(ϕ) :=
〈
ψ,∇xϕ

〉
L2(R3,C3)

+
〈
divψ, ϕ

〉
L2(R3)

= 0

for all ψ ∈ D(div) and ϕ ∈ H1(R3). This follows mainly from the Cauchy-
Schwarz inequality

∣∣Xψ(φ)
∣∣ 6 2 ‖ψ‖div ‖φ‖∇x . The above relation shows that

div is the adjoint of −∇x and vice versa (cf. [Pic98]). In this sense D(div) can
be seen as the space of vector fields with weak divergence.

A.3 The rotor operator

Lastly, the

curl : C∞c (R3,C3) −→ C∞c (R3,C3), curlψ :=



∂x2ψ3 − ∂x3ψ2

∂x3ψ1 − ∂x1ψ3

∂x1ψ2 − ∂x2ψ1


 (50)

is essentially selfadjoint, and thus, uniquely extends to a selfadjoint operator
whose domain

D(curl) := C∞c (R3,C3)
‖·‖

curl =
{
ψ ∈ L2(R3,C3) | curlψ ∈ L2(R3,C3)

}

(51)
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is the closure of the core with respect to the graph norm. The characteriza-
tion of D(curl) by the second equality in (51) is proven in a slightly more
general context in [DL72, Chapter 7, Lemma 4.1] (cf. also [ABDG98, Defini-
tion 2.2] and [Urb01]). By showing that the deficiency indices of curl are both
0, i. e. curlψ = ±iψ has no non-trivial solutions, one deduces curl is indeed
selfadjoint (cf. [CK57, Pic98]). A very interesting fact relates the domains of
curl and div, and the space H1(R3,C3): Theorem 2.5 of [ABDG98] states

D(curl) ∩D(div) = H1(R3,C3) (52)

which follows from the identity

‖ψ‖2H1(R3,C3) = ‖ψ‖
2
L2(R3,C3) + ‖curlψ‖

2
L2(R3,C3) + ‖divψ‖

2
L2(R3) . (53)

This decomposition of the H1(R3,C3)-norm follows from integration by parts
and the identity

(
curl

)2
= ∇x div −∆x

on C∞c (R3,C3), and a simple density argument. Note that (52) implies
C∞c (R3,C3) and H1(R3,C3) are cores for both, div and curl.

A.4 The Helmholtz-Hodge-Weyl-Leray decomposition

For a more precise characterization of the domain D(curl) we need the
Helmholtz-Hodge-Weyl-Leray decomposition (see [Tem01, Chapter I, Sec-
tion 1.4], [FT78, Section 1.1] and [Gal11, Section III.1]). Let us introduce
the subspaces

Cσ :=
{
ψ ∈ C∞c (R3,C3) | divψ = 0

}
, J := Cσ

‖·‖L2(R3,C3) .

Theorem A.1 (Helmholtz-Hodge-Weyl-Leray decomposition) The
space L2(R3,C3) admits the following orthogonal decomposition

L2(R3,C3) = J⊕⊥ G (54)

where J ⊂ D(div) is defined by

J =
{
ψ ∈ L2(R3,C3) | divψ = 0

}
= kerdiv (55)

and

G :=
{
ψ ∈ L2(R3,C3) | ψ = ∇xϕ, ϕ ∈ L2

loc(R
3)
}
= ran∇x . (56)

Moreover, one has also the following characterization:

J = kerdiv = ran curl, G = ker curl = ran∇x . (57)
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Proof (Sketch) Equation (55) is proven in [Tem01, Chapter I, Theorem 1.4,
eq. (1.34)]. The inclusion J ⊂ D(div) follows from the observation that the
norms ‖·‖L2(R3,C3) and ‖·‖div coincide on Cσ.

The definition of G as gradient fields (first equality) has been shown in [Tem01,
Chapter I, Theorem 1.4, eq. (1.33) and Remark 1.5]. The closedness of G,
and thus, the second equality is discussed in the proof of [Pic98, Lemma 2.5].
(According to our choice of convention in Section 1.1, ran∇x is the closure of
ran0∇x = ∇xH1(R3), and for an example of ϕ ∈ L2

loc(R
3) \H1(R3) such that

∇xϕ ∈ L2(R3,C3) we refer to [Gal11, Note 2, pg. 156].)
The proofs of the two remaining equalities in (57) can be found in [Pic98,
Theorem 1.1].
We remark that in case of the vector fields on all of R3, the space of harmonic
vector fields HN := kerdiv∩ker curl = {0} is the trivial vector space, because
∆ψ = 0 has no non-trivial solutions on L2(R3,C3). This concludes the proof
of (54). �

Remark A.2 According to the standard nomenclature J is known as the
space of the solenoidal or transversal vector fields while G is the space
of the irrotational or longitudinal vector fields. The orthogonal projection
P : L2(R3,C3) −→ J is called Leray projection. The identification J = ran curl
implies that curl : J −→ J and this is enough for [P, curl] = 0.

Theorem A.1 has two immediate consequences: The first is the Helmholtz split-
ting, meaning each ψ ∈ L2(R3,C3) can be uniquely decomposed into a stream
field φ ∈ D(curl) and the gradient of a potential function ϕ ∈ L2

loc(R
3),

ψ = curlφ+∇xϕ,

where curlφ and ∇xϕ are mutually orthogonal. The second is the content of
the following

Corrolary A.3 (Domain of curl) The domain D(curl) of the operator
curl admits the following splitting

D(curl) =
(
J ∩D(curl)

)
⊕⊥ G

=
(
J ∩H1(R3,C3)

)
⊕⊥ G

=
(
kerdiv ∩H1(R3,C3)

)
⊕⊥ kercurl

=
(
kerdiv ∩H1(R3,C3)

)
⊕⊥ ran∇x. (58)

Proof Theorem A.1 implies D(curl) =
(
J ∩ D(curl)

)
⊕⊥ G since G ⊂

D(curl). Moreover, relation (52) and J = kerdiv lead to J ∩ D(curl) =(
J ∩D(div)

)
∩D(curl) = J ∩H1(R3,C3). �

A.5 The Rot operator

The block structure displayed in equation (7) implies Rot defines a selfadjoint
operator on D(Rot) = D(curl) ⊕⊥ D(curl) where D(curl) is the domain of

Documenta Mathematica 19 (2014) 63–101



96 Giuseppe De Nittis and Max Lein

the rotation operator curl as given in Corollary A.3. The splitting (58) of
D(curl) carries over to Rot, namely

D := D(Rot) =
(
kerDiv ∩H1(R3,C6)

)
⊕⊥ ranGrad, (59)

where Div := div ⊕ div and Grad := ∇x ⊕ ∇x consist of two copies of div
and ∇x which are defined as in Appendix A, and ranGrad is the closure of
ran0 Grad.

The splitting of the domain (59) is motivated by the orthogonal decomposition
of

L2(R3,C6) = J⊕⊥ G := kerDiv⊕⊥ ranGrad = ranRot⊕⊥ kerRot

into transversal and longitudinal vector fields provided by the Helmholtz-
Hodge-Weyl-Leray theorem (cf. Section A.4); it extends the unique splitting

Ψ = RotΦ +Gradϕ, Φ ∈ L2(R3,C6), ϕ ∈ L2
loc(R

3,C2),

from C∞c (R3,C6) to all of L2(R3,C6). Note that the vectorsRotΦ and Gradϕ
are orthogonal with respect to the scalar product 〈· , ·〉L2(R3,C6), and thus there
exist orthogonal projections P and Q onto J and G. Moreover, Remark A.2
implies C∞c (R3,C6) and H1(R3,C6) are cores of Rot.

The free Maxwell operator Rot ∼=
∫ ⊕
B dkRot(k) is periodic with respect to

any lattice, and thus we can use the Zak transform to fiber decompose it. The
eigenvectors to any eigenvalue of Rot(k) can be explicitly constructed in terms
of plane waves.

Lemma A.4 (Band spectrum of RotZ)

(i) σ
(
Rot(k)

)
= {0} ∪

⋃

γ∗∈Γ∗

{
±|γ∗ + k|

}

(ii) There exists a k-dependent family of linearly independent vectors

{
uj± γ∗(k) | γ∗ ∈ Γ∗, j = 1, 2, 3

}

which spans all of L2(T3,C6) and has the following properties:

(1) The uj± γ∗(k) are eigenfunctions toRot(k) with eigenvalues ±|γ∗+k|
or 0 for all k ∈ R3.

(2) Away from Γ∗ ⊂ R3, all maps k 7→ uj± γ∗(k) ∈ L2(T3,C6) are locally
analytic on a small neighborhood which can be chosen to be indepen-
dent of j and γ∗.

(3) Near γ∗0 ∈ Γ∗, only those uj± γ∗(k) are locally analytic on a common
neighborhood for which γ∗ 6= −γ∗0 holds.
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Proof We begin by analyzing the original operator Rot = curl ⊗ σ2 which
can be factorized into an operator acting on L2(R3,C3) and a 2 × 2 matrix.
The Pauli matrix σ2 has eigenvalues ±1 and eigenvectors w±. curl fibers in ξ
after applying the usual Fourier transform F : L2(R3,C3) −→ L2(R3,C3),

F ∇×
x F−1 =

∫ ⊕

R3

dξ (iξ)× =:

∫ ⊕

R3

dξ curl(ξ),

and curl(ξ) = iξ× (see equation (5)) can be diagonalized explicitly: it has
eigenvalues {0,± |ξ|}. Moreover, it can be seen that the eigenvectors vj(ξ),
j = 1, 2, 3, are analytic away from ξ = 0. For ξ 6= 0, we set v1(ξ), v2(ξ) and
v3(ξ) to be the eigenvectors to +|ξ|, −|ξ| and 0, respectively. At ξ = 0 neither
the eigenvalues ± |ξ| nor the eigenvectors are analytic.
Now to the proof of the Lemma: For j = 1, 2, 3 let us set

uj± γ∗(k) := e+iγ∗·y vj(γ
∗ + k)⊗ w±

where vj(γ
∗ + k) is defined as in the preceding paragraph for ξ = γ∗ + k. The

exponential functions {e+iγ∗·y}γ∗∈Γ∗ and the {vj(ξ)⊗w±}j=1,2,3 form a basis of
L2(T3) and C3 ⊗ C2 ∼= C6, respectively, and hence, the set of all uj± γ∗ forms
a basis of L2(T3,C6). Moreover, these vectors are eigenfunctions to Rot(k)
with eigenvalues ±|γ∗ + k| (j = 1, 2) or 0 (j = 3), and thus we have shown (i),
σ
(
Rot(k)

)
= {0} ∪⋃γ∗∈Γ∗

{
±|γ∗ + k|

}
, and (ii) (1).

If k0 ∈ R3 \ Γ∗, then

|γ∗ + k| ≥ dist
(
k0,Γ

∗) > 0

is bounded from below which implies the eigenvectors uj± γ∗ are analytic in
some neighborhood of k0. These vectors vj(γ

∗ + k), j = 1, 2, 3, are analytic on
an open ball around k0 with radius dist

(
k0,Γ

∗), proving (ii) (2).
If, on the other hand, k0 = γ∗0 ∈ Γ∗, then the basis involves the vector

uj±−γ∗
0
(γ∗0 ) = e−iγ∗

0 ·y vj(0)⊗ w±

which cannot be extended analytically to a neighborhood of k0 = γ∗0 , thus
proving (ii) (3). �
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Abstract. A degenerate Keller-Segel system with diffusion exponent
m with 2n

n+2 < m < 2 − 2
n in multi dimension is studied. An exact

criterion for global existence and blow up of solution is obtained. The

estimates on L
2n
n+2 norm of the solution play important roles in our

analysis. These estimates are closely related to the optimal constant
in the Hardy- Littlewood- Sobolev inequality. In the case of initial free
energy less than a universal constant which depends on the inverse of

total mass, there exists a constant such that if the L
2n
n+2 norm of initial

data is less than this constant, then the weak solution exists globally;

if the L
2n
n+2 norm of initial data is larger than the same constant,

then the solution must blow-up in finite time. Our result shows that
the total mass, which plays the deterministic role in two dimension
case, might not be an appropriate criterion for existence and blow up

discussion in multi-dimension, while the L
2n
n+2 norm of the initial data

and the relation between initial free energy and initial mass are more
important.
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1. Introduction

In this article, we will study a degenerate Keller-Segel system for n ≥ 3
dimension:





ρt = ∆ρm − div(ρ∇c), x ∈ Rn, t ≥ 0,

−∆c = ρ, x ∈ Rn, t ≥ 0,
ρ(x, 0) = ρ0(x), x ∈ Rn,

(1.1)

where diffusion exponent m ∈ ( 2n
n+2 , 2 − 2

n ), ρ(x, t) represents the density of

bacteria and c(x, t) represents the chemical substance concentration. Mass
conservation of the system implies ‖ρ(·, t)‖L1 = ‖ρ0(·)‖L1 =M0.

Keller-Segel system with linear diffusion was proposed by Patlak [16] and
Keller-Segel [13, 14]. It is used to describe the collective motion of cells or the
evolution of the density of bacteria. This model plays important roles in the
study of chemotaxis in mathematical biology. Since 1980, Keller-Segel system
was widely studied in the literature. From the work by Childress [7], we known
that the behavior of this model strongly depends on the space dimension, the
readers can refer to two surveys given by Horstmann [11, 12].

Recently, many mathematicians are interested in finding the criterion for
global existence and blow up of solution to Keller-Segel type systems. In par-
ticular, the 2-dimensional case has been well studied. It is well known that
8π is the critical mass of 2-dimensional Keller-Segel system [5, 10, 17]. More
precisely, if the initial mass M0 < 8π, then there exists global weak solution;
if M0 > 8π, then the solution blows up in finite time; The more delicate case
M0 = 8π was studied in [2, 4].

In dimension n ≥ 3, one has to use nonlinear diffusion to balance the
non-local aggregation effect. A natural question is to find a criterion for initial
data to separate the global existence and finite time blow up to degenerate
Keller-Segel system (1.1) with diffusion exponent m > 1.

There were two critical diffusion exponents of (1.1) which have been stud-
ied recently. One is that m∗ = 2 − 2

n , which came from the scaling invariance
of the total mass. The following results were obtained in [18, 19]. If m > m∗,
the solution exists globally for any initial data; if 1 < m ≤ m∗, both global
existence and blow-up can happen for some initial data. Later on, Blanchet-
Carrillo-Laurencot in [3] studied the degenerate system with diffusion exponent
m = m∗, a critical mass was given there. Another critical exponent of (1.1),
mc = 2n

n+2 was given in [6], which came from the conformal invariance of the

free energy. The authors in [6] showed that Lmc norm of a family of positive
stationary solution can be viewed as the criterion for the global existence and
blow up of solutions.

In this paper we are interested in finding a criterion to classify the initial
data to get either global existence or blow up of the solution. Our analysis will
work for all the diffusion exponents m such that 2n

n+2 = mc < m < m∗ = 2− 2
n .
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There are two very important quantities of system (1.1). One is the total
mass which is time independent,∫

Rn
ρ(x, t)dx =

∫

Rn
ρ0(x)dx =M0,

the other is the free energy

F(ρ) = 1

m− 1

∫

Rn
ρm(x, t)dx − 1

2

∫

Rn
ρ(x, t)c(x, t)dx,

which decays in time due to the following entropy-entropy production relation

d

dt
F(ρ(·, t)) +

∫

Rn
ρ
∣∣∣∇( m

m− 1
ρm−1 − c)

∣∣∣
2

dx = 0.

The main result of this paper is

Theorem 1.1. Assume that the initial density ρ0 ∈ L1
+(Rn) ∩ Lm(Rn) and

F(ρ0) < F∗, the following holds,

(1) If ‖ρ0‖
L

2n
n+2 (Rn)

< (s∗)
n−2

2n(m−1) , then (1.1) has a global weak solution,

i.e. for all T > 0 and some 1 < r, s ≤ 2, there is a function ρ(x, t) with

ρ ∈ L∞(0,+∞;L1
+(R

n) ∩ Lm(Rn)),

∇ρ ∈ L2(0, T ;Lr(Rn)), ∂tρ ∈ L2(0, T ;W−1,s
loc (Rn)),

such that it satisfies (1.1) in the sense of distribution.

(2) If ‖ρ0‖
L

2n
n+2 (Rn)

> (s∗)
n−2

2n(m−1) and ρ0 has finite second moment, ρ(x, t)

is a solution of (1.1), then there exists a T ∗ > 0 such that

lim
t→T∗

‖ρ(·, t)‖Lm(Rn) = +∞.(1.2)

Here F∗ and s∗ are universal constants given by

F∗ =
2− 2

n −m
(m− 1)(1− 2

n )

(2n2α(n)

C(n)

) n(m−1)
2n−2−mn

M
2n−m(n+2)
2n−2−mn

0 > 0,(1.3)

s∗ =
(2n2α(n)M

2n−m(n+2)
n−2

0

C(n)

) n(m−1)
2n−2−mn

> 0,(1.4)

where M0 is the initial mass ‖ρ0‖L1(Rn), α(n) = πn/2

Γ(n2 +1) is the volume of the

unit ball of Rn and C(n) is the best constant of the Hardy-Littlewood-Sobolev
inequality, see (1.9).

Remark 1.1. We remark here that under the condition F(ρ0) < F∗, L
2n
n+2 norm

of the initial data can not be (s∗)
n−2

2n(m−1) , which can be easily checked by using
the decomposition of the free energy. Thus the classification of the initial data
in Theorem 1.1 is complete.

Remark 1.2. The result does not hold for m = m∗ = 2 − 2
n , thus there is no

contradiction with the result by Blanchet et al. in [3], where a critical mass
was obtained.
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Remark 1.3. The conditions ρ0 ∈ L1
+(Rn) ∩ Lm(Rn) and ‖ρ0‖

L
2n
n+2 (Rn)

<

(s∗)
n−2

2n(m−1) for the existence result imply that the initial free energy is positive,
i.e. F(ρ0) > 0, which can be easily checked by direct computations. Conversely,
if the initial free energy is negative, i.e. F(ρ0) < 0 and ρ0 ∈ L1

+(Rn)∩Lm(Rn),
then ‖ρ0‖

L
2n
n+2 (Rn)

> (s∗)
n−2

2n(m−1) . Therefore, our result on the blow-up of so-

lutions allows more initial data than those in the work by Sugiyama. Thus the
blow up result improves her work with γ = 0. (In [18], Y. Sugiyama proved
that if the initial free energy is negative and ρ0 ∈ L1

+(Rn) ∩ Lm(Rn), then the
solution to the degenerate Keller-Segel with Bessel potential blows up in finite
time.) In fact, Theorem 1.1 gives an exact classification of the initial data so
that the solution either exists globally or blow-up in finite time. More precisely,

it is the constant (s∗)
n−2

2n(m−1) , where s∗ is stated in (1.4), which classifies the

initial data in L
2n
n+2 norm.

Remark 1.4. The exponents of M0 in (1.3) and (1.4) are both negative due to
the fact that 2n

n+2 < m < 2− 2
n . The assumption F(ρ0) < F∗ in Theorem 1.1

gives a relation between the initial mass and the initial free energy, i.e.

F(ρ0)M
m(n+2)−2n
2n−2−mn

0 <
2− 2

n −m
(m− 1)(1− 2

n )

(2n2α(n)

C(n)

) n(m−1)
2n−2−mn

.(1.5)

As a conclusion, Theorem 1.1 implies that the initial mass itself might not be an
important quantity in the existence and blow up analysis in multi-dimension.
More precisely, no matter how small the initial mass is, the solution can still

blow up in case that ‖ρ0‖
L

2n
n+2

> (s∗)
n−2

2n(m−1) . No matter how large the initial

mass is, there still exists a global weak solution if ‖ρ0‖
L

2n
n+2

< (s∗)
n−2

2n(m−1) .

The similar fact that the initial mass is not a relevant quantity for blow-up
in the multi-dimensional Keller-Segel model is known in the literature, such
as in [9] where (1.1) with m = 1 was considered. Moreover, we can find
a consistent phenomenon with this result in parabolic-parabolic model, such
as in [20, 8]. In [8], the norm of ‖ρ0‖Ln2 was used to discuss existence and

blow-up. The author in [20] studied the case with smooth bounded domain
with homogeneous Neumann boundary conditions, they obtained the existence
result for small initial data in Lq, q > n

2 and if the domain is ball, there is
always an unbounded solution developed from initial data with arbitrary small
mass.

Example 1. For given ε0 > 0 arbitrarily small, let the initial data be

ρ0(x) =

{
ε0

Kn

α(n) , |x| ≤ 1
K ,

0, |x| > 1
K ,

where K to be determined later. Then

‖ρ0‖L1 = ε0, ‖ρ0‖
L

2n
n+2

= ε0

( Kn

α(n)

)n−2
2n

and

∫

Rn
|x|2ρ0dx <∞.
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Now we can choose K large such that

‖ρ0‖
L

2n
n+2

> (s∗)
n−2

2n(m−1) ,(1.6)

and

F(ρ0)M
m(n+2)−2n
2n−2−mn

0 <
2− 2

n −m
(m− 1)(1− 2

n )

(2n2α(n)

C(n)

) n(m−1)
2n−2−mn

.(1.7)

Therefore according to our result in theorem 1.1, the solution must blow up in
finite time.

We will give a detailed calculation of this example in the Appendix.
Similarly, we can find some initial data with large initial mass such that

the solution exist globally.

It should also be mentioned that the constants appeared in the main result
have close relation to the critical Hardy-Littlewood-Sobolev inequality. For
completeness, we cite this result from [15].

Proposition 1.1 (H.-L.-S. inequality). Let ρ ∈ L 2n
n+2 (Rn), then

∫ ∫

Rn×Rn

ρ(x)ρ(y)

|x− y|n−2
dxdy ≤ C(n)‖ρ‖2

L
2n
n+2

,(1.8)

where

C(n) = π(n−2)/2 1

Γ(n/2 + 1)

{
Γ(n/2)

Γ(n)

}−2/n

.(1.9)

Moreover, the equality holds if and only if ρ(x) = AUλ,x0 , for some constant A
and parameters λ > 0, x0 ∈ Rn, where

(1.10) Uλ,x0 = 2
n+2
4 n

n+2
2

(
λ

λ2 + |x− x0|2
)n+2

2

.

This family of radially symmetric functions (1.10) is also a class of stationary
solution of the degenerate system (1.1) with diffusion exponentm = mc =

2n
n+2 .

The readers are referred to [6] for the relations among stationary solution,
the Hardy-Littlewood-Sobolev inequality and conformal invariance of the free

energy. A direct scaling analysis tells us that L
2n
n+2 norm of Uλ,x0 is a universal

constant independent of the parameters λ and x0.
We can separate the free energy into two parts by using the Hardy-

Littlewood-Sobolev inequality (1.8), namely,

F(ρ) =
1

m− 1

∫

Rn
ρm(x, t)dx − C(n)

2(n− 2)nα(n)
‖ρ‖2

L
2n
n+2

+
C(n)

2(n− 2)nα(n)
‖ρ‖2

L
2n
n+2
− 1

2(n− 2)nα(n)

∫ ∫

Rn×Rn

ρ(x, t)ρ(y, t)

|x− y|n−2
dxdy

=: F1(ρ) + F2(ρ).

Proposition 1.1 says that F2(ρ) ≥ 0.
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Since the first part of the free energy is concave in L
2n
n+2 norm of the

solution, it is not difficult to get a priori estimates, which shows that in the
cases of supercritical and subcritical initial data, the quantity ‖ρ‖

L
2n
n+2

can be

bounded from below or from above separately. More precisely, if the initial free
energy F(ρ0) < F∗, then the following estimates hold

(1) If ‖ρ0‖ 2n
n+2

< (s∗)
n−2

2n(m−1) , then there exists a constant µ1 < 1 such that

‖ρ(·, t)‖ 2n
n+2

< (µ1s
∗)

n−2
2n(m−1) , for all t > 0.

(2) If ‖ρ0‖ 2n
n+2

> (s∗)
n−2

2n(m−1) , then there exists a constant µ2 > 1 such that

‖ρ(·, t)‖ 2n
n+2

> (µ2s
∗)

n−2
2n(m−1) , for all t > 0.

We will give the proof of the first fact for the regularized solution in the Lemma
2.1 in section 2, and show that the second is true in Lemma 3.1 in section 3.

This paper is arranged as follows. In section 2, we will give the proof of the
global existence of weak solution. After introducing the regularized problem,

a uniform estimate for the L
2n
n+2 norm of the regularized solution by using

decomposition of the free energy is obtained. Based on this estimate, further
estimates, including the spacial and time derivatives, are derived. Then the
global existence follows from standard compactness arguments with the help
of Aubin’s lemma. In section 3, with supercritical initial data, it is shown
that any solution will blow-up in finite time by studying the time derivative of
second moment.

2. Existence of weak solution

We follow the same way on the construction of the regularized problem as
in [3, 18, 19], namely,





∂tρε = ∆[(ρε + ε)m − εm]− div((ρε + ε)∇cε), x ∈ Rn, t ≥ 0,

−∆cε = Jε ∗ ρε, x ∈ Rn, t ≥ 0,
ρ(x, 0) = ρ0ε(x), x ∈ Rn

(2.1)

for ε > 0, Jε(x) = 1
εn J(

x
ε ), J(x) = 1

α(n) (1 + |x|2)−(n+2)/2 satisfying∫

Rn
Jε(x)dx = 1. A simple computation derives

cε =
1

n(n− 2)α(n)

∫

Rn

1

(|x− y|2 + ε2)
n−2
2

ρε(y)dy.

The initial data ρ0ε is the regularization of the function ρ0, it satisfies that
there exists a positive constant δ such that for all 0 < ε < δ,

ρ0ε > 0, ρ0ε ∈ Lr(Rn), r ≥ 1, ‖ρ0ε‖L1 = ‖ρ0‖L1 =M0,
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Moreover, as ε→ 0,

if ρ0 ∈ Lp for some p > 1, then ‖ρ0ε − ρ0‖Lp → 0, as ε→ 0,
∫

Rn
|x|2ρ0εdx→

∫

Rn
|x|2ρ0dx, Fε(ρ0ε)→ F(ρ0),

where Fε(ρ0ε) is the initial regularized entropy, see (2.2).
The classical parabolic theory implies that the above regularized problem

has a global smooth non-negative solution ρε for t > 0 if the initial data is
non-negative. Notice that the solution of the regularized problem (2.1) still
conserves the mass.

We will mainly focus on the estimates of the regularized solutions in this

section. After getting L
2n
n+2 estimate with the help of the free energy, we

obtain the uniform Lp estimates by using standard method. Furthermore, the
uniform estimates for space and time derivatives will be derived carefully. With
all these uniform estimates, a standard compactness argument as in [6, 1] by
using Aubin’s lemma will give the global existence.

From now on, we will present the uniform estimates in five steps and will
skip the compactness arguments.

Step 1. Free energy of the regularized problem
The free energy on the regularized solution ρε is

(2.2) Fε(ρε) =
1

m− 1

∫

Rn
((ρε + ε)m − εm)dx − 1

2

∫

Rn
ρεcεdx.

Or, the free energy has an equivalent form in the following

Fε(ρε) =
1

m− 1

∫

Rn
((ρε + ε)m − εm)dx

− 1

2(n− 2)nα(n)

∫ ∫

Rn×Rn

ρε(x, t)ρε(y, t)

(|x− y|2 + ε2)
n−2
2

dxdy.(2.3)

It is easy to check that Fε(ρε) is non-increasing in time. In fact, the system
(2.1) has the gradient flow structure

(2.4) ρεt = div

(
(ρε + ε)∇

(
m

m− 1
(ρε + ε)m−1 − cε

))
.

Now by taking m
m−1

(
(ρε + ε)m−1 − εm−1

)
− cε as a test function, we have the

following entropy-entropy production relation

d

dt
Fε(ρε(·, t)) +

∫

Rn
(ρε + ε)

∣∣∣∇
(

m

m− 1
(ρε + ε)m−1 − cε

) ∣∣∣
2

dx = 0.

The monotone decreasing property of the free energy follows immediately by
the non-negativity of the entropy production.
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Next, we separate the free energy into two parts by using the Hardy-
Littlewood-Sobolev inequality (1.8), i.e.,

Fε(ρε) =
1

m− 1

∫

Rn
((ρε + ε)m − εm) dx − C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2

+
C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2
− 1

2(n− 2)nα(n)

∫ ∫

Rn×Rn

ρε(x, t)ρε(y, t)

(|x− y|2 + ε2)
n−2
2

dxdy

≥ 1

m− 1

∫

Rn
ρmε dx −

C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2

+
C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2
− 1

2(n− 2)nα(n)

∫ ∫

Rn×Rn

ρε(x, t)ρε(y, t)

|x− y|n−2
dxdy

=: F1(ρε) + F2(ρε).

Proposition 1.1 shows that the second part of the free energy is non-negative,
i.e. F2(ρε) ≥ 0.

Due to m >
2n

n+ 2
, interpolation shows that

‖ρε‖
L

2n
n+2
≤ ‖ρε‖1−θL1 ‖ρε‖θLm , θ =

m(n− 2)

2n(m− 1)
.(2.5)

Thus the first part of the free energy is

F1(ρε) =
1

m− 1

∫

Rn
ρmε (x, t)dx − C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2

≥ 1

m− 1
‖ρε‖

(θ−1)m
θ

L1 ‖ρε‖
m
θ

L
2n
n+2
− C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2

(2.6)

≥ 1

m− 1
M

2n−m(n+2)
n−2

0 ‖ρε‖
2n(m−1)
n−2

L
2n
n+2

− C(n)

2(n− 2)nα(n)
‖ρε‖2

L
2n
n+2

.

According to the previous analysis, let

f(s) =
1

m− 1
M

2n−m(n+2)
n−2

0 s− C(n)

2(n− 2)nα(n)
s

n−2
n(m−1) .

We now have a lower bound of the first part of free energy, i.e.

f
(
‖ρε‖

2n(m−1)
n−2

L
2n
n+2

)
≤ F1(ρε).

Step 2. Uniform L
2n
n+2 norm estimate of the regularized solution.

The following lemma shows that for subcritical initial data, the quantity
‖ρε‖

L
2n
n+2

can be bounded.

Lemma 2.1. If the initial free energy Fε(ρ0ε) < F∗ := f(s∗), ‖ρ0ε‖ 2n
n+2

<

(s∗)
n−2

2n(m−1) , let ρε(x, t) be a solution of problem (2.1), then there exists a con-
stant µ1 < 1 such that

‖ρε(·, t)‖ 2n
n+2

< (µ1s
∗)

n−2
2n(m−1) , for all t > 0,
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where s∗ is the maximum point of f(s):

s∗ =
(2n2α(n)M

2n−m(n+2)
n−2

0

C(n)

) n(m−1)
2n−2−mn

.(2.7)

Proof. Notice that 1 < m < 2− 2
n implies n−2

n(m−1) > 1, we know that f(s) is a

strictly concave function in 0 < s <∞. Directly calculation shows that

f ′(s) =
1

m− 1
M

2n−m(n+2)
n−2

0 − C(n)

2(n− 2)nα(n)

n− 2

n(m− 1)
s

2n−2−mn
n(m−1) .

As a consequence, s∗ is a unique maximum point of f(s). Therefore the im-
portant property of f is that f(s) is monotone increasing for 0 < s < s∗, while
f(s) is monotone decreasing for s > s∗.

In the case that initial free energy Fε(ρ0ε) < f(s∗), we can make it even
smaller, i.e. there is a δ < 1 such that Fε(ρ0ε) < δf(s∗).

Combining all the facts we know, including the interpolation, the Hardy-
Littlewood-Sobolev inequality and the monotonicity of free energy, we have

f
(
‖ρε‖

2n(m−1)
n−2

L
2n
n+2

)
≤ F1(ρε) ≤ Fε(ρε) ≤ Fε(ρ0ε) < δf(s∗).(2.8)

If initially ‖ρ0ε‖
2n(m−1)
n−2

L
2n
n+2

< s∗, due to the fact that f(s) is increasing in 0 < s <

s∗, there exists a µ1 < 1 such that ‖ρε‖
2n(m−1)
n−2

L
2n
n+2

< µ1s
∗. �

Step 3. Uniform Lp (1 < p < n) estimates of the regularized solution.
Under the assumption of ρ0ε ∈ Lp(Rn) with 1 < p < n, we will give the

estimate on ‖ρε‖Lp , and as a byproduct, also the uniform estimates on space

derivatives ∇ρ
m+p−1

2
ε and ∇cε.

Lemma 2.2. Assume ρ0ε ∈ L1(Rn) ∩ Lp(Rn), ‖ρ0ε‖
L

2n
n+2

< (s∗)
n−2

2n(m−1) and

Fε(ρ0ε) < F∗ := f(s∗), ρε is a smooth solution of the regularized problem
(2.1), then

‖ρε‖L∞(0,T ;Lp(Rn)∩Lp+1(0,T ;Lp+1(Rn))) ≤ C, ‖∇ρ
m+p−1

2
ε ‖L2(0,T ;L2(Rn)) ≤ C,(2.9)

moreover, for 1 < p < n, it holds

‖∇cε‖L∞(0,T ;Ls(Rn)) ≤ C, s ∈
( n

n− 1
,
np

n− p
]
.(2.10)

Documenta Mathematica 19 (2014) 103–120



112 Li Chen, Jinhuan Wang

Proof. Multiplying the first equation of (2.1) by pρp−1
ε with p > 1, we have

d

dt

∫

Rn
ρpεdx

= −pm(p− 1)

∫

Rn
(ρε + ε)m−1ρp−2

ε |∇ρε|2dx

+(p− 1)

∫

Rn
∇ρpε · ∇cεdx+ εp

∫

Rn
∇ρp−1

ε · ∇cεdx

≤ −pm(p− 1)

∫

Rn
ρp+m−3
ε |∇ρε|2dx+ (p− 1)

∫

Rn
ρp+1
ε dx+ pε

∫

Rn
ρpεdx

= − 4pm(p− 1)

(m+ p− 1)2

∫

Rn
|∇ρ

m+p−1
2

ε |2dx + (p− 1)

∫

Rn
ρp+1
ε + pε

∫

Rn
ρpεdx.

Now we will focus on the estimate on

∫

Rn
ρp+1
ε .

∫

Rn
ρp+1
ε =

∥∥∥ρ
m+p−1

2
ε

∥∥∥
2(p+1)
m+p−1

L
2(p+1)
m+p−1

≤ G
2(p+1)
m+p−1

∥∥∥∇ρ
m+p−1

2
ε

∥∥∥
α 2(p+1)
m+p−1

L2
·
∥∥∥ρ

m+p−1
2

ε

∥∥∥
(1−α) 2(p+1)

m+p−1

Lr
,

where G is the constant from Gagliardo-Nirenberg-Sobolev ineqality,

m+ p− 1

2
r =

2n

n+ 2
,

m+ p− 1

2(p+ 1)
=
α(n− 2)

2n
+

1− α
r

,

and

α =

m+p−1
2 (n+2

2n − 1
p+1 )

(n+2)(m+p−1)−2(n−2)
4n

.

In the next, we will use notation

ν := α
2(p+ 1)

m+ p− 1
=

2(n+ 2)(p+ 1)− 4n

(n+ 2)(m+ p− 1)− 2(n− 2)
< 2

in the case of m >
2n

n+ 2
. Thus by Young’s inequality, we get

∫

Rn
ρp+1
ε ≤ G

2(p+1)
m+p−1

∥∥∥∇ρ
m+p−1

2
ε

∥∥∥
ν

L2
‖ρε‖(1−α)(p+1)

L
2n
n+2

≤ G
2(p+1)
m+p−1

(
ǫ
∥∥∥∇ρ

m+p−1
2

ε

∥∥∥
2

L2
+ C(ǫ)‖ρε‖

2(1−α)(p+1)
2−ν

L
2n
n+2

)
.(2.11)

Now we can choose ǫ such that

(p− 1)G
2(p+1)
m+p−1 ǫ =

2pm(p− 1)

(m+ p− 1)2
.
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By using the boundedness of ‖ρε‖
L

2n
n+2

from Lemma 2.1, we have

d

dt

∫

Rn
ρpεdx +

2pm(p− 1)

(m+ p− 1)2

∫

Rn
|∇ρ

m+p−1
2

ε |2dx

≤ pε

∫

Rn
ρpεdx + C(M0, p, n).(2.12)

Gronwall’s inequality implies that ρε ∈ L∞(0, T ;Lp(Rn)). Therefore we have
the uniform estimate by integrating (2.12) in t, for any fixed T > 0,

sup
0≤t≤T

∫

Rn
ρpε(x, t)dx +

2pm(p− 1)

(m+ p− 1)2

∫ T

0

∫

Rn
|∇ρ

m+p−1
2

ε |2dxdt ≤ C(M0, p, n, T ).

Moreover combining this estimate with (2.11), it is easy to see that ρε ∈
Lp+1(0, T ;Lp+1 (Rn)). The estimate for ∇cε in (2.10) can be directly obtained
from the weak Young inequality. �

Remark 2.1. The above lemma gives a general Lp estimate. In particu-
lar, we can take p = m and get the estimate ρε ∈ L∞(0, T ;Lm(Rn)) ∩
Lm+1(0, T ;Lm+1(Rn)) which will be used later.

Remark 2.2. The fact that m > 2n
n+2 is very important in the above proof. It

makes the use of Young’s inequality successful (see (2.11)), which is impossible
in the case m = 2n

n+2 , ν = 2.

Step 4. Uniform estimates for the space derivatives
The estimate on space derivative of ρε is important in order to use Aubin’s

lemma for compactness arguments. We will use the Lp estimate when p = m.

Lemma 2.3. Assume p = m and the assumptions of Lemma 2.1 hold, then

‖∇ρε‖
L2(0,T ;L

2m
3−m (Rn))

≤ C, in the case of m <
3

2
,(2.13)

‖∇ρε‖L2(0,T ;L2(Rn)) ≤ C, in the case of m ≥ 3

2
.(2.14)

Proof. In the case of m < 3
2 , using (2.9), it holds for p = m that

‖ρε‖L∞(0,T ;Lm(Rn)) ≤ C, ‖∇ρm− 1
2

ε ‖L2(0,T ;L2(Rn)) ≤ C.(2.15)

We can use the expression

∇ρε =
2

2m− 1
ρ

3
2−m
ε ∇ρm− 1

2
ε ,

then the Hölder inequality and (2.15) imply (2.13).
In the case of m ≥ 3

2 , taking ρ
2−m
ε as test function in (1.1), we have

1

3−m
d

dt

∫

Rn
ρ3−mε dx+m(2−m)

∫

Rn
|∇ρε|2 dx

≤ 2−m
3−m

∫

Rn
ρ4−mε dx+ ε

∫

Rn
ρ3−mε dx.
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Next we only need to estimate
∫
Rn ρ

4−m
ε dx by ‖ρε‖Lm and

‖∇ρm− 1
2

ε ‖L2(0,T ;L2(Rn)). By the Gagliardo-Nirenberg-Sobolev inequality,
we have∫

Rn
ρ4−mε dx = ‖ρm−1/2

ε ‖
4−m
m−1/2

L
4−m
m−1/2

≤ C‖∇ρm−1/2
ε ‖θ

4−m
m−1/2

L2 ‖ρm−1/2
ε ‖(1−θ)

4−m
m−1/2

L
m

m−1/2

= C‖∇ρm−1/2
ε ‖θ

4−m
m−1/2

L2 ‖ρε‖(1−θ)(4−m)
Lm ,(2.16)

where 0 < θ = 2(2−m)(m−1/2)

m(4−m)(m−1/2
m −n−2

2n )
< 1. Thus it remains to show if m ≥ 3

2 and

2n
n+2 < m < 2− 2

n , it holds that

θ
4−m
m− 1/2

=
2(2−m)

m− 1
2 −

m(n−2)
2n

≤ 2.(2.17)

Actually, (2.17) is equivalent to m ≥ 5n
3n+2 , which can be obtained from the

following two facts.

• When n ≥ 6, since 2n
n+2 ≥ 5n

3n+2 , we have m > 5n
3n+2 ;

• When n < 6, since 3
2 >

5n
3n+2 , we have m > 5n

3n+2 .

Now by integrating (2.16) in time, we have
∫ T

0

∫

Rn
ρ4−mε dxdt ≤ C

(
‖ρε‖L∞(0,T ;Lm(Rn)), ‖∇ρm−1/2

ε ‖L2(0,T ;L2(Rn)), T
)
.

Therefore,

1

(3−m)

∫

Rn
ρ3−mε dx+m(2−m)

∫ T

0

∫

Rn
|∇ρε|2 dxdt

≤ 1

(3−m)
‖ρ0ε‖3−mL3−m + C ≤ C (‖ρ0ε‖Lm , ‖ρ0ε‖L1) + C,

where we have used the fact that 3−m ≤ m. So, (2.14) holds. �

Step 5. Uniform estimate for the time derivative.
This subsection will give another important fact in order to use Aubins

lemma, i.e. the estimate of the time derivative of ρε.

Lemma 2.4. Assume p = m and the assumptions of Lemma 2.1 hold, then

‖∂tρε‖L2(0,T ;W−1,s
loc (Rn)) ≤ C, s = min{ 2m

m+ 1
,

nm(m+ 1)

nm+ (n−m)(m+ 1)
} > 1.

Proof. By using the weak formulation of the equation, we know the estimate for
time derivative ∂tρε can be obtained directly from the estimates on ∇(ρε+ε)m
and (ρε + ε) · ∇cε. We will prove the following facts,

‖∇(ρε + ε)m‖
L2(0,T ;L

2m
m+1 (Rn))

≤ C,
‖(ρε + ε) · ∇cε‖

Lm+1(0,T ;L
nm(m+1)

nm+(n−m)(m+1) (Rn))
≤ C.
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In fact,

|∇(ρε + ε)m| = m|(ρε + ε)m−1| · |∇ρε|
≤ m|(ρm−1

ε + εm−1)| · |∇ρε| ≤ |∇ρmε |+mεm−1|∇ρε|.(2.18)

By writing

|∇ρmε | =
∣∣ 2m

2m− 1
ρ1/2ε ∇ρm−1/2

ε

∣∣,

the Hölder inequality and lemma 2.2, we have

∫

Rn
|∇ρmε |

2m
m+1 ≤ C

(∫

Rn
ρmε

) 1
m+1

(∫

Rn
|∇ρm−1/2

ε |2
) m
m+1

.

Therefore,

∫ T

0

‖∇ρmε ‖2
L

2m
m+1
≤
∫ T

0

‖ρε‖Lm‖∇ρm−1/2
ε ‖2L2dt ≤ C,

i.e.,

‖∇ρmε ‖L2(0,T ;L
2m
m+1 (Rn))

≤ C.(2.19)

By Lemma 2.3, since 2m
m+1 < min{2, 2m

3−m} and (2.19), we know that

∇(ρε + ε)m ∈ L2(0, T ;L
2m
m+1

loc (Rn)).

As a direct consequence of Lemma 2.2, we have

‖ρε · ∇cε‖
Lm+1(0,T ;L

nm(m+1)
nm+(n−m)(m+1) (Rn))

≤ C,(2.20)

where nm(m+1)
nm+(n−m)(m+1) > 1 due to 2n

n+2 < m < 2 − 2
n . By Lemma 2.2 with

(2.20) and noticing nm(m+1)
nm+(n−m)(m+1) ∈ ( n

n−1 ,
mn
n−m ], we get

‖(ρε + ε) · ∇cε‖
Lm+1(0,T ;L

nm(m+1)
nm+(n−m)(m+1) (Rn))

≤ C.

�

3. Blow up of the solution

In this section, we will discuss the blow-up of the solution when

‖ρ0‖
L

2n
n+2

> (s∗)
n−2

2n(m−1) and F(ρ0) < F∗ := f(s∗). Before we prove the result

of blow-up, we need to give a key lemma that shows in the cases of subcritical
initial data, the quantity ‖ρ‖

L
2n
n+2

can be bounded from below.
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3.1. Lower bound of ‖ρ‖
L

2n
n+2

.

Similar to the decomposition of free energy of the regularized problem, we can
separate the free energy into two parts by using the Hardy-Littlewood-Sobolev
inequality (1.8)

F(ρ) =
1

m− 1

∫

Rn
ρm(x, t)dx − C(n)

2(n− 2)nα(n)
‖ρ‖2

L
2n
n+2

+
C(n)

2(n− 2)nα(n)
‖ρ‖2

L
2n
n+2
− 1

2(n− 2)nα(n)

∫ ∫

Rn×Rn

ρ(x, t)ρ(y, t)

|x− y|n−2
dxdy

=: F1(ρ) + F2(ρ).

Proposition 1.1 says that that F2(ρ) ≥ 0.

Due to m >
2n

n+ 2
, interpolation tells us

‖ρ‖
L

2n
n+2
≤ ‖ρ‖1−θL1 ‖ρ‖θLm , θ =

m(n− 2)

2n(m− 1)
.

Thus the first part of the free energy is

F1(ρ) ≥
1

m− 1
M

2n−m(n+2)
n−2

0 ‖ρ‖
2n(m−1)
n−2

L
2n
n+2

− C(n)

2(n− 2)nα(n)
‖ρ‖2

L
2n
n+2

.

According to the previous analysis, let

f(s) =
1

m− 1
M

2n−m(n+2)
n−2

0 s− C(n)

2(n− 2)nα(n)
s

n−2
n(m−1) .

We now have a lower bound of the first part of free energy, i.e. f
(
‖ρ‖

2n(m−1)
n−2

L
2n
n+2

)
≤

F1(ρ).

Lemma 3.1. If the initial free energy F(ρ0) < F∗ := f(s∗) and ‖ρ0‖
L

2n
n+2

>

(s∗)
n−2

2n(m−1) , let ρ(x, t) be a solution of problem (1.1), then there exists a con-
stant µ2 > 1 such that

‖ρ(·, t)‖ 2n
n+2

> (µ2s
∗)

n−2
2n(m−1) , for all t > 0,

where s∗ is the maximum point of f(s):

s∗ =
(2n2α(n)M

2n−m(n+2)
n−2

0

C(n)

) n(m−1)
2n−2−mn

.

Proof. Notice that 1 < m < 2− 2
n implies n−2

n(m−1) > 1, we know that f(s) is a

strictly concave function in 0 < s <∞. Directly calculation shows that

f ′(s) =
1

m− 1
M

2n−m(n+2)
n−2

0 − C(n)

2(n− 2)nα(n)

n− 2

n(m− 1)
s

2n−2−mn
n(m−1) .

As a consequence, s∗ is a unique maximum point of f(s). Therefore the im-
portant property of f is that f(s) is monotone increasing for 0 < s < s∗, while
f(s) is monotone decreasing for s > s∗.
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In the case that initial free energy F(ρ0) < f(s∗), we can make it even
smaller, i.e. there is a δ < 1 such that F(ρ0) < δf(s∗).

Combining all the facts we know, including the interpolation, the Hardy-
Littlewood-Sobolev inequality and the monotonicity of free energy, we have

f
(
‖ρ‖

2n(m−1)
n−2

L
2n
n+2

)
≤ F1(ρ) ≤ F(ρ) ≤ F(ρ0) < δf(s∗).

If initially ‖ρ0‖
2n(m−1)
n−2

L
2n
n+2

> s∗, due to the fact that f(s) is increasing in s > s∗,

there exists a µ2 > 1 such that ‖ρ‖
2n(m−1)
n−2

L
2n
n+2

> µ2s
∗. �

3.2. Time derivative of second moment.
In this subsection, we will focus on studying the time evolution of the second
moment. The following lemma is obtained from Lemma 3.1.

Lemma 3.2. If F(ρ0) < F∗ := f(s∗) and ‖ρ0‖ 2n
n+2

> (s∗)
n−2

2n(m−1) , ρ is a solution

of (1.1), then

dm2(t)

dt
< 0.(3.1)

Proof. By direct calculation, we have

dm2(t)

dt
=
(
2n− 2(n− 2)

m− 1

)∫

Rn
ρmdx+ 2(n− 2)F(ρ).

The restriction on m < 2 − 2
n gives that 2n − 2(n−2)

m−1 < 0. Then by using the
interpolation inequality, the decreasing properties of free energy and Lemma
3.1 with µ2 > 1, we have

dm2(t)

dt
≤
(
2n− 2(n− 2)

m− 1

)
M

(θ−1)m
θ

0 ‖ρ‖
m
θ

L
2n
n+2

+ 2(n− 2)F(ρ0)

<
(
2n− 2(n− 2)

m− 1

)
M

(θ−1)m
θ

0 µ2s
∗ + 2(n− 2)f(s∗)

=
(
2n− 2(n− 2)

m− 1

)
M

(θ−1)m
θ

0 (µ2 − 1)s∗ +
(
2n− 2(n− 2)

m− 1

)
M

(θ−1)m
θ

0 s∗

+2(n− 2)
( 1

m− 1
M

(θ−1)m
θ

0 s∗ − C(n)

2(n− 2)nα(n)
(s∗)

2θ
m

)

=
(
2n− 2(n− 2)

m− 1

)
M

(θ−1)m
θ

0 (µ2 − 1)s∗ + 2nM
(θ−1)m

θ
0 s∗ − C(n)

nα(n)
(s∗)

2θ
m

=
(
2n− 2(n− 2)

m− 1

)
M

(θ−1)m
θ

0 (µ2 − 1)s∗ < 0.

where the last second equation follows from the definition of s∗. �
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3.3. The proof on the blow-up result in Theorem 1.1.
From Lemma 3.2, we know that there exists a finite time T such that

lim
t→T

m2(t) = 0.

The relation between the second moment and Lm norm of ρ can be ob-
tained by using Hölder’s inequality, ∀R > 0, we have

∫

Rn
ρ(x)dx ≤

∫

BR

ρ(x)dx +

∫

BcR

ρ(x)dx ≤ CRn(m−1)/m‖ρ‖Lm +
1

R2
m2(t).

Now by choosing R = ( m2(t)
C‖ρ‖Lm )

m
(m−1)n+2m , we have

‖ρ‖L1 ≤ C‖ρ‖
2m

(m−1)n+2m

Lm m2(t)
n(m−1)

(m−1)n+2m .

Consequently, there exists T ∗ ≤ T such that limt→T∗ ‖ρ‖Lm =∞.

Appendix

In Example 1, we gave an initial data of the system with small mass and
showed that the solution must blow up in finite time according to the main
result of this paper. Here in this appendix, we will give a detailed calculation
for the quantities appeared in Example 1 to make sure that the assumptions
in theorem 1.1 satisfied.

For given ε0 > 0 small, let the initial data be

ρ0(x) =

{
ε0

Kn

α(n) , |x| ≤ 1
K ,

0, |x| > 1
K ,

(3.2)

where α(n) is the volume of n dimensional unit ball, and K will be determined
later.

First of all, since ‖ρ0‖
L

2n
n+2

= ε0

(
Kn

α(n)

)n−2
2n

, to prove (1.6), i.e. ‖ρ0‖
L

2n
n+2

>

(s∗)
n−2

2n(m−1) , it is necessary to show

ε
1+ m(n+2)−2n

2(2n−2−mn)

0 K
n−2
2 > (α(n))

n−2
2n

(2n2α(n)

C(n)

) n−2
2(2n−2−mn)

.(3.3)

Notice that n > 2, there exists a constant K1 > 0 such that for all K > K1,
the formula (3.3) is true.
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The corresponding initial free energy is

F(ρ0) =
1

m− 1

∫

Rn
ρm0 dx−

1

2(n− 2)nα(n)

∫ ∫

Rn×Rn

ρ0(x)ρ0(y)

|x− y|n−2
dxdy

=
1

m− 1

∫

|x|≤ 1
K

εm0
( Kn

α(n)

)m
dx−

1

2(n− 2)nα(n)

∫

|x|≤ 1
K

∫

|y|≤ 1
K

(
ε0

Kn

α(n)

)2

|x− y|n−2
dxdy

≤
εm0

m− 1
Kn(m−1)(α(n))1−m −

1

2(n− 2)nα(n)

∫

|x|≤ 1
K

∫

|y|≤ 1
K

(
ε0

Kn

α(n)

)2

(|x|+ |y|)n−2
dxdy

≤
εm0

m− 1
Kn(m−1)(α(n))1−m −

1

2(n− 2)nα(n)

∫

|x|≤ 1
K

∫

|y|≤ 1
K

(
ε0

Kn

α(n)

)2

( 2
K
)n−2

dxdy

=
εm0

m− 1
Kn(m−1)(α(n))1−m −

22−n

2(n− 2)nα(n)
ε20K

n−2.

To show that (1.7) is true, it is necessary to show that

ε
m+m(n+2)−2n

2n−2−mn

0 Kn(m−1)(α(n))1−m <
(m− 1)22−n

2(n− 2)nα(n)
ε
2+m(n+2)−2n

2n−2−mn

0 Kn−2

+
2− 2

n −m
1− 2

n

(2n2α(n)

C(n)

) n(m−1)
2n−2−mn

.(3.4)

Notice that m < 2− 2
n implies n(m− 1) < n− 2. Thus there exists a constant

K2 > 0 such that when K > K2, (3.4) holds.
Hence taking K0 = max{K1,K2}, we know that when K > K0, the initial

data satisfies blow-up condition in Theorem 1.1.
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Abstract. Vorst and Dayton-Weibel proved that Kn-regularity im-
plies Kn−1-regularity. In this article we generalize this result from
(commutative) rings to differential graded categories and from alge-
braic K-theory to any functor which is Morita invariant, continuous,
and localizing. Moreover, we show that regularity is preserved un-
der taking desuspensions, fibers of morphisms, direct factors, and
arbitrary direct sums. As an application, we prove that the above
implication also holds for schemes. Along the way, we extend Bass’
fundamental theorem to this broader setting and establish a Nisnevich
descent result which is of independent interest.
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1

1. Introduction

Let n ∈ Z. Following Bass [1, §XII], a (commutative) ring R is called Kn-
regular if Kn(R) ≃ Kn(R[t1, . . . , tm]) for all m ≥ 1. The following implication

(1.1) R is Kn-regular⇒ R is Kn−1-regular

was proved by Vorst [29, Cor. 2.1] for n ≥ 1 and latter by Dayton-Weibel [9,
Cor. 4.4] for n ≤ 0. It is then natural to ask the following:

Question: Does implication (1.1) holds more generally ?

1The author was partially supported by the NEC Award-2742738 and by the Portuguese
Foundation for Science and Technology through PEst-OE/MAT/UI0297/2011 (CMA)

Documenta Mathematica 19 (2014) 121–139
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Statement of results. A differential graded (=dg) category A, over a base
commutative ring k, is a category enriched over complexes of k-modules; see
§2. Every (dg) k-algebra A gives naturally rise to a dg category A with a single
object and (dg) k-algebra of endomorphisms A. Another source of examples
is provided by k-schemes since, as explained in [7, Example 5.5], the derived
category of perfect complexes of every quasi-compact separated k-scheme X
admits a canonical dg enhancement perf(X).
A functor E : dgcat→M defined on the category of (small) dg categories and
with values in a stable Quillen model category (see [12, §7][18]) is called:

(i) Morita invariant if it sends Morita equivalences (see §2) to weak equiv-
alences;

(ii) Continuous if it preserves filtered (homotopy) colimits;
(iii) Localizing if it sends short exact sequences of dg categories (see [13,

§4.6]) to distinguished triangles

0→ A→ B → C → 0 7→ E(A)→ E(B)→ E(C) ∂→ ΣE(A)
in the triangulated homotopy category Ho(M).

Thanks to the work of Thomason-Trobaugh, Schlichting, Keller, Blumberg-
Mandell and others (see [3, 15, 16, 20, 22, 28]), examples of functors satisfy-
ing the above conditions (i)-(iii) include (nonconnective) algebraic K-theory
(K), Hochschild homology, cyclic homology (and its variants), topological
Hochschild homology, etc. As proved in loc. cit., when applied to A (resp.
to perf(X)) these functors reduce to the classical invariants of (dg) k-algebras
(resp. of k-schemes). Making use of the language of Grothendieck deriva-
tors, the universal functor with respect to the above conditions (i)-(iii) was
constructed in [21, §10]
(1.2) U : dgcat→ Mot ;

in loc. cit. U was denoted by Ul and Mot by Mloc
dg . Any other functor E :

dgcat → M satisfying the above conditions (i)-(iii) factors through U via a
triangulated functor E : Ho(Mot) → Ho(M); see Proposition 2.1. Because of
this universal property, which is reminiscent frommotives, Ho(Mot) is called the
triangulated category of noncommutative motives; consult the survey article
[24]. Moreover, as proved in [6, Thm. 7.6][21, Thm. 15.10], U(k) is a compact
object and for every dg category A we have the isomorphisms

HomHo(Mot)(Σ
nU(k), U(A)) ≃ Kn(A) n ∈ Z .(1.3)

Given a dg category A, an integer n, a functor E : dgcat→M, and an object
b ∈ Ho(M), let us write Ebn(A) for the abelian group HomHo(M)(Σ

nb, E(A)).
For instance, when A = A, E = U and b = U(k), Ebn(A) identifies, thanks to
(1.3), with the nth algebraic K-theory group Kn(A) of A. Following Bass, a
dg category A is called Ebn-regular if Ebn(A) ≃ Ebn(A[t1, . . . , tm]) for all m ≥
1, where A[t1, . . . , tm] := A ⊗ k[t1, . . . , tm]. Our main result, which answers
affirmatively the above question, is the following:
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Theorem 1.4. Let A be a dg category, n an integer, E : dgcat→M a functor
satisfying the above conditions (i)-(iii), and b a compact object of Ho(M).
Under these notations and assumptions, the following implication holds:

(1.5) A is Ebn-regular⇒ A is Ebn−1-regular .

Note that Theorem 1.4 uncovers in a direct and elegant way the three key
conceptual properties (= Morita invariance, continuity, and localization) that
underlie Vorst and Dayton-Weibel’s implication (1.1). Along its proof, we have
generalized Bass’ fundamental theorem and introduced a Nisnevich descent
result; see Theorems 3.1 and 4.2. These results are of independent interest.
The above implication (1.5) shows us that regularity is preserved when n is
replaced by n− 1. The same holds in the following five cases:

Theorem 1.6. Let A, n, E, b be as in Theorem 1.4.

(i) Given an integer i > 0, we have: A is Ebn-regular⇒A is EΣ−ib
n -regular.

(ii) Given a distinguished triangle c→ c′ → c′′ → Σc of compact objects in
Ho(M), we have:

(1.7) A is Ec
′

n -regular and E
c′′

n -regular ⇒ A is Ecn-regular .

(iii) Given a direct factor d of b, we have: A is Ebn-regular ⇒ A is Edn-
regular.

(iv) Given a family of objects {ci}i∈I in Ho(M), we have: A is Ecin -regular

for every i ∈ I ⇒ A is E⊕i∈Ici
n -regular.

(v) Consider the k-algebra Γ of those N× N-matrices M which satisfy the
following two conditions: (1) the set {Mij | i, j ∈ N} is finite; (2) there
exists a natural number nM such that each row and column has at
most nM non-zero entries. Let σ be the quotient of Γ by the two-sided
ideal consisting of those matrices with finitely many non-zero entries.
Under these notations, we have: A is Ebn-regular ⇒ σ(A) := A⊗ σ is
Ebn+1-regular.

In items (iii)-(iv) the assumptions of Theorem 1.4 are not necessary.

Roughly speaking, item (v) shows us that the converse of implication (1.5) also
holds as long as on the right-hand-side one tensors A with σ. Let us denote by
〈Σnb|♮,⊕ the smallest subcategory of Ho(M) which contains the object Σnb and
which is stable under taking desuspensions, fibers of morphisms, direct factors,
and arbitrary direct sums. Thanks to the above items (i)-(iv) we have:

A is Ebn-regular⇒ A is Ecn-regular ∀ c ∈ 〈Σnb|♮,⊕ .(1.8)

Moreover, in the particular case where A is Ebn-regular for every n ∈ Z one
can replace 〈Σnb|♮,⊕ in the above implication (1.8) by the smallest thick local-
izing (=stable under arbitrary direct sums) triangulated subcategory 〈b〉♮,⊕ of
Ho(M) which contains b. When E = U and b = U(k), (1.8) reduces to

A is Kn-regular⇒ A is U cn-regular ∀ c ∈ 〈ΣnU(k)|♮,⊕(1.9)
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and that in the particular case where A is Kn-regular for every n ∈ Z (e.g.
A = A with A a noetherian regular k-algebra) one can replace 〈ΣnU(k)|♮,⊕
by the triangulated category 〈U(k)〉♮,⊕. Here is one example of the above
implication (1.9):

Proposition 1.10. Consider the following distinguished triangle in Ho(Mot)

fib(l) −→ U(k)
·l−→ U(k) −→ Σfib(l) ,

where l ≥ 2 is an integer and ·l stands for the l-fold multiple of the identity

morphism. Under these notations, U
fib(l)
n (A) identifies with Browder-Karoubi

[5] mod-l algebraic K-theory Kn(A;Z/l). Consequently, the above implication
(1.9) with c := fib(l) reduces to: A is Kn-regular ⇒ A is Kn(−;Z/l)-regular.
Remark 1.11. In the particular case where A is a k-algebraA such that 1/l ∈ A,
Weibel proved in [30, 31, 32] that A is Kn(−;Z/l)-regular for every n ∈ Z.

Intuitively speaking, Proposition 1.10 shows us that mod-l algebraic K-theory
is the simplest replacement of algebraic K-theory (using fibers of morphisms)
for which regularity is preserved. Many other replacements, preserving reg-
ularity, can be obtained by combining the above implication (1.9) with the
description (1.3) of the Hom-sets of the category of noncommutative motives.
Following Bass, a (quasi-compact separated) k-scheme X is called Kn-regular
if Kn(X) ≃ Kn(X × Am) for all m ≥ 1, where A1 stands for the affine line.
As mentioned above, all the invariants of X can be recovered from its derived
dg category of perfect complexes perf(X). Hence, let us define Ebn(X) to be
the abelian group Ebn(perf(X)) and call a k-scheme X Ebn-regular if Ebn(X) ≃
Ebn(X × Am) for all m ≥ 1. Making use of Theorems 1.4 and 1.6 and of
Proposition 1.10 one then obtains the following result:

Theorem 1.12. Let X be a quasi-compact separated k-scheme, n an integer,
E : dgcat→M a functor satisfying the above conditions (i)-(iii), and b a com-
pact object of Ho(M). Under these notations and assumptions, the following
implications hold:

X is Ebn-regular⇒ X is Ebn−1-regular(1.13)

X is Ebn-regular⇒ X is Ecn-regular ∀ c ∈ 〈Σnb|♮,⊕(1.14)

X is Kn(−;Z/lν)-regular⇒ X is Kn−1(−;Z/lν)-regular ,(1.15)

where in (1.15) lν is a prime power; see Thomason-Trobaugh [28, §9.3].
Remark 1.16. As in the above Remark 1.11, Weibel proved that in the par-
ticular case where 1/l ∈ OX the k-scheme X is Kn(−;Z/lν)-regular for every
n ∈ Z.

When E = U and b = U(k), (1.13) reduces toKn-regularity⇒Kn−1-regularity.
Chuck Weibel kindly informed the author that this latter implication was
proved (in a totally different way) by Cortiñas-Haesemeyer-Walker-Weibel [8,
Cor. 4.4] in the particular case where k is a field of characteristic zero. To the
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best of the author’s knowledge all the remaining cases (with k an arbitrary
commutative ring) are new in the literature. On the other hand, (1.14) reduces
to the implication

X is Kn-regular⇒ X is U cn-regular ∀ c ∈ 〈ΣnU(k)|♮,⊕ .
Moreover, in the particular case where X is Kn-regular for every n ∈ Z (e.g. X
a regular k-scheme) one can replace 〈ΣnU(k)|♮,⊕ by the triangulated category
〈U(k)〉♮,⊕. Finally, to the best of the author’s knowledge, implication (1.15) is
also new in the literature.

Remark 1.17. Theorem 1.4 admits a “cohomological” analogue. Given a dg
category A, an integer n, a functor E : dgcat→M, and an object b ∈ Ho(M),
let us write E−n

b (A) for the abelian group HomHo(M)(E(A),Σnb). The dg

categoryA is called E−n
b -regular if E−n

b (A) ≃ E−n
b (A[t1, . . . , tm]) for allm ≥ 1.

Under these notations, the following implication

(1.18) A is E−n
b -regular⇒ A is E−n+1

b -regular

holds for every functor E which satisfies the above conditions (i)-(iii). More-
over, and in contrast with implication (1.5), it is not necessary to assume that
b is a compact object of Ho(M). The proof of (1.18) is similar to the proof of
(1.5). First replace NEbn(A) by the cokernel CE−n

b (A) of the group homomor-
phism

E−n
b (id⊗(t = 0)) : E−n

b (A) −→ E−n
b (A[t]) ,

then replace (5.2) by the group isomorphism limCE−n
b (B[x]) ≃

CE−n
b (B[x, x−1]), and finally use the new key fact that the contravariant

functor HomHo(M)(−,Σnb) sends colimits to limits.
Theorem 1.12 also admits a “cohomological” analogue. In items (i)-(iv) replace
E?
n by E−n

? and in item (v) replace the above implication by: A is E−n
b -regular

⇒ σ(A) is E−n−1
b -regular. As a consequence we obtain:

A is E−n
b -regular⇒ A is E−n

c -regular ∀ c ∈ 〈Σnb|♮,⊕ .
In the particular case where A is E−n

b -regular for every n ∈ Z we can further-
more replace 〈Σnb|♮,⊕ by the thick localizing triangulated category 〈b〉♮,⊕.
Acknowledgments: The author is very grateful to Denis-Charles Cisinski,
Lars Hesselholt and Chuck Weibel for useful e-mail exchanges, as well as to the
anonymous referee for all his comments that greatly allowed the improvement
of the article.

2. Preliminaries

Dg categories. Let k be a base commutative ring and C(k) the category of
complexes of k-modules. A differential graded (=dg) category A is a category
enriched over C(k) (morphism sets A(x, y) are complexes) in such a way that
composition fulfills the Leibniz rule: d(f ◦ g) = d(f) ◦ g + (−1)deg(f)f ◦ d(g).
A dg functor A → B is a functor enriched over C(k); consult Keller’s ICM
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survey [13]. In what follows we will write dgcat for the category of (small) dg
categories and dg functors.
A dg functor A → B is called a Morita equivalence if the restriction functor
induces an equivalence D(B) ∼→ D(A) on derived categories; see [13, §3]. The
localization of dgcat with respect to the class of Morita equivalences will be
denoted by Ho(dgcat). Note that every Morita invariant functor E : dgcat →
M descends uniquely to Ho(dgcat).
The tensor product of k-algebras extends naturally to dg categories, giving rise
to a symmetric monoidal structure −⊗− on dgcat with ⊗-unit the dg category
k. As explained in [13, §4.2], this tensor product descends to a derived tensor
product−⊗L− on Ho(dgcat). Finally, recall that a dg categoryA is called k-flat
if for any two objects x and y the functor A(x, y)⊗− : C(k)→ C(k) preserves
quasi-isomorphisms. In this particular case the derived tensor product A⊗L B
agrees with the classical one A⊗ B.

Schemes. Throughout this article all schemes will be quasi-compact and sepa-
rated. By a k-schemeX we mean a schemeX over spec(k). Given a dg category
A and a k-schemeX , we will often write A⊗LX instead of A⊗Lperf(X). When
X = spec(C) is affine we will furthermore replace A⊗L spec(C) by A⊗L C.

Noncommutative motives.

Proposition 2.1. Given a functor E : dgcat → M which satisfies the above
conditions (i)-(iii), there exists a triangulated functor E : Ho(Mot) → Ho(M)
such that E ◦ U = E.

Proof. The category dgcat carries a (cofibrantly generated) Quillen model
category whose weak equivalences are precisely the Morita equivalences; see
[26, Thm. 5.3]. Hence, it gives rise to a well-defined Grothendieck deriva-
tor HO(dgcat); consult [7, Appendix A] for the notion of derivator. Since by
hypothesisM is stable and the functor E satisfies conditions (i)-(iii), we then
obtain a well-defined localizing invariant of dg categories HO(E) : HO(dgcat)→
HO(M) in the sense of [21, Notation 15.5]. Thanks to the universal property
of [21, Thm. 10.5] this localizing invariant of dg categories factors (uniquely)
through HO(Mot) via an homotopy colimit preserving morphism of derivators
HO(Mot) → HO(M). By passing to the underlying homotopy categories of
this latter morphism of derivators we hence obtain the searched triangulated
functor E : Ho(Mot)→ Ho(M) which verifies E ◦ U = E. �

3. Nisnevich descent

In this section we prove the following Nisnevich descent result, which is of
independent interest. Its Corollary 3.4 will play a key role in the next section.
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Theorem 3.1. (Nisnevich descent) Consider the following (distinguished)
square of k-schemes

(3.2) U ×X V

��

// V

p

��
U

j
// X ,

where j is an open immersion and p is an étale morphism inducing an iso-
morphism of reduced k-schemes p−1(X − U)red ≃ (X − U)red. Then, given a
dg category A and a Morita invariant localizing functor E : dgcat → M, one
obtains a homotopy (co)cartesian square

(3.3) E(A⊗L X)
E(id⊗Lj∗) //

E(id⊗Lp∗)
��

�

E(A⊗L U)

��
E(A⊗L V ) // E(A⊗L (U ×X V ))

in the homotopy category Ho(M); see [19, Def. 1.4.1].

Proof. Consider the following commutative diagram in Ho(dgcat)

0 // perf(X)Z

∼
��

// perf(X)

p∗

��

j∗ // perf(U)

��

// 0

0 // perf(V )Z′ // perf(V ) // perf(U ×X V ) // 0 ,

where Z (resp. Z ′) is the closed set X − U (resp. p−1(X − U)) and perf(X)Z
(resp. perf(V )Z′ ) the dg category of those perfect complexes of OX -modules
(resp. of OV -modules) that are supported on Z (resp. on Z ′). As explained
by Thomason-Trobaugh in [28, §5], both rows are short exact sequences of
dg categories; see also [13, §4.6]. Furthermore, as proved in [28, Thm. 2.6.3],

the induced dg functor perf(X)Z
∼→ perf(V )Z′ is a Morita equivalence and

hence an isomorphism in Ho(dgcat). Following Drinfeld [10, Prop. 1.6.3], the
functor A⊗L − : Ho(dgcat)→ Ho(dgcat) preserves short exact sequences of dg
categories. As a consequence, we obtain the commutative diagram in Ho(dgcat)

0 // A⊗L perf(X)Z

∼
��

// A⊗L perf(X)

id⊗Lp∗

��

id⊗Lj∗ // A⊗L perf(U)

��

// 0

0 // A⊗L perf(V )Z′ // A⊗L perf(V ) // A⊗L perf(U ×X V ) // 0 ,

where both rows are short exact sequences of dg categories. Recall that by
hypothesis E sends (in a functorial way) short exact sequences of dg categories
to distinguished triangles. Consequently, by applying E to the preceding com-
mutative diagram we obtain the following morphism between distinguished
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triangles:

E(A⊗L perf(X)Z) //

∼

��

E(A⊗L X)

E(id⊗Lp∗)
��

E(id⊗Lj∗)// E(A⊗L U)

��

∂ // ΣE(A⊗L perf(X)Z)

∼

��
E(A⊗L perf(V )Z′) // E(A⊗L V ) // E(A⊗L (U ×X V ))

∂
// ΣE(A⊗L perf(V )Z′).

Since the outer left and right vertical maps are isomorphisms we conclude
that the middle square (which agrees with the above square (3.3)) is homotopy
(co)cartesian. This achieves the proof. �

Corollary 3.4. (Mayer-Vietoris for open covers) Let X be a k-scheme which
is covered by two Zariski open subschemes U, V ⊂ X. Then, given a dg category
A and a Morita invariant localizing functor E : dgcat → M, one obtains a
Mayer-Vietoris triangle

E(A⊗LX)→ E(A⊗L U)⊕E(A⊗L V )
±→ E(A⊗L (U ∩ V ))

∂→ ΣE(A⊗LX) .

Proof. This follows from the fact that when the morphism p in the square (3.2)
is an open immersion, U ×X V identifies with U ∩ V ; recall also from [19,
§1.4] that every homotopy (co)cartesian square has an associated distinguished
“Mayer-Vietoris” triangle. �

4. Generalized fundamental theorem

The following theorem was proved by Bass [1, §XII-§7-8] for n ≤ 0 and by
Quillen [11] for n ≥ 1.

Theorem 4.1. (Bass’ fundamental theorem) Let R be a ring and n an integer.
Then, we have the following exact sequence of abelian groups

0→ Kn(R)
∆→ Kn(R[x]) ⊕Kn(R[1/x])

±→ Kn(R[x, 1/x])
∂n→ Kn−1(R)→ 0 .

In this section we generalize it as follows:

Theorem 4.2. (Generalized fundamental theorem) Let A be a dg category, n
an integer, E : dgcat → M a Morita invariant localizing functor, and b and
object ofM. Then, we have the following exact sequence of abelian groups
(4.3)

0→ Ebn(A)
∆→ Ebn(A[x]) ⊕ Ebn(A[1/x])

±→ Ebn(A[x, 1/x])
∂n→ Ebn−1(A)→ 0 .

Remark 4.4. A version of (4.3) for k-schemes can be found in Remark 8.6.

Proof. Let P1 be the projective line over spec(k) and i : spec(k[x]) ⊂ P1 and
j : spec(k[1/x]) ⊂ P1 its standard Zariski open cover. Since spec(k[x]) ∩
spec(k[1/x]) = spec(k[x, 1/x]), one obtains from Corollary 3.4 the following
distinguished triangle
(4.5)

E(A⊗LP1)
(E(id⊗Li∗),E(id⊗Lj∗))

−→ E(A[x])⊕E(A[1/x])
±
→ E(A[x, 1/x])

∂
→ ΣE(A⊗LP1).

Note that since k[x], k[1/x] and k[x, 1/x] are all k-flat algebras, the derived
tensor product agrees with the classical one. Let us now study the object
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E(A ⊗L P1). As explained by Thomason in [27, §2.5-2.7], we have two fully
faithful dg functors

ι0 : perf(pt)→ perf(P1) Opt 7→ OP1(0)

ι−1 : perf(pt)→ perf(P1) Opt 7→ OP1(−1) .
Moreover, ι−1 induces a Morita equivalence between perf(pt) and Drinfeld’s dg
quotient perf(P1)/ι0(perf(pt)) (see [13, §4.4]). Following [21, §13], we obtain
then a well-defined split short exact sequence of dg categories

(4.6) 0 // perf(pt)
ι0

// perf(P1) s
//

rrr
perf(pt)

ι−1rr
// 0 ,

where r is the right adjoint of ι0, r◦ι0 = id, ι−1 is right adjoint of s, and ι−1◦s =
id. As explained in the proof of Theorem 3.1, the functor A⊗L− : Ho(dgcat)→
Ho(dgcat) preserves split short exact sequences of dg categories. Moreover,
every localizing functor sends split short exact sequences to split distinguished
triangles, i.e. to direct sums in Ho(M). Therefore, by first applying A⊗L− to
(4.6) and then the functor E we obtain the following isomorphism

(4.7) (E(id⊗Lι0), E(id⊗Lι−1)) : E(A⊗ k)⊕ E(A⊗ k) ∼−→ E(A⊗L P1) .

Recall that the line bundles OP1(0) and OP1(−1) become isomorphic when
restricted to spec(k[x]) and spec(k[1/x]). Hence, we have the commutative
diagrams

perf(pt)
ι0 --

ι−1

11 perf(P1)
i∗ // perf(spec(k[x]))

perf(pt)
ι0 --

ι−1

11 perf(P1)
j∗ // perf(spec(k[1/x]))

and consequently we obtain the equalities:

E(id⊗Li∗) ◦ E(id⊗Lι0) = E(id⊗Li∗) ◦ E(id⊗Lι−1)(4.8)

E(id⊗Lj∗) ◦ E(id⊗Lι0) = E(id⊗Lj∗) ◦ E(id⊗Lι−1) .(4.9)

Now, apply Lemma 4.11 to isomorphism (4.7) and then compose the result
with (E(id⊗Li∗), E(id⊗Lj∗)). Thanks to (4.8)-(4.9), we obtain a morphism

(4.10) Ψ : E(A⊗ k)⊕ E(A ⊗ k) −→ E(A[x]) ⊕ E(A[1/x])
which is zero on the second component and

(
E(id⊗i∗) ◦ E(id⊗ι0), E(id⊗j∗) ◦ E(id⊗ι0)

)

on the first component; note once again that since k, k[x] and k[1/x] are k-flat
the derived tensor product agrees with the classical one. Making use of (4.10),
the above distinguished triangle (4.5) identifies with

E(A) ⊕ E(A) Ψ→ E(A[x]) ⊕ E(A[1/x]) ±→ E(A[x, 1/x]) ∂→ ΣE(A)⊕ ΣE(A) .
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By applying to it the functor HomHo(M)(Σ
nb,−) we obtain then a long exact

sequence

· · · → Eb
n(A) ⊕Eb

n(A)
Ψn // Eb

n(A[x]) ⊕Eb
n(A[1/x])

± // Eb
n(A[x, 1/x]) −−−−

∂n→ Eb
n−1(A)⊕ Eb

n−1(A)
Ψn−1// Eb

n−1(A[x]) ⊕Eb
n−1(A[1/x])

± // Eb
n−1(A[x, 1/x])→ · · ·

As explained above, Ψn is zero when restricted to the second component. More-
over, since the inclusions k ⊂ k[x] and k ⊂ k[1/x] admits canonical retractions,
Ψn is injective when restricted to the first component. This implies that the
image of ∂n is precisely the second component of the direct sum. As a con-
sequence, the above long exact sequence breaks up into the exact sequences
(4.3). This achieves the proof. �

Lemma 4.11. If (f, g) : A⊕A ∼→ B is an isomorphism in an additive category,

then (f, f − g) : A⊕A ∼→ B is also an isomorphism.

Proof. Since (f, g) is an isomorphism, there exist maps i, h : B → A such that
fi+ gh = id, if = id, hf = 0, ig = 0, and hg = id. Using these equalities one
observes that (i+ h,−h) : B ∼→ A⊕A is the inverse of (f, f − g). �

Notation 4.12. Given a dg category A, let us denote by NEbn(A) the kernel of
the surjective group homomorphism

(4.13) Ebn(id⊗(t = 0)) : Ebn(A[t]) −→ Ebn(A) .
Note that the inclusion k ⊂ k[t] gives rise to a direct sum decomposition
Ebn(A[t]) ≃ NEbn(A) ⊕ Ebn(A). Note also that by induction on m, A is Ebn-
regular if and only if NEbn(A[t1, . . . , tm]) = 0 for all m ≥ 0.

Corollary 4.14. Under the notations and assumptions of Theorem 4.2, we
have the following exact sequence of abelian groups

0→ NEb
n(A)

∆
→ NEb

n(A[x])⊕NEb
n(A[1/x])

±
→ NEb

n(A[x, 1/x])
∂n→ NEb

n−1(A)→ 0 .

Proof. This follows automatically from the naturality of (4.3). �

5. Proof of Theorem 1.4

Consider the following “substitution” k-algebra homomorphism

k[x][t] −→ k[x][t] p(x, t) 7→ p(x, xt) .(5.1)

Given a dg category B, let us denote by colimNEbn(B[x]) the direct limit of
the following diagram of abelian groups

NEbn(B[x])
NEbn(id⊗(5.1))−→ NEbn(B[x])

NEbn(id⊗(5.1))−→ NEbn(B[x])
NEbn(id⊗(5.1))−→ · · ·

We start by proving that we have a group isomorphism

(5.2) colimNEbn(B[x]) ≃ NEbn(B[x, x−1]) .
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Consider first the commutative diagram

(5.3) k[x][t]

(t=0)
��

(5.1) // k[x][t]

(t=0)
��

(5.1) // k[x][t]

(t=0)
��

(5.1) // · · ·

k[x] k[x] k[x] · · ·

Note that the colimit of the lower row is k[x] while the colimit of the upper row
is the k-algebra R := k[x] + tk[x, 1/x][t] ⊂ k[x, 1/x][t]. By first tensoring (5.3)
with B and then applying the functor Ebn we obtain the commutative diagram
(5.4)

NEbn(B[x])
NEbn(id⊗(5.1))//

��

NEbn(B[x])
NEbn(id⊗(5.1))//

��

NEbn(B[x])
NEbn(id⊗(5.1))//

��

· · ·

Ebn(B[x][t])
Ebn(id⊗(5.1)) //

(4.13)
��

Ebn(B[x][t])
Ebn(id⊗(5.1)) //

(4.13)
��

Ebn(B[x][t])
Ebn(id⊗(5.1)) //

(4.13)
��

· · ·

Ebn(B[x]) Ebn(B[x]) Ebn(B[x]) · · ·

Recall from Notation (4.12) that each column is a (split) short exact sequence
of abelian groups. The colimit of the lower row is clearly Ebn(B[x]). Since
the functors B ⊗ − : dgcat → dgcat and E : dgcat → M preserve filtered
(homotopy) colimits and b is a compact object of Ho(M), the colimit of the
middle row identifies with Ebn(B ⊗R). Hence, from diagram (5.4) one obtains
the isomorphism

(5.5) colimNEbn(B[x]) ≃ Ker
(
Ebn(B ⊗R)

(4.13)−→ Ebn(B[x])
)
.

Now, consider the k-algebras R and k[x] endowed with the sets of left de-
nominators S1 := {xn}n≥0 ⊂ R and S2 := {xn}n≥0 ⊂ k[x]. The k-algebra
homomorphism

R = k[x] + tk[x, 1/x][t] −→ k[x] t 7→ 0(5.6)

identifies S1 with S2 and moreover induces a quasi-isomorphism

0 // R

(5.6)
��

// R[S−1
1 ] = k[x, 1/x][t]

(5.6)
��

// 0

0 // k[x] // k[x][S−1
2 ] = k[x, 1/x] // 0 .

As a consequence, since R and k[x] are clearly k-flat algebras, conditions a)
and b) of [14, §4.2] are satisfied. In loc. cit. Keller also assumes that the base
ring k is coherent and of finite dimensional global dimension. However, these
extra assumptions are only used to prove the localization theorem for model
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categories; see [14, §5-6]. We obtain then a commutative diagram in Ho(dgcat)

(5.7) 0 // A1

∼
��

// perf(R)

��

// perf(k[x, x−1][t])

��

// 0

0 // A2 // perf(k[x]) // perf(k[x, x−1]) // 0 ,

where moreover each row is a short exact sequence of dg categories and the left
vertical map is a quasi-isomorphism (and hence a Morita equivalence) of dg
k-algebras; consult [14, §4.3] for further details. By first tensoring (5.7) with
B and then applying the functor E we obtain (as in the proof of Theorem 3.1)
a homotopy (co)cartesian square

(5.8) E(B ⊗R)

��

//

�

E(B[x, 1/x][t])

��
E(B[x]) // E(B[x, 1/x]) .

Note that since R, k[x], k[x, 1/x], and k[x, 1/x][t] are all k-flat algebras, the
derived tensor product agrees with the classical one. Note also that the natural
inclusions k[x] ⊂ R and k[x, 1/x] ⊂ k[x, 1/x][t] give rise to sections of the
vertical maps. As a consequence, since (5.8) is homotopy (co)cartesian, we
obtain an induced isomorphism

Ker
(
Ebn(B ⊗R)

(4.13)→ Ebn(B[x])
) ∼−→ Ker

(
Ebn(B[x, 1/x][t])

(4.13)→ Ebn(B[x, 1/x])
)
.

Since the right-hand-side is by definition NEbn(B[x, 1/x]) the searched isomor-
phism (5.2) follows now from isomorphism (5.5).
We are now ready to conclude the proof. As explained in Notation 4.12, a
dg category A is Ebn-regular if and only if NEbn(A[t1, . . . , tm]) = 0 for any all
m ≥ 0. Since A is Ebn-regular we hence have NEbn(A[t1, . . . , tm]) = 0 for all
m ≥ 0. Using isomorphism (5.2) (with B = A[t1, . . . tm−1]) we conclude that

colimNEbn(A[t1, . . . , tm−1][x]) ≃ NEbn(A[t1, . . . , tm−1][x, 1/x]) = 0 .

The exact sequence of Corollary 4.14 (with A = A[t1, . . . , tm−1]) implies that
NEbn−1(A[t1, . . . , tm−1]) = 0. Since this holds for every m ≥ 0, we conclude

finally that A is Ebn−1-regular. This concludes the proof of Theorem 1.4.

6. Proof of Theorem 1.6

Item (i) follows from the combination of implication (1.5) with the equalities

EΣ−ib
n (A) := HomHo(M)(Σ

n(Σ−ib), E(A)) = HomHo(M)(Σ
n−ib, E(A)) =: Eb

n−i(A) .

In what concerns item (ii), note that by applying the bifunctor
HomHo(M)(−,−) to the sequence

Σn−1c′ → Σn−1c′′ → Σnc→ Σnc′ → Σnc′′
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in the first variable and to the morphism E(A) → E(A[t1, . . . , tm]) in the
second variable, one obtains the following commutative diagram

Ec
′′

n (A)

��

// Ec
′′

n (A[t1, . . . , tm])

��
Ec

′

n (A)

��

// Ec
′

n (A[t1, . . . , tm])

��
Ecn(A)

��

// Ecn(A[t1, . . . , tm])

��
Ec

′′

n−1(A)

��

// Ec
′′

n−1(A[t1, . . . , tm])

��
Ec

′

n−1(A) // Ec
′

n−1(A[t1, . . . , tm]) ,

where each column is exact. Since by hypothesis A is Ec
′

n -regular and Ec
′′

n -
regular the two top horizontal morphisms are isomorphisms. Using implication
(1.5) we conclude that the two bottom horizontal morphisms are also isomor-
phisms. Using the 5-lemma one then concludes that the horizontal middle
morphism is an isomorphism. This implies that A is Ecn-regular.
Let us now prove item (iii). Since by hypothesis d is a direct factor of b, there
exist morphisms d→ b and b→ d such that the composition d→ b→ d equals
the identity of d. This data gives naturally rise to the following commutative
diagram

(6.1) Edn(A)

��

// Ebn(A)

��

// Edn(A)

��
Edn(A[t1, . . . , tm]) // Ebn(A[t1, . . . , tm]) // Edn(A[t1, . . . , tm]) ,

where both horizontal compositions are the identity. By assumption, A is Ebn-
regular and so the vertical middle morphism in (6.1) is an isomorphism. From
the commutativity of (6.1) and the fact that isomorphisms are stable under
retractions, one concludes that the vertical left-hand-side (or right-hand-side)
morphism is also an isomorphism. This implies that A is Edn-regular.
Item (iv) follow from the combination of implication (1.5) with the equalities

E⊕i∈Ici
n (A) := Hom(Σn(⊕i∈Ici), E(A)) =

∏

i∈I
Hom(Σnci, E(A)) =:

∏

i∈I
Ecin (A) ,

where we have removed the subscripts of Hom in order to simplify the expo-
sition. Let us now prove item (v). As explained in [23, Thm. 1.2], we have a

canonical isomorphism U(σ(A)) ∼→ ΣU(A) in Ho(Mot); in loc. cit. σ(A) was
denoted by Σ(A) and U by U loc

dg . Hence, by applying the triangulated functor

E of Proposition 2.1 to the square below (6.6) (with B := A[t1, . . . , tm]), one
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obtains the square

(6.2) E(σ(A))

��

∼ // ΣE(A)

��
E(σ(A[t1, . . . , tm])) ∼

// ΣE(A[t1, . . . , tm])

in the homotopy category Ho(M). Since by construction σ(A[t1, . . . , tm]) and
σ(A)[t1, . . . , tm] are canonically isomorphic, (6.2) gives rise to the following
commutative diagram
(6.3)

HomHo(M)(Σ
n+1b, E(σ(A)))

��

∼ // HomHo(M)(Σ
n+1b,ΣE(A))

��
HomHo(M)(Σ

n+1b, E(σ(A)[t1, . . . , tm])) ∼
// HomHo(M)(Σ

nb,ΣE(A[t1, . . . , tm])) .

Moreover, using the fact that Σ−1(−) is an autoequivalence of Ho(M), we
have
(6.4)

HomHo(M)(Σ
n+1b,ΣE(A))

��

∼

Σ−1(−) // HomHo(M)(Σ
nb, E(A))

��
HomHo(M)(Σ

n+1b,ΣE(A[t1, . . . , tm]))
∼

Σ−1(−)

// HomHo(M)(Σ
nb, E(A[t1, . . . , tm])) .

Now, recall that by hypothesis A is Ebn-regular. Hence, the vertical right-
hand-side morphism in (6.4) is an isomorphism. Consequently, by combining
(6.3)-(6.4), we conclude that the vertical left-hand-side morphism in (6.3), i.e.
Ebn+1(σ(A)) → Ebn+1(σ(A)[t1, . . . , tm]) is an isomorphism. This implies that

σ(A) is Ebn+1-regular and so the proof is finished.

Lemma 6.5. Given a dg functor F : A → B, we have a commutative diagram

(6.6) U(σ(A))
U(σ(F ))

��

∼ // ΣU(A)
ΣU(F )

��
U(σ(B)) ∼

// ΣU(B)

in the homotopy category Ho(Mot).

Proof. Thanks to [23, Prop. 4.9], we have the diagram in Ho(dgcat)

(6.7) 0 // A⊗ k
F⊗id

��

// A⊗ Γ

F⊗id

��

// A⊗ σ
F⊗id

��

// 0

0 // B ⊗ k // B ⊗ Γ // B ⊗ σ // 0 ,

where both rows are short exact sequences of dg categories. Consequently, by
applying the functor U to (6.7) we obtain the following morphism between
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distinguished triangles:

(6.8) U(A)
U(F )

��

// U(A⊗ Γ)

��

// U(σ(A))
U(σ(F ))

��

∂ // ΣE(A)
ΣU(F )

��
U(B) // U(B ⊗ Γ) // U(σ(B))

∂
// ΣE(B) .

As explained in [23, §6], U(A ⊗ Γ) and U(B ⊗ Γ) are isomorphic to zero in
Ho(Mot). Hence, the connecting morphisms ∂ are isomorphisms and so the
searched commutative square (6.6) is the right-hand-side square in (6.8). This
achieves the proof. �

7. Proof of Proposition 1.10

Consider the following distinguished triangle in Ho(Mot)

U(k)
·l−→ U(k) −→ U(k)/l −→ ΣU(k) .

As proved in [25, Prop. 2.12], one has the following isomorphisms

HomHo(Mot)(Σ
n(U(k)/l), U(A)) ≃ Kn+1(A;Z/l) n ∈ Z .

In loc. cit. the author worked with k = Z and with the additive version of
Mot where localization is replaced by additivity; however, the arguments are
exactly the same. The proof follows now from the fact that U(k)/l ≃ Σfib(l)

and from the definition U
fib(l)
n (A) := HomHo(Mot)(Σ

nfib(l), U(A)).

8. Proof of Theorem 1.12

Since by hypothesis X is Ebn-regular the isomorphism Ebn(X) ≃ Ebn(X × Am)
holds for all m ≥ 1. By applying Proposition 8.2 below to X and to the k-flat
k-scheme Y = Am we obtain moreover the following isomorphisms

(8.1) Ebn(X × Am)
(8.3)≃ Ebn(perf(X)⊗ perf(Am)) ≃ Ebn(perf(X)[t1, . . . , tm]) .

Note that since Am = spec(k[t1, . . . , tm]) is an affine k-flat algebra the derived
tensor product agrees with the classical one. By combining (8.1) with the
isomorphism Ebn(X) ≃ Ebn(X × Am) we conclude then that the dg category
perf(X) is Ebn-regular. By Theorem 1.4 it is also Ebn−1-regular. Hence, using
again the above isomorphisms (8.1) (with n replaced by n− 1) one concludes
that the isomorphism Ebn−1(X) ≃ Ebn−1(X × Am) holds for all m ≥ 1, i.e.

that X is Ebn−1-regular. This proves implication (1.13). Implication (1.14)
follows automatically from the combination of the above isomorphism (8.1)
with implication (1.8). Finally, implication (1.15) follows from the combination
of Proposition 1.10 with implication (1.13) and with [25, Example 2.13]. This
achieves the proof.

Proposition 8.2. Let X and Y be two quasi-compact separated k-schemes with
Y k-flat, n an integer, E : dgcat → M a Morita invariant localizing functor,
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and b an object of M. Under these notations and assumptions, we have a
canonical isomorphism

(8.3) Ebn(−⊠L −) : Ebn(perf(X)⊗L perf(Y ))
∼−→ Ebn(perf(X × Y )) .

Proof. The proof will consist on showing that the canonical maps

(8.4) E(−⊠L −)Z,W : E(perf(Z)⊗L perf(W )) −→ E(perf(Z ×W )) ,

parametrized by the pairs (Z,W ) of quasi-compact separated k-schemes with
W k-flat, are isomorphisms. The above isomorphism (8.3) will follow then from
(8.4) (with Z := X and W := Y ) by applying the functor HomHo(M)(Σ

nb,−).
Let us denote by Sch the category of quasi-compact separated k-schemes and
by Schflat the full subcategory of k-flat schemes. Note that we have two well-
defined contravariant bifunctors

E(perf(−)⊗L perf(−)) E(perf(−×−))
from Sch × Schflat to Ho(M). Moreover, the above canonical maps (8.4) give
rise to a natural transformation of bifunctors

(8.5) E(perf(−)⊗L perf(−))⇒ E(perf(−×−)) .
Our goal is then to show that (8.5) is an isomorphism when evaluated at any
pair (Z,W ) ∈ Sch× Schflat. Let us start by fixing W . Thanks to Theorem 3.1
(applied to A = perf(W )) one observes that the functor E(perf(−)⊗Lperf(W ))
satisfies Nisnevich descent and hence by Corollary 3.4 Zariski descent. In what
concerns E(perf(−×W )) note first that by applying the functor −×W to (3.2)
one still obtains a (distinguished) square of k-schemes. Therefore, Theorem 3.1
(applied to A = k) allows us to conclude that E(perf(− ×W )) satisfies also
Nisnevich descent.
Now, by the reduction principle of Bondal and Van den Bergh (see [4,
Prop. 3.3.1]) the above natural transformation (8.5) is an isomorphism when
evaluated at the pairs (Z,W ), with W fixed, if and only if it is an isomorphism
when evaluated at the pairs (spec(C),W ), with C a commutative k-algebra.
By fixing Z and making the same argument one concludes also from the re-
duction principle that (8.5) is an isomorphism when evaluated at the pairs
(Z,W ), with Z fixed, if and only if it is an isomorphism when evaluated at
the pairs (Z, spec(D)), with D a k-flat commutative k-algebra. In conclusion
it suffices to show that (8.5) is an isomorphism when evaluated at the pairs
(spec(C), spec(D)). Note that in this particular case we have the following
canonical Morita equivalences

perf(spec(C)) ≃ C perf(spec(D)) ≃ D perf(spec(C)× spec(D)) ≃ C ⊗D .

Moreover, since the k-algebra D is k-flat, the derived tensor product C ⊗L D
agrees with the classical one C ⊗D. By applying the functor E to this latter
isomorphism one obtains the evaluation E(C ⊗L D) ≃ E(C ⊗D) of the above
natural transformation (8.5) at the pair (spec(C), spec(D)). This concludes
the proof of Proposition 8.2. �
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Remark 8.6. Given a quasi-compact separated k-scheme X , let

X [x] := X × A1 X [1/x] := X × spec(k[1/x]) X [x, 1/x] := X × spec(k[x, 1/x]) .

Making use of Proposition 8.2 and the k-flatness of k[x], k[1/x] and k[x, 1/x],
one observes that Theorem 4.2 applied to A = perf(X) reduces to the following
exact sequence of abelian groups

0→ Ebn(X)
∆→ Ebn(X [x])⊕ Ebn(X [1/x])

±→ Ebn(X [x, 1/x])
∂n→ Ebn−1(X)→ 0 .
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Abstract. We compute the trace of an endomorphism in equivariant
bivariant K-theory for a compact group G in several ways: geometri-
cally using geometric correspondences, algebraically using localisation,
and as a Hattori–Stallings trace. This results in an equivariant ver-
sion of the classical Lefschetz fixed-point theorem, which applies to
arbitrary equivariant correspondences, not just maps.

We dedicate this article to Tamaz Kandelaki, who was a coauthor in
an earlier version of this article, and passed away in 2012. We will
remember him for his warm character and his perseverance in doing
mathematics in difficult circumstances.
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1 Introduction

Here we continue a series of articles by the last two authors about Euler char-
acteristics and Lefschetz invariants in equivariant bivariant K-theory. These
invariants were introduced in [11, 13–16]. The goal is to compute Lefschetz
invariants explicitly in a way that generalises the Lefschetz–Hopf fixed-point
formula.
Let X be a smooth compact manifold and f : X → X a self-map with simple
isolated fixed points. The Lefschetz–Hopf fixed-point formula identifies
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1. the sum over the fixed points of f , where each fixed point contributes ±1
depending on its index;

2. the supertrace of the Q-linear, grading-preserving map on K∗(X) ⊗ Q
induced by f .

It makes no difference in (2) whether we use rational cohomology or K-theory
because the Chern character is an isomorphism between them.
We will generalise this result in two ways. First, we allow a compact group G to
act on X and get elements of the representation ring R(G) instead of numbers.
Secondly, we replace self-maps by self-correspondences in the sense of [15]. Sec-
tions 2 and 3 generalise the invariants (1) and (2) respectively to this setting.
The invariant of Section 2 is local and geometric and generalises (1) above; the
formulas in Sections 3 and 4 are global and homological and generalise (2) (in
two different ways.) The equality of the geometric and homological invariants
is our generalisation of the Lefschetz fixed-point theorem.
A first step is to interpret the invariants (1) or (2) in a category-theoretic way
in terms of the trace of an endomorphism of a dualisable object in a symmetric
monoidal category.
Let C be a symmetric monoidal category with tensor product ⊗ and tensor
unit 1. An object A of C is called dualisable if there is an object A∗, called its
dual, and a natural isomorphism

C(A⊗B,C) ∼= C(B,A∗ ⊗ C)

for all objects B and C of C. Such duality isomorphisms exist if and only if
there are two morphisms η : 1 → A ⊗ A∗ and ε : A∗ ⊗ A → 1, called unit and
counit of the duality, that satisfy two appropriate conditions. Let f : A → A
be an endomorphism in C. Then the trace of f is the composite endomorphism

1
η−→ A⊗A∗ sym−−→ A∗ ⊗A idA∗ ⊗f−−−−−→ A∗ ⊗A ε−→ 1,

where sym denotes the symmetry (or braiding) isomorphism. In this article we
also call the trace the Lefschetz index of the morphism. This is justified by the
following example.
Let C be the Kasparov category KK with its usual tensor product structure,
A = C(X) for a smooth compact manifold X , and f̂ ∈ KK0(A,A) for some
morphism. We may construct a dual A∗ from the tangent bundle or the stable
normal bundle of X . In the case of a smooth self-map of X , and assuming a
certain transversality condition, the trace of the morphism f̂ induced by the
self-map equals the invariant (1), that is, equals the number of fixed-points of
the map, counted with appropriate signs. This is checked by direct computation
in Kasparov theory, see [13] for more general results.
This paper springs in part from the reference [13]. A similar invariant to
the Lefschetz index was introduced there, called the Lefschetz class (of the
morphism). The Lefschetz class for an equivariant Kasparov endomorphism
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of X was defined as an equivariant K-homology class for X . The Lefschetz
index, that is, the categorical trace, discussed above, is the Atiyah–Singer index
of the Lefschetz class of [13].
The main goal of this article is to give a global, homological formula for the
Lefschetz index generalising the invariant (2) for a non-equivariant self-map.
The formulation and proof of our homological formula works best for Hodgkin
Lie groups. A more complicated form applies to all compact groups. The
article [13] also provides two formulas for the equivariant Lefschetz class whose
equality generalises that of the invariants (1) and (2), but the methods there
are completely different.
The other main contribution of this article is to compute the geometric expres-

sion for the Lefschetz index in the category k̂k
G
of geometric correspondences

introduced in [15]. This simplifies the computation in Kasparov’s analytic the-
ory in [13] and also gives a more general result, since we can work with general
smooth correspondences rather than just maps. Furthermore, using an idea of
Baum and Block in [4], we give a recipe for composing two smooth equivari-
ant correspondences under a weakening of the usual transversality assumption
(of [6]). This technique is important for computing the Lefschetz index in the
case of continuous group actions, where transversality is sometimes difficult to
achieve, and in particular, aids in describing equivariant Euler characteristics
in our framework.
Section 2 contains our geometric formula for the Lefschetz index of an equiv-
ariant self-correspondence. Why is there a nice geometric formula for the Lef-
schetz index of a self-map in Kasparov theory? A good explanation is that
Connes and Skandalis [6] describe KK-theory for commutative C∗-algebras ge-
ometrically, including the Kasparov product; furthermore, the unit and counit
of the KK-duality for smooth manifolds have a simple form in this geomet-
ric variant of KK. An equivariant version of the theory in [6] is developed
in [15]. In Section 2, we also recall some basic results about the geometric
KK-theory introduced in [15]. If X is a smooth compact G-manifold for a
compact group G, then KKG∗ (C(X),C(X)) is isomorphic to the geometrically

defined group k̂k
G
∗ (X,X). Its elements are smooth correspondences

X
b←− (M, ξ)

f−→ X (1.1)

consisting of a smooth G-map b, a KG-oriented smooth G-map f , and ξ ∈
K∗
G(M). Theorem 2.18 computes the categorical trace, or Lefschetz index, of

such a correspondence under suitable assumptions on b and f .
Assume first that X has no boundary and that b and f are transverse; equiv-
alently, for all m ∈ M with f(m) = b(m) the linear map Db −Df : TmM →
Tf(m)X is surjective. Then

Q := {m ∈M | b(m) = f(m)} (1.2)

is naturally a KG-oriented smooth manifold. We show that the Lefschetz index
is the G-index of the Dirac operator on Q twisted by ξ|Q ∈ K∗

G(Q) (Theo-
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rem 2.18). More generally, suppose that the coincidence space Q as defined
above is merely assumed to be a smooth submanifold of M , and that x ∈ TX
and Df(ξ) = Db(ξ) implies that ξ ∈ TQ. Then we say that f and b inter-
sect smoothly. For example, the identity correspondence, where f and b are
the identity maps on X , does not satisfy the above transversality hypothesis,
but f and b clearly intersect smoothly. In the case of a smooth intersection,
the cokernels of the map Df − Db form a vector bundle on Q which we call
the excess intersection bundle η. This bundle measures the failure of transver-
sality of f and b. Let η be KG-oriented. Then TQ also inherits a canonical
KG-orientation. The restriction of the Thom class of η to the zero section gives
a class e(η) ∈ K∗

G(Q).
Then Theorem 2.18 asserts that the Lefschetz index of the correspondence (1.1)
with smoothly intersecting f and b is the index of the Dirac operator on the
coincidence manifold Q twisted by ξ⊗e(η). This is the main result of Section 2.
In Section 3 we generalise the global homological formula involved in the clas-
sical Lefschetz fixed-point theorem, to the equivalent situation. This involves
completely different ideas. The basic idea to use Künneth and Universal Coef-
ficient theorems for such a formula already appears in [9]. In the equivariant
case, these theorems become much more complicated, however. The new idea
that we need here is to first localise KKG and compute the Lefschetz index in
the localisation.
In the introduction, we only state our result in the simpler case of a Hodgkin
Lie group G. Then R(G) is an integral domain and thus embeds into its
field of fractions F . For any G-C∗-algebra A, KG∗ (A) is a Z/2-graded R(G)-
module. Thus KG∗ (A;F ) := KG∗ (A) ⊗R(G) F becomes a Z/2-graded F -vector
space. Assume that A is dualisable and belongs to the bootstrap class in KKG.
Then KG∗ (A;F ) is finite-dimensional, so that the map on KG∗ (A;F ) induced
by an endomorphism ϕ ∈ KKG0 (A,A) has a well-defined (super)trace in F .
Theorem 3.4 asserts that this supertrace belongs to R(G) ⊆ F and is equal to
the Lefschetz index of ϕ. In particular, this applies if A = C(X) for a compact
G-manifold.
The results of Sections 2 and 3 together thus prove the following:

Theorem 1.1. Let G be a Hodgkin Lie group, let F be the field of fractions

of R(G). Let X be a closed G-manifold. Let X
b←− (M, ξ)

f−→ X be a smooth
G-equivariant correspondence from X to X with ξ ∈ KdimM−dimX

G (X); it rep-

resents a class ϕ ∈ k̂k
G
0 (X,X). Assume that b and f intersect smoothly with

KG-oriented excess intersection bundle η. Equip Q := {m ∈M | b(m) = f(m)}
with its induced KG-orientation.
Then the R(G)-valued index of the Dirac operator on Q twisted by ξ|Q⊗e(η) is
equal to the supertrace of the F -linear map on K∗

G(X)⊗R(G) F induced by ϕ.

If G is a connected Lie group, then there is a finite covering Ĝ ։ G that
is a Hodgkin Lie group. We may turn G-actions into Ĝ-actions using the

projection map, and get a symmetric monoidal functor KKG → KKĜ. Since
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the map R(G)→ R(Ĝ) is clearly injective, we may compute the Lefschetz index
of ϕ ∈ KKG0 (A,A) by computing instead the Lefschetz index of the image of ϕ

in KKĜ0 (A,A). By the result mentioned above, this uses the induced map on

KĜ∗ (A) ⊗R(Ĝ) F̂ , where F̂ is the field of fractions of R(Ĝ). Thus we get a
satisfactory trace formula for all connected Lie groups. But the result may be
quite different from the trace of the induced map on KG∗ (A)⊗R(G) F .

If G is not connected, then the total ring of fractions ofG is a product of finitely
many fields. Its factors correspond to conjugacy classes of Cartan subgroups
in G. Each Cartan subgroup H ⊆ G corresponds to a minimal prime ideal pH
in R(G). The quotient R(G)/pH is an integral domain and embeds into a
field of fractions FH . We show that the map R(G) → FH maps the Lefschetz
index of ϕ to the supertrace of KH∗ (ϕ;FH) (Theorem 3.23). It is crucial to use
H-equivariant K-theory here. The very simple counterexample 3.7 shows that
there may be two elements ϕ1, ϕ2 ∈ KKG0 (A,A) with different Lefschetz index
but inducing the same map on KG∗ (A).

Thus the generalisation of Theorem 1.1 to disconnected G identifies the image
of the index of the Dirac operator onQ twisted by ξ|Q⊗e(η) under the canonical
map R(G)→ FH with the supertrace of the FH -linear map on K∗

G(X)⊗R(G)FH
induced by ϕ, for each Cartan subgroup H .

The trace formulas in Section 3 require the algebra A on which we compute the
trace to be dualisable and to belong to an appropriate bootstrap class, namely,
the class of all G-C∗-algebras that are KKG-equivalent to a type I G-C∗-algebra.
This is strictly larger than the class of G-C∗-algebras that are KKG-equivalent
to a commutative one, already if G is the circle group (see [10]). We describe
the bootstrap class as being generated by so-called elementary G-C∗-algebras
in Section 3.1. This list of generators is rather long, but for the purpose of
the trace computations, we may localise KKG at the multiplicatively closed
subset of non-zero divisors in R(G). The image of the bootstrap class in this
localisation has a very simple structure, which is described in Section 3.2. The
homological formula for the Lefschetz index follows easily from this description
of the localised bootstrap category.

In Section 4, we give a variant of the global homological formula for the trace
for a Hodgkin Lie group G. Given a commutative ring R and an R-module M
with a projective resolution of finite type, we may define a Hattori–Stallings
trace for endomorphisms of M by lifting the endomorphism to a finite type
projective resolution and using the standard trace for endomorphisms of finitely
generated projective resolutions. This defines the trace of the R(G)-module
homomorphism KG∗ (ϕ) : KG∗ (A) → KG∗ (A) in R(G) without passing through a
field of fractions.

2 Lefschetz indices in geometric bivariant K-theory

The category k̂k
G
introduced in [15] provides a geometric analogue of Kasparov

theory. We first recall some basic facts about this category and duality in
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bivariant K-theory from [14–16] and then compute Lefschetz indices in it as
intersection products. Later we are going to compare this with other formulas
for Lefschetz indices. We also prove an excess intersection formula to compute
the composition of geometric correspondences under a weaker assumption than
transversality. This formula goes back to Baum and Block [4].
All results in this section extend to the case where G is a proper Lie groupoid
with enough G-vector bundles in the sense of [14, Definition 3.1] because the
theory in [14–16] is already developed in this generality. For the sake of con-
creteness, we limit our treatment here to compact Lie groups acting on smooth
manifolds.
The results in this section work both for real and complex K-theory. For
concreteness, we assume in our notation that we are dealing with the complex
case. In the real case, K must be replaced by KO throughout. In particular,
KG-orientations (that is, G-equivariant Spin

c-structures) must be replaced by
KOG-orientations (that is, G-equivariant Spin structures). In some examples,

we use the isomorphisms k̂k
G
2n(pt, pt) = R(G) and k̂k

G
2n+1(pt, pt) = 0 for all

n ∈ Z. Here R(G) denotes the representation ring of G. Of course, this is true
only in complex K-theory.

2.1 Geometric bivariant K-theory

Like Kasparov theory, geometric bivariant K-theory yields a category k̂k
G
. Its

objects are (Hausdorff) locally compact G-spaces; arrows from X to Y are
geometric correspondences from X to Y in the sense of [15, Definition 2.3].
These consist of

• M : a G-space;

• b: a G-map (that is, a continuous G-equivariant map) b : M → X ;

• ξ: a G-equivariant K-theory class on M with X-compact support (where
we view M as a space over X via the map b); we write ξ ∈ RK∗

G,X(M);

• f : a KG-oriented normally non-singular G-map f : M → Y .

Equivariant K-theory with X-compact support and equivariant vector bundles
are defined in [12, Definitions 2.5 and 2.6]. If b is a proper map, in particular
if M is compact, then RK∗

G,X(M) is the ordinary G-equivariant (compactly
supported) K-theory K∗

G(M) of M .
A KG-oriented normally non-singular map from M to Y consists of

• V : a KG-oriented G-vector bundle on M ,

• E: a KG-oriented finite-dimensional linear G-representation, giving rise
to a trivial KG-oriented G-vector bundle Y × E on Y ,

• f̂ : a G-equivariant homeomorphism from the total space of V to an open
subset in the total space of Y × E, f̂ : V →֒ Y × E.
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We will not distinguish between a vector bundle and its total space in our
notation.

A normally non-singular map f = (V,E, f̂) has an underlying map

M  V
f̂−֒→ Y × E ։ Y,

where the first map is the zero section of the vector bundle V and the third
map is the coordinate projection. This map is called its “trace” in [14], but we
avoid this name here because we use “trace” in a different sense. The degree
of f is d = dim V − dimE. A wrong-way element f! ∈ KKGd (C0(M),C0(Y ))
induced by f is defined in [14, Section 5.3]).
Our geometric correspondences are variants of those introduced by Alain
Connes and Georges Skandalis in [6]. The changes in the definition avoid
technical problems with the usual definition in the equivariant case.

The (Z/2-graded) geometric KK-group k̂k
G
∗ (X,Y ) is defined as the quotient

of the set of geometric correspondences from X to Y by an appropriate equiv-
alence relation, generated by bordism, Thom modification, and equivalence
of normally non-singular maps. Bordism includes homotopies for the maps b
and f by [15, Lemma 2.12]. We will use this several times below. The Thom
modification allows to replace the space M by the total space of a KG-oriented
vector bundle onM . In particular, we could take the KG-oriented vector bundle
from the normally non-singular map f . This results in an equivalent normally
non-singular map where f : M → Y is a special submersion, that is, an open
embedding followed by a coordinate projection Y × E ։ Y for some linear
G-representation E. Correspondences with this property are called special.

The composition in k̂k
G
is defined as an intersection product (see Section 2.2)

if the map f : M → Y is such a special submersion. This turns k̂k
G

into
a category; the identity map on X is the correspondence with f = b = idX
and ξ = 1. The product of G-spaces provides a symmetric monoidal structure

in k̂k
G
(see [15, Theorem 2.27]).

There is an additive, grading-preserving, symmetric monoidal functor

k̂k
G
∗ (X,Y )→ KKG∗ (C0(X),C0(Y )).

This is an isomorphism if X is normally non-singular by [15, Corollary 4.3],
that is, if there is a normally non-singular map X → pt. This means that there
is a G-vector bundle V over X whose total space is G-equivariantly homeo-
morphic to an open G-invariant subset of some linear G-space. In particular,
by Mostow’s Embedding Theorem smooth G-manifolds of finite orbit type are
normally non-singular (see [14, Theorem 3.22]).

Stable KG-orientations play an important technical role in our trace formulas
and should therefore be treated with care. A KG-orientation on a G-vector
bundle V is, by definition, a G-equivariant complex spinor bundle for V . (This
is equivalent to a reduction of the structure group to Spinc.) Given such
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KG-orientations on V1 and V2, we get an induced KG-orientation on V1 ⊕ V2;
conversely, KG-orientations on V1 ⊕ V2 and V1 induce one on V2.
Let ξ ∈ RK0

G(M) be represented by the formal difference [V1] − [V2] of two
G-vector bundles. A stable KG-orientation on ξ means that we are given an-
other G-vector bundle V3 and KG-orientations on both V1 ⊕ V3 and V2 ⊕ V3.
Since ξ = [V1 ⊕ V3]− [V2 ⊕ V3], this implies that ξ is a formal difference of two
KG-oriented G-vector bundles. Conversely, assume that ξ = [W1]− [W2] with
two KG-oriented G-vector bundles; then there are G-vector bundles V3 and W3

such that Vi ⊕ V3
∼= Wi ⊕W3 for i = 1, 2; since W3 is a direct summand in

a KG-oriented G-vector bundle, we may enlarge V3 and W3 so that W3 itself
is KG-oriented. Then Vi ⊕ V3

∼= Wi ⊕W3 for i = 1, 2 inherit KG-orientations.
Roughly speaking, stably KG-oriented K-theory classes are equivalent to formal
differences of KG-oriented G-vector bundles.
A KG-orientation on a normally non-singular map f = (V,E, f̂) from M to Y
means that both V and E are KG-oriented. Since “lifting” allows us to re-
place E by E ⊕ E′ and V by V ⊕ (M × E′), we may assume without loss of
generality that E is already KG-oriented. Thus a KG-orientation on f becomes
equivalent to one on V . But the chosen KG-orientation on E remains part of
the data: changing it changes the KG-orientation on f . By [14, Lemma 5.13],
all essential information is contained in a KG-orientation on the formal differ-
ence [V ]− [M ×E] ∈ RK0

G(M), which we call the stable normal bundle of the
normally non-singular map f . If [V ]−[M×E] is KG-oriented, then we may find
a G-vector bundle V3 such that V ⊕V3 and (M×E)⊕V3 are KG-oriented. Since
(M ×E)⊕V3 is a direct summand in a KG-oriented trivial G-vector bundle, we
may assume without loss of generality that V3 itself is trivial, V3 =M×E′, and
that already E ⊕ E′ is KG-oriented. Lifting f along E′ then gives a normally
non-singular map (V ⊕ (M ×E′), E ⊕E′, f̂ × idE′), where both V ⊕ (M ×E′)
and E ⊕ E′ are KG-oriented. Thus a KG-orientation on f is equivalent to a
stable KG-orientation on the stable normal bundle of f .

Lemma 2.1. If f = (V,E, f̂) is a smooth normally non-singular map with
underlying map f̄ : M → Y , then its stable normal bundle is equal to f̄∗[TY ]−
[TM ] ∈ RK0

G(M).

Proof. The tangent bundles of the total spaces of V and Y ×E are TM⊕V and
TY ⊕ E, respectively. Since f̂ is an open embedding, f̂∗(TY ⊕ E) ∼= TM ⊕ V .
This implies f̄∗(TY )⊕ (M ×E) ∼= TM ⊕ V . Thus [V ]− [M × E] = f̄∗[TY ]−
[TM ].

This lemma also shows that the stable normal bundle of f and hence the
orientability assumption depend only on the equivalence class of f .
Another equivalent way to describe stable KG-orientations is the following. Sup-
pose we are already given a G-vector bundle V on Y such that TY ⊕ V is
KG-oriented. Then a stable KG-orientation on f is equivalent to one on

[f̄∗V ⊕ TM ] = f̄∗[TY ⊕ V ]− (f̄∗[TY ]− [TM ]),
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which is equivalent to a KG-orientation on f̄∗V ⊕ TM in the usual sense.
If X and Y are smooth G-manifolds (without boundary), we may require the

maps b and f̂ and the vector bundles V and E to be smooth. This leads to

a smooth variant of k̂k
G
. This variant is isomorphic to the one defined above

by [15, Theorem 4.8] provided X is of finite orbit type and hence normally
non-singular.
Working in the smooth setting has two advantages.
First, assumingM to be of finite orbit type, [14, Theorem 3.22] shows that any
smooth G-map f : M → Y lifts to a smooth normally non-singular map that is
unique up to equivalence. Thus we may replace normally non-singular maps by
smooth maps in the usual sense in the definition of a geometric correspondence.
Moreover, Nf = f∗[TY ] − [TM ], so f is KG-oriented if and only if there are
KG-oriented G-vector bundles V1 and V2 overM with f∗[TY ]⊕V1

∼= TM ⊕V2

(compare [14, Corollary 5.15]).
Secondly, in the smooth setting there is a particularly elegant way of composing
correspondences when they satisfy a suitable transversality condition, see [15,
Corollary 2.39]. This description of the composition is due to Connes and
Skandalis [6].

2.2 Composition of geometric correspondences

By [15, Theorem 2.38], a smooth normally non-singular map lifting f : M1 → Y
and a smooth map b : M2 → Y are transverse if

Dm1
f(Tm1

M1) +Dm2
b(Tm2

M2) = TyY

for all m1 ∈M1, m2 ∈M2 with y := f(m1) = b(m2). Equivalently, the map

Df −Db : pr∗
1(TM1)⊕ pr∗

2(TM2)→ (f ◦ pr1)
∗(TY )

is surjective; this is a bundle map of vector bundles over

M1 ×Y M2 := {(m1,m2) | f(m1) = b(m2)},

where pr1 : M1×Y M2 →M1 and pr2 : M1×Y M2 →M2 denote the restrictions
to M1×Y M2 of the coordinate projections. (We shall always use this notation
for restrictions of coordinate projections.)
A commuting square diagram of smooth manifolds is called Cartesian if it is
isomorphic (as a diagram) to a square

M1 ×Y M2 M2

M1 Y

pr
2

pr
1 f

b

where f and b are transverse smooth maps in the sense above; then M1×Y M2

is again a smooth manifold and pr1 and pr2 are smooth maps.
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The tangent bundles of these four manifolds are related by an exact sequence

0→ T(M1 ×Y M2)
(Dpr

1
,Dpr

2
)−−−−−−−−→ pr∗

1(TM1)⊕ pr∗
2(TM2)

Df−Db−−−−−→ (f ◦ pr1)
∗TY → 0. (2.1)

That is, T(M1 ×Y M2) is the sub-bundle of pr∗
1(TM1) ⊕ pr∗

2(TM2) consisting
of those vectors (m1, ξ,m2, η) ∈ TM1 ⊕ TM2 (where f(m1) = b(m2)) with
Dm1

f(ξ) = Dm2
b(η). We may denote this bundle briefly by TM1 ⊕TY TM2.

Furthermore, from (2.1),

T(M1 ×Y M2)− pr∗
2(TM2) = pr∗

1(TM1 − f∗(TY )) (2.2)

as stable G-vector bundles. Thus a stable KG-orientation for TM1 − f∗(TY )
may be pulled back to one for T(M1 ×Y M2) − pr∗

2(TM2). More succinctly, a
KG-orientation for the map f induces one for pr2.

Now consider two composable smooth correspondences

M1 M2

X Y Z,

b1
f
1 b2

f
2 (2.3)

with K-theory classes ξ1 ∈ RKG∗,X(M1) and ξ2 ∈ RKG∗,Y (M2). We assume that
the pair of smooth maps (f1, b2) is transverse. Then there is an essentially
unique commuting diagram

M1 ×Y M2

M1 M2

X Y Z,

pr1
pr

2

b1
f

1 b2
f
2

(2.4)

where the square is Cartesian. We briefly call such a diagram an intersection
diagram for the two given correspondences.

By the discussion above, the map pr2 inherits a KG-orientation from f1, so
that the map f := f2 ◦ pr2 is also KG-oriented. Let M := M1 ×Y M2 and
b := b1 ◦ pr1. The product ξ := pr∗

1(ξ1) ⊗ pr∗
2(ξ2) belongs to RKG∗,X(M), that

is, it has X-compact support with respect to the map b : M → X . Thus we
get a G-equivariant correspondence (M, b, f, ξ) from X to Y . The assertion of
[15, Corollary 2.39] – following [6] – is that this represents the composition of
the two given correspondences. It is called their intersection product.
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Example 2.2. Consider the diagonal embedding δ : X → X ×X and the graph
embedding f̄ : X → X × X , x 7→ (x, f(x)), for a smooth map f : X → X .
These two maps are transverse if and only if f has simple fixed points. If this
is the case, then the intersection space is the set of fixed points of f . If, say,
f = idX , then δ and f̄ are not transverse.

To define the composition also in the non-transverse case, a Thom modifica-
tion is used in [15] to achieve transversality (see [15, Theorem 2.32]). Take two

composable (smooth) correspondences as in (2.3), and let f1 = (V1, E1, f̂1) as
a normally non-singular map. By a Thom modification, the geometric corre-

spondence X
b1←− (M1, ξ)

f1−→ Y is equivalent to

X
b1◦πV1←−−−− (V1, τV1

⊗ π∗
V1
ξ)

πE1
◦f̂1−−−−−→ Y, (2.5)

where πV1
: V1 → M1 and πE1

: Y × E → Y are the bundle projections, and
τV1
∈ RK∗

G,M1
(V1) is the Thom class of V1. We write ⊗ for the multiplication

of K-theory classes. The support of such a product is the intersection of the
supports of the factors. Hence the support of τV1

⊗π∗
V1
ξ is an X-compact subset

of V1.
The forward map V1 → Y in (2.5) is a special submersion and, in particular, a
submersion. As such it is transverse to any other map b2 : M2 → Y . Hence after
the Thom modification we may compute the composition of correspondences
as an intersection product of the correspondence (2.5) with the correspondence

Y
b2←−M2

f2−→ Y . This yields

X
b1◦πV1

◦pr
1←−−−−−−−

(
V1 ×Y M2, pr

∗
V1
(τV1
⊗ π∗

V1
(ξ))

) f2◦pr
2−−−−→ Z, (2.6)

where

V1 ×Y M2 := {(x, v,m2) ∈ V1 ×M2 | (πE1
◦ f̂1)(x, v) = b2(m2)}

and pr1 : V1 ×Y M2 → V1 and pr2 : V1 ×Y M2 → M2 are the coordinate pro-
jections. The intersection space V1 ×Y M2 is a smooth manifold with tangent
bundle

TV1 ⊕TY TM2 := pr∗
1(TV1)⊕(πE1

◦f̂1)∗(TY ) pr
∗
2(TM2),

and the map pr2 is a submersion with fibres tangent to E1. Thus it is
KG-oriented.
This recipe to define the composition product for all geometric correspondences
is introduced in [15]. It is shown there that it is equivalent to the intersection
product if f1 and b2 are transverse. But the space V1 ×Y M2 has high dimen-
sion, making it inefficient to compute with this formula. And we are usually
given only the underlying map f1 : M1 → Y , not its factorisation as a normally
non-singular map – and the latter is difficult to compute. We will weaken
the transversality requirement in Section 2.5. The more general condition still
applies, say, if f1 = b2. This is particularly useful for computing Euler charac-
teristics.

Documenta Mathematica 19 (2014) 141–193



152 Ivo Dell’Ambrogio, Heath Emerson, and Ralf Meyer

2.3 Duality and the Lefschetz index

Duality plays a crucial role in [15] in order to compare the geometric and
analytic models of equivariant Kasparov theory. Duality is also used in [16,
Definition 4.26] to construct a Lefschetz map

L : KKG∗
(
C(X),C(X)

)
→ KKG∗ (C(X),C), (2.7)

for a compact smooth G-manifold X . We may compose L with the index map
KKG∗ (C(X),C) → KKG∗ (C,C) ∼= R(G) to get a Lefschetz index L-ind(f) ∈
R(G) for any f ∈ KKG∗

(
C(X),C(X)

)
. This is the invariant we will be studying

in this paper.
This Lefschetz map L is a special case of a very general construction. Let C
be a symmetric monoidal category. Let A be a dualisable object of C with a
dual A∗. Let η : 1→ A⊗A∗ and ε : A∗ ⊗A→ 1 be the unit and counit of the
duality. Being unit and counit of a duality means that they satisfy the zigzag
equations: the composition

A
η⊗idA−−−−→ A⊗A∗ ⊗A idA⊗ε−−−−→ A (2.8)

is equal to the identity idA : A→ A, and similarly for the composition

A∗ idA∗ ⊗η−−−−−→ A∗ ⊗A⊗A∗ ε⊗idA∗−−−−−→ A∗. (2.9)

If C is Z-graded, then we may allow dualities to shift degrees. Then some signs
are necessary in the zigzag equations, see [16, Theorem 5.5].
Given a multiplication map m : A⊗A→ A, we define the Lefschetz map

L : C(A,A)→ C(A,1)

by sending an endomorphism f : A→ A to the composite morphism

A ∼= A⊗1 idA⊗η−−−−→ A⊗A⊗A∗ m⊗idA∗−−−−−→ A⊗A∗ f⊗idA∗−−−−−→ A⊗A∗ sym−−→ A∗⊗A ε−→ 1.

This depends only on m and f , not on the choices of the dual, unit and counit.
For f = idA we get the higher Euler characteristic of A in C(A,1).
While the geometric computations below give the Lefschetz map as defined
above, the global homological computations in Sections 3 and 4 only apply to
the following coarser invariant:

Definition 2.3. The Lefschetz index L-ind(f) (or trace tr(f)) of an endomor-
phism f : A→ A is the composite

1
η−→ A⊗A∗ sym−−→ A∗ ⊗A idA∗ ⊗f−−−−−→ A∗ ⊗A ε−→ 1, (2.10)

where sym denotes the symmetry isomorphism. The Lefschetz index of idA is
called the Euler characteristic of A.
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If A is a unital algebra object in C with multiplication m : A⊗A→ A and unit
u : 1 → A, then L-ind(f) = L(f) ◦ u. In particular, the Euler characteristic is
the composite of the higher Euler characteristic with u.

In this section, we work in C = k̂k
G

for a compact group G with 1 = pt and
⊗ = ×. In Section 3, we work in the related analytic category C = KKG with
1 = C and the usual tensor product.
We will show below that any compact smooth G-manifold X is dualisable in

k̂k
G
. The multiplication m : X × X → X and unit u : pt → X are given by

the geometric correspondences

X ×X ∆←− X idX−−→
=

X, pt← X
idX−−→
=

X

with ∆(x) = (x, x); these induce the multiplication ∗-homomorphism

m : C(X ×X) ∼= C(X)⊗ C(X)→ C(X)

and the embedding C→ C(X) of constant functions. Composing with u corre-
sponds to taking the index of a K-homology class.

Remark 2.4. In [11, 13, 16] Lefschetz maps are also studied for non-compact
spaces X , equipped with group actions of possibly non-compact groups. A

non-compact G-manifold X is usually not dualisable in k̂k
G
, and even if it

were, the Lefschetz map that we would get from this duality would not be the
one studied in [11, 13, 16].

2.4 Duality for smooth compact manifolds

We are going to show that compact smooth G-manifolds are dualisable in the

equivariant correspondence theory k̂k
G
. This was already proved in [15], but

since we need to know the unit and counit to compute Lefschetz indices, we
recall the proof in detail. It is of some interest to treat duality for smooth man-
ifolds with boundary because any finite CW-complex is homotopy equivalent
to a manifold with boundary.
In case X has a boundary ∂X , let X̊ := X \ ∂X denote its interior and
let ι : X̊ → X denote the inclusion map. The boundary ∂X ⊆ X ad-
mits a G-equivariant collar, that is, the embedding ∂X → X extends to a
G-equivariant diffeomorphism from ∂X × [0, 1) onto an open neighbourhood
of ∂X in X (see also [16, Lemma 7.6] for this standard result). This collar
neighbourhood together with a smooth map [0, 1)→ (0, 1) that is the identity
near 1 provides a smooth G-equivariant map ρ : X → X̊ that is inverse to ι up
to smooth G-homotopy. Furthermore, we may assume that ρ is a diffeomor-
phism onto its image.
If X has no boundary, then X̊ = X , ι = id, and ρ = id.
The results about smooth normally non-singular maps in [14] extend to smooth
manifolds with boundary if we add suitable assumptions about the behaviour
near the boundary. We mention one result of this type and a counterexample.
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Proposition 2.5. Let X and Y be smooth G-manifolds with X of finite orbit
type and let f : X → Y be a smooth map with f(∂X) ⊆ ∂Y and f transverse
to ∂Y . Then f lifts to a normally non-singular map, and any two such normally
non-singular liftings of f are equivalent.

Proof. Since X has finite orbit type, we may smoothly embed X into a finite-
dimensional linear G-representation E. Our assumptions ensure that the re-
sulting map X → Y × E is a smooth embedding between G-manifolds with
boundary in the sense of [14, Definition 3.17] and hence has a tubular neigh-
bourhood by [14, Theorem 3.18]. This provides a normally non-singular map
X → Y lifting f . The uniqueness up to equivalence is proved as in the proof
of [14, Theorem 4.36].

Example 2.6. The inclusion map {0} → [0, 1) is a smooth map between man-
ifolds with boundary, but it does not lift to a smooth normally non-singular
map.

Let X be a smooth compact G-manifold. Since X has finite orbit type, it em-
beds into some linearG-representationE. We may choose thisG-representation
to be KG-oriented and even-dimensional by a further stabilisation. Let
NX ։ X be the normal bundle for such an embedding X → E. Thus
TX ⊕ NX ∼= X × E is G-equivariantly isomorphic to a KG-oriented trivial
G-vector bundle.

Theorem 2.7. Let X be a smooth compact G-manifold, possibly with boundary.

Then X is dualisable in k̂k
G
∗ with dual NX̊, and the unit and counit for the

duality are the geometric correspondences

pt← X
(id,ζρ)−−−−→ X ×NX̊, NX̊ ×X (id,ιπ)←−−−− NX̊ → pt,

where ζ : X̊ → NX̊ is the zero section, ρ : X → X̊ is some G-equivariant collar
retraction, π : NX̊ → X̊ is the bundle projection, and ι : X̊ → X the identical
inclusion. The K-theory classes on the space in the middle are the trivial rank-
one vector bundles for both correspondences.

Proof. First we must check that the purported unit and counit above are indeed
geometric correspondences; this contains describing the KG-orientations on the
forward maps, which is part of the data of the geometric correspondences.

The maps X → pt and NX̊ → NX̊ ×X above are proper. Hence there is no
support restriction for the K-theory class on the middle space, and the trivial
rank-one vector bundle is allowed.

By the Tubular Neighbourhood Theorem, the normal bundle NX̊ of the embed-
ding X̊ → E is diffeomorphic to an open subset of E. This gives a canonical
isomorphism between the tangent bundle of NX̊ and E. We choose this iso-
morphism and the given KG-orientation on the linear G-representation E to
KG-orient NX̊ and thus the projection NX̊ → pt. With this KG-orientation,
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the counit NX̊ ×X (id,ιπ)←−−−− NX̊ → pt is a G-equivariant geometric correspon-
dence – even a special one in the sense of [15].

We identify the tangent bundle of X × NX̊ with TX × TX̊ ⊕ NX̊ in the
obvious way. The normal bundle of the embedding (id, ζρ) : X → X × NX̊
is isomorphic to the quotient of TX ⊕ ρ∗(TX̊) ⊕ ρ∗(NX̊) by the relation
(ξ,Dρ(ξ), 0) ∼ 0 for ξ ∈ TX . We identify this with TX ⊕ NX ∼= X × E
by (ξ1, ξ2, η) 7→ (Dρ−1(ξ2) − ξ1, Dρ

−1(η)) for ξ1 ∈ TxX , ξ2 ∈ Tρ(x)X ,

η ∈ ρ∗(NX̊)x = Nρ(x)X . With this KG-orientation on (id, ζρ), the unit above
is a G-equivariant geometric correspondence. A boundary of X , if present,
causes no problems here. The same goes for the computations below: although
the results in [15] are formulated for smooth manifolds without boundary, they
continue to hold in the cases we need.

We establish the duality isomorphism by checking the zigzag equations as in
[16, Theorem 5.5]. This amounts to composing geometric correspondences.
In the case at hand, the correspondences we want to compose are transverse,
so that they may be composed by intersections as in Section 2.2. Actually,
we are dealing with manifolds with boundary, but the argument goes through
nevertheless. We write down the diagrams together with the relevant Cartesian
square.

The intersection diagram for the first zigzag equation is

X

X ×X X ×NX̊

X X ×NX̊ ×X X.

(id
, ιρ

) (id, ζρ)

pr 2

(id, ζρ) × id id × (id
, ιπ

)
pr

1

(2.11)

The square is Cartesian because (x, y, z, (w, ν)) ∈ X3 ×NX̊ satisfies

(x, (ρ(x), 0), y) = (z, (w, ν), w)

if and only if y = ρ(x), z = x, w = ρ(x), and ν = 0 for some x ∈ X . The
KG-orientation on the map (id, ζρ) described above is chosen such that the
composite map f := pr1 ◦ (id, ζρ) = id carries the standard KG-orientation.
The map b := pr2 ◦ (id, ιρ) = ιρ is properly homotopic to the identity map.
Hence the composition above gives the identity map on X as required.
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The intersection diagram for the second zigzag equation is

NX̊

NX̊ ×X NX̊ ×NX̊

NX̊ NX̊ ×X ×NX̊ NX̊

(id
, ιπ

) (id, ζρπ)

pr 1

id × (id, ζρ) (id
, ιπ

) × id pr
2

(2.12)
because ((x, ν), y, (w, µ), (z, κ)) ∈ NX̊ ×X × (NX̊)2 satisfy

((x, ν), y, (ρ(y), 0)) = ((w, µ), w, (z, κ))

if and only if (w, µ) = (x, ν), y = x, z = ρ(x), κ = 0 for some (x, ν) ∈ NX̊.

The map (id, ζρπ) is smoothly homotopic to the diagonal embedding δ : NX̊ →
NX̊ × NX̊. Replacing (id, ζρπ) by δ gives an equivalent geometric correspon-
dence. The KG-orientation on the normal bundle of (id, ζρπ) that comes with
the composition product is transformed by this homotopy to the KG-orientation
on the normal bundle of the diagonal embedding that we get by identifying the
latter with the pull-back of E by mapping

(ξ1, η1, ξ2, η2) ∈ T(x,ζ,x,ζ)(NX̊×NX̊) ∼= TxX̊⊕NxX̊ ×TxX̊ ×NxX̊ ∼= Ex×Ex

to (ξ2 − ξ1, η2 − η1) ∈ Ex. Since E has even dimension, changing this to
(ξ1 − ξ2, η1 − η2) does not change the KG-orientation. Hence the induced
KG-orientation on the fibres of Dpr2 is the same one that we used to KG-orient
pr2. The induced KG-orientation on pr2 ◦ δ = id is the standard one. Thus the
composition in (2.12) is the identity on NX̊ .

Corollary 2.8. Let X be a compact smooth G-manifold and let Y be any

locally compact G-space. Then every element of k̂k
G
∗ (X,Y ) is represented by

a geometric correspondence of the form

X
ι◦π◦pr

1←−−−−− NX̊ × Y pr
2−−→ Y, ξ ∈ K∗

G(NX̊ × Y ),

and two such correspondences for ξ1, ξ2 ∈ K∗
G(NX̊ × Y ) give the same element

of k̂k
G
∗ (X,Y ) if and only if ξ1 = ξ2. Here pr1 : NX̊×Y → NX̊ and pr2 : NX̊×

Y → Y are the coordinate projections and ι ◦ π : NX̊ → X̊ ⊆ X is as above.

Proof. Duality provides a canonical isomorphism

K∗
G(NX̊ × Y ) ∼= k̂k

G
∗ (pt,NX̊ × Y ) ∼= k̂k

G
∗ (X,Y ).
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It maps ξ ∈ K∗
G(NX̊ × Y ) to the composition of correspondences described by

the following intersection diagram:

NX̊ × Y

X ×NX̊ × Y NX̊ × Y

X X ×NX̊ × Y Y,

(ιπ
, id

) × id
id

pr1
id

(ιπ
, id

) × id
pr

2

with the K-theory class ξ on NX̊×Y . Hence it involves the maps ιπ : NX̊×Y →
X and pr2 : NX̊ × Y → Y .

If X is, in addition, KG-oriented, then the Thom isomorphism provides an

isomorphism NX̊ ∼= X̊ in k̂k
G
∗ (which has odd parity if the dimension of X is

odd). A variant of Corollary 2.8 yields a duality isomorphism

K
∗+dim(X)
G (X̊ × Y ) ∼= k̂k

G
∗ (X,Y ),

which maps ξ ∈ K∗
G(X̊ × Y ) to the geometric correspondence

X
ι◦pr

1←−−− X̊ × Y pr
2−−→ Y, ξ ∈ K∗

G(X̊ × Y ).

Hence any element of k̂k
G
∗ (X,Y ) is represented by a correspondence of this

form.
If X is KG-oriented and has no boundary, this becomes

X
pr

1←−− X × Y pr
2−−→ Y, ξ ∈ K∗

G(X × Y ).

These standard forms for correspondences are less useful than one may hope
at first because their intersection products are no longer in this standard form.

2.5 More on composition of geometric correspondences

With our geometric formulas for the unit and counit of the duality, we could
now compute Lefschetz indices geometrically, assuming the necessary intersec-
tions are transverse. While this works well, say, for self-maps with regular non-
degenerate fixed points, it fails badly for the identity correspondence, whose
Lefschetz index is the Euler characteristic. Building on work of Baum and
Block [4], we now describe the composition as a modified intersection prod-
uct under a much weaker assumption than transversality that still covers the
computation of Euler characteristics.

Definition 2.9. We say that the smooth maps f1 : M1 → Y and b2 : M2 → Y
intersect smoothly if

M :=M1 ×Y M2
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is a smooth submanifold of M1 × M2 and any (ξ1, ξ2) ∈ TM1 × TM2 with
Df1(ξ1) = Db2(ξ2) ∈ TY is tangent to M .
If f1 and b2 intersect smoothly, then we define the excess intersection bun-
dle η(f1, b2) on M as the cokernel of the vector bundle map

(Df1,−Db2) : pr
∗
1(TM1)⊕ pr∗

2(TM2)→ f∗(TY ), (2.13)

where f := f1 ◦ pr1 = b2 ◦ pr2 : M → Y .
If the maps f1 and b2 are G-equivariant with respect to a compact group G,
then the excess intersection bundle is a G-vector bundle.
We call the square

M M2

M1 Y

pr
2

pr
1 f1

b2

η-Cartesian if f1 and b2 intersect smoothly with excess intersection bundle η.

If M is a smooth submanifold of M1 ×M2, then TM ⊆ T(M1 ×M2); and if
(ξ1, ξ2) ∈ T(M1 ×M2) is tangent to M , then Df1(ξ1) = Db2(ξ2) in TY . These
pairs (ξ1, ξ2) form a subspace of T(M1 ×M2)|M = pr∗

1TM1 ⊕ pr∗
2TM2, which

in general need not be a vector bundle, that is, its rank need not be locally
constant. The smooth intersection assumption forces it to be a subbundle: the
kernel of the map in (2.13). Hence the excess intersection bundle is a vector
bundle over M , and there is the following exact sequence of vector bundles
over M :

0→ TM → pr∗
1(TM1)⊕ pr∗

2(TM2)
(Df1,−Db2)−−−−−−−−→ (f1 ◦ pr1)

∗(TY )→ η → 0.
(2.14)

Example 2.10. Let M1 = M2 = X and let f1 = b2 = i : X → Y be an
injective immersion. Then M1 ×Y M2

∼= X is the diagonal in M1 ×M2 = X2,
which is a smooth submanifold. Furthermore, if (ξ1, ξ2) ∈ TM1 × TM2 satisfy
Df1(ξ1) = Db2(ξ2), then ξ1 = ξ2 because Di : TM → TY is assumed injective.
Hence M1 andM2 intersect smoothly, and the excess intersection bundle is the
normal bundle of the immersion i.

Example 2.11. Let M1 and M2 be two circles embedded in Y = R2. The four
possible configurations are illustrated in Figure 1.

1. The circles meet in two points. Then M = {p1, p2} and the intersection
is transverse.

2. The two circles are disjoint. Then M = ∅ and the intersection is trans-
verse.

3. The two circles are identical. Then M = M1 = M2. The intersection
is not transverse, but smooth by Example 2.10; the excess intersection
bundle is the normal bundle of the circle, which is trivial of rank 1.
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p1

p2

M1 =M2 p

Figure 1: Four possible configurations of two circles in the plane

4. The two circles touch in one point. Then M := M1 ×Y M2 = {p}, so
that the tangent bundle of M is zero-dimensional. But TpM1 ∩TpM2 is
one-dimensional because TpM1 = TpM2. Hence the embeddings do not
intersect smoothly.

Remark 2.12. The maps f : M1 → Y and b : M2 → Y intersect smoothly if and
only if f × b : M1 ×M2 → Y × Y and the diagonal embedding Y → Y × Y
intersect smoothly; both pairs of maps have the same excess intersection bundle.
Thus we may always normalise intersections to the case where one map is a
diagonal embedding and thus an embedding.

Example 2.13. Let η be a KG-oriented vector bundle over X . Let M1 =M2 =
X , Y = η, and let f1 = b2 = ζ : Y → η be the zero section of η. This is
a special case of Example 2.10. The maps f1 and b2 intersect smoothly with
excess intersection bundle η.
In this example it is easy to compose the geometric correspondences X = X →
η and η ← X = X . A Thom modification of the first one along the KG-oriented
vector bundle η gives the special correspondence

X ← (η, τη) = η,

where τη ∈ RK∗
G,X(η) is the Thom class of η. The intersection product of this

with η ← X = X is X = (X, ζ∗(τη)) = X , that is, it is the class in k̂k
G
∗ (X,X)

of ζ∗(τη) ∈ RK∗
G(X). This K-theory class is the restriction of τη to the zero

section of η. By the construction of the Thom class, it is the K-theory class of
the spinor bundle of η.

Definition 2.14. Let η be a KG-oriented G-vector bundle over a G-space X .
Let ζ : X → η be the zero section and let τη ∈ RK∗

G,X(η) be the Thom class.
The Euler class of η is ζ∗(τη), the restriction of τη to the zero section.

By definition, the Euler class is the composition of the correspondences pt ←
X → η and η ← X = X involving the zero section ζ : X → η in both cases.

Example 2.15. Assume that there is a G-equivariant section s : X → η of η
with isolated simple zeros; that is, s and ζ are transverse. The linear homotopy
connects s to the zero section and hence gives an equivalent correspondence
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η
s←− X = X . Since s and ζ are transverse by assumption, the composition

is X ← Z → X , where Z is the zero set of s and the maps Z → X are the
inclusion map, suitably KG-oriented.

Example 2.16. Let M1 = S1, M2 = S2, Y = R3, b2 : M2 → R3 be the standard
embedding of the 2-sphere in R3, and let f1 : M1 →M2 → R3 be the embedding
corresponding to the equator of the circle. ThenM1×YM2 =M1×M2

M2 =M1,
embedded diagonally into M1 × M1 ⊂ M1 × M2. This is a case of smooth
intersection. The excess intersection bundle is the restriction to the equator
of the normal bundle of the embedding b2. This is isomorphic to the rank-one
trivial bundle on S2. Hence the Euler class e(η) is zero in this case.

Theorem 2.17. Let

X
b1←− (M1, ξ1)

f1−→ Y
b2←− (M2, ξ2)

f2−→ Z (2.15)

be a pair of G-equivariant correspondences as in (2.3). Assume that b2 and f1

intersect smoothly and with a KG-oriented excess intersection bundle η. Then
the composition of (2.15) is represented by the G-equivariant correspondence

X
b1◦pr

1←−−−−
(
M1 ×Y M2, e(η)⊗ pr∗

1(ξ1)⊗ pr∗
2(ξ2)

) f2◦pr
2−−−−→ Z, (2.16)

where e(η) is the Euler class and the projection pr2 : M1 ×Y M2 → M2 car-
ries the KG-orientation induced by the KG-orientations on f1 and η (explained
below).

In the above situation of smooth intersection, we call the diagram (2.4) an
η-intersection diagram. It still computes the composition, but we need the Eu-
ler class of the excess intersection bundle η to compensate the lack of transver-
sality.
We describe the canonical KG-orientation of pr2 : M1 ×Y M2 → M2. The
excess intersection bundle η is defined so as to give an exact sequence of vector
bundles (2.14). From this it follows that

[η] = (f1 ◦ pr1)
∗[TY ] + TM − pr∗

1[TM1]− pr∗
2[TM2].

On the other hand, the stable normal bundleNpr2 of pr2 is equal to pr∗
2[TM2]−

[TM ]. Hence

[η] = pr∗
1

(
f∗

1 [TY ]− [TM1]
)
−Npr2.

A KG-orientation on f1 means a stable KG-orientation on Nf1 = f∗
1 [TY ] −

[TM1]. If such an orientation is given, it pulls back to one on pr∗
1

(
f∗

1 [TY ] −
[TM1]

)
, and then (stable) KG-orientations on [η] and on Npr2 are in 1-to-1-

correspondence. In particular, a KG-orientation on the bundle η induces one
on the normal bundle of pr2. This induced KG-orientation on pr2 is used
in (2.16). ([14, Lemma 5.13] justifies working with KG-orientations on stable
normal bundles.)
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Proof of Theorem 2.17. Lift f1 to a G-equivariant smooth normally non-
singular map (V1, E1, f̂1). The composition of (2.15) is defined in [15, Section
2.5] as the intersection product

X
b1◦πV1

◦prV1←−−−−−−−− V1 ×Y M2
f2◦pr

2−−−−→ Z (2.17)

with K-theory datum pr∗
V1
(τV1

) ⊗ π∗
V1
(ξ1)⊗ pr∗

2(ξ2) ∈ RK∗
G,X(V1 ×Y M2). We

define the manifold V1×YM2 using the (transverse) maps πE1
◦ f̂1 : V1 → Y and

b2 : M2 → Y . We must compare this with the correspondence in the statement
of the theorem.
We have a commuting square of embeddings of smooth manifolds

M1 ×Y M2 M1 ×M2

V1 ×Y M2 V1 ×M2

ι0

ζ0
ι1

ζ1
(2.18)

where the vertical maps are induced by the zero sectionM1 → V1 and the hori-
zontal ones are the obvious inclusion maps. The map ζ0 is a smooth embedding
because the other three maps in the square are so.
LetNι0 and ν := Nζ0 denote the normal bundles of the maps ι0 and ζ0 in (2.18).
The normal bundle of ι1 is isomorphic to the pull-back of TY because V1 → Y
is submersive. Since M1 ×M2 → V1 ×M2 is the zero section of the pull back
of the vector bundle V1 to M1 ×M2, the normal bundle of ζ1 is isomorphic
to pr∗

1(V1). Recall that M :=M1 ×Y M2. We get a diagram of vector bundles
over M :

0 0 0

0 TM T(M1 ×M2)|M Nι0 0

0 T(V1 ×Y M2)|M T(V1 ×M2)|M f∗(TY ) 0

0 ν pr∗
1(V1) η 0

0 0 0

Dζ0 Dζ1

Dι0

Dι1

The first two rows and the first two columns are exact by definition or by our
description of the normal bundles of ζ1 and ι1. The third row is exact with
the excess intersection bundle η by (2.14). Hence the dotted arrow exists and
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makes the third row exact. Since extensions of G-vector bundles always split,
we get

ν ⊕ η ∼= pr∗
1(V1).

Since η and V1 are KG-oriented, the bundle ν inherits a KG-orientation.
We apply Thom modification with the KG-oriented G-vector bundle ν to the
correspondence in (2.16). This gives the geometric correspondence

X
b1◦pr

1
◦πν←−−−−−− ν f2◦pr

2
◦πν−−−−−−→ Z (2.19)

with K-theory datum

ξ := τν ⊗ π∗
ν

(
e(η)⊗ pr∗

1(ξ1)⊗ pr∗
2(ξ2)

)
∈ RK∗

G,X(ν).

The Tubular Neighbourhood Theorem gives a G-equivariant open embedding
ζ̂0 : ν → V1 ×Y M2 onto some G-invariant open neighbourhood of M (see [14,
Theorem 3.18]).
We may find an open G-invariant neighbourhood U of the zero section in V1

such that U ×Y M2 ⊆ V1 ×Y M2 is contained in the image of ζ̂0 and relatively
M -compact. We may choose the Thom class τV1

∈ KdimV1

G (V1) to be supported
in U . Hence we may assume that pr∗

1(τV1
), the pull-back of τV1

along the
coordinate projection pr∗

1 : V1 ×Y M2 → V1, is supported inside a relatively

M -compact subset of ζ̂0(ν).
Then [15, Example 2.14] provides a bordism between the cycle in (2.17) and

X
b1◦πV1

◦pr
1
◦ζ̂0←−−−−−−−−− ν f2◦pr

2
◦ζ̂0−−−−−−→ Z, (2.20)

with K-theory class pr∗
1(τV1

)⊗ ζ̂∗
0pr

∗
1π

∗
V1
(ξ1)⊗ ζ̂∗

0pr
∗
2(ξ2).

Let st : ν → ν be the scalar multiplication by t ∈ [0, 1]. Composition with st is
a G-equivariant homotopy

πV1
pr1ζ̂0 ∼ pr1πν : ν →M1, pr2ζ̂0 ∼ pr2πν : ν →M2.

Hence s∗
t (ζ̂

∗
0pr

∗
1π

∗
V1
(ξ1)⊗ ζ̂∗

0pr
∗
2(ξ2)) is a G-equivariant homotopy

ζ̂∗
0pr

∗
1π

∗
V1
(ξ1)⊗ ζ̂∗

0pr
∗
2(ξ2) ∼ π∗

ν

(
pr∗

1(ξ1)⊗ pr∗
2(ξ2)

)
.

When we tensor with pr∗
1(τV1

), this homotopy has X-compact support because
the support of pr∗

1(τV1
) is relatively M -compact.

This gives a homotopy of geometric correspondences between (2.17) and the
variant of (2.19) with K-theory datum

pr∗
1(τV1

)⊗ π∗
νpr

∗
1(ξ1)⊗ π∗

νpr
∗
2(ξ2);

the relative M -compactness of the support of pr∗
V1
(τV1

) ensures that the homo-
topy of KG-cycles implicit here has X-compact support. (We use [15, Lemma
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2.12] here, but the statement of the lemma is unclear about the necessary com-
patibility between the homotopy and the support of ξ.)
The K-theory class pr∗

1(τV1
) in this formula is the restriction of the Thom class

for the vector bundle pr∗
1(V1) over M to ν. Since pr∗

1(V1) ∼= ν ⊕ η and the
Thom isomorphism for a direct sum bundle is the composition of the Thom
isomorphisms for the factors, the Thom class of pr∗

1(V1) is pr
∗
1(τV1

) = τν ⊗ τη.
Restricting this to the subbundle ν gives τν ⊗ π∗

ν(e(η)). Hence the K-theory
classes that come from (2.17) and (2.19) are equal. This finishes the proof.

2.6 The geometric Lefschetz index formula

In this section we compute Lefschetz indices in the symmetric monoidal cate-

gory k̂k
G
for smooth G-manifolds with boundary. Our computation is geomet-

ric and uses the intersection theory of equivariant correspondences discussed in
Sections 2.2 and 2.5.
Let X be a smooth compact G-manifold, possibly with boundary. Let X̊ be
its interior. Let

X
b←−M f−→ X, ξ ∈ RK∗

G,X(M) (2.21)

be a KG-oriented smooth geometric correspondence from X to itself, with M
of finite orbit type to ensure that f : M → X lifts to an essentially unique
normally non-singular map. Since X is compact, RK∗

G,X(M) = K∗
G(M) is the

usual K-theory with compact support. The KG-orientation for (2.21) means a
KG-orientation on the stable normal bundle of f . This is equivalent to giving a
G-vector bundle V over X and KG-orientations on TM ⊕ f∗(V ) and TX ⊕ V .
If X has a boundary, then the requirements for a smooth correspondence are
that M be a smooth manifold with boundary of finite orbit type, such that
f(∂M) ⊆ ∂X and f is transverse to ∂X . This ensures that f has an essentially
unique lift to a normally non-singular map from M to X by Proposition 2.5.
Recall the map ρ : X → X̊, which is shrinking the collar around ∂X .

Theorem 2.18. Let α ∈ k̂k
G
i (X,X) be represented by a KG-oriented smooth

geometric correspondence as in (2.21). Assume that (ρb, f) : M → X ×X and
the diagonal embedding X → X × X intersect smoothly with a KG-oriented
excess intersection bundle η. Then Qρb,f := {m ∈ M | ρb(m) = f(m)} is
a smooth manifold without boundary. For a certain canonical KG-orientation

on Qρb,f , L(α) ∈ k̂k
G
i (X, pt) is represented by the geometric correspondence

X ← Qρb,f → pt with K-theory class ξ|Qρb,f
⊗ e(η) on Qρb,f ; here the map

Qρb,f → X is given by m 7→ ρb(m) = f(m).

The Lefschetz index of α in k̂k
G
i (pt, pt) is represented by the geometric corre-

spondence pt← Qρb,f → pt with KG-theory class ξ|Qρb,f
⊗ e(η) on Qρb,f .

The Lefschetz index of α is the index of the Dirac operator on Qρb,f with coef-
ficients in ξ|Qρb,f

⊗ e(η).

Proof. We abbreviate Q := Qρb,f throughout the proof. We have Q ⊆ M̊

because ρb(M) ⊆ ρ(X) ⊆ X̊ and f(∂M) ⊆ ∂X . The intersection M̊ ×X̊×X̊ X̊
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Qρb,f

M

X ×X M ×NX̊ NX̊

X X ×X ×NX̊ X ×NX̊ ∼= NX̊ ×X pt

j

ζfj

∆
b

(id, ζρb)

p
r 1

id
×

(id
, ζ
ρ
) (∆

b)
×

id
f

×
id

(i
d
,
ιπ

)

Figure 2: The intersection diagram for the computation of L(α) in the proof
of Theorem 2.18. Here j : Qρb,f → M denotes the inclusion map; ζ the zero

section X → NX or X̊ → NX̊ ; π : NX̊ → X̊ the bundle projection; ι : X̊ → X
the inclusion; ∆: X → X ×X the diagonal embedding; pr1 : X ×X → X the
projection onto the first factor.

is Q and hence a smooth submanifold of M̊ .
We compute L(α) using the dual of X constructed in Theorem 2.7. This
involves a G-vector bundle NX such that TX⊕NX ∼= X×E for a KG-oriented
G-vector space E.
With the unit and counit from Theorem 2.7, L(α) becomes the composition
of the three geometric correspondences in the bottom zigzag in Figure 2; here
we already composed α with the multiplication correspondence, which simply
composes b with ∆.
We first consider the small left square. Computing its intersection space naively
gives M , which is a manifold with boundary. We would hope that this square
is Cartesian. But X ×X is only a manifold with corners if X has a boundary,
and we we did not discuss smooth correspondences in this generality. Hence
we check directly that the composition of the correspondences from X to X ×
X ×NX̊ and on to M ×NX̊ is represented by X ←M →M ×NX̊ .
The manifold NX̊ is an open subset of E by construction. Hence the map

id× (id, ζρb) : X ×X → X ×X ×NX̊

extends to an open embedding

ψ : X×X×E → X×X×NX̊, (x1, x2, e) 7→
(
x1, x2, ζρ(x2)+hx2

(‖e‖2) ·e
)
,

where hx2
: R+ → R+ is a diffeomorphism onto a bounded interval [0, t) de-

pending smoothly and G-invariantly on x2, such that the t-ball in E around
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ζρ(x2) ∈ NX̊ is contained in NX̊.
The map ψ gives a special correspondence

X
pr

1
◦πE←−−−−− X ×X × E ψ−→ X ×X ×NX̊

with K-theory class the pull-back of the Thom class of E. This is equivalent
to the given correspondence from X to X × X × NX̊ because of a Thom
modification for the trivial vector bundle E and a homotopy. In particular, the
KG-orientation of id× (id, ζρ) that is implicit here is the one that we get from
the KG-orientation in the proof of Theorem 2.7.
For a special correspondence, the intersection always gives the composition
product. Here we get the space

{
(x1, x2, e,m, y, µ) ∈ X ×X × E ×M ×NX̊

∣∣
(x1, x2, ζρ(x2) + hx2

(‖e‖2) · e)) = (b(m), b(m), y, µ)
}
.

That is, x1 = x2 = b(m), (y, µ) = ρb(m) + hb(m)(‖e‖2) · e). Since m ∈ M and
e ∈ E may be arbitrary and determine the other variables, we may identify
this space with M × E.
In the same way, we may replace

X
b←−M (id,ζρb)−−−−−→M ×NX̊ (2.22)

by an equivalent special correspondence with space M ×E in the middle. This
gives exactly the composition computed above. Hence (2.22) also represents
the composition of the correspondences from X to M ×NX̊ in Figure 2.
Composing further with f × id simply composes KG-oriented normally non-
singular maps. Since we are now in the world of manifolds with boundary, we
may identify smooth maps and smooth normally non-singular maps. The large
right square contains the G-maps

(f, ζρb) = (f × id) ◦ (id, ζρb) : M → X ×NX̊,

(ιπ, id) : NX̊ → X ×NX̊.

The pull-back contains those (m,x, µ) ∈ M × NX̊ with (f(m), ρb(x), 0) =
(x, x, µ) in X × NX̊. This is equivalent to x = f(m) = ρb(m) and µ = 0, so
that the pull-back is Q. Since all vectors tangent to the fibres of NX̊ are in
the image of D(ιπ, id), the intersection is smooth and the excess intersection
bundle is the same bundle η as for (f, ρb) : M̊ → X̊ × X̊ and δ : X̊ → X̊ × X̊.
Hence the right square is η-Cartesian.
Theorem 2.17 shows that L(α) is represented by a correspondence of the form

X
bj←− Q → pt, with a suitable class in K∗

G(Q) and a suitable KG-orientation
on the map Q → pt or, equivalently, the manifold Q. Here we may replace bj
by the properly homotopic map ρbj = fj. It remains to describe the K-theory
and orientation data.

Documenta Mathematica 19 (2014) 141–193



166 Ivo Dell’Ambrogio, Heath Emerson, and Ralf Meyer

First, the given K-theory class ξ onM is pulled back to ξ⊗1 onM×NX̊ when
we take the exterior product with NX̊ . In the intersection product, this is
pulled back to M along (id, ζρb), giving ξ again, and then to Q along j, giving
the restriction of ξ to Q ⊆ M . The unit and counit have 1 as its K-theory
datum. Thus the Lefschetz index has ξ|Q ⊗ e(η) ∈ K∗

G(Q) as its K-theory
datum by Theorem 2.17.
The given KG-orientations on E, f and η induce KG-orientations on all maps
in Figure 2 that point to the right. This is the KG-orientation on the map
Q → pt that we need. We describe it in greater detail after the proof of the
theorem.
The KG-orientation on the map Q→ pt is equivalent to a G-equivariant Spinc-
structure on Q. The isomorphism

k̂k
G
∗ (pt, pt)→ k̂k

G
∗ (C(pt),C(pt))

described in [15, Theorem 4.2] maps the geometric correspondence just de-
scribed to the index of the Dirac operator on Q for the chosen Spinc-structure
twisted by ξ|Q ⊗ e(η). This gives the last assertion of the theorem.

Since the KG-orientation on Qρb,f is necessary for computations, we describe
it more explicitly now. We still use the notation from the previous proof.
We are given KG-orientations on E, f and η. The KG-orientation on f is
equivalent to one on the G-vector bundle TM ⊕ f∗(NX) over M because

TX ⊕NX ∼= X × E

is a KG-oriented G-vector bundle on X .
We already discussed during the proof of the theorem that id × (id, ζρ) and
(id, ζρ) are normally non-singular embeddings with normal bundle E; this gives
the correct KG-orientation for these maps as well.
A KG-orientation on the map (f, ζρb) : M → X × NX̊ is equivalent to one
for TM ⊕ f∗(NX) because the bundle T(X × NX̊) ⊕ pr∗

1(NX) over X × NX̊
is isomorphic to the trivial bundle with fibre E ⊕ E and (f, ζρb)∗pr∗

1(NX) =
f∗(NX). We are already given such a KG-orientation from the KG-orientation
of f .

Lemma 2.19. The given KG-orientation on TM ⊕ f∗(NX) is also the one that
we get by inducing KG-orientations on (id, ζρb) from (id, ζρ) and on f × id
from f and then composing.

Proof. The KG-orientation of f induces one for f × id, which is equivalent to
a KG-orientation for

T(M ×NX̊)⊕ (fpr1)
∗(NX) ∼=

(
TM ⊕ f∗(NX)

)
× (NX̊ × E).

This KG-orientation is exactly the direct sum orientation from TM ⊕ f∗(NX)
and E; no sign appears in changing the order because E has even dimension.
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The map h = (id, ζρ) is a smooth embedding with normal bundle E. Hence we
get an extension of vector bundles

TM ⊕ f∗(NX)  h∗
(
T(M ×NX̊)⊕ (fpr1)

∗(NX)
)
։ E.

The given KG-orientations on TM ⊕ f∗(NX) and E induce one on the vector
bundle in the middle. This is the same one as the pull-back of the one con-
structed above. This means that the KG-orientation on TM⊕f∗(NX) induced
by h is the given one.

Equation (2.14) provides the following exact sequence of vector bundles over Q:

0→ TQ
Dj,D(ζfj)−−−−−−−→ j∗(TM)⊕ (ζfj)∗T(NX̊)

D(f,ζρb),−D(ιπ,id)−−−−−−−−−−−−→ (f, ζρb)∗T(X ×NX̊)→ η → 0.

Since −D(ιπ, id) is injective, we may divide out T(NX̊) and its image to get
the simpler short exact sequence

0→ TQ
Dj−−→ j∗TM

Df−D(ρb)−−−−−−−→ f∗TX → η → 0.

Then we add the identity map on j∗f∗(NX) to get

0→ TQ
(Dj,0)−−−−→ j∗(TM ⊕ f∗NX)

(Df−D(ρb),id)−−−−−−−−−−→ f∗(TX ⊕NX)→ η → 0.
(2.23)

In the last long exact sequence, the vector bundles j∗(TM ⊕ f∗NX), f∗(TX⊕
NX) ∼= Q×E and η carry KG-orientations. These together induce one on TQ.
This is the KG-orientation that appears in Theorem 2.18.
Of course, the resulting geometric cycle should not depend on the auxiliary
choice of a KG-orientation on η. Indeed, if we change it, then we change both
e(η) and the KG-orientation on TQ, and these changes cancel each other.
We now consider some examples of Theorem 2.18.

2.6.1 Self-maps transverse to the identity map

Let X be a compact G-manifold with boundary and let b : X → X be a smooth
G-map that is transverse to the identity map. Thus b has only finitely many
isolated fixed points and 1−Dxb : TxX → TxX is invertible for all fixed points x
of b. We turn b into a geometric correspondence α from X to itself by taking
M = X , f = id (with standard KG-orientation) and ξ = 1.
Since b has only finitely many fixed points, we may choose the collar neigh-
bourhood so small that all fixed points that do not lie on ∂X lie outside the
collar neighbourhood, and such that the fixed points of ρb are precisely the
fixed points of b not on the boundary of X . Hence ρb = b near all fixed points.
Then ρb is also transverse to the diagonal map and Theorem 2.18 applies. The
intersection space in Theorem 2.18 is

Q = Qρb,id = {x ∈ X | ρb(x) = x} = {x ∈ X̊ | b(x) = x},
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the set of fixed points of b in X̊. The K-theory class on Q is 1 because ξ = 1 and
the intersection is transverse. More precisely, the bundle η is zero-dimensional,
and we may give it a trivial KG-orientation for which e(η) = 1.

Although Q is discrete, the KG-orientation of the map Q → pt is important
extra information: it provides the signs that appear in the familiar Lefschetz
fixed-point formula. Equation (2.23) simplifies to

0→ TQ→ (TX ⊕NX)|Q
(id−Db,id)−−−−−−−→ (TX ⊕NX)|Q → 0.

We left out η because it is zero-dimensional and carries the trivial
KG-orientation to ensure that e(η) = 1. The bundle TQ is also zero-
dimensional. But a zero-dimensional bundle has non-trivial KG-orientations.
The Clifford algebra bundle of a zero-dimensional bundle is the trivial, triv-
ially graded one-dimensional bundle spanned by the unit section. Thus an
irreducible Clifford module (spinor bundle) for it is the same as a Z/2-graded
G-equivariant complex line bundle.

Let S be the spinor bundle associated to the given KG-orientation on TX ⊕
NX ∼= E. The exact sequence (2.23) says that the KG-orientation of Q is the
Z/2-gradedG-equivariant complex line bundle ℓ such that (id−Db)∗(S|Q)⊗ℓ ∼=
S|Q as Clifford modules. This uniquely determines ℓ. Thus ℓ measures
whether Db changes orientation or not. This is exactly the sign of the
G-equivariant vector bundle automorphism 1−Db on TX |Q, which is studied
in detail in [13]. In particular, it is shown in [13] that ℓ is the complexification
of a Z/2-graded G-equivariant real line bundle. The Z/2-grading gives one sign
for each G-orbit in Q, namely, the index of id−Dbx. In addition, the sign gives
a real character Gx → {−1,+1} for each orbit, where Gx denotes the stabiliser
of a point in the orbit.

Twisting the KG-orientation by a line bundle over Q has the same effect as
taking the trivial KG-orientation and putting this line bundle on Q. Thus L(α)
is represented by the geometric correspondence

X ← (Q, sign(1 −Db|Q))→ pt

with the trivial KG-orientation on the map Q→ pt.

The Lefschetz index of α is the index of the Dirac operator onQ with coefficients
in the line bundle sign(1−Db)|Q; this is simply the Z/2-gradedG-representation
on the space of sections of sign(1−Db)|Q, which is a certain finite-dimensional
Z/2-graded, real G-representation.
If the group G is trivial, then the Lefschetz index is a number and sign(1−Db)
is the family of sign(1 − Dxb) ∈ {±1} for x ∈ Q. If X is connected, then all
maps X ← pt give the same element in k̂k. Thus L(α) is L-ind(α) times the
point evaluation class [X ← pt = pt], and L-ind(α) is the sum of the indices of
all fixed points of b in X̊ .
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2.6.2 Euler characteristics

Now let ξ ∈ K∗
G(X) and consider the correspondence with M = X , b = f = id,

and the above class ξ. We want to compute the Lefschetz index of the geometric
correspondence α associated to ξ. In particular, for ξ = 1 we get the Lefschetz

index of the identity element in k̂k
G
0 (X,X), which is the Euler characteristic

of X .
We only compute the Lefschetz index of ξ ∈ K∗

G(X) forX with trivial boundary.
Then the map ρ in Theorem 2.18 is the identity map, and idX intersects itself
smoothly. The intersection space is Q = X , embedded diagonally into X ×X .
The excess intersection bundle η is TX . To apply Theorem 2.18, we also
assume that X is KG-oriented. Then L(α) is represented by the geometric
correspondence

X
idX←−− (X, ξ ⊗ e(TX))→ pt.

Here e(TX) and the map X → pt both use the same KG-orientation on X .
The Lefschetz index of α is represented by

pt← (X, ξ ⊗ e(TX))→ pt.

By Theorem 2.18, this is the index of the Dirac operator of X with coefficients
in ξ ⊗ e(TX).
Twisting the Dirac operator by e(TX) gives the de Rham operator: this is the
operator d+ d∗ on differential forms with usual Z/2-grading, so that its index
is the Euler characteristic of X . Thus (the analytic version of) L(α) is the
class in KKG0 (C(X),C) of the de Rham operator with coefficients in ξ. This
was proved already in [11] by computations in Kasparov’s analytic KK-theory.
Now we have a purely geometric proof of this fact, at least if X is KG-oriented.
Theorem 2.18 no longer works forX without KG-orientation because there is no
KG-orientation on the excess intersection bundle. A way around this restriction
would be to use twisted K-theory throughout. We shall not pursue this here,
however.
We can now clarify the relationship between the Euler class e(TX) ∈
K

dim(X)
G (X) and the higher Euler characteristic EulX ∈ KKG0 (C(X),C) intro-

duced already in [11]. Since we assume X KG-oriented and without boundary,

there is a duality isomorphism K
dim(X)
G (X) ∼= KG0 (X) = KKG0 (C(X),C). This

duality isomorphism maps e(TX) to EulX .

2.6.3 Self-maps without transversality

Let X be a compact G-manifold and let b : X → X be a smooth G-map. We
want to compute the Lefschetz map on the geometric correspondence

X
b←− X idX−−→ X

with KG-theory class 1 on X .

Documenta Mathematica 19 (2014) 141–193



170 Ivo Dell’Ambrogio, Heath Emerson, and Ralf Meyer

If b is transverse to the identity map, then this is done already in Section 2.6.1.
The case b = idX is done already in Section 2.6.2. Now we assume that b
and idX intersect smoothly. We also assume that b has no fixed points on the
boundary; then we may choose the collar neighbourhood of ∂X to contain no
fixed points of b, so that ρ(x) = x in a neighbourhood of the fixed point subset
of b. Furthermore, all fixed points of ρb are already fixed points of b.
That b and idX intersect smoothly and away from ∂X means that

Q := {x ∈ X | b(x) = x} = {x ∈ X | ρb(x) = x}
is a smooth submanifold of X̊ and that there is an exact sequence of G-vector
bundles over Q:

0→ TQ→ TX |Q
1−D(ρb)−−−−−→ TX |Q → η → 0,

where η is the excess intersection bundle.

Remark 2.20. The maps b and idX always intersect smoothly if b : X → X
is isometric with respect to a Riemannian metric on X ; the reason is that
if Db fixes a vector (x, ξ) at a fixed point of b, then b fixes the entire geodesic
through x in direction ξ.

The vector bundles TQ and η are the kernel and cokernel of the vector bundle
endomorphism 1 −D(ρb) on TX |Q. Since both are vector bundles, 1−D(ρb)
has locally constant rank. We may split

TX |Q ∼= ker(id−D(ρb))⊕ im(id−D(ρb)) = TQ⊕ im(id−D(ρb)),

TX |Q ∼= coker(id−D(ρb))⊕ coim(id−D(ρb)) = η ⊕ coim(id−D(ρb)).

Since im(ϕ) ∼= coim(ϕ) for any vector bundle homomorphism, it follows that η
and TQ are stably isomorphic as G-vector bundles. Thus KG-orientations on
one of them translate to KG-orientations on the other.

Remark 2.21. Given two stably isomorphic vector bundles, there is always a
vector bundle endomorphism with these two as kernel and cokernel. Hence we
cannot expect η and TQ to be isomorphic.

Corollary 2.22. Let X be a compact G-manifold. Let b : X → X be a smooth
G-map without fixed points on ∂X, such that b and idX intersect smoothly.
Let the fixed point submanifold Q of b be KG-oriented, and equip the excess
intersection bundle with the induced KG-orientation. Then the Lefschetz index
of the geometric correspondence

X
b←− X idX−−→ X

with KG-theory class 1 on X is the index of the Dirac operator on Q twisted
by e(η).

The Lefschetz map sends the correspondence above to

X
bj←− Q→ pt

with K-theory class e(η) on Q.
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2.6.4 Trace computation for standard correspondences

By Corollary 2.8, any element of k̂k
G
∗ (X,X) is represented by a correspondence

of the form
X

ι◦π◦pr
1←−−−−− NX̊ ×X pr

2−−→ X

for a unique ξ ∈ K∗
G(NX̊ ×X). We may view this as a standard form for an

element in k̂k
G
∗ (X,X).

The map (ρ◦ι◦π◦pr1, pr2) = (ρ◦π)×id : NX̊×X → X×X is a submersion and
hence transverse to the diagonal. Thus Theorem 2.18 applies. The space Qρb,f
is the graph of ρπ : NX̊ → X . Thus the Lefschetz map gives the geometric
correspondence

X ← NX̊ → pt, ξ|NX̊ ∈ K∗
G(NX̊),

where we embed NX̊ → NX̊ × X via (id, ρπ) and use the canonical

KG-orientation on NX̊. The Lefschetz index in k̂k
G
∗ (pt, pt) ∼= K∗

G(pt) is com-
puted analytically as the G-equivariant index of the Dirac operator on NX̊
twisted by ξ|NX̊ .

2.6.5 Trace computation for another standard form

Assume now that X has no boundary and is KG-oriented. As we remarked at

the end of Section 2.4, any element of k̂k
G
∗ (X,X) is represented by a corre-

spondence

X
pr

1←−− X ×X pr
2−−→ X, ξ ∈ K∗

G(X ×X).

The same computation as in Section 2.6.4 shows that the Lefschetz map sends
this to

X = X → pt, ξ|X ∈ K∗
G(X),

where ξ|X is for the diagonal embedding X → X ×X . Analytically, this is the
KG-homology class of the Dirac operator on X with coefficients ξ|X .

2.6.6 Homogeneous correspondences

We call a self-correspondence X
b←− M

f−→ X homogeneous if X and M are
homogeneous G-spaces. That is, X := G/H and M := G/L for closed sub-
groups H,L ⊆ G. Then there are elements tb, tf ∈ G with b(gL) := gtbH ,
f(gL) := gtfH ; we need L ⊆ tbHt

−1
b ∩ tfHt−1

f for this to be well-defined.

Since G/L ∼= G/t−1
f Ltf by gL 7→ gLtf , any homogeneous correspondence is

isomorphic to one with tf = 1, so that L ⊆ H . We assume this from now on
and abbreviate t = tb.
Since M and X are compact, the relevant K-theory group RK∗

G,X(M) for a
homogeneous correspondence is just K∗

G(M). The induction isomorphism gives
RK∗

G,X(M) = K∗
G(G/L)

∼= K∗
L(pt).

A KG-orientation for f : G/L → G/H is equivalent to a KH -orientation for
the projection map H/L → pt because f is obtained from this H-map by
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induction. Thus we must assume a KH -orientation on H/L. Equivalently, the
representation of L on T1L(H/L) factors through Spinc. This tangent space is
the quotient h/l, where h and l denote the Lie algebras of H and L, respectively.
Let L′ := H ∩ tHt−1. Then L ⊆ L′ and both maps f, b : G/L → G/H factor
through the quotient map p : G/L→ G/L′. The geometric correspondence

G/H
b←− G/L f−→ G/H, ξ ∈ K∗

G(G/L)

is equivalent to the geometric correspondence

G/H
b′

←− G/L′ f ′

−→ G/H, ξ′ ∈ K∗
G(G/L

′)

with ξ′ := p!(ξ) and b′(gL′) = gtH and f ′(gL′) = gH . (To construct the
equivalence, we first need a normally non-singular map lifting p; then we apply
vector bundle modifications on the domain and target of p to replace p by an
open embedding; finally, for an open embedding we may construct a bordism
as in [15, Example 2.14].)
Thus we may further normalise a homogeneous geometric self-correspondence
to one with L = H ∩ tHt−1.
Now we compute the Lefschetz map for a such a normalised homogeneous self-
correspondence.
First let t /∈ H . Then the image of the map (f, b) : G/L → G/H × G/H
does not intersect the diagonal. Hence (f, b) is transverse to the diagonal and
the coincidence space Qb,f is empty. Thus the Lefschetz map vanishes on a
homogeneous correspondence with t /∈ H by Theorem 2.18.
Now let t ∈ H . Then b = f : G/L→ G/H is the canonical projection map. Our
normalisation condition yields L = H and b = f = id in this case; that is, our ge-

ometric correspondence is the class in k̂k
G
∗ (G/H,G/H) of some ξ ∈ K∗

G(G/H).
Thus we have a special case of the Euler characteristic computation in Sec-
tion 2.6.2. The Lefschetz map gives the class of the geometric correspondence

G/H
id←−
=

(G/H, e(TG/H)⊗ ξ)→ pt,

provided G/H is KG-oriented. The Lefschetz index is the index of the de Rham
operator with coefficients in ξ.
When we identify K∗

G(G/H) ∼= K∗
H(pt), the Lefschetz index becomes a map

K∗
H(pt)→ K∗

G(pt).

In complex K-theory, this is a map R(H)→ R(G). Graeme Segal studied this
map in [28, Section 2], where it was denoted by i!.
For instance, assume G to be connected and let H = L be its maximal torus.
Let t ∈ W := NGH/H , the Weyl group of G. Assume that we are working
with complex K-theory, so that K∗

G(G/H) ∼= K∗
H(pt) ∼= R(H). The Weyl

group W acts on G/H by right translations; these are G-equivariant maps.
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Taking the correspondences X
w−1

←−−− X = X , this gives a representation W →
k̂k

G
0 (G/H,G/H). We also map R(H) ∼= K0

G(G/H)→ k̂k
G
0 (G/H,G/H) using

the correspondences X = (X, ξ) = X . These representations of W and R(H)
are a covariant pair of representations with respect to the canonical action ofW
on R(H) induced by the automorphisms h 7→ whw−1 of H for w ∈ W . Hence
we map

R(H)⋊W → k̂k
G
0 (G/H,G/H).

The Lefschetz index R(H) ⋊W → R(G) maps a · t 7→ 0 for t ∈ W \ {1} and
a · 1 7→ indG Λa, where Λa means the de Rham operator on G/H twisted by a.

2.7 Fixed points submanifolds for torus actions

As another application of our excess intersection formula, we reprove a result
that is used in a recent article by Block and Higson [5] to reformulate the Weyl
Character Formula in KK-theory.
Block and Higson also develop a more geometric framework for equivariant
KK-theory for a compact group. For two locally compact G-spaces X and Y ,
they identify KKG∗ (X,Y ) with the group of continuous natural transformations
ΦZ : K∗

G(X × Z) → K∗
G(Y × Z) for all compact G-spaces Z; here continuity

means that each ΦZ is a K∗
G(Z)-module homomorphism. The Kasparov prod-

uct then becomes the composition of natural transformations. This reduces
Kasparov’s equivariant KK-theory to equivariant K-theory.

The theory k̂k
G

does more: it contains the knowledge that all such natural
transformations come from geometric correspondences, when geometric corre-
spondences give the same natural transformation, and how to compose geomet-
ric correspondences. Thus we get a more concrete KK-theory.

Theorem 2.23. Let T be a compact torus and let X be a smooth, KT -oriented
T -manifold with boundary. Let e(TX) ∈ K0

T (X) be the Euler class of X for the
chosen KT -orientation. Let F ⊆ X be the fixed-point subset of the T -action
on X and let j : F → X be the inclusion map. Then F is again a smooth
K-oriented manifold with boundary, with trivial T -action, so that the inclusion
map j is KT -oriented. Let e(TF ) ∈ K0(F ) ⊆ K0

T (F ) be the Euler class of F .
The two geometric correspondences

X
idX←−− (X, e(TX))

idX−−→ X,

X
j←− (F, e(TF ))

j−→ X

represent the same element in k̂k
T
0 (X,X).

This is a generalisation of [5, Lemma 3.1]. We allow Spinc-manifolds instead
of complex manifolds. For a Spinc-structure coming from a complex structure,
the Euler class is [Λ∗T∗X ] ∈ K0

T (X), which appears in [5]. The following proof

is a translation of the proof in [5] into the category k̂k
G
.
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Proof. The first geometric correspondence above, involving the Euler class ofX ,
is represented by the composition of geometric correspondences

X
idX←−−
=

X
ζ−→ TX

ζ←− X idX−−→
=

X

by Example 2.13; here ζ denotes the zero section, which is KT -oriented using
the given KT -orientation on the T -vector bundle TX .
Choose a generic element ξ in the Lie algebra of T , that is, the one-parameter
group exp(sξ), s ∈ R, is dense in T . Let αt : X → X denote the action of
t ∈ T on X . The action of T maps ξ to a vector field αξ : X → TX . There is
a homotopy of geometric correspondences

X
idX←−−
=

X
αsξ−−→ TX

ζ←− X idX−−→
=

X

for s ∈ [0, 1]. For t = 0 we get the composition above, involving e(TX). We
claim that for s = 1, the two correspondences intersect smoothly and that the
intersection product is the second geometric correspondence in the theorem,
involving F and its Euler class.
First we show that the fixed-point submanifold F is a closed submanifold.
Equip X with a T -invariant Riemannian metric. Let x ∈ F , that is, αt(x) = x
for all t ∈ T . Split TxX into

V = {v ∈ TxX | Dαt(x, v) = (x, v) for all t ∈ T }
and its orthogonal complement V ⊥. Since the metric is T -invariant,

αt(exp(x, v)) = exp(Dαt(x, v))

for all v ∈ TxX . Since the exponential mapping restricts to a diffeomorphism
between a neighbourhood of 0 in TxX and a neighbourhood of x in X , we have
exp(x, v) ∈ F if v ∈ V , and the converse holds for v in a suitable neighbourhood
of 0. Thus we get a closed submanifold chart for F near x with TxF = V .
Hence F is a closed submanifold with

TF = {(x, v) ∈ TX | Dαt(x, v) = (x, v) for all t ∈ T }.
Since ξ is generic, αξ(x) = 0 in TxX if and only if x ∈ F . Thus F is the
coincidence space of the pair of maps ζ, αξ : X → TX . Let x ∈ F and let
v1, v2 ∈ TxX satisfy Dζ(x, v1) = Dαξ(x, v2). Then v1 = v2 by taking the hori-
zontal components; and the vertical component of Dαξ(x, v2) vanishes, which
means that Dαexp(sξ)(x, v2) = (x, v2) for all s ∈ R. Hence v2 ∈ TxF . This
proves that ζ and αξ intersect smoothly. The excess intersection bundle is the
cokernel ofDαexp(sξ)−id; since the action of T is by isometries, Dαexp(sξ)−id is
normal in each fibre, so that its image and kernel are orthogonal complements.
Hence the cokernel is canonically isomorphic to the kernel of Dαexp(sξ) − id.
Thus the excess intersection bundle is canonically isomorphic to TF .

Hence Theorem 2.17 gives the geometric correspondenceX
j←− (F, e(TF ))

j−→ X
as the composition, as desired.
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3 The homological Lefschetz index of a Kasparov morphism

The example in Section 2.6.1 shows in what sense the geometric Lefschetz
index computations in Section 2 generalise the local fixed-point formula for the
Lefschetz index of a self-map. Now we turn to generalisations of the global
homological formula for the Lefschetz index.
The classical Lefschetz fixed-point formula for a self-map f : X → X contains
the (super)trace of the map on the cohomology of X with rational coefficients
induced by f . We take rational coefficients in order to get vector spaces over a
field, where there is a good notion of trace for endomorphisms. By the Chern
character, we may as well take K∗(X) ⊗ Q instead of rational cohomology. It
is checked in [9] that the Lefschetz index of f ∈ KK0(A,A) for a dualisable
C∗-algebra A in the bootstrap class is equal to the supertrace of the map on
K∗(A)⊗Q induced by f .
We are going to generalise this result to the equivariant situation for a compact
Lie group G. We assume that we are working with complex C∗-algebras, so

that k̂k
G
∗ (pt, pt) = KKG∗ (C,C) vanishes in odd degrees and is the represen-

tation ring R(G) in even degrees. Our methods do not apply to the torsion
invariants in KKGd (R,R) for d 6= 0 in the real case because we (implicitly) tensor
everything with Q to simplify the Lefschetz index.

Furthermore, we work in KKG instead of k̂k
G

in this section because the cat-

egory KKG is triangulated, unlike k̂k
G
. We explain in Remark 3.11 why k̂k

G

is not triangulated; the triangulated structure on KKG is introduced in [21].
Let S ⊆ R(G) be the set of all elements that are not zero divisors. This is a
saturated, multiplicatively closed subset; even more, it is the largest multiplica-
tively closed subset for which the canonical map R(G)→ S−1 R(G) to the ring
of fractions is injective (see [1, Exercise 9 on p. 44]). The localisation S−1 R(G)
is also called the total ring of fractions of R(G).
Since KKG is symmetric monoidal with unit 1 = C and R(G) = KKG0 (C,C),
the category KKG is R(G)-linear. Hence we may localise it at S as in [17]. The
resulting category T := S−1KKG has the same objects as KKG and arrows

T∗(A,B) := S−1KKG∗ (A,B) = S−1 R(G)⊗R(G) KKG∗ (A,B).

The category T is S−1 R(G)-linear. There is an obvious functor ♮ : KKG → T .
If A is a separable G-C∗-algebra, then

T∗(C, A) = S−1KKG∗ (C, A) ∼= S−1 R(G)⊗R(G) K
G
∗ (A),

where we use the usual R(G)-module structure on KG∗ (A)
∼= KKG∗ (C, A).

There is a unique symmetric monoidal structure on T for which ♮ is a strict
symmetric monoidal functor: simply extend the exterior tensor product on
KKG S−1 R(G)-linearly. Hence if A is dualisable in KKG, then its image in T
is dualisable as well, and

♮(tr f) = tr(♮f) for all f ∈ KKG∗ (A,A).
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The crucial point for us is that ♮ tr(f) = tr(♮f) uniquely determines tr f because
the map

R(G) ∼= KKG0 (1,1)
♮−→ T0(1,1) ∼= S−1 R(G)

is injective. Thus it suffices to compute Lefschetz indices in T . This may be
easier because T has more isomorphisms and thus fewer isomorphism classes of
objects. Furthermore, the endomorphism ring of the unit T∗(1,1) = S−1 R(G)
has a rather simple structure:

Lemma 3.1. The ring S−1 R(G) is a product of finitely many fields.

Proof. Let G/AdG be the space of conjugacy classes in G and let C(G/AdG)
be the algebra of continuous functions on G/AdG. Taking characters provides
a ring homomorphism χ : R(G) → C(G/AdG), which is well-known to be in-
jective. Hence R(G) is torsion-free as an Abelian group and has no nilpotent
elements. Since G is a compact Lie group, R(G) is a finitely generated com-
mutative ring by [28, Corollary 3.3]. Thus R(G) is Noetherian and reduced.
This implies that its total ring of fractions is a finite product of fields (see
[18, Exercise 6.5]).

The fields in this product decomposition correspond bijectively to minimal
prime ideals in R(G). By [28, Proposition 3.7.iii], these correspond bijectively
to cyclic subgroups of G/G0, where G0 denotes the connected component of
the identity element. In particular, S−1 R(G) is a field if and only if G is
connected.

Example 3.2. Let G be a connected compact Lie group. Let T be a maximal
torus in G and let W be the Weyl group, W := NG(T )/T . Highest weight
theory provides an isomorphism R(G) ∼= R(T )W . Here R(T ) is a ring of integral
Laurent polynomials in r variables, where r is the rank of T . Since elements
of N≥1 are not zero divisors in R(G), the total ring of fractions of R(G) is
equal to the total ring of fractions of R(G) ⊗ Q. The latter is the Q-algebra
of W -invariant elements in Q[x1, . . . , xr, (x1 · · ·xr)−1]. This is the algebra of
polynomial functions on the algebraic Q-variety (Q×)r, and the W -invariants
give the algebra of polynomials on the quotient variety (Q×)r/W . This variety
is connected, so that the total ring of fractions S−1 R(G) in this case is the
field of rational functions on the algebraic Q-variety (Q×)r/W .

Now we can define an equivariant analogue of the trace of the map on K∗(A)⊗Q
induced by f ∈ KK0(A,A):

Definition 3.3. Let S−1 R(G) =
∏n
i=1 Fi with fields Fi. A module over

S−1 R(G) is a product
∏n
i=1 Vi, where each Vi is an Fi-vector space. In partic-

ular, if A is a G-C∗-algebra, then T∗(C, A) = S−1KG∗ (A) =
∏n
i=1 K

G
∗,i(A) for

certain Z/2-graded Fi-vector spaces KG∗,i(A). An endomorphism f ∈ T0(A,A)

induces grading-preserving endomorphisms KG∗,i(f) : K
G
∗,i(A)→ KG∗,i(A).
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If the vector spaces KG∗,i(A) are all finite-dimensional, then the (super)trace of

KG∗,i(f) is defined to be trKG0,i(f)− trKG1,i(f) ∈ Fi, and

trS−1KG∗ (f) := (trKG∗,i(f))
n
i=1 ∈

n∏

i=1

Fi = S−1 R(G).

We will see below that dualisability for objects in appropriate bootstrap classes
already implies that KG∗ (A) is a finitely generated R(G)-module, and then each
KG∗,i(A) must be a finite-dimensional Fi-vector space.

Theorem 3.4. Let A belong to the thick subcategory of KKG generated by C
and let f ∈ KKG0 (A,A). Then A is dualisable in KKG, so that tr f is defined,
and

♮(tr f) = trS−1KG∗ (f) ∈ S−1 R(G).

Thick subcategories are defined in [26, Definition 2.1.6]. The thick subcategory
generated by C is, of course, the smallest thick subcategory that contains the
object C. We denote the thick subcategory generated by a set A of objects or
a single object by 〈A〉.
As we remarked above, ♮(tr f) uniquely determines tr f ∈ R(G) because the
canonical embedding ♮ : R(G)→ S−1 R(G) is injective.
We will prove Theorem 3.4 in Section 3.3.
How restrictive is the assumption thatX should belong to the thick subcategory
of KKG generated by C? The answer depends on the group G.
We consider the two extreme cases: Hodgkin Lie groups and finite groups.
A Hodgkin Lie group is, by definition, a connected Lie group with simply
connected fundamental group; they are the groups to which the Universal Co-
efficient Theorem and the Künneth Theorem in [27] apply.

Theorem 3.5. Let G be a compact connected Lie group with torsion-free funda-
mental group. Then a G-C∗-algebra A belongs to the thick subcategory generated
by C if and only if

• A, without the G-action, belongs to the bootstrap category in KK, and

• A is dualisable.

We postpone the proof of this theorem until after the proof of Proposition 3.13,
which generalises part of this theorem to arbitrary compact Lie groups.
The first condition in Theorem 3.5 is automatic for commutative C∗-algebras
because the non-equivariant bootstrap category is the class of all separable
C∗-algebras that are KK-equivalent to a commutative separable C∗-algebra.
Hence Theorem 3.5 verifies the assumptions needed for Theorem 3.4 if A =
C0(X) and C0(X) is dualisable in KKG; the latter is necessary for the Lefschetz
index to be defined, anyway.
In particular, let X be a compact smooth G-manifold with boundary, for a

Hodgkin Lie group G. Then X is dualisable in k̂k
G

by Theorem 2.7, and
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hence C(X) is dualisable in KKG because the functor k̂k
G → KKG is sym-

metric monoidal. Furthermore, k̂k
G
∗ (X,X) ∼= KKG∗ (C(X),C(X)) in this case,

so that any endomorphism f ∈ KKG0 (C(X),C(X)) comes from some self-

correspondence in k̂k
G
0 (X,X). We get the following generalisation of the Lef-

schetz fixed-point formula:

Corollary 3.6. Let G be a Hodgkin Lie group, X a smooth compact

G-manifold, possibly with boundary, and f ∈ k̂k
G
0 (X,X). Then tr(f) ∈

R(G) ⊆ S−1 R(G) is equal to the supertrace of S−1K∗
G(f), acting on the

S−1 R(G)-vector space S−1K∗
G(X).

Notice that S−1 R(G) for a Hodgkin Lie group is a field, not just a product of
fields.
In particular, Corollary 3.6 for the trivial group gives the Lefschetz index for-
mula in [9].
Whereas Theorem 3.4 yields quite satisfactory results for Hodgkin Lie groups,
its scope for a finite group G is quite limited:

Example 3.7. For G = Z/2 there is a locally compact G-space X with
K∗
G(X) = 0 but K∗(X) 6= 0. Equivalently, KKG∗ (C,C0(X)) = 0 and

KKG∗ (C(G),C0(X)) 6= 0. This shows that C(G) does not belong to 〈C〉.
Worse, the Lefschetz index formula in Theorem 3.4 is false for endomorphisms

of C(G). We have k̂k
G
∗ (G,G)

∼= Z[G], spanned by the classes of the translation
maps G→ G, x 7→ x ·g, for g ∈ G, and these are homogeneous correspondences
as in Section 2.6.6.
Translation by g = 1 is the identity map, and its Lefschetz index is the class of
the regular representation of G in R(G). For g 6= 1, the Lefschetz index is zero
because the fixed point subset is empty. However, K∗

G(G) = K∗(pt) = Z[0]
and all translation maps induce the identity map on K∗

G(G). Thus the induced
map on K∗

G(G) is not enough information to compute the Lefschetz index of

an endomorphism of G in k̂k
G
.

3.1 The equivariant bootstrap category

A reasonable Lefschetz index formula should apply at least to KKG-endo-
morphisms of C(X) for all smooth compact G-manifolds and thus, in particular,
for finite G-sets X . Example 3.7 shows that Theorem 3.4 fails on such a larger
category. This leads us to improve the Lefschetz index formula. First we discuss
the class of G-C∗-algebras where we expect it to hold.
We are going to describe an equivariant analogue of the bootstrap class in KKG.
Our class is larger than the class of C∗-algebras that are KKG-equivalent to a
commutative C∗-algebra. The latter subcategory is too small because it is not
thick. The thick (or localising) subcategory of KKG generated by commutative
C∗-algebras is a better choice, but such a definition is not very intrinsic. We
will choose an even larger subcategory of KKG because it is not more difficult
to treat and has a nicer characterisation.
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The category KKG only has countable coproducts because we need C∗-algebras
to be separable. Hence the standard notions of compact objects and localising
subcategories have to be modified so that they only involve countable coprod-
ucts. As in [7, Definition 2.1], we speak of compactℵ1

objects, localisingℵ1

subcategories, and compactlyℵ1
generated subcategories.

Definition 3.8. Call a G-C∗-algebra A elementary if it is of the form
IndGH MnC = C(G,MnC)H for some closed subgroup H ⊆ G and some action
of H on MnC by automorphisms; the superscript H means the fixed points for
the diagonal action of H .

Definition 3.9. Let BG ⊆ KKG be the localisingℵ1
subcategory generated by

all elementary G-C∗-algebras. We call BG the G-equivariant bootstrap category.

An action of H on MnC comes from a projective representation of H on Cn.
Such a projective representation is a representation of an extension of H by the
circle group. The extension is classified by a cohomology class in H2(H,U(1)).
Two actions on MnC are H-equivariantly Morita equivalent if and only if they
belong to the same class in H2(H,U(1)). The G-C∗-algebras IndGH MnC for
actions of H on MnC with different cohomology classes need not be KKG-
equivalent.

Theorem 3.10. A G-C∗-algebra belongs to the localisingℵ1
subcategory gener-

ated by the elementary G-C∗-algebras if and only if it is KKG-equivalent to a
G-action on a type I C∗-algebra.

Proof. It is already shown in [27, Theorem 2.8] that all G-actions on type I
C∗-algebras belong to the localisingℵ1

subcategory generated by the elemen-
tary G-C∗-algebras. By definition, localisingℵ1

subcategories are closed under
KKG-equivalence. Elementary G-C∗-algebras are type I C∗-algebras, even con-
tinuous trace C∗-algebras. To finish the proof we must show that the G-C∗-
algebras that are KKG-equivalent to type I G-C∗-algebras form a localisingℵ1

subcategory of KKG.
Let T1 ⊆ KKG be the full subcategory of type I, separable G-C∗-algebras.
If A ∈ T1, then C0(R, A) ∈ T1, so that T1 is closed under suspension and
desuspension. Let A,B ∈ T1 and f ∈ KKG0 (A,B). We have KKG0 (A,B) ∼=
KKG1 (A,C0(R, B)), and cycles for the latter group correspond to (equivariantly)
semisplit extensions of G-C∗-algebras

C0(R, B)⊗K D ։ A

with K := K(L2(G×N)). Since B and A are type I, so are C0(R, B)⊗K and D
because the property of being type I is inherited by extensions. The semisplit
extension above provides an exact triangle isomorphic to

B[−1]→ D → A
f−→ B.

Thus there is an exact triangle containing f with all three entries in T1. Fur-
thermore, countable direct sums of type I C∗-algebras are again type I. This
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implies that the G-C∗-algebras KKG-equivalent to one in T1 form a localisingℵ1

subcategory of KKG.

Remark 3.11. In the non-equivariant case, any C∗-algebra in the bootstrap class
is KK-equivalent to a commutative one. This criterion fails already for G =
U(1), as shown by a counterexample in [10]. Since the bootstrap class is the
smallest localising subcategory containing C, it follows that the commutative

C∗-algebras do not form a localising subcategory. Thus k̂k
G
is not triangulated:

it lacks cones for some maps.
In this case, the equivariant bootstrap class is already generated by C and
contains all U(1)-actions on C∗-algebras in the non-equivariant bootstrap cat-
egory. It is shown in [10] that the U(1)-equivariant K-theory of a suitable
Cuntz–Krieger algebra with its natural gauge action cannot arise from any
U(1)-action on a locally compact space.

Corollary 3.12. The restriction and induction functors KKG → KKH and
KKH → KKG for a closed subgroup H in a compact Lie group G restrict to
functors between the bootstrap classes in KKG and KKH .

Proof. Restriction does not change the underlying C∗-algebra and thus pre-
serves the property of being type I. Induction maps elementary H-C∗-algebras
to elementary G-C∗-algebras, is triangulated, and commutes with direct sums.
Hence it maps BH to BG.

Proposition 3.13. An object of BG is compactℵ1
if and only if it is dualisable,

if and only if it belongs to the thick subcategory of BG (or of KKG) generated
by the elementary G-C∗-algebras.

Proof. The tensor unit C is compactℵ1
because KKG∗ (C, A) ∼= KG∗ (A) ∼= K∗(G⋉

A) is countable for all G-C∗-algebras A, and the functors A 7→ G⋉ A and K∗

are well-known to commute with coproducts. Furthermore, the tensor product
in KKG commutes with coproducts in both variables.
Using this, we show that dualisable objects of BG are compactℵ1

. If A is
dualisable with dual A∗, then KKG(A,B) ∼= KKG(C, A∗ ⊗ B), and since C is
compactℵ1

and ⊗ commutes with countable direct sums, it follows that A is
compactℵ1

.
It follows from [8, Corollary 2.2] that elementary G-C∗-algebras are dualisable
and hence compactℵ1

. A compact group has only at most countably many
compact subgroups by Lemma 3.14 below; and any of them has at most finitely
many projective representations. Hence the set of elementary G-C∗-algebras
is at most countable. Therefore, BG is compactlyℵ1

generated in the sense
of [7, Definition 2.1]. By [7, Corollary 2.4] an object of BG is compactℵ1

if
and only if it belongs to the thick subcategory generated by the elementary
G-C∗-algebras.
The Brown Representability Theorem [7, Corollary 2.2] shows that for every
compactℵ1

object A of BG there is a functor Hom(A, ␣) from BG to BG such
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that
KKG(A⊗B,D) ∼= KKG(B,Hom(A,D))

for all B,D in BG. Using exactness properties of the internal Hom functor in
the first variable, we then show that the class of dualisable objects in BG is
thick (see [7, Section 2.3]). Thus all objects of the thick subcategory generated
by the elementary G-C∗-algebras are dualisable.

The following lemma is well-known, see [25].

Lemma 3.14. A compact Lie group has at most countably many conjugacy
classes of closed subgroups.

Proof. Let H be a closed subgroup of a compact Lie group G. By the Mostow
Embedding Theorem, G/H embeds into a linear representation of G, that
is, H is a stabiliser of a point in some linear representation of G. Up to
isomorphism, there are only countably many linear representations of G. Each
linear representation has finite orbit type, that is, it admits only finitely many
different conjugacy classes of stabilisers. Hence there are altogether at most
countably many conjugacy classes of closed subgroups in G.

Proof of Theorem 3.5. Let G be a Hodgkin Lie group. The main result of [23]
says that A belongs to the localising subcategory of KKG generated by C if and
only if A⋊G belongs to the non-equivariant bootstrap category (this is special
for Hodgkin Lie groups). Since this covers all elementary G-C∗-algebras, we
conclude that the localising subcategory generated by C contains BG and is,
therefore, equal to BG.
The same argument as in the proof of Proposition 3.13 shows that the following
are equivalent for an object A of BG:

• A is dualisable;

• A is compactℵ1
;

• A belongs to the thick subcategory generated by C.

This finishes the proof of Theorem 3.5.

So far we always used the bootstrap class, which is the domain where a Univer-
sal Coefficient Theorem holds. The next proposition is a side remark showing
that we may also use the domain where a Künneth formula holds.

Definition 3.15. An object A ∈ KKG satisfies the Künneth formula if KG∗ (A⊗
B) = 0 for all B that satisfy KG∗ (C⊗B) = 0 for all elementary G-C∗-algebras C.

By results of [20, 24], the assumption in Definition 3.15 is necessary and suffi-
cient for a certain natural spectral sequence that computes KG∗ (A ⊗ B) from
KKG∗ (C,A) and KKG∗ (C,B) for elementary C to converge for all B; we have
no need to describe this spectral sequence.
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Proposition 3.16. Let A ∈ KKG be dualisable with dual A∗. If A or A∗

satisfies a Künneth formula, then both A and A∗ belong to BG, and vice versa.

Proof. Since BG is generated by the elementaryG-C∗-algebras, KKG∗ (C,B) = 0
for all elementary G-C∗-algebras C if and only if KKG∗ (C,B) = 0 for all C ∈
BG. Any elementary G-C∗-algebra C is dualisable with a dual in BG. Hence
KG∗ (C ⊗ B) ∼= KKG∗ (C∗, B) = 0 for elementary C if KKG∗ (C′, B) = 0 for all
elementary G-C∗-algebras C′; conversely KKG∗ (C,B) ∼= KG∗ (C∗ ⊗ B) = 0 for
elementary C if KG∗ (C′ ⊗ B) = 0 for all elementary G-C∗-algebras C′. Let us
denote the class of G-C∗-algebras with these equivalent properties BG,⊥.
It follows from [20, Theorem 3.16] that (BG,BG,⊥) is a complementary pair
of localising subcategories. In particular, if KKG∗ (A,B) = 0 for all B ∈ BG,⊥,
then A ∈ BG.
Now assume, say, that A satisfies a Künneth formula. Then KKG∗ (A∗, B) ∼=
KG∗ (A⊗B) = 0 for all B ∈ BG,⊥. Thus A∗ ∈ BG. Then KG∗ (A∗⊗B) = 0 for all
B ∈ BG,⊥ because the class of C with KG∗ (C⊗B) = 0 is localising and contains
all elementary C if B ∈ BG,⊥. As above, this implies (A∗)∗ = A ∈ BG.

The proof of Theorem 3.5 above used that, for a Hodgkin Lie group, BG is
already generated by C. For more general groups, we also expect that fewer
generators suffice to generate BG. But we only need and only prove a result
about topologically cyclic groups here.
A locally compact group G is called topologically cyclic if there is an element
g ∈ G that generates a dense subgroup of G. A topologically cyclic group
is necessarily Abelian. We are interested in topologically cyclic, compact Lie
groups here. A compact Lie group is topologically cyclic if and only if it is
isomorphic to Tr × F for some r ≥ 0 and some finite cyclic group F (possibly
the trivial group), where T = R/Z ∼= U(1). Here we use that any extension
Tr  E ։ F for a finite cyclic group F splits. This also implies that any
projective representation of a finite cyclic groups is a representation.

Theorem 3.17. Let G be a topologically cyclic, compact Lie group. Then
the bootstrap class BG ⊆ KKG is already generated by the finitely many G-
C∗-algebras C(G/H) for all open subgroups H ⊆ G.
Furthermore, an object of BG is compactℵ1

if and only if it is dualisable if
and only if it belongs to the thick subcategory generated by C(G/H) for open
subgroups H ⊆ G.

Proof. The second statement about compactℵ1
objects in BG follows from the

first one and [7, Corollary 2.4], compare the proof of Proposition 3.13. Thus
it suffices to prove that the objects C(G/H) for open subgroups already gener-
ate BG. For this, we use an isomorphism G ∼= Tr ×F for some r ≥ 0 and some
finite cyclic subgroup F .
Let us first consider the special case r = 0, that is, G is a finite cyclic group. In
this case, any subgroup of G is open and again cyclic. We observed above that
cyclic groups have no non-trivial projective representations. Thus any elemen-
tary G-C∗-algebra is Morita equivalent to C(G/H) for some open subgroup H
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in G. Hence the assertion of the theorem is just the definition of BG in this
case.
If F is trivial, then the assertion follows from Theorem 3.5. Now we consider
the general case where both F and Tr are non-trivial.
The Pontryagin dual Ĝ of G is isomorphic to the discrete group Zr × F . If A
is a G-C∗-algebra, then G ⋉ A carries a canonical action of Ĝ called the dual
action. Similarly, Ĝ ⋉ A for a Ĝ-C∗-algebra A carries a canonical dual action

of G. This provides functors KKG → KKĜ and KKĜ → KKG. Baaj–Skandalis
duality says that they are inverse to each other up to natural equivalence (see
[2, Section 6]). Since both functors are triangulated, this is an equivalence of
triangulated categories.

If A is type I, then so is G ⋉ A. Hence all objects in BĜ ⊆ KKĜ are KKĜ-
equivalent to a Ĝ-action on a type I C∗-algebra by Theorem 3.10.
The group Ĝ is Abelian and hence satisfies a very strong form of the Baum–
Connes conjecture: it has a dual Dirac morphism and γ = 1 in the sense of
[22, Definition 8.1]. From this it follows that any Ĝ-C∗-algebra A belongs to the

localising subcategory of KKĜ that is generated by IndĜ
Ĥ
A for finite subgroups

Ĥ ⊆ Ĝ (this is shown as in the proof of [22, Theorem 9.3]).
The finite subgroups in Zr× F̂ are exactly the subgroups of F̂ , of course. Since
we have induction in stages, we may assume Ĥ = F̂ . Thus the subcategory of

type I Ĝ-C∗-algebras is already generated by IndĜ
F̂
A for type I F̂ -C∗-algebrasA.

Since F̂ is a finite cyclic group, the discussion above shows that the category of
type I F̂ -C∗-algebras A is already generated by C0(F̂ /Ĥ) for subgroups Ĥ ⊆ F̂ .
Thus BĜ is generated by the Ĝ-C∗-algebras IndĜ

F̂
C0(F̂ /Ĥ) ∼= C0(Ĝ/Ĥ). The

finite subgroups Ĥ ⊆ Ĝ are exactly the orthogonal complements of (finite-
index) open subgroups H ⊆ G.
Now G ⋉ C0(G/H) is Morita equivalent to C∗(H) ∼= C0(Ĝ/Ĥ) for any open
subgroup H ⊆ G, where Ĥ ⊆ Ĝ denotes the orthogonal complement of H in Ĝ.
The dual action on C0(Ĝ/Ĥ) comes from the translation action of Ĝ. Thus
the G- and Ĝ-C∗-algebras C0(G/H) and C0(Ĝ/Ĥ) correspond to each other
via Baaj–Skandalis duality. We conclude that the G-C∗-algebras C0(G/H) for
open subgroups H ⊆ G generate BG.

Let G be topologically cyclic, say, G ∼= Tr × Z/k for some r ≥ 0, k ≥ 1. Then
open subgroups of G correspond to subgroups of Z/k and thus to divisors d
of k. The representation ring of G is

R(G) ∼= R(Tr)⊗ R(Z/k) ∼= Z[x1, . . . , xr, (x1 · · ·xr)−1]⊗ Z[t]/(tk − 1). (3.1)

Let
tk − 1 =

∏

d|k

Φd(t)

be the decomposition into cyclotomic polynomials. Each factor Φd generates a
minimal prime ideal of R(G), and these are all minimal prime ideals of R(G).
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The localisation at (Φd) gives the field Q(θd)(x1, . . . , xr) of rational functions
in r variables over the cyclotomic field Q(θd), and the product of these locali-
sations is the total ring of fractions of R(G),

S−1 R(G) =
∏

d|k

Q(θd)(x1, . . . , xr).

(Compare Lemma 3.1.)

Lemma 3.18. Let H ( G be a proper open subgroup. The canonical map

R(G)→ KKG0 (C(G/H),C(G/H))

from the exterior product in KKG factors through the restriction map R(G)→
R(H). The image of C(G/H) in the localisation of KKG at the prime ideal (Φk)
vanishes.

Proof. The exterior product of the identity map on C(G/H) and ξ ∈ R(G) ∼=
KKG0 (C,C) is given by the geometric correspondence G/H = G/H = G/H
with the class p∗(ξ) ∈ K0

G(G/H), where p : G/H → pt is the constant map.
Now identify K0

G(G/H) ∼= K0
H(pt) ∼= R(H) and p∗ with the restricton map

R(G)→ R(H) to get the first statement.
We have H ∼= Tr × Z/d embedded via (x, j) 7→ (x, jk/d) into G ∼= Tr × Z/k.
If H 6= G, then d 6= k. The restriction map R(G) → R(H) annihilates the
polynomial (tk − 1)/Φk =

∏
d|k,d 6=k Φd. This polynomial does not belong to

the prime ideal (Φk) and hence becomes invertible in the localisation of R(G)
at (Φk). Since an invertible endomorphism can only be zero on the zero object,
C(G/H) becomes zero in the localisation of KKG at (Φk).

3.2 Localisation of the bootstrap class

Proposition 3.19. Let G ∼= Tr × Z/k be topologically cyclic. Let BGd be the

thick subcategory of dualisable objects in the bootstrap class BG ⊆ KKG. Any
object in the localisation of BGd at the prime ideal (Φk) in R(G) is isomorphic
to a finite direct sum of suspensions of C.

Proof. By Theorem 3.17 an object of BG is dualisable if and only if it belongs
to the thick subcategory generated by C(G/H) for open subgroups H ⊆ G.
Lemma 3.18 shows that all of them except C = C(G/G) become zero when we
localise at (Φk). Hence the image of BGd in the localisation is contained in the
thick subcategory generated by C. We must show that the objects isomorphic
to a direct sum of suspensions of C already form a thick subcategory in the
localisation of KKG at (Φk).
The graded endomorphism ring of C in this localisation is

KKG∗ (C,C)⊗R(G) R(G)(Φk)
∼= Q(θk)(x1, . . . , xr)[β, β

−1]
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with β of degree two generating Bott periodicity. It is crucial that KKG∗ (C,C) ∼=
F [β, β−1] for a field F := Q(θk)(x1, . . . , xr). The following argument only uses
this fact.

We map a finite direct sum A =
⊕

i∈I C[εi] of suspensions of C to the
Z/2-graded F -vector spaces V (A) with basis I and generators of degree εi.
For two such direct sums, KKG0 (A,B) is isomorphic to the space of grading-
preserving F -linear maps V (A)→ V (B) because this clearly holds for a single
summand.
Now let f ∈ KKG0 (A,B) and consider the associated linear map V (f) : V (A)→
V (B). Choose a basis for the kernel of V (f) of homogeneous elements and
extend it to a homogeneous basis for V (A), and extend the resulting basis for
the image of V (f) to a homogeneous basis of V (B). This provides isomorphisms
V (A) ∼= V0 ⊕ V1, V (B) ∼= W1 ⊕ W2 such that f |V0

= 0, f(V1) = W1 and
f |V1

: V1 → W1 is an isomorphism. The chosen bases describe how to lift
the Z/2-graded vector spaces Vi and Wi to direct sums of suspensions of C.
Thus the map f is equivalent to a direct sum of three maps f0 ⊕ f1 ⊕ f2 with
f0 : A0 → 0 mapping to the zero object, f1 invertible, and f2 : 0 → B2 with
domain the zero object. The mapping cone of f0 is the suspension of A0, the
cone of f2 is B2, and the cone of f1 is zero. Hence the cone is again a direct
sum of suspensions of C. Furthermore, any idempotent endomorphism has a
range object.

Thus the direct sums of suspensions of C already form an idempotent complete
triangulated category. As a consequence, any object in the thick subcategory
generated by C is isomorphic to a direct sum of copies of C.

Proposition 3.20. Let G be a Hodgkin Lie group. Let BGd be the thick subcat-

egory of dualisable objects in the bootstrap class BG ⊆ KKG. Any object in the
localisation of BGd at S is isomorphic to a finite direct sum of suspensions of C.

Proof. Theorem 3.5 shows that BGd is the thick subcategory of KKG generated
by C. The localisation F := S−1 R(G) is a field because G is connected, and
the graded endomorphism ring of C in the localisation of KKG at S is F [β, β−1]
with β the generator of Bott periodicity. Now the argument is finished as in
the proof of Proposition 3.19.

Remark 3.21. The localisations above use the groups KKG(A,B) ⊗R(G)

S−1 R(G) for some multiplicatively closed subset S ⊆ End(1) = R(G), fol-
lowing [17]. A drawback of this localisation is that the canonical functor
KKG → S−1KKG does not commute with (countable) coproducts. This is
why Propositions 3.19 and 3.20 are formulated only for BGd and not for all
of BG.
Another way to localise BG at S is described in [7, Theorem 2.33]. Both local-
isations agree on BGd by [7, Theorem 2.33.h]. The construction in [7] has the

advantage that the canonical functor from KKG to this localisation commutes
with smallℵ1

(that is, countable) coproducts. Hence analogues of Propositions
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3.19 and 3.20 hold for the whole bootstrap category BG, with smallℵ1
coprod-

ucts of suspensions of C instead of finite direct sums of suspensions of C.

3.3 The Lefschetz index computation using localisation

Now we have all the tools available to formulate and prove a Lefschetz index
formula for general compact Lie groups. We first prove Theorem 3.4, which
deals with endomorphisms of objects in the thick subcategory generated by C.
Then we formulate and prove the general Lefschetz index formula.

Proof of Theorem 3.4. Since A belongs to the thick subcategory generated
by C, it is dualisable in KKG by Proposition 3.13. Hence tr(f) ∈ R(G) is
defined for f ∈ KKG0 (A,A).
The image of tr(f) in S−1 R(G) is the Lefschetz index of the image of f in the
localisation of KKG at S. The localisation S−1 R(G) is a product of fields. It is
more convenient to compute each component separately. This means that we
localise at larger multiplicatively closed subsets S̄ such that S̄−1 R(G) is one
of the factors of S−1 R(G). In this localisation, the endomorphisms of C form
a field again, not a product of fields. If our trace formula holds for all these
localisations, it also holds for S−1 R(G).
Since the endomorphisms of C form a field, the same argument as in the proof of
Proposition 3.19 show that, in this localisation, A is isomorphic to a finite sum
of copies of suspensions of C. Write A ∼=

⊕n
i=1 Ai with Ai

∼= C[εi] in S−1KKG

for some εi ∈ Z/2. Then f becomes a matrix (fij) with fij ∈ S−1KKG0 (Aj , Ai).
The dual ofAi ∼= C[εi] isA∗

i
∼= C[εi] ∼= Ai, and the unit and counit of adjunction

C ⇆ C[εi] ⊗ C[εi] are the canonical isomorphism and its inverse with sign
(−1)εi , respectively; the sign is necessary because the exterior product is graded
commutative. Hence the dual of A is isomorphic to A, with unit and counit

C ⇆ A⊗A ∼=
n⊕

i,j=1

Ai ⊗Aj

the sum of the canonical isomorphisms C ⇆ Ai ⊕ Ai, up to signs, and the
zero maps C ⇆ Ai ⊕ Aj for i 6= j. Thus the Lefschetz index of f is the

sum
∑n

i=1(−1)εifii[εi] as an element in S−1KKG0 (C,C). This is exactly the

supertrace of f acting on S−1KG∗ (A) ∼=
⊕n

i=1 S
−1 R(G)[εi].

Let G be a general compact Lie group. Let CG denote the set of conjugacy
classes of Cartan subgroups of G in the sense of [28, Definition 1.1]. Such
subgroups correspond bijectively to conjugacy classes of cyclic subgroups in
the finite group G/G0, where G0 denotes the connected component of the
identity element in G. Thus CG is a non-empty, finite set, and it has a single
element if and only if G is connected.
The support of a prime ideal p in R(G) is defind in [28] as the smallest sub-
group H such that p comes from a prime ideal in R(H) via the restriction
map R(G)→ R(H). Given any Cartan subgroup H , there is a unique minimal
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prime ideal with support H , and this gives a bijection between CG and the set
of minimal prime ideals in R(G) (see [28, Proposition 3.7]).
More precisely, if H ⊆ G is a Cartan subgroup, then H is topologically cyclic
and hence H ∼= Tr × Z/k for some r ≥ 0, k ≥ 1. We described a prime
ideal (Φk) in R(H) before Lemma 3.18, and its preimage in R(G) is a minimal
prime ideal pH in R(G).
The total ring of fractions S−1 R(G) is a product of fields by Lemma 3.1. We
can make this more explicit:

S−1 R(G) ∼=
∏

H∈CG

F (R(G)/pH),

where F (␣) denotes the field of fractions for an integral domain.

Definition 3.22. Let A be dualisable in BG ⊆ KKG, let ϕ ∈ KKG0 (A,A),
and let H ∈ CG. Let F := F (R(G)/pH) and let KH(A) := KH∗ (A) ⊗R(H)

F , considered as a Z/2-graded F -vector space. Let KH(ϕ) be the grading-
preserving F -linear endomorphism of KH(A) induced by ϕ.

Theorem 3.23. Let A be dualisable in BG ⊆ KKG, let ϕ ∈ KKG0 (A,A), and let
H ∈ CG. Then the image of tr(ϕ) in F (R(G)/pH) is the supertrace of KH(ϕ).

Proof. The map R(G) → F (R(G)/pH) factors through the restriction homo-
morphism R(G)→ R(H) because pH is supported in H . Restricting the group
action to H maps the bootstrap category in KKG into the bootstrap category
in KKH by Corollary 3.12, and commutes with taking Lefschetz indices be-
cause restriction is a tensor functor. Hence we may replace G by H and take
ϕ ∈ KKH0 (A,A) throughout.
Since H is topologically cyclic, Proposition 3.19 applies. It shows that in the
localisation of KKH at pH , any dualisable object in BG becomes isomorphic to
a finite direct sum of suspensions of C. Now the argument continues as in the
proof of Theorem 3.4 above.

4 Hattori–Stallings traces

Before we found the above approach through localisation, we developed a dif-
ferent trace formula where, in the case of a Hodgkin Lie group, the trace is
identified with the Hattori–Stallings trace of the R(G)-module map KG∗ (f)
on KG∗ (A). We briefly sketch this alternative formula here, although the lo-
calisation approach above seems much more useful for computations. The
Hattori–Stallings trace has the advantage that it obviously belongs to R(G).
We work in the general setting of a tensor triangulated category (T ,⊗,1). We
assume that T satisfies additivity of traces, that is:

Assumption 4.1. Let A → B → C → A[1] be an exact triangle in T and
assume that A and B are dualisable. Assume also that the left square in the
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following diagram

A B C A[1]

A B C A[1]

fA fB fC fA[1]

commutes. Then C is dualisable and there is an arrow fC : C → C such that
the whole diagram commutes and tr(fC)− tr(fB) + tr(fA) = 0.

Additivity of traces holds in the bootstrap category BG ⊆ KKG. The quickest
way to check this is the localisation formula for the trace in Theorem 3.23. It
shows that BG satisfies even more: tr(fC)− tr(fB) + tr(fA) = 0 holds for any
arrow fC that makes the diagram commute.
There are several more direct ways to verify additivity of traces, but all require
significant work which we do not want to get into here. The axioms worked out
by J. Peter May in [19] are lengthy and therefore rather unpleasant to check
by hand. In a previous manuscript we embedded the localising subcategory
of KKG generated by C into a category of module spectra. Since additivity
is known for categories of module spectra, this implies the required additivity
result at least for this smaller subcategory. Another way would be to show that
additivity of traces follows from the derivator axioms and to embed KKG into
a triangulated derivator.
In the following, we will just assume additivity of traces and use it to compute
the trace. Let

R := T∗(1,1) =
⊕

n∈Z

Tn(1,1)

be the graded endomorphism ring of the tensor unit. It is graded-commutative
provided T satisfies some very basic compatibility axioms; see [29] for details.
If A is any object of T , then M(A) := T∗(1, A) =

⊕
n∈Z Tn(1, A) is an

R-module in a canonical way, and an endomorphism f ∈ Tn(A,A) yields a
degree-n endomorphism M(f) of M(A). We will prove in Theorem 4.2 below
that, under some assumptions, the trace of f equals the Hattori–Stallings trace
of M(f) and, in particular, depends only on M(f).
Before we can state our theorem, we must define the Hattori–Stallings trace
for endomorphisms of graded modules over graded rings. This is well-known
for ungraded rings (see [3]). The grading causes some notational overhead.
Let R be a (unital) graded-commutative graded ring. A finitely generated free
R-module is a direct sum of copies of R[n], where R[n] denotes R with degree
shifted by n, that is R[n]i = Rn+i. Let F : P → P be a module endomorphism
of such a free module, let us assume that F is homogeneous of degree d. We
use an isomorphism

P ∼=
r⊕

i=1

R[ni] (4.1)
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to rewrite F as a matrix (fij)1≤i,j≤r , where fij : R[nj ] → R[ni] are R-module
homomorphisms of degree d. The entry fij is given by right multiplication by
some element of R of degree ni − nj + d. The (super)trace trF is defined as

trF :=

r∑

i=1

(−1)ni tr fii;

this is an element of R of degree d.
It is straightforward to check that trF is well-defined, that is, independent
of the choice of the isomorphism in (4.1). Here we use that the degree-zero
part of R is central in R (otherwise, we still get a well-defined element in the
commutator quotient Rd/[Rd, R0]). Furthermore, if we shift the grading on P
by n, then the trace is multiplied by the sign (−1)n – it is a supertrace.
If P is a finitely generated projective graded R-module, then P ⊕Q is finitely
generated and free for some Q, and for an endomorphism F of P we let

trF := tr(F ⊕ 0: P ⊕Q→ P ⊕Q).

This does not depend on the choice of Q.
A finite projective resolution of a graded R-module M is a resolution

· · · → Pℓ
dℓ−→ Pℓ−1

dℓ−1−−−→ · · · d1−→ P0
d0−→M (4.2)

of finite length by finitely generated projective graded R-modules Pj . We
assume that the maps dj have degree one (or at least odd degree). Assume
that M has such a resolution and let f : M →M be a module homomorphism.
Lift f to a chain map fj : Pj → Pj , j = 0, . . . , ℓ. We define the Hattori–Stallings
trace of f as

tr(f) =

ℓ∑

j=0

tr(fj).

It may be shown that this trace does not depend on the choice of resolution.
It is important for this that we choose dj of degree one. Since shifting the
degree by one alters the sign of the trace of an endomorphism, the sum in the
definition of the trace becomes an alternating sum when we change conventions
to have even-degree boundary maps dj . Still the trace changes sign when we
shift the degree of M .

Theorem 4.2. Let F ∈ T (A,A) be an endomorphism of some object A of T .
Assume that A belongs to the localising subcategory of T generated by 1. If the
graded R-module M(A) := T∗(1, A) has a finite projective resolution, then A
is dualisable in T and the trace of F is equal to the Hattori–Stallings trace of
the induced module endomorphism T∗(1, f) of M(A).

Proof. Our main tool is the phantom tower over A, which is constructed in [20].
We recall some details of this construction.
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Let M⊥ be the functor from finitely generated projective R-modules to T de-
fined by the adjointness property T (M⊥(P ), B) ∼= T (P,M(B)) for all B ∈ T .
The functor M⊥ maps the free rank-one module R to 1, is additive, and com-
mutes with suspensions; this determines M⊥ on objects. Since R = T∗(1,1),
T∗(M

⊥(P1),M
⊥(P2)) is isomorphic (as a graded Abelian group) to the space

of R-module homomorphisms P1 → P2. Furthermore, we have canonical iso-
morphisms M

(
M⊥(P )

) ∼= P for all finitely generated projective R-modules P .
By assumption, M(A) has a finite projective resolution as in (4.2). Using M⊥,
we lift it to a chain complex in T , with entries P̂j := M⊥(Pj) and boundary

maps d̂j := M⊥(dj) for j ≥ 1. The map d̂0 : P̂0 → A is the pre-image of d0

under the adjointness isomorphism T (M⊥(P ), B) ∼= T (P,M(B)). We get back

the resolution of modules by applying M to the chain complex (P̂j , d̂j).
Next, it is shown in [20] that we may embed this chain complex into a diagram

A = N0 N1 N2 N3 · · ·

P̂0 P̂1 P̂2 P̂3 · · ·

ι1
0

ι2
1

ι3
2

ε0 ε1 ε2

d̂0 = π0

π1 π2 π3

d̂1 d̂2 d̂3

(4.3)

where the wriggly lines are maps of degree one; the triangles involving d̂j com-
mute; and the other triangles are exact. This diagram is called the phantom
tower in [20].
Since P̂j = 0 for j > ℓ, the maps ιj+1

j are invertible for j > ℓ. Furthermore,

a crucial property of the phantom tower is that these maps ιj+1
j are phantom

maps, that is, they induce the zero map on T∗(1, ␣). Together, these facts imply
that M(Nj) = 0 for j > ℓ. Since we assumed 1 to be a generator of T , this
further implies Nj = 0 for j > ℓ. Therefore, A ∈ 〈1〉, so that A is dualisable
as claimed.
Next we recursively extend the endomorphism F of A = N0 to an endomor-
phism of the phantom tower. We start with F0 = F : N0 → N0. Assume
Fj : Nj → Nj has been constructed. As in [20], we may then lift Fj to a map

F̂j : P̂j → P̂j such that the square

P̂j Nj

P̂j Nj

πj

F̂j

πj

Fj

commutes. Now we apply additivity of traces (Assumption 4.1) to construct
an endomorphism Fj+1 : Nj+1 → Nj+1 such that (F̂j , Fj , Fj+1) is a triangle

morphism and tr(Fj) = tr(F̂j) + tr(Fj+1). Then we repeat the recursion step
with Fj+1 and thus construct a sequence of maps Fj . We get

tr(F ) = tr(F0) = tr(F̂0) + tr(F1) = · · · = tr(F̂0) + · · ·+ tr(F̂ℓ) + tr(Fℓ+1).
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Since Nℓ+1 = 0, we may leave out the last term.
Finally, it remains to observe that the trace of F̂j as an endomorphism of P̂j
agrees with the trace of the induced map on the projective module Pj . Since
both traces are additive with respect to direct sums of maps, the case of general
finitely generated projective modules reduces first to free modules and then to
free modules of rank one. Both traces change by a sign if we suspend or
desuspend once, hence we reduce to the case of endomorphisms of 1, which is
trivial. Hence the computation above does indeed yield the Hattori–Stallings
trace of M(A) as asserted.

Remark 4.3. Note that if a module has a finite projective resolution, then it
must be finitely generated. Conversely, if the graded ring R is coherent and
regular, then any finitely generated module has a finite projective resolution.
(Regular means that every finitely generated module has a finite length pro-
jective resolution; coherent means that every finitely generated homogeneous
ideal is finitely presented – for instance, this holds if R is (graded) Noetherian;
coherence implies that any finitely generated graded module has a resolution
by finitely generated projectives.)
Moreover, if R is coherent then the finitely presented R-modules form an
abelian category, and this implies (by an easy induction on the triangular length
of A) that for every A ∈ 〈1〉 = (〈1〉loc)d the module M(A) is finitely presented
and thus a fortiori finitely generated. If R is also regular, each such M(A) has
a finite projective resolution.
In conclusion: if R is regular and coherent, an object A ∈ 〈1〉loc is dualisable
if and only if the graded R-module M(A) has a finite projective resolution.
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1 Introduction

A sums-of-squares formula of type [r, s, n] over a field F of characteristic 6= 2
(with strictly positive integers r, s and n) is a formula

( r∑

i=1

x2i

)
·
( s∑

i=1

y2i

)
=
( n∑

i=1

z2i

)
∈ F [x1, . . . , xr, y1, . . . , ys] (1)

where zi = zi(X,Y ) for each i ∈ {1, . . . , n} is a bilinear form in X and Y (with
coefficients in F ), i.e. zi ∈ F [x1, . . . , xr, y1, . . . , ys] is homogeneous of degree 2
and F -linear in X and Y . Here, X = (x1, . . . , xr) and Y = (y1, . . . , ys) are coor-

dinate systems. To be specific, zi =
∑

k,j c
(i)
kj xkyj for c

(i)
kj ∈ F . An old problem

of Adolf Hurwitz concerns the existence of sums-of-squares formulas. Historical
remarks can be found in [18] and [20]. For any m ∈ Z>0, we let ϕ(m) denote
the cardinality of the set {l ∈ Z : 0 < l ≤ m and l ≡ 0, 1, 2 or 4 (mod 8)}. The
aim of this paper is to introduce the following result.

Theorem 1.1. If a sums-of-squares formula of type [r, s, n] exists over a field
F of characteristic 6= 2, then 2ϕ(s−1)−i+1 divides

(
n
i

)
for n− r < i ≤ ϕ(s− 1).
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The proof of Theorem 1.1 over R was provided by [2] and [21]. It involves com-
putations of topologicalKO-theory of real projective spaces and γi-operations.
The statement of Theorem 1.1 over R can be extended to any field of charac-
teristic 0 by an algebraic remark of T.Y. Lam and K.Y. Lam, cf. Theorem 3.3
[18]. By using algebraic K-theory, D. Dugger and D. Isaksen prove a similar
result over an arbitrary field of characteristic 6= 2, where ϕ(s− 1) in the above
theorem is replaced by ⌊ s−1

2 ⌋, cf. Theorem 1.1 [7]. They actually conjectured
the above statement. Since ϕ(s − 1) ≥ ⌊ s−1

2 ⌋, our main theorem generalizes
theirs. One may wish to look at the following table.

n 1 2 3 4 5 6 7 8 9 · · ·
ϕ(n) 1 2 2 3 3 3 3 4 5 · · ·
⌊n2 ⌋ 0 1 1 2 2 3 3 4 4 · · ·

Example 1.1. Consider the triplet [15, 10, 16] which does not exist over F by
the above theorem. Neither Hopf’s condition [8] nor the weaker condition in [7]
can give the non-existence of [15, 10, 16].

Remark 1.1. The necessary condition of our main theorem does not imply the
existence of [r, s, n]. To illustrate, [3, 5, 5] does not exist over the field F by the
Hurwitz-Radon theorem. However, it satisfies the necessary condition.

Remark 1.2. The algebraic K-theory analog (cf. Theorem 1.1 [7]) of our main
theorem works even if the assumption ‘if a sums-of-squares formula of type
[r, s, n] exists over F ’ is replaced by ‘if a nonsingular bilinear map of size [r, s, n]
exists over F ’. The statement with the latter assumption is ‘stronger’. However,
this is not the case under our proof, since we will use the sums-of-squares
identity (1).

Remark 1.3. The triplet [r, s, n] is independent of the base fields whenever
r ≤ 4 and whenever s ≥ n − 2 (cf. Corollary 14.21 [20]), so that the main
theorem is true. There is a bold conjecture which states that the existence of
[r, s, n] is independent of the base field F (of characteristic 6= 2), cf. Conjecture
3.8 [18] or Conjecture 14.22 [20]. Our main theorem and Dugger-Isaksen’s Hopf
condition (cf. [8]) suggest this conjecture to some extent. However, as Shapiro
points out in Chapter 14 [20], there is indeed very little evidence to support
this conjecture.

In [22], it is shown that the Grothendieck-Witt group of a complex cellular
variety is isomorphic to the KO-theory of its set of C-rational points with
analytic topology. The set of C-rational points of a deleted quadric is homotopy
equivalent to the real projective space of the same dimension, cf. Lemma 6.3
[15]. Moreover, the computation of topological KO-theory of a real projective
space is well-known, cf. Theorem 7.4 [1]. We therefore have motivations to work
on the Grothendieck-Witt group of a deleted quadric and on the γi-operations.
The proof of our main theorem requires the computation of Grothendieck-Witt
group of a deleted quadric which will be explored in Section 3.
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2 Terminology, notation and remark

Let (E , ∗, η) be a Z[ 12 ]-linear exact category with duality. For i ∈ Z, Walter’s
Grothendieck-Witt groups GW i(E , ∗, η) are defined in Section 4.3 [16]. The
triplet (Vect(X), Hom( ,L), can) (notation in Example 2.3 [16]) is an exact
category with duality. If X is any Z[ 12 ]-scheme, then we define

GW i(X,L) := GW i(Vect(X), Hom( ,L), can).

By the symbolsGW i(X), we mean the groupsGW i(X,O). Note thatGW 0(X)
is just Knebusch’s L(X) which is defined in [14]. The notation in [3] is used
for the Witt theory. For KO-theory and comparison maps, we refer to [22].

Definition 2.1. Let T be a scheme. For us, a smooth T -variety X is called
T -cellular if it has a filtration by closed subvarieties

X = Z0 ⊃ Z1 ⊃ · · · ⊃ ZN = ∅

such that Zk−1 − Zk ∼= AnkT for each k.

In this paper, the following notations are introduced for convenience:

F — a field of characteristic 6= 2;
K — an algebraically closed field of characteristic 6= 2;
V — the ring of Witt vectors over K;
L — the field of fractions of V ;
XF — the base-change scheme X ×Z[ 12 ]

F for any Z[ 12 ]-scheme X;

S — the polynomial ring F [y1, . . . , ys];
Ps−1 — the scheme Proj Z[ 12 ][y1, . . . , ys];
qs — the quadratic polynomial qs(y) = y21 + . . .+ y2s ;
V+(qs) — the closed subscheme of Ps−1 defined by qs;
D+(qs) — the open subscheme Ps−1 − V+(qs) of Ps−1;
ξ — the line bundle O(−1) of Ps−1

F restricted to D+(qs)F ;
R — the ring of elements of total degrees 0 in Sqs ;
P — the R-module of elements of total degrees −1 in Sqs ;
Qn — the Z[ 12 ]-scheme defined by∑n/2

i=0 xiyi = 0 in Pn+1, if n > 0 is even;∑(n−1)/2
i=0 xiyi + c2 = 0 in Pn+1, if n > 0 is odd;

DQn+1 — the open subscheme Pn+1 −Qn of Pn+1.

Remark 2.1. (i) Let E be a field containing
√
−1 and of characteristic 6= 2.

Note that (Qs−2)E is isomorphic to the projective variety V+(qs)E , cf. Lemma
2.2 [8]. This map induces an isomorphism iE : (DQs−1)E → D+(qs)E .
(ii) Observe that V is a complete DVR with the quotient field K, cf. Chapter
II [17]. Also, note that the fraction field L of V has characteristic 0, cf. loc. cit..
(iii) The scheme D+(qs)F is affine over the base field F , since D+(qs)F and
Spec R are isomorphic, cf. the proof of Proposition 2.2 [7].
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3 Proof of Theorem 1.1

Lemma 3.1. If a sums-of-squares formula of type [r, s, n] exists over F , then
there exist a non-degenerate bilinear form σ : ξ × ξ → O on D+(qs)F and a
bilinear space ζ on D+(qs)F of rank n− r such that

r[ξ, σ] + [ζ] = n ∈ GW 0(D+(qs)F )

where n is the trivial bilinear space of the rank n.

Proof. The K-theory analog has been proved, cf. Proposition 2.2 [7]. It is
clear that the group GW 0(D+(qs)F ) is isomorphic to GW0(R) by Remark 2.1
(iii). If the equation (1) exits, we are able to construct a graded S-module
homomorphism (S(−1))r → Sn by f = (f1, . . . , fr) 7→ (z1(f, Y ), . . . , zn(f, Y ))
where Y = (y1, . . . , ys) is the coordinate system introduced in Section 1. This
map induces a homomorphism α : P r → Rn of R-modules by localizing it at qs.

The isomorphism P ⊗RP → R, f⊗g 7→ (fg) ·qs gives a non-degenerate bilinear
form σ : P × P → R. Let 〈−,−〉Rn be the unit bilinear form over Rn. Let
f = (f1, . . . , fr), g = (g1, . . . , gr) ∈ P r. We claim that 〈α(f), α(g)〉Rn equals∑r

i=1 σ(fi, gi). It is enough to show that 〈α(f), α(f)〉Rn =
∑r

i=1 σ(fi, fi). Note
that 〈α(f), α(f)〉Rn = z1(f, Y )2+. . .+zn(f, Y )2. By the existence of the triplet
[r, s, n], we obtain z1(f, Y )2+. . .+zn(f, Y )2 = (f2

1+. . .+f
2
r )qs =

∑r
i=1 σ(fi, fi).

Note that (P r,
∑r
i=1 σ) is non-degenerate. It follows that α is injective and

(P r,
∑r

i=1 σ) can be viewed as a non-degenerate subspace of (Rn, 〈−,−〉Rn)
via α. Define ζ to be its orthogonal complement (P r)⊥ with the unit form
〈−,−〉Rn restricting to (P r)⊥. By a basic fact of quadratic form theory, ζ is
non-degenerate and ζ⊥(P r,∑r

i=1 σ)
∼= (Rn, 〈−,−〉Rn).

Theorem 3.1. Let ν denote the element [ξ, σ]− 1 in the ring GW 0(D+(qs)K).
Then, the ring GW 0(D+(qs)K) is isomorphic to

Z[ν]/(ν2 + 2ν, 2ϕ(s−1)ν)

where ϕ(s− 1) is the number defined in Section 1. Therefore, for any rational
point ς : Spec K → D+(qs)K , the reduced Grothendieck-Witt ring

G̃W
0
(D+(qs)K) := ker

(
ς∗ : GW 0(D+(qs)K)→ GW 0(Spec K) ∼= Z

)

is isomorphic to Z/2ϕ(s−1).

Theorem 3.1 will be proved in the next section.

Proof of Theorem 1.1. It is enough to show this theorem over the algebraic
closure F̄ of F . Indeed, if [r, s, n] exists over F , then it also exists over F̄ . In
order to apply the standard trick (cf. the proof of Theorem 1.3 [7]), we have to
take care of γi-operations on GW 0(D+(qs)F̄ ). To be specific, this standard trick
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can not be applied without the list of three properties (cf. Properties (i)-(iii) in
loc. cit.) of γi-operations and their generating power series γt = 1+

∑
i>0 γ

iti on
GW 0(D+(qs)F̄ ). Due to the lack of reference, we will develop γi-operations on
K(Bil(X)) and prove these three properties (see Appendix A). It is enough for
our purpose becauseGW 0(X) is justK(Bil(X)) if X is affine (see Remark A.1),
and the scheme D+(qs)F̄ is affine by Remark 2.1 (iii). Hence, together with
Lemma 3.1, we are allowed to apply the standard trick. One checks that details
are the same as in the proof of Theorem 1.3 [7] by replacing K-theory analogs
with GW -theory and ⌊ s−1

2 ⌋ with ϕ(s− 1). Combining with a reformulation of
powers of 2 dividing correspondent binomial coefficients (cf. Section 1.2 [7]),
we are done.

4 Proof of Theorem 3.1

4.1 Rigidity and Hermitian K-theory of cellular varieties

By Remark 2.1 (ii), there is always an inclusion map Q → L where Q (resp.
L) is the algebraic closure of Q (resp. L). Consider the following diagram (2).

K ←−−−−− V −−−−−→ L W i(K)
βi

←−−−−−
∼=

W i(V )
αi

−−−−−→
∼=

W i(L)
x ∼=

xχi

C ←−−−−− Q W i(C)
∼=

←−−−−−
ηi

W i(Q)

(2)

On the right-hand side of the diagram (2), the maps of Witt groups are all
induced by the correspondent ring maps of the left-hand side for a fixed i ∈ Z.
All these Witt groups are trivial if i 6≡ 0 (mod 4), cf. Theorem 5.6 [5]. Note
that β0 is an isomorphism by Satz 3.3 [13]. It is also clear that W 0(K) is
isomorphic to Z/2 and that all the maps on the right-hand side of the diagram
(2) preserve multiplicative identities for i = 0. Since Witt groups are four
periodicity in shifting, we obtain

Lemma 4.1. The map ηi ◦ (χi)−1 ◦ αi ◦ (βi)−1 yields an isomorphism from
W i(K) to W i(C). Moreover, by Karoubi induction (cf. Section 3 [6]), the left-
hand side of the digram (2) gives an isomorphism GW i(K) → GW i(C) of
Grothendieck-Witt groups. �

Lemma 4.2. Let X be a smooth Z[ 12 ]-cellular variety. Let f : A→ B be a map
of regular local rings of finite Krull dimensions with 1/2. Suppose that the map
W i(A) → W i(B) induced by f is an isomorphism for each i, then f gives an
isomorphism of Witt groups (resp. Grothendieck-Witt groups)

W i(XA,LA)→W i(XB,LB) (resp. GW i(XA,LA)→ GW i(XB,LB))

for each i and any line bundle L over X.
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Proof. We may use W i(X,L)∗ to simplify the notation W i(X∗,L∗). We wish
to prove the Witt theory case by induction on cells. Firstly, note that the
pullback maps W i(A)→W i(AnA) and W

i(B)→W i(AnB) are isomorphisms by
homotopy invariance, cf. Theorem 3.1 [4]. It follows that

W i(AnA) ∼=W i(AnB).

Let X = Z0 ⊃ Z1 ⊃ · · · ⊃ ZN = ∅ be the filtration such that

Zk−1 − Zk ∼= Ank =: Ck.

In general, the closed subvarieties Zk may not be smooth. However, let Uk
be the open subvariety X − Zk for each 0 ≤ k ≤ N . Every Uk is smooth
in X . There is another filtration X = UN ⊃ UN−1 ⊃ · · · ⊃ U0 = ∅ with
Uk − Uk−1 = Zk−1 − Zk ∼= Ck closed in Uk of codimension dk. Consider the
following commutative diagram of localization sequences.

W i−1(Uk−1)A−→W i
Ck

(Uk,L)A−→W i(Uk,L)A−→W i(Uk−1)A−→W i+1
Ck

(Uk,L)A
y

y
y

y
y

W i−1(Uk−1)B−→W i
Ck

(Uk,L)B−→W i(Uk,L)B−→W i(Uk−1)B−→W i+1
Ck

(Uk,L)B

Here, W i
Ck

(Uk,L) means the L-twisted ith-Witt group of Uk with supports on
Ck. Note that any line bundle over (Ck)A is trivial, since

Pic(AnA) ∼= Pic(A) = 0 (A is regular local and so it is a UFD).

By the dévissage theorem (cf. [10]), we deduce that

W i
Ck(Uk,L)A ∼=W i

Ck(Uk,L)B for all i.

Moreover, by induction hypothesis,

W i(Uk−1)A ∼=W i(Uk−1)B for all i.

Applying the 5-lemma, one sees that the middle vertical map is an isomorphism.
Since the K-theory analog of this theorem is also true by induction on cells,
the GW -theory cases follow by Karoubi induction, cf. Section 3 [6].

Corollary 4.1. The Witt group (resp. the Grothendieck-Witt group)

W i(X,L)K (resp. GW i(X,L)K)

is isomorphic to

W i(X,L)C (resp. GW i(X,L)C)
for each i and any line bundle L over X.

Documenta Mathematica 19 (2014) 195–208



An Application of Hermitian K-Theory ... 201

4.2 Comparison maps and rank one bilinear spaces

If X is a smooth variety over C, we let X(C) be the set of C-rational points of
X with analytic topology. One can define comparison maps (cf. Section 2 [22])

k0 : K0(X) → K0(X(C))
gw0 : GW 0(X) → KO0(X(C))
w0 : W 0(X) → KO

K

0
(X(C))

(3)

where KO
K

0
(X(C)) means the cokernel of the realification map from K0(X) to

KO0(X(C)). Let GW 0
top(X(C)) be the Grothendieck-Witt group of complex

bilinear spaces over X(C). The map gw0 consists of the composition of the
following two maps

f : GW 0(X)→ GW 0
top(X(C)) g : GW 0

top(X(C))→ KO0(X(C))

where the map f takes a class [M,φ] on X to the class [M(C), φ(C)] on X(C).
The map g sends a class [N, ǫ] on X(C) to the class represented by the under-
lying real vector bundle R(N, ǫ) such that R(N, ǫ)⊗R C = N and that ǫ|R(N,ǫ)

is real and positive definite, cf. Lemma 1.3 [22]. Let Q(X) (resp. Qtop(X))
denote the group of isometry (resp. isomorphism) classes of rank one bilinear
spaces (resp. rank one complex bilinear spaces) over X (resp. X(C)) with the
group law defined by the tensor product. There are maps of sets

Q(X)→ GW 0(X), [L, φ] 7→ [L, φ] Qtop(X(C))→ GW 0
top(X(C)), [L, ǫ] 7→ [L, ǫ].

Let PicR(X(C)) be the group of isomorphism classes of rank one real vector
bundles over X(C).

Lemma 4.3. The following diagram is commutative

GW 0(X)
f

−−−−−→ GW 0
top(X(C)) g

−−−−−→ KO0(X(C))
x u

x v

x

Q(X)
f̃

−−−−−→ Qtop(X(C)) g̃
−−−−−→ PicR(X(C))

where f̃([L, φ]) (resp. g̃([L, ǫ])) is defined as [L(C), φ(C)] (resp. [R(L, ǫ)]).

Proof. The square on the left-hand side is obviously commutative. It remains
to show that the right-hand side square is commutative. Check that the map g̃
is well-defined. Note that, for each couple of complex bilinear spaces (L

′

, ǫ
′

) and
(L, ǫ) on X(C), if R(L

′

, ǫ
′

) is isomorphic to R(L, ǫ), then (L
′

, ǫ
′

) is isometric
to (L, ǫ). Besides, the map g̃ has image in PicR(X(C)). To see this, suppose
g̃([L, ǫ]) = [R(L, ǫ)] is not in PicR(X(C)) for some [L, ǫ] ∈ Qtop(X(C)). It
follows thatX(C) has a point with an open neighborhood U such thatR(L, ǫ)|U
is isomorphic to U×Rn with n 6= 1. Then, L|U is isomorphic to U×Cn (n 6= 1),
since R(L, ǫ)⊗RC ∼= L. This contradicts the assumption that the bundle L has
rank one. Then, it is clear that g ◦ u = v ◦ g̃.
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4.3 Comparison maps and cellular varieties

Let H(C) (resp. SH(C)) be the unstable A1-homotopy category (resp. the
stable A1-homotopy category) over C. Let H•(C) be the pointed version of
H(C). There are objects in H•(C):

S1
s − the constant sheaf represented by ∆1/∂∆1 pointed canonically;
S1
t − the sheaf represented by A1 − {0} pointed by 1;
T − the sheaf represented by the projective line P1 pointed by ∞.

Set Sp,q = (S1
s )

∧(p−q) ∧ (S1
t )

∧q with p ≥ q ≥ 0. Then, S2,1 and T are A1-
weakly equivalent. See Section 3.2 [9] for details and Section 1.4 [22] for dis-
cussion. One may take these objects to SH(C). The category SH(C) is trian-
gulated with translation functor S1,0 ∧−. Set K̃Op,q(X ) := [Σ∞X , Sp,q ∧KO]
and KOp,q(X) := [Σ∞X+, S

p,q ∧ KO] where X ∈ H•(C) and X ∈ H(C).
The object KO ∈ SH(C) is the geometric model of Hermitian K-theory
in the A1-homotopy theory defined by Schlichting and Tripathi (See Sec-
tion 1.5 [22]). Moreover, there are isomorphisms GW q(X) ∼= KO2q,q(X) and
W q(X) ∼= KO2q−1,q−1(X). One defines comparison maps (cf. Section 2 [22])

k̃p,q
h (X ) : K̃O

p,q
(X ) → K̃O

p
(X (C))

kp,q
h (X) : KOp,q(X) → KOp(X(C)).

In particular, when X is a complex smooth variety, we have

gwq = k2q,q
h : GW q(X) → KO2q(X(C))

wq+1 = k2q+1,q
h : W q+1(X) → KO2q+1(X(C)).

Theorem 4.1. Let X be a complex smooth cellular variety. Assume further that
Z is cellular and closed in X, and let U := X − Z. Then, the map k2q,qh (U) is

an isomorphism and the map k2q+1,q
h (U) is injective.

Proof. When Z = ∅, this theorem is a special case of Theorem 2.6 [22]. We
slightly modify the proof of Theorem 2.6 [22] to show this theorem by induction
on cells. Let Z = ZN ⊃ ZN−1 ⊃ · · · ⊃ Z0 = ∅ be the filtration such that

Zk+1 − Zk ∼= Ank =: Ck.

Set Uk := X − Zk for each 0 ≤ k ≤ N . Note that there is another filtration
X = U0 ⊃ U1 ⊃ · · · ⊃ UN = U with Uk−Uk+1 = Zk+1−Zk ∼= Ck closed in Uk.
Then, the normal bundle NUk/Ck of Uk in Ck is trivial. Hence, Thom(NUk/Ck)
and S2d,d are A1-weakly equivalent, where d is the codimension of Ck in Uk,
cf. Proposition 2.17 (page 112) [9]. We can therefore deduce the commutative
ladder diagram in Figure 1 (page 486) [22]. Assume by induction, the theorem
is true for Uk, and we want to prove it for Uk+1. It is known that k̃2q,qh (S2d,d)

and k̃2q+1,q
h (S2d,d) are isomorphisms and that k̃2q+2,q

h (S2d,d) is injective, cf. the
proof of Theorem 2.6 [22]. The results follow by the 5-lemma.
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4.4 Grothendieck-Witt group of a deleted quadric

In this subsection, we simply write X = D+(qs), Q = Qs−2 and DQ = DQs−1.
Note that Q is smooth and closed in Ps−1 of codimension 1. The normal bundle
N of Q in Ps−1 is isomorphic to OQ(2).

Theorem 4.2. The comparison map gwq : GW q(DQC) → KO2q(DQ(C)) is
an isomorphism for each q ∈ Z.

Proof. This theorem is a consequence of Theorem 4.1.

Lemma 4.4. The group GW 0(DQC) is isomorphic to GW 0(DQK).

Proof. Applying Corollary 4.1 and the dévissage theorem, we observe that the
vertical maps of W and GW -groups in the following commutative diagram are
all isomorphisms

GW 0
QK

(Ps−1
K )−→GW 0(Ps−1

K )−→GW 0(DQK)−→W 1
QK

(Ps−1
K )−→W 1(Ps−1

K )
y

y Ω

y
y

y

GW 0
QC

(Ps−1
C )−→GW 0(Ps−1

C )−→GW 0(DQC)−→W 1
QC

(Ps−1
C )−→W 1(Ps−1

C )

where all vertical maps are induced from the left-hand side of the diagram (2)
(use the 5-lemma to see the middle map Ω is an isomorphism).

Recall the isomorphism of varieties iK : DQK → XK in Remark 2.1 (i). Note
that iC : DQC → XC gives a homeomorphism i(C) : DQ(C)→ X(C) by taking
C-rational points. Besides, let υ : RP s−1 → X(C) be the natural embedding.
The space RP s−1 is a deformation retract of the space X(C) in the category
of real spaces, cf. Lemma 6.3 [15]. These maps that induce isomorphisms in
KO-theory or GW -theory are described in the diagram (4).

Hermitian K-theory Topological KO-theory

GW 0(DQC)
Ω ↑

GW 0(XK)
i∗K−→ GW 0(DQK)

gw0

−→ KO0(DQ(C))
↓ i∗

(C)

KO0(X(C)) υ∗

−→ KO0(RP s−1)

(4)

Proof of Theorem 3.1. Let ξtop denote the tautological line bundle over RP s−1.
Recall that there is an isomorphism of rings

KO0(RP s−1) ∼= Z[νtop]/(ν2top + 2νtop, 2
ϕ(s−1)νtop)

where νtop represents the class [ξtop]−1, cf. Section 7 [1] or Chapter IV [12]. Note
that PicR(RP s−1) is isomorphic to Z/2. Let ϑ : GW 0(XK)→ KO0(RP s−1) be
the composition of maps in the diagram (4). We have known ϑ is an isomor-
phism. Therefore, to prove Theorem 3.1, we only need to show ϑ(ν) = νtop. To
achieve this, we give the following lemma.
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Lemma 4.5. The group Q(XK) (cf. Section 4.2) is isomorphic to Z/2.

Proof. There is an exact sequence (cf. Chapter IV.1 (page 229) [14])

1 −→ O(XK)∗/O(XK)2∗ −→ Q(XK)
F
−→ 2Pic(XK) −→ 1

where 2Pic(XK) means the subgroup of elements of order ≤ 2 in Pic(XK) and
where F is the forgetful map. Note that 2Pic(XK) ∼= Z/2, cf. [19]. In addition,
observe that O(XK)∗ ∼= R∗ = K∗ and that the group K∗/K2∗ is trivial. It
follows that the forgetful map F is an isomorphism. In fact, it sends the non-
trivial element [ξ, σ] (in Lemma 3.1) to the non-trivial element [ξ].

Proof of Theorem 3.1 (Continued). In light of Lemma 4.3, there is a map

ϑ̃ : Q(XK)→ PicR(RP s−1)

(obtained in an obvious way) such that the following diagram is commutative

GW 0(XK)
ϑ

−−−−−→ KO0(RP s−1)

i

x j

x

Z/2 ∼= Q(XK)
ϑ̃

−−−−−→ PicR(RP s−1)∼=Z/2.

The map i is injective (Note that [ξ] and 1 are distinct elements in K0(XK) by
its computation in Proposition 2.4 [7]). The map j is injective by the compu-
tation of KO0(RP s−1). Then, we see that ϑ̃ is bijective and must send [ξ, σ] to
[ξtop]. Therefore, ϑ([ξ, σ]) = [ξtop], so that ϑ(ν) = νtop.

A Operations on the Grothendieck-Witt group

The γi-operations on GW 0 of an affine scheme are analogous to those on the
topological KO-theory which have been explained in Section 1 and 2 in [2].
For readers’ convenience, details have been added.

Let Bil(X) be the set of isometry classes of bilinear spaces over a scheme
X . The orthogonal sum and the tensor product of bilinear spaces over the
scheme X make Bil(X) a semi-ring with a zero and a multiplicative identity.
Then, by taking the associated Grothendieck ring K(Bil(X)), we have a
homomorphism of the underlying semi-rings

ι : Bil(X)→ K(Bil(X))

satisfying the universal property (see Chapter I.4 (page 137) [14] for details).

Remark A.1. For an affine scheme X , the ring GW 0(X) is identified with
K(Bil(X)), cf. Chapter I.4 Proposition 1 (page 138) [14].
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Definition A.1 (Chapter IV.3 (page 235) [14]). Let (F , φ) be a bilinear space
over a scheme X . Let i be a strictly positive integer. The i-th exterior power
of (F , φ), denoted by Λi(F , φ), is the symmetric bilinear space (ΛiF ,Λiφ) over
X , where ΛiF is the i-th exterior power of the locally free sheaf F and where

Λiφ : ΛiF ×X ΛiF → OX
is a morphism of sheaves consisting of a symmetric bilinear form

Λiφ(U) : ΛiF(U)× ΛiF(U)→ OX(U)

defined by

Λiφ(U)(x1 ∧ · · · ∧ xi, y1 ∧ · · · ∧ yi) = det([φ(U)(xj , yk)]i×i)

for each open subscheme U of X . The exterior power Λ0(F , φ) for every bilinear
space (F , φ) (over X) is defined as 1 = (O, id).
Lemma A.1. Let (F , φ), (G, ψ) be bilinear spaces over X. Then, we have that

(a) Λ1(F , φ) = (F , φ);
(b) Λk((F , φ) ⊕ (G, ψ)) ∼=

⊕
r+s=k Λ

r(F , φ)⊗ Λs(G, ψ);
(c) If (F , φ) is of constant rank Θ ≥ 1, Λi(F , φ) = 0 whenever i ≥ Θ.

Proof. (a) and (c) are clear. For (b), it is enough to show that the canonical
isomorphism of locally free sheaves

̺ :
⊕

r+s=k

ΛrF ⊗ ΛsG → Λk(F ⊕ G)

respects the symmetric bilinear forms. This may be checked locally. Let U be
an affine open subset of the scheme X . One may choose elements

x(t) = x1,t ∧ · · · ∧ xr,t ∈ ΛrF(U) and y(t) = y1,t ∧ · · · ∧ ys,t ∈ ΛsG(U)

for t ∈ {1, 2}. Let ai,j := φ(U)(xi,1, xj,2) and bk,l := ψ(U)(yk,1, yl,2). We have
matrices A = [ai,j ]r×r and B = [bk,l]s×s. On the one hand, we get that

Λrφ(U)⊗ Λsψ(U)(x(1) ⊗ y(1), x(2) ⊗ y(2)) = det(A)× det(B). (5)

On the other hand, set

u(t) := ̺(U)(x(t) ⊗ y(t)) ∈ Λr+s(F(U)⊕ G(U))

for t ∈ {1, 2}. Consider the elements

(xj,t, 0), (0, yk,t) ∈ F(U)⊕ G(U)

for 1 ≤ j ≤ r, 1 ≤ k ≤ s and t ∈ {1, 2}. It is clear that

u(t) = (x1,t, 0) ∧ · · · ∧ (xr,t, 0) ∧ (0, y1,t) ∧ · · · ∧ (0, ys,t)
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for t ∈ {1, 2}. Then, we deduce that

Λr+s(φ(U) ⊕ ψ(U))(u(1), u(2)) = det

(
A 0
0 B

)
(6)

Note (5) = (6). The result follows.

Let A(X) denote the group 1 + tK(Bil(X))[[t]] of formal power series with
constant term 1 (under multiplication). Consider a map

Λt : Bil(X)→ A(X), [F , φ] 7→ 1 +
∑

i≥1

Λi([F , φ])ti.

If I : (F , φ)→ (G, ψ) is an isometry of bilinear spaces, so is the natural map

ΛiI : Λi(F , φ)→ Λi(G, ψ).

Then, the map Λt is well-defined. Furthermore, Lemma A.1 (b) implies that
Λt is a homomorphism of the underlying monoids. By the universal property
of K-theory, we can lift Λt to a homomorphism of groups

λt : K(Bil(X))→ A(X)

such that λt ◦ ι = Λt. Taking coefficients of λt, we get operators (not homo-
morphisms in general)

λi : K(Bil(X))→ K(Bil(X)).

Set γt = λt/(1−t) and write γt = 1 +
∑

i≥1 γ
iti. Again, we obtain operators

γi : K(Bil(X))→ K(Bil(X)).

Explicitly, we deduce

∑

i≥0

γiti =
∑

i≥0

λiti(1− t)−i = 1 +
∑

i≥1

(
∑

i≥s≥1

λs
(
i− 1

s− 1

)
)ti.

Hence, the γi are certain Z-linear combinations of the λs. By definition, the
map γt is a homomorphism of groups. Hence, for all x, y ∈ K(Bil(X)), we have

Corollary A.1. (a) γt(x+ y) = γt(x)γt(y);

(b) γt([η]− 1) = 1 + t([η]− 1) where η is a bilinear space of rank 1 over X;

(c) If (F , φ) ∈ Bil(X) is of constant rank Θ ≥ 1, γi((F , φ) −Θ) = 0 if i ≥ Θ.

Proof. (a) is proved. For (b), we deduce

γt([η] − 1) =
γt([η])

γt(1)
=
λt/(1−t)([η])

λt/(1−t)(1)
=

1 + [η]t/(1− t)
(1− t)−1

= 1 + t([η]− 1).

For (c), see the proof of Lemma 2.1 [2].
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from I. Mirković and K. Vilonen [16] over a separably closed field.
Over a not necessarily separably closed field, I obtain a canonical
construction of the Galois form of the full L-group.
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1 Introduction

Connected reductive groups over separably closed fields are classified by their
root data. These come in pairs: to every root datum, there is associated its dual
root datum and vice versa. Hence, to every connected reductive group G, there
is associated its dual group Ĝ. Following Drinfeld’s geometric interpretation of
Langlands’ philosophy, Mirković and Vilonen [16] show that the representation
theory of Ĝ is encoded in the geometry of an ind-scheme canonically associated
to G as follows.
Let G be a connected reductive group over an arbitrary field F . The loop
group LG is the fpqc-sheaf associated with group functor on the category of
F -algebras

LG : R 7−→ G(R((t))).

The positive loop group L+G is the fpqc-sheaf associated with the group functor

L+G : R 7−→ G(R[[t]]).

Then L+G ⊂ LG is a subgroup functor, and the fpqc-quotient GrG = LG/L+G
is called the affine Grassmannian. It is representable by an ind-projective ind-
scheme (= inductive limit of projective schemes). Now fix a prime ℓ 6= char(F ),
and consider the category PL+G(GrG) of L+G-equivariant ℓ-adic perverse
sheaves on GrG. This is a Q̄ℓ-linear abelian category.
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First assume that F is separably closed. Then the simple objects in PL+G(GrG)
are as follows. Fix T ⊂ B ⊂ G a maximal torus contained in a Borel. For every
cocharacter µ, denote by

Oµ def
= L+G · tµ

the reduced L+G-orbit closure of tµ ∈ T (F ((t))) inside GrG. Then Oµ is a
projective variety over F . Let ICµ be the intersection complex of Oµ. The
simple objects of PL+G(GrG) are the ICµ’s where µ ranges over the set of
dominant cocharactersX∨

+. Furthermore, the category PL+G(GrG) is equipped
with an inner product: to every A1,A2 ∈ PL+G(GrG), there is associated a
perverse sheaf A1 ⋆A2 ∈ PL+G(GrG) called the convolution product of A1 and
A2 (cf. §3 below). Denote by

ω(-)
def
=
⊕

i∈Z

RiΓ(GrG, -) : PL+G(GrG) −→ VecQ̄ℓ

the global cohomology functor with values in the category of finite dimensional
Q̄ℓ-vector spaces. Fix a pinning of G, and let Ĝ be the Langlands dual group
over Q̄ℓ, i.e. the reductive group over Q̄ℓ whose root datum is dual to the root
datum of G. Let T̂ be the dual torus, i.e. the Q̄ℓ-torus with X∗(T̂ ) = X∗(T ).

Theorem 1.1. (i) The pair (PL+G(GrG), ⋆) admits a unique symmetric
monoidal structure such that the functor ω is symmetric monoidal.

(ii) The functor ω is a faithful exact tensor functor, and induces via the Tan-
nakian formalism an equivalence of tensor categories

(PL+G(GrG), ⋆)
≃−→ (RepQ̄ℓ(Ĝ),⊗)

A 7−→ ω(A),

which is uniquely determined up to inner automorphisms by T̂ by the property
that ω(ICµ) is the irreducible representation of highest weight µ.

In the case F = C, this reduces to the theorem of Mirković and Vilonen [16]
for coefficient fields of characteristic 0. The drawback of our method is the
restriction to Q̄ℓ-coefficients. Mirkovic and Vilonen are able to establish a
geometric Satake equivalence with coefficients in any Noetherian ring of finite
global dimension (in the analytic topology). I give a proof of the theorem over
any separably closed field F using ℓ-adic perverse sheaves. My proof is different
from the one of Mirković and Vilonen. It proceeds in two main steps as follows.
In the first step I show that the pair (PL+G(GrG), ⋆) is a symmetric monoidal
category. This relies on the Beilinson-Drinfeld Grassmannians [2] and the
comparison of the convolution product with the fusion product via Beilinson’s
construction of the nearby cycles functor. Here the fact that the convolution
of two perverse sheaves is perverse is deduced from the fact that nearby cycles
preserve perversity. The method is based on ideas of Gaitsgory [7] which were
extended by Reich [19]. The constructions in this first step are essentially
known, my purpose was to give a coherent account of these results.
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The second step is the identification of the group of tensor automorphisms
Aut⋆(ω) with the reductive group Ĝ. I use a theorem of Kazhdan, Larsen
and Varshavsky [10] which states that the root datum of a split reductive
group can be reconstructed from the Grothendieck semiring of its algebraic
representations. The reconstruction of the root datum relies on the PRV-
conjecture proven by Kumar [11]. I prove the following geometric analogue of
the PRV-conjecture.

Theorem 1.2 (Geometric analogue of the PRV-Conjecture). Denote by W =
W (G, T ) the Weyl group. Let µ1, . . . , µn ∈ X∨

+ be dominant coweights. Then,
for every λ ∈ X∨

+ of the form λ = ν1 + . . .+ νk with νi ∈ Wµi for i = 1, . . . , k,
the perverse sheaf ICλ appears as a direct summand in the convolution product
ICµ1 ⋆ . . . ⋆ ICµn .

Using this theorem and the method in [10], I show that the Grothendieck
semirings of PL+G(GrG) and RepQ̄ℓ(Ĝ) are isomorphic. Hence, the root data

of Aut⋆(ω) and Ĝ are the same. This shows that Aut⋆(ω) ≃ Ĝ uniquely up to
inner automorphisms by T̂ .
If F is not neccessarily separably closed, we are able to apply Galois descent
to reconstruct the full L-group. Fix a separable closure F̄ of F , and denote by
Γ = Gal(F̄ /F ) the absolute Galois group. Let LG = Ĝ(Q̄ℓ)⋊ Γ be the Galois
form of the full L-group with respect to some pinning.

Theorem 1.3. The functor A 7→ ω(AF̄ ) induces an equivalence of abelian
tensor categories

(PL+G(GrG), ⋆) ≃ (RepcQ̄ℓ(
LG),⊗),

where RepcQ̄ℓ(
LG) is the full subcategory of the category of finite dimensional

continuous ℓ-adic representations of LG such that the restriction to Ĝ(Q̄ℓ) is
algebraic.

Theorem 1.3 may be seen as an extension of Theorem A.12 in my joint work
with Zhu [20]. In [loc. cit.] we consider the category RepQ̄ℓ(

LG) of alge-

braic representations of LG regarded as a pro-algebraic group over Q̄ℓ. Then
RepQ̄ℓ(

LG) is a full subcategory of RepcQ̄ℓ(
LG), and we identify the correspond-

ing subcategory of PL+G(GrG) explicitly.
My method of proof here is similiar to the method used in [20]. Besides some
general Tannakian formalism, the key ingredient is the identification of the Γ-
action on Ĝ obtained via the geometric Satake equivalence over F̄ . It differs
from the usual action by a twist with the cyclotomic character, cf. Proposition
6.6 below.
The structure of the paper is as follows. In §2 we introduce the Satake cate-
gory PL+G(GrG). Appendix A supplements the definition of PL+G(GrG) and
explains some basic facts on perverse sheaves on ind-schemes as used in the
paper. In §3-§4 we clarify the tensor structure of the tuple (PL+G(GrG), ⋆),
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and show that it is neutralized Tannakian with fiber functor ω. Section 5 is
devoted to the identification of the dual group. This section is supplemented by
Appendix B on the reconstruction of root data from the Grothendieck semiring
of algebraic representations. The reader who is just interested in the case of
an algebraically closed ground field may assume F to be algebraically closed
throughout §2-§5. The last section §6 is concerned with Galois descent and the
reconstruction of the full L-group.

Acknowledgement 1. First of all I thank my advisor M. Rapoport for his
steady encouragement and advice during the process of writing. I am grateful
to the stimulating working atmosphere in Bonn and for the funding by the
Max-Planck society.

2 The Satake Category

Let G a connected reductive group over any field F . The loop group LG is the
fpqc-sheaf associated with the group functor on the category of F -algebras

LG : R 7−→ G(R((t))).

The positive loop group L+G is the fpqc-sheaf associated with the group functor

L+G : R 7−→ G(R[[t]]).

Then L+G ⊂ LG is a subgroup functor, and the fpqc-quotient GrG = LG/L+G
is called the affine Grassmannian (associated to G over F ).

Lemma 2.1. The affine Grassmannian GrG is representable by an ind-projective
strict ind-scheme over F . It represents the functor which assigns to every F -
algebra R the set of isomorphism classes of pairs (F , β), where F is a G-torsor
over Spec(R[[t]]) and β a trivialization of F [ 1t ] over Spec(R((t))).

We postpone the proof of Lemma 2.1 to Section 3.1 below. For every i ≥ 0, let
Gi denote i-th jet group, given for any F -algebra R by Gi : R 7→ G(R[t]/ti+1).
Then Gi is representable by a smooth connected affine group scheme over F
and, as fpqc-sheaves,

L+G ≃ lim←−
i

Gi.

In particular, if G is non trivial, then L+G is not of finite type over F . The
positive loop group L+G operates on GrG and, for every orbit O, the L+G-
action factors through Gi for some i. Let O denote the reduced closure of O
in GrG, a projective L+G-stable subvariety. This presents the reduced locus as
the direct limit of L+G-stable subvarieties

(GrG)red = lim−→
O
O,

where the transition maps are closed immersions.
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Fix a prime ℓ 6= char(F ), and denote by Qℓ the field of ℓ-adic numbers with
algebraic closure Q̄ℓ. For any separated scheme T of finite type over F , we
consider the bounded derived category Db

c(T, Q̄ℓ) of constructible ℓ-adic com-
plexes on T , and its abelian full subcategory P (T ) of ℓ-adic perverse sheaves.
If H is a connected smooth affine group scheme acting on T , then let PH(T ) be
the abelian subcategory of P (T ) of H-equivariant objects with H-equivariant
morphisms. We refer to Appendix A for an explanation of these concepts.
The category of ℓ-adic perverse sheaves P (GrG) on the affine Grassmannian is
the direct limit

P (GrG)
def
= lim−→O

P (O),

which is well-defined, since all transition maps are closed immersions, cf. Ap-
pendix A.

Definition 2.2. The Satake category is the category of L+G-equivariant ℓ-adic
perverse sheaves on the affine Grassmannian GrG

PL+G(GrG)
def
= lim−→O

PL+G(O),

where O ranges over the L+G-orbits.

The Satake category PL+G(GrG) is an abelian Q̄ℓ-linear category, cf. Appendix
A.

3 The Convolution Product

We are going to equip the category PL+G(GrG) with a tensor structure. Let

- ⋆ - : P (GrG)× PL+G(GrG) −→ Db
c(GrG, Q̄ℓ)

be the convolution product with values in the derived category. We recall its
definition [17, §2]. Consider the following diagram of ind-schemes

GrG ×GrG
p←− LG×GrG

q−→ LG×L+G GrG
m−→ GrG. (3.1)

Here p (resp. q) is a right L+G-torsor with respect to the L+G-action on the
left factor (resp. the diagonal action).The LG-action on GrG factors through
q, giving rise to the morphism m.
For perverse sheaves A1,A2 on GrG, their box product A1 ⊠A2 is a perverse
sheaf on GrG×GrG. If A2 is L+G-equivariant, then there is a unique perverse
sheaf A1⊠̃A2 on LG×L+G GrG such that there is an isomorphism equivariant
for the diagonal L+G-action1

p∗(A1 ⊠A2) ≃ q∗(A1⊠̃A2).

Then the convolution is defined as A1 ⋆A2
def
= m∗(A1⊠̃A2).

1Though LG is not of ind-finite type, we use Lemma 3.20 below to define A1⊠̃A2.
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Theorem 3.1. (i) For perverse sheaves A1,A2 on GrG with A2 being L+G-
equivariant, their convolution A1 ⋆A2 is a perverse sheaf. If A1 is also L+G-
equivariant, then A1 ⋆A2 is L+G-equivariant.

(ii) Let F̄ be a separable closure of F . The convolution product is a bifunctor

- ⋆ - : PL+G(GrG)× PL+G(GrG) −→ PL+G(GrG),

and (PL+G(GrG), ⋆) has a unique structure of a symmetric monoidal category
such that the cohomology functor with values in finite dimensional Q̄ℓ-vector
spaces ⊕

i∈Z

RiΓ(GrG,F̄ , (-)F̄ ) : PL+G(GrG) −→ VecQ̄ℓ

is symmetric monoidal.

Part (i) is due to Lusztig [12] and Gaitsgory [7]. Part (ii) is based on meth-
ods due to Reich [19]. Both parts of Theorem 3.1 are proved simultaneously
in Subsection 3.3 below using universally locally acyclic perverse sheaves (cf.
Subsection 3.2 below) and a global version of diagram (3.1) which we introduce
in the next subsection.

3.1 Beilinson-Drinfeld Grassmannians

Let X a smooth geometrically connected curve over F . For any F -algebra R,
let XR = X × Spec(R). Denote by Σ the moduli space of relative effective
Cartier divisors on X , i.e. the fppf-sheaf associated with the functor on the
category of F -algebras

R 7−→ {D ⊂ XR relative effective Cartier divisor}.

Lemma 3.2. The fppf -sheaf Σ is represented by the disjoint union of fppf-
quotients

∐
n≥1X

n/Sn, where the symmetric group Sn acts on Xn by permut-
ing its coordinates.

2

Definition 3.3. The Beilinson-Drinfeld Grassmannian (associated to G and
X) is the functor Gr = GrG,X on the category of F -algebras which assings to
every R the set of isomorphism classes of triples (D,F , β) with





D ∈ Σ(R) a relative effective Cartier divisor;

F a G-torsor on XR;

β : F|XR\D
≃→ F0|XR\D a trivialisation,

where F0 denotes the trivial G-torsor. The projection Gr → Σ, (D,F , β) 7→ D
is a morphism of functors.
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Lemma 3.4. The Beilinson-Drinfeld Grassmannian Gr = GrG,X associated to
a reductive group G and a smooth curve X is representable by an ind-proper
strict ind-scheme over Σ.

Proof. This is proven in [7, Appendix A.5.]. We sketch the argument. If
G = GLn, consider the functor Gr(m) parametrizing

J ⊂ OnXR(−m ·D)/OnXR(m ·D),

where J is a coherent OXR-submodule such that OXR(−m ·D)/J is flat over R.
By the theory of Hilbert schemes, the functor Gr(m) is representable by a proper
scheme over Σ. For m1 < m2, there are closed immersions Gr(m1) →֒ Gr(m2).
Then as fpqc-sheaves

lim−→
m

Gr(m)
≃−→ Gr.

For general reductive G, choose an embedding G →֒ GLn. Then the fppf-
quotient GLn/G is affine, and the natural morphism GrG → GrGLn is a closed
immersion. The ind-scheme structure of GrG does not depend on the choosen
embedding G →֒ GLn. This proves the lemma.

Now we define a global version of the loop group. For every D ∈ Σ(R), the
formal completion of XR along D is a formal affine scheme. We denote by
ÔX,D its underlying R-algebra. Let D̂ = Spec(ÔX,D) be the associated affine

scheme over R. Then D is a closed subscheme of D̂, and we set D̂o = D̂\D.
The global loop group is the fpqc-sheaf associated with the group functor on
the category of F -algebras

LG : R 7→ {(s,D) | D ∈ Σ(R), s ∈ G(D̂o)}.

The global positive loop group is the fpqc-sheaf associated with the group func-
tor

L+G : R 7→ {(s,D) | D ∈ Σ(R), s ∈ G(D̂)}.
Then L+G ⊂ LG is a subgroup functor over Σ.

Lemma 3.5. (i) The global loop group LG is representable by an ind-group
scheme over Σ. It represents the functor on the category of F -algebras which
assigns to every R the set of isomorphism classes of quadruples (D,F , β, σ),
where D ∈ Σ(R), F is a G-torsor on XR, β : F ≃→ F0 is a trivialisation over

XR\D and σ : F0
≃→ F|D̂ is a trivialisation over D̂.

(ii) The global positive loop group L+G is representable by an affine group
scheme over Σ with geometrically connected fibers.

(iii) The projection LG→ GrG, (D,F , β, σ)→ (D,F , β) is a right L+G-torsor,
and induces an isomorphism of fpqc-sheaves over Σ

LG/L+G ≃−→ GrG.
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Proof. We reduce to the case that X is affine. Note that fppf-locally on R
every D ∈ Σ(R) is of the form V (f). Then the moduli description in (i) follows
from the descent lemma of Beauville-Laszlo [1] (cf. [14, Proposition 3.8]). The
ind-representability follows from part (ii) and (iii). This proves (i).
For any D ∈ Σ(R) denote by D(i) its i-th infinitesimal neighbourhood in XR.
ThenD(i) is finite overR, and the Weil restriction ResD(i)/R(G) is representable
by a smooth affine group scheme with geometrically connected fibers. For
i ≤ j, there are affine transition maps ResD(j)/R(G) → ResD(i)/R(G) with
geometrically connected fibers. Hence, lim←−iResD(i)/R(G) is an affine scheme,
and the canonical map

L+G×Σ,D Spec(R) −→ lim←−
i

ResD(i)/R(G)

is an isomorphism of fpqc-sheaves. This proves (ii).
To prove (iii), the crucial point is that after a faithfully flat extension R→ R′

a G-torsor F on D̂ admits a global section. Indeed, F admits a R′-section
which extends to D̂R′ by smoothness and Grothendieck’s algebraization theo-
rem. This finishes (iii).

Remark 3.6. The connection with the affine Grassmannian GrG is as follows.
Lemma 3.2 identifies X with a connected component of Σ. Choose a point
x ∈ X(F ) considered as an element Dx ∈ Σ(F ). Then D̂x ≃ Spec(F [[t]]),
where t is a local parameter of X in x. Under this identification, there are
isomorphisms of fpqc-sheaves

LGx ≃ LG
L+Gx ≃ L+G

GrG,x ≃ GrG.

Using the theory of Hilbert schemes, the proof of Lemma 3.4 also implies that
GrGLn , and hence GrG is ind-projective. This proves Lemma 2.1 above.

By Lemma 3.5 (iii), the global positive loop groop L+G acts on Gr from the
left. For D ∈ Σ(R) and (D,F , β) ∈ GrG(R), denote the action by

((g,D), (F , β,D)) 7−→ (gF , gβ,D).

Corollary 3.7. The L+G-orbits on Gr are of finite type and smooth over Σ.

Proof. Let D ∈ Σ(R). It is enough to prove that the action of

L+G×Σ,D Spec(R) ≃ lim←−
i

ResD(i)/R(G)

on Gr ×Σ,D Spec(R) factors over ResD(i)/R(G) for some i >> 0. Choose a
faithful representation ρ : G → GLn, and consider the corresponding closed
immersion GrG → GrGLn . This reduces us to the case G = GLn. In this case,
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the Gr(m)’s (cf. proof of Lemma 3.4) are L+GLn stable, and it is easy to see
that the action on Gr(m) factors through ResD(2m)/R(GLn). This proves the
corollary.

Now we globalize the convolution morphism m from diagram (3.1) above. The
moduli space Σ of relative effective Cartier divisors has a natural monoid struc-
ture

- ∪ - : Σ× Σ −→ Σ

(D1, D2) 7−→ D1 ∪D2.

The key definition is the following.

Definition 3.8. For k ≥ 1, the k-fold convolution Grassmannian G̃rk is the
functor on the category of F -algebras which associates to every R the set of
isomorphism classes of tuples ((Di,Fi, βi)i=1,...,k) with





Di ∈ Σ(R) relative effective Cartier divisors, i = 1, . . . , k;

Fi are G-torsors on XR;

βi : Fi|XR\Di
≃→ Fi−1|XR\Di isomorphisms, i = 1, . . . , k,

where F0 is the trivial G-torsor. The projection G̃rk → Σk,
((Di,Fi, βi)i=1,...,k) 7→ ((Di)i=1,...,k) is a morphism of functors.

Lemma 3.9. For k ≥ 1, the k-fold convolution Grassmannian G̃rk is repre-
sentable by a strict ind-scheme which is ind-proper over Σk.

Proof. The lemma follows by induction on k. If k = 1, then G̃rk = Gr. For
k > 1, consider the projection

p : G̃rk −→ G̃rk−1 × Σ

((Di,Fi, βi)i=1,...,k) 7−→ ((Di,Fi, βi)i=1,...,k−1, Dk).

Then the fiber over a R-point ((Di,Fi, βi)i=1,...,k−1, Dk) is

p−1(((Di,Fi, βi)i=1,...,k−1, Dk)) ≃ Fk−1 ×G (Gr ×XR Dk),

which is ind-proper. This proves the lemma.

For k ≥ 1, there is the k-fold global convolution morphism

mk : G̃rk −→ Gr
((Di,Fi, βi)i=1,...,k) 7−→ (D,Fk, β1|XR\D ◦ . . . ◦ βk|XR\D),

where D = D1 ∪ . . . ∪Dk. This yields a commutative diagram of ind-schemes

G̃rk Gr

Σk Σ,

mk

∪
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i.e., regarding G̃rk as a Σ-scheme via Σk → Σ, (Di)i 7→ ∪iDi, the morphismmk

is a morphism of Σ-ind-schemes. The global positive loop group L+G acts on
G̃rk over Σ as follows: let (Di,Fi, βi)i ∈ G̃rk(R) and g ∈ G(D̂) with D = ∪iDi.
Then the action is defined as

((g,D), (Di,Fi, βi)i) 7−→ (Di, gFi, gβig−1)i.

Corollary 3.10. The morphism mk : G̃rk → Gr is a L+G-equivariant mor-
phism of ind-proper strict ind-schemes over Σ.

Proof. The L+G-equivariance is immediate from the definition of the action.

Note that Σk
∪→ Σ is finite, and hence G̃rk is an ind-proper strict ind-scheme

over Σ. This proves the corollary.

Now we explain the global analogue of the L+G-torsors p and q from (3.1). For
k ≥ 1, let L̃Gk be the functor on the category of F -algebras which associates to
every R the set of isomorphism classes of tuples ((Di,Fi, βi)i=1,...,k, (σi)i=2,...,k)
with





Di ∈ Σ(R), i = 1, . . . , k;

Fi are G-torsors on XR;

βi : Fi|XR\Di
≃→ F0|XR\Di trivialisations, i = 1, . . . , k;

σi : F0|D̂i
≃→ Fi−1|D̂i , i = 2, . . . , k,

where F0 is the trivial G-torsor. There are two natural projections over Σk.
Let

L+Gk−1
Σ = Σk ×Σk−1 L+Gk−1.

The first projection is given by

pk : L̃Gk −→ Grk
((Di,Fi, βi)i=1,...,k, (σi)i=2,...,k) 7−→ ((Di,Fi, βi)i=1,...,k).

Then pk is a right L+Gk−1
Σ -torsor for the action on the σi’s. The second

projection is given by

qk : L̃Gk −→ G̃rk
((Di,Fi, βi)i=1,...,k, (σi)i=2,...,k) 7−→ ((Di,F ′

i , β
′
i)i=1,...,k),

where F ′
1 = F1 and for i ≥ 2, the G-torsor F ′

i is defined successively by gluing
Fi|XR\Di to F ′

i−1|D̂i along σi|D̂oi ◦ βi|D̂oi . Then qk is a right L+Gk−1
Σ -torsor for

the action given by

(((Di,Fi, βi)i≥1, (σi)i≥2),(D1, (Di, gi)i≥2)) 7−→
((D1,F1, β1), (Di, g

−1
i Fi, g−1

i βi)i≥2, (σigi)i≥2).

In the following, we consider ind-schemes over Σk as ind-schemes over Σ via
Σk → Σ.
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Definition 3.11. For every k ≥ 1, the k-fold global convolution diagram is the
diagram of ind-schemes over Σ

Grk pk←− L̃Gk qk−→ G̃rk mk−→ Gr.

Remark 3.12. Fix x ∈ X(F ), and choose a local coordinate t at x. Taking the
fiber over diag({x}) ∈ Xk(F ) in the k-fold global convolution diagram, then

GrkG ←− LGk−1 ×GrG −→ LG×L+G . . .×L+G GrG︸ ︷︷ ︸
k-times

−→ GrG.

For k = 2, we recover diagram (3.1).

3.2 Universal Local Acyclicity

The notion of universal local acyclicity (ULA) is used in Reich’s thesis [19], cf.
also the paper [3] by Braverman and Gaitsgory. We recall the definition. Let S
be a smooth geometrically connected scheme over F , and f : T → S a separated
morphism of finite type. For complexesAT ∈ Db

c(T, Q̄ℓ), AS ∈ Db
c(S, Q̄ℓ), there

is a natural morphism

AT ⊗ f∗AS −→ (AT
!
⊗ f !AS)[2 dim(S)], (3.2)

where A
!
⊗ B def

= D(DA ⊗ DB) for A,B ∈ Db
c(T, Q̄ℓ). The morphism (3.2) is

constructed as follows. Let Γf : T → T × S be the graph of f . The projection
formula gives a map

Γf,!(Γ
∗
f (AT ⊠AS)⊗ Γ!

f Q̄ℓ) ≃ (AT ⊠AS)⊗ Γf,!Γ
!
f Q̄ℓ −→ AT ⊠AS ,

and by adjunction a map Γ∗
f (AT ⊠AS)⊗ Γ!

f Q̄ℓ → Γ!
f (AT ⊠AS). Note that

Γ∗
f (AT ⊠AS) ≃ AT ⊗ f∗AS and Γ!

f (AT ⊠AS) ≃ AT
!
⊗ f !AS ,

using D(AT⊠AS) ≃ DAT⊠DAS . Since S is smooth, Γf is a regular embedding,
and thus Γ!

fQ̄ℓ ≃ Q̄ℓ[−2 dim(S)]. This gives after shifting by [2 dim(S)] the map
(3.2).

Definition 3.13. (i) A complex AT ∈ Db
c(T, Q̄ℓ) is called locally acyclic with

respect to f (f-LA) if (3.2) is an isomorphism for all AS ∈ Db
c(S, Q̄ℓ).

(ii) A complex AT ∈ Db
c(T, Q̄ℓ) is called universally locally acyclic with respect

to f (f -ULA) if f∗
S′AT is fS′-LA for all fS′ = f ×S S′ with S′ → S smooth, S′

geometrically connected.

Remark 3.14. (i) If f is smooth, then the trivial complex AT = Q̄ℓ is f -ULA.
(ii) If S = Spec(F ) is a point, then every complex AT ∈ Db

c(T, Q̄ℓ) is f -ULA.
(iii) The ULA property is local in the smooth topology on T .
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Lemma 3.15. Let g : T → T ′ be a proper morphism of S-schemes of finite type.
For every ULA complex AT ∈ Db

c(T, Q̄ℓ), the push forward g∗AT is ULA.

Proof. For any morphism of finite type g : T → T ′ and any two complexes AT ,
AT ′ , we have the projection formulas

g!(AT ⊗g∗AT ′ ) ≃ g!AT ⊗AT ′ and g∗(AT
!
⊗ g!AT ′) ≃ g∗AT

!
⊗ AT ′ .

If g is proper, then g∗ = g!, and the lemma follows from an application of the
projection formulas and proper base change.

Theorem 3.16 ([19]). Let D ⊂ S be a smooth Cartier divisor, and consider a
cartesian diagram of morphisms of finite type

E T U

D S S\D.

i

f

j

Let A be a f -ULA complex on T such that A|U is perverse. Then:
(i) There is a functorial isomorphism

i∗[−1]A ≃ i![1]A,

and both complexes i∗[−1]A, i![1]A are perverse. Furthermore, the complex A
is perverse and is the middle perverse extension A ≃ j!∗(A|U ).
(ii) The complex i∗[−1]A is f |E-ULA.

2

Remark 3.17. The proof of Theorem 3.16 uses Beilinson’s construction of the
unipotent part of the tame nearby cycles as follows. Suppose the Cartier divisor
D is principal, this gives a morphism ϕ : S → A1

F such that ϕ−1({0}) = S\D.
Let g = ϕ ◦ f be the composition. Fix a separable closure F̄ of F . In SGA
VII, Deligne constructs the nearby cycles functor ψ = ψg : P (U) → P (EF̄ ).
Let ψtame be the tame nearby cycles, i.e. the invariants under the pro-p-part
of π1(Gm,F̄ , 1). Fix a topological generator T of the maximal prime-p-quotient
of π1(Gm,F̄ , 1). Then T acts on ψtame, and there is an exact triangle

ψtame
T−1−→ ψtame −→ i∗j∗

+1−→

Under the action of T − 1 the nearby cycles decompose as ψtame ≃ ψu
tame ⊕

ψnu
tame, where T − 1 acts nilpotently on ψu

tame and invertibly on ψun
tame. Let N :

ψtame → ψtame(−1) be the logarithm of T , i.e. the unique nilpotent operator
N such that T = exp(T̄N) where T̄ is the image of T under π1(Gm,F̄ , 1) ։
Zℓ(1). Then for any a ≥ 0, Beilinson constructs a local system La on Gm
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together with a nilpotent operator Na such that for AU ∈ P (U) and a ≥ 0
with Na+1(ψu

tame(AU )) = 0 there is an isomorphism

(ψu
tame(AU ), N) ≃ (i∗[−1]j!∗(AU ⊗ g∗La)F̄ , 1⊗Na).

Set Ψu
g(AU )

def
= lima→∞ i∗[−1]j!∗(AU ⊗ g∗La). Then Ψu

g : P (U) → P (E) is
a functor, and we obtain that N acts trivially on ψu

tame(AU ) if and only if
Ψu
g(AU ) = i∗[−1]j!∗(AU ). In this case, Ψug is also defined for non-principal

Cartier divisors by the formula Ψug = i∗[−1] ◦ j!∗.
In the situation of Theorem 3.16 above Reich shows that the unipotent mon-
odromy along E is trivial, and consequently

i∗[−1]A ≃ Ψug ◦ j∗(A) ≃ i![1]A.

.

Corollary 3.18 ([19]). Let A be a perverse sheaf on S whose support contains
an open subset of S. Then the following are equivalent:
(i) The perverse sheaf A is ULA with respect to the identity id : S → S.
(ii) The complex A[− dim(S)] is a locally constant system, i.e. a lisse sheaf.

2

We use the universal local acyclicity to show the perversity of certain complexes
on the Beilinson-Drinfeld Grassmannian. For every finite index set I, there is
the quotient map XI → Σ onto a connected component of Σ. Set

GrI def
= Gr ×Σ X

I .

If I = {∗} has cardinality 1, we write GrX = GrI .
Remark 3.19. Let X = A1

F with global coordinate t. Then Ga acts on X via
translations. We construct a Ga-action on Gr as follows. For every x ∈ Ga(R),
let ax be the associated automorphism of XR. If D ∈ Σ(R), then we get an
isomorphism a−x : axD → D. Let (D,F , β) ∈ GrG(R). Then the Ga-action on
GrG → Σ is given as

(D,F , β) 7−→ (a∗−xF , a∗−xβ, axD).

Let Ga act diagonally on XI , then the structure morphism GrI → XI is Ga-
equivariant. If |I| = 1, then by the transitivity of the Ga-action on X , we
get GrX = GrG × X . Let p : GrX → GrG be the projection. Then for every
perverse sheaf A on GrG, the complex p∗[1]A is a ULA perverse sheaf on GrX
by Remark 3.14 (ii) and the smoothness of p.

Now fix a finite index set I of cardinality k ≥ 1. Consider the base change
along XI → Σ of the k-fold convolution diagram from Definition 3.11,

∏

i∈I
GrX,i pI←− L̃GI qI−→ G̃rI mI−→ GrI . (3.3)
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Now choose a total order I = {1, . . . , k}, and set Io = I\{1}. Then pI (resp.
qI) is a L+GoI -torsor, where L+GoI = XI ×XIo L+GIo .
Let L+GX = L+G ×Σ X , and denote by PL+GX (GrX )ULA the category of
L+GX -equivariant ULA perverse sheaves on GrX . For any i ∈ I, let AX,i ∈
P (GrX)ULA such that AX,i are L+GX -equivariant for i ≥ 2. We have the∏
i≥2 L+GX,i-equivariant ULA perverse sheaf ⊠i∈IAX,i on

∏
i∈I GrX,i.

Lemma 3.20. There is a unique ULA perverse sheaf ⊠̃i∈IAX,i on G̃rI such that
there is a qI-equivariant isomorphism2

q∗I (⊠̃i∈IAX,i) ≃ p∗I(⊠i∈IAX,i),

where qI-equivariant means with respect to the action on the L+GoI -torsor
qI : L̃GI → G̃rI . If AX,1 is also L+GX -equivariant, then ⊠̃i∈IAX,i is L+GI-
equivariant

Remark 3.21. The ind-scheme L̃GI is not of ind-finite type. We explain how
the pullback functors p∗I , q

∗
I should be understood. Let Y1, . . . , Yk be L+G-

equivariant closed subschemes of GrX containing the supports of A1, . . . ,Ak .
Choose N >> 0 such that the action of L+GX on each Y1, . . . , Yk factors over
the smooth affine group scheme HN = ResD(N)/X(G), where D(N) is the N -th
infinitesimal neighbourhoud of the universal Cartier divisor D over X . Let
KN = ker(L+GX → HN ), and Y = Y1 × . . . Yk. Then the left KN -action on
each Yi is trivial, and hence the restriction of the pI -action resp. qI -action on
p−1
I (Y ) to

∏
i≥2KN agree. Let hN : p−1

I (Y )→ YN be the resulting
∏
i≥2KN -

torsor. By Lemma A.4 below, we get a factorization

p−1
I (Y )

Y YN qI(p
−1
I (Y )),

pI
hN

qI

pI,N qI,N

where pI,N , qI,N are
∏
i≥2HN -torsors. In particular, YN is a separated scheme

of finite type, and we can replace p∗I (resp. q∗I ) by p
∗
I,N (resp. q∗I,N ).

Proof of Lemma 3.20. We use the notation from Remark 3.21 above. The
sheaf p∗I;N (⊠i∈IAX,i) is

∏
i≥2HN -equivariant for the qI,N -action. Using de-

scent along smooth torsors (cf. Lemma A.2 below), we get the perverse

sheaf ⊠̃i∈IAX,i, which is ULA. Indeed, p∗I;N(⊠i∈IAX,i) is ULA, and the
ULA property is local in the smooth topology. Since the diagram (3.3) is

L+GI -equivariant, the sheaf ⊠̃i∈IAX,i is L+GI -equivariant, if AX,1 is L+GX -
equivariant. This proves the lemma.

2See Remark 3.21 below.
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Let UI be the open locus of pairwise distinct coordinates in XI . There is a
cartesian diagram

GrI (GrIX )|UI

XI UI .

jI

Proposition 3.22. The complex mI,∗(⊠̃i∈IAX,i) is a ULA perverse sheaf on
GrI , and there is a unique isomorphism of perverse sheaves

mI,∗(⊠̃i∈IAX,i) ≃ jI,!∗(⊠i∈IAX,i|UI ),

which is L+GI-equivariant, if AX,1 is L+GX-equivariant.

Proof. The sheaf ⊠̃i∈IAX,i is by Lemma 3.20 a ULA perverse sheaf on G̃rI .
Now the restriction of the global convolution morphism mI to the support of
⊠̃i∈IAX,i is a proper morphism, and hence mI,∗(⊠̃i∈IAX,i) is a ULA complex

by Lemma 3.15. Then mI,∗(⊠̃i∈IAX,i) ≃ j!∗((⊠i∈IAX,i)|UI ), as follows from
Theorem 3.16 (i) and the formula u!∗ ◦ v!∗ ≃ (u ◦ v)!∗ for open immersions

V
v→֒ U

u→֒ T , because mI |UI is an isomorphism. In particular, mI,∗(⊠̃i∈IAX,i)
is perverse. Since mI is L+GI -equivariant, it follows from proper base change
that mI,∗(⊠̃i∈IAX,i) is L+GI -equivariant, if AX,1 is L+GX -equivariant. This
proves the proposition.

3.3 The Symmetric Monoidal Structure

First we equip PL+GX (GrX )ULA with a symmetric monoidal structure B which
allows us later to define a symmetric monoidal structure with respect to the
usual convolution (3.1) of L+G-equivariant perverse sheaves on GrG.
Fix I, and let UI be the open locus of pairwise distinct coordinates in XI .
Then the diagram

GrX GrI (GrIX)|UI

X XI UI .

iI

diag

jI

(3.4)

is cartesian.

Definition 3.23. Fix some total order on I. For every tuple (AX,i)i∈I with
AX,i ∈ P (GrX)ULA for i ∈ I, the I-fold fusion product Bi∈IAX,i is the complex

Bi∈IAX,i def
= i∗I [−k + 1]jI,!∗((⊠i∈IAX,i)|UI ) ∈ Db

c(GrX , Q̄ℓ),

where k = |I|.
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Now let π : I → J be a surjection of finite index sets. For j ∈ J , let Ij = π−1(j),
and denote by Uπ the open locus inXI such that the Ij-coordinates are pairwise
distinct from the Ij′ -coordinates for j 6= j′. Then the diagram

GrJ GrI (
∏
j GrIj )|Uπ

XJ XI Uπ,

iπ jπ

(3.5)

is cartesian. The following theorem combined with Proposition 3.22 is the key
to the symmetric monoidal structure:

Theorem 3.24. Let I be a finite index set, and let AX,i ∈ PL+GX (GrX)ULA for
i ∈ I. Let π : I → J be a surjection of finite index sets, and set kπ = |I| − |J |.
(i) As complexes

i∗π[−kπ]jI,!∗((⊠i∈IAX,i)|UI ) ≃ i!π[kπ ]jI,!∗((⊠i∈IAX,i)|UI ),

and both are L+GJ -equivariant ULA perverse sheaves on GrJ . Hence,
Bi∈IAX,i ∈ PL+GX (GrX )ULA.
(ii) There is an associativity and a commutativity constraint for the fusion
product such that there is a canonical isomorphism

Bi∈IAX,i ≃ Bj∈J (Bi∈IjAX,i),

where Ij = π−1(j) for j ∈ J . In particular, (PL+GX (GrX)ULA,B) is symmetric
monoidal.

Proof. Factor π as a chain of surjective maps I = I1 → I2 → . . . → Ikπ = J
with |Ii+1| = |Ii|+ 1, and consider the corresponding chain of smooth Cartier
divisors

XJ = XIkπ −→ . . . −→ XI2 −→ XI1 = XI .

By Proposition 3.22, the complex jI,!∗((⊠i∈IAX,i)|UI ) is ULA. Then part (i)
follows inductively from Theorem 3.16 (i) and (ii). This shows (i).
Let τ : I → I be a bijection. Then τ acts on XI by permutation of coordinates,
and diagram (3.4) becomes equivariant for this action. Then

τ∗jI,!∗((⊠i∈IAX,i)|UI ) ≃ jI,!∗((⊠i∈IAX,τ−1(i))|UI ).

Since the action on diag(X) ⊂ XI is trivial, we obtain

i∗IjI,!∗((⊠i∈IAX,i)|UI ) ≃ i∗Iτ
∗jI,!∗((⊠i∈IAX,i)|UI )

≃ i∗IjI,!∗((⊠i∈IAX,τ−1(i))|UI ),

and hence Bi∈IAX,i ≃ Bi∈IAX,τ−1(i). It remains to give the isomorphism
defining the symmetric monoidal structure. Since jI = jπ ◦

∏
j jIj , diagram

(3.5) gives

(jI,!∗((⊠i∈IAX,i)|UI ))|Uπ ≃ ⊠j∈J jIj ,!∗((⊠i∈IjAX,i)|UIj ).
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Applying (iπ|Uπ)∗[kπ] and using that Uπ ∩XJ = UJ , we obtain

(i∗π[kπ]jI,!∗((⊠i∈IAX,i)|UI ))|UJ ≃ ⊠j∈J(Bi∈IjAX,i).

But by (i), the perverse sheaf i∗π[kπ]jI,!∗((⊠i∈IAX,i)|UI ) is ULA, thus

i∗π[kπ]jI,!∗((⊠i∈IAX,i)|UI ) ≃ jJ,!∗((⊠j∈J (Bi∈IjAX,i))|UJ ),

and restriction along the diagonal in XJ gives the isomorphism Bi∈IAX,i ≃
Bj∈J (Bi∈IjAX,i). This proves (ii).

Example 3.25. Let G = {e} be the trivial group. Then GrX = X . Let Loc(X)
be the category of ℓ-adic local systems on X . Using Corollary 3.18, we obtain
an equivalence of symmetric monoidal categories

H0 ◦ [−1] : (P (X)ULA,B)
≃−→ (Loc(X),⊗),

where Loc(X) is endowed with the usual symmetric monoidal structure with
respect to the tensor product ⊗.

Corollary 3.26. Let Db
c(X, Q̄ℓ)ULA be the category of ULA complexes on X.

Denote by f : GrX → X the structure morphism. Then the functor

f∗[−1] : (P (GrX)ULA,B) −→ (Db
c(X, Q̄ℓ),⊗)

is symmetric monoidal.

Proof. If AX ∈ P (GrX )ULA, then f∗AX ∈ Db
c(X, Q̄ℓ)ULA by Lemma 3.15 and

the ind-properness of f . Now apply f∗ to the isomorphism in Theorem 3.24 (ii)
defining the symmetric monoidal structure on P (GrX)ULA. Then by proper base
change and going backwards through the arguments in the proof of Theorem
3.24 (ii), we get that f∗[−1] is symmetric monoidal.

Corollary 3.27. Let X = A1
F . Let p : GrX → GrG be the projection, cf.

Remark 3.19.
(i) The functor

p∗[1] : PL+G(GrG) −→ PL+GX (GrX)ULA

embeds PL+G(GrG) as a full subcategory and is an equivalence of categories
with the subcategory of Ga-equivariant objects in PL+GX (GrX)ULA.
(ii) For every I and Ai ∈ PL+G(GrG), i ∈ I, there is a canonical L+GX-
equivariant isomorphism

p∗[1](⋆i∈IAi) ≃ Bi∈I(p
∗[1]Ai),

where the product is taken with respect to some total order on I.
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Proof. Under the simply transitive action of Ga on X , the isomorphism
GrX ≃ GrG × X is compatible with the action of L+G under the zero sec-
tion L+G →֒ L+GX . By Lemma 3.19, the complex p∗[1]A is a ULA perverse
sheaf on GrX . It is obvious that the functor p∗[1] is fully faithful. Denote
by i0 : GrG → GrX the zero section. If AX on GrX is Ga-equivariant, then
AX ≃ p∗[1]i∗0[−1]AX . This proves (i).
By Remark 3.12, the fiber over diag({0}) ∈ XI(F ) of (3.3) is the usual convo-
lution diagram (3.1). Hence, by proper base change,

i∗0[−1](Bi∈Ip∗[1]Ai) ≃ ⋆i∈I i
∗
0[−1]p∗[1]Ai ≃ ⋆i∈IAi.

Since Bi∈Ip∗[1]Ai is Ga-equivariant, this proves (ii).

Now we are prepared for the proof of Theorem 3.1.

Proof of Theorem 3.1. Let X = A1
F . For every A1,A2 ∈ P (GrG) with A2 be-

ing L+G-equivariant, we have to prove that A1 ⋆A2 ∈ P (GrG). By Theorem
3.24 (i), the B-convolution is perverse. Then the perversity of A1 ⋆A2 follows
from Corollary 3.27 (ii). Again by Corollary 3.27 (ii), the convolution A1 ⋆A2

is L+G-equivariant, if A1 is L+G-equivariant. This proves (i).
We have to equip (PL+G(GrG), ⋆) with a symmetric monoidal structure.
By Corollary 3.27, the tuple (PL+G(GrG), ⋆) is a full subcategory of
(PL+GX (GrX)ULA,B), and the latter is symmetric monoidal by Theorem 3.24
(ii), hence so is (PL+G(GrG), ⋆). Since taking cohomology is only graded com-
mutative, we need to modify the commutativity constraint of (PL+G(GrG), ⋆)
by a sign as follows. Let F̄ be a separable closure of F . The L+GF̄ -orbits
in one connected component of GrG,F̄ are all either even or odd dimensional.
Because the Galois action on GrG,F̄ commutes with the L+GF̄ -action, the
connected components of GrG are divided into those of even or odd parity.
Consider the corresponding Z/2-grading on PL+G(GrG) given by the parity of
the connected components of GrG. Then we equip (PL+G(GrG), ⋆) with the su-
per commutativity constraint with respect to this Z/2-grading, i.e. if A (resp.
B) is an L+G-equivariant perverse sheaf supported on a connected component
XA (resp. XB) of GrG, then the modified commutativity constraint differs by
the sign (−1)p(XA)p(XB), where p(X) ∈ Z/2 denotes the parity of a connected
component X of GrG.
Now consider the global cohomology functor

ω(-) =
⊕

i∈Z

RiΓ(GrG,F̄ , (-)F̄ ) : PL+G(GrG) −→ VecQ̄ℓ .

Let f : GrX → X be the structure morphism. Then the diagram

PL+GX,F̄
(GrX,F̄ )ULA Db

c(XF̄ , Q̄ℓ)

PL+G(GrG) VecQ̄ℓ

f∗[−1]

p∗[1] ◦ (-)F̄
ω

⊕i∈ZHi ◦ i∗0
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is commutative up to natural isomorphism. Now if A is a perverse sheaf sup-
ported on a connected component X of GrG, then by a theorem of Lusztig [12,
Theorem 11c],

RiΓ(GrG,F̄ ,AF̄ ) = 0, i 6≡ p(X) (mod 2),

where p(X) ∈ Z/2 denotes the parity of X . Hence, Corollary 3.26 shows that
ω is symmetric monoidal with respect to the super commutativity constraint
on PL+G(GrG). To prove uniqueness of the symmetric monoidal structure, it is
enough to prove that ω is faithful, which follows from Lemma 4.4 below. This
proves (ii).

4 The Tannakian Structure

In this section we assume that F = F̄ is separably closed. Let X∨
+ be a set of

representatives of the L+G-orbits on GrG. For µ ∈ X∨
+ we denote by Oµ the

corresponding L+G-orbit, and byOµ its reduced closure with open embeddding
jµ : Oµ →֒ Oµ. We equip X∨

+ with the partial order defined as follows: for

every λ, µ ∈ X∨
+, we define λ ≤ µ if and only if Oλ ⊂ Oµ.

Proposition 4.1. The category PL+G(GrG) is semisimple with simple objects
the intersection complexes

ICµ = jµ!∗Q̄ℓ[dim(Oµ)], for µ ∈ X∨
+.

In particular, if pjµ∗ (resp. pjµ! ) denotes the perverse push forward (resp. per-
verse extension by zero), then jµ!∗ ≃ pjµ! ≃ pjµ∗ .

Proof. For any µ ∈ X∨
+, the étale fundamental group πét

1 (Oµ) is trivial. Indeed,
since Oµ\Oµ is of codimension at least 2 in Oµ, Grothendieck’s purity theorem
implies that πét

1 (Oµ) = πét
1 (Oµ). The latter group is trivial by [SGA1, XI.1

Corollaire 1.2], because Oλ is normal (cf. [6]), projective and rational. This
shows the claim.
Since by [17, Lemme 2.3] the stabilizers of the L+G-action are connected, any
L+G-equivariant irreducible local system supported on Oµ is isomorphic to the
constant sheaf Q̄ℓ. Hence, the simple objects in PL+G(GrG) are the intersection
complexes ICµ for µ ∈ X∨

+.
To show semisimplicity of the Satake category, it is enough to prove

Ext1P (GrG)(ICλ, ICµ) = HomDbc(GrG)(ICλ, ICµ[1])
!
= 0.

We distinguish several cases:

Case (i): λ = µ.

Let Oµ j→ Oµ i← Oµ\Oµ, and consider the exact sequence of abelian groups

Hom(ICµ, i!i
!ICµ[1]) −→ Hom(ICµ, ICµ[1]) −→ Hom(ICµ, j∗j

∗ICµ[1]) (4.1)
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associated to the distinguished triangle i!i
!ICµ → ICµ → j∗j∗ICµ. We show

that the outer groups in (4.1) are trivial. Indeed, the last group is trivial, since
j∗ICµ = Q̄ℓ[dim(Oµ)] gives

Hom(ICµ, j∗j
∗ICµ[1]) = Hom(j∗ICµ, j

∗ICµ[1]) = Ext1(Q̄ℓ, Q̄ℓ).

And Ext1(Q̄ℓ, Q̄ℓ) = H1
ét(Oµ, Q̄ℓ) = 0, because Oµ is simply connected. To

show that the first group

Hom(ICµ, i!i
!ICµ[1]) = Hom(i∗ICµ, i

!ICµ[1])

is trivial, note that i∗ICµ lives in perverse degrees ≤ −1 because the 0th per-
verse cohomology vanishes, since ICµ is a middle perverse extension along j.
Hence, the Verdier dual D(i∗ICµ)[1] = i!ICµ[1] lives in perverse degrees ≥ 0.
This proves case (i).

Case (ii): λ 6= µ and either λ ≤ µ or µ ≤ λ.
If λ ≤ µ, let i : Oλ →֒ Oµ be the closed embedding. Then

Hom(i∗ICλ, ICµ[1]) = Hom(ICλ, i
!ICµ[1]),

and this vanishes, since i!ICµ[1] lives in perverse degrees ≥ 1 or equivalently,
the Verdier dual D(i!ICµ) = i∗ICµ lives in perverse degrees ≤ −2. Indeed,
by a theorem of Lusztig [12, Theorem 11c], i∗ICµ is concentrated in even per-
verse degrees, and the 0th perverse cohomology vanishes, since ICµ is a middle
perverse extension. If µ ≤ λ, let i : Oµ →֒ Oλ the closed embedding. Then

Hom(ICλ, i∗ICµ[1]) = Hom(i∗ICλ, ICµ[1])

vanishes, since i∗ICλ lives in perverse degrees ≤ −2 as before. This proves case
(ii).

Case (iii): λ 6≤ µ and µ 6≤ λ.
We may assume that λ and µ are contained in the same connected component
of GrG. Choose some ν ∈ X∨

+ with λ, µ ≤ ν. Consider the cartesian diagram

Oλ ×Oν Oµ Oµ

Oλ Oν .

ι1

i1

ι2 i2

Then adjunction gives

Hom(i1,∗ICλ, i2,∗ICµ[1]) = Hom(i∗2i1,∗ICλ, ICµ[1]), (4.2)

and i∗2i1,∗ICλ ≃ ι1,∗ι∗2ICλ by proper base change. Hence (4.2) equals
Hom(ι∗2ICλ, ι

!
1ICµ[1]) which vanishes. This proves case (iii), hence the propo-

sition.
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The affine group scheme L+Gm acts on GrG as follows. For x ∈ L+Gm(R),
denote by vx the automorphism of Spec(R[[t]]) induced by multiplication with
x. If F is a G-torsor over Spec(R[[t]]), we denote by v∗xF the pullback of F
along vx. Let (F , β) ∈ GrG(R). Then the action of L+Gm on GrG is given by

(F , β) 7−→ (v∗x−1F , v∗x−1β),

and is called the Virasoro action.
Note that every L+G-orbit in GrG is stable under L+Gm. The semidirect
product L+G⋊L+Gm acts on GrG, and the action on each orbit factors through
a smooth connected affine group scheme. Hence, we may consider the category
PL+G⋊L+Gm(GrG) of L

+G⋊ L+Gm-equivariant perverse sheaves on GrG.

Corollary 4.2. The forgetful functor

PL+G⋊L+Gm(GrG) −→ PL+G(GrG)

is an equivalence of categories. In particular, the category PL+G(GrG) does not
depend on the choice of the parameter t.

Proof. By Proposition 4.1 above, every L+G-equivariant perverse sheaf is a
direct sum of intersection complexes, and these are L+Gm-equivariant.

Remark 4.3. If X = A1
F is the base curve, then the global affine Grassmannian

GrX splits as GrX ≃ GrG ×X . Corollary 4.2 shows that we can work over an
arbitrary curveX as follows. Let X be the functor on the category of F -algebras
R parametrizing tuples (x, s) with

{
x ∈ X(R) is a point;

s is a continuous isomorphism of R-modules ÔXR,x
≃→ R[[t]],

where ÔXR,x is the completion of the R-module OXR,x along the maximal
ideal mx at x. The affine group scheme L+Gm operates from left on X by
(g, (x, s)) 7→ (x, gs). The projection p : X → X ,(x, s) 7→ x gives X the structure

of a L+Gm-torsor. Then GrX ≃ GrG×L
+GmX , and we get a diagram of L+Gm-

torsors

GrG ×X

GrG ×X GrX .

p q

For any A ∈ PL+G(GrG), the perverse sheaf A⊠ Q̄ℓ[1] on GrG ×X is L+Gm-
equivariant by Corollary 4.2. Hence, p∗(A ⊠ Q̄ℓ[1]) descends along q to a

perverse sheaf A⊠̃Q̄ℓ[1] on GrX .

We are going to define a fiber functor on PL+G(GrG). Denote by

ω(-) =
⊕

i∈Z

RiΓ(GrG, -) : PL+G(GrG) → VecQ̄ℓ (4.3)
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the cohomology functor with values in the category of finite dimensional Q̄ℓ-
vector spaces.

Lemma 4.4. The functor ω : PL+G(GrG)→ VecQ̄ℓ is additive, exact and faith-
ful.

Proof. Additivity is immediate. Exactness follows from Proposition 4.1, since
every exact sequence splits, and ω is additive. To show faithfulness, it is enough,
again by Proposition 4.1, to show that the intersection cohomology of the Schu-
bert varieties is non-zero. Indeed, we claim that the intersection cohomology
of any projective variety T is non-zero. Embedding T into projective space
and projecting down on hyperplanes, we obtain a generically finite morphism
π : T → Pn. Using the decomposition theorem, we see that the intersection
complex of Pn appears as a direct summand in π∗ICT . Hence, the intersection
cohomology of T is non-zero. This proves the lemma.

Corollary 4.5. The tuple (PL+G(GrG), ⋆) is a neutralized Tannakian category
with fiber functor ω : PL+G(GrG)→ VecQ̄ℓ .

Proof. We check the criterion in [5, Prop. 1.20]:
The category (PL+G(GrG), ⋆) is abelian Q̄ℓ-linear (cf. Appendix A below) and
by Theorem 3.1 (ii) above symmetric monoidal. To prove that ω is a fiber func-
tor, we must show that ω is an additive exact faithful tensor functor. Lemma
4.4 shows that ω is additive exact and faithful, and Theorem 3.1 (ii) shows that
ω is symmetric monoidal.
It remains to show that (PL+G(GrG), ⋆) has a unit object and that any one
dimensional object has an inverse. The unit object is the constant sheaf
IC0 = Q̄ℓ concentrated in the base point e0. We have End(IC0) = Q̄ℓ, and
dim(ω(IC0)) = 1. Now, let A ∈ PL+G(GrG) with dim(ω(A)) = 1. Then A is
supported on a L+G-invariant closed point z0 ∈ GrG. There exists z in the
center of LG such that z · z0 = e0 is the basepoint. If z′0 = z · e0, then the
intersection cohomology complex A′ supported on z′0 satisfies A ⋆ A′ = IC0.
This shows the corollary.

5 The Geometric Satake Equivalence

In this section we assume that F = F̄ is separably closed. Denote by
H = Aut⋆(ω) the affine Q̄ℓ-group scheme of tensor automorphisms defined
by Corollary 4.5.

Theorem 5.1. The group scheme H is a connected reductive group over Q̄ℓ
which is dual to G in the sense of Langlands, i.e. if we denote by Ĝ the
Langlands dual group with respect to some pinning of G, then there exists an
isomorphism H ≃ Ĝ determined uniquely up to inner automorphisms.

We fix some notation. Let T be a maximal split torus of G and B a Borel
subgroup containing T with unipotent radical U . We denote by 〈-, -〉 the natural
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pairing between X = Hom(T,Gm) and X∨ = Hom(Gm, T ). Let R ⊂ X
be the root system associated to (G, T ), and R+ be the set of positive roots
corresponding to B. Let R∨ ⊂ X∨ the dual root system with the bijection
R→ R∨, α 7→ α∨. Denote by R∨

+ the set of positive coroots. Let W the Weyl
group of (G, T ). Consider the half sum of all positive roots

ρ =
1

2

∑

α∈R+

α.

Let Q∨ (resp. Q∨
+) the subgroup (resp. submonoid) of X∨ generated by R∨

(resp. R∨
+). We denote by

X∨
+ = {µ ∈ X∨ | 〈α, µ〉 ≥ 0, ∀α ∈ R+}

the cone of dominant cocharacters with the partial order on X∨ defined as
follows: λ ≤ µ if and only if µ− λ ∈ Q∨

+.
Note that (X∨

+,≤) identifies with the partially ordered set of orbit representa-
tives in Section 4 as follows: for every µ ∈ X∨

+, let t
µ the corresponding element

in LT (F ), and denote by e0 ∈ GrG the base point. Then µ 7→ tµ · e0 gives the
bijection of partial ordered sets, i.e. the orbit closures satisfy

Oµ =
∐

λ≤µ
Oλ, (Cartan stratification)

where Oλ denotes the L+G-orbit of tλ · e0 (cf. [17, §2]).
For every ν ∈ X∨, consider the LU -orbit Sν = LU · tνe0 inside GrG (cf. [17,
§3]). Then Sν is a locally closed ind-subscheme of GrG, and for every µ ∈ X∨

+,
there is a locally closed stratification

Oµ =
∐

ν∈X∨

Sν ∩ Oµ. (Iwasawa stratification)

For µ ∈ X∨
+, let

Ω(µ)
def
= {ν ∈ X∨ | wν ≤ µ, ∀w ∈ W}.

Proposition 5.2. For every ν ∈ X∨ and µ ∈ X∨
+ the stratum Sν ∩ Oµ is

non-empty if and only if ν ∈ Ω(µ), and in this case it is pure of dimension
〈ρ, µ+ ν〉.
Proof. The schemes G, B, T and all the associated data are already defined
over a finitely generated Z-algebra. By generic flatness, we reduce to the case
where F = Fq is a finite field. The proposition is proven in [8, Proof of Lemma
2.17.4], which relies on [17, Theorem 3.1].

For every sequence µ• = (µ1, . . . , µk) of dominant cocharacters, consider the
projective variety over F

Oµ•

def
= p−1(Oµ1)×L

+G . . .×L+G p−1(Oµk−1
)×L+G Oµk ,
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inside LG×L+G . . .×L+GGrG, where p : LG→ GrG denotes the quotient map.
The quotient exists, by the ind-properness of GrG and Lemma A.4 below.
Now let |µ•| = µ1 + . . .+ µk. Then the restriction mµ• = m|Oµ• of the k-fold
convolution morphism factors as

mµ• : Oµ• −→ O|µ•|,

and is an isomorphism over O|µ•| ⊂ O|µ•|.

Corollary 5.3. For every λ ∈ X∨
+ with λ ≤ |µ•| and x ∈ Oλ(F ), one has

dim(m−1
µ•

(x)) ≤ 〈ρ, |µ•| − λ〉,

i.e. the convolution morphism is semismall.

Proof. The proof of [17, Lemme 9.3] carries over word by word, and we obtain
that dim(m−1

µ•
(Oλ)) ≤ 〈ρ, |µ•| + λ〉. Since mµ• is L+G-equivariant and

dim(Oλ) = 〈2ρ, λ〉, the corollary follows.

The convolution ICµ1 ⋆ . . . ⋆ ICµn is a L+G-equivariant perverse sheaf, and by
Proposition 4.1, we can write

ICµ1 ⋆ . . . ⋆ ICµn ≃
⊕

λ≤|µ•|
V λµ•
⊗ ICλ, (5.1)

where V λµ•
are finite dimensional Q̄ℓ-vector spaces.

Lemma 5.4. For every λ ∈ X∨
+ with λ ≤ |µ•| and x ∈ Oλ(F ), the vector space

V λµ•
has a canonical basis indexed by the irreducible components of m−1

µ•
(x) of

exact dimension 〈ρ, |µ•| − λ〉.

Proof. We follow the argument in Haines [9]. We claim that ICµ• =
ICµ1⊠̃ . . . ⊠̃ ICµk is the intersection complex on Oµ• . Indeed, this can be
checked locally in the smooth topology, and then easily follows from the
definitions. Hence, the left hand side of (5.1) is equal to mµ•,∗(ICµ•). If
d = − dim(Oλ), then taking the d-th stalk cohomology at x in (5.1) gives by
proper base change

RdΓ(m−1
µ•

(x), ICµ•) ≃ V λµ•
.

Since mµ• : Oµ• → O|µ•| is semismall, the cohomology RdΓ(m−1
µ•

(x), ICµ•)
admits by [9, Lemma 3.2] a canonical basis indexed by the top dimensional
irreducible components. This proves the lemma.

In the following, we consider Oµ• as a closed projective subvariety of

Oµ1 ×Oµ1+µ2 × . . .×Oµ1+...+µk ,

via (g1, . . . , gk) 7→ (g1, g1g2, . . . , g1 . . . gk). The lemma below is the geometric
analogue of the PRV-conjecture.
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Lemma 5.5. For every λ ∈ X∨
+ of the form λ = ν1 + . . . + νk with νi ∈

Wµi for i = 1, . . . , k, the perverse sheaf ICλ appears as a direct summand in
ICµ1 ⋆ . . . ⋆ ICµk .

Proof. Let ν = w(ν2+ . . .+νk) be the unique dominant element in theW -orbit
of ν2 + . . . + νk. Then λ = ν1 + w−1ν. Hence, by induction, we may assume
k = 2. By Lemma 5.4, it is enough to show that there exists x ∈ Oλ(F ) such
that m−1

µ•
(x) is of exact dimension 〈ρ, |µ•| − λ〉.

Let w ∈ W such that wν1 is dominant, and consider wλ = wν1 + wν2. We
denote by Swν• ∩ Oµ• the intersection inside Oµ1 ×Oµ1+µ2

Swν• ∩ Oµ•

def
= (Swν1 × Swν1+wν2) ∩ Oµ• .

The convolution is then given by projection on the second factor. By [17,
Lemme 9.1], we have a canonical isomorphism

Swν• ∩ Oµ• ≃ (Swν1 ∩Oµ1)× (Swν2 ∩ Oµ2).

Let y = (y1, y2) in (Swν• ∩ Oµ•)(F ). Since for i = 1, 2 the elements wνi are
conjugate under W to µi, there exist by [17, Lemme 5.2] elements u1, u2 ∈
L+U(F ) such that

y1 = u1t
wν1 · e0

y2 = u1t
wν1u2t

wν2 · e0.

The dominance of wν1 implies twν1u2t
−wν1 ∈ L+U(F ), and hence Y = Swν• ∩

Oµ• maps under the convolution morphism onto an open dense subset Y ′ in
Swλ∩Oλ. Denote by h = mµ• |Y the restriction to Y . Both Y , Y ′ are irreducible
schemes (their reduced loci are isomorphic to affine space), thus by generic
flatness, there exists x ∈ Y ′(F ) such that

dim(h−1(x)) = dim(Y )−dim(Y ′) = 〈ρ, |µ•|+wλ〉− 〈ρ, λ+wλ〉 = 〈ρ, |µ•|−λ〉.

In particular, dim(m−1
µ•

(x)) ≥ 〈ρ, |µ•| − λ〉, and hence equality by Corollary
5.3.

For the proof of Theorem 5.1, we introduce a weaker partial order � on X∨
+

defined as follows: λ � µ if and only if µ−λ ∈ R+Q
∨
+. Then λ ≤ µ if and only

if λ � µ and their images in X∨/Q∨ coincide (cf. Lemma B.2 below).

Proof of Theorem 5.1. We proceed in several steps:

(1) The affine group scheme H is of finite type over Q̄ℓ.
By [5, Proposition 2.20 (b)] this is equivalent to the existence of a tensor gen-
erator in PL+G(GrG). Now there exist µ1, . . . , µk ∈ X∨

+ which generate X∨
+ as

semigroups. Then ICµ1 ⊕ . . .⊕ ICµk is a tensor generator.

(2) The affine group scheme H is connected reductive.
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For every µ ∈ X∨
+ and k ∈ N, the sheaf ICkµ is a direct summand of IC⋆kµ ,

hence the scheme H is connected by [5, Corollary 2.22]. By [5, Proposition
2.23], the connected algebraic group H is reductive if and only if PL+G(GrG)
is semisimple, and this is true by Proposition 4.1.

(3) The root datum of H is dual to the root datum of G.

Let (X ′, R′,∆′, X ′∨, R′∨,∆′∨) the based root datum of H constructed in The-
orem B.1 below. By Lemma B.5 below it is enough to show that we have an
isomorphism of partially ordered semigroups

(X∨
+,≤)

≃−→ (X ′
+,≤′). (5.2)

By Proposition 4.1, the map X∨
+ → X ′

+, µ 7→ [ICµ], where [ICµ] is the class of
ICµ in K+

0 PL+G(GrG) is a bijection of sets.

For every λ, µ ∈ X∨
+, we claim that λ � µ if and only if [ICλ] �′ [ICµ]. Assume

λ � µ, and choose a finite subset F ⊂ X∨
+ satisfying Proposition B.3 (iii). Let

A = ⊕ν∈F ICν , and suppose ICχ is a direct summand of IC⋆kλ for some k ∈ N.
In particular, χ ≤ kλ and so χ ∈ WF +

∑k
i=1Wµ. By Lemma 5.5, the sheaf

ICχ is a direct summand of IC⋆kµ ⋆A, which means [ICλ] �′ [ICµ]. Conversely,
assume [ICλ] �′ [ICµ]. Using Proposition B.3 (iv) below, this translates, by
looking at the support, into the following condition: there exists ν ∈ X∨

+ such

that Okλ ⊂ Okµ+ν holds for infinitely many k ∈ N. Equivalently, kλ ≤ kµ+ ν
for infinitely many k ∈ N which implies λ � µ.
For every λ, µ ∈ X∨

+, we claim that [ICλ] + [ICµ] = [ICλ+µ] in X ′
+: by the

proof of Theorem B.1 below, [ICλ] + [ICµ] is the class of the maximal element
appearing in ICλ ⋆ ICµ. Since the partial orders �, �′ agree, this is [ICλ+µ].

It remains to show that the partial orders ≤,≤′ agree. The identification X∨
+ =

X ′
+ prolongs to X∨ = X ′. We claim that Q∨

+ = Q′
+ under this identification

and hence Q∨ = Q′, which is enough by Lemma B.2 below. Let α∨ ∈ Q∨
+ a

simple coroot, and choose some µ ∈ X∨
+ with 〈α, µ〉 = 2. Then µ + sα(µ) =

2µ − α∨ is dominant, and hence IC2µ−α∨ appears by Lemma 5.5 as a direct
summand in IC⋆2µ . By Lemma B.4 this means α∨ ∈ Q′

+, and thus Q∨
+ ⊂ Q′

+.
Conversely, assume α′ ∈ Q′

+ has the property that there exists µ ∈ X ′
+ with

2µ − α′ ∈ X ′
+ and IC2µ−α′ appears as a direct summand in IC⋆2µ . Note that

every element in Q′
+ is a sum of these elements. Then 2µ−α′ ≤ 2µ, and hence

α′ ∈ Q∨
+. This shows Q

′
+ ⊂ Q∨

+ and finishes the proof of (5.2).

6 Galois Descent

Let F be any field, and G a connected reductive group defined over F . Fix
a separable closure F̄ , and let ΓF = Gal(F̄ /F ) be the absolute Galois group.
Let RepQ̄ℓ(ΓF ) be the category of finite dimensional continuous ℓ-adic Galois
representations. For any object defined over F , we denote by a subscript (-)F̄
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its base change to F̄ . Consider the functor

Ω : PL+G(GrG) −→ RepQ̄ℓ(ΓF )

A 7−→
⊕

i∈Z

RiΓ(GrG,F̄ ,AF̄ ).

There are canonical isomorphisms of fpqc-sheaves (LG)F̄ ≃ LGF̄ , (L
+G)F̄ ≃

L+GF̄ and GrG,F̄ ≃ GrGF̄ . Hence, Ω ≃ ω ◦ (-)F̄ , cf. (4.3).
The absolute Galois group ΓF operates on the Tannakian category
PL+GF̄ (GrGF̄ ) by tensor equivalences compatible with the fiber functor

ω. Hence, we may form the semidirect product LG = Aut⋆(ω)(Q̄ℓ) ⋊ ΓF
considered as a topological group as follows. The group Aut⋆(ω)(Q̄ℓ) is
equipped with the ℓ-adic topology, the Galois ΓF group with the profinite
topology and LG with the product topology. Note that ΓF acts continuously
on Aut⋆(ω)(Q̄ℓ) by Proposition 6.6 below. Let RepcQ̄ℓ(

LG) be the full subcat-
egory of the category finite dimensional continuous ℓ-adic representations of
LG such that the restriction to Aut⋆(ω)(Q̄ℓ) is algebraic.

Theorem 6.1. The functor Ω is an equivalence of abelian tensor categories

Ω : PL+G(GrG) −→ RepcQ̄ℓ(
LG)

A 7−→ Ω(A).

The proof of Theorem 6.1 proceeds in several steps.

Lemma 6.2. Let H be an affine group scheme over a field k. Let Repk(H) be the
category of algebraic representations of H, and let Repk(H(k)) be the category
of finite dimensional representations of the abstract group H(k). Assume that
H is reduced and that H(k) ⊂ H is dense. Then the functor

Ψ : Repk(H) −→ Repk(H(k))

ρ 7−→ ρ(k)

is a fully faithful embedding.

2

We recall some facts on the Tannakian formalism from [20]. Let (C,⊗) be a
neutralized Tannakian category over a field k with fiber functor v. We define
a monoidal category Aut⊗(C, v) as follows. Objects are pairs (σ, α), where
σ : C → C is a tensor automorphism and α : v ◦σ→ v is a natural isomorphism
of tensor functors. Morphisms between (σ, α) and (σ′, α′) are natural tensor
isomorphisms between σ and σ′ that are compatible with α, α′ in an obvious
way. The monoidal structure is given by compositions. Since v is faithful,
Aut⊗(C, v) is equivalent to a set, and in fact is a group.
Let H = Aut⊗C (v), the Tannakian group defined by (C, v). There is a canonical
action of Aut⊗(C, v) on H by automorphisms as follows. Let (σ, α) be in
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Aut⊗(C, v) . Let R be a k-algebra, and let h : vR → vR be a R-point of H .
Then (σ, α) · h is the following composition

vR
α−1

−→ vR ◦ σ h◦id−→ vR ◦ σ α−→ vR.

Let Γ be an abstract group. Then an action of Γ on (C, v) is by definition a
group homomorphism act : Γ→ Aut⊗(C, v).
Assume that Γ acts on (C, v). Then we define CΓ, the category of Γ-equivariant
objects in C as follows. Objects are (X, {cγ}γ∈Γ), where X is an object in
C and cγ : actγ(X) ≃ X is an isomorphism, satisfying the natural cocycle
condition, i.e. cγ′γ = cγ′ ◦actγ′(cγ). The morphisms between (X, {cγ}γ∈Γ) and
(X ′, {c′γ}γ∈Γ) are morphisms between X and X ′, compatible with cγ , c

′
γ in an

obvious way.

Lemma 6.3. Let Γ be a group acting on (C, v).
(i) The category CΓ is an abelian tensor category.

(ii) Assume that H is reduced and that k is algebraically closed. The functor v
is an equivalence of abelian tensor categories

CΓ ≃ Repok(H(k)⋊ Γ)

where Repok(H(k) ⋊ Γ) is the full subcategory of finite dimensional represen-
tations of the abstract group H(k) ⋊ Γ such that the restriction to H(k) is
algebraic.

Remark 6.4. In fact, the category CΓ is neutralized Tannakian with fiber
functor v. If Γ is finite, then Aut⊗CΓ(v) ≃ H ⋊ Γ. However, if Γ is not finite,

then Aut⊗CΓ(v) is in general not H⋊Γ, where the latter is regarded as an affine
group scheme.

Proof of Lemma 6.3. The monoidal structure on CΓ is defined as

(X, {cγ}γ∈Γ)⊗ (X ′, {c′γ}γ∈Γ) = (X ′′, {c′′γ}γ∈Γ),

where X ′′ = X ⊗X ′ and c′′γ : actγ(X
′′)→ X ′′ is the composition

actγ(X ⊗X ′) ≃ actγ(X)⊗ actγ(X
′)
cγ⊗c′γ−→ X ⊗X ′.

This gives CΓ the structure of an abelian tensor category.
Now assume that H is reduced and that k is algebraically closed. It is enough
to show that as tensor categories

Ψ : Repk(H)Γ
≃−→ Repok(H(k)⋊ Γ)

compatible with the forgetful functors. Let ((V, ρ), {cγ}γ∈Γ) ∈ Repk(H)Γ.
Then we define (V, ρΓ) ∈ Repok(H(k)⋊ Γ) by

(h, γ) 7−→ ρ(h) ◦ αh(V ) ◦ v ◦ c−1
γ ∈ GL(V ),
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where αh : v ◦σh ≃ v is induced by the action of Γ as above. Using the cocycle
relation, one checks that this is indeed a representation. By Lemma 6.2, the
natural map

HomH(ρ, ρ′) −→ HomH(k)(ρ(k), ρ
′(k))

is bijective. Taking Γ-invariants shows that the functor Ψ is fully faithful.
Essential surjectivity is obvious.

Now we specialize to the case (C,⊗) = (PL+GF̄
(GrG,F̄ ), ⋆) with fiber functor

v = ω. Then the absolute Galois group Γ = ΓF̄ acts on this Tannakian category
(cf. Appendix A.1).

Proof of Theorem 6.1. The functor Ω is fully faithful.

Let PL+GF̄
(GrG,F̄ )

Γ,c be the full subcategory of PL+GF̄
(GrG,F̄ )

Γ consisting of
perverse sheaves together with a continuous descent datum (cf. Appendix A.1).
By Lemma A.6, the functor A 7→ AF̄ is an equivalence of abelian categories
PL+G(GrG) ≃ PL+GF̄

(GrG,F̄ )
Γ,c. Hence, we get a commutative diagram

PL+GF̄
(GrG,F̄ )

Γ RepoQ̄ℓ(
LG)

PL+G(GrG) RepcQ̄ℓ(
LG),

ω

Ω

A 7→ AF̄

where ω is an equivalence of categories by Lemma 6.3 (ii), and where the ver-
tical arrows are fully faithful. Hence, Ω is fully faithful.

The functor Ω is essentially surjective.

Let ρ be in RepcQ̄ℓ(
LG). Without loss of generality, we assume that ρ is in-

decomposable. Let H = Aut∗(ω). By Proposition 4.1, the restriction ρ|H is
semisimple. Denote by A the set of isotypic components of ρ|H . Then ΓF op-
erates transitively on A, and for every a ∈ A its stabilizer in ΓF is the absolute
Galois group ΓE for some finite separable extension E/F . By Galois descent
along finite extensions, we may assume that E = F , and hence that ρ|H has
only one isotypic component. Let ρ0 be the simple representation occuring
in ρ|H . Then HomH(ρ0, ρ) is a continuous Γ-representation, and the natural
morphism

ρ0 ⊗HomH(ρ0, ρ) −→ ρ

given by v ⊗ f 7→ f(v) is an isomorphism of LG-representations. Let ICX
be the simple perverse sheaf on GrG,F̄ with ω(ICX) ≃ ρ0. Since ρ has only
one isotypic component, the support X = supp(ICX) is Γ-invariant, and hence
defined over F . Denote by V the local system on Spec(F ) given by the Γ-
representation HomH(ρ0, ρ). Then ICX ⊗ V is an object in PL+G(GrG) such
that Ω(ICX ⊗ V ) ≃ ρ0 ⊗HomH(ρ0, ρ). This proves the theorem.

The proof of Theorem 6.1 also shows the following fact.
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Corollary 6.5. Let A ∈ PL+G(GrG) indecomposable. Let {Xi}i∈I be the
set of irreducible components of supp(AF̄ ). Denote by E the minimal finite
separable extension of F such that Xi is defined over E for all i ∈ I. Then as
perverse sheaves on GrE

AE ≃
⊕

i∈I
ICXi ⊗ Vi,

where Vi are indecomposable local systems on Spec(E).

2

We briefly explain the connection to the full L-group. For more details see [20].
Let Ĝ be the reductive group over Q̄ℓ dual to GF̄ in the sense of Langlands, i.e.
the root datum of Ĝ is dual to the root datum of GF̄ . There are two natural
actions of ΓF on Ĝ as follows. Up to the choice of a pinning (Ĝ, B̂, T̂ , X̂) of Ĝ,
we have an action actalg via

actalg : ΓF → Out(GF̄ ) ≃ Out(Ĝ) ≃ Aut(Ĝ, B̂, T̂ , X̂) ⊂ Aut(Ĝ), (6.1)

where Out(-) denotes the outer automorphisms. On the other hand, we have
an action actgeo : ΓF̄ → Aut(Ĝ) via the Tannakian equivalence from Theorem
5.1. The relation between actgeo and actalg is as follows.
Let cycl : ΓF → Z×

ℓ be the cyclotomic character of ΓF defined by the action

of ΓF on the ℓ∞-roots of unity of F̄ . Let Ĝad be the adjoint group of Ĝ. Let
ρ be the half sum of positive coroots of Ĝ, which gives rise to a one-parameter
group ρ : Gm → Ĝad. We define a map

χ : ΓF
cycl−→ Z×

ℓ

ρ−→ Ĝad(Q̄ℓ),

which gives a map Adχ : ΓF → Aut(Ĝ) to the inner automorphism of Ĝ.

Proposition 6.6 ([20] Proposition A.4). For all γ ∈ ΓF ,

actgeo(γ) = actalg(γ) ◦Adχ(γ).

2

Remark 6.7. Proposition 6.6 shows that actgeo only depends on the quasi-split
form of G, since the same is true for actalg. In particular, the Satake category
PL+G(GrG) only depends on the quasi-split form of G whereas the ind-scheme
GrG does depend on G.

Let LGalg = Ĝ(Q̄ℓ)⋊actalgΓF be the full L-group. Set LGgeo = Ĝ(Q̄ℓ)⋊actgeoΓF .

Corollary 6.8 ([20] Corollary A.5). The map (g, γ) 7→ (Adχ(γ−1)(g), γ) gives

an isomorphism LGalg ≃→ LGgeo.

2

Combining Corollary 6.8 with Theorem 6.1, we obtain the following corollary.
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Corollary 6.9. There is an equivalence of abelian tensor categories

PL+G(GrG) ≃ RepcQ̄ℓ(
LGalg),

where RepcQ̄ℓ(
LGalg) denotes the full subcategory of the category of finite di-

mensional continuous ℓ-adic representations of LGalg such that the restriction
to Ĝ(Q̄ℓ) is algebraic.

2

A Perverse Sheaves

For the construction of the category of ℓ-adic perverse sheaves, we refer to
the work of Y. Laszlo and M. Olsson [13]. In this appendix we explain our
conventions on perverse sheaves on ind-schemes.
Let F be an arbitrary field. Fix a prime ℓ 6= char(F ), and denote by Qℓ the
field of ℓ-adic numbers with algebraic closure Q̄ℓ. For any separated scheme
T of finite type over F , we consider the bounded derived category Db

c(T, Q̄ℓ)
of constructible ℓ-adic sheaves on T . Let P (T ) be the abelian Q̄ℓ-linear full
subcategory of ℓ-adic perverse sheaves, i.e. the heart of the perverse t-structure
on the triangulated category Db

c(T, Q̄ℓ).
Now let (T )i∈I be an inductive system of separated schemes of finite type over
F with closed immersions as transition morphisms. A fpqc-sheaf T on the
category of F -algebras is called a strict ind-scheme of ind-finite type over F if
there is an isomorphism of fpqc-sheaves T ≃ lim−→i

Ti, for some system (T )i∈I
as above. The inductive system (T )i∈I is called an ind-presentation of T .
For i ≤ j, push forward gives transition morphisms Db

c(Ti, Q̄ℓ) → Db
c(Tj , Q̄ℓ)

which restrict to P (Ti)→ P (Tj), because push forward along closed immersions
is t-exact.

Definition A.1. Let T be a strict ind-scheme of ind-finite type over F , and
(Ti)i∈I be an ind-presentation.
(i) The bounded derived category of constructible ℓ-adic complexes Db

c(T , Q̄ℓ)
on T is the inductive limit

Db
c(T , Q̄ℓ)

def
= lim−→

i

Db
c(Ti, Q̄ℓ).

(ii) The category of ℓ-adic perverse sheaves P (T ) on T is the inductive limit

P (T ) def
= lim−→

i

P (Ti).

The definition is independent of the chosen ind-presentation of T . The cat-
egory Db

c(T , Q̄ℓ) inherits a triangulation and a perverse t-structure from the
Db
c(Ti, Q̄ℓ)’s. The heart with respect to the perverse t-structure is the abelian

Q̄ℓ-linear full subcategory P (T ).
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If f : T → S is a morphism of strict ind-schemes of ind-finite type over F ,
we have the Grothendieck operations f∗, f!, f∗, f !, and the usual constructions
carry over after the choice of ind-presentations.

In Section 3.3 we work with equivariant objects in the category of perverse
sheaves. The context is as follows. Let f : T → S be a morphism of separated
schemes of finite type, and let H be a smooth affine group scheme over S with
geometrically connected fibers acting on f : T → S. Then a perverse sheaf A
on T is called H-equivariant if there is an isomorphism in the derived category

θ : a∗A ≃ p∗A, (A.1)

where a : H×ST → T (resp. p : H×ST → T ) is the action (resp. projection on
the second factor). A few remarks are in order: if the isomorphism (A.1) exists,
then it can be rigidified such that e∗T θ is the identity, where eT : T → H ×S T
is the identity section. A rigidified isomorphism θ automatically satisfies the
cocycle relation due to the fact that H has geometrically connected fibers.

The subcategory PH(T ) of P (T ) of H-equivariant objects together with H-
equivariant morphisms is called the category of H-equivariant perverse sheaves
on T .

Lemma A.2 ([13] Remark 5.5). Consider the stack quotient H\T , an Artin
stack of finite type over S. Let p : T → H\T be the quotient map of relative
dimension d = dim(T/S). Then the pull back functor

p∗[d] : P (H\T ) −→ PH(T ),

is an equivalence of categories. In particular, PH(T ) is abelian and Q̄ℓ-linear.

2

Now let T be a strict ind-scheme of ind-finite type, and f : T → S a morphism
to a separated scheme of finite type. Fix an ind-presentation (Ti)i∈I of T . Let
(Hi)i∈I be an inverse system of smooth affine group scheme with geometrically
connected fibers. Let H = lim←−iHi be the inverse limit, an affine group scheme
over S, because the transition morphism are affine. Assume that H acts on
f : T → S such that the action restricts to the inductive system (f |Ti)i∈I .
Assume that the H-action factors through Hi on f |Ti for every i ∈ I.

Definition A.3. Let f : T → S, (Ti)i∈I and H as above. The category PH(T )
of H-equivariant perverse sheaves on T is the inductive limit

PH(T ) def
= lim−→

i

PHi(Ti).

It follows from Lemma A.2 that the category PH(T ) is an abelian Q̄ℓ-linear
category. The following lemma is used throughout the text.
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Lemma A.4. Let T → S be a H-torsor, and let Y be a S-scheme with H-action.
Assume that the action of H on Y factors over Hi for i >> 0. Then there is a
canonical isomorphism of fpqc-sheaves

T ×H Y
≃−→ T (i) ×Hi Y,

where T (i) = T ×H Hi.

2

Remark A.5. In particular, if T (i) ×Hi Y is representable of finite type, then
is T ×H Y is representable of finite type.

A.1 Galois Descent of Perverse Sheaves

Fix a separable closure F̄ of F . Let Γ = Gal(F̄ /F ) be the absolute Galois
group. For any complex of sheaves A on T , we denote by AF̄ its base change
to TF̄ = T ⊗ F̄ . We define the category of perverse sheaves with continuous Γ-
descent datum P (TF̄ )

Γ,c as follows. The objects are pairs (A, {cγ}γ∈Γ), where
A ∈ P (TF̄ ) and {cγ}γ∈Γ is a family of isomorphisms

cγ : γ∗A ≃−→ A,

satisfying the cocycle condition cγ′γ = cγ′ ◦ γ′∗(cγ) such that the datum is
continuous in the following sense. For every i ∈ Z and every locally closed
subscheme S ⊂ T such that the standard cohomology sheaf Hi(A)|S is a local
system, and for every U → S étale, with U separated quasi-compact, the
induced ℓ-adic Galois representation on the UF̄ -sections

Γ −→ GL(Hi(A)(UF̄ )),

is continuous. The morphisms in P (TF̄ )
Γ,c are morphisms in P (TF̄ ) compat-

ible with the cγ ’s. For every A ∈ P (T ), its pullback AF̄ admits a canonical
continuous descent datum. Hence, we get a functor

Φ : P (T ) −→ P (TF̄ )
Γ,c

A 7−→ AF̄ .

Lemma A.6 (SGA 7, XIII, 1.1). The functor Φ is an equivalence of categories.

2

B Reconstruction of Root Data

Let G a split connected reductive group over an arbitrary field k. Denote
by RepG the Tannakian category of algebraic representations of G. If k
is algebraically closed of characteristic 0, then D. Kazhdan, M. Larsen and
Y. Varshavsky [10, Corollary 2.5] show how to reconstruct the root datum

Documenta Mathematica 19 (2014) 209–246



242 T. Richarz

of G from the Grothendieck semiring K+
0 [G] = K+

0 RepG. In fact, their
construction works over arbitrary fields. This relies on the conjecture of
Parthasarathy, Ranga-Rao and Varadarajan (PRV-conjecture) proven by S.
Kumar [11] (char(k) = 0) and O. Mathieu [15] (char(k) > 0).

Theorem B.1. The root datum of G can be reconstructed from the
Grothendieck semiring K+

0 [G].

This means, if H is another split connected reductive group over k, and if
ϕ : K+

0 [H ]→ K+
0 [G] is an isomorphism of Grothendieck semirings, then there

exists an isomorphism of group schemes φ : H → G determined uniquely up to
inner automorphism such that φ = K+

0 [ϕ].
Let T be a maximal split torus of G and B a Borel subgroup containing T .
We denote by 〈-, -〉 the natural pairing between X = Hom(T,Gm) and X∨ =
Hom(Gm, T ). Let R ⊂ X be the root system associated to (G, T ), and R+

be the set of positive roots corresponding to B. Let R∨ ⊂ X∨ the dual root
system with the bijection R→ R∨, α 7→ α∨. Denote by R∨

+ the set of positive
coroots. Let W the Weyl group of (G, T ). Consider the half sum of all positive
roots

ρ =
1

2

∑

α∈R+

α.

Let Q (resp. Q+) the subgroup (resp. submonoid) of X generated by R (resp.
R+). We denote by

X+ = {µ ∈ X | 〈µ, α〉 ≥ 0, ∀α ∈ R∨
+}

the cone of dominant characters.
We consider partial orders ≤ and � on X defined as follows. For λ, µ ∈ X ,
we define λ ≤ µ if and only if µ− λ ∈ Q+, and we define λ � µ if and only if
µ−λ =

∑
α∈∆ xαα with xα ∈ R≥0. The latter order is weaker than the former

order in the sense that λ ≤ µ implies λ � µ, but in general not conversely.

Lemma B.2 ([18]). For every λ, µ ∈ X+, then λ ≤ µ if and only if λ � µ and
the images of λ, µ in X/Q agree.

Let
Dom�µ = {ν ∈ X+ | ν � µ}.

For a finite subset F of the euclidean vector space E = X ⊗ R, we denote by
Conv(F ) its convex hull.

Proposition B.3. For λ, µ ∈ X+, the following conditions are equivalent:

(i) λ � µ
(ii) Conv(Wλ) ⊂ Conv(Wµ)

(iii) There exists a finite subset F ⊂ X+ such that for all k ∈ N:

Dom�kλ ⊂ WF +
k∑

i=1

Wµ
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(iv) There exists a representation U such that for every k ∈ N, every irreducible
subquotient of V ⊗k

λ is a subquotient of V ⊗k
µ ⊗ U .

Proof. The equivalence of (i) and (ii) is well-known. The implication (ii)⇒(iii)
follows from [10, Lemma 2.4]. Assume (iii), we show that (iv) holds: let U =
⊕ν∈FVν , and suppose Vχ is a irreducible subquotient of V ⊗k

λ , in particular

χ ≤ kλ. By (iii), χ has the form wν +
∑k
i=1 wiµ with w,w1, . . . , wk ∈ W and

ν ∈ F . Using the PRV-conjecture [4, Theorem 4.3.2], we conclude that Vχ
is a subquotient of V ⊗k

µ ⊗ Vν , hence also of V ⊗k
µ ⊗ U . This shows (iv). The

implication (iv)⇒(i) is shown in [10, Proposition 2.2].

For µ ∈ X+, let vµ be the corresponding element in K+
0 [G]. Let Q+ ⊂ X be

the semigroup generated by the set

{α ∈ X | ∃µ ∈ X+ : 2µ− α ∈ X+ and v2µ − v2µ−α ∈ K+
0 [G]}.

Lemma B.4. There is an equality of semigroups Q+ = Q+.

Proof. It is obvious that Q+ ⊂ Q+, and we show that Q+ contains the simple
roots. Let α be a simple root, and choose some µ ∈ X such that 〈µ, α∨〉 = 2.
Then 2µ−α paired with any simple root is positive, and hence µ+sα(µ) = 2µ−α
is dominant. By the PRV -conjecture [4, Theorem 4.3.2], the representation
V2µ−α appears as an irreducible subquotient in V ⊗2

µ , i.e. v2µ − v2µ−α ∈ K+
0 [G].

The proof of Theorem B.1 goes along the lines of [10, Corollary 2.5].

Proof of Theorem B.1. By Lemma B.5 below it is enough to construct the par-
tially ordered semigroup (X+,≤) of dominant weights.
The underlying set of dominant weights X+ is the set of irreducible objects in
K+

0 [G]. Then the partial order � on X+ is characterized by Proposition B.3
as follows: for λ, µ ∈ X+, one has λ � µ if and only if there exists a u ∈ K+

0 [G]
such that for all k ∈ N and ν ∈ X+,

vkλ − vν ∈ K+
0 [G] =⇒ vkµ · u− vν ∈ K+

0 [G].

The semigroup structure on X+ is given by: for λ, µ ∈ X+, one has ν = λ+µ if
and only if ν is the unique dominant weight which is maximal (w.r.t. �) with
the property that vλ · vµ − vν ∈ K+

0 [G].
Now X is the group completion of X+, and by Lemma B.4 we can reconstruct
Q+ ⊂ X . Then Q is the group completion of Q+, and by Lemma B.2 we can
reconstruct ≤. This shows that the root datum of G can be reconstructed from
K+

0 [G].
Now if H is another split connected reductive group over k, and ϕ : K+

0 [H ]→
K+

0 [G] an isomorphism of Grothedieck semirings, then the argument above
shows that there is an isomorphism of partially ordered semigroups

(XH
+ ,≤H) −→ (XG

+ ,≤G) (B.1)
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inducing ϕ on Grothendieck semirings. By Lemma B.5 below, the morphism
B.1 prolongs to an isomorphism of the associated based root data. Hence, there
exists an isomorphism of group schemes φ : H → G inducing the isomorphism
of based root data. In particular, ϕ = K+

0 [φ], and such an isomorphism φ
is uniquely determined up to inner automorphism. This finishes the proof of
Theorem B.1.

Lemma B.5. Let B = (X,R,∆, X∨, R∨,∆∨) any based root datum. De-
note by (X+,≤) the partially ordered semigroup of dominant weights. Then
the root datum B can be reconstructed from (X+,≤), i.e. if B′ =
(X ′, R′,∆′, X ′∨, R′∨,∆′∨) is another based root datum with associated domi-
nant weights (X ′

+,≤′), then any ismorphism (X,≤) → (X ′,≤′) of partially
ordered semigroups prolongs to an isomorphism B → B′ of based root data.

Proof. The weight lattice X is the group completion of X+, a finite free Z-
module. The dominance order ≤ extends uniquely to X , also denoted ≤. Then
X∨ = HomZ(X,Z) is the coweight lattice, and the natural pairing X×X∨ → Z
identifies with 〈-, -〉. The reconstruction of the roots and coroots proceeds in
several steps:

(1) The set of simple roots ∆ ⊂ X :
A weight α ∈ X\{0} is in ∆ if and only if 0 ≤ α, and α is minimal with this
property.

(2) The set of simple coroots ∆∨ ⊂ X∨:
An element of X∨ is uniquely determined by its value on X+. Fix α ∈ ∆ with
corresponding simple coroot α∨. Then for any µ ∈ X+, the value 〈µ, α∨〉 is the
unique number m ∈ N such that 2µ −mα is dominant, but 2µ − (m + 1)α is
not. Indeed, we have

〈2µ−mα,α∨〉 ≥ 0 ⇔ 〈µ, α∨〉 ≥ m,

and, for every other simple coroot β∨ 6= α∨ and every n ∈ N,

〈2µ− nα, β∨〉 = 2〈µ, β∨〉 − n〈α, β∨〉 ≥ 2〈µ, β∨〉 ≥ 0,

since 〈α, β∨〉 ≤ 0. Hence, 〈2µ− (m+ 1)α, α∨〉 < 0 and so m = 〈µ, α∨〉.
(3) The sets of roots R and coroots R∨:
The Weyl group W ⊂ AutZ(X) is the finite subgroup generated by the re-
flections sα,α∨ associated to the pair (α, α∨) ∈ ∆ × ∆∨. Then R = W · ∆,
i.e., the roots are given by the translates of the simple roots under W . Since
AutZ(X

∨) = AutZ(X)op, the Weyl group W acts on X∨ and R∨ = W · ∆∨.
This proves the lemma.
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Abstract. This paper treats certain lattices in ternary quadratic
spaces, which are obtained from the data of a non-zero element and a
maximal lattice in a quaternary space. Each class in the genus of such
a lattice with respect to the special orthogonal group corresponds to
an isomorphism class in the genus of an order associated with the
lattice in a quaternion algebra. Using this result together with the
principle of Shimura, we show that the number of classes of the prim-
itive solutions of a quadratic Diophantine equation in four variables
coincides with the type number of the order under suitable conditions
on the given element. We illustrate this result by explicit examples.
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Introduction

Let (V, ϕ) be a nondegenerate quadratic space of dimension 4 over a number
field F , that is, V is a four-dimensional vector space over F and ϕ is a non-
degenerate symmetric F -bilinear form on V . For an element h of V such that
ϕ[h](= ϕ(h, h)) 6= 0, we put

W = (Fh)⊥ = {x ∈ V | ϕ(x, h) = 0}

and consider a quadratic space (W, ψ) of dimension 3 over F with the restriction
ψ of ϕ to W . In this paper the special orthogonal group SOψ of ψ is regarded
as the subgroup {γ ∈ SOϕ | hγ = h} of the orthogonal group SOϕ of ϕ. The
orthogonal group Oψ of ψ is also identified with Oϕ in a similar manner. For
a maximal lattice L in (V, ϕ) we put

L[q, b] = {x ∈ V | ϕ[x] = q, ϕ(x, L) = b}, D(L) = {α ∈ OϕA | Lα = L},
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where q = ϕ[h], b = ϕ(h, L), and the subscript A means adelization. Since
L[q, b] is stable under Γ·(L) = Oϕ ∩D(L), the set L[q, b]/Γ·(L) is meaningful
in an obvious way.
In the sense of Shimura [9, Introduction I], L[q, b] is the set of primitive so-
lutions of the equation ϕ[x] = q. Our interest in this paper is basically the
set

L[q, b]/Γ·(L)

consisting of the classes of such solutions. By the principle of [9, Theorem
11.6], each class of solutions of Li[q, b] modulo Γ·(Li) for i ∈ J corresponds to

a class of Oψ relative to an open subgroup OψA ∩ D(L) in OψA. Here {Li}i∈J
is a set of representatives for the Oϕ-classes in the Oϕ-genus of L for which
Li[q, b] 6= ∅ (see also (4.1) below).
Now we consider the lattice L ∩ W in (W, ψ) and the even Clifford algebra
A+(W ) of ψ, which is a quaternion algebra over F since the dimension of W
is 3. Let A(N) be the order generated by g and N in the Clifford algebra of ψ,
and put A+(N) = A+(W ) ∩ A(N) for an integral lattice N in (W, ψ). Here g
is the ring of all integers of F and the terms integral and maximal are given in
§1.1. To L∩W we can associate an order O in A+(W ), containing A+(L∩W ),
whose discriminant is given by (3.22) below. The purpose of this paper is to
define such an order O, to give a bijection of the SOψ-classes in the SOψ-genus
of L ∩W onto the isomorphism classes in the genus of O, and to prove

∑

i∈J
# {Li[q, b]/Γ·(Li)} = t(O) (0.1)

through the above principle under suitable conditions on h ∈ L[q, b], where the
genus of O is defined by the set {α−1Oα | α ∈ A+(W )×A} and t(O) is the type
number of O.
To obtain the order O, we proceed in a similar manner to [10, §4.6] under mild
conditions on h ∈ L[q, b] (Proposition 3.3 (3)). As for the bijection, given a
lattice N in the genus of L ∩W , put N = (L ∩W )τ(α) with α ∈ A+(W )×A.

Here τ is a surjective homomorphism of G+(W )A onto SOψA and G+(W ) is
the even Clifford group of ψ, which is given by A+(W )×. Then our bijection
is defined by N 7−→ α−1Oα (Theorem 3.4 (2)). This result mainly relies on a
description of L∩W in A+(W ) by means of A+(L∩W ) (cf. [4, Theorem 2.1]).

Now in Proposition 4.3, we shall prove that OψεD(L∩W ) = Oψε(OψA ∩D(L))

for every ε ∈ OψA under several assumptions on h ∈ L[q, b]. Because W is odd-
dimensional, the class number of the genus of L∩W with respect to Oψ equals
that with respect to SOψ. Hence by virtue of the principle mentioned above,
the number

∑
i∈J # {Li[q, b]/Γ·(Li)} is equal to the number of SOψ-classes in

the SOψ-genus of L ∩W . Our main result (0.1) follows from this fact and the
above bijection.
It should be noted that the genus of O is determined by the discriminant if O
has squarefree discriminant, for instance, ifO is maximal. When the quaternion
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algebra is totally definite, there are formulas for computing the type number of
such an order; see Peters [5, Satz 14] or Pizer [6, Theorem A and Theorem B],
etc.. In Section 5 we will take up totally-positive definite forms ϕ and employ
their numerical tables [5, Tabelle 2] and [6, Table 1] for type numbers. It
seems that there are few numerical examples for the type number of the genus
of an order whose discriminant is not squarefree and for the class number of
the genus of a lattice which is neither maximal nor unimodular with respect to
a definite form. Here we assume that h satisfies the conditions in Proposition
4.3. Then (0.1) contains the case of non-maximal (and often non-unimodular)
L ∩W , more clearly, the case that O has at most one higher-power prime pe

(e > 1) in its discriminant, where p is a prime ideal of F (see also (4.10) below).

To see the existence of such an element h, as an application of Proposition 4.3,
let Br,∞ be a definite quaternion algebra over Q ramified exactly at a prime
number r and take a prime number d prime to r so that d ≡ 1 (mod 4). In
Theorem 5.1 we shall show:
For every odd prime number p prime to dr and 0 ≤ n ∈ Z, except when n
is odd and p remains prime in Q(

√
d), there exists a maximal lattice L in

(V, ϕ) over Q of invariants {4, Q(
√
d), Br,∞, 4} (see (1.5) for the definitions)

such that L[dpn, 2−1dZ] 6= ∅. And moreover, formula (0.1) is valid for h ∈
L[dpn, 2−1dZ] with an order O in Br,∞ of discriminant rpnZ.
For example, let us take (V, ϕ) of invariants {4, Q(

√
29), B2,∞, 4}. By [9, The-

orem 12.14 (vi)] the number of Oϕ-classes in the Oϕ-genus of maximal lattices
in (V, ϕ) equals the number #{Λ[29, Z]/Γ·(Λ)}, where Λ is a maximal lattice
in a five-dimensional quadratic space overQ with respect to the quadratic form
defined by the sum of five squares. In [9, §12.15], #{Λ[29, Z]/Γ·(Λ)} was de-
termined, and it is 3. Hence the genus of maximal lattices in (V, ϕ) consists
of three Oϕ-classes. For details, see the last part of Section 4.1 in the text.
We can also see the representatives {L1, L2, L3} of such classes by means of a
bijection in Lemma 4.1 applied to the set Λ[29, Z]. Then we have the following
numerical table:

p N1(29p) N2(29p) N3(29p) t(2, p) c(29p)

1 2 0 0 1 1

5 0 2 0 1 1

7 0 0 2 1 1

13 0 2 2 2 2

23 0 0 6 1 1

53 0 10 6 3 3

59 24 8 6 3 3

Here we put Ni(29p) = #Li[29p, 2
−1 · 29Z], t(2, p) = t(O) with an order O
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in B2,∞ of discriminant 2pZ, and c(29p) =
∑3

i=1 #{Li[29p, 2−1 ·29Z]/Γ·(Li)};
we quoted the type number t(2, p) in [6, Table 1]. Therefore we have

#
{
Li[29 · 59, 2−1 · 29Z]/Γ·(Li)

}
= 1 for i = 1, 2, 3,

for instance. It is noted that #Γ(L1) = 48, #Γ(L2) = 8, and #Γ(L3) = 6,
where Γ(Li) = SOϕ∩D(Li). In Section 5.3 we shall give a few numerical tables
for r = 2 and d = 5, 13, 17, 29 including the above cases. As a special case of
Theorem 5.1 we have Corollary 5.2, which states that for any d as in Theorem
5.1 only one Oϕ-class in the genus satisfies L[d, 2−1dZ] 6= ∅ with a lattice L
in the class and then (0.1) precisely gives #{L[d, 2−1dZ]/Γ·(L)} = 1, provided
the type number of Br,∞ is 1.
The existence of a maximal lattice in Theorem 5.1 can be shown in a similar
way to [3, Proposition 4.3] by means of two explicit formulas concerning
#L[dpn, 2−1dZ] and #L[dpn, 2−1Z]. Those formulas will be given in (5.2) and
(5.3) without detailed proofs because of the length of the paper. The author
hopes to prove it in a subsequent paper.

Acknowledgements. I sincerely wish to thank Professor Koji Doi for his
encouragement and for giving a remark on the discriminant of O in (0.1). I
am also thankful to Dr. Takashi Yoshinaga for supporting the computation
of #Li[dp
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determination of Λ[d, Z]/Γ(Λ) in Section 5.3 in November 2010. I would like
to express my deep gratitude to the referee, who carefully read the manuscript
and guided me to the connection of the classes of maximal lattices in a
four-dimensional quadratic space with the sum of five squares.

Notation. We denote by Z, Q, and R the ring of rational integers, the field of
rational numbers, and the field of real numbers, respectively.
If R is an associative ring with identity element and if M is an R-module,
then we write R× for the group of all invertible elements of R and Mm

n the
R-module of m× n-matrices with entries in M . We set R×2 = {a2 | a ∈ R×}.
For a finite set X , we denote by #X the number of elements in X . We set
[a] = Max{n ∈ Z | n ≤ a}.
Let V be a vector space over a field F of characteristic 0, and GL(V ) the group
of all F -linear automorphisms of V . We let GL(V ) act on V on the right.
Let F be an algebraic number field and g the ring of all algebraic integers in F .
For a fractional ideal of F we often call it a g-ideal. Let a, h, and r be the sets
of archimedean primes, nonarchimedean primes, and real archimedean primes
of F , respectively. We denote by Fv the completion of F at v ∈ a ∪ h, and
by FA and F×

A the adele ring and the idele group of F , respectively. We often
identify v with the prime ideal of F corresponding to v ∈ h, and write xv for
the image of x under the embedding of F into R over Q at v ∈ r. For v ∈ h

we denote by gv, pv, and πv the maximal order, the prime ideal, and a prime
element of Fv, respectively. If K is a quadratic extension of F , we denote by
DK/F the relative discriminant of K over F , and put Kv = K⊗F Fv for v ∈ h.
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By a g-lattice, or simply a lattice L in a vector space V over a number field
or nonarchimedean local field F , we mean a finitely generated g-submodule in
V containing a basis of V . By an order in a quaternion algebra B over F we
mean a subring of B containing g that is a g-lattice in B. For a symmetric
F -bilinear form ϕ on V and two subspaces X and Y of V , we denote by X⊕Y
the direct sum of X and Y if ϕ(x, y) = 0 for every x ∈ X and y ∈ Y ; then
we also denote by ϕ|X the restriction of ϕ to X . When X is an object defined
over a number field F , we often denote by Xv the localization at a prime v if
it is meaningful. For given local objects Xv in the text with v ∈ a ∪ h, we put
Xa =

∏
v∈aXv and Xh =

∏
v∈hXv.

1 Preliminaries for quadratic forms

1.1 Quadratic spaces and Clifford algebras

Let F be an algebraic number field or its completion at a prime. Throughout
the paper we often call the former a global field and the latter a local field when
it is nonarchimedean. Let (V, ϕ) be a quadratic space over F , that is, V is a
vector space over F and ϕ is a symmetric F -bilinear form on V . In this paper
we consider only a nondegenerate form ϕ. We put ϕ[x] = ϕ(x, x) for x ∈ V .
We define the orthogonal group and the special orthogonal group of ϕ by

Oϕ(V ) = Oϕ = {γ ∈ GL(V ) | ϕ(xγ, yγ) = ϕ(x, y)},
SOϕ(V ) = SOϕ = {γ ∈ Oϕ(V ) | det(γ) = 1}.

We denote by A(ϕ) = A(V ) the Clifford algebra of ϕ and by A+(ϕ) = A+(V )
the even Clifford algebra of ϕ. For x ∈ A(V ) we mean x∗ the image of x under
the canonical involution of A(V ). We define the even Clifford group G+(V ) of
(V, ϕ) by

G+(V ) = {α ∈ A+(V )× | α−1V α = V }. (1.1)

We denote by τ a homomorphism defined as follows:

τ : G+(V ) −→ SOϕ(V ) via xτ(α) = α−1xα for x ∈ V . (1.2)

This is surjective and the kernel is F×; see [9, Theorem 3.6], for example.
For a g-lattice L in V we put

L̃ = L˜= {x ∈ V | 2ϕ(x, L) ⊂ g}. (1.3)

We call L integral with respect to ϕ if ϕ[L] ⊂ g. We note that L ⊂ L̃ if L is
integral. By a g-maximal, or simply a maximal, lattice L with respect to ϕ, we
understand a g-lattice L in V which is maximal among g-lattices on which the
values ϕ[x] are contained in g. For an integral lattice L in V with respect to
ϕ, we denote by A(L) the subring of A(V ) generated by g and L. We also put

A+(L) = A+(V ) ∩A(L). (1.4)
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Then A(L) (resp. A+(L)) is an order in A(V ) (resp. A+(V )) (cf. [9, §8.2]).

For a global field F and v ∈ a ∪ h, we put Vv = V ⊗F Fv and denote by
ϕv the Fv-bilinear extension of ϕ to Vv; we then put (V, ϕ)v = (Vv, ϕv). For
v ∈ h and a gv-maximal lattice Lv in Vv, (V, ϕ)v has a Witt decomposition
as follows (cf. [9, Lemma 6.5]): Vv = Zv ⊕

∑rv
i=1(Fvei + Fvfi) and Lv =

Nv +
∑rv
i=1(gvei + gvfi) with some elements ei and fi (i = 1, · · · , rv) such

that ϕv(ei, ej) = ϕv(fi, fj) = 0 and 2ϕv(ei, fj) = 1 or 0 according as i = j
or i 6= j. Here Zv = {z ∈ Vv | ϕv(z, ei) = ϕv(z, fi) = 0 for every i}, on which
ϕv is anisotropic; Nv = {x ∈ Zv | ϕv[x] ∈ gv}, which is a unique gv-maximal
lattice in Zv with respect to ϕv. The dimension tv of Zv is uniquely determined
by ϕv and 0 ≤ tv ≤ 4 for v ∈ h (cf. [9, Theorem 7.6 (ii)]). We call Zv a core
subspace of (V, ϕ)v and tv the core dimension of (V, ϕ) at v. For convenience,
we also call a subspace Uv of Vv anisotropic if ϕv is so on Uv.

For g-lattices L and M in V over a global or local field F , we denote by [L/M ]
a g-ideal of F generated over g by det(α) of all F -linear automorphisms α of V
such that Lα ⊂M . If F is a global field, then [L/M ] =

∏
v∈h[Lv/Mv] with the

localization [L/M ]v = [Lv/Mv] at each v. Following [11, §6.1], in both global

and local F , we call [L̃/L] the discriminant ideal of (V, ϕ) if L is a g-maximal
lattice in V with respect to ϕ. This is independent of the choice of L. If F is
a local field, the discriminant ideal of ϕ coincides with that of a core subspace
of ϕ.

By the invariants of (V, ϕ) over a number field F , we understand a set of data

{n, F (
√
δ), Q(ϕ), {sv(ϕ)}v∈r}, (1.5)

where n is the dimension of V , F (
√
δ) is the discriminant field of ϕ with

δ = (−1)n(n−1)/2 det(ϕ), Q(ϕ) is the characteristic quaternion algebra of ϕ, and
sv(ϕ) is the index of ϕ at v ∈ r. For these definitions, the reader is referred to
[11, §1.1, 3.1, and 4.1] (cf. also [4, (1.6)]). By virtue of [11, Theorem 4.2], the
isomorphism class of (V, ϕ) is determined by {n, F (

√
δ), Q(ϕ), {sv(ϕ)}v∈r}

and vice versa.

The characteristic algebra Q(ϕv) is also defined for ϕv at v ∈ a ∪ h (cf. [11,
§3.1]). By [11, Lemma 3.3] the isomorphism class of (V, ϕ)v is determined by
{n, Fv(

√
δ), Q(ϕv)} if v ∈ h. As for v ∈ a, it is determined by {n, sv(ϕ)} if

v ∈ r, and by the dimension n if v 6∈ r. If v ∈ r, then Q(ϕv) is given by [11,
(4.2a) and (4.2b)], for example. If v 6∈ r, then Q(ϕv) =M2(C), where C is the
field of complex numbers.

Let SOϕ(V )A (resp. Oϕ(V )A) be the adelization of SOϕ(V ) (resp. Oϕ(V )) in
the usual sense (cf. [9, §9.6]). For α ∈ SOϕ(V )A and a g-lattice L in V , we
denote by Lα the g-lattice in V whose localization at each v ∈ h is given by
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Lvαv. We put

C(L) = {α ∈ SOϕ(V )A | Lα = L}, C(Lv) = SOϕv (Vv) ∩ C(L), (v ∈ h)

Γ(L) = SOϕ(V ) ∩ C(L).

Then the map α 7−→ Lα−1 gives a bijection of SOϕ\SOϕA/C(L) onto {Lα | α ∈
SOϕA}/SOϕ. We call {Lα | α ∈ SOϕA} the SOϕ-genus of L, {Lγ | γ ∈ SOϕ}
the SOϕ-class of L, and #{SOϕ\SOϕA/C(L)} the class number of SOϕ relative
to C(L) or the class number of the genus of L with respect to SOϕ. It is known
that all g-maximal lattices in V with respect to ϕ form a single SOϕ-genus.
Let A+(V )×A (resp. G+(V )A) be the adelization of A+(V )× (resp. G+(V )). We
can extend τ of (1.2) to a homomorphism of G+(V )A onto SOϕA. We denote
it by the same symbol τ (cf. [9, §9.10]).
For a g-lattice L in V , q ∈ F , and a g-ideal b of F , we put

L[q] = {x ∈ L | ϕ[x] = q}, L[q, b] = {x ∈ V | ϕ[x] = q, ϕ(x, L) = b}.

Here ϕ(x, L) = {ϕ(x, y) | y ∈ L}, which becomes a g-ideal of F . Suppose
F is a nonarchimedean local field. Let V have dimension n > 2 and L be
a g-maximal lattice in V with respect to ϕ. Then [9, Theorem 10.5] due to
Shimura shows that

L[q, b] = hC(L), (1.6)

provided h ∈ L[q, b] (cf. also [12, Theorem 1.3]).

For a quaternion algebra B over F , we put 2β(x, y) = xyι + yxι for x, y ∈
B with the main involution ι of B. For an order o in B it is known that
[õ/o] = d(o)2 with an integral ideal d(o) of F . Here õ is defined by (1.3) with
β. The ideal d(o) is called the discriminant of o. If F is a number field and o
is a maximal order, then d(o) is the product of all prime ideals ramified in B,
which is called the discriminant of B and denoted by DB. We set

T (o) = {α ∈ B×
A | αo = oα}, T (ov) = B×

v ∩ T (o) (v ∈ a ∪ h),

Γ∗(o) = B× ∩ T (o),

where B×
A is the adelization of B×, Bv = B ⊗F Fv, and ov = o ⊗g gv. The

number #{T (o)\B×
A/B

×} is called the type number of o. Let U = B×
a

∏
v∈h o×v

in B×
A. Then the number of U \B×

A/B
× is called the class number of o.

Here we introduce two symbols below, which will be used throughout the paper.
Let F be a nonarchimedean local field and p the prime ideal of F . For b ∈ F×

we set

(F (
√
b)/p) =





1 if F (
√
b) = F ,

−1 if F (
√
b) is an unramified quadratic extension of F ,

0 if F (
√
b) is a ramified quadratic extension of F .
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For a quaternion algebra B over F we set

χ(B) =

{
1 if B ∼=M2(F ),

−1 if B is a division algebra.

1.2 Ternary quadratic spaces

We recall some basic facts on 3-dimensional quadratic spaces (W, ψ) over a
number field or its completion F . The characteristic algebra Q(ψ) is given by
A+(W ) by definition. The core dimension sv of (W, ψ) at v ∈ h is determined
by

sv =

{
1 if Q(ψv) =M2(Fv),

3 if Q(ψv) is a division algebra.
(1.7)

This can be seen from [11, §3.2] and the proof of [11, Lemma 3.3].
There are isomorphisms of (W, ψ) onto (A+(W )◦, dν◦) with d ∈ F×. Here
A+(W )◦ = {x ∈ A+(W ) | x∗ = −x}, ν[x] = xx∗ for x ∈ A+(W ), and ν◦ is
the restriction of ν to A+(W )◦. Let us explain such isomorphisms, following
[9, §7.3].
Take an orthogonal basis {k1, k2, k3} of W with respect to ψ, namely, an F -
basis {ki} of W such that ψ(ki, kj) = 0 for i 6= j. Under the identification
of W with the corresponding subspace in the Clifford algebra A(W ), put ξ =
k1k2k3 ∈ A(W )×; then F + Fξ is the center of A(W ). We see that A+(W ) =
F+Fk1k2+Fk1k3+Fk2k3 andWξ = Fk1k2+Fk1k3+Fk2k3. By [9, Theorem
2.8 (ii)], A+(W ) is a quaternion algebra over F ; the main involution coincides
with the canonical involution ∗ restricted to A+(W ). Then the mapping x 7−→
xξ gives an F -linear isomorphism of W onto A+(W )◦ such that (xξ)(xξ)∗ =
ξξ∗ψ[x] for x ∈W . Putting ν[y] = yy∗ for y ∈ A+(W ), we have an isomorphism

(W, ψ) ∼= (A+(W )◦, (ξξ∗)−1ν◦) via x 7−→ xξ. (1.8)

We note that ξξ∗ ∈ det(ψ)F×2, since ξξ∗ = ψ[k1]ψ[k2]ψ[k3] ∈ F×.
Let G+(W ) be the even Clifford group of (W, ψ) as in (1.1) and τ the homomor-
phism defined in (1.2). By the definition of A+(W )◦, α−1A+(W )◦α = A+(W )◦

for α ∈ A+(W )×. Hence we have G+(W ) = A+(W )×. Moreover, under the
isomorphism (1.8) we can understand that

xτ(α) = α−1xξαξ−1

for x ∈W and α ∈ A+(W )×.
Now, the pair (A+(W ), ν) can be viewed as a quaternary quadratic space
over F . We note that ν(x, y) = 2−1TrA+(W )/F (xy

∗) for x, y ∈ A+(W ).
For an integral lattice N in W with respect to ψ, we consider the order
A+(N) in A+(W ) defined by (1.4). Its discriminant d(A+(N)) is given by
[A+(N )̃ /A+(N)] = d(A+(N))2, where A+(N )̃ is defined by (1.3) with ν. By
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[4, Lemma 1.1], d(A+(N)) = 2−1[Ñ/N ]. It is noted that if the order A+(N) is
maximal in A+(W ) for an integral lattice N in (W, ψ), then N is g-maximal
with respect to ψ. The converse is not true; namely, in general, A+(N) is not
maximal even if N is a maximal lattice.

2 Orthogonal complements in quaternary spaces

2.1 Invariants and discriminant ideals

Let (V, ϕ) be a 4-dimensional quadratic space over a number field F . The
characteristic algebra Q(ϕ) is determined by A(ϕ) ∼= M2(Q(ϕ)) by definition.
Set B = Q(ϕ) and K = F (

√
δ) with δ = det(ϕ). The core dimension tv of

(V, ϕ) at v ∈ h is determined by

tv =





0 if Fv(
√
δ) = Fv and Q(ϕv) =M2(Fv),

4 if Fv(
√
δ) = Fv and Q(ϕv) is a division algebra,

2 if Fv(
√
δ) 6= Fv.

(2.1)

This can be seen from [11, §3.2] and the proof of [11, Lemma 3.3].
For h ∈ V such that ϕ[h] = q 6= 0 we put

W = (Fh)⊥ = {x ∈ V | ϕ(x, h) = 0}. (2.2)

Then (W, ψ) is a nondegenerate ternary quadratic space over F with the re-
striction ψ of ϕ to W and (V, ϕ) = (W, ψ) ⊕ (Fh, ϕ|Fh). The invariants of
(W, ψ) are given by {3, F (√−δq), Q(ψ), {sv(ψ)}v∈r}, which are independent
of the choice of h so that ϕ[h] = q. The characteristic algebra Q(ψ) = A+(W )
is determined by the local algebras Q(ψv) for all primes v of F . Then by [2,
Theorem 1.1 (1)], Q(ψv) =M2(Fv) holds exactly in the following cases:

δ ∈ F×2
v and v ∤ DB,

δ 6∈ F×2
v , v ∤ DB, and q ∈ κv[K×

v ],

δ 6∈ F×2
v , v | DB, and q 6∈ κv[K×

v ],

v ∈ r, qv > 0, and sv(ϕ) = 0, 2,

v ∈ r, qv < 0, and sv(ϕ) = 0, −2,
v ∈ a such that v 6∈ r,

where κv is the norm form of Kv. It should be noted that

M2(Q(ϕ)) ∼= Q(ψ)⊗F {K, q}, (2.3)

where F is a number field or its completion and {K, q} is the quaternion algebra
over F defined in [4, (1.12)] if K 6= F ; we set {K, q} = M2(F ) if K = F (see
also [9, §1.10]). This (2.3) can be seen from [11, Theorem 7.4 (i)]. The index
at v ∈ r is given by sv(ψ) = sv(ϕ)−1 if qv > 0 and sv(ψ) = sv(ϕ)+1 if qv < 0.
The core dimension of (W, ψ) at v ∈ h is determined by (1.7).
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The Clifford algebra A(W ) can be viewed as a subalgebra of A(V ) with
the restriction ψ. Then A+(W ) = {x ∈ A+(V ) | xh = hx} and
G+(W ) = {α ∈ G+(V ) | αh = hα} by [9, Lemma 3.16]. The canonical
involution of A(W ) coincides with ∗ of A(V ) restricted to A(W ). In particular,
such an involution ∗ gives the main involution of the quaternion algebra
A+(W ).

Let L and M be g-maximal lattices in V and W with respect to ϕ and ψ,
respectively. The discriminant ideals of ϕ and ψ are given as follows:

[L̃/L] = DK/F e
2, (2.4)

[M̃/M ] = 2a−1D2
Q(ψ) ∩ 2a, (2.5)

where e is the product of all the prime ideals which are ramified in B and which
do not ramify in K; we understand DK/F = g if K = F ; we put δqg = ab2

with a squarefree integral ideal a and a g-ideal b of F . These (2.4) and (2.5)
can be obtained by applying [11, Theorem 6.2] to (V, ϕ) and the complement
(W, ψ).
The intersection L ∩W is an integral g-lattice in W with respect to ψ. It can
be seen that [(L ∩W )̃ /L ∩W ] = [M/L ∩W ]2[M̃/M ] and [M/L ∩W ] is an
integral ideal, which is independent of the choice of M ; see [2, Lemma 2.2 (6)].
Moreover there is a g-ideal b(q) of F such that

[M/L ∩W ] = b(q)(2ϕ(h, L))−1 (2.6)

by [2, Theorem 4.2]. We note that 2ϕ(h, L) must contain b(q) and that
2ϕ(h, L) ⊂ g if h ∈ L. The ideal b(q) is determined by

2q[L̃/L] = b(q)2[M̃/M ] (2.7)

(cf. [2, (4.1)]). Combining these, we obtain [(L ∩ W )̃ /L ∩ W ] =

2q[L̃/L](2ϕ(h, L))−2. Now to L∩W we associate the order A+(L∩W ) defined
by (1.4). Its discriminant is given by

d(A+(L ∩W )) = 2−1[(L ∩W )̃ /L ∩W ] = q[L̃/L](2ϕ(h, L))−2. (2.8)

It is noted that the discriminant of A+(W ) divides q[L̃/L](2ϕ(h, L))−2. We
also note that if d(A+(L ∩W )) is squarefree, then 2ϕ(h, L) must be b(q) in
(2.6), that is, L ∩W is maximal in W .

For our later use, let us state a weak Witt decomposition of the local space
(V, ϕ)v whose core dimension tv is 0 or 2. We fix a nonarchimedean prime v
of F and drop the subscript v. Let L be a g-maximal lattice in V with respect
to ϕ. We first note that ϕ is isotropic as t is 0 or 2. Let K be the discriminant
algebra of ϕ defined by K = F × F if t = 0 and by K = F (

√
det(ϕ)) if t = 2;

also let κ be the norm form defined by 2κ(x, y) = κ[x + y] − κ[x] − κ[y] and
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κ[(a, b)] = ab for x, y, (a, b) ∈ K if t = 0, and by 2κ(x, y) = xyρ + xρy for
x, y ∈ K with a nontrivial automorphism ρ of K over F if t = 2. Because K
is embeddable in A+(V ), we identify K with the image of it. Then there is a
weak Witt decomposition as follows (cf. [4, (1.19) and (1.20)]):

V = Kg ⊕ (Fe+ Ff), L = rg + (ge + gf),

(Kg, ϕ) ∼= (K, cκ) via xg 7−→ x (2.9)

with some elements e and f of V such that ϕ[e] = ϕ[f ] = 0 and 2ϕ(e, f) = 1,
and g ∈ V such that g2 = c ∈ F×. Here r = g× g if t = 0 and r is the maximal
order of K if t = 2. We may assume that c = 1 if t = 0, c ∈ g× if (K/p) = −1
and χ(Q(ϕ)) = +1, c ∈ πg× if (K/p) = −1 and χ(Q(ϕ)) = −1, and c ∈ g× if
(K/p) = 0. We also note that A+(Kg) = K and xg = gx∗ for x ∈ K, where
(a, b)∗ = (b, a) for (a, b) ∈ K if t = 0 and the involution ∗ gives a nontrivial
automorphism of K over F if t = 2.

2.2 The genus of L ∩W
Let (V, ϕ) be a quaternary quadratic space over a number field F and (W, ψ)
as in §2.1 with a fixed element h of V such that ϕ[h] 6= 0.

Lemma 2.1. Let L be a g-maximal lattice in V with respect to ϕ. Then A+(L∩
W ) = A+(L) ∩ A+(W ) for every h ∈ V such that ϕ[h] 6= 0. The discriminant
of A+(L ∩W ) is given by (2.8).

This follows from the similar result [4, Lemma 3.2] on local orders A+(Lv∩Wv)
by localization. We next restate [4, Corollary 2.2] which is a conclusion from
the main result of [4]:

Theorem 2.2. Let (V, ϕ) be a quaternary quadratic space over a number field F
and L a g-maximal lattice in V with respect to ϕ. For h ∈ V such that ϕ[h] 6= 0
put W = (Fh)⊥ and let ψ be the restriction of ϕ to W . Put o = A+(L ∩W ).
Then C(L ∩W ) = τ(T (o)) and Γ(L ∩W ) = τ(Γ∗(o)) hold. Consequently, the
map N 7−→ A+(N) gives a bijection of the SOψ(W )-classes in the SOψ(W )-
genus of L ∩W onto the conjugacy classes in the genus of o which is the set
{α−1oα | α ∈ A+(W )×A}.

3 An order associated with L ∩W

3.1 The local case

We first recall some general notation and results, following [9, §8 Part I]. For
a quadratic space (V, ϕ) over a local field F , take a g-maximal lattice L in V
with respect to ϕ. We define a subgroup JV of G+(V ) by

JV = {α ∈ G+(V ) | τ(α) ∈ C(L), αα∗ ∈ g×}. (3.1)
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Put EV = G1(V ) ∩ JV , where G1(V ) = {α ∈ G+(V ) | αα∗ = 1} is the spin
group of ϕ. If the dimension of V is even more than 2, then by virtue of [9,
Theorem 8.9] specialized to this case,

[C(L) : τ(JV )] =

{
1 if t = 0, or t = 2, (K/p) = −1, and Q(ϕ) =M2(F ),

2 otherwise,

(3.2)

where t is the core dimension of (V, ϕ) and K = F (
√
δ) is the discriminant

field of ϕ. If the dimension of V is odd more than 1, then by [9, Theorem 8.9]
and [12, Theorem 1.8 (ii)],

[C(L) : τ(JV )] =

{
1 if t = 1 and δ ∈ g×F×2,

2 otherwise.
(3.3)

Let (V, ϕ) be a quaternary quadratic space over F . For h ∈ V such that
ϕ[h] = q 6= 0, put W = (Fh)⊥ and let ψ be the restriction of ϕ to W . Let
K = F (

√
δ) be the discriminant field of ϕ. Also let L and M be g-maximal

lattices in V and W with respect to ϕ and ψ, respectively. We define JV in
G+(V ) by (3.1) with L and JW in G+(W ) with M . Let S+

V (resp. S+
W ) be the

order in A+(V ) (resp. A+(W )) generated by EV and A+(L) (resp. by EW and
A+(M)) except the case where t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1 (resp.
where t = 0 and q ∈ πg×F×2, or t = 2, δq ∈ πg×F×2, and Q(ϕ) =M2(F )); in
which cases we put

S+
V = A+(V ) ∩ SV if t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1, (3.4)

S+
W = A+(W ) ∩ SW if

{
t = 0 and q ∈ πg×F×2,

t = 2, δq ∈ πg×F×2, and Q(ψ) =M2(F ),
(3.5)

where SV (resp. SW ) is a unique maximal order in A(V ) (resp. A(W )) contain-
ing EV and A(L) (resp. EW and A(M)) given by [9, Theorem 8.6 (i)]. By [9,
Theorem 8.6 (ii)] these S+

V and S+
W are maximal orders except in cases (3.4)

and (3.5). It should be noted that we can prove this fact in a similar way to
the proof of [9, Theorem 8.6 (ii)] even for the case which does not satisfy the
assumption [9, (8.1)]. For the same reason we also see that SW = A(M) in
case (3.5). In all cases,

JV = G+(V ) ∩ (S+
V )

×, (3.6)

JW = G+(W ) ∩ (S+
W )× = (S+

W )×. (3.7)

In fact, [9, Proposition 8.8 (ii)] together with G+(W ) = A+(W )× implies (3.7)
except in case (3.5). As for (3.5), there is an order in A(W ) containing JW and
M by [9, Lemma 8.4 (ii)]. In view of the uniqueness of SW and EW ⊂ JW , SW
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contains JW and M , and hence [9, Proposition 8.8 (i)] is applicable to the case
(3.5). This proves (3.7). Similarly we have (3.6).
Now, A+(W ) = {x ∈ A+(V ) | xh = hx} and G+(W ) = {α ∈ G+(V ) | αh =
hα} as mentioned in §2.1. It can be seen that

G+(W ) ∩ JV = (A+(W ) ∩ S+
V )

×. (3.8)

Thus G+(W ) ∩ JV is the unit group of an order A+(W ) ∩ S+
V in A+(W ).

Lemma 3.1. In the above setting the following assertions hold:

(1) [S+
W /A

+(M)] is given by





p if t = 4 and q ∈ g×F×2,

or t = 2, δq ∈ g×F×2, and χ(Q(ψ)) = −1,
g otherwise.

(3.9)

Here S+
W may or may not be maximal when t = 0 and q ∈ πg×F×2 or

when t = 2, δq ∈ πg×F×2, and Q(ψ) =M2(F ).

(2) Assume that q ∈ g×F×2 if t = 2, K/F is unramified, and Q(ϕ) is a
division algebra. Then [A+(W ) ∩ S+

V /A
+(L ∩W )] is given by





p if t = 4 and q ∈ g×F×2,

or t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1,
g otherwise.

(3.10)

Proof. Let s be the core dimension of (W, ψ). In view of (1.7), (2.3), and (2.1),
we observe that

s = 1 and δq ∈ πg×F×2 ⇐⇒
{
t = 0 and q ∈ πg×F×2,

t = 2, δq ∈ πg×F×2, and Q(ψ) =M2(F ),

(3.11)

s = 3 and δq ∈ g×F×2 ⇐⇒
{
t = 4 and q ∈ g×F×2,

t = 2, δq ∈ g×F×2, and χ(Q(ψ)) = −1.
(3.12)

Then we can verify that

S+
V = A+(L) if

{
t = 0,

t = 2 except the case (K/p) = −1 and χ(Q(ϕ)) = −1,
(3.13)

S+
W = A+(M)⇐⇒

{
s = 1,

s = 3 and δq ∈ πg×F×2.
(3.14)
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In fact, if s = 1 and δq ∈ πg×F×2, then the ‘if’-part of (3.14) follows from
(3.11), (3.5), and SW = A(M). If s = 3 and δq ∈ πg×F×2, then S+

W = A+(M)
because the discriminant of A+(M) is p. If s = 3 and δq ∈ g×F×2, then since
S+
W is a maximal order in the division algebra A+(W ), it has discriminant p.

Note that the discriminant of A+(M) is p2. Hence S+
W 6= A+(M). Further,

observing A+(M) ⊂ S+
W ⊂ (S+

W )˜⊂ A+(M)˜and applying [2, Lemma 2.2 (3)]
with the norm form ν of A+(W ), we have [S+

W /A
+(M)] = p. The remaining

parts follow from [9, Theorem 8.6 (vi)].
From (3.14) and (3.12) we see that

S+
W 6= A+(M)⇐⇒

{
t = 4 and q ∈ g×F×2,

t = 2, δq ∈ g×F×2, and χ(Q(ψ)) = −1.

In this case [S+
W /A

+(M)] = p, which proves (1).
To prove (2), it is sufficient to observe the two cases that t = 4 or that t = 2,
(K/p) = −1, and χ(Q(ϕ)) = −1 by (3.13) and Lemma 2.1.
If t = 4 and q ∈ πg×F×2, then A+(L ∩W ) ⊂ A+(W ) ∩ S+

V ⊂ S+
W = A+(M).

Thus A+(W ) ∩ S+
V = A+(L ∩W ) because L ∩W is maximal.

Suppose that t = 4 and q ∈ g×F×2. Then A+(L ∩ W ) has discriminant p2

and by Lemma 2.1, A+(L ∩W ) ⊂ A+(W ) ∩ S+
V ⊂ S+

W in the division algebra
A+(W ). We employ the setting and notation in the case where q0 ∈ g× and
(K1/p) = 0 in [4, §4.4]. In [4, (3.31)] observing (g2g3)(g2g3)

∗ ∈ π2g×, we set

O = g+ gg1g2 + gg1g3 + gπ−1g2g3. (3.15)

This is an order in A+(W ) which contains but does not coincide with A+(L ∩
W ). Hence O is a unique maximal order S+

W in A+(W ). Now in the present
setting, (V, ϕ) = (B, β) and L is a unique maximal order o in B = Q(ϕ) with
the norm form β. To see the order S+

V in A+(V ), we here recall an F -linear
mapping p defined in [9, §7.4 (B)]:

p : V −→M2(B) via p(x) =


 0 x

xι 0


 ,

where ι is the main involution of B. Then A+(V ) and S+
V are given by

A+(V ) =






x 0

0 y


 | x, y ∈ B



 , S+

V =






x 0

0 y


 | x, y ∈ o



 .

Under the identification of V with p(V ) and of W with p(W ), A+(L∩W ) and
S+
W are given by [4, (3.31)] and (3.15), respectively. Then we see that

π−1g2g3 =
1

π


 0 g2

gι2 0




 0 g3

gι3 0


 =


π

−1g2g
ι
3 0

0 π−1gι2g3


 ,

β[π−1g2g
ι
3] = π−2 · πac · π2−2(κ−k)(1− c) ∈ g×.
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Thus both π−1g2g
ι
3 and π−1gι2g3 belong to o, so that π−1g2g3 ∈ S+

V . Therefore
S+
V contains S+

W , which implies that A+(W ) ∩ S+
V is the maximal order S+

W .
For the other cases S+

W can be observed in a similar manner; we have then

S+
W =





g+ g1Bω + g1B(vω) + gπ−1ω(vω) if (K1/p) = −1 and p ∤ 2,
g+ g1Bω + g1B(uω) + gπ−1ω(uω) if (K1/p) = −1 and p | 2,
g+ g

√
sω + g

√
s(vω) + gπ−1ω(vω) if (K1/p) = 1.

Here the notation is the same as in each case of [4, §3.4]. ConsequentlyA+(W )∩
S+
V = S+

W in each case. This settles the case where t = 4 and q ∈ g×F×2.
Suppose that t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1. In this case S+

V is defined
by (3.4) with the maximal order SV in A(V ). Let q ∈ π2ℓg× with ℓ ∈ Z. Then
b(q) = pℓ as was seen in the case of q 6∈ ϕ[Kg] in [4, §3.2] with g2 ∈ πg× in
(2.9). Since A+(W ) is a division algebra, S+

W is a unique maximal order in
A+(W ) of discriminant p. We have by (2.8),

A+(L ∩W ) ⊂ A+(W ) ∩ SV ⊂ S+
W ,

p2ℓ+2(2ϕ(h, L))−2 ⊂ d(A+(W ) ∩ SV ) ⊂ p. (3.16)

Now put 2ϕ(h, L) = pm, which satisfies m ≤ ℓ. We observe that qπ−me +
πmf ∈ L[q, 2−1pm] = hC(L) by (1.6) with the same notation as in the proof
of [4, Lemma 3.1]. Then identifying W with that in [4, (3.1)] and employing
the isomorphism Ψ of A(V ) in the proof of [4, Lemma 3.1], we can find the
structure of A+(W ) ∩ SV as follows:

Ψ(A+(W ) ∩ SV ) = r+ π−mrη, (3.17)

where r = g[ξ] is the maximal order of K and η is given by [4, (3.3)]. From
this together with [4, (3.4)] we have [A+(W ) ∩ SV /A+(L ∩W )] = [r/f] = p,
where f = g + g2gξ. To see (3.17), we recall by [9, Theorem 8.6 (iii)] that
Ψ(SV ) = M2(Q), where Q = r + rg is a maximal order in the division algebra
Q(ϕ) = A(Kg) = K +Kg. Then (3.17) can be seen from this and [4, (3.2)].
This completes the proof.

Lemma 3.2. Let the notation be the same as in Lemma 3.1 with h and L. Then
the following assertions hold:

(1) Define an order O in A+(W ) by

O =





S+
W if t = 4,

A+(W ) ∩ SV if t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1,
A+(L ∩W ) otherwise.

(3.18)

Then G+(W ) ∩ JV = O×.
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(2) Assume that q = ϕ[h] ∈ g×F×2 and 2ϕ(h, L) = b(q) if t = 2, K/F is
unramified, and Q(ϕ) is a division algebra. Let O be the order defined by
(3.18). Then O is a unique order in A+(W ), containing A+(L ∩W ), of
discriminant




p if t = 4,

or t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1,
q[L̃/L](2ϕ(h, L))−2 otherwise.

(3.19)

In particular, O is a unique maximal order in the division algebra A+(W )
when t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1. Moreover, if L ∩W ⊂M ,
then O ⊂ S+

W .

Proof. To prove (1), let O be the order given by (3.18). From Lemma 3.1 it
can be seen that O = A+(W )∩S+

V . Thus we have G
+(W )∩JV = O× by (3.8),

which proves (1).
To prove (2), by Lemma 3.1 (2) we see that A+(W ) ∩ S+

V 6= A+(L∩W ) if and
only if t = 4 and q ∈ g×F×2 or if t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1. If
t = 4 and q ∈ g×F×2, then A+(W ) ∩ S+

V = S+
W as seen in the proof of Lemma

3.1 (2). If t = 2, (K/p) = −1, and χ(Q(ϕ)) = −1, then, by our assumption,
q ∈ π2ℓg× and 2ϕ(h, L) = b(q) = pℓ with ℓ ∈ Z. Thus applying (3.16) to
m = ℓ, we have p2 ⊂ d(A+(W )∩SV ) ⊂ p. Because A+(W )∩SV 6= A+(L∩W ),
A+(W ) ∩ SV must be maximal in A+(W ). Consequently, if O 6= A+(L ∩W ),
it is a maximal order which is uniquely determined by discriminant p. As for
the case of O = A+(L ∩W ), the discriminant is given by (2.8). Summing up
these, we have the uniqueness of O. To prove the last assertion, suppose that
L ∩W ⊂ M . Then A+(L ∩W ) ⊂ A+(M) ⊂ S+

W , which shows O ⊂ S+
W when

O = A+(L∩W ). If O 6= A+(L∩W ), then O is maximal in A+(W ). Since S+
W

is also maximal, we have O = S+
W . Hence O ⊂ S+

W holds if L ∩W ⊂M . This
proves (2).

3.2 The global case

Let (V, ϕ) and (W, ψ) be the quadratic spaces over a number field F in the
setting of §2.2 with an element h of V such that ϕ[h] = q ∈ F×. Let L and M
be g-maximal lattices in V and W with respect to ϕ and ψ, respectively. Put

JV = G+(V )a
∏

v∈h

JVv , JW = G+(W )a
∏

v∈h

JWv , (3.20)

where JVv and JWv are given in §3.1. We have an order S+
W in A+(W ) deter-

mined by S+
Wv

for all v ∈ h, where S+
Wv

is the order in A+(Wv) given in §3.1;
notice that S+

Wv
= A+(Mv) for almost all v.

Let us here insert a remark on the order in A+(W ) given in [12, Lemma 5.3
(ii)]. By applying that lemma to M , we have an order O0 containing A+(M).
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Then [(O0)v/A
+(Mv)] is the same ideal as in (3.9) for each v ∈ h. This can be

seen in the proof of [12, Lemma 5.3 (ii)]. Hence the order O0 coincides with
S+
W in the present situation.

Proposition 3.3. Let the notation be the same as above with h ∈ V and
L. Also let K = F (

√
δ) be the discriminant field of ϕ. Then the following

assertions hold:

(1) Let O be the order in A+(W ) whose localization at v ∈ h is the local order
defined by (3.18). Then

G+(W )A ∩ JV = A+(W )×a O
×
h . (3.21)

(2) T (A+(M)) = T (S+
W ) and JW = A+(W )×a (S

+
W )×h . Moreover JW ⊂

T (A+(M)) and G+(W )A ∩ JV ⊂ T (A+(L ∩W )).

(3) Assume that q = ϕ[h] ∈ g×v F
×2
v and 2ϕ(h, L)v = b(q)v for every v ∈ h

such that tv = 2, Kv/Fv is unramified, and Q(ϕ)v is a division algebra.
Let O be the order given in (1). Then O is a unique order in A+(W ),
containing A+(L ∩W ), of discriminant

q[L̃/L](2ϕ(h, L))−2f−1. (3.22)

Here f is the product of all the prime ideals p of F such that tp = 4 and
q ∈ g×p F

×2
p , or that tp = 2, Kp/Fp is unramified, and Q(ϕ)p is a division

algebra.

(4) Under the assumptions of (3) suppose L ∩W ⊂ M . Then O ⊂ S+
W and

G+(W )A ∩ JV ⊂ JW .

Proof. To prove (1), we see that

G+(W )A ∩ JV =

= G+(W )A ∩ (G+(V )a
∏

v∈h

(JV )v) = G+(W )a
∏

v∈h

(G+(W )v ∩ (JV )v).

Since G+(W )v ∩ (JV )v = O×
v by Lemma 3.2 (1), we have (3.21).

From (3.14), (S+
W )v is generated by G1(W )v and A+(M)v if δ ∈ g×F×2

v and
χ(Q(ψ)v) = −1, and (S+

W )v = A+(M)v otherwise v ∈ h. Since

α−1G1(W )vα = G1(W )v for every α ∈ A+(W )×v ,

we have T (A+(M)) ⊂ T (S+
W ). Conversely, for α ∈ A+(W )×A

α−1S+
Wα = S+

W =⇒Mτ(α) =M =⇒ α−1A+(M)α = A+(M).

This is because C(M) = τ(T (S+
W )) by [12, Lemma 5.4]. Thus T (A+(M)) =

T (S+
W ). Let x be an element of JW . Since τ(x) ∈ τ(JW ) ⊂ C(M), together
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with C(M) = τ(T (A+(M))), there is an element y of T (A+(M)) such that
τ(x) = τ(y). Hence x = ay with some a ∈ F×

A . As F×
A ⊂ T (A+(M)), we

have JW ⊂ T (A+(M)). Similarly let x ∈ G+(W )A ∩ JV . Since τ(x) ∈ SOψA ∩
τ(JV ) ⊂ C(L∩W ), together with C(L∩W ) = τ(T (A+(L∩W ))) by Theorem
2.2, there is an element y of T (A+(L ∩W )) such that τ(x) = τ(y). From this,
noticing F×

A ⊂ T (A+(L∩W )), we have G+(W )A ∩JV ⊂ T (A+(L∩W )). This
proves (2).
To prove (3), we take the order O of (1). Since Lemma 3.2 (2) is applicable
to Ov for each v ∈ h under the assumption of (3), Ov contains A+(L ∩W )v
and has the discriminant given by (3.19). Also when Ov 6= A+(L ∩ W )v,
[Ov/A

+(L ∩W )v] = pv by Lemma 3.1 (2). Thus by applying [2, Lemma 2.2
(3)] to O and A+(L ∩W ) with the norm form ν of A+(W ), we have

[Õ/O] = [A+(L ∩W ) /̃A+(L ∩W )][O/A+(L ∩W )]−2

= (q[L̃/L](2ϕ(h, L))−2)2
∏

p|f
p−2,

where f is the ideal in the statement of (3). This gives (3.22). Now, let O′

be an order in A+(W ), containing A+(L∩W ), whose discriminant is given by
(3.22). Then the localization O′

v at v ∈ h contains A+(L ∩W )v and has the
discriminant of (3.19). By Lemma 3.2 (2), O′

v = Ov for every v. Hence we
have O′ = O, which shows the uniqueness of O.
Keeping the assumptions of (3), let L ∩W ⊂ M . Then applying Lemma 3.2
(2) with localization, we have O ⊂ S+

W . Thus G+(W )A ∩ JV ⊂ JW by (3.8)
and (3.7). This proves (4).

