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Log Homogeneous Compactifications

of Some Classical Groups

Mathieu Huruguen

Received: January 8, 2014

Communicated by Alexander Merkurjev

Abstract. We generalize in positive characteristics some results of
Bien and Brion on log homogeneous compactifications of a homoge-
neous space under the action of a connected reductive group. We also
construct an explicit smooth log homogeneous compactification of the
general linear group by successive blow-ups starting from a grassman-
nian. By taking fixed points of certain involutions on this compacti-
fication, we obtain smooth log homogeneous compactifications of the
special orthogonal and the symplectic groups.

2010 Mathematics Subject Classification: 14L35, 14M12, 14M17,
14M25

Introduction

Let k be an algebraically closed field and G a connected reductive group defined
over k. Given a homogeneous space Ω under the action of the group G it
is natural to consider equivariant compactifications or partial equivariant
compactifications of it. Embeddings are normal irreducible varieties equipped
with an action of G and containing Ω as a dense orbit, and compactifications
are complete embeddings. Compactifications have shown to be powerful tools
to produce interesting representations of the group G or to solve enumerative
problems. In the influent paper [21], Luna and Vust developed a classification
theory of embeddings of the homogeneous space Ω assuming that the field k
is of characteristic zero. Their theory can be made very explicit and extended
to all characteristics, see for instance [15], in the spherical case, that is,
when a Borel subgroup of G possesses a dense orbit in the homogeneous space
Ω. In this case, the embeddings of Ω are classified by combinatorial objects
called colored fans. If the homogeneous space is a torus acting on itself by
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2 Mathieu Huruguen

multiplication then one recovers the classification of torus embeddings or toric
varieties in terms of fans, see for instance [14].

In the first part of the paper we focus on a certain category of “good” compact-
ifications of the homogeneous space Ω. For example, these compactifications
are smooth and the boundaries are strict normal crossing divisors. There are
several notions of “good” compactifications in the literature. Some of them are
defined by geometric conditions, as for example the toroidal compactifica-
tions of Mumford [14], the regular compactifications of Bifet De Concini and
Procesi [3], the log homogeneous compactifications of Brion [5] and some of
them are defined by conditions from the embedding theory of Luna and Vust,
as for example the colorless compactifications. As it was shown by Bien
and Brion [5], if the base field k is of characteristic zero then the homogeneous
space Ω admits a log homogeneous compactification if and only if it is spherical,
and in that case the four different notions of “good” compactifications men-
tioned above coincide. We generalize their results in positive characteristics
in Section 1. We prove that a homogeneous space admitting a log homoge-
neous compactification is necessarily separably spherical in the sense of
Proposition-Definition 1.7. In that case, we relate the log homogeneous com-
pactifications to the regular and the colorless one, see Theorem 1.8 for a precise
statement. We do not know whether the condition of being separably spherical
is sufficient for a homogeneous space to have a log homogeneous compactifica-
tion. Along the way we prove Theorem 1.4, which is of independent interest,
on the local structure of colorless compactifications of spherical homogeneous
spaces, generalizing a result of Brion, Luna and Vust, see [7].

In Section 2, we focus on the explicit construction of equivariant compactifica-
tions of a connected reductive group. That is, the homogeneous space Ω is a
connected reductive groupG acted upon by G×G by left and right translations.
The construction of “good” compactifications of a reductive group is a very old
problem, with roots in the 19th century in the work of Chasles, Schubert, who
were motivated by questions from enumerative geometry. When the group G is
semi-simple there is a particular compactification G called canonical which
possesses interesting properties, making it particularly convenient to work with.
For example, the boundary is a divisor whose irreducible component intersect
properly and the closure of the G×G-orbits are exactly the partial intersections
of these prime divisors. Also, there is a unique closed orbit of G × G in the
canonical compactification of G. Moreover, every toroidal compactification of
G has a dominant equivariant morphism to G. If the canonical compactification
G is smooth, then it is wonderful in sense of Luna [20]. When the group G
is of adjoint type, its canonical compactification is smooth, and there are many
known constructions of this wonderful compactification, see for example [29],
[17], [18], [19], [30], [27], [26] for the case of the projective linear group PGL(n)
and [8], [24], [4] for the general case. In general the canonical compactification
is not smooth, as it can be seen for example when G is the special orthogonal
group SO(2n).

Documenta Mathematica 20 (2015) 1–35



Log Homogeneous Compactifications 3

One way to construct a compactification of G is by considering a linear repre-
sentation V of G and taking the closure of G in the projective space P(End(V )).
The compactifications arising in this way are called linear. It was shown by De
Concini and Procesi [8] that the linear compactifications of a semi-simple group
of adjoint type are of particular interest. Recently, Timashev [28], Gandini and
Ruzzi [11], found combinatorial criterions for certain linear compactifications
to be normal, or smooth. In [10], Gandini classifies the linear compactifications
of the odd special orthogonal group having one closed orbit. By a very new
and elegant approach, Martens and Thaddeus [22] recently discovered a general
construction of the toroidal compactifications of a connected reductive group
G as the coarse moduli spaces of certain algebraic stacks parametrizing objects
called “framed principal G-bundles over chain of lines”.

Our approach is much more classical. In Section 2, we construct a log homo-
geneous compactification Gn of the general linear group GL(n) by successive
blow-ups, starting from a grassmannian. The compactification Gn is defined
over an arbitrary base scheme. We then identify the compactifications of the
special orthogonal group or the symplectic group obtained by taking the fixed
points of certain involutions on the compactification Gn. This provides a new
construction of the wonderful compactification of the odd orthogonal group
SO(2n + 1), which is of adjoint type, of the symplectic group Sp(2n), which
is not of adjoint type, and of a toroidal desingularization of the canonical
compactification of the even orthogonal group SO(2n) having only two closed
orbits. This is the minimal number of closed orbits on a smooth log homo-
geneous compactification, as the canonical compactification of SO(2n) is not
smooth.

Our procedure is similar to that used by Vainsencher, see [30], to construct
the wonderful compactification of the projective linear group PGL(n) or that
of Kausz, see [13], to construct his compactification of the general linear group
GL(n). However, unlike Kausz, we are not able to describe the functor of
points of our compactification Gn. In that direction, we obtained a partial
result in [12], where we describe the set Gn(K) for every field K. We decided
not to include this description in the present paper, as it is long and technical.
The functor of points of the wonderful compactification of the projective linear
group is described in [27] and that of the symplectic group is described in [1].
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4 Mathieu Huruguen

1 Log homogeneous compactifications

First we fix some notations. Let k be an algebraically closed field of arbitrary
characteristic p. By a variety over k we mean a separated integral k-scheme of
finite type. If X is a variety over k and x is a point of X , we denote by TX,x
the tangent space of X at x. If Y is a subvariety of X containing x, we denote
by NY/X,x the normal space to Y in X at x.

For an algebraic group G,H, P . . . we denote by the corresponding gothic letter
g, h, p . . . its Lie algebra. Let G be a connected reductive group defined over k.
A G-variety is a variety equipped with an action of G. Let X be a G-variety.
For each point x ∈ X we denote by Gx the isotropy group scheme of x. We
also denote by orbx the morphism

orbx : G→ X, g 7→ g · x.
The orbit of x under the action of G is called separable if the morphism orbx
is, that is, if its differential is surjective, or, equivalently, if the group scheme
Gx is reduced.

We fix a homogeneous space Ω under the action of G. Let X be a smooth
compactification of Ω, that is, a complete smooth G-variety containing Ω as
an open dense orbit. We suppose that the complement D of Ω in X is a strict
normal crossing divisor.

In [3], Bifet, De Concini and Procesi introduce and study the regular compact-
ifications of a homogeneous space over an algebraically closed field of charac-
teristic zero. We generalize their definition in two different ways :

Definition 1.1. The compactification X is regular (resp.
strongly regular) if the orbits of G in X are separable, the partial
intersections of the irreducible components of D are precisely the closures of
the G-orbits in X and, for each point x ∈ X, the isotropy group Gx possesses
an open (resp. open and separable) orbit in the normal space NGx/X,x to the
orbit Gx in X at the point x.

If the characteristic of the base field k is zero, then the notion of regular and
strongly regular coincide with the original notion of [3]. This is no longer true
in positive characteristic, as we shall see at the end of Section 1.2.

In [5], Brion defines the log homogeneous compactifications over an alge-
braically closed field - throughout his paper the base field is also of charac-
teristic zero, but the definition makes sense in arbitrary characteristic. Recall
that the logarithmic tangent bundle TX(− logD) is the vector bundle over X
whose sheaf of section is the subsheaf of the tangent sheaf of X consisting of
the derivations that preserve the ideal sheaf OX(−D) of D. As G acts on X
and D is stable under the action of G, it is easily seen that the infinitesimal
action of the Lie algebra g on X gives rise to a natural vector bundle morphism:

X × g→ TX(− logD).

Documenta Mathematica 20 (2015) 1–35



Log Homogeneous Compactifications 5

We refer the reader to [5] for further details.

Definition 1.2. The compactification X is called log homogeneous if the
morphism of vector bundles on X:

X × g→ TX(− logD)

is surjective.

Assuming that the characteristic of the base field is zero, Bien and Brion prove
in [2] that the homogeneous space Ω possesses a log homogeneous compacti-
fication if and only if it is spherical. In this case, they also prove that it is
equivalent for a smooth compactification X of Ω to be log homogeneous, reg-
ular or to have no color - as an embedding of a spherical homogeneous space,
see [15]. Their proof relies heavily on a local structure theorem for spherical
varieties in characteristic zero established by Brion, Luna and Vust in [7].

A generalization of the local structure theorem was obtained by Knop in [16];
essentially, one has to replace in the statement of that theorem an isomorphism
by a finite surjective morphism. In Section 1.1 we shall prove that under a sep-
arability assumption, the finite surjective morphism in Knop’s theorem is an
isomorphism. Then, in Section 1.2 we prove that the smooth compactifica-
tion X of Ω is regular if and only if the homogeneous space Ω is spherical,
the embedding X has no color and each closed orbit of G in X is separable
(Theorem 1.5). We also prove that the smooth compactification X of Ω is
strongly regular if and only if it is log homogeneous (Theorem 1.6). Finally, we
exhibit a class of spherical homogeneous spaces for which the notion of regular
and strongly regular compactifications coincide. In Section 1.3 we show that
log homogeneity is preserved under taking fixed points by an automorphism of
finite order prime to the characteristic of the base field k. In Section 1.4 we
recall the classification of Luna and Vust in the setting of compactification of
reductive groups, as this will be useful in Section 2.

1.1 A local structure theorem

Let X be a smooth G-variety. We assume that there is a unique closed orbit
ω of G in X and that this orbit is complete and separable. We fix a point x
on ω. The isotropy group Gx is a parabolic subgroup of G. We fix a Borel
subgroup B of G such that BGx is open in G. We fix a maximal torus T of G
contained in Gx and B and we denote by P the opposite parabolic subgroup
to Gx containing B. We also denote by L the Levi subgroup of P containing
T and by Ru(P ) the unipotent radical of P . With these notations we have the
following proposition, which relies on a result of Knop [16, Theorem 1.2].

Proposition 1.3. There exists an affine open subvariety Xs of X which is
stable under the action of P and a closed subvariety Z of Xs stable under the
action of T , containing x such that:

Documenta Mathematica 20 (2015) 1–35



6 Mathieu Huruguen

(1) The variety Z is smooth at x and the vector space TZ,x endowed with the
action of T is isomorphic to the vector space Nω/X,x endowed with the
action of T .

(2) The morphism:

µ : Ru(P )× Z → Xs, (p, z) 7→ p · z

is finite, surjective, étale at (e, x), and the fiber µ−1(x) is reduced to the
single point {(e, x)}.

Proof. As the smooth G-variety X has a unique closed orbit, it is quasi-
projective by a famous result of Sumihiro, see [25]. We fix a very ample line
bundle L on X . We fix a G-linearization of this line bundle. By [16, Theorem
2.10], there exists an integer N and a global section s of LN such that the
nonzero locus Xs of s is an affine open subvariety containing the point x and
the stabilizer of the line spanned by s in the vector space H0(X,LN ) is P . The
open subvariety Xs is therefore affine, contains the point x and is stable under
the action of the parabolic subgroup P . Using the line bundle LN , we embed
X into a projective space P(V ) on which G acts linearly. We choose a T -stable
complement S to Tω,x in the tangent space TP(V ),x, such that S is the direct
sum of a T -stable complement of Tω,x in TX,x and a T -stable complement of
TX,x in TP(V ),x. This is possible because T is a linearly reductive group.

We consider now the linear subspace S′ of P(V ) containing x and whose tangent
space at x is S. It is a T -stable subvariety of P(V ). By [16, Theorem 1.2],
there is an irreducible component Z of Xs ∩ S′ containing x and such that the
morphisms

µ : Ru(P )× Z → Xs, (p, z) 7→ p · z
ν : Z → Xs/Ru(P ), z 7→ zRu(P )

are finite and surjective. Moreover, the fiber µ−1(x) is reduced to the single
point (e, x). We observe now that S′ intersects Xs transversally at x. This im-
plies that the subvariety Z is smooth at x. It is also T -stable, as an irreducible
component of Xs ∩ S′. By definition, the parabolic subgroup P contains the
Borel subgroup B, therefore the orbit Px = Ru(P )x is open in ω. Moreover,
we have the direct sum decomposition g = gx⊕ pu, where pu is the Lie algebra
of the unipotent radical Ru(P ) of P . The morphism

deorbx : g→ Tω,x

is surjective and identically zero on gx. This proves that the restriction of this
morphism to pu is an isomorphism. The morphism

µ : Ru(P )× Z → Xs, (p, z) 7→ p · z

is therefore étale at (e, x). Indeed, its differential at this point is:

pu × TZ,x → TX,x, (h, k) 7→ deorbx(h) + k.

Documenta Mathematica 20 (2015) 1–35



Log Homogeneous Compactifications 7

We also see that the spaces TZ,x and Nω/X,x endowed with their action of the
torus T are isomorphic, completing the proof of the proposition.

We now suppose further that X is an embedding of the homogeneous space Ω.
With this additional assumption we have:

Theorem 1.4. The following three properties are equivalent:

(1) The homogeneous space Ω is spherical and the embedding X has no color.

(2) The torus T possesses an open orbit in the normal space Nω/X,x. Moreo-
ever, the complement D of Ω in X is a strict normal crossing divisor and
the partial intersections of the irreducible components of D are the closure
of the G-orbits in X.

(3) The set X0 = {y ∈ X, x ∈ By} is an affine open subvariety of X which
is stable by P . Moreover, there exists a closed subvariety Z of X0 which is
smooth, stable by L, on which the derived subgroup [L,L] acts trivially and
containing an open orbit of the torus L/[L,L], such that the morphism:

Ru(P )× Z → X0, (p, z) 7→ p · z

is an isomorphism. Finally, each orbit of G in X intersects Z along a
unique orbit of T .

Proof. (3) ⇒ (1) As T possesses an open orbit in Z, we see that the Borel
subgroup B has an open orbit in X , and the homogeneous space Ω is spherical.
Moreover, let D be a B-stable prime divisor on X containing ω. Using the
isomorphism in (3) we can write

D ∩X0 = Ru(P )× (D ∩ Z).

As D ∩ Z is a closed irreducible T -stable subvariety of Z, it is the closure of
a T -orbit in Z. As the T -orbits in Z correponds bijectively to the G-orbits in
X , we see that D is the closure of a G-orbit in X and is therefore stable under
the action of G. This proves that the embedding X of Ω has no color.

(3) ⇒ (2) The isomorphism in (3) proves that the spaces TZ,x and Nω/X,x
endowed with their actions of the torus T are isomorphic. As T possesses an
open dense orbit in the first one, it also has an open dense orbit in the latter.
As Z is smooth toric variety, we see that the complement of the open orbit of T
in Z is a strict normal crossing divisor whose associated strata are the T -orbits
in Z. Using the isomorphism given by (3), we see that the complement of the
open orbit of the parabolic subgroup P in X0 is a strict normal crossing divisor
whose associated strata are the products Ru(P ) × Ω′, where Ω′ runs over the
set of T -orbits in Z. To complete the proof that property (2) is satisfied, we
translate the open subvariety X0 by elements of G and we use the fact that
each G-orbit in X intersects Z along a unique T -orbit.

Documenta Mathematica 20 (2015) 1–35



8 Mathieu Huruguen

(1) ⇒ (3) We use the notations of Proposition 1.3. By [15, Lemma 6.5] the
fact that the embedding X has no color implies that the parabolic subgroup P
is the stabilizer of the open B-orbit Ω in X . Using this fact and [16, Theorem
2.8] we obtain that the derived subgroup of P , and therefore the derived group
of L, acts trivially on Xs/Ru(P ). Moreover, as the homogeneous space Ω is
spherical, the Levi subgroup L has an open orbit in Xs/Ru(P ). The torus T has
therefore an open orbit in Xs/Ru(P ), as the derived group of L acts trivially.
Using the finite surjective morphism ν appearing in the proof of Proposition
1.3, we see that T has an open orbit in Z. Z is therefore a smooth affine toric
variety with a fixed point under the action of a quotient of T . Moreover, as the
subvariety Z is left stable under the action of T and the derived group [L,L]
acts trivially on Z, we see that the Levi subgroup L leaves the subvariety Z
invariant.

We observe now that the locus of points of Ru(P )× Z where µ is not étale is
closed and stable under the actions of Ru(P ) and T . The unique closed orbit
of Ru(P ) ⋊ T in Ru(P ) × Z is Ru(P )x and µ is étale at (e, x), therefore we
obtain that µ is an étale morphism. As the morphism µ is also finite of degree
1 (the fiber of {x} being reduced to a single point), it is an isomorphism.

We prove now that each G-orbit in X intersects Z along a unique T -orbit.
First, we observe that, as ω is the unique closed orbit of G in X , the open
subvariety Xs intersects every G-orbit. We shall prove that the closures of the
G-orbits in X corresponds bijectively to the closures of the T -orbits in Z. Let
X ′ be the closure of a G-orbit in X . As X ′ is the closure of X ′ ∩Xs, it is also
equal, using the isomorphism µ, to the closure of Ru(P )(X ′ ∩ Z). The closed
subvariety X ′∩Z of Z is therefore a closed irreducible T -stable subvariety. We
can conclude that it is the closure of a T -orbit in Z. Conversely let Z ′ be the
closure of a T -orbit in Z. As Z is a smooth toric variety, we can write

Z ′ = D′
1 ∩D′

2 ∩ ... ∩D′
r,

where the D′
is are T -stable prime divisors on Z. We observe that the prime

divisors
Ru(P )D′

1, ..., Ru(P )D′
r

on X are stable under the action of P . Indeed, the orbits of P in Xs are
exactly the orbits of Ru(P )⋊ T in Xs. As X has no color, the fact that these
divisors contain the closed orbit ω proves that they are stable under the action
of G. Their intersection Ru(P )Z is also G-stable. As it is irreducible, we can
conclude that it is the closure of a G-orbit in X .

In order to complete the proof that (1)⇒ (3), it remains to show that

Xs = {y ∈ X, x ∈ By}.

Let y be a point on X such that x belongs to By. The intersection Xs∩By is a
non empty open subset of By which is stable under the action of B. Therefore
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Log Homogeneous Compactifications 9

it contains y, that is, y belongs to Xs. Now let y be a point on Xs. The closed
subvariety By contains a closed B-orbit in Xs. As the unique closed orbit of B
in Xs is the orbit of x, we see that x belongs to By, completing the argument.

(2 ⇒ 3) We use the notations introduced in Proposition 1.3. By assumption,
the torus T possesses an open orbit in the normal space Nω/X,x. Moreover, by
Proposition 1.3, the spaces TZ,x and Nω/X,x endowed with their actions of T
are isomorphic. Therefore, the torus T possesses an open dense orbit in TZ,x.
It is then an easy exercise left to the reader to prove that the variety Z is a
smooth toric variety for a quotient of T . The same arguments as above prove
that the morphism µ is an isomorphism.

We prove now that each G-orbit in X intersects Z along a unique orbit of T .
Let D be the complement of Ω in X . By assumption, it is a strict normal
crossing divisor whose associated strata are the G-orbits in X . We denote by
D1, . . . , Dr the irreducible component of D. As there is a unique closed orbit
of G on X each partial intersection

⋂
i∈I Di is non empty and irreducible or,

in other words, it is a stratum of D. The integer r is the codimension of the
closed orbit ω in X , and there are exactly 2r G-orbits in X . As the variety Z
is a smooth affine toric variety of dimension r with a fixed point, we see that
there are exactly 2r orbits of T on Z. As each orbit of G in X intersect Z we
see that the intersection of a G-orbit with Z is a single T -orbit.

Finally, we prove that the open subvariety Xs is equal to X0 by the same
argument as in the proof of (1)⇒ (3), completing the proof of the theorem.

1.2 Regular, strongly regular and log homogeneous compactifi-
cations

In this section we use the following notation. Let X be a G-variety with a finite
number of orbits (for example, a spherical variety). Let ω be an orbit of G in
X . We denote by

Xω,G = {y ∈ X,ω ⊆ Gy}.
It is an open G-stable subvariety of X in which ω is the unique closed orbit.

Theorem 1.5. Let X be a smooth compactification of the homogeneous space
Ω. The following two properties are equivalent:

(1) X is regular.

(2) The homogeneous space Ω is spherical, the embedding X has no color and
the orbits of G in X are separable.

Proof. Suppose that X is regular. Let D be the complement of Ω in X . It is
a strict normal crossing divisor. Let ω be a closed, and therefore complete and
separable, orbit of G in X . We use the notations introduced at the beginning
of Section 1.4 with Xω,G in place of X . The normal space Nω/X,x is the normal
space to a stratum of the divisor D and therefore possesses a natural direct
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sum decomposition into a sum of lines, each of them being stable under the
action of Gx (which is connected, as it is a parabolic subgroup of G). Therefore
the representation of Gx in Nω/X,x factors through the action of a torus.This
proves that the derived group of L acts trivially in this space, proving that the
torus T has a dense orbit in Nω/X,x. By Theorem 1.4 (applied to Xω,G) the
homogeneous space Ω is spherical and the embedding Xω,G has no color. As
this is true for each closed orbit ω of G in X , we see that the embedding X
has no color.

We assume now that Ω is spherical, X has no color and that each orbit of G in
X is separable. By applying Theorem 1.4 to each open subvariety Xω,G, where
ω runs over the set of closed orbits of X , we see that the complement D of Ω
in X is a strict normal crossing divisor and that, for each point x in X , the
isotropy group Gx has an open orbit in the normal space NGx/X,x. Moreover,
by assumption, the G-orbits in X are separable. To complete the proof of the
theorem, it remains to show that the partial intersections of the irreducible
components of D are irreducible. But this is true on every colorless embedding
of a spherical homogeneous space, due to the combinatorial description of these
embeddings, see [15, Section 3].

Theorem 1.6. Let X be a smooth compactification of Ω. The following two
properties are equivalent:

(1) X is a log homogeneous compactification.

(2) X is strongly regular.

Proof. We suppose first that the compactification X is log homogeneous. We
denote by D the complement of Ω in X . It is a strict normal crossing divisor.
Following the argument given in [5, Proposition 2.1.2] we prove that each stra-
tum of the strict normal crossing divisor D is a single orbit under the action
of G which is separable and that for each point x ∈ X , the isotropy group Gx
possesses an open and separable orbit in the normal space NGx/X,x. In order
to conclude, it remains to prove that the partial intersection of the irreducible
components of D are irreducible. But the same argument as in the proof of
Theorem 1.5 prove that Ω is spherical and X has no color, which is sufficient
to complete the proof.

Conversely, if X is supposed to be strongly regular, the proof of [5, Propo-
sition 2.1.2] adapts without change and shows that X is a log homogeneous
compactification of Ω.

Proposition-Definition 1.7. If the homogeneous space Ω possesses a log
homogeneous compactification, then it satisfies the following equivalent condi-
tions:

(1) The homogeneous space Ω is spherical and there exists a Borel subgroup of
G whose open orbit in Ω is separable.
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(2) The homogeneous space Ω is spherical and the open orbit of each Borel
subgroup of G in Ω is separable.

(3) The homogeneous space Ω is separable under the action of G, and there
exists a point x in X and a Borel subgroup B of G such that : b + gx = g.

A homogeneous space satisfying one of these properties is said to be separably
spherical.

Proof. We suppose first that the homogeneous space Ω possesses a log homo-
geneous compactification X and we prove that it satisfies the first condition.
By Theorem 1.6 and 1.5, the homogeneous space Ω is spherical. Let ω be a
closed, and therefore complete and separable, orbit of G in X . We apply The-
orem 1.4 to the open subvariety Xω,G. We use the notations introduced for
this theorem. As X is strongly regular, the maximal torus T has an open and
separable orbit in TZ,x = Nω/X,x. As this space endowed with its action of T
is isomorphic to Z endowed with its action of T , because Z is an affine smooth
toric variety with fixed point for a quotient of T , we see that the open orbit of
T in Z is separable. Consequently, the open orbit of Ru(P )⋊ T in Ru(P )×Z
is separable, and the open orbit of B in Ω is separable.

We prove now that the three conditions in the statement of the proposition-
definition are equivalent. As the Borel subgroups ofG are conjugated, condition
(1) and (2) are equivalent. Suppose now that condition (1) is satisfied. Let B
be a Borel subgroup of G and x a point in the open and separable orbit of B
in Ω. The linear map deorbx : b→ TBx,x is surjective. As the orbit Bx is open
in Ω we see that the homogeneous space Ω is separable under the action of G
and that

b + gx = g.

Conversely, we suppose that condition (3) is satisfied. As the homogeneous
space Ω is separable, the linear map

deorbx : g→ g/gx

is the natural projection. As we have b + gx = g, we see that the linear map

deorbx : b→ g/gx

is surjective. This means precisely that the orbit Bx is open in Ω and separable.

Here are some example of separably spherical homogeneous spaces: separable
quotients of tori, partial flag varieties, symmetric spaces in characteristic not 2
(Vust proves in [31] that symmetric spaces in characteristic zero are spherical;
his proof extends to characteristic not 2 to show that symmetric spaces are
separably spherical).
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Theorem 1.8. We assume that the homogeneous space Ω is separably spher-
ical. Let X be a smooth compactification of Ω. The following conditions are
equivalent:

(1) X has no color and the closed orbits of G in X are separable.

(2) X is regular.

(3) X is strongly regular.

(4) X is log homogeneous under the action of G.

Proof. In view of Theorem 1.5 and 1.6 it suffices to show that (1) ⇒ (3).
We assume that condition (1) is satisfied. Let ω be a closed, and therefore
separable orbit of G in X . We apply Theorem 1.4 to the open subvariety Xω,G

of X introduced in the proof of Theorem 1.5. We use the notations introduced
for Theorem 1.4. As the open orbit of B in Ω is separable, we see that the
quotient of T acting on Z is separable. As Z is a smooth affine toric variety
with fixed point under this quotient, we see that the orbits of T in Z are all
separable and that for each point z ∈ Z, the stabilizer Tz has an open and
separable orbit in the normal space NTz/Z,z . From this we get readily that
the embedding Xω,G of Ω satisfies the conditions defining a strongly regular
embedding. As this is true for each closed orbit ω, we see that X is a strongly
regular compactification of Ω.

We end this section with an example of a regular compactification of a homo-
geneous space which is not strongly regular. We suppose that the base field k
has characteristic 2. Let G be the group SL(2) acting on X := P1 × P1. There
are two orbits: the open orbit Ω of pairs of distinct points and the closed orbit
ω, the diagonal, which has codimension one in X . These orbits are separable
under the action of G. Moreover, the complement of the open orbit, that is, the
closed orbit ω, is a strict normal crossing divisor and the partial intersections of
its irreducible components are the closure of G-orbits in X . A quick computa-
tion shows that for each point on the closed orbit ω, the isotropy group has an
open non separable orbit in the normal space to the closed orbit at that point.
Therefore the compactification X of Ω is regular and not strongly regular. By
Theorem 1.8 the homogeneous space cannot be separably spherical. This can
be seen directly as follows. The homogeneous space Ω is the quotient of G by a
maximal torus T . A Borel subgroup B of G has an open orbit in Ω if and only
if it does not contain T . But in that case the intersection B ∩ T is the center
of G, which is not reduced because the characteristic of the base field is 2.

1.3 Log homogeneous compactifications and fixed points

Let X be a smooth variety over the field k and σ an automorphism of X which
has finite order r prime to the characteristic p of k. Fogarty proves in [9] that
the fixed point subscheme Xσ is smooth and that, for each fixed point x of σ
in X , the tangent space to Xσ at x is T σX,x.
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We suppose now that X is a smooth log homogeneous compactification of the
homogeneous space Ω. We also assume that the automorphism σ leaves Ω
stable and is G-equivariant, in the sense that there exists an automorphism σ
of the group G satisfying

∀g ∈ G, ∀x ∈ X, σ(gx) = σ(g)σ(x).

By [23, Proposition 10.1.5], the neutral component G′ of the group Gσ is a
reductive group. Moreover, each connected component of the variety Ωσ is a
homogeneous space under the action of G′. We let Ω′ be such a component
and X ′ be the connected component of Xσ containing Ω′.

Proposition 1.9. X ′ is a log homogeneous compactification of Ω′ under the
action of G′.

Proof. Let D be the complement of Ω in X . Let x be a point in X ′. Let
D1, . . . , Ds be the irreducible components of D containing x. First we prove
that the intersection D′ := D∩X ′ is a strict normal crossing divisor. For each
index i, the intersection D′

i := Di ∩ X ′ is a divisor on X ′. Indeed, X ′ is not
contained in Di as it contains Ω′. As x is fixed by the automorphism σ, we can
assume that the components Dis are ordered in such a way that

σ(D2) = D1 . . . σ(Di1) = Di1−1, σ(D1) = Di1

. . .

σ(Dit−1+2) = Dit−1+1 . . . σ(Dit) = σ(Ds) = Dit−1, σ(Dit−1+1) = Dit .

By convention we define i0 = 0. For each integer j from 1 to t, and each
integer i from ij−1 +1 to ij we have D′

i = D′
ij

. Therefore we see that D′
ij

is the

connected component of the smooth variety (Dij−1+1 ∩ · · · ∩Dij )
σ containing

x. Consequently, it is smooth. For the moment, we have proved that D′ is a
divisor on X ′ whose irreducible components are smooth.

We prove now that the divisor D′
i1
, . . . , D′

it
intersect transversally at the point

x. Let Ux be an open neighborhood of x in X which is stable by the
automorphism σ and on which the equation of D is u1 . . . us = 0, where
u1 . . . us ∈ OX(Ux) are part of a regular local parameter system at x and
satisfy:

σ(u2) = u1 . . . σ(ui1) = ui1−1

. . .

σ(uit−1+2) = uit−1+1 . . . σ(uit) = uit−1.

We aim to prove that the images of the differential dxuij by the natural pro-
jection

(TX,x)∗ → (TX′,x)∗

are linearly independent, where j run from 1 to t. As the point x is fixed by
σ, σ acts by the differential on the tangent space TX,x and by the dual action

Documenta Mathematica 20 (2015) 1–35



14 Mathieu Huruguen

on (TX,x)∗. As the order of the automorphism σ is prime to the characteristic
p, we have a direct sum decomposition:

(TX,x)∗ = ((TX,x)∗)σ ⊕Ker(id+ σ + · · ·+ σr−1)

where the projection on the first factor is given by

l 7→ 1

r
(l + σ(l) + · · ·+ σr−1(l)).

Moreover, as TX′,x is equal to (TX,x)σ, the second factor in this decomposition
is easily seen to be (TX′,x)⊥, so that the natural projection

(TX,x)∗ → (TX′,x)∗

gives an isomorphism
((TX,x)∗)σ → (TX′,x)∗.

Finally, the images of the differential dxuij in (TX′,x)∗ are linearly independent,
because the differentials dxui are linearly independent in (TX,x)∗.

We have proved that the divisor D′ is a strict normal crossing divisor. We
leave it as an exercise to the reader to prove that there exists a natural exact
sequence of vector bundle on X ′

0→ TX′(− logD′)→ TX(− logD)|X′ → NX′/X → 0,

and that the space TX′(− logD′)x is the subspace of fixed point by σ in the
space TX(− logD)x. Now, the compactification X is log homogeneous, there-
fore the linear map

g→ TX(− logD)x

is surjective. As r and p are relatively prime, this linear map is still surjective
at the level of fixed points. That is, the linear map

gσ → TX(− logD)σx = TX′(− logD′)x

is surjective. This complete the proof of the proposition.

1.4 The example of reductive groups

In this section the homogeneous space Ω is a connected reductive groupG acted
upon by the group G×G by the following formula:

∀(g, h) ∈ G×G, ∀x ∈ G, (g, h) · x = gxh−1

We would like to explain here the classification of smooth log homogeneous
compactifications of G. Observe that the homogeneous space G under the
action of G × G is actually separably spherical. By Theorem 1.8, its smooth
log homogeneous compactifications are the smooth colorless compactifications
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with separable closed orbits. The last condition is actually superfluous : by
[6, Chapter 6], the closed orbits of G ×G in a colorless compactification of G
are isomorphic to G/B × G/B, where B is a Borel subgroup of G. The log
homogeneous compactifications of G are therefore the smooth colorless one.

We now recall the combinatorial description of the smooth colorless compact-
ifications of G. Let T be a maximal torus of G and B a Borel subgroup of
G containing T . We denote by V the Q-vector space spanned by the one-
parameter subgroups of T and by W the Weyl chamber corresponding to B.
Let X be a smooth colorless embedding of G. We let the torus T act “on the
left” on X . For this action, the closure of T in X is a smooth complete toric va-
riety. We associate to X the fan consisting of those cones in the fan of the toric
variety T which are included in −W . This sets a map from the set of smooth
colorless compactifications of G to the set of fans in V with support −W and
which are smooth with respect to the lattice of one parameter subgroups in V .
This map is actually a bijection, see for instance [6, Chapter 6].

2 Explicit compactifications of classical groups

We construct a log homogeneous compactification Gn of the general linear group
GL(n) by successive blow-ups, starting from a grassmannian. The precise pro-
cedure is explained in Section 2.1. The compactification Gn is defined over an
arbitrary base scheme. In Section 2.2 we study the local structure of the action
of GL(n) ×GL(n) on Gn, still over an arbitrary base scheme. This enables us
to compute the colored fan of Gn over an algebraically closed field in Section
2.4. Using this computation, we are able to identify the compactifications of
the special orthogonal group or the symplectic group obtained by taking the
fixed points of certain involutions on the compactification Gn. In the odd or-
thogonal and symplectic case we obtain the wonderful compactification. In the
even orthogonal case we obtain a log homogeneous compactification with two
closed orbits. This is the minimal number of closed orbits on a smooth log
homogeneous compactification, as the canonical compactification of SO(2n) is
not smooth.

2.1 The compactifications Gm
As we mentioned above our construction works over an arbitrary base scheme:
until the end of Section 2.3 we work over a base scheme S. Let V1 and V2 be
two free modules of constant finite rank n on S. We denote by V the direct
sum of V1 and V2. We denote by p1 and p2 the projections respectively on
the first and the second factor of this direct sum. We denote by G the group
scheme GL(V1)×GL(V2) which is a subgroup scheme of GL(V).

Definition 2.1. We denote by Ω := Iso(V2,V1) the scheme over S parametriz-
ing the isomorphisms from V2 to V1.
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There is a natural action of the group schemeG on Ω, via the following formulas

∀(g1, g2) ∈ G, ∀x ∈ Ω, (g1, g2) · x = g1xg
−1
2

For this action, Ω is a homogeneous space under the action of G.

Definition 2.2. We denote by G the grassmannian

π : GrS(n,V)→ S

parametrizing the submodules of V which are locally direct summands of rank
n. We denote by T the tautological module on G.

The module T is a submodule of π∗V which is locally a direct summand of
finite constant rank n. There is a natural action of the group scheme GL(V),
and therefore of the group scheme G, on the grassmannian G. Moreover, Ω is
contained in G as a G-stable open subscheme via the graph

Ω→ G, x 7→ Graph(x).

Definition 2.3. We denote by p the following morphism of modules on the
grassmannian G :

p = π∗p1 ⊕ π∗p2 : T ⊕2 → π∗V .

Definition 2.4. For d ∈ [[0, n]], we denote by Hd the locally free module

Hom(
n+d∧

(T ⊕2),
n+d∧

(π∗V)).

on the grassmannian G.

Definition 2.5. For d ∈ [[0, n]], the exterior power ∧n+dp is a global section
of Hd. We denote by Zd the zero locus of ∧n+dp on the grassmannian G.

We define in this way a sequence of G-stable closed subschemes on the grass-
mannian G

Z0 ⊂ Z1 ⊂ · · · ⊂ Zn ⊂ G.
Observe that the closed subscheme Z0 is actually empty. Moreover, it is easy
to prove that the open subscheme Ω is the complement of Zn in G.

We will now define a sequence of blow-ups

Gn Gn−1 . . . G1 G0bn b1

and, for each integer m between 0 and n, a family of closed subschemes Zm,d
of Gm, where d runs from m to n.

Definition 2.6. Let m ∈ [[0, n]] and d ∈ [[m,n]]. The definition is by induction:
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• For m = 0, we set G0 := G and Z0,d := Zd.

• Assuming that the scheme Gm−1 and its subschemes Zm−1,d are defined,
we define

bm : Gm → Gm−1

to be the blow-up centered at Zm−1,m and, for each integer d from m to n,
we define Zm,d to be the strict transform of Zm−1,d that is, the schematic
closure of

b−1
m (Zm−1,d \ Zm−1,m)

in Gm.

Moreover, we denote by Im,d the ideal sheaf on Gm defining Zm,d.

The group scheme G acts on the schemes Gm and leaves the subschemes Zm,d
globally invariant. Modulo Proposition 2.17 below, we prove now:

Theorem 2.7. For each integer m from 0 to n − 1, the S-scheme Gm is a
smooth projective compactification of Ω.

Proof. By Proposition 2.17 the scheme Gm is covered by a collection of open
subschemes isomorphic to affine spaces over S. In particular, the S-scheme
Gm is smooth. It is a classical fact that the grassmannian G is projective over
S. As the blow-up of a projective scheme over S along a closed subscheme
is projective over S, we see that Gm is projective over S. Finally, observe
that the open subscheme Ω of G is disjoint from the closed subscheme Zn and
therefore from each of the closed subscheme Zd. As a consequence, Ω is an
open subscheme of each of the Gm.

2.2 An atlas of affine charts for Gm
Let V be the set [[1, n]]× {1, 2}. We denote by V1 the subset [[1, n]] × {1} and
by V2 the subset [[1, n]]×{2}. We shall refer to elements of V1 as elements of V
of type 1 and elements of V2 as elements of type 2. We fix a basis vi, i ∈ V , of
the free module V . We suppose that vi, i ∈ V1 is a basis for V1 and vi, i ∈ V2
is a basis for V2. Moreover, for each subset I of V , we denote by VI the free
submodule of V spanned by the (vi)i∈I . For every integer m from 1 to n, we
denote by V >m the set [[m+ 1, n]]×{1, 2}. We define the sets V >m, V <m and
V 6m similarly. We also have, with obvious notations, the sets V >m1 , V >m2 ,

V >m
1 , V >m

2 . . . If I is a subset of V we denote by I1 the set I ∩ V1 and by I2
the set I ∩ V2.

One word on terminology. If X is an S-scheme, by a point x of X we mean
an S-scheme S′ and a point x of the set X(S′). However, as it is usually
unnecessary, we do not mention the S-scheme S′ and simply write: let x be a
point of X .
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Definition 2.8. We denote by R the set of permutations f of V such that,
for each integer m from 1 to n, the elements f(m, 1) and f(m, 2) of V have
different types.

Definition 2.9. Let f ∈ R. We denote by Uf the affine space

Spec(OS [xi,j , (i, j) ∈ f(V1)× f(V2)])

over S. It is equipped with a structural morphism πf to S. Denote by Ff the
closed subscheme

Spec(OS [xi,j , (i, j) ∈ (f(V1)1 × f(V2)2) ⊔ (f(V1)2 × f(V2)1)])

We think of a point x of Uf as a matrix indexed by the set f(V1)× f(V2). For
a subset I1 of f(V1) and I2 of f(V2), we denote by xI1,I2 the submatrix of x
indexed by I1 × I2. For example, the closed subscheme Ff is defined by the
vanishing of the two matrices xf(V1)1×f(V2)1 and xf(V1)2×f(V2)2 .

Proposition-Definition 2.10. Let f ∈ R. There exists a unique morphism

ιf : Uf → G

such that Tf := ι∗fT is the submodule of π∗
fV spanned by

π∗
fvj +

∑

i∈f(V1)

xi,jπ
∗
fvi

where j runs over the set f(V2). The morphism ιf is an open immersion. We
denote by Gf the image of the open immersion ιf . The open subschemes Gf
cover the grassmannian G as f runs over the set R.

Proof. This is classical. The open subscheme Gf of the grassmannian
parametrizes the complementary submodules of Vf(V1) in V .

Definition 2.11. Let f ∈ R. We denote by Pf,0 the subgroup scheme

StabG(Vf(V1))

of G. It is a parabolic subgroup. We also denote by Lf,0 its Levi subgroup

Lf,0 := StabG(Vf(V1),Vf(V2)) =
∏

i,j∈{1,2}
GL(Vf(Vi)j )

In the next proposition we describe the local structure of the action of the
group scheme G on G. This is analogous to Proposition 1.3.

Proposition 2.12. Let f ∈ R. The open subscheme Gf of G is left stable
under the action of Pf,0. For the corresponding action of Pf,0 on Uf through
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the isomorphism ιf , the closed subscheme Ff is left stable under the action of
Lf,0 and we have the following formulas

∀g ∈ Lf,0, ∀x ∈ Ff ,

x′ = g · x where

{
x′f(V1)1,f(V2)2

= gf(V1)1xf(V1)1,f(V2)2g
−1
f(V2)2

x′f(V1)2,f(V2)1
= gf(V1)2xf(V1)2,f(V2)1g

−1
f(V2)1

Finally, the natural morphism

mf,0 : Ru(Pf,0)×Ff → Uf , (r, x) 7→ r · x
is an isomorphism.

Proof. The open subscheme Gf of the grassmannian parametrizes the comple-
mentary submodules of Vf(V1) in V . It follows that it is stable under the action
of the stabilizer P of Vf(V1) in GL(V) and therefore under the action of its
subgroup Pf,0.

Let x be a point of Uf and g a point of P . By definition, the point ιf (x) is the
graph of x. Therefore, the point g · ιf (x) is the module consisting of elements
of type

g(v + xv) = gf(V2)v + (gf(V1),f(V2) + gf(V1)x)v, v ∈ Vf(V2).

It is thus equal to the point

ιf ((gf(V1),f(V2) + gf(V1)x)g−1
f(V2)

).

In other words, the action of P on Uf is given by

P × Uf → Uf , (g, x) 7→ (gf(V1),f(V2) + gf(V1)x)g−1
f(V2)

.

By specializing this action to the subgroup Pf,0 of P , we immediately see that
Ff is left stable under the action of Lf,0 we obtain the formulas in the statement
of the proposition.

Moreover, still using the description of the action of P on Uf found above, we
see that if g is a point of Ru(Pf,0) and x a point of Ff , then the point x′ = g ·x
of Uf is given by :





x′f(V1)1,f(V2)1
= gf(V1)1,f(V2)1

x′f(V1)1,f(V2)2
= xf(V1)1,f(V2)2

x′f(V1)2,f(V2)1
= xf(V1)2,f(V2)1

x′f(V1)2,f(V2)2
= gf(V1)2,f(V2)2 .

This proves that the natural Pf,0-equivariant morphism :

mf,0 : Ru(Pf,0)×Ff → Uf
is indeed an isomorphism.
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Definition 2.13. Let f ∈ R and d ∈ [[0, n]]. We denote by If,0,d the ideal
sheaf on Ff spanned by the minors of size d of the matrix

(
0 xf(V1)1,f(V2)2

xf(V1)2,f(V2)1 0

)
.

We denote by Zf,0,d the closed subscheme of Ff defined by the ideal sheaf If,0,d.
Proposition 2.14. Let f ∈ R and d ∈ [[0, n− 1]]. Through the isomorphism

mf,0 : Ru(Pf,0)×Ff → Uf
of Proposition 2.12 the closed subscheme ι−1

f (Z0,d) is equal to Ru(Pf,0)×Zf,0,d.
Proof. Due to the formula in the proof of Proposition 2.12, it suffices to show
that the defining ideal of ι−1

f (Z0,d) on Uf is spanned by the minors of size d of
the matrix (

0 xf(V1)1,f(V2)2

xf(V1)2,f(V2)1 0

)
.

To prove this, we express the matrix of the homomorphism

ι∗fp : T ⊕2
f → π∗

fV
in appropriate basis. We choose the basis of Tf described in Proposition-
Definition 2.10. This basis is indexed by the set f(V2), which is the disjoint
union of f(V2)1 and f(V2)2. We also choose the basis

π∗
f (vi), i ∈ f(V1)1, π∗

f (vj) +
∑

i∈f(V1)1

xi,jπ
∗
f (vi), j ∈ f(V2)1

for π∗
fV1 and

π∗
f (vi), i ∈ f(V1)2, π∗

f (vj) +
∑

i∈f(V1)2

xi,jπ
∗
f (vi), j ∈ f(V2)2

for π∗
fV2. The matrix of ι∗fp in these basis can be expressed in blocks as follows:




0 xf(V1)1,f(V2)2 0 0
Id 0 0 0
0 0 xf(V1)2,f(V2)1 0
0 0 0 Id


 .

By definition, the defining ideal of ι−1
f (Z0,d) is generated by the minors of size

n + d of this matrix. By reordering the vector in the basis, we get the block
diagonal square matrix with blocks In and

(
0 xf(V1)1,f(V2)2

xf(V1)2,f(V2)1 0

)
.

We see therefore that the defining ideal of ι−1
f (Z0,d) is generated by the minors

of size d of the last matrix, as we wanted.
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Definition 2.15. Let f ∈ R, m ∈ [[0, n]] and d ∈ [[m,n]].

• We define a parabolic subgroup scheme Pf,m of G by induction m. For
m equals 0, we have already defined Pf,0. Then, assuming that Pf,m−1

has been defined, we set

Pf,m =





StabPf,m−1
(Vf(V >m1 )∩V1

,V{f(m,2)})

if f(m, 1) ∈ V1 and f(m, 2) ∈ V2
StabPf,m−1

(Vf(V >m1 )∩V2
,V{f(m,2)})

if f(m, 1) ∈ V2 and f(m, 2) ∈ V1.

• We denote by Lf,m the following Levi subgroup of Pf,m:

m∏

i=1

(GL(Vf(i,1))×GL(Vf(i,2)))×
∏

i,j∈{1,2}
GL(Vf(V >mi )∩Vj )

• We denote by Ff,m the affine space over S on the indeterminates xi,j
where (i, j) runs over the union of the sets

{(f(1, 1), f(1, 2)), . . . , (f(m, 1), f(m, 2))}

and

((f(V >m1 )1)× (f(V >m2 )2)) ∪ ((f(V >m1 )2)× (f(V >m2 )1)).

• We let the group scheme Lf,m act on Ff,m by the following formulas





x′
f(1,1),f(1,2) = gf(1,1)g

−1
f(1,2)xf(1,1),f(1,2)

x′
f(i,1),f(i,2) = gf(i,1)gf(i−1,2)g

−1
f(i−1,1)

g−1
f(i,2)

xf(i,1),f(i,2) for i ∈ [[2, m]]

x′
f(V>m1 )1,f(V

>m
2 )2

= g−1
f(m,1)gf(m,2)gf(V>m1 )1

xf(V>m1 )1,f(V
>m
2 )2

g−1

f(V>m2 )2

x′
f(V>m1 )2,f(V

>m
2 )1

= g−1
f(m,1)gf(m,2)gf(V>m1 )2

xf(V>m1 )2,f(V
>m
2 )1

g−1

f(V>m2 )1

where g is a point of Lf,m, x a point of Ff,m and x′ := g · x.

• We denote by Uf,m the product

Ru(Pf,m)×Ff,m
acted upon by the group scheme Pf,m = Ru(Pf,m)⋊Lf,m via the formula

∀(r, l) ∈ Pf,m, ∀(r′, x) ∈ Uf,m, (r, l) · (r′, x) = (rlr′l−1, l · x).

• We denote by If,m,d the ideal sheaf on Ff,m spanned by the minors of
size d−m of the matrix

(
0 xf(V >m1 )1,f(V

>m
2 )2

xf(V >m1 )2,f(V
>m
2 )1 0

)
.
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• We denote by Z ′
f,m,d the closed subscheme of Ff,m defined by the ideal

sheaf If,m,d and by Zf,m,d the closed subscheme Ru(Pf,m,d) × Z ′
f,m,d of

Uf,m.

• We denote by Bf,m the blow-up of Uf,m along the closed subscheme
Zf,m,m+1.

Let f ∈ R, m ∈ [[1, n]] and d ∈ [[m,n]]. The blow-up Bf,m−1 is the closed
subscheme of

Uf,m−1×Proj(OS [Xi,j , (i, j) ∈ (f(V >m
1 )1×f(V >m

2 )2)⊔(f(V >m
1 )2×f(V >m

2 )1)])

defined by the equations

∀(i, j), (i′, j′) ∈ (f(V >m
1 )1 × f(V >m

2 )2) ⊔ (f(V >m
1 )2 × f(V >m

2 )1)

xi,jXi′,j′ −Xi,jxi′,j′ = 0.

Proposition 2.16. With these notations, the open subscheme
{Xf(m,1),f(m,2) 6= 0} of Bf,m−1 is left stable under the action of Pf,m and is
isomorphic, as a Pf,m-scheme, to Uf,m. Moreover, via this isomorphism, the
strict transform of Zf,m−1,d in Uf,m is Zf,m,d.

Proof. We prove analogous statement for the the blow-up B′
f,m−1 of Ff,m−1

along the closed subscheme Z ′
f,m−1,m from which the proposition is easily de-

rived.

The scheme B′
f,m−1 is the closed subscheme of

Ff,m−1×Proj(OS [Xi,j , (i, j) ∈ (f(V >m
1 )1×f(V >m

2 )2)⊔(f(V >m
1 )2×f(V >m

2 )1)])

defined by the equations

∀(i, j), (i′, j′) ∈ (f(V >m
1 )1 × f(V >m

2 )2) ⊔ (f(V >m
1 )2 × f(V >m

2 )1)

xi,jXi′,j′ −Xi,jxi′,j′ = 0.

Observe that the open subscheme U ′
f,m of B′

f,m−1 defined by Xf(m,1),f(m,2) 6= 0
is isomorphic, as a scheme over Ff,m−1 to

b : Ff,m−1 → Ff,m−1, xi,j 7→





xf(m,1),f(m,2)xi,j

if (i, j) ∈ f(V >m1 )× f(V >m2 )

and i and j have different types

xi,j otherwise.

In the following we shall make use of this remark and use the coordinates xi,j
to describe the points of U ′

f,m.
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Observe that the center of the blow-up B′
f,m−1 → Ff,m−1 is stable under the

action of Lf,m−1 and therefore the group scheme Lf,m−1 acts on B′
f,m−1. This

action can be described as follows.

∀g ∈ Lf,m−1, ∀(x,X) ∈ B′
f,m, (x′, X ′) = g · (x,X) where x′ = g · x and




X ′
f(V >m

1 )1,f(V
>m
2 )2

= g−1
f(m−1,1)gf(m−1,2)gf(V >m

1 )1
X
f(V >m

1 )1,f(V
>m
2 )2

g−1

f(V >m
2 )2

X ′
f(V >m

1 )2,f(V
>m
2 )1

= g−1
f(m−1,1)gf(m−1,2)gf(V >m

1 )2
X
f(V >m

1 )2,f(V
>m
2 )1

g−1

f(V >m
2 )1

where we denote by X the matrix formed by the Xi,j . Observe now that
the open subscheme U ′

f,m is the locus of points (x,X) of B′
f,m−1 such that

Xf(m,1),f(m,2) does not vanish. Therefore, it is left stable under the action of
the parabolic subgroup of Lf,m−1

P =





StabLf,m−1
(Vf(V >m1 ),Vf(m,2))

if f(m, 1) belongs to V1 and f(m, 2) to V2

StabLf,m−1
(Vf(V >m2 ),Vf(m,2))

if f(m, 1) belongs to V2 and f(m, 2) to V1

The group scheme Lf,m is a Levi subgroup scheme of P . Let g be a point of
Lf,m and x a point of Ff,m. The point x corresponds to the couple (b(x), X)
in B′

f,m−1, where

Xi,j =

{
xi,j if (i, j) 6= (f(m, 1), f(m, 2))

1 if (i, j) = (f(m, 1), f(m, 2)).

Let (x′, X ′) = g · (x,X). By a quick computation we get





x′f(m,1),f(m,2) = g−1
f(m−1,1)gf(m−1,2)gf(m,1)g

−1
f(m,2)xf(m,1),f(m,2)

X ′
f(m,1),f(m,2) = g−1

f(m−1,1)gf(m−1,2)gf(m,1)g
−1
f(m,2)

X ′
f(V >m1 )1,f(V

>m
2 )2

= g−1
f(m−1,1)gf(m−1,2)gf(V >m1 )1Xf(V >m1 )1,f(V

>m
2 )2g

−1
f(V >m2 )2

X ′
f(V >m1 )2,f(V

>m
2 )1

= g−1
f(m−1,1)gf(m−1,2)gf(V >m1 )2Xf(V >m1 )2,f(V

>m
2 )1g

−1
f(V >m2 )1

X ′
i,j = 0 otherwise

Therefore we see that the closed subscheme Ff,m of U ′
f,m is left stable under

the action of the Levi subgroup Lf,m and, moreover, the action of Lf,m on
Ff,m is given by the formulas in Definition 2.15. In a similar way, we prove
that the natural morphism

Ru(P )×Ff,m → U ′
f,m, (g, x) 7→ g · x = x′
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is an isomorphism, given by the following formulas





x′f(l,1),f(l,2) = xf(l,1),f(l,2) for all l ∈ [[1,m]]

x′
f(V >m1 )1,f(m,2)

= gf(V >m1 )1,f(m,1)

x′
f(m,1),f(V >m2 )2

= −gf(m,2),f(V>m2 )2

x′
f(V >m1 )1,f(V

>m
2 )2

= xf(V >m1 )1,f(V
>m
2 )2 − gf(V >m1 )1,f(m,1)gf(m,2),f(V>m2 )2

x′
f(V >m1 )2,f(V

>m
2 )1

= xf(V >m1 )2,f(V
>m
2 )1

Now we compute the strict transform of Z ′
f,m,d in U ′

f,m. By definition, the
strict transform of Z ′

f,m,d is the schematic closure of

Z := b−1(Z ′
f,m−1,d ∩ {xf(m,1),f(m,2) 6= 0})

in U ′
f,m. Let x be a point of U ′

f,m. We denote (r, y) its components through
the isomorphism

Ru(P )×Ff,m → U ′
f,m.

By definition, the point x belongs to Z if and only xf(m,1),f(m,2) is invertible
and all the square d−m+ 1 minors extracted from the following matrix

(
0 b(x

f(V >m
1 )1,f(V

>m
2 )2

)

b(x
f(V >m

1 )2,f(V
>m
2 )1

) 0

)

are zero. By definition of the morphism b, each coefficient in this matrix is
a multiple of xf(m,1),f(m,2) and the coefficient in place (f(m, 1), f(m, 2)) is
exactly xf(m,1),f(m,2). As this indeterminate is invertible on the open sub-
scheme {xf(m,1),f(m,2) 6= 0} we see that the point x belongs to Z if and only
xf(m,1),f(m,2) is invertible and all the minors of size d−m+ 1 extracted from
the matrix (

0 x′
f(V >m

1 )1,f(V
>m
2 )2

x′
f(V >m

1 )2,f(V
>m
2 )1

0

)

are zero, where x′f(m,1),f(m,2) = 1 and x′i,j = xi,j otherwise. By operating
standard row and column operations on this matrix we see now that x belongs
to Z if and only if xf(m,1),f(m,2) is invertible and all the minors of size d −m
extracted from the matrix

(
0 xf(V >m1 )1,f(V

>m
2 )2

xf(V >m1 )2,f(V
>m
2 )1 0

)

are zero. This proves that Z is the intersection of Ru(P ) × Z ′
f,m,d with the

open subscheme {xf(m,1),f(m,2) 6= 0}.
In order to complete the proof, we now show that the schematic closure of Z
in U ′

f,m is equal to Ru(P ) × Z ′
f,m,d. We can check this Zariski locally on the
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base S and therefore assume that S is affine. First of all, it is obvious that
the closure of Z is contained in Ru(P )×Z ′

f,m,d. Conversely, let ϕ be a global
function on U ′

f,m which vanishes on Z. This means that there exists an integer

q such that xqf(m,1),f(m,2)ϕ belongs to the ideal spanned by the minors of size

d−m of the following matrix:

(
0 xf(V >m1 )1,f(V

>m
2 )2

xf(V >m1 )2,f(V
>m
2 )1 0

)
.

As the indeterminate xf(m,1),f(m,2) does not appear in this matrix, we can
conclude that ϕ itself belongs to this ideal, completing the proof of the propo-
sition.

Proposition 2.17. Let f ∈ R. There exists a unique collection of open im-
mersions ιf,m, for m from 1 to n such that each of the squares below are
commutative :

G0

Uf,0

G1

Uf,1

Gn−1

Uf,n−1

Gn

Uf,n

...

...

ιf,0 ιf,1 ιf,n−1 ιf,n

bf,1

b1

bf,n

bn

The open immersion ιf,m is equivariant for the action of Pf,m. We denote by
Gf,m the image of the open immersion ιf,m. The open subschemes Gf,m cover
Gm as f run over R.

Proof. The existence and Pf,m-equivariance of the ιf,m follows directly from
Proposition 2.16. The uniqueness comes from the fact that for each index m,
the intersection Ω ∩ Gf,m is dense in Gf,m. The last assertion is proved as
follows. By Proposition 2.10, the open subschemes Gf,0 cover the scheme G0.
Moreover, it follows from Proposition 2.16 that the blow-up Bf,m−1 is covered
by the open subschemes Uf ′,m where f ′ runs over the elements of R having
the same restriction as f to [[1, k]] × {1, 2} and satisfying f(V1) = f ′(V1) and
f(V2) = f ′(V2).

2.3 An alternative construction

In this section we provide an alternative construction for the schemes Gm.
Recall from Section 2.1 that the section ∧n+dp of the locally free module Hd
does not vanish on Ω. Therefore it defines an invertible submodule of Hd on Ω
that is locally a direct summand. In other words, it defines a morphism from
Ω to the projective bundle P(Hd) over Ω.
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Definition 2.18. Let d ∈ [[0, n]]. We denote by ϕd the morphism

ϕd : Ω→ P(Hd).
defined by the global section ∧n+dp of Hd.
Proposition 2.19. Let d ∈ [[0, n]] and m ∈ [[d, n]]. The morphism ϕd extends
to Gm in a unique way.

Proof. We first observe that Ω is dense in each of the schemes Gm. If the
morphism ϕd extends to Gm it is therefore in a unique way. Moreover, it
suffices to show that ϕd extends to Gd, because then the composite

Gm bm−→ Gm−1 −→ . . . −→ Gd ϕd−→ P(Hd)
is an extension of ϕd to Gm.

By the same density argument as above it suffices to show that the morphism
ϕd extends from Ω ∩ Gf,d to Gf,d for each element f of the set R. We identify
the scheme Gf,d with Uf,d via the isomorphism ιf,d. Observe that the scheme
P(Hd) is equipped with an action of the group scheme G and the morphism ϕd
is equivariant with respect to this action. By using this remark, we see that it
suffices to extend the morphism ϕd from Ω ∩ Ff,d to Ff,d.
We denote by c the composite bf,1◦· · ·◦bf,d. We use the trivialization of Hd on
Gf,0 as in the proof of Proposition 2.14. For this trivialization, the coordinates
are indexed by the product (V2 ⊔ V2) × V . The morphism ϕd is given over
Ω ∩ Ff,d in this coordinates by the n+ d minors of the matrix




0 c(x)f(V1)1,f(V2)2 0 0
Id 0 0 0
0 0 c(x)f(V1)2,f(V2)1 0
0 0 0 Id


 .

It follows from the definition of c that all these minors are multiples of

xdf(1,1),f(1,2)x
d−1
f(1,2),f(2,2) . . . xf(d,1),f(d,2)

and that one of them, namely the one indexed by the product of

f(V1)2 ⊔ f(V 6d
2 )2 ⊔ (f(V 6d

1 )2) ⊔ f(V2)2

and
f(V 6d

1 )1 ⊔ f(V2)1 ⊔ f(V 6d
1 )2 ⊔ f(V2)2

is exactly equal to this product or its opposite. By dividing each coordinate by
this product we therefore extend the morphism ϕd to Ff,d.

Proposition 2.20. Let m ∈ [[0, n]]. The morphism

ψm := ϕ0 × ϕ1 × ...× ϕm : Gm → P(H0)×G P(H1)×G ...×G P(Hm)

is a closed immersion.
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Proof. We prove this by induction on m. For m = 0 the morphism ϕ0 is
defined by the nowhere vanishing section ∧np of H0 and is therefore a closed
immersion. We suppose now that ψm−1 is a closed immersion and prove that
ψm is also a closed immersion. As this morphism is proper, it suffices to check
that it is a monomorphism in order to prove that it is a closed immersion. Let
q1 and q2 be two points of Gm which are mapped to the same point by ψm. We
want to show that they are equal.

First, we suppose that q1 and q2 are points of Gf,m, where f is an element of
R. We identify Gf,m and Uf,m via the isomorphism ιf,m. We use the notations
introduced in the proof of Proposition 2.16. The scheme Uf,m is isomorphic
to the product Ru(Pf,m−1) × U ′

f,m. Using the induction hypothesis, we can
assume that q1 and q2 are actually points of U ′

f,m. Viewed as points of U ′
f,m

(which is isomorphic to Ff,m−1 via the morphism b) we denote the coordinates
of q1 by (xi,j,1) and and the coordinates of q2 by (xi,j,2). Still by the induction
hypothesis, we have xi,j,1 = xi,j,2 for (i, j) in the following set

{(f(1, 1), f(1, 2)), . . . , (f(m, 1), f(m, 2))}

as it follows from the definition of the morphism b. Observe now that the
morphism ϕm is defined over U ′

f,m by exactly the same process as explained in
the proof of Proposition 2.19. By this we mean that the coordinates of ϕd are
obtained by computing the n+ d minors of the matrix




0 c(x)f(V1)1,f(V2)2 0 0
Id 0 0 0
0 0 c(x)f(V1)2,f(V2)1 0
0 0 0 Id




and dividing by the product

xmf(1,1),f(1,2)x
m−1
f(1,2),f(2,2) . . . xf(m,1),f(m,2).

Indeed this process makes sense over U ′
f,m and extend ϕd over Ω∩U ′

f,m. More-
over, such an extension is unique. Let (i, j) be an element of

(f(V >m
1 )1 × f(V >m

2 )2) ⊔ (f(V >m
1 )2 × f(V >m

2 )1)

different from (f(m, 1), f(m, 2)). We suppose that i is of type 1 and j of type
2, the other case being entirely similar. The coordinate of ϕm corresponding
to the minor indexed by the product of

f(V1)2 ⊔ f(V <d2 )2 ⊔ {j} ⊔ (f(V 6d
1 )2) ⊔ f(V2)2

and
f(V 6d

1 )1 ⊔ f(V2)1 ⊔ f(V <d1 )2 ⊔ {i} ⊔ f(V2)2.

is xi,j or its opposite. We can therefore conclude that xi,j,1 = xi,j,2. Finally
we have proved that q1 = q2.
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We go back to the general case. Let f be an element of R. We prove now that
the open subschemes q−1

1 (Gf,m) and q−1
2 (Gf,m) are equal. This is sufficient to

complete the proof of the proposition. By the induction hypothesis, we already
know that the open subschemes q−1

1 (Gf,m−1) and q−1
2 (Gf,m−1) are equal. Ob-

serve now that the computations above actually prove the following: through
ϕm, the non zero locus on Bf,m of the coordinate of P(Hm) corresponding to
the minor indexed by the product of

f(V1)2 ⊔ f(V 6m
2 )2 ⊔ (f(V 6m

1 )2) ⊔ f(V2)2

and
f(V 6m

1 )1 ⊔ f(V2)1 ⊔ f(V 6m
1 )2 ⊔ f(V2)2

is Uf,m. This implies the result.

2.4 The colored fan of Gn
In this section we assume that the base scheme S is the spectrum of an al-
gebraically closed field k of arbitrary characteristic. The scheme Gn is an
equivariant compactification of the homogeneous space Iso(V2,V1) under the
action of the group GL(V1)×GL(V2). Through the fixed trivializations of the
free modules V1 and V2 we see that Gn is an equivariant compactification of
the general linear group GL(n) under the action of GL(n)×GL(n). The aim of
this section is to compute the colored fan of this compactification, as explained
in Section 1.4.

But first, we say a word about the blow-up procedure explained in Section
2.1 in this setting. By definition, the set Zd(k) is the set of n-dimensional
subspaces of V(k) such that the sum of the ranks of p1(k) and p2(k) is strictly
less than n + d at every point. Another way to state this is that Zd(k) is the
set

{F ∈ G(k), dim(F ∩ V1(k)) + dim(F ∩ V2(k)) > n− d}.
For example, the set Z1(k) is the set of n-dimensional subspaces of V(k) which
are direct sum of a subspace of V1(k) and a subspace of V2(k). Using this
description, it is not difficult to prove that Z1(k) is the union of the closed
orbits of G(k) in G(k). We leave it as an exercise to the reader to prove that,
for d from 1 to n − 1, an orbit ω of G(k) in G(k) is contained in Zd(k) if and
only if its closure is the union of ω and some orbits contained in Zd−1(k).

We use the notations introduced in Section 1.4. We choose for T the diagonal
torus in GL(n) and for B the Borel subgroup of upper triangular matrices.
The torus T is naturally isomorphic to the torus Gnm. The vector space V is
therefore naturally isomorphic to Qn. The Weyl chamber W corresponding to
the chosen Borel subgroup B of GL(n) is given by

W = {(a1, . . . , an) ∈ V, a1 > a2 > . . . > an}.
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Proposition-Definition 2.21. We denote by Q the set of permutations g of
[[1, n]] such that

∃m ∈ [[0, n]], g|g−1([[1,m]]) is decreasing and g|g−1([[m,n]]) is increasing.

If such an integer m exists, it is unique. We call it the integer associated to g
and denote it by mg. Also, we denote by εg the function

εg : [[1, n]]→ {+1,−1}, x 7→





−1 if g(x) ∈ [[1,mg]]

1 if g(x) ∈ [[mg + 1, n]]

Finally, we denote by Cg the following cone in V :

Cg := {(a1, . . . , an) ∈ V, 0 6 εg(1)ag(1) 6 · · · 6 εg(n)ag(n)}

Proposition 2.22. The compactification Gn of GL(n) is log homogeneous and
its colored fan consists of the cones Cg and their faces, where g runs over the
set Q.

Proof. Let us first prove that the compactification Gn is log homogeneous. Let
f be an element ofR. We claim that the complement of Ω in Ff,n is the union of
the coordinate hyperplanes xf(d,1),f(d,2) = 0, where d runs from 1 to n. Indeed,
a point x of Ff,n belongs to Ω if and only if the point x′ = (bf,n ◦ · · · ◦ bf,1)(x)
belongs to Ω. Moreover, we have

{
x′f(d,1),f(d,2) = xf(1,1),f(1,2) . . . xf(d,1),f(d,2) for all d ∈ [[1, n]]

x′i,j = 0 if (i, j) /∈ {(f(1, 1), f(1, 2)), . . . , (f(n, 1), f(n, 2))}.

By Proposition 2.14, the point x′ belongs to Ω if and only if the product

x′f(1,1),f(1,2) . . . x
′
f(n,1),f(n,2) = xnf(1,1),f(1,2)x

n−1
f(2,1),f(2,2) . . . xf(n,1),f(n,2)

does not vanish, that is, if and only if each of the xf(d,1),f(d,2) does not vanish.
This proves the claim. In particular, the complement of Ω in Gn is a strict
normal crossing divisor. By Definition 2.15, the variety Ff,n is a smooth toric
variety for a quotient of the torus T ×T = Lf,n. From this we see that it is log
homogeneous. It is now straightforward to check that the Pf,n-variety Uf,n is
log homogeneous. It readily follows that the G-variety Gn is log homogeneous.

We let T acts on Gn on the left. By Section 1.4, the closure T of T in Gn
is a toric variety under the action of T and we can use the fan of this toric
variety to compute the colored fan of Gn. We shall now identify some of the
cones in the fan of T . Let g be an element of Q. We fix an element f of
R such that, for each integer d from 1 to n, f(d, 1) = (g(d), 1) if εg(d) = 1
and f(d, 2) = (g(d), 1) if εg(d) = −1 The variety Ff,n is an open affine toric
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subvariety of T . It corresponds to a cone in the fan of T , namely the cone
spanned by the one-parameter subgroups having a limit in Ff,n at 0. Let

λ : Gm → T, t→ (ta1 , . . . , tan)

be a one-parameter subgroup of T . By the formulas in Definition 2.15, we see
that the one-parameter subgroup λ has a limit in Ff,n at 0 if and only if

0 6 εg(1)ag(1) 6 . . . 6 εg(n)ag(n)

that is, if and only if λ belongs to Cg. This proves that, for each element g of
Q, the cone Cg belongs to the fan of the toric variety T .

To complete the proof, we show now that the cone −W is equal to the union
of the cones Cg, where g runs over the set Q. Let g be an element of Q and let
(a1, . . . , an) be a point in Cg. Let also i be an integer between 1 and n− 1. If
i < mg, then there are two integers j > j′ such that g(j) = i and g(j′) = i+ 1.
These integers satisfy ε(j) = −1 and ε(j′) = −1. By definition of the cone Cg,
we have ε(j′)ag(j′) 6 ε(j)ag(j), that is, ai 6 ai+1. The same kind of argument
prove that ai 6 ai+1 for i = mg and for i > mg. This proves that the cone Cg
is contained in the cone −W . We consider now an element (a1, . . . , an) of −W .
By definition it satisfies a1 6 a2 6 . . . 6 an. Let m be an integer such that
am 6 0 and am+1 > 0. The rational numbers −a1, . . . ,−am and am+1, . . . , an
are nonnegative. By ordering them in increasing order, we construct an element
g of Q such that the point (a1, . . . , an) belongs to Cg.

2.5 Fixed points

In this section, the scheme S is the spectrum of an algebraically closed field k
of characteristic not 2. We apply the results obtained in Section 1.3 for some
involutions on the log homogeneous compactification Gn of GL(n). We denote
by Jr the antidiagonal square matrix of size r with all coefficients equal to one
on the antidiagonal.

Let b be a nondegenerate symmetric or antisymmetric bilinear form on kn. Via
the fixed trivializations of V1 and V2 we obtain nondegenerate symmetric or
antisymmetric bilinear forms b1 and b2 on the k-vector spaces V1(k) and V2(k).
We equip the direct sum V(k) of V1(k) and V2(k) with the nondegenerate
symmetric or antisymmetric bilinear form b1 ⊕ b2. We let σ be the involution
of G mapping a n-dimensional k-vector subspace F of V(k) to its orthogonal.
It is an easy exercise to check that

dim(F⊥ ∩ V1(k)) = dim(F ∩ V2(k)) and dim(F⊥ ∩ V2(k)) = dim(F ∩ V1(k)).

By the description of Zd given in Section 2.4, we see that the involution σ
leaves each of the closed subvarieties Zd of G invariant. Therefore it extends to
an involution, still denoted σ, of each of the varieties Gm. To prove that we are
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in the setting of Section 1.3, it remains to observe that there is an involution
σ of GL(n), namely the one associated to b, such that

∀g ∈ GL(n)×GL(n), ∀x ∈ Gm, σ((g1, g2) · x) = σ(g1) · σ(x) · σ(g2)−1.

As in Section 1.3, we denote by G′ the neutral component of Gσ and by G′n the
connected component of Gσn containing G′.

The odd orthogonal case. We suppose that n = 2r+1 is odd. We let b be
the scalar product with respect to the matrix J2r+1. We have G′ := SO(2r+1).
We let T ′ be the intersection of T with G′ and B′ the intersection of B with
G′. The maximal torus T ′ is naturally isomorphic to the split torus Grm via
the following morphism

Grm → T ′, (t1, . . . , tr) 7→ diag(t1, . . . , tr, 1, t
−1
r , . . . , t−1

1 ).

The space V ′ is therefore naturally isomorphic to Qr. It is contained in V via
the following linear map

V ′ → V, (a′1, . . . , a
′
r, 0,−a′r, . . . ,−a′1).

The Weyl chamber with respect to B′ is given by

W ′ = {(a′1, . . . , a′r) ∈ V, a′1 > a′2 > . . . > a′r > 0}.

Proposition 2.23. The compactification G′n of G′ is the wonderful compacti-
fication.

Proof. First of all, by Proposition 1.9, the compactification G′n is log homoge-
neous. As explained in Section 1.4, we use the closure of T ′ in G′n to compute
the colored fan of G′n. Observe that T ′ is a subtorus of T and therefore the fan
of the toric variety T ′ is the trace on V ′ of the fan of the toric variety T . By
Proposition 2.22, the cone

{(a1, . . . , a2r+1) ∈ V, 0 6 ar+1 6 −ar 6 ar+2 6 · · · 6 −a1 6 a2r+1}

belongs to the fan of T . The trace of this cone on V ′ is −W ′, proving that
the cone −W ′ belongs to the colored fan of G′n. But the only fan in V ′ with
support −W ′ containing −W ′ is the fan formed by −W ′ and its faces. This
completes the proof.

The even orthogonal case. We suppose that n = 2r is odd. We let b be
the scalar product with respect to the matrix J2r. We have G′ := SO(2r). We
let T ′ be the intersection of T with G′ and B′ the intersection of B with G′.
The maximal torus T ′ is naturally isomorphic to the split torus Grm via the
following morphism

Grm → T ′, (t1, . . . , tr) 7→ diag(t1, . . . , tr, t
−1
r , . . . , t−1

1 ).
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The space V ′ is therefore naturally isomorphic to Qr. It is contained in V via
the following linear map

V ′ → V, (a′1, . . . , a
′
r,−a′r, . . . ,−a′1).

The Weyl chamber with respect to B′ is given by

W ′ = {(a′1, . . . , a′r) ∈ V, a′1 > a′2 > . . . > a′r−1 > |a′r|}.
Proposition 2.24. The compactification G′n of G′ is log homogeneous and its
fan consists of the cones

C+ := {(a′1, . . . , a′r) ∈ V, a′1 6 a′2 6 . . . 6 a′r−1 6 a′r 6 0}
and

C− := {(a′1, . . . , a′r) ∈ V, a′1 6 a′2 6 . . . 6 a′r−1 6 −a′r 6 0}
and their faces.

Proof. The proof is similar to that of Proposition 2.23. With the arguments
given in this proof it suffices to observe that the trace of the following cone in
V :

{(a1, . . . , a2r) ∈ V, 0 6 −ar 6 ar+1 6 · · · 6 −a1 6 a2r}
on V ′ is C+, the trace of

{(a1, . . . , a2r) ∈ V, 0 6 ar 6 −ar+1 6 −ar−1 6 ar+2 6 · · · 6 −a1 6 a2r}
is C− and that −W ′ is the union of C+ and C−.

Observe that the Weyl chamber W ′ is not smooth with respect to the lattice
of one-parameter subgroups of T ′. Therefore the canonical compactification of
G′ is not smooth, and the compactification G′n is a minimal log homogeneous
compactification, in the sense that it has a minimal number of closed orbits.

The symplectic case. We suppose that n = 2r is even. We let b be the
scalar product with respect to the block antidiagonal matrix

(
0 −Jr
Jr 0

)
.

We have G′ := Sp(2r). We let T ′ be the intersection of T with G′ and B′ the
intersection of B with G′. The maximal torus T ′ is naturally isomorphic to the
split torus Grm via the following morphism

Grm → T ′, (t1, . . . , tr) 7→ diag(t1, . . . , tr, t
−1
r , . . . , t−1

1 ).

The space V ′ is therefore naturally isomorphic to Qr. It is contained in V via
the following linear map

V ′ → V, (a′1, . . . , a
′
r,−a′r, . . . ,−a′1).

The Weyl chamber with respect to B′ is given by

W ′ = {(a′1, . . . , a′r) ∈ V, a′1 > a′2 > . . . > a′r > 0}.
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Proposition 2.25. The compactification G′n of G′ is the wonderful compacti-
fication.

Proof. The proof is similar to that of Proposition 2.23. With the arguments
given in this proof it suffices to observe that the trace of the following cone in
V :

{(a1, . . . , a2r) ∈ V, 0 6 −ar 6 ar+1 · · · 6 −a1 6 a2r}
on V ′ is −W ′.
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[20] D. Luna. Toute variété magnifique est sphérique. Transform. Groups,
1(3):249–258, 1996.

[21] D. Luna and Th. Vust. Plongements d’espaces homogènes. Comment.
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Abstract. A simple global condition on the potential is given which
excludes zero modes of the massless Dirac operator. As far as local
conditions at infinity are concerned, it is shown that at energy zero the
Dirac equation without mass term has no non-trivial L2-solutions at
infinity for potentials which are either very slowly varying or decaying
at most like r−s with s ∈ (0, 1). When a mass term is present, it is
proved that at the thresholds there are again no such solutions when
the potential decays at most like r−s with s ∈ (0, 2). In both situations
the decay rate is optimal.

2010 Mathematics Subject Classification: Primary 35P15; Secondary
81Q10.
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1 Introduction

In their 1986 study of the stability of matter in the relativistic setting of the
Pauli operator J. Fröhlich, E.H. Lieb and M. Loss recognised that there was
a restriction on the nuclear charge if and only if the three-dimensional Dirac
operator with mass zero has a non-trivial kernel (see [LS], Chapters 8, 9 and
the references there). An example of such a zero mode was first given by M.
Loss and H.T. Yau [LY]; for many more examples see [LS], p.167. Later, the
Loss-Yau example was used in a completely different setting, viz. to show the
necessity of certain restrictions in analogues of Hardy and Sobolev inequalities
[BEU].
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An observation with remarkable technological consequences is that in certain
situations of non-relativistic quantum mechanics the dynamics of wave packets
in crystals can be modelled by the two-dimensional massless Dirac operator (see
[FW] and the references there). When the potential is spherically symmetric,
a detailed spectral analysis of the Dirac operator with mass zero was given in
two and three dimensions by K.M. Schmidt [S]. In particular he showed that
a variety of potentials with compact support can give rise to zero modes.
In Theorem 2.1 of the present paper we give a simple global condition on
the potential which rules out zero modes of the massless Dirac operator in
any dimension. Theorem 2.7 deals with a fairly large class of massless Dirac
operators under conditions on the potential solely at infinity. It is shown,
for example, that for energy zero there is no non-trivial solution of integrable
square at infinity if the potential is very slowly varying or decaying like r−s

with s ∈ (0, 1). This decay rate is in a certain sense the best possible one (see
Appendix B). To rule out non-trivial L2-solutions at infinity for the threshold
energies ±m0 turns out to be more complicated. Here the asymptotic analysis
of Appendix B suggests 1/r2-behaviour as the borderline case and Theorem
2.10 indeed permits potentials which tend to zero with a rate at most like r−s

with s ∈ (0, 2). Theorem 2.10 relies on a transformation of the solutions which
is intimately connected with the block-structure that can be given to the Dirac
matrices. In connection with this theorem we should like to draw attention to
the very interesting paper [BG] where global conditions are used.
In broad outline the proof of our Theorems 2.7 and 2.10 follows from the
virial technique which was developed by Vogelsang [V] for the Dirac operator
and later extended in [KOY], but basic differences in the assumptions on the
potential are required in the situations considered here. At the beginning of
§4 the general strategy of proof is outlined and comparison with [KOY] made,
but the present paper is self-contained.

Acknowledgements. H.K. and O.Y. are indebted to Malcolm Brown, Maria
Esteban, Karl Michael Schmidt and Heinz Siedentop for the invitation to the
programme ’Spectral Theory of Relativistic Operators” at the Isaac Newton
Institute in the summer of 2012. H.K. also gratefully acknowledges the hos-
pitality given to him at Kyoto University and Ritsumeikan University in the
autumn of 2013. T.Ō and O.Y. are partially supported by JSPS Grant-in-Aid
No.22540185 and No.230540226, respectively.

2 Results and Examples

Given n ≥ 2 and N := 2 [(n+1)/2], there exist n+ 1 anti-commuting Hermitian
N × N matrices α1, α2, ..., αn, β := αn+1 with square one. No specific
representation of these matrices will be needed except in Appendix B. Using
the notation

α · p =

n∑

j=1

αj(−i∂j),
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we start by considering the differential expression

τ := α · p+Q

in L2(Rn)N . Here Q : R
n → C

N×N is a matrix-valued function with measur-
able entries.
Let φ ∈ C

N . Then

u(x) :=
1 + iα · x

(1 + |x|2)n/2
φ

satisfies
τu = 0 with Q(x) = − n

1 + r2
. (2.1)

This is the example of Loss and Yau [LY] mentioned in the Introduction. (Note
that u is in L2 iff n ≥ 3.) For n = 3 the potential in (2.1) is in fact the first
in a hierarchy of potentials with constants larger than 3, all giving rise to zero
modes; see [SU].
In contrast, we have the following result.

Theorem 2.1. Let Q : R
n → C

N×N be measurable with

sup
x∈Rn

|x||Q(x)| ≤ C for some 0 < C <
n− 1

2
.

Then any solution u ∈ H1
loc(R

n)N ∩ L2(Rn, r−1dx)N of τu = 0 is identically
zero.

Remark 2.2. a) In case Q is Hermitian, Theorem 2.1 can be rephrased as
follows: The self-adjoint realisation H of τ with

∫ |u|2
r

dx <∞ (u ∈ D(H)) (2.2)

does not have the eigenvalue zero. (For the existence of such a self-adjoint
realisation see [Ar] and the references therein.)
b) Suppose that V is a real-valued scalar potential with supx∈Rn |x||V (x)| <
n−1
2 . Then it needs but a small additional assumption to show by means of the

virial theorem that the self-adjoint realisation H of α · p+ V + m0β (m0 6= 0)
with property (2.2) does not have the eigenvalues ±m0 (see, e.g., [L], Theorem
2.4 in conjunction with [We], p.335).
c) It seems to be difficult to compare our C with the size of the compactly
supported potentials in [S] which produce zero modes for n ≥ 2.

Now we replace the whole space with the exterior domain

ER := {x ∈ R
n | |x| > R},

where R > 0 can be arbitrarily large. On ER we consider the Dirac equation

(α ·D +Q)u = 0 with D := p− b. (2.3)
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We assume for simplicity that the vector potential b is in C1(ER,R
n). Further

conditions will not be imposed on b but on the magnetic field

B := (∂ibk − ∂kbi).

Note that B can be identified with the scalar function ∂1b2− ∂2b1 if n = 2 and
the vector-valued function curl b if n = 3. Solutions of (2.3) will be functions
in H1

loc(ER)N which satisfy (2.3), if Q is locally bounded in ER.
The following result and its remark are essentially contained in [KOY], Example
6.1 and final remark on p.40.

Theorem 2.3. Let m0 ≥ 0, λ ∈ R and Q := V +m0β − λ+W , where

(I) V = V ∗ ∈ C1(ER,C
N×N),

(II) W is a measurable and bounded matrix function (not necessarily Hermi-
tian).

Suppose V , W and the magnetic field B satisfy the following conditions:

a) r1/2V = o(1) = r∂rV uniformly with respect to directions;

b) there exist numbers K ∈ (0, 1/2) and M > 0 such that

r|W | ≤ K, |Bx| ≤M on ER.

Assertion: If u ∈ L2(ER)N is a solution of (2.3) for

|λ| >
√
m2

0 +M2/(1− 2K),

then u = 0 on ER1 for some R1 > R. If r|W | = o(1) or |Bx| = o(1) uniformly
w.r.t. directions, then K = 0 or M = 0 is permitted.

Remark 2.4. If V ∈ C2(R,∞) is a real-valued (scalar) function, condition a)
can be replaced by

V (r) = o(1) = rV ′(r), rV ′′(r) = o(1) as r →∞.

Remark 2.5. Using a unique continuation result, e.g., the simple one [HP] or
the more sophisticated one in [DO], one can conclude that u = 0 on R

n.

Remark 2.6. It follows immediately from Theorem 2.3 and Remark 2.5 that
the potential in (2.1) cannot create a non-zero eigenvalue.

Theorem 2.3 will now be supplemented by Theorems 2.7 and 2.10.

Theorem 2.7. Let m0 = 0, λ ≤ 0 and V , W as in (I), (II) of Theorem 2.3.
Let q ∈ C2(R,∞) be a positive bounded function with the properties

(i) [r(q − λ)]′ ≥ δ0(q − λ) for some δ0 ∈ (0, 1),
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(ii)
q′

q2
= o(1) = r

q′′

q2
.

Suppose V , W and B satisfy the following conditions:

(H.1) r(V − q) = O(1), ∂rV − q′ = o
(q
r

)
;

(H.2) r|W | ≤ K for some K ∈ [0, δ0/2);

(H.3) there is a function a(r) with |Bx| ≤ a(r) and
a

q
= o(1).

Assertion: Any solution u ∈ L2(ER)N of (2.3) with Q = V + W − λ vanishes
identically on ER1 for some R1 > R.

Remark 2.8. a) To prove Theorem 2.7, it will be important to observe that
condition (i) implies

r(q − λ) ≥ const. rδ0 (r > R).

b) If q is a negative bounded function with property (ii) and which satisfies
[r(λ − q)]′ ≥ δ0(λ− q) for some δ0 ∈ (0, 1), then Theorem 2.7 holds for λ ≥ 0.
c) In case V decays at infinity, hypothesis (H.3) demands a corresponding
stronger decay of B to prevent the existence of eigenvalues. (The contrasting
situation that V and B become large at infinity is considered in [MS].)

Examples. For simplicity we assume V = q and W = 0. Let q0 be a positive
number. Then the functions

q = q0 [2 + sin (log log r)], (2.4)

q = q0 (log r)−s (s > 0), (2.5)

q = q0 r
−s (0 < s < 1), (2.6)

have the required properties (i), (ii). In addition, a magnetic field with the
decay property (H.3) is allowed. As far as (2.5) and (2.6) are concerned, Re-
marks 2.4–2.5 already rule out any eigenvalue λ 6= 0. In case there is no vector
potential, it follows from [S], Corollary 1 that the self-adjoint operator associ-
ated with τ = α · p+ q in L2(Rn)N has purely absolutely continuous spectrum
outside [q0, 3q0].

Remark 2.9. More realistic potentials than (2.4) will have the property

lim
r→∞

q(r) =: q∞ 6= 0.

In such situations, however, it may be possible to use Theorem 2.3 or Remark
2.4 to show that

(α ·D +Q− q∞)u = λu

has no non-trivial solution of integrable square at infinity if λ = −q∞. A case
in point is the potential

q =
r

1 + r
,

Documenta Mathematica 20 (2015) 37–64



42 Kalf, Okaji, and Yamada

which does not obey condition (i). Assuming |Bx| = o(1) uniformly w.r.t.
directions, it follows from Theorem 2.3 that

(α ·D + q − 1)u = λu

has no solution u 6= 0 in L2 at infinity if λ 6= 0. In particular, α ·D+ q has no
zero mode.

For the equation

(α ·D + V +m0β)u = −m0u, D := p− b (2.7)

our result is as follows.

Theorem 2.10. Let m0 > 0 and µ :=
√
q(q + 2m0). Let q ∈ C2(R,∞) be a

positive function with q = o(1) and the following properties:

(i)
(rµ)′

µ
≥ δ0 for some δ0 ∈ (0, 1);

(ii) r
q′

q
= O(1), r

q′′

q3/2
= o(1).

Suppose V ∈ C1(ER,R) and B satisfy the following conditions:

(H.1) r2(V − q) = O(1), ∂rV − q′ = o
(q
r

)
;

(H.2) there is a function a(r) with |Bx| ≤ a(r) and
a√
q

= o(1).

Assertion: Any solution u ∈ L2(ER)N of (2.7) vanishes identically on ER1 for
some R1 > R.

Remark 2.11. a) The function µ originates from a transformation in Ap-
pendix A (see (A.13)–(A.18)). Theorem 2.10 holds good for solutions of

(α ·D + V +m0β)u = m0u,

if q = o(1) is a negative function and µ :=
√
q(q − 2m0).

b) Since
(rµ)′

µ
= 1 +

rq′

2q
+ o(1),

q may decay like r−s with 0 < s < 2.

3 Proof of Theorem 2.1

Since ∫
r|α · pu|2 =

∫
r|Qu|2 ≤ C2

∫ |u|2
r

<∞,

we can find a sequence of functions {uj} in C∞
0 (Rn)N with

r−1/2uj → r−1/2u,
√
r (α · p)uj →

√
r (α · p)u
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in L2(Rn)N . Let Uj = r(n−1)/2uj. We write ‖Uj‖ rather than ‖Uj(r·)‖ for
the norm in L2(Sn−1)N and similarly for the scalar product. We use the
decomposition in (A.3) of Appendix A and note that the symmetric operator
S with b = 0 has a purely discrete spectrum with

−
(
N0 +

n− 1

2

)
∪
(
N0 +

n− 1

2

)

as eigenvalues. Hence
∫
r|α · puj|2 =

∫ ∞

0

r

∥∥∥∥αr
(
−i∂rUj +

i

r
SUj

)∥∥∥∥
2

=

∫ ∞

0

r

〈
−i∂rUj +

i

r
SUj,−i∂rUj +

i

r
SUj

〉

=

∫ ∞

0

r

(
‖∂rUj‖2 +

1

r2
‖SUj‖2

)
+

∫ ∞

0

∂r〈−Uj , SUj〉

=

∫ ∞

0

r

(
‖∂rUj‖2 +

1

r2
‖SUj‖2

)

≥
(
n− 1

2

)2 ∫ ∞

0

‖Uj‖2
r

,

and the assertion follows in the limit j →∞. �

4 Preliminaries to the proof of Theorem 2.7

To explain the general strategy of the proof of Theorem 2.7, let u be a solution
of (2.3). We multiply U := r(n−1)/2u by functions eϕ, ϕ = ϕ(| · |) real-valued,
and χ = χ(| · |) with support in ER and

0 ≤ χ ≤ 1, χ = 1 on [s, tk], χ = 0 outside [s− 1, tk+1],

where {tk} is a sequence tending to infinity as k → ∞. Then ξ := χeϕU
satisfies [

−iαrDr + iαr

(
S

r
+ ϕ′

)
+Q

]
ξ = g := −iαrχ′eϕU, (4.1)

where Dr = ∂r − i(x/r) · b. As in proofs of unique continuation results by
means of Carleman inequalities, the idea is (as it was in the earlier papers ([V],
[KOY]) to prove the existence of a constant C > 0 such that for large s and in
the limit tk →∞ the inequality

∫ ∞

s

e2ϕ‖U‖2 ≤ C
∫ s

s−1

e2ϕ‖U‖2 (4.2)

holds. (For the precise inequality see (5.3) below.) If, for example ϕ = (ℓ/2)rb

is permitted for some b > 0, (4.2) implies

eℓ(s+1)b
∫ ∞

s+1

‖U‖2 ≤ Ceℓsb
∫ s

s−1

‖U‖2, (4.3)
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and in the limit ℓ→∞ the desired conclusion U = 0 on Es+1 follows.
The present paper differs from [KOY] in three important respects. Firstly, the
function q in Theorem 2.7 and 2.10 is allowed to tend to zero at infinity, while
it was absolutely necessary to require ±q ≥ const. > 0 in [KOY]. Secondly, in
contrast to [KOY], Proposition 3.1, the virial relation (A.8) from which we set
out here∫

〈[∂rr(V − λ)]ξ, ξ〉

= −
∫
〈(α · Bx)ξ, ξ〉

︸ ︷︷ ︸
I1

+

∫
2Re〈rWξ,Drξ〉

︸ ︷︷ ︸
I2

+

∫
2rϕ′Re〈−iαrDrξ, ξ〉

︸ ︷︷ ︸
I3

−
∫

2rRe〈g,Drξ〉
︸ ︷︷ ︸

T1

, (4.4)

does not contain a term involving q′/q. Such a term arose in [KOY] as it
was necessary to divide ξ by (±q)1/2 in order to cope with the case that the
potential (and possibly a variable mass) became large at infinity. Thirdly, we
use a more refined cutoff function.
Given tk := 2k and s < tk, there exists a function χ ∈ C∞(0,∞) with

χ(r) = 1 for s ≤ r ≤ tk and χ(r) = 0 for r ≥ tk+1

such that

0 ≤ −rχ′(r) ≤ const.
r

tk+1 − tk
≤ const.

2k+1

2k

for r ∈ [tk, tk+1] and all k ∈N . Moreover,

rℓ|χ(ℓ)(r)| ≤ const. (r ∈ [tk, tk+1], k ∈ N)

for ℓ = 2 and ℓ = 3.
Estimates of the five terms in (4.4) will lead us to inequality (5.1) below, from
which an inequality of type (4.3) will eventually emerge with the help of a
bootstrap argument.
We start with the left-hand side of (4.4) and write

∂r[r(V − λ)] = V − q + r(∂rV − q′) + [r(q − λ)]′

≥
[
O(1/r)

q − λ + o(1)
q

q − λ + δ0

]
(q − λ)

by means of (i) and (H.1) in Theorem 2.7. Since 0 < q/(q − λ) ≤ 1 and
(q − λ)−1 ≤ O(r1−δ0 ) at infinity in view of Remark 2.8, we have

∫
〈[∂rr(V − λ)]ξ, ξ〉 ≥

∫
[δ0 + o(1)](q − λ)‖ξ‖2. (4.5)

The four terms I1, I2, I3 and T1 on the right-hand side of (4.4) are estimated
as follows.
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Lemma 4.1.

a) I1 := −
∫
〈(α ·Bx)ξ, ξ〉 ≤

∫
o(1)(q − λ)‖ξ‖2,

b) I2 :=

∫
2Re〈rWξ,Drξ〉

≤
∫ [

2K − K

(q − λ)2

(
ϕ′

r
+ ϕ′′

)
+ o(1)

]
(q − λ)‖ξ‖2 + T2,

where

T2 := K

∫ {
(χ′)2

q − λ + |χ′|
[

const.

r(q − λ)
+ o(1)

]}
‖eϕU‖2 (4.6)

≤ const.

{∫ s

s−1

r‖eϕU‖2 +

∫ tk+1

tk

r−δ0(q − λ)‖eϕU‖2
}
. (4.7)

Proof. a) follows immediately from assumption (H.3) since α ·Bx is an Hermi-

tian matrix with square |Bx|2.

To prove b), we observe

I2 =

∫
2Re〈rWξ,Drξ〉 ≤ K

(∫
(q − λ)‖ξ‖2 +

∫
1

q − λ‖Drξ‖
2

)

and use relations (A.9), (A.11) with

h =
1

q − λ, j = r

(
h

r

)′
= h′ − h

r
.

Then
∫

1

q − λ‖Drξ‖
2 ≤

∫
1

q − λ‖g −Qξ‖
2 −

∫
1

r(q − λ)
〈Aξ, ξ〉

+

∫
j Im〈Qξ, αrξ〉+

∫ [
j′

2
− h

(
ϕ′

r
+ ϕ′′

)]
‖ξ‖2

+

∫
jχχ′ ‖eϕU‖2, (4.8)

where Q = V + W − λ, A = −αr(α · Bx). Before turning to the first term on
the right-hand side of (4.8) we note

Im〈Qξ, αrξ〉 = Im 〈(V − q)ξ, αrξ〉+ Im 〈Wξ, αrξ〉

and

|Im 〈(V − q)ξ, αrξ〉| ≤
const.

r(q − λ)
(q − λ)‖ξ‖2 ≤ const.

rδ0
(q − λ)‖ξ‖2 (4.9)
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as well as

|Im 〈Wξ, αrξ〉| ≤
const.

r(q − λ)
(q − λ)‖ξ‖2 ≤ const.

rδ0
(q − λ)‖ξ‖2 (4.10)

(see hypotheses (H.1), (H.2) and Remark 2.8 a). Similarly, the term

−2rRe〈g,Qξ〉 = 2rRe 〈iαrχ′eϕU,QχeϕU〉
= 2rRe 〈iαrχ′eϕU, (V − q +W )χeϕU〉

can be estimated by

| − 2rRe〈g,Qξ〉| ≤ const.|χ′|‖eϕU‖2.

Next,

‖g −Qξ‖2 = ‖(q − λ+ V − q +W )ξ‖2 + ‖g‖2 − 2Re 〈g,Qξ〉
= (q − λ)2‖ξ‖2 + ‖(V − q +W )ξ‖2 + 2(q − λ)Re 〈ξ, (V − q +W )ξ〉

+‖g‖2 − 2Re 〈g,Qξ〉

≤ [1 + o(1)](q − λ)2‖ξ‖2 +

[
(χ′)2 +

const.

r
|χ′||

]
‖eϕU‖2. (4.11)

Using Remark 2.8 a) again, the second term in (4.8) can be majorised by

const.

∫
a

rδ0
‖ξ‖2.

With hypothesis (H.2) we see that it is

∫
o(1)(q − λ)‖ξ‖2.

The same is true of the third term in (4.8), since (4.9) and (4.10) hold and
j = o(1) by Remark 2.8 a) and the first part of assumption (ii). This leaves us
with

j′

q − λ =
1

r2(q − λ)2
+

q′

r(q − λ)3
− q′′

(q − λ)3
+

2(q′)2

(q − λ)4
,

which, by assumptions (ii) and Remark 2.8 a), is again o(1). Collecting terms,
we finally obtain (4.6) from which (4.7) follows, employing the properties of
our cutoff function and Remark 2.8 a). �

Lemma 4.2. Let ϕ′ ≥ 0 and

kϕ := −rϕ′ϕ′′ − (ϕ′)2 +
1

2
(rϕ′′)′, (4.12)

c :=
a

q − λ +
const.

r(q − λ)
+

1

2

q′

(q − λ)2
+

1

2

rq′′

(q − λ)2
(4.13)
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Then,

I3 :=

∫
2rϕ′Re〈−iαrDrξ, ξ〉

≤
∫ [

kϕ
(q − λ)2

+
ϕ′

q − λc+ const.
|ϕ′′|

(q − λ)2

]
(q − λ)‖ξ‖2 (4.14)

+T3,

where

T3 :=

∫
r

q − λ [ϕ′(χ′)2 + |ϕ′′||χ′′| ] ‖eϕU‖2

≤ const.

{∫ s

s−1

r2(ϕ′ + |ϕ′′|) ‖eϕU‖2 (4.15)

+

∫ tk+1

tk

r2−2δ0

(
ϕ′

r
+ |ϕ′′|

)
(q − λ)‖eϕU‖2

}
.

Proof. By setting ξ =
√
q − λw, I3 can be written as

I3 =

∫
2rϕ′Re〈−iαrDrξ, ξ〉 =

∫
2rϕ′Re〈−iαrDrw, (q − λ)w〉

=

∫
2rϕ′Re〈−iαrDrw,Qw〉 −

∫
2rϕ′Re〈−iαrDrw, (V − q +W )w〉.

Using (A.10), (A.12) with h = rϕ′, j = rϕ′′, we obtain

I3 =

∫
rϕ′(‖f‖2 − ‖Drw‖2 − ‖f + iαrDrw‖2)−

∫
ϕ′〈Aw,w〉

+

∫ [
rϕ′ϕ′′ +

1

2
(rϕ′′)′ − [r(ϕ′)2]′ +

1

2

(
rϕ′

q − λq
′
)′
− rϕ′′

2(q − λ)
q′
]
‖w‖2

+

∫
rϕ′′Im〈Qw,αrw〉+

∫
rϕ′′

q − λχχ
′‖eϕU‖2

−
∫

2rϕ′Re〈−iαrDrw, (V − q +W )w〉. (4.16)

The last term can simply be estimated by
∫
rϕ′

(
‖Drw‖2 +

const.

r2
‖w‖2

)
.

Replacing ξ by w in (4.9) and (4.10), we have

I3 ≤
∫ {

kϕ + ϕ′
[
a+

const.

r
+

1

2

(
rq′

q − λ

)′]
+ const.|ϕ′′|

}
‖w‖2

+

∫
r

q − λ [ϕ′(χ′)2 + |ϕ′′||χ′|] ‖eϕU‖2,
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which leads to (4.12)–(4.14). The estimate (4.15) is again a consequence of the
properties of χ and of Remark 2.8 a). �

Lemma 4.3. Let ϕ′ ≥ 0. Then

T1 := −
∫

2rRe〈g,Drξ〉

≤ const.

{∫ s

s−1

r
[
(1 + ϕ′)‖eϕU‖2 + e2ϕ‖DrU‖2

]
(4.17)

+

∫ tk+1

tk

r1−δ0 (1 + |ϕ′′|) (q − λ)‖eϕU‖2
}
.

Proof. Let η := eϕU . Since

Re〈−iαrχ′η, ∂r(χη)〉 = χχ′ Re〈−iαrη, ∂rη〉,
we have

T1 = −
∫

2rRe〈g,Drξ〉 =

∫
2rRe〈iαrχ′eϕU,Drξ〉

=

∫
2rχχ′Re〈iαrη,Drη〉.

On the interval [s− 1, s] the integral can simply be estimated by
∫ s

s−1

2rχ′‖η‖‖Drη‖ ≤
∫ s

s−1

re2ϕ‖U‖‖DrU + ϕ′U‖.

On [tk, tk+1] we use the estimate
∫ s

s−1

r(−χ′)(‖η‖2 + ‖Drη‖2)

and observe that (A.9) and (A.11) hold with χ = 1 (i.e., g = 0) and ξ = η,
provided h and j have compact support. Hence, with h = r(−χ′), j = r(h/r)′ =
−rχ′′ we have

∫
r(−χ′)

[
‖Drη‖2 + ‖

(
S

r
+ ϕ′

)
η‖2
]

=

∫
r(−χ′)‖Qη‖2 +

∫
χ′〈Aη, η〉 −

∫
rχ′′Im〈(V − q +W )η, αrη〉

+

∫ [
−1

2
(χ′′ + rχ′′′) + χ′ϕ′ + rχ′ϕ′′

]
‖η‖2.

The integration extends over [tk, tk+1] only where χ′ϕ′ ≤ 0. Using Remark 2.8
a) and the estimates of the derivatives of χ, the assertion follows. �

Remark 4.4. The constant in (4.6), (4.13), and (4.14) is the sum of the con-
stants which occur in assumptions (H.1) and (H.2). In view of the hypotheses
of Theorem 2.7 the function c in (4.13) is o(1) at infinity. It is important that
the constants in (4.7), (4.15) and (4.17) are independent of ϕ and tk := 2k.

Documenta Mathematica 20 (2015) 37–64



The Dirac Operator 49

5 Proof of Theorem 2.7

Before proving Theorem 2.7 we prepare the following

Proposition 5.1. Suppose f > 0, g ≥ 0 are functions on (0,∞) with

∫ ∞ 1

f
=∞,

∫ ∞
g <∞,

and f is continuous and non-decreasing. Let tk := 2k (k ∈ N). Then we have

lim inf
k→∞

∫ tk+1

tk

fg = 0

Proof. Assume to the contrary that there are numbers ε0 > 0 and N ∈ N such
that ∫ tk+1

tk

fg ≥ ε0

for N ≤ k ∈N . Then

∫ ∞

tN

g =

∞∑

k=N+1

∫ tk

tk−1

(fg)
1

f
≥ ε0

∞∑

k=N+1

1

f(tk)
≥ ε0

∫ ∞

tN+1

1

f
=∞

gives the desired contradiction.

Proof of Theorem 2.7

From (4.4) and (4.5) and Lemma 4.1–4.3 we see

∫
[δ0 − 2K + o(1)](q − λ)e2ϕ‖χU‖2 (5.1)

≤
∫ [

kϕ
(q − λ)2

+
ϕ′

q − λc+ const.
|ϕ′′|

(q − λ)2

− K

(q − λ)2

(
ϕ′

r
+ ϕ′′

)]
(q − λ)e2ϕ‖χU‖2

+const.

∫ s

s−1

r2e2ϕ[(1 + ϕ′ + |ϕ′′|)‖U‖2 + ‖DrU‖2]

+const.

∫ tk+1

tk

r1−δ0e2ϕ(1 + ϕ′ + r|ϕ′′|)|(q − λ)‖U‖2,

where tk := 2k.

a) We claim ∫ ∞

s

rℓ(q − λ)‖U‖2 <∞
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for all s > R and ℓ > 0. Let j ∈ N . We choose ϕ = (j/2) log log r in (5.1) and
note

ϕ′ =
j

2r log r
, ϕ′′ = − j

4r2 log r

(
1 +

1

log r

)
,

kϕ =
j

4r2 log r

[
1 +

2

log r
+

j + 2

(log r)2

]
≤ j(j − 1)

4r2(log r)3
+

2j

4r2 log r

for r > R0 if R0 is sufficiently large. Using Remark 2.8 a), the first integral on
the right-hand side of (5.1) can be majorised by

const.

∫ {
1

r2δ0

[
j(j − 1)

(log r)3
+

j

(log r)2
+

j

(log r)

]

+
1

rδ0
j

(log r)
o(1)

}
(log r)j(q − λ)‖χU‖2.

The last integral on the right-hand side of (5.1) can be estimated by

∫ tk+1

tk

r1−δ0(1 + const. j)(log r)j(q − λ)‖U‖2. (5.2)

With (q − λ) being bounded, (q − λ)‖U‖2 is in L1(R0,∞). Thus there is a
sub-sequence {tkℓ}∞ℓ=1 on which (5.2) tends to zero in view of Proposition 5.1.
This proves ∫ ∞

R0

(log r)j(q − λ)‖U‖2 <∞.

Moreover, for some c0 > 0 the inequality (5.1) implies

c0

∫ ∞

R0

L∑

j=0

(ℓ log r)j

j!
(q − λ)‖U‖2

≤ const.

∫ ∞

s−1


 ℓ2

r2δ0 log r

L∑

j=2

(ℓ log r)j−2

(j − 2)!
+

ℓ

rδ0

L∑

j=1

(ℓ log r)j−1

(j − 1)!




·(q − λ)‖U‖2 + const.

∫ s

s−1

r2
L∑

j=0

(ℓ log r)j

j!
[(1 + j)‖U‖2 + ‖DrU‖2].

Since we can let L→∞, this establishes the claim.

b) Next we assert ∫ ∞

s

eℓr
b

(q − λ)‖U‖2 <∞

for all s > R, ℓ > 0 and b ∈ (0, δ0).
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We insert ϕ = (jb/2) log r into (5.1) and observe

ϕ′ =
jb

2r
, ϕ′′ = − jb

2r2
, kϕ =

jb

4r2
.

In view of Part a) there is a sub-sequence {tkℓ} with

lim
ℓ→∞

∫ tkℓ+1

tkℓ

r1−δ0(1 + jb)rjb(q − λ)‖U‖2 = 0.

Using Remark 2.8 a) again, we see that (5.1) implies

c0

∫ ∞

s

rjb(q − λ)‖U‖2 ≤ const.

∫ ∞

s−1

(
1

r2δ0
+

1

rδ0

)
jbrjb(q − λ)‖U‖2

+ const.

∫ s

s−1

r2+jb[(1 + jb)‖U‖2 + ‖DrU‖2]

or

c0

∫ ∞

s

L∑

j=0

(ℓrb)j

j!
(q − λ)‖U‖2

≤ const.

∫ ∞

s−1

ℓb

rδ0−b

L∑

j=1

(ℓrb)j−1

(j − 1)!
(q − λ)‖U‖2

+ const.

∫ s

s−1

r2
L∑

j=0

(ℓrb)j

j!
[(1 + jb)‖U‖2 + ‖DrU‖2].

For b ∈ (0, δ0) we can again move the first term of the right-hand side to the
left and let L→∞.

c) In order to show that U vanishes a.e. on ER1 for some R1 > R, we choose
ϕ = (ℓ/2)rb where ℓ > 0 and b ∈ (0, δ0). From

ϕ′ =
ℓb

2
rb−1, ϕ′′ = − ℓb

2
(1 − b)rb−2

we observe (ϕ′/r) + ϕ′′ > 0, so that the last part of the first integral on the
right-hand side of (5.1) can be discarded. On account of Part b) there is a
sequence {tkℓ} on which the last integral vanishes. Finally we note

kϕ = − ℓb
4

[
ℓb2 − (1− b)2

rb

]
r2(b−1).

With

X :=
ℓb

2(q − λ)
rb−1
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we therefore have

− kϕ
(q − λ)2

− ϕ′

q − λc(r) − const.
|ϕ′′|

(q − λ)2
= bX2 − d(r)X,

where

d(r) :=
1− b

r(q − λ)

(
1− b

2
+ const.

)
+ c(r) = o(1).

Hence

∫ ∞

s

[
δ0 − 2K + o(1)− d(r)2

4b

]
(q − λ)eℓr

b‖U‖2

≤ const.

∫ s

s−1

r2eℓr
b

[(1 + ℓbrb)‖U‖2 + ‖DrU‖2]. (5.3)

Now there is an R1 > R with the property that the left-hand side of (5.3) can
be estimated from below by

const. eℓ(s+1)b
∫ ∞

s+1

‖U‖2

for s > R1. The assertion therefore follows in the limit ℓ→∞.

6 Proof of Theorem 2.10

From (A.16)-(A.17) with λ = −m0 we see

µ := [(q +m0)2 −m2
0]1/2 =

√
q
√
q + 2m0, F :=

(
q + 2m0

q

)1/4

, (6.1)

and
√
µF =

√
q + 2m0,

√
µ

F
=
√
q.

As a consequence

ξ := χeϕ
(

FU1

(1/F )U2

)
= µ−1/2χeϕζ with ζ :=

(√
q + 2m0U1√

q U2

)

solves
[
−iαrDr + iαr

(
S

r
+ ϕ′

)
+Q

]
ξ = g := −µ−1/2(iαr)χ

′eϕζ,

where

Q = µIN + (V − q)
(
F−2IN/2 0

0 F 2IN/2

)
− m0q

′

2q(q + 2m0)
(iαrβ).
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So our virial relation (A.8) now reads
∫
{〈[∂r(rQ)]ξ, ξ〉 + 〈(α · Bx)ξ, ξ〉}

=

∫
2rϕ′Re〈−iαrDrξ, ξ〉 −

∫
2rRe〈g,Drξ〉. (6.2)

Before beginning our estimates we observe that the assumption (i) implies

rµ ≥ const. rδ0 or q−1/2 ≤ const. r1−δ0 . (6.3)

In view of (6.1) and our assumptions (ii), (H.1) we therefore have

1

µ
(rF−2)′(V − q) =

1

µF 2

[
1− m0rq

′

q(q + 2m0)

]
(V − q)

= o(1)
V − q
q

= o(1),

1

µ
(rF 2)′(V − q) =

F 2

µ

[
1 +

m0rq
′

q(q + 2m0)

]
(V − q)

= O(1)
V − q
q

= o(1),

and from

[
rq′

q(q + 2m0)

]′
=

1

q + 2m0

[
q′

q
+
rq′′

q
− r

(
q′

q

)2

− r(q′)2

q(q + 2m0)

]

we find
1

µ

[
rq′

q(q + 2m0)

]′
= o(1),

taking advantage of (6.3) again. Since
∫
〈(α ·Bx)ξ, ξ〉 ≥ −

∫
a

µ
µ ‖ξ‖2 = −

∫
o(1)µ ‖ξ‖2,

the left-hand side of (6.2) can be estimated from below by
∫

[δ0 + o(1)]µ‖ξ‖2.

Lemma 6.1. Let ϕ′ ≥ 0 and

kϕ := −rϕ′ϕ′′ − (ϕ′)2 +
1

2
(rϕ′′)′,

c :=
a

µ
+
r(V − q)2

µq
+

1

2µ

[(
r
µ′

µ

)′
+m0

∣∣∣∣∣

(
r
q′

µ2

)′∣∣∣∣∣

]
.
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Then

I :=

∫
2rϕ′Re〈−iαrDrξ, ξ〉

≤
∫ (

kϕ
µ2

+
ϕ′

µ
c+ const.

|ϕ′′|
µ2

)
µ‖ξ‖2 + J,

where

J :=

∫
r

µ2
[ϕ′(χ′)2 + |ϕ′′||χ′′|] ‖eϕζ‖2

≤ const.

{∫ s

s−1

r3(ϕ′ + |ϕ′′|) ‖eϕζ‖2

+

∫ tk+1

tk

r2−2δ0

(
ϕ′

r
+ |ϕ′′|

)
‖eϕζ‖2

}

with a constant which is independent of ϕ and tk := 2k. (Note that the as-
sumptions of Theorem 2.10 imply c = o(1).)

Proof. Since w := µ−1/2ξ satisfies
[
−iαrDr + iαr

(
S

r
+ ϕ′

)
+Q− i µ

′

2µ
αr

]
w = f := µ−1/2g,

we have
∫
j

〈(
S

r
+ ϕ′

)
w,w

〉
+

1

2

∫ (
j′ − j µ

′

µ

)
‖w‖2

+

∫
j Im〈Qw,αrw〉 +

∫
j

µ2
χχ′‖eϕζ‖2 = 0

as a substitute for identity (A.12).
Let

I1 :=

∫
2rϕ′ Re

〈
−iαrDrw,

m0q
′

2q(q + 2m0)
(iαrβ)w

〉
,

I2 :=

∫
2rϕ′ Re

〈
−iαrDrw, (V − q)

(
F−2w1

F 2w2

)〉
.

Replacing q by µ in (A.10), we can write

I =

∫
2rϕ′ Re 〈−iαrDrw, µw〉 =

∫
2rϕ′ Re 〈−iαrDrw,Qw〉 + I1 + I2

=

∫
rϕ′(‖f‖2 − ‖Drw‖2 − ‖f + iαrDrw‖2)−

∫
ϕ′〈Aw,w〉

+

∫ [
kϕ +

1

2

(
rϕ′ µ

′

µ

)′
− 1

2
rϕ′′ µ

′

µ

]
‖w‖2 +

∫
rϕ′′

µ2
χχ′‖eϕζ‖2

+

∫
rϕ′′ Im〈Qw,αrw〉+ I1 + I2.
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Integrating by parts in I1, we obtain

I1 = −
∫

2rϕ′ Re

〈
∂rw,

q′

2q(q + 2m0)
(m0β)w

〉
(6.4)

=
1

2

∫ 〈
w,

{
rϕ′′ q′

q(q + 2m0)
(m0β) + ϕ′

[
rq′

q(q + 2m0)

]′
(m0β)

}
w

〉

and note that the first term in (6.4) cancels

∫
rϕ′′ Im〈Qw,αrw〉 = −1

2

∫
rϕ′′

〈
q′

q(q + 2m0)
(m0β)w,w

〉
.

Furthermore, since

F−4|w1|2 + F 4|w2|2 =
q

q + 2m0
|w1|2 +

q + 2m0

q
|w2|2,

we have

I2 ≤
∫
rϕ′‖Drw‖2 + const.

∫
rϕ′ (V − q)2

q
‖w‖2.

Collecting terms, the assertion follows. �

Lemma 6.2. Let ϕ′ ≥ 0. Then

T := −
∫

2rRe〈g,Drξ〉

≤
{

const.

∫ s

s−1

r2
[
(1 + ϕ′)‖eϕζ‖2 + e2ϕ‖Drζ‖2

]

+

∫ tk+1

tk

r1−δ0 (1 + |ϕ′′|)‖eϕζ‖2
}

with a constant which is independent of ϕ and tk.

Proof. Abbreviating φ := eϕζ, we have

T = −
∫

2rRe〈g,Drξ〉 =

∫
2r
χχ′

µ
Re〈iαrφ,Drφ〉.

On the interval [s− 1, s] the integral can be estimated by

∫ s

s−1

2r
χ′

µ
‖φ‖ ‖Drφ‖ ≤ const.

∫ s

s−1

r2−δ0e2ϕ‖ζ‖ ‖Drζ + ϕ′ζ‖,

using (6.3). On [tk, tk+1] we majorise the integral by

∫ tk+1

tk

r

µ
(−χ′)(‖φ‖2 + ‖Drφ‖2) (6.5)
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and note that it is permitted to use (A.9), (A.11) with χ = 1 (i.e., g = 0) and
ξ = φ, since

h =
r

µ
(−χ′), j = r

(
h

r

)′
= h′ − h

r

have compact support. Hence on [tk, tk+1]

∫
r

µ
(−χ′)

[
‖Drφ‖2 +

∥∥∥∥
(
S

r
+ ϕ′

)
φ

∥∥∥∥
2
]

=

∫
r

µ
(−χ′)‖Qφ‖2 +

∫
χ′

µ
〈Aφ, φ〉 +

∫ [
j′

2
−
(
ϕ′

r
+ ϕ′′

)
h

]
‖φ‖2

+

∫
j Im〈Qφ, αrφ〉.

Now, −ϕ′′h ≤ const.|ϕ′′|r1−δ0 by (6.3), while −(ϕ′/r)h ≤ 0 on [tk, tk+1]. From
h′ = o(1) = h′′ we conclude j = o(1) = j′. The integral (6.5) can therefore be
estimated by

const.

∫ tk+1

tk

r1−δ0 (1 + |ϕ′′|)‖φ‖2,

which concludes the proof. �

Summing up, we have

∫
[δ0 + o(1)]‖χeϕζ‖2 ≤

∫ (
kϕ
µ2

+
ϕ′

µ
c+ const.

|ϕ′′|
µ2

)
‖χeϕζ‖2

+ const.

{∫ s

s−1

r3e2ϕ[(1 + ϕ′ + |ϕ′′|)‖ζ‖2 + ‖Drζ‖2]

+

∫ tk+1

tk

r1−δ0(1 + ϕ′ + r|ϕ′′|)e2ϕ‖ζ‖2
}
,

which does not differ from (5.1) in any essential way. The previous bootstrap
argument can therefore be repeated almost verbatim, proving ζ = 0 and so
u = 0 a.e. on ER1 for some R1 > R. �

Appendix

A Identities in Connection with the Virial Theorem

A.1 Algebraic Relations

The principal part in

(α ·D +Q)u = 0, D := p− b, p = −i∇ (A.1)
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can be decomposed with the operators

Dr := ∂r − i
x

r
· b, αr := α · x

r
,

S :=
n− 1

2
−

∑

1≤j<k≤n
iαjαk(xjDk − xkDj) (A.2)

as follows:

α ·D = αr

(
−ir(1−n)/2Drr(n−1)/2 +

i

r
S

)
. (A.3)

S is a symmetric operator in L2(Sn−1)N which commutes with every operator
which solely depends on the radial variable r; it anticommutes with αr. In two
dimensions we have

S =
1

2
− iσ1σ2(x1D2 − x2D1) =

1

2
+ σ3(x1D2 − x2D1),

where σ1, σ2, σ3 are the Pauli matrices. For n = 3 it is convenient to define
σ := (−iα2α3,−iα3α1,−iα1α2). Then

S = 1 + σ · L with L := x×D,
but the operator K := βS is also used instead of S.
We notice that α · Bx anticommutes with αr, since B is skew-symmetric. A
longer but completely elementary calculation shows

A := [Dr, S] = −iαr(α ·Bx).

Since α2
r = 1, this implies A2 = |Bx|2 and

[Dr, iαrS] = α · Bx. (A.4)

Furthermore,
T := (β + η α ·Bx)(1 + ζ iαr)

is an Hermitian N ×N matrix with square

T 2 = (1 + η2|Bx|2)(1 + ζ2),

if η, ζ ∈ R.
Finally we note that the (n+1) Dirac matrices can be given the following block
structure :

αj =

(
0 aj
a∗j 0

)
(j = 1, 2, · · · , n), β =

(
IN/2 0

0 IN/2

)
. (A.5)

The aj are (N/2) × (N/2) matrices (Hermitian if n is odd) which satisfy the
following commutation relations :

aja
∗
k + aka

∗
j = 2δjkIN/2, a∗jak + a∗kaj = 2δjkIN/2.

For n = 2, 3 this is of course well-known; the Pauli matrices take the role of
the αj if n = 2 and of the aj if n = 3. For general n see [KY].
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A.2 Analytic Tools

Let ϕ, χ, q, h and j be smooth real-valued functions which depend only on r;
we assume that χ has compact support and q is positive. When u is a solution
of (A.1), then (A.3) implies that

ξ := χeϕU with U := r(n−1)/2u

and

w := q−(1/2)ξ

are solutions of

[
−iαrDr + iαr

(
S

r
+ ϕ′

)
+Q

]
ξ = g := −iαrχ′eϕU, (A.6)

[
−iαrDr + iαr

(
S

r
+ ϕ′

)
+Q− iαr

q′

2q

]
w = f := q−(1/2)g. (A.7)

Splitting Q into an Hermitian part Q1 and Q2 := Q −Q1, the following virial
relation holds :

∫
〈[∂r(rQ1]ξ, ξ〉 = −

∫
〈(α ·Bx)ξ, ξ〉 (A.8)

+

∫
2 Re〈r Q2ξ,Drξ〉+

∫
2rϕ′ Re〈−iαrDrξ, ξ〉 −

∫
2rRe〈g,Drξ〉.

Norm and scalar product in L2(Sn−1)N are denoted by ‖ · ‖ and 〈·, ·〉, respec-
tively. We write ‖ξ‖ rather than ‖ξ(r·)‖ and similarly for the scalar product.
Integration is over (0,∞).

Starting from ∫
2rRe〈g,Drξ〉

(A.8) can immediately be verified, using (A.6) and (A.4) as well as an integra-
tion by parts in the term containing Q1 (see [KOY], Proposition 3.1 and the
remark on p. 40). In case χ can be replaced by 1, the virial theorem in its
familiar form follows from (A.8) by setting ϕ = 0, Q2 = 0 and observing that
g is zero.

As a consequence of (A.6) – (A.7) we note the following energy relations:

∫
h

[
‖Drξ‖2 +

∥∥∥∥
(
S

r
+ ϕ′

)
ξ

∥∥∥∥
2
]

=

∫
h‖g −Qξ‖2 (A.9)

−
∫
h

r
〈Aξ, ξ〉 −

∫
r

(
h

r

)′〈
S

r
ξ, ξ

〉
−
∫

(hϕ′)′‖ξ‖2,
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∫
2hRe〈−iαrDrw,Qw〉 (A.10)

=

∫
h(‖f‖2 − ‖Drw‖2 − ‖f + iαrDrw‖2)−

∫
h

r
〈Aw,w〉

−
∫
r

(
h

r

)′ 〈
S

r
w,w

〉
+

∫ [(
h
q′

2q

)′
− (hϕ′)′

]
‖w‖2.

(A.9) follows from

∫
h‖iαr(g −Qξ)‖2 =

∫
h

∥∥∥∥Drξ −
(
S

r
+ ϕ′

)
ξ

∥∥∥∥
2

by undoing the square on the right-hand side and integrating by parts (cf.
[KOY], Proposition 3.3 and the remark on p.40). Similarly, (A.10) can be
proved by inserting into the left-hand side the expression for Qw which arises
from (A.7) (cf. [KOY], Proposition 3.2 and the remark on p.40).

Since S is unbounded from above and from below, the corresponding term on
the right-hand side of (A.9)–(A.10) has to be eliminated. This can be done
with the help of the auxiliary identities

∫
j

〈(
S

r
+ ϕ′

)
ξ, ξ

〉
+

1

2

∫
j′‖ξ‖2 +

∫
j Im〈Qξ, αrξ〉

+

∫
jχχ′‖eϕU‖2 = 0, (A.11)

∫
j

〈(
S

r
+ ϕ′

)
w,w

〉
+

1

2

∫ (
j′ − j q

′

q

)
‖w‖2 +

∫
j Im〈Qw,αrw〉

+

∫
j

q
χχ′‖eϕU‖2 = 0. (A.12)

(A.11), for example, results at once from

∫
Im

〈
iαr

(
S

r
+ ϕ′

)
ξ, jαrξ

〉
,

inserting (A.6) and integrating by parts (cf. [KOY], p.23).

Let F = F (r) > 0 be a smooth function, m0 > 0 and λ ∈ R. When V is
a scalar function and Q = V + m0β − λ, it may be advantageous to split a
solution u of (A.1) into two vectors u1, u2 with N/2 components and use the
block structure (A.5) of the Dirac matrices jointly with the transformation

ζ :=

(
F U1

(1/F )U2

)
, Uj = r(n−1)/2uj (A.13)
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(cf. [KOY], p.37). Then αr =

(
0 ar
a∗r 0

)
where ar :=

∑n
j=1(xj/r)aj . With a

smooth function q = q(r) and

P :=
F ′

F
iαrβ + (A.14)

(
(1/F 2) (V − q + q +m0 − λ)IN/2 0

0 F 2(V − q + q −m0 − λ)IN/2

)
,

we then have (
−αrDr +

i

r
αrS + P

)
ζ = 0. (A.15)

If, for example, q −m0 − λ > 0, requiring

1

F 2
(q +m0 − λ) = µ = F 2(q −m0 − λ), (A.16)

leads to

µ = [(q − λ)2 −m2
0]1/2, F =

(
q +m0 − λ
q −m0 − λ

)1/4

(A.17)

Since
F ′

F
= −m0

2

q′

µ2
,

the potential (A.14) becomes

P = µIN + (V − q)
(
F−2IN/2 0

0 F 2IN/2

)
− m0

2

q′

µ2
iαrβ. (A.18)

B Asymptotic Behaviour of Solutions

In case Q in

(−iα · ∇+Q)u = 0 (B.1)

is Q = m0β+λ− q and q is a rotationally symmetric scalar function, it suffices
to discuss the ordinary differential equation

u′ =

(
−(k/r) −q +m0 + λ

q +m0 − λ (k/r)

)
u, (B.2)

where k is an eigenvalue of the angular momentum operator S in (A.2) with
b = 0. k is an integer or half-integer such that |k| ≥ (n− 1)/2. (For general n,
the reduction of (B.1) to (B.2) can be found in [KY].)
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B.1 Case m0 = 0 = λ

In the new variables
t = log r, v(t) = u(et) (B.3)

(B.2) reads

v′ =

{(
−k 0
0 k

)
+

(
0 −et q(et)

et q(et) 0

)}
v. (B.4)

If et q(et)→ 0 as t→∞, then (B.4) has a fundamental system of solutions v±
with the property

lim
t→∞

1

t
log |v±(t)| = ±k.

(We refer to the references in [AKS] for this theorem which goes back to Perron,
Lettenmeyer and Hartman-Wintner.) Hence (B.2) has a solution which is in
L2 at infinity if rq(r) → 0 as r → ∞ and 2|k| > 1. Note that (B.4) has a
fundamental system of solutions

v±(t) = e±
√
k2−c2 tv0±

if q = c/r. Hence (B.2) has an L2-solution at infinity if |k| > [(1/2) + c2]1/2.

B.2 Case λ = −m0 < 0

In this case (B.2) reads

u′ =

{(
0 0

2m0 0

)
+

(
−(k/r) −q
q (k/r)

)}
u =: (J +R)u. (B.5)

The Jordan matrix J can be removed by observing that

φ :=

(
1 0
σ 1

)
with σ := 2m0 r

has the properties φ′ = J = Jφ. Hence z := φ−1u satisfies

φ′z + φz′ = (J +R)φz or z′ = φ−1Rφz

(see [Ea], p.43 for this trick). Since the asymptotically leading term in φ−1Rφ
still has the double eigenvalue zero, a second transformation is required. With

D :=

(
1 0
0 σ

)
, w := D−1z

we obtain

w′ = [(D−1)′D + (φD)−1RφD]w (B.6)

=

{(
−k 0
2k k − 1

)
+

(
−σrq −σrq

σrq + rq/σ −σrq

)}
1

r
w.
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The constant matrix in (B.6) has the eigenvalues

µ± := −1

2
±
√

1

4
+ k(k − 1).

So, if k 6= 0, 1, and if r2 q → 0 r → ∞, (B.6) has a fundamental system of
solutions w± with

|w±(r)| = r µ±+o(1) as r→∞.
Since u = φDw and |φD| ≤ const.r, (B.5) has a solution which is of integrable
square at infinity if 2µ− + 3 < 0, i.e., |k − (1/2)| > 1.
For q = c/r2 system (B.6) reads

w′ =

{
A+

(
0 0
c

2m0
0

)
1

r2

}
1

r
w, (B.7)

where

A :=

(
−(k + σ0) −σ0
2k + σ0 k − 1− σ0

)

and σ0 := 2mc. Introducing new variables as in (B.3), (B.7) becomes

w̃′(t) =

{
A+ e−2t

(
0 0
c

2m0
0

)}
w̃(t). (B.8)

Since the eigenvalues of A are

µ± := −1

2
(1 + 2σ0)±

[
1

4
+ k(k − 1− 2σ0)− σ2

0

]1/2
,

it follows from the Levinson theorem ([Ea], Theorem 1.8.1) that (B.8) has a
solution which is in L2 at infinity if |k| is sufficiently large. The same is therefore
true of (B.5)
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Abstract. In this article we study smooth families of stratified bun-
dles in positive characteristic and the variation of their monodromy
group. Our aim is, in particular, to strengthen the weak form of the
positive equicharacteristic p-curvature conjecture stated and proved
by Esnault and Langer in [9]. The main result is that if the ground
field is uncountable then the strong form holds. In the case where the
ground field is countable we provide positive and negative answers to
possible generalizations.
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14H30, 13N10

1. Introduction

Let (E,∇) be a vector bundle endowed with a flat connection on a smooth
complex variety X . Then, there exists a smooth scheme S over (some open
subscheme of) SpecZ such that (E,∇) = (ES ,∇S) ⊗S C and X = XS ⊗S C
with XS smooth over S and (ES ,∇S) flat connection on XS relative to S. The
p-curvature conjecture of Grothendieck and Katz predicts (see [2, Conj. 3.3.3])
that if for all closed points s of a dense open subscheme S̃ ⊂ S we have that
ES ×S s is spanned by its horizontal sections, then (E,∇) must be trivialized
by an étale finite cover of X .
An analogue problem can be studied in equicharacteristic zero, and in fact it
reduces the p-curvature conjecture to the number field case. Y. André in [2,
Prop. 7.1.1] and E. Hrushovski in [14, 116] stated and proved the following
equicharacteristic zero version of the p-curvature conjecture: let X → S be a
smooth morphism of varieties over a field K of characteristic zero; let (E,∇)
be a flat connection on X relative to S such that, for every closed point s in a
dense open S̃ ⊂ S, the flat connection (E,∇)×S s is trivialized by a finite étale
cover. Then, there exists a finite étale cover of the generic geometric fiber over
η̄ that trivializes (E,∇) ×S η̄, where η̄ is a geometric generic point of S.
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The theorem of André and Hrushovsky translates naturally in positive char-
acteristic, providing a positive equicharacteristic analogue to the p-curvature
conjecture. Here, the role of relative flat connections is played by relative strat-
ified bundles. A stratified bundle on X relative to S is a vector bundle of finite
rank with an action of the ring of differential operators DX/S on X relative to
S.
In [9, Cor. 4.3, Rmk. 5.4.1] H. Esnault and A. Langer proved, using an ex-
ample of Y. Laszlo (see [18]), that there exists X → S a projective smooth
morphism of varieties over F̄2 and a stratified bundle over X relative to S
which is trivialized by a finite étale cover on every closed fiber but not on the
geometric generic one. In particular, this provides a counterexample to the
positive equicharacteristic version of André and Hrushovsky’s theorem.
Nevertheless, they were able to prove what they call a weak form of the theorem
(see [9, Thm. 7.2]): let X → S be a projective smooth morphism and let
E = (E,∇) be a stratified bundle on X relative to S such that, for all closed
points of a dense open S̃ ⊂ S, the stratified bundle E ×S s is trivialized by a
finite étale cover of order prime to p. Then, if K 6= F̄p, there exists a finite
étale cover of order prime to p of the generic geometric fiber that trivializes
E ×S η̄. In case K = F̄p, there exists a finite étale cover of order prime to p
such that the pullback of E×S η̄ is a direct sum of stratified line bundles.

In this article we answer two natural questions aiming at generalizing this last
theorem: the first one is whether we can relax the assumption of coprimality
to p of the order of the trivializing covers of the E ×S s, while keeping the
assumption that X is proper over S. The second one is if we can drop this last
assumption as well. Our main result, in particular, is that if K is uncountable
then the positive equicharacteristic version of André and Hrushovsky’s theorem
holds.
Let assume from now on that K has positive characteristic p. Bearing in mind
the counterexample of Esnault and Langer ([9, Cor. 4.3]) we cannot hope in
general to completely eliminate the assumption of coprimality to p of the order
of the trivializing covers of the E×S s. Still, we can answer positively the first
question proving that it suffices to impose to the power of p dividing the order
of such trivializing covers to be bounded:

Theorem 1 (See Theorem 4.3). Let K be an algebraically closed field, X → S
a smooth proper morphism of K-varieties and E = (E,∇) a stratified bundle
on X relative to S. Assume that for every closed point s in a dense open S̃ ⊂ S
the stratified bundle Es = E ×S s is trivialized by a finite étale cover whose
order is not divisible by pN for some fixed N ≥ 0. Then, if K 6= F̄p, there exists
a finite étale cover of the generic geometric fiber that trivializes Eη̄ = E ×S η̄.
In case K = F̄p, there exists a finite étale cover such that the pullback of Eη̄ is
the direct sum of stratified line bundles.
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The second question has a more involved answer. The assumption on X being
proper over S is more delicate to eliminate; the order of the trivializing covers
does not play any role while the cardinality of K becomes the main obstruction:

Counterexample (See Proposition 5.1). If K is a countable field, then there
exists a stratified bundle on A2

K relative to A1
K which is trivial on every closed

fiber but is not trivialized by any finite étale cover on the generic geometric
fiber.

On the other hand the main result of this article is that in caseK is uncountable
the strong version of the theorem holds, namely:

Theorem 2 (See Theorem 6.1). Let K be an uncountable algebraically closed
field, X → S a smooth morphism of K-varieties and E = (E,∇) a stratified
bundle onX relative to S such that, for every closed point s in a dense open S̃ ⊂
S, the stratified bundle Es = E×S s is trivialized by a finite étale cover. Then,
there exists a finite étale cover of the generic geometric fiber that trivializes
Eη̄ = E×S η̄.
In the case where K is countable and X is not proper over S there is still room
for improvement, using the theory of regular singular stratified bundles (intro-
duced in [11]). Roughly speaking, a stratified bundle is regular singular if it
has only mild (that is logarithmic) singularities along the divisor at infinity. In
characteristic zero there is a parallel notion of regular singular flat connections,
and one of the first steps in the proof of André’s theorem is to show that if a
relative flat connection (E,∇) on X over S is regular singular on the fiber over
all closed points of a dense subset of S then it is regular singular on the generic
fiber (see [2, Lemma 8.1.1]). In positive characteristic this is no longer true, as
our counterexample shows. The converse still holds (see the proof of Lemma
7.4): if X admits a good compactification over S and E = (E,∇) is a stratified
bundle on X relative to S such that Eη̄ is regular singular then for every closed
point s of some dense open S̃ ⊂ S the stratified bundle Es is regular singular as
well. Moreover, assuming Eη̄ to be regular singular we obtain the same results
than in the proper case:

Theorem 3 (See Theorem 7.7). Let K be an algebraically closed field of any
cardinality and X → S a smooth morphism of K-varieties. Let E = (E,∇) be
a stratified bundle on X relative to S such that, for every closed point s in a
dense open S̃ ⊂ S, the stratified bundle Es = E ×S s is trivialized by a finite
étale cover whose order is not divisible by pN for some fixed N ≥ 0. Assume
moreover that Eη̄ = E ×S η̄ is regular singular. Then, if K 6= F̄p, there exists
a finite étale cover of the generic geometric fiber that trivializes Eη̄. In case
K = F̄p, there exists a finite étale cover such that the pullback of Eη̄ is the
direct sum of stratified line bundles.

The proofs of these generalizations are of two different kinds. The ones of The-
orem 1 and Theorem 3 rely on a reduction to Esnault and Langer’s result ([9,
Thm. 7.2]). Theorem 3 is reduced to Theorem 1 using the theory of exponents
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for regular singular stratified bundles ([11],[16]) and an adaptation of Kawa-
mata coverings ([15, Thm. 17]) to positive characteristic (see Theorem 7.6).
Theorem 1 is then proved by reduction to [9, Thm. 7.2] constructing a suitable
finite étale cover of X that kills the p-powers in the orders of the trivializing
covers on the closed fibers.
The proof of Theorem 2 is of another flavour: it relies on the invariance of the
Tannakian monodromy group under algebraically closed extension of fields for
finite stratified bundles (Lemma 3.4), and on the easy but fundamental fact
that a (relative) stratified bundle is defined by countably many data.

Acknowledgments. The results contained in this article are part of my PhD
work under the supervision of Hélène Esnault. I would like to thank her for in-
troducing me to the subject, and for her great patience and support. Moreover,
I would like to thank Lars Kindler for many useful and pleasant discussions, in
particular regarding Lemma 3.2.

Notation. If S is an integral scheme k(S) will denote its field of fractions,
η its generic point and η̄ a geometric generic point given by the choice of an
algebraically closure k(S) of k(S). If K is a field a variety overK is a separated
integral scheme of finite type over K.

2. The category of stratified bundles

Throughout the whole article K will denote an algebraically closed field of
positive characteristic p and u : X → S a smooth morphism of varieties over
K, of relative dimension d. Let DX/S be the quasi-coherent OX -module of
relative differential operators as defined in [12, §16]; recall that if U is an open
subscheme of X admitting global coordinates x1, . . . , xd relative to S, then for
every k ∈ N there are OS-linear maps ∂(k)xi : OU → OU given by

∂(k)xi (xhj ) = δij

(
h

k

)
(xh−kj )

where δij is the Kronecker delta. These maps are differential operators of order
k and generate locally the ring of differential operators:

DX/S|U = OU
[
∂(k)xi | i ∈ {1, . . . , d}, k ∈ N>0

]
.

For higher differential operators we have an extension of the Leibniz rule,
namely if f, g ∈ OU then

(1) ∂(k)xi (fg) =
∑

a+b=k
a,b≥0

∂(a)xi (f)∂(b)xi (g).

Definition 2.1. A stratified bundle E (relative to S) is a OX -locally free mod-
ule E of finite rank r endowed with a DX/S-action extending the OX -module
structure via the inclusion OX ⊂ DX/S . A morphism of stratified bundles is a
morphism of DX/S-modules. We denote by Strat(X/S) the category of strati-
fied bundles on X relative to S; if S = SpecK we use the notation Strat(X/K)
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for Strat(X/ SpecK). The structure sheaf OX together with the natural DX/S-
action is denoted by IX/S ; if S = SpecK we use the notation IX/K for IX/ SpecK .
A stratified bundle is trivial if it is isomorphic to I⊕rX/S for some r ∈ N.

If h : Y → X is a morphism of smooth S-varieties then the pullback along h
induces a functor h∗ : Strat(X/S) → Strat(Y/S) and if h is finite and étale
then the pushforward along h induces a functor h∗ : Strat(Y/S)→ Strat(X/S).
For E,F ∈ Strat(X/S) we can construct the dual E∨, the tensor product E⊗F
and the direct sum E⊕ F, all of which are objects of Strat(X/S).

3. The monodromy group

If X is a smooth connected K-variety, Strat(X/K) is an abelian tensor rigid
K-linear category and the choice of a rational point x ∈ X(K) defines a fiber
functor to the category of finite dimensional K-vector spaces by:

ωx : Strat(X/S)→ VecfK

E 7→ Ex

where E is the vector bundle underlying E ([21, §VI.1]). Hence (Strat(X/S), ωx)
is a neutral Tannakian category and by Tannakian duality ([7, Thm. 2.11]) there
exists an affine group scheme πStrat

1 (X, x)
.
= π(Strat(X/S), ωx) = Aut⊗K(ωx)

over K such that Strat(X/K) is equivalent via ωx to the category of finite
dimensional representations of πStrat

1 (X, x) over K. For every E ∈ Strat(X/K)
we denote by 〈E〉⊗ ⊂ Strat(X/K) the full Tannakian subcategory spanned by
E with fiber functor ωx defined as above. The affine group scheme π(E, x)

.
=

π(〈E〉⊗, ωx) is called the monodromy group of E. If U ⊂ X is an open dense
subscheme of X then by [16, Lemma 2.5(a)] the restriction functor ρU : 〈E〉⊗ →
〈E|U 〉⊗ is an equivalence; hence, in particular, the monodromy group of E
is invariant under restriction to dense open subschemes. Moreover, as K is
algebraically closed, the monodromy group does not depend on the choice of x,
up to non-unique isomorphism (this can be deduced from [7, Thm. 3.2]). We
will hence sometimes use the notation π(E) instead of π(E, x).

Definition 3.1. We say that E ∈ Strat(X/K) is finite if its monodromy group
is finite. By what we have just remarked, this property is independent of the
choice of x. We say that E is isotrivial if it is étale trivializable; that is, there
exists h : Y → X finite étale cover such that h∗E is trivial in Strat(Y/K).

These two properties are equivalent:

Lemma 3.2. For a stratified bundle E ∈ Strat(X/K) the following are equiva-
lent:

i) E is isotrivial;
ii) E is finite.

Moreover, if E is finite, then there exists an étale π(E, x)-torsor hE,x : YE,x →
X, called the Picard–Vessiot torsor of E such that, for any E′ ∈ Strat(X/K),
the pullback h∗E,xE

′ is trivial if and only if E′ ∈ 〈E〉⊗.
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Finally, for a finite étale cover h : Y → X such that h∗E is trivial, the following
conditions are equivalent:

i) h : Y → X is the Picard–Vessiot torsor for E;
ii) every finite étale cover trivializing E factors (non-uniquely) through

h : Y → X;
iii) h : Y → X is Galois and 〈E〉⊗ = 〈h∗IY/K〉⊗;
iv) h : Y → X is Galois of Galois group π(E, x)(K).

Proof. The first part of the lemma is [9, Lemma 1.1]. As for the second part,
first notice that point (b) and (f) of [16, Prop. 2.15], together with [16, Cor. 2.16]
imply that if h : Y → X is a finite étale cover trivializing E then 〈E〉⊗ ⊂
〈h∗IY/K〉⊗ and that 〈E〉⊗ = 〈hE,x∗IYE,x/K〉⊗. Moreover, if h : Y → X is Galois
of Galois group G, then π(h∗IY/K , x) is the finite constant group G and if
h̃ : Ỹ → X is an étale cover factoring through h then 〈h∗IY/K〉⊗ ⊂ 〈h̃∗IỸ /K〉⊗.
We are now ready to prove the rest of the lemma.

(i)⇒(ii) Because 〈E〉⊗ = 〈hE,x∗IYE,x/K〉⊗, a cover h̃ : Ỹ → X trivializes E if

and only if it trivializes hE,x∗IYE,x/K . Let Z = Ỹ ×X YE,x, and let
p1 and p2 be the projections on the first and second factor. Then
by flat base change (notice that the flat base change morphism is
compatible with the DỸ /K-action) there is an isomorphism of DỸ /K-

modules h̃∗hE,x∗IYE,x/K ≃ p1∗IZ/K ; hence, the latter is also a trivial
stratified bundle. This, together with [16, Cor. 2.17], implies that
p1 : Z → Ỹ is a trivial covering. In particular, it admits a section
s; hence, h̃ = s ◦ p2 ◦ hE,x and h̃ factors through h.

(ii)⇒(iii) Because h trivializes E, we have the inclusion 〈E〉⊗ ⊂ 〈h∗IY/K〉⊗. On
the other side, by assumption, hE,x : YE,x → X factors through h :
Y → X ; hence, 〈h∗IY/K〉⊗ ⊂ 〈hE,x∗IYE,x/K〉⊗ = 〈E〉⊗.

(iii)⇒(iv) As 〈E〉⊗ = 〈h∗IY/K〉⊗, then we have the equality π(E, x) =
π(h∗IY/K , x) and as h : Y → X is Galois, then its Galois group is
π(h∗IY/K)(K) = π(E, x)(K).

(iv)⇒ (i) By what we already proved there must be a factorization f : Y → YE,x
such that h = hE,x ◦ f . Hence, if G is the Galois group of h : Y → X
then hE : YE → X corresponds to a normal subgroup H of G. But by
assumption G = π(E, x)(K) = H ; hence, h = hE. �

Corollary 3.3. If E ∈ Strat(X/K) is finite then the set of finite étale covers
of X trivializing E has a minimal element which is Galois of Galois group
π(E, x)(K).

By [8, Cor. 12] for every E ∈ Strat(X/K) the group scheme π(E, x) is smooth
(which is equivalent to being reduced). In particular, as K is algebraically
closed, if E is finite we are allowed to identify the abstract group π(E, x)(K) and
the algebraic group π(E, x). Given a finite stratified bundle E ∈ Strat(X/K)
it is straightforward to see that for every L ⊃ K algebraically closed field
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extension EL = E⊗K L ∈ Strat(XL/L) is finite as well. In fact, the following
stronger statement holds:

Lemma 3.4. Let E ∈ Strat(X/K) and let L ⊃ K be an algebraically closed field
extension such that EL is finite. Then for every L′ ⊃ K algebraically closed
such that trdegK L

′ ≥ trdegK L (or, if both are infinite, such that there exists
an immersion L →֒ L′ which is the identity on K) we have that EL′ is finite.
Moreover for any x ∈ X(K)

π(EL, x)(L) ≃ π(EL′ , x)(L′),

where we consider x ∈ XL(L) via K ⊂ L and similarly for L′.

Proof. Let L and L′ as in the hypothesis, then we can construct an immersion
L →֒ L′ which is the identity on K, just by sending any transcendence basis
of L to a algebraically independent set in L′ over K and using the fact that
L′ is algebraically closed to see that this extends to an immersion L →֒ L′.
Hence, we have reduced the problem to proving that if E is finite and L ⊃ K
is an algebraically closed field extension then EL is finite and has the same
monodromy group of E as abstract groups. In order to do so we need first to
establish a result on Galois covers:

Claim. Let h : Y → X be a Galois cover of Galois group G and let hL : YL →
XL the extension of scalars of h : Y → X to L, then hL is a Galois cover of
Galois group G.

Proof. Certainly hL : YL → XL is a finite étale morphism as these properties
are stable under base change. We are left to check that (i) YL is connected,
(ii) Aut(YL/XL) acts transitively on the fiber over some geometric point of XL

and finally (iii) Aut(YL/XL) ≃ Aut(Y/X).

i) AsK is algebraically closed (hence, in particular, separably closed) Y is
connected if and only if YL is connected for any field extension L ⊃ K.
In particular, YL is connected.

ii) Let x ∈ XL(L) be any closed (in particular, geometric) point of
XL, then the composition x̄ : Spec(L) → XL → X is a geomet-
ric point for X . As h : Y → X is Galois, Aut(Y/X) acts tran-
sitively on Yx̄ = Y ×X x̄ = YL ×XL x = YL,x. Now, the action
of Aut(Y/X) on YL,x factors through Aut(YL/XL) via the inclusion
Aut(Y/X) ⊂ Aut(YL/XL) defined by φ 7→ φL. Hence, the action of
Aut(YL/XL) on YL,x is transitive as well; therefore, hL : YL → XL is
Galois.

iii) As Yx̄ = YL,x and both h and hL are Galois, it follows that the order of
their Galois group is the same, as it is the cardinality of the respective
geometric fibers over x̄ and over x. Moreover we have a natural inclu-
sion Aut(Y/X) ⊂ Aut(YL/XL) so as they have the same cardinality
they must be equal; hence, Aut(YL/XL) = G. �

Until the end of the proof let us denote by hE,x : Y → X the Picard–Vessiot tor-
sor of E (see Lemma 3.2), then hE,x⊗KL : YL → XL is a Galois cover trivializing
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EL which is then finite, by Lemma 3.2. Recall that 〈(hE,x)∗IY/K〉⊗ = 〈E〉⊗. But
then in particular, 〈(hE,x)∗IY/K ⊗K L〉⊗ = 〈EL〉⊗ and as (hE,x)∗IY/K ⊗K L =
(hE,x ⊗K L)∗IYL/L, it follows that 〈(hE,x ⊗K L)∗YL〉⊗ = 〈EL〉⊗. Hence, by
Lemma 3.2, we have that hE,x ⊗K L : YL → XL is the minimal trivial-
izing cover for EL. Now, the Galois group of hE,x is the same as that of
hE,x ⊗K L by the previous claim; hence, again by Lemma 3.2, we have that
π(EL, x)(L) = π(E, x)(K). �

Finite stratified bundle have an additional propriety that will turn out to be
very useful to prove that some stratified bundle cannot be isotrivial:

Lemma 3.5. Let E ∈ Strat(X/K) be a finite stratified bundle. Then there exists
a subfield K ′ ⊂ K of finite type over Fp over which X and E are defined; that
is, there exists X ′ smooth variety over K ′ and E′ ∈ Strat(X ′/K ′) such that
X = X ′ ×SpecK′ SpecK and E = E′ ⊗K′ K.

Proof. Let hE,x : YE,x → X be the Picard–Vessiot torsor of E (see Lemma 3.2),
and let H = (hE,x)∗IYE,x/K , then (see Lemma 3.2) E ∈ 〈H〉⊗. Certainly there
exists K ′′ of finite type over Fp on which hE,x : YE,x → X is defined; hence, H
is also defined over K ′′. Notice that E is a subquotient of P where P ∈ Z[H,H∨]

(see e.g. [16, def. 2.4]); that is, E ≃ P̃/P̄ with P̄ ⊂ P̃ ⊂ P. It is clear that P̃
and P̄ are defined over some extension K ′ of finite type of K ′′ (thus over Fp).
Therefore, so does E ≃ P̃/P̄. �

In particular, we have the following:

Corollary 3.6. Let E ∈ Strat(X/K) with K algebraically closed, such that
for some algebraically closed field extension L ⊃ K the stratified bundle EL
is finite. Assume that K has infinite transcendence degree over Fp, then E is
finite as well.

Proof. As EL is finite then by Lemma 3.5 there exists K ′ ⊂ L algebraically
closed of finite transcendence degree over Fp over which EL and is defined. But
then E is defined over K ′ as well, hence we can assume that K ′ ⊂ K. Let
hEL : Y → XL be the Picard–Vessiot torsor of EL, then it is defined over
some algebraically closed field K ′′ of finite transcendence degree over K ′. In
particular EK′′ is finite and as ∞ = trdegK′ K ≥ trdegK′ K ′′ by Lemma 3.2
E = EK′ ⊗K′ K is finite. �

4. Families of finite stratified bundles

We can view a relative stratified bundle E ∈ Strat(X/S) as a family of stratified
bundles parametrized by the points of S. In particular, for every s ∈ S(K), let
Es ∈ Strat(Xs/k(s)) denote the restriction of E onXs and Eη̄ ∈ Strat(Xη̄/k(η̄))
its restriction on the geometric generic fiber given by a choice of an algebraic
closure k(S) of k(S). It is natural then to ask how the property of being
isotrivial behaves in families: the main question we want to study is whether
it is true that if Es is finite for every s ∈ S(K) then so is Eη. André proved
in [2, Prop. 7.1.1] that the analogous result in characteristic zero holds. In
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positive characteristic, following an idea of Laszlo, in [9, Cor. 4.3, Rmk. 5.4.1]
the authors proved that there exists X → S a projective smooth morphism of
varieties over F̄2 and a stratified bundle on X relative to S which is finite on
every closed fiber but not on the geometric generic one. Nevertheless, assuming
X to be projective over S and imposing a coprimality to p condition on the
order of the monodromy group on the closed fibers, they proved the following:

Theorem 4.1. [9, Thm. 7.2] Let X → S be a smooth projective morphism of K-
varieties with geometrically connected fibers and let E ∈ Strat(X/S). Assume
that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, the
stratified bundle Es has finite monodromy of order prime to p. Then

i) there exists fη̄ : Yη̄ → Xη̄ a finite étale cover of order prime to p such
that f∗Eη̄ decomposes as direct sum of stratified line bundles;

ii) if K 6= F̄p then Eη̄ is trivialized by a finite étale cover of order prime
to p.