Theorem 3.4. Let the notation and assumption be the same as in Proposition
3.3 (3) and O the order in A+(W ) given in that proposition. Then the following
assertions hold:

(1) C(L ∩W ) = τ(T (O)) and Γ(L ∩W ) = τ(Γ∗(O)).

(2) The map (L ∩ W )τ(α) 7−→ α−1Oα gives a bijection of the SOψ(W )-
classes in the SOψ(W )-genus of L∩W onto the conjugacy classes in the
genus of O which is the set {α−1Oα | α ∈ A+(W )×A}.

(3) The type number of O equals the type number of A+(L ∩W ) and conse-
quently is equal to the class number of the genus of L∩W with respect to
SOψ(W ).

Proof. In view of Lemma 3.1, Ov 6= A+(L ∩ W )v if and only if tv = 4 and
q ∈ g×v F

×2
v or if tv = 2, (K/v) = −1, and χ(Q(ϕ)v) = −1 for v ∈ h. Since

Lemma 3.2 (2) is applicable in our assumption, Ov is a unique maximal order in
the division algebra A+(W )v in both cases. Furthermore, (L∩W )v is a unique
maximal lattice in the anisotropic space (W, ψ)v becuase 2ϕ(h, L)v = b(q)v.
Thus it can be found that

α−1Oα = O⇐⇒ α−1A+(L ∩W )α = A+(L ∩W )
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for α ∈ A+(W )×A. This combined with Theorem 2.2 proves (1).
To prove (2), let N be an arbitrary g-lattice in the genus of L ∩W . Since N
is integral we have the order A+(N) in A+(W ). Taking α ∈ A+(W )×A so that
N = (L∩W )τ(α), we can put O(N) = α−1Oα in A+(W ). In fact, if N = (L∩
W )τ(α′) with some α′ ∈ A+(W )×A, then (L ∩W )τ(α(α′)−1) = L ∩W , whence
α(α′)−1 belongs to T (A+(L ∩W )) = T (O) by (1). This shows (α′)−1Oα′ =
α−1Oα, namely, O(N) is independent of the choice of α. Moreover this is a

unique order of discriminant q[L̃/L](2ϕ(h, L))−2f−1 containing A+(N), where
f is the ideal in (3.22). Indeed, since O contains A+(L ∩ W ) and has the
discriminant given by (3.22), the order O(N) contains A+(N) and has the
same discriminant. The uniqueness of O(N) can be reduced to that of O.
Our assertion (2) can be verified by using this fact and (1). Assertion (3) is a
consequence from (2). This completes the proof.

4 Quadratic Diophantine equations in four variables

4.1 Quadratic Diophantine equations

Let (V, ϕ) be a quadratic space of dimension n over a number field F and L a
g-lattice in V . We recall that

L[q, b] = {x ∈ V | ϕ[x] = q, ϕ(x, L) = b},

and this set is stable under Γ(L).
For h ∈ V such that ϕ[h] = q 6= 0 we set (W, ψ) as in (2.2). Assume that L is
g-maximal with respect to ϕ and n > 2. Then

∑

i∈I
# {Li[q, b]/Γ(Li)} = #

{
SOψ \ SOψA/(SOψA ∩C(L))

}
, (4.1)

where b = ϕ(h, L), {Li}i∈I is a set of representatives for the SOϕ-classes in the
SOϕ-genus of L for which Li[q, b] 6= ∅, and SOψ is regarded as the subgroup
{γ ∈ SOϕ | hγ = h} of SOϕ. This is a consequence from the main theorem
of quadratic Diophantine equations due to Shimura [9, Theorem 11.6] (cf. also
[12, Theorem 2.2 and (2.7)]). For a g-lattice N in V we put

D(N) = {α ∈ Oϕ(V )A | Nα = N}, Γ·(N) = Oϕ(V ) ∩D(N)

as denoted in the Introduction. Then formula (4.1) is valid for
(Oϕ, Oψ, D(L), Γ·(Li), J) in place of (SOϕ, SOψ , C(L), Γ(Li), I) by [9,
Theorem 11.6 (iii) and (v)], where {Li}i∈J is a set of representatives for the
Oϕ-classes in the Oϕ-genus of L for which Li[q, b] 6= ∅ and Oψ is regarded
as the subgroup {γ ∈ Oϕ | hγ = h} of Oϕ. We note that the Oϕ-genus of L
coincides with the SOϕ-genus of L and that the class number of Oϕ relative
to D(L) equals the class number of SOϕ relative to C(L) when n is odd; see
[9, Lemma 9.23 (i)], for example.
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Now we pay attention to the following; if the number of the right-hand side of
(4.1) coincides with #{SOψ \SOψA/C(L∩W )}, then the left-hand side of (4.1)
is given by the class number of the genus of L∩W . Concerning this, there is a
result [9, Proposition 11.13] for odd-dimensional spaces and also its analogue
[2, Proposition 4.4] for even-dimensional spaces whose discriminant fields are
the base fields. In Proposition 4.3 below we shall prove another analogue of [9,
Proposition 11.13] to quaternary case.
As for the representatives of classes in the genus of L ∩W , by virtue of the
principle in [9, Theorem 11.6 (i)], we have the following:

Lemma 4.1. Let the notation be as above. Fix an element h of L[q, b] (q 6= 0)
and set (W, ψ) as in (2.2). Then the map

kΓ(Li) 7−→ (Li ∩ (Fk)⊥)γ−1SOψ

defines a well-defined surjection of the union of the sets Li[q, b]/Γ(Li) for i ∈ I
onto the SOψ-classes in the SOψ-genus of L ∩ W with γ ∈ SOϕ such that
k = hγ for k ∈ Li[q, b] and i ∈ I. In particular, if SOψε(SOψA ∩ C(L)) =

SOψεC(L ∩ W ) for every ε ∈ SOψA, then the map is bijective. More-
over the assertions are true for (Oψ , J, Γ·(Li), D(L), D(L ∩W )) in place of
(SOψ , I, Γ(Li), C(L), C(L ∩W )).

Proof. For k ∈ Li[q, b] with i ∈ I there is γ ∈ SOϕ such that k = hγ as
ϕ[k] = ϕ[h] by [9, Lemma 1.5 (ii)]. We set L = Liαi with αi ∈ SOϕA. We may
assume that (αi)v = 1 for v ∈ a. Since h, k(αi)v ∈ Lv[q, bv] for v ∈ h, by
(1.6), h = k(αi)vαv with some αv ∈ C(Lv) for each v. Putting αv = γ−1

v

for v ∈ a, we have α ∈ C(L) whose component is αv for every prime v.
Then by [9, Theorem 11.6 (i)] the map k 7−→ γαiα induces a well-defined

bijection of
⋃
i∈I Li[q, b]/Γ(Li) onto SOψ \ SOψA/(SOψA ∩ C(L)). Obviously

γαiα 7−→ (L ∩W )(γαiα)
−1 gives a surjection of SOψ \ SOψA/(SO

ψ
A ∩ C(L))

onto the SOψ-classes in the genus of L ∩ W . On the other hand, we can
consider a g-lattice Li ∩ (Fk)⊥ in the complement (Fk)⊥, which is isomorphic
to (Li∩(Fk)⊥)γ−1 inW under γ−1. Then by localization (L∩W )v(γαiα)

−1
v =

{Lv(αi)−1
v ∩ (Fvh)

⊥(αiα)−1
v }γ−1 = (Li ∩ (Fk)⊥)vγ−1 for every v ∈ h. This

determines (L ∩W )(γαiα)
−1 = (Li ∩ (Fk)⊥)γ−1. We have thus the desired

surjection. Clearly this map is bijective under the assumption in the statement.
The assertions for Oϕ can be handled in a similar way.

Here we apply Lemma 4.1 to the quadratic form defined by the sum of five
squares; the result will be used in Section 5.3.
Let X = Q1

5 and define Φ by Φ[x] = x · tx for x ∈ X . The pair (X, Φ) defines a
quadratic space overQ whose invariants are {5, Q, B2,∞, 5}. These invariants
can be determined by [11, (Q.5)] because of (X, Φ) ∼= (B2,∞, β)⊕ (Qe, Φ|Qe)
with some e ∈ X so that Φ[e] = 1, where β is the norm form of B2,∞. Let Λ
be a Z-maximal lattice in (X, Φ). It is known that #{OΦ \ OΦ

A/D(Λ)} = 1;
see [9, §12.12], for example. By [9, Lemma 12.13 (i)], Λ[d, Z] 6= ∅ for every
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squarefree positive integer d. Fixing k0 ∈ Λ[d, Z], we put V = (Qk0)
⊥ and

L = Λ ∩ V . Then by [9, Theorem 12.14 (ii)], L is a Z-maximal lattice in
V with respect to the restriction ϕ of Φ to V . By virtue of (4.1) for OΦ,
#{Λ[d, Z]/Γ·(Λ)} = #{Oϕ\OϕA/(O

ϕ
A∩D(Λ))} holds. Suppose that d is an odd

prime number. Then [9, Proposition 11.13 (iii)] is applicable to k0 ∈ Λ[d, Z].
We have thus

Oϕε(OϕA ∩D(Λ)) = OϕεD(L) (4.2)

for every ε ∈ OϕA. Therefore #{Λ[d, Z]/Γ·(Λ)} equals the number of Oϕ-
classes in the Oϕ-genus of Z-maximal lattices in (V, ϕ). This result can be
found in [9, Theorem 12.14 (vi)]; the class number of SOϕ relative to C(L)
equals #{Λ[d, Z]/Γ(Λ)} by the same theorem. Moreover (V, ϕ) has invariants
{4, Q(

√
d), B2,∞, 4}, which can be seen by applying [2, Theorem 1.1 (2)] to

(X, Φ) and d.

In view of (4.2), by Lemma 4.1 we have a bijection

kΓ·(Λ) 7−→ (Λ ∩ (Qk)⊥)γ−1Oϕ (4.3)

of Λ[d, Z]/Γ·(Λ) onto the Oϕ-classes in the genus of L with some γ ∈ OΦ so
that k = k0γ for every odd prime number d. A method of determining the
set Λ[d, Z]/Γ·(Λ) is explained in [9, §12.15]. In that explanation the case of
d = 29 is treated and the result #{Λ[29, Z]/Γ·(Λ)} = 3 is obtained with explicit
representatives for Λ[29, Z]/Γ·(Λ). Hence the class number of Oϕ relative to
D(L) is equal to 3, as mentioned in the Introduction. In Section 5.3 we shall
list the representatives for Λ[d, Z]/Γ·(Λ) and the corresponding lattices under
the map (4.3) for d = 5, 13, 17, and 29.

4.2 Results for quaternary spaces

To apply our results in the previous section to quadratic Diophantine equations,
let us assume n = 4 in the setting of §4.1 and take an element h of L[q, b].
Under suitable conditions on q and b, we have an orderO defined in Proposition
3.3 (3). The order satisfies inequalities

t(O) ≤ #{SOψ \ SOψA/(SO
ψ
A ∩ C(L))} ≤ c(O). (4.4)

Here t(O) (resp. c(O)) is the type number (resp. the class number) of O. To
show (4.4), we observe that

SOψA ∩ τ(JV ) ⊂ SOψA ∩ C(L) ⊂ C(L ∩W ).

Since the kernel of τ is F×
A , the class number of O is more than #{SOψ \

SOψA/(SO
ψ
A ∩ τ(JV ))} by (3.21). Further by Theorem 3.4 the type number of

O equals #{SOψ \ SOψA/C(L ∩W )}. This proves (4.4).
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Corollary 4.2. Let the notation and assumption be as in Proposition 3.3 (3)
and O the order in A+(W ) defined in that proposition with an element h of
L[q, b]. Also let I (resp. J) be a set of representatives α for SOϕ \ SOϕA/C(L)
(resp. Oϕ\OϕA/D(L)) for which Lα−1[q, b] 6= ∅. Then the following inequalities
hold:

t(O) ≤
∑

α∈J
#
{
Lα−1[q, b]/Γ·(Lα−1)

}
≤

≤
∑

α∈I
#
{
Lα−1[q, b]/Γ(Lα−1)

}
≤ c(O).

Moreover, assume that 2ϕ(h, L)v contains p
[ν/2]
v with qgv = pνv for every v ∈ h

such that tv = 2 and Kv/Fv is ramified. Then the formula in [10, (1.9)] is
applicable to h and it can be given as follows:

∑

y

#
{
Lτ(y)−1[q, b]/τ(G+(V ) ∩ yJV y−1)

}
= c(O). (4.5)

Here y runs over a set of all representatives for G+(V )\G+(V )A/JV such that
G+(W )A ∩G+(V )yJV 6= ∅.

Proof. To prove the first assertion, we recall that #{SOψ \SOψA/C(L∩W )} =
#{Oψ \ OψA/D(L ∩ W )}, because W is odd-dimensional. Since OψA ∩ D(L)
is contained in D(L ∩ W ), by formula (4.1) for Oϕ, we have the first in-
equality. Here we may assume that {Lα−1}α∈J ⊂ {Lα−1}α∈I . Clearly
#
{
Lα−1[q, b]/Γ·(Lα−1)

}
≤ #

{
Lα−1[q, b]/Γ(Lα−1)

}
for every α ∈ J . Then

the desired inequalities follow from these and (4.4) combined with (4.1).

To prove (4.5), put q = q0π
2ℓ
v and 2ϕ(h, L)v = pmv with q0 ∈ g×v ∪ πvg×v and

ℓ, m ∈ Z for v ∈ h. In order to apply [10, (1.9)], we have to verify that
hC(L) = hτ(JV ) in VA = V ⊗F FA. In view of (3.2) it is sufficient to observe
the local cases where (i) tv = 4, (ii) tv = 2 and (K/v) = 0, (iii) tv = 2,
(K/v) = −1, and χ(Q(ϕ)v) = −1. Our argument is basically the same as in
[10, §4.3], and so we give only an outline of the proof to avoid a repetition of
the same argument. Put Cv = C(Lv) and Jv = JVv .

(i) Through an isomomorphism of Q(ϕ)v onto A+(W )v we have hCv = hτ(Jv)
in the same way as in §4.3 (i) of [10]. We note that Cv = SOϕv and C(Lv∩Wv) =
SOψv .

(ii) Assume that 2ϕ(h, L)v ⊃ pℓv. In a Witt decomposition of ϕ in (2.9) with
g2 ∈ g×v , take the same element ωv ∈ K×

v = G+(Kvg) as in §4.3 (ii) of [10].
We take kv = qπ−m

v e + πmv f ; then kvτ(ωv) = kv. In a similar manner to [10,
§4.3 (ii)] we have τ(ωv) ∈ Cv and ωv 6∈ Jv, from which it follows that kvCv =
kvτ(Jv). Since, by our assumption, kv ∈ Lv[q, 2−1pmv ], we have kv ∈ hCv by
(1.6). Thus the criterion [10, (1.10)] is applicable to kv; we have hCv = hτ(Jv).

(iii) In a Witt decomposition of ϕ in (2.9) with g2 ∈ πvg
×
v , we take ωv =
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g(qπ−m
v e−πmv f) ∈ A+(Vv)

× and kv = qπ−m
v e+πmv f . Then it can be seen that

ν(ωv) = ωvω
∗
v = −qg2 ∈ πvqg×v , kvτ(ωv) = kv,

Lvτ(ωv) = rvg + gvq
−1π2m

v f + gvqπ
−2m
v e.

Because m = ℓ by the assumption on (iii), we have ν(ωv) ∈ π2ℓ+1
v g×v and

Lvτ(ωv) = Lv. Hence kvCv = kvτ(Jv) by the same way as in §4.3 (iii) of [10].
Since kv ∈ Lv[q, 2−1pℓv] = hCv, by [10, (1.10)], we have hCv = hτ(Jv).
Accordingly hC(L) = hτ(JV ) holds. Therefore [10, (1.9)] is applicable and the
formula is given by

∑

y

#
{
Lτ(y)−1[q, b]/τ(G+(V ) ∩ yJV y−1)

}

= #
{
G+(W ) \G+(W )A/(G

+(W )A ∩ JV )
}
, (4.6)

where y runs over all representatives for G+(V ) \ G+(V )A/JV for which
G+(W )A∩G+(V )yJV 6= ∅. Since G+(W )A∩JV = A+(W )×a O

×
h by Proposition

3.3 (3), (4.6) equals the class number of O. Thus we obtain (4.5).

Let v be a prime of F in case (i), (ii), or (iii) of the proof of Corollary 4.2. As
can be seen in the proof, there is an element ωv of G

+(Vv) such that hτ(ωv) = h,
Lvτ(ωv) = Lv, and ωv 6∈ JVv . This together with (3.2) shows that

[SOψv ∩ C(Lv) : SOψv ∩ τ(JVv )] = [C(Lv) : τ(JVv )] (4.7)

for every v ∈ h under the two assumptions that 2ϕ(h, L)v ⊃ p
[ν/2]
v if (K/v) = 0

and that ν ∈ 2Z and 2ϕ(h, L)v = b(q)v if (K/v) = −1 and χ(Q(ϕ)v) = −1.
Here K is the discriminant field of ϕ and qgv = pνv. In the same assumptions
we also see that

SOψv ∩ τ(JVv ) = τ(O×
v ). (4.8)

These facts (4.7) and (4.8) are often useful in the application to quadratic
Diophantine equations with four variables.

As for formula (4.1) for Oϕ, we can state the following proposition:

Proposition 4.3. Let (V, ϕ) be a quadratic space of dimension 4 over a number
field F and K = F (

√
δ) the discriminant field of ϕ. For an element h of V

such that ϕ[h] = q 6= 0 put W = (Fh)⊥ and let ψ be the restriction of ϕ to W .
Identify Oψ(W ) with {γ ∈ Oϕ(V ) | hγ = h}. Let L be a g-maximal lattice in
V with respect to ϕ. Also let f1 be the product of all primes v ∈ h such that
2ϕ(h, L)v 6= b(q)v. Suppose that for v ∈ h,

(1) v ∤ 2 and ϕ(h, L)2v = qgv if (K/v) = 0 and χ(Q(ψ)v) = −1.

(2) qgv is a square ideal of Fv if (K/v) = −1 and χ(Q(ϕ)v) = −1.
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(3) f1 consists of the primes v such that tv = 0 or that v ∤ 2, (K/v) = −1,
χ(Q(ϕ)v) = +1, and qgv is a square ideal of Fv.

Here tv is the core dimension of ϕ at v. Let λ be the number of prime factors
of f1f2, where f2 is the product of all primes v ∈ h such that v ∤ f1, tv 6= 4,

(K/v) 6= 0, and qgv is not a square ideal of Fv. Then [D(L∩W ) : OψA∩D(L)] =

[C(L ∩W ) : SOψA ∩ C(L)] = 2λ. Moreover, if λ ≤ 1, then OψεD(L ∩W ) =

Oψε(OψA ∩D(L)) for every ε ∈ OψA.

Before stating the proof, we note a simple fact. Let G(V ) be the Clifford group
of ϕ. Then the homomorphism τ of (1.2) gives a surjection of G(V ) onto
Oϕ(V ), because V is even-dimensional.

Proof. In view of assumptions (2) and (3), we can take the order O in Propo-
sition 3.3 (3). Put qgv = pνvv with νv ∈ Z for v ∈ h. We note that v | f2 if and
only if tv = 0, v ∤ f1, and νv is odd, or if (K/v) = −1, v ∤ f1, and νv is odd.

Suppose v ∤ f1f2. Then (L ∩W )v is maximal in (W, ψ)v. If tv = 0, then ψv is
isotropic and δqgv is square, which is because νv must be even by v ∤ f2. Since
C(Lv) = τ(JVv ) by (3.2), we have SOψv ∩ C(Lv) = τ(O×

v ) by (4.8). Clearly
Ov = A+(L ∩W )v by calculating the discriminant. Note that C(Lv ∩Wv) =
τ(A+(Lv ∩Wv)

×) by [12, Lemma 5.4]. Hence we have C(Lv ∩Wv) = SOψv ∩
C(Lv). If tv = 4, then D(Lv) = Oϕv and C(Lv) = SOϕv . Also D(Lv∩Wv) = Oψv
and C(Lv ∩Wv) = SOψv as ψv is anisotropic. Hence we have D(Lv ∩Wv) =
Oψv ∩D(Lv) and C(Lv ∩Wv) = SOψv ∩C(Lv). Assume tv = 2 and (K/v) = −1.
Then δqgv must be square. If Q(ϕ)v = M2(Fv), then ψv is isotropic. In the
same way as in the case tv = 0 we see that C(Lv∩Wv) = SOψv ∩C(Lv). If Q(ϕ)v
is a division algebra, then ψv is anisotropic and A+(W )v is a division algebra.
Notice that C(Lv ∩Wv) = τ(A+(W )×v ) as Lv ∩Wv is maximal. Our order Ov

has discriminant pv by (3.22), whence it is maximal in A+(W )v. Observe that
A+(W )×v = F×

v (O×
v ∪ O×

v ω) with some ω ∈ A+(W )×v so that ω2 is a prime
element of Fv. Since SOψv ∩ τ(JVv ) = τ(O×

v ) by (4.8), we have [C(Lv ∩Wv) :
SOψv ∩ τ(JVv )] = 2. In view of (4.7) together with [C(Lv) : τ(JVv )] = 2 by
(3.2), SOψv ∩ C(Lv) must coincide with C(Lv ∩Wv). Assume (K/v) = 0. If
Q(ψ)v = M2(Fv), we take a Witt decomposition of ϕv in (2.9) with g ∈ Vv so
that g2 ∈ g×v . Then rvg is a maximal lattice in the core subspace (Kvg, ϕv).
Our assumption Q(ψ)v = M2(Fv) implies that there is an element k of Kvg
such that ϕv[k] = q = ϕ[h]. Since the lattice rvg ∩ (Fvk)

⊥ is maximal in the
complement (Fvk)

⊥ in Kvg as (Kvg, ϕv) is anisotropic, we have 2ϕv(k, rvg) =
b(q)v = 2ϕ(h, L)v. Thus [9, Proposition 11.12 (iv) and (v)] are applicable to
h. We have C(Lv ∩ Wv) = SOψv ∩ C(Lv) and D(Lv ∩ Wv) = Oψv ∩ D(Lv).
Similarly for the case where Q(ψ)v is a division algebra, under the assumption
(1), we have C(Lv ∩Wv) = SOψv ∩ C(Lv) and D(Lv ∩Wv) = Oψv ∩D(Lv).

Suppose v | f1. By assumption (3) such a prime satisfies either (i) tv = 0 or (ii)
v ∤ 2, (K/v) = −1, Q(ϕ)v =M2(Fv), and νv is even. In both cases (i) and (ii),
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Ov = A+(L ∩W )v and SOψv ∩ C(Lv) = τ(O×
v ). Moreover, we can prove that

T (Ov) = F×
v (O×

v ∪O×
v η) (4.9)

with some element η of A+(W )×v such that ηO×
v = O×

v η and ηη∗gv = gv
or ηη∗gv = pv according as νv is even or odd. This can be handled in a
similar way to the proof of [3, Theorem 3.1] for Case (i) and to [3, §3.4] for
Case (ii). (We will determine the index [A+(Mv)

× : A+(Lv ∩ Wv)
×] in a

subsequent paper, which may be used in the proof of (4.9).) We have therefore
[C(Lv ∩Wv) : τ(O

×
v )] = 2.

Suppose v | f2. Then (L∩W )v is maximal and Ov = A+(L∩W )v. If tv = 0, we
have SOψv ∩C(Lv) = τ(O×

v ). Since qgv is not square, by (3.5) and (3.7), JWv =
A+(Lv ∩Wv)

×. Hence [C(Lv ∩Wv) : τ(O×
v )] = 2 by (3.3). If (K/v) = −1,

then Q(ϕ)v must be M2(Fv) under the assumption (2) as νv is odd. Applying
(3.2) and (4.8), we have SOψv ∩C(Lv) = τ(O×

v ). Hence by the same way as in
the case tv = 0, [C(Lv ∩Wv) : τ(O

×
v )] = 2.

To prove [D(Lv ∩ Wv) : Oψv ∩ D(Lv)] = [C(Lv ∩ Wv) : SOψv ∩ C(Lv)], we
shall show that [Oψv ∩ D(Lv) : SOψv ∩ C(Lv)] = 2 because [D(Lv ∩ Wv) :
C(Lv ∩Wv)] = 2 by [9, Lemma 6.8]. It is sufficient to investigate the following
cases; (a) tv = 0, (b) (K/v) = −1 and χ(Q(ϕ)v) = +1, (c) (K/v) = −1 and
χ(Q(ϕ)v) = −1. In cases (a) and (b) we can verify the desired fact by the same

technique as in the proof of [9, Proposition 11.12 (v)]; see the case L̃ = L and
t 6= 1 in that proof. As for case (c), we first note νv ∈ 2Z by our assumption
(2); put ℓ = νv/2. Since (L ∩W )v must be maximal under assumption (3),
2ϕ(h, L)v = b(q)v = pℓv by (2.6) and (2.7). Now we take our setting and
notation to be those in Case (iii) of the proof of Corollary 4.2. By (1.6),
hα = kv with some α ∈ C(Lv). Under such an α we may identify h, (W, ψ)v,
and (L ∩W )v with kv, Kvg ⊕ Fv(qπ−ℓ

v e − πℓvf), and rvg + p−ℓv (qπ−ℓ
v e − πℓvf),

respectively. Looking at the lattice rvg in the subspace (Kvg, ϕv) of (V, ϕ)v,
we can find γ0 ∈ O(Kvg) such that det(γ0) = −1 and (rvg)γ0 = rvg by [9,
Lemma 6.8]. Extend γ0 to an element γ of GL(Vv) by setting γ to be the
identity map on (Kvg)

⊥. Then γ ∈ Oϕv , hγ = h, det(γ) = −1, and Lvγ = Lv.
This shows [Oψv ∩ D(Lv) : SO

ψ
v ∩ C(Lv)] = 2. Summing up all these results,

we obtain the first assertion.
To prove the second assertion, we borrow the idea of the proof of [9, Proposition
11.13 (ii)]. When there is no prime v dividing f1f2, we have D(L ∩ W ) =

OψA ∩D(L), and so our assertion is obvious. Hereafter we assume λ = 1. For

ε ∈ OψA put Λ = Lε−1, which is a g-maximal lattice in (V, ϕ). We consider
τ(h) of Oψ . Put a = ϕ[h](2ϕ(h, L))−2. Let c ∈ F×

A so that 2cϕ(h, L) = g;
then 2ϕv(cvh, Λv) = gv and ϕv[cvh]gv = ϕv[cvh]ϕv(2cvh, Λv)

−2 = av for every
v ∈ h.
Suppose av = gv. Then ϕv[cvh] ∈ g×v and 2ϕv(cvh, Λv) = gv. Hence cvh
belongs to Λv and also it is invertible in the order A(Λ)v. Since this order
contains Λv by definition, A(Λ)v ∩ Vv = Λv by [9, Lemma 8.4 (iii)]. Thus we
have Λvτ(h) = h−1A(Λ)vh ∩ Vv = Λv.
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Let v ∤ f1f2. If tv = 0 or (K/v) = −1, then qgv = b(q)2v as νv is even.
We have av = gv, whence Λvτ(h) = Λv. If tv = 4, then Λv is a unique
maximal lattice in the anisotropic space (V, ϕ)v. Hence Λvτ(h) = Λv. If
(K/v) = 0 and Q(ψ)v =M2(Fv), we take a Witt decomposition of ϕv as in the
same case of the proof of the first assertion with Λv in place of Lv. Because
2ϕv(h, Λv) = 2ϕ(h, L)v = b(q)v, by the same manner as in that proof, we can
find α ∈ C(Λv) so that hα = k with some k ∈ Kvg. Then τ(h) = ατ(k)α−1 by
[9, Lemma 3.8 (ii)]. We see that

Λvτ(h) = {(rvg)τ(k) + gveτ(k) + gvfτ(k)}α−1 = Λv.

If (K/v) = 0 and Q(ψ)v is a division algebra, then av = gv by assumption (1),
which leads Λvτ(h) = Λv.
Let v | f1f2. We take a weak Witt decomposition of ϕv as in (2.9) with Λv in
place of Lv. Put qv = ϕv[cvh] and k = qve+ f . We see that av = [M/L∩W ]2v
if v | f1 and νv ∈ 2Z, av = [M/L ∩W ]2vpv if tv = 0 and νv 6∈ 2Z, and av = pv
if v | f2 and (K/v) = −1, where M is a maximal lattice in (W, ψ). Since
qv ∈ av, it belongs to gv. Hence we have k ∈ Λv[qv, 2

−1gv]. By (1.6) there
is α ∈ C(Λv) so that (cvh)α = k. Moreover τ(k) = α−1τ(h)α by [9, Lemma
3.8 (ii)]. Then α gives an isomorphism of Wv onto W ′ = (Fvk)

⊥ such that
(Λv ∩Wv)α = Λv ∩W ′. Observe that Λv ∩W ′ = rvg+ gv(qve− f). Employing
[9, Lemma 3.10], we can find that

(Λv ∩W ′)τ(k) = {−x− a(qve− f) | x ∈ rvg, a ∈ gv} = Λv ∩W ′,

Λvτ(k) = {−x+ qvae+ q−1
v bf | x ∈ rvg, a, b ∈ gv} 6= Λv,

because qv ∈ av ⊂ pv as seen above. Thus we have (Λv∩Wv)τ(h) = Λv∩Wv but
Λvτ(h) 6= Λv. To sum up, τ(h) is an element of Oψ such that (Λ ∩W )τ(h) =
Λ ∩W and Λτ(h) 6= Λ.

Now, observe D(Λ∩W ) = εD(L∩W )ε−1 and OψA∩D(Λ) = ε(OψA∩D(L))ε−1.

Since [D(L∩W ) : OψA∩D(L)] = 2 by λ = 1, we have [D(Λ∩W ) : OψA∩D(Λ)] =
2. By our result on τ(h) we obtain

D(Λ ∩W ) = (OψA ∩D(Λ)) ∪ τ(h)(OψA ∩D(Λ)).

Then our assertion follows from this and τ(h) ∈ Oψ.

As a consequence, assuming that h ∈ L[q, b] satisfies all the assumptions with
λ ≤ 1 in Proposition 4.3, by formula (4.1) for Oϕ together with Proposition
4.3 and Theorem 3.4 (3), we obtain

∑

α∈J
#
{
Lα−1[q, b]/Γ·(Lα−1)

}
= t(O), (4.10)

where J is a set of representatives α for Oϕ\OϕA/D(L) for which Lα−1[q, b] 6= ∅
and O is the order in A+(W ) defined in Proposition 3.3 (3) with h. It should
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be remarked that the discriminant of O has at most one higher-power prime
pe (e > 1) if h satisfies λ ≤ 1. Note that formula (4.5) permits several such
primes in the discriminant of O if h satisfies the assumptions of Corollary 4.2.
For example, the reader is referred to our notes after the proof of [3, Proposition
4.3], in which O has discriminant 2 ·52g2Z for a squarefree odd positive integer
g prime to 5.

5 Applications and numerical examples

5.1 Applications to {4, Q(
√
d), Br,∞, 4}

Theorem 5.1. Let Br,∞ be a definite quaternion algebra over Q ramified only
at a prime number r. Take a quadratic space (V, ϕ) over Q whose invariants
are {4, Q(

√
d), Br,∞, 4} with a prime number d prime to r such that d ≡ 1

(mod 4). Then for every odd prime number p prime to dr and 0 ≤ n ∈ Z there
exist Z-maximal lattices L and L′ in (V, ϕ) such that

L[dpn, 2−1dZ] 6= ∅, L′[dpn, 2−1Z] 6= ∅, (5.1)

except when n 6∈ 2Z and
(
d
p

)
= −1. Moreover the following formulas are valid:

∑

α∈I

#Lα−1[dpn, 2−1dZ]

[Γ(Lα−1) : 1]
=
r − 1

24
·
{
1 if n = 0,

pn−1
(
p+

(
d
p

))
if n ≥ 1,

(5.2)

∑

α∈I

#L′α−1[dpn, 2−1Z]

[Γ(L′α−1) : 1]
=

(r − 1)(d2 − 1)

48
·
{
1 if n = 0,

pn−1
(
p+

(
d
p

))
if n ≥ 1,

(5.3)
∑

α∈J
#
{
Lα−1[dpn, 2−1dZ]/Γ·(Lα−1)

}
= t(O). (5.4)

Here
(
d
p

)
is the quadratic residue symbol, I (resp. J) is a complete set of

representatives for SOϕ \ SOϕA/C(L) (resp. Oϕ \ OϕA/D(L)), O is an order
in the algebra A+(W ), which is isomorphic to Br,∞, of discriminant rpnZ
containing A+(L ∩W ), and W = (Qh)⊥ with h ∈ L[dpn, 2−1dZ].

It is noted that Lα−1[dpn, 2−1dZ] or L′α−1[dpn, 2−1Z] may be empty for some
α ∈ I or some α ∈ J .

Proof. First of all, under the assumption that L[dpn, 2−1dZ] 6= ∅ and
L′[dpn, 2−1Z] 6= ∅ with some maximal L and L′ in V , we can derive for-
mulas (5.2) and (5.3). We should mention that the proof will be given in a
subsequent paper and that these formulas will be used in the present proof to
show (5.1).
By [8, Proposition 1.8], for any positive integer q there is a Z-maximal lattice
L in (V, ϕ) such that L[q] 6= ∅. Let h ∈ L[dpn] with 0 ≤ n ∈ Z and take
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the complement (W, ψ) as in (2.2). Since d ≡ 1 (mod 4) and
(
d
p

)
= 1 if n

is odd, the quaternion algebra {Q(
√
d), dpn} is M2(Q). Hence Q(ψ) = Br,∞

by (2.3) and so the invariants of ψ are {3, Q(
√−pn), Br,∞, 3}. We have then

b(dpn) = dpℓ with ℓ = [n/2]. Noticing b(dpn) ⊂ 2ϕ(h, L) ⊂ Z as noted in §2.1,
we see that

L[dpn] =

ℓ⋃

i=0

{L[dpn, 2−1dpiZ] ∪ L[dpn, 2−1piZ]}. (5.5)

Applying the explicit formula of [8, Theorem 1.5 (II)] to L[dpn], we can derive
that

∑

α∈I

#Lα−1[dpn]

[Γ(Lα−1) : 1]
=

(r − 1)
(
d2 +

(
d
p

)n)

48

2ℓ∑

i=0

(
d

p

)n+i
pi. (5.6)

We here recall our assumption that
(
d
p

)
= 1 if n is odd. We put

R[q] =
∑

α∈I

#Lα−1[q]

#Γ(Lα−1)
, R[q, b] =

∑

α∈I

#Lα−1[q, b]

#Γ(Lα−1)
(5.7)

for q ∈ Z and a Z-ideal b of Q.

Suppose n = 2ℓ with 0 ≤ ℓ ∈ Z. We shall prove (5.1) by induction on ℓ. If ℓ = 0,
then b(d) = dZ and L[d] = L[d, 2−1dZ]∪L[d, 2−1Z] by (5.5). Because L[d] 6= ∅,
either L[d, 2−1dZ] or L[d, 2−1Z] must be nonempty. If L[d, 2−1dZ] 6= ∅, then
formula (5.2) is valid as mentioned above. Combining this with (5.6), we have
R[d, 2−1Z] = R[d]−R[d, 2−1dZ] = 48−1(r−1)(d2−1). This implies that there
is some α ∈ SOϕA so that Lα−1[d, 2−1Z] 6= ∅. Conversely, if L[d, 2−1Z] 6= ∅, we
have R[d, 2−1dZ] = 24−1(r − 1) in the same way, whence Lα−1[d, 2−1dZ] 6= ∅
with some α ∈ SOϕA. As a consequence we can find maximal lattices L and L′

in (V, ϕ) such that L[d, 2−1dZ] 6= ∅ and L′[d, 2−1Z] 6= ∅. This settles the case
ℓ = 0. Suppose ℓ > 0. In view of (5.5) we have

R[dpn] =
ℓ∑

i=0

{
R[dpn, 2−1dpiZ] +R[dpn, 2−1piZ]

}
. (5.8)

Observe that the mapping x 7−→ xpi gives a bijection of Lα−1[dp2(ℓ−i), 2−1dZ]
onto Lα−1[dpn, 2−1dpiZ] for i 6= 0 and α ∈ SOϕA for which
Lα−1[dpn, 2−1dpiZ] 6= ∅. Similarly Lα−1[dp2(ℓ−i), 2−1Z] is mapped onto
Lα−1[dpn, 2−1piZ] under the above bijection if i 6= 0 and Lα−1[dpn, 2−1piZ] 6=
∅. By our induction, (5.2) and (5.3) for 2(ℓ − i) in place of n are valid for

Documenta Mathematica 19 (2014) 247–284



Quadratic Diophantine Equations in Four Variables 275

i 6= 0. Thus we see that

R[dpn, 2−1dZ] +R[dpn, 2−1Z]

= R[dpn]−
ℓ∑

i=0

{
R[dp2(ℓ−i), 2−1dZ] +R[dp2(ℓ−i), 2−1Z]

}

=
(r − 1)(d2 + 1)

48
· p2ℓ−1

(
p+

(
d

p

))
. (5.9)

This shows that either L1[dp
n, 2−1dZ] or L1[dp

n, 2−1Z] is not empty with
some maximal lattice L1 in V . Now, if L1[dp

n, 2−1dZ] 6= ∅, then formula
(5.2) is valid. Combining these results with (5.9), we have R[dpn, 2−1Z] 6= 0,
which implies that L1α

−1[dpn, 2−1Z] 6= ∅ with some α ∈ SOϕA. Conversely,
if L1[dp

n, 2−1Z] 6= ∅, we have L1α
−1[dpn, 2−1dZ] 6= ∅ with α ∈ SOϕA by the

same way. Consequently we have maximal lattices L1 and L′
1 in (V, ϕ) such

that L1[dp
n, 2−1dZ] 6= ∅ and L′

1[dp
n, 2−1Z] 6= ∅. This completes our induction

on ℓ = n/2.
The case of odd n can be proved similarly, which together with the case of even
n shows (5.1) for every integer n ≥ 0. At the same time we obtain formulas
(5.2) and (5.3).
As for (5.4), observe first that the conditions of (1) and (2) in Proposition 4.3 are
satisfied for h ∈ L[dpn, 2−1dZ] because r, d, and p are distinct prime numbers.
Further (L∩W )v is not maximal if and only if v = p as b(dpn) = dpℓZ, except
when ℓ = [n/2] = 0, that is, when n = 0 or 1. Then we easily see that condition
(3) of that proposition is satisfied; for instance, if p remains prime in Q(

√
d),

then n must be even by our assumption, and so p satisfies (3). The ideal f2 of
Proposition 4.3 in the present situation is Z, except when n = 1. If n = 0 or
1, then L∩W is maximal. Also f2 = Z or pZ according as n = 0 or 1. To sum
up, Proposition 4.3 is applicable to h ∈ L[dpn, 2−1dZ] for every 0 ≤ n ∈ Z.
Hence (5.4) follows from (4.10).

We note that when n 6∈ 2Z and
(
d
p

)
= −1 in Theorem 5.1, L[dpn, 2−1dZ] = ∅

for any maximal lattice L and L′[dpn, 2−1Z] 6= ∅ with some maximal lattice L′

in (V, ϕ).
Formulas (5.2) and (5.3) can be derived by means of the mass formula due to
Shimura [9, (13.18)], combined with a result in a subsequent paper as mentioned
in the proof of Theorem 5.1.
It should be remarked about (5.4) that the type number of O is not determined
by discriminant, but by the genus of O. (In other words, by Theorem 3.4
(2), the ideal [(L ∩ W )̃ /L ∩ W ] does not determine the genus of L ∩ W .)
However, if L∩W is maximal, that is, if O has squarefree discriminant, t(O) is
determined by the discriminant. In fact, O is maximal or an order of squarefree
discriminant rpZ according as n = 0 or 1. By a result due to Eichler [1, Satz
3], any order O′ of discriminant rpZ belongs to the genus of O in the sense that
O′ = y−1Oy with some y ∈ A+(W )×A. The similar fact is true for maximal
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orders, which have discriminant rZ. Accordingly in either case n = 0 or 1
the discriminant rpnZ certainly determines the genus of O. Moreover the
discriminant does not depend on d. In view of these together with (5.4), we
can conclude

Corollary 5.2. Let the notation be as in Theorem 5.1. Then for n = 0 or
1 the number of the left-hand side of (5.4) is independent of the choice of d.
Especially, if the type number of orders in Br,∞ of discriminant rpnZ is 1,

for any prime number d prime to rpn such that d ≡ 1 (mod 4) and
(
d
p

)n
= 1

there exists only one Oϕ-class in the genus of maximal lattices in (V, ϕ) of
{4, Q(

√
d), Br,∞, 4} such that L1[dp

n, 2−1dZ] 6= ∅ and

L1[dp
n, 2−1dZ] = hΓ·(L1)

with a lattice L1 in the class and h ∈ L1[dp
n, 2−1dZ].

In Table 1 of Section 5.3 below we shall see a few numerical examples for r = 2
and n = 0 supporting this fact.

5.2 Examples for real quadratic fields

Let V be a totally definite quaternion algebra over F of discriminant g and ϕ
its norm form, where F is a totally real field of even degree. Taking a nonzero
element h of V and a g-maximal lattice L in (V, ϕ), we have the complement
(W, ψ) of Fh and the lattice L∩W . We see that A+(W ) is isomorphic to the
present V as quaternion algebras. Our order O is then A+(L ∩W ) and has
discriminant qb−2 with q = ϕ[h] and b = 2ϕ(h, L). Let c(O) denote the class
number of O as before.

Proposition 5.3. In the above setting with h ∈ L[q, 2−1b] assume that F has
class number 1. Then there exists an order O of discriminant qb−2 in V such
that

∑
i∈I #

{
Li[q, 2

−1b]/Γ(Li)
}
= c(O), where {Li}i∈I is a set of representa-

tives for the SOϕ-classes in the SOϕ-genus of L for which Li[q, 2
−1b] 6= ∅.

We first note by [8, Proposition 1.8] that, for every totally positive integer
q of F , there is a g-maximal lattice L in (V, ϕ) such that L[q] = {x ∈ L |
ϕ[x] = q} 6= ∅. Moreover if qg is squarefree, then L[q] = L[q, 2−1g] because of
b(q) = g.

Proof. Clearly formula (4.5) is applicable to h ∈ L[q, 2−1b]. Since C(L) =
τ(JV ) and F has class number 1, τ of (1.2) gives a bijection of G+(V ) \
G+(V )A/JV onto SOϕ \ SOϕA/C(L). Furthermore we have τ(G+(V ) ∩
yJV y

−1) = Γ(Lτ(y)−1) for every y ∈ G+(V )A. The assertion follows from
these combined with (4.5).

For example, take (V, ϕ) as in Proposition 5.3 over F = Q(
√
d) with d = 5, 13,

or 101. It is known that #{SOϕ \ SOϕA/C(L)} = 1 when d = 5, 13. As noted
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above, there is a maximal lattice L in (V, ϕ) such that L[q] = L[q, 2−1g] 6= ∅
for a given totally-positive squarefree integer q of F . Applying Proposition
5.3 to h ∈ L[q], we have an order O in V of discriminant qg. Now suppose
q ∈ g×. Then O is maximal as d(O) = g. Its class number is 1 if d = 5, 13
and is 5 if d = 101. These results can be found in [5, Tabelle 2] due to
Peters. Therefore by the same proposition, #{L[q, 2−1g]/Γ(L)} = 1 if d =
5, 13 and

∑
i∈I #{Li[q, 2−1g]/Γ(Li)} = 5 if d = 101, where {Li}i∈I is a set of

representatives of the SOϕ-classes in the genus of L for which Li[q, 2
−1g] 6= ∅.

We mention that there is a previous result [10, Theorem 1.11] concerning the
application of [10, Theorem 1.6] to the norm forms of definite quaternion alge-
bras over Q.

5.3 Numerical tables for {4, Q(
√
d), B2,∞, 4}

Let d be a prime number such that d ≡ 1 (mod 4). We take a quadratic
space (V, ϕ) over Q of invariants {4, Q(

√
d), B2,∞, 4} and a complete set

{Li}i∈J of representatives for the Oϕ-classes in the Oϕ-genus of maximal
lattices in (V, ϕ). By (5.4) the number

∑
i∈J #

{
Li[dp

n, 2−1dZ]/Γ·(Li)
}

is
given by the type number t(O) of some order O in B2,∞ of discriminant
2pnZ for an odd prime number p prime to d and 0 ≤ n ∈ Z, where we

assume
(
d
p

)
= 1 if n is odd and remark that Li[dp

n, 2−1dZ] may be empty

for some i ∈ J . We put c(dpn) =
∑
i∈J #

{
Li[dp

n, 2−1dZ]/Γ·(Li)
}

for
convenience. We restrict ourselves to the case n = 0 or 1. In this section
we shall not only give the numbers c(dpn) by quoting t(O), but also present
#Li[dp

n, 2−1dZ] for i ∈ J by taking {Li}i∈J in the case of d = 5, 13, 17, or 29.

To obtain {Li}i∈J for these primes d, we proceed according to the viewpoint
explained at the last part of §4.1. Let (X, Φ) be as in that section. We set

Λ = Ze1 + Ze2 + Ze3 + Zg + Ze5,

where {ei} is the standard basis of Q1
5 and g = 2−1(e1 + e2 + e3 + e4). Then

Λ is a Z-maximal lattice in (X, Φ). By (4.3) we have a bijection

kiΓ
·(Λ) 7−→ (Λ ∩ (Qki)

⊥)γ−1
i Oϕ

of Λ[d, Z]/Γ·(Λ) onto the Oϕ-classes in the Oϕ-genus of maximal lattices in
(V, ϕ) with some γi ∈ OΦ so that ki = k0γ for i ∈ J , where {ki}i∈J is a
complete set of representatives for Λ[d, Z]/Γ·(Λ) and k0 is an arbitrarily fixed
element of Λ[d, Z]; we put V = (Qk0)

⊥ and ϕ = Φ|V . Hence the desired
representatives {Li}i∈J can be obtained from explicit elements ki for i ∈ J
by taking (Λ ∩ (Qki)

⊥)γ−1
i as Li. A method of determining Λ[d, Z]/Γ·(Λ) is

explained in [9, §12.15]; in which {ki}i∈J was found for the case of d = 29.
We employ that method for our purpose. Once such a set {ki}i∈J is obtained,
using the lattice Λ∩ (Qki)⊥, we can compute the number #Li[dp

n, 2−1dZ] for
every i ∈ J .
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Here is a list of the representatives ki for Λ[d, Z]/Γ
·(Λ) and the corresponding

lattices Λ ∩ (Qki)
⊥ for i ∈ J and d = 5, 13, 17, 29:

(1) d = 5.

k1 = 2e1 + e5.

Λ ∩ (Qk1)
⊥ = Ze2 + Ze3 + Ze4 + Z(g − e5).

(2) d = 13.

k1 = 2e1 + 3e5, k2 = 2(e2 + e3 + e4) + e5.

Λ ∩ (Qk1)
⊥ = Z(e2 + e3 + e4) + Ze2 + Ze3 + Z(3g − e5),

Λ ∩ (Qk2)
⊥ = Ze1 + Z(e2 − 2e5) + Z(e3 − 2e5) + Z(g − 3e5).

(3) d = 17.

k1 = 4e4 + e5, k2 = 2(e3 + e4) + 3e5.

Λ ∩ (Qk1)
⊥ = Ze1 + Ze2 + Ze3 + Z(g − 2e5),

Λ ∩ (Qk2)
⊥ = Ze1 + Ze2 + Z(3e3 − 2e5) + Z(g − e3).

(4) d = 29.

k1 = 2e4 + 5e5, k2 = 2(e3 + 2e4) + 3e5,

k3 = 2(e1 + e2 + e3 + 2e4) + e5.

Λ ∩ (Qk1)
⊥ = Ze1 + Ze2 + Ze3 + Z(5g − e5),

Λ ∩ (Qk2)
⊥ = Ze1 + Ze2 + Z(3e3 − 2e5) + Z(g − e5),

Λ ∩ (Qk3)
⊥ = Z(e1 − 2e5) + Z(e2 − 2e5) +

+Z(e3 − 2e5) + Z(g − 5e5).

Here we note that the case d = 5 can be seen from [10, §4.4, (4.12c)]. It can
also be verified that these ki for i ∈ J form a complete set of representatives
for Λ[d, Z]/Γ(Λ) for d = 5, 13, 17, 29. Since [9, Proposition 11.13 (ii)] is
also applicable to k0 ∈ Λ[d, Z], by Lemma 4.1, {Li}i∈J gives a complete set
of representatives for the SOϕ-classes in the SOϕ-genus of maximal lattices in
(V, ϕ).
We can further determine [Γ(Li) : 1] for i ∈ J . In fact, by Theorem 5.1 we have
an explicit formula (5.2) for R[dpn, 2−1dZ] with the notation of (5.7); then
#Γ(Li) is computable in an elementary way by using this formula combined
with the numerical data of #Li[dp

n, 2−1dZ] in our tables. For example,
if d = 29, then we have three maximal lattices {L1, L2, L3} given above.
Looking at Table 1 for d = 29 and at Table 3 for d = 29, p = 5 and 7, we have
2 · #Γ(L1)

−1 = 24−1, 2 · #Γ(L2)
−1 = 4−1, and 2 ·#Γ(L3)

−1 = 3−1 by (5.2).
From these we get #Γ(L1) = 48, #Γ(L2) = 8, and #Γ(L3) = 6. Moreover the
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mass of the genus with respect to SOϕ is 5/16, which indeed coincides with
the mass derived from the exact formula of [7, Theorem 5.8]. Similarly for
d = 5, 13, 17, we have #Γ(L1) = 48 if d = 5; #Γ(L1) = 48 and #Γ(L2) = 12
if d = 13; #Γ(L1) = #Γ(L2) = 48 if d = 17.

In the numerical tables below, we put Ni(dp
n) = #Li[dp

n, 2−1dZ] and de-
note by t(2, pn) (resp. c(2, pn)) the type number (resp. the class number)
of O in B2,∞ of discriminant 2pnZ. We quote t(2, pn) and c(2, pn) from
[6, Table 1] due to Pizer. It is noted by Corollary 4.2 that the number∑

i∈J #
{
Li[dp

n, 2−1dZ]/Γ(Li)
}
coincides with c(2, pn) if t(2, pn) = c(2, pn).

d N1(d) N2(d) N3(d) t(2, 1) c(2, 1) c(d)

5 2 ∗ ∗ 1 1 1

13 2 0 ∗ 1 1 1

17 2 0 ∗ 1 1 1

29 2 0 0 1 1 1

Table 1: c(d) for d = 5, 13, 17, 29

Let us verify our numerical results for c(dp) in a straightforward way by using
the lattices listed above. As an example, we take up the case of d = 13 and
p = 23. We begin with the 5-dimensional space (X, Φ) and Λ as above. Put
k1 = 2e1 + 3e5 and k2 = 2(e2 + e3 + e4) + e5. In our list with d = 13, k1
and k2 form a complete set of representatives for Λ[13, Z]/Γ·(Λ) (and it is true
for Γ(Λ) in place of Γ·(Λ)). Set V = (Qk2)

⊥ and let ϕ be the restriction of
Φ to V . Then (V, ϕ) has invariants {4, Q(

√
13), B2,∞, 4} and L2 = Λ ∩ V is

Z-maximal in (V, ϕ). Since {e1, e2− 2e5, e3 − 2e5, g− 3e5} is a Z-basis of L2,
representing ϕ by this basis, we may put V = Q1

4,

ϕ =




1 0 0 1/2

0 5 4 13/2

0 4 5 13/2

1/2 13/2 13/2 10



,

and L2 = Z1
4. Under this identification, Γ

·(L2) is the subgroup {γ ∈ GL4(Z) |
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d p N1(dp) N2(dp) t(2, p) c(2, p) c(dp)

5 11 24 ∗ 1 1 1

5 19 40 ∗ 2 3 2

5 29 60 ∗ 2 3 2

5 31 64 ∗ 2 4 2

5 41 84 ∗ 3 4 3

5 59 120 ∗ 3 5 3

5 61 124 ∗ 4 7 4

5 71 144 ∗ 2 6 2

5 79 160 ∗ 3 8 3

5 89 180 ∗ 5 8 5

5 101 204 ∗ 5 9 5

13 3 0 2 1 1 1

13 17 12 6 2 2 2

13 23 0 12 1 2 1

13 29 12 12 2 3 2

13 43 16 18 3 5 3

13 53 12 24 3 5 3

13 61 12 28 4 7 4

13 79 48 28 3 8 3

13 101 60 36 5 9 5

Table 2: c(dp) for d = 5, 13
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d p N1(dp) N2(dp) N3(dp) t(2, p) c(2, p) c(dp)

17 13 16 12 ∗ 2 3 2

17 19 16 24 ∗ 2 3 2

17 43 40 48 ∗ 3 5 3

17 47 48 48 ∗ 2 4 2

17 53 60 48 ∗ 3 5 3

17 59 72 48 ∗ 3 5 3

17 67 64 72 ∗ 4 7 4

17 83 72 96 ∗ 4 7 4

17 89 96 84 ∗ 5 8 5

17 101 96 108 ∗ 5 9 5

29 5 0 2 0 1 1 1

29 7 0 0 2 1 2 1

29 13 0 2 2 2 3 2

29 23 0 0 6 1 2 1

29 53 0 10 6 3 5 3

29 59 24 8 6 3 5 3

29 67 24 8 8 4 7 4

29 71 0 8 12 2 6 2

29 83 24 16 6 4 7 4

29 103 16 16 12 5 10 5

Table 3: c(dp) for d = 17, 29
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γϕ · tγ = ϕ} of GL4(Z). Then L2[13p
n, 2−1 · 13Z] is given by

L2[13p
n, 2−1 · 13Z] = {[x1 x2 x3 x4] ∈ Z1

4 |
x21 + 5x22 + 5x23 + 10x24 + x1x4 + 8x2x3 + 13x2x4 + 13x3x4 = 13pn,

(2x1 + x4)Z+ (10x2 + 8x3 + 13x4)Z+ (8x2 + 10x3 + 13x4)Z

+(x1 + 13x2 + 13x3 + 20x4)Z = 13Z}.
Now for p = 23 and n = 1 we have all solutions in L2[13 · 23, 2−1 · 13Z]:

[±5 ∓ 13 ∓ 13 ± 16], [±8 0 ∓ 13 ± 10], [±8 ∓ 13 0 ± 10],

[±18 0 ± 13 ∓ 10], [±18 ± 13 0 ∓ 10], [±21 ± 13 ± 13 ∓ 16].

We put

γ1 =




1 0 0 0

0 0 −1 0

0 −1 0 0

1 0 0 −1



, γ2 =




1 0 0 0

0 −1 0 0

1 1 1 −2

1 0 0 −1



, γ3 =




1 0 0 0

0 −1 0 0

0 0 −1 0

1 0 0 −1



.

These matrices belong to Γ·(L2). Consider the subgroup U of Γ·(L2) generated
by γ1, γ2, γ3, and −14, where 14 is the identity matrix of size 4. Put x =
[5 − 13 − 13 16]. Then it can be seen that xU contains all elements of
L2[13 · 23, 2−1 · 13Z]. Thus we have L2[13 · 23, 2−1 · 13Z] = xΓ·(L2).
Similarly for k1, we can consider a Z-lattice Λ ∩ (Qk1)

⊥. Denoting by ϕ1 the
restriction of Φ to (Qk1)

⊥, we may put (Qk1)
⊥ = Q1

4,

ϕ1 =




3 1 1 9/2

1 1 0 3/2

1 0 1 3/2

9/2 3/2 3/2 10



,

Λ ∩ (Qk1)
⊥ = Z1

4, and Γ·(Λ ∩ (Qk1)
⊥) = {γ ∈ GL4(Z) | γϕ1 · tγ = ϕ1} under

the identification with respect to a Z-basis {e2+ e3+ e4, e2, e3, 3g− e5} of Λ∩
(Qk1)

⊥. Let L1 be the lattice in (V, ϕ) corresponding to Λ∩(Qk1)⊥ under some
isomorphism of (V, ϕ) onto ((Qk1)

⊥, ϕ1). Then the number #L1[13p
n, 2−1 ·

13Z] is equal to

#{[x1 x2 x3 x4] ∈ Z1
4 |

3x21 + x22 + x23 + 10x24 + 2x1x2 + 2x1x3 + 9x1x4 + 3x2x4 + 3x3x4 = 13pn,

(6x1 + 2x2 + 2x3 + 9x4)Z + (2x1 + 2x2 + 3x4)Z+ (2x1 + 2x3 + 3x4)Z

+(9x1 + 3x2 + 3x3 + 20x4)Z = 13Z}.
For p = 23 and n = 1 there is no elements of (Λ ∩ (Qk1)

⊥)[13 · 23, 2−1 · 13Z].
Hence #L1[13 · 23, 2−1 · 13Z] = 0. Because L1 and L2 are not in the same Oϕ-
class as k1Γ

·(Λ) 6= k2Γ
·(Λ), we have therefore c(13 · 23) = #{L2[13 · 23, 2−1 ·
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13Z]/Γ·(L2)} = 1. This coincides with our result in the case of d = 13 and
p = 23 in Table 2.
We note that #U = 24, Γ·(L2) = U , and Γ(L2) is generated by γ1, γ2, −14;
furthermore we have xΓ(L2) = L2[13 ·23, 2−1 ·13Z], that is, #{L2[13 ·23, 2−1 ·
13Z]/Γ(L2)} = 1. As for Λ∩(Qk1)⊥, four elements δ1, · · · , δ4 and−14 generate
Γ·(Λ ∩ (Qk1)

⊥) and then Γ(Λ ∩ (Qk1)
⊥) is generated by δ1δ2, δ2δ3, δ4, −14,

where

δ1 =




1 0 0 0

0 1 0 0

0 0 1 0

3 0 0 −1



, δ2 =




1 0 0 0

0 1 0 0

1 −1 −1 0

0 0 0 1



,

δ3 =




1 0 0 0

1 −1 −1 0

0 0 1 0

0 0 0 1



, δ4 =




1 −2 0 0

1 −1 −1 0

0 0 1 0

0 −3 0 1



.

We shall show one more example for d = 13 and p = 79 obtained in the same
manner:

#
{
L1[13 · 79, 2−1 · 13Z]/Γ·(L1)

}
= 1, #

{
L2[13 · 79, 2−1 · 13Z]/Γ·(L2)

}
= 2,

#
{
L1[13 · 79, 2−1 · 13Z]/Γ(L1)

}
= 1, #

{
L2[13 · 79, 2−1 · 13Z]/Γ(L2)

}
= 3.

Here L′
1[13 ·79, 2−1 ·13Z], with L′

1 = Λ∩ (Qk1)⊥ ∼= L1, consists of 48 solutions

[±10 ∓ 39 ∓ 26 ± 2], · · · , [±29 ∓ 13 ∓ 13 ∓ 2]

and L2[13 · 79, 2−1 · 13Z] of 28 solutions

[±3 ± 13 ± 39 ∓ 32], · · · , [±36 ± 39 ± 26 ∓ 46].

Accordingly
∑2

i=1 #{Li[13 ·79, 2−1 ·13Z]/Γ(Li)} is a quantity that differs from
both the type number and the class number of O.
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Received: February 17, 2012

Revised: May 22, 2013

Communicated by Thomas Peternell

Abstract. Thomas-decomposition of a polynomial systems and
the resulting counting polynomials are applied to the theory of linear
codes, hyperplane arrangements, and vector matroids to reinterpret
known polynomials such as characteristic polynomials and weight enu-
merator, to introduce a new polynomial counting the matrices defin-
ing the same matroid, and to introduce the concept of essential flats
revealing a structure which allows to rewrite the rank generating poly-
nomial as a sum of products of univariate polynomials. Our concepts
make no essential distinction between finite and infinite fields.
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1 Introduction

This paper is concerned with two topics: Recognizing known polynomial
invariants in the theory of codes, hyperplane arrangements, and matroids such
as characteristic polynomials, weight enumerators etc. as counting polynomials
and finding a further example of counting polynomials, cf. [Ple 09a], [Ple 09b],
in this area. Secondly, on the background of this, analysing the structure
of the lattice of flats of a matroid by means of the Tutte-polynomial or
rather the rank generating polynomial by singling out a special class of flats
which we call essential. Though we started with linear codes and hyperplane
arrangements, we realized that matroids yield a more appropriate language for
our investigation.
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The basic ideas of counting polynomials, which are based on the Thomas
decomposition for systems of polynomial equations and inequations into
disjoint simple systems, cf, [Tho 37], [Ple 09a], [BGLR 11], are briefly de-
scribed in Section 2, in particular the relevant case of this paper, where the
splitting behaviour of the polynomials in the resulting simple systems allows
an enumeration of the possibly infinitely many solutions. In this case, the
resulting counting polynomial yields the number of solutions of the system in
the following cases: For a finite ground field K the number of solutions over
any finite extension field E of K are obtained by substituting the number
|E| for the indeterminate. For a global field K as ground field the number
of solutions over the residue class field F of the valuation ring for almost
all discrete valuations of K are found upon substituting the order |F | of the
residue class field into the counting polynomial, e. g. K = Q with the finite
prime fields Fp being the most common example. At the beginning of Section
2, the construction of counting polynomials is summarized as a finitely additive
measure defined on the set of solution sets of polynomial systems (of equations
and inequations) and taking values in the polynomial ring Z[u], where u is an
indeterminate standing in some sense for the order of the field, even if it is
infinite. In this way, for instance, the characteristic polynomial of a hyperplane
arrangement gets a less formal and more algebraic-combinatorial meaning in
the case of infinite fields, since it is simply the measure of the complement of
the arrangement. Also, the critical theorem by Crapo and Rota, cf. [CrR 70]
gets an interpretation in the case of infinite fields, so does the (comprehensive)
weight enumerator of a linear code which Greene constructed from the
Tutte-polynomial, cf. [Gre 76]. Whereas these examples deal with linear
inequations, the final example, i. e. the counting polynomial of the set of rank
r matrices of degree k × n requires slightly more background preparation.

Section 3 applies these ideas to introduce the matrix counter of a matroid
which counts the “number” of matrices yielding the given matroid. If this is
possible, the matroid is called polynomially countable. In this case, the matrix
counter is shown to factorize into three factors: Firstly gl(k, u), where k is
the rank of the matroid and gl(k, u) := (uk − 1)(uk − u) · · · (uk − uk−1) is the
counting polynomial of the general linear group GL(n, ·). Secondly a factor
(u − 1)n−l, where n is the number of elements of the underlying set of the
matroid and l is the number of connected components of the matroid. Finally,
a factor called orbit counter. If the orbit counter is 1, the matroid seems to
be particularly interesting from a geometrical combinatorial point of view. We
call the matroid rigid in this case, note however that it is the simplest case
from the point of view of the matrix counter. Some examples are discussed
such as root systems of type An and Bn and the extended Golay code over
F2 of length 24. On the other extreme is the matrix counter of the uniform
matroid. Indeed, it would be a challenge to find which uniform matroids are
polynomially countable.
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Section 4 is a suggestion to reconstruct the lattice of flats out of the rank
generating polynomial. The converse direction is well understood, cf. Example
2.4. The rank generating polynomial of a matroid M is defined as a sum over
all subsets of the underlying set E of the matroid. By putting together all
subsets with the same flat as closure, this sum gets a lot more structured. But
then one can also put together all those flats whose complements in E have
the same closure with respect to the dual M∗ of the original matroid. This
common closure has again an M -flat as complement in E, which we call an
essential flat. As a result of this the generating polynomial of M becomes a
sum over the essential flats only. The summand corresponding to an essential
flat X is the product of a polynomial in the first variable x depending only on
the minor M/X of M and a polynomial in the second variable y depending
only on the restiction M |X . This can be used to discover all the essential flats
from the rank generating polynomial as described in Remark 4.11. The theory
and two examples, the first being the Golay-code of length 24 are discussed
in Section 4.

The final Section 5 discusses matroids of rank 3. The counting polynomials
are computed for all matroids on up to seven points, and some examples on
8 points are given to demonstrate new phenomena. The tables of this section
depend on heavy computer calculations with the program [BLH 13] to compute
the Thomas decomposition of a polynomial system of equations and inequa-
tions. Various interesting issues come up, such as two nonisomorphic matroids
with the same rank generating polynomial but different counting polynomials,
different behaviours in different characteristics, factorization properties of the
orbit counter, non-split examples where the matrix counter is not defined, etc.

We are grateful to the referees to point out very helpful, relevant comments
and literature.

2 Counting Polynomials

We first collect the facts from [Ple 09a] and [Ple 09b] relevant for this paper.
Let K be a field with algebraic closure K. Consider subsets of K

n
of the

form Np := {a ∈ K
n|p(a) = 0} with p ∈ K[x1, . . . , xn], i. e. hypersurfaces

defined over K. Denote by L(K,n) the set of subsets of K
n

obtained by
taking finite intersections, unions, and complements of the Np for various such
p ∈ K[x1, . . . , xn] iteratively. Clearly, if

πn : K
n → K

n−1
: (a1, . . . , an) 7→ (a1, . . . , an−1)

denotes the projection (in case n > 1), then πn(S) ∈ L(K,n − 1) for any
S ∈ L(K,n). Moreover λS(b) := {a ∈ K|(b, a) ∈ S} ∈ L(K, 1) for each
b ∈ πn(S).
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Proposition 2.1. Let K be a field of characteristic zero. For every n ∈ N
there is a unique map

c = cn : L(K,n)→ Z[u] : S 7→ c(S) = c(S, u)

(where c(S, u) is called the counting polynomial of S) with the following prop-
erties:
1.) For finite sets S ∈ L(K,n), one has c(S, u) = |S|, the number of elements
in S.
2.) For any k-dimensional affine subspace N of K

n
defined over K one has

c(N, u) = uk.
3.) For any S, T ∈ L(Kn), one has c(S, u)+ c(T, u) = c(S ∩T, u)+ c(S ∪T, u),
in particular, c(Kn − S, u) = un − c(S, u).
4.) In case n > 1, for any S ∈ L(K,n) where c1(λS(b), u) ∈ Z[u] is independent
of b ∈ πn(S) one has

cn(S, u) = cn−1(πn(S), u) · c1(λS(b), u)

The proof is based on a finite decomposition of the systems of equations
and inequations into certain triangular systems called simple, which were
introduced by J. M. Thomas, cf. [Tho 37]. Various algorithmic refinements
of this decomposition algorithm and an implementation are discussed in
[BGLR 11]. It is work in progress extending [LMW 10] to show that the
above result also holds for fields K of positive characteristic. The cases
relevant for this paper, the so called split systems, were discussed in [Ple 09b]
and require no assumptions on the characteristic of K. In any case, the im-
plementation in [BLH 13] has worked successfully for all examples of this paper.

Though the counting polynomial in general only says something about the
set of solutions over the algebraic closure, for the present investigation we
want to use the counting polynomials to count the number of solutions over
finite fields. This is not always possible. Namely, if one specifies the free
variables in the equations of a triangular system to lie in a fixed field, the
resulting univariate polynomials in general do not split over this field. However,
if we have split simple systems, i. e. if the polynomials of the simple systems
factorize into degree-one-polynomials in their leading variable, cf. [Ple 09b], it
becomes possible. To cover as many cases as possible we go beyond [Ple 09b]
and distinguish three cases:

Definition 2.2. Let S ∈ L(K,n) for some field K.
1.) S is called uniformly enumerable if S can be decomposed into dis-
joint split simple systems, in the sense of [Ple 09b], where the variables of
K[x1, . . . , xn] are taken in the same order for all simple systems.
2.) S is called enumerable if S can be decomposed into disjoint sys-
tems Si ∈ L(K,n), such that for every i there exists a split simple system
Ti ∈ L(K,n) and a bijection Ti → Si defined by some rational function over
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K.
3.) S is called polynomially countable if S is the union of finitely many
systems Si ∈ L(K,n), i ∈ I such that at least one of ∩i∈JSi or the complement
K
n − ∩i∈JSi is enumerable for each subset J of I.

Clearly, uniformly enumerable sets are enumerable and enumerable ones are
polynomially countable. The notion of polynomial countability becomes espe-
cially interesting if K is finite. In case K is a global field, S ∈ L(K,n) defines
a set SL ∈ L(L, n) for all but finitely many finite residue class fields L corre-
sponding to a non Archimedian valuation of K. In case S satisfies one of the
three properties above, so does SL in all but finitely many residue class fields
L.

Proposition 2.3. Let S ∈ L(K,n) be a polynomially countable system over a
field K.
1.) In case K is finite there is a unique polynomial c(S, u) ∈ Z[u] satisfying

|S ∩ Ln| = c(S, |L|)

for all finite field extension (L/K).
2.) In case K is a global field, there is a unique polynomial c(S, u) ∈ Z[u]
satisfying

|SL ∩ Ln| = c(S, |L|)
for all but finitely many residue class fields L defined by valuations of K.
In both cases, we call c(S, u) the faithful counting polynomial of S.

Proof. The uniqueness of the faithful counting polynomial is in both cases clear,
since infinitely many values of it are specified. We come to the existence. In
the uniformly enumerable case one simply takes the counting polynomial, cf.
[Ple 09b], and in the enumerable case the sum of the counting polynomials of
the split simple systems Ti. The general case of polynomially countable systems
is reduced to the enumerable case via the inclusion exclusion principle.

Note that the faithful counting polynomial is independent of the ordering of the
variables or more generally of the choice of the coordinates (over the ground
field K). Whether a faithful counting polynomial is uniquely defined for more
general fields is interesting but not relevant for the applications in the present
paper. To demonstrate the difference between counting polynomial and faithful
counting polynomial, look at S := Np for p := x2 − y ∈ Q[x, y]. Taking the
variables in the order y < x yields 2(u− 1) + 1 as counting polynomial, which
is not faithful, whereas the order x < y yields the faithful counting polynomial
u.
The simplest case of a polynomially countable system is one given by linear
(degree one) equations and inequations. In fact such a system is uniformly
enumerable, but usually one obtains the faithful counting polynomial by the
inclusion exclusion principle, since the computation of Thomas-decomposition
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becomes rather expensive once a certain number of inequations is involved. We
remark that, in this case, no assumptions on the field K are necessary and the
counting polynomials are independent of the choice of the coordinate system.
Here are some examples.

Example 2.4. 1.) Characteristic polynomial of a central hyperplane arrange-
ment.
Let V be a K-vector space of dimension k and ϕi ∈ V ∗ − {0} for i = 1, . . . , n
be linear forms on V . Then the counting polynomial c(S, u) of the system
ϕi(x) 6= 0 for i = 1, . . . n is called the characteristic polynomial of the hyper-
plane arrangement of the ker(ϕi). In case K is finite it counts the number of
elements in V − ∪iker(ϕi) in a faithful way as explained above, i. e. it also
counts the corresponding number of elements for any finite extension field of
K. It clearly is monic of degree k and the coefficient of uk−1 is the negative of
the number of different hyperplanes ker(ϕi), cf. [CrR 70], [OrT 92],[Ath 96].
For a recent survey on the interplay of linear codes, hyperplane arrangements,
and matroids cf. e. g. [Sta 07].
2.) (Comprehensive or) Support weight enumerator of a code.
Let A ∈ Kk×n a matrix of rank k and let V be the K-vector space spanned by
the rows of A. We want to count the vectors of V (and the scalar extensions
of V ) having exactly j components zero for j = 0, . . . , n. To this aim let ϕi be
the projection of the row space of A corresponding to the i-th column. For each
subset I of n let SI ∈ L(K, k) be the system defined by ϕj(v) = 0 for j ∈ I and
ϕj(v) 6= 0 for j 6∈ I. Then the (comprehensive) weight enumerator

ωA(u, x, y) :=
∑

I⊆n
c(SI , u)x

|I|yn−|I|

gives exactly the weight enumerator for any finite extension field L of K, in case
K is finite, if one substitutes |L| for u. (Note however, this weight enumerator
also makes sense if K is not finite, even beyond Proposition 2.3.) Note also, the
I ⊆ n with c(SI , u) 6= 0 are just the flats of the matroid induced by the matrix
A, cf. 3.1 below. In a splendid piece of work, it was shown in [Gre 76] how
this weight enumerator could be obtained from the Tutte polynomial TA(x, y)
as follows:

ωA(u, x, y) = (1− u)kun−kTA
(
1 + (u− 1)x

1− x ,
1

x

)
,

cf also [Bri 02]. Conversely, the Tutte-polynomial is determined by the sup-
port weight enumerator, cf. [Jur 12] and [JuP 13], where also the most recent
account is given on these results, as well as on the connections between ma-
troids, codes, and hyperplane arrangements. (All these results do not depend
on the finiteness of K, as assumed in the original papers.)

More general systems described by polynomials of degree one in each variable
still have some chance to be enumerable or at least polynomially countable.
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For instance the n× n-determinant det yields the faithful system det(xij) 6= 0
with polynomial

gl(n, u) := (un − 1)(un − u) · · · (un − un−1)

well known from the order of the general linear group over a finite field.
The group theoretic counting of orbits can be used to find faithful counting
polynomials. Here is an example from determinantal varieties, where we set
gl(0, u) := 1:

Proposition 2.5. The set of k × n-matrices of rank r defined over a field K
is uniformly enumerable. Its (faithful) counting polynomial is given by

gl(k, u)gl(n, u)

gl(r, u)gl(k − r, u)gl(n− r, u)u(k−r)r+(n−r)r

Proof. It follows from Theorem 2.8 of [Ple 09b] that the system is uniformly
enumerable over any field. Therefore one has a faithful counting polynomial.
We compute it by viewing the set as the orbit of the matrix

(
Ir Or×(n−r)
O(k−r)×r O(k−r)×(n−r)

)

under the group GL(k,K)×GL(n,K) acting on Kk×n via

(GL(k,K)×GL(n,K))×Kk×n → Kk×n : ((g, h),m) 7→ gmh−1.

By computing the stabilizer, one gets exactly the denominator of the above
number with u substituted by |K| for any finite field K. Since we know that
the result must be a polynomial, we have found it via these infinitely many
values.

Note, the degree of the polynomial just derived is r(−r + n + k), which is
increasing in r for r = 0, . . . , k, so that the dimension of the so called generic
determinantal variety of k × n-matrices of rank ≤ r is equal to r(−r + n+ k),
which is well known.

3 Matrix counters

We proceed into a different direction now, by restricting the group action in
the last proof to GL(k,K)×Diag(n,K), where Diag(n,K) ≤ GL(n,K) is the
subgroup of all diagonal matrices of GL(n,K). For this action one has a finer
invariant than the rank, namely the vector matroid represented by the matrices.
We use the following notation: For n ∈ N let n := {1, 2, . . . , n} and Potk(n)
the set of all k-element subsets of n.
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Definition 3.1. Let k ≤ n. The map

µ : Kk×n → Pot(n) : A 7→ {X ∈ Pot(n) | |X | = rank(A) = rank(A|X)}

is called the matroid map, where A|X denotes the submatrix of A formed by

the columns with column indices in X. For A ∈ Kk×n of rank r, the pair
(n, µ(A)) with µ(A) ⊆ Potr(n) is called the (vector) matroid of A.

We shall usually assume that the matrix A is of rank k. An (abstract) matroid
is a pair consiting of a ground set n and a subset B of Potk(n) satisfying certain
axioms similar to the Steinitz exchange properties of bases, cf. [Oxl 11] or
[Wel 76]. If the ground set is clear, we only refer to B as the matroid. If B is
of the form µ(A) for some matrix over the field K, the matroid B is called K-
representable. It should be noted that the weight enumerator, cf. Example 2.4,
of the linear code spanned by the rows of a matrix A ∈ Kk×n only depends
on the matroid µ(A). These issues are concerned with linear equations and
inequations and therefore the counting polynomials in this context are faithful.
However, the counting polynomial defined next is defined via polynomials which
are of degree at most one in each of their variables, where it is not clear whether
or not they are faithful.

Definition 3.2. 1.) Let K be a field,

Rk,n := K[x1,1, x2,1, . . . , xk,1, x1,2, . . . , xk,2, . . . , xk,n]

and X := (xij)i∈k,j∈n ∈ Rk×nk,n denotes a k × n-matrix of indeterminates. Fi-

nally X|b := (xi,j) ∈ Rk×kk,n with i ∈ k, j ∈ b denotes the submatrix of X with
column indices in b ∈ Potk(n).
2.) For a non empty subset B of Potk(n) denote by S(B) ∈ L(K, kn) the set
of solutions over the algebraic closure K of K of the polynomial system

det(X|b) 6= 0 for b ∈ B, det(X|b) = 0 for b ∈ Potk(n)−B.

3.) In case S(B) 6= ∅ we call B uniformly enumerable, enumerable, resp.
polynomially countable (over K) if S(B) has this property. In either of
these cases the faithful counting polynomial c(S(B), u) ∈ Z[u] is called the full
matrix counter of B and denoted by c(B, u) or cB(u).

Hence B is a matroid representable over K if and only if the counting polyno-
mial of S(B) with respect to some order of the variables is not zero. Clearly in
the above definition, one might assume K to be a prime field.

Example 3.3. 1.) k := 1. Any non empty subset B of Pot1(n) is a repre-
sentable matroid. Its matrix counter is (u− 1)|B|.
2.) For k := 2 the representable matroids are given as follows: Let n =

⊎s
i=0Mi

with M0 (representing the zero columns) possibly empty, but the other Mj

(called parallel classes) nonempty and s ≥ 2. Then

B := {{a, b} | there are i, j with 0 < i < j ≤ s, a ∈Mi, b ∈Mj}
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and the full matrix counter of B is given by

cB(u) = u · (u + 1) · (u − 1)n−|M0| ·
s−2∏

i=1

(u− i),

which can easily be obtained in the same way as one computes the order (u2 −
1)(u2 − u) of the full linear group: In the critical case |Mi| = 1 for i > 0 one
has

s∏

i=1

(u2 − 1− (i− 1)(u− 1)) = (u − 1)s
s∏

i=1

(u+ 1− (i− 1)).

Note, the characteristic of the underlying field has no relevance in this partic-
ular case. However, if K is finite, one might have cB(|K|) = 0.

Here is a first property of the full matrix counter.

Proposition 3.4. Let B ⊆ Potk(n) be polynomially countable over any prime
field. Then

gl(k, u) | cB(u), i. e. cB(u) = gl(k, u) · rB(u)
for some rB(u) ∈ Z[u], which we call reduced matrix counter of B.

Proof. If K is of characteristic zero, we may assume without loss of generality
K = Q, since the equations and inequations come from determinants and
hence only involve integers. Since in the process of computing simple systems,
only finitely many denominators come up, we may choose any prime p dividing
none of these and pass to the finite field Fp and still retain the same matroid B.
Since B is polynomially countable, cB(|L|) is equal to the number of matrices
A ∈ Lk×n with µ(A) = B for any finite extension field L of Fp. Since GL(k, L)
acts semiregularly on this set of matrices, i. e. any stabilizer is trivial and all
orbits have length gl(k, |L|), one easily gets gl(k, u) | cB(u).

Often the reduced matrix counter of B ⊆ Potk(n) is the counting polynomial
of S(B) intersected with the set of those k × n-matrices for which certain k
columns form the unit matrix. Unfortunately, it is in general not true that a
split simple system with an equation of the form xi − k for some k ∈ K added
can be decomposed into split simple systems. Here is a practical sufficient
criterion for B to be polynomially countable.

Proposition 3.5. Let B ⊆ Potk(n) and choose some a ∈ B. By S(a,B) ∈
L(K, kn) we denote the set of solutions of the system

Xa = Ik, det(X|b) 6= 0 for b ∈ B, det(X|b) = 0 for b ∈ Potk(n)−B,

where Ik denotes the k×k unit matrix. If S(a,B) is polynomially countable with
faithful counting polynomial c(S(a,B), u), then B is polynomially countable
with reduced matrix counter rB(u) = c(S(a,B), u).
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Proof. Let S(a) ∈ L(K, kn) be the set of solutions of Xa = Ik, and S′(a) ∈
L(K, kn) be the set of solutions of det(Xa) 6= 0. Then

GL(k,K)× S(a)→ S′(a) : (g,A) 7→ g ·A

is a bijective birational map defined over K. Note, GL(k,K) is uniformly
enumerable by [Ple 09b], say

GL(k,K) =
⊎
Gi

with finitely many split simple systems Gi. Assume first that S(a,B) is enu-
merable, say S(a,B) =

⊎
Cj . Then above bijection restricts to a birational

bijection Gi × Cj → Gi · Cj for every pair (i, j). Since

S(B) = GL(k,K) · S(a,B) =
⊎

i,j

Gi · Cj ,

the claim follows in this case.
If S(a,B) is only polynomially enumerable, the proof is a slight modification.

Lemma 3.6. In the situation of S(a,B) above, for any given pair (i, j) ∈ k ×
(n−a) one either has xij = 0 for all X ∈ S(a,B) or xij 6= 0 for all X ∈ S(a,B).

Proof. Let k be the unique element of a such that the k-th column of X is the i-
th column of the identity matrix. Let c := (a−{k})∪{j}. Either c ∈ B, in which
case xij = ±Det(X|c) 6= 0 or c 6∈ B, in which case xij = ±Det(X|c) = 0.

Beyond the action of the general linear group GL(k,K) one can take the torus
action into account, i. e. the action of (K∗)n which results in further irre-
ducible factors of the matrix counter. Recall that a vector matroid is called
decomposable or disconnected if it is of the form π(µ(Diag(A1, A2))) for some
matrices A1 ∈ Kk′×n′

, A2 ∈ Kk′′×n′′

with k′ + k′′ = k and n′ + n′′ = n and for
some permutation π ∈ Sn.

Proposition 3.7. If in the notation of Proposition 3.5 S(a,B) is polynomially
countable, then (u−1)n−l|rB(u), where l is the number of connected components
of B. The polynomial oB(u) := (u − 1)−(n−l)rB(u) ∈ Z[u] is called the orbit
counter of B.

Proof. Since rB is obviously multiplicative in the components of B, it suffices
to assume that B is a connected matroid. Also we may assume a = k. The
group Dn := (K

∗
)n acts on S(a,B) ∈ L(K, kn) by

Dn × S(a,B)→ S(a,B) : (d,A) 7→ (d−1
i Ai,jdj)i∈k,j∈n,

where the factors d−1
i make sure that the submatrix of the first k columns

remains the unit matrix. Note, by Lemma 3.6 for any (i, j) ∈ k × n either
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Aij = 0 for all A ∈ S(a,B) or Aij 6= 0 for all A ∈ S(a,B). Call T ⊆ k× (n−k)
a rigidity frame, if
1.) |T | = n− 1,
2.) (i, j) ∈ T implies Aij 6= 0 for all A ∈ S(a,B), and
3.) π1(T ) = k, π2(T ) = n − k, where πi denotes the projection onto the i-th
component for i = 1, 2.
Since B is connected, such a rigidity frame T exists. It gives rise to the system
of equations

Ai,jdj = di (i, j) ∈ T

for the di, the solutions of which transforms A ∈ S(a,B) into a matrix of

ST (a,B) := {A ∈ S(a,B)|Ai,j = 1 for all (i, j) ∈ T }.

Since the stabilizer of any A ∈ ST (a,B) in Dn, which is isomorphic to K∗, acts
trivially on ST (a,B), it follows that ST (a,B) is a set of representatives of the
action of Dn on S(a,B). Hence we have a bijective rational function

D̃n × ST (a,B)→ S(a,B) : (d,A) 7→ (d−1
i Ai,jdj)i∈k,j∈n

defined over the ground field, where D̃n is the subgroup of all d ∈ Dn with
d1 = 1. The claim follows.

Clearly oB(u) counts the orbits of GL(k,K) × (K∗)n on S(B). If oB(u) = 1,
B is called rigid. In practice, one often proceeds by the above ideas, however
in reversed order:

Corollary 3.8. In the notation of the last proof let T ⊆ k×(n−k) be a rigidity
frame and assume that ST (a,B) is polynomially countable with faithful counting
polynomial oB(u). Then S(a,B) is polynomially countable with reduced matrix
counter (u− 1)n−l · oB(u) and B is polynomially countable with matrix counter
cB(u) = gl(k, u) · (u − 1)n−l · oB(u).

Here are some examples demonstrating how one may proceed:

Example 3.9. The root system An viewed as its matrix of positive roots in

Kn×(n+1
2 ) gives rise to the matroid µ(An) which is rigid, i. e. whose reduced

matrix counter is

(u− 1)(
n+1
2 )−1.

Proof. Let (e0, . . . , en) be a basis on an n+ 1-dimensional vector space over a
field K. Consider the set of vectors Xn := {ei − ej|0 ≤ i < j ≤ n}. As basis
we choose (e0 − ei|i = 1, . . . n). The coordinate columns of the elements of Xn

yield a matrix M with µ(M) = µ(An). For convenience we index the columns
of our matrix by the set of 2-element subsets of {0, 1, . . . , n}. In particular the
basis part of the matrix has indices {0, i} for i ∈ n. Call this set a. Now let
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A ∈ S(a, µ(An)). We look at the submatrix with column indices in Pot2(n) in
the spirit of the last proof. We may choose as rigidity frame the set

L := {(i, {i, j})|i ∈ n− 1, i < j} ∪ {(i, {1, i})|i = 2, . . . , n}.

We may assume As,t = 1 for (s, t) ∈ L. Clearly A also has zeroes in the
positions where M has zeroes. In particular the first unknown entry of A is
A3,{2,3}. The central observation is that {{1, 2}, {1, 3}, {2, 3}} is a cycle of our
matroid, i. e. the three corresponding column vectors are linearly dependent.
We know all the entries of theses three column vectors except A3,{2,3}. Hence
we know exactly what the linear dependence looks like:

A−,{1,2} −A−,{1,3} −A−,{2,3} = 0.

This determines the unkonwn entry. Similarly all the other entries can be
determined and the claim follows.

Example 3.10. The root system Bn viewed as its matrix of positive roots in
Kn×n2

gives rise to the matroid µ(Bn) whose reduced matrix counter is

(u− 1)3(u− 2) for n = 2 and (u − 1)n
2−1 for n > 2.

Proof. The case n = 2 is an easy exercise. We look at the case n = 3 from
which the general proof will be clear.

A :=




1 0 0 1 1 1 1 0 0

0 1 0 −1 1 0 0 1 1

0 0 1 0 0 −1 1 −1 1




yields µ(B3). Note columns 1,2,3,4,6,8 yield A3. The decisive linear dependence
for the rest is A−,5 − A−,6 + A−,9 = 0. Otherwise the proof is similar to the
one for An.

The case of root systems Dn for n ≥ 3 can be reduced to the previous cases
and results in the appropriate power of u − 1 for the reduced matrix counter.
Here is another source of examples for polynomially countable vector matroids.
As a third exampel we look at the Golay code.

Example 3.11. Let M ∈ F12×24
2 be the generator matrix of the extended

Golay code of length 24 over F2. The induced matroid is rigid, i. e. the orbit
counter is 1 and the reduced matrix counter (u− 1)23.

Proof. By Corollary 3.8 and Proposition 3.5, we are free to choose any basis of
µ(M). Since the automophism group M24 has exactly two orbits on the bases
of the induced matroid µ(M) ofM , cf. Example 4.12, there are essentially two
different types of matrices possible for M . In either case we may assume (after
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permuting the columns of M appropriately) that the submatrix of the first 12
columns of M is the identity matrix, i. e. M = (I12|N). In the first type of
bases each row and column of N has exactly 7 ones and 5 zeroes. Since this
type is slightly more awkward to treat, we choose the second type. Here one
has apart 11 columns with exactly 7 ones and exactly one pair of a row and a
column intersecting in a zero but otherwise consisting of ones (referred to as
cross of ones below).
Let K be a field containing F2. For any matrix A ∈ K12×24 with µ(A) = µ(M)
we may assume the same shape A = (I12|X). By Lemma 3.6, the positions with
zeroes in X are exactly the same as in N . As rigidity frame T , we choose the
set of positions in the cross of ones in N , where the position of the zero in the
crossing is replaced by some index pair (i, j) outside the cross with Nij = 1.
In X , we may also choose these 23 positions to be one and we remain with
11 · (7− 1)− 1 positions where the entry is not zero, but otherwise not known.
We start with the i-th row: We know Xij = 1. Let k be such that Xik 6= 0
and Xik is not yet known. Let l be the row index of the row of ones in the
cross. Then Xli = Xlk = 1 and the four numbers form a submatrix whose
determinant is zero, because the determinant of the corresponding submatrix
of N is zero. (Note, this submatrix can be complemented to a submatrix of 12
complete columns by choosing from among the first 12 columns of M similarly
as in the proof of Lemma 3.6.) Coming back to the submatrix of X , it has three
entries equal to 1 and determinant 0, which implies Xik = 1 for the last entry.
In this way we conclude that all the remaining non zero entries of the i-th row
of X are equal to 1. Similarly all the non zero entries of the j-th column of X
are equal to 1. With each new position proved to contain a one, by the same
argument, its complete row and column has all its non-zero entries equal to 1.
Since the matroid is obviously connected, this finally shows that all unknown
entries are equal to one.

Proposition 3.12. Let B ⊆ Potk(n) be a matroid and a ∈ B such that S(a,B)
is uniformly enumerable, enumerable, resp. polynomially countable, then so is
S(n− a,B∗) where B∗ := {n− b|b ∈ B} is the dual matroid of B. In this case,
the reduced matrix counters are equal: rB(u) = rB∗(u).

Proof. We may assume a = k. Then (Ik|A) ∈ S(a,B) if and only if
(−Atr|In−k) ∈ S(n− a,B∗). The claim follows easily.

It seems that matroids with few bases have a tendency to be polynomially
countable. In [Sko 96] a survey of the number of representations of uniform
rank 3 matroids on 7, 8, and 9 point is given, which indicates that polynomial
countability for 8 and 9 points is only given if certain univariate quadratic
polynomials split over the ground field, though the number of solutions can be
described in the other cases as well. This phenomenon in called quasisplit case
in [Ple 09b], cf. Example 5.9 1) for simpler examples. One might suspect that
sooner or later one gets examples which are not polynomially countable and
not even quasisplit. A good candidate for this might be the matroid of rank
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3 on 11 points in [Stu 93], pg. 101, where among the equations for S(a,B)
the absolutely irreducible polynomial given there turns up. In the last chapter,
rank 3 vector matroids on up to 7 points are given with their matrix counters.
There are also examples given there with the same Tutte polynomial, but
different matrix counters; on the other hand there is also an abundance of
pairs of non isomorphic matroids with the same matrix counter.

4 The rank generating polynomial

In this section, M denotes a matroid on the set E of n elements with rank
function ρ : Pot(E)→ Z≥0. The rank generating polynomial is defined as

S(M ;x, y) :=
∑

X⊆E
xρ(E)−ρ(X)y|X|−ρ(X) ∈ Z[x, y].

A good example is the rank generating polynomial

pn,k(x, y) :=

(
n

k

)
+

n−k∑

i=1

(
n

k + i

)
yi +

k∑

i=1

(
n

k − i

)
xi

of the uniform matroid of rank k, where every k-element subset of E forms a
basis ofM . The aim of this section is to reduce the summation over all subsets
of E to something more manageable. One rather simple approach is to define
the deviation polynomial

δ(M ;x, y) := pn,k(x, y)− S(M ;x, y) ∈ Z[x, y]

where k is the rank of M . For matroids with a big number of bases, δ(M ;x, y)
will have few terms and the rank generating polynomial can be easily recovered
form δ(M ;x, y). Since in both pn,k(x, y) and in S(M ;x, y) all

(
n
k−s
)
subsets of

M with k − s elements are taken into account, one has the following.

Remark 4.1. Let δ(M ;x, y) =
∑

i,j aijx
iyj, then for each s ∈ Z one has

∑

i

as+i,i = 0

A more serious attempt to analyse and understand the sum with the idea of
simplification is by grouping together the summands belonging to one flat.

Definition 4.2. 1.) The polynomial

S(M ; y) := S(M ; 0, y) ∈ Z[y]

is called the generator generating polynomial of M .
2.) For X ⊆ E let

σ(X) := {e ∈ E|ρ(X) = ρ(X ∪ {e})}
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the closure operator with respect to M and for any flat X = σ(X) call

σ−1({X}) := {Y ⊆ E|σ(Y ) = X}

flock of X. Finally

L(M) := {X ⊆ E|σ(X) = X}

the set of all flats of M .

Clearly S(M ; y) =
∑

X∈σ−1({M}) y
|X|−ρ(X). If we simply write S(X ; y) for

S(M |X ; y) for any flat X of M , where M |X denotes the restriction of M to
X , then the original definition of the rank generating polynomial becomes:

S(M ;x, y) =
∑

X∈L(M)

xρ(E)−ρ(X)S(X ; y).

To proceed further, we exhibit flats with the same generator generating poly-
nomial. Recall that a coloop of M is an element e of E occuring in each basis
of M , i. e. ρ(E − {e}) = ρ(E)− 1.

Definition 4.3. A flat X ∈ L(M) is called essential if M |X has no coloop.

One clearly has the following lemma.

Lemma 4.4. Let X ∈ L(M). Then there exists a unique essential flat Y , called
the essential flat ǫ(X) of X, such that

M |X =M |Y ⊕M |{e1} ⊕ · · · ⊕M |{er}

where e1, . . . , er are the coloops of M |X. Moreover

σ−1({Y })→ σ−1({X}) : Z 7→ Z ∪ {e1, . . . , er}

is a bijection so that

S(X ; y) = S(Y ; y).

This leads to the following definiton.

Definition 4.5. For any essential flat Y ∈ ǫ(L(M)) call ǫ−1({Y }) the cloud
of Y and

S(M,Y ;x) :=
∑

X∈ǫ−1({Y })
xρ(E)−ρ(X)

the cloud polynomial of Y .

Summarizing, we have the following.
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Proposition 4.6. Let M be a matroid without loops on the set E. Then

Pot(E) =
⊎

Y ∈ǫ(L(M))

σ−1(ǫ−1({Y }))

with a bijection

σ−1(ǫ−1({Y }))→ ǫ−1({Y })× σ−1({Y }) : Z 7→ (σ(Z), Z ∩ Y )

for every essential flat Y . In particular

S(M ;x, y) =
∑

Y ∈ǫ(L(M))

S(M,Y ;x)S(Y ; y).

Whereas the generator generating polynomial S(Y ; y) depends on Y or, more
precisely, M |Y only, the cloud polynomial S(M,Y ;x) depends on the embed-
ding of Y in M . In fact, it depends only on the minor M/Y :

Proposition 4.7. Let M be a matroid without loops on the set E and Y an
essential flat of M . Then ∅ is an essential flat of the minor M/Y and there is
a bijection between the clouds:

ǫ−1
M ({Y })→ ǫ−1

M/Y ({∅}) : X 7→ X − Y.

In particular, S(M,Y ;x) = S(M/Y, ∅;x).

Proof. ∅ is an essential flat of M/Y if and only if no element a ∈ E − Y is
dependent, i. e. ρM (Y ∪ {a}) > ρM (Y ) for all a ∈ E − Y . This however is
clear, since Y is a flat. Clearly the map X 7→ X − Y maps flats (contained in
E) with respect to M containing Y to flats (contained in E − Y ) with respect
to M/Y , where ρM/Y (X − Y ) = ρM (X)− ρM (Y ). The claim follows.

To get a better understanding, we connect the result to the passage to the dual
matroid M∗. Denote the closure operator on Pot(E) with respect to M∗ by σ∗

and the essentiality operator on L(M∗) by ǫ∗.

Lemma 4.8. Let X ⊆ E and Y := ∁X = E − X. For a ∈ E the following
statements are equivalent:
1.) a ∈ σ(X)−X.
2.) a is a coloop of M∗|Y .

Proof. Clearly 1.) is equivalent to a being a loop of the minor M/X = M.Y .
Hence 1.) holds iff a is a coloop of (M.Y )∗, which by Theorem 4.3.2 of [Wel 76]
is isomorpic to M∗|Y .

If X is an essential flat of M , we need to distinguish between ǫ−1({X}) and
ǫ↑(X) := {Z ⊆ E|X ⊆ Z,Z −X consists of coloops of M |Z}.
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Theorem 4.9. Let M be a matroid on E without loops and coloops. Let ∁ :
Pot(E)→ Pot(E) : X 7→ E −X.
1.) ∁ induces a bijection (Galois-correspondence) between ǫ(L(M)), the set of
essential flats of E with respect to M , and ǫ∗(L(M∗)), the set of essential flats
of E with respect to M∗.
2.) For an essential flat X in E with respect to M , the bijection ∁ induces a
bijection between σ−1({X}) and ǫ∗↑(E−X) and a bijection between ǫ↑(X) and
σ∗−1({E −X}).
3.) For an essential flat X in E with respect to M one has ǫ−1({X}) ⊆ ǫ↑(X),
indeed ǫ−1({X}) consists of all the flats in ǫ↑(X).

Proof. 1.) Let X ⊆ E. Then X is a flat with respect to M , if and only if
M∗|(E − X) has no coloops by Lemma 4.8. If X ⊆ E is an M -flat, then X
is an essemtial M -flat, if and only if M |X has no coloops. So X ⊆ E is an
essential flat ofM , iffM∗|(E−X) has no coloops andM |X has no coloops. By
applying the same argument in reverse, with the roles ofM |X andM∗|(E−X)
interchanged, this is again equivalent to E −X being an essential M∗-flat.
2.) Immediately from Lemma 4.8. 3.) Clear by definition.

Here are some examples and characterizations of essential flats. The proofs are
straightforward.

Remark 4.10. Let M be a matroid on the set E without loops and coloops.
1.) ∅ and E are essential flats.
2.) If a hyperplanes (of codimension 1) is an essential flat, its cloud polynomial
is x.
3.) If S(M,x, y) =

∑ρ(E)
i=0 xigi(y) and deg gi(y) > deg gi+1(y) for one i, then

M has αi essential flats of dimension ρ(E)− i consisting of deg gi(y) elements,
where αi is the leading coefficient of gi(y).
4.) If X ⊆ E is an essential flat and M |X = M |A ⊕M |B with X = A ⊎ B,
then A,B are essential flats.
5.) If S is a set of circuits of M , then σ(

⋃
X∈S X) is an essential flat of M .

Every essential flat is of this form for a suitable set S of circuits.
6.) The minimal number |S| of circuits such that E = σ(

⋃
X∈SX) may be called

the covering number of M . It measures certain aspects of the complexity of
M . For instance the uniform matroid of rank k on n elements has the covering
number 1.

The rank generating polynomial can of course be computed from the informa-
tion about the essential flats 6= E using the above results, however, we can also
get information about the lattice of flats from the rank generating polynomial.

Remark 4.11. For a polynomial p(x, y) =
∑
i,j ai,jx

iyj ∈ Z[x, y] with non
negative coefficients ai,j, call the exponent (i, j) extreme if ai,j > 0, ai+k,j =
0, ai,j+k = 0 for all k ≥ 1. Starting with the rank generating polynomial
p(x, y) =

∑
i,j ai,jx

iyj of M and an extreme exponent (i, j) one knows of the
existence of ai,j essential flats. Subtract the contribution of these essential flats
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from p(x, y) and proceed in the same way with the difference polynomials to get
the next set of essential flats.

Example 4.12. The Golay-code C of length 24 and dimension 12 over F2

gives rise to a selfdual matroid with rank generating polynomial p24,12(x, y) −
δ(C;x, y), where δ(C;x, y) is given by

(1− xy)(r(y) + 644(55xy+ 2039) + r(x))

with
r(t) := 759t4 + 12144t3 + 91080t2 + 425040t

The automorphism group is known to be the Mathieu-group M24 of order
|M24| = 21033 · 5 · 7 · 11 · 23 and by means of GAP, cf. [GAP] some relevant
orbits of M24 in Pot(24) can easily be computed towards the following results.
The essential flats fall into 6 orbits: The empty set, the circuits of length 8,
certain 10-dimensional flats of covering number 2, circuits of length 12, the
complements of the 8-circuits (the dual of which are isomorphic to the matroid
of affine 4-space over F2), and finally the full set. Here is the rank generating
polynomial split up into the corresponing sum of 6 summands, each of which
is a product of the length of the orbit, the cloud polynomial (in x), and the
generator generating polynomial (in y):

1 · (∑6
i=0

(
24
i

)
x12−i + |M24| · ( 1

720x
5 + 1

384x
4 + 1

432x
3 + 1

1440x
2)) · 1+

759 · (x5 + 16x4 + 120x3) · (y + 8)+
35420 · x2 · (y2 + 12y + 48)+

2576 · x · (y + 12)+
759 · x · (y5 + 16y4 + 120y3 + 560y2 + 1680y + 2688)+

1 · 1 · (∑7
i=0

(
24
i

)
y12−i + |M24|( 121

40320y
4 + 1

189y
3 + 11

1440y
2 + 67

7920y +
1

176 ))

Because of the presence of the 12-circuits one easily sees that the covering
number of the full matroid is 2. We list some additional information about the
orbits of M24 on the set of 12-subsets of {1, 2, . . . , 24} as an interpretation of
the coefficients of (xy)i in the rank generating polynomial above: Two orbits
of bases of lengths 1020096 and 370944, one orbit of 12-circuits of length 2576
(stabilizers isomorphic to M12), and one further orbit of length 1275120 =
759·1680, of which each element has one linear relation and has the complement
of an octave as its closure. Finally, there is one orbit of essential flats with two
relations of length 35420. Of course, the above way to write the rank generating
polynomial encodes much more information than the polynomial itself.

We finish this chapter with an example of a non selfdual matroid of rank 8
on 15 points. Its combinatorial structure is sufficiently clear so that its rank
generating polynomial as a sum of the products of its cloud and generator
generating polynomials can in principle be computed by hand using the results
of this chapter. One way to describe it is as the dual of the matroid of the
columns of p15(A15), where p15(t) is the 15-cyclotomic polynomial and A15
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is the permutation matrix of a 15-circuit or, if one prefers it, the companion
matrix of t15− 1. So the example can be considered as a cyclic code over Q. In
the actual formulation of the example, a different description is given, which
results in a permutation of the ground set, but gives a clearer picture of the
structure.

Example 4.13. Let Zk ∈ Q(k−1)×k the matrix whose first k − 1 columns form
the unit matrix and whose last column has all entries equal to −1. Note, the
matroid of the columns of Zk is a k-circuit. Choose A ∈ Q8×15 to be the
Kronecker product A := Z5⊗Z3. The associated matroid M is of rank 8 on
E := 15. Its structure is governed by the (essential) circuits given by the sets
of entries in one of the rows or colums of the matrix

κ :=




1 4 7 10 13
2 5 8 11 14
3 6 9 12 15




The automorphism group of M is the direct product S3×S5 whose action on E
is induced by the action of S3 on the rows and of S5 on the columns of κ. The
closure operator σ takes a subset X ⊆ E and obtains σ(X) as the union of X, of
the column sets of κ whose intersection with X has two elements, and of the row
sets of κ whose intersection with X has four elements. The essentiality operator
ǫ takes a flat X ⊆ E and removes all elements from X for which neither its full
row nor its full column is contained in X. In particular, the essential flats are
unions of complete rows (0, 1, or 3) and complete columns (0,1,2,3, or 5). The
notation for the S3 × S5-orbits is forced upon one: irjc meaning i ∈ Z≥0 rows
and j ∈ Z≥0 columns. With this information it is not so difficult to compute
the generator generating polynomials and the cloud polynomials except maybe
the cloud polynomial for 0r0c and the generator generating polynomial for 3r5c.
However, these con be easily obtained from Remark 4.1, once everything else is
computed. Here is the result: The first factor in each summand is the length of
the S3×S5-orbit, followed by the cloud polynomial, and finally by the generator
generating polynomial. On the right the symbol for the orbit of the essential
flat is given.

1 · 1 · (y4 + 6y3 + 24y2 + 50y + 75)(3 + y)3+ 3r5c
30 · x · (y2 + 5y + 12)(3 + y)2+ 1r3c
30 · x2 · (y2 + 6y + 13)(3 + y)+ 1r2c

10 · x2 · (3 + y)3+ 0r3c
15 · x3 · (14 + 7y + y2)+ 1r1c

10 · (x4 + 9x3 + 18x2 + 6x) · (3 + y)2+ 0r2c
3 · x4 · (5 + y)+ 1r0c

5 · (x6 + 12x5 + 54x4 + 96x3 + 54x2) · (3 + y)+ 0r1c
1 · (x8 + 15x7 + 90x6 + 270x5 + 390x4 + 210x3) · 1 0r0c

.

For completeness we add the corresponding information for the dual matroid.
The notation for the S3× S5-orbits is kept, though one has to take the comple-
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ments of the sets above.

1 · 1 · (y8 + 15y7 + 105y6 + 450y5 + 1305y4 + 2670y3 + 3870y2

+ 3780y+ 2025)+ 0r0c
5 · x · (y6 + 12y5 + 66y4 + 216y3 + 456y2 + 612y+ 432)+ 0r1c

3 · x · (y4 + 10y3 + 40y2 + 80y + 80)+ 1r0c
10 · x2 · (y4 + 9y3 + 36y2 + 78y + 81)+ 0r2c
15 · (x2 + x) · (y + 4)(y2 + 4y + 8)+ 1r1c

10 · x3 · (12 + 6y + y2)+ 0r3c
30 · (x3 + 2x2 + x) · (12 + 6y + y2)+ 1r2c
30 · (x4 + 3x3 + 3x2 + x) · (4 + y)+ 1r3c

1 · (x7 + 15x6 + 105x5 + 335x4 + 495x3 + 303x2 + 15x) · 1 3r5c

5 Vector matroids of rank 3

Call a vector matroid simple [Wel 76] if it has no circuits of length 1 or 2.
Any matroid can easily be reduced to such a one, and conversely all the other
matroids can easily be constructed from the simple matroids once their au-
tomorphism groups are known. Moreover, the matrix counters change by an
easily computed power of u − 1. In this section we compute the matrix coun-
ters for the simple matroids of rank three on n ≤ 7 points. The first aim is to
introduce a symbol for each simple matroid of rank 3, cf. [Wel 76] Section 1.11.
Our formalization of the graphical notation there has the advantage that per-
mutations of the underlying set E can be easily dealt with, i. e. automorphism
groups can almost be read off. The rank three matroids are best understood
via their nontrivial hyperplanes.

Definition 5.1. Let M be a matroid of rank 3 with underlying set E.
1.) A hyperplane of M of more than 2 elements is called nontrivial.
2.) For i ∈ E let Hy(i) denote the set of all nontrivial hyperplanes containing
i.
3.) i ∈ E is called conglomerator, if Hy(i) contains more than one element.
4.) The set of all conglomerators of M is denoted by Congl(M).
5.) i ∈ E is called lazy if it is not contained in any nontrivial hyperplane.

Example 5.2. Let M be a simple matroid of rank 3.
Let |E| = 4, then M has no conglomerators. It either consists only of lazy
elements, or has exactly one nontrivial hyperplane, which then necessarily
contains 3 elements. So either all elements are lazy or exactly one is lazy.
Let |E| = 5, then M has at most one conglomerator. In this case there are no
lazy elements and one has two nontrivials hyperplanes of length 3 having the
conglomerator in common.

Definition 5.3. Let M be a simple matroid of rank 3 on a set E. The symbol
[M ] of M is an element of the free abelian group Z[Pot(E)×{3, 4, . . . |E| − 1}]
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with Z-basis Pot(E) × {3, 4, . . . |E| − 1}, where for brevity the basis elements
are written as Xa rather than (X, a) for X ⊆ E, a ∈ {3, 4, . . . |E| − 1}. The
symbol [M ] is then defined as follows:

[M ] :=
∑

H

(H ∩Congl(M))|H|,

where the sum is taken over all nontrivial hyperplanes H. If E or the number of
elements of E are not clear from the context, we write [M ]E or [M ]|E| instead
of [M ].

Note that M can be recovered from [M ] up to the names of the elements not
contained in Congl(M).

Example 5.4. Let M be a simple matroid of rank 3 and E := n.
Let |E| = 4, then [M ] is either 0 for the uniform matroid or ∅3 for any rank 3
matroid on E with exactly one (unspecified) nontrivial hyperplane, which then
consists of 3 elements.
Let |E| = 5, then [M ] is either 0, ∅3,∅4, or 2{i}3 for some i ∈ E.
Note, the matroid on 5 elements with symbol (∅3)5 is obtained from the one
with symbol (∅3)4 on four elements by adding one lazy element.

It is clear that the symbol determines the matroid up to isomorphism. To list
all rank 3 simple matroids on n elements up to isomorphism by their symbols,
we may (and will) restrict to the symbols of matroids M with Congl(M) = a
for some a ≤ n. It remains to deal with the problem of isomorphism for these
symbols.

Example 5.5. Let n := 6. Then one has exactly 9 isomorphism classes of
simple matroids. They are represented by the symbols

0, ∅3, ∅4, 2{1}3

obtained from matroids on less than 6 elements by adding lazy elements, further
the ones with |Congl(M)| ≤ 3:

∅5, 2∅3, {1}3 + {1}4, {1, 2}3 + {1, 3}3 + {2, 3}3,

and one with |Congl(M)| = 6:

{1, 3, 4}3 + {1, 5, 6}3 + {2, 3, 6}3 + {2, 4, 5}3.

It is clear that the symbols satisfy certain obvious conditions, which we list.

Remark 5.6. Let α ∈ Z[Pot(n) × {3, 4, . . . , n − 1}] be a symbol of a rank 3
matroid. Then
1.) If Sa occurs in α, then |S| ≤ a.
2.) If Sa 6= Tb both occur in α, then |S ∩ T | ≤ 1. Also the coefficient of Sa can
be at most 1 unless |S| = 1.
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3.) Let Congl(α) denote the union of the sets in the first component of the
terms of α. Then for each i ∈ Congl(α) there occur at least two Sa, Tb in α
with i ∈ S and i ∈ T .
4.) The smallest cardinality |E| for the ground set of a matroid with symbol α
is

|Congl(α)| +
∑

Sa

(a− |S|)

where the sum is taken over all terms Sa (with multiplicities) occuring in α.
5.) The rank generating polynomial can be read off from the symbol α, more
precisely from the indices of the summands of the symbol:

pn,3(x, y)− δα(x, y) with δα(x, y) = (1− xy)
n∑

l=0

yl
∑

H∈H

( |H |
3 + l

)

where H is the set of all nontrivial hyperplanes.

Existence of vector matroids cannot a priori be read off from the symbol, but
usually has to be computed explicitly. Our main interest is to find the matrix
counters in the cases where it is possible, including the relevant information
on the fields. The following tables were computed as follows: For a given
rank 3 matroid, a basis and a rigidity frame, cf. proof of Proposition 3.7, is
fixed. This gives an ansatz for the matrix with a unit matrix and a matrix
of indeterminates as complemetary submatrices. By the choice of the rigidity
frame, certain indeterminates are substituted by 1. Each 3 × 3-minor results
in an equation or inequation, depending on whether we have dependence or a
basis in the matroid. This system is put into the AlgebraicThomas-program,
cf. [BLH 13]. For many cases a suitable order of the variables yields a faithful
counting polynomial, i. e. an orbit counter right away, including information
on the characteristics. If not all systems split, one might try a different order
of variables. If the system is too big, we use the inclusion-exclusion principle
to generate systems of equations only, which often can be used to obtain a
faithful counting polynomial of a polynomially countable set. The question of
enumerability usually remains open in these cases.

Example 5.7. For |E| = n = 6, Table 1 lists the orbit counters of the simple
matroids of rank 3 up to Sn-action sorted according to the degrees of the matrix
counters. These matroids are all indecomposable except for ∅5, which has two
compontents and the orbit counter has to be multiplied by (u − 1)4 instead of
(u − 1)5 to obtain the reduced matrix counter rB(u). Note also that 2∅3 and
2{1}3, which have the same rank generating polynomial, are distinguished by
their matrix counter. In the uniform case 0, the system ST (a,B), cf. Corol-
lary 3.8, is polynomially countable, where all characteristics 6= 2 can be treated
simultaneously, however the final faithful counting polynomial is the same for
all characteristics including 2. In all the other cases we have uniform enumer-
ability for ST (a,B), with the restriction that for ∅3 characteristic 2 has to be
treated separately, but again yields the same orbit counter. We note that for
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symbol cf. 5.3 oB(u) (orbit counter cf. 3.7) |S6-orbit|
0 (u− 2)(u− 3)(u2 − 9u+ 21) 1
∅3 (u− 2)(u− 3)(u− 4) 20
2∅3 (u− 2)2 10
2{1}3 (u− 2)(u− 3) 90
∅4 (u− 2)(u− 3) 15
{1}3 + {1}4 (u− 2) 60
{1, 2}3 + {1, 3}3 + {2, 3}3 (u− 2) 120
∅5 (u− 2)(u− 3) 6
{1, 2, 4}3 + {1, 3, 5}3+

{2, 3, 6}3 + {4, 5, 6}3 1 30

Table 1: Orbit counters for simple rank 3-matroids on 6 points, cf. Example
5.7

the uniform matroid 0 the above mentioned inclusion-exclusion count has been
applied. However, in this particular case, it can be avoided by also computing
the contribution of the non simple matroids towards the counting polynomial
for all rank 3 matrices in K3×6, cf. Proposition 2.5. After division by gl(3, u),
this is the product of the 2nd, 4-th, 5-th, and 6-th cyclotomic polynomial

(u+ 1)(u2 + 1)(u4 + u3 + u2 + u+ 1)(u2 − u+ 1)

= 10(3u− 1)(3u2 − 3u+ 1)

+ (u2 + 2u− 5)(u3 + 3u2 − 10)(u− 1)4

+ 5(u+ 3)(13u2 − 14u+ 4)(u− 1)2

+ 3(5u− 3)(u3 + 4u2 + u− 11)(u− 1)3

where the i-th summand gives the contribution
∑

B rB(u) of the matrices whose
matroid B reduces to a simple matroid on 2 + i elements for i = 1, 2, 3, 4.
Finally, the factors of the orbit polynomials can usually be given interpretations.
For instance, in the case of the uniform matroid [0]6, the factors u − 2 and
u− 3 mean that there are no representations of the matroid over a field of 2 or
three elements. For bigger fields they can be interpreted as follows: Once three
columns of the matrix are chosen to form the unit matrix and, say one column
and one row of the remaining matrix is chosen to be equal to 1 in each position
as rigidity frame, cf. proof of Proposition 3.7, choose a fixed column C among
the two other columns. The first remaining position of C can be chosen to be
a 6= 1, 0 and the second remaining position of C can be chosen to be c 6= 0, 1, a.
Independently of these choices, the matrix can be completed in (u2 − 9u + 21)
ways.

The next example treats the simple rank 3 matroids on 7 points. By Propostion
3.12 this can be turned into (almost all of) the corresponding list of orbit
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counters of rank 4 matroids on 7 points. The orbit counters for 0 in Examples
5.7 and 5.8 have already been known by different methods, cf. [Sko 96] last
section and the references there. Also the more complicated cases of rank 3
matroids on 8 and 9 points are described there, cf. also [ISS 95]. For a more
geometric approach to these problems, cf. [Sko 92] and [RoS 96].

Example 5.8. For |E| = n = 7 the matroids of rank 3 are all polynomially
countable. Table 2 lists the orbit counters of the simple matroids of rank 3
up to Sn-action sorted according to the degrees of the matrix counters. These
matroids are all indecomposable except of ∅6, which has two compontents and
the orbit counter has to be multiplied by (u − 1)5 instead of (u − 1)6 to obtain
the reduced matrix counter rB(u). In this case of 7 points for E, one often gets
different orbit counters for characteristic 2. Remarkably the orbit counters of
the same matroid (of rank 3 on 7 points) for characteristic 2 and characteristic
6= 2 differ only by a number. Therefore in Table 2 the δ2 is 1 if the characteristic
of the field is 2, otherwise it is zero. Usually, an orbit counter in characteristic
2 factors similarly to the corresponding one for the other characteristics, e. g.
for ∅3 we have

6 ·δ2+(u−5)(u−3)(u3−13u2+54u−66) = (u−4)(u−2)(u3−15u2+75u−123)

Since the matroids of rank 3 on less than 7 elements are all polynomially count-
able with polynomials independent of the characteristic of the field, the contri-
bution of the non simple matroids to the counting polynomial of 3× 7-matrices
is also independent of the characteristic, and therefore also the contribution of
all simple matroids (listed in Table 2) together, since the counting polynomial
for all 3 × 7-matrices of rank 3 is independent of the characteristic, cf. Prop-
sition 2.5. This amounts to saying that the differences of the general reduced
matrix counters to the characteristic 2 ones multiplied by the orbit lengths in
the last column of the table should add up to zero, because the multiplicities of
the factor u − 1 are the same in all relevant cases. But in fact, these product
do not only add up to zero, but (for us unexpectedly) cancel in pairs (zeroes
omitted):

[30,−210, 630,−840,−210, 210, 840,−630, 210,−30]

Concerning the individual orbit counters, the ones for 0, ∅3, 2∅3, 2{1}3 were
obtained via inclusion-exclusion, in all other bases directly so that at least the
transversal there is uniformly enumerable. In the case of the uniform matroid
0, even for the inclusion-exclusion approach to work, one had to change the
order of the coordinates for some of the simple systems, i. e. the investigated
systems were probably not uniformly enumerable, but only enumerable, resulting
in polynomially countable systems for the final result. Note, the last matroid
corresponds to the projective plane over F2.

It is known, cf. [Wel 76] pg. 306, that there are 68 simple rank 3 matroids on
8 points, all listed in the supplement of [BCH 73]. Instead of going through
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symbol cf. 5.3 oB(u) (orbit counter cf. 3.7) |S7-orbit|
0 −30 · δ2 + (u − 3)(u− 5)·

(u4 − 20u3 + 148u2 − 468u+ 498) 1
∅3 6 · δ2 + (u − 5)(u− 3)·

(u3 − 13u2 + 54u− 66) 35
2∅3 (u− 5)(u − 2)(u− 3)(u− 4) 70
213 −2 · δ2 + (u− 3)(u3 − 12u2 + 46u− 54) 315
∅4 (u− 5)(u − 2)(u− 3)(u− 4) 35
13 + 14 (u− 2)(u − 3)(u− 4) 420
123 + 133 + 233 δ2 + (u− 3)(u2 − 7u+ 11) 840
∅5 (u− 2)(u − 3)(u− 4) 21
313 2 · δ2 + (u − 3)2(u− 4), 105
∅3 + ∅4 (u− 3)(u − 2)2 35
13 + 23 + 123 (u− 4)(u − 3)(u− 2) 630
1243 + 1353+

2363 + 4563 −δ2 + (u − 3)2 210
13 + 15 (u− 2)(u − 3) 105
123 + 133 + 234 (u− 3)(u − 2) 1260
14 + 14 (u− 2)2 70
∅6 (u− 2)(u − 3)(u− 4) 7
123 + 133+

143 + 2343 −δ2 + (u − 3)2 840
233 + 453+

1243 + 1353 (u− 3)(u − 2) 1260
1244 + 1363+

2563 + 3453 (u− 2)(u − 3) 840
123 + 1353 + 1463+

2343 + 2563 δ2 + (u− 3) 630
1243 + 1353 + 1673+

2363 + 4573 (u− 2) 420
1263 + 1353 + 1473+
2373 + 2453 + 3463 −δ2 + 1 210

1263 + 1353 + 1473+
2373 + 2453 + 3463+
5673 δ2 30

Table 2: Orbit counters for simple rank 3-matroids on 7 points, cf. Example
5.8, where {i, j, k} in the symbol is abbreviated as ijk.
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all possibilities, we only give two examples demonstrating phenomena not yet
occurring in the case of |E| = 7 points.

Example 5.9. Let |E| = 8, i. e. we consider some examples of rank 3 matroids
on 8 points.
1.) The matroid B := {1, 2}3+ {1, 4}3+ {2, 3}3+ {3, 4}3 gives rise to a system
ST ({1, 2, 3}, B) for a suitable rigidity frame T , cf. proof of Proposition 3.7,
saying that all the 3× 3-minors of the matrix




1 0 0 1 1 1 0 1

0 1 0 1 x2,2 x2,3 1 1

0 0 1 1 0 x2,3 x3,4 x3,5




which do not vanish identically in the four variables are not equal to zero. The
system is too big to be treated directly so that one has to use the inclusion-
exclusion count. In doing that it turns out that at characteristic 2 one has a
different behaviour, but otherwise all simple system coming up are split, except
for one, which is only quasisplit in the sense of [Ple 09b]:

x3,5 − x2,2 = 0, x2,3 − x2,2 = 0, x3,4 − x2,2 = 0, x22,2 − x2,2 + 1 = 0,

i. e. becomes split after a suitable finite field extension. The counting polyno-
mial for the whole system is

c(u) := u4 − 16u3 + 93u2 − 231u+ 208.

Now the interpretation is slightly more complicated: If the field in question
does not contain a primitive sixth root of unity, the number of solutions
(or rather the counting polynomial for these solutions) is c(u) − 2. If it
contains a primitive sixth root of unity and the characteristic is not (2 or)
3, then it is c(u) as it stands. If the characteristic is 3, then it is clearly
c(u)− 1 = (u− 3)(u3− 13u2+54u− 69), since x22,2−x2,2 +1 has a double root
then. Finally the case of characteristic 2 has to be treated separately in the
same manner. One obtains the counting polynomial c(u)− 4, which is correct
if the ground field contains a primitive third root of unity and c(u)− 6 if not.
Of course more complicated systems which cannot be decomposed into quasisplit
systems sooner or later come in abundance.

2.) The matroid 2{1}3+{1}4 has the orbit counter oB(u) = (u−5)(u−3)(u−4)2
in every characteristic 6= 2 and in characteristi 2 it has (u − 2)(u − 4)(u2 −
10u + 27) as orbit counter, both obtainable via the inclusion exclusion count.
The difference of the two is −6u+24, which is no longer a constant like in the
matroids on 7 points.

3.) Here is a list of isomorphism classes of the rigid rank 3 matroids on 8
points:
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a) {1, 2, 4}3+{1, 3, 7}4+{1, 5, 6}3+{2, 3, 5}3+{2, 6, 7}3+{3, 4, 6}3+{4, 5, 7}3
in characteristic 2 (length of orbit under S8 is 1680).
b) {1, 2, 4}3+{1, 5, 6}3+{2, 3, 5}3+{2, 6, 7}3+{3, 4, 6}3+{4, 5, 8}3+{1, 3, 7, 8}4
in any characteristic (length of orbit under S8 is 5040).
c) {1, 2, 4}3+{1, 3, 7}3+{1, 6, 8}3+{2, 3, 8}3+{2, 5, 6}3+{3, 4, 5}3+{4, 6, 7}3+
{5, 7, 8}3 in characteristic 3.
The last matroid is not rigid in in characteristics 6= 3: In characteristic 2 one
has no solutions and in characteristics 6= 2, 3 one has 2 or 0 solutions, depend-
ing on whether x2−x+1 does or does not split over the ground field, similarly
to part 1) of this example. One is tempted to call this situation Galois-rigid,
since the Galois group acts transitively on the solutions. (Length of orbit
under S8 is 840.)
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Abstract. Let G be a finitely generated group and G = G0 ⊇
G1 ⊇ G2 ⊇ · · · a descending chain of finite index normal subgroups

of G. Given a fieldK, we consider the sequence b1(Gi;K)
[G:Gi]

of normalized

first Betti numbers of Gi with coefficients in K, which we call a K-

approximation for b
(2)
1 (G), the first L2-Betti number of G. In this

paper we address the questions of when Q-approximation and Fp-
approximation have a limit, when these limits coincide, when they
are independent of the sequence (Gi) and how they are related to

b
(2)
1 (G). In particular, we prove the inequality limi→∞

b1(Gi;Fp)
[G:Gi]

≥
b
(2)
1 (G) under the assumptions that ∩Gi = {1} and each G/Gi is a
finite p-group.

2010 Mathematics Subject Classification: Primary: 20F65; Sec-
ondary: 46Lxx
Keywords and Phrases: First L2-Betti number, approximation in
prime characteristic

1. Introduction

1.1. Q-approximation for the first L2-Betti number. Let G be a
finitely generated group. Given a field K, we let b1(G;K) = dimK(H1(G;K))
be the first Betti number of G with coefficients in K and b1(G) = b1(G;Q)

where Q denotes the field of rational numbers. Denote by b
(2)
1 (G) the first L2-

Betti number of G. Assuming that G is finitely presented and residually finite,

by Lück Approximation Theorem (see [13]), b
(2)
1 (G) can be approximated by

normalized rational first Betti numbers of finite index subgroups of G:

1The first author is supported in part by the NSF grant DMS-0901703 and the Sloan
Research Fellowship grant BR 2011-105. This paper is financially supported by the Leibniz-
Preis of the second author. We are grateful to Andrei Jaikin-Zapirain for this observation.
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Theorem 1.1 (Lück approximation theorem). Let G be a finitely presented
residually finite group and G = G0 ⊇ G1 ⊇ . . . a descending chain of finite
index normal subgroups of G, with ∩i∈NGi = {1}. Then

(1.2) b
(2)
1 (G) = lim

i→∞
b1(Gi)

[G : Gi]
.

In the sequel we will occasionally refer to a descending chain (Gi) of finite
index normal subgroups of G as a finite index normal chain in G and to the

associated sequence
(
b1(Gi)
[G:Gi]

)
i
as Q-approximation.

If we drop the assumption that G is finitely presented, but still require that

∩i∈NGi = {1}, one still has inequality b
(2)
1 (G) ≥ lim supi→∞

b1(Gi)
[G:Gi]

by [16,

Theorem 1.1], but equality need not hold [16, Theorem 1.2]. The latter is proved

in [16] by constructing an example where b
(2)
1 (G) > 0, but lim supi→∞

b1(Gi)
[G:Gi]

=

0 for any chain (Gi) as above. In Section 5 we will describe a variation of this

construction showing that the Q-approximation
(
b1(Gi)
[G:Gi]

)
i
may not even have

a limit:

Theorem 1.3. There exists a finitely generated residually finite group G and a
descending chain (Gi)i∈N of finite index normal subgroups of G, with ∩i∈NGi =

{1}, such that limi→∞
b1(Gi)
[G:Gi]

does not exist.

Another sequence we shall be interested in is Fp-approximation, that

is,
(
b1(Gi;Fp)
[G:Gi]

)
i
, where Fp is the finite field of prime order p. This sequence is

particularly important under the additional assumption that (Gi) is a p-chain,
that is, each Gi has p-power index (equivalently, G/Gi is a finite p-group). In

this case,
(
b1(Gi;Fp)
[G:Gi]

)
i
is monotone decreasing and therefore has a limit, often

called p-gradient or mod p homology gradient (see, e.g., [11]).
Since obviously b1(H) ≤ b1(H ;Fp) for any group H , one always has inequality

(1.4) lim sup
i→∞

b1(Gi)

[G : Gi]
≤ lim sup

i→∞

b1(Gi;Fp)
[G : Gi]

,

and it is natural to ask for sufficient conditions under which equality holds. Of
particular interest is the case when G is finitely presented and ∩i∈NGi = {1}
when Q-approximation does have a limit by Theorem 1.1.

Question 1.5 (Q-approximation and Fp-approximation). For which finitely
presented groups G and finite index normal chains (Gi) with ∩i∈NGi = {1} do
we have equality

lim
i→∞

b1(Gi)

[G : Gi]
= lim

i→∞
b1(Gi;Fp)
[G : Gi]

?

If G is not finitely presented, the above equality need not hold even if we
require that (Gi) is a p-chain. Indeed, as proved in [18] and independently in

[20], there exists a p-torsion residually-p group G with limi→∞
b1(Gi;Fp)
[G:Gi]

> 0
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for any p-chain (Gi) in G (and since G is residually-p, we can choose a p-
chain with ∩Gi = {1}). Since b1(H) = 0 for any torsion group H , we have

limi→∞
b1(Gi)
[G:Gi]

= 0 for such group G.

In Section 4 we give an example showing that the answer to Question 1.5 would
also become negative if we drop the assumption ∩i∈NGi = {1}, even if G is
finitely presented and (Gi) is a p-chain which has infinitely many distinct terms.

1.2. Comparing Fp-approximation and first L2-Betti number. Since
both Fp-approximation and the first L2-Betti number provide upper bounds
for Q-approximation, it is natural to ask how the former two quantities are
related to each other. We address this question in the case of p-chains.

Theorem 1.6. Let p be a prime number. Let G be a finitely generated group
and G = G0 ⊇ G1 ⊇ G2 ⊇ · · · a descending chain of normal subgroups of G of
p-power index. Then

(1) The sequence
(
b1(Gi;Fp)
[G:Gi]

)
i
is monotone decreasing and therefore con-

verges;
(2) Assume that

⋂
i∈NGi = {1}. Then

b
(2)
1

(
G) ≤ lim

i→∞
b1(Gi;Fp)
[G : Gi]

.

We note that for finitely presented groups Theorem 1.6(2) is a straightforward
consequence of Theorem 1.1.
We provide two different proofs of Theorem 1.6. First, Theorem 1.6 is a special
case of Theorem 2.2, which will be proved in Section 2. An alternative proof
of Theorem 1.6 given in Section 3 will be based on Theorem 3.1. The latter
may be of independent interest and has another important corollary, which
can be considered as an extension of Theorem 1.1 to groups which are finitely
presented, but not necessarily residually finite. Here is a slightly simplified
version of Theorem 3.1.

Theorem 1.7. Let G be a finitely presented group, and let K be the kernel of
the canonical map from G to its profinite completion or pro-p completion for
some prime p. Let (Gi) be a descending chain of finite index normal subgroups
of G such that ∩i∈NGi = K (note that such a chain always exists). Then

b
(2)
1 (G/K) = lim

i→∞
b1(Gi)

[G : Gi]
.

1.3. Connection with rank gradient. LetG be a finitely generated group.
In the sequel we denote by d(G) the minimal number of generators, sometimes
also called the rank of G. Let (Gi)i∈N be a descending chain of finite index
normal subgroups of G. The rank gradient of G (with respect to (Gi)), denoted
by RG(G; (Gi)), is defined by

RG(G; (Gi)) = lim
i→∞

d(Gi)− 1

[G : Gi]
.(1.8)
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The above limit always exists since for any finite index subgroup H of G one

has d(H)−1
[G:H] ≤ d(G) − 1 by the Schreier index formula.

Rank gradient was originally introduced by Lackenby [10] as a tool for studying
3-manifold groups, but is also interesting from a purely group-theoretic point
of view (see, e.g., [1, 2, 18, 20]).
Provided that G is infinite and

⋂
i∈NGi = {1}, the following inequalities are

known to hold:

(1.9) RG(G; (Gi)) ≥ cost(G)− 1 ≥ b(2)1 (G).

The first inequality was proved by Abért and Nikolov [2, Theorem 1], and the
second one is due to Gaboriau [8, Corollaire 3.16, 3.23] (see [7, 8, 9] for the
definition and some key results about cost).
It is not known if either inequality in (1.9) can be strict. In particular, the
following question is open.

Question 1.10. Let G be an infinite finitely generated residually finite group
and (Gi) a descending chain of finite index normal subgroups of G with
∩i∈NGi = {1}. Is it always true that

RG(G; (Gi)) = b
(2)
1 (G)?

Theorem 1.6 provides a potentially new approach for answering Question 1.10
in the negative, as explained below.
In view of the obvious inequality d(H) ≥ b1(H ;K) for any group H and any

field K, one always has RG(G; (Gi)) ≥ lim supi→∞
b1(Gi;K)
[G:Gi]

.

Question 1.11. For which infinite finitely generated groups G, finite index
normal chains (Gi)i∈N with

⋂
i∈NGi = {1} and fields K, do we have

(1.12) RG(G; (Gi)) = lim sup
i→∞

b1(Gi;K)

[G : Gi]
?

Remark 1.13. Since for a group H , the first Betti number b1(H ;K) depends
only on the characteristic of K, one can assume that K = Q or K = Fp for
some p. The same remark applies to Question 1.14 below.

Note that if K = Q, equality (1.12) does not hold in general – if it did, The-
orem 1.3 would have implied the existence of a group G and a finite index

normal chain (Gi) in G for which the sequence
(
d(Gi)−1
[G:Gi]

)
i
has no limit, which

is impossible since this sequence is monotone decreasing. If one can find a
group G for which (1.12) fails with K = Fp and (Gi) a p-chain, then in view
of Theorem 1.6 such group G would answer Question 1.10 in the negative.
The answer to Question 1.11 would become negative if we drop the assumption
∩Gi = {1} even if G is finitely presented and (Gi) is a p-chain (with infinitely
many distinct terms), as we will see in Section 4.
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1.4. Independence of the chain. So far we discussed the dependence of

the quantity lim supi→∞
b1(Gi;K)
[G:Gi]

on the field K, but perhaps an even more

important question is when it is independent of the chain. Again it is reasonable
to require that

⋂
i∈NGi = {1} since without this restriction the answer would

be negative already for very nice groups like F × Z, where F is a non-abelian

free group. Note that independence of lim supi→∞
b1(Gi;K)
[G:Gi]

of the chain (Gi)

as above automatically implies that limi→∞
b1(Gi;K)
[G:Gi]

must exist.

Question 1.14. For which finitely generated residually finite groups G and

fields K does the limit limi→∞
b1(Gi;K)
[G:Gi]

exist for all finite index normal chains

(Gi)i∈N with
⋂
i∈NGi = {1} and is independent of the choice of the chain (Gi)?

The answer to Question 1.14 is known to be positive if K = Q and either G is
finitely presented (by Theorem 1.1) or G is a limit of left orderable amenable
groups in the space of marked group presentations, in which case equality
(1.2) holds by [19, Corollary 1.5]. Question 1.14 remains open if G is finitely
presented and K = Fp. If G is arbitrary, the answer may be negative for any
K – this follows directly from Theorem 1.3 if K = Q and from its stronger
version Theorem 5.1 if K = Fp. In the latter case, however, it is natural to
impose the additional assumption that (Gi) is a p-chain, which does not hold
in our examples.
Essentially the only case when answer to Question 1.14 is known to be positive
for all fields is when G contains a normal infinite amenable subgroup (e.g., if
G itself is infinite amenable). In this case, RG(G; (Gi)) = 0 for all finite index
normal chains (Gi) with trivial intersection, as proved by Lackenby [10, Theo-
rem 1.2] when G is finitely presented and by Abért and Nikolov [2, Theorem 3]

in general. This, of course, implies that in such groups limi→∞
b1(Gi;K)
[G:Gi]

= 0

for any such chain (Gi) and hence the answer to Questions 1.11 and 1.14 is
positive.
Finally, we comment on the status of a more general version of Question 1.14:

Question 1.15. For which residually finite groups G, fields K, finite index
normal chains (Gi) with

⋂
i∈NGi = {1}, free G-CW -complexes X of finite

type and natural numbers n, does the limit limi→∞
bn(Gi\X;K))

[G:Gi]
exist and is

independent of the chain?

Again, if K has characteristic zero, the answer is always yes and the limit can

be identified with the n-th L2-Betti number b
(2)
n (X ;N (G)) (see [13] or [14,

Theorem 13.3 (2) on page 454], which is a generalization of Theorem 1.1). If
K has positive characteristic, the answer is yes if G is virtually torsion-free
elementary amenable, in which case the limit can be identified with the Ore
dimension of Hn(X ;K) (see [12, Theorem 5.3]); the answer is also yes for any
finitely generated amenable group G – this follows from [1, Theorem 17] or [12,
Theorem 2.1] – and the limit can be described using Elek dimension function
(see [5]). There are examples for G = Z of finite G-CW -complexes X where

Documenta Mathematica 19 (2014) 313–331



318 Mikhail Ershov, Wolfgang Lück

the limits limi→∞
bn(Gi\X;K))

[G:Gi]
are different for K = Q and K = Fp (but X is

not EG), see [12, Example 6.2].

1.5. Acknowledgments. The authors want to thank the American Insti-
tute of Mathematics for its hospitality during their stay at the Workshop “L2-
invariants and their relatives for finitely generated groups” organized by Miklós
Abért, Mark Sapir, and Dimitri Shlyakhtenko in September 2011, where some
of the ideas of this paper were developed. The authors are very grateful to
Denis Osin for proposing several improvements in Section 4 and other useful
discussions. The first author is very grateful to Andrei Jaikin-Zapirain for
many helpful discussions related to the subject of this paper, sending his un-
published work “On p-gradient of finitely presented groups” and suggesting a
stronger version of Theorem 3.1(2).

2. The first L2-Betti number and approximation in prime
characteristic

If G is a group and X a G-CW -complex, we denote by

b(2)n (X ;N (G)) = dimN (G)

(
Hn(N (G) ⊗ZG C∗(X))

)
(2.1)

its n-th L2-Betti number. Here C∗(X) is the cellular ZG-chain complex of X ,
N (G) is the group von Neumann algebra and dimN (G) is the dimension function
for (algebraic) N (G)-modules in the sense of [14, Theorem 6.7 on page 239].

Notice that b
(2)
1 (G) = b

(2)
1 (EG;N (G)).

The goal of this section is to prove the following theorem which generalizes
Theorem 1.6:

Theorem 2.2 (The first L2-Betti number and Fp-approximation). Let p be
a prime number. Let G be a finitely generated group and (Gi) a descending
chain of normal subgroups of p-power index in G. Let K =

⋂
i∈NGi. Then the

sequence
(
b1(Gi;Fp)
[G:Gi]

)
i
is monotone decreasing, the limit limi→∞

b1(Gi;Fp)
[G:Gi]

exists

and satisfies

b
(2)
1

(
K\EG;N (G/K)

)
≤ lim

i→∞
b1(Gi;Fp)
[G : Gi]

.

For its proof we will need the following lemma, which is proved in [3,
Lemma 4.1], although it was probably well known before.

Lemma 2.3. Let p be a prime and m,n positive integers. Let H be a finite
p-group. Consider an FpH-map α : FpHm → FpHn. Define the Fp-map

α = idFp ⊗FpHα : F
m
p = Fp ⊗FpH FpHm → Fnp = Fp ⊗FpH FpHn,

where we consider Fp as FpH-module by the trivial H-action. Then

dimFp(im(α)) ≥ |H | · dimFp(im(α)).

Notice that the assertion of Lemma 2.3 is not true if we do not require that H
is a p-group or if we replace Fp by a field of characteristic not equal to p.

Documenta Mathematica 19 (2014) 313–331



L2-Betti Number and Approximation . . . 319

Proof of Theorem 2.2. Since G is finitely generated, there is a CW -model for
BG with one 0-cell and a finite number, let us say s, of 1-cells. Let EG→ BG
be the universal covering. Put X = K\EG and Q = G/K. Then X is a free
Q-CW -complex with finite 1-skeleton. Its cellular ZQ-chain complex C∗(X)
looks like

· · · → C2(X) =

r⊕

j=1

ZQ c2−→ C1(X) =

s⊕

j=1

ZQ c1−→ C0(X) = ZQ

where r is a finite number or infinity.
For m = 0, 1, 2, . . . we define a ZQ-submodule of C2(X) by C2(X)|m =⊕max{m,r}

j=1 ZQ. Denote by c2|m : C2(X)|m → C1(X) the restriction of c2 to

C2(X)|m.
Consider a ZQ-map f : M → N . Denote by f (2) : M (2) → N (2) the N (Q)-
homomorphism idN (G)⊗ZQf : N (Q)⊗ZQM → N (Q)⊗ZQN . Put Qi = Gi/K.
Let f [i] : M [i] → N [i] be the Q-homomorphism idQ⊗f : Q ⊗Z[Qi] M →
Q ⊗Z[Qi] N . Denote by f [i, p] : M [i, p] → N [i, p] the Fp-homomorphism

idFp ⊗Z[Qi]f : Fp ⊗Z[Qi] M → Fp ⊗Z[Qi] N . If M =
⊕t

j=1 ZQ, then M (2) =⊕t
j=1N (Q), M [i] =

⊕t
j=1 Z[Q/Qi] and M [i, p] =

⊕t
j=1 Fp[Q/Qi].

Note that

b1(Qi\X ;Fp) = b1(Gi\EG;Fp) = b1(BGi;Fp) = b1(Gi;Fp).

Since all dimension functions are additive (see [14, Theorem 6.7 on page 239]),
we conclude

b
(2)
1

(
X ;N (Q)

)
= s− 1− dimN (Q)

(
im(c

(2)
2 )
)
;(2.4)

b1
(
Gi;Fp)

[Q : Qi]
= s− 1− dimFp

(
im(c2[i, p])

)

[Q : Qi]
;(2.5)

dimN (Q)

(
im(c2|(2)m )

)
= m− dimN (Q)

(
ker(c2|(2)m )

)
;(2.6)

dimQ

(
im(c2|m[i])

)

[Q : Qi]
= m− dimQ

(
ker(c2|m[i])

)

[Q : Qi]
;(2.7)

dimFp

(
im(c2|m[i, p])

)

[Q : Qi]
= m− dimFp

(
ker(c2|m[i, p])

)

[Q : Qi]
.(2.8)

There is an isomorphism of Fp-chain complexes Fp ⊗Fp[Qi+1\Qi] C∗(X)[(i +

1), p]
∼=−→ C∗(X)[i, p], where the Qi+1\Qi-operation on C∗(X)[i+1] comes from

the identification C∗(X)[i+1] = Fp⊗Fp[Qi+1]C∗(X) = Fp[Qi+1\Q]⊗FpQC∗(X).
This is compatible with the passage from C2(X) to C2(X)|m. Hence c2|m[i, p]
can be identified with idFp ⊗Fp[Qi+1\Qi]c2|m[(i+1), p]. Since Qi+1\Qi is a finite
p-group, Lemma 2.3 implies

dimFp

(
im(c2|m[(i + 1), p])

)
≥ [Qi : Qi+1] · dimFp

(
im(c2|m[i, p])

)
.

We conclude

dimFp

(
im(c2|m[(i + 1), p])

)

[Q : Qi+1]
≥ dimFp

(
im(c2|m[i, p])

)

[Q : Qi]
.(2.9)
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Since im(c
(2)
2 ) =

⋃
m im(c2|(2)m ) and im(c2[i, p]) =

⋃
m im(c2|m[i, p]) and the

dimension functions are compatible with directed unions (see [14, Theorem 6.7
on page 239]), we get

dimN (Q)

(
im(c

(2)
2 )
)

= lim
m→∞

dimN (Q)

(
im(c2|(2)m )

)
;(2.10)

dimFp

(
im(c2[i, p])

)
= lim

m→∞
dimFp

(
im(c2|m[i, p])

)
.(2.11)

We conclude from [14, Theorem 13.3 (2) on page 454 and Lemma 13.4 on
page 455]

lim
i→∞

dimQ

(
ker(c2|m[i])

)

[Q : Qi]
= dimN (Q)

(
ker(c2|(2)m )

)
.

This implies together with (2.6) and (2.7)

lim
i→∞

dimQ

(
im(c2|m[i])

)

[Q : Qi]
= dimN (Q)

(
im(c2|(2)m )

)
.(2.12)

Finally, it is easy to see that

dimQ

(
im(c2|m[i])

)
≥ dimFp

(
im(c2|m[i, p])

)
.(2.13)

Putting everything together, we can now prove both assertions of Theorem 2.2.

First, for a fixed m, the sequence

(
dimFp

(
im(c2|m[i,p])

)
[Q:Qi]

)

i

is monotone increasing

by (2.9), whence the sequence

(
dimFp

(
im(c2[i,p])

)
[Q:Qi]

)

i

is also monotone increasing

by (2.11) and therefore the sequence
(
b1(Gi;Fp)
[Q:Qi]

)
i
is monotone decreasing by

(2.5). This proves the first assertion of Theorem 2.2 since clearly [Q : Qi] =
[G : Gi].

Inequality (2.9) also implies that lim
i→∞

dimFp

(
im(c2|m[i,p])

)
[Q:Qi]

≥ dimFp

(
im(c2|m[j,p])

)
[Q:Qj ]

for any fixed j and m, and so
(2.14)

lim
m→∞

lim
i→∞

dimFp

(
im(c2|m[i, p])

)

[Q : Qi]
≥ sup

i≥0

{
lim
m→∞

dimFp

(
im(c2|m[i, p])

)

[Q : Qi]

}
.
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Therefore,

b
(2)
1 (X ;N (Q))

(2.4)
= s− 1− dimN (Q)

(
im(c

(2)
2 )
)

(2.10)
= s− 1− lim

m→∞
dimN (Q)

(
im(c2|(2)m )

)

(2.12)
= s− 1− lim

m→∞
lim
i→∞

dimQ

(
im(c2|m[i])

)

[Q : Qi]

(2.13)

≤ s− 1− lim
m→∞

lim
i→∞

dimFp

(
im(c2|m[i, p])

)

[Q : Qi]

(2.14)

≤ s− 1− sup
i≥0

{
lim
m→∞

dimFp

(
im(c2|m[i, p])

)

[Q : Qi]

}

(2.11)
= s− 1− sup

i≥0

{
dimFp

(
im(c2[i, p])

)

[Q : Qi]

}

= inf
i≥0

{
s− 1− dimFp

(
im(c2[i, p])

)

[Q : Qi]

}

(2.5)
= inf

i≥0

{
b1(Gi;Fp)
[Q : Qi]

}
.

This finishes the proof of Theorem 2.2. �

3. Alternative proof of Theorem 1.6

In this section we give an alternative proof of Theorem 1.6. Namely, Theo-
rem 1.6 is an easy consequence of the following result, which may be useful in
its own right.

Theorem 3.1. Let G be a finitely presented group, let (Gi) be a descending
chain of finite index normal subgroups of G, and let K =

⋂∞
i=1Gi.

(1) The following inequalities hold:

lim
i→∞

b1(Gi/K)

[G : Gi]
≤ b

(2)
1 (G/K) ≤ b

(2)
1

(
K\EG;N (G/K)

)
= lim

n→∞
b1(Gi)

[G : Gi]
.

(2) Let C be any class of finite groups which is closed under subgroups,
extensions (and isomorphisms) and contains at least one non-trivial
group (for instance, C could be the class of all finite groups or all finite
p-groups for a fixed prime p). Assume that K is the kernel of the
canonical map from G to its pro-C completion. Then

b
(2)
1 (G/K) = lim

i→∞
b1(Gi)

[G : Gi]
.
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If in addition all groups G/Gi are in C, then
(3.2)

lim
i→∞

b1(Gi/K)

[G : Gi]
= b

(2)
1 (G/K) = b

(2)
1

(
K\EG;N (G/K)

)
= lim

i→∞
b1(Gi)

[G : Gi]
.

Proof. (1) Since G is finitely presented, there is a G-CW -model for the clas-
sifying space BG whose 2-skeleton is finite. Let EG → BG be the universal
covering. Then EG is a free G-CW -complex with finite 2-skeleton. Put

Q = G/K;

Qi = Gi/K.

Then Q = Q0 ⊇ Q1 ⊇ · · · is a descending chain of finite index normal sub-
groups of Q with

⋂∞
i=0Qi = {1} and we have for i = 0, 1, 2, . . .

[G : Gi] = [Q : Qi].(3.3)

The quotient X = K\EG is a free Q-CW -complex whose 2-skeleton is finite.
Let X2 be the 2-skeleton of X . Since the first L2-Betti number and the first
Betti number depend only on the 2-skeleton, from [13, Theorem 0.1] applied
to the G-covering X2 → X2/G (we do not need X2 to be simply connected) or
directly from [14, Theorem 13.3 on page 454], we obtain

b
(2)
1 (X ;N (Q)) = lim

i→∞
b1(Qi\X)

[Q : Qi]
.(3.4)

Let f : X → EQ be the classifying map. Since EQ is simply connected, this
map is 1-connected. This implies by [14, Theorem 6.54 (1a) on page 265]

b
(2)
1 (X ;N (Q)) ≥ b

(2)
1 (EQ;N (Q)).(3.5)

The group Q is finitely generated (but not necessarily finitely presented), so by
[16, Theorem 1.1] we have

lim
i→∞

b1(Qi)

[Q : Qi]
≤ b

(2)
1 (Q).(3.6)

Notice that b
(2)
1 (Q) = b

(2)
1 (EQ;N (Q)) by definition and we obviously have

Qi\X = Gi\EG = BGi and hence b1(Qi\X) = b1(Gi). Combining
(3.3), (3.4), (3.5), and (3.6), we get

lim
i→∞

b1(Qi)

[Q : Qi]
≤ b(2)1 (Q) ≤ b(2)1 (X ;N (Q)) = lim

i→∞
b1(Qi\X)

[Q : Qi]
= lim

i→∞
b1(Gi)

[G : Gi]
.

This finishes the proof of assertion (1).

(2) First observe that since b
(2)
1

(
K\EG;N (G/K)

)
= lim

i→∞
b1(Gi)
[G:Gi]

by (1), the

limit lim
i→∞

b1(Gi)
[G:Gi]

is the same for all finite index normal chains (Gi) with

∩i∈NGi = K.By definition of K, there exists at least one such chain with
G/Gi ∈ C for all i (e.g., we can let (Gi) be a base of neighborhoods of 1 for the
pro-C topology on G), so it suffices to prove (3.2). Thus, from now on we will
assume that G/Gi ∈ C for i ∈ N.
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For a finitely generated group H we denote by H ′ the kernel of the composite
of canonical projections H → H1(H)→ H1(H)/ tors(H1(H)), so that H/H ′ is
a free abelian group of rank b1(H).
As in the proof of (1), we put Qi = Gi/K for i ∈ N. It is sufficient to prove
that that K ⊆ G′

i for i ∈ N. Indeed, this would imply that Qi/Q
′
i
∼= Gi/G

′
i,

whence b1(Qi) = b1(Gi) and therefore limi→∞
b1(Qi)
[G:Gi]

= limi→∞
b1(Gi)
[G:Gi]

, which

proves (2) in view of (1).

Fix i ∈ N and let H = Gi. Since C contains at least one non-trivial finite group
and is closed under subgroups, it contains a finite cyclic group, say of order

k. Since C is closed under extensions, it contains (Z/kmZ)b for all m, b ∈ N.
Setting b = b1(H), we get that H/H ′Hkm ∈ C for all m ∈ N, and since C
is closed under extensions, we obtain G/H ′Hkm ∈ C. By definition, K is
the intersection of all normal subgroups L of G with G/L ∈ C. Therefore,
K ⊆ ⋂

m∈N
H ′Hkm = H ′. �

Second proof of Theorem 1.6.
(1) This is a direct consequence of the following well-known fact: if H is a nor-
mal subgroup of p-power index in G, then b1(H ;Fp)−1 ≤ [G : H ](b1(G;Fp)−1)
(see, e.g., [11, Proposition 3.7]).

(2) Choose an epimorphism π : F → G, where F is a finitely generated free
group. Fix n ∈ N, let Fn = π−1(Gn) and H = [Fn, Fn]F

p
n . Then H is a finite

index subgroup of F , so we can choose a presentation (X,R) of G associated
with π such that R = R1 ⊔R2, where R1 is finite and R2 ⊆ H .

Consider the finitely presented group G̃ = 〈X | R1〉. We have natural epi-

morphisms φ : G̃ → G and ψ : F → G̃, with φψ = π. If we let G̃i = φ−1(Gi)

and K̃ =
⋂∞
i=1 G̃i, then G̃/K̃ ∼= G. Thus, applying Theorem 3.1 (1) to the

group G̃ and its subgroups (G̃i), we get b
(2)
1 (G) ≤ limi→∞

b1(G̃i)

[G̃:G̃i]
. Clearly,

limi→∞
b1(G̃i)

[G̃:G̃i]
≤ limi→∞

b1(G̃i;Fp)

[G̃:G̃i]
, and by assertion (1),

lim
i→∞

b1(G̃i;Fp)
[G̃ : G̃i]

≤ b1(G̃n;Fp)
[G̃ : G̃n]

=
b1(G̃n;Fp)
[G : Gn]

.

Since G ∼= G̃/〈〈ψ(R2)〉〉 and by construction ψ(R2) ⊆ ψ(H) = [G̃n, G̃n]G̃
p
n,

we have kerφ ⊆ [G̃n, G̃n]G̃
p
n, and therefore b1(G̃n;Fp) = b1(φ(G̃n);Fp) =

b1(Gn;Fp).
Combining these inequalities, we get b

(2)
1 (G) ≤ b1(Gn;Fp)

[G:Gn]
. Since n is arbitrary,

the proof is complete. �

4. A counterexample with non-trivial intersection

In this section we show that the answer to Questions 1.5 and 1.11 could be
negative for a finitely presented groupG and a strictly descending chain (Gi)i∈N
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of normal subgroups of p-power index if the intersection ∩i∈NGi is non-trivial
(see inequalities (4.2) below).
We start with a finitely generated groupH (which will be specified later) and let
G = H ∗Z. Choose a strictly increasing sequence of positive integers n1, n2, . . .
with ni | ni+1 for each i, and let Gi ⊆ G be the preimage of ni · Z under
the natural projection pr : G = Z ∗ H → Z. Then (Gi)i∈N is a descending
chain of normal subgroups of G with

⋂
i≥1Gi = ker(pr). Let BGi → BG be

the covering of BG associated to Gi ⊆ G. Then BGi is homeomorphic to

S1 ∨
(∨ni

j=1 BH
)
. We have

Gi ∼= π1(BGi) ∼= π1


S1 ∨




ni∨

j=1

BH




 ∼= Z ∗ (∗nij=1H).

Since for any groupsA and B we have A∗B/[A∗B,A∗B] ∼= A/[A,A]⊕B/[B,B]
and d(A∗B) = d(A)+d(B) by Grushko-Neumann theorem (see [4, Corollary 2
in Section 8.5 on page 227], we conclude

H1(Gi;K) = K ⊕
ni⊕

j=1

H1(H ;K);

H1(Gi) = Z⊕
ni⊕

j=1

H1(H);

d(Gi) = 1 + ni · d(H);

lim
i→∞

b1(Gi;K)

ni
= b1(H ;K);

lim
i→∞

d(H1(Gi))

ni
= d(H1(H));

RG(G; (Gi)i≥1) = d(H).

Now let p 6= q be distinct primes and H = Z/pZ ∗ Z/qZ ∗ Z/qZ. Clearly we
have

(4.1) b1(H) = 0, b1(H ;Fp) = 1, d(H1(H)) = 2, d(H) = 3.

Hence we obtain

(4.2) lim
i→∞

b1(Gi)

[G : Gi]
< lim
i→∞

b1(Gi;Fp)
[G : Gi]

< lim
i→∞

d(H1(Gi))

[G : Gi]
< RG(G; (Gi)i≥1).

Using a different H we can produce an example of this type where G has a
very strong finiteness property, namely, G has finite 2-dimensional BG. The
construction below is due to Denis Osin and is simpler and more explicit than
the original version of our example.
Again, let p 6= q be two primes. Consider the group

H = 〈x, y, z | xp = u, yq = v, zq = w〉,
where u, v, w are words from the commutator subgroup of the free group F
with basis x, y, z such that the presentation of H satisfies the C′(1/6) small
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cancellation condition. Such words are easy to find explicitly. Note that G =
H ∗ Z is a torsion-free C′(1/6) group, hence it has a finite 2-dimensional BG.
Since u, v, w ∈ [F, F ], we have b1(H) = 0, b1(H ;Fp) = 1, d(H1(H)) = 2.
Further it follows from [6, Corollary 2] that the exponential growth rate of H
can be made arbitrarily close to 2 · 3 − 1 = 5, the exponential growth rate
of the free group of rank 3, by taking sufficiently long words u, v, w. As the
exponential growth rate of an m-generated group is bounded from above by
2m− 1, we obtain d(H) = 3 whenever u, v, w are sufficiently long. (For details
about the exponential growth rate we refer to [6].)
By using a more elaborated construction from [21], one can make such a group
G the fundamental group of a compact 2-dimensional CAT (−1) CW -complex.
Other examples of this type can be found in [3] and [15].

5. Q-approximation without limit

In this section we prove the following theorem, which trivially implies Theo-
rem 1.3.

Theorem 5.1. Let d ≥ 2 be a positive integer, let p be a prime and let ε be a
real number satisfying 0 < ε < 1. Then there exist a group G with d generators
and a descending chain G = G0 ⊇ G1 ⊇ G2 . . . of normal subgroups of G of
p-power index with

⋂∞
i=1Gi = {1} with the following properties:

(i) lim infi→∞
b1(G2i)
[G:G2i]

≥ d− 1− ε;
(ii) limi→∞

b1(G2i−1)
[G:G2i−1]

= 0.

Moreover, if q is a prime different from p, we can replace (ii) by a stronger
condition (ii)’:

(ii’) limi→∞
b1(G2i−1;Fq)
[G:G2i−1]

= 0.

Note that the last assertion of Theorem 5.1 shows that the answer to Ques-
tion 1.14 can be negative when char(K) = q > 0 if we do not require that (Gi)
is a q-chain.

5.1. Preliminaries. Throughout this section p will be a fixed prime number.
Given a finitely generated group G, we will denote by Gp̂ the pro-p completion
of G and by G(p) the image of G in Gp̂ (which is isomorphic to the quotient of
G by the intersection of normal subgroups of p-power index). Given a set X ,
by F (X) we denote the free group on X .
Let F be a free group and w ∈ F a non-identity element. Given n ∈ N, denote
by n
√
w the unique element of F whose nth power is equal to w (if such element

exists). Define ep(w,F ) to be the largest natural number e with the property
that pe

√
w exists in F .

Lemma 5.2. Let (X,R) be a presentation of a group G with X finite, F = F (X)
and π : F → G the natural projection. Let H be a normal subgroup of p-power
index in G, and let FH = π−1(H). Then H = FH/〈〈RH〉〉 where RH contains

[G:H]

pep(r,F )−ep(r,FH ) F -conjugates of r for each r ∈ R and no other elements.
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Proof. Very similar results are proved in both [18] and [20], but for complete-

ness we give a proof. For each r ∈ R, write r = w(r)p
ep (r,F )

, and choose a
right transversal T = T (r) for 〈w(r)〉FH in F . Then, since w(r) commutes
with r, by [17, Lemma 2.3] we have 〈r〉F = 〈{t−1rt : t ∈ T }〉FH . Hence
〈{t−1rt : r ∈ R, t ∈ T (R)}〉FH = 〈R〉F = kerπ = ker(FH → H), and so it

suffices to prove that |T (r)| = [G:H]

pep(r,F )−ep(r,FH ) .

We have

|T (r)| = [F : 〈w(r)〉FH ] =
[F : FH ]

[〈w(r)〉FH : FH ]
=

[G : H ]

[〈w(r)〉 : 〈w(r)〉 ∩ FH ]

Finally note that [〈w(r)〉 : 〈w(r)〉 ∩ FH ] is equal to pk for some k (as it divides

[F : FH ] = pn), so 〈w(r)〉 ∩ FH = 〈w(r)pk 〉. But then from definition of

ep(r, FH) we easily conclude that ((w(r)p
k

)p
ep(r,FH )

= r = w(r)p
ep(r,F )

. Hence

k = ep(r, F )− ep(r, FH) and |T (r)| = [G:H]

pep(r,F )−ep(r,FH ) , as desired. �

The following definition was introduced by Schlage-Puchta in [20].

Definition 5.3. Given a group presentation by generators and relators (X,R),
where X is finite, its p-deficiency defp(X,R) ∈ R ∪ {−∞} is defined by

defp(X,R) = |X | − 1−
∑

r∈R

1

pep(r,F (X))
.

The p-deficiency of a finitely generated group G is the supremum of the set
{defp(X,R)} where (X,R) ranges over all presentations of G.

The main motivation for introducing p-deficiency in [20] was to construct a
finitely generated p-torsion group with positive rank gradient. Indeed, it is
clear that there exist p-torsion groups with positive p-deficiency, and in [20] it
is proved that a group with positive p-deficiency has positive rank gradient (in
fact, positive p-gradient). This is one of the results indicating that groups of
positive p-deficiency behave similarly to groups of deficiency greater than 1 (all
of which trivially have positive p-deficiency for any p).
Lemma 5.5 below shows that a finitely presented group G of positive p-
deficiency actually contains a normal subgroup of p-power index with defi-
ciency greater than 1, provided that the presentation of G yielding positive
p-deficiency is finite and satisfies certain technical condition.

Definition 5.4. A presentation (X,R) of a group G will be called p-regular
if for any r ∈ R such that p

√
r exists in F (X), the image of p

√
r in G(p) is

non-trivial. This is equivalent to saying that if we write each r ∈ R as r = vp
e

,
where v is not a pth power in F (X), then the image of v in G(p) has order p

e.

Lemma 5.5. Let (X,R) be a finite p-regular presentation of a group G. Then

there exists a normal subgroup of p-power index H of G with def(H)−1
[G:H] ≥

defp(X,R).
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Proof. Let F = F (X). Let r1, . . . , rm be the elements of R and let si = p
√
ri,

whenever it is defined in F (X).
Let π : F → G(p) be the natural projection. Since the presentation (X,R) is
p-regular, π(si) is non-trivial whenever si is defined, and since the group G(p) is
residually-p, there exists a normal subgroup H ′ of G(p) of p-power index which
contains none of the elements π(si).
Let FH = π−1(H ′). By construction, si 6∈ FH , but ri ∈ FH , and therefore
ep(ri, FH) = 0 for each i. Let H be the image of FH in G. Then by Lemma 5.2,

H has a presentation with d(FH) generators and
∑m
i=1

[G:H]

pep(ri,F ) relators. Since

d(FH)− 1 = (|X | − 1)[F : FH ] = (|X | − 1)[G : H ] by the Schreier formula, we
get

def(H)− 1 ≥ [G : H ] ·
(
|X | − 1−

m∑

i=1

p−ep(ri,F )

)
= [G : H ] · defp(X,R).

�

Lemma 5.6. Let (X,R) be a finite p-regular presentation, and let G = 〈X |R〉.
Let f ∈ F (X) be such that the image of f in the pro-p completion of G has
infinite order. Then there exists N ∈ N such that for all n ≥ N the presentation
(X,R ∪ {fpn}) is p-regular.
Proof. Let r1, . . . , rm be the elements of R. By assumption there is a normal
subgroup of p-power index H of G such that p

√
ri does not vanish in G/H

(whenever p
√
ri exists in F (X)). Let π : F (X)→ G be the natural projection,

and choose N ∈ N satisfying π(fp
N

) ∈ H .
Let n ≥ N , let g = π(f), and let G′ = G/〈〈gpn〉〉 = 〈X |R ∪ {fpn}〉. We claim
that the presentation (X,R ∪ {fpn}) is p-regular. We need to check that

(i) each p
√
ri does not vanish in G′

p̂

(ii) fp
n−1

does not vanish in G′
p̂

The kernel of the natural map G → G′
p̂ is contained in H since gp

n ∈ H

and G/H is a finite p-group. Since π( p
√
ri) 6∈ H , this implies (i). Further,

an element x 6= 1 of a pro-p group cannot lie in the closed normal subgroup
generated by xp. Hence if ĝ is the image of g (also the image of f) in Gp̂, then

ĝp
n−1

does not lie in the closed normal subgroup of Gp̂ generated by ĝp
n

, call
this subgroup C. Finally, by definition of G′, there is a canonical isomorphism
from Gp̂/C to G′

p̂, which maps the image of f in Gp̂/C to the image of f in

G′
p̂. Thus, we verified (ii). �

Corollary 5.7. Let (X,R) be a finite p-regular presentation, and let G =
〈X | R〉. Let H ⊆ K be normal subgroups of F (X) of p-power index, and
let δ > 0 be a real number. Then there exists a finite set R′ ⊂ [K,K] with∑
r∈R′

p−ep(r,F (X)) < δ such that

(1) the presentation (X,R ∪R′) is p-regular;
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(2) if G′ = 〈X | R ∪ R′〉 and H ′ is the image of H in G′, then b1(H
′) ≤

d(K).

Moreover, if q is a prime different from p, we can require that b1(H
′;Fq) ≤

d(K).

Proof. If b1(H ;Fq) ≤ d(K), we can choose R′ = ∅. Hence we can assume
without loss of generality that b1(H ;Fq) > d(K). Clearly, it suffices to
prove a weaker statement, where inequality b1(H

′;Fq) ≤ d(K) is replaced by
b1(H

′;Fq) < b1(H ;Fq). The assertion of Corollary 5.7 then follows by repeated
applications with δ replaced by δ/(b1(H,Fq)− d(K)).
Let Y be any free generating set for H . Obviously K/[K,K] is a free abelian
group of rank d(K). Any (finite) matrix over the integers can be transformed
by elementary row and column operations to a diagonal matrix. Hence by
applying elementary transformations to Y , we can arrange that Y is a disjoint
union Y1 ⊔ Y2 where |Y1| ≤ d(K) and Y2 ⊆ [K,K].
Let L = 〈Y2〉, the subgroup generated by Y2. Since b1(H ;Fq) > d(K), there
exists f ∈ Y2 whose image in H/[H,H ]Hq ∼= H1(H,Fq) is non-trivial. Now

apply Lemma 5.6 to this f , choose n such that 1
pn < δ and let R′ = {fpn}.

The choice of f ensures that b1(H
′;Fq) < b1(H ;Fq), so R′ has the required

properties. �

5.2. Proof of Theorem 5.1. To simplify the notations, we will give a proof
of the main part of Theorem 5.1. The last part of Theorem 5.1 is proved in
the same way by using the last assertion of Corollary 5.7.
We start by giving an outline of the construction. Let F = F (X) be a free
group of rank d = |X |. Below we shall define a descending chain F = F0 ⊇
F1 ⊇ . . . of normal subgroups of F of p-power index and a sequence of finite
subsets R1, R2, . . . of F . Let R =

⋃∞
i=1 Rn. For each n ∈ Z≥0 we let G(n) =

F/〈〈⋃ni=1Ri〉〉, G(∞) = lim−→G(i) = F/〈〈R〉〉 and let G be the image of G(∞)

in its pro-p completion. Denote by G(n)i, G(∞)i and Gi the canonical image
of Fi in G(n), G(∞) and G, respectively. We will show that the group G and
its subgroups (Gi) satisfy the conclusion of Theorem 5.1.
Fix a sequence of positive real numbers (δn) which converges to zero and a
descending chain (Φn) of normal subgroups of p-power index in F which form
a base of neighborhoods of 1 for the pro-p topology. The subgroups Fn and
relator sets Rn will be constructed inductively so that the following properties
hold:

(i) For n ≥ 0 we have

b1(G(n)2n)

[G(n) : G(n)2n]
> d− 1− ε;

(ii) For n ≥ 1 we have

b1(G(n)2n−1)

[G(n) : G(n)2n−1]
< δn;

(iii) Rn is contained in [F2n−2, F2n−2] for n ≥ 1;
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(iv) F2n ⊆ Φn for n ≥ 1;
(v) defp(X,∪ni=1Ri) > d− 1− ε for n ≥ 1;
(vi) The presentation (X,∪ni=1Ri) is p-regular for n ≥ 1.

We first explain why properties (i)-(vi) will imply that the group G and its
subgroups (Gn) have the desired properties. Each Gn is normal of p-power
index in G since Fn is normal of p-power index in F . Condition (iv) implies
that (Gn) is a base of neighborhoods of 1 for the pro-p topology on G, and
since G is residually-p by construction, we have

⋂∞
n=1Gn = {1}.

Condition (iii) implies that [G(n) : G(n)i] = [G(∞) : G(∞)i] and b1(G(n)i) =
b1(G(∞)i) for i ≤ 2n. Since G(∞)i is normal of p-power index in G(∞), the
group G(∞)/[G(∞)i, G(∞)i] is residually-p, so both the index and the first
Betti number of G(∞)i do not change under passage to the image in the pro-p
completion of G(∞): [G : Gi] = [G(∞) : G(∞)i] and b1(Gi) = b1(G(∞)i). In
view of these equalities, conditions (i) and (ii) yield the corresponding condi-
tions in Theorem 5.1.
We now describe the construction of the sets Rn and subgroups Fn. The base
case n = 0 is obvious: we set F0 = F and G(0) = F , and the only condition
we require for n = 0 (condition (i)) clearly holds.
Suppose now that N ∈ N and we constructed subsets (Ri)

N
i=1 and subgroups

(Fi)
2N
i=1 such that (i)-(vi) hold for all n ≤ N .

Let F2N+1 = [F2N , F2N ]F p
e

2N where e is specified below. Then F2N+1 is a
normal subgroup of p-power index in F and F2N ⊇ F2N+1 ⊃ [F2N , F2N ]. Since
b1(G(N)2N ) > 0 by (i) for n = N and hence

pe ≤
∣∣H1(G(N)2N )/pe ·H1(G(N)2N )

∣∣

=
∣∣G(N)2N/[G(N)2N , G(N)2N ]G(N)p

e

2N

∣∣
= |G(N)2N/G(N)2N+1|
= [G(N)2N : G(N)2N+1]

≤ [G(N) : G(N)2N+1],

so we can arrange
d(F2N )

[G(N) : G(N)2N+1]
< δN+1

by choosing e large enough.
Now applying Corollary 5.7 with H = F2N+1, K = F2N and
δ = defp(X,∪Ni=1Ri) − (d − 1 − ε), we get that there is a finite subset

RN+1 ⊆ [F2N , F2N ] such that the presentation (X,∪N+1
i=1 Ri) is p-regular

and defp(X,∪N+1
i=1 Ri) > d − 1 − ε. Hence conditions (iii),(v),(vi) hold for

n = N + 1. The subgroup H ′ in the notations of Corollary 5.7 is equal to
G(N + 1)2N+1, so b1(G(N + 1)2N+1) ≤ d(F2N ). Since condition (iii) implies
[G(N + 1) : G(N + 1)2N+1] = [G(N) : G(N)2N+1], we conclude

b1(G(N + 1)2N+1)

[G(N + 1) : G(N + 1)2N+1]
≤ d(F2N )

[G(N) : G(N)2N+1]
< δN+1.

Thus we have shown that conditions (ii),(iii),(v),(vi) hold for n = N + 1.
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It remains to construct F2N+2 and to verify (i) and (iv) for n = N + 1. We

apply Lemma 5.5 to G(N + 1) = 〈X | ∪N+1
i=1 Ri〉 and obtain using (v) a normal

subgroup H of G(N + 1) of p-power index satisfying

def(H)− 1

[G(N + 1) : H ]
> d− 1− ε.

Let F2N+2 ⊆ F2N+1∩ΦN+1 be the intersection of the preimage of H under the
projection pN+1 : FN+1 → G(N + 1) with F2N+1 ∩ ΦN+1. Obviously (iv) for
holds n = N + 1. Then G(N + 1)2N+2 is a subgroup of H of finite index. The
quantity def(·)− 1 is supermultiplicative, i.e., if L is a finite index subgroup of
H , then def(L)− 1 ≥ [H : L] · (def(H)− 1), see for instance [18, Lemma 2.2].
Hence we conclude

def(G(N + 1)2N+2)− 1

[G(N + 1) : G(N + 1)2N+2)]
≥ def(H)− 1

[G(N + 1) : H ]
> d− 1− ε.

Since b1(G(N+1)2N+2) ≥ def(G(N+1)2N+2), condition (i) holds for n = N+1.
This finishes the proof of Theorem 5.1.
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Abstract. For a complex or real algebraic group G, with g :=
Lie(G) , quantizations of global type are suitable Hopf algebras Fq[G]
or Uq(g) over C

[
q, q−1

]
. Any such quantization yields a structure of

Poisson group on G, and one of Lie bialgebra on g : correspondingly,
one has dual Poisson groups G∗ and a dual Lie bialgebra g∗ . In
this context, we introduce suitable notions of quantum subgroup and,
correspondingly, of quantum homogeneous space, in three versions:
weak, proper and strict (also called flat in the literature). The last
two notions only apply to those subgroups which are coisotropic, and
those homogeneous spaces which are Poisson quotients; the first one
instead has no restrictions whatsoever.

The global quantum duality principle (GQDP), as developed in [F.
Gavarini, The global quantum duality principle, Journ. für die Reine
Angew. Math. 612 (2007), 17–33.], associates with any global quan-
tization of G , or of g , a global quantization of g∗, or of G∗. In this
paper we present a similar GQDP for quantum subgroups or quan-
tum homogeneous spaces. Roughly speaking, this associates with ev-
ery quantum subgroup, resp. quantum homogeneous space, of G , a
quantum homogeneous space, resp. a quantum subgroup, of G∗ . The
construction is tailored after four parallel paths — according to the
different ways one has to algebraically describe a subgroup or a ho-
mogeneous space — and is “functorial”, in a natural sense.

Remarkably enough, the output of the constructions are always quan-
tizations of proper type. More precisely, the output is related to the
input as follows: the former is the coisotropic dual of the coisotropic
interior of the latter — a fact that extends the occurrence of Poisson
duality in the original GQDP for quantum groups. Finally, when the
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input is a strict quantization then the output is strict as well — so
the special rôle of strict quantizations is respected.

We end the paper with some explicit examples of application of our
recipes.

2010 Mathematics Subject Classification: Primary 17B37, 20G42,
58B32; Secondary 81R50
Keywords and Phrases: Quantum Groups, Poisson Homogeneous
Spaces, Coisotropic Subgroups

1 Introduction

In this paper we work with quantizations of (algebraic) complex and real
groups, their subgroups and homogeneous spaces, and a special symmetry
among such quantum objects which we refer to as the “Global Quantum Du-
ality Principle”. This is just a last step in a process, which is worth recalling
in short.
In any possible sense, quantum groups are suitable deformations of some alge-
braic objects attached with algebraic groups, or Lie groups. Once and for all,
we adopt the point of view of algebraic groups: nevertheless, all our analysis
and results can be easily converted in the language of Lie groups.
The first step to deal with is describing an algebraic group G via suitable
algebraic object(s). This can be done following two main approaches, a global
one or a local one.
In the global geometry approach, one considers U(g) — the universal envelop-
ing algebra of the tangent Lie algebra g := Lie(G) — and F [G] — the algebra
of regular functions on G . Both these are Hopf algebras, and there exists a non-
degenerate pairing among them so that they are dual to each other. Clearly,
U(g) only accounts for the local data of G encoded in g , whereas F [G] instead
totally describes G : thus F [G] yields a global description of G , which is why
we speak of “global geometry” approach.
In this context, one describes (globally) a subgroup K of G — always assumed
to be Zariski closed — via the ideal in F [G] of functions vanishing on it; al-
ternatively, an infinitesimal description is given taking in U(g) the subalgebra
U(k) , where k := Lie(K) .
For a homogeneous G–space, sayM , one describes it in the form M ∼= G

/
K —

which amounts to fixing some point in M and its stabilizer subgroup K in G .
After this, a local description of M ∼= G

/
K is given by representing its left-

invariant differential operators as U(g)
/
U(g) k : therefore, we can select U(g) k

— a left ideal, left coideal in U(g) — as algebraic object to encode M ∼= G
/
K ,

at least infinitesimally. For a global description instead, obstructions might
occur. Indeed, we would like to describe M ∼= G

/
K via some algebra F [M ] ∼=

F
[
G
/
K
]
strictly related with F [G] . This varies after the nature of M ∼= G

/
K
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— hence of K — and in general might be problematic. Indeed, there exists
a most natural candidate for this job, namely the set F [G]

K
of K–invariants

of F [G] , which is a subalgebra and left coideal. The problem is that F [G]
K

permits to recover exactly G
/
K if and only if M ∼= G

/
K is a quasi-affine

variety (which is not always the case). This yields a genuine obstruction, in
the sense that this way of (globally) encoding the space M ∼= G

/
K only works

with quasi-affine G–spaces; for the other cases, we just drop this approach —
however, for a complete treatment of the case of projective G–spaces see [6].

In contrast, the approach of formal geometry is a looser one: one replaces
F [G] with a topological algebra F [[G]] = F

[[
Gf
]]

— the algebra of “regular
functions on the formal group Gf” associated with G — which can be realized
either as the suitable completion of the local ring of G at its identity or as
the (full) linear dual of U(g) . In any case, both algebraic objects taken into
account now only encode the local information of G .

In this formal geometry context, the description of (formal) subgroups and
(formal) homogeneous spaces goes essentially the same. However, in this case
no problem occurs with (formal) homogeneous space, as any one of them can

be described via a suitably defined subalgebra of invariants F
[[
Gf
]]Kf : in a

sense, “all formal homogeneous spaces are quasi-affine”. As a consequence, the
overall description one eventually achieves is entirely symmetric.

When dealing with quantizations, Poisson structures arise (as semiclassical lim-
its) on groups and Lie algebras, so that we have to do with Poisson groups and
Lie bialgebras. In turn, there exist distinguished subgroups and homogeneous
spaces — and their infinitesimal counterparts — which are “well-behaving”
with respect to these extra structures: these are coisotropic subgroups and
Poisson quotients. Moreover, the well-known Poisson duality — among Poisson
groups G and G∗ and among Lie bialgebras g and g∗ — extends to similar dual-
ities among coisotropic subgroups (of G and G∗) and among Poisson quotients
(of G and G∗ again). It is also useful to notice that each subgroup contains a
maximal coisotropic subgroup (its “coisotropic interior”), and accordingly each
homogeneous space has a naturally associated Poisson quotient.

As to the algebraic description, all properties concerning Poisson (or Lie bial-
gebra) structures on groups, Lie algebras, subgroups and homogeneous spaces
have unique characterizations in terms of the algebraic codification one adopts
for these geometrical objects. Details change a bit according to whether one
deals with global or formal geometry, but everything goes in parallel in either
context.

By (complex) “quantum group” of formal type we mean any topological Hopf
algebra H~ over the ring C[[~]] whose semiclassical limit at ~ = 0 — i.e.,
H~

/
~H~ — is of the form F

[[
Gf
]]

or U(g) for some formal group Gf or Lie

algebra g . Accordingly, one writes H~ := F~

[[
Gf
]]

or H~ := U~(g) , calling the
former a QFSHA and the latter a QUEA. If such a quantization (of either type)
exists, the formal group Gf is Poisson and g is a Lie bialgebra; accordingly, a
dual formal Poisson group G ∗

f and a dual Lie bialgebra g∗ exist too.
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In this context, as formal quantizations of subgroups or homogeneous spaces
one typically considers suitable subobjects of either F~

[[
Gf
]]

or U~(g) such
that: (1) with respect to the containing formal Hopf algebra, they have the
same relation as a in the “classical” setting — such as being a one-sided ideal,
a subcoalgebra, etc.; (2) taking their specialization at ~ = 0 is the same as
restricting to them the specialization of the containing algebra (this is typi-
cally mentioned as a “flatness” property). This second requirement has a key
consequence, i.e. the semiclassical limit object is necessarily “good” w.r. to the
Poisson structure: namely, if we are quantizing a subgroup, then the latter is
necessarily coisotropic, while if we are quantizing a homogeneous space then it
is indeed a Poisson quotient.
In the spirit of global geometry, by (complex) “quantum group” of global type
we mean any Hopf algebra Hq over the ring C

[
q, q−1

]
whose semiclassical limit

at q = 1 — i.e., Hq

/
( q − 1)Hq — is of the form F [G] or U(g) for some alge-

braic group G or Lie algebra g . Then one writes Hq := Fq[G] or Hq := U~(g) ,
calling the former a QFA and the latter a QUEA. Again, if such a quantization
(of either type) exists the group G is Poisson and g is a Lie bialgebra, so that
dual formal Poisson groups G∗ and a dual Lie bialgebra g∗ exist too.
As to subgroups and homogeneous spaces, global quantizations can be defined
via a sheer reformulation of the same notions in the formal context: we refer to
such quantizations as strict. In this paper, we introduce two more versions of
quantizations, namely proper and weak ones, ordered by increasing generality,
namely {strict} ( {proper} ( {weak} . This is achieved by suitably weakening
the condition (2) above which characterizes a quantum subgroup or quantum
homogeneous space. Remarkably enough, one finds that now the existence of
a proper quantization is already enough to force a subgroup to be coisotropic,
or a homogeneous space to be a Poisson quotient.
The Quantum Duality Principle (=QDP) was first developed by Drinfeld
(cf. [7], §7) for formal quantum groups (see [10] for details). It provides two
functorial recipes, inverse to each other, acting as follows: one takes as input
a QFSHA for Gf and yields as output a QUEA for g∗ ; the other one as input
a QUEA for g and yields as output a QFSHA for G ∗

f .
The Global Quantum Duality Principle (=GQDP) is a version of the QDP
tailored for global quantum groups (see [11, 12]): now one functorial recipe
takes as input a QFA for G and yields a QUEA for g∗ , while the other takes a
QUEA for g and provides a QFA for G∗ .
An appropriate version of the QDP for formal subgroups and formal homo-
geneous spaces was devised in [5]. Quite in short, the outcome there was an
explicit recipe which taking as input a formal quantum subgroup, or a formal
quantum homogeneous space, respectively, of Gf provides as output a quantum
formal homogeneous space, or a formal quantum subgroup, respectively, of G ∗

f .
In short, these recipes come out as direct “restriction” (to formal quantum sub-
groups or formal quantum homogeneous spaces) of those in the QDP for formal
quantum groups. This four-fold construction is fully symmetric, in particular
all duality or orthogonality relations possibly holding among different quan-
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tum objects are preserved. Finally, Poisson duality is still involved, in that the
semiclassical limit of the output quantum object is always the coisotropic dual
of the semiclassical limit of the input quantum object.
The main purpose of the present work is to provide a suitable version of the
GQDP for global quantum subgroups and global quantum homogeneous spaces
— extending the GQDP for global quantum groups — as much general as pos-
sible. The inspiring idea, again, is to “adapt” (by restriction, in a sense) to
these more general quantum objects the functorial recipes available from the
GQDP for global quantum groups. Remarkably enough, this approach is fully
successful: indeed, it does work properly not only with strict quantizations
(which should sound natural) but also for proper and for weak ones. Even
more, the output objects always are global quantizations (of subgroups or ho-
mogeneous spaces) of proper type — which gives an independent motivation
to introduce the notion of proper quantization.
Also in this setup, Poisson duality, in a generalized sense, shows up again as
the link between the input and the output of the GQDP recipes: namely, the
semiclassical limit of the output quantum object is always the coisotropic dual
of the coisotropic interior of the semiclassical limit of the input quantum object.
Besides the wider generality this GQDP applies to (in particular, involving
also non-coisotropic subgroups, or homogeneous spaces which are not Poisson
quotients), we pay a drawback in some lack of symmetry for the final result —
compared to what one has in the formal quantization context. Nevertheless,
such a symmetry is almost entirely recovered if one restricts to dealing with
strict quantizations, or to dealing with “double quantizations” — involving
simultaneously a QFA and a QUEA in perfect (i.e. non-degenerate) pairing.
At the end of the paper (Section 6) we present some applications of our GQDP:
this is to show how it effectively works, and in particular that it does provide
explicit examples of global quantum subgroups and global quantum homoge-
neous spaces. Among these, we also provide an example of a quantization
which is proper but is not strict — which shows that the former notion is a
non-trivial generalization of the latter.

2 General Theory

The main purpose of the present section is to collect some classical material
about Poisson geometry for groups and homogeneous spaces. Everything is
standard, we just need to fix the main notions and notations we shall deal
with.

2.1 Subgroups and homogeneous spaces

Let G be a complex affine algebraic group and let g be its tangent Lie alge-
bra. Let us denote by F [G] its algebra of regular functions and by U(g) its
universal enveloping algebra. Both such algebras are Hopf algebras, and there
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exists a natural pairing of Hopf algebras between them, given by evaluation of
differential operators onto functions. This pairing is perfect if and only if G is
connected, which we will always assume in what follows.
A real form of either G or g is given once a Hopf ∗–algebra structure is fixed on
either F [G] or U(g) — and in case one take such a structure on both sides, the
two of them must be dual to each other. Thus by real algebraic group we will
always mean a complex algebraic group endowed with a suitable ∗–structure.
A subgroup K of G will always be considered as Zariski–closed and algebraic.
For any such subgroup, the quotient G

/
K is an algebraic left homogeneous

G–space, which is quasi-projective as an algebraic variety. Given an algebraic
left homogeneous G–space M and choosing m ∈ M , the stabilizer subgroup
Km will be a closed algebraic subgroup of G such that G

/
Km ≃M ; changing

point will change the stabilizer within a single conjugacy class.
We shall describe the subgroup K , or the homogeneous space G

/
K, through

either an algebraic subset of F [G] — to which we will refer as a global coding
— or an algebraic subset of U(g) — to which we will refer as a local coding.
The complete picture is the following:

— subgroup K :

(local) letting k = Lie(K) we can consider its enveloping algebra U(k) which
is a Hopf subalgebra of U(g) ; we then set C ≡ C(K) := U(k) ;

(global) functions which are 0 on K form a Hopf ideal I ≡ I(K) inside
F [G] , such that F [K] ≃ F [G]

/
I .

— homogeneous space G
/
K :

(local) let I ≡ I(K) = U(g) · k : this is a left ideal and two-sided coideal in
U(g) , and U(g)

/
I is the set of left–invariant differential operators

on G
/
K .

(global) regular functions on the homogeneous space G
/
K may be identified

with K–invariant regular functions on G . We will let C = C(K) =

F [G]
K
; this is a subalgebra and left coideal in F [G] .

Warning : this needs clarification! The point is: can one recover

the homogeneous space G
/
K from C(K) = F [G]K ? The answer

depends on geometric properties of G
/
K itself — or (equivalently)

of K — which we explain later on.

For any Hopf algebra H we introduce the following notations: ≤1 will stand for
“unital subalgebra”, E for “two-sided ideal”, El for “left ideal” and similarly
≤̇ will stand for “subcoalgebra”, Ė for “two-sided coideal” and Ėℓ for “left
coideal”. When the same symbols will be decorated by a subindex referring
to a specific algebraic structure their meaning should be modified accordingly,
e.g. EH will stand for “Hopf ideal” and ≤H for “Hopf subalgebra”.
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With such notations, with any subgroup K of G there is associated one of the
following algebraic objects:

(a) I EH F [G] , (b) C ≤1 Ėℓ F [G] , (c) I El ĖU(g) , (d) C ≤H U(g) (2.1)

In the real case, one has to consider, together with (2.1), additional require-
ments involving the ∗ structure and the antipode S , namely

(a) I∗ = I , (b) S(C)∗ = C , (c) S(I)∗ = I , (d) C∗ = C (2.2)

In the connected case algebraic objects of type I , I and C in (2.1) are enough
to reconstruct either K or G

/
K :

K = Spec
(
F [G]/I

)
= exp

(
Prim(C)

)
= exp

(
Prim(I)

)

where Prim(X) denotes the set of primitive elements of a bialgebra X .

In contrast, C(K) = F [G]
K

might be not enough to reconstructK , due to lack
of enough global algebraic functions; this happens, for example, when G

/
K is

projective and therefore C(K) = C . Any group K which can be reconstructed
from its associated C is called observable: we shall now make this notion more
precise. Let us call τ the map that to any subgroup K associates the algebra
of invariant functions F [G]K and let us call σ the map that to any subalgebra
A of F [G] associates its stabilizer σ(A) =

{
g ∈ G

∣∣ g · f = f ∀ f ∈ A
}
. These

two maps are obviously inclusion–reversing. Furthermore they establish what
is also known as a simple Galois correspondence: namely, for any subgroup K
and any subalgebra A one has

(σ ◦ τ)(K) ⊇ K , (τ ◦ σ)(A) ⊇ A
so that (τ ◦ σ ◦ τ) (K) = τ(K), (σ ◦ τ ◦ σ) (A) = σ(A). A subgroup K of G
such that (σ ◦ τ) (K) = K is said to be observable: this means exactly that
such a subgroup can be fully recovered from its algebra of invariant functions
τ(K). If K is any subgroup, then K̂ := (σ ◦ τ) (K) is the smallest observable
subgroup containing K; we will call it the observable hull of K. Remark then
that C(K) = C

(
K̂
)
.

The following fact (together with many properties of observable subgroups),
which gives a characterization of observable subgroups in purely geometrical
terms, may be found in [13]:
Fact: a subgroup K of G is observable if and only if G

/
K is quasi–affine.

Let us now clarify how to pass from algebraic objects directly associated with
subgroups to those corresponding to homogeneous spaces. Let H be a Hopf
algebra, with counit ε and coproduct ∆ . For any submodule M ⊆ H define

M+ :=M ∩Ker(ε) , HcoM :=
{
y ∈ H

∣∣ (∆(y)− y ⊗ 1) ∈ H ⊗M
}

(2.3)

Let C be a (unital) subalgebra and left coideal of H and define Ψ(C) = H ·C+.
Then Ψ(C) is a left ideal and two-sided coideal in H . Conversely, let I be a
left ideal and two-sided coideal in H and define Φ(I) := HcoI . Then Φ(I) is a
unital subalgebra and left coideal in H . Also, this pair of maps (Φ,Ψ) defines
a simple Galois correspondence, that is to say
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(a) Ψ and Φ are inclusion-preserving;

(b) (Φ ◦Ψ) (C) ⊇ C , (Ψ ◦ Φ) (I) ⊆ I ;

(c) Φ ◦Ψ ◦ Φ = Φ , Ψ ◦ Φ ◦Ψ = Ψ .

(where the third property follows from the previous ones; see [19, 21, 22] for
further details).
Let now K be a subgroup of G and let I, C, I, C the corresponding algebraic
objects as described in (2.1). We can thus establish the following relations
among them:

subgroup vs. homogeneous space: objects directly related to the sub-
group (namely, I and C) and objects directly related to the homogeneous
space (namely, C and I) are linked by Ψ and Φ as follows:

I = Ψ(C) , C = Φ(I) , I ⊇ Ψ(C) , C = Φ(I) (2.4)

In particular, K is observable if and only if I = Ψ(C) ; on the other hand,

we have in general Ψ(C(K)) = I(K̂) .

orthogonality with respect to the natural pairing between F [G] and U(g) :
this is expressed by the relations

I = C⊥ , C = I⊥ , C = I⊥ , I ⊆ C⊥ (2.5)

In particular, K is observable if and only if I = C⊥ ; on the other hand,
we have in general C(K)⊥ = I

(
K̂
)
.

Let us also remark that orthogonality intertwines the local and global
description.

The “formal” vs. “global” geometry approach. In the present ap-
proach we are dealing with geometrical objects — groups, subgroups and ho-
mogeneous spaces — which we describe via suitably chosen algebraic objects.
When doing that, universal enveloping algebras or subsets of them only pro-
vide a local description — around a distinguished point: the unit element in
a (sub)group, or its image in a coset (homogeneous) space. Instead, function
algebras yield a global description, i.e. they do carry information on the whole
geometrical object; for this reason, we refer to the present approach as the
“global” one.
The “formal geometry” approach instead only aims to describe a group by a
topological Hopf algebra, which can be realized as an algebra of formal power
series; in short, this is summarized by saying that we are dealing with a “formal
group”. Subgroups and homogeneous spaces then are described by suitable
subsets in such a formal series algebra (or in the universal enveloping algebra,
as above): this again yields only a local description — in a formal neighborhood
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of a distinguished point — rather than a global one. Now, the analysis above
shows that an asymmetry occurs when we adopt the global approach. Indeed,
we might have problems when describing a homogeneous space by means of
(a suitably chosen subalgebra of invariant) functions: technically speaking,
this shows up as the occurrence of inclusions — rather than identities! — in
formulas 2.4 and 2.5. This is a specific, unavoidable feature of the problem,
due to the fact that homogeneous spaces (for a given group) do not necessarily
share the same geometrical nature — beyond being all quasi-projective — in
particular they are not necessarily quasi-affine.
The case of those homogeneous spaces which are projective is treated in [6],
where their quantizations are studied; in particular, there a suitable method to
solve the problematic “C–side” of the QDP in that case is worked out, still in
terms of “global geometry” but with a different tool (semi-invariant functions,
rather than invariant ones). In contrast, in the formal geometry approach such
a lack of symmetry does not occur: in other words, it happens that every
formal (closed) subgroup is observable, or every formal homogeneous space is
quasi-affine. This means that there is no need of worrying about observability,
and the full picture — for describing a subgroup or homogeneous space, in four
different ways — is entirely symmetric. This was the point of view adopted in
[5], where this complete symmetry of the formal approach is exploited to its
full extent.

2.2 Poisson subgroups and Poisson quotients

Let us now assume that G is endowed with a complex Poisson group structure
corresponding to a Lie bialgebra structure on g , whose Lie cobracket is denoted
δ : g −→ g ∧ g . At the Hopf algebra level this means that F [G] is a Poisson–
Hopf algebra and U(g) a co-Poisson Hopf algebra, in such a way that the
duality pairing is compatible with these additional structures (see [4] for basic
definitions). Let us recall that the linear dual g∗ inherits a Lie algebra structure;
on the other hand, it has a natural Lie coalgebra structure, whose cobracket
δ : g∗ −→ g∗ ∧ g∗ is the dual map to the Lie bracket of g . Altogether, this
makes g∗ into a Lie bialgebra, which said to be dual to g . Therefore, there
exist Poisson groups whose tangent Lie bialgebra is g∗ ; we will assume one
such connected group is fixed, we will denote it with G∗ and call it the dual
Poisson group of G. In the real case the involution in F [G] is a Poisson algebra
antimorphism and the one in U(g) is a co-Poisson algebra antimorphism.
A closed subgroup K of G is called coisotropic if its defining ideal I(K) is a
Poisson subalgebra, while it is called a Poisson subgroup if I(K) is a Poisson
ideal, the latter condition being equivalent to K →֒ G being a Poisson map.
Connected coisotropic subgroups can be characterized, at an infinitesimal level,
by one of the following conditions on k ⊆ g :

(C-i) δ(k) ⊆ k ∧ g , that is k is a Lie coideal in g ,

(C-ii) k⊥ is a Lie subalgebra of g∗ ,
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while analogous characterizations of Poisson subgroups correspond to k being
a Lie subcoalgebra or k⊥ being a Lie ideal.
The most important features of coisotropic subgroups, in this setting, is the
fact that G

/
K naturally inherits a Poisson structure from that of G. Actually,

a Poisson manifold (M ,ωM ) is called a Poisson homogeneous G–space if there
exists a smooth, homogeneous G–action φ : G×M −→M which is a Poisson
map (w.r. to the product Poisson structure on the domain). In particular, we
will say that (M,ωM ) is a Poisson quotient if it verifies one of the following
equivalent conditions (cf. [26]):

(P-i) there exists x0 ∈M whose stabilizer Gx0 is coisotropic in G ;

(P-ii) there exists x0 ∈M such that φx0 : G→M , φ(x0, g) = φ(x, g) ,

is a Poisson map ;

(P-iii) there exists x0 ∈M such that ωM (x0) = 0 .

It is important to remark here that inside the same conjugacy class of sub-
groups of G there may be subgroups which are Poisson, coisotropic, or non
coisotropic. Therefore, on the same homogeneous space there may exist many
Poisson homogeneous structures, some of which make it into a Poisson quotient
while some others do not.
For a fixed connected subgroupK of a Poisson group G, with Lie algebra k, one
can consider the following descriptions in terms of the Poisson Hopf algebra
F [G] or of the co-Poisson Hopf algebra U(g) :

I ≤P F [G] , C ≤P F [G] (2.6)

I ĖP U(g) , C ĖP U(g) (2.7)

where on first line we have global conditions and on second line local ones.
Conversely each one of these conditions imply coisotropy of G with the excep-
tion of the condition on C, which implies only that the observable hull K̂ is
coisotropic. Therefore a connected, observable, coisotropic subgroup of G is
identified by one of the following algebraic objects:

I EH≤P F [G] , C ≤1 Ėℓ ≤P F [G] (2.8)

I El Ė ĖP U(g) , C ≤H ĖP U(g) (2.9)

(still with the usual, overall restriction on the use of C, which in general only

describes the observable hull K̂ ).
Thanks to self-duality in the notion of Lie bialgebra, with any Poisson group
there is associated a natural Poisson dual, which is fundamental in the QDP;
note that a priori many such dual groups are available, but when dealing with
the QDP such an (apparent) ambiguity will be solved. As we aim to extend
the QDP to coisotropic subgroups, we need to introduce a suitable notion of
(Poisson) duality for coisotropic subgroups as well.
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Definition 2.1. Let G be a Poisson group and G∗ a fixed Poisson dual.

1. If K is coisotropic in G we call complementary dual of K the unique
connected subgroup K⊥ in G∗ such that Lie(K⊥) = k⊥ .

2. IfM is a Poisson quotient and M ≃ G
/
KM we call complementary dual

of M the Poisson G∗–quotient M⊥ := G∗/K⊥
M .

3. For any subgroup H of G we call coisotropic interior of H the unique

maximal, closed, connected, coisotropic subgroup
◦
H of G contained in H .

Remarks:

1. The complementary dual of a coisotropic subgroup is, trivially, a
coisotropic subgroup whose complementary dual is the connected com-
ponent of the one we started with:. Similarly, the complementary dual of
a Poisson quotient is a Poisson quotient, and if we start with a Poisson
quotient whose coisotropy subgroup (w.r. to any point) is connected then
taking twice the complementary dual brings back to the original Poisson
quotient.

2. The coisotropic interior may be characterized, at an algebraic level, as
the unique closed subgroup whose Lie algebra is maximal between Lie
subalgebras of h which are Lie coideals in g .

Proposition 2.2. Let K be any subgroup of G and let K〈⊥〉 :=
〈
exp(k⊥)

〉
be

the closed, connected, subgroup of G∗ generated by exp(k⊥) . Then:

(a) the Lie algebra k〈⊥〉 of K〈⊥〉 is the Lie subalgebra of g∗ generated by k⊥;

(b) k〈⊥〉 is a Lie coideal of g∗, hence K〈⊥〉 is a coisotropic subgroup of G∗;

(c) K〈⊥〉 = (
◦
K )⊥ ; in particular if Kis coisotropic then K〈⊥〉 = K⊥ ;

(d) (K〈⊥〉)〈⊥〉 =
◦
K and K is coisotropic if and only if (K〈⊥〉)〈⊥〉 = K .

Proof. Part (a) is trivial. As for (b), since k = (k⊥)⊥ is a Lie subalgebra of g ,
we have that k⊥ is a Lie coideal in g∗ : therefore, due to the identity

δ
(
[x, y]

)
=
∑
[y]

(
[x, y[1]]⊗y[2]+y[1]⊗ [x, y[2]]

)
+
∑
[x]

(
[x[1], y]⊗x[2]+x[1]⊗ [x[2], y]

)

(where δ(z) =
∑

[z] z[1]⊗z[2] for z ∈ g∗), the Lie subalgebra 〈k⊥〉 of g∗ generated
by k⊥ is a Lie coideal too. It follows then by claim (a) that K〈⊥〉 is coisotropic.
Thus (b) is proved.

Documenta Mathematica 19 (2014) 333–380



344 Nicola Ciccoli, Fabio Gavarini

As for part (c) we have

(
k〈⊥〉

)⊥
= 〈k⊥〉⊥ =

(
⋂

h≤L g∗

h⊇k⊥

h

)⊥
=

∑
h≤L g∗

h⊇k⊥

h =
∑

fĖLg
f⊇k

f =
◦
k

(with ≤L meaning “Lie subalgebra” and ĖL meaning “Lie coideal”) where
◦
k

is exactly the maximal Lie subalgebra and Lie coideal of g contained in k . To
be precise, this last statement follows from the above formula for δ

(
[x, y]

)
,

since that formula implies that the Lie subalgebra generated by a family of Lie
coideals is still a Lie coideal.

Now
◦
k= Lie(

◦
K) , so Lie(K〈⊥〉) = k〈⊥〉 =

((
k〈⊥〉)⊥)⊥ =

( ◦
k
)⊥

= Lie(
◦
K)⊥

implies K〈⊥〉 = (
◦
k)⊥ as we wished to prove. If, in addition, K is coisotropic

then, obviously, K〈⊥〉 = K . All other statements follow easily.

3 Strict, proper, weak quantizations

The purpose of this section is to fix some terminology concerning the meaning
of the word “quantization” and to describe some possible ways of quantizing
a (closed) subgroup, or a homogeneous space. We set the algebraic machinery
needed for talking of “quantization” and “specialization”: these notions must
be carefully specified before approaching the construction of Drinfeld’s functors.

Let q be an indeterminate, C
[
q, q−1

]
the ring of complex-valued Laurent poly-

nomials in q , and C(q) the field of complex-valued rational functions in q .
Denote by HA the category of all Hopf algebras over C

[
q, q−1

]
which are

torsion-free as C
[
q, q−1

]
–modules.

Given a Hopf algebra H over the field C(q) , a subset H ⊆ H is called a
C
[
q, q−1

]
–integral form (or simply a C

[
q, q−1

]
–form) if it is a C

[
q, q−1

]
–Hopf

subalgebra of H and HF := C(q) ⊗C[q,q−1] H = H . Then H is torsion-free

as a C
[
q, q−1

]
–module, hence H ∈ HA .

For any C
[
q, q−1

]
–module M , we set M1 :=M

/
(q − 1)M = C⊗C[q,q−1] M :

this is a C–module (via C
[
q, q−1

]
→ C

[
q, q−1

]/
(q − 1) = C ), called special-

ization of M at q = 1 .
Given two C(q)–modules A and B and a C(q)–bilinear pairing A×B −→ F ,
for any C

[
q, q−1

]
–submodule A× ⊆ A we set:

A×
•

:=
{
b ∈ B

∣∣∣
〈
A×, b

〉
⊆ C

[
q, q−1

]}
(3.1)

In such a setting, we call A×
•
the C

[
q, q−1

]
–dual of A× .

We will call quantized universal enveloping algebra (or, in short, QUEA) any
Uq ∈ HA such that U1 := (Uq)1 is isomorphic to U(g) for some Lie algebra g ,
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and we will call quantized function algebra (or, in short, QFA) any Fq ∈ HA
such that F1 := (Fq)1 is isomorphic to F [G] for some connected algebraic
group G and, in addition, the following technical condition holds:

⋂
n≥0

(q − 1)
n
Fq =

⋂
n≥0

(
(q − 1)Fq + Ker(ǫFq )

)n

We will add the specification that such quantum algebras are real whenever
the starting object is a ∗–Hopf algebra. As a matter of notation, we write

Uq := C(q)⊗C[q,q−1] Uq , Fq := C(q)⊗C[q,q−1] Fq .

When Uq is a (real) QUEA, its specialization U1 is a (real) co–Poisson Hopf
algebra so that g is in fact a (real) Lie bialgebra. Similarly, for any (real) QFA
Fq the specialization F1 is a (real) Poisson-Hopf algebra and therefore G is a
(real) Poisson group (see [4] for details).
On occasions it is useful to consider simultaneous quantizations of both the
universal enveloping algebra and the function algebra, or, in a larger generality,
of a pair of dual Hopf algebra. Let H ,K ∈ HA and assume that there exists
a pairing of Hopf algebras 〈 , 〉 : H ×K −→ C

[
q, q−1

]
. If the pairing is such

that

(a) H = K• , K = H• (notation of (3.1)) w.r.t. the pairing H×K→ C(q) ,
for H := C(q)⊗C[q,q−1 ]H , K := C(q)⊗C[q,q−1]K , induced from H×K →
C(q)

(b) the Hopf pairing H1×K1 → C given by specialization at q = 1 is perfect
(i.e. non-degenerate)

then we will say that H and K are dual to each other. Note that all these
assumptions imply that the initial pairing between H and K is perfect. When
H = Uq(g) is a QUEA and K = Fq[G] is a QFA, if the specialized pairing
at 1 is the natural pairing between U(g) and F [G] we will say that the pair
(Uq(g) , Fq[G]) is a double quantization of (G, g) .

Let us now move to the case in which G is a Poisson group and K a subgroup.
We want to define a reasonable notion of “quantization” of K and of the cor-
responding homogeneous space G

/
K . There is a standard way to implement

this, which actually implies — cf. Lemma 3.3 and Proposition 3.5 later on —
the additional constraint that K be coisotropic.

Definition 3.1. Let Fq[G] and Uq(g) be a QFA and a QUEA for G and g and
let

πFq : Fq[G] −։ Fq[G]
/
(q−1)Fq[G] ∼= F [G]

πUq : Uq(g) −։ Uq(g)
/
(q −1)Uq(g) ∼= U(g)
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be the specialization maps. Let I, C, I and C be the algebraic objects associated
with the subgroup K of G (see 2.1). We call “strict quantization” (and some-
times we shall drop the adjective “strict”) of each of them any object Iq , Cq ,
Iq or Cq respectively, such that

(a) Iq Eℓ Ė Fq[G] , πFq (Iq) = I , πFq (Iq) ∼= Iq
/
(q−1) Iq

(b) Cq ≤1 Ėℓ Fq[G] , πFq (Cq) = C , πFq (Cq) ∼= Cq
/
(q−1) Cq

(c) Iq Eℓ Ė Uq(g) , πUq (Iq) = I , πUq (Iq)
∼= Iq

/
(q−1)Iq

(d) Cq ≤1 Ėℓ Uq(g) , πUq (Cq) = C , πUq (Cq)
∼= Cq

/
(q−1)Cq

(3.2)

In order to explain this definition let us start by considering the first two
conditions in each line of (3.2).

a) A left ideal and two-sided coideal in a QFA quantizes the Hopf ideal of
functions which are zero on a (closed) subgroup;

b) a left coideal subalgebra in a QFA quantizes the algebra of invariant
functions on a homogeneous space;

c) a left ideal and two-sided coideal in a QUEA quantizes the infinitesimal
algebra on a homogeneous space;

d) a left coideal subalgebra in a QUEA quantizes the universal enveloping
subalgebra of a subgroup.

Once again, we must stress the fact that Cq , as was explained in Proposition

2.4, has to be seen as a quantization of the observable hull K̂ rather than of K
itself.

Let us now be more precise about the last condition in the previous definition.
By asking Iq

/
(q − 1)Iq ∼= πFq (Iq) = I we mean the following: the special-

ization map sends Iq inside F [G]. This map factors through Iq
/
(q − 1)Iq ;

in addition, we require that the induced map Iq
/
(q − 1)Iq −→ F [G] be a

bijection on I . Of course this bijection will respect the whole Hopf structure,
since πFq does. Now, since

πFq (Iq) = Iq
/(
Iq ∩ (q − 1)Fq[G]

)

this property may be equivalently rephrased by saying that Iq ∩ (q−1)Fq [G] =
(q−1) Iq as well. The previous discussions may be repeated unaltered for all
four algebraic objects under consideration. An equivalent definition of strict
quantizations is therefore the following:

(a) Iq Eℓ Ė Fq[G] , πFq (Iq) = I , Iq ∩ (q−1)Fq[G] = (q−1) Iq
(b) Cq ≤1 Ėℓ Fq[G] , πFq (Cq) = C , Cq ∩ (q−1)Fq[G] = (q−1) Cq
(c) Iq Eℓ Ė Uq(g) , πUq (Iq) = I , Iq ∩ (q−1)Uq(g) = (q−1)Iq
(d) Cq ≤1 Ėℓ Uq(g) , πUq (Cq) = C , Cq ∩ (q−1)Uq(g) = (q−1)Cq

(3.3)
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The purpose of the last condition — which is often mentioned by saying that Cq
is a flat quantization (typically, in the literature on deformation quantization)
— should be clear: indeed, removing it means losing any control on what is
contained, in quantization, inside the kernel of the specialization map.

Although the just mentioned notion of quantization appears to be, in many
respect, the “correct” one — and indeed is typically the one considered in
literature — another notion of quantization naturally appears when one has to
deal with quantum duality principle.

Definition 3.2. Let Fq[G] and Uq(g) be a QFA and a QUEA for G and g and
let

πFq : Fq[G] −։ Fq[G]
/
(q−1)Fq[G] ∼= F [G]

πUq : Uq(g) −։ Uq(g)
/
(q −1)Uq(g) ∼= U(g)

be the specialization maps. Let ∇ := ∆ − ∆op. Let I, C, I and C be the
algebraic objects associated with the subgroup K of G (see 2.1). We call “proper
quantization” of each of them any object Iq , Cq , Iq or Cq respectively, such
that

(a) Iq Eℓ Ė Fq[G] , πFq (Iq) = I ,
[
Iq , Iq

]
⊆ (q − 1) Iq

(b) Cq ≤1 Ėℓ Fq[G] , πFq (Cq) = C ,
[
Cq , Cq

]
⊆ (q − 1) Cq

(c) Iq Eℓ Ė Uq(g) , πUq (Iq) = I , ∇(Iq) ⊆ (q−1)Uq(g) ∧ Iq
(d) Cq ≤1 Ėℓ Uq(g) , πUq (Cq) = C , ∇(Cq) ⊆ (q−1)Uq(g) ∧ Cq

(3.4)

The link between these two notions of quantization is the following:

Lemma 3.3. Any strict quantization is a proper quantization.

Proof. This is an easy consequence of definitions. Indeed, let K be a subgroup
of G . If Iq := I

(
K̂
)
is any strict quantization of I(K), we have

Iq ∩ (q − 1)Fq = (q − 1) Iq

by assumption, and moreover
[
Fq , Fq

]
⊆ (q − 1)Fq . Then

[
Iq , Iq

]
⊆ Iq ∩

[
Fq , Fq

]
⊆ Iq ∩ (q − 1)Fq = (q − 1) Iq

thus
[
Iq , Iq

]
⊆ (q − 1) Iq , i.e. Iq is proper. A similar argument works for

quantizations of type Cq(K) . Also, if Iq(K) is any strict quantization of I(K) ,
then we have Iq ∩ (q − 1)Uq = (q − 1)Iq by assumption, and moreover
∇(Uq) ⊆ (q − 1)U ∧2

q . Then

∇(Iq) ⊆
(
Uq ∧ Iq

)
∩ ∇(Uq) ⊆

(
Uq ∧ Iq

)
∩ (q − 1)U ∧2

q ⊆ (q − 1)Uq ∧ Iq

so that Iq is proper. A similar argument works for quantizations of type Cq(K)
as well.
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Remark 3.4. The converse to Lemma 3.3 here above is false. Indeed, there
exist quantizations (of subgroups / homogeneous spaces) which are proper but
not strict: we present an explicit example — of type Cq — in Subsection 6.3
later on.
This means that giving two different versions of “quantization” does make
sense, in that they actually capture two inequivalent notions — hierarchically
related via Lemma 3.3.

The following statement clarifies why such definitions actually apply only to
the (restricted) case of coisotropic subgroups (this result can be traced back to
[18], where it is mentioned as coisotropic creed).

Proposition 3.5. Let K be a subgroup of G and assume a proper quantiza-
tion of it exists. Then K is coisotropic or, in case the quantization is Cq , its
observable hull K̂ is coisotropic.

Proof. Assume Iq exists. Let f, g ∈ I , and let ϕ, γ ∈ Iq with πFq (ϕ) = f ,
πFq (γ) = g . Then by definition {f, g} = πFq

(
(q − 1)−1[ϕ, γ]

)
. But

[ϕ, γ] ∈
[
Iq , Iq

]
⊆ (q − 1) Iq

by assumption, hence (q−1)−1[ϕ, γ] ∈ Iq , thus {f, g} = πFq
(
(q−1)−1[ϕ, γ]

)
∈

πFq (Iq) = I , which means that I is closed for the Poisson bracket. Thus (see
(2.6)) K is coisotropic.
Similar arguments work when dealing with Cq , Iq or Cq . We shall only remark

that working with Cq we end up with C
(
K̂
)
= C(K) ≤P F [G] , whence K̂ is

coisotropic.

Since we would like to show also what happens in the non coisotropic case, we
will consider, also, the weakest possible — näıve — version of quantization.

Definition 3.6. Let Fq[G] and Uq(g) be a QFA and a QUEA for G and g and
let

πFq : Fq[G] −։ Fq[G]
/
(q−1)Fq[G] ∼= F [G]

πUq : Uq(g) −։ Uq(g)
/
(q −1)Uq(g) ∼= U(g)

be the specialization maps. Let I, C, I and C be the algebraic objects associated
with the subgroup K of G (see 2.1). We call “weak quantization” of each of
them any object Iq , Cq , Iq or Cq respectively, such that

(a) Iq Eℓ Ė Fq[G] , πFq (Iq) = I
(b) Cq ≤1 Ėℓ Fq[G] , πFq (Cq) = C
(c) Iq Eℓ Ė Uq(g) , πUq (Iq) = I

(d) Cq ≤1 Ėℓ Uq(g) , πUq (Cq) = C

(3.5)

Documenta Mathematica 19 (2014) 333–380



A Global QDP for Subgroups and Homogeneous Spaces 349

It is obvious that strict or proper quantizations are weak. Let us remark
that every subgroup of G is quantizable in the weak sense, since we may just
consider e.g. Iq := π−1

Fq
(I) to be a quantization of I . As näıf as it may seem,

this remark will play a rôle in what follows.

Let us lastly remark how the real case should be treated.

Definition 3.7. Let (Fq [G] , ∗) and (Uq(g) , ∗) be a real QFA and a real QUEA
for G and g . Let Iq , Cq , Iq and Cq be subgroup quantizations (either strict,
proper or weak). Then such quantizations are called real if

(
S(Iq)

)⋆
= Iq , C⋆q = Cq ,

(
S(Iq)

)⋆
= Iq , C⋆q = Cq (3.6)

3.8. The formal quantization approach. In the present work we are
dealing with global quantizations. In [5] instead we treated formal quantiza-
tions: these are topological Hopf C[[h]]–algebras which for h = 0 yield back
the (formal) Hopf algebras associated with a (formal) group. In this case, such
objects as Iq , Cq , Iq and Cq are defined in the parallel way. However, in [5] we
did not consider the notions of proper nor weak quantizations but only dealt
with strict quantizations. Actually, one can consider the notions of proper or
weak quantizations in the formal quantization setup as well; then the relation
between these and strict quantizations will be again the same as we showed
here above.
We point out also that the semiclassical limits of formal quantizations are just
formal Poisson groups, or their universal enveloping algebras, or subgroups,
homogeneous spaces, etc. In any case, this means — see the end of Subsection
2.1 — that no restrictions on subgroups apply (all are “observable”) nor on
homogeneous spaces (all are “quasi-affine”).

4 Quantum duality principle

Drinfeld’s quantum duality principle (cf. [7], §7; see also [10] for a proof) has a
stronger version (see [12]) best suited for our quantum groups — in the sense
of Section 3.

Let H be any Hopf algebra in HA and let

I := Ker
(
H

ǫ
։ C

[
q, q−1

] ev1−−։C
)
= Ker

(
H

ev1−−։H
/
(q−1)H ǭ

։ C
)

(4.1)

Then I is a Hopf ideal of H . We define

H∨ :=
∑
n≥0

(q −1)−nIn =
⋃
n≥0

(
(q −1)−1

I
)n ( ⊆ C(q)⊗C[q,q−1] H

)
(4.2)

Documenta Mathematica 19 (2014) 333–380



350 Nicola Ciccoli, Fabio Gavarini

Notice that, setting J := Ker
(
H

ǫ−։ C
[
q, q−1

])
, one has I = (q− 1) ·1H+J ,

so that
H∨ =

∑
n≥0 (q − 1)

−n
Jn =

∑
n≥0

(
(q − 1)

−1
J
)n

(4.3)

Consider, now, for every n ∈ N the iterated coproduct ∆n : H → H⊗n where

∆0 := ǫ ∆1 := idH ∆n :=
(
∆⊗ id

⊗(n−2)
H

)
◦∆n−1 if n ≥ 2 .

For any ordered subset Σ = {i1, . . . , ik} ⊆ {1, . . . , n} with i1 < · · · < ik ,
define the morphism jΣ : H⊗k −→ H⊗n by

jΣ(a1 ⊗ · · · ⊗ ak) := b1 ⊗ · · · ⊗ bn where

{
bi := 1 if i /∈ Σ

bim := am if 1 ≤ m ≤ k

then set ∆Σ := jΣ ◦∆k , ∆∅ := ∆0 , and δΣ :=
∑

Σ′⊂Σ (−1)n−|Σ
′|∆Σ′ , δ∅ :=

ǫ . By the inclusion-exclusion principle, the inverse formula ∆Σ =
∑

Ψ⊆Σ δΨ
holds. We shall use notation δ0 := δ∅ , δn := δ{1,2,...,n} , and the key identity

δn = (idH − ǫ)⊗n ◦∆n , for all n ∈ N+ . Given H ∈ H, we define

H ′ :=
{
a ∈ H

∣∣ δn(a) ∈ (q − 1)nH⊗n, ∀ n ∈ N
} (

⊆ H
)
. (4.4)

Theorem 4.1 (Global Quantum Duality Principle). (cf. [12]) For any H ∈
HA one has:

(a) H∨ is a QUEA and H ′ is a QFA. Moreover the following inclusions hold:

H ⊆
(
H∨)′ , H ⊇

(
H ′)∨ , H∨=

((
H∨)′ )∨ , H ′=

((
H ′)∨)′ (4.5)

(b) H =
(
H∨)′ ⇐⇒ H is a QFA, and H =

(
H ′)∨ ⇐⇒ H is a QUEA;

(c) If G is a Poisson group with Lie bialgebra g , then

Fq[G]
∨
/
(q − 1)Fq[G]

∨ = U(g∗) Uq(g)
′/(q − 1)Uq(g)

′ = F [G∗]

where G∗ is some connected Poisson group dual to G;

(d) Let Fq[G] and Uq(g) be dual to each other w.r. to some perfect Hopf
pairing. Then Fq[G]

∨
and Uq(g)

′
are dual to each other w.r. to the same

pairing.

A number of remarks are due, at this point:

1. The Poisson group G∗ dual to G appearing in (c) of Theorem 4.1 does
depend on Uq(g) which is given as a data. Different choices of Uq(g),
though associated with the same Lie bialgebra g may give rise to a dif-
ferent connected Poisson dual group G∗.
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2. For all Hopf C(q)–algebra H the existence of a C
[
q, q−1

]
-integral form Hf

which is a QUEA at q = 1 is equivalent to the existence of a C
[
q, q−1

]
–

integer form Hu which is a QFA at q = 1 .

3. All claims above have obvious analogues in the real case.

4. If H is a Hopf algebra and Φ ⊆ N is a finite subset, then ([16], Lemma
3.2)

δΦ(ab) =
∑

Λ∪Y=Φ

δΛ(a) δY (b) ∀ a, b ∈ H (4.6)

furthermore, if Φ 6= ∅ we have

δΦ(ab− ba) =
∑

Λ∪Y=Φ
Λ∩Y 6=∅

(
δΛ(a) δY (b)− δY (b) δΛ(a)

)
∀ a, b ∈ H (4.7)

The above formulas will be used frequently in what follows

Having clarified the exact statement of quantum duality principle that we have
in mind, let us extend it to objects of subgroup type as in Definition 3.6, i.e. to
left coideal subalgebras and to left ideals and two-sided coideals — either in
Fq[G] or in Uq(g) . This was already done in [5] where we only considered local
(i.e. over C[[h]]) quantizations. Let us remark that the quantum duality prin-
ciple we have in mind not only exchanges the rôle of algebras of functions with
that of universal enveloping algebras, but also exchanges the rôle of subgroups
with that of homogeneous spaces. At the semiclassical level, the pair of dual
objects is given by a coisotropic subgroup H and a Poisson quotient G∗/H⊥ .
When H is a Poisson subgroup, its orthogonal H⊥ turns out to be normal in
G∗ and G∗/H⊥ ∼= H∗ as a Poisson group, thus recovering the usual quantum
duality principle. In particular, we will consider a process moving along the
following draft:

(a) I
(
⊆F [G]

) (1)−→ Iq
(
⊆Fq[G]

) (2)−→ Iqg
(
⊆Fq[G]∨

) (3)−→ I1g
(
⊆U(g∗)

)

(b) C
(
⊆ F [G]

) (1)−→ Cq
(
⊆Fq[G]

) (2)−→ Cq▽
(
⊆Fq[G]∨

) (3)−→ C1▽
(
⊆U(g∗)

)

(c) I
(
⊆U(g)

) (1)−→ Iq
(
⊆Uq(g)

) (2)−→ Iq
!
(
⊆Uq(g)′

) (3)−→ I1
!
(
⊆F [G∗]

)

(d) C
(
⊆U(g)

) (1)−→ Cq
(
⊆Uq(g)

) (2)−→ Cq
�
(
⊆Uq(g)′

) (3)−→ C1
�
(
⊆F [G∗]

)

where arrows (1) are quantizations, arrows (3) are specializations at q = 1 and
the definition of arrows (2) will be the core of what follows. It will turn out
that:

1. each one of the right-hand-side objects above is one of the four algebraic
objects which describe a closed connected subgroup of G∗ : namely, the
correspondence is

(a) ==⇒ (c) , (b) ==⇒ (d) , (c) ==⇒ (a) , (d) ==⇒ (b) .
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2. the four quantizations of subgroups of G∗ so obtained are always proper
— hence the subgroups of G∗ associated with them are coisotropic.

3. if we begin with strict quantizations, and we start from a subgroup K,
then the quantization of the unique coisotropic closed connected subgroup
of G∗ mentioned above is strict as well, and the subgroup itself is K⊥

(cf. Definition 2.1), with some care in case (b), i.e. if we start from C(K).
This will partially generalize to weak quantizations, for which, starting
from a subgroup K of G, the unique coisotropic closed connected sub-
group of G∗ obtained above is K〈⊥〉 (cf. Proposition 2.2).

Let us fix, in what follows, quantizations Uq(g) and Fq[G] as in Section 3. Unless
explicitly mentioned we will not assume that this is a double quantization. To
simplify notations, let us set

Uq := Uq(g) , Uq := Uq(g) , Uq
′ := Uq(g)

′

Fq := Fq[G] , Fq := Fq[G] , Fq
∨ := Fq[G]

∨

As mentioned in the first remark after Theorem 4.1, this implies that a specific
connected Poisson dual G∗ of G is selected (it depends on the choice of Uq :=
UQ(g) , not only on g itself). Let us consider quantum subgroups Iq , Cq , Iq
and Cq as defined in 3.6.

Definition 4.2. Using notations as in (4.1) we define:

(a) Iqg :=
∞∑
n=1

(q − 1)
−n · I n−1 · Iq =

∞∑
n=1

(q − 1)
−n · J n−1 · Iq

(b) Cq▽ :=
∞∑
n=0

(q − 1)−n ·
(
Cq ∩ I

)n
=

∞∑
n=0

(q − 1)−n ·
(
Cq ∩ J

)n

(c) Iq
! :=

{
x ∈ Iq

∣∣∣ δn(x) ∈ (q−1)n
n∑
s=1

Uq
⊗(s−1)⊗ Iq ⊗ Uq⊗(n−s), ∀ n∈N+

}

(d) Cq
� :=

{
x ∈ Cq

∣∣∣ δn(x) ∈ (q − 1)n Uq
⊗(n−1)⊗ Cq , ∀ n ∈ N+

}

Let us remark that the following inclusions hold directly by definitions:

(i) Iqg ⊇ Iq , (ii) Cq▽ ⊇ Cq , (iii) Iq
! ⊆ Iq , (iv) Cq

� ⊆ Cq . (4.8)

5 Duality maps

In the present section we will prove properties of the four Drinfeld–type maps
defined in the previous section, namely the maps Iq 7→ Iqg , Cq 7→ Cq▽ ,

Iq 7→ Iq
! and Cq 7→ Cq

� . Let us recall that such maps do not change, as
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we will see, the algebraic properties of subobjects, but interchanges quantized
function algebra with quantum enveloping algebra and therefore quantizations
of coisotropic subgroups will be sent to quantizations of (embeddable) homo-
geneous spaces — of the dual quantum group — and viceversa.
Let us start by considering the map Iq 7→ Iqg .

Proposition 5.1. Let Iq = Iq(K) be a left ideal and two-sided coideal in
Fq[G] , that is a weak quantization (of type I ) of some subgroup K of G . Then

1. Iqg is a left ideal and two-sided coideal in Fq[G]
∨
;

2. if Iq is strict, then Iqg is strict too, i.e. Iqg
⋂
(q − 1)Fq[G]

∨
= (q −

1) Iqg ;

3. there exists a coisotropic subgroup L of G∗ such that Iq(K)
g
= Iq(L) :

namely, Iq(K)
g

is a proper quantization, of type I, of some coisotropic
subgroup L of G∗ ;

4. in the real case, i.e. if the quantization Iq is a real one, Iqg is real too,

i.e.
(
S
(
Iqg
))∗

= Iqg . Therefore claims (1–3) still hold in the framework
of real quantum subgroups.

Proof. (1) Consider that Iqg is the left ideal of Fq
∨ generated by

(q − 1)
−1 Iq ; therefore, in order to prove IqgĖFq

∨ it is enough to show that

∆
(
(q−1)−1 Iq

)
⊆ Fq

∨⊗ Iqg + Iqg⊗ Fq∨ . Since Iq is a coideal of Fq , we have

∆
(
(q − 1)

−1 Iq
)
⊆

⊆ Fq ⊗ (q−1)−1 Iq + (q−1)−1 Iq ⊗ Fq ⊆ Fq
∨⊗ Iqg + Iqg⊗ Fq∨

(5.1)

whence IqgĖFq
∨ follows, and the first claim is proved. (2) Assume Iq to be

a strict quantization, so that Iq
⋂
(q − 1)Fq = (q − 1) Iq .

Let J := Ker
(
ǫ : Fq −→ C

[
q, q−1

] )
. Then

J mod (q−1)Fq = Ker (ǫ)
∣∣
F [G]

= me

and me

/
me

2 = g∗, the cotangent Lie bialgebra of G . Let {y1, . . . , yn} be a

subset of me whose image in the local ring of G at the identity e is a local
system of parameters, and pull it back to a subset {j1, . . . , jn} of J . Let F̂q be
the J–adic completion of Fq. From [12], Lemma 4.1, we know that the set of

ordered monomials
{
j e
∣∣ e ∈ Nn

}
(where hereafter j e :=

∏n
s=1 j

e(i)
s , for all

e ∈ Nn ) is a C
[
q, q−1

]
–pseudobasis of F̂q , which means that each element of F̂q

has a unique expansion as a formal infinite linear combination of the j e’s. In a

similar way, the (q−1)–adic completion of Fq
∨ admits

{
(q − 1)−|e|j e

∣∣ e ∈ Nn
}

as a C
[
q, q−1

]
–pseudobasis, where |e| :=∑n

i=1 e(i) .
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For our purposes we need a special choice of the set {j1, . . . , jn} adapted to
the smooth subvariety K of G. By general theory we can choose {y1, . . . , yn}
so that y1, . . . , yk ∈ me and yk+1, . . . , yn ∈ I(K) , where k = dim (K) . We
can also choose the lift {j1, . . . , jn} of {y1, . . . , yn} inside J so that js is a lift
of ys, for all s = 1, . . . , k , and jk+1, . . . , jn ∈ Iq . With these assumptions,
it’s easy to see that

ϕ ∈ Iqg
⋂
(q − 1)Fq

∨ =⇒ (q − 1)n ϕ ∈
(
Jn−1 · Iq

)⋂
(q − 1)Jn

for some n ∈ N, which in turn yields (q − 1)
n
ϕ ∈ Jn−1 ·

(
Iq
⋂
(q−1)J

)
. Since

Iq
⋂
(q − 1)J ⊆ Iq

⋂
(q − 1)Fq = (q − 1) Iq

we conclude that (q − 1)
n
ϕ ∈ (q − 1)Jn−1 · Iq , whence ϕ ∈ (q − 1) Iqg .

The converse inclusion Iqg
⋂
(q− 1)Fq

∨ ⊇ (q− 1) Iqg is obvious, hence claim
(2) is proved. (3) It is an obvious statement that Iqg is a weak quantization
of its image πFq∨

(
Iqg
)
: in particular, πFq∨

(
Iqg
)
Eℓ Ė πFq∨

(
Fq

∨) = U
(
g∗
)

implies that πFq∨
(
Iqg
)
= I(L) for some subgroup L of G∗. Thus Iqg is a weak

quantization, to be called Iq(L), of I(L) , and it is even strict if Iq itself is
strict, as we’ve just seen. Now we show that such quantization Iq(L) turns out
to be always proper.
In fact, (5.1) implies ∇

(
(q − 1)

−1 Iq
)
⊆ (q − 1)

−1 (
Fq ∧ Iq

)
. On the other

hand Fq ∧ Iq ⊆ J ∧ Iq ⊆ (q − 1)2 Fq
∨∧ Iqg, thus, finally, ∇

(
Iqg
)
∈ (q −

1)Fq
∨∧ Iqg, which means that Iqg is proper and (3) holds. (4) This is an

obvious consequence of definitions.

Remark 5.2. In functorial language we may say that the map Iq 7→ Iqg
establishes a functor between quantizations of coisotropic subgroups of G and
quantizations of (embeddable) homogeneous spaces of G∗, moving from a global
to a local description, sending each type of quantization in a proper one and
preserving strictness. Indeed, we should make precise what are the “arrows”
in our categories of “quantum subgroups” or “quantum homogeneous spaces”,
and how the functor acts on these: we leave these details to the interested
reader.

Let us move on to properties of the map Cq 7→ Cq▽ .

Proposition 5.3. Let Cq = Cq(K) be a left coideal subalgebra in Fq[G]. Then

1. Cq▽ is a left coideal subalgebra in Fq[G]
∨;

2. if Cq is strict, then Cq▽ is strict too, i.e. Cq▽
⋂
(q − 1)Fq[G]

∨
= (q −

1) Cq▽ .

3. there exists a coisotropic subgroup L of G∗ such that Cq(K)
▽
= Cq(L) :

namely, Cq(K)
▽
is a proper quantization, of type C , of some coisotropic

subgroup L of G∗ ;
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4. in the real case, i.e. if the quantization Cq is a real one, Cq(K)
▽
is real

too, i.e.
(
Cq▽
)∗

= Cq▽ . Therefore claims (1–3) still hold in the framework
of real quantum subgroups.

Proof. The proof uses essentially the same arguments as the previous one.
(1) By the very definitions Cq▽ ≤1 Fq

∨ := Fq[G]
∨
. More precisely,

Cq▽ is (by construction) the unital C
[
q, q−1

]
–subalgebra of Fq

∨ generated by

(q − 1)−1 (Cq)+ , where (Cq)+ := Cq
⋂
J . So to get Cq▽Ėℓ Fq∨ we must only

prove ∆
(
(q−1)−1

(Cq)+
)
⊆ Fq∨⊗ Cq▽ . But Cq Ėℓ Fq , so:

∆
(
(q − 1)

−1
(Cq)+

)
⊆ Fq ⊗ (q − 1)

−1
(Cq)+ ⊆ Fq

∨⊗ Cq▽ (5.2)

therefore Cq▽ Ėℓ Fq
∨, and claim (1) is proved. (2) Now suppose Cq to be a strict

quantization, i.e. Cq
⋂
(q−1)Fq = (q−1) Cq . We need an explicit description

of Fq
∨ and of Cq▽ . This goes along the same lines followed to describe Iqg in

the proof of Proposition 5.1: but now the choice of the subset {j1, . . . , jn} of
J is different.

First, since C(K) = C
(
K̂
)
we can assume that K = K̂ , i.e. K is observable.

Then we can choose
{
j1, . . . , jn

}
so that jk+1, . . . , jn ∈ J

⋂ Cq = Cq+ (where

again k = dim (K) ) and, letting ys := js mod (q−1)Fq , the set
{
y1, . . . , yn

}

yields a local system of parameters at e ∈ G (in the localized ring), as before;
now in addition we have yk+1, . . . , yn ∈ me

⋂ C(K) =: C(K)
+
. With these

assumptions, the (q − 1)–adic completion of Fq
∨ admits

{
(q − 1)

−|e|
j e
∣∣ e ∈

Nn
}

as a C
[
q, q−1

]
–pseudobasis, like before, but in addition the same analysis

can be done for the (q − 1)–adic completion of Cq▽ (just because Cq is strict),
which then has C

[
q, q−1

]
–pseudobasis

{∏n
s=k+1 j

es
s

∣∣ (ek+1, . . . , en) ∈ Nn−k} .
From these description of the completions, and comparing the former with Fq

∨

and Cq , we easily see that Cq▽
⋂
(q − 1)Fq

∨ ⊆ (q − 1) Cq▽ . The converse is
trivial, hence claim (1) is proved. (3) It follows directly from (1) that Cq▽
is a weak quantization of its image πFq∨

(
Cq▽
)
: in particular, πFq∨

(
Cq▽
)
≤1

Ėℓ πFq∨
(
Fq

∨) = U
(
g∗
)
means that πFq∨

(
Cq▽
)
= C(L) for some subgroup L of

G∗. Thus Cq▽ is a weak quantization — to be called Cq(L) — of C(L), and it
is even strict if Cq itself is strict, by claim (1). Now in addition we show that,
in any case, such a quantization Cq(L) is always proper.

From (5.2) we have

∇
(
(q − 1)

−1
(Cq)+

)
⊆ (q − 1)

−1
J ∧ (Cq)+ ⊆
⊆ (q − 1)−1+2 Fq

∨∧ Cq▽ = (q − 1)Fq
∨∧ Cq▽

which implies exactly that Cq▽ — which by definition is the unital subalgebra

generated by (q − 1)−1 (Cq)+ — is proper. (4) This follows directly from
definitions and from Cq∗ = Cq, which holds by assumption.
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Remark 5.4. In functorial language we may say that the map Cq 7→ Cq▽ estab-
lishes a functor between quantized homogeneous spaces of G and quantizations
of coisotropic subgroups of G∗, moving from a global to a local description,
sending each type of quantization in a proper one and preserving strictness.
Again, to be precise, several details need to be fixed, and are left to the reader.

The third step copes with the map Iq 7→ Iq
! .

Proposition 5.5. Let Iq = Iq(K) be a left ideal and two-sided coideal in
Uq(g) , weak quantization (of type I) of some coisotropic subgroup K of G .
Then:

1. Iq
! is a left ideal and two-sided coideal in Uq(g)

′
;

2. if Iq is strict, then Iq
! is strict too, i.e. Iq

!⋂ (q−1)Uq(g)′ = (q−1)Iq! ;

3. there exists a coisotropic subgroup L in G∗ such that Iq(K)! = Iq(L) :
namely, Iq(K)! is a proper quantization, of type I , of some coisotropic
subgroup L of G∗ ;

4. in the real case, i.e. if the quantization Iq is a real one, Iq
! is real too,

i.e.
(
S
(
Iq

!
))∗

= Iq
!. Therefore claims (1–3) still hold in the framework

of real quantum subgroups.

Proof. (1) Let a ∈ Uq′ and b ∈ Iq
! : by definition of Iq

!, from Iq Eℓ Uq and
from (4.6) we get

δn(ab) ∈ (q − 1)
n
n∑
s=1

Uq
⊗(s−1)⊗ Iq ⊗ Uq⊗(n−s)

so a b ∈ Iq
! , thus Iq

! Eℓ Uq
′ .

As to the coideal property, it is proven resorting to (q − 1)–adic completions,
arguing as in the proof of Proposition 3.5 in [12], and basing on the fact that
IqĖ Uq . Details are left to the reader. (2) Assume now Iq to be strict. The
inclusion

Iq
!⋂ (q − 1)Uq(g)

′ ⊇ (q − 1)Iq
!

is trivially true, and we must prove the converse. Let η ∈ Iq
! ⋂ (q − 1)Uq(g)

′
.

We have

δn(η) ∈ (q − 1)
n
((∑n

s=1Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

)⋂
(q − 1)Uq

⊗n
)

for all n ∈ N+ . But then our assumption gives
(

n∑
s=1

Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

) ⋂
(q − 1)Uq

⊗n =

=
n∑
s=1

Uq
⊗(s−1) ⊗

(
Iq
⋂
(q−1)Uq

)
⊗ Uq⊗(n−s) =

= (q−1)n+1
n∑
s=1

Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

Documenta Mathematica 19 (2014) 333–380



A Global QDP for Subgroups and Homogeneous Spaces 357

which, in turn, means η ∈ (q−1)Iq! . Thus Iq
! ⋂ (q−1)Uq(g)′ ⊆ (q−1)Iq! ,

as expected. (3) Claim (1) implies that Iq
! is a weak quantization of its im-

age, therefore there exists a subgroup L of G∗ such that πUq′
(
Iq

!
)
= I(L) .

This quantization is even strict if Iq itself is strict, by the previous. Now we
show that this quantization Iq(L) is always proper — hence the subgroup L
is coisotropic, by Lemma 3.5. Recall that, by definition, Iq(L) is proper if and
only if [x, y] ∈ (q − 1)Iq

! for all x, y ∈ Iq
! . From definitions we have

[x, y] ∈ (q−1)Iq! ⇐⇒ δn
(
[x, y]

)
∈ (q − 1)

n+1∑n
s=1 Uq

⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

for all n ∈ N . Then by formula (4.7) we have (for all n ∈ N )

δn
(
[x, y]

)
=
∑

Λ∪Y={1,...,n}
Λ∩Y 6=∅

(
δΛ(x) δY (y) − δY (y) δΛ(x)

)
(5.3)

while (with notation of §4)

δΛ(x) ∈ (q − 1)|Λ| · jΛ
(∑|Λ|

s=1 Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(|Λ|−s)

)
,

δY (y) ∈ (q − 1)
|Y | · jY

(∑|Y |
s=1 Uq

⊗(s−1) ⊗ Iq ⊗ Uq⊗(|Y |−s)
)
;

since Λ∪ Y = {1, . . . , n} and Λ ∩ Y 6= ∅ we have |Λ|+ |Y | ≥ n+ 1 ; moreover,
for each index i ∈ {1, . . . , n} we have i ∈ Λ (and otherwise Im (jΛ) has 1 in
the i–th spot) or i ∈ Y (with the like remark on Im (jY ) if not). As Iq is a left
ideal of Uq, we conclude

δΛ(x) · δY (y) , δY (y) · δΛ(x) ∈ (q − 1)
|Λ|+|Y |∑n

s=1 Uq
⊗(s−1) ⊗ Iq ⊗Uq⊗(n−s)

⊆ (q − 1)
n+1∑n

s=1 Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

so that (5.3) gives δn
(
[x, y]

)
∈ (q−1)n+1∑n

s=1 Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s), as

expected. (4) In the real case,
(
S
(
Iq

!
))∗

= Iq
! follows at once from defi-

nitions and from the identity
(
S(Iq)

)∗
= Iq .

Remark 5.6. In functorial language we may say that the map Iq 7→ Iq
! estab-

lishes a functor between quantized homogeneous spaces of G and quantizations
of coisotropic subgroups of G∗, moving from a local to a global description,
sending each type of quantization in a proper one and preserving strictness.
Once more, details are left to the interested reader.

The fourth and last step is devoted to the map Cq 7→ Cq
� .

Proposition 5.7. Let Cq = Cq(K) be a subalgebra and left coideal in Uq(g) ,
weak quantization (of type C) of some subgroup K of G . Then:

1. Cq
� is a subalgebra and left coideal in Uq(g)

′;
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2. if Cq is strict, then Iq
! is strict too, i.e. Cq

�⋂ (q−1)Uq(g)′ = (q−1)Cq� ;

3. there exists a coisotropic subgroup L in G∗ such that Cq(K)
�
= Cq(L) :

namely, Cq(K)
�
is a proper quantization, of type C , of some coisotropic

subgroup L of G∗ ;

4. in the real case, i.e. if the quantization Cq is a real one, Cq(K)
�
is real

too, i.e.
(
Cq

�
)∗

= Cq
� . Therefore claims (1–3) still hold in the framework

of real quantum subgroups.

Proof. The whole proof is very similar to that of Proposition 5.5. (1) By
definitions, 1 ∈ Cq and δn(1) = 0 for all n ∈ N, so 1 ∈ Cq

�. Let x, y ∈ Cq
�

and n ∈ N ; by (4.6) we have δn(xy) =
∑

Λ∪Y={1,...,n} δΛ(x) δY (y) . Each of

the factors δΛ(x) belongs to a module (q − 1)
|Λ|
Uq

⊗(|Λ|−1)⊗X where the last
tensor factor is either X = Cq (if n ∈ Λ ) or X = {1} ⊂ Cq (if n 6∈ Λ ), and
similarly for δY (y); in addition Λ∪Y = {1, . . . , n} implies |Λ|+ |Y | ≥ n , and

summing up δn(xy) ∈ (q−1)nUq⊗(n−1)⊗ Cq , whence x y ∈ Cq
�. Thus Cq

� is a
subalgebra of Uq

′.
In order to prove that Cq

� is a left coideal in Uq
′, one can again resort to

(q − 1)–adic completions, with exactly the same arguments as in the proof
of Proposition 3.5 in [5], starting from the fact that Cq Ėℓ Uq. Details are
left to the reader. (2) Assume, now, that Cq is a strict quantization, i.e.

Cq
⋂
(q − 1)Fq = (q − 1)Cq. Then clearly Cq

� ⋂ (q − 1)Uq(g)
′ ⊇ (q − 1)Cq

� ,

and we must prove the converse inclusion. Let κ ∈ Cq
� ⋂ (q− 1)Uq(g)

′
. Then:

δn(κ) ∈ (q − 1)n
((
Uq

⊗(n−1) ⊗ Cq

)⋂
(q − 1)Uq

⊗n
)

=

= (q − 1)
n
(
Uq

⊗(n−1) ⊗
(
Cq
⋂
(q−1)Uq

))
= (q − 1)

n+1 · Uq⊗(n−1) ⊗ Cq

which means κ ∈ (q − 1)Cq
� . Therefore Cq

� ⋂ (q − 1)Uq(g)
′ ⊆ (q − 1)Cq

�, as

claimed. (3) The above algebraic properties show that Cq
� is a weak quanti-

zation of its image πUq′
(
Cq

�
)
; thus there exists a coisotropic subgroup L of G∗

such that: πUq′
(
Cq

�
)
= C(L). Thus Iq

! is a weak quantization — to be called
Iq(L) — of I(L) , and it is even strict if Iq itself is strict, by the previous. Now
we show first that this quantization Iq(L) is always proper — hence the sub-
group L is coisotropic, by Lemma 3.5. Proving that Iq(L) is proper amounts

to show that [x, y] ∈ (q − 1)Cq
� for all x, y ∈ Cq

�. By definition we have

[x, y] ∈ (q−1)Cq� ⇐⇒ δn
(
[x, y]

)
∈ (q−1)n+1Uq

⊗(n−1) ⊗ Cq ∀ n∈N

and formula (4.7) gives, for all n ∈ N,

δn
(
[x, y]

)
=
∑

Λ∪Y={1,...,n}
Λ∩Y 6=∅

(
δΛ(x) δY (y) − δY (y) δΛ(x)

)
(5.4)
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while

δΛ(x) ∈ (q−1)|Λ|
jΛ

(
Uq

⊗(|Λ|−1)⊗Cq
)
, δY (y) ∈ (q−1)|Y |

jY

(
Uq

⊗(|Y |−1)⊗Cq
)

Now, Λ∪ Y = {1, . . . , n} and Λ∩ Y 6= ∅ give |Λ|+ |Y | ≥ n+ 1, and since Cq is
a subalgebra of Uq we get

δΛ(x) δY (y) , δY (y) δΛ(x) ∈ (q−1)|Λ|+|Y |
Uq

⊗(n−1) ⊗ Cq ⊆
⊆ (q−1)n+1

Uq
⊗(n−1) ⊗ Cq

so that (5.4) yields

δn
(
[x, y]

)
∈ (q−1)n+1

Uq
⊗(n−1) ⊗ Cq

thus [x, y] ∈ (q − 1)Cq
� . (4) In the real case (Cq)

∗
= Cq : this and the very

definitions imply the claim.

Remark 5.8. In functorial language we may say that the map Cq 7→ Cq
�

establishes a functor between quantization of coisotropic subgroups of G and
quantizations of Poisson homogeneous spaces of G∗, moving from a local to
a global description, sending each type of quantization in a proper one and
preserving strictness. We leave to the interested reader all details which still
need to be fixed.

We now move to connectedness properties of the coisotropic subgroup L iden-
tified in Propositions 5.5 and 5.7.

Proposition 5.9.

1. Let Iq(K) be a strict quantization (of type I) of a (coisotropic) sub-

group K in G . Then the subgroup L of G∗ such that Iq(K)
!
= Iq(L) is

connected.

2. Let Cq(K) be a strict quantization of type C of a (coisotropic) subgroup K

of G . Then the subgroup L of G∗ such that Cq(K)
!
= Cq(L) is connected.

Proof. (1) Saying that the (closed) subgroup L is connected is equivalent

to saying that its function algebra F [L] = F
[
G∗]/I(L) has no non-trivial

idempotents. Note that, since F
[
G∗] is the specialization of Uq

′ at q = 1 and

I(L) is the similar specialization of Iq
! , the quotient F [L] = F

[
G∗]/I(L) is

canonically isomorphic to the specialization at q = 1 of Uq
′
/
Iq

! . Let a be an

idempotent in F [L]: if we take any lift of it in Uq
′
/
Iq

! , i.e. any a ∈ Uq′
/
Iq

!

such that a = a mod (q−1)Uq′
/
Iq

! . We must prove:

a2 ≡ a mod (q−1)Uq′
/
Iq

! =⇒ a mod (q−1)Uq′
/
Iq

! ∈
{
0, 1
}

(5.5)
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We can clearly reduce to the case when ǫ(a) = 0: in fact, if a 2 = a then ǫ(a)
is necessarily 0 or 1 (for it is unipotent too), and in the latter case we then

find that a0 := 1 − a is idempotent and ǫ(a0) = 0. Also the lift a ∈ Uq′
/
Iq

!

can be chosen, in this case, such that: ǫ(a) = 0. To simplify notation, we set

H := Uq

/
Iq and H’ := Uq

′
/
Iq

!. We shall prove that, if a ∈ H’, ǫ(a) = 0 and

a2 ≡ a mod (q−1)H’, then a ≡ 0 mod (q−1)H’, i.e. a ∈ (q−1)H’ ; in fact,
this will give (5.5).
Having assumed that Iq to be strict, H’ identifies with a C

[
q, q−1

]
–submodule

of H given in terms of the coalgebra structure of the latter: the embedding is

the one canonically induced by the maps Uq
′ −֒→ Uq −։ Uq

/
Iq. In fact, the

kernel of the latter map is Uq
′ ⋂ Iq (by strictness assumption). It is easy to

see from definitions that Uq
′ ⋂ Iq = Iq

!. Thus H’ does embed into H :

H’ =

{
η ∈ H

∣∣∣∣ δn(η) ∈ (q−1)nH⊗n , ∀ n ∈ N
}
. (5.6)

Now, a2 ≡ a mod (q−1)H’ means a = a2 + (q−1) c for some c ∈ H’; since
ǫ(a) = 0, we have ǫ(c) = 0 as well. Applying δn to the identity a = a2+(q−1) c
and using formula (4.6) we get

δn(a) = δn
(
a2
)
+ (q − 1) δn(c) =

∑
Λ∪Y={1,...,n}

δΛ(a) δY (a) + (q − 1) δn(c)

for all n ∈ N, which — noting that δ0(a) := ǫ(a) = 0 yields:

δn(a) =
∑

Λ∪Y={1,...,n}
Λ,Y 6=∅

δΛ(a) δY (a) + (q − 1) δn(c) (5.7)

Since c ∈ H’ , the last summand (q−1) δn(c) in right-hand side of (5.7) belongs
to (q−1)n+1H⊗n, thanks to (5.6). Similarly, since a ∈ H’ we have δk(a) ∈
(q−1)kH⊗k for all k ∈ N, by (5.6) again: therefore each summand δΛ(a) δY (a)
in right-hand side of (5.7) belongs to (q − 1)n+1H⊗n as well. But then (5.7)

yields δn(a) ∈ (q − 1)
n+1

H⊗n for all n ∈ N, which, again by (5.6), means
exactly that a ∈ (q−1)H’. This ends the proof of the first claim. (2) We

will use similar arguments to show this claim: F [L] = F
[
G∗]/I(L) has no

non-trivial idempotents. Since Cq
� = Cq(L) and C(L) = C

(
L̂
)
, we can assume

L = L̂, i.e. L is observable. This implies I(L) = Ψ
(
C(L)

)
, which is clearly the

specialization at q = 1 of Ψ
(
C(L)

)
= Uq

′ Cq
�; therefore, F [L] = F

[
G∗]/I(L) is

canonically isomorphic to the specialization at q = 1 of Uq
′
/
Uq

′ Cq
� .

From now on, one can mimic step by step the proof of part (1). The only
detail to modify is that one must take Uq Cq

+ =: Ψ(Cq) in place of Iq , and

Uq
′ (Cq�

)+
=: Ψ

(
Cq

�
)
in place of Iq

! . Letting H := Uq

/
Ψ(Cq) , and H’ :=
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Uq
′
/
Ψ
(
Cq

�
)
, the thesis amounts to prove that

a ∈ H’ , a2 ≡ a mod (q−1)H’⇒ a ≡ 0 mod (q−1)H’

(In fact also a ≡ 1 mod (q−1)H’ would be ok, but, arguing as before, we’ll
restrict to the case ǫ(a) = 0).
As Cq is strict, it is easy to see from definitions that Cq

� = Uq
′ ⋂ Cq, hence

Ψ
(
Cq

�
)
:= Uq

′ (Cq�
)+

= Uq
′(Uq′ ∩ Cq

)+
: the latter is the kernel of the map

Uq
′ −֒→ Uq −։ Uq

/
Uq C

+
q , so H’ embeds as a C

[
q, q−1

]
–submodule of H ,

namely

H’ =

{
η ∈ H

∣∣∣∣ δn(η) ∈ (q−1)nH⊗n , ∀ n ∈ N
}
.

With this description at hand, computations are as in the proof of claim (1).

Our next results are about the behavior of quantum subgroups under compo-
sition of Drinfeld-like maps.

Proposition 5.10. Let Iq , Cq , Iq , Cq be weak quantizations of a subgroup
K of G . Then:

1. Iq ⊆
(
Iqg
)!
, Cq ⊆

(
Cq▽
)�

;

2. Cq ⊇
(
Cq

�
)▽

, Iq ⊇
(
Iq

!
)g

.

Proof. (1) By the very definitions, for any n ∈ N we have

δn
(
Iq
)
⊆ JFq

⊗n⋂
(

n∑
s=0

Fq
⊗s ⊗ Iq ⊗ Fq⊗(n−s−1)

)
=

=
n∑
s=0

JFq
⊗s⊗Iq ⊗ JFq⊗(n−s−1) ⊆ (q − 1)

n ·
n∑
s=0

(
Fq

∨)⊗s⊗Iqg⊗
(
Fq

∨)⊗(n−s−1)

which means exactly Iq ⊆
(
Iqg
)!

. Similarly we can remark that:

δn
(
Cq
)
⊆ JFq

⊗n⋂(Fq⊗(n−1) ⊗ Cq
)

=

= JFq
⊗(n−1) ⊗

(
Cq
⋂
JFq
)
⊆ (q−1)n

(
Fq

∨)⊗(n−1)⊗ Cq▽

which means Cq ⊆
(
Cq▽
)�
. Therefore claim (1) is proved. (2) As

(
Cq

�
)▽

is generated — as an algebra — by (q−1)−1
Cq

�⋂ JUq′ , it is enough to show

that the latter space is contained in Cq . Let, then, x′ ∈ Cq
�⋂ JUq′ . Surely

δ1
(
x′
)
∈ (q − 1)Cq, hence x′ = δ1

(
x′
)
+ ǫ
(
x′
)
∈ (q − 1)Cq . Therefore

(q − 1)−1x′ ∈ Cq , q.e.d. Similarly,
(
Iq

!
)g

is the left ideal of Uq
′ gener-

ated by (q−1)−1
Iq

!⋂ JUq′ , thus — since Uq
′ ⊆ Uq — we must only prove

that (q−1)−1
Iq

!⋂ JUq′ is contained in Uq. Again, if y′ ∈ Iq
!⋂ JUq′ then

y′ = δ1
(
y′
)
+ ǫ
(
y′
)
∈ (q − 1)Iq. Thus we get (q − 1)

−1
y′ ∈ Iq , and (2) is

proved.
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Remarks:

(a) By repeated applications of the previous proposition it is easily proved
that:

Iqg =
((
Iqg
)!)g

, Cq▽ =
((
Cq▽
)�)▽

, Cq
� =

((
Cq

�
)▽)�

, Iq
! =

((
Iq

!
)g)!

(b) Since we proved that Drinfeld-like maps always produce proper quantiza-
tions, and that proper quantizations specialize to coisotropic subgroups
(cf. Proposition 3.5), the following holds:

1. if Iq =
(
I g
q

)!
then Iq is a proper quantization (of type I) of a

coisotropic subgroup of G ;

2. if Cq =
(
C ▽
q

)�
then Cq is a proper quantization (of type C) of a

coisotropic subgroup of G ;

3. if Iq =
(
I !
q

)g
then Iq is a proper quantization (of type I) of a

coisotropic subgroup of G ;

4. if Cq =
(
C �
q

)▽
then Cq is a proper quantization (of type C) of a

coisotropic subgroup of G .

(c) Since the whole construction is independent of the existence of real struc-
tures all the above claims hold true in the real framework as well.

Next result reads as a converse of the previous one, holding for Drinfeld maps
applied to strict quantizations:

Theorem 5.11.

(a) if Iq is a strict quantization of a coisotropic subgroup of G then one has

Iq =
(
I g
q

)!
;

(b) if Cq is a strict quantization of a coisotropic subgroup of G then one has

Cq =
(
C ▽
q

)�
;

(c) if Iq is a strict quantization of a coisotropic subgroup of G then one has

Iq =
(
I !
q

)g
;

(d) if Cq is a strict quantization of a coisotropic subgroup of G then one has

Cq =
(
C �
q

)▽
;

(e) The above claims hold true in the real framework as well.
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Proof. (a) Let Iq be a strict quantization; by Proposition 5.10(1), it is enough

to prove Iq ⊇
(
I g
q

)!
. For this we apply the argument used in [12], Proposition

4.3, to prove that Fq ⊇
(
Fq

∨)′ .
We denote by L the closed, coisotropic, connected subgroup of G∗ such that
I g
q = Iq(L) , as in Proposition 5.1, and with l its Lie algebra.

Let y′ ∈
(
I g
q

)!
. Then there is n ∈ N and y∨ ∈ I g

q \ (q − 1) I g
q such that

y′ = (q − 1)
n
y∨ . As we have seen strictness of Iq implies strictness of I g

q

and therefore y∨ 6∈ (q − 1)Fq
∨ , and so for y∨ := y∨ mod (q − 1)Fq

∨ we have

y∨ 6= 0 ∈ Fq∨
∣∣∣
q=1

= U
(
g∗
)
.

As Fq
∨ is a quantization of U

(
g∗
)
, we can pick an ordered basis {bλ}λ∈Λ of

g∗, and a subset
{
x∨λ
}
λ∈Λ

of (q − 1)
−1
JFq so that x∨λ mod (q − 1)Fq

∨ = bλ

for all λ ∈ Λ ; therefore x∨λ = (q − 1)
−1
xλ for some xλ ∈ JFq , for all λ (like in

the proof of [12] Proposition 4.3). In addition, we choose now the basis and its
lift so that a subset {bθ}θ∈Θ (for some suitable Θ ⊆ Λ ) is a basis of l , and,

correspondingly,
{
x∨θ
}
θ∈Θ

⊆ I g
q . Since y∨ 6= 0 ∈ Fq

∨∣∣
q=1

= U
(
g∗
)
, by the

Poincaré-Birkhoff-Witt theorem there is a non-zero polynomial P
(
{bθ}θ∈Θ

)
in

the bθ’s such that y∨ = P
(
{bθ}θ∈Θ

)
, hence

y∨ − P
({
x∨θ
}
θ∈Θ

)
∈ I g

q

⋂
(q − 1)Fq

∨ = (q − 1) I g
q .

This implies y∨ = P
({
x∨θ
}
θ∈Θ

)
+ (q − 1)

ν
y∨1 for some ν ∈ N+ where y∨1 ∈

I g
q \ (q − 1) I g

q .
One can see, like in [9], Lemma 4.12, that the polynomial P has degree not
greater than n . Thus y′ = (q−1)ny∨ = (q−1)nP

({
x∨θ
}
θ∈Θ

)
+ (q−1)n+νy∨1 ,

and

(q−1)nP
({
x∨θ
}
θ∈Θ

)
= (q−1)nP

({
(q−1)−1 xθ

}
θ∈Θ

)
∈ Iq

by a degree argument. But now, Proposition 5.10 gives Iq ⊆
(
I g
q

)!
. Then

y′1 := y′−(q−1)nP
({
x∨µ
}
θ∈Θ

)
∈
(
I g
q

)!
and y′1 = (q−1)n+νy∨1 = (q−1)n1y∨1

where n1 := n + ν > n, and y∨1 ∈ I g
q \ (q − 1) I g

q . We can then repeat the
construction, with y′1 instead of y′, n1 instead of n, etc.: iterating, we find an in-
creasing sequence of numbers

{
ns
}
s∈N

(with n0 := n) and a sequence of polyno-

mials
{
Ps
(
{Xθ}θ∈Θ

)}
s∈N

(again P0 := P ) such that the degree of Ps
(
{Xθ}θ∈Θ

)

is at most ns, and the formal identity y′ =
∑

s∈N (q − 1)nsPs
({
x∨θ
}
θ∈Θ

)
holds.

Now set In :=
∑n

k=1 (q − 1)
n−k Iqk (for all n ∈ N), and let Îq be the topological

completion of Iq with respect to the filtration provided by the In’s. Then, by
construction, (q−1)nsPs

({
x∨θ
}
θ∈Θ

)
∈ In for all s∈N . This yields

∑
s∈N

(q−1)nsPs
({
x∨θ
}
θ∈Θ

)
∈ Îq and y′ =

∑
s∈N

(q−1)nsPs
({
x∨θ
}
θ∈Θ

)

Documenta Mathematica 19 (2014) 333–380



364 Nicola Ciccoli, Fabio Gavarini

where the last is an identity in Îq . Thus y′ ∈
(
I g
q

)!⋂ Îq . Again with the

same arguments as in [12], we see that Iq
⋂
(q−1)ℓ Îq = (q−1)ℓ Iq for any

ℓ ∈ N . This together with y′ ∈
(
I g
q

)!⋂ Îq give y′ = (q − 1)
−m

η for some
m ∈ N and η ∈ Iq ; thus

η = (q−1)m y′ ∈ Iq
⋂
(q−1)m Îq = (q−1)m Iq ,

whence y′ ∈ Iq, q.e.d.
(b) Assume that Cq is a strict quantization; by Proposition 5.10(2), it is

enough to prove Cq ⊇
(
C ▽
q

)�
. To do that, we resume the argument used in [12],

Proposition 4.3, to show that Fq ⊇
(
Fq

∨)′.
We denote by L the closed, coisotropic, connected subgroup of G∗ such that
C ▽
q = Cq(L) and with l its Lie algebra.

Let c′ ∈
(
C ▽
q

)�
. Then there exist n ∈ N and c∨ ∈ C ▽

q \ (q − 1) C▽q such that
c′ = (q − 1)nc∨. Note that strictness of Cq implies strictness of C ▽

q ; hence

c∨ 6∈ (q − 1)Fq
∨, so that for c∨ := c∨ mod (q − 1)Fq

∨ we have c∨ 6= 0 ∈
Fq

∨∣∣
q=1

= U
(
g∗
)
. Moreover, c∨ ∈ C ▽

q

∣∣
q=1

= C(L) = U(l) ⊆ U
(
g∗
)
.

Since Fq
∨ is a quantization of U

(
g∗
)
, we can fix an ordered basis {bλ}λ∈Λ of

g∗ , and a subset
{
x∨λ
}
λ∈Λ

of (q − 1)
−1
JFq such that x∨λ mod (q − 1)Fq

∨ = bλ

for all λ ∈ Λ; so x∨λ = (q − 1)−1xλ for some xλ ∈ JFq , for all λ (as in the proof
of [12] Proposition 4.3). We can choose both the basis and its lift so that a
subset {bµ}µ∈M is a basis of l (hereM ⊆ Λ), and, correspondingly,

{
x∨µ
}
µ∈M ⊆

(q−1)−1
JFq

⋂ C ▽
q . Since c∨ 6= 0 ∈ Fq∨

∣∣∣
q=1

= U
(
g∗
)
, by the Poincaré-Birkhoff-

Witt theorem there exists a non-zero polynomial P
(
{bµ}µ∈M

)
in variables bµ’s

such that c∨ = P
(
{bµ}µ∈M

)
, hence:

c∨ − P
({
x∨µ
}
µ∈M

)
∈ C ▽

q

⋂
(q − 1)Fq

∨ = (q − 1) C ▽
q .

Therefore, c∨ = P
({
x∨µ
}
µ∈M

)
+ (q − 1)ν c∨1 for some ν ∈ N+ where c∨1 ∈

C ▽
q \ (q − 1) C ▽

q .
Now, we can see — like in [9], Lemma 4.12 — that the degree of P is not
greater than n . Then

c′ = (q − 1)
n
c∨ = (q − 1)

n
P
({
x∨µ
}
µ∈M

)
+ (q − 1)

n+ν
c∨1

with (q − 1)nP
({
x∨µ
}
µ∈M

)
= (q − 1)nP

({
(q − 1)−1 xµ

}
µ∈M

)
∈ Cq because P

has degree bounded (from above) by n. As Cq ⊆
(
C ▽
q

)�
, by Proposition 5.10,

we get

c′1 := c′−(q−1)nP
({
x∨µ
}
µ∈M

)
∈
(
C ▽
q

)�
and c′1 = (q−1)n+νc∨1 = (q−1)n1c∨1

with n1 := n + ν > n, and c∨1 ∈ C ▽
q \ (q − 1) C ▽

q . We can repeat this con-
struction with c′1 in place of c′, n1 in place of n, etc.. Iterating, we get an

Documenta Mathematica 19 (2014) 333–380



A Global QDP for Subgroups and Homogeneous Spaces 365

increasing sequence of numbers
{
ns
}
s∈N

(n0 := n ) and a sequence of polyno-

mials
{
Ps
(
{Xµ}µ∈M

)}
s∈N

(P0 :=P ) such that the degree of Ps
(
{Xµ}µ∈M

)
is

at most ns, and c
′ =

∑
s∈N (q − 1)

nsPs
({
x∨µ
}
µ∈M

)
.

Consider

ICq := Ker
(
Cq

ǫ−։ C
[
q, q−1

] ev1−։ C
)
= Ker

(
Cq

ev1−։ Cq
/
(q − 1) Cq

ǭ−։ C
)

By construction, we have (q − 1)nsPs
({
x∨µ
}
µ∈M

)
∈ ICq

ns for all s ∈ N ;

in turn, this means that
∑

s∈N (q − 1)
nsPs

({
x∨µ
}
µ∈M

)
∈ Ĉq , the lat-

ter being the ICq–adic completion of Cq , and the formal expression c′ =
∑

s∈N (q − 1)
nsPs

({
x∨µ
}
µ∈M

)
is an identity in Ĉq : therefore c′ ∈

(
C ▽
q

)�⋂ Ĉq.
Acting as in [12], again, we see that Cq

⋂
(q − 1)

ℓ Ĉq = (q − 1)
ℓ Cq for all ℓ ∈ N.

Getting back to c′ ∈
(
C ▽
q

)�⋂ Ĉq, we have c′ = (q − 1)
−m

κ for some m ∈ N and

κ ∈ Cq ; thus κ = (q−1)m c′ ∈ Cq
⋂
(q−1)m Ĉq = (q−1)m Cq, whence c′ ∈ Cq,

q.e.d.
(c) Let Iq be a strict quantization: by Proposition 5.10(2) it is enough to

prove Iq ⊆
(
I !
q

)g
; so given y ∈ Iq, we must prove that y ∈

(
I !
q

)g
. Recall

that Iq ⊆ Uq =
(
Uq

′)∨, the last identity following from Theorem 4.1. By
construction,

(
Uq

′)∨ =
∑
n≥0 (q − 1)

−n
I n
Uq

′ , IUq′ :=
(
Uq

′)+ + (q − 1)Uq
′

so for y ∈ Iq ⊆ Uq =
(
Uq

′)∨ there exists N ∈ N such that

y+ := (q − 1)
N
y ∈ I NUq′ ⊆ Uq

′ (5.8)

Strictness of Iq , i.e. Iq
⋂
(q − 1)Uq = (q − 1)Iq , implies

( n∑
s=1

Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

)⋂ (
(q−1)n Uq⊗n

)
=

= (q−1)n
( n∑
s=1

Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

)

for all n ∈ N+ ; then, by the very definitions, the latter yields I !
q = Iq

⋂
Uq

′ .
If in (5.8) N = 1, then y+ = y ∈ Uq′, thus y ∈ Iq

⋂
Uq

′ = I !
q , q.e.d. If N > 1

instead, then formula (5.8), along with Iq ĖUq , yields

δn(y+) ∈
(
(q − 1)

N ·
n∑
s=1

Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s)

)⋂(
(q − 1)

n
Uq

⊗n) (5.9)

for all n ∈ N+ , and since Iq is strict, from (5.9) one gets

δn(y+) ∈ (q−1)n
n∑
s=1

Uq
⊗(s−1) ⊗ Iq ⊗ Uq⊗(n−s) ∀n ∈ N
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which means y+ ∈ I !
q . Eventually, we have found y+ ∈ I !

q

⋂
I N
Uq

′ .

Now look at II !
q
:= IUq′

⋂
I !
q . Using the fact that Uq

′ = Uq(g)
′
= F

[
G∗] —

from Theorem 4.1 — and I !
q = Iq(K)

!
= Iq(L) for some coisotropic subgroup

L in G∗ — as granted by Proposition 5.5 — and still taking into account
strictness, by an easy geometrical argument (via specialization at q = 1) we
see that

I n
Uq

′

⋂
I !
q ≡ I n

I !
q

mod (q − 1)Uq
′ ∀n ∈ N+ .

This, together with Iq
⋂
(q − 1)Uq = (q − 1)Iq , yields also

I nUq′
⋂

I !
q ≡ I n

I !
q

mod (q − 1)I !
q ∀n ∈ N+

Finally, by suitable, iterated cancelation of factors (q − 1), which is possible
because of the condition Iq

⋂
(q − 1)Uq = (q − 1)Iq , we eventually obtain

I n
Uq

′

⋂
I !
q ≡ I n

I !
q

mod (q − 1)n I !
q ∀n ∈ N+ .

To sum up, we have y+ ∈ I NUq′
⋂

I !
q = I N

I !
q

; therefore, by definitions,

y = (q − 1)
−N

y+ ∈ (q − 1)
−N

I N
I !
q
⊆
(
I !
q

)g
.

(d) Let Cq be a strict quantization: by Proposition 5.10(2) it is enough to prove

Cq ⊆
(
C �
q

)▽
. We follow the same arguments used for claim (c). Let c ∈ Cq, since

Cq ⊆ Uq =
(
Uq

′)∨ — from Theorem 4.1 — and
(
Uq

′)∨ =
∑
n≥0 (q − 1)

−n
I n
Uq

′ ,

(notation as above) for c ∈ Cq ⊆ Uq =
(
Uq

′)∨ there exists N ∈ N such that

c+ := (q − 1)N c ∈ I N
Uq

′ ⊆ Uq
′ .

Now, strictness of Cq implies

(
Uq

⊗(n−1) ⊗ Cq
)⋂

(q − 1)
n
Uq

⊗n = (q − 1)
n (
Uq

⊗(n−1) ⊗ Cq
)

∀ n ∈ N+

hence C �
q = Cq

⋂
Uq

′ . If the above N is 1, then c+ = c ∈ Uq
′ , thus c ∈

Cq
⋂
Uq

′ = C �
q , q.e.d. If instead N > 1 , then

δn(c+) ∈
(
(q − 1)

N · Uq⊗n−1 ⊗ Cq
)⋂ (

(q − 1)
n
Uq

⊗n) ∀n ∈ N+

and, since Cq is strict, δn(c+) ∈ (q − 1)
n ·Uq⊗n−1⊗ Cq for all n ∈ N+ , which

means c+ ∈ C �
q . Thus, eventually, we have c+ ∈ C �

q

⋂
I N
Uq

′ .

Let us look, now, at IC �
q

:= IUq′
⋂
C �
q . Again in force of strictness of Cq , a

geometrical argument (at q = 1) as before leads us to

I n
Uq

′

⋂
C �
q ≡ I n

C �
q

mod (q − 1)n C �
q , ∀ n ∈ N+

from which we conclude that c+ ∈ I NUq′
⋂

C �
q = I N

C �
q

. Therefore, by the very

definitions,

c = (q − 1)
−N

c+ ∈ (q − 1)
−N

I N
C �
q
⊆
(
C �
q

)▽
, q.e.d.
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(e) This is a direct consequence of claims from (a) through (d). (f) Once
again, this is true because the whole construction is independent of the exis-
tence of real structures.

It is now time to clarify how the coisotropic subgroup L of G∗ is linked to the
coisotropic subgroup K of G . We will give this relation in the weak quantiza-
tion case first, and show how it improves under stronger hypothesis.

Theorem 5.12. Let K be a subgroup of G, and let Iq(K) , Cq(K) , Iq(K)
and Cq(K) be weak quantizations as in Definition 3.6. Then (with notation of
Proposition 2.2)

(a) Iq(K)
g
= Iq

(
K〈⊥〉) ;

(b) Cq(K)
▽
= Cq

(
K〈⊥〉) ;

(c) if Iq(K) =
(
Iq(K)

! )g
, then Iq(K)

!
= Iq

(
K〈⊥〉); in particular, this

holds if the quantization Iq(K) is strict;

(d) if Cq =
(
Cq(K)�

)▽
, then Cq(K)� = Cq

(
K〈⊥〉); in particular, this holds

if the quantization Cq(K) is strict;

(e) claims (a–d) hold as well in the framework of real quantum subgroups.

Proof. (a) By Proposition 5.1 we already have Iq(K)
g
= Iq(L) for some sub-

group L ⊆ G∗. In order to show that L = K〈⊥〉, we will proceed much like in

the proof of Fq
∨
/
(q − 1)Fq

∨ ∼= U(g∗), as given in [12], Theorem 4.7.

Let us fix a subset {j1, . . . , jn} of J adapted to K as in the proof of Proposition

5.1. Let J∨ := (q−1)−1J ⊂ Fq
∨ and j ∨ := (q − 1)−1j for all j ∈ J . From the

discussion in that proof, we argue also that
{
(q − 1)

−|e|
j e mod (q−1)Fq∨

∣∣ e ∈
Nn
}
, where j e =

∏n
s=1 j

e(i)
s , is a C–basis of F1

∨, and
{
j ∨
1 , . . . , j

∨
n

}
is a C–basis

of t = J∨ mod (q − 1)Fq
∨.

Now, jµ jν − jν jµ ∈ (q−1)J (for µ, ν ∈ {1, . . . , n}) implies that:

jµ jν − jν jµ = (q − 1)
∑n

s=1 cs js + (q − 1)
2
γ1 + (q − 1) γ2

for some cs ∈ C
[
q, q−1

]
, γ1 ∈ J and γ2 ∈ J2. Therefore

[
j∨µ , j

∨
ν

]
:= j∨µ j

∨
ν − j∨ν j∨µ =

∑n
s=1 cs j

∨
s + γ1 + (q−1)γ∨2 ≡

≡ ∑n
s=1 cs j

∨
s mod (q−1)Fq∨

(where we set γ∨2 := (q − 1)−2γ2 ∈ (q − 1)−2(J∨)2 ⊆ Fq
∨ ) thus the subspace

t := J∨ mod (q−1)Fq∨ is a Lie subalgebra of F1
∨ . But then it should be F1

∨ ∼=
U(t) as Hopf algebras, by the above description of F1

∨ and PBW theorem.
Now for the second step. The specialization map π∨ : Fq

∨ −։ F1
∨ = U(t)

actually restricts to η : J∨ ։ t = J∨
/
J∨⋂((q−1)Fq∨

)
= J∨

/(
J + J∨J

)
,
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because J∨⋂((q−1)Fq∨
)
= J∨⋂ (q−1)−1

IFq
2 = J + J∨J . Also, multiplica-

tion by (q−1)−1
yields a C

[
q, q−1

]
–module isomorphism µ : J

∼=−֒−։ J∨. Let

ρ : me −։ me
/
me

2 = g∗ be the natural projection map, and ν : g∗ −֒→ me
a section of ρ. The specialization map π : Fq −։ F1 restricts to a map
π′ : J −−։ J

/
(J
⋂
(q− 1)Fq) = me. Let’s fix a section γ : me −֒→ J of π′ and

consider the composition σ := η ◦ µ ◦ γ ◦ ν : g∗ −→ t: this is a well-defined Lie
bialgebra morphism, independent of the choice of ν and γ.
In the proof of Proposition 5.1 we made a particular choice for the subset
{j1, . . . , jn}. As a consequence, the above analysis to prove that σ : g∗ ∼= t
shows also that the left ideal I1g := Iqg mod (q−1)Fq∨ of U(t) is generated
by

η
(
Iqg
)
= (η ◦ µ)

(
Iq
)
= (σ ◦ ρ ◦ π)

(
Iq
)
= σ

(
ρ(I )

)
= σ

(
k⊥
)
.

So I1g = U(g∗) · k⊥ = U(g∗) · 〈k⊥〉 = I
(
K〈⊥〉) — where we are identifying g∗

with its image via σ—which eventually means l = 〈k⊥〉. (b) By Proposition 5.3
we have Cq(K)

▽
= Cq(L) for some coisotropic subgroup L in G∗. We must prove

that L = K〈⊥〉. Once again, we mimic the procedure of the proof of Proposition
5.3, and we fix a subset

{
j1, . . . , jn

}
of J as in the proof of such Proposition.

Then, tracking the analysis we did there to prove that σ : g∗ ∼= t, we see also
that the unital subalgebra C1▽ := Cq▽ mod (q−1)Fq∨ of U

(
g∗
)
is generated by

η
(
Cq▽
)
= (µ ◦ η)

(
Cq
)
= (σ ◦ ρ ◦ π)

(
Cq
)
= σ

(
ρ(C )

)
= σ

(
k⊥
)
. Thus C1▽ is the

subalgebra of U
(
g∗
)
generated by k⊥, hence C1▽ =

〈
k⊥
〉
Alg

= U
(〈
k⊥
〉
Lie

)
=

U
(
k〈⊥〉) = C

(
K〈⊥〉) , which means l = 〈k⊥〉 , q.e.d. (c) Thanks to Proposition

5.5 we already know that Iq(K)
!
= Iq(L) for some coisotropic subgroup L in

G∗. Again, we must prove that L = K〈⊥〉. Note that we can assume K to be
connected, as its relationship with Iq(K) passes through k alone; thus in the
end we simply have to prove that l := Lie (L) = k〈⊥〉 = k⊥, taking into account
that k〈⊥〉 = k⊥ because k is coisotropic, by a remark following Proposition 5.10.

By assumption Iq(K) =
(
Iq(K)

! )g
; this and (a) together give

Iq(K) =
(
Iq(K)

! )g
= Iq(L)g = Iq

(
L〈⊥〉) = Iq

(
L⊥)

where L〈⊥〉 = L⊥ because L is coisotropic as well: at q = 1 this implies
k = l⊥ , q.e.d. (d) We must prove that L = K〈⊥〉: as above we can assume K
to be connected, so we only have to prove that l := Lie (L) = k〈⊥〉 = k⊥ (as k
is coisotropic, by Proposition 5.11.

By assumption Cq =
(
Cq(K)

� )▽
; this along with (c) gives

Cq(K) =
(
Cq(K)�

)▽
= Cq(L)▽ = Cq

(
L〈⊥〉) = Cq

(
L⊥)

with L〈⊥〉 = L⊥ since L is coisotropic too: specializing at q = 1, this even-
tually yields k = l⊥ . (e) This is clear again since all arguments pass through
unchanged in the real setup.
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Corollary 5.13. Let Iq(K) and Cq(K) be weak quantizations of a (not nec-
essarily) coisotropic subgroup K of G, of type I and C respectively. Then, with
notation of Definition 2.1, we have

(
Iq(K)

g)!
= Iq

( ◦
K
)
,

(
Cq(K)

▽)�
= Cq

( ◦
K
)
.

Proof. Theorem 5.12(a) gives Iq(K)
g
= Iq

(
K〈⊥〉) , and Proposition 5.10 yields

(
Iq
(
K〈⊥〉)!)g=

((
Iq(K)

g)!)g
= Iq(K)

g
= Iq

(
K〈⊥〉)

so that
(
Iq
(
K〈⊥〉)!)g= Iq

(
K〈⊥〉). Then Theorem 5.12 gives

Iq
(
K〈⊥〉)! = Iq

(
(K〈⊥〉)〈⊥〉) = Iq

( ◦
K
)

by Proposition 2.2. Therefore
(
Iq(K)

g)!
= Iq

(
K〈⊥〉)! = Iq

( ◦
K
)
as claimed.

Similarly, Theorem 5.12(b) gives Cq(K)
▽
= Cq

(
K〈⊥〉) , and the first remark

after Proposition 5.10 yields

(
Cq
(
K〈⊥〉)� )▽=

((
Cq(K)▽

)� )▽
= Cq(K)▽ = Cq

(
K〈⊥〉)

so that
(
Cq
(
K〈⊥〉)� )▽= Cq

(
K〈⊥〉) . Then again by Theorem 5.12(d) we get

Cq
(
K〈⊥〉)� = Cq

(
(K〈⊥〉)〈⊥〉) = Cq

( ◦
K
)

still by Proposition 2.2. Thus
(
Cq(K)

▽)�
= Cq

(
K〈⊥〉)� = Cq

( ◦
K
)
as claimed.

Remark 5.14. One might guess that the analogue to this Corollary holds true
for weak quantizations of type I and C as well: actually, we have no clue about
that, in either sense.

We now consider the “compatibility” among different Drinfeld-like maps acting
on quantizations of different types over a single pair (subgroup, space). Indeed,
we show that Drinfeld’s functors preserve the subgroup-space correspondence
— Proposition 5.15 — and the orthogonality correspondence — Proposition
5.17 — (if either occurs at the beginning) between different quantizations as
mentioned.

Proposition 5.15. Let K be a closed subgroup of G, and let Ψ and Φ be the
map mentioned in §2.1. Then the following holds:
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(a) Let Cq and Iq be as in Section 3. If Ψ(Cq) = Iq , then Ψ
(
Cq▽
)
= Iqg .

(b) Let Iq and Cq be as in Section 3. If Φ(Iq) = Cq , then Φ
(
Iqg
)
= Cq▽ .

(c) Let Cq and Iq be as in Section 3. If Ψ(Cq) = Iq , then Ψ
(
Cq

�
)
⊆ Iq

! .

(d) Let Iq and Cq be as in Section 3. If Φ(Iq) = Cq , then Φ
(
Iq

!
)
= Cq

� .

Proof. Claims (a) and (c) both follow trivially from definitions.

As to claim (b), let η ∈ Cq+ = Φ(Iq)+ , so that ∆(η) ∈ η ⊗ 1 + Fq ⊗ Iq . Then
η∨ := (q − 1)

−1
η enjoys

∆
(
η∨
)
∈ η∨⊗ 1 + Fq ⊗ (q − 1)

−1 Iq ⊆ η∨⊗ 1 + Fq
∨⊗ Iqg

whence η∨∈
(
Fq

∨)coIqg =: Φ
(
Iqg
)
. Since Cq▽ is generated (as a subalgebra) by

(q − 1)
−1 Cq+ , we conclude that Cq▽ ⊆ Φ

(
Iqg
)
.

Conversely, let ϕ ∈ Φ
(
Iqg
)
. Then ∆(ϕ) ∈ ϕ⊗ 1+Fq

∨⊗Iqg , and there exists
n ∈ N such that ϕ+ := (q − 1)

n
ϕ ∈ Iq , so that ∆(ϕ+) ∈ Fq ⊗ Iq + Iq ⊗ Fq

(since Iq ĖFq ). Then

∆(ϕ+) ∈
(
ϕ+ ⊗ 1 + (q − 1)

n
Fq

∨⊗ Iqg
)⋂ (

Fq ⊗ Iq + Iq ⊗ Fq
)

or equivalently

∆(ϕ+) − ϕ+ ⊗ 1 ∈
(
(q − 1)

n
Fq

∨⊗ Iqg
)⋂ (

Fq ⊗ Iq + Iq ⊗ Fq
)

(5.10)

Now, the description of Iqg given in the proof of Proposition 5.1 implies that

(
(q − 1)

n
Fq

∨⊗ Iqg
)⋂ (

Fq ⊗ Iq + Iq ⊗ Fq
)

= Fq ⊗ Iq

this together with (5.10) yields ∆(ϕ+) ∈ ϕ+⊗1+Fq⊗Iq , hence ϕ+ ∈ FqcoIq =:
Φ(Iq) = Cq and so ϕ ∈ (q − 1)n Cq

⋂
Fq

∨ . On the other hand, the description

of Cq▽ in the proof of Proposition 5.3 implies that (q − 1)−n Cq
⋂
Fq

∨ ⊆ Cq▽ ,
hence we get ϕ ∈ Cq▽ , q.e.d.

We finish with claim (d). For the inclusion Φ
(
Iq

!
)
⊇ Cq

� , let κ ∈ Cq
� . Since

Φ
(
Iq

!
)
contains the scalars, we may assume that κ ∈ Ker (ǫ), thus ∆(κ) =

κ⊗1+1⊗κ+δ2(κ) . By Proposition 5.7, we have Cq
�Ėℓ Uq

′ ; thus ∆(κ)−κ⊗1 =
1⊗ κ+ δ2(κ) ∈ Uq′ ⊗ Cq

� , and more precisely

∆(κ)− κ⊗ 1 = 1⊗ κ+ δ2(κ) ∈ Uq′ ⊗
(
Cq

�
)+

.

Since Cq
� ⊆ Ψ

(
Cq

�
)
⊆ Iq

! , by claim (c), we get ∆(κ) − κ ⊗ 1 ∈ Uq
′ ⊗ Iq

! ,

so κ ∈
(
Uq

′)coIq! =: Φ
(
Iq

!
)
. Thus Cq

� ⊆ Φ
(
Iq

!
)
. For the converse inclusion,
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let η ∈ Φ
(
Iq

!
)
; again, we can assume η ∈ Ker (ǫ) too. As Iq

! ⊆ Iq , we get

η ∈ Φ
(
Iq

!
)
⊆ Φ

(
Iq
)
= Cq . Then δn(η) ∈ Uq⊗n⊗ Cq for all n ∈ N+ , so

δn(η) ∈ (q−1)n
(
n−1∑
s=1

Uq
⊗(s−1)⊗ Iq ⊗ Uq⊗(n−s)

)⋂ (
Uq

⊗(n−1)⊗ Cq
)
⊆

⊆ (q−1)n Uq⊗(n−1)⊗ Cq

hence δn(η) ∈ (q−1)n Uq⊗(n−1)⊗ Cq (n ∈ N+ ) and η ∈ Cq , which means that

η ∈ Cq
� .

Remark 5.16. The inclusion Ψ
(
Cq

�
)
⊆ Iq

! of Proposition 5.15(c) is not an
identity in general — indeed, counterexamples do exist.

Finally, we look at what happens when our Drinfeld-like recipes are applied to
a pair of quantizations associated with a same subgroup / homogeneous spaces
with respect to some fixed double quantization (in the sense of Section 3). The
result reads as follows:

Proposition 5.17. Let
(
Fq[G] , Uq(g)

)
be a double quantization of (G, g) .

Then:

(a) Let Cq and Iq be weak quantizations and assume that Cq = Iq
⊥ and

Iq = Cq⊥ . Then Iq
! =

(
Cq▽
)⊥

and Cq▽ ⊆
(
Iq

!
)⊥

. If, in addition, either

one of Cq or Iq is strict, then also Cq▽ =
(
Iq

!
)⊥

.

(b) Let Cq and Iq be weak quantizations and assume that Iq = Cq
⊥ and

Cq = Iq⊥ . Then Cq
� =

(
Iqg
)⊥

and Iqg ⊆
(
Cq

�
)⊥

. If, in addition,

either one of Cq or Iq is strict, then also Iqg =
(
Cq

�
)⊥

.

Proof. Both in claim (a) and in claim (b) the orthogonality relations between Cq
and Iq and between Cq and Iq are considered w.r.t. the pairing between Fq[G]
and Uq(g), and the subsequent orthogonality relations are meant w.r.t. the

pairing between Fq[G]
∨
and Uq(g)

′
. Indeed, by Theorem 4.1,

(
Uq(g)

′
, Fq[G]

∨
)

is a double quantization of
(
G∗, g∗

)
. (a) First, ǫ(Iq) = 0 because Iq is a

coideal. Then x = δ1(x) ∈ (q − 1)Uq for all x ∈ Iq
! , hence Iq

! ⊆ (q − 1)Uq .
Thus we have 〈

Cq, Iq!
〉
⊆ (q − 1)C

[
q, q−1

]
.

Now let J = JFq be the ideal of Fq, and take ci ∈ Cq ∩ J (i = 1, . . . , n) ; then

〈ci, 1〉 = ǫ(ci) = 0 (i = 1, . . . , n) . Given y ∈ Iq
! , look at

〈
n∏
i=1

ci , y

〉
=

〈
n
⊗
i=1

ci ,∆
n(y)

〉
=

〈
n
⊗
i=1

ci ,
∑

Ψ⊆{1,...,n}
δΨ(y)

〉
=

=
∑

Ψ⊆{1,...,n}

〈
n
⊗
i=1

ci , δΨ(y)

〉
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Consider the summands in the last term of the above formula. Let |Ψ| = t
(t ≤ n) , then

〈 n
⊗
i=1

ci , δΨ(y)
〉

=
〈
⊗
i∈Ψ

ci , δt(y)
〉
· ∏
j 6∈Ψ

〈
cj , 1

〉

by definition of δΨ . Thanks to the previous analysis, we have
∏
j 6∈Ψ〈cj , 1〉 = 0

unless Ψ = {1, . . . , n} , and in the latter case

δΨ(y) = δn(y) ∈ (q − 1)
n

n∑
s=1

Uq
⊗(s−1)⊗ Iq ⊗ Uq⊗(n−s) .

The outcome is
〈

n
⊗
i=1

ci , y

〉
=

〈
n
⊗
i=1

ci , δn(y)

〉
∈

∈
〈

n
⊗
i=1

ci , (q − 1)
n
n∑
s=1

Uq
⊗(s−1)⊗ Iq ⊗ Uq⊗(n−s)

〉
= 0

because y ∈ Iq
! and Iq = Cq⊥ by assumption. Therefore one has〈

(q−1)−n
(
Cq
⋂
J
)n
, Iq

!
〉

= 0 , for all n ∈ N+ . In addition,
〈
1 , Iq

!
〉

=

ǫ
(
Iq

!
)

= 0 . The outcome is
〈
Cq▽, Iq!

〉
= 0 , whence Iq

! ⊆
(
Cq▽
)⊥

and

Cq▽ ⊆
(
Iq

!
)⊥

.

Now we prove also
(
Cq▽
)⊥ ⊆ Iq

! . Notice that Cq▽ ⊇ Cq , whence
(
Cq▽
)⊥ ⊆

Cq⊥ = Iq ; therefore
(
Cq▽
)⊥ ⊆ Iq . Pick now η ∈

(
Cq▽
)⊥

(inside Uq
′). Since

η ∈ Uq′ , for all n ∈ N+ we have δn(η) ∈ (q − 1)
n
Uq

⊗n , and from η ∈
(
Cq▽
)⊥

we get also that η+ := (q − 1)−nδn(η) enjoys
〈(
Cq
⋂
JFq

)⊗n
, η+

〉
= 0 —

acting as before — so that

η+ ∈
((
Cq
⋂
JFq

)⊗n)⊥
=

∑
r+s=n−1

Uq
⊗r ⊗

(
Cq
⋂
JFq

)⊥ ⊗ Uq⊗s .

Moreover δn(η) ∈ JUq
⊗n , hence δn(η) ∈

(
(q−1)nUq⊗n

)⋂
JUq

⊗n =

(q−1)nJUq⊗n , so

η+ ∈
((
Cq
⋂
JFq
)⊗n)⊥⋂

JUq
⊗n =

=

( ∑
r+s=n−1

Uq
⊗r ⊗

(
Cq
⋂
JFq

)⊥ ⊗ Uq⊗s
)⋂

JUq
⊗n =

=
∑

r+s=n−1
JUq

⊗r ⊗
((
Cq
⋂
JFq

)⊥⋂
JUq

)
⊗ JUq⊗s .

Since
(
Cq
⋂
JFq

)⊥⋂
JUq = Cq⊥

⋂
JUq = Iq

⋂
JUq = Iq , we have

η+ ∈
∑

r+s=n−1

JUq
⊗r⊗ Iq ⊗ JUq⊗s
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whence

δn(η) ∈ (q−1)n ∑
r+s=n−1

Uq
⊗r⊗ Iq ⊗ Uq⊗s ∀ n ∈ N+ .

Being, in addition, η ∈ Iq , for we proved that
(
Cq▽
)⊥ ⊆ Iq , we get η ∈ Iq

! .

Therefore
(
Cq▽
)⊥ ⊆ Iq

! , q.e.d.

Finally, assume that Cq or Iq are strict quantizations. Then we must still prove

that Cq▽ =
(
I !
q

)⊥
. Since Cq = Iq

⊥ and Iq = Cq⊥ , it is easy to check that Cq
is strict if and only if Iq is; therefore, we can assume that Iq is strict.

The assumptions and Theorem 5.11 (b) give Iq =
(
I !
q

)g
; moreover, Iq := Iq

!

is strict. Then we can apply the first part of claim (b) — which is proved, later
on, in a way independent of the present proof of claim (a) itself — and get(
Iqg
)⊥

=
(
Iq⊥
)�
. Therefore

Cq▽ =
(
Iq

⊥)▽ =
(((

I !
q

)g)⊥ )▽
=
((
Iqg
)⊥)▽

=
((
Iq⊥
)� )▽

. (5.11)

Now, it is straightforward to prove that Iq strict implies that Iq⊥ is strict as

well. Then Proposition 5.11(d) ensures
((
Iq⊥
)� )▽

= Iq⊥ . This along with

(5.11) yields Cq▽ =
((
Iq⊥
)� )▽

= Iq⊥ =
(
I !
q

)⊥
, ending the proof of (a). (b)

With much the same arguments as for (a), we find as well that

〈
Iqg, Cq�

〉
∈
〈
J⊗(n−1)⊗ Iq , Uq⊗(n−1)⊗ Cq

〉
⊆
〈
Iq ,Cq

〉
= 0

because Iq = Cq
⊥ ; this means that

Iqg ⊆
(
Cq

�
)⊥

, Cq
� ⊆

(
Iqg
)⊥

. (5.12)

Let now κ ∈
(
Iqg
)⊥
q

(
⊆ Uq

′ ) . Since κ ∈ Uq
′ , we have δn(κ) ∈

(q − 1)nUq
⊗n for all n ∈ N ; moreover, from κ ∈

(
Iqg
)⊥

it follows that

κ+ := (q − 1)
−n
δn(κ) ∈ Uq⊗n enjoys

〈
J⊗(n−1) ⊗ Iq , κ+

〉
= 0 , so that

κ+ ∈
(
J⊗(n−1) ⊗ Iq

)⊥
=
∑

r+s=n−2 Uq
⊗r⊗J⊥⊗Uq⊗s⊗Uq + Uq

⊗(n−1)⊗Iq⊥ .

In addition, δn(κ) ∈ JUq⊗n , where JUq := Ker
(
ǫ : Uq −→ C

[
q, q−1

])
; therefore

δn(κ) ∈
(
(q − 1)

n
Uq

⊗n)⋂ JUq⊗n = (q − 1)
n
JUq

⊗n , which together with the
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above formula yields

κ+ ∈
(
J⊗(n−1) ⊗ Iq

)⊥⋂
JUq

⊗n =

=

( ∑
r+s=n−2

Uq
⊗r⊗J⊥⊗Uq⊗s⊗Uq

)⋂
JUq

⊗n +
(
Uq

⊗(n−1)⊗Iq⊥
)⋂

JUq
⊗n =

=
∑

r+s=n−2
JUq

⊗r⊗
(
J⊥⋂ JUq

)
⊗JUq⊗s⊗JUq + JUq

⊗(n−1)⊗
(
Iq⊥

⋂
JUq

)
=

= JUq
⊗(n−1) ⊗

(
Iq⊥

⋂
JUq

)
= JUq

⊗(n−1) ⊗
(
Cq
⋂
JUq

)
⊆ Uq

⊗(n−1) ⊗ Cq

where in the third equality we used the fact that J⊥⋂ JUq = {0} . So κ+ ∈
Uq

⊗(n−1) ⊗ Cq , hence δn(κ) ∈ (q − 1)
n
Uq

⊗(n−1) ⊗ Cq for all n ∈ N+ : thus

κ ∈ Cq
� . Therefore

(
Iqg
)⊥ ⊆ Cq

� , which together with the right-hand side

inequality in (5.12) gives Cq
� =

(
Iqg
)⊥

.

In the end, suppose also that one between Cq and Iq is strict. As Iq = Cq
⊥

and Cq = Iq⊥ , one sees easily that Iq is strict if and only if Cq is; then we can

assume that Cq is strict. We want to show that Iqg =
(
Cq

�
)⊥

.

The assumptions and Theorem 5.11(d) give Cq =
(
C �
q

)▽
. Moreover, we have

that Cq is strict by Proposition 5.3(3) and Proposition 5.7 (3). Then we can

apply the first part of claim (a), thus getting
(
Cq▽
)⊥

=
(
Cq⊥
)!
. Therefore

Iqg =
(
Cq

⊥)g =
(((

C �
q

)▽)⊥ )g
=
((
Cq▽
)⊥)g

=
((
Cq⊥
)! )g

(5.13)

Now, one proves easily that Cq strict implies Cq⊥ strict. Then Theorem 5.11(c)

yields
((
Cq⊥
)! )g

= Cq⊥ . This and (5.13) give Iqg=
((
Cq⊥
)! )g

= Cq⊥=
(
Cq

�
)⊥

,

which eventually ends the proof of (b).

6 Examples

In this last section we will give some examples showing how our general con-
structions may be explicitly implemented. Some of the examples may look
rather singular, but our aim here is mainly to draw the reader’s attention on
how even badly behaved cases can produce reasonable results. It has to be
remarked that a wealth of new examples of coisotropic subgroups of Poisson
groups have been recently produced ([25]), to which our recipes could be inter-
estedly applied.

N.B.: for the last two examples — Subsections 6.2 and 6.3 — one can perform
the explicit computations (that we just sketch) using definitions, formulas and
notations as in [5], §6, and in [11], §7.
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6.1 Quantization of Stokes matrices as a GL ∗
n–space

As a first example, we mention the following. A well-known structure of Poisson
group, typically known as the standard one, is defined on SLn ; then one can
consider its (connected) dual Poisson group SL ∗

n , which in turn is a Poisson
group as well. The set of Stokes matrices — i.e. upper triangular, unipotent
matrices — of size n bears a natural structure of Poisson homogeneous space,
and even Poisson quotient, for SL ∗

n . In [5], Section 6, it was shown that one
can find an explicit quantization, of formal type, of this Poisson quotient by a
suitable application of the QDP procedure for formal quantizations developed
in that paper.
Now, let us look at the explicit presentation of the formal quantization U~(sln)
considered in [loc. cit.]. One sees easily that this can be turned into a presenta-
tion of a global quantization (of sln again), i.e. a QUEA Uq(sln) in the sense of
Section 3. Similarly, Drinfeld’s QDP (for quantum groups) applied to U~(sln)
provides a formal quantization F~[[SL

∗
n]] := U~(sln)

′ of the function algebra
over the formal group SL ∗

n ; but then the analogous functor for the global ver-
sion of QDP yields (cf. Theorem 4.1) a global quantization Fq[SL

∗
n] := Uq(sln)

′

of the function algebra over SL ∗
n . In a nutshell, Fq [SL

∗
n] is nothing but (a suit-

able renormalization of) an obvious C
[
q, q−1

]
–integral form of F~[[SL

∗
n]] .

Carrying further on this comparison, one can easily see that the whole analysis
performed in [5] can be converted into a similar analysis for the global context,
yielding parallel results; in particular, one ends up with a global quantization
— of type C, in the sense of Section 3 — of the space of Stokes matrices. More
in detail, this quantization is a strict one, as such is the quantum subobject
one starts with.
Since all this does not require more than a word by word translation, we refrain
from filling in details.

6.2 A parametrized family of real coisotropic subgroups

Coisotropic subgroups may come in families, in some cases inside the same con-
jugacy class (which is responsible for different Poisson homogeneous bivectors
on the same underlying manifold). An example in the real case was described
in detail in [2]. The setting is the one of standard Poisson SL2(R) , which con-
tains a two parameter family of 1– dimensional coisotropic subgroups described,
globally, by the right ideal and two-sided ideal

Iµ,ν :=
{
a− d+ 2 q

1
2µb , q νb+ c

}
· Fq
[
SL2(R)

]
(6.1)

where a, b, c, d are the usual matrix elements generating Fq
[
SL2(R)

]
, with ∗–

structure in which they are all real (thus q∗ = q−1 ) and µ, ν ∈ R . The corre-
sponding family of coisotropic subgroups of classical SL2(R) may be described
as

Kµ,ν :=

{(
d− 2µb b
−νb d

) ∣∣∣∣ b, d ∈ R , d2 + νb2 = 1

}
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(adapting our main text arguments to the case of right quantum coisotropic
subgroups, this is quite trivial and we will do it without further comments).
The corresponding SL2(R)–quantum homogeneous spaces have local descrip-
tion given as follows: Cµ,ν is the subalgebra generated by

z1 = q−
1
2 (ac+ νbd) + 2µbc , z2 = c2 + νd2 + 2µq−

1
2 cd ,

z3 = a2 + νb2 + 2µq−
1
2 ab .

(6.2)

Using commutation relations — see (12) in [3] — it is easily seen that Cµ,ν has
a linear basis given by

{
zp1z

q
2 , z

p
1z
r
3

∣∣ p, q, r ∈ N
}
.

Proposition 6.1. The subalgebra Cµ,ν is a right coideal of Fq
[
SL2(R)

]
and is

a strict quantization — of type C — of Kµ,ν .

Proof. The first statement is proven in [3]. As for the second we will first show
that zp1z

q
2 , z

p
1z
r
3 6∈ (q − 1)Fq

[
SL2(R)

]
for any p, q, r ∈ N . This may done by

considering their expression in terms of the usual basis
{
apbrcs , bhckdi

}
of

Fq
[
SL2(R)

]
. In fact we do not need a full expression of monomials zp1z

r
2 or

zp1z
r
3 in terms of this basis, which would lead to quite heavy computations. It

is enough to remark that, for example, since

zp1z
r
2 =

(
q−

1
2 ac+ b(νd+ 2µc)

)p (
c2 + (νd+ 2µq−

1
2 c)d

)r

we can get an element multiple of apcp+2r only from (ac) · · · · (ac) · c · · · · c ,
which is of the form qhapcp+2r 6∈ Fq

[
SL2(R)

]
. Since no other elements may

add up with this one, we have zp1z
r
2 6∈ (q− 1)Fq

[
SL2(R)

]
. A similar argument

works for zp1z
r
3 .

In a similar way we prove that any C
[
q, q−1

]
–linear combination of the zp1z

q
2 ’s

and the zs1z
r
3 ’s is in (q − 1)Fq

[
SL2(R)

]
if and only if all coefficients are in

(q − 1)C
[
q, q−1

]
. Therefore Cq is strict, q.e.d.

It makes therefore sense to compute C ▽
µ,ν ; to this end, we can resume a detailed

description of Uq(sl
∗
2 ) := Fq

[
SL2(R)

]∨
— apart for the real structure, which

is not really relevant here — from [11], §7.7. From our PBW-type basis we

have that C ▽
µ,ν is the subalgebra of Fq

[
SL2(R)

]∨
generated by the elements

ζi :=
1
q−1

(
zi − ε(zi)

)
∈ Fq

[
SL2(R)

]∨
(i = 1, 2, 3) . Since we know that

H+ :=
a− 1

q − 1
, E :=

b

q − 1
, F :=

c

q − 1
, H− :=

d− 1

q − 1
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are algebra generators of Uq(sl
∗
2 ) := Fq

[
SL2(R)

]∨
, we deduce that

ζ1
q − 1

= q−
1
2 (F + νE) + (q − 1)

(
q−

1
2H+F + q−

1
2 νEH− + 2µEF

)

ζ2 − ν
q − 1

= 2 (νH− + µq−
1
2F ) + (q − 1)

(
F 2 + νH2

− + 2µq−
1
2FH−

)

ζ3 − 1

q − 1
= 2 (H+ + µq−

1
2E) + (q − 1)

(
H2

+ + νE2 + 2µq−
1
2H+E

)
(6.3)

In the semiclassical specialization Uq(sl
∗
2 )

q−→1−−→ Uq(sl
∗
2 )
/
(q − 1)Uq(sl

∗
2 ) one

has that E 7→ e , F 7→ f , H± 7→ ±h , where h, e, f are Lie algebra generators
of sl∗2 ; therefore the semiclassical limit of the right hand side of (6.3) is the Lie
subalgebra generated by f + ν e , −ν h + µ e , h + µ e , or, equivalently, the 2–
dimensional Lie subalgebra generated by f+ν e and h+µ e (the three elements
above being linearly dependent) with relation [ h + µ e , f + ν e ] = f + ν e . The
quantization of this coisotropic subalgebra of sl ∗2 is therefore the subalgebra
generated inside Uq(sl

∗
2 ) by the quadratic elements (6.3).

Similar computations can be performed starting from Iµ,ν . The transformed

Igµ,ν is the right ideal generated by the image of a− d+ 2 q
1
2µb and qνb + c ,

i.e. the right ideal generated by H+ −H− +2 q
1
2µE and q νE +F ; also, from

its semiclassical limit it is easily seen that this again corresponds to the same
coisotropic subgroup of the dual Poisson group SL 2(R)

∗ .
All this gives a local — i.e., infinitesimal — description of the (2–dimensional)
coisotropic subgroups K ⊥

µ,ν in SL 2(R)
∗
.

6.3 The non coisotropic case

Let us finally consider the case of a non coisotropic subgroup. We will con-
sider the embedding of SL2(C) into SL3(C) corresponding to a non simple
root, which easily generalizes to higher dimensions. Computations will only be
sketched.
Let h be the subalgebra of sl3(C) spanned by E1,3 , F1,3 , H1,3 = H1 + H2 .
Easy computations show that the standard cobracket values are

δ(E13) = E13 ∧ (H1 +H2) + 2E23 ∧ E12

δ(F13) = F13 ∧ (H1 +H2)− 2F23 ∧ F12

δ(H1 +H2) = 0

(6.4)

and, therefore, the corresponding embedding SL2(C) −֒→ SL3(C) is not

coisotropic. To compute the coisotropic interior
◦
h of h , consider that 〈H1+H2〉

is, trivially, a subbialgebra of h , thus contained in
◦
h . Let X := (H1 +H2) +

αE13 + βF13 : then

δ(X) = X ∧ (H1 +H2) + 2 (αE23 ∧ E12 − βF23 ∧ F12)
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shows that no such X is in
◦
h , unless α = 0 = β . The outcome is that we have

◦
H =




γ 0 0
0 1 0
0 0 γ−1


 ⊆ SL3(C)

with γ ∈ C∗ . Correspondingly

h〈⊥〉 =
( ◦
h
)⊥

=
〈
e1,2 , e1,3 , e2,3 , f1,2 , f1,3 , f2,3 , h2.2

〉 (
⊆ sl3(C)

∗
)

and, thus SL3(C)
∗
/
H〈⊥〉 is a 1– dimensional Poisson homogeneous space —

with, of course, zero Poisson bracket.
Let us consider now any weak quantization Cq(H) of H . It should certainly
contain the subalgebra of Uq(sl3) generated by the root vectors E1,3 , F1,3 ,

together with K1K
−1
3 and Ĥ1,3 :=

(
K1K

−1
3 − 1

)/
(q − 1) . The equality

∆(E1,3) = E1,3 ⊗K1K
−1
3 + 1⊗ E1,3 + (q − 1)E1,2 ⊗ E2,3

tells us that, in order to be a left coideal, such a quantization should also
contain either (q − 1)E1,2 or (q − 1)E2,3 (and thus, as expected, it cannot be

strict). Let us try to compute some elements in Cq(H)
�
. Certainly, since

δ2
(
Ĥ1,3

)
= Ĥ1,3 ⊗

(
K1K

−1
3 − 1

)
= (q − 1) Ĥ1,3 ⊗ Ĥ1,3

we can conclude that (q − 1)Ĥ1,3 ∈ Cq(H)
�
. On the other hand,

δ2(E1,3) = (q − 1)E1,3 ⊗ Ĥ1,3 + (q − 1)E1,2 ⊗ E2,3

implies that (q − 1)E1,3 6∈ Cq(H)� , while (q − 1)2E1,3 ∈ Cq(H)� .
All this means the following.
Within Cq(H)

�
we find a non-diagonal matrix element of the form (q−1) t1,3 :

it belong to (q−1)Uq(sl3)′ but not to (q−1)Cq(H)
�
, so that

Cq(H)
�⋂

(q−1)Uq(sl3)′ % (q−1)Cq(H)
�

which means that the quantization Cq(H)
�
is not strict. On the other hand, we

know by Proposition 5.7(3) that Cq(H)
�
is proper. Therefore, we have an ex-

ample of a quantization (of type Cq , still by Proposition 5.7(3)) which is proper,
yet it is not strict. In addition, in the specialization map π : Uq(sl3)

′ −−։
Uq(sl3)

′
/
(q−1)Uq(sl3)′ the element (q−1) t1,3 is mapped to zero, i.e. it yields a

trivial contribution to the semiclassical limit of Cq(H)
�
— which here is meant

as being π
(
Cq(H)�

)
= Cq(H)�

/
Cq(H)�

⋂
(q − 1)Uq(sl3)

′ . With similar com-

putations it is possible to prove, in fact, that the only generating element in
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C(H)
�
having a non-trivial semiclassical limit is (q−1)Ĥ1,3 . Therefore, through

specialization at q = 1 , from C(H)
�
one gets only π

(
Cq(H)

�)
= C

[
t2,2
]
: in-

deed, this in turn tells us exactly that Cq(H)
�
is a quantization, of proper type,

of the homogeneous SL3(C)
∗
–space SL3(C)

∗
/
H〈⊥〉 (whose Poisson bracket is

trivial).
Remark. It is worth stressing that this example — no matter how rephrased
— could not be developed in the language of formal quantizations as a direct
application of the construction in [5], for only strict quantizations were taken
into account there.
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1 Introduction

Let E/Q be an elliptic curve. Integrating a Néron differential ωE against all
elements in H1

(
E(C),Z

)
, we obtain the Néron lattice LE of E in C. For any

r ∈ Q, define λ(r) = 2πi
∫ r
∞ f(τ)dτ where f is the newform associated to the

isogeny class of E. A theorem by Manin [12] and Drinfeld [7] shows that the
values λ(r) are commensurable with LE . In other words, if Ω+

E and Ω−
E are

the minimal absolute values of non-zero elements in LE on the real and the
imaginary axis respectively, then

λ(r) = 2πi

∫ r

∞
f(τ)dτ = [r]+E · Ω+

E + [r]−E · Ω−
E · i

for two rational numbers [r]±E , which we will call the modular symbols of E.

1The author was supported by the EPSRC grant EP/G022003/1
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The first aim of this paper is to improve on the bound for the denominator
of [r]±E given by the Theorem of Manin and Drinfeld. It is not true in general
that [r]±E is an integer for all r. The only odd primes that can divide these
denominators are those which divide the degree of an isogeny E → E′ defined
over Q. Even by allowing to change the curve in the isogeny class, we can not
always achieve that the modular symbols are integers; for instance 3 will be a
denominator of [r]±E for some r ∈ Q for all E of conductor 27. However the
following theorem says that we may get rid of all odd primes p such that p2

does not divides the conductor N of E.

Theorem 1. Let E/Q be an elliptic curve. Then there exists an elliptic curve
E•, which is isogenous to E over Q, such that [r]±E•

is a p-integer for all r ∈ Q
and for all odd primes p for which E has semi-stable reduction.

As stated here one could take E• to be one of the curves in the isogeny class
with maximal Néron lattice. However it is a consequence of Theorem 4, which is
more precise and says that there is a curve E• whose Néron lattice is contained
in the lattice of all values of λ(r) with index not divisible by any odd prime of
semi-stable reduction.
As a direct consequence of this Theorem 1, one deduces that the algebraic part
of the special values of the twisted L-series L(E•, χ, s) at s = 1 are p-adic
integers for all Dirichlet characters χ and all odd semi-stable primes p. See
Corollary 7.
The second part of this paper is devoted to another application of this theorem.
Let p be an odd prime of semi-stable reduction. Kato has constructed in [10]
an Euler system for the isogeny class of E. See Section 3 for details of the
definitions. There are two sets of p-adic “zeta-elements”: First, a set of integral
zeta elements denoted by c,dzm(α) in the Galois cohomology of a lattice Tf
canonically associated to f which provides upper bounds for Selmer groups.
Secondly, a set of zeta elements denoted by zγ which are linked to the p-adic
L-functions. The latter are not known to be integral with respect to Tf . We
will show in Proposition 8 that Tf is equal to the Tate module TpE• of the
curve E• in Theorem 1.
Let Kn be the n-th layer in the cyclotomic Zp-extension of Q. Let z ∈
lim←−nH

1(Kn, TpE•) ⊗ Qp be the zeta element that is sent to the p-adic L-
function for E• via the Coleman map.

Theorem 2. If the reduction is good at p, then z belongs to the integral Iwasawa
cohomology lim←−nH

1(Kn, TpE•).

This is Theorem 13 in the text. Actually, the proof gives a more precise result.
The global Iwasawa cohomology group H1(TpE) with restricted ramification
turns out to be very often, but not always, a free module of rank 1 over the
Iwasawa algebra of the Zp-extension. If it is free for E = E• then the integrality
of z is easily deduced; otherwise one can show that H1(TpE•) is at worst equal
to the maximal ideal in the Iwasawa algebra and the integrality above follows
then from the interpolation property of the p-adic L-function Lp(E).
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Another consequence of Theorem 1 concerns the main conjecture in Iwasawa
theory for elliptic curves. We formulate it here for the full cyclotomic Z×

p -
extension.

Theorem 3. Let E be an elliptic curve and p an odd prime of semi-stable
reduction. Assume that E[p] is reducible as a Galois module over Q. Then
the characteristic series of the dual of the Selmer group over the cyclotomic
extension Q

(
ζp∞

)
divides the ideal generated by the p-adic L-function Lp(E)

in the Iwasawa algebra Λ = Zp
[[
Gal(Q(ζp∞)/Q)

]]
.

Note that our assumptions in the theorem imply that the reduction of E at
p is ordinary in the sense that E has either good ordinary or multiplicative
reduction, because E[p] is irreducible when E has supersingular reduction, see
Proposition 12 in [22]. In the case when E has split multiplicative reduction,
we can strengthen our theorem, see Theorem 16.
This theorem was proven by Kato in [10] in the case that the reduction is ordi-
nary and the representation on the Tate module was surjective. The method of
proof follows and generalises the incomplete proof in [30], where unfortunately
the integrality issue had been overlooked.
For most good ordinary primes p for which E[p] is irreducible the full main
conjecture, asserting the equality rather than the divisibility in the above the-
orem, is now known thanks to the work of Skinner and Urban [25]. However
their proof of the converse divisibility does not seem to extend easily to the
reducible case.
Nonetheless, the above theorem has applications to the conjecture of Birch and
Swinnerton-Dyer and to the explicit computations of Tate-Shafarevich groups
as in [26]. The theorem also implies that all p-adic L-functions for elliptic
curves at odd primes p of semi-stable ordinary reductions are integral elements
in the Iwasawa algebra. See Corollary 18.
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2 The lattice of all modular symbols

Let E be an elliptic curve defined over Q. In what follows p will always stand
be an odd prime and we suppose that E does not have additive reduction at p.
The only case for which the integrality of Kato’s Euler system may not hold
is when E admits an isogeny of degree p defined over Q; so we may just as
well assume that we are in this “reducible” case. All conclusions in this section
and in the rest of the paper are still valid without this assumption, however
they are not our original work but rather well-known results. Denote by N the
conductor of E.
In the isogeny class of E there are two interesting elliptic curves. The first
is the optimal curve E0 with respect to the modular parametrisation from
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the modular curve X0(N), which is also often called the strong Weil curve.
The second is the optimal curve E1 with respect to the parametrisation from
X1(N). The definition of optimality is given in [28], for instance the map
H1

(
X0(N)(C),Z

)
→ H1

(
E0(C),Z

)
is surjective. Another interesting curve is

the so-called minimal curve (see [28]), which is conjecturally equal to E1, but
we will not make use of it in this article. Recall that a cyclic isogeny A → A′

defined over Q is étale (this is a slight abuse of notation, we should say more
precisely that it extends to an étale isogeny on the Néron models over Z) if the
pull-back of a Néron differential of A′ yields a Néron differential of A.
Let f be the newform of level N corresponding to the isogeny class of E. We
write ωf = 2πif(τ)dτ = f(q)dq/q for the corresponding differential form on
the modular curve X1(N). For any curve A in the isogeny class of E, we define
the Néron lattice LA to be the image of

∫
ωA : H1

(
A(C),Z

)
→ C

where ωA is a choice of a Néron differential. We denote by L0 and L1 the
lattices LE0 and LE1 respectively. Then Lf is defined to be the lattice of all∫
γ ωf where γ varies in H1

(
X1(N),Z

)
. Finally, we define

L̂f =

{∫

γ

ωf

∣∣∣∣ γ ∈ H1

(
X1(N)(C), {cusps},Z

)}
.

obtained by integrating ωf along all paths between cusps in X1(N). This is
the lattice of all modular symbols attached to f . By the Theorem of Manin–
Drinfeld L̂f is a lattice with L̂f ⊂ Lf Q. In fact, we know that all the
lattices above are commensurable and we view them now as Z-modules inside
V = L1 ⊗Q.

Theorem 4. Let E/Q be an elliptic curve. Then there exists an elliptic curve
E•/Q in the isogeny class of E whose lattice L• = LE• satisfies L• ⊗ Zp =

L̂f⊗Zp inside V ⊗Qp for all odd primes p at which E has semi-stable reduction.
Moreover the cyclic isogeny from E1 to E• is étale.

Alternatively, we could also say that the index of L• ⊂ L̂f is coprime to
any odd prime of semi-stable reduction. We should also emphasise that the
statement does not hold in general for primes p of additive reduction or for
p = 2. Counter-examples for these will be provided later. The proof will
require some intermediate lemmas.

Lemma 5. Let A/Q be an elliptic curve and let p be an odd prime. Suppose P
is a point of exact order p in A, defined over an abelian extension of Q which
is unramified at p. Then the isogeny with kernel generated by P is defined over
Q.

Proof. Let G be the Galois group of Q
(
A[p]

)
over Q. Let H be the subgroup

corresponding to the field of definitionQ(P ) of P . ThenH is a normal subgroup
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of G with abelian quotient. In any basis of A[p] with P as the first element,
the group H is contained in ( 1 ∗

0 ∗ ) when we view G as a subgroup of GL2(Fp).
Let S = G∩SL2(Fp) be the kernel of the determinant G→ F×

p . Hence H ∩S is
contained in the subgroup of matrices of the form ( 1 ∗

0 1 ). So we have two cases to
distinguish. EitherH∩S is equal to the cyclic group of order p of all matrices of
this form or it is trivial. But note first that the Weil pairing implies that Q(µp)
is contained in Q

(
A[p]

)
. So G/S is isomorphic to F×

p via the determinant.
Since Q(P ) is unramified at p, it must be linearly disjoint from Q(µp). For our
groups, this means that HS = G. Hence H/(H ∩ S) = G/S = F×

p .
Case 1: H ∩ S is equal to the cyclic group of order p generated by ( 1 1

0 1 ).
The above then implies that H is equal to the subgroup of all matrices ( 1 ∗

0 ∗ ).
Now G is contained in the normaliser of this group H inside GL2(Fp), which is
easily seen to be equal to the Borel subgroup of matrices of the form ( ∗ ∗

0 ∗ ). In
particular, the subgroup generated by P is fixed by G.
Case 2: H intersects S trivially. Then Q

(
A[P ]

)
is the composition of Q(µp)

and Q(P ). Hence G is the abelian group H × S. Note that H is now a cyclic
group of order p − 1. Let h be a non-trivial element of H ⊂

{
( 1 ∗
0 ∗ )

}
. It

has two eigenvalues, one equal to 1 and the other λ must be different than
1 as otherwise h would belong to S. Let Q ∈ A[p] be an eigenvector for h
with eigenvalue λ and use the basis {P,Q} for A[p]. For H to be an abelian
subgroup of

{
( 1 ∗
0 ∗ )

}
containing the element h = ( 1 0

0 λ ), it is necessary that H
is contained in the diagonal matrices. Therefore H is the group of all matrices
of the form ( 1 0

0 ∗ ).
We know that S has to commute with H . It is easy to see that this implies
that S is contained in the group of matrices of the form ( a 0

0 1/a ). It follows that
G is contained in the diagonal matrices. Once again the isogeny defined by P
is fixed by G.

If A is an elliptic curve defined over Q, we know by [2] that there is a non-
constant morphism of curves ϕA : X0(N) → A defined over Q. We normalise
it by requiring that it is of minimal degree and that the cusp ∞ maps to
O ∈ A(Q). It is well-defined up to composition with an automorphism of A.
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Lemma 6. Let A/Q be an elliptic curve and let p be an odd prime such that A
has semi-stable reduction at p. Let r ∈ Q represent a cusp on X0(N) such that
the image ϕA(r) in A(Q̄) has order divisible by p. Let P ∈ A(Q̄) be a multiple
of ϕA(r) which has exact order p. Then the isogeny with kernel generated by P
is étale and defined over Q.

Proof. Let D be the greatest common divisor of the denominator of r and N .
Next, let d be the greatest common divisor of D and N

D . So by definition d is
only divisible by primes of additive reduction and hence it is coprime to p. By
the description of the Galois-action on cusps of X0(N) given in Theorem 1.3.1.
in [27],we see that the cusp r on X0(N), and hence its image in A(Q̄), are
defined over the cyclotomic field K = Q(ζd). The previous Lemma 5 proves
that the isogeny generated by P is defined over Q. Since the kernel acquires a
point over an extension which is unramified at p, it has to be étale.

Proof of Theorem 4. The lattice L̂f is the set of all values of integrating ωf =
2πif(τ)dτ as τ runs along a geodesic from one cusp r1 ∈ Q to another r2 ∈ Q
inside the upper half plane. So it is also the set of all

∫
γ ωf as γ varies in

H1

(
X0(N), {cusps},Z

)
. We are allowed to switch here from X1(N) to X0(N)

and to identify ωf on both of them as the pullback of ωf underX1(N)→ X0(N)
is again ωf because it is determined by the q-expansion of f .
The Manin constant c0 for the optimal curveE0 is an integer such that ϕ∗

0(ω0) =
c0 · ωf , where ϕ0 : X0(N) → E0 is the modular parametrisation of minimal
degree and ω0 is a Néron differential on E0. One can choose ϕ0 and ω0 in such
a way as to make c0 > 0. It is known that c0 is coprime to any odd prime for
which E has semi-stable reduction. For this and more on the Manin constant
we refer to [1]. From the description of optimality above, we can deduce that

c0 ·Lf = L0 and hence that c0 · L̂f ⊃ L0.
To start, we set A to be the optimal curve E0. We shall successively re-
place A by one of its quotients by an étale kernel until we reach E•. Pick
an odd semi-stable prime that divides the index iA of LA in c0 · L̂f . The
modular parametrisation ϕA : X0(N) → A factors through E0. The quotient(
c0L̂f

)
/LA is generated by the images ϕA(r) ∈ A(C) ∼= C/LA of all cusps r in

X0(N). So we find a cusp r whose image in A(Q̄) has order divisible by p. We
can now apply Lemma 6, which gives us an étale isogeny A→ A′ such that the
index of LA′ in c0L̂f is now iA′ = iA/p. We replace now A by A′ and repeat
the procedure until the index iA is coprime to all odd semi-stable primes. By
the above mentioned property of c0, we now have LA ⊗ Zp = L̂f ⊗ Zp for all
odd semi-stable primes
By construction, A is now an étale quotient of E0. We consider the isogeny
E1 → E0 → A. The cyclic isogeny E1 → E0 has a constant kernel and hence
it is étale over Z[ 12 ], as explained in Remark 1.8 in [29]. If it is étale over Z,
we can set E• = A and we are done. Otherwise, there is an isogeny E0 → E′

0

whose degree is a power of 2 such that the cyclic isogeny from E1 to E′
0 is étale.

Since the degree of E0 → A is odd by construction, there is an isogeny A→ E•
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of the same degree as E0 → E′
0 such that E1 → E• is étale.

For any A in the isogeny class of E, we write Ω+
A for the smallest positive real

element of LA and Ω−
A for the smallest absolute value of a purely imaginary

element in LA. For any r ∈ Q, the modular symbols [r]± ∈ Q attached to A
are defined by

[r]+ =
1

Ω+
A

Re

(∫ ∞

r

ωf

)
and [r]− =

1

Ω−
A

Im

(∫ ∞

r

ωf

)
.

Then our theorem tells us that [r]± will have denominator coprime to any
odd semi-stable prime for the curve E•. In particular, it is obvious from the
construction (see [14]) of the p-adic L-function by modular symbols that it will
be an integral power series in Zp[[T ]] for ordinary primes p. However this also
follows from Proposition 3.7 in [9] and the fact that E1 → E• is étale.
A reformulation of the theorem is the following integrality statement.

Corollary 7. Let E be an elliptic curve over Q and p an odd prime for which
E has semi-stable reduction. Then there is a curve E• which is isogenous to E
over Q such that for all Dirichlet characters χ we have

G(χ) · L(E•, χ, 1)

Ω+
E•

∈ Zp[χ] if χ(−1) = 1 or

G(χ) · L(E•, χ, 1)

iΩ−
E•

∈ Zp[χ] if χ(−1) = −1

where Zp[χ] is the ring of integers in the extension of Qp generated by the values
of χ and G(χ) stands for the Gauss sum.

Proof. This follows from the formula of Birch, see formula (8.6) in [14]:

L(E,χ, 1) =
1

G(χ)

∑

a mod m

χ(a)

(∫ ∞

a/m

ωf

)

where m is the conductor of χ.

2.1 The semi-stable case

Let E/Q be an elliptic curve with semi-stable reduction at all primes. Hence
N is square-free. So d in the proof of Lemma 6 is equal to 1 for all cusps and
hence they are all defined over Q. By Mazur’s Theorem [13], we may obtain

E• satisfying L̂f ⊗ Z[ 12 ] = L• ⊗ Z[ 12 ] by taking the quotient of E0 only by at
most a p-torsion point defined over Q for some p = 3, 5 or 7. In particular,
if E0(Q)[3 · 5 · 7] = {O}, then E• = E0. If instead, there is a rational torsion
point of odd order, then we might have to take the isogeny with kernel E0(Q)[p].
Nonetheless the curve labelled 66c1 in [5] shows that in some examples we can
have E• = E0 even when E0 has a rational 5-torsion point.
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2.2 Examples

We can present here a few examples; in all of them we know that c0 = 1.
Throughout, we use the notations from Cremona’s tables [5]. First, for the
class 11a and p = 5, we find that E1 =11a3, E0 =11a1, and E• =11a2 and the
étale isogenies E1 → E0 → E• are all of degree 5. To justify this, one has to
note that L(f, 1) = 1

5Ω
+
E0

and so [0]+ = 1
5 for E0. Hence the lattice L̂f has

index at least 5 in L0.

For the class 17a, the curve E0 =17a1 has Mordell-Weil group E(Q) = Z/4Z.
The optimal curve E1 corresponds to a sublattice of index 4 in L0 and it is the
minimal curve 17a4. It is easy to compute the modular symbols for f . Since
L(f, 1) = 1

4Ω
+
0 , we find that L̂f has index at least 4 in L0. In fact, L̂f is the

lattice 1
2L17a3. This shows that the above lemma is not valid for p = 2.

In the class 91b, we find that E0 and E1 are equal to 91b1, which has 3-torsion
points over Q. It turns out that E•, which is equal to 91b2, has a 3-torsion
point as well. So it is not true in general that E•(Q) has no p-torsion even
when it is different from E0.

Now to elliptic curves, which are not semi-stable. The class 98a is the twist of
14a by −7. This time the lattice L̂f is equal to the lattice of 98a5, which has
the same real period as E0, but the imaginary period is divided by 9. Both E0

and E• have only a 2-torsion point defined over Q. The two cyclic isogenies of
degree 3 acquire a rational point in the kernel only over Q(

√
−7).

For the curves 27a, which admit complex multiplication, we find that L̂f =
1
3L0. The same happens for 54a. However in both cases E does not have
semi-stable reduction at p = 3. This shows that the lemma and theorem can
not be extended to primes p with additive reduction.

3 Kato’s Euler system

Let E/Q be an elliptic curve and p an odd prime. Suppose E has semi-stable
reduction at p. Since we are mainly interested in the case when E[p] is reducible,
we may assume that the reduction at E is ordinary.

We now follow the notations and definitions in [10]. As before f is the newform
of weight 2 and level N associated to the isogeny class of E. Define the Qp-
vector space VQp(f) as the largest quotient of H1

ét

(
Y1(N),Qp

)
on which the

Hecke operators act by multiplication with the coefficients of f . Further the
image of H1

ét

(
Y1(N),Zp

)
in VQp(f) is a Gal

(
Q̄/Q

)
-stable lattice, denoted by

VZp(f).

Proposition 8. We have an equality of Gal
(
Q̄/Q

)
-stable lattices VZp(f)(1) =

TpE• inside VQp(f)(1).

Proof. We consider first the version with coefficients in Z rather than in Zp as
in 6.3 of [10]. We define VQ(f) as the maximal quotient of H1

(
Y1(N)(C),Q

)

and VZ(f) as the image of H1
(
Y1(N)(C),Z

)
inside VQ(f). By Poincaré duality,
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we have
H1
(
Y1(N)(C),Z

) ∼= H1

(
X1(N)(C), {cusps},Z

)

as in 4.7 in [10]. Now let ϕ1 : X1(N) → E1 be the optimal modular
parametrisation. The optimality implies that ϕ1 induces a surjective map from
H1

(
X1(C),Z

)
to H1

(
E1(C),Z

)
. Hence we may identify VQ(f) via ϕ1 with

H1

(
E1(C),Q

)
. Under this identification, the lattice VZ(f) is mapped to the

image of the relative homology H1

(
X1(N)(C), {cusps},Z). It contains the lat-

tice H1

(
E1(C),Z

)
. Through the map integrating against the Néron differential

ω1 of E1, the lattice VZ(f) is brought to c1L̂f containing L1 where c1 is the
Manin constant of ϕ1, i.e. the integer such that ϕ∗

1(ω1) = c1ωf . Since c1 is a
p-adic unit by Proposition 3.3 in [9], our Theorem 4 shows that

VZ(f)⊗Zp = H1

(
E•(C),Z

)
⊗Zp inside VQ(f)⊗Qp = H1

(
E1(C),Q

)
⊗Qp.

Following 8.3 in [10], we can identify VZp(f) with VZ(f) ⊗ Zp through the
comparison of Betti and étale cohomology. We identify again VQp(f) with

H1
ét

(
E1,Qp

)
through ϕ1 and we obtain that

VZp(f) = H1
ét

(
E•,Zp

) ∼= TpE•(−1) containing H1
ét

(
E1,Zp

) ∼= TpE1(−1)

at least as Zp-lattices inside VQp(f). But the Galois action is the same on both
VZp(f) and Tp(E•)(−1).

From now on we will denote this lattice in our Galois representation simply
by T = VZp(f)(1) = TpE•. Kato constructs in 8.1 in [10] two sets of p-adic
zeta-elements in the Galois cohomology of T . First, let a and A > 1 be two
integers. Then there is an element

c,dzm(
a
A ) = c,dz

(p)
m

(
f, 1, 1, a(A), primes(pA)

)
∈ H1

ét

(
Z[ 1p , ζm], T

)

for all integers m > 1 and integers c, d coprime to 6pA. They are linked to the
modular symbol obtained from the path from a

A to ∞ in the upper half plane.
Also, ζm is a primitive m-th root of unity.
Secondly, for any α ∈ SL2(Z), there are elements

c,dzm(α) = c,dz
(p)
m

(
f, 1, 1, α, primes(pN)

)
∈ H1

ét

(
Z[ 1p , ζm], T

)

for any integer m > 1 and integers c ≡ d ≡ 1 (mod N) coprime to 6pN . They
are linked to the image under α of the path from 0 to ∞ in the upper half
plane.
The advantage of these integral elements (with respect to our lattice T ) is that
they form an Euler system (13.3 in [10]). Namely by fixing α, c and d as above,
the elements

(
c,dzm(α)

)
m

form an Euler system.
Out of the above elements for m being a power of p, Kato builds the zeta-
elements that are linked to the p-adic L-functions. We denote by

Λ = Zp
[[
Gal
(
Q(ζp∞)/Q

)]]
= lim←−

n

Zp
[
Gal
(
Q(ζpn)/Q

)]
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the Iwasawa algebra of the cyclotomic Z×
p -extension of Q. Then we have the

following finitely generated Λ-module

H1(T ) := lim←−
n

H1
ét

(
Z[ζpn , 1p ], T

)
= lim←−

n

H1
(
GΣ(Q(ζpn)), T

)
,

where Σ is any set of primes containing the infinite places and those dividing
pN and GΣ(K) is the Galois group of the maximal extension of K which is
unramified outside Σ. See Section 3.4.1 in [17] for the independence on Σ. For
each γ ∈ T , there is a

zγ = z(p)γ ∈ H1(T )⊗Qp = lim←−
n

H1
ét

(
Z[ 1p , ζpn ], T

)
⊗Qp .

In fact, they are defined in 13.9 in [10] as elements in the larger H1(T ) ⊗Λ

Frac(Λ) as they are quotients of elements of the form c,dzm(α) by certain ele-
ments µ(c, d) in Λ. However Kato shows in 13.12 that they belong to the much
smaller H1(T )⊗ Qp by comparing them with elements of the form c,dzpn(

a
A).

See also appendix A in [6] for more information about the division by µ(c, d).

3.1 Criteria for the Iwasawa cohomology to be free over the
Iwasawa algebra

The Λ-module H1(T ) is torsion-free of rank 1 as shown in Theorem 12.4 in [10].
If E[p] is irreducible, then Theorem 12.4.(3) shows that H1(T ) is free. In this
section we gather further cases in which we can prove that H1(T ) is free or
otherwise determine how far we are off from being free. When it is free one
deduces that zγ integral for all γ ∈ T . We will later turn back to this question
in Section 3.3

Lemma 9. Let p be an odd prime of semi-stable reduction. If the X0-optimal
curve E0 has no rational p-torsion point, but the degree of the cyclic isogeny
from E0 to E• is divisible by p, then H1(T ) is free of rank 1 over Λ.

This lemma is essentially about curves that are not semi-stable. It applies to
all twists of a semi-stable curve by a square-free D 6= ±p. This follows from the
fact that for semi-stable curves a result by Serre [24, Proposition 1] and [22,
Proposition 21] shows that E[p] is an extension of Z/pZ by µ[p] or an extension
of µ[p] by Z/pZ.
Conversely, if E0 has a point of order p > 2 defined over Q, then it has semi-
stable reduction at all places, except for p = 3 when we could have fibres of
type IV or IV∗.

Proof. We claim that under our hypothesis, the Mordell-Weil group E•
(
Q(ζp)

)

contains no p-torsion points. Let φ : A → A′ be a cyclic isogeny of degree p
in the isogeny E0 → E• and assume by induction that A has no torsion point
defined over Q. From the proof of Theorem 4, we know that A[φ] acquires
rational points over Q(ζd) with d | N as in the proof of Lemma 6. In particular
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p does not divide d and so A[φ] will not contain a rational point defined over

Q(ζp); neither will A′[φ̂] as it is its Cartier dual. This means that the semi-
simplification of A[p] is the sum of two distinct characters with conductor
divisible by a prime different from p. Hence A and A′ both have no p-torsion
point defined over Q(ζp).
One way to prove the lemma is by adapting Kato’s argument at the end of
13.8. The argument works as long as the twisted Fp(r) does not appear in E[p]
as a Galois sub-module. Instead we give a second proof here.
Let Γ = Gal

(
Q(ζp∞)/Q(ζp)

)
. Using the Tate spectral sequence [15, Theorem

2.1.11] we see that H1(T )Γ injects into H1
(
GΣ(Q(ζp)), T

)
via the corestriction

map. Now the torsion subgroup of the latter is equal to the torsion subgroup of
lim←−E

(
Q(ζp)

)
/pn, which is trivial if E

(
Q(ζp)

)
has no p-torsion. Hence H1(T )Γ

is a free Zp-module.
Choose an injection ι : H1(T )→ Λ with finite cokernel F . We deduce an exact
sequence

0 //FΓ //H1(T )Γ //ΛΓ
//FΓ

//0

Since H1(T )Γ is torsion-free, we obtain that FΓ = 0. Since F is finite, FΓ is of
the same size. But by Nakayama’s Lemma FΓ = 0 implies that F = 0. Hence
H1(T ) is Λ-free.

We refine our analysis of H1(T ) now a bit for the remaining cases. Any Λ-
module M comes equipped with an action by the group ∆ = Gal

(
Q(ζp)/Q

)

and we split M up into the eigenspaces M =
⊕p−2

i=0 Mi where ∆ acts on Mi =
M(−i)∆ by the i-th power of the Teichmüller character. Now Mi is a Λ(Γ) =
Zp[[Γ]]-module.

Lemma 10. Let φ : E → E′ be an isogeny whose kernel has a point of order p
defined over Q. Then H1(TpE)i and H1(TpE

′)i are free of rank 1 over Λ(Γ)
for all 1 < i 6 p − 2. Furthermore H1(TpE)1 and H1(TpE

′)0 are also free of
rank 1. The remaining H1(TpE)0 and H1(TpE

′)1 are either free of rank 1 or
there is an injection into Λ(Γ) with image equal to the maximal ideal.

Proof. We have two short exact sequence

0 // TpE
φ // TpE′ // Z/pZ // 0

0 µpoo TpEoo TpE
′

φ̂

oo 0oo

which induces two exact sequences

0 // H1(TpE)
φ // H1(TpE

′) // H1
(
Z/pZ

)

H1(µp) H1(TpE)oo H1(TpE
′)

φ̂

oo 0.oo

(*)
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Here the last terms are the projective limits as n tends to infinity of the
groupsH1

(
GΣ(Q(ζpn)),Z/pZ

)
and ofH1

(
GΣ(Q(ζpn)), µ[p]

)
respectively. Since

p = 3, 5 or 7, the class group of Q(ζpn) has no p-torsion and hence
H1(GΣ(Q(ζpn)), µ[p]) is the quotient of the global Σ-units by its p-th powers.
Lemma 4.3.4 and Proposition 4.5.3 in [4] show that H1(µ[p]) = Fp(1) ⊕ Λ+/p
as a Λ = Zp[∆][[Γ]]-module, where Λ+ the part of Λ fixed by complex conju-
gation. Also we have H1(Z/pZ) = H1(µ[p])(−1) = Fp ⊕ Λ−/p. Because the

composition of φ and φ̂ is the multiplication by p, the cokernels of the end
maps of the two exact sequences (*) above have to be finite because H1(TpE)
and H1(TpE

′) are known to be torsion-free Λ-modules of rank 1.
If i is not 0 or 1, then the argument in the proof of Lemma 9 applies to show
that H1(TpE)i and H1(TpE

′)i are both free since the p-torsion subgroup of
E
(
Q(ζp)

)
and E′(Q(ζp)

)
have trivial i-th eigenspace under the action of ∆.

Let now i = 0 and set A = H1(TpE)0 and B = H1(TpE
′)0. In the case i = 1,

we would just swap the roles of A and B. The exact sequences (*) show that

φ : A→ B has finite cokernel of size at most p and that φ̂ : B → A has cokernel
in Λ(Γ)/p ∼= Fp[[Γ]]. Choose an injection ι : B → Λ(Γ) with finite cokernel F .
We now view B via ι and A via φ ◦ ι as ideals in Λ(Γ) of finite index. The map

φ̂ : B → A becomes the multiplication by p.
Let I be the kernel of the map Λ(Γ)→ Zp sending all elements of Γ to 1. Then
we obtain the exact sequence

0 //FΓ //A/IA //Λ/I //F/IF //0.

Again if A/IA = AΓ is Zp-free, then A is Λ(Γ)-free and since A→ B has finite
cokernel, then B has to be free, too. Assume therefore that A/IA is not free.
We know that A/IA injects into H1

(
GΣ(Q), TpE

)
whose torsion part is the

p-primary part of E(Q). Hence it is at most of order p. We conclude that FΓ

and FΓ are both of order p under our assumption. Hence A/IA ∼= Z/pZ ⊕ Zp
and we can take p+ IA to be the generator of the free part. Let a ∈ A be such
that a + IA is a generator of the torsion part. It must lie in I but not in IA.
By Nakayama’s Lemma p and a generate the ideal A. Consider now the exact
sequence

0 //pΛ(Γ)/pB //A/pB //A/pΛ(Γ) //0

where the middle term is a finite index sub-Λ(Γ)-module of Λ(Γ)/p. But a such
does not have any finite non-zero sub-modules. Hence pΛ(Γ) = pB shows that
B is Λ(Γ)-free of rank 1. Since the smaller ideal A has index p it has no choice
but to be the maximal ideal of Λ(Γ).

Here is an example for which H1(TpE)0 is not free. The semi-stable isogeny
class 11a contains three curves

E1 = 11a3
φ //E0 = 11a1

ψ //E• = 11a2

where the direction of the arrow is the isogeny with kernel Z/pZ with p = 5.
While E1 and E0 have rational 5-torsion points, the Mordell-Weil group of E•
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over Q is trivial. Hence by the proof of Lemma 9, we see that H1(TpE•)0 is
Λ(Γ)-free. This lemma does not apply to E0, however Lemma 10 does and
shows that H1(TpE0)0 is also Λ(Γ)-free. We will now show that H1(TpE1)0 is
not free.
For this we continue the first exact sequence in (*) as follows

H1(TpE1)0
φ //H1(TpE0)0 //Fp //H2(TpE1)0

φ2 //H2(TpE0)0

where H2(·) stands for the projective limit of H2
(
GΣ(Q(ζpn)), ·). Our aim is to

show that φ2 is injective. Let Zv,i be the projective limit ofH2
(
Qv(ζpn), TpEi

)
0

as n→∞ and consider the localisation maps

0 // Y1 //

��

H2(TpE1)0 //

φ2

��

⊕
v∈Σ Zv,1 //

��
0 // Y0 // H2(TpE0)0 //

⊕
v∈Σ Zv,0

//

By global duality the kernels Y1 and Y0 are fine Selmer groups which we will
properly define in Section 4; for our purpose here it is sufficient to say that
they are both trivial in our example. To show that φ2 is injective it is sufficient
to show that φ : Zv,1 → Zv,0 is injective for all v ∈ Σ = {5, 11}. Local duality
shows that Zv,i is dual to the p-primary part of the group of points of Ei over
Qv(ζp∞)∆. Hence we want to show that for all v ∈ {5, 11} the map

φ̂ : E0

(
Qv(ζp∞)∆

)
[p∞]→ E1

(
Qv(ζp∞)∆

)
[p∞]

is surjective. First for v = 11 where both curves have split multiplicative
reduction; however the Tamagawa number for E0 is 5 while it is 1 for E1. We
conclude that the p-primary part of E

(
Q11(ζ5∞)

)
is isomorphic to Qp/Zp for

E = E0 and it is equal to Qp/Zp⊕Z/pZ for E = E1. The map φ̂ is easily seen
to be surjective by looking at the 5-torsion points over Q11.
Next for v = 5, where the reduction is good ordinary. Here the p-primary parts
of both groups of local points are equal to Z/5Z. This follows from the fact that
the formal group of these curves have torsion group isomorphic to µp∞ which
has no ∆-fixed points and from the existence of the rational 5-torsion points
over Q5.
This ends the proof that H1(TpE1)0 is not free but equal to the maximal ideal
as shown in Lemma 10. Note that the same argument won’t work for ψ, because
ψ̂ is not surjective locally on the p-primary part neither at v = 5 nor at v = 11.

3.2 Link to the p-adic L-function

For any extension K/Qp, we write H1
f (K,T ) for the Bloch-Kato group of local

conditions. The quotient groupH1
s (K,T ) = H1(K,T )/H1

f (K,T ) is in fact dual
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to E•(K) ⊗ Qp/Zp by local Tate duality. We set H1
s(T ) to be the projective

limit of H1
s

(
Qp(ζpn), T

)
, which is a Λ-module of rank 1.

Perrin-Riou has constructed a Coleman map Col : H1
s(T ) → Λ. Proposition

17.11 in [10] shows that the Coleman map Col : H1
s(T ) → Λ is injective and

has finite cokernel if the reduction of E at p is good. The same proof also
applies when the reduction is non-split multiplicative. Instead in the case when
E has split multiplicative reduction, then Theorem 4.1 in [11] proves that the
Coleman map Col: H1

s(T ) → Λ is injective and has image with finite index
inside I = ker

(
1 : Λ → Zp

)
where the map 1 sends all elements of the Galois

group Gal
(
Q(ζp∞)/Q

)
to 1. Extend Col to an injective map Col : H1

s(T )⊗Qp →
Λ⊗Qp.
Choose γ ∈ T such that γ = γ+ + γ− with γ± being Zp-generators of the
subspaces T± on which the complex conjugation acts by ±1. We now apply
Theorem 16.6 in [10] with this “good choice” of γ and with the “good choice”
of the Néron differential ω = ωE• in the terminology of 17.5. Consider the zeta
element z = zγ ∈ H1(T )⊗Qp. The theorem yields

Col
(
loc(z)

)
= Lp(E•) ∈ Λ,

where loc : H1(T ) ⊗ Qp → H1
s(T ) ⊗ Qp is the localisation followed by the

quotient map.
Let ZT = Z(f, T ) be the Λ-module generated by zγ in H1(T )⊗ Qp and let Z
be the Λ-submodule of H1(T ) generated by all

(
c,dzpn(α)

)
n
and

(
c,dzpn(

a
A )
)
n

where c, d, a, A and α run over all permitted choices in the construction of
these integral elements. Then Theorem 12.6 in [10] states that Z is contained
in ZT with finite index. Here it is crucial that we work with exactly the lattice
T = VZp(f)(1). Kato allows himself the flexibility of twists by the cyclotomic
character and works with VZp(f)(r); we only need r = 1 here.
Since H1(T ) is Λ-torsion-free, there is an injective Λ-morphism ι : H1(T )→ Λ
with finite cokernel. The linear extension ιQ : H

1(T )⊗Qp → Λ⊗Qp sends ZT
to a sub-Λ-module J . This J contains the integral ideal ι(Z) ⊂ Λ with finite
index. Hence J itself is an integral ideal in Λ. Write λ = ιQ(z) ∈ J .
Lemma 11. For any k > 0 such that pkZT ⊂ Z, the index of pkz in H1(T ),
defined as

I = indΛ(p
kz) =

{
ψ
(
pkz
) ∣∣∣ ψ ∈ HomΛ(H

1(T ),Λ)
}
,

satisfies Ip = λΛp for all height one prime ideals p of Λ that do not contain p.

Proof. Let p 6∋ p be prime ideal of Λ of height 1. Because ι has finite cokernel,
we have H1(T )p = Λp via ι. Hence

Ip =
{
ψ
(
pkz
) ∣∣∣ ψ ∈ HomΛp

(H1(T )p,Λp)
}

=
{
ψ̃
(
ι(pkz)

) ∣∣∣ ψ̃ ∈ HomΛp
(Λp,Λp)

}

= ι(pkz)Λp = pkλΛp = λΛp.

Documenta Mathematica 19 (2014) 381–402



Integrality of Modular Symbols 395

because p does not belong to p.

3.3 Integrality of zγ

Recall first how Kato deduces the integrality of his second set of zeta-elements
in the case E[p] is irreducible.

Lemma 12. If H1(T ) is free over Λ then zγ ∈ H1(T ) for all γ ∈ T .

Proof. This is 13.14 in [10]: For every prime ideal p of height 1 in Λ, we have
(ZT )p ⊂ H1(T )p since Z has finite index in ZT . Hence ZT ⊂ H1(T ).

We will concentrate here on one case that interests us most. Let z0 be the core-
striction of z from H1(T ) to H1(T )0, which is the limit lim←−nH

1
(
GΣ(Kn), T

)

as Kn increases in the cyclotomic Zp-extension of Q.

Theorem 13. Let E/Q be an elliptic curve and p an odd prime at which E
has good reduction. Then z0 belongs to H1(T )0.

In other words z0 is integral with respect to the Tate module of E•.

Proof. First, we may apply the idea of the proof in Lemma 9, to conclude
that H = H1(T )0 is free over Λ(Γ) if E•(Q) has no p-torsion point. If so the
previous lemma shows that z0 lies in H.
Assume now that E• admits a rational p-torsion point. Let φ : E• → E′ be
the isogeny whose kernel contains the rational p-torsion points. We apply
Lemma 10 to see that either H is free or it injects into Λ(Γ) with index p. As
the former case is done with the previous lemma, we assume that we are in the
latter. We know already that the Coleman map Col0 : H → Λ(Γ) is injective
with finite cokernel. Now, since H is isomorphic to the maximal ideal, the
image of Col0 has to be equal to the maximal ideal of Λ(Γ). Therefore if z0 is
not integral, the image Col0

(
loc(z0)

)
= Lp(E•)0 ∈ Λ0 = Λ(Γ) must be a unit.

However the interpolation property of the p-adic L-function tells us that

1

(
Lp(E•)0

)
=
(
1− α−1

)2 · [0]+E•

where α is the unit root of the characteristic polynomial of Frobenius and the
map 1 : Λ(Γ)→ Zp sends all elements of Γ to 1. Since we have a p-torsion point
on the reduction of E• to Fp, the valuation of 1−α−1 is 1. By construction of E•
the modular symbol [0]+E•

is a p-adic integer. Therefore the p-adic L-function
cannot be a unit. Hence z0 is integral.

4 The fine Selmer group

Let E be an elliptic curve with a p-isogeny for an odd prime p. In this section,
we do not need any condition on the type of reduction at p. We define the fine2

2This group is sometimes called the “strict” or “restricted” Selmer group.
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Selmer group R
(
E/Q(ζpn)

)
as the kernel of the localisation map

H1
(
GΣ

(
Q(ζpn)

)
, E[p∞]

)
//
⊕
v∈Σ

H1
(
Qv(ζpn), E[p∞]

)

where the sum runs over all places v in Q(ζpn) above those in Σ. It is indepen-
dent of the choice of the finite set Σ as long as it contains p and all the places
of bad reduction. By global duality it is dual to the kernel

H2
(
GΣ

(
Q(ζpn)

)
, TpE

)
// ⊕

v∈ΣH
2
(
Qv(ζpn), TpE

)
.

The Pontryagin dual of the direct limit of the groups R(E/Q(ζpn)) will be
denoted by Y (E); it is a finitely generated Λ-module. Theorem 13.4.1 in [10]
proves that Y (E) is Λ-torsion.

Lemma 14. Let E be an elliptic curve and p an odd prime such that E admits
an isogeny of degree p defined over Q. Then the fine Selmer group Y (E) is a
finitely generated Zp-module.

Proof. Let φ : E → E′ be an isogeny with cyclic kernel E[φ] of order p defined
over Q. The extension F of Q fixed by the kernel of ρφ : GΣ

(
Q
)
→ Aut

(
E[φ]

)

is a cyclic extension of degree dividing p − 1. Let G be the Galois group
of K = F (ζp) over Q(ζp). Over the abelian field K, the curve admits a p-
torsion point. We can therefore apply Corollary 3.6 in [3] (a consequence
of the Theorem of Ferrero-Washington) to the dual Y (E/K∞) of the Selmer
group over the cyclotomic Zp-extension K∞ = K(ζp∞) of K. This proves
that Y (E/K∞) is a finitely generated Zp-module. Then we have the following
diagram

0 // ̂Y (E/K∞)
∆ // H1

(
GΣ(K∞), E[p∞]

)∆

0 // Ŷ (E) //

OO

H1
(
GΣ(Q(ζp∞)), E[p∞]

)

OO

H1
(
G,E(K∞)[p∞]

)

OO

and since the group G is of order prime to p, the kernel on the right is trivial.
We deduce that the left hand side is injective, too, and hence that the dual
map Y (E/K∞) → Y (E) is surjective. Therefore Y (E) is a finitely generated
Zp-module.

For any torsion Λ-module M , we define the characteristic series charΛ(M) as
the product of the ideals plp where lp = lengthΛp

(Mp) as p runs through all
primes of height 1 in Λ.
Recall that we have defined λ = ιQ(z) as an element in J ⊂ Λ just before
Lemma 11.
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Proposition 15. Suppose E does not have additive reduction at p. Then the
characteristic series charΛ

(
Y (E)

)
divides λΛ.

Proof. We will first prove this proposition in the case E is the curve E• in
Theorem 4. With a sufficiently large choice of k, the element pk ·z ∈ Z∩H1(T )
extends to an Euler system for T as in [21]. Since the representation ρp is not
surjective, the Euler system argument gives us only a divisibility of the form

charΛ
(
Y (E)

)
divides J · indΛ

(
pkz)

for some ideal J of Λ which is a product of primes containing p, see Theorem
2.3.4 in [21] or Theorem 13.4 in [10]. By Lemma 11, we know that indΛ

(
pkz
)
=

J ′λΛ for some ideal J ′ which is a product of primes containing p. The previous
lemma shows that charΛ(Y (E)) is not divisible by any prime ideal containing
p, so the proposition follows for E•.
Now an isogeny E → E• can only change the µ-invariants of the dual of the
fine Selmer groups, i.e. only by ideals containing p, but the previous lemma
shows that they are zero for all curves in the isogeny class.

5 The first divisibility in the main conjecture

Let E be an elliptic curve defined Q such that E[p] is reducible for some odd
prime of semi-stable reduction. Recall that this implies that the reduction of
E at p can not be good supersingular. The Selmer group E over Q(ζpn) is
defined as usual as the elements in H1

(
GΣ(Q(ζpn)), E[p∞]

)
that are locally in

the image of the points. It fits into the exact sequence

0 //R
(
E/Q(ζpn)

)
// Sel
(
E/Q(ζpn)

)
//H1
(
Qp(ζpn), E[p∞]

)
.

We denote the dual of the limit of the Selmer group by X(E); it is a finitely
generated Λ-module. If the reduction is good ordinary, Theorem 17.4 in [10]
shows that X(E) is Λ-torsion. The same conclusion holds in general in our
situation; see [11] for the split multiplicative case.

Theorem 16. Let E/Q be an elliptic curve and let p > 2 be a prime. Suppose
that E has semi-stable reduction at p and that E[p] is reducible as a GQ-module.
Then charΛ

(
X(E)

)
divides the ideal generated by Lp(E). If the reduction of

E is split multiplicative at p, then I · charΛ
(
X(E)

)
divides the ideal generated

by Lp(E), where I is the kernel of the homomorphism Λ → Zp that sends all
elements of Gal

(
Q(ζp∞)/Q

)
to 1.

The main conjecture asserts that the element Lp(E) generates the characteristic
ideal charΛ

(
X(E)

)
.

Lemma 17. To prove Theorem 16 for E, it is sufficient to prove it for any one
curve in the isogeny class of E.
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Proof. The fact that Theorem 16 is invariant under isogenies follows from the
formula for the change of the µ-invariant under isogenies for the characteristic
series by Perrin-Riou [16, Appendice] when compared to the change of the
p-adic L-function. See in particular her Lemme on page 455.

Proof of Theorem 16. By the previous Lemma 17, we may choose E to be the
curve E• in the isogeny class. Recall from Section 3.2 that the Coleman map
Col : H1

s(T ) → Λ is injective and has image with finite index inside I in the
multiplicative case and it has a finite cokernel in the other cases. In what
follows we treat only the case when the reduction is not split multiplicative;
otherwise one has to multiply with I where appropriate.
Rohrlich [20] has shown that Lp(E) is non-zero and hence loc(z) is not torsion.
Choose a k such that pkZT ⊂ Z. Then the Λ-torsion module H1

s(T )/p
k loc(z)Λ,

which is equal to Col
(
H1
s(T )

)
/pkLp(E) Λ, has characteristic series pkLp(E)Λ.

The characteristic series of H1(T )/pkzΛ is equal to the characteristic series
of Λ/ι(pkz)Λ and therefore equal to pkλΛ, where ιH1(T ) → Λ is an injective
Λ-morphism with finite cokernel.

By global duality (see Proposition 1.3.2 in [18]), we have the following exact
sequence

0 // H1(T ) // H1
s(T )

// X(E) // Y (E) // 0.

It induces an exact sequence of torsion Λ-modules

0 // H1(T )
pkzΛ

// H1
s(T )
pkzΛ

// X(E) // Y (E) // 0.

Using Proposition 15, we conclude that

charΛ
(
X(E)

)
= charΛ

(
Y (E)

)
·
(
pkLp(E)Λ

)
·
(
pkλΛ

)−1

divides λ · pkLp(E) · p−kλ−1Λ = Lp(E)Λ.

6 Consequences

Corollary 18. The analytic p-adic L-function Lp(E) belongs to Λ for all
elliptic curves E/Q with semi-stable ordinary reduction at p > 2.

The conclusion can certainly not be extended to the supersingular case since
the p-adic L-functions in this case will never be integral. The supersingular
case is well explained in [19] where it is shown how one can extract integral
power series.

Corollary 19. If E/Q is a semi-stable elliptic curve and p an odd prime
where E has ordinary reduction, then charΛ

(
X(E)

)
, or I charΛ

(
X(E)

)
in the

split multiplicative case, divides the ideal generated by Lp(E).
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Proof. By a Theorem of Serre ([24, Proposition 1] and [22, Proposition 21]),
we know that the image of the representation ρ̄p : GQ → Aut(E[p]) is either
the whole of GL2(Fp) or it is contained in a Borel subgroup. In the latter
case the representation ρ̄p is reducible and in the first case the representation
ρp : GQ → Aut(TpE) is surjective by another result of Serre [23, Lemme 15]
unless p = 3. Finally for p = 3 we use the following lemma to exclude that ρp
is not surjective.

Unfortunately, the hypothesis in Corollary 19 that E is semi-stable can not be
dropped. For instance, there are curves E/Q such that ρ̄p has its image in the
normaliser of a non-split Cartan subgroup.

Lemma 20. Let p = 3 and suppose p2 does not divide the conductor N . If the
residual representation ρ̄ : Gal(Q̄/Q) → GL2(Fp) is surjective then the p-adic
representation ρ : Gal(Q̄/Q)→ GL2(Zp) is surjective, too.

Proof. We make use of the explicit parametrisation of all these exotic cases by
Elkies in [8]. Let E/Q be an elliptic curve such that ρ is not surjective, but ρ̄
is. Then its j-invariant satisfies

j(E) = 1728− 27A(n : m)2 B(n : m)2 C(n : m)

D(n : m)9
with

A(n : m) = n6 + 6n5m+ 4n3m3 + 12n2m4 − 18nm5 − 23m6,

B(n : m) = 7n6 + 24n5m+ 18n4m2 − 26n3m3 − 33n2m4 + 18nm5 + 28m6,

C(n : m) = 2n3 − 3n2m+ 4m3,

D(n : m) = n3 − 3nm3 −m3.

for two coprime integers n and m. Note first that the denominator D(n : m)
in j(E) is never divisible by 9, so j(E) is a 3-adic integer.
With a bit more work one can see that j(E) ≡ 2 · 33 (mod 34): If n 6≡ m
(mod 3), then A(n : m) ≡ (n−m)6 ≡ B(n : m) (mod 3), C(n : m) ≡ 2(n−m)3

and D(n : m) ≡ (n −m)3 (mod 3) gives the result. For n = m + 3k, we can
use A(n : m) ≡ B(n : m) ≡ 32 (mod 33), C(n : m) ≡ 3 (mod 32), and
D(n : m) ≡ 2 · 3 (mod 32) to conclude.
Now suppose E is given by a Weierstrass equation minimal at 3. We may
assume that it is of the form y2 = x3 + a2x

2 + a4x+ a6 with a2 ∈ {−1, 0,+1}
and a4, a6 ∈ Z. If a2 = ±1, then

j(E) = 16
−27a34 + 27a24 − 9a4 + 1

∆

where ∆ is the discriminant. However this is a contradiction with j(E) ∈ 33Z3.
Hence a2 = 0 and so

j(E) = 33 · 26 · a34
a34 + 27a26/4
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and we see that it is impossible that j(E) ≡ 2 · 33 (mod 34) unless 3 divides
a4 and the discriminant ∆ = 4a34 + 27a26. Therefore E has bad reduction at 3.
The fact that j(E) is a 3-adic integer shows that the reduction is additive.

Finally, here is the usual application to the Birch and Swinnerton-Dyer conjec-
ture.

Proposition 21. Let E be an elliptic curve over Q such that L(E, 1) 6= 0.
Let cv be the Tamagawa number of E at each finite place v and the number of
components in E(R) for v =∞. Then

#X(E/Q) divides C · L(E, 1)
Ω+
E

·
(
#E(Q)

)2
∏
v cv

where C is a rational number only divisible by 2, primes of additive reduction
or primes for which the Galois representation on E[p] is neither surjective nor
contained in a Borel subgroup.

In particular, for semi-stable curve C is a power of 2. The methods in [26] can
now be extended to the reducible case, too.
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1. Introduction

Let Λ be a finite-dimensional associative algebra. Fundamental objects of study
in the representation theory of Λ are the projective modules, the simple mod-
ules and the category of all (finite-dimensional) Λ-modules. Various structural
concepts have been introduced that include one of these classes of objects as
particular instances. In this article, four such concepts are related by explicit
bijections. Moreover, these bijections are shown to commute with the basic
operation of mutation and to preserve partial orders.
These four concepts may be based on two different general points of view, ei-
ther considering particular generators of categories ((1) and (2)) or considering
structures on categories that identify particular subcategories ((3) and (4)):

(1) Focussing on objects that generate categories, the theory of Morita
equivalences has been extended to tilting or derived equivalences. In
this way, projective generators are examples of tilting modules, which
have been generalised further to silting objects (which are allowed to
have negative self-extensions).

(2) Another, and different, natural choice of ‘generators’ of a module cate-
gory is the set of simple modules (up to isomorphism). In the context
of derived or stable equivalences, this set is included in the concept of
simple-minded system or simple-minded collection.

(3) Starting with a triangulated category and looking for particular sub-
categories, t-structures have been defined so as to provide abelian cate-
gories as their hearts. The finite-dimensional Λ-modules form the heart
of some t-structure in the bounded derived category Db(modΛ).

(4) Choosing as triangulated category the homotopy category Kb(projΛ),
one considers co-t-structures. The additive category projΛ occurs as
the co-heart of some co-t-structure in Kb(projΛ).

The first main result of this article is:

Theorem (6.1). Let Λ be a finite-dimensional algebra over a field K. There
are one-to-one correspondences between

(1) equivalence classes of silting objects in Kb(projΛ),
(2) equivalence classes of simple-minded collections in Db(modΛ),
(3) bounded t-structures of Db(modΛ) with length heart,
(4) bounded co-t-structures of Kb(projΛ).

Here two sets of objects in a category are equivalent if they additively generate
the same subcategory.

A common feature of all four concepts it that they allow for comparisons,
often by equivalences. In particular, each of the four structures to be related
comes with a basic operation, called mutation, which produces a new such
structure from a given one. Moreover, on each of the four structures there is a
partial order. All the bijections in Theorem 6.1 enjoy the following naturality
properties:
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Theorem (7.12). Each of the bijections between the four structures (1), (2),
(3) and (4) commutes with the respective operation of mutation.

Theorem (7.13). Each of the bijections between the four structures (1), (2),
(3) and (4) preserves the respective partial orders.

The four concepts are crucial in representation theory, geometry and topology.
They are also closely related to fundamental concepts in cluster theory such as
clusters ([20]), c-matrices and g-matrices ([21, 40]) and cluster-tilting objects
([7]). We refer to the survey paper [16] for more details. A concrete example
to be given at the end of the article demonstrates one practical use of these
bijections and their properties.
Finally we give some remarks on the literature. For path algebras of Dynkin
quivers, Keller and Vossieck [33] have already given a bijection between
bounded t-structures and silting objects. The bijection between silting ob-
jects and t-structures with length heart has been established by Keller and
Nicolás [32] for homologically smooth non-positive dg algebras, by Assem,
Souto Salorio and Trepode [5] and by Vitória [46], who are focussing on piece-
wise hereditary algebras. An unbounded version of this bijection has been
studied by Aihara and Iyama [1]. The bijection between simple-minded collec-
tions and bounded t-structures has been established implicitely in Al-Nofayee’s
work [3] and explicitely for homologically smooth non-positive dg algebras in
Keller and Nicolás’ work [32] and for finite-dimensional algebras in our preprint
[37], which has been partly incorporated into the present article, and partially
in the work [44] of Rickard and Rouquier. For hereditary algebras, Buan, Reiten
and Thomas [17] studied the bijections between silting objects, simple-minded
collections (=Hom≤0-configurations in their setting) and bounded t-structures.
The correspondence between silting objects and co-t-structures appears implic-
itly on various levels of generality in the work of Aihara and Iyama [1] and of
Bondarko [12] and explicitly in full generality in the work of Mendoza, Sáenz,
Santiago and Souto Salorio [39] and of Keller and Nicolás [31]. For homologi-
cally smooth non-positive dg algebras, all the bijections are due to Keller and
Nicolás [31]. The intersection of our results with those of Keller and Nicolás is
the case of finite-dimensional algebras of finite global dimension.

Acknowledgement. The authors would like to thank Paul Balmer, Mark Blume,
Martin Kalck, Henning Krause, Qunhua Liu, Yuya Mizuno, David Pauksztello,
Pierre-Guy Plamondon, David Ploog, Jorge Vitória and Jie Xiao for inspiring
discussions and helpful remarks. The second-named author gratefully acknowl-
edges financial support from Max-Planck-Institut für Mathematik in Bonn and
from DFG program SPP 1388 (YA297/1-1). He is deeply grateful to Bernhard
Keller for valuable conversations on derived categories of dg algebras.

2. Notations and preliminaries

2.1. Notations. Throughout, K will be a field. All algebras, modules, vector
spaces and categories are over the base field K, and D = HomK(?,K) denotes
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the K-dual. By abuse of notation, we will denote by Σ the suspension functors
of all the triangulated categories.
For a category C, we denote by HomC(X,Y ) the morphism space from X to
Y , where X and Y are two objects of C. We will omit the subscript and write
Hom(X,Y ) when it does not cause confusion. For S a set of objects or a
subcategory of C, call

⊥S = {X ∈ C | Hom(X,S) = 0 for all S ∈ S}
and

S⊥ = {X ∈ C | Hom(S,X) = 0 for all S ∈ S}
the left and right perpendicular category of S, respectively.
Let C be an additive category and S a set of objects or a subcategory of
C. Let Add(S) and add(S), respectively, denote the smallest full subcategory
of C containing all objects of S and stable for taking direct summands and
coproducts respectively taking finite coproducts. The category add(S) will be
called the additive closure of S. If further C is abelian or triangulated, the
extension closure of S is the smallest subcategory of C containing S and stable
under taking extensions. Assume that C is triangulated and let thick(S) denote
the smallest triangulated subcategory of C containing objects in S and stable
under taking direct summands. We say that S is a set of generators of C, or
that C is generated by S, when C = thick(S).

2.2. Derived categories. For a finite-dimensional algebra Λ, let ModΛ (re-
spectively, modΛ, projΛ, injΛ) denote the category of right Λ-modules (respec-
tively, finite-dimensional right Λ-modules, finite-dimensional projective, injec-
tive right Λ-modules), let Kb(projΛ) (respectively, Kb(injΛ)) denote the ho-
motopy category of bounded complexes of projΛ (respectively, injΛ) and let
D(ModΛ) (respectively, Db(modΛ), D−(modΛ)) denote the derived category
of ModΛ (respectively, bounded derived category of modΛ, bounded above de-
rived category of modΛ). All these categories are triangulated with suspension
functor the shift functor. We view D−(modΛ) and Db(modΛ) as triangulated
subcategories of D(ModΛ).
The categoriesmodΛ, Db(modΛ) andKb(projΛ) are Krull–Schmidt categories.
An objectM of modΛ (respectively, Db(modΛ), Kb(projΛ)) is said to be basic
if every indecomposable direct summand of M has multiplicity 1. The finite-
dimensional algebra Λ is said to be basic if the free module of rank 1 is basic
in modΛ (equivalently, in Db(modΛ) or Kb(projΛ)).
For a differential graded(=dg) algebraA, let C(A) denote the category of (right)
dg modules over A and K(A) the homotopy category. Let D(A) denote the
derived category of dg A-modules, i.e. the triangle quotient of K(A) by acyclic
dg A-modules, cf. [29, 30], and let Dfd(A) denote its full subcategory of dg
A-modules whose total cohomology is finite-dimensional. The category C(A) is
abelian and the other three categories are triangulated with suspension functor
the shift functor of complexes. Let per(A) = thick(AA), i.e. the triangulated
subcategory of D(A) generated by the free dg A-module of rank 1.
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For two dg A-modules M and N , let HomA(M ,N ) denote the complex whose
degree n component consists of those A-linear maps from M to N which are
homogeneous of degree n, and whose differential takes a homogeneous map f
of degree n to dN ◦ f − (−1)nf ◦ dM . Then

HomK(A)(M,N) = H0HomA(M ,N ).(2.1)

A dg A-module M is said to be K-projective if HomA(M ,N ) is acyclic when
N is an acyclic dg A-module. For example, AA, the free dg A-module of rank
1 is K-projective, because HomA(A,N ) = N . Dually, one defines K-injective
dg modules, and D(AA) is K-injective. For two dg A-modules M and N such
that M is K-projective or N is K-injective, we have

HomD(A)(M,N) = HomK(A)(M,N).(2.2)

Let A and B be two dg algebras. Then a triangle equivalence between D(A) and
D(B) restricts to a triangle equivalence between per(A) and per(B) and also to
a triangle equivalence between Dfd(A) and Dfd(B). If A is a finite-dimensional
algebra viewed as a dg algebra concentrated in degree 0, then D(A) is exactly
D(ModA), Dfd(A) is Db(modA), per(A) is triangle equivalent to Kb(projA),
and thick(D(AA)) is triangle equivalent to Kb(injA).

2.3. The Nakayama functor. Let Λ be a finite-dimensional algebra. The
Nakayama functor νmodΛ is defined as νmodΛ =? ⊗Λ D(ΛΛ), and the inverse
Nakayama functor ν−1

modΛ is its right adjoint ν−1
modΛ = HomΛ(D(ΛΛ), ?). They

restrict to quasi-inverse equivalences between projΛ and injΛ.
The derived functors of νmodΛ and ν−1

modΛ, denoted by ν and ν−1, restrict to

quasi-inverse triangle equivalences between Kb(projΛ) and Kb(injΛ). When
Λ is self-injective, they restrict to quasi-inverse triangle auto-equivalences of
Db(modΛ).
The Auslander–Reiten formula forM inKb(projΛ) andN in D(ModΛ) (cf. [23,
Chapter 1, Section 4.6]) provides an isomorphism

DHom(M,N) ∼= Hom(N, νM),

which is natural in M and N . When Kb(projΛ) coincides with Kb(injΛ) (that
is, when Λ is Gorenstein), it has Auslander–Reiten triangles and the Auslander–
Reiten translation is τ = ν ◦ Σ−1.

3. The four concepts

In this section we introduce silting objects, simple-minded collections, t-
structures and co-t-structure. Let C be a triangulated category with suspension
functor Σ.

3.1. Silting objects. A subcategory M of C is called a silting subcate-
gory [33, 1] if it is stable for taking direct summands and generates C (i.e.
C = thick(M)) and if Hom(M,ΣmN) = 0 for m > 0 and M,N ∈M.
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Theorem 3.1. ([1, Theorem 2.27]) Assume that C is Krull–Schmidt and has a
silting subcategory M. Then the Grothendieck group of C is free and its rank
is equal to the cardinality of the set of isomorphism classes of indecomposable
objects ofM.

An object M of C is called a silting object if addM is a silting subcategory
of C. This notion was introduced by Keller and Vossieck in [33] to study t-
structures on the bounded derived category of representations over a Dynkin
quiver. Recently it has also been studied by Wei [47] (who uses the terminology
semi-tilting complexes) from the perspective of classical tilting theory. A tilting
object is a silting object M such that Hom(M,ΣmM) = 0 for m < 0. For an
algebra Λ, a tilting object in Kb(projΛ) is called a tilting complex in the liter-
ature. For example, the free module of rank 1 is a tilting object in Kb(projΛ).
Assume that Λ is finite-dimensional. Theorem 3.1 implies that (a) any silting
subcategory of Kb(projΛ) is the additive closure of a silting object, and (b)
any two basic silting objects have the same number of indecomposable direct
summands. We will rederive (b) as a corollary of the existence of a certain
derived equivalence (Corollary 5.1).

3.2. Simple-minded collections.

Definition 3.2. A collection X1, . . . , Xr of objects of C is said to be simple-
minded (cohomologically Schurian in [3]) if the following conditions hold for
i, j = 1, . . . , r

· Hom(Xi,Σ
mXj) = 0, ∀ m < 0,

· End(Xi) is a division algebra and Hom(Xi, Xj) vanishes for i 6= j,
· X1, . . . , Xr generate C (i.e. C = thick(X1, . . . , Xr)).

Simple-minded collections are variants of simple-minded systems in [36] and
were first studied by Rickard [43] in the context of derived equivalences of
symmetric algebras. For a finite-dimensional algebra Λ, a complete collection
of pairwise non-isomorphic simple modules is a simple-minded collection in
Db(modΛ). A natural question is: do any two simple-minded collections have
the same collection of endomorphism algebras?

3.3. t-structures. A t-structure on C ([8]) is a pair (C≤0, C≥0) of strict (that
is, closed under isomorphisms) and full subcategories of C such that

· ΣC≤0 ⊆ C≤0 and Σ−1C≥0 ⊆ C≥0;
· Hom(M,Σ−1N) = 0 for M ∈ C≤0 and N ∈ C≥0,
· for each M ∈ C there is a triangle M ′ → M → M ′′ → ΣM ′ in C with
M ′ ∈ C≤0 and M ′′ ∈ Σ−1C≥0.

The two subcategories C≤0 and C≥0 are often called the aisle and the co-aisle of
the t-structure respectively. The heart C≤0 ∩ C≥0 is always abelian. Moreover,
Hom(M,ΣmN) vanishes for any two objectsM and N in the heart and for any
m < 0. The t-structure (C≤0, C≥0) is said to be bounded if

⋃

n∈Z

ΣnC≤0 = C =
⋃

n∈Z

ΣnC≥0.
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A bounded t-structure is one of the two ingredients of a Bridgeland stability
condition [15]. A typical example of a t-structure is the pair (D≤0,D≥0) for the
derived category D(ModΛ) of an (ordinary) algebra Λ, where D≤0 consists of
complexes with vanishing cohomologies in positive degrees, and D≥0 consists
of complexes with vanishing cohomologies in negative degrees. This t-structure
restricts to a bounded t-structure of Db(modΛ) whose heart is modΛ, which is
a length category, i.e. every object in it has finite length. The following lemma
is well-known.

Lemma 3.3. Let (C≤0, C≥0) be a bounded t-structure on C with heart A.
(a) The embedding A → C induces an isomorphism K0(A) → K0(C) of

Grothendieck groups.
(b) C≤0 respectively C≥0 is the extension closure of ΣmA for m ≥ 0 respec-

tively for m ≤ 0.
(c) C = thick(A).

Assume further A is a length category with simple objects {Si | i ∈ I}.
(d) C≤0 respectively C≥0 is the extension closure of Σm{Si | i ∈ I} for

m ≥ 0 respectively for m ≤ 0.
(e) C = thick(Si, i ∈ I).
(f) If I is finite, then {Si | i ∈ I} is a simple-minded collection.

3.4. Co-t-structures. According to [41], a co-t-structure on C (or weight
structure in [12]) is a pair (C≥0, C≤0) of strict and full subcategories of C such
that

· both C≥0 and C≤0 are additive and closed under taking direct sum-
mands,
· Σ−1C≥0 ⊆ C≥0 and ΣC≤0 ⊆ C≤0;
· Hom(M,ΣN) = 0 for M ∈ C≥0 and N ∈ C≤0,
· for each M ∈ C there is a triangle M ′ → M → M ′′ → ΣM ′ in C with
M ′ ∈ C≥0 and M ′′ ∈ ΣC≤0.

The co-heart is defined as the intersection C≥0 ∩ C≤0. This is usually not an
abelian category. For any two objects M and N in the co-heart, the morphism
space Hom(M,ΣmN) vanishes for any m > 0. The co-t-structure (C≤0, C≥0) is
said to be bounded [12] if

⋃

n∈Z

ΣnC≤0 = C =
⋃

n∈Z

ΣnC≥0.

A bounded co-t-structure is one of the two ingredients of a Jørgensen–
Pauksztello costability condition [27]. A typical example of a co-t-structure
is the pair (K≥0,K≤0) for the homotopy category Kb(projΛ) of a finite-
dimensional algebra Λ, where K≥0 consists of complexes which are homotopy
equivalent to a complex bounded below at 0, and K≤0 consists of complexes
which are homotopy equivalent to a complex bounded above at 0. The co-heart
of this co-t-structure is projΛ.
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Lemma 3.4. ([39, Theorem 4.10 (a)]) Let (C≥0, C≤0) be a bounded co-t-structure
on C with co-heart A. Then A is a silting subcategory of C.

Proof. For the convenience of the reader we give a proof. It suffices to show that
C = thick(A). Let M be an object of C. Since the co-t-structure is bounded,
there are integers m ≥ n such that M ∈ ΣmC≥0 ∩ ΣnC≤0. Up to suspension
and cosuspension we may assume that m = 0. If n = 0, then M ∈ A. Suppose
n < 0. There exists a triangle

M ′ // M // M ′′ // ΣM ′

with M ′ ∈ Σ−1C≥0 and M ′′ ∈ C≤0. In fact, M ′′ ∈ A, see [12, Proposition
1.3.3.6]. Moreover, ΣM ′ ∈ Σn+1C≤0 due to the triangle

M ′′ // ΣM ′ // ΣM // ΣM ′′

since bothM ′′ and ΣM belong to Σn+1C≤0 and C≤0 is extension closed (see [12,
Proposition 1.3.3.3]). So ΣM ′ ∈ C≥0 ∪ Σn+1C≤0. We finish the proof by
induction on n.

√

Proposition 3.5. ([1, Proposition 2.22], [12, (proof of) Theorem 4.3.2], [39,
Theorem 5.5] and [31]) Let A be a silting subcategory of C. Let C≤0 respectively
C≥0 be the extension closure of ΣmA for m ≥ 0 respectively for m ≤ 0. Then
(C≥0, C≤0) is a bounded co-t-structure on C with co-heart A.

4. Finite-dimensional non-positive dg algebras

In this section we study derived categories of non-positive dg algebras, i.e. dg
algebras A =

⊕
i∈ZA

i with Ai = 0 for i > 0, especially finite-dimensional non-
positive dg algebras, i.e. , non-positive dg algebras which, as vector spaces, are
finite-dimensional. These results will be used in Sections 5.1 and 5.4.

Non-positive dg algebras are closely related to silting objects. A triangulated
category is said to be algebraic if it is triangle equivalent to the stable category
of a Frobenius category.

Lemma 4.1. (a) Let A be a non-positive dg algebra. The free dg A-module
of rank 1 is a silting object of per(A).

(b) Let C be an algebraic triangulated category with split idempotents and
let M ∈ C be a silting object. Then there is a non-positive dg algebra A
together with a triangle equivalence per(A)

∼→ C which takes A to M .

Proof. (a) This is because Homper(A)(A,Σ
iA) = Hi(A) vanishes for i > 0.

(b) By [30, Theorem 3.8 b)] (which is a ‘classically generated’ version of [29,
Theorem 4.3]), there is a dg algebra A′ together with a triangle equivalence

per(A′)
∼→ C. In particular, there are isomorphisms Homper(A′)(A

′,ΣiA′) ∼=
HomC(M,ΣiM) for all i ∈ Z. Since M is a silting object, A′ has vanishing
cohomologies in positive degrees. Therefore, if A = τ≤0A

′ is the standard
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truncation at position 0, then the embedding A →֒ A′ is a quasi-isomorphism.
It follows that there is a composite triangle equivalence

per(A)
∼ // per(A′) ∼ // C

which takes A to M .
√

In the sequel of this section we assume that A is a finite-dimensional non-
positive dg algebra. The 0-th cohomology Ā = H0(A) of A is a finite-
dimensional K-algebra. Let Mod Ā and mod Ā denote the category of (right)
modules over Ā and its subcategory consisting of those finite-dimensional mod-
ules. Let π : A→ Ā be the canonical projection. We view Mod Ā as a subcat-
egory of C(A) via π.
The total cohomology H∗(A) of A is a finite-dimensional graded algebra with
multiplication induced from the multiplication of A. LetM be a dg A-module.
Then the total cohomology H∗(M) carries a graded H∗(A)-module structure,
and hence a graded Ā = H0(A)-module structure. In particular, a stalk dg
A-module concentrated in degree 0 is an Ā-module.

4.1. The standard t-structure. We follow [22, 4, 34], where the dg algebra
is not necessarily finite-dimensional.

Let M = . . .→M i−1 d
i−1

→ M i d
i

→M i+1 → . . . be a dg A-module. Consider the
standard truncation functors τ≤0 and τ>0:

τ≤0M =

τ>0M =

. . . // M−2 d
−2

// M−1 d−1
// kerd0 // 0 // 0 // 0 // . . .

. . . // 0 // 0 // M0/kerd0
d0 // M1 d1 // M2 d2 // M3 // . . .

Since A is non-positive, τ≤0M is a dg A-submodule of M and τ>0M is the
corresponding quotient dg A-module. Hence there is a distinguished triangle
in D(A)

τ≤0M →M → τ>0M → Στ≤0M.

These two functors define a t-structure (D≤0,D≥0) on D(A), where D≤0 is the
subcategory of D(A) consisting of dg A-modules with vanishing cohomology
in positive degrees, and D≥0 is the subcategory of D(A) consisting of dg A-
modules with vanishing cohomology in negative degrees.
By the definition of the t-structure (D≤0,D≥0), the heart H = D≤0 ∩ D≥0

consists of those dg A-modules whose cohomology is concentrated in degree 0.
Thus the functor H0 induces an equivalence

H0 : H −→ Mod Ā.

M 7→ H0(M)

See also [26, Theorem 1.3]. The t-structure (D≤0,D≥0) on D(A) restricts to a
bounded t-structure on Dfd(A) with heart equivalent to mod Ā.
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4.2. Morita reduction. Let d be the differential of A. Then d(A0) = 0.
Let e be an idempotent of A. For degree reasons, e must belong to A0, and
the graded subspace eA of A is a dg submodule: d(ea) = d(e)a + ed(a) =
ed(a). Therefore for each decomposition 1 = e1 + . . . + en of the unity into a
sum of primitive orthogonal idempotents, there is a direct sum decomposition
A = e1A ⊕ . . .⊕ enA of A into indecomposable dg A-modules. Moreover, if e
and e′ are two idempotents of A such that eA ∼= e′A as ordinary modules over
the ordinary algebra A, then this isomorphism is also an isomorphism of dg
modules. Indeed, there are two elements of A such that fg = e and gf = e′.
Again for degree reasons, f and g belong to A0. So they induce isomorphisms
of dg A-modules: eA → e′A, a 7→ ga and e′A → eA, a 7→ fa. It follows that
the above decomposition of A into a direct sum of indecomposable dg modules
is essentially unique. Namely, if 1 = e′1 + . . .+ e′n is another decomposition of
the unity into a sum of primitive orthogonal idempotents, then m = n and up
to reordering, e1A ∼= e′1A, . . ., enA ∼= e′nA.

4.3. The perfect derived category. Since A is finite-dimensional (and
thus has finite-dimensional total cohomology), per(A) is a triangulated subcat-
egory of Dfd(A).
We assume, as we may, that A is basic. Let 1 = e1+. . .+en be a decomposition
of 1 in A into a sum of primitive orthogonal idempotents. Since d(x) = λ1ei1 +
. . . + λseis implies that d(eijx) = λjeij , the intersection of the space spanned
by e1, . . . , en with the image of the differential d has a basis consisting of some
ei’s, say er+1, . . . , en. So, er+1A, . . . , enA are homotopic to zero.
We say that a dg A-moduleM is strictly perfect if its underlying graded module

is of the form
⊕N

j=1 Rj , where Rj belongs to add(ΣtjA) for some tj with t1 <
t2 < . . . < tN , and if its differential is of the form dint + δ, where dint is
the direct sum of the differential of the Rj ’s, and δ, as a degree 1 map from⊕N

j=1 Rj to itself, is a strictly upper triangular matrix whose entries are in
A. It is minimal if in addition no shifted copy of er+1A, . . . , enA belongs to
add(R1, . . . , Rj), and the entries of δ are in the radical of A, cf. [42, Section
2.8]. Strictly perfect dg modules are K-projective. If A is an ordinary algebra,
then strictly perfect dg modules are precisely bounded complexes of finitely
generated projective modules.

Lemma 4.2. Let M be a dg A-module belonging to per(A). Then M is quasi-
isomorphic to a minimal strictly perfect dg A-module.

Proof. Bearing in mind that e1A, . . . , erA have local endomorphism algebras
and er+1A, . . . , enA are homotopic to zero, we prove the assertion as in [42,
Lemma 2.14].

√

4.4. Simple modules. Assume that A is basic. According to the preceding
subsection, we may assume that there is a decomposition 1 = e1 + . . . + er +
er+1+ . . .+en of the unity of A into a sum of primitive orthogonal idempotents
such that 1 = ē1 + . . .+ ēr is a decomposition of 1 in Ā into a sum of primitive
orthogonal idempotents.
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Let S1, . . . , Sr be a complete set of pairwise non-isomorphic simple Ā-modules
and let R1, . . . , Rr be their endomorphism algebras. Then

HomA(eiA,Sj) =

{
RjRj if i = j,

0 otherwise.

Therefore, by (2.1) and (2.2),

HomD(A)(eiA,Σ
mSj) =

{
RjRj if i = j and m = 0,

0 otherwise.

Moreover, {e1A, . . . , erA} and {S1, . . . , Sr} characterise each other by this
property. On the one hand, if M is a dg A-module such that for some in-
teger 1 ≤ j ≤ r

HomD(A)(eiA,Σ
mM) =

{
RjRj if i = j and m = 0,

0 otherwise,

then M is isomorphic in D(A) to Sj . On the other hand, let M be an object
of per(A) such that for some integer 1 ≤ i ≤ r

HomD(A)(M,ΣmSj) =

{
RjRj if i = j and m = 0,

0 otherwise.

Then by replacing M by its minimal perfect resolution (Lemma 4.2), we see
that M is isomorphic in D(A) to eiA.
Further, recall from Section 4.1 that Dfd(A) admits a standard t-structure
whose heart is equivalent to mod Ā. This implies that the simple modules
S1, . . . , Sr form a simple-minded collection in Dfd(A).

4.5. The Nakayama functor. For a complex M of K-vector spaces, we
define its dual as D(M) = HomK(M,K), where K in the second argument is
considered as a complex concentrated in degree 0. One checks that D defines
a duality between finite-dimensional dg A-modules and finite-dimensional dg
Aop-modules.
Let e be an idempotent of A and M a dg A-module. Then there is a canonical
isomorphism

HomA(eA,M) ∼=Me.

If in addition each component of M is finite-dimensional , there are canonical
isomorphisms

HomA(eA,M) ∼=Me ∼= DHomA(M,D(Ae)).

Let C(A) denote the category of dg A-modules. The Nakayama functor ν :
C(A)→ C(A) is defined by ν(M) = DHomA(M,A) [29, Section 10]. There are
canonical isomorphisms

DHomA(M ,N ) ∼= HomA(N , νM )
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for any strictly perfect dg A-module M and any dg A-module N . Then
ν(eA) = D(Ae) for an idempotent e of A, and the functor ν induces a tri-
angle equivalences between the subcategories per(A) and thick(D(A)) of D(A)
with quasi-inverse given by ν−1(M) = HomA(D(A),M). Moreover, we have
the Auslander–Reiten formula

DHom(M,N) ∼= Hom(N, νM),

which is natural in M ∈ per(A) and N ∈ D(A).
Let e1, . . . , er, S1, . . . , Sr and R1, . . . , Rr be as in the preceding subsection.
Then

HomA(Sj ,D(Aei)) ∼= DHomA(eiA, Sj ) =

{
(Rj)Rj if i = j,

0 otherwise.

Therefore, by (2.1) and (2.2),

HomD(A)(Sj ,Σ
mD(Aei)) =

{
(Rj)Rj if i = j and m = 0,

0 otherwise.

Moreover, {D(Ae1), . . . ,D(Aer)} and {S1, . . . , Sr} characterise each other in
D(A) by this property. This follows from the arguments in the preceding
subsection by applying the functors ν and ν−1.

4.6. The standard co-t-structure. Let P≤0 (respectively, P≥0) be the
smallest full subcategory of per(A) containing {ΣmA | m ≥ 0} (respectively,
{ΣmA | m ≤ 0}) and closed under taking extensions and direct summands.
The following lemma is a special case of Proposition 3.5. For the convenience
of the reader we include a proof.

Lemma 4.3. The pair (P≥0,P≤0) is a co-t-structure on per(A). Moreover, its
co-heart is add(AA).

Proof. Since Hom(A,ΣmA) = 0 for m ≥ 0, it follows that Hom(X,ΣY ) = 0
for M ∈ P≥0 and N ∈ P≤0. It remains to show that any object M in
per(A) fits into a triangle whose outer terms belong to P≥0 and P≤0, respec-
tively. By Lemma 4.2, we may assume that M is minimal perfect. Write

M = (
⊕N

j=1 Rj , dint + δ) as in Section 4.3. Let N ′ ∈ {1, . . . , N} be the unique

integer such that tN ′ ≥ 0 but tN ′+1 < 0. LetM ′ be the graded module
⊕N ′

j=1 Rj
endowed with the differential restricted from dint+δ. Because dint+δ is upper
triangular, M ′ is a dg submodule of M . Clearly M ′ belongs to P≥0 and the
quotient M ′′ =M/M ′ belongs to ΣP≤0. Thus we obtain the desired triangle

M ′ // M // M ′′ // ΣM ′

with M ′ in P≥0 and M ′′ in ΣP≤0.
√
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5. The maps

Let Λ be a finite-dimensional basic K-algebra. This section is devoted to defin-
ing the maps in the following diagram.

bounded co-t-structures on
Kb(projΛ)

equivalence classes of silt-
ing objects in Kb(projΛ)

equivalence classes of
simple-minded collections
in Db(modΛ)

bounded t-structures on
Db(modΛ) with length
heart

✲
✛

φ41

φ14

✲
✛

φ32

φ23

❄

φ34

❄

✻
φ12 φ21 ❅

❅
❅❅❘

φ31

5.1. Silting objects induce derived equivalences. LetM be a basic silt-
ing object of the categoryKb(projΛ). By definition,M is a bounded complex of
finitely generated projective Λ-modules such that HomKb(projΛ)(M,ΣmM) van-
ishes for all m > 0. By Lemma 4.1, there is a non-positive dg algebra whose
perfect derived category is triangle equivalent to Kb(projΛ). This equivalence
sends the free dg module of rank 1 to M . Below we explicitly construct such a
dg algebra.
Consider HomΛ(M ,M ). Recall that the degree n component of HomΛ(M ,M )
consists of those Λ-linear maps from M to itself which are homogeneous of
degree n. The differential of HomΛ(M ,M ) takes a homogeneous map f of
degree n to d ◦ f − (−1)nf ◦ d, where d is the differential of M . This dif-
ferential and the composition of maps makes HomΛ(M ,M ) into a dg al-
gebra. Therefore HomΛ(M ,M ) is a finite-dimensional dg algebra. More-
over, Hm(HomΛ(M ,M )) = HomD(Λ)(M ,ΣmM ) for any integer m, by (2.1)
and (2.2). Because M is a silting object, HomΛ(M ,M ) has cohomology

concentrated in non-positive degrees. Take the truncated dg algebra Γ̃ =
τ≤0HomΛ(M ,M ), where τ≤0 is the standard truncation at position 0. Then

the embedding Γ̃→ HomΛ(M ,M ) is a quasi-isomorphism of dg algebras, and

hence Γ̃ is a finite-dimensional non-positive dg algebra. Therefore, the derived
category D(Γ̃) carries a natural t-structure (D≤0,D≥0) with heart D≤0 ∩ D≥0

equivalent to ModΓ, where Γ = H0(Γ̃) = EndD(A)(M). This t-structure re-

stricts to a t-structure on Dfd(Γ̃), denoted by (D≤0
fd ,D≥0

fd ), whose heart is

equivalent to modΓ. Moreover, there is a standard co-t-structure (P≥0,P≤0)

on per(Γ̃), see Section 4.
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The object M has a natural dg Γ̃-Λ-bimodule structure. Moreover, since it
generates Kb(projΛ), it follows from [29, Lemma 6.1 (a)] that there are triangle
equivalences

F =?
L
⊗Γ̃ M : D(Γ̃) ∼ // D(Λ) D(ModΛ)

Dfd(Γ̃)
?�

OO

∼ // Dfd(Λ)
?�

OO

Db(modΛ)
?�

OO

per(Γ̃)
?�

OO

∼ // per(Λ)
?�

OO

Kb(projΛ)
?�

OO

These equivalences take Γ̃ to M . The following special case of Theorem 3.1 is
a consequence.

Corollary 5.1. The number of indecomposable direct summands of M equals
the rank of the Grothendieck group of Kb(projΛ). In particular, any two basic
silting objects of Kb(projΛ) have the same number of indecomposable direct
summands.

Proof. The number of indecomposable direct summands of M equals the rank
of the Grothendieck group of modΓ, which equals the rank of the Grothendieck
group of Dfd(Γ̃) ∼= Db(modΛ) since modΓ is the heart of a bounded t-structure
(Lemma 3.3).

√

Write M =M1 ⊕ . . .⊕Mr with Mi indecomposable. Suppose that X1, . . . , Xr

are objects in Db(modΛ) such that their endomorphism algebras R1, . . . , Rr
are division algebras and that the following formula holds for i, j = 1, . . . , r
and m ∈ Z

Hom(Mi,Σ
mXj) =

{
RjRj if i = j and m = 0,

0 otherwise.

Then up to isomorphism, the objects X1, . . . , Xr are sent by the derived equiv-

alence ?
L
⊗Γ̃M to a complete set of pairwise non-isomorphic simple Γ-modules,

see Section 4.4.

Lemma 5.2. (a) Let X ′
1, . . . , X

′
r be objects of Db(modΛ) such that the fol-

lowing formula holds for 1 ≤ i, j ≤ r and m ∈ Z

Hom(Mi,Σ
mX ′

j) =

{
RjRj if i = j and m = 0,

0 otherwise.

Then Xi
∼= X ′

i for any i = 1, . . . , r.
(b) Let M ′

1, . . . ,M
′
r be objects of Kb(projΛ) such that the following formula

holds for 1 ≤ i, j ≤ r and m ∈ Z

Hom(M ′
i ,Σ

mXj) =

{
RjRj if i = j and m = 0,

0 otherwise.
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Then Mi
∼=M ′

i for any i = 1, . . . , r.

Proof. This follows from the corresponding result in D(Γ̃), see Section 4.4.
√

5.2. From co-t-structures to silting objects. Let (C≥0, C≤0) be a
bounded co-t-structure of Kb(projΛ). By Lemma 3.4, the co-heart A =
C≥0 ∩ C≤0 is a silting subcategory of Kb(projΛ). Since Λ is a silting object
of Kb(projΛ), it follows from Theorem 3.1 that A has an additive generator,
say M , i.e. A = add(M). Then M is a silting object in Kb(projΛ). Define

φ14(C≥0, C≤0) = M.

5.3. From t-structures to simple-minded collections. Let (C≤0, C≥0)
be a bounded t-structure of Db(modΛ) with length heart A. Boundedness
implies that the Grothendieck group of A is isomorphic to the Grothendieck
group of Db(modΛ), which is free, say, of rank r. Therefore, A has precisely
r isomorphism classes of simple objects, say X1, . . . , Xr. By Lemma 3.3 (f),
X1, . . . , Xr is a simple-minded collection in Db(modΛ). Define

φ23(C≤0, C≥0) = {X1, . . . , Xr}.

5.4. From silting objects to simple-minded collections, t-
structures and co-t-structures. LetM be a silting object of Kb(projΛ).
Define full subcategories of C

C≤0 = {N ∈ Db(modΛ) | Hom(M,ΣmN) = 0, ∀ m > 0},
C≥0 = {N ∈ Db(modΛ) | Hom(M,ΣmN) = 0, ∀ m < 0},
C≤0 = the additive closure of the extension closure

of ΣmM , m ≥ 0 in Kb(projΛ),

C≥0 = the additive closure of the extension closure

of ΣmM , m ≤ 0 in Kb(projΛ).

Lemma 5.3. (a) The pair (C≤0, C≥0) is a bounded t-structure on
Db(modΛ) whose heart is equivalent to modΓ for Γ = End(M).
Write M = M1 ⊕ . . . ⊕ Mr and let X1, . . . , Xr be the corresponding
simple objects of the heart with endomorphism algebras R1, . . . , Rr
respectively. Then the following formula holds for 1 ≤ i, j ≤ r and
m ∈ Z

Hom(Mi,Σ
mXj) =

{
RjRj if i = j and m = 0,

0 otherwise.

(b) The pair (C≥0, C≤0) is a bounded co-t-structure on Kb(projΛ) whose
co-heart is add(M).

The first statement of part (a) is proved by Keller and Vossieck [33] in the
case when Λ is the path algebra of a Dynkin quiver and by Assem, Souto and
Trepode [5] in the case when Λ is hereditary.
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Proof. Let Γ̃ be the truncated dg endomorphism algebra ofM , see Section 5.1.
Then per(Γ̃) has a standard bounded co-t-structure (P≥0,P≤0) and Dfd(Γ̃)
has a standard bounded t-structure (D≤0

fd ,D≥0
fd ) with heart equivalent to modΓ.

One checks that the triangle equivalence ?
L
⊗Γ̃M takes (P≥0,P≤0) to (C≥0, C≤0)

and it takes (D≤0
fd ,D

≥0
fd ) to (C≤0, C≥0).

√

Define

φ31(M) = (C≤0, C≥0),

φ41(M) = (C≥0, C≤0),

φ21(M) = {X1, . . . , Xr}.

5.5. From simple-minded collections to t-structures. Let X1, . . . , Xr

be a simple-minded collection of Db(modΛ). Let C≤0 (respectively, C≥0) be
the extension closure of {ΣmXi | i = 1, . . . , r,m ≥ 0} (respectively, {ΣmXi |
i = 1, . . . , r,m ≤ 0}) in Db(modΛ).

Proposition 5.4. The pair (C≤0, C≥0) is a bounded t-structure on Db(modΛ).
Moreover, the heart of this t-structure is a length category with simple objects
X1, . . . , Xr. The same results hold true with Db(modΛ) replaced by a Hom-
finite Krull–Schmidt triangulated category C.
Proof. The first two statements are [3, Corollary 3 and Proposition 4]. The
proof there still works if we replace Db(modΛ) by C. √

Define

φ32(X1, . . . , Xr) = (C≤0, C≥0).

Later we will show that the heart of this t-structure always is equivalent to
the category of finite-dimensional modules over a finite-dimensional algebra
(Corollary 6.2). This was proved by Al-Nofayee for self-injective algebras Λ,
see [3, Theorem 7].

Corollary 5.5. Any two simple-minded collections in Db(modΛ) have the
same cardinality.

Proof. By Proposition 5.4, the cardinality of a simple-minded collection equals
the rank of the Grothendieck group of Db(modΛ). The assertion follows.

√

5.6. From simple-minded collections to silting objects. Let
X1, . . . , Xr be a simple-minded collection in Db(modΛ). We will construct a
silting object ν−1T of Kb(projΛ) following a method of Rickard [43]. Then we
define

φ12(X1, . . . , Xr) = ν−1T.

The same construction is studied by Keller and Nicolás [32] in the context
of positive dg algebras. In the case of Λ being hereditary, Buan, Reiten and
Thomas [17] give an elegant construction of ν−1(T ) using the Braid group

Documenta Mathematica 19 (2014) 403–438



Silting Objects, Simple-Minded Collections, . . . 419

action on exceptional sequences. Unfortunately, their construction cannot be
generalised.

Let R1, . . . , Rr be the endomorphism algebras of X1, . . . , Xr, respectively.

Set X
(0)
i = Xi. Suppose X

(n−1)
i is constructed. For i, j = 1, . . . , r and m < 0,

let B(j,m, i) be a basis of Hom(ΣmXj , X
(n−1)
i ) over Rj . Put

Z
(n−1)
i =

⊕

m<0

⊕

j

⊕

B(j,m,i)

ΣmXj

and let α
(n−1)
i : Z

(n−1)
i → X

(n−1)
i be the map whose component corresponding

to f ∈ B(j,m, i) is exactly f .

Let X
(n)
i be a cone of α

(n−1)
i and form the corresponding triangle

Z
(n−1)
i

α
(n−1)
i // X(n−1)

i

β
(n−1)
i // X(n)

i
// ΣZ(n−1)

i .

Inductively, a sequence of morphisms in D(ModΛ) is constructed:

X
(0)
i

β
(0)
i // X(1)

i
// . . . // X(n−1)

i

β
(n−1)
i // X(n)

i
// . . . .

Let Ti be the homotopy colimit of this sequence. That is, up to isomorphism,
Ti is defined by the following triangle

⊕
n≥0X

(n)
i

id−β // ⊕
n≥0X

(n)
i

// Ti // Σ
⊕

n≥0X
(n)
i .

Here β = (βmn) is the square matrix with rows and columns labeled by non-

negative integers and with entries βmn = β
(n)
i if n+ 1 = m and 0 otherwise.

These properties of Ti’s were proved by Rickard in [43] for symmetric algebras Λ
over algebraically closed fields. Rickard remarked that they hold for arbitrary
fields, see [43, Section 8]. In fact, his proofs verbatim carry over to general
finite-dimensional algebras.

Lemma 5.6. (a) ([43, Lemma 5.4]) For 1 ≤ i, j ≤ r, and m ∈ Z,

Hom(Xj ,Σ
mTi) =

{
(Rj)Rj if i = j and m = 0,

0 otherwise.

(b) ([43, Lemma 5.5]) For each 1 ≤ i ≤ r, Ti is quasi-isomorphic to a
bounded complex of finitely generated injective Λ-modules.

(c) ([43, Lemma 5.8]) Let C be an object of D−(modΛ). If
Hom(C,ΣmTi) = 0 for all m ∈ Z and all 1 ≤ i ≤ r, then C = 0.

From now on we assume that Ti is a bounded complex of finitely generated
injective Λ-modules. Recall from Section 2.3 that the Nakayama functor ν
and the inverse Nakayama functor ν−1 are quasi-inverse triangle equivalences
between Kb(projΛ) and Kb(injΛ) The following is a consequence of Lemma 5.6
and the Auslander–Reiten formula.
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Lemma 5.7. (a) For 1 ≤ i, j ≤ r, and m ∈ Z,

Hom(ν−1Ti,Σ
mXj) =

{
RjRj if i = j and m = 0,

0 otherwise.

(b) For each 1 ≤ i ≤ r, ν−1Ti is a bounded complex of finitely generated
projective Λ-modules.

(c) Let C be an object of D−(modΛ). If Hom(ν−1Ti,Σ
mC) = 0 for all

m ∈ Z and all 1 ≤ i ≤ r, then C = 0.

Put T =
⊕r

i=1 Ti and ν
−1T =

⊕r
i=1 ν

−1Ti.

Lemma 5.8. We have Hom(ν−1T,ΣmT ) = 0 for m < 0. Equivalently,
Hom(ν−1T,Σmν−1T ) = Hom(T,ΣmT ) = 0 for m > 0.

Proof. Same as the proof of [43, Lemma 5.7], with the Ti in the first entry of
Hom there replaced by ν−1Ti.

√

It follows from Lemma 5.7 (c) that ν−1T generates Kb(projΛ). Combining this
with Lemma 5.8 implies

Proposition 5.9. ν−1T is a silting object of Kb(projΛ).

Rickard’s construction was originally motivated by constructing tilting com-
plexes over symmetric algebras which yield certain derived equivalences, see
[43, Theorem 5.1]. His work was later generalised by Al-Nofayee to self-injective
algebras, see [2, Theorem 4].

5.7. From co-t-structures to t-structures. Let (C≥0, C≤0) be a bounded
co-t-structure of Kb(projΛ). Let

C≤0 = {N ∈ Db(modΛ) | Hom(M,N) = 0, ∀ M ∈ Σ−1C≥0}
C≥0 = {N ∈ Db(modΛ) | Hom(M,N) = 0, ∀ M ∈ ΣC≤0}.

Lemma 5.10. The pair (C≤0, C≥0) is a bounded t-structure on Db(modΛ) with
length heart.

Proof. Because (C≤0, C≥0) = φ31 ◦ φ14(C≥0, C≤0).
√

By definition (C≤0, C≥0) is right orthogonal to the given co-t-structure in the
sense of Bondarko [11, Definition 2.5.1]. Define

φ34(C≥0, C≤0) = (C≤0, C≥0).

If Λ has finite global dimension, then Kb(projΛ) is identified with Db(modΛ).
As a consequence, C≤0 = C≤0 and C≥0 = νC≥0. Thus the t-structure (C≤0, C≥0)
is right adjacent to the given co-t-structure (C≥0, C≤0) in the sense of Bon-
darko [12, Definition 4.4.1].
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5.8. Some remarks. Some of the maps φij are defined in more general setups:

– φ14 and φ41 are defined for all triangulated categories, with silt-
ing objects replaced by silting subcategories, by Proposition 3.5 and
Lemma 3.4, see also [12, 31, 39].

– φ23 is defined for all triangulated categories, with simple-minded col-
lections allowed to contain infinitely many objects (Lemma 3.3).

– φ32 is defined for all algebraic triangulated categories (see [32]) and for
Hom-finite Krull–Schmidt triangulated categories (see Proposition 5.4).

– φ21 and φ31 are defined for all algebraic triangulated categories (replac-
ing Kb(projΛ)), with Db(modΛ) replaced by a suitable triangulated
category; then we may follow the arguments in Sections 4.1 and 5.4.

– φ34 is defined for all algebraic triangulated categories (replacing
Kb(projΛ)), with Db(modΛ) replaced by a suitable triangulated cate-
gory. Then we may follow the argument in Section 5.7.

– φ12 is defined for finite-dimensional non-positive dg algebras, since
these dg algebras behave like finite-dimensional algebras from the per-
spective of derived categories. Similarly, φ12 is defined for homologi-
cally smooth non-positive dg algebras, see [31].

6. The correspondences are bijections

Let Λ be a finite-dimensional K-algebra. In the preceding section we defined
the maps φij . In this section we will show that they are bijections. See [5, 46]
for related work, focussing on piecewise hereditary algebras.

Theorem 6.1. The φij ’s defined in Section 5 are bijective. In particular, there
are one-to-one correspondences between

(1) equivalence classes of silting objects in Kb(projΛ),
(2) equivalence classes of simple-minded collections in Db(modΛ),
(3) bounded t-structures on Db(modΛ) with length heart,
(4) bounded co-t-structures on Kb(projΛ).

There is an immediate consequence:

Corollary 6.2. Let A be the heart of a bounded t-structure on Db(modΛ).
If A is a length category, then A is equivalent to modΓ for some finite-
dimensional algebra Γ.

Proof. By Theorem 6.1, such a t-structure is of the form φ31(M) for some silting
object M of Kb(projΛ). The result then follows from Lemma 5.3 (a).

√

The proof of the theorem is divided into several lemmas, which are consequences
of the material collected in the previous sections.

Lemma 6.3. The maps φ14 and φ41 are inverse to each other.

Proof. Let M be a basic silting object. The definitions of φ14 and φ41 and
Lemma 5.3 (b) imply that φ14 ◦ φ41(M) ∼=M .
Let (C≥0, C≤0) be a bounded co-t-structure on Kb(projΛ). It follows from
Lemma 3.4 that φ41 ◦ φ14(C≥0, C≤0) = (C≥0, C≤0).

√
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Recall from Section 5.8 that φ14 and φ41 are defined in full generality.
Lemma 6.3 holds in full generality as well, see [39, Corollary 5.8] and [31].

Lemma 6.4. The maps φ21 and φ12 are inverse to each other.

Proof. This follows from the Hom-duality: Lemma 5.7 (a), Lemma 5.3 (a) and
Lemma 5.2.

√

Lemma 6.5. The maps φ23 and φ32 are inverse to each other.

Proof. Let X1, . . . , Xr be a simple-minded collection in Db(modΛ). It follows
from Proposition 5.4 that φ23 ◦ φ32(X1, . . . , Xr) = {X1, . . . , Xr}.
Let (C≤0, C≥0) be a bounded t-structure on Db(modΛ) with length heart. It
follows from Lemma 3.3 that φ32 ◦ φ23(C≤0, C≥0) = (C≤0, C≥0).

√

Lemma 6.6. For a triple i, j, k such that φij , φjk and φik are defined, there is
the equality φij ◦ φjk = φik. In particular, φ31 and φ34 are bijective.

Proof. In view of the preceding three lemmas, it suffices to prove φ23◦φ31 = φ21
and φ31 ◦ φ14 = φ34, which is clear from the definitions.

√

7. Mutations and partial orders

In this section we introduce mutations and partial orders on the four concepts
in Section 3, and we show that the maps defined in Section 5 commute with
mutations and preserve the partial orders.
Let C be a Hom-finite Krull–Schmidt triangulated category with suspension
functor Σ.

7.1. Silting objects. We follow [1, 18] to define silting mutation. Let M be
a silting object in C. We assume that M is basic and M =M1 ⊕ . . .⊕Mr is a
decomposition into indecomposable objects. Let i = 1, . . . , r. The left mutation
of M at the direct summand Mi is the object µ+

i (M) =M ′
i ⊕

⊕
j 6=iMj where

M ′
i is the cone of the minimal left add(

⊕
j 6=iMj)-approximation of Mi

Mi
// E.

Similarly one can define the right mutation µ−
i (M).

Theorem 7.1. ([1, Theorem 2.31 and Proposition 2.33]) The objects µ+
i (M)

and µ−
i (M) are silting objects. Moreover, µ+

i ◦ µ−
i (M) ∼=M ∼= µ−

i ◦ µ+
i (M).

Let siltC be the set of isomorphism classes of basic tilting objects of C. The
silting quiver of C has the elements in siltC as vertices. For P, P ′ ∈ siltC, there
are arrows from P to P ′ if and only if P ′ is obtained from P by a left mutation,
in which case there is precisely one arrow. See [1, Section 2.6].
For P, P ′ ∈ siltC, define P ≥ P ′ if Hom(P,ΣmP ′) = 0 for anym > 0. According
to [1, Theorem 2.11], ≥ is a partial order on silt C.
Theorem 7.2. ([1, Theorem 2.35]) The Hasse diagram of (siltC,≥) is the
silting quiver of C.
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Next we define (a generalisation of) the Brenner–Butler tilting module for
a finite-dimensional algebra, and show that it is a left mutation of the free
module of rank 1. The corresponding right mutation is the Okuyama–Rickard
complex, see [1, Section 2.7]. Let Λ be a finite-dimensional basic algebra and
1 = e1 + . . . + en be a decomposition of the unity into the sum of primitive
idempotents and Λ = P1 ⊕ . . . ⊕ Pn the corresponding decomposition of the
free module of rank 1. Fix i = 1, . . . , n and let Si be the corresponding simple
module and let S+

i = D(Λ/Λ(1− ei)Λ). Assume that

· S+
i is not injective,

· the projective dimension of τ−1
modΛS

+
i is at most 1.

Definition 7.3. Define the BB tilting module with respect to i by

T = τ−1
modΛS

+
i ⊕

⊕

j 6=i
Pj .

We call it the APR tilting module if Λ/Λ(1− ei)Λ is projective as a Λ-module.

When Λ/Λ(1− ei)Λ is a division algebra (i.e. there are no loops in the quiver
of Λ at the vertex i), this specialises to the ‘classical’ BB tilting module [13]
and APR tilting module [6]. The following proposition generalises [1, Theorem
2.53].

Proposition 7.4. (a) T is isomorphic to the left mutation µ+
i (Λ) of Λ.

(b) T is a tilting Λ-module of projective dimension at most 1.

Proof. We modify the proof in [1]. Take a minimal injective copresentation of
S+
i :

0 // S+
i

// D(eiΛ)
f // I.

Since Ext1Λ(Si, S
+
i ) = Ext1Λ/Λ(1−ei)Λ(Si, S

+
i ) = 0, it follows that the injective

module I belongs to addD((1 − ei)Λ). Applying the inverse Nakayama functor
ν−1
modΛ yields an exact sequence

Pi
ν−1
mod Λf // ν−1

modΛI
// τ−1

modΛS
+
i

// 0.

Moreover, ν−1
modΛf is a minimal left approximation of Pi in add(Pj , j 6= i).

Since the projective dimension of τ−1
modΛS

+
i is at most 1, it follows that ν−1

modΛf
is injective. This completes the proof for (a).
(b) follows from [1, Theorem 2.32].

√

7.2. Simple-minded collections. Let X1, . . . , Xr be a simple-minded col-
lection in C and fix i = 1, . . . , r. Let Xi denote the extension closure of Xi in C.
Assume that for any j the object Σ−1Xj admits a minimal left approximation
gj : Σ

−1Xj → Xij in Xi.
Definition 7.5. The left mutation µ+

i (X1, . . . , Xr) of X1, . . . , Xr at Xi is a
new collection X ′

1, . . . , X
′
r such that X ′

i = ΣXi and X
′
j (j 6= i) is the cone of
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the above left approximation

Σ−1Xj

gj // Xij .

Similarly one defines the right mutation µ−
i (X1, . . . , Xr).

This generalises Kontsevich–Soibelman’s mutation of spherical collections [38,
Section 8.1] and appeared in [35] in the case of derived categories of acyclic
quivers.

Proposition 7.6. (a) µ+
i ◦ µ−

i (X1, . . . , Xr) ∼= (X1, . . . , Xr) ∼= µ−
i ◦

µ+
i (X1, . . . , Xr).

(b) Assume that
· for any j 6= i the object Σ−1Xj admits a minimal left approxima-
tion gj : Σ

−1Xj → Xij in Xi,
· the induced map Hom(gj, Xi) : Hom(Xij , Xi)→ Hom(Σ−1Xj , Xi)
is injective,
· the induced map Hom(gj ,ΣXi) : Hom(Xij ,ΣXi) →
Hom(Σ−1Xj ,ΣXi) is injective.

Then the collection µ+
i (X1, . . . , Xr) is simple-minded.

(c) Assume that
· for any j 6= i the object Xj admits a minimal right approximation

g−j : Σ−1X−
ij → Xj in Σ−1Xi,

· the induced map Hom(Xi,Σg
−
j ) : Hom(Xi, X

−
ij )→ Hom(Xi,ΣXj)

is injective,
· the induced map Hom(Xi,Σ

2g−j , ) : Hom(Xi,ΣX
−
ij ) →

Hom(Xi,Σ
2Xj) is injective.

Then the collection µ−
i (X1, . . . , Xr) is simple-minded.

Proof. (a) Because in the triangle

Σ−1Xj

gj // Xij

g−j // X ′
j

// Xj

gj is a minimal left approximation of Σ−1Xj in Xi if and only if g−j is a minimal

right approximation of Xj in Xi = Σ−1(ΣXi).
(b) and (c) The proof uses long exact Hom sequences induced from the defining
triangles of the X ′

j . We leave it to the reader.
√

Remark 7.7. In the course of the proof of Proposition 7.6 (b) and (c), one
notices that the collection of endomorphism algebras of the mutated simple-
minded collection is the same as that of the given simple-minded collection.

If Hom(Xi,ΣXi) = 0, then Xi = add(Xi). In this case, all six assumptions in
Proposition 7.6 (b) and (c) are satisfied.

Lemma 7.8. Let Λ be a finite-dimensional algebra and let X1, . . . , Xr be a
simple-minded collection in Db(modΛ). Let i = 1, . . . , r. Then the left muta-
tion µ+

i (X1, . . . , Xr) and the right mutation µ−
i (X1, . . . , Xr) are again simple-

minded collections.
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Proof. We will show that the three assumptions in Proposition 7.6 (b) are
satisfied, so the left-mutated collection µ+

i (X1, . . . , Xr) is a simple-minded col-
lection. The case for µ−

i (X1, . . . , Xr) is similar.
By Proposition 5.4, X1, . . . , Xr are the simple objects in the heart of a bounded
t-structure onDb(modΛ). Moreover, by Corollary 6.2, the heart is equivalent to
modΓ for some finite-dimensional algebra Γ. We identify modΓ with the heart
via this equivalence. In this way we consider X1, . . . , Xr as simple Γ-modules.
By [8, Section 3.1], there is a triangle functor

real : Db(modΓ)→ Db(modΛ)

such that

– restricted to modΓ, real is the identity;
– for M,N ∈ modΓ, the induced map

Ext1Γ(M,N) = HomDb(modΓ)(M,ΣN)→ HomDb(modΛ)(M,ΣN)

is bijective;
– for M,N ∈ modΓ, the induced map

Ext2Γ(M,N) = HomDb(modΓ)(M,Σ2N)→ HomDb(modΛ)(M,Σ2N)

is injective.

For j = 1, . . . , r, there is a short exact sequence

0 // ΩXj // Pj // Xj // 0,

where Pj is the projective cover of Xj and ΩXj is the first syzygy of Xj. Let
Xi be the extension closure of Xi in modΓ (by the second property of real listed
in the preceding paragraph, this is the same as the extension closure of Xi in
Db(modΛ)) and let Xij denote the maximal quotient of ΩXj belonging to Xi.
There is the following push-out diagram

0 // ΩXj

��

// Pj

��

// Xj // 0

ξ : 0 // Xij // X ′
j

// Xj // 0

(a) Suppose we are given an object Y of Xi and a short exact sequence

η : 0 // Y // Z // Xj // 0.

Then there is a commutative diagram

0 // ΩXj

��

// Pj

��

// Xj // 0

η : 0 // Y // Z // Xj // 0.

Because Xij is the maximal quotient of ΩXj belonging to Xi, this morphism
of short exact sequences factors through ξ. In other words, the morphism
gj : Xj → ΣXij corresponding to ξ is a minimal left ΣXi-approximation.
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(b) The dimension of the space HomDb(modΛ)(ΣXij ,ΣXi) ∼= HomΓ(Xij , Xi)
over End(Xi) equals the number of indecomposable direct summands

of top(Xij), which clearly equals the dimension of Ext1Γ(Xj , Xi) ∼=
HomDb(modΛ)(Xj ,ΣXi) over End(Xi). Therefore the induced map

Hom(gj ,ΣXi) : HomDb(modΛ)(ΣXij ,ΣXi) −→ HomDb(modΛ)(Xj ,ΣXi)

is injective since by (a) it is surjective.
(c) First observe that the following diagram is commutative

HomDb(modΛ)(ΣXij ,Σ2Xi)
HomΛ(gj ,Σ

2Xi) // HomDb(modΛ)(Xj ,Σ2Xi)

HomDb(modΓ)(ΣXij ,Σ
2Xi)

real

OO

HomΓ(gj ,Σ
2Xi) // HomDb(modΓ)(Xj ,Σ

2Xi)

real

OO

The left vertical map is a bijection and the right vertical map is injective, so
to prove the injectivity of HomΛ(gj ,Σ

2Xi) it suffices to prove the injectivity of
HomΓ(gj ,Σ

2Xi). Writing

HomDb(modΓ)(ΣXij ,Σ
2Xi) = Ext1Γ(Xij , Xi) = HomΓ(ΩXij , Xi)

and

HomDb(modΓ)(Xj ,Σ
2Xi) = Ext2Γ(Xj , Xi) = Ext1Γ(ΩXj , Xi) = HomΓ(Ω

2Xj , Xi),

we see that HomΓ(gj ,Σ
2Xi) is HomΓ(α,Xi), where α is defined by the following

commutative diagram

0 // Ω2Xj
//

α

��

P 0 //

β

��

ΩXj //

γ

��

0

0 // ΩXij // Q0 // Xij // 0,

Here, P 0 and Q0 are projective covers of ΩXj and Xij , respectively, and γ is
the canonical quotient map. As the map γ is surjective, the map β is a split
epimorphism. By the snake lemma, there is an exact sequence

ker(γ) // cok(α) // 0.

Since Xij is the maximal quotient of ΩXj in Xi, it follows that
HomΓ(ker(γ), Xi) = 0, and hence HomΓ(cok(α), Xi) = 0. Therefore
HomΓ(α,Xi) is injective.

√

For two simple-minded collections {X1, . . . , Xr} and {X ′
1, . . . , X

′
r} of C, define

{X1, . . . , Xr} ≥ {X ′
1, . . . , X

′
r}

if Hom(X ′
i,Σ

mXj) = 0 for any m < 0 and any i, j = 1, . . . , r.

Proposition 7.9. The relation ≥ defined above is a partial order on the set of
equivalence classes of simple-minded collections of C.
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Proof. The reflexivity is clear by the definition of a simple-minded collec-
tion. Next we show the antisymmetry and transitivity. Let {X1, . . . , Xr} and
{X ′

1, . . . , X
′
r} be two simple-minded collections of C and let (C≤0, C≥0) and

(C′≤0, C′≥0) be the corresponding t-structures given in Proposition 5.4 (the
general case). Then

{X1, . . . , Xr} ≥ {X ′
1, . . . , X

′
r}

⇔ Hom(X ′
i,Σ

mXj) = 0 for any m < 0 and i, j = 1, . . . , r

⇔ Hom(Σm
′

X ′
i,Σ

mXj) = 0 for any m < 0, m′ ≥ 0

and i, j = 1, . . . , r

⇔ C′≤0 ⊥ Σ−1C≤0

⇔ C′≤0 ⊆ C≤0.

(a) If {X1, . . . , Xr} ≥ {X ′
1, . . . , X

′
r} and {X ′

1, . . . , X
′
r} ≥ {X1, . . . , Xr}, then

(C≤0, C≥0) = (C′≤0, C′≥0). In particular, the two t-structures have the same
heart. Therefore, both {X1, . . . , Xr} and {X ′

1, . . . , X
′
r} are complete sets of

pairwise non-isomorphic simple objects of the same abelian category, and hence
they are equivalent.
(b) Let {X ′′

1 , . . . , X
′′
r } be a third simple-minded collection of C, with corre-

sponding t-structure (C′′≤0, C′′≥0). Suppose {X1, . . . , Xr} ≥ {X ′
1, . . . , X

′
r} and

{X ′
1, . . . , X

′
r} ≥ {X ′′

1 , . . . , X
′′
r }. Then C′′≤0 ⊆ C′≤0 ⊆ C≤0. Consequently,

{X1, . . . , Xr} ≥ {X ′′
1 , . . . , X

′′
r }.

√

7.3. t-structures. Let (C≤0, C≥0) be a bounded t-structure of C such that
the heart A is a length category which has only finitely many simple objects
S1, . . . , Sr up to isomorphism. Then {S1, . . . , Sr} is a simple-minded collection.
Let F = Si be the extension closure of Si in A and let T = ⊥Si be the left
perpendicular category of Si in A. It is easy to show that (T ,F) is a torsion
pair of A. Define the left mutation µ+

i (C≤0, C≥0) = (C′≤0, C′≥0) by

C′≤0 = {M ∈ C | Hm(M) = 0 for m > 0 and H0(M) ∈ T },
C′≥0 = {M ∈ C | Hm(M) = 0 for m < −1 and H−1(M) ∈ F}.

Similarly one defines the right mutation µ−
i (C≤0, C≥0). These mutations pro-

vide an effective method to compute the space of Bridgeland’s stability condi-
tions on C by gluing different charts, see [14, 48].

Proposition 7.10. The pairs µ+
i (C≤0, C≥0) and µ−

i (C≤0, C≥0) are bounded t-
structures of C. The heart of µ+

i (C≤0, C≥0) has a torsion pair (ΣF , T ) and
the heart of µ−

i (C≤0, C≥0) has a torsion pair (S⊥i ,Σ−1Si). Moreover, µ+
i ◦

µ−
i (C≤0, C≥0) = (C≤0, C≥0) = µ−

i ◦ µ+
i (C≤0, C≥0).

Proof. This follows from [24, Proposition 2.1, Corollary 2.2] and [14, Proposi-
tion 2.5].

√
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In general the heart of the mutation of a bounded t-structure with length heart
is not necessarily a length category. For an example, let Q be the quiver

1:: 2oo

and consider the bounded derived category C = Db(nil. repQ) of finite-
dimensional nilpotent representations of Q. Let S1 and S2 be the one-
dimensional nilpotent representations associated to the two vertices. Let
F = S1 be the extension closure of S1 and T = ⊥F = {M ∈ nil. repQ |
top(M) ∈ add(S2)}. Then the heart A′ of the left mutation at 1 of the stan-
dard t-structure has a torsion pair (ΣF , T ). Due to nil. repQ being hereditary,
there are no extensions of ΣF by T , and hence any indecomposable object of
A′ belongs to either T or ΣF . Suppose that A′ is a length category. Then A′

has two isomorphism classes of simple modules, which respectively belong to
T and ΣF , say S′

2 ∈ T and S′
1 ∈ ΣF . For n ∈ N define an indecomposable

object Mn in T as

kJn(0) 99 k,
(0,...,0,1)troo

where Jn(0) is the (upper triangular) Jordan block of size n and with eigenvalue
0. There are no morphisms from S′

1 to Mn for any n. Suppose that the Loewy
length of S′

2 in A is l. Then for n > l, any morphism from S′
2 to Mn factors

through radn−lMn which lies in F , and hence the morphism has to be zero.
Therefore Mn (n > l), considered as an object in A′, does not have finite
length, a contradiction.

For two bounded t-structures (C≤0, C≥0) and (C′≤0, C′≥0) on C, define
(C≤0, C≥0) ≥ (C′≤0, C′≥0)

if C≤0 ⊇ C′≤0. This defines a partial order on the set of bounded t-structures
on C.

7.4. Co-t-structures. Let (C≥0, C≤0) be a bounded co-t-structure of C. As-
sume that the co-heart admits a basic additive generator M =M1 ⊕ . . .⊕Mr

with Mi indecomposable. Then M is a silting object of C. Let i = 1, . . . , r.
Define C′≤0 as the additive closure of the extension closure of ΣmMj , j 6= i, and

Σm+1Mi for m ≥ 0 and define C′≥0 as the left perpendicular category of ΣC′≤0.

The left mutation µ+
i (C≥0, C≤0) is defined as the pair (C′≥0, C′≤0). Similarly one

defines the right mutation µ−
i (C≥0, C≤0).

Proposition 7.11. The pairs µ+
i (C≥0, C≤0) and µ−

i (C≥0, C≤0) are bounded
co-t-structures on C. Moreover, µ+

i ◦ µ−
i (C≥0, C≤0) = (C≥0, C≤0) = µ−

i ◦
µ+
i (C≥0, C≤0).

Proof. This can be proved directly. Here we alternatively make use of the re-
sults in Sections 3.1 and 7.1. Recall from Theorem 7.1 that there is a mutated
silting object µ+

i (M). It is straightforward to check, using the defining tri-
angle for µ+

i (M), that µ+
i (C≥0, C≤0) is the bounded co-t-structure associated
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to µ+
i (M) as defined in Proposition 3.5, and similarly for µ−

i . The second
statement follows from Theorem 7.1.

√

For two bounded co-t-structures (C≥0, C≤0) and (C′≥0, C′≤0) on C, define

(C≥0, C≤0) ≥ (C′≥0, C′≤0)

if C≤0 ⊇ C′≤0. This defines a partial order on the set of bounded co-t-structures
on C.

7.5. The bijections commute with mutations. Let Λ a finite-dimensional
algebra over K.

Theorem 7.12. The φij ’s defined in Section 5 commute with the left and right
mutations defined in previous subsections.

A priori it it not known that the heart of the mutation of a bounded t-structure
with length heart is again a length category. So the theorem becomes well-
stated only when the proof has been finished.

Proof. In view of Lemma 6.6, Theorem 7.1, and Propositions 7.6, 7.10 and 7.11,
it suffices to prove that φ41, φ31 and φ23 commute with the corresponding left
mutations.
(a) φ41 commutes with µ+

i : this was already shown in the proof of Proposi-
tion 7.11.
(b) φ31 commutes with µ+

i : LetM =M1⊕ . . .⊕Mr be a silting object with Mi

indecomposable and (C≤0, C≥0) = φ31(M). We want to show µ+
i (C≤0, C≥0) =

φ31(µ
+
i (M)).

Let Γ̃ be the truncated dg endomorphism algebra ofM as in Section 5.1. Then

there is a triangle equivalence F =?
L
⊗Γ̃M : Dfd(Γ̃)→ Db(modΛ), which takes

Γ̃ toM and takes the standard t-structure (D≤0,D≥0) on Dfd(Γ̃) to (C≤0, C≥0).
There is a decomposition 1 = e1+ . . .+er, where e1, . . . , er are (not necessarily

primitive) idempotents of Γ̃ such that F takes ejΓ̃ to Mj for 1 ≤ j ≤ r.
Let Γ = H0(Γ̃) and π : Γ̃ → Γ be the canonical projection. By abuse of
notation, write e1 = π(e1), . . . , er = π(er). Then e1Γ, . . . , erΓ are indecom-
posable projective Γ-modules. Let S1, . . . , Sr be the corresponding simple
modules. Recall that the heart of the t-structure (D≤0,D≥0) is modΓ. Let
F = add(Si) ⊆ modΓ and T = ⊥Si. Define D′≤0 (respectively, D′≥0) to be
the extension closure of ΣD≤0 and T (respectively, of ΣF and D≥0). Then
F (D′≤0,D′≥0) = µ+

i (C≤0, C≥0).

The left mutation of Γ̃ at eiΓ̃ is µ+
i (Γ̃) = Qi ⊕

⊕
j 6=i ejΓ̃, where Qi is defined

by the triangle

eiΓ̃
f // E // P ′

i
// ΣeiΓ̃ ,(7.1)
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where f is a minimal left add(
⊕

j 6=i ejΓ̃)-approximation. Then F (µ+
i (Γ̃)) =

µ+
i (M). Define

D′′≤0 = {N ∈ Dfd(Γ̃) | Hom(µ+
i (Γ̃),Σ

mN) = 0, ∀m > 0},
D′′≥0 = {N ∈ Dfd(Γ̃) | Hom(µ+

i (Γ̃),Σ
mN) = 0, ∀m < 0}.

Thus showing µ+
i (C≤0, C≥0) = φ31(µ

+
i (M)) is equivalent to showing the equal-

ity (D′≤0,D′≥0) = (D′′≤0,D′′≥0), equivalently, the inclusions D′≤0 ⊆ D′′≤0 and
D′≥0 ⊆ D′′≥0. It suffices to prove T ⊆ D′′≤0, ΣD≤0 ⊆ D′′≤0, ΣF ⊆ D′′≥0 and
D≥0 ⊆ D′′≥0. We only show the first inclusion, the other three are easy.
Let T ∈ T . To show T ∈ D′′≤0, it suffices to show Hom(Qi,ΣT ) = 0. Applying
Hom(?, T ) to the triangle (7.1), we obtain a long exact sequence

Hom(E, T )
f∗

// Hom(eiΓ̃,ΣT ) // Hom(Qi,ΣT ) // Hom(E,ΣT ) = 0 .

We claim that f∗ is surjective. Then the desired result follows. Consider the
commutative diagram

Hom(eiΓ, T )
π∗
i // Hom(eiΓ̃, T )

Hom(H0(E), T )
π∗
E //

H0(f)∗

OO

Hom(E, T ),

f∗

OO
(7.2)

where πi : eiΓ̃ → eiΓ and πE : E → H0(E) are the canonical projections. Let
C = ker(πi). Then there is a triangle

C // eiΓ̃
πi // eiΓ // ΣC .

Note that C belongs to ΣD≤0, which implies that Hom(C, T ) = 0 =
Hom(ΣC, T ). It follows that the map π∗

i is bijective. Similarly, the map π∗
E

is also bijective. Thus it suffices to show the surjectivity of H0(f)∗. Now let
PT be a projective cover of T in modΓ. Then PT belongs to add(

⊕
j 6=i ejΓ)

because T ∈ T = ⊥Si. It follows that any morphism eiΓ → T factors through
PT , and hence factors through H0(f) : eiΓ → H0(E), since H0(f) is a mini-

mal left add(
⊕

j 6=i ejΓ)-approximation (for H0|add(Γ̃) : add(Γ̃) → add(Γ) is an

equivalence). This shows that H0(f)∗ is surjective, completing the proof of the
claim.
(c) φ23 commutes with µ+

i : Let (C≤0, C≥0) be a bounded t-structure on
Db(modΛ) with length heart. Let {X1, . . . , Xr} = φ23(C≤0, C≥0). The
mutated simple-minded collection µ+

i (X1, . . . , Xr) is contained in the heart
of the mutated t-structure µ+

i (C≤0, C≥0). Consequently, the aisle and co-
aisle of φ32 ◦ µ+

i (X1, . . . , Xr) are respectively contained in the aisle and co-
aisle of µ+

i (C≤0, C≥0), and hence φ32 ◦ µ+
i (X1, . . . , Xr) = µ+

i (C≤0, C≥0), i.e.
φ23 ◦ µ+

i (C≤0, C≥0) = µ+
i ◦ φ23(C≤0, C≥0).

√
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7.6. The bijections are isomorphisms of partially ordered sets. Let
Λ be a finite-dimensional algebra over K.

Theorem 7.13. The φij’s defined in Section 5 are isomorphisms of partially
ordered sets with respect to the partial orders defined in previous subsections.

Proof. In view of Theorem 6.1 and Lemma 6.6, it suffices to show that f(x) ≥
f(y) if and only if x ≥ y for f = φ41, φ32 and φ34.
(a) For φ41 the desired result follows from [1, Proposition 2.14].
(b) For φ32 the desired result is included in the proof of Proposition 7.9.
(c) Let (C≥0, C≤0) and (C′≥0, C′≤0) be two bounded co-t-structures on C and

let (C≤0, C≥0) and (C′≤0, C′≥0) be their respective images under φ34. Then by
definition

C≤0 = {M ∈ Db(modΛ) | Hom(N,M) = 0 ∀N ∈ Σ−1C≥0},
C′≤0 = {M ∈ Db(modΛ) | Hom(N,M) = 0 ∀N ∈ Σ−1C′≥0}.

Here, C≤0 ⊇ C′≤0 if and only if C≥0 ⊇ C′≥0, and hence by definition (C≤0, C≥0) ≥
(C′≤0, C′≥0) if and only if (C≥0, C≤0) ≥ (C′≥0, C′≤0).

√

8. A concrete example

Let Λ be the finite-dimensional K-algebra given by the quiver

1
α //

2
β

oo

with relation αβ = 0. This algebra has many manifestations: It is, possibly
up to Morita equivalence, the Auslander algebra of k[x]/x2, the Schur algebra
S(2, 2) (charK = 2) and the principal block of the category O for sl2(C) (K =
C). In this section we will compute the derived Picard group for Λ and classify
all silting objects/simple-minded collections in Db(modΛ). As a consequence of
this classification and a result of Woolf [48, Theorem 3.1], the space of stability
conditions on Db(modΛ) is exactly C2.

8.1. Indecomposable objects. Let P1 and P2 be the indecomposable pro-
jective Λ-modules corresponding to the vertices 1 and 2. Then up to isomor-
phism and up to shift an indecomposable object in Db(modΛ) belongs to one
of the following four families (see for example [19, 9])

· P1(n) = P1 → P1 → . . .→ P1 → P1, n ≥ 1,
· R(n) = P1 → P1 → . . .→ P1 → P1 → P2, n ≥ 0,
· L(n) = P2 → P1 → P1 → . . .→ P1 → P1, n ≥ 0,
· B(n) = P2 → P1 → P1 → . . .→ P1 → P1 → P2, n ≥ 1,

where the homomorphisms are the unique non-isomorphisms, n is the number
of occurrences of P1 and the rightmost components have been put in degree 0.
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8.2. The Auslander–Reiten quiver. The Auslander–Reiten quiver of
Db(modΛ) consists of three components: two ZA∞ components and one ZA∞

∞
component (see [10, 28])
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The abelian category modΛ has five indecomposable objects up to isomor-
phism: the two simple modules S1 and S2, their projective covers P1 and P2

and their injective envelopes I1 = P1 and I2. They are marked on the above
Auslander–Reiten quiver.
The left ZA∞ component consists of shifts of P1(n), n ≥ 1. The Auslander–
Reiten translation τ takes P1(n) to Σ−1P1(n). It is straightforward to check
that P1 is a 0-spherical object of Db(modΛ) in the sense of Seidel and
Thomas [45]. The additive closure of this component is the triangulated sub-
category generated by P1. This component will be referred to as the 0-spherical
component.
The ZA∞

∞ component consists of shifts ofR(n) and L(n), n ≥ 0. Note that S1 =
L(1), P2 = R(0) = L(0) and I2 = L(2). The Auslander–Reiten translation
τ takes R(n) (n ≥ 2) to ΣR(n − 2), takes R(1) to L(1) and takes L(n) to
Σ−1L(n+ 2).
The right ZA∞ component consists of shifts of B(n), n ≥ 1. The Auslander–
Reiten translation takes B(n) to ΣB(n). The simple module S2 = B(1) is a
2-spherical object of Db(modΛ) and the additive closure of this component is
the triangulated subcategory generated by S2. This component will be referred
to as the 2-spherical component.

8.3. The derived Picard group. Let E be a spherical object of a triangu-
lated category C in the sense of Seidel and Thomas [45]. Then the twist functor
ΦE defined by

ΦE(M) = Cone(
⊕

m∈Z

Hom(ΣmE,M)⊗ ΣmE
ev−→M),

where ev is the evaluation map, is an auto-equivalence of C by [45, Proposition
2.10].

Documenta Mathematica 19 (2014) 403–438



Silting Objects, Simple-Minded Collections, . . . 433

Recall from the preceding subsection that P1 is a 0-spherical object and S2 is
a 2-spherical object of Db(modΛ). Thus the associated twist functors ΦP1 and
ΦS2 are two auto-equivalences of Db(modΛ).

Lemma 8.1. For M in Db(modΛ) there are isomorphisms ΦS2(M) ∼= ΦP1 ◦
Σ−1(M) and Φ2

P1
(M) ∼= ν−1 ◦ Σ2(M). Moreover, if M is indecomposable and

belongs to the ZA∞
∞ component, there exists a unique pair of integers (n, n′)

such that M ∼= ΦnP1
◦ Φn′

S2
(P2).

Proof. Observe that ΦP1(S1) ∼= ΣP2, ΦP1(P1) ∼= ΣP1, ΦP1(S2) ∼= S2 and
ΦS2(S1) ∼= P2, ΦS2(P1) ∼= P1, ΦS2(S2) ∼= Σ−1S2. Since auto-equivalences
preserve the shape of the Auslander–Reiten quiver, the statements follow.

√

Remark 8.2. Inspecting the action of ΦP1 and ΦS2 on maps shows that the
isomorphism Φ2

P1
(M) ∼= ν−1 ◦ Σ2(M) is functorial, while ΦS2(M) ∼= ΦP1 ◦

Σ−1(M) is not.

Let AutDb(modΛ) denote the group of algebraic auto-equivalences of
Db(modΛ), i.e. those which admits a dg lift. By [29, Lemma 6.4], such
an auto-equivalence is naturally isomorphic to the derived tensor functor of a
complex of bimodules.

Lemma 8.3. AutDb(modΛ) is isomorphic to Z2 ×K×.

Proof. Let F ∈ AutDb(modΛ). Since F preserves the Auslander–Reiten
quiver, the object F (P2) is in the ZA∞

∞ component. Thus there is a pair

of integers (nF , n
′
F ) such that F (P2) ∼= ΦnFP2

◦Φn
′
F

S2
(P2). This allows us to define

a map

f : AutDb(modΛ) // Z2

F
� // (nF , n′

F ).

This map is clearly a surjective group homomorphism. Moreover, the group
homomorphism

Z2 // AutDb(modΛ)

(n, n′) � // ΦnP2
◦ Φn′

S2

is a retraction of f . Therefore AutDb(modΛ) ∼= Z2 × ker(f).
Let F ∈ ker(f). Then F (P2) ∼= P2. This forces F (P1) ∼= P1, and hence F
is induced from an outer automorphism of Λ which fixes the two primitive
idempotents e1 and e2. Thus ker(f) ∼= K×, finishing the proof.

√

8.4. Morphism spaces. We first compute the morphism spaces between the
two ZA∞ components.

Lemma 8.4. (a) For n ≥ 2, Hom(P1(n),Σ
mP1(n)) does not vanish for

some m > 0 and for some m < 0. For n = 1, Hom(P1,Σ
mP1) is

isomorphic to K[x]/x2 for m = 0 and vanishes for m 6= 0.
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(b) For n ≥ 2, Hom(B(n),ΣmB(n)) does not vanish for some m > 0 and
for some m < 0. For n = 1, Hom(S2,Σ

mS2) is K for m = 0, 2 and
vanishes for m 6= 0, 2.

Proof. Direct computation, or apply some general result (e.g. [25, Section 2])
to the triangulated categories generated by P1 and S2.

√

Next we compute the morphism spaces between P2 and the objects on the ZA∞
∞

component.

Lemma 8.5. Let n ≥ 0.

(a) Hom(P2,Σ
mR(n)) is K if −n ≤ m ≤ 0 and is 0 otherwise.

(a’) Hom(R(n),ΣmP2) is K if 2 ≤ m ≤ n or if n = 0,m = 0 and is 0
otherwise.

(b) Hom(P2,Σ
mL(n)) is K if 2 − n ≤ m ≤ 0 or if n = 0,m = 0 and is 0

otherwise.
(b’) Hom(L(n),ΣmP2) is K if 0 ≤ m ≤ n and is 0 otherwise.

Proof. (a) and (b) Because Hom(P2,M) = H0(M)e2.
(a’) and (b’) are obtained from (a) and (b) by applying the Auslander–Reiten
formula DHom(M,N) ∼= Hom(N, τΣM).

√

8.5. Silting objects and simple-minded collections. Now we are ready
to classify the silting objects and simple-minded collections in Db(modΛ).

Proposition 8.6. Up to isomorphism, any basic silting object of Db(modΛ)
belongs to one of the following two families

· ΦnP1
◦Φn′

S2
(P1 ⊕ P2), n, n

′ ∈ Z, the corresponding simple-minded collec-

tion is ΦnP1
◦ Φn′

S2
{S1, S2},

· ΦnP1
◦ Φn′

S2
(ΣmS1 ⊕ P2), n, n

′ ∈ Z and m ≤ −1, the corresponding

simple-minded collection is ΦnP1
◦ Φn′

S2
{ΣmS1, I2}.

Proof. Let N be an indecomposable direct summand of a silting object. By
Lemma 8.4, N does not belong to the 2-spherical component, and N belongs
to the 0-spherical component if and only if N is a shift of P1. Moreover, a basic
silting object can have at most one shift of P1 as a direct summand. It follows
that a silting object has at least one indecomposable direct summand from the
ZA∞

∞ component.
LetM =M1⊕M2 be a silting object withM1 andM2 indecomposable. Assume
that M1 belongs to the ZA∞

∞ component. Up to an auto-equivalence of the

form ΦnP1
◦ Φn′

S2
, we may assume that M1 = P2. Then, if M2 belongs to

the 0-spherical component it has to be P1. Thus we assume that M2 also
belongs to the ZA∞

∞ component. Then it follows from Lemma 8.5 that M2 is
isomorphic to ΣmS1 for somem ≤ −1 or to ΣmR(1) for somem ≥ 0. Observing
P2 ⊕ ΣmR(1) = Φ−m−1

P1
◦ ΦmS2

(P2 ⊕ Σ−m−1S1) for m ≥ 0 finishes the proof for
the silting-object part.
That the simple-minded collection corresponding to a silting object is the de-
sired one follows from the Hom-duality they satisfy.

√
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8.6. The silting quiver. Recall from [1] that the silting quiver has as vertices
the isomorphism classes of basic silting objects and there is an arrow from M
to M ′ if M ′ can be obtained from M by a left mutation.
The vertex set of the silting quiver of Db(modΛ) is {(n, n′,m) | n, n′ ∈ Z,m ∈
Z≤0}, where (n, n′, 0) represents the silting object ΦnP1

◦ Φn′

S2
(P1 ⊕ P2) and

(n, n′,m) (m ≤ −1) represents the silting object ΦnP1
◦ Φn′

S2
(ΣmS1 ⊕ P2). It is

straightforward to show that from each vertex (n, n′,m) there are precisely two
outgoing arrows whose targets are respectively

· (n, n′ − 1,m) and (n+ 1, n′,m− 1) if m = 0,
· (n+ 1, n′ − 1,m− 1) and (n, n′,m+ 1) if m ≤ −1.

8.7. Hearts and the space of stability conditions.

Lemma 8.7. The heart of any t-structure on Db(modΛ) is a length category.

Proof. Let A be the heart of a t-structure on Db(modΛ). We will show that
A has only finitely many isomorphism classes of indecomposable objects. Such
an abelian category must be a length category.
Due to vanishing of negative extensions, it follows from Lemma 8.4 that A
contains at most one indecomposable object from the 0-spherical component
respectively the 2-spherical component.
Suppose that A contains an indecomposable object from the ZA∞

∞ compo-
nent. Without loss of generality we may assume that it is P2. It follows from
Lemma 8.5 that for n ≥ 3 and m ∈ Z either Hom(P2,Σ

m′

ΣmR(n)) 6= 0 for

some m′ < 0 or Hom(ΣmR(n),Σm
′

P2) 6= 0 for some m′ < 0. Similarly for
L(n). Therefore an indecomposable object M belongs to the heart only if it is
isomorphic to one of ΣmP2, Σ

mR(1), ΣmR(2), ΣmL(1) and ΣmL(2), m ∈ Z.
But at most one shift of a nonzero object can belong to a heart. So A contains
at most 7 indecomposable objects up to isomorphism.

√

In view of Lemma 8.7, the result in the preceding subsection shows that all
bounded t-structures on Db(modΛ) are related to each other by a sequence of
left or/and right mutations. In particular, this implies that the t-structures
Woolf considered in [48, Section 3.1] are already all bounded t-structures on
Db(modΛ). Therefore we have

Corollary 8.8. (a) The Bridgeland space of stability conditions on
Db(modΛ) is C2.

(b) An abelian category is the heart of some bounded t-structure on
Db(modΛ) if and only if it is equivalent to modΓ for Γ = Λ or
Γ = K( · // · ) or Γ = K ⊕K.
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Abstract. Let G be a group and let KH be homotopy algebraic
K-theory. We prove that if G satisfies the rational KH isomorphism
conjecture for the group algebra L1[G] with coefficients in the algebra
of trace-class operators in Hilbert space, then it also satisfies the K-
theoretic Novikov conjecture for the group algebra over the integers,
and the rational injectivity part of the Farrell-Jones conjecture with
coefficients in any number field.
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1 Introduction

Let G be a group, Fin the family of its finite subgroups, and E(G,Fin) the
classifying space. Let L1 be the algebra of trace-class operators in an infinite
dimensional, separable Hilbert space over the complex numbers. Consider the
rational assembly map in homotopy algebraic K-theory

HG
p (E(G,Fin),KH(L1))⊗Q→ KHp(L1[G]) ⊗Q. (1)

The rational KH-isomorphism conjecture ([1, Conjecture 7.3]) predicts that
(1) is an isomorphism; it follows from a theorem of Yu ([14], [4]) that it is
always injective. In the current article we prove the following.
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Theorem 2. Assume that (1) is surjective. Let n ≡ p+ 1 mod 2. Then:

i) The rational assembly map for the trivial family

HG
n (E(G, {1}),K(Z))⊗Q→ Kn(Z[G]) ⊗Q (3)

is injective.

ii) For every number field F , the rational assembly map

HG
n (E(G,Fin),K(F ))⊗Q→ Kn(F [G])⊗ Q (4)

is injective.

We remark that the K-theory Novikov conjecture asserts that part i) of the
theorem above holds for all G, and that part ii) is equivalent to the rational
injectivity part of the K-theory Farrell-Jones conjecture for number fields ([11,
Conjectures 51 and 58 and Proposition 70]).
The idea of the proof of Theorem 2 is to use an algebraic, equivariant version of
Karoubi’s multiplicative K-theory. The latter theory assigns groups MKn(A)
(n ≥ 1) to any unital Banach algebra A, which fit into a long exact sequence

HCtop
n−1(A)→MKn(A)→ Ktop

n (A)
Schtop

n→ HCtop
n−2(A).

Here HCtop is the cyclic homology of the completed cyclic module Ctop
n (A) =

A⊗̂ . . . ⊗̂A (n + 1 factors), chtop is the Connes-Karoubi Chern character with
values in its periodic cyclic homology HP top

∗ (A), and S is the periodicity op-
erator. Karoubi introduced a multiplicative Chern character

µn : Kn(A)→MKn(A). (5)

In particular if O is the ring of integers in a number field F one can consider
the composite

Kn(O)→ Kn(C)hom(F,C) →MKn(C)hom(F,C). (6)

By comparing this map with the Borel regulator, Karoubi showed in [7] that
(6) is rationally injective. It follows that

Kn(Z)→MKn(C) (7)

is rationally injective. In the current paper we assign, to every unital C-algebra
A, groups κn(A) (n ∈ Z) which fit into a long exact sequence

HCn−1(A/C)→ κn(A)→ KHn(L1 ⊗C A)
TrSchn→ HCn−2(A/C).

Here HC(/C) is algebraic cyclic homology of C-algebras, ch is the algebraic
Connes-Karoubi Chern character and Tr is induced by the operator trace. We
also introduce a character

τn : Kn(A)→ κn(A) (n ∈ Z). (8)
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If A is a finite dimensional Banach algebra and n ≥ 1 then κn(A) = MKn(A)
and (5) identifies with (8) (Proposition 20). Both κ and τ have equivariant
versions, so that if X is a G-space and A is a C-algebra, we have an assembly
map

HG
n (X,κ(A))→ κn(A[G]).

Let Fcyc be the family of finite cyclic subgroups. We show in Proposition 30
that the map

HG
n (E(G,Fcyc), κ(C))→ HG

n (E(G,Fin), κ(C))

is an isomorphism, and compute HG
n (E(G,Fcyc), κ(C)) ⊗ Q in terms of the

finite cyclic subgroups of G. We use this and the rational injectivity of (7) to
show, in Proposition 44, that the map

HG
n (E(G, {1}),K(Z))→ HG

n (E(G,Fin),K(C)) τ→ HG
n (E(G,Fin), κ(C)) (9)

is rationally injective. It is well-known [11, Proposition 76] that the map

HG
n (E(G,Fcyc),K(R))⊗Q→ HG

n (E(G,Fin),K(R))⊗Q

is an isomorphism for every unital ring R. In particular, we may substitute
Fcyc for Fin in (4). We use this together with Proposition 30 and the rational
injectivity of

Kn(F )→ Kn(C)hom(F,C) →MKn(C)hom(F,C)

(see Remark 24), to show in Proposition 48 that if m ≥ 1, Cycm is the family
of cyclic subgroups whose order divides m, and ζm is a primitive m-root of 1,
then the composite

HG
n (E(G, Cycm),K(F ))⊗Q //

++

HG
n (E(G, Cycm),K(C))hom(F (ζm),C) ⊗Q

τ

��
HG
n (E(G,Fcyc), κ(C))hom(F (ζm),C) ⊗Q

(10)
is injective. Since the map colimm E(G, Cycm)→ E(G,Fcyc) is an equivalence,
it follows that if the rational assembly map

HG
n (E(G,Fcyc), κ(C))⊗Q→ κn(C[G])⊗Q (11)

is injective then so are both (3) and (4). We show in Corollary 41 that if (1) is
surjective, then (11) is injective for n ≡ p+ 1 mod 2. This proves Theorem 2.
The rest of this paper is organized as follows. In Section 2 we define κn(A)
and the map τn : Kn(A) → κn(A). By definition, if n ≤ 0, then κn(A) =
KHn(A⊗CL1) and τn is the identity map (16). We show in Proposition 20 that
if n ≥ 1 and A is a finite dimensional Banach algebra, then κn(A) =MKn(A)
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and τn = µn. Karoubi’s regulators and his injectivity results are recalled in
Theorem 23. We use Karoubi’s theorem to prove, in Lemma 26, that if F is a
number field, C a cyclic group of orderm, n a multiple ofm, and ζn a primitive
n-root of 1, then the composite

K∗(F [C])→ K∗(F (ζn)[C])→
K∗(C[C])hom(F (ζn),C) µ→MK∗(C[C])hom(F (ζn),C)

is rationally injective. The main result of Section 3 is Proposition 30, which
computes HG

n (E(G,Fcyc), κ(C)) ⊗ Q in terms of group homology and of the
groups κ∗(C[C]) for C ∈ Fcyc. The resulting formula is similar to existing
formulas for equivariant K and cyclic homology, which are used in its proof
([3], [9], [10], [11],[12]). In Section 4 we show that the rational κ(C)-assembly
map is injective whenever the rational KH(L1)-assembly map is surjective
(Corollary 41). For this we use the fact that for every m ≥ 1, the assembly
map

HG
∗ (E(G, Cycm), HC(C/C))→ HC∗(C[G])

has a natural left inverse πm, which makes the following diagram commute

HG
∗ (E(G, Cycm),KH(L1))⊗Q //

TrSch

��

KH∗(L1[G])⊗Q

TrSch

��
HG

∗−2(E(G, Cycm), HC(C/C)) HC∗−2(C[G]).
πmoo

Hence for every n we have an inclusion

TrSch(HG
n+1(E(G, Cycm),KH(L1))⊗Q) ⊂ πmTrSch(KHn+1(L1[G])⊗Q).

(12)
We show in Proposition 39 that the rational assembly map

HG
n (E(G, Cycm), κ(C))⊗Q→ κn(C[G])⊗Q

is injective if and only if the inclusion (12) is an equality. Corollary 41 is
immediate from this. Section 5 is concerned with proving that (9) and (10)
are injective (Propositions 44 and 48). Finally in Section 6 we show that if the
identity holds in (12) for m = 1 then (3) is injective (Theorem 51) and that if
it holds for m, then

HG
n (E(G, Cycm),K(F ))⊗Q→ Kn(F [G])⊗Q

is injective for every number field F (Theorem 52).

2 The character τ : K(A)→ κ(A)

2.1 Definition of τ

Let A be a C-algebra and k ⊂ C a subfield. Write C(A/k) for Connes’ cyclic
module and HH(A/k), HC(A/k), HN(A/k) and HP (A/k) for the associated
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Hochschild, cyclic, negative cyclic and periodic cyclic chain complexes. When
k = Q we omit it from our notation; thus for example, HH(A) = HH(A/Q).
As usual, we write S, B and I for the maps appearing in Connes’ SBI sequence.
To simplify notation we shall make no distinction between a chain complex
and the spectrum the Dold-Kan corresponce associates to it. We write KH for
Weibel’s homotopy algebraic K-theory and Knil for the fiber of the comparison
map K → KH . We have a map of fibration sequences [2, §11.3]

Knil(A) //

ν

��

K(A) //

��

KH(A)

ch

��
HC(A)[−1]

B
// HN(A)

I
// HP (A).

Here ch is the Connes-Karoubi character. Write B for the algebra of bounded
operators in an infinite dimensional, separable Hilbert space, and L1 ⊳ B for
the ideal of trace class operators. Recall from [6] that HP satisfies excision;
in particular, the canonical map HP (L1 ⊗C A)→ HP (B ⊗C A : L1 ⊗C A) is a
quasi-isomorphism. We shall abuse notation and write Sch for the map that
makes the following diagram commute

KH(L1 ⊗C A)[+1]

Sch

��

ch // HP (L1 ⊗C A)[+1]

≀
��

HC(B ⊗C A : L1 ⊗C A)[−1] HP (B ⊗C A : L1 ⊗C A)[+1].
S

oo

(13)

By [5, Theorems 6.5.3 and 7.1.1], the map ν : Knil(B ⊗C A : L1 ⊗C A) →
HC(B ⊗C A : L1 ⊗C A)[−1] is an equivalence, and thus the map Sch fits into
a fibration sequence

KH(L1 ⊗C A)[+1]
Sch−→ HC(B ⊗C A : L1 ⊗C A)[−1]→ K(B ⊗C A : L1 ⊗C A).

On the other hand the operator trace Tr : L1 → C induces a map of cyclic
modules

Tr : C(B ⊗C A : L1 ⊗C A)→ C(A/C) (14)

Tr(b0 ⊗ a0 ⊗ · · · ⊗ bn ⊗ an) = Tr(b0 · · · bn)a0 ⊗ · · · ⊗ an.

Note that Tr is defined on b0 · · · bn since at least one of the bi is in L1. In
particular Tr induces a chain map

Tr : HC(B ⊗C A : L1 ⊗C A)→ HC(A/C). (15)

We define κ(A) as the homotopy cofiber of the composite of (15) and the map
Sch of (13)

κ(A) := hocofi(KH(L1 ⊗C A)[+1]
TrSch−→ HC(A/C)[−1]).
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Thus because, by definition, cyclic homology vanishes in negative degrees, we
have

κn(A) = KHn(L1 ⊗C A) (n ≤ 0). (16)

By construction, there is an induced map K(B⊗C A : L1 ⊗C A)→ κ(A) which
fits into a commutative diagram

KH(L1 ⊗C A)[+1]

Sch

��

KH(L1 ⊗C A)[+1]

��
HC(B ⊗C A : L1 ⊗C A)[−1]

��

// HC(A/C)[−1]

��
K(B ⊗C A : L1 ⊗C A) // κ(A).

(17)

A choice of a rank one projection p gives a map A→ L1 ⊗C A, a 7→ p⊗ a, and
therefore a map K(A)→ K(B ⊗C A : L1 ⊗C A). We shall be interested in the
composite

τ : K(A)→ K(B ⊗C A : L1 ⊗C A)→ κ(A). (18)

2.2 Comparison with Karoubi’s multiplicative Chern character

Suppose now that A is a unital Banach algebra. Let ∆diff
• A = C∞(∆•,A)

be the simplicial algebra of A-valued C∞-functions on the standard simplices.
Write KV diff(A) for the diagonal of the bisimplicial space [n] 7→ BGL(∆diff

n A).
We have

Ktop
n (A) = πnKV

diff(A) (n ≥ 1).

Consider the fiber F(A) = hofiber(BGL+(A)→ KV diff(A)). We have a homo-
topy fibration

ΩBGL+(A)→ ΩKV diff(A)→ F(A). (19)

Let ⊗̂ be the projective tensor product of Banach spaces and let Ctop(A) be
the cyclic module with Ctop(A)n = A⊗̂ . . . ⊗̂A (n+1 factors). Write HCtop(A)
and HP top(A) for the cyclic and periodic cyclic complexes of Ctop(A). In [8]
(see also [7, §7]), Max Karoubi constructs a map chrel : F(A)→ HCtop(A)[−1]
and defines his multiplicative K-groups as the homotopy groups

MKn(A) = πn(hofiber(KV
diff(A)→ HCtop(A)[−2])) (n ≥ 1).

He further defines the multiplicative Chern character as the induced map µn :
Kn(A)→MKn(A) (n ≥ 1).

Proposition 20. Let A be a unital Banach algebra, and let n ≥ 1. Then
there is a natural map κn(A) → MKn(A) which makes the following diagram
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commute

Kn(A)
τn //

µn %%LLLLLLLLLL
κn(A)

��
MKn(A).

If furthermore A is finite dimensional, then κn(A) → MKn(A) is an isomor-
phism.

Proof. Consider the simplicial ring

∆•A : [n] 7→ ∆nA = A[t0, . . . , tn]/〈1−
n∑

i=0

ti〉.

Let KV (A) be the diagonal of the bisimplicial set BGL(∆•A). We have a
homotopy commutative diagram

KV (L1 ⊗C A) //

��

HC(B ⊗C A : L1 ⊗C A)[−2]

��

Tr // HC(A/C)[−2]

��
KV diff(L1⊗̂A) // HCtop(B⊗̂A : L1⊗̂A)[−2] Tr // HCtop(A)[−2]

KV diff(A)

OO

// HCtop(A)[−2]

OO jjjjjjjjjjjjjjjj

jjjjjjjjjjjjjjjj

(21)

By [5, Lemma 3.2.1 and Theorem 6.5.3(ii)] and [13, Proposition 1.5] (or [2,
Proposition 5.2.3]), the natural map

KVn(L1 ⊗C A)→ KHn(L1 ⊗C A)

is an isomorphism for n ≥ 1. It follows from this that for n ≥ 1, the group
κn(A) is isomorphic to πn of the fiber of the composite of the first row of
diagram (21). On the other hand, by Karoubi’s density theorem, the map
KV diff(A) → KV diff(L1⊗̂A) is an equivalence; inverting it and taking fibers
and homotopy groups, we get a natural map κn(A) → MKn(A) (n ≥ 1).
The commutativity of the diagram of the proposition is clear. If now A is
finite dimensional, then A⊗̂V = A⊗C V for any locally convex vector space V .
Hence the map HC(A/C) → HCtop(A) is the identity map. Furthermore, by
[5, Theorem 3.2.1], the map KV (L1⊗CA)→ KV diff(L1⊗̂A) is an equivalence.
It follows that κn(A)→MKn(A) is an isomorphism for all n ≥ 1, finishing the
proof.

Example 22. We have

κn(C) =




C∗ n ≥ 1, odd.
Z n ≤ 0, even.
0 otherwise.
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2.3 Regulators

In view of Proposition 20 above we may substitute τ for µ in the theorem
below.

Theorem 23. [7, Théorème 7.20] Let O be the ring of integers in a number
field F . Write F ⊗R ∼= Rr1 ⊕Cr2; put r = r1+ r2. Then the inclusion O ⊂ Cr
followed by the the map µn : Kn(C)r → MKn(C)r induces a monomorphism
Kn(O)⊗Q→MKn(C)r ⊗Q (n ≥ 1).

Remark 24. It follows from classical results of Quillen that the map Kn(O)→
Kn(F ) is a rational isomorphism for n ≥ 2. Thus Kn(F ) → MKn(C)r is
rationally injective for n ≥ 2. Moreover, K1(F ) → MK1(C)r is injective too,
since the map τ1 : K1(C) → MK1(C) is the identity of C∗. Observe that the
isomorphism F ⊗ R ∼= Rr1 ⊕ Cr2 of Theorem 23 is not canonical; it implies
choosing r2 nonreal embeddings F → C out of the total 2r2, so that no two of
them differ by complex conjugation. On the other hand the map

ι : F → Chom(F,C), ι(x)σ = σ(x)

is canonical. Moreover, the composite

regn(F ) : Kn(F )→ Kn(C)hom(F,C) →MKn(C)hom(F,C) (25)

is still a rational monomorphism. Indeed the map of the theorem is obtained
by composing (25) with a projection MKn(C)hom(F,C) →MKn(C)r.

Lemma 26. Let F be a number field, C a cyclic group of order m, n a multiple
of m and ζn a primitive n-th root of 1. Then the composite map

K∗(F [C])→ K∗(F (ζn)[C])
ι→

K∗(C[C])hom(F (ζn),C) µ→MK∗(C[C])hom(F (ζn),C)

is rationally injective.

Proof. Let Gm = Gal(F (ζm)/F ); if M is a Gm-module, write MGm for the
fixed points. By [9, Lemma 8.4], the map F [C] → F (ζm)[C] induces an iso-
morphism K∗(F [C])⊗Q→ K∗(F (ζm)[C])Gm ⊗Q. In particular, K∗(F [C])→
K∗(F (ζm)[C]) is rationally injective. Now if σ : F (ζm)→ E is a field homomor-
phism, then K∗(E[C]) = K∗(E)m, and the map K∗(F (ζm)[C]) → K∗(E[C])
decomposes into a direct sum of m copies of the map K∗(F (ζm)) → K∗(E).
In particular this applies when E ∈ {F (ζn),C}. In view of Theorem 23 and
Remark 24, it follows that both K∗(F (ζm)[C])→MK∗(C[C])hom(F (ζm),C) and
K∗(F (ζn)[C])→MK∗(C[C])hom(F (ζn),C) are rationally injective. Summing up,
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we have a commutative diagram

K∗(F [C])

��
K∗(F (ζm)[C]) //

��

MK∗(C[C])hom(F (ζm),C)

��
K∗(F (ζn)[C]) // MK∗(C[C])hom(F (ζn),C)

We have shown that the first vertical map on the left and the two horizontal
maps are rationally injective. Since the vertical map on the right is injective,
we conclude that the composite of the left column followed by the bottom
horizontal arrow is a rational monomorphism, finishing the proof.

3 Rational computation of equivariant κ-homology

Let G be a group and let OrG be its orbit category. For G/H ∈ OrG, let
G(G/H) = GG(G/H) be the transport groupoid. It follows from [4, §3] that
the diagram (17) can be promoted to a commutative diagram of OrG-spectra
whose columns are homotopy fibrations

KH(L1 ⊗C A[G(G/H)])[+1]

Sch

��

TrSch

++XXXXXXXXXXXXXXXXXXXXXX

HC(B ⊗C A[G(G/H)] : L1 ⊗C A[G(G/H)])[−1] //

��

HC(A[G(G/H)]/C)[−1]

��
K(B ⊗C A[G(G/H)] : L1 ⊗C A[G(G/H)]) // κ(A[G(G/H)]).

If now X is any G-simplicial set, then taking G-equivariant homology yields a
diagram whose columns are again homotopy fibrations

HG(X,KH(L1 ⊗C A))[+1]

Sch

��

HG(X,KH(L1 ⊗C A))[+1]

��
HG(X,HC(B ⊗C A : L1 ⊗C A))[−1] Tr //

��

HG(X,HC(A/C))[−1]

��
HG(X,K(B ⊗C A : L1 ⊗C A)) // HG(X,κ(A)).

(27)

Hence

HG(X,κ(A)) = hocofi(HG(X,KH(L1 ⊗C A))[+1]→ HG(X,HC(A/C))[−1]).
(28)
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Similarly, a choice of rank one projection induces a map of OrG-spectra

K(A[G(G/H)])→ K(B ⊗C A[G(G/H)] : L1 ⊗C A[G(G/H)]).

Taking equivariant homology we obtain a map

HG(X,K(A))→ HG(X,K(B ⊗C A : L1 ⊗C A)).

Composing this map with the bottom arrow in diagram (27) we obtain an
equivariant character

τ : HG(X,K(A))→ HG(X,κ(A)). (29)

In what follows we shall be interested in several families of finite subgroups
of a given group. We write Fin and Fcyc for the family of finite subgroups
and the subfamily of those finite subgroups that are cyclic. If m ≥ 1 we write
Cycm for the family of those cyclic subgroups whose order divides m. If G is
a group and F a family of subgroups, we write E(G,F) for the corresponding
classifying space. If H ⊂ G is a subgroup in the family F , we write (H) for
the conjugacy class of H and

(F) = {(H) : H ∈ F}

for the set of all conjugacy classes of subgroups of G in the family F . If G is a
group and C ⊂ G is a cyclic subgroup, we write NGC for its normalizer, ZGC
for its centralizer, and put

WGC = NGC/ZGC.

If C ⊂ G is a finite cyclic group, and A(C) is its Burnside ring, then there is a
canonical isomorphism A(C) ⊗ Q ∼= QFinC . We write θC ∈ A(C) ⊗ Q for the
element corresponding to the characteristic function χC ∈ QFinC .

Proposition 30. Let G be a group. Then the map HG
∗ (E(G,Fcyc), κ(C)) →

HG
∗ (E(G,Fin), κ(C)) is an isomorphism and

HG
n (E(G,Fcyc), κ(C)) ⊗Q =

⊕

p+q=n

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WGC] θC · κq(C[C]) ⊗Q (31)

Proof. IfH is a finite subgroup, then the equivalenceKH(L1) ∼−→ Ktop(L1) ∼←
Ktop(C) induces an equivalence KH(L1[G(G/H)])

∼→ Ktop(C∗(G(G/H))).
Hence if X is a (G,Fin)-complex, we have an equivalence

HG(X,KH(L1)) ∼−→ HG(X,Ktop(C)). (32)

Thus the map

HG(E(G,Fcyc),KH(L1))→ HG(E(G,Fin),KH(L1))
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is a weak equivalence because

HG(E(G,Fcyc),Ktop(C))→ HG(E(G,Fin),Ktop(C))

is ([11, Proposition 69]). Similarly,

HG(E(G,Fcyc), HC(C/C))→ HG(E(G,Fin), HC(C/C))

is an equivalence (see [12, §9] or [3, §7]). From (28) and what we have just
proved, it follows that HG(E(G,Fcyc), κ(C)) → HG(E(G,Fin), κ(C)) is an
equivalence. This shows the first assertion of the proposition. From (32),
[10, Theorem 0.7] and [11, Theorem 172], we get

HG
n (E(G,Fcyc),KH(L1))⊗Q =

⊕

p+q=n

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WGC] θC ·Ktop

q (C[C])⊗Q.

Next write conf (G) for the conjugacy classes of elements of G of finite order,
and Gen(C) for the set of all generators of C ∈ Fcyc. By using [12, Lemma
7.4] and the argument of the proof of [4, Proposition 2.2.1] we obtain

HG
n (E(G,Fcyc), HC(C/C)) =

=
⊕

p+q=n

⊕

(g)∈conf (G)

Hp(ZG(〈g〉),Q)⊗HCq(C/C)

=
⊕

p+q=n

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WG(C)] map(Gen(C), HCq(C/C))

=
⊕

p+q=n

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WG(C)] θC ·HCq(C[C]/C)

It follows from the proof of Proposition 20 that under the isomorphism (32) and
the identity HG

∗ (−, HC(C/C)) = HG
∗ (−, HCtop(C)) the map TrSch identifies

with TrSchtop. Hence, by naturality, the map

(TrSch)n : HG
n+1(E(G,Fcyc),KH(L1))→ HG

n−1(E(G,Fcyc), HC(C/C))

is induced by the maps

TrSchtopq : Ktop
q+1(C[C])→ HCtop

q−1(C[C]) = HCq−1(C[C]/C).

The computation of HG
n (E(G,Fin), κ(C))⊗Q is now immediate from this.

Remark 33. We have an equivalence of (G,Fcyc)-spaces

colim
m
E(G, Cycm)

∼=−→ E(G,Fcyc)
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where the colimit is taken with respect to the partial order of divisibility. Hence
for every OrG-spectrum E,

HG
∗ (E(G,Fcyc), E) = colim

m
HG

∗ (E(G, Cycm), E).

Moreover it is clear from the proof of Proposition 30 that for every m the map

HG
∗ (E(G, Cycm), κ(C))⊗Q→ HG

∗ (E(G,Fcyc), κ(C))⊗Q

is the inclusion

⊕

p+q=n

⊕

(C)∈(Cycm)

Hp(ZGC,Q)⊗Q[WGC] θC · κq(C[C])⊗Q →֒

⊕

p+q=n

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WGC] θC · κq(C[C])⊗Q.

4 Conditions equivalent to the rational injectivity of the κ as-
sembly map

Let G be a group. As shown in the proof of Proposition (30), we have a direct
sum decomposition

HG
n (E(G,Fcyc), HC(C/C)) =

⊕

p+q=n

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WG(C)] θC ·HCq(C[C]/C).

By the same proof, for each p, q we have

⊕

(C)∈(Fcyc)
Hp(ZGC,Q)⊗Q[WG(C)] θC ·HCq(C[C]/C) =

⊕

(g)∈conf (G)

Hp(ZG〈g〉,Q)⊗HCq(C/C). (34)

On the other hand we also have a decomposition

HCn(C[G]/C) =
⊕

(g)∈con(G)

HC(g)
n (C[G]/C).

The assembly map identifies

HG
n (E(G,Fcyc), HC(C/C)) =

⊕

(g)∈conf (G)

HC(g)
n (C[G]/C).

Thus there is a projection

πFcyc
n : HCn(C[G]/C)→ HG

n (E(G,Fcyc), HC(C/C))
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which is left inverse to the asembly map. By composing the map

TrSch : KHn+1(L1[G])→ HCn−1(C[G]/C)

with the projection above, we obtain a map

πFcyc
n−1 TrSch : KHn+1(L1[G])⊗Q→ HG

n−1(E(G,Fcyc), HC(C/C)). (35)

Next, if m ≥ 1 then

HG
n (E(G, Cycm), HC(C/C)) =

⊕

(g)∈conf (G),gm=1

HC(g)
n (C[G]/C).

Thus we also have a map

πCycm
n−1 TrSch : KHn+1(L1[G])⊗Q→ HG

n−1(E(G, Cycm), HC(C/C)). (36)

In the following proposition we use the following notation. We write

HG
n (E(G, Cycm), κ(C)⊗Q)+ :=

⊕

p+q=n,q≥1

⊕

(C)∈(Cycm)

Hp(ZGC,Q)⊗Q[WGC] θC · κq(C[C]) ⊗Q (37)

and

HG
n (E(G, Cycm), κ(C)⊗Q)− :=

⊕

p+q=n,q≤0

⊕

(C)∈(Cycm)

Hp(ZGC,Q)⊗Q[WGC] θC · κq(C[C]) ⊗Q. (38)

Note that, by Proposition 30, HG
n (E(G, Cycm), κ(C)) ⊗ Q is the direct sum of

(37) and (38).

Proposition 39. Let G be a group, n ∈ Z and m ≥ 1. The following are
equivalent.

i) The rational assembly map

HG
n (E(G, Cycm), κ(C))⊗Q→ κn(C[G])⊗Q (40)

is injective.

ii) The restriction of the rational assembly map to the summand (37) is injec-
tive.

iii) The image of the map (36) coincides with the image of

TrSch : HG
n+1(E(G, Cycm),KH(L1))⊗Q→ HG

n−1(E(G, Cycm), HC(C/C)).
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Proof. It is clear that i) implies ii). Assume that ii) holds and consider the
following commutative diagram with exact columns:

HG
n+1(E(G, Cycm),KH(L1))⊗Q

TrSch

��

// KHn+1(L1[G])⊗Q

��(36)tthhhhhhhhhhhhhhhhhh

HG
n−1(E(G, Cycm), HC(C/C)) //

��

HCn−1(C[G])

��
HG
n (E(G, Cycm), κ(C))⊗Q

��

// κn(C[G])⊗Q

��
HG
n (E(G, Cycm),KH(L1))⊗Q // KHn(L1[G])⊗Q.

Let x be an element of the kernel of the map of part i), that is of the first map
above bottom in the diagram above. Write x = x+ + x−, with x+ in (37) and
x− in (38). The image of x under the vertical map must be zero, since by Yu’s
theorem ([14], see also [4]), the bottom horizontal map is injective. By (16) and
the proof of Proposition 30, this implies that x− = 0, proving that ii) implies
i). Next assume y is an element in the image of (36) which is not in the image
of the vertical map TrSch in the diagram above. Then the image of y under
the vertical map is a nonzero element of the kernel of the next horizontal map.
Thus i) implies iii). The converse is also clear, using Yu’s theorem again.

Corollary 41. Let G be a group and let n, p ∈ Z with n ≡ p + 1 mod 2.
Assume that the map

HG
p (E(G,Fcyc),KH(L1))⊗Q→ KHp(L1[G]) ⊗Q (42)

is surjective. Then the map (40) is injective for every m ≥ 1.

Proof. By Yu’s theorem ([14],[4]) the map (42) is always injective; under our
current assumptions, it is an isomorphism. Moreover, by [5, Theorem 6.5.3], the
groups KHp(L1[G]) depend only on the parity of p. It follows that condition
iii) of Proposition 39 holds for every m and every n ≡ p + 1 mod 2. This
concludes the proof.

5 Rational injectivity of the equivariant regulators

Let G be a group. By composing the equivariant character (29) with the map
induced by the inclusion Z ⊂ C we obtain a map

HG
∗ (E(G, {1}),K(Z))→ HG

∗ (E(G,Fin),K(C)) τ→ HG
∗ (E(G,Fin), κ(C)).

(43)

Proposition 44. The map (43) is rationally injective.
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Proof. We have

HG
n (E(G, {1}),K(Z))⊗Q =

⊕

p+q=n

Hp(G,Q)⊗Kq(Z)⊗Q. (45)

By Theorem 23, the regulators Kq(Z)→ Kq(C)→ κq(C) =MKq(C) induce a
monomorphism from (45) to

⊕

p+q=n

Hp(G,Q)⊗ κq(C)⊗Q. (46)

The map (43) tensored with Q is the composite of the above monomorphism
with the inclusion of (46) as a direct summand in (31).

Let F be a number field, G a group and m ≥ 1. Let ζm be a primitive mth

root of 1. The map E(G, Cycm)→ E(G,Fcyc), together with the inclusion

F ⊂ F (ζm)
ι→ Chom(F (ζm),C)

and the character τ : K(C)→ κ(C), induce a homomorphism

HG
∗ (E(G, Cycm),K(F ))→ HG

∗ (E(G,Fcyc), κ(C))hom(F (ζm),C). (47)

Proposition 48. The map (47) is rationally injective.

Proof. By [9, Theorem 0.3], we have

HG
n (E(G, Cycm),K(F )) =

⊕

p+q=n

⊕

(C)∈(Cycm)

Hp(ZGC,Q)⊗Q[ZGC] θC ·Kq(F [C]) ⊗Q. (49)

By Lemma 26 the maps Kq(F [C]) → κq(C[C])hom(F (ζm),C) with C ∈ Cycm
induce a rational monomorphism from (49) to

⊕

p+q=n

⊕

(C)∈(Cycm)

Hp(ZGC,Q)⊗Q[ZGC] θC · κq(C[C])hom(F (ζm),C). (50)

The map (47) tensored with Q is the composite of the above monomorphism
with the inclusion of (50) as a summand in (31).

6 Comparing conjectures and assembly maps

Theorem 51. Let G be a group. Assume that the equivalent conditions of
Proposition 39 hold for G with m = 1. Then the assembly map

HG
n (E(G, {1}),K(Z))→ Kn(Z[G])

is rationally injective. In particular this is the case whenever G satisfies the
rational KH-isomorphism conjecture with L1-coefficients.
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Proof. Immediate from Proposition 44 and Corollary 41.

Theorem 52. Let G be a group and m ≥ 1. Assume that the equivalent
conditions of Proposition 39 hold for G and m. Then for every number field
F , the assembly map

HG
n (E(G, Cycm),K(F ))→ Kn(F [G])

is rationally injective. If moreover the condition holds for all m –as is the
case, for example, if G satisfies the rational KH-isomorphism conjecture with
L1-coefficients- then G satisfies the rational injectivity part of the K-theory
isomorphism conjecture with coefficients in any number field.

Proof. Immediate from Proposition 48 and Corollary 41.
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1. introduction

The Picard group of a given moduli stack carries important informations on the
geometry of the moduli problem one is dealing with. Since Mumford’s pioneer
work in [Mum65], the subject has been widely developed and nowadays the lit-
erature on the computation of the Picard group of moduli stacks is quite vast.
Remarkable examples are the Picard groups of the moduli stacks of curves pos-
sibly with level structures (see e.g. [AC87], [Cor91], [Kou94], [Jar01], [Mor01],
[Cor07], [GV08], [Put12]) and of the moduli stacks of principal bundles over
curves (see e.g. [DN89], [Kou91], [Kou93], [BL94], [KN97], [LS97], [BLS98],
[Sor99], [Fal03], [BK05], [BH10]).
The aim of this paper is to compute and give explicit generators for the Picard
group of the degree-d universal Jacobian stack J acd,g over the moduli stackMg

of smooth curves of genus g and of its compactification J acd,g over the mod-

uli stackMg of stable curves of genus g, constructed by Caporaso in [Cap94]
and [Cap05] and later generalized by the first author in [Mel09]. Moreover,
we will compare our results with the computation of the divisor class group
of the Caporaso’s universal compactified Jacobian scheme Jd,g, carried out by
Fontanari in [Fon05] (based upon the work of Kouvidakis in [Kou91]). The mo-
tivation for this work comes from the wish of understanding the (log)canonical
model of Jd,g and its relation to the different modular compactifications of the

universal Jacobian. The Kodaira dimension and the Iitaka fibration of Jd,g
were computed by Farkas-Verra in [FV13] for d = g, by Bini, Fontanari and
the second author in [BFV12] when Jd,g has finite quotient singularities (which
occurs exactly when d+g−1 and 2g−2 are coprime) and by Casalaina-Martin,
Kass and the second author in [CMKVb] in the general case. An alternative

compactification J
ps

d,g of the universal Jacobian over Schubert’s moduli space

M
ps

g of pseudo-stable curves was recently found by G. Bini, F. Felici and the

two authors in [BFMV] (see also [BMV12]). We expect that J
ps

d,g is the first

step towards the construction of the canonical model of Jd,g, analogously to

the fact that M
ps

g is the first step towards the construction of the canonical

model ofMg (see [HH09]). Clearly, in order to verify this, one needs an explicit

description of the (rational) Picard group of Jd,g, which naturally embeds into

the (rational) Picard group of the stack J acd,g.
Before describing our results, we need to briefly recall the definitions of the
stacks J acd,g and J acd,g, referring to Section 2 for more details. The degree-d
universal Jacobian stack J acd,g is the (Artin) stack whose fiber over a scheme
S consists of families of smooth curves C → S over S endowed with a line
bundle L over C of relative degree d over S. The stack J acd,g is contained

as a dense open substack in the degree-d compactified Jacobian stack J acd,g,
whose fiber over a scheme S consists of families of quasistable curves X → S
endowed with a properly balanced line bundle over X of relative degree d over
S (see 2.1 for the definitions). The stack J acd,g is smooth and irreducible
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of dimension 4g − 4, and it is endowed with a (forgetful) universally closed

surjective morphism Φ̃d to the stackMg of stable curves.

The stack J acd,g is naturally endowed with the structure of a Gm-stack, since
the group Gm naturally injects into the automorphism group of every object
(C → S,L) ∈ J acd,g(S) as multiplication by scalars on L. Therefore J acd,g
becomes a Gm-gerbe over the Gm-rigidification J d,g := J acd,g ( Gm. We call

νd : J acd,g → J d,g the rigidification map. Analogously, J acd,g is a Gm-gerbe
over its rigidification Jd,g := J acd,g ( Gm which is an open dense substack of

J d,g. The stack J d,g is smooth and irreducible of dimension 4g − 3, and the

morphism Φ̃d : J acd,g →Mg factors through Φd : J d,g →Mg, which is again
a universally closed surjective morphism.
Caporaso’s compactification Jd,g of the universal Jacobian variety Jd,g over the

moduli scheme Mg of stable curves (see [Cap94]) is an adequate moduli space

for J acd,g and for J d,g (in the sense of [Alp2]) and even a good moduli space
(in the sense of [Alp1]) if our base field k has characteristic zero. We will call
it simply the moduli space for J acd,g and for J d,g1.
The main result of this paper is a description of the Picard groups of the stacks
J acd,g and Jd,g and of their compactifications J acd,g and J d,g. Since J acd,g ⊂
J acd,g and Jd,g ⊂ J d,g are open inclusions of smooth stacks, the natural

restriction morphisms Pic(J acd,g) → Pic(J acd,g) and Pic(J d,g) → Pic(Jd,g)
are surjective. Moreover, since νd is a Gm-gerbe, the pull-back morphisms
ν∗d : Pic(J d,g) → Pic(J acd,g) and ν∗d : Pic(Jd,g) → Pic(J acd,g) are injective.
Therefore, the above Picard groups are related by the following commutative
diagram

(1.1) Pic(J acd,g) // // Pic(J acd,g)

Pic(J d,g)
?�

ν∗
d

OO

// // Pic(Jd,g)
?�

ν∗
d

OO

in which the horizontal arrows are surjective and the vertical arrows are injec-
tive. We will prove that the four Picard groups of diagram (1.1) are generated
by boundary line bundles and tautological line bundles, which we are now going
to define.

1In the literature, the universal (resp. universal compactified) Jacobian stack is often
called the universal (resp. universal compactified) Picard stack and it is denoted by Picd,g
(resp. Picd,g), see e.g. [Cap05], [Mel09], [BFV12]. Similarly the universal (resp. universal
compactified) Jacobian scheme is often called the universal (resp. universal compactified)

Picard scheme and it is denoted by Pd,g (resp. P d,g), see e.g. [Cap94]. Following [CMKVa]
and [BFMV], we prefer here to use the word universal (resp. universal compactified) Ja-

cobian stack/scheme and consequently the symbols J acd,g, J acd,g, Jd,g and Jd,g for two
reasons: (i) the word Jacobian stack/scheme is used only for curves while the word Pi-
card stack/scheme is used also for varieties of higher dimensions and therefore it is more
ambiguous; (ii) the expression “the Picard group of the Picard stack/scheme” seems a bit
cacophonic.
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In Section 3, we describe the irreducible components of the boundary divisor
J acd,g \ J acd,g. Clearly, the boundary of J acd,g is the pull-back via the

morphism Φ̃d : J acd,g →Mg of the boundary ofMg. Recall thatMg \Mg =
[g/2]⋃

i=0

δi, where δ0 is the irreducible divisor whose generic point is an irreducible

curve with one node and, for i = 1, . . . , [g/2], δi is the irreducible divisor whose
generic point is the stable curve with two irreducible components of genera i

and g− i meeting in one point. In Theorem 3.2, we prove that δ̃i := Φ̃−1
d (δi) is

irreducible if either i = 0 or i = g/2 or the number 2g−2
(2g−2,d+g−1) does not divide

(2i − 1) and, otherwise, that Φ̃−1
d (δi) is the union of two irreducible divisors,

that we call δ̃1i and δ̃2i (see Section 3 for the precise description of these two

divisors). Since J acd,g is a smooth stack, the boundary divisors {δ̃i, δ̃1i , δ̃2i }
are Cartier divisors and therefore they give rise to line bundles on J acd,g that

we denote by {O(δ̃i),O(δ̃1i ),O(δ̃2i )} and we call the boundary line bundles of
J acd,g. Note that the irreducible components of the boundary of J d,g are

the divisors δi := νd(δ̃i), δ
1

i := νd(δ̃
1
i ) and δ

2

i := νd(δ̃
2
i ). The associated line

bundles {O(δi),O(δ
1

i ),O(δ
2

i )} are called boundary line bundles of J d,g and

clearly we have that ν∗dO(δi) = O(δ̃i), ν∗dO(δ
1

i ) = O(δ̃1i ) and ν∗dO(δ
2

i ) = O(δ̃2i )
(see Corollary 3.3).
In Section 5, we introduce the line bundles K1,0, K0,1, K−1,2 and Λ(m,n) (for

n,m ∈ Z) on J acd,g, which we call tautological line bundles. The tautological
line bundles are defined in terms of the determinant of cohomology dπ(−) and
of the Deligne pairing 〈−,−〉π applied to the universal family π : J acd,g,1 →
J acd,g (see §2.6 for the definition and basic properties of the determinant of
cohomology and of the Deligne pairing). More precisely, we define

K1,0 := 〈ωπ, ωπ〉π ,
K0,1 := 〈ωπ,Ld〉π,
K−1,2 := 〈Ld,Ld〉π,
Λ(n,m) = dπ(ω

n
π ⊗ Lmd ),

where ωπ is the relative dualizing sheaf for π and Ld is the universal line bun-
dle on J acd,g,1. Following a strategy due to Mumford [Mum83], we apply the

Grothendieck-Riemann-Roch theorem to the morphism π : J acd,g,1 → J acd,g
in order to produce relations among the tautological line bundles, at least in
the rational Picard group. In particular, we prove in Theorem 5.2 that all
the tautological line bundles can be expressed in Pic(J acd,g) ⊗ Q in terms
of Λ(1, 0), Λ(0, 1) and Λ(1, 1). Therefore, we define the tautological sub-
group Pictaut(J acd,g) ⊆ Pic(J acd,g) as the subgroup generated by the line
bundles Λ(1, 0), Λ(0, 1), Λ(1, 1) together with the boundary line bundles of
J acd,g. Similarly, we consider the subgroup Pictaut(J acd,g) ⊆ Pic(J acd,g)
generated by the restriction of Λ(1, 0), Λ(0, 1), Λ(1, 1) to J acd,g. Moreover,
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using the pull-back morphism ν∗d (see diagram (1.1)), we can define the tau-

tological subgroups Pictaut(J d,g) := (ν∗d)
−1(Pictaut(J d,g)) ⊆ Pic(J d,g) and

Pictaut(Jd,g) := (ν∗d)
−1(Pictaut(Jd,g)) ⊆ Pic(Jd,g).

After these preliminaries, we can now state the main results of this paper,
concerning the Picard groups of J acd,g and Jd,g and of their compactifications

J acd,g and J d,g. We prove that all the Picard groups in question are free
and generated by tautological line bundles and boundary line bundles (if any).
More precisely, we have the following.

Theorem A. Assume that g ≥ 3.

(i) The Picard group of J acd,g is freely generated by Λ(1, 0), Λ(0, 1) and
Λ(1, 1).

(ii) The Picard group of J acd,g is freely generated by the boundary line bun-
dles and the tautological line bundles Λ(1, 0), Λ(0, 1) and Λ(1, 1).

Theorem B. Assume that g ≥ 3.

(i) The Picard group of Jd,g is freely generated by the tautological line bundles
Λ(1, 0) and

(1.2) Ξ := Λ(0, 1)
d+g−1

(d+g−1,d−g+1) ⊗ Λ(1, 1)−
d−g+1

(d+g−1,d−g+1) .

(ii) The Picard group of J d,g is freely generated by the boundary line bundles
and the tautological line bundles Λ(1, 0) and Ξ.

Let us now sketch the strategy that we use to prove Theorems A and B. Since
the stack J acd,g is smooth we have a natural exact sequence
(1.3) ⊕

kd,g ∤ (2i−1)

or i=g/2 or i=0

〈O(δ̃i)〉
⊕

kd,g |(2i−1)

and i6=0,g/2

〈O(δ̃1i ),O(δ̃2i )〉 → Pic(J acd,g)→ Pic(J acd,g)→ 0.

In Theorem 4.1, we prove that the above exact sequence is also exact on the
left, or in other words that the boundary line bundles are linearly independent
in the Picard group of J acd,g. In order to prove this, we use the same strategy
used by Arbarello-Cornalba in [AC87] to prove the analogous statement for the

boundary line bundles of Mg: we construct some test curves F̃j → J acd,g,
in number equal to the number of boundary line bundles, and prove that the

intersection matrix between these test curves F̃j and the boundary line bundles

of J acd,g is non-degenerate. This reduces the proof of Theorem A(ii) to the
proof of Theorem A(i).
Moreover, using the fact that the pull-back morphism ν∗d : Pic(J d,g) →
Pic(J acd,g) is injective and it sends the boundary line bundles of J d,g into

the boundary line bundles of J acd,g, we get that also the boundary line bun-

dles of J d,g are linearly independent (see Corollary 4.6), or in other words that
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we have an exact sequence:
(1.4)

0→
⊕

kd,g ∤ (2i−1)

or i=g/2 or i=0

〈O(δi)〉
⊕

kd,g |(2i−1)

and i6=0,g/2

〈O(δ1i ),O(δ
2

i )〉 → Pic(J d,g)→ Pic(Jd,g)→ 0.

This reduces the proof of Theorem B(ii) to the proof of Theorem B(i).
The Picard groups of J acd,g and of Jd,g are related via the following exact
sequence coming from the Leray spectral sequence for the étale sheaf Gm with
respect to the rigidification map νd : J acd,g → Jd,g (see (6.1)):

0→ Pic(Jd,g)
ν∗
d−→ Pic(J acd,g)

res
−→ PicBGm = Hom(Gm,Gm) ∼= Z obs

−→ Br(Jd,g).

The map res is the restriction to the fibers of νd (which are isomorphic to the
classifying stack BGm of the multiplicative groupGm) and obs sends 1 ∈ Z into
the class [νd] of the Gm-gerbe νd : J acd,g → Jd,g in the cohomological Brauer
group Br(Jd,g) := H2

ét(Jd,g,Gm) of Jd,g. In Theorem 6.4, we prove that the
order of [νd] is the greatest common divisor (d+1− g, 2g− 2). In proving this,
we interpret in Proposition 6.6 the order of [νd] as the smallest natural number
m for which there exists an m-Poincaré line bundle (in the sense of Definition
6.5) on the universal family J acd,g,1 over Jd,g. Using Proposition 6.6, Theorem
6.4 follows then from a result of Kouvidakis (see [Kou93, p. 514]). Note also
that by combining Theorem 6.4 and Proposition 6.6, we recover the well-known
result of Mestrano-Ramanan ([MR85, Cor. 2.9]): there exists a Poincaré line
bundle on J acd,g,1 if and only if (d + 1 − g, 2g − 2) = 1. We conjecture that
the cohomological Brauer group Br(Jd,g) is generated by [νd] (see Conjecture
6.9 and the discussion following it).
From the computation of the order of [νd] and the above exact sequence, we get
that res(Pic(J acd,g)) = (2g−2, d+1−g) ·Z. Moreover, we compute the values

of the map res on the generators of the tautological subgroup Pictaut(J acd,g) ⊆
Pic(J acd,g) in Lemma 6.2 and deduce that res(Pictaut(J acd,g)) = (2g − 2, d+
1−g)·Z. This easily reduces the proof of Theorem A(i) to the proof of Theorem
B(i). Furthermore, it shows that Pictaut(Jd,g) is generated by Λ(1, 0) and the
line bundle Ξ of (1.2).
The Picard group of Jd,g can be determined with the help of the following
exact sequence

(1.5) 0→ Pic(Mg)
Φ∗
d−→ Pic(Jd,g) χd−→ Z,

where the map χd sends a line bundle L ∈ Pic(Jd,g) to the integer m ∈ Z
such that the class of the restriction of L to the fiber Φ−1

d (C) = Jd(C) in the

Néron-Severi group NS(Jd(C)) is isomorphic to m times the class θC of the
theta divisor (see Section 7 for more details). A well-known result of Harer
and Arbarello-Cornalba says that Pic(Mg) is freely generated by the Hodge
line bundle Λ if g ≥ 3 (see Theorem 2.12) and we prove in Lemma 5.1 that
Φ∗
d(Λ) = Λ(1, 0). On the other hand, a result of Kouvidakis in [Kou91] implies

that Im(χd) ⊆
2g − 2

(2g − 2, d+ 1− g) · Z. In Theorem 7.2, we compute the values
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of χd on the generators of the tautological subgroup Pictaut(Jd,g) ⊆ Pic(Jd,g)
and we deduce that χd(Pic

taut(Jd,g)) =
2g − 2

(2g − 2, d+ 1− g) ·Z. From the exact

sequence (1.5), we deduce now that Pictaut(Jd,g) = Pic(Jd,g) is free of rank
two; Theorem B(i) now follows.
In the last Section of the paper, we relate the Picard group of the moduli stack
J d,g with the divisor class group Cl(Jd,g) of its moduli scheme Jd,g, which was
computed by Fontanari [Fon05] based upon the work of Kouvidakis [Kou91]
on the Picard group of the open subscheme J0

d,g ⊂ Jd,g consisting of pairs

(C,L) such that C does not have non-trivial automorphisms. Fontanari proved
in [Fon05] that the boundary of Jd,g is the union of the irreducible divisors

∆̃i := φ−1
d (∆i) for i = 1, . . . , [g/2], where φd : Jd,g → Mg is the natural map

towards the moduli scheme of stable curves of genus g and ∆i ⊆ Mg is, as

usual, the irreducible divisor of Mg whose generic point is an irreducible curve
with one node if i = 0 or, for i > 0, the union of two irreducible components
of genera i and g − i meeting in one point. Moreover, Fontanari proved that
there is an exact sequence

(1.6) 0→
[g/2]⊕

i=0

Z · ∆̃i → Cl(Jd,g)→ Cl(Jd,g)→ 0,

where the last map is the restriction map and the first map sends each ∆̃i into
its class in Cl(Jd,g). The Picard group of J d,g and the divisor class group of

Jd,g are related by the pull-back via the natural map Ψd : J d,g → Jd,g, which
induces a map from the exact sequence (1.4) into the exact sequence (1.6). In
Section 8 we prove the following result.

Theorem C. The pull-back map Ψ∗
d : Cl(Jd,g) → Pic(J d,g) induced by the

natural map Ψd : J d,g → Jd,g fits into a commutative diagram with exact rows

0 // ⊕[g/2]
i=0 Z · ∆̃i

//

αd��

Cl(Jd,g) //

Ψ∗
d

��

Cl(Jd,g) //

βd

��

0

0 //

⊕

kd,g∤ 2i−1

or i=g/2

〈O(δi)〉
⊕

kd,g |2i−1

and i6=g/2

〈O(δ
1
i ),O(δ

2
i )〉 // Pic(J d,g) // Pic(Jd,g) // 0,

such that:

(i) the map βd is an isomorphism;
(ii) the map αd satisfies

αd(∆̃i) =





O(δi) if kd,g ∤ (2i− 1),

O(δ1i ) +O(δ
2

i ) if kd,g | (2i− 1) and i 6= g/2,

O(2δi) if kd,g | (2i− 1) and i = g/2.

It is likely that the same techniques used in this paper could lead to the com-
putation of the Picard group of the degree-d compactified universal Jacobian
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stack J acd,g,n over the stackMg,n of n-pointed stable curves of genus g con-

structed in [Mel10] and of the universal vector bundle overMg constructed in
[Pan96]. We plan to come back to these problems in a near future.
The paper is organized as follows. In Section 2, we summarize the known
properties of the stacks J acd,g and J d,g as well as the properties of their

moduli scheme Jd,g (see 2.1). Moreover, we recall some basic facts about the
Picard group of a stack and how to construct natural line bundles on moduli
stacks by using the determinant of cohomology and the Deligne pairing (see
2.6). Finally, we recall the computation of the Picard group of the stackMg of
stable curves of genus g by Harer and Arbarello-Cornalba (see 2.11). In Section
3, we describe the boundary divisors of J acd,g and we explain how they are

related to the pull-back of the boundary divisors ofMg. In Section 4, we show

that the line bundles on J acd,g associated to the boundary divisors are linearly

independent. In Section 5, we introduce the tautological line bundles on J acd,g
and we study the relations among them. In Section 6, we compare the Picard
groups of J acd,g and of Jd,g using the Leray’s spectral sequence associated to
the rigidification map νd : J acd,g → Jd,g. Moreover, we compute the order
of the Gm-gerbe νd in the Brauer group of Jd,g. In Section 7, we compute
the Picard group of Jd,g using the fibration Φd : Jd,g → Mg. Moreover,
we investigate the relation between the line bundle Ξ and the universal theta
divisor (see 7.1) and we prove that the pull-back via the Abel-Jacobi map
provides an isomorphism between the Picard groups of J acd,g and of the d-th
symmetric product of the universal curveMg,1 →Mg, when d > 2g − 2 (see

7.2). In Section 8, we compare the Picard group of J d,g with the divisor class

group of its moduli scheme Jd,g.

1.1. Relation to algebraic topology. After a preliminary version of this
manuscript has been posted on arXiv, J. Ebert and O. Randal-Williams posted
on arXiv a preliminary version of the paper [ERW12], which contains, among
other things, some results that are closely related to Theorem A(i) and Theorem
B(i) in the case when our base field k is the field of complex numbers. We now
explain the relation between our results and the results of [ERW12].

In [ERW12], the authors introduce two holomorphic stacks Holdg and Pickg ,

defined as follows (see [ERW12, Sec. 4.1] for details): Holdg is the holomorphic
stack whose fibers over a topological space B consists of families of Riemann
surfaces π : E → B of genus g equipped with a fiberwise holomorphic line
bundle L→ E of relative degree d; Picdg is the holomorphic stack parametrizing
families of Riemann surfaces of genus g equipped with a section of the associated
bundle of Jacobian varieties of degree d. There is a morphism φdg : Holdg → Picdg
defined by sending a fiberwise holomorphic line bundle to its isomorphism class.
It turns out that φdg is a gerbe with band C∗ (see [ERW12, Thm. 4.5]).
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The relation with our algebraic stacks J acd,g and Jd,g (over the complex num-
bers) is provided by a commutative diagram

(1.7) (J acd,g)an //

νd

��

Holdg

φdg
��

(Jd,g)an // Picdg

where (J acd,g)an and (Jd,g)an are the analytifications of the complex algebraic
stacks J acd,g and Jd,g. The horizontal maps are most likely isomorphisms
although we have not checked this in detail.
The authors of loc. cit. consider tautological classes κi,j ∈ H2i+2j(Holdg ,Z) for
i ≥ −1 and j ≥ 0 defined by associating to every element (π : E → B,L →
E) ∈ Holdg(B) the cohomology class

(1.8) κi,j(π : E → B,L→ E) := π!(c1(T
vE)i+1 · c1(L)j) ∈ H2i+2j(B,Z),

where T vE is the relative tangent line bundle of the family π : E → B of
Riemann surfaces, which is of course dual to the sheaf ωπ of relative differentials
of π. In particular, the classes κi,0 are the pull-back to Holdg of the Mumford-
Morita-Miller classes κi onMg. Moreover, one denotes by λ the pull-back to
Holdg of the Hodge class onMg.
Among other beautiful results, Ebert and Randal-Williams compute the an-
alytic Néron-Severi group NS, the topological Picard group Pictop and the
second cohomology group with integer values H2(−,Z) of the above two stacks
(see [ERW12, Thm. C, Thm. E]), under the assumption that g ≥ 6.

Theorem 1.1 (Ebert, Randal-Williams). Assume that g ≥ 6. Then

(i) NS(Holdg) = Pictop(Hol
d
g) = H2(Holdg ,Z) is freely generated by λ, κ−1,2,

and ζ :=
κ0,1 − κ−1,2

2
.

(ii) NS(Picdg) = Pictop(Hol
d
g) = H2(Picdg ,Z) is the subgroup of H2(Holdg ,Z)

generated by λ and

η :=
d κ0,1 + (g − 1)κ−1,2

(2g − 2, g + d− 1)
.

The diagram (1.7) gives two natural homomorphisms

(1.9)
c1 : Pic(J acd,g)→ H2(Holdg ,Z),

c1 : Pic(Jd,g)→ H2(Picdg,Z).

The next result is obtained by comparing Theorems A(i) and B(i) with Theorem
1.1.

Corollary 1.2. Assume that g ≥ 6. The homomorphisms of (1.9) are iso-
morphisms.
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Proof. The fact that the first map in (1.9) is an isomorphism follows by com-
paring Theorem A(i) and Theorem 1.1(i) by mean of the formulas

(*)





c1(Λ(1, 0)) = λ,

c1(Λ(1, 1)) =
κ−1,2 − κ0,1

2
= −ζ,

c1(Λ(0, 1)) =
κ−1,2 + κ0,1

2
+ λ = ζ + κ−1,2 + λ,

where the first formula follows from Lemma 5.1 and the last two formulas
follow from Theorem 5.2 together with the facts that c1(K−1,2) = κ−1,2 and
c1(K(0, 1)) = −κ0,1. Note that the minus sign appearing in this last equality is
due to the fact that in defining the classes κi,j ∈ H2(Holdg ,Z) (see (1.8)), Ebert
and Randal-Williams use the relative tangent sheaf while our definition (5.1)
of the tautological line bundles Ki,j ∈ Pic(J acd,g) uses its dual sheaf, namely
the sheaf of relative differentials.
The fact that the second map in (1.9) is an isomorphism follows by comparing
Theorem B(i) and Theorem 1.1(ii) using the formula

c1(Ξ) =
(d+ g − 1)c1(Λ(0, 1))− (d− g + 1)c1(Λ(1, 1))

(d+ g − 1, d− g + 1)
=

= η +
d+ g − 1

(d+ g − 1, d− g + 1)
λ.

�
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Notations.

1.3. We fix two integers g ≥ 2 and d: g will always denote the genus of the
curves and d the degree of the Jacobian varieties. Given two integers m and
n, we set (n,m) for the greatest common divisor of n and m. In particular the
greatest common divisor

(2g − 2, d+ 1− g) = (2g − 2, d− 1 + g) = (d+ 1− g, d− 1 + g)
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will appear often in what follows. Similarly the number

(1.10) kd,g :=
2g − 2

(2g − 2, d+ g − 1)

will appear repeatedly throughout the paper and hence it deserves a special
notation.

1.4. We work over an algebraically closed field k of characteristic 0. All the
schemes and stacks we will deal with are of finite type over k.
There are two places in our work where the assumption on the characteristic
of k is used. The first one is the explicit computation of the Picard group
of Mg by Harer and Arbarello-Cornalba (see Theorem 2.12 for the precise
statement), which is known to be true only in characteristic zero (in positive
characteristic, the same statement remains true for the rational Picard group
of Mg by the work of Moriwaki in [Mor01]). The second one is a result of
Kouvidakis [Kou91] (see Theorem 7.1), whose proof over the complex numbers
does not immediately extend to a base field k of positive characteristics2.

1.5. We will often assume, for simplicity, that g ≥ 3. This is the case for two
of the main results of this paper, namely Theorems A and B.
The reason for this assumption is that the Picard group of Mg is freely
generated by the Hodge line bundle Λ and the boundary line bundles
{O(δ0), . . . ,O(δ[g/2])} if g ≥ 3 (see Theorem 2.12) while if g = 2 then Pic(Mg)
is still generated by Λ and the boundary line bundles but with the relation
Λ10 ⊗ O(−δ0 − 2δ1) = 0 (see 2.11). Indeed, all the above mentioned results
continue to hold for g = 2 if we add the relation pull-backed from the relation
Λ10 ⊗O(−δ0 − 2δ1) = 0 in Pic(M2) or its image Λ10 = 0 in Pic(M2).

2. Preliminaries

2.1. The stacks J acd,g and J d,g and their moduli space Jd,g
Let J acd,g be the universal Jacobian stack over the moduli stackMg of smooth
curves of genus g. The fiber of J acd,g over a scheme S is the groupoid whose
objects are families of smooth curves C → S endowed with a line bundle L over
C of relative degree d over S and whose arrows are the obvious isomorphisms.
J acd,g is a smooth irreducible (Artin) algebraic stack of dimension 4g − 4

endowed with a natural forgetful morphism Φ̃d : J acd,g →Mg.
The multiplicative group Gm naturally injects into the automorphism group
of every object (C → S,L) ∈ J acd,g(S) as multiplication by scalars on L,
endowing J acd,g with the structure of a Gm-stack in the sense of [Hof07, Def.
3.1] or, equivalently, with a Gm-2-structure in the sense of [AGV09, Appendix
C.1].
There is a canonical procedure to remove such automorphisms, called Gm-
rigidification (see [ACV03, Sec. 5], [Rom05, Sec. 5] and [AGV09, Appendix
C]). The outcome is a new stack Jd,g := J acd,g ( Gm together with a smooth
and surjective map νd : J acd,g → Jd,g. Indeed, the map νd makes J acd,g into

2We thank F. Poma, M. Talpo and F. Tonini for pointing out this to us.
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a gerbe banded by Gm (or a Gm-gerbe in short) over Jd,g (we refer to [Gir71]

for the theory of gerbes). The forgetful map Φ̃d factors via νd and we get a
commutative diagram

J acd,g

Φ̃d ##GG
GG

GG
GG

G

νd // Jd,g

Φd||zz
zz

zz
zz

Mg

The new stack Jd,g is a smooth, irreducible and separated Deligne-Mumford
stack of dimension 4g − 3 and the map Φd is representable.
A modular compactification of the stacks J acd,g and Jd,g was described by
Caporaso in [Cap05] for some degrees and later by Melo in [Mel09] for the
general case, based upon previous work of Caporaso in [Cap94]. Let us review
this compactification.

Definition 2.2. [Cap94, Sec. 3.3] A connected, projective nodal curve X is
said to be quasistable if it is (Deligne-Mumford) semistable and if the excep-
tional components of X do not meet.

Definition 2.3. [BFMV, Def. 3.5] Let X be a quasistable curve of genus
g ≥ 2. A line bundle L of degree d on X (or its multidegree) is said to be
properly balanced if

• for every subcurve Z of X the following (“Basic Inequality”) holds

(2.1) mZ(d) :=
dwZ
2g − 2

− kZ
2
≤ degZ L ≤

dwZ
2g − 2

+
kZ
2

:=MZ(d),

where wZ := degZ(ωX) and kZ := ♯(Z ∩X \ Z).
• degE L = 1 for every exceptional component E of X .

Remark 2.4. In order to check that a line bundle is properly balanced, it is
enough to check the basic inequality (2.1) for all subcurves Z such that Z and
Zc are connected (see [BFMV, Rmk. 3.8]).

Let J acd,g be the category fibered in groupoids whose fiber over a scheme S
consists of the groupoid whose objects are families of quasistable curves C → S
endowed with a line bundle L of relative degree d, whose restriction to each
geometric fiber is properly balanced (we say that L is properly balanced), and
whose arrows are the obvious isomorphisms. The multiplicative group Gm
injects into the automorphism group of every object (C → S,L) ∈ J acd,g(S)
as multiplication by scalars on L. As in the smooth case, the rigidification
morphism νd : J acd,g → J d,g := J acd,g(Gm endows J acd,g with the structure

of a Gm-gerbe over J d,g.
There is a natural morphism of category fibered in groupoids Φ̃d : J acd,g →
Mg obtained by sending (C → S,L) ∈ J acd,g(S) into the stabilization Cst →
S ∈Mg(S) of the family of quasi-stable curves C → S. Clearly, the morphism

Φ̃d factors through a morphism Φd : J d,g →Mg.
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The following theorem summarizes the known properties of J acd,g and of J d,g,
proved in [Cap05] under the assumption that (d + g − 1, 2g − 2) = 1 and in
[Mel09] for arbitrary d, and of their moduli space Jd,g constructed in [Cap94].

Theorem 2.5 (Caporaso, Melo).

(1) J acd,g (resp. J d,g) is an irreducible and smooth quotient stack of
finite type over k and of dimension 4g − 4 (resp. 4g − 3). It contains
the stack J acd,g (resp. Jd,g) as a dense open substack.

(2) The morphism Φ̃d : J acd,g →Mg (resp. Φd : J d,g →Mg) is surjec-
tive and universally closed.

(3) There exists a projective irreducible normal variety Jd,g, endowed with

a surjective morphism φd : Jd,g → Mg, which is an adequate moduli
space in the sense of [Alp2] (and even a good moduli space in the sense
of [Alp1] if char(k) = 0) for J acd,g and J d,g.

Indeed, if (and only if) (d+1− g, 2g− 2) = 1 then J d,g is a Deligne-Mumford

stack, the morphism Φd is proper and Jd,g is a coarse moduli space for J d,g.
For later use, we record the morphisms introduced in this subsection into the
following commutative diagram:

(2.2) J acd,g
Φ̃d

��

νd // J d,g

Φd{{wwwwwwww

Ψd // Jd,g

φd

��
Mg

// Mg

2.6. The Picard and the Chow groups of a stack
In this subsection, we are going to briefly recall the definition and the main
properties of the Picard group and of the Chow group of an algebraic stack
that we are going to use later. We refer to [Edi12] for a nice survey on the
subject.
Let X be an Artin stack of finite type over k. The definition of the (functorial)
Picard group of X was introduced by Mumford (see [Mum65, p. 64]).

Definition 2.7 (Mumford). A line bundle L on X is the data consisting of
a line bundle L(f) ∈ Pic(S) for every morphism f : S → X from a scheme

S and, for every composition of morphisms T
g→ S

f→ X , an isomorphism
L(f ◦ g) ∼= g∗L(f), with the obvious compatibility requirements.
The tensor product of two line bundles L andM on X is the new line bundle L⊗
M on X defined by (L⊗M)(f) := L(f)⊗M(f) together with the isomorphisms
(L⊗M)(f ◦ g) ∼= g∗(L⊗M)(f) induced by those of L and M .
The abelian group consisting of all the line bundles on X together with the
operation of tensor product is called the Picard group of X and is denoted by
Pic(X ).
If X is isomorphic to a quotient stack [X/G], where X is a scheme of finite type
over k and G is a group scheme of finite type over k, then Pic(X ) is isomorphic
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to the group PicG(X) of G-linearized line bundles on X in the sense of [GIT65,
I.3] (see e.g. [EG98, Prop. 18]).
The (operational) Chow groups of an Artin stack X were introduced by Edidin-
Graham in [EG98, Sec. 5.3] (see also [Edi12, Def. 3.5]), generalizing the
definition of the operational (or bivariant) Chow groups of a scheme (see [Ful98,
Chap. 17]).

Definition 2.8 (Edidin-Graham). An i-th Chow cohomology class c on X is
the data consisting of an element c(f) belonging to the i-th operational Chow
group Ai(S) for every morphism f : S → X from a scheme S and, for every

composition of morphisms T
g→ S

f→ X , an isomorphism c(f ◦ g) ∼= g∗c(f),
with the obvious compatibility requirements.
The sum of two i-th Chow cohomology classes c and d on X is the new i-th
Chow cohomology class c⊕d on X defined by (c⊕d)(f) := c(f)⊕d(f) together
with the isomorphisms (c⊕ d)(f ◦ g) ∼= g∗(c⊕ d)(f) induced by those of c and
d.
The abelian group consisting of all the i-th Chow cohomology classes on X
together with the operation of sum is called the i-th Chow group of X and is
denoted by Ai(X ).
If X is isomorphic to a quotient stack [X/G], where X is a scheme of finite
type over k and G is a group scheme of finite type over k, then Ai(X ) is
isomorphic to the i-th (operational) equivariant Chow group AiG(X) defined
by Edidin-Graham in [EG98, Sec. 2.6] (see [EG98, Prop. 19]).
The first Chern class gives an homomorphism

(2.3)
c1 : Pic(X ) −→ A1(X )

L 7→ c1(L)

where c1(L) ∈ A1(X ) is defined by setting c1(L)(f) := c1(L(f)) for every
morphism f : S → X from a scheme S.
In the sequel, we will use the following results concerning the Picard group of
a smooth quotient stack.

Fact 2.9 (Edidin-Graham). Let X be a smooth quotient stack, i.e. X = [X/G]
where X is a smooth variety and G is an algebraic group acting on X.

(i) The first Chern class map c1 : Pic(X )→ A1(X ) is an isomorphism.
In particular, every Weil divisor D on X is a Cartier divisor and hence
it gives rise to a line bundle OX (D) on X .

(ii) Given a Weil divisor D of X with irreducible components Di, there is an
exact sequence

⊕

i

Z · 〈OX (Di)〉 → Pic(X )→ Pic(X \ D)→ 0.

(iii) If Y is a closed substack of X of codimension greater than 1 then there is
an isomorphism

Pic(X ) ∼=→ Pic(X \ Y).
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Proof. Part (i) follows from [EG98, Cor. 1]. Part (ii) follows from [EG98, Prop.
5]. Part (iii) follows from [EG98, Lemma 2(a)]. �

By Theorems 2.5, all the properties stated in Fact 2.9 hold for the stacks we will
deal with, namely J acd,g, Jd,g, J acd,g and J d,g. Moreover, it is well-known

that the same properties hold true forMg andMg.
There are two standard methods to produce line bundles on a stack parametriz-
ing nodal curves with some extra-structure (as J acd,g), namely the determinant
of cohomology (introduced in [KM76]) and the Deligne pairing (introduced in
[Del87]). Let us review briefly the definition and main properties of these two
constructions, following the presentation given in [ACG11, Chap. 13, Sec. 4
and 5].
Let π : X → S be a family of nodal curves, i.e. a proper and flat morphism
whose geometric fibers are nodal curves. Given a coherent sheaf F on X flat
over S (e.g. a line bundle on X), the determinant of cohomology of F is a line
bundle dπ(F) ∈ Pic(S) defined as it follows: we choose a complex of locally free
sheaves f : K0 → K1 on S such that ker f = π∗(F) and coker f = R1π∗(F)
(this is always possible) and we set

dπ(F) := detK0 ⊗ (detK1)−1.

The determinant of cohomology is functorial, multiplicative for short exact
sequence and its first Chern class is equal to

(2.4) c1(dπ(F)) = c1(π!(F)) := c1(π∗(F))− c1(R1π∗(F)).
For more details, the reader is referred to [ACG11, Chap. 13, Sec. 4].
Given two line bundlesM and L on the total space of a family of nodal curves
π : X → S, the Deligne pairing ofM and L is a line bundle 〈M,L〉π ∈ Pic(S)
which can be defined as

(2.5) 〈M,L〉π := dπ(M⊗L)⊗ dπ(M)−1 ⊗ dπ(L)−1 ⊗ dπ(OX).

The Deligne pairing is functorial, symmetric and bilinear in each factor, and
its first Chern class satisfies

(2.6) c1(〈M,L〉π) = π∗(c1(M) · c1(L)).
For more details, the reader is referred to [ACG11, Chap. 13, Sec. 5].

Remark 2.10. Since the determinant of cohomology and the Deligne pairing
are functorial, we can extend their definition to the case when π : Y → X is a
representable, proper and flat morphism of Artin stacks whose geometric fibers
are nodal curves.

2.11. The Picard group ofMg

In this subsection, in order to fix the notation, we recall the description of the
Picard group Pic(Mg).

The universal family π :Mg,1 →Mg is a representable, proper and flat mor-
phism whose geometric fibers are nodal curves. Applying the determinant of
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cohomology to the relative dualizing sheaf ωπ (see 2.6), we define the Hodge
line bundle

(2.7) Λ := dπ(ωπ) ∈ Pic(Mg).

Using the functoriality of the determinant of cohomology, it is easily checked
that Λ associates to a family of stable curves {f : C → S} ∈ Mg(S) the line
bundle

Λ(f) = det f∗(ωC/S)⊗ det(R1f∗(ωC/S))
−1 =

g∧
f∗(ωC/S) ∈ Pic(S).

We will abuse the notation and denote also with Λ the restriction of Λ toMg

is also denoted by Λ.
Recall that the boundary Mg \ Mg decomposes as the union of irreducible
divisors δi for i = 0, . . . , [g/2] which are defined as follows: δ0 is the boundary
divisor of Mg whose generic point is an irreducible nodal curve of genus g

with one node while, for any 1 ≤ i ≤ [g/2], δi is the boundary divisor of Mg

whose generic point is a stable curve formed by two irreducible components
of genera i and g − i meeting in one point. We will denote by ∆i ⊂ Mg the

image of δi ⊂ Mg via the natural map Mg → Mg. We set δ :=
∑

i δi and

denote by O(δ) the associated line bundle on Mg (see Fact 2.9(i)). Similarly

for O(δi) ∈ Pic(Mg).

The Picard groups of Mg and of Mg are described by the following theorem
proved by Arbarello-Cornalba in [AC87, Thm. 1], based upon a result of Harer
[Har83].

Theorem 2.12 (Harer, Arbarello-Cornalba). Assume that g ≥ 3. Then

(i) Pic(Mg) is freely generated by Λ.

(ii) Pic(Mg) is freely generated by Λ,O(δ0), · · · ,O(δ[g/2]).
If g = 2, then Pic(Mg) (resp. Pic(Mg)) is still generated by Λ (resp. by
Λ,O(δ0),O(δ1)) but with the extra relation Λ10 = 0 (resp. Λ10⊗O(−δ0−2δ1) =
0), see respectively [Vis98] and [Cor07].

3. Boundary divisors of J acd,g
The aim of this Section is to describe the irreducible components of the bound-
ary divisor J acd,g and their relationship with the boundary divisors ofMg.

Consider the following divisors in the boundary of J acd,g:
(A) δ̃0 is the divisor whose generic point is a pair (C,L) where C is an irre-

ducible curve of genus g with one node and L is a degree d line bundle on
it.

(B) For 1 ≤ i ≤ g/2 and kd,g ∤ (2i− 1), δ̃i is the divisor whose generic point is
a pair (C,L), where C is formed by two smooth irreducible curves C1 and
C2 of genera respectively i and g − i meeting in one point, and L is a line
bundle of multidegree

(degC1
L, degC2

L) =

([
d
2i− 1

2g − 2
+

1

2

]
,

[
d
2(g − i)− 1

2g − 2
+

1

2

])
.

Documenta Mathematica 19 (2014) 457–507



Picard Group of the Compactified Universal Jacobian 473

(C) For 1 ≤ i < g/2 and kd,g | (2i − 1), δ̃1i (resp. δ̃2i ) is the divisor whose
generic point is a pair (C,L1) (resp. (C,L2)), where C consists of two
smooth irreducible curves C1 and C2 of genera respectively i and g − i
meeting in one point, and L1 and L2 are line bundles of multidegree

(degC1
L1, degC2

L1) =

(
d
2i− 1

2g − 2
− 1

2
, d

2(g − i)− 1

2g − 2
+

1

2

)
.

(degC1
L2, degC2

L2) =

(
d
2i− 1

2g − 2
+

1

2
, d

2(g − i)− 1

2g − 2
− 1

2

)
.

(D) If g is even and kd,g | (g−1) (i.e. d is odd), δ̃g/2 is the divisor whose generic
point is a pair (C,L), where C is formed by two smooth irreducible curves
C1 and C2 both of genera g/2 meeting in one point, and L is a line bundle
of multidegree

(degC1
L, degC2

L) =

(
d− 1

2
,
d+ 1

2

)
.

Note that in the above cases (C) and (D), the divisibility condition kd,g |
(2i−1) is equivalent to the condition thatMCi(d) and mCi(d) are integers (see
Definition 2.3). Moreover, the case (D) is different from the case (C) since in
the case (D) the two components C1 and C2 have the same genus and hence
it is not possible to distinguish “numerically” a line bundle of multidegree
(degC1

L, degC2
L) =

(
d−1
2 , d+1

2

)
from one of multidegree (degC1

L, degC2
L) =(

d+1
2 , d−1

2

)
.

3.1. Notation: Sometimes it is convenient to unify the notation for the cases
(A) and (B) and for the cases (C) and (D). For this reason, we always assume

that kd,g ∤ (2 · 0− 1) = −1 (even when kd,g = 1) and we set δ̃1g/2 = δ̃2g/2 = δ̃g/2
if g is even and kd,g | (g − 1) (i.e. if g is even and d is odd).

As usual, we denote by O(δ̃i) the line bundle on J acd,g associated to δi and

similarly for O(δ̃1i ) and O(δ̃2i ). Using the above Notation 3.1, we also set

(3.1) δ̃ :=
∑

kd,g∤(2i−1)

δ̃i +
∑

kd,g |(2i−1)

(δ̃1i + δ̃2i ),

and we denote by O(δ̃) ∈ Pic(J acd,g) its associated line bundle. Note that,

according to Notation 3.1, if g is even and d is odd then δ̃g/2 = δ̃1g/2 = δ̃2g/2

appears with coefficient two in δ̃.

Via the natural forgetful map Φ̃d : J acd,g →Mg, we can relate the boundary

divisors of J acd,g with those ofMg as follows.

Theorem 3.2.

(i) The boundary J acd,g\J acd,g of J acd,g consists of the irreducible divisors

{δ̃i : kd,g ∤ (2i− 1) or i = g/2} and {δ̃1i , δ̃2i : kd,g | (2i− 1) and i < g/2}.
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(ii) For any 0 ≤ i ≤ g/2, we have

Φ̃∗
dO(δi) =

{
O(δ̃i) if kd,g ∤ (2i− 1),

O(δ̃1i + δ̃2i ) if kd,g | (2i− 1).

In particular, Φ̃∗
dO(δ) = O(δ̃).

Proof. By construction we have that J acd,g \ J acd,g = Φ̃−1
d (Mg \ Mg) (see

2.1) and moreoverMg \Mg =
⋃
i δi (see 2.11). By the Definition 2.3, it is easy

to check that we have a set-theoretical equality

(3.2) Φ̃−1
d (δi) =

{
δ̃i if kd,g ∤ (2i− 1),

δ̃1i ∪ δ̃2i if kd,g | (2i− 1).

Finally, by looking at their definition, it is easy to see that the divisors δ̃i, δ̃
1
i , δ̃

2
i

are irreducible. This completes the proof of part (i).
Part (ii) is equivalent to proving that we have a scheme-theoretic equality in

(3.2). To achieve that, we need a local description of the morphism Φ̃d :

J acd,g →Mg at a general point (C,L) of δ̃i or of δ̃
1
i ∩ δ̃2i . Recall that locally

at (C,L), the morphism Φ̃d looks like

q : [Def(C,L) /Aut(C,L)]→ [DefCst /Aut(Cst)],

where DefCst(resp. Def(C,L)) is the miniversal deformation space of the sta-

bilization Cst of C (resp. of the pair (C,L)) and Aut(Cst) (resp. Aut(C,L))
is the automorphism group of Cst (resp. the automorphism group of the pair
(C,L)). Using the results on the local structure of J acd,g given in [BFV12,
Sec. 2.15], we can describe explicitly the above morphism q at a general point

of δ̃i or of δ̃
1
i ∩ δ̃2i in the boundary of J acd,g. To this aim, we need to distinguish

between the case kd,g ∤ (2i− 1) (cases (A) and (B)) and the case kd,g | (2i− 1)
(cases (C) and (D)).

Suppose first that kd,g ∤ (2i − 1). Consider a general point (C,L) of δ̃i.
Since C = Cst is a general element of δi, it is well-known that DefC =
Spf k[[x1, · · · , x3g−3]] and

(3.3) Aut(C) =

{
{1} if i 6= 1,

Z/2Z if i = 1,

where, in the second case, the unique non-trivial automorphism is the ellip-
tic involution on the elliptic tail of C. On the other hand, we have that
Def(C,L) = Spf k[[x1, · · · , x3g−3, t1, · · · , tg]] and Aut(C,L) = Gm acts trivially
on it (see [BFV12, Proof of Thm. 1.5, Cases (1) and (2)]), where the coordi-
nates xi’s correspond to the deformation of the curve C and the coordinates
tj ’s correspond to the deformation of the line bundle L. The morphism q is
given by the natural equivariant projection Def(C,L) ։ DefC . Moreover, we
can choose local coordinates x1, · · · , x3g−3 for DefC in such a way that the first
coordinate x1 corresponds to the smoothing of the unique node of C and, if
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i = 1, the action of the generator of Aut(C) = Z/2Z sends x1 into −x1 and
fixes the other coordinates. For such a choice of the coordinates, we have that

the equation of δi inside DefC is given by (x1 = 0) and the equation of δ̃i inside
Def(C,L) is given by (x1 = 0). Since q∗(x1) = (x1), we conclude in this case.
Suppose now that kd,g | (2i − 1) (hence that i > 0 by Notation 3.1). If

i < g/2 then a general point (C,L) of δ̃1i ∩ δ̃2i consists of the two general
curves C1 and C2 of genera respectively i and g − i joined by a rational curve

R ∼= P1. By convention, in the case i = g/2 and kd,g | (g − 1), we set δ̃1g/2 ∩
δ̃2g/2 to be the closure of the locus of curves consisting of two smooth curves

of genera g/2 joined by a rational curve R ∼= P1. The stabilization Cst is
obtaining by contracting the rational curve R to a node n and it will be a
general point of δi. As before, we have that DefCst = Spf k[[x1, · · · , x3g−3]],
where x1 can be chosen as the coordinate corresponding to the smoothing of
the node n, and Aut(Cst) is as in (3.3). On the other hand, by [BFV12,
Proof of Theorem 1.5, Case (3)], we have that Aut (C,L) = G2

m, Def(C,L) =
Spf k[[u1, v1, x2, · · · , x3g−3, t1, · · · , tg]] where u1 corresponds to the node C1∩R
and v1 corresponds to the node C2∩R. Moreover, the action of G2

m on Def(C,L)
is given by (λ, µ) · (u1, v1) = (λµ−1u1, λ

−1µv1) while it is the identity on the
other coordinates. The morphism q is induced by the equivariant morphism
Def(C,L) → DefCst that, at the level of rings, sends x1 into u1 · v1 and xi into
xi for i > 1. The equation of δi inside DefCst is given by (x1 = 0) while the

equations of δ̃1i and δ̃2i inside Def(C,L) are given by (u1 = 0) and (v1 = 0)

(note that in the special case i = g/2 and kd,g | (g − 1), the divisor δ̃g/2, even

though irreducible, has two branches locally at (C,L), which we call δ̃1g/2 and

δ̃2g/2, whose equations are (u1 = 0) and (v1 = 0)). Since q∗(x1) = (u1 · v1), we
conclude also in this case.

�

As a Corollary of the above Theorem 3.2, we can determine also the irreducible

components of the boundary of J d,g. We set δi := νd(δ̃i), δ
1

i = νd(δ̃
1
i ) and δ

2

i :=

νd(δ̃
2
i ) according to the above Cases (A)–(B), where as usual νd : J acd,g → J d,g

is the rigidification map.

Corollary 3.3.

(i) The boundary J d,g \Jd,g of J d,g consists of the irreducible divisors {δi :

kd,g ∤ (2i− 1) or i = g/2} and {δ1i , δ
2

i : kd,g | (2i− 1) and i < g/2}.
(ii) For any 0 ≤ i ≤ g/2, we have

{
ν∗d O(δi) = O(δ̃i) if kd,g ∤ (2i− 1),

ν∗d O(δ
j

i ) = O(δ̃ji ) if kd,g | (2i− 1) and j = 1, 2.

Proof. The Corollary follows straightforwardly from Theorem 3.2 and the fact
that νd : J acd,g → J d,g is a Gm-gerbe such that ν−1

d (Jd,g) = J acd,g. �
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4. Independence of the boundary divisors

The aim of this Section is to prove that the line bundles corresponding to the
irreducible components of the boundary of J acd,g are linearly independent in

Pic(J acd,g). More precisely, we will prove the following result.

Theorem 4.1. We have an exact sequence
(4.1)

0→
⊕

kd,g ∤ 2i−1

or i=g/2

〈O(δ̃i)〉
⊕

kd,g |2i−1

and i6=g/2

〈O(δ̃1i )〉 ⊕ 〈O(δ̃2i )〉 → Pic(J acd,g)→ Pic(J acd,g)→ 0,

where the right map is the natural restriction morphism and the left map is the
natural inclusion.

Using Theorem 3.2(i) and Fact 2.9(ii), we have that the exact sequence (4.1) is
exact except perhaps to the left. It remains to prove that the map on the left
is injective, or in other words that the line bundles associated to the boundary
divisors of J acd,g are linearly independent in Pic(J acd,g).
The strategy that we will use to prove this is the same as the one used by
Arbarello-Cornalba in [AC87]: we shall construct maps B → J acd,g from
irreducible smooth projective curves B (i.e. families of quasistable curves of
genus g parametrized by B, endowed with a properly balanced line bundle of
relative degree d) and compute the degree of the pullbacks of the boundary
divisors of Pic(J acd,g) to B. Actually, we will construct liftings of the families
Fh (for 1 ≤ h ≤ (g− 2)/2), F and F ′ used by Arbarello-Cornalba in [AC87, p.
156-159]. For that reason, we will be using their notations.
Note that, for every n ∈ Z, there are isomorphisms

(4.2)
φ̃nd : J acd,g

∼=−→ J acd+n(2g−2),g

(C → S,L) 7→ (C → S,L⊗ ω⊗n
C/S).

Clearly, φ̃nd is an isomorphism of Gm-stacks and therefore, by passing to the

Gm-rigidification, it induces an isomorphism φnd : J d,g
∼=→ J d+n(2g−2),g.

Since J acd,g ∼= J acd′,g if d ≡ d′ mod (2g−2) (see 4.2), throughout this section
we can make the following

Assumption 4.2. The degree d satisfies 0 ≤ d < 2g − 2.

The Family F̃
Start from a general pencil of conics in P2. Blowing up the four base points of
the pencil, we get a conic bundle φ : X → P1. The four exceptional divisors
E1, E2, E3, E4 ⊂ X of the blow-up of P2 are sections of φ through the smooth
locus of φ. Note that φ will have three singular fibers consisting of two incident
lines. Let C be a fixed irreducible, smooth and projective curve of genus g − 3
and p1, p2, p3, p4 four points of C. We construct a surface Y by setting

Y =
(
X
∐

(C × P1)
)
/(Ei ∼ {pi} × P1 : i = 1, · · · , 4).
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We get a family f : Y → P1 of stable curves of genus g: the general fiber of f
consists of C and a smooth conic Q meeting in 4 points (see Figure 1 below),
while the three special fibers consist of C and two lines R1 and R2 such that
|R1 ∩R2| = 1, |R1 ∩ C| = |R2 ∩ C| = 2 (see Figure 2 below).

C

Q

g − 3

Figure 1. The general fiber of f : Y → P1

R1 R2

C

Figure 2. The three special fibers of f : Y → P1

Choose a line bundle L of degree d on C, pull it back to C × P1 and call it
again L. Since L is trivial when restricted to {pi} × P1, we can glue it with
the trivial line bundle on X and, thus, we obtain a line bundle L on the family
Y → P1 of relative degree d.

Lemma 4.3. The line bundle L is properly balanced.

Proof. Since the property of being properly balanced is an open condition, it
is enough to check that L is properly balanced on the three special fibers of
f : Y → P1. According to Remark 2.4, it is enough to check the basic inequality
for the three subcurves R1∪R2, R1 and R2. The balancing condition for R1∪R2

∣∣∣∣degR1∪R2
(L) − d · 2

2g − 2

∣∣∣∣ ≤
4

2
,
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is true because degR1∪R2
(L) = 0 and 0 ≤ d < 2g − 2. The balancing condition

for each of the subcurves Ri (i = 1, 2) is
∣∣∣∣degRi(L)−

d · 1
2g − 2

∣∣∣∣ ≤
3

2
,

which is satisfied because degRi(L) = 0 and 0 ≤ d < 2g − 2. �

We call F̃ the family f : Y → P1 endowed with the line bundle L. Forgetting
the line bundle L, we are left with the family F of [AC87, p. 158]. We can
compute the degree of the pull-backs of the boundary classes in Pic(J acd,g) to
the curve F̃ :
(4.3)



degF̃ O(δ̃0) = −1,
degF̃ O(δ̃i) = 0 if 1 ≤ i and kd,g ∤ (2i− 1) or i = g/2,

degF̃ O(δ̃1i ) = degF̃ O(δ̃2i ) = 0 if 1 ≤ i < g/2 and kd,g | (2i− 1).

The first relation follows from the fact that degF̃ O(δ̃0) = degF O(δ0) (by using
the projection formula) and the relation degF O(δ0) = −1 proved in [AC87, p.

158]. The last two relations follow by the obvious fact that F̃ does not meet

the divisors δ̃i or δ̃
1
i and δ̃2i for i ≥ 1.

The Families F̃ ′
1 and F̃ ′

2

We start with the same family of conics φ : X → P1 that we considered in

the construction of the family F̃ . Let C be a fixed irreducible, smooth and
projective curve of genus g−3, E be a fixed irreducible, smooth and projective
elliptic curve and take points p1 ∈ E and p2, p3, p4 ∈ C. We construct a surface
Z by setting

Z =
(
X
∐

(C × P1)
∐

(E × P1)
)
/(Ei ∼ {pi} × P1 : i = 1, · · · , 4).

We get a family g : Z → P1 of stable curves of genus g: the general fiber of g
consists of C, E and a smooth conic Q intersecting as in Figure 3. The three
special fibers consist of C, E and two lines R1 and R2, intersecting as shown
in Figure 4.
We choose two line bundles of degree d and d− 3 on C, we pull them back to
C × P1 and call them, respectively, L1 and L2. Similarly, we choose two line
bundles of degree 0 and 1 on E, we pull them back to E × P1 and call them,
respectively, M1 andM2. We glue the line bundle L1 (resp. L2) on C×P1, the
line bundle M1 (resp. M2) on E×P1 and the line bundle OX (resp. ω−1

X/P1 , the

relative anti-canonical bundle of φ : X → P1) on X , obtaining a line bundle
M1 (resp. M2) on Z of relative degree d.

Lemma 4.4. The line bundle M1 is properly balanced if 0 ≤ d ≤ g − 1. The
line bundle M2 is properly balanced if g − 1 ≤ d < 2g − 2.

Proof. The proof is straightforward and similar to the one of Lemma 4.3: we
leave it to the reader.
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E

Q

C

Figure 3. The general fibers of g : Z → P1.

E
C

R1

R2

Figure 4. The three special fibers of g : Z → P1.

�

If 0 ≤ d ≤ g−1, we call F̃ ′
1 the family g : Z → P1 endowed with the line bundle

M1; if g − 1 ≤ d < 2g − 2, we call F̃ ′
2 the family g : Z → P1 endowed with

the line bundleM2. Both families F̃ ′
1 and F̃ ′

2, when defined, are liftings of the
family F ′ of [AC87, p. 158]. We can compute the degree of the pull-backs of

some of the boundary classes in Pic(J acd,g) to the curves F̃ ′
1 and F̃ ′

2, in the

ranges of degrees where they are defined (note that Φ̃−1
d (δ1) is the union of two
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irreducible divisors if and only if kd,g = 1, i.e. iff d = g − 1):
(4.4)



deg
F̃ ′

1
O(δ̃1) = deg

F̃ ′
2
O(δ̃1) = −1 if d 6= g − 1,

deg
F̃ ′

1
O(δ̃11) = deg

F̃ ′
2
O(δ̃21) = −1

and deg
F̃ ′

1
O(δ̃21) = deg

F̃ ′
2
O(δ̃11) = 0 if d = g − 1,

deg
F̃ ′

1
O(δ̃i) = deg

F̃ ′
2
O(δ̃i) = 0 if 1 < i and kd,g ∤ (2i− 1) or i = g/2,

deg
F̃ ′

1
O(δ̃ji ) = deg

F̃ ′
2
O(δ̃ji ) = 0 if 1 < i < g/2

and kd,g | (2i− 1), for j = 1, 2.

The first relation follow, by using the projection formula, from the relation
degF ′ O(δ1) = −1 proved in [AC87, p. 159]. The second relation is deduced in

a similar way using the projection formula and the (easily checked) fact that F̃ ′
1

does not meet δ̃21 and that F̃ ′
2 does not meet δ̃11 . The last two relations follow

from the fact that F̃ ′
1 and F̃ ′

2 do not meet the divisors δ̃i or δ̃
1
i and δ̃2i for i > 1.

The Families F̃h,1 and F̃h,2 (for 1 ≤ h ≤ g−2
2 )

Fix irreducible, smooth and projective curves C1, C2 and Γ of genera h, g−h−1
and 1, and points x1 ∈ C1, x2 ∈ C2 and γ ∈ Γ. Consider the surfaces Y1 =
C1 × Γ, Y3 = C2 × Γ and Y2 given by the blow-up of Γ × Γ at (γ, γ). Let us
denote by p2 : Y2 → Γ the map given by composing the blow-down Y2 → Γ×Γ
with the second projection, and by π1 : Y1 → Γ and π3 : Y3 → Γ the projections
along the second factor. As in [AC87, p. 156], we set (see also Figure 5):

A = {x1} × Γ,

B = {x2} × Γ,

E = exceptional divisor of the blow-up of Γ× Γ at (γ, γ),

∆ = proper transform of the diagonal in Y2,

S = proper transform of {γ} × Γ in Y2,

T = proper transform of Γ× {γ} in Y2.

We construct a surface X by identifying S with A and ∆ with B. The surface
X comes equipped with a projection f : X → Γ. The fibers over all the points
γ′ 6= γ are shown in Figure 6, while the fiber over the point γ is shown in Figure
7.
We will first construct several line bundles over the three surfaces Y1, Y2 and
Y3, and then we will glue them in a suitable way.
Consider the line bundles Mi (i = 1, · · · , 4) on Y2 given by

M1 := OY2 , M2 := OY2(∆), M3 := OY2(∆ + E), M4 := OY2(2∆ + E).
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A

❄ ❄

ΓΓ Γ

π1 π3C1
B

S

Γ ∆

T

E

C2

Figure 5. Constructing f : X → Γ.

C1
h

Γ
1

C2

g − h− 1

Figure 6. The general fiber of f : X → Γ.

E

C1 C2 Γ

Figure 7. The special fiber of f : X → Γ.

Using that degE O(E) = −1, we get that the restrictions of Mi to E and T
have degrees:

(degEMi, degT Mi) =





(0, 0) if i = 1,

(1, 0) if i = 2,

(0, 1) if i = 3,

(1, 1) if i = 4.
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Notice that the diagonal ∆ of Γ×Γ is such that OΓ×Γ(∆)|∆ = O∆ since Γ is an

elliptic curve. By applying the projection formula to the blow-up Y2 → Γ× Γ,
we get that OY2(∆)|∆ = O∆(−γ). Using this, we can easily compute the
restrictions of Mi to S and ∆ (which are canonically isomorphic to Γ):

(4.5) (Mi)|∆ =

{
OΓ if i = 1, 3

OΓ(−γ) if i = 2, 4
and (Mi)|S =

{
OΓ if i = 1, 2

OΓ(γ) if i = 3, 4.

Consider now the integers α1, α2 defined by:




α1 :=

⌊
d(2g − 2h− 3)

2g − 2

⌋
, α2 :=

⌈
d(2g − 2h− 3)

2g − 2

⌉
,

if
d(2g − 2h− 3)

2g − 2
≡ 1

2
mod Z

α1 = α2 := the unique integer which is closest to
d(2g − 2h− 3)

2g − 2
,

otherwise.

Take two line bundles on C2 of degrees α1 and α2, and call, respectively, L1

and L2 their pull-backs to Y3 = C2 × Γ. We may assume that L1 = L2 if
α1 = α2.
Analogously, consider the integers β1, β2 defined by:




β1 :=

⌊
d(2h− 1)

2g − 2

⌋
, β2 :=

⌈
d(2h− 1)

2g − 2

⌉
, if

d(2h− 1)

2g − 2
≡ 1

2
mod Z

β1 = β2 := the unique integer which is closest to
d(2h− 1)

2g − 2
, otherwise.

Consider two line bundles on C1 of degrees β1 and β2, and call, respectively,
N1 and N2 their pull-back to Y1 = C1 × Γ. We may assume that N1 = N2 if
β1 = β2.
We now want to define two (possibly equal) line bundles I1 and I2 on X , by
gluing in a suitable way some of the line bundles on Y1, Y2 and Y3, we have
just defined. We shall distinguish between several cases:

CASE A: d(2g−2h−3)
2g−2 6≡ 1

2 mod Z (i.e. α1 = α2). In this case, we have that

(4.6) α1 −
1

2
<
d(2g − 2h− 3)

2g − 2
< α1 +

1

2
and β1 −

1

2
<
d(2h− 1)

2g − 2
≤ β1 +

1

2
.

Subcase A1: 0 ≤ d ≤ g − 1. Using the inequalities (4.6), we get that

−1 ≤ −1 + d

g − 1
= −1 + d− d(2g − 2h− 3)

2g − 2
− d(2h− 1)

2g − 2
< d− α1 − β1 <

(4.7) < 1 + d− d(2g − 2h− 3)

2g − 2
− d(2h− 1)

2g − 2
= 1 +

d

g − 1
< 2.

If d− α1 − β1 = 0 then we define I1 = I2 to be equal to the line bundle on X
obtained by gluing N1, M1 and L1 = L2, which is possible since, by (4.5), we
have that (N1)|A = OΓ = (M1)|S and (L1)|B = OΓ = (M1)|∆.
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Otherwise, if d − α1 − β1 = 1, then we define I1 = I2 to be equal to the
line bundle on X obtained by gluing the sheaves N1, M2 and L1 ⊗ π∗

3OΓ(−γ),
which is possible since, by (4.5), we have that (N1)|A = OΓ = (M2)|S and
(L1 ⊗ π∗

3OΓ(−γ))|B = OΓ(−γ) = (M2)|∆.
Subcase A2: g − 1 < d < 2g − 2.
Arguing similarly to the above inequality (4.7), we get that d−α1 − β1 = 1, 2.
If d−α1 − β1 = 1, then we define I1 = I2 to be equal to the line bundle on X
obtained by gluing N1⊗π∗

1OΓ(γ), M3 and L1, which is possible since, by (4.5),
we have that (N1⊗π∗

1OΓ(γ))|A = OΓ(γ) = (M3)|S and (L1)|B = OΓ = (M3)|∆.
If d − α1 − β1 = 2, then we define I1 = I2 to be equal to the line bundle
on X obtained by gluing N1 ⊗ π∗

1OΓ(γ), M4 and L1 ⊗ π∗
3OΓ(−γ), which is

possible since, by (4.5), we have that (N1⊗π∗
1OΓ(γ))|A = OΓ(γ) = (M4)|S and

(L1 ⊗ π∗
3OΓ(−γ))|B = OΓ(−γ) = (M4)|∆.

CASE B: d(2g−2h−3)
2g−2 ≡ 1

2 mod Z (i.e. α1 = α2 − 1).

In this case, we have that α1 +
1
2
d(2g−2h−3)

2g−2 = α2 − 1
2 , β1 − 1

2 <
d(2g−2h−3)

2g−2 ≤
β1 +

1
2 , and that β2 − 1

2 ≤
(2h−1)
2g−2 < β2 +

1
2 . So, arguing similarly to the above

inequality (4.7), we get that

d− α1 − β2 =

{
1 if 0 ≤ d ≤ g − 1,

2 if g − 1 < d < 2g − 2.

If 0 ≤ d ≤ g − 1, we define I1 to be equal to the line bundle on X obtained
by gluing the sheaves N2, M2 and L1 ⊗ π∗

3OΓ(−γ), which is possible since,
by (4.5), we have that (N2)|A = OΓ = (M2)|S and (L1 ⊗ π∗

3OΓ(−γ))|B =
OΓ(−γ) = (M2)|∆.
If g−1 < d < 2g−2, we define I1 to be equal to the line bundle onX obtained by
gluing N2⊗π∗

1OΓ(γ), M4 and L1⊗π∗
3OΓ(−γ). which is possible since, by (4.5),

we have that (N2 ⊗ π∗
1OΓ(γ))|A = OΓ(γ) = (M4)|S and (L1 ⊗ π∗

3OΓ(−γ))|B =
OΓ(−γ) = (M4)|∆.
Similarly, we get that

d− α2 − β1 =

{
0 if 0 ≤ d < g − 1,

1 if g − 1 ≤ d < 2g − 2.

If 0 ≤ d < g − 1, we define I2 to be equal to the line bundle on X obtained
by gluing N1, M1 and L2, which is possible since, by (4.5), we have that
(N1)|A = OΓ = (M1)|S and (L1)|B = OΓ = (M1)|∆.
If g−1 ≤ d < 2g−2, we define I2 to be equal to the line bundle on X obtained
by gluing N1⊗ π∗

1OΓ(γ), M3 and L2, which is possible since, by (4.5), we have
that (N1 ⊗ π∗

1OΓ(γ))|A = OΓ(γ) = (M3)|S and (L2)|B = OΓ = (M3)|∆.

Lemma 4.5. The line bundles I1 and I2 on X are properly balanced of relative
degree d.

Proof. The proof is straightforward and similar to the one of Lemma 4.3: we
leave it to the reader.

�
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We call F̃h,1 the family f : X → Γ endowed with the line bundle I1 and F̃h,2

the family f : X → Γ endowed with the line bundle I2. Note that F̃h,1 = F̃h,2
if and only if we are in case A, which happens exactly when kd,g ∤ 2h + 1.

Both families F̃h,1 and F̃h,2 are liftings of the family Fh of [AC87, p. 156]. We
can compute the degrees of the pull-backs of some of the boundary classes in

Pic(J acd,g) to the curves F̃h,1 and F̃h,2:

(4.8)



deg
F̃h,1
O(δ̃h+1) = −1 if kd,g ∤ 2h+ 1 or h+ 1 = g/2,

deg
F̃h,1
O(δ̃1h+1) = deg

F̃h,2
O(δ̃2h+1) = −1 if kd,g | 2h+ 1 and h+ 1 6= g/2,

deg
F̃h,1
O(δ̃2h+1) = deg

F̃h,2
O(δ̃1h+1) = 0 if kd,g | 2h+ 1 and h+ 1 6= g/2,

deg
F̃h,1
O(δ̃i) = 0 if h+ 1 < i and kd,g ∤ (2i− 1) or i = g/2,

deg
F̃h,1
O(δ̃ji ) = deg

F̃h,2
O(δ̃ji ) = 0 if h+ 1 < i < g/2 and kd,g | (2i− 1),

for j = 1, 2.

The first relations follow, by using the projection formula, from the relation
degFh O(δh+1) = −1 proved in [AC87, p. 157]. The second and third rela-
tions are deduced in a similar way using the projection formula and the (easily

checked) fact that F̃h,1 does not meet δ̃2h+1 and F̃h,2 does not meet δ̃1h+1. The

last two relations follow from the fact that F̃h,1 and F̃h,2 do not meet the

divisors δ̃i or δ̃
1
i and δ̃2i for i > h+ 1.

With the help of the above families, we can finally conclude the proof of our
main theorem.

Proof of Theorem 4.1. As observed before, it is enough to prove that the line

bundles associated to the boundary divisors {δ̃i : kd,g ∤ 2i − 1 or i = g/2},
{δ̃1i , δ̃2i : kd,g | 2i − 1 and i 6= g/2} (for 0 ≤ i ≤ g/2) are linearly independent

on J acd,g. Suppose there is a linear relation

(4.9) O




∑

kd,g ∤ 2i−1

or i=g/2

aiδ̃i +
∑

kd,g |2i−1

and i6=g/2

(a1i δ̃
1
i + a2i δ̃

i
2)


 = O,

in the Picard group of J acd,g. We want to prove that all the above coefficients
ai, a

1
i and a2i are zero. Pulling back the above relation (4.9) to the curve

F̃ → J acd,g and using the formulas (4.3), we get that a0 = 0. Pulling back

(4.9) to the curves F̃ ′
1 → J acd,g and F̃ ′

2 → J acd,g (in the range of degrees in
which they are defined) and using the formulas (4.4), we get that a1 = 0 if
kd,g ∤ 1 (i.e. if d 6= g − 1) or that a11 = a21 = 0 if kd,g | 1 (i.e. if d = g − 1).

Finally, by pulling back the relation (4.9) to the families F̃h,1 → J acd,g and

F̃h,2 → J acd,g (for any 1 ≤ h ≤ (g − 2)/2) and using the formulas (4.8), we
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get that ah+1 = 0 if kd,g ∤ (2h + 1) or h + 1 = g/2 and a1h+1 = a2h+1 = 0 if
kd,g | (2h+ 1) and h+ 1 6= g/2, which concludes the proof. �

As a corollary of the above Theorem 4.1, we can prove that the boundary line
bundles of J d,g are linearly independent.

Corollary 4.6. We have an exact sequence
(4.10)

0→
⊕

kd,g ∤ 2i−1

or i=g/2

〈O(δi)〉
⊕

kd,g |2i−1

and i6=g/2

〈O(δ1i )〉⊕〈O(δ
2

i )〉 → Pic(J d,g)→ Pic(Jd,g)→ 0,

where the right map is the natural restriction morphism and the left map is the
natural inclusion.

Proof. As observed before, the only thing to prove is that the above se-
quence is exact on the left, or in other words that the boundary line bun-

dles {O(δ),O(δ1i ),O(δ
2

i )} are linearly independent in Pic(J d,g). This follows
from Theorem 4.1 using Corollary 3.3(ii) and the fact that the pull-back map
ν∗d : Pic(J d,g) → Pic(J acd,g) is injective, as observed in the introduction (see
diagram (1.1)).

�

5. Tautological line bundles

The aim of this section is to introduce some natural line bundles on J acd,g,
which we call tautological line bundles, and to determine the relations among
them.
Let π : J acd,g,1 → J acd,g be the universal family over J acd,g (see [Mel10] for a

modular description of J acd,g,1). The stack J acd,g,1 comes equipped with two
natural line bundles: the universal line bundle Ld and the relative dualizing
sheaf ωπ. Since π is a representable, flat and proper morphism whose geometric
fibers are nodal curves, we can apply the formalism of the determinant of
cohomology and of the Deligne pairing (see 2.6) to produce some natural line
bundles on J acd,g which we call tautological line bundles:

(5.1)

K1,0 := 〈ωπ, ωπ〉π ,
K0,1 := 〈ωπ,Ld〉π ,
K−1,2 := 〈Ld,Ld〉π,
Λ(n,m) = dπ(ω

n
π ⊗ Lmd ) for m,n ∈ Z.

By abuse of notation, we use the same notation for the restriction of a tau-
tological class to the open substack J acd,g. Using Facts 2.4 and 2.6, the first
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Chern classes of the above tautological line bundles are given by

(5.2)

κ1,0 := c1(K1,0) = π∗(c1(ωπ)
2),

κ0,1 := c1(K0,1) = π∗(c1(ωπ) · c1(Ld)),
κ−1,2 := c1(K−1,2) = π∗(c1(Ld)2),
λ(n,m) = c1(Λ(n,m)) = c1(π!(ω

n
π ⊗ Lmd )) for any n,m ∈ Z.

Note that, if k = C, the image of the classes κi,j via the natural map
A1(J acd,g) → H2(J acd,g,Z) → H2(Holdg ,Z) are, up to sign, the κi,j classes
that were considered by Erbert and Randal-Williams in [ERW12, Sec. 2.4].

The pull-back of the Hodge line bundle (2.7) ofMg via the natural map Φ̃d :

J acd,g →Mg is a tautological line bundle on J acd,g.

Lemma 5.1. We have that Φ̃∗
d(Λ) = Λ(1, 0).

Proof. Consider the diagram

(5.3) J acd,g,1
Φ̃d,1 //

π

��

Mg,1

π

��
J acd,g

Φ̃d //Mg

Recall from Section 2.1 that the map Φ̃d sends an element (C → S,L) ∈
J acd,g(S) into the stabilization Cst → S ∈ Mg(S). Now it is well-known that
for every quasi-stable (or more generally semistable) curve X with stabilization
morphism ψ : X → Xst, the pull-back via ψ induces an isomorphism ψ∗ :

H0(Xst, ωXst)
∼=→ H0(X,ωX). Therefore, the relative dualizing sheaves of the

families π and π are related by

(5.4) Φ̃∗
d,1(ωπ) = ωπ.

We conclude by using the functoriality of the determinant of cohomology. �

There are some relations between the tautological line bundles on J acd,g, as
shown in the following.

Theorem 5.2. The tautological line bundles on J acd,g satisfy the following

relations in the rational Picard group Pic(J acd,g)⊗Q:

(i) K1,0 = Λ(1, 0)12 ⊗O(−δ̃),
(ii) K0,1 = Λ(1, 1)⊗ Λ(0, 1)−1,
(iii) K−1,2 = Λ(0, 1)⊗ Λ(1, 1)⊗ Λ(1, 0)−2,

(iv) Λ(n,m) = Λ(1, 0)6n
2−6n−m2+1 ⊗ Λ(1, 1)mn+(

m
2 ) ⊗ Λ(0, 1)−mn+(

m+1
2 ) ⊗

O
(
−
(
n
2

)
· δ̃
)
.

Proof. Since the first Chern class map c1 : Pic(J acd,g) → A1(J acd,g) is an
isomorphism by Fact 2.9(i), it is enough to prove the above relations in the
rational Chow group A1(J acd,g)⊗Q.
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Following the same strategy as in the proof of Mumford’s relations among
the tautological classes ofMg (see [ACG11, Chap. 13, Sec. 7]), we apply the

Grothendieck-Riemann-Roch Theorem to the morphism π : J acd,g,1 → J acd,g:

(5.5) ch (π! (ω
n
π ⊗ Lmd )) = π∗

(
ch(ωnπ ⊗ Lmd ) · Td(Ωπ)−1

)
,

where ch denotes the Chern character, Td denotes the Todd class and Ωπ is
the sheaf of relative Kähler differentials.
Using (2.4), we can compute the degree one part of the left hand side of (5.5):

(5.6) ch (π! (ω
n
π ⊗ Lmd ))1 = c1 (π! (ω

n
π ⊗ Lmd )) = c1 (dπ (ω

n
π ⊗ Lmd )) = λ(n,m).

Let us now compute the degree one part of the right hand side of (5.5). Note
that, as proved in [ACG11, p. 383], we have that c1(Ωπ) = c1(ωπ) and that
c2(Ωπ) is the class of the nodal locus of the morphism π. In particular, we have
that

(5.7) π∗(c2(Ωπ)) = δ̃ ∈ A1(J acd,g),

where δ̃ is the total boundary divisor (3.1) of J acd,g. The first three terms of
the inverse of the Todd class of Ωπ are equal to
(5.8)

Td(Ωπ)
−1 = 1−

c1(Ωπ)

2
+
c21(Ωπ) + c2(Ωπ)

12
+. . . = 1−

c1(ωπ)

2
+
c1(ωπ)

2 + c2(Ωπ)

12
+. . .

Using the multiplicativity of the Chern character, we get

ch(ωnπ ⊗ Lmd )

(5.9)

=

(
1 + c1(ωπ) +

c1(ωπ)
2

2
+ . . .

)n
·
(
1 + c1(Ld) +

c1(Ld)2
2

+ . . .

)m

=

(
1 + nc1(ωπ) +

n2c1(ωπ)
2

2
+ . . .

)
·
(
1 +mc1(Ld) +

m2c1(Ld)2
2

+ . . .

)

= 1+ [nc1(ωπ) +mc1(Ld)]+

+

[
n2c1(ωπ)

2

2
+ nmc1(ωπ) · c1(Ld) +

m2c1(Ld)2
2

]
+ . . .

Combining (5.8) and (5.9) and using (5.2) together with (5.7), we can compute
the degree one part of the right hand side of (5.5)
[
π∗
(
ch(ωnπ ⊗ Lmd ) · Td(Ωπ)−1

)]
1
= π∗

([
ch(ωnπ ⊗ Lmd ) · Td(Ωπ)−1

]
2

)

=π∗

[
6n2 − 6n+ 1

12
c1(ωπ)

2 +
2nm−m

2
c1(ωπ) · c1(Ld) +

m2

2
c1(Ld)2 +

c2(Ωπ)

12

]

(5.10) =
6n2 − 6n+ 1

12
κ1,0 +

2nm−m
2

κ0,1 +
m2

2
κ−1,2 +

δ̃

12
.
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Putting together (5.6) and (5.10), we get the relation

(5.11) λ(n,m) =
6n2 − 6n+ 1

12
κ1,0 +

2nm−m
2

κ0,1 +
m2

2
κ−1,2 +

δ̃

12
.

Formula (5.11) for n = 1 and m = 0 gives that

(*) λ(1, 0) =
κ1,0
12

+
δ̃

12
,

which proves part (i). By substituting (*) into (5.11), we get

(5.12) λ(n,m) = (6n2 − 6n+ 1)λ(1, 0) +
2nm−m

2
κ0,1 +

m2

2
κ−1,2 −

(
n

2

)
δ̃.

Formula (5.12) for (n,m) = (0, 1) and (n,m) = (1, 1) gives that

(**)




λ(0, 1) = λ(1, 0)− κ0,1

2
+
κ−1,2

2
,

λ(1, 1) = λ(1, 0) +
κ0,1
2

+
κ−1,2

2
,

The system of equations (**) is equivalent to the system

(***)

{
κ0,1 = λ(1, 1)− λ(0, 1),
κ−1,2 = −2λ(1, 0) + λ(0, 1) + λ(1, 1),

which also proves parts (ii) and (iii). Substituting (***) into (5.12), we get the
following relation

(5.13) λ(n,m) = (6n2 − 6n+ 1−m2)λ(1, 0)+

+

[
−mn+

(
m+ 1

2

)]
λ(0, 1) +

[
mn+

(
m

2

)]
λ(1, 1)−

(
n

2

)
δ̃,

which proves part (iv). �

By a slight generalization of Lemma 5.1, it is easy to see that the relations in
Theorem 5.2(i) and in Theorem 5.2(iv) with m = 0 are the pull-back to J acd,g
of Mumford’s relations among the tautological classes of Mg (see [ACG11,
Chap. 13, Thm. (7.6)]).

Remark 5.3. The proof of Theorem 5.2 works a priori only in the rational
Picard group of J acd,g, since it uses the Grothedieck-Riemann-Roch theorem
which is valid only in the rational Chow group. However, since the Picard
group of J acd,g is torsion-free (as it follows from Theorem A(ii), to be proved
in §7), the relations in the above Theorem hold true a posteriori also in the
integral Picard group of J acd,g.

Motivated by Theorem 5.2, we can now define the tautological subgroup of the
Picard group of the stacks J acd,g and J acd,g.
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Definition 5.4. The tautological subgroup Pictaut(J acd,g) ⊆ Pic(J acd,g) is
the subgroup generated by the line bundles associated to the boundary divisors
of J acd,g (see Section 3) and by the tautological line bundles Λ(1, 0), Λ(0, 1)
and Λ(1, 1).
The image of Pictaut(J acd,g) ⊆ Pic(J acd,g) via the natural restriction

map Pic(J acd,g) → Pic(J acd,g) is defined to be Pictaut(J acd,g); hence,

Pictaut(J acd,g) ⊆ Pic(J acd,g) is the subgroup generated by the tautological
line bundles Λ(1, 0), Λ(0, 1) and Λ(1, 1).

6. Comparing the Picard groups of J acd,g and Jd,g
The aim of this Section is to study the pull-back map

ν∗d : Pic(Jd,g)→ Pic(J acd,g)
induced by the map νd : J acd,g → Jd,g (see Section 2.1). To this aim, consider
the Leray spectral sequence for the étale sheaf Gm with respect to the map νd:

Ep,q2 = Hp
ét(Jd,g, (Rqνd)∗Gm) =⇒ Hp+q

ét (J acd,g,Gm).

The first terms of the above spectral sequence give rise to the exact sequence

0→ H1
ét(Jd,g, (R0νd)∗Gm) −→ H1

ét(J acd,g,Gm) −→
−→H0

ét(Jd,g, (R1νd)∗Gm) −→ H2
ét(Jd,g, (R0νd)∗Gm).

Since νd is a Gm-gerbe, we have that (R0νd)∗Gm = Gm and (R1νd)∗Gm =
PicBGm, where PicBGm is canonically identified with the group (Gm)∗ ∼= Z
of characters of Gm. By plugging these isomorphisms into the above long exact
sequence, we get the exact sequence

(6.1) 0→ Pic(Jd,g)
ν∗
d−→ Pic(J acd,g) res−→ Z obs−→ Br(Jd,g),

where the above maps admits the following interpretation (which one can easily
check via standard cocycle computations): ν∗d is the pull-back map induced
by νd; res is the restriction to the fibers of νd (it coincides with the weight
map defined in [Hof07, Def. 4.1] and with the character appearing in the
decomposition in [Lie08, Prop. 3.1.1.4]) and obs (the obstruction map) sends
1 ∈ Z = (Gm)∗ into the class [νd] of the Gm-gerbe νd in the (cohomological)
Brauer group Br(Jd,g) := H2

ét(Jd,g,Gm) (see [Gir71, Chap. IV.3]).
Since ν∗d is injective, we can define a tautological subgroup of Pic(Jd,g) by inter-
secting Pic(Jd,g) (which we identify with its image via ν∗d) with the tautological

subgroup Pictaut(J acd,g), as follows.

Definition 6.1. The tautological subgroup of Pic(Jd,g) is defined as

Pictaut(Jd,g) := Pictaut(J acd,g) ∩ Pic(Jd,g) ⊆ Pic(J acd,g).

In order to compute generators for Pictaut(Jd,g), we need first to compute the

map res from (6.1) on the generators of Pictaut(J acd,g).
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Lemma 6.2. We have that



res(Λ(1, 0)) = 0,

res(Λ(0, 1)) = d− g + 1,

res(Λ(1, 1)) = d+ g − 1.

Proof. Using the functoriality of the determinant of cohomology, we get that
the fiber of Λ(1, 0) = dπ(ωπ) over a point (C,L) ∈ J acd,g is canonically isomor-

phic to detH0(C, ωC)⊗det−1H1(C, ωC). Since Gm acts trivially onH0(C, ωC)
and on H1(C, ωC), we get that res(Λ(1, 0)) = 0.
Similarly, the fiber of Λ(0, 1) over a point (C,L) ∈ J acd,g is canonically iso-

morphic to detH0(C,L) ⊗ det−1H1(C,L). Since Gm acts with weight one on
the vector spaces H0(C,L) and H1(C,L), Riemann-Roch gives that

res(Λ(0, 1)) = dimH0(C,L)− dimH1(C,L) = χ(C,L) = d+ 1− g.
Finally, the fiber of Λ(1, 1) over a point (C,L) ∈ J acd,g is canonically isomor-

phic to detH0(C,L ⊗ ωC)⊗ det−1H1(C,L⊗ ωC). Since Gm acts with weight
one on the vector spaces H0(C, ωC ⊗ L) and H1(C, ωC ⊗ L), Riemann-Roch
gives that

res(Λ(1, 1)) = dimH0(C, ωC ⊗ L)− dimH1(C, ωC ⊗ L) =
= χ(C, ωC ⊗ L) = d+ 2g − 2 + 1− g = d− 1 + g.

�

Combining the above Lemma 6.2 with Definition 5.4, we get the following

Corollary 6.3.

(i) The image of Pictaut(J acd,g) via the map res of (6.1) is the subgroup
generated by (d+ g − 1, d− g + 1) = (d+ g − 1, 2g − 2).

(ii) Pictaut(Jd,g) is generated by Λ(1, 0) and

(6.2) Ξ := Λ(0, 1)
d+g−1

(d+g−1,d−g+1) ⊗ Λ(1, 1)−
d−g+1

(d+g−1,d−g+1) .

Corollary 6.3(i) combined with the exact sequence (6.1) gives that the order
of [νd] in the Brauer group Br(Jd,g) divides (d + g − 1, 2g − 2). Indeed the
following is true:

Theorem 6.4. The order of [νd] in Br(Jd,g) is equal to (d+ 1− g, 2g − 2).

In order to prove the theorem, we will reinterpret the order of [νd] in terms of
the existence of a (generalized) Poincaré bundle.
Consider the universal family π : J acd,g,1 → J acd,g. The Gm-rigidification of
J acd,g,1, denoted by Jd,g,1 := J acd,g,1 ( Gm, has a natural map π̃ : Jd,g,1 →
Jd,g which is indeed the universal family over Jd,g. However, the universal
(or Poincaré) line bundle Ld on J acd,g,1 does not necessarily descend to a line
bundle on Jd,g,1. Instead, it turns out that there always exists on Jd,g,1 an
m-Poincaré line bundle as in the definition below.
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Definition 6.5. Let m ∈ Z. An m-Poincaré line bundle for Jd,g is a line
bundle L on Jd,g,1 such that the restriction of L to the fiber π̃−1(C,L) ∼= C
over a geometric point (C,L) of Jd,g is isomorphic to Lm.

The above definition generalizes the classical definition of Poincaré line bundle,
which corresponds to the case m = 1.

Proposition 6.6. The order of [νd] in the group Br(Jd,g) is equal to the small-
est number m ∈ N such that there exists an m-Poincaré line bundle for Jd,g.
Proof. In order to prove the statement, we need to introduce some auxiliary
stacks. Given m ∈ Z, consider the stack J acmd,g whose fiber J acmd,g(S) over a
scheme S consists of families C → S of smooth curves of genus g endowed with
a line bundle L of relative degree d and whose morphisms between two objects
(C′ → S′,L′) and (C → S,L) are given by a triple (g, φ, η) where

C′
φ //

��
�

C

��
S′ g // S

is a Cartesian diagram and η : L′m → φ∗(Lm) is an isomorphism of line bundles
on C′. Note that J ac1d,g ∼= J acd,g.
The multiplicative group Gm injects into the automorphism group of every ob-
ject (C → S,L) ∈ J acmd,g(S) as multiplication by scalars on L. The rigidifica-
tion J acmd,g(Gm is isomorphic to Jd,g and the natural map νmd : J acmd,g → Jd,g
is a Gm-gerbe. By construction, the class of [νmd ] in Br(Jd,g) is equal to
[νmd ] = m · [νd].
Consider the universal family πm : J acmd,g,1 → J acmd,g. The fiber of J acmd,g,1
over a scheme S consists of the triples (C → S, σ,L), where (C → S,L) ∈
J acd,g(S) and σ is a section of the morphism C → S. The morphisms between
two objects (C′ → S′, σ′,L′) ∈ J acmd,g,1(S′) and (C → S, σ,L) ∈ J acmd,g,1(S) are
given by the isomorphisms (g, φ, η) as above satisfying the relation σ◦g = φ◦σ′.
The Gm-rigidification of J acmd,g,1 is isomorphic to Jd,g,1 and therefore we get
a Cartesian diagram:

(6.3) J acmd,g,1 πm //

ν′m
d

��
�

J acmd,g
νmd

��
Jd,g,1 π̃ // Jd,g

On the stack J acmd,g,1 there is a universal line bundle Nm, defined as follows:
to every morphism from a scheme f : S → J acmd,g,1, which corresponds to
an object (C → S, σ,L) ∈ J acmd,g,1(S) as above, we associate the line bundle

Nm(f) := σ∗(Lm) ∈ Pic(S); to every morphism S′ g→ S
f→ J acmd,g,1, cor-

responding to the morphism (g, φ, η) between two objects (C → S, σ,L) and
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(C′ → S′, σ′,L′) as above, we associate the isomorphism

Nm(f ◦ g) = σ′∗(L′m)
σ′∗(η)−→ σ′∗φ∗(Lm) = g∗σ∗(Lm) = g∗Nm(f).

We have now the tools that we need to prove the result. Since [νmd ] = m[νd] ∈
Br(Jd,g), the period of [νd] is equal to the smallest m ∈ N such that the
Gm-gerbe νmd is trivial and this happens precisely when there exists a section
σmd : Jd,g → J acmd,g of νmd . Since the diagram (6.3) is Cartesian, the existence
of a section σmd of νmd is equivalent to the existence of a section σ′m

d of ν′md .
If such a section exists, then the pull-back (σ′m

d )∗Nm is an m-Poincaré line
bundle on Jd,g, by the above description of Nm. Conversely, the existence of
a Poincaré line bundle on Jd,g allows us to define a section σ′m

d of ν′md by the
above description of J acmd,g,1.

�

Proof of Theorem 6.4. Consider the group

Ad,g := {m ∈ Z : there exists an m-Poincaré line bundle L on J acd,g,1}
Proposition 6.6 gives that the positive generator of Ad,g is equal to the order
of [νd] in Br(Jd,g). On the other hand, the positive generator of Ad,g is equal
to (d + g − 1, 2g − 2) by [Kou93, Application at p. 514]. This concludes the
proof.

�

Remark 6.7. From Proposition 6.6 and Theorem 6.4, we recover the following
well-known result due to Mestrano-Ramanan ([MR85, Cor. 2.9]): there exists
a Poincaré line bundle on Jd,g,1 if and only if (d+ 1− g, 2g − 2) = 1.

Remark 6.8. It is possible to prove that the index of [νd] is equal to (d + g −
1, 2g − 2) (recall that the index of [νd] is the smallest m ∈ N such that [νd]
is represented by a projective bundle over Jd,g of relative dimension m − 1).
Since we will not need this result, we do not include a proof here.

We make the following

Conjecture 6.9. The cohomological Brauer group Br(Jd,g) of Jd,g is gener-
ated by the class [νd] of the Gm-gerbe νd : J acd,g → Jd,g.
Using the notation of Section 1.1, the above conjecture must be compared with
the result of Ebert and Randal-Williams who proved in [ERW12, Thm. B] that,

for g ≥ 6, H3(Picdg,Z) is cyclic of order (2g− 2, d+ g− 1) and generated by the

Dixmier-Douday class of the C∗-gerbe φdg : Holdg → Picdg . From the diagram
(1.7) and the coboundary map coming from the exponential sequence of locally

constant sheaves 0 → Z → C exp−→ C∗ → 0, we get a map cl : Br(Jd,g) →
H2(Picdg,C∗) → H3(Picdg,Z) which clearly sends the class of νd into the class

of φdg. A positive answer to Conjecture 6.9 together with Theorem 6.4 would
imply that the above map cl is an isomorphism for g ≥ 6.
From the above Theorem 6.4, we deduce the following
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Corollary 6.10.

(i) The image of Pic(J acd,g) via the map res of (6.1) is the subgroup gener-
ated by (d+ g − 1, 2g − 2).

(ii) The pull-back map ν∗d induces an isomorphism

ν∗d : Pic(Jd,g)/Pictaut(Jd,g)
∼=−→ Pic(J acd,g)/Pictaut(J acd,g).

Proof. Part (i) follows from the exact sequence (6.1) together with Theorem
6.4.
Part (ii): using Corollary 6.3(i) and part (i), we get the following commutative
diagram with exact rows:

0 // Pic(Jd,g)
ν∗
d // Pic(J acd,g)

res // Z · 〈(d+ g − 1, 2g − 2)〉 // 0

0 // Pictaut(Jd,g)
ν∗
d //?�

OO

Pictaut(J acd,g)
res //

?�

OO

Z · 〈(d+ g − 1, 2g − 2)〉 // 0

The conclusion follows from the snake lemma. �

7. The Picard group of Jd,g
In this subsection we will determine the Picard group of the stack Jd,g, using a
strategy similar to the one used by Kouvidakis [Kou91] to determine the Picard
group of J0

d,g, the open subset of Jd,g consisting of pairs (C,L) where C is a
smooth curve without non-trivial automorphisms.
Consider the representable morphism Φd : Jd,g →Mg. Clearly the fiber of Φd
over C ∈ Mg is the degree-d Jacobian Jd(C) of C. Since Φd has connected
fibers, the pull-back map Φ∗

d : Pic(Mg)→ Pic(Jd,g) is injective. The cokernel
of Φ∗

d is denoted by RPic(Jd,g) and is called classically the group of rationally
determined line bundles of the family Jd,g →Mg (see e. g. [Cil87]). Therefore,
we have the following exact sequence

(7.1) 0→ Pic(Mg)
Φ∗
d→ Pic(Jd,g)→RPic(Jd,g)→ 0.

Since the fiber of Φd over C ∈ Mg is the degree-d Jacobian Jd(C) of C, we
have a natural map

(7.2) ρC : Pic(Jd,g)→ Pic(Jd(C))→ NS(Jd(C)),

where the first map is the restriction to the fiber Φ−1
d (C) = Jd(C) and the

second map is the projection of the Picard group of Jd(C) onto the Néron-
Severi group of Jd(C), which parametrizes divisors on Jd(C) up to algebraic
equivalence. We will use additive notation for the group law on NS(Jd(C)).
Consider now the theta divisor Θ(C) ⊂ Jg−1(C) and denote by θC ∈
NS(Jg−1(C)) its algebraic equivalence class. By choosing an isomorphism

tM : Jd(C)
∼=→ Jg−1(C) given by sending L ∈ Jd(C) into L ⊗M ∈ Jg−1(C)

for some M ∈ Jg−1−d(C), we can pull-back θC to get a well-defined (i.e. inde-
pendent of the chosen isomorphism tM ) class in NS(Jd(C)) which, by a slight
abuse of notation, we will still denote by θC . Since, for a very general curve
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C ∈ Mg, NS(J
d(C)) is generated by θC (see e. g. [Kou91, Lemma 2]), it

follows that there is a morphism of groups

(7.3) χd : Pic(Jd,g) −→ Z

sending L ∈ Pic(Jd,g) to the integer m such that ρC(L) = mθC for every
C ∈ Mg (see also [Kou91, p. 840]). We will need the following two results of
Kouvidakis, describing the image and the kernel of the above map χd. Actually,
Kouvidakis proves these results in [Kou91] for the variety J0

d,g, but a close
inspection reveals that the same proof works for Jd,g.

Theorem 7.1 (Kouvidakis).

(i) kerχd = ImΦ∗
d.

(ii) Imχd ⊆
2g − 2

(2g − 2, d+ g − 1)
· Z ⊆ Z.

Part (i) follows from [Kou91, Thm. 3]; part (ii) follows from [Kou91, Formula
(*), p. 844]. Note that part (i) implies (and it is indeed equivalent to) that the
map χd factors as

(7.4) χd : Pic(Jd,g) ։ RPic(Jd,g) →֒ Z.

We now compute the image of the map χd on the tautological subgroup
Pictaut(Jd,g) of Pic(Jd,g) (see Definition 6.1).

Theorem 7.2. We have that

χd(Pic
taut(Jd,g)) =

2g − 2

(2g − 2, d+ g − 1)
· Z ⊆ Z.

Proof. According to Corollary 6.3(ii), Pictaut(Jd,g) is generated by the tau-
tological classes Λ(1, 0) and Ξ. Lemma 5.1 gives that Λ(1, 0) = Φ∗

d(Λ); hence
clearly χd(Λ(1, 0)) = 0 (this is the easy inclusion in Theorem 7.1(i)). Therefore,
the proof will follow if we show that

(7.5) χd(Ξ) =
2g − 2

(2g − 2, d+ g − 1)
,

or equivalently that

(7.6) ρC(Ξ) =
2g − 2

(2g − 2, d+ g − 1)
θC
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for any C ∈ Mg. In order to prove this, consider the following diagram
(7.7)

LC Ld

C × J acd(C)
p

vvmmmmmm id×νC

""DD
DD

DD
DD

DD
DD

DD
// J acd,g,1

π

xxrrrrrr

��9
99

99
99

99
99

9

J acd(C)

νC

!!CC
CC

CC
CC

CC
CC

C
�

// J acd,g
νd

��;
;;

;;
;;

;;
;;

;
�

C × Jd(C)
p2vvllllllll

// Jd,g,1
π̃yyrrr
rr

r

Jd(C)

��

// Jd,g
Φd��

C
� � //Mg

where the Cartesian square on the left is the fiber of the Cartesian square on the
right over the point C ∈ Mg and LC is the fiber of the universal line bundle Ld
over C ∈ Mg. In particular, the stack J acd(C) is the degree-d Jacobian stack
of C (i.e. the stack whose fiber over a scheme S is the groupoid of line bundles
on C×S of relative degree d over S) and LC is the universal (or Poincaré) line

bundle for J acd(C).
The map νC : J acd(C) → Jd(C) is a Gm-gerbe which is well-known to be

trivial, or in other words J acd(C) ∼= Jd(C) × BGm. Therefore, there exists

a section s of νC and we can define L̃C := (id×s)∗(LC). By construction, we

have that L̃|C×{M} = M for any M ∈ Jd(C). Any line bundle on C × Jd(C)
with this property is called a Poincaré line bundle for Jd(C). Indeed, any
Poincaré line bundle for Jd(C) is isomorphic to (id×s)∗(LC) for a uniquely
determined section s of νC . Moreover, two Poincaré line bundles for Jd(C)
differ by the tensor product with the pull-back of a line bundle on Jd(C). Note

that for any Poincaré line bundle L̃C = (id×s)∗(LC) for Jd(C), we have that

(id×νC)∗(L̃C) = (id×νC)∗((id×s)∗(LC)) = LC .
Recalling the definition of Ξ from Corollary 6.3(ii) and applying the functo-
riality of the determinant of cohomology to the above diagram (7.7), we get
that

(7.8) ρC(Ξ) =
d+ g − 1

(d+ g − 1, d− g + 1)
[dp2(L̃C)]−

− d− g + 1

(d+ g − 1, d− g + 1)
[dp2 (L̃C ⊗ p∗1(ωC))],

where p1 : C × Jd(C) denotes the projection onto the first factor and L̃C is
any Poincaré line bundle for Jd(C). Note that the fact that Ξ ∈ Pic(Jd,g)
guarantees that the right hand side of (7.8) is independent of the choice L̃C .
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In order to compute the right hand side of (7.8), we can choose a Poincaré line

bundle L̃C for Jd(C) that satisfies the following

Condition (*): [(L̃C)|p−1
1 (r)] = 0 ∈ NS(Jd(C)) for any r ∈ C.

Indeed, since L̃C can be seen as a family of line bundles on Jd(C) parametrized
by C, if condition (*) holds for a certain point r0 ∈ C then it holds for all points

r ∈ C. However, up to tensoring L̃C with the pull-back of a line bundle on

Jd(C), we can always assume that (L̃C)|p−1
1 (r0)

is the trivial line bundle on

Jd(C), q.e.d.

With the above condition on L̃C , we can prove the following two claims.

Claim 1: If L̃C satisfies condition (*) then

[dp2(L̃C ⊗ p∗1(M))] = [dp2(L̃C)] ∈ NS(Jd(C)) for any M ∈ J(C).
Indeed, write M = OC(−γ + δ) with γ =

∑
i airi and δ =

∑
j bjrj effective

divisors on C. From the exact sequences defining the structure sheaves of
p−1
1 (δ) ⊂ C × Jd(C) and p−1

1 (γ) ⊂ C × Jd(C), we get




0→ L̃C ⊗ p∗1OC(−γ)→ L̃C → (L̃C)|p−1
1 (γ) → 0,

0→ L̃C ⊗ p∗1OC(−γ)→ L̃C ⊗ p∗1(M)→ (L̃C)|p−1
1 (δ) → 0.

From the multiplicativity of the determinant of cohomology applied to the
above exact sequences, we get

dp2(L̃C ⊗ p∗1M)⊗ dp2(L̃C)−1 = dp2((L̃C)|p−1
1 (δ))⊗ dp2((L̃C)|p−1

1 (γ))
−1 =

=
⊗

j

(L̃C)bjp−1
1 (rj)

⊗

i

(L̃C)−aip−1
1 (ri)

.

Claim 1 follows now by condition (*).

Claim 2: If L̃C satisfies condition (*) then

[dp2(L̃C)] = θC ∈ NS(Jd(C)).
Indeed, choose a line bundle M ∈ Jd−g+1(C) and consider the Cartesian dia-
gram

(id×tM )∗(L̃C) L̃C

C × Jg−1(C)
id×tM //

p′2
��

C × Jd(C)
p2

��
Jg−1(C)

tM // Jd(C),

where tM is the map sending L ∈ Jg−1(C) into L⊗N ∈ Jd(C). The line bundle
L̃′C := (id×tM )∗(L̃C)⊗ p∗1(M)−1 is clearly a Poincaré line bundle for Jg−1(C)

and it satisfies condition (*) since L̃C satisfies condition (*) by assumption.
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Therefore, using the functoriality of the determinant of cohomology and Claim
1, we get the following equality in NS(Jg−1(C)):

(7.9) [t∗Mdp2(L̃C)] = [dp′2((id×tM )∗(L̃C))] = [dp′2(L̃
′
C ⊗ p∗1(M))] = [dp′2(L̃

′
C)].

Claim 2 now follows from the well-known fact that dp′2(L̃′C) ∈ Pic(Jg−1(C))

is the line bundle associated to the theta divisor Θ(C) ⊂ Jg−1(C) for any

Poincaré line bundle L̃′C for Jg−1(C).

Now choosing a Poincaré line bundle L̃C that satisfies condition (*), formula
(7.8) together with Claim 1 and Claim 2 gives that

ρC(Ξ) =
d+ g − 1

(d+ g − 1, d− g + 1)
θC −

d− g + 1

(d+ g − 1, d− g + 1)
θC =

=
2g − 2

(2g − 2, d+ g − 1)
θC ,

which proves (7.6). �

By combining the above results, we can now prove the main Theorems A and
B from the introduction.

Proof of Theorem B. Let us first prove Theorem B(i). By combining Theorem
7.1(ii) with Theorem 7.2, we get that χd(Pic(Jd,g)) = χd(Pic

taut(Jd,g)). By
Theorem 7.1(i), the kernel of χd is equal to Φ

∗
d(Pic(Mg)), which is generated by

Λ(1, 0) = Φ∗
d(Λ) by Theorem 2.12 and Lemma 5.1; hence ImΦ∗

d ⊂ Pictaut(Jd,g).
We deduce that

(7.10) Pictaut(Jd,g) = Pic(Jd,g).
Therefore, Pic(Jd,g) is generated by Λ(1, 0) and by Ξ by Corollary 6.3(ii).
Consider now the exact sequence (7.1). Combining the factorization of χd
provided by (7.4) with formula (7.5), we get that RPic(Jd,g) is free of rank
one. On the other hand, using Theorem 2.12 (since g ≥ 3 by assumption),
we know that Pic(Mg) is free of rank one. Therefore the exact sequence (7.1)
gives that Pic(Jd,g) is free of rank two, which concludes the proof of part (i).
Theorem B(ii) follows now from part (i) and Corollary 4.6. �

Proof of Theorem A. Let us first prove Theorem A(i). From (7.10) and Corol-
lary 6.10(ii), we deduce that

(7.11) Pictaut(J acd,g) = Pic(J acd,g).
Therefore, Pic(J acd,g) is generated by Λ(1, 0), Λ(0, 1) and Λ(1, 1) by Definition
5.4. Moreover, the exact sequence (6.1) together with Theorem B(i) implies
that Pic(J acd,g) is free of rank three. Part (i) is now proved.
Theorem A(ii) follows now from part (i) and Theorem 4.1.

�

We can now compare our computation of Pic(Jd,g) (see Theorem B(i)) with
the computation of Pic(J0

d,g) carried out by Kouvidakis in [Kou91].
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Remark 7.3. Assume that g ≥ 3. Then the natural map Ψd : Jd,g → Jd,g is an
isomorphism over the open subset J0

d,g ⊂ Jd,g parametrizing pairs (C,L) ∈ Jd,g
such that C does not have non-trivial automorphisms. In other words, the map
Ψd induces an isomorphism

Ψd : J 0
d,g := Ψ−1

d (J0
d,g)

∼=−→ J0
d,g.

Therefore, we get a natural homomorphism

(7.12) ψ : Pic(Jd,g)→ Pic(J 0
d,g)

∼=−−→
Ψ∗
d

Pic(J0
d,g),

where the first homomorphism is the natural restriction map.
If g ≥ 4, then the codimension of Jd,g \J 0

d,g inside Jd,g is at least two and hence

the map ψ is an isomorphism by Fact 2.9(iii). Hence Theorem B(i) recovers
[Kou91, Thm. 4]. However, this does not hold anymore if g = 3 since in this
case Jd,g \J 0

d,g is a divisor inside Jd,g, namely the pull-back of the hyperelliptic

(irreducible) divisor inM3, whose class in A1(Mg) is equal to 9λ (see [HM98,
Chap. 3, Sec. E]). Therefore, by Fact 2.9(ii), we get that Pic(J 0

d,g)
∼= Pic(J0

d,g)

is the quotient of Pic(Jd,g) by the relation Λ(1, 0)9 = 0.

7.1. Relation between Ξ and the universal theta divisor. There is a
close relationship between the line bundle Ξ ∈ Pic(Jd,g) ⊂ Pic(J acd,g) and the
universal theta divisor Θ ⊂ J acg−1,g, which is the closed substack parametriz-
ing pairs (C,L) ∈ J acg−1,g such that h0(C,L) > 0. Observe that Θ naturally

descends to a divisor on the rigidification Jg−1,g , which we denote by Θ and
we call the universal theta divisor on Jg−1,g. By construction, the restric-

tion of Θ to any fiber Φ−1
d (C) = Jg−1(C) is isomorphic to the theta divisor

Θ(C) ⊂ Jg−1(C).
Consider first the special case d = g−1. From the definition (6.2) of Ξ and using
the definition (5.1) of the tautological line bundles, we get that Ξ = Λ(0, 1) =
dπ(Lg−1), where Lg−1 is the universal line bundle on the universal family over
J acg−1,g. It is well know that dπ(Lg−1) is the line bundle associated to the
universal theta divisor, or in other words we have that

(7.13) Ξ = O(Θ) if d = g − 1.

For an arbitrary d, we consider the stack S1/kd,gg of kd,g-spin curves, where as
usual

kd,g =
2g − 2

(2g − 2, d+ 1− g) .

Recall that S1/kd,gg is the stack whose fiber over a scheme S consists of the
groupoid of families of smooth curves C → S of genus g, plus a line bundle η
on C of relative degree (d− g+1, 2g− 2) over S endowed with an isomorphism

η⊗kd,g ∼= ωC/S . The stack S1/kd,gg is a smooth Deligne-Mumford stack endowed

with a (forgetful) finite and étale map S1/kd,gg → Mg of degree (2g)kd,g . We
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have a diagram

(7.14) F

π

��

s̃

))RRRRRRRRRRRRRRR

p̃2

vvmmmmmmmmmmmmmmm

��

J acd,g,1

π2

��

J acg−1,g,1

π1

��

S1/kd,gg ×Mg J acd,g

p2
vvnnnnnnnnnnnn

s
((QQQQQQQQQQQQ

J acd,g J acg−1,g

where p2 is the projection onto the second factor and s sends the element

(C → S, η,L) ∈ S1/kd,gg ×Mg J acd,g(S) into (C → S,L⊗η−ed,g ) ∈ J acg−1,g(S),
where

ed,g :=
d− g + 1

(d− g + 1, 2g − 2)
.

The universal family F is endowed with a universal line bundle Ld of relative
degree d which is the pulled-back from J acd,g,1 and a universal spin line bundles

ηkd,g which is pulled-back from the universal family above S1/kd,gg . By the
definition of the morphism s, we get that

(7.15) s̃∗(Lg−1) = η
−ed,g
kd,g

⊗ Ld.

The relation between the line bundle Ξ ∈ Pic(J acd,g) and the universal theta
divisor Θ ⊂ J acg−1,g is provided by the following.

Lemma 7.4. We have that

p∗2(Ξ) = s∗O(kd,g ·Θ)⊗ 〈ηkd,g , ηkd,g 〉
− kd,g(kd,g+ed,g)ed,g

2
π .

Proof. By the definition (6.2) of Ξ and the standard properties of the determi-
nant of cohomology, we compute

(7.16) p∗2(Ξ) = dπ(Ld)
d+g−1

(2g−2,d+1−g) ⊗ dπ(ωπ ⊗ Ld)−
d−g+1

(2g−2,d+1−g) =

= dπ(Ld)kd,g+ed,g ⊗ dπ(ηkd,gkd,g
⊗ Ld)−ed,g .

Using (7.13) and (7.15) together with standard properties of the determinant
of cohomology, we get that

(7.17) s∗(O(kd,g ·Θ)) = s∗(dπ1(Lg−1)
kd,g ) = dπ(η

−ed,g
kd,g

⊗ Ld)kd,g .

In order to compare (7.16) and (7.17), we apply the Grothedieck-Riemann-Roch

theorem to the sheaf ηnkd,g ⊗ Lmd on the universal family π : F → S1/kd,gg ×Mg
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J acd,g. After some easy computations similar to the ones done in the proof of
Theorem 5.2 which we leave to the reader, we get that

(7.18) c1(dπ(η
n
kd,g ⊗ Lmd )) =

6n2 − 6kd,gn+ k2d,g
12

c1(〈ηkd,g , ηkd,g 〉π)+

+
2mn− kd,gm

2
c1(〈ηkd,g ,Ld〉π) +

m2

2
c1(〈Ld,Ld〉π).

Using the above formula (7.18), we can compute the difference between the
first Chern classes of the line bundles in (7.16) and in (7.17):

c1(p
∗
2(Ξ))− c1(s∗(O(kd,g ·Θ))) =

= (kd,g + ed,g)c1(dπ(Ld))− ed,gc1(dπ(ηkd,gkd,g
⊗ Ld))− kd,gc1(dπ(η−ed,gkd,g

⊗ Ld)) =

= −kd,g(kd,g + ed,g)ed,g
2

c1(〈ηkd,g , ηkd,g 〉π).

The result now follows since c1 : Pic(S1/kd,gg ×Mg J acd,g) → A1(S1/kd,gg ×Mg

J acd,g) is an isomorphism (see Fact 2.9(i)).
�

Remark 7.5. Using the computation of the Picard group of the moduli stacks
of spin curves by Jarvis [Jar01], it can be proved that the pull-back morphism

p∗2 : Pic(J acd,g) → Pic(S1/kd,gg ×Mg J acd,g) is injective. Therefore, Lemma
7.4 uniquely determines the line bundle Ξ. However, while the definition (6.2)
extends naturally to J acd,g, we do not know how to extend the formula of

Lemma 7.4 to J acd,g. The problem is that we do not know how to extend
the correspondence between J acd,g and J acg−1,g given in diagram (7.14) to a

correspondence between J acd,g and J acg−1,g.

7.2. Relation between J acd,g and the universal d-th symmetric
product. The referee pointed out to us an interesting connection between
the Picard groups of J acd,g and of the d-th symmetric product SymdMg,1 of
the universal curveMg,1 →Mg, when d > 2g − 2.

The fiber of the stack SymdMg,1 (for d ≥ 1) over a scheme S is the groupoid
whose objects are families of smooth curves C → S of genus g together with an
effective divisor D ⊂ C of relative degree d over S, and whose arrows are the
obvious isomorphisms. Consider the universal Abel-Jacobi morphism

(7.19)
Ãd : Sym

dMg,1 −→ J acd,g
(C → S,D) 7→ (C → S,OC(D)),

Documenta Mathematica 19 (2014) 457–507



Picard Group of the Compactified Universal Jacobian 501

and the induced commutative diagram

(7.20) SymdMg,1 ×MgMg,1

π̃

��
�

Âd // Jd,g,1
π

��
SymdMg,1

Ãd //

Ad
((PPPPPPPPPPPPP

J acd,g

νd
{{ww

ww
ww

ww
w

Jd,g
Φd

��
Mg

If d > 2g − 2 then Ad is a projective bundle of relative dimension d− g whose
class [Ad] in the Brauer group Br(Jd,g) is equal to the class [νd] of the Gm-gerbe
νd, as it follows easily from [MR85, Lemma 2.1]. Therefore, the exact sequence
(6.1) induced by the Gm-gerbe νd maps into the analogous exact sequence for
the projective bundle Ad:

(7.21) 0 // Pic(Jd,g)
ν∗
d // Pic(J acd,g) res //

Ã∗
d

��

Z

∼=
��

obs // Br(Jd,g)

0 // Pic(Jd,g)
A∗
d // Pic(SymdMg,1)

r̃es // Z
õbs // Br(Jd,g)

where the maps in the second exact sequence of the above diagram admit
the following interpretation (which one can easily check via standard cocycle
computations): A∗

d is the pull-back map induced by Ad; r̃es is the restriction

to the generic fiber of Ad and õbs (the obstruction map) sends 1 ∈ Z into
the class [Ad] of the projective bundle Ad in the (cohomological) Brauer group
Br(Jd,g) := H2

ét(Jd,g,Gm).

The above diagram (7.21) implies that the pullback map Ã∗
d is an isomorphism.

Moreover the pullback of the tautological line bundles on J acd,g can be ex-

pressed as tautological line bundles on SymdMg,1. Indeed, from the Cartesian
square at the top of diagram (7.21), we get that

(7.22) Â∗
d(ωπ) = ωπ̃ and Â∗

d(Ld) = O(Dd),
where ωπ̃ is the relative dualizing line bundle for π̃ and Dd is the univer-
sal degree-d divisor on SymdMg,1 ×Mg Mg,1. Using the functoriality of the
determinant of cohomology, we get

(7.23)

Ã∗
d(Λ(1, 0)) = dπ̃(ωπ̃) := Λ̃(1, 0),

Ã∗
d(Λ(0, 1)) = dπ̃(O(Dd)) := Λ̃(0, 1),

Ã∗
d(Λ(1, 1)) = dπ̃(ωπ̃(Dd)) := Λ̃(1, 1).
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Therefore, combining Theorem A(i), (7.21) and (7.23), we deduce the following

Corollary 7.6. Assume that g ≥ 3 and that d > 2g− 2. The Picard group of

SymdMg,1 is freely generated by Λ̃(1, 0), Λ̃(0, 1) and Λ̃(1, 1).

Remark 7.7. The referee pointed out to us that Corollary 7.6 could be
proved independently from Theorem A(i), using the computations contained
in [Kou94]. In turn, this can be used to give an alternative proof of Theorems
A(i) and B(i) (at least for d > 2g−2). However, this alternative approach does
not give a modular description of the generators of the Picard groups of J acd,g
and of J d,g, since it is not known how to extend the Abel-Jacobi morphism

over the boundary ofMg.

8. Relation with the moduli space Jd,g

The aim of this section is to relate the Picard group of the stack J d,g with

the divisor class group and the rational Picard group of its moduli space Jd,g,
computed by Fontanari in [Fon05, Thm. 5, Cor. 1], based upon the results of
Kouvidakis [Kou91].
Recall that, given a variety Y , the divisor class group Cl(Y ) is the group of
Weil divisors modulo rational equivalence. If Y is normal, denoting by Yreg the
open subset of regular points of Y , then we have that

(8.1) Pic(Y ) →֒ Cl(Y ) ∼= Cl(Yreg) ∼= Pic(Yreg).

Recall that Jd,g is a normal variety (see Theorem 2.5) and it is endowed with

a morphism φd : Jd,g → Mg into the coarse moduli space of stable curves of
genus g (see diagram (2.2)).

Theorem 8.1 (Fontanari). Set ∆̃i := φ−1
d (∆i) ⊂ Jd,g for i = 0, · · · , [g/2].

(i) The divisors ∆̃i are irreducible and we have an exact sequence

0→
[g/2]⊕

i=0

Z · ∆̃i → Cl(Jd,g)→ Cl(Jd,g)→ 0.

(ii) The natural inclusion Pic(Jd,g) →֒ Cl(Jd,g) is of finite index, i.e. every

Weil divisor on Jd,g is Q-Cartier.

We have therefore a commutative diagram with exact rows:

0 // ⊕[g/2]
i=0 Z · ∆̃i

//

αd��

Cl(Jd,g) //

Ψ∗
d

��

Cl(Jd,g) //

βd

��

0

0 //

⊕

kd,g ∤ 2i−1

or i=g/2

〈O(δi)〉
⊕

kd,g|2i−1

and i6=g/2

〈O(δ
1
i ),O(δ

2
i )〉 // Pic(J d,g) // Pic(Jd,g) // 0,

where the map Ψ∗
d is the pull-back map induced by Ψd : J d,g → Jd,g. We can

now prove Theorem C from the introduction.
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Proof of Theorem C. In order to prove part (i) of Theorem C, consider the
commutative diagram, obtained by pulling back divisors along the two fibra-
tions Jd,g →Mg and Jd,g →Mg:

Cl(Mg) Cl(Jd,g)

0 // Pic((Mg)reg) //

γd

��

Pic((Jd,g)reg) //

βd

��

RPic((Jd,g)reg) //

βd
��

0

0 // Pic(Mg) // Pic(Jd,g) // RPic(Jd,g) // 0,

The map γd is well-known to be an isomorphism (see e. g. [AC87, Prop. 2]).
The map βd is an isomorphism since the group of rational determined line
bundles RPic of a fibration is birational on the base (see [Cil87, Lemma 1.3])
and the map Jd,g →Mg is representable. Since the rows of the above diagram
are exact, we conclude that βd is an isomorphism, q.e.d.
In order to prove part (ii) of Theorem C, we need a local description of the

morphism Ψd : J d,g → Jd,g at the general point of ∆̃i. This was carried on in

[BFV12, Proof of Thm. 1.5] for the morphism νd ◦Ψd : J acd,g → Jd,g, but it
is very easy to adapt the description in loc. cit. to the morphism Ψd (simply
by passing to the Gm-rigidification).
If kd,g ∤ (2i − 1) (which corresponds to the cases (1) and (2) of loc. cit.) then

the morphism Ψd is an isomorphism locally at the general point of ∆̃i (see

[BFV12, p. 25]). Therefore Ψ∗
d(∆̃i) = O(δi).

If kd,g | (2i − 1) (which corresponds to the case (3) of loc. cit.) then the
morphism Ψd looks like (after neglecting trivial coordinates)

X := [Spf k[[x, y]]⊗̂A/Gm]
p−→ X := Spf k[[x, y]]/Gm⊗̂A = Spf k[[xy]]⊗̂A,

where A = Spf k[[y1, · · · , y4g−4]], Gm acts via λ · (x, y) = (λx, λ−1y) and triv-

ially on A (see [BFV12, p. 26]). In this local description, the divisor ∆̃i

corresponds to the divisor (xy = 0) on X and the divisors δ̃1i and δ̃2i corre-
spond to the divisors (x = 0) and (y = 0) on X (note that in the particular

case i = g/2 and kd,g | (g−1), the divisor δ̃g/2, even though irreducible, locally

analytically splits into two components, which we can call δ̃1g/2 and δ̃2g/2, so

that the above description remains valid also in this case). From the explicit
form of the map p, it is clear that p∗(xy = 0) = (x = 0) + (y = 0), from which
we deduce that

Ψ∗
d(∆̃i) =

{
O(δ1i + δ

2

i ) if i < g/2,

O(2δg/2) if i = g/2.

Part (ii) is now proved.
�
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Introduction

In this paper we give a general approach to relative moduli spaces of modules over Lie

algebroids. As a special case one recovers Simpson’s “non-abelian Hodge filtration”

moduli space (see [Si4] and [Si5]). This allows to consider Higgs sheaves and sheaves

with integrable connections at the same time as objects corresponding to different

fibers of the relative moduli space of modules over a deformation of a Lie algebroid

over an affine line.

A large part of the paper is devoted to generalizing various facts concerning vector

bundles with connections to modules over Lie algebroids. In particular, we introduce

restricted Lie algebroids, which generalize Ekedahl’s 1-foliations [Ek]. In positive

characteristic we define a p-curvature for modules over restricted Lie algebroids. This

leads to a deformation of the morphism given by p-curvature on the moduli space of

1Author’s work was partially supported by Polish National Science Centre (NCN) contract number

2012/07/B/ST1/03343.
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modules to the Hitchin morphism corresponding to the trivial Lie algebroid structure.

In the special case of bundles with connections on curves this deformationwas already

studied by Y. Laszlo and Ch. Pauly [LP].

We prove Langton’s type theorem for the moduli spaces of modules over Lie alge-

broids. We compare it via Rees’ construction with Simpson’s inductive construction

of gr-semistable Griffiths transverse filtration (see [Si5]), concluding that the latter

must finish.

This leads to the main application of our results. Namely, we obtain a canonical

gr-semistable Griffiths transverse filtration on a module over a Lie algebroid. This im-

plies a recent conjecture of Lan-Sheng-Zuo that semistable systems of Hodge sheaves

on liftable varieties in positive characteristic are strongly semistable.

The rank 2 case of this conjecture was proven in [LSZ], the rank 3 case in [Li]. Re-

cently, independently of the author Lan, Sheng, Yang and Zuo [LSYZ] also proved the

Lan-Sheng-Zuo conjecture using a similar approach. However, they give a different

proof that Simpson’s inductive construction must finish. They also obtain a slightly

weaker result proving their conjecture only for an algebraic closure of a finite field.

The results of this paper are used in [La3] to prove Bogomolov’s type inequality for

Higgs sheaves on varieties liftable modulo p2.

0.1 Notation

If X is a scheme and E is a quasi-coherent OX -module then we set E∗ =
H omOX

(E,OX ) and V(E) = Spec(S•E).
Let S be a scheme of characteristic p (i.e., OS is an Fp-algebra). By F r

S : S→ S we

denote the r-th absolute Frobenius morphism of S which corresponds to the pr-th

power mapping on OS. If X is an S-scheme, we denote by X (1/S) the fiber product of

X and S over the (1-st) absolute Frobenius morphism of S. The absolute Frobenius

morphism of X induces the relative Frobenius morphism FX/S : X → X (1/S).

Let X be a projective scheme over some algebraically closed field k. Let OX(1) be
an ample line bundle on X . For any coherent sheaf E on X we define its Hilbert

polynomial by P(E)(n) = χ(X ,E(n)) for n ∈ Z. If d is the dimension of the support

of E then we can write

P(E)(n) =
r(E)nd

d!
+ lower order terms in n.

The (rational) number r = r(E) is called the generalized rank of E (note that if X is

not integral then the generalized rank of a sheaf depends on the polarization). The

quotient p(E) = P(E)
r(E) is called the normalized Hilbert polynomial of E .

In case X is a variety then for a torsion free sheaf E the generalized rank r(E) is a
product of the degree of X with respect to OX (1) and of the usual rank.
If X is normal and E is a rank r torsion free sheaf on X then we define the slope µ(E)
of E as the quotient of the degree of detE = (

∧rE)∗∗ with respect to OX(1) by the

rank r. In some cases we consider generalized slopes defined with respect to a fixed

1-cycle class, coming from a collection of nef divisors on X .
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Let us recall that E is slope semistable if for every subsheaf E ′ ⊂ E we have µ(E ′)≤
µ(E).

1 Moduli spaces of modules over sheaves of rings of differential
operators

In this section we recall some definitions and the theorem on existence of moduli

spaces of modules over sheaves of rings of differential operators. This combines the

results of Simpson [Si2] with the results of [La1] and [La2].

Let S be a locally noetherian scheme and let f : X → S be a scheme of finite type

over S. A sheaf of (associative and unital) OS-algebras A on X is a sheaf A on X of

(possibly non-commutative) rings of OX -bimodules such that the image of f−1OS→
A is contained in the center of A .

Let us recall after [Si2] that a sheaf of rings of differential operators on X over S is a

sheaf Λ of OS-algebras on X , with a filtration Λ0 ⊂ Λ1 ⊂ ... by subsheaves of abelian
subgroups satisfying the following properties:

1. Λ =
⋃∞

i=0 Λi and Λi ·Λ j ⊂ Λi+ j,

2. the image of OX → Λ is equal to Λ0,

3. the left and right OX -module structures on Gri(Λ) := Λi/Λi−1 coincide and the
OX -modules Gri(Λ) are coherent,

4. the sheaf of graded OX -algebras Gr(Λ) :=
⊕∞

i=0Gri(Λ) is generated in degree

1, i.e., the canonical graded morphism from the tensor OX -algebra T
•Gr1(Λ)

of Gr1(Λ) to Gr(Λ) is surjective.

Note that in positive characteristic, the sheaf of rings of crystalline differential opera-

tors (see [BMR] or Subsection 2.2) is a sheaf of rings of differential operators, but the

sheaf of rings of usual differential operators is not as it almost never is generated in

degree 1.

Assume that S is a scheme of finite type over a universally Japanese ring R. Let

f : X → S be a projective morphism of R-schemes of finite type with geometrically

connected fibers and let OX (1) be an f -very ample line bundle. Let Λ be a sheaf of

rings of differential operators on X over S.

A Λ-module is a sheaf of (left) Λ-modules on X which is quasi-coherent with respect

to the induced OX -module structure.

Let T → S be a morphism of R-schemes with T locally noetherian over S. Let us

set XT = X ×S T and let p be the projection of XT onto X . Then ΛT = OXT ⊗p−1OX

p−1Λ has a natural structure of a sheaf of rings of differential operators on XT over T .

Moreover, if E is a Λ-module on X then the pull back ET = p∗E has a natural structure

of a ΛT -module.

Note that if E is a Λ-module and E ′ ⊂ E is a quasi-coherent OX -submodule such that

Λ1 ·E ′⊂ E ′ then E ′ has a unique structure of Λ-module compatible with the Λ-module

structure on E (i.e., such that E ′ is a Λ-submodule of E).
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Let Y be a projective scheme over an algebraically closed field k (with fixed polar-

ization) and let ΛY be a sheaf of rings of differential operators on Y . Let E be a

ΛY -module which is coherent as an OY -module. E is called Gieseker (semi)stable

if it is of pure dimension as an OY -module (i.e., all its associated points have the

same dimension) and for any ΛY -submodule F ⊂ E we have inequality p(F)< p(E)
(p(F)≤ p(E), respectively) of normalized Hilbert polynomials.

EveryGieseker semistable ΛY -moduleE has a filtration 0=E0⊂E1⊂ ...⊂Em =E by

ΛY -submodules such that the associated graded ⊕m
i=0Ei/Ei−1 is a Gieseker polystable

ΛY -module (i.e., it is a direct sum of Gieseker stable ΛY -modules with the same nor-

malized Hilbert polynomial). Such a filtration is called a Jordan–Hölder filtration of

this ΛY -module.

Now let us go back to the relative situation, i.e., Λ on X over S (over R).

A family of Gieseker semistable Λ-modules on the fibres of pT : XT = X ×S T →
T is a ΛT -module E on XT which is T -flat (as an OXT -module) and such that for

every geometric point t of T the restriction of E to the fibre Xt is pure and Gieseker

semistable as a Λt -module.

We introduce an equivalence relation ∼ on such families by saying that E ∼ E ′ if and
only if there exists an invertible OT -module L such that E ′ ≃ E⊗ p∗TL.
Let us define the moduli functor

MΛ(X/S,P) : (Sch/S)o→ Sets

from the category of locally noetherian schemes over S to the category of sets by

MΛ(X/S,P)(T) =





∼ equivalence classes of families of Gieseker

semistable Λ-modules on the fibres of XT → T,

which have Hilbert polynomial P.




.

Then we have the following theorem summing up the results of Simpson and the

author (see [Si2, Theorem 4.7], [La1, Theorem 0.2] and [La2, Theorem 4.1]).

THEOREM 1.1. Let us fix a polynomial P. Then there exists a quasi-projective S-

scheme MΛ(X/S,P) of finite type over S and a natural transformation of functors

ϕ :MΛ(X/S,P)→ HomS(·,MΛ(X/S,P)),

which uniformly corepresents the functor MΛ(X/S,P).
For every geometric point s ∈ S the induced map ϕ(s) is a bijection. Moreover, there

is an open scheme MΛ,s(X/S,P)⊂MΛ(X/S,P) that universally corepresents the sub-
functor of families of geometrically Gieseker stable Λ-modules.

In general, for every locally noetherian S-scheme T we have a well defined morphism

MΛ(X/S,P)×S T → MΛT (XT/T,P) which is a bijection of sets if T is a geometric

point of S.

Let us recall that a scheme MΛ(X/S,P) uniformly corepresents MΛ(X/S,P) if for
every flat base change T → S the fiber product MΛ(X/S,P)×S T corepresents the

fiber product functor HomS(·,T )×HomS(·,S)M
Λ(X/S,P).
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2 Lie algebroids

2.1 Lie algebroids and de Rham complexes

Let f : X → S be a morphism of schemes. A sheaf of OS-Lie algebras on X is a pair

(L, [·, ·]L) consisting of a (left) OX -module L (which is an f−1OS-bimodule) with a

morphism of f−1OS-modules [·, ·]L : L⊗ f−1OS
L→ L, which is alternating and which

satisfies the Jacobi identity. A homomorphism of sheaves of OS-Lie algebras on X is

an OX -linear morphism L→ L′ which preserves the Lie bracket. As usual for x∈ L(U)
we define adx : L(U)→ L(U) by (adx)(y) = [x,y]L.

Let TOS
(L) =

⊕
n≥0

n︷ ︸︸ ︷
L⊗ f−1OS

...⊗ f−1OS
L be the tensor algebra of L over f−1OS (it is a

non-commutative f−1OS-algebra). Let us recall that the universal enveloping algebra

UOS
(L) of a Lie algebra sheaf (L, [·, ·]L) is defined as the quotient of TOS

(L) by the

two-sided ideal generated by x⊗ y− y⊗ x− [x,y]L for all local sections x,y ∈ L.

The most important example of a sheaf of OS-Lie algebras on X is the relative tangent

sheaf TX/S =DerOS
(OX ,OX )with a natural bracket given by [D1,D2] =D1D2−D2D1

for local OS-derivations D1, D2 of OX .

Definition 2.1. An OS-Lie algebroid on X is a triple (L, [·, ·]L,α) consisting of a

sheaf of OS-Lie algebras (L, [·, ·]L) on X and a homomorphism α : L→ TX/S, x→ αx,

of sheaves of OS-Lie algebras on X , which satisfies the following Leibniz rule

[x, f y]L = αx( f )y+ f [x,y]L

for all local sections f ∈OX and x,y∈ L (in the formulawe treatαx as anOS-derivation

of OX ). We say that L is smooth if it is coherent and locally free as an OX -module. L

is quasi-smooth if it is coherent and torsion free as an OX -module.

The map α in the above definition is usually called the anchor. A Lie algebroid is a

sheaf of Lie-Rinehart algebras (see [Ri]). It is also a special case of the more general

notion of a Lie algebra in a topos defined by Illusie (see [Il, Chapitre VIII, Definition

1.1.5]).

A homomorphism of OS-Lie algebroids L and L′ on X is a homomorphism L→ L′ of
sheaves of OS-Lie algebras on X which commutes with the anchors.

Note that an OS-Lie algebroid on X with the zero anchor map corresponds to a sheaf

of OX -Lie algebras.

Definition 2.2. A de Rham complex on X over S is a pair (
∧•M,d•M) consisting

of the exterior algebra
∧•M :=

∧•
OX

M of an OX -moduleM and an OS-anti-derivation

d•M :
∧•M → ∧•M of degree 1 (i.e., d•M(x∧ y) = (d•Mx)∧ y+ (−1) jx∧ d•My for all

local sections x ∈∧ jM and y ∈∧•M) such that (d•M)
2 = 0. We say that (

∧•M,d•M) is
smooth ifM is coherent and locally free.

A de Rham complex is a special case of a sheaf of graded-commutative differen-

tial graded algebras. A special case of a de Rham complex is the de Rham com-
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plex (Ω•
X/S,d

•
X/S), which is the unique de Rham complex extending the canoni-

cal OS-derivation dX/S : OX → ΩX/S (uniqueness follows because ΩX/S is gener-

ated by dX/SOX as a left OX -module). By the universal property of dX/S we have

DerOS
(OX ,M)≃HomOX

(ΩX/S,M) and hence for every de Rham complex (
∧•M,d•M)

we have a unique morphism of de Rham complexes (Ω•
X/S,d

•
X/S)→ (

∧•M,d•M). This
morphism induces a well defined map on the hypercohomology groups:

H i
DR(X/S) :=H•(Ω•X/S)→H•(

∧•
M).

To every OS-Lie algebroid (L, [·, ·]L,α) on X we can associate a de Rham complex

(
∧•M,d•M) on X over S forM= L∗. This is done by the following well known formula

generalizing the usual exterior differential:

(dMm)(l1, ..., lk+1) = ∑k+1
i=1 (−1)i+1αli(m(l1, ..., l̂i, ..., lk+1))

+ ∑1≤i< j≤k+1(−1)i+ jm([li, l j]L, l1, ..., l̂i, ..., l̂ j, ..., lk+1)

for m ∈ ∧kM and l1, ..., lk+1 ∈ L. This gives a functor from the category of Lie alge-

broids to the category of de Rham complexes.

On the other hand, to every de Rham complex (
∧•M,d•M) on X over S we can as-

sociate a Lie algebroid structure on L = M∗. The anchor L → TX/S = (ΩX/S)
∗ is

obtained as the transpose of the OX -homomorphism ΩX/S→M corresponding to the

OS-derivation dM : OX → M. The bracket on L can be read off the above formula

defining dM :M→ ∧2M. This provides a functor in the opposite direction: from the

category of de Rham complexes to the category of Lie algebroids. These functors are

quasi-inverse on subcategories of smooth objects.

If L is a smooth OS-Lie algebroid on X then the corresponding de Rham complex is

denoted by (Ω•L,d
•
L). In this case we set

H i
DR(L) :=Hi(Ω•L,d

•
L).

We have the following standard spectral sequence associated to the de Rham complex

of L:

E
i j
1 = H j(X/S,Ωi

L)⇒H
i+ j
DR (L).

2.2 Universal enveloping algebra of differential operators

Definition 2.3. A sheaf of OS-Poisson algebras on X is a pair (A ,{·, ·}) consist-
ing of a sheaf A of commutative, associative and unital OX -algebras with a Poisson

bracket {·, ·} such that (A ,{·, ·}) is a sheaf of OS-Lie algebras on X satisfying the

Leibniz rule

{x,y · z}= {x,y} · z+ y · {x,z}

for all x,y,z ∈A .
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Let Λ be a sheaf of rings of differential operators on X over S such that Λ0 = OX .

Let us assume that Λ is almost commutative, i.e., the associated graded Gr(Λ) is a
sheaf of commutative OX -algebras. Then Gr(Λ) has a natural structure of a sheaf of
OS-Poisson algebras on X with the Poisson bracket given by

{[x], [y]} :=
(
xy− yx mod Λi+ j−2

)
∈ Gri+ j−1(Λ),

where [x] ∈ Gri(Λ) is the class of x ∈ Λi and [y] ∈ Gr j(Λ) is the class of y ∈ Λ j. The

Poisson bracket induces an OS-Lie algebroid structure on Gr1(Λ). The Lie bracket on
Gr1(Λ) is equal to the Poisson bracket and the anchor map α : Gr1(Λ)→ TX/S is given

by sending [x] to the OS-derivation y→ {[x],y}, y ∈OX =Gr0(Λ).
On the other hand, if L is an OS-Lie algebroid on X then we can associate to L a

sheaf of rings of differential operators on X over S in the following way. We define an

OS-Lie algebra structure on L̃= OX ⊕L by setting

[ f + x,g+ y]L̃ = αx(g)−αy( f )+ [x,y]L

for all local sections f ,g ∈ OX and x,y ∈ L. Let UOS
(L̃) be the universal enveloping

algebra of L̃ and let ŨOS
(L̃) be the sheaf of subalgebras (without unit!) generated by

the image of the canonical map iL̃ : L̃→UOS
(L̃) (note that in general this map need not

be injective). We define ΛL as the quotient of ŨOS
(L̃) by the two-sided ideal generated

by all elements of the form iL̃( f )iL̃(x)− iL̃( f x) for all f ∈ OX and x ∈ L̃. Let ΛL, j be

the leftOX -submodule of ΛL generated by products of at most j elements of the image

of L in ΛL. This defines a filtration of ΛL equipping it with structure of sheaf of rings

of differential operators (since the canonical graded morphism S•Gr1(ΛL)→ Gr(ΛL)
is surjective, the constructed ΛL is almost commutative). We call ΛL the universal

enveloping algebra of differential operators associated to L.

By the Poincare-Birkhoff-Witt theorem, if the Lie algebroid L is smooth then L→
Gr1(ΛL) is an isomorphism and the canonical epimorphism S•L→ Gr(ΛL) is an iso-

morphism of sheaves of graded OX -algebras (see [Ri, Theorem 3.1]). This implies

that if L is quasi-smooth then the canonical map L→ ΛL is injective.

If L= TX/S and the anchor map is identity, then ΛL is denoted by DX/S and it is called

the sheaf of crystalline differential operators (see [BMR]). In [BO] the authors call

it the sheaf of PD differential operators. In the characteristic zero case the sheaf ΛL

and the correspondence between Lie algebroids and sheaves of rings of differential

operators was studied by Simpson in [Si2, Theorem 2.11] with subsequent corrections

by Tortella in [To, Theorem 4.4].

We can also consider twisted versions of sheaves of rings of differential operators

associated to a Lie algebroid (see [BB] and [To]).

Let Λ be an almost commutative sheaf of rings of differential operators on X over

S such that Λ0 = OX . Then Λ1 has an OS-Lie algebra structure on X given by the

usual Lie bracket [·, ·] coming from Λ and the anchor map given by sending x ∈ Λ1

to f → [x, f ]. Then Λ1→ Gr1(Λ) is a homomorphism of OS-Lie algebras with kernel

being the sheaf OX (with a trivial OS-Lie algebroid structure).

The following definition is motivated by [BB, Definition 2.1.3]:
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Definition 2.4. A generalizedOS-Picard Lie algebroid on X is anOS-Lie algebroid

L̃ equipped with a section 1L̃ of L̃ inducing an exact sequence of OS-Lie algebroids

0→OX → L̃→ L→ 0,

where OX is taken with the trivial OS-Lie algebroid structure.

To any generalized OS-Picard Lie algebroid L̃ we can associate an almost commuta-

tive sheaf of rings of differential operators Λ̃L̃ on X over S such that Λ̃L̃,0 = OX and

Λ̃L̃,1 = L̃. Λ̃L̃ is constructed as a quotient of the universal enveloping algebra of dif-

ferential operators ΛL̃ by the two-sided ideal generated by 1L̃− 1. As in [BB, Lemma

2.1.4], this defines a fully faithful functor from the category of generalized Picard

Lie algebroids to the category of almost commutative sheaves of rings of differential

operators.

The analogous construction can be also found in [To], where the author constructs Λ̃L̃

by gluing local pieces.

3 Modules over Lie algebroids

3.1 Modules with generalized connections

Let X be an S-scheme. Let M be a coherent OX -module with an OS-derivation dM :

OX → M. A dM-connection on a coherent OX -module E is an OS-linear morphism

∇ : E → E⊗OX
M satisfying the following Leibniz rule

∇( f e) = f∇(e)+ e⊗ dM( f )

for all local sections f ∈ OX and e ∈ E .

Note that notion of dM-connection depends on the choice of derivation dM and not

only the sheaf M. For example if M = ΩX/S then the standard derivation dX/S leads

to a sheaf with a usual connection whereas the zero derivation leads to a Higgs sheaf

(but without any integrability condition).

3.2 Generalized Higgs sheaves

Assume that (
∧•M,d•M) is a de Rham complex and let E be a coherent OX -module.

Then a dM-connection ∇ : E → E ⊗M can be extended to a morphism ∇i : E ⊗OX∧iM→ E⊗OX

∧i+1M by setting

∇i(e⊗ω) = e⊗ dMω +(−1)i∇(e)∧ω ,

where e ∈ E and ω ∈ ∧iM are local sections. As usually one can check that the

curvature K = ∇1 ◦∇ is OX -linear and ∇i+1 ◦∇i(e⊗ω) = K(e)∧ω . We say that

(E,∇) is integrable if the curvature K = 0. If (E,∇) is integrable then the sequence

0→ E
∇→E⊗M

∇1→E⊗
∧2

M→ ...
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becomes a complex. The hypercohomology groups of this complex are denoted by

H i
DR(X ,E) :=Hi(E⊗∧•M,∇).

Let
∧•M be the de Rham complex corresponding to the exterior OS-algebra of M

with zero anti-derivation dM. Then a coherent OX -module with an integrable dM-

connection θ : E → E⊗OX
M is called an M-Higgs sheaf. The corresponding homo-

morphism θ is OX -linear and it is called an M-Higgs field (or just a Higgs field). A

system of M-Hodge sheaves is anM-Higgs sheaf (E,θ )with decompositionE =
⊕

E j

such that θ : E j→ E j−1⊗M. ForM = ΩX/S we recover the usual notions of a Higgs

sheaf and a system of Hodge sheaves.

To be consistent with notation in the characteristic zero case, the hypercohomology

groups Hi(E⊗∧•M,θ ) of the complex associated to an M-Higgs sheaf are denoted

by H i
Dol(X ,E). The following lemma can be proven in the same way as [Si1, Lemma

2.5]:

LEMMA 3.1. Let X be a smooth d-dimensional projective variety over an al-

gebraically closed field k and let (E,θ ) be an M-Higgs sheaf. Then we have

χDol(X ,E) = rkE · χDol(X ,OX). Moreover, if E is locally free then we have a per-

fect pairing

H i
Dol(X ,E)⊗H2d−i

Dol (X ,E∗)→ k

induced by Serre’s duality.

3.3 Modules over Lie algebroids and coHiggs sheaves

Let L be anOS-Lie algebroid on X and let E be anOX -module. Let us recall that a (left)

ΛL-module structure on E is the same as an L-module structure, i.e., a homomorphism

∇ : L→ E ndOS
E of sheaves of OS-Lie algebras on X (in particular, ∇ is OX -linear)

satisfying Leibniz’s rule

∇(x)( f e) = αx( f )e+∇( f x)(e)

for all local sections f ∈ OX , x ∈ L and e ∈ E . One can also look at L-modules E as

modules E over the sheaf of OS-Lie algebras L̃= OX ⊕L on X defined in Subsection

2.2, which satisfy equality ( f y)e = f (ye) for all local sections f ∈ OX , y ∈ L′ and
e ∈ E .

Proof of the following easy lemma is left to the reader:

LEMMA 3.2. Let L be a smooth OS-Lie algebroid L and let (
∧•ΩL,d

•
ΩL
) be the as-

sociated de Rham complex. Then we have an equivalence of categories between the

category of L-modules and coherent OX -modules with integrable dΩL
-connection.

Let L be a coherent OX -module. Let us provide it with the trivial OS-Lie algebroid

structure, i.e., we take zero bracket and zero anchor map. In this case we say that L is

a trivial Lie algebroid. For a trivial Lie algebroid the corresponding sheaf of rings of

differential operators ΛL is equal to the (commutative) symmetric OX -algebra S
•(L).

In this case an L-coHiggs sheaf is a (left) ΛL-module, coherent as an OX -module. If L

is smooth then giving an L-coHiggs sheaf is equivalent to giving an ΩL-Higgs sheaf.
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If L is smooth then V(L)→ X is a vector bundle and we can take its projective com-

pletion π : Y = P(L⊕OX )→ X . The divisor at infinity D = Y −V(L) is canoni-

cally isomorphic to P(L). On Y we have the tautological relatively ample line bundle

OP(L⊕OX )(1). If OX (1) is an S-ample polarization on X then for sufficiently large n

the line bundle A = OP(L⊕OX )(1)⊗π∗(OX(n)) is also S-ample.

By definition any L-coHiggs sheaf gives rise to a coherentOV(L)-module. The follow-

ing lemma describes image of the corresponding functor (cf. [Si3, Lemma 6.8 and

Corollary 6.9]):

LEMMA 3.3. We have an equivalence of categories between L-coHiggs sheaves and

coherent sheaves on Y , whose support does not intersect D. Under this equivalence

pure sheaves correspond to pure sheaves of the same dimension and the notions of

(semi)-stability are the same when considered with respect to polarizations OX(1) on
X and A on Y .

This lemma suggests another construction of the moduli space ML
Dol(X/S,P) =

MΛL(X/S,P) of Gieseker semistable L-coHiggs sheaves (with fixed Hilbert poly-

nomial P) on X/S using construction of the moduli space M(Y/S,P) of Gieseker

semistable sheaves of pure dimension n = dim(X/S) on Y/S (with Hilbert polyno-

mial P). Namely, M(Y/S,P) is constructed as a GIT quotient R//G, where R is some

parameter space and G is a reductive group acting on R. Then ML
Dol(X/S,P) can be

constructed as the quotient R′//G, where R′ is the G-invariant subscheme of R corre-

sponding to subsheaves whose support does not intersect D.

3.4 Modules on varieties over fields

In this subsection we take as S the spectrum of an algebraically closed field k. We also

assume that X is normal and projective with fixed polarization OX (1).
We say that a sheaf with anM-connection (E,∇) is slope semistable if E is torsion free

as an OX -module and if for any OX -submodule E ′ ⊂ E such that ∇(E ′) ⊂ E ′⊗OX
M

we have

µ(E ′)≤ µ(E).

We say that (E,∇) is slope stable if we have stronger inequality µ(E ′) < µ(E) for
every proper OX -submodule E ′ ⊂ E preserved by ∇ and such that rkE ′ < rkE . In

much the same way we can introduce notions of slope (semi)stability for M-Higgs

sheaves and systems of M-Hodge sheaves. In each case to define (semi)stability we

use only subobjects in the corresponding category.

Let us fix a smooth k-Lie algebroid L on X . We have a natural action of Gm on ΩL-

Higgs sheaves given by sending (E,θ ) to (E, tθ ) for t ∈Gm. The following lemma is a

simple generalization of the well known fact in case of usual Higgs bundles (see, e.g.,

[Si1, Lemma 4.1]) but we include proof for completeness. The assertion in the positive

characteristic case is slightly different to that of [Si1, Lemma 4.1]. The difference

comes from the fact that for k= F̄p every t ∈ k∗ is a root of unity.

LEMMA 3.4. A rank r torsion free ΩL-Higgs sheaf (E,θ ) is a fixed point of the Gm-

action if and only if it has a structure of system of ΩL-Hodge sheaves.
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Proof. Taking reflexivization we can assume that E is reflexive. By assumption for

every t ∈Gm there exists an isomorphism of OX -modules f : E→ E (depending on t)

such that fθ = tθ f . On the subset U where E is locally free, the coefficients of the

characteristic polynomial of f define sections of OX . Since X is normal and projective

we have OX(U) = OX(X) = k, so they are constant. Hence we can decompose E into

eigensubsheaves E =
⊕

Eλ , where Eλ = ker( f − λ )r for λ ∈ k∗ (eigenvalue 0 does

not occur as f is an isomorphism). Since ( f − tλ )rθ = trθ ( f −λ )r, the Higgs field θ
maps Eλ to Etλ . If we take t such that t

j 6= 1 for j= 0, ...,r then for every eigenvalue λ
the elements λ , tλ , ..., trλ are pairwise distinct. So there exists j0 such that t j0λ is an

eigenvalue but t j0−1λ is not an eigenvalue. Then E i =
⊕

j0≤ j≤iEt jλ defines a system

of ΩL-Hodge sheaves which is a direct summand of (E,θ ). So we can complete the

proof by induction on the rank r of E .

COROLLARY 3.5. A system of ΩL-Hodge sheaves (E,θ ) is slope (or Gieseker)

semistable if and only if it is slope (respectively, Gieseker) semistable as an ΩL-Higgs

sheaf.

Proof. It is sufficient to prove that the maximal destabilizing ΩL-Higgs subsheaf of a

system of ΩL-Hodge sheaves (E,θ ) is a system of ΩL-Hodge sheaves. This follows

from the above lemma and the fact that the maximal destabilizing ΩL-Higgs subsheaf

is unique so it is preserved by the naturalGm-action.

3.5 Hitchin’s morphism for moduli spaces of L-coHiggs sheaves

Let G be a quasi-coherent OS-module. Consider the functor which to an S-scheme T

associates HomOT
(GT ,OT ). It is representable by the S-scheme V(G). In particular,

for π : T = V(G)→ S we get the tautological homomorphism

λG ∈HomOV(G) (π
∗G,OV(G)) =HomOS

(G,π∗OV(G)) = HomOS−alg(S
•G,S•G)

corresponding to the identity on S•G.
If G is a locally free sheaf of finite rank then V(G)→ S is a vector bundle with sheaf

of sections isomorphic to G∗.

The following lemma was explained to the author by C. Simpson:

LEMMA 3.6. Let f : X → S be a flat projective morphism of noetherian schemes and

let G be a locally free sheaf on X. Then the functor H0(X/S,G) which to an S-scheme
h : T → S associates H0(XT/T,GT ) is representable by an S-scheme.

Proof. Since certain twist of G∗ by a relatively very ample line bundle is relatively

globally generated, we can embed G as a subbundle into a direct sum K1 of relatively

very ample line bundles. Then we can again embed the quotient K1/G into K2 with

K2 a direct sum of relatively very ample bundles. Then for any S-scheme T we have

an exact sequence

0→ H0(X/S,G)(T )→H0(X/S,K1)(T )→ H0(X/S,K2)(T ).
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But we can assume that all the higher direct images of K1 vanish and then by

the Grauert’s theorem H0(X/S,K1) is representable by the bundle V( f∗K1) → S.

Similarly, H0(X/S,K1) is representable by the bundle V( f∗K2) → S. Therefore

H0(X/S,G) is represented by the kernel of the map between bundles. This is a vector

subscheme of V( f∗K1)→ S.

We will also need the following well-known lemma:

LEMMA 3.7. Let f : X → S be a flat family of irreducible d-dimensional schemes

satisfying Serre’s condition (S2). Let E be an S-flat coherent OX -module such that

E⊗k(s) is pure of dimension d for every point s ∈ S. Then there exists a relatively big
open subset j :U ⊂ X such that E∗∗→ j∗(E|U) is an isomorphism.

Consider a flat projective morphism f : X → S of noetherian schemes. Let L be a

smooth OS-Lie algebroid on X and let us recall that ΩL = L∗. Consider the functor

which to an S-scheme h : T → S associates

r⊕

i=1

H0(XT/T,S
iΩL,T ).

By Lemma 3.6 this functor is representable by an S-scheme VL(X/S,r)→ S.

Let us also assume that X/S is a family of d-dimensional varieties satisfying Serre’s

condition (S2). If T is an S-scheme then XT/T is also a flat family of d-dimensional

varieties satisfying Serre’s condition (S2).
Assume that L is a trivial OS-Lie algebroid and consider a family (E,θ : E → E ⊗
ΩL,T ) of L-coHiggs sheaves of pure dimension d = dim(X/S) on the fibres of XT → T .

Then there exists an open subset U ⊂ XT such that E is locally free on U and the

intersection ofU with any fiber of XT → T has a complement of codimension at least

2. Let us consider
∧iθ |U :

∧i(E|U)→
∧i(E|U ⊗OU

ΩL,T |U). We have a well defined

surjection
∧i(E|U ⊗OU

ΩL,T |U )→
∧iE|U ⊗OU

SiΩL,T |U , given by

(e1⊗λ1)∧ ...∧ (ei⊗λi)→ (e1∧ ...∧ ei)⊗ (λ1...λi),

where e1, ...,ei ∈ E and λ1, ...,λi ∈ΩL,T . So we get a morphism of sheaves

OU → E ndOX
(
∧i

E)|U ⊗OU
SiΩL,T |U

(−1)iTr⊗id−→ SiΩL,T |U

The corresponding section σi(θ |U) ∈ H0(U,SiΩL,T |U ) is just an evaluation of the i-

th elementary symmetric polynomial on θ |U . By Lemma 3.7 this section extends

uniquely to section σi(θ ) ∈ H0(XT/T,S
iΩL,T ). In this way we can define a T -point

σ(E,θ ) = (σ1(θ ), ...,σr(θ )) of VL(X/S,r).
Let P be a polynomial of degree d = dim(X/S) corresponding to (some) rank r torsion

free sheaves on the fibres of X → S. Consider the moduli space ML
Dol(X/S,P) of

Gieseker semistable L-coHiggs sheaves with Hilbert polynomial P. Then the above

construction defines a morphism of functors inducing the corresponding morphism
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of coarse moduli spaces HL : ML
Dol(X/S,P)→ VL(X/S,r). This morphism is called

Hitchin’s morphism.

There is also a stack theoretic version of Hitchin’s morphism. The moduli stack of

L-coHiggs sheaves is defined as a lax functor between 2-categories by

M L
Dol(X/S,P) : (Sch/S) → (groupoids)

T → M (T ),

where M (T ) is the category whose objects are T -flat families of pure d-dimensional

L-coHiggs sheaves with Hilbert polynomial P on the fibres of XT → T , and whose

morphisms are isomorphisms of coherent sheaves. Then M L
Dol(X/S,P) is an alge-

braic stack for the fppf topology on (Sch/S). As above we can construct Hitchin’s

morphism M L
Dol(X/S,P)→ VL(X/S,r). By abuse of notation, we also denote this

morphism by HL.

As in the usual Higgs bundle and characteristic zero case, one can construct the

total spectral scheme WL(X/S,r) ⊂ V(L)×S VL(X/S,r), which is finite and flat

over X ×S VL(X/S,r). This subscheme has the property that for any family (E,θ :

E → E ⊗ΩL,T ) of L-coHiggs sheaves of pure dimension d on the fibres of XT →
T , the corresponding coherent sheaf on V(LT ) is set-theoretically supported on

WL(X/S,r)×VL(X/S,r) T . This can be seen as follows. Let x be a geometric point of X

at which E is locally free. Then S•L⊗k(x) acts onV = E⊗k(x) via θ (x). Let us recall
that over an algebraically closed field any finitely dimensional vector space which is

irreducible with respect to a set of commuting linear maps has dimension 1. Therefore

V has a filtration 0=V0 ⊂V1 ⊂ ...⊂Vr =V with quotientsV i =Vi/Vi−1 of dimension

1 over k(x) and such that θ (x) acts on V i as multiplication by λi ∈ (L⊗ k(x))∗. It is
clear from our definition that τ ∈ L⊗ k(x) acts on V via θτ := θ (x)T (τ) in such a way
that in the characteristic polynomial

det(t · I−θτ) = tr+σ1(θτ )t
r−1+ ...+σr(θτ )

we have σi(θτ ) = (−1)i ∑1≤ j1<...< ji≤r λ j1 ...λ ji . This and the Cayley–Hamilton the-

orem show that the coherent sheaf on V(LT ) corresponding to (E,θ ) has a scheme-

theoretic support contained in WL(X/S,r)×VL(X/S,r) T and it coincides with it set-

theoretically.

Note that in the curve case there exists a different interpretation of Higgs bundles

using cameral covers. Such an approach allows to deal with general reductive groups

(see [DG] for the characteristic zero case). In positive characteristic the analogous

construction requires some restrictions on the characteristic of the base field.

The following theorem can be proven in a similar way as the usual characteristic zero

version [Si3, Theorem 6.11]. It also follows from Langton’s type Theorem 5.3.

THEOREM 3.8. Hitchin’s morphism HL :M
L
Dol(X/S,P)→VL(X/S,r) is proper.
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3.6 Deformation of a Lie algebroid over an affine line.

Let R be a commutative ring with unity. Let f : X → S be a morphism of R-schemes.

Let A1
R = Spec R[t] and let p1 : X×RA1

R→ X be the projection onto the first factor.

Let us consider an OS-Lie algebroid L on X and the morphism f × id : X ×RA1
R →

S×RA1
R of R-schemes. We can define an OS×RA1

R
-Lie algebroid LR on X ×RA1

R by

taking LR := p∗1L with Lie bracket given by [·, ·]LR := p∗1[·, ·]L⊗ t and the anchor map

given by αR := p∗1α⊗ t.

The universal enveloping algebra of differential operators ΛR
L := ΛLR associated to LR

can be constructed as a subsheaf of p∗1ΛL generated by sections of the form ∑t iλi,

where λi are local sections of ΛL,i.

If R = k is a field and s ∈ A1(k)−{0} then the restricted sheaf ΛR
L |X×{s} is naturally

isomorphic to ΛL. The sheaf ΛR
L|X×{0} is naturally isomorphic to the associated graded

sheaf of algebras GrΛL. This gives a deformation of ΛL to its associated graded sheaf

of algebras (or a quantization of the commutative algebra GrΛL).

Let T be an S-scheme and let us fix λ ∈ H0(T/R,OT ). Let E be a coherent OXT -

module and let pX and pT be the projections of X ×S T onto X and T , respectively.

Let (M,dM) be a coherent OX -module with an OS-derivation.

Then we set M̃ = p∗XM and dM̃ = p∗XdM · p∗Tλ . A dM̃-connection on E is called a

λ -dM-connection. This generalizes the usual notion of λ -connection.
For the constant section λ = 0 ∈ H0(T/R,OT ) an integrable λ -dM-connection is just
an M-Higgs field. Similarly, for λ = 1 ∈ H0(T/R,OT ) we recover the notion of a

dM-connection.

Assume that L is a smooth OS-Lie algebroid on X . Let us fix a morphism of R-

schemes T → S×RA1
R and let λ ∈ H0(T/R,OT ) be the section corresponding to the

composition of T → S×R A1
R with the canonical projection S×R A1

R → A1
R. Since

T ×S×RA1
R
X ×R A1

R = XT , an LR-module structure on a coherent OXT -module E is

equivalent to giving an integrable λ -dΩL
-connection.

4 Lie algebroids in positive characteristic

4.1 Sheaves of restricted Lie algebras

Let R be a commutative ring (with unity) of characteristic p and let L be a Lie R-

algebra. We define the universal Lie polynomials s j by the formula

s j(x1,x2) =−
1

j
∑
σ

adxσ(1)...adxσ(p−1)(x2)

in which we sum over all σ : {1, ..., p− 1}→ {1,2} taking j times value 1.

Let A be an associative R-algebra. For x ∈ A we define ad(x) : A→ A by the formula

(ad(x))(y) = xy− yx for y ∈ A. Then we have the following well known Jacobson’s

formulas:

ad(xp) = ad(x)p
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(x+ y)p = xp+ yp+ ∑
0< j<p

s j(x,y).

Let X be a scheme over a scheme S of characteristic p > 0. A sheaf of restricted OS-

Lie algebras on X is a sheaf of OS-Lie algebras (L, [·, ·]) on X equipped with a p-th

power operation L→ L, x→ x[p], which satisfies the following conditions:

1. ( f x)[p] = f px[p] for all local sections f ∈ OS and x ∈ L,

2. ad(x[p]) = (ad(x))p for x ∈ L,

3. (x+ y)[p] = x[p]+ y[p]+∑0< j<p s j(x,y) for all x,y ∈ L.

A homomorphism of sheaves of restricted OS-Lie algebras ϕ : L→ L′ on X is such a

homomorphismof sheaves ofOS-Lie algebras on X that ϕ(x[p]) = ϕ(x)[p] for all x∈ L.

Let A be a sheaf of associative OS-algebras on X . It has a natural structure of a

sheaf of restricted OS-Lie algebras on X with bracket [x,y] = xy− yx and p-th power

operation x[p] = xp for local sections x,y ∈A .

Now let L be a sheaf of restricted OS-Lie algebras on X . For any homomorphism

ϕ : L → A of sheaves of OS-Lie algebras on X we can define ψ : L → A by

ψ(x) = (ϕ(x))p−ϕ(x[p]) for x ∈ L. The map ψ measures how far is ϕ from being a

homomorphism of sheaves of restricted OS-Lie algebras on X .

LEMMA 4.1. The map ψ : L→A is additive and its image commutes with the image

of ϕ . In particular, [ψ(L),ψ(L)] = 0.

Proof. Let us take sections x,y∈ L(U) for some open subsetU ⊂ X . From Jacobson’s

formula in A we have

(ϕ(x+ y))p = ϕ(x)p+ϕ(y)p+ ∑
0< j<p

s j(ϕ(x),ϕ(y))

On the other hand, from definition of a sheaf of restricted Lie algebras we have

ϕ((x+ y)[p]) = ϕ(x[p])+ϕ(y[p])+ ∑
0< j<p

s j(ϕ(x),ϕ(y)),

so subtracting these equalities we get additivity of ψ .

Now we need to prove that [ψ(x),ϕ(y)] = 0. But we have

[ϕ(x)p,ϕ(y)] = ad(ϕ(x)p)(ϕ(y)) = (adϕ(x))p(ϕ(y))

and

[ϕ(x[p]),ϕ(y)] = ϕ([x[p],y]) = ϕ(ad(x[p])(y)) = ϕ(ad(x)p(y)) = (adϕ(x))p(ϕ(y)),

so subtracting yields the required equality.
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The restricted universal enveloping algebra U
[p]

OS
(L) of a sheaf of restricted OS-Lie

algebras L on X is the quotient of the universal enveloping algebra UOS
(L) by the

two-sided ideal generated by all elements of the form xp−x[p] for local sections x ∈ L.
If S = X and L is locally free as an OX -module then L is contained in U

[p]
OX

(L). More-

over, if x1, ...,xr are local generators of L as anOX -module then x
i1
1 ...x

ir
r with 0≤ i j < p

for all j, form a local basis of U
[p]

OX
(L) as an OX -module. In particular, U

[p]
OX

(L) is lo-

cally free of rank prkL. In this case for any sheaf A of associative algebras on X and

any homomorphism ϕ : L→A of sheaves of Lie algebras on X , the map ψ : L→A
is F∗X -linear, i.e., ψ( f x) = f pψ(x) for all f ∈ OX and x ∈ L (this follows from the

first condition in the definition of a sheaf of restricted Lie algebras). So by adjunction

ψ induces an OX -linear map F∗XL→ A that by abuse of notation is also denoted by

ψ . Then the restricted universal enveloping algebra U
[p]

OX
(L) has the following uni-

versal property. For any sheaf A of associative OX -algebras and any homomorphism

ϕ : L→A of sheaves of OX -Lie algebras with ψ : L→A equal to zero, there exists a

unique homomorphism ϕ̃ : U
[p]

OX
(L)→A of sheaves of associative OX -algebras such

that ϕ : L→A is the composition of the natural map L→U
[p]

OX
(L) with ϕ̃ .

4.2 Restricted Lie algebroids

Note that the relative tangent sheaf TX/S has a natural structure of a sheaf of re-

stricted OS-Lie algebras on X in which the p-th power operation on OS-derivation

D : OX →OX is defined as the derivation acting on functions as the p-th power differ-

ential operator Dp. In fact, TX/S with the usual Lie bracket and this p-th power oper-

ation is a sheaf of restricted OS-Lie subalgebras of the associative algebra E ndOS
OX

taken with the natural structure of a sheaf of restricted OS-Lie algebras on X . This

motivates the following definition:

Definition 4.2. A restricted OS-Lie algebroid on X is a quadruple (L, [·, ·], ·[p],α)
consisting of a sheaf of restricted OS-Lie algebras (L, [·, ·], ·[p]) on X and a homo-

morphism of sheaves of restricted OS-Lie algebras α : L→ TX/S on X satisfying the

Leibniz rule and the following formula:

( f x)[p] = f px[p]+α
p−1
f x ( f )x

for all f ∈OX and x ∈ L.

As in the non-restricted case we can define a trivial restricted Lie algebroid as a trivial

Lie algebroid with the zero p-th power operation. TX/S with the usual Lie bracket and

p-th power operation will be called the standard restricted OS-Lie algebroid on X .

The last condition in the definition requires certain compatibility of the p-th power

operation on Lwith the anchor map andOX -module structure of L. It can be explained

by the fact that, as expected, a restricted OS-Lie algebroid on X with the zero anchor

map is a sheaf of restricted OX -Lie algebras. In fact, the formula in the definition

comes from the following Hochschild’s identity:
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LEMMA 4.3. (see [Ho, Lemma 1]) Let A be an associative Fp-algebra and R ⊂ A a

commutative subalgebra. If for an element x ∈ A we have (adx)(R) ⊂ R then for any

element r ∈ R we have

(rx)p = rpxp+(ad(rx))p−1(r)x.

A similar formula can be found as [Ka1, Proposition 5.3] (although with a sign error

as pointed out by A. Ogus in [Og]).

The following criterion allows us to check when a submodule of a restricted Lie alge-

broid is a restricted Lie subalgebroid. It generalizes well known Ekedahl’s criterion

allowing to check when a submodule of the tangent bundle defines a 1-foliation (see

[Ek, Lemma 4.2]).

LEMMA 4.4. 1. Let L′ be an OX -submodule of an OS-Lie algebroid L on X. Then

the Lie bracket on L induces an OX -linear map

∧2
L′→ L/L′

sending x∧y to the class of [x,y]. If this map is the zero map then L′ is an OS-Lie

subalgebroid of L.

2. If L′ is an OS-Lie subalgebroid of a restricted OS-Lie algebroid L then the p-th

power map induces an OX -linear morphism F∗XL
′ → L/L′. If this map is the

zero map then L′ is a restricted OS-Lie subalgebroid of L.

Proof. Let us take f ∈ OX and x,y ∈ L′. The first part follows from the equality

[x, f y] = f [x,y]+αx( f )y ≡ f [x,y] mod L′.

To prove the second part note that

(x+ y)[p] = x[p]+ y[p]+ ∑
0< j<p

s j(x,y)≡ x[p]+ y[p] mod L′,

since s j(x,y) ∈ L′, as the s j are Lie polynomials. Therefore F∗XL
′→ L/L′ is additive.

Hence to prove that it is OX -linear it is sufficient to note that

( f x)[p] = f px[p]+α p−1
f x ( f )x ≡ f px[p] mod L′.

Let us consider the following commutative diagram

V(L)(1/X)

&&MMMMMMMMMMM

= // V(F∗
X/SL

′)

π

��

F̃X/S
// V(L′) //

π ′

��

V(L)

��

X

FX

::

FX/S
// X ′ // X

in which L′ is the pull back of L via X ′→ X .

The following lemma is an analogue of [BMR, Lemma 1.3.2]:
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LEMMA 4.5. Let L be a restricted OS-Lie algebroid on X. Then the map ı : L→ ΛL

sending x ∈ L to ı(x) := xp− x[p] ∈ ΛL is F∗X -linear and its image is contained in the

center Z(ΛL) of ΛL. In particular, if L smooth then ı extends to an OX ′ -linear inclusion

S•L′ →֒ FX/S,∗Z(ΛL).

Proof. Lemma 4.3 proves that the p-th power operation satisfies α
x[p]

= (αx)
p and

( f x)[p]− f px[p] = ( f x)p− f pxp in ΛL for all f ∈ OX and x ∈ L. Hence ı is F∗X -linear.
Lemma 4.1 implies that its image is contained in Z(ΛL).
For any f ∈ OX and x ∈ L we have x f p− f px = αx( f

p) = 0 in ΛL, as αx is an OS-

derivation. Therefore OX ′ ⊂ FX/S,∗Z(ΛL) which together with the first part proves the
required assertion.

Note that the above lemma shows that ΛL contains a commutative subalgebra

S•(F∗
X/SL

′), so ΛL defines a quasi-coherent sheaf Λ̃L on V(F∗XL).

Let Λ
[p]
L be the quotient of ΛL by the two-sided ideal generated by ı(x) for x ∈ L. We

call it the restricted universal enveloping algebra of differential operators of L.

LEMMA 4.6. Let L be smooth of rank m. Then Λ̃L is a locally free OV(L)-module of

rank pm.

Proof. The canonical embedding j : L→ ΛL induces an embedding j̃ : L→ Λ
[p]
L . Let

us take an open subsetU ⊂ X such that L(U) is a free OX(U)-module with generators

x1, ...,xm. The kernel of ΛL(U)→ Λ
[p]
L (U) is generated by elements ı(x1), ..., ı(xm)

which are in the center of ΛL(U). But ı(xi) ≡ x
p
i modΛL,p−1, so by the Poincare-

Birkhoff-Witt theoremΛ
[p]
L has local generators j̃(x1)

i1 ... j̃(xm)
im for 0≤ il < p. Hence

j(x1)
i1 ... j(xm)

im for 0 ≤ il < p locally generate ΛL as an S•(F∗XL)-module and Λ̃L is

locally free of rank pm.

Lemma 4.5 shows that if L is smooth then ı induces an OX ′ -linear map L′→ FX/S,∗ΛL

and a homomorphism of sheaves of OX ′ -algebras

S•(L′)→ FX/S,∗(Z(ΛL))⊂ Λ′L := FX/S,∗ΛL.

In particular, it makes Λ′L into a quasi-coherent sheaf of S•(L′)-modules. This sheaf

defines on V(L′) a quasi-coherent sheaf of OV(L′)-algebras Λ̃′L. Note that by construc-
tion

π ′∗Λ̃
′
L = FX/S,∗ΛL = FX/S,∗π∗Λ̃L = π ′∗F̃X/S,∗Λ̃L,

so we have

Λ̃′L = F̃X/S,∗Λ̃L.

By an explicit computation as in Lemma 4.6 one can prove the following theorem:

THEOREM 4.7. Assume that X/S is smooth of relative dimension d and L is smooth

of rank m. Then Λ̃′L is a locally free OV(L′)-module of rank pm+d .
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By [BMR] in the special case when L = TX/S is the standard OS-Lie algebroid on X ,

the sheaf Λ̃′L is a sheaf of Azumaya OV(L′)-algebras. In this case we have a canonical

splitting

F̃∗X/SΛ̃′L ≃ E ndOV(F∗
X/S

L′)Λ̃L.

4.3 Relation with groupoid schemes

This subsection contains a quick tour on relation between Lie algebroids and groupoid

schemes of height ≤ 1. This is analogous to the well-known relation between re-

stricted Lie algebras and group schemes of height≤ 1.

Let us recall that a groupoid is a small category in which every morphism is an iso-

morphism. Let X and R be S-schemes. An S-groupoid scheme G is a quintuple of

S-maps s, t : R→ X (“source and target objects”), c : R×(s,t) R→ R (“composition”),

e : X→ R (“identity map”) and i : R→ R (“inverse map”) such that for every S-scheme

T the quintuple s(T ), t(T ), c(T ), e(T ) and i(T ) defines in a functorial way a groupoid
with morphisms R(T ) and objects X(T ).
For an S-groupoid scheme G we denote by J the kernel of s∗OR → OX . We say

that G is infinitesimal if s is an affine homeomorphism and J is a nilpotent ideal.

An infinitesimal S-groupoid scheme is of height ≤ 1 if (s, t) : R→ X ×S X factors

through the first Frobenius neighbourhood of the diagonal (i.e., through X ×
X(1/S) X).

An S-groupoid scheme is called finite (flat) if s is finite (respectively, flat).

If X is smooth over a perfect field k then restricted k-Lie subalgebras L of the standard

k-Lie algebroid TX/k such that TX/k/L is locally free are in bijection with finite flat

height 1 morphisms X → Y (see [Ek, Proposition 2.4]). Note that a sheaf of restricted

k-Lie subalgebras of TX/k is automatically a restricted k-Lie subalgebroid of TX/k. So

the following proposition generalizes the above fact (and it corrects [Ek, Proposition

2.3]):

PROPOSITION 4.8. Let X/S be a smooth morphism. Assume that for every point

x ∈ X the set t(s−1(x)) is contained in an affine open subset of X. Then there exists

an equivalence of categories between the category of finite flat S-groupoid schemes of

height ≤ 1 with X/S as a scheme of objects and with locally free “conormal sheaf”

J /J 2 and the category of smooth restricted OS-Lie algebroids on X/S.

Proof. We sketch the proof leaving details to the reader.

IfG is a finite, flat, infinitesimal S-groupoid scheme then we define L as the Lie algebra

of this groupoid, i.e., the dual of J /J 2. It has a natural structure of a sheaf of

restricted OS-Lie algebras. Since G has height ≤ 1, L is equipped with the anchor

map.

In the other direction, to a smooth restricted OS-Lie algebroid L on X/S we associate

Λ
[p]
L which comes with a canonical homomorphism of OS-algebras Λ

[p]
L → Λ

[p]
TX/S

. But

Λ
[p]
TX/S

is an OS-subalgebra of the sheaf of rings of “true” differential operators and the

“morphisms” R of the groupoid scheme can be defined as the spectrum of the dual of

Λ
[p]
L .
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4.4 Modules over restricted Lie algebroids

If E is a module over a restricted OS-Lie algebroid L then ∇ : L→ E ndOS
E leads to a

morphism

ψ : L→ E ndOS
E

defined by sending x to (∇(x))p−∇(x[p]) for x ∈ L.

Let us set α0
x ( f ) = f and (∇(x))0(e) = e. Using Leibniz’ rule one can easily see that

(∇(x))m( f e) =
m

∑
i=0

(
m

i

)
α i
x( f )(∇(x))m−i(e)

for any sections f ∈ OX(U), x ∈ L(U) and e ∈ E(U) and any open subsetU ⊂ X . In

particular, we have

(∇(x))p( f e) = α p
x ( f )e+ f (∇(x))p(e).

Since

∇(x[p])( f e) = α
x[p]

( f )e+ f∇(x[p])(e)

and α
x[p]

= α p
x we see that for any x ∈ L the image ψ(x) is OX -linear. So we can

consider ψ as the mapping ψ : L→ E ndOX
E . This mapping is called the p-curvature

morphism of the L-module E . The following lemma generalizes [Ka1, Proposition

5.2]:

LEMMA 4.9. The p-curvature morphism ψ : L→ E ndOX
E is F∗X -linear and its image

commutes with the image of ∇ in E ndOS
E.

Proof. By Lemma 4.1 we know that ψ is additive and its image commutes with the

image of ∇. So it is sufficient to check that

ψ( f x) = f pψ(x)

for all local sections f ∈OX and x ∈ L. Applying Hochschild’s identity to elements f

and ∇(x) in E ndOS
E we obtain

(∇( f x))p = f p∇(x)p+(ad( f∇(x)))p−1( f )∇(x) = f p∇(x)p+α p−1
f x ( f )∇(x).

From the definition of a restricted OS-Lie algebroid and OX -linearity of ∇ : L →
E ndOS

E we have

∇(( f x)[p]) = f p∇(x[p])+α p−1
f x ( f )∇(x).

Subtracting these equalities we get the required identity.

By the above lemma ψ defines an OX -linear map L→ FX ,∗E ndOX
E and hence the

adjoint OX -linear map

ψL : F
∗
XL→ E ndOX

E,

which will also be called the p-curvature morphism. Note that ψL makes E into an

F∗XL-coHiggs sheaf (integrability of the F∗XL-coHiggs field follows from the lemma).

Another way of seeing it is that if E is a ΛL-module then by Lemma 4.5 it has a

structure of S•(F∗XL)-module given by the p-curvature ψL.
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Example 4.10. Let L be a smooth trivial restricted OS-Lie algebroid on X . Then

giving an L-module is equivalent to giving S•L-module structure on E . In this case the

p-curvature morphism ψL : F
∗
XL→ E ndOX

E is obtained by composing the canonical

inclusion F∗XL→ SpL with the action map SpL→ E ndOX
E .

Example 4.11. Let X be a smooth S-scheme and let us fix λ ∈H0(OS). Let us denote
by T λ

X/S the restricted OS-Lie algebroid structure on TX/S with Lie bracket [·, ·]
Tλ
X/S

=

λ · [·, ·]TX/S , anchor map α given by multiplication by λ and the p-th power operation

given by

x
[p]

Tλ
X/S

= λ p−1 · x[p]TX/S

for x∈ TX/S. The apparently strange formula for the p-th power operation comes from

the requirement

α(x
[p]

Tλ
X/S

) = λ · x[p]
Tλ
X/S

= (α(x))[p] = λ p · x[p].

Giving a T λ
X/S-module is equivalent to giving a coherent OX -module E with an inte-

grable λ -connection ∇ : E→ E⊗OX
ΩX/S. In this case the above defined p-curvature

of the T λ
X/S-module gives a more conceptual approach to the p-curvature of an OX -

module with λ -connection (E,∇) defined in [LP, Definition 3.1].

Remark 4.12. If ∇1 and ∇2 are two L-module structures on E then ϕ = ∇1−∇2 : L→
E ndOS

E is OX -linear and its image lies in E ndOX
E . In particular, if the p-curvatures

ψL(∇1) and ψL(∇2) are equal then ϕ is zero on the kernel of ΛL→ Λ
[p]
L and hence it

induces the homomorphism Λ
[p]
L → E ndOX

E of OX -algebras.

Definition 4.13. We say that the p-curvature of (E,∇) is nilpotent of level less than
l if (E,∇) satisfies one of the following equivalent conditions:

1. There exists a filtration Mm = 0 ⊂Mm−1 ⊂ ... ⊂M0 = (E,∇) of length m ≤ l

such that the associated graded L-module has p-curvature 0.

2. For any open subset U ⊂ X and any collection {x1, ...,xl} of sections of L(U)
we have ψL(x1)...ψL(xl) = 0.

We say that he p-curvature of (E,∇) is nilpotent of level l if it is nilpotent of level less
than (l+ 1) but not nilpotent of level less than l (for l = 0 we require simply that the

p-curvature is nilpotent of level less than 1).

4.5 Deformation of Hitchin’s morphism for restricted Lie alge-
broids

This subsection contains a partial generalization of the results of Laszlo and Pauly

[LP] to higher dimensions. Note that in general, the direct analogue of their [LP,

Proposition 3.2] is not expected to be true.

Documenta Mathematica 19 (2014) 509–540



530 Adrian Langer

Let S be a noetherian scheme of characteristic p and let X → S be a flat, projective

family of d-dimensional varieties satisfying Serre’s condition (S2). Let L be a smooth

restricted OS-Lie algebroid on X . Let us fix a polynomial P and a relatively ample line

bundle on X/S. We define the moduli stack as a lax functor between 2-categories by

M L(X/S,P) : (Sch/S) → (groupoids)
T → M (T ),

where M (T ) is the category whose objects are T -flat families of pure d-dimensional

L-modules with Hilbert polynomial P on the fibres of XT → T , and whose morphisms

are isomorphisms of coherent sheaves. One can prove thatM L(X/S,P) is an algebraic
stack for the fppf topology on (Sch/S). If M is a coherent OX -module considered as

an OS-Lie algebroid on X with the trivial structure, then the corresponding moduli

stack is denoted by MM
Dol(X/S,P).

The p-curvature defines a morphism of stacks

ΨL : M L(X/S,P) → M
F∗XL
Dol (X/S,P)

(E,∇) → (E,ψ(∇)).

Let us consider the deformation LR of L over an affine line A1 over Fp (see Subsection

3.6). For simplicity of notation, in the following we skip writing Fp. L
R has a natural

structure of a smooth restricted OS×A1-Lie algebroid on X ×A1 with the p-th power

operation given by ·[p]
LR

= p∗1
(
·[p]L

)
⊗ t p−1. We can treat LR as a family of restricted

OS-Lie algebroids on X parameterized by A1. For example, if X/S is smooth and we

fix λ ∈ H0(OS) = Hom(S,A1) then for L = TX/S with the standard restricted OS-Lie

algebroid structure, the pull-back of LR along (idS,λ ) : S→ S×A1 gives Tλ
X/S from

Example 4.11.

We have a commutative diagram

M LR(X×A1/S×A1,P)
Ψ
LR //

M
F∗
X×A1 L

R

Dol (X×A1/S×A1,P)

H
F∗
X×A1 L

R

// VF∗
X×A1 L

R

(X×A1/S×A1,r)

M L
Dol(X/S,P)

HL //

OO

VL(X/S,r) // VF∗X L(X/S,r),

OO

where the vertical arrows are induced by the base change via the zero section 0 : S→
S×A1 and VL(X/S,r)→ VF∗XL(X/S,r) is the canonical morphism induced by the

absolute Frobenius on X . Roughly speaking, this diagram says that the p-curvature

morphism ΨL deforms to the p-th power of the Hitchin morphism.

Let N il pL(X/S,P) be the substack of M L(X/S,P) of L-modules with nilpotent p-

curvature. By definition Ψ̃ maps N il pL(X/S,P) into {0}×A1 = A1 and the corre-

spondingmap will be still denoted by Ψ̃. The stacksM L(X/S,P) andN il pL(X/S,P)
contain open substacks M L,ss(X/S,P) and N il pL,ss(X/S,P) parametrizing slope

semi-stable objects (openness of semistability is a standard exercise left to the reader).
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By boundedness theorem (see [La1]) these substacks are of finite type. Theo-

rem 5.1 implies that the morphisms Ψ̃ss : M LR,ss(X/S,P)→ VF∗XL(X/S,r)×A1 and

N il pL,ss(X/S,P)→A1 are universally closed.

LetN il p
L,ss
l (X/S,P) be the substack ofN il pL,ss(X/S,P) parametrizing objects with

nilpotent p-curvature of level < l. Note that it is a closed substack, since nilpotence

of level < l is a closed condition. Therefore N il p
L,ss
l (X/S,P)→ A1 is universally

closed (see [LP, Proposition 5.1] for a special case of this assertion).

Let us note that the fiber of N il p
L,ss
1 (X/S,P)→ A1 over 0 is equal to the moduli

stack of semistable L-coHiggs sheaves (E,θ ) with vanishing p-curvature (see Exam-

ple 4.10). In particular, [LP, Remark 5.1] is false.

On smooth projective curves of genus g≥ 2 the proof of [LP, Lemma 5.1] shows that

a vector bundle with a λ -connection of level less than l can be extended to a Higgs

bundle with the Higgs field θ satisfying θ l = 0. In particular, for l = 1 we get the zero

Higgs field.

So one could hope that in this case, e.g., if Ñ il p
L,ss

1 (X/S,P)→ A1 is the open sub-

stack of N il p
L,ss
1 (X/S,P)→ A1, which over 0 is the moduli substack of semistable

sheaves then Ñ il p
L,ss

1 (X/S,P)→ A1 is also universally closed as suggested by [LP,

Remark 5.1]. However, this expectation is false. In case of a smooth projective curve

X of genus g ≥ 2 there exists a semistable bundle E whose Frobenius pull back F∗XE
is not semistable. But F∗XE carries a canonical connection ∇can and (F∗XE,∇can) is
semistable. After pulling back via XK → X , where K = k((t)), and twisting by t,

this provides a semistable vector bundle with a t-connection on XK which cannot be

extended to a semistable family on Xk[[t]] so that the Higgs field at the special fibre

vanishes. Otherwise, we would get a contradiction with openness of the usual semista-

bility of vector bundles.

5 Deformations of semistable sheaves and the Lan-Sheng-Zuo
conjecture

5.1 Langton’s theorems

Let R be a discrete valuation ring with maximal ideal m generated by π ∈ R. Let K be

the quotient field of R and let us assume that the residue field k= R/m is algebraically

closed.

Let X → S = Spec R be a smooth projective morphism and let L be a smooth OS-Lie

algebroid on X . Let us fix a collection (D0,D1, . . . ,Dn−1) of n relatively nef divisors

on X/S such thatD0 =D1. In the following stability of sheaves on the fibers of X→ S

is considered with respect to this fixed collection.

The following theorem generalizes well known Langton’s theorem [Lt, Theorem 2)].

We recall the proof as it is not available in the generality that we need. The notation

introduced in this proof will be also used in proof of Theorem 5.5.

THEOREM 5.1. Let F be an R-flat OX -coherent L-module of relative pure dimension

n such that the LK-module FK = F ⊗R K is slope semistable. Then there exists an
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L-submodule E ⊂ F such that EK = FK and Ek is a slope semistable Lk-module on Xk.

Proof. First let us note that we can assume that Fk is torsion free as an OXk -module

(this follows, e.g., from [HL, Proposition 4.4.2] or can be proven using a similar

method as below). We use without warning the fact that for an R-flat F the degrees of

FK and Fk with respect to (D1, . . . ,Dn−1) coincide. This follows from the fact that F

has a finite locally free resolution on X and intersection products are compatible with

specialization (see [SGA6, Expose X, Appendice]).

Let us set F0 := F . If F0
k is not slope semistable then we take the maximal desta-

bilizing L-submodule B0 in F0
k and denote by F1 the kernel of the composition

F0 → F0
k → G0 := F0

k /B
0. If F1

k is semistable then we get the required submodule

of F . Otherwise, we repeat the same procedure for F1. In this way we construct a

sequence of L-modules F = F0 ⊃ F1 ⊃ F2 ⊃ ... and the main point of the proof is to

show that this process cannot continue indefinitely.

Let us assume otherwise. First, let us note that we have short exact sequences

0→Gn→ Fn+1
k → Bn→ 0,

where Gn = Fn
k /B

n. Let Cn be the kernel of the composition Bn+1→ Fn+1
k → Bn.

IfCn = 0 then Bn+1 ⊂ Bn and hence µ(Bn+1)≤ µ(Bn). IfCn 6= 0 then

µ(Cn)≤ µmax(G
n)< µ(Bn),

where the first inequality comes from the fact thatCn⊂Gn and the second one follows

from the fact that Bn ⊂ Fn
k is the maximal destabilizing subsheaf and Gn = Fn

k /B
n.

We claim that µ(Bn+1) < µ(Bn). If µ(Cn) ≥ µ(Bn+1) then this inequality follows

from the above inequality. If µ(Cn) < µ(Bn+1) then µ(Bn+1) < µ(Bn+1/Cn). But

Bn+1/Cn is isomorphic to a subsheaf of Bn and Bn is semistable, so in this case we

also have µ(Bn+1)< µ(Bn).
Therefore the sequence {µ(Bn)} is non-increasing. But µ(Bn+1)< µ(Bn) is possible
for only finitely many n since r!µ(Bn) ∈ Z are bounded below by r!µ(Fk). Therefore
for all large n we have Cn = 0, i.e., we have inclusions Bn ⊃ Bn+1 ⊃ ... and Gn ⊂
Gn+1 ⊂ .... For sufficiently large n these sequences consist of torsion free sheaves

with the same slope, so they must stabilize to B and G, respectively. Then Fn
k = B⊕G

for n≫ 0. Set R̂ := lim
←

R/πnR and let K̂ be the quotient field of R̂. Note that F/Fn

is R/πn-flat and as OXk -module has a filtration with quotients isomorphic to G. Then

Q̂ := lim
←

F/Fn is a destabilizing quotient of FK̂ . But the Harder–Narasimhan filtration

is stable under base field extension and thereforeFK is also unstable, contradicting our

assumption.

Our exposition of proof of Langton’s theorem is based on [HL] with some small

changes (one of the inequalities in proof of [HL, Theorem 2.B.1] is false and we

need to give a slightly different argument).

Note that in the above theorem we allow the case when all Di’s are zero. In this case

we claim that there exists an L-submodule E ⊂ F such that EK = FK and Ek is torsion

free as OXk -module (by definition slope semistable sheaves are torsion free!).

Documenta Mathematica 19 (2014) 509–540



Semistable Modules over Lie . . . 533

Let us recall that every slope semistable L-module E has a Jordan–Hölder filtration

E0 = 0 ⊂ E1 ⊂ ... ⊂ Em = E by L-submodules such that the associated graded sheaf

Gr(E) = ⊕Ei/Ei−1 is slope polystable, i.e., a direct sum of slope stable (torsion free)

L-modules of the same slope.

The following theorem is motivated by theory of moduli spaces and it generalizes [Lt,

Theorem 1)].

THEOREM 5.2. Assume that the collection (D0,D1, . . . ,Dn−1) consists of relatively
ample divisors. Let F be an R-flat OX -coherent L-module of relative pure dimension

n such that the LK-module FK = F ⊗R K is slope semistable. Let E1 and E2 be L-

submodules of F such that (E1)K = (E2)K = FK , (E1)k and (E2)k are slope semistable.
Then the reflexivizations of the associated graded slope polystable sheaves Gr((E1)k)
and Gr((E2)k) are isomorphic. Moreover, if at least one of (E1)k and (E2)k is slope
stable then there exists an integer n such that E1 = πnE2.

Proof. We prove only the second part, leaving proof of the first one to the reader.

Assume that (E1)k is slope stable. Consider the discrete valuation ring OX ,η , where η
is the generic point of Xk. Multiplying E1 by some power of π , we can assume that

E1⊗OX
OX ,η ⊂ E2⊗OX

OX ,η and the induced map E1⊗k(η)→ E2⊗k(η) is non-zero.
But E1 and E2 are torsion free so E1 ⊂ E2. Since (E1)k is slope stable the non-zero

map (E1)k → (E2)k between slope semistable sheaves of the same slope must be an

inclusion. Since the Hilbert polynomials of (E1)k and (E2)k coincide (from flatness of

E1 and E2), it must be an isomorphism.

Let Y be a projective scheme over a field k and let LY be a k-Lie algebroid on Y .

Let us fix an ample line bundle OY (1) on Y . Let CohLd(Y ) be the full subcategory

of the category of L-modules which are coherent as OY -modules and whose objects

are sheaves supported in dimension ≤ d. Then we can consider the quotient category

CohLd,d′(Y ) := CohLd(Y )/Coh
L
d′−1(Y ). For any object of CohLd,d′(Y ) one can define

its Hilbert polynomial which can be used to define notion of (semi)stability in this

category.

We can generalize Langton’s theorem to singular schemes at the cost of dealing with

only one ample polarization. In this case compatibility of intersection product with

specialization follows from computation of the Hilbert polynomial. One can also gen-

eralize Theorem 5.1 so that it works for other kinds of stability as defined above.

Let X → Spec R be a projective morphism with relatively ample line bundle OX (1)
and let L be a smooth OS-Lie algebroid on X . The following Langton’s type theorem

generalizes [Si4, Theorem 10.1] and [HL, Theorem 2.B.1]:

THEOREM 5.3. Let F be an R-flat OX -coherent L-module of relative dimension d.

Assume that the LK-module FK = F ⊗R K is pure of dimension d and semistable in

CohLd,d′(XK) for some d′ < d. Then there exists an L-submodule E ⊂ F such that

EK = FK and Ek is semistable in Coh
L
d,d′(Xk).

Proof. The proof is almost the same as the proof of [HL, Theorem 2.B.1]. However,

there are a few small problems that we meet in the proof. The first one is that we
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need to define reflexive hulls of sheaves on the special fiber Xk. This can be done by

embeddingX into a fixed smooth R-scheme (e.g., use somemultiple of the polarization

OX (1) to embedd X into some projective space over R).

The second problem is the same as before: one of the inequalities in proof of [HL,

Theorem 2.B.1] is false and we need to use a slightly different argument similar to the

one used in proof of Theorem 5.1. We sketch the necessary changes using the notation

of proof of [HL, Theorem 2.B.1]. IfCn 6= 0 then we only have

p(Cn)≤ pmax(G
n)< p(Bn)modQ[T ]δ−1.

Hence if pd,δ (C
n) ≥ pd,δ (B

n+1) then pd,δ (B
n+1) < pd,δ (B

n). If pd,δ (C
n) <

pd,δ (B
n+1) then we have pd,δ (B

n+1)< pd,δ (B
n+1/Cn)≤ pd,δ (B

n). This proves that if

Cn 6= 0 then we always have pd,δ (B
n+1)< pd,δ (B

n) as needed in the argument.

The last problem is the use of Quot-schemes in [HL], which do not exist as projective

schemes in our situation. This can be solved as in proof of Theorem 5.1.

THEOREM 5.4. Let F be an R-flat OX -coherent L-module of relative pure dimension

d such that the LK-module FK = F⊗RK is semistable in CohLd,d′(XK) for some d
′ < d.

Let E1 and E2 be L-submodules of F such that (E1)K = (E2)K = FK , (E1)k and (E2)k
are semistable in CohLd,d′(Xk) and at least one of them is stable. Then there exists an

integer n such that E1 = πnE2 in CohLd,d′(XK).

5.2 Semistable filtrations on sheaves with connection

Let L be a smooth Lie algebroid on a normal projective variety X defined over an

algebraically closed field k. Let us consider a torsion free coherentOX -module E with

an integrable dΩL
-connection ∇ (i.e., an L-module whose underlying sheaf is coherent

and torsion free as an OX -module). We say that a filtration E =N0 ⊃N1 ⊃ ...⊃Nm =
0 satisfies Griffiths transversality if ∇(Ni)⊂ Ni−1⊗OX

ΩL and the quotients Ni/Ni+1

are torsion free. For every such filtration the associated graded object GrN(E) :=⊕
iN

i/Ni+1 carries a canonical ΩL-Higgs field θ defined by ∇. Note that (GrN(E),θ )
is a system of L-Hodge sheaves. A convenient way of looking at this is by means

of the Rees construction. More precisely, if N• is a Griffiths transverse filtration on

(E,∇) then we can consider the subsheaf

ξ (E,N•) := ∑t−iNi⊗OX×A1 ⊂ p∗XE

on X ×A1. By Griffiths transversality of the filtration N• the connection t∇ on

ξ (E,N•)|X×Gm
extends to a t-dΩL

-connection on X×A1 (i.e., we get an LR-module on

X ×A1). In the limit as t→ 0 we get exactly the above described system of L-Hodge

sheaves (GrN(E),θ ).

In the remainder of this section to define semistability we use a fixed collection

(D0,D1, . . . ,Dn−1) of nef divisors such that D0 = D1.

After Simpson [Si4] we say that a Griffiths transverse filtration N• on (E,∇) is slope
gr-semistable if the associated ΩL-Higgs sheaf (GrN(E),θ ) is slope semistable. A
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partial L-oper is a triple (E,∇,N•) consisting of a torsion free coherent OX -module

E with an integrable dΩL
-connection ∇ and a Griffiths transverse filtration N• which

is slope gr-semistable.

THEOREM 5.5. If (E,∇) is slope semistable then there exists a canonically defined

slope gr-semistable Griffiths transverse filtration N• on (E,∇) providing it with a

partial L-oper structure. This filtration is preserved by the automorphisms of (E,∇).

Proof. Let R be a localization of A1 at 0 and let L̃ be the smooth Lie algebroid on

XR = X ×k Spec R obtained by restricting of LR from X ×k A1. Consider the trivial

filtration E = N0 ⊃ N1 = 0. It satisfies Griffiths tranversality so we can associate to

it via the Rees construction and restricting to XR, an R-flat OXR -coherent L̃-module

F0 = F (in fact F = (p∗XE,π∇)).
Now suppose that we have defined an L̃-submodule Fn ⊂ F coming by restriction

from the Rees construction associated to a Griffiths transverse filtration N•n of E . If the

associated ΩL-Higgs sheaf F
n
k = (GrNn(E),θn) is semistable then we get the required

filtration. Otherwise, we consider its maximal destabilizing ΩL-Higgs subsheaf B
n.

But (GrNn(E),θn) is a system of ΩL-Hodge sheaves, so by Corollary 3.5 Bn is also

a system of ΩL-Hodge sheaves. Let us write Bn =
⊕

Bn
m, where Bn

m ⊂ GrmNn
(E) =

Nm
n /N

m+1
n . Then we can define a new Griffiths transverse filtration N•n+1 on E by

setting

Nm
n+1 := ker

(
E→ E/Nm

n

Bn
m−1

)
.

Let Fn+1 denote the restriction to XR of the LR-module associated by the Rees con-

struction to N•n+1. We need to prove that this procedure cannot continue indefinitely.

To show it, it is sufficient to check that we follow the same procedure as the one

described in the proof of Theorem 5.3.

By construction πFn ⊂ Fn+1 ⊂ Fn and in particular Fn+1
K = Fn

K . On the other hand,

on the special fiber of XR→ Spec R we have a short exact sequence

0→ Fn
k /B

n→ Fn+1
k = (GrNn+1

(E),θn+1)→ Bn→ 0

coming from the definition of the filtration N•n+1. This shows that πFn is the kernel of

the composition Fn+1→ Fn+1
k → Bn. But then Fn+1 is the kernel of the composition

Fn → Fn
k → Fn

k /B
n. Now the proof of Theorem 5.3 shows that this procedure must

finish.

Since the Harder–Narasimhan filtration is canonically defined, the above described

procedure is also canonical and the obtained filtration is preserved by the automor-

phisms of (E,∇).

In the following the canonical filtration N• from Theorem 5.5 will be called Simpson’s

filtration of (E,∇) and denoted by N•S . The reason is that apart from many spectacular

results due to Simpson in non-abelian Hodge theory, the construction of the filtration

described in the proof of the above theorem was done by Simpson in [Si4, Section 3]

for the usual Higgs bundles on complex projective curves. However, our proof of the

fact that the procedure stops is different.

Documenta Mathematica 19 (2014) 509–540



536 Adrian Langer

Theorem 5.5 generalizes [Si4, Theorem 2.5] to higher dimensions as asked for at

the end of [Si4, Section 3]. Indeed, in the characteristic zero case every vector bundle

with an integrable connection has vanishing Chern classes. In particular, any saturated

subsheaf of such a vector bundle which is preserved by the connection (is locally free

and) has vanishing Chern classes. So any vector bundle with an integrable connection

is slope semistable (with respect to an arbitrary polarization). This argument fails in

the logarithmic case which shows that the above theorem is a correct analogue in this

case.

Note that there can be many slope gr-semistable filtrations providing (E,∇) with a

partial L-oper structure. This depends on the choice of the Griffiths transverse filtration

at the beginning of our procedure (in the proof of Theorem 5.5 we used the canonical

choice). In general, all the obtained filtrations are related as described by the following

corollary which follows from Theorem 5.2:

COROLLARY 5.6. If N• andM• are two slope gr-semistable Griffiths transverse filtra-
tions on (E,∇) then the reflexivizations of the associated-graded slope polystable ΩL-

Higgs sheaves obtained from their Jordan–Hölder filtrations are isomorphic. In par-

ticular, if the associated ΩL-Higgs sheaf is slope stable then (E,∇) carries a unique

gr-semistable Griffiths transverse filtration.

The above corollary generalizes [Si4, Corollary 4.2]. Note that Simpson’s proof does

not work so easily in our situation as in higher dimensions we do not have appropriate

moduli spaces at our disposal.

Let us also note that any slope gr-semistable filtration can be refined so that the asso-

ciated graded ΩL-Higgs sheaf is slope polystable (in which case its reflexivization is

uniquely determined by (E,∇) up to an isomorphism).

As an immediate application of Theorem 5.5 we also get the following interesting

corollary:

COROLLARY 5.7. Let L be a smooth trivial Lie algebroid. Let (E,θ ) be a torsion free,
slope semistable ΩL-Higgs sheaf on X. Then we can deform it to a slope semistable

system of ΩL-Hodge sheaves.

5.3 Higgs-de Rham sequences

Let k be an algebraically closed field of characteristic p > 0. Let X be a smooth

projective k-variety of dimension n that can be lifted to a smooth scheme X over

W2(k).
Let MICp−1(X/k) be the category of OX -modules with an integrable connection

whose p-curvature is nilpotent of level less or equal to p − 1. Similarly, let

HIGp−1(X/k) denote the category of Higgs OX ′ -modules with a nilpotent Higgs sheaf

of level less or equal to p− 1. In this case one of the main results of Ogus and Volo-

godsky (see [OV, Theorem 2.8]) says that:

THEOREM 5.8. The Cartier operator

CX /S : MICp−1(X/k)→HIGp−1(X ′/k)
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defines an equivalence of categories with quasi-inverse

C−1X /S : HIGp−1(X/k)→MICp−1(X
′/k).

A small variant of the following lemma can be found in proof of [OV, Theorem 4.17]:

LEMMA 5.9. Let (E,θ ) ∈HIGp−1(X ′/S). Then

[C−1X /S (E)] = F∗X/S[E],

where [·] denotes the class of a coherent OX -module in Grothendieck’s K-group

K0(X).

As a corollary to Theorem 5.8 and Lemma 5.9 we get the following:

COROLLARY 5.10. Let (E,θ ) be a torsion free Higgs sheaf with nilpotent Higgs field
of level less than p. Then it is slope semistable if and only if the corresponding sheaf

with integrable connection (V,∇) :=C−1X /S (E,θ ) is slope semistable.

Now let (E,θ ) be a rank r torsion free Higgs sheaf with nilpotent Higgs field. Let us

assume that r ≤ p so that level of nilpotence of (E,θ ) is less than p. Let us recall the

following definition taken from [LSZ].

Definition 5.11. A Higgs–de Rham sequence of (E,θ ) is an infinite sequence

(V0,∇0)
GrN0

%%JJJJJJJJJ
(V1,∇1)

GrN1

""F
FF

FF
FF

FF
F

(E0,θ0) = (E,θ )

C−1
77ooooooooooo

(E1,θ1)

C−1
99ttttttttt

...

in which C−1 = C−1X /S is the inverse Cartier transform, N•i is a Griffiths transverse

filtration of (Vi,∇i) and (Ei+1 := GrNi
(Vi),θi+1) is the associated Higgs sheaf.

The following theorem proves the conjecture of Lan-Sheng-Zuo [LSZ, Conjecture

2.8]:

THEOREM 5.12. If (E,θ ) is slope semistable then there exists a canonically defined

Higgs–de Rham sequence

(V0,∇0)
GrNS

%%JJJJJJJJJ
(V1,∇1)

GrNS

""F
FF

FF
FF

FF
F

(E0,θ0) = (E,θ )

C−1
77ooooooooooo

(E1,θ1)

C−1
99ttttttttt

...

in which each (Vi,∇i) is slope semistable and (Ei+1,θi+1) is the slope semistable

Higgs sheaf associated to (Vi,∇i) via Simpson’s filtration.
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Proof. The proof is by induction on index i. Once we defined slope semistable (Ei,θi),
we can construct (Vi,∇i), which is slope semistable by Corollary 5.10. So by Theorem

5.5 there exists Simpson’s filtration on (Vi,∇i) and hence we can construct a slope

semistable Higgs sheaf (Ei+1,θi+1). Since (Ei+1,θi+1) is a system of Hodge sheaves

and r ≤ p, it satisfies the nilpotence condition required to defineC−1.

In the above theorem slope semistability is defined with respect to an arbitrary fixed

collection (D1, . . . ,Dn−1) of nef divisors on X .
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Abstract. We study the 0-th local cohomology module H0
m(R(f))

of the jacobian ring R(f) of a singular reduced complex projective
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1. Introduction

In this paper we focus on the relation existing between a (singular) projective
hypersurface and the 0-th local cohomology of its jacobian ring. Most of the
results we will present are well known to the experts, and perhaps the only
novelty here is a unifying approach obtained by relating the local cohomology
to the sheaf of logarithmic vector fields along X . We will take the opportunity
to introduce what seem to us some interesting open problems on this subject.
Consider the polynomial ring P = C[X0, . . . , Xr] in r+1 variables, r ≥ 2, with
coefficients in C. Given a reduced polynomial f ∈ P homogeneous of degree d
let X := V (f) ⊂ Pr be the hypersurface defined by f . The jacobian ring of f
is defined as

R = R(f) := P/J(f)

where

J(f) :=

(
∂f

∂X0
, . . . ,

∂f

∂Xr

)

is the gradient ideal of f .
If X is nonsingular then J(f) is generated by a regular sequence, and R(f) is
a Gorenstein artinian ring with socle in degree σ := (r + 1)(d − 2). It carries
information on the geometry ofX and on its period map. This classical case has
been studied by Griffiths and his school. In [25] Griffiths has shown the relation
existing between the jacobian ring of a nonsingular projective hypersurface and
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the Hodge decomposition of its primitive cohomology in middle dimension, and
studied the relation of R(f) with the period map (see also [44] for details and
[7] for a survey).
Assume now that X ⊂ Pr is singular, but reduced. In this case the jacobian
ring is not of finite length, in particular it is not artinian Gorenstein any more.
It contains information on the structure of the singularities and on the global
geometry of X . This situation has been studied extensively, both from the
point of view of singularity theory (see e.g. [24, 35, 40, 45, 46]) and in relation
with the (mixed) Hodge theory of U := Pr \X (see [8, 6, 9, 10, 15]). Our main
purpose is to indicate a method to distinguish the global information contained
in R(f) from the local one coming from the nature of the singularities.
Our starting point is the observation that, if X is nonsingular, we have a
canonical identification of P -modules

R(f) =
⊕

j∈Z

H1(T 〈X〉(j − d))

where T 〈X〉 is the subsheaf of TPr of logarithmic vector fields along X . If X is
singular this identification does not hold, but the P -module on the right hand
side is the 0-th local cohomology of R(f). We will see that this object contains
relevant global informations about X .
To any finite type graded P -module one can associate a coherent sheaf M∼ on
Pr and there is a well-known exact sequence involving the local cohomology
graded modules (see [26], Prop. 2.1.5):

(1) 0 // H0
m(M) // M // H0

∗ (M
∼) // H1

m(M) // 0

where we used the notation Hi
∗(F) =

⊕
ν∈ZH

i(F(ν)) for a coherent sheaf F .
In case M = R(f) with X singular both Hi

m(R(f)) are finite length modules
that carry interesting information about the hypersurface X . In particular,
H0

m(R(f)) contains global information about X , while H1
m(R(f)) is related

with the singularities of X . We want to collect evidence supporting the follow-
ing principle:

Most properties of the jacobian ring R(f) in the nonsingular case are transferred
to the local cohomology module H0

m(R(f)) if X is a singular hypersurface.

In particular one expects the following in some generality:

(a) Self-duality, extending the analogous property of Artinian Gorenstein
algebras.

(b) Existence of a connection with moduli of X, in particular with first
order locally trivial deformations of X .

(c) Existence of a relation with the Hodge decomposition of the middle
dimension primitive cohomology a nonsingular model of X .

(d) Torelli type results, stating the possibility of reconstructing X from
H0

m(R(f)), under some hypothesis.

Question (a) has already attracted the attention of several authors and some
results are known. One is led naturally to consider more generally the 0-th
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local cohomology of algebras of the form P/I where I = (f0, . . . , fr) is an
ideal generated by r + 1 homogeneous polynomials, of degrees d0, . . . , dr. The
following result is a special case of [38], Theorem 4.7:

Theorem 3.2. Assume that dim[Proj(P/I)] = 0. Then there is a natural
isomorphism:

H0
m(P/I) ∼= [H0

m(P/I)(σ)]∨

where σ =
∑r
i=0 di − r − 1. In particular we have natural isomorphisms

H0
m(P/I)k ∼= H0

m(P/I)∨σ−k, 0 ≤ k ≤ σ
We include an independent proof of Theorem 3.2, more related with our point
of view, which uses a spectral sequence argument and is an adaptation of the
standard proof of Macaulay’s Theorem (see e.g. [44]). I am also aware of work
in progress of H. Hassanzadeh and A. Simis about extensions of Theorem 3.2
to a local algebra situation. Taking I = J(f), as a special case we obtain:

Theorem 3.4. Assume that the hypersurface X has only isolated singularities.
Then:

H0
m(R(f))k ∼= H0

m(R(f))∨σ−k, 0 ≤ k ≤ σ
where σ = (r + 1)(d− 2).

This is a generalization of Macaulay’s Theorem, that states the self-duality of
R(f) in the case X nonsingular. The theorem, in an equivalent form, appeared
already in [12], Theorem 1. A similar result for hypersurfaces with isolated
quasi-homogeneous singularities is proved in [20]. We also refer the reader to
the recent preprint [19] where all these duality results are reconsidered and
further generalized. For recent related work see [36, 37].
As mentioned before, we interpret H0

m(R(f)) by means of the sheaf T 〈X〉, also
denoted by Der(−logX), associated to any hypersurface X in a smooth variety
M (see §2 where we recall its definition). Precisely we show that there is an
identification:

(2) H0
m(R(f)) = H1

∗ (T 〈X〉(−d))
(Proposition 2.1). In particular:

(3) H0
m(R(f))d = H1(T 〈X〉)

The right hand side is the space of first-order locally trivial deformations ofX in
Pr (see [31], §3.4.4). Therefore (3) generalizes what happens in the nonsingular
case, when we have the identification of R(f)d with the space of first order
deformations of X in Pr modulo projective automorphisms [7]. Thus (3) gives
an answer to (b).
In passing note that Theorem 3.4 and (2) together imply the self-duality of
H1

∗ (T 〈X〉(−d)) in the case when X has isolated singularities. This fact is quite
straightforward when r = 2 but it is not so when r ≥ 3, since T 〈X〉 is not even
locally free.

As of Question (c), one expects that there exists a relation between the local
cohomology of R(f) and the Hodge decomposition of the middle primitive
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cohomology of a nonsingular model X ′ ofX . We collect some evidence that this
relation exists at least for strictly normal crossing hypersurfaces. In particular
we show that for such hypersurfaces one has an isomorphism

H0
m(R(f))d−r−1

∼=
s⊕

i=1

H0(Xi,Ω
r−1
Xi

)

where X1, . . . , Xs are the irreducible components of X (see Theorem 5.1 for a
precise statement). This result and duality imply a result completely analogous
to Griffiths’ for strictly normal crossing plane curves (Corollary 5.2). We also
prove a result for surfaces in P3 indicating that the local cohomology contains
information on how the various components intersect (Theorem 5.3).
Question (d) is related to interesting issues that have been widely considered
in the case of arrangements of hyperplanes and of hypersurfaces, but from
a different point of view. Several authors have investigated the problem of
reconstructing certain arrangements of hyperplanes and of hypersurfaces from
their sheaf of logarithmic differentials (see [2, 16, 22, 42, 43]). Our Question
(d) is quite different, at least when r ≥ 3, while it is essentially equivalent to
it when r = 2. We discuss the problem and we give a few examples.
In the paper we also consider the question of freeness of the sheaf T 〈X〉, which
is a special case of the condition H0

m(R(f)) = 0. We overview some of the
known results in the case r = 2.
In detail the paper is organized as follows. §2 is devoted to the relation between
local cohomology of the jacobian ring of X and the sheaf T 〈X〉. In §3 we
consider the self duality properties. §4 is devoted to generalities on sheaves of
logarithmic differentials and §5 to the Hodge theoretic properties of the local
cohomology. In the next §6 we discuss the Torelli problem (d) above, and its
relations with related reconstruction problems. §7 treats the freeness of T 〈X〉.
Acknowledgements. I am grateful to H. Hassanzadeh and A. Simis for use-
ful remarks concerning Theorem 3.2, to D. Faenzi for his help with Example
(36), to E. Arbarello, F. Catanese, A. Lopez and J. Valles for helpful conver-
sations. All the examples have been computed using Macaulay2 [23].
After posting the first version of this paper I became aware of references [12] and
[38]. I am thankful to D. Van Straten, and M. Saito for calling my attention on
them and for some helpful remarks. Finally it is a pleasure to thank A. Dimca
for his correspondence and for bringing Example 5.7 to my attention.
I am a member of INDAM-GNSAGA. This research has been supported by the
project MIUR-PRIN 2010/11 Geometria delle varietà algebriche.

2. Logarithmic derivations and local cohomology

We will adopt the following standard notation and terminology. Consider the
graded polynomial ring P =

⊕
k≥0 Pk = C[X0, . . . , Xr], in r+1 variables, r ≥ 2,

with coefficients in C, and denote bym =
⊕

k≥1 Pk its irrelevant maximal ideal.

A graded P -moduleM =
⊕

kMk is TF -finite ifM≥k0 :=
⊕

k≥k0 Mk is of finite
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type for some k0. If M is TF -finite we let

M∨ =
⊕

k

(M∨)k =
⊕

k

M∨
−k =

⊕

k

HomC(M−k,C)

For any coherent sheaf F on Pr and 0 ≤ i ≤ r we let

Hi
∗(F) =

⊕

k∈Z

Hi(Pr,F(k))

which is a graded P -module.
Consider a reduced polynomial f ∈ P homogeneous of degree d. Let X :=
V (f) ⊂ Pr be the hypersurface defined by f and let

R(f) := P/J(f)

be the jacobian ring of f (or of X) where

J(f) :=

(
∂f

∂X0
, . . . ,

∂f

∂Xr

)

is the gradient ideal of f . The scheme Proj(R(f)) is called the jacobian scheme
of f , or the singular scheme of X (see [1]), and also denoted by Sing(X). We
denote by Jf = J(f)∼ ⊂ OPr the ideal sheaf associated to J(f), and by

Jf/X = Jf/IX ⊂ OX
its image in OX . Then Jf/X is called the jacobian ideal sheaf of X . Note that

OX/Jf/X = OSing(X) = T 1
X(−d) where T 1

X is the first cotangent sheaf of X, .
A more useful description of the jacobian ring is the following. Consider the
diagram of sheaf homomorphisms:

(4) 0 // K // OPr(−d+ 1)r+1
∂f // OPr

// T 1
X(−d) // 0

0 // K // OPr(−d+ 1)r+1 ∂f // Jf //
?�

OO

0

where ∂f is defined by the partials of f , and K = ker(∂f). It induces

H0
∗ (OPr (−d+ 1))r+1 // P // R(f) // 0

H0
∗ (OPr (−d+ 1))r+1 // J(f)sat //

?�

OO

H1
∗ (K)
?�

OO

// 0

where J(f)sat is the saturation of J(f). The following are clearly equivalent
conditions:

(a) X is nonsingular.
(b) T 1

X = 0.
(c) R(f) has finite length.
(d) R(f) = H1

∗ (K).
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When they are not satisfied then H1
∗ (K) is just a submodule of finite length of

R(f) and we have an identification:

(5) H1
∗ (K) =

J(f)sat

J(f)
= H0

m(R(f))

where H0
m(M) denotes the 0-th local cohomology of a graded P -module with

respect to m.
We also have the exact sequence:

(6) 0 // T 〈X〉 // TPr
η // Jf/X(d) // 0

where T 〈X〉 := ker(η) is the sheaf of logarithmic vector fields along X and η is
defined as:

η

(∑

i

Ai(X)
∂

∂Xi

)
=
∑

i

Ai
∂f

∂Xi

the sheaf T 〈X〉 is also denoted by Der(−logX) in the literature [30]. We then
have the following commutative diagram with exact rows and columns:

0 0

0 // T 〈X〉 // TPr

OO

η // Jf/X(d)

OO

// 0

0 // K(d)

∼=

OO

// OPr (1)
r+1

OO

∂f // Jf (d) //

OO

0

OPr

OO

f // IX(d)

OO

// 0

0

OO

0

OO

where the middle vertical is the Euler sequence. From this diagram we deduce
the isomorphisms:

T 〈X〉 ∼= K(d)(7)

H1
∗ (Jf/X) ∼= H1

∗ (Jf ) (= H2
∗ (K) if r ≥ 3)(8)

Now we can prove the following:

Proposition 2.1. In the above situation we have a canonical isomorphism:

H0
m(R(f)) ∼= H1

∗ (T 〈X〉(−d))(9)

In particular
R(f) ∼= H1

∗ (T 〈X〉(−d))
if X is nonsingular.

Proof. It follow directly from (5) and (7). The last assertion is obvious. �
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Corollary 2.2. The vector space H0
m(R(f))d is naturally identified with the

space of first order locally trivial deformations of X in Pr modulo the action of
PGL(r + 1).

Proof. The proposition identifiesH0
m(R(f))d withH

1(T 〈X〉) which is the space
of first order locally trivial deformations of the inclusionX ⊂ Pr (see [31], §3.4.4
p. 176). �

Remarks 2.3. (i) It is easy to compute that for X ⊂ P2 the Chern classes of
T 〈X〉(k) are:
c1(T 〈X〉(k)) = 3− d+ 2k, c2(T 〈X〉(k)) = d2 − (3 + k)d+ 3 + 3k + k2 − t1X
where t1X = h0(T 1

X) = h0(OSing(X)). Moreover:

−χ(T 〈X〉) = 1

2
d(d+ 3)− t1X − 8

which is the expected dimension of the family of locally trivial deformation
of X modulo PGL(3). This is explained by the fact that T 〈X〉 is the sheaf
controlling the locally trivial deformation theory of X in P2 (see [31]).

(ii) If X is a normal crossing arrangement of d ≥ r+2 hyperplanes then T 〈X〉
is the dual of a Steiner bundle [16], in particular it is locally free, and these
bundles are known to be stable [3]. In the special case d = r + 2 we have
T 〈X〉 = Ω(1). If 1 ≤ d ≤ r + 1 then

T 〈X〉 = Od−1
Pr

⊕
OPr(1)

r+1−d

and these bundles are not stable.
(iii) If X ⊂ P2 is nonsingular then T 〈X〉 is stable ([41], Lemma 3).

In the case of plane curves we have more generally:

Proposition 2.4. Let X ⊂ P2 be of degree d ≥ 4. Then T 〈X〉 is stable if and

only if (f0, f1, f2), where fi =
∂f
∂Xi

, has no syzygies of degree [(d− 1)/2]. In

particular T 〈X〉 is stable if X is nonsingular.

Proof. Twist T 〈X〉 by k = [(d− 3)/2]. Then c1(T 〈X〉(k)) = 0,−1 according
to whether d is odd or even, and T 〈X〉 is stable if and only if H0(T 〈X〉(k)) = 0
([29], Lemma 1.2.5 p. 165). The exact sequence

0 // T 〈X〉(k) // OP2(k + 1)
(f0,f1,f2)// Jf (d+ k) // 0

identifiesH0(T 〈X〉(k)) with the space of syzygies of (f0, f1, f2) of degree k+1 =
[(d− 1)/2].
In the nonsingular case (f0, f1, f2) has no syzygies of degree less than d − 1
because they form a regular sequence. �

Example 2.5. Let f = Xα
1X

d−α
0 −Xd

2 , with 2 ≤ α < d, and d ≥ 4. Then T 〈X〉
is not stable because (f0, f1, f2) has the linear syzygy (αX0,−(d− α)X1, 0).
Additional interesting informations concerning the syzygies of (f0, f1, f2) for a
singular plane curve are in [11].
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3. Self-duality of the local cohomology

In this section we will consider a situation slightly more general than before.
Let

I = (f) = (f0, . . . , fs) ⊂ P
be a proper homogeneous ideal, whose generators have degrees d0, . . . , ds re-
spectively, and let R = P/I. Denote by Y = Proj(R) and by I = I∼ ⊂ OPr .
We have an exact sequence:

(10) 0 // K //
⊕

j=0,...,sOPr (−dj) f // I // 0

where K := ker(f). The 0-th and 1-st local cohomology modules of R (with
respect to m) are defined respectively as:

H0
m(R) := H1

∗ (K)
H1

m(R) := H1
∗ (I) (= H2

∗ (K) if r ≥ 3)

They are graded P -modules of finite length. In case mk ⊂ I for some k > 0,
i.e. Y = ∅, we have

H0
m(R) = R, H1

m(R) = (0)

There is a standard exact sequence:

(11) 0 // H0
m(R) // R // H0

∗ (OY ) // H1
m(R) // 0

Assume now that s = r. Denote by

E :=
⊕

j=0,...,r

OPr(−dj)

and let
σ :=

∑

j

(dj − 1) =
∑

j

dj − r − 1

Consider the Koszul complex:

E• : 0 // E−r−1
// E−r // · · · // E−1

f // E0 // 0

where E−p =
∧p E . For every k ∈ Z we can consider the twist E•(k) and

the two corresponding spectral sequences of hypercohomology. Taking direct
sums over all k we can collect them in the following two spectral sequences of
hypercohomology:

Apq1 = Hq
∗(Ep)

Bpq2 = Hp
∗ (Hq(E•))

where Hq(E•) is the q-th cohomology sheaf of E•. In particular H0(E•) = OY .
In the A-spectral sequence we have in particular:

(12) A00
2 = · · · = A00

r+1 = coker[H0
∗ (E−1) −→ H0

∗ (E0)] = R

(13) A−r−1r
2 = · · · = A−r−1r

r+1 = ker[Hr
∗(E−r−1) −→ Hr

∗ (E−r)] = [R(σ)]∨

and
dr+1 : [R(σ)]∨ = A−r−1r

r+1 −→ A00
r+1 = R
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We denote by Hi
∗(E•) the i-th hypercohomology of E•.

Proposition 3.1. In the above situation, suppose that dim(Y ) ≤ 0. Then

H0
∗(E•) = H0

∗ (OY )
Im(dr+1) = H0

m(R), A00
∞ = R/H0

m(R), A−rr
∞ = H1

m(R)

and the exact sequence of edge homomorphisms

0 // A00
∞ // H0

∗(E•) // A−rr
∞ // 0

coincides with the sequence:

(14) 0 // R/H0
m(R) // H0

∗ (OY ) // H1
m(R) // 0

Proof. Let x ∈ Pr. Then

depthx(IY )
{
≥ r if x ∈ Y
=r+1 otherwise

Therefore, by [18], Thm. 17.4 p. 424, (Hq)x = 0 if q ≤ −2 for all x ∈ Pr, and
(H−1)x = 0 if x /∈ Y . Therefore Hq = 0 if q ≤ −2 and H−1 is supported on Y .
It follows that Hp(H−1) = 0 for all p > 0. Now we decompose E• into short
exact sequences of sheaves as follows:

(15) 0 // E−r−1
// E−r // I−r+1

// 0

(16) 0 // I−r+1
// E−r+1

// I−r+2
// 0

etc., up to:

0 // I−2
// E−2

// I−1
// 0

(17) 0 // I−1
// K−1

// H−1 // 0

(18) 0 // K−1
// E−1

// IY // 0

The map dr+1 is obtained from a diagram chasing out of these sequences. Since
the Ei’s are direct sums of O(k)’s, from (15) and comparing with (13) we deduce

A−r−1r
r+1

∼= Hr−1
∗ (I−r+1)

and from (16), etc, we have isomorphisms

A−r−1r
r+1

∼= Hr−1
∗ (I−r+1) ∼= · · · ∼= H1

∗ (I−1)

Now we use (17) and we obtain a surjective map:

H1
∗ (I−1) // H1

∗ (K−1) // 0

But from sequence (18) it follows that

H1
∗ (K−1) = H0

m(R)

and this proves that Im(dr+1) = H0
m(R). Therefore it also follows that

A00
∞ = A00

r+1/Im(dr+1) = R/H0
m(R)
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Now observe that A−rr
∞ = Hr

∗(I−r+1). A diagram chasing similar to the previ-
ous one shows that

Hr
∗(I−r+1) ∼= H1

∗ (IY )
Since H1

∗ (IY ) = H1
m(R) we obtain the identification A−rr

∞ = H1
m(R).

Noting that the B-spectral sequence degenerates at B2, we get in particular
that

H0
∗(E•) = H0

∗ (H0(E•)) = H0
∗ (OY )

Therefore the edge exact sequence is (14). �
As a consequence we can now derive the following:

Theorem 3.2. Let I = (f0, . . . , fr) with deg(fj) = dj, R = P/I and Y =
Proj(R). Assume that dim(Y ) ≤ 0. Then there is a natural isomorphism:

H0
m(R) ∼= [H0

m(R)(σ)]∨

where σ =
∑r
j=0 dj − r − 1. Therefore we have natural isomorphisms

H0
m(R)k ∼= H0

m(R)∨σ−k, 0 ≤ k ≤ σ
Proof. The surjective map:

dr+1 : [R(σ)]∨ // H0
m(R)

dualizes as an injective map:

d∨
r+1 : H0

m(R)∨ // R(σ)

whose image must be contained in H0
m(R)(σ) because it consists of elements

which are killed by mσ+1. But then Im(d∨
r+1) = H0

m(R)(σ) because H0
m(R)∨

and H0
m(R)(σ) have the same dimension as vector spaces. �

Remark 3.3. As already stated in the Introduction, Corollary 3.2 is a special
case of [38], Theorem 4.7. The case Y = ∅ of course corresponds to the situation
when the elements f0, . . . , fr form a regular sequence, and this happens if and
only if Hq(E•) = 0 for all q. In this case the hypercohomology H•

∗(E•) is zero
in all dimensions, because the B2-spectral sequence is zero. It follows that the
map:

dr+1 : A−r−1r
r+1 −→ A00

r+1

is an isomorphism, which means that we have an isomorphism [R(σ)]∨ ∼= R.
This is the well known duality theorem of Macaulay for Gorenstein artinian
algebras ([44], Th. II6.19, p. 172).

As a special case of Theorem 3.2 we obtain the following (see also [12], Theorem
1):

Theorem 3.4. Assume that the hypersurface X has at most isolated singular-
ities. Then:

H0
m(R(f))k ∼= H0

m(R(f))∨σ−k, 0 ≤ k ≤ σ
where σ = (r + 1)(d− 2).
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Remark 3.5. In case X is nonsingular the jacobian ring R = R(f) is Goren-
stein artinian with socle in degree σ. The self duality of R(f) is induced by a
pairing

Rk ×Rσ−k −→ Rσ ∼= C

where the first map is induced by multiplication of polynomials and the last
isomorphism is obtained from the trace map for local duality.

Corollary 3.6. Assume that X has only isolated singularities. Then there
are natural isomorphisms:

H1(T 〈X〉(−d+ k)) ∼= H1(T 〈X〉(σ − d− k))∨

for all k.

Proof. Use (9) and Theorem (3.4). �
Observe that, in case the hypersurface X is singular with isolated singularities
and r ≥ 3, the sheaf T 〈X〉(−d) is reflexive of rank r but not locally free (see
[30]). Therefore the duality statement of Corollary 3.6 is not a consequence of
standard properties of locally free sheaves.
On the other hand if r = 2 then T 〈X〉(−d) is locally free of rank two and its
first Chern class is given by:

c1(T 〈X〉(−d)) = 3− 3d

Then Corollary 3.6 follows directly from the straightforward fact that for every
locally free sheaf E of rank two on P2 we have

H1(E(k)) ∼= H1(E(σ − k))∨

where σ = −c1(E)− 3.
It is not clear how far one can go relaxing the hypothesis of Theorem 3.4, as
the next two examples show.

Example 3.7. The ruled cubic surface X ⊂ P3 has equation

XT 2 − Y Z2 = 0

and is singular along the line T = Z = 0. The local cohomology has only one
non-zero term in degree 2, and:

h0m(R(f))2 = 1

Since σ = 4, the symmetry condition H0
m(R(f))k ∼= H0

m(R(f))σ−k is fullfilled
even though X doesn’t satisfy the hypothesis of Theorem 3.4.

Example 3.8. A quartic surface with a double conic X ⊂ P3 has equation:

(ZT −XY )2 + (X + Y + Z + T )2(X2 + Y 2 + Z2 + T 2) = 0

The table of its local cohomology dimensions is:
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j h0m(R)j
0 0
1 0
2 1
3 4
4 5
5 1
6 0
7 0
8 0

Since σ = 10, we see that self-duality does not hold in this case.

4. Logarithmic differentials

Let’s restrict for a moment to the case when our X ⊂ Pr of degree d is nonsin-
gular. Then Griffiths’ Theorem identifies:

(19)

r⊕

p=1

Hr−p,p−1(X)0 =

r⊕

p=1

H1(T 〈X〉(KPr + (p− 1)X)

thanks to Proposition 2.1, which identifies

r⊕

p=1

H1(T 〈X〉(KPr + (p− 1)X) =
r⊕

p=1

R(f)pd−r−1

The right hand side of (19) is well defined if X is just a reduced hypersurface
in a projective manifold Z of dimension r, after replacing Pr with Z. In such
a situation it is convenient to consider, together with TZ〈X〉, the sheaves of
logarithmic differentials along X which are defined as follows:

ΩkZ(logX) := {ω ∈ ΩkZ(X) : dω ∈ Ωk+1
Z (X)}, k = 0, . . . , r

In particular Ω0
Z(logX) = OZ and ΩrZ(logX) = KZ + X . For k 6= 0, r these

sheaves are not locally free in general. For k = 1 one has:

Ω1
Z(logX) := HomZ(TZ〈X〉,OZ)

and this sheaf is reflexive ([30], n. 1.7). By definition we have inclusions

ΩkZ ⊂ ΩkZ(logX) ⊂ ΩkZ(X)

which in turn induce the inclusions:

(20) ΩkZ(logX)(−X) ⊂ ΩkZ ⊂ ΩkZ(logX)

We collect in the following Lemmas the properties we need about the sheaves
of logarithmic differentials.

Lemma 4.1. The following conditions are equivalent:

(i) TZ〈X〉 is locally free.
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(ii)

ΩkZ(logX) =

k∧
Ω1
Z(logX)

for all k = 1, . . . , r.
(iii)

∧r
Ω1
Z(logX) = ΩrZ(logX)(= KZ +X)

If the above conditions are satisfied then we have a canonical identification:

(21) TZ〈X〉(KZ +X) = Ωr−1
Z (logX)

Proof. The equivalence of the conditions stated is Theorem 1.8 of [30]. From
(iii) we obtain c1(TZ〈X〉) = −(KZ +X). Therefore:

TZ〈X〉(KZ +X) = TZ〈X〉c1(TZ〈X〉∨)

=

r−1∧
TZ〈X〉∨

=

r−1∧
Ω1
Z(logX)

by (i) = Ωr−1
Z (logX)

�
The following are examples such that TZ〈X〉 is locally free (see [30]):

• X nonsingular.
• Z is a surface (r = 2).
• X has normal crossing singularities at every point (it is a normal cross-
ing divisor). Recall that this means that for each x ∈ X the local
ring OX,x is formally, or etale, equivalent to OZ,x/(t1 · · · tk) for some
1 ≤ k ≤ r−1, where t1, . . . , tk are part of a local system of coordinates.

Recall that X ⊂ Z is a strictly normal crossing divisor if it is a normal crossing
divisor whose irreducible components X1, . . . , Xs are nonsingular.

Lemma 4.2. Assume that X = X1 ∪ · · · ∪Xs ⊂ Z is a strictly normal crossing

divisor. Denote by X̂1 = X2 ∩ · · · ∩Xs, and by Y1 = X1 ∩ X̂1. Then there are
exact sequences, for a = 1, . . . , r = dim(Z):

0 // Ω1
Z

// Ω1
Z(logX) // ⊕s

i=1OXi // 0(22)

0 // ΩaZ(logX̂1) // ΩaZ(logX)
R // Ωa−1

X1
(logY1) // 0(23)

0 // ΩaZ(logX)(−X1) // ΩaZ(logX̂1) // ΩaX1
(logY1) // 0(24)

where R is the residue operator.

Proof. see [21], §2.3. �
Note that, by twisting (24) byOZ(−X̂1) we obtain the following exact sequence:
(25)

0 // Ωa
Z(logX)(−X) // Ωa

Z(logX̂1)(−X̂1) // Ωa
X1

(logY1)(−Y1) // 0

Documenta Mathematica 19 (2014) 541–565



554 Edoardo Sernesi

For future reference it is worth emphasizing that when X = X1 is irreducible
and nonsingular then the sequences (23) and (25) become respectively:

0 // ΩaZ // ΩaZ(logX)
R // Ωa−1

X
// 0(26)

0 // ΩaZ(logX)(−X) // ΩaZ // ΩaX // 0(27)

Lemma 4.3. Assume that X ⊂ Z is an irreducible and nonsingular divisor.
For each k = 0, . . . , r − 1 consider the composition:

λ : Hk(ΩkX)
δ // Hk+1(Ωk+1

Z )
ν∗
k+1 // Hk+1(Ωk+1

X )

where δ is a coboundary map of the sequence (26) and ν∗k+1 is induced by the
second homomorphism in the sequence (27). Then λ is the map defined by
the Lefschetz operator corresponding to the Kahler metric on X associated to
OX(X).

Proof. The Lefschetz operator L : Hk(X,C) −→ Hk+2(X,C) is the composi-
tion:

Hk(X,C)
γ // Hk+2(Z,C) ν∗

// Hk+2(X,C)

where γ is the Gysin map and ν∗ is induced by the inclusion

X
� � ν // Z

([44], v. II, (2.11) p. 57). Moreover γ is the cokernel of the map:

ρ : Hk+1(U,C) −→ Hk(X,C)

induced by the residue operator, where U = Z \X . More precisely, we have an
isomorphism ([44], Corollary I.8.19 p. 198)

H•(U,C) ∼= H•(Ω•(logX))

(where H denotes hypercohomology) and the map ρ is induced by the residue
operators R of the exact sequences (26). Therefore the restriction of γ to
Hk(ΩkX) is identified with δ (see [44], Prop. I.8.34 p. 210). On the other hand

ν∗k+1 is the restriction of ν∗ to Hk+1(Ωk+1
Z ). �

5. Local cohomology and Hodge theory

We now come back to the original situation of a reduced hypersurface X =
V (f) ⊂ Pr of degree d. By Proposition 2.1 for p = 1, . . . , r we can identify

(28) H0
m(R(f))pd−r−1 = H1

∗ (T 〈X〉(KPr + (p− 1)X))

Moreover, if T 〈X〉 is locally free then, by Lemma 4.1, we also have:

(29) H0
m(R(f))pd−r−1 = H1(Ωr−1(logX)(p− 2)X)

Our first result is the following:
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Theorem 5.1. Assume that X ⊂ Pr is a strictly normal crossing hypersurface,
with irreducible components X1, . . . , Xs. Then we have:

H0
m(R(f))d−r−1

∼=
s⊕

i=1

H0(Xi,Ω
r−1
Xi

)

Proof. Since T 〈X〉 is locally free we have the identification (29) for p = 1:

H0
m(R(f))d−r−1 = H1(Ωr−1(logX)(−X))

Assume first r ≥ 3. Consider the exact sequence (25) for a = r − 1. Since

h0(Pr,Ωr−1
Pr (logX̂1)(−X̂1)) = 0

we obtain the exact sequence:

0 // H0(Ωr−1
X1

) // H0
m
(R(f))d−r−1

// H1(Ωr−1
Pr logX̂1)(−X̂1)) // 0

where the zero on the right is H1(Ωr−1
X1

). Now the conclusion follows by
induction on s.
If r = 2 and s = 1 use (27) and Lemma 4.3. If s ≥ 2 use (25) and induction. �

Corollary 5.2. Let X = X1 + · · · + Xs ⊂ P2 be a strictly normal crossing
plane curve. Then

H0
m(R(f))d−3

∼=
s⊕

i=1

H0(Xi, ωXi), H0
m(R(f))2d−3

∼=
s⊕

i=1

H1(Xi,OXi)

Proof. It follows from the theorem, from the self duality theorem 3.4, and Serre
duality applied to each component Xi. �
When r ≥ 3 the relation between the other graded pieces H0

m(R(f))pd−r−1,
p = 2, . . . , r, of the local cohomology and the primitive middle cohomology
of the components of X is more complicated because the intersections of the
components contribute non-trivially. As an example we compute the dimension
of the middle term in the case r = 3.

Theorem 5.3. Let X = X1 + · · · + Xs ⊂ P3 be a strictly normal crossing
surface, whose components have degrees d1, . . . , ds respectively. Then:

h0m(R(f))2d−4 =
s∑

i=1

dim[H1,1(Xi)0] +
∑

1≤i<j≤s
g(Xi ∩Xj)

where g(Xi ∩Xj) =
1
2didj(di + dj − 4) + 1 is the genus of the curve Xi ∩Xj.

Proof. By induction on s. If s = 1 the formula is true by Griffiths’ Theorem.
Assume s ≥ 2. Then H0

m(R(f))2d−4 = H1(Ω2
P3(logX)), by (29). We let

X̂1 = X2 + · · ·+Xs

Y1 = X1 ∩ (X2 + · · ·+Xs)

Ŷ1 = X1 ∩ (X3 + · · ·+Xs)
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We have the following diagram of exact sequences:

(30) 0

��
Ω1
X1

(logŶ1)

��
0 // Ω2

P3(logX̂1) // Ω2
P3(logX) // Ω1

X1
(logY1) //

��

0

OX1∩X2

��
0

We claim the following:

(a) h0(Ω1
X1

(logY1)) = s− 2.

(b) H2(Ω2
P3(logX̂1)) = 0.

(c) H2(Ω1
X1

(logŶ1)) = 0.

Assume that (a),(b),(c) are proved. Then from the above diagram we deduce
the exact sequence:
(31)

0 // H1(Ω2
P3(logX̂1)) // H1(Ω2

P3(logX)) // H1(Ω1
X1

(logY1)) // 0

The term on the right in (31) can be computed using the vertical exact sequence
of diagram (30). Assume first that s = 2. In this case Y1 = X1 ∩ X2 and
recalling (a) we obtain:

0→ H0(OX1∩X2)→ H1(Ω1
X1

)→ H1(Ω1
X1

(log(X1 ∩X2))→ H1(OX1∩X2)→ 0

whence:

H1(Ω1
X1

(log(X1 ∩X2)) = dim[H1,1(X1)0] + g(X1 ∩X2)

If s ≥ 3 then the map

H0(OX1∩X2) −→ H1(Ω1
X1

(logŶ1))
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is zero by (a). Therefore, applying induction, from the vertical exact sequence
of diagram (30) we deduce:

dim[H1(Ω1
X1

(logY1))] = dim[H1(Ω1
X1

(logŶ1))] + g(X1 ∩X2)

= dim[H1,1(X1)0] +

s∑

i=3

g(X1 ∩Xi) + g(X1 ∩X2)

= dim[H1,1(X1)0] +

s∑

i=2

g(X1 ∩Xi)

By induction we have:

h1(Ω2
P3(logX̂1)) =

s∑

i=2

dim[H1,1(Xi)0] +
∑

2≤i<j≤s
g(Xi ∩Xj)

Therefore, putting all these computations together the claimed expression for
h0m(R(f))2d−4 follows. We still have to prove (a),(b) and (c).

Proof of (a). Use the exact sequence (22) with Z = X1 and X = Y1, and the
fact that the image of the coboundary map is the space generated by the Chern
classes of X1 ∩X2, . . . , X1 ∩Xs, which is 1-dimensional.

Proof of (c). Use the vertical sequence in (30) and induction on s ≥ 2.

Proof of (b). Assume s = 1. The map H1(Ω1
X1

) −→ H2(Ω2
P3) coming from the

sequence

0 // Ω2
P3

// Ω2
P3(logX1) // Ω1

X1
// 0

is surjective (this follows from Lemma 4.3 and Hodge theory). Therefore since
H2(Ω1

X1
) = 0, it follows that H2(Ω2

P3(logX1)) = 0. The general case of (b) now
follows by induction, from (c) and from the exact row in (30). �
We give a few examples illustrating these results.

Example 5.4. Let f = X0(X
3
0 +X3

1 +X3
2 ). Then X = V (f) = Λ ∪ C ⊂ P2 is

a strictly normal crossing reducible plane quartic, consisting of a line Λ and a
nonsingular cubic C. One computes that:

H0
m(R)1 ∼= C ∼= H1,0(X ′) = H1,0(C)

H0
m(R)5 ∼= C ∼= H0,1(X ′) = H0,1(C)

The complete table is:
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j h0m(R)j dim(R(f)j) h0(OSing(X)(j))
0 0 1 1
1 1 3 2
2 3 6 3
3 4 7 3
4 3 6 3
5 1 4 3
6 0 3 3
7 0 3 3
8 0 3 3

The conclusion of Corollary 5.2 fails even in the simplest cases if one weakens
the assumptions about the singularities of X , as the following two examples
show.

Example 5.5. A 1-cuspidal plane quartic f = X2
0X

2
1 +X

2
1X

2
2 +X

4
1 +X

4
2 . Here

the table is:

j h0m(R)j dim(R(f)j) h0(OSing(X)(j))
0 0 1 1
1 1 3 2
2 4 6 2
3 5 7 2
4 4 6 2
5 1 3 2
6 0 1 2
7 0 1 2
8 0 1 2

Then X ′ has genus two, has self-dual local cohomology but h0m(R)1 = 1 =
h0m(R)5 < 2.

Example 5.6. A reducible plane quartic consisting of a nonsingular cubic and
of an inflectional tangent:

f = X0(X
2
0X1 +X0X

2
1 +X3

2 )

In this case the table is:

j h0m(R)j dim(R(f)j) h0(OSing(X)(j))
0 0 1 1
1 0 3 3
2 1 6 5
3 2 7 5
4 1 6 5
5 0 5 5
6 0 5 5
7 0 5 5
8 0 5 5
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Example 5.7. A strictly normal crossing quintic surface. (This example has
been kindly suggested by A. Dimca). As an illustration of Theorem 5.3 consider
X = V (f) ⊂ P3, where

f(X0, . . . , X3) = (X2
0 +X2

1 +X2
2 +X2

3 )(X
3
0 +X3

1 +X3
2 +X3

3 )

Then X = X1 +X2 is the union of a quadric and a cubic, and C = X1 ∩X2 is
a canonical curve (of genus 4). The table of local cohomology is:

j h0m(R)j dim(R(f)j) h0(OC(j))
0 0 1 1
1 0 4 4
2 1 10 9
3 5 20 15
4 10 31 21
5 13 40 27
6 11 44 33
7 5 44 39
8 1 46 45
9 0 51 51
10 0 57 57
11 0 63 63
12 0 69 69
13 0 75 75

Note that

h0m(R)6 = 11 = (2− 1) + (7 − 1) + 4 = h1,1(X1) + h1,1(X2) + g(C)

as expected.

6. Torelli-type questions

Following a terminology introduced in [16], a reduced hypersurface X ⊂ Pr is
called Torelli in the sense of Dolgachev-Kapranov if it can be reconstructed
from the sheaf T 〈X〉. In their paper [16] they studied the Torelli property
of normal crossing arrangements of hyperplanes. Their main result has been
later improved by Vallès in [43]. For arbitrary arrangements of hyperplanes the
Torelli problem has been settled in [22]. In [42] it is proved that a smooth hyper-
surface is Torelli if and only if it is not of Sebastiani-Thom type. E. Angelini [2]
studied certain normal crossing configurations of smooth hypersurfaces proving
that they are Torelli in several cases.
We want to consider a different reconstruction problem, namely we ask:

Question: Under which circumstances can X be reconstructed from

H0
m(R(f)) ∼= H1

∗ (T 〈X〉(−d))
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In the nonsingular case this is merely the question of reconstructability of
X from its jacobian ring. This question has been considered extensively in
the literature, even in the singular case. The typical result one would like to
generalize is the following:

Theorem 6.1. (i) [17] Let f and f ′ be homogeneous polynomials of degree
d defining reduced hypersurfaces in Pr. If J(f)d = J(f ′)d then f and
f ′ are projectively equivalent.

(ii) [5] Let f ∈ P be a generic polynomial of degree d ≥ 3. Then f is
determined by J(f)d−1, up to a constant factor.

In this respect the following result is relevant:

Theorem 6.2 ([27]). A locally free sheaf F of rank two on P2 can be recon-
structed from the P -module H1

∗ (F).
Theorem 6.2 suggests that, at least in P2, the reconstructability of X from the
module H1

∗ (T 〈X〉) is equivalent to the reconstructability of X from the sheaf
T 〈X〉. In fact we have the following:

Theorem 6.3. A reduced plane curve is Torelli in the sense of Dolgachev-
Kapranov if and only if it can be reconstructed from the local cohomology of its
jacobian ring.

Proof. It is an immediate consequence of Theorem 6.2 and of the fact that
T 〈X〉 is locally free for reduced plane curves. �
Theorem 6.3 of course applies to Torelli arrangements of lines, that have been
characterized as recalled above, and to normal crossing arrangements of suffi-
ciently many nonsingular curves of the same degree n (see [2] for the precise
statement). Much less is known in the irreducible case, even for plane curves.
For partial results in this direction we refer the reader to [14]. The Torelli
property is related with freeness, that we are going to discuss next.

7. Freeness

According to Proposition 2.1 the vanishing of H0
m(R(f)) is equivalent to that

of H1
∗ (T 〈X〉) and it is a necessary condition for the freeness of T 〈X〉. If X is

nonsingular then H0
m(R(f)) = R(f) is never zero, and therefore T 〈X〉 cannot

be free. The same is true if Sing(X) 6= ∅ and has codimension ≥ 2 in X ,
because then T 〈X〉 is not even locally free.
In general little seems to be known about the freeness of T 〈X〉, even in the
case r = 2. We will mostly restrict to this case in the remaining of this section.
Look at the exact sequence:

(32) 0 // T 〈X〉(−1) // O3
P2

∂f // Jf (d− 1) // 0

Then

c1(T 〈X〉(−1)) = 1− d, c2(T 〈X〉(−1)) = (d− 1)2 − t1X
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where t1X = dim(T 1
X). If T 〈X〉(−1) = O(−a)⊕O(−b) is free then

(33) a+ b = d− 1, ab = (d− 1)2 − t1X
They imply together that:

(34) a2 + ab+ b2 = t1X

Observe also that, since under the restriction a + b = d − 1 the product ab
attains its maximum when (a, b) is balanced, we deduce from (33) the following
inequality:

(35) (d− 1)2 − I ≤ t1X
where:

I =

{
(d−1)2

4 if d is odd
d(d−2)

4 if d is even

These conditions easily imply the following result, whose part (1) is proved in
a different way in [33] and part (2) has been subsequently generalized in [14]
(see Remark 7.2 below).

Proposition 7.1. (1) If X is nodal then it is not free unless f = X0X1X2.
(2) If X is irreducible, has n nodes and κ ordinary cusps as its only singularities

and it is free then κ ≥ d2

4 .

Proof. 1) If X is nodal of degree d = a + b + 1 then t1X ≤
(
a+b+1

2

)
. It follows

that

(d− 1)2− t1X ≥ (a+ b)2−
(
a+ b+ 1

2

)
=

(
a+ b

2

)
= ab+

1

2
[a(a− 1)+ b(b− 1)]

and this inequality is incompatible with the second condition (33) unless a =
b = 1. This leaves space for the existence of only one free (reducible) nodal
curve: the curve given by f = X0X1X2, which is in fact free.
2) Recalling that t1X = n+2κ and combining the inequality n+κ ≤

(
d−1
2

)
with

(35) we obtain:

(d− 1)2 − I ≤ κ+

(
d− 1

2

)

Now both possibilities for I give the desired inequality after an easy calculation.
�

Remark 7.2. In the recent preprint [14] it has been proved that all curves of
degree d ≥ 4 having only nodes and cusps are not free (see loc.cit., Example
4.5(ii)). The method of proof is quite different, so we believe it can be useful
to maintain the present weaker statement and its more elementary proof.

Several examples of free arrangements of lines are known. A notable example is
the dual of the configuration of flexes of a nonsingular plane cubic. It consists
of 9 lines meeting in 12 triple points. Another free arrangement is given by
f = X0X1X2(X0−X1)(X1−X2)(X0−X2): it has 4 triple points and 3 double
points (see [39], Ex. 3.4).
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The first example of free irreducible plane curve has been given by Simis in
[33]. It is the sextic X given by the polynomial:

(36) f = 4(X2 + Y 2 +XZ)3 − 27(X2 + Y 2)2Z2

It has 4 distinct singular points, defined by the ideal

rad(J) = (Y Z, 2X2 + 2Y 2 −XZ)
One of them is a node and the other three are E6-singularities. This curve is
dual to a rational quartic C with three nodes and three undulations (hyper-
flexes). The E6-singularities of X are dual to the undulations of C. They have
δ-invariant 3 and Tjurina number 6. Thus t1X = 3 · 6 + 1 = 19. Therefore
a+ b = 5 and ab = 25− 19 = 6 and necessarily

T 〈X〉(−1) = O(−3)⊕O(−2)
An interesting example is the irreducible plane quintic curve X of equation
X5

1 −X2
0X

3
2 = 0. It has an E8 and an A4 singularity. They have respectively

δ = 4, 2 thus making the curve rational. On the other hand they have Milnor
(equal to Tjurina) numbers equal to 8, 4 respectively, thus making t1X = 12.
The dual X∨ is again a quintic. According to (33), if X were free one should
have

T 〈X〉(−1) = O(−2)⊕O(−2)
But (f0, f1, f2) has a linear syzygy (Example 2.5) and therefore this cannot be.
Other series of free irreducible plane curves are given in [4, 28, 32, 34, 39]. For
a detailed discussion of freeness and more examples in the case of plane curves
we refer to [14].

Example 7.3. The Steiner quartic surface in P3, has equation in normal
(Weierstrass) form: Z2T 2 + T 2Y 2 + Y 2Z2 = XY ZT . It is irreducible and
singular along the three coordinate axes for the origin (0, 0, 0, 1). The jacobian
ideal is

J = (Y ZT, 2Y Z2−XZT+2Y T 2, 2Y 2Z−XY T+2ZT 2, XY Z−2Y 2T−2Z2T )

and it turns out that Jsat = J . Therefore H0
m(R(f)) = 0. Nevertheless it can

be computed that T 〈X〉 is not free.
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edited by A. Beauville, p. 51-76, Sijthoff & Noordhoff (1980).

[6] A.D.R. Choudary, A. Dimca: Koszul complexes and hypersurface singu-
larities, Proceedings AMS 121 (1994), 1009-1016.

[7] D. Cox: Generic Torelli and infinitesimal variation of Hodge structure,
Proc. Symp. Pure Math. vol. 46 (1987), part 2, p. 235-246.
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Abstract. Let X be a smooth projective R-scheme, where R is a
smooth Z-algebra. As constructed by Hesselholt, we have the absolute
big de Rham-Witt complex WΩ∗

X of X at our disposal. There is
also a relative version WΩ∗

X/R with W(R)-linear differential. In this

paper we study the hypercohomology of the relative (big) de Rham-
Witt complex after truncation with finite truncation sets S. We show
that it is a projective WS(R)-module, provided that the de Rham
cohomology is a flat R-module. In addition, we establish a Poincaré
duality theorem. explicit description of the relative de Rham-Witt
complex of a smooth λ-ring, which may be of independent interest.

2010 Mathematics Subject Classification: 14F40, 14F30

Introduction

Let X be a scheme over a perfect field k of characteristic p > 0. The de
Rham-Witt complex WΩ∗

X/k was defined by Illusie [Ill79] relying on ideas of

Bloch, Deligne and Lubkin. It is a projective system of complexes of W (k)-
modules on X , which is indexed by the positive integers. If X is smooth then
the hypercohomology ofWnΩ

∗
X/k admits a natural comparison isomorphism to

the crystalline cohomology of X with respect to Wn(k).
Langer and Zink have extended Illusie’s definition of the de Rham-Witt complex
to a relative situation, whereX is a scheme over Spec(R) and R is a Z(p)-algebra
[LZ04]. If p is nilpotent in R and X is smooth, then they construct a functorial
comparison isomorphism

H∗(X,WnΩ
∗
X/R)

∼= H∗
crys(X/Wn(R)).

The big de Rham-Witt complex WΩ∗
A was introduced, for any commutative

ring A, by Hesselholt and Madsen [HM01]. The original construction relied
on the adjoint functor theorem and has been replaced by a direct and explicit
method due to Hesselholt [Hes].

1This work has been supported by the SFB/TR 45 “Periods, moduli spaces and arithmetic
of algebraic varieties”
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Again, it is a projective system of graded sheaves [S 7→WSΩ
∗
A], but the index

set consists of finite truncation sets; that is, finite subsets S of N>0 having the
property that whenever n ∈ S, all (positive) divisors of n are also contained in
S. For the ring of integers, WΩ∗

Z has been computed by Hesselholt [Hes]. It
vanishes in degree ≥ 2, but WΩ1

Z is non-zero.
Let X be an R-scheme. In this paper we will consider the relative version

S 7→WSΩ
∗
X/R

of the (big) de Rham-Witt complex, which is constructed from WΩ∗
X by killing

the ideal generated by WΩ1
R. The relation with the de Rham-Witt complex of

Langer-Zink is given in Proposition 1.2.7: if R is a Z(p)-algebra then

W{1,p,...,pn−1}Ω
∗
A/R =WnΩ

∗
A/R.

In the following we will use the notation Wn = W{1,p,...,pn−1}, assuming that a
prime p has been fixed.
It is natural to consider WSΩ

∗
X/R as a sheaf of complexes on the scheme

WS(X), which is obtained by gluing Spec(WS(Ai)) for an affine covering
X =

⋃
i Spec(Ai). Then the componentsWSΩ

q
X/R form quasi-coherent sheaves,

and are coherent under suitable finiteness conditions.
Our purpose is to show that the de Rham-Witt cohomology

Hi
dRW (X/WS(R))

def
= Hi(WS(X),WSΩ

∗
X/R)

is as well-behaved as the usual de Rham cohomology. The main theorem of the
paper is the following.

Theorem 1 (cf. Theorem 2.2.1). Let R be a smooth Z-algebra. Let X
be a smooth and proper R-scheme. Suppose that the de Rham cohomology
H∗
dR(X/R) of X is a flat R-module. Then H∗

dRW (X/WS(R)) is a finitely gen-
erated projective WS(R)-module for all finite truncation sets S. Moreover, for
an inclusion of finite truncation sets T ⊂ S, the induced map

(0.0.1) H∗
dRW (X/WS(R))⊗WS(R) WT (R)

∼=−→ H∗
dRW (X/WT (R))

is an isomorphism.

If R is a smooth Z-algebra and X/R is smooth and proper, then there is a
non-zero integer N such that the assumptions of the theorem hold for the base
changeX⊗RR[N−1]/R[N−1]. Curves and abelian varieties are examples where
the de Rham cohomology is flat (see Remark 2.2.2).
In order to prove Theorem 1, we will construct for all maximal ideals m of R
and n, j > 0, a natural quasi-isomorphism:

RΓ(WnΩ
∗
X/R)⊗L

Wn(R) Wn(R/m
j)

q−iso−−−→ RΓ(WnΩ
∗
X⊗R/mj/(R/mj)),

where p = char(R/m). The right hand side is RΓ of the de Rham-Witt complex
defined by Langer and Zink. Thus it computes the crystalline cohomology,
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which in our case is a free Wn(R/m
j)-module. Taking the limit lim←−j , this will

yield the flatness of

H∗
dRW (X/Wn(R))⊗Wn(R) Wn(lim←−

j

R/mj)

as Wn(lim←−j R/m
j)-module for all maximal ideals m, which is sufficient in order

to conclude the flatness of the de Rham-Witt cohomology.
Concerning Poincaré duality we will show the following theorem.

Theorem 2 (cf. Corollary 3.3.7). Let R be a smooth Z-algebra. Let X −→
Spec(R) be a smooth projective morphism such that H∗

dR(X/R) is a flat R-
module. Suppose that X is connected of relative dimension d. If the canonical
map

Hi
dR(X/R) −→ HomR(H

2d−i
dR (X/R), R)

is an isomorphism, then the same holds for the de Rham-Witt cohomology:

Hi
dRW (X/WS(R))

∼=−→ HomWS(R)(H
2d−i
dRW (X/WS(R)),WS(R)),

for all finite truncation sets S.

In fact, de Rham-Witt cohomology is equipped with a richer structure than
the W(R)-module structure, coming from the Frobenius operators

φn : H∗
dRW (X/WS(R)) −→ H∗

dRW (X/WS/n(R)),

for all positive integers n, and where S/n := {s ∈ S | ns ∈ S}. These are
Frobenius linear maps satisfying φn ◦ φm = φnm.
The relationship with the Frobenius action on the crystalline cohomology of
the fibers is as follows. Let m be a maximal ideal of R, set k = R/m and
p = char(k). If H∗

dR(X/R) is torsion-free then there is a natural isomorphism

Hi
dRW (X/Wn(R))⊗Wn(R) Wn(k) ∼= Hi

crys(X ⊗R k/Wn(k)),

and φp⊗Fp corresponds via this isomorphism to the composition ofHi
crys(Frob)

with the projection.
As will be made precise in Section 3, the projective system

Hi
dRW (X/W(R))

def
= [S 7→ Hi

dRW (X/WS(R))],

together with the Frobenius morphisms {φn}n∈N>0 , defines an object in a rigid
⊗-category CR. Maybe the most important property of CR is the existence of
a conservative, faithful ⊗-functor

T : CR −→ (R-modules), T (Hi
dRW (X/W(R))) = Hi

dR(X/R).

Moreover, CR has Tate objects 1(m), m ∈ Z, and the first step towards Poincaré
duality will be to prove the existence of a natural morphism in CR:

H2d
dRW (X/W(R)) −→ 1(−d) (d = relative dimension of X/R).

Then it will follow easily that

Hi
dRW (X/W(R))

∼=−→ Hom(H2d−i
dRW (X/W(R)),1(−d)),
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provided that the assumptions of Theorem 2 are satisfied. Taking the under-
lying W(R)-modules one obtains Theorem 2.

Acknowledgements. After this manuscript had appeared on arXiv, we re-
ceived a letter from professor James Borger who informed us that he had al-
ready obtained Theorem 1, for R = Z[N−1], in a joint work with Mark Kisin
by using similar methods.
I thank Andreas Langer and Kay Rülling for several useful comments on the
first version of the paper.

Contents

Introduction 567
Acknowledgements 570
1. Relative de Rham-Witt complexes 570
1.1. Witt vectors 570
1.2. Relative de Rham-Witt complex 574
1.3. Finiteness 579
2. De Rham-Witt cohomology 580
2.1. Reduction modulo an ideal 580
2.2. Flatness 582
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1. Relative de Rham-Witt complexes

1.1. Witt vectors. For the definition and the basic properties of the ring of
Witt vectors we refer to [Hes, §1]. We briefly recall the notions in this section.
A subset S ⊂ N = {1, 2, . . .} is called a truncation set if n ∈ S implies that all
positive divisors of n are contained in S. For a truncation set S and n ∈ S, we
define S/n := {s ∈ S | sn ∈ S}.
Let A be a commutative ring. For all truncation sets S we have the ring of
Witt vectors WS(A) at our disposal. The ghost map is the functorial ring
homomorphism

gh = (ghn)n∈S : WS(A) −→
∏

n∈S
A, ghn((as)s∈S) :=

∑

d|n
d · an/dd .

It is injective provided that A is Z-torsion-free.
For all positive integers n, there is a functorial morphism of rings

Fn : WS(A) −→WS/n(A),
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called the Frobenius. Moreover there is a functorial morphism of WS(A)-
modules, the Verschiebung,

Vn : WS/n(A) −→WS(A),

where the source is a WS(A)-module via Fn. For all coprime positive integers
n,m ∈ N we have

Fn ◦ Vn = n, Fn ◦ Vm = Vm ◦ Fn ((m,n) = 1).

We have a multiplicative Teichmüller map

[−] : A −→WS(A), a 7→ [a] := (a, 0, 0, . . . ) ∈WS(A),

and if S is finite then every element a ∈WS(A) can be written as

a =
∑

s∈S
Vs([as])

with unique elements (as)s∈S in A.
Let T ⊂ A be a multiplicative set and suppose that S is a finite truncation set.
We can consider T via the Teichmüller map as multiplicative set in WS(A).
Then the natural ring homomorphism

T−1WS(A) −→WS(T
−1A).

is an isomorphism. If T ⊂ Z is a multiplicative set then

WS(A)⊗Z T
−1Z −→WS(T

−1A)

is an isomorphism.
Let S be a truncation set, and let n be a positive integer; set T := S\{s ∈
S;n | s}. Then T is a truncation set and we have a short exact sequence of
WS(A)-modules:

(1.1.1) 0 −→WS/n(A)
Vn−−→WS(A)

RST−−→WT (A) −→ 0.

Example 1.1.1. We have WS(Z) =
∏
n∈S Z · Vn(1), and the product is given

by Vm(1)·Vn(1) = c ·Vmn/c(1), where c = (m,n) is the greatest common divisor
[Hes, Proposition 1.6].

1.1.2. The following theorem will be very useful throughout the paper.

Theorem 1.1.3. (Borger-van der Kallen) Let S be a finite truncation set, and
let n be a positive integer. Let ρ : A −→ B be an étale ring homomorphism. The
following hold.

(1) The induced ring homomorphism WS(A) −→WS(B) is étale.
(2) The morphism

WS(B)⊗WS(A),Fn WS/n(A) −→WS/n(B), b⊗ a 7→ Fn(b) ·WS/n(ρ)(a),

is an isomorphism.
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The references for this theorem are [Bor11a, Theorem B] [Bor11b, Corol-
lary 15.4] and [vdK86, Theorem 2.4] (cf. [Hes, Theorem 1.22]).
By using Theorem 1.1.3, the exact sequence (1.1.1), and induction on the length
of S, we easily obtain the following corollary.

Corollary 1.1.4. Let ρ : A −→ B be an étale ring homomorphism. Let S be a
finite truncation set.

(i) For an inclusion of truncation sets T ⊂ S, the map

WS(B) ⊗WS(A) WT (A) −→WT (B)

is an isomorphism.
(ii) Let n be a positive integer. For any A-algebra C, the natural ring

homomorphism

WS/n(C)⊗Fn,WS(A) WS(B) −→WS/n(C ⊗A B), c⊗ b 7→ c · Fn(b)
is an isomorphism.

Notation 1.1.5. If a prime p has been fixed then we set Wn :=
W{1,p,p2,...,pn−1}.

1.1.6. Let p be a prime. Let R be a Z(p)-algebra. Since all primes different
from p are invertible in R, the same holds in WS(R). The category of WS(R)-
modules, for a finite truncation set S, factors in the following way. Set

ǫ1,S :=
∏

primes ℓ 6= p
S/ℓ 6=∅

(1 − 1

ℓ
Vℓ(1)) ∈WS(R),

and ǫn,S := 1
nVn

(
ǫ1,S/n

)
for all positive integers n with (n, p) = 1. Of course,

if S/n = ∅ then ǫS,n = 0. In the following we will simply write ǫn for ǫn,S . For
all positive integers n 6= n′ with (n, p) = 1 = (n′, p) the equalities

ǫ2n = ǫn, ǫnǫn′ = 0,

hold. Moreover, if (m, p) = 1 = (n, p) then

Fm(ǫn) =

{
ǫn/m if m | n,
0 if m ∤ n.

Since
∑

(n,p)=1 ǫn = 1 we obtain a decomposition of rings

(1.1.2) WS(R) =
∏

n≥1,(n,p)=1

ǫnWS(R).

Notation 1.1.7. For a finite truncation set S we denote by Sp the elements
in S that are p-powers, that is Sp = S ∩ {pi | i ≥ 0}.
The map

R
S/n
(S/n)p

◦ Fn : WS(R) −→W(S/n)p(R)
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induces an isomorphism ǫnWS(R) ∼= W(S/n)p(R). Thus

M 7→
⊕

n≥1,(n,p)=1

ǫnM

defines an equivalence of categories

(1.1.3) (WS(R)-modules)
∼=−→

∏

n≥1,(n,p)=1

(W(S/n)p(R)-modules).

1.1.8. The following two lemmas are concerned with maximal ideals inWS(R).

Lemma 1.1.9. Let R be a ring. Let S be a finite truncation set. For ev-
ery maximal ideal m ⊂ WS(R) there exists a maximal ideal p ⊂ R such that
WS(R) −→WS(R)/m factors through WS(Rp).

Proof. Set k = WS(R)/m, we distinguish two cases:

(1) k has characteristic 0,
(2) k has characteristic p > 0.

In the first case we can factor

WS(R) −→WS(R)⊗Z Q =−→WS(R⊗Z Q) −→ k.

Since WS(R⊗Z Q)
gh,∼=−−−→∏

s∈S R⊗Q, the claim follows.
Suppose now that k has characteristic p > 0. We have a factorization

WS(R) −→WS(R)⊗Z Z(p)
=−→WS(R⊗Z Z(p)) −→ k.

By decomposing

WS(R ⊗ Z(p))
=−→

∏

n≥1,(n,p)=1

ǫnWS(R ⊗ Z(p))

∼=,
∏
n R

S/n

(S/n)p
◦Fn

−−−−−−−−−−−−→
∏

n≥1,(n,p)=1

W(S/n)p(R ⊗ Z(p)),

we can reduce to the case where S consists only of p-powers. Finally, Vp(a)
2 =

pVp(a
2), for all a ∈WS/p(R⊗ Z(p)), hence Vp(a) maps to zero in k. Therefore

WS(R ⊗ Z(p)) −→ k factors through WS(R ⊗ Z(p)) −→ W{1}(R ⊗ Z(p)) = R ⊗
Z(p)

ρ−→ k. In this case we can take p = ker(R −→ R⊗ Z(p)
ρ−→ k). �

Lemma 1.1.10. Let p be a prime. Let R be a ring such that every maximal ideal
p satisfies char(R/p) = p > 0. Let S be a p-typical finite truncation set. Then

every maximal ideal m of WS(R) is of the form ker(WS(R)
RS{1}−−−→ R −→ R/p),

for a unique maximal ideal p of R.
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Proof. Let m be a maximal ideal of WS(R), set k = WS(R)/m. We claim that
char(k) = p. Suppose that char(k) 6= p. From the commutative diagram

WS(R) //

gh

��

WS(R)⊗ Z[p−1] //

gh∼=
��

k

∏
s∈S R //

∏
s∈S R⊗ Z[p−1]

88rrrrrrrrrrrr

we conclude that there is a factorization WS(R)
ghi−−→ R −→ k, but there are no

epimorphism R −→ k to a field of characteristic 6= p.
Thus we may suppose that char(k) = p. Because Vp(a)

2 = pVp(a
2) for all

a ∈ WS/p(R), we obtain a factorization WS(R)
RS{1}−−−→ R −→ k, which defines

p := ker(R −→ k). �

1.2. Relative de Rham-Witt complex. For every commutative ring A we
have the absolute de Rham-Witt complex

S 7→WSΩ
∗
A

constructed by Hesselholt [Hes], at our disposal. The absolute de Rham-Witt
complex is the initial object in the category of Witt complexes [Hes, §4]. In
this section we will define the relative version, which is studied in this paper.

Definition 1.2.1. Let A be an R-algebra. Let S be a truncation set and q ≥ 0.
We define

WSΩ
q
A/R = lim←−

T⊂S
T finite

WTΩ
q
A/
(
WTΩ

1
R ·WTΩ

q−1
A

)

For q = 0, the definition means WSΩ
0
A/R = WS(A).

We get an induced anti-symmetric graded algebra structure on WSΩ
∗
A/R, that

is, ω1 · ω2 = (−1)deg(ω1) deg(ω2)ω2 · ω1.
Recall that by construction of WSΩ

∗
A, there is, for all finite truncation sets S,

a surjective morphism of graded WS(A)-algebras

(1.2.1) π : T ∗
WS(A)Ω

1
WS(A) −→WSΩ

∗
A,

such that π(da) = da for all a ∈WS(A).

Lemma 1.2.2. Let S be a finite truncation set.

(1) The morphism (1.2.1) induces a surjective morphism of anti-symmetric
graded algebras

(1.2.2) π : Ω∗
WS(A)/WS(R) −→WSΩ

∗
A/R,

which by abuse of notation is called π again.
(2) WSΩ

∗
A/R is a differential graded algebra and (1.2.2) is compatible with

the differential.
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Proof. For (1). This follows from π(da⊗ da) ∈ d log[−1] ·WSΩ
1
A [Hes, §3] and

d log[−1] ∈WSΩ
1
R.

For (2). The differential d : WSΩ
∗
A/R −→ WSΩ

∗
A/R is well-defined, because

WSΩ
∗
R is generated by WSΩ

1
R. It satisfies d◦d = 0, because d log[−1] ∈WSΩ

1
R.

The compatibility of π with d follows from π(da) = da for all a ∈WS(A). �

1.2.3. Induced from the absolute de Rham-Witt complex, we obtain for all
positive integers n:

Fn :WSΩ
q
A/R −→WS/nΩ

q
A/R,(1.2.3)

Vn :WS/nΩ
q
A/R −→WSΩ

q
A/R,(1.2.4)

and S 7→WSΩ
∗
A/R forms a Witt complex. Note that, computed in the absolute

de Rham-Witt complex, we have

Vn(da · ω) = Vn(FndVn(a) · ω) = dVn(a) · Vn(ω),

hence Vn(WS/nΩ
1
R ·WS/nΩ

q−1
A ) ⊂WSΩ

1
R ·WSΩ

q−1
A .

The following equalities hold for the maps (1.2.3), (1.2.4):

VnFnd = dVnFn, dVnd = 0.

Proposition 1.2.4. The Witt complex S 7→ WSΩ
∗
A/R is the initial object in

the category of Witt complexes over A with W(R)-linear differential.

Proof. Let S 7→ E∗
S be a Witt complex over A with W(R)-linear differential,

that is, d(aω) = ad(ω) for a ∈WS(R) and ω ∈ E∗
S . We only need to show that

the canonical morphism

[S 7→WSΩ
∗
A] −→ [S 7→ E∗

S ]

factors through [S 7→WSΩ
∗
A/R]. It is enough to check this for finite truncation

sets. Because π (1.2.1) is surjective, we conclude that WSΩ
1
R is generated by

elements of the form da with a ∈WS(R), which implies the claim. �

As a corollary we obtain the following statement.

Corollary 1.2.5. Let A be an R-algebra, let p be a prime, and set R′ :=
R⊗Z Z(p), A

′ := A⊗Z Z(p). There is a unique isomorphism

[S 7→WSΩ
∗
A′/R′ ] −→ [S 7→ lim←−

T⊂S
T finite

WTΩ
∗
A/R ⊗Z Z(p)]

of Witt complexes over A′.

Proposition 1.2.6. Let R be a Z(p)-algebra and let A,B be R-algebras. Let S
be a finite truncation set.

(1) Via the equivalence from (1.1.3) we have

(1.2.5) WSΩ
∗
A/R 7→

⊕

n≥1,(n,p)=1

W(S/n)pΩ
∗
A/R.
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(2) For a morphism f : A −→ B the induced morphism fS : WSΩ
∗
A/R −→

WSΩ
∗
B/R maps to

fS 7→
⊕

n≥1,(n,p)=1

f(S/n)p

via the equivalence from (1.1.3).

Proof. For (1). The claim follows from [HM01, Proposition 1.2.5]. In the
notation of loc. cit. the right hand side (1.2.5) equals i!i

∗WΩ∗
A/R, and i∗, i!

preserve initial objects, since both functors admit a right adjoint.
For (2). Follows immediately from the construction in (1). �

Proposition 1.2.7. Let R be a Z(p)-algebra, let A be an R-algebra. Then

n 7→W{1,p,...,pn−1}Ω
∗
A/R

is the relative de Rham-Witt complex n 7→WnΩ
∗
A/R defined by Langer and Zink

[LZ04].

Proof. We have a restriction functor

i∗ : (Witt systems over A with W(R)-linear differential) −→
(F -V -procomplexes over the R-algebra A),

where we use the definition of [Hes, §4] for the source category and the definition
of [LZ04, Introduction] for the target category. The functor i∗ admits a right
adjoint functor i! defined in [HM01, §1.2]. Therefore i∗([S 7→ WSΩ

∗
A/R]) is

the initial object in the category of F -V -procomplexes as is the relative de
Rham-Witt complex constructed by Langer and Zink [LZ04]. �

1.2.8. Let S be a finite truncation set. Let A −→ B be an étale morphism of
R-algebras. For all q ≥ 0 the induced morphism of WS(B)-modules

(1.2.6) WS(B)⊗WS(A) WSΩ
q
A/R

∼=−→WSΩ
q
B/R

is an isomorphism. Indeed, this follows immediately from the analogous fact
for the absolute de Rham-Witt complex [Hes, Theorem C].

Lemma 1.2.9. Let R′ −→ R be an étale ring homomorphism. Let A be an
R-algebra. Then, for all truncation sets S,

WSΩ
∗
A/R′ −→WSΩ

∗
A/R

is an isomorphism.

Proof. We may assume that S is finite. The assertion follows from

WSΩ
1
R′ ⊗WS(R′) WS(A)

=−→WSΩ
1
R′ ⊗WS(R′) WS(R)⊗WS(R) WS(A)

∼=−→WSΩ
1
R ⊗WS(R) WS(A).

�
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1.2.10. For every truncation set S we have a functor

WS : (Schemes) −→ (Schemes), X 7→WS(X).

This functor has been studied by Borger [Bor11b], our notation differs slightly:
the notation is W ∗ in [Bor11b].
For an affine scheme U = Spec(A), we have WS(U) = Spec(WS(A)). If X is
separated and (Ui)i∈I is an affine covering of X , then WS(X) is obtained by
gluing WS(Ui) along WS(Ui ×X Uj). In particular, (WS(Ui))i∈I is an affine
covering of WS(X). The functor is extended to non-separated schemes in the
usual way.
If T ⊂ S is an inclusion of finite truncation sets then

ıT,S : WT (X) −→WS(X)

is a closed immersion and functorial in X .

Proposition 1.2.11. Let X be an R-scheme and let S be a finite truncations
set. There is a unique quasi-coherent sheaf of WS(O)-modules WSΩ

q
X/R for

the étale topology of WS(X) such that Γ(WS(Spec(A)),WSΩ
q
X/R) = WSΩ

q
A/R

for every étale map Spec(A) −→ X with the evident restriction maps.

Proof. Let us glue a quasi-coherent sheafWSΩ
q
X/R onWS(X). Indeed, suppose

first that X is separated. Let (Spec(Ai))i∈I be an affine covering and set
Spec(Aij) = Spec(Ai)×X Spec(Aj). For every i, the WS(Ai)-module WSΩ

q
Ai/R

defines a quasi-coherent sheaf WSΩ
q
Spec(Ai)/R

on WS(Spec(Ai)). Since

Γ(WS(Spec(Aij)),WSΩ
q
Spec(Ai)/R

) = WSΩ
q
Ai/R
⊗WS(Ai)WS(Aij) =WSΩ

q
Aij/R

,

by using (1.2.6), we can glue to a quasi-coherent sheaf WSΩX/R on WS(X).
Independence of the covering and WS()

∗WSΩ
q
X/R = WSΩ

q
U/R, for every étale

map  : U −→ X , can be checked by using (1.2.6) again. �

Proposition 1.2.12. If WS(X) −→WS(Spec(R)) is of finite type and WS(X)
is noetherian, then WSΩ

q
X/R is coherent.

Proof. We have a surjective morphism ΩjWS(X)/WS(R) −→ WSΩ
j
X/R and the

assumptions imply that ΩjWS(X)/WS(R) is coherent. �

1.2.13. If f : X −→ Y is a morphism of R-schemes then we get

WSΩ
q
Y/R −→WS(f)∗WSΩ

q
X/R.

For an inclusion of truncation sets T ⊂ S, we obtain

WSΩ
q
X/R −→ ıT,S∗WTΩ

q
X/R.
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The following diagram is commutative:

WSΩ
q
Y/R

//

��

WS(f)∗WSΩ
q
X/R

��
ıT,S∗WTΩ

q
Y/R

// ıT,S∗WT (f)∗WTΩ
q
X/R

= // WS(f)∗ıT,S∗WTΩ
q
X/R.

The differential, the Frobenius and the Verschiebung operations are defined in
the evident way:

d : WSΩ
q
X/R −→WSΩ

q+1
X/R,

Fn : WSΩ
q
X/R −→ ıS/n,S∗WS/nΩ

q
X/R,

Vn : ıS/n,S∗WS/nΩ
q
X/R −→WSΩ

q
X/R.

Definition 1.2.14. Let X be an R-scheme, let S be a finite truncation set.
We define

Hi
dRW (X/WS(R)) := Hi(WS(X),WSΩ

∗
X/R),

where the right hand side is the hypercohomology for the Zariski topology.

1.2.15. Note that Fn and Vn are not morphisms of complexes. For all positive
integers n and all finite truncation sets we set

(1.2.7) φn = nqFn : WSΩ
q
X/R −→ ıS/n,S∗WS/nΩ

q
X/R,

to get a morphism of complexes

WSΩ
∗
X/R

φn−−→ ıS/n,S∗WS/nΩ
∗
X/R.

Suppose that X is smooth over R of relative dimension d. Then we set

βn = nd−qVn : ıS/n,S∗WS/nΩ
q
X/R −→WSΩ

q
X/R

(we will prove WSΩ
q
X/R = 0 if q > d in Proposition 1.2.17(ii)). We obtain a

morphism of complexes

βn : ıS/n,S∗WS/nΩ
∗
X/R −→WSΩ

∗
X/R,

satisfying the equalities:

φn ◦ βn = nd+1,

βn(λ · φn(x)) = ndVn(λ) · x for all x ∈WSΩ
∗
X/R and λ ∈ ıS/n,S∗WS/nΩ

∗
X/R.

In Section 3 we will study the {φn}n≥1 operations induced on the de Rham-
Witt cohomology.
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1.2.16. Note that the Hodge to de Rham spectral sequence and the quasi-
coherence of WSΩ

q
X/R imply the following fact. Assume X is separated and

WS(X) is a noetherian scheme. Let (Ui) be an open affine covering for X ,
we denote by U = (WS(Ui)) the induced covering of WS(X). Then we can
compute Hi

dRW (X/WS(R)) by using the Čech complex for U:

Hi(C(U,WSΩ
∗
X/R))

∼=−→ Hi
dRW (X/WS(R)).

In the derived category we have a quasi-isomorphism:

C(U,WSΩ
∗
X/R)

q-iso−−−→ RΓ(WSΩ
∗
X/R).

Proposition 1.2.17. Let R be a flat Z-algebra. Let X be a smooth R-scheme.
Let S be a finite truncation set.

(i) For all non-negative integers q, WSΩ
q
X/R is Z-torsion-free, that is, mul-

tiplication by a non-zero integer is injective.
(ii) Let d be the relative dimension of X/R. Then WSΩ

q
X/R = 0 for all

q > d.

Proof. For (i) it suffices to prove that WSΩ
q
X/R⊗Z(p) = WSΩ

q
X′/R′ is p-torsion-

free for all primes p, where X ′ = X ⊗Z Z(p) and R′ = R ⊗Z Z(p). For (ii) it
suffices to show that WSΩ

q
X′/R′ vanishes.

Via the decomposition 1.2.5 we may suppose that S = {1, p, . . . , pn−1}. Cer-
tainly we may assume that X ′ = Spec(B) and that there exists an étale ring
homomorphism R′[x1, . . . , xd] −→ B. By using (1.2.6) we are reduced to the
case B = R′[x1, . . . , xd]. The claim follows in this case from the explicit de-
scription of the de Rham-Witt complex in [LZ04, §2], more precisely [LZ04,
Proposition 2.17]. �

1.3. Finiteness.

Proposition 1.3.1. Let R be a flat and finitely generated Z-algebra. Let X
be a flat and proper scheme of relative dimension d over R. Let S be a finite
truncation set. The following hold.

(i) For all non-negative integers i, j the cohomology group

Hi(WS(X),WSΩ
j
X/R) is a finitely generated WS(R)-module.

(ii) For all i > d and j ≥ 0, we have Hi(WS(X),WSΩ
j
X/R) = 0.

(iii) For all i, the de Rham-Witt cohomology Hi
dRW (X/WS(R)) (Defini-

tion 1.2.14) is a finitely generated WS(R)-module.
(iv) Suppose X/R is smooth. Then Hi

dRW (X/WS(R)) = 0 for all i > 2d.

Proof. For (i). We denote by f : X −→ Spec(R) the structure morphism.
The scheme WS(X) is noetherian, because it is of finite type over Spec(Z).
By [Bor11b, Proposition 16.13] the induced morphism WS(f) : WS(X) −→
WS(R) is proper. Moreover, WSΩ

j
X/R defines a coherent sheaf on WS(X) (see

Proposition 1.2.12).
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For (ii). The fibers of WS(f) at closed points of Spec(WS(R)) have dimension
d. In fact, as topological spaces they are disjoint unions of the corresponding
fibers of f . This implies the claim.
For (iii). Follows from (i) via the Hodge to de Rham spectral sequence.
For (iv). Again this follows from the Hodge to de Rham spectral sequence,
statement (ii), and Proposition 1.2.17(ii). �

2. De Rham-Witt cohomology

2.1. Reduction modulo an ideal.

2.1.1. Recall that Wn = W{1,p,...,pn−1} whenever a prime p has been fixed
(Notation 1.1.5). The goal of this section is to prove the following theorem.

Theorem 2.1.2. Let R be a flat Z(p)-algebra, let B be a smooth R-algebra, and
let n be a positive integer. Let I ⊂ R be an ideal such that pm ∈ I for some m.
Choose a Wn(R)-free resolution

T := . . . −→ T−2 −→ T−1 −→ T 0

of Wn(R/I). There exists a functorial quasi-isomorphism of complexes of
Wn(R)-modules

(2.1.1) WnΩ
∗
B/R ⊗Wn(R) T −→WnΩ

∗
(B/IB)/(R/I).

In particular, we obtain an isomorphism

(2.1.2) WnΩ
∗
B/R ⊗L

Wn(R) Wn(R/I)
∼=−→WnΩ

∗
(B/IB)/(R/I),

in the derived category of Wn(R)-modules.

More precisely, functoriality means that for any morphism A −→ B of smooth
R-algebras, the diagram

WnΩ
∗
B/R ⊗Wn(R) T // WnΩ

∗
(B/IB)/(R/I)

WnΩ
∗
A/R ⊗Wn(R) T //

OO

WnΩ
∗
(A/IA)/(R/I)

OO

is commutative.

Remark 2.1.3. The proof of Theorem 2.1.2 does not go beyond the methods
of [LZ04], so that the theorem may be well-known but we couldn’t provide a
reference.

Proof of Theorem 2.1.2. We define the morphism (2.1.1) by

WnΩ
∗
B/R ⊗Wn(R) T −→WnΩ

∗
B/R ⊗Wn(R) Wn(R/I) −→WnΩ

∗
(B/I)/(R/I),

so that the functoriality of (2.1.1) is obvious.
1.Step: The first step is the reduction to B = R[x1, . . . , xd]. We can use the
Čech complex (see 1.2.16) in order to reduce to the case where there exists an
étale morphism A = R[x1, . . . , xd] −→ B.
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Note that pnm = 0 in Wn(R/I). Since WnΩ
∗
B/R is p-torsion-free (Proposi-

tion 1.2.17), we see that

(2.1.3) WnΩ
∗
B/R ⊗L

Wn(R) Wn(R/I) −→WnΩ
∗
B/R/p

nm ⊗L
Wn(R)/pnm Wn(R/I)

is a quasi-isomorphism. Clearly, morphism (2.1.2) factors through (2.1.3). It
will be easier to work modulo pnm, because dFnmp = pnmFnmp d vanishes modulo
pnm.
Set c = nm+ n, we claim that

(
Wc(B)/pnm ⊗Wc(A)/pnm WnΩ

∗
A/R/p

nm, id⊗ d
)
−→ (WnΩ

∗
B/R/p

nm, d)

(2.1.4)

b⊗ ω 7→ Fnmp (b) · ω,

is an isomorphism of complexes. Note that Wc(A) acts on WnΩ
∗
A/Z/p

nm via

Wc(A)
Fnmp−−−→Wn(A), and therefore (2.1.4) is a morphism of complexes. Theo-

rem 1.1.3 implies that

Wc(B)⊗Wc(A) M
∼=−→Wn(B)⊗Wn(A) M, b⊗m 7→ Fnmp (b)⊗m,

is an isomorphism for all Wn(A)-modules M . Thus the claim follows from
(1.2.6).
On the other hand, Corollary 1.1.4 shows that for every Wn(A/I)-module M
the map

Wc(B)/pnm ⊗Wc(A)/pnm M −→Wn(B/I)⊗Wn(A/I) M, b⊗m 7→ Fnmp (b)⊗m,

is an isomorphism. This yields an isomorphism of complexes
(
Wc(B)/pnm ⊗Wc(A)/pnm WnΩ

∗
(A/IA)/(R/I), id⊗ d

)
−→ (WnΩ

∗
(B/IB)/(R/I), d).

Finally, since Wc(B)/pnm is étale over Wc(A)/p
nm, we are reduced to proving

that

WnΩ
∗
A/R/p

nm ⊗L
Wn(R)/pnm Wn(R/I) −→WnΩ

∗
(A/IA)/(R/I)

is a quasi-isomorphism.
2.Step: Proof of the case B = R[x1, . . . , xd]. In this case it follows from [LZ04,
§2] and the proof of [LZ04, Theorem 3.5] that

Ω∗
Wn(R)[x1,...,xd]/Wn(R) −→ Ω∗

Wn(B)/Wn(R)
π−→WnΩ

∗
B/R

is a quasi-isomorphism, where the first morphism is induced by xi 7→ [xi].
The same statement holds for R/I, hence the assertion follows from the quasi-
isomorphism

Ω∗
Wn(R)[x1,...,xd]/Wn(R) ⊗L

Wn(R) Wn(R/I) −→ Ω∗
Wn(R/I)[x1,...,xd]/Wn(R/I)

.

�
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Corollary 2.1.4. Let R be a flat and finitely generated Z-algebra, and let
m ⊂ R be a maximal ideal; set p = char(R/m). Let X be a smooth and proper
R-scheme, let n, j be positive integers. There is a natural quasi-isomorphism
of complexes of Wn(R)-modules:

RΓ(WnΩ
∗
X/R)⊗L

Wn(R) Wn(R/m
j) −→ RΓ(WnΩ

∗
X⊗RR/mj/(R/mj)).

Proof. The claim follows from Theorem 2.1.2 by using Čech complexes (see
1.2.16). �

2.2. Flatness.

Theorem 2.2.1. Let R be a smooth Z-algebra. Let X be a smooth and proper
R-scheme. Suppose that the de Rham cohomology H∗

dR(X/R) of X is a flat
R-module. Then H∗

dRW (X/WS(R)) is a finitely generated projective WS(R)-
module for all finite truncation sets S. Moreover, for an inclusion of finite
truncation sets T ⊂ S, the induced map

(2.2.1) H∗
dRW (X/WS(R))⊗WS(R) WT (R)

∼=−→ H∗
dRW (X/WT (R))

is an isomorphism.

Remark 2.2.2. Let R be a smooth Z-algebra. Let X be a smooth and proper R-
scheme. We know that H∗

dR(X/R) is a coherent R-module and H∗
dR(X/R)⊗ZQ

is a flat R⊗ZQ-module. The first assertion follows from the Hodge to de Rham
spectral sequence, the second assertion follows from the existence of a Gauss –
Manin connection. Therefore we can find an integer N > 0 such that the base
change X ⊗R R[N−1] has R[N−1]-flat de Rham cohomology.

If all Hi(X,ΩjX/R) are flat R-modules then H∗
dR(X/R) is a flat R-module,

because in this case the Hodge to de Rham spectral sequence degenerates at
E1. Examples include curves or abelian varieties over R.

Since WS(R) is a noetherian ring and we know that H∗
dRW (X/WS(R)) is a

finitely generated WS(R)-module (Proposition 1.3.1), it remains to show that
it is flat. This is a local property and can be checked after localization at
maximal ideals ofWS(R). Our proof relies on Theorem 2.1.2 or, more precisely,
Corollary 2.1.4.

Lemma 2.2.3. Let R be a finitely generated Z-algebra. Let m be a maximal ideal
of R, let n be a positive integer, and set p = char(R/m). Then Wn(Rm) −→
Wn(lim←−iR/m

i) is faithfully flat.

Proof. By Lemma 1.1.10, both rings are local. Thus we only need to prove
flatness.
We note that Wn(R) is a noetherian ring, because R is a finitely generated
Z-algebra. Indeed, let x1, . . . , xd be generators for R, we claim that Wn(R)
is a finitely generated module over the subring Sn of Wn(R) generated by
[x1], . . . , [xd]. By using induction on n, we only need to show that the ideal
V n−1
p (R) is a finitely generated Sn-module. We have

[xi] · V n−1
p (r) = V n−1

p (xp
n−1

i · r) for all r ∈ R,
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hence {V n−1
p (xi11 · · ·xidd ) | 0 ≤ ik ≤ pn−1 − 1 for all k} is a set of generators.

Therefore Wn(Rm), being a localization of Wn(R), is a noetherian ring. Obvi-
ously, we have the equalities

Wn(lim←−
i

R/mi) = lim←−
i

Wn(R/m
i) = lim←−

i

Wn(Rm)/Wn(m
iRm).

Moreover, it is easy to check that (Wn(m
iRm))i and (Wn(mRm)

i)i induce the
same topology on Wn(Rm). Therefore

(2.2.2) lim←−
i

Wn(Rm)/Wn(mRm)
i ∼=−→ lim←−

i

Wn(Rm)/Wn(m
iRm),

which implies flatness. �

Lemma 2.2.4. Let R be a finitely generated Z-algebra. Let m be a maximal
ideal of R, let n be a positive integer, and set p = char(R/m). Let C be a
bounded complex of Wn(Rm)-modules such that Hi(C) is a finitely generated
Wn(Rm)-module for all i. Then, for all i,

Hi(C) ⊗Wn(Rm) Wn(lim←−
j

R/mj) ∼= lim←−
j

Hi
(
C ⊗L

Wn(Rm) Wn(R/m
j)
)
.

Proof. Set R̂ := lim←−j R/m
j. The map is induced by C −→ C⊗L

Wn(Rm)Wn(R/m
j)

and the Wn(R̂)-module structure on the right hand side.

As a first step we will prove that Hi
(
C ⊗L

Wn(Rm) Wn(R/m
j)
)
is a finite group.

Clearly, we may assume that C = C0 is concentrated in degree 0. Since C0 is

finitely generated we conclude that Tor
Wn(Rm)
i (C0,Wn(R/m

j)) is a finitely gen-
erated Wn(R/m

j)-module for all i. The ring Wn(R/m
j) contains only finitely

many elements, hence

H−i(C ⊗L
Wn(Rm) Wn(R/m

j)) = Tori(C0,Wn(R/m
j))

is finite.
By using Lemma 2.2.3 and the first step (all R1 lim←− vanish) we can reduce the
assertion to the case of a complex C = C0 that is concentrated in degree zero
(hence C0 is finitely generated). In this case we need to show:

(a) C0 ⊗Wn(Rm) Wn(R̂)
=−→ lim←−j(C0 ⊗Wn(Rm) Wn(R/m

j)),

(b) lim←−j Tori(C0,Wn(R/m
j)) = 0 for all i > 0.

Claim (a) follows from (2.2.2). Claim (b) follows from (a) and the flatness of

Wn(Rm) −→Wn(R̂). �

Proposition 2.2.5. Assumptions as in Corollary 2.1.4. Set Xj := X⊗RR/mj,
Rj := R/mj, R̂ = lim←−j Rj.

(i) For all i and n, we have a functorial isomorphism

(2.2.3) Hi
dRW (X/Wn(R))⊗Wn(R) Wn(R̂)

∼=−→ lim←−
j

Hi(Xj ,WnΩ
∗
Xj/Rj

).

(ii) Suppose furthermore that the following conditions are satisfied:
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(1) There exists a lifting φ : R̂ −→ R̂ of the absolute Frobenius on R/m;

let ρ : R̂ −→ Wn(R̂) be the induced ring homomorphism. By abuse
of notation we will denote the restriction of ρ to R by ρ again.

(2) The de Rham cohomology H∗
dR(X/R) is a locally free R-module.

Then there is an isomorphism

Hi(Xj ,WnΩ
∗
Xj/Rj

) ∼= Hi
dR(X/R)⊗R,ρWn(Rj)

which is natural in the following sense. For all l > j we have a com-
mutative diagram

Hi(Xl,WnΩ
∗
Xl/Rl

)
∼= //

��

Hi
dR(X/R)⊗R,ρWn(Rl)

id⊗Wn(Rl−→Rj)

��
Hi(Xj ,WnΩ

∗
Xj/Rj

)
∼= // Hi

dR(X/R)⊗R,ρWn(Rj).

For a morphism of R-schemes f : X −→ Y , where Y/R satisfies the
same assumptions as X, the following diagram is commutative:

Hi(Yj ,WnΩ
∗
Yj/Rj

)
∼= //

f∗

��

Hi
dR(Y/R)⊗R,ρWn(Rj)

f∗⊗id
��

Hi(Xj ,WnΩ
∗
Xj/Rj

)
∼= // Hi

dR(X/R)⊗R,ρWn(Rj).

Proof. For (i). Set C = RΓ(WnΩ
∗
X/R)⊗Wn(R)Wn(Rm). In view of Proposition

1.3.1, the assumptions for Lemma 2.2.4 are satisfied. Applying the lemma and
using Corollary 2.1.4 implies the claim.
For (ii). Consider the following cartesian squares

Xj //

��

Xn,j //

��

X ⊗R R̂

��
Spec(Rj)

gh1 // Spec(Wn(Rj))
ρ // Spec(R̂),

where Xn,j is by definition the fibre product. Note that R̂
ρ−→Wn(R̂)

gh1−−→ R̂ is
the identity, which implies that the left hand square is cartesian.
By the comparison theorem [LZ04, Theorem 3.1] we have a functorial isomor-
phism

Hi(Xj ,WnΩ
∗
Xj/Rj

) ∼= Hi
crys(Xj/Wn(Rj)).

By the comparison isomorphism of crystalline cohomology with de Rham co-
homology due to Berthelot-Ogus we get

Hi
crys(Xj/Wn(Rj)) ∼= Hi

dR(Xn,j/Wn(Rj))

∼= Hi
dR(X/R)⊗R,ρWn(Rj).
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For the last isomorphism we have used condition (2) on the de Rham cohomol-
ogy of X . �

Proof of Theorem 2.2.1. Without loss of generality we may assume that R is
integral. It suffices to show the flatness of Hi

dRW (X/WS(R)) when considered
as aWS(R)-module. This can be checked after localizing at maximal ideals. By
using Lemma 1.1.9 it suffices to prove that Hi

dRW (X/WS(R))⊗WS(R)WS(Rm)
is a flat WS(Rm)-module for every maximal ideal m ⊂ R. Similarly, it is
sufficient to prove (2.2.1) after tensoring with WT (Rm).
Let m ⊂ R be a maximal ideal, and set p = char(R/m). By using the de-
composition of WSΩ

∗
X/R ⊗ Z(p) from Proposition 1.2.6 together with (1.1.3)

we may assume that S is p-typical, say S = {1, p, . . . , pn−1}, and hence
T = {1, p, . . . , pm−1}.
Since R is a smooth Z-algebra, there is a lifting φ : R̂ −→ R̂ of the absolute
Frobenius of R/m, where R̂ = lim←−j R/m

j. Therefore Proposition 2.2.5 implies

Hi
dRW (X/Wn(R))⊗Wn(R) Wn(R̂)

∼=−→ lim←−
j

Hi(Xj ,WnΩ
∗
Xj/Rj

)

∼=−→ Hi
dR(X/R)⊗R,ρWn(R̂),

and we can prove the flatness by using Lemma 2.2.3.
Tensoring (2.2.1) with Wm(R̂) (recall that T = {1, p, . . . , pm−1}) and by using

Proposition 2.2.5(ii), we see that (2.2.1) ⊗Wm(R̂) is induced by the identity
on the de Rham cohomology. Hence it is an isomorphism by Lemma 2.2.3. �

3. Poincaré duality

3.1. A rigid ⊗-category.

Definition 3.1.1. LetR be a Z-torsion-free ring andQ a non-empty truncation
set. We denote by C′Q,R the category with objects being contravariant functors
S 7→MS from finite truncation sets contained in Q to sets, together with

• a WS(R)-module structure on MS , for all truncation sets S ⊂ Q, such
that the maps MS −→ MT , for T ⊂ S, are morphisms of WS(R)-
modules when MT is considered as a WS(R)-module via the projection
πT : WS(R) −→WT (R),
• for all positive integers n and all truncation sets S ⊂ Q, maps

φn :MS −→MS/n,

such that
– φn ◦ φm = φnm for all n,m,
– φn is a morphism of WS(R)-modules when MS/n is considered as

a WS(R) module via Fn : WS(R) −→WS/n(R),
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– for all truncation sets T ⊂ S ⊂ Q the following diagram is com-
mutative:

MS
φn //

��

MS/n

��
MT

φn // MT/n.

The functor S 7→MS is required to satisfy the following properties.

• For all truncation sets S ⊂ Q, the WS(R)-module MS is finitely gen-
erated and projective.
• For all truncation sets T ⊂ S ⊂ Q:

WT (R)⊗WS(R) MS −→MT

is an isomorphism.
• There is a positive integer a such that there exist morphisms

(3.1.1) βn :MS/n −→MS ,

for all positive integers n and all finite truncation sets S ⊂ Q, satisfying
the following properties:

– βn is a morphism of WS(R)-modules when MS/n is considered as
a WS(R) module via Fn : WS(R) −→WS/n(R),

– βn(λ · φn(x)) = na−1Vn(λ) · x, for all x ∈MS, λ ∈WS/n(R),
– φn ◦ βn = na.

Morphisms between two objects in C′Q,R are morphism of functors that are

compatible with the [S 7→WS(R)]-module structure and commute with φn for
all positive integers n. We simply write C′R for C′N>0,R

.

Remark 3.1.2. Note that the βn are not part of the datum; we can always
change βn 7→ nbβn for a non-negative integer b.

For an inclusion of truncation sets Q ⊂ Q′, we have an evident functor

C′Q′,R −→ C′Q,R.

Proposition 3.1.3. Let M ∈ ob(C′Q,R). Let S ⊂ Q be a finite truncation set.
Fix a > 0 and βn as in 3.1.1.

(1) For all positive integers n,m with (n,m) = 1 we have

φn ◦ βm = βm ◦ φn,

considered as morphisms MS/m −→MS/n.
(2) For all positive integers n,m we have

βn ◦ βm = βnm,

considered as morphisms MS/nm −→MS.
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(3) For all truncation sets T ⊂ S the following diagram is commutative:

MS/n
βn //

��

MS

��
MT/n

βn // MT .

Proof. The ring WS(R) is Z-torsion-free, because it can be considered via the
ghost map as a subring of

∏
s∈S R, and R is Z-torsion-free by assumption.

Since MS is a flat WS(R)-module, it is Z-torsion-free.
For (1). Since image(φm) ⊃ maMS/m it is sufficient to prove

φn ◦ βm ◦ φm = βm ◦ φn ◦ φm.
This follows from βm ◦ φm = Vm(1)ma−1 and φn ◦ φm = φm ◦ φn.
For (2). We may argue as in (1) by composing with ◦φnm.

βn◦βm◦φnm(x) = βn(Vm(1)ma−1φn(x)) = ma−1na−1Vnm(1)x = βnm◦φnm(x).

For (3). We may argue as in (1) by composing with ◦φn. The computation is
straightforward. �

Lemma 3.1.4. Let f : M −→ N be a morphism in C′Q,R, and choose a positive

integer a and βM,n, βN,n as in (3.1.1). Then fS ◦ βM,n = βN,n ◦ fS/n for all
S, n. In particular, the choice of the βn in Definition 3.1.1 depends only on the
positive integer a.

Proof. Again, we may use that MS is Z-torsion-free. Now,

naβnf(x) = βn(f(n
ax)) = βn(f(φnβn(x)))

= βnφnf(βn(x)) = na−1Vn(1)f(βn(x))

= f(na−1Vn(1)βn(x)) = f(βnφnβn(x)) = naf(βn(x)).

�

Proposition 3.1.5 (Tensor products). For two objects M,N in C′Q,R we set

(M ⊗N)S :=MS ⊗WS(R) NS, φn := φM,n ⊗ φN,n.
Then M ⊗N defines an object in C′Q,R.
Proof. This is a straightforward calculation. We can take βM⊗N,n = βM,n ⊗
βN,n. �

The tensor product equips C′Q,R with the structure of a ⊗-category with identity
object 1, where

1S := WS(R), φ1,n = Fn.

Definition 3.1.6. (Tate objects) Let b be a non-negative integer. We define
the object 1(−b) in C′Q,R by

1(−b)S := WS(R), φ1(−b),n = nbFn.
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For an object M in C′Q,R, MS is Z-torsion-free, hence we get an isomorphism:

HomC′
Q,R

(M,N)
∼=−→ HomC′

Q,R
(M ⊗ 1(−b), N ⊗ 1(−b))

Definition 3.1.7. We denote by CQ,R the category with objects M(b), where
M is an object in C′Q,R and b ∈ Z. As morphisms we set

HomCQ,R(M(b1), N(b2)) = HomC′
Q,R

(M ⊗ 1(b1 − c), N ⊗ 1(b2 − c)),
where c ∈ Z is such that b1 − c, b2 − c ≤ 0.

For two truncation sets Q ⊂ Q′, we have an obvious functor

CQ′,R −→ CQ,R.
The category CQ,R is additive and via M 7→ M(0) the category C′Q,R is a full

subcategory of CQ,R. For M ∈ C′Q,R, we have M(−b) = M ⊗ 1(−b) if b is
non-negative. For an integer b, the functor

CQ,R −→ CQ,R, M(n) 7→M(n+ b)

is an equivalence and has M(n) 7→M(n− b) as inverse functor.
For M(b1), N(b2) in CQ,R we set

M(b1)⊗N(b2) := (M ⊗N)(b1 + b2).

The tensor product equips CQ,R with the structure of a ⊗-category with identity
object 1.

3.1.8. Internal Hom. The reason for introducing the new category CQ,R is the
internal Hom construction.
Let M,N be two objects in C′Q,R, fix positive integers aM , aN and βn,M , βn,N
as in (3.1.1). In a first step we are going to define an object Hom′(M,N) in
C′Q,R that depends on the choice of aM . We set

Hom′(M,N)S := HomWS(R)(MS , NS).

We note that

HomWS(R)(MS , NS)⊗WS(R) WT (R)
∼=−→ HomWT (R)(MT , NT ),

since MS is finitely generated and projective. We define

φn : HomWS(R)(MS , NS) −→ HomWS/n(R)(MS/n, NS/n)

φn(f) := φn ◦ f ◦ βn.
This definition depends on aM . It is easy to check that Hom′(M,N) is an
object in C′Q,R (take βn(f) := βn ◦ f ◦ φn and a = aM + aN ). We set

(3.1.2) Hom(M,N) := Hom′(M,N)(aM )

as an object in CQ,R. In view of Lemma 3.1.4 this definition is independent of
any choices. For two objects M(b1), N(b2) in CQ,R we set

Hom(M(b1), N(b2)) := Hom(M,N)(b2 − b1).

Documenta Mathematica 19 (2014) 567–599



De Rham-Witt Cohomology 589

3.1.9. For three objects M,N,P in CQ,R we have an obvious natural isomor-
phism

Hom(M ⊗N,P ) = Hom(M,Hom(N,P )).

Proposition 3.1.10. For objects M,N in CQ,R we have a natural isomorphism

Hom(1,Hom(M,N)) −→ Hom(M,N).

Proof. We may assume that M,N ∈ C′Q,R. Fix aM and βM,n as in (3.1.1). We
need to show that

Hom(1(−aM ),Hom′(M,N)) = Hom(M,N),

and know that

Hom(1(−aM ),Hom′(M,N)) =

= {[S 7→ fS ] | fS ⊗WS(R) WT (R) = fT for T ⊂ S ⊂ Q,
φN,n ◦ fS ◦ βM,n = naM fS/n for all n, S ⊂ Q.}

Since φM,n(MS) ⊃ naMMS/n we have

φN,n ◦ fS ◦ βM,n = naM fS/n ⇔ φN,n ◦ fS ◦ βM,n ◦ φM,n = naM fS/n ◦ φM,n

⇔ φN,n ◦ fS ◦ naM−1Vn(1) = naM fS/n ◦ φM,n

⇔ naMφN,n ◦ fS = naM fS/n ◦ φM,n

⇔ φN,n ◦ fS = fS/n ◦ φM,n.

�

For M ∈ CQ,R we define the dual by

M∨ := Hom(M,1).

It equips CQ,R with the structure of rigid ⊗-category. We have

M∨ ⊗N = Hom(M,N).

3.1.11. Functoriality.

Proposition 3.1.12. Let R −→ A be a ring homomorphism between Z-torsion-
free rings. The assignment

[S 7→MS] 7→ [S 7→MS ⊗WS(R) WS(A)], [n 7→ φn] 7→ [n 7→ φn ⊗ Fn],
[S 7→ fS] 7→ [S 7→ fS ⊗ idWS(A)]

defines a functor

C′Q,R −→ C′Q,A.
The functor can be extended in the obvious way to a functor CQ,R −→ CQ,A.

Proof. Straightforward. �
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3.1.13. Our motivation for introducing CQ,R comes from geometry.

Proposition 3.1.14. Assumptions as in Theorem 2.2.1. Let Q be a non-empty
truncation set. For all i ≥ 0 the assignment

S 7→ Hi
dRW (X/WS(R)), n 7→ φn,

defines an object in C′Q,R.

Proof. Theorem 2.2.1 implies that these modules are projective and finitely
generated. For the construction of φn and βn see Section 1.2.15. �

Definition 3.1.15. Let X −→ Spec(R) be a morphism such that the assump-
tions of Theorem 2.2.1 are satisfied. For all i, we denote by Hi

dRW (X/W(R))
the object in CR that is given by S 7→ Hi

dRW (X/WS(R)) (Proposition 3.1.14).
We call H∗

dRW (X/W(R)) the de Rham-Witt cohomology of X .

3.1.16. Let X,Y be smooth proper schemes over R such that the assumptions
of Theorem 2.2.1 are satisfied for X and Y . The multiplication

RΓ(WSΩ
∗
X/R)×RΓ(WSΩ

∗
Y/R) −→ RΓ(WSΩ

∗
X×RY/R)

induces a morphism in CR:
(3.1.3) Hi

dRW (X/W(R))⊗Hj
dRW (Y/W(R)) −→ Hi+j

dRW (X ×R Y/W(R)).

3.2. The tangent space functor. We have a functor of rigid ⊗-categories
T : CQ,R −→ (finitely generated and projective R-modules)

T (M(n)) :=M{1}.

Proposition 3.2.1. The functor T is conservative, i.e. if T (f) is an isomor-
phism then f is an isomorphism.

Proof. It is sufficient to consider a morphism f : M −→ N in C′Q,R. We need
to show that fS : MS −→ NS is an isomorphism provided that f{1} is an
isomorphism. We may choose a positive integer a and βM,n, βN,n as in (3.1.1).
By Lemma 3.1.4 the morphism f commutes with βn.
Let n := max{s | s ∈ S}; by induction we know that fT is an isomorphism for
T = S\{n}. Set I = ker(WS(R) −→ WT (R)), we know that I = {Vn(λ) | λ ∈
R}. It suffices to show that

(3.2.1) IMS
fS−→ INS

is an isomorphism. If fS(Vn(λ)x) = 0 then na−1Vn(λ)fS(x) = 0 and therefore
βn(λ·φnfS(x)) = βn(λ·f{1}(φn(x))) vanishes. Since βn is injective, we conclude
λ · φn(x) = 0, hence

0 = βn(λ · φn(x)) = na−1Vn(λ)x,

which implies Vn(λ)x = 0.
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For the surjectivity of (3.2.1) we note that, by induction, for every y ∈ NS
there is x ∈MS with fS(x)− y ∈ INS . Therefore it suffices to show that IaNS
is contained in the image of fS . Now,

Vn(λ1) · · ·Vn(λa) = na−1Vn(λ1 · · ·λa).
Thus

Vn(λ1) · · ·Vn(λa)y = fS(βnf
−1
{1}(λ1 · · ·λa · φn(y))).

�

Corollary 3.2.2. Let X,Y be smooth proper schemes over R such that the
assumptions of Theorem 2.2.1 are satisfied for X and Y . If

⊕

i+j=n

Hi
dR(Y/R)⊗R Hj

dR(X/R) −→ Hn
dR(X ×R Y/R)

is an isomorphism then
⊕

i+j=n

Hi
dRW (X/W(R))⊗Hj

dRW (Y/W(R)) −→ Hn
dRW (X ×R Y/W(R))

(see (3.1.3)) is an isomorphism in CR.
Proof. This is an application of Proposition 3.2.1, because

T (Hi
dRW (−/W(R))) = Hi

dR(−/R).
�

Proposition 3.2.3. The functor T is faithful.

Proof. It is sufficient to consider a morphism f :M −→ N in C′Q,R. We need to
show that fS :MS −→ NS vanishes provided that f{1} is zero. We may choose a
positive integer a and βM,n, βN,n as in (3.1.1). By Lemma 3.1.4 the morphism
f commutes with βn.
Let n := max(S); by induction we know that fT = 0 for T = S\{n}, so that
for all x ∈MS the image fS(x) is of the form fS(x) = Vn(λ)y. Since

0 = f{1} ◦ φn(x) = φn ◦ fS(x) = n · λ · φn(y),
we conclude λ · φn(y) = 0 and na−1Vn(λ)y = 0, hence fS(x) = 0. �

3.2.4. The following proposition shows that an object in C′Q,R, where R is
a Z(p)-algebra, is determined by the p-typical part, that is, on its values for
truncation sets consisting of p-powers. Recall the notation Sp from Notation
1.1.7.

Proposition 3.2.5. Let R a Z-torsion-free ring. Let Q be a truncation set.
Suppose p is a prime such that ℓ−1 ∈ R for all primes ℓ ∈ Q\{p}. Let M,N be
C′Q,R-modules.

(1) Via the equivalence of (1.1.3):

MS 7→
⊕

n∈S,(n,p)=1

M(S/n)p .
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(2) If f : M −→ N is a morphism in C′Q,R then fS 7→
⊕

n∈S,(n,p)=1 f(S/n)p
via the equivalence (1.1.3).

(3) The restriction functor

C′Q,R −→ C′Qp,R
is an equivalence of categories.

Proof. For (1). First one proves that the projection ǫ1MS −→ MSp is an iso-
morphism (see Notation 1.1.7 for Sp). The second step is the isomorphism

φn : ǫnMS −→ ǫ1MS/n,

with ǫn
na βn as inverse.

Statement (2) is obvious, and (3) follows from (1) and (2). �

Proposition 3.2.6. Let R a Z-torsion-free ring. Let Q be a truncation set.
Suppose p−1 ∈ R for all primes p ∈ Q. Then

T : C′Q,R −→ (finitely generated and projective R-modules)

defines an equivalence of categories.

Proof. Straightforward. �

3.2.7. Let P be a set of primes (maybe infinite). We set ZP := Z[p−1 | p ∈ P ].
Let A be a commutative ring. We denote by ModA the category of A-modules.
We define the category ModA,P to be the category with objects

((Mp)p∈P , (αp,ℓ)p,ℓ∈P ),

whereMp is an A⊗ZZP\{p}-module, and αp,ℓ :Mℓ⊗ZP\{ℓ}
ZP −→Mp⊗ZP\{p}

ZP
is an isomorphism of A⊗ ZP -modules such that

αp1,p1 = id, αp1,p2 ◦ αp2,p3 = αp1,p3 for all p1, p2, p3 ∈ P .
The morphisms of ModA,P are defined in the evident way.
If P is finite and non-empty, then the evident functor

RP : ModA −→ ModA,P

is an equivalence of categories, because we can glue quasi-coherent sheaves.
If P is infinite then this may fail to be an equivalence, but we still have the
following properties, whose proof is left to the reader.

Lemma 3.2.8. Suppose P 6= ∅.
(i) RP is faithful.
(ii) For every N ∈ ModA such that N −→ N ⊗Z ZP is injective, and every

M ∈ModA the following map is an isomorphism:

HomModA(M,N)
∼=−→ HomModA,P (RP (M), RP (N)).

(iii) Suppose that A −→ A ⊗ ZP is injective. Let M̃ = ((M̃p), (αp,ℓ)) ∈
ModA,P be such that M̃p is a finitely generated and projective A ⊗Z

ZP\{p}-module for all p ∈ P . Then there exists a finitely generated and

projective M ∈ModA such that RP (M) ∼= M̃ .
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For a positive integer a, we denote by C′Q,R,a the full subcategory of C′Q,R
consisting of objects such that there exist {βn}n as in (3.1.1) for a.

Definition 3.2.9. Let Q be a non-empty truncation set, and let P be the set
of primes of Q. We denote by LC′Q,R,a the category with objects

((Mp)p∈P , (αp,ℓ)p,ℓ∈P ),

where

• Mp ∈ ob(C′Qp,R⊗ZP\{p},a
) for all p ∈ P ,

• αp,ℓ : T (Mℓ)⊗ZP\{ℓ}
ZP

∼=−→ T (Mp)⊗ZP\{p}
ZP is an isomorphism such

that

αp1,p1 = id, αp1,p2 ◦ αp2,p3 = αp1,p3 for all p1, p2, p3 ∈ P .
The morphisms are defined in the evident way.

Broadly speaking the next proposition shows that the category C′Q,R,a is glued
from the local components via the functor T .

Proposition 3.2.10. Let R be a Z-torsion-free ring, and let a be a positive
integer. For every non-empty truncation set Q the evident functor

C′Q,R,a −→ LC′Q,R,a
is an equivalence of categories.

Proof. The claim follows easily from Proposition 3.2.5, Proposition 3.2.6, and
Lemma 3.2.8. �

3.3. Proof of Poincaré duality.

3.3.1. Let f : X −→ Spec(R) be a smooth, projective morphism of relative
dimension d between noetherian schemes such that H∗

dR(X/R) is a flat R-
module. Suppose furthermore that Spec(R) is integral and the field of fractions
of R has characteristic zero.
We know that H0(X,OX) is a finite étale R-algebra and

H0
dR(X/R) = H0(X,OX).

Since H∗
dR(X/R) is flat, we have

Hi
dR(X/R)⊗R k(y)

∼=−→ Hi
dR(Xy/k(y)),

for every point y ∈ Spec(R), and Xy being the fibre of y. In particular, we
obtain

(3.3.1) H0(X,OX)⊗R k(y)
∼=−→ H0(Xy,OXy ).

By Grothendieck-Serre duality we see that y 7→ dimk(y)H
d(Xy, ωXy ) is a con-

stant function, thus Hd(X,ωX/R) is a finitely generated projective R-module
and we have

Hd(X,ωX/R)⊗R k(y)
∼=−→ Hd(Xy, ωXy )
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for every point y ∈ Spec(R). Since the Hodge to de Rham spectral sequence
degenerates at the generic point of Spec(R), we conclude:

Hd(X,ωX/R)
∼=−→ H2d

dR(X/R).

Recall that we have a trace map

Tr : Hd(X,ωX/R) −→ R;

we will also denote by Tr the induced map H2d
dR(X/R) −→ R. The duality

pairing

H0(X,OX)×Hd(X,ωX/R) −→ R

induces a duality pairing

H0
dR(X/R)×H2d

dR(X/R) −→ R.

Note that the fibres of f are connected if H0(X,OX) = R. Moreover, the
equality H0(X,OX) = R implies that the fibres are geometrically connected
by using (3.3.1).
Suppose now that H0(X,OX) = R, and set cX := Tr−1(1) ∈ Hd(X,ωX/R) =

H2d
dR(X/R). For a generically finite R-morphism g : X −→ Y , where Y satisfies

the same assumptions as X (in particular, Y/R is of relative dimension d), we
have a pull-back map

g∗ : H2d
dR(Y/R) = Hd(Y, ωY/R) −→ Hd(X,ωX/R) = H2d

dR(X/R)

which is dual to the trace map

g∗ : H0(X,OX) −→ H0(Y,OY ), g∗(1) = deg(g),

thus g∗(cY ) = deg(g) · cX .
Proposition 3.3.2. Let R be a smooth Z-algebra. Let X be a smooth projective
scheme over R such that H∗

dR(X/R) is a projective R-module. Suppose that X
is connected of relative dimension d. There is an isomorphism

H2d
dRW (X/W(R)) ∼= H0

dRW (X/W(R))⊗ 1(−d)
and a natural morphism in CR:

H2d
dRW (X/W(R)) −→ 1(−d)

Proof. Certainly, we may suppose that Spec(R) is integral.
1.Step: Reduction to X/R has geometrically connected fibres.
Set L = H0(X,OX), L is a finite étale R-algebra. It suffices to show the
existence of an isomorphism

(3.3.2) H2d
dRW (X/W(L))

τ−→ 1(−d)
in CL such that τ{1} is the trace map. In view of

H2d
dRW (X/W(L)) = H2d

dRW (X/W(R)),

(3.3.2) yields in CR:

(3.3.3) H2d
dRW (X/W(R))

∼=−→ H0
dRW (X/W(R))⊗ 1(−d) tr⊗id−−−→ 1(−d),
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with tr : H0
dRW (X/W(R)) −→ 1 being defined by the usual trace map

H0
dRW (X/WS(R)) = WS(L) −→WS(R).

The morphism (3.3.3) is functorial because it induces the usual trace map after
evaluation at {1}. Therefore we may assume R = L in the following.
2.Step: Proposition 3.2.6 implies the existence of a unique isomorphism

e : 1(−d)⊗Q
∼=−→ H2d

dRW (X/W(R))⊗Q

that induces Tr−1 after evaluation at {1}. In other words, there is a unique
system (eS)S with eS ∈ H2d

dRW (X/WS(R))⊗Q such that

(1) πS,T (eS) = eT for all T ⊂ S, where πS,T is induced by the projection

H2d
dRW (X/WS(R)) −→ H2d

dRW (X/WT (R)),

(2) φn(eS) = nd · eS/n for all n, S,

(3) e{1} = Tr−1(1).

Our goal is to show

(3.3.4) eS ∈ H2d
dRW (X/WS(R))

for every finite truncation set S. The strategy of the proof will be to show this
for X = PdR first. The next step will be to prove that (3.3.4) is local in Spec(R).
Locally on Spec(R) we can find generically finite morphisms to Pd, which can
be used together with the explicit description of de Rham-Witt cohomology
after completion (Proposition 2.2.5) to prove the claim.
3.Step: Suppose X = PdR. For any finite S, we get a morphism of WS(R)-
schemes

gS : WS(PdR) −→ PdWS(R)

induced by xi
xj
7→ [ xixj ] on the standard affine covering. The morphisms gS are

compatible with the Frobenius morphisms provided that the action on PdWS(R)

is given by φ∗n(xi) = xni .
We obtain

g∗ : Hd(PdWS(R), ωPdWS(R)
/WS(R)) −→ Hd(WS(PdR),Ω

d
WS(PdR)/WS(R))

−→ Hd(WS(PdR),WSΩ
d
PdR/R

) −→ H2d
dRW (PdR/WS(R)).

Note that Tr : Hd(PdWS(R), ωPdWS(R)
/WS(R))

∼=−→WS(R) and δS := Tr−1(1) satis-

fies φ∗n(δS) = nd · δS/n. Therefore eS = g∗(δS), which proves (3.3.4) in the case
of a projective space.
4.Step: We claim that in order to prove (3.3.4) it is sufficient to prove

(3.3.5) eS ∈ H2d
dRW (X/WS(R))⊗WS(R) WS(Rm)

for every maximal idealm. Indeed, let F be the coherent sheaf on Spec(WS(R))
associated to M := H2d

dRW (X/WS(R)). For every m, we can choose an open
affine neighborhood Um ⊂ Spec(R) and a section em ∈ F (WS(Um)) mapping
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to eS ∈ M ⊗WS(R) WS(Rm). The section em is unique and the sections (em)m
glue to a section of F on

⋃
mWS(Um) = WS(Spec(R)), which proves the claim.

Let R̂ be the completion lim←−j R/m
j. For every integer n, we have

nR̂ ∩Rm =
∞⋂

j=1

(nRm +mj) = nRm,

and thus (Rm ⊗Z Q) ∩ R̂ = Rm as intersection in R̂⊗Z Q. Therefore

(3.3.6) eS ∈ H2d
dRW (X/WS(R))⊗WS(R) WS(R̂)

implies (3.3.5).
5.Step: We will show (3.3.6). We may pass from Spec(R) to a neighborhood
Spec(R′) of m. Let R′ be such that there exists a generically finite R′-morphism

f : X ×Spec(R) Spec(R
′) −→ PdR′ .

The existence is proved in Proposition 3.3.3 below. Then eS = 1
deg(f)f

∗(eS),

because the classes ( 1
deg(f)f

∗(eS))S satisfy the properties listed in the second
step.
Set p = char(R/m). To prove (3.3.6) we may assume that S = {1, p, . . . , pn−1}.
Then Proposition 2.2.5(ii) yields the claim, because for the de Rham cohomol-
ogy we know that f∗(Tr−1(1)) is divisible by deg(f). �

Proposition 3.3.3. Let Y be of finite type over Spec(Z). Let X/Y be smooth
projective such that X is connected of relative dimension d. For every closed
point y ∈ Y there is open neighborhood U of y, and a generically finite U -
morphism X ×Y U −→ PdU .

In order to prove Proposition 3.3.3 we will need a sequence of lemmas.

Lemma 3.3.4. Let R be a local noetherian ring. Let X/R be a smooth projective
R-scheme such that every connected component of X has relative dimension
d ≥ 0 over Spec(R). Let L be a relative ample line bundle. There is n >
0 satisfying the following property: for every k ≥ 1 there is a section s ∈
H0(X,L ⊗kn) such that V (s) is smooth of relative dimension d− 1 over R.

Proof. Let y ∈ Spec(R) denote the closed point. For n ≫ 0 we have
Hi(Xy,L

⊗n
|Xy) = 0 for all i > 0. By semicontinuity we get Hi(X,L ⊗n) = 0 for

all i > 0, and
H0(X,L ⊗n) −→ H0(Xy,L

⊗n
|Xy )

is surjective. Replace L by a power such that this holds for all n ≥ 1.
If the residue field of R is infinite then we can find a section sy ∈ H0(Xy,L

⊗n
|Xy )

such that V (sy) is smooth of dimension d−1. In the case of a finite residue field
we have to use [Poo04] and may have to replace L by a high enough power
again.
Let s be a lifting of sy toH

0(X,L ⊗n), setH := V (s). If d = 0 thenH is empty,
because it has empty intersection with the special fibre. For d ≥ 1, H is flat
by the local criterion for flatness, because it has transversal intersection with
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the special fibre. Since H −→ Spec(R) is flat and the special fibre is smooth, we
conclude that H is smooth. By Chevalley’s theorem, H is of relative dimension
d− 1. �

Remark 3.3.5. H is empty if and only if d = 0.

Lemma 3.3.6. Assumptions as in Lemma 3.3.4. There is n ≥ 1 and sections
s0, . . . , sd ∈ H0(X,L ⊗n) such that

(1)
⋂d
i=0 V (si) is empty,

(2)
⋂d
i=1 V (si) is finite over R and non-empty.

Proof. Let m and s ∈ H0(X,L ⊗m) such that H = V (s) is a smooth hyper-
surface as in Lemma 3.3.4. Without loss of generality m = 1. For k ≫ 0, we
get a surjective map

H0(X,L ⊗k) −→ H0(H,L ⊗k
|H ).

By induction on d we can find sH,0, . . . , sH,d−1 ∈ H0(H,L ⊗k
|H ), for some k ≥ 1,

satisfying the desired properties forH . Note that sjH,0, . . . , s
j
H,d−1, for all j ≥ 1,

also satisfy the properties, hence we may suppose k ≫ 0. Choose some liftings
s0, s1, . . . , sd−1 ∈ H0(X,L ⊗k). Then s0, s1, . . . , sd−1, s

k satisfy the required
properties. �

Proof of Proposition 3.3.3. Let L be a relative ample line bundle. Apply
Lemma 3.3.6 to the local ring of Y at y. The sections s0, . . . , sd extend to
X ×Y Spec(U) for an open affine neighborhood U of y. After possibly shrink-

ing U we have
⋂d
i=0 V (si) = ∅ so that

X ×Y Spec(U) −→ PdU ,

defined by s0, . . . , sd, is well-defined. The second property of Lemma 3.3.6
implies that the morphism is generically finite. �

Corollary 3.3.7. Let R be a smooth Z-algebra. Let X −→ Spec(R) be a smooth
projective morphism such that H∗

dR(X/R) is a projective R-module. Suppose
that X is connected of relative dimension d. If the canonical map

(3.3.7) Hi
dR(X/R) −→ HomR(H

2d−i
dR (X/R), R)

is an isomorphism, then

(3.3.8) Hi
dRW (X/W(R))

∼=−→ Hom(H2d−i
dRW (X/W(R)),1(−d)).

Proof. In view of Proposition 3.3.2 and (3.1.3) we get a morphism in CR:

Hi
dRW (X/W(R))⊗H2d−i

dRW (X/W(R)) −→ H2d
dRW (X/W(R)) −→ 1(−d)

inducing (3.3.8). Now, T (3.3.8) = (3.3.7) proves the claim. �
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Remark 3.3.8. Note that the map

Hi
dR(X/R) −→ HomR(H

2d−i
dR (X/R), R)

induced by the pairing

Hi
dR(X/R)⊗R H2d−i

dR (X/R) −→ H2d
dR(X/R) −→ R

is an isomorphism if for every closed point y ∈ Spec(R) the Hodge-to-de-Rham
spectral sequence for the fibre at y,

(3.3.9) Hj(Xy,Ω
i
Xy/k(y)

)⇒ Hi+j
dR (Xy/k(y)),

degenerates. Indeed, since the de Rham cohomology is locally free, it is also
stable under base change and it suffices to show that, for every closed point
y ∈ Spec(R), the Poincaré pairing for the fibre at y,

Hi
dR(Xy/k(y))⊗k(y) H2d−i

dR (Xy/k(y)) −→ H2d
dR(Xy/k(y)) −→ k(y),

is non-degenerate. This follows easily from the degeneration of the Hodge-to-
de-Rham spectral sequence and Serre duality.
The degeneration of the spectral sequence (3.3.9) is known in the following
cases:

• Hj(X,ΩiX/R) is torsion-free for all i, j,

• dimXy ≤ char(k(y)).

As an example, we have abelian schemes or curves over R.
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Abstract. Let o be the ring of integers in a finite extension of Qp.
If G is a finite group and Γ is a maximal o-order containing the group
ring o[G], Jacobinski’s conductor formula gives a complete description
of the central conductor of Γ into o[G] in terms of characters of G.
We prove a similar result for completed group algebras o[[G]], where
G is a p-adic Lie group of dimension 1. We will also discuss several
consequences of this result.
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Introduction

Let o be the ring of integers in a number field K (or in a finite extension K of
Qp) and consider the group ring o[G] of a finite group G over o. The central
conductor F(o[G]) consists of all elements x in the center of o[G] such that
xΓ ⊆ o[G], where Γ ⊆ K[G] is a chosen maximal o-order containing o[G], i.e.

F(o[G]) = {x ∈ ζ(o[G]) | xΓ ⊆ o[G]} .

Here, we write ζ(Λ) for the center of a ring Λ. A result of Jacobinski [Ja66]
(see also [CR81, Theorem 27.13]) gives a complete description of the central
conductor in terms of the irreducible characters of G. More precisely, we have

F(o[G]) =
⊕

χ

|G|
χ(1)

D−1(o[χ]/o), (1)

1The author acknowledges financial support provided by the DFG
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where D−1(o[χ]/o) denotes the inverse different of o[χ], the ring of integers in
K(χ) := K(χ(g) | g ∈ G), with respect to o, and the sum runs through all
absolutely irreducible characters of G modulo the following Galois action: If
χ is an absolutely irreducible character of G and σ belongs to Gal(K(χ)/K),
then σ acts on χ as σχ(g) = σ(χ(g)) for every g ∈ G. Jacobinski’s main interest
was in determining annihilators of Ext; in fact, he showed that

F(o[G]) · Ext1o[G](M,N) = 0

for all o[G]-lattices M and o[G]-modules N . For instance, it can be deduced
from this result that |G|/χ(1) annihilates Ext1o[G](Mχ, N) if Mχ is an o[G]-
lattice such that K ⊗o Mχ is absolutely simple with character χ. Later,
Roggenkamp [Ro71] showed that the annihilators obtained in this way are in
fact the best possible in a certain precise sense.