Note that the cover of order prime to p in the second point of the theorem
factors through the Picard–Vessiot torsor of Eη̄ by its minimality (see Lemma
3.2). In particular, this implies that the order of the monodromy group of Eη̄
is prime to p.
This article is devoted to determine how the assumptions of X being projective
over S and of the order of the monodromy groups to be prime to p can or
cannot be relaxed in order to get similar results. A first strengthening of the
theorem comes rather directly from the ideas in the proof of Theorem 4.1. In
order to prove it we need first to establish the following

Lemma 4.2. Let h : X → S be a proper flat separable morphism of connected
varieties with geometrically connected fibers over an algebraically closed field
K and suppose it has a section σ : S → X. Let S̃ ⊂ S(K) be any subset of
the closed points of S, let N ∈ N and let us fix for every s ∈ S̃ a finite étale
cover gs : Zs → Xs of degree less than N . Then there exists an open subscheme
U ⊂ S and a finite étale cover f : W → X ×S U dominating all the gs for
s ∈ S̃ ∩ U ; that is, for every s ∈ S̃ ∩ U the finite étale cover fs : Ws → Xs

factors through gs : Zs → Xs.

Proof. The proof of this lemma is a generalization of the construction that one
can find in the beginning of the proof of [9, Thm. 5.1].
First notice that if the order of the gs : Zs → Xs is bounded by N then the
order of their Galois closures is bounded by N !, hence we can assume all the
gs : Zs → Xs to be Galois. Moreover if S′ is connected and S′ → S is étale and
generically finite then there is a non-trivial open U over which S′ ×S U → U is
finite and étale. As X → S is smooth its image is open; hence, by shrinking S,
we can assume that X → S is surjective.
Let S′ → S be finite étale, then so is X ′ = X ×S S′ → X . Let s ∈ S̃ and
s′ ∈ S′(K) lying over s. Assume that we have found f ′ : W → X ′ such that
f ′
s : Ws → X ′

s factors through gs′ : Zs′ = Zs ×k(s) k(s′) → X ′
s′ then the
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composition f : W → X ′ → X is a finite étale cover of X and fs : Ws → Xs

factors through gs.
As h : X → S has geometrically connected fibers so does h′ : X ′ → S′ as if
s′ ∈ S lies over s ∈ S then X ′

s′ = Xs ⊗k(s) k(s′). Therefore, h′ : X ′ → S′

is proper, flat, separable and has geometrically connected fibers. So if S′ is
connected the morphism h′ : X ′ → S′ together with the section σ′ : S′ → X ′

induced by σ : S → X satisfy the assumptions of the theorem.

For any s ∈ S̃ let Gs ⊂ πét
1 (Xs, σ(s)) be the open normal subgroup corre-

sponding via Galois duality to the cover gs : Zs → Xs. Let η̄ be a generic
geometric point of S given by the choice of an algebraic closure k(S) of k(S).
The fibers of X → S are geometrically connected and the morphism is proper,
flat and separable; hence, the specialization map πét

1 (Xη̄, σ(η̄)) ։ πét
1 (Xs, σ(s))

is surjective. Composing it with the quotient of πét
1 (Xs, σ(s)) by Gs we get

ρs : πét
1 (Xη̄, σ(η̄)) ։ πét

1 (Xs, σ(s)) ։ πét
1 (Xs, σ(s))/Gs.

Notice that the index of ker(ρs) in πét
1 (Xη̄, σ(η̄)) is bounded by N . Let

τ : S′ → S be any finite étale cover and let s′ ∈ S lying over s. As K is
algebraically closed, then k(s′) ≃ k(s) and hence X ′

s′ ≃ Xs. In particular,
the natural morphism πét

1 (X ′
s′ , σ

′(s′))→ πét
1 (Xs, σ(s)) is an isomorphism. Let

Gs′ ⊂ πét
1 (X ′

s′ , σ
′(s′)) be the open subgroup corresponding to gs′ : Zs′ → X ′

s′ ,
that is, the preimage of Gs under this isomorphism and let us denote by

ρs′ : πét
1 (Xη̄, σ(η̄)) ։ πét

1 (X ′
s′ , σ

′(s′)) ։ πét
1 (X ′

s′ , σ
′(s′))/Gs′ ,

then ker(ρs′) = ker(ρs) ⊂ πét
1 (Xη̄, σ(η̄)).

As Xη̄ is a projective k(S)-variety, then πét
1 (Xη̄, σ(η̄)) is topologically finitely

generated and hence has finitely many subgroups of index less than N , which
are all opens by Nikolov–Segal theorem ([19, Thm 1.1]), the intersection of
which we denote by G: It is a normal open subgroup and it has finite index.
Moreover

G ⊂
⋂

s∈S̃
ker(ρs) =

⋂

s′∈τ−1(S̃)

ker(ρs′ ).

At this point, we need an additional step before concluding similarly than in
the proof of [9, Thm. 5.1]. By Galois duality G corresponds to a finite étale
cover Zη̄ → Xη̄. Let k(S)sep be the separable closure of k(S) in k(S). The
base change functor from the category of finite étale covers over X ⊗S k(S)sep

to the one of finite étale covers over Xη̄ is an equivalence. Hence, Zη̄ is defined
over some separable extension of k(S). In particular, there exists an étale
generically finite cover S′ → S such that Zη̄ descends to a finite étale cover of
X ′ = X ×S S′.
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Let η̄′ be the geometric generic point of S′ given by k(S) ⊂ k(S′) ⊂ k(S). Then
X ′
η̄′ = Xη̄ and σ(η̄) = σ′(η̄′). Hence, the following diagram commutes:

πét
1 (X ′

η̄, σ
′(η̄′)) // πét

1 (X ′, σ′(η̄′))

��
πét
1 (Xη̄, σ(η̄)) // πét

1 (X, σ(η̄)).

LetK ′ be the kernel of πét
1 (Xη̄, σ(η̄))→ πét

1 (X ′, σ′(η̄′)). AsX → S is projective
we have the following exact sequence:

πét
1 (Xη̄, σ(η̄))

q

��

α

((❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘

{1} // πét
1 (Xη̄, σ(η̄))/K ′ i // πét

1 (X ′, σ′(η̄′)) // πét
1 (S′, η̄′) //

σ′
∗pp

{1}.

By [1, V Cor 6.7] we have the inclusion G ⊃ K ′. Moreover if we denote by
ΠK′ = πét

1 (Xη̄, σ(η̄))/K ′, then the section σ′
∗ induces a splitting

πét
1 (X ′, σ′(η̄′)) ≃ ΠK′ ⋊ σ′

∗(πét
1 (S′, η̄′))

as abstract groups. It is also a splitting of topological groups (see for example
[4, §2.10 Prop. 28] and following discussion). In particular, the topology on
πét
1 (X ′, σ′(η̄′)) is the product topology. Note that G = q(G) is invariant by the

action of σ′
∗(πét

1 (S′, η̄′)); hence, we can define

H = G⋊ σ′
∗(πét

1 (S′, η̄′)).

By definition α−1(H) = G, and H has finite index in πét
1 (X ′, σ′(η̄′)). It is

also open: πét
1 (X ′, σ′(η̄′)) is endowed with the product topology, and G is open

because G = q−1(G) is open as well. Hence, H corresponds to a finite étale
cover W → X ′ and as the composition H ⊂ πét

1 (X ′, σ′(η̄′)) ։ πét
1 (S′, η̄′) is

surjective, then W has geometrically connected fibers over S′. In particular,
the specialization map is again surjective. Let z ∈ W be a closed point lying
over s′ and let ζ̄ be a geometric generic point lying over σ(η̄), then we have the
following commutative diagram

πét
1 (Wη̄, ζ̄)

0
--

//

����

πét
1 (Xη̄, σ(η̄)) //

����

πét
1 (Xη̄, σ(η̄))/G

��
πét
1 (Ws, z) // πét

1 (X ′
s′ , σ

′(s′)) // πét
1 (X ′

s′ , σ
′(s′))/Gs′ .

Using the surjectivity of the specialization map on W it follows that the com-
position of the morphisms on the second line is zero as well; hence, if G̃s′ ⊂
πét
1 (X ′

s′ , σ
′(s′)) is the open normal subgroup corresponding to fs′ : Ws′ → X ′

s′

then G̃s ⊂ Gs′ . Therefore, fs′ factors through gs′ . �
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We can summarize the previous lemma by saying that with the assumptions of
the theorem, up to shrinking S every family of finite étale covers of the closed
fibers with bounded order can be dominated by a finite étale cover of X (notice
that the existence of the section σ : X → S is not essential for the proof).

Theorem 4.3. Let X → S be a smooth proper morphism of K-varieties with
geometrically connected fibers and E ∈ Strat(X/S) of rank r. Assume that there
exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃, the stratified bundle
Es has finite monodromy and that the highest power of p dividing |π(Es)| is
bounded over S̃. Then

i) there exists fη̄ : Yη̄ → Xη̄ a finite étale cover such that f∗Eη̄ decomposes
as direct sum of stratified line bundles;

ii) if K 6= F̄p then Eη̄ is finite.

Proof. We will reduce this theorem to Theorem 4.1. By the invariance of the
monodromy group it suffices to prove the theorem for f∗E where f : Y → X is
a morphism of smooth S-varieties which is generically finite étale. By Chow’s
lemma and using de Jong alterations ([6]) there exists f : Y → X projective
and generically finite étale, hence we can assume X to be projective. Up to
taking an étale open of S we can assume that there exists a section σ : S → X .
For any s ∈ S̃ let Γs = π(E, σ(s)) and hs : Ys → Xs the Picard–Vessiot torsor
of Es (see Lemma 3.2). Let Gs ⊂ πét

1 (Xs, σ(s)) be the normal open subgroup
corresponding via Galois duality to the cover hs. By Tannakian duality Es
corresponds to the image of an r-dimensional representation of πStrat

1 (Xs, σ(s))
([7, Prop. 2.21]) and as Es is finite by [8, Prop. 13] this representation factors
through the étale fundamental group, considered as a constant group scheme

πStrat
1 (Xs, σ(s)) ։ πét

1 (Xs, σ(s)) ։ πét
1 (Xs, σ(s))

/
Gs = Γs ⊂ GLr(K)

where r is the rank of E. By Brauer–Feit generalization of Jordan’s theorem [5,
Theorem], as the orders of the Sylow-p-subgroups of every Gs are bounded by
pN , there exists an integer M = f(r,N) and, for every s ∈ S̃, a normal abelian
subgroup As such that |Γs : As| < M . This gives for every s ∈ S(K) a Galois
cover gs : Zs → Xs of order bounded by M and a factorization

Ys → Zs → Xs

where Ys → Zs is Galois of Galois group As. Therefore, by Lemma 4.2, up to
shrinking S there exists a cover g′ : Z ′ → X such that g′s : Z ′

s → Xs factors
through gs : Zs → Xs. In particular, if E′ is the pullback of E via g′ then π(E′

s)
is abelian for every s. Up to taking an étale open of S the section σ : S → X
extends to a section σ′ : S → Z ′. Let Γ′

s = π(E′, σ′(s)), as we just noticed for
every s ∈ S̃ we have that Γ′

s is abelian; hence, we can write it as the direct
product of its p part with its prime to p part:

Γ′
s = Γps × Γp

′

s

and Γp
′

s corresponds to a Galois cover over Z ′
s whose index is by assumption

bounded by pN for some N ∈ N. Applying Lemma 4.2 and up to shrinking S
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we get a Galois cover g′′ : Z ′′ → Z ′ dominating all such covers. Let E′′ be the
pullback of E′ along g′′, then π(E′′

s ) is (abelian) of order prime to p for every
s ∈ S̃. Therefore, we have reduced the problem to Theorem 4.1. �

5. A counterexample over countable fields

Our next aim is to drop the assumption of X being projective over S. How-
ever, before getting to the positive results, let us present a counterexample to
understand what we can reasonably expect to hold without this assumption.
Assume for the rest of this section K to be an algebraically closed countable
field. Let X = A2

K , S = A1
K and let X → S be given by K[y]→ K[x, y]. The

main result of this section is the following:

Proposition 5.1. There exists E ∈ Strat(X/S) such that Es is trivial for every
point s ∈ S(K) but Eη̄ is not isotrivial.

The rest of the section will be spent constructing such a stratified bundle and
proving it satisfies the proposition.
As x is a global coordinate of X relative to S, it is clear that

DX/S = OX [∂(k)x | k ∈ N>0].

Moreover any vector bundle is free over X . If E is a vector bundle on X , then
a DX/S-module structure on E is a OS-linear morphism

φ : DX/S → EndOS (E)

extending the OX -module structure on E; hence, the image of OX ⊂ DX/S

under φ is always fixed. Therefore, to determine the action of the whole DX/S

it is enough to consider the image of the generators ∂(k)x under φ.
Let e1, . . . , er be a basis for E, and let Ak = (akij) be given by ∂(k)x (ei) =

∑
akijej .

Then the Ak, for k ∈ N>0, determine the DX/S-action: If s =
∑r
i=1 fi · ei is a

section of E, with fi ∈ OX , then using (1) we have

(2) ∂(k)xi (s) =

r∑

i=1

∑

a+b=k
a,b≥0

∂(a)x (fi)Ab · ei.

Note that if e′1, . . . , e
′
r is an other basis of E and U = (uij) ∈ H0(X,GLr) is

given by e′i =
∑
uijej then by (1) it follows that in this new basis the matrices

A′
k = (a

′k
ij ) describing the action of ∂(k)x are given by

(3) A′
k =

[ ∑

a+b=k
a,b≥0

∂(a)x (U)Ab

]
U−1.

In order to construct our example, let us fix a bijection n 7→ an between the
natural numbers and K = S(K). Let E ∈ Strat(X/S) be the rank-two relative

stratified bundle E = OX · e1 ⊕Ox · e2 with DX/S-action given by ∂(k)x (e1) = 0
and
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(4) ∂(k)x (e2) =

{∏h
i=0(y − ai) · e1 if k = ph,

0 else.

In order to prove Proposition 5.1 we need to show that this actually defines an
action of DX/S over E and that E satisfies the two properties of the proposition,
namely that it is trivial on every closed fiber and not isotrivial on the geometric
generic fiber.

Lemma 5.2. The formulae in (4) define a DX/S-module structure on E.

Proof. As we fixed the action of the generators of DX/S , for it to extend to a
DX/S-action we only need to check that the relations of the generators in the
ring of differential operators are satisfied by their images in EndOX (E). By [3,
Cor. 2.5] the only relations are

[∂(l)x , ∂(k)x ] = 0

∂(k)x ◦ ∂(l)x =

(
k + l

k

)
∂(k+l)x

[∂(k)x , x] = ∂(k−1)
x .

Let us begin with the second relation: for k, l > 0

∂(k)x ◦ ∂(l)x (e1) = 0

∂(k)x ◦ ∂(l)x (e2) =

{
∂
(k)
x (
∏h
i=0(y − ai) · e1) = 0 if l = ph

0 else

Hence, we just need to verify that if k + l = ph then
(
k+l
k

)
= 0 but this holds

by Lucas’s theorem and the first relation follows immediately. Moreover by (2)
we have

∂(k)x · x(ei) = ∂(k)x (x · ei) =
∑

a+b=k
a,b≥0

∂(a)x (x)∂(b)x (ei) = x∂(k)x (ei) + ∂(k−1)
x (ei);

hence, the third relation trivially holds. �

In order to prove that Es is trivial for every closed fiber, let us fix n ∈ N and
let s = an ∈ S(K), that is, Xs = {y = an} ⊂ X . Let us consider the basis
change on OXs · e1 ⊕ OXs · e2 = Es given by e′1 = e1 and

e′2 = e2 −
[
(y − a0)x+ (y − a0)(y − a1)xp + · · ·+

[ n−1∏

i=0

(y − ai)
]
xp

n−1
]
· e1

then by (3) in this new basis the action of DXs/k(s) is given by ∂
(k)
x (e′1) =

∂
(k)
x (e′2) = 0 hence is the trivial action.

We are now left to prove that Eη̄ is not isotrivial:

Lemma 5.3. Let E ∈ Strat(X/S) be the stratified bundle defined by (4), then
Eη̄ is not isotrivial.
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Proof. In order to prove that Eη̄ is not isotrivial it suffices by Lemma 3.5 to
show that it cannot be defined over any K ′ of finite type over Fp. Remark
that Eη̄ is defined over A1

η̄ which descends to A1
K′ for any K ′ ⊂ K. By way

of contradiction assume there exists such a K ′ and let E′ be the descent of Eη̄
over A1

K′ . This means that there is a basis e′1, e
′
2 of Eη̄ such that the matrices

A′
k in this new basis take values in K ′[x].

Let U be the basis change matrix between ei and e′i, then U is defined over some
K ′′ of finite type over K ′, hence over Fp, so by (3) we have that

∏h
i=0(y−ai) ∈

K ′′[x]. In particular, if we denote by A = Fp[
∏h
i=0(y − ai) | h ∈ N], our

assumption implies that A ⊂ K ′′[x].
To see that this leads to a contradiction it suffices to show that K * K ′′(x)
where K is the quotient field of A. Note that K ⊂ K; therefore, it is enough to
prove that for every K ′ of finite type over Fp we have that K * K ′(x) and as
F̄p ⊂ K it is sufficient to show F̄p * K ′(x), which follows from the following:

Claim. Let Fq be a finite field with q = pn for some n ∈ N and let K ⊃ Fq an
algebraic extension such that [K : Fq] = +∞. Then for every m ∈ N and every
ε1, . . . , εm non-algebraic over Fq we have that

K * Fq(ε1, . . . , εm).

Proof. By induction on m, the case m = 0 being evident. Let m = 1, and γ ∈
K − Fq and let µγ(t) its minimal polynomial over Fq. By way of contradiction
assume γ ∈ Fq(ε1); then γ = f(ε1)/g(ε1) and

g(ε1)degµγ · µγ
(f(ε1)

g(ε1)

)
= 0

gives an algebraic dependence of ε1 over Fq which is a contradiction with our
assumption that ε1 is not algebraic over Fq. Let now m ≥ 1, by induction step
we know that for every n ∈ N, q = pn, then no infinite algebraic extension of
Fq is contained in Fq(ε1, . . . , εm−1); hence, there exists an r such that Fqr =
Fq(ε1, . . . , εm−1) ∩K. Then

Fq(ε1, . . . , εm−1)(εm) ∩K ⊂ Fqr (εm) 6= K

by the m = 1 step applied to q = prn. In particular, K * Fq(ε1, . . . , εm). �

Note that if K ′ is of finite type over Fp then K ′ can be always be written as
Fq(ε1, . . . , εm) for some q = pn and εi non-algebraic over Fq; hence, F̄p * K ′(x).
Therefore, E cannot be defined over anyK ′ of finite type over Fp and by Lemma
3.5 it cannot be finite. �

Remark 5.4. Let us observe that if K is uncountable the same construction
provides an example of a relative stratified bundle E ∈ Strat(A2

K/A
1
K) and a

dense subset S̃ ⊂ A1
K(K) such that Es is trivial for every s ∈ S̃ but Eη̄ is

not isotrivial. Therefore, the density condition on S̃ of Theorem 4.1 will not
be sufficient for our purposes, in parallel with the similar problem that one
encounters in the equicharacteristic zero case (see [2, Rmk. 7.2.3]).
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6. The main theorem

From the example in previous section it appears that in the case where X
is not projective over S the situation is significantly different from the one in
Theorem 4.1. In the latter one big obstruction for the theorem to hold is related
to p dividing the order of the monodromy group on the closed fibers. In the
counterexample of Section 5 these are trivial and the obstruction seems more
related to the cardinality of K. As noticed in Section 3, the monodromy group
does not depend (up to a non-unique isomorphism) on the choice of x ∈ X .
Therefore, in this section we will denote the monodromy group of a stratified
bundle E simply by π(E).
In order to phrase the statement of the main theorem let us introduce the follow-
ing notation: we will denote by (X,S;E) (and call it a triple over K) any triple
consisting of X → S smooth morphism of K-varieties with geometrically con-
nected fibers and E ∈ Strat(X/S). We denote furthermore byK ′ = K ′(X,S;E)
a (minimal) algebraically closed subfield of K such that (X,S;E) is defined over
K ′, and by (X ′, S′;E′) the descent of the triple (X,S;E) to K ′. Then the fol-
lowing result holds

Theorem 6.1. Let (X,S;E) be a triple over K, let K ′ = K ′(X,S;E) ⊂ K and
(X ′, S′;E′) the descended triple to K ′. Let k(S′) be the function field of S′. Let
us assume:

∃ i : k(S′) →֒ K extending K ′ ⊂ K. (∗)
Assume that there exists a dense open S̃ ⊂ S such that Es is finite for every
s ∈ S̃(K), then so is Eη̄. Moreover there exists s ∈ S̃(K) such that π(Es)(K) ≃
π(Eη̄)(k(S)), in particular

i) |π(Es)| is bounded over S̃(K);
ii) if p ∤ |π(Es)| for every s ∈ S̃(K) then p ∤ |π(Eη̄)|;
iii) any group property holding for π(Es) for every s ∈ S̃(K) holds for

π(Eη̄).

Proof. Up to shrinking S, we can assume S̃ = S. Let ∆ : S′ → S′ ×SpecK′ S′

be the diagonal morphism and i : k(S′) →֒ K be an immersion as in (∗). Then
the base change along

SpecK
i // Spec k(S′) // SpecS′

induces (s : SpecK → S) ∈ S(K) such that X ′ ⊗k(S′) K ≃ Xs and

i∗E′ = Es,

where we are considering i : k(S′) →֒ K as a geometric generic point of S′. In
particular, π(i∗E′) = π(Es). Therefore, i∗E′ is finite; hence, by Lemma 3.4, Eη̄
is finite as well, moreover their monodromy group are isomorphic as constant
groups. �

Corollary 6.2. If K is uncountable then the assumption (∗), hence the theo-
rem, always holds.
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Proof. It suffices to show that if K is uncountable, then for any triple (X,S;E)
over K there exists K ′ = K ′(X,S;E) and an inclusion k(S′) ⊂ K extending
K ′ ⊂ K. But it is easy to check that a triple (X,S;E) is defined by countably
many data; hence, we can choose K ′ such that it has countable transcendence
degree over Fp. As K is uncountable, it has infinite transcendence degree over
K ′; hence, there always exists k(S′) ⊂ K as in (∗). �

Remark 6.3. Notice that if the smooth morphism X → S does not have geo-
metrically connected fibers then we lose the notion of monodromy group on the
closed and geometric generic fibers: if X is a K-variety which is not connected
and IX/K is the trivial stratified bundle on X then End(IX/K) 6= K, hence
Strat(X/K) is not a Tannakian category. Nevertheless, if we do not assume
X → S to have geometrically connected fibers, the same proof shows that if Es
is finite when restricted to every connected component of Xs, then the same
holds for Eη̄ on every connected component of Xη̄.

7. Regular singularity and a refinement of the theorem

Regardless of the example in Section 5, there is a way to broaden Theorem 4.1
in the case where K is countable, making the additional assumption that the
stratified bundle is regular singular on the geometric generic fiber.
Let X be a smooth variety over K and let (X,X) be a good partial compact-
ification of X ; that is: X is a smooth variety over K such that X ⊂ X is
an open subscheme and D = X\X is a strict normal crossing divisor. Let
DX/K(logD) ⊂ DX/K the subalgebra generated by the differential operators

that locally fix all powers of the ideal of definition of D. If U ⊂ X admits
global coordinates x1, . . . , xd and D is smooth and given by {x1 = 0} then

DX/K(logD)|U = OU
[
xk1∂

(k)
x1
, ∂(k)xi | i ∈ {2, . . . , d}, k ∈ N>0

]
.

Definition 7.1. A stratified bundle E ∈ Strat(X/K) is called (X,X)-regular
singular if it extends to a locally free OX -coherent DX/k(logD)-module E on

X. It is regular singular if it is (X,X)-regular singular for every partial good
compactification (X,X).

Remark 7.2. There is a parallel notion of regular singularities in characteristic
zero. Despite the fact that isotrivial implies regular singular over the complex
numbers, this is not longer true in positive characteristic, due to the existence
of wild coverings (for a more precise statement, see [16, Thm. 1.1]).

For a (X,X)-regular singular stratified bundle E we have a theory of exponents
(see [11, §3]) of E along D: it is a finite subset ExpD(E) ⊂ Zp/Z given by the
following:

Proposition 7.3. [11, Lemma 3.8],[16, Prop. 4.12] Let X = SpecA be a smooth
variety over K = K̄ with global coordinates x1, . . . , xd and let D be the smooth
divisor defined by {x1 = 0}. Let E ∈ Strat(X/K) a (X,X)-regular singular
stratified bundle and E a locally free DX/K(logD)-module extending E . Then
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there exists a decomposition of E|D =
⊕
Kα with α ∈ Zp such that xk1∂

(k)
x1 acts

on Kα by multiplication by
(
α
k

)
. The image in Zp/Z of the α ∈ Zp such that

Kα 6= 0 are called the exponents of E along D and do not depend on the choice
of E.

If D is not smooth ExpD(E) is defined to be the union of the exponents along
all the irreducible components of D. By [16, Cor. 5.4] E extends to a strat-
ified bundle E on X if and only if its exponents are zero. In particular, [16,
Prop. 4.11] implies that if E is finite then its exponents are torsion. Moreover:

Lemma 7.4. Let E be a DX/S-module such that Es is finite for every s ∈ S̃ a
dense subset of S(K). If Eη̄ is regular singular then the exponents of Eη̄ with
respect to any partial good compactification of Xη̄ are torsion.

Proof. Let us fix (Xη̄, X η̄) a partial good compactification and letDη̄ = X η̄\Xη̄.
As the exponents can be checked locally, we can shrink X η̄ around the generic
point of one of the irreducible components of Dη̄ at a time. Moreover in order
to prove the lemma we are allowed to take a generically finite étale open S′

of S and substitute X by X ×S S′ (and S̃ by its preimage) as the geometric
generic fiber is the same. Finally for every s ∈ S(K) we have that X ′

s is either
empty or a finite union of copies of Xs; hence, we will still denote by s any
point s′ ∈ S′ lying over it.
Hence, without loss of generality, we can assume that we are in the following
situation: the partial good compactification (Xη̄, X η̄) is the restriction of a
relative good partial compactification (X,X) defined on the whole S, X is the
spectrum of a ring A, with global relative coordinates x1, . . . , xd over S and
finally D = X\X is defined by {x1 = 0}. Moreover we can assume that E is
globally free and that on the geometric generic fiber Eη̄ extends to a globally
free DX̄η̄/k(S)

(logDη̄)-module Eη̄.

Let s ∈ S̃ be any point such that Xs ∩D 6= ∅, and let us consider the globally
free OX -module Ē = OX ē1 ⊕ · · · ⊕ OX ēr. Then the ēi induce a basis on the
restriction of E to the closed fiber over s (as well as to the geometric generic
one) and to the boundary divisor (as well as to its complement) as in the
following commutative diagram:

Es =
⊕r

i=1 OXse
s
i E =

⊕r
i=1 OXei

⊗k(s)oo ⊗k(S) // Eη̄ =
⊕r

i=1 OXη̄εi

Es =
⊕r

i=1 OXs
ēsi

|Xs

OO

|Ds
��

E =
⊕r

i=1 OX ēi
⊗k(s)oo ⊗k(S) //

|X

OO

|D
��

Eη̄ =
⊕r

i=1 OXη̄
ε̄i

|Xη̄

OO

|Dη̄
��

E|Ds =
⊕r

i=1 ODs ẽ
s
i E|D =

⊕r
i=1 ODẽi

⊗k(s)oo ⊗k(S)// E|Dη̄ =
⊕r

i=1 ODη̄ ε̃i.

Consider the first line of the diagram: on the first (respectively second and
third) column there is an action of DXs/k(s) (respectively DX/S and DXη̄/k(S)

),
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compatible with each other. On the last column this action extends to a loga-
rithmic action on Eη̄ that we want to extend compatibly to E.
Similarly as in Section 5, let Ai,k be the matrices describing the action of

∂
(k)
xi ∈ DX/S in the basis ei, then the same ones describe the action of ∂(k)xi ∈

DXη̄/k(S)
in the basis εi. By regular singularity of Eη̄ this action extends to

a DX η̄/k(S)
(logDη̄)-action. Therefore, there is a second basis ε′1, . . . , ε

′
d on the

geometric generic fiber such that in the new basis the matrices A′
i,k have no

poles in x1 for i 6= 1 and logarithmic poles for i = 1. Let U ∈ H0(Xη̄,GLr) the
basis change matrix from εi to ε′i. Taking a generically finite étale open of S
we can assume that U is defined on the whole S; hence, the A′

i,k are defined
over the whole S as well and this defines an action of

DX/S(logD)
.
= OX

[
xk1∂

(k)
x1
, ∂(k)xi | i ∈ {2, . . . , d}, k ∈ N>0]

on E, compatible with the logarithmic action on the fibers over η̄. In particular,
this induces a DXs

(logDs)-action on Es; hence, Es is (Xs, Xs)-regular singular
(notice that if S′ is an étale open of S then for s ∈ S(K) the fiber X ′

s of
X ′ = X ×S S′ is either empty or the disjoint union of finitely many copies of
Xs).
We want now to compare ExpDη̄ (Eη̄) and ExpDs(Es). By Proposition 7.3 we

have that Eη̄|Dη̄ = ⊕Fα; hence, there exists ε̃i a basis of E|Dη̄ such that the

matrices B̃k defining the action of xk1∂(k),x1
are diagonal with values

(
α
k

)
∈ Fp.

Let ε̄i be a lift of ε̃i, then up to taking an étale generically finite open of S
we can assume that ε̄i is a restriction of a basis ēi of E over X. In particular,
the decomposition extends as well and E|D = ⊕Fα induces a decomposition on
Es|Ds . This decomposition must coincide with the one given by Proposition 7.3;
hence, the exponents must be the same of the ones of Eη̄. As Es is isotrivial,
its exponents are torsion; hence, so must be the ones of Eη̄. �

Remark 7.5. While the previous proof shows that if Eη̄ is regular singular so are
the Es for every s ∈ S(K), the example in Section 5, together with Theorem 7.7,
shows that the converse does not hold in general (however, one can prove it
is the case when K is uncountable). On the contrary, in characteristic zero it
is always true that if a relative flat connection is regular with respect to some
smooth good compactification on the fibers over a dense set of points of S, then
it is regular on the geometric generic fiber, as proven in [2, Lemma 8.1.1].

Before stating and proving the main theorem of this section we need to prove
the existence of Kawamata coverings in positive characteristic. Analogously
to the original construction in characteristic zero ([15, Thm. 17]) we have the
following

Theorem 7.6. Let X be a projective smooth variety of dimension d over an
algebraically closed field K of characteristic p and let D be a simple normal
crossing divisor on X. Let m ∈ N prime to p, then there exist a projective
smooth variety Y and a finite surjective mapping f : Y → X such that (f∗D)red
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is a simple normal crossing divisor on Y and if f∗D =
∑
miD̃i is the decom-

position in irreducible components with D̃i 6= D̃j for i 6= j then m | mi for all
i and mi are all prime to p.

Proof. The proof follows the one of the original theorem ([15, Thm. 17], see
also [10, Lemma 3.17]). One does the construction one irreducible component
D′ of D at a time, choosing an ample line bundle M on X and N ≫ 0 such
that NM−D′ is very ample. The only additional care that needs to be taken,
is to choose N so that m | N and (N, p) = 1, which is possible as m is prime to
p (this will be enough to prove that Y is smooth in the very same way by [13,
Lemma 1.8.6]). One needs moreover to use [17, Cor. 12] instead of the classical
smoothness theorem for general members of a very ample linear system. �

We can now state and prove the following

Theorem 7.7. Let X → S be a smooth morphism of K-varieties with geomet-
rical connected fibers and let E ∈ Strat(X/S). Assume that there exists a dense
subset S̃ ⊂ S(K) such that, for every s ∈ S̃, the stratified bundle Es has finite
monodromy and that the highest power of p dividing |π(Es)| is bounded over S̃.
Assume moreover that Eη̄ is regular singular, then

i) there exists fη̄ : Yη̄ → Xη̄ a finite étale cover such that f∗Eη̄ decomposes
as direct sum of stratified line bundles;

ii) if K 6= F̄p then Eη̄ is finite.

Proof. Let U ⊂ X be a dense open, then by invariance of the monodromy
group it is enough to show the theorem for E|U moreover it is enough to prove
finiteness for its pullback along any finite étale cover. Therefore, we can always
work up to generically finite étale covers. Using [6] we can find an alteration
generically finite étale f : X ′ → X such that X ′ admits a good projective
compactification relative to S. By [16, Prop. 4.4] the pullback of a regular
singular stratified bundle is again regular singular. Hence, without loss of
generality, we can assume that X admits a good projective compactification X
relative to S. We will denote by D = X\X the divisor at infinity.
Let ExpD(Eη̄) ⊂ Zp/Z be the finite set of exponents of Eη̄ along Dη̄ (as defined
in Lemma 7.3). As Eη̄ is regular singular then by Lemma 7.4 the exponents of
Eη̄ are torsion; let m ∈ N an integer prime to p killing the torsion of ExpD(Eη̄)

and let f : Y η̄ → X η̄ be the Kawamata covering constructed in Theorem 7.6:
it ramifies on a simple normal crossing divisor D̃η̄ containing the divisor at
infinity Dη̄ = X η̄ − Xη̄ and it is Kummer on X η̄ − D̃η̄. As m divides the
ramification order along Dη̄ by [16, Prop. 4.11] the exponents of the pullback
of Eη̄ along (f∗Dη̄)red are zero; hence, it extends to the whole Yη̄. Up to taking
an étale open of S and using a similar argument as in the proof of Lemma 7.4
we can assume that this extension is defined on the whole S. Therefore, we
have reduced the problem to Theorem 4.3. �
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8. Finite vector bundles

The notion of isotriviality has as well relevance in the category of vector bundles
over a proper smooth K-variety, even though it is not equivalent to the notion
of finiteness (see [20, Lemma 3.1] and following definition) for vector bundles,
at least in positive characteristic. In the same spirit of Theorem 4.1, Esnault
and Langer proved in the same paper the following:

Theorem 8.1. [9, Thm. 5.1] Let X → S be a smooth projective morphism of
K-varieties with geometrically connected fibers and let E be a locally free sheaf
over X. Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every
s ∈ S̃, there is a finite étale Galois cover hs : Ys → Xs of order prime to p such
that h∗s(Es) is trivial. Then

i) there exists fη̄ : Yη̄ → Xη̄ a finite étale cover of order prime to p such
that f∗Eη̄ decomposes as direct sum of stratified line bundles;

ii) if K 6= F̄p then Eη̄ is trivialized by a finite étale cover of order prime
to p.

Then, a reasoning similar to the proof of Theorem 4.3 proves the following:

Theorem 8.2. Let X → S be a smooth projective morphism of K-varieties
with geometrically connected fibers and let E be a locally free sheaf over X.
Assume that there exists a dense subset S̃ ⊂ S(K) such that, for every s ∈ S̃,
there is a finite étale Galois cover hs : Ys → Xs such that h∗s(Es) is trivial and
that the highest power of p dividing the order of such covers is bounded over S̃.
Then

i) there exists fη̄ : Yη̄ → Xη̄ a finite étale cover such that f∗Eη̄ decomposes
as direct sum of stratified line bundles;

ii) if K 6= F̄p then Eη̄ is trivialized by a finite étale cover.

Proof. We will reduce this theorem to Theorem 8.1. By taking an étale open
of S we can assume there exists a section σ : S → X . Let r be the rank of
E and fix s a closed point in S. As Xs is a smooth k(s)-variety, then (see [9,
Definition 3.2] and following discussion) every étale trivializable vector bundle
is Nori semistable. In particular, the Galois cover hs : Ys → Xs corresponds to
a representation of rank r of the Nori fundamental group scheme πN1 (Xs, σs)
(for the definition of the Nori group scheme see [20]) that factors through the
étale fundamental group:

πN1 (Xs, σ(s)) ։ πét
1 (Xs, σ(s)) ։ Γs ⊂ GLr(K),

where Γs is the Galois group of hs : Ys → Xs. The rest of the proof follows
exactly as in Theorem 4.3. �

If the morphism X → S is not projective but only smooth we get a similar
result to Corollary 6.2:

Theorem 8.3. Let K be an algebraically closed field of positive characteristic
with infinite transcendental degree over Fp. Let X → S be a smooth morphism
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of varieties over K and E a vector bundle over X. Assume that there exists a
dense open S̃ ⊂ S such that Es is isotrivial for every s ∈ S̃(K), then so is Eη̄.

Proof. There exists K ′ a subfield of K of finite type over Fp such that X → S
and E descend to X ′ → S′ and E′. Moreover as K has infinite transcendence
degree over Fp there exists an immersion k(S′) →֒ K over K ′ and a point s ∈
S(K), like in the proof of Theorem 6.1, such that the morphism i : SpecK →
Spec k(S′) given by k(S′) ⊂ K is a geometric generic point of S′, and on
X ′ ⊗k(S′) K ≃ Xs

i∗E′ = Es.

Note that there exists an immersion ι : K →֒ k(S) (which is not the natural
one given by the fact that S is a K-variety) that is the identity on k(S′),
hence via ι we have that Xη̄ ≃ X ′ ⊗k(S′) k(S) ≃ Xs ⊗K k(S). In particular,

if we continue to consider K as a subfield of k(S) via the immersion ι, then
hs ⊗K k(S) : Ys ×SpecK Spec k(S)→ Xη̄ trivializes Eη̄. �
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Abstract. We produce a variety of odd bounded Fredholm modules
and odd spectral triples on Cuntz-Krieger algebras by means of realiz-
ing these algebras as “the algebra of functions on a non-commutative
space”coming from a sub shift of finite type. We show that any odd K-
homology class can be represented by such an odd bounded Fredholm
module or odd spectral triple. The odd bounded Fredholm modules
that are constructed are finitely summable. The spectral triples are θ -
summable, although their phases will already on the level of analytic
K-cycles be finitely summable bounded Fredholm modules. Using the
unbounded Kasparov product, we exhibit a family of generalized spec-
tral triples, related to work of Bellissard-Pearson, possessing mildly
unbounded commutators, whilst still giving well defined K-homology
classes.
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Introduction

This paper is a study of how odd K-homology classes on Cuntz-Krieger algebras
can be realized by explicit cycles; both by means of bounded Fredholm modules
(also known as analytic K-cycles) and as unbounded Fredholm modules, e.g.
spectral triples. We will use the Poincaré duality for Cuntz-Krieger algebras
constructed by Kaminker-Putnam [39] to find explicit finitely summable Fred-
holm modules representing any odd K-homology class. This allows us to realize
odd K-homology classes by means of abstract Toeplitz operators and the finite
summability of the cycles is proved using the work of the first named author
[33].
The construction of unbounded representatives of these K-homology classes is
more elaborate. We discuss the possibility of using Kasparov products of un-
bounded Fredholm modules for the fixed point algebra of the gauge action with
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a well studied unbounded bivariant cycle. Related constructions can be found
in [32]. In many cases it is difficult to understand cohomological properties
of unbounded Fredholm modules on the fixed point algebra, they nevertheless
exist in abundance due to [13]. However, in interesting cases such as the Cuntz
algebra ON this will produce K-homologically trivial unbounded Fredholm mod-
ules.
A more fruitful viewpoint comes from describing the Cuntz-Krieger algebra as
the noncommutative quotient of the underlying subshift of finite type, via its
groupoid model. This viewpoint is common to noncommutative geometry. The
maximal abelian subalgebra corresponding to the unit space in the groupoid
plays the rôle of the base space in a fibration. The unbounded Fredholm mod-
ules are then obtained by restricting an unbounded bivariant cycle to a “fiber”
over the unit space. The bivariant cycle is inspired both by the dynamics of the
underlying subshift of finite type and the structures appearing in Kaminker-
Putnam’s Poincaré duality class. This uses the idea of multiplication by real
valued functions defined on the groupoid to obtain regular operators as in [51].
Localizations of this bivariant cycle to the commutative base exhausts the odd
K-homology of the Cuntz-Krieger algebra.
An explicit construction of the unbounded Kasparov product of this cycle with
canonically defined spectral triples on the commutative base from [5] yields
a generalization of the notion of unbounded Fredholm module, allowing for
unbounded commutators. This generalization is compatible with K-homology.
The Kasparov products are constructed using the operator space approach
to connections initiated by the second named author in [52] and developed
further in [9, 38].

The problem that this work originates from can be formulated as follows.
Whenever B is a C∗-algebra and x ∈ K∗(B) is a K-homology class, is it possible
to find an explicit analytic K-cycle or unbounded Fredholm module represent-
ing x with favourable analytic properties? Here we are mainly concerned with
finite- and θ -summability. We return to discuss this problem setting more pre-
cisely below. The Cuntz-Krieger algebras are interesting in this aspect because
results of Connes [15], combined with the fact that (under weak assumptions)
Cuntz-Krieger algebras admit no traces, imply that it is (under these weak
assumptions) not possible to have a finitely summable unbounded Fredholm
module on a Cuntz-Krieger algebra1. In this paper we show that any odd K-
homology class is represented by a finitely summable K-cycle. It should be
mentioned that this interesting structure has been shown to appear also on the
crossed product of boundary actions of a hyperbolic group [28]. We believe
that our constructions illuminate the differences between finite summability in
the bounded and the unbounded models for K-homology.

1Not even for the generalized notion of unbounded Fredholm modules alluded to above.
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In contrast to the obstructions to finite summability of unbounded Fredholm
modules from [15], there is to our knowledge no analog for bounded Fred-
holm modules. Nor were we able to find an example in the literature of a
K-homology class that can not be represented by an analytic K-cycle which is
finitely summable on some dense sub-algebra. We provide such an example on
a commutative C∗-algebra.

Preliminaries. Before entering into finite summability issues and the precise
formulation of the results in this paper, we recall some concepts of noncommu-
tative geometry. This paper discusses the noncommutative geometry of Cuntz-
Krieger algebras from the point of view of Kasparov’s KK-theory [40, 41], and
the unbounded formulation thereof due to Connes [14] and Baaj-Julg [4]. The
central objects in Kasparov’s approach to KK-theory are Fredholm modules.
Fredholm modules come in two flavors, bounded and unbounded. The bounded
Fredholm modules are sometimes referred to as analytic K-cycles.

Definition 1. Let A be a C∗-algebra. A bounded even Fredholm module over
A is a triple (π, H , F) consisting of

(1) a Z/2-graded Hilbert space H carrying an even ∗-representation π :

A→ B(H );
(2) an odd operator F ∈ B(H ) with the property that, for all a ∈ A,

π(a)(F2 − 1),π(a)(F − F∗) and [F,π(a)] are all compact operators.

A triple (π, H , F) with the above properties save for the fact that the Hilbert
space H is graded, defines a bounded odd Fredholm module. If in the above
H is replaced with a Hilbert C∗-module E over a second C∗-algebra B,2 then
(π, E , F) defines an (A, B)-Kasparov module.

By defining a suitable notion of homotopy, the set of homotopy classes of even
Fredholm modules forms an abelian group K0(A), and the odd Fredholm mod-
ules are used to build an abelian group K1(A). The groups K0(A) and K1(A)

are called the K-homology groups of A combining into the Z/2Z-graded abelian
group K∗(A) = K0(A)⊕K1(A). The K-homology groups are homotopy invariants
of A and encode index theoretic information. See [36] for an excellent exposition
of this theory. Historically, the Fredholm picture of K-homology was conceived
by Atiyah [2] who introduced it to make the Atiyah-Singer index theorem into
a functorial statement. It reached full maturity in the work of Kasparov [40],
where the groups KK∗(A, B) = KK0(A, B) ⊕ KK1(A, B) are defined similarly, as
an abelian group of homotopy classes of (A, B)-Kasparov modules. This culmi-
nated in his proof of the Novikov conjecture for a large class of groups [41]. For
computational purposes, it is sometimes convenient to work with unbounded
Fredholm modules.

Definition 2. An unbounded even Fredholm module over a C∗-algebra A con-
sists of a triple (π, H , D) containing the data:

2In which case B(H ) is replaced with End∗B(E) – the C∗-algebra of adjointable B-linear
operators on E , and the C∗-algebra of compact operators by the C∗-algebra of B-compact
operators KB(E).
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(1) a Z/2-graded Hilbert space H carrying an even ∗-representation π :

A→ B(H ).
(2) a selfadjoint odd operator D with locally compact resolvents π(a)(D ±

i)−1 ∈ K(H ) for all a ∈ A, such that the ∗-algebra

Lip(π, H , D) :=

§

a ∈ A :
π(a)Dom (D) ⊆Dom (D) and

[D,π(a)] extends to a bounded operator

ª

,

is norm dense in A.

A triple (π, H , D) with the above properties save for the fact that the Hilbert
space H is graded, defines an unbounded odd Fredholm module. If π is faithful
and A ⊆ π(Lip(π, H , D)) is dense in π(A) the triple (A , H , D) is called an even
(odd) spectral triple.
If in the above H is replaced with a Hilbert C∗-module E over a second C∗-
algebra B, B(H ) with End∗

B
(E) – the C∗-algebra of adjointable operators on E ,

and on the operator D the further assumption that D is regular is added (for
details see [4]), then (π, E , D) defines an unbounded KK-cycle for (A, B).

An unbounded KK-cycle defines a Kasparov module by setting F := D(1+D2)−
1
2 ,

the bounded transform of D. It should be noted that with any choice of bounded
continuous function χ ∈ Cb(R,R), such that χ2−1 ∈ C0(R), we can associate a
Kasparov module by setting Fχ := χ(D), producing a Kasparov module differing
from that defined by F only by a compact perturbation.
For the special case of unbounded Fredholm modules, another way of doing
this, which features prominently in the present work, is through the phase of
D; the phase is defined as D|D|−1. Here |D|−1 is defined to be 0 on the kernel
of D. The construction of the phase hinges on the fact that for unbounded
Fredholm modules, the spectrum of D is discrete, and there is a χ ∈ C∞(R,R)

as above with χ ′ ∈ C∞
c
(R,R) such that Fχ = D|D|−1. In the special case of

unbounded Fredholm modules, a modification of χ on a compact subset of R
affects the bounded Fredholm module by a mere finite rank perturbation. In
particular, the associated KK-class does not depend on χ . We will in this pa-
per see several examples of how finer analytic properties depend on the choice χ .

The foundation of noncommutative geometry is built on the idea that the ge-
ometry of a “noncommutative space” is encoded by a spectral triple on the
“algebra of functions”, i.e. a C∗-algebra. Conformal geometry is encoded by
a choice of a bounded Fredholm module. Homological algebra corresponds to
K-theory and K-homology. These ideas were pioneered by Connes and many
examples are to be found in [14]. In the classical case of manifolds, this circle
of ideas is supported by facts such as

(1) The geodesic distance on a manifold can be reconstructed from any
spectral triple defined from a Dirac type operator, see [14, Chapter
VI].
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(2) The conformal class of a metric is uniquely determined by the bounded
transform of a spectral triple defined from a Dirac type operator modulo
compact perturbations, see [10].

(3) A Riemannian spinc-manifold can be reconstructed from the spectral
triple3 associated with the spinc-Dirac operator, see [16].

We have made a choice of a distinguishing in terminology between spectral
triples and unbounded Fredholm modules as the former corresponds to prescrib-
ing a “non-commutative geometry” while the latter is a cocycle for a cohomol-
ogy theory for C∗-algebras. Despite this, we abuse the notation by sometimes
identifying an unbounded Fredholm module (π, H , D) with the spectral triple
(π(Lip(π, H , D)), H , D) for A/kerπ.

Obstructions to finite summability. Summability of Fredholm modules
is based on the idea of refining the compactness properties in its definition by
requiring that the compact operators appearing in Definition 1 and 2 belong
to a finer symmetrically normed operator ideals. For details on symmetrically
normed operator ideals, the reader is referred to [14, 50, 64]. We will mainly
use finite summability and θ -summability; they are respectively defined using
Schatten ideals and the Li-ideals. Throughout the paper, we let H denote a
separable Hilbert space. For a compact operator T on H we let (µk(T ))k∈N ⊆
R+ denote a decreasing enumeration of the singular values of T . Recall that
the Schatten ideals are defined as

L p(H ) := {T ∈K(H ) : (µk(T ))k∈N ∈ ℓ
p(N)} ,

for p > 0. These spaces are not closed in operator norm and form ideals of
compact operators in B(H ). The homogeneous function

‖T‖L p :=
p
q

Tr((T ∗T )
p

2 ) = ‖(µk(T ))k∈N‖ℓp(N),

makes L p(H ) into a symmetrically normed operator ideal (in particular a
Banach ∗-algebra) for p ∈ [1,∞) and for p ∈ (0,1) into a quasi-normed space.
For p ∈ [1,∞), the spaces

L p,∞(H ) :=
�

T ∈K(H ) : µk(T ) = O(k−1/p)
	

and

Li
1
p (H ) :=

�

T ∈K(H ) : µk(T ) = O(log(k)−1/p)
	

,

form symmetrically normed operator ideals as well. We use the notation
Li(H ) := Li1(H ).

Definition 3. Let (π, H , F) be an analytic K-cycle for a C∗-algebra A. Then
(π, H , F) is said to be p-summable if the ∗-algebra

Hölp(π, H , F)

:= {a ∈ A : [F,π(a)] ∈ L p(H ), π(a)(F∗ − F), π(a)(F2 − 1) ∈ L p/2(H )},

is norm dense in A. If L p(H ) andL p/2(H ) is replaced with Li
1
2 (H ) respectively

Li(H ), (π, H , F) is θ -summable. An unbounded Fredholm module (π, H , D) is

3Once it is decorated with some further manifold-like structures.
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p-summable if π(a)(D ± i)−1 ∈ L p(H ), for a in a subalgebra of Lip(π, H , D)

dense in A, and θ -summable if L p(H ) is replaced with Li
1
2 (H ).

More generally, one can speak of summability relative to any ideal of operators.
Whenever I ,J ⊆ K(H ) are ∗-ideals such that J = {a : a∗a ∈ I }, we will say
that (π, H , F) is J -summable if the ∗-algebra

HölJ (π, H , F) :=
�

a ∈ A : [F,π(a)] ∈ J , π(a)(F∗ − F), π(a)(F2 − 1) ∈ I
	

,

is norm dense in A. The ∗-algebra HölJ (π, H , F) forms a Banach ∗-algebra
closed under holomorphic functional calculus once the ∗-ideals I and J are
Banach ∗-ideals in B(H ) such that ‖a‖2

J = ‖a
∗a‖I , see more in [7, Proposition

3.12]. Yet another instance is if I (H ) = L p/2,∞(H ) and J (H ) = L p,∞(H ),
in this case we refer to summability as p+-summability.

The motivation for the terminology of the Hölder subalgebra comes from the
prototypical example of a bounded Fredholm module on a manifold. Let M be
a smooth closed n-dimensional manifold and F a self-adjoint pseudo-differential
operator of order 0 acting on a hermitean vector bundle E→ M such that F2 =

1. Letting π denote the representation of C(M) on L2(M , E) given by pointwise
multiplication, we obtain an odd bounded Fredholm module (π, L2(M , E), F).
If E is graded and F odd in this grading this Fredholm module can be viewed
as an even Fredholm module. It follows from combining the results reviewed in
[70, Section 3.6] with [62, Proposition 1], the Weyl law for elliptic operators and
standard results of real interpolation theory that there is a continuous inclusion
of the Hölder continuous functions into the Hölder algebra:

(0.1) Cα(M) ⊆ Höl
n
α
+

(π, L2(M , E), F).

If (π, H , F) is p-summable, p is referred to as the degree of summability of
(π, H , F). In geometric situations, we saw in Equation (0.1) that the degree
of summability often is related to the dimension of the underlying space via
some type of Weyl law. The notion of θ -summability is robust in the sense
that θ -summable K-cycles can be lifted to unbounded θ -summable Fredholm
modules (cf. [14, Chapter IV.8.α, Theorem 4]). Particular instances of this
phenomenon are known for finite summability as well; notably, in the paper
[62] a lifting result for the group algebra of a group of polynomial growth
was established. The general situation is quite different in the case of finite
summability.
The paper [15] shows that the existence of a finitely summable unbounded
Fredholm module over a C∗-algebra A implies the existence of a tracial state
on A. In particular, purely infinite C∗-algebras do not admit finitely summable
unbounded Fredholm modules. Recent results by Emerson-Nica [28] show that
certain purely infinite C∗-algebras arising as boundary crossed product C∗-
algebras associated to hyperbolic groups are “uniformly summable”; that is,
they admit finitely summable bounded Fredholm modules in a strong sense

Documenta Mathematica 20 (2015) 89–170



Summability and CK-algebras 95

made precise below in Definition 5. Thus, a general lifting construction for
Fredholm modules, preserving finite summability, is impossible.
We show, among other results in this paper, that a result similar to that of
[28] holds for Cuntz-Krieger algebras, which also are purely infinite in many
cases. We furthermore provide a class of examples of θ -summable unbounded
Fredholm modules on Cuntz-Krieger algebras such that their phases are finitely
summable. This difference in finite summability for bounded and unbounded
Fredholm modules indicates not only that lifting is a delicate matter but that
the same holds for finer analytic properties of bounded transforms and the
choice of χ .

Definition 4. Let A be a C∗-algebra. We say that the class x ∈ K∗(A) is sum-
mable of degree p if there exists a p-summable Fredholm module representing x .
We define the degree of summability of x to be the infimum of the set of num-
bers p > 0 for which x is p-summable. The odd (even) degree of summability of
A is the supremum of the degree of summability of all odd (even) K-homology
classes.

When taking the infimum of a set, we always apply the convention that the
infimum of the empty set if infinite. We say that the C∗-algebra A has finitely
summable odd respectively even K-homology if it has a finite odd respectively
even degree of summability. We say that a K-homology class is finitely sum-
mable if it has a finite degree of summability. The summability degree of a
C∗-algebra is clearly an isomorphism invariant. An interesting question is if
it is a homotopy invariant. A related open problem hinted above is to find
obstructions for finite summability of K-homology classes similar to the tracial
obstructions for finitely summable unbounded Fredholm modules from [15]. We
also note the terminology uniformly summable from [28].

Definition 5 ([28]). A C∗-algebra A is said to be uniformly summable if there
is a p > 0 and a dense ∗-subalgebra A ⊆ A such that any x ∈ K∗(A) admits a
representative that is p-summable on A .

Example. We have one example of a K-homology class that is not finitely sum-
mable. This result is not to be confused with the interesting results of [57, 58]
where a subalgebra of A, on which K-homology classes are required to be finitely
summable, is fixed.

Lemma 6. Let A :=
⊕∞

j=1
C(S2 j−1) – the C0-direct sum of odd-dimensional

spheres. There is a K-homology class x ∈ K1(A) with infinite degree of summa-
bility.

Proof. Consider the sum of fundamental classes x =
∑∞

j=1
[S2 j−1], that is, x is

represented by (π,
⊕∞

j=1
L2(S2 j−1), F) where π is action by pointwise multipli-

cation and F = ⊕F j where F j = 2Pj − 1 and Pj is the Szegö projection on S2 j−1.
This is a well defined Fredholm module since a 7→ [F,π(a)] is a norm-continuous
mapping A→ B(

⊕∞
j=1

L2(S2 j−1)) of norm at most 2 and for a in the dense sub-

algebra Cc(
∐∞

j=1
S2 j−1) ⊆ A it holds that [F,π(a)] ∈ L p(

⊕∞
j=1

L2(S2 j−1)) for any
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p > dim(supp (a))+1. It holds that K1 (A) ∼=
∏∞

j=1
Z and it is a well known fact

that x |C(S2 j−1) ∈ K1(C(S2 j−1)) ∼= Z is a generator for any j, see for instance [71].

Suppose that x admits a p-summable representative (π̃,H , F̃ ). By [7, Propo-
sition 3.12] it follows that A := Hölp(π̃, H , F̃) is not only dense but also
holomorphically closed in

⊕∞
j=1

C(S2 j−1). By a standard approximation ar-

gument, using that A is holomorphically closed, the characteristic function pk

for S2k−1 ⊆
∐∞

j=1
S2 j−1 belongs to A . In particular pkA ⊆ C(S2k−1) is a holo-

morphically closed dense subalgebra. It follows that the degree of summability
of x is bounded from below by that of x |S2k−1 . By [25, Proposition 3] we have
a lower estimate for the degree of summability of any z ∈ K1(C(S2k−1)) \ {0}
given by 2k − 2. Hence we have a contradiction since our assumptions imply
that p ≥ 2k− 2 for all k. �

Content and organization of the paper. The content of the paper can
be summarized in the following Theorem. We use the letter A for an N × N -
matrix only containing the numbers 0 and 1. It will be clear from its context
when A is a matrix and when it is a C∗-algebra as above.
The notation ΩA is for the space of characters of the standard maximal abelian
subalgebra in the Cuntz-Krieger algebra OA associated with the N×N -matrix A,
see more in Section 1 below. There is a C(ΩA)-valued conditional expectation
on OA. We let EΩ

A
denote the C(ΩA)-Hilbert C∗-module closure of OA and πΩ

A
:

OA→ End∗
C(ΩA)

(EΩ
A
) the left OA-action.

Theorem 7. The odd degree of summability of a Cuntz Krieger algebra OA

is 0. Moreover, there exists an unbounded bivariant (OA, C(ΩA))-cycle (E
Ω

A
, D)

with the following property. For each class x ∈ K1(OA) one can find a finite
collection (ω j,x )

mx

j=1
⊆ ΩA and localize D at each of these characters to construct

the self-adjoint operator Dj,x on EΩ
A
⊗ω j,x

C such that the unbounded Fredholm

module
�

mx⊕

j=1

(πΩ
A
⊗ω j,x

id
C

),

mx⊕

j=1

(EΩ
A
⊗ω j,x

C),

mx⊕

j=1

Dj,x

�

,

is a θ -summable representative for x ∈ K1(OA). Moreover, each of the triples
�

πΩ
A
⊗ω j,x

id
C

, EΩ
A
⊗ω j,x

C, Dj,x |Dj,x |
−1
�

form p-summable analytic K-cycles for any p > 0 .

Remark 8. The first statement of this Theorem should be compared to the
results of [28]. The intersection of applications for this paper with [28] lies in
the examples of discrete hyperbolic groups Γ such that C(∂ Γ )⋊ Γ is a Cuntz-
Krieger algebra. E.g. when Γ is a free group (see below in Subsubsection
3.4.3).
In these cases, the results of [28] are stronger in regards to finite summability
of bounded Fredholm modules as they consider also the even K-homology. We
compare the two approaches in a special case in Subsubsection 4.2.1.
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Remark 9. Whittaker [73, 74], has carried out constructions similar to those in
this paper. The computational approaches differs, but the spirit prevails. It is
an interesting question if the results of this paper carry over to general Smale
spaces relating to the work of Whittaker.

Remark 10. In regards to the discussions above, we can use the same ∗-algebra
for all of the Fredholm modules constructed in this paper. Namely, the ∗-
algebra generated by the C∗-generators of the Cuntz-Krieger algebra.

The paper is organized as follows. In Section 1 we recall some well known
facts about Cuntz-Krieger algebras, focusing on their origin in the dynamics of
sub shifts of finite type. This is encoded by means of a groupoid, first studied
by Renault [59, 60]. The possibility to interchange the groupoid picture of
Cuntz-Krieger algebras and the standard generator picture, used in the original
definition of Cuntz-Krieger [22], is crucial to identifying the K-homology classes
of the Fredholm modules and spectral triples constructed in this paper.
Section 2 contains the proof of the fact that the odd degree of summability of
OA is 0, this is stated in Theorem 2.0.1. To be precise, we recall the construction
from [39] of Poincaré duality K∗(OA)

∼= K∗+1(OAT ). Using this construction, we
identify exactly which odd K-homology cycles we need to prove finite summa-
bility for. The results of Section 2 implies that any odd K-homology class
can be represented by a Fredholm module on the GNS-space L2(OA) associated
with the KMS-state on OA. It would be desirable to prove that the duality class
∆ ∈ K1(OA⊗̄OAT ) in fact is finitely summable, in which case it would follow that
the even degree of summability of OA is finite. We can in general only prove
θ -summability of ∆ (see Theorem 2.3.2). In certain cases, for instance SUq(2),
we obtain finite summability of a K-cycle representing ∆.
For the construction of unbounded Fredholm modules on OA in a given odd
K-homology class, we consider two approaches. One using the subalgebra of
fixed points for the gauge action, an AF-algebra, in Section 3 and one using
the standard maximal abelian subalgebra in Section 5. The approach of using
the fixed point algebra is explored first as there is an unbounded KK-cycle
naturally associated with the gauge action, the gauge cycle. We prove that the
gauge cycle plays the role of a boundary mapping in the Pimsner-Voiculescu six
term exact sequence associated with the gauge action. As such, the possible K-
homology classes of the unbounded Fredholm modules that can be constructed
from the fixed point algebra by means of a Kasparov product with the gauge
cycle can be computed. We carry out these computations in some special cases
in Subsection 3.4. In some cases any K-homology class is of this form (see
Remark 3.4.9), only the odd ones are (e.g. for SUq(2), see Remark 3.4.5) and
in other cases only the trivial class is (e.g. the Cuntz algebra ON , see Remark
3.4.3).
Before considering the approach of constructing unbounded Fredholm modules
from the maximal abelian subalgebra in Section 5, we recall some spectral
triples in Section 4 considered by Bellissard-Pearson [5]. These spectral triples
are interesting since there is an obstruction to extending them to the ambient
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Cuntz-Krieger algebra coming from the class of the unit [1OAT
] ∈ K0(OAT ) under

Poincaré duality K0(OAT ) ∼= K1(OA). They also provide a natural candidate for
constructing spectral triples on OA with geometric content. In Section 5, we
construct an unbounded bivariant (OA, C(ΩA))-cycle. The restrictions of this
bivariant cycle to suitable fibres over ΩA generate the odd K-homology group
of OA. We may even identify the phases of these unbounded Fredholm modules
with finitely summable analytic K-cycles very similar to those constructed in
Section 2. In particular, this shows that the Kasparov product

KK1(OA, C(ΩA))⊗ K0(C(ΩA))→ K1(OA),

is surjective. This stands in sharp contrast with the situation where C(ΩA) is
replaced with the fixed point algebra FA. E.g. for the Cuntz algebra where
K0(FN ) = 0 but K1(ON )

∼= Z/(N − 1)Z (cf. computations in Subsubsection
3.4.1).
In view of this, we end this paper with a construction of an unbounded Kasparov
product between the unbounded bivariant (OA, C(ΩA))-cycle with the Bellissard-
Pearson spectral triples – a certain infinite direct sum of point evaluations with
dynamical content.
We compute the class of this Kasparov product in rational K-homology. The
construction uses and extends the techniques of [9, 38, 52] to account for nat-
urally ocurring unbounded commutators. This is achieved in the context of
ǫ-unbounded Fredholm modules, a slight weakening of the notion of unbounded
Fredholm modules. This weakening has been hinted at in the literature. We
describe the main properties of ǫ-unbounded Fredholm modules in the Appen-
dix.

Remark 11. In the Ph.D. thesis of Senior [63], an unbounded Fredholm opera-
tor for the quantum group SUq(2) is constructed through the same connection
techniques employed here. Although the algebra C(SUq(2)) is a Cuntz-Krieger
algebra (see Subsection 1.4.1), the base space taken in [63] is the noncom-
mutative Podlés sphere, and thus the constructions differ fundamentally. In
particular, the ǫ-unbounded Fredholm module techniques we employ to prove
that our operators represent Kasparov products do not apply there.

1. Groupoids, C∗-algebras and dynamics

In this section we will recall some well known facts about the dynamics of sub
shifts of finite type, Cuntz-Krieger algebras and the interplay in between them
arising from a certain groupoid. The purpose of this section is to set notations
and to introduce the underlying classical geometry before describing its non-
commutative geometry. Relevant references are provided in each subsection.

1.1. Subshifts of finite type on the boundary of a tree. In this sec-
tion we recall basic facts and introduce notation regarding subshifts of finite
type. We let A= (Ai j)

N
i, j=1

denote an N × N matrix with coefficients being 0 or

1. Sometimes we write A(i, j) = Ai j . The matrix A can be thought of as defining
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the admissible paths in a Markov chain, where a jump from i to j is admissible
if and only if A(i, j) = 1. We always assume that no row nor column of A is
zero to guarantee that there is always an allowed jump into as well as out of a
letter j ∈ {1, . . . , N}.
There are several well studied geometric objects associated with this Markov
chain. The first is the compact space of infinite admissible words:

ΩA := {(xk)k∈N+ ∈ {1, . . . , N}N : ∀k : A(xk, xk+1) = 1},

equipped with the topology induced from the compact product topology on
{1, . . . , N}N. The space ΩA is totally disconnected. There is a natural shift
operator

ΩA→ ΩA

(xk)k∈N 7→ (xk+1)k∈N.

The pair (ΩA,σ) is called a subshift of finite type and is amongst the most well
studied systems in dynamics, see for example [42, 49, 55].
We call a sequence of numbers µ = (µ j)

M
j=1

with µ j ∈ {1, . . . , N} a finite word of

length M . The length M of µ is denoted by |µ|. A finite word µ = (µ j)
M
j=1

is

said to be admissible for A if A(µ j ,µ j+1) = 1 for j = 1, . . . , M − 1. To simplify

notation we often write µ1µ2 · · ·µM for a finite word µ = (µ j)
M
j=1

. The empty

word is defined to be an admissible finite word that we denote by ◦A. The
length of the empty word is defined to be 0. The set of all admissible finite
words will be denoted by VA. For k ∈N, we use the notation

(1.2) ϕ(k) := #{µ ∈ VA : |µ|= k}.

The space ΩA splits into cylinder sets Cµ associated with finite words µ:

Cµ := {(xk)k∈N : x1 · · · x|µ| = µ} and C◦ = ΩA.

A finite word µ is admissible if and and only if Cµ 6= ;. The sets Cµ are clopen
subsets of ΩA and generate the topology. The shift σ is injective on each
Cµ if |µ| > 0. We will abuse the notation by denoting the with σ associated
endomorphism of the C∗-algebra C(ΩA) also by σ. Whenever X ⊆ ΩA is a clopen
subset, the characteristic function χX of X defines a locally constant continuous
function. These observations imply the following Proposition.

Proposition 1.1.1. The C∗-algebra of continuous functions C(ΩA) forms an
AF-algebra. The AF-filtration is given by

Ck :=
⊕

|µ|=k

CχCµ
∼=Cϕ(k).

The inclusions Ck ,→Ck+1 are induced from the partition Cµ = ∪
N
j=1

Cµ j.

The space ΩA can be viewed as the boundary at infinity of the tree VA of finite
A-admissible words. The countable set VA becomes a tree by allowing an edge
between µ and ν whenever ν= µi for some i. By choosing the empty word ◦A as
the base point, VA becomes a rooted tree. The space ΩA is naturally identified
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with the space of infinite paths starting at ◦A. As such, ΩA carries a natural
metric, defined for x 6= y by

(1.3) dΩA
(x , y) := e−min{n:xn 6=yn}.

Informally speaking, two paths are close when they stay on the same track for
a long time. In this metric, the cylinder sets satisfy

diam(Cµ) = e−|µ|.

The tree VA is in particular a Gromov hyperbolic space, and VA := VA ∪ ΩA is
a compactification of VA when given the topology generated by that of VA and
the sets

Cǫ
µ

:= Cµ ∪ {ν ∈ VA : ν ∈ CV
µ

, dΩA
(◦A,ν) ≥ ǫ−1}.

Here CVµ denotes the finite analogue of the cylinder set Cµ;

CV
µ

:= {ν ∈ VA : ν= µλ for some λ ∈ VA} ⊂ VA.

Definition 1.1.2. A function t : VA→ ΩA is said to satisfy the cylinder condi-
tion if

t(µ) ∈ Cµ ∀µ ∈ VA.

The next proposition shows that functions satisfying the cylinder condition
provides a natural candidate for a ∗-homomorphism splitting the following short
exact sequence of C∗-algebras:

0→ C0(VA)→ C
�

VA

�

→ C(ΩA)→ 0.

Proposition 1.1.3. If t : VA → ΩA satisfies the cylinder condition, see Def-
inition 1.1.2, then pullback along t∗ : C(ΩA) → Cb(VA) factors over a ∗-
homomorphism

t∗ : C(ΩA)→ C
�

VA

�

such that (t∗ f )|ΩA
= f .

Proof. The Proposition follows once proving that the mapping t̄ : VA → ΩA

given by t̄|VA
:= t and t̄|ΩA

:= idΩA
is continuous. This follows from the fact that

t̄−1(Cµ) ⊆ Cǫ
µ

for some ǫ > 0, so t̄ is continuous. �

The set of finite words comes with a shift mapping defined as

σV : VA \ ◦ → VA, µ= µ1µ2 · · ·µN 7→ µ2 · · ·µN .

The endomorphism σ : C(ΩA)→ C(ΩA) has an associated transfer operator

(1.4) Lσ( f )(x) :=
∑

y∈σ−1(x)

f (y).

This operator extends to an operator L̄σ : C
�

VA

�

→ C
�

VA

�

by setting

L̄σ( f )|VA
(µ) :=

∑

ν∈σ−1
V (µ)

f (ν) for µ ∈ VA. Via the Riesz Representation Theo-

rem, the induced operator L̄∗
σ

: C
�

VA

�∗
→ C

�

VA

�∗
can be viewed as an operator

on the Borel measures on VA.
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Definition 1.1.4. A Borel measure µ on ΩA is called conformal of dimension
δA if L̄∗σ(µ) = eδAµ.

There is a canonical σ-conformal measure on the space ΩA, which can be con-
structed explicitly. Denote by δA the upper Minkowski dimension (sometimes
called the upper box dimension, see e.g. [31]) of ΩA.

Theorem 1.1.5 (cf. [5], Theorem 2). Let s > 0. The series
∑

ν∈VA
e−s|ν| is

convergent for all s > δA and divergent for 0 < s ≤ δA. Consequently δA :=

inf{s :
∑

ν∈VA
e−s|ν| <∞}.

A direct corollary of Theorem 1.1.5 is the following (recall the definition of ϕ
from Equation (1.2)).

Corollary 1.1.6. There is a positive sequence Cs ∈ ℓ
1(N) such that ϕ(k) ≤

Cs(k)e
sk whenever s > δA.

Consider the measures

µs :=

∑

e−s|ν|δν
∑

e−s|ν|
,

viewed as an element of C(VA)
∗. Subsequently define µA = w∗- lims↓δA

µs, which is

to be interpreted as a weak∗ limit in C(VA)
∗. This is the well-known Patterson-

Sullivan construction [56, 69]. Since the series of Theorem 1.1.5 diverges at
δA, the measure µA is supported only on the boundary ΩA. For f ∈ C(ΩA),∫

ΩA
f dµA can be computed by choosing an extension f̃ to VA, since any two

such extensions differ by a function supported in VA.

Theorem 1.1.7 (cf. [17, 24, 56, 69]). The measure µA is σ-conformal of di-
mension δA.

Proof. First we compute,

∫

ΩA

f d L∗
σ
µs =

∑

ν∈VA
e−s|ν|Lσ f (ν)

∑

ν∈VA
e−s|ν|

=

∑

ν∈VA
e−s|ν|

∑

λ∈σ−1
V (ν)

f (λ)
∑

ν∈VA
e−s|ν|

=

∑

ν∈VA\◦
e−s(|ν|−1) f (ν)

∑

ν∈VA
e−s|ν|

= es

∑

ν∈VA\◦
e−s|ν| f (ν)

∑

ν∈VA
e−s|ν|

,

and then, using that
∑

ν∈VA
e−sν diverges at s = δA, we take the limit

lim
s↓δA

∫

ΩA

f d L∗
σ
µs = lim

s↓δA

es

∑

ν∈VA\◦
e−s|ν| f (ν)

∑

ν∈VA
e−s|ν|

= lim
s↓δA

es

∑

ν∈VA
e−s|ν| f (ν)

∑

ν∈VA
e−s|ν|

= eδA

∫

ΩA

f dµ.

�
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1.2. Groupoids, C∗-algebras and modules. Groupoids are an intermedi-
ate structure between spaces and groups. The C∗-algebras constructed from
groupoids form a rich source of noncommutative C∗-algebras, and the groupoid
origin provides a geometric description of those.

Definition 1.2.1. A groupoid is a small category G in which all morphisms
are invertible.

The requirement of being small is of a set-theoretical nature; the objects in G
form a set. We denote the set of objects by G (0) and the set of morphisms by
G (1). There is an inclusion G (0)→G (1) as identity morphisms. We often write
G for G (1). The domain and range maps are denoted d, r : G (1)→G (0) and the
set of composable pairs is

G (2) := {(ξ,η) ∈ G ×G : d(ξ) = r(η)}.

This is itself a groupoid with domain and range maps the coordinate projec-
tions, and composition

(ξ1,η1) ◦ (η1,ξ2) := (ξ1,ξ2).

If G carries a locally compact Hausdorff topology for which the maps r, d and
composition G (2) → G are continuous, then G is said to be a locally compact
Hausdorff groupoid.

Definition 1.2.2. A locally compact Hausdorff groupoid G is étale if the fibers
of the range map r : G → G (0) are discrete.

An étale groupoid G carries a canonical Haar system (see [59]), consisting
of counting measure in each fibre of r. This allows for the definition of the
convolution product on Cc(G ), defined by

(1.5) f ∗ g(η) =
∑

ξ∈r−1(η)

f (ξ)g(ξ−1η),

which is a finite sum because f is compactly supported and r−1(η) is discrete.

There is a locally compact Hausdorff étale groupoid GA encoding the dynamics
of the totally disconnected compact space ΩA and the self mapping σ. The unit

space of GA is defined as G (0)A := ΩA and the morphism space by

G (1)A := {(x , n, y) ∈ ΩA×Z×ΩA : ∃k ∈N s.t. σn+k(x) = σk(y)}.

The range and source mappings are defined by

r(x , n, y) = x respectively d(x , n, y) = y.

The composition is given by

(x , n, y)(y, m, z) = (x , m+ n, z).

The groupoid GA can be given a locally compact étale topology in the following
way (see [59, 60]). Let m and n be natural numbers, U ⊆ ΩA an open set on
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which σm is injective, and V ⊆ ΩA an open set on which σn is injective. The
basic open sets for the topology are given by

(1.6) (U , m, n, V ) := {(x , m− n, y) : σm(x) = σn(y)}.

Since this groupoid is étale, it admits a natural Haar system νx given by count-
ing measure in the fibers.
Recall that a measure µ on G (0) is called quasi-invariant if the induced measure
dµ(ξ) = dνx(ξ)dµ(x) is equivalent to its inverse dµ(ξ−1). The Radon-Nikodym

derivative∆ :=
dµ−1

dµ is a measurable 1-cocycle on G called the modular function.

If G is an étale groupoid and U ⊂ G an open set on which both r and d are
injective, define T : r(U)→ d(U) by x 7→ d(r−1(x) ∩ U). A measure µ on G (0)

is quasi-invariant with modular function ∆ if for every such U we have

dT ∗µ

dµ
(x) =∆(r−1(x)∩ U).

See more in [59, Remark 3.22].

Proposition 1.2.3. The measure µA is a quasi-invariant measure on ΩA with
modular function ∆(x , n, y) = e−δAn.

Proof. The maps r and d are injective on the basic open sets (U , m, n, V ). For
n−m ≥ 0 and supp f ⊂ V we have

T ∗ f (x) =
∑

y∈σm−n(x)

f (y) = Ln−m
σ

f (x).

We conclude that
∫

V
f dT ∗µA =

∫

V
f d L(n−m)∗µA = e(n−m)δA

∫

V
f dµA. For n−m <

0
∫

V

f dµA =

∫

U

f dT−1∗µA =

∫

U

f d L(m−n)∗
σ µA

= e(m−n)δA

∫

U

f dµA = e(m−n)δA

∫

V

f dT ∗µA,

so in this case
∫

V
f dT ∗µA = e(n−m)δA

∫

V
f dµA as well. �

The reduced C∗-algebra of an étale groupoid G is a certain C∗-algebra com-
pletion of the algebra that Cc(G ) forms under the convolution product (1.5).

There is a conditional expectation ρ : Cc(G )→ C0(G
(0)) given by restriction of

functions to G (0). To construct C∗
r
(G ), define the C0(G

(0))-valued inner product

(1.7) 〈 f , g〉(x) :=
∑

ξ∈r−1(x)

f (ξ−1)g(ξ−1) = ρ( f ∗ ∗ g),

which is C0(G
(0))-linear for multiplication from the right. The completion of

Cc(G ) in the norm induced from (1.7) is a Hilbert C∗-module EG , the Haar
module, on which Cc(G ) acts, via convolution, by adjointable operators. Its
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completion in the operator norm is C∗
r
(G ). The map ρ above extends to a

conditional expectation

(1.8) ρ : C∗
r
(G )→ C0(G

(0)).

This intrinsic construction of C∗
r
(G ) was first considered in [44].

For a closed subgroupoid H ⊂ G , we can do a similar construction. Denote
by ρH : Cc(G ) → Cc(H ) the restriction map. This extends to a conditional
expectation ρH : C∗

r
(G )→ C∗

r
(H ), see [59]. Relative to the closed subgroupoid

G (0) ⊂ G , the inner product (1.7) can be expressed as 〈 f , g〉 = ρG (0)( f
∗ ∗ g). We

distinguish the domain and range mappings of G respectively H by an index,
e.g. rG : G (1)→G (0). There is a right Cc(H )-module structure on Cc(G ) given
by

g · h(η) :=
∑

ξ∈r−1
H (dG (η))

g(ηξ)h(ξ−1), η ∈ G ,

and the formula for the inner product is similar to (1.7):

〈 f , g〉(η) := ρH ( f
∗ ∗ g)(η) =

∑

ξ∈r−1
G (rH (η))

f (ξ−1η)g(ξ−1) for η ∈H ,

The completion of Cc(G ) with respect to this inner product is a Hilbert C∗-
module EGH over C∗

r
(H ); there is also a left action of C∗

r
(G ), which is defined

by convolution. The C∗-algebra of C∗
r
(H )-compact operators on such modules

can be easily described. We now turn to a brief review of this description.
Consider the right action of H on G and its associated quotient space

(1.9) G/H = {[ξ] : ξ ∈ G , [ξ1] = [ξ2]⇔∃η ∈ H ξ1η= ξ2}.

The space

G ⋉G/H := {(ξ, [η]) : d(ξ) = r(η)},

can be made into a groupoid with (G ⋉G/H )(0) = G/H by defining

range map: r(ξ, [η]) := [ξη],

domain map: d(ξ, [η]) := [η],

composition: (ξ1, [η]) ◦ (ξ2, [ξ−1
2
η]) := (ξ1ξ2, [ξ−1

2
η]),

and inversion: (ξ, [η])−1 := (ξ−1, [ξη]).

This groupoid is étale because both G and H are. The above construction is
a special case of an action of the groupoid G on a space, which in this case is
G/H . In that context, the map [η] → r(η), viewed as a map G/H → G (0)

is called the moment map of the action. For the general theory of groupoid
actions, its relation to C∗-algebras and modules, and further references see
[47, 51, 68].

Theorem 1.2.4 (cf. [54, 65]). Let G be an étale groupoid and H ⊂G a closed
subgroupoid. The mapping

πGH : C∗
r
(G ⋉G/H )→KC∗r (H )

(EGH )
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defined on a ∈ Cc(G ⋉G/H ) ⊆ C∗
r
(G ⋉G/H ) and f ∈ im (Cc(G )→ EGH ) by

πGH (a) f (η) :=
∑

ξ∈r−1(r(η))

a(ξ, [ξ−1η]) f (ξ−1η) for η ∈ G ,

is an isomorphism.

The fact that C∗
r
(G⋉G/H )

∼
−→KC∗

r
(H )(E

G
H ) follows from the Morita equivalence

H ∼ G ⋉ G/H of groupoids and the results in [54, 65]. The explicit formula
for the isomorphism can also be found in [51, Equation (11)].

1.3. Cuntz-Krieger algebras. Let OA be the Cuntz-Krieger algebra asso-
ciated with the N × N matrix A = (Ai j). Recall our assumption on A; no row
nor column in A is 0. The C∗-algebra OA was defined in [22] as the universal
C∗-algebra generated by elements Si satisfying the relations

S∗
i
Si =

N
∑

j=1

Ai jS jS
∗
j
,(1.10)

N
∑

i=1

SiS
∗
i
= 1,(1.11)

SiS
∗
i
S jS

∗
j
= S jS

∗
j
SiS

∗
i
= δi jSiS

∗
i
.(1.12)

Following the notation [22], for the source projections we write Qi := S∗
i
Si and

for the range projections Pi := SiS
∗
i
. The relations (1.10)-(1.12) become

(1.13) Pi Pj = δi j Pi and Qi =

N
∑

j=1

Ai j Pj .

For any finite word µ = µ1µ2 · · ·µM , we let Sµ ∈ OA denote the element
Sµ1

Sµ2
· · ·SµM

. The relation (1.13) guarantees that the element Sµ is non-zero if
and only if µ is an admissible word.

Proposition 1.3.1 (Lemma 1.1 of [46]). The following computation holds:

S∗
ν
Sγ =













Sβ , if γ= νβ , for some β ,

Qνk
, if ν= γ = ν1 · · ·νk

S∗
β
, if ν= βγ, for some β ,

0, otherwise.

Every non-zero word in Si and S∗
j
can be written as a finite sum of terms of

the form SµS∗ν where the admissible µ = µ1 · · ·µk and ν = ν1 · · ·νl satisfy that
µk = νl .

The following fundamental result is due to Renault.

Theorem 1.3.2 ([59, 60]). There is a canonical isomorphism between the
groupoid C∗-algebra C∗

r
(GA) and the universal C∗-algebra OA.
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The isomorphism is implemented by mapping Si to the characteristic function
of the set

(1.14) X i := {(x , 1,σ(x)) : x ∈ Ci} .

As the images of the Si :s satisfy the Cuntz Krieger relations, we obtain a
∗-homomorphism OA→ C∗

r
(GA). For more details on the proof see [60].

Recall the following condition, usually referred to as condition (I), on the N×N -
matrix A. A finite admissible word ν = ν1 · · ·νR is a loop based in j ∈ {1, . . . , N}
if ν1 = νR = j and νk 6= j for k = 2, . . . ,R− 1. If any j = 1, . . . , N satisfies that
there is an admissible finite word µ = µ1 · · ·µM with µ1 = j and there are two
different loops based in µM , we say that A satisfies condition (I). The matrix A

satisfies condition (I) if and only if ΩA has no isolated points. An example when
condition (I) is satisfied is if A is irreducible but not a permutation matrix.

Theorem 1.3.3 (Theorem 2.14 of [22], Proposition 4.3 of [1]). The Cuntz-
Krieger algebra OA satisfies the following:

(1) If A is irreducible, OA is simple.
(2) If A satisfies (I), then OA is purely infinite4.

The quasi-invariant measure µA induces a functional

ϕA : Cc(GA)→C, f 7→

∫

ΩA

f |ΩA
dµA,(1.15)

which extends to a state on C∗
r
(G ). The GNS-representation of OA on L2(OA,ϕA)

is canonically isomorphic to the convolution representation of C∗
r
(GA) on

L2(GA,µA). We will refer to this as the fundamental representation.

1.3.1. The algebra ON . Also known as the Cuntz algebra, was first introduced
in [18]. The algebra ON is the universal C∗-algebra generated by N orthogonal
isometries. The algebra ON is the Cuntz-Krieger algebra associated with the
symmetric N × N -matrix giving by Ai j = 1 for all i, j. The geometry of ΩON

takes a very simple form; since any word is admissible, it holds that VON
=

∪k∈N{1, . . . , N}k and ϕ(k) = N k. In this special case, the KMS-state ϕON
can

be computed as

ϕON
(SµS∗

ν
) = δµ,νN

−|µ|.

1.4. The fixed point algebra of the circle action. The Cuntz-Krieger
groupoid comes with a natural circle action. We describe the action in both
pictures of OA. First of all, the map

cA : GA→ Z

(x , n, y) 7→ n,
(1.16)

4Hence OA is also simple.
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is a continuous homomorphism, or a 1-cocycle. Note that ln∆ = −δAcA, with
∆ as in Proposition 1.2.3. This induces a disjoint union decomposition

GA =
⋃

n∈Z

Gn,

where Gn = c−1
A
(n). Its kernel

HA := ker cA = c−1
A
(0) = {(x , 0, y) : ∃k,σk(x) = σk(y)},

is a closed subgroupoid. We denote FA := C∗
r
(HA) ⊂ C∗

r
(GA). We remark that,

by the remark on the end of page 3 of [22], the algebra FA is simple if A is
aperiodic. There is a U(1)-action on C∗

r
(GA) (see [59]) constructed from the

cocycle cA via

αt ( f )(ξ) := ei t cA(ξ) f (ξ).

We refer to this action as the gauge action. The fixed point algebra for this
action is exactly FA. It is well known that the state ϕA (1.15) satisfies the
KMS-condition at inverse temperature δA with respect to the gauge action (cf.
Definition 3.15 and Proposition 5.4 of [59]).
A third way of describing FA comes from the generators Si . Observe that, in
terms of the linearly spanning elements SµS∗ν coming from Proposition 1.3.1,

αt(SµS∗
ν
) = e(|µ|−|ν|)i tSµS∗

ν
.

Hence FA is the C∗-algebra generated by SµS∗
ν

for |µ| = |ν|. We define F l
A

to
be the span of all non-zero SµS∗ν where |µ| = |ν| = l + 1. As was computed
in the proof of [22, Proposition 2.3]; for a fixed j, the elements SµS∗ν where
|µ| = |ν| = l + 1 and µl+1 = νl+1 = j form a set of matrix units; whenever
l + 1= |µ|= |ν| = |µ′|= |ν′|,

(1.17) SµS∗νSµ′S
∗
ν′ = δν,µ′SµS∗νl+1

Sνl+1
S∗ν′ = δν,µ′SµS∗ν′ .

These identities follows from Proposition 1.3.1. We can conclude the following
Proposition.

Proposition 1.4.1 (Proposition 2.3 of [22]). The space F l
A
is closed under

multiplication and adjoint. In particular,

FA = ∪l∈NF l
A

is an AF-algebra.

The stabilization FA⊗̄K admits yet another description in terms of groupoids.
It follows from [51, Lemma 3.4] that GA/HA

∼= ΩA × Z. The moment map-
ping GA/HA → ΩA is the projection onto the first coordinate under the above
homeomorphism. Hence we can identify GA⋉GA/HA = GA×Z. We will denote
elements of GA⋉GA/HA by (x , k, y, l). The range and domain mappings

r, d : GA⋉GA/HA = GA×Z→GA/HA = ΩA×Z

are given by

r(x , k, y, l) = (x , l) and d(x , k, y, l) = (x , k+ l)

Documenta Mathematica 20 (2015) 89–170



108 M. Goffeng and B. Mesland

The groupoid multiplication in GA⋉GA/HA is given by

(x , k, y, l)(y, m, z, k + l) = (x , k+m, z, l)

The next Proposition follows by a standard argument, which is left to the
reader.

Proposition 1.4.2. The mapping

β : GA⋉GA/HA→GA⋉GA/HA, (x , k, y, l) 7→ (x , k, y, l − 1),

is a groupoid automorphism. There is an isomorphism C∗
r
(GA⋉GA/HA)

∼= OA⋊

U(1) under which β corresponds to the dual Z-action. In particular,

C∗
r
(GA⋉GA/HA)⋊β Z ∼M OA.

Remark 1.4.3. A consequence of Theorem 1.2.4 and Proposition 1.4.2 is the well
known fact that there is a Z-action on FA⊗̄K such that OA⊗̄K

∼= (FA⊗̄K)⋊Z.

The restriction map ρ : C∗
r
(GA) → C∗

r
(Hc) is a conditional expectation. The

associated Hilbert C∗-module is denoted E c . Under the isomorphism OA
∼=

C∗
r
(GA), ρ corresponds to the map E : OA→ FA defined by

E(a) :=
1

2π

∫

U(1)

αt (a)dt.

The mapping E defines an FA-valued inner product on OA. The completion
Eα of OA in the norm associated to this inner product is a Z-graded Hilbert
C∗-module over FA.

Proposition 1.4.4. The isomorphism C∗
r
(GA)

∼= OA is U(1)-equivariant and

induces a Z-graded isomorphism E c ∼−→ Eα.

1.4.1. The quantum group SUq(2). Consider the matrix A=

�

1 1

0 1

�

. The par-

tial isometries S1 and S2 generating OA satisfies the relations

S∗
1
S2 = 0, S2S∗

2
= S∗

2
S2, S1S∗

1
+ S2S∗

2
= 1 and S∗

2
S2 = 1.

This condition guarantees that OA
∼= C(SUq(2)) for any q ∈ [0,1), see more

in [37]. The compact quantum group SUq(2) is well studied and we merely
describe it here as an interesting example. We do not derive anything new.
Any admissible sequence µ ∈ VA has the form

µ= 11 · · ·122 · · ·2,

that is, if the letter 2 appears in a word, all subsequent letters will be 2:s. We
will identify a point (k, l) ∈N2 with the finite word consisting of k occurrences
of 1 followed by l occurrences of 2. It holds that

(1.18) ϕ(l) = #{µ ∈ VA : |µ| = l}= l + 1.

Proposition 1.4.5. There is an isomorphism C(SUq(2))
U(1) ∼= K̃ – the uni-

talization of the compact operators on a separable infinite dimensional Hilbert
space.
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Proof. We use the notation A=

�

1 1

0 1

�

and FA = C(SUq(2))
U(1). In light of the

identification VA =N
2, it holds that

F k
A
∼=C⊕Mk(C).

The first summand is spanned by S(k+1,0)S
∗
(k+1,0)

and the second summand

spanned by SµS∗ν where µ and ν are of length k+ 1 and not ending in 1. Since

S(k,0)S
∗
(k,0)
= S(k+1,0)S

∗
(k+1,0)

+ S(k,1)S
∗
(k,1)

and S(k,l)S
∗
(k′ ,l′)

= S(k,l+1)S
∗
(k′ ,l′+1)

, for l, l ′ > 0,

the embedding of the second factors Ml(C)→ Ml+1(C) is a corner embedding.
Hence the mappings C ⊕ Ml(C) ,→ C ⊕ Ml+1(C) are unital. It follows that
lim
−→
C⊕Ml(C)

∼= K̃. �

2. Finite summability of Fredholm modules

In this section we investigate the finite summability of odd K-homology classes
on Cuntz-Krieger algebras. The central idea when treating the K-homology
of Cuntz-Krieger algebras is the usage of Kaminker-Putnam’s Poincaré duality
class for Cuntz-Krieger algebras. After recalling its construction we will prove
the following Theorem:

Theorem 2.0.1. Any class in K1(OA) admits a p-summable representative for
any p > 0.

To be precise, we prove that any class in K1(OA) can be represented by a K-cycle
that is finite rank summable on the ∗-algebra generated by the generators of
OA. We return to the proof of this theorem in the end of Subsection 2.2. In
the proof, we need to make use of KK-theory. The reader unfamiliar with KK-
theory is referred to the textbook [43] or Kasparov’s original papers [40, 41].
We use the notation ⊗̄ for the minimal tensor product of C∗-algebras.

2.1. Kaminker-Putnam’s Poincaré duality class. Whenever µ ∈
∪k∈N{1, . . . , N}k, we let δµ ∈ ℓ

2(VA) denote the delta function in µ if µ ∈ VA and

δµ = 0 if µ /∈ VA. We obtain an ON-basis {δµ|µ ∈ VA} for ℓ2(VA). We use the no-

tation e1, . . . , eN for the standard ON-basis of CN . If µ= µ1 · · ·µk ∈ {1, . . . , N}k,
we use the notation eµ := eµ1

⊗ · · · ⊗ eµk
∈ (CN )⊗k. Let F denote the Hilbert

space completion of ⊕∞
k=0
(CN )⊗k, with (CN )⊗0 =C, in the scalar product

〈eµ, eν〉F = δµ,ν.

There is a natural isometric embedding ℓ2(VA)→F whose range is the closed
linear span of the set {eµ|µ ∈ VA}. We often identify ℓ2(VA) with its image
under this embedding; that is, we identify eµ with δµ if µ ∈ VA. We also let
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PA : F → ℓ2(VA) denote the orthogonal projection; in particular PAeµ = δµ for
any finite word µ. Define the bounded operators

LA
i

: ℓ2(VA)→ ℓ
2(VA), δµ = eµ 7→ PA(eiµ) = δiµ.

There is a bijection of sets VA→VAT given by

µ= µ1µ2 · · ·µk−1µk 7→ µ̄ := µkµk−1 · · ·µ2µ1,

i.e. the word µ ordered in the opposite way. We define the unitary isomorphism

JV : ℓ2(VA)→ ℓ
2(VAT ), δµ 7→ δµ̄.

Consider the operators RA
i

:= J∗V LAT

i
JV , which act as RA

i
δµ = δµi .

We let {Si |i = 1, . . . , N} and {Ti |i = 1, . . . , N} denote the generators of OA and
respectively OAT . We define the ∗-homomorphisms

βA := OA→C (ℓ
2(VA)), Si 7→ LA

i
mod K(ℓ2(VA)) and

β T
A

:= Ad(q(JV ))(βAT ) : OAT →C (ℓ2(VA)), Ti 7→ RA
i

mod K(ℓ2(VA)).

Here q : B(ℓ2(VA),ℓ
2(VAT )) → B(ℓ2(VA),ℓ

2(VAT ))/K(ℓ2(VA),ℓ
2(VAT )) denotes the

quotient mapping. The fact that βA is a ∗-homomorphism for any A is shown
in [39]; it also follows from Lemma 4.2.1 and Proposition 4.2.3 below. A short
computation shows that

(2.19) [LA
i
,RA

j
] = 0 and [(LA

i
)∗,RA

j
] = δi, j P◦A

,

where P◦A
denotes the orthogonal projection onto Cδ◦A

. See more in [39,

Proposition 4.2]. It follows that the algebra βA(OA) commutes with β T
A
(OAT )

in C (ℓ2(VA)). Since OA and OAT are nuclear we obtain a ∗-homomorphism

βK P := βA⊗̄β
T
A

: OA⊗̄OAT →C (ℓ2(VA)).

By standard constructions, see [43], the ∗-homomorphism βK P induces a class

[βK P] ∈ Ext(OA⊗̄OAT ,K(ℓ2(VA)))

represented by the extension

(2.20) 0→K(ℓ2(VA))→ EK P → OA⊗̄OAT → 0,

where

EK P := {a⊕ T ∈ OA⊗OAT ⊕B(ℓ2(VA)) : βK P(a) = T mod K(ℓ2(VA)) ∈ imβK P}.

If βK P is injective, for instance if OA ⊗ OAT is simple, EK P is the C∗-algebra
generated by LA

i
and RA

i
and the exactness of (2.20) was in this case verified in

the paragraph proceeding [39, Definition 4.3]. The C∗-algebras OA and OAT are
nuclear, so any element in the semi group Ext(OA⊗̄OAT ,K(ℓ2(VA))) is invertible,
and

Ext(OA⊗̄OAT ,K(ℓ2(VA)))
∼= K1(OA⊗̄OAT ).

This isomorphism can be found in [43, Chapter 3.3]. The construction of
this isomorphism relies on the Choi-Effros Theorem and on the Stinespring
Theorem. The two theorems combined guarantee the existence of a completely
positive splitting of the short exact sequence (2.20) that has the following form.
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There is a Hilbert space H , a representation π : OA⊗̄OAT → B(H ) and an
isometry W : ℓ2(VA)→ H such that

(2.21) βK P(a) = q(W ∗π(a)W ) for any a ∈ OA⊗̄OAT .

It follows from the fact that βK P is a ∗-homomorphism that [WW ∗,π(a)] ∈
K(H ) for all a ∈ OA⊗̄OAT . The identity (2.21) guarantees that the image of [βK P]

under Ext(OA⊗̄OAT ,K(ℓ2(VA)))→ K1(OA⊗̄OAT ) is represented by the odd analytic
K-cycle (π, H , 2WW ∗ − 1). The data π, H and W is difficult to construct in
general. Further, the problem of finite summability on a dense subalgebra is not
made easier by the abstract construction from the Stinespring Theorem. We
will return to this problem in the next section. First we recall the construction
of Poincaré duality from the image∆ ∈ K1(OA⊗̄OAT ) of the extension class [βK P].

Theorem 2.1.1 (Consequence of [39]). The mapping

K∗(OAT ) 7→ K∗+1(OA), [e] 7→ (1OA
⊗ [e])⊗OA⊗̄OAT

∆

is an isomorphism.

Remark 2.1.2. Recall that KK-theory comes with a product; for separable C∗-
algebras A, B and C, there is a Z/2Z-graded operation

⊗B : KK∗(A, B)⊗ KK∗(B, C)→ KK∗(A, C),

called the Kasparov product. This product is associative. As such, one often
considers KK-theory from the perspective of defining an additive category5

whose objects are the separable C∗-algebras and the group of morphisms from
A to B is KK0(A, B) with the composition of morphisms given by the Kasparov
product. Further, it coincides with the index pairing

K∗(B)⊗ K∗(B)→ Z

when A = C = C, once identifying KK∗(C, B) ∼= K∗(B), KK∗(B,C) = K∗(B) and
KK∗(C,C) ∼= Z. The particular Kasparov product (1OA

⊗ [e]) ⊗OA⊗OAT
∆ used

in Theorem 2.1.1 is that between the class 1OA
⊗ [e] ∈ KK∗(OA,OA⊗̄OAT ) and

∆ ∈ KK1(OA⊗̄OAT ,C). See more in [27, 39].

In order to use Theorem 2.1.1, we will need to compute Kasparov products
in the case described in Remark 2.1.2. Computations of this type are well
known to experts in the field, we include them for the sake of completeness.
Throughout this subsection, A and B denote unital C∗-algebras and (π, H , F)

an odd analytic K-cycle for A⊗̄B.

Proposition 2.1.3. Let e ∈ B⊗̄Mm(C) = Mm(B) be a projection and set

He := [π⊗ idMm(C)
](1A⊗ e)(H ⊗Cm).

There is an odd analytic K-cycle (πe, He, Fe) on A defined by

πe : A→ B(He), a 7→ [π⊗ idMm(C)
](a ⊗ e),

and Fe := [π⊗ idMm(C)
](1A⊗ e) · [F ⊗ id

C

m] · [π⊗ idMm(C)
](1A⊗ e).

5It even carries a triangulated structure, see [53].
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Proof. We assume m= 1 to shorten notation. Since F commutes with π(1A⊗e)

up to compacts,
F2

e
−π(1A⊗ e)F2π(1A⊗ e) ∈K(He).

Since F2−1 is compact, so is F2
e
−1. Furthermore F∗

e
= π(1A⊗ e)F ∗π(1A⊗ e) so

F∗
e
− Fe ∈K(He). Finally, we have for any a ∈ A that

[Fe,πe(a)] = [π(1A⊗ e)Fπ(1A⊗ e),π(a⊗ e)] =

= π(1A⊗ e)[F,π(a⊗ 1B)]π(1A⊗ e) ∈K(He).

�

Lemma 2.1.4. If e ∈ B ⊗ Mm(C) is a projection, the Kasparov product (1A ⊗
[e])⊗A⊗̄B [π, H , F] can be represented by the Fredholm module (πe, He, Fe) (see
notation in Proposition 2.1.3).

Proof. The K-theory class 1A⊗[e] can be represented by the A−A⊗̄B Kasparov
module (A⊗̄eBm, 0) with its obvious A-action on the left and the structure of an
A⊗̄B-Hilbert C∗-module comes from the inclusion A⊗̄eBm ⊆ A⊗̄Bm. It is clear
that as A−C-Hilbert C∗-modules

He = (A⊗̄eBm)⊗A⊗̄B H .

Since (πe, He, Fe) is a Fredholm module on the right Hilbert space, to verify that
it is a Kasparov product between [π, H , F] and (A⊗̄eBm, 0) it suffices to prove
that Fe is an F -connection, see [43, Definition 2.2.4]. The other conditions on a
Kasparov product automatically hold as the Kasparov operator in (A⊗̄eBm, 0) is
0, see [43, Definition 2.2.7]. Recall that Fe is an F -connection if for x ∈ A⊗̄eBm,
the linear mapping

ξ 7→ x ⊗A⊗̄B (Fξ)− Fe(x ⊗A⊗̄B ξ)

is compact. However, since (1A⊗ e)x = x this fact follows from the identity

x ⊗A⊗̄B (Fξ)− Fe(x ⊗A⊗̄B ξ) = π(x)Fξ−π(1A⊗ e)Fπ(1A⊗ e)π(x)ξ

= π(1A⊗ e)[π(x), F]ξ.

�

Remark 2.1.5. The natural mapping K1(A)→ Ext(A,K) is defined by mapping
a cycle x := (π, H , F) to the extension associated with the Busby invariant

βF : A→C (H ), βF (a) := q(PFπ(x)PF ) where PF := (F + 1)/2

and q : B(H ) → C (H ) denotes the quotient mapping. If F2 = 1, the Hilbert
space can be reduced to PF H = ker(F − 1). The Busby invariant βF is degen-
erately equivalent to β̃F : A→ C (PF H ), βF (a) := q(PFπ(x)PF ). In particular,
the Busby invariant of the K-cycle (πe, He, Fe) constructed in Lemma 2.1.4 is
βe(a) := βF (a⊗ e).

We end this subsection with a proposition on finite summability concerning
Poincaré dualities whose proof is carried out mutatis mutandis to that of Propo-
sition 2.1.3. We let I denote a symmetrically normed operator ideal, see [64,
Chapter 1.7]. Assume that A ⊆ A and B ⊆ B are unital dense ∗-subalgebras.
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Proposition 2.1.6. Let e ∈ B ⊗ Mm(C) be a projection and assume that
(π, H , F) is I -summable on the ∗-subalgebra A ⊗ (C1B + Ce) ⊆ A⊗̄B, then
(πe, He, Fe) is I -summable on A .

Remark 2.1.7. We note the following important consequence of Proposition
2.1.6. Assume that (π, H , F) is I -summable on A ⊗al g B . Then any element
in the image of the mapping

K0(B) 7→ K1(A), x 7→ (1A⊗ x)⊗A⊗̄B [π, H , F],

is I -summable on A . A slight modification of the argument above implies
that the same holds true for elements in the image of the analogously defined
mapping K1(B) → K0(A). This fact follows from [7, Proposition 3.12] which
allows us to assume B ⊆ B to be holomorphically closed, and the mapping
K∗(B)→ K∗(B) induced from the inclusion B ,→ B to be an isomorphism.

2.2. Finite summability in K1(OA). To deal with finite summability prob-
lems for OA we note an important relation between linear splittings and finite
summability based on [33]. The observation will reduce the problem of finite
summability for an odd K-homology class to finding such π, H and W described
above, in the paragraph preceding Theorem 2.1.1, that behaves well on gener-
ators. Whenever {x i}i∈I is a set of elements in a ∗-algebra, we let C∗[x i |i ∈ i]

denote the ∗-algebra generated by {x i}i∈I .

Theorem 2.2.1. Let I ,J ⊆ B be symmetrically normed operator ideals such
that a∗a ∈ I implies a ∈ J . Suppose that

0→K(H0)→ E→ A→ 0

is a short exact sequence of C∗-algebras with Busby invariant βE. Assume the
following:

(1) The C∗-algebra A contains a dense ∗-subalgebra generated by a set
{x i}i∈I ⊆ A, where I is an index set, and that there is a set {X i}i∈I ⊆
B(H0) of pre images of {βE(x i)}i∈I under the quotient mapping q :

B(H0)→C (H0) such that the mapping

C

∗[x i |i ∈ I]→ B(H0)/I (H0), x i 7→ X i mod I (H0),

is a well defined ∗-homomorphism.
(2) There is a Hilbert space H , a ∗-representation π : A→ B(H ) and an

isometry W : H0→ H such that

X i −W ∗π(x i)W ∈ I (H0).

Then [βE] defines an invertible class in Ext(A,K(H0)) whose image in K1(A) is
represented by the K-cycle (π, H , 2WW ∗−1) which is J -summable on the dense
∗-subalgebra C∗[x i |i ∈ I] ⊆ A.

The proof is closely modeled on the structure in the refined extension invariant
of [33] that is adapted for extensions of Schatten class ideals. Compare to for
instance [33, Theorem 3.2]. The examples of ideals to keep in mind is the
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finitely summable case I = L p and J = L 2p or the θ -summable case I = Li

and J = Li1/2.

Proof. It follows by the construction of the isomorphism Ext(A,K)−1 ∼= K1(A)

that [βE] is represented by the K-cycle (π, H , 2WW ∗ − 1), see the discussion
before Theorem 2.1.1. The J -summability statement requires a more subtle
algebraic analysis.
To simplify notation, we set A :=C∗[x i |i ∈ I]. We can define a linear mapping
τ : A → B(H0), a 7→ W ∗π(a)W . The assumptions of the Lemma guarantees
that we can define the ∗-algebra

E := {(a, T ) ∈A ⊕B(H0) : τ(a)− T ∈ I (H0)}.

There is a natural mapping σE : E → A given by (a, T ) 7→ a which admits a
linear splitting τ̃(a) := (a,τ(a)).
The mapping τ induces a ∗-homomorphism βE :A → B(H0)/I (H0). The pull-
back of the universal I -summable extension along βE places E in a commuting
diagram of ∗-algebras with exact rows:

0 −−−−→ I (H0) −−−−→ E
σE

−−−−→ A −−−−→ 0










y





yβE

0 −−−−→ I (H0) −−−−→ B(H0) −−−−→ B(H0)/I (H0) −−−−→ 0

,

where E → B(H0) is defined by (a, T ) 7→ T .
We set P := WW ∗. The operator U := W ∗|PH : PH → H0 is a unitary isomor-
phism. We now turn to the ∗-algebra Ê defined from the diagram

0 −−−−→ I (H0) −−−−→ E
σE

−−−−→ A −−−−→ 0

Ad(U)





y





yAd(U)







0 −−−−→ I (PH ) −−−−→ Ê −−−−→ A −−−−→ 0

By construction, the linear mapping τ̂(a) := Pπ(a)P = U∗τ(a)U ∈ Ê defines a
splitting of the lower row. In particular, for any a, b ∈A it holds that

τ̂(ab)− τ̂(a)τ̂(b) ∈ I (PH ).

It follows that [P,π(a)] ∈ J (H ) for all a ∈ A by an algebraic manipulation,
see [33, Lemma 3.7]. �

Remark 2.2.2. If the mapping βE : A → B(H0)/I (H0) in the proof of Theo-
rem 2.2.1 is injective, the mapping E → B(H0) is injective. Hence there is an
isomorphism of ∗-algebras

E ∼= {T ∈ B(H ) : T mod I (H0) ∈ imβE }.

Let us return to the C∗-algebra OA. Recall the definition of the KMS-state ϕA

on OA from (1.15), the associated GNS-space L2(OA,ϕA) and the fundamental
representation πA. By the results of Subsection 1.3, there is an isomorphism
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L2(OA,ϕA)
∼= L2(GA) intertwining the OA-action with the C∗(GA)-action under

the isomorphism OA
∼= C∗(GA) from Theorem 1.3.2.

Fix a finite admissible word λ ∈ VA. Define Hλ as the closed linear span of all
elements Sµλ ∈ L2(OA,ϕA). For any two finite words µ,ν ∈ VA, Proposition 1.3.1
implies that

〈Sµ,Sν〉L2(OA,ϕA)
= ϕA(S

∗
µSν) = δµ,νϕA(S

∗
µk

Sµk
) = δµ,ν

N
∑

j=1

Aµk , jvol(C j),

where k := |µ|. For any finite word µ = µ1 · · ·µk, admissible or not, we set

cµ :=

 

N
∑

j=1

Aµk , jvol(C j)

!−1/2

.

In particular, it holds that cµ only depends on the last letter of µ. It follows
from the computation above that the non-zero elements of {cµλSµλ|µ ∈ VA} form

an ON-basis for Hλ. Let ℓ2(Vλ) ⊂ ℓ
2(VA) be the closed subspace spanned by

the basis vectors associated with the words

Vλ := {µλ ∈ VA|µ ∈ VA}.

The operator Pλ := RA

λ̄
(RA

λ̄
)∗ ∈ B(ℓ2(VA)) is the orthogonal projection onto

ℓ2(Vλ). We define the unitary isomorphism U : ℓ2(VA)→ H◦ by δµ 7→ cµSµ. It
follows from the above discussion that the map

Wλ := UPλ : ℓ2(VA)→ L2(OA,ϕA),

is a partial isometry. We recapitulate by noting that the partial isometry Wλ

maps δµ to cµSµ if µ ∈ Vλ and it maps δµ to 0 if µ /∈ Vλ. Hence, the image of

Wλ is Hλ and the image of W ∗
λ

is ℓ2(Vλ).

Proposition 2.2.3. The partial isometry Wλ satisfies the equation:

W ∗
λ
πA(Si)Wλ = LA

i
W ∗
λ

Wλ ≡ LA
i
RA

λ̄
(RA

λ̄
)∗, i = 1, . . . , N .

Proof. It suffices to prove that W ∗
λ
πA(Si)Wλδµλ = LA

i
δµλ since the vectors δµλ

spans the range of W ∗
λ

. A direct computation goes as follows:

W ∗
λπA(Si)Wλδµλ = cµλW ∗

λπA(Si)Sµλ = cµλW ∗
λSiµλ = δiµλ = LA

i
δµλ,

since cµλ = ciµλ. �

Remark 2.2.4. The orthogonal projection WλW ∗
λ
∈ B(L2(OA,ϕA)) onto Hλ cor-

respond to a projection constructed in the groupoid picture as follows. For any
finite word µ, Sµ corresponds to the characteristic function of the set

{(x , |µ|,σ|µ|(x)) ∈ GA|x ∈ Cµ}.

It holds that

(2.22) Qλ f :=
∑

µ∈VA

c2
µλSµλ

∫

ΩA

ρ(S∗µλ ∗ f )dµA,
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with ρ as in (1.8), defines a projection in L2(GA,µA) corresponding to WλW ∗
λ

under the isomorphism L2(OA,ϕ) ∼= L2(GA,µA). This is akin to the constructions
in [28].

Proposition 2.2.5. The extension defined from the Busby invariant

βi : OA→C (ℓ
2(VA)), a 7→ βK P(a⊗ Ti T

∗
i
)

can be represented by the odd analytic K-cycle (πA, L2(OA,ϕA), 2WiW
∗
i
−1) which

is p-summable for any p > 0 on the dense ∗-subalgebra C∗[S1,S2, . . . ,SN ] ⊆ OA.

Proof. For j = 1, . . . , n, the operators X j := LA
j
RA

i
(RA

i
)∗ lifts βi(S j). The op-

erators X j satisfy the Cuntz-Krieger relations modulo finite rank operators,

so S j 7→ X j mod L p(ℓ2(VA)) defines a ∗-homomorphism C

∗[S1,S2, . . . ,SN ] →

B(ℓ2(VA))/L
p(ℓ2(VA)) for any p > 0, even modulo finite rank operators. It

also holds that W ∗
i

Wi = RA
i
(RA

i
)∗. In particular, X j = W ∗

i
πA(S j)Wi . Hence, the

Proposition follows from Theorem 2.2.1. �

We recall the following description of K0(OAT ) from [19, Proposition 3.1].

Proposition 2.2.6 (Proposition 3.1 of [19]). The mapping

Z

N → K0(OAT ), (k j)
N
j=1
7→

N
∑

j=1

k j[T j T
∗
j
]

is surjective with kernel being (1− A)ZN

Proof of Theorem 2.0.1. By Theorem 2.1.1, Remark 2.1.5 and Proposition
2.2.6 any K-homology class on OA can be represented by an extension class

of the form
∑N

j=1
k j[β j]. The Theorem follows from Proposition 2.2.5. �

2.3. A representative for ∆. As previously indicated (see Proposition
2.1.6), any summability property of a K-cycle representative for ∆ would carry
over to any K-homology class for OA. The problem is to represent ∆ in a rea-
sonable way. We will in this subsection construct a θ -summable representative
for ∆.
We will use the notation H T

0
for the closed linear span of {Tµ̄|µ ∈ VA} in

L2(OAT ,ϕAT ). Just as for OA, there are constants cT
µ > 0 only depending on

the first word of µ such that {cT
µ

Tµ̄|µ ∈ VA} forms an ON-basis for H T
0

. Define

the linear mapping W0 by

W0 : ℓ2(VA)→ H0 ⊗H T
0

, δλ 7→
∑

µν=λ

(|λ|+ 1)−
1
2 cµSµ ⊗ cT

ν
Tν,

whose adjoint equals

W ∗
0

: H0 ⊗H T
0
→ ℓ2(VA), cµcT

ν Sµ ⊗ Tν̄ 7→ (|µν|+ 1)−1/2δµν

The operator W0 is an isometry since

W ∗
0
W0δλ =

∑

µν=λ

(|µν|+ 1)−1δλ = δλ.

Documenta Mathematica 20 (2015) 89–170



Summability and CK-algebras 117

We will make use of the isometry

W : ℓ2(VA)→ L2(OA,ϕA)⊗ L2(OAT ,ϕAT )

that is defined as the composition of W0 and with the isometric inclusion H0 ⊗
H T

0
,→ L2(OA,ϕA)⊗ L2(OAT ,ϕAT ).

Lemma 2.3.1. For any A it holds that

LA
i
−W ∗[πA(Si)⊗ 1OAT

]W , RA
i
−W ∗[1OA

⊗πAT (Ti)]W ∈ Li(ℓ2(VA)).

If there is a p > 0 such that ϕ(l)® l p, it holds that

LA
i
−W ∗[πA(Si)⊗ 1OAT

]W , RA
i
−W ∗[1OA

⊗πAT (Ti)]W ∈L
p+1,∞(ℓ2(VA)).

Proof. This is yet another proof by computation. Choose a finite word λ ∈ VA.
It holds that

W ∗[πA(Si)⊗ 1OAT
]Wδλ =W

∗

 

∑

µν=λ

cµcT
ν (|µν|+ 1)−1/2Siµ ⊗ Tν̄

!

=

=
(|λ|+ 1)−1/2

(|iλ|+ 1)−1/2
δiλ = LA

i
δλ +

�√

√ |λ|+ 2

|λ|+ 1
− 1

�

LA
i
δλ,

W ∗[1OA
⊗πAT (Ti)]Wδλ =W

∗

 

∑

µν=λ

cµcT
ν
(|µν|+ 1)−1/2Sµ ⊗ Tiν̄

!

=

=
(|λ|+ 1)−1/2

(|iλ|+ 1)−1/2
δλi = RA

i
δλ +

�√

√ |λ|+ 2

|λ|+ 1
− 1

�

RA
i
δλ,

since cµ only depend on the last letter of µ and cT
ν

only depend on the first

letter of ν. We define Γ ∈ B(ℓ2(VA)) by

Γδλ :=

�√

√ |λ|+ 2

|λ|+ 1
− 1

�

δλ

and reformulate the above identities as

W ∗[πA(Si)⊗ 1OAT
]W − LA

i
= LA

i
Γ and W ∗[1OA

⊗πAT (Ti)]W − RA
i
= RA

i
Γ .

We recall the elementary asymptotics
√

√ |λ|+ 2

|λ|+ 1
− 1=

1

2|λ|
+O

�

1

|λ|2

�

, as |λ| →∞.

It holds in general that ϕ(l) ® e sl for s > δA by Corollary 1.1.6, so Γ ∈ Li(ℓ2(VA)).
On the other hand ϕ(l) ® l p implies Γ ∈ L p+1,∞(ℓ2(VA)). �

From Theorem 2.2.1 and Lemma 2.3.1 we may conclude a summability result
for the duality class ∆. This result is by no means a surprise. There is to the
authors’ knowledge no known counter examples to the θ -summability problem
for unbounded Fredholm modules, so in effect there are no counter examples
to representing K-homology classes by θ -summable Fredholm modules, cf. [14,
Chapter IV.8.α, Theorem 4]. We nevertheless state it as a Theorem.
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Theorem 2.3.2. The class ∆ ∈ K1(OA⊗̄OAT ) is represented by the analytic K-
cycle

(πA⊗πAT , L2(OA,ϕA)⊗ L2(OAT ,ϕAT ), 2WW ∗ − 1),

which is θ -summable on the dense ∗-subalgebra of OA⊗̄OAT generated by Si ⊗ 1

and 1 ⊗ Ti for i = 1, . . . , n. If there is a p > 0 such that ϕ(l) ® l p, this is a
L p+1,∞-summable K-cycle.

Theorem 2.3.2 and Equation (1.18) imply that any K-homology class on SUq(2)

is finitely summable.

3. Unbounded (OA, FA)-cycles

We will in this section start approaching the problem of constructing un-
bounded Fredholm modules on OA. It is natural to try and construct unbounded
Fredholm modules as Kasparov products of bivariant cycles with unbounded
Fredholm modules on one of the subalgebras C(ΩA) ⊆ FA ⊆ OA. In this sec-
tion, we will consider classes in KK1(OA, FA). In Section 5 we construct classes
in KK1(OA, C(ΩA)). Both constructions provide cycles that behave analogously
to those studied in Section 2 apart from the difficulties of being bivariant. A
problem with using the fixed point algebra is that, despite there being a well
studied bivariant (OA, FA)-cycle that is naturally constructed, the unbounded
Fredholm modules on FA are more difficult to construct and understand topo-
logically than those on C(ΩA). E.g. for the Cuntz algebra ON , it holds that the
even K-homology of the fixed point algebra vanishes but its odd K-homology is
an uncountable group (cf. Proposition 3.4.2).
We will in the remaining parts of the paper use a great deal of unbounded
KK-theory. The reader unfamiliar with this material is referred to [4, 9, 36, 38,
45, 52].

3.1. The homogeneous components. In this subsection, we describe the
structure of the module E c – the completion of OA as the pre-FA-Hilbert C∗-
module associated with the conditional expectation ρc : OA→ FA coming from
the restriction mapping Cc(GA)→ Cc(HA). It is clear that E c decomposes as a
direct sum of F -modules:

E c =
⊕

n∈Z

E c
n
,

corresponding to the disjoint union decomposition G =
⋃

n∈ZGn, where Gn =

c−1
A
(n). We show below that each E c

n
is a finitely generated projective FA-

module, and consequently E c is isomorphic to a direct sum of finitely generated
projective FA-modules. Since E c

0
= FA it suffices to consider n 6= 0.

Lemma 3.1.1. Let n> 0. The column vectors vn := (S∗
µ
)|µ|=n ∈ Hom∗

FA
(E c

n
, F
ϕ(n)
A )

have the property that v∗
n
vn = 1. In particular, E c

n
is a finitely generated projec-

tive FA-module for n> 0.
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Proof. We have

v∗
n
vn =

∑

|µ|=n

SµS∗
µ
= 1,

which follows from successively applying the relation (1.11).
For an element a ∈ OA of degree n, the vector vna, constructed by coordinatewise

multiplication by a, is an element of F
ϕ(n)
A . Therefore, for positive n, the map

E c
n
→ F

ϕ(n)
A

a 7→ vna,

is an isometry onto its image; its image is equal to pnF
ϕ(n)
A , with pn := vnv∗

n
.

Hence, E c
n

is a finitely generated projective FA-module. �

Recall the notation Pj for the projections S jS
∗
j
. The projections Pj are of degree

0, and Si Pj is of degree 1 for any i, j. Recall that we assume that neither row
nor column of A is composed of only zeroes. Hence the numbers

N j :=

N
∑

i=1

Ai j ,

satisfy 0< N j ≤ N . For two finite words µ and ν, not necessarily admissible, of
the same length n> 0 we set

Rµ,ν :=
1

Æ

Nν1
· · ·Nνn

Sµ1
Pν1
· · ·Sµn

Pνn

We use the notation ϕ̃(n) := #{(µ,ν) : |µ| = |ν| = n, Rµ,ν 6= 0}. It is clear that

ϕ̃(n) ≤ ϕ(n)2.

Lemma 3.1.2. Let n > 0. The column vectors wn := (Rµ,ν)µ=|ν|=n ∈

Hom∗
FA
(E c
−n

, F
ϕ̃(n)
A ) have the property that w∗

n
wn = 1. In particular, E c

−n
is a

finitely generated projective FA-module for n> 0.

Proof. We have

w∗
n
wn =

∑

|µ|=|ν|=n

1

Nν1
· · ·Nνn

Pνn
S∗
µn
· · · Pν1

S∗
µ1

Sµ1
Pν1
· · ·Sµn

Pνn

=

N
∑

µn,νn=1

1

Nνn

Pνn
S∗
µn

 

∑

|µ′|=|ν′|=n−1

1

Nν′1 · · ·Nν′n−1

· · · Pν1
S∗
µ1

Sµ1
Pν1
· · ·

!

Sµn
Pνn

=

N
∑

µn,νn=1

1

Nνn

Pνn
S∗
µn

w∗
n−1

wn−1Sµn
Pνn

.
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Hence, the result follows by induction once proven for n= 1. In that case, the
equation becomes

w∗
1
w1 =

N
∑

i, j=1

1

N j

PjS
∗
i
Si Pj =

N
∑

i, j=1

�
N
∑

ℓ=1

1

N j

AiℓPjSℓS
∗
ℓ
Pj

�

by (1.10)

=

N
∑

i, j=1

1

N j

Ai jS jS
∗
j

by (1.12)

=
∑

j

S jS
∗
j
= 1 by (1.11).

�

3.2. The gauge cycle. By [51], pointwise multiplication by the cocycle cA

induces a selfadjoint regular operator Dc on the Hilbert C∗-module E c , giving
(E c , Dc) the structure of an odd unbounded KK-cycle for KK1(OA, FA). We will
refer to this cycle as the gauge cycle. The construction of the gauge cycle
was considered in a more general setup in [11] that we make use of in the
next subsection. We assume that A is a C∗-algebra with a strongly continuous
U(1)-action satisfying the spectral subspace assumption [11, Definition 2.2].
The gauge action on OA satisfies the spectral subspace condition because, as
we saw above, the graded components of OA form finitely generated projective
FA-modules.
We let F ⊆ A denote the fixed point algebra for the U(1)-action. There is

a positive expectation value E : A → F given by a 7→ 1
2π

∫ 2π

0
eiθ (a)dθ , this

expectation coincides with ρc for OA. After completion of A with respect to the
associated F -valued scalar product we obtain an A− F -Hilbert C∗-module that
we denote by ER. We can also define the operator

DR y = i
d

dθ

�

e−iθ .y
�

|θ=0,

which is a densely defined F -linear operator on ER. Since U(1) is abelian, DR

commutes with the circle action on ER giving a U(1)-equivariant operator.

Proposition 3.2.1. Whenever the U(1)-action on A satisfies the spectral sub-
space assumption, the pair (DR, ER) forms a U(1)-equivariant unbounded (A, F)-
Kasparov module.

For a proof, see [11, Proposition 2.9]. We can construct KK-cycles as in Section
2. A difference here is that one has to work with partial isometries in Hilbert
C∗-modules.

Proposition 3.2.2. The FA-linear adjointable mapping

v : ℓ2(VA)⊗ FA→ E c , defined by v : δµ ⊗ a 7→ Sµa,

is a partial isometry and the projection vv∗ ∈ End∗
FA
(E c) has compact commu-

tators with OA. It consequently defines a U(1)-equivariant (OA, FA)-Kasparov
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module (E c , 2vv∗ − 1) whose class in KK
U(1)

1
(OA, FA) coincides with the class

[E c , Dc] of the gauge cycle (E c , Dc).

Proof. Observe that v is adjointable by Lemma 3.1.1 and 3.1.2. It is clear that
v is a partial isometry because the elements Sµ are mutually orthogonal in the
module E c and v∗(Sµa) = δµ⊗S∗

µ
Sµa, so both v∗v and vv∗ are projections. The

statement that the partial isometry defines a Kasparov module is proved as in
the previous section. To see that vv∗ defines the gauge cycle, one only needs
to observe that it is exactly the projection onto the positively graded part of
the module E c . �

Remark 3.2.3. In a similar way as in Proposition 3.2.2, we can define a partial
isometry

w : ℓ2(VA)⊗ FA⊗ FAT → E c
A
⊗E c

AT ,

δµ ⊗ a⊗ b 7→
∑

λν=µ

1
p

|µ|+ 1
Sµa⊗ Tνb.

It can be proven, in the same way as in Proposition 3.2.2, that the projec-
tion ww∗ has compact commutators with OA⊗̄OAT . Consequently we obtain
an odd U(1)-equivariant (OA⊗̄OAT , FA⊗̄FAT )-Kasparov module. Compare to the
construction of Subsection 2.3.

3.3. The Pimsner-Voiculescu sequence for the Cuntz-Krieger al-
gebra. What we wish to do in this section is to relate the cohomological
properties of the Cuntz-Krieger algebra with the fixed point algebra. The stan-
dard procedure, found in [19] for instance, is to apply the Pimsner-Voiculescu
sequence. In this section we briefly recall the proof of the Pimsner-Voiculescu
sequence in KK following [23] and prove that the gauge cycle appears as the
boundary mapping. We summarize the results of this subsection in the follow-
ing Theorem:

Theorem 3.3.1. The gauge element [E c , Dc] ∈ KK1(OA, FA), the Z-action β on
K⊗̄FA of Proposition 1.4.2 and the inclusion ι : FA→ OA fits into a distinguished
triangle in KK:

FA

1−β // FA

ι

��☞☞
☞☞
☞☞
☞

OA.

◦✷✷✷[E c ,Dc]

YY✷✷✷

The triangulated structure of KK is explained in [53]; a distinguished triangle
is a triangle isomorphic in KK to a semi split short exact sequence of C∗-
algebras. In practice, it ensures that for any separable C∗-algebra D there are
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the following six term exact sequences:

KK0(D, FA)
1−β∗
−−−−→ KK0(D, FA)

ι∗
−−−−→ KK0(D,OA)

−⊗[E c,Dc]

x









y−⊗[E
c ,Dc]

KK1(D,OA)
ι∗

←−−−− KK1(D, FA)
1−β∗
←−−−− KK1(D, FA)

KK0(OA, D)
ι∗

−−−−→ KK0(FA, D)
1−β∗

−−−−→ KK0(FA, D)

[E c ,Dc]⊗−

x









y[E
c ,Dc]⊗−

KK1(FA, D)
1−β∗

←−−−− KK1(FA, D)
ι∗

←−−−− KK1(OA, D)

The Pimsner-Voiculescu sequence can be derived in many ways. We will here
consider the Toeplitz extension approach due to Cuntz. Assume that B is a
unital C∗-algebra and that β is an automorphism of B. The restriction that B

is unital makes the semantics easier, but can be lifted. Let T (B) denote the
C∗-algebra generated by B and an isometry vB satisfying the relation

vB bv∗
B
= β(b).

One can represent T (B) in End∗
B
(⊕∞

k=0
B) by extending the mappings

B ∋ b 7→ ⊕kβ
k(b) ∈ End∗

B
(⊕∞

k=0
B) and vB(xk)k∈N := (xk−1)k∈N.

There is a U(1)-action on T (B) induced from the grading on ⊕∞
k=0

B, i.e. the
U(1)-action is defined from z(vB) := zvB .
Let us realize B ⋊Z as the universal C∗-algebra generated by B and a unitary
uB satisfying

uB bu∗
B
= β(b).

There is a ∗-homomorphism σB : T (B) → B ⋊Z given by extending vB 7→ uB .
Since σB respects the grading it is clear that σB is U(1)-equivariant with respect
to the dual U(1)-action on B ⋊Z. There is an isomorphism of right B-Hilbert
C∗-modules ⊕∞

k=0
B ∼= ℓ2(N)⊗ B.

Lemma 3.3.2. The morphism σB is well defined and fits into a U(1)-equivariant
semisplit short exact sequence

(3.23) 0→ KB(ℓ
2(N)⊗ B)→T (B)

σB

−→ B ⋊Z→ 0.

Proof. We can identify B⋊Z with the C∗-subalgebra of End∗
B
(ℓ2(Z)⊗B) gener-

ated by the image of

B ∋ b 7→ ⊕kβ
k(b) ∈ End∗

B
(⊕k∈ZB) and the unitary uB(xk)k∈Z := (xk−1)k∈Z.

Let P : ℓ2(Z)⊗B→ ℓ2(N)⊗B denote the orthogonal projection. The adjointable
operator P is U(1)-equivariant. It is clear that the B-linear mapping

T : B⋊Z→T (B), b 7→ P bP

is a U(1)-equivariant completely positive splitting of σB . Let

q : End∗
B
(ℓ2(N)⊗ B)→QB(ℓ

2(N)⊗ B) := End∗
B
(ℓ2(N)⊗ B)/KB(ℓ

2(N)⊗ B)
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denote the quotient mapping. Once we prove that q◦T is a ∗-homomorphism,
the Lemma follows. The operator P commutes with the B-action on ℓ2(Z)⊗ B.
Furthermore, if we let ek denote the standard basis for ℓ2(Z), then

[P,uB](ek ⊗ x) =

¨

0, k 6= −1

e0 ⊗ x , k = −1.

In particular, [P,uB] ∈ K(ℓ
2(Z)) ⊗ 1B ⊆ KB(ℓ

2(Z) ⊗ B). It follows that [P, b] ∈
KB(ℓ

2(Z)⊗ B) for any b ∈ B ⋊Z. Hence q ◦ T is a ∗-homomorphism. �

Lemma 3.3.3. There is a U(1)-equivariant homotopy T (B) ∼h B with trivial
U(1)-action on B.

For a proof, see [20]. Let ιB : B→ B ⋊Z denote the embedding.

Corollary 3.3.4. The morphism [T ] ∈ KK
U(1)

1 (B ⋊ Z, B) defined from the

invertible extension class (3.23) fits into a distinguished triangle in KKU(1):

B
1−β // B

ιB
��✞✞
✞✞
✞✞
✞✞

B ⋊Z,

◦✼✼✼✼[T ]

[[✼✼✼✼

using the homotopy of Proposition 3.3.3 and the Morita equivalence KB(ℓ
2(N)⊗

B) ∼M B.

As a consequence of the Corollary, after setting B = FA⊗̄K and equipping it
with its dual Z-action coming from FA⊗̄K

∼= OA ⋊ U(1)⊗̄K, what remains to
prove of Theorem 3.3.1 is to show that [T ] coincides with the gauge element
in KK1(OA, FA) after Takesaki-Takai duality OA⊗̄K

∼= (FA⊗̄K) ⋊ Z. We first
construct an unbounded representative for the Pimsner-Voiculescu element

[T ] ∈ KK
U(1)

1
(B ⋊Z, B).

Before constructing this, let us make a series of minor remarks placing the
algebra above in a more analytic framework. The Fourier transform induces an
isomorphism L2(S1) ∼= ℓ2(Z) which in turn produces an isomorphism C(S1) ∼=
C∗(Z) intertwining the pointwise action of the former with the left regular
representation of the latter. The image of ℓ2(N) under the Fourier transform is
H2(S1) – the Hardy space consisting of functions in L2(S1) with a holomorphic
extension to the interior of S1 ⊆ C. The analogy of the projection P in this
picture is the projection of L2(S1)⊗B onto those B-valued functions on S1 with
a holomorphic extension to the interior. We note that

L2(S1)⊗ B ∼=

¨

(bk)k∈Z ∈
∏

k∈Z

B

�

�

�

�

∑

k∈Z

b∗
k
bk <∞

«

.
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Proposition 3.3.5. There is a natural unitary U(1)-equivariant isomorphism
of B ⋊Z− B-Hilbert C∗-modules

L2(S1)⊗ B ∼= B ⋊Z,

where the closure is taken in B-valued scalar product 〈a, b〉 := E(a∗b).

We define

W 1,2(S1, B) :=

¨

(bk)k∈Z ∈
∏

k∈Z

B :
∑

k

k2 b∗
k
bk <∞

«

,

and the U(1)-equivariant B-linear unbounded operator DB⋊Z on L2(S1)⊗ B on
an elementary tensor by

DB⋊Z(ek ⊗ x) := kek ⊗ x

and extending it to the domain W 1,2(S1, B) by continuity. If y ∈ W 1,2(S1, B)

then

DB⋊Z y = i
d

dθ

�

e−iθ .y
�

|θ=0.

Proposition 3.3.6. The operator DB⋊Z with domain W 1,2(S1, B) gives a U(1)-
equivariant unbounded (B ⋊Z, B)-cycle .

For a proof, see [11, Section 2].

Lemma 3.3.7. The bounded transform of DB⋊Z is a compact perturbation of the
(B ⋊ Z, B)-Kasparov module (L2(S1) ⊗ B, 2P − 1). Especially; [DB⋊Z] = [T ] ∈

KK
U(1)

1
(B ⋊Z, B).

Proof. We have that

DB⋊Z(1+ D2
B⋊Z
)−1/2(ek ⊗ x) := k(1+ k2)−1/2ek ⊗ x .

Since k(1 + k2)−1/2 − sign(k) ∼ −(2k)−1 as |k| → ∞ and B ⋊ Z satisfies the
spectral subspace condition (see [11, Definition 2.2]), the Proposition follows
from [11, Lemma 2.4]. �

We again turn our attention to the gauge cycle. It is possible to, in the Pimsner-
Voiculescu sequence of the Cuntz-Krieger algebra, replace the Toeplitz element
[T ] of FA⊗̄K by the gauge cycle for OA. Recall its definition from above. We
denote the class associated with the gauge cycle (ER, DR) of a U(1)−C∗-algebra

A satisfying the spectral subspace condition by [ER, DR] ∈ KK
U(1)

1
(A, F). We

note the following Proposition whose proof is left to the reader.

Proposition 3.3.8. The image of [ER, DR] under the isomorphism

jK(L2(S1)) : KK
U(1)

1 (A, F)→ KK
U(1)

1 (K(L2(S1))⊗̄A, F)

associated with the U(1)-equivariant Morita equivalence A ∼M K(L
2(S1))⊗̄A,

where the right hand side is equipped with the diagonal U(1)-action, coincides
with the class of

(L2(S1)⊗ER, idL2(S1) ⊗ DR)
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where the (K(L2(S1))⊗̄A, F)-Hilbert C∗-module L2(S1)⊗ER is equipped with the
diagonal U(1)-action.

The A-action on ER is by construction equivariant, hence there is an action
of A⋊ U(1) on ER. By [11, Lemma 2.4.ii], the spectral subspace assumption
guarantees that this action induces a ∗-homomorphism A⋊ U(1) → KF (E

R).
We let G denote the associated (A⋊U(1), F)-Hilbert C∗-module. We denote the

associated class in KK-theory by [G] ∈ KK
U(1)

0
(A⋊U(1), F). Let us remark that

G = ER as Banach spaces and as (A, F)-bimodules we have the equality

(3.24) A⊗A G = ER.

Lemma 3.3.9. If A is a U(1) − C∗-algebra satisfying the spectral subspace as-
sumption, and F := AU(1), then

jK(L2(S1))[E
R, DR] = [DA⋊U(1)⋊Z]⊗A⋊U(1) [G] in KK

U(1)

1 (K(L2(S1))⊗̄A, F),

where [DA⋊U(1)⋊Z] ∈ KK
U(1)

1
(K(L2(S1))⊗̄A,A⋊ U(1)) is the element constructed

for the Z− C∗-algebra A⋊ U(1) as in Proposition 3.3.6.

Proof. To simplify notation, we set B := A⋊U(1) which is a Z−C∗-algebra in its
dual action. Using that

�

L2(S1)⊗ B
�

⊗B G ∼= L2(S1)⊗G , the class [DB⋊Z]⊗B[G] ∈
KK1(B ⋊Z, F) can be represented by the U(1)-equivariant (B ⋊Z, F)-Kasparov
cycle

�

L2(S1)⊗ G , DB⋊Z ⊗B idG

�

.

Define the unitary U ∈ End∗
F
(L2(S1) ⊗ G) by representing the unitary U0 ∈

M (C∗(U(1))⊗̄C(U(1))) which is defined as an operator on L2(U(1))⊗ L2(U(1))

via

U0 f (g,h) = f (gh,h).

The unitary U implements Takesaki-Takai duality giving an isomorphism of
(B ⋊Z, F)-Hilbert C∗-modules

L2(S1)⊗G ∼= L2(S1)⊗ ER

where the left hand carries the structure of a (B⋊Z, F)-Hilbert C∗-module under
Takesaki-Takai duality B ⋊ Z ∼= K(L2(S1))⊗̄A and the U(1)-action is diagonal.
The Lemma now follows from Proposition 3.3.8. �

Corollary 3.3.10. Under the mapping KK1(OA, FA)→ KK1((K⊗̄FA)⋊Z,K⊗̄FA)

induced from the Morita equivalence OA ∼M (K⊗̄FA)⋊Z, the gauge element [DR]

is mapped to the Toeplitz element [D(K⊗̄FA)⋊Z
].

This Corollary follows directly from that G is an imprimitivity bimodule im-
plementing the Morita equivalence OA⋊ U(1) ∼M FA, see Proposition 1.4.2. In
general, we can conclude the following Corollary which implies Theorem 3.3.1.
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Corollary 3.3.11. If A is a U(1)− C∗-algebra satisfying the spectral subspace
assumption and G is a Morita equivalence, the following triangle is distin-

guished in KKU(1)

F
1−β // F

ιF

��✍✍
✍✍
✍✍
✍

A,

◦✵✵✵[E R,DR]

WW✵✵✵

where ιF : F → B denotes the inclusion and β ∈ KK0(F, F) is Morita equivalent
to the Z-action dual to the U(1)-action on A.

3.4. Computations and problems with the approach using the fixed
point algebra. In this subsection we will compute K-groups of some exam-
ples of Cuntz-Krieger algebras and their fixed point algebras. These compu-
tations are known, and are provided only as a basis for discussion regarding
possibilities of constructing unbounded Fredholm modules with prescribed K-
homology classes. In order to do so, we require a Proposition giving a general
formula for the K-theory and K-homology of the fixed point algebra.

Proposition 3.4.1. The K-theory groups of FA are given by

K0(FA)
∼= lim
−→
(ZN ,AT ) and K1(FA)

∼= 0.

The K-homology groups of FA are given by

K0(FA)
∼= lim
←−

Ai
Z

N and K1(FA)
∼= ẐN

A
/(ZN/ lim

←−
Ai
Z

N ).

Here ẐN
A

:= lim
←−
Z

N/Ai
Z

N denotes the A-adic completion of ZN .

The computation of the K-homology groups of the fixed point algebra might
not be as well known as the corresponding result in K-theory so we will sketch
the proof. For a detailed proof in a special case, we refer to the notes [35]. The
proof relies on a result of Schochet-Rosenberg (see [61, Theorem 1.14]) stating
that if B = lim

−→
Bi there is a graded short exact sequence

(3.25) 0→ lim
←−

1 K∗+1(Bi)→ K∗(B)→ lim
←−

K∗(Bi)→ 0.

We can directly conclude from Equation (3.25) and the AF -structure of FA that

K0(FA)
∼= lim
←−
(ZN ,A) and K1(FA)

∼= lim
←−

1 (ZN ,A).

These isomorphisms are simplified further using the explicit construction of
derived projective limits in the category of abelian groups, see for instance [72,
Chapter 3.5].

3.4.1. The algebra ON . The algebra ON (i.e. the Cuntz algebra), was recalled
above in Subsubsection 1.3.1. We let FN denote the fixed point algebra in ON .

Proposition 3.4.2. It holds that

K0(FN )
∼= Z

�

1

N

�

, K1(FN )
∼= ZN/Z and K1(FN )

∼= K0(FN )
∼= 0.
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Here we use the notation Z
�

1
N

�

for the ring generated by 1
N

and ZN for the
N -adic completion of Z.

Proof. We let w := (1,1, . . . , 1)T ∈ ZN and ℓ := (1,1, . . . , 1) ∈ Hom (ZN ,Z). It
holds that A = w⊗ ℓ. For any k ∈ N+ and x ∈ ZN , Ak x = N k−1ℓ(x)w. Hence
K0(FN )

∼= lim
−→
(Z, N) = Z[N−1]. Similarly, K0(FN )

∼= lim
←−
(Z, N) = 0. It also follows

that ZN/Ak
Z

N = ZN−1 ⊕Z/N k−1
Z. Hence

Ẑ

N
A
= lim
←−
Z

N/Ak
Z

N = ZN−1 ⊕ZN , so K1(FN ) = (Z
N−1 ⊕ZN )/Z

N = ZN/Z.

�

The isomorphism K0(FN )
∼= Z

�
1
N

�

is implemented by the tracial state ϕN : FN →
C given by restricting the KMS-state on ON to FN .

Remark 3.4.3. The well known computations

K0(ON )
∼= K1(ON )

∼= Z/(N − 1)Z and K1(ON )
∼= K0(ON )

∼= 0,

follow from Proposition 3.4.2 and the Pimsner-Voiculescu sequence (Theorem
3.3.1). In particular, we arrive at the short exact sequence for the only non-
vanishing K-homology group K1(ON ):

0→ K1(ON )→ ZN/Z→ ZN/Z→ 0.

It follows that the Kasparov product with the gauge class of ON on K-homology
vanishes.

3.4.2. The quantum group SUq(2). Recall that C(SUq(2)) is isomorphic to the

Cuntz-Krieger algebra constructed from the matrix A=

�

1 1

0 1

�

, as in Subsub-

section 1.4.1.

Proposition 3.4.4. When A=

�

1 1

0 1

�

, it holds that

K0(FA)
∼= K0(FA)

∼= Z2 and K1(FA)
∼= K1(FA)

∼= 0.

This Proposition follows directly from Proposition 1.4.5 or the computation
of the K-groups, in Proposition 3.4.1, since A is invertible. The K-theory and
K-homology for OA is in this case given by

(3.26) K0(OA)
∼= K1(OA)

∼= K0(OA)
∼= K1(OA)

∼= Z,

as can be seen from the Pimsner-Voiculescu sequences

0→ K1(OA)
⊗[Dc]
−−−→ Z

2

 

0 0

1 0

!

−−−−−→ Z

2→ K0(OA)→ 0,

0→ K0(OA)→ Z

2

 

0 1

0 0

!

−−−−−→ Z

2
[Dc]⊗
−−−→ K1(OA)→ 0.
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Remark 3.4.5. We conclude that the Kasparov product with the gauge class
surjects onto the odd K-homology group of SUq(2). As the fixed point algebra
is the unitalization of the C∗-algebra of compact operators, see Proposition
1.4.5, it admits unbounded Fredholm modules with both good analytic and
topological properties.

3.4.3. The crossed product C(∂ Fd) ⋉ Fd . Let Fd denote the free group on d

generators that we denote by {γ1, . . . ,γd}. The boundary of Fd consists of
infinite words in the alphabet given by the generators {γ1, . . . ,γd ,γ−1

1
, . . . ,γ−1

d
}

subject to the condition that for any i, the letters γi and γ−1
i

cannot succeed
each other. It is well known that the group Fd act amenably on its boundary
∂ Fd . Hence C(∂ Fd)⋉ Fd

∼= C(∂ Fd)⋉r Fd .

Proposition 3.4.6. The crossed product C(∂ Fd)⋉Fd is a Cuntz-Krieger algebra
OA such that Fd = VA and ∂ Fd = ΩA where A is the symmetric 2d × 2d-matrix
consisting of 1’s except for 2× 2-identity matrices on the 2× 2-diagonal,

AFd
:=





























1 0 1 1 · · · 1 1

0 1 1 1 · · ·
...

...

1 1 1 0 · · ·
...

...

1 1 0 1 · · ·
...

...
...

...
...

1 1 · · · 1 0

1 1 1 · · · 0 1





























.

This result can be found in [67, Section 2]. We just indicate how to prove
it using groupoids. It suffices to provide an isomorphism of groupoids ϕ :

∂ Fd ⋊ Fd

∼
−→ GA for this specific choice of matrix A. Such an isomorphism is

given by ϕ(x ,γ) := (x , n(x ,γ), xγ) where

n(x ,γ) = |γ| − 2ℓ(x ,γ),

here |γ| is the word length of γ and ℓ(x ,γ) is the number of reductions necessary
in xγ to write it in reduced form. It is well defined because A guarantees that
any word x ∈ ΩA corresponds to a reduced word in ∂ Fd .

Proposition 3.4.7. It holds that

K∗
�

(C(∂ Fd)⋉ Fd)
U(1)

�

∼=

¨

Z

2d−1, ∗ = 0,

Z2d−1, ∗ = 1
and

K∗ (C(∂ Fd)⋉ Fd)
∼=

¨

Z

d , ∗ = 0,

Z

d ⊕Z/(d − 1)Z, ∗ = 1.

The K-homology groups of (C(∂ Fd)⋉Fd)
U(1) are computed via Proposition 3.4.1.

The expression for K∗(C(∂ Fd) ⋊ Fd) can either be derived from the Pimsner-
Voiculescu sequence of Theorem 3.3.1 or found in [26, Example 33]. The role of
the gauge cycle in the Pimsner-Voiculescu sequence in this case is non-trivial.
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3.4.4. A Cuntz-Krieger algebra such that the gauge cycle surjects. To construct
a Cuntz-Krieger algebra such that the Kasparov product with the gauge cycle
[E c , Dc]⊗− : K∗(FA)→ K∗(OA) surjects, we consider the 2d × 2d-matrix:

Ad :=





























0 1 1 1 · · · 1 1

1 0 1 1 · · ·
...

...

1 1 0 1 · · ·
...

...

1 1 1 0 · · ·
...

...
...

...
. . .

1 1 · · · 0 1

1 1 1 · · · 1 0





























.

Proposition 3.4.8. It holds that

K∗
�

FAd

�

∼=

¨

Z

2d−1, ∗ = 0,

Z2d−1, ∗ = 1
and

K∗
�

OAd

�

∼=

¨

0, ∗ = 0,

(Z/2Z)2(d−1) ⊕Z/4(d − 1)Z, ∗ = 1.

The proof of Proposition 3.4.8 follows from Proposition 3.4.1 and Theorem
3.3.1 after a lengthier exercise in linear algebra.

Remark 3.4.9. Writing out the Pimsner-Voiculescu sequence of Theorem 3.3.1
using the computations of Proposition 3.4.8 we arrive at a commuting diagram
whose rows are exact:

0 −−−−−→ K0(FAd
) −−−−−→ K0(FAd

)
[Ec ,Dc ]⊗
−−−−−→ K1(FAd

) −−−−−→


















0 −−−−−→ Z

2d−1 −−−−−→ Z

2d−1 −−−−−→ (Z/2Z)2(d−1) ⊕Z/4(d − 1)Z −−−−−→

−−−−−→ K1(FAd
) −−−−−→ K1(FAd

) −−−−−→ 0












−−−−−→ Z2d−1 −−−−−→ Z2d−1 −−−−−→ 0

.

Since the 2d−1-adic numbers Z2d−1 is a torsion-free group, it follows that the
mapping K1(OAd

)→ K1(FAd
) vanishes. We conclude that the Kasparov product

with the gauge class in fact surjects onto the K-homology of the Cuntz-Krieger
algebra OAd

.

4. An even spectral triple on the algebra C(ΩA)

In [5], a family of even spectral triples were defined for boundaries of trees.
While the space of finite words VA is a tree and ΩA is its boundary, even spectral
triples for C(ΩA) can be obtained in this way. We will in this section recall
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the construction of [5] and prove that the spectral triples obtained in this
way pair non-degenerately with many elements in K0(C(ΩA)). They encode
geometric, measure-theoretic and dynamical data (see [5, 66]), and have the
interesting property that the class 2[1OAT

] ∈ K0(OAT ) obstructs the extension

of these spectral triples to OA (see Proposition 4.2.7). We also interpret these
spectral triples as secondary invariants for the triviality of the restriction of
the extension class dual to 2[1OAT

] ∈ K0(OAT ) to C(ΩA) (see Remark 4.2.10). In
the next section we will consider generalized unbounded Fredholm modules for
OA constructed through the unbounded Kasparov product, using the present
spectral triples as the base.

4.1. The Bellissard-Pearson spectral triples. The considerations in
[5] allows one to define a spectral triple on the boundary of a tree by means of
interior properties of the tree. In our situation the tree is VA and its boundary
is ΩA. The key geometric idea, that transfers geometry on the interior to that
on the boundary, is that of a choice function.

Definition 4.1.1 (Choice functions on finite words). Let t, t′ : VA→ ΩA denote
functions. We say that the pair τ = (t, t′) is comparable if there is a constant
C > 0 such that τ satisfies that

dΩA
(t(µ), t′(µ)) ≤ Cdiam(Cµ).

If the inequality is an equality with C = 1 for all µ, we say that τ is strictly
comparable. A comparable pair of functions satisfying the cylinder condition,
see Definition 1.1.2, is called a weak choice function. If the comparison is strict
we say τ is a choice function.

If t and t′ satisfy the cylinder condition, then τ = (t, t′) is comparable with
C = 1. For a function t : VA → ΩA, we let πt : C(ΩA) → B(ℓ

2(VA)) denote
the composition of the pullback homomorphism t∗ : C(ΩA)→ Cb(VA) with the
representation given by pointwise multiplication Cb(VA)→ B(ℓ

2(VA)). Compare
to Proposition 1.1.3 if t satisfies the cylinder condition.

Definition 4.1.2 (The Bellissard-Pearson spectral triple [5]). Let τ =

(τ+,τ−) : VA→ ΩA×ΩA be a comparable pair. The associated even Bellissard-
Pearson spectral triple BPexp(τ) := (πτ,ℓ2(VA,C2), DBP

V ) consists of

(1) The Hilbert space ℓ2(VA,C2) graded by the decomposition

ℓ2(VA,C2) = ℓ2(VA)⊕ ℓ
2(VA).

(2) The even representation πτ : C(ΩA)→ B(ℓ
2(VA,C2)) given by

πτ := πτ+ ⊕πτ− .

(3) The self-adjoint operator DBP
V defined on its core Cc(VA,C2) by

DBP
V

�

ϕ+
ϕ−

�

(µ) := diam(Cµ)
−1 ·

�

ϕ−(µ)

ϕ+(µ)

�

= e|µ|
�

ϕ−(µ)

ϕ+(µ)

�

.
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For s ∈ (0,1], we also define the logarithmic family of Bellissard-Pearson spec-
tral triples

BPs(τ) := (πτ,ℓ
2(V ,C2), DV ,s),

where the operator DV ,s is defined on its core Cc(VA,C2) by the expression

DV ,s

�

ϕ+
ϕ−

�

(µ) :=
�

− log diam(Cµ)
�s
·

�

ϕ−(µ)

ϕ+(µ)

�

= |µ|s
�

ϕ−(µ)

ϕ+(µ)

�

.

Remark 4.1.3. The construction of spectral triples in [5] was only carried out
for choice functions and the logarithmic version was not considered. The results
in [5] regarding these spectral triples were concerned with metric and measure-
theoretic properties. The motivation to lax the conditions on τ stems from the
wish to obtain a larger variety of K-homology classes that pair non-degenerately
with “many” K-theory elements. The introduction of the logarithmic version
of the spectral triple is a matter we return to throughout the section and
Subsection 6.2.

Proposition 4.1.4. The logarithmic and the ordinary even Bellissard-Pearson
spectral triples of a comparable pair τ = (τ+,τ−) form even unbounded Fred-
holm modules. For s ≥ 1

2 , BPs(τ) is θ -summable, whereas BPexp(τ) is finitely

summable. If the image of τ is dense6 the Bellissard-Pearson spectral triples
indeed form spectral triples.

Proof. It was proven in [5, Proposition 8] that (πτ,ℓ2(VA,C2), DBP
V ) is a well

defined unbounded Fredholm module. The operator DBP
V admits bounded

commutators with elements of the algebra Lip(ΩA, dΩA
) consisting of functions

f : ΩA → C that are Lipschitz in the metric on ΩA defined in (1.3). From the
estimate

‖[DV ,s ,πτ( f )]‖B(ℓ2(VA,C2)) = sup
µ∈VA

|µ|s








��

0 1

1 0

�

,

�

f (τ+(µ)) 0

0 f (τ−(µ))

��








M2(C)

≤ sup
µ∈VA

e|µ|








��

0 1

1 0

�

,

�

f (τ+(µ)) 0

0 f (τ−(µ))

��








M2(C)

= ‖[DBP
VA

,πτ( f )]‖B(ℓ2(VA,C2)),

it follows that the same holds for BPs(τ). Since diam(Cµ) = e−|µ|, it follows that

(4.27) Tr(e−t D2
V ,s) = 2

∑

µ∈VA

e−t |µ|2s

= 2

∞
∑

k=0

∑

|µ|=k

e−tk2s

= 2

∞
∑

k=0

ϕ(k)e−tk2s

.

By Corollary 1.1.6, the operator e−t D2
V ,s is trace class if s ≥ 1

2
and t > δA. �

Remark 4.1.5. For s = 1
2

the trace (4.27) equals the Poincaré series from The-
orem 1.1.5. After introducing a power in the metric defined in Equation (1.3)
and in the expression defining DBP

V , one can obtain arbitrarily low degree of fi-
nite summability. Further, if there are constants C , p > 0 such that ϕ(k) ≤ Ckp

for all k, then BPs(τ) is also finitely summable. This holds for instance for

6E.g. when τ satisfies the cylinder condition.
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SUq(2) by (1.18). This is possible only when there is an isolated point in ΩA as
the following proposition shows.

Proposition 4.1.6. If the matrix A satisfies condition (I), there are C ,ǫ > 0

such that

ϕ(k)≥ Ceǫk.

Remark 4.1.7. For any point x ∈ ΩA, let ωx : C(ΩA)→ C denote point evalu-
ation in x . Let [x] ∈ K0(C(ΩA)) denote the K-homology class associated with
ωx . Formally, we may realize the K-homology class that the Bellissard-Pearson
spectral triple defines as the formal difference of the sum of all [x], where x

ranges over τ+(VA), and the sum of all [x], where x ranges over τ−(VA).
This observation can be made sense of in a more rigorous way. For µ ∈ VA,
the difference [τ+(µ)] − [τ−(µ)] ∈ K0(C(ΩA)) can be represented by the even
unbounded Fredholm module

Sµ,s =

�

ωτ+(µ) ⊕ωτ−(µ),C
2,

�

0 |µ|s

|µ|s 0

��

.

The direct sum

⊕

µ∈VA

Sµ,s =

�

⊕

µ∈VA

ωτ+(µ) ⊕ωτ−(µ),
⊕

µ∈VA

C

2,
⊕

µ∈VA

�

0 |µ|s

|µ|s 0

�
�

= BPs(τ)

is well defined once making suitable closures and choices of domains.

4.2. Obstructions to extending to Cuntz-Krieger algebras. Our
motivation for introducing the logarithmic version of the Bellissard-Pearson
spectral triple is that it extends to a slightly larger algebra related to the
Cuntz-Krieger algebra, but not equal to it. The deficiency between that alge-
bra and the Cuntz-Krieger algebra comes from an obstruction in K0(OAT ) (see
Proposition 4.2.6 and 4.2.7).
We let Vσ ∈ B(ℓ

2(VA)) be defined by

Vσ f (v) =

¨

f (σV (v)) if v 6= ◦A

0, if v = ◦A.
.

A direct computation gives the identity

V ∗
σ

Vσ = S,

where S f (x) = |σ−1
V {x}| f (x). We will henceforth apply the convention that

σ−1
V (σV (◦A)) = ;.

Assume that t : VA → ΩA is function satisfying the cylinder condition (see
Definition 1.1.2). We define the operators si,t ∈ B(ℓ

2(VA)) for i = 1, . . . , n by

(4.28) si,t := πt(χCi
)Vσ.

We also let P◦A
: ℓ2(VA) → ℓ2(VA) denote the orthogonal projection onto the

space spanned by δ◦A
.
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Lemma 4.2.1. Let t : VA → ΩA be a function satisfying the cylinder condition.
The operators si,t are partial isometries satisfying the relations

(4.29) s∗
i,t
sk,t = δi,k

N
∑

j=1

Ai js j,ts
∗
j,t
+ P◦A

,

for any i and k.

Proof. If i 6= j, χCi
χC j
= 0 and it follows that

s∗
i,t
s j,t = V ∗

σ
πt(χCi

χC j
)Vσ = 0.

Given f ∈ ℓ2(VA), we have that

s js
∗
j
f (µ) = πt(χC j

)VσV ∗σπt(χC j
) f (µ) =

=
∑

ν∈σ−1
V (σV (µ))

χC j
(t(µ))χC j

(t(ν)) f (ν) =

¨

χC j
(t(µ)) f (µ), if µ 6= ◦A,

0 if µ= ◦A.

We conclude that (si,t)
N
i=1

forms a collection of partial isometries with orthog-
onal ranges. On the other hand,

s∗
i,t
si,t f (µ) = V ∗σπt(χCi

) f (σV (µ)) =
∑

ν∈σ−1
V (µ)

χCi
(t(ν)) f (σV (ν)) =

=
∑

ν∈σ−1
V (µ),t(ν)∈Ci

f (µ) =

N
∑

j=1

Ai jχC j
(t(µ)) f (µ),

since the word ν = iµ ∈ σ−1(µ) is admissible only when Aiµ1
6= 0. Rewriting

this, we obtain the identity

(4.30) si,ts
∗
i,t
=

¨

πt(χCi
)− P◦A

, if t(◦A) ∈ Ci ,

πt(χCi
), if t(◦A) /∈ Ci .

Since there is only one i for which t(◦A) ∈ Ci , Equation (4.29) holds true. �

Remark 4.2.2. There is a geometric consequence of Lemma 4.2.1 for GA. Later
we will prove that for any function t satisfying the cylinder condition, the linear
mapping Si 7→ si,t can not be compactly perturbed to a ∗-homomorphism OA→
B(ℓ2(VA)) if [1] 6= 0 in the K-theory group K0(OAT ), this is related to Kaminker-
Putnam’s Poincaré duality K∗(OA)

∼= K∗+1(OAT ). See more in Remark 2.1.5,
Proposition 4.2.6 and Proposition 4.2.7. In particular, it proves it impossible
for a function t : VA→ ΩA satisfying the cylinder condition to be viewed as the
moment map of a GA-action on the finite words VA since if that was the case,
it would extend to a ∗-homomorphism OA

∼= C∗(GA)→ B(ℓ
2(VA)) extending the

C(ΩA)-representation coming from t.

In order to understand the role of the operators (si,t)
N
i=1

, we need to relate them
to a similar set of operators appearing above in Subsection 2.1, cf. [39].

Proposition 4.2.3. If t satisfies the cylinder condition, it holds that LA
i
= si,t.
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Proof. For any finite word µ ∈ VA,

si,tδµ =
∑

ν∈σ−1
V (µ)

χCi
(t(ν))δν = δiµ,

since the cylinder condition (see Definition 1.1.2) guarantees that ν = iµ is the
unique word in σ−1

V (µ) such that χCi
(t(ν)) 6= 0. �

The computations of Lemma 4.2.1 can also be seen from Proposition 4.2.3 and
[39, Proposition 4.2].

Remark 4.2.4. A consequence of Proposition 4.2.3 is that the operators si,t do
not depend on the choice of t. This does not contradict computations such as
that in Equation (4.30) since this computation merely expresses a cancellation
occurring in ◦A. We conclude the following Proposition.

Proposition 4.2.5. The C∗-algebra

EBP := C∗(si,t|i = 1, . . . , n)) ⊆ B(ℓ2(VA)),

contains K(ℓ2(VA)) and t∗C(ΩA) for any function t : VA → ΩA satisfying the
cylinder condition.

We note that if ẼBP is the C∗-subalgebra ẼBP ⊆ EK P generated by the LA
i
, then

EBP is the image of ẼBP in B(ℓ2(VA)). If OA is simple, EBP
∼= ẼBP . By arguments

similar to those in Subsection 2.1, ẼBP/K(ℓ
2(VA))

∼= OA. We can conclude the
following Proposition from Remark 2.1.5.

Proposition 4.2.6. The extension ẼBP represents the image of [1OAT
] ∈ K0(OAT )

under the isomorphism K0(OAT )→ K1(OA) of Theorem 2.1.1.

For any pair of functions τ = (τ+,τ−) satisfying the cylinder condition, we set
si := si,τ+

⊕ si,τ−
. It follows from Proposition 4.2.6 that if the element [1OAT

] ∈
K0(OAT ) is 2-torsion, the K-homological obstruction to lifting the mapping

Si 7→ si mod K ∈ C (ℓ2(VA,C2))

to a ∗-homomorphism OA → B(ℓ
2(VA,C2)), vanishes. In a similar fashion, we

conclude the following.

Proposition 4.2.7. Assume that k is such that k[1OAT
] 6= 0. For functions

t1, . . . , tk : VA→ ΩA satisfying the cylinder condition,

⊕k
j=1
πt j

: C(ΩA)→ B(ℓ
2(VA,Ck)),

does not extend to a representation of OA and neither does any compact pertur-
bation of it.

Remark 4.2.8. If K0(FA) = 0, it follows from Theorem 3.3.1 that K1(OA) →
K1(FA) is injective. This happens for instance for the algebra ON as we saw
above in Remark 3.4.3. In this particular case, the obstruction mentioned in
Proposition 4.2.7 to lifting the representation of C(ΩA) in the Bellissard-Pearson
spectral triples remains for FA.
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Proposition 4.2.9. If t : VA→ ΩA is a function satisfying the cylinder condi-
tion, the representation πt of C(ΩA) satisfies that

q ◦πt = βA|C(ΩA)
,

and hence [βA]|C(ΩA)
= 0 in K1(C(ΩA)).

Remark 4.2.10. An interesting interpretation of this Proposition is that the
Bellissard-Pearson spectral triples should be thought of as an invariant for the
choice of two multiplicative liftings of βA|C(ΩA)

, i.e. a secondary invariant for
the homological triviality of the Toeplitz extension EBP restricted to C(ΩA).

Proposition 4.2.11. For i = 1, . . . , N , the operator si := si,τ+
⊕ si,τ−

and its
adjoint

(1) preserve Cc(VA,C2);
(2) admit bounded commutators with DV ,s;

(3) there is a sequence ( fk) ⊆ Cc(VA,C2) such that ‖ fk‖ = 1 but
‖[DBP

V , si] fk‖ →∞.

Proof. Property (1) is clear from the definition si := si,τ+
⊕ si,τ−

and Equation
(4.28). To prove (2), we note that Proposition 4.2.3 implies that

[DV ,s, si]

�

δµ
δν

�

=

�

(|iν|s − |ν|s)δiν

(|iµ|s − |µ|s)δiµ

�

.

Since µ 7→ − log diam(Cµ) = |µ| grows linearly in |µ|, µ 7→ |iµ|s−|µ|s is a bounded
function for 0< s ≤ 1. Hence [DV ,s, si] is bounded.
Concerning (3), it follows from Proposition 4.2.3 that

[DBP
V , si]

�

δµ
δν

�

=

��

diam(Ciν)
−1 − diam(Cν)

−1
�

δiν
�

diam(Ciµ)
−1 − diam(Cµ)

−1
�

δiµ

�

.

Take a sequence (µk)
∞
k=1
⊆ VA such that |µk| = k and iµk is admissible for all

k. Set fk := (δµk
, 0)T . It trivially holds that fk ∈ Cc(VA,C2) and that ‖ fk‖ = 1.

Since diam(Cµ) = e−|µ|, there is an ǫ > 0 for which

diam(Cµ)

diam(Ciµ)
> 1+ ǫ

We conclude that ‖[DBP
V , si] fk‖ ≥ ǫe

k →∞, as k→∞. �

As a consequence of Proposition 4.2.11, the operator DV ,s defines a spectral
triple on EBP (see Proposition 4.2.5) which is θ -summable for s ≥ 1/2. Yet an-
other consequence is that DBP

V does not define a spectral triple on EBP such that
si,t is in the Lipschitz algebra. In the light of Theorem 1.3.3 and Proposition
4.1.4 this result does not come as a surprise as in that case we would obtain
a finitely summable spectral triple on EBP . We do however note that there is
no obvious obstruction to finitely summable spectral triples on EBP since it is
not purely infinite. This fact follows from [6, Proposition V.2.2.23] and the
existence of the inclusion K(ℓ2(VA)) ⊆ EBP of Proposition 4.2.5.
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4.2.1. Dual of the unit for a free group. We end this subsection by a comparison
of various descriptions of the extension dual to [1OAT

] ∈ K0(OAT ) in the special
case of a free group. This example, described above in Subsection 3.4.3, falls
into the category of extensions studied by Emerson-Nica [28]. The extension
constructed in [28] is defined from the short exact sequence

0→ C0(Fd)⋊ Fd → C(Fd)⋊ Fd → C(∂ Fd)⋊ Fd → 0.

Using the isomorphism C0(Fd) ⋊ Fd
∼= K(ℓ2(Fd)) we obtain an extension EEN

whose class was proven in [28] to be dual to [1OA
] ∈ K0(OA). In [28] an ex-

plicit finitely summable analytic K-cycle representing this extension class was
prescribed. Recall the measure µA on ∂ Fd constructed as in Subsection 1.1.
Let PEN be the orthogonal projection onto the image of the isometric embed-
ding ℓ2(Fd)→ ℓ

2(Fd , L2(∂ Fd ,µA)) as constant functions on ∂ Fd . By [28, Theo-
rem 1.1] the class [EEN ] is represented by the finitely summable analytic cycle
(πFd

,ℓ2(Fd , L2(∂ Fd ,µA)), 2PEN −1), where πFd
is the crossed product representa-

tion associated with the covariant C(∂ Fd)-representation on ℓ2(Fd , L2(∂ Fd ,µA)).
One can check that this construction of PEN corresponds to the construction of
Q◦ in Remark 2.2.4 thus concluding the following Proposition.

Proposition 4.2.12. If A is the 2d × 2d-matrix from Subsection 3.4.3, the
following diagram with exact rows commute:

0 −−−−→ K(ℓ2(Fd)) −−−−→ EBP −−−−→ OA −−−−→ 0


















0 −−−−→ K(ℓ2(Fd)) −−−−→ EEN −−−−→ OA −−−−→ 0

Furthermore, under the unitary equivalence L2(OA,ϕA)
∼= ℓ2(Fd , L2(∂ Fd ,µA)) in-

duced by the isomorphism of groupoids GA
∼= ∂ Fd ⋊ Fd it holds that

(πA, L2(OA,ϕA), 2W◦W
∗
◦ − 1) = (πFd

,ℓ2(Fd , L2(∂ Fd ,µA)), 2PEN − 1)

Remark 4.2.13. For a general N×N -matrix A, there are several other equivalent
ways of constructing extensions equivalent to EBP in a geometric way from the
short exact sequence

0→ C0(VA)→ C
�

VA

�

→ C(ΩA)→ 0.

For instance, using crossed products by partial actions of the free group FN on
ΩA (see [29]) or a crossed product by the shift endomorphism (see [30]).

4.3. K-homology classes. We now turn to the study of the index theory of
the Bellissard-Pearson spectral triples. Whenever (π, H , D) is an unbounded
Fredholm module on a C∗-algebra A, we let [π, H , D] ∈ K∗(A) denote its K-
homology class, obtained via the bounded transform. Throughout this subsec-
tion, τ = (τ+,τ−) denotes a comparable pair of functions VA → ΩA. For most
of the section, τ will be a weak choice function.
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Lemma 4.3.1. For 0 < s ≤ 1, the bounded transforms of the logarithmic and
the ordinary even Bellissard-Pearson spectral triples coincide in K-homology:

[BPexp(τ)] = [BPs(τ)] ∈ K0(C(ΩA)).

Further, the class [BPs(τ)] ∈ K0(C(ΩA)) of a comparable pair τ can be repre-
sented by the analytic K-cycle

(4.31)
�

πτ,ℓ
2(VA,C2), F

�

, where F :=

�

0 1

1 0

�

.

For any p > 0 and weak choice function τ, this K-cycle is p-summable on the
dense ∗-subalgebra generated by cylinder functions inside C(ΩA).

Proof. It is clear that [BPexp(τ)] = [BPs(τ)]. That [BPs(τ)] ∈ K0(C(ΩA)) is
represented by the K-cycle (4.31) follows from that F = DBP

V |D
BP
V |
−1. To verify

the p-summability claim, take a finite word µ ∈ VA and consider the locally
constant function χCµ

∈ C(ΩA). For any ν,ν′ ∈ VA,

[F,πτ(χCµ
)]

�

δν
δν′

�

=





�

χCµ
(τ−(ν

′))−χCµ
(τ+(ν

′))
�

δν′

�

χCµ
(τ+(ν))−χCµ

(τ−(ν))
�

δν



 .

If both τ+ and τ− satisfies the cylinder condition, then

χCµ
(τ+(ν))−χCµ

(τ−(ν)) = 0 if |ν| ≥ |µ|.

The latter statement holds, because χCµ
(τ±(ν)) is non-zero if and only if τ±(ν) ∈

Cµ and whenever |ν| ≥ |µ| the cylinder condition and τ±(ν) ∈ Cµ implies that
there is a finite word λ with ν= µλ, hence τ+(ν) ∈ Cµ if and only if τ−(ν) ∈ Cµ.

It follows that [F,πτ(χCµ
)] is an operator of rank at most 2

∑

k<|µ|ϕ(k) and

hence p-summable for any p > 0. The linear span of the cylinder functions
{χCµ
|µ ∈ VA} forms a dense subalgebra of C(ΩA) and the Lemma follows. �

Lemma 4.3.1 gives us a description of the class [BP(τ)] by means of the quasi-
homomorphism (πτ+ ,πτ−), cf. [21]. To understand the index pairing of the
Bellissard-Pearson spectral triples with K-theory, we first recall a well known
computation of the K-theory of C(ΩA).

Lemma 4.3.2. The K-theory group K∗(C(ΩA)) is given by

K∗(C(ΩA)) =

¨

C(ΩA,Z), if ∗= 0,

0, if ∗ = 1.

Proof. We write C(ΩA) = lim
−→
Ck as in Proposition 1.1.1. Continuity of K-theory

under direct limits implies that

K∗(C(ΩA)) = lim
−→

K∗(Ck) =

¨

lim
−→

K0(Ck), if ∗ = 0,

0, if ∗ = 1.

=

¨

C(ΩA,Z), if ∗= 0,

0, if ∗ = 1.
.
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�

We say that a word µ ∈ VA is minimal if the following condition holds:
(4.32)

For any ν0,λ0 ∈ VA such that µ= ν0λ0, we have that Cµ 6= Cν0
.

Lemma 4.3.3. Let µ ∈ VA and let ν0 be the longest minimal word such that
µ = ν0λ0 for some λ0. Then there is a weak choice function τ= (τ+,τ−) such
that whenever ν,λ ∈ VA \ {◦A} are such that µ= νλ then

(1) τ+(ν) ∈ Cµ if and only if τ−(ν) ∈ Cµ for |λ| 6= |λ0|+ 1

(2) τ−(ν) /∈ Cµ and τ+(ν) ∈ Cµ if |λ|= |λ0|+ 1.

Proof. Let τ0 be any weak choice function. We will redefine τ0 on the set of
ν:s such that there exists a λ ∈ VA \ {◦A} with µ = νλ. Since Cµ = Cν0

we can
equally well assume µ= ν0 and |λ0|= 0.
Whenever µ= νλ, we divide into the four cases

A) |λ|> 1 and τ0
+
(ν) = τ0

−(ν).

B) |λ|= 1 and τ0
+
(ν) 6= τ0

−(ν).

C) |λ|> 1 and τ0
+
(ν) 6= τ0

−(ν).

D) |λ|= 1 and τ0
+
(ν) = τ0

−(ν).

If ν satisfies A), we do not alter τ0(v). If ν satisfies B), and τ+(ν) ∈ Cµ we do

not alter τ0(ν). If ν satisfies B), and τ−(ν) ∈ Cµ we redefine τ±(ν) := τ0
∓(ν). If

ν satisfies B) and τ0
+
(ν),τ0

−(ν) /∈ Cµ we do not alter τ0
−(ν) but define τ+(ν) :=

τ0
+
(µ) ∈ Cµ. If C) holds, then we set τ±(ν) := τ0

−(ν). If D) holds, then the

minimality assumption (4.32) guarantees that there is a finite word λ′ such
that |λ′| = |λ|, λ′ 6= λ and νλ′ is admissible. Define τ+(ν) := τ0

+
(µ) ∈ Cµ and

τ−(ν) := τ0
−(νλ

′) /∈ Cµ. The constructed τ satisfy the cylinder condition, hence
τ is a comparable pair. �

Our main result of this subsection indicates the topological importance of the
Bellissard-Pearson spectral triples.

Lemma 4.3.4. For any non-empty word µ ∈ VA \ {◦A} there is a weak choice
function τµ such that

〈[χCµ
], [BPs(τµ)]〉 = 1.

Proof. It suffices to prove the Lemma for finite words µ satisfying the min-
imality assumption (4.32). A straight forward index manipulation gives the
identities

〈[χCµ
], [BPs(τµ)]〉 = ind (τ∗

+
(χCµ
) : τ∗−(χCµ

)ℓ2(VA)→ τ
∗
+
(χCµ
)ℓ2(VA))

= ind (τ∗
+
(χCµ
),τ∗−(χCµ

)),
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where the last index denotes the relative index of the Fredholm pair of projec-
tions given by (τ∗

+
(χCµ
),τ∗−(χCµ

)). Using [3, Proposition 2.2], it follows that

〈[χCµ
], [BPs(τµ)]〉 = Trℓ2(VA)

�

τ∗
+
(χCµ
)−τ∗−(χCµ

)
�

=
∑

|ν|<|µ|

[χCµ
(τ+(ν))−χCµ

(τ−(ν))]

= #
�

ν
�

� τ+(ν) ∈ Cµ, τ−(ν) /∈ Cµ
	

(4.33)

−#
�

ν
�

� τ−(ν) ∈ Cµ, τ+(ν) /∈ Cµ
	

.

The Lemma follows from Equation (4.33) and Lemma 4.3.3. �

5. Unbounded (OA, C(ΩA))-cycles and the associated spectral

triples

In this section we will construct classes over the commutative base by combin-
ing the philosophies of Section 2 and Section 3. The advantage of using C(ΩA)

is that there are several well behaved K-homology classes, e.g. point evalua-
tions and Bellissard-Pearson spectral triples. We will use these to construct
unbounded Fredholm modules on Cuntz-Krieger algebras OA and prove that
such unbounded Fredholm modules exhaust K1(OA). For this purpose, point
evaluations suffices. We consider the products with Bellissard-Pearson spectral
triples in the next section. The reader unfamiliar with unbounded KK-theory
is referred to the references listed in the beginning of Section 3.

5.1. An unbounded (OA, C(ΩA))-cycle. We start this subsection with a
structure analysis for the Haar module EΩ

A
over the commutative algebra C(ΩA).

Consider the filtration of GA given by

(5.34) G k
A

:= {(x , n, y) ∈ GA : σk+n(x) = σk(y)},

which forms a filtration by subsets such that:

(1) Each set G k
A

is closed under under composition.

(2) Inversion is a filtered operation in the sense that if ξ = (x , n, y) ∈ G k
A

,

then ξ−1 ∈ G n+k
A

.

(3) The filtering respects the cocycle grading; G k
A
= ∪n∈ZG

k
n

where G k
n

:=

G k
A
∩ c−1

A
(n).

We can further decompose this filtration into a grading.

Lemma 5.1.1. The function

κ : GA→N

(x , n, y) 7→min{k : σk+n(x) = σk(y)},
(5.35)

is locally constant and hence continuous.
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Proof. Recall the definition of the basic open sets from (1.6). Let κ(x , n, y) = k

and take (U , n+ k, k, V ) with U := Cx1···xn+k
and V = Cy1···yk

. Since k is minimal,

it follows that xn+k 6= yk. Therefore it is clear that for any (x ′, n, y ′) ∈ (U , n+

k, k, V ), κ(x ′, n, y ′) = k. So κ is locally constant. �

Because κ is continuous, the sets κ−1(k) are clopen in GA. Therefore each G k
A

decomposes as a disjoint union

G k
A
=

k
⋃

i=0

κ−1(i),

compatible with the cocycle grading. Writing

X k
n

:= {(x , n, y) ∈ GA : κ(x , n, y) = k},

this gives decompositions

GA =
⋃

n∈Z

⋃

k∈N

X k
n

and Cc(GA) =
⊕

n∈Z

⊕

k∈N

Cc(X
k
n
),

where the former is a disjoint union and the latter is a decomposition into
C(ΩA)-submodules. For if f ∈ Cc(GA) and g ∈ C(ΩA), then

f ∗ g(x , n, y) = f (x , n, y)g(y),

so supp ( f ∗ g) ⊂ supp f . For n + k < 0, X k
n
= ; hence we use the convention

Cc(X
k
n
) = 0 if n + k < 0. After completion this gives a decomposition of the

Hilbert C∗-module EΩ
A

as

EΩ
A
=
⊕

n∈Z

⊕

k∈N

E k
n
.

We will now proceed to show that each E k
n

is a finitely generated projective
C(ΩA)-module. Define the sets

X (k)
n,µ

:= {(x , n, y) : κ(x , n, y) = k, x ∈ Cµ, |µ|= k+ n},

whose characteristic function we denote by χk
n,µ
∈ Cc(X

k
n
). We set

ϕλ(l) := #{µ ∈ VA : µλ ∈ VA, |µ|= l − |λ|}.

Recall the conditional expectation ρ : OA→ C(ΩA) defined in (1.8).

Lemma 5.1.2. For any finite word λ ∈ VA and n+ k ≥ |λ|, the column vectors

vn,k,λ :=
��

χk
n,µλ

�∗�

|µ|=n+k−|λ|
∈
�

Cc(X
k
n
)ϕλ(n+k)

�∗
⊆ Cc(X

n+k
−n
)ϕλ(n+k),

satisfy

v∗
n,k,λ

ρ(vn,k,λ ∗ f ) = χ(σn+k−|λ|)−1(Cλ)
∗ f ∀ f ∈ Cc(X

k
n
).

In particular, under the inclusion
�

Cc(X
k
n
)ϕ(n+k)

�∗
⊆ Hom∗

C(ΩA)
(E k

n
, C(ΩA)

ϕ(n+k)),

the following C(ΩA)-linear operators define isometries

vn,k := vn,k,◦ ∈ Hom∗
C(ΩA)

(E k
n
, C(ΩA)

ϕ(n+k)).

Documenta Mathematica 20 (2015) 89–170



Summability and CK-algebras 141

Proof. We must show that for f ∈ Cc(X
k
n
)

∑

|µ|=k+n−|λ|

χk
n,µλ
∗ρ

��

χk
n,µλ

�∗
∗ f
�

= χ(σn+k−|λ|)−1(Cλ)
∗ f .

First, for arbitrary µ, we compute

ρ
��

χk
n,µ

�∗
∗ f
�

(x , 0, x) =
∑�

χk
n,µ

�∗
(x ,ℓ, z) f (z,−ℓ, x)

= Aµn+k ,xk+1
δk,κ(µσk(x),n,x) f (µσ

k(x), n, x),

and subsequently

χk
n,µ
∗ρ

��

χk
n,µ

�∗
∗ f
�

(x , m, y) =
∑

χk
n,µ
(x ,ℓ, z)ρ

��

χk
n,µ

�∗
∗ f
�

(z, m− ℓ, y)

=
∑

χk
n,µ
(x , m, y)

��

χk
n,µ

�∗
∗ f
�

(y, 0, y)

= χk
n,µ
(x , m, y)Aµn+k ,yk+1

δk,κ(µσk(y),n,y) f (µσ
k(y), n, y)

= χk
n,µ
(x , m, y) f (x , m, y).

Therefore, we have

∑

|µ|=n+k−|λ|

χk
n,µλ
∗ρ

��

χk
n,µλ

�∗
∗ f
�

(x , m, y) =
∑

|µ|=n+k−|λ|

χk
n,µλ
(x , m, y) f (x , m, y)

= χ(σn+k−|λ|)−1(Cλ)
(x) f (x , m, y)

= (χ(σn+k−|λ|)−1(Cλ)
∗ f )(x , m, y).

�

Proposition 5.1.3. The Haar module EΩ
A

is the direct sum of the finitely

generated projective C(ΩA)-modules E k
n
.

Proof. It is clear from Lemma 5.1.2 that the image of the isometries vn,k equals

the range of the projections pn,k = vn,kv∗
n,k

. Hence, E k
n
∼= pn,kC(ΩA)

ϕ(k+n) are

finitely generated projective C(ΩA)-modules. The Proposition follows from the
fact that EΩ

A
=
⊕

n∈Z

⊕

k∈NE k
n
. �

Define an operator Dκ : Cc(GA)→ Cc(GA) via pointwise multiplication Dκ f (ξ) :=

κ(ξ) f (ξ).

Proposition 5.1.4. The operator Dκ is essentially selfadjoint and regular in
EΩ

A
. Moreover, it commutes up to bounded operators with the generators Si .

Proof. The operator Dκ is obviously symmetric. Moreover Dκ ± i maps the
submodule Cc(G

k
A
) surjectively onto itself, and the union

⋃

k Cc(G
k
A
) is dense in

EΩ
A

. Therefore Dκ± i have dense range, and the closure of Dκ is selfadjoint and

regular in EΩ
A

. That Dκ commutes up to bounded operators with the operators
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Si follows by direct computation:

[Dκ,Si]g(x , n, y)

=
∑

κ(x , n, y)Si(x ,ℓ, z)g(z, n − ℓ, y)− Si(x ,ℓ, z)(κg)(z, n − ℓ, y)

=
∑

(κ(x , n, y)− κ(z, n− ℓ, y))Si(x ,ℓ, z)g(z, n − ℓ, y)

= (κ(x , n, y)− κ(σ(x), n− 1, y))χCi
(x)g(σ(x), n − 1, y)

= Si p−g(x , n, y),

where p− denotes the projection onto ⊕k∈NE k
−k

, because

κ(x , n, y) =

¨

κ(σ(x), n− 1, y), when n+ κ(x , n, y) > 0,

κ(σ(x), n− 1, y)− 1, when n+ κ(x , n, y) = 0.

�

The generator of the gauge action Dc , extends to a selfadjoint regular operator
on EΩ

A
. However, instead of a naive combination of the operators Dc and Dκ, we

need to assemble the two with a little more care in order to construct unbounded
Kasparov modules that will eventually allow us to obtain nontrivial unbounded
Fredholm modules on OA. We define the subset

Yλ := {(x , n, y) ∈ G 0
A

: |λ| ≤ n and σn−|λ|(x) = λy}.

We note that Y◦A
= G 0

A
and cA|Yλ ≥ |λ|. We let pλ ∈ End∗

C(ΩA)
(EΩ

A
) denote the

projection given by pointwise multiplication by the characteristic function of
Yλ. We write E0

n,λ
for the completion of the submodule Cc(Yλ∩ c−1

A
(n)), and E⊥0

n,λ

for the completion of Cc(G
0
A
\ Yλ ∩ c−1

A
(n)). Recall the notation Vλ = {µλ ∈ VA}.

Proposition 5.1.5. The projection pλ projects onto the closed C(ΩA)-
submodule of EΩ

A
generated by {Sµ|µ ∈ Vλ}, and can be written as pλ f =

∑∞
n=0

v∗
n,0,λ

ρ(vn,0,λ ∗ f ). In particular, for any finite word λ, the Haar module

EΩ
A
decomposes as a direct sum of finitely generated projective C(ΩA)-modules

(5.36) EΩ
A
=

∞
⊕

n=0

E0
n,λ
⊕
∞
⊕

n=0

E⊥0
n,λ
⊕
∞
⊕

k=1

⊕

n≥−k

E k
n
.

Proof. It suffices to prove that pλSµλ = Sµλ and that pλSµS∗
ν
= 0 if and only if

µ 6= µ0ν for all µ0 ∈ Vλ. Since Sµλ is defined from the characteristic function of
the set

{(x , |µ|+ |λ|, y) ∈ GA|x ∈ Cµλ, σ|µ|+|λ|(x) = y},

it follows that pλSµλ = Sµλ. The element SµS∗ν is defined from the characteristic
function of the set

{(x , |µ| − |ν|, y) ∈ GA : x ∈ Cµ, y ∈ Cν, σ
|µ|(x) = σ|ν|(y)}.
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The proposition follows from the fact that pλSµS∗
ν

is the characteristic function
of the set

�

(x ,|µ| − |ν|, y) ∈ GA : x ∈ Cµ, y ∈ Cν, |λ|+ |ν| ≤ |µ|,

σ|µ|(x) = σ|ν|(y),σ|µ|−|ν|−|λ|(x) = λy
	

=











;, if µ 6= µ0ν ∀µ0 ∈ Vλ

{(x , |µ| − |ν|, y) ∈ GA|x ∈ Cµ, y ∈ Cν, σ
|µ|(x) = σ|ν|(y)},

if for some µ0 ∈ Vλ, µ= µ0ν.

The factorization and decomposition statements now follow directly from
Lemma 5.1.2. �

Recall that κ|G k
A
= k ∈ {0,1,2, . . .} and that cA|G k

A
+ k ≥ 0. Now consider the

function ψλ : GA→ Z given by

(5.37) ψλ(x , n, y) =







n when (x , n, y) ∈ Yλ

−n when (x , n, y) ∈ G 0
A
\ Yλ

−|n| − κ(x , n, y) when (x , n, y) ∈ GA \ G
0
A

,

.

The function ψλ is clearly locally constant and continuous. Define an operator
Dλ : Cc(GA) → Cc(GA) by pointwise multiplication by ψλ, i.e. Dλ f (x , n, y) =

ψλ(x , n, y) f (x , n, y). We wish to show that Dλ has bounded commutators with
the generators Si . We compute

[Dλ,Si] f (x , n, y) = (ψλ(x , n, y)−ψλ(σ(x), n − 1, y))χCi
(x) f (σ(x), n − 1, y)

= (ψλ(x , n, y)−ψλ(σ(x), n − 1, y))(Si f )(x , n, y).(5.38)

Lemma 5.1.6. The function aλ(x , n, y) :=ψλ(x , n, y)−ψλ(σ(x), n−1, y) satis-
fies the estimate |aλ(x , n, y)| ≤max(2,2|λ|−1) for any (x , n, y) ∈ GA and belongs
to Cb(GA). More precisely,

aλ(x , n, y) =












(2|λ| − 1) χYλ∩{cA=|λ|}
+χYλ∩{cA>|λ|}

−χG 0
>0\Yλ

+2χG≤0∩{cA+κ=0} −χG>0\G 0 +χG≤0∩{cA+κ>0}, |λ|> 0,

χG 0 +2χG<0∩{cA+κ=0} −χG>0\G 0 +χG≤0∩{cA+κ>0}, λ= ◦A.

Proof. We prove the Lemma by dividing into cases. Assume first that λ is
non-empty. Consider the following statements involving (x , n, y) ∈ GA:

a. (x , n, y) ∈ Yλ;
b. (x , n, y) ∈ G 0 \ Yλ;
c. (x , n, y) ∈ G \ G 0;
α. (σ(x), n− 1, y) ∈ Yλ;
β . (σ(x), n− 1, y) ∈ G 0 \ Yλ;
γ. (σ(x), n− 1, y) ∈ G \G 0.
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We start by excluding the cases that do not occur:

(a and γ) cannot hold simultaneously, for this would be the case if and only if
n= 0 and (x , n, y) ∈ Yλ which is not possible for n≥ |λ|> 0.

(b and α) can not hold simultaneously, because b implies n > 0 in which case
α implies a.

(c and α or β) can not hold simultaneously, because c. implies n < 0 or n ≥ 0

and σn(x) 6= y while α. or β . implies n> 0 and σn(x) = y .

We thus have five cases to consider:

(a and α) This holds if and only if n > |λ| and (x , n, y) ∈ Yλ. In this case,
aλ(x , n, y) = 1. The contribution from a. and α. is therefore χYλ∩{cA>|λ|}

.

(a and β) This holds if and only if n = |λ| > 0 and (x , n, y) ∈ Yλ. In this case,
aλ(x , n, y) = 2|λ| − 1, and this contributes (2|λ| − 1)χYλ∩{cA=|λ|}

if |λ|> 0.

(b and β) This holds if and only if (x , n, y) ∈ G 0 \ Yλ and n > 0 in which case
aλ(x , n, y) = −1. As such, the contribution to aλ is −χG 0

>0\Yλ
.

(b and γ) This holds if and only if n = 0 and (x , n, y) ∈ G 0 \ Yλ and if this is
the case, aλ(x , n, y) = 2. Thus, b. and γ contribute 2χG 0

0 \Yλ
= 2χG 0

0
to aλ.

(c and γ) This case can be divided into four sub cases:

(1) n> 0 and σn(x) 6= y ;
(2) n= 0 and x 6= y ;
(3) n< 0 and n+ κ(x , n, y) = 0;
(4) n< 0 and n+ κ(x , n, y) > 0.

In the first case aλ(x , n, y) = −1, contributing −χG>0\G 0 to aλ. In the second
case, aλ(x , n, y) = 1, contributing χG0\G

0
0

to aλ. In the third case aλ(x , n, y) = 2,

contributing 2χG<0∩{cA+κ=0} to aλ. In the fourth case aλ(x , n, y) = 1, contribut-
ing χG<0∩{cA+κ>0} to aλ. The total contribution from the case c. is therefore
−χG>0\G 0 + χG≤0∩{cA+κ>0} + 2χG<0∩{cA+κ=0}.

We only sketch the case when λ is the empty word. If λ is the empty word, the
case-by-case analysis is similar but without the cases b. and β . The conditions
a. and α hold if and only if a. holds and n > 0, contributing χG 0

>0
. Further,

a. and γ hold if and only if a. holds and n = 0, contributing χG 0
0
. So the

contributions from the case a. is exactly χG 0 . If c. holds, then γ follows
contributing in the same fashion as above the terms −χG>0\G 0 +χG≤0∩{cA+κ>0} +

2χG<0∩{cA+κ=0}. �
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Theorem 5.1.7. The operator (EΩ
A

, Dλ) is an odd unbounded KK-cycle for
(OA, C(ΩA)), which defines the same class as the (OA, C(ΩA))-Kasparov module
(EΩ

A
, 2pλ − 1) does.

Proof. The operator Dλ is C(ΩA)-linear by construction. The operators Dλ± i :

Cc(GA) → Cc(GA) are bijective since Dλ is defined via multiplication by a real
valued function. Thus, Dλ extends to a selfadjoint regular operator in the
module EΩ

A
. To prove that Dλ has compact resolvent, we observe that the

restriction of D2
λ

to E k
n

acts as multiplication by (|n|+k)2 , so since E k
n

is finitely

generated and projective, the resolvent (1+ D2
λ
)−1 is compact.

It remains to show that Dλ has bounded commutators with the generators Si .
This fact follows from Equation (5.38) and Lemma 5.1.6. Since ψλ is positive
exactly on Yλ, the class of this unbounded cycle coincides with that of pλ using
Proposition 5.1.5. �

Remark 5.1.8. It is also possible to construct even classes over C(ΩA) from cA

and κ. On the direct sum EΩ
A
⊕EΩ

A
, consider the OA representation determined

by Si 7→ Si ⊕ Si and the unbounded symmetric operator

Dev :=

�

0 Dc + iDκ
Dc − iDκ 0

�

.

The pair (EΩ
A
⊕EΩ

A
, Dev) defines a cycle for KK0(OA, C(ΩA)).

5.1.1. The operator D◦A
on the free group. Let us consider the construction of

Theorem 5.1.7 in the example of the free group, recalled above in Subsection
3.4.3. The reader can verify that the function ϕ∗κ : ∂ Fd ⋊ Fd →N, where ϕ de-
notes the groupoid isomorphism implementing the isomorphism of Proposition
3.4.6, is given by

ϕ∗κ(x ,γ) = ℓ(x ,γ).

In particular, for the empty word λ = ◦A, it holds that

ϕ∗ψ(x ,γ) =







|γ| when ℓ(x ,γ) = 0

−||γ| − 2ℓ(x ,γ)| − ℓ(x ,γ) when ℓ(x ,γ) > 0.

5.1.2. Quick computation for SUq(2). Recall the construction from Subsubsec-
tion 1.4.1.

Proposition 5.1.9. If τ = (τ+,τ−) : VSUq(2)
→ ΩSUq(2)

× ΩSUq(2)
is a weak

choice function such that τ+(◦A) ∈ C2 and τ−(◦A) ∈ C1, then the class
[EΩ

SUq(2)
, D2]⊗C(ΩSUq (2)

) [BP(τ)] generates K1(C(SUq(2))).

We use the identification VSUq(2)
∼=N×N given by the mapping that maps (k, l)

to the word 1 · · ·12 · · ·2 of k 1:s and l 2:s.

Proof. It is well-known (see more in Equation (3.26)), that K1(C(SUq(2)))
∼=

Z

∼= K1(C(SUq(2))). Hence, the Universal Coefficient Theorem for KK-theory
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implies that the index pairing

K1(C(SUq(2)))⊗ K1(C(SUq(2)))→ Z

is non-degenerate and in fact an isomorphism. Thus, it suffices to construct
a unitary u ∈ C(SUq(2)) such that the class x := [u] ⊗C(SUq(2))

[EΩ
SUq(2)

, D2] ∈

K0(C(ΩSUq (2)
)) satisfies that x ⊗C(ΩSUq (2)

) [BP(τ)] = −1.

Consider the unitary u := S2 + 1 − S2S∗
2
= S2 + S1S∗

1
. We set T := p2up2 ∈

End∗
C(ΩSUq (2)

)
(p2EΩ

SUq(2)
), so x = ind C(ΩSUq (2)

)(T ). It holds that p2EΩ
SUq(2)

is gener-

ated over C(ΩSUq (2)
) by the elements {S(k,l) : l > 0}. A direct computation gives

that

TS(k,l) =

¨

S(k,l), k > 0,

S(0,l+1), k = 0,
and T ∗S(k,l) =







S(k,l), k > 0,

S(0,l−1), k = 0, l > 1,

0, k = l − 1= 0.

It follows that ker T = 0 and ker T ∗ = S2C(ΩSUq (2)
) ∼= χC2

C(ΩSUq (2)
). Hence

x = ind C(ΩSUq (2)
)(T ) = −[χC2

]. It follows that x ⊗C(ΩSUq (2)
) [BP(τ)] = −1 from the

computation (4.33).
�

5.2. Restricting to a fiber. In this subsection we will exhaust all the odd
K-homology classes of OA by the unbounded Fredholm modules that are restric-
tions of the unbounded (OA, C(ΩA))-cycles (EΩ

A
, Dλ) of Theorem 5.1.7 to “fibers”

over points in ΩA. Whenever ω is a character on C(ΩA), we say that ω starts
in j if the word that ω corresponds to starts in j, i.e. ω(χCkµ

) = δk, jω(χCkµ
)

for any µ ∈ VA. Before formulating the precise result on these unbounded Fred-
holm modules, we need a lemma whose notation will come in handy. Recall
the notation Vλ = {µλ ∈ VA}.

Lemma 5.2.1. For any character ω starting in j, there is a partial isometry ιω :

ℓ2(VA)→ EΩ
A
⊗ω C such that the source projection is the orthogonal projection

onto Cδ◦A
⊕
⊕

A(k, j) 6=0 ℓ
2(Vk) and

ιω(δµ) =

¨

1OA
⊗ω 1

C

, if µ= ◦A,

Sµ ⊗ω 1
C

, if µ ∈ VA \ {◦A}.

Proof. The identity ιω(δµ) = Sµ ⊗ω 1 and ιω(δ◦A
) = 1OA

⊗ω 1
C

determines a

linear mapping Cc(VA) → EΩ
A
⊗ω C. Let Pk := RA

k
(RA

k
)∗ denote the orthogonal

projection onto ℓ2(Vk). Since 1OA
⊗ω 1

C

is a unit vector in EΩ
A
⊗ωC, it suffices

to prove that for arbitrary µ,ν ∈ VA, with µ= µ0k, it holds that

(5.39) 〈ιωδµ, ιωδν〉EΩA ⊗ωC = 〈
∑

A( j,k) 6=0

Pkδµ,δν〉 =

¨

δµ,ν, if A(k, j) 6= 0,

0, otherwise.
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Let µ= µ0k. A direct computation shows that

〈ιωδµ, ιωδν〉EΩA ⊗ωC =ω(S
∗
µ
Sν) = δµ,νω(S

∗
k
Sk)

= δµ,ν

N
∑

i=1

Akiω(SiS
∗
i
) =

¨

δµ,ν, if A(k, j) 6= 0,

0, otherwise.

�

Remark 5.2.2. Already on an algebraic level,

ιω(δµk) = Sµk ⊗ω 1= SµkS∗
k
Sk ⊗ω 1=

N
∑

l=1

Akl SµkSlS
∗
l
⊗ω 1

=

N
∑

l=1

Akl Sµk ⊗ω ω(χCl
) = Ak jSµk ⊗ω 1.

Let λ ∈ VA be a finite word, if λ is non-empty we let λℓ denote the last letter
of λ. We define the partial isometry Wλ,ω : ℓ2(Vλ)→ EΩ

A
⊗ωC by

Wλ,ω := ιω|ℓ2(Vλ)
.

By Lemma 5.2.1 it holds that Wλ,ω is an isometry if λ is non-empty and
A(λℓ, j) = 1. If λ is non-empty and A(λℓ, j) = 0, then Wλ,ω is a partial isome-
try of rank 1 with source projection being the one-dimensional space Cδ◦A

. If
λ = ◦A, the partial isometry Wλ,ω is precisely ιω.

We let πΩ
A

: OA→ End∗
C(ΩA)

(EΩ
A
) denote the left OA-action. Let Pω ∈K(E

Ω

A
⊗ωC)

denote the orthogonal projection onto the one-dimensional space

ker Dλ ⊗ω 1=Cιω(δ◦A
) =C1OA

⊗ω 1
C

.

These identities follow from the definition of ψλ, see Definition 5.37.

Theorem 5.2.3. Let ω : C(ΩA)→ C be a character starting in j. For a finite
word λ ∈ VA, the unbounded Fredholm module

(5.40) ω∗(E
Ω

A
, Dλ) = (π

Ω

A
⊗ω id

C

, EΩ
A
⊗ωC, Dλ ⊗ω 1),

is θ -summable. If ϕ(l) ≤ Cl p for some C , p > 0, then ω∗(E
Ω

A
, Dλ) is L

p+1,∞-
summable. Furthermore, it holds that the phase of the unbounded Fredholm
module (5.40) coincides with the finitely summable analytic K-cycle:

(πΩ
A
⊗ω id

C

, EΩ
A
⊗ωC, 2Wλ,ωW ∗

λ,ω
± Pω − 1),

where the sign is + is λ 6= ◦A and the sign is − if λ = ◦A. On the level of
K-homology, it holds that
(5.41)

ω∗[E
Ω

A
, Dλ] =

(

[β j], λ= ◦A,

A(λℓ, j)[βλ1
], λ= λ1 · · ·λℓ ∈ VA \ {◦A}

in K1(OA).
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Remark 5.2.4. In fact, it follows from Lemma 5.2.1 that if λ is non-empty and
A(λℓ, j) = 0 then 2Wλ,ωW ∗

λ,ω
+ Pω − 1 = Pω − 1. Hence, the computations of

Theorem 5.2.3 imply that the phase of the unbounded Fredholm module (5.40)
is modulo Pω a degenerate cycle, as such it is K-homologically trivial in a very
strong sense.

Recall the notation βk from Proposition 2.2.5. We wish to remark7 that since
(EΩ

A
, Dλ) is an unbounded KK-cycle, functoriality of unbounded KK-cycles guar-

antees that ω∗(E
Ω

A
, Dλ) is an unbounded Fredholm module. As such, the proof

consists of proving θ -summability and identifying its bounded transform. We
structure the proof of the later in a Proposition.

Proposition 5.2.5. Let ω be a character on C(ΩA), λ ∈ VA and define K λ
ω
as

the closed linear span of {Sµ⊗ω1|µ = µ0λ} ⊆ EΩ
A
⊗ωC. It holds that the positive

spectral projection of Dλ ⊗ω 1 is the orthogonal projection onto (1 − Pω)K
λ
ω
⊆

EΩ
A
⊗ω C. In particular, if ω starts in j and A(λℓ, j) = 0, where λℓ is the last

letter of λ, then K λ
ω
= 0.

The proof of the first part of Proposition 5.2.5 is clear from Proposition 5.1.5
and the proof of Theorem 5.1.7. The second part follows from the first part
and Lemma 5.2.1 (cf. Remark 5.2.2).

Proof of Theorem 5.2.3. It follows from Proposition 5.2.5 and Lemma 5.2.1
that if λ is non-empty, the projection onto the positive spectrum of Dλ ⊗ω 1

coincides with Wλ,ωW ∗
λ,ω

. If λ is empty, the projection onto the non-negative

spectrum of D◦ ⊗ω 1 coincides with W◦,ωW ∗
◦,ω. In our convention, declaring

|Dλ ⊗ω 1|−1 to be 0 on ker Dλ ⊗ω 1, it holds that

Dλ ⊗ω 1

|Dλ ⊗ω 1|
=







2Wλ,ωW ∗
λ,ω
+ Pω − 1, if λ 6= ◦A

2W◦,ωW ∗
◦,ω − Pω − 1, if λ = ◦A

.

Hence, if λ is non-empty and A(λℓ, j) = 0, Equation (5.41) follows. To prove
Equation (5.41) for a non-empty λ with A(λℓ, j) = 1, we apply the ideas of
Subsection 2.2 after computing

W ∗
λ,ω
[(πA⊗ω id

C

)(Si)]Wλ,ω = LA
i
|ℓ2(Vλ)

, i = 1, . . . , N .

The identity (5.41) and finite summability follows mutatis mutandis to the
proof of Proposition 2.2.5 using the fact that ℓ2(Vλ) = RA

λ̄
(RA

λ̄
)∗ℓ2(VA) and in

the K-theory of OAT it holds that

Tλ̄T ∗
λ̄
∼ T ∗

λ̄
Tλ̄ = T ∗λ1

Tλ1
∼ Tλ1

T ∗λ1
.

If λ = ◦A, it follows from Proposition 5.2.1 that

W ∗
◦,ω [(πA⊗ω id

C

)(Si)]W◦,ω =W ∗
◦,ωW◦,ωLA

i
|
Cδ◦A⊕

⊕

A(k, j) 6=0 ℓ
2(Vk)

, i = 1, . . . , N .

7For the sake of mental peace of the reader.
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Hence W ∗
◦,ω [(πA⊗ω id

C

)(Si)]W◦,ω − LA
i
|⊕

A(k, j) 6=0 ℓ
2(Vk)

is of finite rank. An argu-

ment similar to that in Subsection 2.2 shows that

�

πΩ
A
⊗ω id

C

, EΩ
A
⊗ωC, 2W◦,ωW ∗

◦,ω − Pω − 1
�

=

N
∑

l=1

A(l, j)[βl ] = [β j]

It remains to prove θ -summability, i.e. that e−(Dλ⊗ω1)2 is trace class. Applying
the computations of Proposition 5.1.3 and the definition of Dλ, we have that

EΩ
A
⊗ωC =

⊕

n∈Z

⊕

l∈N
l+n≥0

ω(pn,l)C
ϕ(l+n)

and in this decomposition

(Dλ ⊗ω 1)2 =
⊕

n∈Z

⊕

l∈N
l+n≥0

(|n|+ l)2ω(pn,l ).

It follows from Corollary 1.1.6 that e−(Dλ⊗ω1)2 is trace class. Assuming that
ϕ(l) ≤ Cl p for some p implies that |Dλ⊗ω1|−1 ∈ L p+1,∞(EΩ

A
⊗ωC); in this case,

ω∗(E
Ω

A
, Dλ) is a L p+1,∞-summable unbounded Fredholm module. �

Remark 5.2.6. In particular, Theorem 5.2.3 implies that for a choice of char-
acters ω1,ω2, . . . ,ωN such that each ωk starts in a letter k, the mapping

Z

N → K1(OA), (l1, l2, . . . , lN ) 7→
N
∑

k=1

lk

�

(ωk)∗(E
Ω

A
, D◦)

�

is surjective.

This gives an explicit proof of the fact that the Kasparov product

KK1(OA, C(ΩA))⊗ K0(C(ΩA))→ K1(OA) is surjective.

Remark 5.2.7. If the matrix A is irreducible or has property (I), Theorem 1.3.3
implies that the unbounded Fredholm modules ω∗(E

Ω

A
, Dλ) in fact are spectral

triples on OA.

6. Kasparov products with the Bellissard-Pearson spectral triples

The point localizations of the previous section form a simple case of the Kas-
parov product in KK-theory. We will describe the Kasparov products of the
(OA, C(ΩA))-cycles with the Bellissard-Pearson spectral triples, via the operator
space approach to connections [9, 38, 52]. It turns out that, by naively applying
these techniques, we obtain a 1−s-unbounded Fredholm module (see the appen-
dix) from any cycle (EΩ

A
, Dλ), with λ a finite word, and any Bellissard-Pearson

spectral triple (πτ,ℓ2(VA,C2), DV ,s) for s ∈ (0,1). The case s = 1 is excluded as
the theory of ǫ-unbounded Fredholm modules breaks down at ǫ = 0. First, we
will briefly recall the techniques developed in [9].

Definition 6.0.1. Let (π, H , D) be a unbounded Fredholm module. Its Lips-
chitz algebra is as in Definition 2 (see page 91) defined to be the ∗-algebra

(6.42) AD = Lip(π, H , D) := {a ∈ A : [D, a] ∈ B(H )}.
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This algebra is the maximal subalgebra of A such that [D, a] is bounded for
any a. The algebra AD can be topologized by the representation

π̃D := id⊕πD :AD→ A⊕B(H ⊕H )

where πD : a 7→

�

π(a) 0

[D,π(a)] π(a)

�

,

realizing AD as a closed subalgebra of A⊕B(H ⊕H ). As such it is an operator
algebra. The reader can consult [8] for an exposition of the general theory of
nonselfadjoint operator algebras. The involution in A induces an involution in
AD, which is well behaved with respect to the representation πD. Indeed,

πD(a
∗) = v∗πD(a)

∗v, where v =

�

0 −1

1 0

�

,

which implies that the involution is completely isometric for the norm induced
by π̃D. Operator algebras equipped with a completely bounded involution are
called involutive operator algebras [9, 52] and operator ∗-algebras in [38]. The
main feature of involutive operator algebras is that there is a class of modules
over them, which in many ways behave like Hilbert C∗-modules. We recall the
theory for Lipschitz algebras.

Definition 6.0.2 ([38, 52]). Let AD be a unital Lipschitz algebra. The stan-
dard free module over AD is the module

HA :=

¨

(ai)i∈Z ∈
∏

i∈Z

AD :
∑

i∈Z

π̃D(ai)
∗π̃D(ai) <∞

«

.

The module HA carries an AD-valued inner product, but this inner product
does not define the norm. The algebra of adjointable operators End∗A (HA )
consists of those completely bounded operators T : HA → HA that admit
an adjoint with respect to the inner product. The existence of unbounded
projections in HA is due to the fact that norm and inner product are not
related in the same way as they are in Hilbert C∗-modules. A projection is a
closed densely defined operator satisfying p2 = p∗ = p. In [9, Definition 2.27], a
Lipschitz module over AD is defined to be a closed submodule E ⊂ HA which is
the range of a densely defined (possibly unbounded) projection p : Dom p→ HA
that decomposes as a direct sum p =

⊕

i∈I pi of projections pi ∈ End∗A (HA ) for
some countable set I . The algebra K(E ) is defined to be the cb-norm closure
of the AD-linear finite rank operators on E .

Proposition 6.0.3 ([9]). For each i ∈ Z, let pi ∈ Mni
(AD) be a projection and

Ei := pni
A

ni

D ⊂A
ni

D . Then the direct sum
⊕

i∈Z Ei is a Lipschitz module.

The main feature of Lipschitz modules is the existence of connections on them.
Recall that the space of 1-forms associated to (π, H , D) is

Ω
1
D

:=

¨

∑

i

π(ai)[D,π(bi)] : ai ∈ A, bi ∈AD

«

⊂ B(H ),
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where the sums converges in operator norm. The operator space Ω1
D

is a left
A-module and a rightAD-module. The map a 7→ [D, a] is a completely bounded
derivation AD→ Ω

1
D
. A D-connection on a Lipschitz module E is a completely

bounded map

∇ : E → E⊗̃AΩ
1
D
,

where ⊗̃ denotes the Haagerup module tensor product (see [8] for the general
construction and [52, Section 3.2] and the papers [9, 38] for its use in the
context of KK-theory), satisfying the Leibniz rule

∇(ea) =∇(e)a+ e⊗ [D, a],

for e ∈ E and a ∈ AD. By [9], connections on Lipschitz modules always exist,
since the Grassmann connection p[D, p] is completely bounded by construction.

6.1. A connection on the Haar module. We now employ the machinery
described above to construct a Lipschitz submodule EΩ

A
⊂ EΩ

A
for any given

logarithmic Bellissard-Pearson spectral triple BP(τ). By Proposition 6.0.3 it
suffices to show that the Haar module EΩ

A
is a direct sum of finitely generated

projective modules over C(ΩA), which is the content of Proposition 5.1.3. The
following lemma serves in making the associated Lipschitz structure explicit.

Lemma 6.1.1. Let (πτ,ℓ
2(VA,C2), DV ,s) be a logarithmic Bellissard-Pearson

spectral triple. The projections pn,k,λ := vn,k,λv∗
n,k,λ
∈ Mϕ(n+k)(C(ΩA)) are in fact

elements of Mϕ(n+k)(Lip(ΩA, dΩA
)), and therefore [DV ,s, pn,k,λ] ∈ B(ℓ

2(VA,C2)).

Proof. The projection vn,k,λv∗
n,k,λ
∈ Mϕ(n+k)(C(ΩA)) has entries

�

vn,k,λv∗
n,k,λ

�

µ,ν
= ρ

��

χk
n,µλ

�∗
χk

n,νλ

�

which equal 0 if µ 6= ν. For µ ∈ VA of length n+k the convolution product gives

�

χk
n,µ

�∗
χk

n,µ
(x) =

∑

χk
n,µ
(z, n, x) =

§

1 if Aµn+k ,xk+1
= 1 and µn+k 6= xk

0 otherwise

Thus, for k = 0, this function equals the projection

N
∑

i=1

Aµn,iχCi
,

whereas, for k > 0, we get

N
∑

j=1

∑

i 6=µn+k

Aµn+k ,i(σ
k−1)∗χCi j

.

Since these are sums of shifted cylinder functions, it is Lipschitz in the metric
dΩA

. It follows that the projection vn,k,λv∗
n,k,λ

is a matrix of functions that are

Lipschitz in the metric dΩA
. The proposition follows from Proposition 4.1.4. �
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In view of this fact, Proposition 5.1.3 and Lemma 6.1.1 imply that the module
E k

k
admits a submodule E n

k
with the structure of a projective operator module

over the involutive operator algebra

Lipτ,s(ΩA) := Lip(πτ,ℓ
2(VA,C2), DV ,s)

=

§

f ∈ C(ΩA) :

�

πτ( f ) 0

[DV ,s,πτ( f )] πτ( f )

�

∈ B(ℓ2(VA,C2)⊕ ℓ2(VA,C2))

ª

.

This uses the fact that Proposition 4.1.4 implies that there is a continuous
inclusion Lip(ΩA, dΩA

) ,→ Lipτ,s(ΩA) for any s ∈ (0,1]. Denote by EΩ
A
⊂ EΩ

A
the

submodule

EΩ
A

:=









f ∈ EΩ
A

:
∑

n,k,µ
|µ|=n+k

π̃D(ρ(χ
k∗
n,µ

f ))∗π̃D(ρ(χ
k∗
n,µ

f )) <∞









,

which is complete in the norm

(6.43) ‖ f ‖2
E :=











∑

n,k,µ

π̃D(ρ(χ
k∗
n,µ

f ))∗π̃D(ρ(χ
k∗
n,µ

f ))











C(ΩA)⊕B(ℓ2(V ,C4))

.

To reduce notation, we suppress the dependence on s in EΩ
A

in our notation. We

reduce notation further by setting Ω1
τ := Ω1

DV ,s
, which depends on τ through the

representation of C(ΩA). The norm in (6.43) is compatible with the projective
module decomposition (5.36). There is a connection

∇k
n

: E k
n
→ E k

n
⊗̃C(ΩA)

Ω
1
τ

f 7→ v∗
n,k
⊗ [DV ,s,ρ(vn,k ∗ f )],

whose direct sum extends to a connection

∇ : EΩ
A
→ EΩ

A
⊗̃C(ΩA)

Ω
1
τ.

Lemma 6.1.2. The module EΩ
A
is dense EΩ

A
and EΩ

A
is a Lipschitz module in the

norm (6.43). The operator Dλ restricts to a selfadjoint regular operator in EΩ
A
,

and (Dλ ± i)−1 ∈K(EΩ
A
). Moreover, [Dλ,∇] = 0.

Proof. To see that EΩ
A

is dense in EΩ
A

, observe that the finitely generated pro-
jective Lipτ,s(ΩA)-module

E k
n

:=
�

f ∈ E n
k

: vn,k f ∈ Lipτ,s(ΩA)
ϕ(n+k)

	

⊂ EΩ
A

,

is dense in E k
n
. The Lipτ,s(ΩA)-module EΩ

A
contains the algebraic direct sum of

the E k
n

as a dense submodule. Since the norm (6.43) comes from the embedding

v : EΩ
A
→
⊕

n,k,µ

Lipτ,s(ΩA)
ϕ(n+k) ∼=HLips

τ
(ΩA)

f 7→ (ρ(χk∗
n,µ f ))n,k,µ,
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EΩ
A

is a Lipschitz module. We now prove that the resolvents (Dλ ± i)−1 are
completely bounded for the Lipschitz norm. The Lipschitz norm is given by
(6.43), for f ∈ EΩ

A
we have

‖(Dλ ± i)−1 f ‖2
E =











∑

n,k,µ

π̃D(ρ(χ
k∗
n,µ
(Dλ ± i)−1 f ))∗π̃D(ρ(χ

k∗
n,µ
(Dλ ± i)−1 f ))











C(ΩA)⊕B(ℓ2(V ,C4))

,

and this norm identity is compatible with the projective module decomposition
(5.36). Thus (although Dλ depends on whether k = 0 or k > 0 and µ ∈ Vλ or
not) for fixed n, k, µ, we have

π̃D(ρ(χ
k∗
n,µ(Dλ ± i)−1 f ))∗π̃D(ρ(χ

k∗
n,µ(Dλ ± i)−1 f ))

≤ (1+ n2 + k2)−1π̃D(ρ(χ
k∗
n,µ f ))∗π̃D(ρ(χ

k∗
n,µ f )),

by definition of ψλ, see Equation (5.37). This shows that ‖(Dλ ± i)−1 f ‖2
E ≤

‖ f ‖2
E . The same computation shows that the resolvent (Dλ± i)−1 is completely

contractive. Moreover, they also show that the resolvents are cb-norm limits
of finite rank operators (see Proposition 5.1.5 and Lemma 6.1.1), and hence
(Dλ ± i)−1 ∈K(EΩ

A
). By construction, the connection satisfies [∇, Dλ] = 0. �

The operator 1⊗∇ DV ,s acts on elementary tensors e⊗ (ϕ+,ϕ−)
T ∈ EΩ

A
⊗

al g

Lipτ,s(ΩA)

Cc(VA,C2) as

(1⊗∇ DV ,s)

�

e⊗

�

ϕ+
ϕ−

��

(v) =

∞
∑

k=0

∞
∑

n=−k

∑

|µ|=n+k

χk
n,µ
⊗

�

|v|sπ−(ρ(χ
k∗
n,µ

e))ϕ−
|v|sπ+(ρ(χ

k∗
n,µ

e))ϕ+

�

(v).

Theorem 6.1.3. For any logarithmic Bellissard-Pearson spectral triple with
grading operator γ and any finite word λ, the operator

Dλ,τ,s := Dλ ⊗ γ+ 1⊗∇ DV ,s,

is selfadjoint and has compact resolvent in H (τ) := EΩ
A
⊗C(ΩA)

ℓ2(VA,C2).

Proof. The unbounded KK-cycle (EΩ
A

, Dλ) admits the compatible Lipschitz

structure (EΩ
A

, Dλ,∇) (described above) associated with a Bellissard-Pearson

spectral triple (πτ,ℓ2(VA,C2), DV ,s). Therefore, the operator 1⊗∇ DV ,s is essen-

tially selfadjoint by [9, Theorem 2.30]. Since (Dλ ± i)−1 ∈K(EΩ
A
),

im(Dλ ⊗ γ± i)−1(1⊗∇ DV ,s ± i)−1 = im(1⊗∇ DV ,s ± i)−1(Dλ ⊗ γ± i)−1,

and Dλ ⊗ γ and 1 ⊗∇ DV ,s anticommute on this subspace by the proof of [9,
Theorem 2.35]. From [9, Theorem 2.33], and the discussion in [9, Example
2.39], it follows that Dλ,τ,s is selfadjoint on the intersection of the domains of

Dλ ⊗ γ and 1 ⊗∇ DV ,s. The products of the resolvents (1 ⊗∇ DV ,s ± i)−1 and

(Dλ ⊗ γ ± i)−1 are compact by construction; hence by [52, Lemma 6.3.2], the
resolvent of the sum is compact as well. �

Remark 6.1.4. In this section and Theorem 6.1.3, contrary to the constructions
in [9, 38, 52], we have not discussed any left module structure for a dense sub-
algebra of OA on EΩ

A
. The existence of a left module structure as in [9, 38, 52]
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would imply that the product operator has bounded commutators with the
dense subalgebra of OA, and thus represents the Kasparov product of the un-
bounded modules involved. In view of not having a well behaved left module
structure, we cannot conclude bounded commutators with the left action of the
dense subalgebra of OA from Theorem 6.1.3. Due to the lack of bounded com-
mutators, we are required to use the broader setting of ǫ-unbounded Fredholm
modules in order to identify this operator as the Kasparov product.

6.2. A family of ǫ-unbounded Fredholm modules. We now proceed to
show that (H (τ), Dλ,τ,s) constitutes an ǫ-unbounded Fredholm module repre-
senting the Kasparov product

KK1(OA, C(ΩA))× K0(C(ΩA))→ K1(OA)

[Dλ]× [BPs(τ)] 7→ [Dλ]⊗C(ΩA)
[BPs(τ)].

The classes [Dλ] ∈ KK1(OA, C(ΩA)) are described in Subsection 5.1, and
[BPs(τ)] ∈ K0(C(ΩA)) = KK0(C(ΩA),C) are the classes associated with the log-
arithmic Bellissard-Pearson spectral triples, with s < 1, from Section 4. The
reader is referred to the appendix for the notion of ǫ-unbounded Fredholm
modules.

Lemma 6.2.1. Let k+ n> 0 and µ be a nonempty word starting in µ1. Then

(1) Siχ
k
n,µ
= Ai,µ1

χk
n+1,iµ

;

(2)
�

χk
n,µ

�∗
Si = δi,µ1

�

χk
n−1,σV (µ)

�∗
.

Proof. We compute

Siχ
k
n,µ(x , m, y) =

∑

Si(x ,ℓ, z)χk
n,µ(z, m− ℓ, y)

= χCi
(x)χk

n,µ
(σ(x), m− 1, y),

which is nonzero only if m = n + 1, x1 = i, σ(x) ∈ Cµ and κ(σ(x), n, y) = k.
This holds if and only if x ∈ Ciµ and κ(x , n+ 1, y) = k, proving 1.). For 2.) we
compute again

�

χk
n,µ

�∗
Si(x , m, y) =

∑�

χk
n,µ

�∗
(x ,ℓ, z)Si(z, m− ℓ, y)

=
∑

χk
n,µ
(z,−ℓ, x)Si (z, m− ℓ, y)

= Ai,y1
χk

n,µ
(i y, 1−m, x),

and this is nonzero only if m = −(n− 1), µ1 = i, y ∈ CσV (µ) and κ(i y, n, x) = k.
This holds only if κ(y, n− 1, x) = k, proving 2.) �

Lemma 6.2.2. Let k ≥ 0 and i = 1, . . . , N . Then

(1)
�

χk
−k,◦

�∗
Si = (χCi

◦σk) ∗
�

χk+1
−k−1,◦

�∗
;

(2) Siχ
k
−k,◦ = χ

k
−k+1,i

+χCi
∗χk−1
−k+1,◦;

(3) χCi
∗χk
−k,◦ = χ

k
−k,◦ ∗

�

χCi
◦σk

�

.
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Proof. For 1.) compute

�

χk
−k,◦

�∗
Si(x , m, y) =

∑�

χk
−k,◦

�∗
(x ,ℓ, z)Si(z, m− ℓ, y)

=
∑

χk
−k,◦(z,−ℓ, x)Si (z, m− ℓ, y)

= Ai y1
χk
−k,◦(i y, 1−m, x)

=

§

1 when m= k+ 1, Ai y1
= 1, κ(i y,−k, x) = k

0 otherwise

=

§

1 when m= k+ 1, Ai y1
= 1, κ(y,−(k + 1), x) = k+ 1, σk(x) ∈ Ci

0 otherwise

= χCi
(σk(x))χk+1

−k−1,◦(y,−m, x) = χCi
(σk(x))

�

χk+1
−k−1,◦

�∗
(x , m, y).

For 2.)

Siχ
k
−k,◦(x , m, y) =

∑

Si(x ,ℓ, z)χk
−k,◦(z, m− ℓ, y)

= δi,x1
χk
−k,◦(σ(x), m− 1, y)

=

§

1 when x ∈ Ci , m= −(k − 1), κ(σ(x),−k, y) = k

0 otherwise

=

§

1 when x ∈ Ci , m= −(k − 1), κ(x ,−(k − 1), y) ∈ {k, k− 1}
0 otherwise

= (χk
−(k−1),i

+χCi
∗ χk−1
−(k−1),◦)(x , m, y).

Also 3.) is verified by direct computation.

χCi
∗χk
−k,◦(x , m, y) = χCi

(x)χk
−k,◦(x , m, y)

=

§

1 when x ∈ Ci , m= −k, κ(x ,−k, y) = k

0 otherwise

=

§

1 when x ∈ Ci , m= −k, x = σk(y)

0 otherwise

=

§

1 when σk(y) ∈ Ci , m= −k, κ(x ,−k, y) = k

0 otherwise

= χk
−k,◦ ∗ (χCi

◦σk)(x , m, y).

�
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Proposition 6.2.3. Let (πτ,ℓ2(VA,C2), DV ,s) be a logarithmic Bellissard-
Pearson spectral triple. The operators Si preserve the algebraic tensor product

�

al g
⊕

n,k

E k
n

�

⊗
al g

C(ΩA)
Cc(VA,C2),

which is a core for Dλ⊗γ+1⊗∇DV ,s and [1⊗∇DV ,s,Si] is given on an elementary

tensor e⊗ (ϕ+ ϕ−)
T by the sum

�

1⊗∇ DV ,s,Si

�

e⊗

�

ϕ+
ϕ−

�

(6.44)

= −
∞
∑

k=0

χk
−k,◦ ⊗

�

DV ,s,πτ
�

χCi
◦σk

��

πτ

�

ρ(χ
(k+1)∗
−k−1,◦e)

�
�

ϕ+
ϕ−

�

.

The operator [DV ,s,πτ(χCi
◦σk)] on ℓ2(VA,C2) is given by multiplication by a

compactly supported matrix valued function on VA satisfying the estimate

(6.45)


[DV ,s,πτ(χCi
◦σk)]





B(ℓ2(VA,C2))
≤ ks.

Proof. Since Si(E
k
n
) ⊆ E k−1

n+1
⊕ E k

n+1
, the operator Si preserves the algebraic di-

rect sum of the E n
k

and hence a common core for Dλ ⊗ 1 and 1 ⊗∇ DV ,s. The
commutator [Si , 1⊗∇ DV ,s] is computed as

[Si , 1⊗∇ DV ,s]

�

e⊗

�

ϕ+

ϕ−

��

(v)(6.46)

=
∑

n,k,µ

Siχ
k
n,µ
⊗





|v|sπ−
�

ρ(χk∗
n,µe)

�

ϕ−

|v|sπ+
�

ρ(χk∗
n,µ

e)
�

ϕ+



 (v)

−χk
n,µ ⊗





|v|sπ−
�

ρ(χk∗
n,µ

Sie)
�

ϕ−

|v|sπ+
�

ρ(χk∗
n,µ

Sie)
�

ϕ+



 (v).

Documenta Mathematica 20 (2015) 89–170



Summability and CK-algebras 157

This expression can by Lemma 6.2.1 (for n+ k > 0) and by Lemma 6.2.2 (for
n+ k = 0) be written as:

=
∑

n+k>0

Ai,µ1
χk

n+1,iµ ⊗





|v|sπ−
�

ρ(χk∗
n,µ

e)
�

ϕ−

|v|sπ+
�

ρ(χk∗
n,µ

e)
�

ϕ+



 (v)

−χk
n,µ
⊗





|v|sπ−
�

ρ(δi,µ1
χk∗

n−1,σ(µ)
e)
�

ϕ−

|v|sπ+
�

ρ(δi,µ1
χk∗

n−1,σ(µ)
)e)
�

ϕ+



 (v)

+

∞
∑

k=0

�

χk
−k+1,i

+χCi
∗χk−1
−k+1,◦)

�

⊗





|v|sπ−
�

ρ(χk∗
−k,◦e)

�

ϕ−

|v|sπ+
�

ρ(χk∗
−k,◦e)

�

ϕ+



 (v)

−
∞
∑

k=0

χk
−k,◦ ⊗





|v|sπ−
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦

e)
�

ϕ−

|v|sπ+
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ+



 (v)

We regroup these expressions as follows.

(6.47)
∑

n+k>0

Ai,µ1
χk

n+1,iµ ⊗





|v|sπ−
�

ρ(χk∗
n,µe)

�

ϕ−

|v|sπ+
�

ρ(χk∗
n,µ

e)
�

ϕ+



 (v)

(6.48) −χk
n,µ
⊗





|v|sπ−
�

ρ(δi,µ1
χk∗

n−1,σ(µ)
e)
�

ϕ−

|v|sπ+
�

ρ(δi,µ1
χk∗

n−1,σ(µ)
e)
�

ϕ+



 (v)

(6.49) +

∞
∑

k=0

χk
−k+1,i

⊗





|v|sπ−
�

ρ(χk∗
−k,◦e)

�

ϕ−

|v|sπ+
�

ρ(χk∗
−k,◦e)

�

ϕ+



 (v)

+

∞
∑

k=0

χCi
∗χk
−k,◦⊗





|v|sπ−
�

ρ(χ
(k+1)∗
−k−1,◦e)

�

ϕ−

|v|sπ+
�

ρ(χ
(k+1)∗
−k−1,◦e)

�

ϕ+



 (v)(6.50)

−χk
−k,◦ ⊗





|v|sπ−
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ−

|v|sπ+
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦

e)
�

ϕ+



 (v).

We claim that (6.47), (6.48) and (6.49) add up to 0. To see this, consider a
nonempty word µ with Aiµ1

= 1. Each nonzero term in (6.47) is cancelled by a
nonzero term in (6.48). All of (6.47) is cancelled in this way. What remains in
(6.48) are the terms with n+ k = |µ| = 1 and δi,µ1

= 1. The remaining terms
in (6.48) correspond to µ = i and n = −k + 1. These are exactly the terms
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occuring in (6.49), with the opposite sign. As such, the remainder of (6.48)
is cancelled by (6.49), as claimed, and the entire commutator in (6.46) equals
(6.50).
Subsequently, we handle (6.50) by exchanging π+ and π− at the expense of a
commutator to obtain

[Si , 1⊗∇ DV ,s]

�

e⊗

�

ϕ+

ϕ−

��

(v)

=

∞
∑

k=0

χCi
∗ χk
−k,◦ ⊗





|v|sπ+
�

ρ(χ
(k+1)∗
−k−1,◦e)

�

ϕ−

|v|sπ−
�

ρ(χ
(k+1)∗
−k−1,◦

e)
�

ϕ+



 (v)(6.51)

−
∞
∑

k=0

χk
−k,◦ ⊗





|v|sπ+
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ−

|v|sπ−
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ+



 (v)

+

∞
∑

k=0

χCi
∗ χk
−k,◦⊗

�

DV ,s,πτ

�

ρ(χ
(k+1)∗
−k−1,◦e)

��

�

ϕ+

ϕ−

�

(v)

(6.52)

−
∞
∑

k=0

χk
−k,◦ ⊗

�

DV ,s,πτ

�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

��

�

ϕ+

ϕ−

�

(v),

and to the term (6.51) we apply Lemma 6.2.2 3.) to obtain

∞
∑

k=0

χk
−k,◦(χCi

◦σk)⊗





|v|sπ+
�

ρ(χ
(k+1)∗
−k−1,◦

e)
�

ϕ−

|v|sπ−
�

ρ(χ
(k+1)∗
−k−1,◦e)

�

ϕ+



 (v)

−
∞
∑

k=0

χk
−k,◦ ⊗





|v|sπ+
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ−

|v|sπ−
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ+



 (v)

=

∞
∑

k=0

χk
−k,◦⊗





|v|sπ+
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦

e)
�

ϕ−

|v|sπ−
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ+



 (v)

−
∞
∑

k=0

χk
−k,◦ ⊗





|v|sπ+
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ−

|v|sπ−
�

ρ((χCi
◦σk)χ

(k+1)∗
−k−1,◦e)

�

ϕ+



 (v) = 0.

The remaining term (6.52) further simplifies to (6.44) using Lemma 6.2.2 3.)
once more.
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The commutator [DV ,s,πτ(χCi
◦ σk)] appearing in (6.44) vanishes whenever

|v| > k because in that case τ+(v)k+1 = vk+1 = τ−(v)k+1 hence χCi
(τ+(v)) =

χCi
(τ−(v)). Here the subscript k+1 indicates the (k+1)-st letter. The estimate

(6.45) follows readily from the same observation. �

Recall the notation H (τ) and Dλ,τ,s from Theorem 6.1.3.

Theorem 6.2.4. For s ∈ (0,1) the pair (H (τ), Dλ,τ,s) is a well defined
(1− s)-unbounded Fredholm module on OA that represents the Kasparov product
[E , Dλ]⊗C(ΩA)

[BPs(τ)].

Proof. The operator Dλ,τ,s = Dλ ⊗ γ + 1 ⊗∇ DV ,s is selfadjoint with compact
resolvent by Theorem 6.1.3. We will show that the operators

[1⊗∇ DV ,s,Si](1+ D2
λ,τ,s
)−

s
2 , (1+ D2

λ,τ,s
)−

s
2 [1⊗∇ DV ,s,Si]

are bounded. By Proposition 6.2.3, Si preserves a core for Dλ ⊗ γ+ 1⊗∇ DV ,s.

The operator 1 + D2
λ,τ,s

= 1+ D2
λ
⊗ 1 + (1 ⊗∇ DV ,s)

2 preserves subspaces of the

form E k
n
⊗Lipτ(ΩA)

Cc(VA,C2). From the form of (6.44), it follows that
(6.53)

(1+D2
λ,τ,s
)−

s
2 [1⊗∇ DV ,s,Si] : E k+1

−k−1
⊗Lipτ(ΩA)

Cc(VA,C2)→ E k
−k
⊗Lipτ(ΩA)

Cc(VA,C2).

We denote the restricted operator of Equation (6.53) by Ti,k. By Equation
(6.44) and the orthogonality of the decomposition of Proposition 5.1.5, it holds
that





(1+ D2
λ,τ,s
)−

s
2 [1⊗∇ DV ,s,Si]







B(H (τ))
≤ sup

k

‖Ti,k‖B(H (τ))

As such, it suffices to show that for any k and any finite sum
(6.54)

x =
∑

j

e j ⊗

�

ϕ
j
+

ϕ
j
−

�

=
∑

j

χk+1
−k−1,◦ ⊗πτ

�

ρ
�

(χk+1
−k−1,◦)

∗e j

��

�

ϕ
j
+

ϕ
j
−

�

∈ E k+1
−k−1
⊗Lipτ(ΩA)

Cc(VA,C2)

it holds that

‖Ti,k x‖H (τ) =





(1+ D2
λ,τ,s
)−

s
2 [1⊗∇ DV ,s,Si]x







H (τ)

=











∑

j

(1+ D2
λ,τ,s
)−

s
2χk
−k,◦ ⊗ [DV ,s,πτ(χCi

◦σk)]πτ(ρ(χ
(k+1)∗
−k−1,◦e j)

�

ϕ
j
+

ϕ
j
−

�










H (τ)

≤











∑

j

χk+1
−k−1,◦ ⊗πτ

�

ρ(χ
(k+1)∗
−k−1,◦e j)

�

�

ϕ
j
+

ϕ
j
−

�










H (τ)

= ‖x‖H (τ).

(6.55)

It is of computational importance to note that when writing

x = χk+1
−k−1,◦ ⊗ v, where v =

∑

j

πτ

�

ρ
�

(χk+1
−k−1,◦)

∗e j

��

�

ϕ
j
+

ϕ
j
−

�

,

Documenta Mathematica 20 (2015) 89–170



160 M. Goffeng and B. Mesland

as in Equation (6.54), we have that

(6.56) ‖x‖2
H (τ)

=
¬

v,πτ

�

ρ((χk+1
−k−1,◦)

∗χk+1
−k−1,◦)

�

v
¶

ℓ2(VA,C2)
= ‖v‖2

ℓ2(VA,C2)
,

because ρ((χk+1
−k−1,◦)

∗χk+1
−k−1,◦) = 1 by Lemma 5.1.2. It follows from the construc-

tion of Dλ that Dλ⊗1 acts as multiplication by −2k on E k
−k
⊗Lipτ(ΩA)

Cc(VA,C2).
With this fact at hand, the verification of this estimate is a straightforward
computation using the inequality (6.45):

‖Ti,k x‖H (τ) =


(1+ D2
λ,τ,s)

− s
2 [1⊗∇ DV ,s, Si]x





H (τ)

=











∑

j

(1+ 4k2 + (1⊗∇ DV ,s)
2)−

s
2 χk
−k,◦ ⊗ [DV ,s ,πτ(χCi

◦σk)]πτ

�

ρ(χ
(k+1)∗
−k−1,◦

e j)
�

�

ϕ
j
+

ϕ
j
−

�










H (τ)

= ‖ (1+ 4k2 + (1⊗∇ DV ,s)
2)−

s
2

∑

j

χk
−k,◦ ⊗ [DV ,s,πτ(χCi

◦σk)]πτ

�

ρ(χ
(k+1)∗
−k−1,◦

e j)
�

�

ϕ
j
+

ϕ
j
−

�










H (τ)

≤ (1+ k2)−
s
2











∑

j

χk
−k,◦ ⊗ [DV ,s,πτ(χCi

◦σk)]πτ

�

ρ(χ
(k+1)∗
−k−1

e j

�

�

ϕ
j
+

ϕ
j
−

�










H (τ)

= (1+ k2)−
s
2











χk
−k,◦ ⊗ [DV ,s,πτ(χCi

◦σk)]
∑

j

πτ

�

ρ(χ
(k+1)∗
−k−1

e j

�

�

ϕ
j
+

ϕ
j
−

�










H (τ)

.

(6.57)

Using the identity (6.56), we arrive at

‖Ti,k x‖H (τ) ≤ (1+ k2)−
s
2











[DV ,s,πτ(χCi
◦σk)]

∑

j

�

ρ(χ
(k+1)∗
−k−1

e j

�

�

ϕ
j
+

ϕ
j
−

�










ℓ2(VA,C2)

≤ (1+ k2)−
s
2 ks











∑

j

πτ

�

ρ(χ
(k+1)∗
−k−1

e j

�

�

ϕ
j
+

ϕ
j
−

�










ℓ2(VA,C2)

≤











∑

j

πτ

�

ρ(χ
(k+1)∗
−k−1

e j

�

�

ϕ
j
+

ϕ
j
−

�










ℓ2(VA,C2)

=











∑

j

χk+1
−k−1,◦ ⊗πτ

�

ρ(χ
(k+1)∗
−k−1

e j

�

�

ϕ
j
+

ϕ
j
−

�










H (τ)

= ‖x‖H (τ).(6.58)

Hence (6.55) holds proving that
�

1+ (Dλ,τ,s)
2
�− s

2 [1 ⊗∇ DV ,s,Si] is bounded.
Boundedness of the reverse product follows from a similar computation, re-
versing the order in which the estimates (6.57) and (6.58) respectively, are
applied. Now Lemma A.8 implies that the commutators [D,Si] are ǫ-bounded.
Thus, by Proposition A.5, D has ǫ-bounded commutators with the ∗-subalgebra
of OA generated by the operators Si , which is dense in OA. Thus we have an
ǫ-unbounded Fredholm module with ǫ = 1− s. To see that this ǫ-unbounded
Fredholm module represents the Kasparov product one uses Theorem A.7 which
applies because the connection condition 1.), the domain condition 2.) and the
semiboundedness condition 3.) are satisfied by construction. �
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Remark 6.2.5. We remark once more that s = 1 is excluded from Theorem 6.2.4
because the theory of ǫ-unbounded Fredholm modules breaks down at ǫ = 0.

As the proof of Theorem 6.2.4 shows, the operators [1⊗∇ DV ,1,Si](1+D2
λ,τ,1
)−

1
2

and (1+ D2
λ,τ,1
)−

1
2 [1⊗∇ DV ,1,Si] are bounded, but it is unclear if the bounded

transform is well defined and represents the Kasparov product [E , Dλ] ⊗C(ΩA)

[BP1(τ)].

6.3. The rational K-homology class of the product. Lastly, we iden-
tify the rational K-homology class of the Kasparov products constructed in the
previous subsection. The identification is done via an index theoretic argument,
therefore it needs only to hold rationally.

Theorem 6.3.1. In K1(OA)⊗Q we have

[E , Dλ]⊗C(ΩA)
[BPs(τ)]⊗Q

=

¨

[β j+
]⊗Q− [β j−

]⊗Q, if λ= ◦A,

(A(λℓ, j+)− A(λℓ, j−))[βλ1
]⊗Q, if λ= λ1 · · ·λℓ ∈ VA \ {◦A},

where j± is the first letter of τ±(◦A).

Proof. The computation of the class [EΩ
A

, Dλ]⊗C(ΩA)
[BPs(τ)] in K1(OA)⊗Q relies

on the fact that OA is in the bootstrap class with finitely generated K-theory
and K-homology, so K1(OA) ⊗Q

∼= Hom
Z

(K1(OA),Q) and rational classes are
determined by their index pairing. Furthermore, using Remark 4.1.7, we write

H (τ) =
⊕

µ∈VA

EΩ
A
⊗ωτ+(µ)⊕ωτ−(µ) C

2 and Dλ,τ,s|Dλ,τ,s|
−1 =

⊕

µ∈VA

Fµ.

Since in each fixed summand EΩ
A
⊗ωτ+(µ)⊕ωτ− (µ) C

2 ⊆ H (τ), Dλ,τ,s is a bounded

perturbation of the operator Dλ ⊗ωτ+(µ)⊕ωτ−(µ) (1⊕−1), it follows from [12, Ap-

pendix A, Theorem 8], and an argument similar to the proof of Proposition
5.2.5, that for any µ

Fµ−(2pλ − 1)⊗ωτ+(µ)⊕ωτ− (µ) (1⊕−1) ∈K
�

EΩ
A
⊗ωτ+(µ)⊕ωτ− (µ) C

2
�

(6.59)

and ‖Fµ − (2pλ − 1)⊗ωτ+(µ)⊕ωτ−(µ) (1⊕−1)‖K(EΩA ⊗ωτ+(µ)⊕ωτ− (µ)C
2) ≤ 2+ |µ|s.

For any x ∈ K1(OA), represented by a unitary u, there is a finite set Fu ⊆ VA

such that

x ⊗OA
[EΩ

A
, Dλ]⊗C(ΩA)

[BPs(τ)] =
∑

µ∈Fu

x ⊗OA
[EΩ

A
, Dλ]⊗C(ΩA)

[Sµ]

=
∑

µ∈Fu

x ⊗ (ωτ+(µ) −ωτ−(µ))∗[E
Ω

A
, Dλ]

If such a finite set Fu does not exist, the index pairing x ⊗OA
[EΩ

A
, Dλ] ⊗C(ΩA)

[BPs(τ)] can not be well defined. The cylinder condition implies that for any
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nonempty word µ it holds that the first letter of τ+(µ) is the same as that of
τ−(µ). Hence

x ⊗OA
[EΩ

A
, Dλ]⊗C(ΩA)

[BPs(τ)] = x ⊗ (ωτ+(◦A)
−ωτ−(◦A)

)∗[E
Ω

A
, Dλ].

The theorem now follows from Theorem 5.2.3. �

Remark 6.3.2. It would be interesting to compute the integral class
[EΩ

A
, Dλ] ⊗C(ΩA)

[BPs(τ)] ∈ K1(OA) explicitly. It is to the authors unclear if
there is a deeper homological obstruction for Theorem 6.3.1 to hold over Z.
A direct K-homological proof, e.g. using partial isometries, would require a
deeper understanding of the Hilbert space H (τ). One might speculate that the
analytic difficulties arising in this problem are analogous to the limiting be-
haviour in the construction of the measure µA = w∗- lims↓δA

µs from Subsection
1.1.

Appendix A. ǫ-unbounded KK-cycles and the Kasparov product

We describe a weakening of the definition of an unbounded KK-cycle [4]. This
notion, and in particular Theorem A.6 below, originated from discussions of
the second author with A. Rennie. One of the key observations in the proof
of this theorem appears in [34, Lemma 51]. Related notions are anticipated in
the literature, (eg. [12, 48]) but to the authors’ knowledge, a concise exposition
as in this appendix has not appeared before. The main idea here is to relax
the requirement on the commutators [D, a] to be bounded by only asking for
ǫ-boundedness of these operators.

Definition A.1. Let B be a C∗-algebra and E be a B-Hilbert C∗-module. An
operator a ∈ End∗

B
(E) has ǫ-bounded commutators with the selfadjoint regular

operator D if

(1) aDom D ⊂Dom D;

(2) [D, a](1+ D2)−
1−ǫ

2 and (1+ D2)−
1−ǫ

2 [D, a] extend to End∗
B
(E).

In short we say that [D, a] is ǫ-bounded. We write δ := ǫ
2 throughout this

section.

Remark A.0.1. Let us give a geometric example of ǫ-bounded commutators
to explain the appearance of the parameter ǫ > 0. Let D be a self-adjoint
elliptic pseudodifferential operator of order m > 0 acting on a vector bundle
E → M on a closed manifold M . The Hilbert space is H = L2(M , E). The
domain of D is the Sobolev space W m,2(M , E). If a ∈ C∞(M), then [D, a]

is a pseudodifferential operator of order m − 1. Hence (1 + D2)
1−m
2m [D, a] and

[D, a](1 + D2)
1−m
2m are pseudodifferential operators of order 0, thus bounded on

L2(M , E). We conclude that any a ∈ C∞(M) has 1/m-bounded commutators
with D. As such, one can consider the reciprocal ǫ−1 as an “order” of the
operator D appearing in an ǫ-bounded commutator.
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Definition A.2. Let A and B be C∗-algebras and ǫ > 0. An odd ǫ-KK-cycle
is a pair (E , D) where E is a C∗ − (A, B)−bimodule and D a selfadjoint regular
operator such that

(1) a(1+ D2)−
1
2 ∈K(E);

(2) the space

Lipǫ(E , D) := {a ∈ A : [D, a] is ǫ-bounded}

is dense in A.

If E is a Z/2Z-graded C∗ − (A, B)−bimodule8, and (E , D) is as above with D

anticommuting with the grading operator on E , we say that (E , D) is an even ǫ-
KK-cycle. If B =C, we call an odd/even ǫ-KK-cycle an odd/even ǫ-unbounded
Fredholm module and if the B-action is faithful, we call it an ǫ-spectral triple.

We remind the reader that in the context of graded C∗-algebras, it suffices to
consider even unbounded KK-cycles, because the odd group KK1(A, B) can be
naturally identified with the even group KK0(A, B ⊗C1), where C1 denotes the
first complex Clifford algebra. This is known as formal Bott periodicity (cf.
[36, 40, 41]). For this reason we will in this appendix formulate things mostly
for even KK-cycles.

Remark A.3. Although the definition of ǫ-boundedness allows for larger classes
of unbounded Fredholm modules, obstructions to finite summability remains.
The reader can check that the proof of [15, Theorem 8] implies the following
statement: if A is a C∗-algebra and (π, H , D) is an ǫ-unbounded Fredholm
module with (1+ D2)−1 ∈ L p(H ), for some p ∈ [1,∞), then there is a tracial
state on A.

An ǫ-cycle is an ǫ′-cycle for any ǫ′ ≤ ǫ. All of the proofs below rely on the
integral representation formula and the estimates in the following lemma.

Lemma A.4. Let D be a regular self-adjoint operator on a B-Hilbert C∗-module
E . For any 0< r < 1

(A.60) (1+ D2)−r =
sin(rπ)

π

∫ ∞

0

λ−r(1+ D2 + λ)−1dλ,

is a norm convergent integral. Moreover we have the estimates

‖(1+ D2 +λ)−s‖End∗B(E)
≤ (1+ λ)−s;

‖D(1+ D2 +λ)−
1
2 ‖End∗

B
(E) ≤ 1 and ‖D2(1+ D2 +λ)−1‖End∗

B
(E) ≤ 1.

The integral formula has been used in the Hilbert C∗-module context since the
work of Baaj-Julg [4]. A detailed treatment can be found in [12, Appendix A,
Remark 3]. The estimates can be found in [12, Appendix A, Remark 5].

Proposition A.5. If a, b ∈ Lipǫ(E , D) then a∗, ab ∈ Lipǫ(E , D). In particular
Lipǫ(E , D) is a ∗-algebra.

8In this appendix, ungraded C∗-algebras A and B will be equipped with the trivial gradings
whenever a grading on them is required.
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Proof. The statement a∗ ∈ Lipǫ(E , D) follows directly from the definition. For
the product of a and b, we write

[D, ab](1 + D2)−
1
2+δ = a[D, b](1+ D2)−

1
2+δ + [D, a]b(1+ D2)−

1
2+δ,

and observe that the first summand admits a bounded extension. For the
second summand we use the integral expression

[b, (1+ D2)−
1
2+δ]

=
sin ( 1

2
−δ)π

π

∫ ∞

0

λ−
1
2+δ(1+ D2 +λ)−1([b, D]D + D[D, b])(1 + D2 +λ)−1dλ.

Multiplying with [D, a] and estimating the relevant parts of the integral gives

‖[D, a]λ−
1
2+δ(1+ D2+λ)−1[b, D]D(1 + D2 +λ)−1‖

≤
Ca,δCb,ǫ

λ
1
2−δ

‖(1+ D2 +λ)−ǫ‖‖(1+ D2 +λ)−
1
2 ‖ ≤

Ca,ǫCb,ǫ

λ1+δ
,

and similarly

‖[D, a]λ−
1
2+δ(1+ D2 +λ)−1D[D, b](1+ D2 +λ)−1‖ ≤

Ca,ǫCb,ǫ

λ1+δ
.

Therefore, the integral converges in norm and [D, ab](1 + D2)−
1
2+δ admits a

bounded extension. The proof that (1 + D2)−
1
2+δ[D, ab] admits a bounded

extension is carried out analogously. �

We now come to the main result about ǫ-KK-cycles, concerning the bounded
transform and the relation to KK-theory.

Theorem A.6 (cf. [4]). The bounded transform (E , D(1+ D2)−
1
2 ) of an ǫ-KK-

cycle is an (A, B) Kasparov module and hence defines a class in KK∗(A, B).

We note that the proof of this Theorem is carried out analogously to the proof
of [34, Lemma 51].

Proof. The proof of the theorem relies on the integral formula (A.60) to show
that the commutators [F, a] are compact. The properties a(F − F∗), a(1− F2) ∈
K(E) hold trivially. Recall that δ := ǫ/2.
We have

[D(1+ D2)−
1
2 , a] = [D, a](1+ D2)−

1
2 + D[(1+ D2)−

1
2 , a].

The first term is compact because (1+D2)−δ is compact and [D, a](1+D2)−
1
2+δ

is bounded. For the second term, we expand

D[(1+ D2)−
1
2 , a] =

1

π

∫ ∞

0

λ−
1
2 D(1+ D2 +λ)−1[a, D]D(1+ D2 +λ)−1dλ

+
1

π

∫ ∞

0

λ−
1
2 D2(1+ D2 +λ)−1[a, D](1+ D2 +λ)−1dλ.

(A.61)
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Using the estimates from Lemma A.4 we find that

‖λ−
1
2 D(1+ D2 +λ)−1[a, D]D(1+ D2 +λ)−1‖ ≤

Ca,ǫ

2λ1+δ
,

and

‖λ−
1
2 D2(1+ D2 +λ)−1[a, D](1+ D2 +λ)−1‖ ≤

Ca,ǫ

λ1+δ
,

where Ca,ǫ := ‖[D, a](1 + D2)−
1
2+δ‖. We conclude that the integral formula

(A.61) converges in norm and the commutators are compact. �

Kucerovsky [45] gives sufficient conditions for a triple of even cycles to represent
a Kasparov product. As in the bounded case, to formulate this result, we need
the mappings

Tx ∈ End∗
C
(F , E ⊗B F ), Tx : f 7→ x ⊗B f ,

defined for x ∈ E . The adjoint of the operator Tx is given by

T ∗
x
∈ End∗

C
(E ⊗B F , F ), T ∗

x
: e⊗ f 7→ 〈x , e〉 f ,

Theorem A.7 (cf. [45]). Let (E ,S) be an even ǫ-unbounded (A, B)− KK-cycle,
(F , T ) an even ǫ-unbounded (B, C) − KK-cycle and (E ⊗B F , D) an even ǫ-
unbounded (A, C)− KK-cycle such that:

(1) for all x in a dense subspace of AE , the operator

��

D 0

0 T

�

,

�

0 Tx

T ∗
x

0

��
�

(1+ D2)−
1
2+δ 0

0 (1+ T 2)−
1
2+δ

�

,

defined on Dom D ⊕Dom T , extends to an operator in End∗
B
(E⊗̃BF );

(2) Dom D ⊂DomS ⊗ 1;
(3) there is λ ∈R such that 〈Dx ,S ⊗ 1x〉+ 〈S ⊗ 1x , Dx〉 ≥ −λ〈x , x〉.

Then (E ⊗B F , D) represents the Kasparov product of (E ,S) and (F , T ).

Proof. As in [45], conditions 2.) and 3.) imply the positivity condition for
the bounded transforms. The proof that condition 1.) implies the bounded
connection condition is the same as the proof that an ǫ-unbounded KK-cycle
gives a Fredholm module. �

Sufficient conditions for products in which one of the factors is an odd ǫ-
unbounded Fredholm module can be derived by formal Bott periodicity. We
refer to the relevant discussions in [9, 36, 38].
The following lemma describes a weakening of the domain preservation condi-
tion, and is useful in practice for proving ǫ-boundedness.

Lemma A.8. Suppose a maps a core for D into Dom D and [D, a](1+ D2)−
1
2+δ

and (1+ D2)−
1
2+δ[D, a] extend to operators in End∗

B
(E). Then the commutator

[(1 + D2)−
1
2 , a] maps E into Dom D. Consequently a preserves Dom D and

[D, a](1+ D2)−
1
2+δand (1+ D2)−

1
2+δ[D, a] are bounded on Dom D.
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Proof. Denote the core respected by a by X . By (A.60) and [12, Lemma 2.3]
and the discussion succeeding it, we can write

[a, (1+ D2)−
1
2 ] =

1

π

∫ ∞

0

λ−
1
2 (1+ D2 +λ)−1D[D, a](1+ D2 + λ)−1dλ

+
1

π

∫ ∞

0

λ−
1
2 (1+ D2 +λ)−1[D, a]D(1 + D2)−1dλ,

(A.62)

as a norm convergent integral on X . The integral expression (A.61) for D[(1+

D2)−
1
2 , a] converges in norm on X . Since X is a core, it is of the form (1 +

D2)−
1
2 Y for some dense Y ⊂ E . For a Cauchy sequence yn ∈ Y , with limit

e ∈ E , the integrals (A.60) and (A.62) converge in norm at yn − ym. Thus

[(1 + D2)−
1
2 , a]yn ∈ Dom D is Cauchy for the graph norm and therefore [(1 +

D2)−
1
2 , a]e ∈Dom D. From this it follows that for a sequence yn→ e we have

a(1+ D2)−
1
2 yn = [a, (1+ D2)−

1
2 ]yn + (1+ D2)−

1
2 a yn,

and thus a(1+ D2)−
1
2 e ∈Dom D. �
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à partir de modules de Fredholm, C. R. Acad. Sci. Paris Ser. I Math. 326
(1998), no. 10, p. 1195–1199.

[63] R. Senior, Modular spectral triples and KMS - states in noncommutative
geometry, Ph.D. thesis, Australian National University, 2011.

Documenta Mathematica 20 (2015) 89–170



170 M. Goffeng and B. Mesland

[64] B. Simon, Trace ideals and their applications, volume 120 of Mathematical
Surveys and Monographs, American Mathematical Society, Providence,
RI, second edition, 2005.

[65] A. Sims and D.P. Williams, Renault equivalence Theorem for reduced
groupoid C∗-algebras, J. Operator Theory 68 (2012), no. 1, p. 223–239.

[66] R. Sharp, Spectral triples and Gibbs measures for expanding maps on Can-
tor sets, J. Noncommut. Geom. 6 (2012), no. 4, p. 801–817.

[67] J. Spielberg, Free-product groups, Cuntz-Krieger algebras, and covariant
maps, Internat. J. Math. 2 (1991), no. 4, p. 457–476

[68] M. M. Stadtler and M. O’Uchi, Correspondence of groupoid C∗-algebras.
Journal of Operator Theory 42(1999), p. 103–119.

[69] D. Sullivan, The density at infinity of a discrete group of hyperbolic mo-
tions, Publ. Math. de l’IHES, Volume 50, Issue 1(1979), p. 171-202.

[70] M. E. Taylor, Pseudodifferential operators and nonlinear PDE, Progress
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1 Introduction

Toric varieties over a field have been studied since the 70’s. Their geometry
is completely determined by the convex geometry of rational polyhedral cones.
This gives toric geometry an important role in algebraic geometry for testing
conjectures. There are many good references for them, for instance Cox–Little–
Schenk [6], Ewald [7], Fulton [8], Kempf–Knudsen–Mumford–Saint-Donat [15]
and Oda [21]. Although in these books, toric varieties are defined over an
algebraically closed field, the main results hold over any field.

Motivated by compactification and degeneration problems, Mumford consid-
ered in [15, Chapter IV] normal toric varieties over discrete valuation rings. A
similar motivation was behind Smirnov’s paper [24] on projective toric varieties
over discrete valuation rings. In the paper of Burgos–Philippon–Sombra [5],
toric varieties over discrete valuation rings were considered for applications to
an arithmetic version of the famous Bernstein–Kusnirenko–Khovanskii theorem
in toric geometry. The restriction to discrete valuation rings is mainly caused
by the use of standard methods from algebraic geometry requiring noetherian
schemes.

At the beginning of the new century, tropical geometry emerged as a new
branch of mathematics (see [18] or [19]). We fix now a valued field (K, v)
with value group Γ := v(K×) ⊂ R. The Bieri–Groves theorem shows that
the tropicalization of a closed d-dimensional subvariety of a split torus T :=
(Gnm)K over K is a finite union of Γ-rational d-dimensional polyhedra in Rn.
Moreover, this tropical variety is the support of a weighted polyhedral complex
of pure dimension d such that the canonical tropical weights satisfy a balancing
condition in every face of codimension 1. The study of the tropical weights leads
naturally to toric schemes over the valuation ring K◦ of K (see [14] for details).

A T-toric scheme Y over K◦ is an integral separated flat scheme over K◦

containing T as a dense open subset such that the translation action of T on
T extends to an algebraic action of the split torus T := (Gnm)K◦ on Y . If
a T-toric scheme is of finite type over K◦, then we call it a T-toric variety.
There is an affine T-toric scheme Vσ associated to any Γ-admissible cone σ in
Rn × R+. This construction is similar to the classical theory of toric varieties
over a field, where every rational polyhedral cone in Rn containing no lines gives
rise to an affine T -toric variety. The additional factor R+ takes the valuation
v into account and Γ-admissible cones are cones containing no lines satisfying
a certain rationality condition closely related to the Γ-rationality in the Bieri–
Groves theorem. If Σ is a fan in Rn × R+ of Γ-admissible cones, then we call
Σ a Γ-admissible fan. By using a gluing process along common subfaces, we
get an associated T-toric scheme YΣ over K◦ with the open affine covering
(Vσ)σ∈Σ. We refer to §3 for precise definitions. These normal T-toric schemes
YΣ are studied in [14]. Many of the properties of toric varieties over fields hold
also for YΣ.

Rohrer considered in [22] toric schemes XΠ over an arbitrary base S associated
to a rational fan Π in Rn containing no lines. If we restrict to the case S =
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Spec(K◦), then Rohrer’s toric schemes are a special case of the above T-toric
schemes as we have XΠ = YΠ×R+ . Note that the cones of Π×R+ are preimages
of cones in Rn with respect to the canonical projection Rn × R+ → Rn and
hence the fans Π×R+ form a very special subset of the set of Γ-admissible fans
in Rn × R+. As a consequence, Rohrer’s toric scheme XΠ is always obtained
by base change from a corresponding toric scheme over Spec(Z) while this is
in general not true for YΣ. The generic fibre of YΣ is the toric variety over K
associated to the fan formed by the recession cones of all σ ∈ Σ, but the special
fibre of YΣ need not be a toric variety. In fact, the special fibre of YΣ is a
union of toric varieties corresponding to the vertices of the polyhedral complex
Σ ∩ (Rn × {1}). On the other hand, every fibre of the toric scheme XΠ is a
toric variety associated to the same fan Π.
This leads to the natural question if every normal T-toric variety Y over the
valuation ring K◦ is isomorphic to YΣ for a suitable Γ-admissible fan Σ in
Rn × R+. This classification is possible in the classical theory of normal toric
varieties over a field and also in the case of normal toric varieties over a discrete
valuation ring. First, one shows that every affine normal T-toric variety over
a field or a discrete valuation ring is of the form Vσ for a rational cone σ
in Rn × R+ containing no lines and then one uses Sumihiro’s theorem which
shows that every point in Y has a T-invariant affine open neighbourhood (see
[15]). Sumihiro proved his theorem over a field in [25]. In [15, Chapter IV], the
arguments were extended to the case of a discrete valuation ring. The proof of
Sumihiro’s theorem relies on noetherian techniques from algebraic geometry.
Now we describe the structure and the results of the present paper. For the
generalization of the above classification to normal T-toric varieties Y over an
arbitrary valuation ring K◦ of rank 1, one needs a theory of divisors on varieties
over K◦. This will be done in §2. First, we recall some basic facts about normal
varieties over K◦ due to Knaf [17]. Then we define the Weil divisor associated
to a Cartier divisor D and more generally a proper intersection product of D
with cycles. This is based on the corresponding intersection theory of Cartier
divisors on admissible formal schemes over K◦ given in [12]. In §3, we recall
the necessary facts for toric varieties over K◦ which were proved in [14]. In §4,
we show the following classification for affine normal toric varieties:

Theorem 1. If v is not a discrete valuation, then the map σ 7→ Vσ defines a
bijection between the set of those Γ-admissible cones σ in Rn×R+ for which the
vertices of σ∩ (Rn×{1}) are contained in Γn×{1} and the set of isomorphism
classes of normal affine T-toric varieties over the valuation ring K◦.

Similarly to the classical case, the proof uses finitely generated semigroups
in the character lattice of T and duality of convex polyhedral cones. The
new ingredient here is an approximation argument concluding the proof of
Theorem 1. The additional condition for the vertices of the Γ-admissible cone
σ is equivalent to the property that the affine T-toric scheme Vσ is of finite
type over K◦ meaning that Vσ is a T-toric variety over K◦ (see Proposition
3.3). If v is a discrete valuation, then Vσ is always a T-toric variety over K◦
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and hence the condition on the vertices has to be omitted to get the bijective
correspondence in Theorem 1.
For the globalization of the classification, the main difficulty is the generaliza-
tion of Sumihiro’s theorem. The proof follows the same steps working in the
case of fields or discrete valuation rings (see [15], proof of Theorem 5 in Chapter
I and §4.3). In §5, we show that for every non-empty affine open subset U0 of
a normal T-toric variety Y over the valuation ring K◦ of rank one, the small-
est open T-invariant subset U containing U0 has an effective Cartier divisor
D with support equal to U \ U0. This is rather tricky in the non-noetherian
situation and it is precisely here, where we use the results on divisors from §2.
In §6, we use the Cartier divisor D constructed in the previous section to show
that O(D) is an ample invertible sheaf with a T-linearization. This leads to
a T-equivariant immersion of U into a projective space over K◦ on which
T-acts linearly. It remains to prove Sumihiro’s theorem for projective T-toric
subvarieties of a projective space over K◦ on which T-acts linearly. This variant
of Sumihiro’s theorem will be proved in §7 and relies on properties of such non-
necessarily normal projective T-toric varieties given in [14, §9]. We get the
following generalization of Sumihiro’s theorem:

Theorem 2. Let v be a real valued valuation with valuation ring K◦ and let
Y be a normal T-toric variety over K◦. Then every point of Y has an affine
open T-invariant neighborhood.

As an immediate consequence, we will obtain our main classification result:

Theorem 3. If v is not a discrete valuation, then the map Σ 7→ YΣ defines a
bijection between the set of fans in Rn × R+, whose cones are as in Theorem
1, and the set of isomorphism classes of normal T-toric varieties over K◦.

If v is a discrete valuation, then we have to omit the additional condition on
the vertices of the cones again to get a bijective correspondence in Theorem 3.
The authors thank the referee for his comments and suggestions.

Notation

For sets, in A ⊂ B equality is not excluded and A\B denotes the complement
of B in A. The set of non-negative numbers in Z, Q or R is denoted by Z+,
Q+ or R+, respectively. All the rings and algebras are commutative with unity.
For a ring A, the group of units is denoted by A×. A variety over a field k is
an irreducible and reduced scheme which is separated and of finite type over
k. See §2 for the definition of varieties over a valuation ring.
In the whole paper, we fix a valued field (K, v) which means here that v is a
valuation on the field K with value group Γ := v(K×) ⊂ R. Note that K is
not required to be algebraically closed or complete and that its valuation can
be trivial. We have a valuation ring K◦ := {x ∈ K | v(x) ≥ 0} with maximal

ideal K◦◦ := {x ∈ K | v(x) > 0} and residue field K̃ := K◦/K◦◦. We denote
by K an algebraic closure of K.
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Let M be a free abelian group of rank n with dual N := Hom(M,Z). For
u ∈ M and ω ∈ N , the natural pairing is denoted by 〈u, ω〉 := ω(u) ∈ Z.
For an abelian group G, the base change is denoted by MG := M ⊗Z G; for
instance MR = M ⊗Z R. The split torus over K◦ of rank n with generic fibre
T = Spec(K[M ]) is given by T = Spec(K◦[M ]), therefore M can be seen as
the character lattice of T and N as the group of one parameter subgroups. For
u ∈M , the corresponding character is denoted by χu.

2 Divisors on varieties over the valuation ring

The goal of this section is to recall some facts about divisors on varieties over
the valuation ring K◦ of the valued field (K, v) with value group Γ ⊂ R. The
problem here is that K◦ need not be noetherian and so we cannot use the usual
constructions from algebraic geometry. Instead we will adapt the intersection
theory with Cartier divisors on admissible formal schemes from [12] to our
algebraic framework.
We will start with some topological considerations of varieties over K◦. As we
mainly focus on normal varieties in this paper, we will gather some results of
Knaf relating the local rings of such varieties to valuation rings. This will be
useful to define the Weil divisor associated to a Cartier divisor. If the variety is
not normal then we will pass to the formal completion along the special fibre to
define the associated Weil divisor according to [12]. This construction will be
explained in 2.7–2.9 and is rather technical. In Proposition 2.11, we will show
that both constructions agree for normal varieties over K◦. As a consequence,
we will obtain a proper intersection theory of Cartier divisors with cycles on a
(normal) variety over K◦. The relevant properties are listed in 2.10–2.16.
This intersection theory will be used in the proof of the generalization of Sum-
ihiro’s theorem given in §5–7. There we will construct a torus-invariant ample
divisor on any normal toric variety over K◦ which will be helpful to reduce
Sumihiro’s theorem to an easier projective variant.

2.1. A variety overK◦ is an integral scheme which is of finite type and separated
over K◦. By [14, Lemma 4.2] such a variety Y is flat over K◦. We have
Spec(K◦) = {η, s}, where the generic point η (resp. the special point s) is the
zero-ideal (resp. the maximal ideal) in K◦. We get the generic fibre Yη as a
variety over K and the special fibre Ys as a separated scheme of finite type
over K̃. The variety Y is called normal if all the local rings OY ,y are integrally
closed.

Proposition 2.2. A variety Y over K◦ is a noetherian topological space. If
d := dim(Yη), then every irreducible component of the special fibre has also
dimension d. If Ys is non-empty and if v is non-trivial, then the topological
dimension of Y is d+ 1. If Ys is empty or if v is trivial, then Y = Yη.

Proof. The set Y over K◦ is the union of Yη and Ys. This proves the first
claim. The second claim follows from flatness of Y over K◦. The other claims
are now obvious.
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The following facts about normal varieties over a valuation ring follow from a
paper by Knaf [17].

Proposition 2.3. Let Y be a normal variety over K◦. Then the following
properties hold:

(a) For y ∈ Y , the local ring OY ,y is a valuation ring if and only if y is
either a dense point of a divisor of the generic fibre Yη or y is a generic
point of Ys or Yη.

(b) If y is a dense point of a divisor of the generic fibre, then OY ,y is a
discrete valuation ring.

(c) If y is a generic point of the special fibre Ys, then OY ,y is the valuation
ring of a real-valued valuation vy extending v such that Γ is of finite index
in the value group of vy.

(d) If Y = Spec(A), then A =
⋂
y OY ,y, where y ranges over all points from

(b) and (c).

Proof. Since Yη is a normal variety over the field K, it is regular in codimension
1 and hence (b) follows. The claims (a) and (c) follow from [17, Theorem 2.6],
where the set of valued points of a normal variety over an arbitrary valuation
ring are classified. It remains to prove (d). By [17, Theorem 2.4], the integral
domain A is integrally closed and coherent. It follows from [17, 1.3] that A is
a Prüfer v-multiplication ring and hence (d) is a consequence of [17, 1.5].

2.4. Let Y be a variety over K◦ with generic fibre Y . A horizontal cycle Z
on Y is a cycle on Y , i.e. Z is a Z-linear combination of closed subvarieties
W of Y . The support supp(Z) is the union of all closures W in Y , where
W ranges over all closed subvarieties with non-zero coefficients. Such W ’s are
called prime components of the horizontal cycle Z. If the closure of every prime
component of Z in Y has dimension k (resp. codimension p), then we say that
the horizontal cycle Z of Y has dimension k (resp. codimension p).
A vertical cycle V on Y is a cycle on Ys with real coefficients, i.e. V is an
R-linear combination of closed subvarieties W of Ys. The support and prime
components are defined as usual. We say that the vertical cycle V of Y has
dimension k (resp. codimension p) if every prime component of V is a closed
subvariety of Ys of dimension k (resp. of codimension p in Y ).
A cycle Z on Y is a formal sum of a horizontal cycle Z and a vertical cycle
V . The support of Z is supp(Z ) := supp(Z)∪ supp(V ). If the horizontal part
Z and the vertical part V of Z both have dimension k (resp. codimension p),
then we say that Z has dimension k (resp. codimension p). We say that a
cycle is effective if the multiplicities in all its prime components are positive.

2.5. If ϕ : Y ′ → Y is a flat morphism of varieties over K◦, then we define the
pull-back ϕ∗(Z ) of a cycle Z on Y by using flat pull-back of the horizontal and
vertical parts. The resulting cycle ϕ∗(Z ) of Y ′ keeps the same codimension
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as Z . Similarly, we define the push-forward of a cycle with respect to a proper
morphism of varieties over K◦. This preserves the dimension of the cycles.

2.6. We recall that the support supp(D) of a Cartier divisor D on Y is the
complement of the union of all open subsets U for which D is given by an
invertible element in O(U ). Clearly, supp(D) is a closed subset of Y . We
say that the Cartier divisor D intersects a cycle Z of Y properly, if for every
prime component W of Z , we have

codim(supp(D) ∩W,Y ) ≥ codim(W,Y ) + 1.

2.7. We are going to define the associated Weil divisor cyc(D) of a Cartier
divisor D on the variety Y over K◦. The horizontal part of cyc(D) is the Weil
divisor corresponding to the Cartier divisor D|Y on the generic fibre Y of Y .
Thus we just need to construct the vertical part of cyc(D). This will be done
by using the corresponding construction for admissible formal schemes over the
completion of K◦ given in [12]. This is technically rather demanding and we
will freely use the terminology and the results from [12]. The reader might skip
the details below in a first read trusting that the algebraic intersection theory
with Cartier divisors works in the usual way. In fact, we are dealing mostly with
normal varieties over K◦ in this paper and then one can use Proposition 2.11
to define the multiplicities ord(D,V ) of cyc(D) in an irreducible component V
of Ys without bothering about admissible formal schemes.
To define the vertical part of cyc(D), we may assume that v is non-trivial.
Since the special fibre remains the same by base change to the completion of
K◦, we may also assume that v is complete. Let Ŷ be the formal completion
of Y along the special fibre (see [26, §6]). This is an admissible formal scheme
over K◦ with special fibre equal to Ys. We will denote its generic fibre by Y ◦

which is an analytic subdomain of the analytification Y an of Y . Note that Y ◦

may be seen as the set of potentially integral points (see [14, 4.9–4.13] for more

details). We have a morphism Ŷ → Y of locally ringed spaces and using pull-

back, we see that the Cartier divisor D induces a Cartier divisor D̂ on Ŷ . By
[12, Definition 3.10], we have a Weil divisor cyc(D̂) on Ŷ . It follows from [12,
Proposition 6.2] that the analytification of the Weil divisor cyc(D|Y ) restricts
to the horizontal part of cyc(D̂). We define the vertical part of cyc(D) as the
vertical part of cyc(D̂).
The multiplicity of cyc(D) in an irreducible component V of Ys is denoted
by ord(D,V ). Since ord(D,V ) is linear in D, the map D 7→ cyc(D) is a
homomorphism from the group of Cartier divisors to the group of cycles of
codimension 1. It follows from the definitions that cyc(D) is an effective cycle
if D is an effective Cartier divisor. For convenience of the reader, we recall the
definition of ord(D,V ) in more details to make these statements obvious.

2.8. First, we assume that K is algebraically closed and that v is complete.
We repeat that we (may) assume v non-trivial. To define ord(D,V ), we may
restrict our attention to an affine neighbourhood of the generic point ζV of
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V where D is given by a single rational function f . Hence we may assume
Y = Spec(A) and D = div(f). Then Ŷ is the formal affine spectrum of the
ν-adic completion Â of A for any non-zero element ν in the maximal ideal
of K◦. We note that A := Â ⊗K◦ K is a K-affinoid algebra and we have
that Y ◦ is the Berkovich spectrum M (A ) of A . Since Y ◦ is an analytic
subdomain of Y an, we conclude that Y ◦ is reduced (see [1, Proposition 3.4.3] for
a proof). Let A ◦ be the K◦-subalgebra of power bounded elements in A . Then
Y′′ := Spf(A ◦) is an admissible formal affine scheme over K◦ with reduced

special fibre and we have a canonical morphism Y′′ → Ŷ . The restriction
of this morphism to the special fibres is finite and surjective (see [14, 4.13]
for the argument). In particular, there is a generic point y′′ of Y′′

s over ζV .
It follows from [1, Proposition 2.4.4] that there is a unique ξ′′ in the generic
fibre Y ◦ of Y′′ with reduction y′′. Recall that the elements of Y ◦ are bounded
multiplicative seminorms on A . Since y′′ is a generic point of the special fibre
of Y′′ = Spf(A ◦), the seminorm corresponding to ξ′′ is in fact an absolute
value with valuation ring equal to OY′′,y′′ . This follows from [3, Proposition
6.2.3/5], where necessary and sufficient conditions are given for the supremum
seminorm to be a valuation. We use it to define

ord(D,V ) := −
∑

y′′

[K̃(y′′) : K̃(V )] log |f(ξ′′)|, (1)

where y′′ is ranging over all generic points of Y′′
s mapping to the generic point

ζV of V .

2.9. If K is not algebraically closed, then we perform base change to CK .
The latter is the completion of the algebraic closure of the completion of K.
This is the smallest algebraically closed complete field extending the valued
field (K, v), and the residue field C̃K is the algebraic closure of K̃ [3, §3.4.1].
Again, we may assume Y = Spec(A) and D = div(f) for a rational function
f on Y . Let Y ′ be the base change of Y to the valuation ring C◦

K of CK .
Let (Y ′

j )j=1,...,r be the irreducible components of Y ′. Our goal is to define
ord(D,V ) in the irreducible component V of Ys. The definition will be de-
termined by the two guidelines that cyc(D) should be invariant under base
change to C◦

K and that this base change should be linear in the irreducible
components Y ′

j . Since we do not assume that a variety is geometrically re-
duced, the multiplicity m(Y ′

j , Y
′) of the generic fibre Y ′

j of Y ′
j in the generic

fibre Y ′ of Y ′ has to be considered. Note also that the absolute Galois group
Gal(C̃K/K̃) acts transitively on the irreducible components of the base change
VC̃K and hence the multiplicity m(V ′, VC̃K ) is independent of the choice of an
irreducible component V ′ of VC̃K .
We choose an irreducible component V ′ of VC̃K . It is also an irreducible com-
ponent of Y ′

s and hence there is an irreducible component Y ′
j containing the

generic point ζV ′ of V ′. For Y ′
j = Spec(A′

j), we proceed as in 2.8. We get
an admissible formal scheme Y′′

j = Spf((A ′′
j )◦) over C◦

K with reduced generic
fibre (Y ′

j )◦ = M (A ′′
j ) and reduced special fibre (Y′′

j )s with a surjective finite
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map onto (Y ′
j )s. Hence there is at least one generic point y′′j of (Y′′

j )s mapping
to ζV ′ . Again, there is a unique point ξ′′j ∈ (Y ′

j )◦ with reduction y′′j . Then ξ′′j
extends to an absolute value with valuation ring OY′′

j ,y
′′
j

and (1) leads to the
definition

ord(D,V ) := − 1

m(V ′, VC̃K )

∑

j

m(Y ′
j , Y

′)
∑

y′′j

[C̃K(y′′j ) : C̃K(V ′)] log |f(ξ′′j )|,

(2)
where Y ′

j ranges over the irreducible components of Y ′ and y′′j ranges over
the generic points of (Y′′

j )s lying over the generic point ζV ′ of V ′. Using

the action of Gal(C̃K/K̃), we see that the definition is independent of the
choice of the irreducible component V ′ of VC̃K . It follows from compatibility of
base change and passing to the formal completion along the special fibre that∑

V ord(D,V )V is indeed the vertical part of cyc(D) as defined in 2.7.

The Weil divisor associated to a Cartier divisor has all the expected properties.
The proofs follow from the corresponding properties in [12] or [13]. This is
illustrated in the proof of the following projection formula:

Proposition 2.10. Let ϕ : Y ′ → Y be a proper morphism of varieties over
K◦ and let D be a Cartier divisor on Y such that supp(D) does not contain
ϕ(Y ′). As usual, we define [Y ′ : Y ] to be the degree of the extension of the
fields of rational functions if this degree is finite and 0 otherwise. Then we have

ϕ∗(cyc(ϕ∗(D))) = [Y ′ : Y ]cyc(D).

Proof. The projection formula holds in the generic fibre [9, Proposition 2.3]. We

have an induced proper morphism ϕ̂ : Ŷ ′ → Ŷ of admissible formal schemes
over the completion of K◦ and hence the projection formula follows for vertical
parts from the projection formula for proper morphisms of admissible formal
schemes given in [12, Proposition 4.5] and from the compatibility of push-
forward and passing to the analytification given in [12, Proposition 6.3].

Proposition 2.11. Assume that v is non-trivial, let Y be a normal variety
over K◦ and let V be an irreducible component of Ys. If the Cartier divisor D
on Y is given by the rational function f in a neighbourhood of the generic point
y = ζV of V , then OY ,y is a valuation ring for a unique real-valued valuation
vy extending v and we have ord(D,V ) = vy(f).

Proof. We may assume that Y = Spec(A) and D = div(f) for a rational
function f on Y . The first claim follows from Proposition 2.3. In the following,
we use the notation and the results from 2.9. We have a generic point y′′j of
the special fibre of the admissible formal scheme Y′′

j := Spf((A ′′
j )◦) lying over

y. We have seen in 2.9 that the unique point ξ′′ of the generic fibre of Y′′
j

mapping to y′′j extends to an absolute value with valuation ring OY′′
j ,y

′′
j

. We
conclude that the valuation ring OY′′

j ,y
′′
j

dominates the valuation ring OY ,y.
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Since valuation rings are maximal with respect to dominance of local rings in
a given field, we conclude that − log |f(ξ′′)| = vy(f) and hence (2) simplifies to

ord(D,V ) :=
vy(f)

m(V ′, VC̃K )

∑

j

m(Y ′
j , Y

′)
∑

y′′j

[C̃K(y′′j ) : C̃K(V ′)], (3)

where Y ′
j ranges over the irreducible components of Y ′ and y′′j ranges over the

generic points of (Y′′
j )s lying over the generic point ζV ′ of V ′. By [13, Lemma

4.5], we have

m(V ′, VC̃K ) =
∑

j

m(Y ′
j , Y

′)
∑

y′′j

[C̃K(y′′j ) : C̃K(V ′)]

proving the claim.

Corollary 2.12. The following properties hold for a Cartier divisor D on a
normal variety Y over K◦.

(a) supp(D) = supp(cyc(D)).

(b) The Cartier divisor D is effective if and only if cyc(D) is an effective
cycle.

(c) The map D 7→ cyc(D) is an injective homomorphism from the group of
Cartier divisors on Y to the group of cycles of codimension 1 on Y .

Proof. It follows easily from the definitions that supp(cyc(D)) ⊂ supp(D) and
that the Weil divisor associated to an effective Cartier divisor is an effective
cycle without assuming normality. If v is trivial, the claims are classical results
for divisors on normal varieties over K and so we may assume that v is non-
trivial. Then (b) follows from Propositions 2.11 and 2.3. To prove (a), the
above shows that by passing to the open subset Y \ supp(cyc(D)), we may
assume that cyc(D) = 0 and hence (a) follows from (b). Similarly, (c) is a
consequence of (b).

2.13. The construction of the Weil divisor associated to a Cartier divisor allows
us to define a proper intersection product of a Cartier divisor with a cycle.
Indeed, let D be a Cartier divisor intersecting the cycle Z on Y properly. Then
we define the proper intersection product D.Z as a cycle on Y in the following
way: By linearity, we may assume that Z is a prime cycle W . If W is vertical,
then D restricts to a Cartier divisor on W and we define D.W := cyc(D|W )
using algebraic intersection theory on the variety W . If W is horizontal, then
D restricts to a Cartier divisor on the closure of W in Y and we define D.W
as the associated Weil divisor. Obviously, this proper intersection product is
bilinear.

Proposition 2.14. Let D and E be properly intersecting Cartier divisors on
Y which means codim(supp(D)∩supp(E),Y ) ≥ 2. Then we have D.cyc(E) =
E.cyc(D).
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Proof. For the horizontal parts, this follows from algebraic intersection theory.
For the vertical parts, this follows from the corresponding statement for Cartier
divisors on admissible formal schemes given in [12, Theorem 5.9]. Recall that
the special fibre doesn’t change after passing to the formal completion of Y

along Ys.

Proposition 2.15. Let ϕ : Y ′ → Y be a flat morphism of varieties over K◦

and let D be a Cartier divisor on Y . Then we have ϕ∗(cyc(D)) = cyc(ϕ∗(D)).

Proof. Since ϕ is flat, the pull-back of D is well-defined as a Cartier divisor and
the claim follows from [13, Proposition 4.4(d)], where it is proved for Cartier
divisors on admissible formal schemes.

2.16. We say that two cycles D1 and D2 of codimension 1 on the variety Y

over K◦ are rationally equivalent if there is a non-zero rational function f on
Y such that D1 − D2 = cyc(div(f)). The first Chow group CH1(Y ) of Y is
defined as the group of cycles of codimension 1 modulo rational equivalence. It
follows from Proposition 2.15 that rational equivalence is compatible with flat
pull-back.
Two Cartier divisors D1 and D2 on Y are said to be linearly equivalent if there
is a non-zero rational function f on Y such that D1−D2 = div(f). The group
of Cartier divisors modulo linear equivalence is isomorphic to Pic(Y ) using the
map D 7→ O(D).
We may use rational equivalence to define a refined intersection theory with
pseudo divisors on a variety Y over K◦ with the same properties as in [9,
Chapter 2]. The proofs follow directly from [12] and [13, §4]. This will not be
used in the sequel and so we leave the details to the interested reader.

3 Toric schemes over valuation rings

In this section, (K, v) is a valued field with valuation ring K◦ , residue field

K̃ and value group Γ := v(K×) ⊂ R. As usual, T = Spec(K◦[M ]) is the split
torus of rank n with generic fibre T and N is the dual of the free abelian group
M .
We will start with the definition of a T-toric scheme over K◦. Then we will
recall from [14] the basic construction of a normal T-toric scheme associated to
a Γ-admissible fan. The overall goal of this paper is to show that every normal
toric variety over K◦ arises in this way. At the end of this section, we will study
projective toric varieties over K◦ with a linear action of the torus. They can
also be understood purely in combinatorial terms, but they are not necessarily
normal. We will use them in §7 to finish the proof of Sumihiro’s theorem.

Definition 3.1. A T-toric scheme over the valuation ring K◦ is an integral
separated flat scheme Y over K◦ such that the generic fibre Yη contains T as
an open subset and such that the translation action T ×K T → T extends to
an algebraic action T×K◦ Y → Y over K◦.
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A homomorphism (resp. isomorphism) of T-toric schemes is an equivariant
morphism (resp. isomorphism) which restricts to the identity on T . A T-toric
scheme of finite type over K◦ is called a T-toric variety.

Note that if Y is a T-toric variety over K◦, then Yη is a T -toric variety over K.
In order to construct examples of T-toric schemes and to see how they can be
described by the combinatorics of some objects in convex geometry, we need to
introduce and to study the following algebras associated to Γ-admissible cones.

3.2. A cone σ ⊂ NR × R+ is called Γ-admissible if it can be written as

σ =

k⋂

i=1

{(ω, s) ∈ NR × R+ | 〈ui, ω〉+ sci ≥ 0} , u1, . . . , uk ∈M, c1, . . . , ck ∈ Γ,

and does not contain a line. For such a cone σ, we define

K[M ]σ := {
∑

u∈M
αuχ

u ∈ K[M ] | cv(αu) + 〈u, ω〉 ≥ 0 ∀(ω, c) ∈ σ}

and Vσ := Spec(K[M ]σ). It is easy to see that K[M ]σ is an M -graded K◦-
algebra and hence we have a canonical T-action on Vσ.

Proposition 3.3. Let σ be a Γ-admissible cone in NR × R+. Then Vσ is a
normal T-toric scheme over K◦. If v is a discrete valuation, then Vσ is always
a T-toric variety. If v is not a discrete valuation, then Vσ is a T-toric variety
over K◦ if and only if the vertices of σ∩ (NR×{1}) are contained in NΓ×{1}.

Proof. Normality is proven in [14, Proposition 6.10]. If the valuation is discrete,
then [14, Proposition 6.7] shows that Vσ is a T-toric variety. If v is not discrete,
then the equivalence in the last claim is proved in [14, Propositions 6.9].

3.4. A Γ-admissible fan Σ in NR×R+ is a fan consisting of Γ-admissible cones.
Given a Γ-admissible fan Σ, we glue the normal affine T-toric schemes Vσ,
σ ∈ Σ, along the open subschemes coming from their common faces. The
result is a normal T-toric scheme YΣ. Similarly to the classical case of toric
varieties over a field, the properties of the T-toric schemes YΣ may be described
by the combinatorics of the cones Σ. For details, we refer to [14].

Now we review the construction of projective T-toric schemes which are not
necessarily normal (see [14, §9 ] for more details). These are not all the possible
projective toric schemes over K◦ but just those which have a linear action
of the torus, see [14, Proposition 9.8]. For the corresponding projective toric
varieties over a field, we refer to Cox–Little–Schenk [6, §2.1, §3.A] and Gelfand–
Kapranov–Zelevinsky [10, Chapter 5].

3.5. Given R ∈ Z+, we choose projective coordinates on the projective space
PRK◦ . Let A = (u0, . . . , uR) ∈ MR+1 and y = (y0 : · · · : yR) ∈ PR(K). The
height function of y is defined as

a : {0, ..., R} → Γ ∪ {∞}, j 7→ a(j) := v(yj).
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The action of T on PRK◦ is given by

(t,x) 7→ (χu0(t)x0 : · · · : χuR(t)xR).

We define the projective toric variety YA,a to be the closure of the orbit Ty.
The generic fibre YA,a is a toric variety respect to the torus T/Stab(y). It
follows from [14, 9.2] that YA,a is a T-toric variety over K◦ with respect to the
split torus over K◦ with generic fibre T/Stab(y).
The weight polytope Wt(y) is defined as the convex hull of A(y) := {uj |
a(j) < ∞}. The weight subdivision Wt(y, a) is the polytopal complex with
support Wt(y) obtained by projecting the faces of the convex hull of {(uj, λj) ∈
MR × R+ | j = 0, . . . , R; λj ≥ a(j)}. We will see in the next result that the
orbits of YA,a can be read off from the weight subdivision.

Proposition 3.6. There is a bijective order preserving correspondence between
faces Q of the weight subdivision Wt(y, a) and T-orbits Z of the special fibre of
YA,a given by

Z = {x ∈ (YA,a)s | xj 6= 0⇔ uj ∈ A(y) ∩Q}.
Proof. This is the content of [14, Proposition 9.12].

4 The cone of a normal affine toric variety

We recall that (K, v) is a valued field with valuation ring K◦, residue field K̃
and value group Γ ⊂ R. Let T = Spec(K◦[M ]) be the split torus over K◦

with generic fibre T . The free abelian group M of rank n is isomorphic to the
character group of T . For an element u ∈ M , the corresponding character is
denoted by χu. Let N = Hom(M,Z) be the dual abelian group of M .
As we have seen in the previous section, a Γ-admissible cone σ in NR × R+

induces a normal affine T-toric scheme Vσ = Spec(K[M ]σ). This is a T-toric
variety if and only if the vertices of σ ∩ (NR × {1}) are contained in NΓ × {1}
or if v is discrete.
In this section, we will show that every normal affine T-toric variety Y =
Spec(A) has this form proving Theorem 1. We may assume that the valuation
is non-trivial as in the classical case of normal toric varieties over a field, the
statement is well known (see [15, ch. I, Theorem 1]). The T-action induces an
M -grading A =

⊕
m∈M Am on the K◦-algebra A. Since T is an open dense

orbit of Y , we may and will assume that A is a subalgebra of the quotient field
K(M) of K[M ].
The proof of Theorem 1 will be done in three steps along the classical proof
dealing with the additional complications of a non-trivial value group and of
a non-noetherian ring A. In Lemma 4.1, we will associate to the M -graded
subalgebra A a semigroup S in M ×Γ. Then in a second step, we will show in
Lemmata 4.2 and 4.3 that S gives rise to a Γ-admissible cone σ in N ×R+. Fi-
nally, we will prove in Proposition 4.4 that Y = Vσ by using an approximation
argument.

Documenta Mathematica 20 (2015) 171–198



184 Walter Gubler and Alejandro Soto

Lemma 4.1. The set S := {(m, v(a)) ∈ M × Γ | aχm ∈ A\{0}} is a saturated
semigroup in M × Γ.

Proof. Obviously, the set S is a semigroup. Let k(m, v(a)) ∈ S for m ∈ M ,
a ∈ K \ {0} and k ∈ Z+ \ {0}, i.e. (aχm)k ∈ A. By normality of A, we get
aχm ∈ A and hence (m, v(a)) ∈ S.

Lemma 4.2. There are M -homogeneous generators a1χ
m1 , . . . , akχ

mk of A.
Moreover, the semigroup S from Lemma 4.1 and the set {(0, 1), (mi, v(ai)) |
i = 1, . . . , k} generate the same cone in MR × R.

Proof. Since Y is a variety over K◦, it is clear that A is a finitely gener-
ated K◦-algebra. Using that A is an M -graded algebra, we find generators
a1χ

m1 , . . . , akχ
mk of A. Obviously, every (mi, v(ai)) is contained in the cone

generated by S which we denote by cone(S). Since the valuation v is non-trivial,
it is clear that (0, 1) ∈ cone(S).
It remains to show that the cone generated by S is contained in the cone
generated by {(0, 1), (mi, v(ai)) | i = 1, . . . , k}. An element of cone(S) is a
finite sum

∑
j αj(uj , v(bj)) with αj ∈ R+ and (uj, v(bj)) ∈ S with bjχ

uj ∈ A.
Using the above generators, we get

bjχ
uj = λ(j)(a1χ

m1)l
(j)
1 · · · (akχmk)l

(j)
k for λ(j) ∈ K◦ \ {0}, l(j)1 , . . . , l

(j)
k ∈ Z+.

This implies

v(bj) = v(λ(j)) +
k∑

i=1

l
(j)
i v(ai)

uj =
k∑

i=1

l
(j)
i mi.

We conclude that the element
∑

j αj(uj, v(bj)) of cone(S) is equal to

∑

j

αj

(
k∑

i=1

l
(j)
i mi, v(λ(j)) +

k∑

i=1

l
(j)
i v(ai)

)

=
∑

j

αj(0, v(λ(j))) +
∑

j

∑

i

αj l
(j)
i (mi, v(ai))

= (0, λ) +
∑

i

λi(mi, v(ai))

with λ :=
∑

j αjv(λ(j)) ∈ R+ and λi :=
∑

j αj l
(j)
i ∈ R+. This proves the

lemma.

Lemma 4.3. The set σ := {(ω, s) ∈ NR × R | 〈u, ω〉+ ts ≥ 0 ∀(u, t) ∈ S} is a
Γ-admissible cone in NR × R+.
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Proof. By definition, σ is the dual cone of the cone generated by S. From
Lemma 4.2, we have

σ =
k⋂

i=1

{(ω, s) ∈ NR × R+ | 〈mi, ω〉+ sv(ai) ≥ 0} .

It remains to show that σ doesn’t contain a line. Suppose σ contains a line.
Then we have R · (ω, t) ⊂ σ for some (ω, t) ∈ NR × R+. Since σ ⊂ NR × R+,
we must have t = 0. Therefore the line is of the form R · (ω, 0) ⊂ NR × {0}.
For any aχu ∈ A \ {0}, we have (u, v(a)) ∈ S and hence

0 ≤ 〈(u, v(a)), (λω, 0)〉 = λ〈u, ω〉 ∀λ ∈ R.
This proves u ∈ ω⊥. Choosing a basis {u1, . . . , un} for M such that
u1, . . . , un−1 ∈ ω⊥, we get A ⊂ K[χ±u1 , . . . , χ±un−1 ]. On the other hand,
Y is a T-toric variety and hence the quotient field of A is K(χ±u1 , . . . , χ±un).
This is a contradiction and hence σ doesn’t contain any line. We conclude that
σ is Γ-admissible.

Proposition 4.4. Let Y = Spec(A) be an affine normal T-toric variety over
K◦. Then Y = Vσ for the Γ-admissible cone σ defined in Lemma 4.3.

Proof. We have to show K[M ]σ = A. Take any aχm ∈ A \ {0}. Since
(m, v(a)) ∈ S, we get 〈m,ω〉 + t · v(a) ≥ 0 for all (ω, t) ∈ σ and hence
aχm ∈ K[M ]σ. This proves A ⊂ K[M ]σ.
To prove the reverse inclusion, we take aχm ∈ K[M ]σ \ {0}. By definition,
(m, v(a)) is in the dual cone σ̌ of σ. Using biduality of convex polyhedral cones
(see [8, §1.2]), we conclude that (m, v(a)) is contained in the cone in MR × R
generated by S. By Lemma 4.2, we get

(m, v(a)) = κ(0, 1) +

k∑

i=1

λi(mi, v(ai)), κ, λi ∈ R+.

From this, we deduce the following equivalent system of equations

m =
∑

i

λimi (4)

v(a) = κ+
∑

i

λiv(ai). (5)

Now we show that it is always possible to choose all λi ∈ Q+. We may assume
that λi > 0 for all i, otherwise we omit these coefficients. Let b1, . . . , bs be
a basis in Qk for the solutions of the homogeneous equation associated to (4)
and let µ ∈ Qk be a particular solution for (4). We will use the coordinates

(b
(1)
j , . . . , b

(k)
j ) for the vector bj of the basis. The space of solutions L is given

by

L = {µ+

s∑

j=1

ρjbj | ρj ∈ R, j = 1, . . . , s}.
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Since λ := (λi) ∈ Rk+ is a solution of (4), there exist ρj ∈ R (j = 1, . . . , s) such
that

λ = µ+
∑

j

ρjbj .

Now choose ρ̂j ∈ Q close to ρj, i.e.

ρj = ρ̂j + ǫj

with |ǫj | small. Then

λ̂ = µ+
∑

j

ρ̂jbj

is also a solution of (4) in Qk which is close to λ. In particular, we may choose

|εj | so small that all λ̂i > 0. Explicitly we have




λ1
...
λk


 =




λ̂1
...

λ̂k


+

s∑

j=1

ǫjbj.

Inserting this in (5), we get

v(a) = κ+
∑

i


λ̂i +

∑

j

ǫjb
(i)
j


 v(ai)

= κ+
∑

i

λ̂iv(ai) +
∑

i


∑

j

ǫjb
(i)
j


 v(ai).

With α :=
∑
i

(∑
j ǫjb

(i)
j

)
v(ai) =

∑
j ǫj
∑

i b
(i)
j v(ai), we get

v(a) = κ+ α+
∑

i

λ̂iv(ai).

It is easy to see that we may choose ǫ1, . . . , ǫs in a small neighbourhood of 0
such that κ+ α ≥ 0. We conclude that it is possible to choose the coefficients
in (4) rational and we have

(m, v(a)) = (κ+ α)(0, 1) +

k∑

i=1

λ̂i(mi, v(ai)), κ+ α ∈ R+, λ̂i ∈ Q+. (6)

The above shows that (m, v(a)) = (0, κ) +
∑
i λi(mi, v(ai)) with λi ∈ Q+ and

κ ∈ R+. Let R be a positive integer such that Rλi ∈ Z+ for i = 1, . . . , k. Then
we get

R(m, v(a)) = R(0, κ) +
∑

i

Rλi(mi, v(ai)).
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This proves in particular that Rκ ∈ Γ. Since (0, Rκ), (mi, v(ai)) ∈ S (i =
1, . . . , k) and Rλi ∈ Z+, we conclude that (Rm,Rv(a)) is also in the semigroup
S. This means that there is a b ∈ K with v(b) = v(aR) such that bχRm ∈ A.
Since aR = ub for a unit in K◦, we get (aχm)R ∈ A. By normality of A, this
implies that aχm ∈ A. We conclude that K[M ]σ = A and hence Y = Vσ.

Proof of Theorem 1. We assume that v is not a discrete valuation. We have
seen in Propositions 4.4 and 3.3 that the map σ 7→ Vσ from the set of those
Γ-admissible cones in NR × R+ for which the vertices of σ ∩ (NR × {1}) are
contained in NΓ×{1} to the set of isomorphism classes of affine normal T-toric
varieties over K◦ is surjective. By [14, Proposition 6.24], we can reconstruct
the cone σ from the T-toric scheme Vσ by applying the tropicalization map
to the set of integral points of T ∩ Vσ and hence the correspondence is indeed
bijective. If v is a discrete valuation, then the same argument works if we omit
the additional condition on the vertices of the cones.

5 Construction of the Cartier divisor

Let (K, v) be a valued field with valuation ring K◦, value group Γ = v(K×) ⊂ R
and residue field K̃. Let T be the split torus of rank n over K◦. In this section,
we consider a non-empty affine open subset U0 in a normal T-toric variety Y

over K◦.
The main goal is to construct an effective Cartier divisor D on the smallest
T-invariant open subset U of Y containing U0 with support equal to U \U0.
This will be achieved in Proposition 5.12. We will start by noting in Proposition
5.1 that normality of Y yields that the complement of U0 is a Weil divisor.
Using the divisorial intersection theory from §2, we will deduce in Proposition
5.9 that all translates of this Weil divisor are rationally equivalent on U . This
will be enough to deduce that the Weil divisor is actually a Cartier divisor
on U proving Proposition 5.12. In fact, it will also follow in Corollary 5.14
that O(D) is generated by global sections. This will be important in the next
section, where we will show that D is ample and gives rise to an equivariant
immersion of U to a projective space with a linear T-action. This will allow us
in §7 to reduce the proof of Sumihiro’s theorem to an easier projective variant.

Proposition 5.1. Let U0 be a non-empty affine open subset of a normal variety
Y over K◦. Then every irreducible component of Y \ U0 has codimension 1
in Y .

Proof. By removing the irreducible components of Y \ U0 of codimension 1,
we may assume that Y \U0 has no irreducible components of codimension 1.
Then we have to prove U0 = Y . We may assume that Y is an affine variety
Spec(A). Using Proposition 2.3(d), we get O(U0) = O(Y ) and hence the affine
varieties U0 and Y are equal.

In the following result, we will use the notions introduced in Section 2.
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Proposition 5.2. Let p2 be the canonical projection of T×K◦ Y onto the vari-
ety Y over K◦ and let D be a cycle of codimension 1 in T×K◦ Y . Then there
is a cycle D ′ on Y of codimension 1 such that p∗2(D ′) is rationally equivalent
to D .

Proof. We note that irreducible components of (T×K◦Y )s are given by Ts×K̃V
with V ranging over the irreducible components of Ys. We conclude that every
vertical cycle of codimension 1 in T×K◦ Y is the pull-back of a vertical cycle
of codimension 1 in Y . This reduces the claim to the horizontal parts where
it is a standard fact from algebraic intersection theory on varieties over a field
[9, Proposition 1.9].

5.3. The generic fibre of T is denoted by T . Let T ◦ be the affinoid torus in T an

given by {x ∈ T an | |x1(x)| = · · · = |xn(x)| = 1} in terms of torus coordinates
x1, . . . , xn and let Y be a variety over K◦ with generic fibre Y . For t ∈ T ◦(K),

the reduction t̃ ∈ Ts(K̃) is well-defined. Let it : Y → T ×K◦ Y be the
embedding over Y induced by the integral point of T corresponding to t. We
are going to define the pull-back i∗t (Z ) for every cycle Z on T ×K◦ Y which
satisfies the following flatness condition: We assume that every component of
the horizontal (resp. vertical) part of Z is flat over T (resp. Ts).
Since it induces a regular embedding of Y into T ×K Y (resp. of Ys into
Ts ×K̃ Ys), the pull-back of the horizontal part (resp. vertical part) of Z is
a well-defined cycle on Y (resp. Ys) (see [9, Chapter 6]). We define i∗t (Z ) as
the sum of these two pull-backs. Clearly, this pull-back keeps the codimension
and is linear in Z .

5.4. For t ∈ T ◦(K) with coordinates t1 := x1(t), . . . , tn := xn(t), let Dtj

be the Cartier divisor on T ×K◦ Y given by pull-back of div(xj − tj) with
respect to the canonical projection onto T = (Gnm)K◦ . Let Z be a cycle on
T ×K◦ Y satisfying the flatness condition from 5.3. Then we may use the
proper intersection product with Cartier divisors from 2.13 to get

(it)∗(i∗t (Z )) = Dt1 . . . Dtn .Z .

Indeed, the flatness condition ensures that the right hand side is a proper
intersection product and hence the claim follows from [9, Example 6.5.1]. By
Proposition 2.14, the proper intersection product on the right is symmetric
with respect to the Cartier divisors.

Let Y ,Y ′ be varieties over K◦ and let ϕ : T ×K◦ Y → T ×K◦ Y ′ be a flat
morphism over T. The point t ∈ T ◦(K) corresponds to an integral point of T
inducing a flat morphism ϕt : Y → Y ′ by base change from ϕ. We recall from
2.5 that we have also introduced the pull-back with respect to flat morphisms.
The following result shows some functoriality with the above pull-backs. We
will use the canonical projection p2 : T×K◦ Y ′ → Y ′.
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Proposition 5.5. Under the hypothesis above, let Z ′ be a cycle of Y ′. Then
the cycle ϕ∗(p∗2(Z ′)) satisfies the flatness condition from 5.3 and we have
i∗t (ϕ

∗(p∗2(Z ′))) = ϕ∗
t (Z

′).

Proof. The cycle p∗2(Z ) satisfies the flatness condition. Using that ϕ is a flat
morphism over T, we deduce that ϕ∗(p∗2(Z ′)) also fulfills the flatness condition.
Since the pull-backs are defined for horizontal and vertical parts in terms of
the corresponding operations for varieties over fields, the claim follows from [9,
Proposition 6.5], where the functoriality for pull-backs of cycles of varieties has
been proved.

Lemma 5.6. Let Y be a variety over K◦ and let t ∈ T ◦(K). Suppose that g is
a rational function on T ×K◦ Y such that every irreducible component of the
support of the restriction of div(g) to the generic fibre is flat over T . Then g(t, ·)
is a rational function on Y and we have i∗t (cyc(div(g))) = cyc(div(g(t, ·))).

Proof. The flatness assumption yields the first claim immediately. Note that
the vertical components of cyc(div(g)) are automatically flat over Ts and hence
we get a well-defined cycle i∗t (cyc(div(g))) on Y . The second claim follows
easily from the fact that we may write i∗t as an n-fold proper intersection
product with Cartier divisors (see 5.4) and from Proposition 2.14.

Proposition 5.7. Let Y be a variety over K◦. Then pull-back with respect
to the canonical projection p2 : T ×K◦ Y → Y induces an isomorphism p∗2 :
CH1(Y )→ CH1(T×K◦ Y ).

Proof. By 2.16, p∗2 is compatible with rational equivalence and hence it is well-
defined on the Chow groups. Surjectivity follows from Proposition 5.2. Suppose
that D is a cycle of codimension 1 on Y such that p∗2(D) is rationally equivalent
to 0 on T×K◦ Y . Using Lemma 5.6 for the unit element e in T ◦(K), we deduce
that D is rationally equivalent to 0. This proves injectivity.

We have a similar statement for Picard group as pointed out by Qing Liu and
C. Pépin.

Proposition 5.8. Let Y be a normal variety over K◦. Then pull-back with
respect to p2 induces an isomorphism Pic(Y )→ Pic(T×K◦ Y ).

Proof. This statement was proved in [14, Remark 9.6] based on an argument
of Qing Liu and C. Pépin.

Now let Y be a normal T-toric variety over K◦ and let D be a cycle of codi-
mension 1 in Y . Note that t ∈ T ◦(K) acts on Y and we denote by D t the
pull-back of D with respect to this flat morphism.

Proposition 5.9. Under the hypothesis above, D t is rationally equivalent to
D .
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Proof. Let σ : T ×K◦ Y → Y be the torus action on Y . It follows from
Propositions 5.2 that σ∗(D) is rationally equivalent to p∗2(D ′) for a cycle D ′ of
codimension 1 in Y . Then Lemma 5.6 and Proposition 5.5, applied for the unit
element e, show that D is rationally equivalent to D ′. By 2.16, we conclude
that σ∗(D) is rationally equivalent to p∗2(D). If we apply Proposition 5.5 again,
but now in t instead of e, we get the claim.

Lemma 5.10. Let U0 be a non-empty open subset of the T-toric variety Y over
K◦ and let U :=

⋃
t∈T◦(K) tU0. Then U is the smallest T-invariant (open)

subset containing U0.

Proof. Consider the subset S of T such that translation with its elements leaves
U invariant. The subset S∩Ts is equal to the stabilizer of Ys \Us and hence it

is an algebraic subgroup of Ts. By construction, it contains Ts(K̃) and hence
it is equal to Ts. We use the same argument for the points of S contained in
the generic fibre T = Tη. Again, S ∩ T is an algebraic subgroup containing
T ◦(K). Since T ◦ is an n-dimensional affinoid torus, we conclude that T ◦(K)
is Zariski dense in T and hence the algebraic subgroup is the torus T over K.
We conclude that U is T-invariant. This proves the claim immediately.

5.11. Since the torus Ts acts continuously on the discrete set of the generic
points of Ys, every such generic point is fixed under the action. We conclude
that every irreducible component of Ys is invariant under the T-action. This
means that the special fibres of U and U0 have the same generic points. We
have seen in Proposition 5.1 that U \U0 is a union of irreducible components
of codimension 1 and hence every such irreducible component is horizontal. Let
D be the horizontal cycle on U given by the formal sum of these irreducible
components.