In this article we consider completed group algebras o[[G]], where o denotes
the ring of integers in a finite extension K of Qp and G is a p-adic Lie group
of dimension 1. Hence G may be written as a semi-direct product H ⋊ Γ with
finite H and a cyclic pro-p-group Γ, isomorphic to Zp. We will exclude the
special case p = 2, as we will make heavily use of results of Ritter and Weiss
[RW04] (where the underlying prime is assumed to be odd) on the total ring
of fractions QK(G) of o[[G]]. However, it turns out that the results provided
by Ritter and Weiss are not sufficient for our purposes and so we shall have
to determine the structure of QK(G) in more detail, thereby generalizing and
extending results of Lau [La12] (where K = Qp and G is pro-p). We will do
this in the first section. In section 2 we provide the necessary preparations
for our main theorem including results on reduced traces and conductors. The
main theorem will then be stated and proved in section 3. More precisely, if we
define the central conductor in complete analogy to the group ring case, then
we have an inclusion

⊕

χ/∼

|H |wχ
χ(1)

·D−1(oχ/o)oχ[[Γ
′
χ]] ⊆ F(o[[G]]), (2)

where the sum runs through all absolutely irreducible characters of G with
open kernel up to a certain explicit equivalence relation. Moreover, wχ is the
index of a certain subgroup (depending on χ) in G and oχ denotes the ring
of integers in Kχ := K(χ(h) | h ∈ H). Finally, Γ′

χ is a cyclic pro-p-group
which has an explicitly determined topological generator. We will give precise
definitions later in the text. The inclusion (2) is not far from being an equality.
In fact, we show that its ‘χ-part’ becomes an equality after localization at any
height 1 prime ideal of oχ[[Γ

′
χ]] that does not contain p. It is an equality if

G = H × Γ is a direct product or if no skewfields occur in the Wedderburn
decomposition of QK(G) (in fact it suffices to suppose that the Schur indices
are not divisible by p). Moreover, we will also explicitly determine the central
conductor whenever G is a pro-p-group; we use this to give an example where
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(2) is a proper inclusion.

The proof of Jakobinski’s central conductor formula does not carry over
unchanged to the present situation for two reasons. First, the completed group
algebra is an order over the power series ring o[[T ]], but there is no canonical
choice of embedding of o[[T ]] into ζ(o[[G]]). Secondly and more seriously, the
ring o[[T ]] is a regular local ring, but it is not a Dedekind domain. Further-
more, even if we localize at a height one prime ideal, the residue field will
not be finite. Hence we do not have the well elaborated theory of maximal
orders over discrete valuation rings with finite residue field at our disposal. In
the aforementioned two cases, when G = H × Γ is a direct product or when
no skewfields occur in the Wedderburn decomposition, we will overcome this
problem by replacing our chosen maximal o[[T ]]-order by a suitable maximal
o-order. When G is a pro-p-group, it is the explicit description of the occurring
skewfields due to Lau [La12] which allows us to determine the central conductor.

Finally, we derive some consequences in section 4. In particular, we obtain
results for the corresponding Ext-groups in analogy to the group ring case.
We also apply our main result to the theory of non-commutative Fitting
invariants introduced by the author [Ni10] and further developed in [JN13].
This theory may be applied to o[[G]]-modules even if G is non-abelian, but in
contrast to the commutative case, the Fitting invariant of a finitely presented
o[[G]]-module M might not be contained in the annihilator of M . To obtain
annihilators one has to multiply by a certain ideal H(o[[G]]) of ζ(o[[G]]) which
is hard to determine in general. However, it is easily seen that H(o[[G]]) always
contains the central conductor so that our main theorem provides a method
to compute explicit annihilators of a finitely presented o[[G]]-module, at least,
if we are able to compute its Fitting invariant.

Acknowledgement. The author is indebted to Henri Johnston for his
many suggestions and helpful remarks.

1 The total ring of fractions of a completed group algebra

Let p be an odd prime and let G be a profinite group containing a finite normal
subgroup H such that G/H ≃ Γ for a pro-p-group Γ, isomorphic to Zp; thus
G can be written as a semi-direct product H ⋊ Γ and is a p-adic Lie group of
dimension 1. We denote the completed group algebra Zp[[G]] by Λ(G) that is

Λ(G) := Zp[[G]] = lim←−Zp[G/N ],

where the inverse limit is taken over all open normal subgroups N of G. If
K is a finite field extension of Qp with ring of integers o, we put Λo(G) :=
o⊗Zp Λ(G) = o[[G]]. We fix a topological generator γ of Γ and choose a natural
number n such that γp

n

is central in G. Since we also have that Γp
n ≃ Zp, there
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is an isomorphism o[[Γp
n

]] ≃ o[[T ]] induced by γp
n 7→ 1 + T . Here, R := o[[T ]]

denotes the power series ring in one variable over o. If we view Λo(G) as an
R-module (or more generally as a left R[H ]-module), there is a decomposition

Λo(G) =

pn−1⊕

i=0

R[H ]γi.

Hence Λo(G) is finitely generated and free as an R-module and is an R-order in
the separable L := Quot(R)-algebra QK(G) := L⊗RΛo(G). Note that QK(G)
is obtained from Λo(G) by inverting all regular elements. By [RW04, Lemma
1] we have QK(G) = K ⊗Qp Q(G), where Q(G) := QQp(G) denotes the total
ring of fractions of Λ(G).
Let Qc

p be an algebraic closure of Qp and denote by Irr (G) the set of absolutely
irreducible Qc

p-valued characters of G with open kernel. Fix χ ∈ Irr (G). Let η
be an irreducible constituent of resGHχ. Then G acts on η as ηg(h) = η(g−1hg)
for g ∈ G, h ∈ H , and we set

St(η) := {g ∈ G : ηg = η}, e(η) :=
η(1)

|H |
∑

h∈H
η(h−1)h, eχ :=

∑

η|resGHχ
e(η).

Choose a finite Galois extension E of K such that the character χ has a re-
alization Vχ over E. By [RW04, Corollary to Proposition 6] eχ is a primitive
central idempotent of QE(G). In fact, it is shown that every primitive central
idempotent of Qc(G) := Qc

p ⊗Qp Q(G) is an eχ, and eχ = eχ′ if and only if
χ = χ′ ⊗ ρ for some character ρ of G of type W (i.e. resGHρ = 1).
By Clifford theory [CR81, Proposition 11.4] the irreducible constituents of
resGHχ are precisely the conjugates of η under the action of G, each occur-
ring with the same multiplicity zχ. By [RW04, Lemma 4] we have zχ = 1 and
thus equalities

resGHχ =

wχ−1∑

i=0

ηγ
i

, eχ =

wχ−1∑

i=0

e(ηγ
i

) =
χ(1)

|H |wχ
∑

h∈H
χ(h−1)h, (3)

where wχ := [G : St(η)]. Note that wχ is a power of p as H is a subgroup of
St(η). We now put

Kχ := K(χ(h) | h ∈ H) ⊆ K(η) := K(η(h) | h ∈ H)

and note that Kχ = Kχ⊗ρ whenever ρ is of type W . As g−1Hg = H , we
have K(ηg) = K(η) for every g ∈ G and thus K(η) does not depend on the
particular choice of irreducible constituent of resGHχ.
We let σ ∈ Gal(Qc

p/K) act on χ as σχ(g) = σ(χ(g)) for all g ∈ G and similarly
on characters of H . Note that the actions on resGHχ and η factor through
Gal(Kχ/K) and Gal(K(η)/K), respectively.
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Lemma 1.1. The degree [K(η) : Kχ] divides wχ; in particular, it is a power of
p.

Proof. Fix σ in Gal(K(η)/Kχ). As σ acts trivially on resGHχ, the character
ση also is an irreducible constituent of resGHχ. Hence there are irreducible
constituents η1, . . . , ηs of resGHχ such that resGHχ may be written as

resGHχ =

s∑

i=1

∑

σ∈Gal(K(ηi)/Kχ)

σηi.

Then wχη(1) = χ(1) =
∑s
i=1[K(ηi) : Kχ]ηi(1) = s[K(η) : Kχ]η(1) as desired.

By [RW04, Proposition 5] there is a unique element γχ ∈ ζ(Qc(G)eχ) such that
γχ acts trivially on Vχ and γχ = γwχ · c = c · γwχ , where c ∈ (Qc

p[H ]eχ)
×. An

analysis of the proof in fact shows that c ∈ (E[H ]eχ)
× if both χ and η have

realizations over E. We can and do assume this in the following. Again by
[RW04, Proposition 5] the element γχ generates a procyclic p-subgroup Γχ of

(QE(G)eχ)×. Moreover, γχ induces an isomorphism QE(Γχ) ≃−→ ζ(QE(G)eχ)
by [RW04, Proposition 6].
We let σ ∈ Gal(E/K) act on QE(G) = E ⊗K QK(G) as σ(x ⊗ y) = σ(x) ⊗ y
for all x ∈ E and y ∈ QK(G). We then have

σ(eχ) = eσχ, σ(γχ) = γσχ (4)

for every σ ∈ Gal(E/K); here, the latter equality follows from the uniqueness
of γσχ. By (3) we have σ(eχ) = eχ whenever σ ∈ Gal(E/Kχ); in particular, we
have an action of Gal(E/Kχ) on ζ(QE(G)eχ).
For a finite extension F of Qp let U1

F denote the group of principal units in F .

Lemma 1.2. Fix χ ∈ Irr (G). Then there is a principal unit x = xχ ∈ U1
E with

the following properties.

(i) The element γ′χ := xγχ is invariant under the action of Gal(E/Kχ) on

ζ(QE(G)eχ).

(ii) Let m ≥ 0 be an integer. If γp
m

acts trivially on Vχ, then xp
m

belongs to
U1
Kχ

.

Moreover, if Γ′
χ denotes the procyclic p-subgroup generated by γ′χ, then

QE(Γχ)Gal(E/Kχ) = QKχ(Γ′
χ).

Proof. We first observe that all claims do not depend on the choice of E. To
see this let F be a second finite Galois extension of K such that the character
χ can be realized over F . Replacing F by EF we may assume E ⊆ F . If
there is an x ∈ U1

E with (i) and (ii), then we may use the same x for F
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as U1
E ⊆ U1

F . Conversely, suppose there is an x ∈ U1
F which fulfills (i) and

(ii) with E replaced by F . Let σ ∈ Gal(F/E) be arbitrary. Then σ acts
trivially on γχ as γχ ∈ ζ(QE(G)eχ), and it acts trivially on γ′χ by (i). Hence
σ(x) = σ(γ′χ)σ(γχ)

−1 = γ′χγ
−1
χ = x and thus x ∈ U1

F ∩ E = U1
E as desired.

Finally, as Gal(F/E) acts trivially on γχ, we have QF (Γχ)Gal(F/E) = QE(Γχ),
and thus the last statement of the Lemma does not depend on E either.
We now may assume that E is obtained from Kχ by adjoining roots of unity.
More precisely, the group G/ ker(χ) is finite as χ has open kernel, and by
[CR81, Theorem 15.16] we may take E = Kχ(ζ), where ζ is a root of unity
of order |G/ ker(χ)|. Let us denote by µp(E) the group of all p-power roots of
unity in E. Let σ ∈ Gal(E/Kχ) be arbitrary. Then resGHχ = resGH

σχ and thus
σχ = χ⊗ρσ for some character ρσ of type W . Hence σ(γχ) = γσχ = ζσγχ with
ζσ := ρσ(γ)

−wχ ∈ µp(E) by [RW04, Proposition 5]. The assignment

Gal(E/Kχ)→ µp(E), σ 7→ ζσ = γσ−1
χ

is a 1-cocycle. Let E0 be the maximal unramified extension of Kχ in E. Then
E = E0(µp(E)) and thus H1(Gal(E/E0), µp(E)) = 1 by [NSW08, Proposition
9.1.6]. By the inflation-restriction sequence this yields an isomorphism

H1(Gal(E0/Kχ), µp(E0)) ≃ H1(Gal(E/Kχ), µp(E)). (5)

The natural map H1(Gal(E0/Kχ), µp(E0))→ H1(Gal(E0/Kχ), U
1
E0

) is trivial,
as the latter group vanishes by [NSW08, Proposition 7.1.2]. This and (5)
imply that there is an a ∈ µp(E) · U1

E0
⊆ U1

E such that ζσ = aσ−1 for all
σ ∈ Gal(E/Kχ). We put x := a−1; then γ′χ := xγχ is easily seen to be
invariant under the action of Gal(E/Kχ).
Now let m ≥ 0 be an integer such that γp

m

acts trivially on Vχ. Then also
cp
m

= (γχγ
−wχ)p

m

acts trivially on Vχ and belongs to (E[H ]eχ)
×. So we must

have cp
m

= eχ. We deduce that γp
m

χ = γp
mwχeχ and thus σ(γp

m

χ ) = γp
m

χ for
every σ ∈ Gal(E/Kχ). We obtain

σ(xp
m

) = σ((γ′χ)
pm)σ(γp

m

χ )−1

= (γ′χ)
pm(γp

m

χ )−1

= xp
m

;

hence xp
m

belongs to U1
E ∩Kχ = U1

Kχ
.

For the last assertion, we observe that U1
E is a Zp-module and therefore

ΛoE (Γχ) = ΛoE (Γ′
χ) (6)

as (γ′χ)
z = xzγzχ for every z ∈ Zp (see also [Hi93, Lemma 1, p.199]). Hence also

QE(Γχ) = QE(Γ′
χ) and thus

QE(Γχ)Gal(E/Kχ) = QE(Γ′
χ)

Gal(E/Kχ) = QKχ(Γ′
χ)

as desired.
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Remark 1.3. The principal unit x and the element γ′χ are unique up to a
principal unit in Kχ. To see this let y ∈ U1

E be a second principal unit which
fulfills (i) and (ii) of Lemma 1.2 with γ′χ replaced by γ′′χ := yγχ. Then yx−1 =
γ′′χ(γ

′
χ)

−1 is a principal unit which is invariant under Gal(E/Kχ) and thus
belongs to U1

Kχ
.

Example. Assume that G = H × Γ is a direct product. Then wχ = 1 and
resGHχ = η is irreducible. If χ(γ) = χ(1), then γχ = γeχ and we may choose
γ′χ = γχ. If χ(γ) 6= χ(1), we may write χ = χ′ ⊗ ρ with χ′(γ) = χ′(1) = χ(1)
and some character ρ of type W . By [RW04, Proposition 5] we have γχ =
γχ′ρ(γ)−1 = ρ(γ)−1γeχ. Then x = ρ(γ) fulfills (i) and (ii) of Lemma 1.2 and
we find that γ′χ = γχ′ = γeχ = γ′χ′ .

Definition 1.4. Let χ, ψ ∈ Irr (G). We say that χ and ψ are equivalent overK
(and write χ ∼K ψ) if there is σ ∈ Gal(Kχ/K) such that σ(resGHχ) = resGHψ.

Note that if χ ∼K ψ, then we have Kχ = Kψ and via (4) an isomorphism
QKχ(Γ′

χ) ≃ QKψ(Γ′
ψ). Moreover, we have χ ∼K χ⊗ρ whenever ρ is a character

of type W .

Proposition 1.5. Let G be a p-adic Lie group of dimension 1 and let K be a
finite extension of Qp. Then there is an isomorphism

ζ(QK(G)) ≃
⊕

χ∈Irr (G)/∼K
QKχ(Γ′

χ),

where the sum runs through all χ ∈ Irr (G) up to the above equivalence relation.

Proof. Since there are only finitely many central primitive idempotents eχ
of Qc(G), we may choose a finite Galois extension E of K such that E[H ]
contains each eχ. We will use the fact that the center of QK(G) coincides
with the Gal(E/K)-invariants of ζ(QE(G)). For this let σ be an element of
Gal(E/K). Fix χ, ψ ∈ Irr (G). Then σ(eχ) = eσχ, and σ(eχ) = eψ if and only
if resGHψ = σ(resGHχ). In particular, the action of Gal(E/K) on eχ factors
through Gal(Kχ/K), and we may write

ζ(QK(G)) =
⊕

χ∈Irr (G)/∼K
ζ(QK(G)εχ), εχ :=

∑

σ∈Gal(Kχ/K)

σ(eχ) ∈ ζ(QK(G)).

(7)
Now let β ∈ ζ(QK(G)εχ). We view β as an element in ζ(QE(G)εχ) which is
invariant under Gal(E/K). We may therefore write

β = (βσ)σ ∈
⊕

σ∈Gal(Kχ/K)

ζ(QE(G)σ(eχ)) ≃
⊕

σ∈Gal(Kχ/K)

QE(Γσχ)

where, by abuse of notation, σ denotes also a chosen lift of σ in Gal(E/K).
As we have already mentioned before, the uniqueness of γχ implies that γσχ =
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σ(γχ) for every σ ∈ Gal(E/K); thus β is determined by β1, and β1 lies in
QE(Γχ)Gal(E/Kχ) = QKχ(Γ′

χ), where the equality is Lemma 1.2. Now β 7→ β1
induces an isomorphism ζ(QK(G)εχ) ≃ QKχ(Γ′

χ).

Remark 1.6. In the special case, where K = Qp and G is a pro-p-group, a
similar result has been established by Lau [La12] using a different method. The
same is true for Corollary 1.9 below.

Corollary 1.7. Let K be a finite extension of Qp with ring of integers o.

Choose a maximal R-order Λ̃o(G) containing Λo(G). Then

ζ(Λ̃o(G)) ≃
⊕

χ∈Irr (G)/∼K
Λoχ(Γ′

χ),

where oχ denotes the ring of integers in Kχ.

Proof. This follows from Proposition 1.5 as Λoχ(Γ′
χ) is the integral closure of

R in QKχ(Γ′
χ).

Remark 1.8. Here, Λ̃o(G) is an order over R = o[[T ]], where we have identified
1+T with γp

n

for a chosen large n. Let us fix a χ ∈ Irr (G) in each equivalence
class over K. If m = m(χ) is sufficiently large, then γp

m

acts trivially on Vχ
and hence γp

m

χ = (γp
m

)wχeχ. Enlarging n and m if necessary (for the finitely
many χ), we may assume that pn = pm · wχ. Hence we may also assume that
the inclusion

R = o[[T ]]  Λoχ(Γ′
χ)

is induced by 1 + T 7→ γ
pn/wχ
χ = x−p

m

(γ′χ)
pm ∈ Λoχ(Γ′

χ), where x−p
m

belongs
to U1

Kχ
by Lemma 1.2. We will fix such an n for the rest of the paper.

Corollary 1.9. The algebra QK(G) has Wedderburn decomposition

QK(G) ≃
⊕

χ∈Irr (G)/∼K
(Dχ)nχ×nχ ,

where nχ ∈ N and Dχ is a skewfield with center QKχ(Γ′
χ). If sχ denotes the

Schur index of Dχ, then we have an equality χ(1) = nχsχ.

Proof. All assertions are immediate from Proposition 1.5 apart from the last
equality. Let us denote the simple component (Dχ)nχ×nχ by Aχ. With E
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sufficiently large as in Proposition 1.5 we compute

(nχsχ)
2 = dimQKχ (Γ′

χ)
(Aχ)

= [Kχ : K]−1 · dimQK(Γ′
χ)
(Aχ)

(i)
= [Kχ : K]−1 · dimQE(Γχ)(E ⊗K Aχ)

(ii)
= [Kχ : K]−1 ·

∑

σ∈Gal(Kχ/K)

dimQE(Γχ)(QE(G)eσχ)

(iii)
= [Kχ : K]−1 ·

∑

σ∈Gal(Kχ/K)

σχ(1)2

= χ(1)2

Here, (i) follows from the equality QE(Γ′
χ) = QE(Γχ) which was established in

the proof of Lemma 1.2 (confer equation (6)). The isomorphism E ⊗K Aχ ≃⊕
σ∈Gal(Kχ/K)QE(G)eσχ implies (ii), and (iii) is shown in the proof of [RW04,

Proposition 6].

Remark 1.10. In the case K = Qp and G a pro-p-group one can determine
the occurring skewfields explicitly (see [La12, Theorem 1] and also (15) below).

Theorem 1.11. Fix χ ∈ Irr (G) and let Aχ = (Dχ)nχ×nχ be the corresponding
simple component of QK(G). Then E ⊗K Aχ splits whenever one (and hence
every) irreducible constituent η of resGHχ can be realized over E. More precisely,
we then have an isomorphism

E ⊗K Aχ ≃
⊕

σ∈Gal(Kχ/K)

(
QE(Γ′

χ)
)
χ(1)×χ(1) .

Proof. Recall that L = QK(Γp
n

) for our fixed sufficiently large n. Let E be
a finite extension of K and let L′ := E ⊗K L = QE(Γpn). As L′-vector space
and more generally as left L′[H ]-module, we have a decomposition

QE(G) =
pn−1⊕

i=0

L′[H ]γi.

Now fix χ ∈ Irr (G) and let η be an irreducible constituent of resGHχ. Suppose
that η has a realization over E. Recall the definition (7) of εχ. As Kχ ⊆
K(η) ⊆ E, we have a decomposition

E ⊗K Aχ = QE(G)εχ =
⊕

σ∈Gal(Kχ/K)

QE(G)σ(eχ).

As the centers of QE(G)σ(eχ), σ ∈ Gal(Kχ/K) are isomorphic fields via (4)
(compare also the proof of Proposition 1.5), it suffices to show that QE(G)eχ
splits.
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Since E is a subfield of L′ we have L′[H ]e(η) ≃ L′
η(1)×η(1) and similarly for

every other irreducible constituent of resGHχ. We obtain

QE(G)eχ =

pn−1⊕

i=0

L′[H ]eχγ
i

=

pn−1⊕

i=0

wχ−1⊕

j=0

L′[H ]e(ηγ
j

)γi

≃
pn−1⊕

i=0

wχ−1⊕

j=0

L′
η(1)×η(1)γ

i,

where we have used equation (3) for the second equality. We now choose an in-
decomposable idempotent fη = fηe(η) of L′[H ]e(η) ≃ L′

η(1)×η(1). Observe that
for a second indecomposable idempotent f ′

η of L′[H ]e(η) we have an isomor-
phism fηL

′[H ]f ′
η ≃ L′. As QE(G)eχ is a simple algebra over its center QE(Γ′

χ)

by Corollary 1.9, and fη is also an idempotent in QE(G)eχ, it suffices to show
that fηQE(G)eχfη is a field, namely QE(Γ′

χ). For this, we first observe that
fη,i := γifηγ

−i is also an indecomposable idempotent for every 0 ≤ i < pn, and
belongs to L′[H ]e(ηγ

i

) as γie(η)γ−i = e(ηγ
i

) and H is normal in G. However,
e(η) = e(ηγ

i

) if and only if wχ divides i, and thus

fηL
′[H ]fη,i ≃

{
L′ if wχ | i
0 otherwise.

Since e(ηγ
j

)γifη = fη,ie(η
γj )γi we therefore have

fηQE(G)eχfη ≃
pn−1⊕

i=0
wχ|i

L′γi =

w−1
χ pn−1⊕

i=0

L′γwχi.

We conclude that dimL′(fηQE(G)eχfη) = w−1
χ pn. However, recall that

L′ = QE(Γpn) and γp
n

identifies with γ
pn/wχ
χ = x−p

n/wχ(γ′χ)
pn/wχ by Re-

mark 1.8, where x−p
n/wχ ∈ U1

Kχ
⊆ (L′)×. As L′-vector space we therefore

have a decomposition

QE(Γ′
χ) =

w−1
χ pn−1⊕

i=0

L′(γ′χ)
i.

Thus we also have dimL′(QE(Γ′
χ)) = w−1

χ pn. Since QE(Γ′
χ) = ζ(QE(G)eχ) is

contained in fηQE(G)eχfη, we are done.
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Corollary 1.12. There is a finite Galois extension E of K such that

QE(G) ≃
⊕

χ∈Irr (G)/W

(QE(Γχ))χ(1)×χ(1),

where the sum runs through all χ ∈ Irr (G) modulo twists with characters of
type W . In particular, no skewfields occur in the Wedderburn decomposition of
the semi-simple algebra QE(G).

Proof. This is an immediate consequence of Theorem 1.11 and Corollary 1.9
once we observe that QE(Γχ) = QE(Γ′

χ) by (6) if E is sufficiently large.

Corollary 1.13. Write η(1) = sηnη, where sη denotes the Schur index of η.
Then sχ divides sη[K(η) : Kχ] and nη divides nχ.

Proof. By definition of the Schur index there is a field E of minimal degree sη
over K(η) such that η can be realized over E. However,

E ⊗K Aχ ≃ E ⊗K QKχ(Γ′
χ)⊗QKχ (Γ′

χ)
Aχ

≃
⊕

σ∈Gal(Kχ/K)

E ⊗Kχ QKχ(Γ′
χ)⊗QKχ (Γ′

χ)
Aχ

≃
⊕

σ∈Gal(Kχ/K)

QE(Γ′
χ)⊗QKχ (Γ′

χ)
Aχ

splits by Theorem 1.11. Now [Re03, Theorem 28.5] implies that sχ divides

[QE(Γ′
χ) : QKχ(Γ′

χ)] = [E : Kχ] = sη[K(η) : Kχ].

Moreover, we have

wχsηnη = wχη(1) = χ(1) = nχsχ | nχsη[K(η) : Kχ] | nχsηwχ,

where the last divisibility is due to Lemma 1.1. Thus nη divides nχ as claimed.

Example. Assume that H is a p-group. Then sη = 1 for all irreducible
characters η of H by a result of Roquette [Ro58]. However, Lau [La12] gives
examples, where sχ = [K(η) : Kχ] is non-trivial.

Let us denote the global dimension of a ring Λ by gl.dim (Λ). The following
lemma is only needed to justify Remark 3.6 below and can be skipped on a
first reading.

Lemma 1.14. Let A be a separable L-algebra of finite dimension over L and let
Λ be a maximal R-order in A. If A is split, then there is a maximal o-order ∆
in Λ such that R⊗o ∆ = Λ (and thus L⊗o ∆ = A).
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Proof. There are natural numbers k > 0 and ni, 1 ≤ i ≤ k such that A =⊕k
i=1 Ai and Ai ≃ Lni×ni . We put Λ̃i := Rni×ni and Λ̃ :=

⊕k
i=1 Λ̃i. Observe

that this is a maximal R-order in A by [Re03, Theorem 8.7]. Then ∆̃ :=⊕k
i=1 oni×ni is a maximal o-order in

⊕k
i=1Kni×ni and has R ⊗o ∆̃ = Λ̃ and

L ⊗o ∆̃ = A. Since global dimension is invariant under Morita equivalence
(cf. [Ra69, Corollary, p. 476]), we have

gl.dim (Λ̃i) = gl.dim (R) = 2.

Moreover, Λ̃i/rad(Λ̃i) is a matrix ring over the residue field of R and thus a
simple artinian ring. As likewise Λ decomposes into Λ =

⊕k
i=1 Λi, where each

Λi is a maximal R-order in Ai, we may apply [Ra69, Theorem 5.4] in each
simple component: there is a unit ai ∈ Ai such that Λi = a−1

i Λ̃iai. We put
a :=

∑k
i=1 ai so that Λ = a−1Λ̃a. We further put ∆ := a−1∆̃a. Then ∆ is a

maximal o-order in Λ, and we have

R⊗o ∆ = a−1(R ⊗o ∆̃)a = a−1Λ̃a = Λ

as desired.

2 Traces and conductors

Let R be a noetherian integrally closed domain with quotient field L. If A
is a simple L-algebra, we denote by trA/L the reduced trace from A to L. If
A is separable, then by [Re03, Theorem 9.26] the reduced trace gives rise to
a symmetric associative nondegenerate bilinear form A × A → L which sends
(a, b) to trA/L(ab). Note that if A = L′ is a field, then tr L′/L = TrL′/L is the
ordinary trace of fields. Now let Λ be an R-order in A. By a Λ-lattice we mean
a finitely generated Λ-module which is torsionfree as R-module. We consider
duality with respect to the trace form: For each full left Λ-lattice M in A (that
is A⊗Λ M = A) we associate the dual right Λ-lattice

D(M/R) :=
{
x ∈ A | trA/L(xM) ⊆ R

}
.

In particular, applying this construction to the two-sided Λ-lattice Λ we obtain
a two-sided Λ-lattice D(Λ/R) which (by abuse of language) we will call the
inverse different of Λ with respect to R. If D(Λ/R) happens to be invertible,
we call D(Λ/R) := D(Λ/R)−1 the different of Λ with respect to R.

Lemma 2.1. Let R be a noetherian integrally closed domain with quotient field
L and let A be a simple separable L-algebra. Let L ⊆ L′ ⊆ ζ(A) be fields and
denote the integral closure of R in L′ by R′. Then for every maximal R-order
Λ in A, we have

D(Λ/R) ⊇ D(Λ/R′)D(R′/R)

with equality if D(R′/R) is invertible.
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Proof. As Λ is also a maximal R′-order by [Re03, Theorem 10.5], we have
Λ = R′Λ and D(Λ/R′) is defined. Let a ∈ D(Λ/R′) and b ∈ D(R′/R) be
arbitrary. Then

trA/L(abΛ) = trL′/L(trA/L′(abΛ)) = tr L′/L(btrA/L′(aΛ)) ⊆ tr L′/L(bR
′) ⊆ R

as desired. Now assume that D(R′/R) = D(R′/R)−1 is invertible. We conclude

x ∈ D(Λ/R) ⇐⇒ tr L′/L(trA/L′(xΛ)) ⊆ R
⇐⇒ tr L′/L(trA/L′(xR′Λ)) ⊆ R
⇐⇒ tr L′/L(R

′trA/L′(xΛ)) ⊆ R
⇐⇒ trA/L′(xΛ) ⊆ D(R′/R)

⇐⇒ trA/L′(xD(R′/R)Λ) ⊆ R′

⇐⇒ xD(R′/R) ⊆ D(Λ/R′)

⇐⇒ x ∈ D(Λ/R′)D(R′/R).

Now let A be a semisimple L-algebra and let Tr be the ordinary trace map from
A to L. For every x ∈ A we associate the homomorphism Tr x ∈ HomL(A,L)
defined by Tr x(a) := Tr (xa) for all a ∈ A. Let Λ be an R-order in A. For
a full left Λ-lattice M in A we may also consider duality with respect to the
ordinary trace form:

Dord (M/R) := {x ∈ A | Tr (xM) ⊆ R} = {x ∈ A | Tr x(M) ⊆ R}

is a right Λ-lattice in A. We have a canonical homomorphism of right Λ-modules

δM : Dord (M/R)→M+ := HomR(M,R), x 7→ Tr x|M , (8)

where λ ∈ Λ acts on f ∈ M+ as fλ(m) := f(λm) for all m ∈ M . Similar
observations hold for full right Λ-lattices in A.
Recall that an R-module M is called reflexive if the canonical map M →M++,
m 7→ [f 7→ f(m)] is an isomorphism.

Proposition 2.2. Let R be a noetherian integrally closed domain with quotient
field L. Let A be a semisimple L-algebra and let Λ be an R-order in A. If the
ordinary trace Tr gives rise to a nondegenerate bilinear form A × A → L,
(a, b) 7→ Tr (ab), then the homomorphism δM in (8) is an isomorphism for
every full Λ-lattice M in A. In particular, Dord (Dord (M/R)/R) = M if and
only if M is reflexive.

Proof. As the bilinear form A × A → L, (a, b) 7→ Tr (ab) is nondegenerate,
we have Tr x = Tr y if and only if x = y. It follows that the map δA : A →
HomL(A,L), x 7→ Tr x is injective and thus an isomorphism of L-vector spaces
as both sides have the same dimension over L. It is also a homomorphism of
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right A-modules. Now let M be a full left Λ-lattice in A. Then δM is just
the restriction of δA to Dord (M/R) and thus injective. However, by [NSW08,
Remark p.268] restriction to M yields an isomorphism

M+ ≃ {φ ∈ HomL(A,L) | φ(M) ⊆ R}
= {Tr x | x ∈ A, Tr x(M) ⊆ R}
= {Tr x | x ∈ Dord (M/R)} .

Hence the image of δM is M+ as claimed.

We now return to the case L = Quot(R), where R = o[[T ]] is the power series
ring in one variable over the ring of integers o in K. Recall that as an L-vector
space we have QK(G) =

⊕pn−1
i=0 L[H ]γi =

⊕pn−1
i=0 Lγi[H ]. We denote by Tr

the ordinary trace map from QK(G) to L.

Lemma 2.3. The elements γih, 0 ≤ i < pn, h ∈ H form an L-basis of QK(G)
and

Tr (γih) =

{
pn|H | if γi = h = 1
0 otherwise.

Its dual basis with respect to Tr is given by (pn|H |)−1h−1γ−i, 0 ≤ i < pn,
h ∈ H.

Proof. It is clear that these elements form an L-basis of QK(G). Now let
0 ≤ i < pn and h ∈ H . We use the same basis to compute Tr (γih). For every
0 ≤ j < pn and h′ ∈ H , we have to write γihγjh′ as an L-linear combination
of these basis elements. However, γihγjh′ = γi+jhjh

′ with hj := γ−jhγj ∈ H .
This actually belongs to this basis if i+ j < pn; if i+ j ≥ pn, then γi+jhjh′ =
γp

n

γi+j−p
n

hjh
′ with γp

n ∈ L = QK(Γp
n

). Since only the diagonal entries of
the corresponding pn|H |×pn|H | matrix contribute to Tr (γih), we now suppose
that γjh′ = γi+jhjh

′ if i+ j < pn, and that γjh′ = γi+j−p
n

hjh
′ if i + j ≥ pn.

In both cases we must have hj = 1 and thus h = 1. In the first case, we also
have j = i + j which forces i = 0, whereas in the second case j = i + j − pn
which gives i = pn. This contradicts i < pn and so the latter case does not
occur. We see that this matrix has all diagonal entries equal to zero if γih 6= 1;
hence Tr (γih) = 0 in this case. That Tr (1) = pn|H | is clear. It is now easily
checked that (pn|H |)−1h−1γ−i, 0 ≤ i < pn, h ∈ H is the dual basis.

Lemma 2.4. Let K ′ be a finite field extension of K with ring of integers o′ and
let a be a principal unit in some finite extension of K ′. Let n ∈ N0 and suppose
that ap

n

belongs to U1
K′ . Consider Λo′

(Γ) as R-order via the embedding

ιa,n : R Λo′

(Γ), 1 + T 7→ (aγ)p
n

.

Then the inverse different

D(Λo′

(Γ)/R) =
{
x ∈ QK′

(Γ) | TrQK′ (Γ)/L(xΛ
o′

(Γ)) ⊆ R
}
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is given by
D(Λo′

(Γ)/R) = p−nD−1(o′/o)Λo′

(Γ),

where D−1(o′/o) denotes the usual inverse different of o′ with respect to o. In
particular, D(Λo′

(Γ)/R) is invertible.

Proof. First, we consider the case a = 1 and n = 0. If x1, . . . , xk form an o-
basis of o′, then x1, . . . , xk are also an o[[T ]]-basis of o′[[T ]] which is isomorphic
to Λo′

(Γ) via 1 + T 7→ γ. Hence its dual basis with respect to the ordinary
trace TrK′/K of fields, is also a dual basis with respect to TrQK′ (Γ)/L. Hence

D(Λo′

(Γ)/R) equals D−1(o′/o)Λo′

(Γ) and is invertible in this case. For the
general case let ι′a,n : Λo′

(Γ)  Λo′

(Γ) be induced from γ 7→ (aγ)p
n

. Then
ιa,n = ι′a,n ◦ ι1,0. We may therefore assume o = o′ by the first part of the proof
and an application of Lemma 2.1. The inverse different only depends upon the
image of R in Λo(Γ). However, ιa,n(R) = ι1,n(R) as ap

n ∈ U1
K′ . Thus we may

also assume a = 1. But in this case the result follows from Lemma 2.3 with
G = Γ.

By Corollary 1.9 we may write QK(G) =
⊕

χ∈Irr (G)/∼K Aχ, where Aχ =

(Dχ)nχ×nχ , nχ ∈ N and Dχ is a skewfield with Schur index sχ and center
QKχ(Γ′

χ). Again by Corollary 1.9, we have χ(1) = sχnχ. Hence the ordinary
trace may be written as

Tr =
∑

χ∈Irr (G)/∼K
χ(1)tr χ, (9)

where tr χ denotes the reduced trace from Aχ to L. Moreover, we have

tr χ = TrQKχ (Γ′
χ)/L

◦ trAχ/QKχ (Γ′
χ)
, (10)

where TrQKχ (Γ′
χ)/L

denotes the ordinary trace of fields and trAχ/QKχ (Γ′
χ)

de-
notes the reduced trace from Aχ into its center. Recall from Remark 1.8 that
we have fixed a sufficiently large integer n ≥ 0 such that R = o[[T ]] embeds into
Λoχ(Γ′

χ) via 1 + T 7→ (x−1γ′χ)
pn/wχ . Now Lemma 2.1 and Lemma 2.4 (with

the embedding ιa,m, where a = x−1 and pm = pn/wχ) imply that the following
definition does not depend on the choice of the embedding.

Definition 2.5. Choose a maximal R-order Λ̃o(G) containing Λo(G). We
have a decomposition Λ̃o(G) =

⊕
χ∈Irr (G)/∼K Λ̃o

χ(G), where each Λ̃o
χ(G) is a

maximal R-order in Aχ. For sufficiently large n we call the two-sided Λ̃o
χ(G)-

lattice

Dχ(Λ̃
o(G)) = Dnorm(Λ̃

o
χ(G)/R) := pnD(Λ̃o

χ(G)/R) =

= pn ·
{
x ∈ Aχ | tr χ(xΛ̃o

χ(G)) ⊆ R
}

the normalized inverse different.
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Definition 2.6. Let Λ ⊆ Λ̃ be a pair of rings. Then

(Λ̃ : Λ)l :=
{
x ∈ Λ̃ | xΛ̃ ⊆ Λ

}

is called the left conductor of Λ̃ into Λ. Similarly,

(Λ̃ : Λ)r :=
{
x ∈ Λ̃ | Λ̃x ⊆ Λ

}

is called the right conductor of Λ̃ into Λ.

Proposition 2.7. Let Λ̃o(G) be a maximal R-order containing Λo(G). Then
Λo(G), the maximal order Λ̃o(G) as well as the left conductor (Λ̃o(G) : Λo(G))l
and the right conductor (Λ̃o(G) : Λo(G))r are reflexive (and thus free) R-
modules.

Proof. We first observe that R is a 2-dimensional regular local ring and thus
every reflexive R-module is free (and vice versa) by [NSW08, Proposition 5.1.9].
As Λo(G) is free over R, it is also reflexive. Moreover, every maximal R-order
is reflexive by [Re03, Theorem 11.4]. Finally, let M := (Λ̃o(G) : Λo(G))r (the
argument for (Λ̃o(G) : Λo(G))l is similar). We denote by P (R) the set of prime
ideals of R of height 1. AsM is R-torsionfree, the proof of [NSW08, Proposition
5.1.8] shows that we have an injection M  M++ =

⋂
p∈P (R)Mp, where the

equality is [NSW08, Lemma 5.1.2]. Now let x ∈ ⋂p∈P (R)Mp be arbitrary;

we have to show that x ∈ M . For every p ∈ P (R) we have x ∈ Λ̃o(G)p and
Λ̃o(G)px ⊆ Λo(G)p. Thus x ∈ ⋂p∈P (R) Λ̃

o(G)p = Λ̃o(G) and

Λ̃o(G)x =
⋂

p∈P (R)

Λ̃o(G)px ⊆
⋂

p∈P (R)

Λo(G)p = Λo(G),

that is x ∈M .

We now establish the following analogue of Jacobinski’s conductor formula
[CR81, Theorem 27.8].

Theorem 2.8. Let Λ̃o(G) be a maximal R-order containing Λo(G). Then

(Λ̃o(G) : Λo(G))l = (Λ̃o(G) : Λo(G))r =
⊕

χ∈Irr (G)/∼K

|H |
χ(1)

Dχ(Λ̃
o(G)).

Proof. Put M := (Λ̃o(G) : Λo(G))r ; then M is the largest left Λ̃o(G)-lattice
in Λo(G). So its ordinary dual Dord (M/R) is the smallest right Λ̃o(G)-lattice
containing Dord (Λ

o(G)/R). Since Λo(G) is free over R with basis γih, 0 ≤ i <
pn, h ∈ H , we therefore have

Dord (M/R) = Dord (Λ
o(G)/R)Λ̃o(G) = (pn|H |)−1Λ̃o(G),

Documenta Mathematica 19 (2014) 601–627



A Conductor Formula for Completed Group Algebras 617

where we have used Lemma 2.3 for the second equality. However, M is reflexive
by Proposition 2.7 and so Proposition 2.2 yields

M = Dord (Dord (M/R)/R) =

= Dord ((p
n|H |)−1Λ̃o(G)/R) = pn|H |Dord (Λ̃

o(G)/R).

The theorem now follows from the equalities

Dord (Λ̃
o(G)/R) =

⊕

χ∈Irr (G)/∼K
Dord (Λ̃

o
χ(G)/R)

Dord (Λ̃
o
χ(G)/R) = χ(1)−1D(Λ̃o

χ(G)/R)

= (χ(1)pn)−1Dχ(Λ̃
o(G)),

as a similar argument works for (Λ̃o(G) : Λo(G))l.

3 A formula for the central conductor

Definition 3.1. Let Λ̃o(G) be a maximal R-order containing Λo(G). Then the
central conductor of Λ̃o(G) into Λo(G) is defined to be

F(Λo(G)) = F(Λ̃o(G)/Λo(G)) := ζ(Λo(G)) ∩ (Λ̃o(G) : Λo(G))l

= ζ(Λo(G)) ∩ (Λ̃o(G) : Λo(G))r

=
{
x ∈ ζ(Λo(G)) | xΛ̃o(G) ⊆ Λo(G)

}
.

Remark 3.2. We will see below that the central conductor only depends on
Λo(G) and not on the choice of maximal order containing Λo(G). Hence the
notation F(Λo(G)) is justified.

By Corollary 1.9 we may write QK(G) =
⊕

χ∈Irr (G)/∼K Aχ, where each Aχ ≃
(Dχ)nχ×nχ is simple. Similarly, Λ̃o(G) decomposes into

⊕
χ∈Irr (G)/∼K Λ̃o

χ(G),

where each Λ̃o
χ(G) is a maximal R-order in Aχ with center Λoχ(Γ′

χ). The

central conductor is an ideal in ζ(Λ̃o(G)) =
⊕

χ∈Irr (G)/∼K Λoχ(Γ′
χ) and so we

may write

F(Λ̃o(G)/Λo(G)) =
⊕

χ∈Irr (G)/∼K
Fχ(Λ̃o(G)/Λo(G)),

where each Fχ(Λ̃o(G)/Λo(G)) is an ideal in Λoχ(Γ′
χ). We define

dχ := QKχ(Γ′
χ) ∩D(Λ̃o

χ(G)/Λ
oχ(Γ′

χ)).

We denote by Pχ the set of prime ideals of Λoχ(Γ′
χ) of height 1.

Lemma 3.3. The fractional Λoχ(Γ′
χ)-ideal dχ is a reflexive Λoχ(Γ′

χ)-module

which does not depend on the choice of maximal order Λ̃o(G).
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Proof. We first show that dχ is reflexive. As it is torsionfree, we have an
injection dχ  d++

χ =
⋂

p∈Pχ(dχ)p. Now let x ∈ ⋂p∈Pχ(dχ)p. Then clearly

x ∈ QKχ(Γ′
χ) and

trAχ/QKχ (Γ′
χ)
(xΛ̃o

χ(G)p) ⊆ Λoχ(Γ′
χ)p

for all p ∈ Pχ. This implies

trAχ/QKχ (Γ′
χ)
(xΛ̃o

χ(G)) ⊆
⋂

p∈Pχ
trAχ/QKχ (Γ′

χ)
(xΛ̃o

χ(G)p)

⊆
⋂

p∈Pχ
Λoχ(Γ′

χ)p

= Λoχ(Γ′
χ).

Thus x belongs to QKχ(Γ′
χ) ∩D(Λ̃o

χ(G)/Λ
oχ(Γ′

χ)) = dχ as claimed.

Now let Λ̆o(G) be a second maximal R-order containing Λo(G). Then likewise
Λ̆o(G) decomposes into

⊕
χ∈Irr (G)/∼K Λ̆o

χ(G), where each Λ̆o
χ(G) is a maximal

R-order in Aχ. We put

d̆χ := QKχ(Γ′
χ) ∩D(Λ̆o

χ(G)/Λ
oχ(Γ′

χ)).

Fix a height 1 prime ideal p ∈ Pχ. By [AG60, Proposition 3.5] there is a unit
aχ ∈ Aχ such that Λ̆o

χ(G)p = aχΛ̃
o
χ(G)pa

−1
χ . Now let x ∈ QKχ(Γ′

χ). Then

trAχ/QKχ (Γ′
χ)
(xΛ̆o

χ(G)p) = trAχ/QKχ (Γ′
χ)
(xaχΛ̃

o
χ(G)pa

−1
χ )

= trAχ/QKχ (Γ′
χ)
(aχxΛ̃

o
χ(G)pa

−1
χ )

= trAχ/QKχ (Γ′
χ)
(xΛ̃o

χ(G)p),

where the second equality holds, since x is central in Aχ. Hence

trAχ/QKχ (Γ′
χ)
(xΛ̆o

χ(G)p) ⊆ Λoχ(Γ′
χ)p⇐⇒trAχ/QKχ (Γ′

χ)
(xΛ̃o

χ(G)p) ⊆ Λoχ(Γ′
χ)p,

that is (dχ)p = (d̆χ)p for all p ∈ Pχ. As both dχ and d̆χ are reflexive, this
implies dχ = d̆χ as desired.

Let πχ be a prime element in oχ and put pχ := πχΛ
oχ(Γ′

χ) ∈ Pχ.

Lemma 3.4. There is an integer rχ ≤ 0 such that dχ = p
rχ
χ . If the Schur index

sχ is not divisible by p, then rχ = 0 and thus dχ = Λoχ(Γ′
χ).

Proof. Let ∆χ be a maximal order in Dχ. Then (∆χ)nχ×nχ is a maximal order
in Aχ by [Re03, Theorem 8.7]. Let α ∈ (∆χ)nχ×nχ be the matrix with a 1 in
the upper left corner and zeros everywhere else. Let x ∈ dχ. Then in particular

trAχ/QKχ (Γ′
χ)
(xα) = x · trAχ/QKχ (Γ′

χ)
(α) = x · sχ ∈ Λoχ(Γ′

χ). (11)
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Here, the first equality follows from linearity of the reduced trace as x belongs
to QKχ(Γ′

χ). For the second equality we compute

trAχ/QKχ (Γ′
χ)
(α) = trDχ/QKχ (Γ′

χ)
(1) = sχ.

As sχ is an integer, it follows from (11) that x ∈ Λoχ(Γ′
χ)p for every p ∈ Pχ,

p 6= pχ. However, dχ is reflexive by Lemma 3.3 and thus we must have dχ = p
rχ
χ

for some integer rχ. Since obviously Λoχ(Γ′
χ) ⊆ dχ, we have rχ ≤ 0. Finally,

if p does not divide sχ, then by (11) we have x ∈ Λoχ(Γ′
χ)p for every p ∈ Pχ

including pχ and thus rχ = 0 in this case.

Theorem 3.5. Let Λ̃o(G) be a maximal order containing Λo(G). Then
F(Λ̃o(G)/Λo(G)) does not depend on the choice of maximal order Λ̃o(G) and
we have an equality

F(Λo(G)) = F(Λ̃o(G)/Λo(G)) =
⊕

χ∈Irr (G)/∼K

|H |wχ
χ(1)

·D−1(oχ/o)dχ.

Here, dχ = p
rχ
χ for some integer rχ ≤ 0. In particular, we have an inclusion

|H |wχ
χ(1)

·D−1(oχ/o)Λ
oχ(Γ′

χ) ⊆ Fχ(Λ̃o(G)/Λo(G)), (12)

which becomes an equality after localization at every p ∈ Pχ different from pχ.
Moreover, the inclusion (12) is an equality in each of the following cases:

(i) G = H × Γ is a direct product.

(ii) The Schur index sχ is not divisible by p.

(iii) There is a maximal oχ-order ∆χ contained in Λ̃o
χ(G) such that

Λoχ(Γ′
χ)⊗oχ ∆χ = Λ̃o

χ(G).

Remark 3.6. Fix a p-adic Lie-group G of dimension 1. Then (ii) and (iii)
hold for all χ whenever K is sufficiently large. This follows from Theorem 1.11
and Lemma 1.14.

Remark 3.7. If p does not divide the order of the commutator subgroup of G,
then Λo(G) is a direct sum of matrix rings over commutative rings by [JN13,
Proposition 4.5]. In particular, no skewfields occur in the Wedderburn decom-
position of QK(G) and thus (ii) holds for every χ ∈ Irr (G).

Proof of Theorem 3.5. Let us define

δ−1
χ := pnD−1(Λoχ(Γ′

χ)/R) = wχ ·D−1(oχ/o)Λ
oχ(Γ′

χ),

where the second equality follows from Lemma 2.4 and Remark 1.8.

Lemma 3.8. We have an equality Dχ(Λ̃
o(G)) = D(Λ̃o

χ(G)/Λ
oχ(Γ′

χ)) · δ−1
χ .
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Proof. This is a special case of Lemma 2.1.

By Theorem 2.8 and the definition of the central conductor we obtain

Fχ(Λ̃o(G)/Λo(G)) = Λoχ(Γ′
χ) ∩

( |H |
χ(1)

·Dχ(Λ̃
o(G))

)

for each χ ∈ Irr (G). Hence it must be shown that

Λoχ(Γ′
χ) ∩

( |H |
χ(1)

·Dχ(Λ̃
o(G))

)
=
|H |
χ(1)

δ−1
χ dχ (13)

for each character χ. We note that

|H |
χ(1)

δ−1
χ dχ ⊆

|H |
χ(1)

Dχ(Λ̃
o(G)) ⊆ Λ̃o(G);

so each element of |H|
χ(1)δ

−1
χ dχ is integral over R, and thus lies in Λoχ(Γ′

χ). This
gives one inclusion in (13). Now let y ∈ Λoχ(Γ′

χ). Then by Lemma 3.8 we have

y ∈ |H |
χ(1)

·Dχ(Λ̃
o(G)) ⇐⇒ yδχ ⊆

|H |
χ(1)

D(Λ̃o
χ(G)/Λ

oχ(Γ′
χ))⇐⇒ yδχ ⊆

|H |
χ(1)

dχ

giving the reverse inclusion in (13). Lemma 3.3 and Lemma 3.4 imply the
remaining assertions apart from the claim that rχ = 0 in case (i) and (iii).
Let us first assume that G = H × Γ is a direct product. Choose a maximal
o-order M(H) containing o[H ]. Let χ ∈ Irr (G). Then resGHχ = η is an
irreducible character of H and there is a character ρ of type W such that χ⊗ρ
is trivial on Γ. As χ ∼K χ ⊗ ρ, we may henceforth assume that ρ = 1. We
then have wχ = 1, Kχ = K(η), eχ = e(η) and γχ = γeχ = γ′χ. Then M(H)εχ

is a maximal oχ-order such that Λ̃o
χ(G) := Λoχ(Γ) ⊗oχ M(H)εχ is a maximal

R-order in Aχ. It follows that (i) is a special case of (iii).
Now assume that (iii) holds and let y ∈ (dχ)pχ be arbitrary. We have to show
that y ∈ Λoχ(Γ′

χ)pχ . As the reduced trace is QKχ(Γ′
χ)-linear, we may alter y

by a unit in Λoχ(Γ′
χ)pχ so that we may assume that y = πkχ for an appropriate

integer k; in particular, we then have y ∈ Kχ. By hypothesis there is a maximal
oχ-order ∆χ contained in Λoχ(Γ′

χ) such that QKχ(Γ′
χ) ⊗oχ ∆χ = Aχ. Hence

an oχ-basis of ∆χ is also a QKχ(Γ′
χ)-basis of Aχ which we may use to compute

the reduced trace. Hence y ∈ Kχ has

trKχ⊗oχ∆χ/Kχ
(y∆χ) ⊆ Λoχ(Γ′

χ)pχ ∩Kχ = oχ

and we have to show that y ∈ oχ; in other words we shall show that Kχ ∩
D−1(∆χ/oχ) = oχ. Suppose that this is not true. Then oχ is properly contained
in Kχ ∩ D−1(∆χ/oχ). Then p−1

χ ⊆ D−1(∆χ/oχ) and thus pχ∆χ contains
D(∆χ/oχ). However, if Pχ denotes the radical of ∆χ, then pχ∆χ = Pe

χ for
some positive integer e and D(∆χ/oχ) = Pe−1

χ by [Re03, Theorems 20.3 and
14.3], a contradiction.
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Example. Assume that G = H × Γ is a direct product and thus

Λo(G) = Λo(Γ)[H ] = Λo(Γ)⊗o o[H ]. (14)

Let χ ∈ Irr (G). As we have seen in the proof of Theorem 3.5 we then have
wχ = 1, Kχ = K(η) and γ′χ = γeχ. Hence

F(Λo(G)) =
⊕

χ∈Irr (G)/∼K

|H |
χ(1)

·D−1(oχ/o)Λ
oχ(Γ) = Λo(Γ)⊗o F(o[H ])

which can be shown more directly using (14) and Jacobinski’s central conduc-
tor formula (1). So the main obstacle to derive Theorem 3.5 directly from
Jacobinski’s result is the fact that in general G = H ⋊ Γ is only semi-direct.

We finally determine the integers rχ wheneverG is a pro-p-group. For simplicity
we will also assume that K = Qp. Then Kχ = Qp,χ and oχ =: Zp,χ denotes
the ring of integers in Qp,χ. Let Qη and Qχ be the maximal ideals in Zp[η] and
Zp,χ, respectively. If x is a rational number, we let ⌊x⌋ ∈ Z denote the largest
integer such that ⌊x⌋ ≤ x.

Theorem 3.9. Assume that G is a pro-p-group and a p-adic Lie group of
dimension 1. Fix χ ∈ Irr (G) and let Aχ ≃ (Dχ)nχ×nχ be the corresponding

simple component of Q(G). Write D(Zp[η]/Zp,χ) = Q
kχ
η for some integer kχ ≥

0. Then Dχ is a cyclic skewfield with Schur index sχ = [Qp(η) : Qp,χ] and

rχ = −⌊kχsχ ⌋.

Proof. By [La12, Theorem 1] we know that Dχ is a cyclic skewfield with
Schur index sχ = [Qp(η) : Qp,χ]. More precisely, the extension Qp(η)/Qp,χ
is cyclic and totally ramified, as G is pro-p and thus Qp(η) is a subfield of
Qp(ζpm) for some positive integer m. Let σ be a generator of the Galois group
Gal(Qp(η)/Qp,χ). Then by [La12, Theorem 1] the skewfield Dχ is given by

Dχ ≃
sχ−1⊕

i=0

(
QQp(η)(Γsχ)

)
γi, (15)

where γsχ is a topological generator of Γsχ ≃ Zp and for x ∈ QQp(η)(Γsχ) we
have γx = σ(x)γ (note that this is not the same Γ as in G = H ⋊ Γ; it is just
a topological group isomorphic to Zp which we again denote by Γ). Then Dχ

has center QQp,χ(Γsχ) which is isomorphic to QQp,χ(Γ′
χ) under the isomorphism

(15). Now let d =
∑sχ−1
i=0 xiγ

i ∈ Dχ be arbitrary, xi ∈ QQp(η)(Γsχ), 0 ≤ i < sχ.
We claim that

trDχ/QQp,χ (Γsχ )(d) = TrQQp(η)(Γsχ )/QQp,χ (Γsχ )(x0). (16)
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For this one only has to check that we have an isomorphism

Qp(η)⊗Qp,χ Dχ ≃ (QQp(η)(Γ))sχ×sχ

x0 7→




x0
σ(x0)

. . .
σsχ−1(x0)




γ 7→




0 γ

γ
. . . 0
. . . 0

...
γ 0




From this one can easily compute the reduced trace in (16). Now put

Σχ :=

sχ−1⊕

i=0

(
ΛZp[η](Γsχ)

)
γi ⊆ Dχ.

Then Σχ is a ΛZp,χ(Γsχ)-order in Dχ. Moreover, QηΣχ is a two-sided ideal of
Σχ, since γQη = σ(Qη)γ = Qηγ. We consider the ΛZp,χ(Γsχ)pχ -order Σpχ :=
(Σχ)pχ in Dχ. Then QηΣpχ is again two-sided and we have

(QηΣpχ)
sχ = QχΣpχ = pχΣpχ ⊆ rad(Σpχ).

Hence also QηΣpχ ⊆ rad(Σpχ) by [Re03, §6, Exercise 3]. We now observe that
γ 7→ 1 + T induces an isomorphism

Σχ/QηΣχ ≃ Fp[[T ]].

Moreover, this isomorphism induces

Σpχ/QηΣpχ ≃ Fp((T ))

and thus the inclusion QηΣpχ ⊆ rad(Σpχ) is an equality. Moreover, the order
Σpχ is quasi-local. As Qη is a principal ideal, there is a short exact sequence

0→ Σpχ → Σpχ → Fp((T ))→ 0

and thus the projective dimension of Fp((T )) considered as left Σpχ-module
equals 1. Now [Ra69, Corollary 1.3] gives that also gl.dim (Σpχ) = 1. It then
follows from [AG60, Theorem 2.3] that Σpχ is a maximal ΛZp,χ(Γsχ)pχ -order.
By (16) we find that

trDχ/QQp,χ (Γsχ )(Σpχ) = TrQQp(η)(Γsχ )/QQp,χ (Γsχ )(Λ
Zp[η](Γsχ)pχ)

= TrQp(η)/Qp,χ(Zp[η])Λ
Zp,χ(Γsχ)pχ

= Q
r′χ
χ ΛZp,χ(Γsχ)pχ ,
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where r′χ ∈ Z is maximal such that

Zp[η] ⊆ Q
r′χ
χ D(Zp[η]/Zp,χ)−1 = Q

sχr
′
χ−kχ

η

and thus r′χ = ⌊kχsχ ⌋. Now let x ∈ QQp,χ(Γsχ). Then x belongs to (dχ)pχ if and
only if

trDχ/QQp,χ (Γsχ )(x · Σpχ) = x · trDχ/QQp,χ (Γsχ )(Σpχ) ⊆ ΛZp,χ(Γsχ)pχ

and thus if and only if x ∈ p
−r′χ
χ . Therefore we have rχ = −r′χ = −⌊kχsχ ⌋ as

desired.

Example. We continue the example in [La12, p. 1233]. For this let p = 3
and let H be the cyclic group of order 9. Choose a generator h of H . We
put G = H ⋊ Γ, where the action of Γ on H is determined by γhγ−1 = h4.
Let η be the irreducible character of H with η(h) = ζ9. Then St(η) = H ×
〈γ3〉 and χ = indGSt(η)χ

′ with χ′(h) = η(h) and χ′(γ3) = 1 is an irreducible
character of G with open kernel. We have χ(1) = wχ = 3 and Qp(η) = Qp(ζ9),
Qp,χ = Qp(ζ3). We see that sχ = [Qp(ζ9) : Qp(ζ3)] = 3. Moreover, the
different D(Zp[ζ9]/Zp[ζ3]) is easily computed and we find that kχ = 3. Thus
rχ = −⌊kχsχ ⌋ = −1 is non-trivial and (12) is a proper inclusion in this case.

4 Consequences of the central conductor formula

In this section we derive several consequences of our main Theorem 3.5.

4.1 Extensions of lattices

Corollary 4.1. Let M be a Λo(G)-lattice and let N be a finitely generated
Λo(G)-module. Then


 ⊕

χ∈Irr (G)/∼K

|H |wχ
χ(1)

·D−1(oχ/o)dχ


 · ExtiΛo(G)(M,N)

is finite for all integers i ≥ 1.

Proof. An R-module M is finite if and only if it is pseudo-null, i.e. Mp = 0
for every height one prime ideal p of R. We do induction on the integer i. As
Rp is a Dedekind domain for every height one prime ideal p, the case i = 1 is
now immediate from Theorem 3.5 and [CR81, Theorem 29.4]. For k sufficiently
large, there is an exact sequence

M ′  Λo(G)k ։M.
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Then M ′ also is a Λo(G)-lattice. Applying HomΛo(G)(−, N) to the above exact
sequence gives isomorphisms

ExtjΛo(G)(M
′, N) ≃ Extj+1

Λo(G)(M,N)

for all integers j ≥ 1. The case j = i− 1 gives the induction step.

Example. The stronger statement that the central conductor annihilates
ExtiΛo(G)(M,N) is not true. Assume that G = Γ and K = Qp. Then Corollary

4.1 simply asserts that ExtiΛ(Γ)(M,N) is finite for every finitely generated
torsionfree Λ(Γ)-module M and every finitely generated Λ(Γ)-module N .
Suppose that ExtiΛ(Γ)(M,N) = 0 for every finitely generated Λ(Γ)-module N ;
then M is projective and thus free as Λ(Γ)-module. However, there are many
examples of torsionfree Λ(Γ)-modules which are not free (take for example the
maximal ideal of Λ(Γ)).

For χ ∈ Irr (G) we put a−1
χ := (D−1(oχ/o) ∩K) · R ⊇ R.

Corollary 4.2. We have

⋂

χ∈Irr (G)/∼K

|H |wχ
χ(1)

· a−1
χ ⊆ R ∩ F(Λo(G)).

In fact, if rχ = 0 for all χ ∈ Irr (G), then a proof similar to that of [CR81,
Theorem 27.13(ii)] shows that the inclusion in Corollary 4.2 is an equality.
For every Λo(G)-module M let Υ(M) :=

{
eχ | eχ · QK(G) ⊗Λo(G) M = 0

}
.

Corollary 4.3. Let M and N be Λo(G)-lattices and let i ≥ 1 be an integer.
Then 

 ⋂

eχ 6∈Υ(M)

|H |wχ
χ(1)

· a−1
χ


ExtiΛo(G)(M,N)

is finite. In particular,
(⋂

χ∈Irr (G)/∼K
|H|wχ
χ(1) · a−1

χ

)
· ExtiΛo(G)(M,N) is finite

for every Λo(G)-lattices M and N and every integer i ≥ 1.

Proof. The last assertion is an immediate consequence of Corollary 4.1 and
Corollary 4.2. The first assertion is also easy and is shown exactly in the same
way as [CR81, Theorem 29.9].

Corollary 4.4. Let M and N be Λo(G)-lattices and assume that
QK(G) ⊗Λo(G) M is absolutely simple. Then there is a unique idempotent

eχ 6∈ Υ(M) and for every integer i ≥ 1 we have that
|H|wχ
χ(1) ·Ext

i
Λo(G)(M,N) is

finite.
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Example. Assume that p divides |H | and that K = Qp. We consider Λ(Γ)
as Λ(G)-module in the natural way; then Q(G)⊗Λ(G)Λ(Γ) is absolutely simple
and eχ0 is the unique idempotent not contained in Υ(Λ(Γ)), where χ0 denotes
the trivial character. Moreover, we have χ0(1) = 1 and wχ0 = 1. Let ∆(G,Γ)
be the kernel of the augmentation map aug : Λ(G) ։ Λ(Γ) which sends each
h ∈ H to 1. We then have an exact sequence

HomΛ(G)(Λ(Γ),∆(G,Γ))  HomΛ(G)(Λ(Γ),Λ(G))
aug ∗−→ HomΛ(G)(Λ(Γ),Λ(Γ))

։ Ext1Λ(G)(Λ(Γ),∆(G,Γ)).

We have a canonical isomorphism HomΛ(G)(Λ(Γ),Λ(Γ)) ≃ Λ(Γ), f 7→
f(1) and the image of aug ∗ in Λ(Γ) under this identification is given by
aug ((

∑
h∈H h)Λ(G)) = |H |Λ(Γ). We therefore have a canonical isomorphism

Ext1Λ(G)(Λ(Γ),∆(G,Γ)) ≃ Λ(Γ)/|H |Λ(Γ);

in particular, this module is not finite. However, |H |Ext1Λ(G)(Λ(Γ),∆(G,Γ)) =
0 is finite.

4.2 Non-commutative Fitting invariants

For the following we refer the reader to [Ni10]. Let A be a separable L-algebra
and Λ be an R-order in A, finitely generated as R-module, where R is an
integrally closed complete commutative noetherian local domain with field of
quotients L. Let N and M be two ζ(Λ)-submodules of an R-torsionfree ζ(Λ)-
module. Then N and M are called nr(Λ)-equivalent if there exists an integer
n and a matrix U ∈ Gln(Λ) such that N = nr(U) ·M , where nr : A → ζ(A)
denotes the reduced norm map which extends to matrix rings over A in the
obvious way. We denote the corresponding equivalence class by [N ]nr(Λ). We
say that N is nr(Λ)-contained in M (and write [N ]nr(Λ) ⊆ [M ]nr(Λ)) if for all
N ′ ∈ [N ]nr(Λ) there exists M ′ ∈ [M ]nr(Λ) such that N ′ ⊆M ′. We will say that
x is contained in [N ]nr(Λ) (and write x ∈ [N ]nr(Λ)) if there is N0 ∈ [N ]nr(Λ)

such that x ∈ N0. Now let M be a finitely presented (left) Λ-module and let

Λa
h−→ Λb ։M (17)

be a finite presentation of M . We identify the homomorphism h with the
corresponding matrix in Ma×b(Λ) and define S(h) = Sb(h) to be the set of all
b× b submatrices of h if a ≥ b. The Fitting invariant of h over Λ is defined to
be

FittΛ(h) =

{
[0]nr(Λ) if a < b[
〈nr(H) | H ∈ S(h)〉ζ(Λ)

]
nr(Λ)

if a ≥ b.
We call FittΛ(h) a Fitting invariant of M over Λ. One defines Fittmax

Λ (M)
to be the unique Fitting invariant of M over Λ which is maximal among all
Fitting invariants of M with respect to the partial order “⊆”.
We now specialize to the situation in this article, where Λ is Λo(G). Then
Theorem 3.5 and [JN13, Corollary 6.2] imply the following result.
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Corollary 4.5. Let M be a finitely presented Λo(G)-module. Then


 ⊕

χ∈Irr (G)/∼K

|H |wχ
χ(1)

·D−1(oχ/o)dχ


 · Fittmax

Λo(G)(M) ⊆ AnnΛo(G)(M).

Together with Corollary 4.2 and [Ni10, Lemma 3.4] this yields the following
corollary.

Corollary 4.6. Let M be a finitely presented Λo(G)-module. Then

 ⋂

eχ 6∈Υ(M)

|H |wχ
χ(1)

· a−1
χ


 · Fittmax

Λo(G)(M) ⊆ AnnΛo(G)(M).

Remark 4.7. Note that in fact H(Λo(G)) · Fittmax
Λo(G)(M) ⊆ AnnΛo(G)(M),

where H(Λo(G)) is a certain ideal of ζ(Λo(G)) which always contains the central
conductor. In general, however, this containment is not an equality. Though
the ideal H(Λo(G)) is hard to determine in general, considerable progress is
made in [JN13]; in particular, by [JN13, Proposition 4.5] one knows that
H(Λo(G)) equals ζ(Λo(G)) (to wit: is best possible) if and only if p does not
divide the order of the commutator subgroup of G (which is finite).
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Abstract. We prove that the rational number |n/m| is an in-
variant of the group von Neumann algebra of the Baumslag-Solitar
group BS(n,m). More precisely, if L(BS(n,m)) is isomorphic with
L(BS(n′,m′)), then |n′/m′| = |n/m|±1. We obtain this result by as-
sociating to abelian, but not maximal abelian, subalgebras of a II1
factor, an equivalence relation that can be of type III. In particular,
we associate to L(BS(n,m)) a canonical equivalence relation of type
III|n/m|.
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1. Introduction and statement of the main result

Some of the deepest open problems in functional analysis center around the
classification of group von Neumann algebras L(G) associated with certain
natural families of countable groups G. In the case of the free groups, this
becomes the famous free group factor problem asking whether L(Fn) ∼= L(Fm)
when n,m ≥ 2 and n 6= m. For property (T) groups with infinite conjugacy
classes (icc), this leads to Connes’s rigidity conjecture ([Co80]) asserting that
an isomorphism L(G) ∼= L(Λ) between the property (T) factors entails an
isomorphism G ∼= Λ of the groups.
As a consequence of Connes’s uniqueness theorem of injective II1 factors
([Co75]), the group von Neumann algebra L(G) of an amenable icc group G is
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isomorphic with the unique hyperfinite II1 factor R. In the nonamenable case,
many nonisomorphic groups G are known to have nonisomorphic group von
Neumann algebras L(G). Nevertheless, concerning the classification of group
von Neumann algebras of natural families of groups, e.g. lattices in simple Lie
groups, little is known. A notable exception however is [CH88] where it is shown
that for n 6= m, lattices in Sp(n, 1), respectively Sp(m, 1), have nonisomorphic
group von Neumann algebras.
Since 2001, Popa has been developing a new arsenal of techniques to study II1
factors, called deformation/rigidity theory. This theory has provided several
classes G of groups such that an isomorphism L(G) ∼= L(Λ) with both G,Λ ∈ G
entails the isomorphism G ∼= Λ. By [Po04], this holds in particular when G is
the class of wreath product groups of the form (Z/2Z)≀Γ with Γ an icc property
(T) group.
In [IPV10], the first W∗-superrigidity theorems for group von Neumann alge-
bras were discovered, yielding icc groups G such that an isomorphism L(G) ∼=
L(Λ) with Λ an arbitrary countable group, implies that G ∼= Λ. The groups
G discovered in [IPV10] are generalized wreath products of a special form. In
[BV12], it was then shown that one can actually take G = (Z/2Z)(Γ) ⋊ (Γ×Γ)
with Γ ranging over a large family of nonamenable groups including the free
groups Fn, n ≥ 2.
In this article, we apply Popa’s deformation/rigidity theory to partially classify
the group von Neumann algebras of the Baumslag-Solitar groups BS(n,m).
Recall that for all n,m ∈ Z−{0}, this group is defined as the group generated
by a and b subject to the relation banb−1 = am. So,

BS(n,m) := 〈a, b | banb−1 = am〉 .
The Baumslag-Solitar groups were introduced in [BS62] as the first examples
of finitely presented non-Hopfian groups. Ever since, they have been used
as examples and counterexamples for numerous group theoretic phenomena.
Therefore, it is a natural problem to classify the group von Neumann algebras
L(BS(n,m)).
Whenever |n| = 1 or |m| = 1, the group BS(n,m) is solvable, hence amenable.
So we always assume that |n| ≥ 2 and |m| ≥ 2. In that case, BS(n,m) contains a
copy of the free group F2 and hence, is nonamenable. In [Mo91], the Baumslag-
Solitar groups were classified up to isomorphism: BS(n,m) ∼= BS(n′,m′) if and
only if {n,m} = {εn′, εm′} for some ε ∈ {−1, 1}. So, up to isomorphism, we
only consider 2 ≤ n ≤ |m|. Finally by [St05, Exemple 2.4], the group BS(n,m)
is icc if and only if |n| 6= |m|. Therefore, we always assume that 2 ≤ n < |m|.
Using Popa’s deformation/rigidity theory and in particular his spectral gap
rigidity ([Po06]) and the work on amalgamated free products ([IPP05]), several
structural properties of the II1 factors M = L(BS(n,m)) were proven. In
particular, it was shown in [Fi10] that M is not solid, that M is prime and
that M has no Cartan subalgebra. More generally, it is proven in [Fi10] that
any amenable regular von Neumann subalgebra ofM must have a nonamenable
relative commutant.
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Our main result is the following partial classification theorem for the Baumslag-
Solitar group von Neumann algebras L(BS(n,m)). Whenever M is a II1 factor
and t > 0, we denote by M t the amplification of M . Up to unitary conjugacy,
M t is defined as p(Mn(C)⊗M)p where p is a projection satisfying (Tr⊗τ)(p) =
t. The II1 factors M and N are called stably isomorphic if there exists a t > 0
such that M ∼= N t.

Theorem A. Let n,m, n′,m′ ∈ Z such that 2 ≤ n < |m| and 2 ≤ n′ < |m′|. If

L(BS(n,m)) is stably isomorphic with L(BS(n′,m′)), then n
|m| =

n′

|m′| .

Note that Theorem A formally resembles, but is independent of, the results in
[Ki11] on orbit equivalence relations of essentially free ergodic probability mea-
sure preserving actions of Baumslag-Solitar groups, especially [Ki11, Proposi-
tion B.2 and Theorem 1.2]. It would be very interesting to find a framework
that unifies both types of results.
We prove our Theorem A by associating a canonical equivalence relation to
L(BS(n,m)) and proving that it is of type IIIn/|m|. More precisely, assume
that (M, τ) is a von Neumann algebra with separable predual, equipped with
a faithful normal tracial state. Whenever A ⊂ M is an abelian von Neumann
subalgebra, the normalizer

NM (A) := {u ∈ U(M) | uAu∗ = A}

induces a group of trace preserving automorphisms of A. Writing A =
L∞(X,µ) with µ being induced by τ|A, the corresponding orbit equivalence
relation is a countable probability measure preserving (pmp) equivalence rela-
tion on (X,µ).
More generally, we can consider the set of partial isometries

{u ∈M | u∗u and uu∗ are projections in A′ ∩M and uAu∗ = Auu∗ } . (1)

Every such partial isometry induces a partial automorphism of A and hence a
partial automorphism of (X,µ). We denote by R(A ⊂ M) the equivalence re-
lation generated by all these partial automorphisms. When A ⊂M is maximal
abelian, i.e. A′ ∩M = A, then R(A ⊂ M) coincides with the orbit equiva-
lence relation induced by the normalizer NM (A). In particular, in that case
the equivalence relation R(A ⊂M) preserves the probability measure µ.
If however A ⊂ M is not maximal abelian, the partial automorphisms of A
induced by the partial isometries in the set (1) need not be trace preserving.
So in general, R(A ⊂M) can be an equivalence relation of type III.
Our main technical result is Theorem 3.3 below, roughly saying the following. If
A,B ⊂M are abelian subalgebras such that Z(A′∩M) = A and Z(B′∩M) =
B, and if there exist intertwining bimodules A ≺ B and B ≺ A (in the sense
of Popa, see [Po03] and Theorem 2.3 below), then the equivalence relations
R(A ⊂ M) and R(B ⊂ M) must be stably isomorphic. In particular, their
types must be the same.
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In Section 4, we apply this toM = L(BS(n,m)) and A equal to the abelian von
Neumann subalgebra generated by the unitary ua. We prove that R(A ⊂ M)
is the unique hyperfinite ergodic equivalence relation of type IIIn/|m|.
The proof of Theorem A can then be outlined as follows. First we note that
the von Neumann algebra A′ ∩M is nonamenable. Conversely if Q ⊂ M is a
nonamenable subalgebra, it was proven in [CH08], using spectral gap rigid-
ity ([Po06]) and the structure theory of amalgamated free product factors
([IPP05]), that Q′ ∩ M ≺ A. So, up to intertwining-by-bimodules, the po-
sition of A inside M is “canonical”. Therefore a stable isomorphism between
L(BS(n,m)) and L(BS(n′,m′)) will preserve, up to intertwining-by-bimodules,
these canonical abelian subalgebras. Hence their associated equivalence rela-
tions are stably isomorphic and, in particular, have the same type. This gives
us the equality n/|m| = n′/|m′|.

2. Preliminaries

We denote by (M, τ) a von Neumann algebra equipped with a faithful normal
tracial state τ . We always assume thatM has a separable predual. If B is a von
Neumann subalgebra of (M, τ), we denote by EB the unique trace preserving
conditional expectation of M onto B.

Whenever x ∈ M is a normal element, we denote by supp(x) its support, i.e.
the smallest projection p ∈M that satisfies xp = x (or equivalently, px = x).

Let R be a countable nonsingular (i.e. measure class preserving) equivalence re-
lation on a standard probability space (X,µ). We denote by [[R]] the full pseu-
dogroup of R, i.e. the pseudogroup of all partial nonsingular automorphisms ϕ
of X such that the graph of ϕ is contained in R. We denote the domain of ϕ
by dom(ϕ) and its range by ran(ϕ). We denote by [x] the equivalence class of
x ∈ X .

Assume that also R′ is a countable nonsingular equivalence relation on the
standard probability space (X ′, µ′). The equivalence relations R and R′ are
called

• isomorphic, if there exists a nonsingular isomorphism ∆ : X → X ′ such
that ∆([x]) = [∆(x)] for almost every x ∈ X ;

• stably isomorphic, if there exist Borel subsets Z ⊂ X and Z ′ ⊂ X ′ that
meet almost every orbit and a nonsingular isomorphism ∆ : Z → Z ′ such
that ∆([x] ∩ Z) = [∆(x)] ∩ Z ′ for almost every x ∈ Z.

2.1. HNN extensions and Baumslag-Solitar groups

Let G be a group, H < G a subgroup and θ : H → G an injective group
homomorphism. The HNN extension HNN(G,H, θ) is defined as the group
generated by G and an additional element t subject to the relation θ(h) = tht−1

for all h ∈ H . So,

HNN(G,H, θ) = 〈G, t | θ(h) = tht−1 for all h ∈ H〉 .
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Elements of HNN(G,H, θ) can be canonically written as “reduced words” using
as letters the elements of G and the letters t±1. More precisely, we have the
following lemma.

Lemma 2.1 (Britton’s lemma, [Br63]). Consider the expression g =
g0t

n1g1t
n2 · · · tnkgk with k ≥ 0, g0, gk ∈ G, g1, . . . , gk−1 ∈ G − {e} and

n1, . . . , nk ∈ Z − {0}. We call this expression reduced if the following two
conditions hold:

• for every i ∈ {1, . . . , k − 1} with ni > 0 and ni+1 < 0, we have gi 6∈ H,

• for every i ∈ {1, . . . , k−1} with ni < 0 and ni+1 > 0, we have gi 6∈ θ(H).

If the above expression for g is reduced, then g 6= e in the group HNN(G,H, θ),
unless k = 0 and g0 = e. In particular, the natural homomorphism of G to
HNN(G,H, θ) is injective.

Recall from the introduction that the Baumslag-Solitar group BS(n,m) is de-
fined for all n,m ∈ Z− {0} as

BS(n,m) := 〈a, b | banb−1 = am〉 .

It is one of the easiest examples of an HNN extension. We also recall from the
introduction that the BS(n,m) with 2 ≤ n < |m| form a complete list of all
nonamenable icc Baumslag-Solitar groups up to isomorphism. Since we only
want to consider the case where L(BS(n,m)) is a nonamenable II1 factor, we
always assume that 2 ≤ n < |m|.
2.2. Hilbert bimodules and intertwining-by-bimodules

If M and N are tracial von Neumann algebras, then a left M -module is a
Hilbert space H endowed with a normal ∗-homomorphism π : M → B(H). A
right N -module is a left Nop-module. An M -N -bimodule is a Hilbert space
H endowed with commuting normal ∗-homomorphisms π : M → B(H) and
ϕ : Nop → B(H). For x ∈ M, y ∈ N and ξ ∈ H, we write xξy instead of
π(x)ϕ(yop)(ξ). We denote an M -N -bimodule H by MHN. We call an M -N -
bimodule bifinite if it is finitely generated both as a left HilbertM -module and
a right Hilbert N -module.

Let A and B be abelian von Neumann algebras. We denote by PIso(A,B)
the set of all partial isomorphisms from A to B, i.e. isomorphisms α : Aq →
Bp, where q ∈ A and p ∈ B are projections. We write PAut(A) instead
of PIso(A,A). Note that to every α ∈ PIso(A,B) we can associate an A-
B-bimodule AH(α)B given by H(α) = L2(Bp) and aξb = α(aq) ξ bp. The
composition of two partial isomorphisms is defined as follows: if α ∈ PIso(B,C)
and β ∈ PIso(A,B) are given by α : Bp→ Cr and β : Aq → Bp′ for projections
q ∈ A, p, p′ ∈ B and r ∈ C, then the composition α ◦ β ∈ PIso(A,C) is defined
by x 7→ α(β(x)) for all x ∈ Aqβ−1(pp′).
The following is a well known result.
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Lemma 2.2. Let A and B be abelian von Neumann algebras. Then every bifinite
A-B-bimodule AHB is isomorphic to a direct sum of bimodules of the form

AH(α)B with α ∈ PIso(A,B).

We finally recall Popa’s intertwining-by-bimodules theorem.

Theorem 2.3 ([Po03, Theorem 2.1 and Corollary 2.3]). Let (M, τ) be a tracial
von Neumann algebra and let A,B ⊂ M be possibly nonunital von Neumann
subalgebras. Denote their respective units by 1A and 1B. The following three
conditions are equivalent:

1. 1AL
2(M)1B admits a nonzero A-B-subbimodule that is finitely generated

as a right B-module.

2. There exist nonzero projections p ∈ A, q ∈ B, a normal unital ∗-
homomorphism ψ : pAp→ qBq and a nonzero partial isometry v ∈ pMq
such that av = vψ(a) for all a ∈ pAp.

3. There is no sequence of unitaries un ∈ U(A) satisfying ||EB(xuny∗)||2 →
0 for all x, y ∈ 1BM1A.

If one of these equivalent conditions holds, we write A ≺M B.

2.3. Quasi-regularity
Let (M, τ) be a tracial von Neumann algebra and N ⊂ M a von Neumann
subalgebra. We denote by QNM (N) the quasi-normalizer of N inside M , i.e.
the unital ∗-algebra defined by

{
a ∈M

∣∣∣ ∃b1, . . . , bk ∈M, ∃d1, . . . , dr ∈M

such that Na ⊂
k∑

i=1

biN and aN ⊂
r∑

j=1

Ndj

}
.

We call N ⊂M quasi-regular if QNM (N)′′ =M .
If A,B ⊂M are abelian von Neumann subalgebras, we define QM (A,B) as

QM (A,B) := {v ∈M | vv∗ ∈ A′ ∩M , v∗v ∈ B′ ∩M and Av = vB} .

Whenever v ∈ QM (A,B), we define qv = supp(EA(vv
∗)) and pv =

supp(EB(v
∗v)), and we denote by αv : Aqv → Bpv the unique ∗-isomorphism

satisfying av = vαv(a) for all a ∈ Aqv.
Note that the set QM (A,B) can be {0}. In Lemma 2.4, we will see that
QM (A,B) 6= {0} if and only if there exists a bifinite A-B-subbimodule AHB of

AL
2(M)B.

We denote QM (A,A) by QM (A).

Lemma 2.4. Let (M, τ) be a tracial von Neumann algebra and A,B ⊂ M
abelian von Neumann subalgebras. Then the following statements hold.
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1. If α ∈ PIso(A,B) and if θ : AH(α)B → AL
2(M)B is an A-B-bimodular

isometry, then there exists a partial isometry v ∈ QM (A,B) such that
α = αv and such that

θ(H(α)) ⊂ v(B′ ∩M)
||·||2 ⊂ span||·||2 QM (A,B) .

2. Every bifinite A-B-subbimodule AHB of AL
2(M)B is contained in

span||·||2 QM (A,B).

3. QM (A)′′ = QNM (A)′′.

4. We have QM (A,B) 6= {0} if and only if AL
2(M)B admits a nonzero

bifinite A-B-subbimodule.

Proof. 1. Let α : Aq → Bp be an element of PIso(A,B). Define ξ := θ(p) ∈
L2(M) and let ξ = v|ξ| be its polar decomposition. For all a ∈ A, we have
aξ = ξα(a) and hence, av = vα(a). Furthermore p = supp(EB(v

∗v)) and
q = α−1(p) = supp(EA(vv

∗)). So we find that v ∈ QM (A,B) and α = αv.

Because |ξ| ∈ L2(B′∩M), we have that ξ = v|ξ| is an element of v(B′ ∩M)
||·||2

.
Since p generates AH(α)B as a right Hilbert B-module, we have proven the first

inclusion θ(H(α)) ⊂ v(B′ ∩M)
||·||2

. Since v ∈ QM (A,B), also v(B′ ∩M) ⊂
QM (A,B) and the second inclusion in statement 1 is proven as well.
2. Let AHB be a bifinite A-B-subbimodule of AL

2(M)B. By Lemma 2.2,

AHB is isomorphic to a direct sum of bimodules of the form AH(αi)B with
αi ∈ PIso(A,B). Using statement 1 of the lemma, we find that H is generated
by subspaces of span||·||2 QM (A,B). This proves statement 2.
3. By definition, we have QM (A)′′ ⊂ QNM (A)′′. On the other hand,

AL
2(QNM (A)′′)A is a direct sum of bifinite A-A-subbimodules of AL

2(M)A.
So by statement 2, we have that L2(QNM (A)′′) ⊂ span||·||2(QM (A)). There-
fore we conclude that QNM (A)′′ = QM (A)′′.
Finally, 4 is an immediate consequence of 2.

We end this subsection with the following lemma, clarifying why later, we
will consider abelian subalgebras A ⊂ M satisfying Z(A′ ∩ M) = A. Note
that since A is abelian, the condition Z(A′ ∩M) = A is equivalent with the
“bicommutant” property (A′ ∩M)′ ∩M = A. Also note that the composition
of two partial isomorphisms was defined before Lemma 2.2.

Lemma 2.5. Let (M, τ) be a tracial von Neumann algebra and A,B,C ⊂ M
abelian von Neumann subalgebras. If v ∈ QM (A,B), w ∈ QM (B,C) and
if Z(B′ ∩ M) = B, then there exists an element u ∈ QM (A,C) such that
αw ◦ αv = αu.

Proof. Choose v ∈ QM (A,B) and w ∈ QM (B,C). Note that vbw ∈ QM (A,C)
for every b ∈ B′∩M and αvbw = αw ◦αv|Aqvbw . We claim that

∨
b∈B′∩M qvbw =

α−1
v (qwpv).
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Denote α−1
v (qwpv) −

∨
b∈B′∩M qvbw by r. We need to prove that r is zero.

Since (B′ ∩ M)′ ∩ M = B, we have that for every x ∈ M , the projection
supp(EB(xx

∗)) equals the projection of L2(M) onto the closed linear span of
(B′ ∩M)xM ⊂ L2(M). Since w∗bv∗r = 0 for every b ∈ B′ ∩M , it follows
that w∗qv∗r = 0. Therefore qw is orthogonal to qv∗r. Because qv∗r = αv(r)
and αv(r) ≤ qw, it follows that αv(r) = 0. Hence r = 0 and our claim that∨
b∈B′∩M qvbw = α−1

v (qwpv) is proven.
By cutting down with appropriate projections, we find bn ∈ B′ ∩M such that
the projections qvbnw are orthogonal and sum up to α−1

v (qwpv). In particular,
the left supports, resp. right supports, of the elements vbnw are orthogonal.
So we can define u =

∑
n vbnw. It follows that u ∈ QM (A,C) and αw ◦ αv =

αu.

2.4. The type of an ergodic nonsingular countable equivalence
relation

Let R be a nonsingular ergodic countable Borel equivalence relation on a stan-
dard probability space (X,µ). Using the map π : R → X : π(x, y) = x, we
define the measure µ(1) on R given by

µ(1)(U) =

∫

X

#(U ∩ π−1(x)) dµ(x) for all Borel sets U ⊂ R .

We define R(2) := {(x, y, z) ∈ X3 | (x, y), (y, z) ∈ R}. Similarly, using the map
ρ : R(2) → X : ρ(x, y, z) = x, we define the measure µ(2) on R(2) given by

µ(2)(V ) =

∫

X

#(V ∩ ρ−1(x)) dµ(x) for all Borel sets V ⊂ R(2) .

The Radon-Nikodym 1-cocycle of R is the µ(1)-a.e. uniquely defined Borel map
ω : R→ R such that

ω(ϕ(x), x) = log
(dµ ◦ ϕ

dµ
(x)
)

for all ϕ ∈ [[R]] and almost every x ∈ domϕ .

Note that ω satisfies the 1-cocycle relation ω(x, z) = ω(x, y) + ω(y, z) for µ(2)-

a.e. (x, y, z) ∈ R(2). One then defines the Maharam extension R̃ of R as the
equivalence relation on (X × R, µ× exp(−t)dt) defined by

(x, t) ∼ (y, s) if and only if (x, y) ∈ R and t− s = ω(x, y).

Note that µ× exp(−t)dt is an infinite invariant measure for R̃. Denote the von

Neumann algebra of all R̃-invariant functions in L∞(X ×R) by L∞(X ×R)R̃.
Since R was assumed to be ergodic, one can easily check that the action of R
on L∞(X × R)R̃ given by translation of the second variable, is also ergodic.
Depending on how this action of R looks like, we define as follows the type of
R.
• I or II, if the action is conjugate with R y R ;
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• IIIλ (0 < λ < 1), if the action is conjugate with R y R/Z log(λ) ;

• III1, if the action is on one point ;

• III0, if the action is properly ergodic, i.e. is ergodic and has orbits of
measure zero.

Remark 2.6. Denote by L(R) the von Neumann algebra associated with R.
Denote by ϕ the normal semifinite faithful state on L(R) that is induced by
µ. Finally denote by (σϕt )t∈R its modular automorphism group. There is a

canonical identification L(R̃) ∼= L(R) ⋊σϕ R. Under this identification, the

dual action of R on L(R) ⋊σϕ R corresponds to the action of R on L(R̃) that
we defined above. Also, the center of L(R)⋊σϕR corresponds to L∞(X×R)R̃.
Altogether it follows that the type of the equivalence relation R coincides with
the type of the factor L(R).
Lemma 2.7. Let R be a nonsingular ergodic countable Borel equivalence relation
on the standard probability space (X,µ). Denote by ω its Radon-Nikodym 1-
cocycle. If the essential image Im(ω) of ω equals log(λ)Z for some 0 < λ < 1
and if the kernel Ker(ω) of ω is an ergodic equivalence relation, then R is of
type IIIλ.

Proof. Since Ker(ω) is an ergodic equivalence relation on (X,µ), we have

L∞(X × R)R̃ ⊂ L∞(X × R)Ker(ω) = 1⊗ L∞(R) .

For a given F ∈ L∞(R), we have that 1 ⊗ F is R̃-invariant if and only if F is
invariant under translation by the essential image of ω. So,

L∞(X × R)R̃ = 1⊗ L∞(R/ log(λ)Z) .

3. Equivalence relations associated to subalgebras that are
abelian, but not maximal abelian

Throughout this section, we fix a tracial von Neumann algebra (M, τ) with
separable predual. We also fix an abelian von Neumann subalgebra A ⊂ M
satisfying Z(A′ ∩M) = A. Choose a standard probability space (X,µ) such
that A = L∞(X,µ). For every nonsingular partial automorphism ϕ of (X,µ),
we denote by αϕ the corresponding partial automorphism of A.
We first prove that QM (A) induces a nonsingular countable Borel equivalence
relation R(A ⊂M) on (X,µ). For this, we introduce the notation

G(A ⊂M) := {αv | v ∈ QM (A)} . (2)

Proposition 3.1. There exists a nonsingular countable Borel equivalence re-
lation R on (X,µ) with the following property: a nonsingular partial automor-
phism ϕ of X satisfies αϕ ∈ G(A ⊂ M) if and only if (x, ϕ(x)) ∈ R for a.e.
x ∈ dom(ϕ).
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Moreover, R is essentially unique: if a nonsingular countable Borel equivalence
relation R′ on (X,µ) satisfies the same property, then there exists a Borel subset
X0 ⊂ X with µ(X −X0) = 0 and R|X0

= R′
|X0

.

We denote R(A ⊂M) := R. The equivalence relation R(A ⊂M) is ergodic if
and only if QNM (A)′′ is a factor.

Before proving Proposition 3.1, we introduce some terminology and a lemma.
To every α ∈ PAut(A) are associated the support projections qα, pα ∈ A such
that α : Aqα → Apα is a ∗-isomorphism. Assume that α ∈ PAut(A) and
F ⊂ PAut(A). We say that α is a gluing of elements in F , if there exists a
sequence of elements αn ∈ F and projections qn ∈ A such that qα =

∑
n qn

and such that qn ≤ qαn and α|Aqn = αn|Aqn for all n.

Lemma 3.2. Let J ⊂ QM (A) and v ∈ QM (A) such that v ∈ span||·||2J . Then
αv is a gluing of elements in {αw | w ∈ J }.
Proof. By a standard maximality argument, it suffices to prove that for every
nonzero projection q ∈ Aqv, there exists a nonzero subprojection q0 ∈ Aq and
a w ∈ J such that q0 ≤ qw and αv|Aq0 = αw |Aq0 .
So fix a nonzero projection q ∈ Aqv. It follows that qEA(vv

∗) 6= 0. Since
v ∈ span||·||2J , we can pick a w ∈ J such that qEA(vw

∗) 6= 0. Define q1 :=
supp(EA(vw

∗)) and note that q1 ∈ qvAqw = Aqvqw. Also note that qq1 6= 0.
For all a ∈ A, we have

α−1
v (apv) vw

∗ = v aw∗ = vw∗ α−1
w (apw) .

Applying the conditional expectation onto A and using that A is abelian, we
find that

α−1
v (apv) q1 = α−1

w (apw) q1 for all a ∈ A .

This means that αv |Aq1 = αw |Aq1 . We put q0 := qq1. We already showed that
q0 6= 0. Since q0 ≤ q1, we have that αv |Aq0 = αw |Aq0 .

Proof of Proposition 3.1. We say that a subpseudogroup G ⊂ PAut(A) is of
countable type if there exists a countable subset J ⊂ G such that every α ∈ G
is a gluing of elements in J . To prove the first part of the proposition, we must
show that G(A ⊂M) is a subpseudogroup of countable type of PAut(A). From
Lemma 2.5, it follows that G(A ⊂M) is indeed a subpseudogroup. SinceM has
a separable predual, we can choose a countable ‖·‖2-dense subset J ⊂ QM (A).
By Lemma 3.2, every α ∈ G(A ⊂ M) is a gluing of elements in {αw | w ∈ J }.
Hence G(A ⊂ M) is of countable type. So the first part of the proposition is
proven and we can essentially uniquely define the nonsingular countable Borel
equivalence relation R on (X,µ).
Since A′ ∩M ⊂ QNM (A)′′ and since we assumed that (A′ ∩M)′ ∩M = A, the
center of QNM (A)′′ is a subalgebra ofA. By Lemma 2.4.3, we have QNM (A)′′ =
QM (A)′′. Therefore,

Z(QNM (A)′′) = {a ∈ A | av = va for all v ∈ QM (A)} .
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The right hand side equals AR, the subalgebra of R-invariant functions in A.
So R is ergodic if and only if QNM (A)′′ is a factor.

For our application, the following theorem is crucial. It says that R(A ⊂ M)
remains the same, up to stable isomorphism, if we replace A by an abelian
subalgebra B that has a mutual intertwining bimodule into A.

Theorem 3.3. Let M be a II1 factor with separable predual. Let A,B ⊂ M
be abelian, quasi-regular von Neumann subalgebras satisfying Z(A′ ∩M) = A
and Z(B′ ∩M) = B. If A ≺M B and B ≺M A, then the equivalence relations
R(A ⊂M) and R(B ⊂M) are stably isomorphic.

Proof. Since A,B are quasi-regular and sinceA ≺M B as well asB ≺M A, there
exists a nonzero bifinite A-B-subbimodule of L2(M). So by Lemma 2.4.4, there
exists a nonzero element v ∈ QM (A,B) with corresponding αv ∈ PAut(A,B).
Using the notation in (2) and using Lemma 2.5, we find that

αv ◦ β ◦ α−1
v ∈ G(B ⊂M) for all β ∈ G(A ⊂M) and

α−1
v ◦ γ ◦ αv ∈ G(A ⊂M) for all γ ∈ G(B ⊂M) .

So αv implements a stable isomorphism between R(A ⊂ M) and R(B ⊂ M).

The following lemma will allow us to easily compute R(A ⊂ M) in concrete
examples.

Lemma 3.4. Let (M, τ) be a tracial von Neumann algebra and A ⊂ M an
abelian von Neumann subalgebra satisfying Z(A′ ∩M) = A. Let F ⊂ M be a
subset such that

• M = (F ∪ F∗ ∪ (A′ ∩M))′′,

• as an A-A-bimodule, span||·||2AFA is isomorphic to a direct sum of bi-
modules of the form AH(αn)A with αn ∈ PAut(A).

Choose nonsingular partial automorphisms ϕn of (X,µ) such that αn = αϕn
for all n. Up to measure zero, R(A ⊂ M) is generated by the graphs of the
partial automorphisms ϕn.

Proof. We again use the notation (2). By Lemma 2.4.1, we find vn ∈ QM (A)
such that αn = αvn and

span||·||2AFA ⊂ span||·||2{vn(A′ ∩M) | n ∈ N} . (3)

In particular, we have αn ∈ G(A ⊂ M). Choose nonsingular partial automor-
phisms ϕn of (X,µ) such that αn = αϕn for all n.
Denote by R the smallest (up to measure zero) equivalence relation on (X,µ)
that contains the graphs of all the partial automorphisms ϕn. By the previous
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paragraph, we know that R is a subequivalence relation of R(A ⊂M). Denote
by J the set of all products of elements in

{vn | n ∈ N} ∪ {v∗n | n ∈ N} ∪ (A′ ∩M) .

By construction, the graph of every αw, w ∈ J , belongs to R. Combining our
assumption that M = (F ∪ F∗ ∪ (A′ ∩M))′′ with (3), it follows that spanJ
is ‖ · ‖2-dense in L2(M). By Lemma 3.2, every α ∈ G(A ⊂ M) is a gluing of
elements in {αw | w ∈ J }. So the graph of every α ∈ G(A ⊂M) belongs to R
a.e. Hence R equals R(A ⊂M) almost everywhere.

We finally note in the following proposition that every nonsingular countable
Borel equivalence relation R arises as R(A ⊂M).

Proposition 3.5. Let R be a nonsingular countable Borel equivalence relation.
Then there exists a quasi-regular inclusion of an abelian von Neumann algebra
A in a tracial von Neumann algebra (M, τ) satisfying Z(A′∩M) = A and such
that R ∼= R(A ⊂M).

Proof. Let R be a nonsingular countable Borel equivalence relation on a stan-
dard probability space (X,µ). Denote by (P,Tr) the unique hyperfinite II∞
factor and choose a trace-scaling action (αt)t∈R of R on P . This means that
Tr ◦αt = e−tTr. The corresponding action of R on L2(P ) will also be denoted
by (αt). We denote by ω : R → R the Radon-Nikodym 1-cocycle of R (see
Section 2.4).
In the same way as with the Maharam extension of a nonsingular group action,
the equivalence relationR admits a natural trace preserving action on L∞(X)⊗
P . We denote by (M,Tr) the crossed product. For completeness, we recall the
construction of (M,Tr). To every ϕ ∈ [[R]], we associate the operator Wϕ on
L2(R, L2(P )) given by

(Wϕξ)(x, y) =

{
αω(x,ϕ−1(x))(ξ(ϕ

−1(x), y)) if x ∈ dom(ϕ−1) ,

0 otherwise,

for every ξ ∈ L2(R, L2(P )). One checks thatWϕWψ =Wϕ◦ψ andW ∗
ϕ =Wϕ−1 .

We represent L∞(X)⊗ P = L∞(X,P ) on L2(R, L2(P )) by

(Fξ)(x, y) = F (x)ξ(x, y) for all ξ ∈ L2(R, L2(P )) and F ∈ L∞(X,P ) .

Note that the partial isometries Wϕ, ϕ ∈ [[R]], normalize L∞(X,P ) and that

(W ∗
ϕFWϕ)(x) =

{
αω(x,ϕ(x))(F (ϕ(x))) if x ∈ domϕ

0 otherwise.

DefineM as the von Neumann algebra generated by L∞(X,P ) and the partial
isometries Wϕ, ϕ ∈ [[R]]. Denoting by ∆ ⊂ R the diagonal subset, the orthog-
onal projection onto L2(∆, L2(P )) implements a normal faithful conditional
expectation E :M→ L∞(X)⊗ P satisfying

E(Wϕ) = χ{x|ϕ(x)=x} ⊗ 1 for all ϕ ∈ [[R]] .
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The formula Tr := (µ⊗Tr)◦E defines a normal semifinite faithful trace onM.
Fix a nonzero projection q ∈ P with Tr(q) = 1. Define the projection p ∈
L∞(X) ⊗ P given by p = 1 ⊗ q. Write A := L∞(X)p and M := pMp.
Then A is a quasi-regular abelian von Neumann subalgebra of M and the
restriction of Tr toM gives a normal faithful tracial state τ onM . The relative
commutant L∞(X)′ ∩M equals L∞(X) ⊗ P . Since P is a factor, it follows
that Z(A′ ∩M) = A.
We finally prove that R ∼= R(A ⊂ M). Write R =

⋃
k graph(ϕk), with ϕk ∈

[R]. Then ϕk induces an automorphism of L∞(X) and hence of A = L∞(X)p
that we denote by βk ∈ Aut(A). Since P is a II∞ factor and q ∈ P is a finite
projection, we can choose partial isometries wn ∈ P such that

∑
n w

∗
nwn = 1

and wnw
∗
n = q for all n. Define the elements

vn,k := (1⊗ wn)Wϕkp .

All vn,k belong to QM (A) and αvn,k equals the restriction of βk to Apn,k for
projections pn,k ∈ A. Since the sum of all w∗

nwn equals 1, we also have that∨
n pn,k = p. Therefore the graphs of the partial automorphisms αvn,k generate

an equivalence relation that is isomorphic with R. To conclude the proof, we
put F := {vn,k | n, k ∈ N} and observe that M = (F ∪ F∗ ∪ (A′ ∩M))′′. By
Lemma 3.4, the equivalence relation R(A ⊂ M) is generated by the graphs of
the partial automorphisms αvn,k .

4. Proof of Theorem A

Throughout this section, we assume that n and m are integers satisfying 2 ≤
n < |m|. As explained in the introduction, the corresponding groups BS(n,m)
form a complete list of the nonamenable icc Baumslag-Solitar groups up to
isomorphism.
Throughout this section, we write M = L(BS(n,m)) and A = {ua, u∗a}′′. We
start with the following observation.

Proposition 4.1. We have that A ⊂ M is a quasi-regular abelian von Neu-
mann subalgebra satisfying Z(A′∩M) = A. Moreover, A′∩M has no amenable
direct summand.

Proof. It is clear that A ⊂ M is a quasi-regular abelian von Neumann subal-
gebra, because the element a ∈ BS(n,m) generates an almost normal abelian
subgroup of BS(n,m) : for every g ∈ BS(n,m), the group gaZg−1 ∩ aZ has
finite index in aZ.
To prove that Z(A′ ∩M) = A, we define the finite index subalgebra A0 :=
{una , u−na }′′ of A. We will first prove that Z(A′

0 ∩M) = A0. Afterwards we will
show that this implies that Z(A′ ∩M) = A.
Define G := 〈aZ, b−1aZb〉 ⊂ BS(n,m). Then L(G) is a subalgebra of A′

0 ∩M .
So Z(A′

0 ∩ M) ⊂ L(G)′ ∩ M . Using Lemma 2.1, one can easily see that
{gγg−1 | g ∈ G} is an infinite set for every γ ∈ BS(n,m) − anZ. Therefore
L(G)′ ∩ M ⊂ A0. This shows that Z(A′

0 ∩ M) ⊂ A0. Since the converse
inclusion is obvious, we find that A0 = Z(A′

0 ∩M).
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Since A0 ⊂ A has finite index, there exist orthogonal projections pj ∈ A such
that Apj = A0pj and

∑
j pj = 1. But then

Z(A′ ∩M)pj = Z((A′ ∩M)pj) = Z((Apj)′ ∩ pjMpj)

= Z((A0pj)
′ ∩ pjMpj) = Z(pj(A′

0 ∩M)pj)

= Z(A′
0 ∩M)pj = A0pj ⊂ A

Therefore Z(A′ ∩ M) ⊂ A. The converse inclusion being obvious, we have
proven that A = Z(A′ ∩M).
Using Lemma 2.1, it follows that G is an amalgamated free product of two
copies of Z over a copy of Z embedded as nZ andmZ respectively. In particular,
G is nonamenable and L(G) has no amenable direct summand. Since L(G) ⊂
A′

0 ∩M , it follows that A′
0 ∩M has no amenable direct summand either. As

above, we have that
(A′ ∩M)pj = pj(A

′
0 ∩M)pj

for all j. Hence A′ ∩M has no amenable direct summand.

We now identify the associated countable equivalence relation R(A ⊂M).

Proposition 4.2. The equivalence relation R(A ⊂M) is isomorphic with the
unique hyperfinite ergodic countable equivalence relation of type IIIn/|m|.

Proof. Let k be the greatest common divisor of n and |m|. Write n = n0k and
m = m0k. By our assumptions on n and m, we have that 1 ≤ n0 < |m0|.
Define the countable Borel equivalence relation Rn,m on the circle T given by

Rn,m :=
{
(y, z) ∈ T× T

∣∣ ∃a, b ∈ N such that a+ b > 0

and y(n
a
0m

b
0k) = z(m

a
0n
b
0k)
}
.

Equip T with its Lebesgue measure λ and note that Rn,m is a nonsingular
countable Borel equivalence relation on (T, λ).
Define R0 := {(y, z) ∈ T × T | ym = zn}. Note that R0 ⊂ Rn,m and that
Rn,m is the smallest equivalence relation containing R0. Define π : R0 → T :
π(y, z) = ym. Note that π is n|m|-to-1. Define the probability measure µ on
R0 given by

µ(U) =
1

n|m|

∫

T
#
(
U ∩ π−1({x})

)
dλ(x) .

For all k, l ∈ Z, we define the function Pk,l : R0 → T : Pk,l(y, z) = ykzl. A
direct computation yields a unique unitary

T : L2(R0, µ)→ span||·||2AubA : Pk,l 7→ ukaubu
l
a .

We turn L2(R0, µ) into an L∞(T)-L∞(T)-bimodule by the formula

(F · ξ · F ′)(y, z) = F (y) ξ(y, z)F ′(z) .
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Under the natural identification of L∞(T) and A, the unitary T is A-A-
bimodular.
By construction AL

2(R0, µ)A is isomorphic with a direct sum of bimodules of
the form AH(αj)A where the union of the graphs of the partial automorphisms
αj equals R0 and hence generates the equivalence relation Rn,m. Applying
Lemma 3.4 to F = {ub}, we conclude that R(A ⊂ M) ∼= Rn,m up to measure
zero.
As in Section 2.4, denote by ω : Rn,m → R the Radon-Nikodym 1-cocycle.
Denote by Λ ⊂ T the subgroup given by

Λ :=
{
exp
( 2πis

(n0m0)b

) ∣∣∣ s ∈ Z, b ∈ N
}
.

For every z ∈ Λ, we denote by αz : T → T the rotation αz(y) = zy. We
have graphαz ⊂ Rn,m for all z ∈ Λ. Since all αz are measure preserving, we
actually have graphαz ⊂ Ker(ω). Since Λ ⊂ T is a dense subgroup, it follows
that Ker(ω) is an ergodic equivalence relation. In particular, Rn,m is ergodic.
A direct computation shows that ω(y, z) = log(n/|m|) for all (y, z) ∈ R0. Since
R0 generates the equivalence relation Rn,m, it follows that the essential image
of ω equals log(n/|m|)Z. Using Lemma 2.7, we conclude that Rn,m is of type
IIIn/|m|. By construction, Rn,m is amenable and hence, hyperfinite.

We are now ready to prove our main theorem.

Proof of Theorem A. Fix for i = 1, 2, integers ni,mi ∈ Z with 2 ≤ ni < |mi|.
Put Mi = L(BS(ni,mi)) and denote by Ai ⊂ Mi the abelian von Neumann
subalgebra generated by ua, where a ∈ BS(ni,mi) is the first canonical gen-
erator. Assume that M1 and M2 are stably isomorphic. We must prove that

n1

|m1|
=

n2

|m2|
. (4)

Interchanging if necessary the roles of M1 and M2, we can take a nonzero
projection p1 ∈ A1 and a ∗-isomorphism α : p1M1p1 →M2.
We claim that inside M2, we have α(A1p1) ≺ A2. From Proposition 4.1, we
know that

P := α(A1p1)
′ ∩M2 = α((A′

1 ∩M1)p1)

has no amenable direct summand. By Proposition 3.1 in [Ue07], the HNN
extension M2 can be viewed as the corner of an amalgamated free product of
tracial von Neumann algebras. Since P has no amenable direct summand, it
then follows from [CH08, Theorem 4.2] that P ′ ∩M2 ≺ A2. So our claim that
α(A1p1) ≺ A2 follows.
By symmetry, we also have the intertwining α−1(A2) ≺ A1p1 inside p1M1p1.
Applying α, we find that A2 ≺ α(A1p1) inside M2.
Having proven that insideM2 we have the intertwining relations α(A1p1) ≺ A2

and A2 ≺ α(A1p1), it follows from Theorem 3.3 that the equivalence relations
R(A1p1 ⊂ p1M1p1) and R(A2 ⊂ M2) are stably isomorphic. By construction,
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R(A1p1 ⊂ p1M1p1) is the restriction of R(A1 ⊂ M1) to the support of p1.
So we conclude that the equivalence relations R(A1 ⊂ M1) and R(A2 ⊂ M2)
are stably isomorphic. In particular, these ergodic nonsingular equivalence
relations must have the same type. Using Proposition 4.2, we find (4).
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Abstract. We determine the composition factors of a Jordan-Hölder
series including multiplicities of the locally analytic Steinberg repre-
sentation. For this purpose, we prove the acyclicity of the evaluated
locally analytic Tits complex giving rise to the Steinberg represen-
tation. Further we describe some analogue of the Jacquet functor
applied to the irreducible principal series representation constructed
in [OS2].
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1. Introduction

In this paper we study the locally analytic Steinberg representation V GB for a
given split reductive p-adic Lie group G. This type of object arises in various
fields of Representation Theory, cf. [Hum1, DOR]. In the smooth representa-
tion theory of p-adic Lie groups as well as in the case of finite groups of Lie
type, it is related to the (Bruhat-)Tits building and has therefore interesting
applications [Car, DM, Ca1]. In the locally analytic setting it comes up so far
in the p-adic Langlands program with respect to semi-stable, non-crystalline
Galois representation [Br]. More precisely, V GB coincides with the set of lo-
cally analytic vectors in the continuous Steinberg representation which should
arise in a possible local p-adic Langlands correspondence on the automorphic
side. Our main result gives the composition factors including multiplicities of
a Jordan-Hölder series for V GB . This answers a question raised by Teitelbaum
in [T].
Let G be a split reductive p-adic Lie group over a finite extension L of Qp and
let B ⊂ G be a Borel subgroup. The definition of V GB is completely analogous
to the above mentioned classical cases. It is given by the quotient

V GB = IGB /
∑

P)B

IGP ,
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648 Sascha Orlik, Benjamin Schraen

where IGP = Can(G/P,K) is the G-representation consisting of locally L-
analytic functions on the partial flag manifold G/P with coefficients in some
fixed finite extension K of L. In contrast to the smooth situation or that
of a finite group of Lie type, the locally analytic Steinberg representation
is not irreducible. Indeed, it contains the smooth Steinberg representation
vGB = iGB/

∑
P)B i

G
P , where i

G
P = C∞(G/P,K), as a closed subspace. On the

other hand, it is a consequence of the construction in [OS2] that V GB has a com-
position series of finite length and therefore the natural question of determining
its Jordan-Hölder series comes up. Morita [Mo] proved that for G = GL2, the
topological dual of V GB is isomorphic to the space of K-valued sections of the
canonical sheaf ω on the Drinfeld half space X = P1 \ P1(L). In higher di-
mensions Schneider and Teitelbaum [ST1] construct an injective map from the
space of K-valued sections of ω to the topological dual of V GB . However, the
natural hope that this map is an isomorphism in general turns out not to be
correct. In fact, this follows by gluing some results of [Schr] and [O] considering
the Jordan-Hölder series of both representations in the case of GL3.
In order to determine the composition factors of V GB in the general case, we
apply the machinery constructing locally analytic G-representations FGP (M,V )
developed in [OS2]. Here M is an object of type P in the category O of Lie
algebra representations of LieG and V is a smooth admissible representation of
a Levi factor LP ⊂ P (we refer to Section 2 for a more detailed recapitulation).
It is proved in loc.cit. that FGP (M,V ) is topologically irreducible if M and
V are simple objects and if furthermore P is maximal for M. On the other
hand, it is shown that FGP is bi-exact which allows us to speak of a locally
analytic BGG-resolution. This latter aspect is one main ingredient for proving
the acyclicity of the evaluated locally analytic Tits complex

0→ IGG →
⊕

K⊂∆
|∆\K|=1

IGPK →
⊕

K⊂∆
|∆\K|=2

IGPK → · · · →
⊕

K⊂∆
|K|=1

IGPK → IGB → V GB → 0.

Here ∆ is the set of simple roots with respect to B and a choice of a maximal
torus T ⊂ B. Hence the determination of the composition factors of V GB is
reduced to the situation of an induced representation IGP which lies in the
image of the functor FGP . This leads to the question when two irreducible
representations of the shape FGP (M,V ) with V a composition factor of iGB are
isomorphic. It turns out that this holds true if and only if all ingredients are
the same. Thus we arrive at the stage where Kazhdan-Lusztig theory enters
the game.
Now we formulate our main result. For two reflections w,w′ in the Weyl group
W , let m(w′, w) ∈ Z≥0 be the multiplicity of the simple highest weight module
L(w · 0) of weight w · 0 ∈ HomL(LieT,K) in the Verma module M(w′ · 0) of
weight w′ ·0. Let supp(w) ⊂W be the subset of simple reflections which appear
in w. In the following theorem we identify the set of simple reflections with the
set ∆.
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Theorem: For w ∈ W , let I ⊂ ∆ be a subset such that the standard parabolic
subgroup PI attached to I is maximal for L(w · 0). Let vPIPJ be the smooth
generalized Steinberg representation of LPI with respect to a subset J ⊂ I.

Then the multiplicity of the irreducible representation FGPI (L(w ·0), v
PI
PJ

) in V GB
is given by ∑

w′∈W
supp(w′)=J

(−1)ℓ(w′)+|J|m(w′, w),

and we obtain in this way all the Jordan-Hölder factors of V GB . In particu-
lar, the smooth Steinberg representation vGB is the only smooth subquotient of

V GB . Moreover, the representation FGPI (L(w · 0), v
PI
PJ

) appears with a non-zero
multiplicity if and only if J ⊂ supp(w).
We close this introduction by mentioning that we discuss in our paper more
generally generalized locally analytic Steinberg representation V GP , as well as
their twisted versions V GP (λ) involving a dominant weight λ ∈ X∗(T ).

Acknowledgments: The second author would like to thank the Bergische Uni-
versität Wuppertal for an invitation where some part of this work was done
and to mention that a part of this work was done when he was a member of
the DMA at the École normale supérieure.

Notation: We denote by p a prime number and byK ⊃ L ⊃ Qp finite extensions
of the field of p-adic integers Qp. Let OL be the ring of integers in L and fix
an uniformizer π of OL. We let kL = OL/(π) be the corresponding residue
field. For a locally convex K-vector space V , we denote by V ′ its strong dual,
i.e., the K-vector space of continuous linear forms equipped with the strong
topology of bounded convergence, cf. [S].
For an algebraic group G over L we denote by G = G(L) the p-adic Lie group
of L-valued points. We use a Gothic letter g to indicate its Lie algebra. We
denote by U(g) := U(g⊗L K) the universal enveloping algebra of g after base
change to K. We let O be the category O of Bernstein-Gelfand-Gelfand in the
sense of [OS2].

2. The functors FGP
In this first section we recall the definition of the functors FGP constructed in
[OS2]. As explained in the introduction they are crucial for the determination
of a Jordan-Hölder series of the locally analytic Steinberg representation.
Let G be a split reductive algebraic group over L. Let T ⊂ G be a maximal
torus and fix a Borel subgroup B ⊂G containing T. Let ∆ be the set of simple
roots, Φ the set of roots and Φ+ the set of positive roots of G with respect
to T ⊂ B. In what follows we assume that our prime number p is odd, if the
root system Φ has irreducible components of type B,C or F4, and if Φ has
irreducible components of type G2 we assume that p > 3.1

1This restriction is here to use results of [OS2].
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We identify the group X∗(T) of algebraic characters of T via the derivative
as a lattice in HomL(t,K). Let P be standard parabolic subgroup (std psgp).
Consider the Levi decomposition P = LP ·UP where LP is the Levi subgroup
containing T and UP is its unipotent radical. Let U−

P be the unipotent rad-
ical of the opposite parabolic subgroup. Let Op be the full subcategory of O
consisting of U(g)-modules of type p = LieP. Its objects are U(g)-modules M
over the coefficient field K satisfying the following properties:

(1) The action of uP on M is locally finite.

(2) The action of lP on M is semi-simple and locally finite.

(3) M is finitely generated as U(g)-module.

In particular, we have O = Ob. Moreover, if Q is another parabolic subgroup
of G with P ⊂ Q, then Oq ⊂ Op.
Let Irr(lP )

fd be the set of finite-dimensional irreducible lP -modules. Any object
in Op has by property (2) a direct sum decomposition into lP -modules

(2.1) M =
⊕

a∈Irr(lP )fd

Ma

where Ma ⊂M is the a-isotypic part of the finite-dimensional irreducible rep-
resentation a. We let Op

alg be the full subcategory of Op given by objects such

that all lP -representations appearing in (2.1) are induced by finite-dimensional
algebraic LP-representations. The above inclusion Oq ⊂ Op is compatible with
these new subcategories, i.e. we also have Oq

alg ⊂ O
p
alg. In particular, the cate-

gory Op
alg contains all finite-dimensional g-modules which come from algebraic

G-modules. Every object in Op
alg has a Jordan-Hölder series which coincides

with the Jordan-Hölder series in O.
Let Rep∞,adm

K (LP ) be the category of smooth admissible LP -representations
with coefficients over K. In [OS2] there is constructed a bi-functor

FGP : Op
alg × Rep∞,adm

K (LP ) −→ RepℓaK (G),

where RepℓaK (G) denotes the category of locally analytic G-representations with
coefficients in K. It is contravariant in the first and covariant in the second
variable. Furthermore, FGP factorizes through the full subcategory of admissible
representations in the sense of Schneider and Teitelbaum [ST2]. Let us recall
the definition of FGP .
Let M be an object of Op

alg. By the defining axioms (1) - (3) above there is a
surjective map

(2.2) φ : U(g)⊗U(p) W →M

for some finite-dimensional algebraic P -representation W ⊂ M . Let V be
additionally a smooth admissible LP -representation. We consider V via the
trivial action of UP as a P -representation. Further by equipping V with the
finest locally convex topology it becomes a locally analytic P -representation, cf.
[ST4, §2]. Hence we may consider the tensor product representation W ′ ⊗K V
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as a locally analytic P -representation. Let IndGP : RepℓaK (P ) → RepℓaK (G) be
the locally analytic induction functor [Fe]. Then

FGP (M,V ) = IndGP (W
′ ⊗K V )d

denotes the subset of functions f ∈ IndGP (W
′ ⊗K V ) which are killed by the

U(g)-submodule d = ker(φ) ⊂ U(g)⊗U(p)W for the action obtained by joining
left translation for elements of U(g) and evaluation in W ′ for elements of W .

Then FGP (M,V ) is a well-defined G-stable closed subspace of IndGP (W
′ ⊗K V )

and has therefore a natural structure of a locally analytic G-representation.
Further the above construction is even functorial. If V = 1 is the trivial LP -
representation, we simply write FGP (M) instead of FGP (M,1). The functors FGP
satisfy the following properties, cf. [OS2, Prop. 4.9, Thm. 5.8]:

• (exactness) The bi-functor FGP is exact in both arguments.

• (PQ-formula) Let Q ⊃ P be another parabolic subgroup. We suppose
that LP ⊂ LQ. If V is a smooth admissible LP -representation, then we
denote by

iQP (V ) = Ind∞,Q
P (V )

the smooth induced Q-representation. Note that as LQ-representation

one has the identification iQP (V ) = i
LQ
LP ·(UP∩LQ)(V ). Let M ∈ Oq

alg ⊂
Op

alg. Then there is the following identity:

FGP (M,V ) = FGQ (M, iQP (V )).

• (irreducibility) A std psgp P ⊂ G is called maximal for an object
M ∈ O if M ∈ Op and if M /∈ Oq for all q ) p. Let P be a std
psgp, maximal for a simple object M ∈ Oalg. Further let V be an
irreducible smooth admissible LP -representation, then FGP (M,V ) is
(topologically) irreducible.

In [OS2] it is explained how one can deduce from the previous properties of the
bi-functors FGP the Jordan-Hölder series of a representation FGP (M,V ). Let
us recall this procedure in the case V = 1. The smooth generalized Steinberg
representation to P is the quotient

vGP = iGP /
∑

P(Q⊂G
iGQ.

This is an irreducible G-representation and all irreducible subquotients of iGP
occur in the shape vGQ with Q ⊃ P and with multiplicity one, cf. [BoWa, Ch.

X,§4], [Ca2].
Let M be an object of the category Op

alg. Then it has a Jordan-Hölder series

M =M0 ⊃M1 ⊃M2 ⊃ . . . ⊃M r ⊃M r+1 = (0)
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in the same category. By applying the functor FGP to it we get a sequence of
surjections

FGP (M)
p0→ FGP (M1)

p1→ FGP (M2)
p2→ . . .

pr−1→ FGP (M r)
pr→ (0).

For any integer i with 0 ≤ i ≤ r, we put

qi := pi ◦ pi−1 ◦ · · · ◦ p1 ◦ p0
and set

F i := ker(qi)

which is a closed subrepresentation of FGP (M). We obtain a filtration

(2.3) F−1 = (0) ⊂ F0 ⊂ · · · ⊂ Fr−1 ⊂ Fr = FGP (M)

by closed subspaces with

F i/F i−1 ≃ FGP (M i/M i+1) .

Let Qi = Li · Ui ⊃ P a std psgp maximal for M i/M i+1. Then by the PQ-
formula, we get

FGP (M i/M i+1) = FGQi(M i/M i+1, iQiP )

where iQiP = iLiLi∩P . We conclude that the representations

FGQi(M i/M i+1, vQiR )

where R is a std psgp of G with Qi ⊃ R ⊃ P and vQiR = vLiLi∩R are the

topologically irreducible constituents of FGQi(M i/M i+1, iQiP ). By refining the

filtration (2.3) we get thus a Jordan-Hölder series of FGP (M).
Finally we recall the parabolic BGG resolution of a finite-dimensional algebraic
G-representation [Le]. We let 〈 , 〉 be the natural pairing X∗(T)×X∗(T)→ Z
defined by x(u(t)) = t〈x,u〉. For each α ∈ Φ, we denote by α∨ ∈ X∗(T) the
cocharacter associated to α as in [Sp, §2.2]. Let W be the Weyl group of G
and consider the dot action · of W on X∗(T) given by

w · χ = w(χ+ ρ)− ρ,
where ρ = 1

2

∑
α∈Φ+ α. For a character λ ∈ X∗(T), let

M(λ) = U(g)⊗U(b) Kλ

be the corresponding Verma module. Clearly M(λ) is an object of Oalg. We
denote its irreducible quotient by L(λ). Let

X+ = {λ ∈ X∗(T) | 〈λ, α∨〉 ≥ 0 ∀α ∈ ∆}
be the set of dominant weights in X∗(T). If λ ∈ X+, then L(λ) is finite-
dimensional and comes from an irreducible algebraic G-representation. In this
situation, we also write V (λ) for L(λ).
For a subset I ⊂ ∆, let P = PI ⊂ G be the attached std psgp and denote by

X+
I = {λ ∈ X∗(T) | 〈λ, α∨〉 ≥ 0 ∀α ∈ I}
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be the set of LI -dominant weights. Every λ ∈ X+
I gives rise to a finite-

dimensional algebraic LI -representation

(2.4) VI(λ) = VP (λ).

We consider VI(λ) as a PI -module by letting act UI trivially on it. The gener-
alized (parabolic) Verma module attached to the weight λ is given by

MI(λ) = U(g)⊗U(pI) VI(λ).

We have a surjective map

qI : M(λ)→MI(λ),

where the kernel is given by the image of ⊕α∈IM(sα · λ) → M(λ), cf. [Le,
Prop. 2.1]. If J ⊂ I, then we obtain a transition map qJ,I : MJ(λ) → MI(λ)
such that qI = qJ,I ◦ qJ .
Let WI ⊂ W be the parabolic subgroup induced by I ⊂ ∆. Consider the set
IW = WI\W of left cosets which we identify with their representatives of
shortest length in W . Let Iw be the element of maximal length in IW . If λ
is in X+ and w ∈ IW then w · λ ∈ X+

I , cf. [Le, p. 502]. The I-parabolic
BGG-resolution of V (λ), λ ∈ X+, is given by the exact sequence

0→MI(
Iw · λ)

dI
ℓ(Iw)−−−−→

⊕

w∈IW

ℓ(w)=ℓ(Iw)−1

MI(w · λ)
dI
ℓ(Iw)−1−−−−−→ . . .

· · · d
I
2−→
⊕

w∈IW
ℓ(w)=1

MI(w · λ)
dI1−→MI(λ)→ V (λ)→ 0.

We shall specify the differentials in this complex. For each w ∈ W , fix once
and for all an embedding iw : M(w · λ) →֒ M(λ). If w′ ≥ w (for the Bruhat
order ≤ on W ), iw′ factors through the image of iw and we can define thus
a unique map iw′,w ∈ Homg(M(w′ · λ),M(w · λ)) such that iw′ = iw ◦ iw′,w.
These maps satisfy the relations iw′′,w = iw′,w ◦ iw′′,w′ for all w′′ ≥ w′ ≥ w. If
I ⊂ ∆ is a subset and w′ ≥ w are elements of IW , then the previous relations
and the identification of MI(w · λ) with the cokernel of ⊕α∈I isαw,w show that
iw′,w factors through a map MI(w

′ · λ) → MI(w · λ) which we will denote by
the same symbol iw′,w. Now recall that to each pair (w′, w) ∈ W 2 such that
w′ ≥ w and ℓ(w′) = ℓ(w) + 1, we can associate an element e(w′, w) ∈ {±1},
with e(w2, w4)e(w1, w2) = −e(w3, w4)e(w1, w3) once we have w4 < w2 < w1,
w4 < w3 < w1, w2 6= w3 and ℓ(w1) = ℓ(w4) + 2 (cf. [BGG, Lemma 10.4]).
Finally we define

dIk =
⊕

w′∈IW
ℓ(w′)=k

∑

w∈IW,w<w′

ℓ(w′)=ℓ(w)+1

e(w′, w)iw′,w.

The exactness of the above sequence is a consequence of [Le, Thm. 4.3].
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By applying our exact functor FGP to this exact sequence, we get another exact
sequence

0← FGP (MI(
Iw · λ))←

⊕

w∈IW

ℓ(w)=ℓ(Iw)−1

FGP (MI(w · λ))← . . .

· · · ←
⊕

w∈IW
ℓ(w)=1

FGP (MI(w · λ))← FGP (MI(λ))← FGP (V (λ))← 0

which coincides by the very definition of FGP and the PQ-formula with

(2.5) 0← IndGP (VI(
Iw · λ)′)←

⊕

w∈IW

ℓ(w)=ℓ(Iw)−1

IndGP (VI(w · λ)′)← . . .

· · · ←
⊕

w∈IW
ℓ(w)=1

IndGP (VI(w · λ)′)← IndGP (VI(λ)
′)← V (λ)′ ⊗K iGP ← 0.

3. Isomorphism between simple objects

In this section we analyse when two simple modules of the shape FGPI (M, vPIPJ ),
with PI maximal for M and a subset J ⊂ I, are isomorphic. This will be used
in the next section for determining the multiplicities of composition factors of
the locally analytic Steinberg representation.
Let’s begin by recalling some additional notation of [OS2]. Let G0 be a split
reductive group model of G over OL. Let T0 ⊂ B0 ⊂ G0 be OL-models
of T and B. Fix a std psgp P0 and denote by UP,0 its unipotent radical.
Let U−

P,0 be its opposite unipotent radical and denote by LP,0 the Levi factor

containing T0. Let G0 = G0(OL) ⊂ G, P0 = P0(OL) = G0 ∩ P ⊂ P etc.
be the corresponding compact open subgroups consisting of OL-valued points.
We denote by I = p−1(B0(kL)) ⊂ G0 the standard Iwahori subgroup where
p : G0 → G0(kL) is the reduction map.
Consider now for an open subgroup H of G0 the distribution algebra D(H) :=
D(H,K) = CanL (H,K)′ which is defined by the dual of the locally convex
K-vector space CanL (H,K) of locally L-analytic functions [ST2]. It has the
structure of a Fréchet-Stein algebra. More precisely, for each 1

p < r < 1, there

is a multiplicative norm qr on the Fréchet algebra D(H) such that if D(H)r
denotes the Banach algebra given by the completion of D(H) with respect to
qr, we have a topological isomorphism of algebras D(H) ≃ lim←−rD(H)r. For

the precise definition of a Fréchet-Stein algebra we refer to loc.cit. We set
PH = P0 ∩H and let U(g, PH) be the subalgebra of D(H) generated by U(g)
and D(PH). Let U(g, PH)r be the topological closure of U(g, PH) in D(H)r.
The notion of a coadmissible module on a Fréchet-Stein algebra is defined in
[ST2, §3]. If M is such a coadmissible D(H)-module, it comes along with a
family (qr,M)r of seminorms such that ifMr denotes the completion ofM with
respect to qr,M, we have M ≃ lim←−rMr and each Mr is a finitely-generated

D(H)r-module.
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Let M be a simple object of Op
alg As such an object it has naturally the struc-

ture of a U(g, P0)-module. By [OS2, Section 4] there is a continuous D(G0)-
isomorphism

D(G0)⊗U(g,P0) M ≃ FGP (M)′.

LetM = D(H) ⊗U(g,PH) M . Then M is a coadmissible D(H)-module in the
above sense, cf. [OS2, Prop. 4.4] andMr is given byMr = D(H)r⊗U(g,PH )M .
We denote by qr,M the restriction of the seminorm qr,M to M via the inclusion
M →֒ M and byMr the completion ofM for qr,M , which we may identify with
U(g, PH)r⊗U(g,PH)M. Thus we obtain a U(g, PH)r-equivariant mapMr →Mr

giving rise to a D(H)r-equivariant isomorphism

D(H)r ⊗U(g,PH)r Mr
∼−→Mr.

Hence we get a topological isomorphism

(3.1) M≃ lim←−rD(H)r ⊗U(g,PH)r Mr.

Let D be the category of topological U(t)-modulesM whose topology is metriz-
able, which are semi-simple with finite-dimensional eigenspaces and such that
the topology can be defined by a family of norms (qr)r such that

(3.2) qr(
∑

µ

xµ) = sup
µ
qr(xµ),

for xµ ∈ Mµ in a decomposition M =
⊕

µ∈HomL(t,K)Mµ. In this case, the

completion Mr of M with respect to the norm qr is given by

Mr = {
∑

µ

xµ | qr(xµ)→ 0 cofinite}.

A simple consequence of this description is the uniqueness of the expansion∑
µ xµ and the fact that (Mr)µ = Mµ for all µ ∈ HomL(t,K). In particular,

the U(t)-eigenspaces of Mr are all finite-dimensional.

Lemma 3.1. If M is an object of D, each U(t)-submodule (resp. quotient) of
M with the induced (resp. quotient) topology is an object of D. Moreover, each
U(t)-module coming from Oalg is the image of an object of D under the functor
forgetting the topology.

Proof. A U(t)-submodule S of an object M in D is clearly contained in D. In
particular, we have S =

⊕
µ Sµ with Sµ = S ∩Mµ. Since the eigenspaces Mν

are finite-dimensional, each subspace Sµ is closed in Mµ. It follows that S is
closed in M . As a consequence the quotient topology on M/S is metrizable. It
is given by the induced family of quotient norms (qr)r. We have to check that
condition (3.2) is satisfied for each such norm qr. For every ǫ > 0, there is an
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element y =
∑

µ yµ ∈ S such that

qr(
∑

µ

xµ + S) ≥ qr(
∑

µ

xµ + y)− ǫ

= sup
µ
qr(xµ + yµ)− ǫ

≥ sup
µ
qr(xµ + S)− ǫ.

Hence qr(
∑
µ xµ + S) ≥ supµ qr(xµ + S). The other inequality is immediate

since q̄r is non-archimedian.
As explained above, if M is an object of Oalg, then it has the structure of a
topological metrizable U(t)-module. It is a consequence of [K, Theorem 1.4.2]
that each module of the form U(g)⊗U(b) W ≃ U(u−)⊗K W , with W a finite-
dimensional representation of B, is an object of D. But each object of Oalg is
a quotient of some module of the shape U(g) ⊗U(b) W , so that we deduce the
last assertion. �

The following statement generalizes [OS1, Prop. 3.4.8] in the split case and is
again a consequence of [Fe, 1.3.12] and the finiteness of U(t)-eigenspaces in Mr

when M is an object of D.
Proposition 3.2. Let M be an object of D. We have an inclusion preserving
bijection
{
closed U(t)-invariant subspaces of Mr

}
∼
−→

{
U(t)-invariant subspaces of M

}
.

S 7−→ S ∩M

The inverse map is induced by taking the closure. In particular, any weight
vector for the action of t lies already in M .

Let U = UB be the unipotent radical of our fixed Borel subgroup B ⊂ G and
let u = LieU be its Lie algebra. Recall that if N is a Lie algebra representation
of g, then H0(u, N) = {n ∈ N | x · n = 0 ∀ x ∈ u} denotes the subspace of
vectors killed by u. This is a U(t)-module which is an object of D if N ∈ Oalg.

Corollary 3.3. Let M be an object of Oalg. Then H0(u,Mr) = H0(u,M).
In particular, H0(u,Mr) is finite-dimensional.

Proof. We clearly have H0(u,Mr) ∩M = H0(u,M). As H0(u,Mr) is closed in
Mr by the continuity of the action of g and as H0(u,M) is finite-dimensional
and therefore complete the statement follows by Proposition 3.2. �

Let V be additionally a smooth admissible representation of LP . Below we
compute the first U -homology resp. U -cohomology group of the various rep-
resentations FGP (M,V ). More precisely, we denote by H0(U,FGP (M,V )) the
quotient of FGP (M,V ) by the topological closure of the K-subspace generated
by the elements ux − x for x ∈ FGP (M,V ) and u ∈ U . It is the largest Haus-
dorff quotient of FGP (M,V ) on which U acts trivially. On the other hand,
H0(u,FGP (M,V )′) is a Fréchet space since it is a closed subspace of FGP (M,V )′.
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Lemma 3.4. As Fréchet spaces we have H0(u,FGP (M,V )′) =
H0(u,FGP (M)′)⊗̂KV ′. (Note that the tensor product topology on the right
hand side is unambiguous, since both factors are Fréchet spaces).

Proof. Since the action of u is trivial on V , there is an identification
FGP (M,V ) = FGP (M) ⊗K V as u-modules. Now we write V = lim−→n

Vn

as the union of finite-dimensional K-vector spaces. Then FGP (M,V ) =
lim−→n

FGP (M)⊗K Vn as locally convex K-vector spaces. By passing to the dual
we get

FGP (M,V )′ = lim←−
n

(FGP (M)⊗K Vn)
′

= lim←−
n

FGP (M)′ ⊗K V ′
n = FGP (M)′⊗̂KV ′.

For the first identity confer [Em, Prop. 1.1.22] resp. [S, Prop. 16.10], the
second one follows as Vn is finite-dimensional, the third one is [Em, Prop.
1.1.29]. Now, the space H0(u,FGP (M)′) is the kernel of the map

d : FGP (M)′ → (FGP (M)′)dimu

given by v 7→ (xiv) where (xi) is a basis of u. By the exactness of the
tensor product − ⊗K V ′

n and the left exactness of the projective limit, the
space H0(u,FGP (M)′)⊗̂KV ′ is the kernel of the map d⊗̂1 : FGP (M)′⊗̂KV ′ →
(FGP (M)′⊗̂KV ′)dim u. The result follows. �

Now we can prove the main result of this section.

Theorem 3.5. Let M be a simple object of Op
alg such that P is maximal for

M, and let V be a smooth admissible representation of LP . Let λ ∈ X∗(T )
be the highest weight of M , so that M ≃ L(λ). Then there are T -equivariant
isomorphisms

(3.3) H0(U,FGP (M,V )′) = λ⊗K JU∩LP (V )′,

and

(3.4) H0(U,FGP (M,V )) = λ′ ⊗K JU∩LP (V ),

where JU∩LP is the usual Jacquet functor for the unipotent subgroup U ∩LP ⊂
LP .

Proof. The underlying topological space of FGP (M,V ) is of compact type.
As the category of locally convex vector spaces of compact type is stable
by forming Hausdorff quotients, the underlying topological vector space of
H0(U,FGP (M,V )) is reflexive. As H0(U,FGP (M,V )′) is the topological dual

of H0(U,FGP (M,V )), it is sufficient to prove the first isomorphism (3.3).
Let’s begin by determining H0(u,FGP (M,V )′). The Iwahori decomposition
G0 =

∐
w∈W I IwP0 induces a decomposition

D(G0)⊗U(g,P0) M ≃
⊕

w∈W I

D(I) ⊗U(g,I∩wP0w−1) M
w.
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Here Mw denotes the module M with the twisted action given by conjugation
with w. For each w ∈ W I , we have

H0(u, D(I) ⊗U(g,I∩wP0w−1) M
w) ≃

≃ H0(Ad(w−1)u, D(w−1Iw) ⊗U(g,w−1Iw∩P0) ⊗M).

Now we apply the precedent discussion with H = w−1Iw. Set n = Ad(w−1)u.
First we consider the case w 6= 1. By [OS1, Lemma 3.3.2], there is an Iwahori
decomposition w−1Iw = (U−

P,0 ∩ w−1Iw)(P0 ∩ w−1Iw), hence there is by [K,

1.4.2] a finite number of elements u in U−
P,0 such thatD(H)r =

⊕
δu·U(g, PH)r,

so that

Mr ≃
⊕

u

δu ⊗Mr

and the action of x ∈ n is given by

x ·
∑

δu ⊗mu =
∑

δu ⊗ (Ad(u−1)x)mu.

Now we can find a non-trivial element x ∈ u−P ∩ Ad(w−1)u = u−P ∩ n. Indeed,

the set Φ− ∩ w−1(Φ+) contains an element of Φ−\Φ−
I . For that, choose β ∈

Φ+\Φ+
I such that w−1β ∈ Φ−. This is possible since w /∈ WI . Then we have

w−1β /∈ Φ−
I since W I is exactly the set of w such that w(Φ+

I ) ⊂ Φ+. Now

Ad(u−1)x ∈ u−P since u ∈ U−
P . By [OS2, Corollary 8.6], elements of u−P act

injectively on M , and arguing as in Step 1 of the proof of [OS2, Theorem 5.7],
they act injectively on Mr, as well. We conclude that H0(Ad(u−1)n,Mr) = 0
and therefore H0(n,Mr) = 0. By identity (3.1), we get H0(n,M) = 0.
Now consider the case w = 1. Again we may write D(I)r =

⊕
δuU(g, P0)r

for a finite number of u ∈ U−
P,0, so that D(I)r ⊗U(g,P0)r Mr =

⊕
u δu ⊗Mr.

We will show that if u /∈ U−
P,0 ∩ U(g, P0)r, then H

0(Ad(u−1)u,Mr) = 0. Here

we will use Step 2 in the proof of [OS2, Theorem 5.7]. Let M̂ be the formal

completion of M , i.e. M̂ =
∏
µMµ which is a g-module. The action of u−P can

be extended to an action of U−
P as explained in loc.cit. If x ∈ g and u ∈ U−

P ,

the action of ad(u)x on Mr is the restriction of the composite u ◦ x ◦ u−1 on M̂ .
As a consequence, we get

H0(ad(u−1)u,Mr) =Mr ∩ u−1 ·H0(u, M̂).

But

H0(u, M̂) = H0(u,M) = Kv+ = Kλ

where v+ is a highest weight vector ofM . So if H0(ad(u−1)u,Mr) 6= 0, we have
u−1v+ ∈ Mr. By the proof of [OS2, Theorem 5.7], this gives a contradiction
if u /∈ U−

P ∩ Ur(g, P0). Hence by using identity (3.1), we obtain finally an
isomorphism of Fréchet spaces

H0(u, D(I)⊗U(g,P0) M) ≃ H0(u,M).
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By combining the result above together with Lemma 3.4, we get thus an iso-
morphism

H0(u,FGP (M,V ′)) ≃ H0(u,M)⊗K V ′ ≃ Kλ ⊗K V ′

Now H0(U,FGP (M,V )′) is a subspace of H0(u,FGP (M,V )′) and this latter one
is stable by the action of U. Thus we deduce that

H0(U,FGP (M,V )′) = H0(U,H0(u,FGP (M,V )′))

= H0(U,Kλ ⊗K V ′)

= Kλ ⊗K JU∩LP (V )′.

�

Next we can formulate our result about intertwining between subquotients of
the principal series. For this recall that by Lemma X.4.6 of [BoWa] the smooth
induction iGB has Jordan-Hölder factors vGPI indexed by subsets I ⊂ ∆ which
appear all with multiplicity one. Moreover, by X.3.2, (1) to (5), of [BoWa], if
Z is an irreducible subquotient of iGB, then there is a smooth character δ of T
such that Z is the unique non-zero irreducible subrepresentation of iGB(δ) and
δ contributes to JU (Z).

Corollary 3.6. Let L(λ1) and L(λ2) be two simple objects in the category
Oalg. For i = 1, 2, let Pi be a std psgp maximal for L(λi) and let Vi be a simple

subquotient of the smooth parabolic induction iPiB . Then the two irreducible
representations FGP1

(L(λ1), V1) and FGP2
(L(λ2), V2) are isomorphic if and only

if P1 = P2, V1 = V2 and λ1 = λ2.

Proof. Suppose that there is a non-trivial isomorphism between the irreducible
representations FGP1

(L(λ1), V1) and FGP2
(L(λ2), V2). Let δ2 be a smooth char-

acter of T such that V2 →֒ iP2

B (δ2). By the sequence of embeddings

FGP2
(L(λ2), V2) ⊂ FGP2

(L(λ2), i
P2

B (δ2)) ≃ FGB (L(λ2), δ2) ⊂ IndGB(λ
′
2 ⊗K δ2),

we obtain a non-trivial map FGP1
(L(λ1), V1)→ IndGB(λ

′
2⊗ δ2) and by Frobenius

reciprocity a non-trivial T -equivariant map

H0(U,FGP1
(L(λ1), V1)) = λ′1 ⊗K JU∩LP1

(V1)→ λ′2 ⊗ δ2.
It follows that λ1 = λ2 and P1 = P2. By [BoWa, X.3.2.(1)], we know that
JU∩LP1

(V1) is a direct sum of smooth characters of T . By Frobenius reciprocity,
these are exactly the smooth characters δ such that V1 is an irreducible subob-
ject of iP2

B (δ). As δ2 is one of them, we can conclude by [BoWa, X.3.2.(4)] that
V1 = V2. �

4. The locally analytic Steinberg representation

The section deals with the proof of our main theorem. Here we start with the
proof of the acyclicity of the evaluated locally analytic Tits complex.
As before let P = PI be a std psgp attached to a subset I ⊂ ∆. Let

IGP = IGP (1) = IndGP (1)
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be the locally analyticG-representation induced from the trivial representations
1. If Q ⊃ P is another parabolic subgroup, we get an injection IGQ →֒ IGP . We
denote by

V GP = IGP /
∑

Q)P

IGQ

the generalized locally analytic Steinberg representation associated to P . For
P = G, we have V GG = IGG = 1.
The next result is the locally analytic analogue of the classical situations, cf.
[BoWa, Ch. X,4], [Leh], [DOR].

Theorem 4.1. Let I ⊂ ∆. Then the following complex is an acyclic resolution
of V GPI by locally analytic G-representations,

0→ IGG →
⊕

I⊂K⊂∆
|∆\K|=1

IGPK →
⊕

I⊂K⊂∆
|∆\K|=2

IGPK → · · · →
⊕

I⊂K⊂∆
|K\I|=1

IGPK → IGPI → V GPI → 0.

Here the differentials dK′,K : IGPK′
→ IGPK are defined as follows. We fix a total

ordering on ∆. For two subsets K ⊂ K ′ of ∆, we let

pK′,K : IGPK′
−→ IGPK

be the natural homomorphism induced by the surjection G/PK → G/PK′ . For
arbitrary subsets K,K ′ ⊂ ∆, with |K ′| − |K| = 1 and K ′ = {k1 < . . . < kr},
we put

dK′,K =

{
(−1)ipK′,K K ′ = K ∪ {ki}

0 K 6⊂ K ′ .

It is easy to check that pK′,K is nothing else but the composite

IGPK′
= FGPK′

(MK′(1), 1)
FGP

K′
(qK,K′ ,incl.)

−−−−−−−−−−−→ FGPK′
(MK(1), i

PK′

PK
) ≃

≃ FGPK (MK(1), 1) ≃ IGPK .
More generally, we will prove a variant of the above theorem. For this, let
λ ∈ X+ be a dominant weight. For a std psgp P = PI ⊂ G, we consider
the finite-dimensional algebraic P -representation VI(λ) = VP (λ) with highest
weight λ. We set

IGP (λ) := IndGP (VP (λ)
′).

In particular, we get IGG (λ) = V (λ)′. If Q ⊂ G is another parabolic subgroup
with P ⊂ Q, then there is a map

IGQ (λ)→ IGP (λ)

similarly as above for V (λ) = 1. More precisely, by the transitivity of parabolic

induction we deduce that IGP (λ) ≃ IndGQ(Ind
Q
P (VP (λ)

′)). As VQ(λ)′ is the space

of algebraic vectors in IndQP (VP (λ)
′), we see that the above map is injective

and has closed image.
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We define analogously as above the twisted generalized locally analytic Stein-
berg representation by

V GP (λ) := IGP (λ)/
∑

Q)P

IGQ (λ).

Theorem 4.2. Let λ ∈ X+ and let I ⊂ ∆. Then the following complex is an
acyclic resolution of V GPI (λ) by locally analytic G-representations,

(4.1) 0→ IGG (λ)→
⊕

I⊂K⊂∆
|∆\K|=1

IGPK (λ)→
⊕

I⊂K⊂∆
|∆\K|=2

IGPK (λ)→ . . .

· · · →
⊕

I⊂K⊂∆
|K\I|=1

IGPK (λ)→ IGPI (λ)→ V GPI (λ)→ 0.

Proof. The proof is by induction on the semi-simple rank rkss(G) = |∆| of G.
We start with the case |∆| = 1. Then the complex above coincides with

0→ IGG (λ)→ IGB (λ)→ V GB (λ)→ 0

and the claim is trivial.
Now, let |∆| > 1. We consider for any subset K ⊂ ∆, the resolution (2.5) :

0← IndGPK (VK(w · λ)′)←
⊕

w∈KW

ℓ(w)=ℓ(wK )−1

IndGPK (VK(w · λ)′)← . . .

· · · ←
⊕

w∈KW
ℓ(w)=1

IndGPK (VK(w · λ)′)← IGPK (λ)← iGPK (λ)← 0.

Here we set iGPK (λ) := iGPK ⊗K V (λ)′. We abbreviate for any w ∈ KW and any
integer i ≥ 0,

IGPK (w) := IndGPK (VK(w · λ)′),

IGPK [i] :=
⊕

w∈KW
ℓ(w)=i

IGPK (w).

and

V GPK (w) = IGPK (w)/
∑

K′)K

w∈K
′
W

IGPK′
(w).

The complexes above induce hence a double complex
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0→ iGG(λ) →
⊕

I⊂K⊂∆
|∆\K|=1

iGPK (λ) →. . .→
⊕

I⊂K⊂∆
|K\I|=1

iGPK (λ) → iGPI (λ)

‖ ↓ ↓ ↓

0→ IGG (λ) →
⊕

I⊂K⊂∆
|∆\K|=1

IGPK (λ) →. . .→
⊕

I⊂K⊂∆
|K\I|=1

IGPK (λ) → IGPI (λ)

↓ ↓ ↓ ↓
0→ 0 →

⊕
I⊂K⊂∆
|∆\K|=1

IGPK [1] →. . .→
⊕

I⊂K⊂∆
|K\I|=1

IGPK [1] → IGPI [1]

↓ ↓ ↓ ↓
0→ 0 →

⊕
I⊂K⊂∆
|∆\K|=1

IGPK [2] →. . .→
⊕

I⊂K⊂∆
|K\I|=1

IGPK [2] → IGPI [2]

↓ ↓ ↓ ↓
...

...
...

...
↓ ↓ ↓ ↓

0→ 0 → 0 →. . .→
⊕

I⊂K⊂∆
|K\I|=1

IGPK [ℓ(Iw)− 1] → IGPI [ℓ(
Iw)− 1]

↓ ↓ ↓ ↓
0→ 0 → 0 →. . .→ 0 → IGPI (

Iw).

To prove the commutativity of this diagram, it suffices to prove the following
fact. Let K ′ ⊂ K ⊂ ∆ with |K ′| = |K| − 1. If C(K) and C(K ′) are the BGG
resolutions (2.5) obtained with P = PK and P = PK′ , then the maps pK,K′

induce a morphism of complexes C(K)→ C(K ′).
Let w ∈ KW . Choose w′ ≥ w with ℓ(w′) = ℓ(w) + 1 such that w′ ∈ K′

W .

Clearly, we have w ∈ K′

W , so that we have to consider two cases, depending
on whether w′ ∈ KW or not. If w′ ∈ KW , it is tautological from the definitions
of iw′,w and qK,K′ that the following diagram is commutative

MK′(w′ · λ)
qK′,K //

iw′,w

��

MK(w′ · λ)
iw′,w

��
MK′(w · λ)

qK′,K // MK(w · λ).

If w′ /∈ KW , we claim that w′ = sαw with K = K ′ ∪ {α}. Namely, we must
have ℓ(sαw

′) < ℓ(w′) and by the exchange condition a reduced expression of
w′ is of the form w′ = sαs2 · · · sr. By [Hum3, Thm. 5.10], w is obtained as a a
subexpression of this reduced expression. We have w ∈ KW so that a reduced
expression of w cannot begin by sα, so that w′ = sαw. We conclude from this
fact that M(w′ · λ) is included in the kernel of M(w · λ) → MK(w · λ) and
finally that the composite

MK′(w′ · λ) iw′,w−−−→MK′(w · λ) qw′,w−−−→MK(w · λ)

is zero.
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Applying the functor FGPK′
, we obtain the commutativity of the following square

IGPK (w · λ)
� � //

F(iw′,w)

��

IGPK′
(w · λ)

F(iw′,w)

��
IGPK (w

′ · λ) � � // IGPK′
(w′ · λ)

where we have replaced IGPK (w
′ · λ) by 0 if w′ /∈ KW . This is enough to prove

our assertion on BGG resolutions.
For proving our theorem, it suffices now to show that each row of the big double
complex, except from the second one, is exact apart from the very right hand
side. Indeed, let

Cp,q =
⊕

I⊂K⊂∆
|K\I|=−p

IGPK [q − 1]

(with convention that IGPK [−1] = iGPK (λ)). The double complex above is a
second quadrant double complex. There are two spectral sequences converging
towards the cohomology of the total complex associated to C·,·. The first is
Ep,q2,I = Hp

hH
q
v (C

·,·) = 0. The second is Ep,q2,II = Hp
vH

q
h(C

·,·). By our hypothesis,

we have Ep,q2,II = 0 except in the cases p = 0 or q = 1. Moreover, the term E0,0
2,II

is the kernel of the natural map vGPI (λ)→ V GPI (λ) which is 0, this last fact can

be shown using description of Jordan-Hölder factors of the IGPK (λ) together
with Corollary 3.6. Finally this second spectral sequence degenerates in E2

and we deduce that Ep,11,II = 0 for p ≤ −1, this shows that all the lines are
exact apart form the very right hand side.
Now let’s prove that each row, except from the second one, is exact apart
from the very right hand side. The upper line satisfies this property, since it
is tensor product of the (generalized) smooth Tits complex by the algebraic
representation V (λ)′. For w ∈ IW , let I(w) = {α ∈ ∆ | ℓ(sαw) > ℓ(w)} ⊂ ∆
be the unique maximal subset such that w ∈ I(w)W and set Pw = PI(w). Hence
it suffices to show the exactness of the evaluated sequence

0→ IGPw (w)→ · · · →
⊕

I⊂K⊂I(w)
|K\I|=1

IGPK (w)→ IGPI (w)→ V GPI (w)→ 0

for each w ∈ IW. This complex can be rewritten as follows. We have IGPK (w) =

IndGPw (I
Pw
PK

(w)). Since the induction functor IndGPw is exact, it suffices to show
the exactness of the sequence

0→ IPwPw (w)→ · · · →
⊕

I⊂K⊂I(w)
|K\I|=1

IPwPK (w)→ IPwPI (w)→ V PwPI (w)→ 0

where V PwPI (w) = IPwPI (w)/
∑

K)I,w∈KW IPwPK (w). But we have IPwPK (w) =

ILwLw∩PK (w) and rkss(Lw) < rkss(G). Thus the complex above is by induction
hypothesis exact. Hence the claim of our theorem follows. �
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As a byproduct of the proof we get the following result (Note that V GPI (
Iw) =

IGPI (
Iw).):

Corollary 4.3. For any dominant weight λ ∈ Λ+ and any subset I ⊂ ∆,
there is an acyclic complex

0→ vGPI (λ)→ V GPI (λ)→
⊕

w∈IW
ℓ(w)=1

V GPI (w)→ · · · →
⊕

w∈IW

ℓ(w)=ℓ(Iw)−1

V GPI (w)→ V GPI (
Iw)→ 0.

�

Example 4.4. Let G = GL2 and λ = 0. Then W = {1, s} and the above
complex is given by

0→ vGB → V GB → IGB (s)→ 0.

This complex was already considered by Morita [Mo] resp. Schneider and
Teitelbaum [ST5] and coincides with the dual of the K-valued “de Rham”
complex

0→ O(X )/K → Ω1(X )→ H1
dR(X )→ 0

of the Drinfeld half space X = P1 \ P1(L).

Lemma 4.5. The representation V GP (λ) has a Jordan-Hölder series of finite
length.

Proof. The representation V GP (λ) is a quotient of IGP (λ) which coincides by
definition of the functor FGP with FGP (MP (λ)). As explained in Section 1, the
latter object has a finite Jordan-Hölder series, hence the same holds true for
V GP (λ). �

¿From the previous lemma we see that a Jordan-Hölder series of V GB (λ) is
induced by such a series of the induced representation IGP (λ). Now we are able
to give a recipe for the determination of the composition factors with respect to
V GB (λ). For two reflections w,w′ in W , let m(w′, w) ∈ Z≥0 be the multiplicity
of the simple U(g)-module L(w · 0) in the Verma module M(w′ · 0). It is
known that m(w′, w) ≥ 1 if and only if w′ ≤ w for the Bruhat order ≤ on W .
These multiplicities can be computed using Kazhdan-Lusztig polynomials, as
it was conjectured by Kazhdan and Lusztig in [KaLu, Conj. 1.5] and proved
independently by Beilinson-Bernstein [BeBe] and Brylinski-Kashiwara [BrKa].
Let’s recall that if w ∈W is an element of the Weyl group, the support supp(w)
of w is the set of simple reflections appearing in one (and so in any) reduced
expression of w. In the following we identify the set of simple reflections with
∆. Then w ∈WI if and only if supp(w) ⊂ I.
Recall from the proof of Theorem 4.2, that we defined for every w ∈ W a
subset I(w) ⊂ ∆ with w ∈ I(w)W and that the subset I(w) is maximal with
this property. On the other hand, by [Hum2, p. 186− 187], the simple module
L(w · λ) lies in OpI if and only if w ∈ IW . It follows that for w ∈ W , the
parabolic Lie Algebra pI(w) is maximal for L(w · λ).
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Theorem 4.6. Fix w ∈ W and let I = I(w) ⊂ ∆ be as above. For a subset

J ⊂ ∆ with J ⊂ I, let vPIPJ be the generalized smooth Steinberg representation of

LPI . Then the multiplicity of the irreducible G-representation FGPI (L(w·λ), v
PI
PJ

)

in V GB (λ) is

(4.2)
∑

w′∈W
supp(w′)=J

(−1)ℓ(w′)+|J|m(w′, w),

and we obtain in this way all the Jordan-Hölder factors of V GB (λ). Moreover,
this multiplicity is non-zero if and only if J ⊂ supp(w). In particular, the
locally algebraic representation vGB(λ) is the only locally algebraic subquotient
of V GB (λ).

Proof. By Theorem 4.2, we get the following formula for the multiplicity of the
simple object FGPI (L(w · λ), v

PI
PJ

) in V GB (λ):

[V GB (λ) : FGPI (L(w · λ), v
PI
PJ

)] =
∑

K⊂∆

(−1)|K|[IGPK (λ) : FGPI (L(w · λ), v
PI
PJ

)].

By definition we have IGPK (λ) = FGPK (MK(λ)). Since the Jordan-Hölder series

ofMK(λ) lies in OpK
alg , as well, we deduce by by Corollary 3.6 and the discussion

in Section 2 that K ⊂ I is a necessary condition for the non-vanishing of
the expression [IGPK (λ) : FGPI (L(w · λ), v

PI
PJ

)]. On the other hand, vPIPJ is a

subquotient of iPIPK if and only if K ⊂ J . Again by Corollary 3.6 and Section

2, the term FGPI (L(w · λ), v
PI
PJ

) appears in IGPK (λ) only if K ⊂ J .
So, let K ⊂ J and consider the JH-component Q = L(w · λ) of MK(λ) in

Oalg. Then FGPK (Q, 1) = FGPI (Q, i
PI
PK

) by the PQ-formula. In a Jordan-Hölder

series of FGPI (Q, i
PI
PK

) the term FGPI (Q, v
PI
PJ

) appears with multiplicity one by
Corollary 3.6, so that

[IGPK (λ) : FGPI (L(w · λ), v
PI
PJ

)] = [MK(λ) : L(w · λ)].
As a consequence, we have

[V GB (λ) : FGPI (L(w · λ), v
PI
PJ

)] =
∑

K⊂J
(−1)|K|[MK(λ) : L(w · λ)].

Now we make use of the character formula

chMK(λ) =
∑

w′∈WK

(−1)ℓ(w′)chM(w′ · λ),

cf. [Hum2, Proposition 9.6]. We obtain

[V GB (λ) : FGPI (L(w · λ), v
PI
PJ

)] =

=
∑

K⊂J
(−1)|K| ∑

w′∈WK

(−1)ℓ(w′)[M(w′ · λ) : L(w · λ)]

=
∑

w′∈W
(−1)ℓ(w′)[M(w′ · λ) : L(w · λ)]

∑

supp(w′)⊂K⊂J
(−1)|K|.
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But the sum ∑

supp(w′)⊂K⊂J
(−1)|K| = (1 − 1)|J\supp(w

′)|

is non-zero if and only if supp(w′) = J , so we deduce the formula. The non-
vanishing criterion follows from Corollary 5.3 in the appendix. �

Example 4.7. a) Let G = GL3, ∆ = {α1, α2}. Let si be the element of W
corresponding to αi and abbreviate Pi = P{αi}. In this case, m(w′, w) = 1 if
and only if w′ ≤ w for the Bruhat order (cf. [Hum2, 8.3.(c)]). As a consequence,
we obtain the following Jordan-Hölder factors all with multiplicity one :

vGB

FGP1
(L(s2 · 0), vP1

B ), FGP2
(L(s1 · 0), vP2

B )

FGP1
(L(s2s1 · 0), 1), FGP1

(L(s2s1 · 0), vP1

B )

FGP2
(L(s1s2 · 0), 1), FGP2

(L(s1s2 · 0), vP2

B )

FGB (L(s1s2s1 · 0), 1).
This particular result was already shown in [Schr].
b) Let G = GL4. Here there are exactly two subquotients of V GB with multi-
plicity greater than one. We fix notation as follows. Let ∆ = {α1, α2, α3} such
that s1 and s3 commute. We use the more compact notation Pi = P{αi}, Pi,j =
P{αi,αj}, W

i,j =W {αi,αj} etc. The two subquotients with multiplicity greater

than one are then FGP1,3
(L(s2s3s1s2 · 0), vP1,3

B ) and FGP2
(L(s1s3s2s3s1 · 0), vP2

B )

and they have both multiplicity 2. The length of V GB is 50 and it contains 48
non-isomorphic Jordan-Hölder components. Let us remark that this example
also shows that Kazhdan-Lusztig multiplicities are the reason for unexpected
components in V GB . For instance, the component FGP2

(L(s1s3s2s1s3 · 0, 1)) ap-
pears in IGP2

, but passing to V GB kills only one of its two occurrences in IGB .
Here is the idea to carry out this computation. The number of components
of the form FGPI (L(w · λ, V ) for a fixed w ∈ W I with I = I(w) maximal and

V a smooth irreducible subquotient of iLILI∩B, is exactly the number of subsets

of I ∩ supp(w), that is 2|I∩supp(w)|. Let W I
p be the subset of W I consisting of

elements for which I is maximal, an easy computation shows that

(4.3) |W I
p | =

∑

J⊂∆\I
(−1)|J||W I∪J | =

∑

J⊂∆\I
(−1)|J||W |/|WI∪J |.

If I = ∅ or I = ∆, then |W I
p | = 1 and |I ∩ supp(w)| = 0. Furthermore, we

compute easily that

|W 1,2
p | = |W 2,3

p | = |W 1
p | = |W 3

p | = 3

|W 1,3
p | = |W 2

p | = 5.

We see for example that W 1,2
p = {s3, s3s2, s3s2s1} so that |{s1, s2} ∩ supp(w)|

takes the values 0, 1 and 2 when w is varying in W 1,2
p . This procedure gives

Documenta Mathematica 19 (2014) 647–671



The JH-Series of the Locally Analytic. . . 667

us the cardinality of the composition factors appearing in V GB . As for the
multiplicities, we can use a software package like CHEVIE ([GHLMP]) to see
that the only simple modules L(w · 0) having multiplicities greater than one in
M(0) are given by w = s2s1s3s2 and w = s1s3s2s1s3.

5. Appendix

In this appendix, we prove the last assertion of Theorem 4.6 by interpreting the
alternate sum (4.2) as the multiplicity of L(w ·λ) in the H0 of a subcomplex of
the BGG complex. Then we show that the submodule of M(λ) generated by
the M(w · λ) with w a Coxeter element in WJ is a quotient of this H0. We fix
the same notation as before.
Let λ ∈ X+ and recall from Section 1 that the BGG resolution of L(λ) = V (λ)
takes the form

· · · → Ci(g)
ǫi−→ Ci−1(g)

ǫi−1−−−→ · · · ǫ1−→ C0(g)→ L(λ)→ 0

with

Ci(g) =
⊕

ℓ(w)=i

M(w · λ).

Let I be a subset of ∆. For i ≥ 0, let Ci(g, I) ⊂ Ci(g) be defined by

Ci(g, I) :=
⊕

w∈WI ,ℓ(w)=i

M(w · λ).

As ǫi(Ci(g, I)) ⊂ Ci−1(g, I), we obtain a subcomplex C•(g, I) of C•(g). Now

we abbreviate W
(i)
I for the subset of WI consisting of elements of length i.

Lemma 5.1. The complex C•(g, I) is isomorphic to the complex U(g) ⊗U(pI)

C•(lI), hence it is exact in positive degrees.

Proof. We can write ǫi|Ci(g,I) =
∑

w1,w2
aiw1,w2

iw1,w2 where the sum is over all

w1 ∈W (i)
I and w2 ∈W (i−1)

I such that w2 ≤ w1. By [Ro, Lemma 10.2 ] we have
aiw1,w2

6= 0 for each such pair (w1, w2). We fix injections U(lI)⊗U(b∩lI)Kw·λ →֒
U(lI)⊗U(b∩lI) Kλ, w ∈WI , giving rise to well defined maps

iIw,w′ : U(lI)⊗U(b∩lI) Kw·λ →֒ U(lI)⊗U(b∩lI) Kw′·λ

such that after applying U(g) ⊗U(pI) −, we have the equality id ⊗ iIw,w′ =

iw,w′. Now consider the complex C̃•(lI) where C̃•(lI) = C•(lI) and where the
differential maps are given by ǫ̃i =

∑
w1≤w2∈WI

aiw1,w2
iIw1,w2

, so that C•(g, I) =

U(g)⊗U(pI) C̃•(lI). As the Bruhat order on WI is induced by the Bruhat order
of W , the squares (see [Ro, Definition 10.3]) of W with elements in WI are

exactly the squares of WI , so that C̃•(lI) is a complex. By Corollary 10.7 or

Lemma 10.5 of [Ro] the complex C̃•(lI) is exact in positive degrees and even
isomorphic to the BGG complex C•(lI). �
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For every integer i ≥ 0, let C≤i
• (g, I) be the subcomplex of C•(g, I) defined by

C≤i
j (g, I) =

⊕

∃J⊂I,|J|≤i

w∈W
(j)
J

M(w · λ)

and set C•(g, I) = C•(g, I)/C
≤|I|−1
• (g, I).

Proposition 5.2. The complex C≤i
• (g, I) is exact in degrees ≥ i + 1 and the

complex C•(g, I) in degree ≥ |I|+ 1.

Proof. We will prove this proposition by induction on i. For i = 0, this is clear.
Now we can apply induction hypothesis to the long exact sequence coming from
the exact sequence of complexes

(5.1) 0→ C≤i−1
• (g, I)→ C≤i

• (g, I)→
⊕

J⊂I,|J|=i
C•(g, J)→ 0

(Here we use the identity WJ1 ∩WJ2 =WJ1∩J2 for the appearance of the direct
sum.). In the special case, where |I| = i, we can deduce from Lemma 5.1 that
C•(g, I) is acyclic in strictly positive degrees, hence by induction on i that
Hj(C•(g, I)) = 0 for j > i. In general, when |I| 6= i, either |I| < i and there
is nothing to prove, or |I| > i. But for J ⊂ I with |J | = i, we already know
that Hj(C•(g, J)) = 0 for j > i by what precedes. Hence, using (5.1) and our

induction hypothesis on i, we can conclude that C≤i
• (g, I) is acyclic in degree

> i. The claim follows. �

Corollary 5.3. For I ⊂ ∆, let MI be the submodule of M(λ) generated by
the Verma modules M(w ·λ) where w is a Coxeter element in WI . For w ∈W ,
we have

(5.2) [MI : L(w · λ)] ≤
∑

supp(w′)=I

(−1)|I|+ℓ(w′)[M(w′ · λ) : L(w · λ)].

Hence this sum is non-zero if and only if I ⊂ supp(w).

Proof. As the complex C•(g, I) is exact in degree > |I| and Cj(g, I) = 0 for

j < |I|, it is sufficient to prove that MI is a quotient of H|I|(C•(g, I)). Remark

that M ′ = ǫ|I|(
⊕

supp(w)=I,ℓ(w)=|I|M(w)) is a quotient of H|I|(C•(g, I)). Then
the image of M ′ by

∑
supp(w)=I,ℓ(w)=|I|−1 iw,1 is exactly MI , and we deduce

the result. It is not difficult to see that there exists a Coxeter element w′ of
WI such that w′ ≤ w if and only if I ⊂ supp(w). �
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parabolic and the Berňstĕın-Gelfand-Gelfand resolution of a finite-
dimensional, irreducible g-module, Trans. Amer. Math. Soc. 262, No.2,
335–366 (1980).

[S] P. Schneider, Nonarchimedean functional analysis, Springer Mono-
graphs in Mathematics, Springer Verlag (2002).

[ST1] P. Schneider, J. Teitelbaum, An integral transform for p-adic symmetric
spaces, Duke Math. J. 86, no. 3, 391–433 (1997).

[ST2] P. Schneider, J. Teitelbaum, Algebras of p-adic distributions and ad-
missible representations, Invent. Math. 153, No.1, 145-196 (2003).

[ST3] P. Schneider, J. Teitelbaum, Locally analytic distributions and p-adic
representation theory, with applications to GL2, J. Amer. Math. Soc.
15, no. 2, 443–468 (2002).

[ST4] P. Schneider, J. Teitelbaum, U(g)-finite locally analytic representations,
Represent. Theory 5, p. 111–128 (2001).

[ST5] P. Schneider, J. Teitelbaum, p-adic boundary values, Cohomologies p-
adiques et applications arithmétiques, I. Astérisque No. 278, 51–125
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Abstract. This paper discusses some examples showing that the crys-

talline cohomology of even very mildly singular projective varieties tends

to be quite large. In particular, any singular projective variety with at worst

ordinary double points has infinitely generated crystalline cohomology in

at least two cohomological degrees. These calculations rely critically on

comparisons between crystalline and derived de Rham cohomology.
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Fix an algebraically closed field k of characteristic p > 0 with ring of Witt vectorsW .

Crystalline cohomology is a W -valued cohomology theory for varieties over k (see

[Gro68, Ber74]). It is exceptionally well behaved on proper smooth k-varieties: the
W -valued theory is finite dimensional [BO78], and the correspondingW [1/p]-valued
theory is a Weil cohomology theory [KM74] robust enough to support a p-adic proof
of the Weil conjectures [Ked06] (in conjunction with rigid cohomology to deal with

open or singular varieties).

Somewhat unfortunately, crystalline cohomology is often large and somewhat un-

wieldy outside the world of proper smooth varieties. For example, the crystalline

cohomology of a smooth affine variety of dimension > 0 is always infinitely gener-

ated as a W -module by the Cartier isomorphism (see Remark 2.4). Even worse, it

is not a topological invariant: Berthelot and Ogus showed [BO83, Appendix (A.2)]

that the 0th crystalline cohomology group of a fat point in A2 has torsion (see also

Example 3.4). In this paper, we give more examples of such unexpected behaviour:

Theorem. Let X be a proper lci k-variety. Then the crystalline cohomology of X
is infinitely generated if any of the following conditions is satisfied:

(1) X has at least one isolated toric singularity, such as a node on a curve.

(2) X has at least one conical singularity of low degree, such as an ordinary

double point of any dimension.

Documenta Mathematica 19 (2014) 673–687



674 Bhargav Bhatt

The statement above is informal, and we refer the reader to the body of this paper —

see examples 3.5, 3.6, 3.12, and 3.13 — for precise formulations. In contrast to the

Berthelot-Ogus example, our examples are reduced and lci. We do not know if these

calculations are indicative of deeper structure; see Question 0.1 below.

Our approach to the above calculation relies on Illusie’s derived de Rham cohomol-

ogy [Ill72]. This theory, which in hindsight belongs to derived algebraic geometry,

is a refinement of classical de Rham cohomology that works better for singular va-

rieties; the difference, roughly, is the replacement of the cotangent sheaf with the

cotangent complex. Theorems from [Bha12] show: (a) derived de Rham cohomol-

ogy agrees with crystalline cohomology for lci varieties, and (b) derived de Rham

cohomology is computed by a “conjugate” spectral sequence whose E2-terms come

from coherent cohomology on the Frobenius twist. These results transfer calculations

from crystalline cohomology to coherent cohomology, where it is much easier to lo-

calise calculations at the singularities (see the proof of Proposition 3.1). As a bonus,

this method yields a natural (infinite) increasing bounded below exhaustive filtration

with finite-dimensional graded pieces on the crystalline cohomology of any lci proper

variety.

We conclude by asking if finiteness properties of crystalline cohomology characterize

smooth varieties (somewhat analogously to Quillen’s conjecture [Avr99]):

Question 0.1. Do there exist any singular proper k-varieties with finite dimensional

crystalline cohomology over k? Do there exist any singular finite type k-algebras A
whose crystalline cohomology relative to k is finitely generated over the Frobenius

twist A(1) ⊂ A?
We do not know what to expect, and simply note here that derived de Rham theory

(see §1) shows that the sought-after examples cannot simultaneously be lci and admit

lifts toW2 compatible with Frobenius.

Organisation of this paper. In §1, we review the relevant results from derived

de Rham cohomology together with the necessary categorical background. Next, we

study (wedge powers of) the cotangent complex of some complete intersections in §2.
This analysis is used in §3.1 to provide examples of some singular projective varieties

(such as nodal curves, or lci toric varieties) whose crystalline cohomology is always

infinitely generated; all these examples admit local lifts to W2 where Frobenius also

lifts. Examples which are not obviously liftable (such as ordinary double points in

high dimensions) are discussed in §3.2.
Notation. Let k andW be as above, and setW2 = W/p2. For a k-scheme X , let

X(1) denote the Frobenius-twist ofX ; we identify the étale topology onX andX(1).

We use Hn
crys(X/k) and H

n
crys(X/W ) to denote Berthelot’s crystalline cohomology

groups relative to k and W respectively. All sheaves are considered with respect to

the Zariski topology (unless otherwise specified), and all tensor products are derived.

We say that X lifts toW2 compatibly with Frobenius if there exists a flatW2-scheme

X lifting X , and a map X → X lifting the Frobenius map on X and lying over the

canonical Frobenius lift onW2. For fixed integers a ≤ b ∈ Z, we say that a complex

K over some abelian category has amplitude in [a, b] ifHi(K) = 0 for i /∈ [a, b] ⊂ Z.
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A complexK of abelian groups is connected (resp. simply connected) ifHi(K) = 0
for i > 0 (resp. for i ≥ 0). An infinitely generated module over a ring is one that is

not finitely generated. All gradings are indexed by Z unless otherwise specified. If

A is a graded ring, then A(−j) is the graded A-module defined by A(−j)i = Ai−j ;
we set M(−j) := M ⊗A A(−j) for any graded A-complex M . We use ∆ for the

category of simplices, and Ch(A) for the category of chain complexes over an abelian

category A.

Acknowledgements. I thank Johan de Jong, DaveshMaulik, andMirceaMustaţǎ

for inspiring conversations. In particular, Example 3.5 was discovered in conversation

with de Jong and Maulik, and was the genesis of this paper. Both Pierre Berthelot

and Arthur Ogus had also independently calculated a variant of this example (unpub-

lished), and I thank them for their prompt response to email inquiries. I am further

grateful to the anonymous referee for references and comments.

1. REVIEW OF DERIVED DE RHAM THEORY

In this section, we summarise some structure results in derived de Rham theory that

will be relevant in the sequel. We begin by recalling in §1.1 some standard techniques

for working with filtrations in the derived category; this provides the language neces-

sary for the work in [Bha12] reviewed in §1.2.

1.1. Some homological algebra. In the sequel, we will discuss filtrations on

objects of the derived category. To do so in a homotopy-coherent manner, we use the

following model structure:

Construction 1.1. Fix a small category I , a Grothendieck abelian categoryB, and

set A = Fun(I,B). We endow Ch(B) with the model structure of [Lur11, Proposi-

tion 1.3.5.3]: the cofibrations are termwise monomorphisms, while weak equivalences

are quasi-isomorphisms. The category Fun(I,Ch(B)) = Ch(Fun(I,B)) = Ch(A)
inherits a projective model structure by [Lur09, Proposition A.2.8.2] where the fibra-

tions and weak equivalences are defined termwise. By [Lur09, Proposition A.2.8.7],

the pullbackD(B)→ D(A) induced by the constant map I → {1} has a left Quillen
adjoint D(A) → D(B) that we call a “homotopy-colimit over I”. In fact, exactly

the same reasoning shows: given a map φ : I → J of small categories, the pull-

back φ∗ : D(Fun(J,B)) → D(Fun(I,B)) induced by composition with φ has

a left Quillen adjoint φ! : D(Fun(I,B)) → D(Fun(J,B)) if Ch(Fun(I,B)) and

Ch(Fun(J,B)) are given the projective model structures as above; we often refer to

φ! as a “homotopy-colimit along fibres of φ.” The most relevant examples of φ for us

are: the projections∆opp → {1},∆opp ×N→ N andN→ {1}.
Using Construction 1.1, we can talk about increasing filtrations on objects of derived

categories.

Construction 1.2. Let B be a Grothendieck abelian category, and let A :=
Fun(N,B), where N is the category associated to the poset N with respect to the

usual ordering. There is a homotopy-colimit functor F : D(A) → D(B) which

is left Quillen adjoint to the pullback D(B) → D(A) induced by the constant map
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N → {1}; we informally refer to an object K ∈ D(A) as an increasing (or N-

indexed) exhaustive filtration on the object F (K) ∈ D(B). There are also restriction

functors [n]∗ : D(A) → D(B) for each n ∈ N, and maps [n]∗ → [m]∗ for n ≤ m
coherently compatible with composition. For each n ∈ N, the cone construction de-

fines a functor grn : D(A) → D(B) and an exact triangle [n − 1]∗ → [n]∗ → grn
of functors D(A) → D(B); for a filtered object K ∈ D(B), we often use grn(K)
to denote grn applied to the specified lift of K to D(A). A map K1 → K2 in D(A)
is an equivalence if and only if [n]∗K1 → [n]∗K2 is so for all n ∈ N if and only if

grn(K1) → grn(K2) is so for all n ∈ N. Given a cochain complex K over B, the

association n 7→ τ≤nK defines an object of D(A) lifting the image of K ∈ D(B)
under F .

Remark 1.3. The “cone construction” used in Construction 1.2 to define grn needs

clarification: there is no functor Fun([0 → 1], D(B)) → D(B) which incarnates the

chain-level construction of the cone. However, the same construction does define a

functor D(Fun([0 → 1],B)) → D(B), which suffices for the above application (as

there are restriction functorsD(A)→ D(Fun([0→ 1],B)) for each map [0→ 1]→
N inN).

1.2. The derived de Rham complex and the conjugate filtration.
We first recall the definition:

Construction 1.4. For a morphism f : X → S of schemes, following [Ill72,

§VIII.2], the derived de Rham complex dRX/S ∈ Ch(Modf−1OS
) is defined as

the homotopy-colimit over ∆opp of the simplicial cochain complex Ω∗
P•/f−1OS

∈
Fun(∆opp,Ch(Modf−1OS

)), where P• is a simplicial free f−1OS-algebra resolu-

tion of OX . When S is an Fp-scheme, the de Rham differential is linear over

the pth-powers, so dRX/S can be viewed as an object of Ch(ModO
X(1)

), where

X(1) = X ×S,Frob S is the (derived) Frobenius-twist of X (which is the usual one if

f is flat).

The following theorem summarises the relevant results from [Bha12] about this con-

struction:

Theorem 1.5. Let X be a k-scheme. Then:

(1) The complex dRX/k ∈ Ch(ModO
X(1)

) comes equipped with a canonical

increasing bounded below separated exhaustive filtration Filconj• called the

conjugate filtration. The graded pieces are computed by

Cartieri : gr
conj
i (dRX/k) ≃ ∧iLX(1)/k[−i].

In particular, if X is lci, then Filconji (dRX/k) is a perfect OX(1) -complex for

all i.
(2) The formation of dRX/k and the conjugate filtration commutes with étale

localisation onX(1).

(3) There exists a canonical morphism

RΓ(X(1), dRX/k)→ RΓcrys(X/k,O)
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that is an isomorphism whenX is an lci k-scheme.
(4) If there is a lift of X toW2 together with a compatible lift of Frobenius, then

the conjugate filtration is split, i.e., there is an isomorphism

⊕i≥0 ∧i LX(1)/k[−i] ≃ dRX/k

whose restriction to the ith summand on the left splits Cartieri.

Remark 1.6. Theorem 1.5 can be regarded as an analogue of the results of Cartier

(as explained in [DI87], say) and Berthelot [Ber74] to the singular case. In particular,

when X is quasi-compact, quasi-separated and lci, parts (1) and (3) of Theorem 1.5

together with the end of Remark 1.7 yield a “conjugate” spectral sequence

Ep,q2 : Hp(X(1),∧qLX(1)/k)⇒ Hp+q
crys (X/k).

In the sequel, instead of using this spectral sequence, we will directly use the filtration

on dRX/k and the associated exact triangles; this simplifies bookkeeping of indices.

Remark 1.7. We explain the interpretation of Theorem 1.5 using the language of

§1.1. LetB = Mod(OX(1)), and letA = Fun(N,B). The construction of the derived
de Rham complex dRX/k ∈ D(B) naturally lifts to an object E ∈ D(A) under F : if
P• → OX is the canonical free k-algebra resolution of OX , then Ω∗

P•/k
⊗
P

(1)
•

OX(1)

defines an object ofD(Fun(∆opp ×N,B)) via (m,n) 7→
(
τ≤nΩ∗

Pm/k

)
⊗
P

(1)
m

OX(1) ,

and its homotopy-colimit over ∆opp (i.e., its pushforward along D(Fun(∆opp ×
N,B)) → D(Fun(N,B))) defines the desired object E ∈ D(A). This construc-

tion satisfies [n]∗E ≃ Filconjn (dRX/k), so grn(E) ≃ grconjn (dRX/k) for all n ∈ N.

This lift E ∈ D(A) of dRX/k ∈ D(B) is implicit in any discussion of the con-

jugate filtration on dRX/k in this paper (as in Theorem 1.5 (1), for example). In

the sequel, we abuse notation to let dRX/k also denote E ∈ D(A). When X is

quasi-compact and quasi-separated, cohomology commutes with filtered colimits,

so RΓ(X(1), dRX/k) ≃ colimnRΓ(X
(1),Filconjn (dRX/k)). In particular, when re-

stricted to proper varieties, derived de Rham cohomology can be written as a filtered

colimit of (complexes of) finite dimensional vector spaces functorially in X .

2. SOME FACTS ABOUT LOCAL COMPLETE INTERSECTIONS

In order to apply Theorem 1.5 to compute crystalline cohomology, we need good con-

trol on (wedge powers of) the cotangent complex of an lci singularity. The following

lemma collects most of the results we will use in §3.1.
Lemma 2.1. Let (A,m) be an essentially finitely presented local k-algebra with an

isolated lci singularity at {m}. Let N = dimk(m/m
2) be the embedding dimension.

Then:

(1) ∧nLA/k is a perfect complex for all n. For n ≥ N , ∧nLA/k can be rep-

resented by a complex of finite free A-modules lying between cohomological

degrees−n and −n+N with differentials that are 0 modulo m.

(2) For any n ≥ N , the complex ∧nLA/k has finite length cohomology groups.
(3) For any n > N , the groupH−n+N (∧nLA/k) is non-zero.
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(4) For any n > N , there exists an integer 0 < i ≤ N such that

H−n+N−i(∧nLA/k) is non-zero.
(5) If dim(A) > 0 and n > N , then H−n(∧nLA/k) = 0, so the integer i in (4)

is strictly less than N .

Proof. Choose a polynomial algebra P = k[x1, . . . , xN ] and a map P → A such

that Ω1
P/k ⊗P A → Ω1

A/k is surjective. By comparing dimensions, the induced map

Ω1
P/k ⊗P A ⊗A A/m→ Ω1

A/k ⊗A A/m is an isomorphism. Now consider the exact

triangle

LA/P [−1]→ Ω1
P/k ⊗P A→ LA/k.

The lci assumption onA and the choice of P ensure thatLA/P [−1] is a freeA-module

of some rank r. Since Spec(A) is singular at m, we must have r > 0. The previous
triangle then induces a (non-canonical) equivalence

(
A⊕r T→ A⊕N

)
≃ LA/k.

The map T must be 0 modulo m as A⊕N → LA/k induces an isomorphism on H0

after reduction modulo m, so the above presentation yields an identification

LA/k ⊗A k ≃
(
k⊕r[1]

)
⊕ k⊕N .

Computing wedge powers gives

(*) ∧n (LA/k)⊗A k ≃ ⊕Na=0

(
∧a (k⊕N )⊗ Γn−a(k⊕r)

)
[n− a],

where Γ∗ is the divided-power functor; here we use that ∧n(V [1]) = Γn(V )[n] for a
flat k-module V over a ring k (see [Qui70, §7]). We now show the desired claims:

(1) The perfectness of ∧nLA/k follows from the perfectness of LA/k. The de-

sired representative complex can be constructed as a Koszul complex on the

map T above (see the proof of Lemma 2.5 (4) below); all differentials will be

0 modulom by functoriality since T is so.

(2) We must show that
(
∧n LA/k

)
p
= 0 for any p ∈ Spec(A) − {m} and n ≥

N . The functor ∧nL−/k commutes with localisation, so we must show that

∧nLAp/k = 0 for p and n as before, but this is clear: Ap is the localisation of

smooth k-algebra of dimension ≤ dim(A) < N for any such p.
(3) By (1), H−n+N(∧nLA/k) = 0 if and only if ∧nLA/k has amplitude in

[−n,−n+N−1]. However, in the latter situation, the complex∧nLA/k⊗Ak
would have no cohomology in degree−n+N , contradicting formula (*); note

that r ≥ 1 by the assumption that Spec(A) is singular at m.

(4) Assume the assertion of the claim is false. Then (3) shows that ∧nLA/k is

concentrated in a single degree, so ∧nLA/k ≃ M [−n + N ] for some fi-

nite length A-module M . By (1), M has finite projective dimension. The

Auslander-Buschbaum formula and the fact that A is Cohen-Macaulay then

show that the projective dimension ofM is actually dim(A). Hence,M ⊗A k
has at most dim(A) + 1 non-zero cohomology groups. On the other hand,

formula (*) shows that ∧nLA/k⊗A k hasN +1 distinct cohomology groups.

Documenta Mathematica 19 (2014) 673–687



Torsion in the Crystalline Cohomology of . . . 679

Hence, N ≤ dim(A), which contradicts the assumption that Spec(A) is sin-
gular at m.

(5) SetM := H−n(∧nLA/k), and assumeM 6= 0. ThenM has finite length by

(2), and occurs as the kernel of a map of free A-modules by (1). Non-zero fi-

nite lengthR-modules cannot be found inside freeR-modules for any S1-ring

R of positive dimension, which is a contradiction since complete intersections

are S1. �

Remark 2.2. The assumption dim(A) > 0 is necessary in Lemma 2.1 (5). For

example, set A = k[ǫ]/(ǫp). Then N = dimk(m/m
2) = 1, and LA/k ≃ A[1] ⊕ A.

Applying ∧n for n > 0, we get

∧n(LA/k) ≃ Γn(A)[n]⊕ Γn−1(A)[n − 1],

which certainly has non-zero cohomology in degree−n.
Using Lemma 2.1, we can show that the crystalline cohomology of an isolated lci

singularity is infinitely generated in a very strong sense:

Corollary 2.3. Let (A,m) be as in Lemma 2.1. Assume that A admits a lift toW2

compatible with Frobenius. Then

(1) Hi
crys(Spec(A)/k) ≃ ⊕j≥0H

0(Spec(A)(1),∧jLA(1)/k[i− j]) for all i.
(2) HN

crys(Spec(A)/k) is infinitely generated as an A
(1)-module.

Proof. Note that H∗
crys(Spec(A)/k) is an A(1)-module since any divided-power

thickening of A is an A(1)-algebra.

(1) This follows from Theorem 1.5 (4) and the vanishing of higher quasi-coherent

sheaf cohomology on affines.

(2) This follows from Lemma 2.1 (3). �

Remark 2.4. Let us explain the phrase “strong sense” appearing before Corol-

lary 2.3. If A is an essentially smooth k-algebra, then H∗
crys(Spec(A)/k) is in-

finitely generated over k, but not over A(1): the Cartier isomorphism shows that

Hi
crys(Spec(A)/k) ≃ Ωi

A(1)/k
, which is a finite (and even locally free) A(1)-module.

It is this latter finiteness that also breaks down in the singular setting of Corollary 2.3.

We also record a more precise result on the wedge powers of the cotangent complex

for the special case of the co-ordinate ring of a smooth hypersurface; this will be used

in §3.2.
Lemma 2.5. Let A be the localisation at 0 of k[x0, . . . , xN ]/(f), where f is a homo-

geneous degree d polynomial defining a smooth hypersurface in PN . Assume p ∤ d.
Then

(1) A is graded.

(2) The quotient M = A/( ∂f∂x0
, . . . , ∂f

∂xN
) is a finite length graded A-module

whose non-zero weights j are contained in the interval 0 ≤ j ≤ (d− 2)(N +
1).

(3) TheA-linear Koszul complexK := KA({ ∂f∂xi }) of the sequence of partials is
equivalent toM ⊕M(−d)[1] as a graded A-complex.
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(4) For n > N , we have an equivalence of graded A-complexes

∧nLA/k[−n] ≃M
(
(N+1)(d−1)−nd

)
[−N−1]⊕M

(
(N+1)(d−1)−nd−d

)
[−N ].

(5) Assume thatN and d satisfyN(d−2) < d+2. Fix j and n withN < j < n.
Then all graded k-linear maps

∧nLA/k[−n]→ ∧jLA/k[−j][1]
are nullhomotopic as graded k-linear maps.

Proof. Let S = k[x0, . . . , xN ] denote the polynomial ring. We note first the assump-

tion p ∤ d implies (by the Euler relation) that f lies in the ideal J(f) ⊂ S generated by

the sequence { ∂f∂xi } of partials. Since f defines a smooth hypersurface, the preceding

sequence cuts out a zero-dimensional scheme in S, and hence must be a regular se-

quence by Auslander-Buschbaum. In particular, each ∂f
∂xi

is non-zero of degree d− 1.
We now prove the claims:

(1) This is clear.

(2) Since f ∈ J(f), the quotient M is identified with S/J(f), so the claim

follows from [Voi07, Corollary 6.20].

(3) Consider the S-linear Koszul complex L := KS({ ∂f∂xi }) of the sequence

of partials. Since the partials span a regular sequence in S, we have an

equivalence L ≃ S/J(f) ≃ A/J(f) ≃ M of graded S-modules. Now

the complex K is simply L ⊗S A ≃ M ⊗S A. Since M is already an

A-module, we get an identification K ≃ M ⊗A (A ⊗S A) as graded A-
modules, where the right hand side is given the A-module structure from

the last factor. The resolution
(
S(−d) f→ S

)
≃ A then shows that

K ≃M ⊗A
(
A(−d) 0→ A

)
≃M ⊕M(−d)[1].

(4) Set L = (f)/(f2), E = Ω1
S/k ⊗S A, and c : L → E to be the map defined

by differentiation. Then the two-term complex defined by c is identified with
LA/k. Taking wedge powers for n > N then shows (see [KS04, Corollary

1.2.7], for example) that the complex

(**) Γn(L)⊗A∧0(E)→ Γn−1(L)⊗A∧1(E)→ · · · → Γn−(N+1)(L)⊗A∧N+1(E)

computes ∧nLA/k[−n]; here the term on the left is placed in degree 0. Ex-
plicitly, the differential

Γi(L)⊗A ∧k(E)→ Γi−1(L)⊗ ∧k+1(E)

is given by

γi(f)⊗ ω 7→ γi−1(f)⊗
(
c(f) ∧ ω

)
= (−1)k · γi−1(f)⊗

(
ω ∧ df

)
.

In particular, if we trivialise Γi(L) using γi(f), then this differential is

identified with left-multiplication by df in the exterior algebra ∧∗(E). We

leave it to the reader to check that the complex (**) above is isomorphic to

K
(
(N + 1)(d− 1)− nd

)
[−N − 1]; the rest follows from (3).
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(5) LetM ′ =M
(
(N + 1)(d− 1)

)
[−N − 1]. ThenM ′ is, up to a shift, a graded

A-module whose weights lie in an interval size of (d− 2)(N +1) by (2). By
(4), we have

∧nLA/k[−n] ≃M ′(−nd)⊕M ′(−nd− d)[1]
and

∧jLA/k[−j][1] ≃M ′(−jd)[1]⊕M ′(−jd− d)[2].
Thus, wemust check that all graded k-linearmapsM ′(−nd−d)→M ′(−jd)
are nullhomotopic. Twisting, it suffices to showM ′ andM ′((n+1− j)d) do
not share a weight. If they did, then (n + 1 − j)d ≤ (d − 2)(N + 1). Since
j < n, this implies 2d ≤ (d − 2)(N + 1), i.e., d + 2 ≤ N(d − 2), which
contradicts the assumption. �

Remark 2.6. The assumption N(d − 2) < d + 2 in Lemma 2.5 (5) is satisfied in

exactly the following cases: N ≥ 5 with d = 2, N = 3, 4 with d ≤ 3, N = 2 with

d ≤ 5, and N = 1 with any d ≥ 1. In particular, an ordinary double point of any

dimension satisfies the assumptions of Lemma 2.5 in any odd characteristic. We also

remark that in this case (i.e., when d = 2), the proof of Lemma 2.5 (5) shows that the

space of graded k-linear maps ∧nLA/k[−n]→ ∧jLA/k[−j][1] is simply connected.

Remark 2.7. Lemma 2.5 (5) only refers to space of graded k-linear maps

∧nLA/k[−n] → ∧jLA/k[−j][1], and not the space of such graded A-linear maps. In

particular, it can happen that a graded A-linear map ∧nLA/k[−n] → ∧jLA/k[−j][1]
is nullhomotopic as a graded k-linear map, but not as an A-linear map.

Theorem 1.5 will be used to control on the mod p crystalline cohomology of an lci

k-scheme. To lift these results toW , we will use the following base change isomor-

phism; see [BdJ11] for more details.

Lemma 2.8. LetX be a finite type lci k-scheme. Then theW -complexRΓcrys(X/W )
has finite amplitude, and there is a base change isomorphism

RΓcrys(X/W )⊗W k ≃ RΓcrys(X/k).

Proof. By a Mayer-Vietoris argument, we immediately reduce to the case whereX =
Spec(A) is affine. In this case, let D be the p-adic completion of the divided power

envelope of a surjection P → A from a finite type polynomialW -algebra P . Then
RΓcrys(X/W ) is computed by

Ω∗
P/W ⊗P D.

Since this complex has finite amplitude, the first claim is proven. Next, if P0 = P/p,
andD0 is the divided power envelope of P0 → A, then RΓcrys(X/k) is computed by

Ω∗
P0/k

⊗P0 D0.

The claim now follows from the well-known fact thatD isW -flat (sinceA is lci), and

D ⊗W k ≃ D0 (see [BBM82, Lemma 2.3.3] for a proof). �
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3. EXAMPLES

We come to the main topic of this paper: examples of singular proper lci k-varieties
with large crystalline cohomology. In §3.1, using lifts of Frobenius, we show that cer-

tain singular proper varieties (such as nodal curves, or singular lci toric varieties) have

infinitely generated crystalline cohomology. In §3.2, we show that a single ordinary

double point (or worse) on an lci proper variety forces crystalline cohomology to be

infinitely generated.

3.1. Frobenius-liftable examples. We start with a general proposition which

informally says: a proper lci k-variety has large crystalline cohomology if it contains

an isolated singular point whose étale local ring lifts toW2 compatibly with Frobenius.

Note that lci k-algebras always lift toW2, so this is really a condition on Frobenius.

Proposition 3.1. Let X be proper lci k-scheme. Assume:

(1) There is a closed point x ∈ X that is an isolated singular point (but there

could be other singularities onX).

(2) There is a lift to W2 of the Frobenius endomorphism of the henselian ring

OhX,x.

SetN = dimk(mx/m
2
x). Then there exists an integer 0 < i ≤ N such that:

(1) HN
crys(X/k) is infinitely generated over k.

(2) HN−i
crys (X/k) is infinitely generated over k.

(3) At least one of HN+1
crys (X/W )[p] and HN

crys(X/W )/p is infinitely generated
over k.

(4) At least one of HN+1−i
crys (X/W )[p] and HN−i

crys (X/W )/p is infinitely gener-

ated over k.

If dim(OX,x) > 0, then the integer i above can be chosen to be strictly less than N .

Proof. The desired integer i will be found in the proof of (2) below.

(1) Consider the exact triangle

FilconjN (dRX/k)→ dRX/k → Q

in the category of OX(1) -complexes, where Q is defined as the homotopy-

cokernel. Theorem 1.5 (1) and the lci assumption on X show that

FilconjN (dRX/k) is a perfect complex on X(1), so Hi(X(1),FilconjN (dRX/k))
is a finite dimensional vector space for all i by properness. By Theorem 1.5

(3), to show that HN
crys(X/k) is infinitely generated, it suffices to show that

HN(X(1),Q) is an infinite dimensional k vector space. First, we show:

Claim 3.2. The natural map RΓ(X,Q) → Qx is a projection onto a sum-

mand as k-complexes.

Proof of Claim. Let j : U → X be an affine open neighbourhood of x such

that U has an isolated singularity at x, and let j′ : V = X − {x} ⊂ X . By

Theorem 1.5 (2), Q|U∩V ≃ 0 since U ∩ V is k-smooth. Hence, the Mayer-

Vietoris sequence for the cover {U, V } of X and the complex Q degenerates
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to show

RΓ(X,Q) ≃ RΓ(U,Q)⊕ RΓ(V,Q).

It now suffices to show that RΓ(U,Q) ≃ Qx. By Theorem 1.5 (1), Q|U ad-

mits an increasing bounded below separated exhaustive filtration with graded

pieces ∧nLU/k[−k] for n > N . Since cohomology commutes with fil-

tered colimits (as U is affine), RΓ(U,Q) also inherits such a filtration with

graded pieces computed byRΓ(U,∧nLU(1)/k[−k]) for n > N . Applying the

same analysis to Qx reduces us to checking that RΓ(U,∧nLU(1)/k[−n]) ≃
∧nL

O
(1)
X,x/k

[−n] for n > N . But this is clear: for n > N , ∧nLU(1)/k[−n]
is a perfect complex on U (1) that is supported only at x and has stalk

∧nL
O

(1)
X,x/k

[−n]. �

To compute the stalk Qx, define Q
′ via the exact triangle

FilconjN (dROhX,x/k
)→ dROhX,x/k

→ Q
′.

Then Qx = Q
′ by Theorem 1.5 (2), the finite length property of Qx, and

the fact that OhX,x ⊗OX,x M ≃ M for any finite length OX,x-module M .

Moreover, Q′ can be computed using the Frobenius lifting assumption and

Theorem 1.5 (4):

Qx ≃ Q
′ ≃ ⊕∞

n=N+1 ∧n LO
(1),h
X,x /k

[−n].

Thus, to prove that HN (X(1),Q) is infinitely generated, it suffices to show

that HN(Qx) is infinitely generated. This follows from the formula above

and Lemma 2.1 (3).

(2) By combining the proof of (1) with Lemma 2.1 (4) and the pigeonhole prin-

ciple, one immediately finds an integer 0 < i ≤ N such that HN−i
crys (X/k) is

infinitely generated over k. Lemma 2.1 (5) shows that we can choose such an

i with i < N if dim(OX,x) > 0.
(3) The base change isomorphism from Lemma 2.8 gives a short exact sequence

0→ HN
crys(X/W )/p→ HN

crys(X/k)→ HN+1
crys (X/W )[p]→ 0,

so the claim follows from (1).

(4) The same argument as (3) works using (2) instead of (1). �

We need the following elementary result on Frobenius liftings:

Lemma 3.3. Let A be a k-algebra that admits a lift toW2 together with a compatible

lift of Frobenius. Then the same is true for any ind-étale A-algebra B (such as the

henselisation A at a point).

Proof. This follows by deformation theory since LB/A = 0 for B as above. �

Specialising Proposition 3.1 leads to the promised examples.

Example 3.4. Let X = Spec(k[x]/xn) for some n > 1. Then H1
crys(X/k),

H0
crys(X/k), H

1
crys(X/W )/p, and H1

crys(X/W )[p] are all infinitely generated. To
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see this, note first that Proposition 3.1 applies directly since X is a proper lci k-
scheme with a lift of Frobenius to W2. Moreover, since X can be realised as a sub-

scheme of A1, the only non-zero cohomology groups are H1
crys and H

0
crys (overW ,

as well as over k). The rest follows directly from Proposition 3.1 once we know that

H0
crys(X/W ) = W . For this, note that H0

crys(X/W ) is the kernel of the differen-

tial dR : R → R · dx, where R = ̂W [x]〈xn〉 is the pd-envelope of the evident

closed immersion X →֒ Spec(W [x]). We may view R as the set of power series

f =
∑

i aix
i ∈ KJxK (where K = W [ 1p ]) such that ai · [i/e]! ∈ W for all i. In

particular,R is a subring ofKJxK, so the kernel of dR is just the constant power series

(asK has characteristic 0), which showsH0
crys(X/W ) =W as desired.

Example 3.5. Let X be a proper nodal k-curve with at least one node. Then

H1
crys(X/k) and H2

crys(X/k) are infinitely generated. Moreover, H2
crys(X/W )/p,

and at least one of H1
crys(X/W )/p and H2

crys(X/W )[p], are infinitely generated.

Most of these claims follow directly from Proposition 3.1: a nodal curve is always

lci, and the henselian local ring at a node on X is isomorphic to the henselisa-

tion of k[x, y]/(xy) at the origin, which is a one-dimensional local ring that ad-

mits a lift to W2 compatible with Frobenius by Lemma 3.3. It remains to show that

H3
crys(X/W )[p] is finitely generated. As pointed out by de Jong, the stronger state-

ment H3
crys(X/W ) = 0 is true. If u : (X/W )crys → XZar is the natural map (i.e.,

u∗(F)(U ⊂ X) = Γ((U/W )crys,F|U )), then Riu∗OX/W,crys is non-zero only for

0 ≤ i ≤ 2, and R2u∗OX/W,crys is supported only at the nodes
1. The rest follows from

the Leray spectral sequence as XZar has cohomological dimension 1.

Example 3.6. LetX be a proper lci k-scheme. Assume that x ∈ X(k) is an isolated
singular point (but there could be other singularities on X) such that OhX,x is toric of

embedding dimensionN . ThenHN
crys(X/k) is infinitely generated, and at least one of

HN
crys(X/W ) andHN+1

crys (X/W )[p] is infinitely generated overW . This follows from

Proposition 3.1 and Lemma 3.3 since toric rings lift toW2 compatibly with Frobenius

(use multiplication by p on the defining monoid). Some specific examples are: any

proper toric variety with isolated lci singularities, or any proper singular k-scheme of

dimension ≤ 3 with at worst ordinary double points.

Example 3.7. Let (E, e) be an ordinary elliptic curve over k, and letX be a proper

lci k-surface with a singularity at x ∈ X(k) isomorphic to the one on the affine cone

overE ⊂ P2
k embedded viaO(3[e]); for example, we could takeX to be the projective

cone on E ⊂ P2
k. Then H3

crys(X/k) and one of H2
crys(X/k) or H

1
crys(X/k) are

infinitely generated over k. This can be proven using Proposition 3.1 and the theory

of Serre-Tate canonical lifts. Since we prove a more general and shaper result in

Example 3.13, we leave details of this argument to the reader.

3.2. Conical examples. Our goal here is to show that the presence of an ordinary

double point forces crystalline cohomology to be infinitely generated. In fact, more

1Proof sketch: Replace the Zariski topology with the Nisnevich topology in the foundations of crys-

talline cohomology, and then use that every nodal curve is Nisnevich locally planar. This observation yields

a three-term de Rham complex computing the stalks of Riu∗OX/W,crys.
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generally, we show the same for any proper lci variety that has a singularity isomorphic

to the cone on a low degree smooth hypersurface. We start with an ad hoc definition.

Definition 3.8. A local k-algebraA is called a low degree cone if its henselisation

is isomorphic to the henselisation at the origin of the ring k[x0, . . . , xN ]/(f), where
f is a homogeneous degree d polynomial defining a smooth hypersurface in PN such

that N(d − 2) < d + 2. The integer d is called the degree of this cone; if d = 2, we
also call A an ordinary double point. A closed point x ∈ X on a finite type k-scheme

X is called low degree conical singularity (respectively, an ordinary double point) if

O
h
X,x is a low degree cone (respectively, an ordinary double point).

We start by showing that the conjugate spectral sequence must eventually degenerate

for low degree cones:

Proposition 3.9. Let A be low degree cone of degree d. Assume p ∤ d. Then for

n > dim(A), the extensions

grconjn (dRA/k)→ Filconjn−1(dRA/k)/Fil
conj
dim(A)(dRA/k)[1]

occurring in the conjugate filtration are nullhomotopic when viewed as k-linear ex-
tensions. In particular, there exist k-linear isomorphisms

Filconjn (dRA/k)/Fil
conj
dim(A)(dRA/k) ≃ ⊕nj=dim(A)+1gr

conj
j (dRA/k).

splitting the conjugate filtration for any n > dim(A).

Proof. By replacing A with its henselisation and then using the étale invariance of

cotangent complexes and Theorem 1.5 (2), we may assume A is the localisation of

k[x0, . . . , xN ]/(f) at the origin for some homogeneous degree d polynomial f defin-

ing a smooth hypersurface in PN . In particular, A is graded. Also, by functoriality,

the conjugate filtration is compatible with the grading. Recall that the extensions in

question arise from the triangles

Filconjn−1(dRA/k)/Fil
conj
dim(A)(dRA/k)→

→ Filconjn (dRA/k)/Fil
conj
dim(A)(dRA/k)→ grconjn (dRA/k).

These triangles (and thus the corresponding extensions) are viewed as living in the

derived category of graded k-vector spaces. By induction, we have to show the fol-

lowing: assuming a graded splitting

sn−1 : Filconjn−1(dRA/k)/Fil
conj
dim(A)(dRA/k) ≃ ⊕n−1

j=dim(A)+1gr
conj
j (dRA/k)

of the conjugate filtration, there exists a graded splitting

sn : Filconjn (dRA/k)/Fil
conj
dim(A)(dRA/k) ≃ ⊕nj=dim(A)+1gr

conj
j (dRA/k),

of the conjugate filtration compatible with sn−1. Chasing extensions, it suffices to

show: for dim(A) < j < n, all graded maps

grconjn (dRA/k)→ grconjj (dRA/k)[1]

are nullhomotopic. This comes from Lemma 2.5 (5) and Theorem 1.5 (1). �
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Remark 3.10. An inspection of the proof of Proposition 3.9 coupled with Remark

2.6 shows that if A is an ordinary double point, then the isomorphism

Filconjn (dRA/k)/Fil
conj
dim(A)(dRA/k) ≃ ⊕nj=dim(A)+1gr

conj
j (dRA/k)

is unique, up to non-unique homotopy. We do not know any applications of this

uniqueness.

Using Proposition 3.9, we can prove infiniteness of crystalline cohomology for some

cones:

Corollary 3.11. Let X be a proper lci k-scheme. Assume that there is low degree

conical singularity at a closed point x ∈ X with degree d and embedding dimension

N . If p ∤ d, then HN
crys(X/k) and H

N−1
crys (X/k) are infinitely generated k-vector

spaces.

Proof. We combine the proof strategy of Proposition 3.1 with Proposition 3.9. More

precisely, following the proof of Proposition 3.1 (1), it suffices to show that Q′ is in-
finitely generated when regarded as a complex of k-vector spaces. Now Q′ admits an

increasing bounded below separated exhaustive filtration with graded pieces given by

grconjn (dR
OhX,x/k

) for n > N . By Proposition 3.9, there is a (non-canonical) isomor-

phism

Q
′ ≃ ⊕n>N ∧n L

O
(1),h
X,x /k

[−n].
The rest follows from Lemma 2.5 (4) (note that embedding dimension in loc. cit. is

N + 1, so we must shift by 1). �

We can now give the promised example:

Example 3.12. Let X be any proper lci variety that contains an ordinary double

point x ∈ X(k) of embedding dimension N with p odd; for example, we could take

X to be the projective cone over a smooth quadric in PN−1. Then HN
crys(X/k) and

HN−1
crys (X/k) are infinitely generated by Corollary 3.11.

All examples given so far have rational singularities, so we record an example that is

not even log canonical.

Example 3.13. Let X be any proper lci surface that contains a closed point

x ∈ X(k) with OhX,x isomorphic to the henselisation at the vertex of the cone over a

smooth curveC ⊂ P2 of degree≤ 5. If p ≥ 7, thenH3
crys(X/k) andH

2
crys(X/k) are

infinitely generated by Corollary 3.11.

Remark 3.14. We do not know whether the ordinary double point from Example

3.12 admits a lift toW2 compatible with Frobenius in arbitrary dimensions; similarly

for the cones in Example 3.13 (except for ordinary elliptic curves).
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1 Introduction

Let g =
∑∞
n=1 anq

n be a holomorphic cuspidal Hecke eigenform of weight 1
on Γ1(N) with Dirichlet character ǫ. Deligne and Serre [DS74] constructed a
Galois representation

ρg : Gal(Q/Q)→ GL2(C),

which is irreducible, unramified outside N and characterised by ρg(Frobℓ) hav-
ing characteristic polynomial X2 − aℓX + ǫ(ℓ) for all primes ℓ ∤ N . Here, and
throughout, Frobℓ denotes an arithmetic Frobenius element. Let now p ∤ N be
a prime number. Reducing ρg modulo (a prime above) p and semisimplifying
yields a Galois representation

ρg : Gal(Q/Q)→ GL2(Fp),

which is still unramified outside N (in particular, at p) and still satisfies the
respective formula for the characteristic polynomials at all unramified primes.
In fact, ρg only depends on the reduction of (the coefficients of) g modulo (a
prime above) p.
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In this article, we shall work more generally and study normalised cuspidal
Katz eigenforms g over Fp of weight 1 on Γ1(N) with Dirichlet character ǫ and
q-expansion (at ∞)

∑∞
n=1 anq

n for p ∤ N (see Section 2). Unlike when the
weight is at least 2, not all such g can be obtained by reducing holomorphic
weight 1 forms. The first such nonliftable example was found by Mestre (see
Appendix A of [Edi06]). Nevertheless, g also has an attached Galois repres-
entation ρg which is unramified outside Np and such that the characteristic
polynomials at unramified primes look as before. In their study of companion
forms, Gross, Coleman and Voloch proved that ρg is also unramified at p in
almost all cases.

Proposition 1.1 (Gross, Coleman, Voloch). If p = 2, assume that a2p 6= 4ǫ(p)
(i.e. a2 6= 0). Then the residual representation ρg is unramified at p.

Proof. The case p > 2 is treated by [CV92] without any assumption on ap.
[Gro90] proves the result for all p (i.e. including p = 2), but with the extra
condition, subject to some unchecked compatibilities, which have now been
settled by Bryden Cais in [Cai07], Chapter 10.

In this article we give a somewhat different proof and remove the condition in
the case p = 2. The main objective, however, is to extend the representation
ρg to a 2-dimensional Galois representation with coefficients in the weight 1
Hecke algebra and to show, in most cases, that it is also unramified outside N ,
in particular at p, with the natural characteristic polynomials at all unramified
primes.
We now introduce the notation necessary to state the main result. Let
S1(Γ1(N);Fp)Katz be the Fp-vector space of cuspidal Katz modular forms of
weight 1 on Γ1(N) over Fp and let T1 be the Hecke algebra acting on it, i.e. the
Fp-subalgebra inside EndFp(S1(Γ1(N);Fp)Katz) generated by all Hecke operat-
ors Tn for n ∈ N (see also Section 2). Let m be the maximal ideal of T1 defined

as the kernel of the ring homomorphism T1
Tn 7→an−−−−−→ Fp. Let T1,m denote the

localisation of T1 at m. For the representation ρg we shall also write ρm.

Theorem 1.2. Assume that ρm is irreducible and that, if ρm is unramified at p,
then ρm(Frobp) is not scalar.
Then there is a Galois representation

ρm : Gal(Q/Q)→ GL2(T1,m)

which is unramified outside N and such that for all primes ℓ ∤ N (including
ℓ = p) the characteristic polynomial of ρm(Frobℓ) is X2−TℓX+ 〈ℓ〉 ∈ T1,m[X ].

Note that we are not assuming that ρm is unramified at p, but, that this can
be deduced from the theorem. This removes the condition in the case p = 2
from Proposition 1.1.

Corollary 1.3. The representation ρg is unramified outside N and the char-
acteristic polynomial of ρg(Frobℓ) equals X2− aℓX + ǫ(ℓ) for all primes ℓ ∤ N ,
including ℓ = p.
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Proof. If ρm = ρg is reducible, then it is automatically unramified at p as it
is semisimple. If ρm is irreducible, the result follows by reducing ρm (from
Theorem 1.2) modulo m.

The proof of Theorem 1.2 will be given in Section 4 and we will illustrate the
theorem with examples in Section 5. The essential point that makes the proof
work is that cusp forms of weight 1 over Fp sit in weight p in two different
ways; on q-expansions the situation is precisely the same as in the theory of
oldforms, when passing from level N to level Np. Let us call this ‘doubling’.
We shall see that it leads to a ‘doubling of Hecke algebras’ and finally to a
‘doubling of Galois representations’. It is from the latter that we deduce the
main statement.
In the proof of Theorem 1.2 we use essentially that ρm satisfies multiplicity
one (see Section 3); hence, the case when ρm is unramified at p with scalar
ρm(Frobp), where multiplicity one fails by Corollary 4.5 of [Wie07], has to
remain open here.
Since the present article was finished and first put on arXiv (arXiv:1102.2302),
I made some unsuccessful efforts to remove the multiplicity one-assumption.
Since then, Frank Calegari and David Geraghty released an impressive pre-
print [CG12], in which they manage to extend Theorem 1.2 to all cases (for odd
primes p) and, moreover, achieve an R = T-theorem, using a detailed analysis
of the local deformation rings. They also prove that the relevant multiplicity
is 2 if it is not 1, completing the main result of [Wie07].
We finish this introduction by expressing our optimism that the methods of
the present paper might generalise to some extent to Hilbert modular forms.
We intend to investigate this in future work.
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2 Modular forms and Hecke algebras of weight one

In this section we provide the statements on modular forms and Hecke algebras
that are needed for the sequel. In particular, we deduce a ‘doubling of Hecke
algebras’ from a ‘doubling of modular forms’.
We shall use the following notation and assumptions throughout the article.

Notation 2.1. • Let p be a prime number and N ≥ 5 an integer not di-
visible by p.
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• Frobℓ always denotes an arithmetic Frobenius element at ℓ.

• ζn always denotes a primitive n-th root of unity (for n ∈ N).

• If R is a ring, M , N are R-modules and S ⊆M is a subset, then we put

HomR(M,N)S=0 := {f ∈ HomR(M,N) | f(s) = 0 ∀ s ∈ S}.

Katz modular forms

For the treatment in this article, it is essential to dispose of the geometric defini-
tion of modular forms given by Katz. Since the tools we need are nicely exposed
in [Edi06], we follow this article, and, in particular, we work with Katz modular
cusp forms for the moduli problem [Γ1(N)]′Fp of elliptic curves with an embed-
ding of the group scheme µN . We use the notation Sk(Γ1(N);Fp)Katz for these.
Replacing Fp by a field extension F of Fp, one also defines Sk(Γ1(N);F)Katz.
By flatness, Sk(Γ1(N);F)Katz = F⊗Fp Sk(Γ1(N);Fp)Katz.
Let Tk(Γ1(N);Fp)Katz be the Fp-subalgebra of EndFp(Sk(Γ1(N);Fp)Katz) gen-
erated by all Hecke operators Tn and let T′

k(Γ1(N);Fp)Katz be its subalgebra
generated only by those Tn with p ∤ n. Note that both contain the diamond
operators due to the formula ℓk−1〈ℓ〉 = T 2

ℓ −Tℓ2 for a prime ℓ. The q-expansion
principle (see e.g. [DI95], Theorem 12.3.4) and the formula a1(Tnf) = an(f)
show that the pairing Tk(Γ1(N);Fp)Katz × Sk(Γ1(N);Fp)Katz → Fp, given by
〈T, f〉 = a1(Tf) is nondegenerate and, thus, provides the identification

HomFp(Tk(Γ1(N);Fp)Katz,F)
ϕ 7→∑∞

n=1 ϕ(Tn)q
n

−−−−−−−−−−−−→ Sk(Γ1(N);F)Katz (2.1)

for F/Fp.

Classical modular forms

It is useful to point out the relation with classical holomorphic cusp forms,
for which we use the notation Sk(Γ1(N)) and Sk(Γ1(N))cl. The corresponding
Hecke algebra Tk(Γ1(N))cl is defined as the Z-subalgebra of EndC(Sk(Γ1(N))cl)
generated by all Hecke operators Tn. By the existence of an integral structure
and the q-expansion principle, the map HomZ(Tk(Γ1(N))cl,C)→ Sk(Γ1(N))cl
which sends a map ϕ to the Fourier series

∑∞
n=1 ϕ(Tn)q

n with q = q(z) = e2πiz

is an isomorphism. We let Sk(Γ1(N);R)cl = HomZ(Tk(Γ1(N))cl, R) for any
Z-algebra R. Note Sk(Γ1(N);C)cl = Sk(Γ1(N))cl. Note also that due to the
freeness and the finite generation of Tk(Γ1(N))cl as a Z-module

R2 ⊗R1 Sk(Γ1(N);R1)cl ∼= Sk(Γ1(N);R2)cl (2.2)

for any R1-algebra R2. For a subring R ⊆ C the R-module Sk(Γ1(N);R)cl
agrees with the subset of Sk(Γ1(N)) consisting of those forms with q-expansion
having coefficients in R, as e.g. in [DI95], Section 12.3.
The following proposition states that for weights at least 2, Katz cusp forms
over Fp coincide with reductions of classical ones of the same level Γ1(N).
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Proposition 2.2. Let k ≥ 2. Assume N 6= 1 or p ≥ 5.

(a) There is an isomorphism Sk(Γ1(N);F)cl ∼= Sk(Γ1(N);F)Katz which is com-
patible with the Hecke operators and q-expansions for any F/Fp.

(b) The map Fp ⊗Z Tk(Γ1(N))cl
1⊗Tn 7→Tn−−−−−−−→ Tk(Γ1(N);Fp)Katz is an isomorph-

ism of rings.

Proof. (a) By Theorem 12.3.2 of [DI95] (see also Lemma 1.9 of [Edi97] for the
cases N < 5) one has

Fp ⊗Z[ 1
N ] Sk(Γ1(N);Z[

1

N
])Katz

∼= Sk(Γ1(N);Fp)Katz

compatible with the Hecke operators. By [Edi06], 4.7, one also has

Sk(Γ1(N);Z[
1

N
])Katz

∼= Sk(Γ1(N);Z[
1

N
])cl.

Both identifications respect q-expansions. Invoking them together with Equa-
tion (2.2) gives the statement.

(b) From (a) it follows that Fp⊗Z Tk(Γ1(N))cl
1⊗Tn 7→Tn−−−−−−−→ Tk(Γ1(N);Fp)Katz is

a surjection of rings. To see it is an isomorphism it suffices to invoke Equations
(2.1) and (2.2) to give:

HomFp(Tk(Γ1(N);Fp)Katz,Fp) ∼= Sk(Γ1(N);Fp)Katz

(a)∼=
Sk(Γ1(N);Fp)cl ∼= HomZ(Tk(Γ1(N))cl,Fp) ∼= HomFp(Fp⊗ZTk(Γ1(N))cl,Fp),

which is the map induced from 1 ⊗ Tn 7→ Tn due to the compatibility of q-
expansions.

Note that the corresponding statement for weight k = 1 is false. We shall
explain examples in Section 5. That failure is actually la raison d’être of this
article.

Doubling of weight one forms

Towards the goal of this article, the construction and study of a Galois repres-
entation into the weight 1 Hecke algebra, it is necessary to increase the weight,
since weight 1 is not a cohomological weight. The increased weight will enable
us to see the Galois representation on the Jacobian of a modular curve, thus,
permitting the use of geometric tools.
We shall map weight 1 forms into weight p. This can be done in two different
ways: multiplying by the Hasse invariant A (a modular form over Fp of weight
p − 1 with q-expansion 1); the Frobenius F (f) = fp. The former does not
change the q-expansion and the latter maps

∑∞
n=1 anq

n to
∑∞
n=1 anq

np. The
formula for F is clear for modular forms over Fp; if we work with coefficients in
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F/Fp, then as in [Edi06] we take the F-linear extension of F . Note that on the
level of q-expansions, the two maps A and F correspond precisely to the two
degeneracy maps from level N to Np. Hence, weight one forms in weight p are
very analogous to oldforms. That is the price to pay for the use of geometric
tools.
Let F/Fp and consider the map

Ψ :
(
S1(Γ1(N);F)Katz

)⊕2 → Sp(Γ1(N);F)Katz,

(f, g) 7→ A(f) + F (g) = Af + gp.
(2.3)

By Proposition 4.4 of [Edi06] this is an injection. We shall write Tp for the
Hecke operator in weight 1 and Up for the one in weight p. According to
Equation (4.2) of loc. cit. one has

〈a〉◦Ψ = Ψ◦
(

〈a〉 0
0 〈a〉

)
, Tn ◦Ψ = Ψ◦

(
Tn 0
0 Tn

)
, Up ◦Ψ = Ψ◦

(
Tp id

−〈p〉 0

)
(2.4)

for p ∤ n and a ∈ Z/NZ×.

The weight one Hecke algebra and doubling of Hecke algebras

>From now on we use the abbreviations Tk and T′
k for Tk(Γ1(N);Fp)Katz and

T′
k(Γ1(N);Fp)Katz, respectively. Note that Equation (2.4) implies that T′

p acts
on S1(Γ1(N);F)Katz via the embedding given by A. In particular, mapping
Tn 7→ Tn for p ∤ n defines a ring surjection T′

p ։ T′
1. Define

I := T′
p ∩ UpT′

p,

where the intersection is taken inside Tp. We shall see in Corollary 2.6 (c) that
I is the kernel of the previous surjection.

Lemma 2.3. (a) Inside Sp(Γ1(N);F)Katz the equality

HomFp(Tp,F)
T′
p=0 = FS1(Γ1(N);F)Katz

holds (via Equation (2.1)).

(b) Inside Sp(Γ1(N);F)Katz the equality

UpHomFp(Tp,F)
T′
p=0 = AS1(Γ1(N);F)Katz

holds (via Equation (2.1)).

Proof. (a) As T′
p is generated as Fp-vector space by the Hecke operators Tn for

p ∤ n, the left hand side is equal to {f ∈ Sp(Γ1(N);F)Katz | an(f) = 0 ∀n s.t. p ∤
n}. As this is precisely the kernel of Θ defined in [Kat77], part (3) of the main
theorem of loc. cit. implies that it is equal to FS1(Γ1(N);F)Katz. (b) follows
from Equation (2.4), namely one has UpF = A.
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Proposition 2.4. (a) Let f ∈ S1(Γ1(N);F)Katz satisfy an(f) = 0 whenever
p ∤ n. Then f = 0.

(b) T′
1 = T1.

(c) Tp = T′
p + UpT′

p as T′
p-modules.

(d) There are T,D ∈ T′
p such that U2

p − TUp +D = 0 in Tp.

(e) I is an ideal of Tp.

Proof. (a) The theorem of [Kat77] already used in the previous proof gives a
contradiction for f 6= 0, since that f is in the kernel of Θ and has weight 1,
so that it would have to come from an even smaller weight under Frobenius,
which is impossible.
(b) If T1/T′

1 were nonzero, then S1(Γ1(N);Fp)T
′
1=0 = HomFp(T1,Fp)T

′
1=0

would be nonzero and, hence, there would be a nonzero f ∈ S1(Γ1(N);Fp)Katz

such that an(f) = 0 whenever p ∤ n. This is, however, excluded by (a).
(c) Let g ∈ Sp(Γ1(N);Fp)T

′
p+UpT

′
p=0 = HomFp(Tp,Fp)

T′
p+UpT

′
p=0. Now g satis-

fies an(g) = 0 whenever p2 ∤ n. Thus, there is f ∈ S1(Γ1(N);Fp)Katz such that
Ff = g (again by [Kat77]) satisfying an(f) = 0 whenever p ∤ n, so that by (a)
it is zero, implying the claim.
(d) This is immediate from (c).
(e) Let x ∈ T′

p ∩ UpT′
p. Thus, there is y ∈ T′

p such that x = Upy. We have

Upx = U2
py = TUpy −Dy = Tx−Dy ∈ T′

p,

whence Upx ∈ I.
Let m′ be a maximal ideal of T′

p. By Tp,m′ and T′
p,m′ we denote localisation

at m′. We also use similar notation in similar circumstances.

Lemma 2.5. Let m′ be a maximal ideal of T′
p.

(a) The following statements are equivalent:

(i) T′
p,m′ 6= Tp,m′ .

(ii) There is a normalised eigenform g ∈ S1(Γ1(N);Fp)Katz with q-

expansion
∑∞

n=1 anq
n such that the map T′

p
Tn 7→an−−−−−→ Fp defines a

ring homomorphism with kernel m′.

If the equivalent statements hold, then we say that m′ comes from weight 1.

(b) We have Tp,m′ ∼=
∏n
i=1 Tp,m̃i with n ∈ {1, 2}, where the m̃i are the maximal

ideals of Tp containing m′.

If one of the m̃i is ordinary (meaning that Up ∈ T×
p,m̃i

), then all are and

we say that m′ is ordinary.

Suppose now that m′ comes from weight one with g ∈ S1(Γ1(N);Fp)Katz

as in (a). Then m′ is ordinary. Furthermore, n = 2 if and only if the
polynomial X2 − ap(g)X + ǫ(p) has two distinct roots in T′

p/m
′.
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Proof. (a) Statement (ai) means that Up ∈ Tp,m′ is not contained in

T′
p,m′ , i.e. that Tp,m′/T′

p,m′ 6= 0 and, equivalently, Sp(Γ1(N);Fp)
T′
p,m′=0

Katz,m′ =

HomFp(Tp,m′ ,Fp)T
′
p,m′=0 6= 0. This, however, is equivalent to the existence

of a cusp form f ∈ Sp(Γ1(N);Fp)Katz such that an(f) = 0 for all p ∤ n and such
that it is an eigenfunction for all Tn with p ∤ n with eigenvalues corresponding
to m′. By the theorem of [Kat77] used already in the proof of Lemma 2.3,
any such is of the form f = Fh with h ∈ S1(Γ1(N);Fp)Katz. Hence, there
is a normalised eigenform g ∈ S1(Γ1(N);Fp)Katz such that the an(g) are the
eigenvalues of Tn on f for p ∤ n, whence (aii).

Conversely, the existence of g implies that Sp(Γ1(N);Fp)
T′
p,m′=0

Katz,m′ 6= 0, as it
contains Fg, so that T′

p,m′ 6= Tp,m′ .
(b) The product decomposition into its localisations is a general fact of Artinian
rings. If T′

p,m′ = Tp,m′ , there is nothing to show. So we assume now that this
equality does not hold. >From Proposition 2.4 (d) we have the surjection of
rings

T′
p,m′ [X ]/(X2 − TX +D)

X 7→Up−−−−→ Tp,m′ .

Taking it mod m′ yields F[X ]/(X2 − T̄X + D̄) on the left hand side with
F = T′

p/m
′, which has at most two local factors, depending on whether the

quadratic equation has two distinct roots or a double one. Thus there can at
most be two local factors on the right hand side. Modulo m′, the quadratic
polynomial is in fact X2−ap(g)X+ ǫ(p), which follows from the explicit shape
of Up given in Equation (2.4); see also Corollary 2.6 (a). The ordinarity is now
also clear since ǫ(p) is non-zero in F.

We remark that it can happen that ap(g)2 6= 4ǫ(p) (this is the so-called p-
distinguished case), but that nevertheless the algebra Tp,m′ is local because the
distinct roots of X2 − ap(g)X + ǫ(p) might only lie in a quadratic extension
of F. (In a previous version of this article we had referred to the case when
Tp,m′ is non-local as ‘p-distinguished’, which was very misleading.)
We assume henceforth that m′ comes from weight 1 and is hence ordinary. We
write Ψm′ for the localisation of Ψ (from Equation (2.3)) at m′ and similarly
Im′ = T′

p,m′ ∩ UpT′
p,m′ .

Corollary 2.6. Let m′ be a maximal ideal of T′
p which comes from weight 1.

(a) We have
(
S1(Γ1(N);Fp)Katz,m′

)⊕2 Ψm′∼= Sp(Γ1(N);Fp)
Im′=0
Katz,m′ . The operator

Up acts on the left hand side as
(

Tp 1
−〈p〉 0

)
. The operator Tn for p ∤ n acts

as
(
Tn 0
0 Tn

)
.

(b) There is a natural isomorphism Tp,m′/Im′ ∼= T1,m′⊕T1,m′ of T′
p,m′-modules.

The operator Up acts on the right hand side as
(
Tp −〈p〉
1 0

)
. The operator Tn

for p ∤ n acts as
(
Tn 0
0 Tn

)
.
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(c) The ring homomorphism T′
p,m′

Tn 7→Tn−−−−−→ T1,m′ is surjective with kernel Im′ .

Proof. (a) By Lemma 2.5, Up is invertible and by Proposition 2.4 (e), Im′ is
an ideal of Tp,m′ . Thus, we have Im′ = U−1

p Im′ = T′
p,m′ ∩ U−1

p T′
p,m′ . Since by

Proposition 2.4 (c) T′
p,m′ + UpT′

p,m′ = Tp,m′ , we have the natural isomorphism
Tp,m′/Im′ ∼= Tp,m′/T′

p,m′ ⊕ Tp,m′/(UpT′
p,m′) of T′-modules. It follows that

HomFp(Tp,m′ ,F)Im′=0 ∼= HomFp(Tp,m′ ,F)T
′
p,m′=0 ⊕HomFp(Tp,m′ ,F)U

−1
p T′

p,m′=0

= HomFp(Tp,m′ ,F)T
′
p,m′=0 ⊕ UpHomFp(Tp,m′ ,F)T

′
p,m′=0

∼= A(S1(Γ1(N))Katz)m′ ⊕ F (S1(Γ1(N))Katz)m′

= im(Ψm′),

using Lemma 2.3. Moreover, Equation (2.1) gives an isomorphism

Sp(Γ1(N);Fp)
Im′=0
Katz,m′

∼= HomFp(Tp,m′ ,F)Im′=0.

The shapes of Up and Tn are taken from Equation (2.4).
(b) Using Equation (2.1), (a) can be reformulated as an isomorphism

HomFp(Tp,m′/Im′ ,Fp) ∼= HomFp(Tp,m′ ,Fp)Im′=0 ∼= HomFp(T1,m′ ,Fp)⊕2.

Dualising it yields the statement, and the matrices are just the transposes of
the matrices in the previous part.
(c) The algebra generated by the Tn with p ∤ n on the left hand side of (b)
is T′

p,m′/Im′ and on the right hand side T′
1,m′ , which equals T1,m′ by Proposi-

tion 2.4 (b).

We refer to (b) as ‘doubling of Hecke algebras’. Part (c) is the key for the
definition of the Galois representation with coefficients in T1,m′ .

Passage to weight two

In order to work on the Jacobian of a modular curve, we pass from weight p to
weight 2, which is only necessary if p > 2. We assume this for this subsection.

Proposition 2.7. Let N ≥ 5, p ∤ N , p > 2 and m̃ be an ordinary maximal
ideal of the Hecke algebra Tp(Γ1(N);Fp)Katz. Then there is a unique maximal
ideal m2 of Fp ⊗Z T2(Γ1(Np))cl such that Tn 7→ Tn for all n defines a ring
isomorphism Tp(Γ1(N);Fp)Katz,m̃

∼= (Fp ⊗Z T2(Γ1(Np))cl)m2 .

Proof. This is due to Hida and follows, for instance, from combining Proposi-
tion 2.2 and [KW08], Proposition 2.3.

Remembering Tp,m′ =
∏n
i=1 Tp,m̃i (see Lemma 2.5), we obtain that after loc-

alisation at ordinary m′, the Hecke algebra Tp,m′ acts on the p-torsion of the
Jacobian of X1(Np). We shall henceforth use this action without specifying
the isomorphism from Proposition 2.7 explicitly.
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3 The Galois representation of weight one

In this section we shall construct the Galois representation ρm, identify it on
the Jacobian of a suitable modular curve and derive that it ‘doubles’ from the
‘doubling of Hecke algebras’.
We collect some statements and pieces of notation which are in place for the
whole of this section.

Notation 3.1. Next to Notation 2.1 we use the following pieces of notation
and the following assumptions.

• Tp = Tp(Γ1(N);Fp)Katz denotes the full Hecke algebra acting on the space
Sp(Γ1(N);Fp)Katz and T′

p is its subalgebra generated by those Tn with
p ∤ n. The p-th Hecke operator is denoted Up.

• T1 is the Hecke algebra on S1(Γ1(N);Fp)Katz and it is equal to T′
1 (see

Proposition 2.4). The p-th Hecke operator is denoted Tp.

• The map T′
p

Tn 7→Tn−−−−−→ T1 defines a ring surjection with kernel I = T′
p ∩

UpT′
p (see Corollary 2.6 (c)).

• Let m′ be a maximal ideal of T′
p which comes from weight 1 and corres-

ponds to a normalised eigenform g ∈ S1(Γ1(N);Fp)Katz (see Lemma 2.5).
Let ǫ be the Dirichlet character of g. Then m′ is ordinary (see
Lemma 2.5). Denote by m the maximal ideal of T1 the preimage of
which in T′

p is m′, whence T′
p/m

′ = T1/m. Then m corresponds to the

Gal(Fp/Fp)-conjugacy class of g, i.e. it is the kernel of the ring homo-

morphism T1
Tn 7→an(g)−−−−−−−→ Fp.

• Either Tp,m′ ∼= Tp,m̃1
× Tp,m̃2

(the non-local case), or Tp,m′ is local (see
Lemma 2.5).

Existence

By work of Shimura and Deligne there is a Galois representation

ρm = ρm′ : Gal(Q/Q)→ GL2(T1/m) = GL2(T′
p/m

′)

characterised by the property that it is unramified outside Np and

charpoly(ρm)(Frobℓ) = X2 − TℓX + 〈ℓ〉 ∈ T1/m[X ] ∼= T′
p/m

′[X ]

for all primes ℓ ∤ Np. Under the assumption that ρm is absolutely irreducible,
Carayol in [Car94], Théorème 3, shows the existence of a Galois representation

ρm′ : Gal(Q/Q)→ GL2(T′
p,m′)
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characterised by the property that it is unramified outside Np and

charpoly(ρm′(Frobℓ)) = X2 − TℓX + 〈ℓ〉 ∈ T′
p,m′ [X ]

for all primes ℓ ∤ Np. In fact, the reference gives a twist of this representation.
Later on, we are going to be more precise about which twist it is. As a general
rule, we denote ρ a representation with coefficients in a finite field or Fp and ρ
when the coefficients are in a Hecke algebra.

Proposition 3.2. Let m be a maximal ideal of T1 such that ρm is absolutely
irreducible. Then there is a Galois representation

ρm : Gal(Q/Q)→ GL2(T1,m)

characterised by the property that it is unramified outside Np and

charpoly(ρm(Frobℓ)) = X2 − TℓX + 〈ℓ〉 ∈ T1,m[X ]

for all primes ℓ ∤ Np.

Proof. It suffices to compose ρm′ with GL2(T′
p,m′) → GL2(T1,m) coming from

Corollary 2.6 (c).

The p-divisible group for p = 2

Assume for the moment that p = 2. Let J be the Jacobian J1(N) of X1(N),
which is defined over Q. Let G be the m′-component of the p-divisible group
J [p∞]Q attached to J .
A word of explanation is necessary (see also [Gro90], Section 12). The maximal
ideals m̃ of Tp containing m′ correspond under pull-back to unique maximal
ideals of the Hecke algebra Zp ⊗Z Tp(Γ1(N))cl, using Proposition 2.2. This
Hecke algebra acts on the Tate module of J and localisation at each m̃ gives
a direct factor of it. Then G is the direct product of the (at most two by
Lemma 2.5) corresponding p-divisible groups. If Tp,m′ is non-local, then we
shall denote by G1 and G2 the two p-divisible groups such that G = G1 ×G2.

The p-divisible group for p > 2

Assume now p > 2. We proceed very similarly to the above: Let J be the Jac-
obian J1(Np) of X1(Np), which is defined over Q. Let G be the m′-component
of the p-divisible group J [p∞]Q attached to J .
Here we use that the ideals m̃ of Tp containing m′ correspond to unique maximal
ideals of the Hecke algebra Fp⊗ZT2(Γ1(Np))cl by Proposition 2.7. In turn they
give rise, by taking preimages, to unique maximal ideals of Zp⊗ZT2(Γ1(Np))cl.
For each of these (at most two, by Lemma 2.5) maximal ideals we take the p-
divisible group of the corresponding factor of the Tate module of J . Thus, if
Tp,m′ is non-local, then G is of the form G1 ×G2.
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Properties of the p-divisible group

We assume that G (and G1 and G2 in the non-local case) is as defined above
(for either p = 2 or p > 2).

Proposition 3.3. The p-divisible group G acquires good reduction over Zp[ζp].
Let G0 and Ge be the connected component and the étale quotient of G
over Zp[ζp], respectively.

(a) The module G0[p](Qp) is unramified over Qp(ζp) and there is an iso-

morphism G0[p](Qp) ∼= Tp,m′ of Tp,m′-modules, under which any arithmetic

Frobenius Frobp ∈ Gal(Qp/Qp(ζp)) acts as U−1
p .

(b) The exact sequence 0→ G0 → G→ Ge → 0 gives rise to the exact sequence

0→ Tp,m′ → G[p](Qp)→ HomFp(Tp,m′ ,Fp)→ 0

of Tp,m′-modules, under the identification of (a) and its dual.

Proof. This follows immediately from applying [Wie07], Proposition 2.2, Co-
rollary 2.3 and Theorem 3.1 for all maximal ideals m̃ ⊂ Tp containing m′. We
stress that those results were all derived from [Gro90].

Since in this article we are using arithmetic Frobenius elements, and on modular
curves (with level structure of the type µN →֒ E[N ]) geometric ones are more
natural, we have to twist our representations at various places.
It is well-known that ρm ⊗ ǫ−1 is contained in the m′-kernel G[p](Q)[m′] of
G[p](Q) (possibly more than once, see e.g. [Wie07], Proposition 4.1).
The following theorem is the result of the work of many authors. We do not
intend to give all the original references, but, content ourselves by referring to
a place in the literature where the statements appear as we need them.

Theorem 3.4 (Mazur, Wiles, Gross, Ribet, Buzzard, Tilouine, Edixhoven,
W.). Assume that ρm is absolutely irreducible. Then the following statements
are equivalent:

(i) ρm is unramified at p and ρm(Frobp) is non-scalar or ρm is ramified at p.

(ii) G[p](Q)[m̃] ∼= ρm for any maximal ideal m̃ ⊂ Tp containing m′, i.e. ρm
satisfies multiplicity one on the Jacobian.

(iii) Tp,m′ ∼= HomFp(Tp,m′ ,Fp), i.e. Tp,m′ is Gorenstein.

If the equivalent statements hold, then G[p](Q) ∼= Tp,m′ ⊕ Tp,m′ .

Proof. For the implication (i) ⇒ (ii) we refer, for instance, to [KW08], The-
orem 1.2. The implication (ii) ⇒ (i) is the content of [Wie07], Corollary 4.5.
The equivalence of (ii) and (iii) is proved, for instance, in [KW08], Proposi-
tion 2.2 (b). That (ii) implies the final statement is, for example, proved in
[KW08], Proposition 2.1.
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Note that by Proposition 1.1 the case that ρm is ramified at p is known not
to occur in almost all cases. We are proving in Corollary 1.3 that it actually
never occurs.

The Galois representation on the Jacobian

We proceed under the following assumptions:

Assumption 3.5. We continue to use Notation 2.1 and 3.1. Moreover:

• ρm denotes the residual Galois representation introduced above. It is the
residual representation attached to g. We assume that ρm is absolutely
irreducible.

• Let G (and G1, G2 in the non-local case) be the p-divisible group intro-
duced earlier.

• We assume that ρm satisfies multiplicity one on the Jacobian so that
G[p](Q) ∼= Tp,m′ ⊕ Tp,m′ (see Theorem 3.4).

• Let ǫ̃ : Gal(Q/Q) ։ Gal(Q(ζN )/Q) ∼= Z/(N)×
a 7→〈a〉−−−−→ T′×

p . Note that

composing ǫ̃ with T′×
p,m′ → (T′

p/m
′)× equals ǫ, the Dirichlet character

of g, seen as a character of Gal(Q/Q).

The next proposition can be considered as a ‘doubling of Galois representa-
tions’.

Proposition 3.6. We use Assumption 3.5. Let ρIm′ := G[p](Q) ⊗T′
p,m′

T1,m.

Then there is an isomorphism

ρIm′
∼=
(
ρm ⊗ ǫ̃−1

)
⊕
(
ρm ⊗ ǫ̃−1

)
.

of T1,m[Gal(Q/Q)]-modules.

Proof. >From [Car94], 3.3.2, and Theorem 3.4 it follows that H := G[p](Q) ∼=
Tp,m′ ⊕ Tp,m′ as Tp,m′ [Gal(Q/Q)]-modules and that it is characterised by the
property that it is unramified outsideNp and that the characteristic polynomial
of Frobℓ is X2 − Tℓ/〈ℓ〉X + 1/〈ℓ〉 ∈ T′

p,m′ [X ] for all primes ℓ ∤ Np. We recall
that [Car94] works with geometric Frobenius elements, whereas we are using
arithmetic ones, accounting for the differences in the formulae.
By Théorème 2 of loc. cit., H is obtained by scalar extension of some
T′
p,m′ [Gal(Q/Q)]-module H ′ ∼= T′

p,m′ ⊕ T′
p,m′ , i.e. H = H ′ ⊗T′

p,m′
Tp,m′ . Note

that in this description H is a Gal(Q/Q)-module via an action on H ′ and a
Tp,m′ -module via the natural action on Tp,m′ in the tensor product.
Next we have the following isomorphisms of T′

p,m′ [Gal(Q/Q)]-modules:

H⊗Tp,m′ Tp,m′/Im′ ∼=
(
H ′⊗T′

p,m′
Tp,m′

)
⊗Tp,m′ Tp,m′/Im′ ∼= H ′⊗T′

p,m′
Tp,m′/Im′

∼= H ′ ⊗T′
p,m′

(
T1,m ⊕ T1,m

) ∼=
(
H ′ ⊗T′

p,m′
T1,m

)
⊕
(
H ′ ⊗T′

p,m′
T1,m

)
,
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where we used Corollary 2.6 (b). Note that the T′
p,m′ [Gal(Q/Q)]-action factors

through to give a T1,m[Gal(Q/Q)]-action.
Recall that ρm : Gal(Q/Q)→ GL2(T′

p,m′/Im′) ∼= GL2(T1,m) is characterised by
it being unramified outside Np and the characteristic polynomial of Frobℓ for
ℓ ∤ Np being equal to X2 − TℓX + 〈ℓ〉. Hence, the characteristic polynomial of
(ρm ⊗ ǫ̃−1)(Frobℓ) is X2 − Tℓ/〈ℓ〉X + 1/〈ℓ〉. Since H ′ ⊗T′

p,m′
T1,m satisfies the

same properties, it agrees with ρm ⊗ ǫ̃−1 by [Car94], Théorème 1.

4 Proof of Theorem 1.2

In this section we prove Theorem 1.2. We deal with the cases when Tp,m′ is
local or not separately.
Let us first remark that N ≥ 5 can be assumed without loss of generality as
follows. One can increase the level at some unramified auxiliary prime q ≥ 5,
q 6= p and apply the theorem in level Nq, yielding a Galois representation
with coefficients in the weight 1 Hecke algebra for Γ1(Nq) which is unrami-
fied outside Nq. Since the Hecke algebra for Γ1(N) is a quotient of the one
for Γ1(Nq), one obtains the desired Galois representation, which is hence also
unramified outside Nq. Choosing a different auxiliary q, one sees that the
Galois representation for Γ1(N) is unramified at the auxiliary prime.

No tame ramification

We first show that there cannot be any tame ramification.

Lemma 4.1. Let T be a finite dimensional local F-algebra with maximal ideal m
for a finite extension F/Fp. If A ∈ ker(GLn(T)→ GLn(T/m)) is a matrix such
that Ap−1 = 1, then A = 1.

Proof. There is a matrix M all of whose entries are in m such that A = 1+M .
Thus A = Ap

r

= (1 +M)p
r

= 1+Mpr for all r ∈ N. As m is a nilpotent ideal
and all entries of Mpr lie in mp

r

, it follows that M = 0.

Proposition 4.2. Let T be a finite dimensional local F-algebra with maximal
ideal m for a finite extension F/Fp. Let C be a subgroup of Z/(p − 1) and
ρ : C → GLn(T) a representation such that the residual representation ρ : C →
GLn(T/m) is trivial. Then ρ is trivial.

Proof. As ρ is trivial, ρ takes its values in ker(GLn(T) → GLn(T/m)). But,
this group does not have any nontrivial element of order dividing p − 1 by
Lemma 4.1, whence ρ is the trivial representation.

Corollary 4.3. Let T be a finite dimensional local F-algebra with maximal
ideal m for a finite extension F/Fp. Let ρ : Gal(Qp/Qp)→ GL2(T) be a repres-

entation and let ρ : Gal(Qp/Qp) → GL2(T/m) be its residual representation.
Assume that the semisimplification of ρ is unramified and that the restriction
of ρ to Gal(Qp/Qp(ζp)) is unramified.
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Then ρ is unramified.

Proof. As the semisimplification of ρ is unramified and the restriction of ρ to
Gal(Qp/Qp(ζp)) is also unramified, it follows that ρ is unramified. Moreover,
the image of the inertia group has to be a subgroup of Z/(p − 1), whence it
acts trivially by Proposition 4.2.

The non-local case

Proof of Theorem 1.2 – the non-local case. Note that the assumptions of The-
orem 1.2 imply that Assumption 3.5 is satisfied due to Theorem 3.4. We now
assume that we are in the non-local case, i.e. Tp,m′ ∼= Tp,m̃1

× Tp,m̃2
. Let

mi ∈ Fp[X ] be the minimal polynomial of U−1
p acting on Tp,m̃i . Then m1 and

m2 are powers of coprime irreducible polynomials. We obtain

G[p](Q)/Im′ = G1[p](Q)/Im′ ⊕G2[p](Q)/Im′

and Gi[p](Q)/Im′ is characterised by the fact that mi(U
−1
p ) annihilates it.

>From Proposition 3.6 it follows that G[p](Q)/Im′ is isomorphic to
(
ρm ⊗

ǫ̃−1
)
⊕
(
ρm ⊗ ǫ̃−1

)
as T1,m[Gal(Q/Q)]-modules. But, as such G1[p](Q)/Im′ ∼=

G2[p](Q)/Im′ , thus for both i = 1, 2 we have ρm ⊗ ǫ̃−1 ∼= Gi[p](Q)/Im′ .
We are now going to work locally and let G = Gal(Qp/Qp(ζp)) and I its inertia
group. By Proposition 3.3 (a) applied to Gi we obtain for i = 1, 2 that

G0
i [p](Qp)/Im′ →֒

(
Gi[p](Qp)/Im′

)I ∼=
(
ρm ⊗ ǫ̃−1

)I

and that Frobp on the left hand side acts through U−1
p , whence the image of the

map is annihilated by mi(Frobp). As the polynomials m1 and m2 are coprime,
G0[p](Qp)/Im′ ∼= G0

1[p](Qp)/Im′⊕G0
2[p](Qp)/Im′ is a subrepresentation of

(
ρm⊗

ǫ̃−1
)I

. Counting Fp-dimensions, it follows that

G0[p](Qp)/Im′ ∼=
(
ρm ⊗ ǫ̃−1

)I ∼= ρm ⊗ ǫ̃−1.

Consequently, ρm is unramified at p, using Corollary 4.3 and taking into account
that the semisimplification of ρm restricted to Gal(Qp/Qp) is unramified at p.
Moreover, again due to Proposition 3.3 (a) the characteristic polynomial of
Frobp on ρm ⊗ ǫ̃−1 is the one of U−1

p , which is X2 − Tp/〈p〉X + 1/〈p〉 (see
Corollary 2.6), so that the one of ρm(Frobp) is as claimed.

The local case

Proposition 4.4. Let R be a local Fp-algebra which is finite dimensional as
an Fp-vector space and let m be its maximal ideal. Put F = R/m. Let G be a
group. Let M,N,Q be R[G]-modules which are free of rank 2 as R-modules and
suppose we have an exact sequence

0→ N
α−→M ⊕M → Q→ 0
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of R[G]-modules. Suppose further that N := R/m ⊗R N is indecomposable as
an F[G]-module.
Then N ∼=M ∼= Q as R[G]-modules.

Proof. Write M := R/m ⊗R M . Counting dimensions as F-vector spaces it
follows that the sequence

0→ N
α−→M ⊕M → Q→ 0

is an exact sequence of F[G]-modules. Consider the composite map

φi : N
α→֒M ⊕M pri−−→M

for i = 1, 2, where pri is the projection on the i-th summand. Note that the φi
are homomorphisms of R[G]-modules. Tensor φi with R/m to obtain

φi : N
α→֒M ⊕M pri−−→M.

Note that the cases dimF im(φi) ≤ 1 for i = 1, 2 cannot occur: If one of the
dimensions is 1 and the other 0 or if both are 0, then one has a contradiction
to the injectivity of α. If both are 1, then N ∼= im(φ1) ⊕ im(φ2) as F[G]-
modules, which contradicts the assumed indecomposability of N . Hence, there
is i ∈ {1, 2} such that dimF im(φi) = 2. Hence, φi is an isomorphism N →M .
It follows that φi : N →M is surjective. Indeed, tensoring the exact sequence

N
φi−→M → S → 0 over R with R/m, shows that S = R/m⊗R S = 0, whence

S = 0 by Nakayama’s lemma. As N and M are finite sets, φi is an isomorphism
of R[G]-modules.

Proof of Theorem 1.2 – the local case. Note that the assumptions of The-
orem 1.2 imply that Assumption 3.5 is satisfied due to Theorem 3.4. We
now assume that Tp,m′ is local. We are going to deduce the statement from
Proposition 4.4. For R we take T1,m and we let G := Gal(Qp/Qp(ζp)). In
Proposition 3.6 we have seen that ρIm′ is isomorphic to

(
ρm⊗ ǫ̃−1

)
⊕
(
ρm⊗ ǫ̃−1

)

as R[G]-modules and we take M to be ρm ⊗ ǫ̃−1.
Next we reduce the exact sequence of Proposition 3.3 (b) modulo Im′ . Due
to multiplicity one, it remains exact (since it is split as a sequence of Tp,m′-
modules), whence we obtain an exact sequence of R[G]-modules

0→ ρ̃→ ρIm′ → Ge[p](Qp)/Im′ → 0,

where ρ̃ = G0[p](Qp)/Im′ . By Proposition 3.3 (a) we know that ρ̃ is unrami-
fied as a G-module and it is free of rank 2 over R. Moreover, any arithmetic
Frobenius at p acts through multiplication by U−1

p . Also Ge[p](Qp)/Im′ is free
of rank 2 as an R-module. Taking ρ̃ modulo m we obtain an indecomposable
R/m[G]-module, where the indecomposability is due to the formula for Up (see
Corollary 2.6). Hence, we take N to be ρ̃, restricted to G.
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Thus, from Proposition 4.4 we obtain ρm ⊗ ǫ̃−1 ∼= ρ̃ as T1,m[Gal(Qp/Qp(ζp))]-
modules, and, in particular, that ρm is unramified at p, using Corollary 4.3 and
taking into account that the semisimplification of ρm restricted to Gal(Qp/Qp)
is unramified at p. Moreover, again due to Proposition 3.3 (a) the characteristic
polynomial of Frobp on ρm⊗ǫ̃−1 is the one of U−1

p , which isX2−Tp/〈p〉X+1/〈p〉
(see Corollary 2.6), so that the one of ρm(Frobp) is as claimed.

5 Examples

We illustrate Theorem 1.2 by two examples. They both appeared first in
Mestre’s appendix to [Edi06] and we work them out in our context.
Both examples are of the following shape. Let F be a finite field of character-
istic p and T := F[ǫ] := F[X ]/(X2). Then we have the split exact sequence of
groups:

0→ Mat2(F)0
A 7→1+ǫA−−−−−−→ SL2(T)

ǫ 7→0−−−→ SL2(F)→ 1,

where Mat2(F)0 denotes the 2× 2-matrices of trace zero (considered here as an
abelian group with respect to addition), on which SL2(F) acts by conjugation
(i.e. it is the adjoint representation). If p > 2, then this representation is
irreducible, if p = 2 it has non-trivial submodules.

Example p = 2, N = 229

In this case there is only one normalised eigenform g ∈ S1(Γ1(N);F2)Katz

and thus only a unique maximal ideal m ⊂ T1. For example using Magma

([BCP97]) and a package developed by the author (see Appendix B of [Edi06]
for an old version), one computes that T1

∼= F2[ǫ] and that ρm = ρg :

Gal(Q/Q) ։ SL2(F2) ∼= S3. If ker(ρg) = Gal(Q/K), then K is the Hil-

bert class field of Q(
√
229). Let us call G the image of ρm : Gal(Q/Q) →

SL2(T) coming from Theorem 1.2. It turns out that G ∩ Mat2(F2)
0 =

{( 0 0
0 0 ) , (

0 1
1 0 ) , (

1 1
0 1 ) , (

1 0
1 1 )} (with the intersection being taken with respect to

the map A 7→ 1 + ǫA) and that G ∼= S4. In fact, this example can be obtained
by reducing ρf , where f is a holomorphic weight 1 cuspidal eigenform with ρf
having projective image S4.
Hence, the fact that ρm is unramified at 2, which follows from Theorem 1.2,
can already be deduced from the theorem of Deligne and Serre.

Example p = 2, N = 1429

In this case there is a normalised eigenform g ∈ S1(Γ1(N);F2)Katz such that
the image of ρg is isomorphic to SL2(F8). As SL2(F8) is not a quotient of
any finite subgroup of GL2(C), this implies, as noted by Mestre, that g is not
the reduction of any holomorphic weight 1 eigenform. Let m be the maximal
ideal of T1 corresponding to g. One computes that T1,m

∼= F8[ǫ]. If ker(ρg) =

Documenta Mathematica 19 (2014) 689–707



706 Gabor Wiese

Gal(Q/K), then K is a Galois extension of Q with Galois group SL2(F8) which
is unramified outside the prime 1429.
Now consider ρm : Gal(Q/Q) → SL2(T1,m) from Theorem 1.2 and let L be
the Galois extension of Q such that Gal(Q/L) ∼= ker(ρm), which is unramified
outside 1429. After checking many Frobenius traces it seems very likely that
L is K(

√
1429) and, hence, that G := im(ρm) ∼= SL2(F8) × Z/(2). Explicitly,

G ∩Mat2(F2)
0 = {( 0 0

0 0 ) , (
1 0
0 1 )}.

In this case it is clear that L is unramified at 2 without appealing to The-
orem 1.2. However, the remarkable phenomenon is that this extension L/Q is
detected by weight one Katz forms through their Hecke algebras. This points
in the direction that one should ask if T1,m is in fact a universal deformation
ring of ρm in the category of local Fp-algebras with residue field T1/m for the
local conditions of being unramified at p and minimally ramified elsewhere.
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Abstract. In this article, we construct a class of anticyclotomic
p-adic Rankin-Selberg L-functions for Hilbert modular forms, general-
izing the construction of Brakoc̆ević, Bertolini, Darmon and Prasanna
in the elliptic case. Moreover, building on works of Hida, we give a
necessary and sufficient criterion for the vanishing of the Iwasawa µ-
invariant of this p-adic L-function vanishes and prove a result on the
non-vanishing modulo p of central Rankin-Selberg L-values with anti-
cyclotomic twists. These results have future applications to Iwasawa
main conjecture for Rankin-Selberg convolution and Iwasawa theory
for Heegner cycles.
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Introduction

The purpose of this article is to (i) construct a class of anticyclotomic
Rankin-Selberg p-adic L-functions for Hilbert modular forms and study the
vanishing/non-vanishing of the associated Iwasawa µ-invariant, (ii) prove a re-
sult on the non-vanishing modulo p of central Rakin-Selberg L-values with
anticyclotomic twists. Let F be a totally real algebraic number field of degree
d over Q and K be a totally imaginary quadratic extension of F . Denote by
z 7→ z the non-trivial element in Gal(K/F). Let π be an irreducible cuspidal
automorphic representation of GL2(AF ) with unitary central character ω. Let
πK be a lifting of π to K constructed in [Jac72, Thm. 20.6]. Then πK is an irre-
ducible automorphic representation of GL2(AK), which is cuspidal if π is not

1The author is partly supported by National Science Council grant 101-2115-M-002-010-
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obtained from the automorphic induction from K/F . Let λ : A×
K/K× → C×

be a unitary Hecke character of K× such that

(0.1) λ|A×
F
= ω−1.

The automorphic representation πK ⊗ λ is therefore conjugate self-dual. For
each place v of F , we can associate a local L-function L(s, πKv ⊗ λv) and a
local epsilon factor ε(s, πKv ⊗λv, ψv) (which depends on a choice of non-trivial
character ψv : Fv → C×) to the local constituent πKv ⊗ λv of πK ⊗ λ ([JL70,
Thm. 2.18 (iv)]). Denote by L(s, πK ⊗ λ) the global L-function obtained by
the meromorphic continuation of the Euler product of local L-functions at all
finite places. In this paper, we study the p-adic variation of the central value
L(12 , πK ⊗ λ) with anticyclotomic twists under certain hypotheses.
To introduce our hypotheses precisely, we need some notation. Fix a CM-type
Σ of K. Namely, Σ is a subset of Hom(K,C) such that

Σ ⊔Σ = Hom(K,C) ; Σ ∩Σ = ∅.
Then Σ induces an identification K⊗Q R ≃ CΣ. We shall identify Σ with the
set of archimedean places of F via the restriction. For each k =

∑
σ∈Σ kσσ ∈

Z[Σ], we write ΓΣ(k) =
∏
σ∈Σ Γ(kσ) (Γ is the usual Gamma function), and

if x = (xσ) ∈ (A×)Σ for an algebra A, we let xk :=
∏
σ∈Σ x

kσ
σ . For a Hecke

character χ : A×
K/K× → C×, we denote by χ∞ : (K ⊗Q R)× → C× its

archimedean component, and we say χ is of infinity type (k1, k2) for k1, k2 ∈
2−1Z[Σ] such that k1 − k2 ∈ Z[Σ] if

χ∞(z) = zk1−k2(zz)k2 for all z ∈ (K ⊗Q R)× ≃ (C×)Σ .

For each ideal a of F (resp. ideal A of K), we have a unique factorization
a = a+a− (resp. A = A+A−), where a+ (resp. A+) is only divisible by primes
split in K and a− (resp. A−) is divisible by primes inert or ramified in K. Let
n = n+n− be the conductor of π. We define the normalized local root number
attached to πKv and λv for each place v by

ε∗(πKv , λv) := ε(
1

2
, πKv ⊗ λv, ψv) · ωv(−1).

We remark that the value ε(12 , πKv ⊗ λv, ψv) does not depend on the choice of
ψv.
We assume that π has infinity type k =

∑
σ kσσ ∈ Z>0[Σ] and λ has infinity

type (k2 ,−k2 ). In other words, πσ is a discrete series or limit of discrete series
of weight kσ with unitary central character at every archimedean place σ. In
particular, this implies that {kσ}σ∈Σ have the same parity and the local root
number ε∗(πKv , λv) = +1 at every archimedean place. We further assume the
following local root number hypothesis for (π, λ):

Hypothesis A. The local root number ε∗(πKv , λv) = +1 for each v | n−.

In particular, the above hypothesis holds if n− = (1).
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We prepare some notation in Iwasawa theory. Let p be an odd rational prime.
Fix an embedding ι∞ : Q →֒ C and isomorphism ι : C

∼→ Cp once and for all.
Throughout this article, we make the following assumption

Σ is p-ordinary.(ord)

Let Σp be the set of p-adic places of K induced by Σ. Then the ordinary
assumption (ord) means that Σp and its complex conjugation Σp gives a full
partition of the set of p-adic places of K. If L is a number field, we write
GL = Gal(Q/L) for the absolute Galois group. Denote by recK : A×

K → GabK
the geometrically normalized reciprocity law. Recall that we say a continuous
character φ̂ : GabK → C×

p is locally algebraic of weight (k1, k2) with k1, k2 ∈ Z[Σ]

if χ(recK(a)) = ak1ak2 for every a ∈ (K ⊗ Qp)
× close to 1 (See also [Ser68,

Chapter III, §2]). Let K−
p∞ be the maximal anticyclotomic Z

[F :Q]
p -extension

of K. Let Γ− = Gal(K−
p∞/K) and let Λ = ZpJΓ

−K be the Iwasawa algebra

of [F : Q]-variables. To each locally algebraic p-adic character φ̂ : Γ− → C×
p

of weight (m,−m), we can associate a Hecke character φ : A×
K/K× → C× of

infinity type (m,−m) defined dy

φ(a) := ι−1(φ̂(recK(a))a
−m
p amp )am∞a

−m
∞ ,

where ap ∈ (K ⊗Q Qp)
× and a∞ ∈ (K ⊗Q R)× are the p-component and the

archimedean component of a respectively. We say φ̂ is the p-adic avatar of
φ. We shall call Xcrit

p the set of critical specializations, consisting of locally
algebraic p-adic characters on Γ− of weight (m,−m) with m ∈ Z≥0[Σ] (See
§5.4).
Our first result is the construction of the anticyclotomic p-adic L-function at-
tached to πK ⊗ λ. We need more notation. Let DF be the different of F and
DK/F be the relative different of K/F . Let N be the prime-to-p conductor of
πK ⊗λ. We have a unique decomposition N = N+N− and fix a decomposition
N+ = FF with (F,F) = 1 such that N− is only divisible by prime inert or
ramified in K/F and F is only divisible by primes split in K/F . We choose
δ ∈ K such that

• δ = −δ,
• Imσ(δ) > 0 for all σ ∈ Σ,
• The polarization ideal c(OK) := D−1

F (2δDK/F) is prime to pNN.

Let (Ω∞,Ωp) be the complex and p-adic periods attached to (K, Σ) defined
in [HT93, (4.4a), (4.4b)]. For each Hecke character χ of K×, we define the
p-adic multiplier eΣp(π, χ) by

(0.2) eΣp(π, χ) :=
∏

P∈Σp, p=PP

ε(
1

2
, πp ⊗ χP, ψp)L(

1

2
, πp ⊗ χP)−2χ−2

P
(−2δ).

The shape of this modified p-Euler factor eΣp(π, χ) has been suggested by J.
Coates [Coa89].

Documenta Mathematica 19 (2014) 709–767



712 M.-L. Hsieh

Theorem A. In addition to (ord) and Hypothesis A, we further assume that

(sf) n− is square-free.

Then there exists an element LΣp(π, λ) ∈ Λ such that for every φ̂ ∈ Xcrit
p of

weight (m,−m), we have

φ̂(LΣp(π, λ)
2)

Ω
2(k+2m)
p

=
ΓΣ(k +m)ΓΣ(m+ 1)

(Im δ)k+2m(4π)k+2m+1·Σ · eΣp(π, λφ) ·
L(12 , πK ⊗ λφ)

Ω
2(k+2m)
K

× [O×
K : O×

F ]
2 · φ(F−1),

where ΩK = (2πi)−1Ω∞, (Im δ) = (Imσ(δ))σ∈Σ and (4π) means the diagonal
element (4π)σ∈Σ in (C×)Σ.

If π is attached to a Hilbert new form f and χ is a Hecke character of A×
K,

then the L-function L(s, πK ⊗ χ) can be identified with the Rankin-Selberg
L-function L(f, χ, s) of f and the theta series associated to χ by

L(s, πK ⊗ χ) = L(f, χ, s+
kmx − 1

2
) (kmx := max

σ∈Σ
kσ).

Therefore, LΣp(π, λ) is the p-adic L-function that interpolates the square root
of Rankin-Selberg central L-values. We shall call LΣp(π, λ) := LΣp(π, λ)

2

the anticyclotomic p-adic L-function for πK ⊗ λ with respect to the p-ordinary
CM type Σ. If π is obtained from the automorphic induction of a Hecke
character of K×, one can see, by comparing the interpolation formulas on both
sides, that LΣp(π, λ) is a product of two p-adic Hecke L-functions for CM fields
constructed by Katz [Kat78] and Hida-Tilouine [HT93] up to an explicit unit
in Λ.

Remark. When F = Q, π arises from an elliptic new form f of weight k and
level n, the construction of LΣp(π, λ) can be recovered from [BDP13, Theorem
5.4] under some extra assumptions p ∤ n and n− is only divisible by ramified

primes. In their notation, L(f, χ−1, 0) = L(1−k2 , πK ⊗ χ−1) for χ ∈ Σ
(2)
cc (N)

defined in the page 1094 loc.cit.,and our set Xcrit
p corresponds to Σ

(2)
cc (N) by

φ̂→ λ−1φ−1|·|−
k
2

AK
, where |·|AK

is the adelic absolute value of A×
K

2. Note that
Hypothesis A on local root numbers is also imposed in the bottom of page 1903
loc.cit.. This kind of p-adic L-function with some extra Euler factors removed
is also considered in [Bra11a] under different hypotheses.

Our second theorem is to prove the vanishing of the Iwasawa µ-invariant µ−
π,λ,Σ

of LΣp(π, λ) under certain hypothesis. Recall that the µ-invariant µ−
π,λ,Σ is

defined by

µ−
π,λ,Σ = inf

{
r ∈ Q≥0 | p−rLΣp(π, λ) 6≡ 0 (mod mpΛ)

}
,

where mp is the maximal ideal of Zp. To explain our hypothesis, we recall
that thanks to the works of Deligne, Carayol, Blasius-Rogawski and Taylor

2Our conventions for the infinity type are opposite to each other
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et.al ([BR93], [Tay89], [Jar97]), there exists a finite extension L/Qp and the
p-adic Galois representation ρp(π) : GF → GL2(OL) such that ρp(π) is unram-
ified outside pn; for each finite place v ∤ pn,

ι−1(L(s, ρp(π)|WFv
)) = L(s+

1− kmx
2

, π∨
v ),

where WFv is the Weil group of Fv. Let cλ be the conductor of λ. For each
v | c−λ , let ∆λ,v be the finite group λ(O×

Kv ).

Theorem B. With the assumptions in Theorem A, suppose further that

(1) p is unramified in F ,
(2) the residual Galois representation

ρp(πK) := ρp(π)|GK (mod mp) is absolutely irreducible,

(3) p ∤
∏
v(c−λ )=1 ♯(∆λ,v).

Then µ−
π,λ,Σ = 0.

Let ℓ 6= p be a rational prime. We next consider the problem of the non-
vanishing modulo p of L-values twisted by anticyclotomic characters of ℓ-power
conductor. This problem has been studied in the literature in various settings
(cf. [Vat03], [Hid04a], [Fin06], [Hsi12]). To state our result along this direction,
we introduce some notation. Let l be a prime of F above ℓ and let K−

l∞ be the
anticyclotomic pro-ℓ extension in the ray class field over K of conductor l∞. Let
Γ−
l := Gal(K−

l∞/K) and let X0
l be the set consisting of finite order characters

φ : Γ−
l → µℓ∞ . Let χ be a Hecke character of infinity type (k2 +m,−k2 −m)

and of conductor cχ with m ∈ Z≥0[Σ] as before.

Theorem C. In addition to (ord), (sf) and Hypothesis A, we further assume
that

(1) (pl, ncχDK/F) = 1,
(2) the residual Galois representation ρp(πK) is absolutely irreducible,
(3) p ∤

∏
v(c−λ )=1 ♯(∆χ,v).

Then for almost all characters φ ∈ X0
l , we have

[O×
K : O×

F ]
2 · ΓΣ(k +m)ΓΣ(m+ 1)

(Im δ)k+2m(4π)k+2m+1·Σ ·
L(12 , πK ⊗ χφ)

Ω
2(k+2m)
K

6≡ 0 (mod mp).

Here almost all means "except for finitely many φ ∈ X−
l " if dimQℓ

Fl = 1 and
"for φ in a Zariski dense subset of X0

l " if dimQℓ
Fl > 1 ([Hid04a, p.737]).

Note that Theorem C in particular implies a simultaneous non-vanishing
of central L-values with anticyclotomic twists. This has application to the
non-vanishing of Bessel models of theta lifts of GSp(4) in view of [PTB11,
Thm. 3] and the existence of some explicit theta lifts [Nar13]. In addition, we
would like to mention several future applications of these results in Iwasawa
theory.
I. Iwasawa main conjecture for Rankin-Selberg convolution. The
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congruences between Eisenstein series and cusp forms on unitary groups
provide a general strategy to construct elements in Selmer groups in terms
of L-values and has been used to prove one-sided divisibility in Greenberg-
Iwasawa main conjectures for GL2 and CM fields ([SU14] [Hsi14a]). Usually
the most difficult part in the method of Eisenstein congruence is to prove the
non-vanishing modulo p of certain Eisenstein series, where the non-vanishing
modulo p of L-values always play an important role. For example, Skinner
and Urban use results of Finis and Vatsal to show the non-vanishing modulo
p of certain Klingen-Eisenstein series on U(2, 2). In a recent work [Wan13b],
Xin Wan applies the method of Eisenstein congruence on the unitary group
U(3, 1) to obtain a one-sided divisibility result towards Greenberg-Iwasawa
main conjecture for certain Rankin-Selberg convolution, and Theorem C is
used to prove the non-vanishing modulo p of Fourier-Jacobi coefficients of
certain Siegel-Eisenstein series on U(3, 1). His results along this direction lead
to C. Skinner’s work on the converse of Gross-Zagier and Kolyvagin. Moreover,
combining our Theorem B, he is able to deduce Perrin-Riou’s main conjecture
for Heegner points [Wan13a] in some cases.
II. Iwasawa theory for Heegner cycles. An immediate consequence of
Theorem C is the non-vanishing of the p-adic L-function LΣp(π, λ). Combined
with the work [BDP13] relating the p-adic logarithm of Heegner points and the
values of LΣp(π, λ) outside the range of interpolation, this gives a new proof
of Cornut-Vatsal theorem on Mazur conjecture for higher Heegner points when
p is split in the imaginary quadratic field. In our forthcoming work [CH14]
on the Perrin-Riou’s explicit reciprocity law for Heegner cycle Euler system
with connection to LΣp(π, λ) when π is associated with an elliptic new form
f ∈ Sk(Γ0(N)) with Deligne’s p-adic Galois representation Vf , we also use this
result to obtain the rank-zero case of Bloch-Kato conjecture for the Galois
representation Vf (

k
2 ) ⊗ λ̂ as well as the analogue of Mazur conjecture for the

image of higher Heegner cycles under the p-adic Abel-Jacobi map (the ℓ-adic
case with ℓ 6= p is proved by Howard [How06]).

The key ingredients in this article are the use of normalized toric cusp forms
and the explicit calculations of their period integral formula. In representation
theory, toric cusp forms are Gross-Prasad test vectors [GP91] in the space of
cuspidal automorphic forms on GL2(AF ). It seems they often serve the optimal
choice in the application of toric period integrals to arithmetic. For example,
Afalo and Nekovář [AN10] used Gross-Prasad test vectors in the setting of
definite quaternion algebras to give an extension of the work of Cornut-Vatsal
on Mazur conjecture. For the reader’s convenience, we recall the definition
here. Let χ be a Hecke character of K× such that χ|A× = ω−1 and let T ⊂ A×

K
be the subgroup consisting of ideles z = (zv) ∈

∏
v K×

v with zv/zv ∈ O×
Kv for

all primes v split in K. Fixing an embedding ι : K× →֒ GL2(F), we say an
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automorphic form ϕ : GL2(F)\GL2(AF )→ C is a toric form of character χ if

ϕ(gι(t)) = χ−1(t)ϕ(g) for all t ∈ T .
In addition, to obtain the optimal p-integrality, we will need to normalize toric
forms so that their Fourier coefficients are not all congruent to zero modulo
p. This is equivalent to choosing a normalized Gross-Prasad test vector in the
local Whittaker model of πv at each place v. The reader will find later that
the normalization of toric forms is the most subtle and important part of this
paper.
We give a rough sketch of the proofs. We begin with an outline the construction
of LΣp(π, λ) as follows.

(1) Construct a toric Hilbert modular form ϕλφ of character λφ for each
φ̂ ∈ Xcrit

p as above by a careful choice of toric local Whittaker functions
in local Whittaker models of π (See Definition 3.1, Lemma 3.13).

(2) Make an explicit calculation of the Fourier expansion of ϕλφ.
(3) Via the p-adic interpolation of the Fourier expansion, construct a

p-adic distribution Fλ on Γ− valued in the space of p-adic modular
forms, which interpolates toric forms ϕλφ for φ̂ ∈ Xcrit

p . The p-adic L-
function LΣp(π, λ) is obtained by a weighted sum of the evaluation of
this distribution Fλ at a finite set of CM points.

The evaluation of ϕχ with χ = λφ at CM points in the step (3) is essentially
the toric period integral Pχ(ϕχ) given by

Pχ(ϕχ) =

∫

A×K×\A×
K

ϕχ(ι(t))χ(t)dt.

To prove the formula in Theorem A, we have to express the square Pχ(ϕχ)2 in
terms of the central L-value L(12 , πK ⊗χ). This is usually referred to as an ex-
plicit Waldspurger formula. Such a formula has been exploited widely in the lit-
erature based on either explicit theta lifts ([Mur10], [Mur08], [Xue07], [Hid10a]
and [BDP13]) or the technique of relative trace formula ([MW09]). In this paper
we adopt a different approach, making use of a formula of Waldspurger which
is indeed proved but not stated explicitly in [Wal85]. This formula decomposes
the square Pχ(ϕ) of the global period toric integral into a product of local pe-
riod integrals involving local Whittaker functions of ϕ. Explicit computation of
these local integrals shows that Pχ(ϕ)2 is essentially equal to the central value
of the L-function L(s, πK⊗λ). We emphasize that this explicit formula does not
depend on the choices of special Bruhat-Schwartz functions in the classical ap-
proach of theta lifting but on choices of local Whittaker functions which reflect
the arithmetic of modular forms directly via the Fourier expansion. Now with
the above construction of toric forms and explicit period integral formulas, the
proofs of Theorem B and Theorem C when combined with fundamental works
of Hida ([Hid10b] and [Hid04a]) are reduced to a study the vanishing/non-
vanishing modulo p properties of the Fourier expansions of the toric cusp form
ϕλ at cusps (a, b) such that ab−1 is the polarization of an abelian variety with
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CM by OK. We give an explicit computation of Fourier coefficients of toric
forms ϕλ, with which we can study the non-vanishing modulo p property of
these Fourier coefficients. These calculations are elementary but quite tedious
and lengthy. Finally, the connection between the Fourier coefficients of Hilbert
modular forms and the trace of Frobenius of the associated Galois representa-
tions enables us to relate the non-vanishing modulo p of Fourier coefficients of
ϕλ at these cusps and the irreducibility of the residual Galois representation
ρp(π)|GK .
We end this introduction by making a few remarks on our assumptions. The
restriction (sf) is merely due to the computational difficulty on the local period
integrals and the local Fourier coefficients, and it is expected to be unnecessary.
The global assumption on the irreducibility of residual Galois representation
assures that the new form associated to π is not congruent to theta series aris-
ing from K. This assumption prevents the vanishing modulo p of LΣp(π, λ)
from the possibility that LΣp(π, λ) is congruent to a product of two anticy-
clotomic Katz p-adic L-functions attached to self-dual Heck characters of the
root number −1. The local assumption (3) is equivalent to saying that the
local residual character λv (mod mp) is ramified for all v|c−λ . This hypothesis is
used to avoid the vanishing of L-values due to sign change phenomenon. For
example, if λv ≡ 1 (mod mp) is unramified at some prime q|c−λ with πq spe-
cial, then one can construct λ′ ≡ λ (mod mp) such that λ′ has the conductor
q−1c−λ and the same infinity type with λ. This implies that πK ⊗ λ′ has global
root number −1, and hence the algebraic part of L(12 , πK ⊗ λ) is congruent
to L(12 , πK ⊗ λ′) = 0. The above assumptions might be weaken with excep-
tional effort on the compuation of Fourier coefficients of toric forms. However,
Hypothesis A is fundamental, the failure of which makes the period integral
Pχ(ϕχ) vanish for all χ (and hence make the results null) by a well-known
theorem of Saito-Tunnell ([Sai93], [Tun83]).
This paper is organized as follows. After fixing notation and definitions in §1,
we derive a key formula of Waldspurger on the decomposition of global toric
period integrals into local toric period integrals (Proposition 2.1) in §2. The
bulk of this article is §3, where we give the choices of local toric Whittaker
functions Wχ,v and calculate explicitly these local period integrals attached
to Wχ,v. The explicit Waldspurger formula is proved in Theorem 3.14, and a
non-vanishing modulo p of these toric Whittaker functions is proved in Propo-
sition 3.19. After reviewing briefly theory of complex and geometric Hilbert
modular forms in §4, we prove Theorem A in §5. The key ingredient is Propo-
sition 5.5, the construction of a p-adic measure Fλ,c on Γ− with values in the
space of p-adic modular forms, and the p-adic L-function LΣp(π, λ) is thus ob-
tained by evaluating Fλ,c at suitable CM points. The precise evaluation formula
of LΣp(π, λ)

2 is established in Theorem 5.7. In §6, we study the µ-invariant
of LΣp(π, λ) and prove Theorem B in Theorem 6.2. Finally, the non-vanishing
of central L-values modulo p is considered in §7 and Theorem C is proved in
Theorem 7.1.
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1. Notation and definitions

1.1. Measures on local fields. We fix some general notation and conven-
tions on local fields through this article. Let ψQ : AQ/Q→ C× be the additive
character such that ψQ(x∞) = exp(2πix∞) with x∞ ∈ R. Let q be a place of
Q and let F be a finite extension of Qq. Let ψq be the local component of ψ at
q and let ψF := ψq ◦TF/Qq

, where TF/Qq
is the trace from F to Qq. Let dx be

the Haar measure on F self-dual with respect to the pairing (x, x′) 7→ ψF (xx
′).

Let |·|F be the absolute value of F normalized by d(ax) = |a|F dx for a ∈ F×.
We often simply write |·| = |·|F if it is clear from the context without possible
confusion. We recall the definition of the local zeta function ζF (s). If F is
non-archimedean, let ̟F be a uniformizer of F and let

ζF (s) =
1

1− |̟F |sF
.

If F is archimedean, then

ζR(s) = π−s/2Γ(s/2); ζC(s) = 2(2π)−sΓ(s).

The Haar measures d×x on F× is normalized by

d×x = ζF (1) |x|−1
F dx.

In particular, if F = R, then dx is the Lebesgue measure and d×x = |x|−1
R dx,

and if F = C, then dx is twice the Lebesgue measure on C and d×x =
2π−1r−1drdθ (x = reiθ).
Suppose that F is non-archimedean. Let OF be the ring of integers of F and
let DF be the absolute different of F . Then D−1

F is the Pontryagin dual of OF
with respect to ψF , and vol(OF , dx) = |DF |

1
2

F . If µ : F× → C× is a character
of F×, define the local conductor a(µ) by

a(µ) = inf
{
n ∈ Z≥0 | µ(x) = 1 for all x ∈ (1 +̟n

FOF ) ∩ O×
F

}
.

1.2. If L is a number field, the ring of integers of L is denoted by OL, AL is
the adele of L and AL,f is the finite part of AL. For a ∈ A×

L , we put

ilL(a) := a(OL ⊗ Ẑ) ∩ L.
Denote by GL the absolute Galois group and by recL : A×

L → GabL the ge-
ometrically normalized reciprocity law. We define ψL : A×

L/L → C× by
ψL(x) = ψQ ◦ TrL/Q(x).
Let vp be the p-adic valuation on Cp normalized so that vp(p) = 1. We regard
L as a subfield in C (resp. Cp) via ι∞ : Q →֒ C (resp. ιp = ι−1◦ι∞ : Q →֒ Cp)
and Hom(L,Q) = Hom(L,Cp).
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Let Z be the ring of algebraic integers of Q and let Zp be the p-adic completion
of Z in Cp. Let Z be the ring of algebraic integers of Q and let Zp be the
p-adic completion of Z in Cp with the maximal ideal mp.

1.3. Local L-functions. Let F be a non-archimedean local filed. Let µ, ν :
F× → C× be two characters of F×. Denote by I(µ, ν) the space consisting of
smooth and GL2(OF )-finite functions f : GL2(F )→ C such that

f(

(
a b
0 d

)
g) = µ(a)ν(d)

∣∣∣a
d

∣∣∣
1
2

f(g).

Then I(µ, ν) is an admissible representation of GL2(F ). Denote by π(µ, ν) the
unique infinite dimensional subquotient of I(µ, ν). We call π(µ, ν) a principal
series if µν−1 6= |·|± and a special representation if µν−1 = |·|±.
Let E be a quadratic extension of F and let χ : E× → C× be a character.
We recall the definition of local L-functions L(s, πK ⊗ χ) ([Jac72, §20]) when
π = π(µ, ν) is a subrepresentation of I(µ, ν). If E = F ⊕ F , then we write
χ = (χ1, χ2) : F

× ⊕ F× → C× and put

L(s, πK ⊗ χ) =
{
L(s, π ⊗ χ1)L(s, π ⊗ χ2) if µν−1 6= |·|±,
L(s, µχ1)L(s, µχ2) if µν−1 = |·|.

If E is a field, then

L(s, πE ⊗ χ) =
{
L(s, µ′χ)L(s, ν′χ) if µν−1 6= |·|±,
L(s, µ′χ) if µν−1 = |·|.

Here µ′ = µ ◦NE/F , ν′ = ν ◦NE/F are characters of E×.

1.4. Whittaker and Kirillov models. Let F be a local field. Let π be
an irreducible admissible representation of GL2(F ) and let ψ : F → C× be a
non-trivial additive character. We let W(π, ψ) be the Whittaker model of π.
Recall that W(π, ψ) is a subspace of smooth functions W : GL2(F )→ C such
that

(1) W (

(
1 x
0 1

)
g) = ψ(x)W (g) for all x ∈ F .

(2) If v is archimedean, W (

(
a

1

)
) = O(|a|N ) for some positive number

N .

(cf. [JL70, Thm. 6.3]). Let K(π, ψ) be the Kirillov model of π. If F is non-
archimedean, then K(π, ψ) is a subspace of smooth C-valued functions on F×,
containing all Bruhat-Schwartz functions on F×. A function in K(π, ψ) shall
be called a local Fourier coefficient of π. In addition, it is well known that we
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have the following GL2(F )-equivariant isomorphism

(1.1)

W(π, ψ)
∼→ K(π, ψ)

W 7→ ξW (a) :=W (

(
a

1

)
).

2. Waldspurger formula

Let F be a number field and K be a quadratic field extension ofF . Let A = AF .
Let G = GL2 /F . Let π be an irreducible cuspidal automorphic representation
of G(A) with unitary central character ω. Denote by A(π) the realization
of π in the space A0(G) of cusp forms on G(A). Let χ be a unitary Hecke
character of K× such that χ|A× = ω−1. Let πK be the quadratic base change
of π to the quadratic extension K/F . The existence of πK is established in
[Jac72]. The goal of this section is to deduce from results in [Wal85] a formula
(Proposition 2.1) which expresses the central value L(12 , πK ⊗ χ) in terms of a
product of local toric period integrals of Whittaker functions.
Let ψ := ψF : A/F → C× be the standard non-trivial additive character. For
a place v of F , we let Gv = G(Fv) and let χv : K×

v → C× (resp. ψv : Fv → C×)
denote the local constituent of χ (resp. ψ).

2.1. For x ∈ K, let T(x) := x + x and N(x) = xx. Let {1, ϑ} be a basis of K
over F . We let ι : K →M2(F) be the embedding attached to ϑ given by

(2.1) ι(aϑ+ b) =

(
aT(ϑ) + b −aN(ϑ)

a b

)
(a, b ∈ F).

Put

J :=

(
−1 T(ϑ)
0 1

)
.

Then M2(F) = ι(K) ⊕ ι(K)J . It is clear that J2 = 1 and ι(t)J = Jι(t) for all
t ∈ K.

2.2. The local bilinear form and toric integral. For each place v of
F , denote by πv (resp. ψv) the local constituent of π (resp. ψ) at v. Define a
C-bilinear form bv :W(πv, ψv)×W(πv, ψv)→ C by

bv(W1,W2) :=

∞∑

n=−∞

∫

̟nO×
F

W1(

(
a

1

)
)W2(

(
−a

1

)
)ω−1(a)d×a

=

∫

F×
v

W1(

(
a

1

)
)W2(

(
−a

1

)
)ω−1(a)d×a.

It is known that this series converges absolutely as πv is a local constituent of a
unitary cuspidal automorphic representation. Moreover, the pairing bv enjoys
the property:

(2.2) bv(π(g)W1, π(g)W2) = ω(det g)bv(W1,W2).
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The pairing bv thus gives rise to an isomorphism between the contragredient
representation π∨ and π ⊗ ω−1.
The local toric period integral for W1,W2 ∈ W(πv, ψv) is given by

P (W1,W2, χv) :=

∫

K×
v /F×

v

bv(π(ι(t))W1 , π(J)W2)χv(t)dt ·
L(1, τKv/Fv)

ζFv (1)
.

The above integral converges as χv is unitary ([Wal85, LEMME 7]).

2.3. A formula of Waldspurger. Let Λ(s, πK ⊗ χ) be the completed L-
function of πK ⊗ χ given by

Λ(s, πK ⊗ χ) :=
∏

v

L(s, πKv ⊗ χv) = L(s, πK ⊗ χ) ·
∏

v|∞
L(s, πKv ⊗ χv).

It is well known that Λ(s, πK ⊗ χ) converges absolutely for Re s ≫ 0 and has
meromorphic continuation to all s ∈ C. Moreover, it satisfies the functional
equation

Λ(s, πK ⊗ χ) = ε(s, πK ⊗ χ)Λ(1 − s, π∨
K ⊗ χ−1).

The global toric period integral for ϕ ∈ A(π) is defined by

Pχ(ϕ) :=

∫

K×A×\A×
K

ϕ(ι(t))χ(t)dt.

The following proposition connects the global toric periods and central L-values
of πK ⊗ χ.

Proposition 2.1 (Waldspurger). Let ϕ1, ϕ2 ∈ A(π) and let Wϕ1 ,Wϕ2 be the
associated global Whittaker functions. We suppose that Wϕi =

∏
vWi,v, where

Wi,v ∈ W(πv, ψv) such that Wi,v(1) = 1 for almost v (i = 1, 2). Then there
exists a finite set S0 of places of F including all archimedean places such that
for every finite set S ⊃ S0, we have

Pχ(ϕ1)Pχ(ϕ2) = Λ(
1

2
, πK ⊗ χ) ·

∏

v∈S

1

L(12 , πKv ⊗ χv)
· P (W1,v,W2,v, χv).

Proof. The proof is the combination of various formulae established in
[Wal85]. We first recall some important local integrals. Let D = G×G. For
each place v of F , let Sv = S(M2(Fv)) ⊗ S(F×

v ) and let Dv = Gv×Gv. Let
r = r′×r′′ : Gv×Dv → EndSv be the Weil representation of Gv×Dv defined in
[Wal85, §I.3 p.178]
Let ϕ ∈ A(π) be an automorphic form in the automorphic realization of π.
Recall that the global Whittaker function of ϕ is defined by

Wϕ(g) =

∫

F\AF

ϕ(

(
1 x
0 1

)
g)ψ(−x)dx.

Write Wv = W(πv, ψv). We further assume that Wϕ has the factorization
Wϕ =

∏
vWϕ,v ∈ ⊗′

vWv such that Wϕ,v(1) = 1 for almost v. For each v, let
U : Sv →Wv ⊗Wv, fv → Ufv be the Gv×Gv-equivaraint surjective morphism
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associated to Wv introduced in [Wal85, COROLLAIRE, p.187]. Define the
following local integrals:

C(fv) :=

∫

F×
v

Ufv (

(
a

1

)
,

(
−a

1

)
))ω−1(a)d×a,

B(fv, 1) :=

∫

Zv\GvNv

∫

F×
v

Wϕ,v(σ)r
′(σ)fv(x, x

−2)dxdσ,

P (fv, χv,
1

2
) :=

∫

F×
v \K×

v

B(r′′(ι(t), 1)fv, 1)χv(t)dt.

The convergence and analytic properties of these local integrals are studied in
[Wal85, LEMME 2, LEMME 3, LEMME 5]. Moreover, we have

B(fv, 1) = C(fv) ·
1

ζFv(1)
.

For each v, we take a special test function fv ∈ Sv such that

(2.3) Ufv =W1,v ⊗ π(J)W2,v.

Note that fv can be chosen to be the spherical test function f0
v := IM2(OFv )

⊗
IO×

Fv

for all but finitely many v. With this particular choice of fv, we have

(2.4)

P (fv, χv,
1

2
) =

∫

F×
v \K×

v

C(r′′(ι(t), 1)fv)dt ·
1

ζFv(1)

=

∫

F×
v \K×

v

bv(π(ι(t))W1 , π(J)W2)χv(t)dt ·
1

ζFv (1)

= P (W1,v,W2,v, χv) ·
1

L(1, τKv/Fv)
.

Let S = ⊗Sv be the restricted product with respect to spherical test functions{
f0
v

}
v
. Define the theta kernel for f := ⊗fv ∈ S by

θf (σ, g) :=
∑

(x,u)∈M2(F)×F×

r(σ, g)f(x, u) (σ ∈ G(A), g ∈ G(A)×G(A)),

and define the automorphic form θ(f, ϕ, g) on G(A)×G(A) by

θ(f, ϕ, g) =

∫

G(F)\G(A)

ϕ(σ)θf (σ, g)dσ.

Note that according to (2.3), we have

θ(f, ϕ, g1, g2) = ϕ1(g1)ϕ2(g2J).

We define the toric period integral P (f, χ) by

P (f, χ) :=

∫

[K×A×\A×
K]2

θ(f, ϕ, ι(t1), ι(t2))χ(t1)χ(t2)dt1dt2.

By the relation Jι(t2)J = ι(t2) and the automorphy of ϕ2, we find that

P (f, χ) = Pχ(ϕ1)Pχ(ϕ2).
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Let S0 be a finite set of places of F such that Wϕ,v, Wi,v and fv are spherical
for all v 6∈ S0. From [Wal85, Prop. 4, p.196 and LEMME 7, p.219], we deduce
the following formula for every finite set S ⊃ S0:

Pχ(ϕ1)Pχ(ϕ2) = Λ(
1

2
, πK ⊗ χ) ·

∏

v∈S
P (fv, χv,

1

2
) · L(1, τKv/Fv )
L(12 , πKv ⊗ χ)

.

We thus establish the desired formula in virtue of (2.4). �

3. Toric period integrals

3.1. Notation. Throughout we suppose that F is a totally real number field
and K is a totally imaginary quadratic extension of F . We retain the notation
in the introduction and §2.1. Let Σ be a fixed CM type of K. Let π be
an irreducible automorphic cuspidal representation of GL2(A). Let n be the
conductor of π. Suppose that π has infinity type k =

∑
σ∈Σ kσσ ∈ Z≥1[Σ].

Let m =
∑
σmσσ ∈ Z≥0[Σ] and let χ be a Hecke character of infinity type

(k/2 +m,−k/2−m) such that χ|A× = ω−1. Let h be the set of finite places
of F . Recall that the set of infinite places of F is identified with the CM-type
Σ.
In this section, we will choose a special local Whittaker function at each place
v of F in §3.6 and calculate their associated local toric period integrals in §3.7
and §3.8. Finally, we prove in §3.10 a non-vanishing modulo p result of these
local Whittaker functions. This result plays an important role in the later
application to the calculation of the µ-invariant.
Let Cχ (resp. cω) be the conductor of χ (resp. ω). Let cχ = Cχ∩F . We further
decompose n− = n−s n

−
r , where n−s is prime to cω and n−r is only divisible by

prime factors of cω. Put

(3.1)
cv(χ) = inf

{
n ∈ Z≥0 | χ = 1 on (1 +̟nOE)×

}
,

mv(χ, π) =cv(χ)− v(n−).

It is clear that cv(χ) = v(cχ). We put

A(χ) = {v ∈ h | Kv is a field, πv is special and cv(χ) = 0} .

Let p > 2 be a rational prime satisfying (ord). The assumption (ord) in par-
ticular implies that every prime factor of p in F splits in K. Let Σp be the
p-adic places induced by Σ via ιp. Thus Σp and its complex conjugation Σp

give a partition of the places of K above p. Let N be the prime-to-p conductor
of πK ⊗ χ. We fix a decomposition N+ = FF such that (F,F) = 1.

3.2. Galois representation attached to π. Let ρp(π) : GF → GL2(OLπ )
be the p-adic Galois representation associated to π as in the introduction. Let
v ∤ p and let WFv be the local Weil group at v. Suppose that πv = π(µv , νv) is
a subquotient of the induced representations. By the local-global compatibility
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([Car86], [Tay89] and [Jar97]), we have

(3.2) ρp(π)|WFv
≃
(
µ−1
v |·|

1−kmx
2 ∗

0 ν−1
v |·|

1−kmx
2

)
(kmx = max

σ
kσ).

In particular, this implies that µv(̟Fv) and νv(̟Fv ) are p-adic units in O×
Lπ

.

3.3. Open compact subgroups. For each finite place v, we put

K0
v =

{
g =

(
a b
c d

)
∈ Gv | a, d ∈ OFv , b ∈ D−1

Fv
, c ∈ DFv , det g ∈ O×

Fv

}
,

and for an integral ideal a of F , we put

K0
v(a) =

{
g =

(
a b
c d

)
∈ K0

v | c ∈ aDFv , a− 1 ∈ a

}
,

Uv(a) = {g ∈ GL2(OFv ) | g ≡ 1 (mod a)} .

Let K0 =
∏
v∈hK

0
v and U(a) =

∏
v∈h Uv(a) be open compact subgroups of

GL2(Af ).

3.4. The choices of ϑ and ςv. We fix a finite idele dF = (dFv) ∈ A×
F ,f such

that dFv is a generator of the absolute different DFv at each finite place v and
dFv = 1 for v ∤ DF . Fixing an integral ideal r ⊂ cχnD2

K of F , we choose ϑ ∈ K
such that

(d1) Imσ(ϑ) > 0 for all σ ∈ Σ,
(d2)

{
1, d−1

Fvϑ
}

is an OFv -basis of OKv for all v | pr,
(d3) d−1

Fvϑ is a uniformizer of Kv for every v ramified in K.

The existence of such ϑ is guaranteed by strong approximation theorem. Then
ϑ is a generator of K over F and determines an embedding K →֒ M2(F) in
(2.1). Let

δ = 2−1(ϑ− ϑ) ∈ K×.

The condition (d2) allows us to choose dFv = 2δ at split v | pr. For each finite
place v, we also fix an OFv -basis {1, θv} of OKv such that θv = ϑ except for
finitely many v and

θv = d−1
Fvϑ for v|pr.

Write θv = avϑ+ bv with av, bv ∈ Fv.
For every v split in K, we shall fix a place w of K above v throughout, and de-
compose Kv := K⊗F Fv = Fvew⊕Fvew, where ew and ew are the idempotents
attached to w and w respectively. If v|pN+, we further require that w|FΣp, i.e.
w|F or w ∈ Σp. We identify δ ∈ Kw = Fv and write ϑv = ϑwew + ϑwew for
split v.
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For each place v, we define ςv ∈ GL2(Fv) as follows:

(3.3)

ςv =

(
Imσ(ϑ) Reσ(ϑ)

0 1

)
for v = σ ∈ Σ,

ςv =(ϑw − ϑw)−1

(
dFvϑw ϑw
dFv 1

)
for split v = ww,

ςv =

(
av 0
−bv dFv

)
for non-split finite v.

For t ∈ Kv, we put
ιςv(t) := ς−1

v ι(t)ςv.

It is straightforward to verify that if v = σ ∈ Σ is archimedean and t = x+iy ∈
C×, then

ιςσ (t) =

(
x −y
y x

)
,(3.4)

and if v = ww is split and t = t1ew + t2ew, then

ιςv (t) =

(
t1

t2

)
.(3.5)

Moreover, for all finite places v

ιςv (O×
Kv) = ιςv (K×

v ) ∩K0
v .

3.5. Running assumptions. In this section, we will assume Hypothesis A for
(π, χ) and

(sf) n− is square-free.

The assumption (sf) implies that πv is an unramified special representation
if v|n−s and πv is a ramified principal series if v|n−r . In particular, for every
place v inert or ramified in K, πv is a sub-quotient of induced representations
and the local L-function L(s, πv) 6= 1. We shall write πv = π(µv, νv) such
that L(s, πv) = L(s, µv) for v|n−. By the local root number formulas [JL70,
Prop. 3.5,Thm. 2.18], under the assumption (sf) Hypothesis A on the sign of
local root numbers is equivalent to the following condition:

(R1)
Each v ∈ A(χ) is ramified in K and µ′

vχv(̟Kv) = − |̟|
1
2

(µ′
v := µv ◦NKv/Fv ).

In what follows, we fix a place v of F . Let F = Fv and E = Kv. If v is
finite, let O = OF and let ̟ = ̟Fv and ̟E be uniformizers of O and OE
respectively. We shall suppress the subscript v and write π = πv, χ = χv,
ς = ςv and ψ = ψv. For a ∈ F×, we put

d(a) =

(
a

1

)
∈ GL2(F ).
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3.6. The choice of local toric Whittaker functions. If v is finite, we
let W 0

v denote the new Whittaker function in W(π, ψ). In other words, W 0
v

is the unique Whittaker function which is invariant by K0
v (n) and W 0

v (1) = 1.
The existence and uniqueness of W 0

v are a consequence of the theory of new
vectors [Cas73]. Now we introduce some special local Whittaker functions.

3.6.1. The archimedean case. Suppose that v = σ ∈ Σ is an archimedean

place and F = R. Then πσ = π(|·|
kσ−1

2 , |·|
1−kσ

2 sgnkσ ) is the discrete series of
minimal SO(2,R)-type kσ. Let Wkσ ∈ W(πv, ψv) be the Whittaker function
given by

(3.6) Wkσ (zd(a)κθ) = a
kσ
2 e−2πaIR+(a) · eikσθ sgn(z)kσ ,

where z ∈ R× and κθ =

(
cos θ sin θ
− sin θ cos θ

)
. Let V+ and V− be the weight raising

and lowering differential operators in [JL70, p.165] given by

V± =

(
1 0
0 −1

)
⊗ 1±

(
0 1
1 0

)
⊗ i ∈ Lie(GL2(R))⊗R C.

Define the normalized weight raising differential operator Ṽ+ by

(3.7) Ṽ+ =
1

(−8π) · V+.

Then we have

(3.8) Ṽmσ+ Wkσ (gκθ) = Ṽmσ+ Wkσ (g)e
i(kσ+2mσ)θ.

3.6.2. The split case. Suppose that v = ww is split with w|ΣpF if v|pN+. We
introduce some smooth functions aχ,v on F× in the Kirillov model K(π, ψ).
Write χ = (χw, χw) : F

×⊕F× → C×. If the local L-function L(s, π⊗χw) = 1,
we simply put

aχ,v(a) = IO×(a)χw(a
−1).

Suppose that L(s, π ⊗ χw) 6= 1. Then π = π(µ, ν) is a principal series or
π = π(µ, ν) is special with µν−1 = |·| and µχw is unramified. If π ⊗ χw is
unramified, we set

aχ,v(a) = IO(a) · χ−1
w |·|

1
2 (a)

∑

i+j=v(a), i,j≥0

µχw(̟
i)νχw(̟

j).

If µiχw is unramified and µjχw is ramified for {µ1, µ2} = {µ, ν}, we set

aχ,v(a) = µi|·|
1
2 (a)IO(a).

If π is special, we set

aχ,v(a) = µ|·| 12 (a)IO(a).
These functions aχ,v indeed belong to the Kirillov model K(π, ψ) in virtue of the
description of the Kirillov models [Jac72, Lemma 14.3]. For each ξ ∈ K(π, ψ),
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by the isomorphism (1.1) we denote by Wξ ∈ W(π, ψ) the unique Whittaker
function such that Wξ(d(a)) = ξ(a). We put

Wχ,v :=Waχ,v .

It follows from the choice of Wχ,v that

Wχφ,v =Wχ,v if φ : E× → C× is unramified.

Recall that the zeta integral Ψ(s,W, χw) for W ∈ W(π, ψ) is defined by

Ψ(s,W, χw) :=

∫

F×

W (d(a))χw(a) |a|s−
1
2 d×a.

Then the zeta integral for Wχ,v satisfies the following equation:

(3.9) Ψ(s,Wχ,v, χw) = L(s, π ⊗ χw) |DF |
1
2 (vol(O×

F , d
×a) = |DF |

1
2 ).

Suppose that v = ww with w ∈ Σp. We define some p-modified Whittaker
functions as follows. For each u ∈ O×

F , we put

au,v(a) := Iu(1+̟O)(a)χw(a
−1) and Wχ,u,v =Wau,v .

Let a♭χ,v(a) := IO×(a)χw(a
−1) and let W ♭

χ,v be the p-modified Whittaker func-
tion given by

(3.10) W ♭
χ,v :=Wa♭χ,v

=
∑

u∈Uv
Wχ,u,v,

where Uv is the torsion subgroup of O×. It is easy to verify that

(3.11) Ψ(s,W ♭
χ,v, χw) = 1 ; π(

(
a b
0 d

)
)W ♭

χ,v =χ−1
w (a)χ−1

w (d)W ♭
χ,v

for a, d ∈ O×, b ∈ D−1
F .

3.6.3. The inert and ramified case. Suppose that v is an inert or ramified finite
place. Then E is a non-archimedean local field. Define the operators Rv and
Pχ,ς on W ∈ W(π, ψ) by

RvW (g) :=W (g

(
1

̟

)
),

Pχ,ςW (g) :=v−1
E ·

∫

E×/F×

π(ις(t))W (g)χ(t)dt.

=v−1
E

∫

E×/F×

W (gς−1ι(t)ς)χ(t)dt.

Note that

vE = vol(E×/F×, dt) = ev · |DE |
1
2

E |DF |
− 1

2 , ev =

{
1 if v is inert,

2 if v is ramified.

We define the Whittaker function Wχ,v by

(3.12) Wχ,v := Pχ,ςRmv(χ,π)v W 0
v .
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3.6.4. Define the subgroup Tv of E× by

Tv =

{
O×
EF

× if v is split,

E× if v is non-split.

Then Tv =
{
x ∈ E | x/x ∈ O×

E

}
if v is finite.

Definition 3.1 (Toric Whittaker functions). We say that W ∈ W(π, ψ) is a
toric Whittaker function of character χ if

π(ις(t))W = χ−1(t) ·W for all t ∈ Tv.
Lemma 3.2. The Whittaker functions Wχ,v chosen as above are toric. To be
precise, we have

(1) Ṽ mσ+ Wkσ is a toric Whittaker function of the character χσ : C× →
C×, z 7→ zkσ+mσz−mσ |zz|−kσ/2.

(2) If v is finite, then Wχ,v are toric Whittaker functions of character χv.

(3) If v|p, then W ♭
χ,v is toric, and for u ∈ O×

F

π(ις(t))Wχ,u,v = χ−1(t)Wχ,u.t1−c,v,

where u.t1−c := utwt
−1
w , t = twew + twew ∈ O×

E with w ∈ Σp,
Proof. It follows immediately from the definitions of these Whittaker func-
tions together with (3.8), (3.4) and (3.5). �

3.7. Local toric period integrals (I).

3.7.1. Define the local toric period integral for W ∈ W(π, ψ) by

P (W,χ) :=P (W,W,χ)

=

∫

E×/F×

bv(π(ι(t))W,π(J )W )χ(t)dt · L(1, τE/F )
ζF (1)

.

The main task of this section is to evaluate P (π(ς)Wχ,v , χ). We first treat the
archimedean and split cases.

3.7.2. The archimedean case. Suppose v = σ ∈ Σ
∼→ Hom(F ,R) is an

archimedean place.

Proposition 3.3. We have

P (π(ς)Ṽ mσ+ Wkσ , χ) = 23 · Γ(mσ + 1)Γ(kσ +mσ)

(4π)kσ+1+2mσ
.

Proof. Introduce the Hermitian inner product on W(π, ψ) defined by

〈W1,W2〉 := bv(W1, c(W2)), where c(W2)(g) :=W (

(
−1

1

)
g)ω(det g).

Write k = kσ and m = mσ. It is clear that

〈Wk,Wk〉 = (4π)−kΓ(k).
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Since c(V m+ Wk) and π(

(
−1

1

)
)V m+ Wk are both nonzero Whittaker functions

of weight −k − 2m, there exists some constant γ such that

π(

(
−1

1

)
)V m+ Wk = γ · c(V m+ Wk) ⇐⇒ V m+ Wk(d(a)) = γ · V m+ Wk(d(a))

for all a ∈ R+. Let hm(x) := V m+ Wk(d(x)). Then h0(x) = Wk(d(x)) is a
real-valued function in view of the definition (3.6). A simple calculation shows
that

hm+1 = 2x
dhm
dx

+ (k + 2m− 4πx)hm,

so by induction hm(x) takes value in R (cf. [JL70, p.189]). This implies that
γ = 1. We thus have

bv(π(ς)V
m
+ Wk, π(Jς)V

m
+ Wk) = 〈V m+ Wk, V

m
+ Wk〉 (ς−1Jς =

(
−1

1

)
).

To evaluate 〈V m+ Wk, V
m
+ Wk〉, note that by [JL70, p.166] we have

(3.13) Vm− V m+ Wk = (−4)mΓ(k +m)Γ(m+ 1)

Γ(k)
·Wk,

and hence we find that

〈V m+ Wk, V
m
+ Wk〉 =(−1)m〈Wk, V

m
− V m+ Wk〉

=4m
Γ(k +m)

Γ(k)
Γ(m+ 1)〈Wk,Wk〉

=4m(4π)−k · Γ(k +m)Γ(m+ 1).

Recall that dt = 2π−1dθ witht = eiθ, so vol(C×/R×, dt) = 2π−1 · π = 2.
Combining these with Lemma 3.2 (1), we find that

P (π(ς)Ṽ m+ Wk, χ) = 2 · (−8π)−2m · bv(π(ς)V m+ Wk, π(Jς)V
m
+ Wk) ·

ζR(2)

ζR(1)

= 23(4π)−2m−14−m · 〈V m+ Wk, V
m
+ Wk〉

= 23 · (4π)−k−2m−1Γ(k +m)Γ(m+ 1). �

3.7.3. The split case. Suppose that v = ww is a finite place split in E. Recall
that we have assumed w|ΣpF if v|pN+.

Lemma 3.4. We have

P (π(ς)W,χ)

=Ψ(
1

2
,W, χw)

2 · L(
1
2 , π ⊗ χw)

L(12 , π ⊗ χw)
· ε(1

2
, π ⊗ χw, ψ) · ω−1χ−2

w (−dF )ω(det ς).
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Proof. Let Ŵ (g) := W (g

(
0 1
−1 0

)
)ω−1(det g). By [JL70, Thm. 2.18 (iv)],

we have the local functional equation:

Ψ(1− s, Ŵ , χ−1
w )

L(1− s, π∨ ⊗ χ−1
w )

= ε(s, π ⊗ χw, ψ) ·
Ψ(s,W, χw)

L(s, π ⊗ χw)
.

We note that

ς−1
v Jςv =

(
0 d−1

F

dF 0

)
.

A straightforward computation shows that

P (π(ς)W,χ)

=ω(det ς)

∫

F×

∫

F×

W (d(at1))W (d(−a)
(

0 d−1
F

dF 0

)
)χw(t1)ω

−1(a)d×adt1

=ω(− det ς)ω−1χ−2
w (dF ) ·Ψ(

1

2
,W, χw)Ψ(

1

2
, Ŵ , χ−1

w )

=ω(det ς)ω−1χ−2
w (−dF )Ψ(

1

2
,W, χw)

2 · ε(1
2
, π ⊗ χw, ψ) ·

L(12 , π
∨ ⊗ χ−1

w )

L(12 , π ⊗ χw)
.

The lemma thus follows. �

Proposition 3.5. We have

1

L(12 , πE ⊗ χ)
·P (π(ς)Wχ,v , χ)

= |DF | ·
{
ε(12 , π ⊗ χw, ψ)χ−2

w (−dF ) if v | N+,

ω(det ς) if v ∤ N+.

If v = ww with w ∈ Σp, then

1

L(12 , πE ⊗ χ)
· P (π(ς)W ♭

χ,v , χ) =
ε(12 , π ⊗ χw, ψ)
L(12 , π ⊗ χw)2

· χ−2
w (dF ) |DF | .

Proof. The proposition follows immediately from Lemma 3.4. (3.9) and
(3.11) combined with the equations det ς = dF if v|pN+ and

ε(
1

2
, π ⊗ χw, ψ) · ω−1χ−2

w (−dF ) = 1 if v ∤ N+. �

3.8. Local toric period integrals (II). In this subsection, we treat the
case v is inert or ramified. A large part of the computation in this subsection
is inspired by [Mur08]. Put

w =

(
0 −d−1

F

dF 0

)
;

K0(̟) :=

{
g =

(
a b
c d

)
∈ K0

v | a− 1 ∈ ̟O, c ∈ ̟DF
}
.
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Let θ = θv ∈ OE be the element chosen in §3.4 and write W 0 for the new local
Whittaker function W 0

v at v. Recall that {1, θ} is an O-basis of OE and θ is a
uniformizer if E/F is ramified.

3.8.1. We prepare some elementary lemmas.

Lemma 3.6. Suppose that v|r. Let m be a non-negative integer and let

B1(O) =
{(

1 x
0 d

)
| x ∈ D−1

F , d ∈ O×
}
,

N(D−1
F ) =

{(
1 x
0 1

)
| x ∈ D−1

F

}
.

If y ∈ ̟m+1O, then we have

d(̟m)ις(1 + yθ)d(̟−m) ∈ K0(̟) (d(a) =

(
a

1

)
).

If y ∈ ̟rO× and 0 ≤ r ≤ m, then

d(̟m)ις(1 + yθ)d(̟−m) ∈ N(D−1
F )

(
̟m−r

y̟−m

)
wB1(O).

If y ∈ ̟O, then

d(̟m)ις(y + θ)d(̟−m) ∈ N(D−1
F )

(
̟m+ev−1

̟−m

)
wB1(O).

Proof. Recall that if v|r, then θ = d−1
F ϑ, ς =

(
dF

d−1
F

)
, and hence

ις(x + yθ) =

(
x+ yT(θ) yd−1

F N(θ)
ydF x

)
(x, y ∈ F ).

Then the proof is a straightforward calculation, so we omit the details. �

Lemma 3.7. Suppose that χ|F× is trivial on 1 + ̟O. For each non-negative
integer r, we set

Xr :=

∫

̟rO
χ(1 + yθ)d′y,

where d′y is the Haar measure on O such that vol(O, d′y) =

L(1, τE/F ) |DE |
1
2

E |DF |
− 1

2 . Then Xr = 0 if cv(χ) > 1 and 0 < r < cv(χ)

and Xr = |̟r| · L(1, τE/F ) |DE |
1
2

E |DF |
− 1

2 if r ≥ cv(χ).
Proof. Let Qr := 1 + ̟rOE/1 + ̟rO. If 0 < r < cv(χ), then χ is a
non-trivial character on the group Qr. Note that we have a bijection ̟rO ∼→
Qr, y 7→ 1 + yθ and the pull-back of the quotient measure dt on Qr is d′y.
Therefore, we have

Xr =

∫

Qr

χ(t)dt =

{
0 if 0 < r < cv(χ)

vol(̟rO, d′y) if r ≥ cv(χ).
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This finishes the proof. �

Define the matrix coefficient m0 : GL2(F )→ C by

m0(g) :=bv(π(g)W
0, π(

(
−1

1

)
)W 0)

=

∫

F×

W 0(d(a)g)W 0(d(a))ω−1(a)d×a.

Since W 0 is invariant by K0(̟), m0(g) only depends on the double coset
K0(̟)gK0(̟) by (2.2). Put

m = mv(χ, π) = cv(χ)− v(n−) ≥ −1.
We set
(3.14)

P ∗(π(ς)Rmv W 0, χ) := P (π(ς)Rmv W 0, χ) · ζF (1)

L(1, τE/F )
ω(̟−m det ς−1)

=

∫

E×/F×

bv(R−m
v π(ις(t))Rmv W 0, π(

(
−1

1

)
)W 0)χ(t)dt

=

∫

E×/F×

m0(d(̟m)ις(t)d(̟
−m))χ(t)dt.

Here we have used the fact that m + v(T(θ)) ≥ 0 in the second equality. It
follows immediately from the definition of the projector Pχ,ς that

(3.15)

P (π(ς)Wχ,v , χ) =P (π(ς)Pχ,ςRmv W 0, χ)

=P ∗(π(ς)Rmv W 0, χ) · ω(̟
m det ς)L(1, τE/F )

ζF (1)
.

Using the decomposition

E× = F×(1 +Oθ) ⊔ F×(̟O + θ)

and Lemma 3.6, we find that
(3.16)

P ∗(π(ς)Rmv W 0, χ)

=

∫

O
χ(1 + yθ)m0(d(̟m)ις(1 + yθ)d(̟−m))d′y

+

∫

̟O
χ(x+ θ)m0(d(̟m)ις(y + θ)d(̟−m)) |y + θ|−1

E d′y

=Xm+1 ·m0(1) +

m∑

r=0

∫

̟rO×

χ(1 + yθ)ω(̟−my)d′y ·m0(d(̟2(m−r))w)

+ Y0 · ω(̟−m)m0(d(̟2m+ev−1)w),

where

Y0 :=

∫

̟O
χ(y + θ)d′y · |̟|1−ev .
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In what follows, we use Lemma 3.7 and (3.16) to calculate P (π(ς)Wχ,v , χ).

3.8.2. The case v ∤ n−r . Suppose that v ∤ n−r , i.e. the central character ω is
unramified. Then (sf) implies that π is either an unramified principal series or
an unramified special representation.

Proposition 3.8. Suppose that π is an unramified principal series. Then

1

L(12 , πE ⊗ χ)
·P (π(ς)Wχ,v , χ)

=ω(̟m)
∣∣∣̟cv(χ)

∣∣∣ |DE |
1
2

E ·
{
ω(det ς) if cv(χ) = 0,

L(1, τE/F )
2 if cv(χ) > 0.

Proof. Since π is unramified, ω is unramified and m = cv(χ). Write π =
π(µ, ν) and let α = µ(̟) and β = ν(̟). The matrix coefficient m0 is a
spherical function on GL2(F ) in the sense of [Car79, Definition 4.1, p.150], and
m0(g) only depends on the double coset K0

vgK
0
v . By a standard computation

(cf. [Wal85, LEMME 14, p.226)]), we obtain

m0(1) =
ζF (1)L(1,Adπ)

ζF (2)
· |DF |

1
2 =

(1 + |̟|)ζF (1)
(1− αβ−1 |̟|)(1− α−1β |̟|) · |DF |

1
2 ;

(3.17)

m0(d(̟)) =
|̟| 12

1 + |̟| · (α+ β) ·m0(1);(3.18)

m0(d(̟2)) =
|̟|

1 + |̟| · (α
2 + β2 + (1 − |̟|)αβ) ·m0(1).(3.19)

If v is inert and m = 0, then

ω(det ς−1)P (π(ς)W 0, χ) =m0(1) · L(1, τE/F )
ζF (1)

· |DE |
1
2

E |DF |
− 1

2

=
1

(1− αβ−1 |̟|)(1− α−1β |̟|) · |DE |
1
2

E

=L(
1

2
, πE ⊗ χ) · |DE |

1
2

E .

Suppose that either v is ramified or m > 0 (so v|r and det ς = 1). Then we
deduce from (3.16) that

(3.20)

P ∗(π(ς)Rmv W 0, χ)

=Xm ·m0(1) +

m−1∑

r=0

(Xr −Xr+1)ω(̟
r−m) ·m0(d(̟2(m−r)))

+ Y0 · ω(̟−m)m0(d(̟2m+ev−1)).
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If v is ramified and m = 0, then X0 = |DE |
1
2

E |DF |
− 1

2 and Y0 =

χ(̟E) |DE |
1
2

E |DF |
− 1

2 . By (3.20), we find that

P (π(ς)W 0, χ)

=(m0(1) + χ(̟E)m
0(d(̟)))

L(1, τE/F )

ζF (1)
|DE |

1
2

E |DF |
− 1

2

=(1 +
α+ β

1 + |̟| · |̟|
1
2 χ(̟E)) ·m0(1) · |DE |

1
2

E |DF |
− 1

2

ζF (1)
(by (3.18))

=
(1 + χ(̟E)α |̟|

1
2 )(1 + χ(̟E)β |̟|

1
2 )

1 + |̟| ·m0(1) · |DE |
1
2

E |DF |
− 1

2

ζF (1)

= |DE |
1
2

E · L(
1

2
, πE ⊗ χ).

Suppose that m > 0. Note that since χ|O× = 1, Y0 = −X0 if v is inert and
Y0 = X0 = 0 if v is ramified. Combining with Lemma 3.7, (3.19) and (3.20),
we find that

P (π(ς)Rmv W 0, χ) =Xm · (m0(1)− ω(̟−1)m0(d(̟2)) · ω(̟−m)
L(1, τE/F )

ζF (1)

=ω(̟m) |̟m| · (1− αβ
−1 |̟|)(1− α−1β |̟|)

1 + |̟| ·m0(1)

× L(1, τE/F )
2

ζF (1)
|DE |

1
2

E |DF |
− 1

2

=ω(̟m) |̟m| |DE |
1
2

E · L(1, τE/F )2.

The proposition follows immediately. �

Proposition 3.9. Suppose that π is an unramified special representation.
Then

1

L(12 , πE ⊗ χ)
·P (π(ς)Wχ,v , χ)

=ω(̟m)
∣∣∣̟cv(χ)

∣∣∣ |DE |
1
2

E ·
{
L(1, τE/F )

2 if cv(χ) > 0,

2 if v is ramified and cv(χ) = 0.

Proof. Suppose that v|n−s . Then m = mv(χ, π) = cv(χ) − 1. Recall that
π = π(µ, ν) is a special representation with a unramified character µ and
µν−1 = |·|. We have

W 0(d(a)) =µ(a) |a| 12 IO(a),
W 0(d(a)w) =− µ(a) |a| 12 |̟| I̟−1O(a)
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(cf. [Sch02, Eq.(54)]). With the above formulas, we obtain by a direct compu-
tation that

m0(1) =
|DF |

1
2

1− |̟|2
; m0(w) = (− |̟|) ·m0(1) ;

m0(

(
1

̟

)
w) =(−µ(̟) |̟|− 1

2 ) ·m0(1).

If cv(χ) > 0, then it follows from (3.16) and Lemma 3.7 that

P (π(ς)Rmv W 0, χ) =Xm+1 · (m0(1)−m0(w)) · ω(̟m)
L(1, τE/F )

ζF (1)

=ω(̟m)
∣∣̟m+1

∣∣ · |DE |
1
2

E L(1, τE/F )
2.

If cv(χ) = 0 (m = −1), then v is ramified, X0 = |DE |
1
2

E |DF |
− 1

2 ,, Y0 =

χ(̟E) |DE |
1
2

E |DF |
− 1

2 , and

P (π(ς)Rmv W 0, χ)

=

(
X0 ·m0(1) + Y0 ·m0(

(
1

̟

)
w)

)
ω(̟−1) · L(1, τE/F )

ζF (1)

=(1− µ(̟)χ(̟E) |̟|−
1
2 ) |DE |

1
2

E |DF |
− 1

2 ·m0(1)(1− |̟|)ω(̟−1)

=
2 |DE |

1
2

E ω(̟
−1)

1 + |̟| (by (R1))

=2 |DE |
1
2

E ω(̟
−1) · L(1

2
, πE ⊗ χ). �

3.8.3. The case v|n−r . We consider the case π is a ramified principal series.
Recall that (sf) suggests that π = π(µ, ν), where µ is unramified and ν is
ramified, and the conductor a(ν) = a(ω) = 1. Since χ|F× = ω−1, we must
have m = cv(χ) − 1 ≥ 0. Let δv := θ − θ. Let DE/F be the discriminant of
E/F . We begin with a lemma.

Lemma 3.10. Suppose that χ|O× 6= 1 and χ|1+̟O = 1. Then
∫

̟−mO
χ(y + θ)d′y = χ(δv) |δv|

1
2

E ·
ε(0, χ−1, ψE)

ε(−1, ω, ψ) · L(1, τE/F )
∣∣DE/F

∣∣ 12 .

Proof. By [HKS96, Prop. 8.2], we have
∫

F

χ(y + 2−1δv)dy :=

∫

F

χ(y + 2−1δv)
∣∣y + 2−1δv

∣∣−s− 1
2

E
dy|s=− 1

2

=χ(δv) |δv|
1
2

E ·
ε(0, χ−1, ψE)

ε(−1, ω, ψ) .

By the assumption, for all r ≥ m+ 1 we have
∫

̟−rO×

χ(y + θ)dy = χ(̟−r) ·
∫

O×

χ(y)dy = 0.
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Thus ∫

̟−mO
χ(y + θ)dy = lim−→

r

∫

̟−rO
χ(y + θ)dy =

∫

F

χ(y + 2−1δv)dy.

The lemma follows from the fact that

d′y = L(1, τE/F )
∣∣DE/F

∣∣ 12 · dy. �

Proposition 3.11. We have

1

L(12 , πE ⊗ χ)
· P (π(ς)Wχ,v , χ) =

∣∣∣̟cv(χ)
∣∣∣ |DE |

1
2

E χ(δvd
−1
F ) |δv|

1
2

E · ε(0, χ, ψE)

× L(1, τE/F )2 · n2
v,

where nv is given by

(3.21) nv :=
µ(̟) |̟|m/2 |DF |

1
4

ε(0, ω, ψ)
∈ Z

×
(p).

Proof. We first recall that if ξ : F× → C× is a character of conductor a(ξ),
then

ε(s, ξ, ψ) = ξ(c) |c|s− 1
2 ·


 ∑

a∈O×/(1+̟a(ξ)O)

ξ−1(u)ψ(u/c)


 (c = dF̟

a(ξ)).

By the equation ε(s, ξ, ψ)ε(1 − s, ξ−1, ψ) = ξ(−1) (cf. [Sch02, Eq.(7)]), we see

that ε(0, ξ, ψ) belongs to Z
×
(p) whenever v does not divide p and ξ takes values

in Z(p). This shows that nv is a p-adic unit by the discussion in §3.2.
We proceed to prove the toric integral. We have

W 0(d(a)) =ν|·| 12 (a)IO(a),

W 0(d(a)w) =µ|·| 12 (a)I̟−1O(a) ·
ω(dF )µ(̟

2)

ε(0, ω, ψ)

(cf. [Sch02, Eq.(50) and (51)]). A simple calculation shows that

m0(1) = 0, m0(w) =
ω(dF )µ(̟

2)

ε(0, ω, ψ) · (1− |̟|) · |DF |
1
2 .

It is not difficult to show that if v is ramified, then

Y0 =

∫

̟O
χ(y + θ)d′y = 0,

and that if m = cv(χ)− 1 > 0, then
∫

̟rO×

χ(y−1 + θ)d′y = 0 for 0 < r < m and
∫

O
χ(y + θ)d′y = 0.
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From the above equations, we find that

P ∗(π(ς)Rmv W 0, χ)

=Xm+1 ·m0(1) +

m∑

r=0

∫

̟rO×

χ(y−1 + θ)d′y · ω(̟−m)m0(d(̟2m−2r)w)

+ Y0 · ω(̟−m)m0(d(̟2m+ev−1)w)

=

∫

̟−mO
χ(y + θ)d′y · ω(̟−m)

∣∣̟2m
∣∣m0(w).

By Lemma 3.10, we obtain

P (π(ς)Rmv W 0, χ)

=P ∗(π(ς)Rmv W 0, χ) · ω(̟m)
L(1, τE/F )

ζF (1)

=
∣∣̟2m

∣∣χ(δv) |δv|
1
2

E |DE |
1
2

E |DF |
− 1

2
ε(0, χ−1, ψE)

ε(−1, ω, ψ) ·
µ(̟2)ω(dF )

ε(0, ω, ψ)(1− |̟|)

× L(1, τE/F )
2

ζF (1)

=
L(1, τE/F )

2µ(̟2) |DF |
1
2
∣∣̟2m+1

∣∣
ε(0, ω, ψ)2

· |DE |
1
2

E χ(δvd
−1
F ) |δv|

1
2

E ε(0, χ
−1, ψE).

The last equality follows from

ε(−1, ω, ψ) = |̟DF |−1 ε(0, ω, ψ).

From the above computation and that L(s, πE⊗χ) = 1, the proposition follows.
�

3.9. The global toric period integral. We return to the global situa-
tion. Let W (p)

χ,f be the prime-to-p Whittaker function given by

W
(p)
χ,f =

∏

v∈h, v∤p

Wχ,v ∈
⊗

v∈h,v∤p

W(πv, ψv).

Definition 3.12. Let Wχ,∞ :=
∏
σ∈ΣWkσ . Define the p-modified toric Whit-

taker function Wχ by

(3.22) Wχ =Wχ,∞ ·W (p)
χ,f ·

∏

v|p
W ♭
χ,v ∈ W(π, ψ).

Let u = (uv) ∈ (OF ⊗Z Zp)
× =

∏
vO×

Fv . The u-component Wχ,u of Wχ is
defined by

(3.23) Wχ,u =Wχ,∞ ·W (p)
χ,f ·

∏

v|p
Wχ,uv ,v.
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Recall that the automorphic form ϕW ∈ A(π) associated to W ∈ W(π, ψ) is
defined by

(3.24) ϕW (g) :=
∑

β∈F
W (

(
β

1

)
g).

Let ϕχ (resp. ϕχ,u) be the automorphic form associated to Wχ (resp. Wχ,u).
Let Up =

∏
v|p Uv be the torsion subgroup of (OF ⊗Z Zp)

×. It follows immedi-
ately from the definition (3.10) that

(3.25) ϕχ =
∑

u∈Up
ϕχ,u.

Choose a sufficiently small prime-to-p integral ideal n1 such that Wχ,v is invari-
ant by Uv(n1) for all v ∤ p. Let K =

∏
vKv ⊂ GL2(Af ) be an open compact

subgroup such that

(3.26) Kv = K0
v if v | p ; Kv ⊂ Uv(n1) if v ∤ p.

For each positive integer n, put

Kn
1 :=

{
g ∈ K | gv ≡

(
1 ∗
0 1

)
(mod pn) for all v|p

}
.

One can verify that Wχ and Wχ,u (and hence ϕχ and ϕχ,u) are invariant by
Kn

1 for sufficiently large n. The following lemma immediately follows from
Lemma 3.2,

Lemma 3.13. Let T =
∏′
v Tv ⊂ A×

K. Then ϕχ is a toric automorphic form in
the sense that for all t ∈ T , we have

π(ις(t))Ṽ
m
+ ϕχ =χ−1(t)Ṽ m+ ϕχ.

In addition, for all t ∈ Tf =
∏′
v∈h Tv, we have

π(ις(t))ϕχ,u =χ−1(t)ϕχ,u·t1−c ,

where u · t1−c := utΣpt
−1

Σp
∈ (OF ⊗Z Zp)

×.

Decompose c−χ = c−χ,1c
−
χ,2 such that (c−χ,1, n

−
r ) = 1 and c−χ,2 has the same support

with n−r . Define a constant C′
π(χ) by

(3.27)

C′
π(χ) :=2♯(A(χ))+3[F :Q] · NF/Q(c−χ )

−1ω(c−χ,1)ω(n
−
s )

−1

×
∏

v∤pr

ω(det ςv) ·
∏

w|F, v=ww
ε(
1

2
, πv ⊗ χw, ψv)χ−2

w (−dFv)

×
∏

v|n−
r

χv(−δvd−1
Fv ) |δv|

1
2

Kv ε(0, χ
−1
v , ψKv)
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Note that C′
π(χ) is actually a p-adic unit as p > 2 and (p,Fn−) = 1. We

introduce the normalization factor N(π, χ) given by

(3.28) N(π, χ) :=
∏

v∈B(χ)

L(1, τKv/Fv)nv.

We have the following central value formula of the toric integral Pχ(π(ς)Ṽ m+ ϕχ).

Theorem 3.14. We have

Pχ(π(ς)Ṽ
m
+ ϕχ)

2 =
ΓΣ(k +m)ΓΣ(m+ 1)

(4π)k+2m+1·Σ · eΣp(π, χ) · L(
1

2
, πK ⊗ χ)

× |DK|−
1
2

R · C′
π(χ)N(π, χ)2,

where eΣp(π, χ) is the p-adic multiplier given by

eΣp(π, χ) =
∏

w∈Σp,v=ww
ε(
1

2
, πv ⊗ χw, ψv)L(

1

2
, πv ⊗ χw)−2χ−2

w (dFv ).

Proof. Note that Ṽ m+ ϕχ is the automorphic form associated to the Whit-
taker function

Ṽ m+ Wχ = Ṽm+ Wχ,∞ ·W (p)
χ,f ·

∏

v|p
W ♭
χ,v.

Hence, by Proposition 2.1 we find that

Pχ(π(ς)Ṽ
m
+ ϕχ)

2

=
∏

σ∈Σ
P (π(ςσ)Ṽ

mσ
+ Wkσ , χσ)

∏

v|p

1

L(12 , πKv ⊗ χv)
·P (π(ςv)W

♭
χ,v, χv)

×
∏

v∈h,v∤p

1

L(12 , πKv ⊗ χv)
·P (π(ςv)Wχ,v, χv) · L(

1

2
, πK ⊗ χ).

Combining the local calculations of toric integrals of our Whittaker functions
(Proposition 3.3, Proposition 3.5, Proposition 3.8, Proposition 3.9 and Propo-
sition 3.11) yields the central value formula. �

Remark 3.15. Let ϕ0
χ be the automorphic form associated to the toric Whit-

taker function W 0
χ :=Wχ,∞ ·

∏
v∈hWχ,v. Then we obtain the following central

value formula:

Pχ(π(ς)Ṽ
m
+ ϕ0

χ)
2 = |DK|−

1
2

R

ΓΣ(k +m)ΓΣ(m+ 1)

(4π)k+2m+1·Σ ·L(1
2
, πK⊗χ)·C′

π(χ)N(π, χ)2.

3.10. Non-vanishing of the local Fourier coefficients. In order to
prove the non-vanishing of our toric form ϕχ later, we calculate its local Fourier
coefficients in this subsection. Define aχ,v : F× → C the local Fourier coeffi-
cient associated to Wχ,v by

aχ,v(a) =Wχ,v(d(a)).

To obtain the optimal p-integrality of ϕχ, we need the following normalization
of the aχ,v.

Documenta Mathematica 19 (2014) 709–767



Special Values of Anticyclotomic L-Functions 739

Definition 3.16 (Normalized local Fourier coefficients). Let

B(χ) = {v ∈ h | v is non-split with cv(χ) > 0} .
For v ∈ B(χ), let nv be defined as in (3.21) if v|n−r and nv = 1 if v ∤ n−r . Define
the normalized local Fourier coefficient a∗χ,v by

a∗χ,v := aχ,v ·





n−1
v L(1, τKv/Fv )

−1 if v ∈ B(χ),

1 if v ∈ A(χ),
ev otherwise.

Recall that ev = 1 if v is unramified and ev = 2 if v is ramified.

Let v ∤ p be a finite place. We shall show the normalized local Fourier coeffi-
cients a∗χ,v indeed take value in a finite extension of Zp and is not identically
zero modulo the maximal mp of Z induced by ιp : Q →֒ Cp. This is clear if v
is split in view of the definition of a∗χ,v = aχ,v in §3.6. The most difficult case
is when v is inert and π is ramified at v. We begin with some formulae of aχ,v.

Lemma 3.17. Suppose that cv(χ) = 0. Then

a∗χ,v(a) =

{
W 0
v (d(a)) if v ∤ n is unramified,

W 0
v (d(a)) +W 0

v (d(a̟))χ(̟Ev ) if v ∤ n is ramified.

If v | n, then v is ramified and

a∗χ,v(a) = µ|·| 12 (a)I̟−1O(a).

Proof. It is well-known that if π = π(µ, ν) is a unramified principal series,
then

W 0
v (d(a)) = IO(a) |a|

1
2 ·

∑

i+j=v(a), i,j≥0

µ(̟i)ν(̟j)

(cf. [Bum97, Thm. 4.6.5]). It follows from the definition of Wχ,v that Wχ,v =
W 0
v if v ∤ n is unramified and

Wχ,v(g) =
1

2
·W 0

v (g) +
1

2
·W 0

v (gd(̟))χ(̟E) if v ∤ n is ramified .

If v|n, then v ∈ A(χ). By (R1) v is ramified, and we find that

Wχ,v(g) =
1

2
·W 0

v (gd(̟)) +
1

2
·W 0

v (gw)ω(̟)χ(̟E).

The assertion follows from the formulas of W 0
v in Proposition 3.9. �

To treat the case v is non-split with cv(χ) > 0, i.e. v ∈ B(χ), we need to
introduce certain partial Gauss sums. For a non-split place v, write π = π(µ, ν)

with unramified µ and µν−1(̟) 6= |̟|−1 if π is unramified or special. Define
a character Ψπ,χ,v : E× → C× by

(3.29) Ψπ,χ,v(t) := µ(N(t)) · χ|·|
1
2

K(t).
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Recall that the partial Gauss sum Ãβ(Ψπ,χ,v) in [Hsi12, (4.17)] is defined by

Ãβ(Ψπ,χ,v) := lim
n→∞

∫

̟−nO
Ψ−1
π,χ,v(x+ θ)ψ(−d−1

F βx)dx · |DF |−
1
2 (β ∈ F×).

Lemma 3.18. Let v ∈ B(χ) be a non-split place with cv(χ) > 0. Then we have

ev
L(1, τE/F )

· aχ,v(a) =Ãa(Ψπ,χ,v) · ν|·|
1
2 (a)ν|·|

1
2 (̟m)

×





1 if v ∤ n−,
−1 if v | n−s ,
|̟m|χ(δv) |δv|

1
2

E
ε(0,χ−1,ψE)
ε(−1,ω,ψ) |DF |

− 1
2 if v | n−r .

Proof. It seems very difficult to deduce the above formula of aχ,v(a) by
a straightforward computation, so we shall prove the formula by identifying
the toric Whittaker function Wχ,v with the image of an explicit element in the
induced representation corresponding to πv via the Whittaker linear functional.
Recall the Whittaker linear functional Λ : I(µ, ν)→ C ([Bum97, (6.9), p.498])
is defined by

Λ(f) =

∫

F

f(

(
0 −1
1 x

)
)ψ(−x)dx := lim

n→∞

∫

̟−nO
f(

(
0 −1
1 x

)
)ψ(−x)dx.

Let ς = ςv =

(
dF

d−1
F

)
and m = mv(χ, π). Define Pχ,ςRmv ∈ EndC I(µ, ν)

by

Pχ,ςRmv f(g) = vol(E×/F×, dt)−1

∫

E×/F×

f(g

(
1

̟m

)
ις(t))dt.

By [Sch02, Lemma 2.2.1], there exists a local new vector section f0 ∈
I(µ, ν)K

0(̟) such that

W 0
v (g) = Λ(π(g)f0).

Put f0
χ := Pχ,ςRmv f0. Then

aχ,v(a) =Wχ,v(d(a)) = Λ(π(d(a))f0
χ).

We thus have

aχ,v(a) =ν|·|
1
2 (a)

∫

F

f0
χ(

(
0 −1
1 x

)
)ψ(−ax)dx

=f0
χ(

(
dF

d−1
F

)
) |DF |−1 · ν|·| 12 (a)

∫

F

Ψ−1
π,χ,v(x+ θ)ψ(−d−1

F ax)dx

=f0
χ(ς)

∗ · ν|·| 12 (a)Ãa(Ψπ,χ,v) · e−1
v |DE |

− 1
2

E ν|·|− 1
2 (̟m),

where f0
χ(ς)

∗ is the normalized value

f0
χ(ς)

∗ := ν−1|·| 12 (̟m)vE · f0
χ(ς) (vE = ev |DE |

1
2

E |DF |
− 1

2 ).
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To evaluate the value f0
χ(ς)

∗, we use the computation in (3.16) and obtain

f0
χ(ς)

∗ =

∫

O
χ(1 + yθ)f0(ς · R−m

v ις(1 + yθ)Rmv )d′y

+

∫

̟O
χ(y + θ)f0(ς · R−m

v ις(y + θ)Rmv ) |DE |−1
E d′y

=Xm+1 · f0(ς) +

m∑

r=0

∫

̟rO×

χ(1 + yθ)ω(̟−my)d′y · f0(ςd(̟2(m−r)))

+ Y0 · ω(̟−m)f0(ςd(̟2m+ev−1)).

To proceed, we need to use explicit formulas for f0 ([Sch02, Prop. 2.1.2]). Sup-
pose that π is a unramified principal series (v ∤ n−) or special representation
(v | n−s ). Then

f0
χ(ς)

∗ =Xm · f0(ς) +

m−1∑

r=0

(Xr −Xr+1) · ω(̟r−m) · f0(ςd(̟2(m−r)))

+ Y0 · ω(̟−m)f0(ςd(̟2m+ev−1)).

Let f sph be the unique K0
v -invariant function in I(µ, ν) with f sph(ς) =

L(1, µν−1) |DF |
1
2 . If π is an unramified principal series, then we can take

f0 = f sph ([Bum97, Prop. 4.6.8]), and following the computation of the case
cv(χ) > 0 in Proposition 3.8 we find that

f0
χ(ς)

∗ =Xm · (f0(ς)− ω(̟−1)f0(d(̟2)ς)) = Xm · (1− µν−1|·|(̟)) · f0(ς)

= |̟m| |DE |
1
2

E L(1, τE/F ).

If π is special, then

f0 = f sph − µ−1|·| 12 (̟)−1π(

(
1

̟

)
)f sph,

and following the computation of the case cv(χ) > 0 in Proposition 3.9 we find
that

f0
χ(ς)

∗ =Xm+1 · (f0(ς)− f0(ς ·w))

=Xm+1 · (− |̟|−1 + |̟|)f sph(ς)

=(−1) · |̟m| |DE |
1
2

E · L(1, τE/F ).

Finally, suppose that π is a ramified principal series with ramified ν (v | n−r ).
LetB(F ) be the group of upper triangular matrices in GL2(F ). Let f0 ∈ I(µ, ν)
be the function supported in B(F )wN(D−1

F ) such that

f0(ςwn) = |DF |
1
2 for every n ∈ N(D−1

F ).
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Then one checks easily that f0 does the job. Following the computation in
Proposition 3.11, we find that

f0
χ(ς)

∗

=ω(̟−m)
∣∣̟2m

∣∣ · χ(δv) |δv|
1
2

E

ε(0, χ−1, ψE)

ε(−1, ω, ψ) L(1, τE/F ) |DE |
1
2

E |DF |
−1 · f0(ς ·w)

= |̟m| · L(1, τE/F ) · ω−1|·|(̟m) · χ(δv)
ε(0, χ−1, ψE)

ε(−1, ω, ψ) |DE |
1
2

E |DF |
− 1

2 .

This completes the proof in all cases. �

To investigate the p-integrality of a∗χ,v, we define the local invariant µp(Ψπ,χ,v)
by

(3.30) µp(Ψπ,χ,v) := inf
x∈K×

v

vp(Ψπ,χ,v(x) − 1).

By [Hsi12, (4.17)], Ãβ(Ψπ,χ,v) is indeed an algebraic integer. Moreover, it is
proved in [Hsi12, Lemma 6.4] that

µp(Ψπ,χ,v) > 0 ⇐⇒ Ãβ(Ψπ,χ,v) ≡ 0 (mod mp) for all β ∈ F×.

Therefore, it follows from Lemma 3.18 that if v ∈ B(χ), then a∗χ,v takes values
in Zp and

a∗χ,v ≡ 0 (mod mp) ⇐⇒ µp(Ψπ,χ,v) > 0.

We summarize our discussion in the following proposition.

Proposition 3.19. Let O be the finite extension of OLπ generated by{
a∗χ,v(1)

}
v∈B(χ)

and the values of χ̂. Then we have

(1) the normalized local Fourier coefficient a∗χ,v takes values in O for every
finite place v ∤ p,

(2) if either v 6∈ B(χ) is unramified or v ∈ A(χ), then a∗χ,v(1) = 1,

(3) if v ∤ n is ramified with cv(χ) = 0, then a∗χ,v(̟
−1) = 1,

(4) if v ∈ B(χ), then µp(Ψπ,χ,v) = 0 if and only if there exists ηv ∈ F×

such that

a∗χ,v(ηv) 6≡ 0 (mod mp).

4. Review of Hilbert modular forms

In this section, we review some standard facts about Hilbert modular Shimura
varieties and Hilbert modular forms.

4.1. Let V = Fe1 ⊕ Fe2 be a two dimensional F -vector space and 〈 , 〉 :
V×V → F be the F -bilinear alternating pairing defined by 〈e1, e2〉 = 1. Let
L = OFe1 ⊕ D−1

F e2 be the standard OF -lattice in V , which is self-dual with

respect to 〈 , 〉. For g =

(
a b
c d

)
∈ M2(F), we define an involution g 7→ g′ :=

(
d −b
−c a

)
. We identify vectors in V with row vectors according to the basis
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e1, e2, so G(F) = GL2(F) has a natural right action on V . If g ∈ G(F), then
g′ = g−1 det g. Define a left action of G on V by g ∗ x := x · g′, x ∈ V .
Hereafter, we let K be an open compact subgroup of G(Af ) satisfying (3.26)
and the following conditions:
(neat)
K is contained in U(N ′) for some N ′ ≥ 3 and det(K) ∩O×

F ,+ ⊂ (K ∩O×
F )

2.

We also fix a prime-to-p positive integer N such that U(N) ⊂ K.

4.2. Kottwitz models. We recall Kottwitz models of Hilbert modular
Shimura varieties following the exposition in [Hid04b].

Definition 4.1 (S-quadruples). Let � be a finite set of rational primes not
dividing N and let U be an open compact subgroup of K0 such that U(N) ⊂ U .
LetWU = Z(�)[ζN ] with ζN = exp(2πiN ). Define the fibered category A(�)

U over
the category SCH/WU

of schemes over WU as follows. Let S be a locally
noetherian connected WU -scheme and let s be a geometric point of S. The
objects are abelian varieties with real multiplication (AVRM) over S of level
U , i.e. a S-quadruple (A, λ̄, ι, η(�))S consisting of the following data:

(1) A is an abelian scheme of dimension d over S.
(2) ι : OF →֒ EndS A⊗Z Z(�) .
(3) λ is a prime-to-� polarization of A over S and λ̄ is the OF ,(�),+-orbit

of λ. Namely

λ̄ = OF ,(�),+λ :=
{
λ′ ∈ Hom(A,At)⊗Z Z(�) | λ′ = λ ◦ a, a ∈ OF ,(�),+

}
.

(4) η(�) = η(�)U (�) is a π1(S, s)-invariant U (�)-orbit of the isomorphisms
of OF -modules η(�) : L⊗ZA

(�)
f

∼→ V (�)(As) := H1(As, Ẑ
(�))⊗ZA

(�)
f .

Here we define η(�)g for g ∈ G(A(�)
f ) by η(�)g(x) = η(�)(g ∗ x).

Furthermore, (A, λ̄, ι, η(�))S satisfies the following conditions:

• Let t denote the Rosati involution induced by λ on EndS A ⊗ Z(�) .
Then ι(b)t = ι(b), ∀ b ∈ OF .
• Let eλ be the Weil pairing induced by λ. Lifting the isomorphism
Z/NZ ≃ Z/NZ(1) induced by ζN to an isomorphism ζ : Ẑ ≃ Ẑ(1),
we can regard eλ as an F -alternating form eλ : V (�)(A) × V (�)(A)→
D−1

F ⊗ZA
(�)
f . Let eη denote the F -alternating form on V (�)(A) induced

by eη(x, x′) = 〈xη, x′η〉. Then

eλ = u · eη for some u ∈ A
(�)
f .

• As OF ⊗Z OS-modules, we have an isomorphism LieA ≃ OF ⊗Z OS
locally under the Zariski topology of S.

For two S-quadruples A = (A, λ̄, ι, η(�))S and A′ = (A′, λ′, ι′, η′(�))S , we define
morphisms by

HomA(�)
K

(A,A′) =
{
φ ∈ HomOF (A,A

′) | φ∗λ′ = λ̄, φ ◦ η′(�) = η(�)
}
.
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We say A ∼ A′ (resp. A ≃ A′) if there exists a prime-to-� isogeny (resp.
isomorphism) in HomA(�)

K

(A,A′).

We consider the cases when � = ∅ and {p}. When � = ∅ is the empty set and

U is an open compact subgroup in G(A
(�)
f ) = G(Af ), we define the functor

EU : SCH/WU
→ SETS by

EU (S) =
{
(A, λ̄, ι, η)S ∈ AK(S)

}
/ ∼ .

By the theory of Shimura-Deligne, EU is represented by ShU which is a quasi-
projective scheme over WU . We define the functor EU : SCH/WU

→ SETS
by

EU (S) =
{
(A, λ̄, ι, η) ∈ A(�)

U (S) | η(�)(L ⊗Z Ẑ) = H1(As, Ẑ)
}
/ ≃ .

By the discussion in [Hid04b, p.136], we have EK
∼→ EK under the hypothesis

(neat).
When � = {p} and U = K, we let W = WK = Z(p)[ζN ] and define functor

E(p)K : SCH/W → SETS by

E(p)K (S) =
{
(A, λ̄, ι, η(p))S ∈ A(p)

K(p)(S)
}
/ ∼ .

In [Kot92], Kottwitz shows E(p)K is representable by a quasi-projective scheme

Sh
(p)
K over W if K is neat. Similarly we define the functor E

(p)
K : SCH/W →

SETS by

E
(p)
K (S) =

{
(A, λ̄, ι, η(p)) ∈ A(p)

K (S) | η(p)(L ⊗Z Ẑ(p)) = H1(As, Ẑ
(p))
}
/ ≃ .

It is shown in [Hid04b, §4.2.1] that E
(p)
K

∼→ E(p)K .

Let c be a prime-to-pN ideal of OF and let c ∈ (A
(pN)
f )× such that c = ilF (c).

We say (A, λ, ι, η(p)) is c-polarized if λ ∈ λ̄ such that eλ = ueη, u ∈ cdet(K).
The isomorphism class [(A, λ, ι, η(p))] is independent of a choice of λ in λ under
the assumption (neat) (cf. [Hid04b, p.136]). We consider the functor

E
(p)
c,K(S) =

{
c-polarized S-quadruple [(A, λ, ι, η(p))S ] ∈ E

(p)
K (S)

}
.

Then E
(p)
c,K is represented by a geometrically irreducible scheme Sh(p)K (c)/W ,

and we have

(4.1) Sh
(p)
K /W =

⊔

[c]∈Cl+F (K)

Sh
(p)
K (c)/W ,

where Cl+F (K) is the narrow ray class group of F with level det(K).
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4.3. Igusa schemes. Let n be a positive integer. Define the functor I(p)K,n :
SCH/W → SETS by

S 7→ I(p)K,n(S) =
{
(A, λ̄, ι, η(p), j)S

}
/ ∼,

where (A, λ̄, ι, η(p))S is a S-quadruple, j is a level pn-structure, i.e. an OF -
group scheme morphism:

j : D−1
F ⊗Z µpn →֒ A[pn],

and ∼ means modulo prime-to-p isogeny. It is known that I(p)K,n is relatively

representable over E(p)K (cf. [HLS06, Lemma (2.1.6.4)]) and thus is represented
by a scheme IK,n.
Now we consider S-quintuples (A, λ, ι, η(p), j)S such that [(A, λ, ι, η(p))] ∈
E
(p)
c,K(S). Define the functor I(p)K,n(c) : SCH/W → SETS by

S 7→ I(p)K,n(c)(S) =
{
(A, λ, ι, η(p), j)S as above

}
/ ≃ .

Then I(p)K,n(c) is represented by a scheme IK,n(c) over Sh(p)K (c), and IK,n(c)

can be identified with a geometrically irreducible subscheme of IK,n ([DR80,
Thm. (4.5)]). For n ≥ n′ > 0, the natural morphism πn,n′ : IK,n(c) → IK,n′(c)

induced by the inclusion D−1
F ⊗µpn′ →֒ D−1

F ⊗µpn is finite étale. The forgetful

morphism π : IK,n(c) → Sh
(p)
K (c) defined by π : (A, j) 7→ A is étale for all

n > 0. Hence IK,n(c) is smooth over SpecW . We write IK(c) for lim←−n IK,n(c).

4.4. Complex uniformization. We describe the complex points ShU (C) for
U ⊂ G(Af ). Put

X+ =
{
τ = (τσ)σ∈Σ ∈ CΣ | Im τσ > 0 for all σ ∈ Σ

}
.

The action of g = (gσ)σ∈Σ ∈ G(F ⊗Q R) with gσ =

(
aσ bσ
cσ dσ

)
and det gσ > 0

on X+ is given by τ = (τσ) 7→ gτ =
(
aστσ+bσ
cστσ+dσ

)
. Let F+ be the set of totally

positive elements in F and let G(F)+ = {g ∈ G(F) | det g ∈ F+}. Define the
complex Hilbert modular Shimura variety by

M(X+, U) := G(F)+\X+×G(Af )/U.

It is well known that M(X+,K)
∼→ ShU (C) by the theory of abelian varieties

over C (cf. [Hid04b, § 4.2]). Now we define this isomorphism explicitly.
For τ = (τσ)σ∈Σ ∈ X+, we let pτ be the isomorphism V ⊗Q R

∼→ CΣ defined
by pτ (ae1 + be2) = aτ + b with a, b ∈ F ⊗Q R = RΣ . We can associate a
AVRM to (τ, g) ∈ X+×G(Af ) as follows.

• The complex abelian variety Ag(τ) = CΣ/pτ (g ∗ L).
• The F+-orbit of polarization 〈 , 〉can on Ag(τ) is given by the Riemann

form 〈 , 〉can := 〈 , 〉 ◦ p−1
τ .
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• The ιC : O →֒ EndAg(τ) ⊗Z Q is induced from the pull back of the
natural F -action on V via pτ .
• The level structure ηg : L⊗Z Af

∼→ (g ∗ L)⊗Z Af = H1(Ag(τ),Af ) is
defined by ηg(v) = g ∗ v.

Let Ag(τ) denote the C-quadruple (Ag(τ), 〈 , 〉can, ιC,Kηg). Then the map

[(τ, g)] 7→ [Ag(τ)] gives rise to an isomorphism M(X+, U)
∼→ ShU (C).

For a positive integer n, the exponential map gives the isomorphism exp(2πi−) :
p−nZ/Z ≃ µpn and thus induces a level pn-structure j(gp):

j(gp) : D−1
F ⊗Z µpn

∼→ D−1
F e2 ⊗Z p

−nZ/Z →֒ L ⊗Z p
−nZ/Z

g∗
∼→ Ag(τ)[p

n].

Put

Kn
1 :=

{
g ∈ K | gp ≡

(
1 ∗
0 1

)
(mod pn)

}
.

We have a non-canonical isomorphism:

M(X+,Kn
1 )

∼→ IK,n(C)

[(τ, g)] 7→ [(Ag(τ), 〈 , 〉can, ιC, η(p)g , j(gp))].

Let z = {zσ}σ∈Σ be the standard complex coordinates of CΣ and dz =
{dzσ}σ∈Σ . Then OF -action on dz is given by ιC(α)∗dzσ = σ(α)dzσ , σ ∈ Σ ≃
Hom(F ,C). Let z = zid be the coordinate corresponding to ι∞ : F →֒ Q →֒ C.
Then

(4.2) (OF ⊗Z C)dz = H0(Ag(τ),ΩAg(τ)/C).

4.5. Hilbert modular forms. Let k =
∑
σ kσσ ∈ Z≥1[Σ] such that

kσ1 ≡ kσ2 ≡ · · · ≡ kσd (mod 2) for all σ1, . . . , σd ∈ Σ.

For τ = (τσ)σ∈Σ ∈ X+ and g = (

(
aσ bσ
cσ dσ

)
)σ∈Σ ∈ G(F ⊗Q R), we put

J(g, τ)k =
∏

σ∈Σ
(cστσ + dσ)

kσ .

Definition 4.2. Let kmx = maxσ∈Σ kσ. Denote by Mk(K
n
1 ,C) the space

of holomorphic Hilbert modular forms of weight k and level Kn
1 . Each f ∈

Mk(K
n
1 ,C) is a C-valued function f : X+×G(Af )→ C such that the function

f(−, gf ) : X+ → C is holomorphic for each gf ∈ G(Af ), and for u ∈ Kn
1 and

α ∈ G(F)+,

f(α(τ, gf )u) = (detα)−
kmxΣ+k

2 J(α, τ)k · f(τ, gf ).
Here detα is considered to be the element (σ(detα))σ∈Σ in (C×)Σ .

For every f ∈Mk(K
n
1 ,C),we have the Fourier expansion

f(τ, gf ) =
∑

β∈F+∪{0}
Wβ(f , gf )e

2πiTrF/Q(βτ).
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For a semi-group L in F , let L+ = F+ ∩L and L≥0 = L+ ∪ {0}. If B is a ring,
we denote by BJLK the set of all formal series

∑

β∈L
aβq

β , aβ ∈ B.

Let a, b ∈ (A
(pN)
f )× and let a = ilF (a) and b = ilF (b). The q-expansion of f at

the cusp (a, b) is given by

(4.3) f |(a,b)(q) =
∑

β∈(N−1ab)≥0

Wβ(f ,

(
a−1 0
0 b

)
)qβ ∈ CJ(N−1ab)≥0K.

If B is aW-algebra in C, let Mk(c,K
n
1 , B) be the space consisting of functions

f ∈Mk(K
n
1 ,C) such that

f |(a,b)(q) ∈ BJ(N−1ab)≥0K for all (a, b) such that ab−1 = c.

4.5.1. Tate objects. Let S be a set of d linearly Q-independent elements
in Hom(F ,Q) such that l(F+) > 0 for l ∈ S . If L is a lattice in F
and n a positive integer, let LS ,n = {x ∈ L | l(x) > −n for all l ∈ S } and
put B((L;S )) = lim

n→∞
BJLS ,nK. To a pair (a, b) of two prime-to-pN frac-

tional ideals, we can attach the Tate AVRM Tatea,b(q) = a∗ ⊗Z Gm/qb over
Z((ab;S )) with O-action ιcan acting on a∗, where a∗ := a−1D−1

F . As de-
scribed in [Kat78], Tatea,b(q) has a canonical ab−1-polarization λcan and also
carries a canonical OF ⊗Z((ab;S ))-generator ωcan of ΩTatea,b induced by the
isomorphism Lie(Tatea,b(q)/Z((ab;S ))) = a∗ ⊗Z Lie(Gm) ≃ a∗ ⊗ Z((ab;S )).
Since a is prime to p, the natural inclusion a∗ ⊗Z µpn →֒ a∗ ⊗Z Gm induces
a canonical level pn-structure ηp,can : D−1

F ⊗Z µpn = a∗ ⊗Z µpn →֒ Tatea,b(q).

Let La,b = L ·
(
b

a−1

)
= be1 ⊕ a∗e2. Then we have a level N -structure

η
(p)
can : N−1La,b/La,b ∼→ Tatea,b(q)[N ] over Z[ζN ]((N−1ab;S )) induced by

the fixed primitive N -th root of unity ζN . We write Tatea,b for the Tate

Z((ab;S ))-quadruple (Tatea,b(q), λcan, ιcan, η
(p)
can, ηp,can) at (a, b).

4.5.2. Geometric modular forms. We collect here definitions and basic facts
of geometric modular forms. The whole theory can be found in [Kat78] and
[Hid04b]. Let T be the algebraic torus overW defined by T (R) = (OF ⊗ZR)

×

for every W-algebra R. Let k ∈ Hom(T,Gm/W). Let B be a W-algebra. For
a B-algebra C, we consider a triple (A, j,ω) over C, consisting of [(A, j)] =
[(A, λ, ι, η(p), j)] ∈ IK,n(c)(C) (resp. [(A, j)] = [(A, λ̄, ι, η(p), j)] ∈ IK,n(C))
AVRM with level structures and an 1-form ω generating H0(A,ΩA/C) over
OF ⊗ZC. A geometric modular form f of weight k on IK,n(c) (resp. IK,n) over
B is a rule of assigning to every triple (A, j,ω) over C a value f(A, j,ω) ∈ C
satisfying the following axioms.

(G1) f(A, j,ω) = f(A′, j′,ω′) ∈ C if (A, j,ω) ≃ (A′, j′,ω′) over C,
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(G2) For a B-algebra homomorphism ϕ : C → C′, we have

f((A, j,ω)⊗C C′) = ϕ(f(A, j,ω)),

(G3) f((A, j, aω) = k(a−1)f(A, j,ω) for all a ∈ T (C) = (OF ⊗Z C)
×,

(G4) f(Tatea,b,ωcan) ∈ BJ(N−1ab)≥0K at all cusps (a, b) in IK,n(c) (resp.
IK,n).

For each k ∈ Z[Σ], we regard k ∈ Hom(T,Gm/W) as the character x 7→ xk, x ∈
(OF ⊗Z W)×. We denote by Mk(c,K

n
1 , B) (resp. Mk(K

n
1 , B)) the space of

geometric modular forms over B of weight k on IK,n(c) (resp. IK,n). For
f ∈Mk(K

n
1 , B), we write f |c ∈Mk(c,K

n
1 , B) for the restriction f |IK,n(c).

For each f ∈Mk(K
n
1 ,C), we regard f as a holomorphic Hilbert modular form

of weight k and level Kn
1 by

f(τ, gf) = f(Ag(τ), 〈 , 〉can, ιC, ηg, 2πidz),
where dz is the differential form in (4.2). By GAGA this gives rise to an
isomorphism Mk(K

n
1 ,C)

∼→ Mk(K
n
1 ,C) and Mk(c,K

n
1 ,C)

∼→ Mk(c,K
n
1 ,C).

Moreover, as discussed in [Kat78, §1.7], we have the following important iden-
tity which bridges holomorphic modular forms and geometric modular forms

f |(a,b)(q) = f(Tate(a,b),ωcan) ∈ CJ(N−1ab)≥0K.

By the q-expansion principle, if B is W-algebra in C and f ∈Mk(c,K
n
1 , B) =

Mk(c,K
n
1 ,C), then f |c ∈ Mk(c,K

n
1 , B).

4.5.3. p-adic modular forms. Let B be a p-adic W-algebra in Cp. Let
V (c,K,B) be the space of Katz p-adic modular forms over B defined by

V (c,K,B) := lim←−
m

lim−→
n

H0(IK,n(c)/B/pmB,OIK,n).

In other words, Katz p-adic modular forms consist of formal functions on the
Igusa tower.
Let C be a B/pmB-algebra. For each C-point [(A, j)] = [(A, λ, ι, η(p), j] ∈
IK(c)(C) = lim←−n IK,n(c)(C), the p∞-level structure j induces an isomorphism

j∗ : D−1
F ⊗ZC ≃ LieA which in turn gives rise to a generator ω(j) of H0(A,ΩA)

as a OF ⊗Z C-module. Then we have a natural injection

(4.4)
Mk(c,K

n
1 , B) →֒ V (c,K,B)

f 7→ f̂(A, j) := f(A, j,ω(j))

which preserves the q-expansions in the sense that f̂ |(a,b)(q) := f̂(Tatea,b) =

f |(a,b)(q). We call f̂ the p-adic avatar of f .

4.6. CM points. Recall that we have fixed ϑ ∈ K in §3.4 satisfying (d1-3) and
the associated embedding ι : K →֒ M2(F) in (2.1). The map pϑ : V ⊗Q R ≃
CΣ , ae1 + be2 7→ aϑ+ b yields an isomorphism pϑ : V ≃ K satisfying

pϑ(x)α = pϑ(xι(α)) for x ∈ V, α ∈ K.
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Let ς =
∏
v ςv ∈ G(A), where ςv ∈ Gv for each place v is defined in (3.3). Let

ςf ∈ G(Af ) be the finite part of ς . According to our choices of ςv, we have

ςf ∗ (L ⊗Z Ẑ) = (L ⊗Z Ẑ) · ς ′f = p−1
ϑ (OK ⊗Z Ẑ).

Define x : A×
K → X+×G(Af ) by

a = (a∞, af ) 7→ x(a) := (ϑΣ , ι(af )ςf ).

Let a ∈ (A
(pN)
K,f )× and let

(A(a), j(a))/C = (Aι(a)ςf (ϑΣ), 〈 , 〉can, ιcan, η(p)(a), j(a))
be the C-quintuple associated to x(a) as in §4.4. The alternating pairing 〈 , 〉 :
K×K :→ F defined by 〈x, y〉 = (xy − xy)/(ϑ − ϑ) induces an isomorphism
OK∧OFOK = c(OK)−1D−1

F for the fractional ideal c(OK) = D−1
F ((ϑ−ϑ)D−1

K/F).
The hypothesis (d2) on ϑ implies that

c(OK) is prime to pcχnDK/F .

Note that c(OK) descends to a fractional ideal of OF and that c(OK) is the
polarization of x(1) = (A(1), j(1)). In addition, x(a) = (A(a), j(a))/C is an
abelian variety with CM by OK with the polarization ideal of x(a) given by

c(a) := c(OK)N(a)
−1 (a = ilK(a)).

It thus gives rise to a complex point [x(a)] in IK(c(a))(C). Let Wp be the
p-adic completion of the maximal unramified extension of Zp in Cp. The
general theory of CM abelian varieties ([Shi98]) combined with the criterion
of Serre and Tate ([ST68]) imply that [x(a)] indeed descends to a point in
IK(c(a))(Wp) →֒ IK(Wp), which is still denoted by x(a). The collection
{[x(a)]}

a∈(A
(pN)
K,f )×

⊂ IK(Wp) are called CM points in the Hilbert modular

Shimura varieties.

5. Anticyclotomic Rankin-Selberg p-adic L-functions

5.1. Toric forms.

Definition 5.1 (Toric forms). We define the complex Hilbert modular form
fχ : X+×G(Af )→ C associated to ϕχ by

(5.1)
fχ(τ, gf ) =ϕχ(g) · J(g∞, i)k(det g∞)−

kmxΣ+k
2 |det g|kmx/2A ,

(i = (
√
−1)σ∈Σ , g = (g∞, gf), g∞i = τ, det g∞ > 0).

Here det g∞ = (det gσ)σ∈Σ ∈ (R×)Σ and det g∞ > 0 means det gσ > 0 for all
σ ∈ Σ.
Let f∗χ be the normalization of fχ given by

f∗χ = N(π, χ)−1 |det ςf |−kmx/2Af
· fχ.
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Let δmk be the Maass-Shimura differential operator (cf. [HT93, (1.21)]). Then
the normalized differential operator Ṽ m+ defined in (3.7) is the representation
theoretic avatar of δmk in the following sense:

δmk fχ(τ, gf ) = (Ṽ m+ ϕχ)(g∞, gf)J(g∞, i)
k+2m(det g∞)−

kmxΣ+k+2m
2 |det g|kmx/2A

(cf. [Hsi12, §4.5]). We call δmk f∗χ the normalized toric form of character χ
associated with the Hilbert modular form f .

Similarly, for each u ∈ (OF ⊗Z Zp)
×, we let f∗χ,u be the normalized modular

form associated to the u-component ϕχ,u (cf. Wχ,u in (3.23)). It is clear from
(3.25) that

(5.2) f∗χ =
∑

u∈Up
f∗χ,u.

Let Kn
1 be the open compact subgroup defined in (3.26). Then f∗χ and{

f∗χ,u
}
u∈Up belong to Mk(K

n
1 ,C) for sufficiently large n.

For a ∈ (A
(p)
K,f )

××(OK ⊗ Zp)
×, we consider the Hecke action |[a] given by

|[a] : Mk(c(a),K
n
1 ,C)→Mk(c, aK

n
1 ,C) (aK

n
1 := ις(a)K

n
1 ις(a

−1)),

f 7→ f |[a](τ, gf ) := f(τ, gf ις(a)).

The Hecke action |[a] can be extended to the spaces of p-integral modular forms
(cf. [Hsi14b, §2.6]). It follows from Lemma 3.13 immediately that

(5.3) f∗χ,u|[a] = χ−1|·|kmx/2AK
(a) · f∗χ,u.a1−c for all a ∈ Tf (u.a1−c := uaΣpa

−1

Σp
).

5.2. The toric period integral. Next we consider the toric period integral
of f∗χ. Let UK = (K ⊗Q R)××(OK ⊗Z Ẑ)× be a subgroup of A×

K and let
Cl− = K×A×\A×

K/UK. Let R be the subgroup of A×
K generated by K×

v for all
ramified places v and let Clalg− be the subgroup of Cl− generated by the image
of R By Lemma 3.13 and the fact that T = A×UKR, we have

(5.4) Pχ(π(ς)Ṽ
m
+ ϕχ) = vol(UK, dt)♯(Cl

alg
− ) ·

∑

[t]∈Cl−/Clalg−

Ṽ m+ ϕχ(ι(t)ς)χ(t).

Let D1 be a set of representatives of Cl−/Cl
alg
− in (A

(pN)
K,f )×. We define the

χ-isotypic toric period by

Pχ(δ
m
k f∗χ) :=

∑

a∈D1

δmk f∗χ(x(a))χ|·|−kmx/2AK
(a).

Proposition 5.2. Let DK/F be the discriminant of K/F . We have

Pχ(δ
m
k f∗χ)

2 =
ΓΣ(k +m)ΓΣ(m+ 1)

(Imϑ)k+2m(4π)2m+k+1
· L(1

2
, πK ⊗ χ) · eΣp(π, χ)

× [O×
K : O×

F ]
2 · Cπ(χ),
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where

Cπ(χ) = C′
π(χ) · 4−[F :Q]

∣∣NF/Q(DK/F)
∣∣ 12
R

(
♯(Cl−)hF

♯(Clalg− )hK

)2

∈ Z
×
(p)

and C′
π(χ) is defined in (3.27).

Proof. We first note that the ratio ♯(Cl−)hF

♯(Clalg− )hK
is a power of 2, so the constant

Cπ(χ) is a p-adic unit. By definition, we have

fχ(x(a)) = ϕχ(ι(af )ς)(Imϑ)−k/2 · |N(a) det ςf |kmx/2A
.

By (5.4), we find that

vol(UE , d
×t)♯(Clalg− ) · Pχ(δmk f∗χ) =

1

N(π, χ) · (Im ϑ)k/2+m
· Pχ(π(ς)Ṽ m+ ϕχ).

From the well-known formula

2L(1, τK/F) = (2π)[F :Q] · hK/hF

|DK|
1
2

R |DF |−
1
2

R · [O×
K : O×

F ]
,

we see that

vol(UK, dt) =vol(K×A×\A×
K, dt) · ♯(Cl−)−1

=2π−[F :Q]L(1, τK/F) · ♯(Cl−)−1 =
2[F :Q] |DF |

1
2

R

|DK|
1
2

R [O×
K : O×

F ]
· hK
hF♯(Cl−)

.

The proposition follows form Theorem 3.14 immediately. �

5.3. The Fourier expansion of f∗χ,u. Let u = (uv) ∈ Up. We give an
expression of the Fourier expansion of f∗χ,u. Let Wχ,u,f be the finite part of
Wχ,u. By the definition of fχ,u, we have
(5.5)

fχ,u(τ, gf ) =
∑

β∈F
Wχ,u,f (

(
β

1

)
gf )Wχ,∞(

(
β

1

)(
y∞ x∞
0 1

)
) · y−k/2∞

=
∑

β∈F+

Wχ,u,f (

(
β

1

)
gf )β

k/2e2πiTrF/Q(βτ).

(τ = x∞ + iy∞ = (xσ + iyσ)σ∈Σ ∈ X+)

The second equality follows from the choice of Whittaker functions at the
archimedean places (3.6).
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We define the global prime-to-p Fourier coefficient a
(p)
χ : (A

(p)
f )× → C by

(5.6)

a(p)χ (a) :=N(π, χ)−1 ·W (p)
χ,f (

(
a

1

)
) (a = (av) ∈ A×

f )

=
∏

v∈B(χ)

1

nvL(1, τKv/Fv)
Wχ,v(

(
av

1

)
)

∏

v 6∈B(χ),v∤p

Wχ,v(

(
av

1

)
)

=
∏

v∈h,v∤p

a∗χ,v(av).

Here a∗χ,v are the normalized local Fourier coefficients defined in Definition 3.16.

Proposition 5.3. Let c be a prime-to-p ideal of F and let c ∈ (A
(p)
K,f )

× such

that ilF (c) = c. Then the Fourier expansion of f∗χ,u at the cusp (OF , c) is given
by

f∗χ,u|(OF ,c)(q) =
∑

β∈(N−1c)+

aβ(f
∗
χ,u, c)q

β ,

where

aβ(f
∗
χ,u, c) = βk/2a(p)χ (βc−1)

∏

w∈Σp,v|w
χw(β

−1)Iuv(1+̟vOFv )
(β).

In particular, f∗χ,u ∈Mk(K
n
1 ,O) by Proposition 3.19, and the Fourier expansion

of f∗χ at the cusp (OF , c) is given by

f∗χ|(OF ,c)(q) =
∑

β∈(N−1c)+

aβ(f
∗
χ, c)q

β ,

where
aβ(f

∗
χ, c) = βk/2a(p)χ (βc−1)

∏

w∈Σp
χw(β

−1) · IO×
F,(p)

(β).

Proof. It follows from the definition of Wχ,u that

Wχ,u,f (

(
βc−1

1

)
) =W

(p)
χ,f (

(
βc−1

1

)
) ·
∏

v|p
Wχ,uv ,v(

(
β

1

)
)

=W
(p)
χ,f (

(
βc−1

1

)
) ·

∏

w∈Σp,v|w
χ−1
w (av)Iuv(1+̟vOFv )

(β).

The proposition follows from (5.5) immediately. The Fourier expansion of f∗χ
follows from (5.2). �

5.4. p-adic L-functions. Now we resume the setting in the introduction.
Let K−

p∞ be the maximal anticyclotomic Z
[F :Q]
p -extension of K and let Γ− =

Gal(K−
p∞/K). Let C(Γ−) = C(Γ−,Zp) be the space of continuous functions

ϕ : Γ− → Zp. The reciprocity law recK at Σp induces a morphism

recΣp : (F ⊗Q Qp)
× ≃

∏

w∈Σp
K×
w

recK−→ Γ−.
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Let Xcrit
p be the set of critical specializations, consisting of p-adic characters

φ̂ : Γ− → C×
p such that for some m ∈ Z≥0[Σ],

φ̂(recΣp(x)) = xm for all x ∈ (OF ⊗ Zp)
× sufficiently close to 1.

Let φ be an anticyclotomic Hecke character of p-power conductor and of infinity
type (m,−m) with m ∈ Z≥0[Σ]. Then φ is unramified outside p and φ|A× = 1.
The p-adic avatar φ̂ of φ belongs to Xcrit

p . To be precise, let φΣp :=
∏
w∈Σp φw.

Then we have

(5.7) φ̂(recΣp(x)) = φΣp(x)x
m for every x ∈ (F ⊗Q Qp)

×.

Hereafter, we let λ be a Hecke character of K× and assume that Hypothesis A
and (sf) hold for (π, λ). Note that Hypothesis A and (sf) also hold for (π, λφ).
We will apply our calculations in §3 to the pair (π, χ) = (π, λφ).

Lemma 5.4. Let φ be as above. Then

(1) a
(p)
λφ = a

(p)
λ .

(2) C′
π(λφ) = C′

π(λ)φ(F).

Proof. If v ∤ p is split, we have remarked that Wχvφ
−1
v ,v = Wχv ,v. If v is

inert or ramified, then φv = 1 as φv is unramified and p > 2. Therefore, we have
W

(p)
χφ,f = W

(p)
χ,f . Part (1) follows from the definition of a(p)λφ (5.6) immediately.

Next, recall that we have defined C′
π(χ) for a Hecke character χ in (3.27).

Since φ is anticyclotomic and unramified outside p, part (2) follows from the
fact [Sch02, Eq.(11)]

ε(
1

2
, πv ⊗ λwφw, ψv) = ε(

1

2
, πv ⊗ λw, ψ)φw(D2

FF) (v = ww, w|F). �

Let Op := OF ⊗Z Zp and let Γ′ := recΣp(1 + pOp) be an open subgroup of
Γ−. Let {θ(σ)}σ∈Σ be the Dwork-Katz p-adic differential operators ([Kat78,
Cor. (2.6.25)]) and let θm :=

∏
σ∈Σ θ(σ)

mσ .

Proposition 5.5. There exists a unique p-adic distribution Fλ,c : C(Γ−) →
V (c,K,Zp) such that

(i) Fλ,c is supported in Γ′,

(ii) for every φ̂ ∈ Xcrit
p of weight (m,−m), we have

Fλ,c(φ̂) = θmf̂∗λφ,c.

Proof. We denote by Fλ,c(q) the p-adic measure with values in the space
of formal q-expansions such that for every ϕ ∈ C(Γ−),

Fλ,c(q)(ϕ) =
∑

β∈(N−1c)+

aβ(f
∗
λ , c)ϕ(recΣp(β))q

β .

Note that aβ(f
∗
λ , c) = 0 unless β ∈ O×

F ,(p), and thus Fλ,c has support in Γ′ by
definition.
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Let φ̂ be the p-adic avatar of a Hecke character φ of infinity type (m,−m). By
[Kat78, (2.6.27)] (cf. [HT93, §1.7 p.205]), the q-expansion of θmf̂∗λφ is given by

θmf̂∗λφ|(OF ,c)(q) =
∑

β∈(N−1c)+

aβ(f
∗
λφ, c)φΣp(β)β

mqβ .

Therefore, by Lemma 5.4 and (5.7) we find that

(5.8) Fλ,c(q)(φ̂) = θmf̂∗λφ,c(q).

By the q-expansion principle, this measure descends to the p-adic measure Fλ,c

with values in the space of p-adic modular forms V (c,K,Zp). �

We are ready to define the p-adic L-function.

Definition 5.6. For a ∈ A×
K, define |[a] ∈ End(C(Γ−)) by ϕ 7→ ϕ|[a](σ) :=

ϕ(σ recK(a)|Γ−). Fix a square root
√
Cπ(λ) ∈ Z

×
p of the constant Cπ(λ) and

let λ̃ = λ · |·|−kmx/2AK
. We define the p-adic integral distribution LΣp(π, λ) :

C(Γ−)→ Zp by

(5.9) LΣp(π, λ)(ϕ) =
1√
Cπ(λ)

·
∑

a∈D1

λ̃(a) ·
(
Fλ,c(a)(ϕ|[a])

)
(x(a)).

We will still denote by LΣp(π, λ) ∈ ZpJΓ
−K the corresponding power series.

We give the evaluation formula of LΣp(π, λ) at critical specializations. Let

(Ω∞,Ωp) ∈ (C×)Σ×(Z×
p )

Σ be the complex and p-adic CM periods of (K, Σ)
introduced in [HT93, (4.4 a,b) p.211] (cf. (Ω, c) in [Kat78, (5.1.46), (5.1.48)])
and let ΩK = (2πi)−1Ω∞. For each Hecke character χ of infinity type (m,−m),
we define the algebraic L-value by

(5.10) Lalg(
1

2
, πK ⊗ χ) :=

ΓΣ(m)ΓΣ(k +m)

(Imϑ)k+2m(4π)k+2m+1·Σ ·
L(12 , πK ⊗ χ)
Ω

2(k+2m)
K

∈ Q.

The algebraicity of this L-value is due to Shimura [Shi78].

Theorem 5.7. Suppose that Hypothesis A and (sf) hold. Then for each

p-adic character φ̂ ∈ Xcrit
p of weight (m,−m), we have the evaluation formula

(
LΣp(π, λ)(φ̂)

Ωk+2m
p

)2

=[O×
K : O×

F ]
2 · eΣp(π, λφ)Lalg(

1

2
, πK ⊗ λφ) · φ−1(F).

Proof. It follows from [Kat78, (2.4.6), (2.6.8), (2.6.33)] that

1

Ωk+2m
p

θmf̂∗λφ(x(a)) =
1

Ωk+2m
K

δmk f∗λφ(x(a)).
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We thus have
1

Ωk+2m
p

·LΣp(π, λ)(φ̂) =
√
Cπ(λ)

−1 ∑

a∈D1

λ̃φ(a) · 1

Ωk+2m
p

θmf̂∗λφ(x(a))

=
1

Ωk+2m
K ·

√
Cπ(λ)

· Pλφ(δmk f∗λφ).

Combined with Proposition 5.2 and Lemma 5.4 (2), the above equation yields
the proposition. �

6. The µ-invariant of p-adic L-functions

In this section, we use the explicit computation of Fourier coefficients of{
f∗λ,u

}
u∈Up

to study the µ-invariant of the p-adic L-function LΣp(π, λ) by the

approach of Hida [Hid10b].

6.1. The t-expansion of p-adic modular forms. We begin with a brief
review of the t-expansion of p-adic modular forms. A functorial point in IK(c)

can be written as [(A, j)] = [(A, λ, ι, η(p), j)]. Enlarging Wp if necessary, we
let Wp be the p-adic ring generated by the values of λ on finite ideles over the
Witt ring W (F̄p). Let mWp be the maximal ideal ofWp and fix an isomorphism

Wp/mWp

∼→ F̄p. Let T := O∗
F⊗Zµp∞ and let T̂ = O∗

F⊗Z Ĝm/Wp
be the formal

completion. Let {ξ1, . . . , ξd} be a basis of OF over Z and let t be the character
1 ∈ OF = X∗(O∗

F ⊗Z Gm) = Hom(O∗
F ⊗Z Gm,Gm). Then

OT̂
∼→WpJS1, . . . , SdK (Si = tξi − 1).

Let x := x(1)/Wp
∈ IK(c)(Wp) be the CM point introduced in §4.6and let

x0 = x ⊗Wp F̄p = (A0, j0) ∈ IK(c)(F̄p) be the reduction. The theory of Serre-

Tate coordinates ([Kat81]) tells us the deformation space Ŝx0 of x0 is isomorphic
to the formal torus T̂ , and the p∞-level structure j0 of A0 induces a canonical
isomorphism ϕx0 : T̂/W

∼→ Ŝx0 = Spf ÔIK(c),x0
(cf. [Hid10b, (3.15)]). We will

regard the character t on T̂ as a function on Ŝx0 via ϕx0 . Then x is the canonical
lifting of x0, i.e. t(x) = 1. For f ∈ V (c,K,Wp), we define

f(t) := ϕ∗
x0
(f) ∈ OT̂ =WpJS1, . . . , SdK.

The formal power series f(t) is called the t-expansion around x0 of f .

6.2. The vanishing of the µ-invariant. Let π− : (A
(pN)
K,f )× → Γ− be the

natural map induced by the reciprocity law. Let Z ′ = π−1
− (Γ′) be a subgroup

of (A
(pN)
K,f )× and let Cl′− ⊃ Clalg− be the image of Z ′ in Cl−. Let D′

1 (resp.

D′′
1 ) be a set of representative of Cl′−/Cl

alg
− (resp. Cl−/Cl′−) in (A

(pN)
K,f )×.

Let D1 := D′
1D′′

1 be a set of representative of Cl−/Cl
alg
− . Recall that Up is

the torsion subgroup of O×
p . Let U be the torsion subgroup of K× and let

Ualg = (K×)1−c ∩O×
K be a subgroup of U . We regard Ualg as a subgroup of Op
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by the imbedding induced by Σp. Let D0 be a set of representatives of Up/Ualg

in Up.
Let c := c(OK) be the polarization ideal of the chosen CM point x(1). The
following theorem reduces the calculation of the µ-invariant µ−

π,λ,Σ to the de-
termination of p-adic valuation of the q-expansion of f∗λ,u.

Theorem 6.1. Suppose that p is unramified in F . Then

µ−
π,λ,Σ = inf

(a,u)∈D1×D0

β∈F+

vp(aβ(f
∗
λ,u, c(a))).

Proof. For every pair (u, a) ∈ Up×D1, we let f∗u,a := f∗λ,u|c(a) ∈
Mk(c(a),K,O). Let Fu,a be the p-adic avatar of f∗u,a. Fix a sufficient large
finite extension L over Qp so that χ and f∗u,a|[a] are defined over OL for all
(u, a), and hence Fu,a|[a] ∈ V (c,OL). For each z ∈ Z ′, let 〈z〉 be the unique
element in 1 + pOp such that recΣp(〈z〉) = π−(z) ∈ Γ−. For (a, b) ∈ D1×D′′

1 ,
we define

F̃a(t) =
∑

u∈Up
Fu,a(t

u−1

),

F
b(t) =

∑

a∈bD1

λ̃(ab−1)F̃a|[a](t〈ab
−1〉).

Let L b
Σ(π, λ) be the p-adic measure on 1+pOp ≃ Γ′ obtained by the restriction

of LΣp(π, λ) to π−(b)Γ′. In other words, for each continuous function ϕ : Γ′ →
Zp, we have

L b
Σ(π, λ)(ϕ) :=LΣp(π, λ)(Ib.Γ′ · ϕ|[b−1])

=
∑

a∈bD′
1

λ̃(a)Fλ,c(a)(ϕ|[ab−1])(x(a)).

Here the second equality follows from the fact that Fλ,c(a) has support in
Γ′ (Proposition 5.5 (i)). The argument of [Hsi14b, Prop. 5.2] shows that
Fb(t) is the power series expansion of the measure L b

Σ(π, λ) regarded as a
p-adic measure on Op and that

µ−
π,λ,Σ = inf

b∈D′′
1

µ(Fb), where

µ(Fb) := inf
{
r ∈ Q≥0 | p−rFb 6≡ 0 (mod mp)

}
.

By (5.3) we find that

F̃a(t) = ♯(Ualg) ·
∑

u∈D0

Fu,a(t
u−1

),

and hence

F
b(t) = ♯(Ualg) ·

∑

(u,a)∈D0×bD′
1

λ̃(ab−1)Fu,a|[a](t〈ab
−1〉u−1

).
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Proceeding along the same lines in [Hsi14b, Thm. 5.5], we deduce the theo-
rem from the above equation by the linear independence of p-adic modular
forms modulo p acted by the automorphisms in D0×D′

1 ([Hid10b, Thm. 3.20,
Cor. 3.21]) and the q-expansion principle for p-adic modular forms. �

Theorem 6.2. In addition to Hypothesis A and (sf), we suppose that p is
unramified in F and

(aiK) the residual Galois representation ρp(πK) is absolutely irreducible.

Then µ−
π,λ,Σ = 0 if and only if

∑

v|c−λ

µp(Ψπ,λ,v) = 0,

where µp(Ψπ,λ,v) are the local invariants defined as in (3.30).

Proof. It is not difficult to deduce from the formula of aβ(f
∗
λ,u, c(a)) in

Proposition 5.3 and Proposition 3.19 that

µp(Ψπ,λ,v) > 0 for some v|c−λ ⇒ aβ(f
∗
λ,u, c(a)) ≡ 0 (mod mp) for all a ∈ A×

f ,

and hence µ−
π,λ,Σ > 0 by Theorem 6.1.

Conversely, we suppose that µp(Ψπ,λ,v) = 0 for all v|c−λ . We are going to show
µ−
π,λ,Σ = 0 by contradiction. Assume that µ−

π,λ,Σ > 0. By Proposition 5.3

Theorem 6.1, for each a ∈ A
(pN)
K,f we find that

aβ(f
∗
λ,u, c(a)) ≡ 0 (mod mp) for all u ∈ Up and β ∈ F+

⇐⇒ a
(p)
λ (βc−1N(a−1)) ≡ 0 (mod mp) for all β ∈ O×

F ,(p).

Therefore, as a function on (A
(p)
f )×, we have

(6.1)
a
(p)
λ (a) ≡ 0 (mod mp) for all

a ∈ O×
F ,(p)c

−1 det(U(N))N((A
(pN)
K,f )×) = F×c−1N((A

(p)
K,f )

×).

By Proposition 3.19, there exists η = (ηv) ∈
∏
v|c−χ F

×
v such that a∗λ,v(ηv) 6≡

0 (mod mp) for each v|c−λ . We extend η to be the idele in A×
f such that ηv = 1

at v ∤ cχ. Therefore, (6.1) together with the factorization formula of a(p)λ (5.6)
imply that for each uniformizer ̟v at v ∤ pr, we have
(6.2)

a
(p)
λ (η̟v) ≡ 0 (mod mp) ⇐⇒ W 0

v (

(
̟v

1

)
) ≡ 0 (mod mp) whenever

̟v ∈ [η−1c−1] := F×η−1c−1N((A
(p)
K,f )

×).

On the other hand, by (3.2), we find that

Tr ρp(π)(Frobv) = ω(̟v)
−1 |̟v|−kmx/2W 0

v (

(
̟v

1

)
) for all v ∤ pn.
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Let recK/F : A×
K → Gal(K/F) be the surjection induced by the reciprocity law.

Combined with (6.2), the above equation yields that

Tr ρp(π)(Frobv) ≡ 0 (mod mp) whenever

Frobv|K = recK/F (̟v) = recK/F(η
−1c−1).

This in particular implies that recK/F (η−1c−1) must be the complex conju-
gation c, and hence we arrive at a contradiction to (aiK) by the following
Lemma 6.3. �

Lemma 6.3. Let p > 2 be a prime. Let G be a finite group and H ⊂ G be a index
two subgroup. Let ρ : G →֒ GL2(F̄p) be a faithful irreducible representation of
G. Let T = Tr ρ : G→ F̄p be the trace function. Assume that

(1) There exists an order two element c ∈ G−H,
(2) T(hc) = 0 for all h ∈ H.

Then ρ|H is reducible.

Proof. The assumption (2) implies that T(c) = 0, and hence det ρ(c) = −1.
We may assume that ρ(c) =

(
0 1
1 0

)
. Suppose that p ∤ ♯(G). By the usual

representation theory of finite groups, we have

1 = 〈T,T〉 := 1

♯(G)

∑

g∈G
T(g)T(g−1) =

1

2♯(H)

∑

h∈H
T(h)T(h−1) =

1

2
·〈T|H ,T|H〉.

Since 〈T|H ,T|H〉 = 2, we conclude that ρ|H is not irreducible.
Now we assume that p | ♯(H). For each b ∈ M2(F̄p) with b2 = 0, define the
p-subgroup Pb of ρ(H) by

Pb =
{
h ∈ ρ(H) | h = 1 + xb for some x ∈ F̄p

}
.

Let h ∈ H be an element of p-power order. It is well known that (ρ(h)−1)2 = 0,
and hence T(h) = 2 and det ρ(h) = 1. Combined with T(hc) = 0, these
equations imply that

ρ(h) ∈ Pb1 or Pb2 with b1 =

(
1 1
−1 −1

)
, b2 =

(
1 −1
1 −1

)
.

Note that either Pb1 or Pb2 is trivial. Indeed, if h1 6= 1 ∈ Pb1 and h2 6= 1 ∈ Pb2 .
Then h1h2 ∈ H and Tr(h1h2c) 6= 0, which is a contradiction. In particular,
we conclude that elements of p-power order in H are commutative with each
other and that there is only one p-Sylow subgroup of H , which we denote by
P . It is clear that H normalizes P . Since P 6= {1}, there is a unique line fixed
by ρ(P ), which is an invariant subspace of ρ(H). We find that ρ|H is reducible
if p | ♯(H). �

Remark 6.4. The assumption (3) in Theorem B in the introduction implies
the vanishing of µp(Ψπ,λ,v) for all v|c−λ .
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7. Non-vanishing of central L-values with anticyclotomic twists

In this section, we consider the problem of non-vanishing of L-values modulo p
with anticyclotomic twists. Let ℓ 6= p be a rational prime and let l be a prime
of F above ℓ. Let Γ−

l := Gal(K−
l∞/K) be the Galois group of the maximal

anticyclotomic pro-ℓ extension K−
l∞ in the ray class field of K of conductor l∞.

Let X0
l be the set consisting of finite order characters φ : Γ−

l → µℓ∞ . Fix a
Hecke character χ of infinity type (k/2 +m,−k/2−m). We assume

(pl, nDK/F) = 1.

When p ∤ DK, we know the algebraic L-value Lalg(12 , πK⊗χφ) ∈ Zp in (5.10) in
view of Theorem 5.7. Recall that mp is the maximal ideal of Zp. This section
is devoted to proving the following result:

Theorem 7.1. With the same assumptions in Theorem 6.2, we further assume
that

(1) (pl, ncχDK/F) = 1.

(2) µp(Ψπ,χ,v) = 0 for all v|c−χ .

Then for almost all φ ∈ X0
l we have

Lalg(
1

2
, πK ⊗ χφ) 6≡ 0 (mod mp).

Here almost all means "except for finitely many φ ∈ X0
l " if dimQℓ

Fl = 1 and
"for φ in a Zariski dense subset of X0

l " if dimQℓ
Fl > 1 (See [Hid04a, p.737]).

When F = Q, an imprimitive version of the above result under different as-
sumptions is treated in [Bra11b].

7.1. After introducing some notation, we outline the approach of Hida [Hid04a]
to study this problem. We shall take r = cχnDK/F l to be the fixed ideal in
§3.4. For every n ∈ Z≥0, let Rln := OF + lnOK be the order in K of conductor
ln. Let Uln = (K ⊗Q R)×(Rn ⊗Z Ẑ)× and let Cl−ln := K×A×\A×

K/Uln be the
anticyclotomic ideal class group of conductor ln. Denote by [·]n : A×

K → Cl−ln
the quotient map. Let Cl−l∞ = lim←−n Cl

−
ln . Let Il be the l-adic Iwahori subgroup

of K0
l given by

Il =

{
g =

(
a b
c d

)
∈ K0

l | c ∈ ̟lDFl

}
.

Let K0(l) := K lIl = {g ∈ K | gl ∈ Il} be an open compact subgroup of
GL2(Af ). Recall that the Ul-operator on Mk(K0(l),C) is given by

F | Ul(τ, gf ) =
∑

u∈OF/lOF

F (τ, gf

(
̟l ud−1

Fl

0 1

)
).

We briefly outline the approach of Hida to prove Theorem 7.1 as follows:

(1) Construct a suitable p-adic modular form f̂†χ which is an eigenfunction
of Ul-operator with p-adic unit eigenvalue.
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(2) Consider Hida’s measure ϕ†
χ on Cl−l∞ attached to f̂†χ (7.1) and show

the evaluation formula of this measure is related to central values
Lalg(12 , πK ⊗ χφ) (Proposition 7.3).

(3) The Zariski density of CM points in Hilbert modular varieties modulo p
reduces the proof of Theorem 7.1 to the non-vanishing of certain Fourier
coefficients of f̂†χ at some cusp ([Hid04a, Thm. 3.2 and Thm. 3.3]).

We remind, as the reader will note, that the proof is very close to Theorem 5.7
and Theorem 6.2. The essential new inputs in this section are the choice of
Ul-eigenforms and the computation of local period integral at l.

7.2. CM points of conductor ln. Let n ∈ Z≥0. We choose ς(n)l ∈ Gl as
follows. If l = LL splits in K, writing ϑ = ϑLeL + ϑLeL (so dFl

= ϑL − ϑL is a
generator of DFl

), we put

ς
(n)
l =

(
ϑL −1
1 0

)(
̟n

l

1

)
.

If l is inert, then we put

ς
(n)
l =

(
0 1
−1 0

)(
̟n

l

1

)
.

Let ς(n) := ς
(n)
l

∏
v 6=l ςv. According to this choice of ς(n)l , we have

ς
(n)
f ∗ (L ⊗Z Ẑ) = qϑ(Rln).

Define xn : A×
K → X+×G(Af ) by

xn(a) := (ϑΣ , af ς
(n)
f ).

This collection {xn(a)}a∈A
×
K

of points is called CM points of conductor ln. As

discussed in §4.6, {xn(a))}a∈(A
(p)
K,f )

× descend to CM points in IK(Wp).

7.3. The measures associated to Ul-eigenforms. We construct the Ul-
eigenform f†χ as follows. Write πl = π(µl, νl). Define the local Whittaker

function W †
l ∈ W(πl, ψl) by

W †
l (g) =W 0

l (g)− µl|·|
1
2 (l)W 0

l (g

(
̟−1

l

1

)
).

It is not difficult to verify that

• W †
l is invariant by Il,

• W †
l (

(
a

1

)
) = νl|·|

1
2 (a)IOFl

(a),

• W †
l is an Ul-eigenfunction with the eigenvalue νl(̟l) |̟l|−

1
2 .
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Define the normalized global Whittaker function W †
χ by

W †
χ := N(π, χ)−1 |det ςf |−kmx/2Af

·
∏

σ∈Σ
Wkσ ·

∏

v∈h,v 6=l

Wχ,v ·W †
l ,

where N(π, χ) is the normalization factor in (3.28). Let ϕ†
χ be the automorphic

form associated to W †
χ as in (3.24) and let f†χ be the associated Hilbert modular

form as in Definition 5.1.
The following lemma follows from the choice of our Whittaker function W †

χ and
the construction of f†χ.

Lemma 7.2. Recall that R is the group generated by K×
v for all ramified places

v in A×
K. We have

(1) f†χ is toric of character χ outside l, and

f†χ(xn(ta)) = f†χ(xn(t))χ
−1|·|kmx/2AK

(a) for all a ∈ R · (Rln ⊗Z Ẑ)×.

(2) f
†
χφ = f†χ for every φ ∈ X0

l .

Proof. Part (1) follows immediately from the fact that W †
χ is a toric Whit-

taker function outside l in view of Lemma 3.2. In addition, for every φ ∈ X0
l ,

φ is anticyclotomic and unramified outside l. We thus have W †
χ =W †

χφ, which
verifies part (2) (cf. Lemma 5.4). �

Following [Hid04a, (3.9)], we define a p-adic Zp-valued measure ϕ†
χ on Cl−l∞

attached to the p-adic avatar f̂†χ of f†χ as follows. For a locally constant function
φ : Cl−l∞ → Zp factoring through Cl−ln , we define

(7.1)
∫

Cl−
l∞

φdϕ†
χ = α−n

l

∑

[a]n∈Cl−ln

θmf̂†χ(xn(a))χ̂(a)φ([a]n),

where αl = νl(̟l) |̟l|
−kmx

2 and χ̂ is the p-adic avatar of χ|·|−kmx/2AK
. One

checks that the right hand side does not depend on the choice of n since f†χ is
an Ul-eigenform with the eigenvalue αl.
Let φ ∈ X0

l be a character of conductor ln. We view φ as a character on
Cl−ln by the reciprocity law. Following the arguments in Proposition 5.2 and
Theorem 5.7, we can write the measure as a toric period integral of Ṽ m+ ϕ†

χφ:

(7.2)

Ωk+2m
K

Ωk+2m
p

·
∫

Cl−
l∞

φdϕ†
χ

=α−n
l vol(Uln , dt)

−1 1

(Imϑ)k/2+m
· Pχφ(π(ς(n))Ṽ m+ ϕ†

χ)

= vol(UK, dt)
−1 1

(Im ϑ)k/2+m
· α−n

l

L(1, τKl/Fl
) |̟l|n

· Pχφ(π(ς(n))Ṽ m+ ϕ†
χφ).

Here we used the fact that

vol(Uln , dt) = vol(UK, dt) · L(1, τKl/Fl
) |̟l|n .
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We have the following evaluation formula.

Proposition 7.3. Suppose that (l, cχnDK/F) = 1. For φ ∈ X0
l of conductor ln

with n ≥ 1, we have

(
1

Ωk+2m
p

·
∫

Cl−
l∞

φdϕ†
χ

)2

=
|̟l|−n
α2n
l

· [O×
K : O×

F ]
2 ·Lalg(

1

2
, πK⊗χφ) ·Cπ(χ)φ(F).

Proof. In view of (7.2), it remains to compute Pχφ(π(ς(n))Ṽ m+ ϕ†
χφ)

2, which
can be written as a product of local toric period integrals as in the proof of
Theorem 3.14. We have computed these local period integrals in §3.7 and §3.8
except for the local integral at l, which will be carried out in the following
Lemma 7.4. The desired formula is obtained by combining these calculations.

�

Lemma 7.4. Suppose that χl is unramified and φ ∈ X0
l has conductor ln, n ≥ 1.

Then

P (π(ς
(n)
l )W †

l , χφ) = |DKl
|
1
2

Kl
· ωl(̟

n
l ) |̟n

l |L(1, τKl/Fl
)2.

Proof. Write F = Fl (resp. E = Kl) and ̟ = ̟l. For t ∈ E, we put

ι(n)ς (t) := (ς
(n)
l )−1ι(t)ς

(n)
l .

First we suppose l is split. A direct computation shows that

ι(n)ς (t) =

(
1 ̟−nd−1

F

0 1

)(
tL
0 tL

)(
1 −̟−nd−1

F

0 1

)
;

(ς
(n)
l )−1Jς

(n)
l =

(
1 0

̟ndF −1

)
.

By the definition of W †
l , we find that

ω−1(det ς
(n)
l )P (π(ς

(n)
l )W †

l , χφ)

=

∫

O×
F

ψ(−d−1
F ̟−nx)φL(x)d

×x ·
∫

OF
ψ(d−1

F ̟−na)φ−1
L (a)d×a

=ε(1, φ−1
L , ψ)φL(−1)ε(1, φL, ψ) · ζF (1)2

= |̟nDF |L(1, τE/F )2.

This proves the formula in the split case. Now we suppose that l is inert. We
shall retain the notation in §3.8. Define m† : Gl → C by

m†(g) := bl(π(g)W
†
l ,W

†
l ).

Then m†(g) only depends on the double coset IlgIl. Put

P ∗ :=

∫

E×/F×

m†(ι(n)ς (t))χφ(t)dt.
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It is clear that

(7.3) P (π(ς
(n)
l )W †

l , χφ) = P ∗ · L(1, τE/F )ω(det ς
(n)
l )

ζF (1)
.

For y ∈ ̟rO×
F , it is easy to verify that ι(n)ς (1 + yθ) ∈ Il if r ≥ n and

ι(n)ς (1 + yθ) ∈ Ilw
(
̟n−r

̟r−n

)
Il if 0 ≤ r < n (w =

(
0 −d−1

F

dF 0

)
).

If x ∈ ̟OF , then

ι(n)ς (x+ θ) ∈ Ilw
(
̟n

̟−n

)
Il.

Note that n = cl(φ) = cl(χφ) as in (3.1). Combined with the above observations
and Lemma 3.7, a direct computation shows that

P ∗ = Xn ·m†(1) + (−Xn) ·m†(w

(
̟

̟−1

)
)

= bl(W
0
l − π(

(
̟−1

̟

)
)W 0

l ,W
†
l ) ·Xn

= (
µl(̟)

1− |̟| −
νl(̟)

1− µ−1
l νl|·|(̟)

) · 1− µ
−1
l νl|·|(̟)

µl(̟)− νl(̟)
· |DF |

1
2 Xn

=
1

1− |̟| · L(1, τE/F ) |̟
n| |DE |

1
2

E .

The formula in the inert case follows from (7.3) immediately. �

7.4. Proof of Theorem 7.1. We prove Theorem 7.1 in this subsection. By
the evaluation formula Proposition 7.3, it boils down to proving that

(7.4)
∫

Cl−∞

φdϕ†
χ 6≡ 0 (mod mp) for almost all φ ∈ X0

l .

By [Hid04a, Thm. 3.2, 3.3] together with the toric property of f†χ Lemma 7.2
(cf. [Hsi12, Lemma 6.1 and Remark 6.2]), the validity of (7.4) is reduced to
verifying the following condition:

(H′) For every u ∈ OFl
and a positive integer r, there exist β ∈ O×

F ,(p) and

a ∈ (A
(pN)
K,f )× such that β ≡ u (mod lr) and

aβ(f
†
χ, c(a)) 6≡ 0 (mod mp).

The verification of (H′) under the assumptions (aiK) and µp(Ψπ,χ,v) = 0 for
all v|c−χ follows from the same argument in Theorem 6.2. Note that for a

polarization ideal c(a) (c = c(OK), a ∈ (A
(pl)
K,f )

×) and a totally positive β ∈
O×

F ,(p) ∩ OFl
, we have (c(a), pl) = 1 and

aβ(f
†
χ, c(a)) = βk/2

∏

v∤pl

a∗χ,v(βc
−1
v N(a−1

v )) · νl|·|
1
2

Fl
(β) (ilF (c) = c).
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Let u ∈ OFl
and let ηu = (ηuv ) be the idele in A× such that a∗λ,v(η

u
v ) 6≡

0 (mod mp) for all v|c−χ , ηul = u and ηuv = 1 for all v ∤ lc−χ . To verify (H′),
we simply proceed the Galois argument in Theorem 6.2, replacing η in by ηu

therein. This completes the proof of Theorem 7.1.
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0 Introduction

A non-Archimedean analytic space plays an important role in various studies in mod-

ern number theory. There are several ways to formulate a non-Archimedean analytic

space, and one of them is given by Berkovich in [Ber1] and [Ber2]. Berkovich intro-

duced the spectrum Mk(A ) of a Banach algebra A over a complete valuation field

k. The space Mk(A ) is to a Banach algebra A what Spec(A) is to a ring A. We note

that Mk(A ) is called the Berkovich spectrum in modern number theory, but the same

notion is originally defined by Bernard Guennebaud in [Gue]. The class of Banach

algebras topologically of finite type over a complete valuation field is significant in

analytic geometry, just as the class of algebras of finite type over a field is significant

in algebraic geometry. A Banach algebra topologically of finite type is called an affi-

noid algebra, and the Berkovich spectrum of an affinoid algebra is called an affinoid

space. The space Mk(A ) is a compact Hausdorff G-topological space. For the notion

of G-topology, see [BGR]. Berkovich formulated an analytic space by gluing affinoid

spaces with respect to a certain G-topology, just as Grothendieck did a scheme by

gluing affine schemes with respect to the Zariski topology. We remark that an affinoid

space is studied well, while few properties are known for the Berkovich spectrum of a

general Banach algebra.

Throughout this paper, X and k denote a topological space and a complete valuation

field respectively. Here a valuation field means a field endowed with a valuation of

height at most 1, and we allow the case where the valuation is trivial. We study the un-

derlying topological space of the Berkovich spectrum BSCk(X) of the Banach algebra

Cbd(X, k) of bounded continuous k-valued functions on X. In Theorem 2.1, we prove

that BSCk(X) is naturally homeomorphic to the Stone space UF(X) associated to X,

where UF(X) is a topological space under X (Definition 1.1) constructed using the set

of ultrafilters of a Boolean algebra associated to X. This homeomorphism is signifi-

cant because UF(X) is an initial object in the category of totally disconnected compact

Hausdorff spaces under X (Definition 1.2). As a consequence, BSCk(X) satisfies the

same universality, and hence is independent of k. We note that Banaschewski proved

the existence of such an initial object only for zero-dimensional spaces in [Ban] Satz

2, while we deal with a general topological space in this paper. We also remark that

many of our results are verified by Alain Escassut and Nicolas Maı̈netti in [EM1] and

[EM2] under the assumption that X is metrisable by an ultrametric. Therefore our

results are generalisations of some of their results.