Proposition 5.12. Under the hypothesis above, there is a unique Cartier divi-
sor D on U such that D = cyc(D). Moreover, this Cartier divisor is effective.

Proof. For t ∈ T ◦(K), Proposition 5.9 yields a non-zero rational function ft on
U such that D −D t = cyc(div(ft)). Since U \ t−1U0 is equal to the support
of D t, we deduce that the restriction of D to t−1U0 is the Weil divisor given
by the rational function ft on t−1U0. By Corollary 2.12, the Cartier divisor on
a normal variety is uniquely determined by its associated Weil divisor. This
yields immediately that {(t−1U0, ft) | t ∈ T ◦(K)} is a Cartier divisor on U

with associated Weil divisor D and uniqueness follows as well. By Corollary
2.12, the Cartier divisor D is effective.

Proposition 5.13. Let σ : T ×K◦ Y → Y be the torus action of the normal
T-toric variety Y over K◦ and let D be the Cartier divisor from Proposition
5.12. Then σ∗(D) is linearly equivalent to p∗2(D).

Proof. The unit element e in T ◦(K) induces the section ie of σ and p2. Then
the claim follows from Proposition 5.8. Another way to deduce the claim is to

Documenta Mathematica 20 (2015) 171–198



Classification of Normal Toric Varieties . . . 191

use the corresponding statement for cycles of codimension 1 (see Proposition
5.7) together with Corollary 2.12.

Corollary 5.14. Let D be the Cartier divisor from Proposition 5.12 and let
Dt be its pull-back with respect to translation by t ∈ T ◦(K). Then the invertible
sheaves O(Dt) and O(D) on U are isomorphic. Moreover, O(D) is generated
by global sections.

Proof. The first claim follows from Proposition 5.13 by applying i∗t . By Propo-
sition 5.12, sDt is a global section with support U \t−1U0 and hence the second
claim follows from the first.

6 Linearization and immersion into projective space

Let T be the split torus of rank n over K◦ and let Y be a normal T-toric
variety over K◦. We denote by µ : T ×K◦ T → T the multiplication map, by
σ : T ×K◦ Y → Y the group action and by p2 : T ×K◦ Y → Y the second
projection. As in the previous section, we consider a non-empty affine open
subset U0 of Y and the smallest T-invariant open subset U of Y containing
U0. In Proposition 5.12, we have constructed an effective Cartier divisor D
on U with supp(D) = U \ U0 such that cyc(D) is a horizontal cycle with
all multiplicities equal to 1. In this section, we will see that O(D) has a T-
linearization (Proposition 6.3) and is ample (Proposition 6.7) leading in 6.8 to
a T-equivariant immersion into a projective space with linear T-action. This
will be summarized in Proposition 6.9 which reduces the proof of Sumihiro’s
theorem to an easier projective variant shown in the next section.

Definition 6.1. First, we recall the definition of a T-linearization of a line
bundle L on a toric variety (see [20] for details). Geometrically, a T-linearization
is a lift of the torus action on Y to an action on L such that the zero section
is T-invariant. In terms of the underlying invertible sheaf L , a T-linearization
is an isomorphism

φ : σ∗
L → p∗2L ,

of sheaves on T×K◦ Y satisfying the cocycle condition

p∗23φ ◦ (idT × σ)∗φ = (µ× idY )∗φ, (7)

where p23 : T×K◦T×K◦ Y → T×K◦ Y is the projection to the last two factors.

We need the following application of a result of Rosenlicht.

Lemma 6.2. For every f ∈ O(T×K◦ U )×, there is a character χ on T and a
g ∈ O(U )× such that f = χ · g.

Proof. Note that O(T)× is the set of characters on T multiplied by units in
K◦. Then the claim follows from [23, Theorem 2], where it is proved in the
case of fields.
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Proposition 6.3. The invertible sheaf O(D) has a T-linearization.

Proof. By Proposition 5.13, we have an isomorphism

φ : σ∗
L → p∗2L

for the invertible sheaf L := O(D). Both sides of (7) are isomorphisms between
the same invertible sheaves on T ×K◦ T ×K◦ U and hence there is a unique
f ∈ O(T ×K◦ T ×K◦ U )× such that that the left hand side is obtained by
multiplying the right hand side with f . We may choose φ such that we have
the canonical isomorphism over {e} × U and hence we get f(e, ·, ·) = 1 and
f(·, e, ·) = 1. By Lemma 6.2, there are characters χ1, χ2 on T and g ∈ O(U )×

such that f(t1, t2, u) = χ1(t1)χ2(t2)g(u) for all t1, t2 ∈ T (K) and u ∈ U (K).
Since f(e, e, u) = 1, we get g = 1. Therefore

f(t1, t2, u) = χ1(t1)χ2(t2) = f(t1, e, u)f(e, t2, u) = 1.

By density of the K-rational points, we get f = 1 and (7) holds.

6.4. The T-linearization on L = O(D) induces a dual action of T on the
space H0(U ,L) of global sections, given by the composition σ̂ of the canonical
K◦-linear maps

H0(U ,L )→ H0(T×K◦ U , σ∗
L )→

→ H0(T×K◦ U , p∗2L )→ H0(T,OT)⊗K◦ H0(U ,L ),

where the last isomorphism comes from the Künneth formula (see [16]). We
refer to [20, Chapter 1, Definition 1.2] for the definition of a dual action. This
was written for vector spaces over a base field, but the same definition applies in
case of a free K◦-module. Since V := H0(U ,L ) is a torsion free K◦-module,
V is indeed free (see [14, Lemma 4.2] for a proof). A dual action means that
the torus T acts linearly on the possibly infinite dimensional projective space
P(V ) = Proj(K◦[V ]).
The dual action σ̂ induces an action of t ∈ T ◦(K) on V which we denote
by s 7→ t · s. For s ∈ V = H0(U ,L ), the action is geometrically given by
(t · s)(u) = t−1(s(tu)), u ∈ U , where t−1 operates on the underlying line
bundle using the linearization.

Lemma 6.5. Let x1, . . . , xk be affine coordinates of U0 considered as rational
functions on U . Then there exists ℓ ∈ Z+ such that for every i ∈ {1, . . . , k},
the meromorphic section si := xisℓD of O(ℓD) is in fact a global section. Here,
sℓD denotes the canonical global section of O(ℓD).

Proof. Using the theory of divisors from §2, we get the identity

cyc(div(xi)) =
∑

j

mijZj + V
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of cycles on U , where Zj are the irreducible components of U \U0 and where V

is an effective cycle of codimension 1 in U which meets U0. By construction (see
Proposition 5.12), we have cyc(D) = D =

∑
j Zj . For ℓ := −minij{mij , 0}, we

get

cyc(div(xi)) + ℓD =
∑

j

mijZj + ℓD + V =
∑

j

(mij + ℓ)Zj + V ≥ 0.

Therefore the Weil divisor div(xi) + ℓD is effective. By Corollary 2.12, we
conclude that xisℓD is a global section of O(ℓD).

6.6. By Proposition 2.2, Y is a noetherian topological space and therefore U

is quasicompact. Using Lemma 5.10, there is a finite subset S of T ◦(K) such
that U =

⋃
t∈S t

−1U0. We have seen in Lemma 6.5 that the affine coordinates
x1, . . . , xk of U0 induce global sections s1, . . . , sk of O(ℓD). Then the dual
action from 6.4 gives global sections t · s1, . . . , t · sk of O(ℓD) induced by affine
coordinates of t−1U0. We conclude that (t · sj)t∈S,j=1,...,k generate O(ℓD).
By construction, the global section t · sD has support U \ t−1U0. We get a
morphism

ψ : U → PR
′

K◦ , u 7→ (· · · : t · s1(u) : · · · : t · sk(u) : t · sℓD(u) : · · · )t∈S

with R′ := |S|(k+ 1)− 1. Note that this map is well defined because O(ℓD) is
generated by these global sections, and we have ψ∗(OPR

′

K◦
(1)) ≃ O(ℓD).

Proposition 6.7. The morphism ψ is an immersion and hence L is ample.

Proof. For t ∈ S, the support of the Cartier divisor div(t · sD) = Dt is equal to
U \t−1U0. Let yj be the coordinate of PR

′

K◦ corresponding to t ·sℓD with respect
to the morphism ψ. Then we get ψ−1{yj 6= 0} = t−1U0. Since t · x1, . . . , t · xk
are affine coordinates on t−1U0, we conclude easily that ψ restricts to a closed
immersion of t−1U0 into the open subvariety {yj 6= 0} of PR

′

K◦ . Since these open

subvarieties form an open covering of PR
′

K◦ , we may use [11, Corollaire 4.2.4] to
conclude that the morphism ψ is an immersion and hence O(D) is ample.

6.8. Let Vℓ0 be the submodule of Vℓ := H0(U ,L ℓ) which is generated by the
global sections (t·sj)t∈S,j=1,...,k and (t·sℓD)t∈S used in the definition of ψ in 6.6.
Since O(ℓD) has a T-linearization, we get a dual action σ̂ of T on Vℓ similarly
to 6.4.
A K◦-submodule W of Vℓ is called invariant under the dual action of T if
σ̂(W ) ⊂ A ⊗K◦ W for A := H0(T,OT) = K◦[M ]. The lemma on p. 25 of
[20] generalizes in a straightforward manner to our setting and hence there is a
finitely generated submodule W of Vℓ which is invariant under the dual action
of T and contains Vℓ0. Since W is K◦-torsion free, we conclude that W is a
free K◦-module of finite rank R+ 1.
We get a morphism i : U → P(W ) with i∗(OP(W )(1)) ∼= O(ℓD). The dual
action of T on W induces a linear action of T on the projective space P(W ).
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By construction, i is T-equivariant. Since i factorizes through ψ, we deduce
from Proposition 6.7 that i is an immersion.

Recall that T = Spec(K◦[M ]) is the split torus of rank n. We summarize our
findings:

Proposition 6.9. Let U0 be a non-empty affine open subset of the normal
T-toric variety Y over K◦ and let U be the smallest T-invariant open subset
of Y containing U0. Then there is a T-equivariant open immersion of U into
a projective T-toric variety YA,a given by A ∈MR+1 and height function a as
in 3.5.

Proof. Let i : U → P(W ) be the T-equivariant immersion from 6.8. Then the
closure Y of i(U ) in P(W ) is a projective T-toric variety over K◦ on which
T-acts linearly. We choose a K-rational point y in the open dense orbit of
i(U ). By [14, Proposition 9.8], there are suitable coordinates on P(W ) and
A ∈ MR+1 such that Y = YA,a for the height function a of y defined in
3.5.

7 Proof of Sumihiro’s theorem

In this section, we will finally prove Sumihiro’s theorem for normal toric va-
rieties over K◦ as announced in Theorem 2. Sumihiro’s theorem is wrong for
arbitrary non-normal toric varieties even over a field (see [6, Example 3.A.1] for
a projective counterexample). However, we will show first in this section that
Sumihiro’s theorem holds for open invariant subsets of projective toric varieties
over K◦ with a linear torus action. Note that such projective toric varieties
are not necessarily normal. As a consequence of Proposition 6.9, we will obtain
Sumihiro’s theorem for normal toric varieties over K◦. At the end, Theorem 3
will easily follow from Sumihiro’s theorem similarly as in the classical case of
normal toric varieties over a field.
In this section, (K, v) will be a valued field with value group Γ = v(K×) ⊂ R.
Moreover, T = Spec(K◦[M ]) is a split torus over the valuation ring K◦ of rank
n and we consider a projective T-toric variety over K◦ with a linear T-action.
By [14, Proposition 9.8] the latter is a toric subvariety YA,a of PRK◦ as in 3.5 for
A ∈MR+1, height function a and suitable projective coordinates x0, . . . , xR.

7.1. We fix a point z ∈ YA,a and a closed T-invariant subset Y of YA,a with
z 6∈ Y . Since Y is a closed subset of the ambient projective space PRK◦ , there
is a k ∈ Z+ and s0 ∈ H0(PRK◦ ,O(k)) such that s0|Y = 0 and s0(z) 6= 0.
Obviously, V := H0(PRK◦ ,O(k)) is a free K◦-module of finite rank. The linear
T-action on PRK◦ induces a linear representation of T on V , i.e. a homomorphism
S : T→ GL(V ) of group schemes over K◦. We say that s ∈ V is semi-invariant
if there is u ∈M such that St(s) = χu(t)s for every t ∈ T and for the character
χu of T associated to u. In the following, the K◦-submodule

W := {s ∈ H0(PRK◦ ,O(k)) | ∃λ ∈ K◦\{0} s. t. λs|Y = 0}
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of V will be of interest. Note that W is equal to the set of global sections s of
O(k) which vanish on the generic fibre Yη. Since Y is T-invariant, it is clear
that W is invariant under the T-action. The multiplicative torus T = TK is
split over K and hence the vector space WK has a simultaneous eigenbasis for
the T -action. This is well-known in the theory of toric varieties over a field and
follows from [2, Proposition III.8.2]. Note that this K-basis is semi-invariant.
We will show in the next lemma that such a basis exists as a basis of W over
K◦.

Lemma 7.2. W is a free K◦-module of finite rank which has a semi-invariant
basis.

Proof. A valuation ring is a Prüfer domain. Since W is a saturated K◦-
submodule of the free module V of finite rank, we conclude that W is free
of finite rank r (see [4, ch. VI, §4, Exercise 16]). We have seen above that WK

has a simultaneous eigenbasis w1, . . . , wr for the T -action. For j = 1, . . . , r, we
have St(wj) = χuj (t) · wj for all t ∈ T (K) and some uj ∈ M . Let Euj be the
corresponding eigenspace. Then Wuj := Euj ∩ V is a saturated K◦-submodule
of W . The same argument as above shows that Wuj is a free K◦-module of
finite rank. We may choose the simultaneous eigenbasis w1, . . . , wr above in
such a way that a suitable subset is a K◦-basis of Wuj for every j = 1, . . . , r.
Note that every wj is semi-invariant.

For t in the subgroup U := T(K◦) = T ◦(K) of T (K), we have St ∈ GL(V,K◦)
and hence the eigenvalues χuj (t) have valuation 0. Using reduction mod-
ulo the maximal ideal K◦◦ of K◦, the U -action becomes a TK̃ -operation on

W̃ := W ⊗K◦ K̃. We note that the reduction of a K◦-basis in Wuj is linearly

independent in W̃ . Using that eigenvectors for distinguished eigenvalues are
linearly independent, we conclude that the reduction of w1, . . . , wr is a a simul-
taneous eigenbasis for the TK̃ -action on W̃ . By Nakayama’s Lemma, it follows
that w1, . . . , wr is a K◦-basis for W .

We can now prove the following quasi-projective version of Sumihiro’s theorem.

Proposition 7.3. Let U be a T-invariant open subset of YA,a. Then every
point of U has a T-invariant open affine neighbourhood in U .

Proof. Let z ∈ U and let Y := Y \U . Since Y is T-invariant, we are in the
setting of 7.1 and we will use the notation from there. In particular, we have
s0 ∈ H0(PRK◦ ,O(k)) such that s0|Y = 0 and s0(z) 6= 0. Using Lemma 7.2, we
conclude that there is a semi-invariant s1 ∈ H0(PRK◦ ,O(k)) with s1(z) 6= 0 and
λs1|Y = 0 for some λ ∈ K◦ \ {0}.
To construct the affine invariant neighborhood of z, we assume first that z is
contained in the generic fibre of U over K◦. Then U1 := {x ∈ YA,a | λs1(x) 6=
0} is an affine open subset of U that contains z. Since s1 is semi-invariant, it
follows that U1 is T-invariant proving the claim.
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Now we suppose that z is contained in the special fibre Us. Let ζ be a generic
point of an irreducible component Z of Ys. Since Y is T-invariant, ζ is the
generic point of an orbit whose closure Z does not contain z. Using the orbit–
face correspondence from Proposition 3.6, there is a projective coordinate xi(ζ)
such that xi(ζ)(Z) = 0 but xi(ζ)(z) 6= 0. By definition of YA,a, we may view
xi(ζ) as a semi-invariant global section of O(1) on PRK◦ . Letting ζ varying over
the generic points of the irreducible components of Ys, we get a semi-invariant
global section s := s1 ·

∏
ζ si(ζ) of a suitable tensor power of O(1) on PRK◦ with

s(z) 6= 0 and s|Y = 0. Then U1 := {x ∈ YA,a | s(x) 6= 0} is a T-invariant affine
open neighbourhood of z in U .

Proof of Theorem 2. We are now ready to prove Sumihiro’s theorem for a nor-
mal T-toric variety Y over K◦. Every point z ∈ Y has an affine open neigh-
bourhood U0. Let U be the smallest T-invariant open subset of Y containing
U0. By Proposition 6.9, there is an equivariant open immersion i : U → YA,a

for suitable A ∈ MR+1 and height function a. By Proposition 7.3, there is a
T-invariant open neighbourhood U1 of z in i(U ). We conclude that i−1(U1)
is an affine T-invariant open neighbourhood of z in U proving Sumihiro’s the-
orem.

Finally in order to complete the picture which gives rise to the interplay be-
tween toric geometry and convex geometry, we prove Theorem 3 which give us
a bijective correspondence between normal T-toric varieties and Γ-admissible
fans.

Proof of Theorem 3. We assume first that v is not a discrete valuation. For
simplicity, we fix torus coordinates on the split torus T of rank n. Let Y be
a normal T-toric variety. By Theorem 2, Y has an open covering {Vi}i∈I by
affine T-varieties Vi. By Theorem 1, we have Vi

∼= Vσi for a Γ-admissible cone
σi in Rn×R+ for which the vertices of σi∩(Rn×{1}) are contained in Γn×{1}.
Since Y is separated, Vij := Vi∩Vj is affine for every i, j ∈ I. We conclude that
Vi ∩ Vj is an affine normal T-toric variety and hence Theorem 1 again shows
Vij
∼= Vσij for a Γ-admissible cone σij in Rn × R+. Applying the orbit–face

correspondence from [14, Proposition 8.8] to the open immersions Vij → Vi and
Vij → Vj , it follows that σij is a closed face of σi and σj . Moreover, the same
argument shows that σij = σi ∩ σj and hence the closed faces of all σi form a
Γ-admissible fan Σ in Rn × R+ with YΣ

∼= Y . From Theorem 1, we get now
easily the desired bijection. If v is a discrete valuation, then the same argument
works if we omit the additional condition on the vertices of the cones.
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Abstract. This paper is a further study of finite Rokhlin dimension
for actions of finite groups and the integers on C∗-algebras, intro-
duced by the first author, Winter, and Zacharias. We extend the
definition of finite Rokhlin dimension to the nonunital case. This def-
inition behaves well with respect to extensions, and is sufficient to
establish permanence of finite nuclear dimension and Z-absorption.
We establish K-theoretic obstructions to the existence of actions of
finite groups with finite Rokhlin dimension (in the commuting tower
version). In particular, we show that there are no actions of any non-
trivial finite group on the Jiang-Su algebra or on the Cuntz algebra
O∞ with finite Rokhlin dimension in this sense.

2010 Mathematics Subject Classification: 46L55

1

The study of group actions on C∗-algebras, and their associated crossed prod-
ucts, has always been a central research theme in operator algebras. One would
like to identify properties of group actions which on the one hand occur com-
monly and naturally enough to be of interest, and on the other hand are strong
enough to be used to derive interesting properties of the action or of the crossed
product. Examples of important properties for a group action meeting these
criteria are the various forms of the Rokhlin property, which arose early on in
the theory. See, for instance, [Izu01] and references therein for actions of Z and
[Izu04a, Izu04b, Phi09, OP12] for the finite group case. The Rokhlin property
for the single automorphism case is quite prevalent, and generic in some cases,
forming a dense Gδ set in the automorphism group (see [HWZ15]). However, it

1This research was supported in part by the US-Israel Binational Science Foundation.
This material is partially based on work of the second author supported by the US National
Science Foundation under Grant DMS-1101742.
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requires the existence of projections, and thus will not occur in cases of inter-
est which have few projections, such as automorphisms of the Jiang-Su algebra
Z or automorphisms arising from topological dynamical systems on connected
spaces.
Rokhlin dimension was introduced in [HWZ15] as a generalization of the
Rokhlin property, motivated by the definition of covering dimension for topo-
logical spaces. In this formulation, the Rokhlin property becomes Rokhlin di-
mension 0. In the definition of higher Rokhlin dimension, the projections from
the Rokhlin property are replaced by positive elements with controlled over-
laps. This generalizations covers many more cases. It is shown in [HWZ15] that
for separable unital Z-absorbing C∗-algebras, the property of having Rokhlin
dimension at most 1 is generic. In the commutative setting, it was shown that
if X is a compact metrizable space of finite covering dimension, h : X → X is
a minimal homeomorphism, and α ∈ Aut(C(X)) is given by α(f) = f ◦ h−1,
then α has finite Rokhlin dimension. The result concerning homeomorphisms
was generalized recently in [Sza15] to the case of free actions of Zm on finite
dimensional spaces.
Actions of finite groups with the Rokhlin property are much less common. As
in the case of a single automorphism, it requires projections, thereby ruling out
actions on Z with the Rokhlin property. Even when there are many projections,
there are simple K-theoretic obstructions to the existence of actions with the
Rokhlin property. For instance, since any automorphism of O∞ acts trivially
on K0, if α is an action of a finite group G on O∞ with the Rokhlin property,
and (eg)g∈G is a family of Rokhlin projections, then [eg] = [eh] in K0(O∞) for
all g, h ∈ G. Thus, [1] is divisible by the order of the group, #G. This cannot
happen if G has more than one element. Likewise, one can see that there are
no actions of Zp = Z/pZ on the UHF algebra Mq∞ with the Rokhlin property
if p does not divide some power of q. For more, we refer the reader to [Phi09,
Example 3.12] and the discussion after it.
This paper is devoted to a further study of Rokhlin dimension, mainly for
the finite group case. In Sections 2 and 3 we generalize Rokhlin dimension
to the nonunital case. Our definition is sufficient for generalizing the results
concerning permanence of finite nuclear dimension and decomposition rank
([KW04, WZ10]) and Z-absorption, and behaves well with respect to exten-
sions. In Section 4 we study K-theoretic obstructions to finite Rokhlin di-
mension. The K-theoretic obstructions here are more subtle than the ones
described above, and involve the structure of equivariant K-theory viewed as a
module over the representation ring. As a consequence we show, for instance,
that there are no actions of (nontrivial) finite groups on Z or O∞ with the com-
muting tower version of finite Rokhlin dimension. There are, however, natural
examples of actions of finite group actions on C∗-algebras which do not have
the Rokhlin property but do have finite Rokhlin dimension; see for instance Ex-
ample 1.12. The distinction between the commuting tower and noncommuting
tower versions of Rokhlin dimension initially appeared to be a minor technical-
ity. However, it was recently shown in [BEM+14, Theorem 2.3] that any outer
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action of Z2 on O∞ has Rokhlin dimension 1 in the noncommuting tower sense.
This sharply contrasts with the results we present in Section 4. Likewise, the
action of Sn by permutation on the tensor factors of Z ∼= Z⊗n (see [HW08])
does not have finite Rokhlin dimension with commuting towers, but recently
it has been shown ([SWZ14, Proposition 6.10]) that this action has Rokhlin
dimension 1 without commuting towers. Our results furthermore show that
for finite group actions, there is indeed a genuine difference between the com-
muting tower version of finite Rokhlin dimension and the various projectionless
versions of the tracial Rokhlin property ([Sat10, HO13]).
We use the following notational conventions throughout. We write #G for
the number of elements in a group G. We write Zp = Z/pZ, since the p-
adic numbers make no appearance in the paper. Order zero maps are always
assumed to be completely positive (although not necessarily contractive).

1. Preliminaries

We recall the definition of Rokhlin dimension from [HWZ15].

Definition 1.1. Let G be a finite group, let A be a unital C∗-algebra and let
α : G→ Aut(A) be an action of G on A. We say that α has Rokhlin dimension
d with commuting towers, and write dimc

Rok(α) = d, if d is the least integer
such that the following holds. For any ε > 0 and every finite subset F ⊂ A

there is a family
(
f
(l)
g

)
l=0,1,...,d ;g∈G

of positive contractions in A such that:

(1) f
(l)
g f

(l)
h = 0 for l = 0, 1, . . . , d and g, h ∈ G with g 6= h.

(2)

∥∥∥∥∥∥

d∑

l=0

∑

g∈G
f (l)
g − 1

∥∥∥∥∥∥
< ε.

(3)
∥∥∥
[
f
(l)
g , a

]∥∥∥ < ε for all l ∈ {0, 1, . . . , d}, g ∈ G, and a ∈ F .

(4)
∥∥∥αh

(
f
(l)
g

)
− f (l)

hg

∥∥∥ < ε for all l ∈ {0, 1, . . . , d} and g ∈ G.

(5)
∥∥∥
[
f
(l)
g , f

(k)
h

]∥∥∥ < ε for any k, l ∈ {0, 1, . . . , d} and for any g, h ∈ G.

The definition is equivalent if we replace the orthogonality condition (1) above

by the formally weaker condition:
∥∥∥f (l)

g f
(l)
h

∥∥∥ < ε. If we weaken this condition

in this way, then we can strengthen the group translation condition (4) to be

exact: αh

(
f
(l)
g

)
= f

(l)
hg .

The following equivalent formulation is a straightforward exercise, and the proof
will be omitted. We define A∞ = l∞(N, A)/c0(N, A), with A identified with the
subalgebra of constant sequences in A∞. We denote by α the induced actions
of G on A∞ and on A∞ ∩A′. (We caution the reader that there are conflicting
conventions concerning notation for sequence algebras in the literature; some
authors use A∞ for what we call A∞, and A∞ for what we call A∞ ∩A′.)

Lemma 1.2. Let G be a finite group, let A be a unital separable C∗-algebra,
and let α : G → Aut(A) be an action of G on A. Then dimc

Rok(α) = d if and
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only if d is the least integer such that the following holds: there is a family(
f
(l)
g

)
l=0,1,...,d ;g∈G

of positive contractions in A∞ ∩ A′ such that

(1) f
(l)
g f

(l)
h = 0, for l ∈ {0, 1, . . . , d} and g, h ∈ G with g 6= h.

(2)

d∑

l=0

∑

g∈G
f (l)
g = 1.

(3) αh

(
f
(l)
g

)
= f

(l)
hg for all l ∈ {0, 1, . . . , d} and g ∈ G.

(4)
[
f
(l)
g , f

(k)
h

]
= 0 for any k, l ∈ {0, 1, . . . , d} and for any g, h ∈ G.

Definition 1.3. Let G be a compact group, let A and D be unital C∗-algebras,
and let α : G→ Aut(A) and γ : G→ Aut(D) be actions of G on A and D. Let
F0 ⊆ D and F ⊆ A be finite sets, and let ε > 0. A unital completely positive
map Q : D → A is said to be an (F0, F, ε)-equivariant central multiplicative
map if:

(1) ‖Q(xy)−Q(x)Q(y)‖ < ε for all x, y ∈ F0.
(2) ‖Q(x)a− aQ(x)‖ < ε for all x ∈ F0 and all a ∈ F.
(3) supg∈G ‖Q(γg(x)) − αg(Q(x))‖ < ε for all x ∈ F0.

If for any such F0, F, ε there is an (F0, F, ε)-equivariant central multiplicative
map from D to A then we say that A admits an approximate equivariant central
unital homomorphism from D.

Remark 1.4. One can replace condition (3) in Definition 1.3 with the require-
ment that the map Q be equivariant. To see that, we first notice that we can
require instead that F and F0 be compact and get an equivalent definition. Fix
F0, F , and ε as in Definition 1.3. Assume without loss of generality that all
elements of F and F0 have norm at most 1. Fix a map Q as in Definition 1.3,
where F and F0 are replaced by their orbits under G, and ε is replaced by ε/2.
Define

Q̃(x) =

∫

G

αg−1(Q(γg(x)))dg .

It is easy to see that Q̃ is a G-equivariant map that satisfies the conditions of
Definition 1.3.

We can reformulate this property in terms of the central sequence algebra as
well, under some stricter assumptions.

Lemma 1.5. Let G be a finite group, let A and D be unital separable C∗-
algebras, with D nuclear, and let α : G → Aut(A) and γ : G → Aut(D) be
actions of G on A and D. Then A admits an approximate equivariant cen-
tral unital homomorphism from D if and only if there is an equivariant unital
homomorphism Ψ: D → A∞ ∩ A′.

Proof. Suppose A admits an approximate equivariant central unital homomor-
phism from D. Since A and D are separable, we can choose increasing se-
quences of finite sets F0(n) ⊆ D and F (n) ⊆ A such that

⋃
n F0(n) is dense in
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D and
⋃
n F (n) is dense in A. We now choose a sequence of (F0(n), F (n), 2−n)-

equivariant central multiplicative maps Qn : D → A. We define Ψ to be the
composition of the map (Q1, Q2, . . .) : D → l∞(A) with the quotient onto A∞.
Conversely, if Ψ: D → A∞ ∩ A′ is a homomorphism as in the statement, we
find a unital completely positive lifting Q = (Q1, Q2, . . .) : D → l∞(A) using
the Choi-Effros lifting theorem. It is readily verified that for any finite subsets
F0 ⊆ D and F ⊆ A and for any ε > 0, Qn will be an (F0, F, ε)-equivariant
central multiplicative map for all sufficiently large n. �

We now introduce the following further generalization of Rokhlin dimension.

Definition 1.6. Let G be a compact group, let A be a unital C∗-algebra,
and let α : G → Aut(A) be an action of G on A. Let X be a compact free G-
space. We say that α has the X-Rokhlin property if A admits an approximate
equivariant central unital homomorphism from C(X).

The following lemma shows that this is indeed a generalization of finite Rokhlin
dimension.

Lemma 1.7. For every finite group G and every nonnegative integer d there is
a compact metrizable free G-space X such that an action α : G → Aut(A) on
a unital C∗-algebra A has dimc

Rok(α) ≤ d if and only if α has the X-Rokhlin
property.

Proof. Consider the universal C∗-algebra D generated by a family(
f
(k)
g

)
g∈G,k=0,1,...,d

of commuting positive contractions satisfying
∑

g,k

f (k)
g = 1

and f
(k)
g f

(k)
h = 0 whenever g 6= h. It admits an action γ of G, determined by

γg
(
f
(k)
h

)
= f

(k)
gh . We now take X to be the Gelfand spectrum of this C∗-algebra,

which can be identified with a compact subset of the cube [0, 1]#G·(d+1). (In
fact one can check that it is a finite cell complex, but we make no use of
this fact in this paper.) We claim that the action of G on X , which we also

call γ, must be free. To see that, we view the elements f
(k)
g as functions on

X . Let x ∈ X . Pick g, k ∈ G such that f
(k)
g (x) > 0. But if h ∈ G r {1}

then f
(k)
g (γh(x)) = f

(k)
h−1g(x) = 0 since f

(k)
g f

(k)
h−1g = 0. The claim is proved.

The statement of the lemma now follows immediately from Lemmas 1.2 and
1.5. �

Remark 1.8. The space X can be computed explicitly, although we do not
use it in this paper. For example, if G = Z2, one can show that X ∼= Sd, with
the action given by multiplication by −1. We omit the details.

Lemma 1.9. Let A be a unital separable C∗-algebra, let G be a finite group, and
let α : G→ Aut(A) be an action. Let X be a compact free G-space with covering
dimension at most d. If α has the X-Rokhlin property then dimc

Rok(α) ≤ d.
In order to prove the lemma, we recall the characterization of covering dimen-
sion in terms of decomposable covers.
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Definition 1.10. Let X be a set. A family of subsets (Uj)j∈I is said to be

d-decomposable if there is a decomposition I =
∐d
k=0 Ik such that for any

k = 0, 1, . . . , d and any j, j′ ∈ Ik, if j 6= j′ then Uj ∩ Uj′ = ∅.

Proposition 1.11. [KW04, Proposition 1.5] Let X be a normal topological
space. The space X has covering dimension at most d if and only if every
finite open cover of X has a d-decomposable finite open refinement.

Proof of Lemma 1.9. The quotient map π : X → X/G is a local homeomor-
phism. Since the space X/G is the image of X under a local homeomorphism,
it also has covering dimension at most d. (The space X/G can be written as
a union of finitely closed subsets, each of which is homeomorphic to a closed
subspace of X , and thus its dimension is bounded above by the dimension of
X by [Mun00, Corollary 50.3].) Pick a finite open cover (Uj)j=1,2,...,n of X/G
such that for any j, π−1(Uj) is homeomorphic to #G disjoint copies of Uj , that
is, for any j there is an open subset Wj ⊆ X such that π|Wj : Wj → Uj is a

homeomorphism and π−1(Uj) =
∐
g∈GWj · g.

By passing to an open refinement, we may assume without loss of general-
ity that the cover (Uj)j=1,2,...,n is d-decomposable. Pick a partition of unity
(hj)j=1,...,n of X/G such that supp(hj) ⊆ Uj for all j.
Since the cover (Uj)j=1,2,...,n is d-decomposable, we can partition {1, 2, . . . , n}
into d+ 1 subsets I0, I1, . . . , Id such that for any k and any j, j′ ∈ Ik, if j 6= j′

then Uj ∩ Uj′ = ∅. In particular, for any k and any j, j′ ∈ Ik, if j 6= j′ then
hjhj′ = 0.

For j = 1, 2, . . . , n define h̃j ∈ C(X) by

h̃j(x) =

{
hj(π(x)) | x ∈ Wj

0 | otherwise .

(It is easy to check that h̃j is indeed continuous.)

Clearly, for any k and any j, j′ ∈ Ik, if j 6= j′ then h̃j h̃j′ = 0. Define f
(k)
1 =∑

j∈Ik h̃j . Denoting by γ the action of G on C(X), we now define f
(k)
g =

γg(f
(k)
1 ). By our construction, f

(k)
g f

(k)
h = 0 if g 6= h and these functions form

a partition of unity of X .
Let Ψ: C(X) → A∞ ∩ A′ be an equivariant unital homomorphism. The ele-

ments Ψ(f
(k)
g ) satisfy the conditions of Lemma 1.2. Thus, dimc

Rok(α) ≤ d as
required. �

Example 1.12. Let θ ∈ (0, 1) be an irrational number, and let Aθ be the
irrational rotation algebra. Let u and v be the canonical unitary generators of
Aθ, satisfying uv = e2πiθvu. Let α be the order 2 automorphism of Aθ given
by α(v) = v and α(u) = −u, and think of α as defining an action of Z2 on Aθ.
We claim that dimc

Rok(α) = 1.
To see that, let (nk)k∈N be a sequence of odd integers satisfying
lim
k→∞

dist(nkθ,Z) = 0. Since vunk = e2πinkθuv, one sees that for any a ∈ Aθ
we have lim

k→∞
‖[a, unk ]‖ = 0. Since nk is odd, α(unk) = −unk . Identifying the

Documenta Mathematica 20 (2015) 199–236



Rokhlin Dimension: Obstructions and . . . 205

unitaries unk with equivariant unital homomorphisms from C(T) to Aθ (where
the action on T is rotation by π), we see that dimc

Rok(α) ≤ 1 by Lemma 1.9.
However, α does not have the Rokhlin property (that is, dimc

Rok(α) 6= 0). In
fact, no action of any nontrivial finite group on Aθ has the Rokhlin property.
To see that, observe that any automorphism induces that identity map on K0.
Thus, if α : G → Aut(Aθ) had the Rokhlin property, then there would be a
family of projections (pg)g∈G in Aθ, all of which have the same K0 class, such
that

∑
g∈G pg = 1. Therefore, [1] would be divisible by #G, which is false.

(For a more elaborate discussion of obstructions to the Rokhlin property, see
[Phi09, Proposition 3.13] and the surrounding discussion.)
A similar argument shows that the action of Zp on Aθ which fixes v and sends

u to e2πi/pu has Rokhlin dimension 1 with commuting towers. (An argument
of a similar nature is used to show that certain actions of R on Aθ have the
Rokhlin property. See [Kis96, Proposition 2.5].)

We record the following straightforward lemma, without proof, for further use.

Lemma 1.13. Let G be a compact group, let A, B, and D be unital C∗-algebras,
and let α : G → Aut(A), β : G → Aut(B), and γ : G → Aut(D) be actions of
G on A, B, and D. Suppose that A admits an approximate equivariant central
unital homomorphism from D. Then, for any C∗-tensor product for which the
diagonal action g 7→ αg ⊗ βg of G on A ⊗ B is defined, A ⊗ B admits an
approximate equivariant central unital homomorphism from D.

We now extend the definition of finite Rokhlin dimension for actions of finite
groups and of a single automorphism to the nonunital case. This definition
will be sufficient for extending the permanence properties from [HWZ15] to
the nonunital setting. We begin with the finite group case.

Definition 1.14. Let G be a finite group, let A a C∗-algebra and let α : G→
Aut(A) an action of G on A. We say that α has Rokhlin dimension d with
commuting towers, and write dimc

Rok(α) = d, if d is the least integer such that
the following holds: for any ε > 0 and every finite subset F ⊂ A there is a

family
(
f
(l)
g

)
l=0,1,...,d ;g∈G

of positive contractions in A such that:

(1)
∥∥∥f (l)
g f

(l)
h a
∥∥∥ < ε for l = 0, 1, . . . , d, any a ∈ A, and any g, h in G with

g 6= h.

(2)

∥∥∥∥∥∥




d∑

l=0

∑

g∈G
f (l)
g


 a− a

∥∥∥∥∥∥
< ε for a ∈ F .

(3)
∥∥∥
[
f
(l)
g , a

]∥∥∥ < ε for l ∈ {0, 1, . . . , d}, g ∈ G, and a ∈ F .

(4)
∥∥∥
(
αh

(
f
(l)
g

)
− f (l)

hg

)
a
∥∥∥ < ε for l ∈ {0, 1, . . . , d}, a ∈ F , and g, h ∈ G.

(5)
∥∥∥
[
f
(l)
g , f

(k)
h

]
a
∥∥∥ < ε for k, l ∈ {0, 1, . . . , d}, a ∈ F , and g, h ∈ G.

Definition 1.15. In the notation of Definition 1.14, given F ⊆ A finite and

ε > 0, we call a family
(
f
(l)
g

)
l=0,1,...,d ;g∈G

of positive elements satisfying the
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conditions of Definition 1.14 with respect to the given F and ε a (d, F, ε)-Rokhlin
system.

As in the unital case, we have the following equivalent reformulation using the
central sequence algebra.

Lemma 1.16. Let G be a finite group, let A be a separable C∗-algebra, and
let α : G → Aut(A) be an action of G on A. Then dimc

Rok(α) = d if and
only if d is the least integer such that the following holds: there is a family(
f
(l)
g

)
l=0,1,...,d ;g∈G

of positive contractions in A∞ ∩ A′ such that

(1) f
(l)
g f

(l)
h a = 0 for l = 0, 1, . . . , d, any a ∈ A, and any g, h ∈ G with

g 6= h.

(2)




d∑

l=0

∑

g∈G
f (l)
g


 a = a for all a ∈ A.

(3) αh

(
f
(l)
g

)
a = f

(l)
hg a for all l ∈ {0, 1, . . . , d}, a ∈ A, and g ∈ G.

(4)
[
f
(l)
g , f

(k)
h

]
a = 0 for any k, l ∈ {0, 1, . . . , d}, any a ∈ A, and any

g, h ∈ G.
Remark 1.17. With the notation of Lemma 1.16 above, if dimc

Rok(α) = d and

B ⊆ A∞ is any separable subset, then the family
(
f
(l)
g

)
l=0,1,...,d ;g∈G

can in

addition be chosen to satisfy

f (l)
g b = bf (l)

g

for all b ∈ B, for l = 0, 1, . . . , d, and for all g ∈ G.
This is shown using a standard diagonalization method.

Remark 1.18. Condition (1) in Lemma 1.16 can be strengthened to require

that f
(l)
g f

(l)
h = 0, rather than obtaining 0 only after multiplying by an element

of A. To see this, let
(
f
(l)
g

)
l=0,1,...,d ;g∈G

be a system in A∞ ∩ A′ as in the

lemma. The annihilator Ann(A) is an ideal in A∞ ∩ A′. Let π : A∞ ∩ A′ →
A∞ ∩ A′/Ann(A) be the quotient map. Any system of contractive lifts of(
π(f

(l)
g )
)
l=0,1,...,d ;g∈G

to A∞ ∩A′ will satisfy the conditions of Lemma 1.16 as

well. Since orthogonal contractions can be lifted to orthogonal contractions (the
cone over Cn is projective), we can choose Rokhlin elements with this added
orthogonality condition. Likewise, one shows that strengthening condition (1)

in Definition 1.14 to require that f
(l)
g f

(l)
h = 0 gives an equivalent definition.

We record the following simple observation. The proof is immediate.

Lemma 1.19. Let G be a finite group, let A be a C∗-algebra, and let α : G →
Aut(A) be an action with dimc

Rok(α) ≤ d. For any subgroup H < G we have
dimc

Rok(α|H) ≤ d.
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Lemma 1.20. Let G be a finite group, let A be a C∗-algebra, and let α : G →
Aut(A) be an action with dimc

Rok(α) < ∞. Then the action α is pointwise
outer.

Proof. Suppose not. Let h be a nontrivial element of G, and suppose that
there is a unitary u ∈ M(A) such that αh(a) = uau∗ for all a ∈ A. Let a be a
nonzero G-invariant positive element in A of norm 1. Let d = dimc

Rok(α). Fix
ε > 0 such that (

1− ε
(d+ 1) ·#G

)2

> 5ε .

Let (f
(l)
g )l=0,1,...,d ;g∈G be a Rokhlin system for the finite set

{a1/2, u∗a1/2, a1/2u} and ε. Since∥∥∥∥∥∥


∑

g∈G

d∑

l=0

f (l)
g


 a− a

∥∥∥∥∥∥
< ε ,

there exist g ∈ G and l ∈ {0, 1, . . . d} such that ‖af (l)
g ‖ > 1−ε

(d+1)·#G . We have
∥∥∥a1/2uf (l)

g u∗a1/2 − af (l)
g

∥∥∥ < 2ε and
∥∥∥a1/2uf (l)

g u∗a1/2 − af (l)
hg

∥∥∥ < 2ε .

Thus (
1− ε

(d+ 1) ·#G

)2

<
∥∥∥(af (l)

g )(af (l)
g )∗

∥∥∥ ≤
∥∥∥af (l)

g f
(l)
hg a
∥∥∥+ 4ε ≤ 5ε ,

which is a contradiction. �

Now we consider the case of a single automorphism.

Definition 1.21. Let A be a C∗-algebra and d ∈ N. An automorphism α of
A is said to have Rokhlin dimension d with commuting towers if d is the least
integer such that the following holds: for any finite set F ⊂ A, any p > 0, and
any ε > 0, there are positive elements

f
(l)
0,0 , f

(l)
0,1 , . . . , f

(l)
0, p−1 and f

(l)
1,0 , f

(l)
1,1 , . . . , f

(l)
1, p

for l = 0, 1, . . . , d such that:

(1) ‖f (l)
q,kf

(l)
r,ja‖ < ε for any a ∈ F , l = 0, 1, . . . , d, for q, r = 0, 1, for

k = 0, 1, . . . , p− 1 + q and j = 0, 1, . . . , p− 1 + r with (q, k) 6= (r, j).

(2)

∥∥∥∥∥∥




d∑

l=0



p−1∑

j=0

f
(l)
0,j +

p∑

j=0

f
(l)
1,j




 a− a

∥∥∥∥∥∥
< ε for all a ∈ F .

(3)
∥∥∥[f

(l)
r,j , a]

∥∥∥ < ε for l = 0, 1, . . . , d, for r = 0, 1, j = 0, 1, . . . , p− 1 + r and

for a ∈ F .

(4)
∥∥∥
(
α(f

(l)
r,j)− f

(l)
r,j+1

)
a
∥∥∥ < ε for l = 0, 1, . . . , d, for r = 0, 1, for j =

0, 1, . . . , p− 2 + r and for all a ∈ F .

(5)
∥∥∥
(
α(f

(l)
0,p−1 + f

(l)
1,p)− (f l0,0 + f l1,0)

)
a
∥∥∥ < ε for l = 0, 1, . . . , d and for all

a ∈ F .
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(6) ‖[f (l)
q,k, f

(m)
r,j ]a‖ < ε for all a ∈ F , for l,m = 0, 1, . . . , d, for q, r = 0, 1,

for k = 0, 1, . . . , p− 1 + q and for j = 0, 1, . . . , p− 1 + r.

We write in this case dimc
Rok(α) = d.

We refer to each sequence f
(l)
r,0, f

(l)
r,1, f

(l)
r,2, . . . or to

(
f
(l)
r,j

)
j=0,1,...,p−1+r

as a tower,

to the length of the sequence as the height of the tower, and to the pair of towers
for r = 0, 1 as a double tower. If the double tower satisfies the conditions with
respect to a given (d, F, ε), we refer to those elements as a (d, F, ε)-double tower
of height p.

Example 1.22. Rokhlin dimension zero for automorphisms of nonunital C∗-
algebras coincides with the definition of the Rokhlin property for nonunital C∗-
algebras from [BH13, Definition 1.2]). (Formally, the definition of the Rokhlin
property in [BH13] is slightly stronger: it is reformulated as in Lemma 1.23,
except that instead of item (1), the elements in question are required to be
orthogonal even without multiplying by an element from A; however, those
definitions are equivalent — see Remark 1.25 below.)
Such automorphisms can arise from endomorphisms which satisfy the Rokhlin
property. To give a concrete example, we review the representation of On
as a corner in a crossed product, from [Cun77, Section 2]. Consider Mn∞ ∼=
Mn⊗Mn⊗· · · . Let e ∈Mn be a fixed minimal projection. Let α : Mn∞ →Mn∞

be the nonunital endomorphism given by α(a1 ⊗ a2 ⊗ · · · ) = e⊗ a1 ⊗ a2 ⊗ · · · .
Let α̃ be the induced automorphism on the stationary inductive limit K ⊗
Mn∞ ∼= lim

−→
(Mn∞ , α). One can check that α̃ has Rokhlin dimension 0 (see

[BH13, Proposition 2.2]). It follows then from Theorem 3.1 below that the
crossed product, which is isomorphic to On ⊗K, has finite nuclear dimension.
The bound for nuclear dimension given in the statement of the theorem is 3.
However when n is even, one can obtain single Rokhlin towers of height 2k (see
[BSKR93, Proposition 4.1 and Remark 4.3]), and therefore the proof of the
theorem can in fact be used to yield nuclear dimension 1. Since finite nuclear
dimension passes to hereditary subalgebras, the same holds for On as well.
That On has finite nuclear dimension was shown in [WZ10, Theorem 7.4] using
a different argument not involving the Rokhlin property, from which it follows
([WZ10, Theorem 7.5]) that the same holds for general Kirchberg algebras
satisfying the UCT. (The bound on the nuclear dimension for such algebras
was improved recently; see [End14, RSS14].) The construction of Kirchberg
algebras as corners of crossed products of AF algebras by automorphisms with
Rokhlin dimension 0 can be carried out in greater generality. It was shown in
[Rør95, Theorem 3.1 and Corollary 4.6] that for any pair of abelian groups G0

and G1 with G1 torsion free and any g0 ∈ G0 one can obtain in this way a
Kirchberg algebra A with (K0(A), [1],K1(A)) ∼= (G0, g0, G1).

As in the case of a finite group action, we can reformulate Rokhlin dimension
for a single automorphism in terms of the central sequence algebra.

Lemma 1.23. Let A a separable C∗-algebra and let α ∈ Aut(A). Then
dimc

Rok(α) = d if and only if d is the least integer such that the following
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holds: for any integer p > 0 there are positive contractions

f
(l)
0,0, f

(l)
0,1, . . . , f

(l)
0,p−1, f

(l)
1,0, f

(l)
1,1, . . . , f

(l)
1,p

for l = 0, 1, . . . , d in A∞ ∩ A′ such that:

(1) f
(l)
q,kf

(l)
r,ja = 0 for any a ∈ A, for l = 0, 1, . . . , d, for q, r = 0, 1, for

k = 0, 1, . . . , p− 1 + q and j = 0, 1, . . . , p− 1 + r with (q, k) 6= (r, j).

(2)




d∑

l=0



p−1∑

j=0

f
(l)
0,j +

p∑

j=0

f
(l)
1,j




 a = a for all a ∈ A.

(3)
(
α(f

(l)
r,j)− f

(l)
r,j+1

)
a = 0 for l = 0, 1, . . . , d, for r = 0, 1, for j =

0, 1, . . . , p− 2 + r, and for all a ∈ A.
(4)

(
α(f

(l)
0,p−1 + f

(l)
1,p)− (f l0,0 + f l1,0)

)
a = 0 for l = 0, 1, . . . , d and for all

a ∈ A.
(5) [f

(l)
q,k, f

(m)
r,j ]a = 0 for a ∈ A, for l,m = 0, 1, . . . , d, for q, r = 0, 1, for

k = 0, 1, . . . , p− 1 + q, and for j = 0, 1, . . . , p− 1 + r.

Remark 1.24. As in the case of finite group actions, with the notation of
Lemma 1.23 above, if dimc

Rok(α) = d and B ⊆ A∞ is any separable subset, then

the Rokhlin elements f
(l)
0,0, f

(l)
0,1, . . . , f

(l)
0,p−1, f

(l)
1,0, f

(l)
1,1, . . . , f

(l)
1,p can in addition be

chosen to satisfy

f
(l)
r,jb = bf

(l)
r,j

for all b ∈ B, for all l = 0, 1, . . . , d, for r = 0, 1, and for j = 0, 1, . . . , p− 1 + r.

Remark 1.25. Condition (1) in Lemma 1.23 can be strengthened to require

that f
(l)
q,kf

(l)
r,j = 0, for the same indices that appear there. The proof of this

is the same as in Remark 1.18. Likewise, one can strengthen condition (1) in

Definition 1.21 to require that f
(l)
q,kf

(l)
r,j = 0.

The paper [Kir06] is devoted to a study of the C∗-algebra (Aω ∩ A′)/Ann(A),
where ω is a free ultrafilter, as a suitable substitute for Aω ∩ A′ when A is
nonunital. We do not use this formalism explicitly here. However it is worth
noting that Lemma 1.23 takes a rather natural form if one considers the image
of the Rokhlin elements in the quotient (A∞ ∩ A′)/Ann(A).

2. Actions of finite groups: permanence properties

In this section we consider permanence properties for crossed products by ac-
tions with finite Rokhlin dimension, and study the behavior of such actions
under extensions.
We begin by extending the permanence properties from [HWZ15] to the nonuni-
tal setting, which we state as Theorems 2.1 and 2.2.

Theorem 2.1. Let G be a finite group, let A be a C∗-algebra with finite de-
composition rank and let α : G → Aut(A) be an action with dimc

Rok(α) = d.
Then the crossed product A⋊α G has finite decomposition rank. In fact,

dr(A⋊α G) ≤ (dr(A) + 1)(d+ 1)− 1 .
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The same statement is true for nuclear dimension in place of decomposition
rank.

Theorem 2.2. Let G be a finite group, let A be a separable Z-absorbing C∗-
algebra, and let α : G → Aut(A) be an action with dimc

Rok(α) < ∞. Then
A⋊α G is Z-absorbing.
Theorem 2.1 is a generalization of [HWZ15, Theorem 1.3] to the nonunital set-
ting. The modification required to obtain this generalization is straightforward
and will be omitted. For Theorem 2.1, it is not necessary to assume that the
different Rokhlin towers approximately commute (condition (5) in Definition
1.14).
Theorem 2.2 requires more argument. We will omit proofs when they are
straightforward modifications or corollaries of results that have appeared else-
where.

Lemma 2.3. Let X = {(x0, x1) ∈ [0, 1]2 | 0 < x0 + x1 ≤ 1}. The universal
C∗-algebra generated by two commuting positive contractions a0, a1 satisfying
a0+a1 ≤ 1 is isomorphic to C0(X), in such a way that for j = 0, 1, the element
aj becomes the function aj(x0, x1) = xj.

The proof is straightforward and will be omitted. In the above picture, let
p0, p1 be the support projections of a0, a1 in C0(X)∗∗, and let p be the support
projection of a0 + a1. It is easy to construct two positive contractions g0, g1 ∈
M(C0(X)) such that the support projection of g0 is p0, the support projection
of g1 is p1 and g0 + g1 = p. For example, for r ∈ (0, 1] and θ ∈ [0, π/2] for
which (r cos(θ), r sin(θ)) ∈ X , set g1(r cos(θ), r sin(θ)) = 2θ/π and g0 = 1− g1.
We refer the reader to [WZ09, Theorem 3.3] for the structure of order zero maps,
which we use below. If A,B are C∗-algebras with A unital and ϕ : A → B is
a completely positive order zero map, then there is a homomorphism π : A →
M(C∗(ϕ(A))) ∩ ϕ(1)′ ⊆ B∗∗ such that for all a ∈ A we have ϕ(a) = π(a)ϕ(1).
We call π the support homomorphism of ϕ. We write

Zn,n+1 = {f ∈ C([0, 1],Mn ⊗Mn+1) | f(0) ∈Mn ⊗ 1 and f(1) ∈ 1⊗Mn+1}.
One can define order zero contractions θ0 : Mn → Zn,n+1 and θ1 : Mn+1 →
Zn,n+1 by θ0(a)(t) = (1− t) · a⊗ 1Mn+1 and θ1(a)(t) = t · 1Mn ⊗ a. One checks
that θ0(1) + θ1(1) = 1, and the images of these two maps generate Zn,n+1.

Lemma 2.4. Let A be a C∗-algebra. Suppose ϕ0 : Mn → A and ϕ1 : Mn+1 → A
are two contractive order zero maps with commuting images such that ϕ0(1) +
ϕ1(1) ≤ 1. Then there is an order zero map Φ: Zn,n+1 → A with Φ(1) =
ϕ0(1) + ϕ1(1).

Proof. Write fj = ϕj(1) for j = 0, 1. Let π0 and π1 be the support homo-
morphisms of ϕ0 and ϕ1, so that ϕj(a) = πj(a)fj . Define f = f1 + f2. Let
X be the space defined in Lemma 2.3, and let a0, a1 be the two positive el-
ements from that lemma. Then there is a homomorphism ψ : C0(X) → A
such that ψ(a0) = f0 and ψ(a1) = f1. We extend ψ to a homomorphism
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ψ∗∗ : C0(X)∗∗ → A∗∗. Let g0, g1, and p be as in the discussion after Lemma 2.3.
Set g̃0 = ψ∗∗(g0), g̃1 = ψ∗∗(g1), and p̃ = ψ∗∗(p). Define ϕ̃j : Mn+j → p̃A∗∗p̃ for
j = 0, 1 by ϕ̃j(a) = πj(a)gj . Then ϕ̃0 and ϕ̃1 are order zero maps from
Mn and Mn+1, respectively, to p̃A∗∗p̃ such that ϕ0(1) + ϕ1(1) = p̃. By
[RW10, Proposition 2.5], they therefore give rise to a unital homomorphism
ϕ̃ : Zn,n+1 → p̃A∗∗p̃. Now define Φ: Zn,n+1 → A∗∗ by Φ(a) = ϕ̃(a)f for
a ∈ Zn,n+1. Then Φ is an order zero map with Φ(1) = f , and since Zn,n+1

is generated by the images of the homomorphisms used in [RW10, Proposition
2.5], it is straightforward to verify that its image is in A. �

Corollary 2.5. Let A be a C∗-algebra. Suppose ϕ
(k)
0 : Mn → A, and

ϕ
(k)
1 : Mn+1 → A, for k = 0, 1, . . . d, are contractive order zero maps with

commuting images such that

d∑

k=0

[
ϕ
(k)
0 (1) + ϕ

(k)
1 (1)

]
≤ 1.

Then there is an order zero map Φ: Zn,n+1 → A with Φ(1) =
d∑

k=0

[
ϕ
(k)
0 (1) + ϕ

(k)
1 (1)

]
.

Suppose furthermore G is a discrete group acting on A, and F ⊂ Zn,n+1 is a
given finite subset. For any finite subset G0 ⊆ G and any δ > 0 there exists

an ε > 0 such that the following holds. If
∥∥∥αg(ϕ(k)

j (x)) − ϕ(k)
j (x)

∥∥∥ < ε‖x‖ for

j = 0, 1, for all x ∈ Mn+j, and for all g ∈ G0, then there exists an order
zero map Φ as above which furthermore satisfies ‖αg(Φ(x))−Φ(x)‖ < δ for all
x ∈ F and all g ∈ G0.

Proof. Let D
(m)
n be the kernel of the canonical map (CM+

n )⊗m → C. It fol-

lows by induction from [HWZ15, Lemma 5.2] that D
(m)
n satisfies the following

universal property with respect to m commuting order zero contractions from
Mn. Let η : Mn → CMn = C0((0, 1],Mn) be the order zero map given by

η(a)(t) = ta. For j = 1, 2, . . . ,m, we define ηj : Mn → D
(m)
n to be the j’th

coordinate map

ηj(a) = 1⊗ 1⊗ · · · ⊗ 1⊗ η(a)⊗ 1⊗ · · · ⊗ 1.

Then if A is any C∗-algebra and σ1, σ2, . . . , σm : Mn → A are contractive order
zero maps with commuting images, there exists a (unique) homomorphism

π : D
(m)
n → A such that σj = π ◦ ηj for j = 1, 2, . . . ,m.

By [HWZ15, Lemma 5.3], if h is any positive element in the center Z(D
(m)
n ),

then there exists an order zero map θ : Mn → D
(m)
n with θ(1) = h (and with

‖θ‖ = ‖h‖). In particular, it follows that if ϕ
(0)
0 , ϕ

(1)
0 , . . . , ϕ

(d)
0 : Mn → A are

order zero maps as in the statement, then there exists an order zero map

ϕ0 : Mn → A with ϕ0(1) =
∑d

k=0 ϕ
(k)
0 (1). Similarly, there is an order zero map

ϕ1 : Mn+1 → A ∩ ϕ0(Mn)′ such that ϕ1(1) =
∑d

k=0 ϕ
(k)
1 (1). Therefore, the
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existence of the map Φ as in the statement of the corollary follows from the
previous lemma.
The refined statement involving the discrete group action is a modification of
the above argument. The added assumption says that ‖αg(π(x)) − π(x)‖ < ε

for all x in a generating set of D
(m)
n and for all g ∈ G0. Therefore, if ε is chosen

to be sufficiently small, we have ‖αg(π(θ(x))) − π(θ(x))‖ < δ for all x in the
unit ball of Mn. We omit the details. �

We require the following simple adaptation of [HWZ15, Lemma 5.4] to the
nonunital setting, that in turn is based on [HW07, Lemma 2.4]. It uses the
characterization of D-stability from [HRW07, Proposition 4.1]. We recall the
notation α from after Definition 1.1.

Lemma 2.6. Let A and B be separable C∗-algebras, with B unital. Let G
be a discrete countable group with an action α : G → Aut(A). Suppose that
(Bn)n=1,2,3,... is a sequence of nuclear subalgebras of B with dense union such
that 1B ∈ Bn for all n. Suppose that for any n ∈ N, any finite subset F ⊆ Bn,
any ε > 0, and any finite set G0 ⊆ G there is a completely positive contraction
γ : Bn → A∞ ∩ A′ such that:

(1) ‖(αg(γ(x))− γ(x))a‖ < ε for all x ∈ F , all g ∈ G0, and all a ∈ A with
norm at most 1.

(2) aγ(1) = a for all a ∈ A.
(3) a(γ(xy)− γ(x)γ(y)) = 0 for all a ∈ A and x, y ∈ Bn.

Then there is a completely positive contraction Γ: B → A∞ ∩ A′ satisfying:

(1 ′) aαg(Γ(x)) = aΓ(x) for all a ∈ A, x ∈ B, and g ∈ G.
(2 ′) aΓ(1) = a for all a ∈ A.
(3 ′) a(Γ(xy)− Γ(x)Γ(y)) = 0 for all a ∈ A and x, y ∈ B.

If B is furthermore strongly self absorbing then the full crossed product A⋊αG
absorbs B tensorially.

Proof. We first claim that the maps γ in the hypothesis can be assumed to
be defined on all of B. To see that, since Bn is nuclear, we can choose a
sequence of completely positive maps θ1, θ2, . . . from Bn to A∞ ∩ A′ which
admit a factorization via completely positive maps ψj and ϕj as in the following
diagram:

Bn
ψj //

θj

44Mk

ϕj // A∞ ∩A′ ,

and such that lim
j→∞

θj(x) = γ(x) for all x ∈ Bn. Using the Arveson extension

theorem, for each j = 1, 2, . . . we can extend ψj to all of B. We write θj for

the composition of ϕj with the chosen extension of ψj to all of B. Lift θj to a
completely positive map

(θj(1), θj(2), . . .) : B → l∞(N, A)
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One checks that for a suitable increasing sequence (nj)j=1,2,..., the composition

of the map (θ1(n1), θ2(n2), . . .) : B → l∞(A) with the quotient map onto A∞
yields a completely positive map γ′ : B → A∞∩A′ which satisfies the first three
conditions of the lemma.
Pick finite sets Fn ⊆ Bn whose union is dense in B and pick increasing finite
subsets Gn ⊆ G whose union is all of G. Choose maps ϕn : B → A∞ ∩ A′ as
in the statement, for ε = 1/n, extended to B as discussed above. For each
such map we choose a completely positive contractive lifting to a map γ̃n =
(γn(1), γn(2), . . .) : B → l∞(N, A). A standard diagonalization argument now
yields an increasing sequence (mn)n∈N such that the map (γ1(m1), γ2(m2), . . .),
composed with the quotient map, yields a map B → A∞ ∩A′ as required.
Assume now that B is strongly self absorbing.
The canonical inclusion A →֒ A⋊α G induces an inclusion A∞ →֒ (A⋊α G)∞.
Pick a completely positive contraction γ as in the statement. Composing with
the canonical inclusion (and retaining the same notation), we can view γ as a
completely positive contraction from B to (A ⋊α G)∞ ∩ A′. Let g ∈ G, a ∈ A
and x ∈ B. Let ug ∈M(A⋊α G) be the canonical unitary corresponding to g.
Then

augγ(x) = aαg(γ(x))ug = aγ(x)ug = γ(x)aug.

Since the elements of the form aug for a ∈ A and g ∈ G span A ⋊α G, we
find that γ is a map into (A ⋊α G)∞ ∩ (A ⋊α G)′, and that the conditions of
[HRW07, Proposition 4.1] are satisfied. Thus, A⋊α G is B-absorbing. �

Corollary 2.7. Let A be a separable C∗-algebra. Let G be a discrete countable
group with an action α : G→ Aut(A). Let d be a fixed natural number. Suppose
that for any n, any ε > 0, and any finite set G0 ⊆ G, there are contractive

order zero maps ϕ
(k)
j : Mn+j → A∞ ∩ A′ for j = 0, 1 and k = 0, 1, . . . , d, with

commuting images, such that
∥∥∥αg(ϕ(k)

j (x)) − ϕ(k)
j (x)

∥∥∥ < ε‖x‖ for all x ∈Mn+j

and all g ∈ G0 and such that

f =

d∑

k=0

[
ϕ
(k)
0 (1) + ϕ

(k)
1 (1)

]

satisfies f ≤ 1 and af = a for all a ∈ A. Then the full crossed product A⋊αG
is Z-absorbing.
Proof. Using the notation of Corollary 2.5, for n ∈ N we obtain an order zero
map Φn : Zn,n+1 → A∞ ∩ A′ satisfying the first two conditions of Lemma 2.6.
Since Φn is an order zero map, we have Φn(1)Φn(xy) = Φn(x)Φn(y) for all
x, y ∈ Zn,n+1. So, for all a ∈ A, since aΦn(1) = a, we have

a(Φn(xy) − Φn(x)Φn(y)) = a(Φn(1)Φn(xy)− Φn(x)Φn(y)) = 0

as required. Now write Z as an inductive limit of C∗-algebras of the form
Znk,nk+1 for an increasing sequence (nk)k∈N. Apply Lemma 2.6 to get the
conclusion. �
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Proof of Theorem 2.2. We show that the conditions of Corollary 2.7 hold.
Let r be a given positive integer. Fix two order zero maps θ0 : Mr → Z and
θ1 : Mr+1 → Z with commuting ranges such that θ0(1) + θ1(1) = 1.
We claim that there are completely positive contractions ι0, ι1, . . . , ιd : Z →
A∞ ∩ A′ satisfying:

(1) aιk(1) = a for all a ∈ A.
(2) a(ιk(xy)− ιk(x)ιk(y)) = 0 for all a ∈ A and all x, y ∈ Z.
(3) [αg(ιk(x)), ιl(y)] = 0 for all k, l ∈ {1, 2, . . . , d} with k < l, for all g ∈ G,

and for all x, y ∈ Z.

First, use [HRW07, Proposition 4.1(d)] to choose ι0 : Z → A∞ ∩ A′ satisfying
conditions (1) and (2) above. To get ι1, lift ι0 to a completely positive contrac-
tion (ψ1, ψ2, . . .) : Z → l∞(N, A). Choose an increasing sequence F1 ⊆ F2 ⊆ . . .
of finite subsets of Z with dense union. Choose an increasing sequence (nj)j∈N

such that

‖[αg(ψj(x)), ψnj (y)]‖ < 1/j

for all x, y ∈ Fj and all g ∈ G. Define ι1 to be composition of the map
(ψn1 , ψn2 , . . .) with the quotient map to A∞. One readily checks that ι1 satisfies
the required conditions. Proceeding inductively, we construct ι2, ι3, . . . , ιd in a
similar way.

Let
(
f
(l)
g

)
l=0,1,...,d ;g∈G

be a family of Rokhlin elements in A∞∩A′, as in Lemma

1.16, which is furthermore chosen to commute with αg(ιk(Z)) for all g ∈ G and
all k = 0, 1, . . . , d (using Remark 1.17).)
For j = 0, 1 and x ∈Mr+j define

θ
(k)
j (x) =

∑

g∈G
f (k)
g αg(ιk ◦ θj(x)).

The images of these maps are clearly fixed by the action of G on A∞ ∩A′, and
have commuting images. Set

f =
d∑

k=0

[
θ
(k)
0 (1) + θ

(k)
1 (1)

]
.

If a ∈ A then for k = 0, 1, . . . , d we have

ιk(θ0(1) + θ1(1))a = a

and thus for all g ∈ G we have

αg
(
ιk(θ0(1) + θ1(1))

)
a = a

as well. Therefore, for k = 0, 1, . . . , d,
(
θ
(k)
0 (1) + θ

(k)
1 (1)

)
a =

∑

g∈G
f (k)
g αg

(
ιk(θ0(1) + θ1(1))

)
a =

∑

g∈G
f (k)
g a ,

so

fa =

d∑

k=0

∑

g∈G
f (k)
g a = a.
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One similarly checks that f ≤ 1. Thus the family of maps (θ
(k)
j )j=0,1;k=0,1,...,d

satisfies the conditions of Corollary 2.7. �

We now consider the behavior of finite Rokhlin dimension under extensions.

Lemma 2.8. Let α : G→ Aut(A) be an action of a compact Hausdorff group G
on a C∗-algebra A. Let J⊳A be an invariant ideal. Then there is a quasicentral
approximate identity for J in A which is contained in the fixed point algebra
JG.

Proof. Choose a quasicentral approximate identity for J in A and average it
over the group. �

Proposition 2.9. Let α : G→ Aut(A) be an action with dimc
Rok(α) = d.

(1) Suppose B ⊆ A is a G-invariant hereditary subalgebra. Let β be the
restriction of α to B. Then dimc

Rok(β) ≤ dimc
Rok(α).

(2) Suppose J ⊳ A is an α-invariant ideal. Then the restriction of α to
J and the induced action on A/J both have Rokhlin dimension with
commuting towers at most d.

Proof. Let F ⊂ B be a finite subset, and let ε > 0. We may assume without loss
of generality that ‖b‖ ≤ 1 for all b ∈ F . The C∗-algebra B has an approximate
identity in the fixed point subalgebra BG (using Lemma 2.8 with B thought
of as an ideal in itself). By picking an element sufficiently far out in such an
approximate identity, we can choose a positive contraction e ∈ BG such that
‖eb − b‖ ≤ ε/5 and ‖be − b‖ < ε/5 for all b ∈ F . Choose a (d, F ∪ {e}, ε/5)-

Rokhlin system
(
f
(k)
g

)
k=0,1,...,d ;g∈G

in A. For k = 0, 1, . . . , d and for all g ∈ G
let

x(k)g = ef (k)
g e ∈ B .

It is straightforward to verify that the family
(
x
(k)
g

)
k=0,1,...,d ;g∈G

forms a

(d, F, ε)-Rokhlin system for the action β.
For the second part, the case of the quotient action on A/J is immediate, and
restricting to an ideal is a special case of restricting to a hereditary subalgebra.

�

Theorem 2.10. Let α : G→ Aut(A) be an action of a finite group G on a C∗-
algebra A. Suppose J ⊳A is an α-invariant ideal. Suppose the restriction of α
to J and the induced action on A/J have Rokhlin dimensions with commuting
towers dJ and dA/J . Then dimc

Rok(α) ≤ dJ + dA/J + 1.

Proof. We denote by π : A → A/J the quotient map, and by α the quotient
action on A/J . Let F ⊆ A be a finite subset and let ε > 0. We assume without
loss of generality that ‖a‖ ≤ 1 for all a ∈ F . Pick a (dA/J , π(F ), ε/7)-Rokhlin

system
(
b
(k)
g

)
k=0,1,...,dA/J ;g∈G

in A/J . Using Remark 1.18, we may assume

without loss of generality that b
(k)
h b

(k)
g = 0 for k = 0, 1, . . . , d and all g, h ∈ G
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with g 6= h. Since the cone over Cn is projective, there are x
(k)
g ∈ A, for g ∈ G

and k = 0, 1, . . . , d, such that 0 ≤ x
(k)
g ≤ 1 and π(x

(k)
g ) = b

(k)
g , and moreover

x
(k)
g x

(k)
h = 0 whenever g 6= h.

For any a ∈ F , for any g ∈ G, and for k = 0, 1, . . . , d we have

dist
(

[x
(k)
g , a], J

)
< ε/7. So if (eλ)λ∈Λ is an approximate identity for J then

limλ

∥∥∥[x
(k)
g , a](1− eλ)

∥∥∥ < ε/7. Also, we have

lim
λ

∥∥∥∥∥∥


1−

dA/J∑

k=0

∑

g∈G
x(k)g


 a(1− eλ)

∥∥∥∥∥∥
= 0 and lim

λ

∥∥∥[x(k)g , x
(l)
h ]a(1 − eλ)

∥∥∥ = 0 .

By taking an element far enough out in a G-invariant quasicentral approximate
identity for J in A (see Lemma 2.8), we can find a positive contraction q ∈ J
which satisfies the following conditions:

(1) ‖qa− aq‖ < ε

21 ·#G · (dA/J + 1)
for all

a ∈ F ∪
{
αh(x(k)g ), αh

(√
x
(k)
g

)
| g, h ∈ G, k = 0, 1, . . . , dA/J

}

(2)
∥∥∥[x

(k)
g , a](1− q)

∥∥∥ < ε/7 for all a ∈ F .

(3) αg(q) = q for all g ∈ G.

(4)

∥∥∥∥∥∥


1−

dA/J∑

k=0

∑

g∈G
x(k)g


 a(1− q)

∥∥∥∥∥∥
< ε/7 for all a ∈ F .

(5)
∥∥∥
(
αh(x

(k)
g )− x(k)hg

)
a(1− q)

∥∥∥ < ε/7 for all h, g ∈ G, for all a ∈ F , and

for k = 0, 1, . . . , dA/J .

(6)
∥∥∥
[
x
(k)
g , x

(l)
h

]
a(1− q)

∥∥∥ < ε/7 for all g, h ∈ G, for all a ∈ F , and for

k, l = 0, 1, . . . , dA/J .

Now, fix a finite set F̃ ⊆ J such that for all a ∈ F , all g ∈ G, and k =

0, 1, . . . , dA/J we have dist([x
(k)
g , a], F̃ ) < ε/7. Let

FJ = F̃ ∪ {qa | a ∈ F} ∪ {q} ∪ {qx(k)g | g ∈ G, k = 0, 1, . . . , dA/J} .
Set M = max{‖f‖ | f ∈ FJ}. Choose δ ∈ (0, ε/42) such that whenever B is a
C∗-algebra and b, c ∈ B satisfy 0 ≤ b ≤ 1, ‖c‖ ≤M , and ‖bc− cb‖ < δ, then

‖b1/2c− cb1/2‖ < ε

21 ·#G · (dJ + 1)
.

(That δ exists follows by approximating b1/2 with polynomials in b.)

Choose a (dJ , FJ , δ)-Rokhlin system
(
y
(k)
g

)
k=0,1,...,dJ ;g∈G

in J . We assume

again that y
(k)
g y

(k)
h = 0 for g 6= h. For g ∈ G and k = 0, 1, . . . , dJ , we then have

(2.1)

∥∥∥∥
[√

y
(k)
g , f

]∥∥∥∥ <
ε

21 ·#G · (dJ + 1)
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for all f ∈ FJ . Set

(2.2) z(k)g =

√
y
(k)
g q

√
y
(k)
g .

Notice that

(2.3)
∥∥∥z(k)g − y(k)g q

∥∥∥ < ε

21 ·#G · (dJ + 1)
.

It follows now that for all g, h ∈ G, and k = 0, 1, . . . , d we have, using (2.3) in
the first step and δ < ε/42 in the last step,

‖αg(z(k)h )− z(k)gh ‖ < ‖αg(y
(k)
h q)− y(k)gh q‖+

2ε

21(dJ + 1)

(2.4)

= ‖(αg(y(k)h )− y(k)gh )q‖+
2ε

21(dJ + 1)
< δ +

2ε

21(dJ + 1)
<
ε

7
.

We write x ≈ε y to mean ‖x− y‖ < ε. For any a ∈ F , we have, using (2.3) at
the first step,

z(k)g a− az(k)g ≈ε/7 y(k)g qa− qay(k)g(2.5)

≈ε/7 y(k)g qa− y(k)g qa = 0 ,

and, by using (2.3),

(2.6)
∑

g∈G

dJ∑

k=0

z(k)g ≈ε/7
∑

g∈G

dJ∑

k=0

y(k)g q ≈ε/7 q .

Furthermore, for any g, h ∈ G and k, l = 0, 1, . . . , dJ we have

∥∥∥z(k)g z
(l)
h − z

(l)
h z(k)g

∥∥∥ ≤
∥∥∥z(k)g − qy(k)g

∥∥∥+
∥∥∥z(l)h − y

(l)
h q
∥∥∥

(2.7)

+
∥∥∥z(l)h − qy

(l)
h

∥∥∥+
∥∥∥z(k)g − y(k)g q

∥∥∥+
∥∥∥qy(k)g y

(l)
h q − qy

(l)
h y(k)g q

∥∥∥ .

By (2.3) and selfadjointness, each of the first four terms is less than ε/21. The

last term is at most
∥∥∥q
[
y
(k)
g , y

(l)
h

]
q
∥∥∥ < δ. Therefore

(2.8)
∥∥∥
[
z(k)g , z

(l)
h

]∥∥∥ ≤ 4ε

21
+ δ <

5ε

21
.

Set x̃
(k)
g =

√
x
(k)
g (1− q)

√
x
(k)
g . For g, h ∈ G with g 6= h and k = 0, 1, . . . , dA/J ,

we have

(2.9) x̃(k)g x̃
(k)
h = 0 .

Now, by condition (1) from the list of conditions the element q was chosen to
satisfy,

(2.10) ‖x̃(k)g − x(k)g (1− q)‖ < ε

21 ·#G · (dA/J + 1)
,
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so for all a ∈ F , for all g, h ∈ G, and for k = 0, 1, . . . , dA/J we have

‖(αh(x̃(k)g )− x̃(k)hg )a‖ < ‖(αh(x(k)g )− x(k)hg )(1 − q)a‖+
2ε

21
(2.11)

< ‖(αh(x(k)g )− x(k)hg )a(1 − q)‖+
2ε

21

+
ε

21(dA/J + 1)

<
2ε

7
.

Similarly, at the second step using (2.10) and conditions (1) and (2) from the
list of conditions q was chosen to satisfy,

∥∥∥
[
x̃(k)g , a

]∥∥∥ ≤2
∥∥∥x̃(k)g − x(k)g (1 − q)

∥∥∥(2.12)

+ ‖(1− q)a− a(1− q)‖+
∥∥∥(x(k)g a− ax(k)g )(1 − q)

∥∥∥

<
2ε

21 ·#G · (dA/J + 1)
+
ε

7
+
ε

7
< ε ,

and
∥∥∥∥∥∥



dA/J∑

k=0

∑

g∈G
x̃(k)g


 a− a(1− q)

∥∥∥∥∥∥
(2.13)

≤
dA/J∑

k=0

∑

g∈G

∥∥∥x̃(k)g − x(k)g (1− q)
∥∥∥

+

∥∥∥∥∥∥

dA/J∑

k=0

∑

g∈G
x(k)g

∥∥∥∥∥∥
· ‖(1− q)a− a(1− q)‖

+

∥∥∥∥∥∥

dA/J∑

k=0

∑

g∈G
x(k)g a(1− q)

∥∥∥∥∥∥

≤ (1 + dA/J) ·#G · ε

21 ·#G · (dA/J + 1)

+ (1 + dA/J) ·#G · ε

21 ·#G · (dA/J + 1)
+
ε

7

<
2ε

7

for all a ∈ F . For the approximate commutation condition, for all a ∈ F we
have, using an argument similar to (2.7) at the first step, ‖1 − q‖ ≤ 1 at the

second step, and
∥∥∥
[
x
(k)
g , x

(l)
h

]∥∥∥ ≤ 2 and condition (5) from the list of conditions
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for the choice of q at the third step,

∥∥∥
[
x̃(k)g , x̃

(l)
h

]
a
∥∥∥ ≤

∥∥∥(1− q)
[
x(k)g , x

(l)
h

]
(1 − q)a

∥∥∥+
4ε

21
(2.14)

≤
∥∥∥
[
x(k)g , x

(l)
h

] (
(1− q)a− a(1− q)

)∥∥∥

+
∥∥∥
[
x(k)g , x

(l)
h

]
a(1− q)

∥∥∥+
4ε

21

< 2 · ε

21 ·#G · (dA/J + 1)
+
ε

7
+

4ε

21
<

3ε

7
.

Now, for all a ∈ F , for g, h ∈ G, for k = 0, 1, . . . , dA/J , and for l = 0, 1, . . . , dJ
we have, by commuting the term (1− q) all the way to the right in the second
step, and by commuting the term q to the left three terms in the first sum-
mand and one term to the right in the second summand, and using the bounds
from condition (1) from the list of conditions q was chosen to satisfy and from
inequality (2.1):

(
x̃(k)g z

(l)
h − z

(l)
h x̃(k)g

)
a

=

(√
x
(k)
g (1− q)

√
x
(k)
g ·

√
y
(l)
h q

√
y
(l)
h

−
√
y
(l)
h q

√
y
(l)
h ·

√
x
(k)
g (1− q)

√
x
(k)
g

)
a

≈2ε/21+2δ

(√
x
(k)
g ·

√
x
(k)
g ·

√
y
(l)
h q

√
y
(l)
h

−
√
y
(l)
h q

√
y
(l)
h ·

√
x
(k)
g ·

√
x
(k)
g

)
(1− q)a

≈2ε/21+2δ

(
(qx(k)g )y

(l)
h − y

(l)
h (qx(k)g )

)
(1− q)a

and

∥∥∥
[
qx(k)g , y

(l)
h

]∥∥∥ · ‖(1− q)a‖ < δ .

Therefore,

(2.15)
∥∥∥
[
x̃(k)g , z

(l)
h

]
a
∥∥∥ < 4ε

21
+ 5δ < ε .
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Finally, for any a ∈ F ,

∥∥∥∥∥∥



dA/J∑

k=0

∑

g∈G
x̃(k)g +

dJ∑

k=0

∑

g∈G
z(k)g


 a− a

∥∥∥∥∥∥

(2.16)

≤

∥∥∥∥∥∥



dA/J∑

k=0

∑

g∈G
x̃(k)g


 a− a(1− q)

∥∥∥∥∥∥
+

∥∥∥∥∥∥




dJ∑

k=0

∑

g∈G
z(k)g


− q

∥∥∥∥∥∥
+ ‖qa− aq‖

<
2ε

7
+

2ε

7
+

ε

21 ·#G · (dA/J + 1)
< ε .

For g ∈ G and k = 0, 1, . . . , dA/J + dJ + 1, set

f (k)
g =

{
x̃
(k)
g | k = 0, 1, . . . , dA/J

z
(k−dA/J−1)
g | k = dA/J + 1, dA/J + 2, . . . , dA/J + dJ + 1 .

One checks now that
(
f
(k)
g

)
k=0,1,...,dA/J+dJ+1

is a (dA/J +dJ +1, F, ε)-Rokhlin

system, as follows.

• Condition (1) in Definition 1.14 follows from (2.9) and the fact that

z
(k)
g z

(k)
h = 0 for k = 0, 1, . . . , dJ and all g, h ∈ G with g 6= h.

• Condition (2) follows from (2.16).
• Condition (3) follows from (2.12) and (2.5).
• Condition (4) follows from (2.11) and (2.4).
• Condition (5) follows from (2.14), (2.8), and (2.15).

This completes the proof that dimc
Rok(α) ≤ dA/J + dJ + 1, as required. �

We conclude this section by applying the results above concerning equivariant
extensions to the case of actions on type I C∗-algebras. We first need the
following proposition.

Proposition 2.11. Let A be a separable C∗-algebra with Hausdorff primitive
ideal space X. Suppose G is a finite group, and α : G→ A is an action. Suppose
α induces a free action on X, and suppose X has covering dimension d. Then
dimc

Rok(α) ≤ d.
Proof. By the Dauns-Hoffman theorem, we can identify Cb(X) with the center
of M(A). By slight abuse of notation, we denote by α the extension of the
action of α to Cb(X) and to C0(X). Let X1 ⊆ X2 ⊆ · · · ⊆ X be an increasing
sequence of G-invariant compact subsets such that

⋃
nXn = X . Each Xn

has covering dimension at most d. We can view G as acting on C(Xn) as
well, and by Lemma 1.9, those actions have Rokhlin dimension at most d with
commuting towers.
Let F ⊆ A be a finite subset, and let ε > 0. By perturbing F , we may assume
without loss of generality that there is an N such that C0(X rXN )a = 0 for

all a ∈ F . Let (f
(l)
g )l=0,1,...,d ;g∈G be a family of Rokhlin elements in C(XN ) as
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in Definition 1.1. Extend each of them to positive a contraction in C0(X). We
retain the same notation for the extensions of those elements. Let e ∈ A be a G-
invariant positive contraction in A which satisfies ‖ea−a‖ < ε/2 and ‖ae−a‖ <
ε/2 for all a ∈ F . One readily verifies that the family (f

(l)
g e)l=0,1,...,d ;g∈G

satisfies the conditions of Definition 1.14. �

Corollary 2.12. Let A be a separable type I C∗-algebra with finite composition
series A = In ⊲ In−1 ⊲ · · · ⊲ I1 ⊲ I0 = 0, in which Ik+1/Ik has Hausdorff
primitive ideal space. Suppose the primitive ideal space of Ik/Ik−1 has finite
covering dimension for k = 1, 2, . . . , n. Let G be a finite group, and let α : G→
Aut(A) be an action. If G acts freely on the primitive ideal space of A then
dimc

Rok(α) <∞.

Proof. The proof of [Phi87, Corollary 8.1.2] shows that the composition series
above can be chosen to beG-invariant. By Proposition 2.11, the induced actions
of G on the algebras Ik+1/Ik have finite Rokhlin dimension with commuting
towers. The statement now follows by repeated application of Theorem 2.10.

�

Corollary 2.12 is a partial converse to the following.

Proposition 2.13. Let A be a separable type I C∗-algebra. Let G be a finite
group, and let α : G → Aut(A) be an action. If dimc

Rok(α) < ∞ then the
induced action of α on the primitive ideal space of A is free.

Proof. Suppose not. Then there is a finite cyclic subgroup H of G of prime
order such that the restriction of the action to H is not free either. By Lemma
1.19, we have dimc

Rok(α|H) < ∞ as well. By [Phi87, Lemma 8.2.1], there
exist H-invariant ideals I ⊲ J such that I/J is isomorphic to the C∗-algebra
of compact operators on some Hilbert space. Thus, H acts on I/J via inner
automorphisms, but also has finite Rokhlin dimension. By Lemma 1.20, this
cannot happen. �

3. Actions of a single automorphism: permanence properties

In this section we discuss the analogs of the results from Section 2 for actions
of Z. We follow the same organization as the previous section, and begin by
extending the permanence properties from [HWZ15] to the nonunital setting.
We state these as Theorems 3.1 and 3.2.

Theorem 3.1. Let A be a C∗-algebra with finite nuclear dimension and α ∈
Aut(A) be an automorphism with dimc

Rok(α) = d. Then the crossed product
A⋊α Z has finite nuclear dimension as well — in fact,

dimnuc(A⋊α Z) ≤ 4(dimnuc(A) + 1)(d+ 1)− 1 .

Theorem 3.2. Let A be a separable Z-absorbing C∗-algebra and α ∈ Aut(A)
be an automorphism with dimc

Rok(α) < ∞. Then A ⋊α Z is Z-absorbing as
well.
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Theorem 3.1 is a generalization of [HWZ15, Theorem 4.1] to the nonunital set-
ting. The modification required to obtain this generalization is straightforward
and will be omitted. For Theorem 3.1, it is not necessary to assume that the
different Rokhlin towers approximately commute.
For the proof of Theorem 3.2 we need modifications similar to those we used
in the case of finite group actions. We skip details in those parts of the proof
which closely mirror those which appear in the proof of Theorem 2.2.

Proof of Theorem 3.2. We show that the conditions of Corollary 2.7 hold.
Let r be a given positive integer. Fix two order zero maps θj : Mr+j → Z,
for j = 0, 1, with commuting ranges, such that θ0(1) + θ1(1) = 1. Let
K be the union of the images of the unit balls of Mr and Mr+1 un-
der these maps. We claim that there are completely positive contractions
ι0, ι1, . . . , ιd, µ0, µ1, . . . , µd : Z → A∞ ∩ A′ satisfying:

(1) aιk(1) = a and aµk(1) = a for all a ∈ A.
(2) a(ιk(xy)−ιk(x)ιk(y)) = 0 and a(µk(xy)−µk(x)µk(y)) = 0 for all a ∈ A

and all x, y ∈ Z.
(3) The image of each of those maps commutes with all the iterates of the

image of any of the other maps under α.

The proof of this claim is very similar to the analogous one in the proof of The-
orem 2.2, and we omit it. Notice that if ι : Z → A∞ ∩ A′ is a homomorphism,
then

⋃
n∈Z α

n(Z) is a separable set, and therefore replacing the finite group G
from Theorem 2.2 by the group of integers causes no difficulties.
Since the tensor flip in Z ⊗Z is approximately inner, there is w in the unitary
group U(Z ⊗ Z) such that

‖w(x⊗ 1)w∗ − 1⊗ x‖ < ε

4

for all x ∈ K. The unitary group of the Jiang-Su algebra is connected. Thus,
w can be connected to 1 via a rectifiable path. Let L be the length of such a
path. Choose n ∈ N such that L‖x‖/n < ε/8 for all x ∈ F .
Recall ([BO08, Exercise 3.5.1]) that if B1, B2, and D are C∗-algebras,
and T1 : B1 → D and T2 : B2 → D are completely positive contractions
with commuting ranges, then there exists a completely positive contraction
T : B1 ⊗max B2 → D such that T (b1 ⊗ b2) = T1(b1)T2(b2) for all b1 ∈ B1 and
b2 ∈ B2. Therefore, the commutation properties of the maps ιk and µk for
k = 0, 1, . . . , d imply that there are completely positive contractions

ρk, ρ
′
k : Z ⊗ Z → A∞ ∩A′

such that for all x, y ∈ Z,

ρk(x⊗ y) = ιk(x)µk(y) and ρ′k(x⊗ y) = αn(ιk(x))µk(y) .

We claim that ρ(1)a = a and (ρ(xy) − ρ(x)ρ(y))a = 0 for all a ∈ A and
x, y ∈ Z ⊗Z, and the same for ρ′. This evidently holds for elementary tensors
in Z ⊗ Z, and by linearity and continuity holds for all x, y ∈ Z ⊗ Z, proving
the claim.
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Pick unitaries 1 = w0, w1, . . . , wn = w in the identity component U0(Z ⊗ Z)
of U(Z ⊗ Z) such that ‖wj − wj+1‖ ≤ L/n for j = 0, 1, . . . , n − 1. Now, for
k = 0, 1, . . . , d, let

x
(k)
j = ρk(wj)

∗ρ′k(wj) .

The elements x
(k)
j behave like unitaries when multiplied by elements from A,

that is, we have

x
(k)
j

(
x
(k)
j

)∗
a =

(
x
(k)
j

)∗
x
(k)
j a = a

for all a ∈ A. Furthermore, x
(k)
0 a = a for all a ∈ A and k = 0, 1, . . . , d. Note

also that ∥∥∥x(k)j − x
(k)
j+1

∥∥∥ ≤ 2L

n
for j = 0, 1, . . . , n− 1, and that

∥∥∥
(
x(k)n αn(ιk(y))

(
x(k)n

)∗
− ιk(y)

)
a
∥∥∥

= ‖(ρk(w)∗ρ′k(w)αn(ιk(y))ρ′k(w)∗ρk(w) − ιk(y)) a‖
< ‖(ρk(w)∗µk(y)ρk(w)− ιk(y)) a‖+

ε

4
<
ε

2

for all y ∈ K and all a ∈ A with norm at most 1.
Likewise, pick unitaries 1 = w′

0, w
′
1, . . . , w

′
n+1 = w′ ∈ U0(Z ⊗ Z) such that

‖wj − wj+1‖ ≤ L/(n+ 1) for j = 0, 1, . . . , n, and for k = 0, 1, . . . , d, let

y
(k)
j = ρk(w′

j)
∗ρ′k(w′

j) .

The elements y
(k)
j satisfy the analogous properties to those of the elements x

(k)
j ,

with n+ 1 in place of n.

Let f
(l)
0,0, . . . , f

(l)
0,n−1, f

(l)
1,0, . . . , f

(l)
1,n ∈ A∞ ∩A′ , for l = 0, 1, . . . , d, be commuting

Rokhlin elements in A∞ ∩ A′ as in Lemma 1.23 which are furthermore chosen
to commute with αj(ιk(Z)) and αj(µk(Z)) for k = 0, 1, . . . , d and for all j ∈ Z
(see Remark 1.24).
Now, for i = 0, 1, set

θ
(k)
i (x) =

n−1∑

j=0

f
(k)
0,j α

j−n(x
(k)
j )αj(ιk ◦ θi(x))αj−n

((
x
(k)
j

)∗)

+

n∑

j=0

f
(k)
1,j α

j−n(y
(k)
j )αj(ιk ◦ θi(x))αj−n

((
y
(k)
j

)∗)
.

We can check that ∥∥∥
(
α(θ

(k)
i (x)) − θ(k)i (x)

)
a
∥∥∥ < ε

for all a in the unit ball of A and for all x in the unit balls of Mr, Mr+1,
respectively. Furthermore, for all a ∈ A,

(
θ
(k)
0 (1) + θ

(k)
1 (1)

)
a =



n−1∑

j=0

f
(k)
0,j +

n∑

j=0

f
(k)
1,j


 a
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and thus, if we denote

f =

d∑

k=0

1∑

i=0

θ
(k)
i

we get that fa = a for all a ∈ A. Therefore those maps satisfy the conditions
of Corollary 2.7. �

We now consider the analogs of Proposition 2.9 and Theorem 2.10 concerning
equivariant extensions for the case of a single automorphism. The idea of
the proof is similar. The main difference is that we cannot expect to have
quasicentral approximate identities that are fixed under the automorphism.
However we can have ones that are approximately fixed. Although the proofs
are otherwise quite similar, we provide most of the details for the reader’s
convenience.

Lemma 3.3. Let α : G → Aut(A) be an action of a discrete amenable group
G on a C∗-algebra A. Let J ⊳ A be an invariant ideal. For any finite set of
elements G0 ⊆ G and any ε > 0 there exists a quasicentral approximate identity
(eλ)λ∈Λ for J in A such that ‖αg(eλ)− eλ‖ < ε for all g ∈ G0 and all λ ∈ Λ.

Proof. Choose a quasicentral approximate identity for J in A and average it
over a sufficiently large Følner set. �

Proposition 3.4. Let α ∈ Aut(A) be an automorphism with dimc
Rok(α) = d.

(1) Suppose B ⊆ A is a α-invariant hereditary subalgebra. Let β be the
restriction of α to B. Then dimc

Rok(β) ≤ dimc
Rok(α).

(2) Suppose J ⊳ A is an α-invariant ideal. Then the restriction of α to J
and the induced automorphism on A/J both have Rokhlin dimension
with commuting towers at most d.

Outline of proof. The proof is very similar to that of Proposition 2.9. The main
change required is that the element h ∈ B cannot be chosen to be fixed under
α, and instead it needs to be chosen so that ‖α(h)−h‖ is sufficiently small (as
in Lemma 3.3). We omit the details. �

Theorem 3.5. Let A be a C∗-algebra and let α ∈ Aut(A). Suppose J ⊳ A
is an α-invariant ideal. Suppose the restriction of α to J and the induced
action on A/J both have Rokhlin dimensions with commuting towers dJ , dA/J ,
respectively. Then dimc

Rok(α) ≤ dJ + dA/J + 1.

Proof. To simplify notation, whenever we refer in this proof to a double tower

of height p of the form
(
a
(k)
r,j

)
, it is to be understood that r = 0, 1 and

j = 0, 1, . . . , p − 1 + r and k has suitable range (which may be 0, 1, . . . , dJ
or 0, 1, . . . , dA/J , depending on the context). Parts of the proof mirror closely
that of Theorem 2.10, and those are mostly omitted here.
We denote by π : A → A/J the quotient map, and by α the quotient action
on A/J . Let F ⊆ A be a finite subset, let ε > 0 and let p be a fixed positive
integer. We assume without loss of generality that ‖a‖ ≤ 1 for all a ∈ F . Pick
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a (dA/J , π(F ), ε/7)-double tower (b
(k)
r,i ) in A/J of height p. Using Remark 1.25,

we assume without loss of generality that b
(k)
r,i b

(k)
s,j = 0 for all k = 0, 1, . . . , d and

all (r, i) 6= (s, j). Since the cone over Cn is projective, there are x
(k)
r,i ∈ A for

the corresponding indices r, i and k such that 0 ≤ x(k)r,i ≤ 1 and π(x
(k)
r,i ) = b

(k)
r,i ,

and moreover x
(k)
r,i x

(k)
s,j = 0 whenever (r, i) 6= (s, j).

If (eλ)λ∈Λ is an approximate identity for J then, for any a ∈ F ,

lim
λ
‖[x(k)r,i , a](1− eλ)‖ < ε/7 .

Use Lemma 3.3 to choose a quasicentral approximate identity (eλ)λ∈Λ for J
such that ‖α(eλ) − eλ‖ < ε/7 for all λ ∈ Λ. By taking an element far enough
out in this approximate identity, we can find a positive contraction q ∈ J which
satisfies the following conditions.

(1) ‖qa− aq‖ < ε

21(2p+ 1)(dA/J + 1)
for all a in

F ∪
{
α
(
x
(k)
r,i

)
, α

(√
x
(k)
r,i

)
| (r, i) as above and k = 0, 1, . . . , dA/J

}
.

(2)
∥∥∥[x

(k)
r,i , a](1− q)

∥∥∥ < ε/7 for all a ∈ F .

(3) ‖α(q)− q‖ < ε/7.

(4)

∥∥∥∥∥∥


1−

dA/J∑

k=0

(
p−1∑

i=0

x
(k)
0,i +

p∑

i=0

x
(k)
1,i

)
 a(1− q)

∥∥∥∥∥∥
< ε/7 for all a ∈ F .

(5)
∥∥∥
(
α(x

(k)
r,i )− x(k)r,i+1

)
a(1− q)

∥∥∥ < ε for r = 0, 1, for i = 0, 1, . . . , p−2+r,

for k = 0, 1, . . . , dA/J , and for all a ∈ F .

(6)
∥∥∥
(
α(x

(k)
0,p−1 + x

(k)
1,p)− (x

(k)
0,0 + x

(k)
1,0)
)
a(1− q)

∥∥∥ < ε/7 for r = 0, 1, for

i = 0, 1, . . . , p− 2 + r, for k = 0, 1, . . . , dA/J , and for all a ∈ F .

(7)
∥∥∥[x

(k)
r,i , x

(l)
s,j ]a(1− q)

∥∥∥ < ε/7 for all indices (r, i), (s, j) as above and for

k, l = 0, 1, . . . , dA/J .

Now, fix a finite set F̃ ⊆ J such that for all a ∈ F , all indices r, i as above, and

all k = 0, 1, . . . , dA/J , we have dist([x
(k)
r,i , a], F̃ ) < ε/7. Let

FJ = F̃ ∪ {qa | a ∈ F} ∪ {q}
∪{qx(k)r,i | r = 0, 1, i = 0, 1, . . . , p− 1 + r, k = 0, 1, . . . , dA/J} .

Set M = max{‖f‖ | f ∈ FJ}. Choose δ ∈ (0, ε/42) such that whenever B is a
C∗-algebra and b, c ∈ B satisfy 0 ≤ b ≤ 1, ‖c‖ ≤M , and ‖bc− cb‖ < δ, then

‖b1/2c− cb1/2‖ < ε

21(2p+ 1)(dJ + 1)
.

Choose a system
(
y
(k)
r,i

)
r,i,k

of (dJ , FJ , δ)-double towers of height p in J . Using

Remark 1.25, we can assume that y
(k)
r,i y

(k)
s,j = 0 for k = 0, 1, . . . , dJ and all
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distinct pairs of indices (r, i) 6= (s, j) as above. For k = 0, 1, . . . , dA/J and the
indices (r, i) as above, we then have

‖[
√
y
(k)
r,i , a]‖ < ε

21(2p+ 1)(dJ + 1)

for all a ∈ FJ . Set z
(k)
r,i =

√
y
(k)
r,i q

√
y
(k)
r,i .

Using arguments similar to ones in the proof of Theorem 2.10, one checks that:

(8) ‖
(
α(z

(k)
r,i )− z(k)r,i+1

)
a‖ < ε for r = 0, 1, for i = 0, 1, . . . , p − 2 + r, for

k = 0, 1, . . . , dA/J , and for all a ∈ F . (See (2.4) in the proof of Theorem
2.10 and use ‖α(q)− q‖ < ε/7.)

(9) ‖
(
α(z

(k)
0,p−1 + z

(k)
1,p)− (z

(k)
0,0 + z

(k)
1,0 )
)
a‖ < ε for k = 0, 1, . . . , dJ and all

a ∈ F . (This is similar to the previous item.)

(10) ‖[z(k)r,i , a]‖ < ε for k = 0, 1, . . . , dJ , for all (r, i) as above, and for all

a ∈ F . (See (2.5) in the proof of Theorem 2.10.)

(11)

∥∥∥∥∥
dJ∑

k=0

(
p−1∑

i=0

z
(k)
0,i +

p∑

i=0

z
(k)
1,i

)
− q
∥∥∥∥∥ < ε. (See (2.6) in the proof of Theorem

2.10.)

(12)
∥∥∥
[
z
(k)
r,i , z

(l)
s,j

]∥∥∥ < ε for all indices r, i, s, j, k, l as above. (See (2.8) in the

proof of Theorem 2.10.)

For k = 0, 1, . . . , dA/J and for all indices (r, i) as above, set

x̃
(k)
r,i =

√
x
(k)
r,i (1− q)

√
x
(k)
r,i .

We have, using (1),

‖x̃(k)r,i − x
(k)
r,i (1 − q)‖ < ε

21(2p+ 1)(dA/J + 1)
,

so by an argument similar to that for (2.11) in the proof of Theorem 2.10, and
using ‖α(q)− q‖ < ε/7, we get

∥∥∥
(
α(x̃

(k)
r,i )− x̃(k)r,i+1

)
a
∥∥∥ < ε

for r = 0, 1, for i = 0, 1, . . . , p− 2 + r, for k = 0, 1, . . . , dA/J , and for all a ∈ F .
Likewise, ∥∥∥

(
α(x̃

(k)
0,p−1 + x̃

(k)
1,p))− (x̃

(k)
0,0 + x̃

(k)
1,0)
)
a
∥∥∥ < ε .

An argument similar to that for (2.12) in Theorem 2.10 gives
∥∥∥
[
x̃
(k)
r,i , a

]∥∥∥ < ε

for k = 0, 1, . . . , dA/J , appropriate indices (r, i), and a ∈ F . An argument like
that for (2.13) in the proof of Theorem 2.10 gives

∥∥∥∥∥∥



dA/J∑

k=0

(
p−1∑

i=0

x̃
(k)
0,i +

p∑

i=0

x̃
(k)
1,i

)
 a− a(1− q)

∥∥∥∥∥∥
< ε
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for all a ∈ F . For the approximate commutation condition, we have (see (2.14)
in the proof of Theorem 2.10):

∥∥∥
[
x̃
(k)
r,i , x̃

(l)
s,j

]
a
∥∥∥ ≤

∥∥∥(1− q)
[
x
(k)
r,i , x

(l)
s,j

]
a(1− q)

∥∥∥+
ε

7
+

4ε

21
< ε .

Now, for all applicable indices, we have (see (2.15) in the proof of Theorem
2.10):

∥∥∥
[
x̃
(k)
r,i , z

(l)
s,j

]
a
∥∥∥ ≤

∥∥∥
[
qx

(k)
r,i , y

(l)
s,j

]∥∥∥ · ‖(1− q)a‖+
4ε

21
+ 4δ < ε .

Finally, for any a ∈ F we have (see (2.16) in the proof of Theorem 2.10):
∥∥∥∥∥∥



dA/J∑

k=0

∑

r,i

x̃
(k)
r,i +

dJ∑

k=0

∑

s,j

z
(k)
s,j


 a− a

∥∥∥∥∥∥
< ε .

For k = 0, 1, . . . , dA/J + dJ + 1, and all indices (r, i) as above, set

f
(k)
(r,i) =

{
x̃
(k)
(r,i) | k = 0, 1, . . . , dA/J

z
(k−dA/J−1)

(r,i) | k = dA/J + 1, dA/J + 2, . . . , dA/J + dJ + 1 .

Then the family
(
f
(k)
r,i

)
for k = 0, 1, . . . , dA/J + dJ + 1 is a Rokhlin system of

(dA/J + dJ + 1, F, ε)-double towers of height p. This completes the proof that
dimc

Rok(α) ≤ dA/J + dJ + 1, as required. �

4. Obstructions to finite Rokhlin dimension

The purpose of this section is to find a K-theoretic obstruction for an action of
a compact Lie group to have the X-Rokhlin property (and in particular, finite
Rokhlin dimension with commuting towers in the finite group case). This
will be stated in Corollary 4.2. This obstruction uses equivariant K-theory,
viewed as a module over the representation ring. Using this obstruction and
the generalization of the Atiyah-Segal completion theorem to C∗-algebras from
[Phi89a], we can show, for instance (Theorem 4.6) that there are no actions of
any nontrivial finite group on the Jiang-Su algebra Z or on the Cuntz algebra
O∞ with finite Rokhlin dimension with commuting towers.
Let G be a compact group, let A be a unital C∗-algebra, and let α : G→ Aut(A)
be an action ofG onA.We letR(G) be its representation ring, the Grothendieck
group made from the unitary equivalence classes of finite dimensional unitary
representations of G with product given by tensor product of representations.
See [Seg68] for an extensive discussion of this ring. If V is a finite dimensional
unitary representation space of G, we denote by [V ] its class in R(G). We
let I(G) be the augmentation ideal of R(G), that is, the kernel of the map
R(G) → Z which sends [V ] to dim(V ) for every finite dimensional unitary
representation space of G.
We take KG

0 (A) to be defined following Definition 2.4.2 and Corollary 2.4.5
of [Phi87], except using projections and invariant partial isometries instead of
idempotents and algebraic invariant Murray-von Neumann equivalence. That
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is, we consider the Grothendieck group made from the semigroup of invariant
Murray-von Neumann equivalence classes of G-invariant projections in algebras
B(V )⊗A, in which V is a finite dimensional unitary representation space of G,
with action by conjugation by the representation. Projections p ∈ B(V ) ⊗ A
and q ∈ B(W )⊗A are invariantly Murray-von Neumann equivalent if there is
a G-invariant element s ∈ B(V,W ) ⊗ A, with its obvious action of G (using
the representations on both V and W ) such that s∗s = p and ss∗ = q. For a
C∗-algebra A, this gives the same group defined there, by [Phi87, Proposition
2.4.11(2)].
We warn that it is not enough to find an equivariant isomorphism ϕ : B(V )→
B(W ) such that (ϕ ⊗ idA)(p) = q. The existence of such an isomorphism ϕ
does not imply that [p] = [q] in KG

0 (A).
The group KG

0 (A) is an R(G)-module in a natural way. See [Phi87, Definition
2.2.2] and the discussion that follows. We recall ([Phi87, Remark 2.4.6]) that if
p ∈ B(V )⊗A is an invariant projection and W is a finite dimensional unitary
representation space of G, then 1⊗ p ∈ B(W )⊗B(V )⊗A represents [W ] · [p].

Proposition 4.1. Let G be a compact group, let A and D be unital C∗-algebras,
and let α : G→ Aut(A) and γ : G→ Aut(D) be actions of G on A and D. Let
σ ∈ R(G). If A admits an approximate equivariant central unital homomor-
phism from D in the sense of Definition 1.3, and σ · [1] = 0 in KG

0 (D), then
σ · η = 0 for every η ∈ KG

∗ (A).

Proof. Applying Lemma 1.13 with B = C(T) with the trivial action, and using
KG

∗ (A) ∼= KG
0 (C(T) ⊗ A), we see that it suffices to consider η ∈ KG

0 (A). We
need only prove the result for η in a generating set for KG

0 (A). Thus, we may
assume that there is a finite dimensional unitary representation space W of G
and a G-invariant projection e ∈ B(W )⊗A such that η = [e].
Choose finite dimensional unitary representation spaces V1 and V2 of G such
that σ = [V1]−[V2]. Then 1⊗1 ∈ B(V1)⊗D and 1⊗1 ∈ B(V2)⊗D have the same
class in KG

0 (D). Therefore there is a finite dimensional unitary representation
space V0 of G such that, with V = V0 ⊕ V1 ⊕ V2 and with p0, p1, p2 ∈ B(V )
being the projections onto V0, V1, and V2, there is a G-invariant partial isometry
s ∈ B(V )⊗D with

(4.1) s∗s = (p0 + p1)⊗ 1 and ss∗ = (p0 + p2)⊗ 1.

Let ϕ : B(V )⊗A→ B(V )⊗B(W )⊗A be the equivariant homomorphism such
that ϕ(d⊗ a) = d⊗ 1⊗ a for all d ∈ B(V ) and a ∈ A. Identify B(V ) with Mm

and B(W ) with Mn, and choose F ⊆ A to consist of all the matrix entries of e
and F0 ⊆ C to consist of all the matrix entries of s. For sufficiently small ε > 0
(described below), choose Q0 as in Definition 1.3. As explained in Remark 1.4,
we may assume that Q0 is G-equivariant. Set Q = idB(V )⊗Q0. Then (ϕ◦Q)(s)
will approximately commute with 1B(W ) ⊗ e. Set t = (ϕ ◦ Q)(s)(1B(W ) ⊗ e).
Then t is G-invariant. We have

(ϕ◦Q)(p0 +p1) ·(1B(W )⊗e) = [(p0 +p1)⊗1B(V )⊗1
]
(1B(W )⊗e) = (p0 +p1)⊗e
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and similarly

(ϕ ◦Q)(p0 + p1) · (1B(W ) ⊗ e) = (p0 + p2)⊗ e.
If ε > 0 is sufficiently small, using (4.1), approximate multiplicativity of Q,
and the fact that

∥∥(ϕ ◦Q)(s)(1B(W ) ⊗ e)− (1B(W ) ⊗ e)(ϕ ◦Q)(s)
∥∥

is small, we will get

‖t∗t− (p0 + p1)⊗ e‖ < 1 and ‖tt∗ − (p0 + p2)⊗ e‖ < 1.

A standard functional calculus argument therefore gives an invariant element
v ∈ B(V )⊗B(W )⊗A such that

v∗v = (p0 + p1)⊗ e and vv∗ = (p0 + p2)⊗ e.
These relations imply that ([V0]+[V1])[e] = ([V0]+[V2])[e] in KG

0 (A). Therefore
σ[e] = [V1] · [e]− [V2] · [e] = 0. �

We don’t require Lie groups to be connected. In particular, all finite groups
are compact Lie groups.

Corollary 4.2. Let G be a compact Lie group (not necessarily connected),
and let X be a compact free G-space. Then there is n ∈ N such that, for every
unital C∗-algebra A and every action α : G→ Aut(A) which has the X-Rokhlin
property, we have I(G)nKG

∗ (A) = 0.

Proof. It follows from [AS69, Proposition 4.3] that there is n ∈ N such that
I(G)nK∗

G(X) = 0. Let A be a unital C∗-algebra, let α : G → Aut(A) be an
action, and suppose that α has the X-Rokhlin property. Then Proposition 4.1
implies that I(G)nKG

∗ (A) = 0. �

We will need σ-C∗-algebras (see [Phi88]) and their representable K-theory RK∗
(see [Phi89b]; there is an easier development in [Phi92, Section 4]). For a
summary, see the end of the introduction to [Phi89a] and the beginning of
Section 2 of [Phi89a]. For a compact Lie group G, we need a suitable model of
the free contractible G-space EG, and we follow Section 2 of [Phi89a] (which
in turn follows Section 2 of [AS69]). In particular, our model for EG will
be countably compactly generated. For any countably compactly generated
space X, we take C(X) to be the algebra of all continuous functions from
X to C, not necessarily bounded, with the topology of uniform convergence
on the sets in the chosen countable compact generating family. This makes
C(X) a σ-C∗-algebra. In particular, C(EG) is a σ-C∗-algebra. If A is a C∗-
algebra with an action α : G→ Aut(A), then also A⊗C(EG) (using a suitable
completed tensor product) and the fixed point algebra [A⊗C(EG)]G are σ-C∗-
algebras. If we have more than one action on A, we will write [A⊗ C(EG)]α,
thus implicitly using the same name for the action on A and the corresponding
action on A⊗ C(EG).
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Notation 4.3. Let G be a compact Lie group, let R(G) be its representation
ring, and let I(G)⊳R(G) be the augmentation ideal. For any R(G)-module M,
we denote by M∧ its I(G)-adic completion, that is, M∧ = lim←−M/I(G)nM .

(This is the Hausdorff completion.)

We will need the following version of the Atiyah-Segal Completion Theorem
for C∗-algebras, which is a restatement of [Phi89a, Theorem 2.4].

Theorem 4.4. Let G be a compact Lie group, let A be a unital C∗-algebra, and
let α : G → Aut(A) be an action of G on A. Suppose G is abelian, and there

are a finite generating set S ⊆ Ĝ and n ∈ N such that for every τ ∈ S and
every k ≥ n, we have

{
η ∈ KG

∗ (A) : (1− τ)kη = 0
}

=
{
η ∈ KG

∗ (A) : (1 − τ)nη = 0
}
.

Then there is a natural isomorphism

RK∗
(
[A⊗ C(EG)]G

) ∼= KG
∗ (A)∧.

Proposition 4.5. Let G be a topological group, let D be a strongly self absorb-
ing unital C∗-algebra, and let α : G → Aut(D) be an action of G on D. Then
the action g 7→ αg ⊗ id : G→ Aut(D ⊗D) is homotopic to the trivial action.

Proof. By [Win11], any strongly self absorbing C∗-algebra is K1-injective.
Thus, by [DW09, Theorem 2.2], there is a homotopy t 7→ ψt of isomorphisms
ψt : D⊗D → D⊗D, for t ∈ [0, 1], such that ψ0 = idD⊗D and ψ1(a⊗ b) = b⊗a

for all a, b ∈ D. Recall that D ∼=
∞⊗

n=1

D. We now identify D ⊗D with

D ⊗
∞⊗

n=1

D =

∞⊗

n=0

D,

with the action

g 7→ β(0)
g = αg ⊗

∞⊗

n=1

idD.

For N ∈ N, let β(N) be the action

g 7→ β(N)
g =

(
N−1⊗

n=0

idD

)
⊗ αg ⊗

( ∞⊗

n=N+1

idD

)
.

Thus, we have a homotopy

(t, g) 7→ γ(t)g

for t ∈ [0, 1] and g ∈ G, of actions γ(t) of G on

∞⊗

n=0

D, with γ(0) = β(0) and

γ(1) = β(1). For N ∈ N and t ∈ [N,N + 1], define an action γ(t) of G on

∞⊗

n=0

D
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by

γ(t)g =

(
N−1⊗

n=0

idD

)
⊗ γ(t−N)

for g ∈ G. This is a homotopy of actions which are trivial on

N−1⊗

n=0

D⊗
∞⊗

n=N+1

C1.

An ε/3 argument shows that lim
t→∞

(a) = a for all a ∈
∞⊗

n=0

D and g ∈ G. Thus,

β
(0)
g is homotopic to the trivial action. �

For the following theorem we recall that any nontrivial compact Lie group con-
tains a nontrivial finite subgroup. If the group is itself finite, this is tautologi-
cal. Otherwise, the connected component of the identity contains a nontrivial
maximal torus, which evidently has nontrivial finite subgroups.

Theorem 4.6. Let G be a compact Lie group with more than one element, and
let X be a compact free G-space.

(1) There is no action α of G on O∞ or Z which has the X-Rokhlin prop-
erty.

(2) If D is a UHF algebra, p is a prime number that is not a factor in the
supernatural number corresponding to D, and G furthermore has an
element of order p, then there is no action α of G on D or D ⊗ O∞
which has the X-Rokhlin property.

Proof. In this proof, we will need to consider equivariant K-theory for different
actions of the same group on the same C∗-algebra. For an action α : G →
Aut(A) of a compact group, we therefore write KG,α

∗ (A) for KG
∗ (A).

If A,B are separable unital C∗-algebras, and α : G→ Aut(A) is an action with
the X-Rokhlin property, then, by Lemma 1.13, the action α⊗ id on A⊗min B
has the X-Rokhlin property as well. Thus, for part (1), since O∞ ∼= Z⊗O∞, it
suffices to show that there are no actions on O∞ with the X-Rokhlin property.
This is purely to simplify notation, since the argument is K-theoretic in nature
— the same argument below works verbatim if we replace all instances of O∞
with Z. Likewise, for part (2) it suffices to consider D ⊗ O∞, and we can
furthermore assume that D is strongly self absorbing, since we may replace
it with

⊗∞
n=0D, and a countable infinite tensor power of a UHF algebra is

strongly self absorbing. We denote O∞ or D ⊗ O∞ by E when considering
both parts simultaneously.
Suppose there is such an action α. Then G has a nontrivial finite cyclic sub-
group H, and X is also a compact free H-space. For part (2), we take H = 〈g〉
where g ∈ G is a given element of order p. Therefore α|H is an action of H
on E which has the X-Rokhlin property. Since we wish to show that no such
actions exist, we may assume without loss of generality that G ∼= Zp (where p
is the given prime in part (2), and p is just some prime number in part (1)).
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The algebra E satisfies the hypotheses of Proposition 4.5. Therefore there is a
homotopy t 7→ β(t)

of actions of G on E⊗E such that β
(0)
h = αh⊗ idE and β

(1)
h = idE⊗E for all h ∈

H. According to [Phi89a, Corollary 4.2], the groups RK∗
(
[E⊗E⊗C(EH)]β

(t))

do not depend on t.
Take t = 0. The action β(0) has the X-Rokhlin property because α does. So
Corollary 4.2 provides an n ∈ N such that

I(H)nKH,β(0)

∗ (E ⊗ E) = 0.

The hypothesis of Theorem 4.4 is satisfied, because Ĝ is finite and for every

τ ∈ Ĝ and every k ≥ n, we have
{
η ∈ KG,β(0)

∗ (E ⊗ E) : (1− τ)kη = 0
}

= KG
∗ (E ⊗ E).

So Theorem 4.4 implies

RK∗
(
[E ⊗ E ⊗ C(EG)]β

(0)) ∼= KG,β(0)

∗ (E ⊗ E)∧.

In the I(G)-adic topology, this group is discrete, since it is annihilated by
I(G)n.
Now take t = 1. We verify the hypothesis of Theorem 4.4.

Let τ be a generator for the dual group Ĝ ∼= Zp. Using the trivial action,

KG
∗ (E) ∼= R(G)⊗Z K0(E) ∼= K0(E)[τ ]/〈1 − τp〉,

which we write as 



p−1∑

j=0

njτ
j : nj ∈ K0(E)



 .

Since K0(E) is a nontrivial subgroup of Q (for all possibilities for the algebra
E), the complexification KG

∗ (E)⊗Z C is given by




p−1∑

j=0

njτ
j : nj ∈ C





and we can view



p−1∑

j=0

njτ
j : nj ∈ K0(E)



 ⊂





p−1∑

j=0

njτ
j : nj ∈ C





by viewing K0(E) ⊆ Q ⊂ C in the usual way. It is now a straightforward
computation to verify that for all n, thinking of 1−τ as a linear transformation
on KG

∗ (E)⊗Z C, we have

ker(1 − τ)n = ker(1 − τ) =





p−1∑

j=0

njτ
j : nj = n0 for all j



 .

From this description it follows that the same holds without complexifying the
module. Thus, the hypothesis of Theorem 4.4 holds.
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We now consider the two parts of the theorem separately.
For part (1), Theorem 4.4 implies

RK∗
(
[O∞ ⊗O∞ ⊗ C(EG)]β

(1)) ∼= KG,β(1)

∗ (O∞ ⊗O∞)∧ ∼= R(G)∧.

This group is not discrete in the I(G)-adic topology. Since

RK∗
(
[O∞ ⊗O∞ ⊗ C(EG)]β

(0)) ∼= RK∗
(
[O∞ ⊗O∞ ⊗ C(EG)]β

(1))
,

we have a contradiction.
For part (2), we also need to show that KG

∗ (D ⊗ O∞)∧ is not discrete. We
first claim that there is a nonzero element σ ∈ Z[τ ]/〈1− τp〉 ∼= R(G) such that
(1 − τ)p = pσ. If p = 2, one checks that (1 − τ)2 = 2(1− τ). If p is odd, since
(−τ)p = −1, we can take

σ =
1

p

p−1∑

k=1

(−1)k
(
p

k

)
τk.

(Since p is prime, the coefficients really are in Z.) This proves the claim.
Since 1− τ generates I(G), it follows that if n ≥ kp then

I(G)nKG
∗ (D ⊗O∞) ⊆ pkKG

0 (D ⊗O∞).

We claim that multiplication by 1−τ is injective on (1−τ)R(G)⊗ZK0(D⊗O∞).
It suffices to prove this with C in place of KG

0 (D ⊗ O∞), thus on C[τ ]/〈1 −
τp〉. Here, multiplication by τ is the cyclic shift with respect to the basis
1, τ, . . . , τp−1, so the claim is straightforward to check.
For all m ∈ N, multiplication by p is not invertible on pmR(G) ⊗Z K0(D ⊗
O∞). So the sequence

(
I(G)nKG

∗ (D ⊗O∞)
)
n∈N

does not stabilize. Therefore

KG
∗ (D ⊗O∞)∧ is not discrete. Thus, no such action α exists. �

Remark 4.7. The argument for part (2) of Theorem 4.6 breaks down if p does
appear as a factor in the supernatural number, since then multiplication by p
is invertible. Indeed, there are actions of Zp on the p∞ UHF algebra with the
Rokhlin property. (For instance, let v ∈Mp be a cyclic permutation matrix of
order p. Then it is easy to check that the action of Zp given by the order p
automorphism

⊗∞
1 Ad(v) of

⊗∞
1 Mp has the Rokhlin property. See [Izu04a,

Example 3.2].)

Corollary 4.8. Let G be a nontrivial finite group.

(1) There is no action of G on Z or O∞ which has finite Rokhlin dimension
with commuting towers.

(2) Let p be a prime number. Let D be a UHF algebra which does not have
p as a factor in its corresponding supernatural number. If G has an
element of order p, then there is no action of G on D or D⊗O∞ which
has finite Rokhlin dimension with commuting towers.

We conclude with an analog of Theorem 4.6 for actions of connected Lie groups.
The key fact we use concerning such groups is that they contain a subgroup
isomorphic to the circle group T. The proof is similar to that of Theorem
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4.6, so we only outline the parts that need to be changed. Recently, Eusebio
Gardella showed with different methods that the statement of Theorem 4.9
holds in greater generality: there are no actions of infinite Lie groups with
finite Rokhlin dimension with commuting towers on C∗-algebras with just one
vanishing K-group. See [Gar14, Corollary 4.18].

Theorem 4.9. Let G be a compact group which contains a closed subgroup
isomorphic to T. Let X be a compact free G-space. Then there is no action of
G on any UHF algebra with the X-Rokhlin property.

Proof. Since theX-Rokhlin property passes to subgroups, we may assume with-
out loss of generality that G = T. Let D be a UHF algebra. We wish to show
that there is no action of G on D with the X-Rokhlin property. We may assume
without loss of generality that D is the universal UHF algebra, since if we have
an action α of G on D with the X-Rokhlin property, we can tensor it by the
identity action of G on the universal UHF algebra, and by Lemma 1.13 the ten-

sor product action has the X-Rokhlin property as well. The dual group Ĝ ∼= Z
is singly generated. We have R(G) ∼= Z[τ, τ−1], so R(G)⊗ZK0(D) ∼= Q[τ, τ−1].
One checks that multiplication by 1 − τ is injective on Q[τ, τ−1] and the sub-
groups (1 − τ)nQ[τ, τ−1] do not stabilize. The rest of the proof is similar to
that of Theorem 4.6. �

Remark 4.10. The conclusion of Theorem 4.9 does not hold if instead of as-
suming that G contains a copy of the circle, we only assume that G is an infinite
compact group. For example, it is easy to construct an action of

∏∞
n=1 Z2 on

the 2∞ UHF algebra with the Rokhlin property.
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Introduction

Let S be a Shimura variety of PEL type, defined over its reflex field E [8, 9].
The variety S parametrizes Abelian varieties with additional PEL structures
(Polarization, Endomorphisms, Level structures) [17, §5]. In this article we
compute for certain simple S the ℓ-adic cohomology of the basic stratum, also
called supersingular locus, at a prime of good reduction. Let us make this more
precise.
Let p be a prime of E where S has good reduction; this means in particular that
the PEL type moduli problem extends over the ring of integers OEp

of Ep, and
that this extended problem is representable by a smooth and quasi-projective
scheme S over OEp

[17, §5]. Let Fq be the residue field of E at p. Write Sp :=

S ⊗ Fq, and write for each x ∈ Sp(Fq), Ax/Fq for the corresponding Abelian
variety with additional PEL structures. The Newton strata of Sp are defined as

follows: Two points x, y ∈ Sp(Fq) lie in the same Newton stratum if and only
if the p-divisible group Ax[p∞] with its additional PE-structures is isogenous
to Ay[p∞]. Thus the Newton strata of Sp are the loci in Sp where the isogeny
class of Ax[p∞] is constant. The Newton strata of Sp are varieties defined
over Fq, and stable under the Hecke correspondences. Thus their cohomology
carries an action of the Hecke algebra and the Frobenius operator. For various
arithmetic applications, one is interested in computing this cohomology. There
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is one Newton stratum which is particularly important. This stratum is called
the basic stratum, or supersingular locus. The cohomology of the other strata
is expected to be induced from Levi subgroups of lower rank. Thus, in this
article we focus on the basic stratum, although one could extend the methods
of this article to also derive results for the non-basic strata [21].
Before we continue, we give the definition of the basic Newton stratum. For
each point x ∈ Sp(Fq), the isogeny class of the corresponding p-divisible group
with PE structure Ax[p∞] is determined by its rational Dieudonné module
D(Ax[p∞])Q. This Dieudonné module is an “isocrystal with additional struc-
ture” and, as such, it is determined by its slope morphism ν [14]. If the central-
izer of the slope morphism ν is G, then the isocrystal is called basic. Among
(the isomorphism classes of) the isocrystals D(Ax[p∞])Q for x ∈ S(Fq) there is
one unique basic isocrystal, and the locus in Sp corresponding to this isocrystal
is the basic stratum B ⊂ Sp. For example consider the modular curve Y1(N)
(we take N ≥ 4), let p be prime number not dividing N and consider the super-
singular locus B of Y1(N)Fp . Then B(Fp) is the set of pairs (E, η) ∈ Y1(N)(Fp)
of elliptic curves E equipped with a point η of order N where E is supersin-
gular. A famous result of Deligne-Rapoport [10] is a geometric description of
the basic stratum B, as follows. Consider the modular curve Y associated
to the congruence subgroup Γ1(N) ∩ Γ0(p) ⊂ GL2(Z) (for notation, see [11]).
Deligne and Rapoport construct a model for the curve Y over Zp (they in-
troduce Y as a moduli space), and in particular they may reduce Y modulo
p. When reduced modulo p, the curve Y is isomorphic to the union of two
copies of Y1(N)Fp , fibered over the supersingular locus. Since the curve Y
has semistable reduction, one may compare its cohomology over the generic
fibre with the cohomology of the special fibre. This yields a description of the
Hecke/Galois module H0

et(BFp
,Qℓ) in terms of weight 2 modular forms. This

description of H0
et(BFp

,Qℓ) can also be deduced from the Langlands/Kottwitz

method and application of the trace formula, as we explain in an introductory
chapter to our thesis [19, Chap. 1].
For higher dimensional Shimura varieties it is difficult to describe the basic
stratum geometrically. Several complications occur because usually the basic
stratum B is a non-finite, non-smooth variety1. There are geometric descrip-
tions on the structure of the basic stratum, but only under very restricted
conditions. For example Vollaard and Wedhorn [32] obtained a geomteric de-
scription of the basic stratum, if GR is the group GU(n− 1, 1), and the prime
p of (good) reduction is non-split. These restricted classes of Shimura vari-
eties are still very interesting as they are certain arithmetic quotients of the
n-dimensional complex unit ball. However, one would like to know what the
basic stratum looks like in general. Since general geometric results seem cur-
rently out of reach, it is therefore interesting to see that it is possible to describe

1On a positive side, the basic stratum B should always be a projective variety. However,
the author must admit that he is unaware of a proof nor a reference of this fact for general
non-projective Shimura varieties.
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the cohomology of the basic stratum for general classes of Shimura varieties.
In this article we answer the question for the simple, unitary Shimura varieties
of Kottwitz at split primes of good reduction.
This article is a sequel to the article [20]. In [20] we have already studied the
above problem, but under strong simplifying conditions on the signatures. The
varieties are associated to certain division algebras over Q with involution of
the second kind; we call such varieties Kottwitz varieties. In [20] we assumed
that the signatures of the unitary group U ⊂ G are coprime with n. This
hypothesis greatly simplifies the geometry and cohomology of B; completely
new phenomena occur when the hypothesis is dropped. In this article we solve
all the resulting problems when one removes the hypothesis from the theorem
in case the prime p of reduction is split in the center of the division algebra
defining the Kottwitz variety. A consequence of our final result is an automor-
phic expression for the ℓ-adic cohomology of the basic stratum of Kottwitz’s
varieties at split primes of good reduction. The expressions are in terms of:
(1) Automorphic forms on the group G of the Shimura datum, (2) The factor
at p of their associated Galois representations, and (3) Polynomials in qα of
combinatorial nature, associated to certain non-crossing lattice paths in the
plane Q2. In particular we describe the zeta function of the basic stratum in
terms of the objects (1), (2) and (3) above.
The first part of the proof is the same as the one we carried out in [20], and
we will be only very brief on that part of the argument. This first part roughly
consists of 3 steps:

• Truncate the formula of Kottwitz for Shimura varieties of PEL-type [17]
to count the number of points in the basic stratum.
• Pseudo-stabilize the expression using the arguments from [16] (cf. [15]).
• Compare the resulting stable expression with the geometric side of the

trace formula.

Carrying out this program, we obtained in [20] the formula

(0.1)

∞∑

i=0

(−1)iTr (f∞p × Φαp ,H
i
et(BFq

,Qℓ)) = |Ker1(Q, G)| · Tr (f,A(G)).

In this formula we have

• A(G) = L2(G(Q)\G(A), ω) is the space of automorphic forms on G
with respect to inverse ω of the central character of ξ;
• Φp is the geometric Frobenius of Fq over Fq;
• (one fixes the choice of an isomorphism Qℓ ∼= C to compare the left

hand side with the right hand side);
• The function f is a tensor product f∞⊗ f∞p⊗ fp, of a function f∞ on
G(R), a function f∞p on G(Apf ), and a function fp on G(Qp), where

– f∞p is an arbitrary Kp-bi-invariant, locally constant compactly
supported complex valued function on G(Apf ).
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– The function f∞ on G(R) is up to scalar the Euler-Poincaré func-
tion corresponding to the representation ξ (for the value of the
scalar, see [16, Lem. 3.2]).

– The component fp is a the pointwise product χGc fα, where
∗ the function χGc is the characteristic function on G(Qp) of

the set of compact elements in G(Qp);
∗ the function fα is the function of Kottwitz. It arises by base

change from G(Ep,α) to G(Qp) of a spherical function φα on
G(Ep,α); the function φα is the characteristic function of the
subsetG(OEp,α)µ(p−1)G(OEp,α) ⊂ G(Ep,α), with respect to
the choice (any choice) of reductive model of G over Zp.

• Ker1(Q, G) is the set of classes σ ∈ H1(Q, G) such that for all rational
places v of Q the restricted class σv ∈ H1(Qv, G) is trivial.

Once Equation (0.1) is established, the second step is to compute Tr (χGc f, π)
for each automorphic representation π occurring in A(G), and it is this second
step that we carried out only partially in [20]. The problem is local at p: One
needs a satisfactory expression for the traces Tr (χGc fα, πp) against the local
representations πp of G(Qp). We will not solve this local problem completely in
this article: We only solve the problem in sufficient generality for global appli-
cations. More precisely, we only compute the compact trace Tr (χGc fα, πp) for
the class of rigid representations of G(Qp). All representations πp that occur
as a factor at p of an automorphic representation π of G are rigid. The rigid
representations form a very restricted subclass of all smooth representations of
G(Qp). Using base change, Jacquet-Langlands and the Moeglin-Waldspurger
description of the discrete spectrum of GLn, we describe the rigid representa-
tions precisely. Then, we compute the compact traces of fα against all rigid
representations.
Let us explain this last computation in more detail. Since our group G(Qp)
is isomorphic to a product of general linear groups, the computation quickly
reduces to a computation with general linear groups. Furthermore, it is quite
easy to see that Tr (χGc fα, πp) vanishes unless πp has an invariant vector for
the action of the Iwahori subgroup (the representation πp is semistable). Thus
cuspidal representations πp do not appear in the description. A semistable
representation π of GLn(Qp) is called standard if it is isomorphic to a product
(see §2) of essentially square integrable representations. The computation of
the compact trace Tr (χGc fα, π) on a square-integrable representation is easy,
and using van Dijk’s formula adapted for compact traces [20, Prop. 3], we
easily deduce formulas for compact traces on the standard representations.
Inside the Grothendieck group of smoothG(Qp)-representations of finite length,
any semistable irreducible representation π may be2 (uniquely) written as a
sum π =

∑
I cI · I where I ranges over the standard representations, and

the coefficients cI ∈ C are 0 for all but finitely many I. Consequently the

2Zelevinsky proved in [33] that the standard representations form a basis of the
Grothendieck group of the category of smooth GLn(Qp)-representations of finite length.
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compact trace Tr (χGc f, π) equals
∑

I cITr (χGc f, I). There are two steps to
compute Tr (χGc f, π): (Prob1) Know the coefficients cI and (Prob2) Make the
sum

∑
I cITr (χGc f, I). The first problem (Prob1) is related to the Kazhdan-

Lusztig conjecture3. The “Kazhdan-Lusztig theorem”of Beilinson-Bernstein [3]
(and [13]) interprets the multiplicity of any given irreducible representation π
in the representation I, as the dimension of certain intersection cohomology
spaces, and also as the value at q = 1 of certain Kazhdan-Lusztig polynomials.
Combining all these theorems gives expressions for the sum

∑
I cITr (χGc f, I);

however they are far from satisfactory. The coefficients cI , even though they are
known, depend on dimensions of complicated cohomology spaces. Furthermore,
the coefficients cI can be negative, and the sum

∑
I cITr (χGc f, I) has in general

a lot of redundancy. Thus Problem 2 seems (to the author) very non-trivial.
To compute the sum

∑
I cITr (χGc f, I) we restrict our attention to the rigid rep-

resentations only. Any rigid representation is a product of unramified twists of
Speh representations, and therefore we reduce to the class of Speh representa-
tions. A deep theorem of Tadic completely resolves the first problem (Prob1)
for the Speh representations. The coefficients cI turn out to be −1, 0 or 1
for these representations (precise statement in Theorem 2.3). Still the sum∑

I cITr (χGc f, I) remains very redundant; in fact most of the terms cancel
out against each other. To evaluate the sum, we give an interpretation of the
traces Tr (χGc f, I) as certain lattice paths in Q2. Using a variation on a classical
lemma in combinatorics [30, Thm. 7.2.1], we see that only the non-intersecting
paths remain in the sum, all other terms cancel out.
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1. Notation

In Sections 1–13 we will work (almost) exclusively with the group GLn over a
non-Archimedean local field. Let us set up the principal notation.

• p is a prime number.
• F is a non-Archimedean local field with residue characteristic equal to
p.
• F is a fixed algebraic closure of F .

3This conjecture is a theorem, see [5, Thm. 8.6.23].
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• OF is the ring of integers of F .
• ̟F ∈ OF is a prime element of F .
• q = #(OF /̟F ) is the cardinality of the residue field of F .
• n is a positive integer.
• Gn = GLn(F ) (often we write simply G = Gn when n is understood).
• K = GLn(OF ).
• H(G) for the Hecke algebra of complex valued, locally compact con-

stantly supported functions on G. The product f ∗ h of two func-
tions f, h ∈ H(G) is defined by the convolution integral (f ∗ h)(g) =∫
G f(x)h(x−1g)dx with measure dx normalized so that the group
K ⊂ G has volume 1. The algebra H(G) is associative, but it does
not have a unit element.
• H0(G) is the K-spherical Hecke algebra of G, i.e. the algebra of f ∈
H(G) such that f is invariant under left and right K-translations.
• We write 1K for the characteristic function of the subset K ⊂ G. Then

1K is the unit element of the algebra H0(G).
• The group P0 ⊂ G is the standard upper triangular Borel subgroup of
G with P = TN0, where T is the diagonal torus of G, and N0 is the
group of upper triangular unipotent matrices in G.
• a parabolic subgroup P of G standard if it is upper triangular, and we

write P = MN for its standard Levi decomposition.

A partition of n is a finite, non-ordered list of non-negative numbers whose sum
is equal to n. A composition of n is a finite, ordered list of positive numbers
whose sum is equal to n. To each a composition (na) of n we attach the
standard parabolic subgroup

P(na)
def
=

{(
g1 ∗

. . .
0 gk

)
∈ Gn

∣∣∣∣∣ ga ∈ Gna

}
⊂ Gn.

We write M(na) = Gn1 × Gn2 × · · · × Gnk for the standard Levi-subgroup of
P(na).
Finally, to each parabolic subgroup P ⊂ G we attach the sign εP :=
(−1)dimAP /AG , where AG (resp. AP ) is the center of G (resp. P ). For
P = P(na) we have εP = (−1)n−k.

2. Tadic’s determinantal formula

We recall an important character formula of Tadic for the Speh representations.
This formula is a crucial ingredient for our computations.
Let m,m′ ∈ Z≥1. If π (resp. π′) is a smooth admissible representation of Gm
(resp. Gm′), then we write π × π′ for the Gm+m′ -representation parabolically
induced (unitary induction) from the representation π⊗π′ of the standard Levi
subgroup consisting of two blocks, one of size m, and the other one of size m′.
The tensor product π ⊗ π′ in the above formula is taken along the blocks of
this Levi subgroup. We write R for the direct sum

⊕
n∈Z≥0

Groth(Gn) with

the convention that G0 is the trivial group. The group G0 has one unique
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irreducible representation σ0 (the space C, with trivial action). The operation
“direct sum of representations” together with the product “×” turns the vector
space R into a commutative C-algebra with σ0 as unit element. We call it the
ring of Zelevinsky.
We write ν for the absolute value morphism from GL1(F ) = F× to C×. By a
segment S = 〈x, y〉 we mean a set of numbers {x, x+ 1, . . . , y} where x, y ∈ Q,
y − x ∈ Z, and where we need to explain the conventions in case y ≤ x. In
case y is strictly smaller than x − 1, then 〈x, y〉 = ∅; in case x is equal to y,
the segment 〈x, y〉 = {x} has one element. We have one unusual convention:
For y = x − 1 we define the segment 〈x, y〉 to be the set {⋆} of one element
containing a distinguishing symbol“⋆”. The length ℓ(S) of a segment S = 〈x, y〉
is defined to be y−x+ 1. Thus the segment {⋆} has length 0, the segment {x}
has length 1, the segment {x, x+ 1} has length 2, etc.
For any segment 〈x, y〉 with y ≥ x we write ∆〈x, y〉 for the unique irreducible
quotient of the induced representation νx × νx+1 × · · · × νy. We define ∆{⋆}
to be σ0 (the one-dimensional representation of the trivial group GL0(F )), and
we define ∆〈x, y〉 to be 0 in case y < x− 1. For any segment S of non-negative
length the object ∆S is a representation of the group GLn(F ), where n is the
length of S.
For the standard properties of segments we refer to Zelevinsky’s work [33]
(cf. [28]), but note that our conventions are slightly different, because we allow
rational numbers in the segments and we have the segment {⋆}.
For any finite ordered list of segments S1, S2, . . . , St we have the product rep-
resentation π := (∆S1) × (∆S2) × · · · × (∆St). Observe that, due to our
conventions, in case Sa = {⋆} for some a, then ∆Sa is the unit in R, and

π =
∏t
b=1,b6=a ∆Sb ∈ R. In case Sa = ∅ for some index a, then we have π = 0

in R.

Definition 2.1. We write StG for the Steinberg representation of the group
G. This representation is by definition the (unique) irreducible quotient of
the space of locally constant compactly supported complex valued functions on
P0\G, on which G acts by right translations.

Definition 2.2. Let t, h be positive integers such that n = th. We de-
fine Speh(h, t) to be the (unique) irreducible quotient of the representation

StGhν
t−1
2 ×· · ·×StGhν

1−t
2 . This representation has t segments, Sa = 〈xa, ya〉,

a = 1, . . . , t, where xa = t−h
2 − (a − 1), ya = t+h

2 − a. Observe that, for
each index a, we have ℓSa = h. Furthermore, for each index a < t, we have
xa+1 = xa − 1 and ya+1 = ya − 1.

Let S1 = 〈x1, y1〉, S2 = 〈x2, y2〉, . . . , St = 〈xt, yt〉 be an ordered list of segments
defining a representation of the group G = GLn(F ). Let St be the symmetric
group on {1, 2, . . . , t}. For any w ∈ St we define the number nwa to be ya −
xw(a) + 1. One checks easily that

∑k
a=1 n

w
a = n. The numbers nwa need not

be positive. We define S′
t ⊂ St to be subset consisting of those permutations

w ∈ St such that the numbers nwa are positive or 0. If the permutation w lies
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in the subset S′
t ⊂ St, then (nwa ) is a composition of n. Assuming that w ∈ S′

t

we will write Pw = MwNw for the parabolic subgroup of G corresponding to
the composition (nwa ).
Let w ∈ S′

t. We define the segments Sw1 := 〈xw(1), y1〉, Sw2 := 〈xw(2), y2〉, . . .,
Swt := 〈xw(t), yt〉. We have ℓ(Swa ) = nwa . We let ∆w be the representation
of Mw defined by (∆Sw1 ) ⊗ · · · ⊗ (∆Swt ), where the tensor product is taken
along the blocks of Mw. The representation Iw is defined to be the product
∆Sw1 ×∆Sw2 × · · · ×∆Swt , i.e. it is the (unitary) parabolic induction IndGPw∆w

of ∆w to G. In case w ∈ St\S′
t we define both ∆w and Iw to be 0.

Remark. It is possible that Swa = {⋆} for some permutation w. In that case
the representation ∆Swa is the unit element σ0 of R, and thus can be left out
of the product that defined Iw.

In this notation we have the following theorem:

Theorem 2.3 (Tadic). Let π be a Speh representation of G and let S1 =
〈x1, y1〉, S2 = 〈x2, y2〉, . . . St = 〈xt, yt〉 be its segments. The representation π
satisfies Tadic’s determinantal formula

(2.1) π =
∑

w∈St

sign(w)Iw ∈ R.

Proof. This theorem was first proved by Tadic in [31] for Speh representations
with a difficult argument. Chenevier and Renard give a simpler proof of The-
orem 2.3 in [4]. Also Badulescu gives a simpler proof in the note [2] using the
Moeglin-Waldspurger algorithm [25]. Recently Lapid and Minguez [23, Thm. 1]
extended the formula to the larger class of ladder representations. �

Remark. By the definition of the subset S′
t ⊂ St we have for all w ∈ St that

Iw 6= 0 if and only if w ∈ S′
t, and thus we may as well index over the elements

w ∈ S′
t in the sum in the above theorem. In the cases where the inclusion

S′
t ⊂ St is strict, the subset S′

t is practically never a subgroup of St, it will
neither be closed under composition nor contain inverses of elements.

The reason we call the formula of Theorem 2.3 the determinantal formula of
Tadic, is the observation of Chenevier and Renard [4], who recognized that
Equation (2.1) can be written as a determinant of a t× t-matrix over the ring
R:

π = det




∆〈x1, y1〉 ∆〈x1, y2〉 · · · ∆〈x1, yt〉
∆〈x2, y1〉 ∆〈x2, y2〉 · · · ∆〈x2, yt〉

...
...

...
∆〈xt, y1〉 ∆〈xt, y2〉 · · · ∆〈xt, yt〉


 ∈ R.

3. The Satake transform

Let P = MN ⊂ G be a standard parabolic subgroup of G, and let f ∈ H(G)
be a locally constant function on G. Then we define the constant term f (P ) ∈
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H(M) by the formula

f (P )(m) = δ
1/2
P (m) ·

∫

N

f(mn)dn,

for all m ∈M , and where

• δP is the modulus character of P , i.e. δP (m) = | det(m,Lie(N))|;
• the integral is taken with respect to the left Haar measure of N giving

the group K ∩N measure 1.

In case f is K-spherical, then f (P ) is KM = M(OF )-spherical, and the constant
term f 7→ f (P ) defines a morphism of algebras H0(G) → H0(M). In case

T = M we have the obvious isomorphism H0(T )
∼→ C[X±1

1 , . . . , X±1
n ], under

which the characteristic function of the subset q−e1O×
F×q−e2O×

F×· · · q−enO×
F ⊂

(F×)n = T , corresponds to the monomial Xe1Xe2 · · ·Xen in C[X±1
1 , . . . , X±1

n ]
for all (ei) ∈ Zn. The composition of the constant term H0(G)→ H0(T ) with
the isomorphismH0(T ) ∼= C[X±1

1 , . . . , X±1
n ] is called the Satake morphism, and

is denoted SG or simply S if G is understood. Satake proved [29] that the map
is injective, and has image equal to the algebra A = C[X±1

1 , . . . , X±1
n ]Sn where

Sn is the Weyl group of T in G; it is the symmetric group on the set {1, . . . , n}
acting on X1, . . . , Xn through its natural permutation action.
If P = MN ⊂ G is a standard parabolic subgroup corresponding to the com-
position (na), then we have a commutative diagram

f
❴

��

H0(G)

��

SG // C[X±1
1 , . . . , X±1

n ]Sn� _

��
f (P ) H0(M)

SM // C[X±1
1 , . . . , X±1

n ]Sn1×Sn2×···×Snk

The conceptual way to think about the algebra C[X±1
1 , . . . , X±1

n ] is as the
symmetric algebra C[X∗(T )] on the lattice of cocharacters of T . Similarly A

is the algebra of Weyl group invariant elements in C[X∗(T )]. Write Ĝ, T̂ , M̂
for the complex dual groups of G, T,M . Then C[X∗(T )] is the algebra of

regular algebraic functions on T̂ , A is the algebra of algebraic functions on

T̂ /Sn, and the Hecke algebra of M is the space of regular algebraic functions

on T̂ /Sn1 ×Sn2 × · · · ×Snk .
If π is an unramified representation of G, then the space of K-invariants πK

is one-dimensional, and induces a surjection H0(G) → End(πK) = C. We get

an element ϕG,π ∈ SpecMax(H0(G)) = T̂ /Sn which may be identified with a

semisimple element ϕG,π ∈ Ĝ, well-defined up to conjugacy. This element is
called the Hecke matrix of π. For example, if π is the trivial representation
of G, then an element f ∈ H0(G) acts on π by multiplication with the degree
deg(f) =

∫
G f(g)dg. By the Iwasawa decomposition G = KP0 we have

∫

G

f(g)dg =

∫

P0

∫

K

f(kp)dpdk =

∫

P0

f(p)dp =

∫

T0

δ
−1/2
P0

(t) · f (P0)(t)dt
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= 〈S(f), ρG〉,

where ρG =
(
n−1
2 , n−1

2 , . . . , 1−n2
)
∈ X∗(T )⊗ Z[1/2] is the half sum of the pos-

itive roots of G. Equivalently, 〈S(f), ρG〉 is the evaluation of S(f) ∈ C[T̂ /Sn]
at the point

(3.1) ϕG,Triv =

(
q
n−1
2 , . . . , q

1−n
2

)
∈ T̂ ,

(the Hecke matrix of the trivial representation).

4. Weyl chambers and truncation of Hecke functions

Let P ⊂ G be a parabolic subgroup corresponding to the composition (na) of n.
Let k be the length of na. Write aP for the space X∗(AP )⊗R, where AP ⊂ P is
the center of P . We write a0 = aP0 . Let aP ⊂ a0 be the set of (xi) ∈ Rn so that
x1 = . . . = xn1 , . . ., xn1+...+nk−1+1 = . . . = xn. The acute Weyl chamber a+P in

aP is the set of (xa) ∈∏k
a=1R

na = Rn such that for all indices a = 1, . . . , k− 1
we have xa ∈ Rna , and 1

na

∑na
i=1 xa,i >

1
na+1

∑na+1

i=1 xa+1,i. The obtuse Weyl

chamber +aP in aP is the set of (xi) ∈ Rn so that for all a we have

x1 + . . .+ xna >
n1 + n2 + . . .+ na

n
(x1 + x2 + . . .+ xn).

Let X = Xe1
1 · · ·Xen

n ∈ C[X±1
1 , . . . , X±1

n ] = C[X∗(T )] = A be a monomial.
We may view X∗(T ) as a lattice inside the space a0. Let πP : a0 → aP be
the canonical projection. Let f 7→ χNf be the endomorphism of A sending
X ∈ X∗(T ) to X if πP (X) ∈ a+P and to 0 if πP (X) /∈ a+P . Similarly, let f 7→ χ̂Nf
be the endomorphism of A sending X ∈ X∗(T ) to X if πP (X) ∈ +aP , and to
0 if πP (X) /∈ +aP ). Via the Satake isomorphism H0(T ) ∼= A we transport the
endomorphisms f 7→ χNf , f 7→ χ̂Nf to endomorphisms of H0(T ).

5. Functions of Kottwitz

We introduce the functions of Kottwitz fnαs that will be used later in the paper:

Definition 5.1. Let n and α be positive integers, and let s be a non-negative
integer with s ≤ n. We call the number s the signature, and we call the number
α the degree. The function fnαs ∈ H0(G) is the spherical function whose Satake
transform is

qαs(n−s)/2
∑

ν∈Sn·µs
[ν]α = qαs(n−s)/2

∑

I⊂{1,...,n},#I=s

∏

i∈I
Xα
i ∈ A.(5.1)

We put fnαs = 0 when n, α, s ∈ Z≥0 are such that n < s. We will call fnαs a
simple Kottwitz function.
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6. Compact traces

We introduce the notion of compact trace for the group G (cf. [6], [20, §2.2], [20,
p. 509]). An element g ∈ G is compact if the roots αi ∈ F of its characteristic
polynomial charpol(g) = det(1−Xg) ∈ F [X ] all have the same absolute value.
We write χGc for the characteristic function of the set of compact elements
in G. If g lies inside a standard Levi subgroup M of G, then there are two
inequivalent notions of compactness: (1) g ∈M can be M -compact, (2) g ∈ G
can be G-compact. Write M =

∏
iGna , then the element g ∈M is M -compact

if ga ∈ Gna is compact for all a. We write χMc for the characteristic function
on M of the set of M -compact elements.
There is a notion of compactness and compact traces for general unramified
reductive groups G′: A semisimple element γ ∈ G′ is compact if for some (any)
maximal torus T ′ in G′ containing γ the absolute value |α(γ)| equals 1 for
all roots α of T ′ in Lie(G′). A non-semisimple element of G′ is compact if
its semisimple part is compact. Let π be a smooth G-representation of finite
length and f a locally constant, compactly supported function on G. Harish-
Chandra proved that there is a locally integrable function θπ on G such that
for all f ∈ H(G) the trace Tr (f, π) is given by the integral

∫
Grs

f(g)θπ(g)dg
where Grs ⊂ G is the subset of regular semisimple elements. In this paper we
are interested in the compact trace, Tr c(f, π), which is defined by taking the
integral over the set Gc compact, regular semisimple elements,

∫
Gc
f(g)θπ(g)dg

(cf. [6]). Equivalently, write χGc f for the pointwise product of f with χGc ; then
Tr c(f, π) = Tr (χGc f, π).

7. Lattice paths and the Steinberg representation

Fix an integer s with 0 ≤ s ≤ n, and α ∈ Z≥1. We express the compact trace
of the functions fnαs on the Steinberg representation in terms of certain lattice
paths in Q2.
Let A+ be the polynomial ring C[qa|a ∈ Q] of rational, formal powers of the
variable q. Equivalently, A+ is the complex group ring C[Q+] of the additive
group Q+ underlying Q.

Definition 7.1. A path L in Q2 is a sequence of points ~v0, ~v1, ~v2, . . . , ~vr such
that ~vi+1 − ~vi = (1, 0) (east), or ~vi+1 − ~vi = (1, 1) (north-east). The starting
point of L is ~v0 and the end point is ~vr; the number r is the length. An eastward
step (1, 0) has weight 1 and a north-eastward step (a, b) → (a + 1, b + 1) has
weight q−α·a ∈ A+. The weight of the path L is defined to be the product in
A+ of the weights of its steps.

Remark. We allow paths of length zero; such a path consists of one point ~v0
and no steps. The weight of a path of length 0 is equal to 1. The paths of
length 0 correspond to compact traces on the special segments {⋆} introduced
earlier.

Definition 7.2. Let L be a path in Q2. Connect the starting point ~v0 of L
with its end point ~vr via a straight line ℓ. Then L is called a Dyck path if all
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of its points ~va lie on or below the line ℓ in the plane Q2. The Dyck path is
called strict if none of its points ~va other than the initial and end point, lies on
the line ℓ. Let ~x, ~y be two points in Q2. Then we write Dycks(~x, ~y) ∈ A+ for
the sum of the weights of all the strict Dyck paths that go from the point ~x to
the point ~y. We call the polynomial Dycks(~x, ~y) the strict Dyck polynomial.

There are also non-strict Dyck polynomials Dyck(x, y) but we are not concerned
with those in this section; they will become important later, when we compute
the compact traces on the trivial representation.
Using obtuse and acute Weyl chambers we will define truncations of the Satake
transforms of elements in H0(G). Those truncations will be best understood
graphically. We first extend the notion of a path slightly to the concept of a
graph.

Definition 7.3. A graph in Q2 is a sequence of points ~v0, ~v1, . . . , ~vr with ~vi+1−
~vi = (1, ei), where ei is an integer.

Let ℓs,n ⊂ Q2 be the line of slope s
n going through the origin. We will often

abuse notation, and write simply ℓ = ℓs,n. If x ∈ Q, then we write ℓ(x) for the
point (x, snx) on the line ℓ.

Definition 7.4. To a monomial X = Xe1
1 X

e2
2 · · ·Xen

n ∈
C[X±1

1 , X±1
2 , . . . , X±1

n ], with ei ∈ Z and
∑n
i=1 ei = s we associate the

graph GX with points ~v0 := ℓ(1−n2 ), and for i = 1, . . . , n, the point ~vi is defined
by

~v0 +
(
i, en + en−1 + . . .+ en−(i+1)

)
∈ Q2.

Definition 7.5. We define the weight of a step (a, b) → (a + 1, b + e) to be
q−α·e·a ∈ A+, and the weight of a graph is the product of the weights of its
steps.

Lemma 7.6. Let X = Xe1
1 Xe2

2 · · ·Xen
n ∈ C[X±1

1 , X±1
2 , . . . , X±1

n ] be a monomial
of degree

∑n
i=1 ei = s. Let G = GX be the graph of X. Then

• the end point of the graph is ℓ(n−1
2 + 1) ∈ Q2;

• the evaluation of X at the point ϕG,Triv ∈ T̂ is equal the weight of the
graph GX .

Furthermore, the following 3 statements are equivalent:

(i) χ̂N0X = X;
(ii) e1 + e2 + . . .+ ei >

s
n i, for all indices i < n;

(iii) the graph GX lies strictly below the line ℓ.

Proof. The fact stated in the first bullet point is trivial. The second point
follows from Equation (3.1). The equivalence of (i)-(iii) is also formal (details
can be found in the proof of [20, Prop. 5]). �

Lemma 7.7. Consider the representation π = 1T (δ
1/2
P0

) of the group T .
Let f be a function in the spherical Hecke algebra of T . Then the trace
of f against π is equal to the evaluation of S(f) ∈ A at the point

(q(1−n)/2, q(3−n)/2, . . . , q(n−1)/2) ∈ T̂ .
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Proof. The character δ
1/2
P0

on T maps an element (t1, t2, . . . , tn) to the complex

number |t1|(n−1)/2|t2|(n−3)/2 · · · |tn|(n−1)/2. To any (rational) cocharacter ν ∈
X∗(T ) we may associate the composition (δ

1/2
P0
◦ ν) : F× → T → C×. We

evaluate this composition at the prime element ̟F ∈ F×. Thus we have

an element of the set Hom(X∗(T ),C×) = T̂ (C) where the last isomorphism

is given by X∗(T̂ ) ⊗Z C× ∋ ν ⊗ z 7→ ν(z) ∈ T̂ (C). We have T = (F×)n

and thus we have the standard basis ei on X∗(T ). This corresponds to the

standard basis ei on X∗(T̂ ). If we take ν = ei in (δ
1/2
P0
◦ ν)(̟F ) then we

get (δ
1/2
P0
◦ ei)(̟F ) = |̟F |(n−1)/2−i+1 = q(1−n)/2+i−1. This completes the

verification. �

Lemma 7.8. The compact trace Tr (χGc fnαs, StG) on the Steinberg representa-
tion is equal to the polynomial (−1)n−1qs(n−s)α/2 · Dycks(ℓ((1 − n)/2), ℓ((n −
1)/2 + 1)) ∈ A+.

Proof. This lemma is a translation of [20, Prop. 7] using Lemma 7.6. �

Compact traces are compatible with twists:

Lemma 7.9. Let χ be an unramified character of F×, π a smooth irreducible
G representation. Then Tr (χGc fnαs, π ⊗ χ) = χ(̟αs

F ) · Tr (χGc fnαs, π).

Proof. [20, Lem. 2]. �

Lemma 7.10. Assume that π is an essentially square integrable representation
of the form ∆S, where S = 〈x, y〉 is a segment of length n. The compact trace
Tr (χGc fnαs,∆〈x, y〉) equals (−1)n−1 · qs(n−s)α/2 ·Dycks(ℓ(x), ℓ(y + 1)).

Proof. The representation (∆S)⊗ ν−x+(1−n)/2 is the Steinberg representation,
and so Lemma 7.8 applies to it. The result then follows from Lemma 7.9. �

8. Lattice t-paths and standard representations

We describe the compact traces on the standard representations of G using
‘t-paths’.

Definition 8.1. Let t be a positive integer. Let ~x = (~xa) and ~y = (~ya) be
two ordered lists of points in Q2, both of length t. A t-path from ~x to ~y is the
datum consisting of, for each index a ∈ {1, 2, . . . , t}, a path La from the point
~xa to the point ~ya.

A t-path (La) is called a Dyck t-path if all the paths La are Dyck paths. The
Dyck path (La) is called strict if, for each index a, no point ~vi of La other than
~v0 and ~vr lies on the line ℓ. The weight weight(La) of a t-path (La) is the prod-
uct of the weights of the paths La, where a ranges over the set {1, 2, . . . , t}. We
extend the definition of the strict Dyck polynomial Dycks(~x, ~y) ∈ A+ also to t-
paths: The polynomial Dycks(~x, ~y) ∈ A+ is by definition the sum of the weights
of the strict Dyck t-paths from the points (~xa) to the points (~ya). The Dyck

polynomial Dycks(~x, ~y) decomposes into the product
∏t
a=1 Dycks(~xa, ~ya) ∈ A+.
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Lemma 8.2. Let S1 = 〈x1, y1〉, S2 = 〈x2, y2〉, . . . , St = 〈xt, yt〉 be a list of
segments and let I be the representation (∆S1) × (∆S2) × · · · × (∆St). The
compact trace Tr (χGc fnαs, I) is equal to (−1)n−tqs(n−s)α/2Dycks(~x, ~y), where
for the indices a = 1, . . . , t we have ~xa := ℓ(xa) and ~ya := ℓ(ya + 1).

Proof. Let P be the parabolic subgroup of G corresponding to the composition
n =

∑t
a=1 ℓ(Sa) of n. Let χGM be the characteristic function on M of the

subset of elements m = (ma) ∈ ∏t
a=1Gℓ(Sa) = M such that

∏b
a=1 | det(ma)| =

| det(m)|
1
n

∑b
a=1 na for all b ≤ t. Then χGc = χGMχ

M
c holds on M . By the

integration formula of van Dijk for compact traces [20, Prop. 3] we have

Tr (χGc f, I) = Tr
(
χGc f

(P )
nαs, (∆S1)× (∆S2)× · · · × (∆St)

)

= Tr
(
χMc χ

G
Mf

(P )
nαs, (∆S1)× (∆S2)× · · · × (∆St)

)
.(8.1)

By [20, Prop. 4] the constant term χGc f
(P )
nαs is equal to qαC(~n,~s)fnαs1 ⊗ fnαs2 ⊗

· · · ⊗ fnαst where ~n := (na)ta=1, ~s := (sa)ta=1, sa := nas/n, and C(~n,~s) :=
1
2s(n− s) − 1

2

∑t
a=1 sa(na − sa). The constant term χGc f

(P )
nαs vanishes in case

one of the numbers sa is non-integral. We have (χGc f
(P )
nαs)(P0∩M) = χGMχ

M
c f

(P0)
nαs .

Consequently, one may rewrite the trace in Equation (8.1) to the product

qαC(~n,~s)
∏t
a=1 Tr (χ

Gna
c fnaαsa ,∆Sa). By Lemma 7.10 we obtain

qαC(~n,~s)
t∏

a=1

(−1)na−1qsa(na−sa)α/2Dycks(ℓ(xa), ℓ(ya + 1)).

Note that the vertical distance between the point ~ya and the point ~xa has to be
integral before paths can exist. Therefore the expression in this last Equation
simplifies to the one stated in the lemma and the proof is complete. �

9. Non-crossing paths

We express the compact traces on Speh representations in terms of non-crossing
lattice paths.
We call a t-path (La) crossing if there exists a couple of indices a, b with a 6= b
such that the path La has a point ~v ∈ Q2 in common with the path Lb. There
is an important condition:

• The point ~v of crossing must appear in the list of points ~va,i that define
La and it must also occur in the list of points ~vb,i that define Lb

(Because we work with rational coordinates, the point of intersection could a
priori be a point lying halfway a step of a path (for example). We are ruling
out such possibilities.)
We write Dyck+

s (~x, ~y) for the sum of the weights of the non-crossing strict Dyck
t-paths. Let π be the Speh representation of G associated to the Zelevinsky
segments 〈x1, y1〉, 〈x2, y2〉, . . . , 〈xt, yt〉 with x1 > x2 > . . . > xt and y1 > y2 >
. . . > yt. We define the points ~xa := ℓ(xa) ∈ Q2 and ~ya := ℓ(ya + 1) ∈ Q2,
for a = 1, 2, . . . , t. The group St acts on the free Q2-module Q2t = (Q2)t by
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Figure 1. An example of a 3-path corresponding to the repre-
sentation π of GL54(F ) defined by the segments 〈3, 20〉, 〈2, 19〉
and 〈1, 18〉. We take s = 27 and we take the permutation
w = (13) ∈ S′

3. The 3 dots on the lower left hand corner are
the points ~x1, ~x2 and ~x3 in Q2 respectively; the points ~y1, ~y2
and ~y3 are in the upper right corner. Observe that this 3-path
is non-strict.

sending the a-th standard basis vector ea ∈ (Q2)t to the basis vector ew(a) ∈
(Q2)t. Thus if we have the vector ~x ∈ Q2t, then we get the new vector ~xw

whose a-th coordinate ~xwa ∈ Q2t is equal to w(a)-th coordinate of the vector ~x.
Note that the difference s

n · (ya + 1)− s
n · xa need not be integral, in this case

there do not exist paths from the point ~xwa ∈ Q2 to ~ya ∈ Q2.
Let π be a Speh representation of type (h, t). The points ~xa ∈ Q2 and ~ya ∈ Q2

lie on the line ℓ ⊂ Q2, and the point ~xa lies on the left of the point ~ya with
horizontal distance ya+1−xa = ℓ(Sa) = h. The two lists of points may overlap:
There could exist couples of indices (a, b) such that ~xa = ~yb. All points ~xa and
~yb are distinct if we have h ≥ t (cf. Figure 1).
Assume h ≥ t. Then, because all the points ~xa, ~yb are distinct, there is no
permutation w ∈ St such that one of the segments Swa = 〈xw(a), ya〉 is empty
or equal to {⋆} for some index a. In particular we have S′

t = St.

Definition 9.1. To any point ~v ∈ Q2 we associate the invariant ρ(~v) :=
p2(~v) ∈ Q/Z where p2 : Q2 → Q is projection on the second coordinate.

Remark. The horizontal distance between the point ~xb and the point ~ya is
integral for all indices. Therefore the invariant of the first coordinate is not of
interest. However, the vertical distance is the number swa = s

nn
w
a ∈ Q, which

certainly need not be integral.

Using this invariant we define a particular permutation w0 ∈ St:

Definition 9.2. Assume h ≥ t and assume that for each invariant ρ ∈ Q/Z
the number of indices a such that the point ~xa has invariant ρ is equal to
the number of indices a such that the point ~ya has invariant ρ. The element
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w0 ∈ St is the unique permutation such that for all indices a, b we have(
a < b and ρ(~xa) = ρ(~xb)

)

=⇒
(
w−1

0 (a) > w−1
0 (b) and ρ(~ya) = ρ(~yb) = ρ(~xa)

)
.

Remark. Observe that the permutation w0 depends on the integer s because
the heights of the points ~xa, ~ya, and therefore also their invariants depend on
s.

Remark. If our assumption on the invariants ρ(~xa) and ρ(~ya) in Definition 9.2
is not satisfied, then the permutation w0 cannot exist because it has to induce
bijections between sets of different cardinality.

One could also define the permutation w0 ∈ St inductively: First the index
w−1

0 (t) ∈ {1, 2, 3, . . . , t} is the minimal index b such that the points ~xt and
~yb have the same invariant. Next, the index w−1

0 (t − 1) ∈ {1, 2, 3, . . . , t} is

the minimal index b, different from w−1
0 (t), such that ~xa and ~yb have the same

invariant. And so on: w−1
0 (t−i) ∈ {1, 2, 3, . . . , t} is the minimal index b different

from the previously chosen indices w−1
0 (t), w−1

0 (t− 1), . . . , w−1
0 (t− i+ 1), such

that the points ~yb and ~xt−i have the same invariant.

Lemma 9.3. Let π be a Speh representation with parameters h, t with h ≥ t.
Let d be the greatest common divisor of n and s and write m for the quotient
n/d. Define the points ~xa := ℓ(xa) and ~ya := ℓ(ya + 1). The following two
statements are equivalent:

(i) for each invariant ρ ∈ Q/Z the number of indices a such that the point
~xa has invariant ρ is equal to the number of indices a such that the
point ~ya has invariant ρ

(ii) m divides t or m divides h

Proof. We first prove that “m|t⇒ (i)”. We have

(9.1) ρ(~xa+1) = ρ(~xa)− s
n ∈ Q/Z

and the same relation for the points ~ya. Therefore, if m divides t, then the
possible classes of the points ~xa are equally distributed over the subset s

nZ/Z ⊂
Q/Z, and every invariant occurs precisely t/m times. The same statement also
holds for the points ~ya, and in particular (i) is true. This proves the claim.
We prove that “m|h ⇒ (i)”. Assume m|h. Then the invariants of ~xa and ~ya
are the same for all indices a. Thus (i) is true.
We prove that “(m 6 | t and m 6 |h) ⇒ ((i) is false)”. Assume m 6 | t and m 6 |h.
We first reduce to the case where t < m. Assume t ≥ m. Consider the
lists of elements ρ(~x1), ρ(~x2), . . ., ρ(~xm), and ρ(~y1), ρ(~y2), . . ., ρ(~ym) of Q/Z.
By Equation (9.1) every possible class in s

nZ/Z occurs precisely once in both
lists. Thus, the truth value of (i) is not affected if we remove the elements
~x1, ~x2, . . . , ~xm and ~y1, ~y2, . . . , ~ym from the respective lists. Renumber the in-
dices and repeat this argument until t < m. Because we assumed that t did
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not divide m there remains a positive number of elements in the list ~xa and ~ya.
We renumber so that the indices range from 1 to t. Then we have reduced to
the case where 1 ≤ t < m. Now look at the two lists ρ(~x1), ρ(~x2), . . . , ρ(~xt) and
ρ(~y1), ρ(~y2), . . . , ρ(~yt). In both lists every class in Q/Z occurs at most once. We
assumed that m does not divide h, and therefore ρ(~x1) 6= ρ(~y1). If there does
not exist an index b such that ρ(~x1) = ρ(~yb), then (i) is false and we are done.
Thus assume ρ(~x1) = ρ(~yb) for some 1 < b ≤ t. By Equation (9.1) we then have
ρ(~yb−1) = ρ(~yb) + s

n = ρ(~x1) + s
n . The invariant ξ := ρ(~x1) + s

n ∈ Q/Z does
not occur in the list ρ(~x1), ρ(~x2), . . . , ρ(~xt). Thus, we have found an invariant,
namely ξ, occurring once in the list of invariants of the elements ~ya and does
not occur in the list of invariants of the elements ~xa. This contradicts (i) and
completes the proof. �

Theorem 9.4. Let π be a Speh representation with parameters h, t with h ≥ t.
Let d be the greatest common divisor of n and s and write m for the quo-
tient n/d. Define the points ~xa := ℓ(xa) and ~ya := ℓ(ya + 1) (for xa, ya, see
Def. 2.2). The compact trace Tr (χGc fnαs, π) on π is non-zero if and only if m
divides t or m divides h, and if the compact trace is non-zero, then it is equal
to (−1)n−tsign(w0)qs(n−s)α/2Dyck+

s (~xw0 , ~y), where the permutation w0 ∈ St

depends on s and is defined in Definition 9.2.

Proof. For a technical reason we assume that 0 < s < n in this proof. In case
s = 0 we have fnαs = 1GLn(OF ). All the elements in GLn(OF ) are compact

and therefore χGc fnα0 = fnα0. The compact trace becomes the usual trace and
the theorem is easy. A similar argument applies in case s = n. Thus we may
indeed assume 0 < s < n.
To ease notation, we write f = fnαs. By Theorem 2.3 the compact trace
Tr (χGc f, π) is equal to the combinatorial sum

∑
w∈St

sign(w)Tr (χGc f, Iw) for

any Hecke operator f ∈ H(G). We apply it to the Kottwitz functions f = fnαs.
We have S′

t = St because h ≥ t. Let w ∈ St. Thus we have the formula

(9.2) Tr (χGc f, π) =
∑

w∈St

sign(w) · Tr (χGc f
(Pw), Iw)

By Lemma 8.2 we get for f = fnαs,

(9.3) Tr (χGc f, π) = qs(n−s)α/2
∑

w∈St

sign(w) · εP0∩Mw ·Dycks(~x
w, ~y).

We apply a standard combinatorial argument4 to simplify the right hand side.
Put the lexicographical order “<” on Q2, i.e. for all ~u, ~v ∈ Q2 we have ~u < ~v
if and only if (~u1 < ~v1 or (~u1 = ~v1 and ~u2 < ~v2)). Let (La) be a strict Dyck
t-path from the points ~xw to the points ~y, and assume that (La) has at least one

4The Lindström-Gessel-Viennot lemma. The argument appears in many (almost) equiv-
alent forms in the literature. We learned and essentially copied it from Stanley’s book [30,
Thm 2.7.1]. Note however that, strictly speaking, the Theorem 2.7.1 there does not apply as
stated at this point in our argument. In the paragraph that follows we show that Stanley’s
argument may be adapted so that it does apply to our situation.
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point of crossing. In particular (La) is the datum consisting of, for each index
a, a path from ~xw(a) to ~ya. Let ~v ∈ Q2 be the point chosen among the points

of crossing minimal for the lexicographical order on Q2. Let (a, b) a couple of
different indices, minimal for the lexicographical order on the set of all such
couples, such that ~v lies on the path La and also on the path Lb. We define a
new path L′

a, defined by following the steps of Lb until the point ~v and then
following the steps of the path La. We define L′

b by following La until the point
~v and then continuing the path Lb. For the indices c with c 6= a, b we define
L′
c := Lc. Observe that (L′

a) is a t-path from the points ~x(ab)w to the points
~y. Furthermore, it is a Dyck path (with respect to this new configuration
of points), and we have weight(La) = weight(L′

a) because the weight is the
product of the weights of the steps, and only the order of the steps has changed
in the construction (La) 7→ (L′

a). The construction is self-inverse: If we apply
the construction to the path (L′

a) then we re-obtain (La). Both paths (La)
and (L′

a) occur in the sum of Equation (9.3). The sign εP0∩Mw is equal to
(−1)n−1(−1)t−1(−1)#{c∈{1,2,...,t} | ~xw(c)=~yc}. By the assumption that h ≥ t, the
points in the list ~x are all different to the points in the list ~y, and therefore
the sign εP0∩Mw equals (−1)n−t (and does not depend on the permutation w).
The sign of the permutation w is opposite to the sign of (ab)w. Consequently,
the contributions of the paths (La) and (L′

a) to Equation (9.3) cancel, and only
the non-crossing paths remain in the sum. We find

(9.4) Tr (χGc f, π) = (−1)n−tqs(n−s)α/2
∑

w∈St

sign(w) ·Dyck+
s (~xw , ~y).

We need a second notion of crossing paths, called topological intersection.
Here we mean that, when the t-path L is drawn in the plane Q2 there is
a point ~x ∈ Q2 lying on two paths La, Lb occurring in L. Because we
allow rational coordinates, topological intersection is not the same as cross-
ing: It is easy to give an example of a 2-path has one topological inter-
section point ~x ∈ Q2 but the point ~x does not occur in the lists of points
~v1,0, ~v1,1, . . . , ~v1,r1 , ~v2,0, ~v2,1, . . . , ~v2,r2 defining the 2-path. Such paths are con-
sidered non-crossing under our definition, even though they may have topolog-
ical intersection points5.
We claim that there is at most one permutation w ∈ St such that the poly-
nomial Dyck+(~xw , ~y) is non-zero, and that this permutation is the one we
defined in Definition 9.2. Let S′′

t be the set of all permutations such that
Dyck+(~xw, ~y) 6= 0, and assume that S′′

t contains an element w ∈ S′′
t . We first

make the following observation:

(Obs) To any point ~v ∈ Q2 we associated the invariant ρ(~v) = p2(~v) ∈ Q/Z.
The horizontal distance between the point ~xw(a) and the point ~ya is
the number nwa . The vertical distance is the number swa = s

nn
w
a ∈ Q.

Because w ∈ S′′
t there exists a path from the point ~xw(a) to the point

5If one uses the wrong, topological notion of intersection, then the proof breaks at 9 lines
below Equation (9.3): The constructed ‘path’ (L′

a) is not a path.
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Figure 2. The leftmost point ~xt is connected to the third
point ~yw−1(t), and the second point ~xa is connected to the
last point ~yb. Any 2-path staying below the line ℓ must self-
intersect topologically.

~ya. Consequently swa is integral. This implies that ρ(~xw(a)) = ρ(~ya)
for all indices a and in particular the invariant of the point ~xw(a) is
independent of w ∈ S′′

t .

By assumption Dyck+(~xw , ~y) 6= 0 and thus there exists a non-crossing Dyck
path (La) connecting ~xw with ~y. We show inductively that w is uniquely
determined. We start with showing that the index w−1(t) ∈ {1, 2, . . . , t} is
determined. We claim that w−1(t) ∈ {1, 2, . . . , t} is the minimal index such
that the point ~yw−1(t) has the same invariant as ~xt. To see that this claim is

true, suppose for a contradiction that it is false, i.e. assume the index w−1(t) is
not minimal. There is an index b strictly smaller than w−1(t) such that ~yb has
the same invariant as ~xt. By the observation (Obs) there exists an index a 6= t
such that ~xa has the same invariant as ~xt and such that ~xa is connected to ~yb.
Draw a picture (see Figure 2) to see that the paths La and Lt must intersect
topologically. But, by construction, the invariants of ~xa and ~xt are the same.
Therefore, any topological intersection point of the paths La and Lt is a point
of crossing. The paths La and Lb are crossing and thus (La) is crossing. This
is a contradiction, and therefore the claim is true. Thus the value w−1(t) is
determined.
We now look at the index t − 1. The point ~xt−1 is connected to the point
~yw−1(t−1). We claim that w−1(t − 1) ∈ {1, 2, . . . , t} is the minimal index,

different from w−1(t), such that ~yw−1(t−1) has the same invariant as ~xt−1. The
proof of this claim is the same as the one we explained for the index t. We
may repeat the same argument for the remaining indices t − 2, t − 3, etc.
Consequently w is uniquely determined by its properties, and equal to the
permutation w0 defined in Definition 9.2.
We proved that if the set S′′

t is non-empty, then it contains precisely one
element, and this element is equal to w0. Therefore, if the compact trace does
not vanish, then m must divide t or m divides h by Lemma 9.3. Inversely,
assume that m divides t or m divides h. The permutation w0 ∈ St exists by
Lemma 9.3. We claim that Dyck+

s (~xw0 , ~y) 6= 0, so that w0 ∈ S′′
t . To prove
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Figure 3. An example of a non-crossing 4-path (La) in case
s
n = 1

2 ∈ Q/Z and t = 4. For each a, the path La first takes
nw0
a − sw0

a horizontal steps and then sw0
a vertical steps. Note

that paths with the same invariant do not intersect.

this, it suffices to construct one non-crossing t-path from the points ~xw0 to the
points ~y. This is easy (see Figure 3): Let a be an index, and write nw0

a for the
horizontal distance between ~xw0

a and ~ya and sw0
a for the vertical distance. The

path La from ~xw0
a to ~ya is defined to be the path taking nw0

a − sw0
a eastward

steps, and then sw0
a northeastward steps. Then (La) is a strict non-crossing

t-path and therefore Dyck+
s (~xw0 , ~y) is non-zero. This completes the proof. �

10. A dual formula

We also want to compute the compact trace on the representation Speh(h, t)
in case h ≤ t. The argument for Theorem 9.4 extends to the case where
h ≤ t. This computation is more complicated, because the permutation w ∈ St

that contributes to Equation (9.4) is no longer unique and the sign εP0∩Mw

in Equation (9.3) depends on w. We don’t reproduce the computation here,
because there is a more elegant approach using the duality of Zelevinsky. The
ring of Zelevinsky R has an involution ι, called the Zelevinsky involution which
was first defined by Zelevinsky in [33]. Aubert [1] gave a refined definition
of this involution via a character formula involving Jacquet modules (which,
moreover, makes sense for all reductive groups). Aubert defines the involution

by Xι :=
∑

P=MN εP IndGP (XN (δ
−1/2
P )), for all X ∈ R, where

• XN is the non-normalized Jacquet module, i.e. to a G-representation
X it attaches the space of N -coinvariants XN (which is an M -repre-
sentation). The functor X 7→ XN is additive, and thus extends to all
objects X ∈ R.
• IndGP is unitary induction (sending unitary representations of M to

unitary representation of G)
• εP = (−1)dim(AP /AG), where AP is the split center of P and AG is the

split center of G

(With ‘involution’ we mean that ι is an automorphism of the complex algebra
R and it is of order two: ι2 = IdR. )
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The Zelevinsky dual of a Speh representation with parameters (h, t) is a Speh
representation with the role of the parameters inversed, thus of type (t, h). Fur-
thermore, taking the Zelevinsky dual of the formula of Tadic yields a new char-
acter formula, now in terms of duals of standard representations. Of course, the
Zelevinsky dual of a standard representation is not standard, rather it is an un-
ramified twist of products in R of one dimensional representations. Therefore,
we compute first the compact trace on the one dimensional representations,
then use van Dijk’s theorem [20, Prop. 3] to obtain formulas for products in R
of one dimensional representations, and finally use the dual of Tadic’s formula
to compute the compact traces on Speh representations with h ≤ t (opposite
inequality to Theorem 9.4). We will then have computed the formula for all
Speh representations.

11. The trivial representation

We compute the compact traces of spherical Hecke operators acting on the
trivial representation of G. In Section 12 we will use this result, and the dual
of Tadic’s formula, to compute the compact traces of the Kottwitz functions
against the representations that were exlcuded in Theorem 9.4.
We work with general unramified reductive groups G. In this paper we need
the result only for G = GLn(F ), but the computation is valid in general. We
fix notation, conventions and definitions on roots and convexes for unramified
groups (cf. [24, §1] and [22, Chap. 1]):

• Fix P0 ⊂ G a Borel subgroup with Levi decomposition P0 = TN0.
Standardize the parabolic subgroups of G and their Levi-decomposition
with respect to P0 = TN0.
• Let P be a standard parabolic subgroup of G, then we write

– AP for the split center of P ;
– εP = (−1)dim(AP /AG);
– aP := X∗(AP )⊗ R.

• If P ⊂ P ′ then we have AP ′ ⊂ AP and thus an induced map aP ′ → aP .
• aP

′

P is the quotient of aP by aP ′ .
• a0 = aP0 and aG0 = aGP0

.
• ∆ is the set of simple roots of AP0 occurring in the Lie algebra of N0.
• For each root α in ∆ we have a coroot α∨ in aG0 .
• We write ∆P ⊂ ∆ for the subset of α ∈ ∆ acting non-trivially on AP .
• For α ∈ ∆P ⊂ ∆ we send the coroot α∨ ∈ aG0 to the space aGP via

the canonical surjection aG0 → aGP . The set of these restricted coroots
α∨|aGP with α ranging over ∆P form a basis of the vector space aGP . By

definition the set of fundamental weights {̟G
α ∈ aG∗

P | α ∈ ∆P } is the
basis of aG∗

P = Hom(aGP ,R) dual to the basis {α∨
aGP
} of coroots.

• We have the acute and obtuse Weyl chambers of G.
– The acute chamber aG+

P is the set of x ∈ aGP such that 〈α, x〉 > 0
for all roots α ∈ ∆P .
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– The obtuse chamber +aGP is the set of x ∈ aGP such that we have the
inequality 〈̟G

α , x〉 > 0 for all fundamental weights ̟G
α , associated

to α ∈ ∆P .
– We need another chamber ≤aGP defined to be the set of x ∈ aGP

such that for all α ∈ ∆P the pairing 〈̟G
α , x〉 is non-positive. We

call this chamber the closed opposite obtuse Weyl chamber.
• Let ≤τ̂GP be the characteristic function on aP of the closed opposite

obtuse chamber.
• Let HM : M → aP be the Harish-Chandra mapping, normalized such

that |χ(m)|p = q−〈χ,HM (m)〉 for all rational characters χ of M .
• We define the following characteristic functions on T :

– ξGc = ≤τ̂GP0
◦ (aP0 → aGP0

) ◦HM0 ;

– χN = τGP ◦ (aP → aGP ) ◦HM ;
– χ̂N = τ̂GP ◦ (aP → aGP ) ◦HM .

• If f ∈ H0(G) is a function whose Satake transform is the function
h ∈ A, then we often abuse notation, and write ξGc h for the Satake
transform of the function ξGc f

(P0), and similarly for the functions χNf
and χ̂Nf if f ∈ H0(M) (cf. Section 4).

Proposition 11.1. Let f be a function in the Hecke algebra H0(G). The

compact trace Tr (χGc f, 1G) is equal to Tr
(
ξGc f

(P0), 1T (δ
−1/2
P0

)
)
.

Proof. For comfort we prove the proposition under the additional assumption
that G is its own derived group. We have

Tr (χGc f, 1) =
∑

P=MN

εPTr (χ̂Nf
(P ), 1(δ

−1/2
P )).

Write ÂP for the complex dual torus of AP . We write ϕM,ρ ∈ ÂP for the Hecke
matrix of a representation ρ of M . The Hecke matrix ϕ

M,δ
−1/2
P

is conjugate in

M̂ to the Hecke matrix ϕ
T,δ

−1/2
P δ

−1/2
P0∩M

= δ
T,δ

−1/2
P0

∈ ÂP0 ⊂ M̂ . The trace on the

trivial representation Tr (χ̂Nf
(P ), 1(δ

−1/2
P )) is equal to S(χ̂Nf

(P0))(ϕ
T,δ

−1/2
P0

).

Using linearity of the Satake transform we obtain

Tr (χGc f, 1) = S
( ∑

P=MN

εP χ̂Nf
(P0)

)
(ϕ
T,δ

−1/2
P0

).

Thus we have to compute the function
∑
P=MN εP χ̂N on the group T . By

definition, the function χ̂N equals τ̂GP ◦ HM . Let WM be the rational Weyl
group of T in M . Let t ∈ T . Then HM (t) = 1

#WM

∑
w∈WM

wHT (t). Thus

χ̂N (t) = 1 if and only if, for all roots α ∈ ∆P we have
∑
w∈WM

〈̟G
α , wHT (t)〉 >

0. We have for all α ∈ ∆P the inequality 〈̟G
α , HT (t)〉 > 0 if and only if we

have 〈̟G
α , wHT (t)〉 > 0 for all w ∈ WM . Therefore, we have on the group

T that χ̂N = τ̂GP ◦ HT . Thus the alternating sum
∑

P=MN εP χ̂N is equal to(∑
P=MN εP τ̂

G
P

)
◦HT . By inclusion-exclusion we have

∑
P=MN εP τ̂

G
P = ≤τ̂GP .

This proves the proposition in case G = Gder. (For a group G with G 6= Gder,
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one may repeat the above argument, replacing eaching occurance of AP with
AP /AG) �

12. The dual formula

Using the computations from Section 11 we give the dual version of Theo-
rem 9.4.

Lemma 12.1. Let T1 = 〈u1, v1〉, T2 = 〈u2, v2〉, . . . , Th = 〈uh, vh〉 be a list of
segments and consider the representation J := (∆T1)ι× (∆T2)ι× · · ·× (∆Th)ι.
Then Tr (χGc fnαs, π) is equal to qs(n−s)α/2Dyck(~u,~v), where ~ua = ℓ(ua) and
~va = ℓ(va + 1) for a = 1, 2, . . . , t.

Proof. The proof is the same as the proof for Lemma 7.8 (but now use Propo-
sition 11.1). We repeat the argument for verification purposes. Assume first
that h = 1 and that π is the trivial representation of G. In this case the

trace Tr
(
χGc fnαs, π

)
is equal to Tr

(
ξGc f

(P0)
nαs , 1T (δ

−1/2
P0

)
)

. To a monomial

X = Xe1
1 X

e2
2 · · ·Xen

n ∈ C[X±1
1 , X±1

2 , . . .X±1
n ] with ei ∈ Z and

∑n
i=1 ei = s we

associate the graph GX with points ~v0 := ℓ((1 − n)/2), and for i = 1, 2, . . . , n,
~vi equals ~v0 + (i, e1 + e2 + . . .+ ei) ∈ Q2. We have ξGc X = X if and only if

(12.1) e1 + e2 + · · ·+ ei ≤ s
n i,

for all indices i < n, and ξGc X = 0 otherwise. The evaluation of X at the point

(12.2)
(
q(n−1)/2, q(n−3)/2, . . . , q(1−n)/2

)

equals the weight of the graph GX . The trace of fnαs against the representation

1T (δ
−1/2
P0

) is equal to the evaluation of fnαs at the point in Equation (12.2)
(use Lemma 7.7 but notice that the signs are different). The monomials X
occurring S(fnαs) yield paths from the point ℓ((1 − n)/2) ∈ Q2 to the point
ℓ((n−1)/2+1). The condition in Equation (12.1) is true if and only if the graph
GX lies (non-strictly) below the line ℓ. Therefore the trace Tr (χGc fnαs, 1G) is
equal to qs(n−s)/2Dyck(ℓ((1 − n)/2), ℓ((n − 1)/2 + 1)). By twisting with the
character ν−x+(1−n)/2 as we did in Lemma 7.10 the trace Tr

(
χGc f, (∆〈u, v〉)ι

)

equals qs(n−s)/2Dyck(ℓ(x), ℓ(y + 1)) for all segments 〈u, v〉. Finally use van
Dijk’s induction formula for compact traces to find the compact traces on duals
of standard representations as stated in the lemma (this argument is the same
as the argument in Lemma 8.2). �

Theorem 12.2. Let π be a Speh representation with parameters h, t with h ≤ t.
Let d be the greatest common divisor of n and s and write m for the quotient
n/d. Let Ta = 〈ua, va〉 be the segments of πι. Define the points ~ua := ℓ(ua)
and ~va := ℓ(va + 1). The compact trace Tr (χGc fnαs, π) is non-zero if and only
if m divides h or m divides t. Assume that the compact trace is non-zero,
then it is equal to (−1)t−1(−1)n−hsign(w0)qs(n−s)α/2Dyck+(~uw0 , ~v), where the
permutation w0 ∈ Sh is defined in Definition 9.2.
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Proof. Let πι be the dual of the representation π. After dualizing the formula
of Tadic for πι we obtain π =

∑
w∈Sh

sign(w)Iιw ∈ R. The involution ι on R
commutes with products. Therefore, if T1, . . . , Th are the Zelevinsky segments
of the dual representation πι, then Iιw is equal to (∆T1)ι× (∆T2)ι×· · · (∆Th)ι.
By Lemma 12.1 the trace Tr (χGc fnαs, I

ι
w) equals qs(n−s)α/2Dyck(~uw, ~v). One

may now repeat the proof for Theorem 9.4, but using the dual Tadic formula
instead; one only has to interchange t with h and every occurrence of the word
“strict Dyck t-path” with “Dyck h-path”. �

13. Return to Shimura varieties

At this point most of the original arguments of this paper are completed. In
Sections 13 and 14 we shows how the computations from Sections 1–12 combine
with arguments from our earlier article [20] to give results on the basic stratum
in new cases.
In our article [20] we proved a formula for the basic stratum of certain Shimura
varieties associated to unitary groups, subject to a technical condition on the
Newton polygon of the basic stratum (that it has no non-trivial integral points).
In the previous sections we have completely resolved the combinatorial issues
that arise if you remove this condition in case p is totally split in the center of
the division algebra. We may now essentially repeat the argument from [20] to
obtain the description of the cohomology if there is no condition on the Newton
polygon of the basic stratum. A large part of the argument remains the same,
that part will only be sketched and we refer to [20] for the details. We will
work with a Kottwitz variety (cf. [16]). More precisely, we fix the following list
of notation and assumptions:

The Shimura datum.

(1) Let D be a division algebra over Q; write n ∈ Z≥0 for the positive
integer such that dimF (D) = n2.

(2) F is the center of D; we assume that F is a CM field of the form F =
KF+ ⊂ Q, where F+ is totally real, and K/Q is quadratic imaginary.

(3) ∗ is an anti-involution on D inducing complex conjugation on F .
(4) G is the Q-group with G(R) =

{
x ∈ D×

R |g∗g ∈ R×} for every commu-
tative Q-algebra R.

(5) h is an R-algebra morphism h : C→ DR such that h(z)∗ = h(z) for all
z ∈ C.

(6) We assume that the involution x 7→ h(i)−1x∗h(i) on DR is positive.
(7) We write X for the G(R) conjugacy class of the restriction of h to

C× ⊂ C.
(8) µ ∈ X∗(G) is the restriction of h⊗ C : C× × C× → G(C) to the factor

C× of C× × C× indexed by the identity isomorphism C ∼→ C.
(9) E ⊂ Q is the reflex field of the Shimura datum (G,X, h−1).

The special fibre and the basic stratum.
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(10) p is a prime number where the PEL datum fixed in (1)-(9) is unramified
in the sense of [17, §5]; we assume additionally that p is split in the
extension K/Q. In fact, for most of Sections 13 and 14 we make the
following stronger assumption:

(10b) From Hypothesis 14.4 onwards, we assume that p is split in the
extension F/Q.

(11) K ⊂ G(Af) is a compact open subgroup, small enough that the moduli
problem is representable by a smooth and quasi-projective scheme over
OE ⊗ Zp, and such that K decomposes as KpKp where Kp is a com-
pact open subgroup of G(Apf ) and Kp is a hyperspecial compact open
subgroup of G(Qp).

(12) S = SK/OE ⊗ Z(p) is the Shimura variety of level K corresponding to
the PEL moduli problem.

(13) νp : Q→ Qp is a fixed embedding, ν∞ : Q→ C is another fixed embed-

ding, the fields F, F+, E,K are all embedded into C.
(14) p is the E-prime induced by νp.

(15) Fq is the residue field of E at the prime p and Fq is the residue field

of Q at νp; for every positive integer α, Ep,α ⊂ Qp is the unramified
extension of Ep of degree α; Fqα is the residue field of Ep,α.

(16) ι : B →֒ SK,Fq is the basic stratum [26] (cf. [12, 17, 18, 27]).

Local system.

(17) ξ is an (any) irreducible algebraic representation over Q of GQ.

(18) ℓ is a prime number and Qℓ is an algebraic closure of Qℓ together with
an embedding Q ⊂ Qℓ.

(19) L is the ℓ-adic local system on SK/OE ⊗ Z(p) associated to the repre-

sentation ξ ⊗Qℓ of GQℓ
[17, p. 393].

Test functions and harmonic analysis.

(20) We consider functions of the form f = f∞ ⊗ f∞p ⊗ fp, with f∞ a
function on G(R), f∞p a function on G(Apf ), fp a function on G(Qp),
where:
• The function f∞ at infinity has its stable orbital integrals pre-

scribed by the identities of Kottwitz in [15]. The function f∞ can
be taken to be a scalar multiple of an Euler-poincaré function [16]
(cf. [7]). In [16, p. 657, Lem. 3.2]) is explained that the function
has the following property: Let π∞ be an (g,K∞)-module occur-
ring as the component at infinity of an automorphic representation
π of G. The trace of f∞ against π∞ is equal to the Euler-Poincaré
characteristic

∑∞
i=0N

−1
∞ (−1)i dim Hi(g,K∞;π∞ ⊗ ξ), where N∞

is the following constant. Let Π0
∞ be the L-packet of isomorphism

classes of irreducible admissible representations of G(R) having
the same central character and infinitesimal characters as the con-
tragredient of ξ. Then N∞ is equal to the product of the number of
representations in Π∞

0 and the number of connected components
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(for the real topology) of the group G(R)/Z(R), where Z is the
center of G.
• The function fp ∈ H(G(Qp)) at p is a pointwise product of the

form χGc fα, where
– χGc is the characteristic function on G(Qp) of the subset of

compact elements (cf. [6]).
– The function fα is the function of Kottwitz [15] associated

to µ (cf. [20, Prop. 9]). Since the group G is unramified
over Qp we fix a smooth reductive model GZp of G over
Qp. Define φα ∈ H0(G(Ep,α)) to be the characteristic func-
tion of the subset GZp(OEp,α)µ(p−1)GZp(OEp,α). By defini-
tion, the function fα ∈ H0(G(Qp)) is the function obtained
from φα by the base change morphism from H0(G(Ep,α)) to
H0(G(Qp)).

• f∞p is an arbitrary function in the Hecke algebraH(G(Apf )) which
is Kp-biinvariant.

The signatures of the unitary group.

(21) U ⊂ G is the subgroup of elements with trivial factor of similitudes.
(22) For each infinite F+-place v, we have signatures pv, qv such that U(R) ∼=∏

v U(pv, qv). We define sv := min(pv, qv).

(23) The embedding Q ⊂ Qp induces an action of the group Gal(Qp/Qp) on

the set of infinite F+-places. For each Gal(Qp/Qp)-orbit ℘ we define
the number s℘ :=

∑
v∈℘ sv, and we write σ℘ for the partition (sv)v∈℘

of the number s℘.

The space of automorphic forms.

(24) A(G) := L2(G(Q)\G(A), ω), where ω is the inverse of the central char-
acter of ξ.

14. Combining the results

We compute the factors Tr (χGc fα, πp) occurring in Theorem 14.3 below. We
need to introduce two classes of representations:

Definition 14.1. Consider the general linear group Gn over a non-
Archimedean local field. Then a representation π of Gn is called a
(semistable) rigid representation if it is equal to a product of the form∏k
a=1 Speh(xa, y)(εa) ∈ R, where y is a divisor of n and (xa) is a composition

of n/y, and εa are unramified unitary characters.

Definition 14.2. A representation π of the group G(Qp) = Q×
p ×∏

℘|p GLn(F+
℘ ) is called a rigid representation if for each F+-place ℘ above

p the component π℘ is a (semistable) rigid representation of GLn(F+
℘ ) in the

previous sense: π℘ =
∏k
a=1 Speh(x℘,a, y℘)(ε℘,a) ∈ R, where two additional

conditions hold: (1) y℘ = y℘′ for all ℘, ℘′|p, and (2) the factor of similitudes
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Q×
p of G(Qp) acts through an unramified character on the space of π. We write

y := y℘ and call the set of data (x℘,a, ε℘,a, y) the parameters of π.

We recall a theorem from our previous article [20]:

Theorem 14.3. Let α be a positive integer. Let f∞p ∈ H(G(Apf )) be a Kp-
biinvariant function. Assume the conditions (1)-(24) from §5.1. Then

∞∑

i=0

(−1)iTr (f∞p × Φαp ,H
i
et(BFq

, ι∗L)) = |Ker1(Q, G)| ·
∑

π⊂A(G)
πp rigid

Tr (f, π),

(14.1)

the sum ranges over those irreducible subspaces π ⊂ A(G) such that πp is a rigid

representation. In Equation (14.1), the group Ker1(Q, G) the Hasse invariant
of G:

Ker1(Q, G) := Ker

(
H1(Q, G)→

∏

v

H1(Qv, G)

)
,

where the product ranges over all places of Q.

Erratum to [20]. I should mention that, unfortunately, I made a few typos
in [20] regarding the constant |Ker1(Q, G)|. The mistakes are easily corrected
and occur only in body of the text (the statement of the main result [20, Thm. 1]
is correct). Let me explain how to correct [20]. One should know that to the
PEL datum that we fixed in Section 13, one can associate a priori two Shimura
varieties: (1) The Shimura variety S1 that represents the PEL moduli problem,
and (2) The Shimura variety S2 which is the canonical model, as in [9]. Kottwitz
proves in [17, Sect. 5] that S1

∼=
∐

Ker1(Q,G) S2. In some statements I forgot to

multiply the expressions with |Ker1(Q, G)|, thus I was counting points in the
basic locus of S2,p, instead of S1,p. This mistake occurs at the following places
of [20]: p. 490 lines 2 and 14, Prop. 10, Eqn. (19) and the equation above it,
Eqn. (20), Eqn. (21), proof of Thm. 3, and Cor. 2.

Remark. In Theorem 14.3 we fixed the choice of an isomorphism Qℓ ∼= C, to
compare the left and right hand side of Equation (14.1).

Proof. Write T (f∞p, α) for the left hand side of Equation (14.1). We had al-
ready found in [20, Prop. 10] that T (f∞p, α) = |Ker1(Q, G)|Tr (f,A(G)), for
all sufficiently large integers α. Let π ⊂ A(G) be an automorphic representa-
tion of G contributing to the trace Tr (f,A(G)). In [20, p. 20] we explained
that π may be base changed to an automorphic representation BC(π) of the
algebraic group K× ×D×, and that, in turn, BC(π) may be sent to an auto-
morphic representation Π := JL(BC(π)) of the Q-group G+ = K× ×GLn(F ).
The representation Π is a discrete automorphic representation of the group
G+(A), and Π is semistable at p. Using the Moeglin-Waldspurger classification
of the discrete spectrum, a computation now shows that πp is a rigid represen-
tation [20, Thm. 2]. �
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The point of this article is to make the traces Tr (fp, πp) = Tr (χGc fα, πp)
occurring in Equation (14.1) explicit. We carried out the important arguments
in the previous sections, here we now only have to collect the results.

Hypothesis 14.4. From this point onwards, we work under the condition that
p is split in the center F of the algebra D. (cf. Condition (10b) in the list of
conditions from Section 13.)

Hypothesis 14.4 implies that G(Qp) ∼= Q×
p ×

∏
v∈Hom(F+,Q) GLn(Qp). We have

by [20, Prop. 9] that

(14.2) fα = 1q−αZ×
p
⊗

⊗

v∈Hom(F+,R)

fGLn(Qp)
nαsv ∈ H0(G(Qp)),

where the numbers sv are the signatures of the unitary group (cf. Section 13).
Let πp be a rigid representation of G(Qp). Write πp =

⊗
v πp,v, where πp,v =⊗k

a=1 Speh(xv,a, y)(εv,a) and where the factor of similitudes of G(Qp) acts
through the unramified character εs on the space of πp. We compute

Tr (χGc fα, πp) =

= εs(q
−α)

∏

v∈Hom(F+,R)

Tr

(
χGLn(Qp)
c fnαsv , Ind

GLn(Qp)
P (Qp)

r⊗

a=1

Speh(xv, y)(εv,a)

)

= εs(q
−α)


 ∏

v∈Hom(F+,R)

r∏

a=1

εv,a(q−sv
y·xa
n α)


 ·

·
∏

v∈Hom(F+,R)

Tr

(
χGLn(Qp)
c fnαsv , Ind

GLn(Qp)
P (Qp)

r⊗

a=1

Speh(xv,a, y)

)
.

Write ζαπ ∈ C for the product
∏
v

∏
a εa(q

−sv y·xan α). The polynomial
(14.3)

∏

v∈Hom(F+,R)

Tr

(
χGLn(Qp)
c fnαsv , Ind

GLn(Qp)
P (Qp)

r⊗

a=1

Speh(xv,a, y)

)
∈ C[qα],

is computed in Theorems 9.4 and 12.2 to be a polynomial defined by the weights
of certain non-intersecting lattice paths. In particular the polynomial in Equa-
tion (14.3) vanishes unless, for all indices a, for all v ∈ Hom(F+,R), the number

(14.4) mv,a :=
y · xv,a

gcd
(
y · xv,a, y·xv,an sv

) =
y · xv,a

gcd(n, sv)
,

is an integer, and divides either xv,a or y. Assume that the compact trace
Tr (χGc fα, πp) is non-zero so that the divisibility relations at Equation (14.4)
are satisfied. The number ζαπ ∈ C is defined by:

(14.5) εs(q
−α) ·

∏

v∈Hom(F+,R)

r∏

a=1

εv,a

(
q−sv

y·xa
n α

)
= ζαπ ,
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(cf. [20, Lem. 9, Eq. (24)]).

Remark. Let us comment on the assumption that p splits completely in F
(Hypothesis 14.4). If p splits only in K, then the group GQp is not split, and
further combinatorial complications arise. The main issue is that the function
of Kottwitz fα in Equation (14.2) is no longer a tensor product of the simple
Kottwitz functions fnαs: The function fα is a tensor product of ‘composite’
Kottwitz functions. (The composite Kottwitz functions fnασ are obtained from
partitions σ of s as follows. Let σ = (σ1, σ2, . . . , σr) be a partition of s. Then
fnασ ∈ H0(G) is the convolution product fnασ1 ∗ fnασ2 ∗ · · · ∗ fnασr ∈ H0(G).)
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[3] A. Bĕılinson and J. Bernstein. Localisation de g-modules. C. R. Acad. Sci.

Paris Sér. I Math., 292(1):15–18, 1981.
[4] G. Chenevier and D. Renard. Characters of Speh representations and Lewis

Caroll identity. Represent. Theory, 12:447–452, 2008.
[5] N. Chriss and V. Ginzburg. Representation theory and complex geometry.
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1. Introduction

The theory of motivic cohomology for smooth schemes over a base field is a
well established one. It is a powerful computational tool with ramifications
for many branches of algebra, algebraic and arithmetic geometry: quadratic
forms, algebraic K-theory, special values of L-functions, to name a few. The
success of this theory is best exemplified by its fundamental role in Voevodsky’s
resolution of Milnor’s conjecture on Galois cohomology [Voe03].
The purpose of this article is to generalize Suslin and Voevodsky’s construc-
tion of motivic cohomology [VSF00], especially Voevodsky’s machinery of
presheaves with transfers [Voe00], to the equivariant setting of smooth schemes
over a field k equipped with an action of a finite group G (and |G| coprime to
char(k)).
Using Totaro’s construction [Tot99] of an algebro-geometric version of the clas-
sifying space of an algebraic group, Edidin-Graham [EG98] have constructed
an equivariant version of Bloch’s higher Chow groups. This theory has proved
to be interesting, amongst other reasons, for its connection to equivariant al-
gebraic K-theory and the equivariant Riemann-Roch theorem [EG00, EG08].
These equivariant higher Chow groups are an algebro-geometric version of topo-
logical Borel cohomology. Our construction follows a different route altogether
and results in a more refined Bredon style cohomology theory. These Bredon
motivic cohomology groups form a new set of invariants for smooth schemes
with G-action. As a first indication that the Bredon motivic cohomology the-
ory we construct is a refinement of equivariant higher Chow groups, we note
that the former is equipped with a grading by the representations of G while
the latter is graded by integers. In fact in Section 5.3 we construct a compari-
son map from our Bredon motivic cohomology to the equivariant higher Chow
groups.
Topological Bredon cohomology has recently experienced a surge of interest
in part because of its appearence in the work of Hill-Hopkins-Ravenel [HHR],
specifically through the equivariant slice spectral sequence for certain spectra.
The Z/2-equivariant case of this spectral sequence was first constructed by
Dugger in [Dug05] where he constructed a spectral sequence relating Bredon
cohomology groups (with coefficients in the constant Mackey functor Z) and
Atiyah’s KR-theory. The motivic analog of Atiyah’s KR-theory is Hermit-
ian K-theory, constructed as a Z/2-equivariant motivic spectrum KRalg by
Hu-Kriz-Ormsby [HKO11]. Our construction of Bredon motivic cohomology is
motivated in part by a program to construct and use a Z/2-equivariant mo-
tivic generalization of Dugger’s spectral sequence as a tool for studying these
Hermitian K-theory groups.
We define our theory via hypercohomology in the equivariant Nisnevich topol-
ogy, introduced in [Del09] and [HKO11]. A surjective, equivariant étale map
f : Y → X is an equivariant Nisnevich cover if for each point x ∈ X there
is a point y ∈ Y such that f induces an isomorphism k(x) ∼= k(y) on residue
fields and an isomorphism Gy ∼= Gx on set-theoretic stabilizers. A different

Documenta Mathematica 20 (2015) 269–332



Equivariant Cancellation 271

generalization of the Nisnevich topology was introduced in [Her13], the fixed
point Nisnevich topology. A cover in this topology is as above but with the
requirement that f induce an isomorphism Iy ∼= Ix on scheme-theoretic sta-
bilizers rather than the set-theoretic ones. (An equivalent formulation is that
for each subgroup H , the map on fixed points fH : Y H → XH is a Nisnevich
cover.) We focus on the equivariant Nisnevich topology in the present work for
two reasons. One is that equivariant algebraic K-theory fulfills descent in the
equivariant Nisnevich topology but not in the fixed point Nisnevich topology.
The second is that the fixed point Nisnevich topology does not behave well
with respect to transfers, see Example 4.11.
A presheaf with equivariant transfers is a presheaf F of abelian groups on
smooth G-schemes which are equipped with functorial maps Z∗ : F (Y ) →
F (X) for finite equivariant correspondences Z from X to Y . The presheaf
with equivariant transfers freely generated by X is denoted by Ztr,G(X). We
define the equivariant motivic complexes ZG(n) by forming the A1-singular
chain complex on Ztr,G(P(k[G]⊕n ⊕ 1))/Ztr,G(P(k[G]⊕n), where k[G] is the
regular representation. Bredon motivic cohomology is defined as equivariant
Nisnevich hypercohomology with coefficients in the complex ZG(n). In light
of the equivariant Dold-Thom theorem [dS03], our construction is analogous
to the topological Bredon cohomology with coefficients in the constant Mackey
functor Z. Our setup is however flexible enough to allow for more sophisticated
coefficient systems. The benefit of allowing Mackey functor coefficients is well
understood in topology. As explained in Section 5.2, we have an embedding of
cohomological Mackey functors into our category.
Over the complex numbers there is a topological realization functor which re-
lates our Bredon motivic cohomology groups and topological Bredon cohomol-
ogy groups. This comparison map is the subject of an equivariant Beilinson-
Lichtenbaum type conjecture, predicting that a range of these groups should
be isomorphic with torsion coefficients. The ordinary Beilinson-Lichtenbaum
conjecture, relating motivic cohomology and étale cohomology (or singular co-
homology), is equivalent to the Milnor and Bloch-Kato conjectures which have
been proved in work of Voevodsky and Rost. In a sequel paper [HVØ] we show
that this equivariant conjecture is true for G = Z/2 and any torsion coefficients.
The key new ingredient in that work is a (Z/2)n-equivariant generalization of
Voevodsky’s Cancellation Theorem, which is the main result of this present
paper. The Cancellation Theorem is an algebro-geometric version of the fa-
miliar suspension isomorphism in singular cohomology of topological spaces.
It asserts that in motivic cohomology, we can cancel suspension factors of the
algebro-geometric sphere Gm. Besides the usual Gm, our equivariant version
also allows for Gm equipped with an action by (Z/2)n. Write ǫi for the gen-
erator of the ith factor of (Z/2)n. For a subset I ⊆ {1, . . . , n}, write GσIm for
the (Z/2)n-scheme which is Gm equipped with the action specified by letting
ǫi ∈ (Z/2)n act by x 7→ 1/x if i ∈ I and by the identity otherwise.
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Theorem 1.1 (Equivariant Cancellation). Let X be a smooth (Z/2)n-scheme
over a perfect field k, char(k) 6= 2. Then

Hn
GNis(X,C∗Ztr,G(Y )) = Hn

GNis(X ∧GσIm , C∗Ztr,G(Y ∧GσIm ))

for all I ⊆ {1, . . . n}.
We establish the equivariant Cancellation Theorem as Theorem 9.7 below. Its
proof uses equivariant modifications of Voevodsky’s arguments in [Voe10a] and
relies on equivariant versions of the main results of Voevodsky’s techniques for
analyzing the cohomological behaviour of presheaves with transfers. Most of
the paper is focused on the generalization of this machinery.
As mentioned, our motivation is to study Z/2-equivariant phenomena, but
where possible we establish our results in a greater generality. Everything works
best under the assumption that the irreducible representations of G (which are
defined over the base field) are all one-dimensional. Any group which satisfies
this condition is necessarily abelian. An abelian group G over a field k will
satisfy this condition if k contains a primitive dth roots of unity, where d is
the least common multiple of the orders of elements of G. In particular over
an algebraically closed field every finite abelian group satisfies this condition.
However, abelian groups over fields without enough roots of unity can fail this
condition, e.g., G = Z/3 has an irreducible two dimensional representation over
k = R. See the beginning of Section 5 for more details. A main source of this
condition on the group G arises from the question of existence of equivariant
triples. We refer to Section 7 for a precise definition of an equivariant triple,
but point out here that it is in particular a smooth equivariant relative curve
X → S between smooth G-schemes. A typical step in several key arguments
used in the course of establishing the main homotopy invariance result (see
Theorem 8.12) is that in order to establish an isomorphism of sheaves with
equivariant transfers, it suffices to show the isomorphism on the generic points
of smooth G-schemes. To establish this reduction step we need a good supply
of equivariant triples. More precisely, if x ∈ X is a point, there should exist an
invariant open neighborhood U ⊆ X of x and a smooth G-scheme S such that
U → S is a smooth equivariant curve. As a simple illustrative example, consider
a representation V viewed as a smooth G-scheme. Suppose there is a smooth
equivariant curve f : U → C, where U is an invariant neighborhood of the
origin in V . Then there is an equivariant surjection df : V ∼= T0U → Tf(0)C.
This surjection splits (as |G| and char(k) are coprime) and so V contains a
one-dimensional summand. It could however happen that V admits no one-
dimensional summand and thus there is no neighborhood of the origin in V
fitting into a smooth equivariant curve. We establish the existence of triples
around an arbitrary point of a smooth quasi-projective G-schemes under the
assumption that all irreducible representations of G are one-dimensional.
Other main results are as follows. Theorem 7.18 provides a Mayer-Vietoris
exact sequence for certain special equivariant Nisnevich covers. This has im-
portant consequences. It in particular allows for the computation of the equi-
variant Nisnevich cohomology of open invariant subsets of G-line bundles over
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smooth zero dimensional G-schemes, see Theorem 7.18, which is the precursor
to the homotopy invariance theorem.
In Theorem 8.12 we establish our homotopy invariance result.

Theorem 1.2. Suppose that all irreducible k[G]-modules are one-dimensional.
Let F be a homotopy invariant presheaf with equivariant transfers on GSm/k.
Then Hn

GNis(−, FGNis) is also a homotopy invariant presheaf with equivariant
transfers.

Lastly we mention that several other constructions of equivariant cohomology
theories related to algebraic cycles exist. There is for example work of Lawson,
Lima-Filho, and Michelson [LLFM96], Joshua [Jos07], and Levine-Serpe [LS08].
It would be interesting to see how these different constructions relate to the
one carried out here.
An outline of this paper is as follows. In Section 2 we record results about G-
schemes, equivariant divisors, bundles, and cohomology that we need in later
sections. In Section 3 we recall the equivariant Nisnevich topology and establish
some of its basic properties not already appearing in the literature. In Section
4 we introduce equivariant finite correspondences and presheaves with equi-
variant transfers. We formally define Bredon motivic cohomology in Section
5 and using the machinery developed in later sections we establish properties
and some computations. We relate equivariant transfers and equivariant divi-
sors in Section 6, in particular in Theorem 6.12 we compute the equivariant
Suslin homology of equivariant affine curves. In Section 7 we study equivariant
triples and establish a Mayer-Vietoris sequence in Theorem 7.18. The homo-
topy invariance of cohomology is established in Section 8. Finally in Section
9 we establish a Z/2-equivariant generalization of Voevodsky’s Cancellation
Theorem.
Notations and conventions. Throughout k is a field, which is assumed
to be perfect starting in Section 7 and G is a finite group whose order is
coprime to char(k). The finite group G is viewed as a group scheme over k via
Gk :=

∐
G Spec(k). Usually we simply write again G for this group scheme.

Write GSch/k (resp. GSm/k) for the category whose objects are seperated
schemes of finite type (resp. smooth schemes) over k equipped with a left action
by G and morphisms are equivariant morphisms.
We write A(V ) = Spec(Sym(V ∨)) for the affine scheme associated to a vector
space over k and P(V ) = Proj(Sym(V ∨)) for the associated projective scheme.
Sometimes we write V for both the vector space as well as its associated scheme
A(V ).
It is important to distinguish between two types of stabilizer groups of x ∈ X ,

(1) the set-theoretic stabilizer Gx of x is Gx = {g ∈ G | gx = x}
(2) the inertia group of x is Ix = ker(Gx → Aut(k(x)/k)).

Given a subset Z ⊆ X we write G·Z or GZ for the orbit ∪g∈GgZ of Z. For a
nonclosed point x ∈ X , G·x is given a scheme structure viaG·x = (G×{x})/Gx.
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If F is a presheaf on GSm/k and S = limi Si is an inverse limit of smooth
G-schemes over k, with equivariant transition maps, then we set F (S) =
colimi F (Si).

2. Schemes with G-action

In this section we collect several useful facts used throughout this paper about
schemes with an action of a finite group.

2.1. Quotients by group actions. We first recall some basic facts about
quotients of schemes by finite groups, for full details see e.g., [SGA03] or
[MFK94]. By a quotient π : X → X/G we simply mean a categorical quo-
tient. In particular quotients are unique when they exist. If X = Spec(A)
then X/G = Spec(AG). More generally if X is quasi-projective then a quotient
π : X → X/G exists. The categorical quotient of a scheme by a finite group
satisfies the following additional properties:

(1) π is finite and surjective,
(2) The fibers of π are the G-orbits of the G-action on X ,
(3) OX/G = π∗(OX)G,
(4) if Y → X/G is flat, then X ×X/G Y → Y is a quotient, and
(5) if |G| and char(k) are coprime and W ⊆ X is a closed and invariant,

then W → π(W ) is a quotient.

Definition 2.1. Say that X is equivariantly irreducible or G-irreducible pro-
vided there is an irreducible component X0 of X such that G·X0 = X .

Let H ⊆ G be a subgroup and X an H-scheme. The scheme G ×X becomes
an H-scheme under the action h(g, x) = (gh−1, hx) and we define

G×H X = (G×X)/H.

The scheme G ×H X has a left G-action through the action of G on itself.
Concretely G ×H X has the following description. Let gi be a complete set
of left coset representatives. Then G ×H X =

∐
gi
Xi, each Xi is a copy of

X and g ∈ G acts as k : Xi → Xj where k ∈ H satisfies ggi = gjk. The
functor G ×H − : HSch/k → GSch/k is left adjoint to the restriction functor
GSch/k → HSch/k.
The H-action on G × X is free and so π : G × X → G ×H X is a principle
H-bundle. In particular, π is étale and surjective. It follows that if X is
smooth, then so is G ×H X . This defines a left adjoint to the restriction
functor GSm/k → HSm/k,

G×H − : HSm/k→ GSm/k.

2.2. G-sheaves and cohomology. LetX be a G-scheme. Write σ : G×X →
X for the action map and pr2 : G×X → X for the projection. We write τ for
any one of the Zariski, Nisnevich, or étale Grothendieck topologies on X .

Definition 2.2. Let F be a sheaf of abelian groups on X .
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(1) A G-linearization of F is an isomorphism φ : σ∗F → pr∗2F of sheaves
on G×X which satisfies the cocyle condition

[pr∗23(φ)] ◦ [(1× σ)∗(φ)] = (m× 1)∗(φ)

on G × G × X . Here m : G × G → G is multiplication and pr23 :
G×G×X → G×X is the projection to second and third factors.

(2) A G-sheaf (in the τ -topology) on X is a pair (F , φ) consisting of a
sheaf F on X and a G-linearization φ of F .

(3) A G-module on X is a G-sheaf (M, φ) whereM is an OX -module and
the G-linearization φ : σ∗M ∼= pr∗2M is an isomorphism of OG×X -
modules. Similarly a G-vector bundle on X consists of a G-module
(V , φ) such that V is a locally free OX -module on X .

We usually write F rather than (F , φ) for a G-sheaf or module, leaving the
G-linearization implicit.

Remark 2.3. The previous definition works for any algebraic group G. Our
groups are always finite, in which case a G-linearization of F is equivalent to

the data of isomorphisms φg : F ∼=−→ g∗F for each g ∈ G which are subject to
the conditions that φe = id and φgh = h∗(φg) ◦ φh for all g, h ∈ G.

An equivariant morphism f : (E , φE )→ (F , φF ) of G-sheaves is a morphism f
of sheaves which is compatible with the G-linearizations in the sense that φF ◦
σ∗f = pr∗2f◦φE . Write Abτ (G,X) for the category whose objects areG-sheaves
onX and morphisms are the equivariant morphisms. The category ofG-sheaves
on X has enough injectives. We have similarly the category ModG(X) of G-
modules on X and VecG(X) of G-vector bundles on X .

Remark 2.4. Recall that if G acts on the ring R, the skew-group ring R#[G]
is defined as follows. As a (left) R-module it is free with basis {[g] | g ∈ G}.
Multiplication is defined by setting (rg[g])(rh[h]) = rg(g·rh)[gh] and extending
linearly. If G acts trivially on R, then R#[G] is the usual group ring R[G].
If X = Spec(R), then the category of G-modules on X is equivalent to the
category of modules over the skew-group ring R#[G].

Given a G-sheaf M, the group G acts on the global sections Γ(X,M). Define
the invariant global sections functor ΓGX : Abτ (G,X) → Ab by ΓGX(M) =
Γ(X,M)G. The τ -G-cohomology groups Hp

τ (G;X,M) are defined as the right
derived functors

Hp
τ (G;X,M) := RpΓGX(M).

The functor ΓGX can be expressed as a composition ΓGX = (−)G ◦ Γ(X,−).
The functor Γ(X,−) sends injective G-sheaves to injective G-modules and so
the Grothendieck spectral sequence for this composition yields the convergent
spectral sequence

(2.5) Ep,q2 = Hp(G,Hq
τ (X,M))⇒ Hp+q

τ (G;X,M),

where H∗(G,−) is group cohomology.
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Definition 2.6 ([MFK94]). The equivariant Picard group PicG(X) is the
group of G-line bundles on X , with group operation given by tensor product.

The equivariant Picard group has the following well known cohomological in-
terpretation.

Theorem 2.7 (Equivariant Hilbert 90). Let X be a G-scheme.

(1) There is a natural isomorphism

PicG(X)
∼=−→ H1

et(G;X,O∗
X).

(2) There are natural isomorphisms

H1
Zar(G;X,O∗

X) ∼= H1
Nis(G;X,O∗

X) ∼= H1
et(G;X,O∗

X).

Proof. The second item follows from the first together with the spectral se-
quence (2.5). We sketch a proof of the first item. Consider the quotient
stack [X/G]. The map X → [X/G] is an étale cover and X ×[X/G] X
is represented by G × X , see e.g.,[LMB00, Exemple 4.6.1]. We consider
the ringed topos ([X/G]et,O[X/G]). A G-linearization of a sheaf F on Xet

is exactly the descent data necessary to descend F to a sheaf on [X/G].
In particular the categories Abet([X/G]) and Abet(G,X) are equivalent and
the category of line bundles on ([X/G]et,O[X/G]) is equivalent to the cate-

gory of G-line bundles on X . Additionally, Γ([X/G],F) = Γ(X,F)G. We
thus have H1

et(G;X,O∗
X) = H1

et([X/G],O∗
[X/G]). Now by [Gir71, Proposition

III.2.4.5, Remarque III.3.5.4], H1
et([X/G],O∗) is the group of O∗

[X/G]-torsors

over [X/G]et. By [Gir71, Corollaire III.2.5.2] this is isomorphic to the group
of isomorphism classes of line bundles on ([X/G]et,O[X/G]), which in turn is

isomorphic to PicG(X).
�

Theorem 2.7 and the spectral sequence (2.5) yield the exact sequence
(2.8)

0→ H1(G,H0(X,O∗
X))→ PicG(X)→ (Pic(X))G → H2(G,H0(X,O∗

X)).

Lemma 2.9. If X is a reduced G-scheme then p∗ : PicG(X) → PicG(X × A1)
is injective, where p : X ×A1 → X is the projection. If X is normal then p∗ is
an isomorphism.

Proof. If X is reduced then H0(X,O∗
X) = H0(X×A1,O∗

X×A1) and PicG(X)→
PicG(X×A1) is injective. If X is normal then it is an isomorphism. The lemma
then follows from (2.8) together with the five lemma. �

2.3. Divisors on G-schemes. The notion of Cartier divisor and rational
equivalence of Cartier divisors admits a straightforward equivariant general-
ization.

Definition 2.10. (1) An equivariant Cartier divisor on X is an element

of Γ(X,K∗
X/O∗

X)G. Write DivG(X) for this group with the group law
written additively.
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(2) A principal equivariant Cartier divisor is defined to be an invariant
rational function on X ; that is, an element in the image of Γ(X,K∗)G.

(3) Two equivariant Cartier divisors are equivariantly rationally equivalent,

written D ∼ D′, if D−D′ is principal. Write DivGrat(X) for the group
of equivariant Cartier divisors modulo rational equivalence.

A global section of Γ(X,K∗
X/O∗

X) is specified by giving an open covering Ui
and fi ∈ Γ(Ui,K∗) such that fi/fj ∈ Γ(Ui ∩Uj ,O∗

X) for all i, j. This section is
G-invariant if {(Ui, fi)} and {(gUi, gfi)} determine the same global section for
all g ∈ G, where gfi is the rational function gfi(x) = fi(g

−1x)). This means
that {(Ui, fi)} is G-invariant if and only if gfi/fj ∈ Γ(gUi ∩Uj ,O∗

X) for all i, j
and g ∈ G.
Write Z1(X) for the group of codimension one cycles on X . The homomor-
phism cyc : Div(X) → Z1(X) is defined by cyc(D) =

∑
Z∈X(1) ordZ(D)Z

where X(1) is the set of closed integral codimension one subschemes.

Lemma 2.11. Let X be a smooth G-scheme. Then

cyc : Div(X)→ Z1(X)

is an equivariant isomorphism.

Proof. Note that if D ∈ Div(X) then ordZ(gD) = ordg−1Z(D). It follows that
cyc is equivariant. Since X is smooth, cyc is an isomorphism. �

Given an equivariant Cartier divisor the usual construction yields a G-line
bundle. Recall that if D = {(Ui, fi)} is a Cartier divisor, then the associated
line bundle O(D) is defined by O(D)|Ui = OUif−1

i . It is straightforward to
check that when D is an equivariant Cartier divisor then the associated line
bundle O(D) has a canonical G-linearization. We write again O(D) for the
G-line bundle defined by this choice of linearization.

Proposition 2.12. Let X be a regular G-scheme.

(1) The association D 7→ O(D) induces an injective homomorphism

DivGrat(X) →֒ PicG(X),

whose image consists of G-line bundles L which admit an equivariant
injection L →֒ KX .

(2) If G acts faithfully on X then every G-line bundle admits such an

injection into KX . In particular DivGrat(X) = PicG(X).

Proof. The first part is straightforward from the definitions. When X has faith-
ful action, then H1

Zar(G;X,K∗
X) = 0 which implies that DivG(X)→ PicG(X)

is surjective. �

When the action isn’t faithful, DivGrat(X) ⊆ PicG(X) can be a proper subgroup.

For example, PicG(k) is isomorphic to the character group of G over k while

DivGrat(k) = 0.

Proposition 2.13. If X is regular then DivGrat(X × A1) = DivGrat(X).
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Proof. Let K = ker(G → Aut(X)). Then G/K acts faithfully on X and

DivGrat(X) = Div
G/K
rat (X). Since PicG/K(X×A1) = PicG/K(X) the proposition

follows from Proposition 2.12. �

3. Equivariant Nisnevich topology

In this section we introduce the equivariant Nisnevich topology and list some
of its properties. The equivariant Nisnevich topology on quasiprojective G-
schemes was defined by Voevodsky [Del09] in order to extend the functor of
taking quotients by group actions to motivic spaces. More recently, versions of
the equivariant Nisnevich topology (on not necessarily quasiprojective smooth
G-schemes) have been considered by Hu-Kriz-Ormsby [HKO11] and Krishna-
Østvær [KØ12] (for Deligne-Mumford stacks). A related topology, the fixed
point Nisnevich topology, was defined and studied by Herrmann in [Her13]. The
fixed point Nisnevich topology has pleasant homotopical properties but unfor-
tunately does not seem well suited for our constructions involving presheaves
with equivariant transfers.

3.1. Basic properties. A cd-structure on a category C is a collection P of
commutative squares of the form

B //

��

Y

p

��
A

e // X

which are closed under isomorphism. The Grothendieck topology associated to
P is the Grothendieck topology generated by declaring all pairs (A→ X,Y →
X) to be coverings.

Definition 3.1. (1) A Cartesian square in GSch/k

B //

��

Y

p

��
A

e // X

is said to be an equivariant distinguished square if p is étale, e : A ⊆ X
is an invariant open embedding and p induces an isomorphism (Y −
B)red

∼=−→ (X −A)red.
(2) The equivariant Nisnevich topology on GSm/k (resp. GSch/k) is

the Grothendieck topology associated to the cd-structure defined by
the equivariant distinguished squares and we write (GSm/k)GNis
(resp. (GSch/k)GNis) for the associated site.

Lemma 3.2. A presheaf of sets F is a sheaf in the equivariant Nisnevich topol-
ogy if and only if F (∅) = ∗ and for any distinguished square Q as above the
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square

F (X) //

��

F (Y )

��
F (A) // F (B)

is a pullback square.

Proof. This follows from [Voe10b, Lemma 2.9]. �

Example 3.3. Let V be a representation. Consider the equivariant open cov-
ering of P(V ⊕ 1) given by P(V ⊕ 1) − P(V ) = A(V ) and P(V ⊕ 1) − P(1).
The intersection of these opens is identified with A(V ) − 0. We thus have an
equivariant distinguished square

A(V )− 0 //

��

A(V )

��
P(V ⊕ 1)− P(1) // P(V ⊕ 1).

The standard characterizations of a Nisnevich cover in the nonequivariant set-
ting admit an equivariant generalization.

Definition 3.4. Let f : Y → X be an equivariant morphism. An equivariant
splitting sequence for f : Y → X is a sequence of invariant closed subvarieties

∅ = Zm+1 ⊆ Zm ⊆ · · · ⊆ Z1 ⊆ Z0 = X

such that f |Zi−Zi+1 : f−1(Zi − Zi+1)→ Zi − Zi+1 has an equivariant section.
The integer m is called the length of this splitting sequence.

Proposition 3.5. Let f : Y → X be an equivariant étale map between G-
schemes. The following are equivalent.

(1) The map f is an equivariant Nisnevich cover.
(2) The map f has an equivariant splitting sequence.
(3) For every point x ∈ X, there is a point y ∈ Y such that f induces an

isomorphism k(x)∼=k(y) of residue fields and an isomorphism Gy∼=Gx
of set-theoretic stabilizers.

Proof. The proof follows along the lines of the nonequivariant arguments in
[MV99, Lemma 3.1.5] and [Voe10c, Proposition 2.17].

(1)⇔(2) Suppose that {Vi → X} is an equivariant Nisnevich cover. Note that
there is a dense invariant open subscheme U ⊆ X on which f :

∐
Vi →

X has a splitting. Indeed, this is true by definition for covers coming
from distinguished squares and this property is preserved by pullbacks
and by compositions. Restricting to the complement of this open and
repeating the argument we construct an equivariant splitting sequence,
which must stop at a finite stage because X is Noetherian.
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For the converse, we proceed by induction on the length of a splitting
sequence. The case m = 0 is immediate. Suppose that we have an
equivariant splitting sequence of length m. The restriction of f to
Zm ×X Y → Zm has an equivariant section s. Since s is equivariant
and étale, s(Zm) ⊆ Zm×X Y is an invariant open. Let D be its closed
complement, equipped with the induced reduced structure. Consider

the map Ỹ := Y − D → X . Then {Ỹ → X, X − Zm} forms an
equivariant distinguished covering of X . The pullback of f : Y → X
along X −Zm has an equivariant splitting sequence of length less than
m and so by induction is an equivariant Nisnevich cover. Similarly the

pullback of f along Ỹ → X equivariantly splits and is thus also an
equivariant Nisnevich cover. It follows that f itself is an equivariant
Nisnevich covering.

(2)⇔(3) Suppose that f has an equivariant splitting sequence. Then x ∈ Uk =
Zk−Zk+1 for some k. Let s be a section of f over Uk and let y = s(x).
Then one immediately verifies that f induces an isomorphism k(x) ∼=
k(y) and Gy ∼= Gx.

For the other direction, by Noetherian induction it suffices to show
that if for each generic point η ∈ X there is η′ ∈ Y so that f induces
k(η) ∼= k(η′) and Gη ∼= Gη′ then there is an equivariant dense open
U ⊂ X such that Y ×X U → U has an equivariant splitting. To show
this it suffices to assume that X is equivariantly irreducible. Let η ∈ X
be a generic point. Then there is an η′ ∈ Y such that f : η′ ∼= η and
Gη′ ∼= Gη. This implies thatG·η′ → G·η is an equivariant isomorphism.
We have that G·η′ = ∩W ′ (resp. G·ηi) is the intersection over all
invariant opens W ′ in Y containing η′ (resp. all invariant opens in X)
and so there is some invariant open W ′ ⊆ Y such that W ′ → f(W ′)
is an equivariant isomorphism. Setting U = f(W ′) we obtain our
equivariant splitting.

�

Changing the condition above on stabilizers leads to the variant of the equi-
variant Nisnevich topology defined in [Her13].

Definition 3.6. An equivariant étale map f : Y → X is a fixed point Nisnevich
cover if for each point point x ∈ X , there is a point y ∈ Y such that f induces an
isomorphism k(x)∼=k(y) of residue fields and an isomorphism Iy∼=Ix of inertia
groups.

By [Her13, Lemma 2.12], a map Y → X is a fixed point Nisnevich cover if and
only if for every subgroup H ⊆ G, the map on fixed points fH : Y H → XH

is a Nisnevich cover. The following simple example illustrates an important
difference between these two topologies.

Example 3.7. Let X be a smooth G-scheme with free action. Consider the
action map G ×Xtriv → X , where Xtriv is the G-scheme X considered with
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trivial action. This is a fixed point Nisnevich cover. However, it is not equiv-
ariantly locally split and so is not an equivariant Nisnevich cover.

We refer to [Voe10b] for the definition of a complete, regular, and bounded
cd-structure.

Theorem 3.8. The equivariant Nisnevich cd-structure on GSm/k is complete,
regular and bounded.

Proof. The argument is similar to that of [Voe10c, Theorem 2.2] for the usual
Nisnevich topology. We provide a brief sketch of the details. First, since the
equivariant distinguished squares are closed under pullback, it follows from
[Voe10b, Lemma 2.4] that the equivariant Nisnevich cd-structure is complete.
For regularity, one needs to see that for an equivariant distinguished square the
square

B //

��

Y

��
B ×A B // Y ×X Y

is also distinguished, where the horizontal arrows are the diagonal. Because an
equivariant distinguished square is a square whose maps are equivariant and
which is nonequivariantly a distinguished square, this follows immediately from
the nonequivariant case which is verified in [Voe10c, Lemma 2.14].
It remains to see that the cd-structure is bounded. For this we use the equivari-
ant analogue of the standard density structure. That is for a smooth G-scheme
X , let Dq(X) be the set of open, invariant embeddings U → X whose com-
plement has codimension at least q. The arguments of [Voe10c, Proposition
2.10] carry over to the equivariant case to show that equivariant cd-structure
is bounded by this density structure. �

Corollary 3.9. Let F be a sheaf of abelian groups on GSm/k in the equivari-
ant Nisnevich topology and let X be a smooth G-scheme over k. Then

Hi
GNis(X,F) = 0

for i > dim(X).

3.2. Points. Let A be a commutative ring and I ⊆ A an ideal contained in
the Jacobson radical of A. Recall that (A, I) is said to be a Henselian pair
if for every étale ring map f : A → B and any p : B → A/I such that the
composition pf : A→ A/I equals the quotient map, there is a lifting of
p to an A-homomorphism p : B → A. We say that the pair (A, I) has a G-
action, if A has a G-action and the ideal I is invariant. There is a functorial
Henselization of the pair (A, I), consisting of a ring map A → Ah such that
(Ah, IAh) is a Hensel pair and A/I ∼= Ah/IAh, see e.g., [Ray70]. If (A, I) has
G-action then G acts on (Ah, IAh) as well because (−)h is functorial.

Definition 3.10. Say that S is a semilocal Henselian affine G-scheme over k
if S = Spec(Ah), where Ah is the Henselization of a pair (A, I) where A is a
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semilocal ring with G-action which is essentially of finite type over k, and I is
the Jacobson radical. We say that S is smooth over k if A is essentially smooth
over k.

Remark 3.11. Let S be a semilocal Henselian affine G-scheme over k. Let
Z ⊆ S be the set of closed points and suppose that f : Y → S is an equivariant
étale map which admits an equivariant splitting over Z. Then f admits an
equivariant splitting. Indeed, since S is Henselian there exists a splitting s :
S → Y extending the one over Z. Then s is both an open and closed immersion.
Thus s is an isomorphism of S onto its image and determines a decomposition
Y = s(S)

∐
Y ′. Note that s(S) is invariant, otherwise gz ∈ Y ′ for some g ∈ G

and z ∈ Z but s is equivariant on Z. It follows that s(S) ⊆ Y is invariant and
so s is equivariant, being the inverse of the equivariant isomorphism f |s(S).
In particular if S is a semilocal Henselian affine G-scheme with a single closed
orbit and Y → S is an equivariant Nisnevich cover, then it can be refined by
the trivial covering.

Suppose that X is a G-scheme over k and x ∈ X has an invariant open affine
neighborhood. Then OX,Gx is a semilocal ring with G-action and Spec(OhX,Gx)
is a semilocal Henselian affine G-scheme over k with a single closed orbit. Any
semilocal Henselian affine G-scheme over k with a single orbit is equivariantly
isomorphic to Spec(OhA,Gx), for some affine G-scheme A and x ∈ A.
In general, a point x ∈ X might not be contained in any G-invariant affine
neighborhood. We can however still consider G×Gx Spec(OhX,x). Additionally,

it is always the case that Gx = G ×Gx {x} ⊆ G ×Gx X has a G-invariant
affine neighborhood. The canonical map π : G ×Gx OhX,x → OhX,x is étale and

G×Gx {x} → G·x is an isomorphism, so π is equivariantly split over G·x.
For x ∈ X write N(Gx) for the filtering category whose objects are pairs
(p : U → X, s) where p is étale and s : Gx→ U is a section of p over Gx, and U
is the union of its connected components which contain an element of s(Gx). A
morphism (U → X, s) to (V → X, s′) is a map f : U → V making the evident
triangles commute. Write NG(Gx) for the filtering category whose objects are
pairs (p : U → X, s) where U is an equivariantly irreducible G-scheme, p is
an equivariant étale map, and s : Gx → U is an equivariant section of p over
Gx. A morphism (U → X, s) to (V → X, s′) in NG(Gx) is a map f : U → V
making the evident triangles commute. We sometimes write N(X ;Gx) and
NG(X ;Gx) for these indexing categories if we need to be explicit about the
ambient G-scheme containing Gx.

Remark 3.12. Let U be a Gx-invariant affine neighborhood of x ∈ X . The
transition maps of NG(G×Gx U,Gx) are affine, so limV ∈NG(G×GxU,Gx) V exists

in the category of k-schemes. The map G ×Gx U → X is an equivariant étale
neighborhood of Gx. In particular the map NG(G ×Gx U,Gx) → NG(X ;Gx)
is initial and so limNG(X;Gx) V exists as well (and equals limNG(G×GxU,Gx) V ).
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Proposition 3.13. The forgetful functor φ : NG(Gx) → N(Gx) is initial. In
particular

lim
U∈NG(Gx)

U ∼= Spec(OhG×GxX,x) ∼= G×Gx Spec(OhX,x).

If x ∈ X has a G-invariant affine neighborhood then additionally we have a

canonical G-isomorphism G×Gx Spec(OhX,x)
∼=−→ Spec(OhX,Gx).

Proof. We need to show that the comma category (φ/(p, s)) is nonempty and
connected for any (p : U → X, s) ∈ N(Gx). It suffices to check that it is
nonempy since if φ(q1, s1) → (p, s) and φ(q2, s2) → (p, s) are two arrows in
(φ/(p, s)), there is (q3 : V3 → X, s3) in NG(Gx) which maps to (q1, s1) and
(q2, s2). The two maps (q3, s3) → (p, s) obtained from composition agree on
each point of s(Gx) and induce the same map on the residue fields of these
points. Each connected component of V3 contains a point of s(Gx) and so both
maps (q3, s3)→ (p, s) are equal.
Let (p : U → X, s) ∈ N(Gx). For g ∈ G, define pg : g∗U → X to be the étale
X-scheme given by g∗U = U and pg := gp. The identity U = U can be viewed
as a map g∗U → (hg)∗U over h : X → X .
Label the elements of G by e = g0, g1, . . . gn. Define W to be the (n + 1)-fold
fiber product

W = U ×X (g1)∗U ×X · · · ×X (gn)∗U.

Write πgi : W → (gi)∗U for the projection and consider W as an X-scheme via
the composite pπe : W → U → X . Note that hpπh = pπe.
NowW has a G-action given by permuting the factors. In other words we define
h : W → W to be the map determined by the formula πgih = πh−1gi . This
determines a map since pgiπh−1gi = pgjπh−1gj . Moreover pgiπh−1gi = hpπe and
thus pπe : W → X is an equivariant étale map.
Define now s′ : Gx → W to be the map determined in the gith coordinate
by sg−1

i : Gx → (gi)∗U . This defines an equivariant section of pπe : W → X
over Gx ⊆ X . and so (W → X, s′) ∈ NG(Gx). Now πe determines a map
(W → X, s′) → (U → X, s) in N(Gx) and so (φ/(p, s)) is nonempty, which
completes the proof. �

For a G-scheme X and x ∈ X write p∗xF = F (OhG×GxX,Gx) =

colimU∈NG(Gx) F (U). This defines a fiber functor from the category of
sheaves to sets, i.e., it commutes with colimits and finite products and so
determines a point of the equivariant Nisnevich topos. Every affine semilocal
G-scheme with a single closed orbit determines such a point. By the previous
paragraphs, any such S is of the form G×Gx Spec(OhX,x) = Spec(OhG×GxX,Gx)

for an appropriate G-scheme X . We now verify that these points form a
conservative set of points.

Theorem 3.14. A map φ : F1 → F2 of sheaves of sets on GSch/k
(resp. GSm/k) is an isomorphism if and only if F1(S) → F2(S) is an iso-
morphism for all (resp. all smooth) semilocal affine G-schemes S over k with
a single closed orbit.
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Proof. Let S be a semilocal affine G-scheme over k with a single closed orbit. If
φ is an isomorphism of sheaves then it induces an isomorphism F1(S) ∼= F2(S)
as SGNis is trivial.
Suppose that φ induces isomorphisms F1(S) ∼= F2(S) for all S. We first show
that φ is a monomorphism. Suppose that φ(α) = φ(β) for some α, β ∈ F1(X).
Then [α] = [β] ∈ F1(OhG×GxX,Gx) for all x ∈ X . Thus for each x ∈ X , there is

some equivariant étale map Vx → X which admits an equivariant section over
Gx→ V and α|V = β|V . Let ηi ∈ X be generic points. Then Vηi → X has an
equivariant section over an invariant open U1 ⊆ X . Consider Vαi corresponding
to generic points of Z1 = X − U1 and let Z2 ⊆ Z1 the complement of the set
where

∐
Vαi has a section. Proceeding in this way we obtain a finite number

of equivariant étale maps Vxi → X such that V =
∐
Vxi → X is a Nisnevich

cover. Moreover V has the property that α|V = β|V and because F1 is a sheaf
this means that α = β in F1(X).
Now we show that φ is a surjection. Let α ∈ F2(X). For any x ∈ X there
is [β] ∈ F1(OhG×GxX,Gx) such that φ([β]) = [α] ∈ F2(OhG×GxX,Gx). Thus for

each x ∈ X there is an equivariant étale map fx : Vx → X , which admits an
equivariant section Gx → Vx, and βx ∈ F1(Vx) such that φ(βx) = α|Vx . As in
the previous paragraph we can find a finite number of points x1, . . . , xn such
that V =

∐
Vxi → X is an equivariant Nisnevich cover. The elements βxi

determine the element β ∈ F1(V ) with the property that φ(β) = α|V and thus
φ is surjective as well. �

Remark 3.15. By [Her13], the points of the fixed point Nisnevich topology are
the semilocal affine G-schemes of the form G/H × Spec(OhX,x) where H ⊆ G
is a subgroup, and x is a point of a smooth scheme X equipped with trivial
action.

Since (GSm/k)GNis has enough points we can form the Godement resolution
of a presheaf.

Definition 3.16. Let F (−) be a presheaf of chain complexes of abelian groups
on GSm/k. Let

G0F (U) =
∏

u∈U
F (OhG×GuU,u).

Define GnF = G0 ◦ · · · ◦G0F to be the (n+ 1)-fold composition of G0. The in-
clusions and projections of the various factors give n 7→ GnF (U) a cosimplicial
structure. The Godement resolution F (−)→ GF (−) is defined by

GF (U) := TotG•F (U).

Then F → GF is a flasque resolution of F on (GSm/k)GNis. Consequently
GF (U) computes the hypercohomology with coefficients in F :

HkGF (U) = Hk
GNis(U, F ).
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3.3. Change of groups. Let H ⊆ G be a subgroup. We have an adjoint pair
of functors ǫ : HSch/k ⇄ GSch/k : ρ where ǫ(X) = G ×H X and ρ(W ) = W .
These restrict to an adjoint pair

(3.17) ǫ : HSm/k ⇄ GSm/k : ρ.

Both functors commute with fiber products and send covering families to cov-
ering families for the equivariant Nisnevich topologies. We thus have adjoint
functors

ǫ∗ : ShvHNis(HSm/k) ⇄ ShvGNis(GSm/k) : ǫ∗
and

ρ∗ : ShvGNis(GSm/k) ⇄ ShvHNis(HSm/k) : ρ∗,

where ǫ∗F (X) = F (G ×H X) and ρ∗K(W ) = K(W ), and similarly for the
categories of sheaves on GSch/k and HSch/k. Additionally we have that ρ∗ =
ǫ∗. It follows that ǫ∗ is exact and so we have the following.

Lemma 3.18. Let X be an H-scheme. Then

Hi
GNis(G×H X,F ) = Hi

HNis(X, ǫ∗F ).

If we restrict our attention to the category GQP/k of quasiprojective schemes
of finite type over k equipped with left G-action we have an adjoint pair

λ : GQP/k ⇄ QP/k : η,

where λ(X) = X/G is the quotient by the G-action and η(W ) = W triv, where
W triv is the scheme W equipped with the trivial action. The functor η com-
mutes with fiber products and sends covering families to covering families.
By [Del09, Proposition 43] the functor λ induces a continuous map of sites
(QP/k)Nis → (GQP/k)GNis, i.e., the presheaf X 7→ F (X/G) on (GQP )GNis
is a sheaf whenever F is a sheaf on (QP/k)Nis. We thus have adjoint functors

η∗ : ShvNis(QP/k) ⇄ ShvGNis(GQP/k) : η∗

and
λ∗ : ShvGNis(GQP/k) ⇄ ShvNis(QP/k) : λ∗,

where η∗F (W ) = F (W triv) and λ∗K(X) = K(X/G). Additionally we have
that η∗ = λ∗. It follows that λ∗ is exact and so we have the following.

Lemma 3.19. Let X be a quasiprojective G-scheme. Then

Hi
GNis(X,λ∗F ) = Hi

Nis(X/G,F ).

4. Presheaves with equivariant transfers

Let GCork denote the category whose objects are smooth G-varieties and mor-
phisms are equivariant finite correspondences, that is

GCork(X,Y ) := Cork(X,Y )G.

An elementary equivariant correspondence from X to Y is a correspondence
of the form Z = Z + g1Z + · · · + gkZ, where Z ⊆ X × Y is an elementary
correspondence and gi range over a set of coset representatives for Stab(Z) =
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{g ∈ G|g(Z) = Z}. The groupGCork(X,Y ) is the free abelian group generated
by the elementary equivariant correspondences.
There is an embedding of categories GSm/k ⊆ GCork which sends an equi-
variant map f : X → Y to its graph Γf ⊆ X × Y .

Definition 4.1. A presheaf with equivariant transfers on GSm/k is an additive
presheaf F : GCoropk → Ab.

Definition 4.2. (1) An elementary equivariant A1-homotopy between
two maps in GSm/k (resp. in GCork) f0, f1 : X → Y is a map
H : X ×A1 → Y in GSm/k (resp. in GCork) such that H |X×{i} = fi.

(2) A map f : X → Y is said to be an elementary equivariant A1-homotopy
equivalence if there is a map g : Y → X such that both fg and gf are
elementary equivariant A1-homotopic to the identity.

(3) If F is a presheaf on GSm/k or on GCork, we say that F is homotopy
invariant if the projection p : X × A1 → X induces an isomorphism

p∗ : F (X)
∼=−→ F (X × A1).

A simple but useful consequence of homotopy invariance is that all representa-
tions are contractible.

Proposition 4.3. Let F be homotopy invariant presheaf of abelian groups and
V a finite dimensional representation. Then p∗ : F (X × A(V ))→ F (X) is an
isomorphism.

Proof. The map A(V ) × A1 → A(V ), (v, t) 7→ tv is an equivariant homotopy
between the identity on A(V ) and A(V )→ {0} ⊆ A(V ). �

Every smooth G-scheme Y represents a presheaf with equivariant transfers
which we write as

Ztr,G(Y )(−) = GCork(−, Y ).

Note that this is in fact a sheaf in the equivariant Nisnevich topology. If Y is
quasi-projective, the nth symmetric power Symn(Y ) = Y ×n/Σn of Y exists as
a scheme. We write Sym(Y ) =

∐
n Symn(Y ). When X is normal, the map

Cork(X,Y ) −→ HomSch/k(X, Sym(Y ))+

becomes an isomorphism after inverting the exponential characteristic, see e.g.,
[SV96, Theorem 6.8] or [BV08, Proposition 2.1.3]. Here (−)+ denotes the group
completion of the displayed monoid and the monoid structure comes from the
one on Sym(Y ).

Example 4.4. The sheaf (O∗)G of invariant invertible functions is a presheaf
with equivariant transfers which can be seen using Lemma 6.13. Alternatively
one may describe the transfer structure as follows. The sheaf O∗ is repre-
sented by the group scheme Gm. We have an induced monoid morphism
ρ : Sym(Gm) → Gm. Let W : X → Sym(Y ) be an effective finite corre-
spondence. Define W∗ : Gm(Y ) → Gm(X) by W∗(φ) = ρSym(φ)W . It is
immediate from this definition that W∗(φ) is equivariant whenever W and φ
are equivariant.
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Lemma 4.5. Let H ⊆ G be a subgroup. There is an adjunction

(4.6) ǫ : H Cork ⇄ GCork : ρ

where ǫ(X) = G×H X and ρ(W ) = W .

Proof. We need to show that if X is a smooth H-scheme and W is a smooth
G-scheme then H Cork(X,W ) ∼= GCork(G ×H X,W ). We have an H-
equivariant map i : X → G ×H X , induced by x 7→ (e, x). This gives
i∗ : GCork(G ×H X,W ) → H Cork(X,W ). It is straightforward to check
that this is an isomorphism. �

Definition 4.7. A presheaf F with equivariant transfers is said to be an equi-
variant Nisnevich sheaf with transfers provided that the restriction of F to
GSm/k is a sheaf in the equivariant Nisnevich topology.

We finish this section with a discussion of the relation between transfers and
sheafification.

Theorem 4.8. Let X be a smooth G-scheme and p : Y → X an equivariant
Nisnevich cover. Then

· · · p0−p1+p2−−−−−−→ Ztr,G(Y ×X Y )
p0−p1−−−−→ Ztr,G(Y )

p−→ Ztr,G(X)→ 0

is exact as a complex of equivariant Nisnevich sheaves.

Proof. The argument is similar to the nonequivariant argument [MVW06,
Proposition 6.12]. It suffices to check that the complex

(4.9) · · · → Ztr,G(Y ×X Y )(S)→ Ztr,G(Y )(S)→ Ztr,G(X)(S)→ 0

is exact for every semilocal Henselian affine G-scheme S with a single closed
orbit. Let Z ⊆ X × S be an invariant closed subscheme which is quasi-finite
over S. Define L(Z/S) to be the free abelian group generated by the irre-
ducible components of Z which are finite and surjective over S. The assignment
Z 7→ L(Z/S)G is covariantly functorial for equivariant maps of quasi-finite G-
schemes over S. The sequence (4.9) is a filtered colimit of sequences of the
form

(4.10) · · · → L(ZY ×Z ZY /S)G → L(ZY /S)G → L(Z/S)G → 0

where the colimit is taken over all invariant closed subschemes Z ⊆ X × S
which are finite and surjective over S. It therefore suffices to show that (4.10)
is exact. Since S is a semilocal Henselian affine G-scheme over k with a single
closed orbit and Z is finite over S it is also Hensel semilocal. The equivariant
Nisnevich covering ZY → Z therefore splits equivariantly (see Remark 3.11).
Let s1 : Z → ZY be a splitting. Set (ZY )kZ := ZY ×Z · · · ×Z ZY and let

sk : L((ZY )kZ/S)G → L((ZY )k+1
Z )G be the map induced by s1×Z id(ZY )kZ

. This

is a contracting homotopy, which completes the proof. �

The previous statement fails when we replace the equivariant Nisnevich topol-
ogy with the fixed point Nisnevich topology. (The following is also an example
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of a fixed point Nisnevich covering for which equivariant K-theory does not
satisfy descent).

Example 4.11. Consider the Z/2-schemes X = Spec(C) over Spec(R) with
conjugation action and Xtriv the scheme X with trivial action. Let Y =
Z/2×Xtriv. The action map Y → X is then a fixed point Nisnevich cover. In
[Her13] it is shown that the points of the fixed point Nisnevich topology are of
the form G/H ×OhWH ,w. In particular, if

· · · → Ztr,G(Y ×X Y )→ Ztr,G(Y )→ Ztr,G(X)→ 0

were to be exact in the fixed point Nisnevich topology, then its restriction to
Sm/R would be exact in the Nisnevich topology. But its restriction to Sm/R
is

· · · → Ztr(C×R C)→ Ztr(C)→ Ztr(R)→ 0,

which is not exact in the Nisnevich topology. Indeed if it were exact then apply-
ing Z/2(n), the complex computing weight n motivic cohomology with mod-2
coefficients, would imply a quasi-isomorphism Z/2(n)(R) = Z/2(n)(C)hZ/2 and
then we would have

Hi
M(R,Z/2(n)) = HiZ/2(n)(R) = HiZ/2(n)(C)hZ/2 = Hi

et(R,Z/2)

for all i ≥ 0, which is not true.

Lemma 4.12. Let p : U → Y be an equivariant Nisnevich cover and f : X → Y
an equivariant finite correspondence. Then there is an equivariant Nisnevich
covering p′ : V → X and an equivariant finite correspondence f ′ : V → U
which fit into the following commutative square in GCork,

V

p′

��

f ′

// U

p

��
X

f // Y.

Proof. We may assume that f is an equivariant elementary correspondence.
Write Z = Supp(f) and consider the pullback Z ′ = Z ×Y U ⊆ X × U . Then
Z ′ → Z is an equivariant Nisnevich cover and π : Z → X is finite. We can find
an equivariant Nisnevich cover V → X such that V ×X Z ′ → V ×X Z has a
section.
Let s be such a section. Then s(V ×X Z) ⊆ V × U is finite and equivariant
over V and its associated equivariant correspondence defines the required f ′ :
V → U . �

Theorem 4.13. Let F be a presheaf with equivariant transfers on GSm/k.
Then FGNis has a unique structure of a presheaf with equivariant transfers
such that F → FGNis is a morphism of presheaves with equivariant transfers.

Proof. The proof is parallel to the proof of [MVW06, Theorem 6.17]. We begin
with uniqueness. Let F1 and F2 be two presheaves with transfers with a map
of presheaves with equivariant transfers F → Fi whose underlying map of
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presheaves is the canonical map F → FGNis. Let f : X → Y be a map in
GCork and y ∈ F1(Y ) = F2(Y ) = FGNis(Y ). Choose an equivariant Nisnevich
covering U → Y such that y|U is in the image of u ∈ F (U). Applying Lemma
4.12 we have a commutative square in GCork

V

p′

��

f ′

// U

p

��
X

f // Y

where p′ : V → X is an equivariant Nisnevich cover. It is straightforward
to verify, using this square, that F1(f)(y) = F2(f)(y) and so F1 = F2 as
presheaves with equivariant transfers.
For existence, we first define a map FGNis(Y ) → HomSh(Ztr,G(Y ), FGNis),
natural for maps in GCork and such that the following square commutes

F (Y ) //

��

HomPre(GCork)(Ztr,G(Y ), F )

��
FGNis(Y ) // HomShv(GCork)(Ztr,G(Y ), FGNis).

Given y ∈ FGNis(Y ) there is an equivariant Nisnevich cover U → Y such
that y|U is the image of u ∈ F (U). The element u determines a morphism
Ztr,G(U) → F of presheaves with equivariant transfers. By shrinking U we
may assume that u restricts to the zero map Ztr,G(U ×Y U) → F under the
difference map (p1)∗− (p2)∗ : Ztr,G(U ×Y U)→ Ztr,G(U). This in turn implies
that the induced morphism of sheaves Ztr,G(U)→ FGNis also restricts to zero
under the difference map.
Now Theorem 4.8 implies that that u determines a map [y] : Ztr,G(Y )→ FGNis
and it is straightforward to verify that this is independent of the choice of U
and u. We now define GCork(X,Y ) ⊗ FGNis(Y )→ FGNis(X) as follows. Let
f : X → Y be a finite equivariant correspondence and y ∈ FGNis(Y ). Consider
the composition [y]f : Ztr,G(X)→ Ztr,G(Y )→ FGNis and define the pairing by
sending (f, y) to the image of the identity in Ztr,G(X)(X) in FGNis(X) under
[y]f . �

A presheaf F with equivariant transfers is said to be an equivariant Nisnevich
sheaf with equivariant transfers if the restriction of F to GSm/k is a sheaf in
the equivariant Nisnevich topology. We write Shv(GCork) for the category of
sheaves with equivariant transfers in the equivariant Nisnevich topology.

Corollary 4.14. The category Shv(GCork) is an abelian category with enough
injectives and the inclusion i : Shv(GCork) → Pre(GCork) has a left adjoint
aGNis which is exact and commutes with the forgetful functor to (pre)sheaves
on GSm/k.

Theorem 4.15. Let F be an equivariant Nisnevich sheaf with transfers. Then
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(1) the cohomology presheaves Hn
GNis(−, F ) are presheaves with equivari-

ant transfers,
(2) for any smooth X, F (X) = HomShv(GCork)(Ztr(X), F ), and
(3) for any smooth X,

ExtnShv(GCork)(Ztr,G(X), F ) = Hn
GNis(X,F ).

Proof. Suppose that F is an equivariant Nisnevich sheaf with transfers. Then
the Godement resolution F → GF in Definition 3.16 is a resolution of sheaves
with equivariant transfers by the same reasoning as in [MVW06, Example
6.20]. This implies the first statement. The second statement follows from
the previous corollary together with the Yoneda lemma. For the third item,
note that if F is an injective equivariant Nisnevich sheaf with transfers then
F → G0F is split and so Hn

GNis(X,F ) is a summand of Hn
GNis(X,G

0F ) = 0.
It follows that Hn

GNis(X,F ) = 0 whenever F is an injective and the result
follows. �

5. Bredon motivic cohomology

The rest of the paper is devoted to developing the machinery for presheaves
with equivariant transfers, the proofs of the homotopy invariance theorem, and
equivariant cancellation. Before delving into this rather technical material, we
pause to illustrate the utility of the theory and discuss our main application,
Bredon motivic cohomology. In this section we introduce Bredon motivic coho-
mology, explain how Mackey functors naturally appear in this setting, and give
some examples. In the process we will use material from Sections 6-8 (but not
from Section 9). This is mainly through the use of the homotopy invariance
theorem, Theorem 8.12, which we restate below. Except for the statement
of Condition 5.1, the material from this section is not used or referred to in
Sections 6-8. Some of the material from this section is used in Section 9.
We will often require that G satisfies the following condition.

Condition 5.1. All irreducible k[G]-modules are one dimensional.

Theorem 8.12 (Homotopy Invariance). Assume that Condition 5.1 holds.
Let F be a homotopy invariant presheaf with equivariant transfers on GSm/k.
Then Hn

GNis(−, FGNis) is also a homotopy invariant presheaf with equivariant
transfers.

Groups satisfying Condition 5.1 are necessarily abelian. Indeed, in this case
the regular representation is a sum of one-dimensional representations, each of
which corresponds to a character G → k∗. Therefore, if G satisfies Condition
5.1 we obtain an injective group homomorphism G →֒ k∗ × · · · × k∗ into an
abelian group and so G itself is abelian. The converse does not hold, for
example over the field R, the group Z/3 has an irreducible two dimensional
representation. However, note that if G satisfies Condition 5.1 over k then it
also does so over every field extension of k as do all of its subgroups.

Documenta Mathematica 20 (2015) 269–332



Equivariant Cancellation 291

Lemma 5.2. Let G be a finite abelian group and suppose that k contains a
primitive nth-root of unity where n is the exponent of G (i.e., the least common
multiple of the orders its elements). Then Condition 5.1 is satisfied.

Proof. For an abelian group G, Condition 5.1 is equivalent to the condition
that k is a splitting field for G (i.e.,if W is a simple k[G]-module then WL is a
simple L[G]-module for any field extension L/k). The lemma is thus a special
case of a theorem of Brauer [CR62, Theorem 41.1,Corollary 70.24]. �

5.1. Definition and first properties. If F is a presheaf of abelian groups
on GSm/k, write CnF (X) = F (X ×∆n

k ), where ∆n
k is the standard algebraic

simplex. This gives a presheaf of simplicial abelian groups n 7→ CnF (X) and
thus yields an associated chain complex C∗F . We write C∗F for the associated
cochain complex, C−kF = CkF . If A is a cochain complex then the shifted
complex A[n] is the complex A[n]i = Ai+n.

Definition 5.3. (1) Let V be a finite dimensional representation. Define
ZG(V ) to be the complex of presheaves with equivariant transfers given
by

ZG(V ) := C∗ (Ztr,G(P(V ⊕ 1))/Ztr,G(P(V ))) [−2 dim(V )].

(2) When V = k[G]⊕n we adopt the notation

ZG(n) = ZG(k[G]⊕n)

By virtue of their definition, the complexes ZG(V ) are acyclic in degrees larger
than 2 dim(V ). In particular ZG(n) is acyclic in degrees larger than 2n|G|.
Definition 5.4. Let X be a smooth G-variety. Define the Bredon motivic
cohomology of X to be

Hn
G(X,Z(m)) = Hn

GNis(X,ZG(m)).

More generally we write

Hn
G(X,Z(V )) = Hn

GNis(X,ZG(V )).

Remark 5.5. By Corollary 3.9 all objects of GSm/k have finite equivariant
Nisnevich cohomological dimension. This implies that the displayed hypercoho-
mology groups (whose coefficients are unbounded complexes) are well defined,
see [Wei94, Corollary 10.5.11].

Lemma 5.6. (1) If F is a presheaf and f0, f1 : X → Y are elementary
equivariant A1-homotopic then the maps f∗

0 , f
∗
1 : C∗F (Y ) → C∗F (X)

are chain homotopic.
(2) The cohomology presheaves X 7→ HiC∗F (X) are homotopy invariant.
(3) If f : X → Y is an elementary A1-homotopy equivalence then the

induced map of complexes f∗ : C∗Ztr,G(X) → C∗Ztr,G(Y ) is a chain
homotopy equivalence.

Proof. The proofs of all these statements are exactly as in the nonequivariant
setting. See e.g., [MVW06, Lecture 2]. �
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Proposition 5.7. (1) Let U
∐
Y → X be an equivariant distinguished

cover. There is a Mayer-Vietoris long exact sequence

· · · → Hn
G(X,Z(m))→Hn

G(U,Z(m))⊕Hn
G(Y,Z(m))→ Hn

G(U ×X Y,Z(m))

→Hn+1
G (X,Z(m))→ · · ·

(and similarly for coefficients in ZG(V )).
(2) If G satisfies Condition 5.1 then

Hn
G(X × A1,Z(m)) ∼= Hn

G(X,Z(m))

(and similarly for coefficients in ZG(V )).

Proof. The first statement follows immediately from the fact that the Bre-
don motivic cohomology is defined as hypercohomology in the equivariant Nis-
nevich topology. The cohomology presheaves of Z(m) are homotopy invariant
presheaves with transfers and so the second item follows from Theorem 8.12
together with the standard hypercohomology spectral sequence. �

Theorem 5.8. Suppose that G satisfies Condition 5.1 and F is a homotopy
invariant presheaf with equivariant transfers. If FGNis = 0 then (C∗F )GNis ≃
0.

Proof. Using Theorem 8.12, the argument is the same as in [MVW06, Theorem
13.12]. �

Proposition 5.9. Suppose that G satisfies Condition 5.1. Let V be a finite
dimensional representation. There is a quasi-isomorphism

C∗
(
Ztr,G(A(V ))/Ztr,G(A(V )− 0)

) ≃−→ C∗
(
Ztr,G(P(V ⊕ 1)/Ztr,G(P(V ))

)

of complexes of equivariant Nisnevich sheaves.

Proof. It follows from Example 3.3 that the map

Ztr,G(A(V ))/Ztr,G(A(V )− 0)→ Ztr,G(P(V ⊕ 1)/Ztr,G(P(V ⊕ 1)− P(1))

becomes an isomorphism after equivariant Nisnevich sheafification. The in-
clusion P(V ⊕ 1) − P(1) ⊆ P(V ⊕ 1) is equivariantly A1-homotopic to the
inclusion P(V ) ⊆ P(V ⊕ 1), the requisite deformation being given by ([x0 : · · · :
xn+1], t) 7→ [x0 : · · · : xn : txn+1].
The result now follows from an application of Theorem 5.8 and Lemma 5.6. �

Corollary 5.10. Under the assumptions above, there is a quasi-isomorphism

cone
(
C∗Ztr,G(A(V )− 0)→ Z

)
≃ C∗

(
Ztr,G(P(V ⊕ 1)/Ztr,G(P(V ))

)
.

Proof. The map A(V ) → Spec(k) is an equivariant A1-homotopy equivalence.
The result thus follows from the previous proposition together with Theorem
5.8 and Lemma 5.6. �
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5.2. Coefficient systems. Let OG denote the category of finite left G-sets
together with equivariant maps. A Bredon coefficient system is an additive
functor M : OopG → Ab. In algebraic topology, Bredon’s original construction
[Bre67] allowed the coefficients to be an arbitrary Bredon coefficient system and
was only integer graded. Later it was shown by Lewis-May-McClure [LMM81]
that this theory is representable in the stable equivariant homotopy category
(and hence has a grading by representations) exactly when the coefficient sys-
tem is a Mackey functor. There are multiple descriptions of a Mackey functor.
One definition is as follows. The Burnside category BG of G, has the same
objects as OG and HomBG(A,B) is the group of maps between A+ and B+

in the stable equivariant homotopy category. Concretely it is the group com-
pletion of the monoid of isomorphism classes of diagrams of equivariant maps
of finite G-sets of the form A ← X → B (the monoid structure is given by
disjoint union). The composition of A ← X → B and B ← X ′ → C is
given by A ← X ×B X ′ → C. A Mackey functor is then defined to be an
additive functor M : BopG → Ab. A related construction is the Hecke cat-
egory HG which has the same objects as OG and morphisms are given by
HomHG(S, T ) = HomZ[G](Z[S],Z[T ]). A cohomological Mackey functor (also
called a Hecke functor) is an additive functor M : HopG → Ab. There is a

Hurewicz functor H : BG → HG given by sending the map S
f←− X g−→ T to the

map Z[S] → Z[T ] given by s 7→ ∑
x∈f−1(s) g(x). Via the Hurewicz functor, a

cohomological Mackey functor is viewed as a Mackey functor. By a theorem
of Yoshida [Yos83], the cohomological Mackey functors are exactly the Mackey
functors with the property that for a subgroup K ⊆ H , the composition f∗f∗

is multiplication by [H : K], where f : (G/K)+ → (G/H)+.
A key reason that Mackey functors play a central role in defining equivariant
generalizations of singular cohomology in algebraic topology is that Mackey
functors are the heart of a t-structure on the stable equivariant homotopy cat-
egory. A corresponding theory of motivic Mackey functors is not yet developed
and is beyond the scope of this paper. Nonetheless we view our construc-
tion as having coefficients in the “constant motivic Mackey functor Z”. This
is justified by analogy with a topological construction for Bredon cohomology
with coefficients in the constant Mackey functor Z, arising from the equivariant
Dold-Thom theorem [dS03]. Additionally, over C, the topological realization
functor takes the theory we have constructed to the usual topological Bredon
cohomology with coefficients in Z. The classical cohomological Mackey func-
tors fit into our setting as follows. We have an embedding OG ⊆ GSm/k given
by S 7→∐

S Spec(k). The composition OG ⊆ GSm/k ⊆ GCork factors through
a faithful embedding HG ⊆ GCork. We thus have an embedding of the cat-
egory of cohomological Mackey functors into the category of presheaves with
equivariant transfers. The category of (pre)sheaves with transfers has a tensor
structure and by tensoring the complexes ZG(n) with a cohomological Mackey
functor M , we obtain Bredon motivic cohomology theory with coefficients in
M .
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Example 5.11. In Section 9 we use certain complexes of presheaves with equi-
variant transfers that are associated to topological representation spheres for
G = (Z/2)n.

(1) For simplicity, we first consider G = Z/2. The topological sign repre-
sentation sphere Sσ is the one-point compactification of the sign repre-
sentation σ. It fits into a homotopy cofiber sequence (Z/2)+ → S0 →
Sσ of based G-spaces. We define Ztop(σ) by

Ztop(σ) := cone(Ztr,G(Z/2)→ Z).

(2) Now consider G = (Z/2)n. Write ǫi for the generator of the ith factor
of Z/2 in G. For a subset I ⊆ {1, . . . n} write σI for the (Z/2)n-
representation specified by letting ǫi act by −1 on k if i ∈ I and by
the identity otherwise. We define Ztop(σ) as follows. Write ZI for Z/2
considered as a (Z/2)n-scheme with action specified by letting ǫi act
nontrivially if i ∈ I and as the identity otherwise. We set

Ztop(σI) := cone(Ztr,G(ZI)→ Z).

When G = Z/2, we write simply Ztop(σ) = Ztop(σ{1}) (which agrees
with the previous definition).

As in [MVW06, Section 8], there is a tensor product ⊗tr on D−(GCork) which
is induced by Ztr,G(X)⊗trZtr,G(Y ) = Ztr(X×Y ). The following will be useful
in Section 9.

Lemma 5.12. The complex Ztop(σI) is invertible in (D−(GCork),⊗tr).

Proof. Write qi : ZI × ZI → ZI for the projection to the ith factor and write
p : ZI → ∗ for the projection to a point. The complex Ztop(σI) is the complex

0 → Ztr,G(ZI) p−→ Z → 0 (with Z = Ztr,G(∗) in degree zero). We claim that

the inverse Ztop(−σI) is given by 0 → Z
pt−→ Ztr,G(ZI) → 0 (again with Z in

degree zero, and (−)t denotes the transpose). The tensor product Ztop(σI)⊗L
tr

Ztop(−σI) is the complex

0→ Ztr,G(ZI)
(p,−qt1)−−−−−→ Z⊕ Ztr,G(ZI ×ZI) pt⊕q2−−−−→ Ztr,G(ZI)→ 0.

Write E∗ for this complex. We have a chain homotopy s : E∗ → E∗+1 between
the identity on E∗ and the composite E∗ → Z→ E∗ (where Z is concentrated
in degree zero) given by s0 = −∆, s−1 = ∆ and si = 0 for i 6= 0,−1, where
∆ : ZI → ZI ×ZI is the diagonal. �

5.3. Examples. We record a few simple examples. The first one is straight-
forward.

Lemma 5.13. Suppose that G satisfies Condition 5.1. Then there is a quasi-
isomorphism ZG(0) ≃ Z of complexes of equivariant Nisnevich sheaves, where
Z is the complex consisting of the constant sheaf Z in degree zero.
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Proposition 5.14. Let V be a one dimensional representation. Then we have
an isomorphism

C∗Ztr,G(A(V )− 0) ≃ (O∗)G ⊕ Z,
in the derived category of equivariant Nisnevich sheaves on GSm/k, where
(O∗)G is the sheaf of invariant invertible functions viewed as a complex con-
centrated in degree zero.

Remark 5.15. This is not a decomposition of complexes of sheaves with equi-
variant transfers except in the case when V is the trivial representation.

Proof. The homology of C∗Ztr,G(A(V ) − 0)(X) is identified with equivariant
Suslin homology defined in §6, i.e.,

Hi(C∗Ztr,G(A(V )− 0)(X)) = HSus
i (G;X × (A(V )− 0)/X).

By Theorem 6.12 we thus have

Hi(C∗Ztr,G(A(V )− 0)(X)) =

{
DivGrat(X × P(V ⊕ 1), X × {0,∞}) i = 0

0 i 6= 0.

Write K for the kernel of the action of G on X × P(V ⊕ 1). Then G/K acts
faithfully on X × P(V ⊕ 1),

DivGrat(X × P(V ⊕ 1), X × {0,∞}) = Div
G/K
rat (X × P(V ⊕ 1), X × {0,∞}),

and by Proposition 6.8,

Div
G/K
rat (X × P(V ⊕ 1), X × {0,∞}) = PicG/K(X × P(V ⊕ 1), X × {0,∞}).

Using the exact sequence (6.6) for the relative equivariant Picard group and

that for X smooth PicG(X × P(V ⊕ 1)) = PicG(X)× Z, we have

PicG/K(X × P(V ⊕ 1), X × {0,∞}) = O∗(X)G/K ⊕ Z = O∗(X)G ⊕ Z,
from which the result follows. �

Proposition 5.16. Let X be a smooth, quasi-projective G-scheme. Then

Hi
GNis(X, (O∗

X)G) =

{
Γ(X,O∗)G i = 0

Pic(X/G) i = 1

Proof. Since (O∗
X)G) is the sheaf on XGNis given by U 7→ O∗

U/G, the proposi-

tion follows from Lemma 3.19. �

Corollary 5.17. Suppose that G satisfies Condition 5.1 and V is a one di-
mensional representation. Then ZG(V ) ≃ (O∗)G[−1]. In particular if X is a
smooth, quasi-projective G-scheme then

Hi
G(X,Z(V )) =

{
Γ(X,O∗)G i = 1

Pic(X/G) i = 2

Proof. By Proposition 5.14 and Corollary 5.10 we have that ZG(V ) ≃
(O∗)G[−1]. The second statement follows immediately from the previous
proposition. �
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For one dimensional representations V , V ′, the chain complexes ZG(V ) and
ZG(V ′) are quasi-isomorphic as complexes of sheaves in the equivariant Nis-
nevich topology. The following example makes explicit that for higher di-
mensional representations, distinct representations give rise to distinct chain
complexes. For a representation V , we write Ztr,G(T V ) := Ztr,G(P(V ⊕
1))/Ztr,G(P(V )).

Example 5.18. Let p be a prime and G = Z/p and k a field which admits
resolution of singularities. For any representation V , we have that

Hi
G(k,Z(V )) = Hi−2pn(C∗Ztr,G(T V )(k)) = Hi−2pn(zequi(A(V ), 0)(∆•

k)G),

where zequi(X, 0) is the presheaf of equidimensional cycles of relative dimension
zero. We compare the complexes ZG(V )[2 dim(V )] = C∗Ztr,G(T V ) for V =

nk[G] and 1np. We have that Hi(C∗Ztr,G(1np)(k)) = Hi+2np
M (k,Z(np)). On the

other hand, C∗zequi(A(nk[G]), 0)G = ⊕np−1
j=n Z/p(j)[2j]⊕Z(np)[2np] in DM(k)

by [Nie08, Theorem 5.4]. Therefore we have that

HiC∗Ztr,G(1np)(k) = Hi+2np
M (k,Z(np)).

while

HiC∗Ztr,G(T nk[G])(k) = Hi+2np
M (k,Z(np))⊕ (⊕np−1

j=n Hi+2j
M (k,Z/p(j))).

We see that C∗Ztr,G(1np) and C∗Ztr,G(T nk[G]) are not quasi-isomorphic in gen-

eral because there are values of i so that the group ⊕np−1
j=n Hi+2j

M (k,Z/p(j)) is

nonzero (e.g.,H0
M(k,Z/p(n)) = Z/p and so the above group is nonzero when-

ever i+ 2j = 0).

We finish this section by relating our construction to Edidin-Graham’s equivari-
ant higher Chow groups [EG98]. Recall that these are constructed as follows.
Consider a pair (V, U) where V is a faithful representation and U ⊆ A(V )
is an open subscheme on which G acts freely. Then U/G exists as a scheme
and it is an algebro-geometric approximation to BG. Such pairs always exist,
moreover one can arrange that dimV and codimA(V )(A(V )−U) are arbitrarily
large. The equivariant higher Chow group of a quasi-projective G-scheme X
in bidegree (n,m) is defined to be CHn

G(X,m) = CHn(X ×G U,m) for a pair
(V, U) with A(V )−U of sufficiently large codimension. We refer to loc. cit. for
full details.

Theorem 5.19. Let X be a smooth quasi-projective G-scheme. There is a
natural map

Hi
G(X,Z(1q))→ CHq

G(X, 2q − i).

Proof. We have a natural isomorphism Hn
M(X,Z(q)) ∼= CHk(X, 2q − n). The

complex Z(q) on Sm/k is C∗(Ztr(Pq)/Ztr(Pq−1))[−2n]. If Y has trivial action
then GCork(X,Y ) = Cork(X/G, Y ) for a G-scheme X . Therefore we have
the natural identification ZG(1q)(X) = Z(q)(X/G). Using this identification,
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Lemma 3.19, and the projection X×U → X we thus have the comparison map

Hi
G(X,Z(1q))→ Hi

G(X × U,Z(1q)))

= Hi
M(X ×G U,Z(q)) = CHk(X ×G U, 2q − i).

Taking (V, U) such that A(V )−U has sufficiently large codimension yields the
result.

�

Remark 5.20. The map of the previous theorem can be seen to be an isomor-
phism when X has free action. It is not an isomorphism in general. For exam-
ple, if X has trivial action then Hi

G(X,Z(1q)) is isomorphic to ordinary motivic
cohomology groups, which in turn is isomorphic to Bloch’s higher Chow groups.
Under these isomorphisms, the comparison map just constructed is identified in
this case with the comparison map CHq(X, 2q− i)→ CHq

G(X, 2q− i) between
ordinary higher Chow groups and equivariant higher Chow groups, which is
not an isomorphism.

6. Relative equivariant Cartier divisors

In this section we introduce an equivariant version of Suslin homology and
relate it to the group of relative equivariant Cartier divisors.
Let f : X → S be smooth. Recall that C0(X/S) denotes the group of cycles
on X which are finite and surjective over a component of S. If f : X → S
is equivariant then we have an equivariant inclusion C0(X/S) ⊆ Cork(S,X),
induced by 〈f, idX〉 : X →֒ S ×X . Let F : GCoropk → Ab be a presheaf with
equivariant transfers. Define the pairing

(6.1) Tr : C0(X/S)G ⊗ F (X)→ F (S)

to be the composite

C0(X/S)G ⊗ F (X)
Tr //

� _

��

F (S)

GCork(S,X)⊗ F (X).

evaluate

66♠♠♠♠♠♠♠♠♠♠♠♠♠

Define
Cn(X/S) = C0(X ×∆n/S ×∆n).

The assignment n 7→ Cn(X/S)G is a simplicial abelian group and hence gives
rise to an associated chain complex.

Definition 6.2. The nth equivariant Suslin homology of X/S is defined to be

HSus
n (G;X/S) = HnC•(X/S)G.

Lemma 6.3. Let F be a homotopy invariant presheaf with equivariant transfers.
The map (6.1) factors through the zeroth Suslin homology group to yield the
pairing

Tr : HSus
0 (G;X/S)⊗ F (X)→ F (S).
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Proof. Because F (X × A1) = F (X) we have the commutative diagram

C0(X × A1/S × A1)G ⊗ F (X)
Tr //

∂0−∂1
��

F (S × A1)

i0−i1
��

C0(X/S)G ⊗ F (X)
Tr // F (S),

which implies the lemma. �

Our next goal is to compute the equivariant Suslin homology of equivariant
relative curves. Recall that an equivariant Cartier divisor on X is an element
of Γ(X,K∗

X/O∗
X)G, see Section 2.3 for a recollection.

Definition 6.4. (1) Let X be a G-scheme and Y ⊆ X an invariant
closed subscheme. A relative equivariant Cartier divisor on X is
an equivariant Cartier divisor on X (see Definition 2.10) such that

Supp(D)∩Y = ∅. Write DivG(X,Y ) for the group of relative equivari-
ant Cartier divisors, where the group operation is induced by that on
DivG(X).

(2) A principal relative equivariant Cartier divisor is an invariant rational
function f ∈ Γ(X,K∗)G on X such that f is defined and equal to 1 on
Y .

(3) Write DivGrat(X,Y ) for the group of relative equivariant Cartier divisors
modulo the principal relative equivariant Cartier divisors.

Let i : Y →֒ X be an equivariant closed embedding of G-schemes. Define an
étale sheaf on X by

GX,Y = ker(O∗
X → i∗O∗

Y ).

Since O∗
X and O∗

Y are étale G-sheaves, so is GX,Y . See Section 2.2 for a
recollection on G-sheaves and their cohomology.

Definition 6.5. Define the relative equivariant Picard group by

PicG(X,Y ) = H1
et(G;X,GX,Y ).

From the definition of GX,Y we have a natural exact sequence

(6.6) Γ(X,O∗
X)G → Γ(Y,O∗

Y )G → PicG(X,Y )→ PicG(X)→ PicG(Y ).

Theorem 2.7 and the above exact sequence imply that PicG(X,Y ) =
H1
Zar(G;X,GX,Y ). The following lemma is straightforward to verify.

Lemma 6.7. The group PicG(X,Y ) is isomorphic to the group consisting of
isomorphism classes of pairs (L, φ) where L is a G-line bundle on X and φ is
an equivariant isomorphism φ : L|Y ∼= OY of G-line bundles on Y and group
operation induced by tensor product of G-line bundles.

Proposition 6.8. There is a natural injection ι : DivGrat(X,Y ) →֒ PicG(X,Y ).
If in addition X has faithful action and Y has an invariant affine open neigh-
borhood, then ι is an isomorphism.
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Proof. Let D ∈ DivG(X,Y ). Since Y ∩ Supp(D) = ∅, there is a canonical
equivariant trivialization sD : OX(D)|Y ∼= OY . In particular we have a natural

homomorphism DivG(X,Y ) → PicG(X,Y ). If (OX(D), sD) = (OX , id) then
there is an equivariant isomorphism ψ : OX ∼= OX(D) such that ψ|Y = (sD)−1.
We have an induced isomorphism ψ : Γ(X,OX)G ∼= Γ(X,OX(D))G and letting
f = ψ(1) ∈ Γ(X,OX(D))G ⊆ Γ(X,KX)G we have that D = div(f−1) and
D|Y = 1 which implies that ι is injective.
The image of ι consists of pairs (L, φ) such that L admits an equivariant in-
jection into KX and φ extends to an equivariant trivialization on an invariant
open neighborhood of Y . When the action on X is faithful, every G-line bundle
on X admits an equivariant injection into KX by Proposition 2.12. When Y
has an invariant open affine neighborhood, every equivariant trivialization φ
extends to an invariant open neighborhood of Y . �

Lemma 6.9. If X is normal and Y is reduced then

PicG(X × A1, Y × A1) ∼= PicG(X,Y ).

If additionally, Y has an invariant affine open neighborhood then

DivGrat(X × A1, Y × A1) ∼= DivGrat(X,Y ).

Proof. The first statement follows from the exact sequence (6.6), Lemma 2.9,
and the five lemma. For the second statement, observe that if K = ker(G →
Aut(X)), then G/K acts faithfully on X and DivGrat(X,Y ) = Div

G/K
rat (X,Y ).

The result then follows from the first part together with Proposition 6.8. �

Definition 6.10. Let X → S be a smooth relative curve in GSm/k (i.e.,an
equivariant smooth map of relative dimension one). An equivariant good com-
pactification of X over S is an equivariant open embedding X ⊆ X of G-
schemes over S where X → S is a proper normal (not necessarily smooth)
curve with G-action and X∞ = (X −X)red has an invariant open affine neigh-
borhood in X.

If X → S is an equivariant smooth relative curve with equivariant good com-
pactification then we have an isomorphism cyc : Div(X,X∞) ∼= C0(X/S).
Indeed, if D ∈ Div(X,X∞) then cyc(D) is supported on X and the assump-
tions above guarantee that it is finite and surjective over a component of S.
It is straightforward to check this is an equivariant isomorphism (see Lemma
2.11) and so we immediately conclude the following.

Lemma 6.11. Let X → S be an equivariant smooth curve with good equivariant
compactification X → S. Then cyc induces a natural isomorphism

cyc : DivG(X,X∞)
∼=−→ C0(X/S)G.

With these definitions, Suslin-Voevodsky’s fundamental computation of the
Suslin homology of relative curves extends to the equivariant setting.
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Theorem 6.12. Let p : X → S be an equivariant smooth quasi-affine curve
with equivariant good compactification X → S. Then

HSus
n (G;X/S) ∼=

{
DivGrat(X,X∞) n = 0

0 n > 0.

Proof. The argument is similar to [SV96, Theorem 3.1]. Define

Mn(X/S) = {f ∈ Γ(X ×∆n,K∗) | f is defined and equal to 1 on S ×∆n}.
As shown in [SV96, proof of Theorem 3.1], the natural map Mn(X/S) →
Cn(X/S) is an injection. We thus have an exact sequence of complexes

0→M•(X/S)G → C•(X/S)G → DivGrat(X ×∆•, Y ×∆•)→ 0.

By Lemma 6.9 the result follows once we show that M•(X/S)G is acyclic. We
work with the normalized chain complex. Let f ∈Mn(X/S)G and suppose that
∂i(f) = 1 for i = 0, . . . , n. We need to show that there is g ∈ Mn+1(X/S)G

such that ∂i(g) = 1 for i = 0, . . . , n and ∂n+1(g) = f . Following [SV96,
Theorem 3.1], we consider

gi = (ti+1 + · · ·+ tn+1) + (t0 + · · ·+ ti)si(f).

Since f is equivariant it follows that gi is equivariant. The function

g = gng
−1
n−1 · · · g

(−1)n

0

is then equivariant and by loc. cit. it has the required properties.
�

We finish with a discussion of the compatibility of the isomorphism in the
previous theorem with respect to push-forwards along finite morphisms.

Lemma 6.13. Let W → X be an equivariant finite surjection between normal
G-schemes over k. Then the norm map N : K∗(W )→ K∗(X) is equivariant.

Proof. If g : Y ′ → Y is an isomorphism then the norm N : K∗(Y ′) → K∗(Y )
is just the inverse of the induced isomorphism g̃ : K∗(Y )→ K∗(Y ′). Thus the
lemma follows from functoriality of the norm map. �

Suppose that f : X → Y is a finite surjective equivariant map between normal
G-schemes which restricts to a finite surjective equivariant map X∞ → Y∞,
where X∞ ⊆ X, Y∞ ⊆ Y are invariant closed, reduced subschemes. The
norm map induces a map DivG(X,X∞)→ DivG(Y , Y∞) which factors through
rational equivalence to give

f∗ : DivGrat(X,X∞)→ DivGrat(Y , Y∞).

If X∞ ⊆ X has an invariant affine neighborhood, every invertible invariant
regular function α on X∞ extends to an invariant rational function α̃ on X .
The difference of two different extensions is a principal relative equivariant
divisor and so we have a well-defined homomorphism

O∗(X∞)G → DivGrat(X,X∞).
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Additionally we can define f∗ : O∗(X∞)G → O∗(Y∞)G by extending α to α̃ as
above and then define f∗(α) = N(α̃)|Y∞ . It is easily checked that N(α̃)|Y∞ lies
in O∗(Y∞) and that this value does not depend on the choice of extension.

Lemma 6.14. Let (Y , Y∞) and (X,X∞) be good equivariant compactifications
of Y and X. Let f : Y → X be a finite map which restricts to a map f : Y → X.
Then the following diagram commutes

O∗(X∞)G //

f∗

��

DivGrat(X,X∞)

f∗
��

∼= // HSus
0 (G;X/S)

f∗

��
O∗(Y∞)G // DivGrat(Y , Y∞)

∼= // HSus
0 (G;Y/S),

where the left hand and middle vertical maps are induced by the norm map and
the right hand vertical map is push forward of cycles.

Proof. The commutativity of the left hand square is immediate from the defi-
nitions. If D is a Cartier divisor on X then f∗cyc(D) = cyc(f∗D) by [Gro67,
Proposition 21.10.17]. This implies that the right hand square commutes. �

7. Equivariant triples

In this section we introduce and study an equivariant generalization of Vo-
evodsky’s standard triples and establish equivariant analogues of their basic
properties. From now on k is assumed to be perfect. Additionally we will usu-
ally assume that G satisfies Condition 5.1, i.e., all irreducible representations
are assumed to be one dimensional.

Definition 7.1. An equivariant standard triple (X
p−→ S,X∞, Z) consists of

a proper equivariant map p of relative dimension one between G-schemes and
closed invariant subschemes Z, X∞ of X such that

(1) S is smooth and X is normal
(2) X = X −X∞ is quasi-affine and smooth over S
(3) Z ∩X∞ = ∅
(4) X∞ ∪ Z has an invariant affine neighborhood in X.

Note that X is an equivariant good compactification of both X and X − Z.

Remark 7.2. By [MVW06, Remark 11.6], these conditions imply that S is
affine and that Z and X∞ are finite over S.

Nonequivariantly any smooth quasi-projective scheme fits into a triple, locally
around any finite set of points. Equivariantly this is more delicate. If f : X → S
is an equivariant curve which is smooth at a point x ∈ X then the induced map
Ω1
S/k,f(x)⊗OS,f(x) k(x)→ Ω1

X/k,x⊗OX,x k(x) is an injection of Ix-representations

over k(x). However it could happen that Ω1
X/k,x ⊗ k(x) has no codimension 1

summand, in which case there can be no such equivariant curveX → S which is
smooth at x. Under the assumption of Condition 5.1 we can construct enough
equivariant triples around an orbit in order to establish Theorem 7.13 below.
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Write TxX := Homk(x)(Ω
1
X/k,x ⊗ k(x), k(x)) for the tangent space at x ∈ X .

Proposition 7.3. Let V be a finite dimensional representation, Y ⊆ X ⊆
A(V ) equivariant closed embeddings of smooth G-schemes, and x ∈ Y a closed
point. Suppose that there are G-representations W2 ⊆ W1 such that there is
an Ix-equivariant isomorphism f : TxX ∼= (W1)k(x) which restricts to an Ix-
equivariant isomorphism TxY ∼= (W2)k(x). Fix an equivariant splitting W1 →
W2 of the inclusion W2 ⊆W1. Then there is a G-equivariant linear projection
V → W1 such that the composition X ⊆ A(V ) → A(W1) is étale and the
induced map Y → A(W2) is also étale.

Proof. Equivariant linear projections V → W1, which satisfy the above condi-
tions, are parameterized by an open subset U ⊆ A(Homk[G](V,W1)) of the
affine space associated to the k-vector space of G-equivariant linear maps.
More precisely, a point p ∈ U corresponds to an equivariant k(p)-linear map
A(V )k(p) → A(W1)k(p) such that the induced maps Xk(p) → A(W1)k(p) and
Y → A(W2)k(p) are étale at any point x′ ∈ Yk(p) which lies over x ∈ Y . We
need to check that U is nonempty, which implies the result as any nonempty
open subset of an affine space has a rational point.
We first treat the case when x is a rational point. Consider the diagram

W2 W1
oo

TxY

f ′

OO

� � //

vv♠♠♠
♠♠♠

♠♠♠
TxX

f

OO

� � //
i

ww♦♦♦
♦♦♦

♦♦
V,

ρoo

✉
♣

❧❤❡❛Ind(TxY ) //

88

Ind(TxX)

99

44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤

where the inclusion TxX ⊆ V (resp. TxY ⊆ V ) is the one induced byX ⊆ A(V )
(resp. Y ⊆ A(Y )) and Ind(M) := k[G]⊗k[Ix]M is the G-representation which is
induced by the Ix-representation M . The G-equivariant maps Ind(TxX)→W1

and Ind(TxY ) → W2 are induced respectively by the Ix-equivariant maps f :
TxX →W1 and f ′ : TxY →W2. Similarly the Ix-equivariant inclusion TxX ⊆
V induced by X ⊆ A(V ) induces the G-equivariant linear map Ind(TxX)→ V .
Choose a G-equivariant linear map ρ : V → Ind(TxX) so that the composition

TxX → V
ρ−→ Ind(TxX) agrees with the canonical Ix-equivariant linear map i.

Then the composition V → Ind(TxX) → W1 has the required properties and
thus U is nonempty in this case.
Now suppose that x ∈ Y is a nonrational closed point. Consider the
G-equivariant embeddings Yk(x) ⊆ Xk(x) ⊆ A(V )k(x) and the points
yi ∈ Yk(x) which lie over x ∈ Y . Consider the open subset U ′ ⊆
A(Homk(x)[G](Vk(x), (W1)k(x))) consisting of p′ such that the corresponding
equivariant linear projections Vk(p′) → (W1)k(p′) induces maps Xk(p′) →
A(W1)k(p′) and Yk(p′) → A(W2)k(p′) which are étale at any point y′ ∈ Yk(p′)
lying over a yi ∈ Yk(x). Note that Iyi = Ix, Tyi(Xk(x)) = TxX , and
Tyi(Yk(x)) = TxY and so the hypothesis of the proposition apply to yi ∈ Yk(x).
Since these are rational points, the previous paragraph shows that U ′ is
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nonempty. Consider the image p ∈ A(Homk[G](V,W1)) of a p′ ∈ U ′. The
squares

Xk(p′)
p′ //

��

A(W1)k(p′)

��
Xk(p)

p // A(W1)k(p)

and Yk(p′)
p′ //

��

A(W2)k(p′)

��
Yk(p)

p // A(W2)k(p)

are cartesian and so by faithfully flat descent we conclude that the lower
horizontal arrows are étale at any point x′ ∈ Yk(p) lying over x ∈ Y . In
other words U ′ maps to U under the projection A(Homk[G](V,W1))k(x) →
A(Homk[G](V,W1)) and so U is nonempty as well. �

Theorem 7.4. Assume that G satisfies Condition 5.1. Let X be a smooth
quasi-projective G-scheme over k of pure dimension d. Let Y ⊆ X be a smooth
invariant closed subscheme containing no component of X and x ∈ Y a closed
point. Then there exists an invariant open affine neighborhood U in Y of y
and an equivariant standard triple (U → S,U∞, Z) such that (U,U ∩ Y ) ∼=
(U − U∞, Z).

Proof. First we claim that there are G-representations W2 ⊆ W1 defined over
k, such that there is an isomorphism (W1)k(x) ∼= TxX of Ix-representations
over k(x), which restricts to an Ix-equivariant isomorphism TxY ∼= (W2)k(x).
Indeed, if G satisfies Condition 5.1 then so does Ix. From the fact that
k(x)[Ix] = k[Ix] ⊗k k(x) is the sum of the irreducible representations (over
k(x)), which are one-dimensional, we see that for any representation M ′ of
Ix defined over k(x) there is a representation M defined over k such that
M ′ = Mk(x). Similarly, Condition 5.1 implies that for every Ix-representation
N there is a G-representation N ′ such that N ′ = N as Ix-representations.
These observations easily imply the claim.
Since X is quasi-projective, there is an open invariant affine neighborhood
of x and so we may shrink X equivariantly around x and assume that it is
affine. Embed X in some representation A(V ). Fixing a choice of equivariant
projection W1 → W2 and applying Proposition 7.3 we obtain an equivari-
ant linear projection V → W1 inducing maps X → A(W1) and Y → A(W2)
which are étale at x (and hence at all points of G·x). Let W ⊆ W1 be a
codimension-one G-representation containing W2 and choose an equivariant
projections W1 → W and W → W2 factoring W1 → W2. The induced equi-
variant map p : X → A(W ) is smooth at every point of G·x. Shrinking X
equivariantly around G·x, we may assume that p : X → A(W ) is smooth and
Y → A(W2) is étale. The map Y → A(W ) is then quasi-finite.
Let V ′ ⊆ V be a complementary representation to W so that V = V ′ ⊕W .
Let X ⊆ P(V ′ ⊕ 1) × A(W ) be the closure of X and write p : X → A(W ) for
the induced equivariant map. The fiber of X → A(W ) over any point of its
image is one-dimensional. It follows that X − X is finite over A(W ). Write
Σ ⊆ X for the set of singular points of p : X → A(W ). Then Σ ⊆ X is closed,
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invariant and is finite over each point of p(y), for any y ∈ X . Therefore there
is an invariant affine open neighborhood S of p(G·x) in A(W ) over which Σ
is finite and over which Y has finite fibers. Note that Σ and Y are disjoint.
Define U to be p−1(S) ∩ (X − Σ). By construction p : U → S is smooth and
equivariant. Define U ⊆ X to be the preimage of S and set U∞ = U − U .
It remains to see that we may arrange that U∞

∐
(U∩Y ) has an invariant affine

neighborhood in U . Since U is projective over S there is a global section of
some very ample line bundle L whose divisor D misses the finite set of points
of U∞ and U ∩ Y over G·y. As S is affine and L is very ample, U − D is
affine. Intersecting all of the translates of this affine neighborhood, we obtain
an invariant open affine neighborhood of all of the points of U∞ and U ∩Y over
G·x. Replacing S by a smaller invariant open affine neighborhood of p(G·x) we
may assume that D misses all of U∞ and U ∩ Y . We thus obtain an invariant
affine neighborhood of U∞ and U ∩ Y .

�

Let (X → S,X∞, Z) be an equivariant triple. Write ∆X for the equivariant
Cartier divisor associated to the diagonal X ⊆ X ×S X .

Definition 7.5. An equivariant standard triple is equivariantly split over an
invariant open U ⊆ X if ∆X |U×SZ is an equivariant principal divisor.

The proof of the following is straightforward.

Lemma 7.6. Let f : S′ → S be an equivariant map between smooth affine G-
schemes over k and T = (X → S,X∞, Z) an equivariant triple over S. Then
f∗T = (X ×S S′ → S′, X∞ ×S S′, Z ×S S′) is an equivariant triple over S′. If
T is equivariantly split over U then f∗T is equivariantly split over U ×S S′.

In the equivariant case, the question of a triple being locally split is more del-
icate than its nonequivariant analog. Nonequivariantly, all divisors on X ×X
are locally principal when X is smooth. The nonequivariant argument requires
more work as an equivariant Weil divisor (equivalently by Lemma 2.11, an
equivariant Cartier divisor) on a smooth G-scheme might not be locally equiv-
ariantly principal. This can be seen for example from Proposition 2.12 together
with the fact that PicG(S) can be nonzero for local rings S.
If π : A → A/G is a quotient and B ⊆ A is an invariant closed subscheme
then since |G| is coprime to char(k) the canonical map B/G → π(B) is an
isomorphism. In particular we have a Cartesian square

X � � ∆ //

��

X ×S X
π

��
X/G

� � // (X ×S X)/G,

whenever the right hand vertical quotient exists.
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Proposition 7.7. Let J be a smooth G-scheme which is finite over k and let
C → J be a smooth equivariant curve. Then the Weyl divisor (∆C)/G →֒
(C ×J C)/G is locally principal.

Proof. Consider the coherent sheaf O(∆C/G) on (C ×J C)/G associated to
the Weyl divisor (∆C)/G. The condition that the divisor (∆C)/G is locally
principal is equivalent to the condition that the coherent sheaf O(∆C/G) is
locally free. Let k be an algebraic closure of k. The sheaf O(∆C/G) is locally

free if it is so after base change to k. The base change of O(∆C/G) to k is
the sheaf associated to (∆C/G)k. Since (∆C/G)k = (∆Ck)/G it is enough to
consider the case when k is algebraically closed. We may also assume that J
is equivariantly irreducible. Since k is algebraically closed, J = G/H for some
subgroup H and so C = G ×H C′ for some smooth H-curve C′ → Spec(k).
Since (C ×J C)/G = (C′ × C′)/H we may replace C by C′ and G by H . In
other words, we may assume that J = Spec(k) and it suffices to show that
for a smooth G-curve over the algebraically closed field k, the coherent sheaf
associated to ∆C/G →֒ (C × C)/G is locally free.
Let c ∈ C be a closed point. Write O(∆C/G)[c] for the restriction of O(∆C/G)
to (C ×Gc)/G. The sheaf O(∆C/G)[c] is the coherent sheaf associated to the
divisor (∆(G·c))/G →֒ (C×Gc)/G. We have thatG·c ∼= G/Ic and so the divisor
(∆Gc)/G →֒ (C × Gc)/G is identified with [c] →֒ C/Ic under the equivariant
isomorphisms (C × G·c)/G ∼= (C × G/Ic)/G ∼= (C ×Ic G)/G ∼= C/Ic, the
second isomorphism arising from (c, [g]) 7→ (g−1c, g). Normality is preserved
under taking quotients and so C/Ic is a normal curve and therefore it is also
smooth and so O(∆C/G)[c] is locally free of rank one. Every closed point
of (C × C)/G is in some (C × G·c)/G and so rankx[O(∆C/G)] = 1 (where
rankx F = dimk(x) Fx ⊗ k(x)) for every closed point x ∈ (C × C)/G. But
the collection of points where the rank of a coherent sheaf takes on a fixed
value is constructible and so rankx[O(∆C/G)] = 1 for every x ∈ (C × C)/G.
A coherent sheaf F on a reduced scheme X is locally free exactly when the
function x 7→ rankx F on X is locally constant. We conclude that O(∆C/G)
is locally free of rank one. �

Corollary 7.8. Let X → S be a smooth equivariant curve, with X and S
quasi-projective G-schemes. Then the equivariant Cartier divisor ∆X →֒ X×S
X is equivariantly locally principal.

Proof. We also write ∆X for the associated equivariant Weyl divisor onX×SX .
We have the Cartesian square of normal schemes

∆X //

��

X ×S X
π

��
∆X/G // (X ×S X)/G.

The equivariant Weyl divisor ∆X →֒ X ×S X is equivariantly locally prin-
cipal if the Weyl divisor (∆X)/G →֒ (X ×S X)/G is locally principal. This
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Weyl divisor is locally principal exactly when the associated coherent sheaf
O((∆X)/G) is locally free. Consider the map p : (X ×S X)/G → S/G. The
fibers over a point [s] ∈ S/G are p−1([s]) = (XGs ×Gs XGs)/G. The restric-
tion O((∆X)/G)[s] of O((∆X)/G) to the fiber p−1([s]) is the coherent sheaf
associated to (∆XGs)/G →֒ (XGs ×Gs XGs)/G. By the previous proposition
O((∆X)/G)[s] is locally free of rank one for all closed points [s] ∈ S/G. Every

closed point of Supp(∆X/G) is in some p−1([s]). The sheaf O((∆X)/G) is
isomorphic to the trivial line bundle at all points not in Supp(∆X/G). We
conclude that the coherent sheaf O((∆X)/G) has rank one at all closed points
and hence has rank one at all points. It follows that it is locally free of rank
one. �

The following is an important example.

Lemma 7.9. Let J be an equivariantly irreducible, smooth zero-dimensional G-
scheme over k and W a G-representation and L := J ×A(W ). Let X∞ and Z
be disjoint, invariant nonempty finite subsets of P(L⊕ 1). Then

T := (P(L⊕ 1)→ J,X∞, Z)

is an equivariant standard triple which is equivariantly split over any invariant
open U ⊆ L.
Proof. That T is an equivariant standard triple is clear.
Let x ∈ J be a point. Then J = G×Gx {x}, P(L⊕1) ∼= G×Gx ({x}×P(W⊕1)),
U = G ×Gx ({x} × U ′) for a Gx-invariant open U ′ ⊆ A(W ), and X∞ =
G×Gx ({x}×X ′

∞) and Z = G×Gx ({x}×Z ′) for Gx-invariant disjoint subsets
X ′

∞ and Z of P(W ⊕ 1). It is thus enough to show that the Gx-equivariant
triple (P(W ⊕ 1), X ′

∞, Z
′) is split over any Gx-invariant open U ′ ⊆ A(W ).

We show that ∆A(W ) is equivariantly principal on A(W )×A(W ). To show this
it suffices to show that O(∆A(W )) is the trivial Gx-line bundle. By Corollary
7.8 the equivariant Cartier divisor ∆A(W ) ⊆ A(W ) × A(W ) is equivariantly
locally principal which implies in turn that ∆A(W )/Gx ⊆ (A(W ) × A(W )) is
locally prinicipal. Therefore O(∆A(W )/Gx), the coherent sheaf on (A(W ) ×
A(W ))/Gx associated to the Weil divisor (∆A(W ))/Gx, is a line bundle. By
[Kan79, Theorem 2.4], Pic((A(W )×A(W ))/Gx) = 0 and so the Gx-line bundle
O(∆A(W )) = π∗O(∆A(W )/Gx) is trivial as needed. �

Theorem 7.10. Let (X → S,X∞, Z) be an equivariant standard triple. Then
any finite set of points in X has an invariant open neighborhood U over which
this triple splits.

Proof. Let P ⊆ X be a finite set of points in X . Replacing P by G·P we
may assume that P is invariant. The equivariant map π : X ×S Z → X
is finite and so π−1P ⊆ X ×S Z is also an invariant finite set of points. It
follows from Corollary 7.8 that D/G is locally principal on (X ×S Z)/G. Let
W ⊆ (X ×S Z/G) be a neighborhood of P/G on which D/G is principal and
let V ⊆ X ×S Z be its preimage. There is some equivariant neighborhood U
of P such that U ×S Z ⊆ V . The equivariant triple is split over this U . �
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Two equivariant finite correspondences λ0, λ1 ∈ GCork(X,Y ) are said to be
equivariantly A1-homotopic provided there is an H ∈ GCork(X × A1, Y ) such
that H |X×{i} = λi, i = 0, 1.

Proposition 7.11. Let (X
p−→ S,X∞, Z) be an equivariant standard triple

which is split over an open affine U ⊆ X. Then there is an equivariant finite
correspondence

λ : U → X − Z
such that λ composed with j : X −Z ⊆ X is equivariantly A1-homotopic to the
inclusion i : U ⊆ X. In particular for any homotopy invariant presheaf with
equivariant transfers F , we have the commutative diagram

F (X)
j∗ //

i∗

��

F (X − Z)

λ∗

yysss
ss
ss
ss
s

F (U).

Proof. We write XU = U ×S X. Pulling back to U gives the equivariant
triple (p′ : XU → U, (X∞)U , ZU ). The diagonal ∆ : U → XU is an equi-
variant section of p′, so is an element of C0(XU/U)G. By Theorem 6.12 it

thus determines the class ∆U ∈ DivGrat(XU , (X∞)U ). By assumption, ∆U
restricted to ZU is equivariantly principal, say ∆U |ZU = div(rU ), where rU
is an invariant regular function. Since ZU

∐
(X∞)U has an invariant affine

neighborhood in XU , we can use the Chinese remainder theorem to find an
invariant rational function φ on XU which is defined in an invariant neigh-
borhood of ZU

∐
(X∞)U and is equal to 1 on (X∞)U and equal to rU on ZU .

Note that div(φ) is zero in DivGrat(XU , (X∞)U ). We lift the class ∆U to a class

[λ′] ∈ DivGrat(XU , (X∞)U
∐
ZU ) by setting [λ′] = ∆U − div(φ).

Let F be any homotopy invariant presheaf with transfers. The diagram

F (XU ) //

Tr([∆])

��

F ((X − Z)U )

Tr([λ])xx♣♣♣
♣♣♣

♣♣♣
♣♣

F (U)

is commutative, where the vertical and diagonal maps are those obtained from
Lemma 6.3. Let λ′ ∈ C0((X − Z)U/U)G ⊆ GCork(U, (X − Z)U ) be any
representative of [λ′] and λ : U → X − Z be the composition of λ′ together
with the projection to X−Z. It is easily verified that jλ and i are equivariantly
A1-homotopic. �

Corollary 7.12. Assume that G satisfies Condition 5.1. Let F be a homotopy
invariant presheaf with equivariant transfers, Z ⊆ X a closed embedding of
smooth quasi-projective G-schemes over k, and x ∈ X a closed point. Then
there exists an open invariant neighborhood U of x, and a map φ : F (X−Z)→
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F (U) such that the following triangle commutes,

F (X)

�� %%❑❑
❑❑

❑❑
❑❑

❑❑

F (X − Z)
φ // F (U).