We have three applications of Theorem 2.1, which connects non-Archimedean analy-

sis and general topology.

First, Cbd(X, k) satisfies the weak version of the automatic continuity theorem if k

is a local field (Theorem 4.6). Namely, for a Banach k-algebra A , every injective

k-algebra homomorphism ϕ : Cbd(X, k) →֒ A with closed image is continuous. In

particular, it gives a criterion for the continuity of a faithful linear representation of
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Cbd(X, k) on a Banach space.

Second, for an extension K/k of complete valuation fields, the ground field ex-

tension BSCK(X) → BSCk(X) induced by the inclusion Cbd(X, k) →֒ Cbd(X,K)

is a homeomorphism (Proposition 4.9). There is another ground field extension

K⊗̂kCbd(X, k) → Cbd(X,K) given by the universality of the complete tensor prod-

uct ⊗̂k in the category of Banach k-algebras. We will see the difference of those two

in Theorem 4.12.

Finally, we show that the natural continuous map X → UF(X) is a homeomor-

phism onto the image if and only if X is zero-dimensional and Hausdorff (Lemma

4.13). We establish Gel’fand theory for totally disconnected compact Hausdorff

spaces in this case (Theorem 4.19) using a non-Archimedean generalisation of Stone–

Weierstrass theorem ([Ber1] 9.2.5. Theorem). Here, Gel’fand theory means a natural

contravariant-functorial one-to-one correspondence between the collection C (X) of

equivalence classes of totally disconnected compact Hausdorff spaces which contain

X as a dense subspace and the set C ′(X) of closed k-subalgebras of Cbd(X, k) separat-

ing points of X.

We remark that the Berkovich spectrum of a Banach algebra is analogous to the

Gel’fand transform of a commutative C∗-algebra. We study Berkovich spectra in

this paper expecting that many facts for Gel’fand transforms also hold for Berkovich

spectra. For example, it is well-known that an initial object in the category of com-

pact Hausdorff spaces under X exists and is constructed as the Gel’fand transform

MC(Cbd(X,C)) of the commutative C∗-algebra Cbd(X,C) of bounded continuous C-

valued functions on X. Therefore our result for the universality of BSCk(X) is a direct

analogue of this fact. We recall another construction of an initial object in the cat-

egory of compact Hausdorff spaces under X. The Stone–Čech compactification βX

of X is constructed as a closed subspace of a direct product of copies of the closed

unit disc C◦ ⊂ C, and it admits a canonical continuous map X → βX such that every

bounded continuous C-valued function on X uniquely extends to a continuous func-

tion on βX. This extension property guarantees that βX is also an initial object in

the category of compact Hausdorff spaces under X. One sometimes assumes that X

is a completely regular Hausdorff space in the definition of βX so that X → βX is a

homeomorphism onto the image, but we do not because we allow compactifications

of X whose structure morphism is not injective. Imitating the construction of βX, we

construct a compactification SCk(X) of X as a closed subspace of a direct product of

copies of the closed unit disc k◦ ⊂ k. We also compare BSCk(X) and SCk(X), and

prove that they are naturally homeomorphic to each other under X when k is a local

field or a finite field.

In §1.1, we recall the definition of Berkovich spectra. In §1.2, we recall the Stone

space UF(X) associated to X. In §1.3, we show the universality of UF(X).

In §2.1, we state the main theorem (Theorem 2.1). In order to verify it,

we construct two set-theoretical maps supp: BSCk(X) → Spec(Cbd(X, k)) and

Ch• : Spec(Cbd(X, k)) → UF(X). We show that the composite Chsupp ≔ Ch• ◦

supp: BSCk(X) → UF(X) is a homeomorphism. Its proof is not straightforward,

and is completed in the following two subsections. In §2.2, we show that every closed

prime ideal of Cbd(X, k) is maximal. In §2.3, we verify that the image of supp coin-
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cides with the subset of closed prime ideals, and we prove that the restriction of Ch• on

the image of supp is bijective. After that, we verify that Chsupp is a homeomorphism,

and this completes the proof of Theorem 2.1.

In §3.1, we compare BSCk(X) and SCk(X) in the case where k is a local field or a

finite field. In §3.2, we observe a connection between BSCQp
(X) and βX. We show

that BSCQp
(X) is homeomorphic to βX for special X’s.

In §4, we deal with the three applications of Theorem 2.1 mentioned above.

1 Preliminaries

In this section, we recall the definition of the Berkovich spectrumMk(A ) of a Banach

algebra A , and the Stone space UF(X) associated to X. For more details, see [Ber1]

and [Ber2] for Berkovich spectra, and see [Ban], [Joh], [Sto2], and [Sto3] for Stone

spaces.

1.1 Berkovich Spectra

A Banach k-algebra means a pair (A , ‖ · ‖) of a unital associative commutative k-

algebra A and a complete submultiplicative non-Archimedean norm ‖ · ‖ : A →

[0,∞). We often write A instead of (A , ‖ · ‖) for short. Let (A , ‖ · ‖) be a Banach

k-algebra. Since A is unital, it admits a canonical ring homomorphism k → A , and

we also denote by a ∈ A the image of a ∈ k. A map x : A → [0,∞) is said to be a

bounded multiplicative seminorm of (A , ‖ · ‖) if the following conditions hold:

(i) x( f − g) ≤ max{x( f ), x(g)} for any f , g ∈ A .

(ii) x( f g) = x( f )x(g) for any f , g ∈ A .

(iii) x( f ) ≤ ‖ f ‖ for any f ∈ A .

(iv) x(a) = |a| for any a ∈ k.

We denote by Mk(A ) =Mk(A , ‖ · ‖) the set of bounded multiplicative seminorms of

(A , ‖ · ‖) endowed with the weakest topology for which for any f ∈ A , the map

f ∗ : Mk(A ) → [0,∞)

x 7→ x( f )

is continuous. We call Mk(A ) the Berkovich spectrum of (A , ‖ · ‖). By [Ber1] 1.2.1.

Theorem, Mk(A ) is a compact Hausdorff space, and is non-empty if and only if A ,
0.

1.2 Stone Spaces

A U ⊂ X is said to be clopen if it is closed and open. We denote by CO(X) ⊂ 2X

the set of clopen subsets of X. A topological space X is said to be zero-dimensional

if CO(X) forms an open basis of X. The space CO(X) possesses much information
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about the topology of X when X is zero-dimensional. The most elementary example

of a zero-dimensional space is the underlying topological space of k. For each c ∈ k

and ǫ > 0, the subsets of k of the forms {c′ ∈ k | |c′ − c| < ǫ}, {c′ ∈ k | |c′ − c| ≤ ǫ},

{c′ ∈ k | |c′ − c| > ǫ}, and {c′ ∈ k | |c′ − c| ≥ ǫ} are clopen.

The set CO(X) is a Boolean algebra with respect to ∨, ∧, ¬, and ⊥ given by setting

U∨V ≔ U∪V ,U∧V ≔ U∩V , ¬U ≔ X\U, and⊥≔ ∅ respectively forU,V ∈ CO(X).

We recall the notion of an ultrafilter of a Boolean algebra. For readers who are not

familiar with Boolean algebras and filters, [Joh] and [Sto3] might be helpful. For a

Boolean algebra (A,∨,∧,¬), an F ⊂ A is said to be a filter of (A,∨,∧,¬) if it satisfies

the following:

(i) ¬ ⊥∈ F .

(ii) a ∧ b ∈ F for any a, b ∈ F .

(iii) a ∨ b ∈ F for any a ∈ A and b ∈ F .

A filter F of (A,∨,∧,¬) is said to be an ultrafilter if F ( A and if for any filter F ′

of (A,∨,∧,¬), F ⊂ F ′ ( A implies F = F ′. It is equivalent to the condition that

⊥< F and either a ∈ F or ⊥ a ∈ F holds for any a ∈ A. For each S ⊂ A, the

smallest filter F of (A,∨,∧,¬) containing S exists. Then F is a proper subset of A if

and only if a1 ∧ · · · ∧ an ,⊥ for any n ∈ N\{0} and (a1, . . . , an) ∈ A
n. For any filter F

of (A,∨,∧,¬) with F ( A, there exists an ultrafilter F ′ of (A,∨,∧,¬) containing F
by Boolean prime ideal theorem. The set of ultrafilters of (A,∨,∧,¬) is endowed with

the topology described in the following way: Its subset U is open if and only if for

any F ∈ U , there is an a ∈ F such that G ∈ U for any ultrafilter G of (A,∨,∧,¬)

containing a. Applying this construction to CO(X), we denote by UF(X) the resulting

topological space, and we call it the Stone space associated to X. For example, the

subset

F (x) ≔ {U ∈ CO(X) | x ∈ U} ⊂ CO(X)

is an ultrafilter of (CO(X),∨,∧,¬) for any x ∈ X, and we call such an ultrafilter a

principal ultrafilter.

1.3 Universality of the Stone Space

We denote by C(X, Y) the set of continuous maps f : X → Y for topological spaces

X and Y, and by Top the category of topological spaces and continuous maps. We

also deal with the full subcategory TDCHTop ⊂ Top of totally disconnected compact

Hausdorff spaces.

Definition 1.1. For a category C , a full subcategory C ′ ⊂ C , and an A ∈ ob(C ),

a C ′-object under A is a pair (B, f ) of a B ∈ ob(C ′) and an f ∈ HomC (A, B). Here

we regard B as an object of C through the inclusion C ′ →֒ C . We call f the structure

morphism of (B, f ) or simply of B. We denote by A/C ′ the category of C ′-objects
under A and morphisms compatible with the structure morphisms.
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In the case C = ob(Top), for an X ∈ ob(Top) and a (Y, f ) ∈ ob(X/C ′), we call f the
structure map of Y. We often abbreviate (Y, f ) to Y.

Definition 1.2. For a categoryC , an object I ofC is said to be initial if HomC (I, A)

consists of one morphism for any A ∈ ob(C ).

An initial object is unique up to a unique isomorphism if it exists. For example, for

a category C , a full subcategory C ′ ⊂ C , and an A ∈ ob(C ), a (B, ι) ∈ ob(A/C ′) is
initial if and only if the map

HomC (A,C) → HomC ′ (B,C)

f 7→ f ◦ ι

is bijective for any C ∈ ob(C ′). In other words, B is an initial C ′-object under A with

respect to ι if and only if for any C ∈ ob(C ′) and any g : A→ C, there exists a unique

g̃ : B→ C such that g = g̃ ◦ ι.

Theorem 1.3. The correspondence X  UF(X) gives a functor UF: Top →

TDCHTop which is the left adjoint functor of the inclusion TDCHTop →֒ Top.

We remark that [BJ] Proposition 5.7.12 and the universality of the Stone–Čech com-

pactification imply Theorem 1.3. We will prove Theorem 1.3 in an explicit way at the

end of this subsection. For the proof, we prepare several lemmas and a proposition.

We note that for a category C and a full subcategory C ′ ⊂ C , a functor J : C → C ′

is a left adjoint functor of the inclusion I : C ′ →֒ C if and only if there is a natural

transform ι : idC → I ◦ J such that the induced map

HomC ′ (J(A), B) → HomC (A, I(B))

f 7→ f ◦ ιA

is bijective for any A ∈ ob(C ) and B ∈ ob(C ′). This is equivalent to the condition

that J(A) is initial in A/C ′ with respect to the adjunction ιA : A → I(J(A)) = J(A) for

any A ∈ ob(C ). In order to give a proof of Theorem 1.3, we show several fundamen-

tal properties of the Stone Space. We remark that this gives an alternative proof of

Theorem 3.13 in [Tar].

An x ∈ X is said to be a cluster point of an F ∈ UF(X) if F contains all clopen

neighbourhood of x. Each x ∈ X is a cluster point of the principal ultrafilter F (x) ∈

UF(X). Unlike a set-theoretical ultrafilter, the existence of a cluster point gives a strict

restriction to an ultrafilter as is shown in the following lemma. An ultrafilter consists

of open subsets, and hence carries more information on the topology of X than a set-

theoretical ultrafilter does.

Lemma 1.4. If an F ∈ UF(X) has a cluster point, then F is a principal ultrafilter.

Proof. Let x ∈ X be a cluster point of F . Then F contains the principal ultrafilter

F (x), and hence coincides with F (x) by the maximality of an ultrafilter. �

For a non-empty family F of sets, we set
⋂

F ≔
⋂

U∈F U. We give an explicit

description of the set of cluster points of a filter.
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Lemma 1.5. The set of cluster points of an F ∈ UF(X) coincides with
⋂

F .

Proof. For a cluster point x ∈ X of F , one has x ∈
⋂

F (x) =
⋂

F by Lemma 1.4.

For an x ∈
⋂

F , assume that there is a U ∈ CO(X) such that x ∈ U < F . Then one

obtains X\U ∈ F , and it contradicts the condition x ∈
⋂

F . Thus x is a cluster point

of F . �

Lemma 1.6. If X is a discrete infinite set, then UF(X) contains a non-principal ul-

trafilter.

Proof. The cardinality of the set of principal ultrafilters is at most #X, while #UF(X)

coincides with 22
#X

in the case where X is a discrete infinite set by [Eng] 3.6.11. The-

orem. �

Proposition 1.7. Suppose that X is zero-dimensional.

(i) X is compact if and only if every ultrafilter has at least one cluster point.

(ii) X is Hausdorff if and only if every ultrafilter has at most one cluster point.

(iii) X is a totally disconnected compact Hausdorff space if and only if every ultra-

filter has precisely one cluster point.

The assertion is an analogue of the classical result for set-theoretic ultrafilters, and

the following proof imitates the proof of it. For the classical result, see [Eng] 1.6.11.

Proposition and 3.1.24. Theorem.

Proof. When X is zero-dimensional, X is Hausdorff if and only if X is totally discon-

nected, and therefore the criteria (i) and (ii) immediately imply the criterion (iii).

If X is compact, an ultrafilter has a cluster point because the intersection
⋂

F is

non-empty by the finite-intersection property of a compact space. On the other hand,

suppose that every ultrafilter has at least one cluster point. Assume that X is not

compact. Since X is zero-dimensional, there is a clopen coveringU of X which has no

finite subcovering. The set V ≔ {U ∈ CO(X) | X\U ∈ U } of complements satisfies⋂
V = ∅ and any finite intersection of clopen subsets in V is non-empty. Therefore

there is an F ∈ UF(X) containing V . One has
⋂

F ⊂
⋂

V = ∅, which contradicts

the assumption that every ultrafilter has at least one cluster point by Lemma 1.5. Thus

X is compact.

If X is Hausdorff, then the continuous map F (·) : X → UF(X) is injective because

X is zero-dimensional. Suppose that every ultrafilter has at most one cluster point.

Assume that X is not Hausdorff. There are two distinct points x, y ∈ X such that any

clopen neighbourhoods of x and y have non-empty intersection. In other words, one

hasU∩V , ∅ for any (U,V) ∈ F (x)×F (y). Take a clopen neighbourhoodU ∈ F (x)

of x. By the argument above, one has X\U < F (y), and hence U ∈ F (y). It implies

F (x) ⊂ F (y), and therefore F (x) = F (y) by the maximality of an ultrafilter. Both x

and y are two distinct cluster points ofF (x) = F (y), and it contradicts the assumption

that every ultrafilter has at most one cluster point. Thus X is Hausdorff. �

As a consequence, for a zero-dimensional space X, one obtains the following criteria.
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(i)′ The space X is compact if and only if F (·) is surjective.

(ii)′ The space X is Hausdorff if and only if F (·) is injective.

(iii)′ The space X is a totally disconnected compact Hausdorff space if and only if

F (·) is bijective.

We remark that the bijectivity of F (·) in (iii)′ can be replaced by the condition that

F (·) is a homeomorphism by the following three lemmas.

Lemma 1.8. The F (·) : X → UF(X) is continuous and its image is dense.

Proof. For a U ∈ CO(X), the pre-image of the open subset {F ∈ UF(X) | U ∈ F }
is U ⊂ X itself. Therefore F (·) is continuous. Let F ⊂ CO(X) be an ultrafilter, and

U ⊂ UF(X) an open neighbourhoodofF . By the definition of the topology of UF(X),

there is a U ∈ CO(X) such that U ∈ F and V ≔ {F ′ ∈ UF(X) | U ∈ F ′} ⊂ U .

Then U , ∅ because ∅ < F , and hence F (U) , ∅. Since F (U) ⊂ F (X) ∩ V ap ⊂

F (X) ∩U , one concludes F (X) ∩U , ∅. �

Lemma 1.9. The space UF(X) is a totally disconnected compact Hausdorff space.

This assertion is contained in the general fact of the Stone space in [Sto2] Theorem

IV2, but we give a proof for reader’s convenience.

Proof. For a U ∈ CO(X), one has

UF(X) = {F ∈ UF(X) | U ∈ F } ⊔ {F ∈ UF(X) | X\U ∈ F } ,

and hence CO(UF(X)) forms an open basis of UF(X). Therefore by Proposition 1.7

and Lemma 1.8, it suffices to show that UF(X) is compact and Hausdorff, because a

continuous map from a compact space to a Hausdorff space is a closed map.

For F ,G ∈ UF(X) with F , G , take a U ∈ CO(X) contained in precisely one

of them. Then the complement X\U is contained in the other one. Therefore the

partition

UF(X) = {F ∈ UF(X) | U ∈ F } ⊔ {F ∈ UF(X) | X\U ∈ F }

by clopen subsets of UF(X) separates F and G . Thus UF(X) is Hausdorff.

Assume that UF(X) is not compact. There is a clopen covering U of UF(X) which

has no finite subcovering. In particular, the subset

V ≔ {U ∈ CO(UF(X)) | UF(X)\U ∈ U }

satisfies
⋂

V = ∅ and any finite intersection of clopen subsets belonging to V is

non-empty. Since the map F (·) is continuous, the inverse image

F (·)∗V ≔
{
F (·)−1(V)

∣∣∣ V ∈ V
}

is a non-empty subset of CO(X) satisfying that
⋂

F (·)∗V = ∅ and any finite inter-

section of clopen subsets belonging to F (·)∗V is non-empty. Therefore there is an
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F ∈ UF(X) containing F (·)∗V by the facts recalled in §1.2. Since U covers UF(X),

there is a U ∈ U containing F . The pre-image V ∈ F (·)∗V of the complement

UF(X)\U ∈ V is contained in F because F (·)∗V ⊂ F . By the definition of the

topology of UF(X), there is a W ∈ F such that W ∈ G implies G ∈ U for any

G ∈ UF(X). In particular, for any x ∈ W, W ⊂ F (x) and hence F (x) ∈ U. There-

fore one obtains W ⊂ F (·)−1(U). Since V,W ∈ F , one has V ∩ W ∈ F and hence

V∩W , ∅. Take an x ∈ V∩W ⊂ X. Since V = F (·)−1(UF(X)\U), one has F (x) < U,

which contradicts the condition x ∈ W ⊂ F (·)−1(U). Thus UF(X) is compact. �

Lemma 1.10. If X is a totally disconnect compact Hausdorff space, then F (·) : X →

UF(X) is a homeomorphism.

In particular, F (·) : UF(X) → UF(UF(X)) is a homeomorphism without the assump-

tion on X by Lemma 1.9.

Proof. The assertion immediately follows from Proposition 1.7 (iii), Lemma 1.8, and

Lemma 1.9, because every continuous map between compact Hausdorff spaces is

closed. �

Proof of Theorem 1.3. By Lemma 1.8 and Lemma 1.9, (UF(X),F (·)) is an object of

X/TDCHTop. Let Y, Z ∈ Top and f ∈ C(Y, Z). For an F ∈ UF(Y), the subset

UF( f )∗F ≔
{
U ∈ CO(Y)

∣∣∣ ϕ−1(U) ∈ F
}
.

is an ultrafilter of CO(Z). The map UF( f )∗ : UF(Y) → UF(Z) is continuous by the

definition of the topologies of UF(Y) and UF(Z). The correspondences Y  UF(Y)

and f  UF( f )∗ gives a functor UF: Top→ TDCHTop. Therefore it suffices to show

that (UF(X),F (·)) is an initial object of X/TDCHTop.

Let (Y, ϕ) be an object of X/TDCHTop. Since the image of X is dense in UF(X) by

Lemma 1.8 and Y is Hausdorff, a continuous extension UF(ϕ) : UF(X)→ Y is unique

if it exists. The diagram

X
ϕ

−−−−−−→ Y

F (·)

y
yF (·)

UF(X)
UF(ϕ)∗
−−−−−−→ UF(Y)

commutes by the definitions of F (·) and UF(ϕ)∗, and the right vertical map is a

homeomorphism by Lemma 1.10. Therefore one obtains a continuous extension

F (·)−1 ◦UF(ϕ)∗ : UF(X)→ Y of ϕ. �

2 Main Result

2.1 Statement of the Main Theorem

We denote by Cbd(X, k) the Banach k-algebra of bounded continuous k-valued func-

tions on X endowed with the supremum norm. We put BSCk(X) ≔ Mk(Cbd(X, k)).

Documenta Mathematica 19 (2014) 769–799



778 Tomoki Mihara

Let ιk denote the evaluation map

ιk : X → BSCk(X)

x 7→ (ιk(x) : f 7→ | f (x)|) ,

which is continuous by the definition of the topology of BSCk(X).

Theorem 2.1. There is a natural homeomorphism BSCk(X) � UF(X) compatible

with ιk and F (·).

In other words, there is a natural transform Φ : BSCk → UF such that Φ(Y) lies in

HomY/TDCHTop((BSC(Y), ιk), (UF(Y),F (·))) for any topological space Y. In particular,

it gives an isomorphism (BSC(X), ιk) � (UF(X),F (·)) in X/TDCHTop, and hence

(BSC(X), ιk) satisfies the same universality as (UF(X),F (·)) does.

Corollary 2.2. The space BSCk(X) is initial in X/TDCHTop with respect to ιk.

Corollary 2.3. The functor

BSCk : Top → TDCHTop

X  BSCk(X)

is a left adjoint functor of the inclusion of the full subcategory.

Corollary 2.4. The image of ιk : X → BSCk(X) is dense.

In order to prove Theorem 2.1, we introduce two set-theoretical maps supp and Ch•.

For an x ∈ BSCk(X), its support supp(x) ≔ { f ∈ Cbd(X, k) | x( f ) = 0} is a closed

prime ideal. We call the map

supp: BSCk(X) → Spec(Cbd(X, k))

x 7→ supp(x)

the support map. For an m ∈ Spec(Cbd(X, k)), the family Chm ≔ {U ∈ CO(X) |

1U < m} is an ultrafilter, where 1U : X → k denotes the characteristic function of

U ∈ CO(X). Indeed, Chm is stable under ∪ because m is an ideal, and is stable under

∩ because m is a prime ideal. The maximality of Chm follows from the property that

either 1U ∈ m or 1X\U = 1 − 1U ∈ m holds for any U ∈ CO(X) because m is a prime

ideal. We call the map

Ch• : Spec(Cbd(X, k)) → UF(X)

m 7→ Chm

the characteristic map. We put Chsupp ≔ Ch• ◦ supp: BSCk(X)→ UF(X).

Example 2.5. For an x ∈ X, supp(ιk(x)) ⊂ Cbd(X, k) is the maximal ideal consist-

ing of functions vanishing at x, and one has Chsupp(ιk(x)) = F (x). Thus Chsupp is an

extension of the continuous map F (·) : X → UF(X) via ιk.

We prove that Chsupp is a homeomorphism under X in three steps in §2.2 and §2.3.

First, we show that every closed prime ideal of Cbd(X, k) is a maximal ideal. Second,

we verify that the image of supp coincides with the subset of closed prime ideals, and

study the restriction of Ch• on the image of supp. Finally, we prove that Chsupp is a

homeomorphism.
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2.2 Maximality of a Closed Prime Ideal

We prove that every closed prime ideal of Cbd(X, k) is a maximal ideal. We remark

that this is proved by Alain Escassut and Nicolas Maı̈netti in [EM1] Theorem 12 in

the case where X is an ultrametric space. Here we assume nothing on X, and hence X

is not necessarily metrisable.

Proposition 2.6. For any m1,m2 ∈ Spec(Cbd(X, k)) with m1 ⊂ m2, Chm1
= Chm2

.

Proof. The condition m1 ⊂ m2 implies Chm2
⊂ Chm1

by definition. Since Chm2
is an

ultrafilter, the inclusion guarantees Chm1
= Chm2

. �

Proposition 2.7. For closed prime ideals m1,m2 ⊂ Cbd(X, k), the equality Chm1
=

Chm2
implies m1 = m2.

Proof. Suppose Chm1
= Chm2

for closed prime ideals m1,m2 ⊂ Cbd(X, k). It suffices

to show m1 ⊂ m2. Take an element f ∈ m1. For a positive real number ǫ, we set

Uǫ ≔ {x ∈ X | | f (x)| < ǫ}, and then Uǫ ⊂ X is a clopen subset, because it is preimage

of the clopen subset {c ∈ k | | f (x) − c| < ǫ} by the continuous function f . Set

fǫ ≔ (1 − 1Uǫ
) f ∈ Cbd(X, k). Since f ∈ m1, one has fǫ ∈ m1. The absolute value

of fǫ + 1Uǫ
∈ Cbd(X, k) at each point in X has a lower bound min{ǫ, 1}, and hence its

inverse is bounded and continuous. It implies that fǫ + 1Uǫ
is invertible in Cbd(X, k),

and therefore 1Uǫ
< m1. One has Uǫ ∈ Chm1

= Chm2
, and hence 1 − 1Uǫ

= 1X\Uǫ
∈ m2.

Thus fǫ = (1−1Uǫ
) f ∈ m2, and the inequality ‖ f − fǫ‖ = ‖1Uǫ

f ‖ ≤ ǫ guarantees f ∈ m2

by the closedness of m2. �

Proposition 2.8. Every closed prime ideal of Cbd(X, k) is a maximal ideal.

We note that for a Banach k-algebra A , every maximal ideal of A is a closed prime

ideal by [BGR] 1.2.4. Corollary 5, but the converse does not hold in general. For

example, the Tate algebra k{T } has a non-maximal closed ideal {0} ⊂ k{T }.

Proof. For a closed prime ideal m1 ⊂ Cbd(X, k), take a maximal ideal m2 ⊂ Cbd(X, k)

containingm1. Then m2 is also a closed prime ideal by [BGR] 1.2.4. Corollary 5. The

assertion immediately follows from Proposition 2.6 and Proposition 2.7. �

2.3 Proof of the Main Theorem

Proposition 2.9. The image of supp is the subset of closed prime ideals.

Proof. Every closed prime ideal m ⊂ Cbd(X, k) is a maximal ideal by Proposition 2.8,

and hence there is an x ∈ BSCk(X) such that supp(x) = m by the argument in the proof

of [Ber1] 1.2.1. Theorem. �

Proposition 2.10. The restriction of Ch• on the image of supp is bijective.

Documenta Mathematica 19 (2014) 769–799



780 Tomoki Mihara

Proof. If X = ∅, then Spec(Cbd(X, k)) = UF(X) = ∅, and hence we may assume X , ∅.

By Proposition 2.7 and Proposition 2.9, it suffices to verify the surjectivity. Take an

F ∈ UF(X). Set

m ≔

{
f ∈ Cbd(X, k)

∣∣∣∣∣∣ infU∈F
sup
x∈U

| f (x)| = 0

}
⊂ Cbd(X, k).

Then m ⊂ Cbd(X, k) is an ideal, and 1 < m because |1(x)| = 1 for any x ∈ X , ∅. We

verify that the map

‖ · ‖F : Cbd(X, k) → [0,∞)

f 7→ inf
U∈F

sup
x∈U

| f (x)| < ‖ f ‖

is continuous. The map ‖ · ‖F is continuous at any f ∈ Cbd(X, k) with ‖ f ‖F = 0

because for any g ∈ Cbd(X, k)\{ f }, there is a U0 ∈ F with supx∈U | f (x)| < ‖ f − g‖ and

hence

‖g‖F ≤ inf
U∈F

sup
x∈U

| f (x) − ( f − g)(x)|

≤ inf
U∈F

sup
x∈U

max {| f (x)|, |( f − g)(x)|} ≤ ‖ f − g‖.

The map ‖ · ‖F is locally constant at any f ∈ Cbd(X, k) with ‖ f ‖F , 0 because for any

g ∈ Cbd(X, k) with ‖ f − g‖ < ‖ f ‖F , we have

‖g‖F ≤ inf
U∈F

sup
x∈U

| f (x) − ( f − g)(x)| ≤ inf
U∈F

sup
x∈U

max {| f (x)|, |( f − g)(x)|}

≤ inf
U∈F

max

{
sup
x∈U

| f (x)|, ‖ f − g‖

}
= ‖ f ‖F .

Therefore ‖ · ‖F is continuous. Since {0} ⊂ [0,∞) is closed, m is a closed ideal. For

f , g ∈ Cbd(X, k) with f g ∈ m, suppose f < m. We prove g ∈ m. If g = 0, then g ∈ m.

Therefore we may assume g , 0. Since f < m, there is some ǫ0 > 0 such that the

clopen subset V ≔ {x ∈ X | | f (x)| < ǫ} does not belong to F for any 0 < ǫ < ǫ0.

Let 0 < ǫ < ǫ0. The condition f g ∈ m implies that there is some U ∈ F such

that supx∈U |( f g)(x)| < ǫ2. Since F is an ultrafilter, one has X\V ∈ F and hence

U\V = U ∩ (X\V) ∈ F . For an x ∈ U\V , the inequality |g(x)| = | f (x)|−1| f (x)g(x)| < ǫ

implies supx∈U\V |g(x)| < ǫ. One obtains ‖g‖F = 0, and hence g ∈ m. Therefore m

is a closed prime ideal. Let U ∈ F . One gets ‖1U‖F = 1 by definition, and hence

U ∈ Chm. It implies F ⊂ Chm. Since F is an ultrafilter, one concludes F = Chm.

Thus F is contained in the image of Chsupp by Proposition 2.9. �

Proof of Theorem 2.1. The map Chsupp is compatible with ιk and F (·) as is shown in

Example 2.5. We prove that Chsupp is a homeomorphism. We first prove the bijectivity.

Since the restriction of Ch• on the image of supp is bijective by Proposition 2.10,

we have only to show that supp is injective. For that purpose, for a maximal ideal

m ⊂ Cbd(X, k), we consider the relation between the quotient seminorm ‖ · +m‖ at m
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and the map ‖ · ‖Chm defined in the proof of Proposition 2.10. For an f ∈ Cbd(X, k), one

has

‖ f + m‖ = inf
g∈m
‖ f − g‖ ≥ inf

g∈m
‖ f − g‖Chm = inf

g∈m
‖ f ‖Chm = ‖ f ‖Chm .

Take an r ∈ R with ‖ f ‖Chm < r. Set

U ≔ {x ∈ X | | f (x)| > r} .

Then U ⊂ X is clopen by an argument similar to the one in the proof of Proposition

2.7. If U ∈ Chm, then one has

‖ f ‖Chm = inf
V∈Chm

sup
x∈V

| f (x)| ≥ inf
V∈Chm

sup
x∈U∩V

| f (x)| ≥ inf
V∈Chm

r = r

and hence it contradicts the condition ‖ f ‖Chm < r. It implies U < Chm, and therefore

1U ∈ m. One obtains

‖ f + m‖ ≤ ‖ f − 1U f ‖ = ‖1X\U f ‖ ≤ r.

One gets ‖ f + m‖ = ‖ f ‖Chm .

Next, we prove that the map ‖·‖Chm is a boundedmultiplicative seminorm on Cbd(X, k).

It is a bounded power-multiplicative seminorm by definition, and it suffices to show the

multiplicativity. Let f , g ∈ Cbd(X, k) such that ‖ f g‖Chm < ‖ f ‖Chm‖g‖Chm . In particular,

‖ f ‖Chm‖g‖Chm , 0 and f , g < m. Take an ǫ > 0 such that ǫ < ‖ f ‖Chm , ǫ < ‖g‖Chm , and

‖ f g‖Chm < (‖ f ‖Chm − ǫ)(‖g‖Chm − ǫ). Set

V1 ≔
{
x ∈ X

∣∣∣ | f (x)| > ‖ f ‖Chm − ǫ
}

V2 ≔
{
x ∈ X

∣∣∣ |g(x)| > ‖g‖Chm − ǫ
}
.

Then V1,V2 ⊂ X are clopen. If V1 < Chm, then X\V1 ∈ Chm, but the inequality

‖ f ‖Chm ≤ sup
x∈X\V1

| f (x)| ≤ ‖ f ‖Chm − ǫ

contradicts the condition ǫ > 0. ThereforeV1 ∈ Chm. Similarly, one obtains V2 ∈ Chm,

and hence V1 ∩ V2 ∈ Chm. Then the inequality

‖ f g‖Chm < (‖ f ‖Chm − ǫ)(‖g‖Chm − ǫ) ≤ inf
W∈Chm

sup
x∈V1∩V2∩W

| f (x)| |g(x)|

≤ inf
W∈Chm

sup
x∈W

| f (x)g(x)| = ‖ f g‖Chm

holds, and it is a contradiction. Thus ‖ f g‖Chm = ‖ f ‖Chm‖g‖Chm . We conclude that the

map ‖ · ‖Chm is a bounded multiplicative seminorm, and hence corresponds to a point

in BSCk(X).

Now take an x ∈ BSCk(X). Since y ≔ ‖ · ‖Chsupp(x) ∈ BSCk(X) coincides with the

quotient seminorm ‖ ·+supp(x)‖, one has x( f ) ≤ y( f ) for any f ∈ Cbd(X, k). It implies

that x gives a bounded multiplicative norm of the complete residue field k(y) at y,
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because supp(y) is a maximal ideal. It implies x = y because y( f ) = y( f −1)−1 ≤

x( f −1)−1 = x( f ) for any f ∈ k(y)×. Thus x is reconstructed from its image y by Chsupp,

and hence Chsupp is injective.

Finally, we verify the continuity of Chsupp. Take a U ∈ CO(X), and set U ≔ {F ∈

UF(X) | U ∈ F }. The pre-image of U by Chsupp is the subset

{
x ∈ BSCk(X)

∣∣∣ U ∈ Chsupp(x)
}
=
{
x ∈ BSCk(X)

∣∣∣ 1U < supp(x)
}

= {x ∈ BSCk(X) | x(1U) > 0} ⊂ BSCk(X),

and it is open by the definition of the topology of BSCk(X). Therefore Chsupp is a con-

tinuous bijective map between compact Hausdorff spaces, and is a homeomorphism.

This completes the proof. �

We give several corollaries. These are generalisations of some of results in [EM1] and

[EM2]. In those papers, Alain Escassut and Nicolas Maı̈netti deal with ultrametric

spaces, while we deal with general topological spaces. We remark that they deal

with not only the class of bounded continuous functions, but also that of bounded

uniformly continuous functions with respect to the uniform structure associated to the

ultrametric.

Corollary 2.11. The map supp gives a bijective map from BSCk(X) to the set of

maximal ideals of Cbd(X, k), and every maximal ideal of Cbd(X, k) is the support of a

unique bounded multiplicative seminorm on Cbd(X, k).

This is a generalisation of [EM1] Theorem 16 for the class of bounded continuous

functions.

Proof. We proved that the injectivity of supp in the proof of Theorem 2.1, and the

image of supp coincides with the subset of maximal ideals by Proposition 2.8 and

Proposition 2.9. Thus the assertion holds. �

Corollary 2.12. Every bounded multiplicative seminorm on Cbd(X, k) is of the

form

‖ · ‖F : Cbd(X, k) → [0,∞)

f 7→ inf
U∈F

sup
x∈U

| f (x)|

for a unique F ∈ CO(X).

Proof. Let x ∈ BSCk(X). We proved the equality x = ‖ · ‖Chsupp(x) in the proof of

Theorem 2.1. The uniqueness of an F ∈ CO(X) follows from the surjectivity of

Chsupp. �

We denote by UF(|X|) the set of set-theoretical ultrafilters of X. We compare UF(|X|)

with UF(X) through the bijection Chsupp in Theorem 2.1.
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Corollary 2.13. The inclusion CO(X) →֒ 2X is a Boolean algebra homomor-

phism, and induces a surjective map

(· ∩ CO(X)) : UF(|X|) → UF(X)

U 7→ U ∩ CO(X).

For U ,U ′ ∈ UF(|X|), the equality limU | f (x)| = limU ′ | f (x)| holds for any f ∈

Cbd(X, k) if and only if U ∩ CO(X) = U ′ ∩ CO(X).

Proof. Let F ∈ UF(X). Since F is a family of subsets of X which is closed under

intersections and satisfies ∅ < F , there is an U ∈ UF(|X|) containing F . It implies

the surjectivity of the given correspondence. Let U ∈ UF(|X|) and f ∈ Cbd(X, k).

The limit limU | f (x)| exists because the boundedness of f guarantees that f (X) is

relatively compact in R. Moreover, since U ∩ CO(X) ⊂ U , we have ‖ f ‖U ∩CO(X) =

limU | f (x)|. Thus the second assertion follows from the injectivity of the inverse map

of Chsupp : BSCk(X)→ UF(X). �

Corollary 2.14. Every bounded multiplicative seminorm on Cbd(X, k) is of the

form

Cbd(X, k) → [0,∞)

f 7→ lim
U

| f (x)|

for a U ∈ UF(|X|), where limU | f (x)| denotes the limit of the R-valued continuous

function | f | : X → R : x 7→ | f (x)| along U for each f ∈ Cbd(X, k).

This together with Corollary 2.13 is a generalisation of [EM1] Corollary 16.3.

Proof. Every x ∈ BSCk(X) is presented as ‖ · ‖F by F ≔ Chsupp(x). By Corollary

2.13, there is a U ∈ UF(|X|) containing F , and satisfies x( f ) = ‖ f ‖F = limU | f (x)|

for any f ∈ Cbd(X, k). �

A topological space X is said to be strongly zero-dimensional if for any disjoint closed

subsets F, F′ ⊂ X there is a U ∈ CO(X) such that F ⊂ U ⊂ X\F′. We note that

every strongly zero-dimensional Hausdorff space is zero-dimensional. For example,

every topological space metrisable by an ultrametric is a first countable strongly zero-

dimensional Hausdorff space.

Corollary 2.15. Suppose that X is strongly zero-dimensional. For U ,U ′ ∈

UF(|X|), the equality limU | f (x)| = limU ′ | f (x)| holds for any f ∈ Cbd(X, k) if and

only if F ∩ F′ , ∅ for any closed subsets F, F′ ⊂ X with F ∈ U and F′ ∈ U ′.

This is a generalisation of [EM1] Theorem 4 for the class of bounded continuous

functions, and together with Corollary 2.13 implies [EM1] Theorem 1. We remark if

we removed the assumption of the strong zero-dimensionality, then there are obvious

counter-examples. For example, a connected space is never strongly zero-dimensional

unless it has at most one point, and every k-valued continuous function on a connected

space is a constant function. In particular, every set-theoretical ultrafilter gives the

same limit.
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Proof. To begin with, suppose that the equality limU | f (x)| = limU ′ | f (x)| holds for

any f ∈ Cbd(X, k). Then we have U ∩ CO(X) = U ′ ∩ CO(X) by Corollary 2.13. Let

F, F′ ⊂ X be closed subsets with F ∈ U and F′ ∈ U ′. Assume F∩F′ = ∅. Then there

is a U ∈ CO(X) such that F ⊂ U ⊂ X\F′ because X is strongly zero-dimensional. We

obtain U ∈ U ∩ CO(X) and X\U ∈ U ′ ∩ CO(X), and hence

lim
U

|1U(x)| = ‖1U‖U ∩CO(X) = 1 , 0 = ‖1U‖U ′∩CO(X) = lim
U ′
|1U(x)|,

where 1U : X → k denotes the characteristic function of U. It contradicts the assump-

tion. Thus F ∩ F′ , ∅.

Next, suppose that F ∩ F′ , ∅ for any closed subsets F, F′ ⊂ X with F ∈ U and

F′ ∈ U ′. In order to verify U ∩ CO(X) = U ′ ∩ CO(X), it suffices to show U ∩

CO(X) ⊂ U ′ ∩ CO(X) by symmetry. Let U ∈ U ∩ CO(X). Since U ∩ (X\U) =

∅, we have X\U < U ′ ∩ CO(X) by the assumption. Therefore U ∈ U ′ ∩ CO(X)

by the maximality of an ultrafilter. Thus U ∩ CO(X) ⊂ U ′ ∩ CO(X), and hence

U ∩ CO(X) = U ′ ∩ CO(X). It implies that the equality limU | f (x)| = limU ′ | f (x)|

holds for any f ∈ Cbd(X, k) by Corollary 2.13. �

Corollary 2.16. The residue field of a maximal ideal of Cbd(X, k) is k if and only

if it is a finite extension of k.

This is a generalisation of [EM2] Theorem 3.7 for the class of bounded continuous

functions.

Proof. Let m ⊂ Cbd(X, k) be a maximal ideal whose residue field is a finite extension

K of k. Take an arbitrary f ∈ K. Since K is a finite extension of k, f is algebraic

over k. We prove f ∈ k. Assume f < k. Let P(T ) ∈ k[T ] denote the minimal

polynomial of f over k. Let L denote a decomposition field P, and fix an embedding

K →֒ L. We endow L with a unique extension of the valuation of k. Since f < k,

P(T ) is an irreducible polynomial over k with zeros f1, . . . , fd in L\k. Since L is a

finite extension of k, k is closed in L. Therefore for any i ∈ N ∩ [1, d], the map

ξi : k 7→ [0,∞) : a 7→ |a − fi| is a continuous map with ξi(a) ≥ ri for any a ∈ k for

some ri ∈ (0,∞). In particular, we have |P(a)| =
∏d

i=1 ξi(a) ≥
∏d

i=1 ri > 0. On

the other hand, since K is the residue field of m, there is an F ∈ Cbd(X, k) whose

image in K is f . Then F satisfies P(F) ∈ m. By the proof of Proposition 2.10,

m coincides with the support of the bounded multiplicative seminorm ‖ · ‖Chm , and

hence there is a U ∈ Chm such that supx∈U |P(F)(x)| <
∏d

i=1 ri by the definition of

‖ · ‖Chm . Since U , ∅, there exists an x ∈ U. However, we have F(x) ∈ k, and hence

|P(F)(x)| = |P(F(x))| ≥
∏d

i=1 ri. It is a contradiction. Thus f ∈ k. We conclude that

K = k. �

Corollary 2.17. An ideal I ⊂ Cbd(X, k) coincides with Cbd(X, k) if and only if I

satisfies

inf
x∈X

sup
f∈S

| f (x)| > 0

for some non-empty finite subset S ⊂ I.
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This is a generalisation of [EM1] Theorem 5 for the class of bounded continuous

functions.

Proof. The sufficient implication is obvious because 1 ∈ Cbd(X, k). Suppose that I

does not coincides with Cbd(X, k). Take a maximal ideal m ⊂ Cbd(X, k) containing I.

Let S ⊂ m be a finite subset. Since ‖ · ‖Chm satisfies ‖ f ‖Chm = 0 for any f ∈ m, we

have that for any ǫ ∈ (0,∞), there is a U ∈ Chm such that supx∈U | f (x)| < ǫ for any

f ∈ S . In particular, we obtain infx∈X sup f∈S | f (x)| = 0 for any non-empty finite subset

S ⊂ I. �

We remark that Corollary 2.17 is also verified in a direct way with no use of our results.

Indeed, let I ⊂ Cbd(X, k) be an ideal such that there is a non-empty finite subset S ⊂ I

with r ≔ infx∈X sup f∈S | f (x)| > 0. We put U f ≔ {x ∈ X | | f (x)| ≥ r} ∈ CO(X) for each

f ∈ S . Then by the assumption, the family U ≔ {U f | f ∈ S } covers X. Taking a

total order on S , we put S = { f0, . . . , fd}. Then setting Ui ≔ U fi\
⋃i−1

j=0 U f j for each

i ∈ N∩[0, d], we obtain a refinement {U0, . . . ,Ud} of U consisting of pairwise disjoint

clopen subsets. For each i ∈ N ∩ [0, d], we have | f (x)| ≥ r for any x ∈ Ui, and hence

gi ≔ (1 − 1Ui
) + 1Ui

f is an invertible element of Cbd(X, k) with ‖g
−1
i
‖ ≤ max{r−1, 1},

where 1Ui
: X → k denotes the characteristic function of Ui. We obtain

1 =

d∑

i=0

1Ui
=

d∑

i=0

1Ui
g−1i fi ∈ I,

and thus I = Cbd(X, k).

3 Related Results

3.1 Another Construction

In the case where k is a local field or a finite field, we show that BSCk(X) coincides

with a space SCk(X) defined in this section. Here a local field means a complete

valuation field with non-trivial discrete valuation and finite residue field.

Definition 3.1. Denote by Cbd(X, k)(1) ⊂ Cbd(X, k) the subset C(X, k
◦) of bounded

continuous k-valued functions on X which take values in the subring k◦ ⊂ k of integral

elements, and consider the evaluation map

ι′k : X → (k◦)Cbd(X,k)(1)

x 7→ ( f (x)) f∈Cbd(X,k)(1).

By the definition of the direct product topology, ι′
k
is continuous. Denote by SCk(X) ⊂

(k◦)Cbd(X,k)(1) the closure of the image of ι′
k
. We also denote by ι′

k
the continuous map

X → SCk(X) induced by ι
′
k
.

If k is a local field or a finite field, then SCk(X) is a totally disconnected compact

Hausdorff space because so is k◦.
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Proposition 3.2. The space SCk(X) satisfies the following extension property: For

any f ∈ Cbd(X, k), there is a unique SCk( f ) ∈ Cbd(SCk(X), k) such that f = SCk( f )◦ι
′
k
.

Moreover, the equality ‖ f ‖ = ‖SCk( f )‖ holds.

Proof. The uniqueness of SCk( f ) and the norm-preserving property is obvious be-

cause ι′
k
(X) ⊂ SCk(X) is dense and k is Hausdorff. We construct the extension SCk( f ).

Note that |k| ⊂ [0,∞) is bounded if and only if |k| = {0, 1}. Therefore |k| ⊂ [0,∞)

is unbounded or closed. It implies that that there is an a ∈ k× such that ‖ f ‖ ≤ |a|.

For an x = (xg)g∈Cbd(X,k)(1) ∈ SCk(X), the value axa−1 f ∈ k is independent of the

choice of an a ∈ k×, and we set SCk( f )(x) ≔ axa−1 f . Indeed, let a1, a2 ∈ k×

and suppose ‖ f ‖ ≤ min{|a1|, |a2|}. For any y ∈ X, one has ι′
k
(y)a−1

1
f = a−1

1
f (y)

and ι′
k
(y)a−1

2
f = a−1

2
f (y). It implies a1ι

′
k
(y)a−1

1
f = a2ι

′
k
(y)a−1

2
f ∈ k. Since the image

ι′
k
(X) ⊂ SCk(X) is dense, one obtains a1xa−1

1
f = a2xa−1

2
f ∈ k. By the discussion

above, one gets SCk( f ) ◦ ι
′
k
= f . The map SCk( f ) is continuous by the definition

of SCk(X). �

Corollary 3.3. For a (Y, ϕ) ∈ X/Top, there is a unique continuous map

SCk(ϕ) : SCk(X)→ SCk(Y)

such that SCk(ϕ) ◦ ι
′
k
= ι′

k
◦ ϕ.

Proof. The uniqueness of SCk(ϕ) follows from the facts that X is dense in SCk(ϕ) and

that SCk(Y) is Hausdorff. By Proposition 3.2, one has a unique continuous map

SCk(ϕ) : SCk(X)→ (k◦)Cbd(Y,k)(1)

extending the composite

X
ϕ
−→ Y

ι′
k

−→ SCk(Y) →֒ (k◦)Cbd(Y,k)(1).

Its image lies in the closed subspace SCk(Y) because X is dense in SCk(X). One

obtains a continuousmap SCk(ϕ) : SCk(X)→ SCk(Y) such that SCk(ϕ)◦ι
′
k
= ι′

k
◦ϕ. �

Thus one obtains a functor

SCk : Top → TDCHTop

Y  SCk(Y)

(ϕ : Y → Z)  (SCk(ϕ) : SCk(Y)→ SCk(Z))

with an obvious natural transform ιk : idTop → SCk. We compare BSCk with SCk in

the case where k is a local field or a finite field.

Lemma 3.4. Suppose that k is a local field or a finite field endowed with the triv-

ial valuation, and that X is a totally disconnected compact Hausdorff space. Then

ι′
k
: X → SCk(X) is a homeomorphism.
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Proof. By the assumption of k, SCk(X) is a totally disconnected compact Hausdorff

space. Therefore it suffices to verify the injectivity of ι′
k
, because a continuous map

from a compact space to a Hausdorff space is a closed map. Let x, y ∈ X with x , y.

Since X is zero-dimensional and Hausdorff, there is a U ∈ CO(X) such that x ∈ U

and y < U. Then one has ι′
k
(x)1U = 1 , 0 = ι′

k
(y)1U , and hence ι′

k
(x) , ι′

k
(y). Thus

ι′
k
: X → SCk(X) is injective. �

Proposition 3.5. Suppose that k is a local field or a finite field endowed with the

trivial valuation. Then SCk(X) is initial in X/TDCHTop with respect to ι′
k
.

We remark that the assumption on the base field k is not necessary when X is compact.

Analysis of continuous functions on a compact space is quite classical.

Proof. For a (Y, ϕ) ∈ ob(X/TDCHTop), we construct a continuous extension

ψ : SCk(X)→ Y

of ϕ in an explicit way. An extension ψ is unique if it exists, because the image of X

is dense in SCk(X) and Y is Hausdorff. Consider the commutative diagram

X
ϕ

−−−−−−→ Y

ι′
k

y
yι′k

SCk(X) −−−−−−→
SCk(ϕ)

SCk(Y)

.

By Lemma 3.4, the right vertical map is a homeomorphism, and one obtains a contin-

uous map ψ ≔ ι′
k
−1 ◦ SCk(ϕ) : SCk(X)→ Y. �

Corollary 3.6. Suppose that k is a local field or a finite field endowed with the

trivial valuation.

(i) The space SCk(X) is homeomorphic to BSCk(X) under X.

(ii) The space BSCk(X) satisfies the extension property for a bounded continuous

k-valued function on X in Proposition 3.2.

(iii) The natural homomorphism C(BSCk(X), k)→ Cbd(X, k) is an isometric isomor-

phism.

(iv) The space BSCk(X) consists of k-rational points, and the residue field of any

maximal ideal of Cbd(X, k) is k.

Proof. We deal only with (iv). Since every maximal ideal of Cbd(X, k) is the support

of an x ∈ BSCk(X) as is referred in the proof of Proposition 2.9, it suffices to verify

the first assertion. We recall that for a Banach k-algebra A , an x ∈ Mk(A ) is said

to be a k-rational point if its support { f ∈ A | x( f ) = 0} is a maximal ideal of A
whose residue field is k. The isomorphism C(BSCk(X), k) → Cbd(X, k) in (iii) gives

an identification BSCk(X) =Mk(C(BSCk(X), k)). The assertion immediately follows

from a non-Archimedean generalisation of Stone–Weierstrass theorem ([Ber1] 9.2.5.

Theorem (i)) for C(BSCk(X), k). �
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In particular, concerning Corollary 3.6 (iv), any point of BSCk(X) is peaked in the

sense that the complete residue field is a peaked Banach k-algebra ([Ber1] 5.2.1,

Definition). A Banach k-algebra A is said to be peaked if for any extension K/k

of complete valuation fields, the norm on A ⊗̂kK is multiplicative. The notion of a

peaked point is useful when we consider the topology-theoretical multiplication of

points of analytic group. Corollary 3.6 (iv) does not hold when k = Cp. Indeed,

consider the rigid analytic disc D1(Cp) ≔ MCp
(Cp{z}). It admits a natural embed-

ding C◦p →֒ D1(Cp) into a dense subset. The bounded Cp-algebra homomorphism

ϕ : Cp{z} → Cbd(C
◦
p,Cp) sending the variable z to the coordinate function z : C

◦
p →֒ Cp

induces a continuous map ϕ∗ : BSCCp
(C◦p) → D1(Cp) under C

◦
p. Since BSCCp

(C◦p)

and D1(Cp) are compact Hausdorff spaces, the image of ϕ∗ contains the closure of the

dense subsetC◦p ⊂ D1(Cp). Thereforeϕ
∗ is surjective. SinceCp is not spherically com-

plete, there is a y ∈ D1(Cp) of type 4. Take an x ∈ BSCCp
(C◦p) in ϕ

−1(y). The induced

boundedCp-algebra homomorphism ϕx : Cp{z}/supp(y)→ Cbd(C
◦
p,Cp)/supp(x) gives

an extension of fields transcendental over Cp because y is of type 4. Thus the point

x ∈ BSCCp
(C◦p) is not Cp-rational.

3.2 Relation to the Stone–Čech compactification

A compact Hausdorff space is totally disconnected if and only if it is zero-dimensional,

and hence under X, the notion of an initial totally disconnected compact Hausdorff

space is equivalent to that of an initial zero-dimensional compact Hausdorff space.

Banaschewski constructed a zero-dimensional compact Hausdorff space ζX under X

in the case where X is zero-dimensional in [Ban], and proved that ζX is initial. In

the case where X is a zero-dimensional Hausdorff space, the structure map X → ζX

is a homeomorphism onto the image and ζX is sometimes called the Banaschewski

compactification.

Let p be a prime number. By the argument above, BSCQp
(X) is one of the general-

isation of ζX. The Stone–Čech compactification βX has a universality as an initial

object in the category of compact topological spaces under X, and hence there is a

unique continuous map βX → BSCQp
(X) under X. Then a natural question arises:

“When is the map βX → BSCQp
(X) is a homeomorphism?” In other words, “When

is βX totally disconnected?” In such a case, BSCQp
(X) satisfies the extension prop-

erty for an Archimedean bounded continuous function on X. This connection between

the Archimedean analysis and the non-Archimedean analysis looks interesting. It is

well-known that if X is an infinite discrete space, then βX is totally disconnected. In

particular, one has βN � BSCQp
(N). Furthermore, Banaschewski proved βX is home-

omorphic to ζX if X is a second countable zero-dimensional Hausdorff space ([Ban]

Satz 6. Korollar 2). In this case, βX is totally disconnected and hence is homeomor-

phic to BSCQp
(X). For example, the closed unit disc C◦

ℓ
⊂ Cℓ for a prime number

ℓ ∈ N is a second countable zero-dimensional Hausdorff space, and hence one has

βC◦
ℓ
� BSCQp

(C◦
ℓ
).

We do not know whether there is an example of a totally disconnected or zero-

dimensional space X such that the map βX → BSCQp
(X) is not a homeomor-
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phism. Banaschewski gave the following necessary condition for the bijectivity of

βX → BSCQp
(X) in [Ban] Satz 2. For a normal zero-dimensional space X, if the con-

tinuous map βX → BSCQp
(X) is a homeomorphism, then X is of Čech-dimension 0,

i.e. any finite open covering of X admits a finite clopen refinement. Therefore if there

is a normal zero-dimensional space of positive Čech-dimension, then it is an example.

4 Applications

4.1 Automatic Continuity Theorem

One of important classical problems for a commutative C∗-algebra is Kaplansky

Conjecture on automatic continuity problem, which claims that every injective C-

algebra homomorphism ϕ : Cbd(X,C) →֒ A is continuous for any Banach C-algebra

A . Consider the following weak version: every injective C-algebra homomorphism

ϕ : Cbd(X,C) →֒ A with closed image is continuous for any Banach C-algebra A .

It was proved by Kaplansky, and Solovay showed that the conjecture is independent

of the axiom of ZFC. For more details about the automatic continuity problem, see

[Dal]. [Sol], and [Woo]. Now it is natural to consider an analogous question in the

non-Archimedean case, and we prove its weak version in this subsection.

Definition 4.1. Let A be a Banach k-algebra, and m ⊂ A a maximal ideal whose

residue field K is a finite extension of k. For each f ∈ A , we denote by f (m) the

image of f in K, and by | f (m)| the norm of f (m) with respect to a unique extension of

the norm of k.

Lemma 4.2. Let A be a Banach k-algebra. For a maximal ideal m ⊂ A whose

residue field is k, the canonical projection A ։ A /m �k k gives a decomposition

A = k ⊕ m as the orthogonal direct sum, i.e. the equality

‖a + g‖ = max{|a|, ‖g‖}

holds for any a ∈ k and g ∈ m.

Proof. Since the composite k →֒ A ։ A /m is a bijective k-linear homomorphism,

one obtains a decomposition A = k ⊕ m as the direct sum of k-vector spaces. Take

an element f ∈ A , and denote by f (m) ∈ k the image of f in the quotient A /m �k
k. In order to prove the orthogonality of the direct sum, it suffices to show ‖ f ‖ =

max{| f (m)|, ‖ f − f (m)‖}. The inequality ≤ is obvious. If | f (m)| , ‖ f − f (m)‖, the

equality follows from the general property of a non-Archimedean norm, and hence

we may assume | f (m)| = ‖ f − f (m)‖. If f (m) = 0, then one has ‖ f − f (m)‖ = 0 and

therefore f = f (m) + ( f − f (m)) = 0. Suppose f (m) , 0. Assume ‖ f ‖ < | f (m)|. Then

one has ‖ f (m)−1 f ‖ < 1, and hence

f − f (m) = − f (m)(1 − f (m)−1 f ) ∈ k×A ×
= A ×

by [BGR] 1.2.4. Proposition 4. It contradicts the fact f − f (m) ∈ m, and thus ‖ f ‖ =

| f (m)| = max{| f (m)|, ‖ f − f (m)‖}. �
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We may apply Lemma 4.2 to any maximal ideal of Cbd(X, k) by Corollary 3.6 (iv).

Corollary 4.3. Suppose that k is a local field or a finite field endowed with

the trivial norm. For any maximal ideal m ⊂ Cbd(X, k), the canonical projection

Cbd(X, k) ։ Cbd(X, k)/m gives a decomposition Cbd(X, k) = k ⊕ m as the orthogonal

direct sum of k-Banach spaces.

This is a partial generalisation of [EM1] Theorem 7, which states that if X is an ultra-

metric space and k is locally compact, then the same holds.

Proposition 4.4. Suppose that k is a local field or a finite field endowed with the

trivial norm. Let Max(Cbd(X, k)) ⊂ Spec(Cbd(X, k)) denote the subset of maximal

ideals. Then the equality

‖ f ‖ = sup
m∈Max(Cbd(X,k))

| f (m)|

holds for any f ∈ Cbd(X, k). In particular, the norm of Cbd(X, k) is determined by the

algebraic structure of it.

Proof. Since the norm of Cbd(X, k) is power-multiplicative, the equality

‖ f ‖ = sup
x∈BSC(X)

x( f )

holds for any f ∈ Cbd(X, k) by [Ber1] 1.3.1. Theorem. This gives the assertion because

supp: BSCk(X) → Spec(Cbd(X, k)) is bijective onto Max(Cbd(X, k)) by the proof of

Theorem 2.1, and because the condition (iv) in the definition of a bounded multiplica-

tive seminorm in §1.1 guarantees x( f ) = | f (supp(x))| by Corollary 3.6 (iv). �

Proposition 4.5. Suppose that k is a local field. Then every complete norm on the

underlying k-algebra of Cbd(X, k) is equivalent to each other.

Proof. Since k is a local field, the norm of k is not trivial, and hence the boundedness

of a k-linear homomorphism between normed k-vector spaces is equivalent to the

continuity. Therefore it suffices to show that the identity id : Cbd(X, k)→ Cbd(X, k) is a

homeomorphism with respect to the metric topologies given by an arbitrary complete

norm ‖ · ‖′ of the source and the supremum norm ‖ · ‖ of the target. By Lemma 4.2

applied to (Cbd(X, k), ‖ · ‖
′) and Corollary 4.4, id is a k-linear contraction map, and

hence is continuous. Moreover, since the norm of k is not trivial, the open mapping

theorem holds by [BGR] 2.8.1. Theorem, and therefore id is an open map. Thus id is

a homeomorphism. �

Theorem 4.6. Suppose that k is a local field, and letA be a Banach k-algebra. Then

any injective k-algebra homomorphism ϕ : Cbd(X, k) →֒ A whose image is closed is

continuous.

Proof. Since the underlying metric spaces of Cbd(X, k) and A are complete, it suffices

to show that ϕ sends a Cauchy sequence in Cbd(X, k) to a Cauchy sequence in A .

Let ‖ · ‖′ : Cbd(X, k) → [0,∞) denote the composite of ϕ and the norm of A . Then
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since ϕ is a bijective homomorphism of k-algebras, ‖ · ‖′ is a norm of the k-algebra

Cbd(X, k). Since the image of ϕ is closed, ‖ · ‖′ is complete, and hence is equivalent to

the supremum norm by Proposition 4.5. We conclude that ϕ is continuous. �

The automatic continuity theorem immediately yields a criterion for the continuity of

a faithful representation over a local field.

Corollary 4.7. Suppose that k is a local field. Let V be a Banach k-vector space

and ρ : Cbd(X, k)×V → V a k-linear representation of a k-algebra Cbd(X, k) satisfying

the following conditions:

(i) The k-linear operator ρ̃ f : V → V : v 7→ ρ( f , v) is bounded for any f ∈

Cbd(X, k).

(ii) The k-linear representation ρ is faithful, i.e. the equality ρ f = 0 implies f = 0

for any f ∈ Cbd(X, k).

(iii) The image of the induced k-algebra homomorphism ρ̃· : Cbd(X, k) → Bk(V) is

closed, where Bk(V) is the Banach k-algebra of bounded operators on V.

Then ρ̃· is bounded, and in particular, ρ : Cbd(X, k) × V → V is continuous.

4.2 Ground Field Extensions

We study the ground field extensions of Cbd(X, k). We note that there are two dis-

tinct notions of the ground field extensions. One is given by extending the scalar of

functions, and the other is given by tensoring the scalar.

Proposition 4.8. Let K and L be complete valuation fields. Then there exists a

unique homeomorphism BSCK(X) � BSCL(X) compatible with the evaluation maps.

We remark that we do not assume that K and L contains the same base field k, and

hence, for example, it is possible to choose Qp and Fℓ((T )) for K and L respectively.

Proof. The assertion holds because BSCK(X) and BSCL(X) are initial objects with

respect to the evaluation maps in X/TDCHTop by Corollary 2.2. �

Proposition 4.9. Let K/k be an extension of complete valuation fields. Then the

ground field extension BSCK(X) → BSCk(X) associated with the natural embedding

Cbd(X, k) →֒ Cbd(X,K) is a homeomorphism.

Proof. The ground field extension above is compatible with the evaluation maps, and

coincides with the unique homeomorphism in Proposition 4.8. �

Now we consider the other ground field extension, namely, the canonical K-algebra

homomorphism K⊗̂kCbd(X, k) → Cbd(X,K) induced by the universal property of the

complete tensor product in the category of Banach k-algebras. In fact, the ground field

extension is not an isomorphism in general, and it yields a criterion for a topological

property of X and the valuation of k.
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Lemma 4.10. The k-subalgebra of Cbd(X, k) consisting of locally constant bounded

functions is dense.

Proof. Take an f ∈ Cbd(X, k). If f = 0, then f is locally constant. Suppose f , 0. For

an ǫ > 0, the pre-image of every open disc of radius ǫ in k by f is clopen. Therefore

one obtains a pairwise disjoint clopen covering U of X such that the image f (U) is

contained in an open disc of radius ǫ in k for any U ∈ U . Fix an aU ∈ f (U) for

each U ∈ U . The infinite sum g ≔
∑

U∈U aU1U : X → k convergences pointwise

to a locally constant continuous function. The obvious inequality |g(x)| ≤ ‖ f ‖ holds

for any x ∈ X, and hence g is bounded. One has ‖ f − g‖ ≤ ǫ by the definition of the

disjoint clopen covering U , and hence the k-subalgebra of locally constant functions

is dense in Cbd(X, k). �

Lemma 4.11. Suppose that k is spherically complete ([BGR] 2.4.4. Definition 1). Let
K/k be an extension of complete valuation fields. Then the natural bounded K-algebra

homomorphism ιK/k : K⊗̂kCbd(X, k)→ Cbd(X,K) is an isometry.

For example, a local field and every field endowed with the trivial norm are spherically

complete. We will use this lemma for Fp endowed with the trivial norm, Q endowed

with the trivial norm, and Qp.

Proof. Take an f ∈ K⊗̂kCbd(X, k). If f = 0, then ‖ιK/k( f )‖ = 0 = ‖ f ‖, and hence

we assume f , 0. In particular, X , ∅ and both of K⊗̂kCbd(X, k) and Cbd(X,K) are

non-zero Banach K-algebras. Therefore the norm of the bounded K-algebra homo-

morphism ιK/k is 1 because ιK/k(1) = 1 and the power-multiplicativity of the norm

of Cbd(X,K) guaranties that ιK/k is submetric. Set ǫ ≔ ‖ f ‖/2, and take an element

g =
∑n

i=1 ai ⊗ gi ∈ K ⊗k Cbd(X, k) with ‖ f − g‖ < ǫ in K⊗̂kCbd(X, k). We may assume

ai , 0 for any i = 1, . . . , n without loss of generality. By Lemma 4.10, there is a

locally constant bounded k-valued function g′
i
∈ Cbd(X, k) such that ‖gi − g

′
i
‖ < |ai|

−1ǫ

for each i = 1, . . . , n. In particular, setting g′ ≔
∑n

i=1 ai ⊗ g′
i
∈ K ⊗k Cbd(X, k), one has

‖ f − g′‖ = ‖( f − g) + (g − g′)‖ ≤ max

‖ f − g‖,
∥∥∥∥∥∥∥

n∑

i=1

ai(gi − g
′
i)

∥∥∥∥∥∥∥


≤ max{‖ f − g‖,max n

i=1|ai|‖gi − g′i‖} < ǫ < ‖ f ‖,

and hence ‖g′‖ = ‖ f ‖. Since k is spherically complete, the finite dimensional normed

k-vector subspace ka1 + · · · + kan ⊂ K is k-Cartesian by [BGR] 2.4.4. Proposition

2, and hence there is an orthogonal basis b1, . . . , bm ∈ K of ka1 + · · · + kan. Ex-

pressing a1, . . . , an as a k-linear combination of b1, . . . , bm, one obtains an expression

g′ =
∑m

i=1 big
′′
i
by a unique system g′′

1
, . . . , g′′m ∈ Cbd(X, k) of k-valued locally constant

functions. For any x ∈ X, one has

|ιK/k(g
′)(x)| =

∣∣∣∣∣∣∣

m∑

i=1

big
′′
i (x)

∣∣∣∣∣∣∣
= max m

i=1|g
′′
i (x)||bi|

by the orthogonality of b1, . . . , bm, and hence

‖ιK/k(g
′)‖ = sup

x∈X

|ιK/k(g
′)(x)| = sup

x∈X

max m
i=1|bi||g

′′
i (x)| = maxm

i=1|bi| sup
x∈X

|g′′i (x)|
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= max m
i=1|bi|‖g

′′
i ‖ ≥ ‖g

′‖.

Since ιK/k is a K-linear contraction map, one gets ‖ιK/k(g
′)‖ = ‖g′‖. We conclude

‖ιK/k( f − g′)‖ ≤ ‖ f − g′‖ < ǫ < ‖ f ‖ = ‖g′‖ = ‖ιK/k(g
′)‖

and thus

‖ιK/k( f )‖ = ‖ιK/k( f − g
′) + ιK/k(g

′)‖ = ‖ιK/k(g
′)‖ = ‖g′‖ = ‖ f ‖.

�

We denote by F ⊂ k the topological closure of the field F of fractions of the image

of the canonical ring homomorphism Z → k. We remark that F is Fp if and only if

k is of characteristic p > 0, and is Q otherwise. In the former case, F is Fp endowed

with the trivial valuation. In the latter case, F is Q endowed with the trivial norm if

and only if k is of equal characteristic (0, 0), and is Qp if and only if k is of mixed

characteristic (0, p). In particular, F is spherically complete. We determine when

ιk/F : k⊗̂FCbd(X, F)→ Cbd(X, k) is an isomorphism. The following shows that Cbd(X, k)

is “naive” enough if and only if X is compact or k is sufficiently small in some sense.

Theorem 4.12. Suppose that X is zero-dimensional and Hausdorff. Then the fol-

lowing are equivalent:

(i) The space X is compact, or k is a local field or a finite field endowed with the

trivial norm.

(ii) The k-subalgebra of Cbd(X, k) generated by idempotents is dense.

In addition if F , Q, then (i) and (ii) are equivalent to the following:

(iii) The homomorphism ιk/F : k⊗̂FCbd(X, F) → Cbd(X, k) is an isometric isomor-

phism.

(iv) The space BSCk(X) consists of k-rational points.

(v) The map ιk : X →֒ BSCk(X) induces an isometric isomorphism

C(BSCk(X), k)→ Cbd(X, k).

(vi) The space BSCk(X) satisfies the extension property for a bounded continuous

k-valued functions in Proposition 3.2.

We remark that a similar relation between (i) and (iv) is also verified by Alain Escas-

sut and Nicolas Maı̈netti in [EM1] in the case where X is an ultrametric space. For

example, they proved in Theorem 7 that if X is an ultrametric space and k is locally

compact, then (iv) holds.

Proof. Assume (i). We verify (ii). Take an f ∈ Cbd(X, k). If k is a local field or a finite

field, the closed disc {a ∈ k | |a| ≤ ‖ f ‖} ⊂ k is compact. Otherwise X is compact.

Therefore for an ǫ > 0, there is a finite pairwise disjoint clopen covering U of X
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such that the image f (U) ⊂ k is contained in an open disc of radius ǫ in k for any

U ∈ U . Fixing an aU ∈ f (U) for each U ∈ U , one has ‖ f −
∑

U∈U aU1U‖ < ǫ. Thus

k-subalgebra of Cbd(X, k) generated by idempotents is dense.

Assume (ii). We verify (iii). Since ιk/F is an isometry by Lemma 4.11, it suffices to

show that the image of ιk/F is dense. An idempotent of Cbd(X, k), which is a character-

istic function on a clopen subset of X, is contained in the subset Cbd(X, F) ⊂ Cbd(X, k).

Therefore the image of the natural homomorphism k⊗FCbd(X, F)→ Cbd(X, k) is dense

by (ii), and hence the image of ιk/F is dense.

Assume (iii). We verify (iv) in the case F , Q. For an x ∈ BSCk(X), consider

the composite x′ : Cbd(X, F) → k(x) of x and the natural embedding Cbd(X, F) →֒

Cbd(X, k), where k(x) is the completed residue field at x. Since F is contained in k,

the character x′ defines an element x′ ∈ BSCF(X). Recall that F = Fp or Qp now.

Since BSCF(X) consists of F-rational points by Corollary 3.6 (iv), the image of x′ is

contained in F ⊂ k. Therefore (iii) guarantees that the image of x is contained in the

closure of the k-vector subspace of k(x) generated by F ⊂ k, namely, the 1-dimensional

vector subspace k ⊂ k(x). It implies k(x) = k.

Assume (iv). We verify (v) in the case F , Q, and hence suppose that BSCk(X)

consists of k-rational points. Then the Gel’fand transform Cbd(X, k)→ C(BSCk(X), k)

is an isometric isomorphism by [Ber1] 9.2.7. Corollary (ii), and coincides with the

bounded k-algebra homomorphism induced by ιk.

Assume (v). We verify (vi) in the case F , Q, and hence suppose that ιk induces

an isometric isomorphism C(BSCk(X), k) → Cbd(X, k). Take an f ∈ Cbd(X, k). The

extension of f on BSCk(X) is unique because the image of ιk is dense by Corollary

2.4 and k is Hausdorff. Since ιk induces an isomorphism C(BSCk(X), k) → Cbd(X, k),

there is an f ′ ∈ C(BSCk(X), k) whose image is f , or in other words, f ′ is the extension

of f on BSCk(X).

Assume that (vi) and F , Q hold, or that (ii) and F = Q hold. We verify (i). Suppose

that X is non-compact and k is neither a local field nor a finite field. Since X is a

zero-dimensional and non-compact, there is an F ∈ UF(X) without a cluster point by

Proposition 1.7. In particular,F contains an infinite descending chain X = U0 ) U1 )

· · · . Indeed, for any U ∈ F and x ∈ U , ∅, there is a V ∈ CO(X) such that V ∈ F ,

V ⊂ U, and x < V because x is not a cluster point of F . One obtains an infinite set

U = {Ui\Ui+1 | i ∈ N} of pairwise disjoint clopen subsets of X. If the residue field

k̃ of k is an infinite field, set Y ≔ k̃ and take a set-theoretical lift ϕ : Y →֒ k◦ of the

canonical projection k◦ ։ Y. Otherwise, the image |k×| ⊂ (0,∞) is dense because k

is neither a local field nor a finite field. Set Y ≔ |k×| ∩ (1/2, 1) ⊂ (0,∞), and take

a set-theoretical lift ϕ : Y →֒ k◦ of the norm | · | : k → [0,∞). Since Y is dense in

(1/2, 1), it is an infinite set. In both cases, endow Y with the discrete topology. Since

Y is an infinite set, there is an injective map ψ : N →֒ Y. The composite ϕ◦ψ : N →֒ k◦

is an injective continuous map, and the image is a closed discrete subspace because

|ϕ(y) − ϕ(y′)| > 1/2 for any y, y′ ∈ Y. Since U ⊂ CO(X) is an infinite covering of X,

there is an injective map Ψ : N →֒ U . Then the pointwise convergent infinite sum

f ≔
∑

n∈N

ϕ(ψ(n))1Ψ(n) : X → k
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determines a locally constant bounded function on X. There is a non-principal ul-

trafilter F ∈ CO(N) by Lemma 1.6. Now assume F , Q. By the conditions

(vi), there is a continuous extension BSCk( f ) : BSCk(X) → k of f . Moreover, tak-

ing a representative xn ∈ Ψ(n) for each n ∈ N, one obtains a continuous map

x : N → X →֒ BSCk(X). Since BSCk(X) is an object of X/TDCHTop, a unique

continuous extension BSCk(x) : UF(N) � BSCk(N)→ BSCk(X) of x exists. The com-

posite BSCk( f ) ◦ BSCk(x) : UF(N) → BSCk(X) → k is a continuous extension of the

composite f ◦ x = ϕ ◦ ψ : N → k. In particular, BSCk( f ) ◦ BSCk(x) is continuous at

F ∈ UF(N), but it contradicts the fact that ϕ ◦ ψ is an injective map whose image is

a closed discrete subspace. An injective net whose image is discrete and closed never

has a limit. It is a contradiction. Therefore one obtains F = Q, and (ii) holds by the

assumption. Take a k-linear combination g =
∑n

i=1 ai1Ui
∈ Cbd(X, k) of idempotents

with ‖ f − g‖ < 1. Now the image of g contains at most n points, and hence there

is an integer m ∈ N such that g(x) < ψ(m) for any x ∈ X identifying the cosets k̃

as a family of disjoint clopen subsets of k◦ in the tautological sense. Then one has

| f (xm) − g(xm)| = 1, and it contradicts the condition ‖ f − g‖ < 1. Thus X is compact,

or k is a local field or a finite field. �

Since we did not use the assumption that F , Q in the proof that (ii) with F , Q

implies (iii), the condition that ιk/F is an isometric isomorphism is weaker than (ii).

4.3 Non-Archimedean Gel’fand Theory

We establish non-Archimedean Gel’fand theory for a zero-dimensional Hausdorff

space. We recall that a completely regular Hausdorff space is a topological space

which can be embedded in a direct product of copies of the closed unit disc C◦ ⊂ C

as a subspace. On the other hand, a non-Archimedean counterpart of a completely

regular Hausdorff space over k is a topological space which can be embedded in a

direct product of copies of the closed unit disc k◦ ⊂ k as a subspace. We call such a

topological space a non-Archimedean completely regular Hausdorff space over k. A

direct product of copies of k◦ is a zero-dimensional Hausdorff space. A subset of a

zero-dimensional Hausdorff space is again a zero-dimensional Hausdorff space, and

so is a non-Archimedean completely regular Hausdorff space over k. Now we verify

that the converse also holds in the case where k is a local field or a finite field.

Lemma 4.13. Suppose that k is a local field or a finite field endowed with the trivial

norm. The following are equivalent:

(i) The space X is zero-dimensional and Hausdorff.

(ii) The space X is Hausdorff, and bounded continuous k-valued functions separates

a point and a disjoint closed subset of X, i.e. for any x ∈ X and any closed subset

F ⊂ X with x < F, there is an f ∈ Cbd(X, k) such that f (x) = 0 and f (y) = 1 for

any y ∈ F.

(iii) The continuous map ι′
k
: X → SCk(X) is a homeomorphism onto the image.

(iv) The space X is embedded in a direct product of copies of k◦ as a subspace.
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We note that the description of (ii)-(iv) seem to depend on the base field k while (i)

does not. Therefore the notion of “a non-Archimedean completely regular Hausdorff

space” is independent of the base field.

Proof. Recall that SCk(X) is a closed subspace of a direct product of copies of k
◦, and

hence (iii) implies (iv). Moreover, (iii) implies (i) as we mentioned in the beginning

of this section.

Assume (i). We verify (ii). Let x ∈ X and F ⊂ X be a closed subset with x < F. Since

X is zero-dimensional, there is a clopen neighbourhood U ⊂ X of x contained in the

open subset X\F ⊂ X, and the characteristic function 1X\U separates x and F.

Assume (ii). We verify (iii). Since X is Hausdorff, a point of X is closed. For x, y ∈ X

with x , y, take an f ∈ Cbd(X, k) which separates x and y. Then f , 0. Since the

valuation of k is discrete or trivial, the image |k| ⊂ [0,∞) is closed. By the definition

of the supremum norm, ‖Cbd(X, k)‖ ⊂ [0,∞) is contained in the closure of |k| ⊂ [0,∞),

and hence ‖Cbd(X, k)‖ ⊂ |k|. Therefore there is an a ∈ k
× such that 0 , ‖ f ‖ = |a|. Then

one has ‖a−1 f ‖ = 1 and a−1 f ∈ Cbd(X, k)(1) separates x and y. Therefore one has

ι′
k
(x) , ι′

k
(y) comparing their (a−1 f )-th entry, and ι′

k
is injective. In order to prove that

ι′
k
is an open map onto the image, take an open subset U ⊂ X. For an x ∈ U, take an

f ∈ Cbd(X, k) such that f (x) = 0 and f (y) = 1 for any y ∈ X\U. By the same argument

as above, there is an a ∈ k× such that ‖ f ‖ = |a|. Then the pre-image by ι′
k
of the open

subset V ⊂ SCk(X) given by the condition that the (a−1 f )-th entry is contained in the

open neighbourhood k\{a−1} ⊂ k of 0 ∈ k is an open neighbourhood of x contained in

U. Therefore the image ι′
k
(U) contains the open neighbourhood V ∩ ι′

k
(X) of ι′

k
(x) in

ι′
k
(X), and thus ι′

k
(U) ⊂ ι′

k
(X) is open. We conclude that ι′

k
is a homeomorphism onto

the image. �

Proposition 4.14. The map ιk : X → BSCk(X) is a homeomorphism onto the image

if and only if X is zero-dimensional and Hausdorff.

Proof. By Proposition 4.8, it is reduced to the case where k = Qp for a prime number

p ∈ N. The assertion immediately follows fromCorollary 3.6 (i) and Lemma 4.13. �

Definition 4.15. Let A ⊂ Cbd(X, k) be a closed k-subalgebra. For x, x′ ∈ X,

we write x ∼A x′ if f (x) = f (x′) for any f ∈ A . The binary relation ∼A is an

equivalence relation, and we denote by X/A the quotient space X/ ∼A . We say A
separates points of X if the condition x ∼A x′ implies x = x′ for any x, x′ ∈ X.

Lemma 4.16. The map ι′
k
: X → SCk(X) uniquely factors through the canonical pro-

jection X ։ X/Cbd(X, k), and the induced map X/Cbd(X, k) → SCk(X) is an injective

continuous map.

Proof. It immediately follows from the definitions of ∼Cbd(X,k) and SCk(X). �

Lemma 4.17. Suppose that X is zero-dimensional and Hausdorff. Then Cbd(X, k)

separates points of X.

Proof. By Lemma 4.13 and Lemma 4.16, the projection X ։ X/Cbd(X, k) is injective.

�
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Definition 4.18. A topological space (Y, f ) under X is said to be faithful if f : X →

Y is a homeomorphism onto the image, to be full if f (X) is dense in Y, and to be fully

faithful if it is full and faithful. We denote by X/TDCHTop
ff
⊂ X/TDCHTop the full

subcategory of fully faithful totally disconnected compact Hausdorff spaces under X.

By Lemma 4.13, X/TDCHTop
ff
is a non-empty category if and only if X is zero-

dimensional and Hausdorff. Suppose that X is zero-dimensional and Hausdorff. The

isomorphism relation in X/TDCHTop
ff
is an equivalence relation in a class. We denote

by C (X) the class (X/TDCHTop
ff
)/ � of equivalence classes. The class C (X) is not a

proper class. Indeed, for any (Y, f ) ∈ ob(X/TDCHTop
ff
), f extends to f̃ : UF(X)→ Y

by Theorem 1.3. Since UF(X) is compact and Y is Hausdorff, f̃ (UF(X)) ⊂ Y is a

closed subspace containing the dense subspace f (X) ⊂ Y, and hence f̃ is a surjective

closed map. Therefore (Y, f ) is obtained as a quotient of UF(X), and C (X) admits a

set-theoretical representative.

Theorem 4.19. Suppose that k is a local field or a finite field endowed with

the trivial norm, and that X is zero-dimensional and Hausdorff. Then there is a

contravariant-functorial one-to-one correspondence between C (X) and the set of

closed k-subalgebras of Cbd(X, k) separating points of X.

Proof. Denote by C ′(X) the set of closed k-subalgebras of Cbd(X, k) separating points

of X. The correspondences are given in the following way:

C (X) ←→ C ′(X)[
f : X →֒ Y

]
 Im( f a : C(Y, k) →֒ Cbd(X, k))

[X →֒ BSCk(X)։Mk(A )] f (A ⊂ Cbd(X, k)).

They are the inverses of each other by the generalised Stone–Weierstrass theorem

([Ber1] 9.2.5. Theorem). We remark that for any fully faithful totally disconnected

compact Hausdorff space (Y, f ) under X, the associated bounded homomorphism

f a : C(Y, k) →֒ Cbd(X, k) is an isometry because X is a dense subspace of Y, and hence

its image is closed. On the other hand for any closed k-subalgebra A of Cbd(X, k)

separating points of X, the associated continuous map X →֒ BSCk(X) ։ Mk(A ) is

a homeomorphism onto the image which is a dense subspace, because X is a dense

subspace of BSCk(X), the condition that A separates points ofX guarantees the in-

jectivity, and every continuous map between compact Hausdorff spaces BSCk(X) and

Mk(A ) is a closed map. �

Acknowledgements

I would like to thank Takeshi Tsuji. I appreciate having gracious discussions in semi-

nars. I am profoundly grateful to Atsushi Matsuo for their great helps and instructive

advices on writing this paper. I express my gratitude to Atsushi Yamashita for joining

in seminars on this paper. I am thankful to my friends for devoting time to frequent

discourse. I acknowledge my family’s deep affection.

I am a research fellow of Japan Society for the Promotion of Science. This work was

supported by the Program for Leading Graduate Schools, MEXT, Japan.

Documenta Mathematica 19 (2014) 769–799



798 Tomoki Mihara

References
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Abstract. We conjecture that for every dimension n 6=3 there exists
a noncompact hyperbolic n-manifold whose volume is smaller than the
volume of any compact hyperbolic n-manifold. For dimensions n≤ 4
and n = 6 this conjecture follows from the known results. In this
paper we show that the conjecture is true for arithmetic hyperbolic
n-manifolds of dimension n≥ 30.
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1. Introduction

By hyperbolic n-manifold we mean a complete orientable manifold that is locally
isometric to the hyperbolic n-space H

n. Let M be a complete noncompact
hyperbolic 3-manifold of finite volume. By Thurston’s Dehn surgery theorem
there exists infinitely many compact hyperbolic 3-manifolds obtained from M
by Dehn filling [15, Section 5.8]. These manifolds all have their volume smaller
than vol(M) [15, Theorem 6.5.6]. It is known that the Dehn filling procedure is
specific to manifolds of dimension n= 3 (cf. [1, Section 2.1]). We believe that
so is the minimality of volume of compact manifolds and that for hyperbolic
manifolds in other dimensions the following conjecture should hold:

Conjecture 1. Let N be a compact hyperbolic manifold of dimension n 6=
3. Then there exists a noncompact hyperbolic n-manifold M whose volume is
smaller than the volume of N .

1Belolipetsky supported by a CNPq research grant.
2Emery supported by SNSF, project no. PA00P2-139672 and PZ00P2-148100.
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The set of volumes of hyperbolic n-manifolds is well-ordered (indeed, discrete
if n 6= 3), thus the conjecture states that the smallest complete hyperbolic
n-manifold is noncompact for n 6= 3. Conjecture 1 is known to be true for
dimensions n = 2, 4 and 6: for these n there exist noncompact hyperbolic n-
manifoldsM with |χ(M)|= 1 [14, 5], whereas it is a general fact that the Euler
characteristic of a compact hyperbolic manifold is even (cf. [13, Theorem 4.4]).
In this paper we prove the conjecture for arithmetic hyperbolic n-manifolds of
sufficiently large dimension:

Theorem 2. Conjecture 1 holds for arithmetic hyperbolic n-manifolds of di-
mension n≥ 30.

A folklore conjecture states that the smallest volume is always attained on an
arithmetic hyperbolic n-manifold (in both compact and noncompact cases). We
will refer to this statement as the minimal volume conjecture. This conjecture is
obvious for n=2, it was proved only recently for n=3 [6], and there is currently
no any potential approach to resolving this conjecture in higher dimensions. If
true, the minimal volume conjecture together with Theorem 2 would imply
Conjecture 1 for dimensions n≥ 30. However, Conjecture 1 is weaker than the
minimal volume and we think that it might be easier to attack it directly.
At this point we would like to mention the related picture for hyperbolic n-
orbifolds. By [2, 3], we know the compact and noncompact minimal volume
arithmetic hyperbolic n-orbifolds in all dimensions n≥ 4. This is complemented
by the previous results for n= 2, 3 (see [loc.cit.]). It follows that the smallest
arithmetic hyperbolic n-orbifold is compact for n= 2, 3, 4 and noncompact for
n≥ 5. For dimensions n≤ 9 we do know the smallest volume noncompact hy-
perbolic n-orbifolds thanks to the result of Hild’s thesis ([8]). It turns out that
these orbifolds are arithmetic, supporting the orbifold version of the minimal
volume conjecture.
Let us now describe the contents of the paper. The proof of the main theorem is
based on arithmetic techniques. We start with the minimal volume arithmetic
n-orbifold constructed in [2, 3], which is noncompact for n ≥ 5. Then we
construct a manifold cover of it and try to show that the volume of this manifold
is still smaller than the smallest compact arithmetic n-orbifold, which is also
known from our previous work. Constructing a manifold cover of an orbifold
Γ\Hn is equivalent to finding a torsion-free subgroup of Γ. Our method here
is based on Lemma 3, which can be thought of as a variant of Minkowski’s
lemma that asserts that the kernel of GLN (Z)→ GLN (Z/m) is torsion-free
for m > 2. Minkowski’s lemma is the classical tool to construct hyperbolic
manifolds from arithmetic subgroups (see for instance [13, Section 4]). We
observe that applying Lemma 3 on two small primes (see Section 2.3) gives
better results. In particular we show in Section 3 how our method applies to
the problem and proves Theorem 2 for dimensions n≥ 33. On the other hand,
Minkowski’s lemma (with m = 3) cannot be used to obtain a direct proof for
n < 50.
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The dimension bound in Theorem 2 can be further improved because the com-
pact orbifolds of small volume considered above do have singularities and hence
the volumes of the smallest compact manifolds are larger. In order to obtain
better estimates for these volumes we use the arithmetic information encoded
in the Euler characteristic. This approach works well for even dimensions (see
Sections 5.1 and 5.2). In odd dimensions the Euler characteristic is zero, but
we can still use a similar method. In order to do so we consider even dimen-
sional totally geodesic suborbifolds of the compact odd dimensional orbifolds
of small volume. The details of the argument are explained in Section 5.3
and its application to the case n = 31 is in Section 5.4. It is possible to use
similar considerations for smaller dimensions but the number of variants and
the computational difficulty increase rapidly for smaller n. The problem be-
comes very difficult for n< 10 and we expect that some new ideas or significant
computational advances are required in order to extend our result to this range.

Acknowledgments. Part of this work was done while the second author was
visiting IMPA (Rio de Janeiro, Brazil). He wishes to thank the institute for
the hospitality and support.

2. A method of construction

2.1. Let G be a semisimple algebraic group defined over a number field k.
We denote by Vf the set of finite places of k. For each v ∈ Vf , we denote by
kv, Ov and fv the completion, local ring and residue field defined by v. We
suppose that G is simply connected as an algebraic group. By definition, a
principal arithmetic subgroup of G(k) is a subgroup ΛP = G(k)∩∏

v∈Vf
Pv,

where P = (Pv)v∈Vf
is a coherent collection of parahoric subgroups Pv ⊂G(kv)

(see [4]). By Bruhat-Tits theory (see [16]), for each v ∈ Vf , there exists a
smooth connected Ov-group scheme Pv with generic fiber G and such that
Pv(Ov) =Pv. We denote by Mv the fv-group defined as the maximal reductive
quotient of Pv/fv. The reduction map Pv →Mv(fv) is surjective. Moreover,
since G is simply connected, we have that Pv/fv (and thus Mv as well) is
connected.

2.2. Let p be the rational prime above v, i.e., p is the characteristic of the
residue field fv. Let us denote by P ∗

v ⊂ Pv the pre-image under the reduction
map of a p-Sylow subgroup of Mv(fv).

Lemma 3. Each torsion element in P ∗
v has an order of the form ps.

Proof. Let Kv be the kernel of the map Pv→Pv(fv). Let g ∈P ∗
v be an element

of finite order q, and denote by g its image in Pv(fv). It suffices to consider
the case where q is prime. The image of P ∗

v in Pv(fv) is, by definition, the
extension of a p-group by a unipotent fv-group. It follows that the image of
P

∗
v is itself a p-group, and thus we have either g = 1, or q = p. But in the first

case g is contained in Kv, which is a pro-p group (see [11, Lemma 3.8]), and
the conclusion follows as well. �
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2.3. By choosing two primes v and w above two distinct rational primes,
and replacing Pv (resp. Pw) by P ∗

v (resp. P ∗
w) in the coherent collection

P , we obtain by Lemma 3 a torsion-free subgroup Λv,wP ⊂ ΛP . By strong
approximation of G, the index [ΛP : Λv,wP ] equals [Pv : P

∗
v ] · [Pw : P ∗

w].
By construction, the index [Pv : P

∗
v ] is equal to the order of Mv(fv) divided by

its highest p-factor. We will usually work with parahoric subgroups for which
Mv is semisimple (for instance, Pv hyperspecial), and in this case [Pv : P ∗

v ]
can be easily computed from the type of Mv using the list of orders of simple
groups over a finite field (see [10]).
For example, if G/kv is a split group of type Br and Pv ⊂G(kv) is hyperspecial,
then Mv is semisimple of the same type and we obtain:

[Pv : P
∗
v ] =

r∏

j=1

(q2j
v −1),(1)

where qv denotes the cardinality of the finite field fv. The product of two such
expressions gives us the index of the torsion-free subgroup Λv,wP in ΛP . If ΛP
acts on H

n we can then compute the volume of the quotient manifold Λv,wP \Hn

as a product of this index and the covolume of ΛP .

3. Construction of noncompact manifolds

We will construct noncompact hyperbolic manifolds starting from the arith-
metic lattices of minimal covolume considered in [2, 3]. They are best under-
stood as normalizers of principal arithmetic subgroups of G = Spin(n,1), the
latter Lie group being a two-fold covering of Isom+(Hn).

3.1. We showed in [3, Section 2.1] that if a lattice Γ ⊂ G contains the
center Z of Spin(n,1), then the hyperbolic volume vol(Γ\Hn) is given by
2vol(Sn)µ(Γ\G), where Sn is the n-sphere of constant curvature 1 and µ is
the normalization of the Haar measure on G that was used by Prasad in [12],
and that the volume is the half of this value otherwise. Suppose now that Γ⊂G
is torsion-free. Since Z has order 2 in all dimensions, we obtain in this case:

vol(Γ\Hn) = vol(Sn)µ(Γ\G)(2)

If n is even, then 2µ(Γ\G) = |χ(Γ)| (cf. [4, Section 4.2]) and equation (2)
is equivalent to the Gauss-Bonnet formula (note that a torsion-free Γ ⊂ G
is isomorphic to – and thus has same Euler characteristic as – its image in
Isom+(Hn)):

vol(Γ\Hn) =
vol(Sn)

2
|χ(Γ)|, n even.(3)

We recall that the volume of the n-sphere of curvature 1 is given by the following
formula:

vol(Sn) =
2π

n+1
2

Γ(n+1
2 )

,(4)
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where Γ(−) is the Gamma function (recall that for an integerm we have Γ(m) =
(m−1)!).

3.2. Let ΛP ⊂ Spin(n,1) be the (unique) nonuniform principal arithmetic sub-
group whose normalizer realizes the smallest covolume. Like all nonuniform
arithmetic hyperbolic lattices it is defined over k = Q, so that the set Vf of
finite places corresponds to the rational primes. The structure of the coherent
collection P was determined in [2, 3]. We denote by G the algebraic Q-group
containing ΛP , and we will use the notation introduced in Section 2.

3.3. Let us first deal with the case when n = 2r is even. Then G is of type
Br and the coherent collection P determining ΛP has the following structure
(see [2]): Pv is hyperspecial unless v = 2 and r ≡ 2,3 (4), in which case the
associated reductive F2-group M2 is semisimple of type 2Dr. By Prasad’s
volume formula [12], the Euler characteristic of ΛP is then given by

|χ(ΛP )|= 2λ2(r)C(r)

r∏

j=1

ζ(2j),(5)

with λq(r) = 1 if r ≡ 0,1 (4) and λq(r) = qr − 1 otherwise, and the constant
C(r) given by

C(r) =

r∏

j=1

(2j−1)!

(2π)2j
.(6)

Using the functional equation for the Riemann zeta function, and expressing
its value at negative integers through Bernoulli numbers, we can rewrite (5) as
follows:

|χ(ΛP )|= 2λ2(r)

r∏

j=1

|B2j |
4j

.(7)

3.4. We can apply the construction presented in Section 2 to ΛP with v = 2
and w = 3. We find that for all r, we have:

λ2(r)[P2 : P ∗
2 ] =

r∏

j=1

(22j−1),(8)

the case of trivial λ2(r) being just the computation in (1). Let Γ be the

(isomorphic) image of Λ2,3
P in Isom+(Hn) and Mn = Γ\Hn the corresponding

quotient manifold, which by the construction is noncompact and arithmetic.
From the previous computation we have:

|χ(M2r)|= 2

r∏

j=1

(4j−1)(9j−1)
|B2j |
4j

(9)

= 2C(r)

r∏

j=1

(4j−1)(9j−1)ζ(2j).(10)
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n |χ(M2r)|
4 10

6 910

8 3171350

10 725639764850

12 16654568229539490250

14 54376724439679967985482572750

16 33998109351372684068956597092378802073750

18 5272397653068183031816584035192902513000228940543011250

Table 1. Euler characteristic of noncompact manifolds Mn

3.5. We now construct noncompact hyperbolic manifolds in odd dimensions
n > 3. Let r = (n+1)/2. Then the Q-group G containing ΛP has type Dr. It
is an inner form (type 1Dr) unless r is even (i.e., n≡ 3 (4)), in which case it has
type 2Dr and becomes inner over ℓ=Q(

√−3). The details of the construction
are given in [3], here we only briefly recall the relevant parts.
Let us first suppose that r is odd. Then Pv is hyperspecial unless v = 2 and
r ≡ 3 (4). In the latter case the radical of M2 is a nonsplit one-dimensional
torus, and the semisimple part of M2 has type 2Dr−1. If we let

λ′
q(r) =

(qr−1)(qr−1−1)

q+1
(11)

for q = 2 with r ≡ 3 (4) and λ′
q(r) = 1 otherwise, we find that in all cases with

odd r we have

λ′
qv
(r)[Pv : P

∗
v ] = (qrv−1)

r−1∏

j=1

(q2j
v −1).(12)

Moreover, Prasad’s formula together with equations (2) and (4) shows that we
have (with C(−) defined in (6)):

vol(ΛP ) = vol(Sn)λ′
2(r)

(r−1)!

(2π)r
ζ(r)

r−1∏

j=1

(2j−1)!

(2π)2j
ζ(2j)

= λ′
2(r)

C(r−1)

2r−1
ζ(r)

r−1∏

j=1

ζ(2j)(13)

= λ′
2(r)ζ(r)

r−1∏

j=1

|Bj |
8j

.(14)
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Thus in this case we obtain a manifoldMn=Λ2,3
P \Hn, n=2r−1, r odd, whose

volume is given by

vol(Mn) = ζ(r)(2r −1)(3r−1)
r−1∏

j=1

(4j−1)(9j−1)

8j
|B2j |.(15)

Let us finally consider the remaining case n= 2r−1 with r even. In this case
all parahoric subgroups Pv in the collection P are hyperspecial with the only
exception of v = 3 (which ramifies in ℓ=Q(

√−3)), where Pv is special. Since 2
does not split in ℓ, the group G is an outer form over Q2 and the F2-group M2

associated to the hyperspecial parahoric P2 is semisimple of type 2Dr. Thus
we have:

[P2 : P ∗
2 ] = (2r+1)

r−1∏

j=1

(22j−1).(16)

For the place v = 3, M3 is semisimple of type Br−1, from which we get

[P3 : P ∗
3 ] =

r−1∏

j=1

(32j−1).(17)

Using Prasad’s formula to compute the covolume of ΛP , we finally deduce that

the manifold Mn = Λ2,3
P \Hn, n= 2r−1, r even, has volume

vol(M2r−1) = 3r−1/2(2r+1)ζℓ(r)/ζ(r)

r−1∏

j=1

(4j−1)(9j−1)

8j
|B2j |.(18)

3.6. Formulas (15) and (18) allow us to evaluate the volume of the constructed
manifoldsMn using Pari/GP. Moreover, for n even the volume can be deduced
from formula (9) together with (3). We list the values obtained for dimensions
n≤ 20 in Table 2. It shows, in particular, that the volume grows rapidly with
the dimension.

4. Proof of Theorem 2 for sufficiently large dimension

4.1. We now compare the volume of Mn from the previous section with the
volume of the smallest compact arithmetic hyperbolic n-orbifold On = Γ\Hn.
In the rest of the paper the Euler characteristic χ(On) is to be understood in
the orbifold sense, that is, χ(On) = χ(Γ).
We begin with even dimensions n= 2r≥ 4. The orbifold On is defined over the
field k =Q(

√
5) and its Euler characteristic is given by

|χ(On)|= 4 ·λ4(r) ·5r
2+r/2C(r)2

r∏

j=1

ζk(2j),(19)

with λq(r) = 1 if r is even and λq(r) =
qr−1

2 if r is odd [2].
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n vol(Mn)

4 131.594

5 273.467

6 15048.379

7 42504.453

8 47073267.939

9 770938537.303

10 7519493827964.029

11 305396253769850.768

12 98579836734072034892.809

13 36424053767874477954431.531

14 1.555 E29

15 2.059 E32

16 4.074 E40

17 6.691 E44

18 2.335 E54

19 1.797 E59

20 3.734 E70

Table 2. Approximate values of the volume of Mn

By (10) and (19), we have:

|χ(On)|
|χ(Mn)| =

4 ·λ4(r) ·5r
2+r/2C(r)2

∏r
j=1 ζk(2j)

2C(r)
∏r
j=1(4

j−1)(9j−1)ζ(2j)
.(20)

Using the basic inequalities ζk(2j) > 1 and
∏r
j=1 ζ(2j) < 2 plus the fact that

λ4(r) ≥ 1 for all r, we obtain the lower bound

|χ(On)|
|χ(Mn)| >

5r
2+r/2C(r)∏r

j=1(4
j−1)(9j−1)

>
5r

2+r/2C(r)

36r
2/2+r/2

.(21)

By Stirling’s formula,

C(r) =

r∏

j=1

(2j−1)!

(2π)2j
>

r∏

j=1

(2j−1)2j−1

2π(2πe)2j−1
.

Applying the Euler–Maclaurin summation formula, we obtain

logC(r) &
1

4
(2r−1)2 log(2r−1),

which is ≫ cr2 (for any constant c). Hence for r≫ 0, we have

|χ(On)|
|χ(Mn)| ≫ 1.
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In fact, a computation shows that it is enough to take r ≥ 18 for the ratio
in the right hand side of (21) to be > 1. A more precise computation of the
expression in (20) using Pari/GP shows that

|χ(On)|
|χ(Mn)| > 1, for n= 2r ≥ 34.

Since On has the smallest volume among compact arithmetic hyperbolic n-
orbifolds, this proves Theorem 2 for these values of n.

4.2. Now consider the odd dimensional case n= 2r−1≥ 5.
The smallest compact odd dimensional arithmetic orbifold On is again defined
over k =Q(

√
5). Its volume is given by

vol(On) =
5r

2−r/2 ·11r−1/2 · (r−1)!

22r−1πr
·Lℓ0|k(r) ·C(r−1)2

r−1∏

j=1

ζk(2j),(22)

where ℓ0 is the quartic field with a defining polynomial x4−x3 +2x− 1 and
Lℓ0|k = ζℓ0/ζk [3, Thoerem 1].

Note that for any s≥ 3 we have Lℓ0|k(s)≥ 1/ζk(3)> 0.973.
By (15), (18) and (22), we have

vol(On)

vol(Mn)
=

5r2
−r/2·11r−1/2·(r−1)!

22r−1πr ·Lℓ0|k(r) ·C(r−1)2
∏r−1
j=1 ζk(2j)

A(r) · C(r−1)
2r−1 ·

∏r−1
j=1 ζ(2j)(4

j −1)(9j−1)
,(23)

where A(r) = ζ(r)(2r − 1)(3r − 1) if r is odd and A(r) = 3r−1/2(2r +
1)ζℓ(r)/ζ(r), ℓ=Q(

√
−3), if r is even, and hence

A(r) < 6r ·2 for all r.(24)

Therefore,

vol(On)

vol(Mn)
>

5r
2−r/2 ·11r−1/2 · (r−1)! ·C(r−1)

2rπr6r ·4 ·∏r−1
j=1(4

j−1)(9j−1)
(25)

>
5(r−1)(r−1/2)C(r−1)

36r
2/2−r/2

· 11
r−1/2 · (r−1)!

51/2−r ·4 · (12π)r .(26)

Now the first factor has the same form as the ratio in (21), hence by the previous
section it is > 1 for r−1 ≥ 18. It is an easy exercise to show that for such r,
the second factor is > 1 as well.
We can improve the bound for r by evaluating (23) using Pari/GP. This gives

|χ(On)|
|χ(Mn)| > 1, for n= 2r−1≥ 33.

Together with the even dimensional part it proves Theorem 2 for n≥ 33.
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5. Lowering the dimension bound

5.1. Improving the bound for dimension requires more careful analysis. We
will begin again with the even dimensional case.
The first dimension to consider is n = 32. Here we have a noncompact arith-
metic manifold Mn with Euler characteristic |χ(Mn)|= 2.354 . . . ·10228. Iron-
ically, we call it “small”, but our study shows that small manifolds in high
dimensions tend to have huge volume. The smallest compact arithmetic n-
orbifold On has |χ(On)| = 8.777 . . . · 10217, which is less than |χ(Mn)|. Using
Pari/GP we can compute (see remark below) the precise value of |χ(On)|,
which is a rational number. Its denominator equals

D = 107887196930872715055177987172922818560000000000000000000,

which is ∼ 1056. A manifold covering of On has to have an (even) integer Euler
characteristic, hence its degree is divisible by D. It follows that the volume of
the smallest possible manifold cover of On is much larger than vol(Mn).

Remark 4. A way to compute the exact value of |χ(On)| is to first use the func-
tional equation for ζk to transform equation (19) into a product of a (known)
rational factor and values ζk(1−2j), which are rational. Using Pari/GP the
numerical values of ζk(1− 2j) can be approximated by rationals, leading to
the number D (it is enough to work with precision \p 80). With this method
based on approximation, the value obtained for D can only be used as a lower
bound for the actual denominator of |χ(On)|, but this is already sufficient for
our purpose. However, a cleaner way to proceed is to use the library of spe-
cial values computed by Alvaro Lozano-Robledo, who obtained them through a
procedure under Pari/GP that computes generalized Bernoulli numbers (see
[9]). This guarantees the correctness of the value computed for D.

In order to complete the discussion for n= 32 we need to consider other max-
imal arithmetic subgroups Γ whose covolume is < vol(Mn). Recall that any
maximal arithmetic subgroup is a normalizer of a principal subgroup. Maximal
arithmetic subgroups other than the one defining On can be either subgroups
defined over k =Q(

√
5) or arithmetic subgroups defined over other totally real

fields. In the latter case, by [2], we know that the next smallest covolume

subgroup has the field of definition Q(
√
2). By the volume formula, the abso-

lute value of its Euler characteristic is > 9.071 ·10271, which is already bigger
than |χ(Mn)|. Therefore, we are only left with the groups defined over k. The
covolume of any such subgroup Γ would have an additional lambda factor in
comparison with vol(On). By [2, Sections 2.3 and 3.2], the smallest possible

lambda factor is λv =
q16

v +1
2 for qv = 4, and it follows that the orbifold corre-

sponding to the principal arithmetic subgroup Λ that Γ normalizes has an Euler
characteristic of absolute value 1.884 . . . · 10227 with denominator 2D. Hence
all manifold covers of this orbifold are much larger than Mn. Now, the index
[Γ : Λ] can be computed the same way as it is done in [2] and [3] and in par-

ticular, since the field k = Q(
√
5) has class number one, this index is a power

Documenta Mathematica 19 (2014) 801–814



Hyperbolic Manifolds of Small Volume 811

of 2 (whose exponent can be bounded). Using this the result just obtained
immediately extends to the manifold covers of Γ\H32. The same argument
excludes the case of orbifolds with a lambda factor λv corresponding to qv = 5.
All other possible lambda factors give rise to orbifolds of volume larger than
vol(Mn). This shows that Theorem 2 is true for n= 32.

5.2. Dimension n=30 is treated in a similar way. Here we have a noncompact
arithmetic manifold Mn with |χ(Mn)|= 1.252 . . . ·10195. The smallest volume
compact arithmetic orbifoldOn has |χ(On)|=8.112 . . .·10187 with denominator
5.231 . . . · 1048, hence its manifold covers are larger than Mn. The smallest
covolume cocompact arithmetic subgroup defined over k 6=Q(

√
5) has the field

of definition Q(
√
2) and |χ|> 3.116 ·10235, which is bigger than |χ(Mn)|. For

the other maximal arithmetic subgroups defined overQ(
√
5) we have a different

lambda factor in the volume formula. The values of λ for which |χ| of the
principal subgroup is smaller than |χ(Mn)| are listed below:

λ |χ| denominator of χ
1
2 (5

15−1) 2.305... ·10189 82391859826240770906019357261824 ·1018

1
2 (9

15−1) 1.555... ·10193 41154775137982403049959718912 ·1018

1
2 (11

15−1) 3.155... ·10194 32109284800854974718802972372893696 ·1016

As before, considering maximal subgroups instead of principal subgroups does
not change the picture and it follows that a manifold cover in each of these
cases is larger than the noncompact manifold Mn.

5.3. Odd dimensional case presents us a different challenge: here the Euler
characteristic is zero and we cannot take advantage of its integral properties in
order to bound the degree of the smooth covers. One of the possible ways to
proceed is to look at the orders of finite subgroups of π1(O

n). This indeed gives
a bound for the degree, however, it is much smaller than bounds provided by
the denominators of Euler characteristic in the neighboring even dimensions.
Considerably stronger results can be obtained based on the following simple
observation:

Small volume arithmetic hyperbolic orbifolds tend to contain
totally geodesic even dimensional suborbifolds whose Euler
characteristic can be used to obtain good bounds on the de-
grees of the smooth covers.

Indeed, assume that a group Γ has an infinite index subgroup Γ′ and a torsion-
free finite index subgroup ΓM with [Γ : ΓM ] = f . Then ΓM ∩Γ′ is a torsion-free
subgroup of Γ′ of index d≤ f :

(27) Γ
∞

f

Γ′

d

ΓM
∞

ΓM ∩Γ′
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This proposition can be easily checked by looking at the cosets Γ/ΓM and
Γ′/(ΓM ∩Γ′). It appears to be very useful for bounding degrees of the smooth
covers in odd dimensions.

5.4. We demonstrate the application of the method from 5.3 for dimension
n=31. By [3, Section 3.5], the minimal volume compact orbifold O31 is defined
by the quadratic form

f31(x0,x1, . . . ,x31) = (3−2
√
5)x2

0 +x
2
1 + . . .x

2
31.

It has vol(O31) = 2.415 . . . ·10200 < vol(M31) = 3.113 . . . ·10202, so we can not a
priori exclude the possibility of some manifold cover of O31 being smaller than
M31.
A restriction f30 of the form f31 to the first 31 coordinates defines a totally
geodesic suborbifold O30

1 ⊂ O31 that has a non-zero Euler characteristic. In
order to compute χ(O30

1 ) we need to control the associated integral structure.
In what follows we will use the notation from [3] and [7]. Consider the quadratic

space (V, 1
2f31). We have the discriminant δ(1

2f31) =
1

232 (3− 2
√
5) and the

Hasse-Witt invariant ω(V, 1
2f31) = 1 over all places including the dyadic place

v2 = (2) of k = Q(
√
5). Comparing this data with the local description of the

group Γ of O31 given in [3, Section 3], we conclude that Γ is isomorphic to the
stabilizer of a maximal lattice L in (V, 1

2f31) (this can be also confirmed by

comparing the covolume of Stab(L) computed using [7, Table 3] with vol(O31)
and recalling the uniqueness of O31). The lattice L is defined uniquely up
to a conjugation under G but different (conjugate) lattices may have different
restriction to the subspace (V ′, 1

2f30) of V . Geometrically this corresponds to

choosing different totally geodesic 30-dimensional suborbifolds of O31. In order
to complete the computation we need to fix the lattice L. This can be done as
follows: First take a maximal lattice L′ in (V ′, 1

2f30). Now consider an integral
lattice in V generated by L′ and the vector (0, ...,0,2). It is contained in some
maximal lattice in V and we can choose this lattice to be our lattice L. This
construction implies that the restriction of L onto the subspace V ′ ⊂ V is the
maximal lattice L′ in (V ′, 1

2f30). Now we can use [7, Table 4] to compute the
covolume of Stab(L′), and hence the Euler characteristic of the corresponding
suborbifold:

|χ(O30
1 )|= 415−1

2
· 11

15+1

2
· 1

414

15∏

i=1

|ζk(1−2i)|= 1.694 . . . ·10202,

with denominator

D1 = 290623844184270796846629126144000000000000000000.

Hence by (27), the degree f of any smooth cover of O31 is ≥ D1, and so its
volume

vol(O31) ·f > 7.019 . . . ·10247 > vol(M31).(28)
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It remains to check if there are other compact arithmetic 31-dimensional orb-
ifolds that have volume ≤ vol(M31). Similar to the previous discussion, these
can be either defined over a different field k, or have a different splitting field ℓ,
or have a non-trivial lambda factor in the volume formula. Note that by (23)
the ratio

vol(O31)

vol(M31)
> 0.007.(29)

If we change the defining field then its discriminant in the volume formula for

vol(O31) would contribute a factor of at least (8/5)r
2−r/2(1/11)r−1/2 > 3.021 ·

1034 (cf. [3]). This immediately brings it out of the range of consideration.

Changing the field ℓ gives a factor ≥
(

400
275

)31/2
= 332.868 . . . (as the field ℓ

that corresponds to the minimal volume orbifold has discriminant Dℓ = 275
and the next possible value is D = 400). This factor is already sufficiently
large to make the volume > vol(M31). Finally, following [3, equation (5)],

the lambda factor is bounded below by 2
3

(
3
4qv

)rv
with qv ≥ 4, rv = 16 if qv 6=

11 and rv = 15 for the remaining place v of k that ramifies in ℓ/k. Hence
the smallest possible lambda factor is at least 28697814, which again makes
the volume of the corresponding orbifolds too large. Similar to the previous
sections, this argument based on principal arithmetic subgroups extends to
maximal arithmetics in a straightforward way.
This finishes the proof of Theorem 2. �
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1. Introduction

1.A. Main results. The Lipman-Zariski conjecture [Lip65] asserts the fol-
lowing.

Conjecture 1.1. Let X be a complex variety such that the tangent sheaf
TX := HomOX (Ω

1
X ,OX) is locally free. Then X is smooth.

Despite being almost 50 years old, this conjecture remains open in general.
It is therefore natural to consider special cases. The conjecture is known to
hold in the case that the singular locus of X has codimension at least 3 by the
work of Flenner [Fle88] and for complete intersections by the work of Källström
[Käl11]. Recently, Jörder [Jör13] proved the conjecture under the assumption
that TX locally has a basis consisting of commuting vector fields. Earlier work
on Conjecture 1.1 includes [SS72], [Hoc75], and [SvS85].
In a slightly different direction, one may consider varieties with only singulari-
ties arising in the minimal model program. The minimal model program aims
at the birational classification of varieties, and it is well-known that even if
one is interested only in smooth varieties, running the mmp requires dealing
with singular models. For us the most important classes will be klt (Kawa-
mata log terminal) and log canonical. Klt singularities form the largest class
of singularities where most of the mmp is known to work, while the class of
log canonical singularities is the largest class where the relevant notions of the
mmp make sense. It is also a more stable class than that of klt singularities; log
canonical singularities and their non-normal versions play an important role
in compactifications of moduli spaces of canonically polarized varieties. For
the precise definitions, we refer to [KM98, Sec. 2.3]. Greb-Kebekus-Kovács-
Peternell [GKKP11, Theorem 6.1] showed Conjecture 1.1 for klt spaces.
In this paper, we prove the following new special case of Conjecture 1.1.

Theorem 1.2 (Lipman-Zariski conjecture given an extension theorem). Let X

be a normal complex variety, and let π : X̃ → X be a log resolution. Assume
that the sheaf

π∗Ω
1
X̃
(log D̃)

is reflexive for some snc divisor D̃ ⊂ X̃. Then the Lipman-Zariski conjecture
holds for X, i.e., TX being locally free implies that X is smooth.

Note that Lipman [Lip65, Thm. 3] proved that if TX is locally free, then
X is normal. Hence the normality assumption in our theorem is not a real
restriction.
Also note that the reflexivity assumption in the theorem is equivalent to say-

ing that logarithmic 1-forms defined on the snc locus of (X, π∗D̃) extend to

logarithmic 1-forms on (X̃, D̃) – cf. [GKKP11, Rem. 1.5.2].
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By [GKKP11, Thm. 1.5], we have the following immediate corollary.

Corollary 1.3 (Lipman-Zariski conjecture for log canonical pairs). Let
(X,D) be a complex log canonical pair. Then the Lipman-Zariski conjecture
holds for X.

By the same method of proof as in Theorem 1.2, we obtain the following result.

Theorem 1.4 (Extension theorem for 1-forms on log canonical pairs). Let

(X,D) be a complex log canonical pair, and let π : X̃ → X be a log resolution
of (X,D). Then the sheaf

π∗Ω
1
X̃
(log D̃)

is reflexive, where D̃ is any reduced divisor such that

Exc(π) ∧ π−1(⌊D⌋) ⊆ supp D̃ ⊆ π−1(⌊D⌋).
Here ⌊D⌋ denotes the coefficient-wise round-down of D. In our case, ⌊D⌋
is simply the union of all components of D that have coefficient one. The
expression Exc(π) ∧ π−1(⌊D⌋) denotes the largest divisor contained in both
Exc(π) and π−1(⌊D⌋).
In a similar fashion as above, the reflexivity assertion is equivalent to say-

ing that any logarithmic 1-form defined on the snc locus of (X, π∗D̃) can be

extended to X̃ , possibly acquiring logarithmic poles along D̃.
Theorem 1.4 should be compared to the extension theorem [GKKP11,

Thm. 1.5]. There the conclusion is similar, with D̃ replaced by D̂, the largest
reduced divisor contained in π−1(non-klt locus). (The non-klt locus is the
smallest closed subset W ⊂ X such that (X,D) is klt away from W . Note that
this contains ⌊D⌋.) Theorem 1.4 says that [GKKP11, Thm. 1.5] is not optimal:
we allow logarithmic poles only along a smaller divisor. For example, if D = ∅
but X is not klt, e.g. if X is a cone over an abelian variety, then D̃ = 0 while

D̂ is nonzero.

1.B. Further results. We show that Theorem 1.4 in turn is optimal, both

with respect to the pole divisor D̃ and with respect to the degree of the forms
considered. To be more precise, concerning the first point we prove the follow-
ing.

Theorem 1.5 (Optimality of Theorem 1.4). Let (X,D) and π be as in Theo-

rem 1.4, and let D̃ = π−1(⌊D⌋). Assume that one of the following holds:

(1.5.1) X is Q-factorial, or

(1.5.2) dimX = 2.

Then for any divisor B such that π−1
∗ ⌊D⌋ ≤ B � D̃, the sheaf π∗Ω1

X̃
(logB) is

not reflexive.

As to the second point, we show that for resolutions of log canonical pairs,
forms of higher degree may acquire logarithmic poles along exceptional divisors
of discrepancy strictly greater than −1, even if the boundary divisor of the pair
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is empty. This improves upon an example given in [GKKP11, Ex. 3.2]. The
precise statement is as follows.

Theorem 1.6 (Non-extension over klt places, cf. Theorem 7.4). There exists a
three-dimensional complex log canonical pair (X, ∅) with empty boundary such

that there is a divisor E0 ⊂ X̃ of discrepancy 0 in some log resolution X̃ → X,
and a 2-form on the smooth locus of X that acquires a logarithmic pole along

E0 when pulled back to X̃.

1.C. Overview of proofs. The proofs of our main results are based on the
two auxiliary Theorems 2.1 and 3.1. The purpose of these theorems is to shrink
the divisor along which we allow pulled-back 1-forms to acquire logarithmic
poles. Theorem 2.1 deals with non-exceptional components, while Theorem 3.1
handles the exceptional ones.
To prove Theorem 1.2, we first apply Theorem 2.1 and then Theorem 3.1 in
order to shrink that pole divisor to zero. Then an argument going back to
[SvS85, (1.6)] completes the proof. To prove Theorem 1.4, we take [GKKP11,
Thm. 16.1] as our starting point and then apply Theorems 2.1 and 3.1.

1.D. Recent work by Druel. In [Dru13, Thm. 1.1], Druel has recently
obtained Corollary 1.3 by an independent proof. He employs a cutting-down
procedure to reduce to the surface case, where the main work is done. Note
however that this case is essentially already contained in [SvS85]. To be more
precise, if x ∈ X is a normal surface singularity with smooth locus U and

π : X̃ → X is a log resolution with exceptional divisor E, then [SvS85, Cor. 1.4]
says that the map

H0(U,Ω1
U )
/
H0(X̃,Ω1

X̃
) −→ H0(U,Ω2

U )
/
H0(X̃,Ω2

X̃
(logE))

induced by differentiation is injective. If x ∈ X is log canonical, then by
definition the right-hand side is zero, hence so is the left-hand side. This means

that all 1-forms defined on U extend to X̃ without poles. Now the argument
given in [SvS85, (1.6)] shows that if TX is free, then x ∈ X is in fact smooth.

1.E. Acknowledgements. The authors would like to thank Daniel Greb,
Clemens Jörder and Stefan Kebekus for interesting discussions on the subject
of this paper.

1.F. Notation, definitions, and conventions. Throughout this paper,
we work over the field of complex numbers C.
A pair (X,D) consists of a normal variety X over C and an effective R-Weil
divisor D on X .
Let (X,D) be a pair and x ∈ X a point. We say that (X,D) is snc at x if
there exists a Zariski-open neighbourhood U ⊆ X of x such that U is smooth
and suppD∩U is either empty, or a divisor with simple normal crossings. The
pair (X,D) is called an snc pair or simply snc if it is snc at every point of X .
For the definitions of klt and log canonical pairs, we refer to [KM98, Sec. 2.3].
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Given a pair (X,D), let (X,D)reg denote the maximal open subset of X where
(X,D) is snc, and (X,D)sing its complement, with the induced reduced sub-
scheme structure.
Let (X,D) be a pair. A log resolution of (X,D) is a proper birational morphism

π : X̃ → X such that X̃ is smooth, both the pre-image π−1(suppD) of suppD

and the exceptional set E = Exc(π) are of pure codimension one in X̃, and

(X̃, D̃ + E) is an snc pair where D̃ = π−1(suppD)red is the reduced divisor
supported on π−1(suppD).
Let D be a divisor on a normal variety, and let D =

∑
aiDi be its decompo-

sition into irreducible components. The round-down ⌊D⌋ of D is defined to be∑⌊ai⌋Di, where ⌊ai⌋ is the largest integer less than or equal to ai.
Let D1, D2 be divisors on a normal variety. Then D1∨D2 denotes the smallest
divisor that contains both D1 and D2, while D1∧D2 denotes the largest divisor
that is contained in both D1 and D2.

2. Dropping non-exceptional divisors

In this section we prove that if the extension theorem holds for a pair (X,Γ+∆)
where ∆ is a reduced effective divisor, then it also holds for (X,Γ). More
precisely we prove the following.

Theorem 2.1 (Dropping non-exceptional divisors). Let X be a normal variety

and π : X̃ → X a log resolution of X. Assume that the sheaf

π∗Ω
1
X̃
(log D̃)

is reflexive for some snc divisor D̃. Let ∆ be a reduced effective divisor on X

such that supp∆ ⊂ π∗D̃. Then the sheaf

π∗Ω
1
X̃
(log B̃)

is also reflexive, where B̃ = D̃ − π−1
∗ ∆.

Proof. Notice that one may assume that ∆ is irreducible and conclude the

general case via replacing D̃ by B̃ and iterating the process for all irreducible

components of ∆. For simplicity let us denote π−1
∗ ∆ by ∆̃. Consider the

following short exact sequence given by the residue map, cf. [EV92, 2.3(b)]:

0→ Ω1
X̃
(log B̃)→ Ω1

X̃
(log D̃)→ O∆̃ → 0.

Pushing this forward via π gives

0→ π∗Ω
1
X̃
(log B̃)→ π∗Ω

1
X̃
(log D̃)→ Q → 0,

where Q ⊂ π∗O∆̃. In particular, Q is supported on ∆ and it is torsion-free as
an O∆-module. It follows that the only associated prime of Q has height 1.
Then the statement follows from [Har80, Cor. 1.5]. �
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3. Dropping certain exceptional divisors

The aim of the present section is to show that if ω is a logarithmic 1-form on a
smooth variety whose poles are contained in an exceptional divisor, then ω in
fact does not have any poles.

Theorem 3.1 (Dropping exceptional divisors). Let X be a normal variety and

π : X̃ → X a log resolution. Let E be a reduced π-exceptional divisor. Then
the natural inclusion map

H0
(
X̃,Ω1

X̃

)
→֒ H0

(
X̃,Ω1

X̃
(logE)

)

is an isomorphism. Equivalently, the inclusion π∗Ω1
X̃
⊂ π∗Ω1

X̃
(logE) is an

isomorphism of sheaves.

Theorem 3.1 is a consequence of the following two propositions.

Proposition 3.2 (Theorem 3.1 for isolated singularities). Let X be a normal

variety and π : X̃ → X a log resolution. Let E be a reduced divisor which is
mapped to a single point by π. Then the natural inclusion map

H0
(
X̃,Ω1

X̃

)
→֒ H0

(
X̃,Ω1

X̃
(logE)

)

is an isomorphism.

Proposition 3.3. Proposition 3.2 implies Theorem 3.1.

Proposition 3.2 was first observed by Wahl in the case of surfaces, cf. [Wah85,
Lemma 1.3]. Our proof of Proposition 3.3 follows the lines of [GKK10, Section
7.D].

3.A. The first Chern class. We collect some well-known facts about the
first Chern class of a line bundle.

Notation 3.4 (First Chern class). Let X be a smooth variety and L ∈ Pic(X)
a line bundle. The first Chern class c1(L ) ∈ H1(X,Ω1

X) is the image of
L under the map Pic(X) = H1(X,O∗

X) → H1(X,Ω1
X) induced by the map

d log : O∗
X → Ω1

X that sends f 7→ f−1df .

Lemma 3.5 (Connecting homomorphism of the residue sequence). Let X be a
smooth variety and E ⊂ X an snc divisor, consisting of irreducible components
E1, . . . , Ek. Consider the short exact sequence

(3.6) 0→ Ω1
X → Ω1

X(logE)→
k⊕

i=1

OEi → 0

given by the residue map (cf. [EV92, 2.3(a)]). The associated connecting ho-
momorphism

δ :

k⊕

i=1

H0(Ei,OEi)→ H1(X,Ω1
X)

sends
1Ei 7→ c1(OX(Ei)), 1 ≤ i ≤ k.
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Here 1Ei denotes the function that is constant with value 1 on Ei and vanishes
on the other components.

Proof. This is well-known, and easy to prove by a Čech cohomology computa-
tion. �

For a proof of the following fact see [For81, Paragraph 17].

Fact 3.7 (Residue map on curves). Let C be a smooth projective curve. Then
there is a canonically defined linear map Res : H1(C,Ω1

C) → C, which is an
isomorphism. �

Lemma 3.8 (Residue and degree). If L ∈ Pic(C) is a line bundle on a smooth
projective curve, then Res(c1(L )) = degL .

Proof. For P ∈ C a point and L = OC(P ), the claim is easily seen to be true
from the description of Res given in [For81, Thm. 17.3]. By linearity, this is
enough. �

3.B. Proof of Proposition 3.2. Wemay assumeX to be affine of dimension
≥ 2. Let E1, . . . , Ek be the irreducible components of E. Consider the short
exact sequence (3.6),

0→ Ω1
X̃
→ Ω1

X̃
(logE)→

k⊕

i=1

OEi → 0.

By the corresponding long exact sequence, it suffices to show injectivity of the
induced map

δ :

k⊕

i=1

H0(Ei,OEi)→ H1(X̃,Ω1
X̃
).

Note that we may assume π to be a projective morphism and then X̃ is quasi-

projective. After choosing a (locally closed) embedding of X̃ into a projective

space, letH ⊂ X̃ be the intersection of general hyperplanesH1, . . . , HdimX−2 ⊂
X̃. (If X is a surface, then H = X̃.) We formulate the properties of H in a
separate lemma.

Lemma 3.9. Using the notation introduced above we have that (H,E|H) is
an snc surface pair. Furthermore, for any i, Ci := Ei|H is irreducible (in
particular, nonempty), and π|H is proper and birational onto its image.

Proof. If dimX = 2, then there is nothing to prove, so we may assume that

dimX ≥ 3. In particular the intersection of two irreducible divisors on X̃ is still
positive dimensional and hence if one of them is ample, then the intersection
is connected. We will use this fact below.
We proceed inductively, cutting by one hyperplane at a time. First we cut
by H1. By Bertini’s theorem E + H1 is snc and H1 is connected and hence
irreducible by the above discussion. Hence (H1, E|H1) is an snc pair, and the
Ei|H1 are smooth and irreducible for all i by Bertini again. It is clear that π|H1

is proper and since H1 is general, π|H1 is birational.
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Now we are in the same situation as before cutting by H1, so we may apply
the same argument again and obtain the statement for H1 ∩H2. After finitely
many steps, we arrive at H . �

The image π(H) need not be normal, but we may normalize it and get a
birational morphism H → π(H)ν , which contracts all the Ci. Then negative
definiteness ([KM98, Lemma 3.40]) asserts that the intersection matrix A :=
(Ci · Cj) is invertible.
Recall that we need to show the injectivity of δ. To this end, think of the Ci
as smooth projective curves in X̃, consider the restriction morphism

r : H1(X̃,Ω1
X̃
)→

k⊕

i=1

H1(Ci,Ω
1
Ci),

and observe that the composition

r ◦ δ :
k⊕

i=1

H0(Ei,OEi)→
k⊕

i=1

H1(Ci,Ω
1
Ci)

is an isomorphism: On the left-hand side, choose the basis consisting of the

functions 1Ei , and on each summand of
k⊕
i=1

H1(Ci,Ω
1
Ci
), choose the basis

canonically determined by the residue map of Fact 3.7. By Lemmas 3.5 and
3.8 the map r ◦ δ with respect to these bases is given by the matrix A. We have
already noted that this matrix is invertible. �

3.C. Proof of Proposition 3.3. We will make essential use of the following
proposition.

Proposition 3.10 (Negativity lemma, see [GKK10, Proposition 7.5]). Let

ϕ : Ỹ → Y be a projective birational morphism between normal quasi-projective

varieties of dimension ≥ 2, where Ỹ is smooth. Let y ∈ Y be a point
whose preimage ϕ−1(y) has (not necessarily pure) codimension one and let
F0, . . . , Fk ⊂ ϕ−1(y) be the reduced divisorial components. If all the Fi are
smooth and

∑
eiFi is a nonzero effective divisor, then there is a 0 ≤ j ≤ k

such that ej 6= 0 and h0(Fj ,OỸ (
∑
eiFi)|Fj ) = 0. �

Proof of Proposition 3.3. We may assume X to be affine of dimension ≥ 2. Let

(3.11) σ ∈ H0
(
X̃,Ω1

X̃
(logE)

)

be a logarithmic 1-form. Assuming Proposition 3.2, we will show that

(3.12) σ ∈ H0
(
X̃,Ω1

X̃

)
.

To this end, we will consider an irreducible component of E′ ⊂ E for which
dimπ(E′) is maximal among the irreducible components of E, and for any such

E′ we will show that σ ∈ H0
(
X̃,Ω1

X̃
(log(E−E′))

)
. Then replace E by E−E′

and repeat the argument until E disappears.
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No. 1 2 3 4 5 6 7 8 9 10 · · ·
dimX 2 3 3 4 4 4 5 5 5 5 · · ·
codimX π(E

′) 2 2 3 2 3 4 2 3 4 5 · · ·

We proceed by induction on pairs of numbers
(
dimX, codimX π(E

′)
)
ordered

lexicographically as indicated in the following table:
In order to simplify notation, we number the irreducible components Ei of E
such that E′ = E0 and π(Ei) = π(E0) if and only if 0 ≤ i ≤ k, for some k. Let
ei be the pole orders of σ along the Ei. These are the minimal non-negative
numbers such that

σ ∈ H0
(
X̃,Ω1

X̃
⊗ OX̃(

∑
eiEi)

)
.

By (3.11), we already know all the ei are either 0 or 1, and our aim is to show
that e0 = 0.
Start of induction. This is the case dimX = codimX π(E0) = 2. For surfaces,
every exceptional divisor is contracted to a point, so Proposition 3.2 applies.
Inductive step. We distinguish two possibilities: the divisor E0 may be mapped
to a point by π, or it may be mapped to a positive-dimensional variety.
If dim π(E0) = 0, then by the choice of E0, every exceptional divisor contained
in E is contracted to a point, so Proposition 3.2 applies again.
If dimπ(E0) > 0, choose general hyperplanes H1, . . . , Hdimπ(E0) ⊂ X , let H be

the intersection H1 ∩ · · · ∩ Hdimπ(E0) and H̃ the preimage π−1(H). Applying
[GKKP11, Lemmas 2.23 and 2.24], we obtain that H is normal and π|H̃ is a
log resolution. The intersection H ∩ π(E0) is finite, but nonempty. Shrinking
X , we may assume that H ∩ π(E0) consists of a single point, say x. Now set
Fx = (π|H̃)−1(x) and

Fx,i = Fx ∩ Ei = (π|Ei)−1(x).

Then Fx is the union of the Fx,i.

Claim 3.13. The subsets Fx,0, . . . , Fx,k are smooth, irreducible, and have codi-

mension one in H̃, while the other Fx,i are empty.

Proof. If 0 ≤ i ≤ k, then being a general fibre of π|Ei , Fx,i is smooth of

dimension dimEi−dimπ(E0) = dim H̃−1. Since Fx,i = H̃∩Ei, it is an ample
divisor on Ei, hence connected and by being smooth it is also irreducible.
On the other hand, if i > k, then by the choice of E′ = E0, we have that
π(E0) 6⊂ π(Ei), and hence x 6∈ π(Ei) and so Fx,i = ∅. �

Claim 3.13 implies that it is possible to apply Proposition 3.10 to π|H̃ : H̃ → H ,
x ∈ H , and Fx,0, . . . , Fx,k, which we will do later.

Now consider the dual of the normal bundle sequence for H̃ ⊂ X̃,

0 // N∗
H̃/X̃

// Ω1
X̃
|H̃

ρ // Ω1
H̃

// 0,
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twist it with F := OH̃(
∑
eiEi|H̃), and restrict to Fx,j , for 0 ≤ j ≤ k:

N∗
H̃/X̃

⊗F α //

��

Ω1
X̃
|H̃ ⊗F

β //

rj

��

Ω1
H̃
⊗F

��
N∗
H̃/X̃

⊗F |Fx,j
αj // Ω1

X̃
|H̃ ⊗F

∣∣
Fx,j

βj // Ω1
H̃
⊗F |Fx,j .

Since H has smaller dimension than X , the induction hypothesis gives us that
β(σ|H̃) has no poles, that is

(3.14) β(σ|H̃) ∈ H0(H̃,Ω1
H̃
) ⊂ H0(H̃,Ω1

H̃
⊗F ).

Recall that we want to show that e0 = 0. We will show more generally that
ej = 0 for all 0 ≤ j ≤ k. So, assume to the contrary that there is an index j
with ej = 1. By the definition of the ei, σ|H̃ as a section in Ω1

X̃
|H̃⊗F does not

vanish along Fx,j. But by (3.14), β(σ|H̃) does vanish along Fx,j . So rj(σ|H̃) is a

nonzero global section in kerβj , which means that H0(Fx,j , N
∗
H̃/X̃

⊗F |Fx,j ) 6=
0.
Now note that NH̃/X̃ |Fx,j is trivial, because NH̃/X̃ is the pullback of NH/X .

Hence from H0(Fx,j , N
∗
H̃/X̃

⊗F |Fx,j ) 6= 0 it follows that H0(Fx,j ,F |Fx,j ) 6= 0.

Since this holds for all j with ej = 1, we have a contradiction to Proposi-
tion 3.10, showing in particular that e0 = 0 and thus completing the proof of
Proposition 3.3. �

4. Proof of Theorem 1.2

The aim of the present section is to prove Theorem 1.2. First, for the reader’s
convenience we recall some facts about resolutions of singularities.

Lemma 4.1 (Reflexivity is independent of the choice of resolution). Let X be

a normal variety such that π∗Ω1
X̃

is reflexive for some resolution π : X̃ → X.

Then ϕ∗Ω1
X′ is reflexive for any resolution ϕ : X ′ → X.

Proof. Let ψ : X̂ → X be a resolution of X that dominates both X̃ and X ′,
i.e. we have the following commutative diagram.

X̂
π̂

����
��

��
�

ϕ̂

��@
@@

@@
@@

@

ψ

��

X̃

π
��@

@@
@@

@@
X ′

ϕ
~~}}

}}
}}

}}

X

Since X̃ and X ′ are smooth, we have π̂∗Ω1
X̂

= Ω1
X̃

and ϕ̂∗Ω1
X̂

= Ω1
X′ . We

obtain
ϕ∗Ω

1
X′ = ϕ∗ϕ̂∗Ω

1
X̂

= ψ∗Ω
1
X̂

= π∗π̂∗Ω
1
X̂

= π∗Ω
1
X̃
.
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Since π∗Ω1
X̃

is reflexive by assumption, so is ϕ∗Ω1
X′ . �

The next theorem is a special case of [GKK10, Cor. 4.7].

Theorem 4.2 (Functorial resolutions). Let X be a normal variety. Then there
exists a resolution ϕ : X ′ → X with the property that ϕ∗TX′ is reflexive,

i.e. for any vector field ξ on some open subset U ⊂ X, there is a vector field ξ̃
on ϕ−1(U) that agrees with ξ wherever ϕ is an isomorphism.

Sketch of proof. It is a classical fact [Kau65, Satz 3] that vector fields on X
are in one-to-one correspondence with local C-actions on X . Loosely speaking,
a local C-action is a C-action such that t • z is only defined for sufficiently
small values of |t|, dependent on z. For any local C-action, the action map
C×X ⊃ U → X is a smooth morphism.
By [Kol07, Thm. 3.45], there exists a resolution functor R which to any variety
assigns a resolution in such a way that smooth morphisms between varieties can
be lifted to the resolutions. The resolutions output by R are called functorial
resolutions. Let ϕ : X ′ → X be the functorial resolution of X . Applying the
functor R to the action map associated to a vector field ξ on X , we obtain a
diagram

C×X ′

id×ϕ
��

U ′? _oo

��

// X ′

ϕ

��
C×X U? _oo // X.

One then checks that the map U ′ → X ′ is a local C-action, giving rise to a

vector field ξ̃ on X ′ which extends ξ as desired.
For a rigorous proof of Theorem 4.2, the reader may consult [GKK10, Sec. 4].

�

Proof of Theorem 1.2. By assumption, we have a log resolution π : X̃ → X

such that π∗Ω1
X̃
(log D̃) is reflexive. We may uniquely write D̃ = D̃bir+E, where

E is exceptional and no component of D̃bir is exceptional. By Theorem 2.1,
π∗Ω1

X̃
(logE) is reflexive. Then by Theorem 3.1, also π∗Ω1

X̃
is reflexive.

Let ϕ : X ′ → X be the functorial resolution from Theorem 4.2, so that vector
fields on X can be lifted to X ′. By Lemma 4.1, ϕ∗Ω1

X′ is reflexive. Now the
proof of [GKKP11, Theorem 6.1] applies verbatim to show that if TX is locally
free, then X is smooth. �

5. Proof of Theorem 1.4

By Theorem 2.1 we may assume that D̃ = π−1(⌊D⌋)red. Let E denote the

exceptional locus of π. Let D̂ = π−1
∗ ⌊D⌋+E. Note that D̂ is obtained from D̃

by adding finitely many irreducible π-exceptional divisors whose image via π is

not contained in ⌊D⌋. By [GKKP11, Thm. 16.1], we know that π∗Ω1
X̃
(log D̂)

is reflexive. Let E1 be an irreducible component of D̂ that is not contained in

D̃. As we observed above, this means that π(E1) 6⊂ ⌊D⌋, so by localizing near
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the general point of π(E1), that is, by further shrinking X , we may assume

that ⌊D⌋ = ∅. In this case, D̂ is π-exceptional, hence Theorem 3.1 implies that

π∗Ω1
X̃
(log D̂ − E1) is reflexive. We may iterate this process as long as D̂ is

larger than D̃ and so the statement follows. �

6. Optimality of Theorem 1.4

In this section, we show that extension of differential forms as in Theorem 1.4

fails in many cases if one shrinks the pole divisor D̃ further, or if one considers
forms of higher degree.

6.A. Shrinking D̃ further. The aim of this subsection is to prove Theo-
rem 1.5. First we need two lemmas.

Lemma 6.1 (Strictly logarithmic poles). Let X be a smooth variety and f ∈
OX(X) a regular function such that its reduced zero set, D = {f = 0}red ⊂ X,
is a divisor with simple normal crossings. Then d log f ∈ H0(X,Ω1

X(logD)),
and d log f 6∈ H0(X,Ω1

X(logB)) for any reduced divisor 0 ≤ B < D.

Proof. This follows directly from the definition of logarithmic differentials. �

Lemma 6.2 (Non-reflexivity). Let (X,Σ) be a pair, where Σ is a reduced divi-

sor, π : X̃ → X a log resolution of (X,Σ), and D̃ the largest reduced divisor
contained in π−1(Σ). Let E0 be an irreducible π-exceptional divisor that is
mapped into an effective divisor D whose support is contained in Σ and which
is Q-Cartier at the general point of π(E). Then the sheaf π∗Ω1

X̃
(logB) is not

reflexive for any reduced divisor π−1
∗ Σ ≤ B ≤ D̃ − E0.

Proof. By the assumptions, there is an open set U ⊂ X with π(E0) ∩ U 6= ∅,
and a function f ∈ OX(U) cutting out some multiple of D. Set g = π∗f ∈
OX̃(π−1(U)). By Lemma 6.1,

d log g ∈ H0
(
U \ π(Exc(π)), π∗Ω1

X̃
(logB)

)

but
d log g 6∈ H0

(
U, π∗Ω

1
X̃
(logB)

)
.

So d log g cannot be extended over the codimension ≥ 2 subset π(Exc(π)). This
implies that π∗Ω1

X̃
(logB) is not reflexive. �

Proof of Theorem 1.5. Let E0 be a component of D̃ − B. Then E0 is π-

exceptional and π−1
∗ D ≤ B ≤ D̃ − E0. If we are in case (1.5.1), Lemma 6.2

applies immediately. Hence we may assume we are in case (1.5.2). Then π(E0)

is a point p ∈ X , and we have p ∈ D ⊂ X , because E0 ⊂ D̃ ⊂ π−1(⌊D⌋)
set-theoretically. We will show that D is Q-Cartier at p, then the claim follows
from Lemma 6.2.
By shrinking X we may assume that (X,D) is snc away from p. For 0 < ε ≤ 1,
the pair (X, (1 − ε)D) is numerically dlt [KM98, Ntn. 4.1, Lem. 3.41]. By
[KM98, Prop. 4.11], X is Q-factorial. In particular, D is Q-Cartier. �
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6.B. Other values of p. The analogue of Theorem 1.4 does not hold for p-
forms with p ≥ 2. Counterexamples may be obtained by taking a p-dimensional
normal Gorenstein singularity z ∈ Z which is log canonical but not klt (notice
that this only exists if p ≥ 2), and considering the product X = Z ×Cn−p, for
n ≥ p arbitrary.
Let σ be a local generator for ωZ and replace Z with a neighbourhood of z where
σ is everywhere defined. Then pr∗1σ ∈ H0(Xreg,Ω

p
Xreg

) will not be extendable

without logarithmic poles on any resolution of singularities of X .
This way one obtains counterexamples to the analogue of Theorem 1.4 for any
p ≥ 2 in arbitrary dimension n ≥ p.

7. Non-Extension without poles over klt places

In this section, we consider a reduced log canonical pair (X,D) and a log

resolution π : X̃ → X of (X,D). Deviating slightly from our previous notation,
we let

E = π−1
∗ D + Exc(π),

Enklt = sum of all divisors in E with discrepancy −1,
Enklt ∨ π−1(D) = sum of all divisors contained in Enklt or in π

−1(D),

D̃ = largest reduced divisor contained in π−1(non-klt locus).

pt Then we obviously have

Enklt ≤ Enklt ∨ π−1(D) ≤ D̃ ≤ E.

The extension theorem [GKKP11, Thm. 1.5] states that the sheaves

π∗Ω
p

X̃
(log D̃) are reflexive for all values of p. In [GKKP11, Section 3.B],

it was observed that basically by the definition of discrepancy, even the sheaf
π∗ΩnX̃(logEnklt) is reflexive, where n = dimX . This leads to the following

natural question.

Question 7.1. Are the sheaves π∗Ω
p

X̃
(logEnklt) also reflexive when p < n?

The answer turns out to be “no”. However, in the counterexample given in
[GKKP11, Ex. 3.2], X is the quadric cone, D consists of two rulings, and
the exceptional divisor where extension fails is contained in the preimage of
D. This means that [GKKP11, Ex. 3.2] does not answer the following refined
version of Question 7.1:

Question 7.2. Are the sheaves π∗Ω
p

X̃

(
log
(
Enklt ∨ π−1(D)

))
reflexive when

p < n?

In this section, we will give an example showing that even this question has to
be answered negatively. First we need a lemma.

Lemma 7.3 (Cusp singularities). There exists a log canonical Gorenstein sur-

face singularity 0 ∈ S that has a log resolution S̃ → S containing two distinct
exceptional curves C1, C2 which both have discrepancy −1 and whose intersec-
tion is non-empty.
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Proof. This follows from the classification of log canonical Gorenstein surface
singularities [Kaw88, Sec. 9]. It is also possible to explicitly write down a hyper-
surface singularity with the desired property. Namely, consider the following
polynomial in three variables:

f(x, y, z) = x2(x+ z)− y2z + z4.

A tedious but routine calculation shows that the origin in C3 is an isolated
singular point of S = {f = 0} ⊂ C3, so 0 ∈ S is a normal Gorenstein surface
singularity. Furthermore, blowing up 0 ∈ X yields a resolution whose excep-
tional locus consists of a rational curve C1 with a single node, and which has
discrepancy −1. Blowing up that node, we obtain a log resolution containing
an additional exceptional rational curve C2, also of discrepancy −1, such that
C2 and the strict transform of C1 meet in two points. �

The next theorem tells us that the answer to Question 7.2 is “no”.

Theorem 7.4 (Non-extension over klt places, cf. Theorem 1.6). There exists a
three-dimensional reduced log canonical pair (X,D) such that using the notation
introduced at the beginning of this section, the sheaf π∗Ω2

X̃

(
log
(
Enklt∨π−1(D)

))

is not reflexive.

Proof. Let 0 ∈ S and p ∈ C1 ∩C2 ⊂ S̃ be as in Lemma 7.3. Take X := S×A1
C

and D = ∅. Then X ′ := S̃ × A1
C → X is a log resolution of (X,D). On X ′,

blow up a point of the form (p, t) with t ∈ A1
C arbitrary to obtain f : X̃ → X ′.

This gives a log resolution π : X̃ → X of (X,D). Denote by E0 ⊂ X̃ the
exceptional divisor arising from blowing up the point (p, t), and note that its
discrepancy a(E0, X,D) = 0 by [KM98, Lemmata 2.29 and 2.30]. Hence we
have the following diagram.

X = S × A1
C

��

X ′ = S̃ × A1
C

oo X̃ ⊃ E0

foo

π

ll

S

In order to prove the claim, consider a local generator σ of the canonical sheaf

ωS in a neighborhood U of 0 ∈ S, and denote its pullback to X ′ and X̃ by σ′

and σ̃, respectively. Choose local coordinates (u, v, w) on X ′ and (x, y, z) on

X̃ such that f : X̃ → X ′ is given by

f(x, y, z) = (x, xy, xz)

in these coordinates. Then E0 = {x = 0}. Furthermore, we may assume that
the exceptional divisor of X ′ → X is given by the equation vw = 0. Then, up
to a unit, we have

σ′ = d log v ∧ d logw

by construction, so

σ̃ = f∗σ′ = (d log x+ d log y) ∧ (d log x+ d log z).
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This shows that

σ̃ ∈ H0
(
π−1(U × A1

C), Ω
2
X̃
(logE)

)

has a pole along E0 = {x = 0}. However, since a(E0, X,D) = 0 and D = ∅,
we see that E0 is not contained in Enklt ∨ π−1(D). An argument similar to
the proof of Lemma 6.2 now yields that π∗Ω2

X̃

(
log
(
Enklt ∨ π−1(D)

))
is not

reflexive. �
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Abstract. We introduce twisted relative Cuntz-Krieger algebras as-
sociated to finitely aligned higher-rank graphs and give a comprehen-
sive treatment of their fundamental structural properties. We estab-
lish versions of the usual uniqueness theorems and the classification
of gauge-invariant ideals. We show that all twisted relative Cuntz-
Krieger algebras associated to finitely aligned higher-rank graphs are
nuclear and satisfy the UCT, and that for twists that lift to real-valued
cocycles, the K-theory of a twisted relative Cuntz-Krieger algebra is
independent of the twist. In the final section, we identify a sufficient
condition for simplicity of twisted Cuntz-Krieger algebras associated
to higher-rank graphs which are not aperiodic. Our results indicate
that this question is significantly more complicated than in the un-
twisted setting.
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1 Introduction

In [12], Kumjian and Pask introduced higher-rank graphs (or k-graphs) and
their C∗-algebras. They considered only higher-rank graphs which are row-
finite and have no sources, the same simplifying assumptions that were made
in the first papers on graph C∗-algebras [14, 13, 1]. The theory was later
expanded [23] to include the more general finitely aligned k-graphs; in this
case the C∗-algebraic relations that describe the Cuntz-Krieger algebra were
determined by first analysing an associated Toeplitz algebra [22]. Interpolating
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between the Toeplitz algebra and the Cuntz-Krieger algebra are the relative
Cuntz-Krieger algebras, which were introduced in [26], and then used in [25] to
determine the gauge-invariant-ideal structure of the Cuntz-Krieger algebras of
finitely aligned k-graphs. Simplicity of the Cuntz-Krieger algebra of a finitely
aligned higher-rank graph was completely characterised in [18].

In [16], Kumjian, Pask and Sims studied the structure theory of the twisted
Cuntz-Krieger algebra C∗(Λ, c) associated to a row-finite higher-rank graph Λ
with no sources and a T-valued categorical 2-cocycle c on Λ. They subsequently
proved [17] that for cocycles c that lift to R-valued cocycles, the K-theory of
C∗(Λ, c) is the same as that of C∗(Λ). In this paper, we extend these results
to finitely aligned k-graphs, and identify the gauge-invariant ideal structure
of twisted relative Cuntz-Krieger algebras of higher-rank graphs (the Cuntz-
Krieger algebra and the Toeplitz algebra are special cases). We also establish
a sufficient condition for simplicity of C∗(Λ, c) when Λ is row-finite with no
sources and c is induced by the degree map from a cocycle on Zk. The suf-
ficient condition for simplicity is new and requires an intricate analysis of the
subalgebra generated by spanning elements in C∗(Λ, c) whose initial and final
projections coincide, and relies on a local decomposition of this subalgebra as
a direct sum of noncommutative tori.

We have organised this paper as follows. Section 2 introduces the necessary
background about k-graphs and their cohomology. In Section 3, we introduce
the twisted Toeplitz algebra, the twisted relative Cuntz-Krieger algebras and
the twisted Cuntz-Krieger algebra of a finitely aligned k-graph with respect
to a T-valued cocycle c. Following the program of [22, 25] we prove a ver-
sion of Coburn’s theorem for the twisted Toeplitz algebra, and versions of an
Huef and Raeburn’s gauge-invariant uniqueness theorem and the Cuntz-Krieger
uniqueness theorem for the twisted relative Cuntz-Krieger algebras. We give
a sufficient condition for the twisted Cuntz-Krieger algebra to be simple and
purely infinite. In Section 4, we adapt the analysis of [25] to give a complete
listing of the gauge-invariant ideals in a twisted relative Cuntz-Krieger algebra.
This is new even in the untwisted setting, since the results of [25] only apply
to the Cuntz-Krieger algebra. In Section 5, we modify arguments of [25, §8] to
show that every twisted relative Cuntz-Krieger algebra is Morita equivalent to
a crossed product of an AF algebra by Zk, and is therefore nuclear and satisfies
the UCT. In Section 6, we combine ideas from [23] and [17] to show that if the
twisting cocycle arises by exponentiation of a real-valued 2-cocycle, then the
K-groups of the twisted relative Cuntz-Krieger algebra are isomorphic to those
of the corresponding untwisted algebra.

Since our proofs of the results discussed in the preceding paragraph follow
the lines of proofs of earlier results, our treatment is mostly quite brief, relying
heavily on reference to the existing arguments, and we provide additional detail
only where a nontrivial change is needed. One (perhaps surprising) example of
the latter is the matter of ascertaining which diagonal projections in a twisted
relative Cuntz-Krieger algebra are nonzero; it turns out that neither the ar-
guments used for the row-finite case in [16] nor those used for the untwisted
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case in [26] can easily be adapted to our setting, so we use a different approach
employing filters (see [9] and [3]) in a k-graph Λ and the path-space representa-
tion. This approach simplifies and streamlines even the untwisted setting [26],
and substantially improves upon the argument used for twisted C∗-algebras of
row-finite k-graphs with no sources in [16].

In the final section, we consider simplicity of twisted k-graph C∗-algebras. For
untwisted C∗-algebras it is proved in [18] that the Cuntz-Krieger algebra of a
finitely aligned k-graph Λ is simple if and only if Λ is cofinal and aperiodic (other
relative Cuntz-Krieger algebras are never simple). In the twisted situation, the
“if” implication in this result follows from more or less the same argument (see
Corollary 3.18); and necessity of cofinality also persists, although the argument
of [18] requires some modification. However, for twisted C∗-algebras, aperiod-
icity of Λ is not necessary for simplicity of C∗(Λ, c): when N2 is regarded as
a 2-graph it is certainly not aperiodic, but its twisted C∗-algebras are the ro-
tation algebras (see [15, Example 7.7]), whose simplicity or otherwise depends
on the twisting cocycle [27]. Recent work on primitive ideals in k-graph C∗-
algebras [4] shows that if Λ is row-finite with no sources and is cofinal, then
the primitive ideals of C∗(Λ) are indexed by characters of a subgroup Per(Λ)
of Zk. We consider cofinal row-finite k-graphs with no sources, and cocycles
which are pulled back along the degree map from cocycles c of Zk. We show
that if the associated skew-symmetric bicharacter cc∗ restricts to a nondegener-
ate bicharacter of Per(Λ) (see [19, 20, 27]) — the condition which characterises
simplicity of the noncommutative torus C∗(Per(Λ), c) — then the associated
twisted k-graph C∗-algebra is simple.

We thank the anonymous referee for detailed and helpful comments; in partic-
ular the referee’s suggestions have substantially improved the presentation of
the results in Section 7.

2 Background

Throughout this paper, N denotes the natural numbers including 0, and Nk is
the monoid of k-tuples of natural numbers under coordinatewise addition. We
denote the generators of Nk by e1, . . . , ek and we write ni for the i

th coordinate
of n ∈ Nk, so that n =

∑
i ni · ei. For m,n ∈ Nk, we write m ∨ n and m ∧ n

for their coordinatewise maximum and minimum. We regard Nk as a partially
ordered set with m ≤ n if and only ifmi ≤ ni for all i. When convenient we will
regard Nk as a category with one object and composition given by addition.

A k-graph is a countable category Λ endowed with a functor d : Λ → Nk that
satisfies the following factorisation property: whenever d(λ) = m + n there
are unique µ ∈ d−1(m) and ν ∈ d−1(n) such that λ = µν. We write Λn for
d−1(n). Since the identity morphisms of Λ are idempotents and d is a functor,
the identity morphisms belong to Λ0. Hence the codomain and domain maps in
the category Λ determine maps r, s : Λ→ Λ0. We then have r(λ)λ = λ = λs(λ)
for all λ, and the factorisation property implies that Λ0 = {ido : o ∈ Obj(Λ)}.

Documenta Mathematica 19 (2014) 831–866
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Since we are thinking of Λ as a kind of graph, we call its morphisms paths ; the
paths Λ0 of degree 0 are called vertices.
Given λ ∈ Λ and E ⊆ Λ we write λE := {λµ : µ ∈ E, r(µ) = s(λ)}, and Eλ is
defined similarly. In particular, if v ∈ Λ0 and n ∈ Nk then vΛn = {λ ∈ Λn :
r(λ) = v}.
For µ, ν ∈ Λ, we define

MCE(µ, ν) := {λ ∈ Λd(µ)∨d(ν) : λ = µα = νβ for some α, β}
= µΛ ∩ νΛ ∩ Λd(µ)∨d(ν).

We say that Λ is finitely aligned if MCE(µ, ν) is always finite (possibly empty).
Let v ∈ Λ0 and E ⊆ vΛ. We say that E is exhaustive if for every λ ∈ vΛ
there exists µ ∈ E such that MCE(λ, µ) 6= ∅. Equivalently, E is exhaustive if
EΛ ∩ λΛ 6= ∅ for all λ ∈ vΛ. Following [26], we write FE(Λ) for the collection
of all finite exhaustive sets E in Λ such that E ∩Λ0 = ∅. Each E ∈ FE(Λ) is a
subset of vΛ for some v. Given any v ∈ Λ0 and E ⊆ vΛ, we write r(E) := v.
If E ∈ FE(Λ) with r(E) = v, we say E ∈ v FE(Λ). If E ⊆ FE(Λ) and v ∈ Λ0,
then vE = E ∩ v FE(Λ).
Following [16], if A is an abelian group, we say that c : {(µ, ν) ∈ Λ×Λ : s(µ) =
r(ν)} → A is a normalised cocycle if c(λ, µ) + c(λµ, ν) = c(µ, ν) + c(λ, µν) for
all composable λ, µ, ν, and c(r(λ), λ) = 0 = c(λ, s(λ)) for all λ. (In the special
case A = T, we will write the group operation multiplicatively and the identity
element as 1, and write c for the inverse c(λ, µ) = c(λ, µ) of c ∈ Z2(Λ,T).)
We write Z2(Λ, A) for the collection of all normalised cocycles, which forms a
group under pointwise addition in A. In the cohomology introduced in [16], the
coboundary map δ1 carries a function b : Λ → A to the map δ1b ∈ Z2(Λ, A)
given by (δ1b)(µ, ν) = b(µ) + b(ν)− b(µν). The elements of the range of δ1 are
called coboundaries. Cocycles c, c′ ∈ Z2(Λ, A) are cohomologous if c′ − c is a
coboundary.

3 The core and the uniqueness theorems

In this section we prove uniqueness theorems for twisted relative k-graph C∗-
algebras: a version of Coburn’s theorem for the twisted Toeplitz algebra, and
versions of the gauge-invariant uniqueness theorem and Cuntz-Krieger unique-
ness theorem for twisted relative Cuntz-Krieger algebras. We finish with a
sufficient condition for the twisted Cuntz-Krieger algebra of a k-graph to be
simple and purely infinite.
The following definition parallels [22, Definition 7.1].

Definition 3.1. Let Λ be a finitely aligned k-graph and let c ∈ Z2(Λ,T). A
Toeplitz-Cuntz-Krieger (Λ, c)-family in a C∗-algebra A is a collection t = {tλ :
λ ∈ Λ} ⊆ A satisfying

(TCK1) {tv : v ∈ Λ0} is a set of mutually orthogonal projections;
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(TCK2) tµtν = c(µ, ν)tµν whenever s(µ) = r(ν);

(TCK3) t∗λtλ = ts(λ) for all λ ∈ Λ; and

(TCK4) tµt
∗
µtνt

∗
ν =

∑
λ∈MCE(µ,ν) tλt

∗
λ for all µ, ν ∈ Λ, where empty sums are

interpreted as zero.

We write C∗(t) for C∗({tλ : λ ∈ Λ}) ⊆ A.

By [21, Proposition A.4], relation (TCK3) ensures that the tλ are partial isome-
tries, so that tλt

∗
λtλ = tλ for all λ.

Lemma 3.2. Let Λ be a finitely aligned k-graph, c ∈ Z2(Λ,T) and t a Toeplitz-
Cuntz-Krieger (Λ, c)-family. The projections {tµt∗µ : µ ∈ Λ} pairwise commute,
and {tµt∗µ : µ ∈ Λn} is a collection of mutually orthogonal projections for each

n ∈ Nk. For µ, ν, η, ζ ∈ Λ we have

t∗νtη =
∑

να=ηβ∈MCE(ν,η)

c(ν, α)c(η, β)tαt
∗
β and

tµt
∗
νtηt

∗
ζ =

∑

να=ηβ∈MCE(ν,η)

c(µ, α)c(ν, α)c(η, β)c(ζ, β)tµαt
∗
ζβ.

In particular C∗(t) = span{tµt∗ν : s(µ) = s(ν)}.

Proof. The first assertion follows from (TCK4) as MCE(µ, ν) = MCE(ν, µ). If
d(µ) = d(ν) and µ 6= ν, then the factorisation property ensures that µΛ∩νΛ =
∅, and in particular MCE(µ, ν) = ∅. Hence tµt

∗
µtνt

∗
ν = 0 by (TCK4); so the

tµt
∗
µ where µ ∈ Λm are mutually orthogonal.

For the first displayed equation, we use (TCK4), (TCK2), and then (TCK2)
to calculate:

t∗νtη = t∗ν(tνt
∗
νtηt

∗
η)tη =

∑

να=ηβ∈MCE(ν,η)

t∗νtναt
∗
ηβtη

=
∑

να=ηβ∈MCE(ν,η)

c(ν, α)c(η, β)t∗ν tνtαt
∗
βt

∗
ηtη

=
∑

να=ηζ∈MCE(ν,η)

c(ν, α)c(η, β)tαt
∗
β .

Multiplying this expression on the left by tµ and on the right by tζ and
then applying (TCK2) yields the second displayed equation. It follows that
span{tµt∗ν : µ, ν ∈ Λ} is closed under multiplication and hence equal to C∗(t),
so the final assertion follows from the observation that if s(µ) 6= s(ν), then
tµt

∗
ν = tµts(µ)ts(ν)t

∗
ν = 0 by (TCK3) and (TCK1).

As a consequence of Lemma 3.2, products of the form
∏
λ∈E(tv−tλt∗λ) for finite

subsets E of Λ are well-defined, and so we can make the following definition.
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Definition 3.3. For E ⊆ FE(Λ), we say that a Toeplitz Cuntz-Krieger (Λ, c)-
family t is a relative Cuntz-Krieger (Λ, c; E)-family if

(CK) for every v ∈ E0 and E ∈ vE , we have
∏
λ∈E(tr(E) − tλt∗λ) = 0.

A relative Cuntz-Krieger (Λ, c; FE(Λ))-family is called a Cuntz-Krieger (Λ, c)-
family.

Remark 3.4. If v ∈ Λ0 and r(λ) = v then we have tvtλt
∗
λ = c(v, λ)tvλt

∗
λ = tλt

∗
λ.

Lemma 3.2 implies in particular that {tλt∗λ : λ ∈ vΛn} is a set of mutually
orthogonal projections, so

∑
λ∈F tλt

∗
λ is a projection for every finite F ⊆ vΛn.

Since tv

(∑
λ∈F tλt

∗
λ

)
=
∑
λ∈F tλt

∗
λ, we conclude that tv ≥

∑
λ∈F tλt

∗
λ. So rela-

tions (TCK1)–(TCK4) (for c ≡ 1) imply relation (4) of [22, Definition 7.1], and
in particular a Toeplitz-Cuntz-Krieger (Λ, 1)-family as defined here is the same
thing as a Toeplitz-Cuntz-Krieger Λ-family in the sense of [22]. Lemma 3.2
also shows that a relative Cuntz-Krieger (Λ, 1; E)-family is the same thing as a
relative Cuntz-Krieger Λ-family in the sense of [26]

The tλ in any Toeplitz-Cuntz-Krieger (Λ, c)-family are partial isometries, and
hence have norm 0 or 1, and the same is then true for the tµt

∗
ν . It is straightfor-

ward (following the strategy of, for example, [21, Propositions 1.20 and 1.21])
to show that there is a C∗-algebra T C∗(Λ, c) generated by a Toeplitz-Cuntz-
Krieger family scT := {scT (λ) : λ ∈ Λ} which is universal in the sense
that every Toeplitz-Cuntz-Krieger (Λ, c)-family t induces a homomorphism
πt : T C∗(Λ, c)→ C∗(t) satisfying πt(scT (λ)) = tλ for all λ.
Given a set E ⊆ FE(Λ), let JE ⊆ T C∗(Λ, c) be the ideal generated by{∏

λ∈E(s
c
T (r(E)) − scT (λ)scT (λ)∗) : E ∈ E

}
. Then the quotient

C∗(Λ, c; E) := T C∗(Λ, c)/JE

is, by construction, universal for relative Cuntz-Krieger (Λ, c; E)-families. We
denote each scT (λ) + JE by scE(λ), so that scE := {scE(λ) : λ ∈ Λ} is a universal
(Λ, c; E)-family in C∗(Λ, c; E). In the special case where E = FE(Λ) we simply
write sc(λ) for scFE(Λ)(λ), and we denote C∗(Λ, c; FE(Λ)) by C∗(Λ, c). It follows
almost immediately from the universal property that C∗(Λ, c; E) depends only
on the cohomology class of c:

Proposition 3.5. Let Λ be a finitely aligned k-graph and let E be a subset of
FE(Λ). Suppose that c1, c2 ∈ Z2(Λ,T) are cohomologous; say c1 = δ1bc2. Then
there is an isomorphism π : C∗(Λ, c1; E) → C∗(Λ, c2; E) such that π(sc1E (λ)) =
b(λ)sc2E (λ) for each λ ∈ Λ.

Proof. The proof is essentially that of [16, Proposition 5.6]: the formula tλ :=
b(λ)sc2E (λ) defines a relative Cuntz-Krieger (Λ, c1; E)-family in C∗(Λ, c2; E) and
therefore induces a homomorphism π carrying each sc1E (λ) to b(λ)sc2E (λ). Inter-
changing the roles of c1 and c2 and replacing b with b yields an inverse for π,
and the result follows.
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The universal property of each C∗(Λ, c; E) ensures that there is a homomor-
phism γc : Tk → Aut(C∗(Λ, c; E)) such that γcz(s

c
E(λ)) = zd(λ)scE(λ) for all λ.

An ε/3-argument shows that γc is strongly continuous. Averaging over γc gives
a faithful conditional expectation

ΦcE : C∗(Λ, c; E)→ C∗(Λ, c; E)γc := {a ∈ C∗(Λ, c; E) : γcz(a) = a for all z}.

Since γcz(s
c
E(µ)s

c
E(ν)

∗) = zd(µ)−d(ν)scE(µ)s
c
E(ν)

∗ and since the scE(µ)s
c
E(ν)

∗ span
a dense subspace of C∗(Λ, c; E), we see that ΦcE is characterised by

ΦcE(s
c
E(µ)s

c
E(ν)

∗) = δd(µ),d(ν)s
c
E(µ)s

c
E (ν)

∗,

and so C∗(Λ, c; E)γc = span{scE(µ)scE (ν)∗ : d(µ) = d(ν)}.
For E ⊆ r(λ)Λ, we write

Ext(λ;E) :=
⋃

µ∈E
{α : λα ∈MCE(λ, µ)}.

We say that a subset E of FE(Λ) is satiated if it satisfies

(S1) if F ∈ E and λ ∈ r(F )Λ \ {r(F )}, then F ∪ {λ} ∈ E ;

(S2) if F ∈ E and λ ∈ r(F )Λ \ FΛ, then Ext(λ;F ) ∈ E ;

(S3) if F ∈ E and λ, λλ′ ∈ F with λ′ 6= s(λ), then F \ {λλ′} ∈ E ;

(S4) if F ∈ E , λ ∈ F and G ∈ E with r(G) = s(λ), then F \ {λ} ∪ λG ∈ E .

Lemma 5.3 of [26] shows that the sets constructed in (S1)–(S4) belong to FE(Λ),
and so FE(Λ) always contains E and satisfies (S1)–(S4). Given E ⊆ FE(Λ), we
write E for the intersection of all satiated subsets of FE(Λ) containing E . We
call E the satiation of E .
Our (S1)–(S4) are different from those of [26]; but any set that can be con-
structed by our (S1)–(S4) can be constructed from an application of the corre-
sponding operation from [26], and conversely any set that can be constructed
by any of (S1)–(S4) from [26] can be obtained from finitely many applications
of the operations discussed above. So our definition of a satiated set agrees
with that of [26].

Notation 3.6. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T) and let t
be a Toeplitz-Cuntz-Krieger (Λ, c)-family. For λ ∈ Λ, we write qλ := tλt

∗
λ.

For v ∈ Λ0 and a finite subset E of vΛ, we define

∆(t)E :=
∏

λ∈E
(qr(E) − qλ).

In the universal algebras C∗(Λ, c; E), we write pcE(λ) := scE(λ)s
c
E (λ)

∗ ∈
C∗(Λ, c; E), and then ∆(scE)

E =
∏
λ∈E

(
pcE(r(E)) − pcE(λ)

)
.
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Lemma 3.7. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T) and let t be a
Toeplitz-Cuntz-Krieger (Λ, c)-family. If ∅ 6= E ⊆ vΛ is finite and µ ∈ vΛ, then

∆(t)Etµ = tµ∆(t)Ext(µ;E).

Proof. Fix λ ∈ E and use Lemma 3.2 to calculate

∆(t)Etµ = ∆(t)E\{λ}(qv − tλt∗λ)tµt∗s(µ)
= ∆(t)E\{λ}tµ −

∑

λα=µβ∈MCE(λ,µ)

c(λ, α)c(λ, α)c(µ, β)c(s(µ), β)tλαt
∗
β .

For each α, β we have tλα = tµβ = c(µ, β)tµtβ , and we deduce that

∆(t)Etµ = ∆(t)E\{λ}tµ
(
qs(µ) −

∑

β∈Ext(µ;{λ})
qβ

)
.

The elements β ∈ Ext(µ; {λ}) all have degree (d(µ) ∨ d(λ)) − d(µ), and
so the qβ are mutually orthogonal. Hence qs(µ) −

∑
β∈Ext(µ;{λ}) qβ =∏

β∈Ext(µ;{λ})(qs(µ) − qβ). Now an induction on |E| using that Ext(µ;E) =⋃
λ∈E Ext(µ; {λ}) proves the lemma.

Proposition 3.12 of [10] implies that Ext(µν;E) = Ext(ν; Ext(µ;E)) for all
composable µ, ν. If µ ∈ EΛ, then ∆(scT )

E ≤ scT (r(µ)) − pcT (µ), forcing
∆(scT )

EscT (µ) = 0. So Lemma 3.7 and condition (S2) imply that for a sa-
tiated subset E ⊆ FE(Λ), the ideal JE generated by {∆(scT )

E : E ∈ E} satisfies

JE = span{scT (µ)∆(scT )
EscT (ν)

∗ : s(µ) = s(ν) and E ∈ s(µ)E}. (3.1)

We introduce the notion of a filter on a k-graph. For details, see [3, Section 3]
(taking P = Nk). We call a subset S of Λ a filter if

(F1) λΛ ∩ S 6= ∅ implies λ ∈ S; and

(F2) µ, ν ∈ S implies MCE(µ, ν) ∩ S 6= ∅.

For µ, ν ∈ Λ, we write µ ≤ ν if ν = µν′. Since λ ∈ MCE(µ, ν) implies
µ, ν ≤ λ, Condition (F2) implies that each (S,≤) is a directed set. Furthermore,
for µ, ν ∈ Λ, distinct elements of MCE(µ, ν) have the same degree, and so
themselves have no common extensions. Hence condition (F2) implies that
|MCE(µ, ν) ∩ S| = 1 for µ, ν ∈ S.
For a satiated set E ⊆ FE(Λ), we say that a filter S is E-compatible if, whenever
λ ∈ S and E ∈ s(λ)E , we have λE ∩ S 6= ∅.
Remark 3.8. It is straightforward to check that the E-compatible boundary
paths of [26] are in bijection with E-compatible filters via the map x 7→ {x(0, n) :
n ≤ d(x)}.
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Let {hλ : λ ∈ Λ} be the usual orthonormal basis for ℓ2(Λ). Routine calcula-
tions show that the formula Tµhν := δs(µ),r(ν)c(µ, ν)hµν determines a Toeplitz-
Cuntz-Krieger (Λ, c)-family in B(ℓ2(Λ)). Let πT : T C∗(Λ, c) → B(ℓ2(Λ)) be
the representation induced by the universal property of T C∗(Λ, c).

Proposition 3.9. Let Λ be a finitely aligned k-graph and let c ∈ Z2(Λ,T). Let
E ⊆ FE(Λ). Then the scE(v) are all nonzero, and for each v ∈ Λ0 and finite
F ⊆ vΛ, we have ∆(scE)

F = 0 if and only if either v ∈ F or F ∈ E . We have
JE = JE and C∗(Λ, c; E) = C∗(Λ, c; E).
To prove the proposition, we need to be able to tell when a ∈ T C∗(Λ, c) does
not belong to JE . We present the requisite statement as a separate result
because we will use it again in Section 7 (see Lemma 7.2).

Proposition 3.10. Let Λ be a finitely aligned k-graph and let c ∈ Z2(Λ,T).
Let E ⊆ FE(Λ). Then

JE = {a ∈ T C∗(Λ, c) : limλ∈S πT (a)hλ = 0 for every E-compatible filter S}.

Here we only need the “⊆” containment — we will use it immediately to es-
tablish Proposition 3.9, which we will use in turn to prove the gauge-invariant
uniqueness theorem and then our characterisation of the gauge-invariant ideals
in C∗(Λ, c; E). With this catalogue of gauge-invariant ideals in hand, it is then
easy to establish the reverse inclusion. So we prove the “⊆” inclusion now, and
defer the proof of the “⊇” inclusion until after Theorem 4.6.

Proof of ⊆ in Proposition 3.10. Fix v ∈ Λ0, an element E ∈ E with r(E) = v
and an E-compatible filter S. We claim that ∆(T )Ehλ = 0 for large λ ∈ S. To
see this, we consider two cases. First suppose that v 6∈ S. Then (F1) ensures
that S ∩ vΛ = ∅ and so Tvhλ = 0 for all λ ∈ S. Since ∆(T )E ≤ Tv, it follows
that ∆(T )Ehλ = 0 for all λ ∈ S. Now suppose that v ∈ S. Since S is E-
compatible and E ∈ E , there exists λ ∈ E∩S. Hence ∆(T )E ≤ Tv−TλT ∗

λ . For
µ ∈ S with λ ≤ µ, we therefore have ∆(T )Ehµ = 0. Hence ∆(T )Ehλ = 0 for
large λ ∈ S, proving the claim. It is now elementary to deduce that any finite
linear combination of the form a =

∑
µ,ν∈F aµ,νs

c
T (µ)∆(scT )

EscT (ν)
∗ where the

E belong to E satisfies πT (a)hλ = 0 for large λ ∈ E. A continuity argument
(details appear in [28, Lemma 3.4.14]) using this and (3.1) then completes the
proof.

Lemma 3.11. Let Λ be a finitely aligned k-graph and let c ∈ Z2(Λ,T). Let
E ⊆ FE(Λ). For each v ∈ Λ0 there exists an E-compatible filter S such that
‖Tvhλ‖ = 1 for all λ ∈ S, and for each E ∈ FE(Λ) \ E, there exists an E-
compatible filter S such that ‖∆(T )Ehλ‖ = 1 for all λ ∈ S.
Proof. Fix v ∈ Λ0. The argument of [26, Lemma 4.7] shows that there exists
an E-compatible filter S that contains v. Hence ‖Tvhλ‖ = ‖hλ‖ = 1 for all
λ ∈ S. Now fix E ∈ FE(Λ) \ E . Then the argument of [26, Lemma 4.7] implies
that there is an E-compatible filter S such that r(E) ∈ S but EΛ∩S = ∅. Thus
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TµT
∗
µhλ = 0 for all µ ∈ E and λ ∈ S, and so ‖∆(T )Ehλ‖ = ‖Tr(E)hλ‖ = 1 for

all λ ∈ S.

Proof of Proposition 3.9. For the “if” implication, observe that if v ∈ F then
∆v ≤ qv − qv = 0. To see that F ∈ E implies ∆(scE)

F = 0, one checks
that the calculations in [26] that establish the corresponding statement for the
untwisted C∗-algebra C∗(Λ; E) are also valid in the twisted C∗-algebra. Since
we clearly have JE ⊆ JE we deduce from this that JE = JE , and therefore that
C∗(Λ, c; E) = C∗(Λ, c; E).
For the “only if” implication, first observe that we have just seen that JE = JE .
So it suffices to show that scT (v) 6∈ JE for all v ∈ Λ0 and that if E ⊂ vΛ is
finite, does not contain v and does not belong to E , then ∆(scT )

E 6∈ JE .
The “⊆” containment in Proposition 3.10 and the first assertion of Lemma 3.11
combine to show that scT (v) 6∈ JE for each v ∈ Λ0. Likewise, the “⊆” contain-
ment in Proposition 3.10 combined with the second assertion of Lemma 3.11
shows that ∆(scT )

E 6∈ JE for all E ∈ FE(Λ) \ E . Finally, suppose that
F ⊆ vΛ \ {v} is finite and does not belong to FE(Λ). Then there exists λ ∈ vΛ
such that Ext(λ;F ) = ∅. It is not hard to check (see, for example, the argument
of [26, Lemma 4.4]) that {µ : µµ′ ∈ λS for some µ′} is an E-compatible filter
which does not intersect F . So as above, we have ‖πT (∆(scT )

F )hλ‖ = 1 for all
λ ∈ S and yet another application of the “⊆” containment in Proposition 3.10
implies that ∆(scT )

F 6∈ JE .

Given a finite subset E of Λ and an element µ ∈ E, we write T (E;µ) := {µ′ ∈
s(µ)Λ \ {s(µ)} : µµ′ ∈ E}.
Recall from [23] that if E is a finite subset of a finitely aligned k-graph Λ, then
there is a finite subset F of Λ which contains E and has the property that if
µ, ν, σ, τ ∈ F with d(µ) = d(ν) and d(σ) = d(τ), then µα and τβ belong to F
for every να = σβ ∈ MCE(ν, σ). The smallest such set is denoted ΠE and is
closed under minimal common extensions (just take µ = ν and τ = σ). Suppose
that E = ΠE. The defining property of ΠE ensures that T (E;µ) = T (E; ν)
whenever µ, ν ∈ E satisfy d(µ) = d(ν). Fix c ∈ Z2(Λ,T) and a Toeplitz-Cuntz-
Krieger (Λ, c)-family t. For µ, ν ∈ E (possibly equal) with d(µ) = d(ν), we
write

Θ(t)Eµ,ν = tµ∆(t)T (E;µ)t∗ν .

Lemma 3.12. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T) and let t
be a Toeplitz-Cuntz-Krieger (Λ, c)-family. Suppose that E ⊆ Λ is finite and
satisfies E = ΠE. Then M(t)E := span{tµt∗ν : µ, ν ∈ E, d(µ) = d(ν)} is
a finite dimensional C∗-subalgebra of C∗(t), and {Θ(t)Eµ,ν : µ, ν ∈ E, d(µ) =

d(ν), s(µ) = s(ν),∆(t)T (E;µ) 6= 0} is a family of nonzero matrix units spanning
M(t)E.

Proof. Using Lemma 3.2, it is easy to see that span{tµt∗ν : µ, ν ∈ E, d(µ) =
d(ν)} is closed under multiplication and hence a subalgebra of C∗(t). Since
T (E;µ) = T (E; ν) whenever d(µ) = d(ν) and s(µ) = s(ν), we have (Θ(t)Eµ,ν)

∗ =
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Θ(t)Eν,µ, so M(t)E is a ∗-subalgebra of C∗(t). It is finite-dimensional by defini-
tion, and then it is automatically norm-closed and hence a C∗-subalgebra.
The argument of [23, Lemma 3.9(ii)], using Lemma 3.7 twice in place of [23,
Lemma 3.10] shows that Θ(t)Eµ,νΘ(t)Eη,ξ = δν,ηΘ(t)Eµ,ξ. Since ∆(t)T (E;µ) =

t∗µΘ(t)Eµ,νtν and since Θ(t)Eµ,ν = tµ∆(t)T (E;µ)t∗ν , we have Θ(t)Eµ,ν = 0 ⇐⇒
∆(t)T (E;µ) = 0. The arguments of [23, Proposition 3.5 and Corollary 3.7]
only involve products of elements of the form tµt

∗
µ, and these satisfy the

same relations in a Toeplitz-Cuntz-Krieger (Λ, c)-family as in a Toeplitz-
Cuntz-Krieger Λ-family. So the proof of [23, Corollary 3.7] implies that
tµt

∗
µ =

∑
µµ′∈E ∆(t)T (E;µµ′) for µ ∈ E. Now we follow the proof of [23, Corol-

lary 3.11] to see that

tµt
∗
ν =

∑

µα∈E
c(µ, α)c(ν, α)Θ(t)Eµα,να. (3.2)

Hence the Θ(t)Eµ,ν span M(t)E .

Theorem 3.13. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T), and let
E be a satiated subset of FE(Λ). Suppose that t is a relative Cuntz-Krieger
(Λ, c; E)-family. The induced homomorphism πE

t : C∗(Λ, c; E)→ C∗(t) restricts
to an injective homomorphism of C∗(Λ, c; E)γc if and only if every tv is nonzero,
and ∆(t)F 6= 0 for all F ∈ FE(Λ) \ E.
Proof. Proposition 3.9 implies that if tv = 0 for some v ∈ E0 or ∆(t)F = 0 for
some F ∈ FE(Λ) \ E , then πE

t is not injective on C∗(Λ)γ .
Now suppose that each tv 6= 0 and that ∆(t)F 6= 0 whenever F ∈ FE(Λ) \ E .
Since every finite subset of Λ is contained in a finite subset E satisfying E =
ΠE, we have

C∗(Λ, c; E)γc =
⋃

ΠE=E

M(scE)
E ,

and so it suffices to show that πE
t is injective (and hence isometric) on each

M(scE)
E . Fix E such that ΠE = E. Since matrix algebras are simple,

Lemma 3.12 implies that it suffices to show that ∆(t)T (E;λ) = 0 implies
∆(scE)

T (E;λ) = 0 for each λ ∈ E. We consider two cases. If T (E;λ) ∈
FE(Λ), then ∆(t)T (E;λ) = 0 implies T (E;λ) ∈ E by hypothesis, and then
∆(scE)

T (E;λ) = 0 as well. Now suppose that T (E;λ) 6∈ FE(Λ). It suffices to
show that ∆(t)T (E;λ) 6= 0. Since T (E;λ) 6∈ FE(Λ) and T (E;λ) ∩ Λ0 = ∅, the
set T (E;λ) is not exhaustive. Fix µ ∈ s(λ)Λ such that MCE(µ, α) = ∅ for
every α ∈ T (E;λ). Since t∗µtµ = ts(µ) is nonzero, qµ = tµt

∗
µ is also nonzero.

Lemma 3.2 implies that qαqµ = 0 for all α ∈ T (E;λ). Since the qη all commute
and qµ is a projection, we deduce that

∆(t)T (E;λ)qµ =
∏

α∈T (E;λ)

(
(ts(λ) − qα)qµ

)
= qµ 6= 0.

Hence ∆(t)T (E;λ) 6= 0.
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From this flow a number of uniqueness theorems, all based on the following
standard idea from [5].

Lemma 3.14. Let A be a C∗-algebra, Φ : A→ A a faithful conditional expecta-
tion, and π : A→ B a C∗-homomorphism. Suppose that there is a linear map
Ψ : B → B such that Ψ ◦ π = π ◦ Φ. Then π is injective if and only if π|Φ(A)

is injective.

Proof. The “only if” implication is obvious. For the “if” implication, suppose
that π(a) = 0. Then π(Φ(a∗a)) = Ψ(π(a∗a)) = 0. Since π is injective on the
range of Φ and Φ is faithful, we deduce that a = 0.

The next result is a version of Coburn’s theorem for T C∗(Λ, c).

Theorem 3.15. Let Λ be a finitely aligned k-graph and let c ∈ Z2(Λ,T). Let t
be a Toeplitz-Cuntz-Krieger (Λ, c)-family. Then the induced homomorphism πt
of T C∗(Λ, c) is injective if and only if every tv 6= 0 and ∆(t)E 6= 0 for every
E ∈ FE(Λ).

Proof. Averaging over the gauge action on T C∗(Λ, c) defines a faithful con-
ditional expectation Φγ

c

: T C∗(Λ, c) → T C∗(Λ, c)γ
c

that is characterised
by Φγ

c

(scT (µ)s
c
T (ν)

∗) = δd(µ),d(ν)s
c
T (µ)s

c
T (ν)

∗ for µ, ν ∈ Λ. Lemma 3.12

shows that T C∗(Λ, c)γ
c

is AF, and span{scT (µ)scT (µ)∗ : µ ∈ Λ} is its canon-
ical diagonal subalgebra. So there is a faithful conditional expectation ΦcD :
T C∗(Λ, c)γ

c → span{scT (µ)scT (µ)∗ : µ ∈ Λ} satisfying ΦcD(s
c
T (µ)s

c
T (ν)

∗) =
δµ,νs

c
T (µ)s

c
T (µ)

∗. So Φ := ΦcD ◦ Φγ
c

is a faithful conditional expectation satis-
fying Φ(scT (µ)s

c
T (ν)

∗) = δµ,νs
c
T (µ)s

c
T (µ)

∗ for all µ, ν ∈ Λ.

The argument of [22, Proposition 8.9] (this uses Lemmas 8.5–8.8 of the same
paper; all the arguments go through for twisted TCK families) gives a norm-
decreasing linear map Ψ from C∗(t) to span{tλt∗λ : λ ∈ Λ} such that Ψ ◦ πt =
πt ◦ Φ. Now Lemma 3.14 proves the result.

We also obtain the following version of an Huef and Raeburn’s gauge-invariant
uniqueness theorem [11].

Theorem 3.16. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T), and
let E be a satiated subset of FE(Λ). Suppose that t is a relative Cuntz-Krieger
(Λ, c; E)-family in a C∗-algebra B and that there is a strongly continuous action
β of Tk on B such that βz(tλ) = zd(λ)tλ for all λ ∈ Λ. Then the induced
homomorphism πE

t : C∗(Λ, c; E) → C∗(t) is injective if and only if every tv is
nonzero, and ∆(t)F 6= 0 for all F ∈ FE(Λ) \ E.

Proof. Lemma 3.14 applied to the expectation Φ obtained from averaging over
γc and the expectation Ψ obtained by averaging over β shows that πE

t is in-
jective if and only if it restricts to an injection on C∗(Λ, c; E)γc . So the result
follows from Theorem 3.13.
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We also obtain a version of the Cuntz-Krieger uniqueness theorem (cf. [26,
Theorem 6.3]). Given a filter S and a path µ with s(µ) ∈ S, we write ℓµ(S)
for the filter {ν ∈ Λ : µS ∩ νΛ 6= ∅}. We say that a filter S ⊆ Λ is separating if
whenever s(µ) = s(ν) ∈ S and there is a filter T such that ℓµ(S) ∪ ℓν(S) ⊆ T ,
we have µ = ν.

Theorem 3.17. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T), and
let E be a satiated subset of FE(Λ). Suppose that for every v ∈ Λ0 there
is a separating E-compatible filter S such that r(S) = v, and that for every
F ∈ FE(Λ)\E there is a separating E-compatible filter S such that r(S) = r(F )
and S ∩ FΛ = ∅. Suppose that t is a relative Cuntz-Krieger (Λ, c; E)-family in
a C∗-algebra B. Then the induced homomorphism πE

t : C∗(Λ, c; E)→ C∗(t) is
injective if and only if every tv is nonzero, and ∆(t)F 6= 0 for all F ∈ FE(Λ)\E.

Proof. Using Remark 3.8, we see that our hypothesis about the existence of
separating E-compatible filters is equivalent to Condition (C) of [26]. Now
one follows the proof of [26, Theorem 6.3]; the only place where the cocycle
c comes up is in the displayed calculation at the top of [26, page 866], where
the formula for P2Θ(t)ΠEλ,µP2 picks up a factor of c(λ, x(0, N))c(µ, x(0, N)); but
the resulting elements still form a family of matrix units, so the rest of the
argument proceeds without change.

The hypothesis of Theorem 3.17 simplifies significantly in the key case where
E = FE(Λ). Recall from [18, Definition 3.3] that a finitely aligned k-graph Λ
is cofinal if, for all v, w ∈ Λ0 there exists a finite exhaustive subset E of vΛ
(here E may contain v) such that wΛs(α) 6= ∅ for every α ∈ E. Recall from
[18] that a k-graph Λ is aperiodic if whenever µ, ν are distinct paths with the
same source, there exists τ ∈ s(µ)Λ such that MCE(µτ, ντ) = ∅.

Corollary 3.18. Let Λ be a finitely aligned k-graph and let c ∈ Z2(Λ,T).
Suppose Λ is aperiodic. Then a homomorphism π : C∗(Λ, c) → B is injective
if and only if every π(scv) 6= 0. If Λ is cofinal then C∗(Λ, c) is simple.

Proof. Condition (A) of [10], reinterpreted using Remark 3.8, requires that for
every v ∈ Λ0 there is a separating FE(Λ)-compatible filter S containing v. So
the implication (i) =⇒ (iii) of [18, Proposition 3.6] implies that the hypotheses
of Theorem 3.17 are satisfied with E = FE(Λ). This proves the first assertion.
Now suppose that Λ is cofinal. Then the argument of (ii) =⇒ (iii) of [18,
Theorem 5.1] carries over unchanged to the twisted setting to show that if I is
an ideal of C∗(Λ, E) and scv ∈ I for some v, then scw ∈ I for every w ∈ Λ0 and
hence I = C∗(Λ, c). So C∗(Λ, c) is simple by the preceding paragraph.

Recall from [8] that if Λ is a finitely aligned k-graph, then a generalised cycle in
Λ is a pair (µ, ν) ∈ Λ such that r(µ) = r(ν), s(µ) = s(ν) and MCE(µτ, ν) 6= ∅
for all τ ∈ s(µ)Λ. We say that a generalised cycle (µ, ν) has an entrance if
there exists τ ∈ s(ν)Λ such that MCE(µ, ντ) = ∅. If c ∈ Z2(Λ,T) and t
is a Toeplitz-Cuntz-Krieger (Λ, c)-family such that ts(τ) 6= 0, then V := tµt

∗
ν
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satisfies qµ = V V ∗ ∼ V ∗V = qν > qν − qντ ≥ qµ, where ∼ denotes Murray-von
Neumann equivalence. Hence qµ is infinite.

Proposition 3.19. Let Λ be a finitely aligned k-graph with no sources, and let
c ∈ Z2(Λ,T). Suppose that Λ is aperiodic and that for every v ∈ Λ0 there is
a generalised cycle (µ, ν) with an entrance such that vΛr(µ) 6= ∅. Then every
hereditary subalgebra of C∗(Λ, c) contains an infinite projection. If Λ is cofinal,
then C∗(Λ, c) is simple and purely infinite.

Proof. Let v ∈ Λ0 and choose a generalised cycle (µ, ν) with an entrance such
that vΛr(µ) 6= ∅; say λ ∈ vΛr(µ). Then sc(v) ≥ sc(λ)sc(λ)∗ ∼ sc(λ)∗sc(λ) ≥
pc(µ) is infinite. Using this in place of [25, Lemma 8.13], we can now follow the
proof of [25, Proposition 8.8] (including the proof of [25, Lemma 8.12]).

4 Gauge-invariant ideals

In this section we list the gauge-invariant ideals of each C∗(Λ, c; E). There
is by now a fairly standard program for this (the basic idea goes back to [6]
and [11]). The standard arguments are applied to the untwisted Cuntz-Krieger
algebras of finitely aligned k-graphs in [25], and we follow the broad strokes of
that treatment. The twist does not affect the arguments much, but we need to
make a few adjustments to pass from C∗(Λ, c) to C∗(Λ, c; E). So we give more
detail here than in the preceding section.

Definition 4.1. Let Λ be a finitely aligned k-graph and let E be a satiated
subset of FE(Λ). We say that H ⊆ Λ0 is hereditary if s(HΛ) ⊆ H , and that it
is E-saturated if whenever E ∈ E and s(E) ⊆ H we have r(E) ∈ H .

Recall from [25, Lemma 4.1] that if Λ is a finitely aligned k-graph and H ⊆ Λ0

is hereditary, then Λ \ ΛH is a finitely aligned k-graph under the operations
and degree map inherited from Λ.

Lemma 4.2. Let Λ be a finitely aligned k-graph and let E be a satiated subset
of FE(Λ). Suppose that H ⊆ Λ0 is hereditary and E-saturated. Then

EH := {E \ EH : E ∈ E , r(E) 6∈ H}

is a subset of FE(Λ \ ΛH).

Proof. No element F of EH contains r(F ) because no element E of E contains
r(E). The elements of EH are nonempty becauseH is E-saturated. Fix F ∈ EH ,
say r(F ) = v, and fix λ ∈ vΛ \ ΛH . Choose E ∈ E such that F = E \ EH .
We have to show that there exists µ ∈ F such that MCE(µ, λ)∩ (Λ \ΛH) 6= ∅.
We consider two cases. First suppose that λ ∈ EΛ, say λ = µµ′ with µ ∈ E.
Since H is hereditary and s(λ) = s(µ′) 6∈ H , we have s(µ) = r(µ′) 6∈ H , so
µ ∈ F satisfies λ ∈ MCE(µ, λ) ∩ (Λ \ ΛH). Now suppose that λ 6∈ EΛ. Then
Ext(λ;E) ∈ E by (S2). Since H is E-saturated and s(λ) 6∈ H , it follows that
s(Ext(λ;E)) 6⊆ H . So there exists µ ∈ E and µα = λβ ∈ MCE(µ, λ) with
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s(α) 6∈ H . Since H is hereditary, it follows that s(µ) 6∈ H , so µ ∈ F and
MCE(µ, λ) ∩ (Λ \ ΛH) 6= ∅.

Lemma 4.3. Let Λ be a finitely aligned k-graph, let c ∈ Z2(Λ,T), and let E be
a satiated subset of FE(Λ). Let I be an ideal of C∗(Λ, c; E). Then

1. HI := {v ∈ Λ0 : scE(v) ∈ I} is hereditary and E-saturated;
2. BI := {F ∈ FE(Λ\ΛHI) : ∆(scE )

F ∈ I} is a satiated subset of FE(Λ\ΛH);
and

3. EHI ⊆ BI .
Proof. (1). If r(λ) ∈ HI , then s

c
E(s(λ)) = scE(λ)

∗scE(r(λ))s
c
E (λ) ∈ I, and hence

HI is hereditary. To see that it is E-saturated, suppose that E ∈ E and
s(E) ⊆ H , and let v = r(E). The calculation of [22, Proposition 8.6] im-
plies that scE(v) = ∆(scE )

∨E +
∑

µ∈∨E s
c
E(µ)∆(scE)

T (∨E;µ)scE(µ)
∗. Since E ∈ E ,

condition (S1) implies that ∨E ∈ E , and so ∆(scE ) = 0. Since H is hereditary,
each scE(µ)∆(scE )

T (∨E;µ)scE(µ)
∗ ≤ scE(µ)scE(s(µ))scE (µ)∗ ∈ I, giving scE(v) ∈ I.

(2). Write Γ := Λ \ ΛH , and fix F ∈ BI , so that ∆(scE)
F ∈ I. To see that BI

satisfies (S1), fix λ ∈ r(F )Γ \ {r(F )}. Then ∆(scE)
F∪{λ} = ∆(scE)

F
(
pcE(r(F ))−

pcE(λ)
)
∈ I. For (S2), fix F ∈ BI and λ ∈ r(F )Γ \ FΓ. Then Lemma 3.7 gives

∆(scE)
Ext(λ;F ) = scE(λ)

∗∆(scE)
F scE(λ) ∈ I.

For (S3), suppose λ, λλ′ ∈ F with λ′ 6= s(λ). Then pcE(r(λ)) − pcE(λλ
′) ≥

pcE(r(F )) − pcE(λ) ≥ ∆(scE)
F\λλ′

, so ∆(scE)
F\λλ′

= ∆(scE)
F\λλ′

(pcE(r(F )) −
pcE(λλ

′)) = ∆(scE)
F ∈ I. For (S4), suppose that λ ∈ F and G ∈ s(λ)BI .

Let F ′ := F \ {λ} ∪ λG. For α ∈ G, both pcE(r(F )) and pcE(λ) dominate
(pcE(λ) − pcE(λα)), giving (pcE(r(F )) − pcE(λ))(pcE (λ) − pcE(λα)) = 0. Hence

∏

α∈G
(pcE(r(F )) − pcE(λα))

=
∏

α∈G

((
pcE(r(F )) − pcE(λ)

)
+
(
pcE(λ) − pcE(λα)

))

=
∑

H⊆G

(
pcE(r(F )) − pcE(λ)

)|H| ∏

α∈G\H

(
pcE(λ) − pcE(λα)

)

= (pcE(r(F )) − pcE(λ)) +
∏

α∈G
(pcE(λ)− pcE(λα)).

Hence

∆(scE)
F ′

= ∆(scE)
F\{λ}(pcE(r(F )) − pcE(λ)) + ∆(scE)

F\{λ} ∏

α∈G
(pcE(λ) − pcE(λα)).

We have ∆(scE)
F\{λ}(pcE(r(F ))−pcE (λ)) = ∆(scE)

F ∈ I, and a quick computation
using that range projections commute shows that

∏
α∈G(p

c
E(λ) − pcE(λα)) =

scE(λ)∆(scE )
GscE(λ)

∗ ∈ I. Hence ∆(scE )
F ′ ∈ I.
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(3). Fix F ∈ EHI , and choose E ∈ E with r(E) 6∈ H such that F = E \ EH .
Then ∆(scE)

E = 0. Let qI be the quotient map a 7→ a + I. For µ ∈ EH , we
have qI(p

c
E(µ)) = 0, and so qI(p

c
E(r(E)) − pcE(µ)) = qI(p

c
E(r(E)). Hence

0 = qI
(
∆(scE )

E
)
=
∏

µ∈E

(
qI(p

c
E(r(E)) − pcE(µ))

)

=
∏

µ∈F

(
qI(p

c
E(r(E)) − pcE(µ))

) ∏

µ∈EH
qI(p

c
E(r(E)) = qI(∆(scE)

F ).

So ∆(scE )
F ∈ I and hence F ∈ BI .

Suppose that Λ is a finitely aligned k-graph, that c ∈ Z2(Λ,T) and that E ⊆
FE(Λ) is satiated. Suppose that H ⊆ Λ0 is hereditary and E-saturated and
that B ⊆ FE(Λ \ΛH) is satiated and contains EH . We write IcH,B for the ideal

of C∗(Λ, c; E) generated by {scE(v) : v ∈ H} ∪ {∆(scE)
E : E ∈ B}.

Observe that the cocycle c restricts to a cocycle, which we also denote c, on
the subgraph Λ \ ΛH .

Theorem 4.4. Suppose that Λ is a finitely aligned k-graph, that c ∈ Z2(Λ,T)
and that E ⊆ FE(Λ) is satiated. Suppose that H ⊆ Λ0 is hereditary and E-
saturated and that B ⊆ FE(Λ \ ΛH) is satiated and contains EH . There is a
homomorphism πH,B : C∗(Λ, c; E)→ C∗(Λ \ ΛH, c;B) such that

πH,B(s
c
E(λ)) =

{
scB(λ) if s(λ) 6∈ H
0 if s(λ) ∈ H. (4.1)

We have ker(πH,B) = IH,B, and H = HIH,B and B = BIH,B .

Proof. Routine calculations show that the formula for πH,B defines a Toeplitz-
Cuntz-Krieger (Λ, c)-family in C∗(Λ \ ΛH, c;B). That EH ⊆ B ensures that
this family also satisfies (CK). Hence the universal property of C∗(Λ, c; E) gives
a homomorphism πH,B satisfying (4.1), which is surjective because its image
contains the generators of C∗(Λ \ ΛH, c;B).
To see that ker(πH,B) = IH,B, observe that the generators of IH,B belong to
ker(πH,B), and so πH,B descends to a homomorphism π̃ : C∗(Λ, c; E)/IH,B →
C∗(Λ \ ΛH, c;B). It suffices to show that π̃ is injective, and we do this
by constructing an inverse for π̃. Define elements {tλ : λ ∈ Λ \ ΛH} in
C∗(Λ, c; E)/IH,B by tλ = scE(λ) + IH,B. Since the relations (TCK1)–(TCK3)
for Λ \ ΛH families hold in any Toeplitz-Cuntz-Krieger Λ family, t satisfies
(TCK1)–(TCK3). For λ, µ ∈ Λ \ ΛH , it is straightforward to check that
MCEΛ\ΛH(λ, µ) = MCEΛ(λ, µ) \ ΛH . If η ∈ MCEΛ(λ, µ) ∩ ΛH , then qη is
the zero element of C∗(Λ, c; E)/IH,B, and it follows that the tλ satisfy (TCK4).
They satisfy (CK) because E ∈ B implies ∆(scE)

E ∈ IH,B so that ∆(t)E = 0.
Now the universal property of C∗(Λ \ ΛH, c;B) provides a homomorphism
πt : C∗(Λ \ ΛH, c;B) → C∗(Λ, c; E)/IH,B. The map πt is an inverse for π̃
on generators, and so π̃ is injective.
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For the last assertion, observe that we have H ⊆ HIH,B and B ⊆ BIH,B by
definition. For the reverse inclusions, observe that if v 6∈ H then Proposi-
tion 3.9 applied to C∗(Λ \ ΛH, c;B) implies that πH,B(scE(v)) 6= 0, so that
v 6∈ HIH,B . Similarly if E ∈ FE(Λ \ΛH) \ B, then Proposition 3.9 implies that
πH,B(∆(scE)

E) 6= 0 and hence E 6∈ BIH,B .

Corollary 4.5. With the hypotheses of Theorem 4.4, the homomorphism πH,B
descends to an isomorphism φH,B : C∗(Λ, c; E)/IH,B → C∗(Λ \ ΛH, c;B) such
that

φH,B(s
c
E(λ) + IH,B) = scB(λ) for all λ ∈ Λ \ ΛH.

We are now ready to give a listing of the gauge-invariant ideals of C∗(Λ, c; E).
Let Λ be a finitely aligned k-graph and E a satiated subset of FE(Λ). We define
SHE×S to be the collection of all pairs (H,B) such that H ⊆ Λ0 is hereditary
and E-saturated, and B ⊆ FE(Λ \ ΛH) is satiated and satisfies EH ⊆ B.

Theorem 4.6. Let Λ be a finitely aligned k-graph, E a satiated subset of FE(Λ),
and c ∈ Z2(Λ,T). The map (H,B) 7→ IH,B is a bijection from SHE×S to the
collection of gauge-invariant ideals of C∗(Λ, c; E). We have IH1,B1 ⊆ IH2,B2 if
and only if both of the following hold: H1 ⊆ H2; and whenever E ∈ B1 and
r(E) 6∈ H2, we have E \ EH2 ∈ B2.

Proof. The final statement of Theorem 4.4 implies that (H,B) 7→ IH,B is in-
jective. To see that it is surjective, fix a gauge-invariant ideal I of C∗(Λ, c; E).
We must show that I = IHI ,BI . We clearly have IHI ,BI ⊆ I, and so the
quotient map qI : C∗(Λ, c; E) → C∗(Λ, c; E)/I determines a homomorphism
q̃I : C

∗(Λ, c; E)/IHI ,BI → C∗(Λ, c; E)/I. We must show that q̃I is injective. Let
φHI ,BI : C

∗(Λ, c; E)/IHI ,BI → C∗(Λ \ΛHI , c;BI) be the isomorphism of Corol-
lary 4.5, and let θ := q̃I ◦ φHI ,BI . Since I is gauge-invariant, the gauge action
on C∗(Λ, c; E) descends to an action β on C∗(Λ, c; E)/I such that βz ◦θ = θ◦γz
for all z. For each v ∈ (Λ \ ΛHI)

0 we have scE(v) 6∈ I by definition of HI , and
so each θ(scBI (v)) 6= 0. Similarly, if F ∈ FE(Λ \ ΛH) \ BI , then ∆(scE )

F 6∈ I
by definition of BI , and so θ(∆(scE )

F ) 6= 0. So the gauge-invariant uniqueness
theorem (Theorem 3.16) implies that θ is injective. Hence q̃I is injective.
The proof of the final statement is identical to that of [25, Theorem 6.2].

We are now ready to prove the ⊇ containment from Proposition 3.10 as
promised in Section 3.

Proof of ⊇ in Proposition 3.10. Let

J := {a ∈ T C∗(Λ, c) : lim
λ∈S

πT (a)hλ = 0 for every E-compatible filter S}.

This J is clearly a linear subspace of T C∗(Λ), and an ε/3-argument shows
that it is norm-closed. If S is an E-compatible filter and s(λ) = r(S), then
λS is a cofinal subset of the E-compatible filter ℓλ(S). So if a ∈ J , then
limµ∈S πT (asλ)hµ = limν∈λS πT (a)hν = 0, giving aTλ ∈ J . Similarly, since
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ℓ∗λ(S) is an E-compatible filter whenever S is, for a ∈ J and λ ∈ Λ we have
limµ∈S πT (as∗λ)hµ = limν∈ℓ∗λ(S) πT (a)hν = 0, so that as∗λ ∈ J . Clearly Tλa and
T ∗
λa belong to J . So J is an ideal of T C∗(Λ). Proposition 3.10 implies that

∆(scT )
E ∈ J for all E ∈ E . Lemma 3.11 implies that scT (v) 6∈ πT (J) for all

v ∈ Λ0 and that ∆(scT )
E 6∈ J for E ∈ FE(Λ) \ E . So HJ = ∅ = HJE , and

BJ = E = BJE . So the result will follow from Theorem 4.6 once we establish
that J is gauge-invariant.
Fix a ∈ J and z ∈ Tk; we must show that γz(a) ∈ J . There is a unitary Uz in
B(ℓ2(Λ)) given by Uz(hλ) = zd(λ)hλ. We have UzTλU

∗
z = zd(λ)Tλ for all z, λ,

and so AdUz ◦ πT = πT ◦ γz. Fix an E-compatible filter S. For λ ∈ S, we have

‖π(γz(a))hλ‖ = ‖Uzπ(a)U∗
z hλ‖ ≤ ‖Uz‖‖π(a)zd(λ)hλ‖ = ‖π(a)hλ‖.

So limλ∈S ‖π(γz(a))hλ‖ ≤ limλ∈S ‖π(a)hλ‖ = 0, giving γz(a) ∈ J .

5 Nuclearity and the Universal Coefficient Theorem

We show that each C∗(Λ, c; E) is nuclear and satisfies the Universal Coefficient
Theorem. Given a set X we write KX for the C∗-algebra generated by nonzero
matrix units {θx,y : x, y ∈ X}.

Lemma 5.1. Let Λ be a finitely aligned k-graph and let E be a satiated subset
of FE(Λ). Suppose that b : Λ0 → Zk satisfies d(λ) = b(s(λ)) − b(r(λ)) for all
λ ∈ Λ. Let c ∈ Z2(Λ,T) and let t be a relative Cuntz-Krieger (Λ, c; E)-family
with each tv 6= 0.

1. For n ∈ Nk there is an isomorphism span{tµt∗ν : b(s(µ)) = b(s(ν)) =
n} ∼=

⊕
b(v)=nKΛv which carries each tµt

∗
ν to θµ,ν .

2. If s(µ) = s(ν) and s(η) = s(ζ), then tµt
∗
νtηt

∗
ζ ∈ span{tαt∗β : b(s(α)) =

b(s(β)) = b(s(µ)) ∨ b(s(ν))}.

3. If N ⊆ Nk is finite and m,n ∈ N implies m ∨ n ∈ N , then B(t)N :=
span{tµt∗ν : b(s(µ)) = b(s(ν)) ∈ N} is an AF algebra.

Proof. (1). We just have to check that the tµt
∗
ν are matrix units. So suppose

that s(µ) = s(ν) = v and s(η) = s(ζ) = w and b(v) = b(w) = n. Then

tµt
∗
νtηt

∗
ζ =

∑

να=ηζ∈MCE(ν,η)

c(µ, α)c(ν, α)c(ζ, β)c(η, β)tµαt
∗
ζβ .

If r(ν) 6= r(η), then MCE(ν, η) = ∅ and so tµt
∗
νtηt

∗
ζ = 0. If r(ν) = r(η), then

we have d(ν) = b(s(ν))− b(r(ν)) = n− b(r(ν)) and similarly d(η) = n− b(r(η))
so that d(ν) = d(η), giving tµt

∗
νtηt

∗
ζ = δν,ηtµt

∗
νtνt

∗
ζ = δν,ηtµt

∗
ζ .

(2). Suppose that b(s(ν)) = m and b(s(η)) = n, and that λ ∈ MCE(ν, η). Since
MCE(ν, η) 6= ∅, we have r(ν) = r(η), and in particular b(r(ν)) = b(r(η)) = p,
say. Thus m− d(ν) = p = n− d(η). We have d(λ) = d(µ)∨ d(ν) = (m∨ n)− p
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and so b(s(λ)) = b(r(λ)) + (d(µ) ∨ d(ν)) = m ∨ n. So the result follows from
Lemma 3.2.
(3). The proof is by induction on |N |. For |N | = 1, the result follows from
part (1). Fix N with |N | ≥ 2, and suppose as an inductive hypothesis that
B(t)M is AF whenever |M | < |N |. Pick a minimal n ∈ N and observe that
M := N \ {n} is closed under ∨, so that BM is AF. Part 2 implies that BM is
an ideal of BN and BN/BM is a quotient of B{n} and therefore is AF. Since
extensions of AF algebras by AF algebras are AF, the result follows.

Recall that if Λ is a finitely aligned k-graph, then Λ×d Zk is the skew-product
k-graph which is equal as a set to Λ × Zk and has structure maps r(λ, n) =
(r(λ), n), s(λ, n) = (s(λ), n+d(λ)), (λ, n)(µ, n+d(λ)) = (λµ, n), and d(λ, n) =
d(λ). For c ∈ Z2(Λ,T), the map c× 1 :

(
(λ, n), (µ, n+d(λ))

)
7→ c(λ, µ) belongs

to Z2(Λ×d Zk,T).
Corollary 5.2. Let Λ be a finitely aligned k-graph, E a satiated subset of
FE(Λ), and c ∈ Z2(Λ,T). Then C∗(Λ, c; E) is Morita equivalent to the crossed-
product of an AF algebra by Zk. In particular, it belongs to the bootstrap class
N of [24], and so is nuclear and satisfies the UCT.

Proof. Let Γ := Λ ×d Zk, let c′ := c × 1 and let F := E × Zk. The argument
of [25, Lemma 8.3] shows that F ⊆ FE(Γ) and that the crossed-product of
C∗(Λ, c; E) by the gauge action is isomorphic to C∗(Γ, c′;F). Since the subal-
gebras BN of C∗(Γ, c′;F) described in Lemma 5.1 are AF algebras and satisfy
C∗(Γ, c′;F) = ⋃

N BN , and since the class of AF algebras is closed under di-
rect limits, C∗(Γ, c′;F) is AF. Now Takai duality implies that C∗(Λ, c; E) is
Morita equivalent to a crossed product of an AF algebra by Zk, and the result
follows.

6 K-theory

In this section we follow the program of [17] to show that if c has the form
c(µ, ν) = eiω(µ,ν) for some ω ∈ Z2(Λ,R), then the K-theory of C∗(Λ, c; E) is
isomorphic to that of C∗(Λ; E).
Theorem 6.1. Let Λ be a finitely aligned k-graph and suppose that E ⊆ FE(Λ)
is satiated. Suppose that ω ∈ Z2(Λ,R), and define c ∈ Z2(Λ,T) by c(µ, ν) =
eiω(µ,ν). Then C∗(Λ, c; E) is unital if and only if Λ0 is finite. There is an
isomorphism: K∗(C∗(Λ, c; E) ∼= K∗(C∗(Λ; E)) taking [scE(v)] to [sE(v)] for each
v ∈ Λ0, and taking [1C∗(Λ,c;E)] to [1C∗(Λ;E)] if Λ0 is finite.

The proof of Theorem 6.1 appears at the end of the section; we have to do
some preliminary work first.
Following [17, Definition 2.1], given a finitely aligned k-graph Λ, a locally com-
pact abelian group A and a cocycle ω ∈ Z2(Λ, A), a Toeplitz c-representation
of (Λ, A) on a C∗-algebra B consists of a map φ : Λ → M(B) and a homo-
morphism π : C∗(A) → M(B) such that φ(λ)π(f) ∈ B for all λ ∈ Λ and
f ∈ C∗(A), and such that
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(R1) π(f)φ(λ) = φ(λ)π(f) for all λ ∈ Λ and f ∈ C∗(A);

(R2) {φ(v) : v ∈ Λ0} is a set of mutually orthogonal projections and∑
v∈Λ0 φ(v)→ 1 strictly inM(B);

(R3) φ(λ)φ(µ) = π(ω(λ, µ))φ(λµ) whenever s(λ) = r(µ); and

(R4) the φ(λ) satisfy (TCK3) and (TCK4).

If the φ(λ) satisfy relation (CK) with respect to a satiated subset E of FE(Λ),
then (φ, π) is an E-relative c-representation of (Λ, A).
Calculations identical to those of Lemma 3.2 show that given a Toeplitz c-
representation of (Λ, A), the C∗-algebra C∗(φ, π) := C∗{φ(λ)π(f) : f ∈
C∗(A), λ ∈ Λ} is spanned by {φ(µ)π(f)φ(ν)∗ : s(µ) = s(ν), f ∈ C∗(A)}, and
that

φ(ν)∗φ(η) =
∑

να=ηβ∈MCE(ν,η)

φ(α)π(ω(η, β))π(ω(ν, α))∗φ(β)∗,

where we are identifying elements of A with the corresponding multiplier
unitaries of C∗(A). There is a universal C∗-algebra C∗(Λ, A, ω; E) for E-
relative c-representations of (Λ, A), and we denote the universal E-relative
representation by (ιE,ωΛ , ιE,ωA ). The argument of [17, Lemma 2.4] shows that
C∗(Λ, A, ω; E) is canonically isomorphic to C∗(Λ, A, ω′; E) if ω and ω′ are co-

homologous. Let Â denote the Pontryagin dual of A. As in Proposition 2.5
of [17], the algebra C∗(Λ, A, ω; E) is a C0(Â)-algebra with respect to the in-

clusion iE,ωA : C∗(A) ∼= C0(Â) →֒ ZM(C∗(Λ, A, ω; E)), and for each χ ∈ Â
there is a homomorphism πχ : C∗(Λ, A, ω; E) → C∗(Λ, χ ◦ ω; E) satisfying

πχ(ι
E,ω
Λ (λ)ιE,ωA (f)) = f(χ)scE(λ). Moreover, πχ descends to an isomorphism

of the fibre C∗(Λ, A, ω; E)χ with C∗(Λ, χ ◦ ω; E).
When ω ≡ 1, the universal properties of C∗(Λ, A, 1, E) and C∗(Λ, 1; E)⊗C∗(A)
give an isomorphism C∗(Λ, A, 1; E) ∼= C∗(Λ, 1; E)⊗ C∗(A).
We now consider a finitely aligned k-graph Γ endowed with a map b : Γ0 → Zk
such that d(λ) = b(s(λ)) − b(r(λ)) for all λ ∈ Γ. Our application is when Γ
is the skew-product Λ ×d Zk as in the preceding section, but it will keep our
notation simpler to deal with the general situation.
The proof of Lemma 8.2 of [25] shows that given a finite subset E of Γ, there
is a minimal finite Ẽ ⊆ Γ such that E ⊆ Ẽ and whenever µ, ν, η, ζ ∈ Ẽ with
s(µ) = s(ν), s(η) = s(ζ) and να = ηβ ∈MCE(ν, η), we have µα, ζβ ∈ Ẽ. (This
set plays a similar role to the set ΠE used to examine the core in Section 3,
and is constructed in a similar way.) The set Ẽ satisfies Ẽ = ∨Ẽ and has the
property that T (Ẽ;µ) = T (Ẽ; ν) whenever µ, ν ∈ Ẽ and s(µ) = s(ν).
Let ω ∈ Z2(Γ, A) and let (φ, π) be a Toeplitz ω-representation of (Γ, A). For
v ∈ Λ0 and a finite E ⊆ vΓ, let ∆(φ)E :=

∏
λ∈E φ(v) − φ(λ)φ(λ)∗ . Since the

π(ω(µ, ν)) are unitaries and each π(ω(r(µ), µ)) = 1M(B), the calculations of
Lemma 3.7 show that

∆(φ)Eφ(µ) = φ(µ)∆(φ)Ext(µ;E). (6.1)
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The φ(µ)φ(µ)∗ satisfy the same commutation relations as the tµt
∗
µ in a Toeplitz-

Cuntz-Krieger family. So if E = Ẽ, then since Ẽ = ∨Ẽ the argument of [23,
Corollary 3.7] gives

φ(λ)φ(λ)∗ =
∑

λλ′∈E
∆(φ)T (E;λλ′). (6.2)

The argument of Lemma 3.12 shows that Θ(φ)Eµ,ν := φ(µ)∆(φ)T (E;µ)φ(ν)∗

defines matrix units, and that for µ, ν ∈ E with s(µ) = s(ν), we have

φ(µ)φ(ν)∗ =
∑

µα∈E
π(ω(µ, α))π(ω(ν, α))∗Θ(φ)Eµα,να. (6.3)

Lemma 6.2. Let Γ be a finitely aligned k-graph and suppose that b : Λ0 → Zk
satisfies d(λ) = b(s(λ))−b(r(λ)) for all λ. Suppose that F ⊆ FE(Γ) is satiated.
Let A be a locally compact abelian group and consider ω ∈ Z2(Γ, A). If E =
Ẽ ⊆ Γ then

MF ,ω
E := span{ιF ,ωΓ (µ)ιF ,ωA (f)ιF ,ωΓ (ν)∗ : µ, ν ∈ E, f ∈ C∗(A)}

= span{Θ(ιF ,ωΓ )Eµ,νι
F ,ω
A (f) : µ, ν ∈ E, f ∈ C∗(A)},

and there is an isomorphism of MF ,ω
E onto

⊕
v∈s(E)MEv(C) ⊗ C∗(A) that

carries each spanning element Θ(ιF ,ωΓ )Eµ,νι
F ,ω
A (f) to θµ,ν ⊗ f .

Proof. Equation (6.3) establishes the displayed equation. We saw above that

the Θ(ιF ,ωΓ )Eµ,ν are matrix units, and they commute with the ιF ,ωA (f) because

the range of ιF ,ωA is central. Now we follow the argument of Lemma 4.1 of
[17]: The universal property of

⊕
v∈s(E)MEv(C)⊗C∗(A) gives a surjection ψ :

⊕
v∈s(E)MEv(C)⊗C∗(A)→MF ,ω

E such that ψ(θµ,ν⊗f) = Θ(ιF ,ωΓ )Eµ,νι
F ,ω
A (f).

For each χ ∈ Â, and each f ∈ Â such that f(χ) = 1, the canonical homomor-

phism πχ : C∗(Γ, A, ω;F) → C∗(Γ, χ ◦ ω; E) carries the Θ(ιE,ωΓ )Eµ,νι
E,ω
A (f) to

the matrix units θ(sχ◦ωE )Eµ,ν , and Lemma 3.12 shows that any given θ(sχ◦ωE )Eµ,ν
is nonzero if and only if θ(sE)Eµ,ν is nonzero; so πχ determines an isomorphism

(ME,ω
E

)
χ
∼=
⊕

v∈s(E)MEv(C). So ψ descends to an isomorphism of each fibre

in the trivial bundle
⊕

v∈s(E)MEv(C) ⊗ C∗(A), and so is isometric by [29,

Proposition C.10(c)].

Lemma 6.3. Let Γ be a finitely aligned k-graph. Let A be a locally com-
pact abelian group and consider ω ∈ Z2(Λ, A). Let (φ, π) be a Toeplitz ω-
representation of (Γ, A). Suppose that E ⊆ F are finite subsets of Γ satisfying
E = Ẽ and F = F̃ . For each µ ∈ F there is a unique maximal ιµ ∈ E such
that µ ∈ ιµΓ, and we have

Θ(φ)Eµ,ν =
∑

µα∈F,ιµα=µ
π(ω(µ, α))π(ω(ν, α))∗Θ(φ)Fµα,να.
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Proof. Let N =
∨{d(λ) : λ ∈ E, µ ∈ λΓ}. Then N ≤ d(µ) and since E = ∨E,

factorising µ = ιµµ
′ with d(ιµ) = N gives the desired ιµ. We claim that for

µ ∈ E and λ ∈ F we have Θ(φ)Eµ,µΘ(φ)Fλ,λ = διλ,µΘ(φ)Fλ,λ. First suppose that
ιλ = µ. We have

Θ(φ)Eµ,µΘ(φ)Fλ,λ

= φ(µ)φ(µ)∗
∏

µ′∈T (E;µ)

(
φ(µ)φ(µ)∗ − φ(µµ′)φ(µµ′)∗

)
φ(λ)φ(λ)∗Θ(φ)Fλ,λ.

For µ′ ∈ T (E;µ) the maximality of ιλ = µ ensures that λ 6∈ µµ′Λ. Since
F = ∨F and contains E, we deduce that if µµ′α = λβ ∈ MCE(µµ′, λ), then
φ(λ)φ(λ)∗−φ(λβ)φ(λβ)∗ is a factor in Θ(φ)Fλ,λ, and so φ(µµ′)φ(µµ′)∗Θ(φ)Fλ,λ =
0. So the preceding displayed equation collapses to

Θ(φ)Eµ,µΘ(φ)Fλ,λ = φ(µ)φ(µ)∗Θ(φ)Fλ,λ = Θ(φ)Fλ,λ.

Now suppose that µ 6= ιλ. Since ιλ is the maximal initial segment of λ in E, we
have two cases to consider: either ιλ ∈ µΛ \ {µ} or λ 6∈ µΛ. First suppose that
ιλ ∈ µΛ \ {µ}. Then φ(µ)φ(µ)∗ − φ(ιλ)φ(ιλ)∗ ≥ Θ(φ)Eµ,µ. Since

(
φ(µ)φ(µ)∗ −

φ(ιλ)φ(ιλ)
∗) ⊥ φ(λ)φ(λ)∗ ≥ Θ(φ)Fλ,λ it follows that Θ(φ)Eµ,µΘ(φ)Fλ,λ = 0. Now

suppose that λ 6∈ µΛ. Then µα = λβ ∈ MCE(µ, λ) implies β ∈ T (F ;λ), and
then the argument of the preceding paragraph gives φ(µ)φ(µ)∗Θ(φ)Fλ,λ = 0.

Hence Θ(φ)Eµ,µΘ(φ)Fλ,λ = 0. This proves the claim.
Now fix µ, ν ∈ E. Equations (6.1) and (6.2) imply that

Θ(φ)Eµ,ν =
∑

µα∈F
Θ(φ)Fµα,µαΘ(φ)Eµ,µφ(µ)φ(ν)

∗ ,

and the claim reduces this to
∑

µα∈F
ιµα=µ

Θ(φ)Fµα,µαφ(µ)φ(ν)
∗ =

∑

µα∈F
ιµα=µ

Θ(φ)Fµα,µαφ(µα)φ(µα)
∗φ(µ)φ(ν)∗.

A by-now familiar computation using the cocycle identity transforms this into

∑

µα∈F,ιµα=µ
π(ω(µ, α))π(ω(ν, α))∗Θ(φ)Fµα,µαφ(µα)φ(να)

∗ ,

and another application of (6.1) completes the proof.

Now given Γ,F and ω as above and a finite subset E = Ẽ of Γ, we define a
map ιE : Γ → Γ as follows: if λ ∈ EΓ, then ιEλ is the maximal element of E
such that λ ∈ ιEλ Γ. For all other λ ∈ Γ we set ιEλ = λ. We define τE : Γ → Γ
by λ = ιλτλ for all λ.

Theorem 6.4. Let Γ be a finitely aligned k-graph. Suppose that there is a map
b : Γ0 → Zk such that d(λ) = b(s(λ))− b(r(λ)) for all λ and that F ⊆ FE(Γ) is
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satiated. Let A be a locally compact abelian group and consider ω ∈ Z2(Λ, A).
There is an isomorphism C∗(Λ, A, ω;F) ∼= C∗(Λ;F) ⊗ C∗(A) which carries

ιF ,ωΓ (λ)ιF ,ωA (f)ιF ,ωΓ (λ)∗ to sF(λ)sF (λ)∗ ⊗ f for all λ ∈ Λ.

Proof. Fix an increasing sequence E1 ⊆ E2 ⊆ E3 ⊆ · · · of subsets of Γ such
that each Ei = Ẽi and

⋃
iEi = Γ. Recursively define maps κi : {(µ, ν) ∈ Γ :

s(µ) = s(ν)} →MC∗(A) by κ0 ≡ 1MC∗(A) and

κi+1(µ, ν) = κi(µ, ν)− ω(ιEiµ , τEiµ ) + ω(ιEiν , τEiν ).

For each i, define a linear map ψi : M
F ,ω
Ei
→MF

Ei
by

ψi
(
ιF ,ωA (f)Θ(ιF ,ωΓ )Eiµ,ν

)
= ιF ,ωA (κi(µ, ν))ι

F ,ω
A (f)Θ(ιFΓ )

Ei
µ,ν .

An induction argument shows that each κi satisfies κi(ν, µ) = −κi(µ, ν) and
that κi(λ, µ) + κi(µ, ν) = κi(λ, ν), and so ψi preserves adjoints and multiplica-
tion. Two applications of Lemma 6.2 show that ψi is an isomorphism. Using
the definition of the κi and Lemma 6.3, we calculate:

ψi(Θ(ιF ,ωΓ )µ,ν)

= ιF ,ωA (κi(µ, ν))Θ(ιFΓ )
Ei
µ,ν

=
∑

µα∈Ei+1,ιµα=µ

ιF ,ωA (κi(µ, ν))Θ(ιFΓ )
Ei+1
µα,να

=
∑

µα∈Ei+1,ιµα=µ

ιF ,ωA (κi+1(µα, να) + ω(µ, α)− ω(ν, α))Θ(ιFΓ )
Ei+1
µα,να

=
∑

µα∈Ei+1,ιµα=µ

ψi+1

(
ιF ,ωA (ω(µ, α))ιF ,ωA (ω(ν, α))∗Θ(ιF ,ωΓ )Ei+1

µα,να

)

= ψi+1(Θ(ιF ,ωΓ )Eiµ,ν).

Hence there is an isomorphism ψ∞ : C∗(Γ, A, ω;F) → C∗(Γ, A;F) such

that ψ∞|MF,ω
Ei

= ψi. The formula (6.2) gives ψ∞
(
ιF ,ωΓ (λ)ιF ,ωA (f)ιF ,ωΓ (λ)∗

)
=

sF (λ)sF (λ)∗ ⊗ f for each λ and f .

If A is a C0(X)-algebra in the sense that there is a nondegenerate homomor-
phism i : C0(X)→ ZM(A), and if I ⊆ X is closed, then we write A|I for the
quotient of A by the ideal generated by {i(f) : f |I = 0}.
Corollary 6.5. Let Λ be a finitely aligned k-graph and suppose that E ⊆
FE(Λ) is satiated. Suppose that ω ∈ Z2(Λ,R). There is an isomorphism
C∗(Λ×dZk, A, ω×1; E ×Zk)|[0,1] ∼= C∗(Λ×dZk; E ×Zk)⊗C([0, 1]) that carries
ιE×Zk, ω×1
Λ×dZk (λ)ιE×Zk, ω×1

A (f)ιE×Zk, ω×1
Λ×dZk (λ)∗ to sχ◦ωE×Zk(λ)s

χ◦ω
E×Zk(λ)

∗ ⊗ f for all λ, f .

In particular, evaluation at any character χ ∈ [0, 1] ⊆ R̂ determines an isomor-
phism K∗(C∗(Λ×dZk, A, ω× 1; E ×Zk)|[0,1]) ∼= K∗(C∗(Λ×d Zk, χ ◦ω; E ×Zk))

which carries
[
ιE×Zk, ω×1
Λ×dZk (λ)ιE×Zk, ω×1

Λ×dZk (λ)∗
]
to
[
sχ◦ωE×Zk(λ)s

χ◦ω
E×Zk(λ)

∗
]
.
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Proof. Use Theorem 6.4 and the Künneth theorem (see [17, Corollary 4.3]).

We can now prove the main result of the section, Theorem 6.1

Proof of Theorem 6.1. We follow the proof of [17, Theorem 5.4]. As in Corol-
lary 5.2, the argument of [25, Lemma 8.3] shows that C∗(Λ×dZk,R, ω× 1; E ×
Zk) is isomorphic to the crossed product of C∗(Λ,R, ω; E) by the gauge action
and that the inclusion of C∗(Λ,R, ω; E) into the crossed product takes the K0

class of an ιE,ωΛ (v) to the class of ιE×Zk;ω×1
Λ×dZk ((v, 0)).

The argument of [17, Lemma 5.2] goes through more or less verbatim (substi-
tute “relative Cuntz-Krieger family” for “Cuntz-Krieger family” as necessary)
to prove that translation in the Zk coordinate on Λ×d Zk induces the action γ̂
of Zk on C∗(Λ×d Zk,R, ω; E) that is dual to the gauge-action, that the projec-

tion P0 =
∑
v∈Λ0 ι

E×Zk;ω×1
Λ×dZk ((v, 0)) is full in C∗(Λ×dZk,R, ω×1; E ×Zk)×γ̂ Zk

and that the corner it determines is isomorphic to C∗(Λ,R, ω; E) via an isomor-
phism that takes the generating projection associated to (v, 0) ∈ (Λ×d Zk)0 to
the generating projection associated to v ∈ Λ.
Lemma 5.3 of [17] implies that the inclusion of C∗(R) in the centre of C∗(Λ×d
Zk,R, ω × 1; E × Zk) ×γ̂ Zk makes it into a C0(R) algebra whose fibre over

χ ∈ R̂ is C∗(Λ×d Zk, χ ◦ (ω× 1); E ×Zk)×γ̂χ◦ω Zk. Since Corollary 6.5 implies
that evaluation at each point of [0, 1] induces an isomorphism in K-theory on
C∗(Λ ×d Zk,R, ω × 1; E × Zk)|[0,1], Theorem 5.1 of [17] implies that the same
is true of the crossed product; applying this at t = 0 and t = 1 gives the
result.

7 Simplicity

In Corollary 3.18 we showed that if Λ is cofinal and aperiodic in the sense of
[18], then each C∗(Λ, c) is simple. In the untwisted setting, these conditions are
also necessary (see [18, Theorem 3.4]), but the example of rotation algebras,
discussed in the final paragraph of the introduction, shows that this is not to be
expected in the twisted setting. In this section we give a sufficient condition for
simplicity of twisted C∗-algebras associated to k-graphs that are not aperiodic.
A bicharacter of Zk is a map c : Zk × Zk → T such that

c(m,n)c(m,n′) = c(m,n+ n′) and c(m,n)c(m′, n) = c(m+m′, n).

This implies that c(0, n) = c(m, 0) = 1 and that c(−m,n) = c(m,n) =
c(m,−n) for all m,n. A bicharacter is skew-symmetric1 if it has the addi-
tional property that c(n,m) = c(m,n) for all m,n.
For c ∈ Z2(Zk,T), we write c∗ for the cocycle c∗(m,n) = c(n,m) (note the
reversal of variables; so c∗ 6= c). Proposition 3.2 of [19] shows that the product
cc∗, given by (cc∗)(m,n) = c(m,n)c(n,m), is a skew-symmetric bicharacter,
and moreover that the map c 7→ cc∗ has kernel B2(Zk,T) and determines

1symplectic in the language of [19].
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an isomorphism of H2(Zk,T) onto the group of skew-symmetric bicharacters
of Zk. It follows immediately (or see [2]) that H2(Zk,T) is isomorphic to
Tk(k−1)/2, and that every class has a representative that is a bicharacter: given
c ∈ Z2(Zk,T), form the skew-symmetric bicharacter cc∗, and let c̃ be the unique
bicharacter of Zk such that c̃(ei, ej) = cc∗(ei, ej) if i > j and c̃(ei, ej) = 1 if
i ≤ j. Then c̃c̃∗(ei, ej) = cc∗(ei, ej) for all i, j, and since both are bicharacters,
the two agree. Hence [19, Proposition 3.2] discussed above shows that c and c̃
represent the same class in H2(Zk,T).
A skew-symmetric bicharacter c is called nondegenerate if there is no nonzero
m ∈ Zk such that c(m,n) = 1 for all n. So if c ∈ Z2(Zk,T) is a bicharacter, then
cc∗ is nondegenerate if and only if there is no nonzero m such that c(n,m) =
c(m,n) for all n (equivalently, no nonzero m satisfies c(m, ei) = c(ei,m) for all
i ∈ {1, · · · , k}).
Given c ∈ Z2(Zk,T), the noncommutative torus A(c) is the universal algebra
generated by unitaries {Um : m ∈ Zk} satisfying UmUn = c(m,n)Um+n for all
m,n ∈ Zk. An argument like that of Proposition 3.5 shows that if c1 and c2
are cohomologous in Z2(Zk,T), then A(c1) ∼= A(c2). So the remarks in the
preceding paragraph (see also Remark 1.2 of [20]) show that A(c) is universal
for unitaries {Ui : i ≤ k} satisfying UiUj = cc∗(ei, ej)UjUi. Theorem 3.7 of [27]
combined with 1.8 of [7] (see [20, Theorem 1.9]) shows that the noncommutative
torus A(c) is simple if and only if cc∗ is nondegenerate.
To state the main result of the section, observe that if Λ is row-finite and has
no sources, then vΛn ∈ FE(Λ) for each v ∈ Λ0 and n ∈ Nk \ {0}. Hence a filter
S is FE(Λ)-compatible if and only if it is maximal in the sense that S ∩Λn 6= ∅
for all n ∈ Nk. We call such filters ultrafilters. Recall that if S is an ultrafilter,
and s(µ) = r(S), then ℓµ(S) is the filter {ν ∈ λ : νΛ ∩ µS 6= ∅}, which is then
also an ultrafilter.
Under the bijection of Remark 3.8, the ultrafilters of Λ correspond to the
infinite paths used in [12], and if this bijection carries the infinite path x to the
ultrafilter S, then for µ ∈ Λr(x), it carries the infinite path µx to the ultrafilter
ℓµ(S).
As in [4], for µ, ν in a row-finite k-graph Λ with no sources, we write µ ∼ ν if
µx = νx for every infinite path x in s(µ)Λ∞. Equivalently, µ ∼ ν if ℓµ(S) =
ℓν(S) for every ultrafilter S such that r(S) = s(µ). We define Per(Λ) to be the
subgroup of Zk generated by {d(µ)− d(ν) : µ ∼ ν}.
In this section, if c ∈ Z2(Zk,T) and Λ is a k-graph with degree functor d,
then we abuse notation slightly and write c ◦ d for the cocycle c ◦ d(λ, µ) :=
c(d(λ), d(µ)).

Theorem 7.1. Let Λ be a row-finite k-graph with no sources, and take c ∈
Z2(Zk,T). Suppose that (cc∗)|Per(Λ) is nondegenerate. Then C∗(Λ, c ◦ d) is
simple if and only if Λ is cofinal.

For our first couple of results, we continue to work in the generality of finitely
aligned k-graphs. We begin by showing that cofinality of Λ is necessary for
simplicity of C∗(Λ, c).
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Lemma 7.2. Let Λ be a finitely aligned k-graph, and suppose that c ∈ Z2(Λ,T).
Suppose that Λ is not cofinal. Then C∗(Λ, c) is not simple.

Proof. By [18, Theorem 5.1] there exists v ∈ Λ0 and an FE(Λ)-compatible filter
S such that vΛs(λ) = ∅ for all λ ∈ S (that is, vΛs(S) = ∅). Consider

HS := span{hµ : s(µ) ∈ s(S)} ⊆ ℓ2(Λ).
Let {Tλ : λ ∈ Λ} be the twisted Toeplitz-Cuntz-Krieger family on ℓ2(Λ) de-
scribed just before Proposition 3.9, and let πT be the associated representation
of T C∗(Λ). For µ, ν ∈ Λ and a basis element hη of HS we have

TµT
∗
ν hη =

{
c(µ, η′)c(ν, η′)hµη′ if η = νη′

0 otherwise.

Since s(µη′) = s(η) ∈ s(S), it follows that HS is an invariant subspace of
ℓ2(Λ) for πT . Hence restriction determines a representation πHS

T of T C∗(Λ, c)
on HS . We have Tvhη = 0 for all η ∈ Λs(S) because vΛs(S) = ∅. Thus

scT (v) ∈ ker(πHS

T ).
Let J = JFE(Λ) be the ideal of T C∗(Λ, c) generated by {∆(scT )

E : E ∈
FE(Λ)}, so that T C∗(Λ, c)/J = C∗(Λ, c). Proposition 3.10 implies that
limµ∈S πT (a)hµ = 0 for all a ∈ J . Since ‖πT (scT (r(S)))hµ‖ = ‖hµ‖ = 1 for all
µ ∈ S, we deduce that

∥∥πT (scT (r(S)) − a)|HS

∥∥ ≥ 1 for all a ∈ J. (7.1)

Let I := πHS

T (J). Then I is an ideal of πHS

T (T C∗(Λ, c)). Let qI be the quotient
map from πHS

T (T C∗(Λ, c)) to πHS

T (T C∗(Λ, c))/I. Equation (7.1) implies that

‖qI ◦πHS

T (scT (r(S)))‖ = 1, and so qI ◦πHS

T induces a nonzero homomorphism ρ

of C∗(Λ, c). The preceding paragraph shows that qI ◦ πHS

T (scT (v)) = 0. Hence
ρ is neither faithful nor trivial, and it follows that C∗(Λ, c) is not simple.

Proposition 7.3. Let Λ be a finitely aligned k-graph, and let c ∈ Z2(Λ,T).
There is a faithful conditional expectation

Θ : C∗(Λ, c)→ Dc
Λ := span{sc(λ)sc(λ)∗ : λ ∈ Λ}

given by Θ(sc(µ)sc(ν)∗) = δµ,νs
c(µ)sc(µ)∗.

Proof. Averaging over the gauge action γ gives a faithful conditional expecta-
tion Φ : C∗(Λ, c) → C∗(Λ, c)γ = span{sc(µ)sc(ν)∗ : d(µ) = d(ν)} such that
Φ(sc(µ)sc(ν)∗) = δd(µ),d(ν)s

c(µ)sc(ν)∗. Lemma 3.12 shows that C∗(Λ, c)γ can
be written as the closure of an increasing union of finite-dimensional subalge-
bras M(sc)E with nested diagonal subalgebras whose union is dense in Dc

Λ.
Equation (3.2) shows that if µ 6= ν then sc(µ)sc(ν)∗ belongs to the span of the
off-diagonal matrix units in M(sc)E for sufficiently large E. So the canonical
faithful expectation Ψ from the AF algebra C∗(Λ, c)γ onto its diagonal subal-
gebra satisfies Θ(sc(µ)sc(ν)∗) = δµ,νs

c(µ)sc(µ)∗. Now Θ = Ψ ◦Φ is the desired
expectation.
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We now restrict our attention to row-finite k-graphs with no sources. Recall
that in this setting the Cuntz-Krieger relations for C∗(Λ, c) imply that

∑

λ∈vΛn
sc(λ)sc(λ)∗ = sc(v) for every v ∈ Λ0 and n ∈ Nk. (7.2)

It follows from this and (TCK2) that

sc(λ)sc(λ)∗ =
∑

µ∈λΛn
sc(µ)sc(µ)∗ for all λ ∈ Λ and n ∈ Nk. (7.3)

Lemma 7.4. Let Λ be a row-finite k-graph with no sources. Suppose that µ ∼ ν
in Λ. Then MCE(µ, ν) = µΛ ∩ Λd(µ)∨d(ν) = νΛ ∩ Λd(µ)∨d(ν).

Proof. For any µα ∈ µΛ ∩ Λd(µ)∨d(ν) and any ultrafilter S with s(α) ∈ S, we
have ℓµα(S) = ℓµ(ℓα(S)) = ℓν(ℓα(S)) = ℓνα(S), and so µα ∈ νΛ ∩ Λd(µ)∨d(ν).
So µΛ∩Λd(µ)∨d(ν) ⊆ νΛ∩Λd(µ)∨d(ν), and symmetry gives the reverse inclusion.
Since MCE(µ, ν) = µΛ ∩ νΛ ∩ Λd(µ)∨d(ν), the result follows.

Recall from [4, Theorem 4.2] that if Λ is cofinal, then Per(Λ) = {d(µ)− d(ν) :
µ ∼ ν}. Since Per(Λ) it is a subgroup of Zk, it is isomorphic to Zl for some
l ≤ k. The collection

HPer = {v ∈ Λ0 : whenever m,n ∈ Nk,m− n ∈ Per(Λ) and λ ∈ vΛm there

exists µ ∈ vΛn such that λ ∼ µ}

is a nonempty hereditary subset of Λ0. Form,n ∈ Nk such thatm−n ∈ Per(Λ),
there is a bijection θm,n : HPerΛ

m → HPerΛ
n such that µ ∼ θm,n(µ) for all µ;

this θm,n preserves the range and source maps.

Suppose that µ ∼ ν ∈ Λ, and write m = d(µ) and n = d(ν). Let t be a Cuntz-
Krieger (Λ, c)-family. Then (7.3) implies that tµt

∗
µ =

∑
η∈µΛ(m∨n)−m tηt

∗
η, and

then Lemma 7.4 implies that tµt
∗
µ = tµt

∗
µtνt

∗
ν ; that is, tµt

∗
µ ≤ tνt

∗
ν . Symmetry

gives the reverse inequality, and hence

tµt
∗
µ = tνt

∗
ν whenever µ ∼ ν. (7.4)

For the following proposition, we remind the reader that A(c) denotes the
noncommutative torus, described at the beginning of this section.

Proposition 7.5. Let Λ be a row-finite k-graph with no sources. Let c ∈
Z2(Zk,T), and suppose that (cc∗)|Per(Λ) is nondegenerate. Suppose that t is
a Cuntz-Krieger (Λ, c ◦ d)-family such that each tv 6= 0. Suppose that F is a

finite subset of HPerΛ
n, and let F̃ := {ν ∈ Λ : ν ∼ µ for some µ ∈ F}. There

is an injective homomorphism
⊕

λ∈F ρ
λ
t :
⊕

λ∈F A(c|Per(Λ))→ C∗(t) such that

ρλt (Ud(λ)−d(ν)) = tλt
∗
ν whenever λ ∈ F and ν ∼ λ.
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Proof. As discussed at the beginning of the section, we may assume that c is a
bicharacter.
If µ, ν ∈ F̃ and µ 6∼ ν, then there exist distinct λ, λ′ ∈ F such that µ ∼ λ and
ν ∼ λ′. Equation (7.4) gives tµt

∗
µ = tλt

∗
λ ⊥ tλ′t∗λ′ = tνt

∗
ν . Hence

C∗({tµt∗ν : µ, ν ∈ F̃ and µ ∼ ν}) =
⊕

λ∈F
C∗({tµt∗ν : µ ∼ λ ∼ ν}).

Since each tv is nonzero, so is each tµt
∗
ν , and so each summand C∗({tµt∗ν : µ ∼

λ ∼ ν}) is nontrivial.
Fix λ ∈ F . It now suffices to show that there is an injective homomorphism
ρs : A(c|Per(Λ)) → tλt

∗
λC

∗(t)tλt∗λ such that ρs(Ud(µ)−d(ν)) = tµt
∗
ν whenever

µ ∼ λ ∼ ν. To see this, for each m ∈ Per(Λ), express m = p(m)− q(m) where
p(m), q(m) ∈ Nk and p(m) = n whenever m ≤ n. Since r(λ) ∈ HPer, we can
define

Vm :=
∑

µ∈r(λ)Λp(m)

tλt
∗
λtµt

∗
θp(m),q(m)(µ)

. (7.5)

We have

VmV
∗
m =

∑

µ,ν∈r(λ)Λp(m)

tλt
∗
λtµt

∗
θp(m),q(m)(µ)

tθp(m),q(m)(ν)t
∗
νtλt

∗
λ.

Each d(θp(m),q(m)(µ)) = q(m) = d(θp(m),q(m)(ν)) and θp(m),q(m) is a bijection,
so the Cuntz-Krieger relation (7.2) gives

VmV
∗
m =

∑

µ∈r(λ)Λp
tλt

∗
λtµt

∗
µtλt

∗
λ,

and then (7.2) again reduces this to tλt
∗
λ.

To see that V ∗
mVm is also equal to tλt

∗
λ, observe that

V ∗
mVm =

∑

µ,ν∈r(λ)Λp(m)

tθp(m),q(m)(µ)t
∗
µtλt

∗
λtνt

∗
θp(m),q(m)(ν)

=
∑

µ,ν∈r(λ)Λp(m)

η∈λΛp(m)

tθp(m),q(m)(µ)t
∗
µtηt

∗
ηtνt

∗
θp(m),q(m)(ν)

.

For each η ∈ λΛp(m), factorise η = αηβη with d(αη) = p(m) and d(βη) = n.
For µ ∈ r(λ)Λp(m) and η ∈ λΛp(m) we have d(µ) = p(m) = d(αη), so the first
displayed equation in Lemma 3.2 implies that t∗µtαη = δµ,αη ts(µ). Thus

V ∗
mVm =

∑

η∈λΛp(m)

tθp(m),q(m)(αη)tβη t
∗
βη t

∗
θp(m),q(m)(αη)

.

If µ ∼ ν then the factorisation property gives µτ ∼ ντ for all τ , and so
θm+p,n+p(µτ) = θm,n(µ)τ whenever µ ∈ Λm and τ ∈ s(µ)Λp. This and (7.4)
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give

V ∗
mVm =

∑

η∈λΛp(m)

tθp(m)+n,q(m)+n(η)t
∗
θp(m)+n,q(m)+n(η)

=
∑

η∈λΛp(m)

tηt
∗
η = tλt

∗
λ.

(7.6)

Hence the Vm are unitaries in tλt
∗
λC

∗(t)tλt∗λ.
Combining (7.5) and (7.6) we now have

∑

µ∈r(λ)Λp(m)

tλt
∗
λtµt

∗
θp(m),q(m)(µ)

= Vm = Vmtλt
∗
λ

=
∑

µ∈r(λ)Λp(m)

tλt
∗
λtµt

∗
θp(m),q(m)(µ)

tλt
∗
λ,

and then symmetry gives

Vm =
∑

µ∈r(λ)Λp(m)

tµt
∗
θp(m),q(m)(µ)

tλt
∗
λ.

Fix m,m′ in Per(Λ), and write p := p(m), p′ := p(m′), q := q(m) and q′ :=
q(m′). For the next few calculations, put

Cm,m′ := c(p, p′)c(q, p′)c(p′, q)c(q′, q).

Then relation (7.2) gives

VmVm′ =
∑

µ∈r(λ)Λp
tλt

∗
λtµt

∗
θp,q(µ)

∑

η∈r(λ)Λp′
tηt

∗
θp′,q′ (η)

tλt
∗
λ

=
∑

µ∈r(λ)Λp, µ′∈s(µ)Λp′

η∈r(λ)Λp′ , η′∈s(η)Λq

Cm,m′tλt
∗
λtµµ′ t∗θp,q(µ)µ′tηη′t

∗
θp′,q′ (η)η

′tλt
∗
λ

= Cm,m′

∑

µ∈r(λ)Λp, µ′∈s(µ)Λp′

η∈r(λ)Λp′ , η′∈s(η)Λq

δθp,q(µ)µ′,ηη′tλt
∗
λtµµ′ t∗θp′,q′ (η)η′tλt

∗
λ.

If θp,q(µ)µ
′ = ηη′, then µµ′ ∼ θp,q(µ)µ

′ = ηη′ ∼ θp′,q′(η)η
′; and conversely

µµ′ ∼ θp′,q′(η)η′ implies θp,q(µ)µ
′ = ηη′ by a symmetric argument. So the final

line of the preceding displayed equation becomes

Cm,m′

∑

µ∈r(λ)Λp, µ′∈s(µ)Λp′

ζ∈r(λ)Λq′ , ζ′∈s(η)Λq
µµ′∼ζζ′

tλt
∗
λtµµ′t∗ζζ′tλt

∗
λ. (7.7)
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Let a := p(m +m′) and b := q(m +m′). Then there are h, l ∈ Nk such that
p+ p′ +h = a+ l and q+ q′ + h = b+ l. For α ∈ Λp+p

′

and β ∈ Λq+q
′

, we have
α ∼ β if and only if there is an injection τ 7→ (η(τ), ρ(τ), ζ(τ)) from s(α)Λh

to r(α)Λa × Λls(α) × r(α)Λb such that ατ = η(τ)ρ(τ) and βτ = ζ(τ)ρ(τ) and
η(τ) ∼ ζ(τ) for each τ . Using this, and applying relation (7.2), we obtain

∑

µ∈r(λ)Λp, µ′∈s(µ)Λp′

ζ∈r(λ)Λq′ , ζ′∈s(η)Λq
µµ′∼ζζ′,

tµµ′t∗ζζ′

=
∑

µ∈r(λ)Λp, µ′∈s(µ)Λp′

ζ∈r(λ)Λq′ , ζ′∈s(η)Λq
µµ′∼ζζ′, τ∈s(µ′)Λh

c(p+ p′, h)c(q + q′, h)tµµ′τ t
∗
ζζ′τ

=
∑

µ∈r(λ)Λp, µ′∈s(µ)Λp′

ζ∈r(λ)Λq′ , ζ′∈s(η)Λq
µµ′∼ζζ′, τ∈s(µ′)Λh

c(m+m′, h)tµµ′τ t
∗
ζζ′τ .

Hence the expression (7.7) for VmV
∗
m gives

VmVm′ = Cm,m′c(m+m′, h)
∑

η∈r(λ)Λa, ρ∈s(η)Λl
tλt

∗
λtηρt

∗
θa,b(η)ρ

tλt
∗
λ

= Cm,m′c(m+m′, h)c(a, l)c(b, l)
∑

η∈r(λ)Λa, ρ∈s(η)Λl
tλt

∗
λtα′tτ t

∗
τ t

∗
θa,b(α′)tλt

∗
λ

= c(p, p′)c(q, p′)c(p′, q)c(q′, q)c(m+m′, h− l)Vm+m′ .

Rearranging this expression for VmVm′ and the symmetric expression

Vm′Vm = c(p′, p)c(q′, p)c(p, q′)c(q, q′)c(m+m′, h− l)Vm+m′ ,

and cancelling the occurrences of c(m+m′, h− l), we obtain

VmVm′ = c(p, p′)c(q, p′)c(p, q′)c(q, q′)

c(p′, p)c(p′, q)c(q′, q)c(q′, p)Vm′Vm.
(7.8)

Using repeatedly that c is a bicharacter, we calculate:

c(p, p′)c(q, p′)c(p, q′)c(q, q′)c(p′, p)c(p′, q)c(q′, q)c(q′, p)

= c(p− q, p′)c(−p+ q, q′)c(p′,−p+ q)c(q′, p− q)
= c(p− q, p′)c(p− q,−q′)c(p′, p− q)c(−q′, p− q)
= c(m,m′)c(m′,m).
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Thus (7.8) becomes

VmVm′ = c(m,m′)c(m′,m)Vm′Vm.

Choose generators g1, . . . , gl for Per(Λ). Then each Vm is a scalar multiple
of a product of the Vgi , and so C∗({Vm : m ∈ Per(Λ)}) is generated by
the Vgi , which satisfy VgiVgj = (cc∗)(gi, gj)VgjVgi . Since cPer := c|Per(Λ)

is nondegenerate, [27, Theorem 3.7] implies that there is an isomorphism
ρλt : A(cPer)→ C∗({Vm : m ∈ Per(Λ)}) carrying each Um to Vm.
Recall that we chose p(m) = n whenever m ≤ n. So if λ ∼ ν then

Vn−d(ν) = tλt
∗
λ

∑

µ∈r(λ)Λn
tµt

∗
θn,d(ν)(µ)

= tλt
∗
θn,d(ν)(λ)

= tλt
∗
ν .

So ρλt carries Ud(λ)−d(ν) to tλt
∗
ν whenever ν ∼ λ. Hence

⊕
λ∈F ρ

λ
t :⊕

λ∈F A(cPer)→ C∗(t) is the desired homomorphism.

Lemma 7.6. Let Λ be a row-finite k-graph with no sources. Suppose that µ, ν ∈
Λ satisfy s(µ) = s(ν). Then µ ∼ ν if and only if MCE(µτ, ντ) 6= ∅ for all
τ ∈ s(µ)Λ.

Proof. First suppose that µ ∼ ν, and fix τ ∈ s(µ)Λ. There is an ultrafilter S
with τ ∈ S, and we have ℓµ(S) = ℓν(S). Since S is an ultrafilter, so is ℓµ(S), and
so ℓµ(S)∩Λd(µτ)∨d(ντ) 6= ∅, and then the unique element of ℓµ(S)∩Λd(µτ)∨d(ντ)
belongs to MCE(µτ, ντ).
Now suppose that MCE(µτ, ντ) 6= ∅ for all τ . Using the correspondence be-
tween ultrafilters and infinite paths of Remark 3.8 together with the topology on
the space of infinite paths described in [12, Definition 2.4 and Lemma 2.6], we
see that the sets Z(λ) = {S : S is an ultrafilter and λ ∈ S} are a basis of com-
pact open sets for a Hausdorff topology on the set of all ultrafilters. Fix an ul-
trafilter S with s(µ) ∈ S. For each τ ∈ S, we have MCE(µτ, ντ) 6= ∅, and hence
Z(µτ)∩Z(ντ) 6= ∅. Since the Z(µτ)∩Z(ντ) are compact and decreasing with
respect to the partial ordering ≤ on S, we deduce that

⋂
τ∈S Z(µτ)∩Z(ντ) 6= ∅;

say T ∈ ⋂τ∈S Z(µτ) ∩ Z(ντ). For τ ≤ τ ′ ∈ S, we have S′ ∩ Λd(µτ) = {µτ} for
all S′ ∈ Z(µτ ′). Hence T ∩ Λd(µτ) ⊆ {µτ} for all τ ∈ S. Since T ∩ Λn 6= ∅ for
all n, we deduce that T ∩Λd(µτ) = {µτ} for all τ ∈ S. So ℓµ(S) ⊆ T , and since
ℓµ(S) is an ultrafilter, the two are equal. Symmetry gives ℓν(S) = T as well,
so ℓµ(S) = ℓν(S).

Proposition 7.7. Let Λ be a row-finite k-graph with no sources. Let c ∈
Z2(Zk,T) and suppose that (cc∗)|Per(Λ) is nondegenerate. Suppose that t is a
Cuntz-Krieger (Λ, c ◦ d)-family with each tv nonzero. Suppose that a : HPerΛ×
HPerΛ→ C is finitely supported. Then

∥∥∥
∑

µ,ν∈Λ

aµ,νtµt
∗
ν

∥∥∥ ≥
∥∥∥
∑

µ∼ν
aµ,νtµt

∗
ν

∥∥∥.
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Proof. Again as discussed at the beginning of the section, we may assume that
c is a bicharacter.
Let N =

∨
aµ,ν 6=0 d(µ). Using the Cuntz-Krieger relation, we can rewrite

∑

µ,ν

aµ,νtµt
∗
ν =

∑

µ,ν

∑

µµ′∈ΛN

aµ,νc(µ, µ
′)c(ν, µ′)tµµ′ t∗νµ′ ;

so we may assume without loss of generality that aµ,ν 6= 0 implies µ ∈ ΛN .
Since the tµt

∗
µ for µ ∈ ΛN are mutually orthogonal, and since µ ∼ ν implies

tµt
∗
µ = tνt

∗
ν , we have span{tµt∗ν : µ ∈ ΛN , ν ∼ µ} =⊕µ∈ΛN span{tµt∗ν : µ ∼ ν},

and so
∥∥∑

µ∼ν aµ,νtµt
∗
ν

∥∥ = maxµ∈ΛN
∥∥∑

ν∼µ aµ,νtµt
∗
ν

∥∥.
Choose µmax such that

∥∥∥
∑

ν∼µmax

aµmax,νtµmaxt
∗
ν

∥∥∥ ≥
∥∥∥
∑

ν′∼µ′

aµ′,ν′tµ′t∗ν′

∥∥∥

for all µ′ ∈ ΛN . Let vmax = s(µmax). We claim that if µ, ν ∈ Λ satisfy s(µ) =
s(ν) = vmax but µ 6∼ ν, then there exists τ ∈ vmaxΛ such that MCE(µτ, ντ) = ∅.
Indeed, Lemma 7.6 implies that either there exists τ ∈ vmaxΛ

d(µ)∨d(ν)−d(µ)

such that µτ 6∈ MCE(µ, ν) or there exists τ ∈ vmaxΛ
d(µ)∨d(ν)−d(ν) such that

ντ 6∈ MCE(µ, ν). We consider the first case; the second is symmetric. We have
µτ ∈ Λd(µ)∨d(ν), and so µτ = αα′ for some α ∈ Λd(ν) \ {ν}. In particular,
factoring µτ = ηζ with d(η) = d(ν), we have η 6= ν, and so MCE(µτ, ντ) = ∅.
An induction using that Λ has no sources now shows that there exists τ ∈ vmaxΛ
such that d(τ) > d(µ)∨d(ν) whenever aµ,ν 6= 0 and MCE(µτ, ντ) = ∅ whenever
s(µ) = s(ν) = vmax and µ 6∼ ν.
Let l := d(τ). For µ, ν ∈ F with aµ,ν 6= 0, we have

∑
λ∈Fvmax∩ΛN tλτ t

∗
λτ tµt

∗
νtλτ t

∗
λτ

=

{
c(N, l)c(d(ν), l)tµτ t

∗
ντ tµτ t

∗
µτ if s(µ) = vmax and µ ∼ ν

0 otherwise.

If µ ∼ ν then µτ ∼ ντ giving tµτ t
∗
µτ = tντ t

∗
ντ , and hence t∗ντ tµτ t

∗
µτ = t∗ντ . That

is,

∑
λ∈Fvmax∩ΛN tλτ t

∗
λτ tµt

∗
νtλτ t

∗
λτ

=

{
c(N, l)c(d(ν), l)tµτ t

∗
ντ if s(µ) = vmax and µ ∼ ν

0 otherwise.

Since c is a bicharacter, the map m 7→ c(m, l) is a homomorphism of Per(Λ)
into T. The universal property of A(c|Per(Λ)) ensures that it admits an auto-
morphism αl such that αl(Um) = c(m, l)Um for all m ∈ Per(Λ). An applica-
tion of Proposition 7.5 with F = {µmaxτ} gives an injective homomorphism
ρ1 : A(c|Per(Λ))→ C∗(t) which carries UN−d(ν) to tµmaxτ t

∗
ντ whenever ν ∼ µmax;
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so ρ1 ◦ αl carries UN−d(ν) to
∑

λ∈Fvmax∩ΛN tλτ t
∗
λτ . Proposition 7.5 applied to

F = {µmax} gives an injective homomorphism ρ2 : A(c|Per(Λ)) → C∗(t) which
carries UN−d(ν) to tµmaxt

∗
ν whenever ν ∼ µmax. Since these homomorphisms

are injective, they are isometric, and so the map

ρ2 ◦ α−1
l ◦ ρ−1

1 : span{tµmaxτ t
∗
ντ : ν ∼ µmax} → span{tµmaxt

∗
ν : ν ∼ µmax}

is isometric and carries spanning elements to spanning elements. Since the
tλτ t

∗
λτ are mutually orthogonal projections, the map a 7→∑

λ tλτ t
∗
λτatλτ t

∗
λτ is

norm-decreasing, and so we have

∥∥∥
∑

µ∼ν
aµ,νtµt

∗
ν

∥∥∥

=
∥∥∥
∑

ν∼µmax

aµmax,νtµmaxt
∗
ν

∥∥∥

=
∥∥∥ρ2 ◦ α−1

l ◦ ρ−1
1

( ∑

λ∈Fvmax∩Λn

tλτ t
∗
λτ

( ∑

ν∼µmax

aµmax,νtµmaxt
∗
ν

)
tλτ t

∗
λτ

)∥∥∥

=
∥∥∥

∑

λ∈Fvmax∩Λn

tλτ t
∗
λτ

∑

µ,ν∈Λ

aµ,νtµt
∗
νtλτ t

∗
λτ

∥∥∥

≤
∥∥∥
∑

µ,ν∈Λ

aµ,νtµt
∗
ν‖,

as required.

Proof of Theorem 7.1. Since Λ is cofinal, the saturation of HPer is all of Λ0.
Hence Lemma 4.3 implies that PHPerC

∗(Λ, c◦d)PHPer is a full corner of C
∗(Λ, c◦

d). So it suffices to show that PHPerC
∗(Λ, c ◦ d)PHPer is simple. Let Γ =

HPerΛ. The gauge-invariant uniqueness theorem gives a canonical isomorphism
C∗(Γ, c ◦ d) ∼= PHPerC

∗(Λ, c ◦ d)PHPer . So it suffices to show that C∗(Γ, c ◦ d) is
simple.
Suppose π is a homomorphism C∗(Γ, c ◦ d) → B, and let s := {sλ : λ ∈ Γ}
be the universal Cuntz-Krieger (Γ, c ◦ d)-family. First suppose that π(sv) =
0 for some v. Then ker(π) contains the gauge-invariant ideal generated by
sv, which in turn, by Theorem 4.6, contains sw for every w in the saturated
hereditary set generated by v. Since Γ is cofinal it follows that π(sw) = 0 for
all w, and then π(sµs

∗
ν) = π(sr(µ)sµs

∗
ν) = 0 for all µ, ν, and hence π = 0.

Now suppose that π(sv) 6= 0 for all v; we must show that π is injective. Let
tµ := π(sµ) for all µ. Since HPer is all of Γ0, Proposition 7.7 implies that∥∥∑ aµ,νtµt

∗
ν

∥∥ ≥
∥∥∑

µ∼ν aµ,νtµt
∗
ν

∥∥ for all finitely supported a, and so there
is a norm-decreasing linear map Ψ : C∗(t) → span{tµt∗ν : µ ∼ ν} such that
Ψ(tµt

∗
ν) = tµt

∗
ν if µ ∼ ν and is zero otherwise. The same argument gives a

norm-decreasing linear map Φ from C∗(Γ, c ◦ d) to span{sµs∗ν : µ ∼ ν}. This
is faithful on positive elements because the faithful conditional expectation
Θ of Proposition 7.3 satisfies Θ = Θ ◦ Ψ. Clearly π ◦ Φ = Ψ ◦ π. Fix a

Documenta Mathematica 19 (2014) 831–866



864 Sims, Whitehead, and Whittaker

finite linear combination
∑
µ∼ν aµ,νsµs

∗
ν . Using the Cuntz-Krieger relation

as in the proof of Proposition 7.7, we may assume that there exists n ∈ Nk
such that aµ,ν 6= 0 implies that µ ∈ Λn. Applying Proposition 7.5 to the
Cuntz-Krieger (Γ, c ◦ d)-families s and t and with F = {µ : aµ,ν 6= 0} and
composing the resulting homomorphisms, we obtain an isometric map from
C∗({sµs∗ν : λ ∈ F, µ ∼ λ ∼ ν}) to C∗({tµt∗ν : λ ∈ F, µ ∼ λ ∼ µ}) which carries
each sµs

∗
ν to tµt

∗
ν . Hence

∥∥∑
µ∼ν aµ,νsµs

∗
ν

∥∥ =
∥∥∑

µ∼ν aµ,νtµt
∗
ν

∥∥. Since a was
arbitrary, we deduce that π|span{sµs∗ν :µ∼ν} is injective. So Lemma 3.14 shows
that π is injective.
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Abstract. In this paper, we give a Prym-Tjurin construction for
the cohomology and the Chow groups of a cubic hypersurface. On
the space of lines meeting a given rational curve, there is the inci-
dence correspondence. This correspondence induces an action on the
primitive cohomology and the primitive Chow groups. We first show
that this action satisfies a quadratic equation. Then the Abel-Jacobi
mapping induces an isomorphism between the primitive cohomology
of the cubic hypersurface and the Prym-Tjurin part of the above ac-
tion. This also holds for Chow groups with rational coefficients. All
the constructions are based on a natural relation among topological
(resp. algebraic) cycles on X modulo homological (resp. rational)
equivalence.

2010 Mathematics Subject Classification: 14F25, 14C25
Keywords and Phrases: Hodge structure, Chow group, incidence cor-
respondence

1. Introduction

Algebraic cycles on a cubic hypersurface have been serving as an interesting
but nontrivial example in the study of Chow groups. In [Sh], we obtained
natural relations among 1-cycles and gave some applications of those relations.
This paper is a continuation of [Sh] and generalization of the results to higher
dimensional cycles on cubic hypersurfaces. Throughout the paper, we will
work over the field C of complex numbers. In this article, all homology and
cohomology groups are modulo torsion.
Let X ⊂ Pn+1 be a smooth cubic hypersurface of dimension n ≥ 3. We first
establish Theorem 2.2 which gives a natural relation among cycles on X . To
get an idea of what such a relation is, we first fix a smooth curve C ⊂ X of
degree e. Let T ⊂ X be a closed subvariety of dimension r. Let T ′ ⊂ X be the
subvariety swept out by lines on X that meet both C and T . When C and T
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are in general position, then T ′ has expected dimension r. If r ≥ 2, then the
relation we get is

2e T + T ′ = a hn−r, in CHr(X)

for some integer a > 0, where h is the class of a hyperplane section of X . If
r = 1, the relation we get is

2e T + T ′ + 2deg(T )C = b hn−1, in CH1(X)

for some integer b > 0. The second case was first proved in [Sh].
Let F be the Fano scheme of lines on X . Let p : P (X)→ F be the total family
of lines on X and q : P (X)→ X be the natural morphism. Then we have the
natural cylinder homomorphism Ψ = q∗p∗ and its transpose, the Abel-Jacobi
homomorphism, Φ = p∗q∗. These are defined on the cohomology groups and
the Chow groups. The following theorem is a more concise expression of the
above relations; see Corollary 2.4.

Theorem 1.1. Let γ ∈ Hn(X,Z), a ∈ CH1(X) and b ∈ CHr(X). We use h to
denote the class of a hyperplane in either the Chow group or the cohomology
group of X. Then the following are true.
(1) 2 deg(a)γ + Ψ(Φ(γ) · Φ([a])) = 3 deg(γ) deg(a)h

n
2 in Hn(X,Z), where the

right hand side is 0 if n is odd.
(2) If n− 2 ≥ r ≥ 2, then 2 deg(a)b+Ψ(Φ(a) · Φ(b)) = 3 deg(a) deg(b)hn−r in
CHr(X).
(3) If r = 1, then 2 deg(a)b+2deg(b)a+Ψ(Φ(a) ·Φ(b)) = 3 deg(a) deg(b)hn−1

in CH1(X).

Remark 1.2. If n ≥ 5, then CH1(X) ∼= Z; see [Pa, Proposition 4.2]. In this
case, a ∈ CH1(X) is the same as deg(a)[l], where [l] is the class of a line. For
fixed n, the groups CHr(X) are expected to be trivial (isomorphic to Z) when
r is small or large enough. Hence, the above relations are interesting when r is
in the middle range.

With these relations, we will realize the Hodge structure and Chow groups of
X as Prym-Tjurin constructions.
A Prym variety is constructed from a curve together with an involution and
they form a larger class of principally polarized abelian varieties (p.p.a.v.) than
the Jacobian of curves. Mumford gives this a modern treatment in [Mu]. He
also uses Prym varieties to characterize the intermediate Jacobian of a cubic
threefold, see the appendix of [CG]. In [Tj], Tjurin generalizes this idea by re-
placing the involution with a correspondence that satisfies a quadratic equation.
This gives what we now call Prym-Tjurin varieties. This was further developed
and completed by S. Bloch and J.P. Murre, see [BM]. Welters has proved that
all p.p.a.v.’s can be realized as Prym-Tjurin varieties, see [We]. Roughly speak-
ing, this means that every principally polarized weight one Hodge structure can
be realized via a Prym-Tjurin construction on some curve. We naturally ask
whether similar constructions can be done for higher weight Hodge structures.
The work of Lewis in [Lew] sheds some light on this question. Izadi gives a
Prym construction for the cohomology of cubic hypersurfaces in [Iz].
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Definition 1.3. Let Λ be an abelian group and σ : Λ→ Λ an endomorphism.
Assume that σ satisfies the quadratic equation (σ − 1)(σ + q − 1) = 0. Then
the Prym-Tjurin part of Λ is defined as

P (Λ, σ) = Im(σ − 1)

Remark 1.4. In many cases when Λ carries some extra structure such as a
Hodge structure, the homomorphism σ is usually compatible with that extra
structure and P (Λ, σ) carries an induced such structure. One very interesting
case is when Λ = H∗(Y,Z) together with the natural Hodge structure and σ is

an action that is induced by some correspondence Γ ∈ CHdimY (Y × Y ).

LetX ⊂ Pn+1
C be a smooth cubic hypersurface as above. We start with a general

rational curve C ⊂ X of degree e ≥ 2. Let SC be a natural resolution (in fact
the normalization) of the space of lines on X that meet C. Let F = F (X) be
the Fano scheme of lines on X , p : P → F the total family with a morphism
q : P → X . Then SC = q−1(C). In particular, we have a morphism q0 : SC →
C. Consider the family pC : PC → SC of lines parameterized by SC with the
morphism qC : PC → X . We have the natural cylinder homomorphisms ΨC =
(qC)∗(pC)∗ : Hn−2(SC ,Z) → Hn(X,Z) and ΨC = (qC)∗(pC)∗ : CHr(SC) →
CHr+1(X). Similarly we have its transpose ΦC = (pC)∗(qC)∗ : Hn(X,Z) →
Hn−2(SC ,Z) and ΦC = (pC)∗(qC)∗ : CHr+1(X) → CHr(SC). On SC we have
the incidence correspondence which induces an action σ on the cohomology
groups and the Chow groups. Note that there is a natural morphism from SC
to the Grassmannian G = G(2, n + 2). The Plücker embedding of G induces
a ample class g on SC . On SC , we have another divisor class g′ = q∗0(pt) for
some pt ∈ C. Let Q[g, g′] ⊂ H∗(SC ,Q) be the subring generated by g and g′.
Given a compact manifold Y , we can define the intersection pairing on H∗(Y )
by

〈α, β〉 =
∫

Y

α ∪ β.

By abuse of notation, when α and β are of complementary dimension, we also
write α · β for 〈α, β〉. With this notion, we define the primitive cohomology
(or cycle) classes on SC to be those which are orthogonal to the classes in
Q[g, g′]. The primitive cohomology is denoted by H∗(SC ,Z)◦ and the primitive
Chow group is denoted by CH∗(SC)◦. The subring Q[g, g′] is invariant under
the action of σ and hence σ acts on the primitive cohomology and also the
primitive Chow groups. Our main result is the following

Theorem 1.5. Let C ⊂ X be a general rational curve of degree e ≥ 2 as above.
Let σ be the action of the incidence correspondence on either the primitive
cohomology or the primitive Chow group of SC. Then the following are true.
(1) The action σ satisfies the following quadratic relation

(σ − 1)(σ + 2e− 1) = 0

(2) The map ΦC induces an isomorphism of Hodge structures

ΦC : Hn(X,Z)prim → P (Hn−2(SC ,Z)◦, σ)(−1)
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where the (−1) on the right hand side means shifting of degree by (1, 1). The
intersection forms are related by the following identity

ΦC(α) · ΦC(β) = −2e α · β, for all α, β ∈ Hn(X,Z)prim.

(3) The map ΦC induces an isomorphism

ΦC : Ai(X)Q → P (CHi−1(SC)
◦
Q, σ)

This is proved in section 4 (Theorem 4.3). In [Iz], Izadi proved a variant of
statement (2) for C being a line. In [Sh], we proved the above theorem for cubic
threefolds where (3) holds true for integral coefficients. Besides the natural
relations stated at the very beginning of this section, another ingredient to
carry out the Prym-Tjurin construction is the surjectivity of ΨC on primitive
cohomologies.

Theorem 1.6. The natural homomorphism

ΨC : Hn−2(SC ,Z)◦ → Hn(X,Z)prim
between the primitive cohomologies is surjective.

This is proved in Section 5 using the Clemens-Letizia method (see [Cl] and
[Le]).
Acknowledgement. The author was supported by Simons Foundation as a Si-
mons Postdoctoral Fellow during the completion of this work. Part of this work
was completed when the author was visiting Beijing International Center for
Mathematical Research. He thanks E. Izadi for explaining her results of [Iz].
Notation:
X ⊂ Pn+1, smooth cubic hypersurface of dimension n ≥ 3 with h the hyper-
plane class;
G = G(2, n+ 2), the Grassmannian of lines in Pn+1;
F = F (X) ⊂ G, Fano scheme of lines on X , smooth of dimension 2n− 4; see
[CG] and also [AK].
l ⊂ X , a line on X ; [l] ∈ F the corresponding point on F ;
P = P (X), the universal family of lines on X , namely we have the following
diagram

P (X)
q //

p

��

X

F

I ⊂ F × F , the incidence correspondence, i.e. the closure of {([l1], [l2]) : l1 6=
l2, l1 ∩ l2 6= ∅}; Note that I has codimension n− 2 in F × F ;
Φ = p∗q∗, homomorphism from either the cohomology groups or the Chow
groups of X to those of F ;
Ψ = q∗p∗, homomorphism from either the cohomology groups or the Chow
groups of F to those of X ;
g, the polarization on F that comes from the Plücker embedding, g = Φ(h2);
Fx ⊂ F , the subscheme of lines passing through x ∈ X ; it is a (2,3) complete
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intersection in P(TX,x) and smooth for general x.
Dx ⊂ X , the variety swept out by all lines through x; Dx is a cone over Fx;
FC ⊂ F , the subscheme parameterizing lines meeting a curve C ⊂ X ;
SC = q−1(C) ⊂ P (X), note that there are natural morphism iC = p|SC : SC →
FC ⊂ F and q0 = q|SC : SC → C;
g|SC = (iC)

∗g, by abuse of notation, we still use g to denote this class;
g′ = (q0)

∗[pt], where [pt] ∈ C is a closed point;
Q[g, g′] ⊂ H∗(SC ,Q), the subring generated by g and g′;
PC = P (X)|SC , to be more precise, we take the following fiber product

PC
jC //

pC

��

P (X)

p

��
SC

iC // F

qC = q ◦ jC ;
ΦC = (pC)∗(qC)∗, homomorphism from either the cohomology groups or the
Chow groups of X to those of SC ;
ΨC = (qC)∗(pC)∗, homomorphism from either the cohomology groups or the
Chow groups of SC to those of X ;
DC ⊂ X , the divisor swept out by all the lines meeting C; DC is linearly
equivalent to 5 deg(C)h; see Lemma 2.1;
Given a polarization H on Y , we use H∗(Y,Z)prim to denote the primitive co-
homology;
Let (Y,H) be a polarized variety, we define A∗(Y ) ⊂ CH∗(Y ) to be the sub-
group of degree 0 (with respect to H) cycles;
For a vector bundle E on Y , we use P(E ) to denote the geometric projec-
tivization which parameterizes all 1-dimensional linear subspaces of E ; more
generally, if 1 ≤ r1 < · · · < rk < rkE is an increasing sequence of integers, we
use G(r1, . . . , rk, E ) to denote the relative flag variety of subspaces of E with
corresponding ranks.

2. The fundamental relations

In this section we will establish a basic relation among algebraic/topological
cycles on X . To do that, we need the following lemma which says that the
space of lines on X meeting a given curve has the expected dimension.

Lemma 2.1. (i) dimFx = n − 3 for all but finitely many points xi, called
Eckardt points. For each xi, we have dimFxi = n− 2.
(ii) Let C ⊂ X be a smooth curve on X. Then FC if of pure expected dimension
n− 2.
(iii) The divisor DC on X is linearly equivalent to 5 deg(C)h.

Proof. In [CS, Lemma 2.1], it is shown that dimFx = n − 3 for a general
point x ∈ X . By [CS, Corollary 2.2], there are at most finitely many Eckardt
points xi; see [CS, Definition 2.3]. This proves (i). Statement (ii) follows

Documenta Mathematica 19 (2014) 867–903



872 Mingmin Shen

from (i) directly. Statement (ii) further implies that DC is a divisor. Since
Pic(X) = Zh, the class of DC has to be a multiple of h. Let l ⊂ X be a
general line, then the intersection number of l and DC is equal to the number
of lines meeting both C and l. It is shown in [Sh, Lemma 3.10] that the above
intersection number is 5 deg(C). �

Theorem 2.2. Let C ⊂ X be a smooth curve of degree e. We use h to denote
the class of a hyperplane section on X, viewed as an element either in the Chow
group or the (co)homology group. Then the following are true.
(1) Let γ be a topological cycle of real dimension n on X(C). Then

2e[γ] + Ψ(Φ([γ]) · FC) = 3e deg(γ)h
n
2

in Hn(X), where deg(γ) = γ · hi if n = 2i and deg(γ) = 0 otherwise.
(2) Let γ be an algebraic cycle on X of dimension r with 2 ≤ r ≤ n− 2. Then

2eγ +Ψ(Φ(γ) · FC) = 3e deg(γ)hn−r,

in CHr(X), where deg(γ) = γ · hr.
(3) Let γ be an algebraic cycle of dimension 1 on X. Then

2eγ +Ψ(Φ(γ) · FC) + 2 deg(γ)C = 3e deg(γ)hn−1

in CH1(X).

Remark 2.3. Statement (1) holds for other dimensional topological cycles too.
However, by the Lefschetz hyperplane theorem, it is only interesting when γ
has dimension n.

Corollary 2.4. Let γ ∈ Hn(X,Z), a ∈ CH1(X) and b ∈ CHr(X). Then the
following are true
(i) 2 deg(a)γ +Ψ(Φ(γ) · Φ([a])) = 3 deg(a) deg(γ)h

n
2 in Hn(X,Z).

(ii) If n− 2 ≥ r ≥ 2, then 2 deg(a)b+Ψ(Φ(a) ·Φ(b)) = 3 deg(a) deg(b)hn−r in
CHr(X).
(iii) If r = 1, then 2 deg(a)b+2deg(b)a+Ψ(Φ(a) ·Φ(b)) = 3 deg(a) deg(b)hn−1

in CH1(X).

Lemma 2.5. Let γ1 and γ2 be two disjoint irreducible topological cycles on Pn+1

of real dimensions r1 and r2. Let L(γ1, γ2) be the set swept out by all complex
lines meeting both γ1 and γ2. Assume that γ1 and γ2 are in general position
and L(γ1, γ2) has expected dimension. Then we have

L(γ1, γ2) = deg(γ1) deg(γ2)h
n− r1+r2

2

in Hr1+r2+2(Pn+1,Z). Here deg(γ) = γ · h r2 if r = dimR(γ) is even and 0

otherwise. By convention hk+
1
2 = 0 for all integer k.

Lemma 2.6. Assume that γ1 and γ2 are two topological manifolds (resp. smooth
projective varieties). Let fi : γi → Pn+1, i = 1, 2, be two disjoint irreducible
topological (resp. algebraic) cycles on Pn+1. Let ϕ : γ1 × γ2 → G(2, n + 2)
be the map (resp. morphism) sending a pair of points (x, y) to the unique
complex line connecting them. Let E2 be the canonical rank 2 quotient bundle
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on G(2, n + 2) and E ′ = ϕ∗E2 its pullback. Let pi : γ1 × γ2 → γi, i = 1, 2, be
the two projections. Then

c1(E
′) = p∗1(f

∗
1h) + p∗2(f

∗
2h)

in H2(γ1 × γ2,Q) (resp. CH1(γ1 × γ2)), where h is the class of a hyperplane.
In other words, c1(E

′) is the pull-back of the class π∗
1h + π∗

2h via the natural
map f1 × f2 : γ1 × γ2 → Pn+1 × Pn+1, where πi : Pn+1 × Pn+1 → Pn+1 are the
projections.

Since the cohomology (resp. Chow ring) of Pn+1 is generated by the class of a
hyperplane, both of the above lemmas can be reduced to the case where both
γ1 and γ2 are complex linear subspaces. The proofs are left to the reader.

Proof of Theorem 2.2. To prove (1), we first reduce to the case γ = f∗[M ],
where f : M → X is a continuous map from an n-dimensional topological
manifold M to X such that (i) C does not meet f(M); (ii) f∗M intersects DC

transversally and ∆0 := {t ∈M : f(t) ∈ DC} is of pure expected real dimension
dimM − 2. The reason why we can do the above reduction can be seen as
follows. First, γ is always of the form of linear combinations of cycles of the
form f∗[M ]. If we can prove the statement (1) for each term in such a linear
combination, then we prove (1) for γ. To get (i) and (ii), we note that C is a
curve and DC is a divisor and hence we can always move the cycle γ to a cycle
γ′ such that (i) and (ii) hold.
Now we assume the situation after reduction. For each pair of points (t, x) ∈
M ×C, there is a unique (complex projective) line passing through f(t) and x.
This gives a continuous map i0 : M × C → G(2, n+ 2). We get the following
diagram

(1) D1 ∪D2 ∪D //

��

Y //

��

X

iX

��
P

i′0 //

π

��

G(1, 2, n+ 2)

π̃

��

ϕ̃ // Pn+1

M × C i0 // G(2, n+ 2)

where all the squares are fiber products; D1 and D2 are sections of π corre-
sponding to the points on f(M) and C respectively; D is the set of the third
points of the intersection of the lines with X . Let π′ : D → M × C be the
restriction of π to D. Let ∆ ⊂M ×C be the closed subset of points (t, x) such
that the line through f(t) and x is contained in X . By definition, ∆0 is the im-
age of ∆ under the projection to the first factorM and hence dim∆ = dim∆0.
Then π′ is one-to-one away from ∆ while over ∆ it is an S2-bundle with trivial
Euler class (this is because, by taking the point in which the line meets C, we
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have a section of this bundle). Consider the following diagram

(2) P1 = S2 // E //

��

D

π′

��
∆ // M × C

For a general point z = (t0, x0) ∈ ∆, we use Ez to denote the fiber of E → ∆
at the point z.

Claim 1 : E · Ez = −1.
Proof of Claim 1. Let U0 ⊂ C be a small 2-dimensional (meaning real dimen-
sion) disc centered at the point x0 ∈ C. Let Uz = {t0} × U0 ⊂ M × C be
the corresponding small disc centered at z. By the assumption that z ∈ ∆ is
general, we see that Uz meets ∆ transversally at the point z. Then we easily
see that π′∗Uz = Ũz+Ez , where Ũz = π′−1(Uz\{z})∪{y0 ∈ Ez}. The existence
of the point y0 can be seen as follows. Let f0 : C 99K X be the rational map
defined by sending x ∈ C ⊂ X to the third point of the intersection of X with
the line connecting f(t0) and x. Since C is a smooth curve, this rational map
extends to a morphism f0 : C → X . Then one easily sees that y0 = f0(x0).

This implies that Ũz ·E = 1. The projection formula gives

(Ez + Ũz) ·E = π′∗Uz · E = Uz · π∗E = Uz · 0 = 0.

It follows that Ez ·E = −1. �

Let g : D → X and gi : Di → X , i = 1, 2, be the natural maps. Let h be the
(co)homology class of a hyperplane.

Lemma 2.7. Let d = deg(f∗[M ]). The following are true.
(i) g∗[D] = ed h

n
2 −1 in Hn+2(X);

(ii) g∗(h|D) = ed h
n
2 in Hn(X);

(iii) h|D + [E] = 2π′∗c1(E ), where E = i∗0E2 is the pull back of the canonical
rank 2 quotient bundle E2 on G(2, n+ 2);
(iv) c1(E ) = p∗1(h|M ) + p∗2(h|C), where p1 :M × C →M and p2 :M × C → C
are the projections;
(v) g∗(π′∗c1(E )) = 2ed h

n
2 − e f∗[M ].

Proof of Lemma 2.7. For (i), we first note that the class of the image of [D1]+
[D2] + [D] on X is the restriction of [P ] viewed as a class on Pn+1. As a class
on Pn+1, [P ] = ed h

n
2 −1 by Lemma 2.5. However, if we identify Di, i = 1, 2,

with M × C, then the natural map Di → X contacts either the factor M or
the factor C. Hence the classes of (g1)∗[D1] and (g2)∗[D2] are all zero on X .
This proves (i).
For (ii), we note that by the projection formula, we have g∗(h|D) = g∗[D] · h.
Hence (ii) follows from (i). The identity in (iv) follows from Lemma 2.6.
To prove (iii), we first note that h|D + [E] restricts to zero on the fibers Ez
of E → ∆ since h · Ez = 1 and E · Ez = −1 (Claim 1). By the Leray-Hirsch
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theorem, this implies that h|D + [E] = π′∗a where a is a homology class on
M ×C. Applying π′

∗ to the above equation, we get a = π′
∗(h|D). Note that on

P , we have D1 +D2 +D = 3h, where, by abuse of notation, we still use h to
denote the pullback of the class of a hyperplane to P . Hence

(3) h ·D1 + h ·D2 + h ·D = 3h2

Since P is the projectivization of E and h is the first Chern class of the relative
O(1)-bundle, we have h2 − π∗c1(E )h + π∗c2(E ) = 0. Applying π∗ to (3), we
get

π∗(h ·D) + π∗(h ·D1) + π∗(h ·D) = 3π∗(h
2)

= 3π∗(π
∗c1(E ) · h− π∗c2(E ))

= 3c1(E ) · π∗h = 3c1(E )

We also easily get that π∗(h ·D1) = p∗1f
∗h and π∗(h ·D2) = p∗2(h|C). Combine

this with (iv), we get

a = π′
∗(h|D) = π∗(h ·D) = 2c1(E ).

To prove (v), we note that for any class a on M × C, if we pull back a to
D1 + D2 + D and then push forward to X , what we get is the same class as
we pull back a to P , then push forward to Pn+1 and then restrict to X . As
a result, we always get a class coming from Pn+1. When we take a = c1(E ),
we get that the class of π∗a on Pn+1 is equal to 2ed h

n
2 . This can be seen as

follows (using notation from Lemma 2.5).

ϕ̃∗(i
′
0)∗π

∗c1(E ) = ϕ̃∗(i
′
0)∗π

∗(p∗1f
∗h+ p∗2h|C)

= L(f∗M · h,C) + L(M,C · h)

= ed hn−
(n−2)+2

2 + ed hn−
n+0
2

= 2ed h
n
2 .

Hence we have the following equalities.

g∗(π
′∗c1(E )) = 2ed h

n
2 − (g1∗(π

∗c1(E )|D1) + g2∗(π
∗c1(E )|D2 ))

= 2ed h
n
2 − g1∗(π∗c1(E )|D1)

= 2ed h
n
2 − e f∗[M ]

Here the second equality uses the fact that g2 : D2 → C ⊂ X contracts the
factorM which has dimension n ≥ 3. This finishes the proof of the lemma. �

In the above lemma, we apply g∗ to (iii) and then take (ii) and (v) into account.

g∗[E] = 2g∗(π
′∗c1(E ))− g∗(h|D)

= 4ed h
n
2 − 2e f∗[M ]− ed hn2 = 3ed h

n
2 − 2e f∗[M ]

Note that g∗[E] = Ψ(Φ(f∗[M ]) ·FC). This way, we easily deduce the statement
(1) of Theorem 2.2 for γ = f∗[M ] and the curve C.
Now we start to prove (2) and (3) of Theorem 2.2. The basic strategy is the
same as above. The only difference is that we need to consider the more delicate
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rational equivalence rather than homological equivalence. By linearity of the
equalities in (2) and (3) and the Chow moving lemma, we reduce to the case
γ = f∗M where f : M → X is a morphism from a smooth projective variety
M to X such that (i) f is birational onto its image; (ii) f(M) does not meet C
and f∗M intersects DC transversally. Let r be the dimension of M . As before
we construct the natural morphism i0 : M × C → G(2, n + 2). Let E be the
pull back of the canonical rank 2 quotient bundle to M × C. In this way, we
get the following diagram as before.

(4) D1 ∪D2 ∪D //

��

Y //

��

X

��
P

i′0 //

π

��

G(1, 2, n+ 2)

π̃

��

ϕ̃ // Pn+1

M × C i0 // G(2, n+ 2)

Here all the squares are fiber products; D1 and D2 are sections of π and con-
tracted to f(M) and C via g1 = ϕ̃◦i′0|D1 : D1 → X and g2 = ϕ̃◦i′0|D2 : D2 → X
respectively; D corresponds to the third point of the intersection of the lines
with X . Let π′ : D → M × C be the restriction of π to D. Then π′ is a
birational morphism. Let ∆ ⊂M ×C be the subvariety that consists of points
(t, x) such that the line through f(t) and x is contained in X . By the assump-
tion that f∗M intersects DC transversally, we conclude that ∆ is generically
smooth. Let ∆sing be the singular locus of ∆. Let E = (π′)−1∆ ⊂ D and we
have E ∼= P(E |∆).
Lemma 2.8. Away from ∆sing , π′ is the blow-up along ∆.

Proof. Let E2 be the canonical rank 2 quotient bundle on G(2, n+2) and E =
i∗0E2. The point i0(t, x) ∈ G(2, n + 2) represents the line connecting f(t) and
x, which is also naturally P(E ∨

(t,x)). Hence we have canonical homomorphisms

Lf(t) →֒ E ∨
(t,x) and Lx →֒ E ∨

(t,x), where L ∼= OPn+1(−1) is the tautological line

bundle on Pn+1. And since f(t) 6= x, we have the natural identification

E ∨
(t,x) = Lf(t) ⊕ Lx.

As (t, x) ∈M ×C varies, this identification glues and gives a canonical isomor-
phism

E ∨ ∼= p∗1f
∗L ⊕ p∗2(L|C).

Assume that φ(X0, . . . , Xn+1) ∈ H0(Pn+1,O(3)) is the homogeneous poly-
nomial defining X . Since we have the canonical identification π̃∗ϕ̃∗O(3) =

Sym3(E2), the section φ induces a global section φ̃ of Sym3(E2) and F ⊂
G(2, n + 2) is defined by φ̃ = 0; see [AK]. Let φ′ = i∗0φ̃ be the induced
global section of Sym3 E . It follows from the expression of E ∨ that

E ∼= p∗1f
∗OX(1)⊕ p∗2OC(1)
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and hence

Sym3 E = p∗1f
∗OX(3)⊕ E ⊗ p∗1f∗OX(1)⊗ p∗2OC(1)⊕ p∗2OC(3).

Accordingly, we can write φ′ = φ′3,0 + φ′mid + φ′0,3. Since f(M) ⊂ X and φ
vanishes on X , we conclude that φ′3,0 = 0. Similarly, we have φ′0,3 = 0. It
follows that

φ′ = φ′mid ∈ H0(M × C, E ⊗ p∗1f∗OX(1)⊗ p∗2OC(1)).
The vanishing φ′ = 0 at a point (t, x) exactly means that the line connecting
f(t) and x is contained in X . Hence ∆ ⊂ M × C is defined by φ′ = 0. In
particular, ∆ ⊂M × C is a local complete intersection and

N∆/M×C ∼= E ⊗ p∗1f∗OX(1)⊗ p∗2OC(1)|∆.
The section φ′ can be viewed as a homomorphism

φ′ : p∗1f
∗OX(−1)⊗ p∗2OC(−1) −→ E .

This gives a section s :M×C\∆→ P of π such that the image of s is the open

subset D\E of D. Let σ : M̃ × C →M ×C be the blow-up of M ×C along ∆
and E0 = σ−1∆. As a consequence of the above description of N∆/M×C , we

see that φ′ extends to M̃ × C\σ−1∆sing and gives a rank one subbundle

φ̃′ : L →֒ σ∗E

where L = σ∗(p∗1f
∗OX(−1) ⊗ p∗2OC(−1)) ⊗ O(E0) is a line bundle on

M̃ × C\σ−1∆sing. This further gives a morphism

s̃ : M̃ × C\σ−1∆sing →֒ P

such that σ = π◦ s̃. Note that s̃ extends s. Hence the image of s̃ is contained in
D since that of s is. Since Ẽ → ∆ and E → ∆ are all P1-bundles, we conclude
that The image of s̃ is exactly D\(π′)−1∆sing . This implies that

s̃ : M̃ × C\σ−1∆sing −→ D\(π′)−1∆sing

is an isomorphism, since they are the same locally closed subvariety of P . �

Back to the proof of the theorem. We know from the above lemma that the
possible singularities of D can only appear over ∆sing . Take a resolution of
singularities r′ : D̃ → D. Let Ei be the exceptional divisors of r′. We use E′

to denote the strict transform of E in D̃. We still use h to denote the class of
a hyperplane in Pn+1. Let g : D̃ → X be the natural morphism.

Lemma 2.9. Let d = deg(f∗[M ]), then the following are true.

(i) g∗D̃ = ed hn−r−1 in CHr+1(X);
(ii) g∗(h|D̃) = ed hn−r;
(iii) h|D̃ + E′ +

∑
aiEi = 2(π′ ◦ r′)∗c1(E ), for some ai ∈ Z;

(iv) c1(E ) = p∗1(f
∗h) + p∗2(h|C);

(v) If dimM ≥ 2, then g∗(r′∗π′∗c1(E )) = −e f∗M + 2ed hn−r in CHr(X);
(vi) If M is a curve, then g∗(r′∗π′∗c1(E )) = ed hn−1− e f∗M −dC in CH1(X).
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Proof of Lemma 2.9. The proof is similar to that of Lemma 2.7. We note that
the push forward of D1 + D2 +D to X is a class coming from Pn+1 because
it is the restriction of the class of the image of P in Pn+1. By Lemma 2.5, the
class of P in Pn+1 is equal to ed hn−r−1. Since D1 and D2 are contracted to
smaller dimensions via g1 and g2 respectively, we get (i).
Conclusion (ii) follows from the projection formula as before. (iv) follows from
Lemma 2.6.
For (iii), note that on D − π′−1(∆sing), the class of h+ E comes from a class
a on M × C − ∆sing via pull back by π′. Since the codimension of ∆sing in
M ×C is at least 3, we know that the divisor class group of M ×C −∆sing is
the same as that of M ×C. Hence we can view a as a divisor class on M ×C.
The equality

h+ E = π′∗a, on D\π′−1(∆sing)

gives an equation

r′∗(h+ E) +
∑

aiEi = r′∗π′∗a

for some ai ∈ Z. By a very similar argument as before we know that the class
a is 2c1(E ).
To prove (v) and (vi), we do the following explicit calculation.

g∗r
′∗π′∗c1(E ) = g∗r

′∗π′∗(p∗1f
∗h+ p∗2h|C), by (iv)

= g̃∗π
∗(p∗1f

∗h+ p∗2h|C)|D∪D1∪D2 − g1∗π∗(p∗1f
∗h+ p∗2h|C)|D1

− g2∗π∗(p∗1f
∗h+ p∗2h|C), g̃ : D ∪D1 ∪D2 → X

= ϕ̃∗(i
′
0)∗π

∗(p∗1f
∗h+ p∗2h|C)|X − g1∗(p∗2h|C)− g2∗(p∗1f∗h)

(here we identify D1 and D2 with M × C)
= L(f∗M · h,C)|X + L(f∗M,C · h)|X − e f∗M − g2∗(p∗1f∗h)

= 2ed hn−r − e f∗M − g2∗(p∗1f∗h)

Note that g2∗(p∗1f
∗h) is supported on the curve C. If dimM ≥ 2, then

g2∗(p∗1f
∗h) = 0; if dimM = 1, then g2∗(p∗1f

∗h) = deg(f∗M)C. Hence (v)
and (vi) follow from the above computation. �

Now we come back the the proof of the theorem. In the above lemma, we first
apply g∗ to (iii) and note that all the Ei’s map to zero. We also easily see
that g∗E′ = Ψ(Φ(f∗M) · FC). Combine all these with (v) (or (vi) in the case
of 1-cycles), we get the conclusion (2) and (3) for γ = f∗M . By linearity, the
conclusions hold for any given γ. �

3. The action of the incidence correspondence

Let C ⊂ X be a smooth rational curve of degree e on X . We also assume
that C is general, meaning that it comes from a non-empty open subset of
the corresponding component of the Hilbert scheme. Let SC = q−1C be the
inverse image of C under the morphism q : P (X)→ X . The points on SC can
be described as

SC = {([l], x) ∈ F × C : x ∈ l}.

Documenta Mathematica 19 (2014) 867–903



Prym-Tjurin Constructions on Cubic Hypersurfaces 879

Let q0 = q|SC : SC → C.

Lemma 3.1. If C is general, then SC is smooth of dimension n− 2.

We will prove this lemma later. In [Sh, Lemma 3.4], we show that for a general

rational curve C of degree e ≥ 2, there exist ne = 5e(e−3)
2 + 6 secant lines of

C, i.e. lines meeting C twice. Let LC,i, i = 1, . . . , ne, be all the secant lines of
C and [LC,i] ∈ F the corresponding points on the variety of lines. Above each
point [LC,i], we have a pair of points {([LC,i], yi), ([LC,i], zi)} on SC , where yi
and zi are the two points in which C intersects LC,i. Then Lemma 3.1 implies
that [LC,i]’s are the only singular points of FC and p|SC : SC → FC is the
normalization and also a desingularization since SC is smooth.
From now on, we make the assumption that e ≥ 2, unless otherwise stated.

Definition 3.2. We say that a correspondence Γ ⊂ Y ×Y is generically defined
by y 7→∑

yi if Γ is the closure of the graph of this multi-valued map.

For a general point [l] ∈ FC , let x = C ∩ l be the intersection point. By
[l] 7→ ([l], x) ∈ SC , we view [l] as a point on SC .

Lemma 3.3. There exist 5e − 5 lines l1, l2, . . . , l5e−5 meeting both l and C in
points different from x.

By abuse of language, these lines are called secant lines of the pair (l, C); see
[Sh, Definition 3.1]. Each point [li] can again be viewed as a point ([li], xi) on
SC , where xi = li ∩ C. A line meeting two disjoint curves C1, C2 ⊂ X will
be called an incidence line of C1 and C2 (note that they are also called secant
lines in [Sh]).

Proof of Lemma 3.3. Note that if l̃ is a general line, the number of incidence
lines of l̃ and C is 5e; this follows from a degree computation using (3) of

Theorem 2.2 or [Sh, Lemma 3.10]. When l̃ specializes to l, five of these incidence

lines of l̃ and C will specialize to five lines passing through x and those five
lines are not counted as the secant lines of the pair (l, C). We will describe
this specialization in more details later. Hence the number of secant lines of
the pair (l, C) is 5e− 5. �

Definition 3.4. Let the incidence correspondence IC ⊂ SC×SC be generically
defined by

(5) IC : ([l], x) 7→
5e−5∑

i=1

([li], xi),

where l is a line meeting C and li are the secant lines of the pair (l, C). Let σ
denote the action of IC on either the cohomology groups or the Chow groups
of SC . On F , we have the incidence correspondence I = {([l1], [l2]) ∈ F × F :
l1 ∩ l2 6= ∅} ⊂ F × F . This induces a correspondence

I ′C = (iC × iC)∗I ∈ CHn−2(SC × SC),
where iC = p|SC : SC → F is the natural morphism.
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Remark 3.5. Note that (iC×iC)−1I has a component, namely SC×CSC , which
has dimension larger than expected. The correspondence IC ⊂ (iC × iC)−1I is
a component of expected dimension. It turns out later that one key ingredient
to understand the action of σ is the difference between IC and I ′C .

Note that on F , we have a natural polarization g given by the Plücker embed-
ding of G(2, n+2). It can also be written as g = Φ(h2). We fix g|SC = (iC)

∗g as
the polarization of SC . By abuse of notation, we still use g to denote its restric-
tion to SC . Recall that SC admits a natural morphism q0 = q|SC : SC → C.
This gives an extra class g′ = q∗0 [pt] on SC . Note that g′ is never ample. The
following is the main result of this section.

Theorem 3.6. Let C ⊂ X be a general rational curve of degree e ≥ 2 and σ
the action of the incidence correspondence as above. Then the following are
true.
(1) Let a be a topological cycle of odd dimension on SC. Then

σ(a) = ΦC(ΨC(a)) + a

in H∗(X,Z).
(2) Let a be a topological cycle of dimension 2m or an algebraic cycle of dimen-
sion m on SC, then in either the cohomology H2n−2m−4(X,Z) or Chow group
CHm(X), we have

σ(a) = ΦC(ΨC(a)) + a+ const.

where the constant only depends on the intersection numbers a · gm and a ·
g′gm−1; the constant is zero if a · gm = 0 and a · g′gm−1 = 0.

Before proving the above theorem, we give some technical constructions related
to the geometry of SC .

3.1. The normal bundle of a line meeting C. Recall from [CG, §6] that
for any line l on X , we have either

Nl/X
∼= O(1)n−3 ⊕O2,

in which case l is said to be of first type, or

Nl/X
∼= O(1)n−2 ⊕O(−1),

in which case l is said to be of second type. A general line is of first type.

Definition 3.7. Let G be a vector bundle on P1. Then we have a decompo-

sition G =
⊕rkG

i=1 O(ai), ai ∈ Z. We define the positive part of G to be

Pos(G ) =
⊕

ai>0

O(ai).

Similarly, we define the nonnegative part of G to be

NN(G ) =
⊕

ai≥0

O(ai).

Lemma 3.8. Assume that C ⊂ X is general and l is a line meeting C in a
point x. Then l meets C transversally at the point x.
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Proof. If l is tangent to C at the point x, then l is a secant line of C. We
call a secant line of C simple if it meets C in two distinct points. Then we
only need to show that the secant lines of a general curve C are simple. Note
that having simple secant lines is an open condition and we only need to find
a degenaration of C which has all secant lines being simple. First we note that
the concept of a secant line can be naturally extended to most nodal curves;
see [Sh]. For example, let C1 = L1 ∪ L2 ∪ L3 be a chain of three distinct
lines with L1 ∩ L2 = x and L2 ∩ L3 = y. Assume that the plane spanned by
L1 and L2 (resp. L2 and L3) is not contained in X . Let l12 (resp. l23) be
the residue line, or equivalently the secant line, of L1 ∪ L2 (resp. L2 ∪ L3).
If we further assume that the pair (L1, L3) has finitely many incidence lines
{E0 = L2, E1, E2, E3, E4}. Then the set of secant lines of C1 is given by

{l12, l23, E1, E2, E3, E4}.
Let e ≥ 2 be the degree of C. We construct a chain C′ = ∪ili, i = 1, . . . , e, of
distinct lines such that: (i) li and li+1 meet in a point yi, i = 1, . . . , e − 1; (ii)
there are finitely many distinct secant lines of C′, which are different from the
lines in {li : i = 1, . . . , e}; (iii) all the lines li are of first type. Such a curve C′

can be constructed inductively. The condition (ii) says that the curve C′ has
only simple secant lines. The condition (iii) implies that C′ can be deformed
to a smooth degree e rational curve on X . Since the space of degree e rational
curves on X are irreducible by [CS], we see that C′ is a specialization of C.
Hence the lemma is proved. �

Definition 3.9. Let ([l], x) ∈ SC be a point where l is a line on X and x is
a point in which l meets C. Since C is general, l meets C transversally at the
point x. We define Nl/X〈TC,x〉 →֒ Nl/X to be the subsheaf of sections s such
that s(x) is in the direction of TC,x. Or equivalently, Nl/X〈TC,x〉 fits into the
following short exact sequence

0 // Nl/X〈TC,x〉 // Nl/X // TX,x
Tl,x⊕TC,x

// 0

The tangent space of SC at a point ([l], x) is canonically identified as

TSC ,([l],x) = H0(l,Nl/X〈TC,x〉)
See [Ko, §II.1]. It follows from the short exact sequence in Definition 3.9 that

χ(Nl/X〈TC,x〉) = χ(Nl/X)− (n− 2) = n− 2 = dimSC

where we use the fact that dimSC = n − 2 which is a consequence of Lemma
2.1. Hence dim TSC ,([l],x) = dimSC if and only if H1(l,Nl/X〈TC,x〉) = 0. Equiv-
alently, we have the following

Lemma 3.10. The variety SC is smooth at ([l], x) if and only if
h1(Nl/X〈TC,x〉) = 0.

Proposition 3.11. The splitting of Nl/X〈TC,x〉 has the following possibilities.
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(i) If l is of first type and the image of TC,x in Nl/X,x is not contained in
Pos(Nl/X)x, then

Nl/X〈TC,x〉 ∼= On−2 ⊕O(−1).
(ii) If l is of first type and the image of TC,x in Nl/X,x is contained in
Pos(Nl/X)x, then

Nl/X〈TC,x〉 ∼= O(1)⊕On−4 ⊕O(−1)2.
(iii) If l is of second type and the image of TC,x in Nl/X,x is not contained in
Pos(Nl/X)x, then

Nl/X〈TC,x〉 ∼= On−2 ⊕O(−1).
(iv) If l is of second type and the image of TC,x in Nl/X,x is contained in
Pos(Nl/X)x, then

Nl/X〈TC,x〉 ∼= O(1)⊕On−3 ⊕O(−2).

Proof. Let r+ = rk(Pos(Nl/X)) and a = dimC Im{Pos(Nl/X) → TX,x
Tl,x⊕TC,x }.

Consider the following commutative diagram

0 // G // Q // Cn−2−a // 0

0 // Nl/X〈TC,x〉

OO

// Nl/X

OO

// TX,x
Tl,x⊕TC,x

OO

// 0

0 // O(1)r+−a ⊕Oa

OO

// Pos(Nl/X)

OO

// Ca

OO

// 0

where all columns and rows are short exact. Note that Q = O2 if l is of first
type and Q = O(−1) if l is of second type.
If l is of first type and TC,x is not contained in Pos(Nl/X), then Pos(Nl/X)x →

TX,x
Tl,x⊕TC,x is injective and hence a = n − 3. Since Q ∼= O2, the top row of the

above diagram gives G ∼= O ⊕ O(−1). It follows from the first column that
Nl/X〈TC,x〉 ∼= On−2 ⊕O(−1) since r+ = n− 3.
If l is of first type and TC,x is contained in Pos(Nl/X), then Pos(Nl/X)x →

TX,x
Tl,x⊕TC,x has a 1-dimensional kernel and hence a = n − 4. Since Q ∼= O2,

the top row of the above diagram gives G ∼= O(−1)2. It follows from the first
column that Nl/X〈TC,x〉 ∼= O(1)⊕On−4 ⊕O(−1)2 since r+ = n− 3.
If l is of second type and TC,x is not contained in Pos(Nl/X), then

Pos(Nl/X)x → TX,x
Tl,x⊕TC,x is injective and hence a = n − 2. Since Q ∼= O(−1),

the top row of the above diagram gives G ∼= O(−1). It follows from the first
column that Nl/X〈TC,x〉 ∼= On−2 ⊕O(−1) since r+ = n− 2.
If l is of second type and TC,x is contained in Pos(Nl/X), then Pos(Nl/X)x →

TX,x
Tl,x⊕TC,x has a 1-dimensional kernel and and hence a = n − 3. Since Q ∼=
O(−1), the top row of the above diagram gives G ∼= O(−2). It follows from the
first column that Nl/X〈TC,x〉 ∼= O(1)⊕On−4 ⊕O(−2) since r+ = n− 2. �
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Corollary 3.12. SC is singular at ([l], x) if and only if l is of second type
and the image of TC,x in Nl/X,x is contained in Pos(Nl/X)x.

Definition 3.13. The curve C has a bad direction at a point x ∈ C if there
exists a line l of second type through x such that the image of TC,x in Nl/X,x

is contained in Pos(Nl/X)x. Otherwise, we say that C has a good direction at
x.

Lemma 3.14. If C is general, then C has good directions everywhere.

Proof. Given a line l ⊂ X of second type and a point x ∈ l, the positive part
of Nl/X together with l itself determines an n− 1 dimensional linear subspace
Pl,x of TX,x. Let F0 ⊂ F be the closed subscheme of lines of second type on
X . By [CG, Corollary 7.6], we know that dimF0 ≤ n − 2. Let D2 ⊂ X be
the locus swept by all lines of second type. Then dimD2 ≤ n − 1. Let C be
a general rational curve on X . Then C can meet D2 in at most finitely many
points xi, i = 1, . . . ,m and through each point xi, there is a unique line li of
second type. The condition that C has a good direction at xi is equivalent to
TC,xi /∈ Pli,xi . We first note that it is proved in [Iz, Lemma 1.4] that a general
line has good directions everywhere. It is proved in [CS] that the moduli space
of degree e rational curves on X is irreducible. Hence to prove the lemma, we
only need to construct one such curve C whose tangent directions are all good.
This can be obtained by smoothing a chain of lines as follows. Take a chain
of lines L = ∪ej=1Lj such that (i) each line Lj is of first type and has good

directions everywhere and (ii) none of the nodes of L is on a line of second
type. Since all the components Lj are of first type, the chain L is smoothable;
see [Ko, Chapter II, Theorem 7.9]. Then a general smoothing of L has good
directions everywhere since having a bad direction is a closed condition. �

Lemma 3.15. Let l ⊂ X be a line of first type and x ∈ l be a point, then Fx is
smooth at [l].

Proof. Deformation theory gives us

TFx,[l] = H0(l,Nl/X ⊗Ol(−x)) = H0(l,On−3 ⊕O(−1)2) ∼= Cn−3.

Hence dim TFx,[l] = n− 3 = dimFx. It follows that Fx is smooth at [l]. �

Proof of Lemma 3.1. We first deal with the case when C is a general line. In
this case, we see from [Iz, Lemma 1.4] that FC is smooth away from the point
[C] and hence so is SC − p−1[C]. Thus the singularities of SC can only appear

on C̃ = p−1[C] ∼= C. Recall that we have the natural morphism q0 = q|SC :

SC → C and C̃ is a section of q0. If q
−1
0 y is smooth at the point ỹ = C̃ ∩ q−1

0 y

for some y ∈ C, then SC is smooth at ỹ. Note that if we identify q−1
0 y with Fy ,

then ỹ = [C] ∈ Fy. It follows that singularities of SC can only appear at the

points ỹ ∈ C̃ such that Fy is singular at the point [C], where y = q0(ỹ) ∈ C.
But this can never happen if C is of first type by Lemma 3.15.
Assume that e ≥ 2. By Corollary 3.12, we only need to show that when C
is general, it does not have a bad direction, which is established in Lemma
3.14. �
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3.2. First order deformations of C.

Definition 3.16. Let C ⊂ X be a general smooth rational curve of degree
e ≥ 2. Then C is free since it passes through a general point of X ; see [Ko,
Chapter II, Theorem 3.11]. In other words, NC/X is globally generated. Let

v ∈ H0(C,NC/X) be a general section of the normal bundle. Then v is nowhere
vanishing since NC/X is globally generated with rank n− 1 ≥ 2. We define the
rank 2 subbundle Tv ⊂ TX |C , associated to v, to be such that

Tv,x = {τ ∈ TX,x : τ̄ ∈ Cv ⊂ NC/X,x =
TX,x
TC,x

}

for all x ∈ C. Let
Σv = {([l], x) ∈ SC : Tl,x ⊂ Tv,x}.

Remark 3.17. Note that we have natural embeddings

SC
� � j1 // P(TX |C) P(Tv),? _

j2oo

where j1 is defined by ([l], x) 7→ {Tl,x ⊂ TX,x} and j2 is induced by the natural
subbundle structure Tv ⊂ TX |C . We know that dimSC = n−2, dimP(TX |C) =
n and dimP(Tv) = 2. Furthermore, the set Σv is precisely the intersection of
P(Tv) and SC .
Lemma 3.18. If v is general, then SC intersect P(Tv) transversally in the set
Σv = {([Li], xi)}r0i=1, where xi 6= xj for i 6= j. In particular, Σv is finite.

Proof. By [CG, Lemma 6.5], we see that SC is a fiberwise (2,3) complete in-
tersection of P(TX |C). In other words, for each point x ∈ C, there exist

φ2,x : Sym2(TX,x)→ C and φ3,x : Sym3(TX,x)→ C

such that q−1
0 x = Fx ⊂ P(TX,x) is defined by φ2,x = 0 and φ3,x = 0. The

tangent direction TC,x defines a point x̃ = [TC,x] ∈ P(Tv,x) ⊂ P(TX,x). Lemma
3.8 implies that the point x̃ is not contained in Fx. Note that P(Tv,x) can
be viewed as a line in P(TX,x) passing through the point x̃. Since NC/X is
globally generated, we see that for a fixed x ∈ C the line P(Tv,x) is a general
line passing through x̃. Now since Fx ⊂ P(TX,x) has codimension 2, the line
does not meet Fx. This shows that when v is general, there are at most finitely
many points xi ∈ C such that Fxi meets P(Tv,xi). For any of such point xi,
since x̃i /∈ Fx, the line P(Tv,xi) meets Fxi in at most finitely many points. This
proves that SC intersects P(Tv) transversally. We still need to rule out the
situation xi = xj = y.

Let X̃ → X be the blow-up of X along the curve C with E ∼= P(NC/X) ⊂ X̃
being the exceptional divisor. Consider the diagram

E //

π

��

X̃

��
C // X
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For a point x ∈ C and a line L passing through x, Lemma 3.8 implies that
TL,x defines a 1-dimensional linear space in NC/X,x and hence gives a point

z ∈ Ex = π−1x. When (L, x) varies, the point z traces out a subvariety Z ⊂ E.

Note that z is simply the intersection point of the strict transform L̃ of L and
the exceptional divisor E. This gives rise to a morphism fx : Fx → Ex. First
we note that for general x ∈ C, the morphism fx is generically 1-to-1. This can
be seen as follows. When x is a general point, the tangent direction TC,x defines
a general point x̃ ∈ P(TX,x). Then for a general point [L] ∈ Fx ⊂ P(TX,x), the
line connecting x̃ and [L] meets Fx in the single point [L]. Let Z1 ⊂ Z be
the set of points having at least two preimages under fx for some x ∈ C. The
above discussion together with the fact dimFx = n− 3 for all x ∈ C (since C
does not pass any Eckardt point) implies

dimZ = n− 2, dimZ1 ≤ n− 3.

A section v ∈ H0(C,NC/X) defines a section Cv ⊂ E. Since NC/X is globally
generated, the curves {Cv} form a covering family of movable curves on E.
Note that dimE = n− 1. It follows that for a general v, the curve Cv does not
meet Z1.
If xi = xj = y, then we have two distinct lines Li and Lj passing through y
such that TLi,y, TLj ,y and v(y) give the same point z ∈ P(NC/X,x). This means
that Cv meets Z1 at the pint z. But this does not happen for general v by the
above discussion. �

Remark 3.19. The element v ∈ H0(C,NC/X) can be viewed as a first order
deformation of C. Note that we have a canonical identification

THilb(X),[C] = H0(C,NC/X).

Since [C] ∈ Hilbe(X) is a smooth point, we can find a smooth pointed curve ϕ :
(T, 0) −→ (Hilb(X), [C]) such that dϕ(TT,0) = C v. The curve T parameterizes
a 1-dimensional family of curves on X ,

C //

��

X

T

such that C0 = C. Let Σt = {Li,t}, t 6= 0, be the set of all incidence lines of Ct
and C (meaning lines meeting both Ct and C). We have proved in [Sh, Lemma
3.10] that the cardinality of Σt is equal to 5 deg(Ct) deg(C) = 5e2. If we take
the limit as t → 0 (see [Fu, §11.1]), then we see that Σt specializes to the set
Σv. Hence we get r0 = |Σv| = 5e2. We will write

Σv = {([Li], xi) : i = 1, 2, . . . , 5e2}.

Lemma 3.20. If C is general, then Li is of first type and

NLi/X〈TC,xi〉 ∼= On−2 ⊕O(−1), 1 ≤ i ≤ 5e2.
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Furthermore, we have a decomposition

(6) NN(NLi/X〈TC,xi〉)xi = Pos(NLi/X)xi ⊕ TC,xi ,
which is canonical upto a scalar multiplication on Pos(NLi/X)xi .

Proof. When C and also v are general, all the lines Li are of first type and
TC,xi is not pointing to the positive part of NLi/X . Hence (i) of Proposition
3.11 applies. Consider the following short exact sequence

(7) 0 // Pos(NLi/X)xi
·ti // NN(NLi/X〈TC,xi〉)xi // T C,xi // 0,

where ti is a local uniformizer of C at the point xi and T C,xi is the image of
TC,xi in NLi/X,xi . The natural homomorphism

TC,xi →֒ TX,xi → NLi/X,xi

factors through NN(NLi/X〈TC,xi〉)xi −→ NLi/X,xi and gives a homomorphism

θi : T C,xi → NLi/X〈TC,xi〉)xi . This homomorphism θi canonically splits the

sequence (7). After identifying T C,xi with TC,xi , we get the decomposition.
Note that the only choice made here is the local parameter ti. A different
choice of ti induces a scalar multiplication on Pos(NLi/X)xi . �

Lemma 3.21. Let V ⊂ TX,x be a 3-dimensional vector space containing Tv,x,
for some x ∈ C. We view P(V ) as the space of lines tangent to X at x in a
direction of V . Then Fx ∩ P(V ) is a zero dimensional scheme of length 6 if
x 6= xi. If x = xi for some 1 ≤ i ≤ 5e2, then Fx ∩ P(V ) can have at most one
component of dimension 1 and this component has to be a line (on P(V ) = P2)
if it exists.

Proof. If we show that Fx ∩ P(V ) is zero dimensional, then it of length 6 since
it is a (2,3)-complete intersection in P(V ) ∼= P2. Assume that B ⊂ P(V ) ∩ Fx
is a curve. Then B ∩ P(Tv,x) is nonempty, where P(Tv,x) is viewed as a line on
P(V ). Or in other words, P(Tv,x) contains a line L of X . This exactly means
that (L, x) ∈ Σv. Hence such B does not exist if x 6= xi. If x = xi, we have
already seen that P(Tv,xi) contains the unique line Li of X . Hence B ⊂ P(V )
is of degree 1, namely a line, if it exists. This is because B can only meet the
line P(Tv,x) in the point [Li]. �

3.3. The rational map ρ. Let F be the quotient of TX |C by Tv. The natural
quotient homomorphism TX |C → F induces a rational map β : P(TX |C) 99K
P(F ). By definition, the indeterminacy locus of β is exactly P(Tv). Let ρ =
β◦j1 : SC 99K P(F ), where j1 : SC →֒ P(TX |C) is the closed immersion induced
by ([l], x) 7→ [Tl,x ⊂ TX,x]; see Remark 3.17. Then the indeterminacy locus of
ρ is the set Σv. This shows that we have a morphism

ρ : SC − Σv → P(F ).

Lemma 3.22. Let f : Y1 99K Y2 be a rational map between two smooth projective
varieties whose indeterminacy locus Σ ⊂ Y1 is a finite set of closed points. Let
Γf ⊂ (Y1 −Σ)× Y2 be the graph of f and Γ̄f ⊂ Y1 × Y2 the closure of Γf . We
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define the pull-back f∗ and push-forward f∗ (on either the cohomology groups
or the Chow groups) as

f∗a = p1,∗(Γ̄f · p∗2a), f∗a = p2,∗(Γ̄f · p∗1a),
where pi : Y1 × Y2 → Yi is the projection to the corresponding factor. Then we
have f∗(ak) = (f∗a)k, for all a ∈ Pic(Y2) and k < dimY1.

Proof. Let E = Σ× Y2 ∩ Γ̄f be the exceptional set of the morphism Γ̄f → Y1.
Let D and D0 be two divisors on Y1 × Y2 such that D · Γ̄f = D0 · Γ̄f + γ1
where γ1 is a cycle supported on E. We conclude from the above that for all
1 ≤ k ≤ dimY1,

(8) Dk · Γ̄f = Dk
0 · Γ̄f + γk

where γk is a cycle supported on E. This can be proved by induction. In
equation (8), we apply p1,∗ to both sides and note that p1,∗γk = 0, 1 ≤ k ≤
dimY1 − 1, since p1 contracts E to points while dim γk ≥ 1. It follows that

p1,∗(D
k · Γ̄f ) = p1,∗(D

k
0 · Γ̄f), 1 ≤ k ≤ dim Y1 − 1.

For any divisorD on Y1×Y2, we takeD0 = p∗1p1,∗(D·Γ̄f ). Since p1|Γ̄f : Γ̄f → Y1
is an isomorphism away from E, we see that D · Γ̄f = D0 · Γ̄f + γ1 for some
cycle γ1 supported on E. Hence we get

p1,∗(D
k · Γ̄f ) = p1,∗(D

k
0 · Γ̄f )

= p1,∗(p
∗
1(D

′)k · Γ̄f ), D′ = p1,∗(D · Γ̄f )
= (D′)k · p1,∗Γ̄f , (the projection formula)

= (D′)k = (p1,∗(D · Γ̄f ))k

for all divisors D on Y1 × Y2 and 1 ≤ k ≤ dimY1 − 1. In particular, if we take
D = p∗2a for some a ∈ Pic(Y2), then we get

f∗ak = p1,∗(Γ̄f · p∗2ak) = p1,∗(Γ̄f · (p∗2a)k) = (p1,∗(Γ̄f · p∗2a))k = (f∗a)k,

where 1 ≤ k ≤ dimY1 − 1. The case k = 0 is automatic. �

Let Γρ ⊂ (SC −Σv)×P(F ) be the graph of ρ and Γ̄ρ ⊂ SC ×P(F ) its closure.
Note that for any 3-dimensional vector space V ⊂ TX,x containing Tv,x, the
condition (([l], x), V/Tv,x) ∈ Γρ implies that l ⊂ P(V ). We define the closed
subvariety Z ⊂ SC × P(F ) as

Z = {(([l], x), V/Tv,x) ∈ SC × P(F ) | l ⊂ P(V )}.
Lemma 3.23. Γ̄ρ = Z in CHn−2(SC × P(F )).

Proof. From Lemma 3.21, Z agrees with Γρ away from Σv, namely

Γρ = Z|(SC−Σv)×P(F).

It follows that Γ̄ρ ⊂ Z. Hence we have

Z = Γ̄ρ +

5e2∑

i=1

{([Li], xi)} × P(Fxi), in CHn−2(SC × P(F )).
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Since dimP(Fxi) = n−3, we see that {([Li], xi)}×P(Fxi) = 0 in CHn−2(SC×
P(F )). Hence the lemma follows. �

Definition 3.24. Let Γv ⊂ SC×SC be the closure of (SC\Σv)×P(F) (SC\Σv).
Remark 3.25. Let ([l], x) ∈ SC be a general point. Then Tl,x and Tv,x span a
linear 3-dimensional vector space V ⊂ TX,x and ρ([l], x) = [V/Tv,x]. Then by
Lemma 3.21, there are 5 other lines li, i = 1, . . . , 5, such that Tli,x ⊂ V . Then
Γv is the correspondence generically defined by

([l], x) 7→
5∑

i=0

([li], x),

where l0 = l.

Lemma 3.26. Γv = Γ̄tρ ◦ Γ̄ρ in CHn−2(SC × SC).

Proof. By Lemma 3.23, we may replace Γ̄ρ by Z. By the definition of compo-
sition of correspondences (see [Fu, §16.1]), we know that

Zt ◦ Z = p13,∗(p
∗
12Z · p∗23Zt)

= p13,∗(Z × SC ∩ SC × Zt)
It follows that Zt ◦ Z is represented by the cycle

{(([l], x), ([l′], x)) ∈ SC × SC : [l], [l′] ∈ Fx ∩ P(V ) for some [V/Tv,x] ∈ P(Fx)}
One directly checks that this cycle is Γv. �

Lemma 3.27. Let Γv act either on the cohomology groups or on the Chow
groups of SC .
(i) If a is an odd dimensional topological cycle, then (Γv)∗a = 0;
(ii) If a is zero dimensional, then (Γv)∗a is a constant that only depends on the
degree of a;
(iii) Let a = [SC ], then (Γv)∗a = 6a;
(iv) If a is a topological cycle of real codimension 2m or an algebraic cycle of
codimension m, then (Γv)∗a is a linear combination of gm and g′gm−1 which
only depends on the intersection numbers a · gn−m−2 and a · g′gn−m−3.

Proof. By Lemma 3.26, we know that

(Γv)∗ = (Γ̄tρ ◦ Γ̄ρ)∗ = (Γ̄tρ)∗(Γ̄ρ)∗ = ρ∗ρ∗.

Let ξ be the relative OP(F)(1) class on P(F ). Then the cohomology of P(F )
is naturally given by

H∗(P(F )) = H∗(C)[ξ], ξn−2 + π∗c1(F ) · ξn−3 = 0.

Where π : P(F )→ C is the natural projection. Similarly, we have the descrip-
tion of the Chow ring as

CH∗(P(F )) = CH∗(C)[ξ], ξn−2 + π∗c1(F ) · ξn−3 = 0.
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Consider the following diagram

SC
j1 //

ρ

##H
H

H
H

H P(TX |C) α //

β

���
�
�

C

P(F )

π

;;xxxxxxxxx

The rational map β is defined by the natural homomorphism TX |C → F . The
locus where β is not defined is exactly P(Tv). The pull back β∗ξ restricts to
a hyperplane class on each fiber of α. The variety P(TX |C) parameterizes all
lines in Pn+1 which are tangent to X at some point x ∈ C (remembering the
point x). Let g̃ ⊂ P(TX |C) be the divisor corresponding to all the lines meeting
a given linear Pn−1 ⊂ Pn+1 in general position. Then we see that i∗g̃ = g|SC
and this is denoted again by g for simplicity. One also sees that g̃ restricts to a
hyperplane class of P(TX,x) = α−1(x). Thus g̃ and β∗ξ differ by a class coming
from C. After pulling back to SC , we get

ρ∗ξ = g + rg′

for some integer r. By Lemma 3.22, we get the following key equality

(9) ρ∗ξk = (ρ∗ξ)k = (g + rg′)k

Let a ∈ H2m+1(SC) be a topological class of odd dimension, then ρ∗a is an
element in H2m+1(P(F )) which is zero. Hence (Γv)∗(a) = ρ∗ρ∗a = 0. Now
let a be an element of H2m(SC) (or CHm(SC)), 0 < m < n − 2 (the cases of
m = 0, n−2 are quite easy to deal with). Then ρ∗a is an element in H2m(P(F ))
(or CHm(P(F ))). Then we have the following expression

ρ∗a = aξm + bπ∗[pt] · ξm−1,

for some a, b ∈ Z. Apply ρ∗ to the above identity and use Lemma 3.22, we get

(Γv)∗(a) = ρ∗ρ∗a = a(g + rg′)m + bg′(g + rg′)m−1 = agm + (b+ma)gm−1g′

Also, the numbers a and b can be determined in the following way

a = (aξm + bπ∗[pt]ξm−1) · π∗[pt]ξn−m−3

= ρ∗a · π∗[pt]ξn−m−3

= a · ρ∗(π∗[pt]ξn−m−3)

= a · g′(g + rg′)n−m−3, (by Lemma 3.22)

= a · g′gn−m−3

To get b, we consider

ρ∗a · ξn−m−2 = aξn−2 + b

= a(−π∗c1(F ))ξn−3 + b

= −a degF + b
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Hence we have

b = a degF + a · ρ∗ξn−m−2

= a deg(F ) + a · (g + rg′)n−m−2

Thus b only depends on the intersection numbers a · gn−m−2 and a · g′gn−m−3.
This finishes the proof. �

3.4. Proof of Theorem 3.6. Let T ⊂ Hilbe(X) be a general smooth curve
passing through the point [C]. Let {Ct : t ∈ T } be the corresponding 1-
dimensional family of rational curves on X such that the fiber C0 = C at
the special point 0 = [C] ∈ T . Let St = SCt and it = iCt : St → F . Let
I ′t ⊂ St × SC , t 6= 0, be the natural incidence correspondence, namely

I ′t = {(([l′], x′), ([l], x)) ∈ St× SC : l ∩ l′ 6= ∅} = (it × iC)∗I ∈ CHn−2(St × SC).
Let It ⊂ St × SC be the correspondence generically defined by

(10) It : ([l
′], x′) 7→

5e∑

i=1

([l′i], x
′
i),

where ([l]′, x′) ∈ St is a general point, l′i the incidence lines of l′ and C, x′i =
l′i ∩ C.
Lemma 3.28. We have It = I ′t in CHn−2(St × SC).

Proof. Let Ĩt = (it × iC)−1I. By definition, It is equal to the cycle class of

Ĩt. Consider the projection p1 : Ĩ → St. Let ([l′], x′) ∈ St be any point. If

l′ does not meet C, then p−1
1 ([l′], x′) =

∑5e
i=1([li], xi) where li run through all

the incidence lines of l′ and C; if l′ ∩ C = y, then p−1
1 ([l′], x′) is the union of

Fy = q−1
0 y and the set of all secant lines of the pair (l′, C). It follows that

Ĩt = I ′t ∪ (

5e2⋃

j=1

{[Lj,t], xj,t)} × Fyj,t),

where {Lj,t}5e
2

j=1 is the set of incidence lines of Ct and C, xj,t = Lj,t ∩ Ct and

yj,t = Lj,t∩C. Since dimFyj,t = n−3, we see that the cycle class of Ĩt is equal
to that of I ′t. �

Back to the proof of Theorem 3.6. In equation (10), when t specializes to 0, l′

specializes to a line l meeting C; there are 5 lines, say l′1, . . . , l
′
5, among all the

l′i’s, that specialize to five lines, Ei, i = 1, 2, . . . , 5, passing through x = l ∩ C;
all the other lines of the l′i’s specialize to secant lines, li, of the pair (l, C). We
have the following description of the Ei’s.
Since T is a smooth curve in the Hilbert scheme of degree e rational curves on
X , the tangent space TT,0 gives a one dimensional subspace of THilbe(X),[C] =

H0(C,NC/X). Let v ∈ H0(C,NC/X) be a generator of TT,0. By choosing

T general enough, we may assume that v, as a section of H0(C,NC/X), is
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general. To this v, we can associate Tv ⊂ TX |C with quotient F , Σv ⊂ SC and
ρ : SC\Σv → P(F ) as before.
We use the notation and results of [Fu, §11.1]. Let I0 = limt→0 It. In the
equation (10), we take the limit as t→ 0, then we get

(11) I0 : ([l], x) 7→
5e∑

i=6

([l′i], xi) +
5∑

i=1

([Ei], x),

where {l′i}5ei=6 is the set of all secant lines of the pair (l, C) and xi = l′i ∩ C.
Note that the rule in (11) generically defines IC + Γv − ∆SC . We see that
the difference of I0 and IC + Γv − ∆SC is supported on Σv ×C P(F ). Since
dimΣv ×C P(F ) = n− 3, we have

(12) I0 = IC + Γv −∆SC , in CHn−2(SC × SC).
Note that It = I|St×SC for t 6= 0. By taking limits and applying [Fu, Propo-
sition 11.1], we know that the class of I0 is equal to I restricted to SC × SC .
Equivalently, we have I0 = I ′C in CHn−2(SC × SC). Thus we get the following
key identity

(13) I ′C = IC + Γv −∆SC .

Since ΨC = Ψ ◦ (iC)∗, ΦC = (iC)
∗ ◦ Φ and Φ ◦Ψ = I∗, we see that

ΦC ◦ΨC = (iC)
∗ ◦ I∗ ◦ (iC)∗ = ((iC × iC)∗I)∗ = (I ′C)∗

Combine this with the equation (13), we obtain

ΦC ◦ΨC = σ − 1 + (Γv)∗

as actions on either the cohomology groups or the Chow groups of SC . Then
Theorem 3.6 follows easily from Lemma 3.27.

3.5. The subalgebra Q[g, g′]. On SC we have the polarization g and the
class g′ = q∗0 [pt], where q0 = q|SC : SC → C is the natural morphism.

Lemma 3.29. ΨC(g
′ · ΦC(hm)) = 2hm+1.

Proof. First we note that ΨC(g
′ · ΦC(hm)) = Ψ(Fx · Φ(hm)). Let M ⊂ X

be a general complete intersection of hyperplanes that represents hm. Choose
x ∈ X to be a general point. Similar to the proof of Theorem 2.2, we consider
the following diagram

D1 +D2 +D //

��

Y //

��

X

��
P //

π

��

G(1, 2, n+ 2) //

��

Pn+1

M
ϕ // G(2, n+ 2)

where all the squares are fiber products; ϕ(x′) is the line through x and x′, for
all x′ ∈ M ; D1 ⊂ P is a section of π and the natural morphism g1 : D1 →

Documenta Mathematica 19 (2014) 867–903



892 Mingmin Shen

X contracts D1 to x ∈ X ; D2 is a section of π and the natural morphism
g2 : D2 → X maps D2 isomorphically to M ⊂ X ; D corresponds to the third
point in the intersection of the lines with X . Let g : D → X be the natural
morphism. Let ∆ ⊂M be the intersection of M and Dx (recall that Dx is the
variety swept out by lines through x). Then, by Bertini’s theorem, ∆ is smooth
of codimension 2 in M . As in Lemma 2.8, the natural map π′ : D →M is the
blow-up along ∆. Let E ⊂ D be the exceptional divisor. As before, we have

(14) h|D + E = 2(π|D)∗(h|M )

where h|D = g∗h. One checks that the push-forward of π∗(h|M )|(D1+D2+D) to

X is equal to 3hm+1 and that

(g2)∗(π
∗(h|M )|D2) =M · h = hm+1

(g1)∗(π
∗(h|M )|D1) = 0

It follows that

g∗(π
∗(h|M )|D) = 3hm+1 − hm+1 = 2hm+1.

Note that the push-forward of D+D1+D2 to X is P |X = 3hm. We also know
that (g1)∗D1 = 0 and (g2)∗D2 = M = hm. Hence we get g∗D = 2hm. As a
consequence, we have g∗(h|D) = g∗D ·h = 2hm+1. We apply g∗ to the equality
(14) and note that g∗E = Ψ(Fx · Φ(hm)). Then we get

Ψ(Fx · Φ(hm)) = 2g∗(π
′∗h|M )− g∗(g∗h) = 2(2hm+1)− 2hm+1 = 2hm+1.

Hence the lemma follows. �

Proposition 3.30. The following statements hold in H∗(SC ,Q).
(1) gm is a linear combination of ΦC(h

m+1) and g′ΦC(hm); g′gm−1 is a mul-
tiple of g′ΦC(hm). The algebra Q[g, g′] is generated by cycles of the form
ΦC(h

m+1) with 0 ≤ m ≤ n− 2 and g′ΦC(hm) with 1 ≤ m ≤ n− 2.
(2) The restriction of H∗(G) to H∗(SC) is equal to Q[g, g′g] ⊂ Q[g, g′].
(3) The action of σ preserves the algebra Q[g, g′].
(4) Under ΨC , the image of Q[g, g′] is Q[h]0<deg<n where h is the class of a
hyperplane on X.

Proof. Before proving the proposition, we review a bit of Schubert calculus.
We refer to §14.7 of [Fu] for the details of the general theory. Schubert calculus
on G = G(2, n + 2) shows that CHm(G) = H2m(G) is generated by Schubert
varieties that are defined by flags Pa ⊂ Pb ⊂ Pn+1 with a < b ≤ n + 1 and
a + b = 2n + 1 −m. A Schubert variety is the space of lines meeting Pa and
contained in Pb. In our case, most of these classes restrict to 0 on SC unless
b = n or b = n+1. If b = n+1 and a = n−m, where 0 ≤ m ≤ n− 1, then the
corresponding Schubert class restricts to Φ(hm+1) on F and hence restricts to
ΦC(h

m+1) on SC . If b = n and a = n − m + 1,where 2 ≤ m ≤ n, then the
corresponding Schubert class restricts to deg(C) g′ · ΦC(hm) on SC . Here we
note that Fy ⊂ SC represents g′ on SC , for any y ∈ C. As a cycle on F , the
class of Fy comes from the restriction of some class from G. However, viewed
as a class on SC , Fy is not the restriction of any class from G. The degree of a
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nonzero homogeneous element of Q[g, g′] means the degree of that element as
a polynomial.
Since gm comes from G, we know that it can be written as a linear combination
of ΦC(h

m+1) and g′ΦC(hm). Hence we also see that g′gm−1 is a multiple of
g′ΦC(hm) since (g′)2 = 0. This proves (1).
The discussion of Schubert calculus above shows that the restriction of H∗(G)
to SC is generated by ΦC(h

m+1), 0 ≤ m ≤ n−2 and g′ΦC(hm), 2 ≤ m ≤ n−2.
Combining this fact with (1), we see that the image of the restriction H∗(G)→
H∗(SC) consists of elements f ∈ Q[g, g′] such that the coefficient of the term
g′ in f is zero. This proves that the image of H∗(G)→ H∗(SC) is Q[g, g′g].
To prove (3), we only need to consider the action of σ on ΦC(h

m+1) and
g′ΦC(hm). By Proposition 3.6, the following equations hold modulo Q[g, g′].

σ(ΦC(h
m+1)) =

= ΦC(h
m+1) + ΦCΨC(ΦC(h

m+1))

= ΦC ◦Ψ(Φ(hm+1) · FC)

=

{
ΦC(3e deg(h

m+1)hm+1 − 2ehm+1), m < n− 2,

ΦC(3e deg(h
m+1)hm+1 − 2ehm+1 − 2 deg(hn−1)C), m = n− 2

=

{
0, m < n− 2

−6ΦC(C), m = n− 2

Here the first equation uses Proposition 3.6; the second equation uses the fact
that ΦC(h

m+1) ∈ Q[g, g′]; the third equation uses Theorem 2.2; the last one
uses the fact that the degree of hm with respect to the polarization h is 3. In
the case m = n − 2, we have that the cohomology class of ΦC(C) is 5e2[pt] ∈
H2n−4(SC ,Q). Note that H2n−4(SC ,Q) = Q[pt] = Q[g, g′]deg=n−2. Hence we
also have ΦC(C) ∈ Q[g, g′]. Similarly, the following equalities hold modulo
Q[g, g′].

σ(g′ · ΦC(hm)) = ΦC ◦ΨC(g′ · ΦC(hm)) + g′ · ΦC(hm)

= 2ΦC(h
m+1) + g′ΦC(h

m)

where we use Lemma 3.29.
To prove (4), we also consider the action of ΨC on ΦC(h

m+1) and g′ΦC(hm).
By Theorem 2.2 and Lemma 3.29, we know that the images are multiples of
hm+1, 0 ≤ m ≤ n− 2 (we have this range since otherwise the cycles on SC are
automatically zero for dimension reasons). �

4. The quadratic relation and Prym-Tjurin construction

Let C ⊂ X be a general smooth rational curve on X with e = deg(C) ≥ 2.
Let SC = q−1(C). As was shown in Lemma 3.1, SC is smooth and it is the
normalization of the variety of all lines meeting C. We will use the notation
from the previous section.
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Definition 4.1. We define the primitive cohomology, H∗(SC ,Z)◦, of SC , to be
the set of all elements α ∈ H∗(SC ,Z) such that

〈α, β〉 :=
∫

SC

α ∪ β = 0, ∀β ∈ Q[g, g′].

We define the primitive Chow group, CH∗(SC)◦, of SC , to be the set of all
elements α ∈ CH∗(SC) such that

〈[α], β〉 :=
∫

SC

[α] ∪ β =num 0, ∀β ∈ Q[g, g′],

where [α] means the cohomoloy class of α. An element α ∈ H∗(SC)◦ is called
a primitive cohomology class ; an element α ∈ CH∗(SC)◦ is called a primitive
cycle class.

Remark 4.2. Since the restriction of H∗(G,Q) to SC is Q[g, gg′], we deduce
that Hn−2(SC ,Z)◦ (n 6= 4) consists of elements α such that 〈α, β〉 = 0 for all
β coming from G. Note that the only difference between Q[g, g′] and Q[g, gg′]
is the element g′ since (g′)2 = 0; when n 6= 4, the equation 〈α, g′〉 = 0 is
automatic for dimension reasons since g′ ∈ H2(SC) and α ∈ Hn−2(SC) are
not of complementary dimension. If n is odd, then every cohomology class in
Hn−2(SC) is primitive by definition.
By abuse of notation, we will also use α · β to denote 〈α, β〉 for α and β of
compementary dimensions.

By Proposition 3.30, the action σ induces an action, still denoted by σ, on the
primitive cohomology and the primitive Chow groups of SC . This is because
σ is symmetric and preserves Q[g, g′]. Hence α · σ(β) = σ(α) · β. If α is a
primitive class and β ∈ Q[g, g′], then the above identity shows that σ(α) ·β = 0
and hence σ(α) is still primitive.

Theorem 4.3. Let C ⊂ X be a general rational curve of degree e ≥ 2 as
above. Let σ be the action of the incidence correspondence on either H∗(SC)◦

or CH∗(SC)◦. Then the following are true.
(1) On the primitive part of either the cohomology groups or the Chow groups,
σ satisfies the following quadratic relation

(σ − 1)(σ + 2e− 1) = 0

(2) The map ΦC induces an isomorphism of Hodge structures

ΦC : Hn(X,Z)prim → P (Hn−2(SC ,Z)◦, σ)(−1)
The intersection forms are related by the following identity

ΦC(α) · ΦC(β) = −2e α · β
(3) The map ΦC induces an isomorphism

ΦC : Ai(X)Q → P (CHi−1(SC)
◦
Q, σ)
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Proof. Since Γv is also symmetric, we know that it acts on the primitive co-
homology and the primitive Chow groups. But by Lemma 3.27, the image of
Γv is always non-primitive unless it is zero. Hence we get that (Γv)∗ = 0 on
primitive cohomology and Chow groups. Hence on the primitive part of the
cohomology group and the Chow groups, we have

σ = ΦC ◦ΨC + 1.

The next fact that we need is

Lemma 4.4. If a is a primitive class in either the cohomology group or the
Chow groups of SC , then ΨC(a) has h-degree zero.

The proof of the above lemma is easy. We note that ΨC(a) ·hi = a ·ΦC(hi) = 0,
since ΦC(h

i) ∈ Q[g, g′]; see (1) of Proposition 3.30. Now we can prove state-
ment (1) of the theorem. Theorem 2.2 shows that, on the primitive cohomology
and the primitive Chow groups, we have

ΨC(ΦC(a)) + 2ea = 0.

From this we get

(σ − 1)(σ + 2e− 1)(a) = ΦC ◦ΨC(ΦC ◦ΨC + 2e)(a)

= ΦC(ΨC ◦ ΦC(ΨC(a))) + 2eΦC ◦ΨC(a)
= ΦC(−2eΨC(a)) + 2eΦC ◦ΨC(a), (by Theorem 2.2)

= 0

Now we prove (2). For simplicity, we write P for P (Hn−2(SC ,Z)◦, σ). Since
ΦC◦ΨC = σ−1 and that ΨC is onto (Propositioon 4.5), we know that the image
of ΦC is exactly P . By Theorem 2.2, we know ΨC ◦ ΦC = −2e. This implies
that ΦC is injective. Hence ΦC : Hn(X,Z)prim → P is an isomorphism. ΦC
respects the Hodge structures and hence is an isomorphism of Hodge structures.
The intersection forms are related by

ΦC(α) · ΦC(β) = α ·ΨC(ΦC(β)) = α · (−2eβ) = −2eα · β
Statement (3) can be proved exactly in the same way. �

Proposition 4.5. (1) The homomorphism

ΨC : Hn−2(SC ,Z)◦ → Hn(X,Z)prim
on primitive cohomology is surjective.
(2) The homomorphism

ΨC : CHm(SC ,Q)◦ → Am+1(X,Q)

on primitive Chow groups is surjective.

Proof. Statement (1) follows from Theorem 5.1 (for n 6= 4) and Remark 5.10
(for n = 4). The proof of (2) is easy since we have Q coefficients. Let α ∈
CHm+1(X)Q, take a = − 1

2eΦC(α). Then we have α = ΨC(a). Now assume
that α has h-degree 0. For any b ∈ Q[g, g′], we have ΦC(α) · b = α ·ΨC(b) = 0
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since ΨC(b) ∈ Q[h]. This means that ΦC(α) is a primitive cycle class. This
gives the surjectivity of ΨC on primitive Chow groups. �

Let π : C → T be a family of curves together with a morphism f : C →
X . Then we can define the Abel-Jacobi homomorphism ΦT := π∗f∗ and the
cylinder homomorphism ΨT := f∗π∗ on the cohomology groups and the Chow
groups. Let C ⊂ X be a general smooth rational curve of degree e ≥ 2 as
before. Then there is a natural incidence correspondence ΓT,C ⊂ T ×SC given
by

t 7→
∑

([li], xi)

where li are the incidence lines of Ct and C (i.e. lines meeting both curves)
and xi = li ∩ C. This correspondence induces

(ΓT,C)∗ : CHr(T )→ CHr(SC)

and

[ΓT,C ]
∗ : Hn−2(SC ,Z)→ Hn−2(T,Z)

We can define the primitive cohomology groups and the primitive Chow groups
of T as the classes that are orthogonal to ΦT (Z[h]). Hence ΓT,C also induces
homomorphisms between the primitive cohomology groups and the primitive
Chow groups.

Proposition 4.6. Let C → T be a family of curves on X and C ⊂ X a general
rational curve of degree e as above. All the homomorphisms are restricted to
primitive classes. Then the following hold.
(1) The homomorphism [ΓT,C ]

∗ : Hn−2(SC ,Z)◦ → Hn−2(T,Z) factors as Φ′
T ◦

(σ − 1), where Φ′
T : P (Hn−2(SC ,Z)◦, σ) → Hn−2(T,Z) is a homomorphism

such that the following diagram is commutative.

Hn−2(SC ,Z)

σ−1

��

ΨC // Hn(X,Z)prim

ΦT

��

ΦC

uullllllllllllll

P (Hn−2(SC ,Z)◦, σ)
Φ′
T // Hn−2(T,Z)

(2) This image of (ΓT,C)∗ : CHr(T,Q)◦ → CHr(SC ,Q)◦ is contained in the
subgroup P (CHr(SC ,Q)◦, σ), where CHr(T,Q)◦ is the subgroup of primitive
elements. In other words, the following diagram is commutative.

Ar+1(X,Q)

ΦC

((RRRRRRRRRRRRR

CHr(T,Q)◦
(ΓT,C)∗ //

ΨT

77ooooooooooo
P (CHr(SC ,Q)◦, σ)

Proof. These are consequences of the identities [ΓT,C ]
∗ = ΦT ◦ ΨC and

(ΓT,C)∗ = ΦC ◦ΨT . �
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Let C1 and C2 be two general rational curves on X of degree e1 and e2 re-
spectively. Then there is a natural incidence correspondence Γ12 ⊂ SC1 × SC2

defined by

([l], x) 7→
5e2∑

i=1

([li], xi)

where ([l], x) ∈ SC1 , li are the incidence lines of l and C2), xi = li ∩ C2. Let
γ12 = (Γ12)∗ be the induced homomorphism on either the cohomology groups
or the Chow groups. Note that by definition, we have γ12 = ΦC2 ◦ΨC1 . Since
both ΦC and ΨC respect primitive classes, the above identity implies that γ12
takes primitive classes to primitive classes. We still use γ12 to denote the action
on the primitive cohomology and the primitive Chow groups.

Proposition 4.7. Let C1, C2 ⊂ X be two general rational curves of degree at
least 2 and γ12 be the homomorphism induced by incidence correspondence as
above. Let σ1 and σ2 be the action of the self incidence correspondence on SC1

and SC2 respectively. Then the following are true.
(1) The image of γ12 : Hn−2(SC1 ,Z)◦ → Hn−2(SC2 ,Z)◦ is always in the Prym-
Tjurin part. Furthermore there is an isomorphism of Hodge structures

t12 : P (Hn−2(SC1 ,Z)
◦, σ1)→ P (Hn−2(SC2 ,Z)

◦, σ2)

such that ΦC2 = t12 ◦ ΦC1 and γ12 = t12(σ1 − 1).
(2) The same conclusions as in (1) hold for primitive Chow groups with Q-
coefficient.

Proof. For simplicity, we write Λi = Hn−2(SCi ,Z)◦ for the primitive co-
homology and Pi = Im(σi − 1) for the Prym-Tjurin part, i = 1, 2. Let
Λ = Hn(X,Z)prim, Φi = ΦCi : Λ → Pi. Then one easily checks that

t12 = Φ2 ◦ Φ−1
1 satisfies (1). The proof of (2) is similar. �

5. Surjectivity of ΨC on primitive cohomology

In this section we supply a proof of the surjectivity of ΨC on the primitive
cohomologies. To do this, it is more convenient to consider homology instead
of cohomology. We define

(15) Vn−2(SC ,Z) = ker{Hn−2(SC ,Z)→ Hn−2(G,Z)},
and

(16) Vn(X,Z) = ker{Hn(X,Z)→ Hn(Pn+1,Z)}.
Under the Poincaré duality Hn−2(SC ,Z) ∼= Hn−2(SC ,Z), the subspace
Vn−2(SC ,Z) corresponds to Hn−2(SC ,Z)◦ if n 6= 4. When n = 4, since the
class g′ is not from G(2, 6), we see that V2(S,Z) is larger than H2(SC ,Z)◦.
Actually, we have

H2(SC ,Z)◦ = {σ ∈ V2(SC ,Z) : g′ · σ = 0}.
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Similarly the Poincaré duality on X allows us to identify Vn(X,Z) with
Hn(X,Z)prim. Then the surjectivity of

ΨC : Hn−2(SC ,Z)◦ → Hn(X,Z)prim

when n 6= 4, is equivalent to the following

Theorem 5.1. The natural cylinder homomorphism

ΨC : Vn−2(SC ,Z)→ Vn(X,Z)

is surjective.

The idea of the proof is the Clemens-Letizia method, see [Cl] and [Le]. Our
presentation closely follows that of [Shi, §2,3]. Let π : V → ∆ be a proper flat
holomorphic map from a complex manifold V of dimension m+1 onto the unit
disk ∆. This map is called a degeneration if π is smooth over the punctured
disk ∆∗ = ∆− 0 and Vt := π−1(t) is irreducible for t 6= 0. Let Sing(V0) denote
the singular locus of V0.

Definition 5.2. ([Shi, Definition 1]) A degeneration π : V → ∆ is called
quadratic of codimension r if Sing(V0) is connected and, for every point p ∈
Sing(V0), there exist local coordinates (z0, . . . , zm) of V around p such that
π = z20 + · · ·+ z2r .

Proposition 5.3. For any smooth cubic hypersurface X ⊂ Pn+1, there exist
a Lefschetz pencil Xt ⊂ Pn+1 with t ∈ B ∼= P1, such that
(1) The total space, F =

∐
t∈B F (Xt), of the associated Fano schemes of lines

is smooth.
(2) X0 = X is the cubic hypersurface we start with and Xt is smooth unless
t ∈ {t1, . . . , tN}.
(3) For each degeneration point tj ∈ B, j = 1, . . . , N , the family β : F → B is
a quadratic degeneration of codimension n− 2 at the point tj.

This Proposition can be viewed as a special case of [Shi, Proposition 1]. Note
that we have no isolated singularities in F (Xt) since F (Xt) is smooth as long as
Xt is smooth. By the results of [CG, Theorem 7.8], we easily get a description
of the fibers of β. If t ∈ B − {t1, . . . , tN} then Ft = F (Xt) is smooth of
dimension 2n − 4. Let xi be the ordinary double point of Xti and Γi be the
lines on Xti that pass through xi. We know that Γi is smooth of dimension
n − 2. The singular fiber Fti is irreducible with Γi being the singular locus
which is an ordinary double subvariety. Let z ∈ Γi be a point and Y ⊂ F be
an (n−1)-dimensional complex submanifold is a small neighborhood of z. If Y
meets Γi transversally in the point z, then z is a non-degenerate critical point
of β|Y . There is an associated vanishing cycle σi ∈ Hn−2(Yti+ǫ,Z).
The next observation we make is that a cubic hypersurface with an isolated
ordinary double point has enough rational curves in its smooth locus. Let
X ⊂ Pn+1 be a cubic hypersurface with an ordinary double point x0 ∈ X .
Then the projection from the point x0 defines a morphism τ : X̃ → Pn, where
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X̃ = Blx0(X) is the blow-up of X at the point x0. Let σ : X̃ → X be the blow-
up morphism. Then it is known that τ is the blow-up of Pn along a smooth
(2, 3)-complete intersection Z ⊂ Pn; see [CG, Lemma 6.5]. Let Q ⊂ Pn be the

unique quadric hypersurface containing Z and Q̃ ⊂ X̃ be the strict transform
of Q. Then σ is an isomorphism on X̃\Q̃ and it contracts Q̃ to the singular
point x0. Let h ∈ Pic(X) be the class of a hyperplane section and H ∈ Pic(Pn)
the class of O(1). Then on X̃, we have

σ∗h = 3τ∗H − E.
Let C ⊂ X\{x0} be a degree e rational curve and C̃ = σ−1C ⊂ X̃. Then this

curve C̃ satisfies the following conditions

C̃ · (3τ∗H − E) = e, C̃ · (2τ∗H − E) = C̃ · Q̃ = 0.

This implies that C̃ ·τ∗H = e and C̃ ·E = 2e. Hence C′ = τ(C̃) ⊂ Pn is a degree

e rational curve which meets Z in 2e points and C̃ is the strict transform of C′.
Conversely, if we start with a degree e rational curve C′ ⊂ Pn which meets Z
in 2e points. Let C̃ be the strict transform of C′. Then C = σ(C̃) ⊂ X\{x0}
is a rational curve of degree e.

Lemma 5.4. Let X ⊂ Pn+1 be a cubic hypersurface with an isolated ordinary
double point x0 ∈ X. Then there exists a free rational curve C ⊂ X\{x0} of
degree e ≥ 1.

Proof. We only need to show that there is a rational curve of degree e through
a general point of X\{x0} and contained in X\{x0}. We first do this for e = 1.
In this case, we see from the above discussion that we only to show the following
Claim: Let y ∈ Pn be a general point, then there is a line l′ on Pn that meets
Z in two points.
To prove the claim, we consider the projection, pry : Pn\{y} → Pn−1, from
the point y. If there is no such line l′, then pry|Z : Z →֒ Pn−1 is a closed
immersion. But this would imply that Z is a degree 6 hypersurface in Pn−1

and hence −KZ = (n − 6)H where H is the class of a hyperplane section of
Z. Since Z ⊂ Pn is a (2, 3)-complete intersection, we also know that −KZ =
(n+ 1− 2− 3)H = (n− 4)H , which is a contradiction.
For case of e > 1, we can take a chain of e lines on X\{x0} and smooth to a
degree e rational curve; see [Ko, §II.7]. Such a rational curve passes through a
general point since a line does. �

Lemma 5.5. Under the situation of Proposition 5.3, there exists a contractible
analytic open neighborhood D of 0 ∈ B containing {t1, . . . , tN} such that
(i) There is an analytic family of curves {Ct ⊂ Xsm

t : t ∈ D} with C0 = C,
where Xsm

t is the smooth locus of Xt.
(ii) S = ∪t∈DSCt ⊂ F is a complex manifold and ρ : S → D is smooth away
from the ti’s;
(iii) As sub-manifolds of F , S meets each Γi transversally at finitely many
points zi1, . . . , zir.
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Proof. Let H/B be the component of relative Hilbert scheme of rational curves
on Xt’s that contains C as an element. This is well-defined since C defines a
smooth point in the relative Hilbert scheme. We claim that, after shrinking
D, there exists a general analytic section s : t 7→ Ct ∈ H satisfies Ct ⊂ Xsm

t .
To prove this we first note that by Lemma 5.4, there is a free rational curve
Ci ∈ Xsm

ti of the same degree e. Since Ci is free, it deforms to a curve Ct in
nearby fibers. By the result of [CS, Theorem 1.1], the space of degree e rational
curves on a smooth cubic hypersurface is irreducible. This implies that Ct is
a point of H and hence so is Ci. So we can choose a family s : t 7→ Ct whose
specializations does not meet the points xi ∈ Xti . This proves (i). We also get
(iii) easily by choosing s general enough. The smoothness of S follows from a
deformation argument. First by shrinking D, we may assume that St is smooth
for all t 6= ti. By choosing Ci general, we may assume that SCi is smooth away
from {zi1,...,zir}. We only need to show that S is smooth at the points z = zij .
Let L be the line corresponds to z and Ci = Cti . Let v ∈ H0(Ci,NCi/Pn+1)

be the section corresponding to ∂
∂t at the point Ci. Let y = Ci ∩ L. Then

v(y) ∈ NCi/X,y =
TX,y
TCi,y

determines a 2-dimensional subspace Vy ⊂ TX,y. Then
TS,z ⊂ TF ,z is naturally given by all sections v′ ∈ TF ,z ⊂ H0(L,NL/Pn+1) with

v′(y) ∈ V̄y, where V̄y is the image of Vy in
TX,y
TL,y = NL/Pn+1,y. When v(y) is

general, the above condition gives a codimension n − 2 subspace of TF ,z, i.e.
dimS = dim TS,z. This proves (ii). �

Remark 5.6. From the above proof, we see that the family t 7→ Ct can be
made algebraic on some finite cover of B = P1. The points zij are exactly the
critical points of ρ and all of them are non-degenerate.

Now we fix a small ǫ and let Bi be the closed ball of radius ǫ with center ti.
If ǫ is small enough, we have Bi ⊂ D. Pick a path li connecting 0 and ti + ǫ
such that ∪ili is star-shaped and contractible. Let Di ⊂ Pn+1 be a small open
ball centered at the double point xi ∈ Xti . Let D̃i ⊂ F be the set of lines

L ∈ F such that L meets Di. Thus D̃i is a small open neighborhood of Γi. By
construction,

S ∩ D̃i = U1 ∪ · · · ∪ Ur
where Uj are disjoint open balls in S. Let pj : Pj → Uj be the family of lines
parameterized by Uj. Hence we get the following commutative diagram

Pj
qj //

pj

��

Y

π

��
Uj

ρj // B

where Y is the blow up of Pn+1 along the base locus of the Lefschetz pencil
and ρj = ρ|Uj . We fix a general analytic section sj : Uj → Pj .

Lemma 5.7. ([Shi, Lemma 7]) There exists local analytic coordinates
u0, u1, . . . , un of Pn+1 at the point xj such that
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(i) The image of Pj in Pn+1 is locally given by u0 +
√
−1u1 = 0;

(ii) The image qj ◦ sj(Uj) is given by u0 = u1 = 0;
(iii) π = tj + u20 + u21 + · · ·+ u2n.

Proof. We first show that qj has injective tangent map. For any tangent vector
v ∈ TUj ,zj , it corresponds to a global section of NLj/Pn+1, where Lj is the line
corresponding to zj. By the choice of Ct, we know that Cti meets the divisor
swept out by lines through xi transversally. Then v does not vanish at the
point xi ∈ Lj. This means that the point xi ∈ Lj actually moves when we
move Lj in Uj. Hence we get the injectivity of the tangent map of qj . Then
we can start with local coordinates on Uj and extend to Pj and then to Pn+1.
See the proof of [Shi, Lemma 7] for more details. �

Since we are doing local computations, by abuse of notation, we regard Pj as
a submanifold of Pn+1. Using the local coordinates obtained in Lemma 5.7, it
is standard that a vanishing cycle associated to xi is given by

Σij = {u20 + · · ·+ u2n = ǫ, uk ∈ R}
See [La] for more details. Note that the index j is used to remember that the
local coordinates are chosen with respect to Pj as in Lemma 5.7. If we fix an
orientation of Σij and this gives an element [Σij ] ∈ Hn(Xti+ǫ,Z). Also, by
Lemma 5.7, we know that σij = (qj ◦ sj)−1Σij , with the induced orientation,
gives a vanishing cycle for the critical point zij ∈ S. Let

[σij ] ∈ Hn−2(Sti+ǫ,Z)
be the corresponding homology class. We choose the orientation of Σij such
that [Σij ] = [Σi] is a fixed class. Then σij has an induced orientation.

Proposition 5.8. ([Shi, Proposition 2]) For any a ∈ Hn−2(Sti+ǫ,Z), we have

a · ([σi1] + · · ·+ [σir ]) = Ψ(a) · [Σi]
where Ψ = ΨCti+ǫ.

Proof. The proof goes the same as that of [Shi, Proposition 2]; we sketch it here
for completeness. We still use a to denote a topological cycle that represents
the class a. We use the notations above and set aj = a ∩ Uj . If L ∈ a −
∪jaj, then L ∩ Σi = 0. We may assume that aj meets σij transversally at µ
points a1, . . . , aµ ∈ σij . Then the intersection of ∪L∈ajL and Σij are exactly
sj(a1), . . . , sj(aµ). And by construction, this intersection is transversal. By
chasing the orientations, we see that the contributions to the two sides of the
identity are equal. �

Remark 5.9. Since ∪ili is contractible, Hn(Xti+ǫ,Z) is naturally identified
with Hn(X,Z) via (li)∗. We can similarly identify Sti+ǫ and SC = S0. Hence
we can view [σij ] as elements in Vn−2(SC ,Z) and [Σi] as elements in Vn(X,Z).
Under this identification, the above proposition still holds true.

Now we are ready to prove the main result of this section. The proof follows
that of [Shi, Proposition 4].
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Proof. (of Theorem 5.1). By Lefschetz theory, Vn(X,Z) is generated by van-
ishing cycles, see [La]. Since Ψ = ΨC commutes with the specialization map,
we know that Ψ([σi1]) = λ[Σi] for some λ ∈ Z. Now we see that

[σi1] · ([σi1] + · · ·+ [σir ]) = [σi1] · [σi1] = ±2
See [La], p.40. By the above proposition, we get

Ψ([σi1]) · [Σi] = λ[Σi] · [Σi] = ±2
Comparing this with [Σi] · [Σi] = ±2, we get λ = ±1. This shows that [Σi] is
in the image of Ψ. This proves the theorem since [Σi] generates Vn(X,Z). �

Remark 5.10. To complete the picture, we still need to prove the surjectivity
of

ΨC : Hn−2(SC ,Z)◦ → Hn(X,Z)prim
for n = 4. Note that under Poincaré duality, H2(SC ,Z)◦ ⊂ H2(SC ,Z) consists
of all classes in V2(SC ,Z) which is orthogonal to g′. Hence we only need to
show that σij · g′ = 0. But this is easy to see from construction. In fact, we
pick a general point x ∈ Cti+ε, then g′ is represented by Fx (all lines through
x). Then by construction, all lines through x avoids σij (this is essentially due
to the fact that the surface swept out by lines in through x is 2h2; see Lemma
3.29). This means σij · g′ = 0.
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Abstract. Following the work of Altmann and Hausen we give
a combinatorial description for smooth Fano threefolds admitting a
2-torus action. We show that a whole variety of properties and in-
variants can be read off from this description. As an application we
prove and disprove the existence of Kähler-Einstein metrics for some
of these Fano threefolds, calculate their Cox rings and some of their
toric canonical degenerations.
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1 Introduction

Knowing the fan or the polytope of a projective toric variety does not only give a
concrete construction of the variety but also enables us to explore its properties
and to easily calculate a whole bunch of invariants. In low dimensions a close
look on the corresponding pictures is enough to obtain detailed information
about the variety. Loosely speaking we can even prove statements by drawing
pictures.
In [AH06] and [AHS08] the description of toric varieties by cones and fans was
generalized to the case of an arbitrary T -variety, i.e. a variety X endowed with
the effective action of an algebraic torus T . This general description consists
of combinatorial data living on the Chow quotient X//T . A series of papers
by different authors followed this approach to derive properties and calculate
invariants out of the combinatorial data. This works especially well for the case
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of complexity-one torus action, i.e. when the torus has one dimension less then
the variety and the Chow quotient is just a curve.

The aim of this paper is to make these results available for Fano threefolds with
an action of a two-dimensional torus. More precisely, we are going to state the
needed combinatorial description for a list of those Fano threefolds and relate
it to the classification of Mori-Mukai [MM86]. By the mentioned preliminary
results we can immediately derive a lot of additional information about these
Fano varieties.

We want to highlight two concrete applications. First, by [HS10] we are able
to calculate the Cox rings of these T-varieties. The knowledge of the Cox
ring may give further inside in the geometry of the variety. For example the
automorphism group can be studied by the methods from [AHHL12].

As a second application we consider the question of the existence of Kähler-
Einstein metrics on Fano manifolds. In general this is a hard question. There
are some known obstructions such as the vanishing of the Futaki character
[Fut83]. There is also a sufficient criterion due to Tian [Tia87]. Recently it
was shown that there is, indeed, a completely algebraic formulation of the
Kähler-Einstein property by the means of so called K-stability [CDS14, Tia12].
Nevertheless, for a given Fano variety it’s still hard to check this stability
condition directly.

Again for toric Fano varieties the Kähler-Einstein property can be easily re-
formulated in terms of the defining polytope. By a result of Wang and Zhu a
toric Fano variety is Kähler-Einstein if and only if the Futaki character van-
ishes [WZ04]. Moreover, the Futaki character can be easily calculated as the
barycenter of the polytope corresponding to the toric Fano manifold [Mab87].
We are going to generalize the last result for our situation of complexity-one
torus actions in order to show that the Futaki character does not vanish for
some of the threefolds, and hence disprove the existence of Kähler-Einstein
metrics for them. We are using an application of Tian’s criterion from [Süß13]
to prove the existence of Kähler-Einstein metrics for three of the remaining
ones.

Our main conclusions drawn from the given combinatorial description are sum-
marized in the following theorem.

Theorem 1.1. The Fano threefolds Q, 2.24∗, 2.29–2.32, 3.8∗, 3.10∗, 3.18–
3.24, 4.4, 4.5, 4.7 and 4.8 from Mori’s and Mukai’s classification admit a
2-torus action.

The moment polytopes together with their Duistermaat-Heckman measures are
given in Section 5. The Cox rings, Futaki characters F (X) as well as the
existence of a Kähler-Einstein metric can be found in the following table.

∗Only one variety of the family is known to admit a 2-torus action
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No. Cox ring F(X) Kähler-Einstein

Q k[T ]/(T1T2 + T3T4 + T 2
5 ) 0 yes

2.24∗ k[T ]/(T1T
2
2 + T3T

2
4 + T5T

2
6 ) 0 yes

2.29 k[T ]/(T1T
2
2 T3 + T4T5 + T 2

6 ) 0 ?

2.30 k[T , S1]/(T1T2 + T3T4 + T 2
5 )

(
0
−2

)
no

2.31 k[T ]/(T1T2 + T3T4 + T5T
2
6 )

(−4/3
−4/3

)
no

2.32 k[T ]/(T1T2 + T3T4 + T5T6) 0 yes

3.8∗ k[T , S1]/(T1T
2
2 + T3T

2
4 + T5T

2
6 )

( 5/3
−5/6

)
no

3.10∗ k[T ]/(T1T
2
2 T3 + T4T

2
5 T6 + T 2

7 ) 0 yes

3.18 k[T , S1]/(T1T
2
2 T3 + T4T5 + T 2

6 )
(

0
−7/8

)
no

3.19 k[T , S1, S2]/(T1T2 + T3T4 + T 2
5 ) 0 ?

3.20 k[T ]/(T1T2 + T3T4 + T5T
2
6 T7) 0 ?

3.21 k[T , S1]/(T1T
2
2 + T3T

2
4 + T5T6)

(7/8
7/8

)
no

3.22 k[T , S1, S2]/(T1T2 + T3T4 + T 2
5 )

(
0

−2/3

)
no

3.23 k[T , S1]/(T1T2 + T3T4 + T5T
2
6 )

(−13/12
−53/24

)
no

3.24 k[T , S1]/(T1T2 + T3T4 + T5T6)
(−2/3
−4/3

)
no

4.4 k[T , S1, S2]/(T1T
2
2 T3 + T4T5 + T 2

6 ) 0 ?

4.5 k[T , S1, S2]/(T1T
2
2 + T3T

2
4 + T5T6)

(5/24
5/24

)
no

4.7 k[T , S1, S2]/(T1T2 + T3T4 + T5T6) 0 ?

4.8 k[T , S1, S2]/(T1T2 + T3T4 + T5T6)
(

0
−13/12

)
no

The paper is organized as follows. In Section 2 we recall the combinatorial
description of complexity-one torus actions from [AIP+11]. In Section 3 we
describe equivariant polarizations and give a characterization of the Fano prop-
erty. Moreover, we recall how to calculate the Cox ring from the combinatorial
description and we state a simple formula for the Futaki character. In Sec-
tion 4 we show how to find toric degenerations for our T-varieties. Finally in
Section 5 we state the list with the combinatorial descriptions for all the con-
sidered Fano varieties, which in turn leads to the proof of Theorem 1.1. The
appendix provides the proof for the formula for the Futaki character.

Acknowledgments
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2 Combinatorial description of torus actions of complexity one

F-divisors

We consider a variety X/C with an effective action of an algebraic torus T ∼=
(C∗)r. Then X is called a T -variety of complexity (dimX − dimT ). In the
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following we restrict ourselves to the case of rational T -varieties of complexity
one. Such objects where described and studied earlier in [KKMSD73, Tim08].
We are using the more general approach of [AH06] which describes T -varieties
of arbitrary complexity, but restrict it to the case of rational complexity-one
T -varieties. Our general references are [AH06, AHS08, AIP+11].
We follow the standard terminology for toric varieties. The character lattice of
the torus T is denoted by M and we set N := M∗. For the associated vector
spaces we write MQ and NQ or MR and NR, respectively.
For a polyhedron ∆ ⊂ NQ we consider its tail (or recession) cone tail∆ defined
by tail∆ := {v ∈ NQ | ∆+Q≥0 ·v = ∆}. For a complete polyhedral subdivision
Ξ of NQ the set of tail cones has the structure of a fan, which is called the tail
fan of Ξ and will be denoted by tail Ξ. Now, consider a pair

S =

(∑

P∈P1

SP ⊗ P, deg S
)

Here,
∑
P SP ⊗ P is just a formal sum and SP are complete polyhedral subdi-

visions of NQ with some common tail fan denoted by tailS. For the moment
the degree deg S is just a subset of NQ. The subdivisions SP are called slices
of S. We assume that there are only finitely many non-trivial slices, i.e. those
which differ from the tail fan. Note, that for every full-dimensional σ ∈ tail(S)
there is a unique polyhedron ∆σ

P in SP with tail(∆σ
P ) = σ.

Definition 2.1. A pair as above is called a (complete) f-divisor if for any
full-dimensional σ ∈ tail(S) we have either deg S ∩ σ = ∅ or

∑

P

∆σ
P = degS ∩ σ ( σ.

A (complete) f-divisor S as above corresponds to a rational complete T -variety
X(S) of complexity one, see [AIP+11, Section 5.3]. It comes with a rational
quotient map π : X(S) 99K P1.

Example 2.2 (Fano threefold 3.10). We consider the f-divisor S with three
non-trivial slices and the degree given in Figure 1. It is straight forward to
check, that the condition of Definition 2.1 is indeed fulfilled.

b

S0

b

S∞

b

S1

b

deg S

Figure 1: f-divisor of the Fano threefold 3.10.

As we will see later, this f-divisor corresponds to a blow up of the quadric
threefold in two disjoint conics, i.e. it is an element of the family 3.10 from the
classification of Mori and Mukai.
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By [LS10, Proposition 5.1, Theorem 5.3] we have the following criterion for the
smoothness of X(S).

Theorem 2.3. The T-variety X(S) is smooth if and only if for every cone
σ ∈ tailS one of the following two conditions is fulfilled

i. if σ ∩deg S = ∅ then cone Q≥0 · (∆×{1} + σ×{0}) is regular, for every
P and every maximal polyhedron ∆ ⊂ SP with tail cone σ.

ii. if σ is maximal and σ ∩ deg S 6= ∅ then for at most two points P = Q,R
the polyhedron ∆σ

P is not a lattice translate of σ and the cone

Q≥0 ·
( ∑

P 6=Q
∆σ
P × {1} ∪ σ × {0} ∪ ∆σ

Q × {−1}
)

is regular.

Example 2.4 (Fano threefold 3.10 (continued)). We consider again the f-
divisor from Example 2.2. There is no maximal polyhedron ∆ with tail∆ ∩
deg S = ∅. Look at the shaded polyhedra in Figure 1. They have tail cone
σ = Q≥0 · (−1, 0) +Q≥0 · (−1, 1). Only ∆σ

1 and ∆σ
∞ are not a lattice translate

of σ and we obtain

Q≥0 ·
(
(∆σ

1 + (−1,0))× {1} ∪ σ × {0} ∪ ∆σ
∞ × {−1}

)

= Q≥0 · (−1, 1, 2) + Q≥0 · (0, 0,−1) + Q≥0 · (0,−1,−2),

which is regular cone. Similarly for the other cones from the tail fan we get
the same result. Hence, by Theorem 2.3 we obtain the smoothness of X(S).

Symmetries

In [AIP+11, Section 5.3] there is also a characterization of f-divisors giving
rise to isomorphic T-varieties. We consider isomorphisms ϕ : P1 → P1 and
F : N → N ′. Having this we define

F (ϕ∗S) :=
(∑

P

(F (Sϕ−1(P )))⊗ P, F (deg S)
)
.

Definition 2.5. Two f-divisors S, S ′ on P1 are called equivalent if deg S =
deg S ′ and there are lattice points vP ∈ N with

∑
P vP = 0, such that SP+vP =

S ′P . In this situation we write S ∼ S ′.

Proposition 2.6. S and S ′ lead to isomorphic T-varieties if and only if there
are isomorphisms ϕ : P1 → P1 and F : N → N ′, such that F (ϕ∗S) ∼ S ′.

By considering the case S = S ′ we even obtain a description of the group of
equivariant automorphisms AutT (X). Therefore, we consider the set Aut(S) of
pairs (F, ϕ) as above, such that F (ϕ∗S) ∼ S holds. This set becomes a group
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via (F, ϕ) ◦ (F ′, ϕ′) := (F ◦ F ′, ϕ′ ◦ ϕ). Note, that there is a natural action of
Aut(S) on the characters M and on P1, by considering only the first or only
the second component of the pairs, respectively.
Now, we have the following proposition, due to [AIP+11, Section 5.3].

Proposition 2.7. The group Aut(S) is isomorphic to AutT (X(S))/T .

Moreover, this isomorphism preserves the natural action of AutT (X(S))/T on
M by conjugation. Hence, we will identify AutT (X(S))/T and Aut(S).

Definition 2.8. A T -variety of complexity one is called symmetric if there is
a finite subgroup G ⊂ AutT (X(S)), with MG = {0}.

Lemma 2.9. Consider a complete rational variety X with torus action of
complexity ≤ 1. Let T be the maximal torus of the automorphisms. Then
AutT (X)/T is finite and AutT (X) is reductive.

Proof. If X is a toric variety the statement is well known. Hence, we may
consider the case of a complexity-one torus action. We consider the f-divisor
S with X = X(S) with non-trivial slices SP1 , . . . ,SPℓ . All other slices are
assumed to be just lattice translates of the tail fan. Assume that ℓ = 2 then we
may assume, that P1 = 0 and P2 =∞. Now, every element ϕ ∈ C∗ ⊂ Aut(P1)
will give rise to a pair (id, ϕ) ∈ Aut(S). Hence, T was not a maximal torus and
X is just a toric variety with an restricted torus action. Further on we may
assume that ℓ ≥ 3.
Consider an element (F, ϕ) of Aut(S). Since, F has to be an automorphism
of the tail fan, there are only finitely many choices for F . Since, ℓ ≥ 3 the
automorphism ϕ of P1 is induced by a permutation of P1, . . . , Pℓ. Hence, there
are only finitely many choices of for ϕ, as well.
Since, X is complete AutT (X) is an algebraic group and we have a Levi decom-
position AutT (X) = H⋉Ru, where H is reductive and Ru is the unipotent rad-
ical. We may assume that T ⊂ H . Hence, we obtain AutT (X)/T ∼= H/T ×Ru.
By the finiteness of AutT (X)/T we conclude that Ru is trivial and AutT (X)
is reductive.

Proposition 2.10. Consider an f-divisor S on P1 with at least three non-trivial
slices. Then X = X(S) is symmetric if and only if MAut(S) = 0 holds.

Proof. One direction is obvious. Now, assume that MAut(S) = 0. By
Lemma 2.9 we know that Aut(S) = AutT (X)/T is finite and AutT (X) is
reductive. Now by the results of [Tit66] we can lift Aut(S) to a finite subgroup
G ⊂ AutT (X), where G is not necessarily isomorphic to Aut(S). Now, we also
have MG = 0.

The notion of symmetry for toric varieties goes back to [BS99] it was generalized
in [Süß13] to give a sufficient criterion for the existence of a Kähler-Einstein
metric on X(S). For a vertex v in SP let us denote by µ(v) the minimal natural
number, such that µ(v) · v is a lattice point. We call µ(v) the multiplicity of v.
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For P ∈ P1 we set µ(P ) = max{µ(v) | v ∈ S(0)P }, where S
(0)
P denotes the set of

vertices in SP .

Theorem 2.11. Let X = X(S) be a symmetric smooth Fano T -variety of
complexity one, given by an f-divisor S. If one of the following conditions is
fulfilled:

i. there are three points P1, P2, P3 ∈ P1 such that µ(Pi) > 1 for i = 1, 2, 3,

ii. there are two points as in (i) which are swapped by an element of Aut(S),

iii. Aut(S) acts fixed-point-free on P1,

then X is Kähler-Einstein.

Proof. This is only a reformulation of [Süß13, Theorem 1.1]. The condition that
T acts on π−1(P ) with disconnected stabilizers is replaced by our condition
µ(P ) > 1. But this is equivalent by [HS10, Proposition 4.11].

Now, we make use of Proposition 2.10 to check the symmetry of a varietyX(S).

Example 2.12 (Fano threefold 3.10 (continued)). We reconsider the f-divisor
and variety from Example 2.2. By setting v0 = (−1, 0), v1 = (−1, 0), v∞ =
(1, 1) and vP = 0 for all other points P ∈ P1 we see that S ∼ −S. Hence, the
pair (− idN , idP1) is an element of Aut(S). Hence, X(S) is symmetric, since
− idN has only 0 as a fixed point. Moreover, in the slices S0,S∞,S1 there
are vertices of multiplicity 2. By Theorem 2.11 (i) this shows, that this Fano
threefolds is actually Kähler-Einstein.

3 Torus invariant divisors

In this section we recall the results of [PS11] concerningWeil and Carier divisors
on T-varieties, see also [AIP+11, IS10].

The class group

On a T-variety X(S) we find two different types of torus invariant prime di-
visors. Every vertex v in SP correspond to a so called vertical prime divisors
Vv := VP.v which projects to the point P ∈ P1, via the quotient map π. We

denote the set of all vertices in SP by S(0)P and the disjoint union
∐
P S

(0)
P by

S(0). As before, for a vertex v ∈ S(0)P we denote by µ(v) the smallest positive
integer µ such that µ ·v ∈ N . Horizontal prime divisors Hρ project surjectively
onto P1 via the quotient map π. They correspond to the rays ρ in tailS which
do not intersect deg S. We denote the set of all such rays by (tailS)×.
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Theorem 3.1 ([PS11, Cor. 3.15]). The divisor class group of X(S) is isomor-
phic to ⊕

ρ∈(tailS)×

Z ·Hρ ⊕
⊕

v∈S(0)

Z · Vv

modulo the relations
∑

v∈S(0)
P

µ(v)Vv =
∑

v∈S(0)
Q

µ(v)Vv ,

0 =
∑

ρ

〈u, ρ〉Hρ +
∑

P,v

µ(v)〈u, v〉Vv .

where P,Q ∈ P1 and u ∈M .

Corollary 3.2. The class group of X has rank

1 +
∑

P

(#S(0)P − 1) + #(tailS)× − dimN.

Example 3.3 (Fano threefold 3.10 (continued)). We are coming back to our
T-variety from Example 2.2. Since every ray in tailS intersects the degree, by
Theorem 3.1 the divisor class group of X is generated by the seven vertical
divisors

D1 = V0,(0,0), D2 = V0,(−1/2,0), D3 = V0,(−1,0),
D4 = V∞,(0,0), D5 = V∞,(0,−1/2), D6 = V∞,(0,−1),

D7 = V1,(1/2,1/2).

The relations are given by the rows of the following matrix

M =

( 1 2 1 0 0 0 −2
0 0 0 1 2 1 −2
−1 −1 0 0 0 0 1
0 0 0 0 −1 −1 1

)

Calculating the Smith normal form D = P ·M ·Q gives

D =

(
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0

)
, P = I4, Q =




0 0 −1 1 −1 1 1
0 0 0 0 1 0 0
1 0 1 1 −1 1 1
0 1 0 2 0 0 1
0 0 0 0 0 1 0
0 0 0 0 0 0 1
0 0 0 1 0 1 1




Hence, Cl(X) ∼= Z3. Where the identification is given by the last three columns
of Q, i.e. [D1], [D3] 7→ (−1, 1, 1), [D2] 7→ (1, 0, 0), [D4] 7→ (0, 0, 1), [D5] 7→
(0, 1, 0), [D6] 7→ (0, 0, 1), [D7] 7→ (0, 1, 1).

Ample divisors

We consider a piecewise affine concave function Ψ : �→ DivR P1, defined on a
lattice polytope � ⊂MR. It induces corresponding piecewise affine and concave
functions ΨP : � → R via Ψ(u) =

∑
P∈P1 ΨP (u) · P . Using this notation we

are going to define the crucial object of this section.
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Definition 3.4. A divisorial polytope is a continuous piecewise affine concave
function Ψ : �→ DivR P1, such that

i. for every u in the interior of �, deg Ψ(u) > 0,

ii. for every P the graph of ΨP is integral, i.e. has its vertices in M × Z.

We define the support function of Ψ to be the family Ψ∗ = {Ψ∗
P}P∈P1 of

piecewise affine concave functions Ψ∗
P : NR → R with

Ψ∗
P := min

u∈�h
(〈u, v〉 −ΨP (u)).

We call lin(Ψ∗) := min〈�, ·〉 the linear part of Ψ∗. It is a piecewise linear
function on the normal fan of �.

Proposition 3.5 ([AIP+11, Theorem 63], [IS10, Theorem 3.2]). There is a
one-to-one correspondence between invariant ample divisors D on X(S) and
divisorial polytopes Ψ : �→ DivR P1, with

i. Ψ∗
P induces the subdivision SP , i.e. the maximal polyhedra of SP are the

regions of affine linearity of Ψ∗
P ,

ii. degΨ(u) = 0 holds for a point u ∈ �D iff 〈u, v〉 = min〈�, v〉 for some
v ∈ deg S.

Moreover, by [PS11, Corollary 3.19, Theorem 3.12] Ψ as in Proposition 3.5
corresponds to an anti-canonical divisor onX = X(S), if there exists an integral
divisor KP1 =

∑
aP · P of degree −2 on P1, such that

Ψ∗
P (v) = −aP − 1 + 1/µ(v), lin(Ψ∗)(vρ) = 1 (1)

for every vertex v ∈ SP and every ray ρ of (tailS)×. In particular, X will be
Fano. In this case we say that Ψ is a divisorial polytope corresponding to the
Fano T-variety X .

Remark 3.6. By Proposition 3.5 (i) we have a one-to-one correspondence be-
tween facets of the graph of ΨP and vertices of SP . A facet of the graph of
ΨP projects to a region U ⊂ � where ΨP is affine linear, i.e. ΨP |U = 〈·, v〉+ c
for some v ∈ NR. The corresponding vertex of SP is exactly v and we have
Ψ∗(v) = c. Taking this into account we can reformulate condition (1) as follows.

i. For every facet F of the graph of ΨP + aP + 1 there is a vertex v such
that 〈 · , µ(v)(v, 1)〉 ≡ 1 on F . In particular, F has lattice distance 1
from the origin. Moreover, we have ΨP ≡ −aP if SP is trivial.

ii. the facets F of � with degΨ|F 6≡ 0 have lattice distance 1 from the origin.

Definition 3.7. The volume of a divisorial polytope is defined, by

volΨ :=

∫

�

degΨ dµ.
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Here, we are integrating with respect to the Euclidean measure µ induced by
the inclusion M ⊂MR.

Theorem 3.8 ([PS11, Proposition 3.31]). If D is ample on a T-variety X =
X(S) of dimension n, then its top self intersection number is given by

(D)n = n! volΨD.

Example 3.9 (Fano threefold 3.10 (continued)). In Figure 2 the divisorial
polytope Ψ : �→ DivR P1 for the canonical divisor is sketched. More precisely
we give the non-trivial concave functions ΨP by drawing � and the regions of
affine linearity of ΨP and giving the values of Ψ at the vertices of these regions.

Ψ0
0

0
−1
−2

−1
−2

0
0

Ψ∞
0

0
0
0

−2
−1

−2
−1

Ψ1
0

0
1
2

3
3

2
1

degΨ

b

0
0

0
0

0
0

0
0

1/2

Figure 2: A divisorial polytope for the threefold 3.10.

We have degΨ = 0 on the boundary of � and deg S intersects all tail cones.
Hence, condition (ii) of Proposition 3.5 is fulfilled. We will now check that the
Ψ induces the subdivisions SP and fulfills (1), for KP1 = −2 · [1]. Calculating
Ψ∗ gives

Ψ∗
0 = min

(
〈
(
2
1

)
, ·〉+ 2, 〈

(
1
2

)
, ·〉+ 1, 〈

(−1
2

)
, ·〉+ 0, 〈

(−2
1

)
, ·〉+ 0,

〈
(

2
−1

)
, ·〉+ 2, 〈

(
1
−2

)
, ·〉+ 1, 〈

(−1
−2

)
, ·〉+ 0, 〈

(−2
−1

)
, ·〉+ 0

)
.

Ψ∗
∞ = min

(
〈
(
2
1

)
, ·〉+ 0, 〈

(
1
2

)
, ·〉+ 0, 〈

(−1
2

)
, ·〉+ 0, 〈

(−2
1

)
, ·〉+ 0,

〈
(

2
−1

)
, ·〉+ 1, 〈

(
1
−2

)
, ·〉+ 2, 〈

(−1
−2

)
, ·〉+ 2, 〈

(−2
−1

)
, ·〉+ 1

)
.

Ψ∗
1 = min

(
〈
(
2
1

)
, ·〉 − 2, 〈

(
1
2

)
, ·〉 − 1, 〈

(−1
2

)
, ·〉+ 0, 〈

(−2
1

)
, ·〉+ 0,

〈
(

2
−1

)
, ·〉 − 3, 〈

(
1
−2

)
, ·〉 − 3, 〈

(−1
−2

)
, ·〉 − 2, 〈

(−2
−1

)
, ·〉 − 1

)
.

It’s not hard to check, that Ψ∗
P is affine linear exactly on the maximal polyhedra

of SP . Hence, by Proposition 3.5 it corresponds to an ample divisorD onX(S).
Moreover, we obtain

Ψ∗
0(0, 0) = 0 h0(−1/2, 0) = 1/2 h0(−1, 0) = 0

Ψ∗
∞(0, 0) = 0 h∞(0,−1/2) = 1/2 h∞(0,−1) = 0

Ψ∗
1(1/2, 1/2) = 1

Hence, (1) is fulfilled for our choice KP1 = −2 · [1] and D is an anti-canonical
divisor.
By elementary calculations for volΨ we get

volΨ =

∫

�

degΨ =
13

3
.
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Putting together the observations of Example 2.2, 3.3 and 3.9 we conclude that
X is a smooth Fano threefold of Picard rank 3 and Fano degree 26. By [MM86]
this is a blow up of the quadric threefold in two disjoint conics.

3.1 Moment map and Duistermaat-Heckman measure

In this section we give an interpretation of divisorial polytopes in terms of
moment maps.
The polarisation of a T-variety X by L = O(D), for an ample invariant divi-
sor D, induces a symplectic structure on X by pulling back the Fubini-Study
form of the corresponding torus equivariant embedding into projective space
(at least for a suitable multiple of D). The action of the algebraic torus action
on X induces a Hamiltonian action of the contained (maximal) compact torus
Tc on the corresponding symplectic manifold. This action comes with a mo-
ment polytope P and a moment map φ : X → P . Now, the push forward of
the canonical symplectic measure on X via the moment map gives a measure
on P . This measure is called the Duistermaat-Heckman measure and the cor-
responding continuous density function f is called the Duistermaat-Heckman
function. It is known to be piecewise polynomial and the degree corresponds
to the complexity of the torus action, cf. [DH82].
The global sections L decompose in homogeneous components of weight u ∈M .
By [PS11, Proposition 3.23] we may express such a homogeneous component
in terms of the corresponding divisorial polytope ΨD:

H0
(
X,L

)
u
∼=
{
H0
(
P1, O(ΨD(u))

)
, u ∈ �D

0 , else
(2)

From this one can deduce that � = �D equals the moment polytope P , see
[AIP+11, Section 14.7]. More generally for powers if L we get by [IS10, Prop.
3.1]

H0
(
X,L⊗k)

k·u = H0
(
P1, O(k ·ΨD(u))

)
(3)

for u ∈ � ∩ 1
k ·M .

One obtains the value f(0) as the volume of the symplectic reduction of
the moment fiber φ−1(0). By the Kempf-Ness Theorem the symplectic re-
duction of φ−1(0) by Tc is the same as the GIT quotient Y = X//LT =
Proj

⊕
kH

0(X,L⊗k)T . The GIT quotient comes together with a polarization
by a Q-line bundle OY (1), given by the invariant sections of L. This polariza-
tion is compatible with the symplectic structure on φ−1(0)/Tc. Hence, we have
volφ−1(0)/Tc = (OY (1))dimY .
If 0 is in the interior of � we get Y = X//LT = P1. Moreover, by (2) we have
OY (1) = O(Ψ(0)) and we get f(0) = deg(Ψ(0)). By shifting the linearization
of L (and therefore the moment map) by u ∈ � ∩M we get f(u) = deg(Ψ(u))
for all lattice points in �. By (3) we get the same for rational points in � and
eventually by continuity for all points.
Altogether we obtain
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Proposition 3.10. The Duistermaat-Heckman function corresponding to the
polarization given by an invariant ample divisor D with divisorial polytope ΨD
is given by degΨ : �D → R.

The other way around, we may interpret the divisorial polytope ΨD as a de-
composition of the Duistermaat-Heckman function corresponding to the polar-
ization of X by L. This shows the relation between our divisorial polytopes
and the description of Hamiltonian torus actions given by Karshon and Tolman
in [KT03, KT14].

The Cox ring

For a normal variety with a class group isomorphic to Zr the Cox ring is defined
as

Cox(X) =
⊕

α∈Zr

H0 (X,O(∑i αiDi)) ,

with D1, . . . , Dr being a basis of Cl(X). For class groups which are not free
the definition is little bit more involved. Since smooth Fano varieties always
have free class group, we don’t have to discuss this here.
In [HS10, Theorem 1.2] the Cox ring of a T-variety was calculated in terms of
the combinatorial data. Due to [AIP+11] we have the following reformulation
of this theorem in our language.

Theorem 3.11 ([AIP+11, Theorem 40]).

Cox(X) =
C
[
Tv, Sρ | v ∈ S(0), ρ ∈ (tailS)×

]

〈T µ(0) + cT µ(∞) + T µ(c) | c ∈ C∗〉 ,

where T µ(P ) =
∏
v∈S(0)

P

T
µ(v)
v .

The Cl(X)-grading is given by deg(Tv) = [Vv], deg(Sρ) = [Hρ].

Example 3.12 (Fano threefold 3.10 (continued)). For our f-divisor from Ex-
ample 2.2 we get the Cox ring

C[T1, . . . , T7]/〈T1T 2
2 T3 + T4T

2
5 T6 + T7〉.

The grading is given by deg(Ti) = [Di], with the notation of Example 3.3.
Using the identification ClX ∼= Z3 from Example 3.3 we obtain the weight
matrix

T1 T2 T3 T4 T5 T6 T7


−1 1 −1 0 0 0 0


1 0 1 0 1 0 1

1 0 1 1 0 1 1
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The Futaki character

In [Fut83] Futaki introduced the invariant as an obstruction for the existence
of Kähler-Einstein metrics on Fano manifolds. Hence, for a Kähler-Einstein
Fano manifold the Futaki character has to vanish.
Donaldson gave a an algebraic redefinition of this invariant in [Don02], which
we are using in the following. Consider a C∗-action λ on a normal vari-
ety X of dimension n and an invariant Cartier divisor D. Now, let lk =
dimH0(X,O(kD)) and wk the total weight of the C∗-action on H0(X,O(kD)),
i.e. wk =

∑
i i · dimH0(X,O(kD))i. Then lk and wk obtain expansions

lk = a0k
n + a1k

n−1 +O(kn−2),

wk = b0k
n+1 + a1k

n +O(kn−1).

Definition 3.13. The Futaki invariant of this C∗-action is defined as

FD(λ) = 2 · a1b0 − a0b1
a0

.

Remark 3.14. Note, that we choose a different scaling and sign as Donaldson
for the invariant. More precisely his invariant equals − 1

2a0
FD in our notation.

By plugging in one-parameter subgroups of an acting torus we obtain a linear
map FD : N → R, hence an element of MR. If X is Fano we set F (X) :=
F(−KX ).
For a toric variety Donaldson in [Don02] gives an easy formula to actually
calculate the Futaki character. Let ∆ be the polytope corresponding to an
ample divisor D on a toric variety. Then the Futaki character is given by

FD(v) =

∫

∂∆

v dµ1 −
vol1 ∂∆

vol∆
·
∫

∆

v dµ. (4)

Here, we are integrating over ∆ with the Euclidean measure µ induced by the
lattice M ⊂ MR. For integrating over the boundary we are using the facet
measure µ1, which is induced by (R · δ) ∩ M for every facet δ ≺ ∆. The
corresponding facet volume is denoted by vol1 and the facet barycenter by bc1.
Note, that up to scaling by (vol1 ∂∆), for the Futaki character we obtain the
difference of the barycenters of ∆ and its boundary:

FD = (vol1 ∂∆) · (bc1(∂∆)− bc(∆)). (5)

It’s easy to see that for the standard polytope of the canonical divisor ∆ =
{u | ∀ρ∈Σ(1) : 〈u, nρ〉 ≥ −1} the formula simplifies to F (X) = vol∆ · bc∆, i.e.
the Futaki character is up to positive scaling given by the barycenter of the
polytope. This was already observed by Mabuchi [Mab87]. For generalizing the
last result to our case we define the barycenter bc(Ψ) of a divisorial polytope
Ψ : �→ DivR P1 by

〈bc(Ψ), v〉 =
∫

�h

v · degΨ dµ.
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This gives the same as the projection to MR of the barycenter of

∆ := ∆(degΨ) := {(u, x) | u ∈ �, 0 ≤ x ≤ deg(u)}.

Theorem 3.15. For a Fano T-variety X and a corresponding divisorial poly-
tope Ψ we have

F (X) = volΨ · bcΨ.

We postpone the proof to the appendix.

Remark 3.16. By Proposition 3.10 we may interpret the Futaki character as
barycenter of the moment polytope with respect to the Duistermaat-Heckman
measure (degΨ) ·µ, see also [Mab87, Theorem 9.2.3] for closely related results.

Example 3.17. We would like to compute the Futaki invariant of the Fano
threefold 3.23. Its divisorial polytope Ψ is given by Figure 3. We can read off
∆(degΨ) directly from the rightmost picture. The barycenter of this poly-

Ψ0

00
0
0 0

−1
−3
−3

Ψ∞

−1
0
0

−1
0
0

Ψ1

1
0
0

2
3
3

degΨ

×
b

1/20
0
0 3/2

3/2
0

0
0

Figure 3: Divisorial polytope of 3.23

tope is (0,−9/40, 37/80)t and the volume 20/3. Note, that we have volΨ =
vol∆(degΨ). Hence, by applying Theorem 3.15 we get F (X) =

(
0

−3/2

)
6= 0. In

particular, there does not exists a Kähler-Einstein metric on X .

4 Toric degenerations

We are using the notation and results of [IV12] to describe degenerations to
toric varieties via f-divisors.
First note, that the torus action of a T-varietyX(S) is not necessarily maximal.
Consider an f-divisor S with two non-trivial slices S0 and S∞. Remark 1.8 in
[IV12] shows that the T -action on X(S) extends to the action of a torus T ′ of
full dimension. Hence, X is essentially toric with a fan Σ as follows: We embed
the polyhedra of S0 in height 1 of NQ×Q and consider the fan Σ0 consisting of
the cones over these polyhedra. We are doing the same with S∞ embedded in
height −1 and obtain Σ∞. Now, we obtain Σ from Σ0 ∪ Σ∞ by joining cones
which intersect in a common facet of the form σ×{0}, such that σ∩deg S 6= ∅.

Example 4.1. Consider the f-divisor pictured in Figure 4 having two non-
trivial slice S0 and S∞. The fan Σ0 from above consists of five maximal cones:
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S0 S∞ degS

Figure 4: F-divisor of a downgraded toric variety.

σ0 = pos
(
(0, 0, 1), (−1, 0, 1), (−1,−1, 1), (0,−1, 1)

)

σ1 = pos
(
(0, 0, 1), (−1, 0, 1), (1, 1, 0), (−1, 1, 0)

)

σ2 = pos
(
(0, 0, 1), (0,−1, 1), (1, 1, 0), (1,−1, 0)

)

σ3 = pos
(
(−1, 0, 1), (−1,−1, 1), (−1, 1, 0), (−1,−1, 0)

)

σ4 = pos
(
(−1,−1, 1), (0,−1, 1), (1,−1, 0), (−1,−1, 0)

)
.

The fan Σ∞ consists of the four cones

τ1 = pos
(
(1, 1,−2), (1, 1, 0), (−1, 1, 0)

)

τ2 = pos
(
(1, 1,−2), (1, 1, 0), (1,−1, 0)

)

τ3 = pos
(
(1, 1,−2), (−1, 1, 0), (−1,−1, 0)

)

τ4 = pos
(
(1, 1,−2), (1,−1, 0), (−1,−1, 0)

)
.

We have to join four pairs of cones (σi, τi), i = 1, . . . , 4 and obtain the fan Σ
consisting of the five maximal cones

δ0 = σ0

δ1 = pos
(
(0, 0, 1), (−1, 0, 1), (1, 1,−2)

)

δ2 = pos
(
(0, 0, 1), (0,−1, 1), (1, 1,−2)

)

δ3 = pos
(
(−1, 0, 1), (−1,−1, 1), (1, 1,−2)

)

δ4 = pos
(
(−1,−1, 1), (0,−1, 1), (1, 1,−2)

)
.

This is the fan of the projective cone over the quadric surface. Moreover, it is
the face fan of the (reflexive) polytope

conv
(
(0, 0, 1), (−1, 0, 1), (−1,−1, 1), (0,−1, 1), (1, 1,−2)

)

which has ID 544395 in the classification of canonical toric Fano threefolds from
[Kas10]†.

Now, we consider a polyhedral subdivision Ξ. A Minkowski-decomposition of
Ξ consist of polyhedral subdivisions ∆ = ∆1 + . . .+∆r for every ∆ ∈ Ξ such
that

†see http://grdb.lboro.ac.uk/search/toricf3c?ID=544395
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i. (∆ ∩∇)i = ∆i ∩∇i, for ∆,∇ ∈ Ξ and ∆ ∩ ∇ 6= ∅,

ii. For I ⊂ {1, . . . , r}, J ⊂ I ⊂ Ξ we have

∑

i∈I

⋂

∆∈I
∆i ≺

∑

i∈I

⋂

∆∈J
∆i

We obtain polyhedral subdivisions Ξi := {∆i | ∆ ∈ Ξ}. By abuse of notation
we will also write Ξ = Ξ1 + . . . + Ξr for this situation. Such a decomposi-
tion is called admissible if for every vertex v of Ξ there is at most one of the
corresponding vertices vi ∈ Ξi with v =

∑
i vi which is not a lattice point.

We may start with an f-divisor S with non-trivial slices Ξ0 = SP0 , . . . ,Ξℓ =
SPℓ and an admissible Minkowski decomposition Ξ0 = Ξℓ+1 + . . . + Ξℓ+r. As
described in [IV12, Sections 2 and 4] this data gives rise to a deformation of
X(S). A general fiber of this deformation corresponds to an f-divisor S ′ with
non-trivial slices being exactly

S ′P ′
1
= Ξ1, . . . , S ′P ′

ℓ+r
= Ξℓ+r.

For some distinct points P ′
1, . . . P

′
ℓ+r ∈ P1.

We now reverse the above procedure in order to obtain toric degenerations.
Let’s start with an f-divisor and assume that all non-trivial slices are contained
in {SP1 , . . .SPr ,S∞} and the first r of them form an admissible Minkowski
decomposition of some subdivision Ξ

Ξ = SP1 + . . .+ SPr .

Then X(S) is a deformation of the T-variety corresponding to the f-divisor

(Ξ⊗ [0] + S∞ ⊗ [∞], deg S)

which describes a subtorus action on a toric variety as we have seen above.

Example 4.2. We consider the f-divisor with slices S0, S∞, S1 and degree
sketched in Figure 5. The corresponding variety turns out to be the quadric
threefold.

S0 S∞ S1 deg S

Figure 5: F-divisor of the quadric threefold

Note, that S0 and S∞ form an admissible Minkowski decomposition, which is
sketched in Figure 6.
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= +

Figure 6: An admissible Minkowski decomposition

Hence, X degenerates to the toric variety from Example 4.1. We find another
toric degeneration to the canonical toric Fano variety with ID 547378 in [Kas10]
by adding up Ξ = S0 + S1. Adding up Ξ = S0 + S∞ + S1 will give a toric
degeneration to a non-canonical toric Fano variety.

Remark 4.3. Note, that we do not get all toric degeneration with this method,
but only those which are equivariant with respect to the T -action on X .

5 Proof by pictures

Aim of this section is to proof Theorem 1.1. For every variety from the list in
Theorem 1.1 we will state the f-divisor S and a divisorial polytope Ψ, which
corresponds to a canonical divisor. To verify the proof for a particular three-
fold one has to check first, that the f-divisor and divisorial polytope actually
correspond to the given threefold. This is done by carrying out the following
procedure.

A.1 Applying Theorem 2.3: checking the smoothness of X(S) by checking the
regularity of certain cones (Example 2.2).

A.2 Calculating the Picard rank of X(S) by Corollary 3.2.

A.3 Checking that Ψ corresponds to a canonical divisor (Example 3.9).

A.4 Calculating the Fano degree of X(S) by Theorem 3.8 (Example 3.9).

Now, by the classification in [MM86] we know that the given f-divisor describes
a Fano threefold in the stated family. Hence, we constructed a Fano threefold
with 2-torus action within this family. To check the other statement of Theo-
rem 1.1 we have to apply additional steps

B.1 Applying Theorem 3.11 to calculate the Cox ring (Example 3.12).

B.2 Applying Theorem 3.15 to calculate the Futaki invariant (Example 3.17).

B.3 Checking symmetry as in Example 2.12.

B.4 Checking if F (X) = 0 and if possible apply Theorem 2.11 to check for
the Kähler-Einstein property (Examples 2.12, 3.17).

B.5 “Adding up slices” to obtain toric degenerations (Example 4.2).

Documenta Mathematica 19 (2014) 905–940



922 Hendrik Süß

Beside the given examples we leave it to the reader to carry out the verification
procedure for the given f-divisors.
We give some hints how to interpret the pictures and information given below.
As in the examples we first state the non-trivial slice S0, S∞, S1 and degS of
an f-divisor S. Next, we state the divisorial polytope of the canonical divisor by
giving Ψ0, Ψ∞ and Ψ1 (all other ΨP are assumed to be trivial). For convenience
of the reader we state degΨ, as well. In the pictures • marks the origin and ×
the Futaki character (if it differs from the origin). If there exists equivariant
degenerations to canonical toric varieties then we state the corresponding IDs
for the Fano polytopes in the Graded Ring Database [BDK+13].

Name : Q Quadric threefold

Picard rank: 1 Fano Degree: 54 symm.: yes
Futaki-char.: 0 Degenerations: 544395, 547378
Cox ring: C[T1, . . . , T5]/〈T1T2 + T3T4 + T 2

5 〉 deg(T ) = (1, 1, 1, 1, 1)

0

−30

0

0

00

−3

0

30

3

b3/2

0

00

0

Name : 2.24 Divisor of bidegree (1, 2) in P2 × P2

Picard rank: 2 Fano Degree: 54 symm.: yes
Futaki-char.: 0 Degenerations: —
Cox ring: C[T1, . . . , T6]/〈T1T 2

2 + T3T
2
4 + T5T

2
6 〉 deg(T ) = ( 1 0 1 0 1 0

0 1 0 1 0 1 )

0 0

0
0

−2
−2 0

0
0

0

−2−2

2
2

0
0

22

b

0
0

0
0

00
1/2

1/21/2
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Name : 2.29 Blowup of Q in a conic

Picard rank: 2 Fano Degree: 40 symm.: yes
Futaki-char.: 0 Degenerations: 430083, 544339
Cox ring: C[T1, . . . , T6]/〈T1T 2

2 T3 + T4T5 + T 2
5 〉

(−1 1 −1 0 0 0
1 0 1 1 1 1

)

−10

0 −3

−10

00

0 0

−2−2

10

0 3

32

b1

00

0 0

00

Name : 2.30 Blow up of Q in a point

Picard rank: 2 Fano Degree: 46 symm.: no

Futaki-char.:
(

0
−2

)
Degenerations: 520157, 544343

Cox ring: C[T1, . . . , T6]/〈T1T2 + T3T4 + T 2
5 〉

(
1 1 2 0 1 −1
0 0 −1 1 0 1

)

b

0 0
0

−2
−3

0

0
0

0
0

−3

0
0

2
3

3
×

b

0
0

0
0

0

1
3/2
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Name : 2.31 Blow up of Q in a line

Picard rank: 2 Fano Degree: 46 symm.: no

Futaki-char.: −
(4/3
4/3

)
Degenerations: 520058, 520159

Cox ring: C[T1, . . . , T6]/〈T1T2 + T3T4 + T5T
2
6 〉

(
0 1 1 0 −1 1
1 0 0 1 1 0

)

0 0

0 −2
−2

0

0 0

0 0
−1

−3

0 0

0 2
3

3

×

b

0 0

0 0
0

0

3/2 1
1

Name : W or 2.32 Divisor of bidegree (1, 1) in P2 × P2

Picard rank: 2 Fano Degree: 46 symm.: yes
Futaki-char.: 0 Degenerations: 520058, 520159
Cox ring: C[T1, . . . , T6]/〈T1T2 + T3T4 + T5T6〉 deg(T ) = ( 1 0 1 0 1 0

0 1 0 1 0 1 )

−2 0

0

00

−2

0 0

0

−2−2

0

2 0

0

22

2 b

0 0

0

00

0 2
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Name : 3.8 Blowup of 2.24 in a line

Picard rank: 3 Fano Degree: 24 symm.: no

Futaki-char.:
( 5/6
−5/3

)
Degenerations: —

Cox ring: C[T1, . . . , T7]/〈T1T 2
2 + T3T

2
4 + T5T

2
6 〉 deg(T ) =

(
1 1 1 1 1 1 0
0 1 2 0 2 0 0
0 0 −2 1 0 0 1

)

b b

0 0

0
0

−1

−2
−2 0

0
0

0

−1−1

2
2

0
0

220

×

b

0
0

0
0

0 01/21/2

1/21/2

Name : 3.10 Blowup of Q in two disjoint invariant conics

Picard rank: 3 Fano Degree: 26 symm.: yes
Futaki-char.: 0 Degenerations: —

Cox ring: C[T1, . . . , T7]/〈T1T 2
2 T3 + T4T

2
5 T6 + T 2

7 〉 deg(T ) =
(

0 1 0 0 1 0 1
1 0 1 0 1 0 1
1 0 1 1 0 1 1

)

0
0

−1
−2

−1
−2

0
0

0
0

0
0

−2
−1

−2
−1

0
0

1
2

3
3

2
1

b

0
0

0
0

0
0

0
0

1/2
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Name : 3.18 Blowup of Q in a point and a conic

Picard rank: 3 Fano Degree: 36 symm.: yes

Futaki-char.:
(

0
−7/8

)
Degenerations: 255687, 519918

Cox ring: C[T1, . . . , T7]/〈T1T 2
2 T3 + T4T5 + T 2

6 〉 deg(T ) =
(

0 1 0 2 0 1 −1
1 0 1 2 0 1 −1
1 0 1 1 1 1 0

)

bb

0
0

−3
−2

−1

−10

0

0
0

0
0

−2−2

0
0

3
2

32
×
b0

0
0

0

00

11

1/2 1/2

Name : 3.19 Blowup of Q in two points

Picard rank: 3 Fano Degree: 38 symm.: yes
Futaki-char.: 0 Degenerations: 430426, 519917

Cox ring: C[T1, . . . , T7]/〈T1T2 + T3T4 + T 2
5 〉 deg(T ) =

(
1 1 2 0 1 −1 0
0 0 −1 1 0 1 0
0 0 0 0 0 1 1

)

b

0
0

−3
−2

0 −20

0
0
0

0
0

−1 −1
0
0

3
2

1 3
b0

0
0

0

0 01

1
3/2
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Name : 3.20 Blowup of Q in two disjoint lines

Picard rank: 3 Fano Degree: 38 symm.: yes
Futaki-char.: 0 Degenerations: 255692, 430424

Cox ring: C[T1, . . . , T7]/〈T1T2 + T3T4 + T5T
2
6 T7〉 deg(T ) =

(
0 1 1 0 1 0 0
1 1 1 1 0 1 0
1 0 0 1 0 0 1

)

0
0 0

−2
−2

0

0 −1

0
0 0

−1
00

−2−2

0
0 0

2
3

0

2 3

b

0
0 0

0
0

0

0 0

3/21 1
1

1

Name : 3.21 Blowup of P1×P2 in a curve of degree (2,1)

Picard rank: 3 Fano Degree: 38 symm.: no

Futaki-char.:
(7/8
7/8

)
Degenerations: 429943

Cox ring: C[T1, . . . , T7]/〈T1T 2
2 + T3T

2
4 + T5T6〉 deg(T ) =

(
1 0 1 0 1 0 0
0 1 0 1 1 1 0
0 1 0 1 2 0 1

)

b b b

0 0

0
0

−2

−2

−1 0

0

0

0

−2 −2

−1

2

2

1

2 2

1
b

×

0

0

0

0 0

0

1/2

1/2

1

1
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Name : 3.22 Blowup of P1 × P2 in a conic in {0} × P2

Picard rank: 3 Fano Degree: 40 symm.: no

Futaki-char.:
(

0
−2/3

)
Degenerations: 430417, 519928

Cox ring: C[T1, . . . , T7]/〈T1T2 + T3T4 + T 2
5 〉 deg(T ) =

(
1 1 0 2 1 0 0
0 0 1 −1 0 0 1
0 0 0 0 0 1 1

)

b

00
0
0 0

−1
−3
−3

−1
0
0

−1
0
0

1
0
0

2
3
3 ×

b

1/20
0
0 3/2

3/2
0

0
0

Name : 3.23 Blowup of Q in a point and the strict
transform of a line passing through

Picard rank: 3 Fano Degree: 42 symm.: no

Futaki-char.:
(−13/12
−53/24

)
Degenerations: 254876, 430425

Cox ring: C[T1, . . . , T7]/〈T1T2 + T3T4 + T5T
2
6 〉 deg(T ) =

(
1 0 1 0 1 0 0
1 1 1 1 0 1 0
1 1 2 0 0 1 1

)

b b

0
0

−2
−10

−2

0

0
0

0
0

−1

−3

0
0

2
11

3

3 ×

b0
0

0
01

0

0

3/2 1
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Name : 3.24 Blowup of W in (0 : 0 : 1, ∗ : ∗ : 0)
Picard rank: 3 Fano Degree: 42 symm.: no

Futaki-char.:
( 2/3
−4/3

)
Degenerations: 429952, 430423

Cox ring: C[T1, . . . , T7]/〈T1T2 + T3T4 + T5T6〉 deg(T ) =
(

0 1 0 1 1 0 0
1 0 0 1 0 1 −1
1 0 1 0 0 1 0

)

b b

−2
−2 00

0

00

0
0 0

0

−2−2

2
2 02

0

22 ×

b0
0 1 01

0

00

2

Name : 4.4 Blow up of Q in 2 non-colinear points and the strict
transform of a conic passing through both of them

Picard rank: 4 Fano Degree: 32 symm.: yes
Futaki-char.: 0 Degenerations: 254352, 430357

Cox ring: C[T1, . . . , T8]/〈T1T 2
2 T3 + T4T5 + T 2

6 〉 deg(T ) =

(
0 1 0 2 0 1 0 1
1 0 1 2 0 1 0 1
1 0 1 1 1 1 1 1
0 0 0 0 0 0 1 1

)

bb

0
0

−3
−2

0 −2−1

−1

0

0
0
0

0
0

−1 −1−1

0
0
0

3
2

1 3
b0

0
0

0

0 0
11

1/2

1/2

1/2

1/2
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Name : 4.5 Blowup of P1×P2 in curves of deg (2,1) and (1,0)

Picard rank: 3 Fano Degree: 32 symm.: no

Futaki-char.:
(5/24
5/24

)
Degenerations: 255339

Cox ring: C[T1, . . . , T8]/〈T1T 2
2 + T3T

2
4 + T5T6〉 deg(T ) =

(
1 0 1 0 1 0 0 0
1 1 1 1 2 1 0 0
0 1 0 1 2 0 1 0

)

0 0

0
0

−2
−2

−1

0

0
0

0

0

−2−2

−1

0

2
2

1

2 2

1
b×

1/2

1/2

0
0

0

0 0

0

1/2

1/2

1

1

Name : 4.7 Blowup of W in (0 : 0 : 1, ∗ : ∗ : 0)
and (∗ : ∗ : 0, 0 : 0 : 1)

Picard rank: 4 Fano Degree: 36 symm.: yes
Futaki-char.: 0 Degenerations: 254603, 255837

Cox ring: C[T1, . . . , T8]/〈T1T2 + T3T4 + T5T6〉 deg(T ) =

(
0 1 1 0 1 0 0 0
1 0 1 0 0 1 0 1
1 0 0 1 0 1 0 0
0 0 0 0 0 0 1 1

)

b b

−2
−2 0

0
0−10

0
0
0 0

0
−1−1

2
2 0

0
02 2

2
b0

0 1 01
0

11 00
2
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Name : 4.8 Blowup of (P1)3 in a curve of degree (0, 1, 1)

Picard rank: 4 Fano Degree: 38 symm.: no

Futaki-char.:
(

0
−13/12

)
Degenerations: 255836, 428555

Cox ring: C[T1, . . . , T8]/〈T1T2 + T3T4 + T5T6〉 deg(T ) =

(
0 1 1 0 1 0 0 0
1 0 1 0 0 1 0 0
1 0 0 1 0 1 0 1
0 0 0 0 0 0 1 1

)

b b

−2
−2

−10

0
0
0

0
2
2

1
2
2

1
−2
−2

−10

0
0
0

0

×

b0
0

0
0
0

0
2
1

2

A Calculating the Futaki character

The Appendix is devoted to the, somewhat technical, proof of Theorem 3.15.
For an invariant ample Cartier divisor D we have the divisorial polytope Ψ :
�→ DivR P1, with � ⊂MR. We cannot directly use Donaldson’s result for the
toric case, since the dimension of the global sections ofO(kD) does not grow like
the number of lattice points of a multiple of a polytope. But as it turns out it
grows like the number of “lattice points” of a weighted sum of polytopes. More
precisely, we consider the abelian group Π̃(V ) generated by all polytopes in
some R-vector space V with the relations [∆]+[∇] = [∆∪∇]+[∆∩∇], whenever
∆,∇,∆ ∪ ∇ are polytopes. A subset of V which is covered by polyhedra
∇ =

⋃
i∈I ∆i can be naturally identified with an element of this group

[∇] :=
∑

J⊂I
(−1)|J|+1 ·

[⋂
j∈J ∆j

]
. (6)

In particular this applies for the relative boundary d∆ of a polytope. We also
introduce a boundary operator ∂ for the class of a polytope in Π̃.

∂[∆] :=





[d∆] , codim(∆) = 0

2[∆]− [d∆] , codim(∆) = 1,

0 , else.

(7)

For an object ∆ =
∑
i ai[∆i] ⊂ Π̃ simply by linear continuation we have well

defined notions of dilation, boundary, volume, numbers of lattice point, and
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barycenter:

k ∗∆ :=
∑

i

ai · [k∆i],

∂∆ :=
∑

i

ai · ∂[∆i],

vol(∆) :=
∑

i

ai · vol(∆i),

N(∆) :=
∑

i

ai ·N(∆i),

bc(∆) :=
∑

i

ai ·
vol(∆i)

vol(∆)
· bc(∆i).

Similarly we can extend the facet volume vol1 and the facet barycenter bc1 to
Π̃, where vol1 and bc1 are defined to be zero for polytopes of codimension 6= 1.
More generally, we may integrate linear forms on V over elements of Π̃.

Proposition A.1. For an element ∆ ⊂ Π̃(Rm) we have the following asymp-
totic formula for the number of lattice points

N(k ∗∆) = (vol∆) · km +
vol1 ∂∆

2
· km−1 +O(km−2).

Proof. This is a well known fact for polytopes of maximal dimension (see also
[Don02, Proposition 4.1.3] for a proof). The same fact follows for weighted
sums of maximal dimensional polytopes just by linearity. Our definition (7) of
a boundary ∂[P ] makes it work for polytopes of lower dimension, as well.

We are now going to associate to a divisorial polytope Ψ an element [Ψ] of

Π̃(MR × R). We consider the natural projection MR × R→ MR and inclusion
NR →֒ NR × R. First, we need some notation. For a function f : Rn ⊃ U → R
with f ≥ R let ∆R(f) be the region enclosed by its graph and the R-level:

∆R(f) = {(u, a) ∈MR × R | u ∈ D,R ≤ a ≤ f(u)}.
If f is non-negative we set ∆(f) := ∆0(f). Now, for a concave piecewise affine

function f on � we denote its graph by f̂ and associate an element [f ] ⊂ Π̃
which correspond to the area enclosed by the graph of f and the 0-level. More
precisely, we choose an integer R ≤ 0 such that f ≥ R and define

[f ] = [∆R(f)] − [�×[R, 0]] (8)

Note, that [f ] does not depend on the particular choice of R. Now, to a

divisorial polytope Ψ : �→ DivR P1 we associate a class [Ψ] ∈ Π̃(MR × R) by

[Ψ] := [�̃] +
∑

P

[ΨP ]. (9)

Here, we set �̃ := �× {0}. The following proposition justifies this definition.
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Proposition A.2. For an ample divisor D on a T-variety X(S) of dimension
n and the corresponding divisorial polytope Ψ = ΨD we have

i. (D)n = volΨ = vol[Ψ],

ii. dimH0(X,O(D)) = N([Ψ]).

iii. dimH0(X,O(D))u = Nu([Ψ]).

Here, Nu([Ψ]) is the number of lattice point that project to u ∈ MR if we
consider the projection MR × R→MR for every element in the sum (9).

Proof. By Theorem 3.8 we only have to prove volΨ = vol[Ψ] to obtain (i). The
only summand of (9) that contributes to the volume is [ΨP ], since all other
polytopes have lower dimension. Now, by the basic rules of integration we
have

∫
�
ΨP = vol[ΨP ]. Hence, we obtain

vol[Ψ] =
∑

P

vol[ΨP ] =
∑

P

∫

�

ΨP =

∫

�

degΨ = volΨ.

We prove (iii). Remember, that the global sections of weight u ∈ � ∩M are
given by H0(P1,O(Ψ(u))). Hence, we have to check that the number Nu of
lattice points of [Ψ], that project to u equals dimH0(P1,O(Ψ(u))). Looking at
(9) and (8) gives

Nu = 1+
∑

P

(⌊ΨP (u)−RP ⌋+1−(1−RP )) = 1+
∑

P

⌊ΨP (u)⌋ = 1+deg⌊Ψ(u)⌋,

since the intervals [RP ,ΨP (u)] and [RP , 0] contain ⌊Ψy(u)−RP ⌋+1 and 1−RP
integers, respectively. We have dimH0(X,O(Ψ(u)) = 1 + deg⌊Ψ(u)⌋ and the
claim follows. Obviously (ii) follows from (iii).

Theorem A.3. The Futaki character FD : NR → R of an divisor D with
corresponding divisorial polytope Ψ = ΨD is given by

FD(v) =

∫

∂[Ψ]

v − vol1 ∂[Ψ]

volΨ

∫

[Ψ]

v. (10)

Proof. We are using exactly the same arguments as in the proof of Theo-
rem 4.2.1 in [Don02]. For an element v ∈ N we are interested in the to-
tal weight of H0(X,O(D)) with respect to this one-parameter subgroup. By
Proposition A.2 it is given by

w(H0(X,O(D))) =
∑

u∈�∩M
〈u, v〉 ·Nu([Ψ])

Note, that we have [ΨkD] = k ∗ [ΨD], by [IS10, Proposition 3.1]. We are now

constructing an element Q of Π̃(MR × R) fulfilling

N(k ∗Q)−N(k ∗ [Ψ]) =
∑

u∈�∩M
〈u, v〉 ·Nu(k ∗ [Ψ]). (11)
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For every elementary summand [∆i] of (9) (which is the class of a polytope)
we are using the construction from [Don02, Section 4.2], i.e. we fix an integer
R, such that 〈·, v〉 ≤ R on ∆i and define

Qi := {(u, t) | u ∈ ∆i, 0 ≤ t ≤ R− 〈u, v〉}.

Now, by Proposition A.2 and Proposition A.1 we have

lk = N(k ∗ [Ψ]) = (vol[Ψ]) · km +
vol1 ∂[Ψ]

2
· km−1 +O(km−2).

Moreover, from the proof of [Don02, Theorem 4.2.1] we have

N(kQi) = km+1

∫

∆i

(R− v) + km

2

∫

∂∆i

(R− v) +N(k∆i) +O(km−1).

By linearity and (11) we obtain

wk = km+1

∫

[Ψ]

(R− v) + km

2

∫

∂[Ψ]

(R− v) +O(km−1)

Now, plugging in the coefficient in Definition 3.13 gives the desired result.

Corollary A.4.

FD = (vol1 ∂[Ψ]) · (bc1(∂[Ψ])− bc([Ψ])),

where bc and bc1, respectively denotes the projection of the barycenters inMR×
R to MR.

Proof. If we plug into the right hand side of (10) the elements of a lattice basis
e1, . . . , en of N ×Z, by the definition of a barycenter we obtain the coordinates
of

L = (vol1 ∂[Ψ])(bc1(∂[Ψ])− bc([Ψ]))

with respect to the dual basis e∗1, . . . , e
∗
n. By definition L is an element of

(NR × R)∗ = MR × R and FD ∈ N∗
R is just the restriction L|NR , i.e. the

projection of L to MR.

To simplify our notation we set ∆ := ∆(degΨ) and denote by ∆∂ the part of
∆→ � that projects to ∂�.

Lemma A.5. For the volume and barycenter of [Ψ] we get

bc([Ψ]) = bc(∆)

vol([Ψ]) = vol(∆).
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Proof. In the proof of Proposition A.2 we have seen already that vol([Ψ]) =∫
�
degΨ and hence vol([Ψ]) = vol(∆). For the projected barycenter we use

the same argument. The only summands that contribute to bc([Ψ]) are [ΨP ].
We may interpret bc([ΨP ]) as a linear form on v ∈ NR and by definition of the
barycenter and basics of integration we have

vol([ΨP ]) · bc([ΨP ])(v) =
∫

∆RP (ΨP )

v −
∫

�×[RP ,0]

v

=

∫

�

(ΨP −RP ) · v +RP ·
∫

�

v

=

∫

�

ΨP · v.

Hence, we obtain

vol([Ψ]) · bc[Ψ] =
∑

P

vol([ΨP ]) · bc[ΨP ]

=
∑

P

∫

�

ΨP · v

=

∫

�

degΨ · v

= vol(∆)bc(degΨ)

= vol([Ψ])bc(degΨ).

Lemma A.6. If we assume that ΨP is constant for P /∈ {P1, . . . , Pr}, then we
can calculate volume and barycenter of ∂[Ψ] as follows.

bc1(∂[Ψ]) = bc1

(
[∆∂ ] + (2− r)[�̃] +

r∑

i=1

[Ψ̂Pi ]

)
,

vol1(∂[Ψ]) = vol1

(
[∆∂ ] + (2 − r)[�̃] +

r∑

i=1

[Ψ̂Pi ]

)
,

where Ψ̂Pi denotes the graph of ΨPi .

Proof. When calculating vol1 and bc1 we have to consider only summands of
∂[Ψ] of codimension one. For every P we have

∂[ΨP ] = [Ψ̂P ]− [�×RP ] + [∆(ΨP |∂�)]− [∂�× [RP , 0]] + . . . ,

where . . . consists of lower dimensional summands. Now, we have bc1[�×RP ] =
bc1[�] and vol1[� ×RP ] = vol1[�]. Applying Lemma A.5 to every facet of �
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gives

bc1

(∑

P

[∆RP (ΨP |∂�)]− [∂�× [RP , 0]]

)
= bc1[∆

∂ ],

vol1

(∑

P

[∆RP (ΨP |∂�)]− [∂�× [RP , 0]]

)
= vol1[∆

∂ ].

Hence,

bc1∂

r∑

i=1

[ΨPi ] = bc1

(
[∆∂ ]− r · [�] +

r∑

i=1

[Ψ̂Pi ]

)

vol1 ∂
r∑

i=1

[ΨPi ] = vol1

(
[∆∂ ]− r · [�] +

r∑

i=1

[Ψ̂Pi ]

)

Looking at (9) and taking into account our definition of the boundary for lower

dimensional polytopes we see, that we still have to add bc1(∂�̃) = 2bc1(�̃) or

vol1(∂�̃) = 2 vol1(�̃), respectively which gives the desired result.

For a polytope ∇ ⊂ MR × R we define ∇+ to be the part of ∇ lying above
the 0-level with respect to the last component. Similarly we define ∇− to
be the part below the 0-level. We define the pyramid pyr(∇) as the class

pyr(∇) := [conv(∇+, 0)] − [conv(∇−, 0)] in Π̃. The pyramid operator extends

by linearity to Π̃.
Now we have the following equivalent to Lemma A.6 for the full-dimensional
volume and barycenter.

Lemma A.7. If we assume that ΨP ≡ 0 for P /∈ {P1, . . . , Pℓ}, then we can
calculate volume and barycenter of [Ψ] as follows.

bc[Ψ] = bc

(
pyr

(
[∆∂ ] +

ℓ∑

i=1

[Ψ̂Pi ]
)
)
,

vol[Ψ] = vol

(
pyr

(
[∆∂ ] +

ℓ∑

i=1

[Ψ̂Pi ]
)
)
,

Proof. For a polytope ∇ ⊂MR × R and a point u ∈MR we denote by ∇u the
length of its fiber over u ∈ MR. Again we may extend this notion linearly to
Π̃. For proving the claim, by Lemma A.5 it’s sufficient to show that

degΨ(u) = pyr(∆∂)u +
r∑

i=1

pyr(Ψ̂Pi)u.
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For a point u = w ∈ ∂� this equality holds, since we have pyr(Ψ̂Pi)w = 0 and
pyr(∆∂)w = degΨ(w) by definition. Moreover, for the point u = 0 the equality

is fulfilled, as well, since, pyr(∆∂)0 = 0 and pyr(Ψ̂Pi)0 = ΨPi holds. Now, the
equality follows by linearity for all points on the line segment connecting w and
0, hence, for all points in �.

Proof of Theorem 3.15. Consider a Fano T-variety given by an f-divisor S with
nontrivial slices SP1 , . . . ,SPr . First we choose a special representation for the

canonical divisor KP1 =
∑r−2

j=1 Pr+j −
∑r

i=1 Pi. Where P1, . . . , P2r−2 are dis-

tinct points on P1. Now, by Remark 3.6 the corresponding divisorial polytope
fulfills

i. ΨP ≡ 0 for P 6= Pi, i = 1, . . . 2r − 2,

ii. ΨP ≡ −1 for P = Pi, i = r + 1, . . . 2r − 2,

iii. The facets of the graph of ΨP have lattice distance 1 to the origin for
P 6= Pi, i = 1, . . . 2r − 2,

iv. the facets F of � with degΨ|F 6≡ 0 have lattice distance 1 from the origin.

By Corollary A.4 we have

F (X) = vol1([Ψ])(bc1∂[Ψ]− bc[Ψ])

We set

C := [∆∂ ] + (2− r)[� × {−1}] +
ℓ∑

i=1

[Ψ̂Pi ].

Now, by Lemma A.6 we have vol1([Ψ]) = vol1(C) and bc1([Ψ]) = bc1(C).
Moreover, by Lemma A.7 we obtain vol([Ψ]) = vol(pyr(C)) and bc([Ψ]) =
bc(pyr(C)). Since, C is a sum over polytopes in lattice distance 1 from the
origin we may apply Lemma A.8 and obtain

F (X) = vol1(∂[Ψ])(bc1(∂[Ψ])− bc[Ψ])

= vol1(C) ·
(
bc1(C) − bc(pyr(C))

)

= vol(pyr(C)) · bc(pyr(C))
= vol[Ψ] · bc([Ψ])

= vol∆ · bc(∆).

Lemma A.8. Assume that ∆1, . . . ,∆r ⊂MR ×R are polytopes of codimension
1 with lattice distance 1 from the origin. Then for C =

∑
ai · [∆i] we have

vol1(C) · (bc1(C)− bc(pyr(C))) = vol(pyr(C)) · bc(pyr(C)).
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Proof. We set n = dimMR + 1. Now, by elementary geometry we have

vol1 ∆i = n · vol(pyr(∆i)), bc1(∆i) =
n

n− 1
· bc(pyr(∆i)).

It follows that vol1 C = n · vol pyr(C). Hence, we get

bc1(C) =
∑

ai
vol1(∆i)

vol1(C)
bc1(∆i) =

∑
ai
vol(pyr(∆i))

vol(pyr(C))
· n

n− 1
· bc(pyr(∆i))

=
n

n− 1
· bc(pyr(C)).

Now, plugging in n
n−1 ·bc(pyr(C)) for bc1(C) into vol1(C)·(bc1(C)−bc(pyr(C)))

gives the desired result.
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Abstract. An obstruction theory for representing homotopy classes
of surfaces in 4–manifolds by immersions with pairwise disjoint im-
ages is developed, using the theory of non-repeating Whitney towers.
The accompanying higher-order intersection invariants provide a ge-
ometric generalization of Milnor’s link-homotopy invariants, and can
give the complete obstruction to pulling apart 2–spheres in certain
families of 4–manifolds. It is also shown that in an arbitrary simply
connected 4–manifold any number of parallel copies of an immersed
2–sphere with vanishing self-intersection number can be pulled apart,
and that this is not always possible in the non-simply connected set-
ting. The order 1 intersection invariant is shown to be the complete
obstruction to pulling apart 2–spheres in any 4–manifold after taking
connected sums with finitely many copies of S2 × S2; and the order
2 intersection indeterminacies for quadruples of immersed 2–spheres
in a simply-connected 4–manifold are shown to lead to interesting
number theoretic questions.

2010 Mathematics Subject Classification: Primary 57M99; Secondary
57M25.
Keywords and Phrases: 2–sphere, 4–manifold, disjoint immersion, ho-
motopy invariant, non-repeating Whitney tower.

1 Introduction

We study the question of whether a map A : Σ → X is homotopic to a map
A′ such that A′(Σi) are pairwise disjoint subsets of X , where Σ = ∐iΣi is the
decomposition into connected components. In this case, we will say that A can
be pulled apart.
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942 Schneiderman and Teichner

This question arises as a precursor to the embedding problem – whether or not
A is homotopic to an embedding. It also arises in the study of configuration
spaces X(m) of m distinct ordered points in X , where elements of πnX

(m)

are represented by m disjoint maps of n–spheres to X , and one might ask
whether or not a given element of the m-fold product

∏m
πnX lies in the

image of the map πnX
(m) → ∏m

πnX induced by the canonical projections
p1, . . . , pm : X(m) → X .
For example, let Σ = ∐iSn be a disjoint union of n–spheres and X be a
connected 2n–manifold. For n ≥ 2, there are Wall’s well known intersection
numbers λ(Ai, Aj) ∈ Z[π1X ], where Ai : S

n → X are the components of A
[33]. These are obstructions for representing A by an embedding, and the main
geometric reason for the success of surgery theory is that, for n ≥ 3, they
are (almost) complete obstructions: The only missing ingredient is Wall’s self-
intersection invariant µ, a quadratic refinement of λ. However, for the question
of making the Ai(S

n) disjoint, it is necessary and sufficient that λ(Ai, Aj) = 0
for i 6= j. We abbreviate this condition on intersection numbers by writing
λ0(A) = 0.
As expected, the condition λ0(A) = 0 is not sufficient for pulling apart A if
n = 2, but this failure is surprisingly subtle: Given only two maps A1, A2 :
S2 → X4 with λ(A1, A2) = 0, one can pull them apart by a clever sequence
of finger moves and Whitney moves, see [19] and Section 1.1 below. However,
this is not true any more for three (or more) 2–spheres in a 4–manifold. In
[30] we defined an additional invariant λ1(A) which takes values in a quotient
of Z[π1X × π1X ] and was shown to be the complete obstruction to pulling
apart a triple A = A1, A2, A3 : S2 → X of 2–spheres mapped into an arbitrary
4–manifold X with vanishing λ0(A). For trivial π1X the analogous obstruction
was defined earlier in [25, 34].
In this paper, we extend this work to an arbitrary number of 2–spheres (and
other surfaces – see Remark 16) in 4–manifolds. The idea is to apply a variation
of the theory of Whitney towers as developed in [3, 4, 5, 6, 29, 30, 31] to address
the problem. Before we introduce the relevant material on Whitney towers, we
mention a couple of new results that can be stated without prerequisites.
Throughout this paper the letter m will usually denote the number of surface
components to be pulled apart, and from now on the letters Σ and X will be
used to denote surfaces and 4–manifolds, respectively. The distinction between
a map of a surface and its image in X will frequently be disregarded in the
interest of brevity.

Pulling apart parallel 2–spheres

The following theorem is discussed and proven in Section 6:

Theorem 1 If X is a simply connected 4–manifold and A : ∐mS2 → X con-
sists ofm copies of the same map A0 : S2 → X of a 2–sphere with trivial normal
Euler number, then A can be pulled apart if and only if [A0] ∈ H2(X ;Z) has
vanishing homological self-intersection number [A0] · [A0] = 0 ∈ Z.
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Note that each transverse self-intersection of A0 gives rise to m2 −m intersec-
tions among the m parallel copies A, not counting self-intersections, see Fig-
ure 1. As a consequence, there cannot be a simple argument to pull A apart.
In fact, the analogous statement fails for non-simply connected 4–manifolds,
see Example 6.2.

Figure 1: One self-intersection leads to m2 −m intersections among m copies.

Stably pulling apart 2–spheres

We say that surfaces A : Σ→ X can be stably pulled apart if A can be pulled
apart after taking the connected sum of X with finitely many copies of S2×S2.
The invariants λ0 and λ1 are unchanged by this stabilization, and in this setting
they give the complete obstruction to pulling apart m maps of 2–spheres:

Theorem 2 A : ∐mS2 → X can be stably pulled apart if and only if λ0(A) =
0 = λ1(A).

This result also holds when the stabilizing factors S2 × S2 are replaced by
any simply-connected closed 4-manifolds (other than S4). It also holds when
components of A are maps of disks. The invariant λ1 is described precisely in
sections 2 and 8; and the proof of Theorem 2 is given in section 7.2. (Note that
X is not required to be simply connected in Theorem 2.) We remark that the
stronger invariant τ1(A) of [30], together with Wall’s self-intersection invariant
τ0(A), is the complete obstruction to stably embedding A, see [29, Cor.1].

Remark 3 The question of pulling apart surfaces in 4–manifolds is indepen-
dent of category. More precisely, any connected 4–manifold can be given a
smooth structure away from one point [12] and any continuous map can be
approximated arbitrarily closely by a smooth map. As a consequence, we can
work in the smooth category and as a first step, we can always turn a map
A : Σ2 → X4 into a generic immersion. We will also assume that surfaces are
properly immersed, i.e. A(∂Σ) ⊂ ∂X with the interior of Σ mapping to the
interior of X, and that homotopies fix the boundary.

1.1 Pulling apart two 2–spheres in a 4–manifold

To motivate the introduction of Whitney towers into the problem, it is im-
portant to understand the basic case of pulling apart two maps of 2–spheres
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A1, A2 : S2 → X . Wall’s intersection pairing associates a sign and an element
of π1X to each transverse intersection point between the surfaces, and the
vanishing of λ(A1, A2) implies that all of these intersections can be paired by
Whitney disks. As illustrated in Figures 2 and 3, these Whitney disks can be
used to pull apart A1 and A2 by first pushing any intersection points between
A2 and the interior of a Whitney disk W(1,2) down into A2, and then using
the Whitney disks to guide Whitney moves on A1 to eliminate all intersections
between A1 and A2 (details in [19]).

A

A

A

W W

A

1

1

2

2 A

A

A

A

1

1

2

2
(1,2)

(1,2)

Figure 2: Pushing an intersection between A2 and the interior of a Whitney
disk W(1,2) down into A2 only creates (two) self-intersections in A2.

A

A

A

A

1

1

2

A

A

A

A

1

1

2

22

Figure 3: A Whitney move guided by the Whitney disk of Figure 2. The
intersection between A1 and the interior of the Whitney disk becomes a pair
of self-intersections of A1 after the Whitney move.

1.2 Pulling apart three or more 2–spheres

Note that for a triple of spheres one cannot use the method of figures 2 and
3 to eliminate an intersection point between one sphere and a Whitney disk
that pairs intersections between the other two spheres. Such “higher-order”
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intersections were used in [30] to define the invariant λ1(A) discussed above.
In this case, the procedure for separating the surfaces involves constructing
“second order”Whitney disks which pair the intersections between surfaces and
Whitney disks. The existence of these second order Whitney disks allows for
an analogous pushing-down procedure which only creates self-intersections and
cleans up the Whitney disks enough to pull apart the surfaces by an ambient
homotopy.
Building on these ideas, we will describe an obstruction theory in terms of
non-repeating Whitney towers W built on properly immersed surfaces in X ,
and non-repeating intersection invariants λn(W) taking values in quotients of
the group ring of (n + 1) products of π1X . The order n of the non-repeating
Whitney tower W determines how many of the underlying surfaces at the
bottom of the tower can be made pairwise disjoint by a homotopy, and the
vanishing of λn(W) is sufficient to find an order n+ 1 non-repeating Whitney
tower.
Non-repeating Whitney towers are special cases of the Whitney towers defined
in [31] (see also [3, 5, 6, 7, 27, 28, 30]). An introduction to these notions is
sketched here with details given in Section 2. We work in the smooth oriented
category, with orientations usually suppressed.

1.3 Whitney towers and non-repeating Whitney towers

Consider A : Σ = ∐iΣ2
i → X4 where the surface components Σi are spheres or

disks (and see Remark 3 for initial clean-ups on A). To begin our obstruction
theory, we say that A forms a Whitney tower of order 0, and define the order
of each properly immersed connected surface Ai : Σi → X to be zero.
If all the singularities (transverse intersections) of A can be paired by Whitney
disks then we get a Whitney tower of order 1 which is the union of these order
1 Whitney disks and the order 0 Whitney tower.
If we only have Whitney disks pairing the intersections between distinct order
0 surfaces Ai : Σi → X of A, then we get an order 1 non-repeating Whitney
tower.

If it exists, an order 2 Whitney tower also includes Whitney disks (of order 2)
pairing all the intersections between the order 1 Whitney disks and the order
0 surfaces. An order 2 non-repeating Whitney tower only requires second order
Whitney disks for intersections between an Ai and Whitney disks pairing Aj
and Ak, where i, j and k are distinct. As explained in Section 2, all of this
generalizes to higher order, including the distinction between non-repeating
and repeating intersection points, however things get more subtle as differ-
ent “types” of intersections of the same order can appear (parametrized by
isomorphism classes of unitrivalent trees).
An order n Whitney tower has Whitney disks pairing up all intersections of
order less than n, and an order n non-repeating Whitney tower is only required
to have Whitney disks pairing all non-repeating intersections of order less than
n (sections 2.1 and 2.4). So “order n non-repeating” is a weaker condition than
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“order n”.
The underlying order 0 surfaces A in a Whitney tower W are said to support
W , and we say that A admits an order n Whitney tower if A is homotopic (rel
boundary) to A′ supporting W of order n.

1.4 Pulling apart surfaces in 4–manifolds

As a first step towards determining whether or not A : Σ → X can be pulled
apart, we have the following translation of the problem into the language of
Whitney towers. This is the main tool in our theory:

Theorem 4 Let m be the number of components of Σ. Then A : Σ → X can
be pulled apart if and only if A admits a non-repeating Whitney tower of order
m− 1.

The existence of a non-repeating Whitney tower of sufficient order encodes
“pushing down” homotopies and Whitney moves which lead to disjointness,
as will be seen in the proof of Theorem 4 given in Section 3. It will be clear
from the proof of Theorem 4 that for 1 < n < m the existence of a non-
repeating Whitney tower of order n implies that any n + 1 of the order 0
surfaces Ai : Σi → X can be pulled apart.

1.5 Higher-order intersection invariants

An immediate advantage of this point of view is that the higher-order intersec-
tion theory of [31] can be applied inductively to increase the order of a Whitney
tower or, in some cases, detect obstructions to doing so. The main idea is that
to each unpaired intersection point p in a Whitney towerW on A one can asso-
ciate a decorated unitrivalent tree tp which bifurcates down from p through the
Whitney disks to the order 0 surfaces Ai (Figure 4, also Figure 12). The order
of p is the number of trivalent vertices in tp. The univalent vertices of tp are
labeled by the elements i ∈ {1, . . . ,m} from the set indexing the Ai. The edges
of tp are decorated with elements of the fundamental group π := π1X of the
ambient 4–manifold X . Orientations of A and X determine vertex-orientations
and a sign sign(p) ∈ {±} for tp, and the order n intersection invariant τn(W)
of an order n Whitney tower W is defined as the sum

τn(W) :=
∑

sign(p) · tp ∈ Tn(π,m)

over all order n intersection points p in W . Here Tn(π,m) is a free abelian
group generated by order n decorated trees modulo relations which include
the usual antisymmetry (AS) and Jacobi (IHX) relations of finite type the-
ory (Figure 5). Restricting to non-repeating intersection points in an order n
non-repeating Whitney tower W , yields the analogous order n non-repeating
intersection invariant λn(W):

λn(W) :=
∑

sign(p) · tp ∈ Λn(π,m)
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which takes values in the subgroup Λn(π,m) < Tn(π,m) generated by order n
trees whose univalent vertices have distinct labels. We refer to Definition 18
for more precise statements. In the following we shall sometimes suppress the
number m of components of Σ and just write Λn(π).

Remark 5 We will show in Lemma 19 that Λn(π,m) is isomorphic to the
direct sum of

(
m
n+2

)
n!-many copies of the integral group ring Z[π(n+1)] of the

(n + 1)-fold cartesian product π(n+1) = π × π × · · · × π. Note that Λn(π,m)
is trivial for n ≥ m− 1 since an order n unitrivalent tree has n+ 2 univalent
vertices. For π left-orderable, T1(π,m) is computed in [29, Sec.2.3.1]. For π
trivial, Tn(m) := Tn(1,m) is computed in [7] for all n, and in [5] the torsion
subgroup of Tn(m) (which is only 2-torsion) is shown to correspond to obstruc-
tions to “untwisting” Whitney disks in twisted Whitney towers in the 4–ball.
The absence of torsion in Λn(π,m) corresponds to the fact that such obstruc-
tions are not relevant in the non-repeating setting since a boundary-twisting
operation [12, Sec.1.3] can be used to eliminate non-trivially twisted Whitney
disks at the cost of only creating repeating intersections.

In the case n = 0, our notation λ0(A) ∈ Λ0(π) just describes Wall’s Hermitian
intersection pairing λ(Ai, Aj) ∈ Z[π] (see section 2.6).
For n = 1, we showed in [30] that if λ0(A) = 0 then taking λ1(A) := λ1(W) in
an appropriate quotient of Λ1(π) defines a homotopy invariant of A (indepen-
dent of the choice of non-repeating Whitney tower W). See sections 2.7 and
8.2.
The main open problem in this intersection theory is to determine for n ≥ 2
the largest quotient of Λn(π) for which λn(W) only depends on the homotopy
class of A : Σ→ X . Even for n = 1, this quotient will generally depend on A,
unlike Wall’s invariants λ0.

1.6 The geometric obstruction theory

In Theorem 2 of [31] it was shown that the vanishing of τn(W) ∈ Tn(π) implies
that A admits an order n + 1 Whitney tower. The proof of this result uses
controlled geometric realizations of the relations in Tn(π), and the exact same
constructions (which are all homogeneous in the univalent labels – see Section 4
of [31]) give the analogous result in the non-repeating setting:

Theorem 6 If A : Σ→ X admits a non-repeating Whitney towerW of order n
with λn(W) = 0 ∈ Λn(π), then A admits an order (n+1) non-repeating Whitney
tower. �

Combining Theorem 6 with Theorem 4 above yields the following result, which
was announced in [31, Thm.3]:

Corollary 7 If Σ has m components and A : Σ→ X admits a non-repeating
Whitney tower W of order m− 2 such that λm−2(W) = 0 ∈ Λm−2(π), then A
can be pulled apart. �
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Thus, the problem of deciding whether or not any given A can be pulled apart
can be attacked inductively by determining the extent to which λn(W) only
depends on the homotopy class of A.

The next two subsections describe settings where λn(W) ∈ Λn(π) does indeed
tell the whole story. For Whitney towers in simply connected 4–manifolds, we
drop π from the notation, writing Λn(m), or just Λn if the number of order 0
surfaces is understood.

1.7 Pulling apart disks in the 4–ball

A link-homotopy of an m-component link L = L1 ∪ L2 ∪ · · · ∪ Lm in the 3–
sphere is a homotopy of L which preserves disjointness of the link components,
i.e. during the homotopy only self-intersections of the Li are allowed. In order
to study “linking modulo knotting”, Milnor [23] introduced the equivalence re-
lation of link-homotopy and defined his (non-repeating) µ-invariants, showing
in particular that a link is link-homotopically trivial if and only if it has all
vanishing µ-invariants. In the setting of link-homotopy, Milnor’s algebraically
defined µ-invariants are intimately connected to non-repeating intersection in-
variants as implied by the following result, proved in Section 4 using a new
notion of Whitney tower-grope duality (Proposition 25).

Theorem 8 Let L be an m-component link in S3 bounding D : ∐mD2 →
B4. If D admits an order n non-repeating Whitney tower W then λn(W) ∈
Λn(m) does not depend on the choice of W. In fact, λn(W) contains the same
information as all non-repeating Milnor invariants of length n + 2 and it is
therefore a link-homotopy invariant of L.

We refer to Theorem 24 for a precise statement on how Milnor’s invariants are
related to λn(L) := λn(W) ∈ Λn(m). Together with Corollary 7 we get the
following result:

Corollary 9 An m-component link L is link-homotopically trivial if and only
if λn(L) vanishes for all n = 0, 1, 2, . . . ,m− 1. �

This recovers Milnor’s characterization of links which are link-homotopically
trivial [23], and uses the fact that L bounding disjointly immersed disks into
B4 is equivalent to L being link-homotopically trivial [13, 14].

Remark 10 A precise description of the relationship between general (repeat-
ing) Whitney towers on D and Milnor’s µ-invariants (with repeating indices
[24]) for L is given in [6]. Our current discussion is both easier and harder
at the same time: We only make a statement about non-repeating Milnor in-
variants, a subset of all Milnor invariants, but as an input we only use a non-
repeating Whitney tower, an object containing less information then a Whitney
tower.

Documenta Mathematica 19 (2014) 941–992



Pulling Apart 2–Spheres in 4–Manifolds 949

1.8 Pulling apart 2–spheres in special 4–manifolds

The relationship between Whitney towers and Milnor’s link invariants can be
used to describe some more general settings where the non-repeating intersec-
tion invariant λn(W) ∈ Λn of a non-repeating Whitney tower gives homotopy
invariants of the underlying order 0 surfaces. Denote by XL the 4–manifold
which is gotten by attaching 0-framed 2–handles to the 4–ball along a link L
in the 3–sphere. The following theorem is proved in Section 5:

Theorem 11 If a link L bounds an order n Whitney tower on disks in the
4–ball, then:

(i) Any map A : ∐mS2 → XL of 2–spheres into XL admits an order n
Whitney tower.

(ii) For any order n non-repeating Whitney tower W supported by A :
∐mS2 → XL, the non-repeating intersection invariant λn(A) := λn(W) ∈
Λn(m) is independent of the choice of W.

Note that the number m of 2–spheres need not be equal to the number of
components of the link L. Using the realization techniques for Whitney towers
in the 4–ball described in [5, Sec.3], examples of such A realizing any value in
Λn(m) can be constructed.

Corollary 12 If a link L bounds an order n Whitney tower on disks in the
4–ball, then:

(i) A : ∐mS2 → XL admits an order n + 1 non-repeating Whitney tower if
and only if λn(A) = 0 ∈ Λn(m).

(ii) In the case m = n+ 2, we have that A : ∐mS2 → XL can be pulled apart
if and only if λm−2(A) = 0 ∈ Λm−2(m). �

The “if” parts of the statements in Corollary 12 follow from Theorem 6 and
Corollary 7 above. The “only if” statements follow from the fact that the second
statement of Theorem 11 implies that λn(A) := λn(W) ∈ Λn(m) only depends
on the homotopy class of A, as explained in Proposition 14 below. In this set-
ting, Kojima [20] had identified (via Massey products) the first non-vanishing
Milnor invariant µL(123 · · ·m) of an m-component link L as an obstruction to
pulling apart the collection of m 2–spheres determined by L in XL.

1.9 Indeterminacies from lower-order intersections.

The sufficiency results of Theorem 6 and Corollary 7 show that the groups
Λn(π) provide upper bounds on the invariants needed for a complete obstruc-
tion theoretic answer to the question of whether or not A : Σ → X can be
pulled apart. And as illustrated by Theorem 8 and Theorem 11 above, there
are settings in which λn(W) ∈ Λn only depends on the homotopy class (rel
boundary) of A, sometimes giving the complete obstruction to pulling A apart.
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In general however, more relations are needed in the target group to account
for indeterminacies in the choices of possible Whitney towers on a given A.
In particular, for Whitney towers in a 4–manifold X with non-trivial second
homotopy group π2X , there can be indeterminacies which correspond to tubing
the interiors of Whitney disks into immersed 2–spheres. Such INT intersection
relations are, in principle, inductively manageable in the sense that they are
determined by strictly lower-order intersection invariants on generators of π2X .
For instance, the INT1 relations in the target groups of the order 1 invariants
τ1 and λ1 of [25, 30] are determined by the order 0 intersection form on π2X .
However, as we describe in Section 8, higher-order INT relations can be non-
linear, and if one wants the resulting target to carry exactly the obstruction to
the existence of a higher-order tower then interesting subtleties already arise
in the order 2 setting.
It is interesting to note that these INT indeterminacies are generalizations
of the Milnor-invariant indeterminacies in that they may involve intersections
between 2–spheres other than the Ai. The Milnor link-homotopy invariant
indeterminacies come from sub-links because there are no other essential 2-
spheres in XL. For instance, the proof of Theorem 2 exploits the hyperbolic
summands of the stabilized intersection form on π2. We pause here to note an-
other positive consequence of the intersection indeterminacies before returning
to further discussion of the well-definedness of the invariants.

1.9.1 Casson’s separation lemma

The next theorem shows that in the presence of algebraic duals for the order 0
surfaces Ai, all our higher-order obstructions vanish. This recovers the follow-
ing result of Casson (proved algebraically in the simply-connected setting [2])
and Quinn (proved using transverse spheres [10, 26]):

Theorem 13 If λ(Ai, Aj) = 0 for all i 6= j, and there exist 2–spheres Bi :
S2 → X such that λ(Ai, Bj) = δij for all i, then Ai can be pulled apart.

Here λ denotes Wall’s intersection pairing with values in Z[π], and δij ∈ {0, 1}
is the Kronecker delta. Note that there are no restrictions on intersections
among the dual spheres Bi. Theorem 13 is proved in section 7.1.

1.9.2 Homotopy invariance of higher-order intersection invari-
ants

Our proposed program for pulling apart 2–spheres in 4–manifolds involves refin-
ing Theorem 6 by formulating (and computing) the relations INTn(A) ⊂ Λn(π)
so that λn(A) := λn(W) ∈ Λn(π)/INTn(A) is a homotopy invariant of A (inde-
pendent of the choice of order n non-repeating Whitney towerW) which repre-
sents the complete obstruction to the existence of an order n+1 non-repeating
tower supported by A. Via Theorem 4 this would provide a procedure to deter-
mine whether or not A can be pulled apart. The following observation clarifies
what needs to be shown:
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Proposition 14 If for a fixed immersion A the value of λn(W) ∈
Λn(π)/INTn(A) does not depend the choice of order n non-repeating Whitney
tower W supported by A, then λn(A) := λn(W) ∈ Λn(π)/INTn(A) only
depends on the homotopy class of A. �

To see why this is true, observe that, up to isotopy, any generic regular ho-
motopy from A to A′ can be realized as a sequence of finitely many finger
moves followed by finitely many Whitney moves. Since any Whitney move has
a finger move as an “inverse”, there exists A′′ which differs from each of A
and A′ by only finger moves (up to isotopy). But a finger move is supported
near an arc, which can be assumed to be disjoint from the Whitney disks in a
Whitney tower, and the pair of intersections created by a finger move admit a
local Whitney disk; so any Whitney tower on A or A′ gives rise to a Whitney
tower on A′′ with the same intersection invariant.
Thus, the problem is to find INTn(A) relations which give independence of
the choice of W for a fixed immersion A, and can be realized geometrically so
that λn(W) ∈ INTn(A) implies that A bounds an order n + 1 non-repeating
Whitney tower. We conjecture that all these needed relations do indeed cor-
respond to lower-order intersections involving 2–spheres, and hence deserve to
be called “intersection” relations. Although such INTn(A) relations are com-
pletely understood for n = 1 (see 8.2 below), a precise formulation for the n = 2
case already presents interesting subtleties. We remark that for maps of higher
genus surfaces there can also be indeterminacies (due to choices of boundary
arcs of Whitney disks) which do not come from 2–spheres; see [29] for the order
1 invariants of immersed annuli.
Useful necessary and sufficient conditions for pulling apart four or more 2–
spheres in an arbitrary 4–manifold are not currently known. In Section 8 we
examine the intersection indeterminacies for the relevant order 2 non-repeating
intersection invariant λ2 in the simply connected setting, and show how they
can be computed as the image in Λ2(4) ∼= Z2 of a map whose non-linear part is
determined by certain Diophantine quadratic equations which are coupled by
the intersection form on π2X (see section 8.3.6). Carrying out this computation
in general raises interesting number theoretic questions, and has motivated
work of Konyagin and Nathanson in [21].
We’d like to pose the following challenge: Formulate the INTn(A) relations for
n ≥ 2 which make the following conjecture precise and true:

Conjecture 15 A : ∐mS2 → X can be pulled apart if and only if λn(A) :=
λn(W) vanishes in Λn(π)/INTn(A) for n = 0, 1, 2, 3, . . . ,m− 2.

2 Whitney towers

This section contains a summary of relevant Whitney tower notions and no-
tations as described in more detail in [3, 5, 6, 27, 28, 29, 30, 31]. Recall our
blurring of the distinction between a map A : Σ → X and its image, which
leads us to speak of A as a “collection” of immersed connected surfaces in X .
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Remark 16 Although this paper focuses on pulling apart A in the case where
the components Σi of Σ are spheres and/or disks, much of the discussion is
also relevant to the π1-null setting; i.e. the Σi are compact connected surfaces
of arbitrary genus and the component maps Ai : Σi → X induce trivial maps
π1Σi → π1X on fundamental groups.

2.1 Whitney towers

The following formalizes the discussion from the introduction by inductively
defining Whitney towers of order n for each non-negative integer n.

Definition 17

• A surface of order 0 in a 4–manifold X is a properly immersed connected
compact surface (boundary embedded in the boundary of X and interior
immersed in the interior of X). A Whitney tower of order 0 in X is a
collection of order 0 surfaces.

• The order of a (transverse) intersection point between a surface of order
n1 and a surface of order n2 is n1 + n2.

• The order of a Whitney disk is n + 1 if it pairs intersection points of
order n.

• For n ≥ 0, a Whitney tower of order n+1 is a Whitney tower W of order
n together with Whitney disks pairing all order n intersection points of
W. These order n+ 1 Whitney disks are allowed to intersect each other
as well as lower-order surfaces.

The Whitney disks in a Whitney tower are required to be framed [5, 12, 30]
and have disjointly embedded boundaries. Each order 0 surface in a Whitney
tower is also required to be framed, in the sense that its normal bundle in X
has trivial (relative) Euler number. Interior intersections are assumed to be
transverse. A Whitney tower is oriented if all its surfaces (order 0 surfaces
and Whitney disks) are oriented. Orientations and framings on any boundary
components of order 0 surfaces are required to be compatible with those of the
order 0 surfaces. A based Whitney tower includes a chosen basepoint on each
surface (including Whitney disks) together with a whisker (arc) for each surface
connecting the chosen basepoints to the basepoint of X.

We will assume our Whitney towers are based and oriented, although whiskers
and orientations will usually be suppressed from notation. The collection A of
order 0 surfaces in a Whitney tower W is said to support W , and we also say
that W is a Whitney tower on A. A collection A of order 0 surfaces is said
to admit an order n Whitney tower if A is homotopic (rel boundary) to A′

supporting an order n Whitney tower.
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2.2 Trees for Whitney disks and intersection points.

In this paper, a tree will always refer to a finite oriented unitrivalent tree,
where the (vertex) orientation of a tree is given by cyclic orderings of the ad-
jacent edges around each trivalent vertex. The order of a tree is the number
of trivalent vertices. Univalent vertices will usually be labeled from the set
{1, 2, 3, . . . ,m} indexing the order 0 surfaces, and we consider trees up to iso-
morphisms preserving these labelings. A tree is non-repeating if its univalent
labels are distinct. When X is not simply connected, edges will be oriented
and labeled with elements of π1X . A root of a tree is a chosen univalent vertex
(usually left un-labeled).

We start by considering the case where X is simply connected:

Formal non-associative bracketings of elements from the index set are used as
subscripts to index surfaces in a Whitney tower W ⊂ X , writing Ai for an
order 0 surface (dropping the brackets around the singleton i), W(i,j) for an
order 1 Whitney disk that pairs intersections between Ai and Aj , andW((i,j),k)

for an order 2 Whitney disk pairing intersections betweenW(i,j) and Ak, and so
on, with the ordering of the bracket components determined by an orientation
convention described below (2.3). When writing W(I,J) for a Whitney disk
pairing intersections betweenWI andWJ , the understanding is that if a bracket
I is just a singleton i then the surfaceWI =Wi is just the order zero surface Ai.
Note that both Whitney disks and order 0 surfaces are referred to as “surfaces
in W”.

Via the usual correspondence between non-associative brackets and rooted
trees, this indexing gives a correspondence between surfaces in W and rooted
trees: To a Whitney disk W(I,J) we associate the rooted tree corresponding to
the bracket (I, J). We use the same notation for rooted trees and brackets, so
the bracket operation corresponds to the rooted product of trees which glues
together the root vertices of I and J to a single vertex and sprouts a new rooted
edge from this vertex. With this notation the order of a Whitney disk WK is
equal to the order of (the rooted tree) K.

The rooted tree (I, J) associated to W(I,J) can be considered to be a subset
of W , with its root edge (including the root edge’s trivalent vertex) sitting
in the interior of W(I,J), and its other edges bifurcating down through lower-
order Whitney disks. The unrooted tree tp associated to any intersection point
p ∈W(I,J)∩WK is the inner product tp = 〈 (I, J),K 〉 gotten by identifying the
roots of the trees (I, J) and K to a single non-vertex point. Note that tp also
can be considered as a subset of W , with the edge of tp containing p a sheet-
changing path connecting the basepoints of W(I,J) and WK (see Figure 4).

If X is not simply connected, then the edges of the just-described trees are
decorated by elements of π1X as follows: Considering the trees as subsets
of W , each edge of a tree is a sheet-changing path connecting basepoints of
adjacent surfaces of W . Choosing orientations of these sheet-changing paths
determines elements of π1X (using the whiskers on the surfaces) which are
attached as labels on the correspondingly oriented tree edges.
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Note that the notation for trees is slightly different in the older papers [27, 31],
where the rooted tree associated to a bracket I is denoted t(I), and the rooted
and inner products are denoted by ∗ and · respectively. The notation of this
paper agrees with the more recent papers [4, 5, 6, 7, 8, 29].

W

W
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W

I

J

(I,J)

K

K

J I

p

pt
+

-

Figure 4: A local picture of the tree tp = 〈(I, J),K〉 associated to p ∈W(I,J) ∩
WK near a trivalent vertex adjacent to the edge of tp passing through an
unpaired intersection point p in a Whitney towerW . On the left tp is pictured
as a subset of W , and on the right as an abstract labeled vertex-oriented tree.
In a non-simply connected 4–manifold X the edges of tp would also be oriented
and labeled by elements of π1X (as in Figure 5 below).

2.3 Orientation conventions

Thinking of the tree I associated to a Whitney diskWI as a subset ofW , it can
be arranged that the trivalent orientations of I are induced by the orientations
of the corresponding Whitney disks: Note that the pair of edges which pass
from a trivalent vertex down into the lower-order surfaces paired by a Whitney
disk determine a “corner” of the Whitney disk which does not contain the other
edge of the trivalent vertex. If this corner contains the negative intersection
point paired by the Whitney disk, then the vertex orientation and the Whitney
disk orientation agree. Our figures are drawn to satisfy this convention.
This “negative corner” convention (also used in [5, 6]), which differs from the
positive corner convention used in [3, 31], turns out to be compatible with the
usual commutator conventions, for instance in the setting of Milnor invariants
(see Figure 13).

2.4 Non-repeating Whitney towers

Whitney disks and intersection points are called non-repeating if their associ-
ated trees are non-repeating. This means that the univalent vertices are labeled
by distinct indices (corresponding to distinct order 0 surfaces, i.e. distinct con-
nected components of A). A Whitney tower W is an order n non-repeating
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Whitney tower if all non-repeating intersections of order (strictly) less than n
are paired by Whitney disks. In particular, if W is an order n Whitney tower
then W is also an order n non-repeating Whitney tower. In a non-repeating
Whitney tower repeating intersections of any order are not required to be paired
by Whitney disks.

2.5 Intersection invariants

For a group π, denote by Tn(m,π) the abelian group generated by order n
(decorated) trees modulo the relations illustrated in Figure 5.

_
+   =  0IHX:

JI J I

  =  

 g =    =  

0+

HOL:OR:

AS:

g

g
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c
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d
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c
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a

a

a a
a

e
e

e

a

ab

b

b
b b

b

b

1

Figure 5: The relations in Tn(π,m): IHX (Jacobi), AS (antisymmetry), OR
(orientation), HOL (holonomy). These are ‘local’ pictures, meaning that the
unlabeled univalent vertices extend to fixed decorated subtrees in each equa-
tion. For instance, in the right-hand term of the HOL relation only the three
visible edge decorations are multiplied by the element g, corresponding to a
change of whisker on a Whitney disk at the indicated trivalent vertex. All
vertex-orientations are induced from a fixed orientation of the plane; in par-
ticular, the two terms in the AS relation only differ by the orientation at the
indicated trivalent vertex, where the two edges extending to the subtrees I and
J have been interchanged.

Note that when π is the trivial group, the edge decorations (orientations and
π-labels) disappear, and the relations reduce to the usual AS antisymmetry
and IHX Jacobi relations of finite type theory (compare also the decorated
graphs of [15]). All the relations are homogeneous in the univalent labels, and
restricting the generating trees to be non-repeating order n trees defines the
subgroup Λn(m,π) < Tn(m,π). (See sections 2.1 and 3 of [31] for explanations
of these relations.)
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Definition 18 For an order n (oriented) Whitney tower W in X, the order
n intersection invariant τn(W) is defined by summing the signed trees ±tp over
all order n intersections p ∈ W:

τn(W) :=
∑

sign(p) · tp ∈ Tn(π).

Here π = π1X; and sign(p) = ±, for p ∈ WI ∩WJ , is the usual sign of an
intersection between the oriented Whitney disks WI and WJ .

If W is an order n non-repeating Whitney tower, the order n non-repeating
intersection invariant λn(W) is analogously defined by

λn(W) :=
∑

sign(p) · tp ∈ Λn(π)

where the sum is over all order n non-repeating intersections p ∈ W.

2.6 Order 0 intersection invariants

The order 0 intersection invariants τ0 and λ0 for A : ∐mS2 → X carry the same
information as Wall’s [33] Hermitian intersection form µ, λ: The generators in
τ0(A) ∈ T0(π,m) with both vertices labeled by the same index i correspond
to Wall’s self-intersection invariant µ(Ai). For µ(Ai) to be a homotopy (not
just regular homotopy) invariant, one must also mod out by a framing relation
which kills order 0 trees labeled by the trivial element in π (see [5] for higher-
order framing relations). Wall’s homotopy invariant Hermitian intersection
pairing λ(Ai, Aj) ∈ Z[π] for i 6= j corresponds to λ0(A) ∈ Λ0(π,m).

The vanishing of these invariants corresponds to the order 0 intersections com-
ing in canceling pairs (after perhaps a homotopy of A), so A admits an order
1 Whitney tower if and only if τ0(A) = 0 ∈ T0(π,m), and admits an order 1
non-repeating Whitney tower if and only if λ0(A) = 0 ∈ Λ0(π,m).

2.7 Order 1 intersection invariants

It was shown in [30], and for π1X = 1 and m = 3 in [25, 34], that for A :
∐mS2 → X admitting an order 1 Whitney tower (resp. non-repeating Whitney
tower)W , the order 1 intersection invariant τ1(A) := τ1(W) (resp. order 1 non-
repeating intersection invariant λ1(A) := λ1(W)) is a homotopy invariant of A,
if taken in an appropriate quotient of T1(π,m) (resp. Λ1(π,m)). The relations
defining this quotient are determined by order 0 intersections between the Ai
and immersed 2–spheres in X . These are the order 1 intersection relations
INT1 which are described in [30] (in slightly different notation) and below in
Section 8 (for λ1). As remarked in the introduction, for τ1 there are also
framing relations, but there are no framing relations for λn (for all n) because
Whitney disks can always be framed by the boundary-twisting operation [12,
Sec.1.3] which creates only repeating intersections.
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From [30], we have that A admits an order 2 Whitney tower (resp. order 2 non-
repeating Whitney tower) if and only if τ1(A) (resp. λ1(A)) vanishes. In par-
ticular, λ1(A1, A2, A3) ∈ Λ1(π, 3)/INT1 is the complete obstruction to pulling
apart three order 0 surfaces with vanishing λ0(A1, A2, A3).

2.8 Order n intersection invariants

As was shown in Theorem 2 of [31], for A admitting a Whitney tower W
of order n, if τn(W) = 0 ∈ Tn(π) then A admits a Whitney tower of order
n+1. The proof of this result proceeds by geometrically realizing the relations
in the target group of the intersection invariant in a controlled manner, so
that one can convert “algebraic cancellation” of pairs of trees to “geometric
cancellation” of pairs of points (paired by next-order Whitney disks). The exact
same arguments work restricting to the non-repeating case to prove Theorem 6
of the introduction: For A admitting a non-repeating Whitney tower W of
order n, if λn(W) = 0 ∈ Λn(π) then A admits a non-repeating Whitney tower
of order n+1. Beyond this “sufficiency” result, it is not known for n ≥ 2 what
additional relations INTn ⊂ Λn(π) would also make the vanishing of λn(W)
in the quotient a necessary condition for A to admit a non-repeating Whitney
tower of order n+ 1, as discussed in 1.9.2 of the introduction.

2.9 The groups Λn

The groups Λn(π,m) provide upper bounds for the order n non-repeating ob-
struction theory, and hence by Corollary 7 also for the obstructions to pulling
apart surfaces. The following result describes the structure of Λn(π,m):

Lemma 19 Λn(π,m) is isomorphic (as an additive abelian group) to the(
m
n+2

)
n!-fold direct sum of the integral group ring Z[πn+1] of the (n + 1)-fold

cartesian product πn+1 = π × π × · · · × π.

Proof: First consider the case where π is trivial. Since the relations in Λn(m)
are all homogenous in the univalent labels, Λn(m) is the direct sum of subgroups
Λn(n + 2) over the

(
m
n+2

)
choices of n + 2 of the m labels. (As noted in the

introduction, Λn(π,m) is trivial for n ≥ m−1 since an order n unitrivalent tree
has n + 2 univalent vertices.) We will show that each of these subgroups has
a basis given by the n! distinct simple non-repeating trees shown in Figure 6
(ignoring the edge decorations for the moment), where an order n tree is simple
if it contains a geodesic of edge-length n+ 1.
For a given choice of n+2 labels, placing a root at the minimal-labeled vertex
of each order n tree gives an isomorphism from Λn(n + 2) to the subgroup of
non-repeating length n+1 brackets in the free Lie algebra (over Z) on the other
labels (with AS and IHX relations going to skew-symmetry relations and Jacobi
identities). This “reduced” free Lie algebra (see also 4.1 below) is known to
have rank n!, as explicitly described in [22, Thm.5.11] (also implicitly contained
in [23, Sec.4–5]), so the trees in Figure 6 are linearly independent if they span.
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To see that the trees in Figure 6 form a spanning set, first observe that for a
given choice of n+2 labels, each order n non-repeating tree t has a distinguished
geodesic edge path Tt from the minimal-label univalent vertex to the maximal-
label univalent vertex. For an orientation-inducing embedding of t in the plane,
it can be arranged that all the sub-trees of t emanating from Tt lie on a preferred
side of Tt by applying AS relations at the trivalent vertices of Tt as needed.
Then, by repeatedly applying IHX relations (replacing the left-most I-tree by
the difference of the H-tree and X-tree in the IHX relation of Figure 5) at
trivalent vertices of distinguished geodesics to reduce the order of the emanating
sub-trees one eventually gets a linear combination of simple non-repeating trees
as in Figure 6 which is uniquely determined by t. (To see how the IHX relation
reduces the order of subtrees emanating from a distinguished geodesic, observe
that if the central edge of the I-tree in an IHX relation is the first edge of such
a subtree, then the corresponding emanating subtrees in the H-tree and X-tree
both have order decreased by one.)
In the case of non-trivial π, the group elements decorating the edges of the
simple trees can always be (uniquely) normalized to the trivial element on all
but n+ 1 of the edges as shown in Figure 6 (by applying HOL relations from
Figure 5 and working from the minimal towards the maximal vertex label). �

i

i i i i i

min imax

g
1

1

g
2

2

g
3

3

g
n+1

g
n-1

n-1

g
n

n

. . . . .

Figure 6: A simple order n tree with minimal- and maximal-labeled vertices
connected by a length n+1 geodesic; 1 ≤ imin < imax ≤ m, and imin < ik < imax

for 1 ≤ k ≤ n. Vertex orientations are induced by the planar embedding. By
the HOL relations, all but n+1 of the edge decorations can be set to the trivial
element in π (indicated by the ‘empty-labeled’ edges in the figure).

2.10 Some properties of Whitney towers

For future reference, we note here some elementary properties of Whitney tow-
ers and their intersection invariants.
Let A : Σ → X support an order n Whitney tower W ⊂ X , where Σ has m
connected components Σi. We will consider the effects on τn(W) of chang-
ing the order 0 surfaces Ai : Σi → X of A by the operations of re-indexing,
including parallel copies, taking internal sums, switching orientations, and dele-
tions; all of which preserve the property that A supports an order n Whitney
tower. We will focus on the case where X is simply connected, which will be
used in Section 5. (Analogous properties hold in the non-simply connected set-
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ting, although when taking internal sums (2.10.3) some care would be needed
in keeping track of the effect on the edge decorations due to choices of arcs
guiding the sums.)

2.10.1 Re-indexing order 0 surfaces

For A : Σ→ X the natural indexing of the order 0 surfaces of W is by π0Σ. In
practice, we fix an identification of π0Σ with the label set {1, 2, . . . ,m}, and the
effect of changing this identification is given by the corresponding permutation
of the univalent labels on all the trees representing τn(W).

2.10.2 Parallel Whitney towers

Suppose A is extended to A′ by including a parallel copy Am+1 of the last order
0 surface Am of A. Recall from Definition 17 that order 0 surfaces have trivial
(relative) normal Euler numbers, so each self-intersection of Am will give rise
to a single self-intersection of Am+1 and a pair of intersections between Am+1

and Am; and each intersection between Am and any Ai, for i 6= m, will give rise
to a single intersection between Am+1 and Ai; and no other intersections in A′

will be created. By the splitting procedure of [31, Lem.13] (also [27, Lem.3.5])
it can be arranged that all Whitney disks in W are embedded and contained
in standard 4–ball thickenings of their trees. Since the Whitney disks are all
framed,W can be extended to an order nWhitney towerW ′ on A′ by including
parallel copies of the Whitney disks in W as illustrated by Figure 7. This new
Whitney tower W ′ can be constructed in an arbitrarily small neighborhood of
W , and the intersection invariants are related in the following way.
Define δ : Tn(m) → Tn(m + 1) to be the homomorphism induced by the map
which sends a generator t having r-manym-labeled univalent vertices to the 2r-
term sum over all choices of replacing the label m by the label (m+ 1). Then
τn(W ′) = δ(τn(W)). (In the non-simply connected setting, group elements
decorating the edges would be preserved by taking parallel whiskers.)
Via re-indexing, the effect of including a parallel copy of any ith order 0 surface
can be described by analogous relabeling maps δi, and iterating this procedure
constructs an order n Whitney tower near W on any number of parallel copies
of any order 0 surfaces of A, with the resulting change in τn(W) described by
compositions of the δi maps.

2.10.3 Internal sums

Suppose A′ is formed from A by taking the ambient connected sum of Am−1

with Am in X (or by joining ∂Am−1 to ∂Am with a band in ∂X), so that A′ has
m−1 components. Since it may be assumed that the interior of the arc guiding
the sum is disjoint fromW , it is clear that A′ bounds an order nWhitney tower
W ′ all of whose Whitney disks and singularities are identical to W . Then
τn(W ′) = σ(τn(W)) ∈ Tn(m − 1), where the map σ : Tn(m) → Tn(m − 1)
is induced by the relabeling map on generators which changes all m-labeled
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I

J J

K

K

I

p

I

J J

K

K

Figure 7: Extending a Whitney tower using parallel Whitney disks: An un-
paired intersection point p ∈ W(I,J) ∩ WK in a Whitney tower on A, where
each of I, J and K contain exactly one occurrence of the index m, gives rise to
eight unpaired intersections in four Whitney disks in the new Whitney tower
on A′, formed from A by including a parallel copy of Am. The dotted oval
loops (left) bound neighborhoods of the Whitney arcs in the opaque I ′ sheet
which have been perturbed into a nearby time coordinate along with the two
corresponding translucent Whitney disks (right).

univalent vertices to (m − 1)-labeled univalent vertices. (In the non-simply
connected setting, group elements decorating all edges would be preserved if
the guiding arc together with the whiskers on Am−1 and Am formed a null-
homotopic loop.)
Via re-indexing, the effect of summing any Ai with any Aj (j 6= i) is described
by the analogous map σij , and for iterated internal sums the resulting inter-
section invariant is described by compositions of the σij maps.

2.10.4 Switching order 0 surface orientations

As explained in [31, Sec.3], the orientation of A determines the vertex-
orientations of the trees representing τn(W) up to AS relations, via our above
convention (2.3). The effect on τn(W) of switching the orientation of an order
0 surface Ai of A is described as follows.
Define si : Tn(m)→ Tn(m) to be the automorphism induced by the map which
sends a generator t to (−1)i(t)t, where again i(t) denotes the multiplicity of the
univalent label i in t. Then if W ′ is a reorientation of W which is compatible
with a reversal of orientation of Ai, then we have τn(W ′) = si(τn(W)).
The effect on the intersection invariant of reorienting any number of order 0
surfaces of A is described by compositions of the si maps.

2.10.5 Deleting order 0 surfaces

The result A′ of deleting the last order 0 surface Am of A supports an order
n Whitney tower W ′ formed by deleting those Whitney disks from W which
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involve Am; that is, deleting any Whitney disk whose tree has at least one
univalent vertex labeled by m. We have τn(W ′) = e(τn(W)), where the ho-
momorphism e : Tn(m) → Tn(m − 1) is induced by the map which sends a
generator t to zero if m appears as a label in t, and is the identity otherwise.
Via re-indexing, the effect of deleting any Ai can be described by analogous
maps ei, and the change in τn(W) due to multiple deletions of order 0 surfaces
is described by compositions of the ei.

2.10.6 Canceling parallels

We note here the following easily-checked lemma, which will be used in Sec-
tion 5:

Lemma 20 The composition σji′ ◦ σi′i′′ ◦ si′′ ◦ δi′ ◦ δi is the identity map on
Tn(m). �

Lemma 20 describes the effect on the intersection invariant that corresponds
to including two parallel copies A′

i and A′′
i of Ai, switching the orientation

on A′′
i , then recombining A′

i and A′′
i by an internal sum into a single i′th

component, and then internal summing this combined i′th component into any
jth component of A. (Note that applying the analogous sequence of operations
to a link obviously preserves the isotopy class of the link.)

3 Proof of Theorem 4

We want to show that m connected surfaces Ai : Σi → X can be pulled apart
if and only if they admit an order m− 1 non-repeating Whitney tower.

Proof: The “only if” direction follows by definition, since disjoint order 0 sur-
faces form a non-repeating Whitney tower of any order. So let W be a non-
repeating Whitney tower of order m − 1 on A1, A2, . . . , Am. If W contains
no Whitney disks, then the Ai are pairwise disjoint. In case W does contain
Whitney disks, we will describe how to use finger moves and Whitney moves
to eliminate the Whitney disks of W while preserving the non-repeating order
m− 1.

First note that W contains no unpaired non-repeating intersections: All non-
repeating intersections of order < m−1 are paired by definition; and since trees
of order ≥ m − 1 have ≥ m + 1 univalent vertices, all intersections of order
greater than or equal to m − 1 in any Whitney tower on m order 0 surfaces
must be repeating intersections.

Now consider a Whitney disk W(I,J) in W of maximal order. If W(I,J) is clean
(the interior of W(I,J) contains no singularities) then do the W(I,J)-Whitney
move on either WI or WJ . This eliminates W(I,J) (and the corresponding
canceling pair of intersections between WI and WJ) while creating no new
intersections, hence preserves the order of the resulting non-repeating Whitney
tower which we continue to denote by W .
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If any maximal order Whitney diskW(I,J) inW is not clean, then the singulari-
ties in the interior ofW(I,J) are exactly a finite number of unpaired intersection
points, all of which are repeating. (SinceW(I,J) is of maximal order, the interior
ofW(I,J) contains no Whitney arcs; andW contains no unpaired non-repeating
intersections, as noted above.) So, for any p ∈ W(I,J) ∩WK , at least one of
(I,K) or (J,K) is a repeating bracket. Assuming that (I,K), say, is repeating,
push p off of W(I,J) down into WI by a finger move (Figure 8). This creates
only a pair of repeating intersections betweenWI andWK . After pushing down
all intersections in the interior of W(I,J) by finger moves in this way, do the
clean W(I,J)-Whitney move on either WI or WJ . Repeating this procedure
on all maximal order Whitney disks eventually yields the desired order m− 1
non-repeating Whitney tower (with no Whitney disks) on order 0 surfaces A′

i.
The A′

i are regularly homotopic to the Ai; the pushing-down finger moves will
have created pairs of self-intersections in the pairwise disjointly immersed A′

i.
�

WK

push-down

W

W

I

p

(I,J)

WJ WJ

WK

WI

Figure 8:

4 Proof of Theorem 8

Consider a link L = L1 ∪ L2 ∪ · · · ∪ Lm ⊂ S3 that bounds an order n
non-repeating Whitney tower W on immersed disks in the 4–ball. We will
prove Theorem 8 by relating λn(W) to Milnor’s length n + 2 link-homotopy
µ-invariants of L in Theorem 24, showing in particular that λn(L) := λn(W) ∈
Λn(m) only depends on the link-homotopy class of L (and not on the Whitney
tower W).

The essential idea is that W can be used to compute the link longitudes as
iterated commutators in Milnor’s nilpotent quotients of the fundamental group
of the link complement. The proof uses a new result, Whitney tower-grope
duality, which describes certain class n+ 2 gropes that live in the complement
of an order n Whitney tower in any 4–manifold (Proposition 25). After fixing
notation for the first-non-vanishing Milnor invariants of L in section 4.1, we give
the explicit identification of them with λn(W) in Theorem 24 of section 4.2.
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4.1 Milnor’s link-homotopy µ-invariants

This subsection briefly reviews and fixes notation for the first non-vanishing
non-repeating µ-invariants of a link. See any of [1, 16, 17, 23] for details.
For a group G normally generated by elements g1, g2, . . . , gm, the Milnor group
of G (with respect to the gi) is the quotient of G by the subgroup normally
generated by all commutators between gi and ghi := hgih

−1, so we kill the
elements

[gi, g
h
i ] = gig

h
i g

−1
i g−hi

for 1 ≤ i ≤ m, and all h ∈ G. One can prove (e.g. [16, Lem.1.3]) by induction
on m that this quotient is nilpotent and (therefore) generated by g1, . . . , gm.
The Milnor group M(L) of an m-component link L is the Milnor group of
the fundamental group of the link complement π1(S

3 r L) with respect to a
generating set of meridional elements. Specifically,M(L) has a presentation

M(L) = 〈x1, x2, . . . , xm | [ℓi, xi], [xj , xhj ]〉
where each xi is represented by a meridian (one for each component), and the
ℓi are words in the xi determined by the link longitudes. The Milnor group
M(L) is the largest common quotient of the fundamental groups of all links
which are link homotopic to L. Since M(L) only depends on the conjugacy
classes of the meridional generators xi, it only depends on the link L (and no
base-points are necessary).
A presentation for the Milnor group of the unlink (or any link-homotopically
trivial link) corresponds to the case where all ℓi = 1, and Milnor’s µ-invariants
(with non-repeating indices) compareM(L) with this free Milnor groupM(m)
by examining each longitudinal element in terms of the generators correspond-
ing to the other components. Specifically, mapping x±1

i to ±Xi induces a
canonical isomorphism

M(m)(n)/M(m)(n+1)
∼= RLn(m)

from the lower central series quotients to the reduced free Lie algebra RL(m) =
⊕mn=1RLn(m), which is the quotient of the free Z-Lie algebra on the Xi by the
relations which set an iterated Lie bracket equal to zero if it contains more than
one occurrence of a generator. This isomorphism takes a product of length n
commutators in distinct xi to a sum of length n Lie brackets in distinct Xi. In
particular, RLn(m) = 0 for n > m.
LetMi(L) denote the quotient ofM(L) by the relation xi = 1. If the element
in Mi(L) determined by the longitude ℓi lies in the (n + 1)th lower central
subgroupMi(L)(n+1) for each i, then we have isomorphisms:

M(L)(n+1)/M(L)(n+2)
∼=M(m)(n+1)/M(m)(n+2)

∼= RL(n+1)(m).

Via the usual identification of non-associative bracketings and binary trees,
RL(n+1)(m) can be identified with the abelian group on order n rooted non-
repeating trees modulo IHX and antisymmetry relations as in Figure 5 (with π
trivial). This identification explains the subscripts in the following definition:
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Definition 21 The elements µin(L) ∈ RLi(n+1)(m) determined by the longi-

tudes ℓi are the non-repeating Milnor-invariants of order n. Here RLi(m) is
the reduced free Lie algebra on the m− 1 generators Xj, for j 6= i.

This definition of non-repeating µ-invariants was originally given by Milnor [23].
He later expressed the elements µin(L) in terms of integers µL(i, k1, . . . , kn+1),
which are the coefficients of Xk1 · · ·Xkn+1 in the Magnus expansion of ℓi. We
note that our order n corresponds to the originally used length n+2 (of entries
in µL).
By construction, these non-repeating µ-invariants depend only on the link-
homotopy class of the link L. We have only defined order n µ-invariants as-
suming that the lower-order µ-invariants vanish, which will turn out to be
guaranteed by the existence of an order n non-repeating Whitney tower.

4.2 Mapping from trees to Lie brackets

For each i, define a map

ηin : Λn(m)→ RLi(n+1)(m)

by sending a tree t which has an i-labeled univalent vertex vi to the iterated
bracketing determined by t with a root at vi. Trees without an i-labeled vertex
are sent to zero. For example, if t is an order 1 Y -tree with univalent labels
1, 2, 3, and cyclic vertex orientation (1, 2, 3), then η11(t) = [X2, X3], and η

3
1(t) =

[X1, X2], and η
2
1(t) = [X3, X1]. Note that the IHX and AS relations in Λn(m)

go to the Jacobi and skew-symmetry relations in RLi(n+1)(m), so the maps ηin
are well-defined.

Lemma 22
m∑

i=1

ηin : Λn(m) −→ ⊕mi=1RL
i
(n+1)(m)

is a monomorphism.

Proof: Putting an i-label in place of the root in a tree corresponding to a Lie
bracket in RLi(n+1)(m) gives a left inverse to ηin. In fact, for the top degree
n + 2 = m, this is an inverse because every index i appears exactly once in a
tree t of order n = m− 2. For arbitrary n, it is easy to check that composing
the sum of these left inverse maps with

∑m
i=1 η

i
n is just multiplication by n+2

on Λn(m). Since Λn(m) is torsion-free by Lemma 19, it follows that
∑m

i=1 η
i
n

is injective. �

Remark 23 The monomorphism
∑m
i=1 η

i
n fits into the bottom row of a com-

mutative diagram:

Tn(m) //
ηn

//

����

⊕mi=1L(n+1)(m)

����

Λn(m) // // ⊕mi=1RL
i
(n+1)(m)

Documenta Mathematica 19 (2014) 941–992



Pulling Apart 2–Spheres in 4–Manifolds 965

Here the upper row is relevant for repeating Milnor invariants as explained in
[4, 5]. The injectivity of the top horizontal map ηn, defined by Jerry Levine, is
much harder to show and is the central result of [7] (implying that Tn(m) has
at most 2-torsion). The two vertical projections simply set trees with repeating
labels to zero.

The maps ηin correspond to tree-preserving geometric constructions which
desingularize an order n Whitney tower to a collection of class n + 1 gropes,
as described in detail in [27], and sketched in section 4.3 below. Gropes are
2-complexes built by gluing together compact orientable surfaces, and this cor-
respondence will be used in the proof of the following theorem:

Theorem 24 If a link L ⊂ S3 bounds a non-repeating Whitney tower W of
order n on immersed disks D = ∐mD2 → B4, then for each i the longitude ℓi
lies in Mi(L)(n+1), and

ηin(λn(W)) = µin(L) ∈ RLi(n+1)(m)

Since the sum of the ηin is injective, this will prove Theorem 8: The intersection
invariant λn(W) ∈ Λn(m) does not depend on the Whitney tower W and is a
link homotopy invariant of L, denoted by λn(L).
For L bounding an honest order nWhitney tower, one can deduce this theorem
from the main result in [6, Thm.5] (and the diagram in Remark 23 above); but
here we only have a non-repeating order n Whitney tower as an input.
Proof: We start by giving an outline of the argument, introducing some nota-
tion that will be clarified during the proof:

(i) First the Whitney tower will be cleaned up, including the elimination
of all repeating intersections of positive order and all repeating Whitney
disks, to arrive at an order n non-repeating Whitney tower W bounded
by L such that all unpaired intersection points of positive order have non-
repeating trees (so the only repeating intersections are self-intersections
in the order 0 disks Dj).

(ii) Then the preferred order 0 disk Di (and all Whitney disks involving Di)
will be resolved to a grope Gi of class n+1 bounded by Li, such that Gi is
in the complement B4rW i, whereW i is the result of deleting Di and the
Whitney disks used to construct Gi from W . The grope Gi will display
the longitude ℓi in π1(B

4rW i) as a product of (n+1)-fold commutators
of meridians to the order 0 surfaces Di := ∪j 6=iDj of W i corresponding
to putting roots at all i-labeled vertices of the trees representing λn(W).
This is the same formula as in the definition of the map ηin, so it only
remains to show that µin(L) can be computed in π1(B

4 rW i).

(iii) This last step is accomplished by using Whitney tower-grope duality
(Proposition 25) and Dwyer’s theorem [9] to show that the inclusion
S3 r ∂Di → B4 r W i induces an isomorphism on the Milnor groups
modulo the (n+ 2)th terms of the lower central series.
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Step (i): Let W be an order n non-repeating Whitney tower on D → B4

bounded by L ⊂ S3. As described in [27, Lem.3.5] (or [31, Lem.13]), W can
be split, so that each Whitney disk of W is embedded, and the interior of
each Whitney disk contains either a single unpaired intersection p or a single
boundary arc of a higher-order Whitney disk, and no other singularities. This
splitting process does not change the trees representing λn(W), and results
in each tree tp associated to an order n intersection p being contained in a
4-ball thickening of tp, with all these 4–balls pairwise disjoint. Splitting sim-
plifies combinatorics, and facilitates the use of local coordinates for describing
constructions. Also, split Whitney towers correspond to dyadic gropes (whose
upper stages are all genus one), and dyadic gropes are parametrized by trivalent
(rooted) trees.

We continue to denote the split order n non-repeatingWhitney tower byW , and
will keep this notation despite future modifications. In the following, further
splitting may be performed without mention.

IfW contains any repeating intersections of positive order, then by following the
pushing-down procedure described in the proof of Theorem 4 given in section 3,
all these repeating intersections can be pushed-down until they create (many)
pairs of self-intersections in the order 0 disks. Then all repeating Whitney disks
are clean, and by doing Whitney moves guided by these clean Whitney disks it
can be arranged thatW contains no repeating Whitney disks and no repeating
intersections of positive order.

Step (ii): Consider now the component Li boundingDi. We want to convertDi

into a class n+1 grope displaying the longitude ℓi as a product of (n+1)-fold
iterated commutators in meridians to the Dj 6=i using the tree-preserving Whit-
ney tower-to-grope construction of [27, Thm.5]. This construction is sketched
roughly below in section 4.3, and a simple case is illustrated in Figure 12.
Actually, the resulting grope Gi comes with caps, which in this setting are
embedded normal disks to the other Dj which are bounded by essential circles
called tips on Gi. For our purposes the caps only serve to show that these
tips are meridians to the Dj. The trees associated to gropes are rooted trees,
with the root vertex corresponding to the bottom stage surface, and the other
univalent vertices corresponding to the tips (or to the caps). SinceW was split,
the upper surface stages of Gi will all be genus one, so the collection of order
n unitrivalent trees t(Gi) associated to Gi will contain one tree for each dyadic
branch of upper stages, with each trivalent vertex of a tree corresponding to a
genus one surface in a branch. In this setting the class of Gi is equal to n+ 1,
the number of non-root univalent vertices in each tree in the collection t(Gi)
(see e.g. [27, Sec.2.3]).

Applying the construction of [27, Thm.5] toDi convertsDi and all the Whitney
disks ofW corresponding to trivalent vertices in trees containing an i-label into
a class n+1 grope Gi. This grope Gi (without the extra caps provided by [27,
Thm.5]) is disjoint from W i ⊂ W , where the order n non-repeating Whitney
tower W i consists of the order 0 immersed disks Di := ∪j 6=iDj together with
the Whitney disks of W whose trees do not have an i-labeled vertex. In the
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present setting, any self-intersections of Di will give rise to self-intersections in
the bottom stage surface of Gi (which is bounded by Li), but all higher stages
of Gi will be embedded.
At the level of trees, this construction of Gi corresponds to replacing each i-
labeled vertex on a tree representing λn(W) with a root [27, Thm.5(v)], which
is the same formula as the map on generators defining ηin (signs and orientations
are checked in [6, Lem.31] and [6, Sec.4.2] in the setting of repeating Milnor
invariants; see also sketch in section 4.3 below). So we have shown that, as
an element in π1(B

4 rW i), the ith longitude ℓi is represented by the iterated
commutators in meridians to theDj that correspond to the image of ηin(λn(W))
if the inclusion S3 r ∂Di → B4 rW i induces an isomorphism on the quotients
of the Milnor groups by the (n+ 2)th terms of the lower central series.
Step (iii): To finish the proof of Theorem 24 we will use Dwyer’s Theorem [9]
and a new notion of Whitney tower-grope duality to check that the inclusion
S3 r ∂Di → B4 rW i does indeed induce the desired isomorphism on the quo-
tients of the Milnor groups by the (n+2)th terms of the lower central series. It
is easy to check that the inclusion induces an isomorphism on first homology,
so by [9] the kernel of the induced map on π1 is generated by the attaching
maps of the 2-cells of surfaces generating the (integral) second homology group
H2(B

4 rW i). The order 0 self-intersections Dj ∩ Dj only contribute Milnor
relations, coming from the attaching maps of the 2-cells of the Clifford tori
around the self-intersections. If the Dj were pairwise disjoint, then by intro-
ducing (more) self-intersections as needed (by finger moves realizing the Milnor
relations, see e.g. [18, XII.2]), it could be arranged that π1(B

4 r Di) was in
fact isomorphic to the free Milnor group. Since the Dj will generally inter-
sect each other, we have to use the fact that W i is a non-repeating Whitney
tower of order n to show that any new relations coming from (higher-order)
intersections are trivial modulo (n+ 2)-fold commutators. Since H2(B

4 rW i)
is Alexander dual to H1(W i, ∂Di), the proof of Theorem 24 is completed by
applying the following general duality result to W i ⊂ B4, which shows that
the other generating surfaces extend to class n+ 2 gropes. �

Proposition 25 (Whitney tower-grope duality) If V is a split Whit-
ney tower on A : Σ = ∐jΣ2

j → X, where each order 0 surface Aj is a

sphere S2 → X or a disk (D2, ∂D2)→ (X, ∂X), then there exist dyadic gropes
Gk ⊂ X r V such that the Gk are geometrically dual to a generating set for
the relative first homology group H1(V , ∂A). Furthermore, the tree t(Gk) asso-
ciated to each Gk is obtained by attaching a rooted edge to the interior of an
edge of a tree tp associated to an unpaired intersection p of V.
Here geometrically dual means that the bottom stage surface of eachGk bounds
a 3–manifold which intersects exactly one generating curve of H1(V , ∂A) trans-
versely in a single point, and is disjoint from the other generators. In particular,
there are as many gropes Gk as free generators of H1(V , ∂A). Note that it fol-
lows from the last sentence of the proposition that if V is order n, then each
Gk is class n+ 2.
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Proof: Since the Aj are simply-connected, the group H1(V , ∂A) is generated by
sheet-changing curves in V which pass once through a transverse intersection
(and avoid all other transverse intersections in V). Such curves either pass
through an unpaired intersection or a paired intersection. First we consider
a sheet-changing curve through an unpaired intersection p ∈ WI ∩ WJ (so
tp = 〈I, J〉). The Clifford torus T around p is geometrically dual to the curve,
and the dual pair of circles in T represent meridians toWI andWJ , respectively
(recall our convention that if, say, J = j is order 0, Then WJ = Aj is an order
0 surface). The next lemma shows that the circles on T bound branches of the
desired grope G(I,J), with t(G(I,J)) = (I, J).

W(I
1
,I
2
)

I
1

I
2

I
2

Figure 9: The normal circle bundle TI to WI1 and W(I1,I2) over the dotted
circle and arc on the left is shown on the right.

Lemma 26 Any meridian to a Whitney disk W(I1,I2) in a Whitney tower V ⊂
X bounds a grope G(I1,I2) ⊂ X r V such that t(G(I1,I2)) = (I1, I2).

Proof: As illustrated in Figure 9, such a meridian bounds a punctured Clifford
torus TI around one of the intersections paired byW(I1,I2). Each of a symplectic
pair of circles on TI is a meridian to one of the Whitney disks WIi paired
by W(I1,I2), so iterating this construction until reaching meridians to order 0
surfaces yields the desired grope G(I1,I2) with bottom stage TI . �
Now we consider the sheet-changing curves through intersection points that
are paired by Whitney disks. Let W(I,J) be a Whitney disk, and consider the
boundary γ of a neighborhood of a boundary arc of W(I,J) in one of the sheets
paired byW(I,J), as illustrated in the left-hand side of Figure 10. We call such a
loop γ an oval of the Whitney disk. Clearly, an oval intersects once with a sheet-
changing curve that passes once through one of the two intersections paired by
W(I,J). So the normal circle bundle to the sheet over an oval is geometrically
dual to such a sheet-changing curve. The following lemma completes the proof
of Proposition 25. �

Lemma 27 Let W(I,J) be a Whitney disk in a split Whitney tower V such that
W(I,J) contains a trivalent vertex of a tree tp = 〈(I, J),K〉 associated to an
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I

J

K1

K2 K2

K1

J

W(I,J)

a a

Figure 10: Left: A (dotted) oval γ ⊂ WI . Right: A (dotted) parallel γ′ to
the oval bounds a grope in a nearby ‘time’ coordinate. Not shown is the dual
branch of the grope attached to the meridian of WJ (as per Lemma 26).

unpaired intersection point p ∈ V. If γ ⊂ WI is an oval of W(I,J) ⊂ V; then
the normal circle bundle T to WI over γ is the bottom stage of a dyadic grope
G ⊂ (X r V), such that t(G) = (I, (J,K)).

Proof: The torus T contains a symplectic pair of circles, one of which is a
meridian to WI , while the other is a parallel γ′ of γ. By Lemma 26, the
meridian to WI bounds a grope GI with t(GI) = I, so we need to check that
γ′ bounds a grope G(J,K) with tree (J,K).

As shown in Figure 10, γ′ bounds a grope whose bottom stage contains a
symplectic pair of circles, one of which is a meridian to WJ ; while the other is
either parallel to an oval in W(I,J) around the boundary arc of a higher-order
Whitney disk W((I,J),K1) for K = (K1,K2) (as shown in the figure), or is a
meridian to WK if W(I,J) contains the unpaired intersection p =W(I,J) ∩WK

(since V is split, these are the only two possible types of singularities inW(I,J)).
By Lemma 26, the meridian to WJ bounds a grope GJ ; and inductively the
oval-parallel circle, or again by Lemma 26 the meridian to WK , bounds a grope
GK ; so the grope bounded by γ′ does indeed have tree (J,K). �

4.3 The Whitney tower-to-grope construction

This subsection briefly sketches the Whitney tower-to-grope construction used
above in Step (ii) of the proof of Theorem 24. In [6] this procedure of converting
Whitney towers to capped gropes in order to read off commutators determined
by link longitudes is covered in detail in the setting of repeating Milnor invari-
ants. The analogous computation of repeating Milnor invariants from capped
gropes described there is trickier in that meridians to a given link component
Li can also contribute to the same longitude ℓi. Hence the computation of
ℓi uses a push-off G′

i of the grope body Gi, and there may be intersections
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1

2

p

3

4

D

W

W

1

(1,2)

((1,2),3)

Figure 11: Moving radially into B4 from left to right, a link L ⊂ S3 bounds
an order 2 (non-repeating) Whitney tower W : The order 0 disk D1 consists of
a collar on L1 together with the indicated embedded disk on the right. The
other three order 0 disks in W consist of collars on the other link components
which extend further into B4 and are capped off by disjointly embedded disks.
The order 1 Whitney disk W(1,2) pairs D1 ∩ D2, and the order 2 Whitney
disk W((1,2),3) pairs W(1,2) ∩ D3, with p = W((1,2),3) ∩ D4 the only unpaired
intersection point in W . See Figure 12 for the tree-preserving resolution of W
to a grope.

between the bottom stage of G′
i and caps on Gci which correspond to repeating

indices on the associated tree.

Here in the non-repeating setting, ℓi can be computed as described above di-
rectly from the body Gi of the capped gropeGci , by throwing away the caps and
just remembering how the tips of Gi are meridians to the other components
corresponding to the univalent labels on t(Gci ). See Figures 11 and 12 for the
local model near a tree.

A typical 0-surgery which converts a Whitney disk W(I,J) into a cap c(I,J) is
illustrated in Figure 13, which also shows how the signed tree is preserved.
The sign associated to the capped grope is the product of the signs coming
from the intersections of the caps with the bottom stages, which corresponds
to the sign of the un-paired intersection point in the Whitney tower; (surgering
along the other boundary arc of the Whitney disk, and the other sign cases are
checked similarly). If either of the J- and K-labeled sheets is a Whitney disk,
then the corresponding cap will be surgered after a Whitney move which turns
the single cap-Whitney disk intersection into a cancelling pair of intersections
between the cap and a surface sheet that was paired by the Whitney disk, as
described in Section 4.2 of [27] (with orientations checked in Lemma 14, Figures
10 and 11 of [31]).
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1 1

2
2

3
3

4 4

Figure 12: Both sides of this figure correspond to the slice of B4 shown in the
right-hand side of Figure 11. The tree tp = 〈((1, 2), 3), 4〉 ⊂ W is shown on
the left. Replacing this left-hand side by the right-hand side illustrates the
construction of a class 3 (capped) grope Gc1 bounded by L1, shown (partly
translucent) on the right, gotten by surgering D1 and W(1,2). Each of the disks
D2, D3 and D4 has a single intersection with a cap of Gc1, with G1 displaying
the longitude of L1 as the triple commutator [x2, [x3, x4]] in π1(B

4rW1), where
W1 = D2∪D3∪D4. This simple case illustrates the local picture of the general
computation of ηin(λn(W)): For a more complicated L = ∂W this construction
would be carried out in a 4–ball neighborhood of each tree containing an i-
labeled vertex, and W i would consist of other Whitney disks as well as the
Dj 6=i.

I

c

I

KK

W

JJ

(I,J) (I,J)

Figure 13: Resolving a Whitney tower to a capped grope preserves the as-
sociated oriented trees. The boundary of the I-labeled sheet represents the
commutator [xJ , xK ], up to conjugation, of the meridians xJ and xK to the J-
and K-labeled sheets.

5 Proof of Theorem 11

Let L ⊂ S3 bound an order n Whitney tower in B4, and let XL be the 4–
manifold gotten by attaching 0-framed 2–handles to L. We need to show:
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(i) Any map A : ∐mS2 → XL of 2–spheres into XL admits an order n
Whitney tower.

(ii) For any order n non-repeating Whitney tower W supported by A :
∐mS2 → XL, the non-repeating intersection invariant λn(A) := λn(W) ∈
Λn(m) is independent of the choice of W .

The first statement of Theorem 11 follows from the observations in section 2.10:
Any A : ∐mS2 → XL is homotopic to the union of band sums of parallel copies
of cores of the 2–handles ofXL with 0-framed immersed disks bounded by a link
L′ formed from L by the operations of adding parallel components, switching
orientations, taking internal band sums and deleting components. Any order n
Whitney tower on immersed disks in the 4–ball bounded by L can be modified
to give an order nWhitney tower on immersed disks bounded by L′ as described
in subsection 2.10. Then the union of the Whitney tower bounded by L′ with
the 2–handle cores forms an order n Whitney tower supported by A.
To prove the second statement of Theorem 11 we will use the following con-
sequence of Theorem 8: If V is any order n non-repeating Whitney tower on
a collection of m immersed 2–spheres in the 4–sphere, then the order n non-
repeating intersection invariant λn(V) must vanish in Λn(m). Otherwise, the
2–spheres supporting V could be tubed into disjointly embedded 2–disks in the
4–ball bounded by an unlink U in the 3–sphere to create an order n Whitney
tower WU in B4 = B4#S4 with λn(U) = λn(WU ) = λn(V) 6= 0 ∈ Λn(m).
We start with the case where L is an m-component link, and A = ∐mi=1Ai :
S2 → XL is such that each Ai goes geometrically once over the 2–handle of XL

attached to the ith component Li of L, and is disjoint from all other 2–handles.
We assume that the orientations of A and L are compatible. In this case, the
union of an order n Whitney tower WL bounded by L with the cores of the
2–handles forms an order n Whitney tower W on A, with λn(W) = λn(L) :=
λn(WL) ∈ Λn(m). If W ′ is any other order n non-repeating Whitney tower on
A′, with A′ homotopic to A, then we will show that λn(W ′) = λn(W) ∈ Λn(m)
by exhibiting the difference λn(W) − λn(W ′) as λn(V), where V is an order
n non-repeating Whitney tower on a collection of immersed 2–spheres in the
4–sphere.
To start the construction, let W ′ ⊂ XL = B ∪H1 ∪H2 ∪ · · · ∪Hm be an order
n non-repeating Whitney tower on A′, with A′ homotopic to A. Here B is
the 4–ball, and the Hi are the 0-framed 2–handles. Any singularities of W ′

which are contained in the Hi can be pushed off by radial ambient isotopies,
so that W ′ may be assumed to only intersect the Hi in disjointly embedded
disks which are parallel copies of the handle cores. These embedded disks lie
in the order 0 2–spheres and the interiors of Whitney disks of W ′. It also may
be assumed that the trees representing λn(W ′) are disjoint from all the Hi.
The intersectionW ′∩∂B is a link L′ in S3, such that L′ is related to L by adding
some parallel copies of components and switching some orientations. Note that
since each Ai goes over Hi algebraically once, L′ contains L as a sublink. Write
L′ as the union L′ = L0 ∪ L1 of two links where the components of L0 bound
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handle core disks in the order 0 2–spheres of W ′, and the components of L1

bound handle core disks in the Whitney disks (surfaces of order at least 1) of
W ′. For each i, the components of L0 which are parallel to Li ⊂ L must come
in oppositely oriented pairs except for one component which is oriented the
same as Li. The components of L1 can be arbitrary parallels of components of
L.
Now delete the Hi from XL, and form S4 by gluing another 4–ball B+ to B
along their 3–sphere boundaries. Since L bounds the order n Whitney tower
WL in B+, an order n Whitney tower W+ ⊂ B+ bounded by L′ can be
constructed using parallel order 0 disks and Whitney disks of WL as in sec-
tion 2.10 above. The union of W+ together with W̊ ′ := W ′ ∩ B is an order n
non-repeating Whitney tower V :=W+ ∪ W̊ ′ on m immersed 2–spheres in S4.
Figure 14 gives a schematic illustration of V .

S

B

B

3

+

Figure 14: The non-repeating Whitney tower V =W+∪W̊ ′ ⊂ S4 = B∪S3 B+:
The links L ⊂ L′ ⊂ S3 are shown in the horizontal middle part of the figure.
The components of L are black; the component of L1 ⊂ L′ is blue, and an
oppositely oriented pair of components in L0 ⊂ L′ are shown in green. The
lower part of the figure shows W̊ ′ ⊂ B, and the upper part shows W+ ⊂ B+.
The tree shown involving the blue L1-component passes down through L1 into
a Whitney disk of W̊ ′ and then down into a pair of order 0 disks in W̊ ′, so
the tree is of order greater than n. The pair of trees each having a univalent
vertex on a green order 0 disk in W+ have opposite signs due to the opposite
orientations on the green disks.

We will check that λn(V) = λn(WL) − λn(W ′) ∈ Λn(m), which will complete
the proof in this case by the opening observation that λn(V) vanishes. We take
the orientation of (B+, ∂B+) in S4 to be the standard orientation of (B4, S3),
and that of (B, ∂B) to be the opposite. Since W̊ ′ ⊂ B contains all the trees
representing λn(W ′), these trees contribute the term −λn(W ′) to λn(V).
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Consider next the trees corresponding to intersections in W+ involving com-
ponents of L1 (i.e. the trees that intersect at least one order 0 disk of W+

bounded by a component of L1). In V these trees are subtrees of trees (for the
same intersections) which pass down through L1 into the Whitney disks of W̊ ′

until reaching the order 0 disks in W̊ ′. Any such tree is of order strictly greater
than n, since it contains an order n proper subtree (the part of the tree inW+)
– see Figure 14. Such higher-order trees do not contribute to λn(V).
Consider now the remaining trees in V which only involve the components of
L0. These trees represent λn(L

0) = λn(W0), where W0 ⊂ W+ is the order n
Whitney tower in B+ bounded by L0 ⊂ ∂B+; but we claim that in V these
trees contribute exactly λn(L), which completes the proof in this case. To see
the claim, recall that L0 consists of L together with oppositely oriented pairs
of parallel components of L. Denote by +Lji , −Lji such a pair which is parallel
to the ith component Li of L, and which bounded oppositely oriented handle-
cores +Hi and −Hi in the jth component A′

j of A′. The univalent labels on

trees representing λn(L
0) = λn(W0) which correspond to +Lji and −Lji when

considered as trees in V are labeled by the same label j. Such re-labelings
correspond exactly to the operations of Lemma 20 in section 2.10.6, which
implies that all trees involving such pairs of components contribute trivially to
λn(V), verifying the claim.
The proof of Theorem 11 in the general case follows the argument just given
with essentially only notational differences: An arbitrary A is represented by
the union of a linear combination of cores of the Hi with immersed disks in B4

bounded by a link LA formed from L by the operations of adding parallel com-
ponents, switching orientations, taking internal sums and deleting components.
Since L bounds an order nWhitney tower, so does LA by section 2.10.6. Hence
A supports an order nWhitney towerW with λn(W) = λn(LA) ∈ Λn(m). One
shows that λn(W ′) = λn(LA) for any non-repeating W ′ on A′ homotopic to A
by proceeding as above with LA taking the place of L.

6 Pulling apart parallel 2–spheres

In this section we prove Theorem 1 of the introduction, which states that
for a map A0 : S2 → X of a 2–sphere in a simply connected 4–manifold X
with vanishing normal Euler number, the homological self-intersection number
[A0] · [A0] vanishes if and only if any number of parallel copies of A0 can be
pulled apart.
Note that since the Euler number e(A) of the normal bundle of a map A :
S2 → X of a 2-sphere in a 4–manifold X can be changed by ±2 by performing
a cusp homotopy of A, the condition e(A) = 0 can be arranged if and only if
the second Stiefel-Whitney class ω2 ∈ H2(X ;Z2) vanishes on [A] (see e.g. [12,
Sec.1.3A]). On the other hand, if ω2([A]) 6= 0, then [A] · [A] is odd and hence
not even two copies of A can be pulled apart.
The proof of Theorem 1 includes a geometric proof that boundary links in the
3–sphere are link-homotopically trivial (Proposition 28 below). We also give
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an example (6.2) illustrating that the “only if” direction of Theorem 1 is not
generally true in non-simply connected 4–manifolds.

6.1 Proof of Theorem 1.

We drop the subscript from notation and consider a map A : S2 → X with
vanishing normal Euler number e(A) = 0 and X simply connected. From the
relationship [A] · [A] = e(A) + λ(A,A′), and the hypothesis that e(A) = 0, we
have that [A] · [A] is equal to the Wall pairing λ(A,A′) which counts signed
intersections between A and any transverse parallel copy A′ (a generic normal
section). (Since X is simply connected, the Wall pairing is just the usual
algebraic intersection number in Z.) So the “if” direction of Theorem 1 is
clear, since λ(A,A′) obstructs pulling apart any two copies of A.

For the other direction, start by observing that the vanishing of [A] · [A] =
λ(A,A′) implies that A supports an order 1 Whitney tower W : The intersec-
tions between the parallels A and A′ correspond in pairs to self-intersections of
A, so λ(A,A′) is equal to twice the sum of signed self-intersections of A. These
self-intersections must come in oppositely signed pairs, which admit Whitney
disks since X is simply connected.

First consider the case where A also has vanishing order 1 intersection in-
variant (section 2.7): If A is characteristic, then τ1(A) := τ(W) = 0 ∈
T1(1)/INT1(A) ∼= Z2 = Z/2Z; or if A is not characteristic, then T1(1)/INT1(A)
is trivial (see [30, Sec.1]). By Theorem 2 of [30] the vanishing of τ1(A) implies
that A admits an order 2 Whitney tower, so by Lemma 3 of [28] for any
m ∈ {3, 4, 5, . . .}, A admits a Whitney tower W of order m. (The fact that A
is connected and X is simply connected is crucial here, since under these hy-
potheses Lemma 3 of [28] shows that higher-order Whitney towers can be built
using a Whitney disk boundary-twisting construction.) Now, taking parallel
copies of the Whitney disks in W yields an order m Whitney tower on m+ 1
parallel copies of A, as observed above in 2.10.2. In particular, we get an order
m non-repeating Whitney tower so, by Theorem 4, the m+1 parallel copies of
A can be pulled apart.

Consider now the case where τ1(A) = τ1(W) is the non-trivial element in Z2.
We will first isolate (to a neighborhood of a point) the obstruction to building
an order 2 Whitney tower, and then combine the previous argument away from
this point with an application of Milnor’s Theorem 4 of [23] (which we will also
prove geometrically in Proposition 28 below).

As illustrated in Figure 15, a trefoil knot in the 3–sphere bounds an immersed 2–
disk in the 4–ball which supports an order 1 Whitney tower containing exactly
one Whitney disk whose interior contains a single order 1 intersection point. It
follows that the square knot, which is the connected sum of a right- and a left-
handed trefoil knot, bounds an immersed disk D in the 4–ball which supports
a Whitney tower V containing exactly two first order Whitney disks, each of
which contains a single order 1 intersection point with D. Being a well-known
slice knot, the square knot also bounds an embedded 2–disk D′ in the 4–ball,
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p+

p-

W

Figure 15: Moving into B4 from left to right: A trefoil knot in S3 (left) bounds
an immersed disk having a single pair of self-intersections p± admitting a Whit-
ney disk W containing a single order 1 intersection point (center). An unknot-
ted ‘slice’ of the immersed disk is shown on the right. The rest of the immersed
disk is described by a null isotopy further into B4 (not shown) of this unknot.

and by gluing together two 4–balls along their boundary 3–spheres we get an
immersed 2–sphere S = D ∪D′ in the 4–sphere having the square knot as an
“equator” and supporting the obvious order 1 Whitney tower WS consisting
of S together with the two Whitney disks from V pairing the intersections in
D ⊂ S.
Now take WS in a (small) 4–ball neighborhood of a point in X (away from
A), and tube (connected sum) A into S. This does not change the (regular)
homotopy class of A, so we will still denote this sum by A. Note that by
construction there is a (smaller) 4–ball B4 such that the intersection of the
boundary ∂B4 of B4 with A is a trefoil knot (one of the trefoils in the connected
sum decomposition of the square knot), and B4 contains one of the twoWhitney
disks of WS . Denote by X◦ the result of removing from X the interior of B4,
and denote by A◦ the intersection of A with X◦ (so A◦ is just A minus a small
open disk). Since the order 1 intersection point in the Whitney disk of WS

which is not contained in B4 now cancels the obstruction τ1(W) ∈ Z2, we have
that A◦ admits an order 2 Whitney tower in X◦, and hence again by Lemma 3
of [28], A◦ admits a Whitney tower of any order in X◦. As before, it follows
that parallel copies of A◦ can be pulled apart by using parallel (non-repeating)
copies of the Whitney disks in a high order Whitney tower on A◦. The parallel
copies of A◦ restrict on their boundaries to a link of 0-parallel trefoil knots in
∂B4, and the proof of Theorem 1 is completed by the following lemma which
implies that these trefoil knots bound disjointly immersed 2–disks in B4. �

Proposition 28 If the components Li of a link L = ∪Li ⊂ S3 are the bound-
aries of disjointly embedded orientable surfaces Fi ⊂ S3 in the 3–sphere, then
the Li bound disjointly immersed 2–disks in the 4–ball.

This proposition first appeared as Milnor’s Theorem 4 of [23], and is a special
case of the general results of [32] which are proved using symmetric surgery.
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Proof: Choose a symplectic basis of simple closed curves on each Fi bounding
properly immersed 2–disks into the 4–ball. We shall refer to these disks as
caps. These caps may intersect each other, but the interiors of these caps lie
in the interior of B4 and so are disjoint from ∪iFi ⊂ S3. The proof proceeds
inductively by using half of these caps to surger each Fi to an immersed disk
F 0
i , while using the other half of the caps to construct Whitney disks which

guide Whitney moves to achieve disjointness.

We start with F1. Let D1r and D
∗
1r denote the caps bounded by the symplectic

circles in F1, with ∂D1r geometrically dual to ∂D∗
1r in F1.

Step 1: Using finger moves, remove any interior intersections between the D∗
1r

and any D1s by pushing the D1s down into F1 (Figure 16).

D

F

D
D*1r

1

1r

1s

Figure 16:

Step 2: Surger F1 along the D1r (Figure 17). The result is a properly im-
mersed 2–disk F 0

1 in the 4–ball bounded by L1 in S3. The self-intersections
in F 0

1 come from intersections and self-intersections in the surgery disks D1r,
and any intersections between the D1r and F1 created in Step 1, as well as
any intersections created by taking parallel copies of the D1r during surgery.
We don’t care about any of these self-intersections in F 0

1 , but we do want to
eliminate all intersections between F 0

1 and any of the disks Dj on the other
Fj , j ≥ 2. These intersections between F 0

1 and the disks on the other Fj all
occur in cancelling pairs, with each such pair coming from an intersection be-
tween a D1r and a Dj . Each of these cancelling pairs admits a Whitney disk
W ∗

1r constructed by adding a thin band to (a parallel copy of) the dual disk
D∗

1r as illustrated in Figure 17. Note that by Step 1 the interiors of the D∗
1r

are disjoint from F 0
1 , hence the interiors of the W ∗

1r are also disjoint from F 0
1 .

The interiors of the W ∗
1r may intersect the Dj , but we don’t care about these

intersections.

Step 3: Do theW ∗
1r Whitney moves on theDj . This eliminates all intersections

between F 0
1 and the disks Dj on all the other Fj (j ≥ 2). Note that any interior
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Figure 17:

intersections theW ∗
1r may have had with the Dj only lead to more intersections

among the Dj , so these three steps may be iterated, starting next by applying
Step 1 to F2. �

6.2 Example

If π1X is non-trivial, then the conclusion of Theorem 1 may not hold, as we
now illustrate. Let X be a 4–manifold with π1X ∼= Z, such that π2X has
trivial order 0 intersection form; and let A1 be an immersed 0-framed 2–sphere
admitting an order 1 Whitney towerW in X with a single order 1 intersection
point p such that τ1(A1) = tp ∈ T1(Z, 1) is represented by the single Y -tree
Y (e, g, h) = tp having one edge labeled by the trivial group element e, and the
other edges labeled by non-trivial elements g 6= h, all edges oriented towards the
trivalent vertex. Such examples are given in [30], and can be easily constructed
by banding together Borromean rings in the boundary of B3×S1 and attaching
a 0-framed two handle.
If A2 and A3 are parallel copies of A1, then the order 1 non-repeating intersec-
tion invariant λ1(A1, A2, A3) takes values in Λ1(Z, 3) (since the vanishing of the
order 0 intersections means that all INT1 relations are trivial). By normalizing
the group element decorating the edge adjacent to the 1-label to the trivial
element using the HOL relations, Λ1(Z, 3) is isomorphic to Z[Z×Z]. Using six
parallel copies of the Whitney disk in W , we can compute that λ1(A1, A2, A3)
is represented by the sum of six Y -trees Y (e, g, h), where the univalent ver-
tex labels vary over the permutations of {1, 2, 3} (see [30, Thm.3.(iii)]). This
element corresponds to the element

(g, h)−(h, g)+(hg−1, g−1)−(g−1, hg−1)+(gh−1, h−1)−(h−1, gh−1) ∈ Z[Z×Z]

which is non-zero if (and only if) g and h are distinct non-trivial elements of
Z. Since λ1(A1, A2, A3) ∈ Λ1(Z, 3) is a well-defined homotopy invariant [30,
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Thm.3], the Ai can not be pulled apart whenever g and h are distinct and
non-trivial.

7 Dual spheres and stablizations

This section contains proofs of Theorem 2 and Theorem 13, both of which
involve using low-order intersections to kill higher-order obstructions.

7.1 Proof of Theorem 13

We need to show that surfaces Ai with pairwise vanishing Wall intersections
can be pulled apart if they have algebraic duals Bi : S

2 → X .

Proof: Wall’s intersection pairing λ(Ai, Aj) ∈ Z[π] is defined when the Ak :
Σk → X are maps of simply connected surfaces Σk, or more generally when
the Ak are π1-null (Remark 16). The pairwise vanishing of Wall’s invariant
gives an order 1 non-repeating Whitney tower on the Ai (2.6). Assuming
inductively for 1 ≤ n < m − 2 the existence of an order n non-repeating
Whitney towerW on the Ai, it is enough to show that it can be arranged that
λn(W) = 0 ∈ Λn(π,m), which allows us to find an order n + 1 non-repeating
Whitney tower by Theorem 6, and then to apply Theorem 4 when n = m− 2.

By performing finger moves to realize the rooted product, any order nWhitney
tower W ⊂ X can be modified (in a neighborhood of a 1-complex) to have an
additional clean order nWhitney diskWJ whose decorated tree corresponds to
any given bracket J , with edges labeled by any given elements of π := π1X . If
J is non-repeating and does not contain the label i, then tubing the 2–sphere
Bi intoWJ will change λn(W) exactly by adding the order n generator ±〈J, i〉g,
where the sign can be chosen by the choice of orientation on Bi, and the element
g ∈ π decorating the i-labeled edge is determined by the choice of arc guiding
the tubing (together with the whiskers on WJ and Ai): Since WJ is order n,
any intersections between Bi and other Whitney disks inW will only contribute
intersections of order strictly greater than n; and since λ(Aj , Bi) = δij ∈ Z[π],
any other intersections between Aj and Bi contribute only canceling pairs of
order n intersections. For 1 ≤ n, any generator of Λn(π,m) can be realized as
〈J, i〉g, so the just-described tubing procedure can be used to modify W until
λn(W) = 0 ∈ Λn(π,m). �

7.2 Proof of Theorem 2

We need to show that λ1(A) = 0 ∈ Λ1(π,m)/INT1(A) if and only if A :
∐mS2 → X can be pulled apart stably.

Note that the vanishing of the homotopy invariant λ0(A) is implied by λ1(A)
being defined.

Proof: The “if” direction is immediate since λ1(A) only depends on the homo-
topy class of A (by [30]), and any 2–spheres carried by the stabilization con-
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tribute trivially to INT1(A). (See section 8.2 below for details on the INT1(A)
relations in the cases m = 3, 4 and X simply connected.)

For the “only if” direction, observe first that the vanishing of λ1(A) gives
an order 2 non-repeating tower supported by A (by Theorem 6). Assuming
inductively for 2 ≤ n < m − 2 the existence of an order n non-repeating
Whitney tower W on A, it is enough to show that it can be arranged that
λn(W) = 0 ∈ Λn(π,m), which allows us to find an order n + 1 non-repeating
Whitney tower by Theorem 6, and then to apply Theorem 4 when n = m− 2.

For n ≥ 2, any generator of Λn(π,m) can be written as 〈I, J〉g where I and
J are both of order greater than or equal to 1, and g ∈ π decorates the edge
where the roots of I and J are joined. As in the above proof of Theorem 13,
any order n non-repeating Whitney tower W on A can be modified to have
new clean Whitney disks WI and WJ , without affecting λn(W). Stabilizing
the ambient 4–manifold by S2 × S2 and tubing WI and WJ into a pair of
dual 2–spheres coming from the stablization creates an intersection realizing
the generator 〈I, J〉g, where the element g ∈ π is determined by the choices
of whiskers on WI and WJ and the tubes into the dual spheres. By realizing
generators in this way it can be arranged that λn(W) = 0.

By Poincaré duality, the same holds for any closed simply connected 4–manifold

other than S4. For instance, for stablization by CP2 (or CP
2
), where the dual

2–spheres are copies of CP1, the framings on WI and WJ can be recovered by
boundary-twisting [12, Sec.1.3], which only creates repeating intersections. �
We remark that some control on the number of stablizations needed in The-
orem 2 can be obtained in terms of m when X is simply connected (so that
Λn(m) is finitely generated). For instance, a single stablization realizes k times
a generator by tubing WI or WJ into k copies (tubed together) of one of the
dual spheres.

8 Second order intersection indeterminacies

It is an open problem to give necessary and sufficient algebraic conditions for
determining whether or not an arbitrary quadruple A : ∐4S2 → X of 2–spheres
in a 4–manifold can be pulled apart. The vanishing of λ0(A) and λ1(A) is of
course necessary, and is equivalent to A admitting an order 2 non-repeating
Whitney tower. As explained in the introduction (1.9), refining the sufficiency
statement provided by Corollary 7 requires the introduction of intersection
relations INT2(A) in the target of λ2(A) which correspond to order 0 and
order 1 intersections involving 2-spheres which can be tubed into the Whitney
disks of any Whitney tower W supported by A.

With an eye towards stimulating future work, the goals of this section are
to present some relevant details, describe some partial results, and introduce
a related number theoretic problem, while formulating order 2 intersection
relations which make the following conjecture precise:
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Conjecture 29 If a quadruple of immersed 2–spheres A : ∐4S2 → X in
a simply connected 4–manifold X admits an order 2 non-repeating Whitney
tower W, then A can be pulled apart if and only if λ2(A) := λ2(W) vanishes
in Λ2(4)/INT2(A).

This section is somewhat technical, so we begin by providing an outline: After
quickly recalling in 8.1 the lack of indeterminacies in the order 0 non-repeating
invariant λ0, the intersection relations INT1 in the target of the order 1 non-
repeating invariant λ1 are examined in detail for triples and then quadruples
of 2–spheres, including notation and examples intended to clarify and motivate
the introduction of the intersection relations INT2(A) in the target of the order
2 non-repeating invariant λ2. These INT2(A) relations, which are determined
by λ0 and λ1 on π2X , are discussed throughout section 8.3. Section 8.3.1
observes that if A has any non-trivial order 0 intersections with any other 2–
spheres in X , then the target Λ2(4)/INT2(A) of λ2(A) must be finite; and
presents two related results, Proposition 30 and Proposition 31, which give
sufficient conditions for pulling apart A in the setting where λ2(A) is defined.
Section 8.3.3 describes the INT2 relations as the image in Λ2

∼= Z ⊕ Z of
a linear map determined by λ1 on π2X in the setting where λ0 vanishes on
π2X , as motivation for the discussion in section 8.3.5 on how non-trivial values
of λ0 away from A can affect the INT2 relations. Section 8.3.6 shows how
the INT2 relations can be computed as the image of a map whose non-linear
part is determined by Diophantine quadratic equations coupled by the order
0 intersection form λ0 on π2X , leading naturally to some relevant number
theoretic questions.
Throughout the rest of this section we assume that the ambient 4–manifold X
is simply connected. For brevity we suppress the domains of the components
of A from notation and consider collections A = A1, . . . , Am # X of immersed
2–spheres.

8.1 Order 0 intersection invariants

Recall (2.6) that the order 0 non-repeating intersection invariant
λ0(A1, . . . , Am) =

∑
sign(p) · i−−− j ∈ Λ0(m) on 2–spheres immersed in

a simply connected 4–manifold X carries exactly the same information as
the integral homological intersection form on H2(X), with the sum of the
coefficients of the i−−−j corresponding to the usual homological intersection
number [Ai] · [Aj ] ∈ Z. There are no intersection indeterminacies in this order
0 setting, and A1, . . . , Am admits an order 1 non-repeating Whitney tower if
and only if λ0(A1, . . . , Am) vanishes in Λ0(m) (which is isomorphic to a direct
sum of

(
m
2

)
copies of Z, one for each (unordered) pair of distinct indices i, j).

8.2 Order 1 intersection relations.

The order 1 intersection relations INT1 are described by order 0 intersections
λ0. These INT1 relations are examined here in detail for triples and quadruples
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of 2–spheres, as notational and motivational preparation for describing the
order 2 intersection relations.

8.2.1 Order 1 triple intersections

For a triple of immersed 2–spheres A1, A2, A3 # X with λ0(A1, A2, A3) = 0,
the order 1 non-repeating intersection invariant λ1(A1, A2, A3) is a sum of order
1 Y -trees in Λ1(3) ∼= Z modulo the INT1(A1, A2, A3) intersection relations:

j
i >−λ0(S(i,j), Ak) = 0

where S(i,j) ranges over π2X , and (i, j) ranges over the three choices of pairs

from {1, 2, 3}. (Here the notation j
i >−λ0(S(i,j), Ak) indicates the sum of trees

gotten by attaching the root of (i, j) to the (i, j)-labeled univalent vertices
in λ0(S(i,j), Ak) corresponding to S(i,j).) Geometrically, these relations cor-
respond to tubing any Whitney disk W(i,j) into any 2–sphere S(i,j). Via the
identification Λ1(3) ∼= Z, the quotient Λ1(3)/INT1(A1, A2, A3) is isomorphic to
Zd = Z/dZ, where d is the greatest common divisor of all the λ0(S(i,j), Ak).
This invariant λ1(A1, A2, A3) ∈ Λ1(3)/INT1(A1, A2, A3) is the Matsumoto
triple [25] which vanishes if and only if A1, A2, A3 admit an order 2 non-
repeating Whitney tower (and hence can be pulled apart [34]).
Examples: In the 4–manifold XL gotten by attaching 0-framed 2-handles to
the Borromean rings L = L1 ∪ L2 ∪ L3 ⊂ S3 = ∂B4, all INT1 relations are
trivial, and the triple A1, A2, A3 of 2–spheres determined (up to homotopy)
by the link components can not be pulled apart since λ1(A1, A2, A3) is equal
to (±) the generator 2

1 >− 3 of Λ1(3) ∼= Z.
If XL is changed to X ′

L by attaching another 2-handle along a meridional circle
to L3, then INT1(A1, A2, A3) = Λ1(3) since 2

1 >−λ0(S(1,2), A3) = (±)21 >− 3,
where S(1,2) is the new 2–sphere which is dual to A3. Now A1, A2, A3 # X ′

L

can be pulled apart since λ1(A1, A2, A3) takes values in the trivial group.

8.2.2 Computing the INT1(A1, A2, A3) intersection relations

Since each element of π2X can affect the non-repeating order 1 indeterminacies
in three independent ways (by tubing 2–spheres into Whitney disks W(1,2),
W(1,3), and W(2,3)) the INT1(A1, A2, A3) relations can be computed as the
image of a linear map Zr ⊕ Zr ⊕ Zr −→ Z, with r the rank of the Z-module
π2X modulo torsion. Specifically, let Sα be a basis for π2X (mod torsion),
and define integers aαij := λ0(S

α
(i,j), Ak) for S

α
(i,j) ranging over the basis, and i,

j, k distinct. Then, identifying Λ1(3) ∼= Z, the INT1(A1, A2, A3) intersection
relations can be described as

∑

α

(xα12a
α
12 + xα31a

α
31 + xα23a

α
23) = 0

with the coefficients xαij ranging (independently) over Z.
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Using integer vector notation, this map can be written concisely as:

(x12, x31, x23) 7−→ x12 · a12 + x31 · a31 + x23 · a23.
with “ · ” denoting the dot product in Zr.

8.2.3 Order 1 quadruple intersections

For a collection A of four immersed 2–spheres A = A1, A2, A3, A4 # X with
vanishing λ0(A), the order 1 non-repeating intersection invariant λ1(A) takes
values in Λ1(4)/INT1(A), with the INT1(A) relations given by

j
i >−λ0(S(i,j), Ak, Al) = 0

where S(i,j) ranges over π2X , and (i, j) ranges over the six choices of distinct
pairs from {1, 2, 3, 4}. Each such relation corresponds to tubing the 2–sphere
S(i,j) into a Whitney disk W(i,j). Here Λ1(4) ∼= Z ⊕ Z ⊕ Z ⊕ Z, and each
generator of the rank r Z-module π2X modulo torsion gives six relations, so
the target group Λ1(4)/INT1(A) of λ1(A) is the quotient of Z4 by the image
of a linear map from Z6r. The invariant λ1(A) vanishes in Λ1(4)/INT1(A) if
and only if A admits an order 2 non-repeating Whitney tower.
Example: Note that each of the four copies of Z in Λ1(4) corresponds to
a target of a Matsumoto triple (a choice of three distinct indices), but the
vanishing of the all the triples is not sufficient to get an order 2 non-repeating
Whitney tower on the A because of “cross-terms” in the INT1 relations; the
simplest example is the following:
Consider a five component link L = L1 ∪ · · · ∪ L5 ⊂ S3 = ∂B4 such that
L1∪L2∪L3 forms a Borromean rings which is split from the component L4, and
L5 is a band sum of (positive) meridians to L3 and L4. In the 4–manifold gotten
by attaching 0-framed 2-handles to B4 along L, let Ai denote the immersed
2–sphere determined (up to homotopy) by the core of the 2-handle attached to
Li.
Now any three of the quadruple A1, A2, A3, A4 will have vanishing first or-
der triple λ1(Ai, Aj , Ak) in Λ1(3)/INT1(Ai, Aj , Ak) for any choice of distinct
i, j, k: Since A5 is dual to A3, the generator 2

1 >− 3 of Λ1(3) is killed by
INT1(A1, A2, A3); and for the other choices of 1 ≤ i < j < k ≤ 4 it is clear
that λ1(Ai, Aj , Ak) vanishes since Li∪Lj ∪Lk is a split link (so Ai, Aj , Ak can
be pulled apart).
But the first order quadruple λ1(A1, A2, A3, A4) = 2

1 >− 3 = − 2
1 >− 4

is non-zero in Λ1(4)/INT1(A1, A2, A3, A4) ∼= Z3, where the only non-trivial
INT1(A1, A2, A3, A4) relation is

2
1 >−λ0(A5, A3, A4) =

2
1 >− 3+ 2

1 >− 4 = 0.

Geometrically, any order 1 intersection in a Whitney tower on A1 ∪ A2 ∪ A3

can be killed by tubing A5 into a Whitney disk pairing intersection between
A1 and A2 to create a canceling order 1 intersection, but this also creates an
order 1 intersection between the Whitney disk and A4.
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8.2.4 Computing the INT1(A1, A2, A3, A4) relations

Choose a basis Sα for π2X (mod torsion), and define integers aαij,k :=
λ0(S

α
(i,j), Ak). Then each element of the subgroup INT1(A1, A2, A3, A4) <

Λ1(4) can be written

j
i >−λ0(

∑
α x

α
ijS

α
(i,j), Ak, Al) = (

∑
α x

α
ija

α
ij,k)

j
i >− k+ (

∑
α x

α
ija

α
ij,l)

j
i >− l

= (xij · aij,k) ji >− k+ (xij · aij,l) ji >− l

where the coefficients in the last expression are dot products of vectors in Zr,
with i, j, k, l distinct, and r the rank of π2X (mod torsion). Using the basis

{ 1
2 >− 3 , 1

2 >−4 , 1
3 >−4 , 2

3 >−4 }

for Λ1(4), the subgroup INT1(A1, A2, A3, A4) is the image of the linear map
Z6r −→ Z4:




x12
x13
x41
x23
x24
x34



7−→




a12,3 −a13,2 0 a23,1 0 0
a12,4 0 a41,2 0 a24,1 0
0 a13,4 a41,3 0 0 a34,1
0 0 0 a23,4 −a24,3 a34,2







x12
x13
x41
x23
x24
x34




where the multiplication of entries is the vector dot product in Zr.

8.3 Order 2 intersection relations.

Now consider a quadruple of immersed 2–spheres A = A1, A2, A3, A4 # X in
a simply connected 4–manifold X , such that λ1(A) = 0 ∈ Λ1(4)/INT1(A), so
that A supports an order 2 non-repeating Whitney tower W ⊂ X .

Recall that we want to describe order 2 intersection relations INT2(A) which
account for changes in the choice of Whitney tower on A and define the target
of λ2(A) ∈ Λ2(4)/INT2(A). Note that Λ2(4) is isomorphic to Z⊕Z, generated,
for instance, by the elements

t1 := 2
1 >−−−< 3

4 and t2 := 3
1 >−−−< 2

4,

with the IHX relation giving:

4
1 >−−−< 2

3 = t1 + t2.

We will mostly be concerned with the case that A is in the radical of λ0 on
π2X , so that for each i ∈ {1, 2, 3, 4} the order 0 pairing λ0(S,Ai) vanishes for
any immersed 2–sphere S, but first we make some quick general observations
related to Theorems 2 and 13 above.
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8.3.1 Tubing order 2 Whitney disks into spheres

Let i, j, k, l be distinct indices from {1, 2, 3, 4}. As already observed in the
proof of Theorem 13, W can be modified to have an additional clean order
2 Whitney disk W((i,j),k) without creating any new unpaired intersections. If
S((i,j),k) is any immersed 2–sphere, then tubingW((i,j),k) into S((i,j),k) preserves
the order of the Whitney tower and changes λ(W) by aijk · 〈((i, j), k), l〉, where
aijk = λ0(S((i,j),k), Al) ∈ Z (since any intersections between the new Whitney
disk W((i,j),k)#S((i,j),k) and Ai, Aj , Ak are repeating intersections).
Letting S((i,j),k) vary over a basis Sα for π2X (mod torsion) for distinct triples
i, j, k in {1, 2, 3, 4}, this construction generates a subgroup of Λ2(4) isomorphic
to dZ ⊕ dZ, where d is the greatest common divisor of λ0(S

α, Ai) over all S
α

and i. In particular, if these order 0 intersections are relatively prime, then the
target Λ2(4)/INT2(A) of λ2(A) is trivial:

Proposition 30 If A = A1, A2, A3, A4 admits an order 2 non-repeating Whit-
ney tower and if gcd({λ0(Sα, Ai)}α,i) = 1, then A can be pulled apart. �

8.3.2 Tubing order 1 Whitney disks into spheres

Again as in the proof of Theorem 13, for any choice of distinct indicesW can be
modified to have two additional clean order 1 Whitney disks W(i,j) and W(k,l).
Tubing either of these Whitney disks into an arbitrary 2–sphere might create
unpaired order 1 non-repeating intersections (between A and the 2–sphere) and
hence not preserve the order of W , however tubing into 2–spheres created by
stabilization does indeed preserve the order (since intersections among order 1
Whitney disks are of order 2). In fact, a single stablization is all that is needed
to kill any obstruction to pulling apart the quadruple A1, A2, A3, A4:

Proposition 31 If A = A1, A2, A3, A4 admit an order 2 non-repeating Whit-
ney tower, then A can be pulled apart in the connected sum of X with a single

S2 × S2 (or a single CP2, or a single CP
2
).

Proof: S2 × S2, or CP2, or CP
2
. We will show how to change λ2(W) by any

integral linear combination a1t1 + a2t2 of the above generators t1, t2 of Λ2(4):
To create a1t1, first modify W to have two additional clean Whitney disks
W(1,2) and W(3,4), then tube W(1,2) into S, and tube W(3,4) into |a1|-many
copies of S′ (where the sign of a1 corresponds to the orientations of the copies

of S′). Note that in case of stabilization by CP2 or CP
2
, the extra intersections

coming from taking |a1| copies of CP1 are all repeating intersections, so that
λ2(W) is indeed only changed by a1t1. Now, to further create a2t2 proceed
in the same way starting with two additional clean Whitney disks W(1,3) and
W(2,4), which are tubed into a parallel copy of the same S and |a2|-many copies
of S′. This will also create intersections with the previous copies of S and S′,
but these extra intersections will all be repeating intersections. (Any Whitney
disks tubed into copies of CP1 can be framed as in the proof of Theorem 2, see
section 7.2.) �
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Remark 32 By Poincaré duality the statement of Proposition 31 holds for a
single stabilization by taking the connected sum of X with any simply connected
closed 4–manifold other than S4.

From the observations just before Proposition 30, the existence of any non-
trivial order 0 intersections between any Ai and any 2–spheres in X implies
that the obstruction to pulling apart the Ai lives in a finite quotient of Λ2(4).
Returning to our goal of defining the INT2 relations which clarify Conjecture 15,
we will consider settings where the target for λ2(A) is potentially infinite.

8.3.3 Linear INT2 relations

Assume first that all order 0 non-repeating intersections λ0 on π2X vanish.
Let i, j, k, l denote distinct indices in {1, 2, 3, 4}.
Suppose that W(i,j) is an order 1 Whitney disk in W , and that W ′

(i,j) is a
different choice of order 1 Whitney disk with the same boundary as W(i,j) such
that all intersections W ′

(i,j) ∩Ak and W ′
(i,j) ∩Al are paired by order 2 Whitney

disks. Then replacingW(i,j) byW
′
(i,j), and replacing the order 2 Whitney disks

supported by W(i,j) with those supported by W ′
(i,j), changes W to another

order 2 non-repeating Whitney tower W ′ on A. The union of W(i,j) with
W ′

(i,j) along their common boundary is a 2–sphere S(i,j) =W(i,j) ∪W ′
(i,j) with

λ0(S(i,j), Ak, Al) = 0 ∈ Λ0((i, j), k, l) as pictured (schematically) in Figure 18.

S

W(i,j)

(i,j)

(k,l)

k
kl l

ij

Figure 18: Changing the interior ofW(i,j) toW
′
(i,j) corresponds to tubingW(i,j)

into a 2–sphere S(i,j). Only intersections which contribute to the difference
λ2(W)− λ2(W ′) ∈ Λ2(4) are shown.

Via the map Λ1((i, j), k, l)→ Λ2(4) induced by sending (i, j)−< k
l to j

i >−−−< k
l ,
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the corresponding change λ2(W)−λ2(W ′) ∈ Λ2(4) is equal to the image of the
order 1 non-repeating intersection invariant λ1(S(i,j), Ak, Al), which is defined
in Λ1((i, j), k, l) since the vanishing of λ0 means that all INT1 relations are
trivial.

Similarly changing the interiors of any number of the order 1 Whitney disks in
W leads to the following definition, which makes Conjecture 29 precise in this
setting:

Definition 33 For a quadruple of 2–spheres A = A1, A2, A3, A4 # X with
λ1(A) = 0, with X simply connected and λ0 vanishing on π2X, define the
order 2 intersection relations INT2(A) < Λ2(4) to be the subgroup generated by

j
i >−λ1(S(i,j), Ak, Al)

over all choices of distinct i, j, k, l and all representatives S(i,j) of π2X.

This definition of INT2(A) describes all possible changes in the order 2 inter-
sections due to choices of Whitney disks for fixed choices of boundaries of order
1 Whitney disks (up to isotopy), so by Proposition 14 what remains to be done
to confirm Conjecture 29 in this case is to show that λ2(W) ∈ Λ2(4)/INT2(A)
is independent of the choice of order 1 Whitney disk boundaries.

8.3.4 Computing the linear INT2 relations

In this setting (where λ0 vanishes on π2X), the subgroup INT2(A) can be
computed as follows:

For a basis Sα for the rank r Z-module π2X (mod torsion), and integers aαij
defined by

λ1(S
α
(i,j), Ak, Al) = aαij (i, j)−−< k

l ,

the INT2(A) relations are described as the image of the linear map Z6r → Z2

given in the basis {t1, t2} = { 2
1 >−−−< 3

4 ,
3
1 >−−−< 2

4 } by:



x12
x34
x13
x24
x14
x23



7→
(
a12 a34 0 0 a14 a23
0 0 a13 a24 a14 a23

)




x12
x34
x13
x24
x14
x23




where the multiplication of entries is vector inner product.

Examples in this setting realizing any coefficient matrix can be constructed by
attaching 2-handles to B4 along 0-framed links in S3 with vanishing linking
matrix.
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8.3.5 Quadratic INT2 relations

Now assume that the Ai represent elements in the radical of λ0 on π2X , but
that λ0 may otherwise be non-trivial.
We continue to investigate changes in order 2 intersections due to choices of
interiors of Whitney disks in W supported by A. Changing the interior of a
Whitney diskW(i,j) toW

′
(i,j) along their common boundary again leads to a 2–

sphere S(i,j) =W(i,j)∪W ′
(i,j) whose order 1 intersections with Ak, Al determine

λ2(W) − λ2(W ′) ∈ Λ2(4), but the order 1 invariant λ1(S(i,j), Ak, Al) that we
want to use to measure this change may now itself have indeterminacies coming
from non-trivial order 0 intersections between S(i,j) and any 2–spheres in X .
Specifically, λ1(S(i,j), Ak, Al) takes values in Λ1((i, j), k, l) modulo
INT1(S(i,j), Ak, Al), where the INT1(S(i,j), Ak, Al) relations are:

k
(i,j) >−λ0(S((i,j),k), Al) = 0 (1)

(i,j)
l >−λ0(S(l,(i,j)), Ak) = 0 (2)

l
k >−λ0(S(k,l), S(i,j)) = 0. (3)

Note that the first two relations are empty by our assumption that the Ai
have vanishing order 0 intersections with all 2–spheres. The third relation
corresponds to indeterminacies in λ1(S(i,j), Ak, Al) due to the choice of interiors
of order 1Whitney disks pairingAk∩Al, so computing with the order 1Whitney
disksW(k,l) inW determines a lift λW1 (S(i,j), Ak, Al) ∈ Λ1((i, j), k, l). Mapping

(i, j)−< k
l to j

i >−−−< k
l , we have:

λ2(W)− λ2(W ′) = j
i >−λW1 (S(i,j), Ak, Al) ∈ Λ2(4).

Now consider changing both W(i,j) to W ′
(i,j), and some W(k,l) to W ′

(k,l) in

as illustrated in Figure 19 (recall that i, j, k, l are distinct). The resulting
change ∆W(S(i,j), S(k,l)) := λ2(W) − λ2(W ′) ∈ Λ2(4) can be expressed as
∆W(S(i,j), S(k,l)) =

j
i >−λW1 (S(i,j), Ak, Al) + j

i >−λ0(S(i,j), S(k,l))−< k
l +λW1 (Ai, Aj , S(k,l))−< k

l

Here the 2–sphere S(k,l) determined by W(k,l) and W
′
(k,l) contributes the right-

hand term λW1 (Ai, Aj , S(k,l)) just as discussed above for S(i,j), but now there
is also a “cross-term” coming from order 0 intersections between S(i,j) and
S(k,l). As in the previous paragraph λW1 (S(i,j), Ak, Al) and λW1 (Ai, Ak, S(k,l))
are lifts of the corresponding order 1 invariants. The three homotopy invariants
λ1(S(i,j), Ak, Al), λ1(Ai, Aj , S(k,l)), and λ0(S(i,j), S(k,l)) are independent, so the
given expression for ∆W(S(i,j), S(k,l)) only depends on W and the homotopy
classes of S(i,j) and S(k,l).
Observe that, since the intersection invariants sum over contributions from the
Whitney disks, this entire discussion applies word for word to changing all the
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W
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W(i,j)

(i,j)

(i,j)

(k,l)

(k,l)
(k,l)

k
l i j

ij k
l

Figure 19: A schematic illustration of how order 0 intersections between S(i,j)

and S(k,l) can contribute order 2 indeterminacies. (Only relevant intersections
are shown.)

first order Whitney disks W(i,j) on Ai and Aj , and all the first order Whitney
disks W(k,l) on Ak and Al; with the 2–spheres S(i,j) and S(k,l) interpreted
as sums (geometrically: unions) of the 2–spheres determined by each pair of
Whitney disks.

Definition 34 For a quadruple of 2–spheres A = A1, A2, A3, A4 # X with
X simply connected and A in the radical of λ0 on π2X, define the order 2
intersection relations INTW

2 (A) < Λ2(4) to be the subset

INTW
2 :=

⋃
{−∆W(S(1,2), S(3,4))−∆W(S(1,3), S(2,4))−∆W(S(1,4), S(2,3))}

⊂ Λ2(4).

where (i, j), (k, l) vary over the pair-choices (1, 2), (3, 4), and (1, 3), (2, 4) and
(1, 4), (2, 3); and where S(i,j) and S(k,l) vary over all (homotopy classes of)
2–spheres in X.

Note that, as defined, INTW
2 is only a subset of Λ2(4).

Since the above construction can be carried out simultaneously for the three
pair-choices, it follows that if λ2(W) ∈ INTW

2 , then it can be arranged that the
Ai support W ′ with λ2(W ′) = 0 ∈ Λ2(4), so the Ai can be pulled apart.
Since INTW

2 always contains the zero element of Λ2(4), the statement of Con-
jecture 29 makes sense, with INTW

2 taking the place of INT2(A). It would be
desirable to have a formulation of the general INT2 relations just in terms of
A, rather than W .
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In the case that all order 0 intersections vanish on π2X , then INTW
2 reduces

to the subgroup INT2(A) < Λ2(4) of Definition 33.

8.3.6 Computing the quadratic INT2 relations

In this setting, INTW
2 can be computed as follows:

For a basis Sα for the rank r Z-module π2X (mod torsion), let Q = qαβ =
λ0(S

α, Sβ) denote the intersection matrix. For integers aαij defined by

λW1 (Sα(i,j), Ak, Al) = aαij (i, j)−−< k
l

we have the formula

∆W (
∑

α x
α
ijS

α
(i,j),

∑
β x

β
klS

β
(k,l)) =

=
∑
α x

α
ija

α
ij +

∑
β x

β
kla

β
kl +

∑
α

∑
β x

α
ijx

β
klq

αβ

= xij · aij + xkl · akl + xijQx
T
kl

where the xuv and auv are vectors in Zr.
Using the basis {t1, t2} = { 2

1 >−−−< 3
4 ,

3
1 >−−−< 2

4 } for Λ2(4), computing INTW
2

amounts to determining the image of the map Z6r → Z2:



x12
x34
x13
x24
x14
x23



7→
(
a12 a34 0 0 a14 a23
0 0 a13 a24 a14 a23

)




x12
x34
x13
x24
x14
x23




+

(
x12Qx

T
34 + x14Qx

T
23

x13Qx
T
24 + x14Qx

T
23

)

where the multiplication of entries is vector inner product.
For example, in the easiest case where just a single 2–sphere generator S has
non-trivial self-intersection number λ0(S, S

′) = q 6= 0 ∈ Z, we have that INTW
2

is the image of the map Z6 → Z2 given by:



x12
x34
x13
x24
x14
x23



7→
(
a12 a34 0 0 a14 a23
0 0 a13 a24 a14 a23

)




x12
x34
x13
x24
x14
x23




+ q

(
x12x34 + x14x23
x13x24 + x14x23

)

Examples in this setting realizing any coefficient matrix can be constructed
by attaching 2-handles to B4 along links in S3, and the following questions
arise: Is this image always a subgroup of Z ⊕ Z? Konyagin and Nathanson
have shown in [21, Thm.3] that the image always projects to subgroups in each
Z-summand. And under what conditions will the image be all of Z⊕ Z? This
would imply that the Ai can be pulled apart. What about analogous questions
in the general case where the equations are coupled by the intersection matrix
Q?
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Abstract. The main result of [2] (C. Ciliberto, G. van der Geer:
Andreotti-Mayer Loci and the Schottky problem. Documenta Math.
13 (2008), 389–440) is based on a proposition whose proof is incorrect.
We therefore give an alternative proof of the main result of [2].
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1. Introduction

In this note we make some corrections to [2]. It was pointed out to us by
Grushevsky and Hulek that the proof of Proposition 12.1 of loc. cit. is not
correct; see also [4]. Since this proposition is used in the proof of the main
result of [2] (the proof of Conjecture 9.1 in the case Ng,1) we will give an
alternative proof of this result that does not use Proposition 12.1. In this proof
we make essential use of the analysis in [4]. We refer to [2] for the notation we
use. We thank Grushevsky and Hulek for spotting the error in the proof and
for subsequent correspondence.

2. The Conjecture for Ng,1

Recall from [2] that Ng,k ⊂ Ag is the Andreotti-Mayer locus consisting of
isomorphism classes of principally polarised abelian varieties (B,Ξ) such that
the singular locus of Ξ has dimension ≥ k.
The main result [2, Thm 20.3] of [2] is:

Theorem 2.1. Let N be an irreducible component of Ng,1 with g ≥ 4, of
codimension 3 in Ag. If g = 4, assume also that the general point of N is not a
product of an elliptic curve with a 3-dimensional abelian variety. Then either
N = J5, the jacobian locus in A5, or N = H4, the hyperelliptic locus in A4.
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The proof of Theorem 2.1 given in [2] is based on [2, Proposition 20.1] and [2,
Lemma 20.2], in which we use [2, Proposition 12.1]. The proof of [2, Proposition
12.1] is wrong. The proposition is a generalization of [1, Prop. 3]. Since the
proof of [2, Thm. 20.3] depends on it, this proof is therefore faulty. We give
here a slightly different proof of [2, Proposition 20.1] and [2, Lemma 20.2],
though the basic idea is the same as in [2], but we have to consider other types
of degenerations of abelian varieties.
The statement of the theorem is well-established for g = 4 and g = 5, see the
references in [2]. We therefore assume in the following that g ≥ 6.
We begin by recalling the notation. For a principally polarized abelian variety
(B,Ξ) we define Nk,1(B,Ξ) to be the locus of u ∈ B such that singular locus
of the scheme-theoretic intersection Ξ · Ξu has dimension at least 1.
By Ãg we mean the perfect cone compactification of Ag. This is a stratified

space with strata A(r)
g , with A(r)

g the stratum of quasi–abelian varieties of

torus rank r, with closure A(≥r)
g . Note that ∂Ãg := Ãg − Ag = A(≥1)

g is the

‘boundary’ of Ãg. The stratum A(1)
g is common to all toroidal compactifica-

tions of Ag, so also to the second Voronoi compactification. Finally, by Ñg,k
we mean the closure of the Andreotti–Mayer locus Ng,k in Ãg.

The statement of [2, Proposition 20.1], for which we will give a new proof, is
the following:

Proposition 2.2. Let g ≥ 6 and let N be an irreducible component of Ñg,1 of

codimension 3 in Ãg. Then N ∩ A(1)
g 6= ∅.

Proof. By [3], N is not complete in Ag. Therefore N ∩ ∂Ãg 6= ∅. We shall

show that the closure of N ∩ Ag in Ãg intersects Mumford’s partial toroidal

compactification Ag(≤1) inside Ãg. The reason for using the perfect cone com-

pactification is the fact that the locus Ag(≥r) has codimension r in it.

Since ∂Ãg is a divisor in Ãg, it intersects N in codimension one. LetM be any

irreducible component of N ∩ ∂Ãg. We make a case distinction.

Step 1. Suppose first M ⊆ A(≥4)
g . For dimension reasons we then have

M = A(≥4)
g . So the general point of M corresponds to a general standard

compactification (X,Ξ) of torus rank 4 (see [2, §16]) with abelian part (B,Ξ)
general in Ag−4. Recall that (X,Ξ) corresponds to the datum of a point b =
(b1, . . . , b4) ∈ B4 and a 4×4 matrix T = (tij) with entries in C∗ such that tii = 1

and tij = t−1
ji . By letting some tij with i 6= j tend to 0 (or equivalently to ∞)

we obtain special points ofM = A(4)
g , see [2, §17] for a similar discussion in the

case of torus rank 2. We now write down a local equation for the generalized
theta divisor. We let z = (z1, . . . , zg−4) ∈ Cg−4 be coordinates on the universal
cover of B, and ξ(z) = 0 the equation of Ξ. Given ζ = (ζ1, . . . , ζ4) ∈ C4, we set
ui = exp(2πζi) for 1 6 i 6 4, u = (u1, . . . , u4), and uI =

∏
i∈I ui. Finally, we

set tI =
∏
i,j∈I,i≤j tij and bI =

∑
i∈I bi and let ωI ∈ Cg−r represent bI ∈ B.

We use the convention t∅ = 1, b∅ = 0, ω∅ = 0. The generalized theta divisor Ξ
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of X as in [2, §16] is given by the equation

(1) x(z, u, b, T ) =
∑

I⊆{1,...,4}
uI tI ξ(z − ωI) = 0 .

By the hypothesis, the system

(2)

x =0

uh∂uhx =0 for 1 6 h 6 4

∂zi x =0 for 1 6 i 6 g − 4

has an at least 1–dimensional set of solutions in z, u for all b and T and (B,Ξ) ∈
Ag−4 general. As pointed out above, in (1) we may even take tij = 0 for all
pairs (i, j) with i < j and bi = b ∈ B, and accordingly ωi = ω, for all i with
1 ≤ i ≤ 4. Then (2) reads

(3)

ξ(z) + (

4∑

i=1

ui)ξ(z − ω) =0

uhξ(z − ω) =0 for 1 6 h 6 4

∂ziξ(z) + (

4∑

i=1

ui)∂ziξ(z − ω) =0 for 1 6 i 6 g − 4

which still has an at least 1-dimensional set of solutions in z, u for all b ∈ B
and general (B,Ξ) in Ag−4. If for all these solutions one has

∑4
i=1 ui = 0, then

(3) implies

ξ(z) = ∂ziξ(z) = 0 for 1 6 i 6 g − 4

implying (B,Ξ) ∈ Ng−4,1, a contradiction, because (B,Ξ) ∈ Ag−4 is taken

general. So we may assume
∑4

i=1 ui 6= 0; in particular, there is an h with
1 ≤ h ≤ 4 such that uh 6= 0. Then (3) reads

ξ(z) = 0, ξ(z − ω) = 0, ∂ziξ(z) + (

4∑

i=1

ui)∂ziξ(z − ω) = 0 for 1 6 i 6 g − 4 .

This implies that N1,1(B,Ξ) = B, which is impossible by [2, Proposition 11.6]
since (B,Ξ) ∈ Ag−4 is general. Or, alternatively, [1, Proposition 3] implies
(B,Ξ) ∈ Ng−4,0, again a contradiction.

Remark 2.3. In the argument here we used specialization. This may bring us
into a deeper stratum. But the local equation for the generalized theta divisor
in the deeper stratum is a limit of the local equation of the generalized theta
divisor. Similarly the limits of the equations (2) that describe the singularities
gives the singular locus in the limit. Since the flat limit of the solution space
is contained in the set of solutions of the limit set of equations, we see that
the singular locus has a dimension that is not less than the dimension of the
singular locus in the generic fibre of our local family. This argument will be
used repeatedly in what follows.
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Step 2. Assume next M ∩ A(3)
g 6= ∅, so that M has codimension 1 in A(≥3)

g .
There are three possibilities. Either the general point of M corresponds to
a standard compactification, or M coincides with one of the two strata of
codimension 4 and torus rank 3 of the perfect cone decomposition. See the
table on p. 1321 of [4].

Step 2a. We first deal with the first case. We have a map q : A(≥3)
g 99K Ãg−3.

derived from the map to the Satake compactification. We denote by F(B,Ξ) the
fibre of q over (B,Ξ) ∈ Ag−3. By Step 1, the rational map q is defined at the
general point of M and q(M) ∩ Ag−3 6= ∅. Then,

(1) either q|M is dominant onto Ãg−3 and, for (B,Ξ) ∈ Ag−3 general, M
intersects F(B,Ξ) in codimension 1;

(2) or q(M) has codimension 1 in Ãg−3 with full fibres contained in M .

As in Step 1, F(B,Ξ) contains a dense open subset consisting of pairs (b, T ),

with b = (b1, b2, b3) ∈ B3 and T a 3 × 3 matrix with entries in C∗ such that
tii = 1 and tij = t−1

ji . We can obtain special points of F(B,Ξ) as limits by letting

some tij , with i 6= j, tend to 0 (or, which is the same, to ∞), cf. Remark 2.3.
Case (2) can be excluded by repeating the same argument as in Step 1 and
taking into account that, by [2, Theorem 8.6], q(M) is not contained in Ng−3,1.
(Note that the general point of q(M) corresponds to a simple abelian variety,
so that [2, Proposition 11.6] can be applied; see [2, §7].)
In case (1), we take (B,Ξ) ∈ Ag−3 general. The fibre F(B,Ξ) is fibered over B3

with fibres torus embeddings of G3
m. The image L of M ∩ F(B,Ξ) in B

3 under

the projection map to B3 is of codimension ≤ 1.
First, suppose the codimension is 1. Since the fibre ofM∩F(B,Ξ) → B3 contains

the full fibre of p : F(B,Ξ) → B3, we can let the tij for i < j tend to zero and
find the set of equations

(4)

ξ(z) + u1ξ(z − ω1) + u2ξ(z − ω2) + u3ξ(z − ω3) = 0

u1ξ(z − ω1) = 0, u2ξ(z − ω2) = 0, u3ξ(z − ω3) = 0

∂ziξ(z) + u1∂ziξ(z − ω1) + u2∂ziξ(z − ω2) + u3∂ziξ(z − ω3) = 0

which for every triple (b1, b2, b3) in the image has an at least 1-dimensional set
of solutions in z and ui. If for general (b1, b2, b3) ∈ L we have u1 = u2 = u3 = 0,
then B ∈ Ng−3,1, against our assumptions. If for general (b1, b2, b3) in L exactly
s (with 1 ≤ s ≤ 3) ui are not identically zero then we see that the projection
of L to Bs lies in N1,s(B,Ξ). But this contradicts [2, Proposition 11.6], which
says that the codimension in Bs is at least 2. (Alternatively, use [1, Proposition
3].)
Second, we treat the case L = B3. Then M ∩F(B,Ξ) intersects the general fibre

of p, which is a torus embedding of G3
m, in a surface. Then we may let two

tij , e.g., t13 and t23, tend to 0, cf. Remark 2.3. Set t = t12. Then we find the
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system
(5)
ξ(z) + u1ξ(z − ω1) + u2ξ(z − ω2) + u3ξ(z − ω3) + tu1u2ξ(z − ω1 − ω2) = 0

ui(ξ(z − ωi) + tu3−iξ(z − ω1 − ω2)) = 0, 1 6 i 6 2

u3ξ(z − ω3) = 0

∂ziξ(z) + u1∂ziξ(z − ω1) + u2∂ziξ(z − ω2) + u3∂ziξ(z − ω3)

+ tu1u2∂ziξ(z − ω1 − ω2) = 0, 1 6 i 6 g − 3

which for every triple (b1, b2, b3) ∈ L = B3 and a suitable t has an at least 1-
dimensional set Z of solutions in z and ui. If t is not constant, we may let t tend
to 0 (or ∞ which amounts to the same), in which case we find a contradiction
as before. Similarly if t = 0. So we may assume that t is a non–zero constant.
If u1 = u2 = 0, then either (B,Ξ) ∈ Ng−3,1 (if u3 = 0) or N1,1(B,Ξ) = B (if

u3 6= 0); the former case is not possible because q(M) = Ãg−3, the latter is not
possible by [2, Proposition 11.6]. So we may assume that one of the variables
u1, u2, e.g., u1, is not identically zero. Suppose u2 = 0. Since we are assuming
(b1, b2, b3) ∈ B3 general, we can specialize to b1 = b3. Then (5) becomes

ξ(z) + (u1 + u3)ξ(z − ω1) = 0

u1ξ(z − ω1) = u3ξ(z − ω3) = 0

∂ziξ(z) + (u1 + u3)∂ziξ(z − ω1) = 0, 1 6 i 6 g − 3

which implies that either (B,Ξ) ∈ Ng−3,1 (if u1 + u3 = 0) or N1,1(B,Ξ) = B
(if u1 + u3 6= 0), both leading to contradictions. Thus we may assume that u1
and u2 are both not identically 0. Suppose that one of u1 and u2 is constant
on the solution set Z of (5) for general (b1, b2) ∈ B2. Let C be an irreducible
curve in the projection of Z to B. By either the second or the third equation in
(5) we have OC(Ξbi −Ξb1+b2)

∼= OC . Since B is general, the map B → Pic(C)
sending b to OC(Ξb − Ξb1+b2) has finite kernel. Hence bi has finite order, a
contradiction, since bi ∈ B is general. So u1 and u2 are non–constant. Then
by taking the limit case where u2 = 0, the system (5) becomes like (4) with
u2 = 0. If u1 and u3 are both non–zero, then N0,2(B,Ξ) = B2, contradicting
[2, Proposition 11.6]. If one of u1 and u3 is zero, a similar argument works.

Step 2b. Here we assume that M coincides with the component of the per-
fect cone compactification that parametrizes compactifications of semi-abelian
varieties that are a union of two P1 × P2-bundles over an abelian variety B of
dimension g − 3. This type has been described in [4, Section 7]. Here we find
a theta divisor given on one component by an equation

ξ(z)+u1 ξ(z − ω1) + u2 ξ(z − ω2) + u ξ(z − ω3) +

u1u t13ξ(z − ω1 − ω3) + u2ut23 ξ(z − ω2 − ω3) = 0 .

Again we have cases (1) and (2) as in Step 2a. Case (2) can be eliminated as
above. In case (1) we can assume that t13 and t23 tend to 0. Then we find a
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system of equations

ξ(z) + u1ξ(z − ω1) + u2ξ(z − ω2) + uξ(z − ω3) = 0

u1ξ(z − ω1) = 0, u2ξ(z − ω2) = 0, uξ(z − ω3) = 0

∂ziξ(z) + u1∂ziξ(z − ω1) + u2∂ziξ(z − ω2) + x∂ziξ(z − ω3) = 0

which has a 1-dimensional set of solutions in z and u1, u2, u (the affine coor-
dinates on P2 and P1) for all bi ∈ B and (B,Ξ) ∈ Ag−3 general. Note that
the equations coincide with those of (4) and this case can be eliminated by a
variant of the arguments used above.
Step 2c. The final case left to be dealt with is the case whereM coincides with
the codimension 4 stratum of torus rank 3 which parametrizes compactifications
whose toric part corresponds to a union of two P3 and an intersection of two
quadrics in P5, see [4, Section 7]. The case of a 1-dimensional singular locus
on one of the two P3 follows along the same lines as the cases above. For the
intersection of quadrics, the theta divisor is described by an equation of the
form (see [4])

(6)
ξ(z − ω1) + u1ξ(z − ω2 − ω3) + tu2ξ(z − ω2)+

tu3ξ(z − ω1 − ω3) + su4ξ(z − ω3) + su5ξ(z − ω1 − ω2) = 0

where the ω1, ω2, ω3 can vary freely in Cg−2. Again we can let s and t tend to
0 and then the arguments of Step 1 can be applied.

Step 3. Next we may assume M ∩ A(2)
g 6= ∅, and then M has codimension 2

in A(≥2)
g . Consider the dominant map q : A(≥2)

g 99K Ãg−2, which, by Steps 1
and 2, is defined at the general point ofM and we have q(M)∩Ag−2 6= ∅. The
fibre F(B,Ξ) of q is now a compactified Gm-bundle over B2 with t := t12 the
coordinate on Gm. There are three possibilities:

(1) either q|M is dominant onto Ãg−2 and, for (B,Ξ) ∈ Ag−2 general, M
intersects F(B,Ξ) in codimension 2;

(2) or q(M) has codimension 1 in Ãg−2 and, for (B,Ξ) ∈ q(M) general,M
intersects F(B,Ξ) in codimension 1;

(3) or q(M) has codimension 2 in Ãg−2 with full fibres contained in M .

Case (3) can be excluded with the same argument in Step 1. Case (2) can be
excluded with an argument similar to the one we gave in Step 2. Indeed, we
take (B,Ξ) ∈ q(M) general. The image L of the projection of an irreducible
component of M ∩ F(B,Ξ) to B2 has either codimension 1 in B2 or L = B2.
The relevant system is now
(7)
ξ(z) + u1 ξ(z − ω1) + u2 ξ(z − ω2) + tu1u2 ξ(z − ω1 − ω2) = 0

u1 ξ(z − ω1) + u1u2t ξ(z − ω1 − ω2) = 0,

u2 ξ(z − ω2) + u1u2t ξ(z − ω1 − ω2) = 0,

∂ziξ(z) + u1 ∂ziξ(z − ω1) + u2 ∂ziξ(z − ω2) + u1u2t ∂ziξ(z − ω1 − ω2) = 0 .

with an at least 1–dimensional set of solutions Z.
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If codimB2(L) = 1, then the full fibre of F(B,Ξ) → B2 is contained inM∩F(B,Ξ).
Therefore we can let t = 0 in (7) and we can argue as in Step 2 (Case (1),
codimB3(L) = 1).
If L = B2, we may assume, as above, that both u1, u2 do not vanish identically
on Z. By taking ui = 0 in (7), we see that N0,1(B,Ξ) = B, contradicting [2,
Proposition 11.6].
Also case (1) can be treated in a similar way. We take (B,Ξ) ∈ Ag−2 general.
The image L of the projection of an irreducible component of M ∩F(B,Ξ) onto

B2 has either codimension 1 or 2 in B2. We let L1 (resp. L2) be the projection
of L on the first (resp. second) factor of B2.
If codimB2(L) = 2, then the full fibre of F(B,Ξ) → B2 is contained inM∩F(B,Ξ).
Therefore we can let t = 0 in (7). As usual we may get rid of the case in
which u1 = u2 = 0 on the set Z of solutions of (7). Assume next that only
one among u1, u2, e.g. u1 vanishes identically. Then L2 ⊆ N1,1(B,Ξ) and
[2, Proposition 11.6] tells us that L2 = N1,1(B,Ξ) has codimension 2 in B.
But then N1,1(B,Ξ) is positive-dimensional and Proposition [1, Proposition 3]
yields (B,Ξ) ∈ Ng−2,0, again a contradiction.
So we may assume that u1, u2 both do not vanish identically on Z. By taking
ui = 0, we see that Li ⊆ N0,1(B,Ξ), for i ∈ {1, 2}. By [2, Proposition 11.6],
we have Li = N0,1(B,Ξ), for 1 6 i 6 2, and L = L1 × L2, hence L intersects
the diagonal of B2. Therefore we can take ω1 = ω2 = ω (corresponding to
b ∈ N0,1(B,Ξ) general) and t = 0 in (7), so that this system becomes

(8)

ξ(z) + (u1 + u2) ξ(z − ω) = 0

u1 ξ(z − ω) = 0, u2 ξ(z − ω) = 0

∂ziξ(z) + (u1 + u2) ∂ziξ(z − ω) = 0, 1 6 i 6 g − 2.

If u1 + u2 = 0 identically on Z, we have (B,Ξ) ∈ Ng,0, a contradiction. If
u1+u2 is not identically 0, then (8) shows that N1,1(B,Ξ) = N0,1(B,Ξ) which
is a divisor on B, contradicting [2, Proposition 11.6].
Finally, assume codimB2(L) = 1. As before we get rid of the case in which one
of u1 and u2 vanishes identically on the solution set Z for some triple (b1, b2, t).
If for some pair (b1, b2) ∈ L we can take the limiting case t = 0, we are also
done. So we may assume that u1, u2, t are non–zero and t is constant. If u1
and u2 are constant on Z we find a contradiction as in Step 2a. So we may
assume that u1 and u2 are both non–constant and again we can finish as in
Step 2a.

In conclusion M 6⊆ A(≥2)
g , hence M ∩A(1)

g 6= ∅, proving the assertion.
�

Keeping the above notation, by Proposition 2.2 the map q : A(1)
g 99K Ãg−1

is defined at the general point of M . We finish by giving a new proof of [2,
Lemma 20.2].

Lemma 2.4. In the above setting, the Zariski closure of q(M) in Ãg−1 is:
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(i) either an irreducible component N1 of Ñg−1,1 of codimension 3 in Ãg−1;
or

(ii) an irreducible component N0 of Ñg−1,0 and if (B,Ξ) ∈ N0 is general, then
M ∩ F(B,Ξ) is an irreducible component of N1,1(B,Ξ) of codimension 2

in B. Moreover, if ξ = (X,Ξ) ∈ M is a general point, then Singvert(Ξ)
meets the singular locus D of X in one or two points, whose associated
quadric has corank 1.

Proof. If q(M) ⊆ Ng−1,1, then [2, Theorem 8.6] implies 3 ≤
codimAg−1 (q(M)) ≤ codim∂Ãg (M) = 3 and we are in case (i). If

q(M) 6⊆ Ng−1,1, the argument in the proof of Proposition 2.2 shows that
q(M) ⊆ Ng−1,0 and M ∩ F(B,Ξ) ⊆ N1,1(B,Ξ). By [2, Proposition 11.6] we
have codimB(N1,1(B,Ξ)) ≥ 2 and since Ng−1,0 is a divisor in Ag−1 we are in
case (ii). The final assertion follows just as in the proof of [2, Lemma 20.2,
(ii)] that does not depend on [2, Proposition 12.1], and goes through without
change. �

3. Further Corrections

In the proof of [2, Corollary 12.2] we erroneously refer to (a non–existing)
Corollary 11.1. The reference should instead have been to Proposition 12.1,
whose proof is incorrect. Hence the proof of Corollary 12.2 is faulty. However,
this Corollary 12.2 has never been used in [2]. Proposition 12.1 of [2] is used in
the proof of [2, Lemma 16.1], which is therefore incorrect. Lemma 16.1 is used
to justify the final assertion of [2, Remark 18.1], which is however not used
later. Remark [2, 12.3] is also based on the incorrect analysis of the proof of
[2, Prop. 21.1].
We point out one more (inconsequential) error in [2, §17, p. 485, l. 22–23]. It is
stated there that, for a general quasi–abelian variety (X,Ξ) of torus rank 2 with
abelian part (B,Ξ), the point x ∈ X − Sing(X), corresponding to coordinates
(u, z), is a vertical singularity of Ξ if and only if z is singular for the divisor H
of B defined by

ξ(τ, z − ω1)ξ(τ, z − ω2) = t ξ(τ, z)ξ(τ, z − ω1 − ω2).

Four lines below, we state that the existence of a vertical singularity of Ξ implies
that Ξ, Ξb1 , Ξb2 and Ξb1+b2 are tangentially degenerate at some point of B.
Both assertions are incorrect. If x as above is a vertical singularity, then z is
singular for H , but in general the converse does not hold. Moreover, if the
theta divisors Ξ, Ξb1 , Ξb2 and Ξb1+b2 are tangentially degenerate at some point
of B, this may give rise to a vertical singularity, but does not do so necessarily.
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1. Introduction

The theory of non-transverse intersections is now a classical topic in algebraic geom-

etry, which is exposed in the classical book [4]. The main idea goes as follows: if

two (smooth) subschemes X and Y of a smooth complex algebraic scheme Z intersect

along an irreducible scheme T , then the refined intersection of X and Y consists of the

two following data: the set-theoretic intersection T = X ∩ Y, and an element ξ of the

Chow group CHr(T ) where r is the difference between the expected codimension of

X ∩ Y (that is the sum of the codimensions of X and Y) and the true codimension of

X∩Y. If N̂ is the restriction of N∗
X/Z

to T , the conormal excess bundle E is an algebraic

vector bundle of rank r defined by the exact sequence

0 −→ E −→ N̂ −→ N∗T/Y −→ 0.

Then the excess intersection class ξ is given by ξ = cr (E
∗). This formula is a particular

case of the excess intersection formula for refined Gysin morphisms, we refer the

reader to [4, §6.2 and §6.3] for more details.

Recall now that

ch : K(Z) ⊗Z Q −→ CH(Z) ⊗Z Q

is an isomorphism, so that dealing with Chow rings is the same as dealing with K-

theory (modulo torsion). Intersection theory in K-theory is much easier and goes back

to [3]: the product of OX and OY is just the alternate sum of the classes of the sheaves

Tor i
OZ
(OX ,OY), which is the element

Λ−1 E :=
∑

i≥0

(−1)i
[
Λ

i E
]
.

Then chr (Λ−1 E) is exactly the excess class ξ introduced above. For a geometric inter-

pretation of intersection in K-theory, we refer the reader to the classical Tor formula

[7, §5.C.1].

For applications, it is essential to lift K-theoretic results at the level of derived cate-

gories. The intersection product of two algebraic cycles X and Y in this framework is

simply the derived tensor product ϑ := OX

L
⊗
OZ
OY in D

b(Z), which is much more com-

plicated to study. First of all, the element ϑ admits canonical lifts in Db(X) or Db(Y),

but does not always comes from an object in Db(T ). Thus ϑ doesn’t live on the set-

theoretic intersection of X and Y. Next, for any nonnegative integer p, there is a canon-

ical isomorphism between H−p(ϑ) and Λp E. There is therefore a natural candidate

for ϑ, namely the formal object s (E) :=
⊕d

i=0
Λ

iE [i]. It is a rather delicate question

to decide if the object ϑ is formal in Db(X), Db(Y) or in Db(Z). The first important re-

sult in this direction was given by Arinkin and Căldăraru for self-intersections. Their

result is a far-reaching generalisation of the Hochschild-Kostant-Rosenberg isomor-

phism corresponding to the self-intersection of the diagonal in X × X. Let us state it

in the analytic category1:

1Since we are concerned with applications in complex geometry, we will state throughout the paper the

results in the analytic category; they are also valid in the algebraic category as well.
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Theorem ([1]). Let X, Y be smooth complex manifolds such that X is a closed

complex submanifold of Y. Then j∗
X/Y

jX/Y∗ OX is formal in Db(X) if and only if N∗
X/Y

can be lifted to a holomorphic vector bundle on the first formal neighbourhood of X

in Y.

In particular, if the injection of X into its first formal neighbourhood in Y admits a

retraction σ, which means in the terminology of [5] that (X, σ) is a quantized ana-

lytic cycle, then j∗
X/Y

jX/Y∗ OX is formal. This fact was discovered by Kashiwara in

the beginning of the nineties [6], and his proof has been written down in [5]. In this

paper, we are interested in more general intersections than self-intersections. We will

deal with cycles intersecting linearly, which means that the intersection is locally bi-

holomorphic to an intersection of linear subspaces. We will also make the additional

assumption that one of the cycles, say X, can be quantized. Our main result runs as

follows 2:

Theorem 1.1. Let Z be a complex manifold, let (X, σ) be a quantized analytic cycle

in X, and Y be a smooth complex submanifold of Z such that X and Y intersect linearly.

Put T = X ∩ Y, and let N̂ be the restriction of NX/Z to T , and let E be the associated

conormal excess bundle on T . Then the object j∗
Y/Z

jX/Z∗ OX is formal in the derived

category Db(Y) if and only if and only if the excess conormal exact sequence

0 −→ E −→ N̂ −→ N∗T/Y −→ 0

is holomorphically split.

Two extreme cases of this theorem are already known: the case of self-intersections

and the case of transverse intersections. For self-intersections, the formality fol-

lows directly from Arinkin-Caldărăru’s result, since X is assumed to be quantized.

For transverse intersections, there are no higher Tor sheaves so that j∗
Y/Z

jX/Z∗ OX ≃

jT/Y∗ OT . An important point must be noticed: although j∗
Y/Z

jX/Z∗ OX is locally for-

mal, and hence comes locally from Db(T ), this property is no longer true globally in

general if the excess exact sequence is not split; we provide counter-examples.

One of the principal applications of Theorem 1.1 is the existence of a formality crite-

rion in order that an analytic cycle be quantized:

Theorem 1.2. Let X be a smooth complex submanifold of a complex manifold Y.

Then X can be quantized if and only if the object j∗
X2/Y2 O∆Y is formal in D

b(X2).

This result follows directly from Theorem 1.1 by applying the trick of the reduction

to the diagonal. Thus, the existence of an extension to the conormal bundle at the

first order or the existence of an infinitesimal retraction for a complex analytic cycle

are both equivalent to the formality of a derived intersection: the first one involves

the pair (X, X) in Y and the second one involves the pair
(
∆Y , X

2
)
in Y2. However,

it would be very interesting to know if OX

L
⊗
OY
OX is always formal in Db(Y), since

2The author was informed that a similar result has been announced independently by Arinkin, Căldăraru

and Hablicsek [2].
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no obstruction to the formality of this complex is known up the the author’s knowl-

edge. We conjecture that it is indeed the case, and provide some evidence towards this

conjecture.

Acknowledgments. This paper grew up from conversations with Daniel Huy-

brechts and Richard Thomas, I would like to thank them both for many interesting

discussions on this topic.

2. Notations and conventions

All complex manifolds considered are smooth and connected. By submanifold, we

always mean closed submanifold. If X and Y are complex analytic spaces such that X

is a complex subspace of Y, we denote by jX/Y the corresponding inclusion morphism,

and we denote by XY the first formal neighbourhood of X in Y. For any holomorphic

vector bundle E on a complex manifold X, we denote by s (E) the formal complex⊕
k≥0
Λ

kE [k].

For any ringed complex space (X,OX), we denote by Db(X) the bounded derived cat-

egory of the abelian category of coherent sheaves of OX-modules on X. For any holo-

morphic map f : X −→ Y between complex manifolds, we denote by f ∗ : Db(Y) −→

Db(X) the associated derived pullback. The non-derived pullback functor is denoted

by H0 ( f ∗).

3. Quantized analytic cycles and AK complexes

We recall terminology and basics constructions from [5]. Let Z be complex manifold.

A quantized analytic cycle in Z is a pair (X, σ) such that X is a closed connected

complex submanifold of Z and σ is a retraction of the injection of X into its first

formal neighbourhood in Z. If we denote the latter by XZ , then σ is a morphism of

sheaves of CX-algebras from OX to OXZ
. Equivalently, σ is a splitting of the Atiyah

sequence

(1) 0 −→ N∗X/Z −→ OXZ
−→ OX −→ 0

in the category of sheaves of CX-algebras, that is an isomorphism of sheaves of CX-

algebras between OXZ
and the trivial extension of OX by N∗

X/Z
. The set of possible

quantizations σ of X is either empty or an affine space over Hom
(
Ω

1
X
,N∗

X/Z

)
. For any

quantized analytic cycle (X, σ) in Z, there is a canonical complexPσ of OXZ
-modules,

called the Atiyah-Kashiwara complex, defined as follows: for any nonnegative integer

k,

(Pσ)−k = Λ
k+1
OX
OXZ
= Λ

k+1N∗X/Z ⊕ Λ
kN∗X/Z.

Besides, (Pσ )−k is acted on by OXZ
via σ as follows: OX acts in the natural way by

multiplication, and N∗
X/Z

acts on Λk+1N∗
X/Z

by 0 and on ΛkN∗
X/Z

by the formula

i . (i1 ∧ . . . ∧ ik) = i ∧ i1 ∧ . . . ∧ ik.

The differential 1
k
d−k is given by the composition

Λ
k+1N∗X/Z ⊕ Λ

kN∗X/Z
(0, id)
−−−−→ ΛkN∗X/Z

(id, 0)
−−−−→ ΛkN∗X/Z ⊕ Λ

k−1N∗X/Z .
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The complex Pσ is a left resolution of OX over OXZ
which neither projective nor flat.

However, the morphism

j∗X/Z jX/Z∗ OX ≃ j∗X/Z Pσ −→ Pσ ⊗OXZ
OX = s

(
N∗X/Z

)

is an isomorphism, called the quantized Hochschild-Kostant-Rosenberg isomorphism

(see [5, Proposition 4.3]). If σ is fixed, so that the isomorphism between OXZ
and

N∗
X/Z
⊕ OX is fixed, and if ϕ is in Hom

(
Ω

1
X
,N∗

X/Z

)
, then Pσ+ϕ = Λ

k+1N∗
X/Z
⊕ ΛkN∗

X/Z

where OX acts on Λk+1N∗
X/Z

by multiplication, on ΛkN∗
X/Z

by

f . (i1 ∧ . . . ∧ ik) = (ϕ (d f ) ∧ i1 ∧ . . . ∧ ik, f i1 ∧ . . . ∧ ik),

and N∗
X/Z

acts by wedge product. If N∗
X/Z

admits a holomorphic connection

∇ : N∗
X/Z
−→ Ω1

X
⊗ N∗

X/Z
, we denote by (Λk∇)k≥1 the associated connections of the

exterior powers of N∗
X/Z

. Then there is an associated natural isomorphism betweenPσ
and Pσ+ϕ given in any degree −k by

(2) (i, j)→ (i + {ϕ ∧ Λk∇}( j), j).

4. Linear intersections and excess contributions

Let us consider three complex manifolds X, Y and Z such that X and Y are closed

complex submanifolds of Z. Let T = X ∩ Y. We will say that X and Y intersect

linearly if for any point t in T , there exist local holomorphic coordinates of Z near t

such that X and Y are given by linear equations in these coordinates. If this is the case,

T is smooth, and there exists a holomorphic vector bundle E on T fitting in the exact

sequence

(3) 0 −→ E
α
−→ N̂

π
−→ N∗T/Y −→ 0

where N̂ = j∗
T/X

N∗
X/Z

. The bundle E is called the excess intersection bundle.

If two cycles X and Y in Z intersect linearly then for any nonnegative integer k,

Tork
OZ
(OX ,OY) ≃ jT/Y∗ Λ

kE. The two extreme cases of linear intersections are trans-

verse intersections (E = {0}) and self-intersections (X = Y and E = N∗
X/Z

).

We give computations in local coordinates which will be useful in the sequel. By

definition of linear intersections, we can find local holomorphic coordinates
{
(xi)1≤i≤p, (y j)1≤ j≤q, (tk)1≤k≤r, (zl)1≤l≤s

}

on Z in a neighbourhoodU of any point in T such that locally

X = {x1 = 0} ∩ . . . ∩ {xp = 0} ∩ {t1 = 0} ∩ . . . ∩ {tl = 0}

Y = {y1 = 0} ∩ . . . ∩ {yq = 0} ∩ {t1 = 0} ∩ . . . ∩ {tl = 0}

The excess bundle E is the bundle spanned by dt1, . . . , dtr. Let K be the Koszul

complex on U associated with the regular sequence

x1, . . . , xp, t1, . . . , tr
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defining X, and let τ be the local infinitesimal retraction of XZ in X induced by the

projection (x, y, t, z)→ (0, y, 0, z), and there is a quasi-isomorphism

(4) ν : s (E)|T∩U −→ K|Y∩U

We have also a natural morphism of complexes γ from K to jX/Z∗ (Pτ) |U given as

follows (see the proof of [5, Proposition 3.2]): if I ⊂ {1 . . . , p} and J ⊂ {1 . . . , r}, then

γ
[
f (x, y, t, z) dxI ∧ dtJ

]
=


p∑

a=1

∂ f

∂xa
(0, y, 0, z) dxa +

r∑

b=1

∂ f

∂tb
(0, y, 0, z) dtb

 ∧ dxI ∧ dtJ

⊕ f (0, y, 0, z) ∧ dxI ∧ dtJ.(5)

5. Restriction of the AK complex

We keep the notation of §4. The cartesian diagram of analytic spaces

T Y

�

//

��

XZ

��
Y // Z

yields a canonical morphism from
(
OXZ

)
|Y
to OT Y

which is in fact an isomorphism

(this can be checked using local holomorphic coordinates as in the end of §3). If we

restrict the sequence 1 to Y, we get the exact sequence

Tor1
OZ
(OX ,OY ) −→ N̂ −→

(
OXZ

)
|Y
−→ OT −→ 0

which is exactly the sequence

0 −→ E −→ N̂ −→ OT Y
−→ OT −→ 0

obtained by merging the sequences (1) and (3) corresponding to the pair (T, Y).

We turn now to the quantized situation, where we can describe explicitly the restriction

to Y functor fromMod
(
OXZ

)
to Mod

(
OT Y

)
. Assume that (X, σ) is a quantized analytic

cycle in Z. Let us define a sheaf of rings ÔT on T by the formula ÔT =

(
σ∗OXZ

)
| T
.

Then we have an exact sequence

0 −→ E −→ ÔT −→ OT Y
−→ 0.

The inclusion morphism from T Y to XZ can be described as follows: OXZ
is an OX-

module via σ. Since N∗
X/Z

acts on OXZ
, N̂ acts on ÔT and OT Y

= ÔT /E. ÔT so that for

any sheaf F of OXZ
-modules,

(6) F|Y =
(σ∗F )|T

E. (σ∗F )| T
·

Let us now consider the Leray filtration on ΛkN̂. The p-th piece Fp of this filtration is

the image of ΛpE ⊗ Λk−pN̂ in ΛkN̂. Since Gr 0
(
Λ

kN̂
)
= Λ

kN∗
T/Y

, it follows from (6)
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that the restriction of the AK complex Pσ to Y is given for any nonnegative integer k

by the formula

(7) (Pσ )−k |Y = Λ
k+1N∗T/Y ⊕ Λ

kN̂.

If δk : Λ
kN̂ → ΛkN∗

T/Y
is the kth wedge product of π, the differential of the complex

(Pσ)|Y is given (up to the factor k) via (7) by the composition

Λ
k+1N∗T/Y ⊕ Λ

kN̂
(0, δk)
−−−−→ ΛkN∗T/Y

(id, 0)
−−−−→ ΛkN∗T/Y ⊕ Λ

k−1N̂.

so that the local cohomology sheaves of (Pσ)|Y are

(8) H−k
{
(Pσ )|Y

}
≃ ker δk ≃ jT/Y∗

{
F1
(
Λ

kN̂
)}
.

Remark that for any k the natural inclusion F1
(
Λ

kN̂
)
→֒ (Pσ)−k | Y is OT Y

-linear, hence

also OY -linear. Thanks to (8), we have a quasi-isomorphism in Db(Y):

(9) (Pσ ) |Y ≃
⊕

k≥0

jT/Y∗
{
F1
(
Λ

kN̂
)}
[k].

6. Formality in the split case

Let us define a morphism

Ψσ : j∗Y/Z jX/Z∗ OX ≃ j∗Y/Z jX/Z∗ Pσ −→ (Pσ ) |Y ≃
⊕

k≥0

jT/Y∗
{
F1
(
Λ

k N̂
)}
[k]

in Db(Y) using (9). If (3) splits, then for any positive integer k, any splitting of this

sequence yields an isomorphism between F1
(
Λ

k N̂
)
and
⊕k

ℓ=1
Λ
ℓE ⊗ Λk−ℓN∗

T/Y
.

Proposition 6.1. Let (X, σ), Y, Z be as above; and assume that the excess exact

sequence (3) splits. Then the composite morphism

Θσ : j∗Y/Z jX/Z∗ OX

Ψσ
−→
⊕

k≥0

jT/Y∗
{
F1
(
Λ

k N̂
)}
[k] −→ jT/Y∗ s (E)

is an isomorphism in Db(Y).

Proof. Let us describe Ψσ locally. For this we use the computations in local coordi-

nates performed at the end of §4. Taking the same notations, the Koszul complex K

is a free resolution on U of jXU /U∗ OXU
. Let us denote X ∩ U, Y ∩ U, and T ∩ U by

XU , YU , and TU respectively. If τ is the local quantization of X adapted to our choice

of local holomorphic coordinates and γ is defined by (5), we claim that the diagram

K|YU

γ|YU

��

jTU/YU∗ s (E)|TU

ν|YU

∼
oo

� _

��
(Pτ) |YU

⊕
k≥0

jTU /YU∗

{
F1
(
Λ

kN̂
)}
[k]

∼oo
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commutes. Indeed, if J ⊂ {1 . . . , r}, then a local section f (z) dtJ of Λ
rE is mapped by

γ◦ν to the section (0, f (z) dtJ) of Pτ (the derivatives in formula (5) don’t appear since

f doesn’t depend on the variables x and t). Hence we get a commutative diagram

(
j∗
Y/Z

jX/Z∗ OX

)

|U
j∗
YU /U

jXU /U∗ K
∼ //

∼

��

∼oo K|YU

γ|YU

��

jTU /YU ∗ s (E)|TU

ν|YU

∼
oo

� _

��

jTU /YU ∗ s (E)|TU

(
j∗
Y/Z

jX/Z∗ OX

)

|U

Θτ

55
j∗
YU /U

jXU /U∗ Pτ
∼oo // (Pτ ) |YU

⊕
k≥0 jTU /YU ∗

{
F1

(
Λ
kN̂
)}
[k]

∼oo // jTU /YU ∗ s (E)|TU

in Db(YU). This proves that Θτ is an isomorphism. Then we can prove easily that the

same results holds if we replace σ by τ. Indeed, if U is small enough, we can pick a

holomorphic connection on (N∗
X/Z

)|U ; and we have a commutative diagram

⊕
k≥0

jTU/YU∗

{
F1
(
Λ

kN̂
)}
[k]

∼ //

id

��

(Pσ) |YU

∼

��⊕
k≥0

jTU/YU∗

{
F1
(
Λ

kN̂
)}

[k]
∼ // (Pτ) |YU

where the left vertical isomorphism is given by (2). This yields the result. �

Remark that even if the excess sequence (3) if not split, we always have an Atiyah

morphism

atσ : j∗Y/Z jX/Z∗ OX −→ jT/Y∗ E [1]

which is obtained by the composition

(10) j∗Y/Z jX/Z∗ OX

Ψσ
−−→
⊕

k≥0

jT/Y∗
{
F1
(
Λ

k N̂
)}
[k] −→ jT/Y∗

{
F1
(
N̂
)}
[1] = jT/Y∗ E [1]

where the last arrow is the projection on the factor corresponding to k = −1. This

morphism induces an isomorphism on the local cohomology sheaves in degree −1 of

both sides.

7. The reverse implication

Let us now assume that j∗
Y/Z

jX/Z∗ OX is formal in Db(Y). Remark that we have a

canonical morphism

(11) j∗Y/Z jX/Z∗ OX −→ jT/Y∗
(
OT ⊕ E [1]

)

which is an isomorphism on the local cohomology sheaves of degrees 0 and −1. The

first component is given by the composition

p : j∗Y/Z jX/Z∗ OX −→ H0
(
j∗Y/Z

) {
jX/Z∗ (OX)

}
≃ jT/Y∗ OT

and the second one is the Atiyah morphism atσ defined by (10). Therefore, if β =⊕
k≥0

βk is an isomorphism between j∗
Y/Z

jX/Z∗OX and jT/Y∗
(⊕

k≥0
Λ

kE [k]
)
, we can
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replace β0 by p and β1 by atσ. At usual, we denote by Pσ the AK complex associated

with (X, σ). Let us consider the morphism

m : jT/Y∗ s (E)
L
⊗
OY

jT/Y∗ s (E)

β−1
L
⊗ β−1

∼
−→

(
j∗Y/Z jX/Z∗OX

) L
⊗
OY

(
j∗Y/Z jX/Z∗OX

)

∼
−→ j∗Y/Z

(
jX/Z∗OX

L
⊗
OZ

jX/Z∗ OX

)
≃ j∗Y/Z

(
jX/Z∗OX

L
⊗
OZ
Pσ
) ∼
−→ j∗Y/Z jX/Z∗

{
s
(
N∗X/Z
)}

−→ j∗Y/Z jX/Z∗
{
OX ⊕ N∗X/Z

}
−→ jT/Y∗

(
OT ⊕ E [1] ⊕ N̂ [1]

)
,

where the last morphism is built using (11) on the first factor. Note that all arrows

occurring in the expression of m are isomorphisms, except the two last ones which in-

duce isomorphisms on local cohomology sheaves of degrees 0 and −1. HenceH −1(m)

is an isomorphism. Now we can write

τ≥−1
(
jT/Y∗ s (E)

L
⊗
OY

jT/Y∗ s (E)

)

≃ jT/Y∗
(
E [1] ⊗OY

OT

)
⊕ jT/Y∗

(
OT ⊗OY

E [1]
)
⊕ τ≥−1

(
jT/Y∗ OT

L
⊗
OY

jT/Y∗ OT

)

≃ jT/Y∗ E[1] ⊕ jT/Y∗ E[1] ⊕ jT/Y∗
(
OT ⊕ N

∗
T/Y[1]

)
.

so thatH −1(m) ≃ jT/Y∗
(
E ⊕ E ⊕ N∗

T/Y

)
. Hence we have an isomorphism

H −1(m) : E ⊕ E ⊕ N∗T/Y
∼
−→ E ⊕ N̂

in Mod (Y), hence in Mod (T ). We denote it n. Using the natural morphism OZ −→

jX/Z∗ OX , we get a commutative diagram

j∗
Y/Z
OZ

L
⊗
OY

j∗
Y/Z

jX/Z∗ OX
∼ //

��

j∗
Y/Z

(
OZ

L
⊗
OZ

jX/Z∗ OX

)

��

j∗
Y/Z

jX/Z∗ OX

L
⊗
OY

j∗
Y/Z

jX/Z∗ OX
∼ // j∗

Y/Z

(
jX/Z∗ OX

L
⊗
OZ

jX/Z∗ OX

)

Applying the functorH−1 we have another commutative diagram, namely

E
id //

(0,id,0)

��

E

(id,α)

��
E ⊕ E ⊕ N∗

T/Y

n // E ⊕ N̂

The proof that the second vertical arrows is (id, α) is purely local, let us briefly explain

how to do it. The morphism OZ −→ jX/Z∗ OX can be lifted locally on any small

open set U to a morphism of complexes OZU −→ K where K is the Koszul complex

introduced in §4. Hence we must compute the action of the morphism

(OU ⊗OU
K)|YU −→ (K ⊗OU

K)|YU

on the local cohomology sheaves of degree −1, which is an elementary calculation.
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We can do the same argument after switching the two factors of the tensor product,

and consider the diagram

j∗
Y/Z
OX

L
⊗
OY

j∗
Y/Z
OZ

∼ //

��

j∗
Y/Z

(
jX/Z∗ OX

L
⊗
OZ
OZ

)

��

j∗
Y/Z

jX/Z∗ OX

L
⊗
OY

j∗
Y/Z

jX/Z∗ OX
∼ // j∗

Y/Z

(
jX/Z∗ OX

L
⊗
OZ

jX/Z∗ OX

)

which gives

E
id //

(id,0,0)

��

E

(−id,α)

��
E ⊕ E ⊕ N∗

T/Y

n // E ⊕ N̂

Therefore wee see that the composite map

E ⊕ N∗T/Y ≃ {0} ⊕ E ⊕ N
∗
T/Y →֒ E ⊕ E ⊕ N

∗
T/Y

n
−→ E ⊕ N̂

α+id
−−−→ N̂

is an isomorphism whose first component is 2α. This proves that N∗
T/Y

is a direct

factor of E in N̂, so that (3) is holomorphically split.

8. An alternative proof

In this section, we sketch an alternative proof of the splitting of the excess exact se-

quence (3) when j∗
Y/Z

jX/Z∗ OX is formal in Db(Y). For the formalism of Grothendieck’s

six operations in our context, we refer the reader to [5, §5.2].

Recall that there are canonical isomorphisms H−i
(
j∗
Y/Z

jX/Z∗ OX

)
≃ jT/Y∗

(
Λ

iE
)
.

Therefore, if the derived intersection j∗
Y/Z

jX/Z∗ OX is formal, we can pick an isomor-

phism ϕ between jT/Y∗ s (E) and j∗
Y/Z

jX/Z∗ OX and we can assume without loss of gen-

erality that the induced isomorphisms in local cohomology are the canonical ones. If

d denotes the codimension of T in Y, we have

Documenta Mathematica 19 (2014) 1003–1016



Formality of Derived Intersections 1013

HomDb(Y)

(
jT/Y∗ s (E) , j

∗
Y/Z jX/Z∗ OX

)

≃ HomDb(T )

(
s (E) , j!T/Y { j

∗
Y/Z jX/Z∗ OX}

)

≃ HomDb(T )

(
s (E) , j∗T/Y { j

∗
Y/Z jX/Z∗ OX}

L
⊗
OT

j!T/Y OY

)

≃ HomDb(T )

(
s (E) , j∗T/X { j

∗
X/Z jX/Z∗ OX}

L
⊗
OT

j!T/Y OY

)

≃ HomDb(T )

(
s (E) , j∗T/X

{
s
(
N∗X/Z

)} L
⊗
OT
Λ

dNT/Y[−d]
)

≃ HomDb(T )

(
s (E) , s

(
N̂
)
⊗OT
Λ

dNT/Y[−d]
)

≃
⊕

q−p≥d

Ext
q−p−d

OT

(
Λ

pE,ΛqN̂ ⊗OT
Λ

dNT/Y

)

≃
⊕

q−p≥d

Ext
q−p−d

OT

(
Λ

pE ⊗OT
Λ

dN∗T/Y ,Λ
qN̂
)
.

Using this decomposition, we write ϕ =
∑

p,q ϕp,q. Then for any nonnegative integer p

the morphismH−p(ϕ) is determined by ϕp, p+d. Besides, it is possible to check using

local holomorphic coordinates that for any p, the map ϕp, p+d is a retraction of the

natural projection

Λ
p+d N̂ ≃ Fp

(
Λ

p+d N̂
)
→ Grp

(
Λ

p+d N̂
)
≃ ΛpE ⊗ ΛdN∗T/Y .

The reason for this is that we have normalised the action of the isomorphism ϕ on the

local cohomology sheaves. If r denotes the rank of the excess bundle E, then transpose

of the map

E∗ ≃ Λr−1E⊗ΛrE∗ ≃
(
Λ

r−1E⊗ΛdN∗T/Y
)
⊗Λr+d N̂∗

ϕr−1,r−1+d ⊗ id
−−−−−−−−−→ Λr+d−1 N̂⊗Λr+d N̂∗ ≃ N̂∗

is a retraction of α qed.

This method allows to provide pathological examples:

Proposition 8.1. Assume that the natural surjection Λd N̂ ⊗Λd NT/Y −→ OT does

not split. Then j∗
Y/Z

jX/Z∗ OX does not live in the image of Db(T ) in Db(Y).

Proof. Assume that there exist an element θ in Db(T ) such that j∗
Y/Z

jX/Z∗ OX = jT/Y∗ θ.

There is a canonical morphism OY ≃ j∗
Y/Z
OZ −→ j∗

Y/Z
jX/Z∗ OX inducing the natural

morphism OY −→ OT on the local cohomology sheaves of degree 0. Then using the

chain

HomDb(Y)

(
OY , jT/Y∗ θ

)
≃ HomDb(T )

(
j∗T/Y OY , θ

)
−→ HomDb(Y)

(
jT/Y∗ OT , j

∗
Y/Z jX/Z∗ OX

)

we get a morphism from OT to j∗
Y/Z

jX/Z∗ OX inducing the canonical isomorphism in

local cohomology of degree 0. Thanks to the previous calculation:

HomDb(Y)

(
jT/Y∗ OT , j

∗
Y/Z jX/Z∗ OX

)
≃
⊕

q≥d

Hq−d(
Λ

qN̂ ⊗ ΛdNT/Y

)
.
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The component in H0
(
Λ

dN̂ ⊗ΛdNT/Y

)
must map to 1 via the map ΛdN̂⊗ΛdNT/Y −→

OT , which contradicts our assumption. �

9. The formality criterion for quantization

In this section, we prove Theorem 1.2. This is in fact a straightforward consequence

of Theorem 1.1. Indeed, if X is a closed submanifold of Y, the cycles ∆Y and X2 are

smooth submanifolds of Y2 intersecting linearly along ∆X . Observe that ∆Y can be

obviously quantized (for instance by one of the two projections), and that the excess

exact sequence (3) on ∆X is the conormal exact sequence

0 −→ N∗X/Y −→ Ω
1
Y |X −→ Ω

1
X −→ 0.

Thanks to Theorem 1.1, j∗
X2/Y2 O∆Y is formal in Db

(
X2
)
if and only if the conormal

exact sequence of the pair (X, Y) is holomorphically split, that is if and only if X can

be quantized.

To give a clearer picture of this result, we can draw the following diagram:

No necessary and

sufficient condition is

known for the formality

of OX

L
⊗
OY
OX .

j∗
X/Y
OX

is formal if and only

if the conormal bundle

N∗
X/Z

extends to XZ

j∗
X2/Y2 O∆Y

is formal if and only

if the conormal exact

sequence of (X, Y)

splits.

OX2

L
⊗
O
Y2
O∆Y

Db(X)

Db(Y)

Db
(
X2
)

Db
(
Y2
)

jX/Y∗

jY/Y2 ∗

jX2/Y2 ∗
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10. Perspectives

In view of the preceding discussion, we propose a very natural conjecture, which

predicts the formality of all derived self-intersections in the bounded derived category

of the ambient complex manifold.

Conjecture 10.1. For any pair (X, Y), the objet OX

L
⊗
OY
OX is always formal in

Db(Y).

As an evidence for this conjecture, we provide the following formality result for trun-

cated objects of length two (which corresponds in classical terms to the degeneracy at

the page E2 of a spectral sequence):

Proposition 10.2. For any nonnegative integer p, τ≥−(p+1) τ≤−p
(
OX

L
⊗
OY
OX

)
is for-

mal in Db(Y).

Proof. Let j = jX/Y and ϑ = j∗ j∗ OX . The Atiyah morphism at : j∗ OX −→ j∗N
∗
X/Y

[1]

in the derived category Db(Y) yields by adjunction a morphism ϑ −→ N∗
X/Y

[1], which

induces an isomorphism in local cohomology of degree −1. Therefore τ≥−1ϑ ≃ OX ⊕

N∗
X/Y

[1] in Db(X). We can go a step further in Db(Y): let us consider the morphism

j∗ ϑ ≃ OX

L
⊗
OY
OX

at⊗ at
−−−−→ N∗X/Y [1]

L
⊗
OY

N∗X/Y [1]
∧
−−−→ Λ2N∗X/Y [2].

It induces an isomorphism in local cohomology of degree −2. Therefore

τ≥−2 j∗ ϑ ≃ OX ⊕ N
∗
X/Y [1] ⊕ Λ

2N∗X/Y [2]

in Db(Y). Recall now that j∗ ϑ is a ring object in Db(Y), the ring structure being given

by the composition of morphisms

j∗ ϑ
L
⊗
OY

j∗ ϑ −→ j∗ (ϑ
L
⊗
OX

j∗ j∗ ϑ) −→ j∗ (ϑ
L
⊗
OX
ϑ) ≃ j∗ j

∗
(
OX

L
⊗
OY
OX

)
−→ j∗ ϑ.

Let us consider the morphism
(
τ≤−1 j∗ϑ

)⊗p
−→
(
j∗ϑ
)⊗p
−→ j∗ ϑ where the last arrow

is the ring multiplication. Since the left-hand side is concentrated in degrees at most

−p, this morphism can be factored through τ≤−p j∗ ϑ. Applying the truncation functor

τ≥−p+1, we get a morphism

τ≥−p+1
(
τ≤−1 j∗ϑ

)⊗p
−→ τ≥−p+1τ≤−p j∗ ϑ.

Remark now that the natural morphism τ≥−p+1
(
τ≤−1 j∗ϑ

)⊗p
−→ τ≥−p+1

(
τ≥−2τ≤−1 j∗ϑ

)⊗p
is an isomorphism, so that we obtain a morphism

θ : τ≥−p+1
(
τ≥−2 τ≤−1 j∗ ϑ

)⊗p
−→ τ≥−p+1τ≤−p j∗ ϑ.

We have seen that τ≥−2 τ≤−1 j∗ ϑ is formal; this yields

τ≥−p+1
(
τ≥−2 τ≤−1 j∗ ϑ

)⊗p
≃
(
N∗X/Y [1]

)⊗p
⊕

{(
N∗X/Y[1]

)⊗p−1
⊗ Λ2 N∗X/Y [2]

}
.

Besides, in local cohomology, θ is simply the wedge-product. Using the antisym-

metrization morphisms (see [5, §2.1]), we obtain a quasi-isomorphism

Λ
p N∗X/Y[p] ⊕ Λ

p+1 N∗X/Y [p + 1] −→ τ≥−p+1
(
τ≥−2τ≤−1 j∗ϑ

)⊗p θ
−−→ τ≥−p+1τ≤−p j∗ ϑ
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Remark 10.3. The crucial point in this proof is that τ≥−2τ≤−1 j∗ ϑ is formal in Db(Y).

However, τ≥−2τ≤−1 ϑ is not always formal in Db(X). In fact, this object is formal if

and only if N∗
X/Y

extends at the first order (see [1]). This reflects the fact that j∗ is not

faithful.
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Abstract. For a Hamiltonian action of a compact group U of isome-
tries on a compact Kähler manifold Z and a compatible subgroup G
of UC, we prove that for any closed G–invariant subset Y ⊂ Z the
image of the gradient map µp(Y ) is independent of the choice of the
invariant Kähler form ω in its cohomology class [ω].
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1. Introduction

Let (Z, ω) be a compact Kähler manifold and let U be a compact connected
semisimple Lie group such that UC acts holomorphically on Z, U preserves ω
and there is a momentum map µ : Z → u∗. Let G ⊂ UC be a compatible
subgroup. By this we mean a subgroup which is compatible with the Cartan
involution Θ of UC which defines U , i.e. if p = g ∩ iu and K = U ∩ G, then
G = K · exp p. Let µp : Z → p be the associated gradient map (see [4, 5] or
section 2).
In this note we prove the following.

Theorem 1. Let Y ⊂ Z be a closed G-stable subset. Then up to translation
the set µp(Y ) is independent of the choice of the invariant Kähler form ω in
the cohomology class [ω].

1The first two authors were partially supported by a grant of Max-Plank Institute für
Mathematik, Bonn and by FIRB 2012 MIUR “Geometria differenziale e teoria geometrica
delle funzioni”. author was partially supported also by PRIN 2009 MIUR ”Moduli, strutture
geometriche e loro applicazioni”. The third author was partially supported by DFG-priority
program SPP 1388 (Darstellungstheorie).
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Since Z is compact and G is compatible there is a stratification of Z analogous
to the Kirwan stratification, see [4]. This gives a stratification of any closed G–
invariant subset Y of Z, by intersecting the strata in Z with Y . It follows from
Theorem 1 that when the momentum map is properly normalized (see Lemma
2) this stratification does not depend on the choice of ω in its cohomology class.
When Z is a projective manifold and ω is the pull-back of a Fubini-Study
form via an equivariant embedding of Z in PN , Kirwan [6, §12] proved that
the stratification in terms of a properly normalized µ can be defined purely in
terms of algebraic geometry. In the present note we give a proof of this fact for
a general compact Kähler manifold Z in the more general setting of gradient
maps for actions of compatible subgroups on closed G–invariant subsets of Z.
Another consequence of the above is the following. Assume that Z is a pro-
jective manifold and that [ω] is an integral class. Let Y ⊂ Z be a closed
G-invariant real semi-algebraic subset whose real algebraic Zariski closure is
irreducible. Let a ⊂ p be a maximal subalgebra and let a+ be a closed Weyl
chamber in a. Then A(Y )+ := µp(Y ) ∩ a+ is convex (see [2], which deals with
the case when ω is the restriction of a Fubini-Study metric).
Acknowledgements. The first two authors are grateful to the Fakultät für
Mathematik of Ruhr-Universität Bochum for the wonderful hospitality during
several visits. They also wish to thank the Max-Planck Institut für Mathe-
matik, Bonn for excellent conditions provided during their visit at this institu-
tion, where part of this paper was written.

2. Background

Let (Z, ω) be a compact Kähler manifold and let U be a compact Lie group.
Assume that U acts on Z by holomorphic Kähler isometries. Since Z is compact
the U -action extends to a holomorphic action of the complexified group UC.
Assume also that there is a momentum map µ : Z → u∗ ∼= u, where u∗ is
identified with u using a fixed U -invariant scalar product on u that we denote
by 〈 , 〉. We also denote by 〈 , 〉 the scalar product on iu such that multiplication
by i is an isometry of u onto iu. If ξ ∈ u we denote by ξZ the fundamental vector
field on Z and we let µξ ∈ C∞(Z) be the function µξ(z) := 〈µ(z), ξ〉. That µ
is the momentum map means that it is U -equivariant and that dµξ = iξZω.
For a closed subgroup G ⊂ UC let K := G ∩ U and p := g ∩ iu. The group G
is called compatible if G = K · exp p [4, 5]. In the following we fix a compatible
subgroup G ⊂ UC. If z ∈ Z, let µp(z) ∈ p denote −i times the component
of µ(z) in the direction of ip. In other words we require that 〈µp(z), β〉 =
−〈µ(z), iβ〉 for any β ∈ p. The map

µp : Z → p

is called the gradient map (see [3]) or restricted momentum map. Let µβp ∈
C∞(Z) be the function µβp(z) = 〈µp(z), β〉 = µ−iβ(z). Let ( , ) be the Kähler

metric associated to ω, i.e. (v, w) = ω(v, Jw). Then βZ is the gradient of µβp
with respect to ( , ).
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Example 1. (1) For any compact subgroup K ⊂ U , both K and its com-
plexification G = KC are compatible. In particular G = UC is a compatible
subgroup. (2) If G is a real form of UC, then G is compatible. (3) For any
ξ ∈ iu, the subgroup G = exp(Rξ) is compatible.

Next we recall the Stratification Theorem for actions of compatible subgroups.
Given a maximal subalgebra a ⊂ p and a Weyl chamber a+ ⊂ a define

ηp : X → R ηp(x) :=
1

2
||µp(x)||2

Cp := Crit(ηp) Bp := µp(Cp) B+
p := Bp ∩ a+

X(µ) := {x ∈ X : G · x ∩ µ−1
p (0) 6= ∅}

where X is a compact G-invariant subset of Z. Points lying in X(µ) are
called semistable. Using semistability and the function ηp one can define a
stratification of X in the following way, see [6] and [4]. For β ∈ B+

p set

X||β||2 := {x ∈ X : exp(Rβ) · x ∩ (µβ)−1(||β||2) 6= ∅}
Xβ := {x ∈ X : βX(x) = 0}
Xβ

||β||2 := Xβ ∩X||β||2

Xβ+
||β||2 := {x ∈ X||β||2 : lim

t→−∞
exp(tβ) · x exists and it lies in Xβ

||β||2}

Gβ+ := {g ∈ G : the limit lim
t→−∞

exp(tβ)g exp(−tβ) exists in G}.

Set also

Gβ := {g ∈ G : Ad g(β) = β} pβ := {ξ ∈ p : [ξ, β] = 0}.

The group Gβ = Kβ ·exp(pβ) is a compatible subgroup of UC and the set Xβ+
||β||2

is Gβ+-invariant. Denote by µpβ the composition of µp with the orthogonal

projection p → pβ . Then µpβ is a gradient map for the Gβ-action on Xβ+
||β||2.

We set µ̂pβ := µpβ − β. Since β lies in the center of gβ and since Gβ is a

compatible subgroup of (Uβ)C = (UC)β , it is a gradient map too. We let Sβ+

denote the set of Gβ-semistable points in Xβ+
||β||2 with respect to µ̂pβ , i.e.

Sβ+ := {x ∈ Xβ+
||β||2 : G

β · x ∩ µ−1
pβ

(β) 6= ∅}.

The set Sβ+ coincides with the set of semistable points of the group Gβ in

Xβ+
||β||2 after shifting. By definition the β-stratum is given by Sβ := G · Sβ+.

Stratification Theorem. (See [4, Thm. 7.3]) Assume that X is a compact
G-invariant subset of Z. Then B+

p is finite and

X =
⊔

β∈B+
p

Sβ.
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Moreover

Sβ ⊂ Sβ ∪
⋃

||γ||>||β||
Sγ .

3. Proof of Theorem 1

For a U -invariant function f on Z we set

ω̃ := ω + ddcf

where dcf := −2J∗df . Since Z is compact and U acts by holomorphic transfor-
mations, any U -invariant Kähler form ω̃ in the Kähler class [ω] can be written
in this way. Since pluriharmonic functions on Z are constant, the function f is
unique up to a constant.

Lemma 2. If µ : Z → u is a momentum map for the U -action on Z with respect
to ω, then the map µ̃ : Z → u defined by

µ̃ξ := µξ − dcf(ξZ) (3)

is a momentum map for the U -action on Z with respect to ω̃.

Proof. That µ̃ is a momentum map follows from Cartan formula using that
LξZd

cf = dcLξZf = 0. This in turn follows from the assumption that the
action of U is holomorphic and f is U -invariant. �

A more precise version of Theorem 1 is the following.

Theorem 4. For any closed G-stable subset Y ⊂ Z we have µp(Y ) = µ̃p(Y ).

Proof. Let a ⊂ p be a maximal subalgebra and set A := exp a. The group A is
a compatible subgroup. Let µa : Z → a be the restricted gradient map. Any
connected subgroup B ⊂ A is compatible. Given such a B, set Z(B) := {z ∈
Z : Az = B}. A connected component S of Z(B) will be called an A-stratum of
type b. For a given S let C denote the connected component of ZB containing
S. Then C is a complex submanifold of Z and the Slice Theorem (see Theorem
14.10 and 14.21 in [3] or Theorem 2.2 in [2]) applied to the A-action on C shows
that S is open and dense in C.
Let Ac be the Zariski closure of A in UC. The group Ac is a compatible
subgroup of UC, Ac ∩ U = T is a torus and Ac = T exp(it), where t denotes
the Lie algebra of T . Moreover S is Ac-stable [2, Lemma 3.3 (1)]. Denote by
µt : Z −→ t the momentum map obtained by projecting µ : Z −→ u to t,
and denote by Π : it → a the orthogonal projection. Then µa = Π ◦ iµt and
µa(S) = Π(iµt(S)). By the convexity theorem of Atiyah-Guillemin-Sternberg
µt(S) is a convex polytope and its vertices are images of points fixed by Ac. It
follows that µa(S) is a convex polytope as well. Since Π is linear, any vertex of
µa(S) is the projection of at least one vertex of iµt(S). Therefore µa(S) is the

convex hull of µa(S
A
). Now we use Lemma 2: if x ∈ SA, then ξZ(x) = 0, so

µ̃ξ(x) = µξ(x), for any ξ ∈ a. Therefore µ̃a(x) = µa(x) for every A-fixed point
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x. It follows that both µa(S) and the affine subspace spanned by µa(S) do not
depend on the choice of the Kähler form ω.
Let Σ be the collection of affine hyperplanes of a that are affine hulls of µa(S)
for some A-stratum S. Set P := µa(Z) and

P0 := P −
⋃

H∈Σ

P ∩H.

(This construction is similar to the one in [2, §§4-5].) The set P0 is an open
subset of a. Let C(P0) denote the set of its connected components. This is a
finite set. For γ ∈ C(P0) let P (γ) be the closure of the connected component
γ. Then P (γ) is a convex polytope. Since both P and the hyperplanes H
are independent of ω, also the polytopes P (γ) do not depend on ω. By [2,
Corollary 5.8]

µp(Y ) ∩ a =
⋃

γ∈F (ω)

P (γ),

where F (ω) ⊂ Γ is some subset of C(P0). One can join ω to ω̃ continuously,
e.g. by ωt := ω+ tddcf . Then µ̃t := µ− tdcf(·Z) also depends continuously on
t. So P (γ) ⊂ µp(Y ) ∩ a if and only if P (γ) ⊂ µt,p(Y ) ∩ a. Therefore F (ωt) is
independent of t. Thus µp(Y ) ∩ a = µ̃p(Y ) ∩ a. Since µp(Y ) = K(µp(Y ) ∩ a)
this implies µp(Y ) = µ̃p(Y ). �

Corollary 5. Assume that Z is connected and let ω and ω̃ be two cohomolo-
gous Kähler forms with momentum maps µ and µ̃ respectively as in Lemma 2.
Then µ̃ is the unique momentum map such that µ(Z) = µ̃(Z).

Proof. Since two momentum maps with respect to ω̃ differ by addition of an
element of the center of u, it is clear that there is at most one such map with
the image equal to µ(Z). To complete the proof it is therefore enough to check
that µ̃(Z) = µ(Z). This is a special case of the previous theorem. �

Theorem 6. Let ω and ω̃ be two cohomologous Kähler forms on Z, with mo-
mentum maps µ and µ̃ respectively as in Lemma 2. Then the set B+

p is the
same for both momentum maps and the two stratifications of X coincide.

Proof. By [4, Corollary 7.6]

Bp = {β ∈ p : there exists x ∈ X :
||β||2
2

= inf
G·x

ηp and β ∈ µp(G · x)}. (7)

Moreover for β ∈ Bp

Sβ = {x ∈ X :
||β||2
2

= inf
G·x

ηp and β ∈ µp(G · x)}. (8)

For any point x ∈ X , the set G · x is closed and G-invariant. Hence by Theorem
4 µp(G · x) = µ̃p(G · x). From this it follows that infG·x ηp = infG·x η̃p, where
η̃p := ||µ̃p||2/2. The result follows from (7) and (8). �

¿From the above we obtain the following generalization.
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Corollary 9. If Z is a complex projective manifold, U is a compact connected
semisimple Lie group acting on Z, ω is a U -invariant Hodge metric and Y ⊂ Z
is a closed G-invariant real semi-algebraic subset whose real algebraic Zariski
closure is irreducible, then A(Y )+ is convex. Moreover if G is semisimple, then
X(µ) is dense (if it is nonempty).

Proof. By assumption there is a very ample line bundle L → Z such that
[ω] = 2π c1(L)/m for an interger m > 0. Let ωFS be a U -invariant Fubini-
Study metric on P(H0(Z,L)∗). Let µFS be the momentum map with respect
to ωFS |Z . In [2] the convexity theorem has been proved for µFS . A rescaling
in the symplectic form yields a corresponding rescaling in the momentum map.
Therefore the convexity theorem also holds for the momentum map µ̃ relative to
the symplectic form ω̃ := ωFS/m. So it holds also for µ, since µp(Y ) = µ̃p(Y )
by Theorem 4. The proof of the last statement is similar: see [2] and Corollary
5. �

Corollary 10. Under the same assumptions, any local minimum of ||µp||2 is
a global minimum.

Proof. This follows since ||µp||2 is K-invariant and µ(Z)+ is a convex subset
of a+. �

Corollary 11. If ω and ω′ are cohomologous Kähler forms on Z with mo-
mentum maps µ and µ̃ as in Lemma 2, then X(µ) = X(µ̃).

Proof. It is enough to observe that X(µ) = S0. �
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Università di Parma
leonardo.biliotti@unipr.it

Alessandro Ghigi
Università di Milano
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1. Introduction and preliminaries

The idea of decomposing a complicated object into simpler pieces and connect-
ing data is a fundamental computational principle throughout mathematics.
In the case of (co)homology theory, it yields the Mayer-Vietoris long exact
sequence whose significance and usefulness can hardly be overestimated. The
categorical underpinning of all this are pullback diagrams: in a given category
they give a rigorous meaning to putting together two objects over a third one.

In the classical setting of spaces, the freeness of a group action is a local
property: if it is free on covering pieces, it is free everywhere. Slightly more
generally, if we take the pushout of two equivariant maps X12 → X1 and
X12 → X2 between spaces equipped with free actions, then the induced action
on the pushout space is again free provided that at least one of the pushout
maps is injective. Our aim is to work out a general noncommutative version
of this simple fact. Let us explain our generalization step by step.

First, let us assume that all spaces are compact Hausdorff and all maps are con-
tinuous. Then we can easily dualize the aforementioned equivariant pushout to
an equivariant pullback of homomorphisms of commutative unital C∗-algebras
of all continuous complex-valued functions on compact Hausdorff spaces. Our
assumption that at least one of the pushout maps is injective becomes now
an assumption that at least one of the pullback maps is surjective. The right
action X ×G→ X of a topological group G translates into a representation of
G in the automorphism group of the C∗-algebra C(X) of functions on X :

(1.1) α : G ∋ g 7−→ αg ∈ Aut(C(X)), (αgf)(x) := f(xg).

Replacing C(X) by an arbitrary unital C∗-algebra still allows us to consider
one-surjective equivariant pullback diagrams of G-C∗-algebras.

Next, let G be a compact Hausdorff topological group acting by automorphisms
on a unital C∗-algebra A. Then to define the freeness of such an action we need
to dualize it to coaction:

(1.2) δ : A −→ C(G,A) = A ⊗̄C(G), (δ(a))(g) := αga.

Here C(G,A) is the C∗-algebra of all norm continuous functions from
G to A naturally identified with the complete tensor product C∗-algebra
(e.g. see [33, Corollary T.6.17]). Now we can replace C(G) by the C∗-algebra
of a compact quantum group [34, 36], still consider one-surjective equivariant
pullback diagrams of C∗-algebras, and define freeness as a density condi-
tion [13].

Furthermore, we can define the Peter-Weyl functor [2] from the category of
unital C∗-algebras equipped with an action of a compact quantum group (i.e.
a coaction of its C∗-algebra) to the category of comodule algebras over the
Hopf algebra of regular functions on the compact quantum group [36]. The
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main theorem of [2] states that the aforementioned density condition defining
the freeness of an action of a compact quantum group on a unital C∗-algebra
is, via the Peter-Weyl functor, equivalent to the principality of the coaction
of the Hopf algebra of the compact quantum group. Thus the algebraic
condition of principality of an appropriate comodule algebra encodes the
analytical freeness condition of a compact quantum group action on a unital
C∗-algebra. In the commutative case, the latter is equivalent to the freeness
of a continuous compact Hausdorff group action on a compact Hausdorff space.

However, the category of principal comodule algebras, despite being very
ample and enjoyable, does not encompass all interesting examples coming from
quantizations along Poisson structures. A way to obtain a quantum group
is by deforming a Poisson-Lie group along its Poisson structure. It is well
known that Poisson-Lie groups admit few Poisson-Lie subgroups, so that it is
important to consider coisotropic subgroups of Poisson-Lie groups. But the
deformation along the Poisson structure of the natural action of a coisotropic
subgroup on its Poisson-Lie group leads to a coaction of a coalgebra rather
than a Hopf algebra [9, 20]. Such examples motivated the development of
general theory of principal coactions of coalgebras on algebras [5–7]. The
setting of our paper is based on this theory.

Finally, recall that coactions of discrete groups are defined as coactions of their
group-ring Hopf algebras, and it is very easy to understand the principality of
such coactions. Indeed, let P be a comodule algebra over a group ring kΓ. This
is equivalent to P being graded by Γ:

P =
⊕

γ∈Γ

Pγ , Pγ := {p ∈ P | δ(p) = p⊗ γ} , ∀ γ, γ′ ∈ Γ : PγPγ′ ⊆ Pγγ′ .

The coaction of kΓ on P is principal if and only if P is strongly graded by Γ [30],
i.e.

(1.3) ∀ γ, γ′ ∈ Γ : PγPγ′ = Pγγ′ .

The goal of this paper is to prove a general pullback theorem for principal
coactions that significantly generalizes the main result of [15] restricted to co-
module algebras and pullbacks of surjections. More precisely, our main result
is that the pullback of principal coactions over morphisms of which at least one
is surjective is again a principal coaction:
Theorem 2.2. Let C be a coalgebra, and let P be the pullback of C-
equivariant unital algebra homomorphisms π1 : P1 → P12 and π2 : P2 → P12.
Then, granted minor technical requirements, if π1 or π2 is surjective and both
coactions P1 → P1 ⊗ C and P2 → P2 ⊗ C are principal, then also the induced
coaction P → P ⊗ C is principal.

Documenta Mathematica 19 (2014) 1025–1060



1028 Piotr M. Hajac, Elmar Wagner

It may be viewed as a non-linear version of the Milnor construction yielding
an odd-to-even connecting homomorphism in algebraic K-theory [23]. Indeed,
linearizing our pullback theorem with the help of a corepresentation gives
precisely the odd-to-even construction of a projective module defining the
connecting homomorphism in K-theory.

We apply this new result in two cases. In the first case, we keep the comodule-
algebra setting but take a one-surjective pullback diagram (only one of the
defining morphisms is surjective). In the second case, we proceed the other
way round, that is we take a pullback diagram given by two surjections but
take coactions that are not algebra homomorphisms.

The pullback picture of the standard quantum Hopf fibration gives us our first
example. It provides a new way of computing the index pairing for the associ-
ated quantum Hopf line bundles (cf. [32]). This index pairing was computed
in [14] using a noncommutative index formula, and re-derived in [25]. Here we
give yet another method to compute it. This simple example shows the need
to generalize from two-surjective to one-surjective pullback diagrams, and the
pullback method of index computation seems attractive due to its inherent
simplicity.

To obtain our second example, we first show how the piecewise structure [15]
of a noncommutative join construction [11] allows one to define a certain class
of piecewise principal coactions. Although this class of examples can also
be handled by earlier methods, it definitely shows that there are interesting
piecewise principal coactions that are not algebra homomorphisms. To obtain
a concrete example, we take Pflaum’s instanton bundle S7q → S4q [26] as the
noncommutative join of SUq(2), and turn it into the coalgebraic quantum
principal bundle S7q → CP3

q,s. We do it with the help of the canonical surjec-
tions π : O(SUq(2))→ O(SUq(2))/Jq,s determined by the coideals right ideals
Jq,s := (O(S2q,s) ∩ kerε)O(SUq(2)), where S2q,s is a generic Podleś quantum
sphere [27] and kerε is the kernel of the counit map.

The paper is organized as follows. First, to make our exposition self-contained
and to establish notation, we recall fundamental concepts that we use later
on. The key Section 2 is devoted to the general pullback theorem for principal
coactions of coalgebras on algebras, Section 3 is on deriving the index pairing
for quantum Hopf line bundles as a corollary to the pullback presentation of
the standard Hopf fibration of SUq(2), and the final Section 4 presents new
examples of piecewise principal coactions that go beyond Hopf-Galois theory.
Throughout the paper, we work with algebras and coalgebras over a field. The
unadorned tensor product stands for the algebraic tensor product over this
field. We employ the Heyneman-Sweedler-type notation (with the summation
symbol suppressed) for the comultiplication ∆(c) =: c(1) ⊗ c(2) ∈ C ⊗ C and
for coactions ∆V (v) =: v(0) ⊗ v(1) ∈ V ⊗ C, V∆(v) =: v(−1) ⊗ v(0) ∈ C ⊗ V .
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The convolution product of two linear maps from a coalgebra to an algebra is
denoted by ∗: (f∗g)(c) := f(c(1))g(c(2)). The set of natural numbers includes 0,
that is N := {0, 1, 2, . . .}.

1.1. Pullback diagrams and fibre products. The purpose of this section
is to collect some elementary facts about fibre products. We consider the
category of vector spaces as it will be the ambient category for all our pullback
diagrams. Let π1 : A1 → A12 and π2 : A2 → A12 be linear maps. The fibre
product of these maps is defined by

(1.4) A1 ×
(π1,π2)

A2 := {(a1, a2) ∈ A1 ×A2 | π1(a1) = π2(a2)} .

Together with the canonical projections

(1.5) pr1 : A1 ×
(π1,π2)

A2 −→ A1, pr2 : A1 ×
(π1,π2)

A2 −→ A2

it forms a universal construction completing the initially-given pair of linear
maps into the following commutative diagram:

(1.6)

A1 ×
(π1,π2)

A2
pr2−−−−→ A2

pr1

y π2

y

A1
π1−−−−→ A12 .

Such diagrams are called pullback diagrams, and fibre products are often
referred to as pullbacks.

Next, if π1 : A1 → A12 and π2 : A2 → A12 are morphisms of *-algebras, then
the fibre product A1×(π1,π2)A2 is a *-subalgebra of A1 × A2. Furthermore, if
we consider the pullback diagram (1.6) in the category of (unital) C∗-algebras,
then A1×(π1,π2)A2 with its componentwise multiplication and *-structure is a
(unital) C∗-algebra. Much the same, if B is an algebra and π1 : A1 → A12

and π2 : A2 → A12 are morphisms of left B-modules, then the fibre product
A1×(π1,π2)A2 is a left B-module via the componentwise left action b.(a1, a2) :=
(b.a1, b.a2).

1.2. Odd-to-even connecting homomorphism in K-theory. Consider a
pullback diagram

(1.7) A

wwooooooooo

''OOOOOOOOO

A1

π1 '' ''NNNNNNNN A2

π2wwpppppppp

A12
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in the category of unital algebras, and assume that one of the defining mor-
phisms (here we choose π1) is surjective. Then there exists a long exact se-
quence in algebraic K-theory [23]

(1.8) · · · −→ K1(A12)
odd-to-even // K0(A) −→ K0(A1 ⊕A2) −→ K0(A12).

The mapping K1(A12)
odd-to-even // K0(A) is obtained as follows. First, given

left Ai-modules Ei, i = 1, 2, we obtain left A12-modules πi∗Ei defined by
A12 ⊗Ai Ei. Since A12 is unital, there are canonical morphisms

(1.9) πi∗ : Ei −→ πi∗Ei , πi∗(e) = 1⊗Ai e.
The modules Ei and πi∗Ei can also be considered as left modules over the fibre
product algebra A via the left actions given by a.ei := pri(a).ei, for ei ∈ Ei,
and a.fi := πi(pri(a)).fi, for fi ∈ πi∗Ei. Assume now that h : π1∗E1 → π2∗E2

is a morphism of left A12-modules. Then h ◦ π1∗ : E1 → π2∗E2 and
π2∗ : E2 → π2∗E2 can be lifted to morphisms of left A-modules, and we can
consider their pullback diagram in the category of left A-modules:

(1.10) E1 ×
(h◦π1∗,π2∗)

E2

pr1

xxqqqqqqqqqqq pr2

&&NNNNNNNNNNNN

E1

π1∗

��

E2

π2∗

��
π1∗E1

h
// π2∗E2 .

In [23, Section 2], it is proven in detail that, if Ei is a finitely generated projec-
tive module over Ai, i = 1, 2, and h is an isomorphism, then the fibre product
M := E1 ×(h◦π1∗ , π2∗) E2 is a finitely generated projective A-module. Further-
more, up to isomorphism, every finitely generated projective module over A
has this form, and the Ai-modules Ei and pri∗M := Ai ⊗AM , i = 1, 2, are
naturally isomorphic. In particular, if E1

∼= An1 and E2
∼= An2 , the isomorphism

h : π1∗E1 → π2∗E2 is given by an invertible matrix U ∈ GLn(A12). Using the
canonical embedding GLn(A12) ⊆ GL∞(A12), we get a map

(1.11) GL∞(A12) ∋ U 7−→M ∈ Proj(A)

given by the pullback diagram

(1.12) M

uukkkkkkkkkkkk

))SSSSSSSSSSSS

An1

π1
(( ((PPPPPPPPP An2

π2vvnnnnnnnnn

An12
U∼= An12 .
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This map induces an odd-to-even connecting homomorphism on the level of
both algebraic [23] and C∗-algebraic [17] K-theory. An explicit description
of the module M is as follows. Assume that π1 : A1 → A12 is surjective.
Then there exist liftings c, d ∈ Matn(A1) such that evaluating π1 on c and d
componentwise yields U−1 and U respectively. Applying [12, Theorem 2.1] to
our situation yields E1 ×(h◦π1∗ , π2∗) E2

∼= A2np, where

(1.13) p :=

(
(c(2− dc)d, 1) (c(2 − dc)(1− dc), 0)
((1 − dc)d, 0) ((1 − dc)2, 0)

)
∈ Mat2n(A).

1.3. Principal coactions and associated projective modules. Recall
first the general definition of an entwining structure. Let C be a coalgebra with
comultiplication ∆ and counit ε, and let A be an algebra with multiplication
m and unit η. A linear map

(1.14) ψ : C ⊗A −→ A⊗ C
is called an entwining structure if and only if it is unital, counital, and distribu-
tive with respect to both the multiplication and comultiplication:

ψ ◦ (id⊗m) = (m⊗ id) ◦ (id⊗ ψ) ◦ (ψ ⊗ id), ψ ◦ (id⊗ η) = (η ⊗ id) ◦ flip,
(1.15)

(id⊗∆) ◦ ψ = (ψ ⊗ id) ◦ (id⊗ ψ) ◦ (∆⊗ id), (id⊗ ε) ◦ ψ = flip ◦ (ε⊗ id).

(1.16)

If ψ is an entwining of a coalgebra C and an algebra A, and M is a right
C-comodule and a right A-module, we call M an entwined module [4] when it
satisfies the compatibility condition

(1.17) (ma)(0) ⊗ (ma)(1) = m(0)ψ(m(1) ⊗ a).

Next, let P be an algebra equipped with a coaction ∆P : P → P ⊗ C of a
coalgebra C. Define the coaction-invariant subalgebra of P by

(1.18) B := P coC := {b ∈ P | ∆P (bp) = b∆P (p) for all p ∈ P}.
We call the inclusion B ⊆ P a C-extension. We call it a coalgebra-Galois
C-extension when the canonical left P -module right C-comodule map

(1.19) can : P ⊗
B
P−→P ⊗ C, p⊗

B
p′ 7−→ p∆P (p

′),

is bijective [5]. Note that the bijectivity of can allows us to define the so-called
translation map

(1.20) τ : C −→ P ⊗
B
P, τ(c) := can−1(1⊗ c).

Moreover, every coalgebra-Galois C-extension comes naturally equipped with
a unique entwining structure that makes P a (P,C)-entwined module in the
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sense of (1.17). It is called the canonical entwining structure [5], and is very
useful in calculations or further constructions. Explicitly, it can be written as:

(1.21) ψ(c⊗ p) := can(can−1(1⊗ c)p).

An algebra P with a right C-coaction ∆P is said to be e-coaugmented if and
only if there exists a group-like element e ∈ C such that ∆P (1) = 1 ⊗ e.
We call the C-extension B := P coC ⊆ P e-coaugmented. (Much in the same
way, one defines the coaugmentation of left coactions.) For the e-coaugmented
coalgebra-Galois C-extensions, one can show that the coaction-invariant sub-
algebra defined in (1.18) can be expressed as

(1.22) P coC = {p ∈ P | ∆P (p) = p⊗ e}.
Indeed, Formula (1.21) allows us to express the right coaction in terms of the
entwining

(1.23) ∆P (p) = ψ(e⊗ p),
and Equation (1.15) yields the right-in-left inclusion. The opposite inclusion
is obvious.

Next, if ψ is invertible, one can use (1.16) to show that the formula

(1.24) P∆(p) := ψ−1(p⊗ e)
defines a left coaction P∆ : P → C ⊗ P . We define the left coaction-invariant
subalgebra coCP as in (1.18), and derive the left-sided version of (1.21). Hence,
for any e-coaugmented coalgebra-Galois C-extension with invertible canoni-
cal entwining, the right coaction-invariant subalgebra coincides with the left
coaction-invariant subalgebra:

(1.25) P coC = {p ∈ P | ∆P (p) = p⊗ e} = {p ∈ P | P∆(p) = e⊗ p} = coCP.

Finally, we need to assume one more condition on C-extensions to obtain a
suitable definition of a principal coaction: equivariant projectivity. It is a piv-
otal property that guarantees the projectivity of associated modules, and thus
leads to index pairings between K-theory and K-homology. Putting together
the aforementioned four conditions, we say that a coalgebra C-extension B ⊆ P
is principal (or simply that P is principal) [6] iff:

(i) The canonical map can : P ⊗B P→P ⊗ C, p ⊗B p′ 7→ p∆P (p
′), is

bijective (Galois condition).
(ii) The right coaction is e-coaugmented for some group-like e ∈ C, i.e.

∆P (1) = 1⊗ e.
(iii) The canonical entwining ψ : C⊗P→P ⊗C, c⊗p 7→ can(can−1(1⊗c)p),

is bijective.
(iv) The algebra P is C-equivariantly projective as a left B-module, i.e.

there exists a left-B-linear and right-C-colinear splitting of the multi-
plication map B ⊗ P → P .
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In the framework of coalgebra extensions, the role of connections on principal
bundles is played by strong connections [6]. Let P be an algebra and both a left
and right e-coaugmented C-comodule. (Note that the left and right coactions
need not commute.) A strong connection is a linear map ℓ : C → P ⊗ P
satisfying

c̃an ◦ ℓ=1⊗ id, (id⊗∆P ) ◦ ℓ=(ℓ⊗ id) ◦∆,
(P∆⊗ id) ◦ ℓ=(id⊗ ℓ) ◦∆, ℓ(e) = 1⊗ 1.

(1.26)

Here c̃an : P ⊗ P → P ⊗ C is the lifting of can to P ⊗ P . Assuming that
there exists an invertible entwining ψ : C ⊗P → P ⊗C making P an entwined
module, the first three equations of (1.26) read in the Heyneman-Sweedler-type
notation c 7→ ℓ(c)〈1〉 ⊗ ℓ(c)〈2〉 as follows:

ℓ(c)〈1〉ψ(e⊗ ℓ(c)〈2〉) = ℓ(c)〈1〉ℓ(c)〈2〉(0) ⊗ ℓ(c)〈2〉(1)
= 1⊗ c ,(1.27)

ℓ(c)〈1〉 ⊗ ψ(e⊗ ℓ(c)〈2〉) = ℓ(c)〈1〉 ⊗ ℓ(c)〈2〉(0) ⊗ ℓ(c)〈2〉(1)
= ℓ(c(1))

〈1〉 ⊗ ℓ(c(1))〈2〉 ⊗ c(2) ,(1.28)

ψ−1(ℓ(c)〈1〉 ⊗ e)⊗ ℓ(c)〈2〉 = ℓ(c)〈1〉(−1) ⊗ ℓ(c)〈1〉(0) ⊗ ℓ(c)〈2〉

= c(1) ⊗ ℓ(c(2))〈1〉 ⊗ ℓ(c(2))〈2〉 .(1.29)

Applying id⊗ ε to (1.27) yields a useful formula

(1.30) ℓ(c)〈1〉ℓ(c)〈2〉 = ε(c).

It is worthwhile to observe the left-right symmetry of principal extensions. We
already noted (see (1.25)) the equality of the left and right coaction-invariant
subalgebras. Now let us define the left canonical map as

(1.31) canL : P ⊗
B
P ∋ p⊗ q 7−→ p(−1) ⊗ p(0)q ∈ C ⊗ P.

One can check that it is related to the right canonical map can by the formula [7]

(1.32) ψ ◦ canL = can.

Also, if ℓ is a strong connection and c̃anL := (id⊗m) ◦ (P∆⊗ id) is the lifted
left canonical map, then c̃anL ◦ ℓ = id⊗ 1. Hence

(1.33) c⊗ p 7−→ ℓ(c)〈1〉 ⊗ ℓ(c)〈2〉p
is a splitting of c̃anL just as

(1.34) p⊗ c 7−→ pℓ(c)〈1〉 ⊗ ℓ(c)〈2〉

is a splitting of c̃an.

Lemma 1.1. Let P be an object in the category C
eAlgCe of all unital algebras

with e-coaugmented left and right C-coactions. Assume that there exists an
invertible entwining ψ : C ⊗P → P ⊗C making P an entwined module. Then,
if P admits a strong connection ℓ, it is principal.
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Proof. Following [6], first we argue that

(1.35) σ : P ∋ p 7−→ p(0)ℓ(p(1))
〈1〉 ⊗ ℓ(p(1))〈2〉 ∈ B ⊗ P

is a left-B-linear splitting of the multiplication map. Indeed, m◦σ = id because
of (1.30), and the calculation

(1.36) ψ(e ⊗ p(0)ℓ(p(1))〈1〉)⊗ ℓ(p(1))〈2〉 = p(0)ℓ(p(1))
〈1〉 ⊗ e⊗ ℓ(p(1))〈2〉,

obtained using (1.15), proves that σ(P ) ⊆ B ⊗ P . This splitting is evidently
right C-colinear, so that its existence proves the equivariant projectivity.

Next, let us check that the formula

(1.37) can−1 : P ⊗ C −→ P ⊗
B
P, p⊗ c 7−→ pℓ(c)〈1〉 ⊗

B
ℓ(c)〈2〉,

defines the inverse of the canonical map can, so that the coaction of C is Galois.
It follows from (1.27) that

(1.38) can(can−1(p⊗ c)) = pℓ(c)〈1〉ℓ(c)〈2〉(0) ⊗ ℓ(c)〈2〉(1) = p⊗ c .

On the other hand, taking advantage of (1.30) and (1.35), we see that

can−1(can(p⊗
B
q)) = pq(0)ℓ(q(1))

〈1〉⊗
B
ℓ(q(1))

〈2〉 = p⊗
B
q(0)ℓ(q(1))

〈1〉ℓ(q(1))
〈2〉 = p⊗

B
q.

Thus the conditions (i) and (iv) of the principality of a C-extension are satisfied.
Finally, Condition (ii) is simply assumed, and Condition (iii) follows from the
uniqueness of an entwining that makes P an entwined module. �

Note that, if there exists a strong connection ℓ, then (1.37) yields

(1.39) τ(c) = ℓ(c)〈1〉 ⊗
B
ℓ(c)〈2〉.

In the Heyneman-Sweedler-type notation, we write τ(c) = τ(c)[1] ⊗B τ(c)[2].
Then the canonical entwining reads

ψ(c⊗ p) = τ(c)[1](τ(c)[2] p)(0) ⊗ (τ(c)[2] p)(1)

= ℓ(c)〈1〉(ℓ(c)〈2〉 p)(0) ⊗ (ℓ(c)〈2〉 p)(1).(1.40)

Remark 1.2. In [6], there is the converse statement: if P is principal, it admits
a strong connection. Thus, among all extensions satisfying the assumptions of
Lemma 1.1, principal extensions can be characterized as these that admit a
strong connection.

Recall now that classical principal bundles can be viewed as functors trans-
forming finite-dimensional vector spaces into associated vector bundles. Analo-
gously, one can prove that a principal C-extension B ⊆ P defines a functor from
the category of finite-dimensional left C-comodules into the category of finitely
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generated projective left B-modules [6]. Explicitly, if V is a left C-comodule
with coaction V∆, this functor assigns to it the cotensor product

(1.41) P ✷
C
V := {∑i pi ⊗ vi ∈ P ⊗ V |

∑
i ∆P (pi)⊗ vi =

∑
i pi ⊗ V∆(vi)}.

In particular, if g ∈ C is a group-like element, the formula C∆(1) := g ⊗ 1
defines a one-dimensional corepresentation, and

(1.42) P ✷
C
C= {p∈P | ∆P (p)=p⊗ g} =: Pg

can be viewed as a noncommutative associated complex line bundle. Then the
general formula for computing an idempotent Eg of the associated module Pg
out of a corepresentation and a strong connection becomes a very simple special
case of [6, Theorem 3.1]:
(1.43)

Pg ∼= BnEg , (Eg)
n
i,j=1 :=

(
gRi g

L
j

)n
i,j=1

, ℓ(g) =:

n∑

k=1

gLk ⊗ gRk ∈ Pg−1 ⊗ Pg .

A fundamental special case of principal extensions is provided by principal
comodule algebras. One assumes then that C = H is a Hopf algebra with bi-
jective antipode S, the canonical map is bijective, and P is an H-equivariantly
projective left B-module. This brings us in touch with compact quantum
groups. Assume that H̄ is the C∗-algebra of a compact quantum group in the
sense of Woronowicz [34,36], and H is its dense Hopf *-subalgebra spanned by
the matrix coefficients of the irreducible unitary corepresentations. Let P̄ be a
unital C∗-algebra and δ : P̄ → P̄ ⊗̄H̄ an injective C∗-algebraic right coaction
of H̄ on P̄ . (See [1, Definition 0.2] for a general definition and [3, Definition 1]
for the special case of compact quantum groups.) Here ⊗̄ denotes the minimal
C∗-completion of the algebraic tensor product P̄ ⊗ H̄.

To extend Woronowicz’s Peter-Weyl theory [36] from compact quantum
groups to compact quantum principal bundles, one defines [2] the subalgebra
Pδ(P̄ ) ⊆ P̄ of elements for which the coaction lands in P̄ ⊗H , i.e.

(1.44) Pδ(P̄ ) := {p ∈ P̄ | δ(p) ∈ P̄ ⊗H}.
One easily checks that it is an H-comodule algebra. We call Pδ(P̄ ) the Peter-
Weyl comodule algebra associated to the C∗-coaction δ. It follows from results
of [3] and [28] that Pδ(P̄ ) is dense in P̄ . Also, it is straightforward to verify [2]
that the operation P̄ 7→ Pδ(P̄ ) gives a functor commuting with taking fibre

products (pullbacks), and that Pδ(P̄ )coH coincides with the C∗-algebra P̄ coH̄ .

Finally, let us recall that, for a compact Hausdorff topological group G
and a unital C∗-algebra A, we can use Formula (1.2) to translate a right
C(G)-coaction into a G-action. Thus we can use the terminology of right
C(G)-comodule C∗-algebras and G-C∗-algebras synonymously. It is im-
portant to bear in mind that the Peter-Weyl functor maps G-equivariant
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*-homomorphisms to colinear homomorphisms of right O(G)-comodule alge-
bras [2].

1.4. Standard Hopf fibration of quantum SU(2). The standard quan-
tum Hopf fibration is given by an action of U(1) on the quantum group SUq(2),
q ∈ (0, 1). The coordinate ring of O(SUq(2)) is generated by α, β, γ, δ with
relations

αβ = qβα, αγ = qγα, βδ = qδβ, γδ = qδγ, βγ = γβ,(1.45)

αδ − qβγ = 1, δα− q−1βγ = 1,(1.46)

and involution α∗ := δ, β∗ := −qγ. It is a Hopf *-algebra with comultiplica-
tion ∆, counit ε, and antipode S given by

∆(α) = α⊗ α+ β ⊗ γ, ∆(β) = α⊗ β + β ⊗ δ,(1.47)

∆(γ) = γ ⊗ α+ δ ⊗ γ, ∆(δ) = γ ⊗ β + δ ⊗ δ,(1.48)

ε(α) = ε(δ) = 1, ε(β) = ε(γ) = 0,(1.49)

S(α) = δ, S(β) = −q−1β, S(γ) = −qγ, S(δ) = α.(1.50)

Let O(U(1)) denote the commutative and cocommutative Peter-Weyl Hopf
*-algebra of U(1), and let u stand for its unitary group-like generator. Note
that the counit ε and the antipode S satisfy ε(u) = 1 and S(u) = u∗. There is
a Hopf *-algebra surjection
(1.51)
π : O(SUq(2)) −→ O(U(1)), π(α) := u, π(δ) := u−1, π(β) := 0 =: π(γ).

Setting ∆R := (id⊗ π) ◦∆, we obtain a right O(U(1))-coaction on O(SUq(2)).
On generators, the coaction reads

(1.52) ∆R(α) =α⊗u, ∆R(β) = β⊗u−1, ∆R(γ) = γ⊗u, ∆R(δ) = δ⊗u−1.

The *-subalgebra of coaction invariants defines the coordinate ring of the stan-
dard Podleś quantum sphere:

(1.53) O(S2q) := O(SUq(2))coO(U(1))
= {a ∈ O(SUq(2)) | ∆R(a) = a⊗ 1} .

One can prove (see [27]) that O(S2q) is isomorphic to the *-algebra generated
by B and self-adjoint A satisfying the relations

(1.54) AB = q2BA, B∗B = A−A2, BB∗ = q2A− q4A2.

An isomorphism is explicitly given by the formulas A = −q−1βγ and B = −βα.
The irreducible Hilbert space representations of O(S2q) are given by

ρ0(A) = ρ0(B) = 0, ρ0(1) = 1 on H = C,(1.55)

ρ+(A)en = q2nen, ρ+(B)en = qn(1− q2n)1/2en−1 on H = ℓ2(N),(1.56)

where {en | n = 0, 1, . . .} is an orthonormal basis of ℓ2(N).
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Let C(S2q) denote the universal C∗-algebra generated by A and B satisfy-

ing (1.54). From the above representations, it follows that C(S2q) is the minimal
unitalization of K(ℓ2(N)), that is,

C(S2q)
∼= K(ℓ2(N))⊕ C ⊆ B(ℓ2(N)),(1.57)

(k + α)(k′ + α′) = (kk′ + α′k + αk′) + αα′, k, k′ ∈ K(ℓ2(N)), α, α′ ∈ C.

Here K(ℓ2(N)) and B(ℓ2(N)) denote the C∗-algebras of compact and bounded
operators respectively on the Hilbert space ℓ2(N). The isomorphism (1.57) im-
plies that K0(C(S

2
q))
∼= Z⊕Z, where one generator of K-theory is given by the

class of the unit 1 ∈ C(S2q), and the other by the class of the one-dimensional
projection onto Ce0 ⊆ ℓ2(N).

Furthermore, K0(C(S2q))
∼= Z ⊕ Z. We identify one generator of K-homology

with the class of the pair of representations [(id, ε)], where id(k + α) = k + α
and ε(k + α) = α for all k ∈ K(ℓ2(N)) and α ∈ C. The other generator can be
given by the class of the pair of representations [(ε, ε0)] with the (non-unital)
representation ε0 of K(ℓ2(N))⊕ C defined by ε0(k + α) = αSS∗, where

(1.58) S : ℓ2(N) −→ ℓ2(N), Sen = en+1,

denotes the unilateral shift on ℓ2(N). (See [22] for a detailed treatment of the
K-homology and K-theory of Podleś quantum spheres.)

We shall also consider the coordinate ring of the quantum disc O(Dq) generated
by z and z∗ with the relation

(1.59) z∗z − q2zz∗ = 1− q2.
Its bounded irreducible Hilbert space representations are given by

µθ(z) = eiθ on H = C, θ ∈ [0, 2π),(1.60)

µ(z)en = (1 − q2(n+1))1/2en+1 on H = ℓ2(N).(1.61)

It has been shown in [18] that the universal C∗-algebra of O(Dq) is isomorphic
to the Toeplitz algebra given as the C∗-algebra generated by the unilateral
shift S of Equation (1.58). The representation µ defines then an embedding of
O(Dq) into T .

Let C(U(1)) denote the C∗-algebra of continuous functions on the unit circle S1,
and let u be its unitary generator. The Toeplitz algebra gives rise to the
following short exact sequence of C∗-algebras:

(1.62) 0 −→ K(ℓ2(N)) −→ T σ−→ C(U(1)) −→ 0.

Here the so-called symbol map σ : T → C(U(1)) is given by σ(S) := u. Since
S− µ(z) belongs to K(ℓ2(N)), it follows in particular that σ(µ(z)) = u.
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Now let us consider the associated quantum line bundles as finitely generated
projective modules. They are defined by the one-dimensional corepresentations
C ∋ 1 7→ uN ⊗ 1, N ∈ Z, as cotensor products (1.42):

(1.63) MN := {p ∈ O(SUq(2)) | ∆R(p) = p⊗ uN}.
Since ∆R is a morphism of algebras, MN is an O(S2q)-bimodule. Our next step
is to determine explicitly projections describing these projective modules.

For l ∈ 1
2N and i, j = −l,−l + 1, . . . , l, let tli,j denote the matrix elements of

the irreducible unitary corepresentations of O(SUq(2)), so that we have

(1.64) ∆(tli,j) =

l∑

k=−l
tli,k ⊗ tlk,j ,

l∑

k=−l
tl∗k,i t

l
k,j =

l∑

k=−l
tli,k t

l∗
j,k = δij .

By the Peter-Weyl theorem for compact quantum groups [35],

(1.65) O(SUq(2)) =
⊕

l∈ 1
2N

l⊕

i,j=−l
Ctli,j .

From the explicit description of tli,j [19, Section 4.2.4] and the definition of ∆R,

it follows that ∆R(t
l
i,j) = tli,j ⊗ u−2j, whence tli,−j ∈ M2j . It can be shown

[16, 29] that t
|j|
i,−j , i = −|j|, . . . , |j| generate M2j as a left O(S2q)-module and

M2j
∼= O(S2q)

2|j|+1
E2j for all j ∈ 1

2Z, where

(1.66) E2j :=




t
|j|
−|j|,−j

...

t
|j|
|j|,−j



(
t
|j|∗
−|j|,−j , · · · , t

|j|∗
|j|,−j

)
∈Mat2|j|+1(O(S2q)).

It is clear that E∗
2j = E2j , and it follows from (1.64) that E2

2j = E2j . Hence
E2j is a projection.

2. Principality of one-surjective pullbacks

We begin by defining an ambient category for pullback diagrams appearing
in the second part of this section. Let P be a unital algebra equipped with
both a right coaction ∆P : P → P ⊗ C and a left coaction P∆ : P → C ⊗ P
of the same coalgebra C. We do not assume that these coactions commute,
but we do assume that they are coaugmented by the same group-like element
e ∈ C, i.e. ∆P (1) = 1 ⊗ e and P∆(1) = e ⊗ 1. For a fixed coalgebra C and a

group-like e ∈ C, we consider the category C
eAlgCe of all such unital algebras

with e-coaugmented left and right C-coactions. Here morphisms are bicolinear
algebra homomorphisms.

Since we work over a field, this category is evidently closed under any pullbacks.
If π1 : P1 → P12 and π2 : P2 → P12 are morphisms in C

eAlgCe , then the fibre
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product algebra P := P1×(π1,π2)P2 becomes a right C-comodule via

(2.1) ∆P (p, q) := (p(0), 0)⊗ p(1) + (0, q(0))⊗ q(1),

and a left C-comodule via

(2.2) P∆(p, q) := p(−1) ⊗ (p(0), 0) + q(−1) ⊗ (0, q(0)).

Also, it is clear that ∆P (1, 1) = (1, 1)⊗ e and P∆(1, 1) = e⊗ (1, 1).

2.1. Principality of images and preimages. In the following lemma, we
prove that any surjective morphism in C

eAlgCe whose domain is a principal
extension can be split by a left-colinear map and by a right-colinear map (not
necessarily by a bicolinear map). Note that the first part of the lemma is proved
much in the same way as in the Hopf-Galois case [15, Lemma 3.1]:

Lemma 2.1. Let π : P → Q be a surjective morphism in the category C
eAlgCe of

unital algebras with e-coaugmented left and right C-coactions. If P is principal,
then:

(i) The induced map πcoC : P coC → QcoC is surjective.
(ii) There exists a unital right-C-colinear splitting of π.
(iii) There exists a unital left-C-colinear splitting of π.
(iv) Q is principal.

Furthermore, if Q′ ∈ C
eAlgCe , Q

′ ⊆ Q, is principal, then so is π−1(Q′).

Proof. It follows from the right colinearity and surjectivity of π that
π(P coC) ⊆ QcoC . To prove the converse inclusion, we take advantage of the
left-P coC -linear retraction of the inclusion P coC ⊆ P that was used to prove [6,
Theorem 2.5(3)]:

(2.3) σϕ : P −→ P coC , σϕ(p) := p(0)ℓ(p(1))
〈1〉ϕ(ℓ(p(1))

〈2〉) .

Here ℓ is a strong connection on P and ϕ is any unital linear functional on
P . It follows from (1.35) that σϕ(p) ∈ P coC . If π(p) ∈ QcoC , then σϕ(p) is a
desired element of P coC that is mapped by π to π(p). Indeed, since

(2.4) π(p(0))⊗ p(1) = π(p)(0) ⊗ π(p)(1) = π(p)⊗ e,

using the unitality of π, ϕ, and ℓ(e) = 1⊗ 1, we compute

(2.5) π(σϕ(p)) = π(p(0))π(ℓ(p(1))
〈1〉)ϕ(ℓ(p(1))

〈2〉) = π(p).

To show the second assertion, let us choose any unital k-linear splitting of
π↾P coC and denote it by αcoC . We want to prove that the formula

(2.6) αR(q) := αcoC(q(0)π(ℓ(q(1))
〈1〉))ℓ(q(1))

〈2〉
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defines a unital right-colinear splitting of π. Since π is surjective, we can write
q = π(p). Then, using properties of π, we obtain:

q(0)π(ℓ(q(1))
〈1〉)⊗ ℓ(q(1))〈2〉 = π(p)(0)π(ℓ(π(p)(1))

〈1〉)⊗ ℓ(π(p)(1))〈2〉

= π(p(0))π(ℓ(p(1))
〈1〉)⊗ ℓ(p(1))〈2〉

= π(p(0)ℓ(p(1))
〈1〉)⊗ ℓ(p(1))〈2〉.(2.7)

Now it follows from (1.35) that the above tensor is in QcoC ⊗ P . Hence αR is
well defined. It is straightforward to verify that αR is unital, right colinear,
and splits π. (Note that, since q ∈ QcoC implies q(0) ⊗ q(1) = q ⊗ e, we have

αcoC = αR ↾QcoC .) The third assertion can be proven in an analogous manner.

To prove (iv), we first show that the inverse of the canonical map canQ :
Q⊗QcoC Q→ Q ⊗ C (see (1.19)) is given by

(2.8) can−1
Q : Q⊗ C −→ Q ⊗

QcoC
Q, q ⊗ c 7−→ qπ(ℓ(c)〈1〉) ⊗

QcoC
π(ℓ(c)〈2〉).

Using the properties of π and ℓ, we get

(canQ ◦ can−1
Q ) (π(p)⊗ c) = canQ

(
π(pℓ(c)〈1〉) ⊗

QcoC
π(ℓ(c)〈2〉)

)

= π
(
p ℓ(c)〈1〉 ℓ(c)〈2〉(0)

)
⊗ ℓ(c)〈2〉(1)

= π(p)⊗ c.(2.9)

Similarly,

(can−1
Q ◦ canQ)

(
π(p) ⊗

QcoC
π(p ′)

)
= can−1

Q

(
π(pp ′

(0))⊗ p ′
(1)

)

= π(pp ′
(0)ℓ(p

′
(1))

〈1〉) ⊗
QcoC

π(ℓ(p ′
(1))

〈2〉)

= π(p) ⊗
QcoC

π(p ′
(0)ℓ(p

′
(1))

〈1〉ℓ(p ′
(1))

〈2〉)

= π(p) ⊗
QcoC

π(p ′).(2.10)

Here we used the fact that π(p ′
(0)ℓ(p

′
(1))

〈1〉) ⊗ ℓ(p ′
(1))

〈2〉 ∈ QcoC ⊗ P . Hence

the extension QcoC ⊆ Q is Galois, and we have the canonical entwining
ψQ : C ⊗Q→ Q⊗ C.

Our next aim is to prove that ψQ is bijective. We know by assumption that
the canonical entwining ψP : C ⊗ P → P ⊗ C is invertible. To determine its
inverse, recall that the left and right coactions are given by ψ−1

P (p ⊗ e) and
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ψP (e⊗ p) respectively. Then apply (1.15) to compute

ψP

(
(pℓ(c)〈1〉)(−1) ⊗ (pℓ(c)〈1〉)(0) ℓ(c)

〈2〉
)
= pℓ(c)〈1〉ψP

(
e⊗ ℓ(c)〈2〉

)

= pℓ(c)〈1〉ℓ(c)〈2〉(0) ⊗ ℓ(c)〈2〉(1)
= p⊗ c.(2.11)

Hence ψ−1
P (p⊗ c) = (pℓ(c)〈1〉)(−1) ⊗ (pℓ(c)〈1〉)(0) ℓ(c)

〈2〉. On the other hand,

ψQ(c⊗ π(p)) = π(ℓ(c)〈1〉)
(
π(ℓ(c)〈2〉)π(p)

)
(0)
⊗
(
π(ℓ(c)〈2〉)π(p)

)
(1)

= π
(
ℓ(c)〈1〉

)
π
(
(ℓ(c)〈2〉 p)(0)

)
⊗ (ℓ(c)〈2〉 p)(1)

= (π ⊗ id)
(
ψP (c⊗ p)

)
,(2.12)

(id⊗ π)
(
ψ−1
P (p⊗ c)

)
= (p ℓ(c)〈1〉)(−1) ⊗ π

(
(p ℓ(c)〈1〉)(0)

)
π
(
ℓ(c)〈2〉

)

=
(
π(p ℓ(c)〈1〉)

)
(−1)
⊗
(
π(p ℓ(c)〈1〉)

)
(0)
π(ℓ(c)〈2〉)

= Q∆(π(p)π(ℓ(c)〈1〉))π(ℓ(c)〈2〉).(2.13)

The second part of the above computation implies that the assignment

(2.14) ψ−1
Q : Q ⊗ C −→ C ⊗Q, π(p)⊗ c 7−→ (id⊗ π)(ψ−1

P (p⊗ c)),

is well defined. Now it follows from the first part that ψ−1
Q is the inverse of ψQ:

ψQ

(
ψ−1
Q

(
π(p)⊗ c

))
= ψQ

(
(id⊗ π)

(
ψ−1
P (p⊗ c)

))

= (π ⊗ id)
(
ψP
(
ψ−1
P (p⊗ c)

))
= π(p)⊗ c,(2.15)

ψ−1
Q

(
ψQ
(
c⊗ π(p)

))
= ψ−1

Q

(
(π ⊗ id)

(
ψP (c⊗ p)

))

= (id⊗ π)
(
ψ−1
P

(
ψP (c⊗ p)

))
= c⊗ π(p).(2.16)

On the other hand, we observe that (π ⊗ π) ◦ ℓ is a strong connection on Q.
Combining it with the just-proven existence of a bijective entwining that makes
Q an entwined module, we can apply Lemma 1.1 to conclude the proof of (iv).

To prove the final statement of the lemma, note first that π−1(Q′) ∈ C
eAlgCe .

Next, observe that, if ℓ′ : C → Q′ ⊗Q′ is a strong connection on Q′, then it is
also a strong connection on Q. Now, it follows from (1.40) that for any q ∈ Q′

(2.17) ψQ(c⊗ q) = ℓ′(c)〈1〉
(
ℓ′(c)〈2〉 q

)
(0)
⊗
(
ℓ′(c)〈2〉 q

)
(1)
∈ Q′ ⊗ C.

In much the same way, it follows from the Q-analog of the formula following
(2.11) that ψ−1

Q (Q′ ⊗ C) ⊆ C ⊗Q′. Hence to see that ψP and ψ−1
P restrict to

π−1(Q′), we can apply (2.12) and (2.14) respectively.
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A key step now is to construct a strong connection on π−1(Q′). Let αR and αL
be, respectively, right and left colinear unital splittings of π. Their existence is
guaranteed by the already proven (ii) and (iii). The map

(2.18) (αL ⊗ αR) ◦ ℓ′ : C −→ π−1(Q)⊗ π−1(Q)

is bicolinear and satisfies

(2.19) αL(ℓ
′(e)〈1〉)⊗ αR(ℓ′(e)〈2〉) = 1⊗ 1.

However, it is possible that

1⊗c−
(
c̃an◦ (αL⊗αR)◦ ℓ′

)
(c) = 1⊗c−αL(ℓ′(c(1))〈1〉)αR(ℓ′(c(1))〈2〉)⊗c(2) 6= 0.

To solve this problem, we apply to it the splitting of the lifted canonical map
given by a strong connection ℓ (see (1.34)), and add to (αL ⊗ αR) ◦ ℓ′ :
(2.20)

ℓR(c) := (αL ⊗αR)(ℓ′(c)) + ℓ(c)−αL(ℓ′(c(1))〈1〉)αR(ℓ′(c(1))〈2〉)ℓ(c〈1〉(2))⊗ ℓ(c
〈2〉
(2)).

Now c̃an ◦ ℓR = 1⊗ id, as needed. Also, ℓR(e) = 1⊗ 1 and ((π⊗ id) ◦ ℓR)(C) ⊆
Q′⊗P . The right colinearity of ℓR is clear. To check the left colinearity of ℓR,
using the fact that P is a ψP entwined and e-coaugmented module, we show
that (mP ◦ (αL ⊗ αR) ◦ ℓ′) ∗ ℓ is left colinear. (Here mP is the multiplication
of P .) First we note that

(2.21) (P∆⊗ id)◦((mP ◦(αL⊗αR)◦ℓ′)∗ℓ) = (id⊗(mP ◦(αL⊗αR)◦ℓ′)∗ℓ)◦∆
is equivalent to

αL(ℓ
′(c(1))

〈1〉)αR(ℓ
′(c(1))

〈2〉)ℓ(c(2))
〈1〉⊗e⊗ ℓ(c(2))〈2〉

= ψP

(
c(1) ⊗ αL(ℓ′(c(2))〈1〉)αR(ℓ′(c(2))〈2〉)ℓ(c(3))〈1〉

)
⊗ ℓ(c(3))〈2〉.(2.22)

Since c(1) ⊗ αL(ℓ′(c(2))〈1〉) ⊗ ℓ′(c(2))〈2〉 = ψ−1
P

(
αL(ℓ

′(c)〈1〉) ⊗ e
)
⊗ ℓ′(c)〈2〉, we

obtain

ψP

(
c(1) ⊗ αL(ℓ′(c(2))〈1〉)αR(ℓ′(c(2))〈2〉)ℓ(c(3))〈1〉

)
⊗ ℓ(c(3))〈2〉

= αL(ℓ
′(c(1))

〈1〉)ψP
(
e⊗ αR(ℓ′(c(1))〈2〉)ℓ(c(2))〈1〉

)
⊗ ℓ(c(2))〈2〉

= αL(ℓ
′(c(1))

〈1〉)αR(ℓ
′(c(1))

〈2〉)ψP
(
c(2) ⊗ ℓ(c(3))〈1〉

)
⊗ ℓ(c(3))〈2〉

= αL(ℓ
′(c(1))

〈1〉)αR(ℓ
′(c(1))

〈2〉)ψP
(
ψ−1
P

(
ℓ(c(2))

〈1〉 ⊗ e
))
⊗ ℓ(c(2))〈2〉

= αL(ℓ
′(c(1))

〈1〉)αR(ℓ
′(c(1))

〈2〉) ℓ(c(2))
〈1〉 ⊗ e⊗ ℓ(c(2))〈2〉.(2.23)

Hence ℓR is a strong connection with the property ℓR(C) ⊆ π−1(Q′) ⊗ P .
In a similar manner, we construct a strong connection ℓL with the property
ℓL(C) ⊂ P ⊗ π−1(Q′). Now we need to apply the splitting of the lifted left
canonical map given by ℓ (see (1.33)) to derive the formula

(2.24) ℓL := (αL ⊗ αR) ◦ ℓ′ + ℓ− ℓ ∗ (mP ◦ (αL ⊗ αR) ◦ ℓ′).
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It is clear that ℓL(e) = 1⊗ 1 and ℓL(C) ⊆ P ⊗π−1(Q′). A computation similar
to (2.23) shows the right colinearity of ℓL. Since furthermore ψP (1⊗ c) = c⊗ 1
for any c ∈ C and c̃an = ψP ◦ c̃anL, we obtain

(2.25) c̃an(ℓL(c)) = ψP
(
c̃anL(ℓ(c))

)
= ψP (c⊗ 1) = 1⊗ c.

Hence ℓL is a desired strong connection. Plugging it into (2.20) instead of ℓ,
we get a strong connection

(2.26) ℓLR = (αL ⊗ αR) ◦ ℓ′ + ℓL − (mp ◦ (αL ⊗ αR) ◦ ℓ′) ∗ ℓL
with the property ℓLR ⊆ π−1(Q′) ⊗ π−1(Q′). Applying now Lemma 1.1 ends
the proof of this lemma. �

2.2. The one-surjective pullbacks of principal coactions are prin-
cipal. Our goal now is to show that the subcategory of principal extensions is
closed under one-surjective pullbacks. Here the right coaction is the coaction
defining a principal extension and the left coaction is the one defined by the
inverse of the canonical entwining (see (1.24)). With this structure, principal

extensions form a full subcategory of CeAlgCe . The following theorem is the
main result of this paper generalizing the theorem of [15] on the pullback of
surjections of principal comodule algebras:

Theorem 2.2. Let C be a coalgebra, e ∈ C a group-like element, and P the
pullback of π1 : P1 → P12 and π2 : P2 → P12 in the category C

eAlgCe of unital
algebras with e-coaugmented left and right C-coactions. If π1 or π2 is surjective
and both P1 and P2 are principal e-coaugmented C-extensions, then also P is
a principal e-coaugmented C-extension.

Proof. Without loss of generality, we assume that π1 is surjective. We first
show that P inherits an entwined structure from P1 and P2.

Lemma 2.3. Let ψ1 and ψ2 denote the entwining structures of P1 and P2 re-
spectively. Then P is an entwined module with an invertible entwining structure

(2.27) ψ = ψ1 ◦ (id⊗ pr1) + ψ2 ◦ (id⊗ pr2).

Here pr1 and pr2 are morphisms of the pullback diagram as in (1.6).

Proof. Our strategy is to construct a bijective map

(2.28) ψ̃ : C ⊗ (P1 × P2) −→ (P1 × P2)⊗ C,
and to show that it restricts to a bijective entwining on C ⊗ P . We put

(2.29) ψ̃ := ψ1 ◦ (id⊗ p̃r1) + ψ2 ◦ (id⊗ p̃r2).

The symbols p̃r1 and p̃r2 stand for respective componentwise projections. Their

restrictions to P yield pr1 and pr2. It is easy to check that the inverse of ψ̃ is
given by

(2.30) ψ̃−1 = ψ−1
1 ◦ (p̃r1 ⊗ id) + ψ−1

2 ◦ (p̃r2 ⊗ id).
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To show that ψ̃(C ⊗ P ) ⊆ P ⊗C and ψ̃−1(P ⊗C) ⊆ C ⊗ P , we note first that
P12 and π2(P2) are principal by Lemma 2.1(iv). Consequently, their canonical
entwinings ψ12 and ψπ2(P2) are bijective. Furthermore, arguing as in the proof

of Lemma 2.1, we see that ψπ2(P2) = ψ12↾C⊗π2(P2) and ψ
−1
π2(P2)

= ψ−1
12 ↾π2(P2)⊗C .

An advantage of having both summands in terms of ψ12 is that we can apply
(2.12) to compute

(
(π1 ◦ p̃r1 − π2 ◦ p̃r2)⊗ id

)
◦ ψ̃

= (π1 ◦ p̃r1⊗ id)◦ψ1 ◦ (id⊗ p̃r1)− (π2 ◦ p̃r2⊗ id)◦ψ1 ◦ (id⊗ p̃r1)

+ (π1 ◦ p̃r1⊗ id)◦ψ2 ◦ (id⊗ p̃r2)− (π2 ◦ p̃r2⊗ id)◦ψ2 ◦ (id⊗ p̃r2)

= (π1⊗ id)◦ψ1 ◦ (id⊗ p̃r1)− (π2 ⊗ id)◦ψ2 ◦ (id⊗ p̃r2)

= ψ12 ◦ (id⊗ π1) ◦ (id⊗ p̃r1)− ψπ2(P2) ◦ (id⊗ π2) ◦ (id⊗ p̃r2)

= ψ12 ◦
(
id⊗ (π1 ◦ p̃r1 − π2 ◦ p̃r2)

)
.(2.31)

Hence ψ̃(C ⊗ P ) ⊆ P ⊗ C. In much the same way, using (2.14) instead

of (2.12), we show that ψ̃−1(P ⊗ C) ⊆ C ⊗ P .

It remains to verify that the bijection ψ = ψ̃ ↾C⊗P is an entwining that makes
P an entwined module. The former is proven by checking directly (1.15)
and (1.16). The latter follows from the fact that P1 and P2 are, respectively,
ψ1 and ψ2 entwined modules:

∆P (pq) = ∆P1(pr1(p)pr1(q)) + ∆P2(pr2(p)pr2(q))

= pr1(p(0))ψ1(p(1) ⊗ pr1(q)) + pr2(p(0))ψ2(p(1) ⊗ pr2(q))

=
(
pr1(p(0)) + pr2(p(0))

)(
ψ1(p(1) ⊗ pr1(q)) + ψ2(p(1) ⊗ pr2(q))

)

= p(0)ψ(p(1) ⊗ q).(2.32)

This proves the lemma. �

Let α1
L and α1

R be a unital left-colinear splitting and a unital right-colinear
splitting of π1, respectively. Also, let α2

R be a right-colinear splitting of π2
viewed as a map onto π2(P2). Such maps exist by Lemma 2.1. Furthermore,
by [6, Lemma 2.2], since P1 and P2 are principal, they admit strong connections
ℓ1 and ℓ2 respectively. For brevity, let us introduce the notation

α12
L := α1

L ◦ π2, α12
R := α1

R ◦ π2,
α21
R := α2

R ◦ π1 ↾π−1
1 (π2(P2))

, L := mP1 ◦ (α12
L ⊗ α12

R ) ◦ ℓ2 ,
(2.33)
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where mP1 is the multiplication of P1. The situation is illustrated in the fol-
lowing diagram:

(2.34) C

L

��

P

pr1

yyrrrrrrrrrrrrrrrrrrrrrrrrrrr

pr2

%%KKKKKKKKKKKKKKKKKKKKKKKKKKKK

π−1
1 (π2(P2))G

g

ttiiiiiiiiiiiiiiiii

α21
R **UUUUUUUUUUUUUUUUUU

P1

II
II

II
II

II
II

P2 .

α12
Loo

α12
R

oo

vv
vv

vv
vv

vv
vv

π2

ttttjjjjjjjjjjjjjjjjjjjjj

π1

%% %%KKKKKKKKKKKK π2(P2)

α2
R

44jjjjjjjjjjjjjjjjjjjjj

_�

��

π2

yyssssssssssss

P12

α1
L

eeJJJJJJJJJJJJJJJJJJJJJJJJJJJ

α1
R

eeJJJJJJJJJJJJJJJJJJJJJJJJJJJ

Our proof hinges on constructing a strong connection on P out of strong con-
nections on P1 and P2. Roughly speaking, the basic idea is to take a strong
connection on P2, induce a strong connection on the the common part P12, and
prolongate it to P1. To this end, we check that (α12

L +id)⊗(α12
R +id) is a unital

bicolinear map from P2 ⊗ P2 to P ⊗P . Therefore, as a first approximation for
constructing a strong connection on P , we choose the formula

(2.35) ℓI :=
(
(α12
L + id)⊗ (α12

R + id)
)
◦ ℓ2.

It is a bicolinear map from C to P ⊗ P satisfying ℓI(e) = 1⊗ 1 as needed.

However, it does not split the lifted canonical map:

(c̃an ◦ ℓI)(c)− 1⊗ c
= α12

L (ℓ2(c)
〈1〉)α12

R (ℓ2(c)
〈2〉)(0) ⊗ α12

R (ℓ2(c)
〈2〉)(1)

+ ℓ2(c)
〈1〉ℓ2(c)

〈2〉
(0) ⊗ ℓ2(c)〈2〉(1) − 1⊗ c

= α12
L (ℓ2(c(1))

〈1〉)α12
R (ℓ2(c(1))

〈2〉)⊗ c(2) + (0, 1)⊗ c− 1⊗ c
= L(c(1))⊗ c(2) − (1, 0)⊗ c ∈ P1 ⊗ C.(2.36)

We correct it by adding to ℓI(c) the splitting of the lifted canonical map on
P1 ⊗ P1 afforded by ℓ1 and applied to (1, 0)⊗ c− L(c(1))⊗ c(2):

ℓII(c) = ℓI(c) + ℓ1(c)
〈1〉 ⊗ ℓ1(c)〈2〉 − L(c(1))ℓ1(c(2))〈1〉 ⊗ ℓ1(c(2))〈2〉

= (ℓI + ℓ1 − L ∗ ℓ1)(c).(2.37)

The above approximation to a strong connection on P is clearly right colinear.
Using the fact that P1 is a ψ1-entwined and e-coaugmented module, we follow
the lines of (2.21)–(2.23) to show that L ∗ ℓ1 is left colinear. Hence ℓII is
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bicolinear. It also satisfies ℓII(e) = 1⊗ 1.

The price we pay for having ℓII(c)
〈1〉 ℓII(c)〈2〉(0) ⊗ ℓII(c)〈2〉(1) = 1 ⊗ c is that

the image of ℓII is no longer in P ⊗ P . The troublesome term ℓ1 − L ∗ ℓ1
takes values in P ⊗ P1. Now one would like to compose id ⊗ (id + α21

R ) with
ℓ1 − L ∗ ℓ1 to force it taking values in P ⊗ P . However, since α21

R is defined

only on π−1
1 (π2(P2)), we need to replace an arbitrary strong connection ℓ1 by a

strong connection taking values in P1⊗π−1
1 (π2(P2)). Such a strong connection

is provided for us by (2.24):

(2.38) ℓ̃1 := (α12
L ⊗ α12

R ) ◦ ℓ2 + ℓ1 − ℓ1 ∗ L.
Inserting ℓ̃1 in place of ℓ1 allows us to apply the correction map id⊗ (id+α21

R )
to obtain

(2.39) ℓIII = ℓI +
(
id⊗ (id + α21

R )
)
◦ (ℓ̃1 − L ∗ ℓ̃1).

To end the proof, let us check that ℓIII is indeed a strong connection on P .
First, since ℓI(C) ⊆ P ⊗P and (id+α21

R )(π−1
1 (π2(P2))) ⊆ P , we conclude that

ℓIII takes values in P ⊗ P . Next, it is bicolinear because α21
R is right colinear.

Also, it is clearly unital. To verify that ℓIII splits the canonical map, first we
note that c̃an◦ (id⊗α21

R )◦ (ℓ̃1−L ∗ ℓ̃1) = 0 because mP1×P2(p1⊗p2) = 0 for all
p1 ∈ P1 and p2 ∈ P2. Combining this with the fact that c̃an ◦ (ℓ′1−L ∗ ℓ′1) does
not depend on the choice of a strong connection ℓ′1, we infer that c̃an ◦ ℓIII =
c̃an◦ ℓII = 1⊗ id. Thus ℓIII is a strong connection on P as desired. Combining
this fact with Lemma 2.3 and Lemma 1.1 proves the theorem. �

Putting together the formulas in the proof of Theorem 2.2 , we obtain the
following strong connection on P :

ℓ = ((α12
L + id)⊗ (α12

R + id)) ◦ ℓ2
+ (η1 ◦ ε− L) ∗ ((id⊗ (id + α21

R )) ◦ (ℓ1 − ℓ1 ∗ L+ (α12
L ⊗ α12

R ) ◦ ℓ2)).(2.40)

3. The pullback picture of the standard quantum Hopf fibration

Recall that the classical Hopf fibration is a U(1)-principal bundle given by the
maps

π : S3 := {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1} −→ S2 ∼= CP1,(3.1)

π((z1, z2)) := [(z1 : z2)],

S3 ×U(1) −→ S3, (z1, z2) ⊳ u := (z1u, z2u).(3.2)

To unravel the structure of this non-trivial fibration, we split S3 into two disjoint
parts:

(3.3) S3 = {(z1, z2) ∈ C2 | |z1|2 < 1, |z2|2 = 1− |z1|2} ∪ {(z1, 0) | |z1| = 1}.
Note that both sets are invariant under the U(1)-action. The second set is U(1),
and first set is U(1)-equivariantly homeomorphic to the interior of the solid
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torus D×U(1) equipped with the diagonal action. (Here D = {z ∈ C | |z| ≤ 1}.)
By an appropriate U(1)-equivariant gluing of the boundary torus of D ×U(1)
with U(1), we recover S3 with its U(1)-action:

(3.4) S3

φ1(z, v) := (z, v
√
1−|z|2) φ2(u) := (u, 0)

D× U(1)

φ1

>>|||||||||
U(1)

φ2

``AAAAAAAAA

(ι, id)(u, v) := (u, v) pr1(u, v) := u.

U(1)×U(1)

pr1

>>|||||||||
(ι,id)

aaCCCCCCCCC

However, to view D×U(1) as a trivial U(1)-principal bundle, we need to gauge
the diagonal action to the action on the right slot. This is achieved with the
help of the following homeomorphism intertwining these two actions:

Ψ : D×U(1) −→ D×U(1), Ψ(x, v) := (xv, v), Ψ(x, vu) = Ψ(x, v) ⊳ u.

Let us denote the restriction of Ψ to U(1)×U(1) by the same symbol. Now we
can extend the above pushout diagram to the commutative diagram

(3.5) S3

D×U(1)
Ψ // D×U(1)

φ1

<<zzzzzzzzz
U(1)

φ2

^^>>>>>>>>

U(1)
idoo

U(1)×U(1)

pr1

@@��������
(ι,id)

aaDDDDDDDDD

U(1)×U(1) ,

(ι,id)

ddJJJJJJJJJJJJJJJJJJJJJJJJJJJ
Ψ

OO m

<<zzzzzzzzzzzzzzzzzzzzzzz

where m is the multiplication map. The outer diagram is again a pushout dia-
gram of U(1)-spaces, but now its defining U(1)-spaces are trivial U(1)-principal
bundles. It is the outer pushout diagram that we shall use to analyse a non-
commutative deformation of the Hopf fibration.

3.1. Pullback comodule algebra. We consider the tensor products P1 :=
T ⊗ O(U(1)), P2 := C⊗O(U(1)) = O(U(1)) and P12 := C(U(1)) ⊗ O(U(1)).
These algebras are right O(U(1))-comodule algebras for the coaction x⊗uN 7→
x ⊗ uN ⊗ uN , N ∈ Z. Moreover, P1 and P2 are trivially principal with strong
connections ℓi : O(U(1))→ Pi ⊗ Pi given by

(3.6) ℓi(u
N) := (1 ⊗ uN∗)⊗ (1⊗ uN ), i=1, 2.
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To construct a pullback of P1 and P2, we define the following morphisms of
right O(U(1))-comodule algebras:

π1 : T ⊗ O(U(1)) −→ C(U(1)) ⊗O(U(1)), π1(t⊗ w) := σ(t) ⊗ w,(3.7)

π2 : O(U(1)) −→ C(U(1)) ⊗O(U(1)), π2(w) := ∆(w).(3.8)

Then the fibre product P := T ⊗ O(U(1)) ×(π1,π2) O(U(1)) defined by the
pullback diagram

(3.9) T ⊗ O(U(1)) ×
(π1,π2)

O(U(1))
pr1

vvmmmmmmmmmmmmm pr2

''OOOOOOOOOOOO

T ⊗ O(U(1))

π1 ))RRRRRRRRRRRRRR
O(U(1))

π2vvmmmmmmmmmmmm

C(U(1)) ⊗O(U(1))

is a right O(U(1))-comodule algebra. By Proposition 2.2, it is principal.

Furthermore, define unital, respectively, left-colinear and right-colinear split-
tings of π1 by

(3.10) α1
L(f ⊗ uN ) := Tf ⊗ uN =: α1

R(f ⊗ uN), N ∈ Z.

Here f ∈ C(U(1)) and Tf denotes the Toeplitz operator with symbol f . In

particular, TuN = SN and Tu∗N = S∗N . A right-colinear splitting of the map
π2 : O(U(1))→ π2(O(U(1))) is given by

(3.11) α2
R(u

N ⊗ uN ) := uN , N ∈ Z.

Inserting the definitions of α1
L, α

i
R and ℓi, i = 1, 2, into (2.33) and (2.40), we

obtain the following strong connection on P :

ℓ(uN ) = (S∗N ⊗ u∗N , u∗N )⊗ (SN ⊗ uN , uN),(3.12)

ℓ(u∗N ) = (SN ⊗ uN , uN )⊗ (S∗N ⊗ u∗N , u∗N)
+ ((1− SNS∗N )⊗ uN , 0)⊗ ((1− SNS∗N )⊗ u∗N , 0), N ∈ N.(3.13)

Note next that, by construction, we have

(3.14) P =
{∑

k(tk⊗uk, αkuk) ∈
(
T ⊗O(U(1))

)
×O(U(1))

∣∣∣ σ(tk) = αku
k
}
,

where αk ∈C. For C∆(1) := uN ⊗ 1, let

(3.15) LN := P �
O(U(1))

C = {p ∈ P | ∆P (p) = p⊗ uN}.
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Then L0 = P coO(U(1)), each LN is a left P coO(U(1))-module and P =
⊕

N∈Z LN .
From

(3.16) ∆P

(∑

k

(tk⊗uk, αkuk)
)
=
∑

k

(tk⊗uk, αkuk)⊗ uk,

it follows that

(3.17) LN =
{
(t⊗ uN , αuN ) ∈

(
T ⊗ O(U(1))

)
×O(U(1))

∣∣∣ σ(t) = αuN
}
.

The next proposition shows that L0
∼= T ×(σ,1)C is isomorphic to the C∗-algebra

of the standard Podleś sphere and that

(3.18) LN ∼= T ×(u−Nσ,1) C,

where T ×(uNσ,1) C is given by the pullback diagram

(3.19) T ×
(u−Nσ,1)

C

pr1

xxqqqqqqqqqqq pr2

&&MMMMMMMMMMM

T
σ

��

C

α7→α1

��
C(U(1))

f 7→u−Nf

// C(U(1)).

Proposition 3.1. The fibre product T ×(σ,1)C is isomorphic to the C∗-algebra
C(S2q), and LN is isomorphic to T ×(u−Nσ,1) C as a left C(S2q)-module with

respect to the left C(S2q)-action on T ×(u−Nσ,1) C given by (t, α) · (h, β) :=
(th, αβ).

Proof. For N = 0, the mappings T ∋ t 7→ σ(t) ∈ C(U(1)) and C ∋ α 7→ α1 ∈
C(U(1)) are morphisms of C∗-algebras, so that T ×(σ,1)C is a C∗-algebra. Next,
recall that C(S2q)

∼= K(ℓ2(N))⊕ C (see (1.57)), and define

φ : T ×
(σ,1)

C −→ K(ℓ2(N))⊕ C, φ(t, α) := t,(3.20)

φ−1 : K(ℓ2(N)) ⊕ C −→ T ×
(σ,1)

C, φ−1(k + α) := (k + α, α).(3.21)

Clearly, φ : T ×(σ,1)C → B(ℓ2(N)) is a morphism of C∗-algebras. Since
φ(t, α) = (t − α) + α, and σ(t − α) = 0 by the pullback diagram (3.19), it
follows from the short exact sequence (1.62) that t − α ∈ K(ℓ2(N)). Hence
φ(t, α) ∈ K(ℓ2(N)) ⊕ C. One easily sees that φ−1 is the inverse of φ, so that
T ×(σ,1)C ∼= K(ℓ2(N))⊕ C.

The fact that T ×(u−Nσ,1)C with the given C(S2q)-action is a left C(S2q)-module
follows from the discussion preceding the pullback diagram (1.10) with the free
rank one modules E1 = T , E2 = C and π1∗E1 = π2∗E2 = C(U(1)). Obviously,
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LN ∋ (t ⊗ uN , αuN ) 7→ (t, α) ∈ T ×(u−Nσ,1)C defines an isomorphism of left

C(S2q)-modules. �

3.2. Equivalence of the pullback and standard constructions.
Let us view U(1) as a compact quantum group. We consider its C∗-algebra
C(U(1)) of all continuous function together with the obvious coproduct, counit
and antipode given by ∆(f)(x, y) = f(xy), ε(f) = f(1) and S(f)(x) = f(x−1),
respectively. Furthermore, let ⊗̄ stand for the completed tensor product of
C∗-algebras. In our case it is unique because of the nuclearity of the involved
C∗-algebras.

Now let π2 : C(U(1)) → C(U(1))⊗̄C(U(1)) be given by the coproduct,
i.e. π2(f)(x, y) := (∆f)(x, y) = f(xy), and let σ denote the symbol map
T → C(U(1)). Then P̄ := T ⊗̄C(U(1)) ×(π1,π2) C(U(1)) is defined by the
pullback diagram

(3.22) T ⊗̄C(U(1)) ×
(π1,π2)

C(U(1))

pr1

vvmmmmmmmmmmmmm pr2

''PPPPPPPPPPPP

T ⊗̄C(U(1))

π1=σ⊗id ))RRRRRRRRRRRRRR
C(U(1))

π2=∆vvmmmmmmmmmmmmm

C(U(1)) ⊗̄C(U(1)) .

With the C(U(1))-coaction given by the coproduct ∆ on the right tensor factor
C(U(1)), π1 and π2 are morphisms in the category of right C(U(1))-comodule
C∗-algebras. Equivalently, we can view this diagram as a diagram in the cate-
gory of U(1)-C∗-algebras (see Section 1.3). Therefore, P̄ inherits the structure
of a right U(1)-C∗-algebra. Using the counit ε : C(U(1))→ C and the fact that
the Peter-Weyl functor commutes with taking pullbacks, we easily conclude
that the Peter-Weyl comodule algebra P∆(P̄ ) = T ⊗O(U(1))×(π1,π2)O(U(1)),
so that P∆(P̄ ) is the comodule algebra P of Section 3.1.

Consider next the *-representation of O(SUq(2)) on ℓ2(N) given by [31]

ρ(α)en := (1− q2n)1/2en−1, ρ(β)en := −qn+1en,

ρ(γ)en := qnen, ρ(δ)en := (1− q2(n+1))1/2en+1.
(3.23)

Note that ρ(β), ρ(γ) ∈ K(ℓ2(N)). Comparing ρ with the representation µ of
O(Dq) from (1.61), one readily sees that ρ(O(SUq(2))) ⊆ T . Furthermore, the
symbol map σ yields σ(ρ(β)) = σ(ρ(γ)) = 0. Using an appropriate diagonal
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compact operator k, we also obtain

σ(ρ(α)) = σ(ρ(α)− S∗) + σ(S∗) = σ(kS∗) + σ(S∗) = u−1,

σ(ρ(δ)) = σ(ρ(α))∗ = u.
(3.24)

Thus we obtain a U(1)-equivariant *-algebra homomorphism O(SUq(2)) ι→ P
by setting

(3.25) ι(α) := (ρ(α)⊗ u, u), ι(γ) := (ρ(γ)⊗ u, 0).

One easily checks that the image of a Poincaré-Birkhoff-Witt basis ofO(SUq(2))
remains linearly independent, so that ι is injective, and we can consider
O(SUq(2)) as a subalgebra of P . In particular, we have ι(MN ) ⊆ LN as left
O(S2q)-modules. (See Section 1.4 and Section 3.1 for the definitions of MN and
LN respectively.)

The main objective of this section is to establish a U(1)-C∗-algebra isomor-
phism between C(SUq(2)) and P̄ . The universal C∗-algebra C(SUq(2)) of
O(SUq(2)) has been studied in [21] and [35]. Here we shall use the fact from [21,
Corollary 2.3] that there is a faithful *-representation ρ̂ of C(SUq(2)) on the
Hilbert space ℓ2(N)⊗̄ℓ2(Z) given by

(3.26) ρ̂(α)(en⊗bk) := (1−q2n)1/2en−1⊗bk−1, ρ̂(γ)(en⊗bk) := qnen⊗bk−1,

where {en}n∈N and {bk}k∈Z denote the standard bases of ℓ2(N) and ℓ2(Z)
respectively. To compare (3.26) with [21, Corollary 2.3], one has to apply the
unitary transformation

(3.27) T : ℓ2(N)⊗̄ℓ2(Z) −→ ℓ2(N)⊗̄ℓ2(Z), T (en ⊗ bk) := en ⊗ bk−n.

A right C(U(1))-coaction on C(SUq(2)) is given by (id⊗π̄)◦∆, where ∆ denotes
the coproduct of the compact quantum group C(SUq(2)) and π̄ is the extension
of the Hopf *-algebra surjection π : O(SUq(2)) → O(U(1)) defined in (1.51)
to C(SUq(2)). Using the faithfulness of ρ̂, we can transfer π̄ to ρ̂(C(SUq(2))).
In [21], it is shown that π̄ gives rise to the short exact sequence of C∗-algebras:

(3.28) 0 // K(ℓ2(N))⊗̄C(U(1)) � � // ρ̂(C(SUq(2)))
π̄ // C(U(1)) // 0 .

Here C(U(1)) is naturally identified with the operator algebra on ℓ2(Z) gener-
ated by the unilateral down-shift.

Theorem 3.2. The U(1)-C∗-algebras C(SUq(2)) and P̄ are isomorphic.

Proof. First note that ker(pr1) = {(0, y) ∈ P̄ |π2(y) = ∆(y) = 0} = 0. Hence
we can identify P̄ with the image of pr1 in T ⊗̄C(U(1)). We will prove the
theorem by applying the Five Lemma to the following commutative diagram
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of U(1)-C∗-algebras:

(3.29) 0 // K(ℓ2(N))⊗̄C(U(1))

id

��

� � // ρ̂(C(SUq(2)))
π̄ //

τ

��

C(U(1))

id

��

// 0

0 // K(ℓ2(N))⊗̄C(U(1)) � � // pr1(P̄ )
ω // C(U(1)) // 0 .

To define τ , recall that we realize C(U(1)) as a concrete C∗-algebra of bounded
operators on ℓ2(Z) by setting u(bk) = bk−1. Then

ρ̂(α) = ρ(α)⊗ u = pr1(ρ(α)⊗ u, u) ∈ pr1(P̄ ),(3.30)

ρ̂(γ) = ρ(γ)⊗ u = pr1(ρ(γ)⊗ u, 0) ∈ pr1(P̄ ).

Since C(SUq(2)) is generated by α and γ, we take τ to be the inclusion
ρ̂(C(SUq(2))) ⊂ pr1(P̄ ). Next, we define the U(1)-C∗-algebra homomorphism
ω by

(3.31) ω : pr1(P̄ ) −→ C(U(1)), ω := (ε ◦ σ)⊗ id.

The surjectivity of ω follows from uk = ω(ρ(αk)⊗uk) and u−k = ω(ρ(α∗k)⊗u∗k)
for all k ∈ N.

To prove the exactness of the lower row, note that

(3.32) K(ℓ2(N))⊗̄C(U(1)) = ker(σ)⊗̄C(U(1)) ⊆ ker(ω).

Now, let f ∈ pr1(P̄ ) \ ker(σ)⊗̄C(U(1)). Then (σ ⊗ id)(f) 6= 0. By the
commutativity of Diagram (3.22), there exists a non-zero element g ∈ C(U(1))
such that (σ ⊗ id)(f) = ∆(g). Hence ω(f) = (ε ⊗ id) ◦∆(g) = g 6= 0, which
proves that ker(ω) = K(ℓ2(N))⊗̄C(U(1)).

It remains to show that Diagram (3.29) is commutative. This is clear for the
left part since τ is just the inclusion. The commutativity of the right part
follows from

ω
(
τ
(
ρ̂(α)

))
= ε
(
σ
(
ρ(α)

))
⊗ u = ε(u)u = u = π̄(ρ̂(α)),(3.33)

ω
(
τ
(
ρ̂(γ)

))
= ε
(
σ
(
ρ(γ)

))
⊗ u = 0 = π̄(ρ̂(γ)),(3.34)

since α and γ generate C(SUq(2)). Therefore, by the Five Lemma, τ is an
isomorphism of U(1)-C∗-algebras. �

By the paragraph below Diagram (3.22), we conclude from Theorem 3.2 that
the Peter-Weyl comodule algebra P∆(C(SUq(2))) and the comodule algebra
P are isomorphic. We use this isomorphism to identify associated projective
modules. For N ∈ Z and the left O(U(1))-coaction on C given by C∆(1) :=
uN ⊗ 1, we define a “completed” version of MN (see (1.63)):

M̄N :=P∆(C(SUq(2))) �
O(U(1))

C(3.35)

={p ∈ P∆(C(SUq(2))) | ((id ⊗ π̄) ◦∆)(p) = p⊗ uN}.
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Now it follows from Equation (3.15) that M̄N
∼= LN . Applying the same

arguments as at the end of Section 1.4, we infer that M̄N
∼= C(S2q)

N+1
EN ,

with EN being the projection matrix of Equation (1.66). Taking advantage of
these isomorphisms of modules, we prove:

Lemma 3.3. Identifying C(S2q) with K(ℓ2(N)) ⊕ C, we obtain the following

isomorphisms of left C(S2q)-modules:

C(S2q)
N+1

EN ∼= C(S2q)pN , pN := SNSN∗, N ≥ 0,(3.36)

C(S2q)
|N |+1

EN ∼= C(S2q)
2
pN , pN :=

(
1 0

0 1− S|N |S|N |∗

)
, N < 0.(3.37)

Proof. We apply (1.43) to construct projections PN , N ∈ Z, from the strong
connection given in (3.12) and (3.13). For N < 0, we obtain

(PN )11 = (S∗|N | ⊗ uN , uN)(S|N | ⊗ u|N |, u|N |) = (1⊗ 1, 1),(3.38)

(PN )12 = (PN )∗21 = (S∗|N | ⊗ uN , uN)((1 − S|N |S∗|N |)⊗ u|N |, 0) = 0,(3.39)

(PN )22 = ((1 − S|N |S∗|N |)⊗ uN , 0)((1− S|N |S∗|N |)⊗ u|N |, 0)(3.40)

= ((1 − S|N |S∗|N |)⊗ 1, 0).

Analogously, for N ≥ 0, we get

(3.41) (PN )11 = (SN ⊗ uN , uN)(S∗N ⊗ u∗N , u∗N) = (SNS∗N ⊗ 1, 1).

Finally, applying the isomorphism (3.20) componentwise to PN , N ∈ Z, yields
the result. �

The projections pN of Lemma 3.3 can also be obtained from the odd-to-even
construction in Section 1.2. First, let N < 0. Since LN ∼= T×(u−Nσ,1)C
(see (3.18)), we can apply Formula (1.13) by taking E1 = T , E2 = C, π1∗E1 =
π2∗E2 = C(U(1)), and choosing h in (1.10) to be the isomorphism given by the
multiplication with u|N |. As the symbol map σ applied to S is u (see (1.62)),

we can lift u|N | and its inverse u−|N | to S|N | and S|N |∗ respectively. Inserting

c = S|N |∗ and d=S|N | into (1.13) gives T ×(u−Nσ,1)C ∼= (T ×(σ,1)C)2QN , where

(3.42) QN =

(
(1, 1) (0, 0)

(0, 0) (1− S|N |S|N |∗, 0)

)
.

Finally, applying the isomorphism (3.20) yields the projection in (3.37). Simi-

larly, for N ≥ 0, we insert c = SN and d = SN∗ into (1.13). Since SN∗SN = 1,
we obtain T ×(u−Nσ,1)C ∼= (T ×(σ,1)C)2QN with

(3.43) QN =

(
(SNSN∗, 1) (0, 0)

(0, 0) (0, 0)

)
,

which is equivalent to T ×(u−Nσ,1)C ∼= C(S2q)S
NSN∗.
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3.3. Index pairing. Recall that for a C∗-algebraA, a projection p ∈ Matn(A),
and *-representations ρ+ and ρ− of A on a Hilbert space H such that
[(ρ+, ρ−)] ∈ K0(A) (e.g. see [10, Chapter 4]), one has the following: if the
operator TrMatn(ρ+ − ρ−)(p) is trace class, then the formula

(3.44) 〈[(ρ+, ρ−)], [p]〉 = TrH (TrMatn(ρ+ − ρ−)(p))

yields a pairing between the K-homology group K0(A) and the K-theory
group K0(A).

In this section, we compute the pairing between the K0-classes of the projective
C(S2q)-modules describing quantum line bundles and two generators of K0(A).
By Lemma 3.3, we can take the projections pN as representatives of respective
K0-classes. Their simple form makes it very easy to compute the index pairing.

Theorem 3.4. Let M̄N be the associated modules of (3.35), and let [(id, ε)]
and [(ε, ε0)] denote the generators of K0(C(S2q)) given in Section 1.4. Then,
for all N ∈ Z,

(3.45) 〈[(ε, ε0)], [M̄N ]〉 = 1, 〈[(id, ε)], [M̄N ]〉 = −N.

Proof. Let N ≥ 0. Then pN = SNSN∗ = (SNSN∗ − 1) + 1, so that ε(pN ) = 1
and ε0(pN ) = SS∗. Furthermore, since for any N ∈ N\{0}, the image of the

projection 1−SNSN∗ is span{e0, . . . , eN−1} ⊂ ℓ2(N), the projection 1−SNSN∗

is trace class. Moreover, with the help of Lemma 3.3 and Formula (3.44), it
implies that

〈[(ε, ε0)], [M̄N ]〉 = Trℓ2(N)(ε− ε0)(pN ) = Trℓ2(N)(1− SS∗) = 1,(3.46)

〈[(id, ε)], [M̄N ]〉 = Trℓ2(N)(id− ε)(pN ) = Trℓ2(N)(S
NSN∗ − 1) = −N.(3.47)

For N < 0, we have TrMat2(pN ) = 2 − S|N |S|N |∗ = 2 − p|N |. Combining this
with the above index pairing for p|N |, the formulas (ε − ε0)(2) = 2(1 − SS∗)
and (id− ε)(2) = 0, and (3.44), we obtain

〈[(ε, ε0)], [M̄N ]〉 = Trℓ2(N)(ε− ε0)(2− p|N |) = Trℓ2(N)(1− SS∗)(3.48)

= 1,

〈[(id, ε)], [M̄N ]〉 = Trℓ2(N)(id− ε)(2− p|N |) = Trℓ2(N)(1 − S|N |S|N |∗)(3.49)

= −N.

This completes the proof. �

The above theorem agrees with the classical situation. Indeed, the pairing
〈[(ε, ε0)], [M̄N ]〉 yields the rank of the line bundles, and 〈[(id, ε)], [M̄N ]〉 com-
putes the winding number of the map u−N : S1 → S1.
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4. Examples of piecewise principal coalgebra coactions

We begin by recalling the piecewise structure [15] of a noncommutative join
construction proposed in [11]. Then we specify it to SUq(2) to obtain a quantum
instanton bundle S7q → S4q [26] as a piecewise trivial principal comodule algebra.
A key step is then to replace the Hopf algebra O(SUq(2)) by the quotient of
O(SUq(2)) by a coideal right ideal (O(S2q,s) ∩ kerε)O(SUq(2)) provided by a

generic Podleś quantum sphere S2q,s, s 6= 0 [27]. The quotient coalgebra is
isomorphic with O(U(1)) [24]. Applying our main theorem, we will prove that
the induced right coaction of O(U(1)) is principal.

4.1. Piecewise principal coactions from a noncommutative join. Let
H̄ be the C∗-algebra of a compact quantum group and H its Peter-Weyl Hopf
algebra [34,36]. We take the algebra of norm continuous functions C([a, b], H̄)
from a closed interval [a, b] to the C∗-algebra H̄ , and define

P1 := {f ∈ C([0, 12 ], H̄)⊗H | f(0) ∈ ∆(H)},(4.1)

P2 := {f ∈ C([ 12 , 1], H̄)⊗H | f(1) ∈ C⊗H}.(4.2)

Here we identify elements of C([a, b], H̄)⊗H with functions [a, b]→ H̄⊗H . The
Pi’s are right H-comodule algebras for the coaction ∆Pi = idC([ai,bi],H̄) ⊗ ∆,
where ∆ stands for the coproduct of H . The subalgebras of coaction invariants
can be identified with

B1 := {f ∈ C([0, 12 ], H̄) | f(0) ∈ C},
B2 := {f ∈ C([ 12 , 1], H̄) | f(1) ∈ C}.

The comodule algebra P2 is evidently the same as B2 ⊗ H . Unlike P2, the
comodule algebra P1 does not coincide with B1 ⊗ H . However, there is a
cleaving map j : H → P1 given by j(h)(t) :=

(
t 7→ h(1)

)
⊗ h(2), that is

j(h)(t) := ∆(h) for all t ∈ [0, 12 ]. Since j is an algebra homomorphism, it
identifies the comodule algebra P1 with a smash product B1#H .

Now one can define the noncommutative join of H̄ as the pullback right
H-comodule algebra

(4.3) P := {(p, q) ∈ P1 ⊕ P2 |π1(p) = π2(q)}
given by the evaluation maps

π1 := ev 1
2
⊗ id : P1 → P12 := H̄ ⊗H, π2 := ev 1

2
⊗ id : P2 → P12 := H̄ ⊗H,

where evt is defined by the evaluation of functions of C([a, b], H̄) at t ∈ [a, b].

Our next goal is to replace H by a quotient coalgebra without losing princi-
pality. Using [7, Example 2.29], it is straightforward to verify the following
lemma.

Lemma 4.1. Let H be a Hopf algebra with bijective antipode, let ∆P : P →
P ⊗ H be a coaction making P a right H-comodule algebra, and let J be a
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coideal right ideal of H. Then C := H/J is a coalgebra coacting on P via
ρR := (id ⊗ π) ◦ ∆P , where π : H → C the canonical surjection, and the
formula

(4.4) Ψ : C ⊗ P ∋ π̄(h)⊗ p 7−→ p(0) ⊗ π(hp(1)) ∈ P ⊗ C
defines a bijective entwining making P an entwined module. The inverse of Ψ
is given by

(4.5) Ψ−1(p⊗ π(h)) = π(hS−1(p(1)))⊗ p(0),
and defines a left coaction on P via

(4.6) ρL : P ∋ p 7−→ Ψ−1(p⊗ π(1)) = π(S−1(p(1)))⊗ p(0) ∈ C ⊗ P.

Lemma 4.2. Let P be a principal H-comodule algebra for ∆P : P → P ⊗ H.
Also, let J be a coideal right ideal of H defining a coalgebra C := H/J , let
ρR := (id ⊗ π) ◦ ∆P , with π : H → C the canonical surjection, be its right
coaction on P , and let i : C → H be a unital (i.e., i(π(1)) = 1) C-bicolinear
(for the coactions ∆H := (id ⊗ π) ◦∆ and H∆ := (π ⊗ id) ◦∆) splitting (i.e.,
π ◦ i = id). Then P is principal for the coaction ρR.

Proof. Let ℓ : H → P ⊗ P be a strong connection on P . One can easily check
that ℓ ◦ i : C → P ⊗ P is a strong connection on P for the right coaction
ρR := (id⊗ π) ◦∆P and the left coaction ρL := (π⊗ id) ◦ P∆, where P∆(p) :=
S−1(p(1))⊗p(0) gives the leftH-coaction on P viewed as a principalH-comodule
algebra. Furthermore, it follows from Lemma 4.1 that

(4.7) Ψ : C ⊗ P ∋ π(h) ⊗ p 7−→ p(0) ⊗ π(hp(1)) ∈ P ⊗ C
is a bijective entwining making P an entwined module. Therefore, since
ρR(1) = 1 ⊗ π(1), ρL(1) = π(1) ⊗ 1, and ρL(p) = Ψ−1(p ⊗ π(1)) for all
p ∈ P by (4.6), the principality of P for the C-coaction ρR follows from
Lemma 1.1. �

Combining Lemma 4.2 with Theorem 2.2 yields the following result.

Theorem 4.3. Let H̄ be the C∗-algebra of a compact quantum group, H its
Peter-Weyl Hopf algebra, J a coideal right ideal of H and π : H → C := H/J
the canonical surjection. Also, let

P1 := {f ∈ C([0, 12 ], H̄)⊗H | (ev0 ⊗ id)(f) ∈ ∆(H)},(4.8)

P2 := {f ∈ C([ 12 , 1], H̄)⊗H | (ev1 ⊗ id)(f) ∈ C⊗H},(4.9)

be right and left C-comodules for the right and left coactions

(4.10) ρiR := (id⊗ π) ◦∆Pi , ρiL := (π ⊗ id) ◦ Pi∆, i = 1, 2,

respectively. Here ∆Pi := id ⊗∆ and Pi∆ := (S−1 ⊗ id) ◦ flip ◦∆Pi . Then, if
there exists a unital bicolinear splitting i : C → H of π : H → C, the pullback
algebra and π(1)-coaugmented C-comodule

(4.11) P :=
{
(p1, p2) ∈ P1 × P2 | (ev 1

2
⊗ id)(p1) = (ev 1

2
⊗ id)(p2)

}

is principal.
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First observe that, if both of π1 and π2 defining the pullback diagram (2.34)
are surjective, then (2.40) simplifies to

ℓ = ((α12
L + id)⊗ (α12

R + id)) ◦ ℓ2(4.12)

+ (η1 ◦ ε−mP1 ◦ (α12
L ⊗ α12

R ) ◦ ℓ2) ∗
(
(id⊗ (id + α21

R )) ◦ ℓ1
)
.

Indeed, since now α21
R is defined on the whole comodule P1, a special connection

ℓ̃1 constructed in (2.39) can be replaced by any strong connection ℓ1 on P1.
(Note that specializing (4.12) to comodule algebras coincides with what was
obtained in [15].)

Next, specializing to the setting of Theorem 4.3, observe that the formulas

α1 : P12 −→ P1, α1(h̄⊗ h) := 2th̄⊗ h+ (1− 2t) ε̄(h̄)h(1) ⊗ h(2),(4.13)

α2 : P12 −→ P2, α2(h̄⊗ h) := 2(1− t) h̄⊗ h+ (2t− 1) ε̄(h̄)⊗ h,(4.14)

where ε̄ is any unital linear functional on H̄ , define unital C-bicolinear splittings
of π1 and π2 respectively. Hence we can take α12

L = α12
R = α1 ◦ π2 and α21

R =
α2 ◦ π1. Combining this with the fact that a cleaving map j defines a strong
connection via ℓ := (j−1 ⊗ j) ◦∆, we obtain very explicit formulae for strong
connections on P1 and P2:

(4.15) ℓ1 := (j−1
1 ⊗ j1) ◦∆ ◦ i, ℓ2 := (j−1

2 ⊗ j2) ◦∆ ◦ i.
Here j1 : H → P1, j1(h) := (t 7→ h(1))⊗ h(2), and j2 : H → P2, j2(h) := 1⊗ h
are cleaving maps for P1 and P2 respectively.

4.2. Quantum complex projective spaces CP3
q,s. Finally, we specify

H̄ to be C(SUq(2)), H = O(SUq(2)), J = (O(S2q,s) ∩ kerε)O(SUq(2)), and
ε̄ : C(SUq(2))→ C to be the counit. Here O(S2q,s) stands for the coordinate al-
gebra of a Podleś quantum sphere S2q,s, s ∈ [0, 1], [8]. (Note that the case s = 0
brings us to the comodule-algebra setting.) The most interesting part of this
structure is the unital bicolinear splitting of π : O(SUq(2)) → O(SUq(2))/J
given by [8, Proposition 6.3].

All of this defines a family of noncommutative deformations of the
U(1)-principal bundle S7 → CP3. More precisely, we obtain deformations
of a U(1)-principal action on

(4.16) S7 :=
{
(z1, z2, z3, z4) ∈ C4

∣∣ |z1|2 + |z2|2 + |z3|2 + |z4|2 = 1
}

given by

(4.17) (z1, z2, z3, z4)e
iϕ = (z1e

iϕ, z2e
−iϕ, z3e

iϕ, z4e
−iϕ).

However, this is isomorphic to the diagonal action of U(1) on S7, so that the
quotient space is again CP3. Thus out of Pflaum’s S7 we obtain a family of
quantum projective spaces CP3

q,s. A very explicit Mayer-Vietoris-type formula

for a strong connection on S7q → CP3
q,s should allow us to study the K-theoretic
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aspects of the tautological line bundle over CP3
q,s, but this is beyond the scope

of the present paper.
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Abstract. We generalize some classical results on the Chow
group of an abelian variety to semiabelian varieties and to motivic
(co)homology, using a result of Ancona–Enright-Ward–Huber [1] on a
decomposition of the motive of a semiabelian variety in Voevodsky’s
category of motives.

2010 Mathematics Subject Classification: 19E15,14F42
Keywords and Phrases: semiabelian variety, motivic homology, alge-
braic cycles

1 Introduction

Let k be a field. Let G be a semiabelian variety over k. By definition, G is an
extension of an abelian variety A of dimension g by a torus T of rank r, i.e.
there is the following exact sequence of smooth group schemes over k:

1→ T → G→ A→ 1. (1.1)

We say that G is of rank r if the rank of T is r. A semiabelian variety of rank
zero means an abelian variety.
In this paper, we study structure of motivic homology Hp(G,Q(q)) (cf. Nota-
tion) and Bloch’s higher Chow group CHq(G, s;Q) ([6]). For an abelian variety
A, Beauville [2] proved the following theorem (cf. [9, 18]):

Theorem 1.1 (Beauville [2]). Let A be an abelian variety of dimension g over
a field k. Let q be an integer with 0 ≤ q ≤ g. For an integer i, let CHq(G;Q)(i)

denote the subspace of the Chow group CHq(A;Q) :

CHq(A;Q)(i) := {α ∈ CHq(A;Q) | n∗
Aα = niα for all n}.

Documenta Mathematica 19 (2014) 1061–1084



1062 Rin Sugiyama

Here n∗
A is the pull-back along the map A

×n−→ A of multiplication by an integer
n. Then CHq(A;Q)(i) is zero for i 6∈ [q, g + q] and the Chow group CHq(A;Q)
is decomposed as follows: for 0 ≤ q ≤ g,

CHq(A;Q) =

g+q⊕

i=q

CHq(A;Q)(i).

Note that the index is different from the one of Beauville [2] (his notation
CHps(A) corresponds to our CHp(A;Q)(2p−s)).
Bloch [5] studied an iterated Pontryagin product I∗rA of the kernel IA of the
degree map CH0(A)→ Z for an abelian variety A over an algebraically closed
field, and he proved the following theorem:

Theorem 1.2 (Bloch [5]). Let A be an abelian variety of dimension g over an
algebraically closed field. Then I∗iA = 0 for i > g.

For a smooth k-scheme X , motivic cohomology Hp(X,R(q)) (cf. Notation) is
isomorphic to its higher Chow groups for any coefficients R ([26]): for any
p, q ∈ Z,

Hp(X,R(q)) ≃ CHq(X, 2q − p;R). (1.2)

By Poincaré duality (cf. [11]), for a smooth proper scheme X of pure dimension
d, motivic homology agrees with motivic cohomology:

Hp(X,R(q)) ≃ H2d−p(X,R(d− q)). (1.3)

In this paper, we generalize Theorem 1.1 and Theorem 1.2 to semiabelian
varieties and to motivic homology and higher Chow groups.

Let G be a semiabelian variety over k. For an integer n, let nG denote the

map G
×n−→ G of multiplication by n. For an integer i, we define the subgroup

CHq(G, s;Q)(i) of the higher Chow group CHq(G, s;Q) as follows (cf. Notation):

CHq(G, s;Q)(i) := {α ∈ CHq(G, s;Q) | n∗
Gα = niα for all n}.

Here n∗
G is the pull-back along nG. Similarly, for an integer i, we define the

subgroup Hp(G,Q(q))(i) of the motivic homology Hp(G,Q(q)) as follows:

Hp(G,Q(q))(i) := {α ∈ Hp(G,Q(q)) | nG∗α = niα for all n}.

Here nG∗ denotes the push-forward map along nG.

Theorem 1.3 (Corollary 3.5). Let G be a semiabelian variety over a perfect
field k, which is an extension of an abelian variety of dimension g by a torus
of rank r.
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(1) We have the following natural decomposition

CHq(G, s;Q) =

j1⊕

i=j0

CHq(G, s;Q)(i)

where j0 = max{0, q − s} and j1 = min{2g + r, g + q}.
In the special case where s = 0 and q ≥ 0, the decomposition is

CHq(G;Q) =

g+q⊕

i=q

CHq(G;Q)(i).

(2) We have the following natural decomposition

Hp(G,Q(q)) =

i1⊕

i=i0

Hp(G,Q(q))(i)

where i0 = max{0, q} and i1 = min{2g + r, g + r + p− q}.
In the special case where q = 0 and p ≤ g, the decomposition is

Hp(G,Q) =

g+r+p⊕

i=0

Hp(G,Q)(i)

Remark 1.4. (a) For an abelian variety, Theorem 1.3 (1) and (2) are the same
by the isomorphism (1.3). The special case in Theorem 1.3 (1) for abelian
varieties is Beauville’s result (Theorem 1.1).
(b) Let notation be as in Theorem 1.3. Let q ∈ [0, g] be an integer. Beauville
[2] has conjectured that for i > 2q,

CHq(A;Q)(i) = 0.

Beauville’s conjecture implies that H2q−r(G,Q(q))(i) = 0 for i < 2q − r and

that CHq(G;Q)(i) = 0 for i > 2q (see Theorem 3.1 (4)).

We denote the 0-th Suslin homology ofG with Z-coefficient byHS
0 (G,Z). Using

Theorem 1.3 (2) in case that p = q = 0 and results on Rojtman’s theorem (see
Theorem 4.3) by Spiess–Szamuely [22] and Geisser [13], we obtain Bloch’s result
for semiabelian varieties and 0-th Suslin homology:

Corollary 1.5 (Corollary 4.1). Let G be a semiabelian variety over k, which
is an extension of an abelian variety of dimension g by a torus of rank r. Let
IG be the kernel of the degree map deg : HS

0 (G,Z) → Z. Then an iterated
Pontryagin product I∗iG is torsion for i > g + r.
In particular, if k is an algebraically closed field, then I∗iG = 0 for i > g + r.
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Remark 1.6. The subgroups H0(G,Q)(i) have a description in terms of K-
groups attached to the semiabelian variety G (see Proposition 4.8).

Remark 1.7. One can remove the assumption that a base field k is perfect in
the above theorems, by a result of Cisinski-Déglise on a comparison of Beilinson
motives DMb (see [7, §14]) with Voevodsky motives: If k is not perfect, then
we take the perfect closure k′ of k. By [7, Proposition 2.1.9, Theorem 14.3.3],
the pull-back functor

DMb(k)→ DMb(k
′)

is an equivalence. By [7, Theorem 16.1.4], the above categories of Beilinson
motives are equivalent to DM(k,Q) and DM(k′,Q) respectively.

Theorem 1.3 is deduced form a result on vanishing of motivic (co)homology
(Theorem 3.1) and a description of the motive M(G) in DMeff

−,Nis(k,Q) in
terms of symmetric products:

ϕG : M(G)
≃−→ Sym

(
M1(G)

)

which is due to Ancona–Enright-Ward–Huber [1] (see Theorem 2.5, Corollary
2.7). Here M1(G) denotes the complex consisting of the homotopy invariant

Nisnevich sheaf G̃ := HomSch/k(−, G)⊗Q with transfers concentrated in degree
zero (see Definition 2.1).
There are two key ingredients in the proof of vanishing of motivic (co)homology.
One is an exact triangle which relatesG to a semiabelian variety of rank rk(G)−
1 (Lemma 3.9, Lemma 3.10). The exact triangle allows us to use induction on
rank of G. Another is to interpret the Weil-Barsotti formula for an abelian
variety in terms of motives in DMeff

−,Nis. Using this interpretation, one can
generalize Beauville’s result to higher Chow groups, i.e. Theorem 1.3 for an
abelian variety.

This paper is organized as follows: In Section 2, we recall the result (Theo-
rem 2.5) on the description of the motive M(G) of a semiabelian variety G in
DMeff

−,Nis(k,Q). We give a consequence of the description which is a decompo-
sition of motivic (co)homology of semiabelian varieties.
In Section 3, we state and prove our main result on the vanishing of motivic
(co)homology (Theorem 3.1) and a consequence of the main result (Theorem
1.3). We first prove the main result in case of a torus and an abelian variety.
Lastly, we prove the general case by induction, using key triangles (Lemma
3.9, Lemma 3.10) in DMeff

−,Nis. Lemma 3.10 is proved by applying a result
on a filtration on symmetric products ([1, Proposition C.3.4]) to the category
ShTNis(k,Q) of Nisnevich sheaves of Q-modules with transfers. To apply the
result, we need the exactness of the tensor product in ShTNis(k,Q). The
exactness is proved in Appendix A of this paper (Proposition A.1).
In Section 4, we consider 0-th Suslin homology and prove Corollary 1.5 (Corol-
lary 4.1). We also give a description of rational 0-th Suslin homology of a
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semiabelian variety G in terms of K-groups attached to G (Proposition 4.8,
Remark 4.9).

In Appendix A, we make some remarks about the tensor product in the category
ShTNis(k,Q). The main part is to show the exactness of the tensor product
(Proposition A.1).
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Notation

1. Let k be a perfect field. For a commutative ring R, let DMeff
−,Nis(k,R)

denote Voevodsky’s tensor triangulated category of effective motives over
k with R-coefficients (cf. [25]). In case R = Q, we simply write DMeff

−,Nis

for DMeff
−,Nis(k,Q).

2. Let X be a smooth scheme of finite type over k. Let R be a commuta-
tive ring. We denote the motive of X in DMeff

−,Nis(k,R) by M(X). For
any integers p and q, we denote the motivic (co)homology of X with
R-coefficients by

Hp(X,R(q)) := HomDMeff
−,Nis(k,R)(R(q)[p],M(X));

Hp(X,R(q)) := HomDMeff
−,Nis(k,R)(M(X), R(q)[p]).

3. For an integer i ≥ 0, we define the subgroup Hp(G,Q(q))(i) (resp.
Hp(G,Q(q))(i)) of Hp(G,Q(q)) (resp. Hp(G,Q(q)))) as follows:

Hp(G,Q(q))(i) := {α ∈ Hp(G,Q(q)) | nG∗α = niα for all n},
Hp(G,Q(q))(i) := {α ∈ Hp(G,Q(q)) | n∗

Gα = niα for all n}.

Here nG denotes the map G
×n−→ G of multiplication by an integer n.

4. For a positive integer n, let Σn denote the group of permutations on
n letters. Let C be a idempotent complete Q-linear symmetric tensor
category, and let M be an object of C. Then we have a representation
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Σn → End(M⊗n), and we let σM denote the endomorphism of M corre-
sponding to σ ∈ Σn. We define snM as follows:

snM :=





id
1

if n = 0,
1

n!

∑

σ∈Σn

σM if n > 0.

Here 1 denotes the unit object of C. Then one can easily see that snM
is idempotent. We define the n-th symmetric product SymnM of M as
follows:

SymnM := Im(snM ).

This image exists since C is idempotent complete. We denote the canon-
ical projection M⊗n → SymnM by snM , and the canonical embedding
SymnM →M⊗n by ιnM .

5. Let F
f→֒ G be a subobject in C. We define a subobject FilFi Sym

n(G) of
Symn(G) as follows: for an integer i with 0 ≤ i ≤ n,

FilFi Sym
n(G) :=

Im
(
snG ◦ (f⊗i ⊗ id

⊗(n−i)
G ) : F⊗i ⊗G⊗(n−i) → G⊗n → Symn(G)

)
.

For i > n, put FilFi Sym
n(G) = 0. By definition, there is an inclusion

map FilFi+1Sym
n(G)→ FilFi Sym

n(G).

2 The motive of a semiabelian variety

2.1 The isomorphism ϕG

We recall here a recent result on the decomposition of the motive of semia-
belian varieties in DMeff

−,Nis(k,Q), which is due to Enright-Ward [10]/Ancona–
Enright-Ward–Huber [1].

Definition 2.1. (1) Let G be a semiabelian variety over k. We denote by G
the étale sheaf HomSch/k(−, G) associated to G. Then the étale sheaf G
has a canonical structure of an étale sheaf with transfers, and furthermore
G is homotopy invariant ([22, proof of Lemma 3.2] [3, Lemma 1.3.2]).

We denote by G̃ the étale sheaf of Q-modulus with transfer attached to G,
i.e., G̃(S) = G(S)⊗Z Q = HomSch/k(S,G)⊗Z Q for any smooth scheme S.

(2) For a homotopy invariant Nisnevich sheaf with transfers F , we denote by
F [0] the complex consisting of F concentrated in degree one.

Following [1, 10], for a semiabelian variety G, we define

M1(G) := G̃[0] in DMeff
−,Nis.
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Construction of ϕG: According to Spiess–Szamuely [22], we have morphism
Ztr(G)→ G of étale sheaves with transfers, and therefore there is a morphism
in DMeff

−,Nis:
aG : M(G)→ M1(G).

Using this map, we define ϕiG : M(G) → Symi(M1(G)) to be the composite

morphism in DMeff
−,Nis:

M(G)
M(∆iG)// M(G)⊗i

a⊗iG // M1(G)
⊗i

siM1(G)// Symi(M1(G)).

Proposition 2.2 ([1, Proposition 5.1.1],[10, Lemma 5.7.4]). Let G be a semi-
abelian variety over k, which is an extension of an abelian variety of dimension
g by a torus of rank r. Then Symi(M1(G)) is zero in DMeff

−,Nis for i > 2g + r.

In particular, Symsg+r(M1(G)) ≃ Λ(g+r)[2g+r] with a tensor-invertible Artin
motive Λ. If the torus part of G is split, then Λ = Q (the unit motive).

Proposition 2.2 for a torus is proved by Biglari [4, Proposition 2.3]. For the
general case, by Lemma 3.10, we may assume that G is an abelian variety A.
The statement for A is essentially deduced from the oddly finite-dimensionality
for the Chow motive h1(A)([17], [18]).

Let Sym(M1(G)) denote the direct sum
⊕

i≥0

Symi(M1(G)). Here the sum is

finite from Proposition 2.2. Then we define

ϕG :=
⊕

ϕiG : M(G)→ Sym(M1(G)). (2.1)

The motive M(G) has a canonical Hopf algebra structure defined by morphisms
of schemes:

• the multiplication by the group law mG : G×G→ G;

• the comultiplication by the diagonal map ∆G : G→ G×G;

• the antipodal map by the inverse on G;

• the unity by the neutral element;

• the counit by the structure map G→ Spec(k).

Definition 2.3. We define a Hopf algebra structure on Sym(M1(G)) as follows:

(multiplication) For any i, j ≥ 0,

(i+ j)!

i!j!
si+jM1(G) ◦ (ιiM1(G) ⊗ ιjM1(G)) :

Symi(M1(G))⊗ Symj(M1(G))→ Symi+j(M1(G));
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(comultiplication) For any i, j ≥ 0,

(siM1(G) ⊗ sjM1(G)) ◦ ι
i+j
M1(G) :

Symi+j(M1(G))→ Symi(M1(G)) ⊗ Symj(M1(G)).

The antipodal map, the unity and the counit are induced by the inverse map,
the unit map and the structure map of M1(G).

Remark 2.4. The definition of the bialgebra structure on Sym in the above

definition is not the standard one. The coefficient (i+j)!
i!j! is usually used for

the comultiplication. The reasons why we use the above definition are to fit
into the classical result on motivic decomposition of Chow motive of abelian
varieties (cf. [18]) and to make the map (2.1) to be an isomorphism of Hopf
algebra objects in DMeff

−,Nis. For details see [1].

Theorem 2.5 (Ancona–Enright-Ward–Huber [1, Theorem 7.1.1]). Let G be a
semiabelian variety over a perfect field k and let M(G) be the motive of G in
DMeff

−,Nis(k,Q). Then there exists a natural isomorphism of Hopf algebras in

DMeff
−,Nis(k,Q):

ϕG : M(G)
≃−→ Sym

(
M1(G)

)
.

In particular, the following diagrams commute:

M(G)⊗M(G)

ϕG⊗ϕG ≃
��

M(mG) // M(G)

≃ ϕG

��
Sym

(
M1(G)

)
⊗ Sym

(
M1(G)

)
// Sym

(
M1(G)

)
;

(2.2)

M(G)

≃ ϕG

��

M(∆G) // M(G)⊗M(G)

ϕG⊗ϕG ≃
��

Sym
(
M1(G)

)
// Sym

(
M1(G)

)
⊗ Sym

(
M1(G)

)
.

(2.3)

2.2 Decomposition of motivic (co)homology of a semiabelian va-
riety

We give a decomposition of motivic (co)homology and a relationship between
the decomposition and product structure, which is a consequence of Theorem
2.5. We first introduce product on motivic (co)homology.

Definition 2.6. (1) Let a and b be elements in Hp(G,Q(q)) and Hp′(G,Q(q′))
respectively. Then we define the Pontryagin product a ∗ b of a and b to be the
image of (a, b) under the morphism

Hp(G,Q(q))×Hp′(G,Q(q′))→Hp+p′(G×G,Q(q + q′))
mG∗→ Hp+p′(G,Q(q + q′)). (2.4)
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Here the first map is induced by the tensor structure in DMeff
−,Nis. For any

subgroups F ⊂ Hp(G,Q(q)) and G ⊂ Hp′(G,Q(q′)), we write F ∗ G for the
subgroup generated by the image of F ×G under the morphism (2.4).

(2) For a ∈ Hp(G,Q(q)) and b ∈ Hp′(G,Q(q′)), we define the cup product a∪ b
to be the image of (a, b) under the morphism

Hp(G,Q(q))×Hp′(G,Q(q′))→Hp+p′(G×G,Q(q + q′))

∆∗
G→ Hp+p′(G,Q(q + q′)). (2.5)

For any subgroups F ⊂ Hp(G,Q(q)) and G ⊂ Hp′(G,Q(q′)), we write F ∪ G
for the subgroup generated by the image of F ×G under the morphism (2.5).

Corollary 2.7. Let G be a semiabelian variety over k, which is an extension
of an abelian variety of dimension g by a torus of rank r. Let p, q be integers.
Then we have the following natural decomposition of motivic (co)homology of
G:

Hp(G,Q(q)) =

2g+r⊕

i=0

Hp(G,Q(q))(i), Hp(G,Q(q)) =

2g+r⊕

i=0

Hp(G,Q(q))(i)

which satisfies

Hp(G,Q(q))(i) ∗Hp′(G,Q(q′))(i′) ⊂ Hp+p′(G,Q(q + q′))(i+i′),

Hp(G,Q(q))(i) ∪Hp′(G,Q(q′))(i
′) ⊂ Hp+p′(G,Q(q + q′))(i+i

′).

Proof. The map nG on Symi(M1(G)) is n
i · idSymi(M1(G)). Thus we have

Hp(G,Q(q))(i) = HomDMeff
−,Nis

(Q(q)[p], Symi(M1(G))),

Hp(G,Q(q))(i) = HomDMeff
−,Nis

(Symi(M1(G)),Q(q)[p]).

The assertion follows from this description and Theorem 2.5.

3 Main result

In this section, we state the main result on the vanishing of motivic
(co)homology of a semiabelian variety and its consequences.

Theorem 3.1. Let G be a semiabelian variety over k, which is an extension
of an abelian variety of dimension g by a torus of rank r. Let p, q be integers.
Then

(1) Hp(G,Q(q)) vanishes in the following cases

(a) p < q;
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(b) g + r < q;

(c) p− 2q + r < 0;

(d) q = g + r and p− 2q + r ≥ 1;

(e) q = g + r − 1 and p− 2q + r ≥ 2.

(2) Let i0 = max{0, q} and i1 = min{2g+r, g+r+p−q}. Then Hp(G,Q(q))(i)
vanishes for i 6∈ [i0, i1].

(3) Let s ≥ 0 be an integer. Let j0 = max{0, q−s} and j1 = min{2g+r, g+q}.
Then CHq(G, s;Q)(i) vanishes for i 6∈ [j0, j1].

(4) Beauville’s conjecture implies that H2q−r(G,Q(q))(i) = 0 for i < 2q−r and
that CHq(G;Q)(i) = 0 for i > 2q.

Remark 3.2. By the definition of higher Chow groups and a computation
of codimension one cycles (see Bloch [6]), we know the following result on
vanishing of higher Chow groups:

Theorem 3.3. For any smooth scheme Xof dimension d over a field k and for
any abelian group R, we have CHi(X, s;R) = 0 in the cases:
(1) s < 0; (2) i 6∈ [0, d+ s]; (3) i = 0 and s ≥ 1; (4) i = 1 and s ≥ 2.

Remark 3.4. For an abelian variety A of dimension g, by Poincaré duality
([11, 25]), we have

M(A) ≃ M(A)∗(g)[2g] in DMeff
−,Nis.

Here ∗ denotes the dual in DMeff
−,Nis. Thus we have an isomorphism (cf. (1.3))

Hp(A,Q(q)) ≃ H2g−p(A,Q(g − q)) ≃ CHg−q(A, p− 2q;Q).

The last isomorphism is the isomorphism (1.2) in the introduction. Further-
more, for 0 ≤ i ≤ 2g, the isomorphism induces an isomorphism

Hp(A,Q(q))(i) ≃ H2g−p(A,Q(g − q))(2g−i) ≃ CHg−q(A, p− 2q;Q)(2g−i).

Therefore Theorem 3.1 (1) is the same as Theorem 3.3, and Theorem 3.1(2)
and (3) are the same.

The following corollary immediately follows from Corollary 2.7 and Theorem
3.1.

Corollary 3.5 (Theorem 1.3). Let notation be as in Theorem 3.1. Then the
decompositions in Corollary 2.7 are

Hp(G,Q(q)) =

i1⊕

i=i0

Hp(G,Q(q))(i), CHq(G, s;Q) =

j1⊕

i=j0

CHq(G, s;Q)(i).
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3.1 Proof of main result

Let G be a semiabelian variety over k, which is an extension of an abelian
variety of dimension g by a torus of rank r.

3.1.1 Reduction to the case of an algebraically closed base field

Let L/k be a finite extension. Let GL denote the scalar extension G⊗k L and
let fL/k : GL → G be the projection. Then the composition of the following
homomorphisms is the multiplication by the degree [L : k]:

Hp(G,Q(q))
f∗
L/k−→ Hp(GL,Q(q))

fL/k∗−→ Hp(G,Q(q)).

Hence we obtain that the push- forward map fL/k
∗ is injective, and that there

is a natural injection

Hp(G,Q(q)) →֒ colim
L/k

Hp(GL,Q(q)).

By a result of Ivorra [14, Proposition 4.16], we have a bijection

colim
L/k

Hp(GL,Q(q)) ≃ Hp(Gk̄,Q(q)).

Here k̄ denotes an algebraic closure of k. Thus we have an injection

Hp(G,Q(q)) →֒ Hp(Gk̄,Q(q)).

Note that a similar assertion holds for Hp(G,Q(q))(i), CHq(G, s;Q) and

CHq(G, s;Q)(i). Therefore we may assume that k is algebraic closed.

3.1.2 The case of a torus

Let G = T be a torus of rank r. By the above argument, we may assume that
T = Grm. In this case, we know that

M(Grm) ≃
r⊕

i=0

(
Q(i)[i]

)⊕ci
,

where ci =
(
r
i

)
denotes the binomial coefficient. Thus, by isomorphism 2.1, we

obtain that for 0 ≤ i ≤ r,

Hp(T,Q(q))(i) ≃ CHi−q(k, i+ p− 2q;Q)⊕ci . (3.1)

From this equation and Theorem 3.3, one can easily obtain the following propo-
sition which induces Theorem 3.1 for a torus.

Proposition 3.6. Let T be the torus Grm of rank r. Let p, q be integers. Let
i be an integer with 0 ≤ i ≤ r. Then Hp(T,Q(q))(i) vanishes in the following
cases: (1) q > p; (2) q > i; (3) i < 2q − p; (4) q = i and p − 2q + i ≥ 1;
(5) q = i− 1 and p− 2q + i ≥ 2.
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3.1.3 The case of abelian varieties

Let G be an abelian variety A of dimension g over an algebraically closed field
k. By Remark 3.4, it enough to prove Theorem 3.1 (2).

Lemma 3.7. Let Â be the dual abelian variety of A. There is an isomorphism
in DMeff

−,Nis

M1(Â) ≃ (M1(A))
∗(1)[2].

Here ∗ denotes the dual in DMeff
−,Nis.

Proof. By the Weil-Barsotti formula, we have an isomorphism

Â ≃ Ext1(A,Gm).

The assertion follows from a result of Barbieri-Viale–Kahn ([3, §4]) on a com-
parison between Cartier dual of 1-motives and motivic dual of corresponding
motives.

Remark 3.8. Lemma 3.7 also follows from the Weil-Barsotti formula in Chow
motives and Voevodsky’s functor ψ from the category of non-effective Chow
motives to the category DMgm of geometric motives deduced from [25, Propo-
sition 2.1.4]. We used here the fact that the functor commutes with duality as
a tensor functor, and Proposition 4.3.3 in [1] that ψ sends the Chow motive
h1(A) to M1(A).

Proof of Theorem 3.1 (2). By Lemma 3.7 and replacing (A, Â) by (Â, A), for
an integer i ≥ 0, we have an isomorphism

Symi(M1(A)) ≃
(
Symi(M1(Â))

)∗
(i)[2i].

¿From this isomorphism, we have

Hp(A,Q(q))(i) = HomDMeff
−,Nis

(Q(q)[p], Symi(M1(A)))

= HomDMeff
−,Nis

(Q(q)[p], (Symi(M1(Â)))
∗(i)[2i])

= HomDMeff
−,Nis

(Symi(M1(A)),Q(i − q)[2i− p])
= CHi−q(Â, p− 2q;Q)(i)

⊂ CHi−q(Â, p− 2q;Q).

¿From Theorem 3.3, CHi−q(Â, p− 2q;Q) = 0 for i − q 6∈ [0, g + p− 2q]. Thus
Hp(A,Q(q))(i) = 0 for i 6∈ [i0, i1], since Symi(M1(A)) = 0 for i 6∈ [0, 2g] by
Proposition 2.2.
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3.1.4 The general case

We prove Theorem 3.1 by induction on rank of a semiabelian variety G. Fol-
lowing [10], we first give some triangles in DMeff

−,Nis which allow us to use
induction on the rank of a semiabelian variety.
We first give an exact sequence of smooth group schemes. Let G be a semia-
belian variety of rank r over an algebraically closed field k. Then there is an
exact sequence of smooth group schemes over k of the following form:

1→ Grm
i→ G

f→ A→ 1.

Then, following [10, Section 5.2], we consider the cokernel H of the composite
map

Gm → Grm
i→ G,

where the first map is the inclusion to the first factor of Grm. Then H is a
semiabelian variety of rank r − 1 over k which fits into

1→ Gm → G→ H → 1, (3.2)

1→ Gr−1
m

i→ H
f̄→ A→ 1.

Lemma 3.9 ([1, 10]). Let notation as above. Then we have the following exact
triangles in DMeff

−,Nis:

M(H)(1)[1]→ M(G)→ M(H)→ M(H)(1)[2].

Proof. From (3.2), we may regard G as a Gm-torsor on H . Let E be the line
bundle over H associated to the Gm-torsor G. Let s : H → E be the zero
section. By the Gysin triangle attached to E and s(H), we have an exact
triangle in DMeff

−,Nis

M(E − s(H))→ M(E)→ M(s(H))(1)[2]→ M(E − s(H))[1]

Since E − s(H) is isomorphic to G and M(E) ≃ M(H) ≃ M(s(H)), we get the
desired triangle after shifting.

Lemma 3.10 ([1, 10]). Let notation as above. Then we have the following exact
triangles in DMeff

−,Nis:

Symn−1(M1(H))(1)[1]→ Symn(M1(G))

→ Symn(M1(H))→ Symn−1(M1(H))(1)[2].

Proof. By Corollary A.3, there is an isomorphism in DMeff
−,Nis

Symn(M1(G)) ≃ Symn(G̃)[0]. (3.3)
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For the definition of G̃ and a complex F [0], see Definition 2.1. By the isomor-
phism (3.3), we may work in the category ShTNis(k,Q) of Nisnevich sheaves
of Q-modules with transfers. We have an exact sequence in ShTNis(k,Q):

1→ G̃m → G̃→ H̃ → 1.

Proposition A.1 allows us to apply [1, Proposition C.3.4] to the above exact
sequence in ShTNis(k,Q). Then we have exact triangles for i ≥ 0,

FilG̃mi+1Sym
n(G̃)[0]→ FilG̃mi Symn(G̃)[0]

→ Symi(M1(Gm))⊗ Symn−i(M1(H))→ FilG̃mi+1Sym
n(G̃)[1].

For the definition of FilG̃mi Symn(G̃), see Notation. We know that

M1(Gm) ≃ G̃m[0] ≃ Q(1)[1] in DMeff
−,Nis. Therefore, by [4, Proposition

2.3], Symn(M1(Gm)) ≃ Altn(Q)(n)[n] = 0 for n ≥ 2 in DMeff
−,Nis. Thus we

have

FilG̃mi Symn(G̃)[0] ≃





Symn(M1(G)) if i = 0,

Symn−1(M1(H))(1)[1] if i = 1,

0 otherwise.

Hence we have the desired triangle.

Proof of Theorem 3.1. By Lemma 3.9, we have an exact sequence

· · · → Hp−1(H,Q(q − 1))→ Hp(G,Q(q))→ Hp(H,Q(q))→ · · · .

By Lemma 3.10, we also have exact sequences

· · · → Hp−1(H,Q(q − 1))(i−1) → Hp(G,Q(q))(i) → Hp(H,Q(q))(i) → · · · ,

· · · ← CHq−1(H, 2q − p− 1;Q)(i−1) ← CHq(G, 2q − p;Q)(i)

← CHq(H, 2q − p;Q)(i) ← · · · .

By these exact sequences, the assertion for a semiabelian variety G follows from
the induction hypothesis and the assertion for abelian varieties.

4 0-th Suslin homology

We consider here 0-th Suslin homology HS
0 (G,Z) of a semiabelian variety G,

and prove Corollary 1.5 (Corollary 4.1). We also give a description of rational
0-th Suslin homology HS

0 (G,Q) in terms of K-groups (Proposition 4.8), using
a result of Kahn–Yamazaki [16] (see Theorem 4.5).
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4.1 Bloch’s result for a semiabelian variety

Corollary 4.1 (Corollary 1.5). Let G be a semiabelian variety over k, which
is an extension of an abelian variety of dimension g by a torus of rank r. Let
IG be the kernel of the degree map HS

0 (G,Z)→ Z. Then an iterated Pontryagin
product I∗iG is torsion for i > g + r.
In particular, if k is an algebraically closed field, then I∗iG = 0 for i > g + r.

Proof. ¿From Theorem 3.5, we have

IG ⊗Q =

g+r⊕

n=1

H0(G,Q)(n).

By compatibility of this decomposition with Pontryagin product (Corollary
2.7),

I∗iG ⊗Q ⊂
g+r⊕

n=i

H0(G,Q)(n).

Thus by Theorem 3.1 (2), we obtain that I∗iG ⊗Q = 0 for i > g + r.
For second assertion, we assume that k is algebraically closed. Then IG is
generated by cycles of the form [a] − [0G], where a, 0G ∈ G(k) and 0G is the
identity element of G. Thus I∗2G is generated by cycles of the form

[a+ b]− [a]− [b]− [0G]

for a, b ∈ G(k). Let albG be the albanese map from IG → G(k). Then it is
easily seen that

albG(I
∗2
G ) = 0G.

Since I∗iG ⊂ I∗2G for i ≥ 2, we have

albG(I
∗i
G ) = 0 for i ≥ 2. (4.1)

We claim that G has a smooth compactification. The following argument is
attributed by J.-L. Colliot-Thélène and M. Brion (see also [15, p. 13]): Let
0 → T → G → A → 0 be the canonical decomposition of G. Then we may
assume T = Grm since k is algebraically closed. Let Y := (P1)r be a smooth
compactification of T . Then the bundle G ×T Y associated to the T -torsor
G → A exists, which is a smooth compactification of G. Now the second
assertion follows from the first assertion, (4.1) and Theorem 4.3 below.

Remark 4.2. A smooth comapctification of a semiabelian variety over any
field exists, since the case of a torus is shown in [8] and the argument in the
proof of Corollary 4.1 works.

Theorem 4.3. Let X be a smooth, quasi-projective scheme of finite type over
an algebraically closed field k of characteristic p ≥ 0. Assume that X has a
smooth compactification. Then the albanese map

albX : HS
0 (X,Z)

0 → AlbX(k).
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from the degree-0-part of Suslin homology to the k-valued points of the Albanese
variety AlbX of X induces an isomorphism on torsion groups.

Remark 4.4. For an open variety of a smooth projective variety, the theorem
is proved by Spieß–Szamuely [22, Theorem 1.1] (prime-to-p-part) and Geisser
[13, Theorem 1.1] (p-part).

4.2 A description of rational Suslin homology

We first briefly recall the definition of K-groups attached to semiabelian vari-
eties. Let F1, . . . , Fr be homotopy invariant Nisnevich sheaves with transfers.
We then define the K-group K(k;F1 . . . , Fr) to be the quotient group

( ⊕

L/k:finite

F1(L)⊗ · · · ⊗ Fr(L)
)
/R (4.2)

where R is a subgroup whose elements corresponds to Projection formula and
Weil reciprocity. For example, if Fi = Gm (cf. Definition 2.1 (1)) for i =
1, . . . , r, then we have the r-th Milnor K-group

K(k;Gm, . . . ,Gm) = KM
r (k).

For the precise definition, see [21, 16].

Theorem 4.5 (Kahn–Yamazaki [16]). Let F1 . . . , Fr be homotopy invariant
Nisnevich sheaves with transfers . Then there is an isomorphism

K(k;F1 . . . , Fr) ≃ HomDMeff
−,Nis(k,Z)

(
Z, F1[0]⊗ · · · ⊗ Fr[0]

)
.

Definition 4.6. (1) For a semiabelian variety G over a perfect field k, let
Ki(k;G)Q denotes the K-group K(k;G, . . . , G) ⊗ Q attached to i copies of
the homotopy invariant Nisnevich sheaf with transfers G attached to G (cf.
Definition 2.1 (1)).
(2) For ai ∈ G(L), let {a1, . . . , ai}L/k denote the element of Ki(k;G)Q repre-
sented by a1 ⊗ · · · ⊗ ai. We define an action of the permutation group Σi on
Ki(k;G) as follows: for σ ∈ Σi and ai ∈ G(L),

σ({a1, . . . , ai}L/k) = {aσ(1), . . . , aσ(i)}L/k.

Then we define Si(k;G)Q to be the image of an idempotent map si :=
1

i!

∑

σ∈Σi

σ:

Si(k;G)Q := Im(si : Ki(k;G)Q → Ki(k;G)Q).

Example 4.7. For G = Gm and an integer i ≥ 0, we have

Ki(k;G) ≃ KM
i (k).

Here KM
i (k) is the i-th Milnor K-group of k.
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Proposition 4.8 (Gazaki [12](for an abelian variety)). Let G be a semiabelian
variety over k, which is an extension of an abelian variety by a torus of rank
r. Let HS

0 (G,Q)(i) denote H0(G,Q(0))(i). Then for any 0 ≤ i ≤ r, we have

HS
0 (G,Q)(i) ≃ Si(k;G)Q.

In particular,

HS
0 (G,Q) ≃

g+r⊕

i=0

Si(k;G)Q

Proof. ¿From Theorem 4.5, we have the following commutative diagram

Ki(k;G)Q

si

��

HomDMeff
−,Nis

(Q,M1(G)
⊗i)

siM1(G)

��

(
(G̃)⊗

i
HI

)
(k)

si
G̃

��
Ki(k;G)Q HomDMeff

−,Nis
(Q,M1(G)

⊗i)
(
(G̃)⊗

i
HI

)
(k).

Here G̃ denotes the Nisnevich sheaf of Q-modules with transfers attached to G
(Definition 2.1 (1)). Since HS

0 (G,Q)(i) = HomDMeff
−,Nis

(Q, Symi(M1(G))), the

assertion follows from this diagram.

Remark 4.9. Let notation be as in Propostion 4.8. Let FnHS
0 (G) denote⊕g+r

i=n Si(k;G)Q. Then the filtration F •HS
0 (G) on HS

0 (G,Q) satisfies the fol-
lowing:

(a) F 1HS
0 (G) = Ker(deg : HS

0 (G)→ Q) = IG,Q;

(b) F 2HS
0 (G) = Ker

(
albG/k : F 1HS

0 (G) → G(k) ⊗ Q
)
. This map is induced

by the albanese map G→ AlbG;

(c) FnHS
0 (G) ∗ FmHS

0 (G) ⊂ Fn+mHS
0 (G). Here ∗ denote the Pontryagin

product;

(d) (F 1HS
0 (G))

∗n = 0 for n > g + r (see Corollary 4.1).

Bloch [5] studied a filtration on the Chow group CH0(A) of an abelian variety
over an algebraically closed field, which is defined by iterated Pontryagin prod-
uct I∗rA of the kernel IA of the degree map CH0(A) → Z. A similar filtration
on CH0(A) for an abelian variety over a field is studied by Gazaki [12], using
K-groups attached to A.

A Remarks on tensor product on ShTNis(k,Q)

We make here two remarks about the tensor product ⊗ShT on ShTNis(k,Q)
One is that the tensor product is exact (Proposition A.1). A key of a proof
of the exactness are results of Suslin–Voevodsky [23, 24] and Cisinski–Déglise
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[7]. Another is to give an example of étale sheaves with transfers for which
étale sheafification of presheaf tensor product is not isomorphic to the tensor
product ⊗ShT.
Let us fix notation:

• Schk : the category of separated schemes of finite type over k;

• Smk : the subcategory of Schk of smooth k-schemes;

• Schcor
k : the category of separated schemes of finite type over k with

morphism finite correspondences (which are given by universally integral
relative cycles ([24]));

• Smcor
k : the subcategory of Schcor

k of smooth k-schemes;

• PST(k,Q) : the category of presheaves of Q-modules on Smcor
k ;

• ShTNis(k,Q) : the category of Nisnevich sheaves of Q-modules on Smcor
k ;

• ShNis(k,Q) : the category of Nisnevich sheaves of Q-modules on Schk;

• ShTNis(k,Q) : the category of Nisnevich sheaves ofQ-modules on Schcor
k ;

• Shqfh(k,Q) : the category of qfh-sheaves of Q-modules on Schk.
We call an object of PST(k,Q) (resp. ShTNis(k,Q)) a presheaf (resp. Nis-
nevich) with transfers. We call an object of ShTNis(k,Q) a generalized Nis-
nevich sheaf with transfers.

A.1 Exactness of the tensor product on ShTNis(k,Q)

We recall the tensor product on PST: For X ∈ Smk, L(X) denotes the
representable presheaf with transfers. We first define the tensor product
L(X)⊗PST L(Y ) as

L(X)⊗PST L(Y ) := L(X × Y ).

Let F be presheaf with transfers. We have a canonical projective resolution
L(F )→ F of F of the following form

· · · →
⊕

j

L(Yj)→
⊕

i

L(Xi)→ F → 0

Then for presheaves with transfers F and G, the tensor product F ⊗PST G of
F and G is defined to be

H0

(
Tot(L(F ) ⊗PST L(G))

)
.

For Nisnevich sheaves with transfers F and G, the tensor product F ⊗ShTG is
given by

F ⊗ShT G =
(
F ⊗PST G

)
Nis
.
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Proposition A.1. The bifunctor ⊗ShT on ShTNis(k,Q) is exact.

Remark A.2. (1) The tensor product on ShTNis(k,Z) is right exact by con-
struction.
(2) If F is a presheaf of Q-modules with transfers, then FNis = Fét ([19, Corol-
lary 14.22] [20, Ex. 1.21]). Therefore, Proposition A.1 holds for ShTét(k,Q).

¿From Proposition A.1 and the definition of tensor product on the derived
category D−(ShTNis(k,Q)) of ShTNis(k,Q), we obtain the following:

Corollary A.3. Let F and G be Nisnevich sheaves of Q-modules with trans-
fers. Let F [0] denote the complex consisting of F concentrated in degree zero.
Then
(1) F [0]⊗G[0] is isomorphic to (F ⊗ShT G)[0] in D

−(ShTNis(k,Q)).
(2) Symi(F [0]) is isomorphic to Symi(F )[0] in D−(ShTNis(k,Q)).

We recall results of Suslin–Voevodsky [23, Corollary 6.6, Theorem 6.7][24, The-
orem 4.2.12] (cf. Cisinski–Déglise [7, Theorem 10.5.5]) to prove Proposition
A.1.

Theorem A.4. Let X ∈ Schk be a separated scheme of finite type over k. Let
L(X)Q ∈ ShTNis(k,Q) denote the generalized Nisnevich sheaf with transfers
represented by X. Then L(X)Q is a qfh-sheaf.
Furthermore, let Qqfh(X) ∈ Shqfh(k,Q) denote the qfh-sheaf represented by X.
Then L(X)Q is isomorphic to the qfh-sheaf Qqfh(X).

By this theorem, for any qfh-sheaf F ∈ Shqfh(k,Q), Cisinski–Déglise [7, §10]
defined a generalized Nisnevich sheaf with transfers ρ(F ) as follows: for any
X ∈ Schk,

ρ(F )(X) := HomShqfh(k,Q)(L(X)Q, F ).

Thus we have a functor

ρ : Shqfh(k,Q) −→ ShTNis(k,Q).

Now we have a functor

ψ : Shqfh(k,Q)
ρ→ ShTNis(k,Q)

ι∗→ ShTNis(k,Q).

where the second functor is the pull-back with respect to ι : Smcor
k → Schcor

k .
By [7, Lemma 10.4.6], the functor ι∗ admits a left adjoint ι! such that
ι!(L(X)) = L(X) for any X ∈ Smk. Thus we also have a functor

φ : ShTNis(k,Q)
ι!→ ShTNis(k,Q)→ ShNis(k,Q) −→ Shqfh(k,Q)

where the second one is the forgetful functor and the third one is the qfh-
sheafification. Cisinski-Déglise showed the following properties of the functors
ψ, φ:
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Proposition A.5 ([7, Proposition 10.5.14]). The following holds:

(1) For any smooth k- scheme X, ψ(Qqfh(X)) ≃ L(X)Q;

(2) The functor ψ admits the left adjoint φ;

(3) For any smooth k-scheme X, φ(L(X)Q) ≃ Qqfh(X);

(4) The functor ψ is exact and preserves colimits;

(5) The functor φ is exact, fully faithful and preserves colimits.

Proof of Proposition A.1. Since the tensor product on ShTNis(k,Q) is right
exact (cf. Remark A.2), it suffices to show that the tensor product is left
exact. Thus, we need to show that for any injection F1 → F2 in ShTNis(k,Q)
and any objects G,H of ShTNis(k,Q), the map

HomShTNis(H,F1 ⊗ShT G)→ HomShTNis(H,F2 ⊗ShT G)

is injective. Since the functor φ is fully faithful by Proposition A.5 (5), we have
the following commutative diagram

HomShTNis(k,Q)(H,F1 ⊗ShT G) // HomShTNis(k,Q)(H,F2 ⊗ShT G)

HomShqfh(k,Q)(φ(H), φ(F1 ⊗ShT G)) // HomShqfh(k,Q)(φ(H), φ(F2 ⊗ShT G))

Let us construct a natural isomorphism

φ(F ⊗ShT G) = φ(F )⊗ φ(G). (∗)

Granting this, the bottom horizontal map is

HomShqfh(k,Q)(φ(H), φ(F1)⊗ φ(G))→ HomShqfh(k,Q)(φ(H), φ(F2)⊗ φ(G)).

But, this map is injective because the functor φ is exact by Proposition A.5 (5)
and the tensor on Shqfh(k,Q) is exact. Now our task is to construct the natural
isomorphism (∗).
Let F,G ∈ ShTNis(k,Q) be Nisnevich sheaves with transfers. In case where
F = L(X)Q and G = L(Y )Q, we have

φ(L(X)Q ⊗ShT L(Y )Q) = φ(L(X × Y )Q)

≃ Qqfh(X × Y )

= Qqfh(X)⊗Qqfh(Y ) ≃ φ(L(X)Q)⊗ φ(L(Y )Q).

In general case, let L1(F ) (resp. L1(G)) be the presentation of F (resp. G)
truncated above degree one. Then by the right exactness of ⊗ShT, the trunca-
tion of Tot(L1(F ) ⊗ShT L1(G)) is a presentation of F ⊗ShT G. Thus from the
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the above special case and the exactness of φ, we obtain that

φ(F ⊗ShT G) = φ(H0(Tot(L1(F )⊗ShT L1(G))))
≃ H0(Tot(φ(L1(F ))⊗ φ(L1(G))))
= φ(F )⊗ φ(G).

A.2 An example

We prove that in general, the étale sheafification of a presheaf tensor L(X)⊗
L(Y ) can not be isomorphic to L(X ×k Y ), even after tensoring with Q.
We have a map

φ : L(X)⊗ L(Y )→ L(X ×k Y ).

and consider the étale stalks at a strictly Henselian local scheme S , which is

φS : Cor(S,X)⊗ Cor(S, Y )→ Cor(S,X ×k Y ), Z ⊗W 7→ [Z ×S W ].

The claim in the beginning of this section follows from Proposition A.6 below
for a strictly Henselian discrete valuation ring R.

Proposition A.6. Let X = Y = A1
k. Let R be a discrete valuation ring over

k and let S := Spec(R). Then φS is not surjective, even after tensoring with
Q.

To show Proposition A.6, we consider some concrete cycles: Write X =
Spec(k[x]) and Y = Spec(k[y]). Let t be a uniformizer of R. We define
f(x) ∈ R[x] as

f(x) =

{
x2 − t if char(k) 6= 2,

x3 − t if char(k) = 2.

and define cycles to be

Z := Spec(R[x]/(f(x))) ∈ Cor(S,X) andW := Spec(R[y]/(f(y))) ∈ Cor(S, Y ).

Then we have

T := Z ×S W = Spec(R[x, y]/(f(x), f(y))).

And we define T1 and T2 as follows: in case char(k) 6= 2,

T1 := Spec
(
R[x, y]/(f(x), x− y)

)
, T2 := Spec

(
R[x, y]/(f(x), x+ y)

)
;

in case char(k) = 2,

T1 := Spec
(
R[x, y]/(f(x), x− y)

)
, T2 := Spec

(
R[x, y]/(f(x), x2 + xy + y2)

)
.

Then, one easily sees that

φS(Z ⊗W ) = [T ] = T1 + T2 ∈ Cor(S,X ×k Y ).
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Lemma A.7. Let notation be as in above. The only pair (α, β) of integral cycles
α ∈ Cor(S,X) and β ∈ Cor(S, Y ) such that φS(α ⊗ β) contains T1(or T2) is
(Z,W ).

Proof. Integral cycles α and β are given by monic irreducible polynomials
g(x) ∈ R[x] and h(y) ∈ R[y] respectively, i.e.

α = Spec(R[x]/(g(x))) ⊂ S ×X, β = Spec(R[y]/(h(y))) ⊂ S × Y.

Put
γ := α×S β = Spec(R[x, y]/(g(x), h(y))) ⊂ S ×X × Y.

Suppose that our cycle T1 ⊂ γ is a irreducible component.
Let p, q denote the projections from S×X×Y to S×X and S×Y respectively.
Then,

p(T1) = Z, q(T1) =W.

Hence the images of γ along p and q contain Z and W respectively, i.e.

Z ⊂ Spec(R[x]/(g(x))) and W ⊂ Spec(R[y]/(h(y))).

These inclusions imply that

g(x) = a(x)f(x) and h(y) = b(y)f(y).

Since f, g and h are monic and irreducible, we have

g(x) = f(x), h(y) = f(y).

Hence α = Z, β =W .
The above argument works also for T2.

Proof of Proposition A.6. Assume that φS is surjective. Then we have an ele-
ment x :=

∑
nij(αi ⊗ βj) ∈ Cor(S,X)⊗ Cor(S, Y ) such that φS(x) = T1. For

some component αi ⊗ βj of x, φS(αi ⊗ βj) contains T1. By Lemma A.7, such
αi ⊗ βj is Z ⊗W only. Therefore we have

x = m(Z ⊗W ) +
∑

nij(αi ⊗ βj),

where m ≥ 1 and the sum is taken over all i, j such that (αi, βj) 6= (Z,W ).
Then

T1 = φS(x) = m(T1 + T2) +
∑

nijφS(αi ⊗ βj).
Hence

(1−m)T1 −mT2 = −
∑

nijφS(αi ⊗ βj).

But this equality cannot be happen by Lemma A.7. Thus φS is not surjective.
Since the above argument works even if the coefficients m,nij are rational
numbers, φS is not surjective even after tensoring with Q.
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Abstract. Let X be a smooth, projective and geometrically con-
nected curve of genus at least two, defined over a number field. In
1984, Szpiro conjectured that X has a “small point”. In this paper we
prove that if X is a cyclic cover of prime degree of the projective line,
then X has infinitely many “small points”. In particular, we establish
the first cases of Szpiro’s small points conjecture, including the genus
two case and the hyperelliptic case. The proofs use Arakelov theory
for arithmetic surfaces and the theory of logarithmic forms.
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Arakelov theory, arithmetic surfaces, theory of logarithmic forms

1 Introduction

Let X be a smooth, projective and geometrically connected curve of genus at
least two, defined over a number field. In 1984, Szpiro [Szp85a] conjectured that
X has a “small point”, where a “small point” is an algebraic point of the curve
X with “height” bounded from above in a certain way. We refer to Section
2 for a precise formulation of Szpiro’s small points conjecture. Szpiro proved
that his conjecture implies an “effective Mordell conjecture”. In other words,
Szpiro’s remarkable approach shows that to bound the height of all rational
points of any curve X , it suffices to produce for any curve X at least one
“small point”. The small points conjecture was studied in Szpiro’s influential
seminars [Szp85b, Szp90a], see also Szpiro’s articles [Szp86, Szp90b].
The results of this paper are as follows. Let C be the set of curves X as above
which are cyclic covers of prime degree of the projective line. For example, if X
has genus two or is hyperelliptic, then X ∈ C. Our first result (see Theorem 3.1)
gives that any X ∈ C has infinitely many “small points”. In particular, we
establish the first cases of Szpiro’s small points conjecture. Furthermore, we
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improve Theorem 3.1 for hyperelliptic curves (see Theorem 3.2) and for genus
two curves (see Theorem 3.3) in the sense that we produce “smaller points”
on such curves. To give the reader a more concrete idea of our results we now
state a special case of Theorem 3.3. If the curve X has genus two and is defined
over Q, then X has infinitely many algebraic points x that satisfy

max
(
hNT (x), h(x)

)
≤ (10

∏
p)10

6

with the product taken over all bad reduction primes p of X . Here hNT is the
Néron-Tate height and h is the stable Arakelov height, see Section 2. We also
give in Proposition 3.4 and Proposition 5.3 versions of the above theorems with
“exponentially smaller points”. However these versions are either conditional
on the abc conjecture, or they depend on lower bounds for Faltings’ delta
invariant which are not known to be effective.
We remark that “effective Siegel or Mordell” applications of our completely
explicit results require hyperbolic curves which admit Kodaira-Paršin type con-
structions with all fibers in C. There exists no hyperbolic curve for which Ko-
daira’s construction (see [Szp85b, p.266]) is of this form and we are not aware
of a hyperbolic curve for which Paršin’s construction (see Paršin [Par68], or
[Szp85b, p.268]) has all fibers in C. Therefore our results have at the time of
writing no “effective Siegel or Mordell” applications. However, there is the hope
that new and more suitable Kodaira-Paršin type constructions will be discov-
ered. For example, recently Levin [Lev12] gave a new Paršin type construction
for integral points on hyperelliptic curves with all fibers in C.
We next describe the main ingredients for our proofs. Let X be a smooth,
projective and geometrically connected curve of genus g ≥ 2, defined over a
number field K. On using fundamental results of Arakelov [Ara74], Faltings
[Fal84] and Zhang [Zha92], we show that for any ǫ > 0 there exist infinitely
many algebraic points x of X that satisfy

hNT (x) ≤ 2g(g − 1)h(x) ≤ g · e(X) + ǫ. (1)

Here e(X) is a stable Arakelov self-intersection number, see (7). Thus, to
produce “small points” of X , it suffices to estimate e(X) effectively in terms
of K,S and g, for S the set of finite places of K where X has bad reduction.
The proof of Theorem 3.1 uses properties of the Belyi degree degB(X) of X ,
which is defined in (8). From [Jav14, Thm 1.1.1] we obtain

e(X) ≤ 108degB(X)5g. (2)

To control degB(X) we use an effective version of Belyi’s theorem [Bel79],
worked out by Khadjavi in [Kha02]. We deduce an explicit upper bound for
degB(X) in terms of K, g and the heights h(λ) of the cross-ratios λ of four
(geometric) branch points of a finite morphism X → P1

K . To estimate h(λ) we
assume that X ∈ C and then we combine [dJR11, Prop 2.1] of de Jong-Rémond
with [vK14, Prop 6.1 (ii)]; here we mention that the latter result is based on the
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theory of logarithmic forms and the former result generalizes ideas of Paršin
[Par72] and Oort [Oor74]. This leads to an explicit upper bound, in terms
of K,S and g, for degB(X), then for e(X) by using (2), and then finally for
hNT (x) and h(x) by applying (1).
To discuss the proof of Theorem 3.3 we assume that g = 2. It was shown in
[vK14, Prop 5.1 (v)] that Faltings’ delta invariant δ(XC) of a compact con-
nected Riemann surface XC of genus two satisfies −186 ≤ δ(XC). Then the
Noether formula for arithmetic surfaces, due to Faltings [Fal84] and Moret-
Bailly [MB89], leads to the following explicit inequality

e(X) ≤ 12hF (J) + 201. (3)

Here hF (J) is the stable Faltings height (see [Fal83, p.354]) of the Jacobian
J = Pic0(X) of X . The inequalities in [vK14, Prop 4.1 (i), Prop 6.1 (ii)]
slightly refine a method developed by Paršin [Par72], Oort [Oor74] and de
Jong-Rémond [dJR11]. On combining these inequalities, we deduce an explicit
upper bound, in terms of K,S and g, for hF (J), then for e(X) by using (3),
and then finally for hNT (x) and h(x) by applying (1).
To prove Theorem 3.2 we use the strategy of proof of Theorem 3.3. In par-
ticular, we combine this strategy with a formula of de Jong [dJ09, Thm 4.3]
and we use in addition the explicit estimate for the hyperelliptic discriminant
modular form which was established in [vK14, Lem 5.4].
The plan of this paper is as follows. In Section 2 we discuss Szpiro’s small points
conjecture and its variation which involves the Néron-Tate height. Then in Sec-
tion 3 we state our theorems, and we give Proposition 3.4 which is conditional
on the abc conjecture. In Section 4 we collect results from Arakelov theory
for arithmetic surfaces. We also give an upper bound for the Belyi degree of
X . In Section 5 we consider curves X ∈ C and we prove Theorem 3.1. We
also establish Proposition 5.3. It refines our theorems, with the disadvantage
inherent that it involves a lower bound for Faltings’ delta invariant which is
not known to be effective. In Section 6 we first show Lemma 6.1 and Lemma
6.2. They give explicit results for certain (Arakelov) invariants of hyperelliptic
curves which may be of independent interest. Then we use these lemmas to
prove Theorem 3.2. Finally, in Section 7, we give a proof of Theorem 3.3.

Notation

Throughout this paper we shall use the following notations and conventions.
Let K be a number field. We denote by K̄ a fixed algebraic closure of K. If
L is a field extension of K, then we write [L : K] for the relative degree of L
over K. By a curve X over K we mean a smooth, projective and geometrically
connected curve X → Spec(K). For any finite place v of K, we write Nv for
the number of elements in the residue field of v and we let v(a) be the order of
v in a fractional ideal a of K. We denote by |S| the cardinality of an arbitrary
set S. Finally, by log we mean the principal value of the natural logarithm and
we define the product taken over the empty set as 1.
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2 Small points conjectures

In this section we state and discuss Szpiro’s small points conjecture, and its
variation which involves the Néron-Tate height. Let K be a number field, let
g ≥ 2 be an integer and let X be a curve over K of genus g.
We take an algebraic point x ∈ X(K̄). The classical result of Deligne-Mumford
gives a finite extension L of K such that XL has semi-stable reduction over B
and such that x ∈ X(L), where B is the spectrum of the ring of integers of L.
We denote by ωX/B the relative dualizing sheaf of the minimal regular model
X of XL over B. Let ω = (ωX/B, ‖·‖) with ‖·‖ the Arakelov metric, let (·, ·) be
the intersection product of Arakelov divisors on X and identify ω and x with
the corresponding Arakelov divisors on X , see [Fal84, Section 2] for definitions.
Then the stable Arakelov height h(x) of x is the real number defined by

[L : Q]h(x) = (ω, x). (4)

The factor [L : Q] and the semi-stability of X assure that the definition of h(x)
does not depend on the choice of a field L with the above properties.
Let S be a set of finite places of K. We say that a constant c, depending on
some data (D), is effective if one can in principle explicitly determine the real
number c provided that (D) is given. In 1984, Szpiro [Szp85a, p.101] formulated
his small points conjecture in terms of the Arakelov self-intersection (x, x) of
x. However, Arakelov’s adjunction formula (ω, x) = −(x, x) in [Ara74] shows
that Szpiro’s small points conjecture coincides with the following conjecture.

Conjecture (sp). There exists an effective constant c, depending only on K,
S and g, with the following property. Suppose that X is a curve over K of
genus g, with set of bad reduction places S. If X has semi-stable reduction over
the ring of integers of K, then there exists x ∈ X(K̄) that satisfies h(x) ≤ c.

It is known (see Szpiro [Szp85a, p.101]) that this conjecture implies an “effec-
tive Mordell conjecture”. Further, Szpiro established a rather strong geometric
analogue of Conjecture (sp) in [Szp81]. We also mention that if Conjecture (sp)
holds, then it holds without the semi-stable assumption. Indeed, on combin-
ing results of Grothendieck-Raynaud [GR72, Proposition 4.7] and Serre-Tate
[ST68, Theorem 1] with Dedekind’s discriminant theorem, one obtains a finite
field extension M of K such that XM has semi-stable reduction over the ring
of integers ofM and such that [M : K] and the relative discriminant ofM over
K are effectively controlled in terms of K, S and g.
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In the Grothendieck Festschrift, Szpiro [Szp90b] formulated another version of
Conjecture (sp). This formulation involves the Néron-Tate height

hNT (x) (5)

of x ∈ X(K̄) which is defined as the Néron-Tate height of the divisor class
(2g − 2)x − Ω1 in the Jacobian Pic0(XL) of XL for L as above. Here Ω1

denotes the sheaf of differential one-forms of the curve XL over L. We now
give a version of Szpiro’s “Conjecture des deux petits points pour Néron-Tate”
which was stated by Szpiro in [Szp90b, p.244].

Conjecture (sp)∗. Any curve X over K of genus g has two distinct points
xi ∈ X(K̄), i = 1, 2, that satisfy hNT (xi) ≤ c, where c is an effective constant
which depends only on K, g and the geometry of the bad reduction of X.

It follows for example from Lemma 4.5 below that Conjecture (sp) implies
Conjecture (sp)∗. An unconditional proof of the converse implication seems
to be difficult. However, we point out that Szpiro’s arguments in [Szp90b,
p.244] combined with Moret-Bailly’s proof of [MB90, Théorème 5.1] show that
Conjecture (sp)∗ still implies an “effective Mordell conjecture”.
We mention that the conjecture in [Szp90b, p.244] describes the constant c in
Conjecture (sp)∗ more precisely. See also [JvK13, Section 2] for a discussion of
the possible shape of the constants in Conjectures (sp) and (sp)∗. For further
discussions and conjectures related to the small points conjecture, we refer the
reader to the works of Paršin [Par88] and Moret-Bailly [MB90].

3 Statements of results

In this section we state and discuss Theorems 3.1, 3.2 and 3.3. We also give
Proposition 3.4 which relies on the abc conjecture.
To state our results we need to introduce some notation. Let g ≥ 2 be an
integer, let K be a number field and let S be a set of finite places of K. We
denote by DK the absolute value of the discriminant of K over Q and we write
d = [K : Q] for the degree of K over Q. To measure K, S and g we use

DK , d, NS =
∏

v∈S
Nv, g and ν = d(5g)5. (6)

We mention that the only purpose of introducing ν is to simplify the exposition.
Let h be the stable Arakelov height and let hNT be the Néron-Tate height.
These heights are defined in (4) and (5) respectively. Let C = C(K) be the set
of curvesX overK of genus≥ 2 such that there is a finite morphismX → P1

K of
prime degree which is geometrically a cyclic cover. Our first theorem establishes
in particular Conjectures (sp) and (sp)∗ for all curves X ∈ C.
Theorem 3.1. Let X be a curve over K of genus g, with set of bad reduction
places S. If X ∈ C then there exist infinitely many x ∈ X(K̄) that satisfy

logmax
(
hNT (x), h(x)

)
≤ νdν(NSDK)ν .
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Next, we present two results which improve Theorem 3.1 in certain cases. We
say that a curve X over K of genus g is a hyperelliptic curve over K if there is
a finite morphism X → P1

K of degree two. For example, any genus two curve
over K is a hyperelliptic curve over K. We obtain in particular the following
theorem for hyperelliptic curves over K.

Theorem 3.2. Suppose that X is a hyperelliptic curve over K of genus g, with
set of bad reduction places S and set of Weierstrass points W. Then it holds

∑

x∈W
hNT (x) ≤ ν8

gdν(NSDK)ν .

The Néron-Tate height hNT is non-negative, and any hyperelliptic curve over
K of genus g has exactly 2g + 2 Weierstrass points. Thus Theorem 3.2 gives
another proof of Conjecture (sp)∗ for all hyperelliptic curves over K of genus
g. Our next result refines Theorem 3.1 in the special case of genus two curves.

Theorem 3.3. Suppose that X is a curve over K of genus two, with set of bad
reduction places S. Then there are infinitely many x ∈ X(K̄) that satisfy

max
(
hNT (x), h(x)

)
≤ ν2dν(NSDK)ν , ν = 105d.

To state Proposition 3.4 we need to recall the abc-conjecture of Masser-Oesterlé
[Mas02] over number fields. For any non-zero triple α, β, γ ∈ K we denote by
H(α, β, γ) the usual absolute multiplicative Weil height of the corresponding
point in P2(K), see [BG06, 1.5.4]. We define the height function HK = Hd and
we write SK(α, β, γ) =

∏
Nev
v with the product extended over all finite places

v of K such that v(α), v(β) and v(γ) are not all equal, where ev = v(p) for
p the residue characteristic of v. We mention that Masser [Mas02] added the
ramification index ev in the definition of the support SK to obtain a natural
behaviour of SK with respect to finite field extensions.

Conjecture (abc). For any integer n ≥ 1, and any real r, ǫ > 1, there is a
constant c, which depends only on n, r, ǫ, such that if K is a number field of
degree [K : Q] ≤ n, and α, β, γ ∈ K are non-zero and satisfy α + β = γ, then
HK(α, β, γ) ≤ cSK(α, β, γ)rDǫ

K .

The following proposition is conditional on Conjecture (abc). It improves ex-
ponentially, in terms of NS and DK , the inequalities in our theorems. We put
u(g) = 8(11g)

38g and now we can state Proposition 3.4.

Proposition 3.4. Let r, ǫ > 1 be real numbers and write

Ω = (r +
ǫ

d
) logNS +

ǫ

d
logDK .

Suppose that Conjecture (abc) holds for n = 24g4d, r, ǫ with the constant c.
Then there exist effective constants c1, c2, c3, depending only on c, r, ǫ, d and g,
such that for any curve X over K of genus g, with set of bad reduction places
S, the following statements hold.
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(i) If X ∈ C, then there are infinitely many x ∈ X(K̄) that satisfy

logmax
(
hNT (x), h(x)

)
≤ ννΩ+ c1.

(ii) Suppose that X is a hyperelliptic curve over K, with set of Weierstrass
points W. Then it holds

∑

x∈W
hNT (x) ≤ u(g)(3g − 1)(8g + 4)Ω + c2.

(iii) If g = 2, then there are infinitely many x ∈ X(K̄) that satisfy

1

4
hNT (x) ≤ h(x) ≤ 6u(2)Ω + c3.

We remark that the factor u(g) appearing in Proposition 3.4 is not optimal. Its
origin shall be explained after Proposition 5.3. We also point out that Propo-
sition 3.4 only requires the validity of (abc) for some fixed n, r, ǫ, instead of all
n, r, ǫ, and (abc) with fixed n, r, ǫ is often called “weak abc conjecture”. Further
we mention that Elkies [Elk91] used Belyi’s theorem to show that (effective)
(abc) implies (effective) Mordell. However, it is not clear if Conjecture (sp) or
Conjecture (sp)∗ follows from the effective version of the Mordell conjecture
which Elkies deduces from an effective version of (abc).
In general, we conducted some effort to obtain constants reasonably close to
the best that can be acquired with the present method of proof. However,
to simplify the form of our inequalities we freely rounded off several of the
numbers appearing in our estimates.

4 Self-intersection, Belyi degree and heights

In this section we first give two lemmas which describe properties of the Belyi
degree, and then we collect results from Arakelov theory for arithmetic surfaces.
We also prove a lemma which was used in Section 2.
Throughout this section we denote by X a curve of genus g ≥ 2, defined over
a number field K. Suppose that L, ω and (·, ·) are as in Section 2. Then the
stable self-intersection e(X) of ω is the real number defined by

[L : Q]e(X) = (ω, ω). (7)

We observe that this definition does not depend on any choices. Let D be
the set of degrees of finite morphisms XK̄ → P1

K̄
which are unramified outside

0, 1,∞. Belyi’s theorem [Bel79] shows that D is non-empty, and then the Belyi
degree degB(X) of X is defined by

degB(X) = minD. (8)

Our proof of Theorem 3.1 uses two fundamental properties of the Belyi degree.
We now state the first of these properties in the following lemma.
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Lemma 4.1. It holds e(X) ≤ 108degB(X)5g.

Proof. The statement is proven in [Jav14, Theorem 1.1.1].

The next lemma gives the second property. It is a consequence of an effective
version of Belyi’s theorem [Bel79] worked out by Khadjavi [Kha02]. We denote
by H(α) the usual absolute multiplicative Weil height of α ∈ P1(K̄), defined
in [BG06, 1.5.4]. Then we define the height HΛ of a subset Λ of P1(K̄) by
HΛ = sup{H(λ), λ ∈ Λ}.

Lemma 4.2. If ϕ : X → P1
K is a finite morphism, with set of (geometric)

branch points Λ ⊂ P1(K̄) and if m = 4[K : Q](deg(ϕ) + g − 1)2, then

degB(X) ≤ (4mHΛ)
9m32m−2m!deg(ϕ).

Proof. The absolute Galois group Gal(Q̄/Q) of Q̄ over Q acts in the usual way
on P1(Q̄) ∼= P1(K̄). Let Λ′ = Gal(Q̄/Q) · Λ be the image of Λ under this
action. The classical result of Hurwitz [Liu02, Theorem 7.4.16] implies that
[K(λ) : K] and |Λ| are at most 2g− 2+2deg(ϕ) for K(λ) the field of definition
of λ ∈ Λ. This gives |Λ′| ≤ m, and the Galois invariance [BG06, 1.5.17] of H
showsHΛ = HΛ′ . Then an application of [Kha02, Theorem 1.1] with the Galois
stable set Λ′ gives a finite morphism ψ : P1

K̄
→ P1

K̄
with the following properties.

The morphism ψ is unramified outside 0, 1,∞, with ψ(Λ) ⊆ {0, 1,∞} and

deg(ψ) ≤ (4mHΛ)
9m32m−2m!.

We observe that the composition ψ◦ϕ : XK̄ → P1
K̄
is unramified outside 0, 1,∞.

This shows degB(X) ≤ deg(ψ)deg(ϕ) and then the displayed inequality implies
Lemma 4.2.

The bound in Khadjavi’s [Kha02, Theorem 1.1], and thus Lemma 4.2, can be
improved in special cases. See for example Liţcanu [Liţ04].
Let h be the stable Arakelov height defined in (4). To obtain infinitely many
small points we shall use the following lemma which relies on a fundamental
result of Zhang [Zha92].

Lemma 4.3. Suppose that ǫ > 0 is a real number. Then there exist infinitely
many points x ∈ X(K̄) that satisfy

2(g − 1)h(x) ≤ e(X) + ǫ.

Proof. It follows for example from Lemma 4.4 (i) below that any point x ∈
X(K̄) satisfies h(x) ≥ 0. Then we see that [Zha92, Theorem 6.3] implies the
statement of Lemma 4.3.

We remark that Moret-Bailly showed that for any real number ǫ > 0, there
exists an algebraic point x ∈ X(K̄) which satisfies 4(g − 1)h(x) ≤ e(X) + ǫ.
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For details we refer the reader to the proof of [MB90, Proposition 3.4] which
uses in particular Faltings’ result [Fal84, Corollary, p.406].
The following lemma is a direct consequence of classical results of Arakelov
[Ara74], Faltings [Fal84] and Moret-Bailly [MB89]. To state this lemma we
need to introduce more notation. For any embedding σ : K →֒ C, we denote
by Xσ the compact connected Riemann surface which corresponds to the base
change of X to C with respect to σ. Let δ(Xσ) be Faltings’ delta invariant of
Xσ, defined in [Fal84, p.402]. We denote byMg(C) the moduli space of smooth,
projective and connected curves over C of genus g. Faltings’ delta invariant,
viewed as a function Mg(C)→ R, has a minimum which we denote by

cδ(g). (9)

If g ≥ 3, then effective lower bounds for cδ(g) are not known. Let hF (J) be the
stable Faltings height [Fal83, p.354] of the Jacobian J = Pic0(X) of X , and let
hNT be the Néron-Tate height defined in (5). We now can state the lemma.

Lemma 4.4. The following statements hold.

(i) Any x ∈ X(K̄) satisfies hNT (x) ≤ 2g(g − 1)h(x).

(ii) It holds e(X) + cδ(g) ≤ 12hF (J) + 4g log(2π).

Proof. To show (i) we take x ∈ X(K̄). Let L, X → B, ω and (·, ·) be as in
(4). We identify x with the corresponding Arakelov divisor on X . Let Φ be the
(unique) vertical Q-Cartier divisor on X such that the supports of Φ and x(B)
are disjoint and such that any irreducible component Γ of any fiber of X → B
satisfies ((2g − 2)x − ω + Φ,Γ) = 0. Szpiro [Szp85c, p.276] observed that the
adjunction formula in [Ara74] together with [Fal84, Theorem 4.c)] leads to

2hNT (x) = −e(X) + 4g(g − 1)h(x) +
1

[L : Q]
(Φ,Φ).

Further, [Fal84, Theorem 5.a)] provides that −e(X) ≤ 0. Therefore the in-
equality (Φ,Φ) ≤ 0 implies assertion (i).
We now prove (ii). If v ∈ B is closed, then δv denotes the number of singular
points of the geometric special fiber of X over v. The (logarithmic) stable
discriminant ∆(X) of X is the real number defined by

[L : Q]∆(X) =
∑

δv logNv (10)

with the sum taken over all closed points v of B. Then we see that Moret-
Bailly’s refinement [MB89, Théorème 2.5] of the Noether formula [Fal84, The-
orem 6] implies the following formula

12hF (J) = ∆(X) + e(X)− 4g log(2π) +
1

[L : Q]

∑
δ(Xσ)

with the sum taken over all embeddings σ : L →֒ C. Therefore the estimates
∆(X) ≥ 0 and

∑
δ(Xσ) ≥ [L : Q]cδ(g) prove assertion (ii) and this completes

the proof of Lemma 4.4.
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The above results lead to the following useful lemma.

Lemma 4.5. Suppose that ǫ > 0 is a real number and assume that x0 ∈ X(K̄).
Then there exist infinitely many x ∈ X(K̄) that satisfy

hNT (x) ≤ 4g2(g − 1)h(x0) + ǫ.

Proof. On combining Lemma 4.3 with Lemma 4.4 (i), we see that there exist
infinitely many points x ∈ X(K̄) that satisfy

hNT (x) ≤ g · e(X) + ǫ. (11)

Further [Fal84, Theorem 5.b)] gives that any x0 ∈ X(K̄) satisfies the inequality
e(X) ≤ 4g(g − 1)h(x0) and thus (11) implies Lemma 4.5.

We conclude this section by the following remarks. Let S be the set of finite
places of K where X has bad reduction. Suppose that there exists a finite
morphism ϕ : X → P1

K , with deg(ϕ) and HΛ effectively bounded in terms
of K, S and g, where HΛ is the height of the set Λ of (geometric) branch
points of ϕ. Then Lemma 4.1, Lemma 4.2 and Lemma 4.3 show that X has
infinitely many “small points”, and therefore X satisfies in particular Szpiro’s
small points conjecture. Similarly, if degB(X) is effectively bounded in terms
of K, S and g, then Lemma 4.1 and Lemma 4.3 show that X has infinitely
many “small points”. For example, if the base change of X to C, with respect
to some embedding K →֒ C, is a classical congruence modular curve, then a
result of Zograf in [Zog91] gives degB(X) ≤ 128(g + 1).

5 Cyclic covers of prime degree

In this section we prove Theorem 3.1 and Proposition 3.4 (i). We also give
Proposition 5.3 which may be of independent interest. It improves certain
aspects of the inequalities in Theorem 3.1 and Proposition 3.4 (i). However,
Proposition 5.3 has the disadvantage inherent that it now involves a constant
which is not known to be effective.
Let X be a curve over a number field K of genus g ≥ 2. We denote by S the set
of finite places of K where X has bad reduction. Further we write C = C(K)
for the set of cyclic covers of prime degree which was introduced in Section 3.
In this section we assume throughout that X ∈ C.
We now give two lemmas which will be used in our proof of Theorem 3.1.
To state and prove these lemmas we have to introduce some notation. Our
assumption that X ∈ C provides a finite morphism ϕ : X → P1

K which is
geometrically a cyclic cover of prime degree. Let q be the degree of ϕ and let
L be a finite extension of K. We denote by U = S(L, q) the set of places of L
which divide q or a place in S. Let O×

U be the U -units in L and let h(α) be
the usual absolute logarithmic Weil height of α ∈ L, defined in [BG06, 1.6.1].
We write µU = sup(h(λ), λ ∈ O×

U and 1 − λ ∈ O×
U ). Let R be the set of field
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extensions L of K such that L is the compositum of the fields of definition of
four distinct (geometric) ramification points of ϕ. We define

µX = sup(1, µS(L,q)) (12)

with the supremum taken over all fields L ∈ R. Let degB(X) be the Belyi
degree of X , defined in (8), and let d be the degree of K over Q. We recall
that ν = d(5g)5 and now we can state the following lemma.

Lemma 5.1. It holds log degB(X) ≤ νν/2µX .

To prove this lemma we shall combine the estimate for degB(X) in Lemma
4.2 with the following observation of Paršin in [Par72]: The cross-ratios of
the branch points, of a hyperelliptic map of a genus two curve X over K, are
solutions of certain S(L, 2)-unit equations. Oort [Oor74, Lemma 2.1] and de
Jong-Rémond [dJR11, Proposition 2.1] generalized Paršin’s idea to hyperellip-
tic curves and to cyclic covers of prime degree.

Proof of Lemma 5.1. We take three distinct (geometric) ramification points of
ϕ. LetM be the compositum of their fields of definition. On composing ϕ with
a suitable automorphism of P1

M , we get a finite morphism XM → P1
M of degree

q such that {0, 1,∞} ⊂ Λ, where Λ is the set of (geometric) branch points of
ϕ. Let HΛ be the height of Λ, defined in Section 4. To prove the inequality

logHΛ ≤ µX ,
we may and do take λ ∈ Λ with λ 6= 0, 1,∞. We write U = S(K(λ), q). From
[dJR11, Proposition 2.1] we deduce that the cross-ratios λ = cr(∞, 0, 1, λ) and
1− λ = cr(∞, 1, 0, λ) are U -units in K(λ). This implies that h(λ) ≤ µX , since
K(λ) ⊆ L for some L ∈ R. Hence we obtain logHΛ ≤ µX as desired. Next,
we observe that the ramification indexes of ϕK̄ : XK̄ → P1

K̄
are in {1, q}, and

Gal(K̄/K) acts on the (geometric) ramification points of ϕ. Therefore Hurwitz
leads to q ≤ 2g + 1 and [M : Q] ≤ 15dg3. Then an application of Lemma 4.2
with XM → P1

M gives an upper bound for degB(X) which together with the
displayed inequality implies Lemma 5.1.

We remark that if L ∈ R, then Hurwitz (see the proof of Lemma 5.1) leads to
q ≤ 2g + 1 and [L : K] ≤ 24g4, and [dJR11, Lemme 2.1] of de Jong-Rémond
implies that L is unramified outside S(K, q).
Next, we go into number theory and we give an upper bound for µX in terms
of the quantities NS , ν, d and DK which are defined in (6).

Lemma 5.2. The following statements hold.

(i) It holds µX ≤ νdν/8(NSDK)ν .

(ii) Let r, ǫ > 1 be real numbers. Suppose (abc) holds for n = 24g4d, r, ǫ with
the constant c. Then there exists an effective constant c∗, depending only
on c, r, ǫ, d and g, such that

dµX ≤ (dr + ǫ) logNS + ǫ logDK + c∗.
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To prove (i) we use [vK14, Proposition 6.1 (ii)]. It is based on the theory of
logarithmic forms and we refer to the monograph of Baker-Wüstholz [BW07]
in which the state of the art of this theory is exposed.

Proof of Lemma 5.2. We take L ∈ R, and we write U = S(L, q), T = S(K, q)
and l = [L : K]. Then we observe that NT =

∏
v∈T Nv satisfies NT ≤ qdNS .

Furthermore, the remark after the proof of Lemma 5.1 gives that q ≤ 2g + 1
and l ≤ 24g4, and that L is unramified outside T . We now apply [vK14,
Proposition 6.1] with U = U , T = T and S = T , where the symbols U, T, S on
the left hand side of these equalities denote the sets in [vK14, Proposition 6.1].
In particular, [vK14, Proposition 6.1 (ii)] leads to µU ≤ νdν/8(DKNS)

ν which
implies statement (i).
To show statement (ii) we take real numbers r, ǫ > 1. We may and do assume
that Conjecture (abc) holds for n = 24g4d, r, ǫ with the constant c. Then
Conjecture (abc) holds in particular for n′ = ld, r, ǫ with the same constant c,
since n′ ≤ n. Then [vK14, Proposition 6.1 (iii)] gives

dµU ≤ (dr + ǫ) logNT + ǫ logDK + ǫdt log l − ǫ

l
logNT +

1

l
log c

for t = |T |. From [vK14, Lemma 6.3] we get that ǫdt log l− ǫ
l logNT is bounded

from above by an effective constant, which depends only on ǫ, d and g. Hence
we deduce statement (ii) and Lemma 5.2.

We recall that h denotes the stable Arakelov height and that hNT denotes the
Néron-Tate height, defined in (4) and (5) respectively. We now prove Theorem
3.1 and Proposition 3.4 (i) simultaneously.

Proof of Theorem 3.1 and Proposition 3.4 (i). On combining Lemma 4.1,
Lemma 4.3, Lemma 4.4 and Lemma 5.1, we obtain infinitely many x ∈ X(K̄)
that satisfy logmax

(
hNT (x), h(x)

)
≤ 6νν/2µX . Therefore we see that Lemma

5.2 (i) and Lemma 5.2 (ii) imply Theorem 3.1 (i) and Proposition 3.4 (i)
respectively.

The remaining of this section is devoted to the following Proposition 5.3. Let
cδ(g) be the minimum of Faltings’ delta invariant on Mg(C), defined in (9).
We recall that if g ≥ 3, then effective lower bounds for cδ(g) in terms of g are

not known. Put u(g) = 8(11g)
38g and now we can state the following result.

Proposition 5.3. The following statements hold.

(i) There are infinitely many x ∈ X(K̄) that satisfy

h(x) ≤ ν8gdν(DKNS)
ν − cδ(g).

(ii) Let r, ǫ > 1 be real numbers. Suppose that Conjecture (abc) holds for
n = 24g4d, r, ǫ with the constant c. Then there exists an effective constant
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c′1, depending only on c, r, ǫ, d and g, with the property that there are
infinitely many points x ∈ X(K̄) which satisfy

h(x) ≤ 6
u(g)

g − 1

(
(r +

ǫ

d
) logNS +

ǫ

d
logDK

)
+c′1 −

cδ(g)

2g − 2
.

We observe that these (ineffective) inequalities improve exponentially, in terms
of NS and DK , the estimates provided by Theorem 3.1 and Proposition 3.4 (i).
On using Lemma 4.4 one can formulate Proposition 5.3 also in terms of hNT .
Further we remark that the factor u(g) comes from explicit height compar-
isons of Rémond [Rém10] which rely inter alia on results of Bost-David-Pazuki
[Paz12]. In fact, Rémond’s explicit height comparisons hold for arbitrary curves
over K, and in our special case where X ∈ C it seems possible to improve these
height comparisons, and thus u(g), up to a certain extent.
Our proof of Proposition 5.3 uses in particular the following tools. We combine
Lemma 5.2 with [vK14, Proposition 4.1 (i)]. This slightly refines the method de-
veloped by Paršin [Par72], Oort [Oor74] and de Jong-Rémond [dJR11]. We also
use Lemma 4.3 which is based on a theorem of Zhang [Zha92], and Lemma 4.4
(ii) which relies inter alia on Moret-Bailly’s refinement [MB89] of the Noether
formula in Faltings’ article [Fal84].

Proof of Proposition 5.3. We denote by hF (J) the stable Faltings height of the
Jacobian J = Pic0(X) of X . The remark given below [vK14, Proposition 4 (i)]
provides the following explicit inequality

hF (J) ≤ u(g)µX . (13)

Then Lemma 4.4 (ii) shows e(X) ≤ 12u(g)µX − cδ(g) + 4g log(2π) for e(X) as
in (7). Hence Lemmas 4.3 and 5.2 imply Proposition 5.3.

We conclude this section by the following remarks. Let hF (J) be as above, let
∆(X) be the stable discriminant of X defined in (10) and let e(X) be as in (7).
Further, we define the quantity δ(X) = 1

d

∑
δ(Xσ) with the sum taken over all

embeddings σ : K →֒ C, where δ(Xσ) is defined in Section 4. Then it holds

logmax(e(X), δ(X), hF (J),∆(X)) ≤ νdν(DKNS)
ν . (14)

Indeed, [Jav14, Theorem 1.1.1] gives that e(X), δ(X), hF (J) and ∆(X) are
at most 109g2degB(X)5, and then Lemmas 5.1 and 5.2 prove the displayed
inequality. We mention that de Jong-Rémond [dJR11, Theorem 1.2] provides
an estimate for hF (J) which is better than (14). Further [vK14, Theorem
3.2] gives an upper bound for ∆(X) which is exponentially better than (14).
However, [vK14, Theorem 3.2] involves a constant, depending at most on g,
which is only known to be effective for hyperelliptic curves X over K. We note
that [dJR11, Theorem 1.2] and [vK14, Theorem 3.2] both depend inter alia on
the above mentioned explicit height comparisons of Rémond in [Rém10], and
such height comparisons are not used in our proof of (14).
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Finally we point out that the method of this paper using the Belyi degree gives
in addition the following generalizations: Theorem 3.1, Proposition 3.4 (i) and
inequality (14) hold more generally for any curve Y over K which admits a
finite étale morphism to some X ∈ C. Indeed on using that Y is an étale cover
of X we deduce from Hurwitz that degB(Y ) is explicitly bounded in terms of
degB(X) and the genus of Y , and then the above arguments prove the claimed
generalization. Here we applied in addition [LL99, Corollary 4.10] which gives
that Y has bad reduction at a finite place v of K if X has bad reduction at v.

6 Hyperelliptic curves

In this section we prove Theorem 3.2. We also show two lemmas which may
be of independent interest. They provide explicit results for certain (Arakelov)
invariants of hyperelliptic curves. Throughout this section we denote by X a
hyperelliptic curve of genus g ≥ 2, defined over a number field K.
As before, we denote by Xσ the compact connected Riemann surface cor-
responding to the base change of X to C with respect to an embedding
σ : K →֒ C. Let T (Xσ) be the invariant of de Jong. It is the norm of a
canonical isomorphism between certain line bundles on Xσ and we refer to
[dJ05, Definition 4.2] for a precise definition of T (Xσ).

Lemma 6.1. It holds −36g3 ≤ logT (Xσ).

To prove this lemma we use de Jong’s formula [dJ05, Theorem 4.7]. It expresses
T (Xσ) in terms of a certain hyperelliptic discriminant modular form, which we
then estimate by using the explicit inequality in [vK14, Lemma 5.4].

Proof of Lemma 6.1. We begin to state the formula for T (Xσ) in [dJ05, The-
orem 4.7]. Let Hg be the Siegel upper half plane of complex symmetric g × g
matrices with positive definite imaginary part. We denote by ∆g the hyper-
elliptic discriminant modular form on Hg, defined in [vK14, Section 5]. Since
X is hyperelliptic, there exists a finite morphism ϕ : Xσ → P1

C of degree two.
Let H1(Xσ,Z) be the first homology group of Xσ with coefficients in Z. On
following Mumford [Mum07, Chapter IIIa] we construct a canonical symplectic
basis of H1(Xσ,Z) with respect to a fixed ordering of the 2g+2 branch points
of ϕ. Then [dJ05, Theorem 4.7] provides a basis of the global sections of the
sheaf of differentials on Xσ with the following property: Integration of this
basis over the canonical symplectic basis of H1(Xσ,Z) gives a period matrix
τσ ∈ Hg that satisfies

T (Xσ) = (2π)−2g
∣∣∆g(τσ)det(im(τσ))

2a
∣∣−(3g−1)/(8bg)

,

where a =
(
2g+1
g+1

)
and b =

(
2g
g+1

)
. Furthermore, [vK14, Lemma 5.4] gives an

effective constant k1, depending only on g, such that

∣∣∆g(τσ)det(im(τσ))
2a
∣∣ ≤ k1.
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The effective constant k1 is explicitly computed in [vK14, (15)], and then the
displayed formula for T (Xσ) leads to an inequality as stated in Lemma 6.1.

Let hF (J) be the stable Faltings height of the Jacobian J = Pic0(X) of X and
let hNT be the Néron-Tate height which is defined in (5).

Lemma 6.2. If W denotes the set of Weierstrass points of X, then
∑

x∈W
hNT (x) ≤ (3g − 1)(8g + 4)hF (J) + 293g5.

To prove Lemma 6.2 we use de Jong’s formula [dJ09, Theorem 4.3]. This
formula involves inter alia hF (J) and

∑
x∈W hNT (x), and an analytic term

related to T (Xσ) which we control by Lemma 6.1.

Proof of Lemma 6.2. To state the formula in [dJ09, Theorem 4.3] we introduce
quantities A1, A2 and A3. Let L be a finite field extension of K such that XL

has semi-stable reduction over the spectrum B of the ring of integers of L and
such that all Weierstrass points of X are in X(L). We define

A1 = −4g(2g − 1)(g + 1) log(2π) +
8g2

[L : Q]

∑
logT (Xσ)

with the sum taken over all embeddings σ : L →֒ C. Let X → B, (·, ·) and ω be
as in (4). We denote by E the residual divisor on X defined in [dJ09, p.286].
Let ∆(X) be the stable discriminant of X in (10). Then we take

A2 = (2g − 1)(g + 1)∆(X) +
4

[L : Q]
(E,ω).

For any section x ∈ X (B) of X → B, we denote by Φx the (unique) vertical
Q-Cartier divisor on X with the following properties: The supports of Φx and
x(B) are disjoint, and any irreducible component Γ of any fiber of X → B
satisfies ((2g − 2)x− ω +Φx,Γ) = 0. We write

A3 =
1

[L : Q]g(g − 1)

∑

x∈W
−(Φx,Φx)nx

with nx the multiplicity of x in the Weierstrass divisor W on X , where W is
defined in [dJ09, p.286]. Then [dJ09, Theorem 4.3] gives

(3g − 1)(8g + 4)hF (J) = A1 +A2 +A3 +
2

g(g − 1)

∑

x∈W
hNT (x)nx.

We now estimate the quantities A1, A2 and A3 from below. To deal with A1

we use Lemma 6.1. It gives −293g5 ≤ A1. The divisor E on X is vertical and
effective, and our minimal X does not contain any exceptional curves. This
implies that (E,ω) ≥ 0. Then ∆(X) ≥ 0 and −(φx, φx) ≥ 0 show that A2

and A3 are both non-negative. Furthermore, [dJ09, Lemma 3.2] gives that
nx = g(g − 1)/2. Thus we see that the above displayed formula and the lower
bounds for A1, A2 and A3 imply an inequality as claimed in Lemma 6.2.
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On using the inequality given in Lemma 6.2 we now prove Theorem 3.2 and
Proposition 3.4 (ii) simultaneously.

Proof of Theorem 3.2 and Proposition 3.4 (ii). SinceX is a hyperelliptic curve
over K, there exists a finite morphism X → P1

K which is geometrically a cyclic
cover of prime degree two. Then, on combining Lemma 6.2, Lemma 5.2 and
inequality (13), we deduce Theorem 3.2 and Proposition 3.4 (ii).

Let x ∈ W . We remark that the arguments of Burnol [Bur92, Theorem B]
imply an upper bound for hNT (x) in terms of certain Arakelov invariants of
X . However, it turns out that the bound for hNT (x) in Lemma 6.2 leads to a
better inequality in Theorem 3.2.

7 Genus two curves

In this section we prove Theorem 3.3 and Proposition 3.4 (iii). Let cδ(2) be the
minimum of Faltings’ delta invariant on M2(C), see (9). The following lemma
was established in [vK14, Proposition 5.1 (v)].

Lemma 7.1. It holds −186 ≤ cδ(2).
We now combine Lemma 7.1 with the arguments used in the proof of Proposi-
tion 5.3 in order to prove Theorem 3.3 and Proposition 3.4 (iii).

Proof of Theorem 3.3 and Proposition 3.4 (iii). Let X be a genus two curve
which is defined over a number field K. It is a hyperelliptic curve over K by
[Liu02, Proposition 7.4.9]. Thus there exists a finite morphism X → P1

K which
is geometrically a cyclic cover of prime degree two. As before, we denote by
h and hNT the stable Arakelov height and the Néron-Tate height respectively,
defined in (4) and (5). Then Lemma 4.3, Lemma 4.4, inequality (13) and
Lemma 7.1 give infinitely many points x ∈ X(K̄) that satisfy

1

4
hNT (x) ≤ h(x) ≤ 6u(2)µX + 101

for µX as in (12) and u(2) as in Proposition 3.4. Therefore the upper bounds
for µX , given in Lemma 5.2 (i) and Lemma 5.2 (ii), imply Theorem 3.3 and
Proposition 3.4 (iii) respectively.
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Abstract. We study tensor structures on (RepG)-module cate-
gories defined by actions of a compact quantum group G on unital
C∗-algebras. We show that having a tensor product which defines
the module structure is equivalent to enriching the action of G to the
structure of a braided-commutative Yetter–Drinfeld algebra. This
shows that the category of braided-commutative Yetter–Drinfeld G-
C∗-algebras is equivalent to the category of generating unitary ten-
sor functors from RepG into C∗-tensor categories. To illustrate this
equivalence, we discuss coideals of quotient type in C(G), Hopf–Galois
extensions and noncommutative Poisson boundaries.
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Introduction

This paper is a contribution to the study of compact quantum group actions
from the categorical point of view. The idea of this approach can be traced to
works of Wassermann [Was88] and Landstad [Lan92] in the 1980s. From the
modern point of view, they proved that there is a one-to-one correspondence
between full multiplicity ergodic actions of a compact groupG and unitary fiber
functors RepG → Hilbf . The quantum analogue of this result in the purely
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algebraic setting was proved by Ulbrich [Ulb89] and Schauenburg [Sch96], and
the corresponding result in the C∗-algebraic setting was proved by Bichon, De
Rijdt and Vaes [BDRV06]. Thus, for a compact quantum group G, there is
a correspondence between unitary fiber functors on RepG and full quantum
multiplicity ergodic actions of G. It is natural to ask then what corresponds
to unitary tensor functors from RepG into arbitrary C∗-tensor categories. We
show that this is braided-commutative Yetter–Drinfeld algebras, which are al-
gebras equipped with actions of G and Ĝ satisfying certain compatibility con-
ditions. Therefore such algebras play the same role for general tensor functors
as Hopf–Galois objects for fiber functors, at least in the C∗-setting.
This can also be interpreted as follows. As has recently been shown in [DCY13,
Nes], actions of G can be described in terms of (RepG)-module categories.
Then our result says that such a module category structure is defined by a
tensor functor if and only if we can also define an action of Ĝ to get a braided-
commutative Yetter–Drinfeld algebra.
As an application, we strengthen a result of Tomatsu [Tom07] characterizing
coideals of quotient type in C(G), and extend this characterization to Hopf–
Galois objects. We also show that the correspondence between Yetter–Drinfeld
algebras and tensor functors provides a rigorous link between Izumi’s theory of
Poisson boundaries of discrete quantum groups [Izu02] and categorical Poisson
boundaries we introduced in [NY14a].