Proof. If x /∈ Z there is nothing to prove. If x ∈ Z then by Theorem 7.4
there is an invariant open neighborhood X ′ of x and an equivariant triple
(X ′, X ′

∞, Z
′) such that (X ′, X ′−Z) = (X ′−X ′

∞, Z
′). By Theorem 7.10 there

is an invariant open neighborhood U of x such that this triple splits over U .
Applying Proposition 7.11 to U yields the corollary. �

Theorem 7.13. Assume that G satisfies Condition 5.1. Let F be a homotopy
invariant presheaf with equivariant transfers, S a smooth semilocal affine G-
scheme over k with a single closed orbit and S0 ⊆ S a dense invariant open
subscheme. Then the restriction map F (S)→ F (S0) is injective.

Proof. Write the G-scheme S as the intersection ∩Xi and S0 = ∩Vi where Xi

are invariant open neighborhoods of a point x of a smooth affine G-scheme X ,
V ⊆ X an invariant open, and Vi = V ∩Xi.
Write Z = (X − V )red. First observe that we may assume that Z is smooth.
Indeed, since k is perfect, there is a filtration ∅ = Z(n + 1) ⊆ Z(n) ⊆ · · · ⊆
Z(1) ⊆ Z(0) = (X − V )red by closed invariant subschemes such that Z(r) −
Z(r − 1) is smooth (take Z(r) ⊆ Z(r + 1) to be the set of singular points).
Write Z(r)i = Xi ∩Z(r). Each Xi−Z(r− 1)i ⊆ Xi−Z(r)i is the complement
of an invariant smooth closed subscheme. If the morphism F (∩(Xi−Z(r)i))→
F (∩(Xi −Z(r− 1)i)) is injective for all r, then F (∩Xi)→ F (∩Vi) is injective.
Thus we may assume that Z is smooth. Consequently Zi := Xi − Vi is also
smooth.
Now the Ui given by Corollary 7.12 is contained in some Xj and so the kernel of
F (Xi)→ F (Vi) vanishes in F (Xj). Thus the map F (S) → F (S0) is injective.

�

Recall that a G-scheme W is called equivariantly irreducible if there is an
irreducible component W0 of W such that G·W0 = W . The underlying scheme
of an essentially smooth, zero dimensional G-scheme J over k is a disjoint union
of the Zariski spectra of finitely generated field extenstions of k.

Corollary 7.14. Assume that G satisfies Condition 5.1. Suppose that F is a
homotopy invariant presheaf with equivariant transfers and that F (J) = 0 for
any essentially smooth, zero dimensional G-scheme J over k. Then FGNis = 0.

Definition 7.15. An equivariant covering morphism f : TY → TX , of two
equivariant standard triples TY = (Y → S, Y∞, ZY ) and TX = (X →
S,X∞, ZX), is an equivariant finite map f : Y → X such that

(1) f(Y ) ⊆ X ,
(2) f |Y : Y → X is étale,
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(3) f induces and isomorphism ZY
∼=−→ ZX , and ZY = f−1ZX ∩ Y .

Write Q(X,Y,A) for the equivariant distinguished square

B //

��

Y

f

��
A

i // X,

where i is an equivariant open embedding and f : Y → X is an equivariant
étale morphism.

Definition 7.16. Let f : TY → TX be an equivariant covering morphism of
equivariant standard triples as above. The associated equivariant distinguished
square to this morphism is Q = Q(X,Y,X − ZX) and we say that the square
Q comes from this covering morphism.

The following is an important class of examples.

Example 7.17. Suppose that X is affine, has an equivariant good compactifi-
cation X over some smooth S (see Definition 6.10), and X = U ∪ V is an open
cover by invariant open subschemes such that X − (U ∩ V ) has an invariant
open affine neighborhood. Then

U ∩ V //

��

U

��
V // X

comes from the morphism of triples (X,X − U,X − V ) → (X,X∞, X − V )
defined by the identity on X .

The proof of the following theorem (and the lemmas below on which it depends)
are similar to the arguments in the nonequivariant case. We include complete
details for the reader’s convenience.

Theorem 7.18. Let X be a smooth equivariantly irreducible G-scheme over
k. Let Q′ = Q(X ′, Y ′, A′) and Q = Q(X,Y,A) be equivariant distinguished
squares such that Q′ is the restriction of Q along an invariant open subscheme
X ′ ⊆ X. Write j : Q′ →֒ Q for the inclusion. Assume that X ′ and Y ′ are
affine and that Q comes from an equivariant covering map

TY = (Y , Y∞, ZY )→ TX = (X,X∞, ZX)

of equivariant standard triples and that TX splits over X ′.
Let F : GCoropk → Ab be a homotopy invariant presheaf with equivariant trans-
fers. Then the map of complexes

0 // F (X)

jX

��

(i,f) // F (A)⊕ F (Y )
(−f,i) //

(
jA
jY

)

��

F (B) //

jB

��

0

0 // F (X ′)
(i′,f ′) // F (A′)⊕ F (Y ′)

(−f ′,i′)// F (B′) // 0
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is chain homotopic to zero.
In particular if Q′ = Q then the Mayer-Vietoris sequence

0→ F (X)→ F (A)⊕ F (Y )→ F (B)→ 0

is split-exact.

Proof. By Lemmas 7.20 and 7.21 we have maps s1 = (λA, 0) : F (A)⊕F (Y )→
F (X ′) and s2 = (ψ, λB) : F (B) → F (A′) ⊕ F (Y ′). For these maps to form a
chain homotopy from j to zero we need that sd + ds = j. This boils down to
six equations. Three come from the commutativity of the trapezoid in Lemma
7.20. The remaining three which involve ψ are ψi ≃ 0, jA ≃ i′λA − ψf and
jB ≃ i′λB − f ′ψ. These follow from Lemma 7.21. �

Lemma 7.19. Let f : TY → TX be an equivariant covering morphism of equi-
variant standard triples. If TX is equivariantly split over V then TY is equiv-
ariantly split over f−1(V ) ∩ Y .

Proof. By assumption the equivariant Cartier divisor ∆X |V×SZX is an equi-
variant principal divisor, say ∆X |V×SZX = div(φ). Then (f × f)∗(∆X) =
∆Y +Q, where the support of Q is disjoint from that of ∆Y . Since ZY ∼= ZX ,
Supp(Q) is also disjoint from Y ×S ZY and therefore Q|Y×SZY = 0. Since
(∆Y +Q)|(f−1V ∩Y )×SZY = div(φ◦(f×f)), it follows that ∆Y |(f−1V ∩Y )×SZY =
div(φ ◦ (f × f)) as well. �

Lemma 7.20. Let j : Q′ →֒ Q be as above. Then there are finite equivariant
correspondences λA : X ′ → A and λB : Y ′ → B such that the following diagram
in GCork is commutative up to equivariant A1-homotopy,

Y ′
Oo

jY

~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦

λB

��

f ′

// X ′

λA

��

� p

jX

  ❇
❇❇

❇❇
❇❇

❇❇
❇❇

Y B? _
i

oo f // A � � i // X.

Proof. The equivariant triple TX is split over X ′. By Lemma 7.19, TY splits
over Y ′. Proposition 7.11 gives the existence of λA and λB making the triangles
commute up to A1-homotopy. The square is easily seen to commute up to A1-
homotopy by the construction used in the proof of Proposition 7.11. �

Lemma 7.21. Let j : Q′ →֒ Q be as above. There is an equivariant correspon-
dence ψ ∈ GCork(A′, B) such that the square

B′ λB◦i′−jB //

f ′

��

B

f

��
A′

ψ

>>⑦
⑦

⑦
⑦

⑦
⑦

⑦

λA◦i′−jA
// A
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is homotopy commutative in GCork, where λA ∈ GCork(X ′, A), λB ∈
GCork(Y ′, B) are the equivariant correspondences from Lemma 7.20. More-
over the composite iψ : A′ → Y is equivariantly A1-homotopic to zero.

Proof. First we define the equivariant correspondence ψ ∈ GCork(A′, B).
Write ∆X ′ for the equivariant Cartier divisor on X ′ ×S X corresponding to
the graph of X ′ →֒ X . Similarly, write ∆Y ′ for the equivariant Cartier divisor
corresponding to the graph of Y ′ →֒ Y . Write M for the pullback of ∆X ′ to
X ′ ×S Y .
The support of ∆X ′ is disjoint from A′ ×S ZX so ∆X ′|A′×SZX = 0. Similarly
M|A′×SZX = 0 and ∆Y ′|B′×SZY = 0.
By assumption the equivariant Cartier divisor ∆X ′|X′×SZX is equivariantly
principal. By Lemma 7.19, ∆Y ′|Y ′×SZY is equivariantly principal as well.
Write ∆X ′|X′×SZX = div(rX), M|X′×SZY = div(rM ), and ∆Y ′|Y ′×SZY =
div(rY ), where rX , rM , and rY are invariant regular functions. Furthermore
we have that rX is invertible on A′ ×S ZX . Similarly rM is invertible on
A′×S ZY and rY is invertible on Y ′×S ZY . Under the isomorphism ZY ∼= ZX ,
rX becomes identified with rM .
Let U be an invariant affine neighborhood of Y∞

∐
ZY in Y . Then X ′×SU is an

invariant affine neighborhood of X ′×S (Y∞
∐
ZY ). Since points of (X ′×SU)/G

are orbits, X ′ ×S Y∞ and X ′ ×S ZY remain disjoint in (X ′ ×S U)/G. Since
char(k) doesn’t divide |G|, we have (X ′×SY∞)/G = π(X ′×SY∞) and similarly
for X ′ ×S ZY where π : X ′ ×S U → (X ′ ×S U)/G is the quotient map. The
invariant regular functions 1 and rM on X ′×SZY and X ′×SY∞ define invariant
regular functions on their quotients. Since (X ′×SU)/G is affine, we may apply
the Chinese remainder theorem, see e.g.,[GW10, Proposition B.1]) to obtain a
regular function h on (X ′ ×S U)/G that equals rM on (X ′ ×S ZY )/G and 1
on (X ′ ×S Y∞)/G. We thus have an invariant regular function h on X ′ ×S U
which equals rM on X ′ ×S ZY and 1 on X ′ ×S Y∞.
View h as an invariant rational function on A′ ×S Y . The support of its
associated divisor div(h) is disjoint from A′ ×S (ZY

∐
Y∞) and so is an el-

ement of DivG(A′ ×S Y ,A′ ×S (ZX
∐
Y∞)) = C0(A′ ×S B/A′)G. Since

C0(A′ ×S B/A′)G ⊆ GCork(A′, B), the divisor −div(h) determines the equi-
variant correspondence ψ : A′ → B. It remains to verify its properties.
First iψ ∈ GCork(A′, Y ) corresponds to −div(h) in DivG(A′ ×S Y A′ ×S Y∞).
But since h|A′×SY∞ = 1, −div(h) is a principal relative equivariant Cartier
divisor and so represents 0 in HSus

0 (G;A′ ×S Y/A′). Thus iψ is equivariantly
A1-homotopic to zero.
It remains to see that the diagram of the lemma is homotopy commutative.
By the construction of λA and λB the composition λA ◦ i′ ∈ GCork(A′, A)
and λB ◦ i′ ∈ GCork(B′, B) are represented by the classes ∆A′ − div(φX)

and ∆B′ − div(φY ) in DivGrat(A
′ ×S X,A′ ×S (X∞

∐
ZX)) and DivGrat(B

′ ×S
Y ,B′×S (Y∞

∐
ZY )), where φX is an invariant rational function which is 1 on

A′ ×S X∞.
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On the other hand the inclusions jA and jB are represented by the classes
∆A′ and ∆B′. It follows that the differences λA ◦ i′ − jA ∈ GCork(A′, A)
and λB ◦ i′ − jB ∈ GCork(B′, B) are represented by the classes div(φX) and
div(φY ) respectively.
The composition ψf ′ ∈ GCork(B′, B) is represented by the divisor of the
rational function hf ′ which is 1 on B′×S Y∞ and rMf

′ = rY on B′×S ZY . We
thus have ψf ′ = λB ◦ i′ − jB in DivGrat(B

′ ×S Y , B′ × (Y∞
∐
ZY )).

Now the composition fψ ∈ GCork(A′, A) represents the push forward of ψ
along HSus

0 (G;A′ ×S B/A′) → HSus
0 (G;A′ ×S A/A′. By Lemma 6.14 this is

represented by the norm N(h−1). Since h−1 is 1 on f−1(X∞) ⊆ Y∞, N(h) = 1
on A′ ×S X . By the following lemma we have that N(h) = rX on A′ ×S ZX
which yields the desired equality fψ = λA ◦ i′ − jA ∈ GCork(A′, A). �

Lemma 7.22. Let f : U → V be a finite equivariant map with U and V normal.
Suppose that Z ⊆ V and Z ′ ⊆ U are reduced closed subschemes such that the
induced map Z ′ → Z is an isomorphism and U → V is étale in a neighborhood
of Z ′. If h ∈ O∗(U)G is 1 on f−1(Z)−Z ′ then N(h)|Z and h|Z′ are identified
by Z ′ ∼= Z.

Proof. This follows immediately from the nonequivariant statement [MVW,
Lemma 21.10]. (i.e., forget the G-action then [MVW, Lemma 21.10] tells us
that N(h)|Z and h|Z′ are identified by Z ′ ∼= Z. �

We finish this section with the following useful application of Theorem 7.18.

Theorem 7.23. Let F be a homotopy invariant presheaf, J a smooth equivari-
antly irreducible zero-dimensional G-scheme and W a G-representation. Then
for any open invariant U ⊆ L := J ×W we have

Hi
GNis(U, FGNis) =

{
F (U) i = 0

0 i > 0.

Proof. Corollary 3.9 implies that Hi
GNis(U, F ) = 0 for i > 1. Consider an

equivariant distinguished square Q = Q(U, V,A),

B

��

// V

��
A // U.

There is an equivariant embedding of V into a smooth projective curve V with
G-action which is finite over P(L ⊕ 1). Indeed, ignoring the group action on
V there is an embedding into a smooth projective curve V . Rational maps
between smooth projective curves extend uniquely to morphisms which implies
that V inherits a G-action from V and maps equivariantly and finitely to
P(L⊕ 1).
The square Q comes from the equivariant covering morphism of equivariant
standard triples, (V , V∞, Z) → (P(L ⊕ 1), U∞, Z) where V∞ = V − V , U∞ =
P(L ⊕ 1)− U , and Z = −U − A. The triple (P(L ⊕ 1), U∞, Z) is split over U
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by Lemma 7.9. Applying Theorem 7.18 with Q = Q′ we see that the Mayer-
Vietoris sequence

0→ F (U)→ F (A)⊕ F (V )→ F (B)→ 0

is split exact. This implies that F is a sheaf in the equivariant Nisnevich topol-
ogy on U and that Ȟ1(U/U, F ) = 0 for any cover U coming from a distinguished
Nisnevich square.
We claim that any equivariant Nisnevich cover of U can be refined by one
coming from an equivariant distinguished square, and consequently Ȟ1(U , F ) =
0. This will finish the proof since H1

GNis(U, F ) = Ȟ1(U, F ). First, since F
takes disjoint unions to sums we can replace a cover {Vi → U} by a single
cover f : V ′ → U . Indeed there is a dense invariant open A ⊆ U over which
f has a splitting. The complement Z = U − A is a finite set of closed points
and we choose a splitting Z ⊆ VZ . Let V = V ′ − (VZ − Z) then Q(U, V,A) is
a distinguished square and the associated cover refines f : V ′ → U . �

8. Homotopy invariance of cohomology

In this section we show that under the assumption of Condition 5.1 equivariant
Nisnevich cohomology with coefficients in a homotopy invariant presheaf with
transfers is again a homotopy invariant presheaf with equivariant transfers.
This result is the equivariant analogue of the fundamental technical result in
Voevodsky’s machinery of presheaves with transfers.
Unless specified otherwise, G is assumed to satisfy Condition 5.1 throughout
this section.

Proposition 8.1. Let F be a homotopy invariant presheaf with equivariant
transfers. Then FGNis is also a homotopy invariant presheaf with equivariant
transfers.

Proof. By Theorem 4.13, FGNis is a presheaf with equivariant transfers. To
show homotopy invariance it suffices to show that i∗ : FGNis(X × A1) →
FGNis(X) is injective for any equivariantly irreducibleX , where i : X → X×A1

is the inclusion at 0 ∈ A1. It suffices to do this locally in the equivariant
Nisnevich topology, so we may assume that X is affine semilocal with a single
orbit. Let Z ⊆ X be the set of generic points with induced G-action. We have
a commutative square

FGNis(X × A1) //

��

FGNis(X)

��
FGNis(Z × A1)

∼= // FGNis(Z).

We may view F as a homotopy invariant presheaf with equivariant transfers on
GSm/K, where K = k(X)G. Theorem 7.23 implies that F is an equivariant
Nisnevich sheaf on Z × A1 and therefore the bottom horizontal arrow is an
isomorphism. The vertical arrows are injective by Theorem 7.13 and so i∗ is
injective and thus FGNis is homotopy invariant. �
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8.1. Equivariant contractions. If F is a presheaf with transfers on Sm/k
the contraction F(−1)(X) := F (X ×A1 − {0})/F (X ×A1) plays an important
role in the study of presheaves with transfers. We introduce an equivariant
analogue and establish a few basic results concerning equivariant contractions.

Definition 8.2. Let F be a presheaf on GSm/k and W a representation of G.
Define the presheaf F(−W ) by

F(−W )(X) = coker(F (X × A(W ))→ F (X × A(W )− {0})).

When F is a presheaf with equivariant transfers then so is F(−W ) since it is the
quotient of such presheaves. Similarly if F is homotopy invariant then F(−W )

is as well.
Nonequivariantly the projection X × A1 → X is split by including at 1 ∈ A1,
inducing a decomposition F (X × A1 − 0) = F (X) ⊕ F(−1)(X) whenever F is

homotopy invariant. When W is a representation with WG = 0 then there is no
such equivariant splitting. Nonetheless when F is a presheaf with equivariant
transfers we still obtain this decomposition, at least for affine X .

Proposition 8.3. Let F be a homotopy invariant presheaf with equivariant
transfers on GSm/k. Let S be a smooth affine G-scheme over k andW be a one-
dimensional representation. Then there is an equivariant finite correspondence
λ : S × A(W )→ S × A(W )− 0 inducing a decomposition

F (S × A(W )− {0}) = F (S)⊕ F(−W )(S).

Moreover, this decomposition is natural for equivariant maps S′ → S, where S′

is affine.

Proof. We have an equivariant standard triple (S×P(W ⊕ 1)→ S, S×∞, S×
0). By Lemmas 7.9 and 7.6 this equivariant triple is equivariantly split over
X = S ×A(W ). Applying Proposition 7.11 yields the correspondence λ which
induces the splitting F (S × A(W )− 0)→ F (S × A(W )). �

Proposition 8.4. Let F be a homotopy invariant presheaf with equivariant
transfers and W a one-dimensional representation. Then

(FGNis)(−W )(S) = (F(−W ))GNis(S)

for any smooth affine Henselian G-scheme over k with a single closed orbit.

Proof. By Proposition 8.1, FGNis is a homotopy invariant equivariant Nis-
nevich sheaf with transfers. Observe that (F(−W ))GNis → (FGNis)(−W ) is a
morphism of presheaves with equivariant transfers. Applying Corollary 7.14 to
the kernel and cokernel of this map, it suffices to show that (F(−W ))GNis(J) =
(FGNis)(−W )(J) for any essentially smooth zero dimensional G-scheme over k.
The left-hand side is by definition F (J×A(W )−{0})/F (J×A(W )). The right-
hand side is FGNis(J ×A(W )−{0})/FGNis(J ×A(W )). Applying Proposition
8.1 and Theorem 7.23 shows the two sides are equal. �
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Definition 8.5. Let i : Z →֒ Y be an invariant closed embedding with open
complement j : V ⊆ Y and F a presheaf. Define the equivariant Nisnevich
sheaf F(Y,Z) on Z as in the nonequivariant case. That is let K(Y,Z) = K be the
cokernel of F → j∗j∗F and define F(Y,Z) = (i∗K)GNis.

Since sheafification is exact we have an exact sequence

(8.6) FGNis → (j∗j
∗F )GNis → i∗F(Y,Z) → 0.

Lemma 8.7. For n ≥ 0 we have Hn
GNis(−, F )(Y,Z) = i∗Rnj∗F .

Proof. The same argument as in [MVW06, Example 2.3.8] works here.
Namely, we have Hn

GNis(−, F )GNis = 0 and therefore i∗Hn(F )(Y,Z)
∼=

(j∗j∗Hn(F ))GNis = Rnj∗F . Since i∗i∗ = id the result follows. �

Let i : S →֒ S × A(W ) be the invariant closed embedding determined by
0 ∈ A(W ). Then F(−W )(U) = K(U × A(W )). We obtain by adjunction the
map K(U × A(W )) → i∗i∗K(U × A(W )) = i∗K(U). Therefore we have the
map of sheaves on S

(F(−W ))GNis → F(S×A(W ),S×0).

Proposition 8.8. Let F be a homotopy invariant presheaf with equivariant
transfers, W a one-dimensional G-representation, and S a smooth G-scheme.
Then we have an isomorphism

(F(−W ))GNis|S
∼=−→ F(S×A(W ),S×0).

Proof. We use the argument of [MVW06, Proposition 23.10]. We need to
compare F(−W ) and j∗j∗F/F in an invariant neighborhood of an orbit Gs of
a point s in a smooth affine G-scheme S. The equivariant standard triple
T = (P(W ⊕ 1)S , S × ∞, S × 0) is split over S × A(W ) by Lemma 7.9. Let
U be an affine invariant neighborhood of S × 0 in S × A(W ) and let TU =
(P(W ⊕ 1)S,P(W ⊕ 1)S−U, S× 0). We need to show that by shrinking S there
is an invariant open affine neighborhood of (P(W ⊕ 1)S −U)∪S× 0. It follows
that TU is an equivariant standard triple.
There is an invariant open V ⊆ P(W ⊕ 1) so that Gs × V contains Gs × 0
and the finite invariant set P(W ⊕ 1)Gs − UGs. The complements of U and
S × V intersect in a closed subset, disjoint from the fiber P(W ⊕ 1)Gs. Since
P(W ⊕ 1)S is proper over S we may shrink S around Gs to assume that the
complements are disjoint. Then S×V contains both P(W ⊕ 1)S−U and S× 0
as needed.
The identity on P(W ⊕ 1) is an equivariant covering morphism of triples TU →
T . Let U0 = U − S × 0. Consider the distinguished square Q

U0
//

��

U

��
S × A(W )− 0

j // S ×W.
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Write Q′ for the same square. The identity Q′ = Q comes from the map of
triples TU → T , see Example 7.17. Applying Theorem 7.18 we have a split
exact Mayer-Vietoris sequence

0→ F (S × A(W ))→ F (S ×W − 0)⊕ F (U)→ F (U0)→ 0.

This together with the homotopy invariance of F implies we have a pushout
square

F (S × A(W )) //

��

F (U)

��
F (S × A(W )− 0) // F (U0).

In particular F (U)→ F (U0) is injective and F(−W )(S) = F (U0)/F (U).
Note that j : S × A(W ) − 0 → S × W has j∗j∗F (U) = F (U0) and thus
j∗j∗F/F (U) = F (U0)/F (U) and the result follows by passing to the limit over
U and S. �

Lemma 8.9. Let f : Y → X be an equivariant étale morphism and Z ⊆ X an
invariant closed subscheme such that f−1(Z) → Z is an isomorphism. Then
for any presheaf F we have

F(X,Z)

∼=−→ F(Y,f−1(Z)).

Proof. It is enough to check the isomorphism on stalks. We may thus assume
that Y , X are semilocal Henselian G-schemes, X has a single closed orbit Gx,
and Z is nonempty. Since f−1(Z) ∼= Z and Gx ⊆ Z, it follows that Y also has
a single closed orbit and that Y ∼= X . �

Recall if G acts on the ring R, we write R#[G] for the twisted group ring (see
Remark 2.4). If H acts on the field L and W is a k[H ]-module then WL is a
L#[H ]-module via r[g](w ⊗ x) = gw ⊗ r(gx).

Lemma 8.10. Let Z ⊆ X be an equivariant closed embedding of smooth affine
G-schemes over k and x ∈ Z a closed point. Suppose that there are G-
representations W2 ⊆W1 and isomorphism f : TxX ∼= (W1)k(x) of k(x)#[Gx]-

modules which restricts to a k(x)#[Gx]-module isomorphism TxY ∼= (W2)k(x).
Then there is an invariant open neighborhood U of x and an equivariant Carte-
sian diagram

U ∩ Z //

��

U

��
A(W2) // A(W1)

with étale vertical arrows.

Proof. Let L/k(x) be a finite extension such that the composite L/k is Galois
with Galois group Γ. The schemes XL and ZL will be considered as G × Γ-
schemes over k via the diagonal action. We will construct a G× Γ-equivariant
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maps φ, φ′ which fit into a commutative square

ZL
� � //

φ′

��

XL

φ

��
A(W2)L

� � // A(W1)L

and are equivariant at each point of the G × Γ-orbit of y, where y ∈ XL lies
over x. The set of points at which φ is étale is an open (and invariant) subset
of XL which contains the orbit of y. Further shrinking this set equivariantly
if necessary, we find an invariant open subset Ũ ⊆ XL such φ is étale on
Ũ and φ′ is étale on Ũ ∩ ZL. Now Ũ ×A(W1)L A(W2)L is a disjoint union

Ũ ∩ ZL
∐
C. Replacing Ũ by Ũ − C we may assume that Ũ satisfies Ũ ∩ Z ⊆

Ũ×A(W1)LA(W2)L. Galois descent then yields the desired G-equivariant square
of the lemma.
It remains to construct the desiredG×Γ-equivariant square above. Let y1 ∈ ZL
be a point lying over x and let {y1, y2, . . . , yn} be the G×Γ-orbit of y1. Let R
be the coordinate ring of X and I ⊆ R the defining ideal of Z. Write mi and mi

respectively for the maximal ideals yi in RL = R⊗kL and (R/I)L = R/I⊗kL.
The ideals ∩mi ⊆ RL and ∩mi ⊆ (R/I)L are G × Γ-invariant. Consider the
morphism ∩mi → m1/m

2
1 × · · · × mn/m

2
n, induced by the quotients mi →

mi/m
2
i . Using the Chinese Remainder Theorem, we see that it is surjective.

Let S ⊆ G×Γ be the set-theoretic stabilizer of y1. It is the subgroup S ⊆ Gx×Γ
consisting of pairs (g, γ) such that the two maps k(x) → L given by ιg and
γι are equal (where ι : k(x) ⊆ L is the embedding chosen at the beginning of
the proof). Let α1, . . . , αn be left coset representatives for (G × Γ)/S. For an
element β = (g, γ) of G×Γ write βαi = αj(i)si, for appropriate indices j(i) and

si ∈ S. If M is an L#[S]-module we obtain an induced L#[G×Γ]-module (here
the action of G×Γ on L is via the projection to Γ). As in the case of an ordinary
group ring, we may describe the induced module Ind(M) := L#[G×Γ]⊗L#[S]M

as the direct sum ⊕([αi]⊗M) of copies of M with basis {[αi]}. The L#[G×Γ]
module structure on Ind(M) is determined by the equations [β]([αi] ⊗mi) =
([αj(i)]⊗ simi), for β ∈ G× Γ and r([αi]⊗mi) = ([αi]⊗ (α−1

i r)mi) for r ∈ L.

We have an isomorphismm1/m
2
1×· · ·×mn/m

2
n
∼= Ind(m1/m

2
1) given by sending

ri ∈ mi/m
2
i to [αi] ⊗ α−1

i ri. We thus obtain a surjection ∩mi → Ind(m1/m
2
1)

which is a surjection of L#[G × Γ]-modules. In a similar fashion we obtain a
surjection ∩mi → Ind(m1/m

2
1) of L#[G× Γ]-modules.

Now the isomorphism TxX ∼= (W1)k(x) of k(x)#[Gx]-modules yields the iso-

morphism Ty1(XL) = Tx(X) ⊗k(x) L ∼= (W1)L of L#[S]-modules, which re-

stricts to an isomorphism Ty1ZL
∼= (W2)L. Since m1/m

2
1
∼= (Ty1XL)∨ and
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m1/m
2
1
∼= (Ty1ZL)∨ we obtain a commutative diagram of L#[G× Γ]-modules

RL

����

∩mi

��

// //? _oo Ind(m1/m
2
1)

����

∼= // Ind((W1)∨L)

����
(R/I)L ∩mi

// //? _oo Ind(m1/m
2
1)

∼= // Ind((W2)∨L).

The kernel of the action of G × Γ on L is equal to G. Since |G| is invertible
in L, the ring L#[G×Γ] is semi-simple, see e.g.,[Kün04, Lemma 1.3]. We may
therefore choose compatible splittings Ind((W1)∨L) → ∩mi and Ind((W2)∨L) →
∩mi to the horizontal arrows. We have as well a L#[G × Γ]-module map
(W1)∨L → Ind((W1)∨L) given by ω 7→ ([αi]⊗ α−1

i ω)i and similarly for (W2)∨L →
Ind((W2)∨L). We thus obtain a commutative square

(R)L

��

SymL((W1)∨L)oo

��
(R/I)L SymL((W2)∨L)oo

of k-algebras with G × Γ-action. Tracing through the construction of these
maps, we see that the compositions (W1)∨L → ∩mi → mi/m

2
i and (W2)∨L →

mi/m
2
i are L#[G × Γ]-module isomorphisms. This implies that the horizontal

arrows are étale at the mi and therefore applying Spec(−) to this square we
obtain the desired square of G× Γ-schemes over k.

�

Theorem 8.11. Let X be a smooth affine G-scheme and Z ⊆ X a closed
invariant smooth G-scheme of codimension one. Let x ∈ Z be a closed point.
Let W be a G-representation defined over k such that there is an Ix-equivariant
isomorphism Wk(x)

∼= TxX/TxZ. Then there is an invariant open neighborhood
U ⊆ X of x such that for any smooth G-scheme T we have isomorphisms of
sheaves on (U ∩ Z)× T

F(U×T,(U∩Z)×T )
∼= (F(−W ))GNis.

Proof. We need to see that Condition 5.1 implies that the hypothesis of the
previous lemma are satisfied. It suffices to see that every irreducible k(x)#[Gx]-
module is isomorphic to M ⊗k k(x) for some k[G]-module M . Since k(x)#[Gx]
is semi-simple, we may write it as a direct sum involving all of the irreducible
modules. Recall that if R is semi-simple, then Wedderburn’s theorem says
that R =

∏
EndDi(Si) where the Si are the distinct irreducible modules and

Di = EndR(Si). Moreover, Di is a skew-field and ni = dimDi(Si) is the mul-
tiplicity of Si in the module decomposition R = ⊕Snii . Condition 5.1 implies
that there are irreducible k[G]-modules M1, . . . ,Md which form a complete set
of irreducible k[Ix]-representations. Each Mi is one-dimensional and d = |Ix|.
Each M ′

i := Mi ⊗k k(x) is an irreducible k(x)#[Gx]-module. Any k(x)#[Gx]-
module isomorphism M ′

i
∼= M ′

j is also a k(x)[Ix]-module isomorphism. Since
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the {M ′
i} form d-distinct irreducible k(x)[Ix]-modules, they are also d-distinct

irreducible k(x)#[Gx]-modules. We claim that this is a complete list of irre-
ducible k(x)#[Gx]-modules. First note that we have Endk(x)#[Gx](M

′
i) = F ,

where F = k(x)Gx is the fixed field. Write n = [k(x) : F ] = |Gx/Ix|. Since
EndF (M ′

i) = (M ′
i)
n, each M ′

i appears with multiplicity n in this decomposi-
tion. Comparing dimensions (as k(x)-vectorspaces) we see that the M ′

i form a
complete list of irreducible k(x)#[Gx]-modules.
Let W1 and W2 be G-representations satisfying the hypothesis of the previous
lemma. Set W = W1/W2. By the previous lemma, after shrinking X around
x, there is an equivariant Cartesian square,

Z //

��

X

��
A(W2) // A(W1)

where the vertical maps are étale. Proceeding as in [MVW06, Theorem 23.12]
yields the result. �

8.2. Proof of homotopy invariance. We remind the reader that G is as-
sumed to satisfy Condition 5.1.

Theorem 8.12 (Homotopy Invariance). Let F be a homotopy invariant
presheaf with equivariant transfers on GSm/k. Then Hn

GNis(−, FGNis) is also
a homotopy invariant presheaf with equivariant transfers.

Proof. By Theorem 4.15, Hn
GNis(−, FGNis) is a presheaf with equivariant trans-

fers and it remains to verify that it is homotopy invariant. The case n = 0
is Proposition 8.1. We may thus assume that F = FGNis and we proceed
by induction on n. Let X be a smooth G-scheme and consider the map
π : X × A1 → X and the Leray spectral sequence

Hp
GNis(X,R

qπ∗F )⇒ Hp+q
GNis(X × A1, F ).

We have that π∗F = F since π∗F (U) = F (U × A1) ∼= F (U). By induc-
tion we have that Rqπ∗F = 0 for 0 < q < n. The spectral sequence col-
lapses by Theorem 8.14, yielding the desired isomorphism Hn

GNis(X ;FGNis) =
Hn
GNis(X × A1;FGNis). �

Lemma 8.13. Let X be a smooth G-scheme over k, Z ⊆ X a closed invariant
subset such that codim(Z) ≥ 1, and x a point of X. Then there is an open
invariant neighborhood U ⊆ X of x and a sequence of invariant reduced closed
subschemes ∅ = Y−1 ⊆ Y0 ⊆ Y1 ⊆ · · · ⊆ Yk in U satisfying the following two
properties.

(1) The G-schemes Yi − Yi−1 are smooth invariant divisors on U − Yi−1.
(2) U ∩ Z ⊆ Yk.

Proof. The argument is similar to [Voe00, Lemma 4.31]. The key point is that
under our assumptions, there is a smooth equivariant curve p : U → V and so
the induction argument of loc. cit. applies here.
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�

Now we are ready to prove the vanishing of Rnπ∗F .

Theorem 8.14. Let X be a smooth G-scheme over k and F a homotopy invari-
ant equivariant Nisnevich sheaf with transfers. Assume that that Rqπ∗F = 0
for 0 < q < n, and that Hp

GNis(−, F ) is homotopy invariant for p < n. Then
Rnπ∗F = 0 as well.

Proof. We may assume that X is equivariantly irreducible. We need to show
that given an α ∈ Hn

GNis(X × A1, F ) it becomes zero on an equivariant Nis-
nevich cover of X . Let J denote the set of generic points of X . By Theorem
7.23, Hn

GNis(J × A1, F ) = 0. This implies that there is an open dense V ⊆ X
such that α|V vanishes. Let Z = X − V with its reduced structure. It now
suffices to show that

Hn
GNis(X × A1, F )→ Hn

GNis((X − Z)× A1, F )

is injective locally in the equivariant Nisnevich topology on X . Using Lemma
8.13 we may assume that Z is a smooth invariant divisor. We are thus reduced
to showing that

(8.15) Hn
GNis(X

′ × A1, F )→ Hn
GNis((X

′ − Z ′)× A1, F )

is injective where X ′ is a smooth affine Heneselian semilocal G-scheme over k
with a single closed orbit and Z ′ ⊆ X ′ is a smooth invariant divisor.
Write i : Z ′ → X ′ and j : U ′ = X ′ − Z ′ → X ′. The map (8.15) factors as

Hn
GNis(X

′ × A1, F )
τ−→ Hn

GNis(X
′ × A1, j∗j

∗F )
η−→ Hn

GNis(X
′ − Z ′ × A1, j∗F )

(where we view F as a sheaf on X ′×A1). We show that each of these maps is
injective.
First we show that η is injective. We begin by showing that Rqj∗F = 0
for 0 < q < n. By the inductive hypothesis we have that Hq

GNis(−, F ) is a
homotopy invariant presheaf with equivariant transfers. Since q > 0 we have
Hq
GNis(−, F )GNis = 0. By Theorem 8.11 there is a G-representation W such

that (Hq(F )(−W ))GNis ∼= Hq(F )(X′×A1,Z′×A1). By Proposition 8.4 we have
that (Hq(F )(−W ))GNis = ((Hq(F )GNis)(−W )))GNis = 0. Finally, by Lemma
8.7, we have

Rqj∗F ∼= i∗H
q(F )(X′×A1,Z′×A1)

∼= i∗(Hq(F )GNis)GNis = 0

and so Rqj∗F = 0 as claimed. Now consider the Leray spectral sequence

Hp
GNis(X

′ × A1, Rqj∗(j∗F ))⇒ Hp+q
GNis(X

′ − Z ′, j∗F ).

Since Rqj∗F = 0 for 0 < q < n we obtain an exact sequence

0→ Hn
GNis(X

′×A1, j∗j
∗F )

η−→ Hn
GNis(U

′×A1, j∗F )→ H0(X ′×A1, Rnj∗j
∗F ).

In particular η is injective as required.
It remains to show that τ is injective as well. By Theorem 7.13 we have an
injection F → j∗j∗F . Combining this with (8.6) we have an exact sequence

0→ F → j∗j
∗F → i∗F(X′×A1,Z′×A1) → 0.
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As noted in the previous paragraph we have ((F )(−W ))GNis ∼= (F )(X′×A1,Z′×A1)

as sheaves on Z ′×A1. Consider the long exact sequence associated to the above
short exact sequence,

Hn−1(X ′ × A1, j∗j
∗F )→ Hn−1(Z ′ × A1, F(−W ))→ Hn(X ′ × A1, F )

→ Hn(X ′ × A1, j∗j
∗F )→ Hn(Z ′ × A1, F(−W )).

It suffices to show that Hn−1(X ′ × A1, j∗j∗F ) → Hn−1(Z ′ × A1, F(−W )) is

onto. For n > 1 we have that Hn−1(Z ′ × A1, F(−W )) = Hn−1(Z ′, F(−W )) = 0,
by homotopy invariance of F(−W ), the induction hypothesis and that Z ′ is a
semilocal Hensel G-scheme with one orbit. It remains to consider n = 1 and
show that

F (U ′ × A1) = H0(X ′ × A1, j∗j
∗F )→ H0(Z ′ × A1, F(−W ))

is surjective. By homotopy invariance of F and F(−W ) this map is identified
with the map F (U ′) → F(−W )(Z

′). By Theorem 8.11 and (8.6) we have a
surjection

j∗j
∗F → i∗(F(−W ))GNis → 0

which shows that F (U ′) → F(−W )(Z
′) is surjective because X ′ is a Henselian

semilocal G-scheme with a single orbit. We conclude that τ is injective and the
proof of the theorem is complete. �

8.3. Applications of homotopy invariance. As before, we assume that
G satisfies Condition 5.1.

Theorem 8.16. Let F be a homotopy invariant presheaf with equivariant trans-
fers on GSm/k. Let S be a smooth affine semilocal G-scheme over k with a
single closed orbit and W a one-dimensional representation. Then for any
invariant open U ⊆ A(W ) ⊆ P(W ⊕ 1) and any n > 0,

Hn
GNis(S × U, F ) = 0.

In particular, Hn
GNis(S, F ) = 0 for n > 0.

Proof. By Theorem 8.12, Hn
GNis(−, F ) is a homotopy invariant presheaf with

equivariant transfers, in particular the second statement follows from the first.
By Corollary 7.14 it suffices to show that Hn

GNis(J × U, F ) = 0 for any equiv-
ariantly irreducible zero dimensional G-scheme J over k. This follows from
Theorem 7.23.

�

Theorem 8.17. Let F be a homotopy invariant equivariant Nisnevich sheaf
with transfers on GSm/k. Let W be a one-dimensional representation and X
a smooth G-scheme over k. Then

Hn
GNis(X × (A(W )− 0), F ) ∼= Hn

GNis(X,F )⊕Hn
GNis(X,F(−W )).

Proof. Write π : X × (A(W )− 0)→ X for the projection. Consider the Leray

spectral sequence Hp
GNis(X,R

qπ∗F ) ⇒ Hp+q
GNis(X × (A(W ) − 0), F ). We have

by Theorem 8.16 that Hq
GNis(S × (A(W ) − 0), F ) = 0 for any smooth affine
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semilocal G-scheme S with a single closed orbit and any q > 0 and therefore
this spectral sequence collapses. We therefore have that Hn

GNis(X × (A(W )−
0), F ) ∼= Hn

GNis(X, π∗F ). Since F is a sheaf, Proposition 8.3 is seen to imply
that there is a decomposition π∗F = F ⊕ F(−W ) of sheaves on X and we are
done. �

Our final application in this section is to show that the equivariant Nisnevich
and equivariant Zariski cohomology with coefficients in a homotopy invariant
presheaf with transfers agree.

Theorem 8.18. Let F be a homotopy invariant, equivariant Nisnevich sheaf
with transfers on GSm/k. Then for any smooth quasi-projective G-scheme X
we have an isomorphism

Hn
GZar(X,F ) ∼= Hn

GNis(X,F ).

Proof. Consider the Leray spectral sequence Hp
GZar(X,Hq) ⇒ Hp+q

GNis(X,F )
where Hq is the equivariant Zariski sheafification of the presheaf U 7→
Hq
GNis(U, F ) on XGZar. The result will follow if we see that Hq = 0 for

q > 0. The points of XGZar are the semilocal rings OX,Gx of an orbit Gx ⊆ X .
By Theorem 8.12, the presheaf Hq

GNis(−, F ) is a homotopy invariant presheaf
with equivariant transfers on GSm/k and so the vanishing of Hq follows from
Theorem 8.16. �

8.4. The group (Z/2)n. In this subsection we let G = (Z/2)n and write ǫi
for the generator of the ith factor.

Definition 8.19. Let I ⊆ {1, . . . n}. Define the (Z/2)n-scheme GσIm to be Gm
equipped with the (Z/2)n-action specified by letting the generator ǫi of the ith
factor act by

ǫi(x) =

{
1/x i ∈ I
x else.

When G = Z/2 we simply write Gσm := G
σ{1}
m .

If I = ∅, then GσIm is simply Gm equipped with trivial action. Note that if I 6= ∅
then GσIm is not an invariant open in any representation and so the consider-
ations in the previous subsections do not immediately apply to GσIm . These
schemes will be important for the cancellation theorem in the next section. We
first record a few useful analogues of the previous results for these G-scheme.
Define F(−σI ) to be the presheaf given by

F(−σI )(X) := coker(F (X)
π∗

−→ F (X ×GσIm ))

where π : GσIm → Spec(k) is the structure map. Note that inclusion at {1}
yields an equivariant section i1 : Spec(k)→ GσIm . We thus have

F (X ×GσIm ) = F (X)⊕ F(−σI )(X).

In particular if F is a presheaf with equivariant transfers, homotopy invariant,
or a sheaf then so if F .
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Recall that σI is the representation specified by letting ǫi act on k by −1 if
i ∈ I (and by the identity otherwise). The scheme underlying P(σI ⊕ 1) is P1

and ǫi acts by [a : b] 7→ [−a : b] if i ∈ I (and by the identity otherwise) and GσIm
embeds into P(σI ⊕ 1) as an open invariant subscheme (but is not contained in
A(σI)).

Lemma 8.20. Let X∞ be the complement of GσIm ⊆ P(σI ⊕ 1) and Z a finite,
invariant set of closed points, disjoint from X∞. The triple (P(σI ⊕ 1), X∞, Z)
is split over any invariant open subscheme U ⊆ GσIm .

Proof. The argument is a simpler version of the argument given in Lemma 7.9.
The key point is that Pic((GσIm ×GσIm )/(Z/2)n) = 0 by [Kan79, Lemma 2.1] or
[Mag80, Corollary 12]. �

Theorem 8.21. Let F be a homotopy invariant presheaf, S a smooth semilocal
G-scheme over k with a single closed orbit, and U ⊆ GσI an invariant open
subscheme. Then

Hi
GNis(S × U, FGNis) =

{
F (U) i = 0

0 i > 0.

Proof. For each i, Hi
GNis(−, FGNis) is a homotopy invariant presheaf with equi-

variant transfers. It thus suffices by Corollary 7.14 to treat the case when S
is a zero dimensional smooth (Z/2)n-scheme. This case follows exactly as in
the argument for Theorem 7.23, replacing the use of Lemma 7.9 with Lemma
8.20. �

Proposition 8.22. Let F be a homotopy invariant presheaf with equivariant
transfers on GSm/k. Then

(FGNis)(−σI ) = (F(−σI ))GNis

for any smooth semilocal G-scheme S with a single closed orbit.

Proof. The argument is the same as in Proposition 8.4. �

Theorem 8.23. Let F be a homotopy invariant equivariant Nisnevich sheaf
with transfers on GSm/k. Then

Hn(X ×GσIm , F ) ∼= Hn(X,F )⊕Hn(X,F(−σI )).

Proof. Write π : X × GσIm → X for the projection. By Theorem 8.21 we have
that Hq(S × GσIm , F ) = 0 for any smooth semilocal G-scheme S over k and
q > 0. Therefore Rqπ∗F = 0 for q > 0 and so the Leray spectral sequence
degenerates yielding Hn(X ×GσIm , F ) ∼= Hn(X, π∗F ). Since π∗F = F ⊕F(−σI )
we are done. �
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9. Cancellation Theorem

We apply the machinery developed in the previous sections in order to establish
an equivariant version of Voevodsky’s Cancellation Theorem for (Z/2)n. The
argument given here is an equivariant modification of Voevodsky’s argument
in [Voe10a]. In this section we write G = (Z/2)n and ǫi denotes the generator
of the ith copy of Z/2. Note that G = (Z/2)n satisfies Condition 5.1 over any
field (of characteristic different from two).

Remark 9.1. Voevodsky’s Cancellation Theorem involves Tate spheres and
the equivariant version involves Tate spheres equipped with a group action. If
V is a one-dimensional representation, then the scheme underlying A(V )−{0}
is Gm and so these would be a natural candidate for an equivariant cancellation
theorem. Our arguments do not work for these equivariant Tate spheres. The
argument we give requires that the divisor D(gn) used in [Voe10a] (see below)
is invariant, when equipped with the action coming from that on Gm. This
only happens if Gm is equipped with an action which is compatible with the
group structure on Gm. The action on A(V ) − {0} is not compatible with
the group structure on Gm and so the argument below does not apply to
these equivariant Tate spheres. Since Aut(Gm) = Z/2, the possible actions
on the Tate sphere, which are suitable for the argument below, are limited.
Furthermore, we need that each one dimensional representation corresponds
to an action on Gm, compatible with the group structure of Gm. These two
requirements limit the groups G for which the argument below can work to
G = (Z/2)n. An equivariant cancellation theorem for other groups satisfying
Condition 5.1 would likely involve the equivariant Tate spheres A(V )−{0} and
would have to find a way around the fact that D(gn) is not invariant.

Let Z be a smooth G-scheme and z ∈ Z an invariant rational point. Write e :
Z → Z for the equivariant idempotent defined as the composition Z → z → Z.
Now for G-schemes X , Y define

Cork(X ∧ (Z, z),Y ∧ (Z, z)) :=

{V ∈ Cork(X × Z, Y × Z) | V ◦ (idX × e) = 0 = (idY ◦ e) ◦ V}.
We usually omit the basepoint z ∈ Z from the notation when it is understood
that Z is a pointed scheme and simply write Cork(X ∧Z, Y ∧Z) for this group.
Note that this group inherits a natural G-action from that on Cork(X×Z, Y ×
Z). We write as usual

GCork(X ∧ Z, Y ∧ Z) := Cork(X ∧ Z, Y ∧ Z)G.

This construction applies in particular to the G-varieties (GσIm , 1) introduced in
Definition 8.19. Write fi, i = 1, 2 for the projection fi : X×Gm×Y ×Gm → Gm
to the ith copy of Gm. More generally write fσIi : X×GσIm ×Y ×GσIm → Gm to
the ith copy of Gm (considered with trivial action). Define rational functions
gσIn by

gσIn :=
(fσI1 )n+1 − 1

(fσI1 )n+1 − (fσI2 )
.

Documenta Mathematica 20 (2015) 269–332



Equivariant Cancellation 325

We consider the associated divisors D(gσIn ). Observe that this is an invariant
divisor. Of course the various D(gσIn ) are all exactly the same divisor nonequiv-
ariantly, only the G-actions differ. The underlying divisor is the divisor of the
rational function gn = (fn+1

1 − 1)/(fn+1
1 − f2). This is the divisor considered

in [Voe10a]. We simply write Dn for the divisor D(gσIn ) when context makes
clear the G-action.

Lemma 9.2 ([Voe10a, Lemma 4.1]). For any Z ∈ Cork(X × GσIm , Y × GσIm )
there exists an N such that for all n ≥ N the divisor Dn intersects Z properly
over X.

For Z ∈ Cork(X ×GσIm , Y ×GσIm ) the intersection Z·Dn is an equidimensional
relative cycle once n is large enough. Define ρn(Z) ∈ Cork(X,Y ) to be the
projection to X × Y of this intersection. Observe that g·ρn(Z) = ρn(g·Z) for
g ∈ G. Therefore if Z ∈ GCork(X×GσIm , Y ×GσIm ) then ρn(Z) ∈ GCork(X,Y ).
If both ρn(Z) and ρm(Z) are defined, they differ only up to equivariant A1-
homotopy, see [Voe10a].

Lemma 9.3 ([Voe10a, Lemmas 4.3, 4.4, 4.5]).

(1) For W ∈ GCork(X,Y ) and n ≥ 1 we have ρn(W × idG
σI
m

) =W.
(2) Let e denote the composition GσIm → {1} → GσIm . Then ρn(idX×e) = 0

for all n ≥ 0 and all g ∈ G.
(3) Let Z ∈ GCork(X×GσIm , Y ×GσIm ) such that ρnZ is defined. Consider

an arbitrary W ∈ GCork(X ′, X). Then ρn(Z ◦ (W× idG
σI
m

)) is defined
and

ρn(Z ◦ (W × idG
σI
m

)) = ρn(Z) ◦W ,

where ◦ denotes composition of correspondences.
(4) Let Z ∈ GCork(X × GσIm , Y × GσIm ) be such that ρnZ is defined and

f : X ′ → Y ′ a morphism of schemes. Then ρn(Z × f) is defined and

ρn(Z × f) = ρn(Z)× f.
Write IσI ∈ GCork(GσIm ,G

σI
m ) for the finite correspondence given by IσI :=

id− e. As usual, when context makes the action clear, we simply write I.

Proposition 9.4. There is an equivariant homotopy

H ∈ GCork(GσIm ∧GσIm ∧ A1,GσIm ∧GσIm )

such that H0−H1 = τ − idG
σI
m ∧G

σI
m
, where τ is the endomorphism of GσIm ∧GσIm

which switches the factors.

Proof. The case of Gm with trivial action (i.e. I = ∅) is [BV08, Proposition
3.2].
There is a canonical map p : GσIm ×GσIm → Sym2(GσIm ) with transpose pt. Then
ptp ∈ Cork(GσIm × GσIm ,GσIm × GσIm ) is equal to id + τ . Write α : GσIm × GσIm →
GσIm ×GσIm for the map defined by (x, y) 7→ (xy, 1).
Define the G-scheme MI to have underlying scheme MI = Gm × A1 and the
action is specified by letting ǫi act by (x, y) 7→ (x−1, y/x) if i ∈ I (and the
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identity otherwise). The map GσIm ×GσIm →MI , (x, y) 7→ (xy, x+y) is an equi-
variant isomorphism. Therefore we have an equivariant A1-homotopy between
the correspondences p and pα. Explicitly, we have an equivariant homotopy
H : MI × A1 →MI , given by (x, y, t) 7→ (x, t(1 + x) + (1− t)y) which induces
the desired homotopy.
We therefore have that id+τ = ptp ≃ ptpα = α+τα. Now α+τα takes values in
1×GσIm ∪GσIm ×1 and therefore id = τ in GCork(GσIm ∧GσIm ,GσIm ∧GσIm )/ ∼A1 �

For W ∈ GCork(X ∧GσIm , Y ∧GσIm ) define

W ×(τ) I ∈ GCork(X ∧GσIm ∧GσIm , Y ∧GσIm ∧GσIm )

by W ×(τ) I = (idY × τ) ◦ (W × I) ◦ (idX × τ).

Lemma 9.5. Let W ∈ GCork(X ∧ GσIm , Y ∧ GσIm ). There is an equivariant
homotopy

φ = φW ∈ GCork(X × A1 ∧GσIm ∧GσIm , Y ∧GσIm ∧GσIm )

such that φ0 − φ1 =W ×(τ) I −W × I.
Proof. Let H ∈ GCork(GσIm ×GσIm ×A1,GσIm ×GσIm ) be the homotopy as in the
previous proposition. We proceed as in [Sus03, Lemma 4.70]. Let φ = φW be
defined by

φ = (idY ×H) ◦ [(±(W × I)× idA1 ]+

+(idY × τ) ◦ (W × I) ◦ (idX ×H).

If W is invariant then φ is also invariant. �

Recall that if F is a presheaf we write CnF for the presheaf X 7→ F (X ×∆n
k ).

Theorem 9.6. Let X, Y be smooth (Z/2)n-schemes over k. The homomor-
phism of simplicial abelian groups

GCork(X ×∆•
k, Y )→ GCork(X ×∆•

k ∧GσIm , Y ∧GσIm )

given by Z 7→ Z × I is a weak equivalence.

Proof. We follow the nonequivariant argument, [Sus03, Theorem 4.7]. We work
with the associated normalized chain complexes to the displayed simplicial
abelian groups.
First we show that this map is injective on homology groups. Suppose that
W ∈ GCork(X × ∆n, Y ) is a cycle such that W × I is a boundary. Then
there is V ∈ GCork((X × ∆n+1) ∧ GσIm , Y ∧ GσIm ) and ∂n+1(V) = W × I and
∂i(W) = 0 for 0 ≤ i ≤ n. By Lemma 9.2 there is N such that ρN (V) is defined.
By Lemma 9.3 we have that ρN(∂iW) is defined as well. Moreover by Lemma
9.3 we have

∂i(ρN (V)) = ρN(∂i(V)) = 0, 0 ≤ i ≤ n
∂n+1(ρN (V)) = ρN (∂n+1(V)) = ρN (W × I) =W .

Therefore W is itself a boundary and so the map on homology is an injection.
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Now we show that the map on homology is surjective. Let V ∈ GCork(X ×
∆n ∧ GσIm , Y ∧ GσIm ) be a cycle (i.e., V ∈ GCork((X × ∆n) ∧ GσIm , Y ∧ GσIm )
satisfies ∂i(V) = 0 for 0 ≤ i ≤ n). Consider the homotopy φ = φV from Lemma
9.5 which satisfies

φ0 − φ1 = V ×(τ) I − V × I.
Applying ρN (with respect to the second factor of GσIm ) and using Lemma 9.3
we have

ρN (V × I) = V
ρN (V ×(τ) I) = ρN (V)× I.

Let ψN = ρN (φ). We have

(ψN )0 − (ψN )1 = ρN (V)× I − V
and so ∂i(ψN ) = ρN (∂iφV) = 0 (because ∂iφV = φ∂iV = 0). We therefore have
that ψN ∈ GCork(X ×∆•

k ∧GσIm , Y ∧GσIm ) is a cycle. The two restrictions

GCork(X × A1 ×∆•
k ∧GσIm , Y ∧GσIm )→ GCork(X ×∆•

k ∧GσIm , Y ∧GσIm )

induced by 0 ∈ A1 and 1 ∈ A1 induce the same map in homology. Therefore
(ψN )0 − (ψN )1 = ρN (V)× I − V is a boundary in GCork(X ×∆•

k ∧GσIm , Y ∧
GσIm ). �

We are now ready to prove the equivariant cancellation theorem. Let F be a
homotopy invariant equivariant Nisnevich sheaf with transfers.

Theorem 9.7 (Equivariant Cancellation). Let X be a smooth (Z/2)n-scheme.
Then

Hn
GNis(X,C∗Ztr,G(Y )) = Hn

GNis(X ∧GσIm , C∗Ztr,G(Y ∧GσIm )).

Proof. The argument is formally the same as in the nonequivariant case given
all of the machinery developed in the previous sections. For convenience we give
some details. Consider the projection π : X ×GσIm → X . We first consider the
Leray spectral sequence (which is convergent as X has bounded cohomological
dimension)

Ep,q2 = Hp(X,Rqπ∗C∗Ztr,G(Y ∧GσIm )) =⇒ Hp+q(X ×GσIm , C∗Ztr,G(Y ∧GσIm )).

Write Hq for the qth cohomology sheaf of the complex C∗Ztr,G(Y ∧ GσIm ).
To compute the complex Rπ∗C∗Ztr,G(Y ∧ GσIm ) we use the hypercohomology
spectral sequence,

Ep,q2 = Rpπ∗H
q =⇒ Hp+q(Rπ∗C∗Ztr,G(Y ∧GσIm )).

The stalks of Rpπ∗Hq are Hp(S×GσIm , Hq) where S is a smooth affine semilocal
Henselian G-scheme over k with a single closed orbit. By Theorem 8.21 we have
Rpπ∗Hq = Hp

GNis(S × GσIm , Hq) = 0 for p > 0. The spectral sequence thus
degenerates and we have

Hq(Rπ∗Ztr,G(Y ∧GσIm )) = π∗H
q.
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The stalks of π∗Hq are H0
GNis(S×GσIm , Hq) which, by Theorem 8.23, split into

the direct sum

H0
GNis(S ×GσIm , Hq) = Hq(S)⊕Hq

(−σI )(S).

By Proposition 8.22 we have that (HqGNis)(−σI ) = (Hq(−σI ))GNis. Therefore we

have

Hq(Rπ∗C∗Ztr,G(Y ∧GσIm )) = Hq(C∗Ztr,G(Y ∧GσIm ))⊕Hq(C∗Ztr,G(Y )).

Thus C∗Ztr,G(Y ∧ GσIm ) ⊕ C∗Ztr,G(Y ) → Rπ∗C∗Ztr,G(Y ∧ GσIm ) is a quasi-
isomorphism and therefore

H∗(X×GσIm , C∗Ztr,G(Y ∧GσIm ))=H∗(X,C∗Ztr,G(Y ∧GσIm ))⊕H∗(X,C∗Ztr,G(Y )),

as required. �

We finish by relating the complexes C∗Ztr,G(GσIm ) to the ones introduced in
Section 5. After a change of coordinates P(σI ⊕ 1) can be viewed as P1 where
ǫi acts by [x : y] 7→ [y : x] if i ∈ I (and is the identity otherwise) and GσIm
becomes identified with P1−{[0 : 1], [1 : 0]}. Write ZI for Z/2 considered with
the action where ǫi acts nontrivially if i ∈ I (and trivially otherwise). Consider
the Cartesian square in GSm/k

GσIm ×ZI

��

// A1 ×ZI
φ

��
GσIm // P1.

The action on A1×ZI = A1
∐
A1 is specified by letting ǫi switching the factors

if i ∈ I (and is the identity otherwise). The map φ sends (x, e) to [x : 1] and
(x, σ) to [1 : x]. Note that φ−1({[0 : 1], [1 : 0]}) ∼= {[0 : 1], [1 : 0]} is an
equivariant isomorphism. In particular, the above square is an equivariant
distinguished square.
Recall that we write SσI for the topological representation sphere associated
to the (Z/2)n-representation σI and Ztop(σI) = cone(Ztr,G(ZI) → Z), see
Example 5.11. Using the square above, we obtain a quasi-isomorphism

(C∗
(
Ztr,G(GσIm )/Z)⊗L

tr Ztop(σI)
)
≃ C∗

(
Ztr,G(P(σI ⊕ 1))/Ztr,G(P(σI))

)
.

For a representation V , define the equivariant Nisnevich sheaf with transfers
Ztr,G(T V ) by

Ztr,G(T V ) := Ztr,G(P(V ⊕ 1))/Ztr,G(P(V ))

and similarly for expressions such as Ztr,G(X ∧ T V ).
Write iX : Z(X × P(V )) → Z(X × P(V ⊕ 1)) for the inclusion. If F
is a complex of equivariant Nisnevich sheaves, write Hn

GNis(X ∧ T V , F ) :=
ExtnGNis(cone(iX), F ).
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Theorem 9.8. Let X be a smooth (Z/2)n-scheme and V a finite dimensional
representation. Then

Hn
GNis(X,C∗Ztr,G(Y )) ∼= Hn

GNis(X ∧ T V , C∗Ztr,G(Y ∧ T V )).

Proof. It is enough to treat the case of a one dimensional representation. Every
one dimensional representation of (Z/2)n is of the form σI . Using Theorem 4.15
and a standard spectral sequence argument, one sees that the displayed map
of hypercohomology groups can be computed as

Extn(C∗Ztr,G(X), C∗Ztr,G(Y ))

→ Extn(C∗Ztr,G(X)⊗L
tr C∗Ztr,G(T V ), C∗Ztr,G(Y )⊗L

tr C∗Ztr,G(T V )),

where Ext is computed in D−(GCork), the derived category of equivariant
Nisnevich sheaves with transfers. If V is a trivial representation (i.e., I = ∅)
then we have C∗Ztr,G(T V ) ≃ C∗(Ztr,G(Gm)/Z)[1]. More generally if V = σI ,
we have C∗Ztr,G(T V ) ≃ C∗(Ztr,G(GσIm )/Z)⊗L

trZtop(σI). Both shift and Ztop(σI)
are invertible (see Lemma 5.12), and so the theorem follows from Theorem
9.7. �
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Abstract. We study the homotopy theory of the classifying space
of the complex projective linear groups to prove that purity fails for
PGLp-torsors on regular noetherian schemes when p is a prime. Ex-
tending our previous work when p = 2, we obtain a negative answer
to a question of Colliot-Thélène and Sansuc, for all PGLp. We also
give a new example of the failure of purity for the cohomological fil-
tration on the Witt group, which is the first example of this kind of a
variety over an algebraically closed field.
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1. INTRODUCTION

Let X be a regular noetherian integral scheme, let G be a smooth reductive
group scheme over X, and let K be the function field of X. Consider the injec-
tive map

im
(

H1
ét(X, G)→ H1

ét(Spec K, G)
)
→(1)

→
⋂

x∈X(1)

im
(

H1
ét(Spec OX,x, G)→ H1

ét(Spec K, G)
)

,

where the intersection is over all codimension-1 points of X. Colliot-
Thélène and Sansuc ask in [13, Question 6.4] whether this map is surjective.
When it is, we say that purity holds for H1

ét(X, G).
Purity trivially holds for H1

ét(X, G) when G is special in the sense of Serre, for
example if G = SLn, since H1

ét(Spec K, G) is a single point in this case. It holds
for H1

ét(X, G) where G is a finite type X-group scheme of multiplicative type
by [13, Corollaire 6.9]. It is also known to hold in many cases when X is the
spectrum of a regular local ring containing a field of characteristic 0. With this
assumption, purity was proven for H1

ét(X, G) when G is a split group of type
An, a split orthogonal or special orthogonal group, or a split spin group by
Panin [32] and also when G = G2 by Chernousov and Panin [12]. The local
purity conjecture asserts that purity holds for H1

ét(X, G) whenever X is the
spectrum of a regular noetherian integral semi-local ring and G is a smooth
reductive algebraic X-group scheme. Finally, purity holds for H1

ét(X, G) if the
Krull dimension of X is at most 2 by [13, Theorem 6.13].
Purity is often considered along with another property, the so-called injectivity
property, which is said to hold when H1

ét(X, G)→ H1
ét(U, G) has trivial kernel

for all U ⊆ X containing X(1). In fact, Grothendieck and Serre conjectured
that this map is always injective when X is the spectrum of a regular local
ring R and G is a reductive X-group scheme. This has been proved recently
using affine Grassmannians by Fedorov and Panin [19] when R contains an
infinite field following partial progress by many other mathematicians. They
prove more strongly that H1

ét(X, G) → H1
ét(U, G) is injective. The injectivity

property for torsors is usually only sensible when X is in fact the spectrum of
a local ring: otherwise it typically fails, even for G = Gm.
When X is neither local nor low-dimensional and G is a non-special semisim-
ple algebraic group, no results were known about purity for torsors until our
paper [3], which showed that purity fails for PGL2-torsors on smooth affine
complex 6-folds in general. It is the purpose of this paper to use p-local homo-
topy theory to extend our previous result to PGLp for all p.

Theorem 1.1. Let p be a prime. Then, there exists a smooth affine complex variety

X of dimension 2p + 2 such that purity fails for H1
ét(X, PGLp).

We outline the proof. Recall first that PGLp-torsors correspond to degree-p
Azumaya algebras, and write Brtop(X(C)) for the topological Brauer group,
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which classifies topological Azumaya algebras up to Brauer equivalence [25].
Let X be a smooth complex variety such that H2(X(C),Z) = 0. In this
case, by [2, Lemma 6.3], there is an isomorphism Br(X) ∼= Brtop(X(C)) =

H3(X(C),Z)tors. Because H2(X(C),Z) = 0, topological Azumaya algebras of
degree n and exponent m on X(C) are classified by homotopy classes of maps
X(C)→ BP(m, n), where P(m, n) = SLn(C)/µm.
In order to prove the theorem, we must construct a complex affine variety, X.
First, following Totaro [35], we take a high dimensional algebraic approxima-
tion, X, to the classifying space BP(p, pq), where q > 1 is prime to p. This
X is equipped with an SLpq /µp-torsor, which induces a PGLpq-torsor and
therefore an Azumaya algebra A. Let α be the Brauer class of A on X. The
exponent of α is p. Comparing the p-local homotopy type of BP(p, pq) to that
of BPGLp(C), we find that there is a non-vanishing topological obstruction in
H2p+2(X(C),Z/p) to the existence of a degree-p Azumaya algebra on X with
the same Brauer class as A. Second, we replace X by a homotopy-equivalent
smooth affine variety using Jouanolou’s device [28]. Third, we use the affine
Lefschetz theorem [24, Introduction, Section 2.2] to cut down to a smooth
affine 2p + 2-dimensional variety where the obstruction in H2p+2(X(C),Z/p)
persists. By using an unpublished preprint of Ekedahl [18], it is possible to
construct smooth projective complex examples of this nature as well, although
we will not emphasize this last point in our paper.
Let K be the function field of the 2p + 2–dimensional affine variety X alluded
to in the previous paragraph. The theorem is deduced from the properties of
X as follows. The Brauer class αK ∈ Br(K) has exponent p and index dividing
pq. Its index is therefore p by a result of Brauer [23, Proposition 4.5.13], and it
is represented by a division algebra D of degree p over K. If P ∈ X(1), then α
restricts to a class αP ∈ Br(OX,p). Since D is unramified along OX,P and since
OX,P is a discrete valuation ring, it follows that any maximal order in D over
OX,P is in fact an Azumaya algebra (see the proof of [7, Proposition 7.4]). Thus,
the class of D is in the target of the map of (1), but by our choice of X, the class
of D is not in the source of that map.
We make the following conjecture.

Conjecture 1.2. Let G be a non-special semisimple k-group scheme. Then there

exists a smooth affine k-variety X such that purity fails for H1
ét(X, G).

Our theorem proves the conjecture for G = PGLp over C, and since the
schemes in question may all be defined over Q, the conjecture is actually set-
tled for PGLp over any field of characteristic 0.
We explore three other points in the paper. First, in Section 3.3 we show that,
in contrast to the global case, purity holds for PGLn-torsors over regular noe-
therian integral semi-local rings R, at least if we restrict our attention to those
torsors whose Brauer class has exponent invertible in R. This is a generaliza-
tion of equivalent results of Ojanguren [30] and Panin [32] in characteristic
0.
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Second, in Section 3.4, we give a topological perspective that explains why we
expect purity to fail for H1

ét(X, PGLn) for all n.
Third, in Section 3.5, we give examples where purity fails for I2(X)/ I3(X)
where I• is the filtration on the Witt group induced by the cohomological fil-
tration on W(C(X)) and X is a certain smooth affine complex 5-fold. Previous
examples of a different, arithmetic nature were produced by Parimala and
Sridharan [33], but these were explained by Auel [5] as failing to take into ac-
count quadratic modules with coefficients in line bundles. Our examples have
Pic(X) = 0.
The authors would like to thank Asher Auel, Eric Brussel, Roman Fedorov,
Henri Gillet, Max Lieblich, and Manuel Ojanguren for conversations related
to the present work. We would also like to thank Burt Totaro for several useful
comments on an early version of this paper.

2. TOPOLOGY

In [3], we used knowledge of both the low-degree singular cohomology of
BPGL2(C) and of the low-degree Postnikov tower of BPGL2(C) to produce
counterexamples to the existence of Azumaya maximal orders in unramified
division algebras. This is equivalent to showing that purity fails for PGL2
over C. At the time we wrote [3], we did not know how to extend our results
to other primes, because our argument relied on the accessibility of the low-
degree Postnikov tower of BPGL2(C). While remarkable calculations have
been made by Vezzosi [38] and Vistoli [39] on the cohomology of BPGLp(C)
for odd primes p, the problem of determining the Postnikov tower up the
necessary level, 2p + 1, was beyond us. By using a p-local version of our
arguments in [3] we bypass our ignorance to prove similar results.
We prove a result in this section about self-maps of τ≤2p+1BPGLp(C), the 2p +
1 stage in the Postnikov tower of BPGLp(C). Our theorem is in some sense
related to the important results of Jackowski, McClure, and Oliver [27] about
maps BG→ BH when G and H are compact Lie groups, and especially about
self-maps of BG. For the applications to algebraic geometry we have in mind,
one must use finite approximations to BPGLp(C) ≃ BPUp, where the results
of [27] do not immediately apply. For more on the relationship of our work
to [27], see Section 3.4.
The group PGLp(C) and other classical groups are always equipped with the
classical topology.

2.1. The p-local cohomology of some Eilenberg-MacLane spaces.
We fix a prime number p. The p-local cohomology of a space X is the singular
cohomology of X with coefficients in Z(p). In the next few lemmas, we com-
pute the low-degree p-local cohomology of K(Z, n), up to the first p-torsion.
These results are both straightforward and classical, being corollaries of the
all-encompassing calculations of Cartan [11] for instance. We include proofs
here for the sake of completeness.
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Recall that K(Z, 2) ≃ CP∞ and that H∗(K(Z, 2),Z) ∼= Z[ι2], where deg(ι2) =
2. In general, there is a canonical class ιn ∈ Hn(K(Z, n),Z) representing the
identity map. We will use the Serre spectral sequences for the fiber sequences
K(Z, n)→ ∗ → K(Z, n + 1) as well as the multiplicative structure in the spec-
tral sequences.

Lemma 2.1. For 1 ≤ k ≤ 2p + 4, the p-local cohomology of K(Z, 3) is

Hk(K(Z, 3),Z(p))
∼=





Z(p) if k = 3,

Z/p if k = 2p + 2,

0 otherwise.

Proof. We can choose ι3 so that d3(ι2) = ι3 in the Serre spectral sequence for
K(Z, 2)→ ∗ → K(Z, 3):

Es,t
2 = Hs(K(Z, 3), Ht(K(Z, 2),Z(p)))⇒ Hs+t(∗,Z(p)).

Then, d3(ιn2) = nιn−1
2 ι3 and it follows that d3(ιn2) is a generator of E3,2n−2

3 for
1 ≤ n < p. For 4 ≤ k ≤ 2p + 1 the cohomology group Hk(K(Z, 3),Z(p))
vanishes since there are no possible non-zero differentials hitting it. The first
point on the t-axis where d3 is not surjective is d3 : E0,2p

3 → E3,2p−2
3 where

the cokernel is Z/p, see Figure 1. In order for the sequence to converge to

Z(p) · ιp+1
2

d3

++❱❱❱
❱❱❱❱

❱❱❱❱
❱❱❱❱

❱❱❱❱
❱❱

0 0 Z(p) · ιp+1
2 ι3

0 0 0 0

Z(p) · ιp
2

d3

++❱❱❱
❱❱❱❱

❱❱❱❱
❱❱❱❱

❱❱❱❱
❱❱ 0 0 Z(p) · ιp

2 ι3

0 0 0 0

Z(p) · ιp−1
2 0 0 Z(p) · ιp−1

2 ι3

0 0 0 0
...

...
...

...

0 0 0 0

Z(p) · ι2
d3

++❲❲❲
❲❲❲❲❲

❲❲❲❲❲
❲❲❲❲

❲❲❲❲❲
❲ 0 0 Z(p) · ι2ι3

0 0 0 0

Z(p) 0 0 Z(p) · ι3

FIGURE 1. The E3-page of the Serre spectral sequence associ-
ated to K(Z, 2)→ ∗ → K(Z, 3).

zero, this non-zero cokernel must support a non-zero departing differential;

Documenta Mathematica 20 (2015) 333–355



338 Benjamin Antieau and Ben Williams

since Hk(K(Z, 2),Z(p)) = 0 for 4 ≤ k ≤ 2p + 1, the differential d2p−1 in-
duces an isomorphism Z/p → H2p+2(K(Z, 3),Z(p)). Let jp be a generator of
H2p+2(K(Z, 3),Z(p)). In terms of total degree, the next non-zero term in the

spectral sequence is E2,2p+2
3 = Z/p · ι2 jp. Thus, the next potentially non-zero

p-local cohomology group of K(Z, 3) is H2p+5(K(Z, 3),Z(p)). �

The next two lemmas have proofs conceptually similar to the preceding proof.

Lemma 2.2. For 0 ≤ k ≤ 2p + 5, the p-local cohomology of K(Z, 4) is

Hk(K(Z, 4),Z(p))
∼=





Z(p) if k = 0 mod 4,

Z/p if k = 2p + 3,

0 otherwise.

Proof. Again, we may assume that d3(ι3) = ι4 in the Serre spectral sequence.
Then, d3(ι3ιn4) = ιn+1

4 . Moreover, the powers of ι4 are non-zero because the
d3 differential leaving E4n,3

3 = Z(p) · ι3ιn4 cannot have a kernel as all cohomol-
ogy of K(Z, 3) in degrees higher than 3 is torsion. For this reason the group
H2p+2(K(Z, 3),Z(p)) survives to the E2p+3-page of the spectral sequence, and
the differential

d2p+3 : Z/p ∼= H2p+2(K(Z, 3),Z(p))→ H2p+3(K(Z, 4),Z(p))

is an isomorphism. The next potential non-zero torsion class in the spectral
sequence is in H2p+5(K(Z, 3),Z(p)), which shows that the other cohomology
groups vanish in the range indicated. �

Lemma 2.3. The cohomology groups Hk(K(Z, n),Z(p)) are torsion-free for 0 ≤ k ≤
2p + 3 and n ≥ 5. In this range they are isomorphic to a polynomial algebra over
Z(p) with a single generator ιn in degree n if n is even or an exterior algebra over Z(p)

with a single generator ιn in degree n if n is odd.

Proof. This follows inductively as in the previous two lemmas. The important
point is that the first p-torsion in H∗(K(Z, n− 1),Z(p)) is in degree 2p + (n−
1)− 1. No differential exiting it can be non-zero until the differential d2p+(n−1),

which produces p-torsion in H2p+n−1(K(Z, n),Z(p)). If n ≥ 5, then 2p + n−
1 ≥ 2p + 4. �

2.2. The p-local homotopy type of BSLp(C). Now we harness the com-
putations of the previous section to study the p-local homotopy type of trunca-
tions of BPGLp(C). If X is a connected topological space, we will write τ≤nX
for the nth stage in the Postnikov tower of a path-connected space X. Thus,
τ≤nX is a topological space such that

πi (τ≤nX) ∼=
{

πi(X) if i ≤ n,
0 otherwise.

Documenta Mathematica 20 (2015) 333–355



Topology and Purity for Torsors 339

The Postnikov tower is the sequence of natural maps

X

''❖❖
❖❖❖

❖❖❖

��
❅❅

❅❅
❅❅

❅❅
❅❅

❅❅

��

  

...

��

τ≤nX

��

τ≤n−1X
��

...

��

τ≤1X

��

τ≤0X = ∗

with the fiber of τ≤nX → τ≤n−1X identified with K(πnX, n). In good cases,
such as when the action of π1X on πnX for n ≥ 1 is trivial, the extension

K(πnX, n) // τ≤nX

��

τ≤n−1X

is classified by the k-invariant

kn−1 : τ≤n−1X → K(πnX, n + 1)

in the sense that τ≤nX is the homotopy fiber of kn−1. This k-invariant is a
cohomology class in Hn+1(τ≤n−1X, πnX). When it vanishes, the fibration is
trivial.
There is a p-localization functor L(p) that takes a topological space X and pro-
duces a space L(p)X whose homotopy groups are Z(p)-modules. For the the-
ory of localization of CW complexes, we refer to the monograph of Bousfield
and Kan [10]. This functor takes fiber sequences to fiber sequences when
the base is simply connected by the principal fibration lemma [10, Chap-
ter II]. Since the Z(p)-localization of an Eilenberg-MacLane space K(π, n) is
K(π ⊗Z Z(p), n), for which see [10, page 65], it follows that application of
L(p) commutes with the formation of Postnikov towers of simply-connected
spaces.
Now, we consider the p-local homotopy type of certain stages in the Postnikov
tower of BSLn(C). By Bott periodicity [9, Theorem 5] the p-local homotopy
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groups of BSLn(C) for 1 ≤ i ≤ 2n + 1 are

πi

(
L(p) BSLn(C)

)
∼= πi (BSLn(C))⊗Z Z(p)

∼=





Z(p) if i is even and i ≥ 4,
Z/(n!)⊗Z Z(p) if i = 2n + 1,
0 otherwise.

Proposition 2.4. The localization L(p)τ≤2p BSLn(C), where n ≥ p, is a general-

ized Eilenberg–MacLane space:

(2) L(p)τ≤2p BSLn(C) ≃ K(Z(p), 4)× K(Z(p), 6)× · · · × K(Z(p), 2p).

Proof. We prove the general statement

L(p)τ≤2j BSLn(C) ≃ K(Z(p), 4)× K(Z(p), 6)× · · · × K(Z(p), 2j), for j ≤ p

by induction on j. The base case when j = 1 is trivial. For the induction step,
suppose that L(p)τ≤2j BSLn(C) is

K(Z(p), 4)× · · · × K(Z(p), 2j)

for some 1 ≤ j < p. The extension

K(Z(p), 2j + 2)→ L(p)τ≤2j+2 BSLn(C)→ L(p)τ≤2j BSLn(C)

is classified by the k-invariant

k2j ∈ H2j+3(K(Z(p), 4)× · · · × K(Z(p), 2j),Z(p)).

By Lemmas 2.2 and 2.3, this cohomology group must vanish, since j < p.
Hence k2j = 0 and the extension is trivial. �

Before we prove the next proposition, we need a well-known lemma. Recall
that an n-equivalence is a map such that πk( f ) : πk(X)→ πk(Y) is an isomor-
phism for 0 ≤ k < n and a surjection for k = n.

Lemma 2.5. Let f : X → Y be an n-equivalence. Then, for any coefficient abelian
group A, the induced map

f ∗ : Hk(Y, A)→ Hk(X, A)

is an isomorphism for 0 ≤ k ≤ n− 1 and an injection for k = n.

Proof. This follows most easily from the Serre spectral sequence for the fibra-

tion sequence F → X → Y. Since the fiber is n-connected, the groups H̃
k
(F, A)

vanish for k < n. The first nontrivial extension-problem in the spectral se-
quence takes the form

0→ Hn(Y, A)→ Hn(X, A)→ Hn(F, A),

which proves the result. �
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The previous proposition asserts that L(p)τ≤2p BSLp(C) is a generalized
Eilenberg–MacLane space, the following asserts that the τ≤2p appearing there
is sharp, and the nontriviality of the extension can be detected after pulling
the extension back along an inclusion K(Z(p), 4)→ L(p)τ≤2p BSLp(C).

Proposition 2.6. Denote by i a map i : K(Z(p), 4) → L(p)τ≤2p BSLp(C) split-

ting the projection map. Write k2p ∈ H2p+2(L(p)τ≤2p BSLp(C),Z/p) for the k–

invariant of the extension

(3) K(Z/p, 2p + 1) // L(p)τ≤2p+1 BSLp(C)

��

L(p)τ≤2p BSLp(C).

Then k2p is of order p, and moreover i∗(k2p) is a generator for

H2p+2(K(Z(p), 4),Z/p) ∼= Z/p.

Proof. Note that X → τ≤nX is an (n + 1)–equivalence. By Lemma 2.5, the map
of rings

Hi(L(p)τ≤2p BSLp,Z(p))→ Hi(L(p) BSLp,Z(p)) = Z(p)[c2, c3, . . . , cp]

is an isomorphism when i ≤ 2p, and an injection, and hence an isomorphism,
when i = 2p + 1. By Lemmas 2.2 and 2.3, the ring Hi(L(p)τ≤2p BSLp,Z(p)) is
isomorphic to a polynomial ring on generators in degrees 4, 6, 8, . . . , 2p in the
range where i ≤ 2p + 2, so that it follows that

H2p+2(L(p)τ≤2p BSLp,Z(p))→ H2p+2(L(p) BSLp,Z(p))

is an isomorphism as well. We also deduce that

H2p+3(L(p)τ≤2p BSLp(C),Z(p))
∼= Z/p · ρ,

where i∗(ρ) is a generator of H2p+3(K(Z, 4),Z(p))
∼= Z/p.

Considering the long exact sequence in cohomology associated to the se-
quence

0→ Z(p) → Z(p) → Z/p→ 0

we deduce the existence of a decomposition

H2p+2(L(p)τ≤2p BSLp,Z/p) = H2p+2(L(p) BSLp,Z/p)⊕Z/p · σ,

where βp(σ) = ρ.
We observe two things. First that there is a quotient relationship arising from
the Postnikov extensions

H2p+2(L(p)τ≤2p BSLp,Z/p)/〈k2p〉 ∼= H2p+2(L(p)τ≤2p+1 BSLp,Z/p),

and second that the functorial map

H2p+2(L(p)τ≤2p+1 BSLp,Z/p) →֒ H2p+2(L(p) BSLp,Z/p)
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is injective by Lemma 2.5. It follows directly that k2p = uσ where u is a unit.
By naturality, β2p(i∗(k2p)) = ui∗(ρ), and in particular, i∗(k2p) 6= 0. �

Corollary 2.7. A map h : L(p)τ≤2p+1 BSLp(C) → L(p)τ≤2p+1 BSLp(C) that

induces an isomorphism on π4

(
L(p)τ≤2p+1 BSLp(C)

)
∼= Z(p), also induces an iso-

morphism on

π2p+1

(
L(p)τ≤2p+1 BSLp(C)

)
∼= Z/p.

Proof. Let i : K(Z(p), 4) → L(p)τ≤2p BSLp(C) again denote a map splitting the
projection onto K(Z(p), 4) in Proposition 2.4. Let

τ≤2ph : τ≤2p BSLp(C)→ τ≤2p BSLp(C)

be the truncation of h. This map fits into a commutative diagram

(4) K(Z(p), 4)
i //

≃
��

L(p)τ≤2p BSLp(C)
k2p

//

τ≤2ph

��

K(Z/p, 2p + 2)

Bh∗
��

K(Z(p), 4)
i

// L(p)τ≤2p BSLp(C)
k2p

// K(Z/p, 2p + 2),

where the map Bh∗ is the result of applying a functorial classifying-space

construction to the endomorphism of K(π2p+1

(
L(p) BSLp

)
, 2p + 1) ≃

K(Z/p, 2p + 1) arising from the map h∗ on π2p+1L(p) BSLp. The map
K(Z(p), 4) → K(Z(p), 4) is the composition of i with h and the projec-
tion, and is a weak equivalence since i, h and the projection all induce
isomorphisms on π4, by hypothesis. Since i∗(k2p) 6= 0 is a generator of
H2p+2(K(Z(p), 4),Z/p)), commutativity of the diagram proves that h∗ is an
equivalence, as claimed. �

2.3. The p-local homotopy type of BPGLp(C). There is a fiber se-
quence, obtained by truncating a sequence associated to the defining quotient
SLp(C)/µp = PGLp(C), of the form

τ≤2p+1 BSLp(C) // τ≤2p+1BPGLp(C) // K(Z/p, 2).

The main theorem concerns itself with maps f : τ≤2p+1BPGLp(C) →
τ≤2p+1BPGLp(C) that induce isomorphisms on π2(τ2p+1BPGLp(C)), these
maps fit into diagrams

τ≤2p+1 BSLp(C)

f̃

��
✤
✤
✤

// τ≤2p+1BPGLp(C) //

��

K(Z/p, 2)

≃

τ≤2p+1 BSLp(C) // τ≤2p+1BPGLp(C) // K(Z/p, 2)
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in which the right-hand square commutes up to homotopy. The map, f̃ , mak-
ing the left-hand square commute up to homotopy exists, but is not unique.
We refer to such a map as a lift of the map f .
Since π2p+1

(
BSLp(C)

) ∼= Z/(p!), it follows that π2p+1
(
BPGLp(C)

) ∼=
Z/(p!), and hence that

π2p+1

(
L(p)BPGLp(C)

)
∼= Z/(p!)⊗Z Z(p)

∼= Z/p.

The following lemma is a technical ingredient in Theorem 2.9.

Lemma 2.8. Let f : τ≤2p+1BPGLp(C)→ τ≤2p+1BPGLp(C) be a map that induces
an isomorphism

π2( f ) : π2
(
τ≤2p+1BPGLp(C)

)
→ π2

(
τ≤2p+1BPGLp(C)

)
= Z/p.

Any lift f̃ : τ≤2p+1 BSLp(C) → τ≤2p+1 BSLp(C) of f has the property that the
p-localization

π4(L(p) f̃∗) : π4
(
BSLp(C)

)⊗Z Z(p) → π4
(
BSLp(C)

)⊗Z Z(p)

is an isomorphism.

Proof. The first nontrivial fiber sequence appearing in the Postnikov tower of
BPGLp(C) is

K(Z, 4) // τ≤4BPGLp(C) // K(Z/p, 2).

In [2] we proved that the K(Z, 4)–bundle above is classified by a
map K(Z/p, 2) → K(Z, 5) that represents a generator of the group
H5(K(Z/p, 2),Z) ∼= Z/pǫ, where ǫ = 1 unless p = 2 in which case
ǫ = 2. If f induces an isomorphism on π2, it must also induce a map f∗
on π4

(
τ≤2p+1BPGLp(C)

) ∼= Z such that the functorially-derived diagram

K(Z/p, 2)

∼=
��

// K(Z, 5)

B f∗
��

K(Z/p, 2) // K(Z, 5)

commutes. The class B f∗ ∈ H5(K(Z, 5),Z) = Z must be an integer that
is relatively prime to p, and in turn the endomorphism induced by f on
π4
(
τ≤2p+1BPGLp(C)

) ∼= Z must be multiplication by an integer that is rel-

atively prime to p. The map induced by f on π4

(
L(p)τ≤2p+1BPGLp(C)

)
is

consequently an isomorphism.
For any choice of f̃ , the p-localized diagram

L(p)τ≤2p+1 BSLp(C)

L(p) f̃

��

// L(p)τ≤2p+1BPGLp(C)

L(p) f

��

L(p)τ≤2p+1 BSLp(C) // L(p)τ≤2p+1BPGLp(C)
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commutes. Here the horizontal arrows induce isomorphisms on all homotopy
groups, πi, where i ≥ 3, and the result follows. �

We are now in a position to prove the main topological theorem of the paper.

Theorem 2.9. Let f : τ≤2p+1BPGLp(C) → τ≤2p+1BPGLp(C) be a map that
induces an isomorphism

π2( f ) : π2
(
τ≤2p+1BPGLp(C)

)→ π2
(
τ≤2p+1BPGLp(C)

) ∼= Z/p.

Then

π2p+1(L(p) f ) : π2p+1

(
L(p)τ≤2p+1BPGLp(C)

)
→ π2p+1

(
L(p)τ≤2p+1BPGLp(C)

)

is an isomorphism.

Proof. Suppose f is a map meeting the hypothesis of the theorem. Choose
a lift, f̃ : τ≤2p+1 BSLp(C) → τ≤2p+1 BSLp(C). By Lemma 2.8, the map f̃∗ is

an isomorphism on π4

(
L(p)τ≤2p+1 BSLp(C)

)
, and therefore by Corollary 2.7,

π2p+1(L(p) f̃ ) is an isomorphism.
Since the projection L(p)τ≤2p+1 BSLp(C) → L(p)τ≤2p+1BPGLp(C) induces an
isomorphism on all higher homotopy groups πi where i ≥ 3, it follows that f∗
is an isomorphism on π2p+1

(
L(p)τ≤2p+1BPGLp(C)

)
, as claimed. �

3. PURITY

We consider purity in this section, giving two applications of algebraic topol-
ogy to algebraic purity questions. The first uses the machinery of Section 2
to show that purity fails in general for PGLp torsors, while the second
uses [2, Theorem D] to show that purity fails for the cohomological filtration
on the Witt group.

3.1. Definitions. Let F : C op → Sets be a presheaf on some category of
schemes C . We will suppress any mention of the category C throughout, and
we will assume that all necessary localizations of an object X in C are also in
C . Suppose that X is a regular noetherian integral scheme in C , and let K be
the function field of X. If the natural map

im(F (X)→ F (Spec K))→
⋂

P∈X(1)

im(F (Spec OX,P)→ F (Spec K))

is a bijection, where X(1) denotes the set of codimension 1 points of X, then
we say that purity holds for F (X).

Example 3.1. If X is a regular noetherian integral scheme with an ample line
bundle such that Q ⊆ Γ(X, OX), then purity holds for Br(X). In particular,
purity holds for Br(X) for smooth quasi-projective schemes over field of char-
acteristic 0. This follows from two facts. First, it is a theorem of Gabber and de
Jong [16] that if X has an ample line bundle, then Br(X) = H2

ét(X,Gm)tors. Sec-
ond, Gabber has shown (see Fujiwara [20]) that H2

ét(X,Gm)tors satisfies purity
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when X is a regular scheme and when each positive integer is invertible in X.
The case of smooth affine schemes over fields had been handled previously by
Hoobler [26], following Auslander and Goldman’s work on the 2-dimensional
affine situation [7, Proposition 6.1], while Gabber [22] had proved the result in
characteristic 0 with an added excellence condition. Gabber [21] proved purity
for H2

ét(X,Gm)tors without the excellence hypothesis when dim X ≤ 3; hence,
in combination with the Br = Br′ result above, purity holds for the Brauer
group when dim X ≤ 3 and X has an ample line bundle. If X is an arbitrary
regular noetherian integral scheme, then purity holds for Br(X)′, the part of
the Brauer group containing the m-torsion for all m > 0 invertible in X. This
follows from purity for H2

ét(X, µn) when n is prime to p. See Fujiwara [20]
together with [4, Exposée XIV, Section 3] or [14, Theorem 3.8.2].

Currently unknown is whether purity holds for Br(X) for every regular noe-
therian integral scheme X. The results above should be contrasted to what
happens for degree 3 cohomology classes: for any integer n > 1, there are
smooth projective complex varieties X such that purity fails for H3

ét(X,Z/n).
See [15, Section 5] for an overview, or Totaro [36] and Schoen [34] for exam-
ples. It is not hard to see that unramified cohomology is homotopy invari-
ant [37, Theorem 1.3], so it follows by using Jouanolou’s device [28] that there
are smooth affine complex varieties where purity fails for H3

ét(X,Z/n) as well.

3.2. Purity for torsors. Let X be a regular noetherian integral scheme,
and let G be a smooth reductive group scheme over X. In [13, Question 6.4],
Colliot-Thélène and Sansuc ask whether purity holds for H1

ét(X, G). As stated
in the introduction, many examples are known where purity holds in the spe-
cial case where X = Spec R is the spectrum of a regular noetherian local ring
R. But, as far as the authors are aware, except for our negative results [3] for
G = PGL2, no results are known in the non-local case, either for or against
purity, except in some trivial cases such as for special groups like SLn and in
the following two theorems.

Theorem 3.2 ([13, Corollaire 6.9]). Purity holds for H1
ét(X, G) for all regular

noetherian integral schemes X and all finite type X-group schemes of multiplicative
type G.

Theorem 3.3 ([13, Théorème 6.13]). Purity holds for H1
ét(X, G) for all regu-

lar noetherian integral 2-dimensional schemes X and all smooth reductive X-group
schemes G.

Before we prove our main theorem, we need a standard result.

Lemma 3.4. Let R be a discrete valuation ring, and let α ∈ Br(R) ⊆ Br(K) be
a Brauer class. If D is a central simple algebra over K, the fraction field of R, with
Brauer class α, then every maximal order A in D is Azumaya over R.

Proof. A maximal order A is in particular reflexive. Since a reflexive module
on a regular domain of dimension at most 2 is projective, A is projective. The
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lemma now follows from the argument in the second paragraph of the proof
of [7, Proposition 7.4]. �

The goal of this paper is to show that Theorem 3.3 does not extend to higher-
dimensional schemes. The method is based on [3], augmented by the results
of Section 2.
Let a, b be positive integers and let P(a, ab) denote the complex algebraic group
SLab(C)/µa. There is a commutative diagram of short exact sequences of
groups

1 // µa

��

// SLab(C)

��

// P(a, ab) //

��

1

1 // C∗ // GLab(C) // PGLab(C) // 1.

and therefore, for any topological space X, a commutative square

(5) H1(X, P(a, ab)) //

��

H2(X,Z/a)

��

H1(X, PGLab(C)) // H2(X,C∗) ∼= H3(X,Z).

If we have a principal P(a, ab)-bundle on a topological space X, then the quo-
tient map P(a, ab)→ PGLab(C) gives rise to a principal PGLab(C)-bundle and
therefore a degree ab topological Azumaya algebra. Diagram 5 implies that
this Azumaya algebra is of exponent dividing a.
Similarly, in the category of schemes over C, an SLab /µa-torsor (for the étale
topology) gives rise to a degree ab Azumaya algebra, and the exponent of this
Azumaya algebra divides a.
We rely on the following argument repeatedly: If X is a simply connected topo-
logical space, then π2(X) ∼= H2(X,Z) by the Hurewicz theorem. Then, by the
universal coefficient theorem, the torsion Br(X) = H3(X,Z)tors is naturally
the dual of the torsion subgroup of H2(X,Z) ∼= π2(X). In the cases we con-
sider, π2(X) is itself a torsion abelian group, and therefore Br(X) is naturally
the dual of π2(X).

Lemma 3.5. Suppose f : X → BP(a, ab) is a 3-equivalence of topological spaces.
Denote the Azumaya algebra associated to the PGLab(C) bundle classified by the

composite X
f→ BP(a, ab)→ BPGLab(C) by A (C). The exponent of A (C) is a.

Proof. Since f ∗ is a 3-equivalence, the Hurewicz and universal coefficients the-
orems imply that it induces an isomorphism on Brtop(·) ∼= H3(·,Z)tors. It suf-
fices therefore to show that the map φ∗ : Brtop(BPGLab(C))→ Brtop(BP(a, ab))
takes a generator to a class of order a.
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The following is a diagram of short exact sequences of groups

1 // µa

i

��

// SLab(C) // P(a, ab)

φ

��

// 1

1 // µa
// SLab(C) // PGLab(C) // 1.

Here i denotes the inclusion µa ⊂ µab. This gives rise to a map of fiber se-
quences:

BSLab(C) // BP(a, ab)

φ

��

// B2µa

B2i
��

BSLab(C) // BPGLab(C) // B2µab.

Since H̃
∗
(SLab(C),Z) vanishes below degree 4, the natural map of Serre spec-

tral sequences for H∗(·,Z) yields to a commutative square

Brtop(BP(a, ab)) H3(BP(a, ab),Z) H3(B2µa,Z) ∼= Z/a∼=
oo

Brtop(BPGLab(C)) H3(BPGLab(C),Z)

(Bφ)∗

OO

H3(B2µab,Z) ∼= Z/(ab),∼=
oo

(B2i)∗

OO

where (B2i)∗, by means of the Hurewicz and universal coefficient theorems, is
seen to be the dual of the inclusion Z/a = µa ⊂ µab = Z/(ab). Namely, it is a
surjection Z/(ab) → Z/a, as required. �

We now can prove our main theorem:

Theorem 3.6. Let p be a prime. There exists a smooth affine complex variety X of

dimension 2p + 2 such that purity fails for H1
ét(X, PGLp).

Proof. Let q > 1 be an integer prime to p. Let V be an algebraic representation
of the complex algebraic group G = SLpq /µp such that there is a G-invariant
closed subvariety S of codimension at least p + 2 with the following proper-
ties: the complement V − S is contained in the stable locus of the G-action
on V (in the sense of [29]) for some G-linearization of OV , and G acts freely
on V − S. Such a representation is constructed in [35, Remark 1.4] by taking
a large direct sum of any faithful G-representation. There is a universal geo-
metric quotient q : (V − S) → (V − S)/G with (V − S)/G a quasi-projective
variety [29]. Moreover, (V − S)→ (V − S)/G is an algebraic principal G bun-
dle, and (V− S)/G is smooth, since (V− S)→ (V− S)/G is a smooth surjec-
tive morphism with (V − S) smooth. We can replace (V − S)/G by an affine
scheme using Jouanolou’s device [28], and then we can use the affine Lefschetz
theorem [24, Introduction, Section 2.2] to cut down to a 2p + 2-dimensional
closed subscheme X. Pulling q back along X → (V − S)/G gives an algebraic
G-torsor E→ X, and therefore an induced PGLpq-torsor E×P(p,pq) PGLpq, and
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finally an associated (algebraic) Azumaya algebra A on X. Write α ∈ Br(X)
for the class of A ; since A is induced from a principal SLpq /µp-bundle, the
exponent of α divides p.
The map X → (V − S)/G is an affine vector bundle, and upon complex re-
alization, yields a homotopy equivalence. The realization G(C) is the group
P(p, pq), and by construction ((V− S)/G)(C)→ BP(p, pq) is a 2p + 3 equiva-
lence. The topological Azumaya algebra classified by the composite X(C) →
BP(p, pq)→ BPGLpq(C) is A (C), and by Lemma 3.5 it has exponent p. Since
there is a homomorphism Br(X) → Br(X(C)) taking the class, α, of A to that
of A (C), it follows that the exponent of α is exactly p.
Returning to algebra, let K be the function field of X. There is an inclusion
Br(X) ⊂ Br(K), and the class α ∈ Br(K) corresponds to a central simple al-
gebra A ⊗OX

K of degree pq and exponent p. From the theory of the index
of a Brauer class of a field, [23, Proposition 4.5.13], we know that there is an
Azumaya algebra A′ of degree p (in fact, a division algebra) over K in the class
of α. By Lemma 3.4, therefore, every codimension 1 local ring OX,x of X has
the property that there is some Azumaya algebra of degree p representing the
class of α in Br(OX,x), which is to say that the class of A′ in H1

ét(K, PGLp) lies
in the intersection

⋂

x∈X(1)

im
(

Hét(Spec OX,x, PGLp)→ H1
ét(Spec K, PGLp)

)
.

To show that purity does not hold for PGLp, therefore, it suffices to show that
α ∈ Br(X) is not represented by any Azumaya algebra of degree p. By com-
parison, it is sufficient to show that the class of A (C) in Br(X(C)), is not rep-
resented by any topological Azumaya algebra of degree p.
Suppose for the sake of contradiction that such a topological Azumaya al-
gebra exists. Let f : X(C) → BPGLp(C) be a map classifying it. Since
the class of A (C) in Br(X(C)) is of exponent p, it follows that the map
f ∗ : Br(BPGLp(C)) → Br(X(C)) is nonzero, and by the universal coefficients
and Hurewicz theorems, it follows that the map f∗ : Z/p ∼= π2(X(C)) →
π2(BPGLp(C)) ∼= Z/p is nonzero, and in particular is an isomorphism.
We consider the composition

τ≤2p+2BPGLp(C)→ τ≤2p+2BP(p, pq)→ τ≤2p+2X → τ≤2p+2BPGLp(C),

where the first arrow is the 2p + 2-truncation of the q-fold block sum map
BPGLp(C) → BP(p, pq), the second arrow is a homotopy inverse to the ho-
motopy equivalence τ≤2p+2X → τ≤2p+2BP(p, pq), and the third arrow is the
truncation of f . This composition induces an isomorphism on π2, and hence
on π2p+1, by Theorem 2.9 (applied to the further truncation τ≤2p+1 of the com-
position). But π2p+1BP(p, pq) = 0, which is a contradiction. �

The theorem implies in particular that on X there is an unramified degree-p
division algebra over K that does not extend to an Azumaya algebra on X. The
case p = 2 was proved first in [3].
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Corollary 3.7. Let p be a prime There exists a smooth affine complex variety X of
dimension 2p + 2 and an unramified division algebra D over C(X) of degree p that
contains no Azumaya maximal order on X.

Scholium 3.8. Let p be a prime, and let n1, . . . , nk be integers greater than p such
that gcdi{ni} = p. There is a smooth affine complex variety X of dimension 2p + 2
and a Brauer class α ∈ Br(X) of exponent p such that there are Azumaya algebras of
degrees n1, . . . , nk in the class α, but no Azumaya algebra of degree p.

Proof. The proof is largely the same as that of the theorem, but using the alge-
braic group

SLn1 × · · · × SLnk
/µp ,

where µp is embedded diagonally in each of the groups SLni
. �

3.3. Local purity. In contrast to the global failure of purity for PGLp-
torsors exhibited above, in this section, we give a proof that purity holds for
H1

ét(X, PGLn) when X is the spectrum of a regular local ring R and the Brauer
class has exponent invertible in X. Our result is a minor generalization of a
recent theorem of Ojanguren [30] and of the local purity result for PGLn in
characteristic 0 due to Panin [32].
To prove the theorem, we recall first a result of DeMeyer, which is also used
by both Ojanguren and Panin.

Theorem 3.9 (DeMeyer [17, Corollary 1]). Suppose that R is an integral semi-
local ring and that α ∈ Br(R). Then, there exists a unique Azumaya algebra A with
class α having no idempotents besides 0 and 1. Moreover, any other Azumaya algebra
with class α is of the form Mn(A) for some n.

Now, we prove our local purity result. Define H1(X, PGLn)′ to be the set of
PGLn-torsors whose associated Brauer class in Br(X) has exponent invertible
in X.

Theorem 3.10. Suppose that R is a regular noetherian integral semi-local ring.

Then, purity holds for H1(Spec R, PGLn)′.

Proof. Let K be the function field of R, and let D be a degree n central simple
algebra in

⋂

ht P=1

im
(

H1
ét(Spec Rp, PGLn)′ → H1

ét(Spec K, PGLn)′
)

.

Let m be the exponent of [D] ∈ Br(K). Because D lifts to every codimension
1 local ring, so does the Brauer class. Since m is invertible in R and hence in
these local rings, this Brauer class lifts to a Brauer class α ∈ Br(R), by purity
for Br(R)′ (see Example 3.1).
By DeMeyer’s theorem, there exists an Azumaya algebra A with Brauer class
α such that every other Azumaya algebra in the class α is isomorphic to Mr(A)
for some r. In particular, ind(α) = deg(A), where, if X is a scheme and
α ∈ Br(X), we define ind(α) to be the gcd of the degrees of all Azumaya
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algebras with class α. On the other hand, by [2, Proposition 6.1], the index
of α can be computed either over R or over K. Thus, ind(α) divides deg(D).
Therefore, D ∼= Mr(AK) for some integer r > 0. It follows that Mr(A) is a
class in H1

ét(Spec R, PGLn)′ that restricts to D, which shows that purity holds
for H1

ét(Spec R, PGLn)′. �

3.4. Canonical factorization. We prove in this section a theorem we view
as evidence for Conjecture 1.2 for all PGLn.
Let m > 1 divide n. Both BP(m, n) and BPGLm(C) are equipped with canon-
ical maps to K(Z/m, 2). Moreover, a topological PGLn(C) bundle, P → X,
may be lifted to a P(m, n) bundle if and only if the associated obstruction class
δn(P) in H2(X,Z/n) is m-torsion. A canonical factorization of Azumaya al-
gebras with structure group P(m, n) is a factorization BP(m, n) → BPGLm →
K(Z/m, 2). The existence of such a factorization would give, for every Azu-
maya algebra A of degree n and m-torsion obstruction class, a canonical Azu-
maya algebra B of degree m with the same obstruction class in H2(X,Z/m).
Unsurprisingly, this cannot occur.

Theorem 3.11. If n > m, then there is no canonical factorization BP(m, n) →
BPGLm(C)→ K(Z/m, 2).

Proof. Suppose that BP(m, n) → K(Z/m, 2) factors through BPGLm(C) →
K(Z/m, 2). Let BPGLm(C)→ BP(m, n) be the map induced block-summation.
Write f : BP(m, n) → BP(m, n) for the composition. This map induces an
isomorphism H2(BP(m, n),Z/m) ∼= Z/m, and is in particular not nullhomo-
topic.
As BP(m, n) is homotopy equivalent to BSUn/µm, there is a complete descrip-
tion of the homotopy-classes of self-maps BP(m, n) → BP(m, n) due to Jack-
owski, McClure, and Oliver [27, Theorem 2]. Their theorem says we can factor
f as Bα ◦ ψk, where α is an outer automorphism of P(m, n), and ψk is an un-
stable Adams operation on BP(m, n), for some k ≥ 0 prime to the order of
the Weyl group of P(m, n), which is n!. The map ψk induces multiplication
by ki on H2i(BP(m, n),Q). In particular a map BP(m, n) → BP(m, n) is either
nullhomotopic or induces an isomorphism on rational cohomology.
The rational cohomology of BP(m, n) is

H∗(BP(m, n),Q) ∼= Q[c2, . . . , cn], ci ∈ H2i(BP(m, n),Q),

while that of BPGLm(C) is

H∗(BPGLm(C),Q) ∼= Q[c2, . . . , cm], ci ∈ H2i(BP(m, n),Q).

In particular,

dim H2m+2(BP(m, n),Q) = dim H2m+2(BPGLm(C),Q) + 1,

so that f cannot induce an isomorphism on rational cohomology, and must be
nullhomotopic, a contradiction. �

Documenta Mathematica 20 (2015) 333–355



Topology and Purity for Torsors 351

The argument above has philosophically informed the authors’ work both in
this paper and in [3]. In order to construct algebraic counterexamples, how-
ever, we must use complex algebraic varieties X that approximate BPGLm(C)
in the sense that there exists a map X(C) → BPGLm(C) induced by an alge-
braic PGLm-torsor on X and inducing an isomorphism on homotopy groups in
a range dimensions, and for these we cannot bring the strength of [27] to bear.
We have made do with ad hoc arguments that furnish obstructions in known,
bounded dimension to maps BPGLm(C)→ BPGLm(C). For instance, the topo-
logical plank in the argument proving that purity fails for H1

ét(X, PGLp) is an
obstruction to a map

τ≤2p+1BP(p, pq)→ τ≤2p+1BPGLp(C)

that induces an isomorphism on Brauer group. This obstruction depends on
Theorem 2.9, which describes a restriction on maps

τ≤2p+1BPGLp → τ≤2p+1BPGLp,

in that it says a map inducing an isomorphism on π2 must necessarily also
induce an isomorphism on the p–primary part of π2p+1. To prove Conjecture
1.2 for all PGLm, one might only have to find an obstruction to the existence of
maps X → BPGLm where X approximates BP(m, mq), with q > 1 prime to m.

3.5. The Witt group. Our second application of topology to purity is to
give a new example where purity fails for the cohomological filtration on the
Witt group.

Example 3.12. Local purity is known for the Witt group W(Spec R) when-
ever R is a regular noetherian local ring containing a field of characteristic not
2 by work of Ojanguren and Panin [31].

Given the positive results for the Brauer group, it is natural to ask the follow-
ing question.

Question 3.13. Does purity hold for W(X) when X is an regular excellent
noetherian integral scheme having no points of characteristic 2?

It is known that purity holds for W(X) when X is a regular noetherian sep-
arated integral scheme of Krull dimension at most 4 and 2 is invertible in
Γ(X, OX) by Balmer-Walter [8, Corollary 10.3]. However, Totaro [37] showed
that the injectivity property fails for the Witt group: there is a smooth affine
complex 5-fold such that W(X)→W(K) is not injective. Thus, it might be nat-
ural to guess that the purity property fails as well. For an extensive overview
of results on purity for the Witt group, see Auel [6].
Let I1(X) be the ideal of W(X) generated by even-dimensional quadratic
spaces. There is a discriminant map I1(X) → H1

ét(X, µ2). Let I2(X) be the
kernel. There is a map I2(X) → 2 Br(X), called the Clifford invariant map.
Denote by I3(X) the kernel. It is known that purity fails for I2(X)/ I3(X). The
first examples were due to Parimala and Sridharan [33], who showed that it
fails for some affine bundle torsors over smooth projective p-adic curves. We
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include another example below, which uses a smooth affine variety we con-
structed in [2], giving the first examples over C.

Example 3.14. Let X be the smooth affine 5-dimensional variety over C con-
structed in [2, Theorem D], having a Brauer class α ∈ Br(X) of exponent 2 that
is not in the image of the Clifford invariant map I2(X) → 2 Br(X). Consider
the commutative diagram

0

��

0

��

0

��

I3(X) //

��

I3(K) //

��

⊕
p∈X(1) I2(k(p))

��

I2(X) //

��

I2(K) //

��

⊕
p∈X(1) I1(k(p))

��

0 // 2 Br(X) // 2 Br(K) //

��

⊕
p∈X(1) H1(k(p),Z/2)

��

0 0,

where the columns and the bottom row are exact, and where I2(X) (resp.
I3(X)) maps into the kernel of the map I2(K) → ⊕

I1(k(p)) (resp I3(K) →⊕
I2(k(p))). The image of α in 2 Br(K) is in the image of the map I2(K) →

2 Br(K) by Merkurjev’s theorem; say it is the Clifford invariant of σ ∈ I2(K).
Then, σ is unique up to an element of I3(K). On the other hand, the ramifica-
tion classes ∂p(σ) are all in I2(k(p)). Hence, σ ∈ I2(K)/ I3(K) is unramified.
But, by construction, it is not in the image of I2(X)/ I3(K)→ I2(K)/ I3(K).

This is the first such example known for a variety over an algebraically closed
field. It has the added advantage that it is not explained by the presence of
line-bundle valued quadratic forms, as explained in [2, Section 7].
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nexes réelles, Math. Ann. 244 (1979), no. 2, 105–134.

[14] J.-L. Colliot-Thélène, Birational invariants, purity and the Gersten conjecture,
(Santa Barbara, CA, 1992), Proc. Sympos. Pure Math., vol. 58, Amer. Math.
Soc., Providence, RI, 1995, pp. 1–64.

[15] J.-L. Colliot-Thélène and C. Voisin, Cohomologie non ramifiée et conjecture de
Hodge entière, Duke Math. J. 161 (2012), no. 5, 735–801.

[16] A. J. de Jong, A result of Gabber, available at
http://www.math.columbia.edu/~dejong/.

[17] F. R. DeMeyer, Projective modules over central separable algebras, Canad. J.
Math. 21 (1969), 39–43.

[18] T. Ekedahl, Approximating classifying spaces by smooth projective varieties,
ArXiv e-prints (2009), available at http://arxiv.org/abs/0905.1538.

[19] R. Fedorov and I. Panin, Proof of Grothendieck-Serre conjecture on princi-
pal bundles over regular local rings containing infinite fields, ArXiv e-prints
(2012), available at http://arxiv.org/abs/1211.2678.

[20] K. Fujiwara, A proof of the absolute purity conjecture (after Gabber), Algebraic
geometry 2000, Azumino (Hotaka), Adv. Stud. Pure Math., vol. 36, Math.
Soc. Japan, Tokyo, 2002, pp. 153–183.

[21] O. Gabber, Some theorems on Azumaya algebras, The Brauer group (Sem.,
Les Plans-sur-Bex, 1980), Lecture Notes in Math., vol. 844, Springer,
Berlin, 1981, pp. 129–209.

Documenta Mathematica 20 (2015) 333–355

http://arxiv.org/abs/1108.5728
http://www.math.columbia.edu/~dejong/
http://arxiv.org/abs/0905.1538
http://arxiv.org/abs/1211.2678


354 Benjamin Antieau and Ben Williams

[22] , A note on the unramified Brauer group and purity, Manuscripta
Math. 95 (1998), no. 1, 107–115.

[23] P. Gille and T. Szamuely, Central simple algebras and Galois cohomology,
Cambridge Studies in Advanced Mathematics, vol. 101, Cambridge Uni-
versity Press, Cambridge, 2006.

[24] M. Goresky and R. MacPherson, Stratified Morse theory, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3), vol. 14, Springer-Verlag, Berlin,
1988.

[25] A. Grothendieck, Le groupe de Brauer. I. Algèbres d’Azumaya et in-
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Abstract. We study the operational bivariant theory associated
to the covariant theory of Grothendieck groups of coherent sheaves,
and prove that it has many geometric properties analogous to those
of operational Chow theory. This operational K-theory agrees with
Grothendieck groups of vector bundles on smooth varieties, admits
a natural map from the Grothendieck group of perfect complexes
on general varieties, satisfies descent for Chow envelopes, and is A1-
homotopy invariant.

Furthermore, we show that the operational K-theory of a complete
linear variety is dual to the Grothendieck group of coherent sheaves.
As an application, we show that the K-theory of perfect complexes
on any complete toric threefold surjects onto this group. Finally we
identify the equivariant operational K-theory of an arbitrary toric
variety with the ring of integral piecewise exponential functions on
the associated fan.

2010 Mathematics Subject Classification: 14C35, 14C15, 19E08,
14M25, 14L30

1 Introduction

The Grothendieck groups of vector bundles K◦(X) and of coherent sheaves
K◦(X) are important invariants of a quasi-projective scheme X , and each
plays a central role in one of the classical formulations of Riemann-Roch the-
orems. The functor K◦ is covariant for proper maps, and K◦ is contravari-
ant for arbitrary maps.1 The two are related by a natural homomorphism
K◦(X)→ K◦(X), which is an isomorphism whenever X is smooth.

1We adopt the convention, standard in intersection theory but not in K-theory, of using
superscripts for naturally contravariant functors, and subscripts for covariant functors.
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As part of a program to unify and strengthen several variants of the Riemann-
Roch theorem, Fulton and MacPherson introduced the notion of a bivariant
theory, which associates a group to each morphism of quasiprojective schemes
X → Y , and is equipped various natural operations [FM]. Their bivariant
group

K◦(X
f−→ Y )

is the Grothendieck group of f -perfect complexes on X .2 These groups encom-
pass both the covariant functor

K◦(X) = K◦(X → pt)

and the contravariant functor

K◦(X) = K◦(X
id−→ X),

but possess a great deal more structure, allowing for simplified proofs of the
Riemann-Roch theorems. The corresponding Riemann-Roch theorems were
later extended to remove the quasi-projective hypothesis in [FG].

As a bivariant algebraic K-theory, however, Grothendieck groups of f -perfect
complexes are somewhat less than one should hope for.3 The independent
squares in this theory—those commuting squares for which one can define a
pullback K◦(X → Y )→ K◦(X ′ → Y ′)—are only the Tor-independent squares,
because there is no obvious pullback of an f -perfect complex through an arbi-
trary fiber square [FM, Section 10.8]. Furthermore, the contravariant groups
K◦(X) are difficult to compute on singular spaces. Even on spaces with mild
singularities, such as simplicial projective toric varieties, Grothendieck rings
of vector bundles (or perfect complexes) can be uncountable [Gu], and are
not A1-homotopy invariant [CHWW]. Further complications arise on singular
spaces that are not Q-factorial or quasi-projective, where coherent sheaves are
not known to have resolutions by vector bundles. On such spaces, it is not
known whether Grothendieck rings of vector bundles and perfect complexes
agree [To2]. For instance, there are complete, singular, nonprojective toric
threefolds, such as [Pa2, Example 4.13], that have uncountable Grothendieck
rings of perfect complexes [GK], but are not known to have any nontrivial
vector bundles at all.

2For a morphism f of quasiprojective schemes, an f -perfect complex is a complex of
coherent sheaves P• with the property that, when f is factored as

X
ι
−→ M

p
−→ Y,

with ι a closed embedding and p a smooth morphism, ι∗P• can be resolved by a finite
complex of vector bundles on M .

3A “bivariant algebraic K-theory” was also defined by Kassel [K] (see also [Cu], [CT],
and [We2, Ex. II.2.14]). This is distinct from the bivariant theory studied by Fulton and
MacPherson, as it depends on a pair of algebras, but does not involve a map between them.
However, it does include product operations, as well as K◦ and K◦ as special cases.
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In this paper, we study basic geometric properties of the operational bivariant
K-theory associated to the covariant theory of Grothendieck groups of coherent
sheaves. Given any covariant homology-like theory, such as K◦, there is a
general construction outlined in [FM, §8] of an operational bivariant theory.4

Roughly speaking, an element of opK◦(X → Y ) is a collection of operators
K◦(Y ′)→ K◦(X ′), indexed by fiber squares

X ′ ✲ Y ′

X
❄ f✲ Y,

❄

that commute with proper pushforward, flat pullback, and Gysin maps for
regular embeddings. A precise definition is given in Section 4. An f -perfect
complex P• determines a natural collection of operators, given by

[F ] 7→
∑

i

(−1)i[TorYi (P•,F )],

for a coherent sheaf F on Y ′. See, for instance, [Fu2, Ex. 18.3.16] or [SGA6,
IV, 2.12]. As explained in Section 3, at least in the case when f is a closed
embedding, these operators commute with proper pushforward, flat pullback,
and Gysin maps for regular embeddings, giving a natural map from K◦(X →
Y ) to opK◦(X → Y ).

Advantages of passing to the operational theory include the ability to work with
arbitrary fiber squares as independent squares, and computability on relatively
simple spaces, such as toric varieties. In future work, we intend to address
Grothendieck transformations and Riemann-Roch theorems in this operational
framework.

Our general results are given in the setting of separated schemes of finite type
over a fixed field. To describe them more precisely, let opK◦(X) denote the
contravariant part of operational K-theory, which is the associative ring of

operators opK◦(X
id−→ X) corresponding to the identity map on X . Although

opK◦(X) has no obvious presentation in terms of generators and relations, we
show that it has desirable geometric properties and is computable in many
cases of interest. Furthermore, since the identity is a closed embedding, the
construction discussed above gives a natural map from the Grothendieck ring
K◦(X) of perfect complexes on X to opK◦(X).

Theorem 1.1. For any scheme X, the natural pull back map from opK◦(X)
to opK◦(X × A1) is an isomorphism.

4The relation between the covariant and contravariant parts of this operational theory are
loosely analogous to the relationship between (contravariant) differential forms and (covari-
ant) currents in differential geometry.
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Theorem 1.2. For a smooth scheme X, the natural maps from K◦(X) to
opK◦(X) and from opK◦(X) to K◦(X) are isomorphisms.

Theorem 1.3. For any complete linear variety X, the natural map from
opK◦(X) to Hom(K◦(X),Z), induced by push forward to a point, is an iso-
morphism.

Here, the class of linear varieties is the one studied by Totaro in [To1]. It
contains affine spaces of each dimension, the complement of any linear variety
embedded in an affine space, and any variety stratified by linear varieties. For
example, any toric variety or Schubert variety is a linear variety. One conse-
quence of Theorem 1.3 is that opK◦(X) is finitely generated for any complete
linear variety.

The A1-homotopy invariance of operational K-theory suggests the potential
for interesting connections to Weibel’s homotopy K-theory KH∗(X), another
variation on the K-theory of perfect complexes with good geometric properties
on singular spaces, which is A1-homotopy invariant by construction. See the
original paper [We1], as well as [We2, §IV.12] and [Ha] for details. In Section 5,
we make one first step toward exploring the relations between these theories.
Let K◦

naive(X) denote the Grothendieck group of vector bundles on X . In
Corollary 5.9 we show that if X has a smooth birational envelope then there is
a natural map from the degree zero part of KH∗(X) to opK◦(X), which forms
one step in a natural sequence of maps5

K◦
naive(X)→ K◦(X)→ KH◦(X)→ opK◦(X)→ K◦(X),

factoring the forgetful map K◦
naive(X) → K◦(X). In particular, such a map

exists for arbitrary varieties over a field of characteristic zero, and for toric
varieties over an arbitrary field. Examples 5.12, 5.13, and 7.5 show that
KH◦(X)→ opK◦(X) is not always injective, even for normal projective toric
varieties.

For a toric variety X , the natural map K◦(X) → KH◦(X) is split surjective
[CHWW, Proposition 5.6]. If the map KH◦(X)→ opK◦(X) is also surjective,
then we have a surjection K◦(X)→ opK◦(X). (If, in addition, every coherent
sheaf on X is a quotient of a vector bundle, as is the case when X is smooth or
quasi-projective, then every class in opK◦(X) comes from a difference of vector
bundles.) In Theorem 7.1, we prove that for a three-dimensional toric variety,
the map KH◦(X)→ opK◦(X) is indeed surjective. As mentioned earlier, it is
not known whether such a variety carries a nontrivial vector bundle. However,
the preceding observations, combined with Theorem 1.3, show that it does have
nontrivial perfect complexes:

Theorem 1.4. For any complete three-dimensional toric variety X over an
algebraically closed field, the map K◦(X) → Hom(K◦(X),Z) is surjective. In
particular, K◦(X) is nontrivial.

5If X is smooth, then each of these maps is an isomorphism.
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Theorem 1.4 can be understood as complementary to results of Gharib and
Karu [GK]. We find a finitely generated subgroup of nontrivial classes in
K◦(X), for an arbitrary complete toric threefold by lifting from KH◦(X); they
find a nontrivial k-vector space in the kernel of the map K◦(X) → KH◦(X),
for many interesting examples of complete toric threefolds.

In the body of the paper, we work equivariantly, with respect to an action of
a split torus T . Theorems 1.2 and 1.3 are the special cases of Theorems 5.7
and 6.1, respectively, where the torus is trivial. Theorem 1.1 is the special case
of Theorem 4.6 where both the torus and the affine bundle are trivial. The
last of our main results addresses the special case that initially motivated this
project, the equivariant K-theory of a singular toric variety.

Equivariant K-theory of toric varieties

Throughout this paper, by a toric variety we mean a normal rational variety,
together with a split torus acting with a free open orbit; such a variety corre-
sponds to a fan ∆ as described in [Fu1]. Let X be a toric variety with dense
torus T . The restriction of an equivariant vector bundle to a T -fixed point is a
representation of T , and these representations satisfy a compatibility condition:
whenever two fixed points are connected by an invariant curve, the correspond-
ing representations agree on its stabilizer. If X is smooth and complete, then
the induced localization map into a product of copies of the representation ring
of the torus,

K◦
T (X)→

∏

x∈XT
R(T ),

is an isomorphism onto the subring consisting of consisting of tuples of virtual
representations that satisfy this compatibility condition. Furthermore, the or-
dinary Grothendieck ring of vector bundles K◦(X) is the quotient of K◦

T (X) by
the ideal generated by differences of characters, giving a K-theoretic analogue
of the Stanley-Reisner presentation for the cohomology ring of X [VV]. These
results may be seen as K-theory versions of Goresky-Kottwitz-MacPherson
(GKM) localization for toric varieties [GKM, KR]. (All such localization the-
orems build on earlier work of many authors, including the seminal results of
Atiyah and Segal [AS].) These subrings of products of representation rings
appearing in the equivariant K-theory of smooth toric varieties have the fol-
lowing pleasant interpretation in terms of piecewise exponential functions on
the corresponding fan [BV, Section 2.4].

Let M be the character lattice of T , so the representation ring R(T ) is canon-
ically identified with the group ring Z[M ]. Each u ∈ M may be seen as an
integral linear function on the dual space NR = Hom(M,R), and the expo-
nentials of these linear functions are linearly independent. Therefore, R(T )
and Z[M ] are naturally identified with Exp(NR), the ring generated by the
exponential functions eu for u ∈ M . Elements of Exp(NR) can be expressed
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essentially uniquely as finite sums

a1e
u1 + · · ·+ are

ur ,

with ai ∈ Z and ui ∈ M . Similarly, when N ′
R is a rational linear subspace of

NR, we write Exp(N ′
R) for the ring generated by exponentials of linear functions

in M ′ = M/(N ′⊥
R ∩M).

Definition 1.5. Let ∆ be a fan in NR. The ring of integral piecewise
exponential functions on ∆ is

PExp(∆) =

{
continuous f : |∆| → R f |σ ∈ Exp(span(σ)) for each σ ∈ ∆

}
.

The identifications above give a canonical isomorphism from PExp(∆) to a
subring of a product of representation rings satisfying a natural compatibility
condition

PExp(∆) ∼= {(ρσ) ∈ Πσ∈∆R(Tσ) | ρσ|Tτ = ρτ whenever τ � σ}.

Here, Tσ is the pointwise stabilizer of the orbit Oσ corresponding to a cone
σ ∈ ∆; if τ � σ then Tτ is a subgroup of Tσ. If E is an equivariant vector bundle
on X(∆), then the induced representations of pointwise stabilizers of orbits
satisfy the compatibility condition, and hence give an element of PExp(∆). In
the terminology of [Pa2], this piecewise exponential function is the trace of the
exponential of the piecewise linear function on a branched cover of ∆ associated
to E . Roughly speaking, this means that it is expressed locally as a sum of
exponentials of Chern roots.

The orbits Oσ are smooth, so opK◦
T (Oσ) is naturally isomorphic to

K◦
T (Oσ) = R(Tσ).

In Section 7, we show that the virtual representations associated to an opera-
tional K-theory class satisfy the compatibility condition, giving a natural map
from opK◦

T (X(∆)) to PExp(∆).

Theorem 1.6. Let X be the toric variety with dense torus T corresponding to
a fan ∆. Then the natural map from opK◦

T (X) to PExp(∆) is an isomorphism.

In other words, operational K-theory satisfies GKM localization with integer
coefficients on arbitrary toric varieties.

The construction of piecewise exponential functions associated to equivariant
vector bundles, described above, induces a natural localization homomorphism
from K◦

T (X) to PExp(∆) for arbitrary toric varieties ∆. This map factors
through the map from opK◦

T (X), and is an isomorphism when X is smooth,
but the kernel and image are not known in general, when X is singular.
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Our main theorems are closely analogous to well-known results in operational
Chow theory. Notably, Theorems 1.6 and 6.1 are K-theoretic versions of [Pa1,
Theorem 1] and [To1, Theorem 2], respectively. However, the proofs of the
foundational results that make such computations possible in operational K-
theory are substantially different from those in Chow theory. See the discussion
at the beginning of Section 5 for details.

To conclude this introduction, we give some examples illustrating the main
theorems.

Example 1.7. Fix N = Z2, with basis {e1, e2}, and let {u1, u2} be the dual
basis for M . The fan for the weighted projective space X = P(1, 1, 2) has
rays through the lattice points e1, e2, and −e1 − 2e2. A sketch of this fan ∆,
together with a piecewise exponential function ξ, are shown below.

Let σ be the maximal cone spanned by e1 and−e1−2e2, let τ be the ray spanned
by −e1−2e2, and take D = V (τ) and p = V (σ) to be the corresponding divisor
and fixed point, respectively. Since X r D and D r p are T -invariant affine
spaces, the classes [OX ], [OD], [Op] form an R(T )-module basis for KT

◦ (X).
Taken together, Theorems 1.6 and 6.1 say that the duals [OX ]∨, [OD]∨, [Op]∨
form a basis for PExp(∆) = opK◦

T (X) = HomR(T )(K
T
◦ (X), R(T )). Piecewise

exponential functions corresponding to this basis are as follows:

This makes it easy to compute. For example,

ξ = (1 + eu1−u2)[Op]∨ + [OD]∨.

Remark 1.8. The K-theory of complete singular toric varieties is already in-
teresting in the special case of weighted projective spaces, generalizing the
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above example. In the non-equivariant setting, the K-theory of weighted pro-
jective space was studied by Al-Amrani. He shows that both the K-theory of
coherent sheaves and the topological complex K-theory are free Z-modules of
rank one more than the dimension [A1, A2]. In the topological setting, recent
work of Harada, Holm, Ray, and Williams identifies the equivariant topological
K-theory of weighted projective space with the ring of integral piecewise expo-
nential functions, under some divisibility conditions on the weights [HHRW].

Example 1.9. Consider the cuspidal cubic curve X = {y3 − x2z = 0} ⊆ P2,
with T = k∗ acting by t · [x, y, z] = [t3x, t2y, z]. Since this is a T -linear variety,
stratified by the singular point p = [0, 0, 1] and its complement, Theorem 6.1
applies. In fact, KT

◦ (X) is freely generated over R(T ) by [OX ] and [Op], so
opK◦

T (X) has the duals of these classes as a basis.

Of course, the same holds non-equivariantly, taking T to be the trivial torus.
This stands in contrast to K◦(X), which has the ground field k as a direct
summand; see Example 2.1.

Acknowledgments. This collaboration began at a three-week workshop on
toric topology at the Hausdorff Institute for Mathematics in Bonn. We thank
the Institute for providing an ideal working environment, and fellow partic-
ipants T. Bahri, M. Franz, M. Harada, and T. Holm for many stimulating
discussions. We are especially grateful to N. Ray and G. Williams, from whom
we learned about the connection between equivariant vector bundles, equiv-
ariant K-theory, and piecewise exponential functions. They have studied this
relationship in the topological context [RW].

Substantial portions of the work on this project were carried out during subse-
quent visits to Oberwolfach, the Max Planck Institute in Bonn, and the Insti-
tute of Mathematics of Jussieu. We are grateful for the support and hospitality
of these institutions.

While preparing this manuscript, we have also benefited from many valuable
discussions with friends and colleagues. We especially thank V. Batyrev,
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2 Background on equivariant K-theory

We begin with a review of basic facts about equivariant K-theory. The founda-
tional details are due to Thomason [Th2, Th3], and an introductory reference
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for this material is [CG, §5]. Throughout, we work in the category of separated
schemes of finite type over a field k, equipped with an action of a split torus T ,
which may be trivial. All morphisms are equivariant with respect to the torus
action.

2.1 Grothendieck groups

The Grothendieck group of equivariant coherent sheaves KT
◦ (X) is generated

by classes [F ] for each equivariant coherent sheaf F on X , subject to the
relation [F ] = [F ′] + [F ′′] for each exact sequence

0→ F
′ → F → F

′′ → 0.

The functor taking X to KT
◦ (X) is covariant for equivariant proper maps, with

the pushforward defined by f∗[F ] =
∑

(−1)i[Rif∗F ].

The Grothendieck group of equivariant perfect complexes K◦
T (X) is contravari-

ant for arbitrary equivariant maps, via derived pullback. Derived tensor prod-
uct makes K◦

T (X) into a ring, and KT
◦ (X) into a K◦

T (X)-module. When X is
quasi-projective, or embeddable in a smooth scheme, or more generally, divi-
sorial, the Grothendieck groups of equivariant vector bundles and equivariant
perfect complexes are canonically identified, because in this setting all coherent
sheaves admit resolutions by vector bundles [SGA6, Exp. III, 2.2.9]. In such
cases, since vector bundles are flat, the derived pullback is just the ordinary
pullback and the derived tensor product is just the ordinary tensor product.
A priori, perfect complexes define a K-theory that is better-behaved than the
Grothendieck group of vector bundles; for instance, one has localization and
Mayer-Vietoris sequences [TT].6

The ring K◦
T (pt) is isomorphic to the representation ring R(T ), so projection to

a point makes K◦
T (X) into an algebra over R(T ). Letting M = Hom(T, k∗) be

the character group, we have a natural isomorphism R(T ) ∼= Z[M ], and given
a character u ∈ M , we write eu ∈ R(T ) for the corresponding representation
class.

2.2 Change of groups

Both KT
◦ and K◦

T are functorial for change-of-groups homomorphisms: given

T ′ → T , there are natural maps KT
◦ (X) → KT ′

◦ (X) and K◦
T (X) → K◦

T ′(X),
induced by letting T ′ act on sheaves through its map to T .

6It is an open problem whether coherent sheaves admit resolutions by vector bundles on
arbitrary separated schemes of finite type over a field. On non-separated schemes, such as
the bug-eyed plane, they do not. See [To2].
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2.3 A forgetful map.

Regarding a vector bundle as a coherent sheaf defines a canonical map

K◦
T (X)→ KT

◦ (X) (1)

of R(T )-modules. In general, this map is neither injective nor surjective, but
when X is smooth, it is an isomorphism [Th2, Corollary 5.8].

2.4 A1-homotopy invariance

For any T -equivariant affine bundle π : E → X , flat pullback gives a natural
isomorphism

KT
◦ (X) ∼= KT

◦ (E).

(See [Th2, Theorem 4.1], or [CG, §5.4].) In particular, for any linear T -action
on A1, there is a natural isomorphism

KT
◦ (X) ∼= KT

◦ (X × A1),

so Grothendieck groups of equivariant coherent sheaves are A1-homotopy in-
variant.

On the other hand, Grothendieck groups of equivariant perfect complexes are
A1-homotopy invariant for smooth varieties, but not in general.

Example 2.1. For the cuspidal plane curve X = Spec k[x, y]/(y2 − x3), we
have K◦(X) = Z ⊕ k. On the other hand, a Mayer-Vietoris calculation shows
that K◦(X×A1) contains Z⊕k[z]. This an instance of the general fact that for
one-dimensional schemes, K◦(X) = K◦(X×A1) if and only if X is seminormal
[We2, I.3.11, II.2.9.1].

Now let X = Projk[x, y, z]/(y2z − x3) be the corresponding projective curve.
A similar calculation shows that K◦(X) = Z2 ⊕ k (use [We2, Ex. II.8.1b or
Ex. II.8.2]). In the case k = C, we see that K◦(X) is uncountable. (Compare
this with Example 1.9, which shows that opK◦(X) ∼= Z2.)

2.5 Dévissage

When X = SpecA is affine, a torus action is the same as an M -grading on
A, and an equivariant coherent sheaf corresponds to an M -graded A-module
[SGA3, I.4.7.3]. Given such a module F and a character u ∈ M , let F (u) be
the same module with shifted grading: F (u)v = Fv−u. In particular, for each
u ∈ M , one obtains an equivariant line bundle corresponding to A(u). In a
common abuse of notation, we denote this line bundle eu, since it is isomorphic
to the pullback of the corresponding representation. Note that [F (u)] = eu · [F ]
in KT

◦ (X).
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Lemma 2.2. Let X be a scheme with an action of T . The classes [OV ], for
V ⊆ X a T -invariant subvariety, generate KT

◦ (X) as a module over K◦
T (pt) =

R(T ).

Proof. First consider the case where X = SpecA is affine, so A is an M -graded
ring, and an equivariant coherent sheaf corresponds to an M -graded A-module
F . One can find a chain

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fn = F

of M -graded submodules such that Fi/Fi−1
∼= (A/pi)(ui), for some M -graded

prime ideals pi ⊂ A and elements ui ∈ M . (Cf. [Bo, Ch. IV, §1, Théorème 1]
for the ungraded case.) It follows that [F ] = eu1 [OV1 ] + · · ·+ eun [OVn ], where
Vi = Spec(A/pi).

For an arbitrary X , let U ⊆ X be a nonempty T -invariant affine open, and let
Y = XrU . (Such a U exists, e.g., by applying [Su, Corollary 2] to the normal
locus of Xred.) There is an exact sequence

KT
◦ (Y )→ KT

◦ (X)→ KT
◦ (U)→ 0.

We know KT
◦ (U) is generated by classes of structure sheaves of subvarieties,

by the affine case, and we may assume the lemma for KT
◦ (Y ) by induction on

dimension and the number of irreducible components. It follows that KT
◦ (X)

is also generated by structure sheaves of subvarieties.

2.6 When a subtorus acts trivially

In order to compute effectively in Sections 5 and 7, we will need to handle the
case where a subtorus acts trivially on X , as is the case for the action of the
dense torus on a proper closed T -invariant subvariety of a toric variety.

Lemma 2.3. Suppose T = T1 × T2 acts on X such that the action of T1 is
trivial. Then there is a canonical isomorphism KT

◦ (X) = R(T1)⊗KT2◦ (X).

The statement seems to be known, but we include an easy proof. (The argu-
ment also shows the same is true for KT

i (X) with i > 0.)

Proof. When X is affine, we have KT
i (X) = R(T1) ⊗KT2

i (X) for all i ≥ 0 by
[Th3, Lemma 5.6]. In general, let U = SpecA be a nonempty T -invariant affine
open in X , and let Y = X r U . We have a diagram

KT
1 (U) ✲ KT

◦ (Y ) ✲ KT
◦ (X) ✲ KT

◦ (U) ✲ 0

R(T1)⊗KT2
1 (U)

✻

✲ R(T1) ⊗KT2
◦ (Y )

✻

✲ R(T1)⊗KT2
◦ (X)

✻

✲ R(T1) ⊗KT2
◦ (U)

✻

✲ 0

in which the rows are exact, the first and fourth vertical arrows are isomor-
phisms by the affine case, and the second vertical arrow is an isomorphism by
induction on dimension and number of irreducible components. An application
of the five lemma completes the proof.
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2.7 Gillet’s exact sequence for envelopes

We will make essential use of the following equivariant analogue of a result
of Gillet. An equivariant envelope is a proper equivariant map f : X ′ →
X such that for every T -invariant subvariety V ⊆ X , there is an invariant
subvariety V ′ ⊆ X ′ mapping birationally onto V .

Proposition 2.4. Suppose f : X ′ → X is an equivariant envelope. Then the
sequence

KT
◦ (X ′ ×X X ′)

p1∗−p2∗−−−−−→ KT
◦ (X ′)

f∗−→ KT
◦ (X)→ 0

is exact, where p1, p2 : X ′ ×X X ′ → X ′ are the projections.

The non-equivariant version can be found in [FG, p. 300] and [Gi, Corollary 4.4].
While surjectivity of f∗ follows easily from Lemma 2.2, exactness in the middle
seems to a require a more complicated argument. The main ingredients of the
proof are a descent theorem and a spectral sequence for equivariant K-theory
of simplicial schemes; we will give a more detailed discussion in the appendix.
Exactness of the corresponding sequence for equivariant Chow groups is more
elementary (see [Ki, Theorem 1.8] and [Pa1, §2]).

3 Refined Gysin maps

Consider a fiber square

X ′ f ′
✲ Y ′

X

g′
❄ f✲ Y.

g
❄

(2)

As mentioned in the introduction, an f -perfect complex P• determines an
operator fP• : K◦(Y ′)→ K◦(X ′), given by

[F ] 7→
∑

i

(−1)i
[
TorYi (P•,F )

]
.

When f has finite Tor-dimension, which means that OX itself is f -perfect, we
write f ! for fOX , and call this the refined Gysin map for f . These are closely
analogous to the refined Gysin maps for local complete intersection morphisms
in Chow theory [Fu2, §6.2]. Here we review the necessary basic facts about
Tor sheaves and refined Gysin maps in K-theory, following [SGA6, Exp. III],
[EGA, III.6], [FL, VI.6], and especially [KS, §2.2].
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3.1 Tor sheaves

Recall that, given a sheaf E on X and a sheaf F on Y ′, one has Tor sheaves
TorYi (E ,F ) supported on X ′. In the affine case, writing X = SpecA, Y =
SpecB, and Y ′ = SpecB′, with E an A-module and F a B′-module, these are
the sheaves defined by the A⊗B B′-modules TorBi (E,F ). In the general case,
one covers X ′ by affines of the form Spec(A ⊗B B′), and takes the associated
sheaves. The map f has finite Tor-dimension if, for every sheaf F of OY -
modules, all but finitely many of the Tor sheaves TorYi (OX ,F ) are zero.

3.2 Equivariant Tor

When E and F have an equivariant structure, the sheaves TorYi (E ,F ) inherit
a canonical equivariant structure. To see this, first observe that the formation
of Tor sheaves commutes with flat base change: suppose

W ′ ✲ Z ′

W
❄

✲ Z,
❄

is a fiber square, with flat maps u : Z → Y , u′ : Z ′ → Y ′, v : W → X , v′ : W ′ →
X ′ such that each face of the cube, with top and bottom faces formed from this
diagram and (2) above, is a fiber square. Then there is a natural isomorphism

TorZi (v∗E , u′∗F ) ∼= v′∗TorYi (E ,F ). (3)

Take Z = T × Y , W = T × X , etc., let p, a : T × Y → Y be the projection
and action maps, respectively, and define q, b : T ×X → X similarly, as well as
p′, a′, q′, b′. Then naturality of the isomorphism (3) means the isomorphism

TorT×Y
i (q∗E , p′∗F ) ∼= TorT×Y

i (b∗E , a′∗F )

coming from the equivariant structures of E and F induces an isomorphism

q′∗TorYi (E ,F ) ∼= b′∗TorYi (E ,F ),

giving the equivariant structure of the Tor sheaf.

3.3 Relatively perfect complexes

Given a morphism f : X → Y , a bounded complex P• of coherentOX -modules
is f -perfect if, for all sheaves F of OY -modules, the Tor sheaves TorYi (P•,F )
are zero for all but finitely many i. When f is equivariant, an equivariant
f -perfect complex is simply an equivariant complex that is also f -perfect.

There are several equivalent characterizations. A useful fact is that when f
factors as a closed embedding ι : X →֒ M followed by a smooth projection
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p : M → Y , a complex P• is f -perfect if and only if ι∗P• is perfect on M ,
in the absolute sense defined in §2.1 above [SGA6, Exp. III, 4.4]. Such a
factorization exists whenever X is quasi-projective.

3.4 Equivariant refined Gysin maps

Because Tor sheaves carry a canonical equivariant structure, the usual construc-
tion of refined Gysin maps in K-theory works equivariantly. With notation as
in (2), for an equivariant map f : X → Y and an equivariant f -perfect complex
P• on X , there is a pullback map fP• : KT

◦ (Y ′)→ KT
◦ (X ′), given by

fP• [F ] =
∑

i

(−1)i[TorYi (P•,F )]. (4)

See [KS, §2.2] for the non-equivariant case. As before, we write f ! for fOX ,
when f has finite Tor-dimension.

In fact, the pullback fP• only depends on the K-class of P•: given a short
exact sequence

0→P
′
• →P• →P

′′
• → 0

of equivariant f -perfect complexes, and an equivariant coherent sheaf F on
Y ′, we have

fP• [F ] = fP
′
• [F ] + fP

′′
• [F ]

in KT
◦ (X ′). (This follows from the long exact sequence for Tor.)

3.5 Commutativity properties of Gysin maps

The main facts we will need say that the equivariant Gysin maps associated to
flat morphisms and regular embeddings commute with proper push forward and
each other. These are the analogues of the corresponding statements for Chow
groups [Fu2, Proposition 6.3, Theorem 6.4]. In fact, we will show something
slightly more general. First consider a diagram of fiber squares

X ′′ ✲ Y ′′

X ′

h′
❄ f ′

✲ Y ′

h
❄

X

g′
❄ f✲ Y.

g
❄

(5)

Lemma 3.1. In the diagram of fiber squares (5), suppose h is proper and f is
either flat or a closed embedding. Let P• be an equivariant f -perfect complex
on X. Then fP•h∗ = h′∗f

P•.
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Here, the equality is an identity of maps from KT
◦ (Y ′′) to KT

◦ (X ′). When f
is a closed embedding and P• = OX , the hypothesis says that f is a regular
embedding.

Proof. The proof is similar to a reduction argument given in the proof of [KS,
Proposition 2.2.2]. The case where f is flat is easy, and left to the reader. We
assume that f is a closed embedding. Recall that the class of a complex [F•]
of equivariant sheaves on X is defined to be the alternating sum

∑
(−1)i[Fi].

Now let F be an equivariant coherent sheaf on Y ′′. By [KS, Lemma 1.5.3], we
have a natural isomorphism

TorYp (P•, Rh∗F )
∼−→ R−ph∗(P• ⊗LOY F ) (6)

of OX′-modules, and E2 spectral sequences

TorYp (P•, R
−qh∗F )⇒ TorYp+q(P•, Rh∗F )

and

R−ph∗Tor
Y
q (P•,F )⇒ R−p−qh∗(P• ⊗LOY F ),

also of OX′-modules. The isomorphism (6) says that the two spectral sequences
converge to the same thing, and so

fP•h∗[F ] =
∑

p,q

(−1)p+q[TorYq (P•, R
ph∗F )]

=
∑

p,q

(−1)p+q[Rph′∗Tor
Y
q (P•,F )]

= h′∗f
P• [F ],

using the fact that X ′ →֒ Y ′ is a closed embedding to replace Rph∗ with Rph′∗
in the second line.

Next, consider the following diagram of fiber squares:

X ′′ ✲ Y ′′ ✲ Z ′′

X ′
❄

✲ Y ′
❄

✲ Z ′

h
❄

X
❄ f✲ Y.

❄

(7)

Lemma 3.2. In the diagram of fiber squares (7), suppose each of the maps f
and h is either flat or a closed embedding. Let P• be an equivariant f -perfect
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complex on X, and let Q• be an equivariant h-perfect complex on Z ′′. Then,
for any class ξ in KT

◦ (Y ′),

fP•hQ•(ξ) = hQ•fP•(ξ)

in KT
◦ (X ′′).

In other words, fP•hQ• = hQ•fP• as maps from KT
◦ (Y ′) to KT

◦ (X ′′). When
P• = OX and Q• = OZ′′ , the lemma says the refined Gysin maps commute,
i.e., f !h! = h!f !.

Proof. For an equivariant coherent sheaf F on Y ′, we need to show

∑

p

(−1)p
∑

q

(−1)q[TorZ
′

q (Q•, Tor
Y
p (P•,F ))]

=
∑

q

(−1)q
∑

p

(−1)p[TorYp (P•, Tor
Z′

q (Q•,F ))].
(8)

This is similar to Lemma 3.1. It is easy when either f or h is flat, so we assume
they are both closed embeddings. In this case, it follows from the natural
isomorphism

TorYq (P•,Q• ⊗LZ′ F )
∼−→ TorZ

′

q (Q•,P• ⊗LY F )

and the spectral sequences

′E
2
pq = TorYp (P•, Tor

Z′

q (Q•,F ))⇒ TorYp+q(P•,Q• ⊗LZ′ F )

and

′′E
2
pq = TorZ

′

p (Q•, Tor
Y
q (P•,F ))⇒ TorZ

′

p+q(Q•,P• ⊗LY F )

of OX′′ -modules [KS, Lemma 1.5.2].

3.6 Functoriality

If f : X → Y and g : Y → Z are morphisms of finite Tor-dimension, then
h = g ◦ f : X → Z also has finite Tor-dimension. In general, however, it is not
clear that h! = f ! ◦ g!. In a special case, however, this functoriality is easy to
see.

Lemma 3.3. Suppose f : X → Y factors as a closed embedding ι : X →֒ M
followed by a smooth projection p : M → Y . Let P• be an equivariant f -perfect
complex on X. Then fP• = ιP• ◦ p! as maps KT

◦ (Y ′) → KT
◦ (X ′), for any

Y ′ → Y .
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Proof. Given Y ′ → Y , let X ′ →֒M ′ p′−→ Y ′ be the corresponding factorization
of the map f ′ : X ′ → Y ′. Given an equivariant coherent sheaf F on Y ′, we
need to prove

∑

j

(−1)j[TorYj (P•,F )] =
∑

j

(−1)j[TorMj (P•, p
′∗

F )],

since the left-hand side is fP• [F ] and the right-hand side is ιP•(p![F ]).
This follows from the isomorphism TorMj (P•, p′∗F )

∼−→ TorYj (P•,F ) of OX -
modules [KS, Lemma 1.5.1].

4 Operational bivariant K-theory

Following the general construction of Fulton and MacPherson, which associates
an operational bivariant theory to a covariant theory with a distinguished class
of commuting Gysin maps, we define operational equivariant K-theory and
prove some of its basic properties. Our distinguished Gysin maps are those
associated to flat morphisms and regular embeddings. The independent squares
in this bivariant theory are arbitrary fiber squares.

Let f : X → Y be a morphism.

Notation. For any morphism Y ′ → Y , we write X ′ for the fiber product
X ×Y Y ′.

Definition 4.1. The operational equivariant K-theory is the bivariant
group opK◦

T (f : X → Y ) whose elements are collections of operators

cg : KT
◦ (Y ′)→ KT

◦ (X ′),

indexed by morphisms g : Y ′ → Y , that satisfy the following bivariant axioms.

(A1) In the diagram of fiber squares

X ′′ f ′′
✲ Y ′′

X ′

h′
❄ f ′

✲ Y ′

h
❄

X

g′
❄ f✲ Y,

g
❄

if h is proper then cg ◦ h∗ = h′∗cgh.
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(A2) In the diagram of fiber squares

X ′′ ✲ Y ′′ ✲ Z ′′

X ′
❄

✲ Y ′

h′
❄

✲ Z ′

h
❄

X
❄ f✲ Y,

❄

if h is either flat or a regular embedding then cgh′ ◦ h! = h! ◦ cg.
Roughly speaking, axioms (A1) and (A2) are commutativity with proper push
forward and refined Gysin maps, respectively. Commutativity with flat pull-
back is the special case of (A2) where h is flat, Y ′ = Z ′, and Y ′ → Z ′ is
the identity. The group law on opK◦

T (f : X → Y ) is given by addition of
homomorphisms.

Notation. When no confusion seems possible, we omit the name of the mor-
phism f and write simply opK◦

T (X → Y ).

We write opK◦
T (X) for the operational K-group of the identity morphism on

X . This is an associative ring with unit, by composition of endomorphisms,
and it is contravariantly functorial in X .

4.1 Operations

We now describe several natural operations on operational K-groups. The first
is a pullback that makes opK◦

T into a contravariant functor on the category of
morphisms, in which arrows are given by fiber squares. Let g : Y ′ → Y be a
morphism, and consider the diagram of fiber squares above.

(O1) The pullback

g∗ : opK◦
T (X → Y )→ opK◦

T (X ′ → Y ′)

is given by the collection of operators (g∗c)h = cgh.

The next two operations are defined in terms of the following diagram of fiber
squares

X ′ f ′
✲ Y ′ g′✲ Z ′

X
❄ f✲ Y

h′
❄ g✲ Z.

h
❄

First we describe the product operation.
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(O2) The product

· : opK◦
T (X → Y )⊗ opK◦

T (Y → Z)→ opK◦
T (X → Z)

is given by composition of homomorphisms, so (c′ · c)h = c′h′ ◦ ch.

Next, we describe the push forward operation for proper morphisms.

(O3) If f is proper then the pushforward

f∗ : opK◦
T (X → Z)→ opK◦

T (Y → Z)

is given by f∗(c)h = f ′
∗ ◦ ch.

4.2 Basic properties

These operations satisfy a number of basic compatibility properties that follow
from associativity of composition of operators, standard properties of proper
pushforward, and the axioms above. These are similar to standard properties of
operational Chow cohomology [Fu2, Section 17.2]. Taken together, these prop-
erties verify that opK◦

T satisfies the axioms for a bivariant theory, as defined
in [FM, §2 and §8].

(P1) Associativity of products. If c ∈ opK◦
T (X → Y ), d ∈ opK◦

T (Y → Z), and
e ∈ opK◦

T (Z →W ), then

(c · d) · e = c · (d · e).

(P2) Functoriality of push forward. If f : X → Y and g : Y → Z are proper,
with Z →W arbitrary, and c ∈ opK◦

T (X →W ), then

(gf)∗(c) = g∗(f∗(c)).

(P3) Functoriality of pull back. If g : Y ′ → Y and h : Y ′′ → Y ′, are arbitrary,
X ′′ = X ×Y Y ′′, and c ∈ opK◦

T (X → Y ) then

(gh)∗(c) = g∗(h∗(c)).

(P4) Product and push forward commute. If f : X → Y is proper, Y → Z and
Z →W are arbitrary, c ∈ opK◦

T (X → Z), and d ∈ opK◦
T (Z →W ) then

f∗(c) · d = f∗(c · d).

(P5) Product and pull back commute. If c ∈ opK◦
T (X → Y ), d ∈ opK◦

T (Y →
Z), and h : Z ′ → Z, with

X ′ ✲ Y ′ ✲ Z ′

X
❄

✲ Y

h′
❄

✲ Z

h
❄
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the resulting diagram of fiber squares, then

h∗(c · d) = h′∗(c) · h∗(d).