Acknowledgement Part of this research was carried out while the authors
were attending the workshop “Noncommutative Geometry” at Mathematisches
Forschungsinstitut Oberwolfach in September 2013. We thank the organizers
and the staff for their hospitality. M.Y. thanks P. Schauenburg and K. Shimizu
for bringing his attention to [BN11] and [DMNO13].

1 Preliminaries

In this section we briefly summarize the theory of compact quantum groups
and their actions on operator algebras in the C∗-algebraic formulation, as well
as discuss an algebraic approach to Yetter–Drinfeld C∗-algebras.

We mainly follow the conventions of [NT13]. When A and B are C∗-algebras,
A⊗B denotes their minimal tensor product. Unless said otherwise, we assume
that C∗-categories are closed under subobjects. On the other hand, for C∗-
tensor categories we do not assume that the unit object is simple. For objects U
and V in a category C we denote by C(U, V ) the set of morphisms U → V .

1.1 Compact quantum groups

A compact quantum group G is represented by a unital C∗-algebra C(G)
equipped with a unital ∗-homomorphism ∆: C(G) → C(G) ⊗ C(G) satisfying
the coassociativity (∆⊗ ι)∆ = (ι⊗∆)∆ and cancellation properties, meaning
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that (C(G) ⊗ 1)∆(C(G)) and (1⊗ C(G))∆(C(G)) are dense in C(G) ⊗ C(G).
There is a unique state h satisfying (h⊗ ι)∆ = h (and/or (ι⊗ h)∆ = h) called
the Haar state. If h is faithful, G is called a reduced quantum group, and we
are mainly interested in such cases.
A finite dimensional unitary representation of G is a unitary element U ∈
B(HU ) ⊗ C(G), where HU is a finite dimensional Hilbert space, such that
(ι ⊗ ∆)(U) = U12U13. The dense ∗-subalgebra of C(G) spanned by matrix
coefficients of finite dimensional representations is denoted by C[G]. The inter-
twiners between two representations U and V are the linear maps T from HU

to HV satisfying V (T ⊗ 1) = (T ⊗ 1)U . The tensor product of two represen-
tations U and V is defined by U13V23 and denoted by U #⊤ V . The category
RepG of finite dimensional unitary representations with intertwiners as mor-
phisms and with tensor product #⊤ becomes a semisimple C∗-tensor category.
Using the monoidal structure on RepG, for any W ∈ RepG, we can define
an endofunctor ι ⊗ W on RepG which maps an object U to U #⊤ W and a
morphism T to T ⊗ ι. A natural transformation between such functors ι⊗W
and ι ⊗ V is given by a collection of morphisms ηU : U #⊤ W → U #⊤ V for
U ∈ RepG that are natural in U .
Denote the Woronowicz character f1 ∈ U(G) = C[G]∗ by ρ. The space U(G)
has the structure of a ∗-algebra, defined by duality from the Hopf ∗-algebra
(C[G],∆). Every finite dimensional unitary representation U of G defines a ∗-
representation πU of U(G) onHU by πU (ω) = (ι⊗ω)(U). We will often omit πU
in expressions. Using the element ρ the conjugate unitary representation to U
is defined by

Ū = (j(ρ)1/2 ⊗ 1)(j ⊗ ι)(U∗)(j(ρ)−1/2 ⊗ 1) ∈ B(H̄U )⊗ C[G],

where j denotes the canonical ∗-anti-isomorphism B(HU ) ∼= B(H̄U ) defined
by j(T )ξ̄ = T ∗ξ. We have morphisms RU : 1 → Ū #⊤ U and R̄U : 1 → U #⊤ Ū
defined by

RU (1) =
∑

i

ξ̄i ⊗ ρ−1/2ξi and R̄U (1) =
∑

i

ρ1/2ξi ⊗ ξ̄i,

where {ξi}i is an orthonormal basis in HU . They solve the conjugate equations
for U and Ū , meaning that

(R∗
U ⊗ ι)(ι ⊗ R̄U ) = ιŪ and (R̄∗

U ⊗ ι)(ι⊗RU ) = ιU .

Therefore RepG is a rigid C∗-tensor category. Woronowicz’s Tannaka–Krein
duality theorem recovers the ∗-Hopf algebra C[G] from the rigid semisimple
C∗-tensor category RepG and the forgetful fiber functor U 7→ HU .

1.2 G-algebras and (RepG)-module categories

Given a compact quantum group G, a unital G-C∗-algebra is a unital C∗-
algebra B equipped with a continuous left action α : B → C(G)⊗B of G. This
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means that α is an injective unital ∗-homomorphism such that (∆ ⊗ ι)α =
(ι ⊗ α)α and such that the space (C(G) ⊗ 1)α(B) is dense in C(G) ⊗ B. The
linear span of spectral subspaces,

B = {x ∈ B | α(x) ∈ C[G]⊗alg B},

which is a dense ∗-subalgebra of B, is called the regular subalgebra of B, and
the elements of B are called regular. More concretely, the algebra B is spanned
by the elements of the form (h⊗ ι)((x⊗ 1)α(a)) for x ∈ C[G] and a ∈ B. This
algebra is of central importance for the categorical reconstruction of B.
When D is a C∗-category, the category End(D) of endofunctors of D, with
bounded natural transformations as morphisms, forms a C∗-tensor category.
A C∗-category D endowed with a unitary tensor functor from RepG to the
opposite of End(D) is called a right (RepG)-module category. For U ∈ RepG,
we denote the induced functor on D by X 7→ X × U . An object X in a
(RepG)-module category D is said to be generating if any other object Y ∈ D
is isomorphic to a subobject of X × U for some U ∈ RepG.
Let us summarize the categorical duality theory of continuous actions of re-
duced compact quantum groups on unital C∗-algebras developed in [DCY13]
and [Nes].

Theorem 1.1 ([DCY13, Theorem 6.4; Nes, Theorem 3.3]). Let G be a reduced
compact quantum group. Then the following two categories are equivalent:

(i) The category of unital G-C∗-algebras B with unital G-equivariant ∗-homo-
morphisms as morphisms.

(ii) The category of pairs (D,M), where D is a right (RepG)-module C∗-
category and M is a generating object in D, with equivalence classes of
unitary (RepG)-module functors respecting the prescribed generating ob-
jects as morphisms.

We omit the precise definition of the equivalence relation on functors between
pairs (D,M), since it will not be important to us, see [DCY13, Theorem 7.1]
for details. Note also that, as follows from the proof, under the above corre-
spondence the fixed point algebra BG is isomorphic to EndD(M).

In the following subsections we overview the proof of the theorem.

1.3 From algebras to module categories

Given a G-C∗-algebra (B,α), we consider the category DB of G-equivariant
finitely generated right Hilbert B-modules. In other words, objects of DB
are finitely generated right Hilbert B-modules X equipped with a linear map
δ = δX : X → C(G) ⊗X which satisfies the comultiplicativity property

(∆⊗ ι)δ = (ι⊗ δ)δ,
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such that (C(G)⊗ 1)δ(X) is dense in C(G)⊗X , and such that δ is compatible
with the Hilbert B-module structure in the sense that

δ(ξa) = δ(ξ)α(a), 〈δ(ξ), δ(ζ)〉 = α(〈ξ, ζ〉),

for ξ, ζ ∈ X and a ∈ B. Here, C(G) ⊗ X is considered as a right Hilbert
(C(G) ⊗B)-module.
For X ∈ DB and U ∈ RepG, we obtain a new object X × U in DB given by
the linear space HU ⊗X , which is a right Hilbert B-module such that

(ξ ⊗ x)a = ξ ⊗ xa and 〈ξ ⊗ x, η ⊗ y〉B = (η, ξ)〈x, y〉B

for ξ, η ∈ HU , x, y ∈ X , a ∈ B, together with the compatible C(G)-coaction
map

δ = δHU⊗X : HU⊗X → C(G)⊗HU ⊗X, δ(ξ⊗x) = U∗
21(ξ⊗δX(x))213. (1.1)

This construction is natural both in X and U , and satisfies (X × U) × V ∼=
X× (U #⊤ V ), with the obvious isomorphism mapping ζ⊗ ξ⊗x ∈ HV ⊗HU ⊗X
into ξ ⊗ ζ ⊗ x. We keep the notation HU ⊗X when we want to emphasize the
realization of the object X × U as a Hilbert module. This way DB becomes a
right (RepG)-module category.
It is known that by the stabilization argument, any object inDB is a direct sum-
mand of B×U for some U ∈ RepG. Thus we may, and often will, consider DB
as an idempotent completion of RepG via the correspondence U 7→ B×U . To
be precise, we start from a C∗-category with the same objects as in RepG, but
with the new enlarged morphism sets

CB(U, V ) = HomG,B(HU ⊗B,HV ⊗ B),

and form new objects from projections in the C∗-algebras CB(U,U), thus ob-
taining a C∗-category CB. Note that, more explicitly, the set CB(U, V ) consists
of elements T ∈ B(HU , HV )⊗B such that

V ∗
12(ι⊗ α)(T )U12 = T13.

Note also that we automatically have CB(U, V ) ⊂ B(HU , HV )⊗ B.
For everyW ∈ RepG, the functor ι⊗W on RepG extends to CB in the obvious
way: given a morphism T ∈ CB(U, V ) ⊂ B(HU , HV ) ⊗ B the corresponding
morphism T ⊗ ι ∈ CB(U #⊤ W,V #⊤ W ) is T13 ∈ B(HU , HV )⊗B(HW )⊗B. The
right (RepG)-module C∗-categories CB and DB are equivalent via the functor
mapping U into B × U .
Although the category CB might appear somewhat ad hoc compared to DB,
it is more convenient for computations and some of the constructions become
simpler for CB. For example, suppose that f : B0 → B1 is a morphism of G-
C∗-algebras. Then, ι ⊗ f defines linear transformations f#,U,V : CB0(U, V ) →
CB1(U, V ), which together define a functor f# : CB0 → CB1 . The pair
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(f#, ι)U,V gives a (RepG)-module homomorphism in the sense of [DCY13, Def-
inition 3.17]. Under the above equivalence DB ≃ CB, this obvious construc-
tion corresponds to the scalar extension functor DB0 → DB1 , mapping X into
X ⊗B0 B1, discussed in [DCY13]. Note also that for the composition of G-
equivariant maps we have the desired equality of functors f#g# = (fg)# be-
tween the categories CB, rather than a natural isomorphism of functors, which
we would have for the categories DB.

1.4 From module categories to algebras

We recall the construction of an action from a pair (D,M) following [Nes].
Without loss of generality we may assume that the (RepG)-module category D
is strict. Furthermore, in order to simplify the notation, by replacing D by an
equivalent category we may assume that it is the idempotent completion of the
category RepG with larger morphism sets D(U, V ) than in RepG, such thatM
is the unit object 1 in RepG and the functor ι×U on D is an extension of the
functor ι ⊗ U on RepG. Namely, we simply define the new set of morphisms
between U and V as D(M × U,M × V ).
Choose representatives Us of isomorphism classes of irreducible representations
of G, and assume that Ue = 1 for some index e. We write Hs instead of HUs .
Consider the linear space

B =
⊕

s

(H̄s ⊗D(1, Us)). (1.2)

We may assume that RepG is small and consider also the much larger linear
space

B̃ =
⊕

U

(H̄U ⊗D(1, U)), (1.3)

where the summation is over all objects in RepG. Define a linear map
π : B̃ → B as follows. Given a finite dimensional unitary representation U ,
choose isometries wi : Hsi → HU defining a decomposition of U into irre-
ducibles. Then, for ξ̄ ⊗ T ∈ H̄U ⊗D(1, U), put

π(ξ̄ ⊗ T ) =
∑

i

w∗
i ξ ⊗ w∗

i T.

This map is independent of any choices. The space B̃ is an associative algebra
with product

(ξ̄ ⊗ T ) · (ζ̄ ⊗ S) = (ξ ⊗ ζ)⊗ (T ⊗ ι)S.
This product defines a product on B such that π(x)π(y) = π(x · y) for all
x, y ∈ B̃.
In order to define the ∗-structure on B, first define an antilinear map • on B̃
by

(ξ̄ ⊗ T )• = ρ−1/2ξ ⊗ (T ∗ ⊗ ι)R̄U for ξ̄ ⊗ T ∈ H̄U ⊗D(1, U). (1.4)
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This map does not define an involution on B̃, but on B we get an involution
such that π(x)∗ = π(x•) for all x ∈ B̃.
The ∗-algebra B has a natural left C[G]-comodule structure defined by the map
α : B → C[G] ⊗ B such that if U is a finite dimensional unitary representation
of G, {ξi}i is an orthonormal basis in HU and uij are the matrix coefficients
of U in this basis, then

α(π(ξ̄i ⊗ T )) =
∑

j

uij ⊗ π(ξ̄j ⊗ T ). (1.5)

It is shown then that the action α is algebraic in the sense of [DCY13, Defini-
tion 4.2], meaning that the fixed point algebra A = BG ∼= EndD(1) is a unital
C∗-algebra and the conditional expectation (h ⊗ ι)α : B → A is positive and
faithful. It follows that there is a unique completion of B to a C∗-algebra B
such that α extends to an action of the reduced form of G on B. This finishes
the construction of an action from a module category.

Example 1.2. Consider the action of G on itself by left translations, so we
consider the coproduct map of C(G) as an action of G on C(G). It corresponds
to the module category D = Hilbf of finite dimensional Hilbert spaces, with
the distinguished object C, considered as a (RepG)-module category using the
forgetful tensor functor U 7→ HU . Explicitly, identifying D(1, HU ) with HU ,
we get an isomorphism of the algebra B̃ constructed from the pair (Hilbf ,C)
onto C̃[G] =

⊕
U H̄U ⊗ HU , and then an isomorphism B ∼= C[G] such that

π : B̃ → B turns into the map πG : C̃[G] → C[G] that sends ξ̄ ⊗ ζ ∈ H̄U ⊗HU

into the matrix coefficient ((· ζ, ξ) ⊗ ι)(U) of U . ♦
Returning to the general case, consider the action α : B → C(G) ⊗ B defined
by a pair (D,M) as described above. The equivalence between the (RepG)-
module categories D and DB can be very concretely described as follows. First
of all, as we have discussed, by replacing D by an equivalent category we may
assume that it is the idempotent completion of RepG with new morphisms
sets. Similarly, instead of DB we consider the category CB. Then in order to
define an equivalence we just have to describe the isomorphisms D(U, V ) ∼=
CB(U, V ). The equivalence between D and CB constructed in the proof of
[Nes, Theorem 2.3] (see also Section 3 there) has the property that a morphism
T ∈ D(1, V ) is mapped into

∑

j

ζj ⊗ π(ζ̄j ⊗ T ) ∈ CB(1, V ) ⊂ B(C, HV )⊗B,

where {ζj}j is an orthonormal basis in HV and we identify B(C, HV )⊗B with
HV ⊗B. Now assume that we have a morphism T ∈ D(U, V ). We can write it
as (ι⊗R∗

U )(S⊗ ι), with S = (T ⊗ ι)R̄U ∈ D(1, V ⊗ Ū). Choose an orthonormal
basis {ξi}i in HU . Then the morphism S ⊗ ιU defines the element
∑

i,j

ζj⊗ξ̄i⊗1⊗π
(
(ζj ⊗ ξ̄i)⊗S

)
∈ CB(U, V ⊗Ū⊗U) ⊂ B(HU , HV ⊗H̄U⊗HU )⊗B,
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where we identify B(HU , HV ⊗ H̄U ⊗HU ) with HV ⊗ H̄U ⊗B(HU ). It follows
that T = (ι⊗R∗

U )(S ⊗ ι) is mapped into

∑

ij

R∗
U (ξi ⊗ · )ζj ⊗ π

(
(ζj ⊗ ξ̄i)⊗ S

)
∈ CB(U, V ) ⊂ B(HU , HV )⊗B.

Since R∗
U (ξi ⊗ ξ) = (ρ−1/2ξ, ξi), we conclude that the isomorphism D(U, V ) ∼=

CB(U, V ) is such that

D(U, V )→ CB(U, V ), T 7→
∑

i,j

θζj ,ξiπU (ρ
−1/2)⊗ π

(
(ζj ⊗ ξ̄i)⊗ (T ⊗ ι)R̄U

)
,

where θζj ,ξi ∈ B(HU , HV ) is the operator defined by θζj ,ξiξ = (ξ, ξi)ζj . This
can also be written as

T 7→
∑

i,j

θζj ,ξi ⊗ π
(
(ζj ⊗ ρ−1/2ξi)⊗ (T ⊗ ι)R̄U

)
. (1.6)

1.5 Yetter–Drinfeld algebras

Assume we have a continuous left action of α : B → C(G) ⊗ B of a compact
quantum group G on a unital C∗-algebra B, as well as a continuous right action
β : B → M(B ⊗ c0(Ĝ)) of the dual discrete quantum group Ĝ. The action β
defines a left C[G]-module algebra structure � : C[G]⊗B → B on B by

x� a = (ι⊗ x)β(x) for x ∈ C[G] and a ∈ B.

Here we view c0(Ĝ) as a subalgebra of U(G) = C[G]∗. This structure is com-
patible with involution, in the sense that

x� a∗ = (S(x)∗ � a)∗. (1.7)

We say that B is a Yetter–Drinfeld G-C∗-algebra if the following identity holds
for all x ∈ C[G] and a ∈ B:

α(x � a) = x(1)a(1)S(x(3))⊗ (x(2) � a(2)), (1.8)

where we use Sweedler’s sumless notation, so we write ∆(x) = x(1) ⊗ x(2) and
α(a) = a(1) ⊗ a(2). Note that the above identity implies that B ⊂ B is a
submodule over C[G].
Yetter–Drinfeld G-C∗-algebras can be regarded as D(G)-C∗-algebras for the
Drinfeld double D(G) of G, and they are studied in the more general setting of
locally compact quantum groups by Nest and Voigt [NV10]. It is not difficult
to see that our definition is equivalent to theirs,‡ but the case of compact

‡It should also be taken into account that the definition of coproduct on C0(Ĝ) used in
the theory of locally compact quantum groups is opposite to the one usually used for compact
quantum groups.
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quantum groups allows for the above familiar algebraic formulation, which is
more convenient for our purposes. In the case of reduced compact quantum
groups we can make it purely algebraic by getting rid of the right action β
altogether.

Proposition 1.3. Assume that G is a reduced compact quantum group and
α : B → C(G) ⊗ B is a continuous action of G on a unital C∗-algebra B.
Let B ⊂ B be the subalgebra of regular elements. Suppose that B is also a
left C[G]-module algebra such that conditions (1.7) and (1.8) are satisfied for
all x ∈ C[G] and a ∈ B. Then there exists a unique continuous right action
β : B → M(B ⊗ c0(Ĝ)) such that x � a = (ι ⊗ x)β(a) for all x ∈ C[G] and
a ∈ B.
Proof. Let us show first that for any finite dimensional unitary representation
U =

∑
i,jmij ⊗ uij of G, where mij are matrix units in B(HU ), there exists a

unital ∗-homomorphism βU : B → B ⊗B(HU ) such that

βU (a) =
∑

i,j

(uij � a)⊗mij for all a ∈ B.

From the assumption that B is a C[G]-module algebra we immediately get that
βU : B → B ⊗ B(HU ) is a unital homomorphism. Condition (1.7) implies that
this homomorphism is ∗-preserving. Thus, all we have to do is to show that βU
extends to a ∗-homomorphism B → B ⊗ B(HU ). For this observe that the
Yetter–Drinfeld condition (1.8) implies that

(α⊗ ι)βU (a) = U31(ι⊗ βU )α(a)U∗
31.

It follows that if we let BU to be the norm closure of βU (B) in B ⊗ B(HU ),
then the restriction of the map

B ⊗B(HU )→ C(G) ⊗B ⊗B(HU ), y 7→ U∗
31(α⊗ ι)(y)U31,

to BU gives us a well-defined unital ∗-homomorphism γ : BU → C(G) ⊗ BU .
Furthermore, since γ(βU (a)) = (ι ⊗ βU )α(a) for a ∈ B, the map γ defines a
continuous action of G on BU . It follows that if we define a new C∗-norm ‖ · ‖′
on B by

‖a‖′ = max{‖a‖, ‖βU(a)‖},
then the action α of G on B extends to a continuous action on the completion
of B in this norm. But according to [DCY13, Proposition 4.4] a C∗-norm with
such property is unique. Hence ‖a‖′ = ‖a‖ for all a ∈ B, and therefore the
map βU extends by continuity to B.

Since c0(Ĝ) ∼= c0-
⊕

sB(Hs), the homomorphisms βUs define a unital ∗-
homomorphism β : B → M(B ⊗ c0(Ĝ)) = ℓ∞-

⊕
s(B ⊗ B(Hs)) such that

(ι ⊗ x)β(a) = x � a for all x ∈ C[G] and a ∈ B. It is then straightforward
to check that β is a continuous action. The uniqueness is also clear.
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2 Yetter–Drinfeld algebras and tensor functors

In this section we prove our main result, a categorical description of a class of
Yetter–Drinfeld C∗-algebras.

2.1 Two categories

A Yetter–Drinfeld G-C∗-algebra B is said to be braided-commutative if for all
a, b ∈ B we have

ab = b(2)(S
−1(b(1)) � a). (2.1)

When b is in the fixed point algebra A = BG, the right hand side reduces to ba,
and we see that A is contained in the center of B.
The following theorem is our principal result. A closely related result in
the purely algebraic framework has been obtained by Bruguières and Na-
tale [BN11].

Theorem 2.1. Let G be a reduced compact quantum group. Then the following
two categories are equivalent:

(i) The category YDbrc(G) of unital braided-commutative Yetter–Drinfeld G-
C∗-algebras with unital G- and Ĝ-equivariant ∗-homomorphisms as mor-
phisms.

(ii) The category Tens(RepG) of pairs (C, E), where C is a C∗-tensor category
and E : RepG→ C is a unitary tensor functor such that C is generated by
the image of E. The set of morphisms (C, E)→ (C′, E ′) in this category is
the set of equivalence classes of pairs (F , η), where F is a unitary tensor
functor F : C → C′ and η is a natural unitary monoidal isomorphism
η : FE → E ′.

Moreover, given a morphism [(F , η)] : (C, E) → (C′, E ′), the corresponding
homomorphism of Yetter–Drinfeld C∗-algebras is injective if and only if F is
faithful, and it is surjective if and only if F is full.

The condition that C is generated by the image of E means that any object
in C is isomorphic to a subobject of E(U) for some U ∈ RepG. We remind the
reader that we assume that C∗-categories are closed under subobjects. We also
stress that we do not assume that the unit in C is simple. In fact, as will be
clear from the proof, the C∗-algebra EndC(1) is exactly the fixed point algebra
BG in the C∗-algebra B corresponding to (C, E).
We have to explain how we define the equivalence relation on pairs (F , η).
Assume (F , η) is a pair consisting of a unitary tensor functor F : C → C′ and
a natural unitary monoidal isomorphism η : FE → E ′. Then, for all objects U
and V in RepG, we get linear maps

C(E(U), E(V ))→ C′(E ′(U), E ′(V )), T 7→ ηV F(T )η−1
U .
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We say that two pairs (F , η) and (F̃ , η̃) are equivalent, if the corresponding
maps C(E(U), E(V ))→ C′(E ′(U), E ′(V )) are equal for all U and V .

A somewhat more concrete way of thinking of the category Tens(RepG) of pairs
(C, E) is as follows. Assume (C, E) is such a pair. First of all observe that the
functor E is automatically faithful by semisimplicity and existence of conjugates
in RepG. Then replacing the pair (C, E) by an isomorphic one, we may assume
that C is a strict C∗-tensor category containing RepG and E is simply the
embedding functor. Namely, similarly to our discussion in Section 1.4, define
new sets of morphisms between objects U and V in RepG as C(E(U), E(V ))
and then complete the new category we thus obtain with respect to subobjects.

Assume now that we have two strict C∗-tensor categories C and C′ containing
RepG, and consider the embedding functors E : RepG→ C and E ′ : RepG→
C′. Assume [(F , η)] : (C, E) → (C′, E ′) is a morphism. This means that the
unitary isomorphisms ηU : F(U)→ U in C′ are such that F(T ) = η−1

V TηU for
any morphism T : U → V in RepG, and the morphisms

F2;U,V : F(U)⊗F(V )→ F(U ⊗ V )

defining the tensor structure of F are given by F2;U,V = η−1
U#⊤V (ηU ⊗ ηV ). We

can then define a new unitary tensor functor F̃ from the full subcategory of C
formed by the objects in RepG ⊂ C into C′ by letting F̃(U) = U , F̃(T ) =
ηV F(T )η−1

U for T ∈ C(U, V ), and F̃2;U,V = ι. This functor can be extended
to C, by sending any subobject X ⊂ U with corresponding projection pX ∈
EndC(U) to an object corresponding to the projection F̃(pX) ∈ EndC′(U).
Such an extension is unique up to a natural unitary monoidal isomorphism.
Then by definition [(F , η)] = [(F̃ , ι)].
Therefore morphisms (C, E)→ (C′, E ′) are equivalence classes of unitary tensor
functors F : C → C′ such that F is the identity functor on RepG ⊂ C and
F2;U,V = ι for all objects U and V in RepG. Two such functors F and G are
equivalent, or in other words they define the same morphism, if F(T ) = G(T )
for all morphisms T ∈ C(U, V ) and all objects U and V in RepG.

The rest of this section is devoted to the proof of Theorem 2.1.

2.2 From Yetter–Drinfeld algebras to tensor categories

In this subsection the assumption that G is reduced will not be important.

Assume that B is a braided-commutative Yetter–Drinfeld G-C∗-algebra. Con-
sider the category DB of G-equivariant finitely generated right Hilbert B-
modules discussed in Section 1.3. Then DB can be turned into a C∗-tensor
category. This construction is known for the D(G)-equivariant B-modules in
the purely algebraic approach [CW94,CVOZ94], and our key observation is that
the same formula works for the G-equivariant modules, see also [DMNO13, Sec-
tion 3.7]. Let us say that, for X ∈ DB, a vector ξ ∈ X is regular if δX(ξ) lies
in the algebraic tensor product C[G]⊗alg X .
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Lemma 2.2. Assume that X is a G-equivariant finitely generated right Hilbert
B-module, and X be its subspace of regular vectors. Then there exists a
unique unital ∗-homomorphism πX : B → EndB(X) such that πX(a)ξ =
ξ(2)(S

−1(ξ(1)) � a) for all a ∈ B and ξ ∈ X . Furthermore, we have
δX(πX(a)ξ) = (ι⊗ πX)α(a)δX(ξ) for all a ∈ B and ξ ∈ X.

Proof. It suffices to consider the case X = HU ⊗ B for an irreducible unitary
representation U = Us of G, since any other module embeds into a finite
direct sum of such modules as a direct summand. Then, using the action
β : B →M(B⊗c0(Ĝ)) and the projectionB⊗c0(Ĝ)→ B⊗B(Hs) ∼= B(Hs)⊗B,
we get a unital ∗-homomorphism πX : B → EndB(HU ⊗B) = B(HU )⊗B such
that

πX(a) =
∑

i,j

mij ⊗ (uij � a),

where U =
∑

i,jmij ⊗ uij and mij are the matrix units in B(HU ) defined by
an orthonormal basis {ξi}i in HU . In order to see that this gives the correct
definition of πX , take b ∈ B. Recalling definition (1.1) of δHU⊗B, we get

(ξi ⊗ b)(1) ⊗ (ξi ⊗ b)(2) =
∑

j

u∗ijb(1) ⊗ (ξj ⊗ b(2)).

Hence

(ξi ⊗ b)(2)(S−1((ξi ⊗ b)(1)) � a) =
∑

j

ξj ⊗ b(2)(S−1(u∗ijb(1)) � a)

=
∑

j

ξj ⊗ (S−1(u∗ij) � a)b,

where the last equality follows by braided commutativity. Since S−1(u∗ij) = uji,
we see that πX(a) acts as stated in the formulation of the lemma.

In order to show that δX(πX(a)ξ) = (ι⊗πX )α(a)δX(ξ) we take an arbitraryX .
It suffices to consider a ∈ B. Then for ξ ∈ X we have

δX(πX(a)ξ) = δX(ξ(2)(S
−1(ξ(1)) � a))

= ξ(2)(S
−1(ξ(1)) � a)(1) ⊗ ξ(3)(S−1(ξ(1)) � a)(2).

Applying the Yetter–Drinfeld condition (1.8) we see that the last expression
equals

ξ(4)S
−1(ξ(3))a(1)ξ(1) ⊗ ξ(5)(S−1(ξ(2)) � a(2))

= a(1)ξ(1) ⊗ ξ(3)(S−1(ξ(2)) � a(2)),

and this is exactly (ι⊗ πX)α(a)δX(ξ).

If X is as in the lemma, we conclude that X has the structure of an G-
equivariant B-B-correspondence. If f is a G-equivariant endomorphism of the
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right Hilbert B-module X , it is automatically a B-bimodule map because of the
way the left action of B is defined. Therefore the categoryDB can be considered
as a full subcategory of the C∗-category of G-equivariant B-B-correspondences.
The latter category has a natural C∗-tensor structure. In order to show that
DB forms a C∗-tensor subcategory it suffices to show that, given objects X and
Y in DB , we have:

(i) X ⊗B Y is a finitely generated right B-module;

(ii) the left B-module structure on X ⊗B Y induced by that on X coincides
with the left B-module structure given by Lemma 2.2 using the action of
G and the right B-module structure on X ⊗B Y .

The second property is a routine computation similar to the one in the proof of
the second part of Lemma 2.2, so we omit it. In order to check (i) it suffices to
consider modules of the form HU ⊗B. For such modules we have the following
more precise result.

Lemma 2.3. For any finite dimensional unitary representations U and V of G,
the map

TU,V : (HV ⊗B)⊗B (HU ⊗B)→ HU#⊤V ⊗B,
(ζ ⊗ b)⊗ (ξ ⊗ a) 7→ ξ(2) ⊗ ζ ⊗ (S−1(ξ(1)) � b)a,

is a G-equivariant unitary isomorphism of right Hilbert B-modules. Fur-
thermore, the isomorphisms TU,V have the property TU#⊤V,W (ι ⊗ TU,V ) =
TU,V#⊤W (TV,W ⊗ ι).
Recall that the C[G]-comodule structure on HU is given by ξ 7→ ξ(1) ⊗ ξ(2) =
U∗
21(1⊗ ξ).

Proof of Lemma 2.3. Since ξ(2)⊗ (S−1(ξ(1))� b) = b(ξ⊗ 1), it is clear that the
map TU,V defines a right B-module isomorphism

(HV ⊗ B)⊗B (HU ⊗ B) ∼= HU#⊤V ⊗ B.

It is also obvious that TU,V is isometric on the subspace spanned by vectors of
the form (ζ ⊗ 1)⊗ (ξ ⊗ 1). Since such vectors generate (HV ⊗B)⊗B (HU ⊗B)
as a right B-module, and this module is dense in (HV ⊗ B) ⊗B (HU ⊗ B),
it follows that TU,V extends by continuity to a unitary isomorphism of right
Hilbert B-modules.

Next let us check the G-equivariance. The C[G]-comodule structure on

(HV ⊗ B)⊗B (HU ⊗ B)

is given by

δ((ζ ⊗ b)⊗ (ξ ⊗ a)) = (ζ ⊗ b)(1)(ξ ⊗ a)(1) ⊗ (ζ ⊗ b)(2) ⊗ (ξ ⊗ a)(2)
= ζ(1)b(1)ξ(1)a(1) ⊗ (ζ(2) ⊗ b(2))⊗ (ξ(2) ⊗ a(2)).
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Applying ι⊗ TU,V we get

ζ(1)b(1)ξ(1)a(1) ⊗ ξ(3) ⊗ ζ(2) ⊗ (S−1(ξ(2)) � b(2))a(2).

On the other hand, using the same symbol δ for the comodule structure on
HU#⊤V ⊗ B, since (U #⊤ V )∗ = V ∗

23U
∗
13 we get

(ι⊗ δ)TU,V ((ζ ⊗ b)⊗ (ξ ⊗ a))
= δ(ξ(2) ⊗ ζ ⊗ (S−1(ξ(1)) � b)a)

= ζ(1)ξ(2)(S
−1(ξ(1)) � b)(1)a(1) ⊗ ξ(3) ⊗ ζ(2) ⊗ (S−1(ξ(1)) � b)(2)a(2).

Applying (1.8) we see that the last expression equals

ζ(1)ξ(2)S
−1(ξ(1))(1)b(1)S(S

−1(ξ(1))(3))a(1) ⊗ ξ(3) ⊗ ζ(2) ⊗ (S−1(ξ(2)) � b(2))a(2)

= ζ(1)ξ(4)S
−1(ξ(3))b(1)ξ(1)a(1) ⊗ ξ(5) ⊗ ζ(2) ⊗ (S−1(ξ(2)) � b(2))a(2)

= ζ(1)b(1)ξ(1)a(1) ⊗ ξ(3) ⊗ ζ(2) ⊗ (S−1(ξ(2)) � b(2))a(2).

Therefore the map TU,V is indeed G-equivariant.

Finally, in order to prove the equality TU#⊤V,W (ι⊗ TU,V ) = TU,V#⊤W (TV,W ⊗ ι)
it suffices to check it on tensor products of vectors of the form ξ⊗ 1, since such
tensor products generate a dense subspace of triple tensor products as right
B-modules. But for such vectors the statement is obvious.

Therefore the category DB can be considered as a full C∗-tensor subcategory
of the category of G-equivariant B-B-correspondences. In view of the previous
lemma, it is convenient to replace the tensor product by the opposite one,
so we put X × Y = Y ⊗B X . Furthermore, the functor EB : RepG → CB
mapping U into the module HU ⊗ B, together with the unitary isomorphisms
TU,V : EB(U) ⊗ EB(V ) → EB(U #⊤ V ) from Lemma 2.3, is a unitary tensor
functor. We have thus proved the following result.

Theorem 2.4. Let G be a compact quantum group and B be a unital braided-
commutative Yetter–Drinfeld G-C∗-algebra. Then the G-equivariant finitely
generated right Hilbert B-modules form a C∗-tensor category DB with tensor
product X × Y = Y ⊗B X. Furthermore, there is a unitary tensor functor
EB : RepG→ DB mapping U to the module HU ⊗B.

Up to an isomorphism, the pair (DB, EB) can be more concretely described as
follows. As we discussed in Section 1.3, the category DB is equivalent to the
category CB, which is the idempotent completion of the category with the same
objects as in RepG, but with the new morphism sets

CB(U, V ) ⊂ B(HU , HV )⊗ B
consisting of elements T such that V ∗

12(ι⊗α)(T )U12 = T13.We define the tensor
product of objects in CB as in RepG, and in order to completely describe the
tensor structure it remains to write down a formula for the linear maps

CB(U, V )⊗ CB(W,Z)→ CB(U #⊤ W,V #⊤ Z).
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This can be done using Lemma 2.3. First, note that by the proof of Lemma 2.2,
if U =

∑
i,jmij ⊗ uij then for any ξ ∈ HU and b ∈ B we have

ξ(2) ⊗ (S−1(ξ(1)) � b) =
∑

ij

(mij ⊗ (uij � b))(ξ ⊗ 1).

Therefore the map TU,V from Lemma 2.2 can be written as

(ζ ⊗ b)⊗ (ξ ⊗ a) 7→
∑

i,j

mijξ ⊗ ζ ⊗ (uij � b)a.

It follows that given T =
∑
l Tl ⊗ bl ∈ CB(W,Z), the morphism ι ⊗ T ∈

CB(U #⊤ W,U #⊤ Z) considered as a map HU#⊤W ⊗B → HU#⊤Z ⊗B acts by

ξ ⊗ ζ ⊗ 1 7→ TU,Z

(∑

l

(Tlζ ⊗ bl)⊗ (ξ ⊗ 1)

)
=
∑

i,j,l

mijξ ⊗ Tlζ ⊗ (uij � bl).

On the other hand, if S =
∑
k Sk ⊗ ak ∈ CB(U, V ), then the morphism S ⊗ ι ∈

CB(U #⊤ Z, V #⊤ Z) considered as a map HU#⊤W ⊗B → HU#⊤Z ⊗B acts by

ξ ⊗ ζ ⊗ 1 7→ TV,Z

(∑

k

(ζ ⊗ 1)⊗ (Skξ ⊗ ak)
)

=
∑

k

Skξ ⊗ ζ ⊗ ak.

To summarize, the tensor structure on CB is described by the following rules:

ιU ⊗ T =
∑

i,j,l

mij ⊗ Tl ⊗ (uij � bl), if T =
∑

l

Tl ⊗ bl ∈ CB(W,Z); (2.2)

S ⊗ ιZ = S13, if S ∈ CB(U, V ). (2.3)

In this picture the functor EB : RepG→ DB becomes the strict tensor functor
FB : RepG→ CB which is the identity map on objects, while on morphisms it
is T 7→ T ⊗ 1.

2.3 From tensor categories to Yetter–Drinfeld algebras

Let us turn to the construction of a Yetter–Drinfeld algebra from a pair (C, E) ∈
Tens(Rep(G)). The category C can be considered as a right (RepG)-module
category with the distinguished object 1. Therefore by Theorem 1.1 we can
construct a C∗-algebra B = BC together with a left continuous action α : B →
C(G) ⊗B. Our goal is to prove the following.

Theorem 2.5. The G-C∗-algebra B corresponding to the (RepG)-module cat-
egory C with the distinguished object 1 has a natural structure of a braided-
commutative Yetter–Drinfeld C∗-algebra.
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The construction of the Yetter–Drinfeld structure can be described for any pair
(C, E), but in order to simplify the notation we assume that C is strict, RepG
is a C∗-tensor subcategory of C and E is simply the embedding functor. This
is enough by the discussion following the formulation of Theorem 2.1.
Recall from Section 1 that the subalgebra B ⊂ B of regular elements is given
by (1.2). By Proposition 1.3, to prove the theorem we have to define a C[G]-
module algebra structure on B satisfying properties (1.7), (1.8), and (2.1).
In Section 1 we also defined a ‘universal’ algebra B̃ =

⊕
U (H̄U ⊗ C(1, U)),

together with a homomorphism π : B̃ → B. Recall from Example 1.2 that we

denote by C̃[G] =
⊕

U (H̄U ⊗HU ) the algebra B̃ corresponding to the forget-
ful fiber functor RepG → Hilbf , and then the corresponding homomorphism

πG : C̃[G]→ C[G] maps ξ̄ ⊗ ζ ∈ H̄U ⊗HU into ((· ζ, ξ) ⊗ ι)(U).
Define a linear map

�̃ : C̃[G]⊗ B̃ → B̃
by letting, for ξ̄ ⊗ ζ ∈ H̄U ⊗HU and η̄ ⊗ T ∈ H̄V ⊗ C(1, V ),

(ξ̄ ⊗ ζ) �̃ (η̄ ⊗ T ) = (ξ ⊗ η ⊗ ρ−1/2ζ)⊗ (ι⊗ T ⊗ ι)R̄U
∈ H̄U#⊤V#⊤Ū ⊗ C(1, U #⊤ V #⊤ Ū). (2.4)

We remind that R̄U : 1 → U #⊤ Ū is given by R̄U (1) =
∑
i ρ

1/2ξi ⊗ ξ̄i for an
orthonormal basis {ξi} in HU . Identifying C[G] with the subspace

⊕

s

(H̄s ⊗Hs) ⊂ C̃[G],

we define a linear map

� : C[G]⊗ B → B by letting x� a = π(x �̃ a) for x ∈ C[G] and a ∈ B.
Lemma 2.6. The map � defines a left C[G]-module algebra structure on B, and
we have

πG(x) � π(a) = π(x �̃ a) for all x ∈ C̃[G] and a ∈ B̃.
Proof. We start with the second statement. We have to show that

πG(x) � π(a) = π(x �̃ a)

for x ∈ C̃[G] and a ∈ B̃. Take x = ξ̄ ⊗ ζ ∈ H̄U ⊗ HU and a = η̄ ⊗ T ∈
H̄V ⊗ C(1, V ). Choose isometries ui : Hsi → HU and vj : Hsj → HV defining
decompositions of U and V into irreducibles. Then

πG(x) � π(a) = π


∑

i,j

(u∗i ξ ⊗ u∗i ξ) �̃ (v∗j η ⊗ v∗j T )




= π


∑

i,j

(u∗i ξ ⊗ v∗j η ⊗ ρ−1/2u∗i ζ)⊗ (ι⊗ v∗j T ⊗ ι)R̄si


 , (2.5)
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where R̄si = R̄Usi . On the other hand,

π(x �̃ a) = π
(
(ξ ⊗ η ⊗ ρ−1/2ζ)⊗ (ι⊗ T ⊗ ι)R̄U

)

= π


∑

i,j,k

(u∗i ξ ⊗ v∗j η ⊗ ū∗kρ−1/2ζ)⊗ (u∗i ⊗ v∗j T ⊗ ū∗k)R̄U


 , (2.6)

where the morphism ūk : HŪsk
= H̄sk → HŪ = H̄U is defined by ūk ξ̄ = ukξ.

Since u∗kπU (ρ) = πUsk (ρ)u
∗
k, R̄U =

∑
i(ui⊗ ūi)R̄si and the partial isometries ui

have mutually orthogonal images, we see that expressions (2.5) and (2.6) are
equal.

In order to show that � defines a left C[G]-module structure, take x = ξ̄⊗ ζ ∈
H̄U ⊗HU , y = µ̄⊗ ν ∈ H̄W ⊗HW and a = η̄ ⊗ T ∈ H̄V ⊗ C(1, V ). Then

x �̃ (y �̃ a) = (ξ ⊗ µ⊗ η ⊗ ρ−1/2ν ⊗ ρ−1/2ζ)⊗ (ι⊗ ι⊗T ⊗ ι⊗ ι)(ι⊗ R̄W ⊗ ι)R̄U

is an element in H̄U#⊤W#⊤V#⊤W̄#⊤Ū ⊗ C(1, U #⊤ W #⊤ V #⊤ W̄ #⊤ Ū), and

(x · y) �̃ a = (ξ ⊗ µ⊗ η ⊗ (ρ−1/2ζ ⊗ ρ−1/2ν))⊗ (ι⊗ T ⊗ ι)R̄U#⊤W

is an element in H̄(U#⊤W )#⊤V#⊤(U#⊤W )⊗C(1, (U #⊤W )#⊤ V #⊤ (U #⊤ W )). The only

reason why these two elements are different is that the representations W̄ #⊤ Ū
and U #⊤ W are equivalent, but not equal. The map σ : H̄W⊗H̄U → HU ⊗HW ,
σ(µ̄⊗ ξ̄) = ξ ⊗ µ defines such an equivalence, and we have

R̄U#⊤W = (ι⊗ ι⊗ σ)(ι ⊗ R̄W ⊗ ι)R̄U .

It follows that upon projecting to B we get an honest equality

π(x �̃ (y �̃ a)) = π((x · y) �̃ a),

that is, πG(x) � (πG(y) � π(a)) = (πG(x)πG(y)) � π(a).

It remains to show that � respects the algebra structure on B, that is, x�(ab) =
(x(1) � a)(x(2) � b) for x ∈ C[G] and a, b ∈ B.
Take elements a = η̄ ⊗ T ∈ H̄V ⊗ C(1, V ) and b = ζ̄ ⊗ S ∈ H̄W ⊗ C(1,W )
in B̃. Let U be a finite dimensional unitary representation of G. Choose an
orthonormal bases {ξi}i in HU and denote by uij the corresponding matrix
coefficients of U . Since uij = πG(ξ̄i ⊗ ξj) and ∆(uij) =

∑
k uik ⊗ ukj , we then

have to show that

π
(
(ξ̄i ⊗ ξj)�̃(a · b)

)
=
∑

k

π
(
((ξ̄i ⊗ ξk)�̃a) · ((ξ̄k ⊗ ξj)�̃b)

)
.

We have

(ξ̄i ⊗ ξj)�̃(a · b) = (ξi ⊗ η ⊗ ζ ⊗ ρ−1/2ξj)⊗ (ι⊗ T ⊗ S ⊗ ι)R̄U . (2.7)
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On the other hand,∑

k

((ξ̄i ⊗ ξk)�̃a) · ((ξ̄k ⊗ ξj)�̃b)

=
∑

k

(
(ξi ⊗ η ⊗ ρ−1/2ξk)⊗ (ι ⊗ T ⊗ ι)R̄U )

)

·
(
(ξk ⊗ ζ ⊗ ρ−1/2ξj)⊗ (ι⊗ S ⊗ ι)R̄U

)

=
∑

k

(ξi ⊗ η ⊗ ρ−1/2ξk ⊗ ξk ⊗ ζ ⊗ ρ−1/2ξj)

⊗ (ι⊗ T ⊗ ι⊗ ι⊗ S ⊗ ι)(R̄U ⊗ R̄U ).

Since
∑

k ρ
−1/2ξk ⊗ ξk = RU (1), and RU is, up to a scalar factor, an isomeric

embedding of 1 into Ū #⊤ U , by applying π to the above expression we get

π
(
(ξi ⊗ η ⊗ ζ ⊗ ρ−1/2ξj)⊗ (ι ⊗ T ⊗R∗

U ⊗ S ⊗ ι)(R̄U ⊗ R̄U )
)
.

Since (R∗
U⊗ι)(ι⊗R̄U ) = ι, this is exactly the expression we obtain by applying π

to (2.7).

We next check compatibility (1.7) of � with the ∗-structure.
Lemma 2.7. For all x ∈ C[G] and a ∈ B we have x� a∗ = (S(x)∗ � a)∗.

Proof. Recall that the involution on B arises from the map • on B̃ defined
by (1.4), so for a = η̄ ⊗ T ∈ H̄V ⊗ C(1, V ) we have

a• = ρ−1/2η ⊗ (T ∗ ⊗ ι)R̄V ∈ H̄V̄ ⊗ C(1, V̄ ).

Let us also define an antilinear map † on C̃[G] by letting, for x = ξ̄ ⊗ ζ ∈
H̄U ⊗HU ,

x† = ζ̄ ⊗ ξ.
We then have πG(x

†) = S(πG(x))
∗. Indeed, using that (ι ⊗ S)(U) = U∗, we

compute:

S(πG(x))
∗ = S(((· ζ, ξ)⊗ ι)(U))∗ = ((· ζ, ξ) ⊗ ι)(U∗))∗

= ((· ξ, ζ)⊗ ι)(U) = πG(x
†).

Turning now to the proof of the lemma, we have to show that

π(x �̃ a•) = π((x† �̃ a)•).

We compute:

x �̃ a• = (ξ̄ ⊗ ζ) �̃

(
ρ−1/2η ⊗ (T ∗ ⊗ ι)R̄V

)

= (ξ ⊗ ρ−1/2η ⊗ ρ−1/2ζ)⊗ (ι⊗ T ∗ ⊗ ι⊗ ι)(ι ⊗ R̄V ⊗ ι)R̄U (2.8)
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and

(x† �̃ a)• = ((ζ̄ ⊗ ξ) �̃ a)• =
(
(ζ ⊗ η ⊗ ρ−1/2ξ)⊗ (ι⊗ T ⊗ ι)R̄U

)•

= (ρ−1/2ζ ⊗ ρ−1/2η ⊗ ξ̄)⊗
((
(ι ⊗ T ⊗ ι)R̄U

)∗ ⊗ ι
U#⊤V#⊤Ū

)
R̄U#⊤V#⊤Ū ,

(2.9)

where we used that πŪ (ρ) = j(πU (ρ))
−1, that is, ρξ̄ = ρ−1ξ. Similarly to the

proof of the previous lemma, the main reason why expressions (2.8) and (2.9)

are not equal is that the representations U #⊤ V̄ #⊤ Ū and U #⊤ V #⊤ Ū are equiv-

alent, but not equal. The map σ(ξ ⊗ η̄ ⊗ ζ̄) = ζ ⊗ η ⊗ ξ̄ defines such an equiv-
alence, and then

R̄U#⊤V#⊤Ū = (ι⊗ ι⊗ ι⊗ σ)(ι ⊗ ι⊗RU ⊗ ι⊗ ι)(ι ⊗ R̄V ⊗ ι)R̄U .

Since (R̄∗
U ⊗ ι)(ι ⊗RU ) = ι, we get

((
(ι⊗ T ⊗ ι)R̄U

)∗ ⊗ ι
)
R̄U#⊤V#⊤Ū = σ(ι ⊗ T ∗ ⊗ ι⊗ ι)(ι⊗ R̄V ⊗ ι)R̄U .

From this we see that upon applying π expressions (2.8) and (2.9) indeed
become equal.

Our next goal is to check the Yetter–Drinfeld condition (1.8).

Lemma 2.8. For all x ∈ C[G] and a ∈ B we have

α(x � a) = x(1)a(1)S(x(3))⊗ (x(2) � a(2)).

Proof. Let U and V be finite dimensional unitary representations of G. Choose
orthonormal bases {ξi}i in HU and {ηk}k in HV , and let uij and vkl be the
matrix coefficients of U and V , respectively. In order to simplify the compu-
tations assume that the vectors ξi are eigenvectors of ρ, so ρξi = ρiξi for some
positive number ρi. Then the matrix coefficients of Ū in the basis {ξ̄i}i are
given by

ūij = ρ
1/2
i ρ

−1/2
j u∗ij = ρ

1/2
i ρ

−1/2
j S(uji). (2.10)

Consider elements x = ui0j0 ∈ C[G] and a = π(ηk0 ⊗ T ) ∈ B for some T ∈
C(1, V ). Recalling definition (1.5) of the action α, we have

α(a) =
∑

k

vk0k ⊗ π(η̄k ⊗ T ).

It follows that

x(1)a(1)S(x(3))⊗ (x(2) � a(2)) =
∑

i,j,k

ui0ivk0kS(ujj0)⊗ (uij � π(η̄k ⊗ T ))

=
∑

i,j,k

ρ
−1/2
j ui0ivk0kS(ujj0)⊗ π

(
(ξi ⊗ ηk ⊗ ξ̄j)⊗ (ι⊗ T ⊗ ι)R̄U

)
. (2.11)
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On the other hand,

α(x� a) = ρ
−1/2
j0

α
(
π
(
(ξi0 ⊗ ηk0 ⊗ ξ̄j0)⊗ (ι⊗ T ⊗ ι)R̄U

))

= ρ
−1/2
j0

∑

i,j,k

ui0ivk0kūj0j ⊗ π
(
(ξi ⊗ ηk ⊗ ξ̄j)⊗ (ι⊗ T ⊗ ι)R̄U

)
.

(2.12)

Since ρ
−1/2
j S(ujj0) = ρ

−1/2
j0

ūj0j , we see that expressions (2.11) and (2.12) are
equal.

It remains to check the braided commutativity condition (2.1).

Lemma 2.9. For all and a, b ∈ B we have ab = b(2)(S
−1(b(1)) � a).

Proof. Let U , V , {ξi}i, uij , ūij be as in the proof of the previous lemma. Note
that by swapping the roles of U and Ū in (2.10) we get

S−1(uij) = ρ
−1/2
i ρ

1/2
j ūji.

(Recall again that ρξ̄i = ρ−1ξi.) Using this, take P ∈ C(1, U), η̄ ⊗ T ∈
H̄V ⊗ C(1, V ) and for a = π(η̄ ⊗ T ) and b = π(ξ̄i ⊗ P ) compute:

b(2)(S
−1(b(1)) � a) =

∑

j

π(ξ̄j ⊗ P )(S−1(uij) � π(η̄ ⊗ T ))

=
∑

j

ρ
−1/2
i ρ

1/2
j π(ξ̄j ⊗ P )π(( ¯̄ξj ⊗ ξ̄i) �̃ (η̄ ⊗ T ))

=
∑

j

ρ
−1/2
i ρ

1/2
j π(ξ̄j ⊗ P )

π
(
(ξ̄j ⊗ η ⊗ ρ−1/2ξ̄i)⊗ (ι⊗ T ⊗ ι)R̄Ū

)

=
∑

j

ρ
1/2
j π

(
(ξj ⊗ ξ̄j ⊗ η ⊗ ¯̄ξi)⊗ (P ⊗ (ι⊗ T ⊗ ι)R̄Ū )

)
.

Denote by w the map ξ 7→ ¯̄ξ defining an equivalence between U and ¯̄U . Then
R̄Ū = (ι⊗ w)RU . Hence the above expression equals

∑

j

ρ
1/2
j π

(
(ξj ⊗ ξ̄j ⊗ η ⊗ ξi)⊗ (P ⊗ (ι⊗ T ⊗ ι)RU )

)

= π
(
(R̄U (1)⊗ η ⊗ ξi)⊗ (ι⊗ ι⊗ T ⊗ ι)(ι⊗RU )P

)
.

Since R̄U is, up to a scalar factor, an isometric embedding of 1 into U #⊤ Ū , the
last expression equals

π
(
(η ⊗ ξi)⊗ (R̄∗

U ⊗ T ⊗ ι)(ι⊗RU )P
)
= π((η ⊗ ξi)⊗ (T ⊗ P )).

But this is exactly ab.

This finishes the proof of Theorem 2.5.
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2.4 Functoriality

Consider the category YDbrc(G) of unital braided-commutative Yetter–Drinfeld
G-C∗-algebras. For every object B we have constructed isomorphic pairs
(DB , EB) and (CB,FB). Using the extension of scalars functor discussed at
the end of Section 1.3, either of this constructions extends to a functor, giv-
ing us two naturally isomorphic functors T : YDbrc(G) → Tens(RepG) and
T̃ : YDbrc(G) → Tens(RepG). Namely, giving a morphism f : B0 → B1 we
have a functor f# : DB0 → DB1 which maps a G-equivariant finitely generated
right Hilbert B0-module X into X ⊗B0 B1. We define a tensor structure on
this functor by using the isomorphisms

(X ⊗B0 B1)⊗B1 (Y ⊗B0 B1) ∼= (X ⊗B0 Y )⊗B0 B1

such that (x ⊗ a) ⊗ (y ⊗ b) 7→ x ⊗ y(2) ⊗ (S−1(y(1)) � a)b. That these maps
are indeed well-defined and that they give us a tensor structure on f#, is not
difficult to check using arguments similar to those in the proof of Lemma 2.3.
The tensor functor f# together with the obvious isomorphisms

ηU : (HU ⊗B0)⊗B0 B1 → HU ⊗B1

define a morphism (DB0 , EB0)→ (DB1 , EB1).
If we consider the map B 7→ (CB,FB) instead of B 7→ (DB , EB), then the
situation is even better: in this case the functor f# : CB0 → CB1 defined by a
morphism f : B0 → B1 is a strict tensor functor, meaning that f#(T ⊗ S) =
f#(T )⊗ f#(S) on morphisms. This follows immediately from equations (2.2)
and (2.3) describing the tensor structure on the categories CB.
Let us now construct a functor S in the opposite direction. It is possible to
define this functor on the whole category Tens(RepG), but in order to simplify
notation we will construct it only on the full subcategory Tenssi(RepG) consist-
ing of pairs (C, E) such that C is a strict C∗-tensor category containing RepG, C
is generated by RepG, and that E is the embedding functor. Since the embed-
ding functor Tenssi(RepG) → Tens(RepG) is an equivalence of categories, any
functor Tenssi(RepG) → YDbrc(G) extends to Tens(RepG), and this extension
is unique up to a natural isomorphism.
Given two objects (C0, E0) and (C1, E1) in Tenssi(RepG), consider the cor-
responding Yetter–Drinfeld C∗-algebras B0 and B1, and take a morphism
[(F , η)] : (C0, E0) → (C1, E1). As we discussed after the formulation of Theo-
rem 2.1, we may assume that the restriction of F to RepG ⊂ C0 is the identity
tensor functor and ηU = ι. In this case it is obvious from the construction of the
algebras Bi that the maps H̄U ⊗C0(1, U)→ H̄U ⊗C1(1, U), ξ̄⊗T 7→ ξ̄⊗F(T ),
define a unital ∗-homomorphism B0 → B1 that respects the C[G]-comodule and
C[G]-module structures. It extends to a homomorphism f of C∗-algebras by
[DCY13, Proposition 4.5]. It is also clear by our definition of morphisms in the
category of pairs (C, E) that f depends only on the equivalence class of (F , ι).
We thus get a functor S : Tenssi(RepG)→ YDbrc(G).
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Furthermore, it is clear from the construction that the morphism f : B0 → B1

defined by a morphism [(F , ι)] : (C0, E0) → (C1, E1) is injective if and only if
the maps C0(1, Us) → C1(1, Us), T 7→ F(T ), are injective for all s, and f is
surjective if and only if these maps are surjective. Using Frobenius reciprocity it
is easy to see that the maps C0(1, Us)→ C1(1, Us) are injective, resp. surjective,
for all s if and only if the maps C0(U,UV ) → C1(U, V ) are injective, resp.
surjective, for all objects U and V in RepG ⊂ C0, C1. Since the categories Ci
are generated by RepG, it follows that f is injective if and only if F is faithful,
and f is surjective if and only if F is full.

It is also worth noting that since a morphism T ∈ C(1, U) is zero if and only if
T ∗T = 0 in EndC(1), we have, given a morphism [(F , η)] : (C0, E0) → (C1, E1),
that F is faithful if and only if the homomorphism EndC0(1) → EndC1(1)
is injective. On the C∗-algebra level this corresponds to the simple property
that a morphism B0 → B1 of G-C∗-algebras for a reduced compact quantum
group G is injective if and only if its restriction to the fixed point algebra BG0
is injective.

2.5 Equivalence of categories

To finish the proof of Theorem 2.1 it remains to show that the func-
tors T : YDbrc(G) → Tens(RepG) or T̃ : YDbrc(G) → Tens(RepG), and
S : Tens(RepG)→ YDbrc(G) are inverse to each other up to an isomorphism.

Let us start with a strict C∗-tensor category C containing RepG and construct a
braided-commutative Yetter–Drinfeld C∗-algebra B as described in Section 2.3.
By Theorem 1.1 the (RepG)-module C∗-categories C and CB are equivalent. We
will use the concrete form of this equivalence explained in Section 1.4. Recall
that CB is the idempotent completion of the category RepG with morphisms
CB(U, V ) ⊂ B(HU , HV ) ⊗ B, and we have a unitary equivalence F : C → CB
such that F(U) = U for U ∈ RepG, while the action of F on morphisms is
given by (1.6), so

C(U, V ) ∋ T 7→
∑

i,j

θζj ,ξi ⊗ π
(
(ζj ⊗ ρ−1/2ξi)⊗ (T ⊗ ι)R̄U

)
,

where {ξi}i and {ζj}j are orthonormal bases in HU and HV , respectively. We
claim that F is a strict tensor functor on the full subcategory of C consisting
of objects U ∈ RepG. This tensor functor extends then to a unitary tensor
functor on the whole category C. Thus, we have to show that F(S ⊗ T ) =
F(S) ⊗ F(T ) on morphisms in C. Since F is an equivalence of right (RepG)-
module categories, we already know that this is true for morphisms S in C and
morphisms T in RepG; this is also not difficult to check directly, since the
formula for F(S)⊗ ι does not involve the Yetter–Drinfeld structure, see (2.3).
Therefore it remains to check that F(ι⊗ T ) = ι⊗F(T ) for morphisms T in C.
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Take T ∈ C(V,W ). Let {ηk}k be an orthonormal basis in HW . We then have

F(ιU ⊗ T ) =
∑

i,j,k,l

θξi⊗ηk,ξj⊗ζl

⊗ π
(
(ξi ⊗ ηk ⊗ (ρ−1/2ξj ⊗ ρ−1/2ζl))⊗ ((ι ⊗ T )⊗ ιU#⊤W

)R̄U#⊤W

)
.

Similarly to the proof of Lemma 2.6, using that U #⊤ W is equivalent to W̄ #⊤ Ū
and that modulo this equivalence R̄U#⊤W coincides with (ι ⊗ R̄W ⊗ ι)R̄U , we
see that the above expression equals

∑

i,j,k,l

θξi⊗ηk,ξj⊗ζl ⊗ π
(
(ξi ⊗ ηk ⊗ ρ−1/2ζl ⊗ ρ−1/2ξj)⊗ (ι⊗ (T ⊗ ι)R̄W ⊗ ι)R̄U

)
.

The operators θξi,ξj are the matrix unitsmij in B(HU ). Recalling the definition
of � we can therefore write the above expression as

∑

i,j,k,l

mij ⊗ θηk,ζl ⊗
(
uij � π

(
(ηk ⊗ ρ−1/2ζl)⊗ (T ⊗ ι)R̄W

))
,

where uij are the matrix units of U . According to (2.2) this is exactly the
formula for ιU ⊗F(T ).
Conversely, consider a unital braided-commutative Yetter–Drinfeld C∗-al-
gebra B and the corresponding pair (CB,FB). Let BC be the Yetter–Drinfeld
C∗-algebra constructed from this pair. By Theorem 1.1 we know that there
exists an isomorphism λ : BC → B intertwining the actions of G. So all we
have to do is to check that λ is also a C[G]-module map. The isomorphism λ
is defined by

λ(π(ζ̄ ⊗ T )) = (ζ̄ ⊗ ι)(T ) (2.13)

for ζ ∈ HV and T ∈ CB(1, V ) ⊂ B(C, HV ) ⊗ B = HV ⊗ B, see the proof of
[Nes, Theorem 2.3]. As above, fix finite dimensional unitary representations U
and V of G and orthonormal bases {ξi}i and {ζk}k in HU and HV , and let uij
be the matrix coefficients of U . Take

T =
∑

k

ζk ⊗ bk ∈ CB(1, V ) ⊂ HV ⊗ B.

Then λ(π(ζ̄k0 ⊗ T )) = bk0 , and we want to check that

λ(ui0j0 � π(ζ̄k0 ⊗ T )) = ui0j0 � bk0 .

By definition we have

ui0j0 � π(ζ̄k0 ⊗ T ) = π((ξ̄i0 ⊗ ξj0) �̃ (ζ̄k0 ⊗ T ))

= π
(
(ξi0 ⊗ ζk0 ⊗ ρ−1/2ξj0)⊗ (ι⊗ T ⊗ ι)R̄U

)
.
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In order to compute the image of this element under λ, we need an explicit
formula for (ι ⊗ T ⊗ ι)R̄U ∈ CB(1, U ⊗ V ⊗ Ū) ⊂ HU#⊤V#⊤Ū ⊗ B. By (2.2)
and (2.3), the element

ιU ⊗ T ⊗ ιU ∈ CB(U #⊤ Ū , U #⊤ V #⊤ Ū) ⊂ B(HU )⊗HV ⊗B(H̄U )⊗ B

equals
∑

i,j,kmij ⊗ ζk ⊗ 1⊗ (uij � bk). It follows that

(ι⊗ T ⊗ ι)R̄U =
∑

i,j,k

(ξi ⊗ ζk ⊗ ρ1/2ξj)⊗ (uij � bk).

Therefore

ui0j0 � π(ζ̄k0 ⊗ T )

= π


(ξi0 ⊗ ζk0 ⊗ ρ−1/2ξj0)⊗


∑

i,j,k

(ξi ⊗ ζk ⊗ ρ1/2ξj)⊗ (uij � bk)




 .

Applying λ we get the required equality λ(ui0j0 � π(ζ̄k0 ⊗ T )) = ui0j0 � bk0 .
Since the algebra B is spanned by such elements bk0 for different V , it follows
that λ is a C[G]-module map. This completes the proof of Theorem 2.1.

3 Coideals of quotient type and their generalizations

In this section we illustrate Theorem 2.1 by considering well-known examples
of Yetter–Drinfeld algebras arising from quantum subgroups and Hopf–Galois
extensions.

3.1 Quotient type coideals

By a closed quantum subgroup of G we mean a compact quantum group H
together with a surjective homomorphism π : C[G]→ C[H ] of Hopf ∗-algebras.
This is consistent with the definition used in the theory of locally compact
quantum groups, but is weaker than e.g. the definition used in [Tom07]. As-
suming that both G and H are reduced, the homomorphism π does not always
extend to a homomorphism C(G)→ C(H). Nevertheless the algebra C(G/H)
of continuous functions on the quantum homogeneous space G/H is always
well-defined: it is the norm closure of

C[G/H ] = {x ∈ C[G] | (ι⊗ π)∆(x) = x⊗ 1}.

The algebra C(G/H) is a braided-commutative Yetter–Drinfeld G-C∗-algebra,
with the left action of G defined by the restriction of ∆ to C(G/H), and the
action of Ĝ defined by the restriction of the right adjoint action on C(G) to
C(G/H). In other words, the C[G]-module structure on C[G/H ] is defined by

x� a = x(1)aS(x(2)).
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It is known and is easy to see that the G-C∗-algebra C(G/H) corresponds
to the category RepH with the distinguished object 1, viewed as a (RepG)-
module category via the forgetful tensor functor RepG → RepH . Namely,
in the notation of Section 2.3, by identifying HomH(C, HU ) with a subspace
of HU , we can view the algebra B̃ corresponding to the functor RepG→ RepH

as a subalgebra of C̃[G] =
⊕

U (H̄U ⊗HU ). Then the map πG : C̃[G] → C[G]
induces a G-equivariant isomorphism B ∼= C[G/H ].
We claim that the C[G]-module structure on C[G/H ] defined by the tensor
functor RepG→ RepH is exactly the adjoint action. In order to show this it
is enough to consider the case of trivial H , since it corresponds to the inclu-
sion RepG →֒ Hilbf , while the general case corresponds to the intermediate
inclusion RepG →֒ RepH . As in the proof of Lemma 2.8, fix unitary represen-
tations U and V and orthonormal bases {ξi}i in HU and {ζk}k in HV such that
ρξi = ρiξi. Denote matrix coefficients of U , V and Ū by uij , vkl, ūij . Recall

that by (2.10) we have ūij = ρ
1/2
i ρ

−1/2
j S(uji). Then

(ξ̄i ⊗ ξj) �̃ (ζ̄k ⊗ ζl) =
∑

m

(ξi ⊗ ζk ⊗ ρ−1/2
j ξ̄j)⊗ (ρ1/2m ξm ⊗ ζl ⊗ ξ̄m)

It follows that

uij � vkl =
∑

m

ρ
−1/2
j ρ1/2m uimvklūjm =

∑

m

uimvklS(umj),

which is exactly the formula for the adjoint action.

As a simple application of Theorem 2.1 we now get the following result, which
under slightly stronger assumptions has been already established in [Tom07]
and [Sal11].

Theorem 3.1. Let G be a reduced compact quantum group. Then any unital
left G- and right Ĝ-invariant C∗-subalgebra of C(G) has the form C(G/H) for
a unique closed quantum subgroup H of G.

Proof. Let B ⊂ C(G) be a unital left G- and right Ĝ-invariant C∗-algebra.
Consider the corresponding pair (DB, EB) = T (B) ∈ Tens(RepG). By the
ergodicity of the G-action on B, the unit object in DB is simple. Since DB is
generated by the image of RepG and the category RepG is rigid, the C∗-tensor
category DB is rigid as well. The inclusion B →֒ C(G) defines a morphism

(DB, EB)→ (DC(G), EC(G)) ∼= (Hilbf ,F),

where F : RepG→ Hilbf is the forgetful fiber functor. This means thatDB has
a unitary fiber functor E : DB → Hilbf such that F = EEB. By Woronowicz’s
Tannaka–Krein duality theorem, the pair (DB, E) defines a compact quantum
group H . Then the functor EB defines a functor RepG→ RepH such that the
forgetful fiber functor F on RepG factors through that on RepH . It follows
that H can be regarded as a quantum subgroup of G.
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Since by the discussion preceding the theorem the factorization of the fiber func-
tor F : RepG → Hilbf through RepG → RepH corresponds to the inclusion
C(G/H) →֒ C(G), we have therefore shown that there exists a closed quan-
tum subgroup H ⊂ G and an isomorphism (DB, EB) ∼= (DC(G/H), EC(G/H))
such that the morphism (DB, EB) → (DC(G), EC(G)) under this isomorphism
becomes the morphism (DC(G/H), EC(G/H)) → (DC(G), EC(G)) defined by the
inclusion C(G/H) →֒ C(G). Since T is an equivalence of categories, this im-
plies that B = C(G/H).

It remains to prove the uniqueness. In other words, we want to show that
C(G/H) ⊂ C(G) determines the kernel of the restriction map C[G] → C[H ].
Since C[G/H ] is spanned by the matrix coefficients aξ,ζ = ((· ζ, ξ)⊗ ι)(U) such
that ζ is an H-invariant vector, we can recover HomH(1, U) ⊂ HU for any
representation U of G from C(G/H). Using the duality morphisms in RepG
we can then recover HomH(V, U) ⊂ B(HV , HU ) for all V and U . Finally,
observe that a finite combination

∑
i aξi,ζi of matrix coefficients in C[G], with

ξi, ζi ∈ HU , is in the kernel of the restriction map C[G] → C[H ] if and only if∑
i(· ζi, ξi) vanishes on the commutant of EndH(HU ) in B(HU ).

3.2 Invariant subalgebras of linking algebras

The considerations of the previous subsection can be generalized to the linking
algebras defined by monoidal equivalences. Let F be the forgetful functor
RepG → Hilbf , and F ′ : RepG → Hilbf , U 7→ H ′

U , be another unitary fiber
functor. We denote the compact quantum group corresponding to F ′ by G′.
Then it is not difficult to check that the linking algebra between G and G′,
introduced in the C∗-algebraic setting in [BDRV06] and in the purely algebraic
setting earlier in [Sch96], is exactly the C∗-algebra B(F ,F ′) corresponding to
the pair (Hilbf ,F ′) by our construction. In addition to the left action of G it
carries also a commuting right action of G′, which is easy to see using that the
regular subalgebra of B(F ,F ′) is B(F ,F ′) =

⊕
s(H̄s ⊗H ′

s).
The G-C∗-algebras B of the form B(F ,F ′) can be abstractly characterized
by saying that the regular subalgebra B ⊂ B is a Hopf–Galois extension of C
over C[G], which is a well-studied notion in the algebraic approach to quantum
groups, see [Bic10]. By definition, this means that the Galois map

Γ: B ⊗ B → C[G]⊗ B, x⊗ y 7→ x(1) ⊗ x(2)y,
is bijective. Analogously to the case of C[G] (which is the linking algebra
B(F ,F)), there is a standard structure of a braided-commutative Yetter–
Drinfeld algebra over G on B. Namely, the action of C[G] on B is the so
called Miyashita–Ulbrich action, defined by

x� a = Γ−1(x⊗ 1)1aΓ
−1(x⊗ 1)2.

We claim that this action is the same as the one induced by the pair (Hilbf ,F ′)
by our construction. In order to show this, replace (Hilbf ,F ′) by an iso-
morphic pair consisting of a strict C∗-tensor category C containing RepG
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and the embedding functor RepG → C, as explained in Section 2.1. What
is now special about C, is that the unit object is simple and the maps
C(1, U) ⊗ C(1, V ) → C(1, U #⊤ V ) are bijective. As in the previous subsec-
tion, fix unitary representations U and V of G and an orthonormal basis {ξi}i
in HU such that ρξi = ρiξi. We can find elements Tl ∈ C(1, U) and Sl ∈ C(1, Ū)
such that

R̄U =
∑

l

Tl ⊗ Sl in C.

Then, for any P ∈ C(1, V ) and ζ ∈ HV , we have

(ξ̄i ⊗ ξj)�̃(ζ̄ ⊗ P ) = ρ
−1/2
j (ξi ⊗ ζ ⊗ ξ̄j)⊗ (ι⊗ P ⊗ ι)R̄U

= ρ
−1/2
j

∑

l

(ξ̄i ⊗ Tl) · (ζ̄ ⊗ P ) · ( ¯̄ξj ⊗ Sl).

Therefore in order to prove the claim it suffices to check that

∑

l

Γ(π(ξ̄i ⊗ Tl)⊗ π( ¯̄ξj ⊗ Sl)) = ρ
1/2
j uij ⊗ 1.

But this is true by the following simple computation:

∑

l

Γ(π(ξ̄i ⊗ Tl)⊗ π( ¯̄ξj ⊗ Sl)) =
∑

k,l

uik ⊗ π(ξ̄k ⊗ Tl)π( ¯̄ξj ⊗ Sl)

=
∑

k

uik ⊗ π((ξk ⊗ ξ̄j)⊗ R̄U ) =
∑

k

uik ⊗ R̄∗
U (ξk ⊗ ξ̄j) = ρ

1/2
j uij ⊗ 1.

If H ′ is a closed quantum subgroup of G′, then, similarly to the C∗-algebras
C(G/H) ⊂ C(G), we may define C∗-algebras B(F ,F ′)H

′ ⊂ B(F ,F ′). Then
by a completely analogous argument to that in the proof of Theorem 3.1 we
obtain the following result.

Theorem 3.2. Let G be a reduced compact quantum group and B = B(F ,F ′)
be the linking C∗-algebra defined by the forgetful fiber functor F : RepG →
Hilbf and a unitary fiber functor F ′ : RepG → Hilbf . Let G′ be the compact

quantum group defined by F ′. Then any unital left G- and right Ĝ-invariant C∗-
subalgebra of B(F ,F ′) has the form B(F ,F ′)H

′

for a unique closed quantum
subgroup H ′ ⊂ G′.

Let us finally say a few words about the differences between our approach to
reconstructing the tensor functor F ′ from B(F ,F ′) and that in [BDRV06].
Assume B is a unital G-C∗-algebra such that BG = C1. We can define a
weak unitary tensor functor E : RepG→ Hilbf , called the spectral functor, by
letting

E(U) = DB(B,B×U) and E2;U,V : E(U)⊗E(V )→ E(U#⊤V ), T⊗S 7→ (T⊗ι)S.
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The scalar product on E(U) is defined by S∗T = (T, S)1, which makes sense by
the ergodicity assumption. In general the maps E2;U,V are not unitary but only
isometric. When they are unitary, so that (E , E2) becomes a unitary tensor func-
tor, then the ergodic action of G on B is said to be of full quantum multiplicity.
In this case, if G is reduced, then B ∼= B(F , E) as G-C∗-algebras [BDRV06] (see
also [Nes], where a more general result is proved in the notation consistent with
the present work). In particular, another way of formulating the Hopf–Galois
condition is to say that the action of G is of full quantum multiplicity.
The spectral functor is constructed in a simple way using only the action of G,
while in order to construct a tensor functor in our approach we also have to
use the Miyashita–Ulbrich action. The reason why the two constructions give
isomorphic functors is basically the following observation. Given a unitary
fiber functor F ′ : RepG → Hilbf , we can define a new unitary fiber functor
E : RepG→ Hilbf by letting E(U) = Hom(C,F ′(U)) and

E2;U,V : E(U)⊗ E(V )→ E(U #⊤ V ), T ⊗ S 7→ F ′
2;U,V (T ⊗ ι)S.

But it is clear that under the identification of Hom(C, H) with H , the tensor
functor E becomes identical to F ′.

4 Noncommutative Poisson boundaries

In this section we show that Theorem 2.1 provides a link between Izumi’s
theory of Poisson boundaries of discrete quantum groups [Izu02] and categorical
Poisson boundaries introduced in [NY14a]. We start by giving a categorical
description of discrete duals.

4.1 Discrete dual

Consider the algebra ℓ∞(Ĝ) ⊂ U(G) = C[G]∗ of bounded functions on Ĝ. We
have a left adjoint action α of G on

ℓ∞(Ĝ) ∼= ℓ∞-
⊕

s

B(Hs)

defined by
B(Hs) ∋ T 7→ (Us)

∗
21(1⊗ T )(Us)21. (4.1)

This action is continuous only in the von Neumann algebraic sense, so in order
to stay within the class of G-C∗-algebras, instead of ℓ∞(Ĝ) we should rather
consider the norm closure B(Ĝ) of the regular subalgebra ℓ∞alg(Ĝ) ⊂ ℓ∞(Ĝ).

Then the right action ∆̂ of Ĝ on ℓ∞(Ĝ) makes this algebra into a unital braided-
commutative Yetter–Drinfeld C∗-algebra. In other words, the left C[G]-module
structure on ℓ∞alg(Ĝ) is defined by

x� a = (ι ⊗ x)∆̂(a). (4.2)
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In the subsequent computations we will use the notation ∆̂(a) = a(1) ⊗ a(2).
Literally this does not make sense, but the expressions like a(1) ⊗ πU (a(2)) are
still meaningful, since (ι⊗πU )∆̂(a) is an element of the algebraic tensor product
ℓ∞(Ĝ)⊗B(HU ).

We want to describe the corresponding C∗-tensor category C = CB(Ĝ) and the
unitary tensor functor F = FB(Ĝ) : RepG→ C. By definition, the category C is
the idempotent completion of the category with the same objects as in RepG,
but with the morphism sets C(U, V ) ⊂ B(HU , HV ) ⊗ ℓ∞alg(Ĝ). In fact, for
the reasons that will become apparent in a moment, it is more convenient to
consider C(U, V ) as a subset of ℓ∞alg(Ĝ)⊗B(HU , HV ). Thus, we define C(U, V )

as the set of elements T ∈ ℓ∞alg(Ĝ)⊗B(HU , HV ) such that

V ∗
31(α⊗ ι)(T )U31 = 1⊗ T.

From the definition of the adjoint action α we see that an element T ∈ ℓ∞alg(Ĝ)⊗
B(HU , HV ) lies in C(U, V ) if and only if it defines a G-equivariant map Hs ⊗
HU → Hs⊗HV for all s. It follows that C(U, V ) can be identified with the space
Natb(ι⊗U, ι⊗V ) of bounded natural transformations between the functors ι⊗U
and ι⊗ V on RepG.

Using this picture we get a natural tensor structure on C: the tensor product
of objects is defined as in RepG, while the tensor product of natural transfor-
mations ν : ι⊗ U → ι⊗ V and η : ι⊗W → ι⊗ Z is defined by

ν ⊗ η = (ν ⊗ ιZ)(ιU ⊗ η) = (ιV ⊗ η)(ν ⊗ ιW ),

where ν ⊗ ιZ is defined by (ν ⊗ ιZ)X = νX ⊗ ιZ , while ιU ⊗ η is defined by
(ιU ⊗ η)X = ηX#⊤U . Explicitly, if ν =

∑
i ai ⊗ Ti ∈ ℓ∞alg(Ĝ) ⊗ B(HU , HV ) and

η =
∑

j bj ⊗ Sj ∈ ℓ∞alg(Ĝ)⊗B(HW , HZ), then

ν⊗η =
∑

i,j

aib
(1)
j ⊗(TiπU (b

(2)
j )⊗Sj) ∈ ℓ∞alg(Ĝ)⊗B(HU⊗HW , HV ⊗HZ). (4.3)

The functor F : RepG→ C is now the strict tensor functor such that F(U) = U
on objects and F(T ) = 1⊗ T on morphisms.

It remains to show that the tensor structure on C defines the same C[G]-module
structure on ℓ∞alg(Ĝ) as (4.2). Consider an element ζ̄ ⊗ T ∈ H̄V ⊗ C(1, V ).
Identifying B(C, HV ) with HV we can write T =

∑
k ak ⊗ ζk for some ak ∈

ℓ∞alg(Ĝ) and ζk ∈ HV . Then, identifying the algebra B constructed from the

pair (C,F) with ℓ∞alg(Ĝ), the element a = π(ζ̄ ⊗ T ) ∈ B = ℓ∞alg(Ĝ) equals∑
k(ζk, ζ)ak, see equation (2.13). Choose a unitary representations U and an

orthonormal basis {ξi}i in HU consisting of eigenvectors of ρ, so ρξi = ρiξi.
By (4.3) the morphism

(ι⊗ T ⊗ ι)R̄U ∈ C(1, U #⊤ V #⊤ Ū) ⊂ ℓ∞(Ĝ)⊗ (HU ⊗HV ⊗ H̄U )

Documenta Mathematica 19 (2014) 1105–1139



1134 S. Neshveyev and M. Yamashita

is represented by the element

∑

k,l

a
(1)
k ⊗

(
ρ
1/2
l a

(2)
k ξl ⊗ ζk ⊗ ξ̄l

)
.

Then by definition (2.4) of the map �̃ we get

(ξ̄i ⊗ ξj) �̃

(
ζ̄ ⊗

(∑

k

ak ⊗ ζk
))

= (ξi ⊗ ζ ⊗ ρ−1/2
j ξ̄j)⊗


∑

k,l

a
(1)
k ⊗

(
ρ
1/2
l a

(2)
k ξl ⊗ ζk ⊗ ξ̄l

)

 ,

whence
uij � a =

∑

k

(a
(2)
k ξj , ξi)(ζk, ζ)a

(1)
k = (a(2)ξj , ξi)a

(1).

But this is exactly how the action (4.2) is defined.

4.2 Poisson boundaries

Let us briefly overview the theory of noncommutative Poisson boundaries de-
veloped by Izumi [Izu02].
For a finite dimensional unitary representation U of G, consider the state φU
on B(HU ) defined by

φU (T ) =
Tr(TπU (ρ)

−1)

dimq U
for T ∈ B(H). (4.4)

If U is irreducible, it can be characterized as the unique state satisfying

(ι ⊗ φU )(U∗
21(1⊗ T )U21) = φU (T ).

For our fixed representatives of irreducible representations {Us}s of G, we
write φs instead of φUs .
When φ is a normal state on ℓ∞(Ĝ), we define a completely positive map Pφ
on ℓ∞(Ĝ) by

Pφ(a) = (φ⊗ ι)∆̂(a).

If µ is a probability measure on the set Irr(G) of isomorphism classes of ir-
reducible representations of G, we define a normal unital completely positive
map Pµ on ℓ∞(Ĝ) by Pµ =

∑
s µ(s)Pφs . The space

H∞(Ĝ, µ) = {x ∈ ℓ∞(Ĝ) | x = Pµ(x)}

of Pµ-harmonic elements is called the noncommutative Poisson boundary of Ĝ

with respect to µ. This is an operator subspace of ℓ∞(Ĝ) closed under the left
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adjoint action α of G defined by (4.1) and the right action ∆̂ of Ĝ on itself by
translations. It has a new product structure

x · y = lim
n→∞

Pnµ (xy),

where the limit is taken in the strong∗ operator topology. With this product
H∞(Ĝ, µ) becomes a von Neumann algebra (with the original operator space
structure), and the actions of G and Ĝ on ℓ∞(Ĝ) define continuous, in the von
Neumann algebraic sense, actions on H∞(Ĝ, µ).
Consider the regular subalgebra H∞

alg(Ĝ, µ) = H∞(Ĝ, µ)∩ ℓ∞alg(Ĝ) of H∞(Ĝ, µ)

and denote by B(Ĝ, µ) its norm closure. In other words, in the notation of
Section 4.1, B(Ĝ, µ) = B(Ĝ) ∩H∞(Ĝ, µ). We will show in Theorem 4.1 that
the action of Ĝ on H∞(Ĝ, µ) restricts to a continuous action on B(Ĝ, µ) and
that B(Ĝ, µ) becomes a braided-commutative Yetter–Drinfeld G-C∗-algebra.

Let us now recall the construction of the Poisson boundary of (RepG,µ) defined
in [NY14a].

The image of HomG(U #⊤ V, U #⊤ W ) under the map

φU ⊗ ι : B(HU )⊗B(HV , HW )→ B(HV , HW )

is contained in HomG(V,W ), and the maps

φU ⊗ ι : HomG(U #⊤ V, U #⊤ W )→ HomG(V,W )

we thus get, are what we called the partial categorical traces on RepG
in [NY14a]. They allow us to define an operator PU on the space of natu-
ral transformations Nat(ι⊗ V, ι⊗W ) by

PU (η)X = (φU ⊗ ι)(ηU⊗X ).

It is easy to see that this operation preserves the subspace Natb(ι ⊗ V, ι⊗W )
of bounded natural transformations. Given a probability measure µ on Irr(G),
we define an operator Pµ acting on Natb(ι⊗ V, ι⊗W ) by Pµ =

∑
s µ(s)PUs .

A bounded natural transformation η : ι⊗ V → ι ⊗W is called Pµ-harmonic if
Pµ(η) = η. Any morphism T : V → W defines a bounded natural transforma-
tion (ιX ⊗ T )X , which is obviously Pµ-harmonic for every µ.
The categorical Poisson boundary (P ,Π) of (RepG,µ) consists of the C∗-tensor
category P and the strict unitary tensor functor Π: C → P defined as follows.
The category P is the idempotent completion of RepG with the new morphism
sets

P(U, V ) = {η ∈ Natb(ι⊗ U, ι⊗ V ) | Pµ(η) = η},
endowed with the composition law

(η · ν)X = lim
n→∞

Pnµ (ην)X .
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On objects in RepG the tensor product in P is the same as in RepG, while on
morphisms it is given by

η ⊗ ν = (η ⊗ ι) · (ι⊗ ν) = (ι⊗ ν) · (η ⊗ ι),

where η ⊗ ι and ι ⊗ ν are defined as in Section 4.1. The functor Π: C → P is
defined by letting Π(U) = U on objects and Π(T ) = (ιX ⊗T )X on morphisms.
We usually omit Π and consider RepG as a subcategory of P .

Theorem 4.1. Let G be a compact quantum group and µ be a prob-
ability measure on Irr(G). Then the dense C∗-subalgebra B(Ĝ, µ) ⊂
H∞(Ĝ, µ) is a unital braided-commutative Yetter–Drinfeld G-C∗-algebra and
the pair (DB(Ĝ,µ), EB(Ĝ,µ)), consisting of the C∗-tensor category DB(Ĝ,µ) of G-

equivariant finitely generated Hilbert B(Ĝ, µ)-modules and the unitary tensor
functor EB(Ĝ,µ) : RepG → DB(Ĝ,µ), is isomorphic to the categorical Poisson

boundary of (RepG,µ).

Proof. When µ = δe, in which case H∞(Ĝ, µ) = ℓ∞(Ĝ), this theorem is the
contents of Section 4.1. The general case easily follows from this. Indeed,
denote by B̃µ and Bµ the algebras constructed from the Poisson boundary

(P ,Π) of (RepG,µ) as described in Section 2.3. If µ = δe, we simply write B̃
and B. Thus,

B̃ =
⊕

U

(H̄U ⊗Natb(ι, ι⊗ U)).

As we showed in Section 4.1, the Yetter–Drinfeld algebra B can be identified
with ℓ∞alg(Ĝ), and then the homomorphism π : B̃ → B = ℓ∞alg(Ĝ) is given by

π

(
ξ̄ ⊗

(∑

k

ak ⊗ ζk
))

=
∑

k

(ζk, ξ)ak,

if we view Natb(ι, ι ⊗ U) as a subspace of ℓ∞-
⊕

s(B(Hs)⊗HU ).

The Markov operators Pµ on Natb(ι, ι ⊗ U) define an operator ι ⊗ Pµ on B̃.
Then by definition, the algebra B̃µ is the subspace of (ι⊗Pµ)-invariant elements

in B̃. Furthermore, by construction we have π(ι⊗Pµ) = Pµπ, where on the right

hand side by Pµ we mean the operator on ℓ∞(Ĝ) used to define the Poisson

boundary of Ĝ. This already implies that the restriction of π to B̃µ defines

a surjective homomorphism B̃µ → H∞
alg(Ĝ, µ). Recalling how Bµ is obtained

from B̃µ, we then conclude that this restriction factors through Bµ and defines

a G-equivariant ∗-isomorphism Bµ ∼= H∞
alg(Ĝ, µ).

It remains to compare the C[G]-module structures. For this part the compu-
tation is in fact exactly the same as for µ = δe. The point is that, in the
formula (2.4) for the C[G]-action, one only needs to compute the compositions
of the form (ι ⊗ T ⊗ ι)R̄U for U, V ∈ RepG and T ∈ P(1, V ). In general, if
η ∈ P(U, V ) and S ∈ W → U is a morphism in RepG, the composition η · S
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is represented by the family (ηX(ιX ⊗ S))X , which is independent of µ. Thus,
the C[G]-module structure on H∞

alg(Ĝ, µ) induced by the tensor category struc-

ture of P via the isomorphism Bµ ∼= H∞
alg(Ĝ, µ), is the restriction of that

on ℓ∞alg(Ĝ). But this is exactly how the original C[G]-module structure was

defined on H∞
alg(Ĝ, µ).

Recall that a probability measure µ on Irr(G) is called ergodic, if the only Pµ-

harmonic functions on Irr(G) are the constant functions, that is, H∞(Ĝ, µ)G

reduces to C1. Such a measure exists if and only if Irr(G) is at most countable
and RepG is weakly amenable, see [NY14a, Sections 2 and 7.1]. From the above
theorem and our results on categorical Poisson boundaries in [NY14a] we then
get the following theorem, originally proved by Tomatsu [Tom07, Theorem 4.8].
(To be more precise, Tomatsu formulates the result in a more restricted form,
but his proof shows that a stronger result formulated below is true.)

Theorem 4.2. Let G be a coamenable compact quantum group, and µ be an
ergodic probability measure on Irr(G). Then the Poisson boundary H∞(Ĝ, µ)
is G- and Ĝ-equivariantly isomorphic to L∞(G/K), where K is the maximal
Kac quantum subgroup of G.

Proof. The results of [NY14a, Section 4] imply that the Poisson boundary
of (RepG,µ) is isomorphic to the forgetful functor F : RepG → RepK,
see [NY14b, Section 2] for details. From Theorem 4.1 and the discussion in Sec-
tion 3.1, where we showed that we have an isomorphism (DC(G/K), EC(G/K)) ∼=
(RepK,F), we conclude that there exists a G- and Ĝ-equivariant isomor-
phism B(Ĝ, µ) ∼= C(G/K). Since H∞(Ĝ, µ) and L∞(G/K) are the von Neu-
mann algebras generated by B(Ĝ, µ) and C(G/K), respectively, in the GNS-
representations defined by the unique G-invariant states, we conclude that
H∞(Ĝ, µ) ∼= L∞(G/K).

Of course, conversely, the argument of Tomatsu could be used to show that
the Poisson boundary of (RepG,µ) is F : RepG → RepK without relying
on [NY14a, Section 4].
Note that in order to prove Theorem 4.2 we do not need the full strength of
Theorem 2.1, it suffices to understand how B(Ĝ, µ) and C(G/K) are recon-
structed from the functors Π: RepG→ P and F : RepG→ RepK. It is also
worth noting that independently of which approach to Theorem 4.2 one prefers,
all the results of this type have so far relied in a crucial, but every time different,
way on the so called Izumi’s Poisson integral [Izu02, INT06,Tom07,NY14a].

We finish the paper by proving a converse to Theorem 4.2.

Proposition 4.3. Let G be a compact quantum group and µ be a probability
measure on Irr(G). Assume that the Poisson boundary H∞(Ĝ, µ) is G- and Ĝ-
equivariantly isomorphic to L∞(G/H) for a closed quantum subgroup H of G.
Then G is coamenable, and hence H is the maximal Kac quantum subgroup
of G.
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Proof. Theorem 4.1 and the assumptions of the proposition imply that the Pois-
son boundary of (RepG,µ) is isomorphic to the forgetful functor F : RepG→
RepH . On the other hand, since the action of G on L∞(G/H) is ergodic,
the measure µ is ergodic, and therefore by [NY14a, Theorem 5.1] the Poisson
boundary of (RepG,µ) defines the amenable dimension function on RepG.
It follows that the classical dimension function on RepG is amenable, which
exactly means that G is coamenable.
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Abstract. A nonlocal reaction-diffusion equation and a system of
equations from population dynamics are considered on the whole axis.
Existence of solutions in the form of stationary pulses is proved by
a perturbation method. It is based on spectral properties of the lin-
earized operators and on the implicit function theorem.
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1 Introduction

Nonlocal reaction-diffusion equation

∂u

∂t
=
∂2u

∂x2
+ au2(1− J(u))− σu, (1.1)

where

J(u) =

∫ ∞

−∞
φ(x − y)u(y, t)dy

describes various biological phenomena such as emergence and evolution of
biological species and the process of speciation in a more general context [17],
[18]. In population dynamics, u(x, t) is the density of a population, the diffusion
term describes its migration, the second term in the right-hand side is the
reproduction rate and the last term is the mortality rate. In the case of sexual
reproduction, the reproduction rate is proportional to the second power of the
population density and to the available resources (K − J(u)). Here K = 1 is

Documenta Mathematica 19 (2014) 1141–1153
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the rate of production of resources and J(u) is the rate of their consumption.
The integral J(u) describes nonlocal consumption of resources which shows
that an individual located at the space point y consumes resources at the space
point x with the rate φ(x− y). Nonlocal consumption of resources corresponds
to the intraspecific competition and allows the description of the emergence
and evolution of biological species [7]. If we replace the integral J(u) by the
function u, then we obtain the usual logistic term and the local consumption
of resources.
An important property of nonlocal reaction-diffusion equations equations is
that they have solutions in the form of periodic travelling waves [3], [7], [8], [10].
Such solutions do not exist for the usual (scalar) reaction-diffusion equations.
In this work we will prove the existence of a new type of solutions of this
equation in the form of stationary pulses, stationary solutions of this equation
decaying at infinity. We will consider equation (1.1) in the stationary case,

w′′ + aw2(1 − J(w)) − σw = 0. (1.2)

Here x ∈ R, a and σ are positive constants,

J(w) =

∫ ∞

−∞
φ(x − y)w(y)dy, φ(x) =

{
1 , |x| ≤ N
0 , |x| > N

,

N is a positive number. We will prove that for N sufficiently large equation
(1.2) has a positive solution w(x) ∈ C2(R) with the limits

w(±∞) = 0. (1.3)

Instead of a step-wise constant function φ(x) we can consider any other
bounded even non-negative integrable function such that it depends on a pa-
rameter and locally converges to 1 as the parameter tends to some given value.
Nonlocal Fisher-KPP equation, which is similar to equation (1.1) with non-
linearity u(1 − J(u)), also has solutions in the form of simple and periodic
travelling waves [1], [2], [4], [6] - [10], [12], [14], [19]. However solutions in the
form of standing pulses, stationary solutions decaying at infinity, are unlikely to
exist for this equation. Spike solutions are studied for some reaction-diffusion
systems [11], [13], [15], [20], [21].
The main result of this work is given by the following theorem.

Theorem 1.1. Let a > 1/h0, where h0 is defined below (Theorem 2.1). Then
equation (1.2) has an even positive solution decaying at ±∞ for all N suffi-
ciently large.

This theorem will be proved in Section 2. The method of proof is based on
the perturbation technique. If we formally replace the integral J(w) in (1.2)
by the integral I(w) =

∫∞
∞ w(y)dy, then the existence of solutions for this

limiting equation can be easily proved. Hence we can expect that there exists
a solution for sufficiently large values of N . We will use the implicit function
theorem which implies invertibility of the linearized operator. We will prove it
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using the Fredholm property, index and solvability conditions of the operators
under consideration [16], [17]. These properties of the operators will be also
used in the last section to study existence of stationary pulses of a system of
two equations arising in population dynamics.

2 Existence of pulses for the scalar equation with nonlocal con-
sumption

2.1 Existence in the case of the global consumption

In order to prove the existence of solutions of problem (1.2), (1.3) we will
consider the equation

w′′ + aw2(1− I(w)) − σw = 0, (2.1)

where

I(w) =

∫ ∞

−∞
w(y)dy.

By the change of variables w → w/a, h = 1/a we can reduce it to the equation

w′′ + w2(1− hI(w)) − σw = 0. (2.2)

We will analyze the existence of classical solutions w(x) which satisfy the fol-
lowing properties:

w(x) > 0, x ∈ R, w(x)→ 0, x→ ±∞, w(x) = w(−x). (2.3)

Set

c = 1− h
∫ ∞

−∞
w(y)dy (2.4)

and consider the equation

w′′ + cw2 − σw = 0. (2.5)

For each fixed positive c, there exists a unique solution of this equation satisfy-
ing (2.3). Its existence can be easily proved by the analysis of the phase plane
of the system of two first-order equations,

w′ = p, p′ = −cw2 + σw

or by the explicit integration of the equation

dp

dw
=

1

p

(
−cw2 + σw

)
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(see below). Let us note that since σ > 0, then this solution exponentially
decays at infinity. Denote this solution by wc(x). Substituting it into (2.4), we
obtain the equation

c = 1− h
∫ ∞

−∞
wc(y)dy. (2.6)

Denote by w1 the solution of (2.5) with c = 1. Then wc = w1/c and we can
write (2.6) as

c2 − c+ h

∫ ∞

−∞
w1(y)dy = 0. (2.7)

This equation has two solutions if

h

∫ ∞

−∞
w1(y)dy <

1

4
. (2.8)

We note that for every σ fixed, solution w1(x) of (2.5) with c = 1 exists
and it is independent of h. Let us take a positive value of h which satisfies
condition (2.8). Then equation (2.7) has two solutions, c1 and c2, such that
0 < c1 < 1/2 < c2 < 1. If h→ 0, then c1 → 0, c2 → 1. Therefore,

wc1(x)→∞, wc2(x)→ w1(x), h→ 0.

The first convergence occurs uniformly on every bounded interval, the second
uniformly in R.
Denote h0 = 1/(4

∫∞
−∞ w1(y)dy). Then condition (2.8) is satisfied for h < h0,

and there are two solutions of equation (2.2).

Theorem 2.1. For any value of h such that 0 < h < h0, there are two positive
solutions of equation (2.2) exponentially decaying at infinity.

In the case of a > 24
√
σ we have the two pulse solutions of equation (2.1) given

by the formula

w1,2(x) =
3σ

2ac1,2 cosh2
(√

σ
2 x
) , c1,2 =

1

2
±
√

1

4
− 6

a

√
σ .

If a = 24
√
σ, then the two solutions coincide. Finally, for 0 < a < 24

√
σ, there

are no real valued pulse solutions.

2.2 Operators and spaces

Consider Hölder spaces E = C2+α(R) and F = Cα(R), 0 < α < 1 and weighted
spaces Eµ and Fµ defined as follows:

Eµ = {u : uµ ∈ E, ‖u‖Eµ = ‖uµ‖E}, Fµ = {u : uµ ∈ F, ‖u‖Fµ = ‖uµ‖F}.
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As a weight function we take µ(x) = 1 + x2. Set

Aǫ(w) = w′′ + aw2(1− Jǫ(w)) − σw,

A0(w) = w′′ + aw2(1− J0(w)) − σw,
where

Jǫ(w) =

∫ x+1/ǫ

x−1/ǫ

w(y)dy, J0(w) =

∫ ∞

−∞
w(y)dy.

We will consider the operator Aǫ for ǫ > 0 and ǫ = 0 as defined above. We can
extend it for negative ǫ by symmetry, Aǫ = A−ǫ, ǫ < 0. It is a bounded and
continuous operator acting from Eµ into Fµ. We will show that it is continuous
with respect to ǫ.

Lemma 2.2. For any δ > 0 there exists ǫ0 such that

‖Aǫ(w) −A0(w)‖Fµ < δ, ∀ǫ, w, 0 < ǫ ≤ ǫ0, ‖w‖Eµ ≤M, (2.9)

where ǫ0 can depend on M .

Proof. We have

A0(w) −Aǫ(w) = aw2(Jǫ(w) − J0(w)).
Set

g(x) = µ(x)w2(x)(Jǫ(w) − J0(w)).
We should estimate the Hölder norm of the function g. Let us begin with the
uniform norm. Since

|µ(x)w(x)| ≤M, |w(x)| ≤ M

µ(x)
,

then we have the estimate

|Jǫ(w)|, |J0(w)| ≤M1

with some positive constant M1. Hence for any δ > 0 we can choose x0 > 0
such that

|g(x)| ≤ δ for |x| ≥ x0.
We will now obtain a similar estimate for |x| < x0. We have

g(x) = −µ(x)w2(x)

(∫ x−1/ǫ

−∞
w(y)dy +

∫ ∞

x+1/ǫ

w(y)dy

)
. (2.10)
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We can choose ǫ0 such that for any ǫ ≤ ǫ0 the estimates

∣∣∣∣∣µ(x)w
2(x)

∫ ∞

x+1/ǫ

w(y)dy

∣∣∣∣∣ <
δ

2
,

∣∣∣∣∣µ(x)w
2(x)

∫ x−1/ǫ

−∞
w(y)dy

∣∣∣∣∣ <
δ

2
, ∀|x| ≤ x0

hold. Hence we have the estimate

sup
x∈R
|g(x)| ≤ δ. (2.11)

Next, we should estimate the expression

H = sup
x1,x2∈R

|g(x1)− g(x2)|
|x1 − x2|α

.

Obviously, it is sufficient to consider the case where |x1 − x2| < 1. We can
proceed as before and consider either |x| > x∗ for some x∗ sufficiently large
or |x| ≤ x∗. In the first case, H is small since µ(x)w(x) and the integrals in
(2.10) are bounded in the Hölder norm while w(x)→ 0 in the Hölder norm as
|x| → ∞. In the second case, we use the fact that the integrals converge to 0
in the Hölder norm as ǫ→ 0. The lemma is proved.

�

In what follows we will also consider the subspaces of the spaces Eµ and Fµ
which consist of even functions:

E0
µ = {u ∈ Eµ, u(x) = u(−x), ∀x ∈ R},

F 0
µ = {u ∈ Fµ, u(x) = u(−x), ∀x ∈ R}.

If w ∈ E0
µ, then Jǫ(w) is also an even function and Aǫ(w) ∈ F 0

µ . Therefore we
can consider this operator acting from E0

µ into F 0
µ .

2.3 Linearized operator

Consider the linearized operator to the operator A0(w),

Lu = u′′ + 2auw0(1− I(w0))− aw2
0I(u)− σu

for some w0 ∈ Eµ, and the formally adjoint operator

L∗v = v′′ + 2avw0(1− I(w0))− aI∗(v)− σv,
where

I∗(v) =
∫ ∞

−∞
w2

0(x)v(x)dx.

We will consider the operator L acting from Eµ into Fµ and the operator L∗

from H2
∞(R) into L2

∞(R) [16].
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Let us recall the definition of the function spaces. Denote by D the space of
infinitely differentiable functions with bounded supports and by D′ its dual.
Let E ⊂ D′ be a Banach space. Then Eloc is defined as ensemble of all u ∈ D′

such that fu ∈ E for all f ∈ D. Let, further, φi ∈ D be a partition of
unity. Then the space E∞ is defined as ensemble of all u ∈ Eloc such that
supi ‖uφi‖E <∞. The norm in this space is given by the equality

‖u‖∞ = sup
i
‖uφi‖E .

The definition of the space E∞ is applicable for any Banach space E. If E =
L2(R), then the corresponding space is denoted by L2

∞(R). For E = H2(R), it
becomes H2

∞(R). The norms in these spaces are given by the equalities:

‖u‖L2
∞(R) = sup

i
‖φiu‖L2(R), ‖u‖H2

∞(R) = sup
i
‖φiu‖H2(R).

The operator L and L∗ are linear bounded operators in the corresponding
spaces. They satisfy the relation

∫ ∞

−∞
v(x)(Lu)dx =

∫ ∞

−∞
u(x)(L∗v)dx.

Let w0(x) be an even positive solution of equation (2.1). Set u0 = −w′
0.

Differentiating this equation, we obtain

L0u0 ≡ u′′0 + 2au0w0(1 − I(w0))− σu0 = 0.

Since I(u0) = I∗(u0) = 0, then Lu0 = L∗u0 = 0. Hence u0 is the eigenfunction
corresponding to the zero eigenvalue of both operators.
The eigenvalue λ = 0 of the operators L0 : E → F is simple. Indeed, if there
are two linearly independent bounded eigenfunctions, then all solutions of the
equation L0u = 0 are bounded as their linear combination. However it has
exponentially growing solutions.
We can now summarize the spectral properties of the operator L0. Its essential
spectrum lies in the left-half plane. Its principal eigenvalue is simple and posi-
tive, and the corresponding eigenfunction is positive, according to the standard
Sturm-Liouville theory. It has a simple zero eigenvalue with the eigenfunction
u0(x) = −w′

0(x) which is positive for positive x and negative for negative x.
It can be verified that it does not have other positive eigenvalues except for
the principal eigenvalue since u0(x) has a unique zero at the origin. These
properties remain true for more general nonlinearities.

Lemma 2.3. If I(w0) 6= 1/2 (a > 24
√
σ), then the equation L∗v = 0 has a

unique, up to a constant factor, solution u0.

Proof. Suppose that v0 is an eigenfunction corresponding to the zero eigen-
value of the operator L∗. Then
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v′′0 + 2av0w0(1 − I(w0))− aI∗(v0)− σv0 = 0.

Multiplying this equality by w0 and integrating, we obtain

−
∫ ∞

−∞
v′0w

′
0dx+ 2aI∗(v0)(1− I(w0))− aI(w0)I

∗(v0)− σ
∫ ∞

−∞
v0w0dx = 0.

(2.12)
Since w0 is a solution of equation (2.1), we multiply the equation

w′′
0 + aw2

0(1 − I(w0))− σw0 = 0 (2.13)

by v0 and integrate:

−
∫ ∞

−∞
v′0w

′
0dx+ aI∗(v0)(1 − I(w0))− σ

∫ ∞

−∞
v0w0dx = 0. (2.14)

Subtracting this equation from equation (2.12), we get

I∗(v0)(1− I(w0))− I(w0)I
∗(v0) = 0.

If I(w0) 6= 1/2, then I∗(v0) = 0. Hence v0 is an eigenfunction of the operator
L0 corresponding to the zero eigenvalue. Since this eigenfunction is unique up
to a constant factor, we get v0 = u0.

�

Remark 2.4. We proved in Section 2.1 that I(w0) = 1/2 corresponds to the
bifurcation point where solutions of equation (2.1) appear due to a subcritical
bifurcation. For these values of parameters, the zero eigenvalue of the operator
L∗ is double, because of the bifurcation and of the invariance with respect to
translation. The previous lemma affirms that outside of the bifurcation point
this eigenvalue is simple.

Lemma 2.5. If I(w0) 6= 1/2 (a > 24
√
σ), then equation Lu = 0 has a unique

solution u = u0 in Eµ.

Proof. The operators L : Eµ → Fµ and L∗ : H2
∞(R) → L2

∞(R) satisfy the
Fredholm property and have the zero index. It follows from Lemma 2.3 that
the equation L∗v = 0 has a unique solution. Therefore, since the index equals
zero, the nonhomogeneous equation L∗v = f has a unique solvability condition.
Suppose that equation Lu = 0 has two linearly independent solutions u0, u1 ∈
Eµ. Then equation L∗v = f has at least two solvability conditions. Indeed, we
can choose a function f ∈ L2

∞(R) such that

∫ ∞

−∞
f(x)u0(x)dx = 0,

∫ ∞

−∞
f(x)u1(x)dx 6= 0.

If equation L∗v = f has a solution, then we multiply this equation by u1 and
integrate over R. We get
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∫ ∞

−∞
(L∗v)u1dx =

∫ ∞

−∞
v(Lu1)dx = 0,

∫ ∞

−∞
(L∗v)u1dx =

∫ ∞

−∞
fu1dx 6= 0.

This contradiction proves the lemma.
�

It follows from the lemma that a real eigenvalue of the linearized operator
cannot cross the origin and change stability of the solution.

2.4 Existence in the case of nonlocal consumption

We will prove existence of solutions of equation (1.2) by the implicit func-
tion theorem. We consider the operator Aǫ(w) : E0

µ → F 0
µ . It is bounded

and continuous. We suppose that the equation A0(w) = 0 has a solution w0.
Conditions of the existence of solutions are given in Section 2.1.
Let us consider the Fréchet derivative of the operator Aǫ(w):

A′
ǫ(w)u = u′′ + 2aw(x)(1 − Jǫ(w))u − σu− aw2(x)Jǫ(u).

Lemma 2.6. The operator A′
ǫ(w) is continuous with respect to w and ǫ in the

operator norm.

The proof of the lemma is standard and we omit it.

Lemma 2.7. If I(w0) 6= 1/2 (a > 24
√
σ), then the operator A′

0(w0) : E
0
µ → F 0

µ

is invertible.

Proof. Consider the equation

A′
0(w0)u = f (2.15)

for an arbitrary f ∈ F 0
µ . Since f is an even function and u0 is odd, u0(x) =

−w′
0(x), then equality

∫ ∞

−∞
f(x)u0(x)dx = 0

holds. It is the unique solvability condition for equation (2.15). Indeed, since
it is a Fredholm operator with the zero index and its kernel has dimension
1 (Lemma 2.5), then the codimension of its image is also one-dimensional.
Therefore equation (2.15) has a solution u1 ∈ Eµ.
Since A′

0(w0)u0 = 0, then any function vk(x) = u1(x) + ku0(x) is a solution of
this equation for any real k. Let us verify that only one of them belongs to E0

µ.
Since f(x) and w0(x) are even functions, then along with solution u1(x), the
function u1(−x) is also a solution of this equation. Set z(x) = u1(x)− u1(−x).
Since z(x) is a solution of the homogeneous equation, then

u1(x)− u1(−x) = k1u0(x), (2.16)
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where k1 is a constant. Then it is possible to choose a number k2 such that
the function vk2(x) = u1(x) + k2u0(x) is even. Indeed, from the equality
vk2(x) = vk2(−x) we get

u1(x) + k2u0(x) = u1(−x) + k2u0(−x).
Since u0(x) is an odd function, from the last equality and (2.16) we obtain
k2 = −k1/2. Hence we proved that there exists an even solution of equation
(2.15). Let us verify that it is unique. If there are two such solutions z1(x)
and z2(x), then their difference satisfies the homogeneous equation. Hence
z1(x) − z2(x) = k3u0(x). Since the difference of two even function is an even
function, and u0(x) is an odd function, then this equality can hold only for
k3 = 0. Hence the two even solutions coincide.
Thus equation (2.15) has a unique solution in E0

µ for any f ∈ F 0
µ . By the

Banach theorem, the operator A′
0(w0) has a bounded inverse.

�

We can now proof Theorem 1.1.

Proof of Theorem 1.1. Consider the operator Aǫ(w) : E0
µ → F 0

µ . It is
bounded, continuous and equation A0(w) = 0 has a solution w0. The Fréchet
derivative A′

ǫ(w) is a bounded linear operator, continuous with respect to w
and ǫ in the operator norm. Finally, the operator A′

0(w0) is invertible. By the
implicit function theorem equation Aǫ(w) = 0 has a unique solution from E0

µ

in the vicinity of the function w0 for all ǫ sufficiently small.
�

Let us note that under the conditions of the theorem, equation (2.1) has two
pulse solutions. Theorem 2.8 affirms the existence of pulse solutions of equation
(1.2) in the vicinity of these solutions.

3 System of nonlocal equations

Existence of solutions of equation (1.2) is proved in Theorem 1.1 by the per-
turbation technique. We use the existence of solutions for equation (2.1) and
spectral properties of the linearized operator L studied in Section 2.3. A sim-
ilar method can be used in other applications. In this section we consider the
system of equations

d1u
′′ + auv(1− I(u)− I(v))− σu = 0, (3.1)

d2v
′′ + auv(1− I(u)− I(v)) − σv = 0 (3.2)

which describes the distribution of a population in the space of phenotypes.
Here u is the density of males, v is the density of females. The second term
in the left-hand sides of these equations is the reproduction rate which is pro-
portional to the product uv and to available resources (1 − I(u) − I(v)). The
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last terms are their mortality. It is assumed that both parents have the same
phenotype. We will look for a positive solution of this system with the limits
at infinities

u(±∞) = v(±∞) = 0. (3.3)

Diffusion terms in these equations correspond to genetic variability which shows
how the phenotypes of offsprings differ from the phenotype of parents. If d1 =
d2, then taking the difference of two equations, we get u = v. In this case
we can reduce the system of equations to the scalar equation (2.1). However
these two coefficients can differ from each other since genetic variability of
males is usually greater than that of females. We will prove here the existence
of solutions of problem (3.1)-(3.3) in the case where the difference between
diffusion coefficients is sufficiently small. As before we will use the existence of
solutions for equation (2.1) and spectral properties of the linearized operator.
We write system (3.1), (3.2) in the form

u′′ + a0uv(1− I(u)− I(v)) − σ0u = 0, (3.4)

v′′ + aǫuv(1− I(u)− I(v)) − σǫv = 0, (3.5)

where a0 = a/d1, σ0 = σ/d1, aǫ = a0+ǫ, σǫ = σ0+ǫ. If ǫ = 0, then u = v = w/2,
where w is a solution of the equation

w′′ +
a0
2
w2(1 − I(w)) − σ0w = 0, w(±∞) = 0. (3.6)

Consider next the system linearized about w for ǫ = 0:

ũ′′+
a0
2
ũw(1−I(w))+ a0

2
ṽw(1−I(w))− a0

4
w2(I(ũ)+I(ṽ))−σ0ũ = 0, (3.7)

ṽ′′+
a0
2
ũw(1−I(w))+ a0

2
ṽw(1−I(w))− a0

4
w2(I(ũ)+I(ṽ))−σ0ṽ = 0. (3.8)

Set z = ũ− ṽ. Taking the difference of these two equations, we get the equation
for z:

z′′ − σ0z = 0, z(±∞) = 0.

Therefore z ≡ 0 and ũ ≡ ṽ. Hence system (3.7), (3.8) can be reduced to the
single equation:

ũ′′ + a0ũw(1 − I(w)) −
a0
2
w2I(ũ)− σ0ũ = 0. (3.9)

It coincides with the equation obtained as the linearization of equation (3.6).
Due to Lemma 2.5 it has a unique solution ũ0 ∈ Eµ if a0 > 2/h0. Hence system
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(3.7), (3.8) also has a unique even solution ũ = ṽ = ũ0. Similar to Lemma
2.7 we can now conclude that the corresponding operator is invertible on the
subspace of even functions. We can now formulate the existence theorem.

Theorem 3.1. Let a0 > 2/h0, where h0 is defined in Theorem 2.1. Then
system (3.4), (3.5) has an even positive solution decaying at infinities for all ǫ
sufficiently small.

The proof of this theorem is similar to the proof of Theorem 2.8.
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Abstract. In this paper we introduce a new approach for organizing
algebras of global dimension at most 2. We introduce the notion of
cluster equivalence for these algebras, based on whether their general-
ized cluster categories are equivalent. We are particularly interested
in the question how much information about an algebra is preserved
in its generalized cluster category, or, in other words, how closely
two algebras are related if they have equivalent generalized cluster
categories. Our approach makes use of the cluster-tilting objects in
the generalized cluster categories: We first observe that cluster-tilting
objects in generalized cluster categories are in natural bijection with
cluster-tilting subcategories of derived categories, and then prove a
recognition theorem for the latter. Using this recognition theorem
we give a precise criterion when two cluster equivalent algebras are
derived equivalent. For a given algebra we further describe all the de-
rived equivalent algebras which have the same canonical cluster tilting
object in their generalized cluster category. Finally we show that in
general, if two algebras are cluster equivalent, then (under certain con-
ditions) the algebras can be graded in such a way that the categories
of graded modules are derived equivalent. To this end we introduce
mutation of graded quivers with potential, and show that this notion
reflects mutation in derived categories.
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1. Introduction

Tilting theory is an essential tool in representation theory of finite dimen-
sional algebras. It permits to link algebras called derived equivalent, i.e. whose
bounded derived categories are equivalent (see [Hap88] – also see [AHHK07]
for a broader overview).
The introduction of cluster algebras goes back to Fomin and Zelevinsky [FZ02].
The categorical interpretation of their combinatorics has been a crucial turn in
tilting theory and has brought new perspectives into the field: cluster-tilting
theory. The first step was the introduction of the cluster category CQ associated
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with a finite acyclic quiver Q in [BMR+06] (using [MRZ03]). The cluster
category CQ is defined as the orbit category Db(kQ)/S2 of the bounded derived
category of the path algebra kQ under the action of the autoequivalence S2 :=
S[−2] where S is the Serre functor of Db(kQ). This category is triangulated (cf.
[Kel05]), Hom-finite (the Hom-spaces are finite dimensional) and Calabi-Yau of
dimension 2 (2-CY for short), that is there exists a functorial isomorphism
HomCQ(X,Y ) ≃ DHomCQ(Y,X [2]) for any objects X and Y , where D is the
duality over k. The category CQ has certain special objects called cluster-
tilting objects. From one cluster-tilting object it is possible to construct others
using a procedure called mutation, whose combinatorics is very close to the
combinatorics developed by Fomin and Zelevinsky for cluster algebras. The
images of the tilting kQ-modules under the natural projection πQ : Db(kQ)→
CQ are cluster-tilting objects, and tilted algebras (= endomorphism algebras
of tilting modules over a path algebra kQ) can be seen as specific quotients of
cluster-tilted algebras (= endomorphism algebras of cluster-tilting objects in
CQ).
The notion of cluster categories has been generalized in [Ami09] replacing the
hereditary algebra kQ by an algebra Λ of global dimension at most two. In
this case the orbit category Db(Λ)/S2 is in general neither triangulated nor
Hom-finite. We restrict to the case where it is Hom-finite (the algebra Λ is
then said to be τ2-finite). The generalized cluster category is now defined to be
the triangulated hull (Db(Λ)/S2)∆ in the sense of [Kel05] of the orbit category
Db(Λ)/S2. The natural functor

πΛ : Db(Λ) // Db(Λ)/S2 � � // (Db(Λ)/S2)∆ =: CΛ

is triangulated.
The aim of this paper is to study to what extent the derived categories are
reflected by the cluster categories. More precisely we ask: If two algebras of
global dimension at most two have the same cluster category, are they then
automatically also derived equivalent? Since the answer to this question is
negative in general, we further investigate how the two derived categories are
related in case they are not equivalent.
Our means towards this goal is to study cluster-tilting objects. It has been
shown in [Ami09] that for any tilting complex T in Db(Λ) such that the endo-
morphism algebra EndDb(Λ)(T ) is of global dimension ≤ 2, the object πΛ(T ) in
CΛ is cluster-tilting. Therefore cluster-tilting objects in cluster categories can
be seen as analogs of tilting complexes in bounded derived categories.
It is an important result in tilting theory that tilting objects determine (in
some sense) the triangulated category ([Ric89], or, more generally, [Kel94]).
Unfortunately, in cluster-tilting theory an analog of this theorem only exists
for cluster categories coming from acyclic quivers (see [KR07]).
The first main result of this paper is to provide a ‘cluster-tilting’ analog of
the abovementioned theorem from tilting theory. One key observation is that

the endomorphism algebra Λ̃ := EndCΛ(π(Λ)) has a natural grading given by
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Λ̃ =
⊕

p∈Z HomDb(Λ)(Λ, S
−p
2 Λ). This graded algebra admits as Z-covering the

locally finite subcategory

UΛ := π−1
Λ (πΛ(Λ)) = add{Sp2Λ | p ∈ Z} ⊂ Db(Λ),

which is a cluster-tilting subcategory of the derived category Db(Λ).
Theorem 1.1 (Recognition theorem – Theorem 3.5). Let T be an algebraic
triangulated category with a Serre functor and with a cluster-tilting subcategory
V. Let Λ be a τ2-finite algebra with global dimension ≤ 2. Assume that there

is an equivalence of additive categories with S2-action f : UΛ ∼ // V . Then

there exists a triangle equivalence F : Db(Λ)→ T .
In contrast to Keller’s and Reiten’s theorem, this result is a recognition theorem
for the derived category. That is, we use cluster-tilting theory for studying a
classical problem in representation theory.
Applying Theorem 1.1 helps us to study the notion of cluster-equivalent al-
gebras, i.e. algebras of global dimension ≤ 2 with the same cluster category,
which is the main subject of this paper.
Using it, we give the following criterion on when two cluster equivalent algebras
Λ1 and Λ2 with πΛ1Λ1 ≃ πΛ2Λ2 in the common cluster category are derived
equivalent.

Theorem 1.2 (Theorem 5.6). In the above setup the cluster equivalent algebras

Λ1 and Λ2 are derived equivalent if and only if the Z-graded algebras Λ̃1 and

Λ̃2 are graded equivalent.

We give a characterization of the tilting complexes T of Db(Λ1) such that
πΛ1(T ) ≃ πΛ1(Λ1) (Theorem 5.16), with which we can show that in case the
equivalent conditions of Theorem 1.2 hold, the algebras Λ1 and Λ2 are iterated
2-APR tilts of one another.
In case the equivalent conditions of Theorem 1.2 do not hold we then consider

the case where the two different Z-gradings on Λ̃1 ≃ Λ̃2 are compatible (that is

when they induce a Z2-grading on Λ̃1; an assumption that seems to be always

satisfied in actual examples). In this case, the natural Z-grading on Λ̃2 induces
a Z-grading on Λ1 and vice versa. We then obtain the following result.

Theorem 1.3 (Theorem 8.7). Let Λ1 and Λ2 be cluster equivalent, and assume
we are in the setup described above. Then there is a triangle equivalence

Db(grΛ1) ≃ Db(grΛ2)

(where grΛi denotes the category of graded Λi-modules).

These results can be extended in the case where the cluster-tilting objects
πΛ1(Λ1) and πΛ2 (Λ2) are not isomorphic but are linked by a sequence of mu-
tations. In order to extend them to this setup, we introduce a notion of left
(and right) mutation. Indeed the mutation in the generalized cluster category
can be lifted to a mutation in the derived category. Furthermore, by a result
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of Keller [Kel11], the cluster category CΛ is equivalent to a cluster category as-
sociated to a quiver with potential. Hence, by a fundamental result of [KY11],
endomorphism algebras of cluster-tilting objects related to the canonical one by
mutations are Jacobian algebras, and are related to one another by mutations
of quivers with potential introduced in [DWZ08]. These two observations lead
us to introduce the notion of left (and right) mutation of graded quiver with
potential in order to give a combinatorial description of the left (and right)
mutation in the derived category.
This graded mutation allows us to deduce a combinatorial way to prove that
two algebras of global dimension at most 2 are derived equivalent. In particular,
as a direct consequence of Theorem 1.2, we obtain the following result which
is a generalization of a result due to Happel [Hap87] stating that two path
algebras are derived equivalent if and only if they are iterated reflections from
one another.

Theorem 1.4 (Corollary 6.14). Let Λ1 and Λ2 be two algebras of global dimen-
sion 2, which are τ2-finite. Assume that one can pass from the graded quiver

with potential associated with Λ̃1 to the graded quiver with potential associated

with Λ̃2 using a finite sequence of left and right mutations. Then the algebras
Λ1 and Λ2 are derived equivalent.

In [AO13a] we obtain the converse of Theorem 1.4 in the case where these
algebras are cluster equivalent to hereditary algebras. There we also apply the
results presented here to understand and describe algebras which are cluster
equivalent to tame hereditary algebras.

The paper is organized as follows:
Section 2 is devoted to recalling background on generalized cluster categories,
cluster-tilting subcategories, and graded algebras.
In Section 3 we prove Theorem 1.1.
This result is applied to Iyama-Yoshino reduction of derived categories in Sec-
tion 4.
In Section 5 we prove Theorem 1.2, giving a criterion which determines which
algebras are derived equivalent among cluster equivalent ones. We further
classify derived equivalent algebras having the same canonical cluster-tilting
object.
We introduce mutation of graded quiver with potential in Section 6. Using
a result of Keller and Yang, we show that this notion gives a combinatorial
description of mutation in derived categories.
In Section 7 we recall and apply to our setup some results on triangulated orbit
categories due to Keller.
Theorem 1.3, which exhibits gradings on cluster equivalent algebras making
them graded derived equivalent, is shown in Section 8.

Notation. Throughout k is an algebraically closed field and all algebras are
finite dimensional k-algebras. For a finite-dimensional k-algebra A, we denote
by modA the category of finite-dimensional right A-modules. For an additive
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k-linear category A we denote by modA the category of finitely presented
functors Aop → modk. By triangulated category we mean k-linear triangulated
category satisfying the Krull-Schmidt property. For all triangulated categories
we denote the shift functor by [1].

2. Background

This section is devoted to recalling results that will be used in this paper. We
first give the definition of generalized cluster categories, and then state some
results on cluster-tilting subcategories, and graded algebras.

2.1. Generalized cluster categories. Let Λ be an algebra of global di-
mension ≤ 2. We denote by Db(Λ) the bounded derived category of finitely
generated Λ-modules. It has a Serre functor that we denote by S. We denote
by S2 the composition S[−2], and by τ2 the composition H0S2.
The generalized cluster category CΛ of Λ has been defined in [Ami09] as the
triangulated hull of the orbit category Db(Λ)/S2. We denote by πΛ the triangle
functor

πΛ : Db(Λ) // // Db(Λ)/S2 � � // CΛ .
More details on triangulated hulls are given in Section 7 (Example 7.12).

Definition 2.1. An algebra Λ of global dimension ≤ 2 is said to be τ2-finite
if τ2 is nilpotent.

We set Λ̃ := EndCΛ(πΛ) ≃
⊕

p≥0 HomDb(Λ)(Λ, S
−p
2 Λ). The algebra Λ is τ2-finite

if and only if the algebra Λ̃ is finite dimensional. In this case we have the
following result:

Theorem 2.2 ([Ami09, Theorem 4.10]). Let Λ be an algebra of global dimension
≤ 2 which is τ2-finite. Then the generalized cluster category CΛ is a Hom-finite,
2-Calabi-Yau category.

2.2. Cluster-tilting subcategories.

Definition 2.3 (Iyama). Let T be a triangulated category, which is Hom-finite.
A functorially finite subcategory V of T is cluster-tilting (or 2-cluster-tilting)
if

V = {X ∈ T | HomT (X,V [1]) = 0} = {X ∈ T | HomT (V , X [1]) = 0}.
We will call an object T of T cluster-tilting if the category add (T ) is cluster-
tilting. If T is 2-Calabi-Yau, and T is a cluster-tilting object, the endomorphism
algebra EndT (T ) is called 2-Calabi-Yau-tilted. If the category T has a Serre
functor S, then we have S2V = V for any cluster-tilting subcategory V where
S2 := S[−2].
Example 2.4. The following examples of cluster-tilting objects will be used in
the rest of this paper:
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(1) Let Q be an acyclic quiver. If T ∈ modkQ is a tilting module,
then πQ(T ) ∈ CQ is a cluster-tilting object in the cluster category
CQ ([BMR+06]).

(2) Let Λ be a τ2-finite algebra of global dimension≤ 2. Let T ∈ Db(Λ) be a
tilting complex such that EndD(T ) has global dimension≤ 2, then UT =
add{Sp2T | p ∈ Z} is cluster-tilting in Db(Λ) ([Iya11, Theorem 1.22] or
[Ami08, Proposition 5.4.2]).

(3) Let Λ be a τ2-finite algebra of global dimension ≤ 2. Let T ∈ Db(Λ) be
a tilting complex such that EndD(T ) has global dimension ≤ 2, then
πΛ(T ) ∈ CΛ is a cluster-tilting object in CΛ ([Ami09, Theorem 4.10]).

Proposition 2.5 ([KR07]). Let T be a triangulated category with Serre functor
S and V ⊂ T be a cluster-tilting subcategory. Then for any X in T there exists
a triangle called approximation triangle

V1 // V0
v // X // V1[1]

where V0 and V1 are objects in V and where v : V0 // X is a minimal right

V-approxima-tion.

The following result explains how cluster-tilting subcategories can be mutated.

Theorem 2.6 ([IY08, Theorem 5.3]). Let T be a triangulated category with
Serre functor S and V ⊂ T be a cluster-tilting subcategory. Let X ∈ V be
indecomposable, and set

V ′ := add (ind (V) \ {Sp2X | p ∈ Z}),
where ind (V) denotes the indecomposable objects in V. Then there exists a
unique cluster-tilting subcategory V∗ with V ′ ⊆ V∗ 6= V. Moreover

V∗ = add (V ′ ∪ {Sp2XL | p ∈ Z}) = add (V ′ ∪ {Sp2XR | p ∈ Z}),
where XL and XR are obtained via triangles

X
f // B // XL // X [1] and XR // B′ g // X // XR[1]

where f (resp. g) is a minimal left (resp. right) V ′-approximation. These tri-
angles are called left and right exchange triangles.

2.3. Basic results on graded algebras. Let G be an abelian group. (In
this paper, G will always be Z or Z2.) Let Λ :=

⊕
p∈G Λp be a G-graded

algebra. We denote by grΛ the category of finitely generated graded modules
over Λ with degree 0 morphisms. For a graded module M =

⊕
p∈GM

p, we

denote by M〈q〉 the graded module
⊕

p∈ZM
p+q (that is, the degree p part of

M〈q〉 is Mp+q). The locally bounded subcategory

Cov(Λ, G) := add{Λ〈p〉 | p ∈ G} ⊆ grΛ

is called the G-covering of Λ.
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Theorem 2.7 ([GM94]). Let Λ be a G-graded algebra. Then there is an equiv-
alence

modCov(Λ, G)
∼ // grΛ .

Here is a consequence of [GG82, Theorem 5.3]:

Theorem 2.8 (Gordon-Green). Let Λ be an algebra with two different G-
gradings. We denote by Cov(Λ1, G) the G-covering corresponding to the first
grading, and Cov(Λ2, G) the G-covering corresponding to the second G-grading.
Then the following are equivalent:

(1) There is an equivalence U : modCov(Λ1, G)
∼−→ modCov(Λ2, G) such

that the following diagram commutes.

modCov(Λ1, G)
U //

''OOOOOOOOOOO
modCov(Λ2, G)

wwooooooooooo

modΛ

(2) There exist ri ∈ G and an isomorphism of G-graded algebras

Λ2
∼
G

//
⊕

p∈GHomCov(Λ1,G)(
⊕n

i=1 Pi〈ri〉,
⊕n

i=1 Pi〈ri + p〉)

where Λ1 =
⊕n

i=1 Pi in grΛ1.

In this case we say that the gradings are equivalent.

3. Cluster-tilting subcategories determine the derived category

3.1. Bijection between cluster-tilting subcategories. In this subsec-
tion we show that, for a τ2-finite algebra of global dimension ≤ 2, the projection
functor induces a bijection between cluster-tilting subcategories of its cluster
category and cluster-tilting subcategories of its derived category.

Proposition 3.1. Let Λ be a τ2-finite algebra of global dimension ≤ 2. Let
T ∈ CΛ be a cluster-tilting object. Then π−1(T ) ⊂ Db(Λ) is a cluster-tilting
subcategory of Db(Λ).
Proof. Since the functor πΛ : Db(Λ)→ CΛ is triangulated, we get the inclusions

π−1(T ) ⊂ {X ∈ Db(Λ) | HomDb(Λ)(X, π
−1(T )[1]) = 0}, and

π−1(T ) ⊂ {X ∈ Db(Λ) | HomDb(Λ)(π
−1(T ), X [1]) = 0}

Let T ≃ T1 ⊕ · · · ⊕ Tn be the decomposition of T in indecomposable objects.
For all i = 1, . . . , n, the object Ti is rigid. Hence, by [AO13b], there ex-
ists T ′

i ∈ Db(Λ) such that π(T ′
i ) = Ti. Now let X be in {X ∈ Db(Λ) |

HomDb(Λ)(π
−1(T ), X [1]) = 0}. Therefore for all i = 1, . . . , n and all p ∈ Z

the space HomDb(Λ)(S
p
2T

′
i , X [1]) vanishes. Then for all i = 1, . . . , n we have

HomC(Ti, π(X)[1]) = HomC(π(T
′
i ), π(X)[1]) ≃

⊕

p∈Z

HomD(Sp2T
′
i , X [1]) = 0.
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Since T is cluster-tilting, we have π(X) ∈ add (T ), thus X ∈ π−1(T ). The last
inclusion is shown similarly. �

The following proposition shows that the converse is also true.

Proposition 3.2. Let Λ be a τ2-finite algebra of global dimension ≤ 2. Let
V be a cluster-tilting subcategory of Db(Λ). Then πΛ(V) is a cluster-tilting
subcategory of CΛ.
In the proof we will need the following piece of notation:

Definition 3.3. For U and V subcategories of a triangulated category T we
denote by U∗V the full subcategory of T consisting of objectsM of T appearing

in a triangle U // M // V // U [1] with U ∈ U and V ∈ V .

One easily sees that U is a cluster-tilting subcategory of T if and only if T =
U ∗ U [1] and HomT (U ,U [1]) = 0.

Proof of Proposition 3.2. Let X and Y be objects in V . Then we have

HomCΛ(π(X), π(Y )[1]) = HomCΛ(π(X), π(Y [1])) =

=
⊕

p∈Z

HomDb(Λ)(X, S
p
2Y [1]) = 0

since Sp2Y ∈ Sp2V = V . Therefore we have HomCΛ(π(V), π(V)[1]) = 0.
Denote by U := UΛ = π−1(πΛ) the canonical cluster-tilting subcategory of
Db(Λ). Then since V is cluster-tilting in Db(Λ) we have U ⊂ V [−1] ∗ V . Since
π is a triangle functor, we have the inclusions

π(U) ⊂ π(V [−1] ∗ V) ⊂ π(V)[−1] ∗ π(V).
Now since π(U) is a cluster-tilting subcategory of CΛ we have:

CΛ = π(U) ∗ π(U)[1] = (π(V)[−1] ∗ π(V)) ∗ (π(V) ∗ π(V)[1]).
Since HomCΛ(π(V), π(V)[1]) = 0, we have π(V) ∗ π(V) = π(V). Therefore, by
associativity of ∗, we get

CΛ = π(V)[−1] ∗ (π(V) ∗ π(V)) ∗ π(V)[1] = π(V)[−1] ∗ π(V) ∗ π(V)[1].
Now let X ∈ CΛ such that HomCΛ(X, π(V)[1]) = 0. There exists triangles

π(V1)[−1] // π(V0)[−1] // Y // π(V1)

and

π(V2) // Y // X // π(V2)[1]

with V0, V1, V2 in V . Since HomCΛ(X, π(V)[1]) = 0 the second triangle splits
and we have X ⊕ π(V2) ≃ Y . Then HomCΛ(π(V)[−1], Y ) = 0 and the first
triangle splits. Hence we have π(V1) ≃ Y ⊕ π(V0) ≃ X ⊕ π(V2) ⊕ π(V0) and
X ∈ π(V). Therefore π(V) is a cluster-tilting subcategory of CΛ. �
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3.2. Recognition theorem. The aim of this subsection is to prove Theo-
rem 3.5. Since its setup is that of algebraic triangulated categories we recall
the definition.

Definition 3.4. A triangulated category T is called algebraic if there is a
Frobenius exact category E such that T = E .
Theorem 3.5. Let T be an algebraic triangulated category with a Serre func-
tor and with a cluster-tilting subcategory V. Let Λ be a τ2-finite algebra with
global dimension ≤ 2. Assume that there is an equivalence of additive cate-

gories with S2-action f : UΛ ∼ // V (with UΛ as in Example 2.4(2)). Then

there exists a triangle equivalence F : Db(Λ) // T such that the following

diagram commutes

Db(Λ) F // T

UΛ
f //?�

OO

V .?
�

OO

Our strategy for the proof is as follows: We introduce the category of radical
morphisms morV (see Definition 3.6) for a cluster-tilting subcategory V . In
the setup of Theorem 3.5 it follows that morV and morUΛ are equivalent. We
would like to complete the proof by saying that morV is equivalent to T (and
similarly for UΛ), but unfortunately we do not have such an equivalence but
just a bijection on objects (see Lemma 3.8). We will see that this bijection is
nice enough to make the image of Λ a tilting object in T . Then the theorem
follows from the tilting theorem.

Definition 3.6. Let U be a locally finite k-category. That is, for any inde-
composable object X of U there are (up to isomorphism) only finitely many
indecomposables Y such that U(X,Y )⊕ U(Y,X) 6= 0.
We define the category morU . Objects are radical maps U1 → U0 in U and
morphisms are commutative squares.

Let u : U1 → U0 be an object in U . Since U is locally finite, the kernel M of
the map

0 // M // DU(U1,−) u∗
// DU(U0,−)

is in modU the category of finitely presented functors Uop → modk. Hence
there exists a map h : H1 → H0 such that

U(−, H1)
h∗ // U(−, H0) // M // 0

is the minimal projective resolution of M . This map is uniquely defined up to
isomorphism. Therefore we can define the map H : morU → morU as Hu = h.
Similarly, we define H− : morU → morU .
Lemma 3.7. If u ∈ morU is left minimal then we have H−Hu ≃ u. If u ∈
morU is right minimal then we have HH−u ≃ u.
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Proof. The morphism u : U1 → U0 is left minimal if and only if the injective
resolution

0 // M // DU(U1,−) u∗
// DU(U0,−)

is minimal, hence we get the result. �

Let V ⊂ T and Λ be as in Theorem 3.5. Since Λ̃ is finite-dimensional, the
category U = add{Sp2Λ | p ∈ Z} is locally finite, hence so is the category
V . The autoequivalence S2 of V induces an autoequivalence of morV that we
denote also by S2. Each map v : V1 → V0 decomposes in the direct sum of a
left minimal map and a map of the form [0→ V2]. Hence we can define a map
Σ: morV → morV by

Σv =

{
HS−2 v if v is left minimal
[V0 → 0] if v = [0→ V0].

This is clearly a bijection whose inverse is

Σ−v =

{
S2H−v if v is right minimal
[0→ V1] if v = [V1 → 0].

Lemma 3.8. Let V ⊂ T and Λ be as in Theorem 3.5. Then the map

Cone : morV // T
v � // Cone(v)

is a bijection on isomorphism classes of objects of the categories morV and T .
Moreover we have

(1) Cone(Σv) ≃ (Cone(v))[1];
(2) Cone(S2v) ≃ S2(Cone(v)).

Proof. If two objects u and v of morV are isomorphic, then their cones are
isomorphic. Hence this map is well-defined on isomorphism classes of objects.
By Proposition 2.5, for each T ∈ T there exists a triangle

V1
v // V0

w // T // V1[1] .

The map v is in the radical if and only if w is a minimal right V-approximation.
Since minimal right approximations exist and are unique up to isomorphism,
the map Cone is bijective.
Let v : 0→ V0 be in morV . Then we have

Cone(Σv) = Cone([V0 → 0])

= V0[1]

= (Cone(v))[1].

Let v : V1 → V0 be left minimal in morV . Let h : H1 → H0 be HS−2 (v). Then
we have an exact sequence in modV :

HomT (V, H1)
h∗ // HomT (V,H0) // DHomT (S−

2 V1,V)
(S−2 v)∗ // DHomT (S−

2 V0,V)
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By definition of S2 this sequence is isomorphic to

HomT (V,H1)
h∗ // HomT (V,H0) // HomT (V, V1[2])

v[2]∗ // DHomT (V, V0[2])

Since V is cluster-tilting, the space HomT (V , H1[1]) vanishes and the cokernel
of h∗ is isomorphic to HomT (V ,Cone(h)). Since HomT (V , V0[1]) vanishes, the
kernel of the map v[2]∗ is HomT (V ,Cone(v)[1]).
Note that, by definition of H , the map h is right minimal. Hence Cone(h)
does not have any non-zero direct summands in V [1]. Similarly, since v is
left minimal, Cone(v) does not have any non-zero direct summands in V ,
and thus Cone(v)[1] does not have any non-zero summands in V [1]. By
the equivalence HomT (V ,−) : T /(V [1]) → modV (see [KR07]) the isomor-
phism HomT (V ,Cone(h)) ≃ HomT (V ,Cone(v)[1]) implies that also Cone(h) ≃
Cone(v)[1].
Hence we get

Cone(Σv) = Cone(HS−2 v)
= Cone(h)

≃ Cone(v)[1]

and we have (1).
Assertion (2) is immediate. �

Lemma 3.9. In the setup of Theorem 3.5, let u be in morU . Then for all p ∈ Z
we have isomorphisms

HomT (fΛ,Cone(fu)[p]) ≃ HomDb(Λ)(Λ,Cone(u)[p]).

Proof. Let U1
u // U0

// X // U0[1] be a triangle in Db(Λ) with u ∈
morU . Let

Up1
up // Up0

// X [p] // Up0 [1]

be a U-approximation triangle of X [p] in Db(Λ) with up ∈ morU . Then we
have

Cone(f(up)) ≃ Cone(f(ΣpU (u))) by Lemma 3.8(1),

≃ Cone(ΣpV(fu)) since f is an equivalence of S2-categories
≃ Cone(fu)[p] by Lemma 3.8(1).

Thus we have a triangle in T

f(Up1 )
fup // f(Up0 )

// Cone(fu)[p] // (fUp1 )[1]

which gives an exact sequence

HomT (fΛ, fU
p
1 )→ HomT (fΛ, fU

p
0 )→

→ HomT (fΛ,Cone(fu)[p])→ HomT (fΛ, fU
p
1 [1]).
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The space HomT (fΛ, fU
p
1 [1]) vanishes since fU = V is a cluster-tilting subcat-

egory of T . But since f is an equivalence we have

HomT (fΛ, fU
p
1 )

// HomT (fΛ, fU
p
0 )

// HomT (fΛ,Cone(fu)[p]) // 0

HomDb(Λ)(Λ, U
p
1 )

≀

OO

// HomDb(Λ)(Λ, U
p
1 ) //

≀

OO

HomDb(Λ)(Λ,Cone(u)[p]) // 0

where the epimorphism in the second row follows from HomDb(Λ)(Λ, U
p
1 [1]) = 0.

Hence we get

HomT (fΛ,Cone(fu)[p]) ≃ HomDb(Λ)(Λ,Cone(u)[p]). �

Proof of Theorem 3.5. Applying Lemma 3.9 to u = [0 → Λ] we get for each
p ∈ Z

HomT (fΛ, fΛ[p]) ≃ HomDb(Λ)(Λ,Λ[p]) = 0.

Therefore the object fΛ is a tilting object in the category T .
We will use the following theorem which can be deduced from [Kel07, Theo-
rem 8.5]:

Theorem 3.10 (Keller). Let T be a Hom-finite algebraic triangulated cate-
gory. Let T ∈ T be a tilting object of T , i.e. for any i 6= 0 the space
ExtiT (T, T ) vanishes. Denote by Λ the endomorphism algebra EndT (T ) and
assume it is of finite global dimension. Then there exists an algebraic equiv-
alence F : Db(Λ) → thick T (T ) sending the object Λ on T where thick T (T ) is
the smallest triangulated subcategory of T containing T and stable under direct
summands.

Hence we have an equivalence

Db(Λ) ∼ // thick (fΛ) ⊂ T

where thick (fΛ) is the thick subcategory of T generated by f(Λ). It remains
to show that thick (fΛ) = T . Since Λ has finite global dimension it suffices to
show that the only object Y ∈ T such that HomT (fΛ, Y [p]) = 0 ∀p ∈ Z is 0.
So let Y ∈ T be such that for each p ∈ Z the space HomT (fΛ, Y [p]) vanishes.
Form an approximation triangle in T

V1
v // V0 // Y // V1[1] .

Since f : U → V is an equivalence and since v is in morV , there exists u : U0 →
U1 ∈ morU such that f(u) = v. Denote byX the cone of u. Then by Lemma 3.9
we have an isomorphism

HomDb(Λ)(Λ, X [p]) ≃ HomT (fΛ, Y [p]) = 0 for all p ∈ Z.

Hence we have X = 0 and U0 = U1 = 0. Therefore we have Y = 0. Hence we

have an equivalence Db(Λ) ∼ // T .
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It remains to prove that the following diagram is commutative.

Db(Λ) ∼
F

// T

U
f

∼ //?�

OO

V?
�

OO

Since F (Λ) = f(Λ) and since U is the cluster-tilting subcategory add{ΛSp2Λ |
p ∈ Z}, it is enough to prove that the functor F commutes with S2. This is
clear by the uniqueness of the Serre functor in a triangulated category. �

4. Application to Iyama-Yoshino reduction

In this section, as an application of the recognition theorem (Theorem 3.5), we
show that certain Iyama-Yoshino reductions of derived categories are derived
categories again.
For lightening the writing, in this section we denote by T (X,Y ) the space of
morphisms HomT (X,Y ) in the category T . If U is a subcategory of T , we
denote by [U ](X,Y ) the space of morphism in T between X and Y factorizing
through an object in U . If T is a triangulated category with Serre functor T S,
we set T S2 = T S[−2], and simply write S2 for T S2 when there is no danger of
confusion.

4.1. Iyama-Yoshino reduction. This subsection is devoted to recalling
some results of [IY08].
Let D be a triangulated k-category which is Hom-finite and with a Serre functor

DS. Let U be a full subcategory having the following properties:

• U is rigid, that is D(U ,U [1]) = 0;
• U is functorially finite, that is any object of D has a right and a left
U-approximation;
• U is stable under DS2 = DS[−2].

We define the full subcategory Z of D by

Z = {X ∈ D | D(U , X [1]) = 0}.
We denote by T the category Z/[U ]. Its objects are those of Z and for X and
Y in Z we have

T (X,Y ) := D(X,Y )/[U ](X,Y ).

For X in Z, let X → UX be a left U-approximation. We define X{1} to be the
cone

X // UX // X{1} // X [1] .

Remark 4.1. In [IY08], Iyama and Yoshino write X〈1〉 instead of X{1}. Here
we deviate from their notation because in this paper pointy brackets are used
to denote degree shifts.
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Theorem 4.2 ([IY08]). The category T is triangulated, with shift functor {1}
and Serre functor T S = DS2{2}. Moreover there is a 1-1 correspondence be-
tween cluster-tilting subcategories of D containing U and cluster-tilting subcat-
egories in T .

In this construction, for any triangle X // Y // Z // X [1] in D such

that X , Y and Z are in Z, we have a morphism of triangles

X
u // Y

v //

��

Z //

w

��

X [1]

X // UX // X{1} // X [1]

Then the image of X
u // Y

v // Z
w // X{1} in T is a triangle.

Here we need the following version of Iyama-Yoshino reduction for the setup
of algebraic triangulated categories.

Proposition 4.3. In the setup of Theorem 4.2, if D is algebraic triangulated
then so is T .

Proof. Since D is algebraic triangulated we have D = E for some Frobenius
exact category E . We denote by F the preimage of Z in E . Since F is closed
under extensions F is an exact category (whose exact sequences are those exact
sequences in E which lie entirely in F).
Let V be the preimage of U in E . Then clearly V ⊆ F . We claim that the
objects in V are projective. Indeed if we have a short exact sequence

F1
// // F2

// // V

in F with V ∈ V then, since HomD(V, F1[1]) = 0 by definition of Z, the
sequence splits. Similarly the objects in V are also injective.
Since V contains all projective-injective objects in E one sees that for any F ∈ F
the right V-approximation V // F is an admissible epimorphism in E . One
easily checks that its kernel is again in F , so that the approximation is also an
admissible epimorphism in F . Hence F has enough projectives, and these are
precisely the objects in V . Dually F has enough injectives, which are again the
objects in V .
Thus F is Frobenius exact, and

T = Z/[U ] = F/[V ] = F

is algebraic triangulated. �

Remark 4.4. The proof of Proposition 4.3 is also a simpler proof for Theo-
rem 4.2 in the case when D is algebraic triangulated.
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4.2. Reduction of the derived category. Let Λ = kQ/I be a τ2-finite
algebra of global dimension ≤ 2. Let i0 ∈ Q0 be a source of Q and e :=
ei0 be the associated primitive idempotent of Λ. We apply Iyama-Yoshino’s
construction for Ue = add{Sp2(eΛ) | p ∈ Z} ⊂ Db(Λ). That is, we denote by Z
the full subcategory of D := Db(Λ)

Z := {X ∈ D | D(Sp2(eΛ), X [1]) = 0 ∀p ∈ Z}.
Then, by Proposition 4.3, the category T = Z/[Ue] is algebraic triangulated.
Denote by Λ′ the algebra Λ/ΛeΛ ≃ (1− e)Λ(1− e). Since i0 is a source of the
quiver Q, the algebra Λ is a one point extension of Λ′, namely

Λ =

[
Λ′ (1− e)Λe
0 k

]
.

Then the projective Λ-modules are

(1− e)Λ =
[
Λ′ (1− e)Λe

]
and eΛ =

[
0 k

]
,

and the injective Λ-modules are

(1− e)DΛ =
[
DΛ′ 0

]
and eDΛ =

[
eDΛ(1− e) k

]
.

Lemma 4.5. The algebra Λ′ is a k-algebra of global dimension ≤ 2.

Proof. Since i0 is a source of Q, for i ∈ Q0 with i 6= i0 the minimal injective
resolution of the simple Si in modΛ does not contain the injective module eDΛ.
Therefore, using the description of injectives above, this injective resolution can
be seen as an injective resolution in modΛ′. �

The aim of this section is to prove the following theorem:

Theorem 4.6. There is a triangle equivalence D′ := Db(Λ′) ≃ T := Z/[Ue].
We first prove several lemmas.

Lemma 4.7. We have an isomorphism

D′(S2Λ′,Λ′) ≃ D(S2((1− e)Λ), (1− e)Λ)/[eΛ].
Proof. We choose a projective resolution of DΛ′ in modΛ′.

(∗) 0 // P2
// P1

// P0
// DΛ′ // 0 .

Since Λ is a one point extension of Λ′ there is a short exact sequence

(†) 0 // (1− e)Λe // (1 − e)Λ // Λ′ // 0

in mod (Λ′op ⊗ Λ), where (1− e)Λe is the Λ′-Λ-bimodule
[
0 (1− e)Λe

]
. Note

that as Λ-module this is just eΛdimk(1−e)Λe. Applying Pi ⊗Λ′ − to (†) for
i = 0, 1, 2 we obtain short exact sequences

0 // Pi ⊗Λ′ (1− e)Λe // Pi ⊗Λ′ (1 − e)Λ // Pi // 0

PiΛe PiΛ

.
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Inserting these in (∗) we obtain the following projective resolution of the Λ-
module DΛ′:

0 // P2Λe //
P2Λ
⊕

P1Λe

//
P1Λ
⊕

P0Λe

// P0Λ // DΛ′ // 0

Since Λ is of global dimension ≤ 2, the map P2Λe // P1Λe is a split

monomorphism, hence we can write

0 //
P2Λ
⊕
eΛm

//
P1Λ
⊕

P0Λe

// P0Λ // DΛ′ // 0

for some m ∈ N. Since e is attached to a source of the quiver Q, the space
[Ue]((1− e)Λ, (1− e)Λ) vanishes and we have

D(S2((1− e)Λ), (1− e)Λ)/[eΛ] = Coker(D(P1Λ, (1− e)Λ)→ D(P2Λ, (1− e)Λ)).
Since i0 is a source of the quiver of Λ, if i, j 6= i0 we have D(eiΛ, ejΛ) =
D′(eiΛ′, ejΛ′). Hence we have

D(S2((1 − e)Λ),(1− e)Λ)/[eΛ] ≃ Coker(D(P1Λ, (1− e)Λ)→ D(P2Λ, (1− e)Λ))
≃ Coker(D(P1,Λ

′)→ D(P2,Λ
′))

≃ D′(S2Λ′,Λ′). �

Lemma 4.8. For any p ≥ 1 the composition map

T (S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ T (S−1

2 Λ, S−2
2 Λ)⊗Λ T (Λ, S−1

2 Λ)→ T (Λ, S−p2 Λ)

is an isomorphism.

Proof. By definition of T for any X,Y ∈ T we have an exact sequence

[Ue](X,Y ) // D(X,Y ) // T (X,Y ) // 0.

Hence we obtain the following diagram

0 0

T (S−p+1
2 Λ, S−p2 Λ)⊗Λ . . .⊗Λ T (Λ, S−1

2 Λ) //

OO

T (Λ, S−p2 Λ)

OO

D(S−p+1
2 Λ, S−p2 Λ)⊗Λ . . .⊗Λ D(Λ, S−1

2 Λ)

OO

// D(Λ, S−p2 Λ)

OO

∗ //

OO

[Ue](Λ, S−p2 Λ)

OO
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with exact columns, and with

∗ =
p⊕

j=1

D(S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ [Ue](S−j+1

2 Λ, S−j2 Λ)⊗Λ . . .⊗Λ D(Λ, S−1
2 Λ)

The surjectivity of the composition map

T (S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ T (Λ, S−1

2 Λ) // T (Λ, S−p2 Λ)

is now consequence of the following result:

Lemma 4.9 ([Ami09]). The composition map

D(S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ D(Λ, S−1

2 Λ) // D(Λ, S−p2 Λ)

is an isomorphism.

We now prove that the map
p⊕

j=1

D(S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ [Ue](S−j+1

2 Λ, S−j2 Λ)⊗Λ . . .⊗Λ D(Λ, S−1
2 Λ)

// [Ue](Λ, S−p2 Λ)

is surjective. Any morphism in [Ue](Λ, S−p2 Λ) is a sum of morphisms factoring

through various S−q2 eΛ, with 0 ≤ q ≤ p. Since the right radical add{Si2Λ | i ∈
Z}-approximation of S−q2 eΛ lies in addS−q+1

2 Λ, and the left radical add{Si2Λ |
i ∈ Z}-approximation of S−q2 eΛ lies in addS−q2 Λ, we have that any map Λ →
S−p2 Λ factoring through S−q2 eΛ lies in the image of

D(S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ [Ue](S−q+1

2 Λ, S−q2 Λ)⊗Λ . . .⊗Λ D(Λ, S−1
2 Λ)→

→ [Ue](Λ, S−p2 Λ).

Therefore, using the above diagram, the composition map

T (S−p+1
2 Λ, S−p2 Λ)⊗Λ · · · ⊗Λ T (Λ, S−1

2 Λ) // T (Λ, S−p2 Λ)

is an isomorphism. �

Lemma 4.10. For any p ∈ Z, we have D′(Λ′, Sp2Λ′) ≃ T (Λ, Sp2Λ).
Proof. For p ≥ 0 both side vanishes since Λ and Λ′ are of global dimension at
most 2. The case p = −1 is Lemma 4.7 since we have

[Ue]((1 − e)Λ, S−1
2 (1 − e)Λ) = [S−1

2 eΛ]((1− e)Λ, S−1
2 (1 − e)Λ).

Using Lemmas 4.7 and 4.8 we show the assertion for any p ≤ −1 by an easy
induction and using the fact that

T (S−1
2 Λ, S−2

2 Λ)⊗Λ T (Λ, S−1
2 Λ) ≃

≃ T (S−1
2 (1 − e)Λ, S−2

2 (1 − e)Λ)⊗Λ′ T ((1 − e)Λ, S−1
2 (1− e)Λ).

�
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Remark 4.11. This lemma can also be proved using Theorem 6.2, but we think
it is good to also have a direct proof.

Proof of Theorem 4.6. The strategy of the proof is to use the recognition the-
orem (Theorem 3.5). The category UΛ = add{ΛSp2Λ | p ∈ Z} is a cluster-
tilting subcategory of D which contains Ue. Therefore, by Theorem 4.2, its
image under the natural functor Z → Z/[Ue] = T is a cluster-tilting subcate-
gory of T . By Lemma 4.10 the category UΛ/[Ue] is equivalent to the category
UΛ′ = add{Λ′Sp2Λ

′ | p ∈ Z} ⊂ D′ = Db(Λ′) as category with S2-action. There-
fore, by Theorem 3.5, we get an triangle equivalence D′ ≃ T . �

Remark 4.12. (1) Theorem 4.6 also holds if i0 is a sink of the quiver of Λ.
(2) This result is related to [Kel11, Theorem 7.4], where the author proves

that the Iyama-Yoshino reduction of the generalized cluster category
associated with a Jacobi-finite quiver with potential at a vertex is again
a generalized cluster category associated with a Jacobi-finite quiver
with potential.

5. Cluster equivalent algebras: the derived equivalent case

In this section we give a criterion for two cluster equivalent algebras to be
derived equivalent. The main tool for proving this criterion is the recognition
theorem (Theorem 3.5). Further we study derived equivalent algebras satisfying
the assumption that the canonical cluster-tilting objects in the common cluster
category are isomorphic. We show that these algebras are all iterated 2-APR
tilts of one another.

5.1. Derived equivalence is graded equivalence.

Definition 5.1. Two τ2-finite algebras Λ1 and Λ2 of global dimension ≤ 2 will
be called cluster equivalent if there exists a triangle equivalence between their
generalized cluster categories CΛ1 and CΛ2 .

Proposition 5.2. Let Λ1 and Λ2 be τ2-finite algebras of global dimension ≤
2. If Λ1 and Λ2 are derived equivalent, then there exists an equivalence
FD : Db(Λ1) → Db(Λ2) which induces an equivalence F : CΛ1 → CΛ2 as in
the following diagram.

Db(Λ1)
FD

//

π1

��

Db(Λ2)

π2

��
CΛ1

F // CΛ2

In particular derived equivalent algebras are cluster equivalent.

We refer to Section 7 for a formal proof of this proposition (Corollary 7.16).

Remark 5.3. As we will see in the examples later, algebras which are not derived
equivalent can still be cluster equivalent.
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As a consequence of Theorem 3.5 we have a first version of a criterion for cluster
equivalent algebras to be derived equivalent.

Corollary 5.4. Let Λ1 and Λ2 be two τ2-finite algebras of global dimension
≤ 2 which are cluster equivalent. Denote by π1 (resp. π2) the canonical functor
Db(Λ1)→ CΛ1 (resp. Db(Λ2)→ CΛ2). Then the following are equivalent

(1) Λ1 and Λ2 are derived equivalent;
(2) there exists an S2-equivalence between the categories π−1

2 (Fπ1Λ1) ⊂
Db(Λ2) and π−1

1 (π1Λ1) ⊂ Db(Λ1) for some triangle equivalence
F : CΛ1 → CΛ2 .

Proof. (1) ⇒ (2): By Proposition 5.2 there exists a triangle equivalence FD

which induces a triangle equivalence F : CΛ1
// CΛ2 such that the diagram

Db(Λ1)
FD

//

π1

��

D(Λ2)

π2

��
CΛ1

F // CΛ2

commutes. Therefore we have S2-equivalences

π−1
2 (Fπ1Λ1) = π−1

2 (π2F
DΛ1)

= add{Sp2FDΛ1 | p ∈ Z}
≃ add{Sp2Λ1 | p ∈ Z} (by uniqueness of the Serre functor)

≃ π−1
1 (π1Λ1).

(2)⇒ (1) Since F is a triangle equivalence, and since π1Λ1 is cluster-tilting in
CΛ1 , Fπ1Λ1 is cluster-tilting in CΛ2 . Then by Proposition 3.1 the subcategory
π−1
2 (Fπ1Λ1) is cluster-tilting in Db(Λ2). Hence, by Theorem 3.5, we get the

result. �

Remark 5.5. It is not clear that the FD constructed in the proof of (2)⇒ (1)
commutes with F , but it induces a (possibly different) triangle equivalence

CΛ1
// CΛ2 .

Theorem 5.6. Let Λ1 and Λ2 be two τ2-finite algebras of global dimension ≤ 2.
For i = 1, 2 we denote by πi the canonical functor Di → Ci, where Di := Db(Λi)
and Ci := CΛi . Denote by Cov(Λ̃i,Z) the Z-covering of the Z-graded algebra

Λ̃i :=
⊕

p≥0

HomDi(Λi, S
−p
2 Λi).

Assume that we have an isomorphism of algebras Λ̃1
∼
f

// Λ̃2. Then the fol-

lowing are equivalent

(1) there exists a derived equivalence FD : D1
∼ // D2 such that the in-

duced triangle equivalence F : C1 → C2 satisfies F (π1Λ1) = π2Λ2;
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(2) there is a equivalence fZ : modCov(Λ̃1,Z)
∼ // modCov(Λ̃2,Z) ex-

tending f .

In this case the algebras Λ1 and Λ2 are cluster equivalent, and we have a com-
mutative diagram:

D1

π1

��

∼
FD

// D2

π2

��
C1 ∼

F
//

HomC1
(π1(Λ1),−)

��

C2
HomC2

(π2(Λ2),−)

��
mod Λ̃1

∼
f

// mod Λ̃2

modCov(Λ̃1,Z)

OO

∼
fZ

// modCov(Λ̃2,Z)

OO

Proof. (1)⇒ (2): Assume Condition (1) is satisfied. Then there exists a tilting
complex T ∈ Db(Λ1) such that EndDb(Λ1)(T ) ≃ Λ2 and that the following
diagram commutes

Db(Λ1)

π1

��

RHom
Db(Λ1)

(T,−)
// Db(Λ2)

π2

��
CΛ1

∼
F

// CΛ2

Since Fπ1(Λ1) is isomorphic to π2(Λ2) = π2(RHom(T, T )), we have π1(Λ1) =

π1(T ). So T can be written
⊕n

i=1 S
−di
2 eiΛ1 for certain di ∈ Z, where Λ1 =⊕n

i=1 eiΛ1 is the decomposition into indecomposable projective modules. Then
we have the following isomorphisms of Z-graded algebras

Λ̃2 ≃
Z

⊕

p∈Z

HomD2(Λ2, S−p2 Λ2)

≃
Z

⊕

p∈Z

HomD1(T, S
−p
2 T )

≃
Z

⊕

p∈Z

HomD1(

n⊕

i=1

S−di2 eiΛ1,

n⊕

i=1

S−di−p2 eiΛ1)

≃
Z

⊕

p∈Z

HomCov(Λ̃1,Z)
(

n⊕

i=1

eiΛ̃1〈di〉,
n⊕

i=1

eiΛ̃1〈di + p〉),
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where eiΛ̃1 is the projective Λ̃1-graded module
⊕

p∈ZHomD1(Λ1, S−p2 eiΛ1).
Therefore, by Theorem 2.8, we have a commutative diagram

mod Λ̃1
∼ // mod Λ̃2

modCov(Λ̃1,Z)
∼ //

OO

modCov(Λ̃2,Z)

OO

and we get (2).
(2)⇒ (1): By assumption we have a commutative diagram

mod Λ̃1
∼ // mod Λ̃2

modCov(Λ̃1,Z)
∼ //

OO

modCov(Λ̃2,Z)

OO

where the upper equivalence comes from the isomorphism of algebras Λ̃1 ≃ Λ̃2.

Then, by Theorem 2.8, there exists integers di such that Λ̃2 is isomorphic as
graded algebra to

Λ̃2 ≃
Z

⊕

p∈Z

HomCov(Λ̃1,Z)
(

n⊕

i=1

eiΛ̃1〈di〉,
n⊕

i=1

eiΛ̃1〈di + p〉),

where Λ̃1 =
⊕n

i=1 eiΛ̃1 is the decomposition of Λ̃1 into indecomposables. Thus

we have eiΛ̃1 ≃
⊕

p∈Z HomD1(Λ1, S−p2 eiΛ1). Therefore we have

Λ̃2 ≃
Z

⊕

p∈Z

HomD1(

n⊕

i=1

S−di2 eiΛ1,

n⊕

i=1

S−di−p2 eiΛ1).

This isomorphism of graded algebras means that we have an equivalence of
cluster-tilting subcategories with S2-action

U1 = add{S−di−p2 eiΛ1, i = 1, . . . , n, p ∈ Z} u

∼ // add{S−p2 Λ2 | p ∈ Z} = U2

sending
⊕n

i=1 S
−di
2 eiΛ1 to Λ2.

Therefore, by Theorem 3.5, we get a triangle equivalence FD between Db(Λ1)
and Db(Λ2) making the following square commutative.

U1 u //
� _

��

U2� _

��
Db(Λ1)

FD
// Db(Λ2)
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By Proposition 5.2, the functor FD induces a triangle equivalence F : CΛ1 →
CΛ2 such that the following diagram commutes,

Db(Λ1)
FD

//

π1

��

Db(Λ2)

π2

��
CΛ1

F // CΛ2

and we have

Fπ1Λ1 ≃ Fπ1(
n⊕

i=1

S−di2 eiΛ1) ≃ π2FD(
n⊕

i=1

S−di2 eiΛ1) ≃ π2Λ2.

This completes the proof of the implication (2)⇒ (1).
Moreover the square

CΛ1

F //

HomC1 (π1Λ1,−)

��

CΛ2

HomC2 (π2Λ2,−)

��
mod Λ̃1

f // mod Λ̃2

is commutative, and we get the commutative diagram of the theorem. �

Example 5.7. Let Λ1 = kQ1/I1, Λ2 = kQ2/I2 and Λ3 = kQ3/I3 be the algebras
given by the following quivers:

Q1 = 2

1

a @@���
3

d
oo

coo

, Q2 = 2
b
��=

==

1 3
d

oo
coo

and Q3 = 2
b
��=

==

1

a @@���
3

d
oo

with relations I1 = 〈ac〉, I2 = 〈cb〉 and I3 = 〈ba〉. It is easy to check that the

algebras Λ̃i, for i = 1, 2, 3 are all isomorphic to the Jacobian algebra Jac(Q̃,W )
(see Section 6.2 for definition) where

Q̃ = 2
b
��=

==

1

a @@���
3

d
oo

coo

and W = cba.

The algebras Λ1 and Λ2 are derived equivalent since they are both derived
equivalent to the path algebra of a quiver of type Ã2. The quiverQ

3 contains an
oriented cycle, therefore the algebra Λ3 is not derived equivalent to a hereditary
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algebra. We compute the Z-coverings with respect to the different gradings:

2

1

a @@���
3

d
oo

coo

2
b

@@���

Cov(Λ̃1,Z) =1

a
BB����

3
d

oo
coo

2
b

BB����

1

a @@���
3

d
oo

coo

2
b

��=
==

1

a ��=
==

3
d

oo
coo

2
b

��:
::

:

Cov(Λ̃2,Z) =1

a ��:
::

: 3
d

oo
coo

2
b

��=
==

1 3
d

oo
coo

2

b ��=
==

1

a @@���
3

d
oo

2

b ��:
::

:

Cov(Λ̃3,Z) =1

a
BB����

3

c

hh

d
oo

2

b ��=
==

1

a @@���
3

c

hh

d
oo

It is then clear that the first two locally finite categories are equivalent, but not to
the third one.

Theorem 5.6 can be generalized to the case that Λ̃2 is isomorphic not necessarily

to Λ̃1, but to the endomorphism algebra of some cluster-tilting object in C1.
Theorem 5.8. Let Λ1 and Λ2 be two τ2-finite algebras of global dimension ≤ 2.
Assume there is T ∈ D1 such that π1(T ) is basic cluster tilting in C1, and

(1) there is an isomorphism EndC1(π1T )
∼ // EndC2(π2Λ2)

(2) this isomorphism can be chosen in such a way that the two Z-gradings
defined on Λ̃2, given respectively by

⊕

q∈Z

HomD2(Λ2, S−q2 Λ2) and
⊕

p∈Z

HomD1(T, S
−p
2 T ),

are equivalent.

Then the algebras Λ1 and Λ2 are derived equivalent, and hence cluster equiva-
lent.

Proof. The object π1T is a cluster-tilting object in C1. Hence the subcategory
π−1
1 (π1T ) is a cluster-tilting subcategory of D1. It is immediate to see that

π−1
1 (π1T ) = add{Sp2T | p ∈ Z}.

With the same argument used in the proof (2)⇒ (1) of Theorem 5.6, we show
that Condition (2) is equivalent to the fact that we have an equivalence of
cluster-tilting subcategories with S2-action:

U1 := add{Sp2T | p ∈ Z} ≃ add{Sq2Λ2, q ∈ Z} =: U2
Then we can apply Theorem 3.5 to get the result. �

Remark 5.9. In Section 6 we will introduce the notion of mutation of graded
quivers with potential, which makes it possible to check the assumptions of
Theorem 5.8 more easily. Therefore we give an example there (Example 6.15).
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5.2. Classification of tilting complexes. In this subsection we classify
tilting complexes giving rise to derived equivalent algebras with the same canon-
ical cluster tilting object.
Let Λ be a τ2-finite algebra of global dimension ≤ 2. Let Λ = P1 ⊕ · · · ⊕ Pn
the decomposition of the free module Λ into indecomposable projectives. Let
T =

⊕n
i=1 S

−di
2 Pi be a lift of the canonical cluster-tilting object π(Λ) (cf.

Example 2.4(3)). Our aim is to determine when T is a tilting complex with
gl.dim(EndD(T )) ≤ 2.
First recall a result from [IO11].

Proposition 5.10 ([IO11, Theorem 4.5 and Proposition 4.7]). Let Λ be an
algebra of global dimension ≤ 2. Let Λ = P0⊕PR be a decomposition such that

(1) HomD(PR, P0) = 0, and

(2) Ext1Λ(SPR, P0) = 0 (recall that S is the Serre functor, so SPR is the
injective module corresponding to the projective module PR).

Then the complex T = S−1
2 P0⊕PR is a tilting complex with gl.dimEndD(T ) ≤ 2.

In this case the complex T is called a 2-APR-tilt of Λ.
We denote by U the cluster-tilting subcategory add{Sp2Λ | p ∈ Z} of Db(Λ).
Definition 5.11. An object Σ in U is called a slice if the following holds:

(1) Σ intersects the S2-orbit of all Pi in exactly one point.
(2) HomD(Σ, Sp2Σ) = 0 for all p > 0.
(3) HomD(Σ, Sp2Σ[−1]) = 0 for all p ≥ 0.

Note that, if Σ is a slice, then S2Σ and S−1
2 Σ are also slices.

We define a partial order on slices. Let Σ =
⊕n

i=1 S
−si
2 Pi and Σ′ =

⊕n
i=1 S

−ti
2 Pi

be two slices. Then we write Σ ≤ Σ′ if for all i = 1, . . . , n we have si ≤ ti.
For two complexes Σ =

⊕n
i=1 S

−si
2 Pi and Σ′ =

⊕n
i=1 S

−ti
2 Pi, we will denote by

max(Σ,Σ′) the complex
⊕n

i=1 S
−ui
2 Pi where ui = max(si, ti), and by min(Σ,Σ′)

the complex
⊕n

i=1 S
−vi
2 Pi where vi = min(si, ti).

Lemma 5.12. If Σ and Σ′ are slices, then max(Σ,Σ′) and min(Σ,Σ′) are slices.

Proof. By definition max(Σ,Σ′) intersects every S2-orbit in exactly one point.
Let S and S′ be indecomposable summands of max(Σ,Σ′). We can assume
that S is a summand of Σ and S′ a summand of Σ′. Then there exists d ≥ 0
such that Sd2S is a summand of Σ′. For p ≥ 0, the space HomD(S, Sp2S′) ≃
Hom(Sd2S, S

p+d
2 S′) vanishes since Sd2S and S′ are summand of Σ′ and p+d ≥ 0.

For the same reasons, the space HomD(S, Sp2S
′[−1]) ≃ Hom(Sd2S, S

p+d
2 S′[−1])

vanishes. Hence max(Σ,Σ′) is a slice.
The proof is similar for min(Σ,Σ′). �

Lemma 5.13. The object Λ is a slice.

Proof. Since the global dimension of Λ is ≤ 2, it is not hard to see (cf. [Ami09,
Lemma 4.6]), that the cohomology of Sp2Λ is in degree ≥ 2 for p ≥ 1. Therefore
we immediately get (2) and (3). �
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Lemma 5.14. Let Σ and Σ′ be two slices such that S2Σ′ ≤ Σ ≤ Σ′. Assume
that Σ is a tilting complex with endomorphism algebra of global dimension ≤ 2.
Then Σ′ is a 2-APR-tilt of Σ.

Proof. The slices Σ′ and S2Σ′ have no common summands, and since S2Σ′ ≤
Σ ≤ Σ′, the slice Σ is a direct summand of S2Σ′ ⊕ Σ′.
Let P0 be the intersection Σ ∩ S2Σ′ and PR be the intersection Σ ∩ Σ′. Then
we have S−1

2 P0 ⊕ PR = Σ′.
We shall prove that the decomposition Σ = P0⊕PR satisfies the properties (1)
and (2) of Theorem 5.10. The space HomD(PR, P0) vanishes since PR is in Σ′

and P0 is in S2Σ′. The space Ext−1
Λ (PR, S−1

2 P0) vanishes since PR and S−1
2 P0

are both in Σ′. Therefore Σ′ is a 2-APR-tilt of Σ. �

Proposition 5.15. All slices are iterated 2-APR-tilts of Λ.

Proof. Let Σ be a slice. Let N be minimal with SN2 Λ ≤ Σ, and M maximal
with Σ ≤ SM2 Λ. We prove the claim by induction on N −M . For N = M
we have Σ = SN2 Λ, thus Σ is an iterated 2-APR-tilt of Λ. So assume N > M .

Let Σ′ = max(SN−1
2 Λ,Σ). Then S2Σ′ ≤ Σ ≤ Σ′, and by Lemma 5.14 Σ is a

2-APR-tilt of Σ′. Since SN−1
2 Λ ≤ Σ′ ≤ SM2 Λ we know inductively that Σ′ is an

iterated 2-APR-tilt of Λ, so Σ is also an iterated 2-APR-tilt of Λ. �

Theorem 5.16. For T =
⊕n

i=1 S
−di
2 Pi, the following are equivalent:

(1) T is a tilting complex with gl.dimEnd(T ) ≤ 2;
(2) T is a slice;
(3) T is an iterated 2-APR-tilt of Λ;

(4) (a) Ext1Λ(Sj , Si) 6= 0 or Ext2Λ(Si, Sj) 6= 0 implies that dj − di ∈ {0, 1}
and

(b) for any r we have HomD(Pi, S−r2 Pj [−1]) 6= 0 implies that
dj − di < r.

Proof. We have (2)⇒ (3)⇒ (1) by Proposition 5.15 and by Theorem 5.10.
Assume now that T is a tilting complex whose endomorphism algebra Γ =
EndDb(Λ)(T ) is of global dimension ≤ 2. Then by Lemma 5.13, Γ is a slice in

Db(Γ). Since T is a tilting complex, there is a triangle equivalence

RHomDb(Λ)(T,−) : Db(Λ) ∼ // Db(Γ) .
By uniqueness of the Serre functor, the functors ΛS2 and ΓS2 are isomorphic.
Since T is of the form

⊕n
i=1 S

−di
2 Pi, we have the following commutative square

Db(Λ) ∼ // D(Γ)

UΛ ∼ //?�

OO

UΓ
?�

OO

where UΛ is the additive subcategory add{Sp2Λ | p ∈ Z} of Db(Λ). Therefore Σ
is a slice in Db(Λ) if and only if RHomDb(Λ)(T,Σ) is a slice in Db(Γ). Hence T
is a slice in Db(Λ) and we have (1)⇒ (2).
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For the last equivalence, first note that Condition (4b) is clearly equivalent to
Condition (3) of the definition of a slice.

Let Λ̃ be the endomorphism algebra EndC(πΛ) =
⊕

p∈Z HomDb(Λ)(Λ, S
−p
2 Λ).

This algebra is a graded algebra with positive grading generated in degrees 0
and 1. The arrows of its quiver QΛ̃ have degree 0 or 1. Moreover we have

♯{i→ j ∈ QΛ̃} = dimExt1Λ(Sj , Si) + dimExt2Λ(Si, Sj),

where Si (resp. Sj) is the simple module top of Pi (resp. Pj).

Let T be a tilting complex of the form
⊕n

i=1 S
−di
2 Pi =

⊕n
i=1 Ti and such that

its endomorphism algebra Γ = EndDb(Λ)(T ) is of global dimension ≤ 2. The
algebra

Γ̃ = EndC(π(T )) =
⊕

p∈Z

HomDb(Λ)(T, S
−p
2 T )

is isomorphic to Λ̃. By the above remark, every arrow of the graded quiver QΓ̃

has degree 0 or 1. Assume that Ext1Λ(Sj , Si) does not vanish. This means that
there exists an irreducible map Pi → Pj , therefore there exists an irreducible

map Ti → S−di+dj2 Tj. But since every arrow of the graded quiver QΓ̃ has degree

0 or 1, we have di−dj ∈ {0, 1}. Assume now that Ext2Λ(Si, Sj) does not vanish.

This means that there exists an irreducible map Pi → S−1
2 Pj , therefore there

exists an irreducible map Ti → S−di+dj−1
2 Tj . Since every arrow of the graded

quiver QΓ̃ has degree 0 or 1, we have di − dj − 1 ∈ {0, 1}. Hence we have
dj − di ∈ {0, 1}. Therefore we have (1)⇒ (4).

Now assume that we have Condition (4) for the object T =
⊕n

i=1 S
−di
2 Pi. We

will prove that it is a slice. We obviously have Condition (1) and we have
Condition (3) since we have (4b). The algebra

Γ̃ = EndC(π(T )) =
⊕

p∈Z

HomDb(Λ)(T, S
−p
2 T )

is isomorphic to Λ̃. Condition (4a) exactly means, as we just saw above, that
the graded quiver QΓ̃ only has arrows of degree 0 and 1. A non-zero morphism
in HomDb(Λ)(T, S

p
2T ) implies that there exists a path of degree −p in the graded

quiver QΓ̃. Hence p must be non-positive, and we have Condition (2) of the
definition of a slice. Therefore we have (4)⇒ (2). �

6. Left (and right) mutation in the derived category and graded
quivers with potential

The aim of this section is to provide a combinatorial description of the mutation
in the derived category. We first give a link between right and left mutation.
Then we recall some results about quivers with potential (QP for short) and
generalized cluster categories attached to them. Finally, we define the notion of
mutation of a graded QP and state the main result which permits to compute
explicitly the grading of the endomorphism ring of a cluster-tilting object in
the cluster category.
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6.1. Relation between left mutation and right mutation. Let T be
a triangulated category with Serre functor S and V ⊂ T be a cluster-tilting
subcategory. Let X ∈ V be indecomposable, and set

V ′ := add (ind (V) \ {Sp2X | p ∈ Z}),
where ind (V) denotes the indecomposable objects in V . Then by Theorem 2.6
there exists a unique cluster-tilting subcategory V∗ with V ′ ⊆ V∗ 6= V .
Proposition 6.1. In the setup of Theorem 2.6 (left and right exchange tri-
angles), if for any p 6= 0 any map X → Sp2X factors through V ′, then we
have

XR ≃ S2XL.

Proof. Let XL[−1] f // X
u // B // XL be the left exchange triangle.

Let g : XL[−1]→ U be a non-zero morphism with U an indecomposable object
in V . Then U is not in V ′ since Hom(XL[−1],V ′) = 0 (Theorem 2.6). Hence
there exists a p such that U = Sp2X . Since f is a left V-approximation g factors
through f . Since for p 6= 0 all mapsX → Sp2X factor through V ′, hence through
u, we have p = 0. Therefore we have

HomT (X
L[−1],V) = HomT (X

L[−1], X).

But now we have isomorphisms in modV
DHomT (V , S2XL[1]) ≃ HomT (X

L[−1],V) =
= HomT (X

L[−1], X) ≃ DHomT (X, S2XL[1]).

Hence the only indecomposable object in V admitting non-zero maps to
S2XL[1] is X .
Now let

S2XL // B′ // X ′ // S2XL[1]

be the triangle obtained from a left V ′-approximation of S2XL. By Theorem 2.6
we have X ′ = Sq2X for some q ∈ Z. By the above observation we have q = 0,
so X ′ = X .
Now, since the above map B′ // X ′ = X is a right V ′-approximation, this

triangle is precisely the triangle defining XR. So we see XR = S2XL. �

6.2. Jacobian algebras and cluster-tilting objects. Quivers with po-
tentials and the associated Jacobian algebras have been studied in [DWZ08].
Let Q be a finite quiver. For each arrow a in Q, the cyclic derivative ∂a with
respect to a is the unique linear map

∂a : kQ→ kQ

which sends a path p to the sum
∑

p=uav vu taken over all decompositions of

the path p (where u and v are possibly idempotent elements ei associated to a
vertex i). A potential on Q is any (possibly infinite) linear combination W of
cycles in Q. The associated Jacobian algebra is

Jac(Q,W ) := kQ̂/〈∂aW ; a ∈ Q1〉,
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where kQ̂ is the completed path algebra, that is the completion of kQ with
respect to the ideal generated by the arrows, and 〈∂aW ; a ∈ Q1〉 is the closure
of the ideal generated by ∂aW for a ∈ Q1.
Associated with any quiver with potential (Q,W ), a cluster category C(Q,W ) is
constructed in [Ami09]. It uses the notion of Ginzburg dg algebra. We refer
the reader to [Ami09] for an explicit construction. When the associated Ja-
cobian algebra is finite dimensional, the category C(Q,W ) is 2-Calabi-Yau and
endowed with a canonical cluster-tilting object T(Q,W ) (that is an object such
that add (T(Q,W )) is a cluster-tilting subcategory) whose endomorphism algebra
is isomorphic to Jac(Q,W ). The next result gives a link between cluster cate-
gories associated with algebras of global dimension ≤ 2 and cluster categories
associated with QP.

Theorem 6.2 ([Kel11, Theorem 6.11 a)]). Let Λ = kQ/I be a τ2-finite algebra
of global dimension ≤ 2, such that I is generated by a finite minimal set of
relations {ri}. (By this we mean that the set {ri} is the disjoint union of sets

representing a basis of the Ext2Λ-space between any two simple Λ-modules.) The
relation ri starts at the vertex s(ri) and ends at the vertex t(ri). Then there is
a triangle equivalence:

CΛ ≃ C(Q̃,W ),

where the quiver Q̃ is the quiver Q with additional arrows ai : t(ri) → s(ri),
and the potential W is

∑
i airi. This equivalence sends the cluster-tilting object

π(Λ) on the cluster-tilting object T(Q̃,W ).

As a consequence we have an isomorphism of algebras:

EndC(πΛ) ≃ Jac(Q̃,W ).

Here is an immediate observation which introduces the natural grading of
EndC(πΛ) to Theorem 6.2. It gives a motivation for introducing the left graded-
mutation of a quiver.

Proposition 6.3. Let Λ = kQ/I be a τ2-finite algebra of global dimension ≤ 2.

Denote by (Q̃,W ) the quiver with potential defined in Theorem 6.2. Then there

exists a unique Z-grading on Q̃ such that

(1) the potential W is homogeneous of degree 1;

(2) there is an isomorphism of quivers Q̃{0} ∼ // Q , where Q̃{0} is the

subquiver of Q̃ of arrows of degree 0.

This grading on Q̃ yields a grading on Jac(Q̃,W ) and we have an isomorphism
of Z-graded algebras

Jac(Q̃,W )
∼
Z

// ⊕
p∈Z HomDZ(Λ, S−p2 Λ) .

Proof. This is achieved by giving the arrows in Q1 degree zero, and the arrows

in Q̃1 \Q1 (that is the arrows corresponding to minimal relations) degree one.
�
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6.3. Left (and right) mutation of a graded quiver with potential.
Extending Fomin and Zelevinsky mutations of quivers [FZ02], Derksen, Wey-
man, and Zelevinsky have introduced the notion of mutation of quivers with
potential in [DWZ08]. We adapt this notion to G-graded quivers with potential
homogeneous of degree r ∈ G. In the following subsections of this section we
will use this definition for G = Z and r = 1, and in Section 8 for G = Z2 and
r = (1, 1).

Definition 6.4. Let (Q,W, d) be a G-graded quiver with potential homo-
geneous of degree r (G-graded QP for short). Let i ∈ Q0 be a vertex,
such that there are neither loops nor 2-cycles incident to i. We define
µ̃Li (Q,W, d) = (Q′,W ′, d′). The quiver Q′ is defined as in [DWZ08] as fol-
lows

• for any subquiver u
a // i

b // v with i, u and v pairwise different
vertices, we add an arrow [ba] : u→ v;

• we replace all arrows a incident with i by an arrow a∗ in the opposite
direction.

The potential W ′ is also defined as in [DWZ08] by the sum [W ] +W ∗ where
[W ] is formed from the potential W replacing all compositions ba through the
vertex i by the new arrows [ba], and where W ∗ is the sum

∑
b∗a∗[ba].

The new degree d′ is defined as follows:

• d′(a) = d(a) if a is an arrow of Q and Q′;
• d′([ba]) = d(b) + d(a) if ba is a composition passing through i;
• d′(a∗) = −d(a) + r if the target of a is i;
• d′(b∗) = −d(b) if the source of b is i.

Similarly, we can define µ̃Ri (Q,W, d) = (Q′,W ′, d′) by setting d′(a∗) = −d(a)
for arrows a such that t(a) = i, and d′(b∗) = −d(b) + r for arrows b with
s(b) = i.
As in [DWZ08], it is possible to define trivial and reduced graded quivers with
potential. A G-graded QP (Q,W, d) is trivial if the potential W is in the space
kQ2 spanned by paths of length 2, and if the Jacobian algebra Jac(Q,W, d) is
isomorphic to the semisimple algebra kQ0. A G-graded QP (Q,W, d) is reduced
if W ∩ kQ2 is zero.

Definition 6.5. Two G-graded QP (Q,W, d) and (Q′,W ′, d′) are graded
right equivalent if there exists an isomorphism of G-graded algebras

ϕ : (kQ, d)
∼
G

// (kQ′, d′) such that ϕ|kQ0 = id and such that ϕ(W ) is

cyclically equivalent to W ′ in the sense of [DWZ08].

The Splitting Theorem of [DWZ08] still holds in the graded case. Indeed the
right equivalence constructed in the proof of [DWZ08, Lemma 4.8], is graded.

Theorem 6.6 (Graded Splitting Theorem – compare [DWZ08, Theorem 4.6]).
Let (Q,W, d) be a G-graded QP. Then there exists a (unique up to graded right
equivalence) reduced graded QP (Qred,W red, dred) and a (unique up to graded
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right equivalence) trivial QP (Qtriv,W triv, dtriv) such that (Q,W, d) is graded
right equivalent to the direct sum

(Qred,W red, dred)⊕ (Qtriv,W triv, dtriv).

(The direct sum means that the vertices of both summands and the sum co-
incide, and the arrows of the sum are the disjoint union if the arrows of the
summands.)

Therefore, we can deduce the following.

Proposition 6.7. Let (Q,W, d) be a G-graded quiver with potential homo-
geneous of degree r and let i be vertex of Q without incident loops or 2-
cycles. Then the reduction (Q′red,W ′red, d′) in the sense of [DWZ08] of
µ̃Li (Q,W, d) = (Q′,W ′, d′) has potential homogeneous of degree r with respect
to the grading d′.

Proof. It is an easy computation to check that the potentialW ′ is homogeneous
of degree r with respect to d′. Then the graded splitting theorem implies that
the reduction process does not change the homogeneity of the potential. �

Definition 6.8. The Graded Splitting Theorem and the above proposition
allow us to defined the left mutation at vertex i µLi (Q,W, d) of aG-graded quiver
with potential (Q,W, d) as the reduction of the graded quiver with potential
µ̃Li (Q,W, d). Similarly we define the right mutation at vertex i µRi (Q,W, d) of
a graded QP (Q,W, d) as the reduction of the graded quiver with potential
µ̃Ri (Q,W, d).

One immediately checks the following.

Lemma 6.9. Let (Q,W, d) be a G-graded QP with potential homogeneous of
degree r, and let i be a vertex without incident loops or 2-cycles. Then the G-
graded QP (Q,W, d), µLi µ

R
i (Q,W, d) and µ

R
i µ

L
i (Q,W, d) are graded right equiv-

alent.

The following lemma gives a direct link between left mutation and right muta-
tion of a graded quiver.

Lemma 6.10. Let (Q,W, d) be a G-graded quiver with potential homogeneous
of degree r and let i be a vertex of Q without incident loops or 2-cycles. Then
there is a graded equivalence

modJac(µLi (Q,W, d))→ modJac(µRi (Q,W, d)).

Proof. The algebras Jac(µLi (Q,W, d)) and Jac(µRi (Q,W, d)) are isomorphic.
Let us decompose the Jacobian algebra Jac(µLi (Q,W, d)) as a direct sum of
graded projective Jac(µLi (Q,W, d))-modules.

Jac(µLi (Q,W, d)) =
⊕

j∈Q0

Pj .
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One can check that the graded endomorphism algebra of

(
⊕

j∈Q0,j 6=i
Pj)⊕ Pi〈−r〉

is then isomorphic as graded algebra to Jac(µRi (Q,W, d)). �

6.4. Mutation and generalized cluster categories associated with
QP. Let (Q,W ) be a quiver with potential, such that the Jacobian algebra
Jac(Q,W ) is finite dimensional, and T(Q,W ) ∈ C(Q,W ) be the canonical cluster-
tilting object of the generalized cluster category C(Q,W ). There is a canonical
bijection between the vertices of Q and the indecomposable objects of T(Q,W ).
Let i be in Q0, Ti be the corresponding summand of T(Q,W ) ≃ Ti ⊕ T ′, and

Ti // B // TLi
// Ti[1] and TRi

// B′ // Ti // TRi [1]

be the approximation triangles as defined in Theorem 2.6. Then, we have
TRi ≃ TLi since the category C(Q,W ) is 2-Calabi-Yau. We denote by µi(T(Q,W ))

the new cluster-tilting object T ′ ⊕ TLi . The following fundamental result links
the [DWZ08]-mutation of QP and the [IY08]-mutation of the cluster-tilting
object T(Q,W ).

Theorem 6.11 (Keller-Yang [KY11]). Let (Q,W ) be a quiver with potential
whose Jacobian algebra is finite dimensional, and i ∈ Q0 a vertex such that
there is no 2-cycles nor loops at vertex i in Q. Then there exists a triangle
equivalence

Cµi(Q,W ) ≃ C(Q,W )

sending the cluster-tilting object Tµi(Q,W ) ∈ Cµi(Q,W ) on the cluster-tilting ob-
ject µi(T(Q,W )) ∈ C(Q,W ), where Ti is the indecomposable summand of T(Q,W )

associated with the vertex i of Q, and where µi(Q,W ) is the mutation of the
quiver with potential (Q,W ) at vertex i.

This triangle equivalence is compatible with vertices in the following sense: the
bijection between the vertices of Q and the indecomposable direct summands
of T(Q,W ) together with this equivalence induce a bijection between the ver-
tices of µ̃i(Q,W ) and the indecomposable summands of Tµi(Q,W ), which is the
canonical one.

The compatibility between [DWZ08]-mutation of quivers with potential and
[IY08]-mutation of cluster tilting objects, given by Theorem 6.11, can be un-
derstood more precisely in the following way:
Let T(Q,W ) ≃ Ti ⊕ T ′ as above. If the map Ti → B is a minimal left (addT ′)-
approximation, then B is isomorphic to

⊕
j,a : i→j Tj. So for any arrow a : i→ j

in Q, there is a non-zero map T j → TLi . This map corresponds to the new
arrow a∗ : j → i in µ̃i(Q,W ). In the same way, for any arrow b : j → i in Q,
there is a non-zero map TRi ≃ TLi → Tj which corresponds to the new arrow
b∗ in µ̃i(Q,W ). Furthermore, arrows [ba] : j → ℓ in µi(Q), where a : j → i and
b : i → ℓ are in Q, correspond to the composition of the maps associated to b
and a.
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6.5. Relation between mutation of graded QP and mutation in the
derived category. Let Λ be a τ2-finite algebra of global dimension ≤ 2. Let
T ≃ T1 ⊕ . . . ⊕ Tn be an object in Db(Λ) such that π(T ) is a (basic) cluster-
tilting object in CΛ. By Proposition 3.1, the category UT = add{Sp2T | p ∈
Z} = π−1(π(T )) is a cluster-tilting subcategory of Db(Λ).
Let i ∈ {1, . . . , n}, and T ′ = ⊕j 6=iTj . We denote by Ui the additive subcategory
add{Sp2T ′ | p ∈ Z} of Db(Λ). Consider the left exchange triangle associated to
Ti (defined in Theorem 2.6) in Db(Λ)

Ti
u // B

v // TLi
w // Ti[1]

where u : Ti → B is a minimal left Ui-approximation of Ti. We denote by
µLi (T ) the object T ′ ⊕ TLi ∈ Db(Λ). Then, by Theorem 2.6, the category
add{Sp2(µLi (T )) | p ∈ Z} is a cluster-tilting subcategory of Db(Λ), and by
Proposition 3.2 the object π(µLi (T )) is cluster-tilting in CΛ.
The endomorphism algebras of π(T ) and π(µLi (T )) are naturally Z-graded since
we have

EndC(π(T )) ≃
⊕

p∈Z

HomD(T, Sp2T )

and

EndC(π(µ
L
i (T ))) ≃

⊕

p∈Z

HomD(µ
L
i (T ), S

−p
2 (µLi (T ))).

The following theorem links the gradings of EndC(π(Λ)) and EndC(π(T )), when
T is obtained from Λ by iterated mutations and is mainly a consequence of
Theorem 6.11.

Theorem 6.12. Let Λ = kQ/I be a τ2-finite algebra of global dimension ≤ 2,

and denote by (Q̃,W, d) the graded QP defined in Proposition 6.3. Assume that

there exists a sequence i1, i2, . . . , il of vertices of Q̃ such that for any j = 0, . . . , l
there is no 2-cycle on the vertex ij+1 in the quiver Qj where (Qj ,W j) := µij ◦
· · ·◦µi1(Q̃,W ). Denote by T the object in Db(Λ) defined by T := µLil◦· · ·◦µLi1(Λ).
Then there is an isomorphism of Z-graded algebras

⊕
p∈Z HomD(T, S

−p
2 (T ))

∼
Z

// Jac(µLil ◦ · · · ◦ µLi1(Q̃,W, d)).

Proof. For j = 1, . . . , l denote by T j the object µLij ◦ · · · ◦ µLi1(Λ), and by

(Qj ,W j , dj) the graded QP µLij ◦ · · · ◦ µLi1(Q̃,W, d). We put T 0 := Λ and

(Q0,W 0, d0) := (Q̃,W, d). The object π(T j) is a cluster-tilting object of the
cluster category CΛ. By Theorem 6.2, there is a triangle equivalence CΛ ≃
C(Q0,W 0) sending the cluster-tilting π(Λ) on the cluster-tilting object T(Q0,W 0) ∈
C(Q0,W 0).

Now note that the quiver Q0 does not have loops. Indeed, since Λ is of finite
global dimension, its Gabriel quiver does not contain any loop [Len69, Igu90].

Moreover since Λ̃ is finite dimensional, it is easy to see that there is no loop of
degree 1 in the quiver Q0. Furthermore, if a QP does not contain any loops,
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after one mutation at a vertex not on a 2-cycle, it still does not contain any
loops. Therefore by an immediate induction, one checks that (Qj ,W j , dj) does
not have loops for any j = 0, . . . , l.
Hence we can apply iteratively Theorem 6.11 and we obtain an equivalence of
triangulated categories

C(Q0,W 0) ≃ C(Qj ,W j)

sending µij ◦· · ·◦µi1(T(Q0,W 0)) onto T(Qj ,W j). Hence we obtain an isomorphism
of algebras

⊕
p∈Z HomD(T j, S

−p
2 (T j))

∼ // Jac(Qj ,W j).

The only thing to check is that this isomorphism preserves the grading. We
proceed by induction on the number of mutations j. For j = 0, we have

⊕

p∈Z

HomD(T
0, S−p2 (T 0)) ≃

Z

⊕

p∈Z

HomD(Λ, S−p2 (Λ)) ≃
Z
Jac(Q0,W 0, d0)

by Proposition 6.3. So assume the result for j ≥ 0, we have by induction
hypothesis

⊕
p∈Z HomD(T j, S

−p
2 (T j))

∼
Z

// Jac(Qj ,W j, dj).

Let (T j)′ be the direct sum of the summands of T j not corresponding to the
vertex ij+1. Then the left exchange triangle is of the form

T jij+1
→

⊕

a : ij+1→s

S−d(a)2 T js → (T jij+1
)L → T jij+1

[1],

where the sum in the second term runs over all arrows of Qj starting in ij+1.
An arrow a∗ : s → ij+1 of the mutated quiver corresponds to the component

map S−d(a)2 T js → (T jij+1
)L, and therefore has degree −d(a).

Similarly we see that, for an arrow b : s → ij+1, the new arrow b∗ corre-

sponds to the map (T jij+1
)R → Sd(b)2 T js , and thus, by Proposition 6.1, to a

map S2(T jij+1
)L → Sd(b)2 T js . Therefore the degree of b∗ is 1− d(b).

Finally, any arrow of type [ab] in the quiver of Jac(µLij+1
(Qj ,W j , dj)) corre-

sponds to a non-zero composition Sd(b)2 T jr
// T jij+1

// S−d(a)2 T js , there-

fore its degree in EndC(π(µLij+1
(T j)) is d(a) + d(b).

Thus using T j+1 = µLij+1
(T j) we obtain an isomorphism of graded algebras

⊕

p∈Z

HomD(T
j+1, S−p2 T j+1) ≃

Z
Jac(µLij+1

(Qj ,W j , dj)) = Jac(Qj+1,W j+1, dj+1).

�

Remark 6.13. There exists a similar ‘right version’ of this theorem.

Graded quivers with potential and Theorem 6.12 permit to see the existence of
a T as in Theorem 5.8 without explicitly constructing it, and thus to show that
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certain algebras are derived equivalent. More precisely we have the following
consequence.

Corollary 6.14. Let Λ1 and Λ2 be two algebras of global dimension 2 , which

are τ2-finite. Assume that one can pass from the graded QP associated with Λ̃1

to the graded QP associated with Λ̃2 using a finite sequence of left and right
mutations at vertices not on 2-cycles. Then the algebras Λ1 and Λ2 are derived
equivalent.

Example 6.15. Let Λ1 and Λ2 be the following algebras:

Λ1 = 1

2

3

4

5

6

Λ2 = 1

2

3

4

5

6

One can easily compute the quiver with potential associated with the algebras

Λ̃1 and Λ̃2. Their graded quivers are

(Q̃1, d1) = 1

2

3

4

5

6

(Q̃2, d2) = 1

2

3

4

5

6

0
0 0

0

00

1 1
1

0

0

0

0

00

1

1

Now applying the left graded mutations µL6 ◦ µL3 to the graded quiver with

potential (Q̃1,W1, d1) one can check that we obtain

µL6 ◦ µL3 (Q̃1, d1) = 1

2

3

4

5

6

0

0

0

-1

10

1

2

By Theorem 6.12, we have an isomorphism of Z-graded algebras

Jac(µL6 ◦ µL3 (Q̃1,W1, d1)) ≃
Z
EndC1(π1(µ

L
P6
◦ µLP3

(Λ1))).

It is immediate to see that the Z-graded algebras Jac(µL6 ◦ µL3 (Q̃1,W1, d1))

and Jac(Q̃2,W2, d2) are graded equivalent. Therefore, by Corollary 6.14, the
algebras Λ1 and Λ2 are derived equivalent.
Now if we apply the left graded mutations µL6 ◦ µL2 ◦ µL4 to the graded quiver

with potential (Q̃1,W1, d1) one can check that we obtain the acyclic graded
quiver
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(Q′, d′) := µL6 ◦ µL2 ◦ µL4 (Q̃1, d1) = 1

2

3

4

5

6

0
1 0

1

10

It is easy to see that (Q′, d′) is not graded equivalent to (Q′, 0). Therefore
Theorem 5.8 does not yield a derived equivalence between Λ1 and kQ′. In fact,
since there is an oriented cycle in the quiver of Λ2, we know that Λ2, and hence
also Λ1, is not piecewise hereditary.

7. Triangulated orbit categories

This section is devoted to recalling some results of Keller [Kel91, Kel05, Kel06]
(see also the appendix of [IO13]), and to applying them to our setup.

7.1. Pretriangulated DG categories.

Definition 7.1. A DG category is a Z-graded category (i.e. morphism spaces
are Z-graded, and composition of morphisms respects this grading) with a
differential d of degree 1 satisfying the Leibniz rule.
For a DG category X we denote by H0X the category with the same objects
as X and with

HomH0X (X,Y ) := H0(Hom•
X (X,Y )).

Example 7.2. Let A be an additive category. Then the class C(A)dg of com-
plexes over A becomes a DG category if we set:

Homn
A(X,Y ) :=

∐

i∈Z

HomA(X
i, Y i+n), and

d((fi)i∈Z) = (fidY − (−1)ndXfi+1), for (fi)i∈Z ∈ Homn
A(X,Y ).

Then it is not hard to check that Z0(C(A)dg) ≃ C(A) (where Z0 is the kernel
of the differential d0), the category of complexes, and H0(C(A)dg) ≃ H(A) the
homotopy category of complexes over A.
The opposite category of a DG category and the tensor product of two DG
categories are DG categories again (see [Kel91] – one has to be careful with the
signs).

Definition 7.3. Let X be a DG category. A DG X -module is a DG functor
X op → C(Modk)dg. The DG X -modules form a DG category again, that we
also denote by C(X )dg by abuse of notation. Whenever we say two DG X -
modules are isomorphic, we mean they are isomorphic in Z0(C(X )dg). We
denote by DX the category obtained from H0(C(X )dg) by inverting quasi-
isomorphisms.
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A DG X -module is representable, if it is isomorphic to a DG X -module of the
form Hom•

X (−, X) for some object X in X .
We denote by pretrX the pretriangulated hull of X , i.e. the smallest subcategory
of C(X )dg which contains the representable DG X -modules, and which is closed
under mapping cones (of morphisms in Z0(C(X )dg)) and translations.

Note that by the Yoneda lemma, the natural DG functor Hom•
X (−, ?): X →

pretrX is fully faithful. We call a DG category X pretriangulated if the Yoneda
functor is dense.

Remark 7.4. If F : X → Y is a DG functor between DG categories, it induces
an induction functor F ∗ : C(X )dg → C(Y)dg. It sends representable functors
to representable functors, and hence it induces a DG functor F ∗ : pretrX →
pretrY.

Proposition 7.5 (Keller [Kel06]). Let X be a pretriangulated DG category.
Then H0(X ) is an algebraic triangulated category. Moreover any algebraic
triangulated category comes up in this construction.

Example 7.6. Let Λ be an algebra of finite global dimension.

• Let X := Cb(projΛ)dg be the DG category of bounded complexes of
finitely generated projective Λ-modules. Then X is pretriangulated
and the triangulated category H0(X ) is equivalent to Db(Λ).

• Similarly, assume that Λ is G-graded, where G is an abelian group.
Let Y := Cb(projCov(Λ, G))dg be the DG category of bounded com-
plexes of finitely generated projective Cov(Λ, G)-modules. Then Y is
pretriangulated and the triangulated category H0(Y) is equivalent to
Db(Cov(Λ, G)) ≃ Db(grΛ).

Note that the G grading on Λ and the homological grading of com-
plexes are completely independent. In particular we emphasize that we
only consider degree-preserving morphisms with respect to G, while we
consider morphisms of arbitrary homological degree.

Definition 7.7. Let X and Y be DG categories. We denote by rep (X ,Y)
the full subcategory of D(X op ⊗ Y) formed by the objects R, such that for all
X ∈ X , the object R(X ⊗ −) is isomorphic to a representable DG Y-module
in D(Y).

Example 7.8. Let F : X → Y be a DG functor. Then F induces an object RF
in D(X op ⊗ Y) given by RF (X ⊗ Y ) := Hom•

Y(Y, FX). Since RF (X ⊗ −) is
represented by FX , RF is in rep (X ,Y).

7.2. Universal property.

Definition 7.9. Let X be a DG category, and S : X → X a DG functor
inducing an equivalence on H0(X ). Then the DG orbit category X/S has the
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same objects as X , and
Hom•

X/S(X,Y ) := colim
p≫0

⊕

i≥0

Hom•
X (SpX,Sp+iY ) ≃

≃
⊕

i∈Z

colim
p≫0
Hom•

X (SpX,Sp+iY ).

Definition 7.10. Let T := H0(X ) be an algebraic triangulated category,
and S : X → X be a DG functor inducing an equivalence on T . Then the
triangulated orbit category of T modulo S is defined to be

(T /S)∆ := H0(pretr (X/S)).
There is a natural DG functor πX : X → X/S which induces a triangle functor

πT := H0(πX ) : T // (T /S)∆ .

Remark 7.11. The notation (T /S)∆ is not strictly justified. Indeed the tri-
angulated category H0(pretr (X/S)) depends on X and S : X → X and not
only on T and H0S. But in this paper the triangulated categories that we use
have canonical enhancement in DG categories, and the auto-equivalences have
canonical lifts.

Example 7.12. We can now give a more precise definition of the generalized
cluster category given in Section 2.
Let Λ be a τ2-finite algebra of global dimension ≤ 2. Let X := Cb(projΛ)dg
be the DG category of bounded complexes of finitely generated projective Λ-
modules, and let S : X → X be the DG functor S := − ⊗Λ pΛop⊗ΛDΛ[−2]
where pΛop⊗ΛDΛ is a projective resolution of DΛ as a Λ-Λ-bimodule. Then we
have

H0(X/S) ≃ Db(Λ)/S2 and H0(pretr (X/S)) ≃ (Db(Λ)/S2)∆ =: CΛ.
We are now ready to state a consequence of the universal property of the
triangulated orbit category.

Proposition 7.13 ([Kel05]). Let T := H0(Y) and T ′ := H0(X ) be two al-
gebraic triangulated categories, and S : Y → Y be a DG functor inducing an
equivalence on T . Let F : Y → X be a DG functor, and assume that there is
an isomorphism in rep (Y,X )

F ◦ S ≃ F.
Then F induces a triangulated functor (T /S)∆ → T ′ such that the following
diagram commutes

T H0F //

πT

��

T ′

(T /S)∆

;;wwwwwwwww

.
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Corollary 7.14. Let Λ be a Z-graded algebra of finite global dimension. Then
we have a triangle equivalence:

(Db(Cov(Λ,Z))/〈1〉)∆ ≃ Db(Λ).
Proof. Let X := Cb(projΛ)dg and Y := Cb(projCov(Λ,Z))dg be the DG cate-
gories defined in Example 7.6.
The autoequivalence 〈1〉 of Db(Cov(Λ,Z)) is induced by tensoring with the
Y-Y-bimodule idCov(Λ,Z)〈1〉 (that is, the right Y-action is twisted by 〈1〉).
The forgetful functor Db(Cov(Λ,Z))→ Db(Λ) is induced by the Y-X -bimodule
Cov(Λ,Z) (obtained from the Y-Y-bimodule Cov(Λ,Z) by applying the forget-
ful functor on the right side).
It is clear that we have an isomorphism of Cov(Λ,Z)-Λ-bimodules

idCov(Λ,Z)〈1〉 ≃ Cov(Λ,Z)

Therefore, by Proposition 7.13, there exists a triangle functor G

Db(Cov(Λ,Z)) //

))SSSSSSSSSSSSSS
Db(Λ)

(Db(Cov(Λ,Z))/〈1〉)∆

G

66mmmmmmm

The functor Db(Cov(Λ,Z))/〈1〉 // Db(Λ) is fully faithful, hence so is G.

Moreover Db(Λ) is generated as triangulated category by the simples, which
are in the image of G. Therefore the functor G is an equivalence of triangulated
categories. �

Proposition 7.15. Let T := H0(X ) and T ′ := H0(Y) be two algebraic trian-
gulated categories, and S : X → X (resp. S′ : Y → Y) be a DG functor inducing
an equivalence on T (resp. on T ′). Let F : X → Y be a DG functor, and assume
that there is an isomorphism in rep (X ,Y)

F ◦ S ≃ S′ ◦ F.
Then F induces a triangulated functor (T /S)∆ → (T ′/S′)∆ such that the fol-
lowing diagram commutes.

T
H0(F ) //

πT

��

T ′

πT ′

��
(T /S)∆ // (T ′/S′)∆

Proof. Let πY be the DG functor Y → pretr (Y/S′). Then we have πY ◦ S′ ≃
πY in rep (Y, pretr (Y/S′)) by definition. Therefore we have isomorphism in
rep (X , pretr (Y/T )):

(πY ◦ F ) ◦ S ≃ πY ◦ S′ ◦ F ≃ πY ◦ F.
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Hence by Proposition 7.13, we get a commutative diagram:

T = H0(X ) H0(F ) //

H0(πX )

��

T ′ = H0(Y)

H0(πY)

��
H0(pretr (X/S)) f // H0(pretr (Y/S′))

.

where f is a triangle functor. �

Corollary 7.16. Let Λ1 and Λ2 be derived equivalent algebras of global di-
mension ≤ 2 which are τ2-finite. Then they are cluster equivalent.

Proof. Since Λ1 and Λ2 are derived equivalent, there exists T ∈ Db(Λop
1 ⊗ Λ2)

such that

Db(Λ1)
−

L

⊗Λ1
T

// Db(Λ2)

is an equivalence. By the previous proposition it is enough to check that there

exists an isomorphism in Db(Λop
1 ⊗ Λ2) between DΛ1

L
⊗Λ1 T and T

L
⊗Λ2 DΛ2.

Using the isomorphisms in Db(Λop
1 ⊗ Λ2)

DΛ1

L
⊗Λ1 T ≃ DHomΛ2(T, T )

L
⊗Λ1 T

≃ HomΛ2(T, T
L
⊗Λ2 DΛ2)

L
⊗Λ1 T,

we get a natural morphism DΛ1

L
⊗Λ1 T → T

L
⊗Λ2 DΛ2 in Db(Λop

1 ⊗Λ2) induced
by the evaluation morphism. This morphism is clearly an isomorphism in
Db(Λ2) by uniqueness of the Serre functor. Hence it is an isomorphism in
Db(Λop

1 ⊗ Λ2). �

7.3. Iterated triangulated orbit categories.

Proposition 7.17. Let T := H0(X ) be an algebraic triangulated category, and
S, T : X → X be DG functors inducing equivalences on T , such that there is
a natural isomorphism S ◦ T ≃ T ◦ S. Then there is an equivalence of DG
categories

pretr (pretr (X/S)/T ) ≃ pretr (pretr (X/T )/S).
Therefore, there is a triangle equivalence:

((T /S)∆/T )∆ ≃ ((T /T )∆)/S)∆.

Proof. We divide the proof into two lemmas.

Lemma 7.18. Under the hypothesis of Proposition 7.17 there is an equivalence
of DG categories

(X/S)/T ≃ (X/T )/S.
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Proof. The functor colim is a left adjoint, hence it commutes with colimits.
Therefore, since S and T commute, we have

Hom•
(X/S)/T (X,Y ) = colim

q

⊕

j≥0

colim
p

⊕

i≥0

Hom•
X (T qSpX,T q+jSp+iY )

≃ colim
p

⊕

i≥0

colim
q

⊕

j≥0

Hom•
X (T qSpX,T q+jSp+iY )

≃ colim
p

⊕

i≥0

colim
q

⊕

j≥0

Hom•
X (SpT qX,Sp+iT q+jY )

≃ Hom•
(X/T )/S(X,Y ) �

We denote by X/{S, T } the DG category (X/S)/T ≃ (X/T )/S.
Lemma 7.19. Under the hypothesis of Proposition 7.17 there is an equivalence
of DG categories

pretr (X/{S, T }) ∼ // pretr (pretr (X/S)/T ) .

Proof. We have a fully faithful DG functor

X/S � � // pretr (X/S) .
It induces a fully faithful DG functor

X/{S, T } � � // pretr (X/S)/T � � // pretr (pretr (X/S)/T ) .

Since the category pretr (pretr (X/S)/T ) is a pretriangulated DG category, we
get a fully faithful DG functor

pretr (X/{S, T }) � � // pretr (pretr (X/S)/T ) .

Now the objects of pretr (pretr (X/S)/T ) are iterated cones of objects in X ,
hence this DG functor is also dense. Thus we get an equivalence of DG cate-
gories

pretr (X/{S, T }) ∼ // pretr (pretr (X/S)/T ) . �

We can now prove Proposition 7.17. Using Lemma 7.19 and its symmetric
version (interchanging S and T ), we immediately get a DG equivalence

pretr (pretr (X/S)/T ) ≃ pretr (pretr (X/T )/S).
By taking the H0 of each side we get the triangle equivalence

((T /S)∆)/T )∆ ≃ ((T /T )∆)/S)∆. �

Corollary 7.20. Let Λ be a Z-graded algebra of global dimension ≤ 2 which

is τ2-finite. Let Cov(Λ,Z) be the Z-covering of Λ, and S2 := −
L
⊗Cov(Λ,Z)

DCov(Λ,Z)[−2]. Then there is a triangle equivalence
(
(Db(Cov(Λ,Z))/S2)∆/〈1〉

)
∆
≃ CΛ.
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Proof. We apply Proposition 7.17 for X := Cb(projCov(Λ,Z))dg, S :=
− ⊗Cov(Λ,Z) P , and T := 〈1〉, where P is a bimodule projective resolution
of DCov(Λ,Z)[−2].
Then we clearly have S ◦ T ≃ T ◦ S. Thus we get
(
(Db(Cov(Λ,Z))/S2)∆/〈1〉

)
∆
≃ H0(pretr (pretr (X/S)/T )) ≃

≃ H0(pretr (pretr (X/T )/S)) ≃ CΛ.
�

8. Graded derived equivalence for cluster equivalent algebras

8.1. Graded version of results of Section 6. In this section we gener-
alize the previous results to the case of a graded algebra Λ.
Let Λ be a Z-graded algebra of global dimension ≤ 2 which is τ2-finite. We

denote by Cov(Λ,Z) its Z-covering. The functor −
L
⊗Cov(Λ,Z) DCov(Λ,Z)[−2]

is an autoequivalence of Db(Cov(Λ,Z)) that we will denote by S2 by abuse of
notation. We denote by πZ

Λ the composition

πZ
Λ : Db(Cov(Λ,Z)) // Db(Λ) πΛ // CΛ .

This graded version of Proposition 3.1 is not hard to check:

Proposition 8.1. Let Λ be a Z-graded algebra which is τ2-finite and of global
dimension ≤ 2. Let T be a cluster-tilting object in CΛ. The subcategory
(πZ

Λ)
−1(T ) is a cluster-tilting subcategory of Db(Cov(Λ,Z)).

In particular add{Sp2Λ〈q〉 | p, q ∈ Z} = (πZ
Λ)

−1(πΛ(Λ)) is a cluster-tilting sub-
category of Db(Cov(Λ,Z)).
Here is the graded version of Proposition 6.3.

Proposition 8.2. Let Q be a Z-graded quiver, and I ⊂ kQ be an admissible
ideal which is generated by homogeneous elements and such that the algebra

Λ = kQ/I is of global dimension ≤ 2 and τ2-finite. Denote by (Q̃,W ) the
quiver with potential defined in Theorem 6.2. Then there exists a unique Z2-

grading on Q̃ such that

(1) the potential W is homogeneous of degree (1, 1);

(2) there is an isomorphism of Z-graded quivers Q̃{0}×Z ∼
Z

// Q .

This grading on Q̃ yields a grading on Jac(Q̃,W ) and we have an isomorphism
of Z2-graded algebras

Jac(Q̃,W )
∼
Z2

// ⊕
p,q∈Z HomDZ(Λ〈0〉, S−p2 Λ〈−p+ q〉) .

Proof. There are two kinds of arrows in the quiver Q̃: arrows of Q and arrows
coming from minimal relations. By (2) any arrow a coming from an arrow of Q
has to be of degree (0, deg(a)). Let r be a minimal relation in I. By definition
deg(r) is well defined. Then by Condition (1) since rar is a term of W , the
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degree of ar has to be (1, 1− deg(r)). Hence we have existence and uniqueness
of such a grading.
We have the following isomorphisms:

Λ̃ := EndCΛ(π(Λ)) ≃ EndCΛ(π
Z(Λ〈0〉)) ≃

⊕

p,q∈Z

HomDZ(Λ〈0〉, S−p2 Λ〈−p+ q〉).

Since Jac(Q̃,W ) ≃ Λ̃ by Theorem 6.2, we just have to check that it respects
the gradings previously defined. Let a be an arrow of the quiver Q. It can
be seen as an element of HomDZ(Λ〈0〉,Λ〈deg(a)〉) so as an element of degree

(0, deg(a)) of the algebra Λ̃ =
⊕

p,q∈Z HomDZ(Λ〈0〉, S−p2 Λ〈−p + q〉). Now let

r be a minimal relation in I, and ar be the corresponding arrow in Q̃. The
minimal relation r corresponds to an element of Ext2Λ(Si, Sj〈−deg(r)〉) where
s(r) = j and t(r) = i. Hence it is an element in

HomDZ(Λ〈0〉, S−1
2 Λ〈−deg(r)〉) = HomDZ(Λ〈0〉, S−1

2 Λ〈−1 + (−deg(r) + 1)〉)
so an element of degree (1,−deg(r) + 1) in Λ̃. Hence the isomorphism

Jac(Q̃,W, d) ≃ Λ̃ given by Theorem 6.2 is an isomorphism of Z2-graded al-
gebras. �

Let Λ be a Z-graded algebra of global dimension ≤ 2 which is τ2-finite. Let
T be an object in Db(Cov(Λ,Z)) such that πZ(T ) is a (basic) cluster-tilting
object in CΛ. The endomorphism algebra

EndC(π
Z(T )) =

⊕

p,q∈Z

HomDZ(T, S−p2 T 〈−p+ q〉)

is naturally Z2-graded.
Let Ti be an indecomposable summand of T ≃ Ti ⊕ T ′. We denote by Ui the
additive subcategory add{Sp2T ′〈q〉 | p, q ∈ Z} of Db(Cov(Λ,Z)). Consider a
triangle in Db(Cov(Λ,Z))

Ti
u // B

v // TLi
w // Ti[1]

where u : Ti → B is a minimal left Ui-approximation of Ti. We call this triangle
the graded left exchange triangle associated with Ti. We write µLi (T ) := T ′ ⊕
TLi . Since the image of the graded left exchange triangle in Db(Cov(Λ,Z)) is
an exchange triangle in CΛ, the object πZ(T ′ ⊕ TLi ) is cluster-tilting in CΛ.
It is also possible to consider the graded right exchange triangle associated with
Ti:

TRi
u′

// B′ v′ // Ti // TRi [1] .

Theorem 8.3. Let Λ = kQ/I be a Z-graded τ2-finite algebra of global di-

mension ≤ 2, and denote by (Q̃,W, d) the Z2-graded QP defined in Propo-

sition 8.2. Assume that there exists a sequence i1, i2, . . . , il of vertices of Q̃
such that for any j = 0, . . . , l there is no 2-cycle on the vertex ij+1 in the

quiver Qj where (Qj ,W j) := µij ◦ · · · ◦ µi1(Q̃,W ). Denote by T the object in
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DZ := Db(Cov(Λ,Z)) defined by T := µLil ◦ · · · ◦ µLi1(Λ〈0〉). Then there is an

isomorphism of Z2-graded algebras

⊕
(p,q)∈Z2 HomDZ(T, S−p2 T 〈−p+ q〉) ∼

Z2

// Jac(µLil ◦ · · · ◦ µLi1(Q̃,W, d)).

Proof. The proof is very similar to the proof of Theorem 6.12. We briefly
outline the last step, which is a bit more technical.
Let b : r → ij+1 be an arrow in Qj and denote by (x, y) the degree of b. We
consider the graded right exchange triangle in Db(Cov(Λ,Z))

(T jij+1
)R

u′
// B′ v′ // T jij+1

// (T jij+1
)R[1] ,

where T jij+1
denotes the summand of T j := µLij ◦ . . .◦µLi1(Λ〈0〉) ∈ Db(Cov(Λ,Z))

corresponding to the vertex ij+1. Then Sx2T jr 〈x−y〉 is a direct summand of B′,
and the reverse arrow b∗ corresponds to the component (T jij+1

)R → Sx2T jr 〈x−y〉.
Since, by Proposition 6.1, we have (T jij+1

)R ≃ S2(T jij+1
)L we obtain that b∗

corresponds to a map

(T jij+1
)L // Sx−1

2 T jr 〈x− 1− (y − 1)〉 ,

thus to a map of degree (1− x, 1 − y). �

8.2. Graded derived equivalence. In this section we generalize Theo-
rem 5.6 to the setup where the algebras are not graded equivalent. In this
setup, we will not get a derived equivalence between the algebras Λ1 and Λ2,
but a derived equivalence between their coverings Cov(Λ1,Z) and Cov(Λ2,Z),
for suitable gradings on them.
In order to do that, we will use a graded version of the recognition theorem
(Theorem 3.5). The proof of this theorem is very similar to the proof of Theo-
rem 3.5.

Theorem 8.4. Let T be an algebraic triangulated category with a Serre functor
and with a cluster-tilting subcategory V. Let Λ be a τ2-finite algebra with global
dimension ≤ 2, and with a Z-grading. Denote by U the cluster-tilting subcat-
egory add{S−p2 Λ〈−p + q〉 | p, q ∈ Z} of Db(Cov(Λ,Z)). Assume that there is

an equivalence of additive categories with S2-action f : U ∼ // V . Then there

exists a triangle equivalence F : Db(Cov(Λ,Z)) → T such that the following
diagram commutes

Db(Cov(Λ,Z)) F // T

U f //?�

OO

V?
�

OO

For the statement of the main theorem of this section, we will need this technical
definition.
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Definition 8.5. Let Λ1 and Λ2 be two algebras of global dimension ≤ 2 which
are τ2-finite. For j = 1, 2, we denote by πj the canonical functor πj : Dj → Cj
where Dj := Db(Λj) and Cj = CΛj . We will say that Λ1 and Λ2 satisfy the
compatibility condition if there exists a sequence i1, i2, . . . , il (called compatible

sequence) and a Z-graded QP (Q̃1,W 1, d1) with W 1 homogeneous of degree 1
such that:

(1) we have an isomorphism of Z-graded algebras

Jac(Q̃1,W 1, d1) ≃
Z

⊕

p∈Z

HomD1(Λ1, S−p2 Λ1)

(2) for any 0 ≤ j ≤ l, the quiver of EndC1(Tj) has neither loops nor 2-cycles
at the vertex ij+1, where Tj := µij ◦ · · · ◦ µi2 ◦ µi1(π1Λ1);

(3) there exists an isomorphism EndC1(Tl) ≃ EndC2(π2Λ2);
(4) the isomorphisms in (1) and (3) can be chosen in such a way that there

exists a Z-grading d2 on (Q̃2,W 2) := µil ◦ · · · ◦ µi2 ◦ µi1(Q̃1,W 1) such
that we have an isomorphism of Z-graded algebras

Jac(Q̃2,W 2, d2) ≃
Z

⊕

q∈Z

HomD2(Λ2, S−q2 Λ2).

Remark 8.6. (1) The grading d2 will typically not be the grading obtained
by mutation on graded quivers with potential.

(2) In this definition, (1), (2), (3) mean that the quivers with potential of

Λ̃1 and Λ̃2 (see Theorem 6.2) are linked by a sequence of mutations, and
that neither loops nor 2-cycles occur at any intermediate step of this
sequence of mutations. (The condition of not having loops or 2-cycles
is automatic if the QP is rigid.)

(3) If Λ̃1 ≃ Λ̃2, then conditions (1), (2) and (3) hold. We then have two

(possibly) different Z-gradings on Λ̃1 = Λ̃2. Condition (4) means that

these two gradings yield a Z2-grading on Λ̃1 = Λ̃2.
(4) When conditions (1), (2) and (3) are satisfied, we do not know of any

counterexamples to condition (4) being satisfied.

Theorem 8.7. Let Λ1 and Λ2 be two algebras of global dimension ≤ 2 which
are τ2-finite and which satisfy the compatibility condition. Then

(1) there are Z-gradings on Λ1 and on Λ2, such that there exists a derived
equivalence

F Z : DZ
1

∼ // DZ
2 ,

where DZ
j := Db(Cov(Λj ,Z)).
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(2) the equivalence F Z induces a triangle equivalence F : C1 ∼ // C2 such

that the following diagram commutes:

DZ
1

��
πZ
1

��

∼
F Z

// DZ
2

��
πZ
2

��

D1

π1

��

D2

π2

��
C1 ∼

F
// C2

Proof of (1). Take (Q̃1,W 1, d1) and the isomorphism (1) of the compatibility
condition

Jac(Q̃1,W 1, d1)
∼
Z

// ⊕
p∈Z HomD1

(Λ1, S−p2 Λ1) .

Let s := i1, . . . , il be a compatible sequence and define T 1 as the object

T 1 := µLil ◦ · · · ◦ µLi2 ◦ µLi1(Λ1) ∈ Db(Λ1).

By Condition (2) of the compatible sequence we can apply Theorem 6.12 and
we get an isomorphism:

Jac(µLs (Q̃
1,W 1, d1))

∼
Z

// ⊕
p∈Z HomD1

(T 1, S−p2 T 1) ,

where µLs is the composition µLil . . . µ
L
i1
.

By Condition (4) of the compatibility condition, there exists a Z-grading d2 on

(Q̃2,W 2) := µil . . . µi1(Q̃
1,W 1) such that W 2 is homogeneous of degree 1 and

such that we have an isomorphism

Jac(Q̃2,W 2, d2)
∼
Z

// ⊕
q∈Z HomD2

(Λ2, S−p2 Λ2) .

Therefore the Z2-grading (µLs (d
1), d2) on Q̃2 makesW 2 homogeneous of degree

(1, 1). Moreover we have an isomorphism

Jac(Q̃2,W 2, (µLs (d
1), d2))Z×{0} ≃ Λ2,

hence we get a Z-grading on Λ2. By the uniqueness of the Z2-grading of
Proposition 8.2 we have an isomorphism of Z2-graded algebras:

Jac(Q̃2,W
2, (µLs (d

1), d2))
∼
Z2

// ⊕
p,q∈Z HomDZ

2
(Λ2〈0〉, S−q2 Λ2〈−q + p〉) .

We define T 2 ∈ Db(Cov(Λ2,Z)) as T 2 := µRi1 · · ·µRil (Λ2〈0〉). By Condition (2) of
the compatible sequence we can apply Theorem 8.3 and we get an isomorphism:

Jac(µRs (Q̃
2,W 2, µLs (d

1), d2))
∼
Z2

//
⊕

p,q∈Z HomDZ
2
(T 2, S−q2 T 2〈−q + p〉) ,
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where µRs is the composition µRi1 . . . µ
R
il
. By Lemma 6.9 the graded QP

µRs (Q̃
2,W 2, µLs (d

1)) = µRs (µ
L
s (Q̃

1,W 1, d1)) is graded right equivalent to

(Q̃1,W 1, d1). Therefore we have an isomorphism

(∗) Jac(Q̃1,W 1, (d1, µRs (d
2)))

∼
Z2

// ⊕
p,q∈Z HomDZ

2
(T 2, S−q2 T 2〈−q + p〉)

By definition of d1 there is an isomorphism

Λ1 ≃ Jac((Q̃1,W 1, d1, µRs (d
2))){0}×Z.

Therefore we get a Z-grading on Q1. The ideal I1 is generated by
{∂aW 1, d1(a) = 1}, hence is generated by elements which are homogeneous
with respect to the grading µRs (d

2). By the uniqueness of the Z2-grading of
Proposition 8.2 we have

(†) Jac(Q̃1,W
1, (d1, µRs (d

2)))
∼
Z2

// ⊕
p,q∈Z HomDZ

1
(Λ1〈0〉, S−p2 Λ1〈−p+ q〉) .

Finally, combining (∗) and (†) we get

(‡)

⊕

p,q∈Z

HomDZ
2
(T 2, S−q

2 T 2〈−q + p〉) ∼

Z2
//
⊕

p,q∈Z

HomDZ
1
(Λ1〈0〉, S−p

2 Λ1〈−p+ q〉) .

The category add{Sp2T 2〈q〉 | p, q ∈ Z} = (πZ
2 )

−1(µSπ2Λ2) is cluster-tilting in
Db(Cov(Λ2,Z)) by Proposition 8.1. The isomorphism (‡) implies that we have
an equivalence of Z2-categories

add{S−p2 Λ1〈−p+ q〉 | p, q ∈ Z} ∼
f

// add{S−q2 T 2〈−q + p〉 | p, q ∈ Z} .

In order to apply Theorem 8.4, we have to check that f commutes with S2:

f(S2(S−p2 Λ1〈−p+ q〉)) = f(S−p+1
2 Λ1〈−p+ 1 + (q − 1)〉)

= S−q+1
2 T 2〈−q + 1 + (p− 1)〉

= S2(S−q2 T 2〈−q + p〉)
= S2f(S−p2 Λ1〈−p+ q〉)

Therefore, by Theorem 8.4, we get a triangle equivalence F : Db(Cov(Λ1,Z))→
Db(Cov(Λ2,Z)) which extends f .

Proof of (2). Now for i = 1, 2 let Xi := Cb(projCov(Λi,Z))dg be the DG
category of bounded complexes of projective Cov(Λi,Z)-modules. The functor

F : Db(Cov(Λ1,Z)) = H0(X1) // Db(Cov(Λ2,Z)) = H0(X2)

can be seen as H0(Fdg) where Fdg := − ⊗Cov(Λ1,Z) P and P is a projective

resolution of
⊕

p∈Z S
−p
2 T 2〈−p〉 as Cov(Λ1,Z)-Cov(Λ2,Z)-bimodule.

For i = 1, 2 we set Si := −⊗Cov(Λi,Z) Xi where Xi is a projective resolution of
DCov(Λi,Z)[−2] as Cov(Λi,Z)-bimodule.
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In order to prove that we have an isomorphism

Fdg ◦ S1 ≃ S2 ◦ Fdg in rep (X1,X2),

it is enough to prove that we have an isomorphism

X1 ⊗Cov(Λ1,Z) P ≃ P ⊗Cov(Λ2,Z) X2 in Db((Cov(Λ1,Z))op ⊗ Cov(Λ2,Z)),

and the proof is similar to the proof of Corollary 7.16.
Now, by Proposition 7.15, we get a DG functor FS : pretr (X1/S1) →
pretr (X2/S2) such that H0(FS) is an equivalence and such that the following
diagram commutes

Db(Cov(Λ1,Z))
= H0(X1)

H0(πX1 )

��

F=H0(Fdg) // Db(Cov(Λ2,Z))
= H0(X2)

H0(πX2 )

��
(Db(Cov(Λ1,Z))/S2)∆
= H0(pretr (X1/S1)) H0(FS)

// (Db(Cov(Λ2,Z))/S2)∆
= H0(pretr (X2/S2))

For i = 1, 2 we set Ti := 〈1〉 : Xi → Xi. It is immediate to check that we have

Si ◦ Ti ≃ Ti ◦ Si in rep (Xi,Xi).
Moreover, the functor Ti, as DG equivalence of Xi induces a DG functor Ti on
pretr (Xi/Si) such that πXi ◦ Ti ≃ Ti ◦ πXi .
We have the following isomorphisms in D((Cov(Λ1,Z))op ⊗ Cov(Λ2,Z)),

idCov(Λ1,Z)〈−1〉 ⊗Cov(Λ1,Z) P ≃ idCov(Λ1,Z)〈−1〉
L
⊗Cov(Λ1,Z)

⊕

q∈Z

S−q2 T 2〈−q〉

≃
⊕

q∈Z

S−q+1
2 T 2〈−q + 1〉

≃ S2(
⊕

q∈Z

S−q2 T 2〈−q〉)〈1〉

≃ P 〈1〉 ⊗Cov(Λ2,Z) X2

and hence an isomorphism

Fdg ◦ T−1
1 ≃ S2 ◦ T2 ◦ Fdg, in rep (X1,X2).

Therefore we have isomorphisms in rep (X1, pretr (X2/S2))

FS ◦ T−1
1 ◦ πX1 ≃ FS ◦ πX1 ◦ T−1

1

≃ πX2 ◦ Fdg ◦ T−1
1

≃ πX2 ◦ S2 ◦ T2 ◦ Fdg
≃ πX2 ◦ T2 ◦ Fdg
≃ T2 ◦ Fs ◦ πX1 ,
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and we deduce an isomorphism

FS ◦ T−1
1 ≃ T2 ◦ FS in rep (pretr (X1/S1), pretr (X2, S2)).

Applying again Proposition 7.15 we get a DG functor

FS,T : pretr (pretr (X1/S1)/T1)→ pretr (pretr (X2/S2)/T2)

such that H0(FS,T ) is a triangle equivalence and such that the following dia-
gram commutes

pretr (X1/S1)
FS //

πX1/S1

��

pretr (X2/S2)

πX2/S2

��
pretr (pretr (X1/S1)/T1))

FS,T // pretr (pretr (X2/S2)/T2)

.

Applying H0 and using Corollary 7.20 we obtain a commutative diagram

Db(Cov(Λ1,Z))
H0(πX1

)��

F=H0(Fdg) // Db(Cov(Λ2,Z))
H0(πX2

)��
(Db(Cov(Λ1,Z))/S2)∆

H0(FS)

//

H0(πX1/S1
)��

(Db(Cov(Λ2,Z))/S2)∆

H0(πX2/S2
)��

CΛ1 ≃
(
(Db(Cov(Λ1,Z))/S2)∆/〈1〉

)
∆

H0(FS,T )// ((Db(Cov(Λ2,Z))/S2)∆/〈1〉
)
∆
≃ CΛ2

�

Example 8.8. Let H = kQ and Λ3 = kQ3/I3 be the algebras given by the
following quivers (we keep the notation of Example 5.7):

Q = 2
α

����
��

1 3γ
oo

β^^====

, and Q3 = 2
b

��=
==

=

1

a
@@����

3
d

oo

with relations I3 = 〈ba〉. The graded QP associated with these algebras of

global dimension ≤ 2 are (Q, 0, d) and (Q̃3,W3, d3) given by

Q = 2

0
��

�α

����
�

1 30
γ

oo

0>>>
β

^^>>>
and Q̃3 = 2

0
>>

>
b

��>
>>

1

0���

a
@@���

30
d

oo 1
coo

with W3 = cba. It is immediate to see that there is an isomorphism µ2(Q, 0) ≃
(Q̃3,W3) which sends α∗ on a, β∗ on b, [αβ] on c and γ on d. If we compute
µL2 (Q, 0, d) we get the following grading on µ2(Q):

µ2(Q) = 2

1
>>

>
β∗

��>
>>

1

0���

α∗
@@���

30
γ

oo 0
[αβ]oo
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Then we get a Z2-grading on Q̃3 given by (µL2 (d), d3):

Q̃3 = 2

(1,0)

>>
>

b

��>
>>

1

(0,0)
���

a
@@���

3(0,0)
d

oo (0,1)
coo

which makes the potential W3 homogeneous of degree (1, 1) and which induces
a grading on Λ3

Q3 = 2

1
?? b

��?
?

1

0��

a @@��

3.0
d

oo

Now µR2 (Q̃3,W3, d3) yields a Z-grading on Q

Q = 2

1
��a∗

����
1 3.0

d
oo

0??
b∗

__??

Here are the Z-coverings of the Z-graded algebras H and Λ3

2

1 3
γoo

β^^====

2
α

^^====

Cov(H,Z) = 1 3

β]];;;;

γ
oo

2
α

]];;;;

1 3

β^^====
γoo

2

1

a
@@����

3
doo

2
b

@@����

and Cov(Λ3,Z) = 1

a
AA����

3
doo

2
b

AA����

1

a
@@����

3
doo

By Theorem 8.7 we have a derived equivalence Db(Cov(H,Z)) ≃
Db(Cov(Λ3,Z)).

Remark 8.9. (1) The algebras given by the quivers

1

2
α

^^====

1 3

β^^====

γ
oo

and 1 3
doo

2
b

@@����

1

a
@@����
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and the relation ba = 0 are derived equivalent. One can pass from
one to the other by doing the left mutation in the derived category
at vertex 2. Using this repeatedly one can also directly check that we
have a derived equivalence Db(Cov(H,Z)) ≃ Db(Cov(Λ3,Z)).

(2) In the paper [AO13a], we use Theorem 8.7 to deduce the shape of the
AR-quiver of the derived category Db(Λ3), and of any algebra which is

cluster equivalent to the path algebra of a quiver of type Ãn.
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190.

[Kel07] , Derived categories and tilting, Handbook of tilting theory,
London Math. Soc. Lecture Note Ser., vol. 332, Cambridge Univ.
Press, Cambridge, 2007, pp. 49–104.

[Kel11] , Deformed Calabi-Yau completions, J. Reine Angew.
Math., 654 (2011), 125-180.

[KR07] B. Keller and I. Reiten, Cluster-tilted algebras are Gorenstein and
stably Calabi-Yau, Adv. Math. 211 (2007), no. 1, 123–151.

[KY11] B. Keller and D. Yang, Derived equivalences from mutations of
quivers with potential, Adv. Math. 226 (2011), no. 3, 2118–2168.

[Len69] H. Lenzing, Nilpotente Elemente in Ringen von endlicher globaler
Dimension. (German) Math. Z. 108 (1969), 313–324.

[MRZ03] R. Marsh, M. Reineke, and A. Zelevinsky, Generalized associahedra
via quiver representations, Trans. Amer. Math. Soc. 355 (2003),
no. 10, 4171–4186 (electronic).

[Ric89] Jeremy Rickard, Morita theory for derived categories, J. London
Math. Soc. (2) 39 (1989), no. 3, 436–456.

Claire Amiot
Institut Fourier
100 rue des mathématiques
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Abstract. This paper is to construct unstable, Morita stable and
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These are shown to be homotopy invariant, excisive in each variable
K-theories. We prove that the spectra represent universal unstable,
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1. Introduction

K-theory was originally discovered by Grothendieck in the late 50-s. Thanks to
works by Atiyah, Hirzebruch, Adams K-theory was firmly entrenched in topol-
ogy in the 60-s. Along with topological K-theory mathematicians developed
algebraic K-theory. After Atiyah-Singer’s index theorem for elliptic operators
K-theory penetrated into analysis and gave rise to operator K-theory.
The development of operator K-theory in the 70-s took place in a close contact
with the theory of extensions of C∗-algebras and prompted the creation of a
new technical apparatus, the Kasparov K-theory [24]. The Kasparov bifunctor
KK∗(A,B) combines Grothendieck’sK-theoryK∗(B) and its dual (contravari-
ant) theory K∗(A). The existence of the product KK∗(A,D)⊗KK∗(D,B)→
KK∗(A,B) makes the bifunctor into a very strong and flexible tool.
One way of constructing an algebraic counterpart of the bifunctor KK∗(A,B)
with a similar biproduct and similar universal properties is to define a trian-
gulated category whose objects are algebras. In [8] the author constructed
various bivariant K-theories of algebras, but he did not study their universal
properties. Motivated by ideas and work of J. Cuntz on bivariant K-theory of
locally convex algebras [4, 5, 6], universal algebraic bivariant K-theories were
constructed by Cortiñas–Thom in [3].
Developing ideas of [8] further, the author introduces and studies in [9] universal
bivariant homology theories of algebras associated with various classes F of
fibrations on an “admissible category of k-algebras” ℜ. The methods used by
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the author to construct D(ℜ,F) are very different from those used by Cortiñas–
Thom [3] to construct kk. However they coincide in the appropriate stable
case. In a certain sense [9] uses the same approach as in constructing E-
theory of C∗-algebras [18]. We start with a datum of an admissible category
of algebras ℜ and a class F of fibrations on it and then construct a universal
algebraic bivariant K-theory j : ℜ → D(ℜ,F) out of the datum (ℜ,F) by
inverting certain arrows which we call weak equivalences. The categoryD(ℜ,F)
is naturally triangulated. The most important cases in practice are the class
of k-linear split surjections F = Fspl or the class F = Fsurj of all surjective
homomorphisms.
If F = Fspl (respectively F = Fsurj) then j : ℜ → D(ℜ,F) is called the unstable
algebraic Kasparov K-theory (respectively unstable algebraic E-theory) of ℜ.
It should be emphasized that [9] does not consider any matrix-invariance in
general. This is caused by the fact that many interesting admissible categories
of algebras deserving to be considered separately like that of all commutative
ones are not closed under matrices.
If we want to have matrix invariance, then [9] introduces matrices into the
game and gets universal algebraic, excisive, homotopy invariant and “Morita
invariant” (respectively “M∞-invariant”) K-theories j : ℜ → Dmor(ℜ,F) (re-
spectively j : ℜ → Dst(ℜ,F)). The triangulated category Dmor(ℜ,F) (respec-
tively Dst(ℜ,F)) is constructed out of D(ℜ,F) just by “inverting matrices”
MnA, n > 0, A ∈ ℜ (respectively by inverting the natural arrows A → M∞A
with M∞A = ∪nMnA). We call Dmor(ℜ,Fspl) and Dmor(ℜ,Fsurj) (respec-
tively Dst(ℜ,Fspl) and Dst(ℜ,Fsurj)) the Morita stable algebraic KK- and
E-theories (respectively the stable algebraic KK- and E-theories). A version
of the Cortiñas–Thom theorem [3] says that there is a natural isomorphism of
Z-graded abelian groups (see [9])

Dst(ℜ,F)∗(k,A) ∼= KH∗(A),

where KH∗(A) is the Z-graded abelian group consisting of the homotopy K-
theory groups in the sense of Weibel [31].
One of the aims of this paper is to represent unstable, Morita stable and stable
algebraic Kasparov K-theories. Here we deal only with the class of k-linear
split surjections F = Fspl. We introduce the “unstable, Morita stable and stable
algebraic Kasparov K-theory spectra” K⋆(A,B) of k-algebras A,B ∈ ℜ where
⋆ ∈ {unst,mor, st} and ℜ is an appropriate admissible category of algebras. It
should be emphasized that the spectra do not use any realizations of categories
and are defined by means of algebra homomorphisms only. This makes our
constructions rather combinatorial.

Theorem (Excision Theorem A for spectra). Let ⋆ ∈ {unst,mor, st}. The
assignment B 7→ K⋆(A,B) determines a functor

K⋆(A, ?) : ℜ → (Spectra)
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which is homotopy invariant and excisive in the sense that for every F-extension
F → B → C the sequence

K⋆(A,F )→ K⋆(A,B)→ K⋆(A,C)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

· · · → K⋆i+1(A,C)→ K⋆i (A,F )→ K⋆i (A,B)→ K⋆i (A,C)→ · · ·
for any i ∈ Z.

We also have the following

Theorem (Excision Theorem B for spectra). Let ⋆ ∈ {unst,mor, st}. The
assignment B 7→ K⋆(B,D) determines a functor

K⋆(?, D) : ℜop → (Spectra),

which is excisive in the sense that for every F-extension F → B → C the
sequence

K⋆(C,D)→ K⋆(B,D)→ K⋆(F,D)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

· · · → K⋆i+1(F,D)→ K⋆i (C,D)→ K⋆i (B,D)→ K⋆i (F,D)→ · · ·
for any i ∈ Z.

The following result gives the desired representability.

Theorem (Comparison). Let ⋆ ∈ {unst,mor, st}. Then for any algebras
A,B ∈ ℜ there is an isomorphism of Z-graded abelian groups

K⋆∗(A,B) ∼= D⋆(ℜ,F)∗(A,B) =
⊕

n∈Z

D⋆(ℜ,F)(A,ΩnB),

functorial both in A and in B.

The Cortiñas–Thom theorem [3, 8.2.1] and the Comparison Theorem above
imply that the spectrum Kst(k,−) represents KH . Namely, we have the fol-
lowing

Theorem. For any A ∈ ℜ there is a natural isomorphism of Z-graded abelian
groups

Kst∗ (k,A) ∼= KH∗(A).

The preceding theorem is an analog of the same result of KK-theory saying
that there is a natural isomorphism KK∗(C, A) ∼= K∗(A) for any C∗-algebra
A.
It is important to mention that another aim of the present paper together
with [10] is to develop the theory of “K-motives of algebras”, for which Excision
Theorems A-B as well as the Comparison Theorem are of great utility. This
theory shares lots of common properties with K-motives and bivariant K-
theory of algebraic varieties, introduced and studied by the author and Panin
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in [11, 12] in order to solve some problems in [13] for motivic spectral sequence.
In fact, K-motives of algebras are a kind of a connecting language between
Kasparov K-theory of C∗-algebras and K-motives of algebraic varieties (hence
the choice of the title of this paper and that of [10]).
Throughout the paper k is a fixed commutative ring with unit and Algk is the
category of non-unital k-algebras and non-unital k-homomorphisms.

Organization of the paper. In Section 2 we fix some notation and terminology.
We study simplicial algebras and simplicial sets of algebra homomorphisms
associated with simplicial algebras there. In Section 3 we discuss extensions
of algebras and classifying maps. It is thanks to simplicial algebras and some
elementary facts of their extensions that Excision Theorem A is possible to
prove. Then comes Section 4 in which Excision Theorem A is proved. We
also formulate Excision Theorem B in this section but its proof requires an
additional material. The spectrum Kunst(A,B) is introduced and studied in
Section 5. In Section 6 we present necessary facts about model categories and
Bousfield localization. This material is needed to prove Excision Theorem B.
In Section 7 we study relations between simplicial and polynomial homotopies.
As an application Comparison Theorem A is proved in the section. Compari-
son Theorem B is proved in Section 8. It says that the Hom-sets of D(ℜ,F) are
represented by stable homotopy groups of spectra Kunst(A,B)-s. The spectra
Kst,Kmor are introduced and studied in Section 9. We also prove there Com-
parison Theorems for Dst(ℜ,F), Dmor(ℜ,F) and construct an isomorphism
between stable groups Kst∗ (k,A) of an algebra A and its homotopy K-theory
groups.

Acknowledgement. The author was supported by EPSRC grant
EP/H021566/1. He would like to thank an anonymous referee for helpful
suggestions concerning the material of the paper.

2. Preliminaries

2.1. Algebraic homotopy. Following Gersten [14] a category of k-algebras
without unit ℜ is admissible if it is a full subcategory of Algk and

(1) R in ℜ, I a (two-sided) ideal of R then I and R/I are in ℜ;
(2) if R is in ℜ, then so is R[x], the polynomial algebra in one variable;
(3) given a cartesian square

D
ρ //

σ

��

A

f

��
B

g // C

in Algk with A,B,C in ℜ, then D is in ℜ.
One may abbreviate 1, 2, and 3 by saying that ℜ is closed under operations of
taking ideals, homomorphic images, polynomial extensions in a finite number
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of variables, and fibre products. For instance, the category of commutative
k-algebras CAlgk is admissible.
Observe that every k-module M can be regarded as a non-unital k-algebra
with trivial multiplication: m1 ·m2 = 0 for all m1,m2 ∈M . Then Mod k is an
admissible category of commutative k-algebras.
If R is an algebra then the polynomial algebra R[x] admits two homomorphisms
onto R

R[x]
∂0
x //

∂1
x

// R

where ∂ix|R = 1R, ∂ix(x) = i, i = 0, 1. Of course, ∂1x(x) = 1 has to be
understood in the sense that Σrnx

n 7→ Σrn.

Definition. Two homomorphisms f0, f1 : S → R are elementary homotopic,
written f0 ∼ f1, if there exists a homomorphism

f : S → R[x]

such that ∂0xf = f0 and ∂1xf = f1. A map f : S → R is called an elementary
homotopy equivalence if there is a map g : R → S such that fg and gf are
elementary homotopic to idR and idS respectively.

For example, let A be a N-graded algebra, then the inclusion A0 → A is
an elementary homotopy equivalence. The homotopy inverse is given by the
projection A→ A0. Indeed, the map A→ A[x] sending a homogeneous element
an ∈ An to ant

n is a homotopy between the composite A → A0 → A and the
identity idA.
The relation “elementary homotopic” is reflexive and symmetric [14, p. 62].
One may take the transitive closure of this relation to get an equivalence rela-
tion (denoted by the symbol “≃”). The set of equivalence classes of morphisms
R→ S is written [R,S]. This equivalence relation will also be called polynomial
or algebraic homotopy.

Lemma 2.1 (Gersten [15]). Given morphisms in Algk

R
f // S

g
((

g′
66 T

h // U

such that g ≃ g′, then gf ≃ g′f and hg ≃ hg′.
Thus homotopy behaves well with respect to composition and we have category
Hotalg, the homotopy category of k-algebras, whose objects are k-algebras and
such that Hotalg(R,S) = [R,S]. The homotopy category of an admissible
category of algebras ℜ will be denoted by H(ℜ). Call a homomorphism s : A→
B an I-weak equivalence if its image in H(ℜ) is an isomorphism. Observe that
I-weak equivalences are those homomorphisms which have homotopy inverses.
The diagram in Algk

A
f→ B

g→ C
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is a short exact sequence if f is injective (≡ Ker f = 0), g is surjective, and
the image of f is equal to the kernel of g. Thus f is a monomorphism and
f = ker g.

Definition. An algebra R is contractible if 0 ∼ 1; that is, if there is a homo-
morphism f : R→ R[x] such that ∂0xf = 0 and ∂1xf = 1R.

For example, every square zero algebra A ∈ Algk is contractible by means of
the homotopy A→ A[x], a ∈ A 7→ ax ∈ A[x]. In other words, every k-module,
regarded as a k-algebra with trivial multiplication, is contractible.
Following Karoubi and Villamayor [23] we define ER, the path algebra on R,

as the kernel of ∂0x : R[x] → R, so ER → R[x]
∂0
x→ R is a short exact sequence

in Algk. Also ∂
1
x : R[x]→ R induces a surjection

∂1x : ER→ R

and we define the loop algebra ΩR of R to be its kernel, so we have a short
exact sequence in Algk

ΩR→ ER
∂1
x→ R.

We call it the loop extension of R. Clearly, ΩR is the intersection of the kernels
of ∂0x and ∂1x. By [14, 3.3] ER is contractible for any algebra R.

2.2. Simplicial algebras. Let Ord denote the category of finite nonempty
ordered sets and order-preserving maps, and for each n > 0 we introduce the
object [n] = {0 < 1 < · · · < n} of Ord. We let ∆n = HomOrd(−, [n]), so
that |∆n| is the standard n-simplex. In what follows the category of non-unital
simplicial k-algebras will be denoted by SimAlgk.
Given a simplicial set X and a simplicial algebra A•, we denote by A•(X) the
simplicial algebra Map(X,A•) : [n] 7→ HomS(X × ∆n, A•). We note that all
simplicial algebras are fibrant simplicial sets. If A• is contractible as a simplicial
set, then the fact that S is a simplicial category and thus satisfies axiom M7
for simplicial model categories (see [19, section 9.1.5]) implies that A•(X) is
contractible.
In what follows a unital simplicial k-algebra A• is an object of SimAlgk such
that all structure maps are unital algebra homomorphisms.

Proposition 2.2. Suppose A• is a unital simplicial k-algebra. Then the fol-
lowing statements are equivalent:

(1) A• is contractible as a simplicial set;
(2) A• is connected;
(3) there is an element t ∈ A1 such that ∂0(t) = 0 and ∂1(t) = 1.

Furthermore, if one of the equivalent assumptions is satisfied then every sim-
plicial ideal I• ⊂ A• is contractible.

Proof. (1)⇒ (2), (2)⇒ (3) are obvious.
(3) ⇒ (1). One can construct a homotopy f : ∆1 × A• → A• from 0 to
1 by defining, for n > 0, the map fn : ∆1

n × An → An with the formula
fn(α, a) = (α∗(t)) · a. The same contraction applies to I•. �
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The main example of a simplicial algebra we shall work with is defined as

A∆ : [n] 7→ A∆n := A[t0, . . . , tn]/〈1−
∑

i

ti〉 (∼= A[t1, . . . , tn]),

where A ∈ Algk. Given a map α : [m]→ [n] in Ord, the map α∗ : A∆n → A∆m

is defined by α∗(tj) =
∑
α(i)=j ti. Observe that A∆ ∼= A⊗ k∆.

Note that the face maps ∂0;1 : A∆1 → A∆0

are isomorphic to ∂0;1t : A[t] → A
in the sense that the diagram

A[t]
∂εt //

t7→t0

��

A

��
A∆1 ∂ε // A∆0

is commutative and the vertical maps are isomorpisms. Let A+ := A ⊕ k as a
group and

(a, n)(b,m) = (ab +ma+ nb, nm).

Then A+ is a unital k-algebra containing A as an ideal. The simplicial algebra
(A+)∆ has the element t = t0 in dimension 1, which satisfies ∂0(t) = 0 and
∂1(t) = 1. Thus, t is an edge which connects 1 to 0, making (A+)∆ a unital
connected simplicial algebra. By Proposition 2.2 (A+)∆ is contractible as a
simplicial set. It follows that the same is true for A∆.
There is a mapping space functor Hom•

Algk
: (Algk)

op ×Algk → S, given by

(A,B) 7→ ([n] 7→ HomAlgk(A,B
∆n)).

For every A ∈ Algk, the functor Hom
•
Algk

(?, A) : (Algk)
op → S has a left adjoint

A? : S→ (Algk)
op. If X ∈ S,

AX = lim
∆n→X

A∆n .

Observe that

AX = HomS(X,A
∆).

We have

HomAlgk(A,B
X) = HomS(X,Hom

•
Algk

(A,B)).

As above, for any simplicial algebra A• the functor HomAlgk(?, A•) :
(Algk)

op → S has a left adjoint A•〈?〉 = HomS(?, A•) : S → (Algk)
op. We

have

HomAlgk(B,A•〈X〉) = HomS(X,HomAlgk(B,A•)).

Note that if A• = A∆ then A∆〈X〉 = AX .
Let S• be the category of pointed simplicial sets. For (K, ⋆) ∈ S•, put

A•〈K, ⋆〉 := HomS•((K, ⋆), A•) = ker(HomS(K,A•)→ HomS(⋆,A•))

= ker(A•〈K〉 → A•).
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Proposition 2.3 (Cortiñas–Thom [3]). Let K be a finite simplicial set, ⋆ a
vertex of K, and A a k-algebra. Then kK and k(K,⋆) are free k-modules, and
there are natural isomorphisms

A⊗k kK
∼=→ AK A⊗k k(K,⋆)

∼=→ A(K,⋆).

Proof. This is a consequence of [3, 3.1.3]: A ⊗k kK ∼= A ⊗k (k ⊗Z ZK) ∼=
A⊗Z ZK ∼= AK . �

2.3. Subdivision. To give an explicit fibrant replacement of the simplicial
set HomAlgk(A,B•) with B• a simplicial algebra, we should first define ind-
algebras. In this paragraph we shall adhere to [3].
If C is a category, we write ind−C for the category of ind-objects of C. It has
as objects the directed diagrams in C. An object in ind−C is described by
a filtering partially ordered set (I,6) and a functor X : I → C. The set of
homomorphisms from (X, I) to (Y, J) is

limi∈I colimj∈J HomC(Xi, Yj).

We shall identify objects of C with constant ind-objects, so that we shall view C
as a subcategory of ind−C. The category of ind-algebras over k will be denoted
by Algindk .

If A = (A, I), B = (B, J) ∈ Algindk we put

[A,B] = limi colimj HomH(Algk)
(Ai, Bj).

Note that there is a natural map HomAlgind
k

(A,B) → [A,B]. Two homomor-

phisms f, g : A→ B in Algindk are called homotopic if they have the same image
in [A,B].
Write sd : S→ S for the simplicial subdivision functor (see [16, Ch. III.§4]). It
comes with a natural transformation h : sd → idS, which is usually called the
last vertex map. We have an inverse system

sd•K : sd0K sd1K
hKoo sd2K

hsdKoo . . ..
hsd2Koo

We may regard sd•K as a pro-simplicial set, that is, as an ind-object in Sop.
The ind-extension of the functor A•〈?〉 : Sop → Algk with A• a simplicial
algebra maps sd•K to

A•〈sd•K〉 = {A•〈sdnK〉 | n ∈ Z>0}.

If we fix K, we obtain a functor (?)〈sd•K〉 : SimAlgk → Algindk , which extends

to (?)〈sd•K〉 : SimAlgindk → Algindk in the usual manner explained above. In the
special case when A• = A∆, A ∈ Algk, the ind-algebra A∆〈sd•K〉 is denoted

by Asd•K .
Let A ∈ Algk, B• ∈ SimAlgindk . The space of the preceding paragraph extends
to ind-algebras by

HomAlgind
k

(A,B•) := ([n] 7→ HomAlgind
k

(A,Bn)).

Documenta Mathematica 19 (2014) 1207–1269



Algebraic Kasparov K-theory. I 1215

Let K be a finite simplicial set and B• ∈ SimAlgindk . Denote by B•(K) the
simplicial ind-algebra ([n, ℓ] 7→ B•〈sdn(K ×∆ℓ)〉) = {(ExnB•)K | n > 0}. If
K = ∗ we write B• for B•(∗).
Similar to [3, 3.2.2] one can prove that there is a natural isomorphism

HomS(K,HomAlgindk
(A,B•)) ∼= HomAlgind

k
(A,B•〈sd•K〉),

where A ∈ Algk, B• ∈ SimAlgindk and K is a finite simplicial set. Notice that
the formula holds even at the ind-level, before taking colimit.

Theorem 2.4 (Cortiñas–Thom). Let A ∈ Algk, B• ∈ SimAlgindk . Then

HomAlgindk
(A,B•) = Ex∞ HomAlgind

k
(A,B•).

In particular, HomAlgind
k

(A,B•) is fibrant.

Proof. The proof is like that of [3, 3.2.3]. �

Proposition 2.5. Let K be a finite simplicial set, A ∈ Algk and (B•, J) ∈
SimAlgindk . Then

HomAlgind
k

(A,B•(K)) = (Ex∞ HomAlgind
k

(A,B•))
K .

In particular, the left hand side is fibrant.

Proof. The proof is like that of [3, 3.2.3].

HomS(∆
ℓ,HomAlgind

k
(A,B•(K)))

= colim(j,n)∈J×Z>0
HomAlgk(A,B•,j〈sdn(K ×∆ℓ)〉)

= colimn∈Z>0
colimj∈J HomS(sd

n(K ×∆ℓ),HomAlgk(A,B•,j))

= colimn∈Z>0
HomS(sd

n(K ×∆ℓ), colimj∈J HomAlgk(A,B•,j))

= colimn∈Z>0
HomS(K ×∆ℓ, Exn colimj∈J HomAlgk(A,B•,j))

=HomS(K ×∆ℓ, Ex∞ HomAlgindk
(A,B•)).

�

Corollary 2.6. Let A ∈ Algk and let K,L be finite simplicial sets, then

HomAlgind
k

(A,B•(K))L = HomAlgind
k

(A,B•(K × L)).

Denote by B•(I) and B•(Ω) the simplicial ind-algebras B•(∆1) and

ker(B•(I)
(d0,d1)−−−−→ B•) respectively. We define inductively B•(In) :=

(B•(In−1))I , B•(Ωn) := (B•(Ωn−1))(Ω). Clearly, B•(In) = B•(∆1× n· · · ×∆1)
and B•(Ωn) is a simplicial ideal of B•(In) that consists in each degree ℓ of

simplicial maps F : ∆1× n· · · ×∆1×∆ℓ → B• such that F |
∂(∆1× n···×∆1)×∆ℓ

= 0.

Corollary 2.7. Let A ∈ Algk, then

HomAlgindk
(A,B•(Ω

n)) = Ωn(HomAlgind
k

(A,B•)),

where HomAlgindk
(A,B•) is based at zero.
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Proof. This is a consequence of Theorem 2.4, Proposition 2.5 and Corollary 2.6.
�

3. Extensions and Classifying Maps

Throughout, we assume fixed an underlying category U , which is a full subcat-
egory of Mod k. In what follows we denote by F the class of k-split surjective
algebra homomorphisms. We shall also refer to F as fibrations.

Definition. An admissible category of algebras ℜ is said to be T -closed if we
have a faithful forgetful functor F : ℜ → U (i.e. F is the restriction to ℜ of the

forgetful functor from Algk to k-modules) and a left adjoint functor T̃ : U → ℜ.
Notice that the counit map ηA : T (A) := T̃F (A)→ A, A ∈ ℜ, is a fibration.
We denote by ℜind the category of ind-objects for an admissible category of
algebras ℜ. If ℜ is T -closed then TA, A ∈ ℜind, is defined in a natural way.

Throughout this section ℜ is supposed to be T -closed.

Lemma 3.1. For every A ∈ ℜ the algebra TA is contractible, i.e. there is a
polynomial contraction τ : TA→ TA[x] such that ∂0xτ = 0, ∂1xτ = 1. Moreover,
the contraction is functorial in A.

Proof. Consider a map u : FTA → FTA[x] sending an element b ∈ FTA to

bx ∈ FTA[x]. If X ∈ ObU then we denote the unit map X → FT̃X by iX .
The desired contraction τ is uniquely determined by the map u ◦ iFA : FA→
FTA[x]. By using elementary properties of adjoint functors, one can show that
∂0xτ = 0, ∂1xτ = 1. �

Examples. (1) Let ℜ = Algk. Given an algebra A, consider the algebraic
tensor algebra

TA = A⊕A⊗A⊕A⊗3 ⊕ · · ·
with the usual product given by concatenation of tensors. In Cuntz’s treatment
of bivariant K-theory [4, 5, 6], tensor algebras play a prominent role.
There is a canonical k-linear map A → TA mapping A into the first direct
summand. Every k-linear map s : A → B into an algebra B induces a homo-
morphism γs : TA→ B defined by

γs(x1 ⊗ · · · ⊗ xn) = s(x1)s(x2) · · · s(xn).
ℜ is plainly T -closed.
(2) If ℜ = CAlgk then

T (A) = Sym(A) = ⊕n>1S
nA, SnA = A⊗n/〈a1⊗· · ·⊗an−aσ(1)⊗· · ·⊗aσ(n)〉, σ ∈ Σn,

the symmetric algebra of A, and ℜ is T -closed.

We shall say that a sequence in ℜ
0→ C → B → A→ 0
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is an F -split extension or just an (F-)extension if it is split exact in the category
of k-modules. We have the natural extension of algebras

0 −→ JA
ιA−→ TA

ηA−→ A −→ 0.

Here JA is defined as Ker ηA. Clearly, JA is functorial in A. This extension is
universal in the sense that given any extension

0→ C → B
α→ A→ 0

with α in F, there exists a commutative diagram of extensions as follows.

C // B
α // A

J(A)

ξ

OO

ιA // T (A)

OO

ηA // A

idA

OO

Furthermore, ξ is unique up to elementary homotopy [3, 4.4.1] in the sense
that if β, γ : A → B are two splittings to α then ξβ corresponding to β is
elementary homotopic to ξγ corresponding to γ. Because of this, we shall
abuse notation and refer to any such morphism ξ as the classifying map of
the extension whenever we work with maps up to homotopy. The elementary
homotopy H(β, γ) : J(A) → C[x] is explicitly constructed as follows. Let
α̃ : B[x]→ A[x],

∑
bix

i 7→ α(bi)x
i, be the natural lift of α. Consider a k-linear

map

u : A→ B[x], a 7→ β(a)(1 − x) + γ(a)x.

It is extended to an algebra homomorphism ū : T (A) → B[x]. One has a
commutative diagram of algebras

C[x] // B[x]
α̃ // A[x]

J(A)

H(β,γ)

OO

ιA // T (A)

ū

OO

ηA // A

ι

OO
,

where ι is the natural inclusion. It follows that H(β, γ) is an elementary ho-
motopy between ξβ and ξγ .
If we want to specify a particular choice of ξ corresponding to a splitting β
then we sometimes denote ξ by ξβ indicating the splitting.
Also, if

C //

f

��

B
α //

h

��

A

g

��
C′ // B′ α′

// A′

Documenta Mathematica 19 (2014) 1207–1269



1218 Grigory Garkusha

is a commutative diagram of extensions, then there is a diagram

J(A)

J(g)

��

ξβ // C

f

��
J(A′)

ξβ′ // C′

of classifying maps, which is commutative up to elementary homotopy (see [3,
4.4.2]).
The elementary homotopy can be constructed as follows. Let α̃′ : B′[x] →
A′[x],

∑
b′ix

i 7→ α′(b′i)x
i, be the natural lift of α′. Consider a k-linear map

v : A→ B′[x], a 7→ hβ(a)(1 − x) + β′g(a)x.

It is extended to a ring homomorphism v̄ : T (A)→ B[x]. One has a commuta-
tive diagram of algebras

C′[x] // B′[x]
α̃′

// A′[x]

J(A)

G(β,β′)

OO

// T (A)

v̄

OO

ηA // A

ι′g

OO
,

where ι′ : A′ → A′[x] is the natural inclusion. It follows that G(β, β′) is an
elementary homotopy between fξβ and ξβ′J(g).
Let C be a small category and let ℜC (respectively UC) denote the category of C-
diagrams in ℜ (respectively in U). Then we can lift the functors F : ℜ → U and

T̃ : U → ℜ to C-diagrams. We shall denote the functors by the same letters. So

we have a faithful forgetful functor F : ℜC → UC and a functor T̃ : UC → ℜC ,
which is left adjoint to F . The counit map ηA : T (A) := T̃F (A)→ A, A ∈ ℜC ,
is a levelwise fibration.

Definition. We shall say that a sequence of C-diagrams in ℜ
0→ C → B

α→ A→ 0

is a F -split extension or just an (F-)extension if it is split exact in the abelian
category (Mod k)C of C-diagrams of k-modules.

We have a natural extension of C-diagrams in ℜ
0 −→ JA

ιA−→ TA
ηA−→ A −→ 0.

Here JA is defined as Ker ηA. Clearly, JA is functorial in A.

Lemma 3.2. Given any extension 0 → C → B → A → 0 of C-diagrams in ℜ,
there exists a commutative diagram of extensions as follows.

C // B
α // A

J(A)

ξ

OO

ιA // T (A)

OO

ηA // A

idA

OO
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Furthermore, ξ is unique up to a natural elementary homotopy H(β, γ) : JA→
C[x], where β, γ are two splittings of α.

Proof. The proof is like that for algebras (see above). �

Lemma 3.3. Let

C //

f

��

B
α //

h

��

A

g

��
C′ // B′ α′

// A′

be a commutative diagram of F -split extensions of C-diagrams with splittings
β : A→ B, β′ : A′ → B′. Then there is a diagram of classifying maps

J(A)

J(g)

��

ξβ // C

f

��
J(A′)

ξβ′ // C′

which is commutative up to a natural elementary homotopy G(β, β′) : JA →
C′[x].

Proof. The proof is like that for algebras (see above). �

Lemma 3.4. Let

A //

f

��

B
u //

h

��

C

g

��
A′ // B′ u′

// C′

be a commutative diagram of F -split extensions of C-diagrams with splittings
(v, v′) : (C,C′) → (B,B′) being such that (v, v′) is a splitting to (u, u′) in the
category of arrows Ar(UC), i.e. hv = v′g. Then the diagram of classifying
maps

J(C)

J(g)

��

ξv // A

f

��
J(C′)

ξv′ // A′

is commutative.

Proof. If we regard h and g as {0 → 1} × C-diagrams and (u, u′) as a map
from h to g, then the commutative diagram of lemma is the classifying map
corresponding to the splitting (v, v′) of {0→ 1} × C-diagrams. �
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4. The Excision Theorems

Throughout this section ℜ is assumed to be T -closed. Recall that k∆ is a

contractible unital simplicial object in ℜ and t := t0 ∈ k∆
1

is a 1-simplex with
∂0(t) = 0, ∂1(t) = 1. Given an algebra B, the ind-algebra B∆ is defined as

[m, ℓ] 7→ HomS(sd
m∆ℓ, B∆) = Bsdm∆ℓ .

If B = k then B∆ will be denoted by k∆. B∆ can be regarded as a k∆-module,
i.e. there is a simplicial map, induced by multiplication,

B∆ × k∆ → B∆.

Similarly, B∆ can be regarded as a k∆-ind-module.
Given two algebras A,B ∈ ℜ and n > 0, consider the simplicial set

HomAlgind
k

(JnA,B∆(Ωn)) ∼= HomAlgind
k

(JnA,B ⊗k k∆(Ωn)).

It follows from Proposition 2.5 and Corollary 2.7 that it is fibrant. B∆(Ωn) is
a simplicial ideal of the simplicial ind-algebra

B∆(In) = ([m, ℓ] 7→ HomS(sd
m(∆1× n· · · ×∆1 ×∆ℓ)→ B∆)).

There is a commutative diagram of simplicial ind-algebras

PB∆(Ωn) // //
��

��

(B∆(Ωn))I
��

��

d0 // // B∆(Ωn)
��

��
PB∆(In) // // B∆(In+1)

d0 // // B∆(In)

with vertical arrows inclusions and the right lower map d0 applies to the last
coordinate.
We claim that the natural simplicial map d1 : PB∆(Ωn) → B∆(Ωn) has a
natural k-linear splitting. In fact, the splitting is induced by a natural k-linear
splitting υ for d1 : PB∆(In) → B∆(In). Let t ∈ Pk∆(In)0 stand for the
composite map

sdm(∆1× n+1· · · ×∆1)
pr−→ sdm∆1 → ∆1 t→ k∆,

where pr is the projection onto the (n + 1)th direct factor ∆1. The element
t can be regarded as a 1-simplex of the unital ind-algebra k∆(In) such that

∂0(t) = 0 and ∂1(t) = 1. Let ı : B∆(In)→ (B∆(In))∆
1

be the natural inclusion.

Multiplication with t determines a k-linear map B∆(In+1)
t·−→ PB∆(In). Now

the desired k-linear splitting is defined as

υ := t · ı.
Consider a sequence of simplicial sets
(1)

HomAlgind
k

(A,B∆)
ς−→ HomAlgind

k
(JA,B∆(Ω))

ς−→ HomAlgindk
(J2A,B∆(Ω2))

ς−→ · · ·
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Each map ς is defined by means of the classifying map ξυ corresponding to the k-
linear splitting υ. More precisely, if we consider B∆(Ωn) as a (Z>0×∆)-diagram
in ℜ, then there is a commutative diagram of extensions for (Z>0×∆)-diagrams

JB∆(Ωn)

ξυ
��

// TB∆(Ωn) //

��

B∆(Ωn)

B∆(Ωn+1) // PB∆(Ωn)
d1 // B∆(Ωn)

For every element f ∈ HomAlgind
k

(JnA,B∆(Ωn)) one sets:

ς(f) := ξυ ◦ J(f) ∈ HomAlgindk
(Jn+1A,B∆(Ωn+1)).

Now consider an F-extension in ℜ
F

i−→ B
f−→ C.

For any n > 0 one constructs a cartesian square of simplicial ind-algebras

Pf (Ω
n)

pr

��

pr // P (C∆(Ωn))

d1
��

B∆(Ωn)
f // C∆(Ωn).

We observe that the path space P (Pf (Ω
n)) of Pf (Ω

n) is the fibre product of
the diagram

PB∆(Ωn)
P (f)−−−→ PC∆(Ωn)

Pd1←−− P (PC∆(Ωn)).

Denote by P̃ (Pf (Ω
n)) the fibre product of the diagram

PB∆(Ωn)
P (f)−−−→ PC∆(Ωn)

d
PC∆(Ωn)
1←−−−−−− P (PC∆(Ωn)).

Given a simplicial set X , let

sw : X∆1×∆1 → X∆1×∆1

be the automorphism swapping the two coordinates of ∆1×∆1. IfX = C∆(Ωn)
then sw induces an automorphism

sw : P (PC∆(Ωn))→ P (PC∆(Ωn)),

denoted by the same letter. Notice that

Pd1 = d1 ◦ sw .
Moreover, the commutative diagram

PB∆(Ωn)
P (f) // PC∆(Ωn) P (PC∆(Ωn))

Pd1oo

sw

��
PB∆(Ωn)

P (f) // PC∆(Ωn) P (PC∆(Ωn))
d1oo
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yields an isomorphism of simplicial sets

P (Pf (Ω
n)) ∼= P̃ (Pf (Ω

n)).

The natural simplicial map

∂ := (d1, Pd1) : P̃ (Pf (Ω
n))→ Pf (Ω

n)

has a natural k-linear splitting τ : Pf (Ω
n)→ P̃ (Pf (Ω

n)) defined as τ = (υ, Pυ).
So one can define a sequence of simplicial sets

HomAlgindk
(A,Pf )

ϑ−→ HomAlgind
k

(JA, Pf (Ω))
ϑ−→ · · ·

with each map ϑ defined by means of the classifying map ξτ corresponding to
the k-linear splitting τ .
There is a natural map of simplicial ind-algebras for any n > 0

ι : F∆(Ωn)→ Pf (Ω
n).

Proposition 4.1. For any n > 0 there is a homomorphism of simplicial ind-
algebras α : J(Pf (Ω

n))→ F∆(Ωn+1) such that in the diagram

J(F∆(Ωn))
ξυ //

J(ι)

��

F∆(Ωn+1)

ι

��
J(Pf (Ω

n))
ξτ //

α
88pppppppppp
Pf (Ω

n+1)

αJ(ι) = ξυ, ξτJ(ι) = ιξυ, and ια is elementary homotopic to ξτ .

Proof. We want to construct a commutative diagram of extensions as follows.

(2) F∆(Ωn+1) //

id

��

P (F∆(Ωn))
dF1 //

χ

��

F∆(Ωn)

ι

��
F∆(Ωn+1) //

ι

��

P (B∆(Ωn))
π //

θ
��

Pf (Ω
n)

id

��
Pf (Ω

n+1) // P̃Pf (Ωn)
∂ // Pf (Ωn)

Here π is a natural map induced by (d1 : P (B∆(Ωn)) → B∆(Ωn), P (f)). A
splitting ν to π is constructed as follows.
Let g : C → B, j : B → F be k-linear splittings to f : B → C and i : F → B
respectively. So fg = 1C , ji = 1F and ij + gf = 1B. Then the simplicial map

ij : B∆(Ωn)→ B∆(Ωn)
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is k-linear. We define ν as the composite map

Pf (Ω
n)

��

��
B∆(Ωn)× P (C∆(Ωn))

(υij,P (g)) // P (B∆(Ωn))× P (B∆(Ωn))

+

��
P (B∆(Ωn)).

We have to define the map θ. For this we construct a map of simplicial sets

λ : ∆1 ×∆1 → ∆1.

We regard the simplicial set ∆1 as the nerve of the category {0→ 1}. Then λ
is obtained from the functor between categories

{0→ 1} × {0→ 1} → {0→ 1}, (0, 1), (1, 0), (1, 1) 7→ 1, (0, 0) 7→ 0.

The induced map λ∗ : B∆(Ωn)∆
1 → B∆(Ωn)∆

1×∆1

induces a map of path
spaces λ∗ : PB∆(Ωn) → P (PB∆(Ωn)). The desired map θ is defined by the
map (1P (B∆(Ωn)), fλ

∗). Our commutative diagram is constructed.
Consider the following diagrams of classifying maps

J(F∆(Ωn))

J(ι)

��

ξυ // F∆(Ωn+1)

id

��

J(Pf (Ω
n))

α //

id

��

F∆(Ωn+1)

ι

��
J(Pf (Ω

n))
α // F∆(Ωn+1) J(Pf (Ω

n))
ξτ // Pf (Ωn+1)

Since χυ = νι then the left square is commutative by Lemma 3.4, because
(dF1 , π) yield a map of {0→ 1}×C-diagrams split by (υ, ν). Also ξτJ(ι) = ιξυ ,
because (dF1 , ∂) yield a map of {0→ 1}×C-diagrams split by (υ, τ). The right
square is commutative up to elementary homotopy by Lemma 3.3. �

Definition. Given two k-algebras A,B ∈ ℜ, the unstable algebraic Kasparov
K-theory space of (A,B) is the space K(ℜ)(A,B) defined as the (fibrant) space

colimnHomAlgind
k

(JnA,B∆(Ωn)).

Its homotopy groups will be denoted by Kn(ℜ)(A,B), n > 0. In what follows we
shall often write K(A,B) to denote the same space omitting ℜ from notation.

Remark. The space K(ℜ)(A,B) only depends on the endofunctor T : ℜ → ℜ.
If A,B belong to another admissible category of algebras ℜ′ with the same
endofunctor T , then K(ℜ)(A,B) equals K(ℜ′)(A,B).

We call a functor F from ℜ to simplicial sets or spectra homotopy invariant
if for every B ∈ ℜ the natural map B → B[x] induces a weak equivalence
F(B) ≃ F(B[x]).
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Lemma 4.2. (1) For any n > 0 the simplicial functor B 7→
HomAlgind

k
(A,B∆(Ωn)) is homotopy invariant. In particular, the simplicial

functor K(A, ?) is homotopy invariant.
(2) Given a F-fibration f : B → C, let f [x] : B[x] → C[x] be the fibration∑
bix

i 7→ ∑
f(bi)x

i. Then Pf [x](Ω
n) = Pf (Ω

n)[x] and the natural map of
simplicial sets

(3) HomAlgind
k

(A,Pf (Ω
n))→ HomAlgind

k
(A,Pf [x](Ω

n))

is a homotopy equivalence for any n > 0 and A ∈ ℜ.
Proof. (1). By Theorem 2.4 HomAlgind

k
(A,B∆) = Ex∞(HomAlgk(A,B

∆)). It is

homotopy invariant by [8, 3.1]. For any n > 0 and A ∈ ℜ there is a commutative
diagram of fibre sequences

(A,B∆(Ωn+1)) //

��

(A,PB∆(Ωn)) //

��

(A,B∆(Ωn))

��
(A,B[x]∆(Ωn+1)) // (A,PB[x]∆(Ωn)) // (A,B[x]∆(Ωn)).

By induction, if the right arrow is a weak equivalence, then so is the left one
because the spaces in the middle are contractible.
(2). The fact that Pf [x](Ω

n) = Pf (Ω
n)[x] is straightforward. The map (3) is

the fibre product map corresponding to the commutative diagram

(A,B∆(Ωn)) //

��

(A,C∆(Ωn))

��

(A,PC∆(Ωn))oo

��
(A,B[x]∆(Ωn)) // (A,C[x]∆(Ωn)) (A,PC[x]∆(Ωn)).oo

The left and the middle vertical arrows are weak equivalences by the first
assertion. The right vertical arrow is a weak equivalence, because it is a map
between contractible spaces. Since the right horizontal maps are fibrations, we
conclude that the desired map is a weak equivalence. �

We are now in a position to prove the following result.

Excision Theorem A. For any algebra A ∈ ℜ and any F-extension in ℜ

F
i−→ B

f−→ C

the induced sequence of spaces

K(A,F ) −→ K(A,B) −→ K(A,C)
is a homotopy fibre sequence.

Proof. We have constructed above a sequence of simplicial sets

HomAlgindk
(A,Pf )

ϑ−→ HomAlgind
k

(JA, Pf (Ω))
ϑ−→ · · ·
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with each map ϑ defined by means of the classifying map ξτ corresponding
to the k-linear splitting τ . Let X denote its colimit. One has a homotopy
cartesian square

X //

pr

��

PK(A,C) ≃ ∗
d1

��
K(A,B)

f // K(A,C).
By Proposition 4.1 for any n > 0 there is a diagram

HomAlgindk
(JnA,F∆(Ωn))

ς //

ι

��

HomAlgind
k

(Jn+1A,F∆(Ωn+1))

ι

��
HomAlgind

k
(JnA,Pf (Ω

n)) ϑ //

a
44hhhhhhhhhhhhhhhhh

HomAlgindk
(Jn+1A,Pf (Ω

n+1))

with ς(u) = ξυ ◦ J(u), ϑ(v) = ξτ ◦ J(v), a(v) = α ◦ J(v). Proposition 4.1 also
implies that aι = ς , ις = ϑι and that there exists a map

H : HomAlgind
k

(JnA,Pf (Ω
n))→ HomAlgindk

(Jn+1A,Pf (Ω
n+1)[x])

such that ∂0xH = ιa and ∂1xH = ϑ.
One has a commutative diagram

(Jn+1A,Pf (Ω
n+1))

diag //

i

��

(Jn+1A,Pf (Ω
n+1))× (Jn+1A,Pf (Ω

n+1))

(Jn+1A,Pf (Ω
n+1)[x]).

(∂0
x,∂

1
x)

33gggggggggggggggggggg

By Lemma 4.2(2) i is a weak equivalence. So HomAlgind
k

(Jn+1A,Pf (Ω
n+1)[x]) is

a path object of HomAlgindk
(Jn+1A,Pf (Ω

n+1)) in S. Since all spaces in question

are fibrant, we conclude that ιa is simplicially homotopic to ϑ, and hence
πs(ιa) = πs(ϑ), s > 0. Therefore the induced homomorphisms

πs(ι) : Ks(A,F )→ πs(X ), s > 0,

are isomorphisms, and hence ι : K(A,F )→ X is a weak equivalence.
Since the vertical arrows in the commutative diagram

PK(A,F ) // K(A,C)

X
ggOOOOO pr // K(A,B)

ggOOOO

∗ //

OO

K(A,C)

K(A,F )

ggOOOOOO ι

OO

i
// K(A,B)

ggOOOO

are weak equivalences and the upper square is homotopy cartesian, then so is
the lower one (see [19, 13.3.13]). Thus,

K(A,F ) −→ K(A,B) −→ K(A,C)
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is a homotopy fibre sequence. The theorem is proved. �

Corollary 4.3. For any algebras A,B ∈ ℜ the space ΩK(A,B) is naturally
homotopy equivalent to K(A,ΩB).

Proof. Consider the extension

ΩB −→ EB
∂1
x−→ B

which gives rise to a homotopy fibre sequence

K(A,ΩB)→ K(A,EB)→ K(A,B)

by Excision Theorem A. Our assertion will follow once we prove that K(A,EB)
is contractible.
Since EB is contractible, then there is an algebraic homotopy h : EB → EB[x]
contracting EB. There is also a commutative diagram

HomAlgind
k

(JnA,EB(Ωn)) diag //

i

��

HomAlgind
k

(JnA,EB(Ωn))× HomAlgind
k

(JnA,EB(Ωn))

HomAlgind
k

(JnA,EB[x](Ωn)).

(∂0
x,∂

1
x)

22ffffffffffffffffffffff

By Lemma 4.2(1) i is a weak equivalence. We see that
HomAlgind

k
(JnA,EB[x](Ωn)) is a path object of HomAlgind

k
(JnA,EB(Ωn))

in S, and hence the induced map

h∗ : HomAlgind
k

(JnA,EB(Ωn))→ HomAlgind
k

(JnA,EB[x](Ωn))

is such that ∂1xh∗ = id is homotopic to ∂0xh∗ = const. Thus
HomAlgind

k
(JnA,EB(Ωn)) is contractible, and hence so is K(A,EB). �

We have proved that the simplicial functor K(A,B) is excisive in the second
argument. It turns out that it is also excisive in the first argument.

Excision Theorem B. For any algebra D ∈ ℜ and any F-extension in ℜ

F
i−→ B

f−→ C

the induced sequence of spaces

K(C,D) −→ K(B,D) −→ K(F,D)

is a homotopy fibre sequence.

The proof of this theorem requires some machinery. We shall use recent tech-
niques and results from homotopical algebra (both stable and unstable). The
proof is on page 1242.
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5. The spectrum Kunst(A,B)

Throughout this section ℜ is assumed to be T -closed.

Theorem 5.1. Let A,B ∈ ℜ; then there is a natural isomorphism of simplicial
sets

K(A,B) ∼= ΩK(JA,B).

In particular, K(A,B) is an infinite loop space with K(A,B) simplicially iso-
morphic to ΩnK(JnA,B).

Proof. For any n ∈ N there is a commutative diagram

PB∆(Ωn)

d
1,B∆(Ωn)

��

// // PPB∆(Ωn−1)

d
1,PB∆(Ωn−1)

��

Pd1 // // PB∆(Ωn−1)

d
1,B∆(Ωn−1)

��
B∆(Ωn) // // PB∆(Ωn−1)

d1

// // B∆(Ωn−1).

The definition of the natural splitting υ to the lower right arrow is naturally
lifted to a natural splitting ν := Pυ for the upper right arrow in such a way
that d1 ◦ν = υ ◦d1. It follows from Lemma 3.4 that the corresponding diagram
of the classifying maps

JPB∆(Ωn−1)
ξν //

J(d1)

��

PB∆(Ωn)

d1
��

JB∆(Ωn−1)
ξυ // B∆(Ωn)

is commutative. There is also a commutative diagram with exact rows for every
n > 1

B∆(Ωn+1)
��

sw

��

// j // PB∆(Ωn)
d1 // // B∆(Ωn)

B∆(Ωn+1)
��

j

��

// sw ◦j // PB∆(Ωn)

sw ◦Pi
��

d1 // // B∆(Ωn)
��
i

��
PB∆(Ωn) // // PPB∆(Ωn−1)

Pd1

// // PB∆(Ωn−1).
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with i, j natural inclusions and sw permuting the last two coordinates. One
has a commutative diagram of classifying maps

JB∆(Ωn)
ξυ // B∆(Ωn+1)

sw

��
JB∆(Ωn)

J(i)

��

sw ◦ξυ // B∆(Ωn+1)

j

��
JPB∆(Ωn−1)

ξν // PB∆(Ωn)

Observe that each simplicial map

HomAlgind
k

(JnA,PB∆(Ωn−1))
Pς−−→ HomAlgind

k
(Jn+1A,PB∆(Ωn))

agrees with the map defined like ς but using ξν . To see this, it is enough
to consider the following commutative diagram with exact rows and obvious
splittings:

J(PB∆)

��

// // T (PB∆)

��

ηPB∆ // // PB∆

P (JB∆)

��

// // P (TB∆)

��

P (ηB∆ )
// // PB∆

P (B∆(Ω)) // // PPB∆
Pd1

// // PB∆

Therefore all squares of the diagram

ΩK(JA,B) : · · ·
sw ◦ς // (JnA,B∆(Ωn))

��

sw ◦ς // (Jn+1A,B∆(Ωn+1))

��

sw ◦ς // · · ·

PK(JA,B) : · · ·
Pς // (JnA,PB∆(Ωn−1))

d1

��

Pς // (Jn+1A,PB∆(Ωn))

d1

��

Pς // · · ·

K(JA,B) : · · ·
ς // (JnA,B∆(Ωn−1))

ς // (Jn+1A,B∆(Ωn))
ς // · · ·

are commutative. The desired isomorphism K(A,B) ∼= ΩK(JA,B) is encoded
by the following commutative diagram:

(A,B∆)

ς

��

ς // (JA,B∆(Ω))

ς

��

ς // (J2A,B∆(Ω2))

ς

��

ς // · · ·

(JA,B∆(Ω))
ς // (J2A,B∆(Ω2))

(21)

��

ς // (J3A,B∆(Ω3))

(321)

��

ς // · · ·

(JA,B∆(Ω))
sw ◦ς // (J2A,B∆(Ω2))

sw ◦ς // (J3A,B∆(Ω3))
sw ◦ς// · · ·
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The colimit of the upper sequence is K(A,B) and the colimit of the lower one
is ΩK(JA,B). The cycle (n · · · 21) ∈ Σn permutes coordinates of B∆(Ωn). �

Corollary 5.2. For any algebras A,B ∈ ℜ the space K(A,B) is naturally
homotopy equivalent to K(JA,ΩB).

Proof. This follows from the preceding theorem and Corollary 4.3. �

Definition. Given two k-algebras A,B ∈ ℜ, the unstable algebraic Kasparov
KK-theory spectrum of (A,B) consists of the sequence of spaces

K(A,B),K(JA,B),K(J2A,B), . . .

together with isomorphisms K(JnA,B) ∼= ΩK(Jn+1A,B) constructed in The-
orem 5.1. It forms an Ω-spectrum which we also denote by Kunst(A,B). Its
homotopy groups will be denoted by Kunstn (A,B), n ∈ Z. We sometimes write
K(A,B) instead of Kunst(A,B), dropping “unst” from notation.
Observe that Kn(A,B) ∼= Kn(A,B) for any n > 0 and Kn(A,B) ∼=
K0(J

−nA,B) for any n < 0.

Theorem 5.3. The assignment B 7→ K(A,B) determines a functor

K(A, ?) : ℜ → (Spectra)

which is homotopy invariant and excisive in the sense that for every F-extension
F → B → C the sequence

K(A,F )→ K(A,B)→ K(A,C)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

· · · → Ki+1(A,C)→ Ki(A,F )→ Ki(A,B)→ Ki(A,C)→ · · ·
for any i ∈ Z.

Proof. This follows from Excision Theorem A. �

We also have the following

Theorem 5.4. The assignment B 7→ K(B,D) determines a functor

K(?, D) : ℜop → (Spectra),

which is excisive in the sense that for every F-extension F → B → C the
sequence

K(C,D)→ K(B,D)→ K(F,D)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

· · · → Ki+1(F,D)→ Ki(C,D)→ Ki(B,D)→ Ki(F,D)→ · · ·
for any i ∈ Z.

Proof. We postpone the proof till subsection 6.6. �
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The reader may have observed that we do not involve any matrices in the
definition of K(A,B) as any sort of algebraic K-theory does. This is one of
important differences with usual views on algebraic K-theory. The author is
motivated by the fact that many interesting admissible categories of algebras
deserving to be considered like that of all commutative ones are not closed
under matrices.

6. Homotopy theory of algebras

Let ℜ be a small admissible category of rings. In order to prove Excision
Theorem B, we have to use results from homotopy theory of rings. First, we

introduce a model category UℜI,J• of pointed simplicial functors from ℜ to
S•. This model category is a reminiscence of Morel–Voevodsky [25] motivic
model category of pointed motivic spaces. Second, we define a model category

of S1-spectra Sp(ℜ) associated with UℜI,J• . A typical fibrant spectrum of
Sp(ℜ) is Kunst(A,−), A ∈ ℜ. The strategy of proving Excision Theorem B is
first to prove a kind of Excision Theorem B for the spectra Kunst(A,−) (see
Theorem 6.6) and then use standard facts from homotopical algebra to show
the original Excision Theorem B on the level of spaces. We mostly adhere
to [8].

6.1. The category of simplicial functors Uℜ. We shall use the model
category Uℜ of covariant functors from ℜ to simplicial sets (and not contravari-
ant functors as usual). We do not worry about set theoretic issues here, because
we assume ℜ to be small. We shall consider both the injective and projective
model structures on Uℜ and refer to Dugger [7] for further details. Both model
structures are Quillen equivalent. These are proper, simplicial, cellular model
category structures with weak equivalences and cofibrations (respectively fi-
brations) being defined objectwise, and fibrations (respectively cofibrations)
being those maps having the right (respectively left) lifting property with re-
spect to trivial cofibrations (respectively trivial fibrations). The fully faithful
contravariant functor

r : ℜ → Uℜ, A 7−→ Homℜ(A,−),
where rA(B) = Homℜ(A,B) is to be thought of as the constant simplicial set
for any B ∈ ℜ.
In the injective model structure on Uℜ, cofibrations are the injective maps.
This model structure enjoys the following properties (see Dugger [7, p. 21]):

⋄ every object is cofibrant;
⋄ being fibrant implies being objectwise fibrant, but is stronger (there
are additional diagramatic conditions involving maps being fibrations,
etc.);
⋄ any object which is constant in the simplicial direction is fibrant.

If F ∈ Uℜ then Uℜ(rA×∆n, F ) = Fn(A) (isomorphism of sets). Hence, if we
look at simplicial mapping spaces we find

Map(rA, F ) = F (A)

Documenta Mathematica 19 (2014) 1207–1269



Algebraic Kasparov K-theory. I 1231

(isomorphism of simplicial sets). This is a kind of “simplicial Yoneda Lemma”.
In the projective model structure on Uℜ, fibrations are defined sectionwise.
The class of projective cofibrations is generated by the set

IUℜ ≡ {rA× (∂∆n ⊂ ∆n)}n>0

indexed by A ∈ ℜ. Likewise, the class of acyclic projective cofibrations is
generated by

JUℜ ≡ {rA× (Λkn ⊂ ∆n)}n>0
06k6n.

The projective model structure on Uℜ enjoys the following properties:

⋄ every projective cofibration is an injective map (but not vice versa);
⋄ if A ∈ ℜ and K is a simplicial set, then rA×K is a projective cofibrant
simplicial functor. In particular, rA is projective cofibrant for every
algebra A ∈ ℜ;
⋄ rA is projective fibrant for every algebra A ∈ ℜ.

6.2. Bousfield localization. Recall from [19] that ifM is a model category
and S a set of maps between cofibrant objects, one can produce a new model
structure on M in which the maps S are weak equivalences. The new model
structure is called the Bousfield localization or just localization of the old one.
Since all model categories we shall consider are simplicial one can use the
simplicial mapping object instead of the homotopy function complex for the
localization theory ofM.

Definition. LetM be a simplicial model category and let S be a set of maps
between cofibrant objects.

(1) An S-local object ofM is a fibrant object X such that for every map
A → B in S, the induced map of Map(B,X) → Map(A,X) is a weak
equivalence of simplicial sets.

(2) An S-local equivalence is a map A → B such that Map(B,X) →
Map(A,X) is a weak equivalence for every S-local object X .

In words, the S-local objects are the ones which see every map in S as if it
were a weak equivalence. The S-local equivalences are those maps which are
seen as weak equivalences by every S-local object.

Theorem 6.1 (Hirschhorn [19]). LetM be a cellular, simplicial model category
and let S be a set of maps between cofibrant objects. Then there exists a model
category M/S whose underlying category is that of M in which

(1) the weak equivalences are the S-local equivalences;
(2) the cofibrations in M/S are the same as those in M;
(3) the fibrations are the maps having the right-lifting-property with respect

to cofibrations which are also S-local equivalences.

Left Quillen functors from M/S to D are in one to one correspondence with
left Quillen functors Φ :M → D such that Φ(f) is a weak equivalence for all
f ∈ S. In addition, the fibrant objects of M are precisely the S-local objects,
and this new model structure is again cellular and simplicial.
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The model categoryM/S whose existence is guaranteed by the above theorem
is called the S-localization ofM. The underlying category is the same as that
ofM, but there are more trivial cofibrations (and hence fewer fibrations).
Note that the identity maps yield a Quillen pair M ⇄ M/S, where the left
Quillen functor is the map id :M→M/S.

6.3. The model category UℜI . Let I = {i = iA : r(A[t])→ r(A) | A ∈ ℜ},
where each iA is induced by the natural homomorphism i : A→ A[t]. Consider
the injective model structure on Uℜ. We shall refer to the I-local equivalences
as (injective) I-weak equivalences. The resulting model category Uℜ/I will
be denoted by UℜI and its homotopy category is denoted by HoI(ℜ). Notice
that any homotopy invariant functor F : ℜ → Sets is an I-local object in Uℜ
(hence fibrant in UℜI).
Let F be a functor from ℜ to simplicial sets. There is a singular functor
Sing∗(F ) which is defined at each algebra R as the diagonal of the bisimplicial
set F (R∆). Thus Sing∗(F ) is also a functor from ℜ to simplicial sets. If we
consider R as a constant simplicial algebra, then the natural map R → R∆

yields a natural transformation F → Sing∗(F ). It is an I-trivial cofibration
by [8, 3.8].
If we consider the projective model structure on Uℜ, then we shall refer to the
I-local equivalences (respectively fibrations in the I-localized model structure)
as projective I-weak equivalences (respectively I-projective fibrations). The
resulting model category Uℜ/I will be denoted by UℜI . It is shown similar
to [26, 3.49] that the classes of injective and projective I-weak equivalences
coincide. Hence the identity functor on Uℜ is a Quillen equivalence between
UℜI and UℜI .
The model category UℜI satisfies some finiteness conditions.

Definition ([21]). An object A of a model categoryM is finitely presentable
if the set-valued Hom-functor HomM(A,−) commutes with all colimits of se-
quences X0 → X1 → X2 → · · · . A cofibrantly generated model category with
generating sets of cofibrations I and trivial cofibrations J is called finitely
generated if the domains and codomains of I and J are finitely presentable,
and almost finitely generated if the domains and codomains of I are finitely
presentable and there exists a set of trivial cofibrations J ′ with finitely pre-
sentable domains and codomains such that a map with fibrant codomain is a
fibration if and only if it has the right lifting property with respect to J ′.

Using the simplicial mapping cylinder in Uℜ (it is the usual one from simplicial
sets applied objectwise), we may factor the morphism

r(A[t]) // rA

into a projective cofibration composed with a simplicial homotopy equivalence
in Uℜ
(4) r(A[t]) // cyl

(
r(A[t])→ rA

)
// rA.
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Observe that the maps in (4) are I-weak equivalences.
Let JUℜI denote the set of maps

r(A[t]) ×∆n
⊔

r(A[t])×∂∆n
cyl
(
r(A[t])→ rA

)
× ∂∆n → cyl

(
r(A[t])→ rA

)
×∆n

indexed by n > 0 and A ∈ ℜ.
Let Λ be a set of generating trivial cofibrations for the injective model structure
on Uℜ. Using [19, 4.2.4] a simplicial functor X is I-local in the injective
(respectively projective) model structure if and only if it has the right lifting
property with respect to Λ∪JUℜI (respectively JUℜ∪JUℜI ). It follows from [21,
4.2] that UℜI is almost finitely generated, because domains and codomains of
JUℜ ∪ JUℜI are finitely presentable.

6.4. The model category UℜJ . Let us introduce the class of excisive func-
tors on ℜ. They look like flasque presheaves on a site defined by a cd-structure
in the sense of Voevodsky [30, section 3].

Definition. Let ℜ be an admissible category of algebras. A simplicial functor
X ∈ Uℜ is called excisive with respect to F if X (0) is contractible and for any
cartesian square in ℜ

D //

��

A

��
B

f // C

with f a fibration (call such squares distinguished) the square of simplicial sets

X (D) //

��

X (A)

��
X (B) // X (C)

is a homotopy pullback square. It immediately follows from the definition
that every pointed excisive object takes F-extensions in ℜ to homotopy fibre
sequences of simplicial sets.

Consider the injective model structure on Uℜ. Let α denote a distinguished
square in ℜ

D //

��

A

��
B // C

and denote the pushout of the diagram

rC //

��

rA

rB
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by P (α). Notice that the diagram obtained is homotopy pushout. There is a
natural map P (α) → rD, and both objects are cofibrant. In the case of the
degenerate square this map has to be understood as the map from the initial
object ∅ to r0.
We can localize Uℜ at the family of maps

J = {P (α)→ rD | α is a distinguished square}.
The corresponding J-localization will be denoted by UℜJ . The weak equiv-
alences (trivial cofibrations) of UℜJ will be referred to as (injective) J-weak
equivalences ((injective) J-trivial cofibrations).
It follows that the square “r(α)”

rC //

��

rA

��
rB // rD

with α a distinguished square is a homotopy pushout square in UℜJ . A sim-
plicial functor X in Uℜ is J-local if and only if it is fibrant and excisive [8,
4.3].
We are also interested in constructing sets of generating acyclic cofibrations for
model structures. Let us apply the simplicial mapping cylinder construction
cyl to distinguished squares and form the pushouts:

rC //

��

cyl(rC → rA)

��

// rA

��
rB // cyl(rC → rA)

⊔
rC rB

// rD

Note that rC → cyl(rC → rA) is both an injective and a projective cofibration
between (projective) cofibrant simplicial functors. Thus s(α) ≡ cyl(rC →
rA)

⊔
rC rB is (projective) cofibrant [20, 1.11.1]. For the same reasons, applying

the simplicial mapping cylinder to s(α) → rD and setting t(α) ≡ cyl
(
s(α) →

rD
)
we get a projective cofibration

cyl(α) : s(α) // t(α).

Let J
cyl(α)
Uℜ consists of maps

s(α)×∆n
⊔
s(α)×∂∆n t(α) × ∂∆n // t(α)×∆n.

It is directly verified that a simplicial functor X is J-local if and only if it

has the right lifting property with respect to Λ ∪ Jcyl(α)
Uℜ , where Λ is a set of

generating trivial cofibrations for the injective model structure on Uℜ.
If one localizes the projective model structure on Uℜ with respect to the set of
projective cofibrations {cyl(α)}α, the resulting model category shall be denoted
by UℜJ . The weak equivalences (trivial cofibrations) of UℜJ will be referred to
as projective J-weak equivalences (projective J-trivial cofibrations). As above,
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X is fibrant in UℜJ if and only if it has the right lifting property with respect

to JUℜ∪Jcyl(α)
Uℜ . Since both domains and codomains in JUℜ∪Jcyl(α)

Uℜ are finitely
presentable then UℜJ is almost finitely generated by [21, 4.2].
It can be shown similar to [26, 3.49] that the classes of injective and projective
J-weak equivalences coincide. Hence the identity functor on Uℜ is a Quillen
equivalence between UℜJ and UℜJ .

6.5. The model category UℜI,J .
Definition. A simplicial functor X ∈ Uℜ is called quasi-fibrant with respect
to F if it is homotopy invariant and excisive. For instance, if ℜ is T -closed and
A ∈ ℜ then the simplicial functor K(A, ?) is quasi-fibrant by Lemma 4.2 and
Excision Theorem A.
Consider the injective model structure on Uℜ. The model category UℜI,J is,
by definition, the Bousfield localization of Uℜ with respect to I ∪ J . Equiva-
lently, UℜI,J is the Bousfield localization of Uℜ with respect to {cyl(r(A[t])→
rA)}∪{cyl(α)}, where A runs over the objects from ℜ and α runs over the dis-
tinguished squares. The weak equivalences (trivial cofibrations) of UℜI,J will
be referred to as (injective) (I, J)-weak equivalences ((injective) (I, J)-trivial
cofibrations). By [8, 4.5] a simplicial functor X ∈ Uℜ is (I, J)-local if and only
if it is fibrant, homotopy invariant and excisive.

Definition. Following [8] a homomorphism A → B in ℜ is said to be an
F-quasi-isomorphism or just a quasi-isomorphism if the map rB → rA is an
(I, J)-weak equivalence.

Consider now the projective model structure on Uℜ. The model categoryUℜI,J
is, by definition, the Bousfield localization of Uℜ with respect to {cyl(r(A[t])→
rA)} ∪ {cyl(α)}, where A runs over the objects from ℜ and α runs over the
distinguished squares. The weak equivalences (trivial cofibrations) of UℜI,J
will be referred to as projective (I, J)-weak equivalences (projective (I, J)-
trivial cofibrations). Similar to [8, 4.5] a simplicial functor X ∈ Uℜ is fibrant
in UℜI,J if and only if it is projective fibrant, homotopy invariant and excisive
or, equivalently, it has the right lifting property with respect to JUℜ ∪ JUℜI ∪
J
cyl(α)
Uℜ . Since both domains and codomains in JUℜ ∪JUℜI ∪Jcyl(α)

Uℜ are finitely
presentable then UℜI,J is almost finitely generated by [21, 4.2].
It can be shown similar to [26, 3.49] that the classes of injective and projective
(I, J)-weak equivalences coincide. Hence the identity functor on Uℜ is a Quillen
equivalence between UℜI,J and UℜI,J .
It is straightforward to show that the results for the model structures on Uℜ
have analogs for the category Uℜ• of pointed simplicial functors (see [8]). In
order to prove Excision Theorem B, we have to consider a model category of

spectra for UℜI,J• .

6.6. The category of spectra. In this section we assume ℜ to be small
and T -closed. We use here ideas and work of Hovey [21], Jardine [22] and
Schwede [28].
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Definition. The category Sp(ℜ) of spectra consists of sequences E ≡ (En)n>0

of pointed simplicial functors equipped with structure maps σE
n : ΣEn → En+1

where Σ = S1 ∧ − is the suspension functor. A map f : E → F of spectra
consists of compatible maps fn : En → Fn of pointed simplicial functors in the
sense that the diagrams

ΣEn
Σfn

��

σE
n // En+1

fn+1

��
ΣFn

σF
n // Fn+1

commute for all n > 0.

Example. The main spectrum we shall work with is as follows. Let A ∈ ℜ
and let R(A) be the spectrum which is defined at every B ∈ ℜ as the sequence
of spaces pointed at zero

HomAlgind
k

(A,B∆),HomAlgind
k

(JA,B∆),HomAlgind
k

(J2A,B∆), . . .

By Theorem 2.4 each R(A)n(B) is a fibrant simplicial set and by Corollary 2.7

ΩkR(A)n(B) = HomAlgindk
(JnA,B∆(Ωk)).

Each structure map σn : ΣR(A)n →R(A)n+1 is defined at B as adjoint to the
map ς : HomAlgind

k
(JnA,B∆)→ HomAlgind

k
(Jn+1A,B∆(Ω)) constructed in (1).

A map f : E → F is a level weak equivalence (respectively fibration) if fn : En →
Fn is a (I, J)-weak equivalence (respectively projective (I, J)-fibration). And
f is a projective cofibration if f0 and the maps

En+1

⊔
ΣEn ΣFn // Fn+1

are cofibrations in UℜI,J• for all n > 0. By [21, 22, 28] we have:

Proposition 6.2. The level weak equivalences, projective cofibrations and level
fibrations furnish a simplicial and left proper model structure on Sp(ℜ). We
call this the projective model structure.

The Bousfield–Friedlander category of spectra [1] will be denoted by Sp. There
is a functor

Sp→ Sp(ℜ)
that takes a spectrum of pointed simplicial sets E to the constant spectrum
A ∈ ℜ 7→ E(A) = E . For any algebra D ∈ ℜ there is also a functor

UD : Sp(ℜ)→ Sp, X 7→ X (D).

Given a spectrum E ∈ Sp and a pointed simplicial functor K, there is a spec-
trum E ∧K with (E ∧K)n = En ∧K and having structure maps of the form

Σ(En ∧K) ∼= (ΣEn) ∧K σn∧K−−−−→ En+1 ∧K.

Documenta Mathematica 19 (2014) 1207–1269



Algebraic Kasparov K-theory. I 1237

Given D ∈ ℜ, the functor FD : Sp → Sp(ℜ), E 7→ E ∧ rD+, is left adjoint to
UD : Sp(ℜ)→ Sp. So there is an isomorphism

(5) HomSp(ℜ)(E ∧ rD+,X ) ∼= HomSp(E ,X (D)).

Our next objective is to define the stable model structure. We define the fake
suspension functor Σ : Sp(ℜ)→ Sp(ℜ) by (ΣZ)n = ΣZn and structure maps

Σ(ΣZn) Σσn−−−→ ΣZn+1,

where σn is a structure map of Z. Note that the fake suspension functor is left
adjoint to the fake loops functor Ωℓ : Sp(ℜ)→ Sp(ℜ) defined by (ΩℓZ)n = ΩZn
and structure maps adjoint to

ΩZn Ωσ̃n−−−→ Ω(ΩZn+1),

where σ̃n is adjoint to the structure map σn of Z.
Definition. A spectrum Z is stably fibrant if it is level fibrant and all the
adjoints σ̃Z

n : Zn → ΩZn+1 of its structure maps are (I, J)-weak equivalences.

Example. Given A ∈ ℜ, the spectrum K(A,−) consists of the sequence of
simplicial functors

K(A,−),K(JA,−),K(J2A,−), . . .
together with isomorphisms K(JnA,−) ∼= ΩK(Jn+1A,−) constructed in Theo-
rem 5.1. Lemma 4.2 and Excision Theorem A imply K(A,−) is a stably fibrant
spectrum. Note that K(A,B) is stably fibrant in Sp for every B ∈ ℜ.
The stably fibrant spectra determine the stable weak equivalences of spectra.
Stable fibrations are maps having the right lifting property with respect to all
maps which are projective cofibrations and stable weak equivalences.

Definition. A map f : E → F of spectra is a stable weak equivalence if for
every stably fibrant Z taking a cofibrant replacement Qf : QE → QF of f
in the level projective model structure on Sp(ℜ) yields a weak equivalence of
pointed simplicial sets

MapSp(ℜ)(Qf,Z) : MapSp(ℜ)(QF ,Z) // MapSp(ℜ)(QE ,Z).

By specializing the collection of results in [21, 28] to our setting we have:

Theorem 6.3. The classes of stable weak equivalences and projective cofibra-
tions define a simplicial and left proper model structure on Sp(ℜ).
If we define the stable model category structure on ordinary spectra Sp similar
to Sp(ℜ), then by [21, 3.5] it coincides with the stable model structure of
Bousfield–Friedlander [1].
Define the shift functors t : Sp(ℜ) −→ Sp(ℜ) and s : Sp(ℜ) −→ Sp(ℜ) by
(sX )n = Xn+1 and (tX )n = Xn−1, (tX )0 = pt, with the evident structure
maps. Note that t is left adjoint to s.

Documenta Mathematica 19 (2014) 1207–1269



1238 Grigory Garkusha

Definition. Define Θ : Sp(ℜ) → Sp(ℜ) to be the functor s ◦ Ωℓ, where s is
the shift functor. Then we have a natural map ιX : X → ΘX , and we define

Θ∞X = colim(X ιX−→ ΘX ΘιX−−−→ Θ2X Θ2ιX−−−→ · · · Θn−1ιX−−−−−→ ΘnX ΘnιX−−−→ · · · ).

Let jX : X → Θ∞X denote the obvious natural transformation. It is a stable
equivalence by [21, 4.11]. We call Θ∞X the stabilization of X .

Example. Given A ∈ ℜ, there is a natural map of spectra

κ : R(A)→ K(A,−).

One has a commutative diagram

R(A) j //

κ

��

Θ∞R(A)

Θ∞κ
��

K(A,−) j // Θ∞K(A,−).

The upper horizontal map is a stable equivalence, the lower and right arrows
are isomorphisms. Therefore the natural map of spectra κ : R(A) → K(A,−)
is a stable equivalence. In fact for any algebra B ∈ ℜ the map

κB : R(A)(B)→ K(A,B)

is a stable equivalence of ordinary spectra.

By [21, 4.6] we get the following result because Ω(−) preserves sequential col-
imits and the model category UℜI,J• is almost finitely generated.

Lemma 6.4. The stabilization of every level fibrant spectrum is stably fibrant.

Lemma 6.5. For any D ∈ ℜ the adjoint functors FD : Sp⇄ Sp(ℜ) : UD form a
Quillen adjunction between the stable model category of Bousfield–Friedlander
spectra Sp and the stable model category Sp(ℜ).

Proof. Clearly, FD preserves stable cofibrations. To show that FD preserves
stable trivial cofibrations, it is enough to observe that UD preserves stable
fibrant spectra (see the proof of [21, 3.5]) and use (5). �

We are now in a position to prove the main result of this section.

Theorem 6.6. Suppose F  B ։ C is an F-extension in ℜ. Then the
commutative square of spectra

K(C,−) //

��

K(B,−)

��
pt // K(F,−)
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is homotopy pushout and homotopy pullback in Sp(ℜ). Moreover, if D ∈ ℜ
then the square of ordinary spectra

K(C,D) //

��

K(B,D)

��
pt // K(F,D)

is homotopy pushout and homotopy pullback.

Proof. Given a distinguished square α

D //

��

A

��
B // C

in ℜ, the square rα+

rC+
//

��

rA+

��
rB+

// rD+

is homotopy pushout in UℜI,J• .
We claim that there is a J-weak equivalence of pointed simplicial functors
rA+ → rA for any algebra A ∈ ℜ. The object rA is a cofibre product of the
diagram

pt← r0+ → rA+,

in which the right arrow is an injective cofibration. It follows that for every
pointed fibrant object X in UℜJ,• the sequence of simplicial sets

MapUℜ•
(rA,X )→ X (A)→ X (0)

is a homotopy fibre sequence with X (0) contractible. Hence the left arrow
is a weak equivalence of simplicial sets, and so the map of pointed simplicial
functors rA+ → rA is a J-weak equivalence. Using [19, 13.5.9] the square rα
with α as above

rC //

��

rA

��
rB // rD

is homotopy pushout in UℜI,J• .
Given an algebra A ∈ ℜ and n > 0, there is an I-weak equivalence of simplicial
functors pointed at zero iJnA : r(JnA)→ Sing(r(JnA)). By Theorem 2.4

R(A)n = Ex∞ ◦ Sing(r(JnA)).
Since the map

ξυ : JA→ ΩA,
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which is functorial in A, is a quasi-isomorphism, then the square

(6) r(JnC) //

��

r(JnB)

��
pt // r(JnF )

is weakly equivalent to the homotopy pushout square in UℜI,J•

r(ΩnC) //

��

r(ΩnB)

��
pt // r(ΩnF )

By [19, 13.5.9] square (6) is then homotopy pushout in UℜI,J• . Also, [19, 13.5.9]
implies that

Sing(r(JnC)) //

��

Sing(r(JnB))

��
pt // Sing(r(JnF ))

is homotopy pushout in UℜI,J• , and hence so is

R(C)n //

��

R(B)n

��
pt // R(F )n.

We see that the square of spectra

(7) R(C) u //

��

R(B)

��
pt // R(F )

is level pushout. We can find a projective cofibration of spectra ι : R(C)→ X
and a level weak equivalence s : X → R(B) such that u = sι. Consider a
pushout square

R(C) ι //

��

X

��
pt // Y.

It is homotopy pushout in the projective model structure of spectra, and

hence it is levelwise homotopy pushout in UℜI,J• . Therefore the induced map
Y → R(F ) is a level weak equivalence, and so (7) is homotopy pushout in the
projective model structure of spectra by [19, 13.5.9].
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Since the vertical arrows in the commutative diagram

pt // K(F,−)

K(C,−)

ggOOOOO
// K(B,−)

ggOOOO

pt //

OO

R(F )

OO

R(C)

ggOOOOOO

OO

// R(B)

ggOOOO
κ

OO

are stable weak equivalences and the lower square is homotopy pushout in the
stable model structure of spectra, then so is the upper square by [19, 13.5.9].
By [21, 3.9; 10.3] Sp(ℜ) is a stable model category with respect to the stable
model structure, and therefore the square of the theorem is also homotopy
pullback by [20, 7.1.12].
It follows from Lemma 6.5 that the square of simplicial spectra

K(C,D) //

��

K(B,D)

��
pt // K(F,D)

is homotopy pullback for all D ∈ ℜ. It is also homotopy pushout in the stable
model category of Bousfield–Friedlander spectra by [20, 7.1.12], because this
model structure is stable. �

It is also useful to have the following

Theorem 6.7. Suppose u : A → B is a quasi-isomorphism in ℜ. Then the
induced map of spectra

u∗ : K(B,−)→ K(A,−)
is a stable equivalence in Sp(ℜ). In particular, the map of spaces

u∗ : K(B,C)→ K(A,C)
is a weak equivalence for all C ∈ ℜ.
Proof. Consider the square in Uℜ•

rB
u∗

//

��

rA

��
R(B)0

u∗
// R(A)0.

The upper arrow is an (I, J)-weak equivalence, the vertical maps are I-weak
equivalences. Therefore the lower arrow is an (I, J)-weak equivalence.
Since the endofunctor J : ℜ → ℜ respects quasi-isomorphisms, then

u∗ : R(B)→R(A)
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is a level weak equivalence of spectra. Consider the square in Sp(ℜ)

R(B)
u∗

//

κ

��

R(A)
κ

��
K(B,−) u∗

// K(A,−).

The upper arrow is a level weak equivalence, the vertical maps are stable weak
equivalences. Therefore the lower arrow is a stable weak equivalence.

The map K(B,−) u∗

−→ K(A,−) is a weak equivalence in the projective model
structure on Sp(ℜ), because both spectra are stably fibrant and levelwise fi-

brant in UℜI,J• . It follows that the map of spaces

u∗ : K(B,C)→ K(A,C)
is a weak equivalence for all C ∈ ℜ. �

We can now prove Excision Theorem B.

Proof of Excision Theorem B. Let ℜ be an arbitrary admissible T -closed cat-
egory of k-algebras. We have to prove that the square of spaces

K(C,D) //

��

K(B,D)

��
pt // K(F,D)

is homotopy pullback for any extension F  B ։ C in ℜ and any algebra
D ∈ ℜ.
A subtle difference with what we have defined for spectra is that we do not as-
sume ℜ to be small. So to apply Theorem 6.6 one has to find a small admissible
T -closed category of k-algebras ℜ′ containing F,B,C,D.
We can inductively construct such a category as follows. Let ℜ′

0 be the full
subcategory of ℜ such that Obℜ′

0 = {F,B,C,D}. If the full subcategory ℜ′
n

of ℜ, n > 0, is constructed we define ℜ′
n+1 by adding the following algebras to

ℜ′
n:

⊲ all ideals and quotient algebras of algebras from ℜ′
n;

⊲ all algebras which are pullbacks for diagrams

A→ E ← L

with A,E,L ∈ ℜ′
n;

⊲ all polynomial algebras in one variable A[x] with A ∈ ℜ′
n;

⊲ all algebras TA with A ∈ ℜ′
n.

Then we set ℜ′ =
⋃
nℜ′

n. Clearly ℜ′ is a small admissible T -closed category of
algebras containing F,B,C,D. It remains to apply Theorem 6.6. �

We can now also prove Theorem 5.4.
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Proof of Theorem 5.4. Let ℜ be an arbitrary admissible T -closed category of
k-algebras. We have to prove that the square of spectra

K(C,D) //

��

K(B,D)

��
pt // K(F,D)

is homotopy pullback for any extension F  B ։ C in ℜ and any algebra
D ∈ ℜ.
To apply Theorem 6.6 one has to find a small admissible T -closed category
of k-algebras ℜ′ containing F,B,C,D. Such a category is constructed in the
proof of Excision Theorem B. �

Corollary 6.8. Let ℜ be an admissible T -closed category of k-algebras. Then
for every A,B ∈ ℜ the spectrum K(JA,B) has homotopy type of ΣK(A,B).

Proof. We have an extension JA  TA ։ A in which TA is contractible by
Lemma 3.1. Hence K(TA,B) ≃ ∗ by Theorem 6.7 (as above one can choose a
small admissible T -closed category of algebras such that all considered algebras
belong to it). Now our assertion follows from Excision Theorem B. �

7. Comparison Theorem A

In this section we prove a couple of technical (but important!) results giving
a relation between simplicial and polynomial homotopy for algebra homomor-
phisms. As an application, we prove Comparison Theorem A. Throughout ℜ
is supposed to be T -closed.

7.1. Categories of fibrant objects.

Definition. Let A be a category with finite products and a final object e.
Assume that A has two distinguished classes of maps, called weak equivalences
and fibrations. A map is called a trivial fibration if it is both a weak equivalence
and a fibration. We define a path space for an object B to be an object BI

together with maps

B
s−→ BI

(d0,d1)−−−−→ B ×B,
where s is a weak equivalence, (d0, d1) is a fibration, and the composite is the
diagonal map.
Following Brown [2], we call A a category of fibrant objects or a Brown category
if the following axioms are satisfied.
(A) Let f and g be maps such that gf is defined. If two of f , g, gf are weak
equivalences then so is the third. Any isomorphism is a weak equivalence.
(B) The composite of two fibrations is a fibration. Any isomorphism is a
fibration.
(C) Given a diagram

A
u−→ C

v←− B,
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with v a fibration (respectively a trivial fibration), the pullback A×C B exists
and the map A×C B → A is a fibration (respectively a trivial fibration).
(D) For any object B in A there exists at least one path space BI (not neces-
sarily functorial in B).
(E) For any object B the map B → e is a fibration.

7.2. The Hauptlemma. Every map u in ℜ can be factored u = pi, where
p ∈ F is a fibration and i is an I-weak equivalence. Indeed, let A′ be the the
fibre product of the diagram

A
u−→ B

∂0
x←− B[x].

Then the map i : A→ A′, a 7−→ (a, u(a)), is split and obviously an elementary
homotopy equivalence. Hence it is an I-weak equivalence. We define p : A′ → B
as composition of the projection A′ → B[x] and ∂1x. We call a homomorphism
an I-trivial fibration if it is both a fibration and an I-weak equivalence. We

denote by In, n > 0, the simplicial set ∆1× n· · · ×∆1 and by δ0, δ1 : In → In+1

the maps 1In × d0, 1In × d1 whose images are In × {1}, In × {0} respectively.
Let Wmin be the minimal class of weak equivalences containing the homomor-
phisms A→ A[t], A ∈ ℜ, such that the triple (ℜ,F,Wmin) is a Brown category.
We should mention that every excisive, homotopy invariant simplicial functor
X : ℜ → SSets gives rise to a class of weak equivalences W containing the
homomorphisms A → A[t], A ∈ ℜ, such that the triple (ℜ,F,W) is a Brown
category (see [8]). Precisely, W consists of those homomorphisms f for which
X (f) is a weak equivalence of simplicial sets.
We shall denote by BSn , n > 0, the ind-algebra

BSn

0 → BSn

1 → BSn

2 → · · ·
consisting of the 0-simplices of the simplicial ind-algebra B(Ωn). So we have
for any k > 0:

BSn

k = Ker(Bsdk In → Bsdk(∂In)).

One also sets
B̃Sn

k = Ker(Bsdk In+1 → Bsdk(∂In×I)).

Hauptlemma. Let A,B ∈ ℜ then for any m,n > 0 we have:

(1) If f : A → Bsdm∆n+1

is a homomorphism, then the homomorphism
∂if is algebraically homotopic to ∂jf with i, j 6 n+ 1.

(2) If f : A → Bsdm In+1

(respectively f : A → B̃Sn

m ) is a homomorphism,
then d0f, d1f : A→ Bsdm In (respectively d0f, d1f : A→ BSn

m ) are al-

gebraically homotopic, where d0, d1 : Bsdm In+1 → Bsdm In are induced
by δ0, δ1.

(3) If f0, f1 : A → Bsdm In (respectively f0, f1 : A → BSn

m ) are two al-
gebraically homotopic homomorphisms by means of a map h : A →
(Bsdm In)sd

k∆1

(respectively h : A → (BSn

m )sd
k ∆1

), then there are a
homomorphism g : A′ → A, which is obtained by pulling back an I-
trivial fibration along h, and hence g ∈ Wmin, and a homomorphism
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H : A′ → Bsdm In+1

(respectively H : A′ → B̃Sn

m ) such that d0H = f0g
and d1H = f1g.

The Hauptlemma essentially says that the condition for homomorphisms of
being simplicially homotopic implies that of being polynomially homotopic.
The converse is true up to multiplication with some maps from Wmin.

Proof. (1). Given i < j define a homomorphism ϕi,j : B[t0, . . . , tn+1]→ B∆n [x]
as

(8) ϕi,j(tk) =





tk, k < i
xti, k = i

xtk + (1− x)tk−1, i < k < j
(1− x)tj−1, k = j

tk−1, k > j

It takes 1 −∑n+1
i=0 ti to zero, and hence one obtains a homomorphism ϕi,j :

B∆n+1 → B∆n [x]. We define ϕj,i(f)(t0, . . . , tn, x) = ϕi,j(f)(t0, . . . , tn, 1− x) if
j > i. It follows that for any h ∈ B∆n+1

ϕi,j(h)(t0, . . . , tn, x) =

{
∂ih, x = 0,

∂jh, x = 1.

We see that ∂iα is elementary homotopic to ∂jα for any α : A → B∆n+1

.
If there is no likelihood of confusion we shall denote this homotopy by ϕi,j
omitting α.

Now consider the algebra Bsdk ∆n+1

, k > 1. By definition, it is the fiber prod-

uct over B∆n of ((n + 2)!)k copies of B∆n+1

. Let α : A → Bsdk ∆n+1

be a
homomorphism of algebras. A polynomial homotopy from ∂jα to ∂iα can be
arranged as follows. We pick up the barycenter of ∂jα and pull it towards the
barycenter of α. This operation consists of finitely many polynomial homo-
topies. Next we pull the vertex i towards the vertex j. Again we have finitely
many elementary polynomial homotopies. Finally, we pull the barycenter of
α towards the barycenter of ∂iα, resulting the desired polynomial homotopy.
Each step of the polynomial homotopy is determined by homotopies of the form
ϕi,i+1 or ϕi+1,i.
In order to give a formal description of the algorithm, it is enough to do this for

the identity homomorphism of Bsdk ∆n+1

without loss of generality. Recall that
sdk∆n+1 is the nerve |sdk∆n+1| of a poset sdk∆n+1. We shall also regard the
poset as a category. By the length of a path in sdk∆n+1 between two vertices
we mean the maximal number of (non-identity) arrows connecting them. Note
that the largest (respectively smallest) possible length equals n+1 (respectively

0). We can think about Bsdk∆n+1

in the following terms:

⋄ the poset sdk∆n+1;

⋄ to every path π of length k > 0 in sdk∆n+1, a polynomial in fπ ∈ B∆k

is attached;
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⋄ if fπ, fπ′ are two polynomials attached to paths π, π′ in sdk∆n+1 having
a non-trivial common subpath π′′, then restriction of fπ, fπ′ to π′′ by
means of face operators of B∆ equals fπ′′ .

The desired algorithm of an algebraic homotopy from ∂jα to ∂iα consists of
the following steps (we shall sometimes regard ∂jα, ∂iα as posets uniquely
associated to them):

Step 0: The poset A0 := ∂jα, the vertex w0 := i, and the poset (sdk∆n+1)0 :=
sdk∆n+1.

Step 1: Suppose we have found a subposet Aℓ, ℓ > 0, such that the vertices
of the subposet ∂jα ∩ ∂iα are in Aℓ, Aℓ is isomorphic to A0 by an
isomorphism of posets leaving the vertices of ∂jα ∩ ∂iα unchanged,
and Aℓ has a unique vertex wℓ on the edge between vertices i and
j. If Aℓ = (sdk∆n+1)ℓ = ∂iα, in which case wℓ = j, we stop the
process. Otherwise, we can find a vertex v ∈ Aℓ \ (∂jα ∩ ∂iα), a
subposet Aℓ+1 having the same vertices as Aℓ except a unique vertex
v′ ∈ Aℓ+1 \ (∂jα∩∂iα), and a path v → v′ or a path v′ → v of length 1.

Having chosen Aℓ+1, we set (sdk∆n+1)ℓ+1 = (sdk∆n+1)ℓ \ {v}. Notice
that wℓ+1 ∈ Aℓ+1 is either v′ or wℓ.

Step 2: If we have a path v′ → v from Step 1, then there are a unique i ∈
{0, 1, . . . , n} and a polynomial homotopy Hℓ : B

sdk∆n+1 → Bsd
k∆n [x]

such that:
– ∂0xHℓ equals the homomorphism Bsd

k∆n+1 → B|Aℓ|, induced by
the inclusion Aℓ →֒ sdk∆n+1, and ∂1xHℓ equals the homomorphism

Bsd
k∆n+1 → B|Aℓ+1|;

– Hℓ factors as

Bsd
k∆n+1 → B|Eℓ| hℓ−→ Bsd

k∆n [x],

where Eℓ is the subposet of (sd
k∆n+1)ℓ whose vertices are those of

Aℓ ∪Aℓ+1 and the left homomorphism is induced by the inclusion
Eℓ →֒ sdk∆n+1;

– hℓ is a fibre product of homomorphisms of the form i : B∆n →֒
B∆n [x] or ϕi,i+1 : B∆n+1 → B∆n [x].

If we have a path v → v′ of Step 1, then Hℓ has the same properties as
above except that hℓ is a fibre product of homomorphisms of the form

i : B∆n →֒ B∆n [x] or ϕi+1,i : B
∆n+1 → B∆n [x].

Step 3: Apply Step 1 to the pair (Aℓ+1, (sd
k∆n+1)ℓ+1).

The algorithm stops in finitely many steps. The desired polynomial homotopy
is given by the collection {Hℓ}ℓ. The homotopy pulls the barycenter of ∂jα
towards the barycenter of α. Also it pulls the vertex i towards j by means of
{wℓ}ℓ. Let us illustrate the algorithm by considering for simplicity the algebra
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Bsd1 ∆2

, which is glued out of six polynomials in B∆2

.

{01}

1

{12}

{012}

{02} 20

v2

��












��4
44

44
44

b

����?
??

? c

����
��

u1

//
v1

oo

u2

EE������������

OO

YY333333333333
a

77ooooooooooo

d
ggOOOOOOOOOOO

⇒ 1

{12}

{012}

{02} 20

��4
44

44
44

�� ����
��

// oo

OO

YY333333333333

77ooooooooooo

ggOOOOOOOOOOO

⇒

{12}

{012}

{02} 20

����
��

// oo

OO

YY333333333333

77ooooooooooo

ggOOOOOOOOOOO

⇒ {012}

{02} 20 // oo

OO77ooooooooooo

ggOOOOOOOOOOO

⇒

{02} 20 // oo

The picture depicts each poset (sd1∆2)ℓ. It also says that

∂2α = (0
u2−→ {01} v2←− 1)

H0∼ (0
a−→ {012} b←− 1, w1 = 1, v′ = {012})

H1∼ (0
a−→ {012} c←− {12}, w2 = v′ = {12})

H2∼ (0
a−→ {012} d←− 2, w3 = v′ = 2)

H3∼ (0
u1−→ {02} v1←− 2, w4 = 2, v′ = {02}) = ∂1α

and {h0 = (ϕ2,1, ϕ2,1), E0 = 〈0, {01}, 1, {012}〉}, {h1 = (i, ϕ1,0), E1 =
〈0, {012}, 1, {12}〉}, {h2 = (i, ϕ1,2), E2 = 〈0, {012}, {12}, 2〉}, {h3 =
(ϕ1,2, ϕ1,2), E2 = 〈0, {012}, {02}, 2〉}.
Another example is for the algebraBsd1 ∆3

, which is glued out of 24 polynomials

in B∆3

. Consider a tetrahedron labeled with 0, 1, 2, 3

3

0

''NNNNNNNNNNNNN

@@�������
// 2

ggNNNNNNNNNNNNN

1

@@�������

WW.
.
.
.
.
.
.
.
.
.
.
.
.
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The polynomial homotopy from ∂2α to ∂3α is encoded by the following data
of the algorithm:

⋄ v = {013} and v′ = {0123};
⋄ v = {13} and v′ = {123};
⋄ v = {03} and v′ = {023};
⋄ v = 3 and v′ = {23};
⋄ v = {23} and v′ = 2;
⋄ v = {123} and v′ = {12};
⋄ v = {023} and v′ = {02}
⋄ finally, v = {0123} and v′ = {012}.

(2). Note that this assertion follows from the particular case when f is the
identity map of its codomain. Nevertheless we shall prove the original state-
ment. The cube In+1 is glued out of (n+ 1)! simplices of dimension n+ 1. Its
vertices can be labeled with (n+ 1)-tuples of numbers which equal either zero

or one. The number of vertices equals 2n+1. A homomorphism α : A→ BI
n+1

is glued out of (n + 1)! homomorphisms αi : A → B∆n+1

. The set of vertices
Vd0α of the face d0α consists of those (n+1)-tuples whose last coordinate equals
1, and the set of vertices Vd1α of the face d1α consists of those (n + 1)-tuples
whose last coordinate equals 0. The desired algebraic homotopy from d0α to
d1α is constructed in the following way. We first construct an algebraic ho-
motopy H0 from f0 := d0α to a homomorphism f1 : A → BI

n

. The set of
vertices V1 for f1 equals (Vd0α \ {00 . . .01}) ∪ {00 . . .0}. In other words, we
pull {00 . . .01} towards {00 . . .0}. The number of (n+1)-simplices having ver-
tices from Vd0α ∪ {00 . . .0} equals n!. Let S be the set of such simplices. If

αi : A→ B∆n+1

is in S, then the result is an algebraic homotopy ϕ0,1 defined
in (1) from ∂0αi to ∂1αi. The homotopy H0 at each αi, i 6 n!, is ϕ0,1. Next

one constructs an algebraic homotopy H1 from f1 to f2 : A → BI
n

. The set
of vertices V2 of f2 equals (V1 \ {10 . . .01})∪ {10 . . .0}. In other word, we pull
{10 . . .01} towards {10 . . .0}. The homotopy H1 at each simplex is either ϕ1,2

or id. One repeats this procedure 2n times. The last step is to pull (11 . . . 11)
towards (11 . . . 10) resulting a polynomial homotopy H2n−1 which is ϕn,n+1

at each simplex. Clearly, if there are boundary conditions as in (2) then the
algebraic homotopy behaves on the boundary in a consistent way.

In the case α : A → Bsdm In+1

, m > 0, the desired polynomial homotopy is
constructed in a similar way (we should also use the algorithm of (1)).

Documenta Mathematica 19 (2014) 1207–1269



Algebraic Kasparov K-theory. I 1249

Let us illustrate the algorithm by considering for simplicity the case α : A →
BI

3

. Such a map is glued out of six homomorphisms αi : A→ B∆3

, i = 1, . . . , 6.
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TT)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

55lllllllllllllll

The desired algebraic homotopy from d0α to d1α is arranged as follows.
We first pull (001) towards (000) resulting a polynomial homotopy H0 from
d0α, which is labeled by {(001), (101), (011), (111)}, to the square labeled
by {(000), (101), (011), (111)}. This step is a result of the algebraic homo-
topy ϕ0,1 described in (1) corresponding to two glued tetrahedra having ver-
tices {(000), (001), (011), (111)} and {(000), (001), (101), (111)} respectively. So
H0 = (ϕ0,1, ϕ0,1). Next we pull (101) towards (100) resulting a polyno-
mial homotopy H1 from the square labeled by {(000), (101), (011), (111)} to
the square labeled by {(000), (100), (011), (111)}. So H1 = (ϕ1,2, id). The
next step is to pull (011) towards (010) resulting a polynomial homotopy H2

from the square labeled by {(000), (100), (011), (111)} to the square labeled by
{(000), (100), (010), (111)}. So H2 = (id, ϕ1,2). And finally one pulls (111)
towards (110) resulting a polynomial homotopy H3 from the square labeled by
{(000), (100), (010), (111)} to the square labeled by {(000), (100), (010), (110)}.
In this case H3 = (ϕ2,3, ϕ2,3).
(3) We first want to prove the following statement.

Hauptsublemma. Bsdm In+1

(respectively B̃Sn

m ) is a path space for Bsdm In

(respectively BSn

m ) in the Brown category (ℜ,F,Wmin).

Proof. By (2) the maps

d0, d1 : Bsdm In+1 → Bsdm In

are algebraically homotopic, hence equal in the category H(ℜ).
The map

(d0, d1) : B
sdm In+1 −→ Bsdm In ×Bsdm In
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is a k-linear split homomorphism, hence a fibration. A splitting is defined as

(b1, b2) ∈ Bsdm In ×Bsdm In 7→ ı(b1) · (1 − t) + ı(b2) · t ∈ Bsdm In+1

,

where t ∈ ksdm In+1

is defined on page 1220 and ı : B∆(In) → (B∆(In))∆
1

is
the natural inclusion. There is a commutative diagram

Bsdm In

s &&LLLLLLLLLL

diag // Bsdm In ×Bsdm In

Bsdm In+1

,

(d0,d1)

66mmmmmmmmmmmm

where s is induced by projection of In+1 onto In which forgets the last coor-

dinate. To show that Bsdm In+1

is a path space, we shall check that s is an
I-weak equivalence. We have that d0s = id. We want to check that sd0 is
algebraically homotopic to id.
In the proof of Proposition 4.1 we have constructed a simplicial map

λ : I2 → I.

It induces a simplicial homotopy between sd0 and id

λ∗ : Bsdm In+1 → Bsdm In+2

.

By (2) these are algebraically homotopic. We conclude that s, d0 are I-weak

equivalences, and hence so is d1. The statement for B̃Sn

m is verified in a similar
way. �

The algebra B′ := (Bsdm In)sd
k ∆1

is another path object of Bsdm In , and so
there is a commutative diagram

Bsdm In

s′ ##HHHHHHHH

diag // Bsdm In ×Bsdm In

B′,
(d′0,d

′
1)

77oooooooooooo

where s is an I-weak equivalence and (d′0, d
′
1) is a fibration. Let X be the fibre

product for

Bsdm In+1
(d0,d1) // Bsdm In ×Bsdm In B′.

(d′0,d
′
1)oo

Then (s, s′) induces a unique map q : Bsdm In → X such that pr1 ◦ q = s and
pr2 ◦ q = s′. We can factor q as

Bsdm In s′′−→ B′′ p−→ X,

where s′′ is an I-weak equivalence and p is a fibration. It follows that u := pr2◦p
and v := pr1 ◦ p are I-trivial fibrations, because vs′′ = s, us′′ = s′. It follows
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that there is a commutative diagram

Bsdm In

s′′ $$HHHHHHHH

diag // Bsdm In ×Bsdm In

B′′
(d′′0 ,d

′′
1 )

77oooooooooooo

with (d′′0 , d
′′
1 ) := (d0, d1) ◦ v = (d′0, d

′
1) ◦ u, and so the algebra B′′ is a path

object of Bsdm In .
Now let us consider a commutative diagram

A′ h′
//

g

��

B′′

u

��

v //
Bsdm In+1

(d0,d1)

��
A

h
// B′

(d′0,d
′
1)

// Bsdm In ×Bsdm In

with the left square cartesian. The desired homomorphism H : A′ → Bsdm In+1

is then defined as vh′. The homomorphism H : A′ → B̃Sn

m is constructed in a
similar way. �

The proof of the Hauptlemma also applies to showing that for any homomor-

phism h : A → Bsdm∆1×∆n the induced maps d0h, d1h : A → Bsdm∆n are
algebraically homotopic. If m = 0 then the homotopy is constructed in n steps
similar to that described above for cubes In (each step is obtained by applying
the polynomial homotopy ϕi,j).
We can use the homotopy to describe explicitly a polynomial contraction of an
algebra B∆n to B. Precisely, consider the maps s : B → B∆n , δ : B∆n → B
induced by the unique map [n] → [0] and the map [0] → [n] taking 0 to n.
Then δs = 1B and sδ is polynomially homotopic to the identity map of B∆n .
The homotopy is constructed by lifting the simplicial homotopy that contracts
∆n to its last vertex. This simplicial homotopy is given by a simplicial map

∆1 ×∆n h−→ ∆n

that takes (v : [m] → [1], u : [m] → [n]) to ū : [m] → [n], where ū is defined as
the composite

[m]
(u,v)−−−→ [n]× [1]

w−→ [n]

and where w(j, 0) = j and w(j, 1) = n.
We have a homomorphism

h∗ : B∆n → B∆1×∆n

which is induced by h. Then d0h
∗ = 1 is polynomially homotopic to d1h

∗ = sδ.
If a homomorphism f : A′ → A is homotopic to g : A′ → A by means of a
homomorphism h : A′ → A[x] then J(f) is homotopic to J(g). Indeed, consider
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a commutative diagram of algebras

JA′ //

J(h)

��

TA′

T (h)

��

// A′

h
��

J(A[x]) //

γ

��

T (A[x])

��

// A[x]

(JA)[x]

∂0;1
x

��

// (TA)[x]

∂0;1
x

��

// A[x]

∂0;1
x

��
JA // TA // A.

Then γ ◦ J(h) yields the required homotopy between J(f) and J(g).
Let A,B ∈ ℜ and n > 0. Part (i) of the Hauptlemma implies that there is a
map

π0(HomAlgind
k

(JnA,B(Ωn)))→ [JnA,BSn ]

which is consistent with the colimit maps

ς : HomAlgind
k

(JnA,B(Ωn))→ HomAlgind
k

(Jn+1A,B(Ωn+1))

defined by (1) and σ : [JnA,BSn ] → [Jn+1A,BSn+1

] which is defined like ς .
So we get a map

Γ : K0(A,B)→ colimn[J
nA,BSn ].

Comparison Theorem A. The map Γ : K0(A,B)→ colimn[J
nA,BSn ] is an

isomorphism.

Proof. It is obvious that

π0(HomAlgind
k

(JnA,B(Ωn)))→ [JnA,BSn ]

is surjective for each n > 0, and hence so is Γ. Suppose f0, f1 : JnA → BSn

are polynomially homotopic by means of h. By the Hauptlemma there are a
homomorphism g : A′ → JnA, which is a fibre product of an I-trivial fibration

along h, and hence g ∈Wmin, and a homomorphism H : A′ → B̃Sn such that
d0H = f0g and d1H = f1g. Similar to the proof of Excision Theorem B one
can construct a small admissible category of algebras ℜ′ such that it contains
all algebras {A′, JnA,Bsdm In}m,n we work with and such that g is a quasi-
isomorphism of ℜ′.
By Theorem 6.7 the induced map of graded abelian groups

g∗ : K∗(ℜ′)(JnA,B)→ K∗(ℜ′)(A′, B)

is an isomorphism. We have that g∗ takes f0, f1 ∈ Kn(ℜ′)(JnA,B) to the same
element in Kn(ℜ′)(A′, B), and so f0 = f1. We see that Γ is also injective, hence
it is an isomorphism. �
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Corollary 7.1. The homotopy groups of K(A,B) are computed as follows:

Km(A,B) ∼=
{

colimn[J
nA, (ΩmB)S

n

], m > 0
colimn[J

−m+nA,BSn ], m < 0

Proof. This follows from Corollary 4.3 and the preceding theorem. �

8. Comparison Theorem B

In this section ℜ is supposed to be T -closed. Let W be a class of weak equiv-
alences containing homomorphisms A → A[t], A ∈ ℜ, such that the triple
(ℜ,F,W) is a Brown category.

Definition. The left derived category D−(ℜ,F,W) of ℜ with respect to (F,W)
is the category obtained from ℜ by inverting the weak equivalences.

By [9] the family of weak equivalences in the category Hℜ admits a calculus
of right fractions. The left derived category D−(ℜ,F,W) (possibly “large”)
is obtained from Hℜ by inverting the weak equivalences. The left derived
category D−(ℜ,F,W) is left triangulated (see [8, 9] for details) with Ω a loop
functor on it.
There is a general method of stabilizing Ω (see Heller [17]) and producing a
triangulated (possibly “large”) category D(ℜ,F,W) from the left triangulated
structure on D−(ℜ,F,W).
An object of D(ℜ,F,W) is a pair (A,m) with A ∈ D−(ℜ,F,W) and m ∈ Z.
If m,n ∈ Z then we consider the directed set Im,n = {k ∈ Z | m,n 6 k}. The
morphisms between (A,m) and (B, n) ∈ D(ℜ,F,W) are defined by

D(ℜ,F,W)[(A,m), (B, n)] := colimk∈Im,n D
−(ℜ,F,W)(Ωk−m(A),Ωk−n(B)).

Morphisms of D(ℜ,F,W) are composed in the obvious fashion. We define the
loop automorphism on D(ℜ,F,W) by Ω(A,m) := (A,m−1). There is a natural
functor S : D−(ℜ,F,W)→ D(ℜ,F,W) defined by A 7−→ (A, 0).
D(ℜ,F,W) is an additive category [8, 9]. We define a triangulation T r(ℜ,F,W)
of the pair (D(ℜ,F,W),Ω) as follows. A sequence

Ω(A, l)→ (C, n)→ (B,m)→ (A, l)

belongs to T r(ℜ,F,W) if there is an even integer k and a left triangle
of representatives Ω(Ωk−l(A)) → Ωk−n(C) → Ωk−m(B) → Ωk−l(A) in
D−(ℜ,F,W). Then the functor S takes left triangles in D−(ℜ,F,W) to trian-
gles in D(ℜ,F,W). By [8, 9] T r(ℜ,F,W) is a triangulation of D(ℜ,F,W) in
the classical sense of Verdier [29].
Let E be the class of all F-extensions of k-algebras

(9) (E) : A→ B → C.

Definition. Following Cortiñas–Thom [3] a (F-)excisive homology theory on
ℜ with values in a triangulated category (T ,Ω) consists of a functorX : ℜ → T ,
together with a collection {∂E : E ∈ E} of maps ∂XE = ∂E ∈ T (ΩX(C), X(A)).
The maps ∂E are to satisfy the following requirements.
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(1) For all E ∈ E as above,

ΩX(C)
∂E // X(A)

X(f) // X(B)
X(g) // X(C)

is a distinguished triangle in T .
(2) If

(E) : A
f //

α

��

B
g //

β

��

C

γ

��
(E′) : A′ f ′

// B′ g′ // C′

is a map of extensions, then the following diagram commutes

ΩX(C)

ΩX(γ)

��

∂E // X(A)

X(α)

��
ΩX(C′)

∂E′

// X(A).

We say that the functor X : ℜ → T is homotopy invariant if it maps homotopic
homomomorphisms to equal maps, or equivalently, if for every A ∈ Algk, X
maps the inclusion A ⊂ A[t] to an isomorphism.

Denote byW△ the class of homomorphisms f such thatX(f) is an isomorphism
for any excisive, homotopy invariant homology theory X : ℜ → T . We shall
refer to the maps from W△ as stable weak equivalences. The triple (ℜ,F,W△)
is a Brown category. In what follows we shall write D−(ℜ,F) and D(ℜ,F)
to denote D−(ℜ,F,W△) and D(ℜ,F,W△) respectively, dropping W△ from
notation.
In this section we prove the following theorem.

Comparison Theorem B. For any algebras A,B ∈ ℜ there is an isomorphism
of Z-graded abelian groups

K∗(A,B) ∼= D(ℜ,F)∗(A,B) =
⊕

n∈Z

D(ℜ,F)(A,ΩnB),

functorial both in A and in B.

The graded isomorphism consists of a zig-zag of isomorphisms each of which is
constructed below.

Corollary 8.1. D(ℜ,F) is a category with small Hom-sets.

Definition. Let ℜ be a small T -closed admissible category of algebras. A
homomorphism A→ B in ℜ is said to be a stable F-quasi-isomorphism or just
a stable quasi-isomorphism if the map ΩnA→ ΩnB is a quasi-isomorphism for
some n > 0. The class of quasi-isomorphisms will be denoted by Wqis. By [8]
the triple (ℜ,F,Wqis) is a Brown category.
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Consider the ind-algebra (BSn ,Z>0) with each BSn

k , k ∈ Z>0, being

ker(Bsdk In → B∂(sd
k In)), that is BSn is the underlying ind-algebra of 0-

simplices of B(Ωn). We shall denote by BSn the algebra BSn

0 . Notice that

BS1

= ΩB. There is a sequence of maps

HomAlgk(B,B)
ς→ HomAlgk(JB,B

S1

k )
ς→ HomAlgk(J

2B,BS2

k )
ς→ · · ·

One sets 1n,kB := ςn(1B).
Recall that Wmin is the least collection of weak equivalences containing A →
A[x], A ∈ ℜ, such that the triple (ℜ,F,Wmin) is a Brown category.

Lemma 8.2. Let ℜ be a T -closed admissible category of algebras and B ∈ ℜ.
Then for any n > 0 all morphisms of the sequence

BSn

0 → BSn

1 → BSn

2 → · · ·
belong to Wmin.

Proof. Recall that the simplicial ind-algebra PB∆(Ωn) is indexed over Z>0

and defined as ker((B∆(Ωn))I
d0−→ B∆(Ωn)). The proof of the Hauptsublemma

shows that on the level of 0-simplices d0 is an I-trivial fibration. Its kernel
consists of 0-simplices of PB∆(Ωn) and whose underlying sequence of algebras
is denoted by

PBSn

0 → PBSn

1 → PBSn

2 → · · ·
For each algebra of the sequence PBSn

k one has (0→ PBSn

k ) ∈Wmin, because
it is the kernel of an I-trivial fibration.
The assertion is obvious for n = 0. We have a commutative diagram of exten-
sions for all n > 1, k > 0

BSn

k

��

// PBSn−1

k

��

// BSn−1

k

��
BSn

k+1
// PBSn−1

k+1
// BSn−1

k+1

with the right and the middle arrows belonging to Wmin by induction, hence
so is the left one. �

Lemma 8.3. Let ℜ be a T -closed admissible category of algebras and B ∈ ℜ.
Then each 1n,kB , n, k > 0, belongs to Wmin.

Proof. We fix k. The identity map 1B = 10,kB belongs to Wmin. The map 11,kB is

the classifying map ξυ : JB → BS1

k , which is in Wmin. Suppose 1n−1,k
B , n > 1,

belongs to Wmin. Then 1n,kB = ξυJ(1
n−1,k
B ), where ξυ : J(BSn−1

k )→ BSn

k is in

Wmin. Since J respects maps from Wmin, then 1n,kB is in Wmin. �

Lemma 8.4. The following conditions are equivalent for a homomorphism f :
A→ B in ℜ:

(1) f is a stable quasi-isomorphism;
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(2) Jn(f) : JnA→ JnB is a quasi-isomorphism for some n > 0;
(3) for any k > 0 there is a n > 0 such that fSn : ASn

k → BSn

k is a
quasi-isomorphism.

Proof. (1)⇔ (2). Consider a commutative diagram of extensions

JA //

ρA

��

TA //

��

A

ΩA // EA // A,

where TA,EA are contractible. It follows that ρA is a quasi-isomorphism. It
is plainly functorial in A. Since J respects quasi-isomorphisms, it follows that
there is a commutative diagram for any n > 1

JnA //

Jn(f)

��

ΩnA

Ωn(f)

��
JnB // ΩnB,

in which the horizontal maps are quasi-isomorphisms. We see that Ωn(f) is a
quasi-isomorphism if and only if Jn(f) is.
(2)⇔ (3). There is a commutative diagram of extensions for all n > 1, k > 0

J(ASn−1

k )

��

// T (ASn−1

k )

��

// ASn−1

k

ASn

k
// PASn−1

k
// ASn−1

k

in which the right and the middle arrows are quasi-isomorphisms, hence so is
the left one. The middle arrow is actually quasi-isomorphic to zero. Since J
respects quasi-isomorphisms, we get a chain of quasi-isomorphisms

JnA→ Jn−1(AS1

k )→ · · · → J(ASn−1

k )→ ASn

k ,

functorial in A. It follows that there is a commutative diagram for any n > 1

JnA //

Jn(f)

��

ASn

k

fSn

��
JnB // BSn

k ,

in which the horizontal maps are quasi-isomorphisms. We see that fSn

k is a
quasi-isomorphism if and only if Jn(f) is. �

We call a homomorphism f : A→ B in a T -closed category ℜ a K-equivalence
if the induced map K(C,A)→ K(C,B) is a weak equivalence of spaces.

Proposition 8.5. Let ℜ be a small T -closed admissible category of algebras.
A homomorphism t : A→ B in ℜ is a stable quasi-isomorphism if and only if
it is a K-equivalence.
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Proof. Suppose t : A → B is a stable quasi-isomorphism. Then Ωn(t) is a
quasi-isomorphism for some n > 0, and hence a K-equivalence. For any algebra
C ∈ ℜ the induced map

K(JnC,ΩnA)→ K(JnC,ΩnB)

is a weak equivalence of spaces. By Corollaries 4.3 and 5.2 the map

ΩnK(JnC,A)→ ΩnK(JnC,B)

is a weak equivalence, hence so is the map

t∗ : K(C,A)→ K(C,B).

Thus t is a K-equivalence.
Suppose now t : A→ B is a K-equivalence. Then the induced map

K(B,A)→ K(B,B)

is a homotopy equivalence of spaces. There are k, n > 0, a map e : JnB → ASn

k ,
and a sequence of maps

JnB
e−→ ASn

k
tS
n

−−→ BSn

k

such that tS
n

e is simplicially homotopic to 1n,kB . By the Hauptlemma tS
n

e is

polynomially homotopic to 1n,kB . By Lemma 8.3 1n,kB is a quasi-isomorphism. It
follows that e is a right unit in the category D−(ℜ,F,Wqis). For every m > 0
one has

(10) ςm(tS
n

e) = p ◦ Jm(tS
n

) ◦ Jm(e) ≃ 1n+m,kB ,

where p is a quasi-isomorphism. By Lemma 8.3 1n+m,kB is a quasi-isomorphism.
It follows that Jm(e) is a right unit in D−(ℜ,F,Wqis).

We claim that tS
n

is a K-equivalence. By assumption tS
0

= t is a K-
equivalence. Suppose tS

n−1

is a K-equivalence for n > 1. There is a com-
mutative diagram of extensions

ASn

k

tS
n

��

// PASn−1

k

��

// ASn−1

k

tS
n−1

��
BSn

k
// PBSn−1

k
// BSn−1

k ,

in which the right and the middle arrows are K-equivalences by induction,
hence so is the left one. The middle arrow is actually quasi-isomorphic to zero.
We see that tS

n

e is a K-equivalence. The two out of three property implies e
is a K-equivalence. Therefore the induced map

e∗ : K(JnA, JnB)→ K(JnA,ASn

k )

is a homotopy equivalence of spaces. Let q = e−1
∗ (1n,kA ) : Jn+mA→ (JnB)S

m

l ;

then eS
m

q is simplicially homotopic to ςm(1n,kA ). By the Hauptlemma eS
m

q is

polynomially homotopic to ςm(1n,kA ). It follows from Lemma 8.3 that ςm(1n,kA )

is a quasi-isomorphism. We see that eS
m

is a left unit in D−(ℜ,F,Wqis). The
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proof of Lemma 8.4 shows that Jm(e) is quasi-isomorphic to eS
m

. Thus Jm(e)
is a left unit in D−(ℜ,F,Wqis).
By above Jm(e) is also a right unit in D−(ℜ,F,Wqis), and so is an isomorphism
in D−(ℜ,F,Wqis). Since the canonical functor ℜ → D−(ℜ,F,Wqis) has the
property that a homomorphism of algebras is a quasi-isomorphism if and only
if its image in D−(ℜ,F,Wqis) is an isomorphism, we see that Jm(e) is a quasi-
isomorphism.

By (10) Jm(tS
n

) is a quasi-isomorphism, because so are p, 1n+m,kB and Jm(e).
Since J preserves quasi-isomorphisms, the proof of Lemma 8.4 shows that there
is a commutative diagram

Jn+mA //

Jn+m(t)

��

Jm(ASn

k )

Jm(tS
n
)

��
Jn+mB // Jm(BSn

k ),

in which the horizontal maps are quasi-isomorphisms. We see that Jn+m(t) is a
quasi-isomorphism, because so is Jm(tS

n

). So t is a stable quasi-isomorphism
by Lemma 8.4 as required. �

The next result is an improvement of Theorem 6.7. It will also be useful when
proving Comparison Theorem B.

Theorem 8.6. Suppose ℜ is an admissible T -closed category of algebras and
u : A→ B is a K-equivalence in ℜ. Then the induced map

u∗ : K(B,D)→ K(A,D)

is a weak equivalence of spectra for any D ∈ ℜ.
Proof. Similar to the proof of Excision Theorem B one can construct a small ad-
missible T -closed full subcategory of algebras ℜ′ such that it contains A,B,D.
By assumption u is a K-equivalence in ℜ′, hence Jn(u) is a quasi-isomorphism
of ℜ′ for some n > 0 by the preceding proposition and Lemma 8.4.
By Theorem 6.7 the induced map of spectra

(Jn(u))∗ : K(ℜ′)(JnB,D)→ K(ℜ′)(JnA,D)

is a weak equivalence. Corollary 6.8 now implies the claim. �

Lemma 8.7. Suppose ℜ is an admissible T -closed category of algebras. Then
every stable weak equivalence in ℜ is a K-equivalence.
Proof. Using Theorem 5.3 for every A ∈ ℜ the map

K(A,−) : ℜ → Ho(Sp)

with Ho(Sp) the homotopy category of spectra yields an excisive, homotopy
invariant homology theory. Therefore it takes stable weak equivalence to iso-
morphisms in Ho(Sp). �
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Given an ind-algebra (B, J) ∈ ℜind and A ∈ ℜ, we set

D−(ℜ,F)(A,B) = colimj∈J D
−(ℜ,F)(A,Bj).

Using the fact that J respects polynomial homotopy and stable weak equiva-

lences, we can extend the map ς : HomAlgind
k

(A,BSn)→ HomAlgindk
(JA,BSn+1

)

to a functor

σ : D−(ℜ,F)(A,BSn)→ D−(ℜ,F)(JA,BSn+1

).

The functor σ takes a map

A′

s

��~~
~~

~~
~

f

""D
DD

DD
DD

D

A BSn

in D−(ℜ,F)(A,BSn), where s ∈W△, to the map

JA′

J(s)

}}zz
zz

zz
zz ς(f)

$$HHHHHHHH

JA BSn+1

.

Since J respects weak equivalences and homotopy, it follows that σ is well-
defined.
The map Γ : K0(A,B)→ colimn[J

nA,BSn ] is an isomorphism by Comparison
Theorem A. There is a natural map

Γ1 : colimn[J
nA,BSn ]→ colimnD

−(ℜ,F)(JnA,BSn).

Lemma 8.8. Γ1 is an isomorphism, functorial in A and B.

Proof. Suppose maps f0, f1 : JnA → BSn are such that Γ1(f0) = Γ1(f1).
Using the Hauptlemma, we may choose n big enough to find a stable weak
equivalence t : A′ → JnA such that f0t is simplicially homotopic to f1t. By
Lemma 8.7 t is a K-equivalence of ℜ. By Theorem 8.6 the induced map of
graded abelian groups

t∗ : K∗(J
nA,B)→ K∗(A

′, B)

is an isomorphism. We have that t∗ takes f0, f1 ∈ Kn(JnA,B) to the same
element in Kn(A′, B), and so f0 = f1. We see that Γ1 is injective.
Consider a map

A′

s

}}zz
zz

zz
zz f

""DD
DD

DD
DD

JnA BSn

with s ∈ W△. By Lemma 8.7 s is a K-equivalence of ℜ. By Theorem 8.6 the
induced map of abelian groups

s∗ : Kn(JnA,B)→ Kn(A′, B)
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is an isomorphism. Then there are a m > 0, a morphism g : Jn+mA→ BSn+m

such that ςm(f) is simplicially homotopic to g◦Jm(s) : JmA′ → BSn+m

. By the
Hauptlemma these are polynomially homotopic. It follows that Γ1(g) = fs−1,
and so Γ1 is also surjective. �

Lemma 8.9. The natural map

Γ2 : colimnD
−(ℜ,F)(JnA,BSn)→ colimnD

−(ℜ,F)(JnA,BSn)

is an isomorphism, functorial in A and B.

Proof. It follows from Lemma 8.2 that

D−(ℜ,F)(JnA,BSn)→ D−(ℜ,F)(JnA,BSn)

is bijective for all n > 0. Therefore Γ2 is an isomorphism. �

Consider a commutative diagram of algebras

BSn //
PBSn−1 //

BSn−1

J(BSn−1

)

ρn−1

��

ξn−1

OO

// T (BSn−1

)

��

OO

//
BSn−1

ΩBSn−1 // E(BSn−1

) //
BSn−1

The middle arrows are stably weak equivalent to zero and ρn−1, ξn−1 are stable
weak equivalences, functorial in B. Since Ω respects stable weak equivalences,
one obtains a functorial zig-zag of stable weak equivalences of length 2n

BSn ξn−1

←−−− J(BSn−1

)
ρn−1

−−−→ ΩBSn−1 Ωξn−2

←−−−− · · ·
Ωn−1ξ0

←−−−−− Ωn−1JB
Ωn−1ρ0

−−−−−→ ΩnB.

The zig-zag yields an isomorphism δn : BSn → ΩnB in D−(ℜ,F).
Let us define a map

Γ3 : colimnD
−(ℜ,F)(JnA,BSn)→ colimnD

−(ℜ,F)(JnA,ΩnB)

by taking

A′

s

}}zz
zz

zz
zz f

!!DD
DD

DD
DD

JnA BSn

to δnfs−1. We have to verify that Γ3 is consistent with colimit maps,
where a colimit map on the right hand side un : D−(ℜ,F)(JnA,ΩnB) →
D−(ℜ,F)(Jn+1A,Ωn+1B) takes

A′

s

||yy
yy

yy
yy f

""EE
EE

EE
EE

JnA ΩnB
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to ρ0ΩnBJ(f)(J(s))
−1. Let

vn : D−(ℜ,F)(JnA,BSn)→ D−(ℜ,F)(Jn+1A,BSn+1

)

be a colimit map on the left. So we have to check that Γ3(vn(fs
−1)) =

un(Γ3(fs
−1)).

The map un(Γ3(fs
−1)) is a zig-zag

Jn+1A
Js←− JA′ Jf−−→ JBSn Jξn−1

←−−−− J2(BSn−1

)
Jρn−1

−−−−→ JΩBSn−1 JΩξn−2

←−−−−− · · ·
JΩn−1ξ0←−−−−−− JΩn−1JB

JΩn−1ρ0−−−−−−→ JΩnB
ρ0ΩnB−−−→ Ωn+1B.

The map Γ3(vn(fs
−1)) is a zig-zag

Jn+1A
Js←− JA′ Jf−−→ JBSn ξn−→ BSn+1 ξn←− JBSn ρn−→ ΩBSn Ωξn−1

←−−−− · · ·
Ωn−1ρ1−−−−−→ ΩnBS1 Ωnξ0←−−− ΩnJB

Ωnρ0−−−→ Ωn+1B.

We can cancel two ξn-s. One has therefore to check that the zig-zag

JBSn Jξn−1

←−−−− J2(BSn−1

)
Jρn−1

−−−−→ JΩBSn−1 JΩξn−2

←−−−−− · · ·
JΩn−1ξ0←−−−−−− JΩn−1JB

JΩn−1ρ0−−−−−−→ JΩnB
ρ0ΩnB−−−→ Ωn+1B

equals the zig-zag

JBSn ρn−→ ΩBSn Ωξn−1

←−−−− · · · Ωn−1ρ1−−−−−→ ΩnBS1 Ωnξ0←−−− ΩnJB
Ωnρ0−−−→ Ωn+1B.

For this one should use the property that if g : A → B is a homomorphism
then there is a commutative diagram

(11) J(A)

J(g)

��

ρA // ΩA

Ω(g)

��

// EA //

��

A

g

��
J(B)

ρB // ΩB // EB // B.

So the desired compatibility with colimit maps determines a map of colimits.

Lemma 8.10. The map Γ3 is an isomorphism, functorial in A and B.

Proof. This follows from the fact that all δn-s are isomorphisms in D−(ℜ,F).
�

Consider a sequence of stable weak equivalences

JnA
ρ−→ ΩJn−1A

Ωρ−−→ Ω2Jn−2A
Ω2ρ−−→ · · · Ωn−1ρ−−−−→ ΩnA,

which is functorial in A. Denote its composition by γn.
Let us define a map

Γ4 : colimnD
−(ℜ,F)(JnA,ΩnB)→ colimnD

−(ℜ,F)(ΩnA,ΩnB)
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by taking

A′

s

||yy
yy

yy
yy f

""EE
EE

EE
EE

JnA ΩnB

to fs−1γ−1
n . We have to verify that Γ4 is consistent with colimit maps,

where a colimit map on the right hand side wn : D−(ℜ,F)(ΩnA,ΩnB) →
D−(ℜ,F)(Ωn+1A,Ωn+1B) takes

A′

s

||yy
yy

yy
yy f

""EE
EE

EE
EE

ΩnA ΩnB

to Ω(f)(Ω(s))−1. So we have to check that Γ4(un(fs
−1)) = wn(Γ4(fs

−1)).
The map Γ4(un(fs

−1)) equals the zig-zag from Ωn+1A to Ωn+1B

Ωn+1B
ρ←− JΩnB Jf←−− JA′ Js−→ Jn+1A

ρ−→ ΩJnA
Ωρ−−→

Ω2Jn−1A
Ω2ρ−−→ · · · Ωnρ−−−→ Ωn+1A.

In turn, the map wn(Γ4(fs
−1)) equals the zig-zag from Ωn+1A to Ωn+1B

Ωn+1B
Ωf←−− ΩA′ Ωs−−→ ΩJnA

Ωρ−−→ Ω2Jn−1A
Ω2ρ−−→

Ω3Jn−2A
Ω3ρ−−→ · · · Ωnρ−−−→ Ωn+1A.

The desired compatibility would be checked if we showed that the zig-zag

(12) ΩJnA
ρ←− Jn+1A

Js←− JA′ Jf−−→ JΩnB
ρ−→ Ωn+1B

equals the zig-zag

ΩJnA
Ωs←−− ΩA′ Ωf−−→ Ωn+1B.

For this we use commutative diagram (11) to show that ρJnA ◦ Js = Ωs ◦ ρA′

and ρΩnB ◦ Jf = Ωf ◦ ρA′ . We see that (12) equals Ωf ◦ ρA′ ◦ ρ−1
A′ ◦ (Ωs)−1 =

Ωf ◦ (Ωs)−1 in D−(ℜ,F) and the desired compatibility follows.

Lemma 8.11. The map Γ4 is an isomorphism, functorial in A and B.

Proof. This follows from the fact that all γn-s are isomorphisms in D−(ℜ,F).
�

Proof of Comparison Theorem B. Using Comparison Theorem A, Lemmas 8.8,
8.9, 8.10, 8.11, the isomorphism of abelian groups

K0(A,B) ∼= D(ℜ,F)(A,B)

is defined as Γ4Γ3Γ
−1
2 Γ1. Using Corollary 7.1, we get that

Kn>0(A,B) ∼= D(ℜ,F)(A,Ωn>0B)

and
Kn<0(A,B) ∼= D(ℜ,F)(J−nA,B).
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It remains to observe that D(ℜ,F)(J−nA,B) ∼= D(ℜ,F)(A,ΩnB) for all nega-
tive n. �

Corollary 8.12. Let ℜ be T -closed. Then the classes of stable weak equiva-
lences and K-equivalences coincide.

Corollary 8.13. Let ℜ′ be a full admissible T -closed subcategory of an ad-
missible T -closed category of algebras ℜ. Then the natural functor

D(ℜ′,F)→ D(ℜ,F)

is full and faithful.

Proof. This follows from Comparison Theorem B. �

We want to introduce the class of unstable weak equivalences on ℜ. Recall that
Wmin is the minimal class of weak equivalences containing the homomorphisms
A→ A[t], A ∈ ℜ, such that the triple (ℜ,F,Wmin) is a Brown category. We do
not know whether the canonical functor ℜ → D−(ℜ,F,Wmin) has the property
that f ∈ Wmin if and only if its image in D−(ℜ,F,Wmin) is an isomorphism.
For this reason we give the following

Definition. Let ℜ be T -closed. A homomorphism of algebras f : A → B,
A,B ∈ ℜ, is called an unstable weak equivalence if its image in D−(ℜ,F,Wmin)
is an isomorphism. The class of unstable weak equivalences will be denoted by
Wunst.

By construction, D−(ℜ,F,Wmin) = ℜ[W−1
min] and Wmin ⊆ Wunst. Using uni-

versal properties of localization, one obtains that D−(ℜ,F,Wmin) = ℜ[W−1
unst].

We can now apply results of the section to prove the following

Theorem 8.14. Let ℜ be T -closed. Then

(13) W△ = {f ∈Mor(ℜ) | Ωn(f) ∈Wunst for some n > 0}.

Proof. By minimality of Wmin the functor

K(A,−) : ℜ → Spectra

takes the maps from Wmin (hence the maps from Wunst) to weak equivalences
for all A ∈ ℜ. Corollary 8.12 implies the right hand side of (13) is contained
in W△.
The proof of Proposition 8.5 can literally be repeated forWunst to show that for
every stable weak equivalence f there is n > 0 such that Ωn(f) is in Wunst. �

We can now make a table showing similarity of spaces and non-unital algebras.
It is a sort of a dictionary for both categories. Precisely, one has:
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Spaces Top Algebras ℜ
Fibrations Fibrations F

Loop spaces ΩX Algebras ΩA = (x2 − x)A[x]
Homotopies X → Y I Polynomial homotopies A→ B[x]

Unstable weak equivalences Unstable weak equivalences Wunst

Unstable homotopy category The category D−(ℜ,F,Wunst)
Stable weak equivalences Stable weak equivalences W△

Stable homotopy category of spectra The category D(ℜ,F)

To conclude the section, we should mention that Comparison Theorem B im-
plies representability of the Hom-set D(ℜ,F)(A,B), A,B ∈ ℜ, by the spectrum
K(A,B). By [9] the natural functor j : ℜ → D(ℜ,F) is the universal excisive,
homotopy invariant homology theory in the sense that any other such a theory
X : ℜ → T uniquely factors through j.

9. Morita stable and stable bivariant K-theories

In this section we introduce matrices into the game. We start with preparations.
If A is an algebra and n 6 m are positive integers, then there is a natural
inclusion ιn,m : MnA→MmA of rings, sendingMnA into the upper left corner
of MmA. We write M∞A = ∪nMnA. Let ΓA, A ∈ Algk, be the algebra of
N× N-matrices which satisfy the following two properties.

(i) The set {aij | i, j ∈ N} is finite.
(ii) There exists a natural number N ∈ N such that each row and each

column has at most N nonzero entries.

M∞A ⊂ ΓA is an ideal. We put

ΣA = ΓA/M∞A.

We note that ΓA, ΣA are the cone and suspension rings of A considered by
Karoubi and Villamayor in [23, p. 269], where a different but equivalent defi-
nition is given. By [3] there are natural ring isomorphisms

ΓA ∼= Γk ⊗A, ΣA ∼= Σk ⊗A.

We call the short exact sequence

M∞A ΓA։ ΣA

the cone extension. By [3] ΓA։ ΣA ∈ Fspl.
Throughout this section we assume that ℜ is a T -closed admissible category of
k-algebras with k,MnA,ΓA ∈ ℜ, n > 1, for all A ∈ ℜ. ThenM∞A,ΣA ∈ ℜ for
any A ∈ ℜ and M∞(f) ∈ F for any f ∈ F. Note that M∞A ∼= A⊗M∞(k) ∈ ℜ
for any A ∈ ℜ. It follows from Proposition 2.3 that for any finite simplicial set
L, there are natural isomorphisms

M∞A⊗ kL ∼= (M∞A)
L ∼= A⊗ (M∞k)

L.
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Given an algebra A, one has a natural homomorphism ι : A → M∞(k) ⊗ A ∼=
M∞(A) and an infinite sequence of maps

A
ι−→M∞(k)⊗A ι−→M∞(k)⊗M∞(k)⊗A −→ · · · −→M⊗n

∞ (k)⊗A −→ · · ·
Definition. (1) The stable algebraic Kasparov K-theory space of two algebras
A,B ∈ ℜ is the space

Kst(A,B) = colimnK(A,M∞k
⊗n ⊗ B).

Its homotopy groups will be denoted by Kstn (A,B), n > 0.
(2) TheMorita stable algebraic Kasparov K-theory space of two algebrasA,B ∈
ℜ is the space

Kmor(A,B) = colim(K(A,B)→ K(A,M2k ⊗B)→ K(A,M3k ⊗B)→ · · · ).
Its homotopy groups will be denoted by Kmorn (A,B), n > 0.
(3) A functor X : ℜ → S/(Spectra) is M∞-invariant (respectively Morita
invariant) if X(A) → X(M∞A) (respectively each X(A) → X(MnA), n > 0)
is a weak equivalence.
(4) An excisive, homotopy invariant homology theory X : ℜ → T is M∞-
invariant (respectively Morita invariant) if X(A) → X(M∞A) (respectively
each X(A)→ X(MnA), n > 0) is an isomorphism.

Lemma 9.1. The functor Kst(A,−) (respectively Kmor(A,−)) is M∞-invariant
(respectively Morita invariant) for all A ∈ ℜ.
Proof. Straightforward. �

Theorem 9.2 (Excision). For any algebra A ∈ ℜ and any F-extension in ℜ

F
i−→ B

f−→ C

the induced sequences of spaces

K⋆(A,F ) −→ K⋆(A,B) −→ K⋆(A,C)
and

K⋆(C,A) −→ K⋆(B,A) −→ K⋆(F,A)
are homotopy fibre sequences, where ⋆ ∈ {st,mor}.
Proof. This follows from Excision Theorems A, B and some elementary prop-
erties of simplicial sets. �

Definition. (1) Given two k-algebras A,B ∈ ℜ and ⋆ ∈ {st,mor}, the se-
quence of spaces

K⋆(A,B),K⋆(JA,B),K⋆(J2A,B), . . .

together with isomorphisms K⋆(JnA,B) ∼= ΩK⋆(Jn+1A,B) constructed in
Theorem 5.1 forms an Ω-spectrum which we also denote by K⋆(A,B). Its ho-
motopy groups will be denoted by K⋆n(A,B), n ∈ Z. Observe that K⋆n(A,B) ∼=
K⋆n(A,B) for any n > 0 and K⋆n(A,B) ∼= K⋆0(J−nA,B) for any n < 0.
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(2) The stable algebraic Kasparov K-theory spectrum of (A,B) (respec-
tively Morita stable algebraic Kasparov K-theory spectrum) is the Ω-spectrum
Kst(A,B) (respectively Kmor(A,B)).

Theorem 9.3. Let ⋆ ∈ {st,mor}. The assignment B 7→ K⋆(A,B) determines
a functor

K⋆(A, ?) : ℜ → (Spectra)

which is homotopy invariant and excisive in the sense that for every F-extension
F → B → C the sequence

K⋆(A,F )→ K⋆(A,B)→ K⋆(A,C)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

· · · → K⋆i+1(A,C)→ K⋆i (A,F )→ K⋆i (A,B)→ K⋆i (A,C)→ · · ·

for any i ∈ Z.

Proof. This follows from Theorem 9.2. �

We also have the following

Theorem 9.4. Let ⋆ ∈ {st,mor}. The assignment B 7→ K⋆(B,D) determines
a functor

K⋆(?, D) : ℜop → (Spectra),

which is excisive in the sense that for every F-extension F → B → C the
sequence

K⋆(C,D)→ K⋆(B,D)→ K⋆(F,D)

is a homotopy fibration of spectra. In particular, there is a long exact sequence
of abelian groups

· · · → K⋆i+1(F,D)→ K⋆i (C,D)→ K⋆i (B,D)→ K⋆i (F,D)→ · · ·

for any i ∈ Z.

Proof. This follows from Theorem 9.2. �

Theorem 9.5 (Comparison). There are natural isomorphisms

Kst0 (A,B)→ colimm,n[J
nA,M∞(k)⊗m ⊗BSn ]

and

Kmor0 (A,B)→ colimm,n[J
nA,Mm(k)⊗BSn ],

functorial in A and B.

Proof. This follows from Comparison Theorem A. �
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Corollary 9.6. (1) The homotopy groups of Kst(A,B) are computed as fol-
lows:

Ksti (A,B) ∼=
{

colimm,n[J
nA, (ΩiM∞(k)⊗m ⊗B)S

n

], i > 0
colimm,n[J

−i+nA,M∞(k)⊗m ⊗BSn ], i < 0

(2) The homotopy groups of Kmor(A,B) are computed as follows:

Kmori (A,B) ∼=
{

colimm,n[J
nA, (ΩiMm(B))S

n

], i > 0
colimm,n[J

−i+nA,Mm(B)S
n

], i < 0

Proof. This follows from Corollary 4.3 and the preceding theorem. �

We denote by D−
st(ℜ,F) the category whose objects are those of ℜ and whose

maps between A,B ∈ ℜ are defined as

colimnD
−(ℜ,F)(A,M∞(k)⊗n(B)).

Similarly, denote by D−
mor(ℜ,F) the category whose objects are those of ℜ and

whose maps between A,B ∈ ℜ are defined as

colimnD
−(ℜ,F)(A,Mn(B)).

It follows from [9] thatD−
st(ℜ,F) andD−

mor(ℜ,F) are naturally left triangulated.
Similar to the definition of D(ℜ,F) we can stabilize the loop endofunctor Ω to
get new categories Dmor(ℜ,F) and Dst(ℜ,F) which are in fact triangulated.

Theorem 9.7 ([9]). The functor ℜ → Dst(ℜ,F) (respectively ℜ → Dmor(ℜ,F))
is the universal F-excisive, homotopy invariant, M∞-invariant (respectively
Morita invariant) homology theory on ℜ.
The next result says that the Hom-sets Dst(ℜ,F)(A,B) (Dmor(ℜ,F)(A,B)),
A,B ∈ ℜ, can be represented as homotopy groups of spectra Kst(ℜ,F)(A,B)
(Kmor(A,B)).

Theorem 9.8 (Comparison). Let ⋆ ∈ {st,mor}. Then for any algebras A,B ∈
ℜ there is an isomorphism of Z-graded abelian groups

K⋆∗(A,B) ∼= D⋆(ℜ,F)∗(A,B) =
⊕

n∈Z

D⋆(ℜ,F)(A,ΩnB),

functorial both in A and in B.

Proof. This follows from Comparison Theorem B. �

Theorem 9.9 (Cortiñas–Thom). There is a natural isomorphism of Z-graded
abelian groups

Dst(ℜ,F)∗(k,A) ∼= KH∗(A),

where KH∗(A) is the Z-graded abelian group consisting of the homotopy K-
theory groups in the sense of Weibel [31].

Proof. See [9]. �

We end up the paper by proving the following
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Theorem 9.10. For any A ∈ ℜ there is a natural isomorphism of Z-graded
abelian groups

Kst∗ (k,A) ∼= KH∗(A).

Proof. This follows from Theorems 9.8 and 9.9. �

The preceding theorem is an analog of the same result of KK-theory saying
that there is a natural isomorphism KK∗(C, A) ∼= K(A) for any C∗-algebra A.
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[17] A. Heller, Stable homotopy categories, Bull. Amer. Math. Soc. 74 (1968),

28-63.

Documenta Mathematica 19 (2014) 1207–1269



Algebraic Kasparov K-theory. I 1269

[18] N. Higson, On Kasparov Theory, M.a. thesis, Dalhousie University, Hali-
fax, 1983.

[19] Ph. S. Hirschhorn, Model categories and their localizations, Mathematical
Surveys and Monographs 99, 2003.

[20] M. Hovey, Model categories, Mathematical Surveys and Monographs 63,
1999.

[21] M. Hovey, Spectra and symmetric spectra in general model categories, J.
Pure Appl. Algebra, 165(1) (2001), 63-127.

[22] J. F. Jardine, Motivic symmetric spectra, Doc. Math. 5 (2000), 445-552.
[23] M. Karoubi, O. Villamayor, FoncteursKn en algèbre et en topologie, C. R.
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sphere LK(2)S
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1. Introduction

LetK(n) be the n-th MoravaK-theory at a fixed prime p. The Adams-Novikov
Spectral Sequence for computing the homotopy groups of theK(n)-local sphere
LK(n)S

0 can be identified by [2] with a descent spectral sequence

(1) Es,t2
∼= Hs(Gn, (En)t) =⇒ πt−s(LK(n)S

0) .

Here Gn denotes the automorphism group of the pair (Fpn ,Γn), where Γn is
the Honda formal group law; the group Gn is a profinite group and cohomology
is continuous cohomology. The spectrum En is the 2-periodic Landweber exact
ring spectrum so that the complete local ring (En)0 classifies deformations of
Γn.
In this paper we focus on the case p = 3 and n = 2. In [4], we constructed a
resolution of the K(2)-local sphere at the prime 3 using homotopy fixed point
spectra of the form EhF2 where F ⊆ G2 is a finite subgroup. These fixed point
spectra are well-understood. In particular, their homotopy groups have all been
calculated (see [4]) and they are closely related to the Hopkins-Miller spectrum
of topological modular forms. The resolution was used in [6] to redo and refine
the earlier calculation of the homotopy of the K(2)-localization of the mod-3

1The first author was partially supported by the National Science Foundation (USA). The
second author was partially supported by ANR “HGRT”. The first two authors dedicate this
work to the memory of their friend, teacher and coauthor, Mark Mahowald.
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Moore spectrum [14]. In this paper we show how the results of [6] imply the
calculation of the rational homotopy of the K(2)-local sphere. Let Qp be the
field of fractions of the p-adic integers and Λ the exterior algebra functor.

Theorem 1.1. There are classes ζ ∈ π−1(LK(2)S
0) and e ∈ π−3(LK(2)S

0)⊗Q
that induce an isomorphism of algebras

ΛQ3(ζ, e)
∼= π∗(LK(2)S

0)⊗Q .

Our result is in agreement with the result predicted by Hopkins’ chromatic
splitting conjecture [8], and in fact, we will establish this splitting conjecture
for n = 2 and p = 3.
We will prove a more general result which will be useful for calculations with
the Picard group of Hopkins [17]. Before stating that, let us give some notation.
If X is a spectrum, then we define

(En)∗X
def
= π∗LK(n)(En ∧X) .

Despite the notation, (En)∗(−) is not quite a homology theory, because it
doesn’t take wedges to sums; however, it is a sensitive and tested algebraic
invariant for the K(n)-local category. The (En)∗-module (En)∗X is equipped
with the m-adic topology where m is the maximal ideal in (En)0. With respect
to this topology, the group Gn acts through continuous maps and the action is
twisted because it is compatible with the action of Gn on the coefficient ring
(En)∗. This topology is always topologically complete but need not be sepa-
rated. See [4] §2 for some precise assumptions which guarantee that (En)∗X is
complete and separated. All modules which will be used in this paper will in
fact satisfy these assumptions.
Let E(n) denote the nth Johnson-Wilson spectrum and Ln localization with
respect to E(n). Note that E(0)∗ is rational homology and E(1) is the Adams
summand of p-local complex K-theory. Let Snp denote the p-adic completion
of the sphere.

Theorem 1.2. Let p = 3 and let X be any K(2)-local spectrum so that
(E2)∗X ∼= (E2)∗ ∼= (E2)∗S0 as a twisted G2-module. Then there is a weak
equivalence of E(1)-local spectra

L1X ∼= L1(S
0
3 ∨ S−1

3 ) ∨ L0(S
−3
3 ∨ S−4

3 ) .

We will use Theorem 1.1 to prove Theorem 1.2, but we note that Theorem 1.1
is subsumed into Theorem 1.2. Indeed, π∗X ⊗Q ∼= π∗L1X ⊗Q and

π∗L1S
0
3 ⊗Q ∼= π∗L0S

0
3
∼= Q3

all concentrated in degree zero. The generality of the statement of Theorem 1.2
is not vacuous; there are such X which are not weakly equivalent to LK(2)S

0

– “exotic” elements in the K(2)-local Picard group. See [5] and [10].
We remark that Theorem 1.1 disagrees with the calculation by Shimomura and
Wang in [15]. In particular, Shimomura and Wang find the exterior algebra on
ζ only.

Documenta Mathematica 19 (2014) 1271–1290



The Rational Homotopy of the K(2)-Local Sphere . . . 1273

An interesting feature of our proof of Theorem 1.1 is that it does not require a
preliminary calculation of all of π∗(LK(2)S

0). In fact, we get away with much
less, namely with only a (partial) understanding of the E2-term of the Adams-
Novikov Spectral Sequence converging to π∗LK(2)(S/3) where S/3 denotes the
mod-3 Moore spectrum (see Corollary 3.4). Our method of proof can also be
used to recover the rational homotopy of LK(2)S

0 as well as the chromatic
splitting conjecture at primes p > 3 [16]; we only need to use the analog of
Corollary 3.4 for the E2-term of the Adams-Novikov spectral sequence of the
K(2)-localization of the mod-p Moore spectrum for p > 3.
In section 2 we give some general background on the automorphism group G2

and we review the main results of [4]. In section 3 we recall those results of [6]
which are relevant for the purpose of this paper. Section 4 gives the calculation
of the rational homotopy groups of LK(2)S

0 and in the final section 5 we prove
Theorem 1.2 and the chromatic splitting conjecture for n = 2 and p = 3. See
Corollary 5.11.

2. Background

Let Γ2 be the Honda formal group law of height 2; this is the unique 3-typical
formal group law over F9 with 3-series [3](x) = x9. We begin with a short
analysis of the Morava stabilizer group G2, the group of automorphisms of
the pair (F9,Γ2). Let W = W(F9) denote the Witt vectors of F9 and let
(−)σ : W→W be the lift of the Frobenius. Define

O2 = W〈S〉/(S2 = 3, wS = Swσ) .

Then O2 is isomorphic to the ring of endomorphisms of Γ2 over F9; hence
O×

2 is isomorphic to the group S2 of automorphisms of Γ2 over F9. This is a
subgroup of the group G2 of automorphisms of the pair (F9,Γ2), which is the
group of pairs (f, φ) with φ : F9 → F9 a field isomorphism and f : φ∗Γ2 → Γ2

an isomorphism of formal group laws over F9. Since Γ2 is defined over F3, there
is a splitting

G2
∼= S2 ⋊Gal(F9/F3)

with Galois action given by φ(x + yS) = xσ + yσS.
The 3-adic analytic group S2 ⊆ G2 contains elements of order 3; indeed, an
explicit such element is given by

a = −1

2
(1 + ωS)

where ω is a fixed primitive 8-th root of unity in W. If C3 is the cyclic group of
order 3, the mapH∗(S2,F3)→ H∗(C3,F3) defined by a is surjective and, hence,
S2 and G2 cannot have finite cohomological dimension. As a consequence,
the trivial module Z3 cannot admit a projective resolution of finite length.
Nonetheless, G2 has virtual finite cohomological dimension, and admits a finite
length resolution by permutation modules obtained from finite subgroups. Such
a resolution was constructed in [4] using the following two finite subgroups of
G2. The notation 〈−〉 indicates the subgroup generated by the listed elements.
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(1) Let G24 = 〈a, ω2, ωφ〉 ∼= C3 ⋊Q8. Here Q8 is the quaternion group of
order 8. Note ω2 acts non-trivially and ωφ acts trivially on C3.

(2) SD16 = 〈ω, φ〉. This subgroup is isomorphic to the semidihedral group
of order 16.

Remark 2.1. The group G2 splits as a product G2
∼= G1

2×Z3. To be specific,
the center of G2 is isomorphic to Z×

3 and there is an isomorphism from the
additive group Z3 onto the multiplicative subgroup 1 + 3Z3 ⊆ Z×

3 sending 1
to 4. There is also a reduced determinant map G2 → Z3. (See [4].) The
composition Z3 → G2 → Z3 is multiplication by 2, giving the splitting. All
finite subgroups of G2 are automatically finite subgroups of G1

2.

Because of this splitting, any resolution of the trivial G1
2-module Z3 can be

promoted to a resolution of the trivial G2-module. See Remark 2.4 below.
Thus we begin with G1

2.
If X = limXα is a profinite set, define Z3[[X ]] = lim Z/3n[Xα]. The following
is the main algebraic result of [4].

Theorem 2.2. There is an exact complex of Z3[[G1
2]]-modules of the form

0→ C3 → C2 → C1 → C0 → Z3

with
C0 = C3

∼= Z3[[G1
2/G24]]

and

C1 = C2
∼= Z3[[G1

2]]⊗Z3[SD16] Z3(χ)

where Z3(χ) is the SD16 module which is free of rank 1 over Z3 and with ω
and φ both acting by multiplication by −1.
We recall that a continuous Z3[[G2]]-module M is profinite if there is an iso-
morphism M ∼= limαMα where each Mα is a finite Z3[[G2]] module.

Corollary 2.3. Let M be a profinite Z3[[G1
2]]-module. Then there is a first

quadrant cohomology spectral sequence

Ep,q1 (M) ∼= Extq
Z3[[G1

2]]
(Cp,M) =⇒ Hp+q(G1

2,M)

with
E0,q

1 (M) = E3,q
1 (M) ∼= Hq(G24,M)

and

E1,q
1 (M) = E2,q

1 (M) ∼=
{
HomZ3[SD16](Z3(χ),M) q = 0

0 q > 0 .

Remark 2.4. These ideas and techniques can easily be extended to the full
group G2 using the splitting G2

∼= G1
2 × Z3. Let ψ ∈ Z3 be a topological

generator; then there is a resolution

0 // Z3[[Z3]]
ψ−1 // Z[[Z3]] // Z3

// 0 .
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Write C• → Z3 for the resolution of Theorem 2.2. Then the total complex of
the double complex

C•⊗̂{ Z3[[Z3]]
ψ−1 // Z[[Z3]] }

defines an exact complex D• → Z3 of Z3[[G2]]-modules. The symbol ⊗̂ in-
dicates the completion of the tensor product. From this we get a spectral
sequence analogous to that of Corollary 2.3.

Remark 2.5. In our arguments below, we will use the functors on profinite
Z3[[G1

2]]-modules to profinite abelian groups given by

M 7→ Ep,02 (M) = Hp(HomZ3[[G1
2]]
(C•,M)) .

Here C• is the resolution of Theorem 2.2; thus, we are using the q = 0 line
of the E2-page of the spectral sequence of Corollary 2.3. We would like some
information on the exactness of these functors; for this we need a hypothesis.
If M is a profinite Z3[[G2]]-module then

HomZ3[[G1
2]]
(C•,M) = limαHomZ3[[G1

2]]
(C•,Mα)

is also necessarily profinite as a Z3-module. Since profinite Z3-modules are
closed under kernels and cokernels, the groups Ep,02 (M) are also profinite. We
will use later that ifM is a finitely generated profinite Z3-module andM/3M =
0, then M = 0.

Lemma 2.6. Suppose 0 → M1 → M2 → M3 → 0 is an exact sequence of
profinite Z3[[G1

2]]-modules such that H1(G24,M1) = 0. Then there is a long
exact sequence of profinite Z3-modules

0→ E0,0
2 (M1)→ E0,0

2 (M2)→ E0,0
2 (M3)→ E1,0

2 (M1)→ . . .

· · · → E3,0
2 (M2)→ E3,0

2 (M3)→ 0 .

Proof. In general the sequence of complexes

0→ HomZ3[[G1
2]]
(C•,M1)→ HomZ3[[G1

2]]
(C•,M2)→ HomZ3[[G1

2]]
(C•,M3)→ 0

of profinite Z3-modules need not be exact; however, by Corollary 2.3, the failure
of exactness is exactly measured by H1(G24,M1). Therefore, if that group is
zero, then we do get an exact sequence of complexes, and the result follows. �

Remark 2.7. By [4], the resolution C• → Z3 of Theorem 2.2 can be promoted

to a resolution of (E2)∗E
hG1

2
2 by twisted G2-modules

(2)
(E2)∗E

hG1
2

2 → (E2)∗E
hG24
2 → (E2)∗Σ

8EhSD16
2

→ (E2)∗Σ
8EhSD16

2 → (E2)∗E
hG24
2 → 0.

We have Σ8EhSD16
2 because C1 is twisted by a character. From §5 of [4] we

get the following topological refinement: there is a sequence of maps between
spectra

E
hG1

2
2 → EhG24

2 → Σ8EhSD16
2 → Σ40EhSD16

2 → Σ48EhG24
2(3)
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realizing the resolution (2) and with the property that any two successive maps
are null-homotopic and all possible Toda brackets are zero modulo indeter-
minacy. Note that there is an equivalence Σ8EhSD16

2 ≃ Σ40EhSD16

2 , so that
suspension is for symmetry only; however,

Σ48EhG24
2 6≃ EhG24

2

even though

(E2)∗Σ
48EhG24

2
∼= (E2)∗E

hG24
2 .

This suspension is needed to make the Toda brackets vanish. Because these
Toda brackets vanish, the sequence of maps in the topological complex (3)
further refines to a tower of fibrations

(4) E
hG1

2
2

// X2
// X1

// EhG24

Σ45EhG24
2

OO

Σ38EhSD16
2

OO

Σ7EhSD16
2

OO

There is a similar tower for the sphere itself, using the resolution of Remark
2.4.

Remark 2.8. Let Σ−pFp denote the successive fibers in the tower (4); thus,

for example, F3 = Σ48EhG24
2 . Then combining the descent spectral sequences

for the groups G24, SD16 and G1
2 with Corollary 2.3 and the spectral sequence

of the tower, we get a square of spectral sequences

(5) Ep,q1 ((E2)tX)

'&%$ !"#1
��

'&%$ !"#2
+3 Hp+q(G1

2, (E2)tX)

'&%$ !"#3
��

πt−qLK(2)(Fp ∧X)
'&%$ !"#4

+3 πt−(p+q)LK(2)(E
hG1

2
2 ∧X) .

We will use information about spectral sequences (1) and (2) to deduce infor-
mation about spectral sequences (3) and (4). See Lemmas 4.4 and 5.3.
There is a similar square of spectral sequences where the lower right corner
becomes π∗LK(2)S

0. This uses the resolution of Remark 2.4 and the subsequent
tower for the sphere.

3. The algebraic spectral sequences in the case of (E2)∗/3

Let S/3 denote the mod-3 Moore spectrum. Then, in the case of (E2)∗/3 =
(E2)∗(S/3) the spectral sequence of Corollary 2.3 was completely worked out
in [6]. We begin with some of the details.
First note that this is a spectral sequence of modules over H∗(G2; (E2)∗/3).
We will describe the E1-term as a module over the subalgebra

F3[β, v1] ⊆ H∗(G2; (E2)∗/3)
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where β ∈ H2(G2, (E2)12/3) detects the image of the homotopy element β1 ∈
π10S

0 in π10(LK(2)(S/3)) and v1 := u1u
−2 detects the image of the homotopy

element in π4(S/3)

S4 // Σ4(S/3)
A // S/3

of the inclusion of the bottom cell composed with the v1-periodic map con-
structed by Adams.
In the next result, the element α of bidegree (1, 4) detects the image of the
homotopy element α1 ∈ π3S0 and the element α̃ of bidegree (1, 12) detects an
element in π11(LK(2)(S/3)) which maps to the image of β1 in π10(LK(2)S

0)

under the pinch map S/3 → S1 to the top cell. For more details on these
elements, as well as for the proof of the following theorem we refer to [6]. We
write

Ep,q,tr = Ep,qr ((E2)t/3)

for the Er-term of the spectral sequence of Corollary 2.3. For example, if p = 0
or p = 3, then

Ep,∗,t1 = H∗(G24, (E2)t/3) .

By the calculations of [4] §3, there is an invertible class ∆ ∈ H0(G24, (E2)24).
We also write ∆ for its image in H0(G24, (E2)24/3).

Theorem 3.1. There are isomorphisms of F3[β, v1]-modules, with β acting
trivially on Ep,∗,∗1 if p = 1, 2:

Ep,∗,∗
1

∼=





F3[[v
6
1∆

−1]][∆±1, v1, β, α, α̃]/(α
2, α̃2, v1α, v1α̃, αα̃+ v1β)ep p = 0, 3

ω2u4F3[[u
4
1]][v1, u

±8]ep p = 1, 2 .

Remark 3.2. The module generators ep are of tridegree (p, 0, 0). If p = 0 or

p = 3, then Ep,0,∗1 is isomorphic to a completion of the ring of mod-3 modular
forms for smooth elliptic curves. Indeed, by Deligne’s calculations [1] §6, the
ring of modular forms is F3[b2,∆

±1] where b2 is the Hasse invariant and ∆ is
the discriminant. The Hasse invariant of an elliptic curve can be computed as
v1 of the associated formal group, so we can write b2 = v1.
If p = 1 or p = 2, we have written Ep,0,∗1 as a submodule of (E2)∗/3 =
F9[[u1]][u

±1]. Recall that there is a 3-typical choice for the universal defor-
mation of the Honda formal group Γ2 with v1 = u1u

±2 and v2 = u−8.

All differentials in the spectral sequence of Corollary 2.3 with M = (E2)∗/3
are v1-linear. This follows from the fact that v1 is an element in the homotopy
groups of the spectrum S/3. In particular, d1 is determined by continuity and
the following formulae established in [6].

Theorem 3.3. There are elements

∆k ∈ E0,0,24k
1 , b2k+1 ∈ E1,0,16k+8

1 , b2k+1 ∈ E2,0,16k+8
1 , ∆k ∈ E3,0,24k

1

for each k ∈ Z satisfying

∆k ≡ ∆ke0, b2k+1 ≡ ω2u−4(2k+1)e1, b2k+1 ≡ ω2u−4(2k+1)e2, ∆k ≡ ∆ke3
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(where the congruences are modulo the ideal (v61∆
−1) resp. (v41u

8) and in the
case of ∆0 we even have equality ∆0 = ∆0e0 = e0) such that

d1(∆k) =





(−1)m+1b2.(3m+1)+1 k = 2m+ 1,m ∈ Z
(−1)m+1mv4.3

n−2
1 b2.3n(3m−1)+1 k = 2m.3n,m ∈ Z,

m 6≡ 0 mod (3), n ≥ 0

0 k = 0

d1(b2k+1) =





(−1)nv6.3n+2
1 b3n+1(6m+1) k = 3n+1(3m+ 1),

m ∈ Z, n ≥ 0

(−1)nv10.3n+2
1 b3n(18m+11) k = 3n(9m+ 8),

m ∈ Z, n ≥ 0

0 else

d1(b2k+1) =





(−1)m+1v21∆2m 2k + 1 = 6m+ 1,m ∈ Z
(−1)m+nv4.3

n

1 ∆3n(6m+5) 2k + 1 = 3n(18m+ 17),

m ∈ Z, n ≥ 0

(−1)m+n+1v4.3
n

1 ∆3n(6m+1) 2k + 1 = 3n(18m+ 5),

m ∈ Z, n ≥ 0

0 else .

We will actually only need the following consequence of these results, which
follows after a little bookkeeping.

Corollary 3.4. There is an isomorphism

Ep,02 ((E2)0/3) ∼=
{
F3 p = 0, 3

0 p = 1, 2 .

Remark 3.5. We also record here the integral calculation H∗(G24, (E2)∗) from
[4]; we will use this in Proposition 5.5. There are elements c4, c6 and ∆ in
H0(G24, (E2)∗) of internal degrees 8, 12 and 24 respectively. The element ∆ is
invertible and there is a relation

c34 − c26 = (12)3∆ .

Define j = c34/∆ and let M∗ be the graded ring

M∗ = Z3[[j]][c4, c6,∆
±1]/(c34 − c26 = (12)3∆,∆j = c34).

There are also elements α ∈ H1(G24, (E2)4) and β ∈ H2(G24, (E2)12) which
reduce to the restriction (from G2 to G24) of the elements of the same name in
Theorem 3.1. There are relations

3α = 3β = α2 = 0

c4α = c4β = 0(6)

c6α = c6β = 0.
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Finally
H∗(G24, (E2)∗) =M∗[α, β]/R

where R is the ideal of relations given by (6). The element ∆ has already
appeared in Theorem 3.1. Modulo 3, c4 ≡ v21 and c6 ≡ v31 up to a unit in
H0(G24, (E2)0/3) = F3[[j]]. Compare [3], Proposition 7.

4. The rational calculation

The purpose of this section is to give enough qualitative information about the
integral calculation of H∗(G2, (E2)∗) in order to prove Theorem 1.1. Much of
this is more refined than we actually need, but of interest in its own right.
The following result implies that the rational homotopy will all arise from
H∗(G2, (E2)0).

Proposition 4.1. a) Suppose t = 4.3km with m 6≡ 0 mod (3). Then
3k+1H∗(G2, (E2)t) = 0.
b) Suppose t is not divisible by 4. Then H∗(G2, (E2)t) = 0.

Proof. Part (b) is the usual sparseness for the Adams-Novikov Spectral Se-
quence. We can prove this here by considering the spectral sequence

Hp(G2/{±1}, Hq({±1}, (E2)t) =⇒ Hp+q(G2, (E2)t)

given by the inclusion of the central subgroup {±1} ⊂ Z×
3 ⊂ G2. The central

subgroup Z×
3 acts trivially on (E2)0 and by multiplication on u; that is, if

g ∈ Z×
3 then g∗(u) = gu. In particular we find

Hq({±1}, (E2)t) = 0

unless t is a non-zero multiple of 4 and q = 0. From this (b) follows.
For (a) we use the spectral sequence

Hp(G1
2, H

q(Z3, (E2)t)) =⇒ Hp+q(G2, (E2)t)

If ψ ∈ Z3 is a topological generator, then ψ ≡ 4 modulo 9. In particular,

ψ(ut/2) = (1 + 2.3k+1m)ut/2 mod (3k+2)

and we have that Hq(Z3, (E2)t) = 0 unless q = 1 and

3k+1H1(Z×
3 , (E2)t) = 0 .

Then (a) follows. �

It’s not possible to be quite so precise in the case of G1
2. However, we do have

the following result.

Proposition 4.2. Suppose s > 3 or t is not divisible by 4. Then

Hs(G1
2, (E2)t)⊗Q = 0 .

Proof. This follows from tensoring the spectral sequence of Corollary 2.3 with
Q and noting that

Hs(G24, (E2)t)⊗Q = Hs(SD16, (E2)t)⊗Q = 0

if s > 0 or t is not divisible by 4. �
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To isolate the torsion-free part of the cohomology of either G2 or G1
2 we use

the spectral sequences of Corollary 2.3. From Remark 3.5 we have an inclusion
which is an isomorphism in positive cohomological degrees

Z3[β
2∆−1]/(3β2∆−1) ⊆ H∗(G24, (E2)0).

In the notation of the spectral sequences of Corollary 2.3 and Remark 2.4 we
then have inclusions

Z3[β
2∆−1]/(3β2∆−1)ep ⊆ Ep,∗1 (G1

2, (E2)0), p = 0, 3.

Here is the main algebraic result.

Theorem 4.3. a) There is an element e ∈ H3(G1
2, (E2)0) of infinite order so

that

H∗(G1
2, (E2)0) ∼= Λ(e)⊗ Z3[β

2∆−1]/(3β2∆−1) .

b) There is an element ζ ∈ H1(G2, (E2)0) of infinite order so that

H∗(G2, (E2)0) ∼= Λ(ζ) ⊗H∗(G1
2, (E2)0) .

Proof. For the proof of part (a) we consider the functors from the category of
profinite Z3[[G1

2]]-modules to 3-profinite abelian groups introduced in Remark
2.5 and given by

M 7→ Ep,02 (M) = Hp(HomZ3[[G1
2]]
(C•,M)) .

Here C• is the resolution of Theorem 2.2.
From Remark 3.5 we know that the hypothesis of Lemma 2.6 is satisfied for
the short exact sequence

0→ (E2)0
×3−→ (E2)0 → (E2)0/3→ 0 .

Then Corollary 3.4, the long exact sequence of Lemma 2.6, and the fact that
the groups Ep,02 (G1

2, (E2)0) are profinite Z3- modules give

Ep,02 (G1
2, (E2)0) ∼=

{
Z3, p = 0, 3;

0, p = 1, 2 .

See Remark 2.5. This implies that the E2-term of the spectral sequence of
Corollary 2.3 is isomorphic to

Λ(e3)⊗ Z3[β
2∆−1]/(3β2∆−1) .

Since there can be no further differentials, part (a) follows.

Since the central Z3 acts trivially on (E2)0, we have a Künneth isomorphism

H∗(Z3,Z3)⊗H∗(G1
2, (E2)0) ∼= H∗(G2, (E2)0) .

Part (b) follows. �

We are now ready to state and prove the main result on rational homotopy.
Note that Theorem 1.1 of the introduction is an immediate consequence of
Proposition 4.1, of Theorem 4.3, of the spectral sequence

Hs(G2, (E2)t)⊗Q =⇒ πt−sLK(2)S
0 ⊗Q .
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and part (b) of the following Lemma.

Let κ2 be the set of isomorphism classes of K(2)-local spectra X so that
(E2)∗X ∼= (E2)∗ = (E2)∗S0 as twisted G2-modules. This is a subgroup of
the K(2)-local Picard group; the group operation is given by smash product.
In [5] we show that κ2 ∼= (Z/3)2.
For the next result, the spectra Fp were defined in Remark 2.8.

Lemma 4.4. (a) Let X ∈ κ2. Then for p = 0, 1, 2, 3, the edge homomorphism
of the localized descent spectral sequence

Ep,q,t2 = Extq
Z3[[G1

2]]
(Cp, (E2)tX)⊗Q =⇒ πt−qLK(2)(Fp ∧X)⊗Q

induces an isomorphism

π∗LK(2)(Fp ∧X)⊗Q ∼= HomZ3[[G1
2]]
(Cp, (E2)∗X)⊗Q .

(b) Let F = G1
2 or G2. Then the localized spectral sequence

Hs(F, (E2)tX)⊗Q =⇒ πt−sLK(2)(E
hF
2 ∧X)⊗Q

converges and collapses.

Proof. For (a), the spectral sequence

Hs(F, (E2)tX) =⇒ πt−sLK(2)(E
hF
2 ∧X)

has a horizontal vanishing line at E∞ by the calculations of §3 of [4]. Thus the
rationalized spectral sequence

Hs(F, (E2)tX)⊗Q =⇒ πt−sLK(2)(E
hF
2 ∧X)⊗Q

converges. The result follows in this case.
For (b) we first do the case of G1

2. We localize the square of spectral sequences
of (5) to get a new square of spectral sequences

(7) Ep,q1 ((E2)tX)⊗Q

'&%$ !"#1
��

'&%$ !"#2
+3 Hp+q(G1

2, (E2)tX)⊗Q

'&%$ !"#3
��

πt−qLK(2)(Fp ∧X)⊗Q
'&%$ !"#4

+3 πt−(p+q)LK(2)(E
hG1

2
2 ∧X)⊗Q .

We will show that spectral sequence (3) converges and the result will follow.
First note that spectral sequences (2) and (4) are the localizations of finite and
convergent spectral sequences, so must converge. We have noted in the proof of
part (a) that the spectral sequences of (1) converge. Now we note that spectral
sequence (2) with q = 0 and the spectral sequence of (4) have the same d1, by
the construction of the tower.
From this we conclude that the E2-term of the spectral sequence (4) is

Ep,t2
∼= Hp(G1

2, (E2)tX)⊗Q .
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Proposition 4.2 implies that the spectral sequence (4) collapses and that, in
fact, if

πnLK(2)(E
hG1

2
2 ∧X)⊗Q 6= 0

there are unique integers p and t with t− p = n and

πnLK(2)(E
hG1

2
2 ∧X)⊗Q ∼= Hp(G1

2, (E2)tX)⊗Q.

It follows immediately that spectral sequence (3) converges and collapses.
There is an analogous argument for G2, using the expanded square of spec-
tral sequences for this group. See Remark 2.8. The needed properties of
Hp(G2, (E2)tX) ⊗ Q are obtained by combining Proposition 4.1 with Theo-
rem 4.3.b. �

Theorem 4.3 and Lemma 4.4 immediately imply the following results. Let Snp
denote the p-complete sphere.

Theorem 4.5. Let X ∈ κ2. Then the rational Hurewicz homomorphism

π0L0X−→ π0L0LK(2)(E2 ∧X) ∼= (E2)0X ⊗Q

is injective. Given a choice of isomorphism f : (E2)∗ → (E2)∗X of twisted
G2-modules the image of the multiplicative unit 1 under the isomorphism

Q3
∼= Q⊗H0(G2, (E2)0) ∼= π0L0X

extends to a weak equivalence of L0LK(2)S
0-modules

L0LK(2)S
0 ≃ L0X .

Theorem 4.6. The localized spectral sequence of Lemma 4.4

Q⊗Hs(G2, (E2)t) =⇒ πt−sL0LK(2)S
0

determines an isomorphism

ΛQ3(ζ, e)
∼= π∗L0LK(2)S

0.

Furthermore, there is a weak equivalence

L0(S
0
3 ∨ S−1

3 ∨ S−3
3 ∨ S−4

3 ) ≃ L0LK(2)S
0.

5. The chromatic splitting conjecture

In this section we prove a refinement of Theorem 1.2 of the introduction.
Our main result, Theorem 5.10, analyzes L1X for X ∈ κ2. For this we will use
the chromatic fracture square

(8) L1X //

��

LK(1)X

��
L0X // L0LK(1)X .
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We made an analysis of L0X in Theorem 4.5. The calculation of LK(1)X has a
number of interesting features, so we dwell on it. In particular, we will produce
weak equivalences

LK(1)S
0 → LK(1)LK(2)(E

hG1
2

2 ∧X)

which will be the key to the entire calculation.
We begin with the following general result. Let S/pn denote the Moore spec-
trum.

Lemma 5.1. Let X be a spectrum. Then

LK(1)X = holimn v
−1
1 S/pn ∧X

where vt1 : Σ2t(p−1)S/pn → S/pn is any choice of v1-self map.

Proof. By Proposition 7.10(e) of [9] we know that

(9) LK(1)X = holimn S/p
n ∧ L1X .

Since L1 is smashing, we may rewrite (9) as

LK(1)X = holimn L1(S/p
n) ∧X .

Thus it is sufficient to know L1(S/p
n) = v−1

1 S/pn. This follows from the
Telescope Conjecture for n = 1; see [11] and [12]. �

If R is a discrete ring, then the Laurent series over R is the ring R((x)) =
R[[x]][x−1].

Proposition 5.2. (a) There are isomorphisms

(10) F3((v
6
1∆

−1))[v±1
1 ] ∼= v−1

1 H∗(G24, (E2)∗/3)

and

(11) F3((v
4
1v

−1
2 ))[v±1

1 ] ∼= v−1
1 H∗(SD16, (E2)∗/3) .

(b) There are isomorphisms

(12) F3[v
±1
1 ]⊗ Λ(v−1

1 b1) ∼= v−1
1 H∗(G1

2, (E2)∗/3)

and

(13) F3[v
±1
1 ]⊗ Λ(v−1

1 b1, ζ) ∼= v−1
1 H∗(G2, (E2)∗/3) .

The element b1 has bidegree (1, 8) and the element v−1b1 detects the image of
the homotopy class α1 ∈ π3S0/3. The element ζ has bidegree (1, 0) and is the
image of the class of the same name in H1(G2, (E2)0) from Theorem 4.3.b.

Proof. The results in (a) are immediate consequences of Theorem 3.1. See also
[4] §3. For (b), the two isomorphisms both follow from Theorem 3.3 and the
algebraic spectral sequences of Corollary 2.3. That v−1

1 b1 detects the image of
α1 is proved in Proposition 1.5 of [6]. �

Here is our key lemma. Compare Lemma 4.4 in the rational case.
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Lemma 5.3. Let X ∈ κ2 and let X/3 = S/3 ∧X.
(a) Suppose that F = G24 or SD16. Then the edge homomorphism induces an
isomorphism

π∗LK(1)LK(2)(E
hF
2 ∧X/3) ∼= // v−1

1 H0(F, (E2)∗X/3) .

(b) Let F = G1
2 or G2. Then the localized spectral sequence

(v−1
1 Hs(F, (E∗X)/3))t =⇒ πt−sLK(1)(E

hF
2 ∧X/3)

converges and collapses.

Proof. The proof of Lemma 4.4 goes through mutatis mutandis. We need only
replace the localization H∗(F,M) 7→ H∗(F,M)⊗Q with the localization

H∗(F,M) 7−→ v−1
1 H∗(F,M/3)

throughout, and use Theorem 3.3 in place of Proposition 4.1 and Theorem
4.3. �

We now have the following remarkable calculation.

Proposition 5.4. Let X ∈ κ2. Then the K(1)-localized Hurewicz homomor-
phism

π0LK(1)X/3−→ π0LK(1)LK(2)(E2 ∧X/3)
is injective. Any choice of isomorphism (E2)∗

∼= (E2)∗X of twisted G2-modules
uniquely defines a generator of

π0(LK(1)LK(2)(E
hG1

2
2 ∧X/3)) ∼= (v−1

1 H0(G1
2, (E2)∗/3)0 ∼= F3 .

This generator extends uniquely to a weak equivalence

LK(1)S
0/3 ≃ LK(1)LK(2)(E

hG1
2

2 ∧X/3) .
Proof. We use the localized spectral sequence

(v−1
1 Hs(G1

2, (E2)∗/3))t =⇒ πt−sLK(1)LK(2)(E
hG1

2
2 ∧X/3).

This converges by Lemma 5.3.b. The choice of isomorphism (E2)∗
∼= (E2)∗X is

used to identify the E2-term. By the isomorphism of (12) this spectral sequence
collapses. By [11], we know that there is an isomorphism

F3[v
±1
1 ]⊗ Λ(α) ∼= π∗LK(1)S/3

where α is the image of α1 ∈ π3S0/3. The result now follows from Proposition
5.2. �

This result will be extended to an integral calculation in Proposition 5.7.
For a complete local ring A with maximal ideal m define

A((x)) = limk

{
A/mk((x))

}
.
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This a completion of the ring of Laurent series. Recall that v1 = u1u
−2 and

v2 = u−8 for the standard p-typical deformation of the Honda formal group
over (E2)∗. As a first example, Lemma 5.1 immediately gives

(14) π∗LK(1)E2 = W((u1))[u
±1] .

We now give a calculation of π∗LK(1)E
hF
2 for our two important finite sub-

groups. The elements c4, c6, ∆ were all introduced in Remark 3.5.

Proposition 5.5. Let X ∈ κ2 and fix an isomorphism (E2)∗X ∼= (E2)∗ of
twisted G2-modules.
(a) The edge homomorphism of the homotopy fixed point spectral sequence in-
duces an isomorphism

π∗LK(1)LK(2)(E
hG24
2 ∧X) ∼= lim v−1

1 H0(G24, (E2)∗/3
n) .

Define b2 = c6/c4 and j = c34/∆. Then these choices define an isomorphism

Z3((j))[b
±1
2 ] ∼= lim v−1

1 H0(G24, (E2)∗/3
n) .

(b) The edge homomorphism of the homotopy fixed point spectral sequence in-
duces an isomorphism

π∗LK(1)LK(2)(E
hSD16
2 ∧X) ∼= lim v−1

1 H0(SD16, (E2)∗/3
n) .

Define w = v41/v2. Then this determines an isomorphism

Z3((w))[v
±1
1 ] ∼= lim v−1

1 H0(SD16, (E2)∗/3
n) .

Proof. For (a), the first isomorphism follows from Proposition 5.2, Lemma 5.1,
and a five lemma argument. For the second isomorphism, we know by Remark
3.5 that c4 ≡ v21 and c6 ≡ v31 modulo 3 and up to a unit. It follows that c4 is
invertible in the inverse limit and that we have a map

Z3((j))[b
±1
2 ]→ lim v−1

1 H0(G24, (E2)∗/3
n) .

By Proposition 5.2, this map induces an isomorphism modulo 3 and the result
follows.
Part (b) follows directly from [4] §3. �

Lemma 5.6. Let X ∈ κ2 and let F = G24 or SD16. Given a choice of isomor-
phism (E2)∗

∼= (E2)∗X of twisted G2-modules the image of the multiplicative
unit 1 under the isomorphisms

lim(v−1
1 H0(F,E∗/3

n))0 ∼= lim(v−1
1 H0(F,E∗X/3

n))0 ∼= π0LK(1)LK(2)(E
hF
2 ∧X)

extends to a weak equivalence of LK(1)E
hF
2 -modules

LK(1)E
hF
2 ≃ LK(1)LK(2)(E

hF
2 ∧X) .

Proof. Let Z = LK(2)(E
hF
2 ∧ X). By Proposition 5.5, the given isomorphism

of Morava modules determines a map g : S0 → LK(1)Z. By induction and a

five lemma argument, the induced map S0 → LK(1)Z∧S/3n extends to a weak

equivalence of LK(1)E
hF
2 -modules

LK(1)E
hF
2 /3n ≃ LK(1)Z ∧ S/3n
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and the result follows from Proposition 5.1. �

Theorem 5.7. Let X ∈ κ2. Then the localized Hurewicz homomorphism

π0LK(1)X−→ π0LK(1)LK(2)(E2 ∧X)

is injective. Given a choice of isomorphism (E2)∗
∼= (E2)∗X of twisted G2-

modules the image of the multiplicative unit 1 under the isomorphisms

Z3
∼= lim(v−1

1 H0(G1
2, (E2)∗/3

n))0 ∼= π0(LK(1)LK(2)(E
hG1

2
2 ∧X))

extends to a weak equivalence of LK(1)S
0-modules

LK(1)S
0 ≃ LK(1)LK(2)(E

hG1
2

2 ∧X) .

Proof. Let Y = LK(2)(E
hG1

2
2 ∧X). Take the tower of 2.7 and apply the local-

ization functor LK(1)LK(2)(− ∧X) to produce a tower with homotopy inverse

limit LK(1)Y . By Lemma 5.6, the fibers are all of the form Σ8kLK(1)E
hF
2 with

F = G24 or F = SD16. Using Proposition 5.5, we then see that the map

S0 → LK(1)LK(2)(E
hG24
2 ∧X) ≃ LK(1)E

hG24
2

induced by the given isomorphism of Morava modules lifts uniquely to a map

ι : LK(1)S
0 → LK(1)Y .

By Proposition 5.4 this induces a weak equivalence

LK(1)S/3 ≃ LK(1)Y ∧ S/3 .
Then, using the natural fiber sequence

LK(1)S/3 ∧ Y → LK(1)S/3
n ∧ Y → LK(1)S/3

n−1 ∧ Y,
induction, and Lemma 5.1, we obtain the desired weak equivalence. �

We record the following result for later use. It is an immediate consequence of
Theorem 5.7.

Corollary 5.8. Let X ∈ κ2. Given a choice of isomorphism (E2)∗
∼= (E2)∗X

of twisted G2-modules the image of the multiplicative unit 1 under the isomor-
phisms

Z3
∼= lim(v−1

1 H0(G1
2, (E2)∗/3

n))0 ∼= π0(LK(1)LK(2)(E
hG1

2
2 ∧X))

extends to a weak equivalence of LK(1)E
hG1

2
2 -modules

LK(1)E
hG1

2
2 ≃ LK(1)LK(2)(E

hG1
2

2 ∧X) .

We now want to extend Theorem 5.7 to the sphere itself. Recall that there is
a fiber sequence

LK(2)S
0 // E

hG1
2

2

ψ−1 // E
hG1

2
2
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where ψ is a topological generator of the central Z3 ⊆ G2. For any K(2)-local
X , we may apply the functor LK(2)((−) ∧X) to get a fiber sequence

(15) X // LK(2)(E
hG1

2
2 ∧X)

ψ−1 // LK(2)(E
hG1

2
2 ∧X) .

Theorem 5.9. a) Let X ∈ κ2. Given a choice of isomorphism (E2)∗
∼= (E2)∗X

of twisted G2-modules the image of the multiplicative unit 1 under the isomor-
phisms

Z3
∼= lim(v−1

1 H0(G2, (E2)∗/3
n)∗)0 ∼= π0LK(1)X

extends to a weak equivalence of LK(1)LK(2)S
0-modules

LK(1)LK(2)S
0 ≃ LK(1)X .

b) The weak equivalence LK(1)S
0 ≃ LK(1)LK(2)E

hG1
2

2 of Proposition 5.7 factors

uniquely though LK(1)LK(2)S
0 and extends to a weak equivalence

LK(1)S
0 ∨ LK(1)S

−1 ≃ LK(1)LK(2)S
0

where LK(1)S
−1 → LK(1)LK(2)S

0 is induced by ζ ∈ π−1LK(2)S
0.

Proof. Let f : LK(1)E
hG1

2
2 → LK(1)LK(2)(E

hG1
2

2 ∧ X) be the equivalence of

Corollary 5.8. Since ψ : E
hG1

2
2 → E

hG1
2

2 is a morphism of ring spectra, we get a

diagram of LK(1)E
hG1

2
2 -module maps

LK(1)E
hG1

2
2

f //

ψ−1

��

LK(1)LK(2)(E
hG1

2
2 ∧X)

(ψ−1)∧X
��

LK(1)E
hG1

2
2

f // LK(1)LK(2)(E
hG1

2
2 ∧X) .

By Theorem 5.7, there is an equivalence LK(1)S
0 ≃ LK(1)E

hG1
2

2 . Hence, to
check that the diagram commutes, we need only verify that it commutes after
applying π0, and this is obvious. Part (a) follows.

We now prove part (b). Let f0 : LK(1)S
0−→ LK(1)E

hG1
2

2 be the equivalence, as
in Theorem 5.7. The composition (ψ − 1)f0 is zero, as ψ induces a ring map
on (E2)0. Because π1LK(1)S

0 = 0, f0 lifts uniquely to a map f : LK(1)S
0 →

LK(1)LK(2)S
0 and we get a weak equivalence

f ∨ g : LK(1)S
0 ∨ LK(1)S

−1−→ LK(1)LK(2)S
0

where g is the desuspension of the composition

LK(1)S
0 f0

≃
// LK(1)E

hG1
2

2
// ΣLK(1)LK(2)S

0 .

As ζ is defined to be the image of unit in π0E
hG1

2
2 in π−1LK(2)S

0, the result
follows. �

We now come to our main theorems.
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Theorem 5.10. Let X ∈ κ2. Then the localized Hurewicz homomorphism

π0L1X−→ π0L1LK(2)(E2 ∧X)

is injective. A choice of isomorphism f : (E2)∗ → (E2)∗X determines a gen-
erator of π0L1X ∼= Z3. This generator extends uniquely to a weak equivalence
of L1LK(2)S

0-modules

L1LK(2)S
0 ≃ L1X .

Proof. From Theorem 5.9 we have that π1LK(1)X = 0 for all X ∈ κ2. The
result then follows by the chromatic fracture square (8), Theorem 4.5 and
Theorem 5.9. �

Theorem 5.11 (Chromatic Splitting). If n = 2 and p = 3, then

L1LK(2)S
0 ≃ L1(S

0
3 ∨ S−1

3 ) ∨ L0(S
−3
3 ∨ S−4

3 )

where Snp denotes the p-complete sphere.

Proof. We use the chromatic square of (8). Let X = LK(2)S
0. Theorem 5.9

implies

L0LK(1)X ≃ L0LK(1)(S
0 ∨ S−1) .

From Theorem 4.6 we have that

L0X ≃ L0(S
0
3 ∨ S−1

3 ∨ S−3
3 ∨ S−4

3 ) .

Thus we need only show that the map

L0X −→ L0LK(1)X

is equivalent to the composition

L0(S
0
3 ∨ S−1

3 ∨ S−3
3 ∨ S−4

3 )−→ L0(S
0
3 ∨ S−1

3 )−→ L0LK(1)(S
0 ∨ S−1)

where the first map is projection and the second map is the L0 localization of
the canonical map S0

3 ∨ S−1
3 → LK(1)(S

0 ∨ S−1). This follows from Theorem
4.6 and Theorem 5.9.b. �
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- Université de Strasbourg
F-67084 Strasbourg
France
henn@math.unistra.fr

Mark Mahowald
Department of Mathematics
Northwestern
University
Evanston
IL 60208
U.S.A.

Documenta Mathematica 19 (2014) 1271–1290



Documenta Math. 1291

On the Structure of Witt-Burnside Rings

Attached to Pro-p Groups

Lance Edward Miller

Received: April 1, 2013

Communicated by Lars Hesselholt

Abstract. The p-typical Witt vectors are a ubiquitous object in
algebra and number theory. They arise as a functorial construction
that takes perfect fields k of prime characteristic p > 0 to p-adically
complete discrete valuation rings of characteristic 0 with residue field
k and are universal in that sense. A. Dress and C. Siebeneicher gener-
alized this construction by producing a functor WG attached to any
profinite group G. The p-typical Witt vectors arise as those attached
to the p-adic integers. Here we examine the ring structure of WG(k)
for several examples of pro-p groups G and fields k of characteristic
p. We will show that the structure is surprisingly more complicated
than the p-typical case.

1 Introduction

The purpose of this article is to explore what kinds of rings lie in the image
of the functors WG introduced by A. Dress and C. Siebeneicher [DS88] in the
case that G is a pro-p group for prime integer p. These functors were originally
defined for all profinite groups and are now called Witt-Burnside functors due
to the fact that they generalize both the p-typical (recovered when G = Zp as

an additive group) and ‘big’ Witt vector construction (recovered when G = Ẑ),
as well as Burnside functors (recovered as WG(Z)). We call rings lying in the
image of a Witt-Burnside functor Witt-Burnside rings. These functors are of
significant interest, and yet to date the types of rings which are produced from
this construction lack description. To illustrate some of their recent importance,
we remark that Witt-Burnside functors have been used extensively to study
equivariant ring spectra as they arise as a left adjoint for Tambara functors
[Bru05, Bru07, Str].
Many constructions of Witt-Burnside functors have been given. Specifically,
J. Graham’s construction utilizes ring valued G-sets [Gra93]. J. Elliott gave

Documenta Mathematica 19 (2014) 1291–1316



1292 L. E. Miller

a unified construction relating the Graham and Dress and Siebeneicher ap-
proaches [Ell06]. Y. Oh has studied some decomposition and q-deformation
questions [Oh09, Oh07, Oh12]. Beyond the classical G = Zp case, not much
about the ring structure of the images of Witt-Burnside functors is known.
Motivated by the extensive applications enjoyed by the p-typical and big Witt
vectors, this paper addresses structural questions about Witt-Burnside rings
under the assumptions that G is an infinite pro-p group and k is a field of
characteristic p > 0.
The construction of the classical (both p-typical and big) Witt vectors uses
the Witt polynomials to define certain addition and multiplication polynomi-
als with rational coefficients which do not obviously have integral coefficients
[Wit36]. A. Dress and C. Siebeneicher generalized the Witt polynomials to a
family of multivariable polynomials associated to any profinite group G. Like
classical Witt polynomials, these polynomials obviously haveQ-coefficients and
a significant theorem of Dress and Siebeneicher shows that they in fact have
integral coefficients. Thus one can use these polynomials, in an analogous way
to the construction of classical Witt vectors, to define a functor WG on the
category of commutative rings for each profinite group G. For infinite pro-p
groups G, the functor WG retains the surprising property of taking rings of
characteristic p to rings of characteristic 0.
For perfect fields k of characteristic p, the ring WZp(k) is the ring of classical p-
typical Witt vectors. These are p-adically complete discrete valuation domains
with maximal ideal (p) and residue field k. From [DS88, Thm. 2] it is known
that WG(k) is a ring of characteristic zero when G 6∼= Zp is an infinite pro-p
group and k is a field. We show as expected that WG(k) shares some properties
with the p-typical case when G is pro-p and k has characteristic p.

Theorem (Cf., Theorem 2.16) For G a pro-p group and A a local ring of
characteristic p > 0, WG(A) is a local ring.

However, the similarities do not run deep!

Theorem (Cf., Theorem 4.5) For G = Zdp, k a field of characteristic p > 0
and d ≥ 2, the maximal ideal of WG(k) is not finitely generated, so WG(k) is
not Noetherian.

The core reason for the complication in the case G = Zdp when d ≥ 2 versus
d = 1 is the existence of more than one maximal subgroup. In general, when G
is any pro-p group that is not pro-cyclic there is more than one maximal open
subgroup H , necessarily normal. These subgroups describe certain coordinates
in the Witt vectors attached to G for which sums and products have repeated
values, or redundencies. In particular, G = Zdp has a fairly homogeneous sub-
group structure as every open subgroup is (non-canonically) isomorphic to G.
This means the redundancy behavior when d ≥ 2 propagates and manifests as a
much smaller square of the maximal ideal than expected. Another consequence
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of there being more than one maximal subgroup of an infinite pro-p group G
when G 6∼= Zp is the ability to construct zero divisors. This was essentially
known in [DS88]. Our second main goal is to give some control on the zero
divisors of WG(k) for G = Z2

p and k a field of characteristic p.

Theorem (Cf., Theorem 5.17) For G = Z2
p and any field k of characteristic

p, the ring WG(k) is reduced.

The methods used here fail for d > 2 due to the reliance on a certain property
of the subgroup structure of Z2

p which is not satisfied more generally.
The rest of the paper is organized as follows. Section 2 develops the preliminary
definitions, constructions, and facts about Witt-Burnside rings. We also prove
necessary lemmas for the paper and close with the proof that WG(A) is local
when G is pro-p and A is a local ring of characteristic p. Section 3 discusses
in detail the frame of Zdp for d ≥ 2; these groups form the basic examples of
the paper. Section 4 discusses the failure of finite generation in the maximal
ideal WZdp

(k) for d ≥ 2 when the characteristic of k is p. Finally, Section 5

concerns nilpotent elements in WG(k). Unless otherwise stated, G will always
be a profinite group and p denotes a prime integer.

2 Preliminaries

Witt-Burnside rings are constructed utilizing generalized Witt polynomials as-
sociated to a profinite group G. The index set of these generalized polynomials
is the set of isomorphism classes of discrete finite transitive G-sets, called the
frame of G and denoted F(G). For example, F(Zp) = N by the correspondence
Zp/p

nZp ↔ n. There is a natural partial ordering on F(G). For T and U in
F(G) we say U ≤ T if there is a G-map from T to U . Denote the set of all
G-maps from T to U as MapG(T, U) and the number of G-maps #MapG(T, U)
by ϕT (U). Thus ϕT (U) 6= 0 if and only if T ≤ U . We summarize some facts
about F(G)

1. If T and U in F(G) with U ≤ T , then #U divides #T and #T/#U
represents the size of any of the fibers of any element of MapG(T, U).

2. If the stabilizer subgroups of the points in T are all equal (we will say in
this case that T has normal stabilizers or that T is a normal G-set), then
ϕT (U) = #U for U ≤ T .

3. For each T in F(G), there are only finitely many U in F(G) with U ≤ T .

The elements of F(G) have a concrete description. Every finite transitive G-
set T is isomorphic to some coset space G/H with left G-action, where H is
an open subgroup of G that can be chosen as the stabilizer subgroup of any
point in T . The partial order ≤ on coset spaces (considered as G-sets up to
isomorphism) can be described concretely by G/K ≤ G/H if and only if H is
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conjugate to a subgroup of K (or equivalently, H is a subgroup of a conjugate
of K).
For T ∈ F(G), define the T -th Witt polynomial to be

WT ({XU}U∈F(G)) =
∑

U≤T
ϕT (U)X

#T/#U
U = X#T

0 + . . .+ ϕT (T )XT , (1)

where 0 denotes the trivial G-set G/G. Trivially ϕT (0) = 1 for all T in F(G).
This is a finite sum since there are only finitely many U ≤ T . For instance,
if G = Zp then the finite transitive G-sets up to isomorphism are Zp/p

nZp
for n ≥ 0 and the Witt polynomial associated to Zp/p

nZp is the classical n-th
p-typical Witt polynomial.
One may gauge the complexity of a given frame by looking at the covering
relations. In any partially ordered set, one says that U covers T if T ≤ U and
there are no elements in between. In the frame of Zp each element has exactly
one cover and the frame is linearly ordered. Figure 1 displays the frame of
Z2
2. When G = Z2

p, all G-sets have p+ 1 covers. Other than the trivial G-set,
each G-set below the horizontal line in Figure 1 has p covers also below the
horizontal line. This line is not part of the frame and depicts a property about
the stabilizers of various G-sets described in Definition 5.1.

Z2
2/Z

2
2

Z2
2/2Z

2
2

Figure 1: The frame F(Z2
2).

Remark 2.1. The picture in Figure 1 is reminiscent of the tree of Z2-lattices
in Q2

2 up to scaling, on which PGL2(Q2) acts [Ser77, p. 71]. However, it is
different since the G-sets Z2

2/2
rZ2

2 appear as separate vertices in Figure 1, while
the subgroups 2rZ2

2 all correspond to the same vertex in the tree for PGL2(Q2).

To simplify notation, write a tuple of variables XT indexed by all T in F(G)
as X, e.g., WT ({XU}U∈F(G)) =WT (X), Z[{XT }T∈F(G)] = Z[X], and
Z[{XT , YT }T∈F(G)] = Z[X,Y ]. This underline notation of course depends on
G. For any commutative ring A, a polynomial f(X) ∈ Z[X] defines a function
from

∏
T∈F(G)A to A, and for a tuple a = (aT )T∈F(G) with coordinates in A
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we write f(a) = f({aT }T∈F(G)) ∈ A. A similar meaning is applied to f(a,b)
for a polynomial f(X,Y ) ∈ Z[X,Y ]. Generally, we write sequences indexed by
F(G) as bold letters (e.g., a,b,x,y,v) and their T -th coordinate is in italics
(e.g., aT , bT , xT , yT , vT ).

Because XT appears on the right side of (1) just in the linear term ϕT (T )XT ,
and all variables which appear in other terms are XU for U < T , we get the
following uniqueness criterion for all the Witt polynomial values together which
is equivalent to Lemma 2.1 in [Ell06, p. 331].

Theorem 2.2. If A is a commutative ring which has no ϕT (T )-torsion for
any T ∈ F(G), then the function

∏
T∈F(G)A →

∏
T∈F(G)A given by a 7→

(WT (a))T∈F(G) is injective. This function is bijective provided each ϕT (T ) is
a unit in A.

Example 2.3. If G is a pro-p group and T ∼= G/H, then ϕT (T ) = [NG(H) : H ]
is a power of p, so if p is invertible in A then every a ∈ ∏T∈F(G)A has the

form (WT (b))T∈F(G) for a unique b ∈ ∏T∈F(G)A.

The most important application of Theorem 2.2 is to the ring A = Q[X,Y ]
and the vectors (WT (X)+WT (Y ))T∈F(G) and (WT (X)WT (Y ))T∈F(G). It tells
us there are unique families of polynomials {ST (X,Y )} and {MT (X,Y )} in
Q[X,Y ] satisfying

WT (X) +WT (Y ) =WT (S) for all T ∈ F(G)

and

WT (X)WT (Y ) =WT (M) for all T ∈ F(G).

More explicitly, this says

∑

U≤T
ϕT (U)X

#T/#U
U +

∑

U≤T
ϕT (U)Y

#T/#U
U =

∑

U≤T
ϕT (U)S

#T/#U
U (2)

and


∑

U≤T
ϕT (U)X

#T/#U
U




∑

U≤T
ϕT (U)Y

#T/#U
U


 =

∑

U≤T
ϕT (U)M

#T/#U
U (3)

for all T . The polynomials ST and MT each only depend on the variables XU

and YU for U ≤ T .
A significant theorem of Dress and Siebeneicher [DS88, p. 107], which gener-
alizes Witt’s theorem (G = Zp), says that the polynomials ST and MT have
coefficients in Z. We call the ST ’s and MT ’s the Witt addition and multi-
plication polynomials, respectively. (Obviously they depend on G, but that
dependence will not be part of the notation).
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Example 2.4. Taking T = 0, one has

S0(X,Y ) = X0 + Y0 and M0(X,Y ) = X0Y0.

If T ∼= G/H where H is a maximal open subgroup, so {U ∈ F(G) : U ≤ T } is
just {0, T } solving for ST and MT in (2) and (3) yields

ST = XT + YT +
(X0 + Y0)

#T −X#T
0 − Y #T

0

ϕT (T )
,

MT = X#T
0 YT +XTY

#T
0 + ϕT (T )XTYT .

Compare with the first two classical Witt addition and multiplication polynomi-
als in [Ser79, p. 42]. Further addition and multiplication polynomials could be
very complicated to write out explicitly, as is already apparent for the classical
Witt vectors if you try to go past the first two polynomials.

Since ST and MT have integral coefficients, they can be evaluated on any ring,
including rings where the hypotheses of Theorem 2.2 break down, like a ring
of characteristic p when G is a pro-p group.

Definition 2.5. Let G be a profinite group. For any commutative ring A,
define the Witt–Burnside ring WG(A) to be the product space

∏
T∈F(G)A as a

set, with elements written as a = (aT )T∈F(G). The ring operations on WG(A)
are defined using the Witt addition and multiplication polynomials:

a+ b = (ST (a,b))T∈F(G)

and
a · b = (MT (a,b))T∈F(G).

The additive (resp. multiplicative) identity is (0, 0, 0, . . . ) (resp. (1, 0, 0, . . . )).

We remark that WG(A) = lim←−N WG/N (A) where the inverse limit runs over

open normal subgroups of G and, that giving each WG/N(A) the discrete
topology induces a natural profinite topology on WG(A) in which WG(A) is
complete, which follows from the proof of [DS88, Thm 3.3.2], see also [Ell06,
pg. 357]. Even when G is not abelian, WG(A) is a commutative ring. For
G = Zp, the addition and multiplication polynomials are the classical p-typical
Witt addition and multiplication polynomials and WZp(A) is the p-typical
Witt vectors.
For any ring homomorphism f : A→ B define WG(f) : WG(A)→WG(B) by
applying f to the coordinates:

WG(f)(a) = (f(aT ))T∈F(G) ∈WG(B).

This is a ring homomorphism and makes WG a covariant functor from com-
mutative rings to commutative rings.
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Packaging all the Witt polynomials together, we get a ring homomorphism
W : WG(A)→

∏
T∈F(G)A which is WT in the T -th coordinate:

W (a) = (WT (a))T∈F(G) =


∑

U≤T
ϕT (U)a

#T/#U
U



T∈F(G)

.

This homomorphism is called the ghost map and its coordinates WT (a) are
called the ghost components of a. In some cases it is quite useless: if G is pro-p
and A has characteristic p then W (a) = (a#T0 )T∈F(G), whose dependence on
a only involves a0. If A fits the hypothesis of Theorem 2.2 then the ghost
map is injective (i.e., the ghost components of a determine a). Also from
Theorem 2.2 the ghost map is bijective if every integer ϕT (T ) is invertible in A
so WG(A) ∼=

∏
T∈F(G)A by the ghost map. That means WG(A) is a new kind

of ring only if some ϕT (T ) is not invertible in A, and especially if A has ϕT (T )-
torsion for some T (e.g., G is a nontrivial pro-p group and A has characteristic
p).
The coordinates on which a Witt vector is nonzero is called its support. While
the ring operations in WG(A) are generally not componentwise, addition in
WG(A) is componentwise on two Witt vectors with disjoint support.

Theorem 2.6. Let {R,S} be a partition of F(G), i.e., R ∪ S = F(G) and
R ∩ S = ∅. For every ring A and any a ∈WG(A), define r(a) and s(a) to be
the Witt vectors derived from a with support in R and S:

r(a) =

{
aT if T ∈ R,
0 if T ∈ S, and s(a) =

{
0 if T ∈ R,
aT if T ∈ S.

Then a = r(a) + s(a) in WG(A).

Proof. First we will show the result in WG(Z[X ]) for the particular Witt
vector x = (XT )T∈F(G): x = r(x) + s(x) in WG(Z[X ]). If we prove this
then given any ring A and a ∈ WG(A), there is a ring homomorphism
f : Z[X ] → A such that f(XT ) = aT for all T , and applying the ring ho-
momorphism WG(f) : WG(Z[X ]) →WG(A) to the identity x = r(x) + s(x)
turns it into a = r(a) + s(a).
Since Z[X ] is a domain of characteristic 0, the ghost map

W : WG(Z[X ])→
∏

T∈F(G)

Z[X ]

is an injective ring homomorphism, so it suffices to prove

W (x) =W (r(x) + s(x)).

The right side is W (r(x)) +W (s(x)), which is a sum in the product ring
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∏
T∈F(G)Z[X ], so its T -th coordinate for any T is

WT (r(x)) +WT (s(x)) =
∑

U≤T

U∈R

ϕT (U)X
#T/#U
U +

∑

U≤T

U∈S

ϕT (U)X
#T/#U
U .

Since R ∪ S = F(G) and R ∩ S = ∅, each U with U ≤ T will lie in exactly one
of R or S, so

WT (r(x)) +WT (s(x)) =
∑

U≤T
ϕT (U)X

#T/#U
U =WT (x).

Therefore W (r(x) + s(x)) and W (x) have the same T -th component for all T ,
so they are equal, which shows r(x) + s(x) = x.

One typically proves an algebraic identity in WG(A) by reformulating it as an
identity in a ring of Witt vectors over a polynomial ring over Z. From now on,
we will usually prove the reformulation but may not go through the deduction
of the identity we want over A from the identity proved over a polynomial ring;
instead simply invoke functoriality.

Definition 2.7. For a ∈ A and T ∈ F(G), denote by ωT (a) ∈ WG(A) the
Witt vector with T -coordinate a and all other coordinates 0. We call ωT (a) the
T -th Teichmüller lift of a.

We denote the trivial G-set G/G as 0 and by ω0(a) the G/G-th Teichmüller
lift. The function ω0 : A → WG(A) generalizes the classical Teichmüller lift.
Like the classical Teichmüller lift, ω0 is multiplicative. For a general formula
for ωT (a)ωT ′(b), see [Ell06, p. 355].
An easy consequence of Theorem 2.6 is that any Witt vector a of finite support
satisfies a =

∑
U∈Supp(a) ωU (aU ) where Supp(a) is the support of a.

Theorem 2.8. For any a ∈ A and b ∈WG(A),

ω0(a)b = (a#T bT )T∈F(G).

In particular, ω0(a)ω0(b) = ω0(ab).

Proof. By functoriality, it suffices to show in WG(Z[X,Y ]) that

(X0, 0, 0, 0, . . . )(YT )T∈F(G) = (X#T
0 YT )T∈F(G),

and to show this equation it suffices to prove the ghost components (Witt poly-
nomial values) of both sides are equal. Since WT : WG(Z[X,Y ])→ Z[X,Y ] is
multiplicative,

WT ((X0, 0, 0, 0, . . . )(YU )U∈F(G)) = WT (X0, 0, 0, 0, . . . )WT ((YU )U∈F(G))

= X#T
0

∑

U≤T
ϕT (U)Y

#T/#U
U
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and

WT ((X
#U
0 YU )U∈F(G)) =

∑

U≤T
ϕT (U)(X#U

0 YU )
#T/#U

=
∑

U≤T
ϕT (U)X#T

0 Y
#T/#U
U .

The Witt polynomial WT (X) becomes homogeneous of degree #T if we give
XU degree #U (e.g., X0 has degree 1, not 0). This grading makes the addition
and multiplication polynomials homogeneous as well.

Theorem 2.9. Give the ring Z[X,Y ] the grading in which the degree of XU

and YU is #U .

(a) For all T , the polynomial ST is homogeneous of degree #T and MT is
homogeneous of degree 2#T .

(b) For all T , we have ST (X,0) = XT , ST (0, Y ) = YT , MT (X,0) = 0, and
MT (0, Y ) = 0.

The second part of the theorem is saying ST equals XT + YT plus monomials
X i
UY

j
V where U < T and V < T (we cannot have U = T or V = T by

homogeneity), whileMT contains no monomials that are pure X-terms or pure
Y -terms.

Proof. (a) We will work out the homogeneity for MT ; the argument for ST is
similar. Clearly M0(X0, Y0) = X0Y0, which is homogeneous of degree 2 and its
only monomial term contains the factors X0 and Y0. Let n ≥ 2 and assume
by induction for all transitive G-sets U with #U < n that MU is homogeneous
of degree 2#U . Pick a transitive G-set T with #T = n. (If there are no such
G-sets then we are vacuously done.) Solving for MT in (3) in Q[X,Y ],

MT =
1

ϕT (T )


∑

U1≤T
ϕT (U1)X

#T
#U1

U1

∑

U2≤T
ϕT (U2)Y

#T
#U2

U2
−
∑

U<T

ϕT (U)M
#T
#U

U




=
1

ϕT (T )


 ∑

U1,U2≤T
ϕT (U1)ϕT (U2)X

#T
#U1

U1
Y

#T
#U2

U2
−
∑

U<T

ϕT (U)M
#T
#U

U


 .

By the inductive hypothesis, each MU for U < T is homogeneous of de-

gree 2#U , so M
#T/#U
U is homogeneous of degree 2#T . By the definition

of the grading, X
#T/#U1

U1
has degree #T and Y

#T/#U2

U2
has degree #T , so

X
#T/#U1

U1
Y

#T/#U2

U2
has degree 2#T .
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(b) We will work out the result for multiplication polynomials. Since M0(X,0)
is X00 = 0, we may assume T 6= 0. Set every YU to 0 in the recursive formula
for MT above. Then the formula tells us MT (X,0) is equal to

1

ϕT (T )


 ∑

U1,U2≤T
ϕT (U1)ϕT (U2)X

#T/#U1

U1
· 0−

∑

U<T

ϕT (U)MU (X,0)
#T/#U


 .

Using the inductive hypothesis, each term is 0.

So the polynomials ST ({X#U
U , Y #U

U }U∈F(G)) are genuine homogeneous polyno-
mials of degree #T (replace XU and YU with their #U -th powers everywhere),
and similarly for the multiplication polynomials.

2.1 Units

The present goal is to demonstrate that WG(k) is a local ring when G is pro-
p and k is a field of characteristic p. We state a couple of needed lemmas
about divisibility relationships among ϕT (U) for U, T ∈ F(G) whose proofs
are straightforward and left to the reader.

Lemma 2.10. If G is a pro-p group and T ≥ U in F(G) with U nontrivial,
then ϕT (U) ≡ 0 mod p.

Lemma 2.11. Let G be a nontrivial pro-p group, U < T in F(G) and s ∈ pZ.
Then

ϕT (U)

ϕT (T )
s#T/#U ∈ pZ.

We apply these to study a particularly important family of ideals in WG(A).

Definition 2.12. For n ∈ Z+, set

In(G,A) = {a ∈WG(A) : aT = 0 for #T < n}.

These are the Witt vectors a with support in {T : #T ≥ n}.

Lemma 2.13. Each In(G,A) is an ideal in WG(A).

Proof. Each addition polynomial ST depends only on variables indexed by
(isomorphism classes of) finite transitive G-sets U ≤ T and has no constant
term by Theorem 2.9. So if two Witt vectors are in In(G,A) then their sum is
also in In(G,A).
It remains to show for any a ∈WG(A) and b ∈ In(G,A) that ab ∈ In(G,A).
Set c = ab. By the definition of multiplication in WG(A), cT = MT (a,b) for
any T . If #T < n, bU = 0 for U ≤ T by hypothesis. Since MT (X,Y ) only
depends on YU for U ≤ T , cT = MT (a,b) = MT (a,0) and MT (a,0) = 0 by
Theorem 2.9.
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Lemma 2.14. Let G be a pro-p group. For all rings A of characteristic p and
nonnegative integers n,

Ip(G,A)Ipn (G,A) ⊂ Ipn+1(G,A)

in WG(A).

Proof. If n = 0 the result is clear since I1(G,A) = WG(A), so without loss of
generality assume n ≥ 1.
We will derive a mod p congruence for particular Witt vectors over the ring
R = Z[X,Y ], which will be sufficient using functoriality. Define x and y in
WG(R) by

xT =

{
0, if T = 0,

XT , if T 6= 0,
and yT =

{
0, if #T < pn,

YT , otherwise.

Set z = xy. Our aim is to show

#T < pn+1 =⇒ zT ≡ 0 mod pR. (4)

We argue by induction on #T . Clearly z0 = x0y0 = 0. Let #T = pr < pn+1

with r ≥ 1 and assume by induction that for all #U < pr, zU ≡ 0 mod pR.
Since the T -th Witt polynomial is a multiplicative functionWT : WG(R)→ R,
WT (z) =WT (x)WT (y):

∑

U≤T
ϕT (U)z

#T/#U
U =

∑

T1,T2≤T
ϕT (T1)ϕT (T2)x

#T/#T1

T1
y
#T/#T2

T2
.

Solving this equation for zT in Q[X,Y ],

zT =
∑

T1,T2≤T

ϕT (T1)ϕT (T2)

ϕT (T )
x
#T/#T1

T1
y
#T/#T2

T2
−
∑

U<T

ϕT (U)

ϕT (T )
z
#T/#U
U . (5)

Since zU ∈ pR for U < T , the second term in (5) is 0 mod pR by Lemma 2.11.
In the first term in (5), we can assume T1 6= 0 since x0 = 0. If #T2 < pn then
yT2 = 0, so we only need to consider T2 where #T2 ≥ pn. Since #T < pn+1,
T2 = T . Then (5) becomes

zT =
∑

0<T1≤T
ϕT (T1)x

#T/#T1

T1
yT −

∑

U<T

ϕT (U)

ϕT (T )
z
#T/#U
U .

Since ϕT (T1) is an integral multiple of p by Lemma 2.10, zT ≡ 0 mod pR.

An immediate useful corollary follows.

Corollary 2.15. For any pro-p group G and ring A of characteristic p,
Ip(G,A)

m ⊂ Ipm(G,A).
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Proof. This follows directly from repeated applications of Lemma 2.14.

We are now set to prove the main result of this section.

Theorem 2.16. Let G be a pro-p group and A be a ring of characteristic p. The
units in WG(A) are WG(A)

× = {a : a0 ∈ A×}. Consequently, when (A, n) is
local, WG(A) is a local ring with maximal ideal m = {a ∈WG(A) : a0 ∈ n}.

Proof. Obviously WG(A)
× ⊂ {a : a0 ∈ A×}. To prove the reverse inclusion,

let a ∈WG(A) have a0 ∈ A×. By Theorem 2.8 the Witt vector (a0, 0, 0, . . . )
is a unit, with inverse (a−1

0 , 0, 0, . . . ), so it suffices to show (a−1
0 , 0, 0, . . . )a is a

unit. The first coordinate of this product is 1, so we are reduced to showing a
Witt vector with first coordinate 1 is a unit. That is, we can assume a0 = 1.
By Theorem 2.6,

a = (1, 0, 0, . . . ) + (0, {aT}T 6=0) ∈ 1 + Ip(G,A).

Since Ip(G,A)
m ⊂ Ipm(G,A) by Corollary 2.15, we can invert a using a geo-

metric series since WG(A) is complete in the profinite topology.

3 The Frame of Zdp

The subgroup structure of Zdp is homogeneous in the sense that every open

subgroup is isomorphic to Zdp (although there is not a canonical choice of
isomorphism, unlike the case when d = 1). A subgroup is open if and
only if it has finite index. If H is an open subgroup there is a Zp-basis
{e1, e2, . . . , ed} for G such that G = Zpe1 ⊕ Zpe2 ⊕ · · · ⊕ Zped and H =
Zpp

a1e1 ⊕ Zpp
a2e2 ⊕ · · · ⊕ Zpp

aded for some a1, . . . , ad ≥ 0. The G-set G/H
has the form

G/H ∼= Zp/p
a1Zp × Zp/p

a2Zp × · · · × Zp/p
adZp. (6)

As a group, G/H is usually a product of d nontrivial cyclic p-groups. For some
H , ai = 0 for all but one i, making T = G/H a cyclic group.

Definition 3.1. Let G be any profinite group and N be an open normal sub-
group. A G-set T ∼= G/N where G/N is a cyclic group is called a cyclic G-set.

An important property about cyclic G-sets T when G is a pro-p group is that
{U ∈ F(G) : U < T }, which is called the strict downset of T , with its induced
order is a chain.

Throughout the rest of this section G = Zdp with d ≥ 2.

From the large number of Zp-bases of G it is reasonable to expect that there
are many cyclic G-sets of each size as the size grows. We will use cyclic G-sets
later (Lemma 3.4) to find nonisomorphic G-sets of the same size with the same
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strict downsets, i.e., the G-sets lying below them in the frame of G are the
same, which will be important in Section 4.
For each T ∈ F(G), there is an open subgroup H ⊂ G with T ∼= G/H , and H
is uniquely determined by T since G is abelian: H is the common stabilizer of
all points in T . Using a Zp-basis {e1, e2, . . . , ed} of G we can identify H with
pa1Zp×pa2Zp×· · ·×padZp (this amounts to applying an automorphism of G),
so the G-sets below G/H in F(G) are in one-to-one correspondence with the
(open) subgroups of G that contain pa1Zp × pa2Zp × · · · × padZp.
The frame of F(Zp) is linearly ordered so every element has a unique cover
(G-set lying directly above it). Since every subgroup of Zdp is isomorphic to Zdp
and there are pd−1+ . . .+ p+1 maximal subgroups of Zdp the number of covers
of each element of F(G) is the same which we now show.

Theorem 3.2. Let T ∈ F(Zdp). It has pd−1 + . . .+ p+ 1 covers in F(Zdp) and
in the case T ≥ Zdp/pZ

d
p, it covers p

d−1 + . . .+ p+ 1 elements of F(Zdp).
Proof. Let H be the stabilizer of T . Covers of T correspond to subgroups of
H with index p, which correspond to maximal subgroups of H/pH ∼= (Z/pZ)d.
By duality the number of such subgroups is the number of subgroups of H/pH
with size p, namely the number of linear subspaces of (Z/pZ)d. That is (pd −
1)/(p− 1) = 1 + p+ . . .+ pd−1.
Similarly, if T covers U then U = Zdp/K where H ⊂ K and [K : H ] = p, so the

sets which T covers correspond to subgroups of size p in Zdp/H . The number
of such subgroups is the same as the number of subgroups of index p. When
Zdp/H ≥ Zdp/pZ

d
p, we have H ⊂ pZdp. All subgroups of Zdp with index p contain

pZdp, so the number of subgroups of index p in Zdp/H and Zdp/pZ
d
p is the same.

In some calculations, it was noticed that many pairs of coordinates in sums
or products of certain Witt vectors are equal. This is described formally by
Lemmas 4.1 and 4.2 below and motivates the following definition.

Definition 3.3. A nonisomorphic pair of G-sets T and T ′, whose strict
downsets agree, is called linked.

For a linked pair of G-sets T and T ′, #T = #T ′ since for any U < T of
maximal size, #T = p#U . Therefore #T ′ = p#U = #T . An example of such
a pair T and T ′ is labeled in Figure 2. The pair V1 and V2 in Figure 2 is not
linked since the G-set U is below V2 and not below V1.
Our first task is to show that linked pairs of G-sets of arbitrarily large size exist
for G = Zdp for d ≥ 2. Of course, for d = 1, there are no linked Zp-sets.

Lemma 3.4. For each n ≥ 1 and cyclic G-set T of size pn−1, there is a linked
pair of cyclic G-sets T1 and T2 covering T .

Proof. Since G is abelian, G-sets G/H for different (open) subgroups H are
nonisomorphic. Since d ≥ 2, there is more than one subgroup of index p. That
settles the case n = 1.
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U

T1
T2

V1

V2

Figure 2: Linked and non-linked Z2
2-sets.

Now let n ≥ 2 and write T = G/H . There is a unique maximal chain of
subgroups

H = K0 ⊂ K1 ⊂ · · · ⊂ Kn−1 = G

where [Ki : H ] = pi for all i. There is a Zp-basis of Zdp, {e1, . . . , ed}, such
that H =

⊕d−1
i=1 Zpei ⊕Zpp

n−1ed. Consider the subgroups H1 =
⊕d−1

i=1 Zpei ⊕
Zpp

ned and H2 =
⊕d−2

i=1 Zpei⊕Zpped−1⊕Zp(ed−1+ pn−1ed). Clearly H1 ⊂ H
and H2 ⊂ H , and both G/H1 and G/H2 are cyclic. Since #G/H1 and #G/H2

are both pn, G/H1 and G/H2 are covers of G/H .
Set T1 = G/H1 and T2 = G/H2. Since H1 6= H2, T1 and T2 are nonisomorphic.
To show their strict downsets agree, we use the cyclic condition. The G-sets
U < T1 are G/Ki for i = 0, . . . , n − 1 since we the given maximal chain of
subgroups is unique. The same argument applies to T2, so the same G-sets lie
strictly below T1 and T2 in the frame of G.

4 WZdp
(k) is not Noetherian for d ≥ 2

When k is a perfect field of characteristic p and d ≥ 2, one might expect the
rings WZdp

(k) generalize the classical Witt vectors WZp(k) in the same way

that k[[X1, . . . , Xd]] generalizes k[[X1]]: the power series ring in d variables
over a field is a complete local Noetherian domain with dimension d.
It essentially follows from [DS88] thatWZdp

(k) is not a domain but is a local ring
whether or not k is perfect. Since it is also complete in its profinite topology
it is plausible to guess, by analogy to k[[X1, . . . , Xd]], that the maximal ideal
of WZdp

(k) is generated by the Witt vectors ωT (1) for #T = p, but we will see

this is false in a very strong way: WZdp
(k) is not Noetherian, whether or not k

is perfect. This is because, as we will see, the square of the maximal ideal of
WZdp

(k) is much smaller than intuition suggests.

To prove WZdp
(k) is not Noetherian when d ≥ 2, note that Lemma 3.4 guaran-

tees lots of linked paris of Zdp-sets and we next prove two lemmas that describe
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the behavior of sums and products on these linked pairs of coordinates.. The
upshot, Theorem 4.4, is that Witt vectors in the square of the maximal ideal
of WZdp

(k) have built-in redundancies in linked coordinates which occur arbi-

trarily far out into the frame of Zdp when d ≥ 2.

We continue to use the convention that G stands for Zdp.

Lemma 4.1. Let A be a ring. Given linked G-sets T and T ′ and a finite
collection of Witt vectors a1, a2, . . . , am ∈WG(A) such that (ai)T = (ai)T ′ for

1 ≤ i ≤ m, set s =
m∑
i=1

ai. Then sT = sT ′ .

Proof. By induction it suffices to check the case m = 2.

Since T and T ′ are linked i.e., the G-sets strictly below T and T ′ in F(G) are
the same, #T = #T ′ and the Witt polynomials WT (X) and WT ′(X) are the
same up to the roles of XT , YT and XT ′ , YT ′ in them. Therefore the two sum
polynomials ST and ST ′ are the same up to the roles of XT , YT , XT ′ , and
YT ′ in them (and we know how XT , YT , XT ′ and YT ′ appear in ST and ST ′

by Theorem 2.9). So when Witt vectors a1 and a2 have the same T and T ′

coordinates, since T and T ′ are linked we have ST (a1, a2) = ST ′(a1, a2). Thus
(a1 + a2)T = (a1 + a2)T ′ .

Unlike the previous lemma, the next one is specific to rings of characteristic p.

Lemma 4.2. Let A be a ring of characteristic p. Given a pair of linked G-sets
T and T ′ and elements a and b of WG(A) such that a0 = b0 = 0, the product
m = ab satisfies mT = mT ′ .

Proof. Let R = Z[X,Y ] and define x and y in WG(R) by xU = XU and
yU = YU for all U . Set z = xy. We will show

zT − zT ′ ≡ (xT − xT ′)yp
n

0 + (yT − yT ′)xp
n

0 mod pR.

Since A has characteristic p, it would then follow by functoriality that ab has
equal T and T ′ coordinates in WG(A).

Since the T -th Witt polynomial is a multiplicative functionWT : WG(R)→ R,
WT (z) =WT (x)WT (y):

∑

U≤T
#Uz

#T/#U
U =


∑

U≤T
#Ux

#T/#U
U




∑

U≤T
#Uy

#T/#U
U


 .

Isolating the zT term,

#TzT =


∑

U≤T
#Ux

#T/#U
U




∑

U≤T
#Uy

#T/#U
U


−

∑

U<T

#Uz
#T/#U
U . (7)
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Likewise looking at the T ′ coordinate we have

#T ′zT ′ =


∑

U≤T ′

#Ux
#T ′/#U
U




∑

U≤T ′

#Uy
#T ′/#U
U


−

∑

U<T ′

#Uz
#T ′/#U
U .

(8)
Since T and T ′ are linked, #T = #T ′ and {U < T } = {U < T ′} so the z-terms
being subtracted on the right side of (7) and (8) are the same. Subtracting (8)
from (7) and setting #T = #T ′ = pn, we have

pnzT − pnzT ′ =


∑

U≤T
#Ux

pn

#U

U




∑

U≤T
#Uy

pn

#U

U


−

∑

U<T

#Uz
pn

#U

U

−


∑

U≤T ′

#Ux
pn

#U

U




∑

U≤T ′

#Uy
pn

#U

U


+

∑

U<T ′

#Uz
pn

#U

U

= p2nxT yT + pnxT
∑

U<T

#Uy
pn

#U

U + pnyT
∑

U<T

#Ux
pn

#U

U

−p2nxT ′yT ′ − pnxT ′

∑

U<T ′

#Uy
pn

#U

U − pnyT ′

∑

U<T ′

#Ux
pn

#U

U

≡ pnxT y
pn

0 + pnxp
n

0 yT − pnxT ′yp
n

0 − pnxp
n

0 yT ′ mod pn+1R

≡ pn(xT y
pn

0 + xp
n

0 yT − xT ′yp
n

0 − xp
n

0 yT ′) mod pn+1R

≡ pn((xT − xT ′)yp
n

0 + (yT − yT ′)xp
n

0 ) mod pn+1R.

So zT − zT ′ ≡ (xT − xT ′ )yp
n

0 + (yT − yT ′)xp
n

0 mod pR.

Remark 4.3. The characteristic p hypothesis in Lemma 4.2 is necessary. Con-
sider the case G = Zdp for d ≥ 2 and WG(Z). Any pair of nonisomorphic G-sets
of size p is linked. Given two vectors a,b ∈WG(Z) such that a0 = b0 = 0, set
m = ab. For T ∈ F(G) such that #T = p, the formula for MT in Example
2.4 implies mT = paT bT , which depends on T for suitable choices of a and b.

The point of these last two lemmas is that for linked G-sets T and T ′, the T
and T ′ coordinates of a sum are the same if we make an assumption about the
T and T ′ coordinates of the summands, while the T and T ′ coordinates of a
product are the same if we make an assumption about the coordinates of the
factors at the trivial G-set.
Let k be a field of characteristic p. For n ≥ 0, recall the notation

Ipn = Ipn(G, k) = Ipn(Z
d
p, k) = {a ∈WZdp

(k); aT = 0 if #T < pn}.

The unique maximal ideal of WG(k) is m = Ip(G, k).
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Theorem 4.4. Let T and T ′ be linked G-sets. Any element of m2 has equal T
and T ′ coordinates.

Proof. Any element of m2 is a1b1+ · · ·+arbr for some ai and bi in m. Lemma
4.2 shows that aibi has the same T and T ′ coordinates for all i. Applying
Lemma 4.1 shows that this equality of coordinates is preserved when passing
to the sum of these products over all i.

Since Lemma 3.4 shows that there are linked G-sets of arbitrarily large size,
Theorem 4.4 puts infinitely many constraints on elements of m2. Theorem
4.4 was first observed in examples, where many redundancies were noticed
in different coordinates of a product of elements of WZ2

2
(F2[X,Y ]) that each

have first coordinate 0. This is also how the importance of linked G-sets was
discovered. We are now set to use them to prove our first main structural
theorem.

Theorem 4.5. The maximal ideal of WG(k) is not finitely generated, so
WG(k) is not Noetherian.

Proof. Using Lemma 3.4, for each n ≥ 1 there are linked G-sets Tn and T ′
n

in F(G) of size pn. In particular, {U : U < Tn} = {U : U < T ′
n}. The

Witt vector ωTn(1) lies in m. For each r ≥ 1 we will show the r Witt vectors
ωT1(1), . . . , ωTr (1) are linearly independent over k in m/m2.

In m/m2, suppose we have a k-linear relation

α1ωT1(1) + · · ·+ αrωTr (1) ≡ 0 mod m2,

for some αi ∈ k. The product αiωTi(1) in m/m2 really means, as a Witt vector,

ω0(αi)ωTi(1) mod m2. By Theorem 2.8, ω0(αi)ωTi(1) = ωTi(α
pi

i ). Therefore

ωT1(α
p
1) + · · ·+ ωTr (α

pr

r ) ≡ 0 mod m2. (9)

Since the supports of ωTi(α
pi

i ) for 1 ≤ i ≤ r are disjoint, by Theorem 2.6 these
Witt vectors can be added coordinatewise: the left side of (9) is the Witt vector

with Ti-coordinate α
pi

i and other coordinates equal to 0. Since this sum is in
m2, its Ti- and T

′
i -coordinates are the same by Theorem 4.4. The T ′

i -coordinate

is 0 for all i, so αp
i

i = 0 for all i. Thus every αi is 0 in k.

Since we have found r linearly independent elements of m/m2 for any r ≥ 1,
its k-dimension is infinite. Therefore m is not finitely generated.

Remark 4.6. For an infinite pro-p group G with arbitrarily large pairs of linked
normal G-sets, the results of this section go through. For such pro-p groups,
WG(k) is not Noetherian when k is a field (or ring) of characteristic p.
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5 Reducedness of WG(k)

Although WZdp
(k) with d > 2 is not a domain and is not Noetherian, this is

not a pathological state of affairs among p-adic rings. For instance, the ring
C(Zp,Qp) of continuous functions from Zp to Qp is not a domain and is not
Noetherian. This ring is reduced. So we ask: is WZdp

(k) reduced? We answer
this in the case d = 2 and for any p.
To do this, we keep track of a new partial ordering on F(G). This new partial
ordering makes sense with no extra effort for G = Zdp with any d ≥ 1 so we
state it in this generality. Consider the descending subgroup filtration

G % pG % p2G % · · · % pnG % pn+1G % · · · ,

which leads to the rising family of G-sets

0 = G/G < G/pG < G/p2G < · · · < G/pnG < G/pn+1G < · · ·

in F(G).
Definition 5.1. For G = Zdp, the level of T ∈ F(G) is the largest n ≥ 0 such
that T ≥ G/pnG. We write Lev(T ) = n.

This definition makes sense, since if T ≥ G/pnG then #T ≥ pnd, so n is
bounded above, and T ≥ 0 so we have somewhere to begin. To get a feel for
this concept, we describe it on coset spaces. Write T ∼= G/H for a unique open
subgroup H of G. We have T ≥ G/pnG if and only if H ⊂ pnG. Therefore
Lev(G/H) is the largest n ≥ 0 such that H ⊂ pnG. See Figure 3.

Level 0

Level 1

Level 2

Figure 3: Initial Z2
2-sets of level 0, 1, 2.

If G = Zp then Lev(T ) and #T are basically the same concept, since #T =
pLev(T ). The level is something genuinely new when G = Zdp for d ≥ 2. In this
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case neither #T nor Lev(T ) determines the other; all we can say in general is
that #T ≥ pdLev(T ).
Writing the cyclic decomposition of G/H as Z/pa1Z×Z/pa2Z× · · · ×Z/padZ,
its level is min{a1, a2, . . . , ad}. This makes it easy to produce examples.

Example 5.2. For a ≥ 1, the G-set Zdp/(Zp×paZd−1
p ) of size pa(d−1) has level

0 since Zp × paZd−1
p is contained in G but not pG. So when d ≥ 2, arbitrarily

large G-sets can have level 0 (but not when d = 1).

Example 5.3. There are arbitrarily large G-sets of any chosen level n when
d ≥ 2: use Zdp/(p

nZp × pa+nZd−1
p ) with a→∞.

Theorem 5.4. For d ≥ 2, each Zdp-set of level n is covered by more than one
G-set of level n.

Proof. Let T be a G-set with Lev(T ) = n. Pick a Zp-basis {e1, . . . , ed} of
Zdp so that T ∼= G/H with H = Zpp

a1e1 + . . . + Zpp
aded, where n = a1 ≤

a2 ≤ . . . ≤ ad. When d ≥ 3,
∑d−1

i=1 Zpp
aiei +Zpp

ad+1ed and
∑

i6=d−1 Zpp
aiei +

Zpp
ad−1+1ed−1 are subgroups of H with index p and they are the stabilizers

of two distinct G-sets covering T both with level n. If d = 2, on the other
hand, Zpp

a1e1 + Zpp
a2+1e2 and Zp(p

a1+1e1 + pa1e2) + Zpp
a2e2 are subgroups

of H with index p and they are the stabilizers of two distinct Z2
p-sets covering

T both with level n.

For any T ∈ F(G), {U : #U ≤ #T } and {U : U ≤ T } are finite (the latter
is a subset of the former), but {U : Lev(U) ≤ Lev(T )} is infinite. This is an
important distinction to remember.

Remark 5.5. When d ≥ 2, any nontrivial cyclic G-set looks like Zdp/(Z
d−1
p ×

paZp) with a ≥ 1 after a suitable choice of basis for Zdp, and Zd−1
p × paZp is

not contained in pZdp (this is false for d = 1), so all cyclic G-sets have level
0. When d = 2, a G-set of level 0 is isomorphic to Z2

p/(Zp × paZp), so having
level 0 and cyclic in F(Z2

p) mean the same thing. For d ≥ 3, some G-sets of

level 0 are not cyclic, such as Zdp/(Zp × pZp × paZd−2
p ) with a ≥ 1.

To prove that WZ2
p
(k) is reduced when k has characteristic p, we seek the right

coordinate to look at in a power of a nonzero Witt vector to know that the
power is also not 0.
Say x ∈WG(k) and x 6= 0. It is natural to consider how x sits in the descending
ideal filtration {Ipn}: there is some Ipn for which x ∈ Ipn and n is as large
as possible, so xT = 0 for #T < pn and some xT is nonzero where #T = pn.
In this case it is not hard to check that x2 ∈ Ip2n (Corollary 2.15), and we
can anticipate (if WG(k) is reduced) that x

2 has a nonzero coordinate at some
G-set of size p2n. Which one? We need a way to predict a nonzero coordinate
in x2 when x 6= 0.

Lemma 5.6. Let G = Zdp. If U ≤ T in F(G) then Lev(U) ≤ Lev(T ).
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Proof. Let n = Lev(U), so U ≥ G/pnG. Since T ≥ U , we have T ≥ G/pnG, so
Lev(T ) ≥ n.

Note that if U < T and d ≥ 2 it need not follow that Lev(U) < Lev(T ): we
might have Lev(U) = Lev(T ). For example, if U = G/H and T = G/K where
H = pZdp = pZd−1

p × pZp and K = pZd−1
p × p2Zp then K ⊂ H so U < T and

Lev(U) = Lev(T ) = 1.

Lemma 5.7. Let G = Zdp and T ∈ F(G) have level n. Write T ∼= G/H with

H ⊂ pnZdp and H 6⊂ pn+1Zdp so H = pnĤ for a unique open subgroup Ĥ of Zdp.

Set T̂ = G/Ĥ. Then T̂ has level 0. Moreover, if U ∈ F(G) and Lev(U) = n

then U ≤ T if and only if Û ≤ T̂ .

Proof. By choosing a suitable basis of Zdp, we may assume H = pa1Zp × . . .×
padZp. The statement that T has level n means n = min{a1, . . . , ad}, so

H = pn(pb1Zp × . . .× pbdZp) with some bi = 0. Then Ĥ = pb1Zp × . . .× pbdZp
and T̂ has level 0.
To prove the second claim, write U ∼= G/K and K = pnK̂. We have U ≤ T if

and only if H ⊂ K and Û ≤ T̂ if and only if Ĥ ⊂ K̂. The conditions H ⊂ K
and Ĥ ⊂ K̂ are the same.

Lemma 5.8. For G = Zdp with d ≥ 2 and T ∈ F(G), set #T = pn. For each
m ≥ n, there exist T ′ such that #T ′ = pm, T ≤ T ′ and Lev(T ) = Lev(T ′).

Proof. Write T = G/H . Choose a Zp-basis {e1, e2, . . . , ed} of Zdp such thatH =∑d
i=1 Zpp

aiei. Without loss of generality, assume a1 ≤ a2 ≤ . . . ≤ ad and set

K =
∑d−1

i=1 Zpp
aiei+Zpp

ad+m−ned. ThenK ⊂ H and [H : K] = pm−n so G/K
is a cover of G/H . Since a1 ≤ a2 ≤ . . . ≤ ad and d ≥ 2, min{a1, a2, . . . , ad} =
min{a1, a2, . . . , ad +m− n}, so Lev(G/K) = Lev(G/H).

Consider Figure 3. The two horizontal lines divide the diagram into regions of
Z2
2-sets with the same level. Lemma 5.8 just says that these levels go infinitely

far out in the frame.
Returning to the assumption G = Z2

p we have the following lemma.

Lemma 5.9. When G = Z2
p and T and T ′ in F(G) satisfy T ≤ T ′ and Lev(T ) =

Lev(T ′),

{U ∈ F(G) : U ≤ T ′ and Lev(U) = Lev(T ) and #U = #T } = {T }.

Proof. The set of G-sets of level zero is a tree (see Remark 2.1), so the property
is obviously true when Lev(T ) = Lev(T ′) = 0. Using Lemma 5.7 one has the
result for any level.

Lemma 5.10. Let G = Z2
p, A be a nonzero commutative ring, and choose any

nonzero a ∈ WG(A). There is T0 ∈ F(G) such that aT0 6= 0 and aU = 0 under
either of the following conditions:
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• Lev(U) < Lev(T0),

• Lev(U) = Lev(T0) and #U < #T0,

Proof. Given a 6= 0 in WG(A), among {T : aT 6= 0} first select all T with
minimal level, and then among the T of that minimal level, choose one T of
minimal size. Call that T0.
If Lev(U) < Lev(T0) then aU = 0 since T0 is a nonzero coordinate with minimal
level. If Lev(U) = Lev(T0) and #U < #T0 then aU = 0 since otherwise T0 is
not a nonzero coordinate of minimal size among nonzero coordinates of minimal
level.

Remark 5.11. Lemma 5.10 is expressed in a form convenient for the applica-
tions we have in mind, but it’s not a result about nonzero Witt vectors so much
as a property of F(G): for any nonempty subset S of F(G), there is a T0 ∈ S
such that U 6∈ S if Lev(U) < Lev(T0), or if Lev(U) = Lev(T0) and #U < #T0.

Remark 5.12. In our application of Lemma 5.10 it is important to note the
order in which the concepts are minimized. Here we are first choosing nonzero
G-sets of minimal level, then among those we choose one of minimal size.
These two minimizations do not commute. Figure 4 depicts a nonzero element
of WZ2

2
(k), where all coordinates are zero except for the circled ones which are

non-zero. The T coordinate is the one of minimal size first and then level,
whereas the U coordinate is the one of minimal level first and then size.

Level 0

Level 1
T

U

Figure 4: Nonzero element in WZ2
2

Now we will use the concept of level to prove something about multiplication in
WG(k). The end of the next lemma identifies a formula for a specific coordinate
in the product of two Witt vectors if all the “smaller” coordinates are 0. It
is analogous to something simple when G = Zp: if a = pn(a0 + pa′) and
b = pn(b0 + pb′) then ab = p2n(a0b0 + pc). (It is not assumed that a0 and b0
are nonzero.) There is a similar formula even if the p-powers in a and b are
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not equal, but for G = Zdp with d ≥ 2 we don’t have a formula that broad. It
seems to be the price we pay for WG(k) not being a domain.

Lemma 5.13. Let G be an abelian pro-p group and A be a ring of characteristic
p. Let V ∈ F(G) with #V ≤ pm+n for positive integers m and n. Consider
Witt vectors a and b in WG(A) such that aU = 0 for all U < V such that
#U < pm and bU = 0 for all U < V such that #U < pn. Set c = ab. Then
cV = 0.

Proof. This will follow from functoriality by proving the following mod p
congruence for particular Witt vectors over the ring R = Z[X,Y ]. Define
x,y ∈WG(R) by

xT =

{
0, #T < pm and T < V ,

XT , otherwise,
and yT =

{
0, #T < pn and T < V ,

YT , otherwise.

Set z = xy. We will show that

T ≤ V =⇒ zT ≡ 0 mod pR. (10)

Returning to the proof of (10), we argue by induction on #T . If #T = 1
then T = 0 and z0 = x0y0 = 0. Let pr ≤ pm+n with r ≥ 1 and assume by
induction that for all U < V such that #U < pr, zU ≡ 0 mod pR. Pick T ≤ V
with #T = pr. Since the T -th Witt polynomial is a multiplicative function
WT : WG(R)→ R, WT (z) =WT (x)WT (y):

∑

U≤T
ϕT (U)z

#T/#U
U =

∑

T1,T2≤T
ϕT (T1)ϕT (T2)x

#T/#T1

T1
y
#T/#T2

T2
.

Solving this equation for zT in Q[X,Y ],

zT =
∑

T1,T2≤T

ϕT (T1)ϕT (T2)

ϕT (T )
x
#T/#T1

T1
y
#T/#T2

T2
−
∑

U<T

ϕT (U)

ϕT (T )
z
#T/#U
U . (11)

Since zU ∈ pR for U < T , the second term in (11) is 0 mod pR by
Lemma 2.11. In the first term in (11), if T1 = V then T1 = T = V and
ϕT (T1)ϕT (T2)/ϕT (T ) ≡ ϕT (T2) ≡ 0 mod pR by Lemma 2.10 provided T2 6= 0,
while if T2 = 0 then yT2 = 0. A similar argument holds if T2 = V so we
can assume T1 < V and T2 < V . If either #T1 < pm or #T2 < pn then
xT1 = 0 or yT2 = 0 respectively. The remaining terms in the first sum in
(11) have T1 < V with #T1 ≥ pm and T2 < V with #T2 ≥ pn. In this
case #T1#T2 ≥ pm+n > pr = #T . Since G is abelian, ϕT (U) = #U and
so the coefficient in the first sum in (11) is an integral multiple of p. Thus
zT ≡ 0 mod pR.

Remark 5.14. The only place where G being abelian played a role in the proof of
Lemma 5.13 was at the last step calculating the p-divisibility of the coefficients
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in the first sum in (11). For general pro-p groups, this ratio need not even be
integral, however the conclusion of Lemma 5.13 holds true not just for abelian
pro-p groups, but any pro-p which satisfies

ϕT (T1)ϕT (T2)

ϕT (T )
∈ pZ

for any T, T1, T2 ∈ F(G).
Lemma 5.15. For G = Z2

p and k a field of characteristic p. Let a and b be in
WG(k) such that there is a T0 ∈ F(G) with aU = bU = 0 if Lev(U) < Lev(T0),
or if Lev(U) = Lev(T0) and #U < #T0. Set #T0 = pn. For any T ∈ F(G)
with size p2n such that T0 ≤ T and Lev(T0) = Lev(T ), the product ab has
T -coordinate (aT0bT0)

pn .

Proof. Let R = Z[X,Y ]. Define x,y in WG(R) by

xU =





0 if Lev(U) < Lev(T0),

0 if Lev(U) = Lev(T0) and #U < pn,

XU otherwise,

and

yU =





0 if Lev(U) < Lev(T0),

0 if Lev(U) = Lev(T0) and #U < pn,

YU otherwise.

and set z = xy. For any G-set T of size p2n with T0 ≤ T and Lev(T0) = Lev(T )
we will show zT ≡ (XT0YT0)

pn mod pR. By functoriality the lemma would then
follow.
For any G-set T , WT (z) =WT (x)WT (y):

∑

U≤T
#Uz

#T/#U
U =


∑

U≤T
#Ux

#T/#U
U




∑

U≤T
#Uy

#T/#U
U


 . (12)

By Lemma 5.8 we can choose T ≥ T0 such that #T = p2n and Lev(T ) =
Lev(T0). First we look at the left side of (12). Let V < T , so #V < p2n.
By Lemma 5.6 Lev(V ) ≤ Lev(T ) = Lev(T0). So either Lev(V ) < Lev(T ) or
Lev(V ) = Lev(T ). For all U < V with #U < pn, both xU and yU are zero by
hypothesis. The proof of Lemma 5.13 tells us that zV ≡ 0 mod pR when V < T

and #V < p2n. So #V z
#T/#V
V ≡ 0 mod p2n+1R for V < T and #V < p2n, so

the left side of (12) is p2nzT mod p2n+1R.
Now we turn to the right side of (12). If U ≤ T then Lev(U) ≤ Lev(T ) (Lemma
5.6) and since Lev(T ) = Lev(T0) our hypotheses tells us xU = 0 and yU = 0
if Lev(U) < Lev(T ), or if Lev(U) = Lev(T ) and #U < pn. So the only U -
terms in each sum on the right side of (12) that are not automatically 0 have
Lev(U) = Lev(T ) and #U ≥ pn.
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Dropping the terms in (12) where xU = 0 and yU = 0 and reducing modulo
p2n+1R, one has that p2nzT is equivalent to




∑

U≤T
Lev(U)=Lev(T )

#U≥pn

#UX
#T/#U
U







∑

U≤T
Lev(U)=Lev(T )

#U≥pn

#UY
#T/#U
U




mod p2n+1R.

Each summand has a coefficient divisible at least by pn, so any product of a
term from each sum is divisible by p2n. A term divisible by pn+1 in one sum
has a product with any term in the other sum that is 0 mod p2n+1R, so

p2nzT ≡




∑

U≤T
Lev(U)=Lev(T )

#U=pn

pnXpn

U







∑

U≤T
Lev(U)=Lev(T )

#U=pn

pnY p
n

U




mod p2n+1R.

Dividing through by p2n and using additivity of the pth power map in R/pR,

zT ≡




∑

U≤T
Lev(U)=Lev(T )

#U=pn

XU ·
∑

U≤T
Lev(U)=Lev(T )

#U=pn

YU




pn

mod pR. (13)

What are the U lying below T in F(G) with the same level as T and of size
pn? One example is U = T0. By Lemma 5.9 this is the only example, so
zT ≡ (XT0YT0)

pn mod pR. The argument did not depend on the choice of T
and so holds for any T with T ≥ T0, #T = p2n, and Lev(T ) = Lev(T0).

We will only apply Lemma 5.15 when the two Witt vectors are equal, i.e., to
the square of a nonzero element of WG(k).

Remark 5.16. Most of the proof of Lemma 5.15 goes through for G = Zdp for

d ≥ 3 and not just d = 2. In fact (13) is true for G = Zdp for d ≥ 2 and it
was only at the last step where we used the fact that d = 2, which hinged on
Lemma 5.9. Lemma 5.9 is not true for G = Zdp with d ≥ 3 since the level

0 part of F(Zdp) is not a tree. This is well-known after one realizes the level

0 part of F(Zdp) is in order bijection with the Zp-lattices in Qd
p up to scaling

(see Remark 2.1), which forms the Bruhat-Tits building for SLd(Qp) which is
not a tree for d ≥ 3 (see [Bro08, pg. 137].) More concretely, when d ≥ 3,
Zdp/(Zp × pZp × paZp−2

p ) with a ≥ 1 is not a cyclic group and so its strict
downset is not a chain.

Theorem 5.17. For any field k of characteristic p, the ring WG(k) is reduced
for G = Z2

p.
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Proof. Let v be nonzero in WG(k). If v0 6= 0 then v ∈WG(k)
× by Theorem

2.16. Otherwise v ∈ m and it suffices to show for all n ∈ Z+ that v2n is nonzero.
Thus it suffices to show if v ∈ m and v 6= 0 then v2 6= 0. By Lemma 5.10
there is a T0 ∈ F(G) such that vT0 is nonzero but vU is zero for all U ∈ F(G)
where Lev(U) < Lev(T0) or where Lev(U) = Lev(T0) and #U < #T0. Lemma

5.15 with a = b = v tells us that v2 has a coordinate equal to v2#T0

T0
6= 0, so

v2 6= 0.
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1. Introduction

Let X = G/K be a Riemannian symmetric space. The mainstay of harmonic
analysis onX is the study of the asymptotic behaviour of the spherical functions
φλ [20, 23, 24]. These are K-invariant joint eigenfunctions of the G-invariant
differential operators D on X , viz.

Dφλ = Γ(D)(λ)φλ,

where Γ(D)(λ) is the value of the Harish-Chandra homomorphism.
A basic observation is that φλ(a) admits an asympotic series expansion whose
leading contribution is c(λ)e(λ−̺)(a), with ̺ the half sum of the positive roots.
Here, c(λ) is Harish-Chandra’s famous c-function.
Moreover, c(λ) admits an extension, as a meromorphic function, to the en-
tire dual a∗ of the complex Cartan subspace, due to the Gindikin–Karpelevič
formula

c(λ) = c0
∏

α

2λα−1Γ(λα)

Γ
(
1
2 (λα + mα

2 + 1)
)
Γ
(
1
2 (λα + mα

2 +m2α)
) ,

where the product is over all positive indivisible roots and λα := 〈λ,α〉
〈α,α〉 . This

equation is basic in the proof of the fundamental theorems of harmonic analysis
on Riemannian symmetric spaces: the support theorem for wave packets, the
inversion, Paley–Wiener, Plancherel and Schwartz isomorphism theorems for
the spherical Fourier transform.
Although the situation is more complicated for the Helgason–Fourier transform
(for τ -spherical functions) and even more so for reductive non-Riemannian
symmetric spaces, the basic philosophy of studying the asymptotics of spherical
functions (or their replacements by more general Eisenstein integrals) remains
valid, cf. Ref. [34].
In the present paper, we study the asymptotics of spherical functions defined
on a supersymmetric generalisation of Riemannian symmetric spaces. These
play a basic role in the so-called Efetov supersymmetry method of condensed
matter physics. Indeed, as shown by Zirnbauer [39, 40], harmonic analysis on
such superspaces can be used to give precise analytic expressions for the mean
conductance of quasi-one dimensional disordered fermionic systems.
Remarkably, contrary to the classical case, there are discrete contributions in
the Plancherel decomposition, and this is visible and relevant in the physics of
the corresponding systems. Since the Plancherel measure is governed by the
c-function, the failure of absolute continuity can already be observed from the
location of the c-function zeroes.
Indeed, let (G,K) be one of the symmetric pairs listed in Table 4.1 below. Fix
an indivisible restricted root α and h0 with α(h0) = 1. Let ̺ = 1

2 (mαα +
2m2αα) where mα and m2α are the multiplicities of α and 2α, respectively,
and identify λ ≡ λ(h0). Our first main result is the following theorem.
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Theorem A. For every ℜλ > 0, the limit

c(λ) = lim
t−→∞

φλ(e
th0)e−t(λ−̺)

exists. For some choice of c0 ≡ c0(̺) 6= 0, it is given by

(1.1) c(λ) = c0
2−λΓ(λ)

Γ
(
1
2

(
λ+ mα

2 + 1
))

Γ
(
1
2

(
λ+ mα

2 +m2α

))

if α is anisotropic, and if α is isotropic, then it is given by

(1.2) c(λ) = c0λ.

Formally, this result takes the same form as in the classical situation for the
case of an anisotropic root α. However, for an isotropic root α (of multiplicity
mα = −2), one would expect c(λ) ≃ (λ − 1) from Equation (1.1) and the
duplication formula. This differs from the true result in Equation (1.2) by
the absence of a ‘̺-shift’. This situation is similar for the Harish-Chandra
homomorphism, see Ref. [1].
Moreover, in the present supersymmetric setting, mα and hence ̺ may be arbi-
trarily large negative numbers, drastically changing the asymptotic behaviour
of φλ. Moreover, due to the shift in the denominator in Equation (1.1), c(λ)
picks up zeroes in the right half plane. These lead to discrete contributions in
the Plancherel formula, as we will show in a forthcoming paper.
The class of symmetric pairs considered in Theorem A is a choice of rank
one pairs that is generic in the sense that every rank one subpair of a reductive
symmetric pair (of even type) associated with a choice of indivisible root (even,
odd, ot both) is generated by copies of the pairs listed in Table 4.1 below:
An anisotropic root α such that 2α is a root corresponds to the gl case; an
anisotropic root such that 2α is not a root corresponds to the osp case, even it
is purely odd (here the parameter p = 0); finally, an isotropic root α corresponds
to the gl(1|1) case.
Choosing real forms of these symmetric pairs in such a way that the under-
lying symmetric spaces become Riemannian introduces extra conditions if one
insists on taking real forms also of the odd part of the Lie superalgebra. How-
ever, these conditions are artificial from a physical point of view and moreover
unnecessary for the analysis to go through. Therefore, we adopt the setting
of ‘cs manifolds’ invented by Joseph Bernstein, that is, of real manifolds with
complex sheaves of superfunctions. In many respects, this theory is parallel to
that of real supermanifolds; however, there are some caveats, and we carefully
lay the foundations to help the reader navigate these impasses in Section 2.
As the statement of Theorem A suggests, the general form of c-function for a
supersymmetric symmetric pair is not given by a simple-minded generalisation
of the Gindikin–Karpelevič formula, since the contributions from isotropic roots
are of a different form. Compare Ref. [6] for details.
The proof of Theorem A is somewhat more difficult than in the classical case.
The reason lies again in the changed growth behaviour of the exponential
et(λ−̺): Upon parametrising the geodesic sphere at infinity of X = G/K in
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stereographical coordinates, the integrals in question exhibit a singular be-
haviour. One therefore has to make a careful choice of cutoffs in a stereograph-
ical atlas parametrised by the Weyl group and keep track of this in the limit
of t −→∞.
In order for this to work, one needs to establish the Weyl group symmetry of
the symmetric superfunctions φλ (Corollary 3.20). Although this appears to
be quite innocent, it requires the extension of the usual integral formulæ for
the Iwasawa and Bruhat decompositions to the ‘parameter-dependent’ setting
of supermanifolds over a general base supermanifold. For this reason, we are
obliged to develop some foundational material in Subsections 2.6 and 3.2.
Once one has an explicit formula for the c-function, Harish-Chandra’s series
expansion of the spherical function carries over. (This also relies on Corol-
lary 3.20.) One has the following statement.

Theorem B. Let (G,K) be such that the root α is even and ℜλ > 0, λ /∈ 1
2Z.

Then we have

φλ|A+ =
∑

w∈W0

Φwλ, Φ±λ(e
th0) = et(±λ−̺)

∞∑

ℓ=0

γℓ(λ)e
−2ℓt,

where A+ is the positive Weyl chamber, W0 is the Weyl group, γ0(±λ) = c(±λ),
and γℓ(λ) follow a two-term recursion.

In most cases, W0 = {±1}, but for a suitable choice of parameters in case
G is an orthosymplectic supergroup, it can be trivial. A similar situation
occurs when α is an odd anisotropic root (Proposition 4.16). In this case, the
complexification of G is GL(1|1,C).
Remarkably, when ̺ is a negative integer (as can happen in the osp case), the
above series expansion is finite, and φλ admits a simple closed expression in

terms of Jacobi polynomials (Corollary 5.6) P
(a,b)
n . Here, the parameters are

chosen such that n = −̺, so that in this case, the spherical superfunctions are
exponential polynomials of a fixed degree independent of λ.

We end this introduction by a synopsis of the paper’s contents. Section 2 is
devoted to a brief collection of basic facts on cs manifolds. We highlight some
points that to our knowledge are missing in the literature: Proposition 2.3 is a
generalisation of Leites’s theorem for morphisms from cs manifolds to complex
manifolds. Subsection 2.4 contains an account of the exponential morphism for
cs Lie supergroups. Subsection 2.5 explains cs forms of complex supergroups.
Subsection 2.6 is a brief account of the basic theory of Berezin fibre integrals.
In Subsection 2.7 a localization formula for Berezin integrals over superspheres
is derived.
Section 3 introduces the main players of this article, the spherical superfunc-
tions. It begins by setting the stage for symmetric superpairs in Subsection 3.1.
In Subsection 3.2, we collect some integral formulæ necessary for the manipula-
tion of the Harish-Chandra integral for φλ. Notably, we generalise the classical
formula for the Haar measure on a Lie group in exponential coordinates in
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Proposition 3.12, the nilpotent case being of particular importance to us. The
definition of the spherical functions is stated in Subsection 3.3; here, we also
show a basic symmetry property of the spherical functions (Corollary 3.20) that
is important in the proof both of Theorem A (Theorem 4.2) and of Theorem
B (Theorem 5.5).
Section 4 contains the statement and proof of Theorem A (Theorem 4.2). It is
also the place where the main analytic problems have to be tackled and where
the theory departs most from the classical cases (see the comments above). The
theorem is stated in Subsection 4.1 and proved in Subsection 4.2. The proof
proceeds case-by-case: the unitary case is contained in Subsubsection 4.2.1,
the orthosymplectic one in Subsubsection 4.2.2, and the case of an anisotropic
purely odd root (the ‘GL(1|1,C) case’) in Subsection 4.2.3. The latter also
contains the analytic expression for the spherical superfunctions φλ in this
case.
The final Section 5 is devoted to the asymptotic series expansion of φλ, that
is, the proof of Theorem B (Theorem 5.5). At this point, the main analytic
difficulties have been overcome, so we can follow the ususal procedure of making
a pertubation ansatz for the solutions of the eigenvalue equation for the radial
part of the Laplacian on X , deducing a two-term recursion for the coefficients,
and proving convergence via Gangolli estimates. The estimates miraculously
also go through in cases of negative multiplicity; if the half sum ̺ of positive
roots is a negative integer, the coefficients can even be computed explicitly, and
the series terminates. In this case, we derive an expression for φλ in terms of
Jacobi polynomials (Corollary 5.6) whose degree is fixed independent of λ.

Acknowledgements. This article is based in large parts on the second named
author’s doctoral thesis under the first named author’s guidance. We wish to
thank Martin Zirnbauer for constructive comments on early versions of our
results and the anonymous referee for the careful reading of our paper and for
giving detailed suggestions that helped to improve it.

2. Basic facts on cs manifolds

In this section, we collect some basic facts on cs manifolds and cs Lie su-
pergroups. As remarked above, this setting is necessary to cover the all the
symmetric pairs we are interested in a Riemannian incarnation. We shall be
suitably brief, including proofs only for those facts which so far have remained
undocumented in the literature.

2.1. Basic definitions. We will work with cs manifolds and complex super-
manifolds. The latter are covered by a wide literature, e.g. by Refs. [13,31,37].
The former, introduced by Joseph Bernstein, are covered to some degree in
Ref. [15]. In many respects, they are similar to real supermanifolds, so one
may follow the standard texts on that subject [15,30,37]. The differences that
exist are quite subtle, and we will comment on these to the extent required in
our applications. Specifically, we shall follow the conventions of Ref. [4].
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In particular, we will work in the framework of C-superspaces, that is, of locally
superringed spaces over SpecC. Our notation will always be X = (X0,OX)
for C-superspaces, and ϕ = (ϕ0, ϕ

♯) : X −→ Y for morphisms, where we may
consider ϕ♯ as a sheaf map OY −→ ϕ0∗OX or ϕ−1

0 OY → OX by the fundamen-
tal adjunction of the direct and inverse image functors, see e.g. Refs. [11, I.4,
Equation (5)] or [26, II.4, Theorem 4.8].
Somewhat abusing notation, we will also write X0 for the reduced superspace
associated with X , see [4, Construction 3.9]. There is a canonical closed em-
bedding

jX0 : X0 −→ X

and for any f ∈ OX(U), where U ⊆ X0 is open, and any x ∈ U , we denote by
f(x) := j♯X0

(f)(x) ∈ κ(x) := OX,x/mX,x the value of f at x. In the cases of
interest to us, we will always have κ(x) = C.
We define the cs and complex affine superspaces as

Ap|q := (Rp, C∞Rp ⊗
∧
(Cq)∗), Ap|qhol := (Cp,HCp ⊗

∧
(Cq)∗),

where C∞Rp is the sheaf of smooth complex-valued functions on Rp andHCp is the
sheaf of holomorphic functions on Cp, and we consider the Euclidean topology.
Then, by definition, a cs manifold is a C-superspace locally isomorphic to Ap|q,
whereas a complex supermanifold is one locally isomorphic to Ap|qhol.
We are tempted speak of cs manifolds simply as “supermanifolds”, but for the
sake of convention, we will stick in this paper to the original appellation, which
was introduced by Joseph Bernstein, cf. Ref. [15].
More generally, given two cs manifolds X and S, a cs manifold over S is
a morphism X → S that is locally in X isomorphic to the projection of a
direct product S × Y → S. In this case dimS X := dim Y is called the fibre
dimension. Usually, we will just write X/S without mentioning the structural
morphism explicitly, denoting it by pX where necessary. In particular, Ap|qS :
= S × Ap|q is a cs manifold over S. A morphism f : X/S → Y/S over S is
a morphism f : X → Y respecting the structural morphisms. Given an open
embedding X/S → Ap|qS /S over S, the pullback of the standard coordinate
functions on Ap|q is called a fibre coordinate system (over S). We recover the
usual cs manifolds upon setting S = ∗, the terminal object of the category of
C-superspaces (i.e. the singleton space, together with the constant sheaf C),
but the relative point of will be important in Subsections 2.3, 2.6, 2.4, and 3.2.
In Ref. [30], the corresponding notion for real supermanifolds is discussed under
the name of families. In Ref. [4], which we follow, it is defined over base
superspaces S more general than cs manifolds.
A coordinate-free view on affine superspaces will be useful. To that end, we
define a cs vector space to be a real super-vector space V = V0̄ ⊕ V1̄ with a
distinguished complex structure on V1̄. We set

A(V ) :=
(
V0̄, C∞V0̄

⊗∧V ∗
1̄

)
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for any finite-dimensional cs vector space V . In particular, Ap|q = A(Rp⊕ΠCq).
Similarly, for any finite-dimensional complex super-vector space V, we define

Ahol(V ) :=
(
V0̄,HV0̄

⊗∧V ∗
1̄

)
,

so that Ap|qhol = Ahol(Cp|q), where we write Cp|q := Cp ⊕ΠCq.
We take note of the following trivial observation

V0̄ = 0 =⇒ A(V ) = Ahol(V ).

2.2. Morphisms to affine superspaces. One essential respect in which cs
manifolds differ from real or complex supermanifolds is that morphisms to
affine superspace are characterised in a subtly different fashion. Namely, for
any C-superspace X , denote by OX,R the sheaf whose local sections are the
superfunctions f (i.e. local sections of OX) whose values f(x) are real, for any
x ∈ X0 at which f is defined. Then we have the following generalisation of
Leites’s theorem on morphisms.

Proposition 2.1 ([4, Lemma 3.13, Corollary 4.15]). Let T be a cs manifold
and denote the standard coordinate system on Ap|q by (ta). Then the natural
map

Ap|q(T ) := Hom(T,Ap|q) −→ Γ
(
Op
X,R,0̄ ×O

q
X,1̄

)
: f 7−→ (f ♯(ta))

is a bijection. Here and in what follows, Hom denotes morphisms of C-
superspaces and Γ denotes the global sections functor for sheaves.

Expanding on the above conventions, we let, for any cs manifolds X and T ,
X(T ) := Hom(T,X) denote the set of morphisms T −→ X . We call any such
morphism x : T −→ X a T -valued point and write x ∈T X . For a morphism
f : X → Y and x ∈T X , we denote by f(x) := f ◦ x ∈T Y . Given a T -valued
point x ∈T X where T/S is a cs manifold over S, we write x ∈T/S X/S (or
x ∈T/S X for brevity) if x is over S as a morphism T → X . We will use this
suggestive notation constantly. Together with the Yoneda lemma, it provides
a convenient way of defining and handling morphisms. We will be constantly
using this point of view, so Proposition 2.1 is basic to our study.
A coordinate-free version of Proposition 2.1 can be formulated as follows: Fol-
lowing Ref. [4], we define

(V ⊗W )0̄ := V0̄ ⊗R W0̄ ⊕ V1̄ ⊗C W1̄.

With this notation, the above proposition admits the following reformulation.

Corollary 2.2 ([4, Corollary 3.24]). Let V be a finite-dimensional cs vector
space and T a cs manifold. Then there is a natural bijection

A(V )(T ) = Hom(T,A(V )) −→ Γ
(
(OT,R ⊗ V )0̄

)
.

On the other hand, as the holomorphic version of Leites’s theorem states, mor-
phisms from a complex supermanifold T to Ap|qhol constitute the same data as
tuples of superfunctions on T without any reality condition. Remarkably, this
carries over to the situation where T is a cs manifold, by the results of Ref. [4].
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Proposition 2.3. Let V be a finite-dimensional complex super-vector space
and T a cs manifold. Then there is a natural bijection

Ahol(V )(T ) = Hom(T,Ahol(V )) −→ Γ
(
(OT ⊗C V )0̄

)
.

Proof. Broadly following Ref. [4], a C-superspace T is called holomorphically
regular if the above natural map is bijective for any V and any open subspace
of T .
Thus, our claim is that any cs manifold is holomorphically regular. We will use
the terminology of Ref. [4]. Since its use will be localized to this proof, we refer
to that article for any undefined notions. Firstly, we may assume that V = Cn,
by Lemma 4.15 (op. cit.). Then Ahol(V ) = Anhol and Anhol(T ) = Anhol(T

0̄), where

T 0̄ := (T0,OT,0̄) is the even part of T , so it is sufficient to prove that T 0̄ is
holomorphically regular.
But by Proposition 5.24 (op. cit.), T 0̄ (and hence, any open subspace thereof)
admits a tidy embedding into some AN . In view of Proposition 5.11 and Lemma
5.2 (op. cit.), it is therefore sufficient to prove that AN is holomorphically
regular. By Lemma 5.2 (op. cit.) again, the natural map is injective for any
open subspace of AN . Let us prove that it is also surjective.
So, let U ⊆ RN be open and f1, . . . , fn ∈ OAN (U) = C∞(U,C). We may define
f0 := (f1, . . . , fn) : U → Cn, and this map is smooth. Setting

f ♯V (h) := h ◦
(
f0|f−1

0 (W )

)
, h ∈ OAnhol

(W ) = H(W ),

for any open W ⊆ Cn, defines a morphism f = (f0, f
♯) : AN |U → Anhol such

that f ♯(za) = fa, where (za) are the standard coordinates on Anhol. �

For any finite-dimensional complex super-vector space V , we define a set-valued
cofunctor AC(V ) on the category of cs manifolds by setting

AC(V )(T ) := Γ
(
(OT ⊗C V )0̄

)

on objects T , and by the obvious definition on morphisms. In these terms, Pro-
position 2.3 states that AC(V ) is the restriction to the category of cs manifolds
of the point functor of the complex supermanifold Ahol(V ). (Of course, the
restriction of the point functor of the algebraic affine superspace SpecS(V ∗) to
cs manifolds is also the same, but this is somewhat less remarkable.)
Proposition 2.3 has the following consequence, which will be important in the
applications to supergroups below.

Corollary 2.4. Let X and Y be complex supermanifolds and T a cs manifold.
Then the natural map

(X × Y )(T ) −→ X(T )× Y (T )

is a bijection.
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2.3. The tangent functor. Preparing for our discusson of the exponential
morphism of cs Lie supergroups below, we introduce the ‘total space’ of the
‘tangent bundle’. A subtlety for cs manifolds X is that such a ‘total space’
representing the (complex) tangent sheaf does not literally exist as a cs mani-
fold. In this section, we introduce a replacement on the level of functors. We
then single out a representable subfunctor, the ‘real tangent bundle’. We will
work with cs manifolds over an arbitrary base S. This will be used to the de-
fine the exponential morphism. It will also be important for the machinery of
Berezinian fibre integration that we introduce in Subsection 2.6, on which our
proof of the Weyl symmetry of the spherical superfunctions in Corollary 3.20
hinges.

Definition 2.5 (The tangent functor). Let X/S be a cs manifold over S. We
let TX/S be the sheaf of p−1

X,0OS-linear superderivations of OX , and call this
the tangent sheaf over S. Locally, it is spanned by fibre coordinate derivations
and hence locally free. We define the tangent functor TSX of X over S as the
set-valued cofunctor on cs manifolds given on objects T/S by

(TSX)(T/S) :=
{
(x, v)

∣∣ x ∈T/S X, v ∈ Γ
(
(x∗TX/S)0̄

)}

and by the obvious definition on morphisms. There are canonical morphisms
of functors

0X : X −→ TSX : x 7−→ (x, 0), πX/S : TSX −→ X : (x, v) 7−→ x,

called the zero section and the projection, respectively. If S = ∗, we omit the
corresponding subscripts.
The construction of TSX is functorial: For any morphism ϕ : X/S → Y/S of
cs manifolds over S, the tangent morphism TSϕ : TSX → TSY is defined by

(TSϕ)T (x, v) :=
(
ϕ(x), Tx/Sϕ(v)

)
, (Tx/Sϕ)(v)(f) := v

(
ϕ♯(f)

)

for all f ∈ (ϕ−1
0 OY )(U), U ⊆ Y0 open. Here, we recall that x∗TX/S is the sheaf

of vector fields over S and along x.
Clearly, the functor TS : X 7→ TSX preserves fibre products over S, so TSS = S
and T ∗ = ∗, the point functor of the singleton space.

This definition of the tangent functor is compatible with the definition of the
tangent spaces. If x ∈ X0 is a point, considered as a morphism ∗ −→ X , then
the fibre product of functors (TSX)x = ∗ ×X TSX is given by

(TSX)x(T ) = (∗ ×X TSX)(T ) = Γ
(
(x∗T TX/S)0̄

)

=
{
ϕ ∈ HomS(T × SpecD0̄, X)

∣∣ ϕ|ε=0 = xT
}

= AC(Tx/SX)(T ).

(2.1)

Here, xT is the specialization of x, i.e. the composite T −→ ∗ −→ X , and
Tx/SX is the tangent space of X over S at x—that is, the super-vector space
over C whose homogeneous elements are the OS,p0(x)-linear maps v : OX,x → C
such that

v(fg) = v(f)g + (−1)|f ||v|fv(g), ∀f, g.
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In other words, the fibre of TSX −→ X over x is the C-affine superspace of
Tx/SX . Moreover, SpecD0̄ = (∗,C[ε]/(ε2)), and (·)|ε=0 denotes the canonical

morphism T −→ T × SpecD0̄ that pulls back functions in OT [ε]/(ε2) by drop-
ping the linear term in ε. The last of the equalities in Equation (2.1) amounts

to the routine check that the map ϕ♯ = x♯T + εv is an algebra morphism if and
only if v is a vector field over S along xT .
Similarly, one checks that for any morphism ϕ : X → Y , the action of Tϕ on
the fibre (TSX)x is simply given by the application of the functor AC(·) to the
ordinary tangent map Tx/Sϕ : TxX → Tϕ0(y)Y .

Besides the (complex) tangent space Tx/SX over S, we consider the real tangent
space, defined as the cs vector space

TR
x/SX :=

{
v ∈ Tx/SX

∣∣ v(OX,R,0̄) ⊆ R
}

of real tangent vectors. More generally, we introduce the following.

Definition 2.6 (The real tangent bundle). The real tangent sheaf T R
X/S of X

over S as the subsheaf of TX/S whose local sections over an open set U ⊆ X0

are those v ∈ TX/S(U) such that

v(OX,R,0̄(V )) ⊆ OX,R(V )

for all open subsets V ⊆ U .
If (xa) = (u, ξ) are local fibre coordinates of X over S defined on U , then

T R
X/S

∣∣
U
=
⊕

i

OX,R
∂

∂ui
⊕
⊕

j

OX
∂

∂ξj
,

where ∂
∂ui

and ∂
∂ξj

are the fibre coordinate derivations introduced by (u, ξ).
In this sense, T R

X/S is a ‘locally free graded module over the ring extension
(OX ,OX,R)’.
We define the real tangent functor TR

SX as the subfunctor of TSX given on
objects by

(TR
SX)(T/S) :=

{
(x, v) ∈ TSX(T/S)

∣∣ v ∈ Γ
(
(x∗T R

X/S)0̄
)}
.

The condition on v in the last equation amounts to

v
(
(x−1

0 OX,R,0̄)(U)
)
⊆ OT,R(U)

for all open subsets U ⊆ T0. Due to the local freeness of T R
X/S , the functor

TR
SX is representable by a cs manifold, which is the total space of a vector

bundle over X . This vector bundle, also denoted by TR
SX , is called the real

tangent bundle of X.
By Proposition 2.1 or Corollary 2.2, its fibre at x ∈ X0 is computed to be

(TR
SX)x = A

(
TR
x/SX

)
,

the cs affine superspace associated with the cs vector space TR
x/SX .
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2.4. The exponential morphism of a cs Lie supergroup. It is a well-
known fact that there is an equivalence between the categories of Lie super-
groups and supergroup pairs, cf. Ref. [13, 15, 28, 29]. This is true in the real
and complex, smooth and analytical cases, and the arguments valid in these
cases carry over unchanged to the setting of cs Lie supergroups.
However, for applications, in particular those to Harmonic Superanalysis we
are concerned with in this paper, it useful to have a ‘geometric’ view on this
equivalence. This uses the exponential morphism and the Campbell–Hausdorff
series, neither of which has as yet been given a treatment in the literature in
this setting.
The exponential morphism will also be used extensively in Section 4, for the
derivation of the Iwawasa H-projection and the integration in exponential co-
ordinates on the nilpotent Iwawasa N supergroup (on the basis of Proposi-
tion 3.12), both of which are primordial for the c-function asymptotics. More-
over, the cs Lie supergroups we will consider (see below for the definition) will
be ‘forms’ of complex Lie supergroups. We will widely use their functors of
points, and the avalability of a manageable expression thereof will be crucial.
As we show below, in Proposition 2.14, such an expression can be derived by
means of the exponential morphism. We begin with some basic definitions.

Definition 2.7. By definition, a cs Lie supergroup is a group object G in the
category of cs manifolds.

Let G be a cs Lie supergroup. We set

g := T1G, gR := TR
1 G,

where we write TR
1 G = TR

1/∗G and otherwise use the notation from Subsection

2.3. We have

g =
{
x
∣∣ g = 1 + εx0̄ + τx1̄ ∈ G(SpecD)

}
, D := C[ε|τ ]/(ε2, ετ),

where we set SpecD := (∗,D). Hence, for x, y ∈ g, we may define [x, y] by

a = 1 + ε[x, y]0̄ + τ [x, y]1̄, a := (ghg−1h−1)|ε=ε1ε2=τ1τ2,τ=τ1ε2=ε1τ2 ,
where

g := 1 + ε1x0̄ + τ1x1̄, h := 1 + ε2y0̄ + τ2y1̄.

With this bracket, g acquires the structure of a complex Lie superalgebra.
Moreover, we have gR,0̄ = g0 and g0̄ = g0 ⊗R C, where g0 is the Lie algebra of
the real Lie group G0. Note that by Corollary 2.2, we have

A(gR)(A0|q) = TR
1 ((ΠT

q)G)0,

the Lie algebra of the real Lie group ((ΠT )qG)0 = G(A0|q).
When ϕ : G→ H is a morphism of cs Lie supergroups, then ϕ(1) = 1, so that
we have a map dϕ := T1ϕ : g = T1G → T1H = h. Using the definition of the
bracket, it is immediate that dϕ is a morphism of complex Lie superalgebras.
Moreover, we have dϕ(gR) ⊆ hR.
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We may now transfer the definition of the exponential morphism of a real Lie
supergroup [21] to the setting of cs Lie supergroups. We shall be terse on the
parts that are similar, highlighting only the use of the tangent functor.

Proposition 2.8. Let G be a cs Lie supergroup. There is a unique morphism

expG : A(gR)→ G

of cs manifolds whose action on A0|q-valued points is precisely the exponential
map of the real Lie group ((ΠT )qG)0 = G(A0|q). The morphism expG is a local
isomorphism in a neighbourhood of zero.

Proof. The uniqueness is obvious, since the A0|q form a set of generators for
the category of cs manifolds.
For the existence, we construct a certain even vector field on G× A(gR). If m
is the multiplication of G, we consider

0G × ι : G× AC(g)→ TG× TG, Tm : TG× TG = T (G×G)→ TG,

where ι is the canonical morphism AC(g) = (TG)1 → TG.
Let L denote their composite. Explicitly, on points, it is given by

L(g, v) = Tm(g, 1, 0, v) =
(
g, vg

)
, vg(f) := (id⊗ v)

(
m(g, ·)♯(f)

)
.

The inverse morphism L−1 : TG→ G× AC(g) is given on points by

L−1(g, v) = (g, vg−1),

so that L is an isomorphism of functors.
Now, we define the morphism Θ : G× A(gR) −→ TG as the composite

G× A(gR) G× A(g) TG.L

By the Yoneda Lemma, Θ corresponds to a unique element (x, v) of

T (G)(G× A(gR)).

It is clear that πG ◦Θ = p1 : G× A(gR)→ G, so that v ∈ Γ
(
(p∗1TG)0̄

)
.

We may promote v to an even vector field on G× A(gR) over A(gR). Arguing
as in [21, Lemma 4.1], one sees that v is real and complete. Let

γv : A1 ×G× A(gR)→ G× A(gR)

be its global flow. We define expG as the composite

A(gR) A1 ×G× A(gR) G× A(gR) G.
(1,1)×id γv p1

Using the naturality of the morphism L, we see that v corresponds on G(A0|q)
to a similarly defined vector field that is known to generate the exponential
flow [27]. This implies the claim. �

Corollary 2.9. Let ϕ : G→ H be a morphism of cs Lie supergroups. Then

expH ◦ A(dϕ) = ϕ ◦ expG .
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Proof. It is sufficient to check the equality on A0|n-valued points, where it is
immediate from Proposition 2.8 and the classical theory [25]. �

The following is a form of the equivalence of supergroups and supergroup pairs,
stating that any supergroup G is G0-equivariantly split. (In fact, it gives the
essential bijection on objects; the equivalence on morphisms then follows from
Corollary 2.9.)

Corollary 2.10. Let G be a cs Lie supergroup. Then the morphism

G0 × A(g1̄) −→ G : (g, x) 7−→ g expG x

is a G0-equivariant isomorphism of cs manifolds.

Proof. Since d expG = idg by Proposition 2.8 and the morphism is G0-
equivariant, it has invertible tangent map at every point. The underlying map
is idG0 , so the claim follows from the inverse function theorem [13, 15, 30]. �

We end this subsection by a discussion of the adjoint action. This is the
action AdG := Ad of G on AC(g) = (TG)1, given as follows: For g ∈S G and
x ∈ (TG)1(S), regard x as an element of G(S×SpecD0̄) such that x|ε=0 = 1S .
(See the comments after Equation (2.1) for explanation.) Then

Ad(g)(x) := gxg−1 ∈ G(S × SpecD0̄),

where g is specialized to S × SpecD0̄ via the first projection. It follows that

Ad(g)(x)|ε=0 = gg−1 = 1S ,

so Ad(g)(x) ∈S (TG)1 = AC(g). Using the definitions, it is easy to check that
for any morphism ϕ : G→ H of cs Lie supergroups, we have

AdH(ϕ(g))(AC(dϕ)(x))) = AC(dϕ)
(
AdG(g)(x)

)

for any g ∈S G, x ∈S AC(g).
If we let G0 ×G0 act on G0 ×A(g1̄) by (g1, g2)(g, x) = (g1gg

−1
2 ,Ad(g2)(x)) for

(g1, g2) ∈T G0×G0, then we see that the isomorphism stated in Corollary 2.10
is even (G0 ×G0)-equivariant.
Remarkably, the adjoint action of G passes to A(gR). Namely, let g ∈S G
and x ∈S A(gR). We need to check that for any f ∈ Γ(OG,R,0̄), we have
y(f) ∈ Γ(OS,R) for y := Ad(g)(x). By the definition, we have

y(f) = (id⊗ x)(f(g(·)g−1)),

where id⊗ x denotes the promotion of x to a vector field over S (which exists
because of the local freeness of the tangent sheaf over S, cf. [30, Lemma 2.2.3]).
Since f(g(·)g−1) = (m(g,m(·, g−1)))♯(f) is an even and real-valued superfunc-
tion on S ×G, the assertion is immediate from the assumption on x.

Corollary 2.11. Let G be a cs Lie supergroup. If g ∈S G and x ∈S A(gR),
then

expGAd(g)(x) = g(expG x)g
−1.
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Proof. By the above, both sides of the equation are well-defined. Hence, it is
sufficient to check the equality on A0|q-valued points, for every q. But on that
level, it follows from Proposition 2.8 and the classical theory [25]. Alternatively,
one may use a parameter version of Corollary 2.9. �

Remark 2.12. Although gR is in general not a Lie algebra, the bracket is
well-defined on A(gR). Indeed, g has a homogeneous basis (ea) contained
in gR. Then x, y ∈ Γ

(
OT,1̄ ⊗ g1̄

)
admit representations x =

∑
a xae

a and
y =

∑
a yae

a, and

[x, y] = −
∑

abc

xaybC
ab
c e

c

where Cabc ∈ C are the structure constants of g. But xaybC
ab
c has the value

zero, so that it is a section of OT,R,0̄.
2.5. Complex supergroups and cs forms. Our interest in cs supergroups
comes from the fact that their are many ‘cs forms’ of complex Lie supergroups,
whereas there are comparatively few real forms. (See the examples we will be
considering in Section 4 and beyond, and compare Ref. [15] for a more extensive
list of reasons. In any case, any real Lie supergroup defines a cs Lie supergroup
by the complexification of its structure sheaf.)
Since we will encounter many such cs forms, it will be useful to have a uniform
description of their functors of points. We will derive such a description by the
use of the exponential morphism.

Definition 2.13 (Forms of complex supergroups in cs manifolds). Let GC be
a complex Lie supergroup with associated complex supergroup pair (g, GC,0).
Let G0 be a real form of GC,0, i.e. a closed subgroup whose Lie algebra is a
real form of g0̄. The cs Lie supergroup G associated with (g, G0) is called a cs
form of GC.

Any cs form G of a complex Lie supergroup GC comes with a canonical mor-
phism G −→ GC of C-superspaces. It can be given an expression in terms of
the exponential morphism, as follows.
The real Lie supergroup (GC)R associated with GC has an exponential mor-
phism [21]. Since its differential is complex linear for the complex structure
induced by g, it is holomorphic, and therefore induced by a unique morphism
denoted by expGC

: Ahol(g)→ GC.
By the above and Corollary 2.4, the canonical morphism G → GC is given on
T -valued points as follows:

G −→ GC : g expG(x) 7−→ g expGC
(x), g ∈T G0, x ∈T A(g1̄) = Ahol(g1̄)

Thus, the T -valued points of G can be characterised within GC as follows.

Proposition 2.14. Let GC be a complex Lie supergroup and G a cs form of
GC. For any cs manifold T , the T -valued points of G are given by

G(T ) =
{
g ∈T GC

∣∣ g0 ∈T0 G0

}
.
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Proof. Express a T -valued point of GC as g expGC
(x) where g ∈T GC,0, x ∈T

Ahol(g1̄). By the above considerations, g expGC
(x) ∈ G(T ) if and only if g ∈T

G0.
Thus, we need to see that

g ∈T G0 ⇐⇒ g0 ∈T0 G0.

Since (expGC
(x))0 = 1, this will already be sufficient to prove the claim. Cer-

tainly, the left-hand statement implies that on the right-hand side.
On the other hand, assume that g0 ∈T0 G0. This pins down the map underly-
ing g. Local coordinates on G0 can be chosen in such a way that they are the
restriction of holomorphic local coordinates (za) on GC,0. Then g ∈T G0 trans-
lates to the requirement that g♯(za) be real-valued. Since (g♯(za))0 = za ◦ g0,
this is immediate by the assumption, thereby proving the claim. �

2.6. Integration on relative cs manifolds. Below, in Corollary 3.20, we
prove the Weyl symmetry of the spherical superfunctions φλ by the use of
integral geometry. Without this fact, we would not be able to prove convergence
in the delicate c-function expansion, nor could we derive the Harish-Chandra
series, so the result is absolutely essential.
In the proof of loc. cit., we will need to handle integrals with parameters. A
suitable formalism is that of fibre integrals over relative cs manifolds. We very
briefly collect the basic definitions and facts to it set up.

Definition 2.15 (Relative Berezinian densities). Assume given a cs manifold
X/Y over Y . For any fibre coordinate neighbourhood U ⊆ X0, we let

BerX/Y |U := Ber
(
T ∗
X/Y (U)

)
.

(Compare Ref. [31] for the definition of the Berezinian module of a free module.)
This defines a locally free OX -module BerX/Y with local basis of sections

Dx = D(u, ξ) = du1 · · · dup
∂

∂ξ1
· · · ∂

∂ξq

of parity ≡ q (2), for any local fibre coordinate system x = (xa) = (u, ξ).
Twisting by the relative orientation sheaf, we obtain |Ber|X/Y := orX0/Y0

⊗Z

BerX/Y , with corresponding local basis of sections |Dx| = |D(u, ξ)|. The local
sections of the latter sheaf are called relative Berezinian densities.

Definition 2.16 (Relative Berezin integral). Let X/Y be a cs manifold over
Y . A retraction r : X → X0 (i.e. a left inverse of jX0 : X0 → X) is called
a retraction over Y if there is a retraction rY : pX(X) → pX(X)0 such that
rY ◦ pX = pX0 ◦ rX . Here, pX(X) ⊆ Y is the open subspace of Y over the open
set pX,0(X0) ⊆ Y0.
Fix a retraction r of X over Y . A local system (u, ξ) of fibre coordinates is
called r-adapted if u = r♯(u0) for some fibre coordinate system u0 of X0/Y0.
Let ω ∈ Γ(|Ber|X/Y ). Then we may define

Y

 r

X

ω ∈ OY (pX,0(X0)),
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the relative Berezin integral or fibre integral of ω, as follows.
Let (Ui) be a collection of open subspaces of X , such that suppω ⊆ ⋃i Ui,0,
there are r-adapted fibre coordinate systems (ui, ξi) over Y defined on Ui,
and there are rY -adapted coordinate systems (vi, ηi) on Vi := pX(Ui), such

that (ui, p♯X(vi), ξi, p♯X(ηi)) form coordinate systems of Ui. Let (χi) be a (not
necessarily compactly supported) partition of unity on

⋃
i Ui,0, subordinate to

the cover.
We may expand

ω|Ui,0 = |D(ui, ξi)| f i, f i =
∑

I,J

ξIp♯X(ηJ )r♯(giIJ), giIJ ∈ OX0(Ui,0),

with I ranging through the subsets of {1, . . . , q}, p|q := dimY X , and J ranging
though the subsets of {1, . . . , n}, m|n := dimY .
With these data, we define

Y

 r

X

ω :=
∑

i,J

ηJp♯Y

(

Y0

 

X0

|dui0|χigiqJ
)
,

whenever the integrals and the series converge absolutely.
Here, q = {1, . . . , q} and

Y0

ffl

X0
̟ denotes the function y 7−→

´

p−1
X,0(y)

̟|p−1
X,0(y)

,

defined on pX,0(X0).

Remark 2.17. In Definition 2.16, the retraction rY is uniquely determined by r.
In particular, not every retraction of X is over Y . For example, the retraction
r on A2|2, given by r(s) := (s1 + s2s3s4, s2) for an T -valued point s ∈T A2|2,
has no counterpart under the submersion ψ : A2|2 −→ A1|2, (s1, s2, s3, s4) 7−→
(s1, s3, s4).

Up to some computations in coordinates, the following fact is no harder to
prove than the absolute situation where Y = ∗, cf. Ref. [3].
Theorem 2.18. The relative Berezin integral is well-defined independent of all
choices and depends only on the choice of a retraction. In case the integrand ω ∈
Γ(|Ber|X/Y ) is compactly supported in the fibres over Y , i.e. pX,0 : suppω → Y0
is a proper map, then the integral is independent of the retraction.

Recalling the definition of the direct image with proper supports from Ref. [11],
the condition in the above theorem be succintly rephrased as follows:

ω ∈ Γ(pX,0!|Ber|X/Y ).
We will use this notation in the sequel.

Corollary 2.19. Let ϕ : X ′/Y → X/Y be a morphism of cs manifolds.
Let r and r′ be retractions of X and X ′ over Y , respectively. Assume that
r ◦ ϕ = ϕ0 ◦ r′. Then for any ω ∈ Γ(|Ber|X/Y ), we have

Y

 r′

X′

ϕ♯(ω) =
Y

 r

X

ω

i.e. both integrals exist if only one of them does, in which case they coincide.
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2.7. Integral localization in polar coordinates. It is known that un-
der suitable symmetry assumptions, there are remarkable integral localization
theorems for supermanifolds [16, 35]. Here, we show that for the special case
of the supersphere, a precise form thereof can obtained by the use of polar
coordinates.
We shall make extensive use of the formalism of T -valued points. Compare the
remarks in Subsection 2.2; the reader may also consult Ref. [1, Appendix B].
Denote by y = (ya) = (v, η) the standard coordinates on Ap|2q and the Berezin–
Lebesgue density by |Dλ| := (−2π)−q|Dy|. The retraction associated with y
is

r(x) := x0̄ := (x1, . . . , xp), x ∈ Ap|2q(T ) = Γ
(
Op
T,0̄,R ×O

q
T,1̄

)
.

One should avoid to confuse x0̄ ∈ Ap(T ) with the underlying morphism x0 ∈
Ap(T0).
Furthermore, ‖ · ‖2 : Ap|2q → A1 shall be given by

(2.2) ‖x‖2 :=

p∑

i=1

x2i + 2

q∑

j=1

xp+2j−1xp+2j

for x ∈T Ap|2q. Using the positive square root, this yields

‖ · ‖ := √ ◦ ‖ · ‖2 : Ap|2q6=0 → A1
>0,

where Ap|2q6=0 := Ap|2q|Rp\{0} and similarly for the subscript “> 0”.

Definition 2.20 (Rotationally invariant superfunctions). Let f ∈
Γ(OS×Ap|2q ), where S is any cs manifold. In case p > 0, f will be
called rotationally invariant over S if for some ε > 0, there exists an
f◦ ∈ OS×A1(S0 × (−ε,∞)) such that

f(s, x) = f◦(s, ‖x‖), (s, x) ∈T S × Ap|2q6=0 .

In case p = 0, ‖ · ‖ is not defined, so the definition of rotational invariance
has to be modified as follows: f is called rotationally invariant over S if there
exists g ∈ Γ(OS×A1), with

f(s, x) = g(s, ‖x‖2), (s, x) ∈T Ap|2q.

In this case, we define f◦(s, t) := g(s, t2).

Remark 2.21. In the case p > 0, the super function f◦|S0×(0,∞) extends to a

superfunction on S × A1 such that f(s, t) = f(s,−t). Such an extension is
given by f◦(s, t) := f(s, te1), where t ∈T A1 and e1 is the first standard basis
vector of Rp.
Since f◦ is even in the second component, there is an extension g of f◦ ◦ (idS×√

) to S × A1, and f(s, x) = g(s, ‖x‖2) for all (s, x) ∈T S × Ap|2q.

Here and in what follows, when handling Berezin (fibre) integrals, we will use
Theorem 2.18 and Corollary 2.19 implicitly.

Documenta Mathematica 19 (2014) 1317–1366



1334 Alldridge, Palzer

Proposition 2.22. Let f ∈ Γ(OS×Ap|2q ) be rotationally invariant over S. Then

S

 r

S×Ap|2q
|Dλ(x)| f(s, x) =





π
p−2q

2 (−1)q
Γ(p2 )

ˆ ∞

0

dr r
p
2−1∂qrf

◦(s,
√
r), p > 0,

(−π)−q∂qr=0f
◦(s,
√
r), p = 0,

in the sense that the integral exists if and only if the right-hand side exists, and
in this case, they are equal.

Proof. Consider the superfunction g from above. Applying Taylor expansion
yields

g(s, t+ t′) ≡
q∑

k=1

1

k!
t′k∂kt′=0g(s, t+ t′) ≡

q∑

k=1

1

k!
t′k∂kt g(s, t) mod (t′q+1)

with t = t′ = idA1 . Hence, we have

f(s, y) = g(s, ‖v‖2 + ‖η‖2) =
q∑

k=1

1

k!
∂k2 g(s, ‖v‖2)‖η‖2k,

where y = idAp|q , v = idAp , η = idA0|q , and (∂2g)(s, t) := ∂tg(s, t).
The expression ‖η‖2k contains η1 · · · η2q if and only if k = q. In this
case, it equals 2qq!η1 · · · η2q. For p = 0, this means that the integral is
(−π)−q∂qt=0g(s, t), as claimed. Similarly, if p > 0, then it takes the form

S

 r

S×Ap|2q
|Dλ(x)| f(s, x) = (−π)−q

ˆ

Rp
|dv0| ∂q2g(s, ‖v0‖2).

Applying polar coordinates for p > 2, we obtain for C = 2π
p−2q

2 (−1)qΓ(p2 )−1

= C

ˆ ∞

0

dr rp−1∂q2g(s, r
2) =

C

2

ˆ ∞

0

dr r
p
2−1∂qrg(s, r).

In case p = 1, one obtains the same result by symmetry. �

We obtain the following localization formula.

Corollary 2.23. Let k 6 min(p2 , q) and f ∈ Γ(OS×Ap|2q ) be rotationally
invariant and compactly supported in the fibres over S. Then

S

 r

S×Ap|2q
|Dλ(x)| f(s, x) =

S

 r

S×Ap−2k|2q−2k

|Dλ(x)| f◦(s, x).

Proof. Use Proposition 2.22 and integration by parts for k < p
2 . The funda-

mental theorem of calculus needs to be applied for k = p
2 . �

Combining our results, the integral of rotationally invariant superfunctions
takes the following form, which depends only on p− 2q and not on p|2q.
Corollary 2.24. Let f ∈ Γ(OS×Ap|2q ) be rotationally invariant and compactly
supported along the fibres over S. Then

S

 r

S×Ap|2q
|Dλ(x)| f(s, x) = 2π

p−2q
2

Γ(p−2q
2 )

ˆ ∞

0

dr rp−2q−1f◦(s, r), p− 2q > 0.
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If p− 2q 6 0, then the following two cases occur:




(−π) p−2q
2 ∂

2q−p
2

r=0 f◦(s,
√
r) = (−π) p−2q

2
(2q−p2 )!

(2q − p)!∂
2q−p
r=0 f◦(s, r), 2 | p− 2q 6 0,

(−π) p−1−2q
2

ˆ ∞

0

dr r−
1
2 ∂

2q+1−p
2

r f◦(s,
√
r), 2 ∤ p− 2q < 0.

Proof. In view of Proposition 2.22 and Corollary 2.23, the only case that needs
some consideration is that of p = 0. Here, Faà di Bruno’s formula gives

∂2qr=0f
◦(s, r) = ∂2qr=0f

◦(s,
√
r2) =

∑

k1+2k2=2q

(2q)!

k1!k2!
∂k1+k2t=0 f◦(s,

√
t) 0k11k2 .

All summands except for k2 = q vanish. �

3. Symmetric superspaces and spherical superfunctions

In this section, we introduce our main objects, the spherical superfunctions.
Before proceeding to the definition of the spherical superfunctions, we collect
some ancillary facts concerning symmetric superpairs and integration formulæ.

3.1. Symmetric superpairs. We review some facts on symmetric superpairs,
referring to Refs. [1, 6] for omitted details.

Definition 3.1 (Symmetric superpairs and Cartan decomposition). A sym-
metric superpair is a pair (g, θ), where g be a complex Lie superalgebra and θ
an involutive automorphism of g. The eigenspace decomposition

g = k⊕ p, k := ker(1− θ), p := ker(1 + θ)

is called Cartan decomposition of (g, θ).
Let (G,K, θ) be given, where G is a cs Lie supergroup with Lie superalgebra
g, θ is an involutive automorphism of G, and K is a closed subsupergroup,
θ|K = idK , and its Lie superalgebra is k = ker(1 − θ) (denoting the derivative
of θ by the same letter). Then (G,K, θ) is called a symmetric supertriple, and
the symmetric superpair (g, θ) is called the infinitesimal superpair associated
with (G,K, θ).
Then (G,K, θ) is said to admit a global Cartan decomposition if the morphism

K × A(pR) −→ G : (k, x) 7−→ kex(3.1)

is an isomorphism of cs manifolds. Here, we write ex := expG(x).

Proposition 3.2. A pair (G,K, θ) admits a global Cartan decomposition if
and only if this is true for (G0,K0, θ0).

Proof. The morphism in (3.1) is a local isomorphism at (1, z), for any z ∈
A(pR)0, since its derivative is given by k × p −→ g : (y, x) 7−→ y + x. Since
the morphism is K-equivariant, it is everywhere a local isomorphism. By the
inverse function theorem [30], it is an isomorphism if and only if the underlying
map is a bijection. �
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Definition 3.3 (Reductive and even type conditions). The notions of a reduc-
tive, strongly reductive, or even type symmetric superpair (g, θ) are defined in
Ref. [1].
If (g, θ) is the infinitesimal superpair of a symmetric supertriple (G,K, θ), then
we accordingly apply these adjectives to (G,K, θ).

Definition 3.4. Let (g, θ) be a reductive symmetric superpair of even type
with even Cartan subspace a. Then

(3.2) g = m⊕ a⊕
⊕

α∈Σ

gα, m := zk(a), gα :=
⋂

h∈a

ker(adh− α(h)),

where Σ ⊆ a∗ \ 0, called the set of restricted roots, is the finite set defined by
this equation. A root α ∈ Σ is called even and odd, if, respectively, gα0̄ 6= 0 and
gα1̄ 6= 0. Note that roots may simultaneously be even and odd.
Given h ∈ aR such that α(h) ∈ R \ 0 for all α ∈ Σ, the subset

Σ+ :=
{
α ∈ Σ

∣∣ α(h) > 0
}

is called a positive system. Roots α ∈ Σ+ for which α
2 /∈ Σ are called indivisible.

We set ̺ := 1
2

∑
α∈Σ+ mαα, where mα := sdim gα = dim gα0̄ − dim gα1̄ .

Fixing a positive system Σ+, Equation (3.2) takes on the form

g = n̄⊕m⊕ a⊕ n, n :=
⊕

α∈Σ+

gα, n̄ := θ(n) =
⊕

α∈Σ+

g−α,

the Bruhat decomposition of g. Since gα ⊕ g−α is θ-invariant, we have

g = k⊕ a⊕ n,

the Iwasawa decomposition of g.

For the remainder of this subsection, let (G,K, θ) be a reductive symmetric
supertriple of even type. Fix an even Cartan subspace and a positive system of
roots. Denote by N , N̄ , and A the analytic subsupergroups of G corresponding
to n, n̄, and a, respectively. Here, the analytic subsupergroup ofG corresponding
to a subalgebra h ⊆ g such that h0̄,R := h ∩ g0̄,R is a real form of h0̄ is defined
to be the cs Lie supergroup associated with the supergroup pair (h, H0), where
H0 is the analytic (i.e. , connected) subgroup of G0 with the Lie algebra h0̄,R.
Moreover, let M be the closed subsupergroup associated with the supergroup
pair (m,M0), where M0 := ZK0(a).
The following proposition follows in the same way as Proposition 3.2.

Proposition 3.5 (Global Bruhat decomposition). The morphism

N̄ ×M ×A×N 7−→ G : (n̄,m, a, n) 7−→ n̄man

is an open embedding if and only if this is true for the underlying map. In this
case, we say that (G,K, θ) admits a global Bruhat decomposition.

For the following proposition, consult Refs. [1, 6].
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Proposition 3.6 (Global Iwasawa decomposition). Both of the morphisms

K ×A×N −→ G : (k, a, n) 7−→ kan,

N ×A×K −→ G : (n, a, k) 7−→ nak

are isomorphisms if and only if this is already true for one of the underlying
maps. In this case, we say that (G,K, θ) admits a global Iwasawa decomposi-
tion.

Remark 3.7. Observe that M centralises a, since

Ad(mex)(h) = Ad(m)
(
ead(x)(h)

)
= h

for m ∈S M0, x ∈S A(m1̄), h ∈S A(aR). Similarly, M normalises N and N̄ .

Let (G,K, θ) admit a global Iwasawa decomposition. We define morphisms

k, u : G→ K, A,H : G→ A(aR), n, n1 : G→ N

by requiring, for g ∈S G, that
(3.3) g = k(g)eH(g)n(g) = n1(g)e

A(g)u(g).

Then

(3.4) n1(g) = n(g−1)−1, A(g) = −H(g−1), u(g) = k(g−1)−1.

In view of Remark 3.7, H and k are right M -invariant, i.e.

(3.5) H(gm) = H(g), k(gm) = k(g), g ∈S G,m ∈S M.

Moreover, we note for later reference that

(3.6) H(gh) = H
(
gk(h)) +H(h), k(gh) = k

(
gk(h)

)
,

for all g, h ∈S G. This follows from a straightforward computation on points.
The importance of the above decompositions is that they give rise to natural
coordinate systems on certain homogeneous superspaces. Here and in the se-
quel, we will use quotients of cs Lie supergroups. They are defined in the same
way as for real Lie supergroups, see Refs. [2,13] for the latter. We will need the
fact that for a closed cs Lie subsupergroup H of G, the sheaf of superfunctions
on G/H is the direct image under the canonical projection G0 −→ G0/H0 of
the sheaf of H-invariant superfunctions on G.

Proposition 3.8. Let (G,K, θ) admit a global Iwasawa decomposition. The
morphism

G −→ N ×A : g 7→
(
n1(g), e

A(g)
)

induces an isomorphism G/K −→ N ×A.
Let Q =MAN be the closed subsupergroup of G generated by M , A, and N .

Proposition 3.9. Let (G,K, θ) admit global Bruhat and Iwasawa decomposi-
tions. The composite

G K K/Mk

induces an isomorphism G/Q→ K/M . The composite

Documenta Mathematica 19 (2014) 1317–1366



1338 Alldridge, Palzer

N̄ G G/Q K/Mk̇

is an open embedding, which is also denoted by k.

3.2. Integral formulæ for supergroups and symmetric superspaces.
In this subsection, we derive integral formulæ for the decompositions given
above. These are crucial for the proof of the central Corollary 3.20 and therefore
for the proof of the c-function asymptotics and the Harish-Chandra series.
Moreover, the proof of loc. cit. hinges on the parameter-dependent version
of these formulæ, which are therefore technically not a simple-minded copy of
their classical relatives. We begin with some generalities, cf. Ref. [2].

Definition 3.10 (Invariant Berezinian densities). LetG be a cs Lie supergroup
and a : G×X → X an action. Consider the cs manifold XG := G×X over G.
A Berezinian density ω ∈ Γ(|Ber|X) is said to be G-invariant if

(a, pX)♯
(
p♯X(ω)

)
= p♯X(ω).

Here, pX : XG → X is the projection.

The following is straightforward.

Lemma 3.11. Let ω ∈ Γ(|Ber|X) be a Berezinian density. Then ω is G-
invariant if and only if, the following is true:

ˆ

X

ω(x)f(gx) =

ˆ

X

ω(x)f(x)

for any g ∈S G, any cs manifold S, and any f ∈ Γc(pX,0!OXG).
The G-superspace X is called analytically unimodular if there is a non-zero
G-invariant Berezinian density. If the action is transitive and X is analytically
unimodular, then |Ber|X has a global module basis, given by the choice of such
a Berezinian density; moreover, it is unique up to a multiplicative constant
[2]. Sufficient conditions for the analytic unimodularity of homogeneous G-
superspaces are stated in [1, Proposition A.2].

Proposition 3.12. Let G be analytically unimodular and |Dg| a non-zero G-
invariant Berezinian density. Let U = −U ⊆ A(gR)0 be an open neighbourhood
of 0 such that expG : A(gR)|U → G is an open embedding. Then

exp♯G(|Dg|) = |Dλ|(x) |Ber|
(1− e− ad x

adx

)

on A(gR)|U . Here, |Dλ| is an adequately normalized Berezin–Lebesgue density.

When G is nilpotent, then str adx = 0 for the generic point x of A(gR). Hence,
by [1, Proposition A.2] and Proposition 3.12, the following is immediate.

Corollary 3.13. Let G be a nilpotent cs Lie supergroup. Then G is analyti-
cally unimodular and

exp♯G(|Dg|) = |Dλ|
for an appropriate normalization of the invariant density |Dg| and the Berezin–
Lebesgue density |Dλ|.
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Proof of Proposition 3.12. The claim follows along the lines of the classical
result [23, Chapter I, § 2, Theorem 1.14].
If V is a sufficiently small neighbourhood of 0 ∈ g0, then the Campbell–
Hausdorff morphism

C : A(gR)|U × A(gR)|V → A(gR), expG C(x, y) = (expG x)(expG y)

is well-defined. We let

X := A(gR)|U × A(gR)|V , S := A(gR),

and consider X as a cs manifold over S via p1.
Set ϕ := (p1, C) and let exp♯(|Dg|) = |Dλ|ρ for some ρ ∈ OA(gR)(U). For any
f ∈ Γc(OA(gR)|U ), we have

ˆ

A(gR)

|Dλ| ρf =

ˆ

G

|Dg| f(log g) =
ˆ

G

|Dg| f
(
log(expG(−x)g)

)

=

ˆ

A(gR)

|Dλ(y)| ρ(y)f
(
C(−x, y)

)

=

ˆ

A(gR)

|Dλ(y)| |Ber|(Tϕ/S)ρ(C(x, y))f(y).

Here, x is the generic point of T := A(gR)|U and the identity y = C(x,C(−x, y))
was applied. Since f was chosen arbitrarily, this implies

ρ(y) = |Ber|
(
Tϕ/S

)
(x, y)ρ(C(x, y)), y ∈T g|V .

Setting y = 0 shows

ρ(x) = |Ber|
(
Tϕ/S

)
(x, 0)−1ρ(0).

Hence, the claim will follow after suitable normalization and computing
Tϕ/S |y=0. For the latter, it suffices to prove

T(x,0)/S(ϕ) =
adx

1− e− ad x

where we consider adx as an OT -linear endomorphism of OT ⊗ g. Interpreting
vector fields as morphisms via dual numbers D0̄ (see Subsection 2.3) this re-
duces to an equation between morphisms, which can be checked on A0|q-valued
points, and hence follows from the classical situation [25]. �

For the remainder of this subsection, let (G,K, θ) be a reductive symmet-
ric supertriple of even type, such that a global Iwasawa decomposition exists.
Further, assume that K0 is compact. Then the G × G-superspace G, the G-
superspace G/K, and the K-superspace K/M are all analytically unimodular.

We choose corresponding invariant Berezinian densities |Dg|, |Dġ|, and |Dk̇|, as
well as invariant densities |Dn| and |Dn̄| = θ♯(|Dn|) on N and N̄ , respectively,
and a Haar density da on A. The normalization of these relative to each other is
fixed by the Propositions 3.14, 3.15, and 3.17, which are simple generalizations
of integral formulæ from Refs. [1, 6].

Documenta Mathematica 19 (2014) 1317–1366



1340 Alldridge, Palzer

We will use without further mention the fact that for compactly supported
integrands, the Berezin (fibre) integral is independent of the choice of retraction
(Theorem 2.18) and thus admits coordinate transformations (Corollary 2.19).

Proposition 3.14 ([1, Proposition 2.2]). The pullback of the invariant Berezin
density |Dġ| via the Iwasawa isomorphism is |Dk| ⊗ da⊗ |Dn|. In particular,

ˆ

G

|Dg| f(s, g) =
ˆ

K

|Dk|
ˆ

A

da

ˆ

N

|Dn| f(s, kan)e2̺(log a)

for f ∈ Γc(p1!OS×G).

Proposition 3.15 ([6, Lemma 4.2]). Let f, h ∈ Γc(p1!OS×K/M ). Then

ˆ

K

|Dk| f(s, k(g−1k))h(s, k) =

ˆ

K

|Dk| f(s, k)h(s, k(gk))e−2̺(H(gk))

for any s ∈T S and all cs manifolds T .

Corollary 3.16. Let f ∈ Γ(OS×K/M ). Then for any s ∈T S, we have

ˆ

K/M

|Dk̇| f
(
s, k(g−1k)

)
=

ˆ

K/M

|Dk̇| f(s, k)e−2̺(H(gk)).

Proof. In the classical case, this equation follows directly from Proposition 3.15.
In the super setting, the volume of K may vanish, so one has to argue with
greater care. Let χ ∈ Γc(OK), such that

´

K |Dk′|χ(k′) = 1. Writing B =
K/M ,

ˆ

B

|Dk̇| f(s, k(g−1k)) =

ˆ

K

|Dk′|χ(k′)
ˆ

B

|Dk̇| f
(
s, k(g−1k′k)

)

=

ˆ

B

|Dk̇|
ˆ

K

|Dk′|χ(k′k−1)f
(
s, k(g−1k′)

)
,

by the left-invariance of |Dk̇| and the right-invariance of |Dk′|. By Proposi-
tion 3.15, this equals

=

ˆ

B

|Dk̇|
ˆ

K

|Dk′|χ
(
k(gk′)k−1

)
f(s, k′)e−2̺(H(gk′)),

so on applying the right-invariance of |Dk′| and the left-invariance |Dk̇| again,
we obtain the equalities

=

ˆ

K

|Dk′|
ˆ

B

|Dk̇|χ
(
k(gk′k)k−1

)
f(s, k′k)e−2̺(H(gk′k))

=

ˆ

K

|Dk′|
ˆ

B

|Dk̇|χ
(
k(gk)k−1k′

)
f(s, k)e−2̺(H(gk)).
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Finally, the left-invariance of |Dk′| gives

=

ˆ

B

|Dk̇|
(
ˆ

K

|Dk′|χ(k′)
)
f(s, k)e−2̺(H(gk))

=

ˆ

B

|Dk̇| f(s, k)e−2̺(H(gk)),

which is the desired statement. �

We have the following fact from Ref. [6].

Proposition 3.17 ([6, Proposition 4.4]). The pullback of the invariant Berezin

density |Dk̇| on K/M via the open embedding k from Proposition 3.9 is
|Dn̄|e−2̺(H(n̄)).

Remark 3.18. Note that the standard retraction on N̄ is in general not compat-
ible via k with any globally defined retraction on K/M . Hence, Theorem 2.18
does not apply, and the equality

ˆ

K/M

|Dk̇| f(s, k) =
ˆ r

N̄

|Dn̄| f
(
s, k(n̄)

)
e−2̺(H(n̄))

will in general not hold for superfunctions f ∈ Γ(OS×K/M ), unless the inter-

section supp f with the image of S × N̄ is not compact along the fibres of p1.
Below, where we derive the leading asymptotics of the spherical superfunctions
on G/K, we will resolve these issues by introducing an atlas of similar charts
and cutting off the integrand in these charts by the choice of a partition of
unity.
A similar problem occurs if we use polar coordinates on G/K, in fact, it is
more severe, leading to singularities at the boundary of the Weyl chamber.
In a forthcoming paper, where we treat the inversion formula for the spheri-
cal Fourier transform in rank one, we will discuss these singularities and the
‘boundary terms’ that they introduce at length.

3.3. Definition of the spherical superfunctions. Keeping the above
assumptions, we can now define, for λ ∈ a∗, the spherical superfunction φλ ∈
Γ(OX), where X := G/K, as follows. For g ∈T G, where T is any cs manifold,
we let

(3.7) φλ(g) :=

ˆ

K/M

|Dk̇| e(λ−̺)(H(gk)).

By Lemma 3.11, this defines a superfunction on X.
We will derive some alternative integral expressions for φλ in this subsection—
in particular, we will obtain the symmetry property stated in Corollary 3.20,
which will be essential for the Harish-Chandra series expansion of φλ. The
statements we give here are essentially identical to the classical case, and their
derivations are parallel to those given in Refs. [23,24]. However, they are based
on Corollary 3.16, whose proof was a little more subtle than classically, so we
briefly give the details.
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Proposition 3.19. For any λ ∈ a∗ and g, h ∈T G, we have

φλ(hg
−1) =

ˆ

K/M

|Dk̇| e(λ−̺)(H(hk))e(−λ−̺)(H(gk))

Proof. On applying Equation (3.6) twice, we obtain

H(hg−1k) = H
(
hk(g−1k)

)
+H(g−1k) = H

(
hk(g−1k)

)
−H

(
gk(g−1k)

)
,

so that

φλ(hg
−1) =

ˆ

K/M

|Dk̇| e(λ−̺)(H(hk(g−1k)))e−(λ−̺)(H(gk(g−1k))).

Setting S := G × G and f(g, h, k) := e(λ−̺)(H(hk))e−(λ−̺)(H(gk)) in Corol-
lary 3.16, we arrive at our claim. �

Setting h = 1 in Proposition 3.19, the following fact is immediate. It will be
instrumental in deriving a series expansion for φλ.

Corollary 3.20. For λ ∈ a∗ and g ∈T G, we have φλ(g
−1) = φ−λ(g).

This allows us to derive an alternative expression for φλ, as follows: Consider
the isomorphism ı̃K :M\K → K/M induced by the inversion morphism iK of
K. The Berezinian density

|Dk̇r| := ı̃♯K(|Dk̇|),
where |Dk̇| is theK-invariant Berezinian density onK/M , is rightK-invariant.
We have the following formula, which will be used in a subsequent paper.

Corollary 3.21. For any λ ∈ a∗ and g ∈T G, we have

φλ(g) =

ˆ

M\K
|Dk̇r| e(λ+̺)(A(kg)).

where A(·) is defined in Equation (3.3).

Proof. We have by the definition of |Dk̇r| and Equation (3.4)

φλ(g) =

ˆ

K/M

|Dk̇|e(λ−̺)(H(gk))

=

ˆ

K/M

|Dk̇|e(−λ+̺)(A(k−1g−1)) =

ˆ

M\K
|Dk̇r |e(−λ+̺)(A(kg−1)),

so the assertion follows from Corollary 3.20. �

4. The Harish-Chandra c-function

In this section, unless something else is stated, let (G,K, θ) be a reductive
symmetric supertriple of even type admitting global Iwasawa and Bruhat de-
compositions. A fixed even Cartan subspace a and positive system Σ+ are un-
derstood, and in all the cases we will consider, the rank dim a−dim a∩dim z(g)
will be one. The notation introduced in Subsection 3.1 will be used freely.
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We will derive the leading asymptotics of the spherical superfunctions φλ.
These are governed by the Harish-Chandra c-function. We compute these ex-
plicitly in terms of Euler Γ functions. While the general structure of these
functions is similar to the even setting, the occurrence of negative root multi-
plicities leads to a shift in the location of poles and zeroes.
By a rank reduction procedure, this result has, in Ref. [6], been extended to
arbitrary rank, on the basis of our results. In general, isotropic restricted roots
occur, leading to terms in the general c-function formula that are not simply
shifted versions of the ‘purely even’ c-function.
Moreover, contrary to the ‘classical’ setting of Riemannian symmetric spaces of
the non-compact type, where the proof of convergence of the leading asymptotic
term of φλ is a simple argument based on the dominated convergence theorem,
in the super setting, this becomes a quite subtle issue. We need to cover
the ‘maximal boundary’ B = K/M by a whole atlas of Weyl-group related
‘stereographical charts’. In the situations we consider (whose common feature
is that they are of rank one), B is a ‘geodesic supersphere at infinity’, and
this makes for two chart domains. These are essential, since the integrals
on the individual domains are both divergent unless the integrand is cut off
appropriately.
For the divergences in this expansion to cancel, the Weyl symmetry of the
spherical functions (Corollary 3.20), derived above without any restriction on
the rank, by the use of relative cs manifolds and fibre integrals, will be of
central importance.
Based on the derivation of the leading asymptotics, we prove the existence of
a full Harish-Chandra series expansion, similar to the even case.
We will show the existence of the c-function in three cases of rank one and
compute it explicitly. Contrary to the classical situation, the proof of existence
is by far the more difficult of these steps. Both (the proof of existence and the
explicit determination) will be performed on a case-by-case basis.

4.1. Definition and statement of the main result.

Definition 4.1. Let h0 ∈ a such that α(h0) > 0 for all α ∈ Σ+. The Harish-
Chandra c-function is defined as follows:

(4.1) c(λ) := lim
t→∞

e−(λ−̺)(th0)φλ(e
th0),

for λ ∈ a∗, ℜλ(h0) > 0, provided that the limit exists.
Unless the rank of (G,K, θ), defined to be dim a− dim a∩ z(g), is one, it is not
obvious per se that this definition is independent of the choice of h0.

We will consider the cases stated in Table 4.1 below, where we abbreviate
gl(p|q,C) by glp|q, etc., and allow arbitrary integers p, q > 0. We refer the
reader to the following subsubsections for the precise definitions, in particular,
regarding the cs supergoups G and K.
For any of these symmetric pairs, we have the following statement.
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g k G K

gl2+p|q gl1 × gl1+p|q Ucs(1, 1 + p|q) U(1)×Ucs(1 + p|q)
osp2+p|2q osp1+p|2q SOSp+cs(1, 1 + p|2q) SOSpcs(1 + p|2q)

gl1|1 × gl1|1 gl1|1 (GL×GL)+C|R(1|1) UGL+
R (1|1)

Table 1. Riemannian symmetric superspaces under consideration

Theorem 4.2. Let be (G,K) be one of the symmetric pairs listed in Table 4.1
and let α be a choice of positive indivisible restricted root. The c-function c(λ)
exists for ℜλ > 0. For some c0 ≡ c0(̺) 6= 0, it is given by

c(λ) = c0
2−λΓ(λ)

Γ
(
1
2

(
λ+ mα

2 + 1
))

Γ
(
1
2

(
λ+ mα

2 +m2α

))

if α is anisotropic, and if α is isotropic, then it is given by

c(λ) = c0λ.

Here, we identify λ ≡ 〈λ,α〉
〈α,α〉 if α is anisotropic and λ ≡ 〈λ, α〉 otherwise.

In particular, up to the constant c0, the value of the c-function c(λ) is inde-
pendent of the choice of h0 with α(h0) > 0. After suitable normalisation of h0,
the constants c0 depend on p and q only via ̺, see below for details.

4.2. Proof of Theorem 4.2. We now begin with the examination of the
c-function for the Riemannian symmetric superspaces X = G/K from Table
4.1, thereby proving Theorem 4.2 case-by-case. For the three individual cases,
the formula is proved below in Theorem 4.8, Theorem 4.14, and Corollary 4.17,
respectively.
We will constantly be using the functor of points, employing Proposition 2.1,
Corollary 2.2 and Proposition 2.3 to compute it explicitly.

4.2.1. The unitary case. In the following, let g := gl(2 + p|q,C). Moreover, we
let G := Ucs(1, 1 + p|q) denote the cs form of GL(2 + p|q,C) corresponding to

G0 := U(1, 1 + p)×U(q),

which is a the real form of the complex Lie group GC,0 := GL(2 + p,C) ×
GL(q,C).
An involution θ of G resp. of g is given by θ(x) := σxσ where

σ :=



−11 0 0
0 11+p 0
0 0 1q


 .(4.2)

Under this involution, g decomposes as g = k⊕ p with

k =



∗ 0 0
0 ∗ ∗
0 ∗ ∗


 , p =




0 ∗ ∗
∗ 0 0
∗ 0 0


 .
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Here, dashed lines in the matrices indicate the action of the involution, whereas
full lines signify the grading.
A non-degenerate invariant supersymmetric even bilinear form b on g is given
by b(x, y) := str(xy). We let aR ⊆ p0 be the subspace generated by the matrix

(4.3) h0 :=




0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0


 .

Here and in what follows, the dimension of the rows and columns in all matrices
will be 1, 1, p, and q, respectively.
As ungraded vector spaces, g = gl(2 + p + q,C), so since h0 is even, the root
decomposition is the same as in the classical case. Defining α ∈ a∗ by α(h0) = 1,
there are exactly four roots: ±α,±2α.
The general elements of gα and g−α are respectively

(4.4)




0 0 B0̄ B1̄

0 0 B0̄ B1̄

−C0̄ C0̄ 0 0
−C1̄ C1̄ 0 0


 ,




0 0 −B0̄ −B1̄

0 0 B0̄ B1̄

C0̄ C0̄ 0 0
C1̄ C1̄ 0 0


 .

The general elements of g2α and g−2α are respectively



−A A 0 0
−A A 0 0
0 0 0 0
0 0 0 0


 ,




−A −A 0 0
A A 0 0
0 0 0 0
0 0 0 0


 .

Moreover, m consists of the following matrices:



D 0 0 0
0 D 0 0
0 0 E F
0 0 G H


 .

We let Σ+ := {α, 2α}, so that n = gα ⊕ g2α and n̄ = g−α ⊕ g−2α. From the
above, we see that

m±α = 2(p− q), m±2α = 1, ̺ = (1 + p− q)α.
The analytic subsupergroup K of G with Lie superalgebra k is U(1)×Ucs(1 +
p|q). The underlying Lie group is K0 = U(1) × U(1 + p) × U(q). Since the
Riemannian symmetric space G0/K0 = U(1, 1+p)/(U(1)×U(1+p)) is of non-
compact type, G0 admits global Iwasawa and Bruhat decompositions [22]. In
view of Proposition 3.6 and Proposition 3.5, the same is true of G.

We parametrise n and n̄ by setting τ :=
(
1 1 0
0 0 1p+q

)t
and

(4.5) X(D,E, F ) := τ

(
D E
F 0

)
τ tσ, X̄(D,E, F ) := στ

(
D E
F 0

)
τ t,
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so that

n =
{
X(D,E, F )

∣∣ D ∈ C, E ∈ C1×p|q, F ∈ Cp|q×1
}
,

n̄ =
{
X̄(D,E, F )

∣∣ D ∈ C, E ∈ C1×p|q, F ∈ Cp|q×1
}
.

Let gR := g0̄,R⊕ g1̄, g0̄,R being the Lie algebra of G0, and AR := A∩ gR for any
A ⊆ g. Then by Proposition 2.14, we have an isomorphism ϕ, given by

ϕ : A1 × Ap|q × Ap|q −→ A(n̄R),

(a, b, c) 7−→ X
(

1
2ia,E(b, c), F (b, c)

)
,

on T -valued points b = b0̄ + b1̄, c = c0̄ + c1̄ ∈T Ap|q, where we set

E(b, c) :=
(
−(b0̄ − ic0̄)t −(b1̄,1 − c1̄,1) · · · −(b1̄,q − c1̄,q)

)
,

F (b, c) :=
(
(b0̄ + ic0̄)

t b1̄,1 + c1̄,1 · · · b1̄,q + c1̄,q
)t
.

A similar statement holds for n.
In what follows, we will again make extensive use of the formalism of T -valued
points, see above for explanations. For any cs manifold T , the T -valued points
of N are of the form

nDEF := eX(D,E,F ) = 1 +X(D,E, F ) + 1
2X(D,E, F )2

= 12+p+q +X
(
D + 1

2EF,E, F
)

n̄DEF := eX̄(D,E,F ) = 12+p+q + X̄
(
D + 1

2EF,E, F
)
,

with D,E, F constrained appropriately, since τ tστ = ( 0 0
0 1 ). Obviously, we

have the equality θ(nDEF ) = n̄DEF .

Lemma 4.3. The restriction of H : G −→ A(aR) to N̄ is given by

H(n̄) =
1

2
log
(
(1−BC)2 − 4A2

)
h0, n̄ = n̄DEF ∈T N̄ .

Proof. Formally, the calculations are the same as in the classical case, the
only difference being that one has to work with generalised instead of ordinary
points.
Write n̄ = n̄DEF = keth0nD′E′F ′ , so that H(n̄) = th0. Then

(4.6) n(−A)(−B)(−C)n̄DEF = θ(n̄)−1n̄ = n̄(−D′)(−E′)(−F ′)e
2th0nD′E′F ′ .

Let v := (1, 1, 0). The simple identities

vστ = 0, vτ =
(
2 0

)

give

vnDEF =
(
1− 2D − EF 1 + 2D + EF 2E

)
, vn̄DEF = v,(4.7)

nDEF v
t = vt, n̄DEF v

t =
(
−2D− EF 1 + 2D + EF 2F

)t
.(4.8)

Applying these on the right-hand side of Equation (4.6) gives

vθ(n̄)−1n̄vt = cosh 2t+ sinh 2t = 2e2t.
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On the other hand, applying these on the left-hand side, we obtain

vθ(n̄)−1n̄vt = 2
(
(1− EF )2 − 4D2

)
.

This proves the lemma. �

The classical approach to derive c(λ) is to write

φλ(g) =

ˆ

K/M

|Dk̇|e(λ−̺)(H(gk)) =

ˆ

N̄

|Dn̄|e(λ−̺)(H(gk(n̄))).

However, if q 6= 0, this cannot be done, since the standard retraction on N̄
does not extend to K/M . Since ̺ can be an arbitarily large negative multiple
of α, the integral on the right-hand side does not even have to exist.
The next guess might be to interchange the limit in Equation (4.1) with the inte-
gral overK/M . However, this is not permitted, since exp(λ−̺)(H(eth0ke−th0))
does admit a smooth limit, even in the classical case.
The solution we propose is to apply Proposition 3.17 after cutting off the inte-
grand inside k0(N̄0). Thus, fix χ ∈ C∞c (0,∞) such that χ = 1 on a neighbour-
hood of 1, and define Ξ ∈ Γ(OK/M ) by

Ξ(k(n̄)) := χ
(
(1− EF )2 − 4D2

)
, n̄ = n̄DEF ∈T N̄

on the open subspace k(N̄) ⊆ K/M , and by zero otherwise. Clearly, this
superfunction is well-defined and has compact support in the image k(N̄) of
k : N̄ → K/M .
Then for any w ∈M ′

0 := NK0(a), we have

φλ(g) =

ˆ

K/M

|Dk̇| e(λ−̺)(H(gk))Ξ(k) +

ˆ

K/M

|Dk̇| e(λ−̺)H(gwk)(1 − Ξ)(wk)

(4.9)

by K-invariance of |Dk|. Denote the summands by Iλ0 (g) and Iλ∞(g), respec-
tively.
Proposition 3.17 applies to the first of these two integrals. To do the same
for the second, a good choice for w has to be made. The Weyl group W0 =
M ′

0/M0 = {±1}; let w0 ∈M ′
0 be a representative of the non-trivial element.

By the Bruhat decomposition [22, Theorem 1.3], we have

(K0/M0) \ k0(N̄0) = w0o, o := k(1) = 1M0.

Since 1 − Ξ vanishes in a neighbourhood of o, this shows that the second
integrand in Equation (4.9) has compact support inside (K0/M0) \ {w0o} =
k0(N̄0).
On applying Theorem 2.18, Corollary 2.19, Equation (3.6), and Proposi-
tion 3.17, we obtain

Iλ0 (g) =

ˆ

N̄

|Dn̄|e(λ−̺)(H(gn̄))e−(λ+̺)(H(n̄))Ξ
(
k(n̄)

)

Iλ∞(g) =

ˆ

N̄

|Dn̄|e(λ−̺)(H(gw0n̄))e−(λ+̺)(H(n̄))(1 − Ξ)
(
w0k(n̄)

)
.

(4.10)

Documenta Mathematica 19 (2014) 1317–1366



1348 Alldridge, Palzer

For the following considerations, let g ∈T A. Moreover, we will identify a with
C via 1 7−→ h0 and a∗ with C via λ 7−→ λ(h0). It is obvious from Corollary 2.11
that

eth0 n̄DEF e
−th0 = expG e

t adh0(X̄(D,E, F )) = n̄e−2tD,e−tE,e−tF ,

and thus, we have for n̄ = n̄DEF :

H(eth0 n̄e−th0) = 1
2 log

(
(1− e−2tEF )2 − 4e−4tD2

)
,(4.11)

H(eth0w0n̄e
−th0) = H(e−th0 n̄eth0)− 2t

= 1
2 log

(
(e−2t − EF )2 − 4D2

)
,

(4.12)

H(eth0k(n̄)e−th0) = 1
2 log

(
(1− e−2tEF )2 − 4e−4tD2

(1− EF )2 − 4D2

)
,(4.13)

H(eth0w0k(n̄)e
−th0) = 1

2 log

(
(e−2t − EF )2 − 4D2

(1 − EF )2 − 4D2

)
,(4.14)

where in the third and fourth line, the identity H(ak(g)a−1) = H(aga−1) −
H(g), which follows from Equation (3.6), was applied.
Using Equation (4.13) and Corollary 2.11, one sees that

χ
(
e−2H(atk(n̄)a

−1
t )
)
= χ

(
(1− EF )2 − 4D2

(1− e−2tEF )2 − 4e−4tD2

)
−→ Ξ(k(n̄)) (t→∞)

for at = eth0 and n̄ = n̄DEF . The convergence is uniform with derivatives on
compact sets in n̄. In particular, it holds with k(n̄) replaced by the generic
point k of K. On applying Equation (4.12), we see that

Ξ(w0k(n̄)) = lim
t→∞

χ
(
e−2H(atw0k(n̄)a

−1
t )
)

= lim
t→∞

χ

(
(1 − EF )2 − 4D2

(e−2t − EF )2 − 4D2

)
= χ

(
(1− EF )2 − 4D2

(EF )2 − 4D2

)

We now apply the coordinates introduced by ϕ. We write (s, y) for the coordi-
nates and for the T -valued points of A1 × A2p|2q, where y = (b c). In terms of
the norm squared function ‖·‖2 defined in Equation (2.2), we have

−4D2 = s2, −EF = ‖y‖2, X̄(D,E, F ) = ϕ(s, y).

By Corollary 3.13 and since the isomorphism ϕ is linear, the pullback of |Dk̇|
via exp ◦ ϕ is a Berezin–Lebesgue density, which, by taking |Dk̇| to be nor-
malised adequately, may be assumed to be that from Subsection 2.7. We will
denote the latter by |Dµ| instead of |Dλ| to avoid confusion with the parameter
λ.
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Therefore, it is immediate that Equation (4.10) takes the form

Iλ0 (e
th0)e−t(λ−̺) =

ˆ

A1+2p|2q

|Dµ| ψ(1, e
−ty, e−2ts)

1
2 (λ−̺)

ψ(1, y, s)
1
2 (λ+̺)

χ
(
ψ(1, y, s)

)

Iλ∞(eth0)e−t(λ−̺) =
ˆ

A1+2p|2q

|Dµ| ψ(e
−2t, y, s)

1
2 (λ−̺)

ψ(1, y, s)
1
2 (λ+̺)

(1 − χ)
(
ψ(1, y, s)

ψ(0, y, s)

)

(4.15)

for ψ defined by
ψ(c, y, s) := (c+ ‖y‖2)2 + s2.

Since the integrands above are rotationally invariant over A1, Corollary 2.24
applies. (Here, y is the variable in which we rotate, and s is the base parameter.)
In particular, φλ only depends on mα and m2α. Therefore, if mα > 0, we
may assume that q = 0 and use the well-known formula for the c-function
in the classical case [23, Chapter IV, Theorem 6.4] to arrive at the following
conclusion.

Proposition 4.4. Let mα > 0 and ℜλ > 0. Then c(λ) exists and

c(λ) = c0
2−λΓ(λ)

Γ
(
1
2

(
λ+ mα

2 + 1
))

Γ
(
1
2

(
λ+ mα

2 +m2α

))

for some constant c0.

In case mα 6 0, we apply Proposition 2.22. Again, the rotation variable is y
and the parameter is s. If f is one of the integrands in Equation (4.15), then
f◦ is determined by replacing ψ with ψ◦, defined by

(4.16) ψ◦(c, r, s) := (c+ r)2 + s2.

We obtain the following intermediate result.

Lemma 4.5. Let mα 6 0 and ℜλ > 0. Then

c(λ) = C0

ˆ ∞

0

ds ∂
−mα

2
r=0 ψ◦(1, r, s)−(λ+̺)/2χ

(
ψ◦(1, r, s)

)

+ C0

ˆ ∞

0

ds ∂
−mα

2
r=0

ψ◦(0, r, s)(λ−̺)/2

ψ◦(1, r, s)(λ+̺)/2
(1− χ)

(
ψ◦(1, r, s)
ψ◦(0, r, s)

)(4.17)

and c(λ) is meromorphic.

Proof. The integrands have compact support, so we may interchange limt→∞
with the integral. The same can be done for ∂λ. �

In order to finally derive c(λ), the function χ needs to be removed. The result
is the following integral expression:

Proposition 4.6. If mα 6 0, and ℜλ > 0, then c(λ) exists, and we have

c(λ) = C0

ˆ ∞

0

ds ∂1−̺r=0

(
(1 + r)2 + s2

)−(λ+̺)/2
.(4.18)

In the proof, the following estimate will be used repeatedly.
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Lemma 4.7. For all r, s > 0, z ∈ C, and k ∈ N, we have
∣∣∂kr
(
(1 + r)2 + s2

)z/2∣∣ < ck
(
(1 + r)2 + s2

)(ℜz−k)/2
,

where ck is some z-dependent constant independent of r, s.

Proof. As one can see by induction,

∂kr
(
(1 + r)2 + s2

)z/2
= pk

(
1 + r

s

)
sk
(
(1 + r)2 + s2

)(z−2k)/2
,

where pk is a polynomial of order at most k. Since limt→∞(t2 + 1)−
k
2 pk(t)

exists, there is a constant ck such that |(t2 + 1)−
k
2 pk(t)| < ck for all t > 0.

Taking t = s−1(1 + r), this implies
∣∣∂kr
(
(1 + r)2 + s2

)z/2∣∣ < ck
(
(1 + r)2 + s2

)(ℜz−k)/2
. �

Proof of Proposition 4.6. Firstly, note that −mα2 = 1 − ̺. Denote the second

integral in Equation (4.17) by cII(λ). Since ψ
◦(c, ut, st) = t2ψ◦(ct−1, u, s), the

substitution r = su in the derivative yields

C−1
0 cII(λ) =

ˆ ∞

0

ds ∂1−̺u=0s
̺−1ψ

◦(0, su, s)(λ−̺)/2

ψ◦(1, su, s)(λ+̺)/2
(1− χ)

(
ψ◦(1, su, su)

ψ◦(0, su, s)

)

=

ˆ ∞

0

ds ∂1−̺u=0s
λ−1 ψ

◦(0, u, 1)(λ−̺)/2

ψ◦(1, su, s)(λ+̺)/2
(1− χ)

(
ψ◦(s−1, u, 1)

ψ◦(0, u, 1)

)

(4.19)

The next step is to exchange
´

ds and ∂qu. Since only the limit u → 0 is of
interest, u may be assumed to be small.
Let ε < 1 be small enough for (1− χ) = 0 on the interval [1, 1 + 4ε2]. Since

ψ◦(s−1, u, 1)

ψ◦(0, u, 1)
=

(s−1 + u)2 + 1

u2 + 1
6 1 + 4ε2, ∀s : sε > 1,

the function

[0, ε]× (0,∞) −→ [0, 1] : (u, s) 7−→ (1− χ)
(
(s−1 + u)2 + 1

u2 + 1

)

is of compact support. Therefore, ∂1−̺u=0 and
´∞
δ
ds can be exchanged for any

δ > 0.
Now choose 0 < δ < 1 sufficiently small, such that

(1 − χ)
(
(s−1 + u)2 + 1

u2 + 1

)
= 1, ∀s ∈ (0, δ).

By Lemma 4.7, we have, for u 6 ε, s 6 δ, and k 6 q, that
∣∣sλ−1∂kuψ

◦(1, su, s)−(λ+̺)/2
∣∣ < cks

ℜλ−1+kψ◦(1, su, s)−(ℜλ+̺+k)/2

6 ck5
−̺/2sℜλ−1.

Since sℜλ−1 is integrable on [0, δ], we may also exchange
´ δ

0
ds and ∂1−̺u=0.
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Therefore, the right-hand side of Equation (4.19) equals

∂1−̺u=0

ˆ ∞

0

ds sλ−1 ψ
◦(0, u, 1)(λ−̺)/2

ψ◦(1, su, s)(λ+̺)/2
(1− χ)

(
ψ◦(s−1, u, 1)

ψ◦(0, u, 1)

)

= ∂1−̺u=0

ˆ ∞

0

ds

s

ψ◦(0,
√
su,
√
s)(λ−̺)/2

ψ◦(1/
√
s,
√
su,
√
s)(λ+̺)/2

(1− χ)
(
ψ◦(1/

√
s,
√
su,
√
s)

ψ◦(0,
√
su,
√
s)

)
.

We substitute t−1 = ψ◦(0,
√
su,
√
s) = s(u2+1) in the integral. Since s−1ds and

ψ◦(1/
√
s,
√
su,
√
s) = s−1+2u+s(u2+1) are invariant under this substitution,

this leads to

∂1−̺u=0

ˆ ∞

0

dt

t

t−(λ−̺)/2

ψ◦(1/
√
t,
√
tu,
√
t)(λ+̺)/2

(1− χ)
(
tψ◦(1/

√
t,
√
tu,
√
t)
)
,

= ∂1−̺u=0

ˆ ∞

0

dt t̺−1ψ◦(1, tu, t)−(λ+̺)/2(1− χ)(ψ◦(1, tu, t)).

Again, the derivatives and the integral have to be exchanged. Possibly after
shrinking ε, one may assume that

(1− χ)((1 + tu)2 + t2) = 0, ∀t, u : 0 < t, u 6 ε.

Therefore, it suffices to consider the integral
´∞
ε dt. Clearly,

´ R

ε dt and ∂1−̺u=0

may be exchanged, where R is large enough to arrange for

(1− χ)((1 + tu)2 + t2) = 0, ∀t : t > R.

On applying Lemma 4.7 once again, we see that
∣∣∂kut̺−1ψ◦(1, tu, t)−(λ+̺)/2

∣∣ < ckt
̺−1+kψ◦(1, tu, t)−(ℜλ+̺+k)/2

6 ck5
−̺/2t−ℜλ−1,

which is integrable over (R,∞) for ℜλ > 0.

Thus,
´∞
R dt and ∂1−̺u=0 can also be exchanged. Therefore, we find

cII(λ) = C0

ˆ ∞

0

dt ∂1−̺u=0t
̺−1ψ◦(1, tu, t)−(λ+̺)/2(1 − χ)(ψ◦(1, tu, t))

= C0

ˆ ∞

0

dt ∂1−̺r=0ψ
◦(1, r, t)−(λ+̺)/2(1− χ)(ψ◦(1, r, t))

upon substituting r = tu in the derivative. Up to a replacement of χ by
1−χ, this is equal to the first integral in Equation (4.17), and so, the assertion
follows. �

We now arrive at our conclusion in the unitary case.

Theorem 4.8. The c-function c(λ) for the symmetric pair of G = Ucs(1, 1 +
p|2q) and K = U(1)×Ucs(1 + p|q) exists for ℜλ > 0. Explicitly, it is given by

c(λ) = c0
2−λΓ(λ)

Γ
(
1
2

(
λ+ mα

2 + 1
))

Γ
(
1
2

(
λ+ mα

2 +m2α

)) , c0 ≡ c0(̺) 6= 0.
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Proof. The case of mα > 0 is the content of Proposition 4.4, so let mα 6 0.
Since c(λ) is meromorphic, we may assume that ℜλ > −̺. Proposition 4.6
gives

C−1
0 c(λ) =

ˆ ∞

0

ds ∂1−̺r=0

(
(1+ r)2 + s2

)−λ+̺
2 = ∂1−̺r=0

ˆ ∞

0

ds
(
(1+ r)2 + s2

)−λ+̺
2 .

Here, integral and derivative may be exchanged due to Lemma 4.7, since
∣∣∂kr ((1 + r)2 + s2)−(λ+̺)/2

∣∣ < ck((1 + r)2 + s2)−(ℜλ+̺+k)/2

6 ck(1 + s2)−(ℜλ+̺)/2.

for k 6 1− ̺. This is integrable by assumption.
Substitution with s = (1 + r)

√
t yields

c(λ) =
C0

2
∂1−̺r=0 (1 + r)−λ−̺+1

ˆ ∞

0

dt t−
1
2

(
1 + t

)−(λ+̺)/2

=
C0(1− ̺)!(−1)1−̺

2

(
λ− 1

1− ̺

)
Γ
(
1
2

)
Γ
(
1
2 (λ+ ̺− 1)

)

Γ
(
1
2 (λ+ ̺)

)

=
C0
√
π(−1)1−̺
2

Γ(λ)Γ
(
1
2 (λ+ ̺− 1)

)

Γ(λ+ ̺− 1)Γ
(
1
2 (λ+ ̺)

) = C0(−2)1−̺π
2−λΓ(λ)

Γ
(
1
2 (λ+ ̺)

)2 .

Here, we have applied the integral formula for the Euler beta function, the
identity

(−x
k

)
= (−1)k

(
x+k−1
k

)
, and the duplication formula

Γ(z) =
1√
π
2z−1Γ

(
1
2z
)
Γ
(
1
2 (z + 1)

)
.

The claim now follows from m2α = 1 and mα = 2(̺− 1). �

4.2.2. The ortho-symplectic case. Let g := osp(1, 1 + p|2q,C) be the complex
Lie subsuperalgebra of gl(2 + p|2q,C), given by

osp(1, 1 + p|2q,C) =
{
x ∈ gl(2 + p|2q,C)

∣∣ xst3J + Jx = 0
}
,

where (
R S
T V

)st3
:=

(
Rt T t

−St V t

)

and

J =



−11 0 0
0 11+p 0
0 0 Jq


 .(4.20)

Here Jq denotes the 2q× 2q matrix with q copies of the 2× 2 matrix
(

0 1
−1 0

)
on

the diagonal. Therefore, g consists of the matrices of the form



0 X12 X13

Xt
12 X22 X23

JqX
t
13 −JqXt

23 X33


 , X22 ∈ so(1 + p,C), X33 ∈ sp(2q,C),(4.21)
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with no further restrictions on the other entries. We let

gR := g0̄,R ⊕ g1̄, g0̄,R := so(1 + p,R)× usp(2q),

where usp(2q) is the compact form of sp(2q,C), given by usp(2q) := u(2q) ∩
sp(2q,C).
Let G = SOSp+cs(1, 1 + p|2q) be the cs form of OSp(2 + p|2q,C) given by the
underlying Lie group SO(1, 1 + p,R) × USp(2q). Here, USp(2q) := U(2q) ∩
Sp(2q,C).
The involution θ is the restriction of the one considered in the previous sub-
subsection. Let g = k⊕ p be the corresponding eigenspace decomposition. The
analytic subsupergroup K corresponding to k is K = SOSpcs(1 + p|2q), with
underlying Lie group SO(1 + p,R)× USp(2q) and Lie cs algebra k. For p = 0,
K is the semi-direct product USp(2q)⋉A0|2q, where A0|2q is given the additive
supergroup structure of the super-vector space C0|2q.
Let a ⊆ p0̄ be the even Cartan subalgebra generated by the element h0 de-
fined in Equation (4.3). Since σ and J commute, the restricted root space
decomposition for g is obtained by restricting that for gl from Equation (4.4)
to osp(1, 1 + p|2q,C).
Only two restricted roots remain: α and −α, where α(h0) = 1. The general
elements of gα and g−α are respectively

(4.22)




0 0 B0̄ B1̄

0 0 B0̄ B1̄

Bt0̄ −Bt0̄ 0 0
JqB

t
1̄ −JqBt1̄ 0 0


 ,




0 0 B0̄ B1̄

0 0 −B0̄ −B1̄

Bt0̄ Bt0̄ 0 0
JqB

t
1̄ JqB

t
1̄ 0 0


 .

The general element of m = zk(a) is



0 0 0 0
0 0 0 0
0 0 E F
0 0 −JqGt H


 .

We take Σ+ := {α} as our positive system, hence n = gα and n̄ = g−α. From
Equation (4.22), we have mα = p− 2q, so ̺ = 1

2 (p− 2q)α.
Using the notation from Equation (4.5), we set

X(F ) := X(0, E, F ), X̄(F ) := X̄(0, E, F ), E :=
(
−F t0̄ −F t1̄Jq

)
.

Since the Iwasawa decomposition of g is the restriction of that for gl considered
above, we see that

n =
{
X(F )

∣∣ F ∈ Cp|2q×1
}
, n̄ =

{
X̄(E)

∣∣ E ∈ Cp|2q×1
}
.

Then by Proposition 2.14, we have an isomorphism ϕ, given by

ϕ : Ap|2q −→ A(n̄R) : y 7−→ X̄(y),

and similarly for n. The T -valued points of N and N̄ are

ny := expGX(y) = 12+p+2q +X(y), n̄b := 12+p+2q + X̄(y),
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where y ∈T Ap|2q and T is any cs manifold.
As in the previous subsubsection, we will identify a and a∗ with C via the bases
h0 and α. The Iwasawa decompositions for gl and osp are compatible, so that
we have the following lemma.

Lemma 4.9. The restriction to N̄ of the morphism H : N̄ → A(aR) is given by

H(n̄) = log(1 + ‖y‖2), n̄ = n̄y, y ∈T Ap|2q,

for any cs manifold T , where ‖·‖2 is defined in Equation (2.2).

Proof. Lemma 4.3 applies, since n̄y = n̄0yb where b = −(yt0̄ yt1̄Jq). We obtain

H(n̄) =
1

2
log
(
(1 − by)2

)
= log(1− by) = log(1 + ‖y‖2),

by the definition of the norm squared function. �

Equations (4.13) and (4.14) specialise to

H
(
eth0k(n̄y)e

−th0
)
= log

(
1 + e−2t‖y‖2
1 + ‖y‖2

)
,

H
(
eth0w0k(n̄y)e

−th0
)
= log

(
e−2t + ‖y‖2
1 + ‖y‖2

)
,

where w0 ∈ M ′
0 again denotes a representative of the non-trivial Weyl group

element.
Note that this only makes sense if p > 0. Otherwise, the root α is not even and
the Weyl group would be trivial in this case. Therefore, we assume p > 0 for
the time being, postponing the case of p = 0 to the end of this subsubsection.
Let χ be as before and define Ξ ∈ Γ(OK/M ) by

Ξ
(
k(n̄y)

)
:= χ(1 + ‖y‖2)

for n̄y ∈T N̄ . As functions on K/M , both Ξ and k 7→ (1 − Ξ)(w0k) have
compact support inside k0(N̄0), and

(1− Ξ)
(
w0k(n̄y)

)
= (1− χ)

(
1 + ‖y‖2
‖y‖2

)
.
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In analogy with Equations (4.9), (4.10), and (4.15), we have by Theorem 2.18
and Corollary 2.19 that

φλ(g) = Iλ0 (g) + I∞(g),

Iλ0 (g) :=

ˆ

K/M

|Dk̇| e(λ−̺)(H(gk))Ξ(k),

Iλ∞(g) :=

ˆ

K/M

|Dk̇| e(λ−̺)H(gwk)(1 − Ξ)(w0k),

Iλ0 (e
th0)e−t(λ−̺) =

ˆ

Ap|2q
|Dµ(y)| (1 + e−2t‖y‖2)λ−̺

(1 + ‖y‖2)λ+̺ χ(1 + ‖y‖2),

Iλ∞(eth0)e−t(λ−̺) =
ˆ

Ap|2q
|Dµ(y)| (e

−2t + ‖y‖2)λ−̺
(1 + ‖y‖2)λ+̺ (1− χ)

(
1 + ‖y‖2
‖y‖2

)
.

(4.23)

Here, again, |Dµ| denotes the Berezin–Lebesgue density on Ap|2q.
By Corollary 2.23, φλ and therefore c(λ) only depends on mα and not on p
and q separately in this case, too. Therefore, for mα > 0, [23, Chapter IV,
Theorem 6.4] implies the following.

Proposition 4.10. Let mα > 0. Then c(λ) exists for ℜλ > 0, and we have

c(λ) = c0
2−λΓ(λ)

Γ
(
1
2 (λ+ mα

2 + 1)
)
Γ
(
1
2 (λ+ mα

2 +m2α)
) , c0 ≡ c0(̺) 6= 0.

For 2̺ = mα 6 0, we get a similar expression.

Proposition 4.11. Let mα 6 0 and p > 0. Then c(λ) exists for ℜλ > 0, and

c(λ) = c′0
Γ(λ)

Γ(λ+ ̺)
, c′0 ≡ c′0(̺).

Proof. Following Corollary 2.24, we distinguish between the even and odd cases.
Firstly, assume that mα be even. In this case, the integrals in Equation (4.23)
reduce to a pointwise derivative, which may be exchanged with limits to arrive
at

c(λ) = C∂−̺r=0

(
(1 + r)−(λ+̺)χ(1 + r) + rλ−̺(1 + r)−(λ+̺)(1− χ)

(
1 + r

r

))
.

for some constant C. As functions of r, χ(1 + r) and (1 − χ)(r−1(1 + r)) are
constant near zero. Furthermore, ∂kr=0r

λ−̺ = 0 for k 6 −̺, so that

c(λ) = Cq!

(−(λ+ ̺)

−̺

)
= C(−1)̺q!

(
λ− 1

−̺

)
= C(−1)̺ Γ(λ)

Γ(λ+ ̺)
.
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Now, assume that mα < 0 is odd. By Lemma 4.7, we may exchange limits and
integrals, to obtain

c(λ) = C

ˆ ∞

0

dr r−
1
2 ∂

1
2−̺
r

(
(1 + r)−(λ+̺)χ(1 + r)

)

+ C

ˆ ∞

0

dr r−
1
2 ∂

1
2−̺
r

(
rλ−̺(1 + r)−(λ+̺)(1 − χ)

(
r−1(1 + r)

))
.

(4.24)

Denote the two integrals by cI(λ) and cII(λ), respectively. As in the proof
of Proposition 4.6, we will rewrite these in order to show that the respective
contributions of the cutoff function χ cancel.
This will be done by integrating by parts. Recall that (1− χ)(r−1(1 + r)) = 1
for small r. Therefore, for ℜλ > 0 and k 6 1

2 − ̺, we have

lim
r→0

(∂k−1
r r−

1
2 )∂

−̺− 1
2−k

r

(
rλ−̺(1 + r)−(λ+̺)(1− χ)

(
r−1(1 + r)

))

= lim
r→0

r
1
2−k

∑ 1
2−̺−k

ℓ=0
cℓr

λ−̺−( 1
2−̺−k−ℓ)(1 + r)−(λ−̺)−ℓ

= lim
r→0

∑ 1
2−̺−k

ℓ=0
cℓr

λ+ℓ(1 + r)−(λ−̺)−ℓ = 0

Therefore, no boundary terms occur upon integrating by parts, and

cII(λ) =
(
1
2 − ̺

)
!

( −̺
1
2 − ̺

)
ˆ ∞

0

dr

r
rλ(1 + r)−(λ+̺)(1 − χ)

(
r−1(1 + r)

)

=
(
1
2 − ̺

)
!

( −̺
1
2 − ̺

)
ˆ ∞

0

ds

s
s−λ

(
s−1(1 + s)

)−(λ+̺)
(1− χ)(1 + s)

=
(
1
2 − ̺

)
!

( −̺
1
2 − ̺

)
ˆ ∞

0

ds

s
s̺(1 + s)−(λ+̺)(1− χ)(1 + s).

where r̺−1rλ−̺ = rλ−1 and the substitution s = r−1 were applied.
Since similarly, for k 6 1

2 − ̺, we have as r →∞

∂k−1
r r−

1
2 ∂

1
2−̺−k
r

(
(1 + r)−(λ+̺)(1− χ)(1 + r)

)
≃ r 1

2−k(1 + r)−λ−
1
2+k −→ 0,

we may integrate by parts to find
ˆ ∞

0

dr r−
1
2 ∂

1
2−̺
r

(
(1 + r)−(λ+̺)(1 − χ)(1 + r)

)

=
(
1
2 − ̺

)
!

( −̺
1
2 − ̺

)
ˆ ∞

0

ds

s
s̺(1 + s)−(λ+̺)(1− χ)(1 + s),

since (1− χ)(1 + r) vanishes for r small and equals 1 for r large.
Combining cI(λ) and cII(λ) leads to

c(λ) = C

ˆ ∞

0

dr r−
1
2 ∂

1
2−̺
r (1 + r)−(λ+̺) = C(−1)−̺− 1

2
√
π

Γ(λ)

Γ(λ+ ̺)

for ℜλ > −̺, as in the proof of Theorem 4.8. Moreover, Equation (4.24)
shows that c(λ) is holomorphic in λ for ℜλ > 0, since the integrands are
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sufficiently bounded. Therefore, the case of 0 < ℜλ 6 −̺ follows by analytic
continuation. �

The case where p = 0 is still open. This situation is interesting, in that there are
only purely odd restricted roots (which, however, are anisotropic). Fortunately,
one can evaluate φλ explicitly in this case.

Proposition 4.12. If p = 0, then φλ is for some constant c1 given by

φλ(e
th0) = c1e

λt

−∑̺

k=0

(
λ− ̺
k

)(−λ− ̺
−̺− k

)
e(−̺−2k)t

Proof. The cs manifolds K/M and N̄ admit only one retraction, since the
underlying spaces are trivial. Hence, we may by Theorem 2.18 and Corol-
lary 2.19 pull back the defining integral of φλ and apply Equation (3.6), to
obtain

φλ(e
th0)e−t(λ−̺) =

ˆ

N̄

|Dn̄| e(λ−̺)(H(eth0 n̄e−th0 ))e−(λ+̺)(H(n̄))

=

ˆ

A0|2q

|Dµ(y)| (1 + e−2t‖y‖2)λ−̺(1 + ‖y‖2)−(λ+̺)

≃ ∂qr=0(1 + e−2tr)λ−̺(1 + r)−(λ+̺)

≃ q!
∑q

k=0

(
λ− ̺
k

)(−λ− ̺
q − k

)
e−2kt.

This proves the claim. �

Corollary 4.13. If p = 0, the c(λ) exists for ℜλ > 0 and

c(λ) = c′0
Γ(λ)

Γ(λ+ ̺)
, c′0 ≡ c′0(̺).

Using the duplication formula, Proposition 4.10, Proposition 4.11, and Corol-
lary 4.13 combine to the following result.

Theorem 4.14. The c-function c(λ) for the symmetric pair of the cs Lie su-
pergroups G = SOSp+cs(1, 1+p|2q) and K = SOSpcs(1+p|2q) exists for ℜλ > 0.
Explicitly,

c(λ) = c0
2−λΓ(λ)

Γ
(
1
2

(
λ+ mα

2 + 1
))

Γ
(
1
2

(
λ+ mα

2 +m2α

)) , c0 ≡ c0(̺) 6= 0.

4.2.3. The case of GL(1|1). Let g := gl(1|1,C)×gl(1|1,C). Then g0̄ is Abelian.
We will write the elements of g as double matrices of the form(

A B E F
C D G H

)
.

Let gR := g0̄,R ⊕ g1̄ be given by requiring g0̄,R to be the Lie algebra of the Lie
group G0 whose general elements are(

z 0 z̄−1 0
0 r 0 s

)
, z ∈ C×, r, s > 0.
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The cs form G of GC = GL(1|1,C)×GL(1|1,C) defined by G0 will be denoted
by (GL×GL)+C|R(1|1). An involution θ on g can be defined by

θ

(
A B E F
C D G H

)
=

(
E F A B
G H C D

)
.

The general elements of the eigenspaces k and p are respectively
(
A B A B
C D C D

)
,

(
A B −A −B
C D −C −D

)
.

Let K be the analytic cs Lie subgroup of G with Lie cs algebra k, denoted by
K = UGL+

R (1|1). The general element of K0 is
(
z 0 z 0
0 r 0 r

)
, z ∈ U(1), r > 0.

Note that although K0 is not compact, its adjoint image in GL(p0̄,R) is. This
explains why there is no contradiction in the fact that the negative of the
supertrace form is actually positive on p0̄,R, so that (G0,K0) is a Riemannian
symmetric pair.
The only choice of Cartan subalgebra is a := p0̄, since p0̄ is Abelian and consists
of semisimple elements. Let

h1 :=

(
1 0 −1 0
0 0 0 0

)
, h2 :=

(
0 0 0 0
0 1 0 −1

)

be a basis of a. An easy calculation shows that there are only the roots ±α,
with α defined by

α(a1h1 + a2h2) := a1 − a2.
We have m = zk(a) = k. The general elements of gα and g−α are respectively

(
0 B 0 0
0 0 G 0

)
,

(
0 0 0 F
C 0 0 0

)
.

We let Σ+ := {α} be our positive system, so n = gα, n̄ = g−α, mα = −2, and
̺ = −α. Since G0 admits a global Iwasawa decomposition, this is also the case
for G. Indeed, every element in G0 can be decomposed uniquely as
(
z 0 z̄−1 0
0 r 0 s

)
=

( z
|z| 0 ∗ ∗
0
√
rs ∗ ∗

)(
log |z| 0 ∗ ∗

0 1
2 log(

r
s ) ∗ ∗

)
,

where the first factor is in K0 and the second in A0. Note that N0 = 1.
For any cs manifold T , the T -valued points of N and N̄ are of the form

nB,G =

(
1 B 1 0
0 1 G 1

)
, n̄C,F =

(
1 0 1 F
C 1 0 1

)
, B, C, F,G ∈ Γ(OT,1̄).

Lemma 4.15. The restriction to N̄ of the morphism H : G → A(aR) is given
by

H(n̄) = 1
2CFh

+, n̄ = n̄C,F ∈T N̄ ,
where we set h± := h1 ± h2.
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Proof. Again, H : N̄ −→ a will be derived from the equation

θ(n̄C,F )
−1n̄C,F = θ(nB,G)

−1 exp(2H(n̄C,F ))nB,G, n̄C,F ∈T N̄ , nB,G ∈T N.
The left-hand side equals
(

1 −F 1 0
0 1 −C 1

)(
1 0 1 F
C 1 0 1

)
=

(
1− FC −F 1 F
C 1 −C 1− CF

)
.

Upon writing H(n̄C,F ) = h1t1 + h2t2 for some t1, t2 ∈ Γ(OT,0̄), the right-hand
side takes the form(

1 0
−G 1

1 −B
0 1

)(
e2t1 0 e−2t1 0
0 e2t2 0 e−2t2

)(
1 B 1 0
0 1 G 1

)

=

(
e2t1 Be2t1 e−2t1 −BGe−2t2 −Be−2t2

−Ge2t1 e2t2 −GBe2t1 Ge−2t2 e−2t2

)
,

Therefore, e2t1 = 1− FC and e−2t2 = 1− CF = 1 + FC, so that

t1 = t2 = − 1
2FC = 1

2CF,

which proves the lemma. �

We find the following formula for φλ.

Proposition 4.16. For a suitable normalisation of the invariant density on
K/M , we have for any λ ∈ a∗

φλ(e
h) = −λ(h+)eλ(h) sinhα(h), h ∈T A(aR).

Remarkably, the function φλ is not invariant under the symmetry h 7−→ −h.
This is due to the fact that there are no even restricted roots in the case under
consideration, so that the even Weyl group is trivial.

Proof of Proposition 4.16. We introduce coordinates ξ1, ξ2 on N̄ by

ξ1(n̄C,F ) = C, ξ2(n̄C,F ) = F.

In terms of these coordinates, we may take |Dn̄| = |Dξ| = |D(ξ1, ξ2)|.
The spaces K/M and N̄ being of purely odd dimension, they both admit only
one retraction. Thus, we may by Theorem 2.18 and Corollary 2.19 pull back
the defining integral of φλ, leading to

φλ(e
h)e−(λ−̺)(h) =

ˆ

N̄

|Dn̄|e(λ−ρ)(H(ehn̄e−h))e−(λ+̺)(H(n̄))(4.25)

for h ∈T A(aR), by Proposition 3.17 and Equation (3.6).
Clearly, we have by Corollary 2.11 that

ehn̄C,F e
−h = n̄e−2α(h)C,e−2α(h)F ,

and ̺(h+) = −α(h+) = 0. Furthermore, Lemma 4.15 gives

eλ(H(n̄C,F )) = e
1
2λ(h

+)CF = 1 + 1
2λ(h

+)CF.
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Inserting these findings into Equation (4.25), we arrive at

φλ(e
h)e−(λ−̺)(h) =

ˆ

N̄

|Dξ|
(
1 + 1

2λ(h
+)e−2α(h)ξ1ξ2

) (
1− 1

2λ(h
+)ξ1ξ2

)

= 1
2λ(h

+)(e−2α(h) − 1) = −λ(h+)e̺(h) sinhα(h),
proving the assertion. �

We immediately obtain the following expression for the c-function.

Corollary 4.17. Let λ ∈ a∗ be arbitrary. Using h0 = c+h
+ + c−h− in

Equation (4.1), c(λ) exists if and only if c− = 0 or ℜc− > 0, and then

c(λ) =

{
0, c− = 0,

− 1
2λ(h

+), ℜc− > 0.

Proof. Since α(h+) = 0 and α(h−) = 2, we have

e̺(th0) sinhα(th0) = e−2c−t sinh 2c−t = 1
2

(
1− e−4c−t

)
.

Thus, the limit for t → ∞ exists if and only if c− = 0 or ℜc− > 0. In these
cases, it equals 0 and 1

2 , respectively. �

Thus, in particular, c(λ) can be defined independently of a choice of h0 with
α(h0) = 2c− > 0. Since α(h) = 1

2 〈h+, h〉, the above result for c(λ) can be
rewritten in the form stated in Theorem 4.2.

5. Determination of the spherical functions

In this subsection, we derive a convergent series expansion for the function
φλ. The standard procedure to do so is to solve a differential equation by a
pertubation ansatz, cf. [23, Chapter IV, 5]. We follow the same procedure.
In the following, suppose (G,K) is one of the two following symmetric pairs

(5.1)

(
Ucs(1, 1 + p|2q),U(1)×Ucs(1 + p|2q)

)
,

(
SOSp+cs(1, 1 + p|2q), SOSpcs(1 + p|2q)

)
.

For (G,K) =
(
(GL×GL)+C|R(1|1),UGL+

R (1|1)
)
, a closed expression for φλ was

derived above in Proposition 4.16. Moreover, in the orthosymplectic case, a
closed expression was obtained for p = 0, in Proposition 4.12. This section
aims to remove such restrictions.
Let h0 ∈ aR be determined uniquely by α(h0) = 1. By the use of the bases
h0 and α of a and a∗, respectively, we will identify these spaces with C where
convenient.

Proposition 5.1. Let ∆(L) be the differential operator on A given by

∆(L)(f)(eth0) :=
(
∂2t + (mα coth(t) + 2m2α coth(2t))∂t

)
f(eth0).

Then, for any λ ∈ a∗, φλ is an eigenfunction of ∆(L). More precisely,

∆(L)φλ = (λ2 − ̺2)φλ.(5.2)
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Proof. One follows the standard procedure, showing that ∆(L) is the N -radial
part of the Laplacian on G/K, cf. [20, 4.2]. This can also be seen by a com-
putation in U(g) along the lines of the proof of [38, Proposition 9.1.2.11]. The
eigenvalue equation is derived as in Ref. [1]. �

Since e(λ−̺)t is an eigenfunction of ∂t(∂t + 2̺) for the correct eigenvalue, we
make the following perturbation ansatz:

Φλ(e
th0) = e(λ−̺)t

∑∞

ℓ=0
γℓ(λ)e

−2ℓt, eth0 ∈ A+,(5.3)

where A+ is the open subset of A0 = A defined by A+ := exp((0,∞)h0). For
ε > 0, we denote by A+

ε the subset of A0 defined by A+
ε := exp([ε,∞)h0).

Proposition 5.2. Let λ ∈ a∗, λ ≡ λ(h0) /∈ N. Assuming that the series Φλ in
Equation (5.3) converges to a solution of Equation (5.2), absolutely on A+

ε for
any ε > 0, the coefficients γℓ(λ) are determined by the choice of γ0(λ) and the
relation

ℓ(ℓ− λ)γℓ(λ) =
mα

2

(
̺− λ+ 2(ℓ− 1)

)
γℓ−1(λ)

+
(
̺− λ+ ℓ− 2

)(
̺+ ℓ− 2

)
γℓ−2(λ).

(5.4)

Conversely, define γℓ(λ) by the above equation. Then the series Φλ converges
to a solution of Equation (5.2), absolutely on A+

ε for all ε > 0.

Proof. In view of Proposition 5.1, we may follow the standard procedure from
Ref. [23, Chapter IV, § 5]. We obtain the recursion relation

(5.5) ℓ(ℓ− λ)γℓ(λ) =
2∑

n=1

nmnα

2

∑

k>1,ℓ>nk

(
̺− λ+ 2(ℓ− nk)

)
γℓ−nk(λ).

On the right-hand side, the contribution of the three terms corresponding to
(n, k) = (1, 1), (1, 2), (2, 1) is

mα

2

(
̺− λ+ 2(ℓ− 1)

)
γℓ−1(λ) + ̺(̺− λ+ 2(ℓ− 2))γℓ−2(λ).

On applying the recursion relation to the remaining terms, we see that the
remainder amounts to

(ℓ − 2)(ℓ− 2− λ)γℓ−2(λ).

Thus, we obtain Equation (5.4).
For the convergence, we follow the procedure of [23, Chapter IV, §5, Lemma
5.3]: Since we have

ℓ(ℓ− λ)
ℓ2

−→ 1,
̺− λ+ 2ℓ

ℓ + 1
−→ 2

for ℓ→∞, there are constants 0 < c < 1
2 and 2 < C <∞ such that

|̺− λ+ 2ℓ| 6 C(ℓ+ 1), |ℓ(ℓ− λ)| > 2cℓ2
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for all ℓ ∈ N. For any ε > 0, there is some ℓ0 ∈ N, ℓ0 > 2, such that

2∑

n=1

nmnα

4

(
coth

(
nt
2

)
− 1
)
6
cℓ0
C
, ∀t : t > ε.

Choose K = Kε > 0 such that

|γℓ(λ)| 6 Keℓt, ∀ℓ, t : ℓ 6 ℓ0, t > ε.

We claim that the ‘Gangolli estimate’ |γℓ(λ)| 6 Keℓt holds for all ℓ ∈ N and
t > ε. Indeed, assume that this holds for all ℓ′ < ℓ1, where ℓ1 > ℓ0. Then
Equation (5.5) and the assumption imply

|γℓ1(λ)| 6
C(ℓ1 + 1)

2cℓ21

2∑

n=1

n|mnα|
2

∑

k>1,ℓ>nk

|γℓ−nk(λ)|

6
KeℓtC

ℓ0c

2∑

n=1

n|mnα|
4

(
coth

(
nt
2

)
− 1
)
6 Keℓt

because ℓ0(ℓ1+1) 6 2ℓ21 and coth( t2 )−1 = 2
∑∞
k=1 e

−kt. This proves our claim.
In particular, we have

∞∑

ℓ=0

∣∣γℓ(λ)e−2ℓt
∣∣ 6 K

∞∑

ℓ=0

e−ℓt 6
K

1− e−ε <∞

and the series converges absolutely on A+
ε . This justifies the term-by-term

differentiation and implies that the limit Φλ is a solution of Equation (5.2). �

Remark 5.3. When m2α = 0 (i.e. in the orthosymplectic case), the two-term
recursion for γℓ(λ) simplifies, and we easily obtain the following closed expres-
sion

γℓ(λ) = γ0(λ)

ℓ−1∏

m=0

(m+ ̺)(m+ ̺− λ)
(m+ 1)(m+ 1− λ)

= γ0(λ)c(−λ)(−1)l
(−̺
ℓ

) −λ
(ℓ− λ)c(ℓ − λ) .

(5.6)

Using this formula, the convergence of the Harish-Chandra series follows from
a simple-minded application of the ratio test.

From now on, will make the choice

(5.7) γ0(λ) := c(λ).

Contrary to the classical situation of Riemannian symmetric spaces of non-
compact type, the Harish-Chandra series may be finite.

Corollary 5.4. If G = SOSpcs(1, 1 + p|2q) and mα = p − 2q ≤ 0 is even,
then the series Φλ is finite. More precisely, we have

Φλ(e
th0) = c1e

(λ−̺)t
−∑̺

ℓ=0

(
λ− ̺
ℓ

)(−λ− ̺
−̺− ℓ

)
e−2ℓt.
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for some constant c1. In particular, Φλ is well-defined on A.

Proof. In view of Equation (5.6), we have γℓ(λ) = 0 for ℓ > −̺. Recall from
Proposition 4.11 and Corollary 4.13 that

(5.8) c(λ) = c′0
Γ(λ)

Γ(λ+ ̺)
= c′0

−∏̺

k=1

(λ− k).

Inserting γ0(λ) = c(λ) into Equation (5.6), we obtain

γℓ(λ) = c′0(−1)ℓ
(−̺
ℓ

) −∏̺

k=ℓ+1

(λ− k)
ℓ−1∏

m=0

(λ− ̺−m)

= c′0(−̺)!
(−λ− ̺
−̺− ℓ

)(
λ− ̺
ℓ

)
.

(5.9)

By the definition of Φλ, this proves the claim. �

Combining the above results, we arrive at the following expression for the
spherical superfunctions.

Theorem 5.5. Let (G,K) be one of the symmetric pairs in Equation (5.1).
For ℜλ > 0 and λ /∈ 1

2Z, we have

φλ|A+ =
∑

w∈W0

Φwλ,

where Φλ is defined by Equations (5.3) and (5.7). Moreover, W0 = {±1} unless
G = SOSpcs(1, 1|2q), in which case W0 = {1}.
Proof. Firstly, Equation (4.1), Theorem 4.2, and Proposition 5.2 lead to

(5.10) lim
t→∞

φλ(e
th0)e−(λ−̺)t = c(λ) = lim

t→∞
Φλ(e

th0)e−(λ−̺)t.

Therefore, in caseW0 is trivial, then Proposition 4.12 and Corollary 5.4 combine
to prove φλ = Φλ.
It remains to prove the assertion in case W0 is non-trivial. We observe that by
Proposition 5.2 again, the functions Φ±λ are solutions of Equation (5.2). This
is a differential equation of order two and Φ±λ are visibly linearly independent,
so

φλ = b1Φλ + b2Φ−λ, b1, b2 ∈ C.
Let w0 ∈M ′

0 be a representative of the non-trivial Weyl group element. Using
Corollary 3.20 and the K ×K-invariance of φλ, we derive for any a ∈ A+ that

φλ(a) = φ−λ(a
−1) = φ−λ(waw

−1) = φ−λ(a).

This implies b1 = b2. Using Equation (5.10), and

lim
t→∞

Φ−λ(e
th0)e−(λ−̺)t = 0,

which is derived easily from Proposition 5.2, we conclude that b1 = 1. �

The result of Theorem 5.5 can be given a more explicit form in the cases where
the Harish-Chandra series is finite.
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Corollary 5.6. Let G = SOSpcs(1, 1 + p|2q) and mα = p− 2q ≤ 0 be even.
Then

φλ(e
th0) = c1e

(λ−̺)tP (−λ,2̺−1)
−̺ (1− 2e−2t),

where the P
(a,b)
n denote the Jacobi polynomials.

Proof. By [18, §10.8, (16)], we have

P (a,b)
n (x) =

(
n+ a

n

)
2F1

(
−n, 1 + a+ b+ n; a+ 1;

x− 1

2

)
,

where 2F1 is the Gaussian hypergeometric function. Inserting the hypergeo-
metric series, we obtain easily that

P (a,b)
n (x) =

(a+ n)!

n!(a+ b+ n)!

n∑

ℓ=0

(
n

ℓ

)
(a+ b+ n+ ℓ)!

(a+ ℓ)!

(
x− 1

2

)ℓ
,

where we write y! = Γ(y + 1). Let

n := −̺ = q − p

2
, a := −λ, b := 2̺− 1 = p− 2q − 1.

On applying Equation (5.9) and Corollary 5.4, we obtain

Φλ(e
th0) = c′0(−1)−̺P (a,b)

n (x)

for x = 1− 2e−2t, c′0 denoting the constant from Equation (5.8). �
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Abstract. We describe a new operator space structure on Lp when
p is an even integer and compare it with the one introduced in our
previous work using complex interpolation. For the new structure,
the Khintchine inequalities and Burkholder’s martingale inequalities
have a very natural form: the span of the Rademacher functions is
completely isomorphic to the operator Hilbert space OH , and the
square function of a martingale difference sequence dn is Σ dn ⊗ d̄n.
Various inequalities from harmonic analysis are also considered in the
same operator valued framework. Moreover, the new operator space
structure also makes sense for non-commutative Lp-spaces associated
to a trace with analogous results. When p → ∞ and the trace is
normalized, this gives us a tool to study the correspondence E 7→ E
defined as follows: if E ⊂ B(H) is a completely isometric emdedding
then E is defined so that E ⊂ CB(OH) is also one.
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Introduction

In probability theory and harmonic analysis, the classical inequalities for mar-
tingales in Lp due to Don Burkholder, and also to Richard Gundy and Burgess
Davis have had an invaluable impact, with multiple interaction with other
fields. See [8] for a recent review.
In [26], a non-commutative version of Burkholder’s martingale inequalities is
given. This is valid in any non-commutative Lp-space say Lp(τ) (associated to
a finite trace τ on a von Neumann algebra) for any 1 < p < ∞. In particular
this applies to martingales of the form fn =

∑n
1 εk ⊗ xk where xk ∈ Lp(τ)

and (εn) is a standard random choice of signs εn = ±1 (equivalently we can
think of (εn) as the Rademacher functions on [0,1]). In that case, Burkholder’s
inequality reduces to Khintchine’s inequality, for which the non-commutative
case is due to Lust–Piquard ([20]).
In the classical setting, Khintchine’s inequality expresses the fact that the closed
span in Lp of {εn} is isomorphic to ℓ2 (as a Banach space). If {εn} is replaced
by a sequence (gn) of independent standard Gaussian random variables, the
span in Lp becomes isometric to ℓ2. In the recently developed theory of op-
erator spaces, Lust–Piquard’s non-commutative Khintchine inequalities can be
interpreted (see [23, p. 108]) as saying that the span in Lp of [εn] (or (gn)) is
completely isomorphic to a Hilbertian operator space that we will denote here
by KHp. The precise description of KHp is not important for this paper, but
for reference let us say merely that, for 2 < p < ∞ (resp. 1 ≤ p < 2), KHp
has the structure of intersection (resp. sum) of row and column spaces in the
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Schatten class Sp. For the non-commutative Burkholder inequalities from [26],
the situation is analogous: the relevant square function combines the two cases
of “row” and “column” in analogy with the definition of KHp.
This result was a bit of a disappointment because there is a canonical notion of
“operator Hilbert space,” namely the space OH from [22] and one would have
expected in closer analogy to the classical case, that the span in Lp of [εn] (or
(gn)) should be completely isomorphic to OH . In the preceding references, the
spaces Lp (commutative or not) are always equipped with what we call their
“natural” operator space structure defined using complex interpolation. Then
the space KHp is completely isomorphic to OH only when p = 2.

In the present paper, we take a different route. We will equip Lp with another
o.s.s., hopefully still rather natural, but limited to p equal to an even integer
(for some of our results we even assume p = 2k). Roughly we imitate the
classical idea that f ∈ L4 iff |f |2 ∈ L2 in order to define our new o.s.s. on L4

and then we iterate the process to define the same for L6, L8 and so on. Thus
given the space Lp(Ω, µ) we can associate to it (assuming p ∈ 2N and p ≥ 2)
an operator space that we denote by Λp(Ω, µ) that is isometric to the original
Lp(Ω, µ) as a Banach space.

It turns out that with this new structure a quite different picture emerges for
Khintchine’s (or more generally Burkholder’s) inequalities. Indeed, we will
prove that the span of {εn} in Λp(Ω, µ) is completely isomorphic to the space
OH , (i.e. to ℓ2 equipped with the o.s.s. of OH). Similarly we will prove
martingale inequalities involving a square function that is simply defined as
S =

∑
dn ⊗ d̄n when (dn) is a martingale difference sequence.

We limit our treatment to Lp for p an even integer. Thus we stopped shy of
making the obvious extensions: we can use duality to define Λq for 1 < q < 2 of
the form q = 2n

2n−1 for some integer n > 1 and then use complex interpolation
to define Λp in the remaining intermediate values of p’s or q’s. While this
procedure makes perfectly good sense it is rather “unnatural” given that if
p(0), p(1) and p(θ) are even integers such that p0 < pθ < p1 and p(θ)−1 =
(1 − θ)p(0)−1 + θp(1)−1, the space Λp(θ) does not coincide (in general) with
(Λp(0),Λp(1))θ. This happens for instance when p(0) = 2, p(1) = ∞ and θ =
1/2, since the spaces L4 and Λ4 differ as operator spaces.

We will now review the contents of this paper. After some general background
in §1, we explain in §2 some basic facts that will be used throughout the paper.
The main point is that we use an ordering on B(H)⊗B(H) denoted by T ≺ S
that is such that

0 ≺ T ≺ S ⇒ ‖T ‖ ≤ ‖S‖

where the norm is the minimal (or spatial) tensor product on B(H)⊗minB(H),
i.e. the norm induced by B(H ⊗2 H). As we explain in §2, it is convenient
to abuse the notation and to extend the notation T ≺ S to pairs, T, S in
B(H1)⊗ · · · ⊗B(H2n) when the collection {H1, . . . , H2n} can be permuted to
be of the form {K1, . . . ,Kn,K1, . . . ,Kn} so that T, S can be identified with
elements of B(H)⊗B(H) with H = K1 ⊗ · · · ⊗Kn.
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In §3, we use the properties of this ordering to prove a version of Hölder’s
inequality that allows us to introduce, for each even integer p, a new operator
space structure on the space Lp(Ω,A, µ) associated to a general measure space
(Ω,A, µ). We follow the same route that we used for p = 2 in [22] to define
the space OH starting from Haagerup’s Cauchy–Schwarz inequality. Suitable
iterations of the latter leads to versions of Hölder’s inequality in L4, L6, L8, . . .
from which a specific norm can be introduced on B(H) ⊗ Lp(µ) that endows
Lp(µ) with an operator space structure. We denote by Λp(Ω,Σ, µ) the resulting
operator space. It is natural to identify Λ1(Ω,Σ, µ) with L1(µ) equipped with
its maximal operator space structure in the Blecher-Paulsen sense (see e.g.
[11, 25] for details on this).

Some of the calculations involving Λp(µ) are rather satisfactory, e.g. for any
fj ∈ B(Hj) ⊗ Lp(µ), j = 1, . . . , p the pointwise product Lp × · · · × Lp → L1

applied to (f1, . . . , fn) leads to an element denoted by F = f1⊗̇ · · · ⊗̇fn in
B(H1)⊗ · · · ⊗B(Hn)⊗ L1, and if H = H1 ⊗ · · · ⊗Hn we have

‖F‖B(H)⊗minΛ1(µ) ≤ Π‖fj‖B(Hj)⊗minΛp .

In particular, if q ≤ p are even integers and if µ(Ω) = 1, the inclusion Λp(µ)→
Λq(µ) is completely contractive. We also show that all conditional expectations
are completely contractive on Λp(µ). When p → ∞, we recover the usual
operator space structure of L∞(µ) as the limit of those of Λp(µ).

In §4 we prove a version of Burkholder’s square function inequalities for mar-
tingales in Λp(µ). If (dn) is a sequence of martingale differences in B(H)⊗Lp
the relevant square function is S = Σdn⊗̇d̄n. Here we restrict to p = 2k for
some k, but at least one side of the inequality is established for any even p by
a different argument in §13. We also prove an analogue for Λp of the inequal-
ity due to Stein expressing that for any sequence (fn) in Lp the Lp-norm of
(
∑ |fn|2)1/2 dominates that of (

∑ |En(fn)|2)1/2 for any 1 < p <∞.

In §5, we consider the conditioned square function σ =
∑

En−1(dn⊗̇d̄n) and we
prove a version of the Burkholder–Rosenthal inequality adapted to Λp(µ). As
can be expected, the preceding inequalities imply the complete boundedness of
the multipliers called “martingale transforms”. Not surprisingly, in §6 we can
also prove similar results for the Hilbert transform, say on T or R, using the
well known Riesz-Cotlar trick.

In §7, we compare the “old” and the “new” o.s.s. on Lp(µ). We show that the
(isometric) inclusion Lp(µ) → Λp(µ) is completely contractive, but its inverse
is not completely bounded and we show that its c.b. norm in the n-dimensional

case grows at least like n
1
2 (

1
2− 1

p ).

In §8, we turn to the non-commutative case. We introduce the space Λp(τ)
associated to a non-commutative measure space (M, τ). By this we mean a
von Neumann algebraM equipped with a semi-finite faithful normal trace τ .

In §9, we repeat the comparison made in §7. It turns out that the non-
commutative case is significantly more intricate, mainly because the (joint)
complete boundedness of the product map Lp×Lq → Lr (p

−1+ q−1 = r−1) no
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longer holds in general (I am grateful to Quanhua Xu for drawing my attention
to this). This leads us to consider yet another operator space structure on Lp(τ)
that we denote by Lp(τ) for which it still holds (see Proposition 9.1). When
p ∈ 2N, we then extend the main result of §7 by showing (see Corollary 9.2) that
the identity defines a completely contractive map Lp(τ) ∩ Lp(τ)op → Λp(τ).
In the commutative case Lp(τ) and Lp(τ) are identical. We give estimates of
the growth in n of the c.b. norms of the maps Lp(Mn, tr) → Λp(Mn, tr) and
Λp(Mn, tr)→ Lp(Mn, tr) induced by the identity.

In §10, assuming τ(1) = 1, we study the “limit” when p → ∞ of the spaces
Λp(M, τ), that we denote by Λ∞(M, τ). Surprisingly, we are able to identify
the resulting operator space: Indeed, when (M, τ) is Mn equipped with its
normalized trace then Λ∞(M, τ) can be identified completely isometrically
with CB(OHn, OHn), i.e. the space of c.b. maps on the n-dimensional operator
Hilbert space. More generally (see Theorem 10.3), whenM⊂ B(H), the o.s.s.
of Λ∞(M, τ) can be identified with the one induced by CB(OH,OH), where
by OH we mean H equipped with its unique self-dual structure in the sense of
[25]. The verification of these facts leads us to several observations on the space
CB(OH,OH) that may be of independent interest. In particular, the latter
space satisfies a curious identity (see (10.4)) that appears like an operator space
analogue of the Gelfand axiom for C∗-algebras. Furthermore, to any operator
space E ⊂ B(H), we associate the operator space E ⊂ CB(OH) (equipped
with the operator space structure induced by CB(OH)), and we show that if
F is another operator space, for any cb-map u : E → F we have

‖u : E → F‖cb ≤ ‖u : E → F‖cb.

In §12 we extend the Burkholder inequalities except that—for the moment—
we can only prove the two sides of the martingale inequality for p = 4. Note
however that the right hand side is established for all even p in §13 by a different
method based on the notion of p-orthogonality.

Nevertheless, in §11, using Buchholz’s ideas in [7] we can prove versions of
the non-commutative Khintchine inequalities for Λp(τ) with optimal constants
for any even integer p. We may consider spin systems, free semi-circular (or
“free-Gaussian”) families, or the free generators of the free group in the as-
sociated free group factor. Returning to the commutative case this yields the
Rademacher function case with optimal constants. The outcome is that the
span of each of these sequences in Λp is completely isomorphic to OH and
completely complemented.

In §14 we transplant the results of [13] (see also [14]) on non-commutative lacu-
nary series to the setting of Λp(τ). We use the view point of [24] to abbreviate
the presentation. Let Γ be a discrete group. We will consider Λ(p)-sets in
Rudin’s sense inside Γ. The main point is that a certain class of Λ(p)-subsets
of Γ again spans a copy of OH in the operator spaces Λp(M, τ) when M is the
von Neumann algebra of Γ. For our new o.s.s. the relevant notion of Λ(p)-set
is slightly more general than the one needed in [13].
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Lastly in the appendix §15 we include a discussion of elements that have p-th
moments defined by pairings as in Buchholz’s paper [7]. We simply translate in
the abstract language of tensor products some very well known classical ideas
on Wick products for Gaussian random variables. Our goal is to emphasize the
similarity between the Gaussian case and the free or q-Gaussian analogues. We
feel this appendix fits well with the extensive use of tensor products throughout
the sections preceding it.
The proof of the initial non-commutative martingale inequalities of [26] is the
main source of inspiration for the present results. We also make crucial use
of our version for the space Λp of Junge’s “dual Doob” inequality from [15].
Although we take a divergent route, we should point out to the reader that
the methods of [26] have been considerably improved in a series of important
later works, such as [17, 18, 19], by M. Junge and Q. Xu, or [28, 29, 21] by
N. Randrianantoanina and J. Parcet. See also [16, 30, 31, 32, 37] for progress
related to Khintchine’s inequalities. The reader is referred to these papers to
get an idea of what the “main stream” on non-commutative martingale and
Khintchine inequalities is about.

1 Background on operator spaces

In this section we summarize the Theory of Operator Spaces. We refer either
to [11] or [25] for full details.
We recall that an operator space is just a closed subspace of the algebra B(H)
of all bounded operators on a Hilbert space H .
Given an operator space E ⊂ H , we denote by Mn(E) the space of n × n
matrices with entries in E and we equip it with the norm induced by that of
Mn(B(H)), i.e. by the operator norm on H ⊕ · · ·⊕H (n times). We denote by
E ⊗ F the algebraic tensor product of two vector spaces E,F .
If E ⊂ B(H) and F ⊂ B(K) are operator spaces, we denote by E ⊗min F the
closure of E⊗F viewed as a subspace of B(H⊗2K). We denote by ‖ ‖min the
norm induced by B(H⊗2K) on E⊗F or on its closure E⊗minF . A linear map
u : E → F between operator spaces is called completely bounded (c.b. in short)
if the associated maps un : Mn(E) → Mn(F ) defined by un([xij ]) = [u(xij)]
are bounded uniformly over n, and we define

‖u‖cb = sup
n≥1
‖un‖.

We say that u is completely isometric if un is isometric for any n ≥ 1 and that
u is a complete isomorphism if it is an isomorphism with c.b. inverse.
By a well known theorem due to Ruan (see [11, 25]), an operator space E can
be characterized up to complete isometry by the sequence of normed spaces
{Mn(E) | n ≥ 1}. The data of the sequence of norms on the spaces Mn(E)
(n ≥ 1) constitutes the operator space structure (o.s.s. in short) on the vector
space underlying E. Note thatMn(E) = B(Hn)⊗minE where Hn denotes here
the n-dimensional Hilbert space.
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Actually, the knowledge of the o.s.s. on E determines that of the norm on
B(H) ⊗ E for any Hilbert space H . Therefore we (may and) will take the
viewpoint that the o.s.s. on E consists of the family of normed spaces (before
completion)

(B(H)⊗ E, ‖ · ‖min),

where H is an arbitrary Hilbert space. The reader should keep in mind that
we may restrict either to H = ℓ2 or to H = ℓn2 with n ≥ 1 allowed to vary
arbitrarily. (If we fix n = 1 everywhere, the theory reduces to the ordinary
Banach space theory.) To illustrate our viewpoint we note that

‖u‖cb = sup
H
‖uH : B(H)⊗min E → B(H)⊗min F‖

where the mapping uH is the extension (by density) of id⊗ u.
The most important examples for this paper are the spaces Lp(µ) associated to
a measure space (Ω,A, µ). Our starting point will be the 3 cases p =∞, p = 1
and p = 2. For p = ∞, the relevant norm on B(H) ⊗ L∞(µ) is the unique
C∗-norm, easily described as follows: any f in B(H) ⊗ L∞(µ) determines a
function f : Ω→ B(H) taking values in a finite dimensional subspace of B(H)
and we have

‖f‖B(H)⊗minL∞(µ) = ess sup
ω∈Ω

‖f(ω)‖B(H). (1.1)

For p = 1, the relevant norm on B(H)⊗ L1(µ) is defined using operator space
duality, but it can be explicitly written as follows

‖f‖B(H)⊗minL1(µ) = sup

∥∥∥∥
∫
f(t)⊗ g(t) dµ(t)

∥∥∥∥
B(H⊗2K)

(1.2)

where the sup runs over all g in the unit ball of (B(K)⊗ L∞(µ), ‖ · ‖min) and
over all possible K. Equivalently, we may restrict to H = K = ℓ2. This
is consistent with the standard dual structure on the dual E∗ of an operator
space. There is an embedding E∗ ⊂ B(H) such that the natural identification

B(H)⊗ E∗ ←→ B(E,B(H))

defines for any H an isometric embedding

B(H)⊗min E
∗ ⊂ CB(E,B(H)).

With this notion of duality we have L1(µ)
∗ = L∞(µ) completely isometrically.

Moreover the inclusion L1(µ) ⊂ L∞(µ)∗ is completely isometric, and this is
precisely reflected by the formula (1.2).
To define the o.s.s. on L2(µ), we will use the complex conjugate H of a
Hilbert space H . Note that the map x → x∗ defines an anti-isomorphism
on B(H). Since B(H) = B(H) (canonically), we may view x → x∗ as a lin-
ear ∗-isomorphism from B(H) = B(H) to B(H)op where B(H)op is the same
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C∗-algebra as B(H) but with reversed product. Then for any xk ∈ B(H),
yk ∈ B(K) we have

∥∥∥
∑

xk ⊗ yk
∥∥∥
min
= sup

{∥∥∥
(∑

xk ⊗ yk
)
(ξ)
∥∥∥
H⊗2K

| ξ ∈ H ⊗K, ‖ξ‖H⊗2K ≤ 1

}
.

Let us denote by S2(H,K) the class of Hilbert–Schmidt operators from H to
K with norm denoted by ‖ · ‖S2(H,K) or more simply by ‖ ‖2. We may identify

canonically ξ ∈ H ⊗2 K with an element ξ̂ : K∗ → H with Hilbert–Schmidt
norm ‖ξ̂‖2 = ‖ξ‖H⊗2K . Then for any y ∈ B(K) let ty : K∗ → K∗ denote the
adjoint operator. We have then

∥∥∥
∑

xk ⊗ yk
∥∥∥
min

= sup
{∥∥∥
∑

xk ξ̂
tyk

∥∥∥
2

∣∣∣ ‖ξ̂‖2 ≤ 1
}
.

Using the identification B(K) = B(K)op via x̄→ x∗, (let x→ x̄ be the identity
map on B(K) viewed as a map from B(K) to B(K)) we find
∥∥∥
∑

xk ⊗ ȳk
∥∥∥
B(H⊗2K)

= sup
{∥∥∥
∑

xkay
∗
k

∥∥∥
2

∣∣∣ a ∈ S2(K,H), ‖a‖2 ≤ 1
}
.

We now define the “natural” o.s.s. on the space ℓ2 according to [22]. This is
defined by the following formula: for any f in B(H) ⊗ ℓ2, of the form f =∑n

1 xk ⊗ ek (here (ek) denotes the canonical basis of ℓ2) we have

‖f‖B(H)⊗minℓ2 =
∥∥∥
∑

xk ⊗ x̄k
∥∥∥
1/2

B(H⊗2H)
. (1.3)

The resulting o.s. is called “the operator Hilbert space” and is denoted by OH .
Actually, the same formula works just as well for any Hilbert space H with an
orthonormal basis (ei)i∈I . The resulting o.s. will be denoted by Hoh (so that
OH is just another notation for (ℓ2)oh).
In this paper our main interest will be the space L2(µ). The relevant o.s.s. can
then be described as follows: for any f in B(H)⊗ L2(µ) we have

‖f‖B(H)⊗minL2(µ)oh =

∥∥∥∥
∫
f(ω)⊗ f(ω)dµ(ω)

∥∥∥∥
1/2

B(H⊗2H)

. (1.4)

It is not hard to see that this coincides with the definition (1.3) when (en) is
an orthonormal basis of L2(µ).
We refer the reader to [22] for more information on the space Hoh, in particular
for the proof that this space is uniquely characterized by its self-duality in
analogy with Hilbert spaces among Banach spaces. We note that Hoh and Hoh

are completely isometric iff the Hilbert spaces H and H are isometric (i.e. of
the same Hilbertian dimension).
The “natural o.s.s.” on Lp = Lp(µ) is defined in [23] for 1 < p < ∞ using
complex interpolation. It is characterized by the following isometric identity:
For any finite dimensional Hilbert space H

B(H)⊗min Lp = (B(H) ⊗min L∞, B(H)⊗min L1)1/p.
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When p = 2 we recover the o.s.s. defined above for L2(µ)oh.
We now turn to multilinear maps. Let E1, . . . , Em and F be operator spaces.
Consider an m-linear map ϕ : E1× · · · ×Em → F . Let H1, . . . , Hm be Hilbert
spaces. We set Bj = B(Hj). By multilinear algebra we can associate to ϕ an
m-linear map

ϕ̂ : B1 ⊗ E1 × · · · ×Bm ⊗ Em → B1 ⊗ · · · ⊗Bm ⊗ F

characterized by the property that (∀bj ∈ Bj , ∀ej ∈ Ej)

ϕ̂(b1 ⊗ e1, · · · , bm ⊗ em) = b1 ⊗ · · · ⊗ bm ⊗ ϕ(e1, · · · , em).

We say that ϕ is (jointly) completely bounded (c.b. in short) if ϕ̂ is bounded
from

B1 ⊗min E1 × · · · ×Bm ⊗min Em to B1 ⊗min · · · ⊗min Bm ⊗min F.

It is easy to see that we may reduce to the case when H1 = H2 = · · · = Hm = ℓ2
(equivalently we could restrict to finite dimensional Hilbert spaces of arbitrary
dimension). With this choice of Hj we set

‖ϕ‖cb = ‖ϕ̂‖.

2 Preliminary results

We first recall Haagerup’s version of the Cauchy–Schwarz inequality on which
is based a lot of what follows.
Let H,K be Hilbert spaces, ak ∈ B(H), bk ∈ B(K) (k = 1, . . . , n). We have
then

∥∥∥
∑

ak ⊗ b̄k
∥∥∥
B(H⊗2K)

≤
∥∥∥
∑

ak ⊗ āk
∥∥∥
1/2

B(H⊗2H)

∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

B(K⊗2K)

where ⊗2 denotes the Hilbert space tensor product.
We will sometimes need the following reformulation: let H be another Hilbert
space and for any f ∈ H ⊗B(H), say f =

∑
xk ⊗ ak, and g ∈ H ⊗B(K), say

g =
∑
yℓ ⊗ bℓ let 〈〈f, g〉〉 ∈ B(H)⊗B(K) be defined by

〈〈f, g〉〉 =
∑

k,ℓ
〈xk, yℓ〉ak ⊗ b̄ℓ.

We have then

‖〈〈f, g〉〉‖B(H⊗2K) ≤ ‖〈〈f, f〉〉‖1/2‖〈〈g, g〉〉‖1/2. (2.1)

More generally for any finite sequences (fα)1≤α≤N in H⊗B(H) and (gα)1≤α≤N
in H⊗B(K) we have

∥∥∥
∑

α
〈〈fα, gα〉〉

∥∥∥
B(H⊗2K)

≤
∥∥∥
∑

α
〈〈fα, fα〉〉

∥∥∥
1/2

B(H⊗2H)

∥∥∥
∑

α
〈〈gα, gα〉〉

∥∥∥
1/2

B(K⊗2K)
.

(2.2)
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It is convenient to also observe here that if E1, E2 are orthogonal subspaces of
H and if fj ∈ Ej ⊗B(H) (j = 1, 2) then

〈〈f1 + f2, f1 + f2〉〉 = 〈〈f1, f1〉〉+ 〈〈f2, f2〉〉. (2.3)

We will use an order on B(H) ⊗ B(H): Let C+ be the set of all finite sums
of the form

∑
ak ⊗ āk. If x, y are in B(H) ⊗ B(H), we write x ≺ y (or

y ≻ x) if y − x ∈ C+. In particular x ≻ 0 means x ∈ C+. Any element x ∈
B(H)⊗B(H) defines a (finite rank) sequilinear form x̃ : B(H)∗×B(H)∗ → C.
More generally, for any complex vector space E, we may define similarly x ≻ 0
for any x ∈ E ⊗ Ē.
The following criterion is easy to show by linear algebra.

Lemma 2.1. Let x ∈ B(H)⊗B(H). Then x ∈ C+ iff x̃ is positive definite i.e.
x̃(ξ, ξ) ≥ 0 for any ξ in B(H)∗. Moreover, this holds iff x̃(ξ, ξ) ≥ 0 for any ξ
in the predual B(H)∗ ⊂ B(H)∗ of B(H). Lastly, if H is separable, there is a
countable subset D ⊂ B(H)∗ such that x ≻ 0 iff x̃(ξ, ξ) ≥ 0 for any ξ in D.

Proof. The first part is a general fact valid for any complex Banach space E in
place of B(H): Assume x ∈ E⊗ Ē, then x ∈ F ⊗ F̄ for some finite dimensional
F ⊂ E, thus the equivalence in Lemma 2.1 just reduces to the classical spectral
decomposition of a positive definite matrix. If E is a dual space with a predual
E∗ ⊂ E∗, then E∗ is σ(E∗, E)-dense in E∗, so the condition x̃(ξ, ξ) ≥ 0 will
hold for any ξ ∈ E∗ if it does for any ξ ∈ E∗. When the predual E∗ is separable,
the last assertion becomes immediate.

Remark 2.2. Let E be a complex Banach space. Let [aij ] be a complex n× n
matrix, xj ∈ E. Consider x =

∑
aijxi ⊗ x̄j ∈ E ⊗ Ē. Then x ≻ 0 if [aij ]

is positive definite, and if the xj ’s are linearly independent, the converse also
holds. Indeed, by the preceding argument, all we need to check is x̃(ξ, ξ) =∑
aijξ(xi)ξ(xj) ≥ 0.

The importance of this ordering for us lies in the following fact:

Lemma 2.3. If x, y ∈ B(H)⊗B(H) and 0 ≺ x ≺ y then

‖x‖min ≤ ‖y‖min

where ‖x‖min = ‖x‖B(H⊗2H).

Proof. Let x =
∑
ak ⊗ āk. Then the lemma is immediate from the identity

∥∥∥
∑

ak ⊗ āk
∥∥∥ = sup

{(∑
‖ξakη‖22

)1/2 ∣∣∣ ‖ξ‖4 ≤ 1, ‖η‖4 ≤ 1

}

for which we refer to [22]. Indeed, if d =
∑
bj ⊗ b̄j and y = x+ d this identity

applied to x+ d makes it clear that ‖x‖ ≤ ‖x+ d‖ = ‖y‖.
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It will be convenient to extend our notation: Let H1, H2, . . . , Hm be an m-tuple
of Hilbert spaces. For any k = 1, . . . ,m we set

Hm+k = Hk.

Let σ be any permutation of {1, . . . , 2m}. For any element x in B(H1)⊗ · · · ⊗
B(H2m) we denote by

σ · x ∈ B(Hσ(1))⊗ · · · ⊗B(Hσ(2m))

the element obtained from x by applying σ to the factors, i.e. if x = t1⊗· · ·⊗t2m
then σ · x = tσ(1) ⊗ · · · ⊗ tσ(2m) and x → σ · x is the linear extension of this
map.
Let H = H1 ⊗ · · · ⊗ Hm. Now if we are given a permutation σ and x, y in
B(Hσ(1))⊗ · · · ⊗B(Hσ(2m)) we note that

σ−1 · x, σ−1 · y ∈ B(H)⊗B(H).

We will write (abusively) x ≺ y (or y ≻ x) if we have

σ−1 · x ≺ σ−1 · y.

Of course this order depends on σ and although our notation does not keep
track of that, we will need to remember σ, but hopefully no confusion should
arise. While we will use various choices for σ, we never change our choice in
the middle of a calculation, e.g. when adding two “positive” terms.
For instance we allow ourselves to write that ∀ak ∈ B(H) ∀bk ∈ B(K) we have

∑
ak ⊗ āk ⊗ bk ⊗ b̄k ≻ 0 (2.4)

in B(H ⊗H ⊗K ⊗K), where implicitly we are referring to the permutation σ
that takes H ⊗H ⊗K ⊗ K to H ⊗K ⊗ H ⊗K. In particular, we note that
with this convention ∀x, y ∈ B(H)⊗B(H) ∀b ∈ B(K) we have

x ≺ y ⇒ b⊗ x⊗ b̄ ≺ b⊗ y ⊗ b̄. (2.5)

Note that since the minimal tensor product is commutative, we still have, for
any x, y in B(Hσ(1))⊗ · · · ⊗B(Hσ(2m)), that

0 ≺ x ≺ y ⇒ ‖x‖min ≤ ‖y‖min. (2.6)

From the obvious identity (x, y ∈ B(H))

(x+ y)⊗ (x+ y) + (x− y)⊗ (x− y) = 2(x⊗ x̄+ y ⊗ ȳ)

it follows that
(x + y)⊗ (x+ y) ≺ 2(x⊗ x̄+ y ⊗ ȳ). (2.7)
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Note that if we set Φ(x) = x ⊗ x̄, then the preceding expresses the “order
convexity” of this function:

Φ((x+ y)/2) ≺ (Φ(x) + Φ(y))/2.

More generally, for any finite set x1, . . . , xn in B(H) we have Φ(n−1
∑n

1 xk) ≺
n−1

∑n
1 Φ(xk), or

(∑n

1
xk

)
⊗
(∑n

1
xk

)
≺ n

∑n

1
xk ⊗ x̄k. (2.8)

We need to record below several variants of the “order convexity” of Φ.
From now on we assume that H is a separable Hilbert space.
More generally, for any x in B(H)⊗L2(Ω,A,P) and any σ-subalgebra B ⊂ A,
we may associate to x ⊗ x̄ the function x⊗̇x̄ : ω → B(H) ⊗ B(H) defined by
x⊗̇x̄(ω) = x(ω)⊗ x̄(ω). We have then almost surely

0 ≺ EB(x⊗̇x̄), (2.9)

and more precisely (again almost surely)

(EBx)⊗̇(EBx) ≺ EB(x⊗̇x̄). (2.10)

Indeed, (2.9) follows from Lemma 2.1 (separable case) and the right hand side
of (2.10) is equal to

(EBx)⊗̇(EBx) + EB(y⊗̇ȳ) where y = x− EBx.

When B is the trivial algebra, we obtain

0 ≺
∫
x⊗̇x̄, (2.11)

and hence for any measurable subset A ⊂ Ω
∫

A

x⊗̇x̄ dP ≺
∫

Ω

x⊗̇x̄ dP, (2.12)

and also
(Ex) ⊗ (Ex̄) ≺ E(x⊗̇x̄). (2.13)

We need to observe that for any integer m ≥ 1 we have

0 ≺ x⇒ 0 ≺ x⊗m (2.14)

and more generally
0 ≺ x ≺ y ⇒ 0 ≺ x⊗m ≺ y⊗m. (2.15)

Furthermore, if x1, y1 ∈ B(H1)⊗B(H1) and x2, y2 ∈ B(H2)⊗B(H2)

0 ≺ x1 ≺ y1 and 0 ≺ x2 ≺ y2 ⇒ 0 ≺ x1⊗x2 ≺ y1⊗y2, (2.16)
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where the natural permutation is applied to x1⊗x2 and y1⊗y2, allowing to view
them as elements of B(H1 ⊗H2)⊗B(H1 ⊗H2).
Returning to (2.10), we note that it implies

((EBx)⊗̇(EBx))⊗2 ≺ (EB(x⊗̇x̄))⊗2 ≺ EB(x⊗̇x̄⊗̇x⊗̇x̄),

and hence
‖((EBx)⊗̇(EBx))⊗2‖ ≤ ‖EB(x⊗̇x̄⊗̇x⊗̇x̄)‖.

More generally, iterating this argument, we obtain for any integer k ≥ 1

((EBx)⊗̇(EBx))⊗2k ≺ EB((x⊗̇x̄)⊗2k). (2.17)

In particular

((Ex)⊗̇(Ex))⊗2k ≺ E((x⊗̇x̄)⊗2k), (2.18)

and consequently for any finite sequence x1, · · · , xn ∈ B(H)⊗ L2(Ω,A,P)

‖
∑

j
((EBxj)⊗̇(EBxj))

⊗2k‖ ≤ ‖
∑

j
EB((xj⊗̇x̄j)⊗2k)‖. (2.19)

In a somewhat different direction, for any measure µ, let f ∈ B(H) ⊗ L2(µ),
let P be any orthogonal projection on L2(µ) and let g = (I ⊗ P )(f). Then

0 ≺
∫
g⊗̇ḡdµ ≺

∫
f⊗̇f̄dµ. (2.20)

Indeed, this is immediate by (2.3).

3 Definition of Λ2mΛ2mΛ2m

Our definition of the operator space Λ2m(µ) is based on the case m = 1, i.e. on
the operator Hilbert space OH , studied at length in [22]. The latter is based on
the already mentioned Cauchy–Schwarz inequality due to Haagerup as follows:
Let H,K be Hilbert spaces and let ak ∈ B(H), bk ∈ B(K)

∥∥∥
∑

ak ⊗ bk
∥∥∥ ≤

∥∥∥
∑

ak ⊗ āk
∥∥∥
1/2 ∥∥∥

∑
bk ⊗ b̄k

∥∥∥
1/2

. (3.1)

This is usually stated with
∑
ak ⊗ b̄k on the left hand side, but since the right

hand side is unchanged if we replace bk by b̄k we may write this as well. It will
be convenient for our exposition to use the functional version of (3.1) as follows:
For any Hilbert spaces H,K and any f ∈ B(H)⊗L2(µ) and g ∈ B(K)⊗L2(µ),
we denote by f⊗̇g the B(H)⊗B(K)-valued function defined by

(f⊗̇g)(ω) = f(ω)⊗ g(ω).

Of course, using the identity B(H)⊗B(H) ≃ B(H)⊗B(H), this extends the
previously introduced notation for f⊗̇f̄ : Ω→ B(H)⊗B(H).
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Similarly, given n measurable functions fj : Ω → B(Hj), we denote by
f1⊗̇ · · · ⊗̇fn the pointwise product viewed as a function with values in B(H1)⊗
· · · ⊗ B(Hn).
Note that if fj corresponds to an element in B(Hj) ⊗ Lpj with pj > 0 such

that
∑
p−1
j = p−1, then by Hölder’s inequality, f1⊗̇ · · · ⊗̇fn ∈ B(H1) ⊗ · · · ⊗

B(Hn)⊗ Lp.
By (2.1) applied with H = L2(µ), we have

∥∥∥∥
∫
f⊗̇ḡ dµ

∥∥∥∥
B(H⊗K)

≤
∥∥∥∥
∫
f⊗̇f̄ dµ

∥∥∥∥
1/2

B(H⊗H)

∥∥∥∥
∫
g⊗̇ḡ dµ

∥∥∥∥
1/2

B(K⊗K)

. (3.2)

Replacing ḡ by g, we obtain

∥∥∥∥
∫
f⊗̇g dµ

∥∥∥∥
B(H⊗K)

≤
∥∥∥∥
∫
f⊗̇f̄ dµ

∥∥∥∥
1/2

B(H⊗H)

∥∥∥∥
∫
g⊗̇ḡ dµ

∥∥∥∥
1/2

B(K⊗K)

. (3.3)

We note that this functional variant of (3.1) appears in unpublished work by
Furman and Shalom (personal communication).
We will also invoke the following variant: for any ψ ∈ B(ℓ2) ⊗ L∞ with norm
‖ψ‖min ≤ 1 we have

∥∥∥∥
∫
f⊗̇g⊗̇ψ dµ

∥∥∥∥
B(H⊗K⊗ℓ2)

≤
∥∥∥∥
∫
f⊗̇f̄ dµ

∥∥∥∥
1/2

B(H⊗H)

∥∥∥∥
∫
g⊗̇ḡ dµ

∥∥∥∥
1/2

B(K⊗K)

.

(3.4)
This (which can be interpreted as saying that the product map L2 × L2 → L1

is jointly completely contractive) can be verified rather easily using complex
interpolation, see e.g. the proof of Lemma 7.1 below for a more detailed argu-
ment.
For simplicity in this section we abbreviate Lp(µ) or Lp(Ω, µ) and we simply
write Lp instead.
We start by a version of Hölder’s inequality adapted to our needs that follows
easily from (3.3). The proof uses an iteration idea already appearing in [6].

Lemma 3.1. Let m ≥ 1 be any integer. Then for any f1, . . . , f2m in B(H)⊗L2m

we have f1⊗̇ · · · ⊗̇f2m ∈ B(H)⊗2m ⊗ L1 and

∥∥∥∥
∫
f1⊗̇ · · · ⊗̇f2m dµ

∥∥∥∥ ≤
2m∏

k=1

∥∥∥∥
∫
f ⊗̇m
k ⊗̇f̄ ⊗̇m

k dµ

∥∥∥∥
1

2m

, (3.5)

where we denote f ⊗̇m = f⊗̇ · · · ⊗̇f (m times).

Proof. By homogeneity we may (and do) normalize and assume that

∥∥∥∥
∫
f ⊗̇m
k ⊗̇f̄ ⊗̇m

k dµ

∥∥∥∥ ≤ 1. ∀k = 1, . . . , 2m
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Let

C = max
{∥∥
∫
g1⊗̇ · · · ⊗̇g2m dµ

∥∥}

where the maximum runs over all gk in the set {f1, . . . , f2m, f̄1, . . . , f̄2m}.
It clearly suffices to prove C ≤ 1. In the interest of the reader, we first do the
proof in the simplest case m = 2. We have by (3.3)

‖
∫
f1⊗̇ · · · ⊗̇f4dµ‖ ≤ ‖

∫
f1⊗̇f2⊗̇f1⊗̇f2dµ‖1/2‖

∫
f3⊗̇f4⊗̇f3⊗̇f4dµ‖1/2

which we may rewrite as

‖
∫
f1⊗̇ · · · ⊗̇f4dµ‖ ≤ ‖

∫
f1⊗̇f̄1⊗̇f2⊗̇f̄2dµ‖1/2‖

∫
f3⊗̇f̄3⊗̇f4⊗̇f̄4dµ‖1/2,

(3.6)
and by (3.3) again we have

‖
∫
f1⊗̇f̄1⊗̇f2⊗̇f̄2dµ‖1/2 ≤

≤ ‖
∫
f1⊗̇f̄1⊗̇f̄1⊗̇f1dµ‖1/2‖

∫
f2⊗̇f̄2⊗̇f̄2⊗̇f2dµ‖1/2 ≤ 1

and similarly for the other factor in (3.6). Thus we obtain the announced
inequality for m = 2.
To check the general case, let us denote

I(f1, . . . , f2m) =

∥∥∥∥
∫
f1⊗̇ · · · ⊗̇f2m dµ

∥∥∥∥ .

By (3.3) we find

I(f1, . . . , f2m) ≤ (I(f1, . . . , fm, f̄1, . . . , f̄m)C)1/2.

Note that I(f1, . . . , f2m) is invariant under permutation of entries. Thus we
have

I(f1, . . . , fm, f̄1, . . . , f̄m) = I(f1, f̄1, f2, f̄2, . . . , fm, f̄m).

Using (3.3) again we find

I(f1, . . . , fm, f̄1, . . . , f̄m) ≤ (I(f1, f̄1, f1, f̄1, f2, f̄2, . . .)C)
1/2

and continuing in this way we obtain

I(f1, . . . , f2m) ≤ I(f1, f̄1, f1, f̄1, . . . , f1, f̄1)θC1−θ

where 0 < θ < 1 is equal to 2−K with K the number of iterations.
Since we assume I(f1, f̄1, . . . , f1, f̄1) ≤ 1 we find

I(f1, . . . , f2m) ≤ C1−θ.
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But we may replace f1, . . . , f2m by g1, . . . , g2m and the same argument gives us

I(g1, . . . , g2m) ≤ C1−θ

and hence C ≤ C1−θ, from which C ≤ 1 follows immediately.

Proposition 3.2. Let m ≥ 1 be an integer and p = 2m. There is an isometric
embedding

Lp(µ) ⊂ B(H)
so that for any f ∈ B(H)⊗ Lp(µ) and any H we have

‖f‖B(H⊗H) =

∥∥∥∥
∫
f ⊗̇m⊗̇f̄ ⊗̇m dµ

∥∥∥∥
1

2m

where we again denote f ⊗̇m = f⊗̇ · · · ⊗̇f (m times).

Proof. Let B = B(H). With the notation in Lemma 3.1 we have

∥∥∥∥
∫
f ⊗̇m⊗̇f̄ ⊗̇m dµ

∥∥∥∥
1

2m

= max{I(f, f̄ , g2, ḡ2, . . . , gm, ḡm)1/2} (3.7)

where the supremum runs over all g2, . . . , gm in B ⊗ L2m such that∥∥ ∫ g⊗̇mk ⊗̇ḡ⊗̇mk dµ
∥∥ ≤ 1 for any k = 1, . . . ,m.

Indeed, it follows easily from (3.5) that the latter maximum is attained for the

choice of g2 = · · · = gm = λf with λ =
∥∥ ∫ f ⊗̇m⊗̇f̄ ⊗̇m dµ

∥∥−1/2m
. Thus we can

proceed as in [22] for the case m = 1: We assume H = ℓ2 to fix ideas. Let S
denote the collection of all G = g2⊗̇ · · · ⊗̇gm where (g2, . . . , gm) runs over the
set appearing in (3.7). Note that by (3.5) we know that for any f in B⊗Lp we
have f⊗̇G ∈ B(H⊗m)⊗L2. Then for any G in S we introduce the linear map

uG : Lp(µ)→ B(H⊗m)⊗min (L2)oh

defined by
uG(f) = f⊗̇G.

Then (3.5) and (1.4) imply ‖uG‖ ≤ 1. We then define the embedding

u : Lp(µ)→
⊕

G∈S
B(H⊗m−1)⊗min (L2)oh

by setting

u(f) =
⊕

G

uG(f).

Then (3.7) gives us that for any f in B ⊗ Lp we have

‖(id⊗ u)(f)‖ =
∥∥∥∥
∫
f ⊗̇m⊗̇f̄ ⊗̇m dµ

∥∥∥∥
1

2m

.

Thus the embedding u has the required properties.
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Definition 3.3. We denote by Λp(µ) (p = 2m) the operator space appearing
in Proposition 3.2. Note that Λp(µ) is isometric to Lp(µ) and for any H and
for any f ∈ B(H)⊗ Λp(µ) we have

‖f‖B(H)⊗minΛp(µ) =

∥∥∥∥
∫
f ⊗̇m⊗̇f̄ ⊗̇m dµ

∥∥∥∥
1

2m

. (3.8)

Proposition 3.4. Let f be as in Definition 3.3 with p = 2m. Then

‖f‖B(H)⊗minΛp = ‖f ⊗̇m‖1/mB(H⊗m)⊗minL2
= ‖f ⊗̇m⊗̇f̄ ⊗̇m‖

1
2m

B(H⊗m⊗H̄⊗m)⊗minL1

(3.9)
where L2 and L1 are equipped respectively with their oh and maximal operator
space structure. So if we make the convention that Λ1 = L1 equipped with its
maximal o.s.s. then we have

‖f‖B(H)⊗minΛ2m
= ‖(f⊗̇f̄)⊗̇m‖

1
2m

B((H⊗H̄)⊗m)⊗minΛ1
.

Proof. The first equality is immediate since it is easy to check that for any
g ∈ B(H)⊗ L2 we have

‖g‖min =

∥∥∥∥
∫
g⊗̇ḡ dµ

∥∥∥∥
1/2

B(H⊗H)

.

For the second one, we use (1.2): for any ϕ in B(H)⊗ L1

‖ϕ‖B(H)⊗minL1
= sup

{∥∥∥∥
∫
ϕ⊗̇ψ dµ

∥∥∥∥
}

where the supremum runs over all ψ in B(ℓ2)⊗L∞ with ‖ψ‖min ≤ 1. Applying

this to ϕ(t) = f(t)⊗m ⊗ f(t)⊗m we find using (3.4)

‖f⊗m ⊗ f̄⊗m‖B(H)⊗minL1
≤ ‖f‖2mB(H)⊗minΛp

,

and the choice of ψ ≡ 1 shows that this inequality is actually an equality.

Notation: For any f ∈ B(H) ⊗ Lp(µ) (or equivalently f ∈ B(H) ⊗ Λp(µ)),
we denote

‖f‖(p) = ‖f‖B(H)⊗minΛp(µ).

The preceding Proposition shows that if p = 2m, we have

‖f‖(p) = ‖f ⊗̇p/2‖2/p(2) = ‖(f⊗̇f̄)⊗̇p/2‖1/p(1) .

Note that by (2.15), if g, f ∈ B(H)⊗ Lp(µ) and p = 2m

(
g(ω)⊗̇ḡ(ω) ≺ f(ω)⊗̇f̄(ω) ∀a.s ω ∈ Ω

)
⇒ ‖g‖(p) ≤ ‖f‖(p). (3.10)
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Corollary 3.5. The conditional expectation EB is completely contractive on
Λp for any p ∈ 2N.

Proof. The case p = 2 is clear by the homogeneity of the spaces OH . Using
(2.10) one easily passes from p to 2p. By induction, this proves the Corollary
for any p of the form p = 2m. For p equal to an arbitrary even integer, we
need a different argument. Let f ∈ B(H)⊗ Λp and g = EBf . By the classical
property of conditional expectations, we have

‖g‖p(p) = ‖
∫
g⊗̇ḡ⊗̇g⊗̇ḡ · · · dµ‖ = ‖

∫
f⊗̇ḡ⊗̇g⊗̇ḡ · · · dµ‖

and hence by (3.5) ‖g‖p(p) ≤ ‖f‖(p)‖g‖
p−1
(p) or equivalently ‖g‖(p) ≤ ‖f‖(p).

With the above definition, Lemma 3.1 together with (3.4) immediately implies
(see the beginning of §7 for the definition of jointly completely contractive
multilinear maps):

Corollary 3.6. Let p = 2m. The product mapping (f1, . . . , f2m) 7→ f1 ×
. . . × f2m is a jointly completely contractive multilinear map from Λp(µ)

2m to
Λ1(µ) = L1(µ).

Proof. By Lemma 3.1 and (3.4) we have for any ψ ∈ B(ℓ2) ⊗ L∞ with norm
‖ψ‖min ≤ 1

‖
∫
f1⊗̇ · · · ⊗̇fp⊗̇ψ‖ ≤

p∏

1

‖fj‖(p).

Taking the supremum over all such ψ we obtain

‖f1⊗̇ · · · ⊗̇fp‖(1) ≤
p∏

1

‖fj‖(p),

which is nothing but a reformulation of the assertion of this corollary.

Corollary 3.7. Let p ≥ q ≥ 2 be even integers. If µ is a probability, the
inclusion Lp(µ) ⊂ Lq(µ) is a complete contraction from Λp(µ) to Λq(µ).

Proof. Take p = 2m, q = 2n and r = 2m − 2n with n < m. Let f ∈ B(H) ⊗
Lp(µ) and g ∈ B(H)⊗Lp(µ). Consider f1⊗· · ·⊗f2m = (f⊗ f̄)n⊗g⊗r, and let
us choose for g the constant function that is identically equal to the identity
operator on H . Then, using (3.8), (3.5) yields

‖f‖qB(H)⊗minΛq(µ)
≤ ‖f‖qB(H)⊗minΛp(µ)

× 1p−q

and hence ‖f‖B(H)⊗minΛq(µ) ≤ ‖f‖B(H)⊗minΛp(µ).
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Remark 3.8. Let f ∈ B(H)⊗L∞(µ). We may view f as an essentially bounded
B(H)-valued function. Then if µ is finite we have

‖f‖L∞(µ;B(H)) = lim
p→∞

‖f‖(p). (3.11)

Indeed, we may assume µ(Ω) = 1 and it clearly suffices to prove that for any
measurable subset A ⊂ Ω with µ(A) > 0 we have

∥∥∥∥∥∥
µ(A)−1

∫

A

f dµ

∥∥∥∥∥∥
≤ lim
p→∞

‖f‖(p). (3.12)

To verify this let fA = µ(A)−1
∫
A

f dµ. By (2.17) with p = 2k we have

‖fA‖ = ‖(fA ⊗ f̄A)⊗p‖
1
2p ≤

∥∥∥∥∥∥
µ(A)−1

∫

A

(f⊗̇f̄)⊗̇p
∥∥∥∥∥∥

1
2p

≤ µ(A)− 1
2p ‖f‖(2p)

where we also use (2.12) and Lemma 2.3, and hence letting p → ∞ we obtain
(3.12).

4 Martingale inequalities in ΛpΛpΛp

Our main result is the following one. This is an operator valued version of
Burkholder’s martingale inequalities. Although our inequality seems very dif-
ferent from the one appearing in [26], the method used to prove it is rather
similar.
Throughout this section H is an arbitrary Hilbert space and we set B = B(H).
We give ourselves a probability space (Ω,A,P) and we set Lp = Lp(Ω,A,P).
We also give ourselves a filtration (An)n≥0 on (Ω,A,P). We assume that A0

is trivial and that A∞ = σ
(⋃

n≥0An
)
is equal to A.

We may view any f in B ⊗Lp as a B-valued random variable f : Ω→ B. We
denote Enf = EAnf , d0 = E0f and dn = Enf − En−1f for any n ≥ 1. We will
say that f ∈ B⊗Lp is a test function if it is AN -measurable for some N ≥ 1, or
equivalently if f can be written as a finite sum f =

∑∞
0 dn. We then denote

S(f) =
∑∞

0
dn⊗̇d̄n.

We also denote
σ(f) = d0⊗̇d̄0 +

∑∞

1
En−1(dn⊗̇d̄n).

We recall the notation
x⊗̇m = x⊗̇ · · · ⊗̇x

where x is repeated m times. Note that σ(f) ∈ B ⊗B ⊗ Lp/2 and also that

(dn⊗̇d̄n)⊗̇p/2 ∈ (B ⊗B)⊗p/2 ⊗ L1.
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Theorem 4.1. For any p ≥ 2 of the form p = 2k for some k ≥ 1 there are
positive constants C1(p), C2(p) such that for any test function f in B ⊗ Lp we
have

C1(p)
−1‖S(f)‖1/2

B⊗minB⊗minΛp/2
≤ ‖f‖B⊗minΛp ≤ C2(p)‖S(f)‖1/2B⊗minB⊗minΛp/2

.

(4.1)

First part of the proof. We start by the case p = 4. Let f =
∑
dn, S = S(f)

and σ = σ(f). Then
f⊗̇f̄ = S + a+ b

where a =
∑
dn⊗̇f̄n−1 and b =

∑
fn−1⊗̇d̄n. Let g = a+b so that f⊗̇f̄−S = g.

Note that by (2.7) applied pointwise (or, say, alomst surely)

g⊗̇ḡ ≺ 2(a⊗̇ā+ b⊗̇b̄)

and hence E(g⊗̇ḡ) ≺ 2E(a⊗̇ā) + 2E(b⊗̇b̄). By Lemma 2.3 we have

‖E(g⊗̇ḡ)‖ ≤ 2‖E(a⊗̇ā)‖+ 2E(b⊗̇b̄)‖. (4.2)

Note that for any f
‖E(f⊗̇f̄)‖1/2 = ‖f‖B⊗minΛ2 .

By orthogonality E(a⊗̇ā) = E(
∑
dn⊗̇f̄n−1⊗̇d̄n⊗̇fn−1). By (2.10) we have

f̄n−1⊗̇fn−1 ≺ En−1(f̄⊗̇f)

therefore by (2.5)

dn⊗̇d̄n⊗̇f̄n−1⊗̇fn−1 ≺ dn⊗̇d̄n⊗̇En−1(f̄⊗̇f)

and hence

E(dn⊗̇d̄n⊗̇f̄n−1⊗̇fn−1) ≺ E(En−1(dn⊗̇d̄n)⊗̇f̄⊗̇f)

which yields (after a suitable permutation) by Lemma 2.3

‖E(a⊗̇ā)‖ ≤ ‖E(σ⊗̇f̄⊗̇f)‖,

and hence by Haagerup’s Cauchy–Schwarz inequality

‖E(a⊗̇ā)‖ ≤ ‖E(σ⊗̇σ̄)‖1/2‖E(f̄⊗̇f⊗̇f⊗̇f̄)‖1/2. (4.3)

Similarly we find

‖E(b⊗̇b̄)‖ ≤ ‖E(σ⊗̇σ̄)‖1/2‖E(f⊗̇f̄⊗̇f̄⊗̇f)‖1/2. (4.4)

We now claim that

‖E(σ⊗̇σ̄)‖1/2 ≤ 2‖E(S⊗̇S)‖1/2.
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Using this claim the conclusion is easy: By (4.2), (4.3), (4.4) we have

‖E(g⊗̇ḡ)‖ ≤ 8‖E(S⊗̇S)‖1/2‖E(f⊗̇f̄⊗̇f⊗̇f̄)‖1/2.

But now g → ‖E(g⊗̇ḡ)‖1/2 = ‖g‖B⊗minL2 is a norm so by its subadditivity,
recalling g = f⊗̇f̄ − S, we have

∣∣‖f⊗̇f̄‖B⊗minL2 − ‖S‖B⊗minL2

∣∣ ≤ ‖g‖B⊗minL2 ≤ 81/2xy

where x2 = ‖f⊗̇f̄‖Bmin⊗L2 and y2 = ‖S‖B⊗minL2 . Equivalently, we have

|x2 − y2| ≤ 81/2xy

from which it immediately follows that

max

{
x

y
,
y

x

}
≤
√
2 +
√
3.

Thus, modulo our claim, we obtain the announced inequality (4.1) for p = 4.
To prove the claim we note that it is a particular case of the “dual Doob
inequality” appearing in the next Lemma.

Lemma 4.2. Let θ1, . . . , θN be arbitrary in B ⊗ L4. Let α =
∑N

1 En(θn⊗̇θ̄n)
and β =

∑N
1 θn⊗̇θ̄n. Then

‖E(α⊗̇ᾱ)‖1/2 ≤ 2‖E(β⊗̇β̄)‖1/2.

Proof. Let αn = En(θn⊗̇θ̄n) and βn = θn⊗̇θ̄n. Note that βn ≻ 0 and αn ≻ 0.
We have α⊗̇ᾱ =

∑
n,k αn⊗̇ᾱk and hence

E(α⊗̇ᾱ) = E


∑

n≤k
Enβn⊗̇Ekβk


+ E

(∑

n>k

Enβn⊗̇Ekβk
)

= E
(∑

n≤k
(Enβn)⊗̇β̄k

)
+ E

(∑
n>k

βn⊗̇(Ekβk)
)

= I + II.

Using a suitable permutation (as explained before (2.5)) we have by (2.5) or
(2.16)

(Enβn)⊗̇β̄k ≻ 0 and βn⊗̇(Ekβk) ≻ 0.

Therefore, using (2.9), it follows from Lemma 2.3 that

‖I‖ ≤
∥∥∥
∑

n,k
E((Enβn)⊗̇β̄k)

∥∥∥ = ‖E(α⊗̇β̄)‖,

and hence by (3.3)

‖I‖ ≤ ‖E(α⊗̇ᾱ)‖1/2‖E(β⊗̇β̄)‖1/2.
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A similar bound holds for ‖II‖. Thus we obtain

‖E(α⊗̇ᾱ)‖ ≤ ‖I‖+ ‖II‖ ≤ 2‖E(α⊗̇ᾱ)‖1/2‖E(β⊗̇β̄)‖1/2.

After division by ‖E(α⊗̇ᾱ)‖1/2 we find the inequality in Lemma 4.2.

We will need to extend Lemma 4.2 as follows:

Lemma 4.3. Let m ≥ 1 be any integer. Let θ1, . . . , θN be arbitrary in B⊗L2m.
Let α, β be as in the preceding lemma. Then

‖E(α⊗̇m)‖ ≤ mm‖E(β⊗̇m)‖. (4.5)

Proof. Note that up to a permutation of factors (α)⊗̇2 and α⊗̇ᾱ are the same.

In any case ‖E((α)⊗̇2)‖ = ‖E(α⊗̇ᾱ)‖, so the case m = 2 follows from the
preceding lemma (and m = 1 is trivial).
We use the same notation as in the preceding proof. We can write

(α)⊗̇m =
∑

n(1),...,n(m)

αn(1)⊗̇αn(2)⊗̇ · · · ⊗̇αn(m).

We can partition the set of m-tuples n = (n(1), . . . , n(m)) into subsets
S1, . . . , Sm so that we have

n(1) = max
j
n(j), ∀n ∈ S1

n(2) = max
j
n(j), ∀n ∈ S2

and so on. Let then T (j) = E
(∑

n∈Sj αn(1)⊗̇ · · · ⊗̇ᾱn(m)

)
. Consider j = 1 for

simplicity, arguing as in the preceding proof, we have

T (1) =
∑

n∈S1

E(αn(1)⊗̇ · · · ⊗̇αn(m))

=
∑

n∈S1

E(βn(1)⊗̇αn(2) · · · ⊗̇αn(m))

≺
∑

n(1),...,n(m)

E(βn(1)⊗̇αn(2) · · · ⊗̇αn(m)) = E(β⊗̇α⊗̇m−1)

and hence by (3.5)

‖ET (1)‖ ≤ ‖E(β⊗̇α⊗̇m−1)‖ ≤ ‖E(β⊗̇m)‖ 1
m ‖E(α⊗̇m)‖m−1

m .

A similar bound holds for each T (j) (j = 1, . . . ,m). Thus we find

‖E(α⊗̇m)‖ =
∥∥∥
∑m

1
ET (j)

∥∥∥ ≤ m‖E(β⊗̇m)‖ 1
m ‖E(α⊗̇m‖m−1

m ,

and again after a suitable division we obtain (4.5).
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Proof of Theorem 4.1 in the dyadic case. Assume that dn⊗̇d̄n is An−1-
measurable. Note that this holds in the dyadic case when Ω = {−1, 1}N
as well as for the filtration naturally associated to the Haar orthonormal
system. In that case we can give a short proof of the following inequality for
any m ≥ 1

‖E(S(a)⊗̇m)‖ 1
m ≤ m‖E(S⊗̇2m)‖ 1

2m ‖E((f⊗̇f̄)⊗̇2m)‖ 1
2m , (4.6)

and a similar bound for ‖E(S(b)⊗̇m)‖ 1
m .

Indeed, recall a =
∑
dn⊗̇f̄n−1. Note that S(a) is up to permutation the same

as
S1 =

∑
dn⊗̇f̄n−1⊗̇fn−1⊗̇d̄n.

By (2.10) and (2.5), we have

S1 ≺
∑

dn⊗̇En−1(f̄⊗̇f)⊗̇d̄n =
∑

En−1(dn⊗̇f̄⊗̇f⊗̇d̄n)

where the last equality holds because dn⊗̇d̄n is assumed (n− 1)-measurable.
By (2.15) this implies

S⊗̇m
1 ≺

(∑
En−1(dn⊗̇f̄⊗̇f⊗̇d̄n)

)⊗̇m

and hence by (4.5) (recall S = S(f) and the permutation invariance of the
norm)

‖E(S⊗̇m
1 )‖ ≤ mm

∥∥∥∥E
((∑

dn⊗̇f̄⊗̇f⊗̇d̄n
)⊗̇m)∥∥∥∥

= mm‖E((S⊗̇f̄⊗̇f)⊗̇m)‖

and hence by Lemma 3.1

≤ mm‖E(S⊗̇2m)‖1/2‖E((f⊗̇f̄)⊗̇2m)‖1/2.

Thus we obtain (4.6) as announced:

‖E(S(a)⊗̇m)‖ = ‖E(S⊗̇m
1 )‖ ≤ mm‖E(S⊗̇2m)‖1/2‖E((f⊗̇f̄)⊗̇2m)‖1/2.

The proof with b in place of a is identical.
Using (4.6) and the analogue for b, it is easy to show (assuming that dn⊗̇d̄n is
An−1-measurable) that the validity of (4.1) for p = 2m implies its validity for
p = 4m. Indeed, let us assume (4.1) for p = 2m and let C = C2(2m). We find,
recalling f⊗̇f̄ − S = a+ b

‖f⊗̇f̄ − S‖B⊗minΛ2m ≤ ‖a‖B⊗minΛ2m + ‖b‖B⊗minΛ2m

≤ C(‖S(a)‖1/2B⊗minΛm
+ ‖S(b)‖1/2B⊗minΛm

)
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and hence by (4.6)

≤ 2Cm1/2‖S‖1/2B⊗minΛ2m
‖f⊗̇f̄‖1/2B⊗minΛ2m

.

Therefore, again setting x = ‖f⊗̇f̄‖B⊗minΛ2m and y = ‖S‖B⊗minΛ2m we find

|x− y| ≤ 2Cm1/2√xy,

and we conclude as before that x and y are comparable, so that (4.1) holds for
p = 4m.

The next corollary is now immediate from the dyadic case. However, we will
later show that it is valid for any p in 2N (see Corollary 11.3).

Corollary 4.4. Assume p ≥ 2 of the form p = 2k for some k ≥ 1. If
Ω = {−1,+1}N, the closed span of the coordinates (εn) (or equivalently, of
the Rademacher functions on Ω = [0, 1]) in Λp is completely isomorphic to the
space OH, i.e. to ℓ2 equipped with the o.s.s. of OH. Moreover, the orthogonal
projection P onto it is c.b. on Λp.

Proof. Let f =
∑
xnεn (xn ∈ B(H)). By (4.1) , ‖f‖(p) is equivalent to

‖∑xn⊗ x̄n‖1/2 and the latter is equal to the norm of
∑
en⊗xn in OH⊗minB

where (en) is any orthonormal basis of OH . Thus the closed span of (εn) in
Λp is isomorphic to OH . We skip the proof of the complementation because
we give the details for that in the proof of Proposition 11.1 below.

Proof of the right hand side of (4.1). We will use induction on k. The case
k = 1 is clear. Assume that the right hand side of (4.1) holds for p = m, we
will show it for p = 2m. With the preceding notation, recall g = a + b and
hence our assumption yields

‖g‖B⊗B⊗Λm
≤ ‖a‖B⊗B⊗Λm

+ ‖b‖B⊗B⊗Λm
≤ C2(m)(‖S(a)‖1/2• + ‖S(b)‖1/2• )

(4.7)
where the dot stands for B ⊗min B ⊗min B ⊗min B ⊗min Λm/2. Since by (2.7)

f̄n−1⊗̇fn−1 ≺ 2(f̄n⊗̇fn + d̄n⊗̇dn)

we have using (2.5) and (2.6) (in a suitable permutation)

‖S(a)‖1/2• =
∥∥∥
∑

dn⊗̇f̄n−1⊗̇d̄n⊗̇fn−1

∥∥∥
1/2

•
≤ I + II

where

2−1/2I =
∥∥∥
∑

dn⊗̇f̄n⊗̇d̄n⊗̇fn
∥∥∥

1
2

•
and 2−1/2II =

∥∥∥
∑

dn⊗̇d̄n⊗̇d̄n⊗̇dn
∥∥∥

1
2

•
.

Note that for any F in B ⊗ B ⊗ B ⊗ B ⊗ Λm/2 we have ‖F‖• =

‖E((F ⊗̇F )⊗̇m/4)‖ 2
m .
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Recall that, by (2.10), fn⊗̇f̄n ≺ En(f⊗̇f̄). Thus we have by (2.5) (2.6) and
(2.15)

2−1/2I ≤
∥∥∥∥E
((∑

dn⊗̇d̄n⊗̇En(f⊗̇f̄)
)⊗̇m/2)∥∥∥∥

1
m

=

∥∥∥∥E
((∑

En(dn⊗̇d̄n⊗̇f⊗̇f̄)
)⊗̇m/2)∥∥∥∥

1
m

and hence by (4.5) and (3.5) (or actually (3.3))

≤ (m/2)1/2‖E((S⊗̇f⊗̇f̄)⊗̇m/2)‖ 1
m

≤ (m/2)1/2‖E(S⊗̇m)‖ 1
2m ‖E((f⊗̇f̄)⊗̇m)‖ 1

2m .

Moreover, recalling (2.4), we have obviously 0 ≺ dn ⊗ d̄n ⊗ d̄k ⊗ dk for all n, k
and hence

∑
dn⊗̇d̄n⊗̇d̄n⊗̇dn ≺ S⊗̇S. Therefore, again by (2.6) and (2.15)

2−1/2II ≤ ‖E((S⊗̇S⊗̇S⊗̇S)m/4)‖1/m = ‖E(S⊗̇m)‖ 1
m .

Let x = ‖E(S⊗̇m)‖ 1
m and y = ‖E(f⊗̇f̄)⊗̇m‖ 1

m . This yields

‖S(a)‖
1
2• ≤
√
m
√
xy +

√
2x

and a similar bound for S(b). Thus we obtain

‖g‖B⊗B⊗Λm
≤ 2C2(m)(

√
m
√
xy +

√
2x).

Since g = f⊗̇f̄ − S we have
∣∣‖f⊗̇f̄‖B⊗B⊗Λm

− ‖S‖B⊗B⊗Λm

∣∣ ≤ ‖g‖B⊗B⊗Λm

and hence we obtain

|y − x| ≤ 2C2(m)(
√
m
√
xy +

√
2x)

From the latter it is clear that there is a constant C2(2m) such that
√
y ≤ C2(2m)

√
x

and this is the right hand side of (4.1) for p = 2m,

To prove the general case of both sides of (4.1), the following Lemma will be
crucial. We will use this only for m = 1, but the inductive argument curiously
requires to prove it for all dyadic m.

Lemma 4.5. Let f ∈ B(H)⊗L4mp be a test function. As before we set fn = Enf
and dn = fn − fn−1 for all n ≥ 1. Let p = 2k for some integer k ≥ 0. Then,
for any integer m ≥ 1 of the form m = 2ℓ for some ℓ ≥ 0, there is a constant
C = C(m, p) such that

∥∥∥
∑∞

1
(dn⊗̇d̄n)⊗̇m⊗̇(fn−1⊗̇f̄n−1)

⊗̇m
∥∥∥
(p)
≤ C‖S‖m(2mp)‖f‖2m(4mp). (4.8)
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Proof. We use induction on k starting from p = 1. We may assume d0 = 0 for
simplicity. Let

I(m, p) =
∥∥

∞∑

1

(dn⊗̇d̄n)⊗̇m⊗̇(fn−1⊗̇f̄n−1)
⊗̇m∥∥

(p)
.

By (2.17) and (2.5) (and by the self-adjointness of En−1) we have

I(m, 1) ≤
∥∥∥E
(∑∞

1
(dn⊗̇d̄n)⊗̇m⊗̇En−1((f⊗̇f̄)⊗̇m)

)∥∥∥

=
∥∥∥E
(∑∞

1
En−1((dn⊗̇d̄n)⊗̇m)⊗̇(f⊗̇f̄)⊗̇m

)∥∥∥ ,

and hence by (3.3)

≤ ‖E(σm⊗̇σ̄m)‖1/2‖E((f⊗̇f̄)⊗̇2m)‖1/2

where we have set

σm =
∑∞

1
En−1((dn⊗̇d̄n)⊗̇m).

Note that by Lemma 4.2

‖σm‖(2) ≤ 2‖
∑∞

1
(dn⊗̇d̄n)⊗̇m‖(2)

but obviously (recalling (2.4))
∑

(dn⊗̇d̄n)⊗̇m ≺ (
∑
dn⊗̇d̄n)⊗̇m and hence (re-

calling (2.15))
(∑

(dn⊗̇d̄n)⊗̇m
)⊗̇2

≺ S⊗̇2m (4.9)

so we obtain

‖E(σm⊗̇σ̄m)‖1/2 ≤ 2‖S‖m(2m).

Thus we find

I(m, 1) ≤ 2‖S‖m(2m)‖f‖2m(4m),

so that (4.8) holds for p = 1 and any m ≥ 1 with C(m, 1) = 2.
Let us now denote by (4.8)p the inequality (4.8) meant for a given fixed p but
for any m ≥ 1. We will show that for any p ≥ 2

(4.8)p/2 ⇒ (4.8)p.

Assuming that m ≥ 1 is fixed, let xn = (dn⊗̇d̄n)⊗̇m and yn = (fn−1⊗̇f̄n−1)
⊗̇m.

We write

∑
xn⊗̇yn = a+ b

with a =
∑

En−1(xn)⊗̇yn and b =
∑

(xn − En−1(xn))⊗̇yn.
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We have I(m, p) = ‖∑xn⊗̇yn‖(p) and hence

I(m, p) ≤ ‖a‖(p) + ‖b‖(p), (4.10)

so it suffices to majorize a and b separately. We have by (2.17)

a ≺
∑

En−1(xn)⊗̇En−1((f⊗̇f̄)⊗̇m) =
∑

En−1(En−1(xn)⊗̇(f⊗̇f̄)⊗̇m))

and hence by (4.5) and (3.3)

‖a‖(p) ≤ p
∥∥∥
∑

En−1(xn)⊗̇(f⊗̇f̄)⊗̇m
∥∥∥
(p)

≤ p‖σm⊗̇(f⊗̇f̄)⊗̇m‖(p)
= p‖σ⊗̇p

m ⊗̇(f⊗̇f̄)⊗̇mp‖1/p(1)

≤ p‖σ⊗̇p
m ‖

1
p

(2)‖(f⊗̇f̄)⊗̇mp‖
1
p

(2)

= p‖σm‖(2p)‖f‖2m(4mp).

But now by (4.5) again

‖σm‖(2p) ≤ 2p
∥∥∥
∑

(dn⊗̇d̄n)⊗̇m
∥∥∥
(2p)

and hence by (4.9)

‖σm‖(2p) ≤ 2p‖S‖m(2mp).

Thus we obtain
‖a‖(p) ≤ p(2p)‖S‖m(2mp)‖f‖2m(4mp). (4.11)

We now turn to b. Note that since yn is “predictable” {(xn − En−1(xn))⊗̇yn}
is a martingale difference sequence. We will apply the right hand side of (4.1)
to b. Note that

S(b) ≈
∑

(xn − En−1(xn))⊗̇(xn − En−1(xn))⊗̇yn⊗̇ȳn,

and hence by (2.7)

1

2
S(b) ≺

∑
xn⊗̇xn⊗̇yn⊗̇yn +

∑
En−1(xn)⊗̇En−1(xn)⊗̇yn⊗̇yn.

By (2.10) we get (since yn is predictable)

1

2
S(b) ≺

∑
xn⊗̇xn⊗̇yn⊗̇yn +

∑
En−1(xn⊗̇xn⊗̇yn⊗̇yn)

and hence

1

2
‖S(b)‖(p/2) ≤

∥∥∥
∑

xn⊗̇xn⊗̇yn⊗̇yn
∥∥∥
(p/2)

+
∥∥∥
∑

En−1(xn⊗̇xn⊗̇yn⊗̇yn)
∥∥∥
(p/2)

.
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By (4.5) this yields

‖S(b)‖(p/2) ≤ 2(1 + (p/2))
∥∥∥
∑

xn⊗̇xn⊗̇yn⊗̇yn
∥∥∥
(p/2)

.

But since
∑

xn⊗̇xn⊗̇yn⊗̇yn ≈
∑

(dn⊗̇d̄n)⊗̇2m⊗̇(fn−1⊗̇f̄n−1)
⊗̇2m

we may use the induction hypothesis (4.8)p/2 (with m replaced by 2m) and we
obtain

‖S(b)‖(p/2) ≤ 2(1 + (p/2))C(2m, p/2)‖S‖2m(2mp)‖f‖4m(4mp).
By the right hand side of (4.1)p we then find

‖b‖(p) ≤ C2(p)‖S(b)‖1/2(p/2)

≤ C′(m, p)‖S‖m(2mp)‖f‖2m(4mp)
for some constant C′(m, p). Thus we conclude by (4.10) and (4.11)

I(m, p) ≤ (p(2p) + C′(m, p))‖S‖m(2mp)‖f‖2m4mp.

In other words we obtain (4.8)p. This completes the proof of (4.8)p for p = 2k

by induction on k.

Proof of Theorem 4.1 (General case). We will show that (4.1)p ⇒ (4.1)2p. We
again start from

f⊗̇f̄ − S = a+ b

where a =
∑
dn⊗̇f̄n−1 and b =

∑
fn−1⊗̇d̄n. By the right hand side of (4.1)p

we have

‖f⊗̇f̄ − S‖(p) ≤ 2C2(p)
∥∥∥
∑

dn⊗̇d̄n⊗̇fn−1⊗̇f̄n−1

∥∥∥
1/2

(p/2)

and hence by (4.8)

≤ 2C2(p)C(1, p/2)
1/2‖S‖1/2(p) ‖f‖(2p).

Thus we find a fortiori setting C′′ = 2C2(p)C(1, p/2)
1/2

∣∣‖f⊗̇f̄‖(p) − ‖S‖(p)
∣∣ ≤ C′′‖S‖1/2(p) ‖f‖(2p).

Thus setting again x = ‖f‖(2p), y = ‖S‖1/2(p) we find

|x2 − y2| ≤ C′′xy

and we conclude that x and y must be equivalent quantities, or equivalently
that (4.1)2p holds. By induction this completes the proof.
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5 Burkholder-Rosenthal inequality

Let 2 < p <∞ be fixed. The usual form of the Burkholder-Rosenthal inequality
expresses the equivalence, for scalar valued martingales, of ‖∑ dn‖p and

BR∞ = ‖σ‖p + ‖ sup |dn|‖p. (5.1)

It is easy to deduce from that the equivalence of that same norm with

BRq = ‖σ‖p +
∥∥∥∥
(∑

|dn|q
)1/q∥∥∥∥

p

(5.2)

for any q such that 2 < q ≤ ∞.
Indeed, we have obviously BR∞ ≤ BRq. Conversely, using (here 1

q = 1−θ
2 + θ

∞ )

∥∥∥∥
(∑

|dn|q
)1/q∥∥∥∥

p

≤ ‖S‖1−θp ‖ sup |dn|‖θp

and the equivalence ‖S‖p ≃ ‖
∑
dn‖p, one can easily deduce that there is a

constant C′ such that

BRq ≤ C′‖
∑

dn‖1−θp BRθ∞.

Thus an inequality of the form

∥∥∥
∑

dn

∥∥∥
p
≤ CBR∞

implies “automatically”

BR∞ ≤ BRq ≤ C′C1−θBR∞.

Similarly,

∥∥∥
∑

dn

∥∥∥
p
≤ CBRq ⇒

∥∥∥
∑

dn

∥∥∥
p
≤ CC′‖

∑
dn‖1−θp BRθ∞ ⇒

⇒
∥∥∥
∑

dn

∥∥∥
p
≤ (CC′)1/θBR∞.

Thus, modulo simple manipulations, the Burkholder-Rosenthal inequality re-
duces to the equivalence for some q such that 2 < q ≤ ∞ of ‖∑dn‖p and
BRq.

Note that the one sided inequality expressing that BRq = ‖σ‖p +
‖(∑ |dn|q)1/q‖p is dominated by ‖∑dn‖p reduces obviously to

‖σ‖p ≤ C
∥∥∥
∑
|dn|2

∥∥∥
1/2

p/2
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that holds for p ≥ 2 by Burkholder–Davis–Gundy dualization of Doob’s in-
equality. Therefore, the novelty of the Burkholder-Rosenthal inequality is the
fact that there is a constant C′′′ such that

‖
∑

dn‖p ≤ C′′′BRq.

In the original Rosenthal inequality, restricted to sums of independent dn’s, or
in the non-commutative version of [17, 19], the value q = p is the most inter-
esting choice. In the inequalities below, for p = 2k ≥ 4, we will work with q = 4.

We will use the following extension of (3.3).

Proposition 5.1. For any integer m ≥ 1 and finite sequences (ak), (bk) in
B(H)⊗ L2m we have

∥∥∥∥E
((∑

ak⊗̇bk
)⊗̇m

)∥∥∥∥ ≤
∥∥∥∥E

((∑
ak⊗̇āk

)⊗̇m
)∥∥∥∥

1/2 ∥∥∥∥E
((∑

bk⊗̇b̄k
)⊗̇m

)∥∥∥∥
1/2

.

(5.3)

More generally, consider finite sequences (a
(j)
k ), (b

(j)
k ) in B(H)⊗ L2m for j =

1, . . . ,m.

Let Tj =
∑
k a

(j)
k ⊗̇ b

(j)
k and let αj =

∑
k a

(j)
k ⊗a

(j)
k and βj =

∑
k b

(j)
k ⊗ b

(j)
k . We

have then

‖E(T1⊗̇ · · · ⊗̇Tm)‖ ≤ ‖E(α1⊗̇ · · · ⊗̇αm)‖1/2‖E(β1 ⊗ · · · ⊗ βm)‖1/2. (5.4)

Proof. Up to permutation, E((
∑
ak⊗̇bk)⊗̇m) is the same as

E


 ∑

k(1),...,k(m)

ak(1)⊗̇ · · · ⊗̇ak(m)⊗̇bk(1)⊗̇ · · · ⊗̇bk(m)


 .

Therefore, by (3.3) we have

∥∥∥∥E
((∑

ak⊗̇bk
)⊗̇m)∥∥∥∥ ≤

∥∥∥∥∥∥
E

∑

k(1),...,k(m)

ak(1) . . . ak(m)⊗̇āk(1) . . . āk(m)

∥∥∥∥∥∥

1
2

×

∥∥∥∥∥∥
E

∑

k(1),...,k(m)

bk(1) . . . bk(m)⊗̇b̄k(1) . . . b̄k(m)

∥∥∥∥∥∥

1
2

=

∥∥∥∥E
((∑

ak⊗̇āk
)⊗̇m)∥∥∥∥

1
2
∥∥∥∥E
((∑

bk⊗̇b̄k
)⊗̇m)∥∥∥∥

1
2

.

Up to permutation T1⊗̇ · · · ⊗̇Tm is the same as

∑

k(1),...,k(m)

a
(1)
k(1)⊗̇ · · · ⊗̇ a

(m)
k(m)⊗̇ b

(1)
k(1)⊗̇ · · · ⊗̇ b

(m)
k(m),
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which can be written as
∑
k ak⊗̇ bk with k = (k(1), . . . , k(m)), ak =

a
(1)
k(1)⊗̇ · · · ⊗̇ a

(m)
k(m) and bk = b

(1)
k(1)⊗̇ · · · ⊗̇ b

(m)
k(m). Therefore (5.4) follows from

the m = 1 case of (5.3).

Remark 5.2. Let H = ℓ2 and B = B(H). The preceding Proposition shows
that ∥∥∥

∑
ak⊗̇āk

∥∥∥
1
2

(m)
= sup

{∥∥∥
∑

ak⊗̇bk
∥∥∥
(m)

}
(5.5)

where the supremum runs over the set D of all finite sequences (bk) in B⊗L2m

such that ‖∑ bk⊗̇bk‖(m) ≤ 1. (Indeed the sup is attained for bk = āk, suitably
normalized.) Thus (5.5) allows us to define an o.s.s. on the space L2m(Ω, µ; ℓ2),
corresponding to “Λ2m with values in OH”. Indeed, we can proceed as before
for Λp: we consider the subspace E0 ⊂ L2m ⊗ ℓ2 formed of all finite sums∑
ak ⊗ ek (ak ∈ L2m) and we define

J : E0 −→
⊕

(bk)∈D
(Λm ⊗min B)

by

J
(∑

ak ⊗ ek
)
=

⊕

(bk)∈D

∑
ak⊗̇bk.

This produces an o.s.s. on L2m(µ; ℓ2). It is easy to see that if a ∈ L2m is fixed
in the unit sphere, the restriction of J to a⊗ ℓ2 induces on ℓ2 the o.s.s. of OH
while if x ∈ ℓ2 is fixed in the unit sphere, restricting J to L2m ⊗ x induces on
L2m the o.s.s. of Λ2m.
Note in passing that, in sharp contrast with [23], except for the preceding
special case, we do not have any reasonable definition to propose for the “vector
valued” analogue of the Λp spaces.

As a consequence we find an analogue of Stein’s inequality (here we could
obviously replace En−1 by En):

Corollary 5.3. Let xn be an arbitrary finite sequence in B(H)⊗ L4m.
Let v =

∑
En−1(xn⊗̇x̄n)⊗̇En−1(x̄n⊗̇xn) and δ =

∑
xn⊗̇x̄n⊗̇x̄n⊗̇xn. Then for

any integer m ≥ 1

‖E(v⊗̇m)‖ ≤ mm‖E(δ⊗̇m)‖. (5.6)

Proof. Let w =
∑

En−1(xn⊗̇x̄n⊗̇x̄n⊗̇xn). By (2.10) we have v ≺ w. Then by
(2.15), (2.11), Lemma 2.3 and (4.5), we have

‖E(v⊗̇m)‖ ≤ ‖E(w⊗̇m)‖ ≤ mm‖E(δ⊗̇m)‖.
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Lemma 5.4. Let p = 2k ≥ 4 as before. Let δ =
∑
dn⊗̇d̄n⊗̇d̄n⊗̇dn. There is a

constant C4(p) such that

‖E(S⊗̇p/2)‖1/p ≤ C4(p)[‖E(σ⊗̇p/2)‖ 1
p + ‖E(δ⊗̇p/4)‖ 1

p ]. (5.7)

Proof. Note that

S − σ =
∑

dcn

where cn = dn⊗̇d̄n − En−1(dn⊗̇d̄n). Thus by the right hand side of (4.1) we
have

‖S − σ‖B⊗minB⊗minΛp/2
≤ C2(p/2)‖S(c)‖1/2B⊗minB⊗minB⊗minB⊗minΛp/4

.

By (2.7)

1

2
dcn⊗̇dc̄n ≺ dn⊗̇d̄n⊗̇d̄n⊗̇dn + En−1(dn⊗̇d̄n)⊗̇En−1(d̄n⊗̇dn)

therefore

1

2
S(c) ≺ δ + v,

where we now set v =
∑

En−1(dn⊗̇d̄n)⊗̇En−1(d̄n⊗̇dn). Thus we find
∣∣∣‖S‖B⊗minB⊗minΛp/2

− ‖σ‖B⊗minB⊗minΛp/2

∣∣∣ ≤ ||S − σ‖B⊗minB⊗minΛp/2

≤ C2(p/2)
√
2(‖δ‖

1
2• + ‖v‖

1
2• )

where ‖ ‖• is the norm in B ⊗min B ⊗min B ⊗min B ⊗min Λp/4. By (5.6) we
have

‖v‖• ≤ (p/4)‖δ‖•
and hence

‖S‖B⊗B⊗Λp/2
≤ ‖σ‖B⊗B⊗Λp/2

+ C2(p/2)
√
2(1 + (p/4)

1
2 )‖δ‖

1
2• .

Taking the square root of the last inequality we obtain (5.7).

We now give a version (corresponding to BRq with q = 4) for Λp of the
Burkholder-Rosenthal inequality :

Theorem 5.5. For any p ≥ 4 of the form p = 2k for some k ≥ 1 there are
positive constants C′

1(p), and C
′
2(p) such that for any test function f in B⊗Lp

we have
C′

1(p)
−1[f ]p ≤ ‖f‖B⊗minΛp ≤ C′

2(p)[f ]p (5.8)

where

[f ]p = ‖σ(f)‖1/2B⊗minB⊗minΛp/2
+
∥∥∥E(

∑
dn⊗̇d̄n⊗̇dn⊗̇d̄n)⊗̇p/4

∥∥∥
1/p

.
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Proof. Note that S and S are the same after a transposition of the two factors,
thus the same is true for S⊗̇S and S⊗̇2, and we have

‖E(S⊗̇S)‖ = ‖E(S⊗̇2)‖

and similarly for any even m ≥ 1

E((S⊗̇S)⊗̇m/2)‖ = ‖E(S⊗̇m)‖.

Recall that in a suitable permutation we may write 0 ≺ dn⊗̇d̄n⊗̇d̄k⊗̇dk for all
n, k and hence

∑
dn⊗̇d̄n⊗̇d̄n⊗̇dn ≺

∑
n,k

dn⊗̇d̄n⊗̇d̄k⊗̇dk = S⊗̇S,

and hence for any even integer m

(
∑

dn⊗̇d̄n⊗̇d̄n⊗̇dn)⊗̇m/2 ≺ S⊗̇m.

Therefore ∥∥∥∥E
(∑

dn⊗̇d̄n⊗̇dn⊗̇d̄n
)⊗̇m/2∥∥∥∥ ≤ ‖E(S⊗̇m)‖. (5.9)

Let σ = σ(f). Now if p = 2m, (4.5) implies

‖σ‖1/2
B⊗minB⊗minΛp/2

= ‖E(σ⊗̇m)‖ 1
2m ≤ m1/2‖E(S⊗̇m)‖ 1

2m , (5.10)

and hence by (5.9) and (5.10)

[f ]p ≤ (m1/2 + 1)‖E(S⊗̇m)‖1/2m

= (m1/2 + 1)‖S‖1/2
B⊗minB⊗minΛm

.

Thus the left hand side of (5.8) follows from (4.1). Since the converse inequality
follows from Lemma 5.4 and (4.1), this completes the proof.

6 Hilbert transform

Consider the Hilbert transform on Lp(T, dm). We will show that this defines a
completely bounded operator on Λp(T,m) again for p ≥ 2 of the form p = 2k

with k ∈ N. The proof is modeled on Marcel Riesz’s proof as presented in
Zygmund’s classical treatise on trigonometric series. One of the first refer-
ences using this trick in a broader context is Cotlar’s paper [10]. Let f be

a trigonometric polynomial with coefficients in B(H), i.e. f =
∑

n∈Z f̂(n)e
int

with f̂ : Z → B(H) finitely supported. The Hilbert transform Tf is defined
by

Tf =
∑

n∈Z
ϕ(n)f̂ (n)eint (6.1)
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where ϕ(0) = 0 and
ϕ(n) = −i sign(n). ∀n ∈ Z

Note that T 2 = −id on the subspace {f | f̂(0) = 0}. We will use the follow-
ing classical identity valid for any pair f, g of complex valued trigonometric
polynomials

T (fg − (Tf)(Tg)) = fTg + (Tf)g. (6.2)

This can be checked easily as a property of ϕ since it reduces to the case
f = zn, g = zm (n,m ∈ Z). A less pedestrian approach is to recall that if f
is real valued, Tf is characterized as the unique real valued v, the “conjugate
function”, actually here also a trigonometric polynomial, such that v̂(0) = 0
and z 7→ f(z) + iv(z) is the boundary value of an analytic function (actu-
ally a polynomial in z) inside the unit disc D. Then (6.2) boils down to the
observation that since (f + iT f)(g + iT g) is the product of two analytic func-
tions on D, f(Tg) + (Tf)g must be the “conjugate” of fg − (Tf)(Tg). The
complex case follows from the real one: for a complex valued f , we define
Tf = T (ℜ(f))+ iT (ℑ(f)) and (6.2) remains valid. From (6.2) in the C-valued
case, it is immediate to deduce that for any pair f, g of B(H)-valued trigono-
metric polynomials we have

T (f⊗̇g − (Tf)⊗̇(Tg)) = f⊗̇(Tg) + (Tf)⊗̇g (6.3)

where (as before) the notation f⊗̇g stands for the B(H)⊗B(H) valued function
z → f(z)⊗g(z) on T, and where we still denote by T the mapping (that should
be denoted by T ⊗ I) taking f ⊗ b (f ∈ L2, b ∈ B(H)) to (Tf)⊗ b. Now, it is
a simple exercise to check that for any such f

Tf = T (f̄)

(this is an equality between two B(H) valued functions). Therefore we have
also:

T (f ⊗ ḡ − (Tf)⊗̇T (ḡ)) = f ⊗ T (ḡ) + Tf ⊗ ḡ. (6.4)

We can now apply the well known Riesz–Cotlar trick to our situation:

Theorem 6.1. For any p ≥ 2, of the form p = 2k with k ∈ N, the Hilbert
transform T is a c.b. mapping on Λp(T,m).

Proof. If we restrict (as we may) to functions such that f̂(0) = 0, we have
T 2 = −id and hence (6.4) implies

Tf⊗̇T f̄ − f⊗̇f̄ = T (f⊗̇(Tf) + (Tf)⊗̇f̄). (6.5)

We can then again use induction on k. Assume the result known for p, i.e. that
there is a constant C such that

‖Tf‖B(H)⊗minΛp ≤ C‖f‖B(H)⊗minΛp .
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We will prove that the same holds for 2p in place of p (with a different constant).
Let B = B(H). By (6.5), we have

‖Tf⊗̇Tf − f ⊗ f̄‖B⊗minB⊗minΛp
≤ 2C‖f ⊗ Tf‖B⊗minB⊗Λp

.

By (3.5), this term is

≤ 2C‖f ⊗ f̄‖1/2
B⊗minB⊗minΛp

‖Tf ⊗ Tf‖1/2
B⊗minB⊗Λp

.

We have
‖f‖2B⊗minΛ2p

= ‖f⊗̇f‖B⊗minB⊗minΛp

and
‖Tf‖2B⊗minΛ2p

= ‖Tf⊗̇Tf‖B⊗minB⊗minΛp
.

Therefore, denoting this time x = ‖Tf‖B⊗minΛ2p and y = ‖f‖B⊗minΛ2p , and
using

| ‖Tf⊗̇Tf‖(p) − ‖f ⊗ f̄‖(p)| ≤ ‖Tf⊗̇Tf − f ⊗ f̄‖(p)
we find again

|x2 − y2| ≤ 2Cxy.

Thus we conclude that x and y are “equivalent,” completing the proof with 2p
in place of p.

7 Comparison with LpLpLp

Let B = B(H) with (say) H = ℓ2. Let E1, · · · , Em and G be operator spaces.
Recall that an m-linear mapping

u : E1 × · · · × Em → G

is called (jointly) completely bounded (j.c.b. in short) if the associatedm-linear
mapping from

û : (B ⊗min E1)× · · · × (B ⊗min Em)→ B ⊗min · · · ⊗min B ⊗min G

is bounded. We set ‖u‖cb = ‖û‖, and we say that u is (jointly) completely
contractive if ‖u‖cb ≤ 1. Note the obvious stability of these maps under com-
position: for instance if F,L are operator spaces and if v : G × F → L is
bilinear and j.c.b. then the (m+1)-linear mapping w; E1× · · ·×Em×F → L
defined by

w(x1, · · · , xm, y) = v(u(x1, · · · , xm), y)

is also j.c.b. with ‖w‖cb ≤ ‖u‖cb‖v‖cb. Moreover, if in the above definition we
replace B by the space K of compact operators on ℓ2, the definition and the
value of ‖u‖cb is unchanged. This allows to extend (following [23]) the complex
interpolation theorem for multilinear mappings. In particular, we have
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Lemma 7.1. Let 1 ≤ p, q, r ≤ ∞ be such that 1/p + 1/q = 1/r. Then the
pointwise product from Lp×Lq to Lr is completely contractive. More generally,
if 1 ≤ pj ≤ ∞ (1 ≤ j ≤ N) are such that

∑
1/pj = 1/r, the product map

Lp1 × · · · × LpN → Lr is completely contractive. In particular, if p is any
positive integer, the pointwise product Pp from Lp× · · ·×Lp (p-times) to L1 is
completely contractive.

Proof. The three cases either q = ∞, p = r or p = ∞, q = r or q = p′, r = 1
are obvious. By interpolation and then exchanging the roles of p and q, this
implies the general case. By the preceding remark, one can iterate and the
second assertion becomes clear.

Theorem 7.2. Let p = 2m, m ∈ N. The identity map Lp → Λp is completely
contractive.

Proof. By the preceding Lemma 7.1, Pp : Lp × · · · × Lp → L1 is completely
contractive. Therefore

∥∥∥∥
∫
f1⊗̇ · · · ⊗̇fp/2⊗̇f̄1⊗̇ · · · ⊗̇f̄p/2

∥∥∥∥ ≤



p/2∏

1

‖fj‖B⊗minLp




2

.

Thus taking f1 = · · · = fp/2 we get by (3.8)

‖f‖pB⊗minΛp
≤ ‖f‖pB⊗minLp

and we obtain ‖Lp → Λp‖cb = 1.

Remark 7.3. The preceding argument (together with Corollary 3.6) shows
that the o.s.s. on Λp is essentially the minimal one on Lp such that
Pp : Λp × · · · × Λp → L1 is completely contractive. More precisely, assume
p ∈ N. Let Qp : Lp × · · · × Lp × L̄p × · · · × L̄p (where Lp and L̄p are re-
peated p/2 times) be the p-linear mapping taking (f1, · · · , fp/2, ḡ1, · · · , ḡp/2)
to
∫
f1 · · · fp/2ḡ1, · · · , ḡp/2dµ. Then if Xp is an o.s. isometric to Lp, such that

Qp : Xp×· · ·×Xp× X̄p×· · ·× X̄p → L1 is completely contractive, the identity
map Xp → Λp is completely contractive.
In the case of Lp itself with its interpolated o.s.s. we could consider Pp instead
of Qp because the map f 7→ f̄ is a completely isometric antilinear isomorphism
from Lp to itself, and hence defines a completely isometric linear isomorphism
from Lp to L̄p. (This can be checked easily by interpolation starting from
p =∞ and-by duality-p = 1.)

This remark leads to:

Corollary 7.4. For any integer p ≥ 1, we have a completely contractive
inclusion

(Λp, L∞)1/2 → Λ2p.
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Proof. Let X2p = (Λp, L∞)1/2. We will argue as in the proof of Lemma 7.1,
applying complex interpolation to the product map P2p : (x1, · · · , x2p) 7→
x1 · · ·x2p. Clearly, by Lemma 7.1, P2p is completely contractive both as a map
from (Λp)

p × (L̄∞)p to L1 and as one from (L∞)p × (Λ̄p)
p to L1. Therefore,

by interpolation, P2p : X2p × · · · ×X2p × X̄2p × · · · × X̄2p → L1 is completely
contractive. The preceding remark (applied with 2p in place of p) then yields
this corollary.

Remark 7.5. We wish to compare here the operator spaces Lp and Λp. We
already know that they are different since the Khintchine inequalities lead to
two different operator spaces in both cases, but we can give a more precise
quantitative estimate.
Let us denote by Lnp the space Lp(Ωn, µn) when Ωn = [1, . . . , n] and µn is the
uniform probability measure on Ω. We then set

Λnp = Λp(Ωn, µn).

We claim that for any even integer p > 2, there is δp > 0 such that for any n
the identity map (denoted id) satisfies

‖id : Λnp → Lnp‖cb ≥ δpn
1
p (

1
2− 1

p ).

To prove this, we will use an adaptation (with Λp instead of Lp) of the results in
[13, 24]. Indeed, by Corollary 14.2 below, using the classical “Rudin examples”
of Λ(p)-sets, one can show that the space Λnp contains a subspace En ⊂ Λnp
with dimEn = d(n) ≥ n2/p and such that the inclusion OHd(n) ⊂ En satisfies
‖OHd(n) → En‖cb ≤ χp. Moreover, there is a projection Pn : Λnp → En with
‖Pn‖cb ≤ χp. Here p is an even integer > 2 and χp is a constant depending only
on p. In addition, by [13], the same space En considered in Lnp is (uniformly
over n) completely isomorphic to Rp(d(n)) ∩Cp(d(n)) (intersection of row and

column space in S
d(n)
p ). In fact we use only the easy direction of this result,

namely that ‖En → Rp(d(n))‖cb ≤ 1 and ‖En → Cp(d(n))‖cb ≤ 1.
It follows that there is a constant δp > 0 such that if id denotes the identity
map we have

‖id : Λnp → Lnp‖cb ≥ δp‖OHd(n) → Cp(d(n))‖cb.

Recall that (see [25, p. 219]) ‖OH(d)→ C∞(d)‖cb = d1/4. Thus by interpola-
tion, we have for any d if 1

p = θ
2

‖Cp(d)→ C∞(d)‖cb ≤ ‖OH(d)→ C∞(d)‖θcb = dθ/4,

also

‖OH(d)→ Cp(d)‖cb‖Cp(d)→ C∞(d)‖cb ≥ ‖OH(d)→ C∞(d)‖cb,

therefore we find
‖OH(d)→ Cp(d)‖cb ≥ d1/4d−θ/4
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and we conclude for some δ′p > 0

‖id : Λnp → Lnp‖cb ≥ δ′p(n2/p)
1−θ
4 = δ′pn

θ(1−θ)
4 .

A similar argument applies to compare Λnp with either min(Lnp ) or max(Lnp ).
Using the projections Pn, we easily deduce that for some constant χ′

p > 0

‖Λnp → max(Lnp )‖cb ≥ χ′
p‖OHd(n) → max(ℓ

d(n)
2 )‖cb

and
‖min(Lnp )→ Λnp‖cb ≥ χ′

p‖min(ℓ
d(n)
2 )→ OHd(n)‖cb.

But it is known (see [25, p. 220]) that for any d

‖OHd → max(ℓd2)‖cb = ‖min(ℓd2)→ OHd‖cb ≃ cd1/2

where c > 0 is independent of d. Thus we obtain

‖Λnp → max(Lnp )‖cb ≥ cχ′
pd(n)

1/2 ≃ c′n1/p

and similarly
‖min(Lnp )→ Λnp‖cb ≥ c′n1/p.

8 The non-commutative case

LetM be a von Neumann algebra equipped with a normal semi-finite faithful
trace τ , and let Lp(τ) be the associated “non-commutative” Lp-space. The
preceding procedure works equally well in the non-commutative case, but re-
quires a little more care. To define the o.s.s. on Lp(τ) that will be of interest
to us we consider f in B(H)⊗Lp(τ) of the form f =

∑n
1 bk⊗xk and we define

f∗ ∈ B(H)⊗ Lp(τ) by
f∗ =

∑n

1
b̄k ⊗ x∗k.

Consider f =
∑n

1 bk⊗xk ∈ B(H)⊗Lp(τ) as above and g =
∑
cj⊗yj ∈ B(K)⊗

Lq(τ) (p, q ≥ 1). We denote by f⊗̇g ∈ B(H)⊗B(K)⊗Lr(τ)
(
r ≥ 1, 1r = 1

p+
1
q

)

the element defined by

f⊗̇g =
∑

k,j
bk ⊗ cj ⊗ xkyj.

Given f ∈ B(H)⊗ L1(τ) we denote τ̂ = idB(H) ⊗ τ : B(H)⊗ L1(τ)→ B(H).
More explicitly if f is as above (here p = 1) we set

τ̂ (f) =
∑

bkτ(xk),

and since the norm and the cb-norm coincide for linear forms, we have

‖τ̂(f)‖ ≤ ‖f‖B⊗minL1(τ).
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Then, by the trace property, if r = 1, τ̂ (f⊗̇g) and τ̂ (g⊗̇f) are the same up
to transposition of the two factors, and hence have the same minimal norm.
More generally, given finite sequences fℓ ∈ B(H) ⊗ Lp(τ) as above and gℓ ∈
B(K)⊗ Lq(τ) (r ≥ 1, 1/r = 1/p+ 1/q), the same reasoning yields

‖τ̂(
∑

ℓ
fℓ⊗̇gℓ)‖ = ‖τ̂ (

∑
ℓ
gℓ⊗̇fℓ)‖. (8.1)

This identity (8.1) will considerably facilitate the generalization of most of the
preceding proofs to the non-commutative case, in a rather easier fashion than
for the corresponding steps in [26].
Now, Haagerup’s version of the Cauchy–Schwarz inequality for the Hilbert
space ℓ2(L2(τ)) becomes:

Lemma 8.1. Let fk, gk ∈ B ⊗ L2(τ) (k = 1, . . . , N). Then

∥∥∥∥
∑N

1
τ̂(f∗

k ⊗̇gk)
∥∥∥∥ ≤

∥∥∥
∑

τ̂(f∗
k ⊗̇fk)

∥∥∥
1/2 ∥∥∥

∑
τ̂
(∑

g∗k⊗̇gk
)∥∥∥

1/2

, (8.2)

and actually this is valid when τ is any (not necessarily tracial) state on M .

Proof. Let H be the Hilbert space obtained (after quotient and completion)
from M equipped with the scalar product 〈x, y〉 = τ(y∗x). Then this lemma
appears as a particular case of (2.2).

We will use repeatedly the identification

B(H) = B(H).

The operator space Λp(τ) will be defined as isometric to Lp(τ) but with an
o.s.s. such that for any f in B(H)⊗ Lp(τ) (p an even integer) we have

‖f‖B(H)⊗minΛp(τ) = ‖τ̂(f∗⊗̇f ⊗ · · · ⊗̇f∗⊗̇f)‖
1
p

B(H⊗2H⊗2···⊗2H⊗2H)
(8.3)

where f∗⊗̇f and H ⊗2 H are repeated p/2-times.
To prove that (8.3) really defines a norm (and an o.s.s.) on B(H) ⊗ Lp(τ) we
proceed exactly as in the commutative case by first establishing a Hölder type
inequality:

Lemma 8.2. Let p ≥ 2 be an even integer. Consider fj ∈ B(Hj)⊗ Lp(τ). Let

‖fj‖(p) = ‖τ̂(f∗
j ⊗̇fj⊗̇ · · · ⊗̇f∗

j ⊗̇fj)‖1/pB(Hj⊗Hj⊗···⊗Hj⊗Hj)

where f∗
j ⊗̇fj is repeated p/2 times. We have then

‖τ̂(f1⊗̇ · · · ⊗̇fp)‖ ≤
p∏

j=1

‖fj‖(p). (8.4)
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Proof. We will use repeatedly the fact that the minimal tensor product is com-
mutative i.e. a permutation σ of the factors induces a complete isometry (and
actually a ∗-isomorphism) from B(H1 ⊗2 · · · ⊗Hn) to

B(Hσ(1) ⊗2 · · · ⊗2 Hσ(n)).

Thus for any x =
∑
b1j ⊗ · · · ⊗ bnj ⊗ xj ∈ B(H1) ⊗ · · · ⊗ B(Hn) ⊗ Lp(τ), if we

denote σ[x] =
∑
b
σ(1)
j ⊗ · · · ⊗ bσ(n)j ⊗ xj we have

‖x‖min = ‖σ[x]‖min.

Let y = σ[x]. To indicate that one can pass from x to y by a permutation, it
will be convenient to write x ≈ y.
Thus x ≈ y guarantees ‖x‖min = ‖y‖min. For example, let

f1 ∈ B(H1)⊗ Lp(τ) f2 ∈ B(H2)⊗ Lp(τ).

Then τ̂ ((f1⊗̇f2)∗) ≈ τ̂ (f∗
2 ⊗̇f∗

1 ) and hence

‖τ̂((f1⊗̇f2)∗)‖ = ‖τ̂(f∗
2 ⊗̇f∗

1 )‖.

Also using the trace property we have for any f in B(H)⊗ L2(τ)

τ̂ (f∗⊗̇f) ≈ τ̂ (f⊗̇f∗)

and hence
‖f‖(2) = ‖f∗‖(2). (8.5)

More generally, for any f1, . . . , fp as before we have by (8.1)

‖τ̂(f1⊗̇ · · · ⊗̇fp)‖B(H1⊗2···⊗2Hp) = ‖τ̂(fp⊗̇f1⊗̇ · · · ⊗̇fp−1)‖B(Hp⊗2···⊗2Hp−1).
(8.6)

In particular this gives us for any j

‖fj‖(p) = ‖τ̂ (fj⊗̇f∗
j ⊗̇ · · · ⊗̇fj⊗̇f∗

j )‖
1
p (8.7)

or equivalently
‖fj‖(p) = ‖f∗

j ||(p). (8.8)

To prove the Lemma, we start with p = 2. In that case (8.4) reduces to (8.1).
Let us denote by (8.4)p the inequality (8.4) for a given value of p. We will show

(8.4)p ⇒ (8.4)2p.

This covers only the case p = 2k, but actually the argument used earlier for
Lp(µ) (see Lemma 3.1) when p is an even integer can be easily adapted to the
case of Lp(τ) (note that the invariance of I(f1, · · · , fp) = τ̂ (f1⊗̇ · · · ⊗̇fp) under
cyclic permutations suffices to adapt this argument here). We leave the details
to the reader at this point.
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So assume (8.4)p proved for some integer p ≥ 2. Consider

fj ∈ B(Hj)⊗ L2p(τ) j = 1, . . . , 2p.

Let

gj = f2j−1⊗̇f2j ∈ B(H2j−1 ⊗2 H2j)⊗ Lp(τ) (j = 1, . . . , p).

By (8.4)p we have

‖τ̂(g1⊗̇ · · · ⊗̇gp)‖ ≤
p∏

1

‖gj‖(p). (8.9)

Moreover using (8.6) we find

‖gj‖(p) = ‖τ̂(f∗
2j−1⊗̇f2j−1⊗̇f2j⊗̇f∗

2j⊗̇ · · · )‖
1
p

where the preceding expression is repeated p/2 times.
By (8.4)p we have

‖gj‖(p) ≤ ‖f∗
2j−1⊗̇f2j−1‖

1
2

(p)‖f2j⊗̇f∗
2j‖

1
2

(p)

and hence by (8.7)

≤ ‖f2j−1‖(2p)‖f2j‖(2p).
Thus we find that (8.9) implies (8.4)2p.

We then have just like in the commutative case:

Theorem 8.3. Let p ≥ 2 be an even integer. The space Lp(τ) can be equipped
with an o.s.s. so that denoting by Λp(τ) the resulting operator space we have
for any H and any f in B(H)⊗ Lp(τ)

‖f‖B(H)⊗minΛp(τ) = ‖f‖(p).
Proof. We may reduce consideration to H = ℓ2 for simplicity of notation. We
have then by (8.4)

‖f‖(p) = sup ‖τ̂(f⊗̇f2⊗̇ · · · ⊗̇fp)‖ (8.10)

where the supremum runs over all fj in B(H) ⊗ Lp(τ) (2 ≤ j ≤ p) with
‖fj‖(p) ≤ 1. We then define for any x in Lp(τ)

J(x) = ⊕[τ̂(x⊗̇f2⊗̇ · · · ⊗̇fp)] (8.11)

where the direct sum runs over all choices of (fj) (j ≥ 2) as before. Then (8.10)
ensures that

‖f‖(p) = ‖(idB(H) ⊗ J)(f)‖min.

Thus J defines an isometric embedding of Lp(τ) into some B(H) (here H is a
suitably “huge” direct sum) as in (8.11) so that the associated o.s.s. satisfies
the desired property.
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By exactly the same argument as for Corollary 3.7 above, we have

Corollary 8.4. Let p ≥ q ≥ 2 be even integers. If τ(1) = 1, the inclusion
Λp(τ) ⊂ Λq(τ) is a complete contraction from Λp(τ) to Λq(τ).

It is important for the sequel to observe that 0 ≺ τ̂ (f∗⊗̇f) for any f in B ⊗
L2(τ). This follows from a very general fact on sesquilinear forms.

Lemma 8.5. Let B and E be complex vector spaces. Let x ∈ (B⊗E)⊗(B ⊗ E)
be such that x ≻ 0, meaning by this that x can be written as a finite sum x =∑
tk⊗t̄k with tk ∈ B⊗E. We will use the natural identification B ⊗ E = B⊗E.

Let ϕ : E ⊗ E → C be a bilinear form (equivalently ϕ defines a sesquilinear
form on E ×E). Let y = (ϕ⊗ idB⊗B)(x) ∈ B ⊗B (more precisely here ϕ acts
on the second and fourth factors, so, to indicate this, the notation y = (ϕ)24(x)
would be less abusive). If ϕ is positive definite (meaning that ϕ(a ⊗ ā) ≥ 0
∀a ∈ E), then y ≻ 0.

Proof. Note that we may as well assume B and E finite dimensional. Consider
then t =

∑
bk ⊗ ak ∈ B ⊗ E, ξ ∈ B∗ and s = (ξ ⊗ idE)(t) ∈ E. We have

(ξ⊗ ξ̄⊗ idE⊗E)(t⊗ t̄) = s⊗ s̄ ≻ 0 and hence (ξ⊗ ξ̄)(y) = ϕ(s⊗ s̄) ≥ 0. By the
proof of Lemma 2.1 we conclude that y ≻ 0.

In particular, since τ(a∗a) = τ(aa∗) ≥ 0 for any a in L2(τ), this implies:

Lemma 8.6. For any f in B ⊗ L2(τ), we have

τ̂ (f∗⊗̇f) ≻ 0 (and τ̂ (f⊗̇f∗) ≻ 0).

Remark 8.7. By the classical property of conditional expectations, if 1 ≤ p, p′ ≤
∞ are conjugate (i.e. p′ = p(p − 1)−1) and if T : Lp(τ) → Lp(τ) is the con-
ditional expectation with respect to a (von Neumann) subalgebra of M , then:
∀x ∈ Lp(τ) ∀y ∈ Lp′(τ) we have

τ(T (x)y) = τ(xT (y)) = τ(T (x)T (y)).

Therefore for any f ∈ B(H1)⊗ Lp(τ) and g ∈ B(H2)⊗ Lp′(τ) we have:

τ̂ (T (f)⊗̇g) = τ̂ (f⊗̇T (g)) = τ̂(T (f)⊗̇T (g)) (8.12)

where we still denote abusively by T the operator I⊗T acting either on B(H1)⊗
Lp(τ) or on B(H2)⊗Lp′(τ). Moreover, it is easy to check that T (f∗) = T (f)∗

for any f ∈ B ⊗ Lp(τ).
In the rest of this section we continue to abusively denote by T the operator
I ⊗ T on B ⊗ Lp(τ).
Lemma 8.8. Let T : Lp(τ)→ Lp(τ) be the conditional expectation with respect
to a von Neumann subalgebra N ⊂ M. Let p = 2m be an even integer. Then
for any f in B ⊗ Lp(τ) we have

‖Tf‖(p) ≤ ‖f‖(p). (8.13)
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Proof. By (8.12), we have

τ̂(T (f)⊗̇T (f)∗⊗̇ · · · ⊗̇T (f)⊗̇T (f)∗) = τ̂(f⊗̇T (f)∗⊗̇ · · · ⊗̇T (f)⊗̇T (f)∗).

Indeed, just observe that if g = T (f)∗⊗̇ · · · ⊗̇T (f)⊗̇T (f)∗ then T (g) = g.
Therefore by (8.4) we have

‖T (f)‖p(p) ≤ ‖f‖(p)‖T (f)‖
p−1
(p)

and hence after a suitable division we obtain (8.13).

Remark 8.9. In the preceding situation for any f in B ⊗ L2(τ), let f0 = T (f)
and d1 = f − T (f). We have then T (f∗⊗̇f) = f∗

0 ⊗̇f0 + T (d∗1⊗̇d1), and hence
(since τ̂T = τ̂ ) τ̂ (f∗⊗̇f) = τ̂ (f∗

0 ⊗̇f0) + τ̂ (d∗1⊗̇d1) Therefore, by Lemma 8.6, we
have both τ̂(f∗

0 ⊗̇f0) ≺ τ̂(f∗⊗̇f) and τ̂ (d∗1⊗̇d1) ≺ τ̂ (f∗⊗̇f).
By Corollary 8.4, assuming τ(1) = 1, for all even integers p ≥ q ≥ 2, and any
f ∈ B ⊗M, we have ‖f‖(p) ≤ ‖f‖(q), so that it is again natural to define

‖f‖(∞) = lim
p→∞

‖f‖(p).

This norm is clearly associated to a well defined o.s.s. onM, so we are led to
the following

Definition 8.10. Assume τ(1) = 1. We will denote by Λ∞(M, τ) the Banach
spaceM equipped with the o.s.s. determined by the identities

∀f ∈ B ⊗M ‖f‖B⊗minΛ∞(M,τ) = ‖f‖(∞) = sup
p∈2N

‖f‖(p).

We warn the reader that in sharp contrast with the commutative case, in general
Λ∞(M, τ) is not completely isometric toM. See §10 below for more on this,
including the case study ofM =Mn equipped with its normalized trace.

9 Comparisons

We need to recall the definition of the “opposite” of an operator space E ⊂
B(H). The “opposite” of E, denoted by Eop, is the same Banach space as E,
but equipped with the following norms on Mn(E). For any (aij) in Mn(E) we
define

‖(aij)‖Mn(Eop)
def
= ‖(aji)‖Mn(E).

Equivalently, Eop can be defined as the operator space structure on E for which
the transposition: x → tx ∈ B(H∗) defines a completely isometric embedding
of Eop into B(H∗).
LetM be a von Neumann algebra equipped with a normal semi-finite faithful
trace τ , and let Lp(τ) be the associated “non-commutative” Lp-space. We
need to recall the definition of the “natural” o.s.s. on Lp(τ) in the sense of
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[23] (we follow the clarification in [25, p. 139] that is particularly important
at this point). We set L∞(τ) =M. Of course we view L∞(τ) as an operator
space completely isometric toM. The space L1(τ) is classically defined as the
completion of {x ∈ M | τ(|x|) < ∞} for the norm x 7→ ‖x‖1 = τ(|x|). It
can be identified isometrically with M∗ via the mapping x 7→ ϕx defined by
ϕx(a) = τ(xa). The space M∗ ⊂ M∗ is equipped with the o.s.s. induced by
the dual of the von Neumann algebraM (this duality uses Ruan’s theorem, see
e.g. [25, 11]). The “natural” o.s.s. on L1(τ) is defined as the one transferred
from the spaceMop

∗ via the preceding isometric identification x 7→ ϕx. In short
we declare that L1(τ) = Mop

∗ completely isometrically. Then using complex
interpolation, we define the “natural” o.s.s. on Lp(τ) (1 < p < ∞) by the
completely isometric identity Lp(τ) = (L∞(τ), L1(τ))1/p.
For example, when (M, τ) = (B(ℓ2), tr), the space Lp(τ) can be identified
with the Schatten p-class. The column (resp. row) matrices in B(ℓ2) form an
operator space usually denoted by C (resp. R). However, when considered as
a subspace of L1(τ) they are completely isometric to R (resp. C), while when
considered as subspaces of L2(τ) they both are completely isometric to OH .
The non-commutative case of §7 requires us to introduce yet another o.s.s. on
Lp(τ).
We set again L∞(τ) =M but we set L1(τ) =M∗ (so that L1(τ) = L1(τ)

op)
and we denote by Lp(τ) the operator space defined by

Lp(τ) = (L∞(τ),L1(τ))1/p.

The space Lp(τ) is isometric to Lp(τ) but in the non-commutative case its
o.s.s. is different. For instance if (M, τ) = (B(ℓ2), tr), the column (resp. row)
matrices in Lp(τ) form an operator space that is completely isometric to C
(resp. R), for all 1 ≤ p ≤ ∞. In sharp contrast, the o.s.s. of the subspace
formed of the diagonal matrices is the same in Lp(τ) or Lp(τ), and it can be
identified completely isometrically with ℓp equipped with its natural o.s.s. . In
particular, L2(τ) is isometric to the Hilbert-Schmidt class S2, but the column
(resp. row) matrices in L2(τ) are completely isometric to C (resp. R) while
the diagonal ones are completely isometric to OH .

Proposition 9.1. Let 1 ≤ p, q, r ≤ ∞ be such that r−1 = p−1 + q−1. The
product mapping

(x, y) 7→ xy

is (jointly) completely contractive from Lp(τ) × Lq(τ) to Lr(τ).
Proof. We start by the two cases p = r = 1, q =∞ and q = r = 1, p =∞. We
need to show that (x, ϕy) 7→ ϕxy (resp. (ϕx, y) 7→ ϕxy) are (jointly) completely
contractive from M×M∗ to M∗ (resp. from M∗ ×M to M∗). Consider
x = [xkl] ∈ Mm(M) with ‖x‖ ≤ 1 and y = [yij ] ∈ Mn(M∗) with ‖y‖ ≤ 1
(resp. x = [xkl] ∈ Mm(M∗) with ‖x‖ ≤ 1 and y = [yij ] ∈ Mn(M) with
‖y‖ ≤ 1). It suffices to show that in both cases we have ‖[ϕxklyij ]‖Mmn(M∗) ≤ 1.
Equivalently, we need to show that the map u : M → Mn ⊗Mm defined by
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u(a) =
∑
eij ⊗ ekl τ(yijaxkl) satisfies ‖u‖cb ≤ 1.

Consider v : M → Mm ⊗M defined by v(a) =
∑
ekl ⊗ axkl = (I ⊗ a)x.

Clearly ‖v‖cb ≤ ‖x‖ ≤ 1. Let w : M → Mn defined by w(a) =
∑
eijτ(yija).

Then ‖w‖cb = ‖y‖Mn(M∗) ≤ 1. We have (I ⊗ w)v(a) = ∑ ekl ⊗ eij τ(yijaxkl)
which is u(a) up to permutation of the tensor product. Therefore ‖u‖cb ≤
‖I ⊗ w‖cb‖v‖cb ≤ ‖w‖cb‖v‖cb ≤ 1
(resp. let V : M → Mn ⊗M and W : M → Mm be defined by V (a) =∑
eij ⊗ ayij and W (a) =

∑
eklτ(xkla), then we have u(a) = (I ⊗W )V (a) and

we conclude similarly).

Corollary 9.2. For any p ∈ 2N and any f ∈ B ⊗ Lp(τ) we have

‖f‖(p) = ‖f‖B⊗Λp(τ) ≤ max{‖f‖B⊗minLp(τ), ‖f∗‖B̄⊗minLp(τ)}.

In other words, the identity defines a completely contractive map Lp(τ) ∩
Lp(τ)op → Λp(τ) (where Lp(τ) ∩ Lp(τ)op denotes the o.s.s. on Lp(τ) induced
by the embedding x 7→ x⊕ x ∈ Lp(τ) ⊕ Lp(τ)op.

Proof. By iteration, the preceding statement implies that for any integer N the
product mapping is (jointly) completely contractive from Lp1(τ)×· · ·×LpN (τ)
to Lr(τ) when 1/r =

∑
1/pj. Equivalently, setting B1 = · · · = BN = B,

the mapping (f1, · · · , fN ) 7→ f1⊗̇ · · · ⊗̇fN is contractive from B1⊗minLp1 (τ)×
· · · × BN ⊗min LpN (τ) to B1 ⊗min · · · ⊗min BN ⊗min Lr(τ). A fortiori, when
r = 1, (f1, · · · , fN) 7→ τ̂ (f1⊗̇ · · · ⊗̇fN) is contractive from B1 ⊗min Lp1(τ) ×
· · ·×BN ⊗minLpN (τ) to B1⊗min · · ·⊗minBN . Therefore, if p is an even integer,
we have

‖f‖p(p) = ‖τ̂(f∗⊗̇f⊗̇ · · · ⊗̇f∗⊗̇f)‖ ≤ ‖f‖p/2B⊗minLp(τ)‖f
∗‖p/2
B̄⊗minLp(τ).

A fortiori we obtain the announced result. Note that x̄ 7→ x∗ is a completely
isometric linear isomorphism both from M̄ toMop and from M̄∗ toMop

∗ , and
hence also from Lp(τ) to Lp(τ)op for all 1 ≤ p ≤ ∞. Therefore, if f =

∑
bj⊗xj

we have ‖f∗‖B̄⊗minLp(τ) = ‖
∑
b̄j⊗x∗j‖B̄⊗minLp(τ) = ‖

∑
b̄j⊗x̄j‖B̄⊗minLp(τ)op =

‖∑ bj ⊗ xj‖B⊗minLp(τ)op . Thus ‖f∗‖B̄⊗minLp(τ) = ‖f‖B⊗minLp(τ)op , whence the
last assertion.

We will now examine the particular case when (M, τ) = (B(ℓ2), tr). Recall
that R (resp. C) is the subspace ofM = B(ℓ2) formed by all row (resp. col-
umn) matrices. More generally, we denote by Rp (resp. Cp) the operator space
obtained by equipping R (resp. C) with the o.s.s. induced by Lp(τ). We also
denote by Rnp (resp. Cnp ) the n-dimensional version of Rp (resp. Cp).

Similarly, we will denote by R̃p (resp. C̃p) the operator space obtained by
equipping R (resp. C) with the o.s.s. induced by Λp(τ).

Furthermore, let D̃p be the operator subspace of Λp(τ) formed of all the diago-
nal matrices. As a Banach space this is isometric to ℓp, and it is easy to check

that as an operator space D̃p is completely isometric to the space λp = Λp(N, µ)
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with µ equal to the counting measure on N.
Let bj ∈ B (j = 1, · · · , n) and let f =

∑
bj⊗e1j ∈ B⊗R (resp. g =

∑
bi⊗ei1 ∈

B ⊗ C). Then f⊗̇f∗ =
∑
bj ⊗ b̄j ⊗ e11 (resp. g∗⊗̇g =

∑
b̄j ⊗ bj ⊗ e11). Note

that ‖∑ b̄j ⊗ bj‖1/2 = ‖∑ bj ⊗ b̄j‖1/2. Therefore, viewing f and g as elements
of B ⊗ Λp(τ), for any p ∈ 2N, we have

‖f‖(p) = ‖g‖(p) = ‖
∑

bj ⊗ b̄j‖1/2.

Thus we find:

Lemma 9.3. The spaces R̃p and C̃p are both completely isometric to OH for

any p ∈ 2N, while D̃p is completely isometric to λp.

Again let bj ∈ B (j = 1, · · · , n) and let f =
∑
bj⊗ e1j. We have ‖f‖B⊗Lp(τ) =

sup{‖∑ bjab
∗
j‖

1/2
p | ‖a‖p ≤ 1} (see [22, p. 83-84] or [36] for details). In case

bj = ej1, this gives us ‖f‖B⊗Lp(τ) = n1/2p. Therefore the natural inclusion

Rnp → Rn2 has c.b. norm ≥ n1/4−1/2p. Similarly, using instead bj = e1j, we find

‖f‖B⊗Lp(τ) = n(1/2)(1−1/p) and hence ‖Rn2 → Rnp‖cb ≥ n1/4−1/2p. This shows:

Lemma 9.4. For any p ∈ 2N and any integer n ≥ 1, the n-dimensional identity
maps satisfy

‖Lp(Mn, tr)→ Λp(Mn, tr)‖cb ≥ n1/4−1/2p

and
‖Λp(Mn, tr)→ Lp(Mn, tr)‖cb ≥ n1/4−1/2p.

10 Connection with CB maps on OH

Given a Hilbert space H we denote by OH the operator Hilbert space isometric
to H , as defined in [22]. This means that whenever (Tj) is an orthonormal basis
of OH , for any finitely supported family (bj) in B we have

‖
∑

bj ⊗ Tj‖ = ‖
∑

b̄j ⊗ bj‖1/2. (10.1)

AssumeM⊂ B(H) and τ(1) = 1. We will compare the limit o.s.s. of Λp(M, τ)
when p → ∞ to the one induced on M by CB(OH) equipped with its usual
operator space structure.
The latter can be described as follows (see e.g. [11]): Whenever E,F are
operator spaces the space CB(E,F ) of all c.b. maps from E to F is equipped
with the (unique) o.s.s. determined by the isometric identity

∀N ≥ 1 MN(CB(E,F )) = CB(E,MN (F )).

More generally, we have an isometric embedding

B ⊗min CB(E,F ) ⊂ CB(E,B ⊗min F ). (10.2)
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If either E or F is finite dimensional, we may identify completely iso-
metrically CB(E,F ) with E∗ ⊗min F . When E = F , we denote simply
CB(E) = CB(E,E). Thus in particular CB(OHn) can be identified with
OH∗

n⊗minOHn, or equivalently by the selfduality of OHn, with OHn⊗minOHn

or OHn ⊗min OHn. We first recall a well known fact.

Lemma 10.1. Let E,F,G be operator spaces. Let B′ = B(H ′) for some Hilbert
space H ′. Then for any f =

∑
bj ⊗ xj ∈ B ⊗ CB(F,G) and g =

∑
b′k ⊗ yk ∈

B′ ⊗ CB(E,F ) we have

‖f⊗̇g‖B⊗minB′⊗minCB(E,G) ≤ ‖f‖B⊗minCB(F,G) ‖g‖B′⊗minCB(E,F ), (10.3)

where, as before, we denote f⊗̇g =
∑
j,k bj ⊗ b′k ⊗ xjyk ∈ B ⊗B′ ⊗CB(E,G).

In other words, the composition (x, y) 7→ xy is (jointly) completely contractive
from CB(F,G) × CB(E,F ) to CB(E,G).

Proof. To prove (10.3), note that f (resp. g) defines a c.b. map f̃ : F →
G ⊗min B (resp. g̃ : E → F ⊗min B

′) and ‖f‖B⊗minCB(F,G) = ‖f̃‖cb (resp.
‖g‖B′⊗minCB(E,F ) = ‖g̃‖cb). Indeed, recall that, if we wish, G ⊗min B can
be identified with B ⊗min G. Similarly, f⊗̇g defines a c.b. map Ψ : E →
G ⊗min B ⊗min B

′ such that ‖f⊗̇g‖B⊗minB′⊗minCB(E,G) = ‖Ψ‖cb. But since

Ψ = (f̃ ⊗ IdB′) ◦ g̃ we have ‖Ψ‖cb ≤ ‖f̃‖cb‖g̃‖cb and (10.3) follows.

Remark 10.2. In particular, the preceding Lemma implies a fortiori that if
D,E, F,G are operator spaces and if u ∈ CB(D,E) and v ∈ CB(F,G) are fixed
complete contractions, then the mapping x 7→ vxu is a complete contraction
from CB(E,F ) to CB(D,G). Indeed, the latter can be viewed as the restriction
of the triple product map to Cv × CB(E,F )× Cu.

Theorem 10.3. Let (M, τ) be as before with M ⊂ B(H) and τ(1) = 1. Let
us denote by M the operator space obtained by equipping M with the o.s.s.
induced by CB(OH). Then

Λ∞(M, τ) =M
completely isometrically.

The proof of this Theorem will require some observations about the space
CB(OH) that may be of independent interest.
The following rather striking identity (10.4) appears as analogous to Gelfand’s
axiom (namely ‖x‖2 = ‖x∗x‖) for C∗-algebras. It seems to express that
CB(OH) is an o.s. analogue of a C∗-algebra...

Theorem 10.4. Let us denote simply by B the operator space CB(OH). (Note
that B is isometric to B(H) as a Banach space.) For any f ∈ B ⊗ B we have

‖f‖2B⊗minB = ‖f∗⊗̇f‖B̄⊗minB⊗minB = ‖f⊗̇f∗‖B⊗minB̄⊗minB. (10.4)

Moreover, we also have

‖f∗‖B̄⊗minB = ‖f‖B⊗minB. (10.5)
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Proof. Let Hi ⊂ H be an increasing net of finite dimensional subspaces with
dense union. Assuming f =

∑
bj ⊗ xj , let f(i) =

∑
bj ⊗ PHixj |Hi ∈ B ⊗

CB(OHi). Then, using the homogeneity of OH in the sense of [22, p. 19]
or [23], one checks that each side of either (10.4) or (10.5) is equal to the
supremum over i of the expression obtained after substituting fi for f . Thus
it suffices to prove (10.4) or (10.5) when dim(H) <∞.
In that case, denoting by Tj an orthonormal basis of OHn, and using the
identity CB(OHn) = OHn ⊗min OHn, we may write any f ∈ B ⊗ B as f =∑
bij⊗Ti⊗T̄j with bij ∈ B, and ‖f‖B⊗B = ‖∑ bij⊗Ti⊗T̄j‖B⊗minOHn⊗minOHn

.
Using ‖x‖ = ‖x̄‖ for any operator x, and permuting the second and third
factors, we have then obviously (the norm being the min-norm)

‖
∑

bij⊗Ti⊗T̄j‖ = ‖
∑

b̄ij⊗T̄i⊗Tj‖ = ‖
∑

b̄ij⊗Tj⊗T̄i‖ = ‖
∑

b̄ji⊗Ti⊗T̄j‖,

and this is clearly equivalent to (10.5).
Let yi =

∑
j bij⊗ T̄j. By (10.1), we have ‖∑ bij⊗Ti⊗ T̄j‖B⊗minOHn⊗minOHn

=

‖∑ yi⊗Ti‖ = ‖
∑
ȳi⊗yi‖1/2 = ‖∑ yjk⊗Tj⊗ T̄k‖1/2 where yjk =

∑
i b̄ij⊗bik.

Using again the identity CB(OHn) = OHn⊗minOHn we find f∗⊗̇f =
∑
yjk⊗

Tj ⊗ T̄k. Thus, we have ‖f‖ = ‖f∗⊗̇f‖1/2, and by (10.5) we obtain (10.4).

Remark 10.5. Note that after iteration, for any p = 2m (m ≥ 1), (10.4) yields

‖f‖pB⊗minB = ‖f∗⊗̇f⊗̇f∗⊗̇f · · · ‖B̄⊗minB⊗min···⊗minB. (10.6)

Corollary 10.6. Let HI = ⊕i∈IHi be an orthogonal decomposition of a
Hilbert space HI . We have then a completely isometric embedding

⊕i∈ICB(OHi) ⊂ CB(OHI).

Proof. Let u : ⊕i∈ICB(OHi)→ CB(OHI ) denote this embedding. It is easy
to reduce the proof to the finite case so we assume |I| <∞. Since the coordi-
natewise inclusions and projections relative to OHI are all completely contrac-
tive, it is easy to check using Lemma 10.1 that ‖u‖cb ≤ |I| <∞. Consider now
f ∈ B ⊗min (⊕i∈ICB(OHi)) and let g = (IdB ⊗ u)(f) ∈ B ⊗min CB(OHI).

We need to show that ‖g‖ = ‖f‖. Note that (IdB̄⊗B⊗··· ⊗ u)(f∗⊗̇f)⊗̇m) =

(g∗⊗̇g)⊗̇m. Thus, by (10.3) and (10.4) we have for any integer m

‖g‖ = ‖(g∗⊗̇g)⊗̇m‖1/2m ≤ (|I|‖(f∗⊗̇f)⊗̇m‖)1/2m = |I|1/2m‖f‖
so that letting m → ∞ we obtain ‖g‖ ≤ ‖f‖. Since the converse inequality
follows easily from Remark 10.2 applied to the coordinate projections, we have
equality.

Theorem 10.7. Let E ⊂ B(H) be any operator space. Let us denote again by
E the operator space obtained by inducing on E the o.s.s. of CB(OH). Let
F ⊂ B(K) be another operator space. Then for any u ∈ CB(E,F ) we have

‖u‖CB(E,F ) ≤ ‖u‖CB(E,F ).

In particular, if u : E → F is completely isometric, then u : E → F also is.
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Proof. We may clearly assume F = B(K) and F = CB(OK) and by the same
argument as in the preceding proof, we may assume dim(K) = n <∞. Assume
‖u‖CB(E,F ) ≤ 1. Then u extends to a c.b. map û : B(H) → B(K) with the
same cb-norm. Since Mn(B(H)∗) = Mn(B(H)∗)∗∗ isometrically (see e.g. [11,
p. 75]) û is then a point norm limit of normal maps with cb-norm ≤ 1, so we
may assume that u is normal on E = B(H). Then (see [34, p. 45]) there is a
factorization of u of the form u(x) = V ρ(x)W with ‖V ‖ ≤ 1, ‖W‖ ≤ 1 where
ρ is an “ampliation”, i.e. ρ takes its values in B(⊕i∈IHi) for some set I with
Hi = H for all i ∈ I and ρ(x) = ⊕i∈Iρi(x) with ρi(x) = x for all i ∈ I. This
reduces the Lemma to the case when u is an ampliation and to the case when
u is of the form u(x) = V xW .
Let us first assume u(x) = V xW with V : H → K and W : K → H
of norm 1. By the homogeneity of OH we know that the cb norm of V :
OH → OK is 1, and similarly for W : OK → OH . Then by Remark 10.2
‖u‖CB(CB(OH),CB(OK)) ≤ 1.
We now assume that u is an ampliation i.e. u = uI where uI(x) = ⊕i∈Iui(x) ∈
B(⊕i∈IHi) with Hi = H and ui(x) = x for all i ∈ I. Let HI = ⊕i∈IHi. By
Corollary 10.6 uI is a complete isometry from CB(OH) to CB(OHI). Since
both multiplications and ampliations have been checked, the proof of the first
assertion is complete. The second assertion is then immediate.

Corollary 10.8. Let E ⊂ B(H) be any operator space. The o.s.s. of E
(induced on E by that of CB(OH)) is independent of the completely isometric
embebdding E ⊂ B(H), i.e. it depends only on the o.s.s. of E.

Proof of Theorem 10.3. We first give a simple argument for the special case
when M = Mn equipped with its normalized trace τn. We will show that
Λ∞(Mn, τn) can be identified completely isometrically with CB(OHn) for any
n ≥ 1. We first claim that the identity from OHn ⊗ OHn to itself induces
a mapping Vn : OHn ⊗h OHn → OHn ⊗min OHn such that ‖Vn‖cb ≤ 1
and ‖V −1

n ‖cb ≤ n1/2. By the minimality of the minimal tensor product the
first assertion is obvious. To check the second one, recall the identity map on
n-dimensional Hilbert space defines an isomorphism un : Rn → OHn such
that ‖un‖cb = ‖u−1

n ‖cb = n1/4 (see e.g. [25, p. 219]). Therefore, we have a
factorization of V −1

n as follows

OHn ⊗min OHn
Id⊗u−1

n→ OHn ⊗min Rn = OHn ⊗h RnId⊗un→ OHn ⊗h OHn,

where we used the identity E ⊗min Rn = E ⊗h Rn for which we refer e.g. to
[25, p. 95]. From this follows ‖V −1

n ‖cb ≤ ‖u−1
n ‖cb‖un‖cb = n1/2.

More explicitly, recall that for any pair of Hilbert spaces H,K we have (see
[22, Cor. 2.12])

OH ⊗h OK = O(H ⊗2 K);

in particular, Λ2(Mn, tr) is the same as L2(Mn, tr) = OHn⊗hOHn. Therefore,
for any g ∈ B ⊗ Λ2(Mn, tr) we have

‖g‖B⊗minCB(OHn) ≤ ‖g‖B⊗minΛ2(Mn,tr) ≤ n1/2‖g‖B⊗minCB(OHn). (10.7)
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Consider an even integer p and f ∈ B ⊗Mn. Let g = f∗⊗̇f⊗̇ · · · (here there
are p/2 factors equal to f∗⊗̇f). We have by (10.4)

‖g‖2B̄⊗min···⊗minCB(OHn)
= ‖g⊗̇g∗‖B̄⊗min···⊗minCB(OHn).

We have also g⊗̇g∗ = f∗⊗̇f⊗̇ · · · (here there are p such factors) and hence,
assuming p = 2m for some m and using (10.6), we find

‖g‖2B̄⊗min···⊗minCB(OHn)
= ‖f‖pB⊗minCB(OHn)

. (10.8)

By definition of Λp we have

‖f‖pB⊗minΛp(Mn,tr)
= ‖g‖2Λ2(Mn,tr)

and hence by (10.7)

‖g‖2B⊗minCB(OHn)
≤ ‖f‖pB⊗minΛp(Mn,tr)

≤ n‖g‖2B⊗minCB(OHn)
.

Then by (10.8) we obtain

‖f‖pB⊗minCB(OHn)
≤ ‖f‖pB⊗minΛp(Mn,tr)

≤ n‖f‖pB⊗minCB(OHn)
,

and, if we take the p-th root and let p→∞ this yields

‖f‖B⊗minCB(OHn) = ‖f‖B⊗minΛ∞(Mn,τn).

We now consider the general case. Let f ∈ B ⊗M. For any p ∈ 2N we have
‖f‖p(p) = τ̂(f∗⊗̇f · · · ). As a linear form on M, τ has norm 1, and hence c.b.

norm equal to 1 onM. Therefore

‖f‖p(p) = ‖τ̂(f∗⊗̇f · · · )‖ ≤ ‖f∗⊗̇f · · · ‖B̄⊗···B⊗M = ‖f∗⊗̇f · · · ‖B̄⊗···B⊗B

and by (10.6) (assuming p = 2m)

‖f∗⊗̇f · · · ‖B̄⊗···B⊗B = ‖f‖pB⊗minB = ‖f‖pB⊗minM.

Thus we obtain ‖f‖(p) ≤ ‖f‖B⊗minM, and taking the supremum over p yields

‖f‖B⊗minΛ∞(M,τ) ≤ ‖f‖B⊗minM.

It remains to prove the converse inequality.
Consider f ∈ B ⊗M. Let F : OH → OH ⊗min B be the associated c.b.
map (as in the proof of Lemma 10.1). By Corollary 10.8 we may assume that
H = L2(τ) and that the inclusionM⊂ B(L2(τ)) is the usual realization ofM
acting on L2(τ) by left multiplication.
Let B′ be another copy of B. Note that for any ξ ∈ B′ ⊗OH we have

‖ξ‖B′⊗minOH = ‖ξ‖(2).
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Moreover, if ξ ∈ B′ ⊗ M ⊂ B′ ⊗ OH , then up to permutation of factors
(IdB′ ⊗ F )(ξ) ≈ f⊗̇ξ. Since ‖F‖cb = ‖IdB′ ⊗ F‖cb, the definition of the o.s.s
of CB(OH) (see (10.2) above) shows that

‖f‖B⊗minM = ‖F‖cb = sup{‖f⊗̇ξ‖(2) | ξ ∈ B′ ⊗M, ‖ξ‖(2) ≤ 1}.

Fix ξ ∈ B′⊗M with ‖ξ‖(2) ≤ 1. To complete the proof it suffices to show that

‖f⊗̇ξ‖(2) ≤ sup
p∈2N

‖f‖(p) = ‖f‖B⊗minΛ∞(M,τ).

To verify this, we claim that for any p of the form p = 2m we have

‖f⊗̇ξ‖(2) ≤ ‖τ̂ ((f∗⊗̇f)⊗̇p/2⊗̇ξ⊗̇ξ∗)‖1/p. (10.9)

This is easy to check by induction on m. Indeed, by (8.3) (for p = 2), equality
holds in the case m = 1 and if we assume our claim proved for a given value
of m then the Haagerup-Cauchy-Schwarz inequality (8.2) shows that it holds
also for m+ 1, because we may write (recall (8.1))

‖τ̂((f∗⊗̇f)⊗̇p/2⊗̇ξ⊗̇ξ∗)‖ ≤ ‖(f∗⊗̇f)⊗̇p/2⊗̇ξ‖(2)‖ξ∗‖(2) =
= ‖τ̂ ((f∗⊗̇f)⊗̇p⊗̇ξ⊗̇ξ∗)‖1/2‖ξ∗‖(2),

and by (8.5) ‖ξ∗‖(2) ≤ 1, so we obtain (10.9) with 2p in place of p.
We now use the claim to conclude: By (8.2) again (or by (8.4)) we have

‖τ̂((f∗⊗̇f)⊗̇p/2⊗̇ξ⊗̇ξ∗)‖1/p ≤ ‖f‖(2p)‖ξ⊗̇ξ∗‖1/p(2) .

Now ξ ∈ B′ ⊗M implies ξ⊗̇ξ∗ ∈ B′ ⊗ B̄′ ⊗M and, since τ is finite, we have

‖ξ⊗̇ξ∗‖(2) < ∞, therefore ‖ξ⊗̇ξ∗‖1/p(2) → 1 when p → ∞ and we deduce from

(10.9)

‖f⊗̇ξ‖(2) ≤ lim sup
p→∞

‖τ̂ ((f∗⊗̇f)⊗̇p/2⊗̇ξ⊗̇ξ∗)‖1/p ≤ lim sup
p→∞

‖f‖(2p) = sup
p∈2N

‖f‖(p),

which completes the proof.

Remark 10.9. By the minimality of the min tensor product, we know that
we have a completely contractive inclusion OH∗ ⊗h OH → OH∗ ⊗min OH ⊂
CB(OH). Therefore, for any pair of sets I, J , in analogy with the inclusion
of the Hilbert-Schmidt class into the bounded operators, we have a completely
contractive inclusion

OH(I × J)→ CB(OH(I), OH(J)).
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11 Non-commutative Khintchine inequalities

We start by a fairly simple statement mimicking a classical commutative fact:

Proposition 11.1. Let p = 2n. Let {xk} be a sequence in Lp(τ), such that,
for some constant C, for any finite sum f =

∑
bk ⊗ xk with coefficients bk in

B(H), we have

‖f‖(p) ≤ C
∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

. (11.1)

Assume moreover that {xk} is orthonormal in L2(τ) and τ(1) = 1. Then the
closed span of (xk) in Λp(τ) is completely isomorphic to OH and completely
complemented in Λp(τ). More precisely the orthogonal projection P onto this
span satisfies ‖P : Λp → Λp‖cb ≤ C.

Proof. Let P be the orthogonal projection on Λ2 onto the span under consider-
ation. For any f ∈ B⊗Λp, let h = (Id⊗P )(f). By a well known fact (see [22,
p. 19]), P is completely contractive on Λ2, so that ‖h‖(2) ≤ ‖f‖(2). By Corol-
lary 8.4, we have ‖f‖(2) ≤ ‖f‖(p) and by our assumption ‖h‖(p) ≤ C‖h‖(2).
Therefore ‖h‖(p) ≤ C‖f‖(p). Thus, the c.b. norm of P acting from Λp to
itself is automatically ≤ C. Moreover, for any h ∈ B ⊗ span[xk], we have
‖h‖(2) ≤ ‖h‖(p) ≤ C‖h‖(2), which shows that the span is completely isomor-
phic to OH .

With the “natural” o.s.s. introduced in [23] the Khintchine inequalities for
1 < p <∞ are due to F. Lust-Piquard [20] . For p an even integer, A. Buchholz
[7] found a beautiful proof that yields optimal constants. His proof is valid for
a much more general class of variables instead of the Rademacher functions.
We will now follow his ideas to investigate the analogous question in the space
Λp.
Let P2(2n) denote the set of all partitions of [1, . . . , 2n] onto subsets each with
exactly 2 elements. So an element ν in P2 can be described as a collection
of disjoint pairs {ki, ji} (1 ≤ i ≤ n) with ki 6= ji such that {1, . . . , 2n} =
{k1, . . . , kn, j1, . . . , jn}.
We call such a partition into pairs a 2-partition. Let p = 2n be an even integer
≥ 2. Following [6] we say that a sequence {xk} in Lp(τ), has p-th moments
defined by pairings if there is a function ψ : P2(2n)→ C defined on the set of
2-partitions of [2n] = {1, . . . , 2n} such that for any k1, . . . , k2n we have

τ(xk1x
∗
k2xk3 . . . xk2n−1x

∗
k2n) =

∑

ν∼(k1,...,k2n)

ψ(ν)

where the notation ν ∼ (k1, . . . , k2n) means that ki = kj whenever the pair
{i, j} is a block of the partition ν.
Note that, for each k, taking the kj ’s all equal to k, this implies

τ(|xk|p) =
∑

ν∈P2(2n)
ψ(ν). (11.2)
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Now let E = span[xj ] and B = B(H). Consider f ∈ B ⊗ E of the form

f =
∑

bj ⊗ xj .

We have

τ̂ ((f⊗̇ f∗)⊗̇n) =
∑

k1,...,k2n

∑

ν∼(k1,...,k2n)

ψ(ν)bk1 ⊗ b̄k2 ⊗ · · · ⊗ bk2n−1 ⊗ b̄k2n .

Therefore

‖f‖2n(2n) =

∥∥∥∥∥∥
∑

ν∈P2(2n)

ψ(ν)
∑

(k1,...,k2n)∼ν
bk1 ⊗ b̄k2 ⊗ · · · ⊗ b̄k2n

∥∥∥∥∥∥

≤
∑

ν∈P2(2n)

|ψ(ν)|

∥∥∥∥∥∥
∑

(k1,...,k2n)∼ν
bk1 ⊗ b̄k2 ⊗ · · · ⊗ b̄k2n

∥∥∥∥∥∥
.

But now let

Φ(ν) =
∑

(k1,...,k2n)∼ν
bk1 ⊗ b̄k2 ⊗ · · · ⊗ bk2n−1 ⊗ b̄k2n .

Then up to permutation Φ(ν) is equal to a product of n terms of the form
either

∑
bk ⊗ bk,

∑
b̄k ⊗ b̄k or

∑
bk ⊗ b̄k. Let T1, · · ·Tn be an enumeration

of the latter terms. Since the permutation leaves the norm invariant, we have
‖Φ(ν)‖ = ∏n

1 ‖Tj‖. By (3.1) ‖Tj‖ ≤ ‖
∑
bk ⊗ b̄k‖ for each j (actually there is

equality for terms the third kind), and hence

‖Φ(ν)‖ ≤
∥∥∥
∑

bk ⊗ b̄k
∥∥∥
n

and we conclude that

‖f‖(2n) ≤


 ∑

ν∈P2(2n)

|ψ(ν)|




1/2n ∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

. (11.3)

Moreover by (11.2) we know that if ψ(ν) ≥ 0 for all ν, then the constant∑
ν∈P2(2n)

|ψ(ν)| is optimal. Recapitulating, we have proved:

Theorem 11.2. Let p = 2n. Let {xk} be as above a sequence in Lp(τ), with
p-th moments defined by pairings via a function ψ : P2(2n) → C. Then for
any finite sum f =

∑
bk ⊗ xk (bk ∈ B(H)), we have

‖f‖(p) ≤ Cψ,p
∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

, (11.4)

where Cψ,p =
(∑

ν∈P2(2n)
|ψ(ν)|

)1/2n
. Moreover this constant is optimal if

ψ(ν) ≥ 0 for all ν.
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Buchholz applied the preceding statement to a q-Gaussian family with q ∈
[−1, 1]. The latter have moments defined by pairings. When q ∈ [0, 1], the
function ψ is non-negative, so the constant Cψ,p is optimal and, by (11.2), we
know Cψ,p = ‖x1‖p. In particular, we have:

Corollary 11.3. Let (xk) be a sequence of independent Gaussian normal ran-
dom variables on a probability space (Ω,P). Then the span of (xk) is completely
isomorphic to OH and is completely complemented in Λp(Ω,P) for every even
integer p. Moreover, (11.4) holds with a constant Cψ,p = ‖x1‖p that is O(

√
p)

when p→∞.

Remark 11.4. The preceding Corollary also holds when (xk) is a sequence
(εk) of independent symmetric ±1 valued variables (or equivalently for the
Rademacher functions). We show this in Corollary 11.12 below, but here is a
quick proof with a slightly worse constant. Let (xk) be independent Gaussian
normal random variables and assume that (εk) is independent from (xk). It is
well known that (xk) has the same distribution as (εk|xk|). Let δ = E(|xk|) =
2/
√
π. The conditional expectation E with respect to (εk) satisfies E(εk|xk|) =

δεk. Therefore δ
∑
εkbk = E(∑ εk|xk|bk), and by (8.13), this implies

δ‖
∑

εkbk‖(p) ≤ ‖
∑

εk|xk|bk‖(p) = ‖
∑

xkbk‖(p).

So we obtain the Rademacher case with a constant≤ δ−1Cψ,p since Proposition
11.1 ensures the complete complementation.

The preceding result applies to q-Gaussian and in particular free semi-circular
(or circular) elements, see [7] for details. We have then Cψ,p ≤ 2/

√
1− |q| for

all even p.
In either the semi-circular (q = 0) or the circular case, we have Cψ,p ≤ 2 for all
even p, and hence:

Corollary 11.5. For any even integer p, the closed span of a free semi-
circular (or circular) family, is completely isomorphic to OH and completely
complemented (by the orthogonal projection) in the space Λp for the associated
trace (on the free group factor). Moreover, the corresponding constants are
bounded by 2 uniformly over p.

Corollary 11.6. Let M be the von Neumann algebra of the free group F∞
with infinitely many generators (gk). For any p = 2n and any finite sum
f̃ =

∑
bk ⊗ λ(gk) (bk ∈ B(H)), we have

∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

≤ ‖f̃‖(p) ≤ 2
∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

. (11.5)

More generally, let Wd ⊂ F∞ denote the subset formed of the reduced words of
length d. Then for any finitely supported function b : Wd → B we have

‖
∑

t∈Wd

b(t)⊗ λ(t)‖B⊗M ≤ (d+ 1)
∥∥∥
∑

t∈Wd

b(t)⊗ b̄(t)
∥∥∥
1/2

. (11.6)
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Proof. The left hand side of (11.5) follows from Corollary 8.4 with q = 2 and
the orthonormality of (λ(gk)) in L2(τ). By [5, Th. 2.8] the operator space
spanned by {λ(t)}t∈Wd

is completely isomorphic to the intersection X of a
family of d + 1 operator spaces Xi, 0 ≤ i ≤ d, with associated constant equal
to d+ 1. On one hand, the space X0 (resp. Xd) is completely isometric to R
(resp. C), the underlying respective Hilbert space being ℓ2(Wd). On the other
hand, when 0 < j < d the space Xj is completely isometric to the subspace
of B(ℓ2(Wd−j), ℓ2(Wj)) associated to matrices of the form [a(st)] when a is
supported on Wd. Identifying each Wi simply with N we see that X0 (resp.
Xd) is completely isometric to OH(N), while Xi is completely isometric to the
associated subspace of CB(OH(N)). By Remark 10.9 we have a completely
isometric inclusion X0 → Xi for any 0 ≤ i ≤ d, therefore the intersection of the
family Xi 0 ≤ i ≤ d is completely isometric to OH with H = ℓ2(Wd). Since by
Corollary 10.6 we know that X = ∩0≤i≤dXi, (11.6) follows.

Remark 11.7. A comparison with known results (see [7] for detailed references)
shows that the limit of ‖f̃‖(p) when p→∞ is not equivalent to ‖f̃‖B(H)⊗minM
(here M is the von Neumann algebra of the free group with infinitely many
generators), in sharp contrast with (3.11) above.

More generally, let Lp(N , ϕ), or briefly Lp(N , ϕ), be another non-commutative
(semi-finite) Lp-space. Consider fk ∈ B ⊗ Lp(ϕ) and let

F =
∑

fk ⊗ xk ∈ B ⊗ Lp(ϕ× τ)

where {xk} is as in Theorem 11.2. We have then:

Theorem 11.8. Let p = 2n and let C = Cψ,p be the constant appearing in
(11.4). Then for any F as above we have

‖F‖(p) ≤ Cmax

{∥∥∥
∑

fk⊗̇f∗
k

∥∥∥
1/2

(p/2)
,
∥∥∥
∑

f∗
k ⊗̇fk

∥∥∥
1/2

(p/2)

}
. (11.7)

Proof. Repeating the steps of the proof of Theorem 11.2, all we need to do is
majorize ∥∥∥∥∥∥

ϕ̂


 ∑

(k1,...,k2n)∼ν
fk1⊗̇f∗

k2⊗̇ · · · ⊗̇f∗
k2n



∥∥∥∥∥∥

by the right side of (11.7). This is established in Lemma 11.11 below that is a
rather easy adaptation to our Λp-setting of [6, Lemma 2].

By the same argument as in Remark 11.4, the case of the free generators of the
free group can be deduced from the “free-Gaussian” one. Indeed, let (ck) be
a free circular family (sometimes called “complex free-Gaussian”). The polar
decomposition ck = uk|ck|, is such that the ∗-distribution of (uk) is identical
to that of a free family of Haar unitaries in the sense of [35], or equivalently
(uk) has the same ∗-distribution as that of the free generators λ(gk) in the von
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Neumann algebra of the free group with infinitely many generators. Moreover,
a simple calculation relative to the circular distribution yields ‖ck‖1 = 8/3π.
These observations lead us to :

Corollary 11.9. With the same notation as in Corollary 11.6, let F̃ =
∑
fk⊗

λ(gk). We have then

(3π/4)−1‖F̃‖(p) ≤ max

{∥∥∥
∑

fk⊗̇f∗
k

∥∥∥
1/2

(p/2)
,
∥∥∥
∑

f∗
k ⊗̇fk

∥∥∥
1/2

(p/2)

}
≤ ‖F̃‖(p)

(11.8)

Proof. Let τ̃ denote the normalized trace on the von Neumann algebra of the
free group with generators (gk). Let E denote the conditional expectation equal

to the orthogonal projection from L2(ϕ⊗ τ̃ ) onto L2(ϕ)⊗1. Then E(F̃ ⊗̇F̃ ∗) =∑
f∗
k ⊗̇fk. Since ‖F̃‖2(p) = ‖F̃ ⊗̇F̃ ∗‖p/2 and ‖F̃ ⊗̇F̃ ∗‖p/2 ≥ ‖E(F̃ ⊗̇F̃ ∗)‖p/2 by

(8.13), the right hand side follows. To prove the left hand side, consider F =∑
fk⊗ ck =

∑
fk⊗uk|ck| with (ck) free circular as above and note that by the

preceding observations (this is similar to Remark 11.4) we have
∑
fk ⊗ uk =

(3π/8)(Id ⊗ E1)(
∑
fk ⊗ uk|ck|) where E1 denotes the conditional expectation

from the von Neumann algebra generated by {ck} onto the one generated by
{uk}. Since {uk} and {λ(gk)} have identical ∗-moments, we find

‖F̃‖(p) = ‖
∑

fk⊗uk‖(p) ≤ (3π/8)‖
∑

fk⊗uk|ck|‖(p) = (3π/8)‖
∑

fk⊗ck‖(p)

and hence the left hand side of (11.8) follows from (11.7), recalling that C ≤ 2
when (xk) is a free circular sequence.

Remark 11.10. A more careful estimate probably yields the preceding Corollary
with the constant 2 in place of 3π/4.

Lemma 11.11. With the preceding notation let

S(ν) =
∑

(k1,...,k2n)∼ν
fk1⊗̇f∗

k2⊗̇ · · · ⊗̇f∗
k2n ,

and let ν′0 (resp. ν′′0 ) denote the partition of [1, . . . , 2n] into consecutive pairs
of the form {1, 2}, {3, 4}, . . . (resp. {2n, 1}, {2, 3}, {4, 5}, . . .). We have then

‖ϕ̂(S(ν))‖ ≤ max{‖ϕ̂(S(ν′0))‖, ‖ϕ̂(S(ν′′0 ))‖}.

Sketch of Proof. We set
C = sup ‖ϕ̂(S(ν))‖

where the sup runs over all pair partitions ν in P2(2n). By the cyclicity of the
trace (see (8.1)) we may assume that k1, . . . , k2n is such that for some j with
n < j ≤ 2n, the pair {kn, kj} is a block of our partition ν. Let

F (ν) =
∑

k1,...,k2n∼ν
fk1⊗̇f∗

k2⊗̇ · · · ⊗̇f∗
k2n .
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We may rewrite F (ν) as

F (ν) =
∑

α

∑
β
aα,β⊗̇bα,β (11.9)

where α represents the set of indices kj such that the pair containing j is
split by the partition [1, . . . , n][n+ 1, . . . , 2n], and β represents the remaining
indices, and the sum is restricted to (k1, . . . , k2n) ∼ ν. Since the indices in β
correspond to pairs of indices {ki, kj} with {i, j} included either in [1, . . . , n]
or in [n+ 1, . . . , 2n], we can rewrite the sum (11.9) as

F (ν) =
∑

α

∑
β′,β′′

αα,β′⊗̇bα,β′′ .

Then
S(ν) =

∑
α
xα⊗̇yα

with xα =
∑
β′ aα,β′ and yα =

∑
β′′ bα,β′′ . By (8.2) we find

‖ϕ̂(S(ν))‖ ≤
∥∥∥ϕ̂
(∑

α
xα⊗̇x∗α

)∥∥∥
1/2 ∥∥∥ϕ̂

(∑
α
y∗α⊗̇yα

)∥∥∥
1/2

.

But now
∑
α xα ⊗ x∗α is a sum of the kind S(ν′) for some ν′ but for which we

know (by our initial choice relative to the pair {n, j}) that the pair {n, n+ 1}
appears in ν′. If we then iterate the argument in the style of [6] we end up
with a number 0 < θ < 1 such that we have either

‖ϕ̂(S(ν))‖ ≤ (C′)θC1−θ

or
‖ϕ̂(S(ν))‖ ≤ (C′′)θC1−θ

where C′ = ‖ϕ̂(S(ν′0))‖ and C′′ = ‖ϕ̂(S(ν′′0 ))‖. Thus we conclude that

C ≤ (max(C′, C′′))θC1−θ

and hence C ≤ max(C′, C′′). Since S(ν′0) = (
∑
fk⊗̇f∗

k )
⊗̇n and S(ν′′0 ) =

(
∑
f∗
k ⊗̇fk)⊗̇n, this completes the proof.

By a spin system we mean a system of anticommuting self-adjoint unitaries
assumed realized over a non-commutative probability space (M, τ). In the q-
Gaussian case with q = −1, Theorem 11.2 describes the closed span of a spin
system in Λp, and exactly for the same reason as in [7] we obtain optimal
constants for those.

Corollary 11.12. If (xk) is a spin system, then (11.4) holds with the same op-
timal constant Cψ,p as in the Gaussian case. In particular, this constant grows
like
√
p when p → ∞. Moreover, the same result holds for the (Rademacher)

sequence (εk), and again the Gaussian constant is optimal.
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Proof. Let ψ(q) denote the function ψ for a q-Gaussian system. By Bożejko and
Speicher’s results (see [7]) we have ψ(q)(ν) = qi(ν) where i(ν) is the crossing
number of the the partition ν. This implies |ψ(q)(ν)| = ψ(|q|)(ν) and hence
also Cψ(q),p = Cψ(|q|),p. In particular, any spin system (xk) satisfies (11.4)
with the constant Cψ(1),p, i.e. the same constant as in the Gaussian case.
We now address the Rademacher case. Just as in [7] we use the fact that
the sequences (xk ⊗ xk) and (εk) have the same distribution. We then apply
(11.7) to

∑
fk ⊗ xk with fk = bk ⊗ xk. Recalling that the xk’s are unitary, we

find
∑
f∗
k ⊗̇fk =

∑
b̄k ⊗ bk ⊗ 1 and

∑
fk⊗̇f∗

k =
∑
bk ⊗ b̄k ⊗ 1. This gives us

‖∑ bk⊗εk‖(p) ≤ C‖
∑
bk⊗ b̄k‖1/2 where C = Cψ(1),p is the Gaussian constant.

By the central limit theorem, the latter is optimal.

In the rest of this section we turn to the span of an i.i.d. sequence of Gaussian
random matrices of size N ×N in Λp. We will use ideas from [12] and [6]. We
analyze the dependence in N using a concentration of measure argument. Let
{gij | i, j ≥ 1} be a doubly indexed family of complex valued Gaussian random
variables such that Egij = 0 and E|gij |2 = 1. Let Y (N) be the random N ×N
matrix defined by

Y (N)(i, j) = N−1/2gij .

Let Y
(N)
1 , Y

(N)
2 , . . . be an i.i.d. sequence of copies of Y (N) on some probability

space (Ω,A,P). We will view (Y
(N)
j )j≥1 as a sequence in Lp(P× τN) where τN

denotes the normalized trace on MN .
By the Appendix §15, we know that, for any even p ≥ 2, (Y

(N)
j )j≥1 has p-th

moments defined by pairings via the function

Y (N)(ν) = EτN (Y (N)ν)

where Y (N)ν = Y
(N)
k1

Y
(N)∗

k2
. . . Y

(N)
kp−1

Y
(N)∗

kp
for k = (kj) such that ki = kj if and

only if (i, j) belong to the same block of ν. It is easy to see that the distribution
of Y (N)ν does not depend on the choice of such a k. Moreover, ψ(N)(ν) ≥ 0 for
any ν since ψ(N)(ν) is a sum of terms of the form

E
(
Y

(N)
k1

(i1, j1)Y
(N)
k2

(i2, j2) . . . Y
(N)
kp

(ip, jp)
)

and, when k ∼ ν, these are either = 0 or = N−p/2(E|g11|2)p/2 = N−p/2.
Therefore we again have

∑
|ψ(N)(ν)| =

∑
ψ(N)(ν) = EτN (|Y (N)|p).

By (11.4) we have:

Corollary 11.13. Let p = 2n and let (bk) be any finite sequence in B = B(H).

Let f ∈∑ bk ⊗ Y (N)
k ∈ B ⊗ Lp(P× τN ). We have

‖f‖(p) ≤ (EτN (|Y (N)|p))1/p
∥∥∥
∑

bk ⊗ b̄k
∥∥∥
1/2

and this constant is optimal.
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12 Non-commutative martingale inequalities

In this section, we assume given a filtration M0 ⊂ M1 ⊂ · · · of von Neu-
mann subalgebras ofM. We assume for simplicity thatM coincides with the
von Neumann algebra generated by ∪Mn. We will denote again by En the con-
ditional expectation with respect toMn. Then to any f in Lp(τ) (1 ≤ p <∞)
we can associate a martingale (fn) (defined by fn = En(f)) that converges in
Lp(τ) to f . We will continue to denote d0 = f0 and dn = fn − fn−1.
It is natural to expect that Theorems 4.1 and 5.5 will extend to the non-
commutative case. However, at the time of this writing, we have completed
this task only for p = 4. We also proved below (see Theorem 13.1) a one sided
version of (4.1) using the notion of p-orthogonal sums.
Let H1, H2 be two Hilbert spaces. To lighten the notation in the rest of this
section we set B1 = B(H1) and B2 = B(H2). It is useful to observe that for
any f1 ∈ B1 ⊗ L4(τ) and f2 ∈ B2 ⊗ L4(τ) we have

τ̂ (f∗
1 ⊗̇f1⊗̇f∗

2 ⊗̇f2) ≈ τ̂ (f1⊗̇f∗
2 ⊗̇f2⊗̇f∗

1 ) ≻ 0. (12.1)

Indeed, the first sign ≈ is by the trace property while sign ≻ 0 holds because
f1⊗̇f∗

2 ⊗̇f2⊗̇f∗
1 ≈ F ⊗̇F ∗ with F = f1⊗̇f∗

2 ∈ B1 ⊗ B2 ⊗ L2(τ). In the next
lemma, we extend this observation to τ̂ (f∗

1 ⊗̇f1⊗̇T (f∗
2 ⊗̇f2)) where T : L2(τ)→

L2(τ) is a completely positive map (e.g. a conditional expectation). The reader
can convince himself easily that the simplest case of maps of the form T (x) =∑
a∗kxak (ak ∈ M), follows immediately from (12.1).

Lemma 12.1. With the preceding notation, let B = B1 ⊗ B2 = B(H1 ⊗2 H2).
For any completely positive map T : L2(τ) → L2(τ), we have for any f1 ∈
B1 ⊗ L4(τ) and f2 ∈ B2 ⊗ L4(τ)

τ̂ (f∗
1 ⊗̇f1⊗̇T (f∗

2 ⊗̇f2)) ≻ 0

where the latter element is identified with an element of B ⊗ B, via the per-
mutation

(
1 2 3 4

)
→
(
2 3 1 4

)
of the tensorial factors that takes

B1 ⊗B1 ⊗B2 ⊗B2 to B ⊗ B.
Remark 12.2. Let E = L4(τ)⊗L4(τ). Let T : L2(τ)→ L2(τ) be a completely
positive map, so that for any finite sequence a1, . . . , an in L4(τ) the matrix
[T (a∗i aj)] is in L2(Mn(M))+. Let Φ: E ⊗E → C be the bilinear form defined
by

Φ(a1 ⊗ b̄1 ⊗ a2 ⊗ b̄2) = τ(a∗2a1T (b
∗
1b2)).

We claim that Φ is positive definite on E ⊗E, i.e. Φ(e⊗ ē) ≥ 0 for any e in E.
Indeed, if e =

∑
ai ⊗ b̄i ∈ E we have

Φ(e ⊗ ē) =
∑

ij
τ(a∗jaiT (b

∗
i bj)),

so that, if τn denote the trace on Mn(M), we have Φ(e ⊗ ē) = τn(αβ) =
τn(a

1/2βα1/2) ≥ 0 where βij = T (b∗i bj) αij = a∗i aj and of course α ≥ 0 and
β ≥ 0. This proves our claim.
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Proof of Lemma 12.1. Let Lp = Lp(τ). Consider f1⊗ f̄2 ∈ B1⊗L4⊗B2⊗ L̄4.
Let g ∈ B ⊗ E be the element obtained by the natural permutation of factors
from f1 ⊗ f̄2. Then an easy verification shows that

τ̂ (f∗
1 ⊗̇f1⊗̇T (f∗

2 ⊗̇f2)) ≈ (I ⊗ Φ)(g ⊗ ḡ)

or more precisely with the notation indicated in Lemma 8.5

τ̂ (f∗
1 ⊗̇f1⊗̇T (f∗

2 ⊗̇f2)) ≈ (Φ)24(g ⊗ ḡ)

so that Lemma 12.1 follows from Lemma 8.5 and the preceding Remark.

Proposition 12.3. Let (fn)n≥0 be a martingale in B ⊗ L4(τ). Assume for
simplicity f = fN for some N ≥ 0. Let g = f∗⊗̇f −∑ d∗n⊗̇dn. We have then

‖g‖(2) ≤ ‖f‖(4)(‖σr‖1/2(2) + ‖σc‖1/2(2) ). (12.2)

where
σr =

∑
En−1(dn⊗̇d∗n) and σc =

∑
En−1(d

∗
n⊗̇dn).

Proof. As usual we start by g = x + y with x =
∑
d∗n⊗̇fn−1 and y =∑

f∗
n−1⊗̇dn, so that ‖g‖(2) ≤ ‖x‖(2) + ‖y‖(2). Then

‖x‖2(2) = ‖τ̂(x⊗̇x∗)‖ =
∥∥∥τ̂
(∑

d∗n⊗̇fn−1⊗̇f∗
n−1⊗̇dn

)∥∥∥ .

Let δn = f − fn−1. Note that since En−1(δn) = 0

En−1(f⊗̇f∗) = fn−1⊗̇f∗
n−1 + En−1(δn⊗̇δ∗n)

and hence

τ̂
(∑

d∗n⊗̇fn−1⊗̇f∗
n−1⊗̇dn

)
=

= τ̂
(∑

d∗n⊗̇En−1(f⊗̇f∗)⊗̇dn
)
− τ̂

(∑
d∗n⊗̇En−1(δn⊗̇δ∗n)⊗̇dn

)
,

By the trace property and by Lemma 12.1, these last three terms can all be
viewed as ≻ 0 in a suitable permutation of the factors. This shows by (2.6)

∥∥∥τ̂
(∑

d∗n⊗̇fn−1⊗̇f∗
n−1⊗̇dn

)∥∥∥ ≤
∥∥∥τ̂
(∑

d∗n⊗̇En−1(f⊗̇f∗)⊗̇dn
)∥∥∥ .

Since

τ̂
(∑

d∗n⊗̇En−1(f⊗̇f∗)⊗̇dn
)
≈ τ̂

(
En−1(f⊗̇f∗)⊗̇

∑
dn⊗̇d∗n

)
,

and since En−1 is self-adjoint, we have

∥∥∥τ̂
(∑

d∗n⊗̇En−1(f⊗̇f∗)⊗̇dn
)∥∥∥ =

∥∥∥τ̂
(
f⊗̇f∗⊗̇

∑
En−1(dn⊗̇d∗n)

)∥∥∥ ,
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thus we find

‖x‖2(2) ≤ ‖τ̂(f⊗̇f∗⊗̇σr)‖ ≤ ‖f‖2(4)‖σr‖(2).
A similar reasoning leads to

‖y‖2(2) ≤ ‖f‖2(4)‖σc‖(2),

so we conclude

‖g‖(2) ≤ ‖f‖(4)(‖σr‖1/2(2) + ‖σc‖1/2(2) ).

To complete the case p = 4, we need to check the non-commutative extension
of Lemma 4.2 as follows:

Lemma 12.4. Let θn be any finite sequence in B ⊗ L4(τ), let βn = θ∗n⊗̇θn and
αn = En(βn). Then ∥∥∥

∑
αn

∥∥∥
(2)
≤ 2

∥∥∥
∑

βn

∥∥∥
(2)
.

Proof. The proof is essentially the same as for Lemma 4.2. We just need to
observe that if n ≤ k we have

τ̂(αn⊗̇αk) = τ̂ (αn⊗̇βk),

but also by Lemma 12.1 (and the trace property)

τ̂(αn⊗̇βk) ≈ τ̂ (βk⊗̇αn) ≻ 0, ∀n, k

so that again we have

∥∥∥
∑

n≤k
τ̂(αn⊗̇βk)

∥∥∥ ≤
∥∥∥
∑

n,k
τ̂ (αn⊗̇βk)

∥∥∥ = ‖τ̂(α⊗̇β)‖ ≤ ‖α‖(2)‖β‖(2)

and similarly for ‖∑n>k ‖.

Let Sr =
∑
dj⊗̇d∗j abd Sc =

∑
d∗j ⊗̇dj . Applying this Lemma to Proposi-

tion 12.3, we find

‖g‖(2) ≤ 2
√
2‖f‖(4)max{‖Sr‖1/2(2) , ‖Sc‖

1/2
(2) }.

We then obtain by the same reasoning as for the commutative case:

Corollary 12.5. There is a constant C such that for any finite martingale
f0, . . . , fN in L4(τ) we have

C−1 max

{∥∥∥
∑

dj⊗̇d∗j
∥∥∥
1/2

(2)
,
∥∥∥
∑

d∗j ⊗̇dj
∥∥∥
1/2

(2)

}
≤ ‖f‖(4) ≤

≤ Cmax

{∥∥∥
∑

dj⊗̇d∗j
∥∥∥
1/2

(2)
,
∥∥∥
∑

d∗j ⊗̇dj
∥∥∥
1/2

(2)

}
.
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Remark 12.6. We leave as an open problem whether the extension of the left
hand side of Corollary 12.5 is valid for any even integer p > 4. Note however
that the right hand side is proved below as a consequence of Theorem 13.1.

We will now extend Theorem 5.5 to the non-commutative case for p = 4.
Given f ∈ B ⊗ L4(τ) let us denote

‖f‖[4] = max{‖τ̂(
∑

dn⊗̇d∗n⊗̇dn⊗̇d∗n)‖1/4, ‖σr‖1/2(2) , ‖σc‖
1/2
(2) }.

Corollary 12.7. For any finite martingale f0, . . . , fN in L4(τ) we have

2C−1‖f‖[4] ≤ ‖f‖(4) ≤ 2C‖f‖[4], (12.3)

where C is as in the preceding statement.

Proof. By the preceding Corollary and by Lemma 12.4 we have

max{‖σr‖1/2(2) , ‖σc‖
1/2
(2) } ≤ 2C‖f‖(4). Moreover, by (12.1) we have

τ̂ (
∑
dn⊗̇d∗n⊗̇dn⊗̇d∗n) ≺ τ̂ (

∑
dn⊗̇d∗n)⊗̇(

∑
dj⊗̇d∗j )∗), and hence

‖τ̂(∑ dn⊗̇d∗n⊗̇dn⊗̇d∗n)‖1/4 ≤
∥∥∑ dj⊗̇d∗j

∥∥1/2
(2)

. Therefore, the left hand side of

(12.3) follows.
To prove the right hand side, we will use the preceding Corollary.
Let xn = d∗n⊗̇dn and yn = dn⊗̇d∗n. We have

∑
xn = σc +

∑
δn

where δn = xn − En−1xn. Then, by the triangle inequality ‖∑xn‖(2) ≤
‖σc‖(2)+‖

∑
δn‖(2) and by the orthogonality of the martingale differences (δn)

we have ‖∑ δn‖2(2) = ‖
∑
τ̂ (δ∗n⊗̇δn)‖. But by Remark 8.9 we have τ̂ (δ∗n⊗̇δn) ≺

τ̂ (x∗n⊗̇xn) and hence also
∑
τ̂ (δ∗n⊗̇δn) ≺

∑
τ̂ (x∗n⊗̇xn) from which follows by

Lemma 2.3 that ‖∑ τ̂ (δ∗n⊗̇δn)‖ ≤ ‖
∑
τ̂ (x∗n⊗̇xn)‖.

Recapitulating, we find ‖∑xn‖(2) ≤ ‖σc‖(2)+‖
∑
τ̂ (x∗n⊗̇xn)‖1/2, and a fortiori

‖
∑

xn‖1/2(2) ≤ ‖σc‖
1/2
(2) + ‖

∑
τ̂ (x∗n⊗̇xn)‖1/4 ≤ 2‖f‖[4].

Since a similar argument applies to majorize ‖∑ yn‖(2), by Corollary 12.5 we
obtain

C−1‖f‖(4) ≤ max{‖
∑

xn‖1/2(2) , ‖
∑

yn‖1/2(2) } ≤ 2‖f‖[4].

13 p-orthogonal sums

Let Lp(τ) be as before the “non-commutative” Lp-space associated to a von
Neumann algebra equipped with a standard (= faithful, normal) semi-finite
trace. (Of course, if M is commutative, we recover the classical Lp associated
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to a measure space.) Let p ≥ 2 be an even integer. A family d = (di)i∈I is
called p-orthogonal if, for any injective function g : [1, 2, . . . , p]→ I we have

τ(d∗g(1)dg(2)d
∗
g(3)dg(4) . . . d

∗
g(p−1)dg(p)) = 0.

Clearly, any martingale difference sequence is p-orthogonal, but the class of
p-orthogonal sums is more general. In the commutative case, i.e. for classical
random variables, this notion is very close to that of “multiplicative sequence”
already considered in the literature, see the references in [24], on which this
section is modeled.

By a natural extension, we will say that a sequence (dj)j∈I in B ⊗ Lp(τ) is
p-orthogonal if for any injective function g : [1, 2, . . . , p]→ I as before we have

τ̂ (d∗g(1)⊗̇dg(2)⊗̇ . . . ⊗̇d∗g(p−1)⊗̇dg(p)) = 0.

The method used in [24], that is based on a combinatorial formula involving
the “Möbius function”, is particularly easy to adapt to our setting where Λp
takes the place of Lp.

We will use crucially some well known ideas from the combinatorial theory of
partitions, which can be found, for instance, in the book [1]. We denote by
Pn the lattice of all partitions of [1, . . . , n], equipped with the following order:
we write σ ≤ π (or equivalently π ≥ σ) when every “block” of the partition σ
is contained in some block of π. Let 0̇ and 1̇ be respectively the minimal and
maximal elements in Pn, so that 0̇ is the partition into n singletons and 1̇ the
partition formed of the single set {1, . . . , n}. We denote by ν(π) the number of
blocks of π (so that ν(0̇) = n and ν(1̇) = 1).

For any π in Pn and any i = 1, 2, . . . , n, we denote by ri(π) the number of blocks
(possibly = 0) of π of cardinality i. In particular, we have

∑n
1 iri(π) = n and∑n

1 ri(π) = ν(π).

Given two partitions σ, π in Pn with σ ≤ π we denote by µ(σ, π) the Möbius
function, which has the following fundamental property:

Let V be a vector space. Consider two functions Φ: Pn → V and Ψ: Pn → V .
If Ψ(σ) =

∑
π≤σ

Φ(π), then Φ(σ) =
∑

π≤σ µ(π, σ)Ψ(π).

Essentially equivalently, if Ψ(σ) =
∑

π≥σ Φ(π), then Φ(σ) =∑
π≥σ µ(σ, π)Ψ(π).

In particular we have:

∀ σ 6= 0̇
∑

0̇≤π≤σ
µ(π, σ) = 0. (13.1)

The last assertion follows from the above fundamental property applied with
Φ equal to the delta function at 0̇ (i.e. Φ(π) = 0 ∀ π 6= 0̇ and Φ(0̇) = 1) and
Ψ ≡ 1.

We also recall Schützenberger’s theorem (see [1]):
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For any π we have

µ(0̇, π) =

n∏

i=1

[(−1)i−1(i− 1)!]ri(π),

and consequently ∑

π∈Pn
|µ(0̇, π)| = n!.

We now apply these results to set the stage for the questions of interest to
us. Let E1, . . . , En, V be vector spaces equipped with a multilinear form (= a
“product”)

ϕ : E1 × · · · × En → V.

Let I be a finite set. For each k = 1, 2, . . . , n and i ∈ I, we give ourselves
elements di(k) ∈ Ek, and we form the sum

Fk =
∑

i∈I
di(k).

Then we are interested in “computing” the quantity ϕ(F1, . . . , Fn). We have
obviously

ϕ(F1, . . . , Fn) =
∑

g

ϕ(dg(1)(1), . . . , dg(n)(n))

where the sum runs over all functions g : [1, 2, . . . , n] → I. Let π(g) be the
partition associated to g, namely the partition obtained from

⋃
i∈I

g−1({i}) after
deletion of all the empty blocks. We can write

ϕ(F1, . . . , Fn) =
∑

σ∈Pn
Φ(σ)

where Φ(σ) =
∑

g : π(g)=σ ϕ(dg(1)(1), . . . , dg(n)(n)). Let Ψ(σ) =
∑
π≥σ

Φ(π).

Using (13.1) (with σ, π exchanged), we have then:

ϕ(F1, . . . , Fn) = Φ(0̇) +
∑

0̇<σ

Φ(σ) = Φ(0̇) +
∑

0̇<σ

∑

π≥σ
µ(σ, π)Ψ(π) (13.2)

= Φ(0̇) +
∑

0̇<π

Ψ(π) ·
∑

0̇<σ≤π
µ(σ, π) = Φ(0̇)−

∑

0̇<π

Ψ(π)µ(0̇, π).

(13.3)

Recapitulating, we found:

ϕ(F1, . . . , Fn) = Φ(0̇)−
∑

0̇<π

Ψ(π)µ(0̇, π) (13.4)
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where
Φ(0̇) =

∑

g injective

ϕ(dg(1)(1), . . . , dg(n)(n))

and
Ψ(π) =

∑

g : π(g)≥π
ϕ(dg(1)(1), . . . , dg(n)(n)).

Theorem 13.1. Let p = 2n be an even integer > 2. Then for any p-orthogonal
finite sequence (dj)j∈I in B ⊗ Lp(τ) we have

∥∥∥
∑

dj

∥∥∥
(p)
≤ (3π/2)pmax

{∥∥∥
∑

dj⊗̇d∗j
∥∥∥
1/2

(p/2)
,
∥∥∥
∑

d∗j ⊗̇dj
∥∥∥
1/2

(p/2)

}
. (13.5)

Proof. This proof is modeled on that in [24] so we will be deliberately sketchy.
Let f =

∑
dj . We can write

τ̂ [(f∗⊗̇f)⊗̇n] = −
∑

0̇<π

µ(0̇, π)Ψ(π)

where Φ and Ψ are defined by

Φ(σ) =
∑

g : π(g)=σ

τ̂(d∗g(1)⊗̇dg(2) . . . ⊗̇d∗g(p−1)⊗̇dg(p))

and Ψ =
∑
σ≥π

Φ(σ), or equivalently,

Ψ(π) =
∑

g∼σ
τ̂(d∗g(1)⊗̇ · · · ⊗̇dg(p))

where (as in §11) g ∼ σ means that g(i) = g(j) whenever i, j are in the same
block of σ. Here the functions Φ and Ψ take values in B ⊗ B ⊗ · · · ⊗ B ⊗ B
where B ⊗B is repeated n-times .
Let α = 3π/4 as in [24]. Arguing as in [24, p. 912] we see that it suffices to
prove that

‖Ψ(π)‖ ≤ (α∆)p−r1(π)‖f‖r1(π)(p) (13.6)

where ∆ = max
{∥∥∑ dj⊗̇d∗j

∥∥1/2
(p/2)

,
∥∥∑ d∗j ⊗̇dj

∥∥1/2
(p/2)

}
, and we recall that r1(π)

is the number of singletons in π. Let FI be the free group with generators
(gj)j∈I , and let ϕ be the normalized trace on the von Neumann algebra of FI .
Let fk =

∑
i∈I di(k) be a finite sum in B ⊗ Lp(τ), k = 1, . . . , p. We denote by

f̃k =
∑

i∈I
λ(gi)⊗ di(k)

the corresponding sum in Lp(ϕ× τ) ⊗B. Note that by (11.8) we know that

‖f̃k‖(p) ≤ (3π/4)max

{∥∥∥
∑

dj⊗̇d∗j
∥∥∥
1/2

(p/2)
,
∥∥∥
∑

d∗j ⊗̇dj
∥∥∥
1/2

(p/2)

}
. (13.7)

Documenta Mathematica 19 (2014) 1367–1442



1432 Gilles Pisier

Let π be a partition of [1, . . . , p]. Let B1 be the union of all the singletons in
π and let B2 be the complement of B1 in [1, . . . , p]. By the construction in the
proof of [24, Sublemma 3.3] for a suitable discrete group G there are F1, . . . , Fp
in Lp(τG×τ)⊗B such that ‖Fk‖(p) = ‖f̃k‖(p) for all k in B2, ‖Fk‖(p) = ‖fk‖(p)
for all k in B1, and also

τ̂


 ∑

π(g)≥π
dg(1)(1)⊗̇ · · · ⊗̇dg(p)(p)


 = ̂(τG × τ)[F1⊗̇ · · · ⊗̇Fp].

Then if we apply this to dj(k) = d∗j if k is odd and dj(k) = dj if k is even we
find by (8.4)

‖Ψ(π)‖ = ‖ ̂(τG × τ)(F1⊗̇ · · · ⊗̇Fp)‖

≤
p∏

k=1

‖Fk‖(p)

≤ ‖f‖|B1|
(p) ·

∏

k∈B2

‖f̃k‖(p)

and by (13.7) we obtain (13.6).

Corollary 13.2. Let p be an even integer. Assume τ(1) = 1. Let (fj) be a
p-orthogonal sequence in Lp(τ) that is orthonormal in L2(τ). Consider a finite
sequence (bj) with bj ∈ B. We have then

‖
∑

bj ⊗ b̄j‖1/2 ≤
∥∥∥
∑

bj ⊗ fj
∥∥∥
(p)
≤ (3π/2)p‖

∑
bj ⊗ b̄j‖1/2.

Let Ep denote the closed span of (fj) in Λp(τ). Then Ep is completely isomor-
phic to OH, and moreover, the orthogonal projection P from L2(τ) onto the
span of (fj) is c.b. on Λp with c.b. norm at most (3π/2)p.

Proof. The right hand side of the inequality follows from (13.5) since (dj) =
(bj ⊗ fj) is clearly p-orthogonal. By Corollary 8.4, the inclusion Λp(τ) →
Λ2(τ) = L2(τ) has c.b norm 1. Using this the left hand side follows. This
shows that Ep ≃ OH . The projection P can then be factorized as Λp → Λ2 →
E2 → Ep, which implies ‖P : Λp → Ep‖cb ≤ (3π/2)p, since the first two arrows
are completely contractive.

14 Lacunary Fourier series in Λp

In this section, we review the results of [13] and [24] with Λp in place of Lp,
and again we find the space OH appearing in place of Rp ∩Cp. To save space,
it will be convenient to adopt the general viewpoint in [24, §4], although this
may seem obscure to a reader unfamiliar with [13].
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Notation: Let 1 =
∑

k∈J Pk be an orthogonal decomposition of the identity
of L2(τ) on a semi-finite “non-commutative” measure space (M, τ). Let p = 2n
be an even integer > 2. Let (dj)j∈I be a finite family in B ⊗ Lp(τ). We set
xω = x∗ if n is odd and xω = x in n is even.

Theorem 14.1. Let F be the set of all injective functions g : [1, 2, . . . , n]→ I.
For any g in F , we let xg = d∗g(1)⊗̇dg(2)⊗̇d∗g(3) . . . dωg(n). We define

N(d) = sup
k∈J

card{g ∈ F | (Pk ⊗ I)(xg) 6= 0}.

Then
∥∥∥∥
∑

j∈I
dj

∥∥∥∥
(p)

≤
[
(4N(d))1/p + p

9π

8

]
max

{∥∥∥
∑

dj⊗̇d∗j
∥∥∥
1/2

(p/2)
,
∥∥∥
∑

d∗j ⊗̇dj
∥∥∥
1/2

(p/2)

}
.

Proof. Since we follow closely the ideas in [13] and [24] we will merely sketch
the proofs. We have

‖f‖n(p) = ‖f∗⊗̇f · · · ⊗̇fω‖(2).
Arguing as in [24, p. 919] we find

f∗⊗̇f · · · ⊗̇fω = Φ(0̇)−
∑

0̇<π∈Pn

µ(0̇, π)Ψ(π)

with Φ(σ) =
∑

π(g)=σ xg and

Ψ(π) =
∑

σ≤π
Φ(σ).

Note that Φ(0̇) =
∑

g∈F xg. Using a suitable adaptation of [24, Sublemma 3.3]
and replacing [24, (3.5)] by Corollary 11.9 above, we find:

‖Ψ(π)‖(2) ≤ ‖f‖r1(π)(p) (α∆)n−r1(π)

where

∆ = max

{∥∥∥
∑

dj⊗̇d∗j
∥∥∥
1/2

(p/2)
,
∥∥∥
∑

d∗j ⊗̇dj
∥∥∥
1/2

(p/2)

}
.

Let Fk = {g ∈ F | (id⊗ Pk)xg 6= 0} and Φk = (id⊗ Pk)Φ(0̇), so that

Φ(0̇) =
∑

Φk and Φk =
∑

g∈Fk
xg(k)

where xg(k) = (id⊗ Pk)(xg). By (2.3) we have by “orthogonality” of Φk

‖Φ(0̇)‖2(2) =
∥∥∥τ̂
(∑

Φk⊗̇Φ∗
k

)∥∥∥ .
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Since card(Fk) ≤ N(d), by (2.8) and Lemma 8.6 we have

τ̂
(∑

Φk⊗̇Φ∗
k

)
≺ N(d)τ̂

(∑
k

∑
g∈Fk

xg(k)⊗̇xg(k)∗
)
=

= N(d)τ̂
(∑

g∈F
xg⊗̇x∗g

)
.

Therefore, we find

1

N(d)
‖Φ(0̇)‖2(2) ≤

∥∥∥τ̂
(∑

g∈F
xg⊗̇x∗g

)∥∥∥ ≤

≤

∥∥∥∥∥∥
τ̂


 ∑

g(1),...,g(n)

d∗g(1)⊗̇ · · · ⊗̇dωg(n)⊗̇dω∗g(n) . . . ⊗̇dg(1)



∥∥∥∥∥∥

and hence

‖Φ(0̇)‖2(2) ≤ N(d)

∥∥∥∥τ̂
((∑

dj⊗̇d∗j
)⊗̇n)∥∥∥∥ = N(d)

∥∥∥
∑

dj⊗̇d∗j
∥∥∥
p/2

(p/2)
.

Thus we may conclude by the same reasoning as in [24, p. 920].

We can now reformulate the main result of [13] with Λp in place of Lp:

Corollary 14.2. Fix an even integer p = 2n > 2. Let E ⊂ Γ be a subset of a
discrete group Γ with unit e. For any γ in Γ let Zp(γ,E) be the cardinality of
the set of injective functions g : [1, . . . , n]→ E such that

γ = g(1)g(2)−1g(3) . . . g(n)w

where gw = g−1 if n is even and gw = g if n is odd. We set

Z(E) = sup{Zp(γ,E) | γ ∈ Γ}.

Then for any finitely supported family (b(t))t∈E in B = B(H) we have

∥∥∥
∑

t∈E
λ(t)⊗ b(t)

∥∥∥
(p)
≤ ((4Z(E))1/p + (9π/8)p)

∥∥∥
∑

b(t)⊗ b(t)
∥∥∥
1/2

. (14.1)

Proof. Here L2(τ) is the L2-space associated to the usual trace on the von Neu-
mann algebra associated to Γ. Any element in L2(τ) has an orthonormal ex-
pansion in a “Fourier series” x =

∑
t∈Γ x(t)λ(t), so we can apply Theorem 14.1

to this orthogonal decomposition (with J = Γ). Note that if (tj) are distinct
elements in E and if dj = λ(tj)⊗ b(tj) we have N(d) ≤ Z(E). Lastly, we note
that in the present situation, since Lp(ϕ) = C, the term previously denoted by
∆ coincides with ∥∥∥

∑
b(t)⊗ b(t)

∥∥∥
1/2

.

We have also a (one sided) version of the Littlewood–Paley inequality for Λp:
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Corollary 14.3. Consider a Fourier series of the form

f =
∑

n>0
f̂(n)eint

where n→ f̂(n) is a finitely supported B(H)-valued function. Let

∆n =
∑

2n≤k<2n+1
f̂(k)eikt

and let

S(f) =
∑

∆n⊗̇∆n.

There is an absolute constant C such that for any even integer p ≥ 2

‖f‖(p) ≤ Cp‖S(f)‖1/2(p/2).

Proof. It suffices to prove the inequality separately for the cases f =
∑

m∆2m

and f =
∑

m∆2m+1. But then each of these cases follows from Theorem 14.1
and elementary arithmetic involving lacunary sequences.

It may be worthwhile to point out that in the commutative case, the following
variant of Theorem 14.1 holds:

Theorem 14.4. Consider the same situation as in Theorem 14.1 but with
M commutative so that L2(τ) can be identified with L2(Ω, µ). Let yg =
dg(1)⊗̇dg(2)⊗̇ · · · ⊗̇dg(n) and let

N+(d) = sup
k∈J

card{g ∈ F | (Pk ⊗ I)(yg) 6= 0}.

Then ∥∥∥
∑

dj

∥∥∥
(p)
≤ [(4N+(d))

1/p + 9π/8]
∥∥∥
∑

dj⊗̇d̄j
∥∥∥
1/2

(p/2)
.

Proof. We argue exactly as for Theorem 14.1 except that we start instead from

‖f‖n(p) = ‖f⊗̇ · · · ⊗̇f‖(2).

Remark 14.5. In particular, if E ⊂ Γ is a subset of a commutative group, let
Zp+(γ,E) be the cardinality of the set of injective g : [1, . . . , n]→ E such that
γ = g(1)g(2) . . . g(n) and let Z+(E) = sup{Zp+(γ,E) | γ ∈ Γ} <∞. Then for
any finitely supported family (b(t))t∈E in B we have (14.1) with Z+(E) in place
of Z(E). Thus we obtain OH also for the span of certain Λ(p)-sets originally
considered by Rudin [33], which are not Λ(p)cb-sets in the sense of [13].
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15 Appendix

The goal of this appendix is to clarify the relation between “moments defined
by pairings” used in §9 (following [6]) and the well known Wick formula. The
latter (probably going back independently to Ito and Wick) was used by Ito
in connection with multiple Wiener integrals and Wiener chaos. Although we
reformulate them using tensor products, the results below are all well known.
We first consider the Gaussian case in a very general framework. Let B be a
real vector space. Let X be a B-valued Gaussian variable. This means that for
any R-linear form ξ ∈ B∗, the real valued variable ξ(X) is Gaussian with mean
zero and variance equal to Eξ(X)2. If B is a complex space, (e.g. if B = C) we
may view it a fortiori as a real one and the previous notion still makes sense.
Let X = (X1, . . . , Xn) be a Gaussian variable with values in Bn. Then X1 ⊗
· · · ⊗ Xn is a random variable with values in B⊗n. When n is odd its mean
vanishes. Let us assume that X = (X1, . . . , Xn) is defined on (Ω,A,P) and
that n is even.
Let π be a partition of [1, . . . , n] into K blocks. We will define a B⊗n-valued
random variable X⊗π on (Ω,A,P)⊗K as follows: Assume that the blocks of π
have been enumerated as α1, . . . , αK . We define ω̂j for j = 1, . . . , n by setting
ω̂j = ωk if j ∈ αk. We then define

X⊗π(ω1, . . . , ωK) = X1(ω̂1)⊗ · · · ⊗Xn(ω̂n).

Note that the distribution (and hence all the moments) of X⊗π do not depend
on the particular enumeration (α1, α2, . . .) chosen to define it. In particular,
E(X⊗π) depends only on π. We now may state

Proposition 15.1. For any even integer n

E(X1 ⊗ · · · ⊗Xn) =
∑

ν∈P2(n)
E(X⊗ν). (15.1)

Proof. We will use the same trick as in [12, Prop. 1.5]) to deduce the for-
mula from the rotational invariance of Gaussian distribution. Let X(s) =
(X1(s), . . . , Xn(s) be an i.i.d. sequence indexed by s ∈ N of copies of X . By

the invariance of Gaussian distributions, the variable X̂(s) = s−1/2(X(1) +
· · ·+X(s)) has the same distribution as X . Therefore for any s, we have

E(X1 ⊗ · · · ⊗Xn) = E(X̂1(s)⊗ · · · ⊗ X̂n(s))

and hence

E(X1 ⊗ · · · ⊗Xn) = lim
s→∞

E(X̂1(s)⊗ · · · ⊗ X̂n(s)). (15.2)

Let E(s) = E(X̂1(s)⊗ · · · ⊗ X̂n(s)). We have

E(s) = s−n/2
∑

g
E(X1(g(1))⊗ · · · ⊗Xn(g(n))),
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where the sum runs over all functions g : [1, . . . , n]→ [1, . . . , s]. We claim that
after elimination of all the (vanishing) odd terms and all the (asymptotically
vanishing) terms such as

1

s2

∑
t≤s

X1(t)⊗ · · · ⊗X4(t)

we find
lims→∞E(s) =

∑
ν∈P2(n)

E(X⊗ν). (15.3)

Indeed, if we let
t(g) = E(X1(g(1))⊗ · · · ⊗Xn(g(n))

and if we denote by π(g) the partition of [1, . . . , n] defined by
⋃
k≤s g

−1(k) we
have (eliminating vanishing terms)

E(s) = s−n/2
∑

g∈As
t(g)

where As is the set of g : [1, . . . , n]→ [1, . . . , s] such that π(g) is a partition of
[1, . . . , n] into blocks of even cardinality. For any such π, let

Gs(π) = {g ∈ As | π(g) = π}.

Let Bs ⊂ As be the set of all g’s such that π(g) is in P2(n) (i.e. is a partition
into pairs) so that

Bs =
⋃

ν∈P2(n)
Gs(ν).

Note that for any g in Gs(π) we have

t(g) = E(X⊗π).

Let P ′
2(n) denote the set of partitions π of [1, . . . , n] into blocks of even cardi-

nality. We have

E(s) = s−n/2
∑

π∈P ′
2(n)
|Gs(π)|E(X⊗π).

Note that P2(n) ⊂ P ′
2(n). Therefore

E(s) =
∑

ν∈P2(n)
s−n/2|Gs(ν)|E(X⊗ν)+

∑
π∈P ′

2(n)\P2(n)
s−n/2|Gs(π)|E(X⊗π).

(15.4)
But now a simple counting argument shows that |Gs(ν)| = s(s −
1) . . .

(
s− n

2 + 1
)
≃ sn/2 and hence s−n/2|Gs(ν)| → 1, while for any π in

P ′
2(n)\P2(n) we have s−n/2|Gs(π)| → 0. Thus taking the limit when s → ∞

in (15.4) yields our claim (15.3). By (15.2) this completes the proof.

To emphasize the connection with the classical Wick formula of which (15.1)
is but an abstract form, let us state:
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Corollary 15.2. Let X = (Xj) be a Gaussian sequence of real valued random
variables (i.e. all their linear combinations are Gaussian). Then

E(X1 · · ·Xn) =
∑

ν

∏
〈XkjXℓj〉

where the sum runs over all partitions ν of [1, . . . , n] into pairs, the product
runs over all pairs {kj , ℓj} (j = 1 · · ·n/2) of ν, and the scalar products are
meant in L2.

Corollary 15.3. For any even integer p and any N ≥ 1, any sequence
X = (Xj) of i.i.d. Gaussian variables with values in the space MN of N × N
(complex) matrices has its p-th moments defined by pairings. (Here the mo-
ments are meant with respect to the functional x→ E tr(x).)

Proof. Consider the R-linear map ϕ : MN ⊗ · · · ⊗MN → C defined by

ϕ(x1 ⊗ · · · ⊗ xp) = tr(x1x
∗
2 . . . xp−1x

∗
p).

Let k = (k1, . . . , kp) where k1, k2, . . . , kp are positive integers. Let Yk =
(Xk1 , . . . , Xkp). Applying (15.2) to Xk1 ⊗ · · · ⊗Xkp we find

Eϕ(Xk1 ⊗ · · · ⊗Xkp) =
∑

ν∈P2(p)
Eϕ(Y ⊗ν

k ).

Since the variables X1, X2, ... are assumed independent, we have Eϕ(Y ⊗ν
k ) = 0

except possibly when k ∼ ν (indeed, if {i, j} is a block of ν and ki 6= kj then
the entries of the ki factor of Y ⊗ν

k are orthogonal to those of the kj factor
and independent of all the other factors of Y ⊗ν

k ). Moreover, since X1, X2, ...
all have the same distribution, it is easy to check that the distribution of Y ⊗ν

k

depends only on ν and not on k. Thus we obtain

Eϕ(Xk1 ⊗ · · · ⊗Xkp) =
∑

ν∼k
ψ(ν)

with ψ(ν) = Eϕ(Y ⊗ν), with Y = (X1, . . . , Xn).

Remark 15.4. The preceding result is used in [12] for the complex Gaussian

random matrices (Y
(N)
j )j≥1 appearing in Corollary 11.13. In that case, since

Y (N) ⊗ Y (N) has mean zero, there is an extra cancellation: ψ(ν) = 0 for any
partition ν ∈ P2(n) admitting a block with two indices of the same parity.

More generally, the same proof shows

Corollary 15.5. The preceding corollary is valid for any even integer p for
any i.i.d. Gaussian sequence with values in Lp(M, τ) for any non-commutative
measure space (M, τ). (Here the moments are meant with respect to x 7→
Eτ(x).)
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Using exactly the same method but replacing stochastic independence by free-
ness in the sense of [35] and Gaussian by semi-circular (or “free-Gaussian”), it
is easy to extend the preceding Corollary to the free case. More generally, we
can use the q-Fock space (−1 ≤ q ≤ 1) and the associated q-Gaussian variables
described in [3, 4, 2].
Fix q with −1 ≤ q < 1. Given a complex Hilbert space H, we denote by Fq(H)
the q-Fock space associated to H. Let us assume that H is the complexification
of a real Hilbert space H so that H = H + iH . For simplicity we assume H =
ℓ2(R). To any real Hilbert subspace K ⊂ H we can associate (following [2]) a
von Neumann algebra Γq(K), so that we have natural embeddings Γq(K1) ⊂
Γq(K2) when K1 ⊂ K2. Moreover Γq(H) is equipped with a normalized trace
(faithful and normal) denoted by τq, that we may restrict to Γq(K) to view the
latter as a non-commutative probability space.
For any h ∈ H we denote by a∗(h) (resp. a(h)) the q-creation (resp. q-
annihilation) operator on Fq(H) and we let gq(h) = a(h)+a∗(h). By definition,
the von Neumann algebras Γq(K) is generated by {gq(h) | h ∈ K}. We will
say that a family X1, . . . Xn in Γq(H) is q-independent if there are mutually
orthogonal real subspaces Kj ⊂ H such that Xj ∈ Γq(Kj).
Let B = B(ℓ2). More generally, consider x1, . . . , xn in B ⊗ Γq(H). We will
say that x1, . . . , xn are q-independent if there are Kj as above such that xj ∈
B ⊗ Γq(Kj) for all j = 1, . . . , n. The elements of gq(H) = {gq(h) | h ∈ H} will
be called q-Gaussian.
More generally, an element x ∈ B ⊗ Γq(H) will be called q-Gaussian if
x ∈ B ⊗ gq(H). The q-Gaussian elements satisfy an analogue (called “second
quantization”) of the rotational invariance of Gaussian distributions: For any
R-isometry T : K → H the families {gq(t) | t ∈ K} and {gq(T t) | t ∈ K} have
identical distributions. Here “same distribution” means equality of the mo-
ments of all non-commutative monomials. We will denote by T̃ : B⊗ gq(K)→
B ⊗ gq(H) the linear map taking b ⊗ gq(t) to b ⊗ gq(T t) (b ∈ B, t ∈ K). In
particular, if x ∈ gq(K) and if K1 = K2 = · · · = Ks = K we may use the
isometry us : K → K1 ⊕ · · · ⊕Ks ⊂ H defined by us(x) = s−1/2(x ⊕ · · · ⊕ x)
in order to define elements xj in gq(Kj) each with the same distribution as x

such that x
dist
= s−1/2(x1 + · · ·+ xs).

Let x1, . . . , xn be any sequence in B ⊗ gq(H) and let π be a partition. For
any block α of π we give ourselves an isometry uα : H → Hα ⊂ H where Hα

are mutually orthogonal (real) Hilbert subspaces. Then we define a sequence
(y1, . . . , yn) in B ⊗ gq(H) by setting

yj = ũαxj . ∀j ∈ α
It is not hard to check that τ̂(y1⊗̇ · · · ⊗̇yn) depends only on x = (x1, . . . , xn)
and π (and not on the uα’s). Therefore we may set

τ̂ (xπ)
def
= τ̂ (y1⊗̇ · · · ⊗̇yn).

As before, by symmetry τ̂q(x1⊗̇ · · · ⊗̇xn) = 0 for all odd n.
The q-Gaussian analogue of (15.1) is as follows:
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Proposition 15.6. For any even integer n and any n-tuple x1 . . . , xn in B ⊗
gq(H) (−1 ≤ q < 1), we have

τ̂q(x1⊗̇ · · · ⊗̇xn) =
∑

ν∈P2(n)
τ̂q(x

ν).

Proof. With the preceding ingredients, this can be proved exactly as Proposi-
tion 15.1 above.

In particular, replacing B by C, we find

Corollary 15.7. Any q-Gaussian sequence (xj) in the sense of [2, Def. 3.3]
with covariance equal to the identity matrix has p-th moment, defined by parings
for any even integer p.
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