(P6) Push forward and pull back commute. If f : X → Y is proper, Y → Z
and h : Z ′ → Z are arbitrary, and c ∈ opK◦

T (X → Z), with

X ′ f ′
✲ Y ′ ✲ Z ′

X
❄ f✲ Y

h′
❄

✲ Z

h
❄

the resulting diagram of fiber squares, then

h∗(f∗(c)) = f ′
∗(h∗(c)).

(P7) Projection formula. If X → Y and Y → Z are arbitrary, and h′ : Y ′ → Y
is proper, then defining notation by the diagram

X ′ ✲ Y ′

X

h′′
❄

✲ Y

h′
❄

✲ Z,

for c ∈ opK◦
T (X → Y ) and d ∈ opK◦

T (Y → Z) we have

c · h′∗(d) = h′′∗(h′∗(c) · d).

These properties all follow from the commutativity lemmas of Section 3.
A further property, particular to the equivariant case, is that each group
opK◦

T (X → Y ) is an R(T )-module. (Since R(T ) = K◦
T (pt), this follows from

commutativity with flat pullback (Lemma 3.2).)

4.3 Orientations

By Lemmas 3.1 and 3.2, the refined Gysin maps associated to flat morphisms
and regular embeddings are compatible with proper push forward and commute
with each other. Therefore, if h : X → Y is such a morphism, the refined pull-
back h! defines an element of opK◦

T (X → Y ), called the canonical orientation
of h, which we denote by [h].

Given morphisms X
f−→ Y

g−→ Z, with h = g◦f , it is not clear that h! = f !g! even
when these pullbacks are defined, so in general we do not know if [h] = [f ] · [g].
However, in one important special case this property is easy to check.
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Lemma 4.2. Let g : Y → Z be a smooth morphism, let f : X → Y be a regular
embedding, and let h = g ◦ f : X → Z. Then given any Z ′ → Z, we have
f !g! = h! as homomorphisms KT

◦ (Z ′)→ KT
◦ (X ′). Therefore

[f ] · [g] = [h]

in opK◦
T (X → Z).

The proof is immediate from Lemma 3.3. As a particular case, when Z = X
and f is a section of g, so h = id, we see that [f ] · [g] = 1 in opK◦

T (X).

4.4 Geometric properties

These operational K-groups also have geometric properties that are similar to
those of operational Chow cohomology, but are not immediate formal conse-
quences of the axioms. The most important of these, for our purposes, is the
following proposition, whose proof is similar to that of [Fu2, Proposition 17.4.2].

Proposition 4.3. Let X → Y be an arbitrary morphism, and let g : Y → Z
be smooth. Then

·[g] : opK◦
T (X → Y )→ opK◦

T (X → Z)

is an isomorphism.

Proof. Let f be the morphism from X to Y . Form the diagram of fiber squares

X
f ✲ Y

X ×Z Y

γ
❄ f ′

✲ Y ×Z Y

δ
❄ q✲ Y

X

p′
❄ f ✲ Y

p
❄ g✲ Z,

g
❄

where γ is the graph of f , p and q are first and second projections, respectively,
and δ is the diagonal, which is a regular embedding because Y is smooth over
Z.

Define L : opK◦
T (X → Z)→ opK◦

T (X → Y ) by

L(c) = [γ] · g∗(c).

We claim that L is a two-sided inverse for ·[g]. To prove the claim, we first
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compute, for c ∈ opK◦
T (X → Y ),

L(c · [g]) = [γ] · g∗(c · [g])

= [γ] · p∗c · g∗[g] (P5), product and pullback commute

= [γ] · p∗c · [q] (A2), for flat pullbacks

= δ∗p∗c · [δ] · [q] (A2), for regular embeddings

= c · [q ◦ δ] Lemma 4.2

= c.

Next, we compute, for c ∈ opK◦
T (X → Z),

L(c) · [g] = [γ] · g∗c · [g] (P1), associativity

= [γ] · [p′] · c (A2), flat pullbacks

= [p′ ◦ γ] · c Lemma 4.2

= c.

The next proposition says that Grothendieck groups of coherent sheaves appear
as operational K-groups for projection to a point.

Proposition 4.4. The map opK◦
T (X → pt) → KT

◦ (X) taking c to cid([Opt])
is an isomorphism.

Proof. Similar to the proof of [Fu2, Proposition 17.3.1]. In the notation of that
proof, the reduction to α = [V ] is replaced by a reduction to α = [OV ], for V
and equivariant subvariety; this is justified by Lemma 2.2.

Multiplication defines a canonical map from opK◦
T (X) = opK◦

T (X
id−→ X) to

opK◦
T (X → pt), and composing with the homomorphism of Proposition 4.4,

we get a canonical map opK◦
T (X)→ KT

◦ (X).

Corollary 4.5. Suppose X is smooth. Then the canonical map

opK◦
T (X)→ KT

◦ (X),

taking c to cidX ([OX ]), is an isomorphism.

Proof. Take f to be idX and g : X → pt in Proposition 4.3. Then apply
Proposition 4.4 and the fact that g∗([Opt]) = [OX ].

Finally, we prove an A1-homotopy invariance property for operational K-
theory.
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Theorem 4.6. Let π : E → Y be an equivariant affine bundle. Then the
pullback map

opK◦
T (X → Y )→ opK◦

T (X ×Y E → E)

is an isomorphism. In particular, there is a natural isomorphism

opK◦
T (X → Y )→ opK◦

T (X × A1 → Y × A1).

Proof. The inverse map α : opK◦
T (X ×Y E → E)→ opK◦

T (X → Y ) is defined
as follows. Given g : Y ′ → Y , let g̃ : Y ′ ×Y E → E be the projection. For c ∈
opK◦

T (X×Y E → E), define α(c) by α(c)g = cg̃, using the natural isomorphisms
KT

◦ (Y ′) = KT
◦ (Y ′ ×Y E) and KT

◦ (X ′) = KT
◦ (X ′ ×Y E).

Corollary 4.7. For any X, the pullback map gives a natural isomorphism
opK◦

T (X) ∼= opK◦
T (X × A1).

Remark 4.8. Most of the constructions presented here work in equivariant
K-theory for an arbitrary reductive group G. However, the proof of Proposi-
tion 4.4 uses the fact that KT

◦ (X) is generated by classes of structure sheaves
of invariant subschemes, which depends on T being a torus.

Remark 4.9. It would be interesting to construct a graded operational bivari-
ant theory opK∗(X → Y ), using the (higher) algebraic K-theory of coherent
sheavesK∗(X) as the covariant component. Operators in opKi(X → Y ) should
be homomorphisms Kj(Y

′)→ Kj+i(X
′), for the usual fiber squares, subject to

some compatibility with pullbacks by flat maps and regular embeddings. A ba-
sic question is whether one recovers the operational K-theory we have defined
above as the 0th component of such a graded operational theory.

5 Computing operational K-theory

The remainder of this paper is concerned with the contravariant part of bivari-
ant operational K-theory, the R(T )-algebras

opK◦
T (X) = opK◦

T (X
id−→ X).

These rings do not come with any natural presentation in terms of generators
and relations. Here, we develop tools for computing them inductively from the
K-theory rings of smooth varieties using resolution of singularities, equivariant
envelopes, and Corollary 4.5. The results in this section are closely analogous
to those proved by Kimura for operational Chow theory in [Ki], and extended
to the equivariant setting in [EG1, Pa1], but the proofs for operational K-
theory are substantially different. Notably, the proof of the exact sequence in
Proposition 5.3 requires the “dual” exact sequence for KT

◦ (Proposition 2.4),
which is a descent theorem whose proof uses higher equivariant K-theory and
simplicial schemes.
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Remark 5.1. By taking care with completions with respect to the augmenta-
tion ideal of R(T ), one can deduce similar results with rational coefficients from
Kimura’s results, using the associated graded algebra of the natural filtration of
KT

◦ (X) by dimension of support and the Riemann-Roch theorem for singular
spaces. Conversely, the rational coefficient versions of Kimura’s results follow
from ours, using the Riemann-Roch theorem.

The following are analogues of Kimura’s theorems for Chow cohomology [Ki,
Lemma 2.1, Theorem 2.3, and Theorem 3.1]. As in the Chow case, these
statements are proved by using formal properties of bivariant theories together
with Proposition 2.4. In fact, granting Proposition 2.4, the proofs of Lemma 5.2
and Propositions 5.3 and 5.4 are analogous to the corresponding proofs in [Ki].

Lemma 5.2. If f : X ′ → X is an equivariant envelope, then f∗ : opK◦
T (X) →

opK◦
T (X ′) is injective.

Proof. Let g : Y → X be any equivariant map, and form the fiber square

Y ′ f ′
✲ Y

X ′

g′
❄ f✲ X.

g
❄

Then f ′ : Y ′ → Y is an equivariant envelope, so f ′
∗ is surjective by Proposi-

tion 2.4. Injectivity of f∗ now follows from Axiom (A1).

Proposition 5.3. Let f : X ′ → X be an equivariant envelope, and let p1, p2
be the projections X ′ ×X X ′ → X ′. The sequence

0→ opK◦
T (X)

f∗

−→ opK◦
T (X ′)

p∗1−p∗2−−−−→ opK◦
T (X ′ ×X X ′)

is exact.

Proof. We have already seen that f∗ is injective (Lemma 5.2), and p∗1f
∗ = p∗2f

∗

by functoriality. Given c′ ∈ opK◦
T (X ′) such that p∗1c

′ = p∗2c
′, it remains to find

c ∈ opK◦
T (X) such that c′ = f∗c.

Let g : Y → X be an equivariant map, and let Y ′ = Y ×X X ′, so f ′ : Y ′ → Y
is also an envelope. By Proposition 2.4, given α ∈ KT

◦ (Y ) we can find α′ ∈
KT

◦ (Y ′) with α = f ′
∗α

′. Now define c by

cg(α) = f ′
∗(c′g′(α

′)).

To see that this is independent of the choice of α′, it suffices to show that
f ′
∗(β′) = 0 implies f ′

∗(c′g′(β
′)) = 0. By Proposition 2.4, find β′′ ∈ KT

◦ (Y ′×Y Y ′)

Documenta Mathematica 20 (2015) 357–399



Operational K-Theory 381

such that β′ = p′1∗β
′′ − p′2∗β′′, where p′i : Y

′ ×Y Y ′ → Y are the projections.
Note that p∗1c

′ = p∗2c
′ implies (p′1)∗(g′)∗c′ = (p′1)∗(g′)∗c′. Now compute:

f ′
∗(c′g′(β

′)) = f ′
∗(c′g′(p

′
1∗β

′′ − p′2∗β′′))

= f ′
∗(p′1∗c

′
g′◦p′1(β′′)− p′2∗c′g′◦p′1(β′′))

= (f ′ ◦ p1)∗((p′1)∗(g′)∗c′(β′′)− (p′2)∗(g′)∗c′(β′′))

= 0.

Finally, c′ = f∗c, essentially by definition.

Proposition 5.4. Suppose f : X ′ → X is a birational equivariant envelope,
restricting to an isomorphism over an invariant open U ⊆ X. Let Si be the
irreducible components of X r U , and write fi : Ei = f−1Si → Si. A class
c′ ∈ opK◦

T (X ′) lies in the image of f∗ if and only if the restriction c′|Ei lies in
the image of f∗

i for all i.

Proof. The “only if” direction is obvious. For the other direction, assume
c′ ∈ opK◦

T (X ′) satisfies the restriction hypothesis, so c′|Ei lies in the image
of f∗

i for all i. By Proposition 5.3, it will suffice to show that p∗1c
′ = p∗2c

′ in
opK◦

T (X ′ ×X X ′).

For any equivariant map g : Y → X ′ ×X X ′ and any element ξ ∈ KT
◦ (Y ), we

must show
(p∗1c

′)g(ξ) = (p∗2c
′)g(ξ). (9)

It suffices to do this for ξ = [OV ], for V ⊆ Y an invariant subvariety, because
these classes generate KT

◦ (Y ) as an R(T )-module. In fact, to check (9) for
ξ = [OV ], we may replace Y with V , using Axiom (A1).

If the image of V in X is contained in some Si, we have

(p∗1c
′)g(ξ) = ((p1|Ei×XEi)∗(c′|Ei))g(ξ)

= ((p1|Ei×XEi)∗(f∗
i ci)g(ξ)

= (fi ◦ (p1|Ei×XEi))∗ci)g(ξ).

Noting that fi ◦ (p1|Ei×XEi) = fi ◦ (p2|Ei×XEi), we obtain (p∗1c
′)g(ξ) =

(p∗2c
′)g(ξ).

If the image of V in X is not contained in any Si, then V factors through the
diagonal in X ′ ×X X ′. Now (p∗1c

′)g(ξ) = c′p1◦g(ξ) = c′p2◦g(ξ) = (p∗2c
′)g(ξ).

Remark 5.5. The proposition can be rephrased as saying the sequence

0→ opK◦
T (X)→ opK◦

T (X ′)⊕
⊕

i

opK◦
T (Si)→

⊕

i

opK◦
T (Ei) (10)

is exact. It follows that the sequence

0→ opK◦
T (X)→ opK◦

T (X ′)⊕ opK◦
T (S)→ opK◦

T (E) (11)
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is also exact, where S = X r U and E = f−1S. (By Lemma 5.2, the maps
opK◦

TS →
⊕

opK◦
TSi and opK◦

TE →
⊕

opK◦
TEi are injective.) Since the fiber

square

E ⊂ ✲ X ′

S
❄

⊂ ✲ X.

f
❄

is an abstract blowup diagram, (11) says that opK◦
T is a sheaf in the cdh

topology. This formulation is useful for comparing with other theories satisfying
cdh-descent, such as KH-theory. (See [Fr] for an introduction to this topology.)
In fact, in categories where smooth envelopes exist—for example, when the
base field has characteristic zero—Theorem 5.8 will imply that opK◦

T is the
cdh-sheafification of K◦

T .

Corollary 5.6. Suppose T = T1×T2 acts on X such that the action of T1 is
trivial. Assume there exists an equivariant envelope f : X ′ → X, where X ′ is
smooth and f is an isomorphism over a dense open set in X. Then there is a
canonical isomorphism opK◦

T (X) = R(T1)⊗ opK◦
T2

(X).

The proof is similar to that of [EG1, Theorem 2], which implies the correspond-
ing result for equivariant Chow cohomology.

Proof. If X is smooth, this follows from Lemma 2.3 and Corollary 4.5. For
the general case, we may assume T1 acts trivially on X ′, so opK◦

T (X ′) =
R(T1)⊗ opK◦

T2
(X ′). Indeed, given any X ′ → X as in the hypothesis, consider

this a T2-equivariant map by restricting the action, and define a new T -action
on X ′ by letting T1 act trivially.

Now let U ⊆ X be an invariant open such that f−1U → U is an isomorphism,
and let S = X r U be the complement. By noetherian induction, we assume
opK◦

T (S) = R(T1) ⊗ opK◦
T2

(S) and opK◦
T (E) = R(T1) ⊗ opK◦

T2
(E), where

E = f−1S. Using Proposition 5.4, the same conditions characterize the images
of opK◦

T (X) and R(T1)⊗ opK◦
T2

(X) in opK◦
T (X ′). In other words, the kernels

of the horizontal arrows in the diagram

opK◦
T (X ′)⊕ opK◦

T (S) ✲ opK◦
T (E)

‖ ‖
(
R(T1)⊗ opK◦

T2
(X ′)

)
⊕
(
R(T1)⊗ opK◦

T2
(S)
) ✲ R(T1)⊗ opK◦

T2
(E)

are isomorphic, and these kernels are opK◦
T (X) and R(T1) ⊗ opK◦

T2
(X), re-

spectively.

Now we discuss more directly the relationship between operational K-theory,
the usual K-theory of perfect complexes, and Weibel’s homotopy K-theory.
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Theorem 5.7. For any X, there is a canonical homomorphism K◦
T (X) →

opK◦
T (X) of R(T )-algebras, sending a class α to the operator [α] which acts by

[α]g = g∗α · ξ, for any g : Y → X and ξ ∈ KT
◦ (Y ). Together with the canon-

ical map opK◦
T (X) → KT

◦ (X) of Proposition 4.4, this factors the canonical
homomorphism K◦

T (X)→ KT
◦ (X).

If X is smooth, the homomorphisms K◦
T (X) → opK◦

T (X) → KT
◦ (X) are all

isomorphisms of R(T )-modules.

Proof. To see that the homomorphism K◦
T (X)→ opK◦

T (X) is well defined, we
must check that for any α ∈ K◦

T (X) the operator [α] satisfies Axioms (A1) and
(A2); that is, it commutes with pushforward for proper maps and pullback for
flat maps and regular embeddings. These all follow from the Lemmas 3.1 and
3.2, with X = Y and f = id, since the identity is a closed embedding.

That the canonical map K◦
T (X)→ KT

◦ (X) factors as claimed is easily seen from
the definitions. When X is smooth, the homomorphisms K◦

T (X) → KT
◦ (X)

and opK◦
T (X)→ KT

◦ (X) are isomorphisms (using Corollary 4.5 for the latter),
so it follows that K◦

T (X)→ opK◦
T (X) is an isomorphism, as well.

Theorem 5.8. Assume the base field has characteristic zero. Let L◦
T be any

contravariant functor from T -schemes to groups that admits a natural transfor-
mation η to K◦

T when restricted to smooth schemes. Then η extends uniquely
to a natural transformation from L◦

T to opK◦
T .

Characteristic zero is used only to guarantee the existence of a suitable smooth
envelope, and the proof goes through whenever such envelopes exist. In par-
ticular, the theorem holds for toric varieties over an arbitrary base field.

Proof. When dimX is zero, then X is smooth and hence the natural map
exists by hypothesis. Proceed by induction on dimension. Use resolution of
singularities to construct a birational equivariant envelope X ′ → X , with X ′

smooth, and with the exceptional locus a simple normal crossings divisor. Let
E and S be as in the sequence (11). In the diagram

0 ✲ opK◦
T (X) ✲ opK◦

T (X ′)⊕ opK◦
T (S) ✲ opK◦

T (E)

L◦
T (X)

✻

✲ L◦
T (X ′)⊕ L◦

T (S)

✻

✲ L◦
T (E),

✻

the top row is exact, the rightmost vertical arrow exists by the induction hy-
pothesis, and the middle vertical arrow exists by induction (for the S fac-
tor) and the smooth case (for the X ′ factor). Since the composition of the
two horizontal arrows in the bottom row is zero, the image of L◦

T (X) in
opK◦

T (X ′) ⊕ opK◦
T (S) lies in the kernel of the map to opK◦

T (E), which is
opK◦

T (X). This procedure constructs a natural and functorial map L◦
T (X)→

opK◦
T (X), for arbitrary X , as required.
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Corollary 5.9. Assume the base field has characteristic zero. Then there is
a natural map θ : KH◦(X)→ opK◦(X).

As in Theorem 5.8, the characteristic zero hypothesis can be replaced by an
assumption that birational smooth envelopes exist, so in particular the same
statement holds for toric varieties over a base field of arbitrary characteristic.

Proof. For smooth schemes X , the natural map from K◦(X) to KH◦(X) is an
isomorphism, and its inverse provides the natural transformation required to
apply Theorem 5.8.

Remark 5.10. It would be interesting to develop an equivariant version of
homotopy K-theory, with formal properties similar to those of KH∗; to our
knowledge, this has not been explored. One application would be an equivariant
version of Corollary 5.9.

Remark 5.11. In more abstract language, Theorem 5.8 may be phrased simply
as follows: the functor opK◦

T from the category of (separated and finite-type
over k) T -schemes to groups is naturally isomorphic to the Kan extension of the
functor K◦

T from smooth T -schemes to groups, along the inclusion of the full
category of smooth T -schemes inside all (separated and finite-type) T -schemes.
This is a fundamental characterization of operational K-theory.

A similar statement holds for any operational theory whenever one has an
analogue of Kimura’s exact sequence (Proposition 5.4) and resolution of sin-
gularities. For example, (equivariant) operational Chow cohomology is also a
Kan extension, at least in characteristic zero.

We now give two examples showing that the natural mapKH◦(X)→ opK◦(X)
is not an isomorphism in general. A third will be given in §7.

Example 5.12. Let X be a nodal cubic curve in the affine plane A2. Then
X is seminormal, so its Picard group is A1-homotopy invariant [Tr]. By [We1,
Theorem 3.3], it follows that

KH◦(X) = Z⊕ k∗.

Now, consider the natural diagram

opK◦(X) ✲ opK◦(X̃)

KH◦(X)

✻

✲ KH◦(X̃),

✻

where X̃ ∼= A1 is the normalization of X . Both opK◦(X̃) and KH◦(X̃) are
canonically identified with Z, and the arrow between them is an isomorphism.
Furthermore, it follows from Proposition 5.3 that the top horizontal arrow is an
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isomorphism, and hence the left vertical arrow is the canonical projection from
Z⊕k∗ to Z. In particular, when k = C, KH◦(X)→ opK◦(X) has uncountable
kernel.

Example 5.13. Let X be a variety of dimension d over C that is smooth
away from an isolated singularity. Let π : X̃ → X be a log resolution, so the
exceptional locus E is a divisor with simple normal crossings. Let ∆(E) be
the dual complex of E, i.e. the ∆-complex with one vertex for each irreducible
component of E, one edge for each component of a pairwise intersection, and
so on, as described in [Pa3, §2]. Recall that KH can be nonzero in negative
degrees. Haesemeyer’s computations for negativeKH [Ha, Theorem 7.10] show
that

KH−d(X) ∼= Hd−1(∆(E)).

By Bass’s fundamental theorem for KH [We1, Theorem 6.11], this gives
Hd−1(∆(E)) as a direct summand of KH◦(X × Gdm) that is contained in the

kernel of the pullback map to KH◦(X̃×Gdm). In the resulting natural diagram,

opK◦(X ×Gdm) ✲ opK◦(X̃ ×Gdm)

KH◦(X ×Gdm)

✻

✲ KH◦(X̃ ×Gdm),

✻

the top horizontal arrow is an injection, by Proposition 5.3. It follows that the
summand Hd−1(∆(E)) ⊂ KH◦(X×Gdm) is contained in the kernel of the map
to opK◦(X ×Gdm).

This general construction produces many nontrivial examples. For instance,
X could be a deformation of a cone over a degenerate elliptic curve, with E
a loop of P1’s, and ∆(E) a circle. Or X could be a 3-fold with ∆(E) being a
copy of S2 or RP2, as in [Pa3, Example 8.1].

Remark 5.14. The map KH◦(X) → opK◦(X) factors the natural map
K◦(X)→ opK◦(X). Properties of the other factor, K◦(X)→ KH◦(X), there-
fore give information about the map from the K-theory of perfect complexes
to operational K-theory.

For example, let X be a toric variety with fan ∆. By [CHWW, Proposition 5.6],
the map K∗(X) → KH∗(X) is a split surjection. The proof shows that the
Mayer-Vietoris sequence computing KH∗(X) can be described quite explicitly
as follows. Let σ1, . . . , σr be the maximal cones of ∆, write τ(I) = σi0∩· · ·∩σip
for each subset I ⊂ {1, . . . , r}, and let Oτ be the minimal orbit in the invariant
affine open set Uτ . Then there are spectral sequences

E1
p,q =

⊕

I={i0,...,ip}
Kq(Oτ(I))⇒ KHq−p(X) (12)
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and

E1
p,q =

⊕

I={i0,...,ip}
Kq(Uτ(I))⇒ Kq−p(X), (13)

together with natural split surjections Kq(Uτ(I)) → Kq(Oτ(I)). Since each
Oτ(I) is isomorphic to a split torus, say of dimension d(I), the term Kq(Oτ(I))

is isomorphic to
⊕d(I)

i=0 K
q−i(k)⊕(d(I)i ), where k is the base field. The differential

d1 can be computed easily from the projections T → Oτ(I); it is similar to the
differential of the Mayer-Vietoris spectral sequence for singular cohomology,
with respect to the same open cover. (We thank Burt Totaro for suggesting
this description of [CHWW, Proposition 5.6].)

When X has a sufficiently nice stratification by torus orbits, there are similar
spectral sequences computing K∗(X) and KH∗(X). For example, one can take
X to be any T -invariant closed subset of a toric variety Y . If Y is covered by
invariant affines Vσ, then one has the Mayer-Vietoris sequence for the cover of
X by Uσ = Vσ ∩ X . The same reasoning shows that in this case KH∗(X) is
computed in terms of the K-theory of the ground field, and that there is a split
surjection K∗(X)→ KH∗(X).

Remark 5.15. The Mayer-Vietoris sequence (12) gives a straightforward com-
putation of the homotopy K-theory for a complete toric surface over an ar-
bitrary field k, since it collapses at the E2 page. Let X be such a surface,
corresponding to a complete fan with rays spanned by primitive integer vectors
(a1, b1), . . . , (ar, br). Let µ be the index of the sublattice of Z2 spanned by
these vectors. Then one computes

KHi(X) = Ki(k)⊕r ⊕Ki+1(k)/µ ·Ki+1(k),

where “µ·” denotes the operation of scaling an abelian group by µ. In partic-
ular, KH◦(X) = Z⊕r ⊕ k∗/(k∗)µ, and KH−1(X) = Z/µZ. (For algebraically
closed fields k, we have k∗ = (k∗)µ, so in this case KH◦(X) depends only on
the number of rays.)

6 Kronecker duality for T -linear varieties

Now we state and prove an equivariant version of Theorem 1.3. Let the class
of T -linear varieties be the smallest class of varieties such that any affine
space with a T -action is a T -linear variety, the complement of a T -linear variety
equivariantly embedded in affine space is T -linear, and any variety stratified
into a finite disjoint union of T -linear varieties is T -linear. The notion of strati-
fication we use here is as follows: stratifying X by locally closed subvarieties S◦

i

means X is written as X =
∐
S◦
i , with Si = S◦

i denoting the closure of a stra-
tum, such that the complement Si r S◦

i is contained in the union of the strata
of dimension less than dimSi (see [To1]). A T -linear variety is also T ′-linear
for any subtorus T ′ ⊆ T .
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Theorem 6.1. For a complete T -linear variety X, the natural map from
opK◦

T (X) to HomR(T )(K
T
◦ (X), R(T )), induced by pushforward to a point, is

an isomorphism.

The proof has the same structure as that of the corresponding result for Chow
cohomology ([FMSS], [To1]), the main difference being the use of K-theory
spectra, rather than higher Chow groups, to establish the Künneth isomor-
phism in Proposition 6.4, below.

Before proving the theorem, we observe that finite generation of the operational
K groups is a consequence, by the following lemma.

Lemma 6.2. If X is a T -linear variety, then KT
◦ (X) is a finitely-generated

R(T )-module.

Proof. We use induction on dimension and the number of irreducible compo-
nents. First suppose X is irreducible of dimension d, and write

X = S◦ ∪
∐

dimSi<d

S◦
i

Observe that the top stratum S◦ in an irreducible T -linear variety must be
the complement of a (lower-dimensional) T -linear variety in an affine space,
by the inductive definition. Such varieties clearly have finitely generated KT

◦ .
Also, Z =

∐
dimSi<d

S◦
i is a closed T -linear subvariety of smaller dimension, so

KT
◦ (Z) is finitely generated. By the exact sequence

KT
◦ (Z)→ KT

◦ (X)→ KT
◦ (S◦)→ 0,

it follows that KT
◦ (X) is finitely generated.

If X is reducible, one can find a top-dimensional stratum S◦ such that X ′ =
XrS◦ is a closed T -linear variety with fewer components, and apply the exact
sequence again.

As in Totaro’s analogous result for Chow cohomology [To1], Theorem 6.1 is
an immediate consequence of two facts. The first is an analogue of [FMSS,
Proposition 3].

Proposition 6.3. Suppose X is a complete T -variety with the property that
for all T -varieties Y , the map

KT
◦ (X)⊗R(T ) K

T
◦ (Y )→ KT

◦ (X × Y )

is an isomorphism. Then the duality map

opK◦
T (X)→ HomR(T )(K

T
◦ (X), R(T ))

is an isomorphism.
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As in [FMSS], the proof is formal.

Sketch of proof. To define the inverse to the duality map, given a homomor-
phism ϕ : KT

◦ (X)→ R(T ), we construct an element cϕ of opK◦
T (X) as follows.

For a map g : Y → X , the corresponding map (cϕ)g : KT
◦ (Y ) → KT

◦ (Y ) is the
composition of the proper pushforward along the graph of g,

KT
◦ (Y )→ KT

◦ (X × Y ) = KT
◦ (X)⊗R(T ) K

T
◦ (Y )

followed by

KT
◦ (X)⊗R(T ) K

T
◦ (Y )

ϕ⊗1−−−→ R(T )⊗R(T ) K
T
◦ (Y ) = KT

◦ (Y ).

The verification that cϕ satisfies the compatibility axioms is the same as in
[FMSS], as is the proof that this map is inverse to the duality map.

The second fact we need is an analogue of [To1, Proposition 1].

Proposition 6.4. Let X be a T -linear variety, and let Y be an arbitrary T -
variety. Then the map

KT
◦ (X)⊗R(T ) K

T
◦ (Y )→ KT

◦ (X × Y )

is an isomophism.

Proof. The proof follows Totaro’s inductive argument, with Chow groups re-
placed by equivariant K-theory and the groups CH∗,∗(−,−, 1) replaced by

K̃T
1 (−,−), which are defined as follows. Let X and Y be arbitrary T -varieties.

Let K′(T,X) and K′(T, Y ) be the equivariant K-theory spectra correspond-
ing to categories of T -equivariant coherent sheaves (cf. [Th2]), and write
R = K′(T, pt) for the equivariant K-theory spectrum of the point Spec k.
Then R is a ring spectrum, and the other spectra are modules over R. Define

K̃T (X,Y ) = K′(T,X) ∧R K′(T, Y ),

and set K̃T
q (X,Y ) = πq(K̃T (X,Y )). By [EKMM, Theorem IV.6.4], we have

K̃T
◦ (X,Y ) = KT

◦ (X)⊗R(T ) K
T
◦ (Y ).

Let Z ⊆ X be a closed subvariety and let U = X rZ. We replace the two four
column diagrams of Chow groups on [To1, p. 11] with

KT
◦ (Z) ⊗

R(T )
KT

◦ (Y ) ✲ KT
◦ (X) ⊗

R(T )
KT

◦ (Y ) ✲ KT
◦ (U) ⊗

R(T )
KT

◦ (Y ) ✲ 0

KT
◦ (Z × Y )

❄
✲ KT

◦ (X × Y )

❄
✲ KT

◦ (U × Y )

❄
✲ 0,

and its continuation to the left, which is
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K̃T
1 (Z, Y ) ✲ K̃T

1 (X, Y ) ✲ K̃T
1 (U, Y ) ✲ KT

◦ (Z) ⊗
R(T )

KT
◦ (Y ) ✲ KT

◦ (X) ⊗
R(T )

KT
◦ (Y )

KT
1 (Z × Y )

❄
✲ KT

1 (X × Y )

❄
✲ KT

1 (U × Y )

❄
✲ KT

◦ (Z × Y )

❄
✲ KT

◦ (X × Y ).

❄

The bottom rows are just the long exact localization sequence. The smash
product preserves fibrations, so we have a fibration

K̃T (Z, Y )→ K̃T (X,Y )→ K̃T (U, Y ),

and the top rows of the above diagrams are the corresponding long ex-
act homotopy sequence. The outer tensor product defines a canonical map
K̃T (X,Y )→ K′(T,X × Y ), inducing the vertical arrows.

The remainder of the proof follows Totaro’s argument essentially verbatim. We
consider two properties for a T -variety X , namely

(1) The natural map KT
◦ (X)⊗R(T )K

T
◦ (Y )→ KT

◦ (X×Y ) is an isomorphism
for all T -varieties Y , and

(2) The natural map K̃T
1 (X,Y )→ KT

1 (X×Y ) is surjective for all T -varieties
Y .

An induction on dimension shows simultaneously that both (1) and (2) hold
for the complement of any T -linear variety embedded in affine space, and that
(1) holds for arbitrary T -linear varieties, the latter being the statement that is
to be proved. The base case of the induction is that both properties hold for
affine space. Then one simple diagram chase shows that if (1) and (2) hold for
X and (1) holds for Z then both (1) and (2) hold for U , and another diagram
chase shows that if (1) and (2) hold for U and (1) holds for Z, then (1) holds
for X .

7 Operational K-theory of toric varieties

We now prove Theorem 1.6 by resolution of singularities and induction on
dimension. The argument is similar to the proof of [Pa1, Theorem 1], using
the K-theoretic results from Section 5 in place of Kimura’s analogous results
for Chow cohomology.

Proof of Theorem 1.6. As mentioned in the introduction, the theorem is known
if X is smooth. If X is singular, then there is a sequence

Xr → Xr−1 → · · · → X1
π→ X0 = X

where Xr is smooth, each Xi is a toric variety, and the map Xi+1 → Xi is the
blowup along a smooth T -invariant subvariety of Xi. We proceed by induction
on r and the dimension of X .
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Let X ′ = X(∆′) = X1, and let ισ′ denote the inclusion of the torus orbit Oσ′

in X ′. By induction on r, we may assume that
⊕

σ′∈∆′ ι∗σ′ maps opK◦
T (X ′)

isomorphically onto PExp(∆′). Since π maps Oσ′ isomorphically onto O(σ)
if σ′ is a maximal cone in the subdivision of σ induced by ∆′, it follows that⊕

σ∈∆ ι
∗
σ maps opK◦

T (X) injectively into PExp(∆). It remains to show that
every integral piecewise exponential function on ∆ is in the image of opK◦

T (X).

Say π is the blowup along V (τ) ⊂ X , and V (ρ) = π−1(V (τ)). Let Star τ be
the set of cones in ∆ containing τ , and let ∆τ be the fan whose cones are the
projections of cones in Star τ to (N/Nτ )R, where Nτ is the sublattice generated
by τ ∩N . Then V (τ) is the toric variety associated to ∆τ [Fu1, Section 3.1].
By induction on dimension, we may assume opK◦

Tτ
(V (τ)) ∼= PExp(∆τ ), where

Tτ is the dense torus in V (τ). Choosing a splitting T ∼= T ′ × Tτ , we have

opK◦
T (V (τ)) ∼= R(T ′)⊗ opKTτ (V (τ)) ∼= PExp(Star τ),

using Corollary 5.6 for the first isomorphism. Similarly, the operational equiv-
ariant K ring of the exceptional divisor is opK◦

T (V (ρ)) ∼= PExp(Star ρ).

Note that Star ρ is a subdivision of Star τ , and ∆ and ∆′ coincide away from
Star τ and Star ρ, and the blowup π is an envelope [Pa1, Lemma 1]. Then,
by Proposition 5.4, a class in opK◦

T (X ′) is in the image of opK◦
T (X) if and

only if its restriction to V (ρ) is in the image of opK◦
T (V (τ)). Therefore, a

piecewise exponential function on ∆′ is in the image of opK◦
T (X) if and only

if its restriction to Star ρ is the pullback of a piecewise exponential function on
Star τ . In particular, the pullback of any piecewise exponential on ∆ is in the
image of opK◦

T (X), as required.

Finally, we prove Theorem 1.4. As remarked in the introduction, it suffices to
establish the following:

Theorem 7.1. For a three-dimensional toric variety X over an algebraically
closed field, the map KH◦(X)→ opK◦(X) is surjective.

The proof requires some facts about homotopy K-theory. By [Ha, Theo-
rem 3.5], there is a cdh-descent sequence

→ KHi+1(E)→ KHi(X)→ KHi(X ′)⊕KHi(S)→ KHi(E)→ (14)

associated to any abstract blowup square

E ⊂ ✲ X ′

S
❄

⊂ ✲ X.

π
❄

That is, π : X ′ → X is a proper map, with E = π−1S, inducing an isomorphism
X ′ r E → X r S. In particular, we have a sequence (14) associated to any
toric resolution of singularities.
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To compare homotopy K-theory and operational K-theory, our main tool is
the following commutative diagram with exact rows coming from the Kimura
exact sequence (11) and the cdh-descent sequence (14):

0 ✲ opK◦(X) ✲ opK◦(X ′)⊕ opK◦(S) ✲ opK◦(E)

KH1(E)

✻

✲ KH◦(X)

✻

✲ KH◦(X ′)⊕KH◦(S)

✻

✲ KH◦(E) .

✻
(15)

The vertical arrows in this diagram come from the natural transformation θ :
KH◦ → opK◦ given by Corollary 5.9.

We apply the diagram to study the natural map θ : KH◦(X)→ opK◦(X) first
for a chain of rational curves, then for a toric surface, and finally for a toric
threefold.

A chain of n rational curves is the reducible nodal variety

X1 ∪ · · · ∪Xn,

whose irreducible components Xi are smooth rational curves, constructed in-
ductively by gluing Xn to a chain of n − 1 rational curves at a smooth point
in Xn−1.

Lemma 7.2. Let X be a chain of n rational curves. Then the natural map
θ : KH◦(X)→ opK◦(X) is an isomorphism.

Proof. When n = 1, the isomorphism is clear since X is smooth. We proceed by
induction on n. Let S be the point of intersection where Xn meets Xn−1, and
let X ′ = (X1 ∪ · · · ∪Xn−1)⊔Xn be the disconnected curve obtained by pulling
apart this node. By induction we may assume that KH◦(X ′) → opK◦(X ′) is
an isomorphism. Let E = S ⊔ S be the preimage of S under the gluing map
X ′ → X .

The map KHi(X ′)⊕KHi(S)→ KHi(E) is surjective for all i, and it follows
from the cdh-descent sequence (14) that the map KH◦(X) → KH◦(X ′) ⊕
KH◦(S) is injective. Therefore, we can replace KH1(E) by 0 in (15), and
still have a commutative diagram with exact rows. The first, third, and fourth
vertical arrows are isomorphisms, so the second vertical arrow is also an iso-
morphism, by the five lemma.

Slightly more generally, if X is a disconnected union of chains of rational curves,
it is a seminormal 1-dimensional scheme, soKH◦(X) is identified with Pic(X)⊕
H0(X), where H0 denotes the free abelian group on connected components
[We2, IV.12.5.2]. A direct calculation using the Mayer-Vietoris sequence (12)
shows that

KHi(X) =
(
Pic(X)⊗Ki(k)

)
⊕
(
H0(X)⊗Ki(k)

)
(16)
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for all i. The isomorphism class of a line bundle on X is determined by the
degree of its restriction to each irreducible component, so Pic(X) ∼= Z⊕n, where
n is the total number of irreducible components.

Lemma 7.3. Let X be a toric surface over an algebraically closed field, let S
be the singular set of X, and let X ′ → X be a toric resolution of singularities
which is an isomorphism away from S. Then the map KH◦(X)→ KH◦(X ′)⊕
KH◦(S) is injective.

Proof. Let E ⊂ X ′ be the exceptional divisor. By the cdh-descent sequence
(14), it suffices to prove KH1(X ′) ⊕ KH1(S) → KH1(E) is surjective. We
have KH1(E) = (Pic(E)⊕H0(E))⊗k∗, since E is a union of chains of rational
curves. Since S consists of finitely many points, one corresponding to each
connected component of E, the map KH1(S) → KH1(E) is an isomorphism
onto H0(E) ⊗ k∗. The map Pic(X ′) ⊗ k∗ → Pic(E) ⊗ k∗ factors through the
map KH1(X ′) → KH1(E). Therefore, since k∗ is divisible, to prove that
KH1(X ′) ⊕ KH1(S) → KH1(E) is surjective, it suffices to prove that the
map Pic(X ′) ⊗ Q → Pic(E) ⊗ Q is surjective. The intersection matrix of E
in the surface X ′ is negative-definite, so the subspace of Pic(X ′)⊗ Q spanned
by the irreducible components of E surjects onto Pic(E) ⊗ Q, and the lemma
follows.

Proposition 7.4. Let X be a toric surface over an algebraically closed field.
Then the natural map θ : KH◦(X)→ opK◦(X) is an isomorphism.

Proof. Let S ⊂ X be the singular set, and let X ′ → X be a toric resolution
of singularities which is an isomorphism away from S, with exceptional divi-
sor E. Then each connected component of E is a chain of rational curves, so
KH◦(E) = opK◦(E), by Lemma 7.2.. Furthermore, KH◦(X ′) = opK◦(X ′)
and KH◦(S) = opK◦(S), since these are smooth varieties. From the dia-
gram (15), it follows that KH◦(X) → opK◦(X) is surjective. But applying
Lemma 7.3, we see this map is also injective.

We can now complete the proof of Theorem 7.1 for a toric threefold X over
an algebraically closed field, using induction on the number of blowups along
smooth T -invariant centers required to resolve the singularities of X .

Proof of Theorem 7.1. Let X ′ → X be a blowup along a smooth T -invariant
center S, with exceptional divisor E, forming the first step in a resolution
of singularities as in the proof of Theorem 1.6. Consider the corresponding
diagram (15). By induction, θ : KH◦(X ′) → opK◦(X ′) is surjective, and
KH◦(S) = opK◦(S) since S is smooth, so the middle vertical arrow is surjec-
tive. The rightmost vertical arrow KH◦(E)→ opK◦(E) is an isomorphism by
Proposition 7.4, since E is a toric surface. The theorem now follows from the
five-lemma.
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It is easy to construct examples of projective toric threefolds X such that
KH◦(X) contains a factor of k∗. For such varieties, the map KH◦(X) →
opK◦(X) is not injective.

Example 7.5. Let ∆ be the fan over the faces of the triangular prism with ver-
tices (1, 0, 0), (0, 1, 0), (0, 0, 1), (0,−1,−1), (−1, 0,−1), and (−1,−1, 0). The
singular locus S of toric variety X = X(∆) consists of four fixed points, cor-
responding to the maximal cones over the three rectangular faces and the
simplical cone spanned by (0,−1,−1), (−1, 0,−1), and (−1,−1, 0). Let ∆′

be the fan obtained from ∆ by triangulating the three rectangular faces (via
any of the 8 possible choices) and subdividing one the other singular cone by
adding a ray through (−1,−1,−1). The resulting toric variety X ′ = X(∆′) is
smooth, and the exceptional locus E of the map X ′ → X consists of four dis-
joint components, three isomorphic to P1 and one isomorphic to P2. The map
Pic(X ′) → Pic(E) is given by a 4 × 4 matrix of rank 3, so the corresponding
map KH1(X ′)⊕KH1(S)→ KH1(E) has a copy of k∗ in its cokernel, mapping
nontrivially to KH◦(X) in the cdh-descent sequence.

A Descent for equivariant K-theory

All schemes in this appendix are separated and of finite type over a fixed
field. Our goal is to establish an equivariant version of a theorem of Gillet [Gi,
Corollary 4.4].

Theorem A.1. Let G be a connected algebraic group. Let X → Y be a proper
morphism of G-schemes, and let Z → X be an equivariant Chow envelope
(relative to Y ), that is, an equivariant envelope such that Z is projective over
Y . Then the sequence

KG
◦ (Z ×X Z)→ KG

◦ (Z)→ KG
◦ (X)→ 0

is exact, where the first map is the difference of the pushforwards by the two
projections.

The proof is almost entirely a repetition of Gillet’s arguments. For the conve-
nience of the reader, we outline it here, with detailed references for the main
points.

We first set up some terminology concerning simplicial schemes, and refer to
[BK] or [Co] for the basic facts. A simplicial scheme is a contravariant functor
from the category ∆ (of finite ordinals with non-decreasing maps) to the cate-
gory of schemes. The category of simplicial schemes is equipped with skeleton
and coskeleton functors; we will not define these here, except to say that the
0th coskeleton of an augmented simplicial scheme Z• → X is the simplicial
scheme coskX0 (Z•) with nth term given by the (n+ 1)-fold fiber product of Z
over X . See [Co] for the general definitions.
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A group G acts on a simplicial scheme Z• in the evident way, by acting on all
Zn equivariantly for the structure maps. An equivariant hyperenvelope
is an equivariant augmented simplicial scheme Z• → X such that Z0 → X is
an equivariant envelope, and for all i ≥ 0, the map

Zi → coskXi (ski−1Z•)

is an equivariant envelope. A projective equivariant hyperenvelope is
an equivariant hyperenvelope for which all maps Zn → X are projective.

To define the equivariant K-theory of a simplicial scheme, following Gillet,
consider the following condition on sheaves of G-equivariant OZn -modules:

(∗) For all τ : m→ n in ∆ and all p > 0, we have Rpτ∗F = 0 as sheaves on
Zm.

Let AG(Zn) be the full exact subcategory of (CohGZn) formed by the sheaves
satisfying (∗). Putting these together, we get a simplicial category AG(Z•).
Condition (∗) makes each τ∗ : AG(Zn) → AG(Zm) an exact functor, so we
obtain another simplicial categoryQAG(Z•) by applying Quillen’s construction
[Qu]. The equivariant K-theory spectrum of Z• is the simplicial spectrum

K′(G,Z•) = Ω|NQAG(Z•)|,

where N and | · | denote the nerve and geometric realization functors, respec-
tively. We define KG

q (Z•) = πq(K′(G,Z•)).

There is a general spectral sequence for computing with simplicial schemes; see
[Th1, 3.14], [BK, XII.5.7], or [Du, 15.10]. In our context, it takes the following
form:

Lemma A.2. Let Z• be an equivariant simplicial scheme, quasi-projective over a
base Y , with projective face maps. Then there is a convergent spectral sequence

E1
p,q = KG

q (Zp)⇒ KG
p+q(Z•).

The differential d1 : KG
q (Zp) → KG

q (Zp−1) is the alternating sum of the face
maps.

We also need an equivariant version of one of the main theorems of [Gi].

Theorem A.3. Let p : Z• → X be a projective equivariant hyperenvelope. Then
p∗ : KG

q (Z•)→ KG
q (X) is an isomorphism for all q.

Sketch of proof. The proof follows Gillet’s argument, proceeding in three steps.

First step: Given a projective equivariant envelope Z → X , take Z• =
coskX0 (Z), so Zn is the (n + 1)-fold fiber product of Z over X . Also assume
X = G/H is a homogeneous space defined over a field F , so H ⊆ G is a closed
subgroup defined over F .
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Since p : Z → X = G/H is an equivariant envelope, there is an invariant subva-

riety X̃ ⊆ Z mapping birationally and equivariantly to X . Such a map X̃ → X
is an isomorphism, so there is an equivariant sectionX → Z. This extends to an
equivariant section s : X → Z• (regarding X as a constant simplicial scheme).
Since Z• is a 0-coskeleton, the maps s and p are homotopy-inverses ([Co,
Lemma 5.7]), so the induced map of simplicial groups KG

q (Zn)→ KG
q (X) is a

homotopy equivalence. Now it follows from the spectral sequence of Lemma A.2
that KG

q (Z•)→ KG
q (X) is an isomorphism.

Second step: Continue to assume Z• = coskX0 (Z) is a 0-coskeleton, but now
allow X to be arbitrary.

The argument for this step proceeds exactly as in [Gi], except that the noethe-
rian induction is taken over G-invariant closed subschemes Y ⊆ X . The base
case is when Y = G/H is an orbit, which is taken care of by the first step.

Third step: The general case stated in the theorem.

Here we follow [Gi] verbatim: Let Z•[i] = coskXi (skiZ•), and use induction
on i, starting from the base case i = 0, which is the situation of the second
step.

Theorem A.1 now follows easily:

Proof of Theorem A.1. Look at the last terms in the spectral sequence of
Lemma A.2. We have

E2
0,0 = KG

◦ (Z0)/im(KG
◦ (Z1)→ KG

◦ (Z0)).

Apply this to the hyperenvelope Z• → X , with Z• = coskX0 (Z), so Z0 = Z and
Z1 = Z ×X Z. Together with the isomorphism of Theorem A.3, this gives the
exact sequence of Theorem A.1. (In fact, we only needed the first two steps in
the proof of Theorem A.3.)
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Abstract. We study T -linear schemes, a class of objects that in-
cludes spherical and Schubert varieties. We provide a localization
theorem for the equivariant Chow cohomology of these schemes that
does not depend on resolution of singularities. Furthermore, we give
an explicit presentation of the equivariant Chow cohomology of pos-
sibly singular complete spherical varieties admitting a smooth equiv-
ariant envelope (e.g., group embeddings).
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1 Introduction and motivation

Let k be an algebraically closed field. Let G be a connected reductive linear
algebraic group (over k). Let B be a Borel subgroup of G and T ⊂ B be a
maximal torus of G. An algebraic variety X , equipped with an action of G, is
spherical if it contains a dense orbit of B. (Usually spherical varieties are as-
sumed to be normal but this condition is not needed here.) Spherical varieties
have been extensively studied in the works of Akhiezer, Brion, Knop, Luna,
Pauer, Vinberg, Vust and others. For an up-to-date discussion of spherical
varieties, as well as a comprehensive bibliography, see [Ti] and the references
therein. If X is spherical, then it has a finite number of B-orbits, and thus,
also a finite number of G-orbits [Ti]. In particular, T acts on X with a finite
number of fixed points. These properties make spherical varieties particularly

1Supported by the Institut des Hautes Études Scientifiques, TÜBİTAK Project No.
112T233, and DFG Research Grant PE2165/1-1.
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well suited for applying the methods of Goresky-Kottwitz-MacPherson [GKM],
nowadays called GKM theory, in the topological setup, and Brion’s extension
of GKM theory [Br2] to the algebraic setting of equivariant Chow groups, as
defined by Totaro, Edidin and Graham [EG1]. Through this method, substan-
tial information about the topology and geometry of a spherical variety can be
obtained by restricting one’s attention to the induced action of T .

Examples of spherical varieties include G×G-equivariant embeddings ofG (e.g.,
toric varieties are spherical) and the regular symmetric varieties of De Concini-
Procesi [DP]. The equivariant cohomology and equivariant Chow groups of
smooth complete spherical varieties have been studied by Bifet, De Concini
and Procesi [BCP], De Concini-Littelmann [LP], Brion [Br2] and Brion-Joshua
[BJ2]. In these cases, there is a comparison result relating equivariant coho-
mology with equivariant Chow groups: for a smooth complete spherical variety,
the equivariant cycle map yields an isomorphism from the equivariant Chow
group to the equivariant (integral) cohomology (Proposition 2.11). As for the
study of the equivariant Chow groups of possibly singular spherical varieties,
some progress has been made by Payne [P] and the author [G2]-[G4].

The problem of developing intersection theory on singular varieties comes from
the fact that the Chow groups A∗(−) do not admit, in general, a natural
ring structure or intersection product. But when singularities are mild, for
instance when X is a quotient of a smooth variety Y by a finite group F , then
A∗(X)⊗Q ≃ (A∗(Y ) ⊗Q)F , and so A∗(X)⊗ Q inherits the ring structure of
A∗(Y )⊗ Q. To simplify notation, if A is a Z-module, we shall write hereafter
AQ for the rational vector space A⊗Q.

In order to study more general singular schemes, Fulton and MacPherson
[Fu] introduced the notion of operational Chow groups or Chow cohomol-
ogy. Similarly, Edidin and Graham defined the equivariant operational Chow
groups [EG1], which we briefly recall. (For our conventions on varieties and
schemes, see Section 2.1.) Let X be a T -scheme. The i-th T -equivariant oper-
ational Chow group of X , denoted AiT (X), is defined as follows. An element

c ∈ AiT (X) is a collection of homomorphisms c
(m)
f : ATm(Y )→ ATm−i(Y ), writ-

ten z 7→ f∗c ∩ z, for every T -equivariant map f : Y → X and all integers m
(the underlying category is the category of T -schemes). Here AT∗ (Y ) denotes
the equivariant Chow group of Y (Section 2.1). As in the case of ordinary op-
erational Chow groups, these homomorphisms must satisfy three conditions of
compatibility: with proper pushforward (resp. flat pull-back, resp. intersection
with a Cartier divisor) for T -equivariant maps Y ′ → Y → X , with Y ′ → Y
proper (resp. flat, resp. determined by intersection with a Cartier divisor); see

[Fu, Chapter 17] for precise statements. The homomorphism c
(m)
f determined

by an element c ∈ AiT (X) is usually denoted simply by c, with an indication
of where it acts. For any X , the ring structure on A∗

T (X) := ⊕iAiT (X) is
given by composition of such homomorphisms. The ring A∗

T (X) is graded, and
AiT (X) can be non-zero for any i ≥ 0. The most salient functorial properties
of equivariant operational Chow groups are summarized below:
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(i) Cup products ApT (X) ⊗ AqT (X) → Ap+qT (X), a ⊗ b 7→ a ∪ b, making
A∗
T (X) into a graded associative ring (commutative when resolution of

singularities is known).

(ii) Contravariant graded ring maps f∗ : AiT (X) → AiT (Y ) for arbitrary
equivariant morphisms f : Y → X .

(iii) Cap products AiT (X)⊗ATm(X)→ ATm−i(X), c⊗z 7→ c∩z, making AT∗ (X)
into an A∗

T (X)-module and satisfying the projection formula.

(iv) If X is a nonsingular n-dimensional T -variety, then the Poincaré duality
map from AiT (X) to ATn−i(X), taking c to c∩ [X ], is an isomorphism, and
the ring structure on A∗

T (X) is that determined by intersection products
of cycles on the mixed spaces XT [EG1, Proposition 4].

(v) Equivariant vector bundles on X have equivariant Chern classes in
A∗
T (X).

(vi) Localization theorems of Borel-Atiyah-Segal type and GKM theory (with
rational coefficients) for possibly singular complete T -varieties in charac-
teristic zero. See [G3] or the Appendix for details.

In [FMSS], Fulton, MacPherson, Sottile and Sturmfels succeed in describing
the non-equivariant operational Chow groups of complete spherical varieties.
Indeed, they show that the Kronecker duality homomorphism

K : Ai(X) −→ Hom(Ai(X),Z), α 7→ (β 7→ deg(β ∩ α))

is an isomorphism for complete spherical varieties. Here deg (−) is the degree
homomorphism A0(X) → Z. Moreover, they prove that A∗(X) is finitely
generated by the classes of B-orbit closures, and with the aid of the mapK, they
provide a combinatorial description of A∗(X) and the structure constants of the
cap and cup products [FMSS]. In addition, if X is nonsingular and complete,
they show that the cycle map clX : A∗(X) → H∗(X) is an isomorphism.
Although we stated their results in the case of spherical varieties, these hold
more generally for complete schemes with a finite number of orbits of a solvable
group. In particular, the conclusions of [FMSS] hold for Schubert varieties.
Later on, Totaro [To] extended these results to the broader class of linear
schemes, a class first studied in work of Jannsen [Ja]. The results of [FMSS]
and [To] are quite marvelous in that they give a presentation of a rather abstract
ring, namely A∗(X), in a very combinatorial manner.

In this article, we extend the results of the previous paragraph to the equivari-
ant Chow cohomology of T -linear schemes (Definition 2.3). By Theorem 2.5,
spherical varieties are T -linear (this fact does not follow directly from [To] and
[R], see the comments before Theorem 2.5). Also, we obtain a localization the-
orem for the equivariant Chow cohomology of complete T -linear schemes that
does not depend on resolution of singularities (Theorem 3.9). Last, and most
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important, we give a presentation of the rational equivariant Chow cohomol-
ogy of complete possibly singular spherical varieties admitting an equivariant
smooth envelope (Theorem 4.8). The latter vastly increases the applicability
of Brion’s techniques [Br2, Section 7] from the smooth to the singular setup.

Here is an outline of the paper. Section 2 reviews the necessary background
material. Section 3 is the conceptual core of this article. In Subsection 3.1
we obtain the equivariant versions of the results of [FMSS] and [To] that con-
cern us. We start by defining equivariant Kronecker duality schemes. These
are complete T -schemes X which satisfy two conditions: (i) AT∗ (X) is finitely
generated over S = A∗

T (pt), and (ii) the equivariant Kronecker duality map
KT : A∗

T (X) −→ HomS(AT∗ (X), S) is an isomorphism of S-modules (Definition
3.1). As an example, we show that complete T -linear schemes satisfy equivari-
ant Kronecker duality (Proposition 3.5). This is deduced from the equivariant
Künneth formula (Proposition 3.4). In Subsection 3.2 we prove our second
main result, namely, a localization theorem for equivariant Kronecker duality
schemes (Theorem 3.9). We conclude Section 3 by showing that projective
group embeddings in arbitrary characteristic satisfy equivariant localization
(Theorem 3.11). This extends well-known results on torus embeddings [P] to
more general compactifications of connected reductive groups. Finally, in Sec-
tion 4, we apply the machinery just developed to spherical varieties in character-
istic zero and prove the most important result of this paper, namely, Theorem
4.8. It asserts that if X is a complete, possibly singular, G-spherical variety,
then the image of the injective map i∗T : A∗

T (X)Q → A∗
T (XT )Q is fully de-

scribed by congruences involving pairs, triples or quadruples of T -fixed points.
Remarkably, this extends [Br2, Theorem 7.3] to the singular setting.
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2 Definitions and basic properties

2.1 Conventions and notation

Throughout this paper, we fix an algebraically closed field k (of arbitrary char-
acteristic, unless stated otherwise). All schemes and algebraic groups are as-
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sumed to be defined over k. By a scheme we mean a separated scheme of finite
type over k. A variety is a reduced and irreducible scheme. A subvariety is
a closed subscheme which is a variety. A point on a scheme will always be a
closed point. The additive and multiplicative groups over k are denoted by Ga
and Gm.

We denote by T an algebraic torus. We write ∆ for the character group of T ,
and S for the symmetric algebra over Z of the abelian group ∆. We denote
by Q the quotient field of S. A scheme X provided with an algebraic action
of T is called a T -scheme. For a T -scheme X , we denote by XT the fixed
point subscheme and by iT : XT → X the natural inclusion. If H is a closed
subgroup of T , we similarly denote by iH : XH → X the inclusion of the fixed
point subscheme. When comparing XT and XH we write iT,H : XT → XH

for the natural (T -equivariant) inclusion.

A T -scheme X is called locally linearizable (and the T -action is called locally
linear) if X is covered by invariant affine open subsets. For instance, T -stable
subschemes of normal T -schemes are locally linearizable [Su]. A T -scheme is
called T -quasiprojective if it has an ample T -linearized invertible sheaf. This
assumption is satisfied, e.g. for T -stable subschemes of normal quasiprojective
T -schemes [Su]. Recall that an envelope p : X̃ → X is a proper map such that
for any subvariety W ⊂ X there is a subvariety W̃ mapping birationally to W
via p [Fu, Definition 18.3]. In the case of T -actions, we say that p : X̃ → X
is an equivariant envelope if p is T -equivariant, and if we can take W̃ to be T -
invariant for T -invariant W . If there is a dense open set U ⊂ X over which p is
an isomorphism, then we say that p : X̃ → X is a birational envelope. By [Su,
Theorem 2], if X is a T -scheme, then there exists a T -equivariant birational
envelope p : X̃ → X , where X̃ is a T -quasiprojective scheme. Moreover, if
char(k) = 0, then we may choose X̃ to be smooth [EG2, Proposition 7.5]. If
p : X̃ → X is a T -equivariant envelope, and H ⊂ T is a closed subgroup, then
the induced map X̃H → XH is a T -equivariant envelope [EG2, Lemma 7.2].

Let X be a T -scheme of dimension n (not necessarily equidimensional). Let
V be a finite dimensional T -module, and let U ⊂ V be an invariant open
subset such that a principal bundle quotient U → U/T exists. Then T acts
freely on X × U and the quotient scheme XT := (X × U)/T exists. Following
Edidin and Graham [EG1], we define the i-th equivariant Chow group ATi (X)
by ATi (X) := Ai+dimU−dimT (X), if V \ U has codimension more than n − i.
Such pairs (V, U) always exist, and the definition is independent of the choice
of (V, U), see [EG1]. Finally, AT∗ (X) := ⊕iATi (X). Unlike ordinary Chow
groups, AGi (X) can be non-zero for any i ≤ n, including negative i. If X is a
T -scheme, and Y ⊂ X is a T -stable closed subscheme, then Y defines a class
[Y ] in AT∗ (X). If X is smooth and equidimensional, then so is XT , and AT∗ (X)
admits an intersection pairing; in this case, the corresponding ring graded by
codimension is isomorphic to the equivariant operational Chow ring A∗

T (X)
[EG1, Proposition 4]. The equivariant Chow ring of a point A∗

T (pt) identifies
to S, and AT∗ (X) is a S-module, where ∆ acts on AT∗ (X) by homogeneous maps
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of degree −1. This module structure is induced by pullback through the flat
map pX,T : XT → U/T . Restriction to a fiber of pX,T gives a canonical map
AT∗ (X)→ A∗(X), and this map is surjective (Theorem 2.6). If X is complete,
we denote by pX,T∗(α) (or simply pX∗(α)) the proper pushforward to a point of
a class α ∈ AT∗ (X). We may also write

∫
X(α) or deg (α) for this pushforward.

Note that A∗
T (pt) is isomorphic to AT∗ (pt) with the opposite grading.

Let X be a T -scheme. For any mixed space XT we construct a map r :
AiT (X) → Ai(XT ). Let c ∈ A∗

T (X). For a map Y → XT and α ∈ A∗(Y ),
we define r(c) ∩ α as follows. Let YU → Y be the pullback of the principal T -
bundle X × U → XT . Since YU → Y is a principal bundle, we identify A∗(Y )
with AT∗ (YU ). Let αU ∈ AT∗ (YU ) correspond to α ∈ A∗(Y ). Now simply define
r(c) ∩ α to be the class corresponding to c ∩ αU . See [EG1, pages 620-621] for
more information on the functorial properties of the map r. On the other hand,
we also have a map ρ : Ai(XT ) → AiT (X). Indeed, let c ∈ Ai(XT ), Y → X
a T -equivariant map, and β ∈ AT∗ (Y ). For any representation, there are maps
YT → XT . The class β is represented by a class βU ∈ A∗+dimU−dimT (YT ) for
some mixed space Y × U/T . Define ρ(c) ∩ β = c ∩ βU . This is an element of
A∗+dimU−dimT−i(YT ) ≃ AT∗−i(Y ). Note that if X has a T -equivariant smooth
envelope (e.g. X is a group embedding or char(k) = 0), and V \ U has codi-
mension more than i, then ρ and r are inverse functions; so in this case we get
AiT (X) ≃ Ai(XT ) [EG1, Theorem 2].

Finally, for any T -scheme X , restriction to a fiber of pX,T : XT → U/T
induces a canonical map A∗(XT ) → A∗(X). Precomposing this map with
r : A∗

T (X) → A∗(XT ) gives a natural map ι∗ : A∗
T (X) → A∗(X). In

general, unlike its counterpart in equivariant Chow groups, the map ι∗ is
not surjective and its kernel is not necessarily generated in degree one, not
even for toric varieties [KP]. This becomes an issue when translating results
from equivariant to non-equivariant Chow cohomology. In Corollary 3.8 we
give some conditions under which ι∗ is surjective and yields an isomorphism
A∗
T (X)Q/∆A

∗
T (X)Q ≃ A∗(X)Q. Such conditions are fulfilled, among others, by

complete Q-filtrable spherical varieties [G4].

2.2 The Bia lynicki-Birula decomposition

Let X be a T -scheme. Let XT =
⊔m
i=1 Fi be the decomposition of XT into

connected components. A one-parameter subgroup λ : Gm → T is called
generic if XGm = XT , where Gm acts on X via λ. Generic one-parameter
subgroups always exist (when X is locally linearizable this certainly holds; the
general case follows from this by considering the normalization of X). Now fix
a generic one-parameter subgroup λ of T . For each Fi, we define the subset

X+(Fi, λ) := {x ∈ X | lim
t→0

λ(t) · x exists and is in Fi}.

We denote by πi : X+(Fi, λ)→ Fi the map x 7→ limt→0 λ(t)·x. Then X+(Fi, λ)
is a locally closed T -invariant subscheme of X , and πi is a T -equivariant mor-
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phism. The (disjoint) union of the X+(Fi, λ) might not cover all of X , but when
it does (e.g. when X is complete), the decomposition {X+(Fi, λ)}mi=1 is called
the Bia lynicki-Birula decomposition, or BB-decomposition, of X associated to
λ. Each X+(Fi, λ) is referred to as a stratum of the decomposition. If, more-
over, all fixed points of the given T -action on X are isolated (i.e. XT is finite),
the corresponding X+(Fi, λ) are simply called cells of the decomposition.

Definition 2.1. Let X be a T -scheme endowed with a BB-decomposition
{X+(Fi, λ)}, for some generic one-parameter subgroup λ of T . The de-
composition is said to be filtrable if there exists a finite increasing sequence
Σ0 ⊂ Σ1 ⊂ . . . ⊂ Σm of T -invariant closed subschemes of X such that:

a) Σ0 = ∅, Σm = X ,

b) Σj \ Σj−1 is a stratum of the decomposition {X+(Fi, λ)}, for each j =
1, . . . ,m.

In this context, it is common to say that X is filtrable. If, moreover, XT is
finite and the cells X+(Fi, λ) are isomorphic to affine spaces Ani , then X is
called T -cellular. The following result is due to Bia lynicki-Birula ([B1], [B2]).

Theorem 2.2. Let X be a complete T -scheme, and let λ be a generic one-
parameter subgroup. If X admits an ample T -linearized invertible sheaf, then
the associated BB-decomposition {X+(Fi, λ)} is filtrable. Furthermore, if X is
smooth, then XT is also smooth, and for any component Fi of X

T , the map
πi : X+(Fi, λ)→ Fi makes X+(Fi, λ) into a T -equivariant locally trivial bundle
in affine spaces over Fi. �

Hence, smooth projective T -schemes with isolated fixed points are T -cellular.

2.3 T -linear schemes

We introduce here the main objects of our study and outline some of their
relevant features.

Definition 2.3. Let T be an algebraic torus and let X be a T -scheme.

1. We say that X is T -equivariantly 0-linear if it is either empty or isomor-
phic to Spec (Sym(V ∗)), where V is a finite-dimensional rational repre-
sentation of T .

2. For a positive integer n, we say that X is T -equivariantly n-linear if there
exists a family of T -schemes {U, Y, Z}, such that Z ⊆ Y is a T -invariant
closed immersion with U its complement, Z and one of the schemes U or
Y are T -equivariantly (n − 1)-linear and X is the other member of the
family {U, Y, Z}.

3. We say that X is T -equivariantly linear (or simply, T -linear) if it is T -
equivariantly n-linear for some n ≥ 0. T -linear varieties are varieties that
are T -linear schemes.
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It follows from the inductive definition that if X is T -equivariantly n-linear,
then XH is T -equivariantly n-linear, for any subtorus H ⊂ T . Moreover, if
T → T ′ is a morphism of algebraic tori, then every T ′-linear scheme is also
T -linear. Observe that T -linear schemes are linear schemes in the sense of
Jannsen [Ja] and Totaro [To]. While Totaro’s class of linear schemes is slightly
narrower than that of Jannsen, the difference is nevertheless immaterial for our
purposes. In fact, one easily checks that the main result of Totaro used here,
namely [To, Proposition 1], holds for the larger class. The following result is
recorded in [JK].

Proposition 2.4. Let T be an algebraic torus and let T ′ be a quotient of T .
Let T act on T ′ via the quotient map. Then the following hold:

(i) T ′ is T -linear.

(ii) A T -cellular scheme is T -linear.

(iii) Every T -scheme with finitely many T -orbits is T -linear. In particular, a
toric variety with dense torus T is T -linear. �

It is well-known that flag varieties, partial flag varieties and Schubert varieties
come with a paving by affine spaces (due to the Bruhat decomposition), so they
are all T -cellular and hence T -linear.

Let B be a connected solvable linear algebraic group with maximal torus T .
A result of Rosenlicht [R, Theorem 5] shows that a homogeneous space for B
is isomorphic as a variety to Gra × Gsm, for some r, s. As observed by Totaro
[To], this implies that a B-scheme with finitely many B-orbits (e.g. a spherical
variety) is linear. Nevertheless, this does not readily imply that such a scheme
is T -linear, as Rosenlicht does not show that the isomorphism above may be
chosen T -equivariant. Presumably his arguments can be adjusted to achieve
this. In any case, we shall give a direct proof of this fact, to keep the exposition
self contained.

Theorem 2.5. Let B be a connected solvable linear algebraic group with max-
imal torus T . Let X be a B-scheme. If B acts on X with finitely many orbits,
then X is T -linear. In particular, spherical varieties are T -linear.

Proof. The following argument was shown to the author by M. Brion (personal
communication). Since X is a disjoint union of B-orbits and these are T -stable,
it suffices to show that every B-orbit is T -linear. Write this orbit as B/H where
H is a closed subgroup of B. Let U be the unipotent radical of B. Then, we
have a natural map f : B/H → B/UH and the right-hand side is a torus (for
it is a homogeneous space under the torus T = B/U). Moreover, f is a B-
equivariant fibration with fiber UH/H = U/(U ∩H), which is an affine space
(as it is homogeneous under U).
We will show that the fibration f is T -equivariantly trivial by factoring it into
T -equivariantly trivial fibrations with fiber the affine line. For this, we argue by
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induction on the dimension of UH/H . If this dimension is zero, then there is
nothing to prove. If it is positive, then U acts non-trivially on B/H ; replacing U
and B with suitable quotients, we may assume that U acts faithfully. Because U
is a unipotent group normalized by T , we may find a one-dimensional unipotent
subgroup V of the center of U , which is normalized by T [Sp, Lemma 6.3.4].
So V is isomorphic to Ga, and T acts linearly on V with some weight α. By
construction, V acts freely on B/H via left multiplication, and the quotient
map is the natural map B/H → B/V H , which is a principal V -bundle. Since
the variety B/VH is affine (e.g by the induction assumption) and V ≃ Ga,
this bundle is trivial. The isomorphism B/H = B/V H × V , equivariant for
the action of V , yields a regular function g on B/H such that g(vx) = v+ g(x)
for all x in B/H and v in V (identified to Ga). Let T act on the ring of regular
functions on B/H via its action on B/H by left multiplication. We claim that
g may be chosen an eigenvector of T . Indeed, write g as a sum of weight
vectors gλ. Then for any t in T , we obtain (tg)(vx) = g(tvx) = α(t)v + (tg)(x)
which yields

∑
λ λ(t)gλ(vx) = α(t)v +

∑
λ λ(t)gλ(x). By viewing both sides as

functions of t and using linear independence of characters, one gets gα(vx) =
v + gα(x), and gλ(vx) = gλ(x) for all λ 6= α. So these gλ are invariant under
V , i.e. they are regular functions on B/VH , and one may subtract them from
g to get g = gα. Now that the claim has been verified, it follows that the
product map B/H → B/V H × V , where the second map is gα, yields the
desired T -equivariant isomorphism, and we conclude by induction.

2.4 Description of equivariant Chow groups

Next we state Brion’s presentation of the equivariant Chow groups of schemes
with a torus action in terms of invariant cycles [Br2, Theorem 2.1]. It also
shows how to recover usual Chow groups from equivariant ones.

Theorem 2.6. Let X be a T -scheme. Then the S-module AT∗ (X) is defined
by generators [Y ], where Y is an invariant subvariety of X, and relations
[divY (f)] − χ[Y ] where f is a rational function on Y which is an eigenvector
of T of weight χ. Moreover, the map AT∗ (X)→ A∗(X) vanishes on ∆AT∗ (X),
and it induces an isomorphism AT∗ (X)/∆AT∗ (X)→ A∗(X). �

Now let Γ be a connected solvable linear algebraic group with maximal torus T .
If X is a Γ-scheme, then the generators of AT∗ (X) in Theorem 2.6 can be taken
to be Γ-invariant [Br2, Proposition 6.1]. In particular, if X has finitely many
Γ-orbits (e.g. X is spherical), then the S-module AT∗ (X) is finitely generated
by the classes of the Γ-orbit closures. More generally, one has the following
lemma.

Lemma 2.7. Let X be a T -linear scheme. Then the S-module AT∗ (X) is finitely
generated. In particular, A∗(X) is a finitely generated abelian group. Moreover,
if X is complete, then rational equivalence and algebraic equivalence coincide
on X.
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Proof. The first two assertions are easy consequences of the inductive definition
of T -linear schemes (see e.g. [To]). Regarding the last one, observe that if X is
complete, then the kernel of the natural morphism A∗(X)→ B∗(X) is divisible
[Fu, Example 19.1.2], and thus trivial, for A∗(X) is finitely generated.

Recall that if X is a smooth equidimensional T -scheme, then A∗
T (X) is iso-

morphic to the equivariant Chow group of X graded by codimension [EG1,
Proposition 4].

Theorem 2.8 ([Br2], [VV]). Let X be a smooth T -variety. If X is complete,
then the SQ-module AT∗ (X)Q is free. Moreover, the restriction homomorphism
i∗T : A∗

T (X)Q → A∗
T (XT )Q is injective, and its image is the intersection of all

the images of the restriction homomorphisms i∗T,H : A∗
T (XH)Q → A∗

T (XT )Q,
where H runs over all subtori of codimension one in T .

A few comments are in order here. First, Brion showed that Theorem 2.8
holds in the special case that X is projective [Br2, Theorems 3.2 and 3.3].
Later on, Vezzosi and Vistoli [VV] generalized Brion’s results to the setting
of equivariant higher K-theory and established the corresponding analogue of
Theorem 2.8, which holds for X complete [VV, Corollary 5.11]. From this,
by making appropriate changes in the proofs of [VV, Proposition 5.13 and
Theorem 5.4], one obtains Theorem 2.8 in its full form. The details can be
found in a preprint version of [VV] (arXiv version 3). Alternatively, see [Kr,
Sections 9 and 10], where the results of [VV, Section 5] have been generalized
to equivariant higher Chow groups.

In characteristic zero Theorem 2.8 extends to all possibly singular complete
varieties [G3, Section 7]. See the Appendix for a review of the main results in
this regard.

The next lemma will become relevant later, when integrality of the equivariant
operational Chow rings is discussed (cf. Lemma 3.3). It is essentially due to
Brion, del Baño and Karpenko.

Lemma 2.9. Let X be a smooth projective T -variety. Then the following are
equivalent.

(i) A∗(XT ) is Z-free.

(ii) AT∗ (X) is S-free.

(iii) A∗(X) is Z-free.

If moreover X is T -linear, then any (and hence all) of these conditions hold.

Proof. The implication (i)⇒(ii) follows from [Br2, Corollary 3.2.1], as any
smooth projective variety is filtrable (Theorem 2.2). That (ii) implies (iii)
is a consequence of Theorem 2.6. To show that (iii) implies (i) we use a result
of del Baño [dB, Theorem 2.4] and Karpenko [Ka, Section 6]. Namely, let λ
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be a generic one-parameter subgroup of T , and let XT =
⊔
i Fi be the decom-

position of XT into connected components. Then, for every non-negative inte-

ger j ≤ dim (X), there is a natural isomorphism
⊕

iA
j−di(Fi)

≃ // Aj(X) ,

where di is the codimension of X+(Fi, λ) in X (all spaces involved are smooth,
so there is an intersection product on the Chow groups graded by codimension).
These isomorphisms yield the assertion (iii)⇒(i).
Finally, if X is a smooth projective T -linear variety, then, in particular, it is
a projective linear variety, and so it satisfies the Künneth formula (see below).
Now Theorem 2.10 (ii) implies that condition (iii) of the lemma holds for X .
This concludes the argument.

For any schemes X and Y , one has a Künneth map

A∗(X)⊗A∗(Y )→ A∗(X × Y ),

taking [V ] ⊗ [W ] to [V ×W ], where V and W are subvarieties of X and Y .
This is an isomorphism only for very special schemes, e.g. linear schemes [To,
Proposition 1]; but when it is, strong consequences can be derived from it, as
we shall see below. Let us start with the following result due to Ellingsrud and
Stromme [ES, Theorem 2.1].

Theorem 2.10. Let X be a smooth complete variety. Assume that the ra-
tional equivalence class δ of the diagonal ∆(X) ⊆ X × X is in the image of
the Künneth map A∗(X) ⊗ A∗(X) → A∗(X × X). Let δ =

∑
ui ⊗ vi be a

corresponding decomposition of δ, where ui, vi ∈ A∗(X). Then

(i) The vi generate A∗(X), i.e. any z ∈ A∗(X) has the form
∑

(ui · z)vi.

(ii) Numerical and rational equivalence coincide on X. In particular, A∗(X)
is a free Z-module.

(iii) If k = C, then the cycle map clX : A∗(X)→ H∗(X,Z) is an isomorphism.
In particular, the homology and cohomology groups of X vanish in odd
degrees.

Now consider a smooth complex algebraic varietyX with an action of a complex
algebraic torus T . Together with a cycle map clX : A∗(X)→ H∗(X,Z) (which
doubles degrees [Fu, Corollary 19.2]), there is also an equivariant cycle map
clTX : A∗

T (X) → H∗
T (X,Z) where H∗

T (X,Z) denotes equivariant cohomology
with integral coefficients, see [EG1, Section 2.8]. Next is a version of Theorem
2.10 (iii) for clTX .

Proposition 2.11. Let X be a smooth complete complex T -variety. If the
class of the diagonal ∆(X) ⊆ X × X is in the image of the Künneth map
A∗(X)⊗A∗(X)→ A∗(X ×X), then the equivariant cycle map

clTX : A∗
T (X)→ H∗

T (X,Z)

is an isomorphism. In particular, this holds if X is T -linear.
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Proof. In view of Theorem 2.10 (iii), the given hypothesis on X imply that clX
is an isomorphism, and thatX has no integral cohomology in odd degrees. Then
the spectral sequence associated to the fibration X ×T ET → BT collapses,
where ET → BT is the universal T -bundle. So the S-module H∗

T (X,Z) is free,
and the map H∗

T (X,Z)/∆H∗
T (X,Z) → H∗(X,Z) is an isomorphism. These

results, together with the graded Nakayama Lemma, yield surjectivity of the
equivariant cycle map clTX : A∗

T (X) → H∗
T (X,Z). To show injectivity, we

proceed as follows. First, choose a basis z1, .., zn of H∗(X,Z). Now identify
that basis with a basis of A∗(X) (via clX) and lift it to a generating system of
the S-module A∗

T (X). Then this generating system is a basis, since its image
under the equivariant cycle map is a basis of H∗

T (X,Z).
For the last assertion of the proposition, simply recall that if X is T -linear,
then the Künneth map is an isomorphism [To, Proposition 1].

2.5 Equivariant Localization

Let T be an algebraic torus. The following is the localization theorem for
equivariant Chow groups [Br2, Corollary 2.3.2].

Theorem 2.12. Let X be a T -scheme. If X is locally linearizable, then the
S-linear map iT∗ : AT∗ (XT ) → AT∗ (X) is an isomorphism after inverting all
non-zero elements of ∆. �

For later use, we prove a slightly more general statement.

Proposition 2.13. Let X be a T -scheme, and let H ⊂ T be a closed subgroup.
Then the S-linear map iH∗ : AT∗ (XH)→ AT∗ (X) becomes an isomorphism after
inverting finitely many characters of T that restrict non-trivially to H.

Before proving this proposition, we need a technical lemma. We would like to
thank M. Brion for suggesting a simplified proof of this fact.

Lemma 2.14. Let X be an affine T -scheme. Let H be a closed subgroup of
T . Then the ideal of the fixed point subscheme XH is generated by all regular
functions on X which are eigenvectors of T with a weight that restricts non-
trivially to H.

Proof. Recall that XH is the largest closed subscheme of X on which H acts
trivially. In other words, the ideal I of XH is the smallestH-stable ideal of k[X ]
such that H acts trivially on the quotient k[X ]/I. So I is T -stable and hence
the direct sum of its T -eigenspaces. Moreover, if f ∈ k[X ] is a T -eigenvector
of weight χ which restricts non-trivially to H , then f ∈ I. Indeed, let f be the
image of f in k[X ]/I. Notice that f is a T -eigenvector of the same weight χ as
f . Since H acts trivially on k[X ]/I, we obtain the identity f = h · f = χ(h)f ,
valid for all h ∈ H . Nevertheless, there exists h0 ∈ H such that χ(h0) 6= 1,
by our assumption on χ. Substituting this information into the above identity
yields f = 0, equivalently, f ∈ I. Thus, I contains the ideal J generated by
all such functions f . But k[X ]/J is a trivial H-module by construction, and
hence I = J by minimality.
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Proof of Proposition 2.13. In virtue of Lemma 2.14, the proof is an easy adap-
tation of Brion’s proof of [Br2, Corollary 2.3.2], so we provide only a sketch
of the crucial points. First, assume that X is locally linearizable, i.e. X is a
finite union of T -stable affine open subsets Xi. Lemma 2.14 implies that the
ideal of each fixed point subscheme XH

i is generated by all regular functions on
Xi which are eigenvectors of T with a weight that restricts non-trivially to H .
Choose a finite set of such generators (fij), with respective weights χij . From
Theorem 2.6 we know that the S-module AT∗ (X) is generated by the classes
of T -invariant subvarieties of X . Now let Y ⊂ X be a T -invariant subvariety
of positive dimension. If Y is not fixed pointwise by H , then one of the fij
defines a non-zero rational function on Y . Then, in the Chow group, we have
χij [Y ] = [divY fij ]. So after inverting χij , we get [Y ] = χ−1

ij [divY fij ]. Arguing
by induction on the dimension of Y , we obtain that i∗ becomes surjective after
inverting the χij ’s. A similar argument, using these χij ’s in the proof of [Br2,
Corollary 2.3.2], shows that i∗ is injective after localization.

Finally, ifX is not locally linearizable, choose an equivariant birational envelope
π : X̃ → X , where X̃ is normal (and possibly not irreducible). Let U ⊂ X be
the open subset where π is an isomorphism. Set Z = X \ U and E = π−1(Z).
Then, by [FMSS, Lemma 2] and [EG2, Lemma 7.2], there is a commutative
diagram

AT∗ (EH) //

iH∗

��

AT∗ (ZH)⊕AT∗ (X̃H) //

iH∗

��

AT∗ (XH) //

iH∗

��

0

AT∗ (E) // AT∗ (Z)⊕AT∗ (X̃) // AT∗ (X) // 0.

Observe that E and Z have strictly smaller dimension thanX . Moreover,E and
X̃ are locally linearizable. Applying Noetherian induction and the previous part
of the proof, we get that the first two left vertical maps become isomorphisms
after localization; hence so does the third one.

3 Equivariant Kronecker duality and Localization

3.1 Equivariant Kronecker duality schemes

Definition 3.1. Let X be a complete T -scheme. We say that X satisfies
T -equivariant Kronecker duality if the following conditions hold:

(i) AT∗ (X) is a finitely generated S-module.

(ii) The equivariant Kronecker duality map

KT : A∗
T (X) −→ HomS(AT∗ (X), S) α 7→ (β 7→ pX∗(β ∩ α))

is an isomorphism of S-modules.
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Likewise, we say that X satisfies rational T -equivariant Kronecker duality if
the SQ-modules AT∗ (X)Q and A∗

T (X)Q satisfy the conditions (i) and (ii) with
rational coefficients.

Remark 3.2. The equivariant Kronecker duality map is functorial for mor-
phisms between complete T -schemes. Indeed, let f : X̃ → X be an equivariant
(proper) morphism of complete T -schemes. For any ξ ∈ A∗

T (X), we have

∫

X̃

f∗(ξ) ∩ z =

∫

X

f∗(f∗(ξ) ∩ z) =

∫

X

(ξ ∩ f∗(z)),

due to the projection formula [Fu]. This identity implies the commutativity of
the diagram

A∗
T (X)

f∗

//

KT
��

A∗
T (X̃)

KT
��

HomS(AT∗ (X), S)
(f∗)

t

// HomS(AT∗ (X̃), S),

where (f∗)t is the transpose of f∗ : AT∗ (X̃)→ AT∗ (X).

It follows from Definition 3.1 that if X satisfies T -equivariant Kronecker duality,
then the S-module A∗

T (X) is finitely generated and torsion free. In particular,
if T is one dimensional, i.e. T = Gm, then A∗

Gm
(X) is a finitely generated

free module over A∗
Gm

= Z[t]. Moreover, if X is projective and smooth, then

A∗(XGm) is a finitely generated free abelian group (Lemma 2.9).

As it stems from the previous paragraph, not all smooth varieties with a torus
action satisfy Equivariant Kronecker duality. For a more concrete example,
consider the trivial action of T on a projective smooth curve. In this case, one
checks that KT is an extension of the non-equivariant Kronecker duality map
K. But, as pointed out in [FMSS], the kernel of K in degree one is the Jacobian
of the curve, which is non-trivial if the curve has positive genus.

Lemma 3.3. Let X be a smooth complete T -variety. Then X satisfies ra-
tional T -equivariant Kronecker duality if and only if it satisfies the rational
non-equivariant Kronecker duality, i.e. K : Ai(X)Q → Hom(Ai(X),Q) is an
isomorphism for all i. If, moreover, X is projective and A∗(XT ) is Z-free, then
the equivalence holds over the integers.

Proof. Both assertions are proved similarly, so we focus on the second one.
Since X is smooth and projective, the assumption on A∗(XT ) implies that
AT∗ (X) is a free S-module (Lemma 2.9; cf. Theorem 2.8). Now, by Poincaré
duality [EG1, Proposition 4], A∗

T (X) is isomorphic to AT∗ (X); so it is also a
free S-module. By the graded Nakayama lemma, KT is an isomorphism if and
only if

KT : A∗
T (X)/∆A∗

T (X)→ HomS(AT∗ (X), S)/∆HomS(AT∗ (X), S)
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is an isomorphism. But freeness of AT∗ (X) yields an isomorphism

HomS(AT∗ (X), S)/∆HomS(AT∗ (X), S) ≃ Hom(AT∗ (X)/∆AT∗ (X),Z)

and the later identifies to Hom(A∗(X),Z), by Theorem 2.6. On the other hand,
by Theorem 2.6 again, the map A∗

T (X)/∆A∗
T (X)→ A∗(X) is an isomorphism.

These facts, together with the commutativity of the diagram below

A∗
T (X)

KT //

��

HomS(AT∗ (X), S)

��
A∗(X)

K // Hom(A∗(X),Z),

yield the content of the lemma.

Next we show that complete T -linear schemes satisfy equivariant Kronecker
duality. For this, the main ingredient is the following result, due to Totaro [To]
in the non-equivariant case. Recall that a T -scheme X is said to satisfy the
equivariant Künneth formula if the Künneth map (or exterior product [EG1])

AT∗ (X)⊗S AT∗ (Y )→ AT∗ (X × Y )

is an isomorphism for any T -scheme Y .

Proposition 3.4. Let X be a T -scheme. If X is T -linear, then it satisfies the
equivariant Künneth formula.

Proof. When X is T -linear, one can choose representations V of T so that XT

is linear, see e.g. [Br2, Section 2.2] and [P, Section 1]. Now the result follows
from [To, Proposition 1].

Proposition 3.5. If X is a complete T -linear scheme, then the equivariant
Kronecker map

KT : A∗
T (X)→ HomS(AT∗ (X), S)

is an isomorphism.

This result follows quite formally from Proposition 3.4, as in the non-
equivariant case [FMSS, Theorem 3], so we only sketch the proof. To define the
inverse to KT , given a S-module homomorphism ϕ : AT∗ (X)→ S, we construct
an element cϕ ∈ A∗

T (X). Since the S-module AT∗ (X) is finitely generated, we
can assume, without loss of generality, that ϕ is homogeneous [Bo, Part II,
Section 11.6]. Bearing this in mind, given a homomorphism ϕ : AT∗ (X) → S
of degree −λ, we build cϕ ∈ AλT (X) as follows. For a T -map f : Y → X , the
corresponding homomorphism f∗cϕ := cϕ(f) : AT∗ (Y ) → AT∗−λ(Y ) is defined
to be the composite

AT∗ (Y )
(γf )∗ // AT∗ (X × Y )

≃ // AT∗ (X)⊗S AT∗ (Y )
ϕ⊗id// S ⊗S AT∗ (Y ) ≃ AT∗ (Y ),
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where (γf )∗ denotes the proper pushforward along the graph of f , and the
second displayed map is the Künneth isomorphism (Proposition 3.4). The ver-
ification that cϕ satisfies the compatibility axioms, and that this construction
indeed gives the inverse to KT , is the same as in [FMSS].

For c ∈ AλT (X) and z ∈ AT∗ (X), we write c(z) for deg(c ∩ z). The next
two corollaries describe the cap and cup product structures. They are easily
deduced from the previous proposition, cf. [FMSS, Corollaries 1 and 2].

Corollary 3.6. Let f : Y → X, c ∈ AλT (X), z ∈ ATm(Y ). Suppose
(γf )∗(z) =

∑
ui ⊗ vi with ui ∈ ATp(i)(X) and vi ∈ ATm−p(i)(Y ). Then

f∗c ∩ z =
∑

p(i)≤λ c(ui)vi.

Corollary 3.7. Let c ∈ AλT (X), c′ ∈ AµT (X), and z ∈ ATm(X), where m ≤
λ+µ. Write δ∗(z) =

∑
ui⊗vi with ui ∈ ATp(i)(X) and vi ∈ ATm−p(i)(X). Then

(c ∪ c′)(z) =
∑
m−µ≤p(i)≤λ c(ui)c

′(vi).

For a T -scheme X , there is a natural map ι∗ : A∗
T (X)→ A∗(X) (Section 2.1).

In general, when X is singular, ι∗ may not be surjective, and its kernel may not
be generated in degree one [KP]. Next we describe a class of possibly singular
T -schemes for which the map ι∗ is well-behaved. This yields the compatibility
of our product formulas with those of [FMSS].

Corollary 3.8. Let X be a complete T -scheme. If X is T -linear and AT∗ (X)
is S-free, then the map A∗

T (X)/∆A∗
T (X) → A∗(X), induced by ι∗, is an iso-

morphism.

Proof. Proposition 3.5 together with freeness of AT∗ (X) yield

A∗
T (X)/∆A∗

T (X) ≃ HomS(AT∗ (X), S)/∆HomS(AT∗ (X), S)

≃ HomZ(AT∗ (X)/∆AT∗ (X),Z).

Furthermore, by Theorem 2.6, the term on the right hand side corresponds
to Hom(A∗(X),Z), which, in turn, is isomorphic to A∗(X), due to the non-
equivariant version of Kronecker duality [To, Proposition 1]. Considering this
information alongside the commutative diagram

A∗
T (X)

KT //

��

HomS(AT∗ (X), S)

��
A∗(X)

K // Hom(A∗(X),Z),

produces the content of the corollary.

The conditions of Corollary 3.8 are satisfied by possibly singular T -cellular va-
rieties (e.g. Schubert varieties). With Q-coefficients, the corresponding state-
ment is satisfied by Q-filtrable spherical varieties [G4]. This class includes all
rationally smooth projective equivariant embeddings of reductive groups [G4].
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3.2 Localization for T -equivariant Kronecker duality schemes

From the viewpoint of algebraic torus actions, the main attribute of equivari-
ant Kronecker duality schemes is that they supply a somewhat more intrinsic
background for establishing localization theorems on integral equivariant Chow
cohomology.

Theorem 3.9. Let X be a complete T -scheme satisfying T -equivariant Kro-
necker duality. Let H ⊂ T be a subtorus of T and let iH : XH → X be
the inclusion of the fixed point subscheme. If XH also satisfies T -equivariant
Kronecker duality, then the morphism

i∗H : A∗
T (X)→ A∗

T (XH)

becomes an isomorphism after inverting finitely many characters of T that re-
strict non-trivially to H. In particular, i∗H is injective over Z.

Proof. By Proposition 2.13, the localized map (iH∗)F : AT∗ (XH)F → AT∗ (X)F
is an isomorphism, where F is a finite family of characters of T that restrict
non-trivially to H .
Now consider the commutative diagram

A∗
T (X)

i∗H //

��

A∗
T (XH)

��
HomS (AT∗ (X), S)

(iH∗)
t

// HomS (AT∗ (XH), S),

where (iH∗)t represents the transpose of iH∗ : AT∗ (XH) → AT∗ (X) (commuta-
tivity follows from Remark 3.2, because iH is proper). By our assumptions on
X and XH , both vertical maps are isomorphisms. Moreover, after localization
at F , the above commutative diagram becomes

A∗
T (X)F

(i∗H )F //

��

A∗
T (XH)F

��
(HomS (AT∗ (X), S))F

((iH∗)
t)F // (HomS(AT∗ (XH), S))F .

Since AT∗ (X) is a finitely generated S-module (as X satisfies equivariant Kro-
necker duality), localization commutes with formation of Hom (see [Ei, Prop.
2.10, p. 69]), and so

A∗
T (X)F ≃ (HomS (AT∗ (X), S))F ≃ HomSF (AT∗ (X)F , SF).

Similarly, for XH we obtain

A∗
T (XH)F ≃ (HomS(AT∗ (XH), S))F ≃ HomSF (AT∗ (XH)F , SF).
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In other words, the bottom map from the preceding diagram fits in the com-
mutative square

(HomS (AT∗ (X), S))F
((iH∗)

t)F //

��

(HomS(AT∗ (XH), S))F

��
HomSF (AT∗ (X)F , SF)

((iH∗)F )t // HomSF (AT∗ (XH)F , SF ),

where the vertical maps are natural isomorphisms. But we already know that
(iH∗)F is an isomorphism, hence so are ((iH∗)F )t, ((iH∗)t)F and (i∗H)F .

Finally, to prove the last assertion of the theorem, recall that the S-module
A∗
T (X) is finitely generated and torsion free (Definition 3.1). Hence the natural

map A∗
T (X) → A∗

T (X) ⊗S Q is injective, where Q is the quotient field of S.
In particular, the (also natural) map A∗

T (X) → A∗
T (X)F is injective. This,

together with the first part of the theorem, yields injectivity of i∗H . We are
done.

Corollary 3.10. Let X be a complete T -scheme. Let H be a codimension-one
subtorus of T . If X is T -linear, then the pullback i∗H : A∗

T (X) → A∗
T (XH) is

injective over Z.

Proof. If X is T -linear, then so is XH . Now use Proposition 3.5 and Theorem
3.9.

Let X be a complete T -linear scheme. It follows from Corollary 3.10 that the
image of the injective map i∗T : A∗

T (X) → A∗
T (XT ) is contained in the inter-

section of the images of the (also injective) maps i∗T,H : A∗
T (XH) → A∗

T (XT ),
where H runs over all subtori of codimension one in T . When the image of
i∗T is exactly the intersection of the images of the maps i∗T,H we say, following
[G3], that X has the Chang-Skjelbred property (or CS property). If the defin-
ing condition holds over Q rather than Z, we say that X has the rational CS
property. By Theorem 2.8, any smooth complete T -scheme has the rational CS
property; by Theorem A.6, so does any complete T -scheme in characteristic
zero. It would be interesting to determine, in arbitrary characteristic, which
complete, possibly singular, T -linear schemes satisfy the CS property. For in-
stance, toric varieties are known to have this property [P]. We anticipate that
this also holds for projective embeddings of semisimple groups of adjoint type
(this shall be pursued elsewhere). For the corresponding problem with rational
coefficients, we provide an answer next.

Theorem 3.11. Let X be a complete T -linear scheme. If there exists an equiv-
ariant envelope π : X̃ → X with X̃ smooth, then X has the rational CS prop-
erty. In particular, projective embeddings of connected reductive linear algebraic
groups have the rational CS property in arbitrary characteristic.
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Proof. Let u ∈ A∗
T (XT )Q be such that u ∈ ⋂H⊂T Im(i∗T,H), where the inter-

section runs over all codimension-one subtori H of T . Our task is to show that
u ∈ Im(i∗T )Q. First, observe that there is a commutative diagram

A∗
T (X)Q

π∗
//

i∗T
��

i∗H

��✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄

A∗
T (X̃)Q

ĩ∗T
��

ĩ∗H

��✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄
✄✄

A∗
T (XT )Q

πT
∗

// A∗
T (X̃T )Q

A∗
T (XH)Q

πH
∗

//
i∗T,H

88qqqqqqqqqq
A∗
T (X̃H)Q

˜i∗T,H

88qqqqqqqqqq

obtained by combining and comparing the sequences that [EG2, Lemma 7.2]
and Theorem A.1 assign to the envelopes π : X̃ → X , πH : X̃H → XH and
pT : X̃T → XT (cf. [G3, proof of Theorem 4.4]. From the diagram it follows

that πT
∗(u) is in the image of ĩ∗T,H . Hence, πT

∗(u) is in the intersection of the

images of all ĩ∗T,H , where H runs over all codimension-one subtori of T . Since

X̃ is known to have the rational CS property (Theorem 2.8), πT
∗(u) is in the

image of ĩ∗T . So let y ∈ A∗
T (X̃) be such that ĩ∗T (y) = π∗

T (u). To conclude the
proof, we need to check that y is in the image of π∗. In view of equivariant
Kronecker duality (Proposition 3.5), this is equivalent to checking that the
dual of y, namely, ϕ̃ := KT (y) is in the image of πt∗, the transpose of the
surjective morphism π∗ : AT∗ (X̃)Q → AT∗ (X)Q. Also, we should observe that
the functor KT (−) transforms the previous commutative diagram into another
one involving the corresponding dual modules Hom(AT∗ (−)Q, SQ). Now set
ϕu := KT (u). By construction, for every codimension-one subtorus H , there
exists ϕHu : AT∗ (XH)Q → SQ such that ϕu = ϕHu ◦ iT,H∗. In fact, we can place
this information into a commutative diagram:

AT∗ (X̃T )Q

πT∗����

˜iT,H∗ // AT∗ (X̃H)Q

πH∗����

// AT∗ (X̃)Q

π∗

����
ϕ̃

��☎☎
☎☎
☎☎
☎☎
☎☎
☎☎
☎☎
☎☎
☎☎

AT∗ (XT )Q
iT,H∗ //

ϕu

&&▼▼
▼▼▼

▼▼▼
▼▼▼

▼
AT∗ (XH)Q //

ϕHu
��

AT∗ (X)Q

ϕ (∃?)
xxq q

q
q
q
q

SQ.

In this form, our task reduces to showing that there exists ϕ making the dotted
arrow into a solid arrow. Bearing this in mind, we claim that ϕ̃ is zero on
the kernel of π∗. Indeed, let v ∈ AT∗ (X̃)Q be such that π∗(v) = 0. By the
localization theorem there exists a product of non-trivial characters χ1 · · ·χm
such that χ1 · · ·χm · v is in the image of ĩT∗ : AT∗ (X̃T )Q → AT∗ (X̃)Q. As both
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of these S-modules are free, then, unless v is zero, we have χ1 · · ·χm · v 6= 0.
Let w be such that ĩT∗ (w) = χ1 · χm · v. By commutativity of the diagram,
iT∗ (πT∗ (w)) = 0. But iT∗ is injective by Theorem 3.9, so πT∗ (w) = 0. Thus

ϕ̃(χ1 · · ·χm · v) = χ1 · · ·χm · ϕ̃(v) = ϕu(πT∗ (w)) = 0.

As SQ has no torsion, we get ϕ̃(v) = 0, which proves the claim. Using this, one
easily defines ϕ with the sought-after properties.

Finally, for the last assertion of the theorem, recall that group embeddings are
a special class of spherical varieties known to have resolutions of singularities
in arbitrary characteristic [BK, Chapter 6].

Remark 3.12. Theorem 3.11 and its proof can be readily translated into the
language of equivariant operational K-theory with Z-coefficients. See [G3,
Section 6] for a presentation of the (integral) equivariant operational K-theory
of projective group embeddings.

4 Rational equivariant Chow cohomology of spherical varieties

Throughout this section we work in characteristic zero. The aim is to describe
the rational equivariant Chow cohomology of a spherical variety by compar-
ing it with that of an equivariant resolution, using the rational CS property
(Theorem 3.11) and equivariant Kronecker duality (Proposition 3.5). The main
result (Theorem 4.8), inspired by [Br2, Theorem 7.3], is an extension of Brion’s
description to the setting of equivariant operational Chow groups.

In what follows, we denote by G a connected reductive linear algebraic group
with Borel subgroup B and maximal torus T ⊂ B. We denote by W the Weyl
group of (G, T ). Observe that W is generated by reflections {sα}α∈Φ, where
Φ stands for the set of roots of (G, T ). Recall that SWQ = (A∗

T Q)W = A∗
G ⊗Q.

For the purposes of this section, we shall assume that G-spherical varieties are
locally linearizable for the induced T -action.

4.1 Preliminaries

Recall that any spherical G-variety contains only finitely many G-orbits; as a
consequence, it contains only finitely many fixed points of T . Moreover, since
char(k) = 0, any spherical G-variety X admits an equivariant resolution of
singularities, i.e., there exists a smooth G-variety X̃ together with a proper
birational G-equivariant morphism π : X̃ → X . Then the G-variety X̃ is also
spherical; if moreover X is complete, we may arrange so that X̃ is projective.
Notice that, in general, a resolution of singularities need not be an equivariant
envelope. The next result gives an important class of spherical varieties for
which equivariant resolutions are equivariant envelopes. We thank M. Brion
for leading us to the following proof.
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Proposition 4.1. Let X be a normal simply-connected spherical G-variety
(i.e. the B-isotropy group of its dense orbit is connected). Let f : X̃ → X be a
proper birational morphism. Then f is an equivariant envelope.

Proof. It suffices to show that every B-orbit in X is the isomorphic image
via f of a B-orbit in X̃. So let O = (B) · x = B/Bx be an orbit in X .
It follows from [BJ1] that O has a connected isotropy group. The preimage
f−1(O) ⊂ X̃ is of the form B ×Bx F , where F denotes the fiber p−1(x). Since
F is connected and complete (by Zariski’s main theorem), it contains a fixed
point y of the connected solvable group Bx. Then the orbit B ·y in X̃ is mapped
isomorphically to B · x.

Remark 4.2. Examples of simply-connected spherical varieties include (nor-
mal) G×G-equivariant embeddings of G.

Now we record a few notions and results from [Br2, Section 7] needed in our
task. A subtorus H ⊂ T is called regular if its centralizer CG(H) is equal to
T ; otherwise H is called singular. A subtorus of codimension one is singular if
and only if it is the kernel of some positive root α. In this case, α is unique
and the group CG(H) is the product of H with a subgroup Γ isomorphic to
SL2 or PSL2. Furthermore, if X is a G-variety, then XH inherits an action of
CG(H)/H , a quotient of Γ.

Proposition 4.3 ([Br2, Proposition 7.1]). Let X be a spherical G-variety. Let
H ⊂ T be a subtorus of codimension one. Then each irreducible component of
XH is a spherical CG(H)-variety. Moreover,

(i) If H is regular, then XH is at most one-dimensional.

(ii) If H is singular, then XH is at most two-dimensional. If moreover X
is complete and smooth, then any two-dimensional connected component
of XH is (up to a finite, purely inseparable equivariant morphism) ei-
ther a rational ruled surface Fn = P(OP1 ⊕ OP1(n)), where CG(H) acts
through the natural action of SL2, or the projective plane, where CG(H)
acts through the projectivization of a non-trivial SL2-module of dimension
three. �

For later use, we record Brion’s presentation of the rational equivariant Chow
rings of nonsingular ruled surfaces. We follow closely the notation and conven-
tions of [Br2, Section 7]. Let D be the torus of diagonal matrices in SL2, and
let α be the character of D given by

α

(
t 0
0 t−1

)
= t2.

We identify the character ring of D with Q[α]. Now consider a rational ruled
surface Fn with ruling π : Fn → P1. Notice that Fn has exactly four fixed
points x, y, z, t of D, where x, y (resp. z, t) are mapped to 0 (resp. ∞) by π.
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Moreover, we may assume that x and z lie in one G-invariant section of π, and
that y and t lie in the other G-invariant section. With this ordering of the
fixed points, we identify A∗

T (FDn )Q with Q[α]4. In contrast, denote by P(V ) the
projectivization of a nontrivial SL2-module V of dimension three. The weights
of D in V are either −2α, 0, 2α (in the case when V = sl2) or −α, 0, α (in the
case when V = k2 ⊕ k). We denote by x, y, z the corresponding fixed points of
D in P(V ), and we identify A∗

T (P(V )D)Q with Q[α]3.

Proposition 4.4. Notation being as above, the image of

i∗D : A∗
D(Fn)Q → Q[α]4

consists of all (fx, fy, fz, ft) such that fx ≡ fy ≡ fz ≡ ft mod α and fx− fy +
fz − ft ≡ 0 mod α2. On the other hand, the image of

i∗D : A∗
D(P(V ))Q → Q[α]3

consists of all (fx, fy, fz) such that fx ≡ fy ≡ fz mod α and fx− 2fy + fz ≡ 0
mod α2. �

4.2 T -equivariant Chow cohomology

Let X be a complete possibly singular spherical G-variety. Let H ⊂ T be a
singular subtorus of codimension one. In order to obtain an explicit description
of A∗

T (X)Q out of Theorem 3.11 we need to determine which CG(H)-spherical
surfaces could appear as irreducible components of XH . We will do this by
means of Proposition 4.3. (This is the only case of interest to us, for if H is
regular, then XH is T -skeletal, and GKM theory applies, see Appendix.) So let
Y be a two-dimensional irreducible component of XH . By [EG2, Proposition
7.5] we may find a proper birational equivariant morphism X ′ → X with X ′

smooth and G-spherical. Thus Y is the image of some irreducible component
Y ′ of X ′H (by Borel’s fixed point theorem). Given that X is complete, so is
X ′ and, under our considerations, Y ′ is a two-dimensional complete CG(H)-
spherical variety. Hence Y ′ is either the projective plane or a rational ruled
surface (up to a finite, purely inseparable equivariant morphism). We inspect
these two cases in more detail.

(a) If Y ′ = P2, then the normalization Ỹ of Y is also P2 (up to a finite, purely
inseparable equivariant morphism, which is, in particular, bijective).

(b) If Y ′ is a rational ruled surface, then the normalization Ỹ of Y is either (i)
Y ′ or (ii) the surface obtained by contracting the unique section C of negative
self-intersection in Y ′ (this is a very special weighted projective plane).

Notice that, except for case (b)-(ii), the normalization Ỹ of Y is a smooth
projective surface with finitely many T -fixed points. In such cases, it readily
follows that A∗

T (Ỹ )Q is free of rank |Ỹ T | (Theorem 2.8). We show that this
property also holds in case (b)-(ii).
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Lemma 4.5. Let Pn = Fn/C be the weighted projective plane obtained by con-
tracting the unique section C of negative self-intersection in Fn. Then AT∗ (P )Q
is a free SQ-module of rank three. Hence, A∗

T (P )Q is also SQ-free of rank three.

Proof. Clearly, |PTn | = 3. The associated BB-decomposition of Pn consists
of three cells: a point, a copy of A1 and an open cell, say U , isomorphic to
A2/µn, where µn ⊂ D is the cyclic group with eigenvalues (ξ, ξ−1), where ξ is
a n-th root of unity. Note that A∗(U)Q ≃ A∗(A2)µnQ , and the latter identifies

to A∗(A2)Q, because the action of µn on A2 is induced by the action of D (a
connected group). So A∗(U)Q ≃ Q. This yields the isomorphism AT∗ (U) ≃ SQ

(see e.g. [G4]). From this, and the fact that the BB-decomposition is filtrable,
it easily follows that the SQ-module AT∗ (Pn)Q is free of rank 3. Finally, the
second assertion of the lemma follows from Proposition 3.5.

Corollary 4.6. Notation being as above, assume that C joins the fixed points
y and t of Fn, so that the fixed points of Pn are identified with x, y, z. Then
the image of i∗D : A∗

D(Pn)Q → Q[α]3 consists of all (fx, fy, fz) such that fx ≡
fy ≡ fz mod (α) and fx − 2fy + fz ≡ 0 mod (α2).

Proof. Observe that q : Fn → Pn is an envelope. By Theorem A.1 and Proposi-
tion A.2, the problem reduces to find the image of q∗. By Theorem A.1 again,
an element (fx, fy, fz, ft) ∈ A∗

T (Fn)Q is in the image of q∗ if and only if it
satisfies the usual relations fx ≡ fy ≡ fz ≡ ft mod α and fx−fy+fz−ft ≡ 0
mod (α2), plus the extra relation fy = ft (which accounts for the fact that C
is collapsed to a fixed point in Pn). Hence, the relation fx − fy + fz − ft ≡ 0
mod (α2) reduces to fx − 2fy + fz ≡ 0 mod (α2), finishing the argument.

Back to the general setup, let X be a G-spherical variety and let H be a singular
subtorus of codimension one. Let Y be an irreducible component of XH , and
let π : Ỹ → Y be the normalization map. By the previous analysis, we know
the relations that define the image of i∗T : A∗

T (Ỹ )Q → A∗
T (Ỹ T )Q. We claim

that π∗ : A∗
T (Y )Q → A∗

T (Ỹ )Q is in fact an isomorphism. First, consider the
commutative diagram

A∗
T (Y )Q

KT
��

π∗
// A∗
T (Ỹ )Q

KT
��

HomSQ
(AT∗ (Y ), SQ)

(π∗)
t

// HomSQ
(A∗

T (Ỹ )Q, SQ).

where the vertical maps are isomorphisms because of equivariant Kronecker
duality (Proposition 3.5), and (π∗)t represents the transpose of the surjective
map π∗ : AT∗ (Ỹ )Q → AT∗ (Y )Q (commutativity follows from the projection for-
mula). Thus, to prove our claim, it suffices to show that π∗ is injective. In fact,
since π∗ is a surjective map of free SQ-modules, the problem reduces to com-
paring the ranks of AT∗ (Ỹ )Q and AT∗ (Y )Q. If these ranks agree, we are done,
for a surjective map of free SQ-modules of the same rank is an isomorphism.
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Bearing this in mind, we invoke the localization theorem (Theorem 2.12): the
ranks of AT∗ (Ỹ )Q and AT∗ (Y )Q are |Ỹ T | and |Y T | respectively. But |Ỹ T | = |Y T |
by Lemma 4.7. This yields the claim.

Lemma 4.7. Let Y be a complete T -variety with finitely many fixed points. Let
p : Ỹ → Y be the normalization. If Y is locally linearizable and Ỹ is projective,
then the normalization p induces a bijection pT : Ỹ T → Y T of the fixed point
sets.

Proof. Clearly, p induces a surjection pT : Ỹ T → Y T . Arguing by contradic-
tion, suppose that pT is not injective. Then there are at least two different
fixed points x, y ∈ Ỹ such that p(x) = p(y). Now choose a T -invariant curve
ℓ ⊂ Ỹ passing through x and y. It follows that the image π(ℓ) is an invariant
curve on Y with exactly one fixed point. But this is impossible, for the action
on Y is locally linearizable (cf. [Ti, Example 4.2]).

With all the ingredients at our disposal, we are now ready to state the main
result of this section. This builds on and extends Brion’s result ([Br2, Theorem
7.3]) to the rational equivariant Chow cohomology of possibly singular complete
spherical varieties. Our findings complement Brion’s deepest results [Br2].

Theorem 4.8. Let X be a complete G-spherical variety. The image of the
injective map

i∗T : A∗
T (X)Q → A∗

T (XT )Q

consists of all families (fx)x∈XT satisfying the relations:

(i) fx ∼= fy mod χ, whenever x, y are connected by a T -invariant curve with
weight χ.

(ii) fx− 2fy + fz ≡ 0 mod α2 whenever α is a positive root, x, y, z lie in an
irreducible component of Xkerα whose normalization is isomorphic to P2

or the weighted projective plane Pn, and x, y, z are ordered as in Section
4.1.

(iii) fx− fy + fz − ft ≡ 0 mod α2 whenever α is a positive root, x, y, z, t lie
in an irreducible component of Xkerα whose normalization is isomorphic
to Fn, and x, y, z, t are ordered as in Section 4.1.

Proof. In light of Theorem 3.11 and Theorem A.9, it suffices to consider the
case when H is a singular codimension one subtorus, i.e. H = kerα, for
some positive root α. Let XH =

⋃
j Xj be the decomposition into irreducible

components. Notice that each Xj is either a fixed point, a T -invariant curve
or a possibly singular rational surface (by Proposition 4.3 and our previous
analysis). Now, by Remark A.4, we have the commutative diagram

0 // A∗
T (Xkerπ)Q //

i∗T,H

��

⊕
iA

∗
T (Xj)Q //

��

⊕
i,j A

∗
T (Xi,j)Q

id

��
0 // A∗

T (XT )Q //⊕
iA

∗
T (XT

j )Q //⊕
i,j A

∗
T (XT

i,j)Q,
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where each Xi,j is at worst a union of fixed points and T -invariant curves. The
image of the middle vertical map is completely characterized by our previous
analysis, Lemma 4.5 and Corollary 4.6. Hence so is the image of i∗T,H , as
it follows from the conclusion of Remark A.4. Now apply Theorem 3.11 to
conclude the proof.

Observe that cases (ii) and (iii) do not occur if X is a G × G-equivariant
projective embedding of G, for then X is T ×T -skeletal [G2]. In this situation,
Theorem 4.8 yields an explicit description of A∗

T×T (X)Q; this is obtained by
appealing to the results of [G2], which identifies all the characters involved in
case (i), and proceeding as in [G3, Section 6]. Moreover, when X is Q-filtrable
[G4], the SQ-module AT×T

∗ (X)Q is free, and there are some criteria for Poincaré
duality in equivariant Chow cohomology. See [G4] for details.

4.3 G-equivariant Chow cohomology

To adapt the definition of G-equivariant operational Chow groups, in this sub-
section we work in the category of G-quasiprojective schemes, i.e. G-schemes
having an ample G-linearized invertible sheaf. This assumption is fulfilled, e.g.,
by G-stable subschemes of normal quasiprojective G-schemes [Su].

The following result is a synthesis of [EG1, Proposition 6] and [Vi, Note 2.5].

Proposition 4.9. For a G-scheme X, we have AG∗ (X)Q ≃ AT∗ (X)WQ and

A∗
G(X)Q ≃ A∗

T (X)WQ .

Now we further describe AG∗ (X)Q and A∗
G(X)Q when X is a G-spherical variety.

Proposition 4.10. Let X be a G-scheme with finitely many B-orbits. Then
for any G-scheme Y the Künneth map AG∗ (X) ⊗SWQ AG∗ (Y ) → AG∗ (X × Y ) is

an isomorphism.

Proof. Simply argue as in [G3, Theorem A.2], using Proposition 3.4 and the
fact that SQ is a free SWQ -module of rank |W |.

Proposition 4.11. Let X be a projective G-scheme with a finite number of
B-orbits. Then the G-equivariant Kronecker map

KG : A∗
G(X)Q −→ HomSWQ

(AG∗ (X)Q, S
W
Q ) α 7→ (β 7→ pX∗(β ∩ α))

is a SWQ -linear isomorphism. Moreover, we have A∗
T (X)Q ≃ A∗

G(X)Q ⊗SWQ SQ.

Proof. The first part is formally deduced from Proposition 4.10, as in the T -
equivariant case (Proposition 3.5). The second one is obtained by adapting the
proof of [G3, Corollary A.5].

Arguing as in [Br2, Corollary 6.7.1], one obtains the next result.
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Corollary 4.12. Let X be a projective G-spherical variety. If AT∗ (X)Q is
SQ-free, then A∗

G(X)Q is SWQ -free and restriction to the fiber induces an iso-

morphism A∗
G(X)Q/S

W
Q +

A∗
G(X)Q ≃ A∗(X)Q.

Corollary 4.12 is satisfied by Q-filtrable spherical G-varieties [G4].

5 Further remarks

(1) Description of the image of restriction to the fiber i∗ : A∗
T (X)→ A∗(X) by

using equivariant multiplicities. So far, this has been carried out for singular
toric varieties [KP]. It would be interesting to obtain similar formulas for more
general, possibly singular, projective group embeddings.

(2) Understand the action of PP ∗
T (X) on AT∗ (X) for T -skeletal spherical vari-

eties, in light of Brion’s description of the intersection pairing between curves
and divisors on spherical varieties [Br1]. This should also provide a geometric
interpretation of the coefficients arising from the cap and cup product formulas
(Corollaries 3.6 and 3.7). This will be pursued elsewhere.

Appendix A: Localization theorem and GKM theory for rational
equivariant Chow cohomology

Here we translate the results of [G3] into the language of equivariant Chow
cohomology. In that paper we studied equivariant operational K-theory, but
as stated in [G3, Section 7] the results readily extend to equivariant Chow
cohomology with rational coefficients. The purpose of this appendix is to supply
a detailed proof of this claim, merely for the sake of completeness. From now
on, we assume char(k) = 0.

Let p : X̃ → X be a T -equivariant birational envelope which is an isomorphism
over an open set U ⊂ X . Let {Zi} be the irreducible components of Z = X−U ,
and let Ei = p−1(Zi), with pi : Ei → Zi denoting the restriction of p. The next
theorem is Kimura’s fundamental result adapted to our setup.

Theorem A.1 ([Ki, Theorem 3.1]). Let p : X̃ → X be a T -equivariant envelope.
Then the induced map p∗ : A∗

T (X) → A∗
T (X̃) is injective. Furthermore, if

p is birational (and notation is as above), then the image of p∗ is described
inductively as follows: a class c̃ ∈ A∗

T (X̃) equals p∗(c), for some c ∈ A∗
T (X) if

and only if, for all i, we have c̃|Ei = p∗i (ci) for some ci ∈ A∗
T (Zi). �

Since Ei and Zi have smaller dimension than X , we can apply this result to
compute A∗

T (X) using a resolution of singularities and induction on dimension.
In fact, if X̃ is chosen to be smooth, then A∗

T (X̃) corresponds to the Chow
group of X̃ graded by codimension [EG1, Proposition 4]; thus A∗

T (X) ⊂ A∗
T (X̃)

sits inside a more geometric object. Theorem A.1 is one of the reasons why
Kimura’s results [Ki] make operational Chow groups more computable.
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In Proposition A.2, we state another crucial consequence of Kimura’s work.
Put in perspective, it asserts that the rational equivariant operational Chow
ring A∗

T (X)Q of any complete T -scheme X is a subring of A∗
T (XT )Q. More-

over, there is a natural isomorphism A∗
T (XT ) ≃ A∗(XT ) ⊗Z S. Indeed, for

a fixed degree j, [EG1, Theorem 2] yields the identifications AjT (XT ) ≃
Aj((XT × U)/T ) ≃ Aj(XT × (U/T )), where U is an open T -invariant sub-
set of a T -module V , so that the quotient U → U/T exists and is a principal
T -bundle, and the codimension of V \ U is large enough. Additionally, we can
find U such that U/T is a product of projective spaces (see e.g. [EG1]). It
follows that A∗(XT × U/T ) ≃ A∗(XT ) ⊗ A∗(U/T ), by the projective bundle
formula [Fu, Example 17.5.1 (b)]. In many cases of interest, XT is finite (e.g.

for spherical varieties) and so one has A∗
T (X)Q ⊆

⊕ℓ
1A

∗
T (XT )Q = SℓQ, where

ℓ = |XT |. This motivated our introduction of localization techniques, and ul-
timately GKM theory, into the study of rational equivariant operational Chow
rings and integral equivariant operational K-theory [G3].

Proposition A.2. Let X be a T -scheme. If X is complete, then the pull-back
i∗T : A∗

T (X)Q → A∗
T (XT )Q is injective.

Proof. The argument is essentially that of [G3, Proposition 3.7]. We include it
for convenience. Choose a T -equivariant envelope p : X̃ → X , with X̃ smooth.
It follows that p∗ : A∗

T (X) → A∗
T (X̃) is injective (Theorem A.1). Since X̃

is smooth, ĩ∗T : A∗
T (X̃)Q → A∗

T (X̃T )Q is injective (by Theorem 2.8). Now
the chain of inclusions X̃T ⊂ p−1(XT ) ⊂ X̃ indicate that ĩ∗T factors through
ι∗ : A∗

T (X̃)→ A∗
T (p−1(XT )), where ι : p−1(XT ) →֒ X̃ is the natural inclusion.

Thus, ι∗ is injective over Q as well. Finally, adding this information to the
commutative diagram below

A∗
T (X)Q

p∗ //

i∗T
��

A∗
T (X̃)Q

ι∗

��
A∗
T (XT )Q

p∗ // A∗
T (p−1(XT ))Q.

renders i∗T : A∗
T (X)Q → A∗

T (XT )Q injective.

Corollary A.3 ([G3, Corollary 3.8]). Let X be a complete T -scheme. Let
Y be a T -invariant closed subscheme containing XT . Let ι : Y → X be the
natural inclusion. Then the pullback ι∗ : A∗

T (X)Q → A∗
T (Y )Q is injective. In

particular, if H is a closed subgroup of T , then i∗H : A∗
T (X)Q → A∗

T (XH)Q is
injective. �

Remark A.4. Let Y be a complete T -scheme with irreducible components
Y1, . . . , Yn. Let Yij = Yi ∩ Yj . By Theorem A.1 the following sequence is exact

0→ A∗
T (Y )Q →

⊕

i

A∗
T (Yi)Q →

⊕

i,j

A∗
T (Yij)Q.
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This sequence yields the commutative diagram [G3, Corollary 3.6]:

0 // A∗
T (Y )Q //

i∗T,Y

��

⊕
iA

∗
T (Yi)Q //

⊕ii∗T,Yi
��

⊕
i,j A

∗
T (Yij)Q

i∗T,Yi,j
��

0 // A∗
T (Y T )Q

p //⊕
iA

∗
T (Y Ti )Q

q //⊕
i,j A

∗
T (Y Tij )Q

Since all vertical maps are injective (Proposition A.2), we can describe the
image of the first vertical map in terms of the image of the second vertical map
and the kernel of q. Indeed, p(Im(i∗T,Y )) ≃ Im(⊕ii∗T,Yi) ∩ Ker(q). Moreover,

if Y T is finite, then the kernel of q consists of all families (fi)
n
i=1 such that

fi(x) = fj(x) whenever x ∈ Y Tij .

Back to the general case, let X be a complete T -scheme. One wishes to describe
the image of the injective map i∗T : A∗

T (X)Q → AT∗ (XT )Q. For this, let H be a
subtorus of T of codimension one. Since iT factors as iT,H : XT → XH followed
by iH : XH → X , the image of i∗T is contained in the image of i∗T,H . Hence,
Im(i∗T ) j

⋂
H⊂T Im(i∗T,H), where the intersection runs over all codimension-one

subtori H of T . This observation yields a complete description of the image of
i∗T over Q. Before stating it, we recall a definition from [G3, Section 4].

Definition A.5. Let X be a complete T -scheme. We say that X has the
Chang-Skjelbred property (or CS property, for short) if the pullback i∗T :
A∗
T (X) → A∗

T (XT ) is injective, and its image is exactly the intersection of
the images of i∗T,H : A∗

T (XH) → A∗
T (XT ), where H runs over all subtori of

codimension one in T . When the defining conditions hold over Q rather than
Z, we say that X has the rational CS property.

Some obstructions for the CS property to hold are e.g. (i) A∗(XT ) could have
Z-torsion, (ii) dimT ≥ 2 and there exist a T -orbit on X whose stabilizer is not
connected, for instance, if X is nonsingular, T -skeletal (Definition A.7) and the
weights of the T -invariant curves are not primitive.

By Theorem 2.8, every nonsingular complete T -scheme has the rational CS
property. We extend this result to include all possibly singular complete T -
schemes. See [G3, Theorem 4.4] for the corresponding statement in equivariant
operational K-theory with integral coefficients.

Theorem A.6. If X is a complete T -scheme, then it has the rational CS prop-
erty.

Proof. Simply argue as in [G3, Theorem 4.4], using [EG2, Lemma 7.2], Theo-
rem A.1 and Proposition A.2.

Before stating our version of GKM theory, let us recall a few definitions from
[GKM], [G1] and [G3].
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Definition A.7. Let X be a complete T -variety. Let µ : T × X → X be
the action map. We say that µ is a T -skeletal action if the number of T -fixed
points and one-dimensional T -orbits in X is finite. In this context, X is called
a T -skeletal variety. The associated graph of fixed points and invariant curves
is called the GKM graph of X . We shall denote this graph by Γ(X).

Notice that, in principle, Definition A.7 allows for T -invariant irreducible curves
with exactly one fixed point (i.e. the GKM graph Γ(X) may have simple
loops). In [G3, Proposition 5.3] we show that the functor A∗

T (−)Q “contracts”
such loops to a point. The proof there is given in the context of operational
K-theory, but it easily extends to our current setup.

Proposition A.8 ([G3, Proposition 5.3]). Let X be a complete T -variety and
let C be a T -invariant irreducible curve of X which is not fixed pointwise by T .
Then the image of the injective map i∗T : A∗

T (C)Q → A∗
T (CT )Q is described as

follows:

(i) If C has only one fixed point, say x, then i∗T : A∗
T (C)Q → A∗

T (x)Q is an
isomorphism; that is, A∗

T (C)Q ≃ SQ.

(ii) If C has two fixed points, then

A∗
T (C)Q ≃ {(f0, f∞) ∈ SQ ⊕ SQ | f0 ∼= f∞ mod χ},

where T acts on C via the character χ. �

Let X be a complete T -skeletal variety. It is possible to define a ring
PP ∗

T (X)Q of (rational) piecewise polynomial functions. Indeed, let A∗
T (XT )Q =⊕

x∈XT SQ. We then define PP ∗
T (X)Q as the subalgebra of A∗

T (XT )Q defined
by

PP ∗
T (X)Q = {(f1, ..., fm) ∈

⊕

x∈XT
SQ | fi ≡ fj mod(χi,j)}

where xi and xj are the two (perhaps equal) fixed points in the closure of the
one-dimensional T -orbit Ci,j, and χi,j is the character of T associated with Ci,j .
The character χi,j is uniquely determined up to sign (permuting the two fixed
points changes χi,j to its opposite). Invariant curves with only one fixed point
do not impose any relation, and this is compatible with Proposition A.8. Now
we are ready to state our version of GKM theory.

Theorem A.9 ([G3, Theorem 5.4]). Let X be a complete T -skeletal variety.
Then the pullback i∗T : A∗

T (X)Q → A∗
T (XT )Q induces an algebra isomorphism

between A∗
T (X)Q and PP ∗

T (X)Q. �
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Abstract

We introduce C∗-algebras associated to the foliation structure of a
quantum flag manifold. We use these to construct SLq(3,C)-equivariant
Fredholm modules for the full quantum flag manifold Xq = SUq(3)/T of
SUq(3), based on an analytical version of the Bernstein-Gelfand-Gelfand
complex. As a consequence we deduce that the flag manifold Xq satisfies
Poincaré duality in equivariant KK-theory. Moreover, we show that the
Baum-Connes conjecture with trivial coefficients holds for the discrete
quantum group dual to SUq(3).
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1 Introduction

In noncommutative differential geometry [Con94], the notion of a smooth man-
ifold is extended beyond its classical scope by adopting a spectral point of view.
This is centred around the idea of constructing Dirac-type operators associated
with possibly noncommutative algebras, capturing the underlying Riemannian
structure of geometric objects for which ordinary differential geometry breaks
down. The key concept in this theory, introduced by Connes, is the notion of
a spectral triple [Con96].

Quantum groups provide provide a large class of examples of noncommuta-
tive spaces, and they have been studied extensively within the framework of
noncommutative differential geometry. Among the many contributions in this
direction let us only mention a few. Chakraborty and Pal [CP03] defined an
equivariant spectral triple on SUq(2), which was studied in detail by Connes
[Con04]. Later Dabrowski, Landi, Sitarz, van Suijlekom and Várilly [DLS+05],
[vSDL+05] defined and studied a deformation of the classical Dirac operator on
SU(2), thus obtaining a different spectral triple on SUq(2). The techniques used
in these papers rely on explicit estimates involving Clebsch-Gordan coefficients.
In a different direction, Neshveyev and Tuset exhibited a general mechanism
for transporting the Dirac operator on an arbitrary compact simple Lie group
to its quantum deformation, based on Drinfeld twists and properties of the
Drinfeld associator [NT10]. The resulting spectral triples inherit various desir-
able properties from their classical counterparts, although unfortunately they
are difficult to study directly since this requires a certain amount of control of
the twisting procedure.

This article is concerned with the quantized full flag manifolds associated to
the q-deformations of compact semisimple Lie groups, and in particular the
flag manifold of SUq(3), the simplest example in rank greater than one. In
the rank-one case, that is for SUq(2), the flag manifold SUq(2)/T is known as
the standard Podleś sphere, and Dirac operators on it have been defined and
studied by several authors [Owc01, DS03, SW04]. A version of the local index
formula for the Podleś sphere is exhibited in [NT05, Wag09, RS], although
slight modifications must be made to Connes’ original formalism.

The higher rank situation has proven to be considerably more difficult.
Krähmer [Krä04] gave an algebraic construction of Dirac operators on quan-
tized irreducible flag manifolds in higher rank. These retain a certain rank-one
character in their geometry. In particular, the construction in [Krä04] does not
cover the case of full flag manifolds. On the other hand, the Dirac operator
defined by Neshveyev and Tuset can be used to write down spectral triples
for arbitrary full quantum flag manifolds. However, the most direct way to
do so, which was indicated already in [NT10], does not suffice to describe the
equivariant K-homology group of the quantum flag manifold using Poincaré
duality. More precisely, one only obtains certain multiples of the class of the
Dirac operator in this way.

In this paper, we describe a construction of a Dirac-type class in equivari-
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ant K-homology for the full flag manifold Xq = SUq(3)/T of SUq(3) as a
bounded Fredholm module. This does not give the full “noncommutative Rie-
mannian” structure on Xq that a Connes-type spectral triple would give. In
fact, a key philosophical point behind our construction is that the natural geo-
metric structure on quantized flag manifolds in higher rank is not Riemannian
but parabolic, in the sense of [ČS00].
Correspondingly, the construction of our Dirac-type class is based not upon the
Dirac or Dolbeault operator but upon the Bernstein-Gelfand-Gelfand (BGG)
complex, see [BGG75, BE89, ČSS01]. The quantum version of the BGG com-
plex for SLq(n,C), in its algebraic form, first appeared in [Ros91]; see also
[HK07a, HK07b]. It has not been much studied from an analytical point of
view so far. In fact, developing a complete unbounded noncommutative ver-
sion of parabolic geometries seems to be difficult. For instance, the BGG
complex is neither elliptic nor order 1, although it does exhibit a kind of subel-
lipticity. In the present work, we convert the BGG complex into a bounded
K-homology cycle. Such a construction was achieved for a classical flag man-
ifold in [Yun10, Yun11a]. A major goal of the present work is to demonstrate
that the necessary analysis can also be carried out for a quantized flag manifold.
In particular, our K-homology class is equivariant not only with respect
to SUq(3), but with respect to the complex quantum group SLq(3,C) =
D(SUq(3)), the Drinfeld double of SUq(3). Drinfeld doubles play an impor-
tant role in the definition of equivariant Poincaré duality [NV10] and the proof
of the Baum-Connes conjecture for the dual of SUq(2), see [Voi11]. It is worth
pointing out that the verification of SLq(3,C)-equivariance of our cycle is some-
what simpler than in the classical situation. We also remark that in the con-
struction of our K-homology class we use some properties of principal series
representations of SLq(3,C) which will be discussed in a separate paper [VY].
Our main result can be formulated as follows.

Theorem 1.1. The BGG complex for the full flag manifold Xq = SUq(3)/T
of SUq(3) can be normalized to give a bounded equivariant K-homology cy-
cle in the Kasparov group KKSLq(3,C)(C(Xq),C). The equivariant index of
this element with respect to SUq(3) is the class of the trivial representation in
KKSUq(3)(C,C) = R(SUq(3)).

We refer to Theorem 10.6 for the precise statement of this result. The main
idea behind our construction can be sketched as follows. Firstly, corresponding
to each of the two simple roots of SUq(3) there is a fibration of the quantized
flag manifold whose fibres are Podleś spheres. These fibrations carry families
of Dirac-type operators analogous to the operators constructed by Dabrowski-
Sitarz. As is common in Kasparov’s KK-theory, we replace these longitudinal
operators by their bounded transforms. We then use a variant of the Kas-
parov product, inspired by the BGG complex, to assemble them into a single
SLq(3,C)-equivariant K-homology cycle for Xq.
At present, there is only one ingredient which prevents us from carrying out
our construction for the full flag manifold of SUq(n) for any n ≥ 2, namely
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the operator partition of unity in Lemma 10.5. We develop all the harmonic
analysis in the generality of SUq(n).

Using Theorem 1.1 we derive two consequences regarding equivariant KK-
theory. Firstly, we conclude that the quantum flag manifold Xq satisfies equiv-
ariant Poincaré duality in KK-theory in the sense of [NV10].

Corollary 1.2. The flag manifold Xq is SUq(3)-equivariantly Poincaré dual
to itself. That is, there is a natural isomorphism

KK
D(SUq(3))
∗ (C(Xq) ⊠A,B) ∼= KK

D(SUq(3))
∗ (A,C(Xq) ⊠B)

for all D(SUq(3))-C∗-algebras A and B, where ⊠ denotes the braided tensor
product with respect to SUq(3).

For the definition and properties of braided tensor products we refer to [NV10].
We note that it is crucial here that the class obtained in Theorem 1.1 is equiv-
ariant with respect to D(SUq(3)) and not just SUq(3). Let us also remark that
we have chosen to write D(SUq(3)) instead of SLq(3,C) in Corollary 1.2 in
order to make notation consistent with [NV10].
Secondly, we discuss an analogue of the Baum-Connes conjecture for the dis-
crete quantum group dual to SUq(3). In [MN06], Meyer and Nest have devel-
oped an approach to the Baum-Connes conjecture [BCH94] which allows one
to construct assembly maps in rather general circumstances, and which applies
in particular to duals of q-deformations. As already mentioned above, the sim-
plest case of SUq(2) was studied in [Voi11], and here we show how to go one
step further as follows.

Corollary 1.3. The Baum-Connes conjecture with trivial coefficients C holds
for the discrete quantum group dual to SUq(3).

This result is significantly weaker than the analogous statement for the dual of
SUq(2) in [Voi11]. However, let us point out that one cannot hope to carry over
the arguments used in [Voi11] to the higher rank situation. Indeed, according
to work of Arano [Ara], the Drinfeld double of SUq(3) has property (T ). This
forbids the existence of continuous homotopies along the complementary series
representations to the trivial representation in the unitary dual. Such homo-
topies are at the heart of the arguments in [Voi11]. In other words, the problem
is similar to well-known obstacles to proving the Baum-Connes conjecture with
coefficients for the classical groups SL(n,C) in higher rank.

Let us now explain how the paper is organized. In Section 2 we collect some
preliminaries on quantum groups and fix our notation. Sections 3 and 4 contain
the definition and basic properties of certain ideals of C∗-algebras associated to
the canonical fibrations of a quantum flag manifold. These C∗-ideals are defined
in terms of the harmonic analysis of the block diagonal quantum subgroups of
SUq(n), and are the basis of all the analysis that follows.
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In Section 5 we formulate the main technical results about these ideals. These
results are parallel to classical facts from the calculus of longitudinally elliptic
pseudodifferential operators. The proofs are deferred to subsequent sections,
which may be skipped on a first reading. Specifically, Section 6 collects some
facts about Gelfand-Tsetlin bases, and in particular the effect of reversing the
order of roots used in their definition. Section 7 introduces the notion of essen-
tially orthotypical quantum subgroups, in analogy with the considerations in
[Yun10]. In Section 8 the analytic properties of longitudinal pseudodifferential-
type operators are established.
Section 9 contains some definitions and facts related to complex quantum
groups and their representations, and it is checked that our constructions are
compatible with the natural action of SLq(n,C). In section 10 we describe
the analytical quantum BGG complex for the flag manifold of SUq(3), and we
prove our main theorem.
The final section 11 contains the corollaries stated above. That is, we show
that Xq is equivariantly Poincaré dual to itself, and we verify the Baum-Connes
conjecture with trivial coefficients for the dual of SUq(3).

Let us conclude with some remarks on notation. The dual of a vector space V
is denoted V ∗. We write L(H,H ′) for the space of bounded operators between
Hilbert spacesH andH ′, andK(H,H ′) denotes the space of compact operators.
When H = H ′ we abbreviate these as L(H) and K(H). Depending on the
context, the symbol ⊗ denotes either an algebraic tensor product, the tensor
product of Hilbert spaces or the minimal tensor product of C∗-algebras. All
Hilbert spaces in this paper are separable.

It is a pleasure to thank Uli Krähmer for inspiring discussions on quantized
flag manifolds.

2 Preliminaries

In this section we discuss some preliminaries on quantum groups in general and
q-deformations in particular. For more details and background we refer to the
literature [CP95], [KS97], [Maj05].

2.1 Some notation

Let K = SU(n) or U(n) with n ≥ 2. We write T for the standard maximal
torus of K, that is, the diagonal subgroup, and t for its Lie algebra. We write
sln for sl(n,C) and gln for gl(n,C). In either case we denote by h = tC the
Cartan subalgebra. We write P for the set of weights of K, viewed as a lattice
in h∗. If V is a K-representation and µ ∈ P, the subspace of vectors of weight
µ in V will be denoted Vµ.
It will be convenient to identify the weight lattice of U(n) with Zn, where an
element µ = (µ1, . . . , µn) ∈ Zn corresponds to the weight µ ∈ h∗ given by

µ(diag(t1, . . . , tn)) = µ1t1 + · · ·+ µntn.
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The corresponding character of T will be denoted by eµ ∈ C(T ). We equip h∗

with the bilinear form which extends the standard pairing on P ∼= Zn:

( (µ1, . . . , µn), (µ′
1, . . . , µ

′
n) ) =

∑

i

µiµ
′
i.

For SU(n), the weight lattice identifies with the quotient Zn/Z(1, . . . , 1), and
the bilinear form on h∗ is obtained from that above by identifying h∗ with the
orthogonal complement of C(1, . . . , 1) in Cn.
We write ∆ for the set of roots of SU(n) or U(n); they are the same in
both cases. We fix the set of simple roots Σ = {α1, . . . , αn−1} where
αi : diag(t1, . . . , tn) 7→ ti − ti+1.

2.2 Quantized universal enveloping algebras

We shall use the quantized universal enveloping algebras which are denoted
Ŭq(gln) and Ŭq(sln) in [KS97] (pages 212 and 164, respectively), since these are
the versions used in the literature on Gelfand-Tsetlin theory. We briefly recall
their definitions.
Fix q ∈ (0, 1). For any a ∈ C we write [a]q = qa−q−a

q−q−1 , and for a ∈ N,

[a]q! =
a∏

k=1

[k]q,

ï
a
m

ò

q

=
[a]q!

[a−m]q! [m]q!
.

Often, we shall drop the subscript q in the notation.
The Hopf ∗-algebra Ŭq(gln)is generated by elements Ei, Fi (i = 1, . . . , n − 1)
and Gj , G

−1
j (j = 1, . . . , n) with the relations

GjGk = GkGj , G−1
j Gj = 1 = GjG

−1
j

GjEiG
−1
j =





q
1
2Ei, j = i,

q−
1
2Ei, j = i + 1,

Ei, otherwise,

GjFiG
−1
j =





q−
1
2Fi, j = i,

q
1
2Fi, j = i+ 1,

Fi, otherwise,

[Ei, Fj ] = δij
G2
iG

−2
i+1 −G−2

i G2
i+1

q − q−1
,

E2
i Ei±1 − [2]qEiEi±1Ei + Ei±1E

2
i = 0 = F 2

i Fi±1 − [2]qFiFi±1Fi + Fi±1F
2
i

[Ei, Ej ] = 0 = [Fi, Fj ], |i− j| ≥ 2.

The formulas for the coproduct ∆̂ : Ŭq(gln)→ Ŭq(gln)⊗ Ŭq(gln) are

∆̂(Ei) = Ei ⊗GiG−1
i+1 +G−1

i Gi+1 ⊗ Ei,
∆̂(Fi) = Fi ⊗GiG−1

i+1 +G−1
i Gi+1 ⊗ Fi,

∆̂(Gi) = Gi ⊗Gi,
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the counit ǫ̂ : Ŭq(gln)→ C is given by

ε̂(Ei) = 0, ε̂(Fi) = 0, ε̂(Gi) = 1,

and the antipode is determined by

Ŝ(Ei) = −qEi, Ŝ(Fi) = −q−1Fi, Ŝ(Gi) = G−1
i .

Finally, the ∗-structure is given by

E∗
i = Fi, G∗

i = Gi.

Throughout, we will use the Sweedler notation ∆̂(X) = X(1)⊗X(2) for the co-

product. We note that with this definition of Ŭq(gln), weight spaces are defined
by saying that Gi acts on vectors of weight µ = (µ1, . . . , µn) by multiplication

by q
1
2µi .

The Hopf ∗-algebra Ŭq(sln) is the Hopf ∗-subalgebra of Ŭq(gln) generated by
the elements Ei, Fi, Ki = GiG

−1
i+1 and K−1

i , for i = 1, . . . , n− 1. The element

Ki acts on vectors of weight µ ∈ P by multiplication by q
1
2 (αi,µ).

2.3 Quantized algebras of functions

Fix Kq = SUq(n) for n ≥ 2. The quantized algebra of functions O(Kq) is
the space of matrix coefficients of finite-dimensional type 1 representations of
Ŭq(sln); see [KS97] for more details. If σ is a type 1 representation of Ŭq(sln)
and ξ ∈ V σ, ξ∗ ∈ V σ∗, we denote the associated matrix coefficient by the
bra-ket notation

〈ξ∗| · |ξ〉 : X 7→ (ξ∗, σ(X)ξ), for X ∈ Ŭq(g).

We shall use the ∗-Hopf algebra structure onO(Kq) which makes the evaluation

map Ŭq(sln) ×O(SUq)→ C into a skew-pairing of ∗-Hopf algebras, or equiva-

lently, a Hopf pairing of Ŭq(sln)cop and O(Kq). Thus, for all X,Y ∈ Ŭq(sln),
f, g ∈ O(Kq),

(XY, f) = (X, f(1))(Y, f(2)),

(X, fg) = (X(1), g)(X(2), f)

(Ŝ(X), f) = (X,S−1(f)),

where we use Sweedler notation ∆(f) = f(1) ⊗ f(2) for f ∈ O(Kq). In terms of
matrix coefficients the multiplication is given by

〈ξ∗| · |ξ〉 〈η∗| · |η〉 = 〈η∗ ⊗ ξ∗| · |η ⊗ ξ〉. (2.1)

where ξ ∈ V σ, ξ∗ ∈ V σ∗, η ∈ V τ , η∗ ∈ V τ∗ for type 1 representations σ, τ .
The comultiplication ofO(Kq) defines left and right corepresentations ofO(Kq)
on itself. They will play very different roles in what follows: the left regular
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corepresentation will be used to define representations of Kq, while the right
regular representation will be used to define Kq-invariant differential operators
and carry out their harmonic analysis.

The right regular corepresentation of O(Kq) gives rise to a left action of Ŭq(sln)
according to the formula

X ⇀ f = f(1)(X, f(2)), for X ∈ Ŭq(gln), f ∈ O(Uq(n)). (2.2)

We shall usually write this simply as Xf .

The Hilbert space L2(Kq) is the completion of O(Kq) with respect to the inner
product

〈f, g〉 = φ(f∗g),

where φ is the Haar state of O(Kq).

The left and right multiplication action of f ∈ O(Kq) on L2(Kq) will be denoted
by Ml(f) and Mr(f), respectively. The left multiplication action defines a ∗-
homomorphism O(Kq)→ L(L2(Kq)). By definition, the C∗-completion C(Kq)
of O(Kq) is the norm closure of the image of O(Kq) under this representation.
In this way one obtains the compact quantum group structure of Kq.

The algebra O(Uq(n)) is defined analogously, as matrix coefficients of type 1

representations of Ŭq(gln). All the above constructions carry over to Uq(n).

2.4 Representations and duality

Let Kq = SUq(n). By definition, a unitary representation of Kq on a Hilbert
space H is a unitary element U ∈M(C(Kq)⊗K(H)) such that (∆⊗ Id)(U) =
U13U23. Here we are using leg numbering notation. We shall often designate
unitary Kq-representations simply by the Hilbert spaces underlying them. If
H,H ′ are unitary representations of Kq we write HomKq (H,H

′) for the space
of intertwiners, that is, for the set of all bounded linear maps T : H → H ′

satisfying (Id⊗T )U = U ′(Id⊗T ).

A unitary representation H of Kq is irreducible if and only if HomKq (H,H) =
C. All irreducible unitary representations of Kq are finite dimensional, and
we write Irr(Kq) for the set of their equivalence classes. In the context of
harmonic analysis, elements of Irr(Kq) will be referred to as Kq-types. We
shall usually blur the distinction between a specific irreducible representation
and its class in Irr(Kq). Unless otherwise stated, the Hilbert space underlying
a Kq-representation σ ∈ Irr(Kq) will be denoted V σ.

We use 1Kq to denote the trivial representation of Kq. For σ ∈ Irr(Kq), we
denote by σc the (unitary) conjugate representation. If a Kq-representation π
contains σ as an irreducible subrepresentation, we write σ ≤ π.

We define Cc(K̂q) as the algebraic direct sum

Cc(K̂q) =
⊕

σ∈Irr(Kq)

L(V σ).
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Its enveloping C∗-algebra is denoted C0(K̂q), this identifies with the C∗-algebra

of functions on the dual discrete quantum group K̂q.
We will also work with the algebraic direct product

C(K̂q) =
∏

σ∈Irr(Kq)

L(V σ),

which can be identified with the algebraic dual space O(Kq)
∗ of O(Kq). In

particular, the quantized universal enveloping algebra Ŭq(sln) is naturally a ∗-
subalgebra of C(K̂q), and we will routinely use the same notation for elements

of Ŭq(sln) and their images in C(K̂q).

In our context, the main reason to consider the algebraC(K̂q) is that it contains

some elements outside Ŭq(sln) which we shall need. In particular, the universal
enveloping algebra U(h) of the Cartan subalgebra h of sln embeds into C(Kq)
if we identify X ∈ h with the operator which acts as µ(X) on the weight space
(V σ)µ for each σ ∈ Irr(Kq), µ ∈ P.

2.5 Quantum subgroups

Let Kq = SUq(n). Given a set I ⊆ Σ of simple roots, we let hI⊥ denote the
subspace of h annihilated by the αi ∈ I, and let hI be its orthocomplement
with respect to the invariant bilinear form. We let gI denote the following
block-diagonal Lie subalgebra of sln:

gI = h⊕
⊕

α∈∆∩ZI

gα.

This subalgebra admits the decomposition gI = sI ⊕ hI⊥ where sI = hI ⊕⊕
α∈∆∩ZI gα is semisimple and hI⊥ is central. The subalgebra kI = gI ∩ sun is

the Lie algebra of a block-diagonal subgroup KI ⊆ SU(n).
The analogous families of closed quantum subgroups of SUq(n) are defined as

follows. Here, we use the notation 〈xj〉 to denote the σ(C(K̂q),O(Kq))-closed

subalgebra of C(K̂q) generated by a collection of elements xj ∈ C(K̂q). For
each I ⊆ Σ, we define

C(K̂I
q ) = 〈X ∈ U(h), Ei, Fi (i ∈ I)〉, C(ŜIq ) = 〈X ∈ U(hI), Ei, Fi (i ∈ I)〉,
C(T̂ I) = 〈X ∈ U(hI)〉, C(T̂ I⊥) = 〈X ∈ U(hI⊥)〉.

We then define O(KI
q ), O(SIq ), O(T I) and O(T I⊥) to be the images of O(Kq)

under the induced surjection of C(K̂q)
∗ onto C(K̂I

q )∗, C(ŜIq )∗, C(T̂ I)∗ and

C(T̂ I⊥)∗, respectively. They are Hopf *-algebras under the induced operations.
In particular, O(K∅

q ) is isomorphic to O(T ). We write πT for the projection
homomorphism O(Kq) ։ O(T ), and for its extension to the C∗-algebras. At
the other extreme, we have O(KΣ

q ) = O(Kq).
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The quantum subgroups corresponding to the singleton subsets I = {αi} with
i = 1, . . . , n − 1 will play a particularly important role. In this case, we will
write Ki

q, S
i
q, T

i, T i⊥ for the above quantum groups. Note that Siq
∼= SUq(2).

We will also write Ŭq(siq) for the Hopf subalgebra of Ŭq(sln) generated by Ei,

Fi, Ki and K−1
i .

2.6 The quantized flag manifold

Here, we summarize the basic definitions and properties of quantum flag man-
ifolds. For more details see [CP95], [SD99], [HK04], [Sto03].
The full flag manifold of Kq = SUq(n) is the quantum space Xq = Kq/T ,
defined via its algebra of functions as follows. The algebra O(Kq) is a right
O(T )-comodule algebra by restriction of the canonical right coaction of O(Kq)
along the projection homomorphism πT : O(Kq) → O(T ). By definition, the
algebra O(Xq) is the ∗-subalgebra of O(T )-coinvariant elements, that is,

O(Xq) = {f ∈ O(Kq) | (Id⊗πT )∆(f) = f ⊗ 1}
= {f ∈ O(Kq) | Kif = f for all i = 1, . . . , n− 1}.

More generally, for any µ = (m1, . . . ,mn) ∈ P we define the section space of
the induced line bundle Eµ over Xq by

O(Eµ) = {f ∈ O(Kq) | (Id⊗πT )∆(f) = f ⊗ eµ}
= {f ∈ O(Kq) | Kif = q

1
2 (mi−mi+1)f for all i = 1, . . . , n− 1}.

In other words, O(Eµ) is the µ-weight space of the right regular action of
T . Similarly, L2(Eµ) and C(Eµ) are the right µ-weight spaces of L2(Uq(n))
and C(Uq(n)), respectively. They are the closures of O(Eµ) in L2(Uq(n)) and
C(Uq(n)), respectively. We will abbreviate direct sums of the form O(Eµ) ⊕
O(Eν) as O(Eµ ⊕ Eν), and use analogous notation for their completions.
Multiplication in O(Kq) restricts to a map O(Eµ)⊗O(Eν)→ O(Eµ+ν) for any
µ, ν ∈ P. In particular, each O(Eµ) is a bimodule over O(E0) = O(Xq). These
modules are projective as either left or right O(Xq)-modules since O(Kq/T ) ⊂
O(Kq) is a faithfully flat Hopf-Galois extension [MS99].
Later on we will need an analogue of trivializing partitions of unity for the line
bundles Eµ. These are described in the following lemma, which is an immediate
consequence of Hopf-Galois theory, see [Sch04].

Lemma 2.1. For any µ ∈ P, there exists a finite collection of sections
f1, . . . , fk ∈ O(Eµ) and g1, . . . , gk ∈ O(E−µ) such that

∑k
j=1 fjgj = 1 ∈ O(Xq).

We will be interested in operators arising from the action of Ŭq(sln) on the

above line bundles. Let X ∈ Ŭq(g) be of weight ν = (k1, . . . , kn) for the

left adjoint action, i.e., KiXK
−1
i = q

1
2 (ki−ki+1)X for all i. Then the right

regular action X : O(Kq)→ O(Kq) given by Xf = X ⇀ f restricts to a map

Documenta Mathematica 20 (2015) 433–490



Equivariant Fredholm Modules 443

X : O(Eµ) → O(Eµ+ν) for every µ ∈ P. In this way, X defines an unbounded
operator from L2(Eµ) to L2(Eµ+ν) with dense domain O(Eµ), such that X∗X
is essentially self-adjoint. It should be thought of as a Kq-invariant differential
operator.

3 Isotypical decompositions and associated C∗-categories

In this section and the next, we introduce the fundamental analytical structures
which will be used throughout the remainder of the paper. The idea is to de-
scribe the behaviour of certain linear operators with respect to a decomposition
into isotypical subspaces.

3.1 Isotypical decompositions

Let Kq be a compact quantum group. Any unitary representation π of Kq

on a Hilbert space H can be decomposed into a direct sum of its isotypical
components,

H =
⊕

σ∈Irr(Kq)

Hσ,

where Hσ
∼= HomKq (V

σ, H)⊗V σ. We denote by pσ the orthogonal projection
onto Hσ. More generally, for any set S ⊆ Irr(Kq), we write pS =

∑
σ∈S pσ, so

that pS is the orthogonal projection onto HS =
⊕

σ∈S Hσ.
An important observation for what follows is that certain sufficiently nice sub-
spaces of H , such as weight spaces, still admit a Kq-isotypical decomposition
even though they may not be Kq-subrepresentations. This is the point of the
following definition.

Definition 3.1. A Kq-harmonic space is a Hilbert space of the form H = PH ,
where H is a unitary Kq-representation space and P : H → H is an orthogonal
projection which commutes with every isotypical projection pσ for σ ∈ Irr(Kq).
In this case each pσ restricts to a projection on H, and we call Hσ = pσPH
the σ-isotypical subspace of H.

For us, the key example of a Kq-harmonic space will be the L2-section space of a
homogeneous line bundle over the quantized flag manifold. The corresponding
Hilbert space is not a subrepresentation of the right regular representation of
SUq(n), but it is a SUq(n)-harmonic space with respect to the right regular
representation, see Example 4.2 below.

3.2 Harmonically finite and harmonically proper operators

Let H, H′ be Kq-harmonic spaces and let T ∈ L(H,H′) be a bounded linear
operator between them. We denote by Tστ = pσTpτ for σ, τ ∈ Irr(Kq) the
matrix components of T with respect to the Kq-isotypical decompositions.

Definition 3.2. Let H, H′ be Kq-harmonic spaces. With the notation above,
we say that
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a) T is Kq-harmonically finite if Tστ = 0 for all but finitely many pairs σ, τ ∈
Irr(Kq);

b) T is Kq-harmonically proper if the matrix of T is row- and column-finite,
that is, if for each fixed σ we have Tστ = 0 for all but finitely many τ ∈
Irr(Kq) and Tτσ = 0 for all but finitely many τ ∈ Irr(Kq).

Definition 3.3. Let H, H′ be Kq-harmonic spaces.

a) We define KKq (H,H′) to be the norm-closure of the set of Kq-harmonically
finite operators in L(H,H′)

b) We define AKq (H,H′) to be the norm-closure of the set of Kq-harmonically
proper operators in L(H,H′).

If H = H′ we will simply write KKq(H) and AKq (H), respectively.

These definitions can be thought of as defining the Hom-sets of C∗-categories
KKq and AKq whose objects are Kq-harmonic spaces. This observation will
serve us as a notational convenience, since it allows us to write statements such
as T ∈ KKq if the domain and target spaces of the operator T are understood.

Remark 3.4. The above definitions can be reinterpreted in the language of
coarse geometry. A Kq-harmonic space H is a geometric | Irr(Kq)|-Hilbert
space, which is merely to say that it admits a representation of C0(Irr(Kq)) =

Z(C0(K̂q)). The algebra AKq (H) is basically the Roe algebra with respect
to the indiscrete coarse structure on the discrete space Irr(Kq), see [Roe03]
for more information. The fact that Roe algebras over dual spaces enter into
our K-homology construction is no surprise: see the discussions in [Roe97],
[Luu05], [Yun11b].

3.3 Alternative characterizations

We write S ⊂⊂ Irr(Kq) if S is a finite set of Kq-types. Recall that we write
pS =

∑
σ∈S pσ. It is convenient to regard (pS)S⊂⊂Irr(Kq) as a net of projections,

where the indexing set is ordered by inclusion of subsets.
The following two lemmas are exact analogues of Lemmas 3.4 and 3.5 of
[Yun10], with essentially the same proofs.

Lemma 3.5. Let T ∈ L(H,H′), where H, H′ are Kq-harmonic spaces. The
following conditions are equivalent:

a) T ∈ KKq (H,H′),

b) limS⊂⊂Irr(Kq)(1− pS)T = 0 = limS⊂⊂Irr(Kq) T (1− pS) in the norm topology.

c) limS⊂⊂Irr(Kq) pSTpS = T in the norm topology.

Lemma 3.6. Let A ∈ L(H,H′), where H, H′ are Kq-harmonic spaces. The
following conditions are equivalent:
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a) A ∈ AKq (H,H′),

b) For any finite set S′ ⊂⊂ Irr(Kq),

lim
S⊂⊂Irr(Kq)

(1 − pS)ApS′ = 0 = lim
S⊂⊂Irr(Kq)

pS′A(1 − pS)

in the norm topology,

c) For any finite set S ⊂⊂ Irr(Kq), ApS ∈ KKq (H,H′) and pSA ∈
KKq(H,H′).

d) A is a two-sided multiplier of KKq , that is, for any Kq-harmonic space H′′,
TA ∈ KKq(H,H′′) for all T ∈ KKq (H′,H′′) and AT ∈ KKq(H′′,H′) for all
T ∈ KKq (H′′,H).

3.4 Basic properties

If the Kq-isotypical components of a Kq-harmonic space H are all finite di-
mensional, we shall say that H has finite Kq-multiplicities. In this case, the
family (pσ)σ∈Irr(Kq) is a complete system of mutually orthogonal finite-rank
projections on H, so the following result follows from Lemma 3.5.

Lemma 3.7. If either H or H′ has finite Kq-multiplicities then KKq (H,H′) =
K(H,H′), the set of compact operators from H to H′.

If H is a Kq-representation and K ′
q is a closed quantum subgroup of Kq, then

H is a K ′
q-representation by restriction. We thus have projections pS′ on H

for every S′ ⊂ Irr(K ′
q). The following result is a straightforward consequence

of considering successive isotypical decompositions.

Lemma 3.8. Let K ′
q ⊆ Kq be a closed quantum subgroup. For any S ⊆ Irr(Kq),

S′ ⊆ Irr(K ′
q), the projections pS and pS′ commute. In particular, if H is a

unitary Kq-representation space and τ ∈ Irr(K ′
q) then pτH is a Kq-harmonic

space.

Lemma 3.9. Let K ′
q ⊆ Kq be a closed quantum subgroup. Suppose that H1

and H2 are simultaneously Kq-harmonic and K ′
q-harmonic spaces, in the sense

that Hi = PiHi for i = 1, 2 where Hi is a unitary Kq-representation, and
Pi : Hi → Hi is an orthogonal projection which commutes with both the Kq-
and the K ′

q-isotypical projections. Then KKq(H1,H2) ⊆ KKq′(H1,H2).

Proof. Let T ∈ L(H1,H2) be Kq-harmonically finite, so pSTpS = T for some
finite set S ⊂⊂ Irr(Kq). Only finitely many K ′

q-types occur in each σ ∈ S, so
T is also K ′

q-harmonically finite. The claim follows.
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3.5 Commuting generating quantum subgroups

Definition 3.10. Let K1,q, K2,q be closed quantum subgroups of a compact
quantum group Kq, defined by projections πi : O(Kq) ։ O(Ki,q) for i = 1, 2.
We shall say that K1,q and K2,q are commuting and generating if (π1⊗π2)∆ =
(π1⊗π2)∆cop holds, and this map is an injection of O(K) into O(K1)⊗O(K2).

The subgroups Ki,q give rise to injections π∗
i : C(K̂1,q) → C(K̂q). One

can check that K1,q and K2,q are commuting and generating if and only if

π∗
1(C(K̂1,q)) and π∗

2(C(K̂2,q)) commute and generate a subalgebra of C(K̂q)
which is separating for O(Kq). The latter condition is often easier to check.
Consider the direct product K1,q×K2,q defined by the tensor product O(K1,q×
K2,q) = O(K1,q)⊗O(K2,q). Note that Irr(K1,q×K2,q) = Irr(K1,q)× Irr(K2,q),
where a pair (σ1, σ2) ∈ Irr(K1,q) × Irr(K2,q) is identified with the obvious
corepresentation σ1 × σ2 of O(K1,q) ⊗ O(K2,q) on K(V σ1 ⊗ V σ2). Thanks to
the embedding (π1⊗π2)∆ : O(Kq)→ O(K1,q)⊗O(K2,q), any corepresentation
σ of Kq defines a corepresentation σ̃ of K1,q × K2,q. If σ is irreducible, an
application of Schur’s Lemma shows that σ̃ = σ1 × σ2 for some σi ∈ Irr(Ki,q),
and moreover σ is uniquely determined by (σ1, σ2). We therefore have an
injection Irr(Kq) →֒ Irr(K1,q)× Irr(K2,q).

Lemma 3.11. Let K1,q,K2,q be commuting and generating closed quantum sub-
groups of a compact quantum group Kq. Then for any Kq-representations H,
H ′ we have

KKq (H,H′) = KK1,q (H,H′) ∩KK2,q (H,H′), (3.1)

and

AKq (H,H′) ⊇ AK1,q (H,H′) ∩ AK2,q (H,H′). (3.2)

Proof. For σ ∈ Irr(Kq), let σ̃ = σ1 × σ2 be the associated representation of
K1,q ×K2,q. The isotypical projection for σ is given by pσ = pσ1pσ2 . It follows
that an operator T : H → H ′ is Kq-harmonically finite if and only if it is both
K1,q- and K2,q-harmonically finite. This proves Equation (3.1). Equation (3.2)
follows from the characterization of AKq as multipliers of KKq , as in Lemma
3.6.

3.6 Harmonic properties of tensor products

If H1 = P1H1 and H2 = P2H2 are Kq-harmonic spaces, following the notation
of Definition 3.1, then the tensor product H1⊗H2 = (P1⊗P2)H1⊗H2 is nat-
urally a Kq-harmonic space with respect to the tensor product representation
of Kq on H1 ⊗H2.

Lemma 3.12. Let Kq be a compact quantum group. Then KKq ⊗ KKq ⊆ KKq ,
in the sense that for any Kq-harmonic spaces H1,H2,H′

1,H′
2 and any T1 ∈

KKq (H1,H′
1) and T2 ∈ KKq (H2,H′

2) we have T1⊗T2 ∈ KKq(H1⊗H2,H′
1⊗H′

2).
Similarly, AKq ⊗KKq ⊆ AKq and KKq ⊗ AKq ⊆ AKq .
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Proof. Suppose T1 and T2 are Kq-harmonically finite, so that for i = 1, 2 there
are finite sets S1, S2 ⊂ Irr(Kq) such that pSiTipSi = Ti. If S denotes the set
of all irreducible Kq-types which occur in some σ1 ⊗ σ2 with σi ∈ Si, then
T1 ⊗ T2 = pS(T1 ⊗ T2)pS . From this we deduce KKq ⊗KKq ⊆ KKq .
Now suppose A is Kq-harmonically proper and T is Kq-harmonically finite. Fix
S ⊂ Irr(Kq) a finite set of Kq-types such that pSTpS = T . Take σ ∈ Irr(Kq)
arbitrary. Then

(A⊗ T )pσ = (A⊗ T )(1⊗ pS)pσ.

Let τ ∈ S. For any τ ′ ∈ Irr(Kq), we have σ ≤ τ ′ ⊗ τ if and only if τ ′ ≤
σ ⊗ τc. This implies that there are only finitely many τ ′ ∈ Irr(Kq) for which
(pτ ′ ⊗ pS)pσ 6= 0. Letting S′ ⊂⊂ Irr(Kq) denote the set of such τ ′, we have

(A⊗ T )pσ = (A⊗ T )(pS′ ⊗ pS)pσ,

From the Kq-harmonic properness of A and T we can deduce that (A⊗T )pσ ∈
KKq . A similar argument shows pσ(A⊗ T ) ∈ KKq for all σ ∈ Irr(Kq), whence
Lemma 3.6 shows that A ⊗ T ∈ AKq . Clearly, a similar argument works for
T ⊗A.

Recall that 1Kq denotes the trivial representation of Kq. Later we shall make
much use of the following trick, which allows us to replace an arbitrary isotyp-
ical projection by the trivial one.

Lemma 3.13. Let σ ∈ Irr(Kq) and let V be any finite dimensional representa-
tion of Kq which contains σ as a subrepresentation. There exist intertwiners
ι : C→ V c⊗V and ῑ : V c⊗V → C such that on any unitary Kq-representation
H, the isotypical projection pσ factorizes as

pσ : H
IdH ⊗ι// H ⊗ V c ⊗ V

p
1Kq

⊗IdV
// H ⊗ V c ⊗ V IdH ⊗ῑ// H.

Proof. If V = V σ, this follows from standard facts about the contragredient
representation. If V σ is merely a subrepresentation of V , then we can use the
inclusion map V σ → V and the projection V → V σ, as well as the corre-
sponding maps for the contragredient representation, to reduce to the previous
situation.

4 The lattice of C∗-ideals

We now specialize to the quantum group Kq = SUq(n), although we note that
the constructions and results of this section translate naturally to more general
q-deformed compact semisimple Lie groups. We recall the family of quantum
subgroups KI

q ⊆ Kq defined in Section 2.5.

Definition 4.1. A fully Kq-harmonic space is a Hilbert space of the form
H = PH , where H is a unitary representation of Kq and P is an orthogonal
projection which commutes with all isotypical projections of each KI

q , I ⊆ Σ.
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Thus, a fully Kq-harmonic space is simultaneously a KI
q -harmonic space for

every I ⊆ Σ. Between fully Kq-harmonic spaces H and H′, we have the spaces
KKI

q
(H,H′) and AKI

q
(H,H′) for every I ⊆ Σ. To avoid unwieldy subscripts,

we shall write KI and AI for KKI
q

and AKI
q

in the sequel. When I = {i} is a
singleton, we shall write Ki and Ai.
The only examples of fully Kq-harmonic spaces we shall actually need are the
following.

Example 4.2. a) Any unitary representation of Kq is a fully Kq-harmonic
space.

b) By Lemma 3.8, any weight space of a Kq-representation is a fully Kq-
harmonic space.

c) In particular, the L2-section space L2(Eµ) of a homogeneous line bundle over
the quantized flag manifold of Kq is a fully Kq-harmonic space. Note that
the harmonic structure here comes from the right regular corepresentation.

Lemma 3.9 shows that we have a whole lattice of C∗-categories (KI)I⊆Σ for
the fully Kq-harmonic spaces. Note that the ordering is reversed: KI1 ⊆ KI2
if I1 ⊇ I2.

We point out, however, that this is typically not a lattice of C∗-ideals, that is,
given sets I1 ⊃ I2 of simple roots and a fully Kq-harmonic space H we typically
do not have KI1(H) ⊳KI2(H). To obtain a lattice of ideals, we must reduce KI
slightly, by restricting the class of operators we are working with.

Definition 4.3. For fully Kq-harmonic spaces H, H′, we define

A(H,H′) =
⋂

I⊆Σ

AI(H,H′).

We also define

JI(H,H′) = KI(H,H′) ∩A(H,H′)

for each I ⊆ Σ.

In other words, A is the simultaneous multiplier category of all the C∗-
categories KI . Again, we view the spaces defined in definition 4.3 as the
morphism sets of C∗-categories A and JI whose objects are fully Kq-harmonic
spaces. It is immediate from Lemma 3.9 that the JI form a lattice of ideals, as
we record in the following lemma.

Lemma 4.4. If I1 ⊇ I2 then JI1 ⊳ JI2 .

In particular, we have JI1∪I2 ⊆ JI1 ∩ JI2 for any I1, I2 ⊆ Σ. In fact, it will be
shown later that JI1∪I2 = JI1 ∩ JI2 , see Theorem 5.1 and its proof in Section
7.3.
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Lemma 4.5. Let H, H′ be fully Kq-harmonic spaces. Then JΣ(H,H′) =
KΣ(H,H′). In particular, if either H or H′ has finite Kq-multiplicities then
JΣ(H,H′) = K(H,H′), the set of compact operators from H to H′.

Proof. By Lemma 3.9, we have KΣ ⊆
⋂
I⊆ΣKI ⊆

⋂
I⊆ΣAI = A. This proves

the first statement. The second follows using Lemma 3.7.

The spaces of interest to us will have finite Kq-multiplicities, however they will
usually not have finite KI

q -multiplicities for I 6= Σ.

5 Longitudinal pseudodifferential operators: statement of re-
sults

In this section, we give statements of the necessary results concerning the lattice
of C∗-categories (JI)I⊆Σ and the “pseudodifferential” operators ph(Ei) and
ph(Fi). All of these results will be discussed at the generality of SUq(n). The
proofs of the theorems below will be deferred until Sections 7.3 and 8. The
reader willing to accept their veracity may safely skip forward to Section 9
after this section.

We begin with general results on the lattice of ideals (JI)I⊆Σ.

Theorem 5.1. Let Kq = SUq(n) for n ≥ 2 and let H, H′ be fully Kq-harmonic
spaces.

a) A(H,H′) =
⋂
i∈Σ Ai(H,H′).

b) For any I ⊆ Σ and any σ ∈ Irr(KI
q ), pσ ∈ JI(H).

c) For any I, I ′ ⊆ Σ, JI(H,H′) ∩ JI′(H,H′) = JI∪I′(H,H′).

d) If either H or H′ has finite Kq-multiplicities then JΣ(H,H′) = K(H,H′),
the compact operators from H to H′, and hence

⋂
i∈Σ Ji(H,H′) = K(H,H′).

Next we consider longitudinal pseudodifferential operators along various fi-
brations of the quantum flag manifold. The guiding philosophy is that for
µ, ν ∈ P, AI(L2(Eµ), L2(Eν)) should be thought of as containing the order
zero longitudinal pseudodifferential operators along the leaves of the fibration
Kq/T ։ Kq/K

I
q , while KI(L2(Eµ), L2(Eν)) should be thought of as the ideal

of negative order longitudinal pseudodifferential operators. For instance, in
the case q = 1 the space AI(L2(Eµ), L2(Eν)) contains all order zero longitudi-
nal pseudodifferential operators along the fibration, although it also contains
many other operators, such as translations by the group action. Nevertheless,
the reader should keep the analogy in mind when interpreting the next theorem.
Let µ ∈ P and i ∈ Σ. We introduce the unbounded operator

Di =

Å
0 Fi
Ei 0

ã
on L2(Eµ ⊕ Eµ+αi)
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which is defined by the right regular representation on the dense domainO(Eµ⊕
Eµ+αi). It is to be thought of as a longitudinal differential operator along
the leaves of the fibration Xq ։ Kq/Ki,q. Notice that these operators are
essentially families of Dirac operators of the type considered by Dabrowski-
Sitarz in [DS03], over the base space Kq/Ki,q. We denote the operator phase
of Di by

ph(Di) =

Å
0 ph(Fi)

ph(Ei) 0

ã
,

where again ph(Ei) : L2(Eµ) → L2(Eµ+αi) and ph(Fi) : L2(Eµ) → L2(Eµ+αi )
are acting by the right regular representation. These operators should be
thought of as longitudinal pseudodifferentials operator of order 0.
Recall that if f ∈ C(Eν) for some ν ∈ P, then the left and right multiplication
actions Ml(f), Mr(f) define operators in L(L2(Eµ), L2(Eµ+ν)).

Theorem 5.2. Let Kq = SUq(n) for n ≥ 2. Let µ ∈ P, i ∈ Σ and f ∈ O(Eν)
for some ν ∈ P. Then the following hold.

a) Ml(f) and Mr(f) are in A(L2(Eµ), L2(Eµ+ν)).

b) ph(Di) ∈ A(L2(Eµ ⊕ Eµ+αi))

c) For any ψ ∈ C0(R), we have ψ(Di) ∈ Ji(L2(Eµ ⊕ Eµ+αi)), or equivalently,
Di has resolvent in Ji(L2(Eµ ⊕ Eµ+αi)).

d) The following diagram

L2(Eµ ⊕ Eµ+αi)
ph(Di) //

Ml(f)

��

L2(Eµ ⊕ Eµ+αi)

Ml(f)

��
L2(Eµ+ν ⊕ Eµ+ν+αi) ph(Di)

// L2(Eµ+ν ⊕ Eµ+ν+αi)

commutes up to an element of Ji(L2(Eµ ⊕ Eµ+αi), L2(Eµ+ν ⊕ Eµ+ν+αi)).
Remark 5.3. By slight abuse of notation, we will usually abbreviate part d)
of Theorem 5.2 by writing [ph(Di),Ml(f)] ∈ Ji(L2(Eµ ⊕ Eµ+αi), L2(Eµ+ν ⊕
Eµ+ν+αi)) in the sequel. Notice that above statements about ph(Di) can be
restated as results about ph(Ei) and ph(Fi). In particular, part d) is equivalent
to the commutativity of the diagrams

L2(Eµ)
ph(Ei) //

Ml(f)

��

L2(Eµ+αi)

Ml(f)

��

L2(Eµ+αi)
ph(Fi) //

Ml(f)

��

L2(Eµ)

Ml(f)

��
L2(Eµ+ν)

ph(Ei)
// L2(Eµ+ν+αi) L2(Eµ+ν+αi)ph(Fi)

// L2(Eµ+ν)

modulo Ji(L2(Eµ), L2(Eµ+ν+αi )) and Ji(L2(Eµ+αi ), L2(Eµ+ν)), respectively.
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6 Comparisons of Gelfand-Tsetlin bases

This section and the next provide the technical results from harmonic analysis
which will be used to prove Theorems 5.1 and 5.2. It will be convenient to
work with the quantum group Uq(n) rather than SUq(n).

6.1 Quantum subgroups of Uq(n)

We first introduce notation for the block diagonal quantum subgroups of
Uq(n). These definitions follow the notation and conventions of Sections

2.2 and 2.5. We define C(÷Uq(n)) = O(Uq(n))∗. For I ⊆ Σ, we define the

σ(C(÷Uq(n)),O(Uq(n)))-closed subalgebra

C(÷UI
q(n)) = 〈Ei, Fi (i ∈ I), Gj (j = 1, . . . , n)〉.

and denote the associated closed quantum subgroup of Uq(n) by UI
q(n).

In the particular cases I = {1, . . . , k − 1}, we will decompose UI
q(n)

as follows. Let C(
’
U↑
q(k)) = 〈Ei, Fi (i = 1, . . . , k − 1), Gj (j = 1, . . . , k)〉

and C(Ẑ↑
k) = 〈Gj(j = k + 1, . . . , n)〉, and let U↑

q(k) and Z↑
k be the dual

closed quantum subgroups of Uq(n). Then U
{1,...,k−1}
q (n) = U↑

q(k) ×
Z↑
k . The superscript ↑ refers to the fact that U↑

q(k) ∼= Uq(k) is em-
bedded in the “upper-left corner” of Uq(n). We likewise decompose

U
{n−k+1,...,n−1}
q (n) = U↓

q(k) × Z↓
k where the two components are dual to

C(
’
U↓
q(k)) = 〈Ei, Fi (i = n− k + 1, . . . , n− 1), Gj (j = n− k + 1, . . . , n)〉 and

C(Ẑ↓
k ) = 〈Gj (j = 1, . . . , n− k)〉, respectively.

6.2 Upper and lower Gelfand-Tsetlin bases

Consider the nested family of quantum groups

T = U∅
q(n) ⊂ U{1}

q (n) ⊂ U{1,2}
q (n) ⊂ · · · ⊂ UΣ

q (n) = Uq(n).

The isotypical projections of these quantum subgroups are mutually commut-
ing. Gelfand-Tsetlin theory is based upon the observation that the simulta-
neous isotypical decomposition for all of these subgroups yields components of
dimension one, and thus provides a basis which is well-adapted for all of them.
We shall refer to this as the upper Gelfand-Tsetlin basis. We recall the main
facts about the Gelfand-Tsetlin basis here, and refer to [KS97, §7.3] for the
details.

The highest weights of type 1 representations of Ŭq(gln) are given by those
µ = (µ1, . . . , µn) ∈ Zn with µ1 ≥ µ2 ≥ · · · ≥ µn. We denote the irreducible
representation with highest weight µ by σµ. The Gelfand-Tsetlin basis for V σ

µ
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is indexed by tableaux of integers of the form

(M) =

â
mn,1 mn,2 · · · mn,n−1 mnn

mn−1,1 · · · mn−1,n−1
. . . . .

.

m21 m22

m11

ì

,

where the top row is equal to µ and the lower rows satisfy the interlacing
conditions mi+1,j ≤ mij ≤ mi+1,j+1 for all i, j. The corresponding basis element,
which will be denoted |(M)↑〉, is determined up to phase by the fact that for
each k = 1, . . . , n, the vector |(M)↑〉 belongs to a U↑

q(k)-subrepresentation with

highest weight (mk1, . . . ,mkk). Moreover, |(M)↑〉 is a weight vector with weight

(s1 − s0, s2 − s1, . . . , sn − sn−1), (6.1)

where si =
∑i
j=1mij is the sum of the ith row and s0 = 0 by convention.

There is an alternative basis of V σ
µ

adapted to the lower-right inclusions

T = U∅
q(n) ⊂ U{n−1}

q (n) ⊂ U{n−2,n−1}
q (n) ⊂ · · · ⊂ UΣ

q (n) = Uq(n).

This basis is most easily introduced by invoking the Hopf ∗-automorphism Ψ
of Ŭq(gln) defined by:

Ψ(Gj) = G−1
n+1−j , Ψ(Ei) = En−i, Ψ(Fi) = Fn−i. (6.2)

Note that a highest weight vector for σµ is also a highest weight vector for
the irreducible representation σµ ◦ Ψ, but with weight µ′ = (−µn, . . . ,−µ1).

By Schur’s Lemma, there is a unitary ψµ : V σ
µ′ → V σ

µ

(unique up to scalar

multiple) which intertwines σµ
′ ◦Ψ and σµ. We define the lower Gelfand-Tsetlin

basis vectors by |(M)↓〉 = ψµ|(M)↑〉, where (M) is a Gelfand-Tsetlin tableau

for the representation σµ
′

.

6.3 Class 1 representations

Often, we will only be interested in the irreducible Uq(n)-representations which

contain a trivial U
{1,...,n−2}
q (n)-subrepresentation. These are a special case of

the class 1 representations (see [KS97, §7.3.4]). A Gelfand-Tsetlin vector is
contained in a trivial subrepresentation of U↑

q(n − 1) if and only if it is of the
form

ξm =

∣∣∣∣∣∣∣∣∣∣∣∣∣

â
m 0 · · · 0 −m′

0 0 · · · 0 0
. . . . .

.

0 0
0

ì↑ ø
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for some m,m′ ∈ N. To be contained in a trivial U
{1,...,n−2}
q (n)-representation,

it must additionally be of weight 0, which is to say m = m′. Thus, the rep-
resentations of interest are precisely those with highest weight of the form
µ = (m, 0, . . . , 0,−m). Note that in this case, σµ ∼= σµ ◦ Ψ, so that the upper
and lower Gelfand-Tsetlin bases are indexed by the same set of tableaux.

We state the Gelfand-Tsetlin formulae for such representations; compare [KS97,
§7.3.4]. The generic basis vector is

|(M)↑〉 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

â
mn 0 · · · 0 −m′

n

mn−1 0 · · · 0 m′
n−1

. . . . .
.

m2 m′
2

m1

ì↑ ø

,

where we are putting mn = m′
n = m for ease of notation. We write (M ± δij)

to denote the Gelfand-Tsetlin tableau obtained from (M) by adding ±1 to the
(i, j)-entry. The action of the generators of Ŭq(gln) is given by

Ek−1|(M)↑〉

=
(

[mk−mk−1][mk−1−m′
k+k−1][mk−1−mk−2+1][mk−1−m′

k−2+k−2]

[mk−1−m′
k−1

+k−1][mk−1−m′
k−1

+k−2]

) 1
2 |(M+δk−1,1)↑〉

+
(

[mk−m′
k−1+k−2][m′

k−1−m′
k+1][mk−2−m′

k−1+k−3][m′
k−2−m′

k−1]

[mk−1−m′
k−1

+k−2][mk−1−m′
k−1

+k−3]

) 1
2 |(M+δk−1,k−1)↑〉,

(6.3)

Fk−1|(M)↑〉

=
(

[mk−mk−1+1][mk−1−m′
k+k−2][mk−1−mk−2][mk−1−m′

k−2+k−3]

[mk−1−m′
k−1

+k−2][mk−1−m′
k−1

+k−3]

) 1
2 |(M−δk−1,1)↑〉

+
(

[mk−m′
k−1+k−1][m′

k−1−m′
k][mk−2−m′

k−1+k−2][m′
k−2−m′

k−1+1]

[mk−1−m′
k−1

+k−1][mk−1−m′
k−1

+k−2]

) 1
2 |(M−δk−1,k−1)↑〉,

(6.4)

Gi|(M)↑〉 = q
1
2 (si−si−1)|(M)↑〉, (6.5)

where, as before, si is the sum of the ith row of (M) and s0 = 0.

6.4 Change of basis formula

We now describe certain cases of the change of basis transformation between
the upper and lower Gelfand-Tsetlin bases introduced in Section 6.2. We shall
concentrate entirely on the family of representations of highest weight µ =
(m, 0, 0, . . . , 0,−m) for m ∈ N. In either choice of Gelfand-Tsetlin basis, the
zero-weight subspace of σµ is spanned by the vectors |(Mm)↑〉 or |(Mm)↓〉 with
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tableaux

Mm =

â
m 0 · · · 0 −m
mn−1 0 · · · 0 −mn−1

. . . . .
.

m2 −m2

0

ì

.

Here we use m to denote the increasing n-tuple m = (m1 = 0,m2, . . . ,mn =
m).
Our first goal is to compute the coefficients of the U↓

q(n − 1)-invariant vector

|(M(m,0,...,0))
↓〉 with respect to the upper Gelfand-Tsetlin basis. We write

|(M(m,0,...,0))
↓〉 =

∑

m

am|(Mm)↑〉. (6.6)

Let us apply Ek to this. The Gelfand-Tsetlin formula (6.3) shows that the
coefficient of |(Mm + δk,1)↑〉 in Ek|(M(m,0,...,0))

↓〉 is

Ä
[mk+1−mk][mk+mk+1+k][mk−mk−1+1][mk+mk−1+k−1]

[2mk+k][2mk+k−1]

ä 1
2
am

+
Ä
[mk+1+mk+k][−mk+mk+1][mk−1+mk+k−1][−mk−1+mk+1]

[2mk+k+1][2mk+k]

ä 1
2
am+δk , (6.7)

where m+ δk denotes the n-tuple obtained by adding 1 to the kth entry of m.
Since Ek|(M(m,0,...,0))

↓〉 = 0 for all 2 ≤ k ≤ n − 1, we obtain the recurrence
relation

am+δk = − [2mk + k + 1]
1
2

[2mk + k − 1]
1
2

am (6.8)

for all m and all 2 ≤ k ≤ n− 1. This multi-parameter recurrence relation has
the solution

am = (−1)|m|A
n−1∏

k=2

[2mk + k − 1]
1
2 , (6.9)

where |m| = m1 + · · ·+mn and A ∈ C is some overall constant. This constant
is determined up to a phase by the fact that |(M(m,0,...,0))

↓〉 has norm one.
We will assume a choice of phases for the Gelfand-Tsetlin bases such that
〈(M(m,0,...,0))

↓|(M(m,0,...,0))
↑〉 is positive. Then A is positive. From (6.9), we

calculate

1 =
∑

m

|am|2 = A2
∑

m

n−1∏

k=2

[2mk + k − 1],

where the sum is over all n-tuples m with 0 = m1 ≤ m2 ≤ · · · ≤ mn = m. An
inductive argument shows that

∑

m

n−1∏

k=2

[2mk + k − 1] = [n− 2]!

ï
mn + n− 2

n− 2

ò2
,
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and one obtains that A = [n − 2]!−
1
2

ï
m+ n− 2
n− 2

ò−1

. In summary, we have

proved the following formula.

Proposition 6.1. In the irreducible representation of Uq(n) with highest
weight (m, 0, . . . , 0,−m),

|(M(m,0,...,0))
↓〉 =

∑

m

(−1)|m|∏n−1
k=2 [2mk + k − 1]

1
2

[n− 2]!
1
2

ï
m+ n− 2
n− 2

ò |(Mm)↑〉,

where the sum is over all n-tuples m with 0 = m1 ≤ m2 ≤ · · · ≤ mn = m.

6.5 Change of basis formula for Uq(3)

In the case of Uq(3), the above calculation gives the following change-of-basis

coefficients for the trivial U
{2}
q (3)-type:

±Ñ
m 0 −m

0 0
0

é↓∣∣∣∣∣∣∣

Ñ
m 0 −m
j −j

0

é↑ª

= (−1)j+m
[2j + 1]

1
2

[m+ 1]
. (6.10)

The complete change-of-basis coefficients between the two Gelfand-Tsetlin
bases of any Uq(3)-representation were computed in [MSK95]. They are given
by q-Racah coefficients. We will only need the following special cases.

Proposition 6.2. In the representation of Uq(3) with highest weight
(m, 0,−m), consider the vectors

|xj〉 = [2j + 1]−
1
2

∣∣∣∣∣∣∣

Ñ
m 0 −m
j −j

0

é↑ª

,

|yk〉 = [2k + 1]−
1
2

∣∣∣∣∣∣∣

Ñ
m 0 −m
k −k

0

é↓ª

.

Then

〈yk|xj〉 =
(−1)j+k+m

[m+ 1]
4φ3

Å
q−2k, q2(k+1), q−2j , q2(j+1)

q−2m, q2(m+2), q2

∣∣∣∣ q2; q2
ã
, (6.11)

where 4φ3 denotes the q-hypergeometric function.

In the q-Racah notation of [KLS10, §14.2], this translates as

〈yk|xj〉 = (−1)j+k+m[m+ 1]−1Rk(µ(j); q2(m+1), q−2(m+1), 1, 1|q2),
though we shall not actually use this.
It is rather cumbersome to reconcile the notation and terminology of [MSK95]
with ours. For this reason, we outline a short proof of Proposition 6.2 in
Appendix A.1.
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6.6 Action of the phase of E1 on the lower Gelfand-Tsetlin basis

The final task of this section is to compute the action of ph(E1) with respect
to the lower Gelfand-Tsetlin basis. Obtaining an explicit formula is difficult.
Instead, we compute the action asymptotically as the highest weight µ goes to
infinity, which is all that will be necessary for our purposes.
We shall make use of the following basic estimate for products of values near
1, whose proof we leave to the reader.

Lemma 6.3. Fix q ∈ (0, 1) and N ∈ N. There is a constant cN with the follow-
ing property: For any real numbers 0 ≤ d1, . . . , dN ≤ q and −1 ≤ r1, . . . , rN ≤
1, ∣∣∣∣∣1−

N∏

i=1

(1− di)ri
∣∣∣∣∣ ≤ cN

N∑

i=1

|ri|di.

Next we prove an estimate on the change of basis coefficients from Proposition
6.2 which will allow us to reduce the q-hypergeometric function from 4φ3 to

2φ1.

Lemma 6.4. Fix k ∈ N. There is a constant C(k) such that for all j,m ∈ N
∣∣∣∣(−1)j+k+m [2j+1]

[j]
1
2 [j+1]

1
2
〈yk|xj〉 − qm−j+ 1

2 (q − q−1)pk(q2(m−j)|q2)

∣∣∣∣
≤ C(k)qm+j , (6.12)

where |xj〉 and |yk〉 are as in Proposition 6.2, and pk( · |q2) is the little q2-
Legendre polynomial:

pk(x|q2) = 2φ1

Å
q−2k, q2(k+1)

q2

∣∣∣∣ q2; q2x

ã
.

Proof. Proposition 6.2 says

(−1)j+k+m
[2j + 1]

[j]
1
2 [j + 1]

1
2

〈yk|xj〉

=

k∑

l=0

1

[m+ 1]

[2j + 1]

[j]
1
2 [j + 1]

1
2

(q−2k, q2(k+1), q−2j , q2(j+1); q2)l
(q−2m, q2(m+2), q2, q2; q2)l

q2l. (6.13)

On the other hand

qm−j+ 1
2 (q − q−1)pk(q2(m−j)|q2)

=
k∑

l=0

(q − q−1)
(q−2k, q2(k+1); q2)l

(q2, q2; q2)l
q(2l+1)(m−j)+(2l+ 1

2 ). (6.14)

Denote by Al and Bl the lth summand of (6.13) and (6.14), respectively. Note
that |Bl| ≤ C1(k)qm−j for some constant C1(k).
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If j < l, then the Pochammer symbol in the numerator of |Al| is zero, so

|Al −Bl| = |Bl| ≤ C1(k)qm−j ≤ C1(k)q−2kqm+j. (6.15)

If j ≥ l, we have

|Al −Bl|

= |Bl|
∣∣∣∣∣1 −

q−(2l+1)(m−j)− 1
2

(q − q−1)

1

[m+ 1]

[2j + 1]

[j]
1
2 [j + 1]

1
2

(q−2j , q2(j+1); q2)l
(q−2m, q2(m+2); q2)l

∣∣∣∣∣

= |Bl|
∣∣∣∣∣1 −

1

(1− q2(m+1))

(1 − q2(2j+1))

(1− q2j) 1
2 (1− q2(j+1))

1
2

×
∏l
i=1(1− q2j−2i+2)

∏l
i=1(1− q2j+2i)

∏l
i=1(1− q2m−2i+2)

∏l
i=1(1− q2m+2i+2)

∣∣∣∣∣ .

In the latter expression, all the exponents of q are positive and bounded below
by 2(j − l). The estimate of Lemma 6.3 yields

|Al −Bl| ≤ C1(k)qm−j(4l + 3)q2(j−l)

≤ C1(k)qm−j(4k + 3)q2(j−k)

≤ C1(k)(4k + 3)q−2kqm+j . (6.16)

Taken together, the estimates (6.15) and (6.16) yield a constant C2(k) such
that |Al −Bl| ≤ C2(k)qm+j for all l, j,m. The left hand side of (6.12) is then
bounded by

k∑

l=0

|Al −Bl| ≤ kC2(k)qm+j .

This yields the claim.

Finally, we describe the coefficients of ph(E1)

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 0
0

é↓ª

asymptot-

ically as m→∞.

Proposition 6.5. For any k ∈ N,

lim
m→∞

±Ñ
m 0 −m
k −k+1

0

é↓∣∣∣∣∣∣∣
ph(E1)

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 0
0

é↓ª

= (−1)k
[k]

[2k]
1
2

Çï
2k − 1

2

ò−1

−
ï

2k + 1

2

ò−1
å
. (6.17)
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Proof. From Equation (6.10) we have

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 0
0

é↓ª

=
m∑

j=0

(−1)j+m
[2j + 1]

[m+ 1]
|xj〉,

where the |xj〉 are as defined in Proposition 6.2. Now |xj〉 belongs to a
U↑
q(2)-subrepresentation of highest weight (j,−j), and it has weight 0. By

the standard formulae for Ŭq(sl2)-representations, |xj〉 is an eigenvector of

|E1| = (F1E1)
1
2 with eigenvalue [j]

1
2 [j + 1]

1
2 . Thus,

ph(E1)

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 −0
0

é↓ª

= E1 ·
(

m∑

j=1

(−1)j+m

[m+ 1]

[2j + 1]

[j]
1
2 [j + 1]

1
2

|xj〉
)
.

Hence the inner product in the statement of the proposition is equal to

m∑

j=1

(−1)j+m

[m+ 1]

[2j + 1]

[j]
1
2 [j + 1]

1
2

±Ñ
m 0 −m
k −k+1

0

é↓∣∣∣∣∣∣∣
E1

∣∣∣∣∣∣∣
xj

ª

. (6.18)

Now E∗
1 = F1 acts on the lower Gelfand-Tsetlin basis by Formula (6.4) for

Ψ(F1) = F2:

E∗
1

∣∣∣∣∣∣∣

Ñ
m 0 −m
k −k+1

0

é↓ª

= [m−k+1]
1
2 [m+k+1]

1
2 [k]

[2k−1]
1
2 [2k]

1
2

∣∣∣∣∣∣∣

Ñ
m 0 −m
k−1 −k+1

0

é↓ª

+ [m−k+1]
1
2 [m+k+1]

1
2 [k]

[2k+1]
1
2 [2k]

1
2

∣∣∣∣∣∣∣

Ñ
m 0 −m
k −k

0

é↓ª

= [m−k+1]
1
2 [m+k+1]

1
2 [k]

[2k]
1
2

(|yk−1〉+ |yk〉) .

Putting this into (6.18) yields

±Ñ
m 0 −m
k −k+1

0

é↓∣∣∣∣∣∣∣
ph(E1)

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 −0
0

é↓ª

= [m−k+1]
1
2 [m+k+1]

1
2

[m+1]
[k]

[2k]
1
2

(
m∑

j=1

(−1)j+m [2j+1]

[j]
1
2 [j+1]

1
2

(〈yk−1|xj〉+ 〈yk|xj〉)
)
.

(6.19)
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Now we let m→∞. Since limm→∞
[m−k+1]

1
2 [m+k+1]

1
2

[m+1] = 1, it only remains to

estimate the sum in (6.19). Lemma 6.4 gives us the estimate

m∑

j=1

(−1)j+m [2j+1]

[j]
1
2 [j+1]

1
2
〈yk|xj〉

=
m∑

j=1

(−1)kqm−j+ 1
2 (q − q−1) pk(q2(m−j)|q2) + Rm, (6.20)

where

|Rm| ≤
m∑

j=1

C(k)qm+j −→ 0 as m→∞.

Also,

m∑

j=1

(−1)kqm−j+ 1
2 (q − q−1)pk(q2(m−j)|q2)

= (−1)k+1q−
1
2 (1 − q2)

m−1∑

i=0

qipk(q2i|q2)

which is a partial sum for the q-integral

(−1)k+1q−
1
2

∫ 1

0

x−
1
2 pk(x|q2) dq2x = (−1)k+1

[
k + 1

2

]−1

q
.

The calculation of this q-integral is explained in Appendix A.2. Putting all this
into (6.19), we arrive at

lim
m→∞

±Ñ
m 0 −m
k −k+1

0

é↓∣∣∣∣∣∣∣
ph(E1)

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 −0
0

é↓ª

= (−1)k
[k]

[2k]
1
2

Ä[
k − 1

2

]−1

q
−
[
k + 1

2

]−1

q

ä
.

This finishes the proof.

7 Essential orthotypicality

The notion of essential orthotypicality was introduced in [Yun10] as a tool for
studying harmonic analysis on manifolds with multiple fibrations. In brief,
two closed subgroups of a compact group are essentially orthotypical if their
isotypical subspaces are approximately mutually orthogonal. In [Yun13] it is
shown that in a compact Lie group two connected subgroups are essentially
orthotypical if and only if they generate the entire group. Since we do not have
an analogous characterization in the quantum case, we shall prove essential
orthotypicality for quantum subgroups of SUq(n) by direct calculation.
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7.1 Definitions and basic properties

Definition 7.1. Two closed quantum subgroups K1,q, K2,q of a compact
quantum group Kq are essentially orthotypical if for any τ1 ∈ Irr(K1,q),
τ2 ∈ Irr(K2,q) and any ǫ > 0 there are only finitely many σ ∈ Irr(Kq) for
which

sup{|〈pτ1ξ, pτ2η〉| | ξ, η ∈ V σ, ‖ξ‖ = ‖η‖ = 1} ≥ ǫ.

Lemma 7.2. Let K1,q, K2,q be closed quantum subgroups of a compact quantum
group Kq. The following conditions are equivalent.

a) K1,q and K2,q are essentially orthotypical.

b) For any τ1 ∈ Irr(K1,q) and any ǫ > 0, there are only finitely many irre-
ducible unitary Kq-representations σ ∈ Irr(Kq) for which

sup{|〈pτ1ξ, p1K2,q
η〉| | ξ, η ∈ V σ, ‖ξ‖ = ‖η‖ = 1} ≥ ǫ,

where 1K2,q denotes the trivial representation of K2,q.

c) For any finite sets S1 ⊂⊂ Irr(K1,q) and S2 ⊂⊂ Irr(K2,q), pS2pS1 ∈ KKq(H)
on any unitary Kq-representation space H.

Proof. This is essentially Lemma 5.1 from [Yun10]. Here, we will only prove
the implication b)⇒ c). The other implications can easily be adapted from the
proof in [Yun10].
Let τ1 ∈ Irr(K1,q). Fix ǫ > 0 and let S ⊂⊂ Irr(Kq) be the finite set of Kq-types
which satisfy the condition in b). Then (1 − pS)p

1K2,q
pτ1 = p

1K2,q
pτ1(1 − pS)

has norm at most ǫ. By Lemma 3.5, we therefore have p
1K2,q

pτ1 ∈ KKq(H).

From this, we obtain p
1K2,q

pS1 ∈ KKq (H) for any finite set S1 ⊂⊂ Irr(K1,q).

Now let τ2 ∈ Irr(K2,q) be arbitrary. Choose a finite-dimensional Kq-
representation V in which τ2 occurs as a K2,q-type. By Lemma 3.13 there
are linear maps ι : C→ V c ⊗ V and ῑ : V c ⊗ V → C so that pτ2 factorizes as

pτ2 : H
IdH ⊗ι// H ⊗ V c ⊗ V

p
1K2,q

⊗IdV
// H ⊗ V c ⊗ V IdH ⊗ῑ// H.

Let S1 be the finite set of all K1,q-types occurring in pτ1(H)⊗ V c. We get the
factorization

pτ2pτ1 : H
pτ1⊗ι // H ⊗ V c ⊗ V

p
1K2,q

pS1⊗IdV
// H ⊗ V c ⊗ V IdH ⊗ῑ// H.

But p
1K2,q

pS1 ∈ KKq (H ⊗ V c) by the preceding paragraph, and since V is

finite-dimensional, we obtain p
1K2,q

pS1 ⊗ IdV ∈ KKq (H ⊗ V c ⊗ V ). We also

have pτ1 ⊗ ι ∈ AKq (H,H ⊗ V c ⊗ V ) and IdH ⊗ῑ ∈ AKq (H ⊗ V c ⊗ V,H), since
they preserve Kq-types. We deduce that pτ2pτ1 ∈ KKq (H,H).
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Corollary 7.3. Let K1,q and K2,q be essentially orthotypical quantum sub-
groups of Kq. Suppose H,H ′, H ′′ are unitary Kq-representations and that H ′

has finite Kq-multiplicities. Then KK2,q (H
′, H ′′)KK1,q (H,H

′) ⊆ K(H,H ′′) ⊆
KKq (H,H

′′).

Proof. Suppose that A ∈ KK1,q (H,H
′) is K1,q-harmonically finite and that

B ∈ KK2,q (H
′, H ′′) is K2,q-harmonically finite. Then there are finite sets S1 ⊂

⊂ Irr(K1,q), S2 ⊂⊂ Irr(K2,q) such that A = pS1A and B = BpS2 . By essential
orthotypicality and Lemma 3.7 we have pS2pS1 ∈ KKq(H ′) = K(H ′). Thus
BA = BpS2pS1A is compact. The result follows.

Remark 7.4. It is important that H ′ has finite Kq-multiplicities in the above
statement. Corollary 7.3 can fail when H ′ has infinite Kq-multiplicities.

Lemma 7.5. Let K1,q, K
′
1,q, K2,q, K

′
2,q be closed quantum subgroups of Kq, with

K1,q ⊆ K ′
1,q and K2,q ⊆ K ′

2,q. If K1,q and K2,q are essentially orthotypical then
K ′

1,q and K ′
2,q are essentially orthotypical.

Proof. For i = 1, 2, let τi be an irreducible K ′
i,q-type, and let Si ⊆ Irr(Ki,q) be

the finite collection of Ki,q-types which occur non-trivially in τi. Then on any
Kq-representation H , we have

pτ1pτ2 = pτ1pS1pS2pτ2 .

The product pS1pS2 belongs to KKq(H) by Lemma 7.2, and the other projec-
tions belong to AKq (H) since they commute with Kq-isotypical projections.
Hence the claim follows from Lemma 7.2.

7.2 Essential orthotypicality of subgroups of Uq(n)

We now specialize to Uq(n). Recall that we defined block-diagonal quantum
subgroups UI

q(n) for any I ⊆ Σ in section 6.1.

Lemma 7.6. The quantum subgroups U
{1,...,n−2}
q (n) and U

{2,...,n−1}
q (n) are es-

sentially orthotypical in Uq(n).

Proof. By Lemma 7.5, it suffices to prove that the quantum subgroups U↑
q(n−1)

and U
{2,...,n−1}
q (n) are essentially orthotypical. To show this, we will verify

condition b) of Lemma 7.2.

Fix τ1 an irreducible representation of U↑
q(n − 1) and ǫ > 0. Let σ be an

irreducible Uq(n)-representation. Arguing as in Section 6.3, we observe that

the trivial U
{2,...,n−1}
q (n)-type does not occur in σ unless σ has highest weight

of the form µ = (m, 0, . . . , 0,−m) for some m ∈ N, in which case the triv-

ial U
{2,...,n−1}
q (n)-isotypical subspace is spanned by the lower Gelfand-Tsetlin
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vector

|(M(m,0,...,0))
↓〉 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

â
m 0 · · · 0 −m

0 0 · · · 0 0
. . . . .

.

0 0
0

ì↓ ø

.

By proposition 6.1,

|(M(m,0,...,0))
↓〉 =

∑

0≤m2≤···
···≤mn−1≤mn=m

(−1)|m|∏n−1
k=2 [2mk + k − 1]

1
2

[n− 2]!
1
2

ï
m+ n− 2
n− 2

ò

×

∣∣∣∣∣∣∣∣∣∣∣∣∣

â
m 0 · · · 0 −m
mn−1 0 · · · 0 −mn−1

. . . . .
.

m2 −m2

0

ì↑ ø

. (7.1)

We see that the τ1-isotypical subspace of σ will be orthogonal to |(M(m,0,...,0))
↓〉

unless τ1 has highest weight of the form (mn−1, 0, . . . , 0,−mn−1) for some
mn−1 ∈ N.
So, let τ1 be the U↑

q(n − 1)-type with highest weight (mn−1, 0, . . . , 0,−mn−1).
Regardless of m, the sum in (7.1) contains at most a fixed finite number of
vectors of U↑

q(n− 1)-type τ1, since they all have to verify m2 ≤ · · · ≤ mn−2 ≤
mn−1. Moreover, the coefficient of each of these terms is bounded in absolute
value by

[2mn−1 + (n− 1)− 1]
1
2 (n−2)

[n− 2]!
1
2

ï
m+ n− 2
n− 2

ò ,

which tends to zero as m → ∞. It follows that there are only finitely many
m ∈ N for which there exists a unit vector ξ of Ŭq(gl↑n−1)-type τ1 such that
|〈ξ|(Mm,0,...,0)↓〉| > ǫ. This completes the proof.

Proposition 7.7. Let n ≥ 2 and let I1, I2 be sets of simple roots of Uq(n). If
I1 ∪ I2 = Σ then UI1

q (n) and UI2
q (n) are essentially orthotypical in Uq(n).

Proof. The result is trivial for n = 2. Suppose now that n > 2 and that the
result has been proven for Uq(n− 1).
We claim first that UJ1

q (n) and UJ2
q (n) are essentially orthotypical in

U
{1,...,n−2}
q (n) whenever J1 ∪ J2 = {1, . . . , n− 2}. Recall that U

{1,...,n−2}
q (n) =

U↑
q(n − 1) × Z↑

n−1. Moreover, we have UJ
q (n) = UJ

q (n − 1) × Z↑
n−1 for any
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J ⊆ {1, . . . , n−2}. Note that UJ
q (n−1) and Z↑

n−1 are commuting and generat-

ing quantum subgroups of UJ
q (n). Using Lemma 3.11, the inductive hypothesis

implies that the quantum subgroups UJ1
q (n),UJ2

q (n) ⊆ U
{1,...,n−2}
q (n) satisfy

condition c) of Lemma 7.2 whenever J1 ∪ J2 = {1, . . . , n− 2}. This proves the
claim.

Suppose now that I1 ∪ I2 = {1, . . . , n− 1}. Assume without loss of generality
that n− 1 ∈ I1. Let τi ∈ Irr(UIi

q (n)) for i = 1, 2. Moreover, let Si denote the

set of U
Ii\{n−1}
q (n)-types that occur in τi, so that we have pτi = pτipSi on any

Uq(n)-representation H . By the claim above, pS1pS2 is in K
U

{1,...,n−2}
q (n)

(H),

so for any ǫ > 0 there exists a finite set F1 ⊂⊂ Irr(U
{1,...,n−2}
q (n)) such that

‖(1 − pF1)pS1pS2‖ < ǫ. Note that pF1 commutes with both pS1 and pS2 . We
therefore obtain

‖pτ1pτ2 − pτ1pF1pτ2‖ = ‖pτ1pS1(1 − pF1)pS2pτ2‖ < ǫ. (7.2)

Now we repeat this trick, this time removing the first simple root instead of

the last. Let T1 denote the finite collection of U
I1\{1}
q (n)-types which occur in

τ1, and let T2 denote the finite collection of U
{2,...,n−2}
q (n)-types which occur

in any of the U
{1,...,n−2}
q (n)-types in F1. Since we assumed that n − 1 ∈ I1,

we have (I1 \ {1}) ∪ {2, . . . , n − 2} = {2, . . . , n − 1}. Another application of
the above claim implies that pT1pT2 ∈ KU

{2,...,n−1}
q (n)

(H). Thus, there is a

finite subset F2 ⊂⊂ Irr(U
{2,...,n−1}
q (n)) such that ‖(1 − pF2)pT1pT2‖ < ǫ, and

we obtain

‖pτ1pF1pτ2 − pτ1pF2pF1pτ2‖ = ‖pτ1pT1(1 − pF2)pT2pF1pτ2‖ < ǫ. (7.3)

Combining Equations (7.2) and (7.3) gives

‖pτ1pτ2 − pτ1pF2pF1pτ2‖ < 2ǫ.

By Lemma 7.6, pF2pF1 ∈ KUq(n)(H), so pτ1pF2pF1pτ2 ∈ KUq(n)(H). Since ǫ
was arbitrary, pτ1pτ2 ∈ KUq(n)(H). This completes the proof.

Lemma 7.8. For any I1, I2 ⊆ Σ, UI1
q (n) and UI2

q (n) are essentially orthotypical

as quantum subgroups of UI1∪I2
q (n).

Proof. Write I = I1 ∪ I2. The quantum group UI
q(n) has a block diagonal

decomposition, which we shall write as UI
q(n) =

∏
k Uq(nk). Let Σk ⊆ Σ be

the set simple roots of the block Uq(nk), and put Ii,k = Ii∩Σk for i = 1, 2. We

obtain decompositions UIi
q (n) =

∏
k U

Ii,k
q (nk). For each k, I1,k ∪ I2,k = Σk, so

Proposition 7.7 says that the subgroups U
I1,k
q (nk) and U

I2,k
q (nk) are essentially

orthotypical in Uq(nk). A repeated application of Lemma 3.11 completes the
proof.
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We finish this section with the analogous result for quantum subgroups of
Kq = SUq(n).

Proposition 7.9. For any I1, I2 ⊆ Σ, KI1
q and KI2

q are essentially orthotypical

as quantum subgroups of KI1∪I2
q .

Proof. Let T be the diagonal maximal torus of SU(n) and let Z be the centre of
U(n). Both T and Z can be naturally identified with subgroups of the maximal
torus of Uq(n).
Fix τ1 ∈ Irr(KI1

q ) and let 12 denote the trivial representation of KI2
q . Suppose

σ ∈ Irr(KI1∪I2
q ) contains both of these as subrepresentations. Then in par-

ticular, T acts trivially on the trivial KI2
q -isotypical subspace, and by Schur’s

Lemma T∩Z acts trivially on all of V σ. By comparison with the representation
theory of the classical groups, we therefore know that σ and τ1 extend uniquely
to representations σ̃ ∈ Irr(UI1∪I2

q (n)) and τ̃1 ∈ Irr(UI1
q (n)), respectively, in

which Z acts trivially. Denote by 1̃2 the trivial representation of UI2
q (n). By

Lemma 7.8, for any ǫ > 0, there are only finitely many σ̃ ∈ Irr(UI1∪I2
q (n)) for

which
sup{|〈pτ̃1ξ, p

1̃2
η〉| | ξ, η ∈ V σ̃, ‖ξ‖ = ‖η‖ = 1} ≥ ǫ.

The result therefore follows from Lemma 7.2.

Corollary 7.10. Let I ⊆ Σ and let H be a unitary representation of Kq. For
any τ ∈ Irr(KI

q ) the isotypical projection pτ belongs to A(H).

Proof. Let I ′ ⊆ Σ. For any τ ′ ∈ Irr(KI′

q ), Proposition 7.9 implies that pτpτ ′

and pτ ′pτ are in KI∪I′(H) ⊆ KI′(H). From Lemma 3.6 we deduce that pτ ∈
AI′(H). Since I ′ was arbitrary pτ ∈ A(H).

7.3 Application to the lattice of ideals

Essential orthotypicality is the crucial property for proving Theorem 5.1.

Lemma 7.11. Let Kq = SUq(n) and let I1, I2 ⊆ Σ. Then

a) KI1 ∩KI2 = KI1∪I2 ,

b) AI1 ∩ AI2 ⊆ AI1∪I2 .
Proof. From Lemma 3.9 we have KI1∪I2 ⊆ KI1 ∩KI2 . For the reverse inclusion,
suppose T ∈ KI1(H,H′) ∩ KI2(H,H′) for some fully Kq-harmonic spaces H
and H′. Thus for any ǫ > 0, there are finite sets Si ⊂⊂ Irr(KIi

q ) such that
‖T − pSiTpSi‖ < ǫ for i = 1, 2, and we obtain ‖T − pS1pS2TpS2pS1‖ < 2ǫ. By
Proposition 7.9, there is a finite subset F ⊆ Irr(KI1∪I2

q ) such that ‖pS1pS2 −
pF pS1pS2pF ‖ < ǫ/‖T ‖, from which

‖T − pF pS1pS2pFTpFpS2pS1pF ‖ < 4ǫ.

This proves the first statement. The second claim follows by using the charac-
terization of AI as multipliers of KI in Lemma 3.6.
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Now we are ready to assemble the above results in order to prove Theorem
5.1. Indeed, parts a) and c) of the theorem now follow as a corollary of Lemma
7.11, and part d) is contained in Lemma 4.5. To prove part b), note that if
σ ∈ Irr(KI

q ) for some I ⊆ Σ then pσ is in KI(H) for any fully Kq-harmonic
space H, so the result follows from Corollary 7.10. This completes the proof of
Theorem 5.1.

8 Longitudinal pseudodifferential operators

In this section we prove Theorem 5.2.

8.1 Multiplication operators

We shall begin with Theorem 5.2 a), which is a consequence of the next propo-
sition. Let us recall once again that we are equipping L2(Kq), and its weight
spaces L2(Eµ) for µ ∈ P, with the structure of a fully Kq-harmonic space com-
ing from the right regular representation. Thus, if τ ∈ Irr(KI

q ) for some I ⊆ Σ
and g = 〈η∗| · |η〉 is a matrix coefficient, then pτg = 〈η∗| · |pτη〉.

Proposition 8.1. For any f ∈ O(Kq), the left and right multiplication oper-
ators Ml(f) and Mr(f) belong to A(L2(Kq)).

Proof. Fix I ⊆ Σ. We may assume that f = 〈ξ∗| · |ξ〉 is a matrix coefficient of
an irreducible Kq-representation. Moreover we may assume that ξ belongs to
a KI

q subrepresentation, say of type σ.

Let τ ∈ Irr(KI
q ). From the formula (2.1) for the product of matrix coefficients,

one sees that Ml(f)pτ = pSMl(f)pτ where S is the finite set of KI
q -types which

occur in τ ⊗ σ. This means Ml(f)pτ ∈ Ki(L2(Kq)).
We therefore obtain Ml(O(Kq))pτ ⊆ Ki(L2(Kq)). Taking adjoints shows
that pτMl(O(Kq)) ⊆ Ki(L2(Kq)). By Lemma 3.6, this implies Ml(O(Kq)) ∈
AI(L2(Kq)). Since I was arbitrary this yields the claim for left multiplication
operators. The proof for right multiplication operators is similar.

8.2 Basic properties of the phase of Ei, Fi

Before specializing to the section spaces of bundles over the quantum flag man-
ifold, we will first consider the abstract properties of the operators

Di =

Å
0 Fi
Ei 0

ã
on Hµ ⊕Hµ+αi

for any Kq-representation H and any µ ∈ P. This operator Di is essentially
self-adjoint with domain the linear span of the Kq-isotypical components.

Lemma 8.2. With the notation above, ψ(Di) ∈ Ki(Hµ ⊕Hµ+αi) for any func-
tion ψ ∈ C0(R), and φ(Di) ∈ Ai(Hµ ⊕ Hµ+αi) for any bounded function
φ ∈ Cb(R).
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Proof. Recall from Section 2.5 the subgroup Siq
∼= SUq(2) which is associ-

ated to the simple root αi. The standard formulae for irreducible Ŭq(sl(2))-
representations show that the Siq-isotypical subspaces of Hµ ⊕Hµ+αi are pre-
cisely the eigenspaces for D2

i , and that the spectrum of D2
i is discrete. It fol-

lows that if the function ψ has compact support, then ψ(Di) annihilates all but
finitely many Siq-isotypical subspaces. On a weight space, the Siq-isotypical and

the Ki
q-isotypical decompositions are identical, so ψ(Di) ∈ Ki(Hµ ⊕ Hµ+αi).

By density, ψ(Di) ∈ Ki(Hµ ⊕Hµ+αi) for any ψ ∈ C0(R).
If φ is a bounded function then φ(Di) is bounded, and it preserves Ki

q-types.
This proves the second statement.

Remark 8.3. It follows from this proof that if ψ ∈ Cc(R), then ψ(D2
i ) is a finite

linear combination of isotypical projections for Ki,q. By Corollary 7.10, these
isotypical projections are in A(H). We can therefore deduce that ψ(Di) ∈
Ji(H) for any even function ψ ∈ C0(R). Unfortunately, showing that ψ(Di) ∈
Ji(H) for an odd ψ ∈ C0(R), as required for Theorem 5.2 c), is more difficult.

Now let V be a finite dimensional unitary representation of Kq. Then Di acts
on H ⊗ V , and in particular on (H ⊗ V )µ ⊕ (H ⊗ V )µ+αi , as

∆̂(Di) =

Å
0 Fi ⊗Ki

Ei ⊗Ki 0

ã
+

Å
0 K−1

i ⊗ Fi
K−1
i ⊗ Ei 0

ã
.

We will abbreviate this expression as Di ⊗Ki +K−1
i ⊗Di.

Lemma 8.4. Let H, V be unitary Kq-representations with V finite dimensional

and let µ ∈ P. As operators on (H⊗V )µ⊕(H⊗V )µ+αi , we have ph(∆̂(Di)) ≡
ph(Di)⊗ IdV modulo Ki((H ⊗ V )µ ⊕ (H ⊗ V )µ+αi ).

Proof. Since Ki is strictly positive, we have ph(Di ⊗ Ki) = ph(Di) ⊗ IdV .
Let us set A = ∆̂(Di), B = Di ⊗ Ki. Then A − B = K−1

i ⊗ Di, which is
bounded on (H ⊗ V )µ ⊕ (H ⊗ V )µ+αi since V is finite dimensional, and so
A−B ∈ Ai((H ⊗ V )µ ⊕ (H ⊗ V )µ+αi ).

Let φ ∈ Cb(R) be the function φ(x) = x(1 + x2)−
1
2 . Lemma 8.2 implies that

ph(A) ≡ φ(A) modulo Ki((H ⊗ V )µ ⊕ (H ⊗ V )µ+αi). We claim that also
ph(B) ≡ φ(B) modulo Ki((H ⊗ V )µ ⊕ (H ⊗ V )µ+αi ). To see this, note that
(H ⊗V )µ⊕ (H ⊗V )µ+αi =

⊕
ν(Hµ−ν ⊕Hµ+αi−ν)⊗Vν , where the sum is over

all weights of V . This decomposition is invariant for B, and on each summand
B acts as q

1
2 (αi,ν)Di ⊗ IdVν . Lemma 8.2 implies that ψ(B) ∈ Ki((H ⊗ V )µ ⊕

(H ⊗ V )µ+αi) for any ψ ∈ C0(R), and the claim follows.
Therefore, it suffices to prove that φ(A)−φ(B) ∈ Ki((H⊗V )µ⊕(H⊗V )µ+αi).
Now,

φ(A)− φ(B) = (A−B)(1 +A2)−
1
2 +B((1 +A2)−

1
2 − (1 +B2)−

1
2 ).

The first term (A−B)(1 +A2)−
1
2 is contained in Ki((H ⊗V )µ⊕ (H⊗V )µ+αi )

by Lemma 8.2. For the second term we use the integral formula

(1 + x2)−
1
2 =

1

π

∫ ∞

0

t−
1
2 (1 + x2 + t)−1 dt,
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which gives

B((1 +A2)−
1
2 − (1 +B2)−

1
2 )

=
1

π
B

∫ ∞

0

t−
1
2 ((1 +A2 + t)−1 − (1 +B2 + t)−1) dt

=
1

π
B

∫ ∞

0

t−
1
2 (1 +B2 + t)−1(B2 −A2)(1 +A2 + t)−1 dt

=
1

π
B

∫ ∞

0

t−
1
2 (1 +B2 + t)−1B(B −A)(1 +A2 + t)−1 dt

+
1

π
B

∫ ∞

0

t−
1
2 (1 +B2 + t)−1(B −A)A(1 +A2 + t)−1 dt. (8.1)

By Lemma 8.2, we haveB(1+B2+t)−1B ∈ Ai with norm at most 1, B−A ∈ Ai,
and (1 + A2 + t)−1 ∈ Ki with norm at most (1 + t)−1, so the first integral on
the right hand side of equation (8.1) converges in norm in Ki((H ⊗V )µ⊕ (H⊗
V )µ+αi). For the second integral, we can write

B(1 +B2 + t)−1(B −A)A(1 +A2 + t)−1

= B(1 +B2 + t)−
1
2 (1 +B2 + t)−

1
2 (B −A)A(1 +A2 + t)−

1
2 (1 +A2 + t)−

1
2 ,

where B(1 + B2 + t)−
1
2 and A(1 + A2 + t)−

1
2 are in Ai with norm at most 1,

B−A ∈ Ai, and (1+B2 + t)−
1
2 and (1+A2+ t)−

1
2 are in Ki with norm at most

(1 + t)−
1
2 , so we again have norm convergence in Ki((H ⊗V )µ⊕ (H⊗V )µ+αi).

This completes the proof.

Considering the matrix entries of the operators in Lemma 8.4 gives the following
result for ph(Ei) and ph(Fi).

Corollary 8.5. Let H and V be unitary Kq-representations, with V finite

dimensional. For any weight µ ∈ P the operators (ph(∆̂(Ei)) − ph(Ei) ⊗
IdV )pµ and pµ(ph(∆̂(Ei)) − ph(Ei) ⊗ IdV ) belong to Ki(H ⊗ V ). Likewise,

(ph(∆̂(Fi)) − ph(Fi) ⊗ IdV )pµ and pµ(ph(∆̂(Fi)) − ph(Fi) ⊗ IdV ) belong to
Ki(H ⊗ V ).

8.3 The phase of the longitudinal Dirac operators

In this section we prove Theorem 5.2 b) and c). It is easy to see that ph(Ei)
and ph(Fi) are multipliers of Ki, but Theorem 5.2 b) claims a more subtle fact,
namely that ph(Ei) and ph(Fi) are multipliers of Kj for every j ∈ Σ. We will
prove this fact in a series of Lemmas, beginning with the case of SUq(3).
We use the notation for subgroups of Uq(3) which was introduced in Section
6.1.

Lemma 8.6. Let 12 be the trivial representation of U
{2}
q (3). On any uni-

tary Uq(3)-representation H, the operators ph(E1)p
12 and ph(F1)p

12 belong
to K

U
{2}
q (3)

(H).
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Proof. We will show that for any ǫ > 0 there is a finite collection S ⊂⊂
Irr(U

{2}
q (3)) such that on every irreducible Uq(3)-representation V σ the es-

timate

‖(1− pS) ph(E1)p
12‖ < ǫ (8.2)

holds. Since S does not depend on σ in this statement, the lemma will follow
by decomposing H into irreducibles for Uq(3).

As before, we write σµ for the irreducible Uq(3)-representation with highest
weight µ. It follows from Section 6.3 that the operator p

12 is zero on V σ
µ

unless µ = (m, 0,−m) for some m ∈ N, in which case p
12V

σ is spanned by the
lower Gelfand-Tsetlin vector

|(M(m,0,0))
↓〉 =

∣∣∣∣∣∣∣

Ñ
m 0 −m

0 0
0

é↓ª

.

Note that |(M(m,0,0))
↓〉 has weight 0, so that ph(E1)|(M(m,0,0))

↓〉 is contained

in the weight space (V σ
µ

)α1 , which is spanned by the vectors

∣∣∣∣∣∣∣

Ñ
m 0 −m
k −k+1

0

é↓ª

(8.3)

for k = 1, . . . ,m.

Let us denote by τk the U
{2}
q (3)-type of the vector (8.3), and let Sl =

{τ1, . . . , τl}. On V (m,0,−m), the operator pSl ph(E1)p
12 satisfies

‖pSl ph(E1)p
12‖2 =

l∑

k=1

±Ñ
m 0 −m
k −k+1

0

é↓ ∣∣∣∣∣∣∣
ph(E1)

∣∣∣∣∣∣∣
(M(m,0,0))

↓

ª2

.
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Using Proposition 6.5, we have that

lim
m→∞

‖pSl ph(E1)p
12‖2

=
l∑

k=1

[k]2

[2k]

Çï
k − 1

2

ò−1

−
ï
k +

1

2

ò−1
å2

=
l∑

k=1

1

[2k]
[
k − 1

2

]2 [
k + 1

2

]2
Å

[k]

ï
k +

1

2

ò
− [k]

ï
k − 1

2

òã2

=

l∑

k=1

1

[2k]
[
k − 1

2

]2 [
k + 1

2

]2
Åï

1

2

ò
[2k]

ã2

=

l∑

k=1

ï
1

2

ò2Ç 1

[k − 1
2 ]2
− 1

[k + 1
2 ]2

å

= 1− [ 12 ]2

[l + 1
2 ]2

.

Let l be sufficiently large that
[ 12 ]

2

[l+ 1
2 ]

2 <
1
2ǫ. Then

lim
m→∞

‖pSl ph(E1)p
12‖2 > 1− 1

2
ǫ.

This implies that for all m greater than some m0 we have

‖pSl ph(E1)p
12‖2 > 1− ǫ

on the representation V σ
(m,0,−m)

. Therefore we obtain

‖(1− pSl) ph(E1)p
12‖2 = ‖ ph(E1)p

12‖2 − ‖pSl ph(E1)p
12‖2 < ǫ

for all m > m0.
Let S ⊂⊂ Irr(U

{2}
q (3)) be the finite set containing Sl as well as the finite

collection of U
{2}
q (3)-types which appear in any of the representations of highest

weight (m, 0,−m) for m = 0, . . . ,m0. By construction, we have:

• (1− pS) ph(E1)p
12 = 0 on every V σ

µ

with µ not of the form (m, 0,−m);

• (1− pS) ph(E1)p
12 = 0 on every V σ

(m,0,−m)

with m ≤ m0;

• ‖(1− pS) ph(E1)p
12‖ <

√
ǫ on every V σ

(m,0,−m)

with m > m0.

We conclude that on any unitary Uq(3)-representation H , the operator
ph(E1)p

12 is approximated to within
√
ǫ by pS ph(E1)p

12 . This proves that
ph(E1)p

12 ∈ KU
{2}
q (3)

(H). The proof that ph(F1)p
12 ∈ KU

{2}
q (3)

(H) is simi-

lar.
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Corollary 8.7. With Kq = SUq(3), let 12 denote the trivial corepresentation

of K
{2}
q . On any unitary Kq-representation H, the operators ph(E1)p

12 and
ph(F1)p

12 belong to K2(H).

Proof. We reuse the notation from the proof of Proposition 7.9. Recall that
T ∩ Z acts trivially on any irreducible Kq-representation which contains the

trivial K
{2}
q -type. Putting H ′ = p

1T∩ZH , we have p
12 = 0 on H ′⊥, so it suffices

to prove the result with H ′ in place of H .
The Kq-representation on H ′ extends to a Uq(3)-representation in which Z
acts trivially. With this extension, KZ(H ′) = L(H ′). One can check that Z

and K
{2}
q are commuting and generating quantum subgroups of U

{2}
q (3), so the

result follows from Lemma 8.6 and Lemma 3.11.

Lemma 8.8. With Kq = SUq(3), let H be a unitary Kq-representation. Then
we have ph(Ei) ∈ A(H) and ph(Fi) ∈ A(H) for i = 1, 2.

Proof. Let us first assume that H has finite Kq-multiplicities.
In order to prove ph(E1) ∈ A(H), we only need to show ph(E1) ∈ A2(H)

since ph(E1) ∈ A1(H) is clear. Let τ ∈ Irr(K
{2}
q ). Choose a finite dimensional

Kq-representation V which contains τ as a K
{2}
q -type, and use Lemma 3.13 to

factorize ph(E1)pτ on H as

ph(E1)pτ = ph(E1)(IdH ⊗ῑ)(p12 ⊗ IdV )(IdH ⊗ι)
= (IdH ⊗ῑ)(ph(E1)⊗ IdV c ⊗ IdV )(p

12 ⊗ IdV )(IdH ⊗ι). (8.4)

Write

(ph(E1)⊗ IdV c)p12 = ph(∆̂(E1))p
12 + (ph(E1)⊗ IdV c − ph(∆̂(E1)))p

12 .

We have ph(∆̂(E1))p
12 ∈ K2(H ⊗ V ) by Corollary 8.7. We also have that

(ph(E1) ⊗ IdV c − ph(∆̂(E1)))p
12 ∈ K2(H ⊗ V )K1(H ⊗ V ) by Corollary 8.5,

and since H ⊗ V has finite Kq-multiplicities, Lemma 3.7 shows that this is in
K(H ⊗ V ) ⊆ K2(H ⊗ V ). We conclude that ph(E1)pτ ∈ K2(H).
One can similarly show that ph(F1)pτ ∈ K2(H). Moreover, by taking adjoints,
we obtain pτ ph(E1), pτ ph(F1) ∈ K2(H). Using Lemma 3.6, we conclude that
ph(E1) and ph(F1) are in A2(H).
Suppose now that H does not necessarily have finite Kq-multiplicities. We can
embed H into the universal Kq-representation H0 = L2(Kq) ⊗ ℓ2(N), where
ℓ2(N) is equipped with the trivial Kq-representation. Since ℓ2(N) contains only

the trivial K
{2}
q -type we have Idℓ2(N) ∈ K2(ℓ2(N)). Now ph(E1) acts on H0

as ph(E1) ⊗ Idℓ2(N). This operator belongs to A2(L2(Kq)) ⊗ K2(ℓ2(N)), and
hence to A2(H0) by Lemma 3.12. It follows that the restriction of ph(E1) to
H belongs to A2(H). A similar argument shows that ph(F1) ∈ A2(H).
To show that ph(E2), ph(F2) ∈ A1(H) it suffices to use the automorphism Ψ of
Equation (6.2) to interchange the simple roots. This completes the proof.
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Proposition 8.9. Let Kq = SUq(n) and let H be any unitary Kq-
representation. For each i = 1, . . . , n − 1, the operators ph(Ei) : H → H
and ph(Fi) : H → H belong to A(H).

Proof. We need to prove ph(Ei) ∈ Aj(H) for every j ∈ Σ. Note that Sjq and

T j⊥ are commuting and generating quantum subgroups of Kj
q . If v ∈ H is

of T j⊥-type λ, then ph(Ei)v is of T j⊥-type λ + αi|T j⊥ , where by abuse of
notation we are identifying αi ∈ P with its exponential in T̂ . It follows that
ph(Ei) ∈ AT j⊥ (H). By Lemma 3.11 it remains only to prove ph(Ei) ∈ ASjq (H).

If i = j, this is immediate. If |i − j| = 1, then Ei, Fi, Ej , Fj belong to a

subalgebra of Ŭq(sln) isomorphic to Ŭq(sl3), and the result follows from Lemma

8.8. Finally, if |i − j| > 1, then ph(Ei) commutes with Ŭq(sj) so it preserves
Sjq -types and the result follows.
By taking adjoints, we also obtain ph(Fi) ∈ A(H).

We can now prove parts b) and c) of Theorem 5.2. Consider Di =

Å
0 Fi
Ei 0

ã

acting on L2(Eµ ⊕ Eµ+αi) for some µ ∈ P. Theorem 5.2 b) follows directly
from Proposition 8.9. In order to prove part c) let φ ∈ Cb(R) be a continuous
odd function such that φ(Di) = ph(Di). We know from Remark 8.3 that
(1+D2

i )
−1 ∈ Ji(L2(Eµ⊕Eµ+αi)). Since φ(Di) ∈ A(L2(Eµ⊕Eµ+αi)) we also have

φ(Di)(1 +D2
i )

−1 ∈ Ji(L2(Eµ⊕Eµ+αi)). By the Stone-Weierstrass Theorem the
functions x 7→ (1 + x2)−1 and x 7→ φ(x)(1 + x2)−1 generate a dense subalgebra
of C0(R), so Theorem 5.2 c) follows.

8.4 Commutator of functions with the phase of a longitudinal
Dirac operator

In this subsection we prove Theorem 5.2 d).
For any λ ∈ h∗ one may define an element Kλ in C(K̂q) by declaring that
Kλ acts on the weight ν subspace of any irreducible Kq-representation by

multiplication by q
1
2 (λ,µ). If λ = αi is a simple root, then Kαi is the generator

Ki of Ŭq(sln).

The element K2ρ ∈ C(K̂q), where ρ is the half-sum of all positive roots, shows
up in the Schur orthogonality relations. Specifically, the L2-norms of the matrix
coefficients of an irreducible unitary representation σ of Kq satisfy

‖〈ξ∗| · |ξ〉‖ =
1

dimq(σ)
1
2

‖K2ρ · ξ∗‖‖ξ‖ (8.5)

for ξ ∈ V σ and ξ∗ ∈ V σ∗, where dimq denotes the quantum dimension. We
remark that the Hilbert space structure on V σ∗ is induced from the canonical
isometric isomorphism of V σ∗ with the conjugate Hilbert space of V σ. Moreover
K2ρ ∈ C(K̂q) acts by the transpose action on V σ∗.
Let us derive an estimate on slightly more general matrix coefficients.
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Lemma 8.10. Fix σ ∈ Irr(Kq). For any τ ∈ Irr(Kq) and ζ ∈ V τ ⊗ V σ,
ζ∗ ∈ V τ∗ ⊗ V σ∗, we have

‖〈ζ∗| · |ζ〉‖ ≤ dimq(σ)
1
2

dimq(τ)
1
2

‖K2ρ · ζ∗‖ ‖ζ‖.

Here all norms are Hilbert space norms.

Proof. Take an orthogonal decomposition τ ⊗ σ =
⊕

j τj where the τj are
irreducible Kq-subrepresentations of τ ⊗ σ. Correspondingly, we decompose
ζ =

∑
j ζj and ζ∗ =

∑
j ζ

∗
j where ζj ∈ V τj , ζ∗j ∈ V τj∗. Since τ ≤ τj ⊗ σc we

have dimq(τ) ≤ dimq(τj) dimq(σ). We obtain

‖〈ζ∗| · |ζ〉‖2 =
∑

j

1

dimq(τj)
‖K2ρ · ζ∗j ‖2‖ζj‖2 ≤

∑

j

dimq(σ)

dimq(τ)
‖K2ρ · ζ∗j ‖2‖ζj‖2.

The result follows.

Let µ, ν ∈ P, i ∈ Σ and f ∈ C(Eν). We will use the bracket [ph(Ei),Ml(f)] to
denote the operator ph(Ei)Ml(f) − Ml(f) ph(Ei) : L2(Eµ) → L2(Eµ+ν+αi) of
Theorem 5.2 d). From the other parts of Theorem 5.2, we know that this op-
erator belongs to A(L2(Eµ), L2(Eµ+ν+αi)), so Theorem 5.2 d) is a consequence
of the following lemma.

Lemma 8.11. Fix µ, ν ∈ P, i ∈ Σ and f ∈ C(Eν). Then
[ph(Ei),Ml(f)] ∈ Ki(L2(Eµ), L2(Eµ+ν+αi )). Similarly, [ph(Fi),Ml(f)] ∈
Ki(L2(Eµ+αi), L2(Eµ+ν)).

Proof. Again, we write σλ for the irreducible Kq-representation with highest
weight λ ∈ P+. Let Wts(σλ) ⊂ P denote the set of weights occurring in σλ.
We will assume that f = 〈ξ∗| · |ξ〉 is a matrix coefficient of σλ ∈ Irr(Kq), and
that ξ has weight ν and Ki

q-type β for some β ∈ Irr(Ki
q). Such f span a dense

subspace of C(Eν).
Let ǫ > 0. By Corollary 8.5 we can find a finite set S ⊂⊂ Irr(Ki

q) such that
for any unitary Kq-representation H we have the following estimates, where all

operators are acting on H ⊗ V σλ :

‖(ph(∆̂Ei)− ph(Ei)⊗ IdV σλ )pµ+ν(Id−pS)‖
< ǫ/(|Wts(σλ)| dimq(σ

λ)
1
2 ‖K2ρ · ξ∗‖‖ξ‖),

‖(Id−pS)(ph(∆̂Ei)− ph(Ei)⊗ IdV σλ )pµ+ν‖
< ǫ/(|Wts(σλ)| dimq(σ

λ)
1
2 ‖K2ρ · ξ∗‖‖ξ‖).

Let S′ be the set of all γ′ ∈ Irr(Ki
q) such that γ′ ⊗ β contains some Ki

q-type γ
belonging to S. This is a finite set, since any such γ′ is a subrepresentation of
γ ⊗ βc with γ ∈ S.
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Let g ∈ L2(Eµ) be a matrix coefficient g = 〈η∗| · |η〉 of an irreducible Kq-
representation σκ. Using Lemma 8.10 we obtain

‖[ph(Ei),Ml(f)](Id−pS′)g‖
= ‖〈η∗ ⊗ ξ∗| · |(ph(∆̂Ei)− ph(Ei)⊗ Id)(((Id−pS′)η)⊗ ξ)〉‖
= ‖〈η∗ ⊗ ξ∗| · |(ph(∆̂Ei)− ph(Ei)⊗ Id)pµ+ν(Id−pS)((Id−pS′)η)⊗ ξ〉‖

≤ dimq(σ
λ)

1
2

dimq(σκ)
1
2

‖K2ρ · η∗‖‖K2ρ · ξ∗‖

× ‖(ph(∆̂Ei)− ph(Ei)⊗ Id)pµ+ν(Id−pS)‖‖η‖‖ξ‖
<

ǫ

|Wts(σλ)| dimq(σκ)
1
2

‖K2ρ · η∗‖‖η‖

=
ǫ

|Wts(σλ)| ‖g‖. (8.6)

A similar calculation shows that

‖(Id−pS)[ph(Ei),Ml(f)]g‖ < ǫ

|Wts(σλ)| ‖g‖. (8.7)

If g ∈ L2(Eµ) is instead a sum of irreducible matrix coefficients, then the
inequalities (8.6) and (8.7) do not necessarily hold. To resolve this, we will
take advantage of the fact that the operator [ph(Ei),Ml(f)](Id−pS′) is band-
diagonal with respect to Kq-types in the following sense. The operators ph(Ei)
and (Id−pS) commute with the Kq-isotypical projections, while Ml(f) satisfies

pσκ′Ml(f)pσκ = 0 unless σκ
′

occurs as an irreducible subrepresentation of σκ⊗
σλ. We note that if σκ

′ ≤ σκ ⊗ σλ then κ′ = κ + ω for some weight ω of σλ.
Therefore we have a decomposition

[ph(Ei),Ml(f)](Id−pS′)

=
∑

ω∈Wts(σλ)

( ∑

κ∈P+

pσκ+ω [ph(Ei),Ml(f)](Id−pS′)pσκ

)
, (8.8)

where we take the convention that pσκ+ω = 0 if κ + ω is not dom-
inant. By the calculation (8.6) for irreducible matrix coefficients,
pσκ+ω [ph(Ei),Ml(f)](Id−pS′)pσκ is norm bounded by ǫ/|Wts(σλ)| for
each κ, ω. Since the projections pσκ are mutually orthogonal, the sum
in parentheses in (8.8) is bounded by ǫ/|Wts(σλ)| for each fixed ω.
We conclude that ‖[ph(Ei),Ml(f)](Id−pS′)‖ < ǫ. Similarly, one ob-
tains ‖(Id−pS)[ph(Ei),Ml(f)]‖ < ǫ. This completes the proof that
[ph(Ei),Ml(f)] ∈ Ki(L2(Eµ), L2(Eµ+ν+αi)) for all f ∈ C(Eµ).

Finally, one can obtain [ph(Fi),Ml(f)] ∈ Ki(L2(Eµ+αi), L2(Eµ+ν)) by taking
adjoints.
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9 The action of SLq(n,C)

In this section we recall the definition of the quantum group SLq(n,C) and
its principal series representations, and prove some estimates that will be used
later.

9.1 The complex quantum group SLq(n,C)

The quantized complex semisimple Lie group Gq = SLq(n,C) is defined as the
quantum double of Kq = SUq(n). More precisely, the C∗-algebra of functions
on Gq is given by

C0(Gq) = C(Kq)⊗ C0(K̂q)

with the comultiplication

∆Gq = (Id⊗σ ⊗ Id)(Id⊗ ad(W )⊗ Id)(∆⊗ ∆̂),

where ad(W ) is conjugation with the multiplicative unitary W ∈M(C(Kq)⊗
C∗(Kq)) of Kq and σ denotes the flip map. In the special case n = 2 this
quantum group has been studied in detail by Podleś and Woronowicz [PW90].
The unitary representations of Gq are in one-to-one correspondence with uni-
tary Yetter-Drinfeld modules for Kq, compare [NV10]. Passing to the subspace
of Kq-finite vectors, one can study such representations algebraically, namely
in terms of Yetter-Drinfeld modules over the Hopf algebra O(Kq). We recall
that a Yetter-Drinfeld module over O(Kq) is a vector space V equipped with
both a left action and a left coaction of O(Kq) in the purely algebraic sense,
satisfying the compatibility condition

f(1)ξ(−1)S(f(3))⊗ f(2) · ξ(0) = (f · ξ)(−1) ⊗ (f · ξ)(0)

for f ∈ O(Kq) and ξ ∈ V . Here we use the Sweedler notation ξ 7→ ξ(−1) ⊗ ξ(0)
for the coaction V → O(Kq)⊗V , and we write f ·v for the action of f ∈ O(Kq)
on v ∈ V .

9.2 Principal series representations of SLq(n,C)

As mentioned before, For λ ∈ h∗ one may define an element Kλ of C(K̂q)
by declaring that Kλ acts on the weight ν subspace of any irreducible Kq-

representation by multiplication by q
1
2 (λ,ν). We note that Kλ = Kλ′ if λ ≡

λ′ modulo 2i~−1Q, where ~ = log(q)
2π and Q is the root lattice. We write

h∗q = h∗/2i~−1Q and it∗q = it∗/2i~−1Q. Our conventions here are adjusted to

the quantized enveloping algebra Ŭq(sln); recall that in the notation of [KS97,

§6.1.2] the element Ki in Uq(sln) corresponds to K2
i in Ŭq(sln).

The principal series Yetter-Drinfeld modules are parametrized by pairs (µ, λ) ∈
P × h∗q . We will denote the principal series Yetter-Drinfeld module with pa-
rameter (µ, λ) by O(Eµ,λ). As a Kq-representation it is just O(Eµ) with the
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left regular coaction. The action of O(Kq) is given by

πµ,λ(a)g = a(1) g (K2
λ+ρ ⇀ S(a(2))) (9.1)

for a ∈ O(Kq) and g ∈ O(Eµ).
For λ ∈ it∗q the representations πµ,λ are ∗-representations with respect to the
standard inner product on O(Eµ), and the resulting unitary representations
of Gq on the completion L2(Eµ) of O(Eµ) are called unitary principal series
representations. We will write L2(Eµ,λ) = L2(Eµ) if we want to emphasize the
corresponding Yetter-Drinfeld structure.
We will only need the unitary principal series representations with parameters
(µ, 0), and we shall make use of the following properties.

Theorem 9.1. a) The representations L2(Eµ,0) are irreducible.

b) The representations L2(Eµ,0) and L2(Eν,0) are equivalent if and only if µ and
ν belong to the same orbit of the Weyl group action on P. In particular, if
ν = wiµ where wi is the reflection associated to a simple root αi, then the
representations are intertwined by the operator

ph(Ei)
n : L2(Eµ,0)

∼=−→ L2(Ewiµ,0), if wiµ− µ = nαi with n > 0,

ph(Fi)
n : L2(Eµ,0)

∼=−→ L2(Ewiµ,0), if wiµ− µ = nαi with n < 0.

The above facts are at least partially “known to experts,” although they do not
appear in this form in the literature. They are quantum analogues of results
about the principal series representations of classical complex semisimple Lie
groups as described, for instance, in [Duf75, Ch. III & IV]; see also [Yun11a,
Section 4.2] for a formulation along the present lines. For SLq(2,C) the above
results are essentially contained in Theorems 5.2 and 6.3 of [PW00]. The results
for SLq(n,C) can be deduced from this case. We refer to [VY] for a detailed
exposition.

9.3 Almost SLq(n,C)-equivariance of the phases of Ei and Fi

A straightforward computation shows that the multiplication operators on
L2(Eµ) satisfy the following covariance property with respect to principal series
representations.

Lemma 9.2. Let µ, ν ∈ P and f ∈ O(Eν), so that Ml(f) defines an operator
from L2(Eµ) to L2(Eµ+ν). Then for any a ∈ O(Kq),

πµ+ν,0(a) Ml(f) = Ml(a(1)fS(a(2))) πµ,0(a(3)).

The next result will be used in the proof of the equivariance properties of our
K-homology cycle.

Theorem 9.3. Let Kq = SUq(n) for n ≥ 2. Moreover let µ ∈ P and i ∈ Σ.
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a) For any a ∈ O(Kq), we have πµ,0(a) ∈ A(L2(Eµ)).

b) The operators ph(Ei) : L2(Eµ,0)→ L2(Eµ+αi,0) and ph(Fi) : L2(Eµ+αi,0)→
L2(Eµ,0) are Kq-equivariant. Moreover, they are SLq(n,C)-equivariant
modulo Ji, in the sense that for any a ∈ O(Kq),

πµ+αi,0(a) ph(Ei)− ph(Ei)πµ,0(a) ∈ Ji(L2(Eµ), L2(Eµ+αi)), (9.2)

πµ,0(a) ph(Fi)− ph(Fi)πµ+αi,0(a) ∈ Ji(L2(Eµ+αi), L2(Eµ)). (9.3)

Proof. The Yetter-Drinfeld action of a on L2(Eµ,0) can be written as πµ,0(a) =
Ml(a(1))Mr(Kρ ⇀ S(a(2))), so a) follows from Proposition 8.1
The Kq-equivariance of ph(Ei) and ph(Fi) is immediate from the fact that they
are defined via the right regular representation.
Let i ∈ Σ. We have wiρ = ρ − αi, so according to Theorem 9.1 the operator
ph(Ei) : L2(Eρ−αi,0)→ L2(Eρ,0) is an intertwiner. Thus, the differences in (9.2)
and (9.3) are zero when µ = ρ−αi. For general µ, we use Lemma 2.1 to obtain
f1, . . . , fk ∈ O(Eµ+αi−ρ) and g1, . . . , gk ∈ O(Eρ−αi−µ) such that

∑
j gjfj = 1.

We can then use Theorem 5.2 and Lemma 9.2 to compute

πµ+αi,0(a) ph(Ei)

=
∑

j

πµ+αi,0(a) ph(Ei)Ml(fj)Ml(gj)

≡
∑

j

πµ+αi,0(a)Ml(fj) ph(Ei)Ml(gj) (mod Ji(L2(Eµ), L2(Eµ+αi)))

=
∑

j

Ml(a(1)fjS(a(2)))πρ,0(a(3)) ph(Ei)Ml(gj),

noting that all operators involved belong to A. A similar computation yields

∑

j

ph(Ei)πµ,0(a) ≡
∑

j

Ml(a(1)fjS(a(2))) ph(Ei)πρ−αi,0(a(3))Ml(gj)

(mod Ji(L2(Eµ), L2(Eµ+αi))).

Thus Equation (9.2) is reduced to the case µ = ρ − αi which we have just
proved. Equation (9.3) follows by taking adjoints.

10 BGG elements in K-homology

In [Yun11a] it was shown how an equivariant Fredholm module can be con-
structed from the geometric BGG complex for the full flag manifold of SU(3).
Given the results of the previous sections, that construction can now be applied
also to the quantized flag manifold of SUq(3). The construction carries over
almost word for word, so we shall merely give an outline of the steps involved
here.
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10.1 The normalized BGG complex

The reader can consult [BGG75] or [BE89] for the general combinatorial struc-
ture underlying the BGG complex of a complex semisimple Lie group. Since
we only need a bounded version of the BGG complex for SLq(3,C), we will
proceed in an ad hoc manner.

Lemma 10.1. The following is a commuting diagram of intertwining operators
between SLq(3,C) principal series representations:

L2(E−α2,0)

ph(E2)
2

&&▼▼
▼▼

▼▼▼
▼▼

▼▼
▼▼

▼▼▼
▼

L2(Eα1,0)

ph(E2)&&▼▼
▼▼▼

L2(E−ρ,0)

ph(E1) 88qqqqq

ph(E2)
&&▼▼

▼▼▼
L2(Eρ,0)

L2(E−α1,0)

ph(E1)
2

88qqqqqqqqqqqqqqqqq
L2(Eα2,0)

ph(E1)
88qqqqq

(10.1)

Proof. That these operators are intertwiners results from Theorem 9.1. By
Schur’s Lemma, the diagram commutes up to a scalar. By checking on the
minimal Kq-type, one can verify that the diagram commutes on the nose.

To define the normalized BGG complex, we displace all the weights in the
above construction by ρ = α1 + α2.

Lemma 10.2. The following diagram commutes modulo J1 + J2:

L2(Eα1,0)

ph(E2)
2

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼▼▼

▼▼
▼▼

L2(E2α1+α2,0)

ph(E2)&&▼▼
▼▼▼

L2(E0,0)

ph(E1) 88qqqqq

ph(E2)
&&▼▼

▼▼▼
L2(E2ρ,0)

L2(Eα2,0)

ph(E1)
2

88qqqqqqqqqqqqqqqqq
L2(Eα1+2α2,0)

ph(E1)
88qqqqq

Proof. According to Lemma 2.1 we find f1, . . . , fk ∈ C(Eρ), g1, . . . , gk ∈ C(E−ρ)
such that

∑
j fjgj = 1. Consider the composition ph(E1) ph(E2)2 ph(E1) :

L2(E0,0)→ L2(E2ρ,0). By Theorem 5.2,

ph(E1) ph(E2)2 ph(E1) =
∑

i

Ml(fi)Ml(gi) ph(E1) ph(E2)2 ph(E1)

≡
∑

i

Ml(fi) ph(E1) ph(E2)2 ph(E1)Ml(gi)

mod J1(L2(E0), L2(E2ρ)) + J2(L2(E0), L2(E2ρ)),
where the operators in the last expression are the intertwiners of Lemma 10.1.
By a similar calculation, we obtain

ph(E2) ph(E1)2 ph(E2) ≡
∑

i

Ml(fi) ph(E2) ph(E1)2 ph(E2)Ml(gi)

mod J1(L2(E0), L2(E2ρ)) + J2(L2(E0), L2(E2ρ)),

Documenta Mathematica 20 (2015) 433–490



478 Christian Voigt and Robert Yuncken

and the result then follows from Lemma 10.1.

Lemma 10.3. Let µ ∈ P, i ∈ Σ and n ∈ N. Then ph(Fi)
n ph(Ei)

n − Id ∈
Ji(L2(Eµ)) and ph(Ei)

n ph(Fi)
n − Id ∈ Ji(L2(Eµ)).

Proof. Let µαi ∈ 1
2N be the restriction of µ to a weight of Siq

∼= SUq(2). The
operator ph(Ei)

n : L2(Eµ)→ L2(Eµ+nαi) is a partial isometry, and its kernel is
the span of those Siq-isotypical subspaces whose highest weight l ∈ 1

2N satisfies
l < µαi +n. Therefore ph(Fi)

n ph(Ei)
n−Id is a projection onto a finite number

of Siq-types, and hence Ki
q-types, in L2(Eµ). A similar statement can be made

for ph(Ei)
n ph(Fi)

n − Id. The result then follows from Theorem 5.1 b).

We now augment the diagram of Lemma 10.2 by adding two more operators:

L2(Eα1,0)

ph(E2)
2

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼▼▼
▼▼

−A1 // L2(E2α1+α2,0)

ph(E2)&&▼▼
▼▼▼

L2(E0,0)

ph(E1) 88qqqqq

ph(E2)
&&▼▼

▼▼▼
L2(E2ρ,0)

L2(Eα2,0)

ph(E1)
2

88qqqqqqqqqqqqqqqqq

−A2

// L2(Eα1+2α2,0)

ph(E1)
88qqqqq

(10.2)

where

A1 = ph(E1)2 ph(E2) ph(F1)

A2 = ph(E2)2 ph(E1) ph(F2).

By Lemma 10.3, A∗
1A1 ≡ Id modulo J1(L2(Eα1)) + J2(L2(Eα1)) and A1A

∗
1 ≡ Id

modulo J1(L2(E2α1+α2)) + J2(L2(E2α1+α2)). Similar statements hold for A2.
The inclusion of the minus signs before A1 and A2 in the diagram (10.2) ensures
that all squares in the diagram anti-commute modulo J1 + J2. Thus (10.2) is
a complex modulo J1 + J2.
The combinatorial structure underlying the diagram (10.2) is the Bruhat graph
of the group G = SL(3,C). Rather than detail this in generality, let us simply
introduce some convenient notation.

Definition 10.4. Let Γ be the set of arrows in the diagram (10.2) and Γ(0) the
set of six vertices. Denote by Tγ the operator corresponding to γ ∈ Γ in (10.2).
Also, to each arrow γ we associate a set of simple roots, denoted supp(γ) and
called the support of γ, according to the Weyl reflection underlying it as follows:

·

{α2}

&&▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼▼
▼▼

▼▼
{α1,α2} // ·

{α2}

&&▼▼
▼▼

▼▼
▼▼

▼▼

·

{α1}
88qqqqqqqqqq

{α2} &&▼▼
▼▼

▼▼
▼▼

▼▼ ·

·

{α1}

88qqqqqqqqqqqqqqqqqqqqqq
{α1,α2}

// ·
{α1}

88qqqqqqqqqq
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10.2 Construction of the Fredholm module

Let HBGG be the Z/2Z-graded Hilbert space which is the direct sum of the
six section spaces in the BGG diagram (10.2) graded by even and odd Bruhat
length, namely L2(E0), L2(E2α1+α2) and L2(Eα1+2α2) have degree 0 and the
other three summands have degree 1. The sum T =

∑
γ(Tγ + T ∗

γ ) is an odd
SUq(3)-equivariant operator on HBGG. It verifies all the axioms of an equivari-
ant Kasparov K-homology cycle, but modulo J1(HBGG) + J2(HBGG) instead
of modulo K(HBGG). To refine this into a genuine Kasparov cycle we use the
operator partition of unity constructed in [Yun11a], which is described in the
following lemma.

Lemma 10.5. Let Kq = SUq(3). There exist mutually commuting operators
Nγ ∈ L(HBGG), indexed by the arrows γ ∈ Γ above, with the following proper-
ties:

a) For each γ, NγJi(HBGG) ⊆ K(HBGG) for all αi ∈ supp(γ).

b) For any vertex v ∈ Γ(0),
∑

γ∋vN
2
γ = IdHBGG, where the sum is over all

arrows entering or leaving v.

c) Whenever vertices v, v′ ∈ Γ(0) are at distance two in the graph we have
Nγ1Nγ2 = Nγ′

1
Nγ′

2
where (γ1, γ2) and (γ′1, γ

′
2) are the unique two (undi-

rected) paths of length two joining v, v′.

d) Each Nγ is Kq-equivariant.

e) Each Nγ commutes modulo compact operators with the left multiplication
action of C(Xq), the Yetter-Drinfeld action of O(Kq) and all of the nor-
malized BGG operators Tγ′ .

Proof. Firstly, one applies the Kasparov technical theorem of Baaj-Skandalis
[BS89, Theorem 4.3] with respect to the Drinfeld double Gq = D(Kq).
This yields an almost Gq-invariant operator M0 ∈ L2(HBGG), in the sense
that (C0(Gq) ⊗ 1)(δ(M0) − 1 ⊗ M0) ∈ C0(G) ⊗ K(HBGG), which satisfies
M0J1(HBGG), (1 − M0)J2(HBGG) ⊆ K(HBGG) and such that M0 commutes
modulo compacts with the left multiplication action of C(Xq) and the normal-
ized BGG operators. Here δ denotes the adjoint action of Gq induced from
HBGG. From almost invariance it follows that M0 commutes modulo compacts
with the Yetter-Drinfeld action of O(Kq). Moreover, if M denotes the opera-
tor obtained by averaging the Kq-action on M0 using the Haar functional of
C(Kq), then M−M0 ∈ K(HBGG). Thus M satisfies the same properties as M0

but is additionally Kq-invariant. Now, putting N1 = M
1
2 , N2 = (1−M)

1
2 , the

remainder of the construction is carried out as in [Yun11a, Lemma 4.14].

Theorem 10.6. The operator F =
∑

γ Nγ(Tγ + T ∗
γ ) is an odd Fred-

holm operator on HBGG which defines an equivariant K-homology class
[F] ∈ KKSLq(3,C)(C(Xq),C). The SUq(3)-equivariant index of this class in
KKSUq(3)(C,C) = R(SUq(3)) is the class of the trivial representation.
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Proof. The fact that F defines a K-homology class in KKSLq(3,C)(C(Xq),C)
can be proven as for Theorem 4.19 of [Yun11a]. Note that in order to prove
SLq(3,C)-equivariance it suffices to check that the action of O(SUq(3)) cor-
responding to the Yetter-Drinfeld structure commutes with F up to compact
operators. This in turn follows using Theorem 9.3.
Finally, the SUq(3)-types occur in the spaces L2(Eµ) with the same multiplici-
ties as their classical counterparts, so the index computation follows from the
fact that the classical BGG complex is a resolution of the trivial representa-
tion.

Remark 10.7. The same general construction can be used to make a Fredholm
module in KKSLq(3,C)(C(Xq),C) with any desired SUq(3)-equivariant index.
A BGG complex can be formed starting with an arbitrary weight µ (in the
notation we have used here it should be an anti-dominant weight), where the
weights appearing in the equivalent of the diagram (10.2) are those in the ρ-
shifted Weyl orbit of µ. The procedure above applies, and the equivariant
index of the resulting KK-cycle is the class of the irreducible representation
with lowest weight µ.

11 Applications to Poincaré duality and the Baum-Connes con-
jecture

In this section we explain how our previous constructions imply Poincaré du-
ality in equivariant KK-theory for the flag manifold Xq = SUq(3)/T , and a
certain analogue of the Baum-Connes conjecture for the dual of SUq(3). Some
of the arguments will only be sketched, and for more information and back-
ground we refer to [MN06], [MN10], [Mey08], [NV10], [Voi11].
Equivariant Poincaré duality in KK-theory with respect to quantum group
actions was introduced in [NV10], where it was also shown that the standard
Podleś sphere is equivariantly Poincaré dual to itself with respect to the natural
action of SUq(2). An important ingredient in the study of Poincaré duality with
respect to quantum group actions is the use of braided tensor products, and
we refer to [NV10] for definitions and more details.
Our aim here is to exhibit another example of equivariant Poincaré duality in
the sense of [NV10], namely for the quantum flag manifold Xq = SUq(3)/T . The
key ingredient for this is the class [F] ∈ KKSLq(3,C)(C(Xq),C) obtained in The-
orem 10.6. It yields a class in KKSLq(3,C)(C(Xq)⊠C(Xq),C) by precomposing
the representation of C(Xq) with the ∗-homomorphismC(Xq)⊠C(Xq)→ C(Xq)
induced by multiplication. Here ⊠ denotes the braided tensor product over
SUq(3), and we write D(SUq(3)) = SLq(3,C) for the quantum double of SUq(3).

Theorem 11.1. The quantum flag manifold Xq is SUq(3)-equivariantly
Poincaré dual to itself. That is, there is a natural isomorphism

KK
D(SUq(3))
∗ (C(Xq) ⊠A,B) ∼= KK

D(SUq(3))
∗ (A,C(Xq) ⊠B)

for all D(SUq(3))-C∗-algebras A and B.
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Proof. With the class [F] ∈ KKSLq(3)(C(Xq)⊠C(Xq),C) at hand, the argument
is completely analogous to the proof of Theorem 6.5 in [NV10], reducing it to
Poincaré duality for the classical flag manifold X1. We shall therefore not go
into the details.
Let us remark that we do not need an explicit description of the element

ηq ∈ KK
D(SUq(3))
∗ (C, C(Xq) ⊠ C(Xq)) corresponding to the unit of the ad-

junction, since this element is uniquely determined from the unit η1 ∈
KK

SU(3)
∗ (C, C(X1) ⊗ C(X1)) of the classical SU(3)-equivariant Poincaré du-

ality thanks to the continuous field structure of q-deformations, see [NT12],
[Yam13]. We recall that η1 is the image of the class of the trivial line bundle

1X1 ∈ KK
SU(3)
∗ (C, C(X1)) under the wrong way map induced by the diago-

nal embedding X1 →֒ X1 × X1. We refer the reader to [EM10b, EM10a] for a
full discussion of equivariant KK-duality for manifolds, and [RS86] for more
information on the case of flag varieties.

Let us now come to the Baum-Connes conjecture. We continue to write
Kq = SUq(3) and denote by K̂q the discrete quantum group dual to Kq. The
starting point of the approach in [MN06] is to view equivariant Kasparov theory
as a triangulated category. More precisely, if Γ is a discrete quantum group we
consider the category KKΓ which has as objects all separable Γ-C∗-algebras,
and KKΓ(A,B) as the set of morphisms between two objects A and B. Com-
position of morphisms is given by the Kasparov product. For a description of
the structure of KKΓ as a triangulated category we refer to [NV10], [Voi11].
Suffice it to say that this extra structure allows one to do homological algebra
in the context of Kasparov theory.
In fact, there is one further ingredient needed in the definition of the Baum-
Connes assembly map. Namely, one has to identify the category CIΓ of com-
pactly induced actions within KKΓ. Classically, the objects of CIΓ are the
C∗-algebras induced from finite subgroups of the discrete group Γ. If Γ is
torsion-free the situation is particularly simple, in the sense that only the triv-
ial subgroup has to be taken into account in this case.
It turns out that the dual of Kq behaves like a torsion-free group. More pre-

cisely, the quantum group K̂q is torsion-free in the sense that any ergodic action
of Kq on a finite dimensional C∗-algebra is Kq-equivariantly Morita equivalent
to the trivial action on C, see [Mey08], [Gof12].
For a torsion-free quantum group Γ we define the full subcategory CIΓ of KKΓ

by

CIΓ = {C0(Γ)⊗A|A ∈ KK},

where the coaction on C0(Γ)⊗A is given by comultiplication on the first tensor
factor. Similarly, we let CCΓ ⊂ KKΓ be the full subcategory of all objects which
become isomorphic to 0 in KK under the obvious forgetful functor. The sub-
category CCΓ is localising, and we denote by 〈CIΓ〉 the localising subcategory
generated by CIΓ. Moreover, the pair of localising subcategories (〈CIΓ〉, CCΓ)
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in KKΓ is complementary, compare [Mey08]. That is, KKΓ(P,N) = 0 for all
P ∈ 〈CIΓ〉 and N ∈ CCΓ, and every object A ∈ KKΓ fits into an exact triangle

ΣN // Ã // A // N

with Ã ∈ 〈CIΓ〉 and N ∈ CCΓ. Such a triangle is called a Dirac triangle for A,
it is uniquely determined up to isomorphism in KKΓ and depends functorially
on A.

Definition 11.2. Let Γ be a torsion-free discrete quantum group and let A be
a Γ-C∗-algebra. The Baum-Connes assembly map for Γ with coefficients in A
is the map

µA : K∗(Γ⋉r Ã)→ K∗(Γ⋉r A)

induced from a Dirac triangle for A. If µA is an isomorphism we shall say that
Γ satisfies the Baum-Connes conjecture with coefficients in A.

By the work of Meyer and Nest [MN06], this terminology is consistent with the
usual definitions in the case that Γ is a torsion-free discrete group.
Using the Fredholm module for the quantum flag manifold SUq(3)/T in Theo-
rem 10.6 we obtain the following result.

Theorem 11.3. The dual of SUq(3) for q ∈ (0, 1] satisfies the Baum-Connes
conjecture with trivial coefficients C.

Proof. We shall follow the arguments in [MN07]and show C ∈ 〈CIK̂q 〉. This

clearly implies that µC is an isomorphism. Using Baaj-Skandalis duality, it is
enough to prove C(Kq) ∈ 〈TKq 〉, where TKq ⊂ KKKq denotes the category of
all trivial Kq-C

∗-algebras.
We have C(T ) ⊂ 〈TT 〉 by the Baum-Connes conjecture for the abelian group
T̂ , where TT ⊂ KKT is the category of trivial T -C∗-algebras. This implies

C(Kq) = ind
Kq
T (C(T )) ∈ 〈C(Kq/T )〉. Hence it suffices to show C(Kq/T ) ∈ 〈C〉.

In the case q = 1 one obtains inverse isomorphisms α1 : C(K1/T )→ C|W | and
β1 : C|W | → C(K1/T ) in KKK1 using Poincaré duality, where |W | = 6 is the
order of the Weyl group of K1 = SU(3), see [RS86], [MN07]. For general q we
could argue in a similar way by invoking Theorem 11.1. Alternatively we may
proceed as follows, avoiding the use of braided tensor products.
The element β1 is given by induced vector bundles over the flag manifold,
and one obtains a corresponding class βq ∈ KKKq(C|W |, C(Kq/T )) for any
q ∈ (0, 1] using the induction isomorphism KKKq(C, C(Kq/T )) ∼= KKT (C,C).
Similarly, the element α1 is given by twisted Dolbeault operators. Using
theorem 10.6 we obtain a corresponding class αq in KKKq(C(Kq/T ),C|W |).
From Kq-equivariance it is immediate that we have βq ◦ αq = Id in
KKKq(C|W |,C|W |) for the classes thus obtained. To check αq ◦ βq =
Id in KKKq(C(Kq/T ), C(Kq/T )) we may use the canonical isomorphism
KKKq(C(Kq/T ), C(Kq/T )) ∼= KKT (C(Kq/T ),C) and the fact that the C∗-
algebrasC(Kq/T ) form a T -equivariant continuous field, implementing aKKT -
equivalence between C(Kq/T ) and C(K/T ), see [NT12], [Yam13]. It therefore
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suffices to consider the effect of αq ◦βq on KT
∗ (C(Kq/T )) ∼= R(K)⊗R(T )R(K),

which is the same for all q ∈ (0, 1].

We remark that Theorem 11.3 is of rather theoretical value. In particular, it
does not lead to K-theory computations similar to the ones for free orthogonal
quantum groups in [Voi11].

A Some results from q-calculus

A.1 Proof of the change of basis formula of Proposition 6.2

The vectors

|ξj〉 =

∣∣∣∣∣∣∣

Ñ
m 0 −m
j −j

0

é↑ª

, |ηk〉 =

∣∣∣∣∣∣∣

Ñ
m 0 −m
k −k

0

é↓ª

,

are the basis vectors for the 0-weight space of µ = (m, 0,−m) in the upper
and lower Gelfand-Tsetlin bases, respectively. Our calculation of the change-of-
basis coefficients avoids the use of raising and lowering operators from [MSK95],
instead using a recurrence relation which arises by considering the bracket

〈ηk|E∗
1E1|ξj〉. (A.1)

Letting E∗
1E1 act on |ξj〉 first, the Gelfand-Tsetlin formulae (6.3), (6.4) give

〈ηk|E∗
1E1|ξj〉 = [j][j + 1]〈ηk|ξj〉. (A.2)

On the other hand, in the lower Gelfand-Tsetlin basis E1 acts according to the
formula (6.3) for Ψ(E1) = E2 (see the definition of the lower basis in Section
6.2). We get

E∗
1E1|ηk〉 =

[m+ k + 2][m− k][k + 1]2

[2k + 1]
1
2 [2k + 2][2k + 3]

1
2

|ηk+1〉

+

Å
[m+ k + 2][m− k][k + 1]2

[2k + 1][2k + 2]
+

[m+ k + 1][m− k + 1][k]2

[2k][2k + 1]

ã
|ηk〉

+
[m+ k + 1][m− k + 1][k]2

[2k − 1]
1
2 [2k][2k + 1]

1
2

|ηk〉

Taking the inner product of this with |ξj〉 and equating with (A.2) yields a
three-term recurrence relation for 〈ηk|ξj〉. The result is simplified if we intro-
duce the non-unit vectors

|xj〉 = [2j + 1]−
1
2 |ξj〉, |yk〉 = [2k + 1]−

1
2 |ηk〉. (A.3)

One obtains

[j][j+ 1]〈yk|xj〉 = a(k)〈yk+1|xj〉+ (a(k) + c(k))〈yk|xj〉+ c(k)〈yk−1|xj〉, (A.4)
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where

a(k) =
[m+ k + 2][m− k][k + 1]2

[2k + 1][2k + 2]
,

c(k) =
[m+ k + 1][m− k + 1][k]2

[2k][2k + 1]
.

We claim that the solution of Equation (A.4) is given by q-Racah coefficients.
Unfortunately, the q-Racah polynomials are typically written in terms of the
non-symmetric q-numbers [[n]] = 1−qn

1−q , so we must rewrite the recurrence
relation as

(1− q2j)(1− q2(j+1))〈yk|xj〉
= A(k)〈yk+1|xj〉+ (A(k) + C(k))〈yk|xj〉+A(k)〈yk−1|xj〉, (A.5)

where

A(k) =
(1− q2(m+k+2))(1− q2(k−m))(1 − q2(k+1))2

(1 − q2(2k+1))(1− q2(2k+2))
,

C(k) =
q2(1− q2(k+m+1))(1 − q2(k−m−1))(1 − q2(k))2

(1− q2(2k))(1− q2(2k+1))
.

These are precisely the coefficients in the recurrence relation for the q2-Racah
polynomials described in Equation (14.2.3) of [KLS10], with parameters α =
q2(m+1), β = q−2(m+1), γ = δ = 1 and N = m. The initial condition for the
recurrence relation is fixed by Equation (6.10), which gives

〈y0|xj〉 =
(−1)j+m

[m+ 1]
,

and formula of Proposition 6.2 follows.

A.2 A q-integral identity for little q-Legendre polynomials

We recall the definitions of the standard q-differentiation and q-integration
operators:

Dqf(x) =
f(qx)− f(x)

(qx− x)
,

∫ x

0

f(y)dqy = x(1 − q)
∞∑

j=0

qjf(qjx).

We also recall the following basic q-derivatives, where [[n]] = 1−qn
1−q :

Dqx
α = [[α]]qx

α−1, for all α ∈ R, (A.6)

Dq(x; q−1)n = −[[n]]q−1(x; q−1)n−1 (A.7)

= −q−(n−1)[[n]]q(x; q−1)n−1, for all n ∈ N.
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Proposition A.1.

∫ 1

0

x−
1
2 pk(x|q2) dq2x = q

1
2

ï
2k + 1

2

ò−1

q

.

Proof. Let us put r = q2. The little q-Legendre polynomials satisfy the follow-
ing Rodrigues-type Formula (see [KLS10]):

pk(x|r) =
1

[[k]]r!
Dk
r

[
xk(x; r−1)k

]
.

From Equations (A.6) and (A.7) one has that for all 0 ≤ i < k, Di
qx
k = 0 at

x = 0 and Di
q(x; r−1)k = 0 at x = 1. Thus, by k applications of q-integration

by parts, we get

∫ 1

0

x−
1
2 pk(x|r) drx

=
(−1)k

[[k]]r!

[[
− 1

2

]]
r
r

1
2

[[
− 3

2

]]
r
r

3
2 · · ·

îî
− (2k−1)

2

óó
r
r

(2k−1)
2

∫ 1

0

x−
(2k+1)

2 xk(x; r−1)kdrx

=
1

[[k]]r!

[[
1
2

]]
r

[[
3
2

]]
r
· · ·
îî

(2k−1)
2

óó
r

∫ 1

0

x−
1
2 (x; r−1)kdrx

where in the last equality we have used [[α]]r = −rα[[−α]]r. The last q-integral
can be computed by q-integrating by parts k more times, giving

(−1)k

[[k]]r!
r

1
2 r

3
2 · · · r 2k−1

2 rk[[−k]]r[[−k + 1]]r · · · [[−1]]r

∫ 1

0

x
(2k−1)

2 drx

= r
k
2

∫ 1

0

x
(2k−1)

2 drx

= q
1
2

ï
2k + 1

2

ò−1

q

.

References

[Ara] Yuki Arano. Unitary spherical representations of Drinfeld doubles.
preprint. http://arXiv:1410.6238.

[BCH94] Paul Baum, Alain Connes, and Nigel Higson. Classifying space for
proper actions and K-theory of group C∗-algebras. In C∗-algebras:
1943–1993 (San Antonio, TX, 1993), volume 167 of Contemp.
Math., pages 240–291. Amer. Math. Soc., Providence, RI, 1994.

Documenta Mathematica 20 (2015) 433–490

http://arXiv:1410.6238


486 Christian Voigt and Robert Yuncken

[BE89] Robert J. Baston and Michael G. Eastwood. The Penrose trans-
form. Oxford Mathematical Monographs. The Clarendon Press,
Oxford University Press, New York, 1989. Its interaction with rep-
resentation theory, Oxford Science Publications.

[BGG75] I. Bernstein, I. Gel’fand, and S. Gel’fand. Differential operators on
the base affine space and a study of g-modules. In Lie groups and
their representations (Proc. Summer School, Bolyai János Math.
Soc., Budapest, 1971), pages 21–64, New York, 1975. Halsted.

[BS89] Saad Baaj and Georges Skandalis. C∗-algèbres de Hopf et théorie
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432. Birkhäuser Boston, Boston, MA, 1991.

[RS] Adam Rennie and Roger Senior. The resolvent cocycle in twisted
cyclic cohomology and a local index formula for the podles sphere.
preprint. http://arxiv.org/abs/1111.5862.

[RS86] Jonathan Rosenberg and Claude Schochet. The Künneth theorem
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1. INTRODUCTION

One of the most basic situations in group theory is when a group A acts by automor-

phisms on another group G. If we further assume that A and G are finite of coprime

orders, it is well-known that most of the representation theory ofG admits a version in

which only the A-invariant structure is taken into account. For instance, it is true (and

not trivial) that the number of irreducible complex characters of G which are fixed by

A equals the number of conjugacy classes of G fixed by A.

Although it is fair to say that the ordinaryA-representation theory of G is mostly well

developed, we cannot say the same about A-invariant modular representation theory

(that is, of prime characteristic p). For instance, it is suspected that the number of A-

invariant irreducible p-Brauer characters of G is the number of A-invariant p-regular

classes of G, but this conjecture continues to be open. This, together with some other

problems, was proposed more than 20 years ago in [13].

The extensive research during these years on Brauer p-blocks allows us now to give a

solution to Problem 6 of [13].

Theorem 1.1. Suppose that the finite group A acts by automorphisms on the finite

group G with (|A|, |G|) = 1. Let p be a prime, and let B be a Brauer p-block of G.

Then the following statements are equivalent:

(i) B is A-invariant,

(ii) B contains some A-invariant character χ ∈ Irr(G),

(iii) B contains some A-invariant Brauer character φ ∈ IBr(G).

1The research of the first and third author has been supported by the ERC Advanced Grant 291512
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Of course, (ii) and (iii) easily imply that B is A-invariant, so all the work is concen-

trated in proving that (i) implies (ii) and (iii).

The paper is structured in the following way. In Section 2 a version of the main

theorem is proven in the case where G is quasi-simple. Afterwards in Section 3 we

present a Gallagher type theorem for blocks. In connection with Dade’s ramification

group from [2], revisited in Section 4, we show the existence of character triple iso-

morphisms having crucial properties with respect to coprime action and blocks (see

Section 5). We conclude in the final section with the reductions proving how the

results on quasi-simple groups imply our main statement.

Acknowledgement. We thank the referee for a careful reading of a previous

version.

2. QUASI-SIMPLE GROUPS AND THEIR CENTRAL PRODUCTS

The aim of this section is the proof of a strengthened version of Theorem 1.1 in cases

where the group G/Z(G) is the direct product of r isomorphic non-abelian simple

groups. First we deal with the case where G is the universal covering group of a

simple group and hence G is a quasi-simple group.

In the following we use the standard notation around characters and blocks as intro-

duced in [7] and [14]. Let p be a prime. If A acts on G, we denote by BlA(G) the

set of A-invariant p-blocks of G. If Z⊳G, B ∈ Bl(G) and ν ∈ Irr(Z) we denote

by Irr(B|ν) the set Irr(B) ∩ Irr(G|ν). Also, sometimes we will work in GA, the

semidirect product of G with A.

Theorem 2.1. LetG be the universal covering group of a non-abelian simple group

S, A a group acting on G with (|G|, |A|) = 1, B an A-invariant p-block of G, Z
the Sylow p-subgroup of Z(G) and ν ∈ Irr(Z) A-invariant. Then B contains some

A-invariant character χ ∈ Irr(G|ν).

This theorem is true whenever B is the principal block and Z = 1, since then χ can

be chosen to be the trivial character. On the other hand when B is a block of central

defect, Irr(B|ν) contains exactly one character and hence this one is A-invariant.

Note that neither alternating nor sporadic simple groups possess coprime automor-

phisms, and that for groups of Lie type the only coprime order automorphisms are

field automorphisms (up to conjugation). Thus, for the proof of the theorem, we can

assume that S is simple of Lie type. We consider the following setup. Let G be a

simple algebraic group of simply connected type over an algebraic closure of a finite

field of characteristic r, and let F : G → G be a Steinberg endomorphism, with

group of fixed points G := GF . It is well known that all finite simple groups of Lie

type occur as G/Z(G) with G as before, except for the Tits group 2F4(2)′. Since the

latter does not possess coprime automorphisms, we need not consider it here. Fur-

thermore, in all but finitely many cases, the group G is the universal covering group

of S = G/Z(G). None of the exceptions, listed for example in [11, Table 24.3], has

coprime automorphisms, apart from the Suzuki group 2B2(8). But for 22.2B2(8), the

outer automorphism of order three permutes the three non-trivial central characters,

hence our claim holds. For the proof of Theorem 2.1 we may thus assume that G
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and S are as above, and that A induces a (necessarily cyclic) group of coprime field

automorphisms on G.

We first discuss the action of such automorphisms on the Lusztig series E(G, s) ⊆
Irr(G) of irreducible characters ofG, where s runs over semisimple elements of a dual

group G∗ = G∗F of G. Let G →֒ G̃ be a regular embedding, that is, G̃ is connected

reductive with connected center and with derived subgroup G. Corresponding to this

there exists a surjection G̃∗ → G∗ of dual groups. Note that all field automorphisms

of G are induced by those of G̃. Let γ be a field automorphisms of G̃. We denote

the corresponding field automorphism of G̃∗ also by γ. Let s̃ ∈ G̃∗ := G̃∗F be

semisimple. Now by [10, Prop. 3.5], γ acts trivially on E(G̃, s̃) whenever it stabilises

E(G̃, s̃). Let s ∈ G∗ with preimage s̃. Then E(G, s) consists of the constituents of the

restrictions of characters in E(G̃, s̃) to G, see e.g. [1, Prop. 15.6(i)].

Lemma 2.2. In the above setting let γ be a coprime (field) automorphism of G. If γ
stabilises E(G, s), then it fixes E(G, s) pointwise.

Proof. According to what we said before, γ can only permute the G-constituents of a

fixed character χ ∈ E(G̃, s̃). We have G̃ = GZ(G̃), so |G̃| = |G| |Z(G̃)| and hence

|G̃ : GZ(G̃)| = |G̃| |G ∩ Z(G̃)|
|G| |Z(G̃)|

= |G ∩ Z(G̃)| = |Z(G)|.

As irreducible characters of the central product GZ(G̃) restrict irreducibly to G, any

irreducible character of G̃ has at most |Z(G)| irreducible constituents upon restriction

to G. It is easily checked that all primes not larger than |Z(G)| divide |G|, so that all

prime divisors of the order of γ are larger than the number of such constituents. Thus

the action has to be trivial. �

There are two quite different types of behaviour now. Either p is the defining char-

acteristic of G, then coprime field automorphisms fix all p-blocks (but certainly not

all irreducible characters); or p is different from the defining characteristic, in which

case all characters in an invariant block are fixed individually (but not all p-blocks are

invariant):

Proposition 2.3. In the above situation, Theorem 2.1 holds when p is the defining

characteristic of G.

Proof. In this case the p-blocks of positive defect of a group of Lie type G are in

bijection with the characters of Z(G), by a result of Humphreys [5]. Since the claim

is certainly true for the principal block, we may assume that Z(G) 6= 1, and so in

particular G is not a Suzuki or Ree group. For each type of group and each γ-stable

1 6= ν ∈ Z(G) we give in Table 1 a semisimple element s of the dual group G∗ of G
with the following properties: the Lusztig series E(G, s) of irreducible characters lies

in Irr(G|ν), and the class of s is γ-invariant (since s corresponds to the γ-stable central

character ν). It then follows that E(G, s) is stable under all field automorphisms of

G that stabilise ν, and this implies by Lemma 2.2 that the characters in E(G, s) are

individually stable, hence provide characters as claimed. �

Let us now turn to the case where p is not the defining characteristic of G.
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TABLE 1. Semisimple elements

G CG∗(s) o(ν) conditions

SLn(q) GLn−1(q) divides (n, q − 1) (n, q − 1) > 1
SUn(q) GUn−1(q) divides (n, q + 1) (n, q + 1) > 1

Spin2n+1(q) Cn−1 2 q odd

Sp2n(q) GO±
2n(q) 2 q odd

Spin±
2n(q) Bn−1 divides 4 q odd

E6(q) D5 3 q ≡ 1 (mod 3)
2E6(q) 2D5 3 q ≡ 2 (mod 3)
E7(q) E6 2 q ≡ 1 (mod 4)
E7(q) 2E6 2 q ≡ 3 (mod 4)

Proposition 2.4. In the above situation, when p is different from the defining char-

acteristic of G, if B is a γ-invariant p-block of G, then all χ ∈ Irr(B) are fixed by γ.

In particular Theorem 2.1 holds in this case.

Proof. Let B be a p-block of G, Z = Z(G)p and ν ∈ Irr(Z). Let γ be a coprime

(field) automorphism of G fixing B and ν. By a result of Broué and Michel there

exists a semisimple p′-element s ∈ G∗ such that B ⊆ Ep(G, s). Let G →֒ G̃ be a

regular embedding, with corresponding epimorphism G̃∗ → G∗ of dual groups. Let

s̃ ∈ G̃∗ be a preimage of s. Since the class of s is γ-stable, the same argument as in the

proof of Lemma 2.2 shows that the class of s̃ is also γ-stable. Since the centraliser of

s̃ is connected, this means that we may assume without loss of generality that s̃ itself

is γ-stable, and so is CG̃∗(s̃). Now consider H := (G̃∗)γ , the fixed point subgroup

of G̃∗ under γ. This is again a group of Lie type, of the same type as G̃∗. Since p
divides |Z(G)| by assumption, it also divides the order of the Weyl group of G. By

[10, Prop. 3.12], then CH(s̃) = CG̃∗(s̃)γ contains a Sylow p-subgroup of CG̃∗(s̃). In

particular, every semisimple p-element in CG̃∗(s̃) has a γ-stable conjugate t̃ ∈ G̃∗.

Then E(G, s̃t̃) is γ-stable, which implies that E(G, st) is γ-stable, and hence fixed

pointwise by γ, by Lemma 2.2. Thus, all elements of B ∩ Ep(G, s) are fixed by γ, as

claimed. �

We next prove an analogous result for Brauer characters:

Theorem 2.5. LetG be the universal covering group of a non-abelian simple group

S, A a group acting on G with (|G|, |A|) = 1, andB ∈ BlA(G). Then there exists an

A-invariant Brauer character φ ∈ IBr(B).

Proof. As argued in the proof of Theorem 2.1 we may assume that S is of Lie type and

A induces coprime field automorphisms. Moreover,G is not an exceptional covering

group of S. First assume that p is the defining characteristic of G. Let B be an

A-invariant block of G, corresponding to the central character ν of G. Then there

is a faithful irreducible Brauer character φ of G/ ker(ν) corresponding to a suitable

fundamental weight ω of the underlying algebraic group as given in Table 2. Note
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that we only need to consider cases when Z(G) 6= 1, which explains the restrictions

in the last column of the table. If G is untwisted, defined over Fq with q = pf , then

a generator γ of A has order a with f = ka. By Steinberg’s tensor product theorem

(see [11, Thm. 16.12]) then φ′ :=
⊗a−1

i=0 γ
i(φ) is an irreducible Brauer character

of G corresponding to the weight
∑a−1

i=0 p
ikω, which is γ-invariant. It lies over the

character νd of Z(G), with d =
∑a−1
i=0 p

ik. Since |Z(G)| divides pk−1 and a is prime

to |Z(G)|, this is again a faithful character of Z(G). Thus, this construction yields an

invariant Brauer character in the p-block lying above νd. Starting instead with φ in

the p-block above νc, with cd ≡ 1 (mod o(ν)), we find an invariant character in B.

TABLE 2. Faithful Brauer characters

G φ(1) weight conditions

SLn(q), SUn(q)
(
n
i

)
ωi (1 ≤ i ≤ n− 1) (n, q ± 1) > 1

Spin2n+1(q) 2n ωn q odd

Sp2n(q) 2n ω1 q odd

Spin±
2n(q) 2n, 2n−1 ω1, ωn−1, ωn q odd

E6(q), 2E6(q) 27 ω1 3 6 |q
E7(q) 56 ω7 q odd

If G is twisted, we may assume that it is not of type 2B2, 2G2 or 2F4 and that the

twisting has order 2 (since else there is just one p-block of positive defect). So G is

defined over Fq2 , with q = pf and a|f . The same argument as before applies in this

case as well.

Now assume that p is different from the defining characteristic of G, and let B be an

A-invariant p-block. Then B is contained in Ep(G, s) for some semisimple element

s ∈ G∗, and we showed in Proposition 2.4 that all elements inB are fixed byA. Since

any irreducible Brauer character in B is an integral linear combination of ordinary

irreducible characters in B restricted to p′-classes, it follows that IBr(B) is fixed

point-wise by A as well. �

We conclude this section with the analogous result on central products of quasi-simple

groups.

Corollary 2.6. Let G be a finite group and let A act on G with (|G|, |A|) = 1.

Assume that G/Z(G) is the direct product of r isomorphic non-abelian simple groups

that are transitively permuted by A. Let B ∈ Bl(G) be A-invariant.

(a) Let Z ∈ Sylp(Z(G)) and ν ∈ Irr(Z). Then B contains some A-invariant χ ∈
Irr(G|ν).

(b) B contains some A-invariant φ ∈ IBr(G).

Proof. Both parts can be shown analogously. We give here the proof of part (a). Let S
be the simple non-abelian group such that G/Z(G) is isomorphic to the r-fold direct

product of groups isomorphic to S.
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It suffices to prove the statement in the case where G is perfect. Indeed, we have

G = [G,G]Z(G) by the given structure of G. Assume that the statement holds in

the case of perfect groups. Hence the block B′ ∈ Bl([G,G]) covered by B has then

an A-invariant character χ0 lying over νZ(G)∩[G,G]. The character χ0 · ν defined as

in [8, Section 5] as the unique character in Irr(G|χ0) ∩ Irr(G|ν) is then necessarily

A-invariant.

In the following we consider the case where G is perfect. Accordingly G has a uni-

versal covering group, namely

X := Ŝ × · · · × Ŝ = Ŝr (r factors) ,

where Ŝ is the universal covering group of S. Let ǫ : X → G be the associated

canonical epimorphism. Because of [3, 5.1.4] there is a canonical action of A on X
induced by the action of A on G, such that ǫ is A-equivariant. Note that the action of

A on X is coprime, since the prime divisors of |G| and |X | coincide.

For 1 ≤ i ≤ r let Xi := {(1, . . . , 1, x, 1, . . . , 1) | x ∈ Ŝ}, which is canonically

isomorphic to Ŝ via ιi : x 7→ (1, . . . , 1, x, 1, . . . , 1). By assumptionA acts transitively

on the set of groups Xi. So for every 1 ≤ i ≤ r there exists an element ai ∈ A such

that Xai
1 = Xi.

The character ν ∈ Irr(Z) can be uniquely extended to a character ν̃ ∈ Irr(Z(G)) such

that Irr(B|ν̃) 6= ∅. Via ǫ the character ν̃ corresponds to some character ν̂ ∈ Irr(Z(X))
that can be written as

ν̂ = ν̂1 × · · · × ν̂r
for suitable ν̂i ∈ Irr(Z(Ŝ))

The block B corresponds to a unique block B̂ ∈ Bl(X), see [14, (9.9) and (9.10)].

Accordingly B̂ is A-invariant and can be written as B̂ = B̂1 × · · · × B̂r where B̂i ∈
Bl(Ŝ). Let Ai be the stabiliser of Xi in A. The action of Ai on Xi induces via ιi a

coprime action of Ai on Ŝ stabilising B̂i. According to Theorem 2.1 there exists an

A1-invariant character ψ1 ∈ Irr(B̂1|ν̂1).

There exists a unique ψi ∈ Irr(Ŝ) with (ψ1 ◦ ι−1
1 )ai = ψi ◦ ι−1

i . Since B̂ and

ν̂ are A-invariant the character ψi belongs to Irr(B̂i|ν̂i). Accordingly the character

ψ := ψ1 × · · · × ψr belongs to Irr(B̂|ν̂).

In the next step we prove that ψ is A-invariant. Let φi := ψi ◦ ι−1
i ∈ Irr(Xi). Then it

is sufficient to prove φai = φj for any a ∈ A and every 1 ≤ i, j ≤ r with Xa
i = Xj .

The equality Xa
i = Xj implies (Xai

1 )a = X
aj
1 , and hence aiaa

−1
j ∈ NA(X1) = A1.

On the other hand by the definition of ψi and φi we have

(φi)
a = (φ1)aia = (φ1)aiaa

−1
j aj = φ

aj
1 ,

since φ1 is A1-invariant. This proves that ψ is A-invariant as required.

Part (b) follows from these considerations by applying Theorem 2.5. �

3. A GALLAGHER TYPE THEOREM FOR BLOCKS

Let G be a finite group and N⊳G. P. X. Gallagher proved that if θ ∈ Irr(N) has an

extension θ̃ ∈ Irr(G), then the map Irr(G/N) → Irr(G|θ) given by η 7→ ηθ̃ is a
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bijection, where η ∈ Irr(G) is the lift of η. (See Corollary (6.17) of [7].) Now we

need a similar theorem for blocks, see Theorem 3.4.

For a character θ of G we denote by bl(θ) the p-block of G containing θ.

Lemma 3.1. Let N⊳G, b ∈ Bl(N) and θ ∈ Irr(b). Assume there exists an extension

θ̃ ∈ Irr(G) of θ. Then the map

υ : Bl(G/N)→ Bl(G|b) given by bl(η) 7→ bl(θ̃η)

is surjective, where η ∈ Irr(G) is the lift of η ∈ Irr(G/N) .

Proof. According to [16, Lemma 2.2] we have for every g ∈ G that

λθ̃η(ClG(g)+) = λθ̃L(ClL(g)+)λη(ClG/N (g)+),

where L is defined by L/N := CG/N (g) and g = gN . This implies that the blocks

bl(θ̃η) and bl(θ̃η′) coincide for every two characters η, η′ ∈ Irr(G/N) with bl(η) =
bl(η′). Hence υ is well-defined.

On the other hand, every block of Bl(G|b) has a character in Irr(G|θ) (by [14, (9.2)])

and such a character can be written as θ̃η for some η ∈ Irr(G/N), by Gallagher’s

theorem. This proves that υ is surjective. �

In general, the map in Lemma 3.1 is not a bijection. (For instance, if b has a defect

group D such that CG(D) ⊆ N , then it is well-known that there is a unique block

of G covering b, see [17, Lemma 3.1]. On the other hand, G/N might have many

p-blocks. Take, for instance, G = SL2(3), N = Q8, p = 2, and θ ∈ Irr(N) the

irreducible character of degree 2.) Our aim in this section is to find general conditions

which guarantee that the map in Lemma 3.1 is a bijection.

The following statement follows also from Theorem 3.3(d) of [4], where a Morita

equivalence between the involved blocks is proven. For completeness we nevertheless

give here an alternative character theoretic proof.

Lemma 3.2. Let N⊳G and b ∈ Bl(N) with trivial defect group. Let θ ∈ Irr(b).

Assume there exists an extension θ̃ ∈ Irr(G) of θ. Then the map

υ : Bl(G/N)→ Bl(G|b) given by bl(η) 7→ bl(θ̃η)

is a bijection.

Proof. By Lemma 3.1, we know that υ is surjective. Let η, η′ ∈ Irr(G/N) with

bl(η) 6= bl(η′). By [14, Exercise (3.3)] there exists some g ∈ (G/N)0 with

λη(ClG/N (g)+) 6= λη′(ClG/N (g)+). Assume there exists some c ∈ G with cN = g
with

λθ̃L(ClL(c)+)∗ 6= 0,

where L is defined by L/N := CG/N (g). Then bl(θ̃η) 6= bl(θ̃η′), since

λθ̃η(ClG(c)+) = λθ̃L(ClL(c)+)λη(ClG/N (g)+).
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Thus, let g ∈ G with gN = g. Note that gN is closed under L-conjugation, and let S
be a representative set of the L-conjugacy classes contained in gN , i.e.

.⋃

s∈S

ClL(s) = gN.

By [7, Lemma (8.14)] we have
∑

c∈gN
θ̃(c)θ̃(c−1) = |N |.

This implies ∑

s∈S

|ClL(s)|θ̃(s)θ̃(s−1) = |N |.

Dividing by θ(1) we obtain

∑

s∈S

λθ̃L(ClL(s)+)θ̃(s−1)∗ =
(∑

s∈S

|ClL(s)|θ̃(s)
θ(1)

θ̃(s−1)
)∗

=

( |N |
θ(1)

)∗
6= 0

since θ is of defect 0. This implies that for some c ∈ S we have λθ̃L(ClL(c)+)∗ 6= 0
as required. �

Next, we generalise Lemma 3.2. Recall Theorem 2.1 of [15]: for a finite group X ,

a p-subgroup Y ⊳ X and an X-invariant character ν ∈ Irr(Y ) there is a natural

bijection dz(X/Y )→ rdz(X |ν), χ 7→ χν , with
χ(1)p
ν(1)p

=
|X|p
|Y |p , where dz(X) denotes

the characters lying in a defect zero block and rdz(X |ν) the set of characters χ ∈
Irr(X |ν), see [15] for the definition of this bijection.

Lemma 3.3. Let N⊳G, and suppose that D⊳G is contained in N . Let µ ∈ Irr(D)
be G-invariant. Let θ ∈ dz(N/D). Then θ extends to G/D if θµ extends to G.

Proof. Note that since θµ extends to G, the character µ is G-invariant. The bijection

dz(N/D)→ rdz(N |µ), χ 7→ χµ is G-equivariant. Hence θ is G/D-invariant.

Suppose that θµ extends to G. In order to show that θ extends to G it is enough to

prove that θ extends to Q, whenever Q/N is a Sylow q-subgroup of G/N for some

prime q. If Q/N ∈ Sylp(G/N), then θ considered as a character of N/D has defect

zero, and therefore it extends toQ/D in this case (see, for instance, Problem (3.10) of

[14]). So θ as a character of N extends to Q. Now suppose that Q/N is a q-group for

some q 6= p. We know that θµ extends to some η ∈ Irr(Q). According to its degree,

η ∈ rdz(Q|µ). Then η = γµ for some γ ∈ dz(Q/D). By the values of the functions

γµ and using that µ̂(g) 6= 0 whenever gp ∈ D we check that γN = θ. �

Theorem 3.4. LetN⊳G and b ∈ Bl(N) with a defect groupD withDCG(D) = G.

Let θ ∈ Irr(b). Assume there exists an extension θ̃ ∈ Irr(G) of θ. Then the map

υ : Bl(G/N)→ Bl(G|b) given by bl(η) 7→ bl(θ̃η)

is a bijection.
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Proof. By Lemma 3.1 it is sufficient to prove that |Bl(G/N)| = |Bl(G|b)|.
Because of DCG(D) = G the defect group D is normal in N . By [14, Thm. (9.12)],

there exists a unique character θ1 ∈ Irr(N) of b with D ⊆ ker θ1 that is a lift of some

θ1 ∈ dz(N/D). By Lemma 3.3 the character θ1 extends to G/D. Write N = N/D
and G = G/D. Then Lemma 3.2 applies to the character θ1 ∈ Irr(N/D) associated

to θ1. Then |Bl(G/N)| = |Bl(G|b)|, where b = bl(θ1). Now by [14, Thm. (9.10)]

there is a canonical bijection between the blocks of G and the blocks of G, given by

covering. Using [14, Thm. (9.2)] with Brauer characters, we easily check that under

this bijection, a block B of G covers b if and only if B covers b. This proves the

statement. �

4. DADE’S RAMIFICATION GROUP

In order to further generalise Theorem 3.4, we need to go deeper and use a subgroup

with remarkable properties introduced by E. C. Dade in 1973, see [2]. This subgroup

is key in the remainder of this paper. We shall use M. Murai’s version of it (see [12]).

Suppose that M⊳T and that θ ∈ Irr(M) is T -invariant. If x, y ∈ T are such that

[x, y] ∈ M , then Dade and Isaacs defined a complex number 〈〈x, y〉〉θ , in the follow-

ing way: since M〈y〉/M is cyclic, it follows that θ extends to some ψ ∈ Irr(M〈y〉).

Now, ψx is some other extension and by Gallagher’s theorem, there exists some

λ ∈ Irr(M〈y〉) such that ψx = λψ. Now 〈〈x, y〉〉θ = λ(y). The properties of

this (well-defined) number are listed in Lemma (2.1) and Theorem (2.3) of [6] which

essentially assert that 〈〈, 〉〉θ is multiplicative (in both arguments). Thus, if H,K are

subgroups of T with [H,K] ⊆M , then we have uniquely defined a subgroup

H⊥ ∩K := {k ∈ K | 〈〈k, h〉〉θ = 1 for all h ∈ H} .
Note that by the definition of 〈〈, 〉〉θ this group always contains M ∩K .

Lemma 4.1. Suppose that M⊳T and that θ ∈ Irr(M) is T -invariant. Suppose that

H,K are subgroups of T with [H,K] ⊆ M , and M ⊆ K . If ρ ∈ Irr(K) extends θ,

then ρH⊥∩K is H-invariant.

Proof. Notice that M ⊆ H⊥ ∩K . Let ν = ρH⊥∩K . We claim that ν is H-invariant.

(Since [H,K] ⊆ M , notice that H normalises every subgroup between M and K .)

Now, let h ∈ H and x ∈ H⊥ ∩ K . We want to show that νh(x) = ν(x). Let J =
M〈m〉, and write (νJ )h = λνJ , where λ ∈ Irr(J/M). Then λ(x) = 〈〈h, x〉〉θ = 1,

and νh(x) = ν(x). �

For any block b ∈ Bl(N) with defect groupD, we call a character η ∈ Irr(DCN (D))
canonical character of b if D ⊆ ker η and bl(η)N = b, see [14, p. 204].

Theorem 4.2. Let N⊳G, and let b ∈ Bl(N) be G-invariant. Then there exists a

subgroup N ⊆ G[b]⊳G, uniquely determined by G and b, satisfying the following

properties.

(a) Suppose thatD is any defect group of b, and let η ∈ Irr(DCN (D)) be a canonical

character of b. LetK be the stabiliser of η inDCG(D), and letH be the stabiliser

of η in NN (D). Then G[b] = N(H⊥ ∩K).
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(b) If B ∈ Bl(G) covers B′ ∈ Bl(G[b]) and B′ covers b, then B is the only block of

G that covers B′.

Proof. We have that NN (D) and DCG(D) are normal subgroups of NG(D) whose

intersection is DCN (D). In particular, [H,K] ⊆ DCN (D) for every pair of

subgroups H ⊆ NN (D) and K ⊆ DCG(D). Now, part (a) follows from [12,

Thm. 3.13], while part (b) follows from [12, Thm. 3.5]. �

The subgroupG[b] has many further properties, but we restrict ourselves to those that

shall be used in this paper. For our later considerations we mention the following.

Corollary 4.3. Let N⊳G, and let b ∈ Bl(N) be G-invariant. For Z⊳G with

N ∩ Z = 1 let b ∈ Bl(NZ/Z) be the induced block. Then G[b]/Z = G[b] for

G := G/Z .

Proof. ¿From the assumptions we see Z ⊆ CG(N) and so Z ⊆ G[b] by Theo-

rem 4.2(a). Let D be a defect group of b, η a canonical character of b, K the stabiliser

of η in DCG(D) and H the stabiliser of η in NN (D). By Theorem 4.2(a) we have

G[b] = N(H⊥ ∩K).

Now DZ/Z is a defect group of b, η is the canonical character of b induced by η,

K := KZ/Z the stabiliser of η in DCG(D) and H := HZ/Z the stabiliser of η in

NNZ/Z(D). For k ∈ K and h ∈ H we have

〈〈k, h〉〉η = 〈〈kZ, hZ〉〉η.
This leads to H

⊥ ∩K = (H⊥ ∩K)Z/Z . Together with Theorem 4.2(a) this implies

the statement. �

The properties of G[b] allow us to generalise Theorem 3.4 to the following situation.

Theorem 4.4. Let N⊳G and b ∈ Bl(N). Let θ ∈ Irr(b). Assume there exists an

extension θ̃ ∈ Irr(G) of θ. If G[b] = G, then the map

υ : Bl(G/N)→ Bl(G|b) given by bl(η) 7→ bl(θ̃η)

is a bijection.

Proof. By Lemma 3.1 it is enough to show that |Bl(G|b)| = |Bl(G/N)|. By Theo-

rem 4.2(a), we have that G = NCG(D), where D is any defect group of b. Let b′ be

any block of DCN (D) with defect group D inducing b. By [9, Thm. C(a.2)], there

exists some θ′ ∈ Irr(b′) that extends to K = DCG(D). By Lemma 3.3 the unique

(canonical) character η ∈ Irr(b′) that has D in its kernel extends to some η̃ ∈ Irr(K).

Let T be the stabiliser of η in NG(D), hence DCG(D) = K ⊆ T ⊆ NG(D). Let

H = T ∩N . Accordingly [H,K] ⊆ DCN (D) and T = KH . By Theorem 3.4, we

have that

|Bl(G/N)| = |Bl(DCG(D)/DCN (D))| = |Bl(DCG(D)|b′)|.
By applying Lemma 4.1 (with DCN (D) as the normal subgroupM of T = HK and

the T -invariant character η), we have that η̃ is H-invariant. Hence, we conclude that

T is the stabiliser of every block of H covering b′ (using Gallagher’s theorem). Now,

let b̃ = (b′)NN (D). By the Harris-Knörr correspondence [14, Thm. (9.28)] we have
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|Bl(G|b)| = |Bl(NG(D)|b̃)|. If {e1, . . . , es} are the blocks of DCG(D) covering

b′, then {eNG(D)
1 , . . . , e

NG(D)
s } are all the blocks of NG(D) covering b̃. Now, if

(ei)
NG(D) = (ej)

NG(D), then it follows that (ei)
x = ej for some x ∈ NG(D). Since

ei and ej only cover the block b′, it follows that (b′)x = b′, and x ∈ T . However ei is

T -invariant, and therefore ei = ej . �

5. CHARACTER TRIPLE ISOMORPHISMS UNDER COPRIME ACTIONS AND BLOCKS

In considerations using character triples the existence of an isomorphic character triple

whose character is linear and faithful plays an important role. We give here an A-

version of this statement that will be used later. Furthermore we analyse how blocks

behave under the bijections of characters. IfA acts onG, then IrrA(G) denotes the set

of the irreducible complex characters of G which are invariant underA. Let IBrA(G)
be defined analogously.

Proposition 5.1. Let A act on G with (|G|, |A|) = 1 and N⊳G be A-stable.

(a) Let θ ∈ IrrGA(N). Then there exists a character triple (G∗, N∗, θ∗), an action of

A on G∗ stabilising N∗ and θ∗ and an isomorphism

(ι, σ) : (G,N, θ) −→ (G∗, N∗, θ∗),

such that N∗ ⊆ Z(G∗) and both ι and σG are A-equivariant.

(b) Let θ ∈ IBrGA(N). Then there exists a modular character triple (G∗, N∗, θ∗),

an action of A on G∗ stabilising N∗ and θ∗ and an isomorphism

(ι, σ) : (G,N, θ) −→ (G∗, N∗, θ∗),

such that N∗ ⊆ Z(G∗) is a p′-group and both ι and σG are A-equivariant.

Proof. Since the proof of both statements is based on the same ideas, we give here

only the proof of (a).

First note that θ extends to NA because of [7, Cor. (8.16)]. By the assumptions it is

clear that (GA,N, θ) is a character triple. Let P be a projective representation of GA
with the following properties:

(i) PNA affords an extension of θ to NA,

(ii) the values of the associated factor set α : GA×GA→ C are roots of unity and

(iii) α is constant on N ×N -cosets.

Let X := GA and E be the finite cyclic group generated by the values of α. For the

construction of (G∗, N∗, θ∗) and the A-action on G∗ we follow the proof of Theo-

rem (8.28) in [14]. Let X̃ be constructed as there using P : the group X̃ consists of

pairs (x, ǫ) with x ∈ X and ǫ ∈ E and multiplication in X̃ is given by

(x1, ǫ1)(x2, ǫ2) = (x1x2, α(x1, x2)ǫ1ǫ2).

The projective representation P lifts to a representation of X̃ . Let τ be the character

afforded by that representation. The groups Ñ := {(n, ǫ) | n ∈ N, ǫ ∈ E} and

G̃ := {(g, ǫ) | g ∈ G, ǫ ∈ E} are normal in X̃ . Since PNA is a representation the set

{(x, 1) | x ∈ NA} forms a group isomorphic to NA. Via this isomorphism A can be
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identified with a group of X̃ and acts on G̃ and Ñ . LetE0 := 1×E andN0 := N×1.

IdentifyingN and N0 we set θ̃ = θ × 1E . This character is A-invariant.

Via the epimorphism ι1 : X̃ → X , (x, ǫ) 7→ x, the character triples (X,N, θ) and

(X̃, Ñ , θ̃) are isomorphic.

The map λ̃ ∈ Irr(Ñ) with λ̃(n, ǫ) = ǫ−1 is a linear character with kernel N0. By the

construction of X̃ the character λ̃ is X̃-invariant. We see that τÑ = λ̃−1θ̃.

Now one can argue that (X̃, Ñ , λ̃) and (X̃, Ñ , θ̃) are isomorphic character triples.

Analogously (X̃, Ñ , λ̃) and (X̃/N0, Ñ/N0, λ) are isomorphic character triples,

where λ ∈ Irr(Ñ/N0) is the character induced by λ̃.

With G∗ := G̃/N0, N∗ := Ñ/N0 and θ∗ := λ we obtain the required isomorphism

(ι, σ) : (G,N, θ) −→ (G∗, N∗, θ∗).

Let ι2 : X̃ → X̃/N0 be the canonical epimorphism. Because of ker ι1 = E and

ker ι2 = N0 the isomorphism ι is given by gN 7→ ι2 ◦ ι−1
1 (gN).

For χ ∈ Irr(G|θ) the character σG(χ) is obtained in the following way: the character

χ lifts to some τG̃µ for some µ ∈ Irr(G̃) with kerµ ≥ N and µ ∈ Irr(G̃|λ̃). Hence

µ ◦ ι−1
2 is a character of Irr(G̃/N0|λ). By its construction θ∗ is A-invariant and the

maps ι and σG are A-equivariant, since τG̃ is A-invariant. �

In order to include blocks in the above result, additional assumptions are required.

Proposition 5.2. Let N⊳G and b ∈ Bl(N). Suppose that A acts on G with

(|G|, |A|) = 1, such that N and b are A-stable. Assume G[b] = G.

(a) Let θ ∈ IrrGA(N) ∩ Irr(b). Let (G∗, N∗, θ∗) and (ι, σ) : (G,N, θ) −→
(G∗, N∗, θ∗) be as in Proposition 5.1(a). Then two characters χ1, χ2 ∈ Irr(G|θ)
satisfy bl(χ1) = bl(χ2) if and only if bl(σG(χ1)) = bl(σG(χ2))

(b) Let θ ∈ IBrGA(N) ∩ IBr(b). Let (G∗, N∗, θ∗) and (ι, σ) : (G,N, θ) −→
(G∗, N∗, θ∗) be as in Proposition 5.1(b). Then two characters φ1, φ2 ∈ IBr(G|θ)
satisfy bl(φ1) = bl(φ2) if and only if bl(σG(φ1)) = bl(σG(φ2)).

Proof. We continue using the notation introduced in the proof of Proposition 5.1. Let

N0 := N ×1 ⊆ X̃ and θ0 := θ×1E ∈ Irr(Ñ). Let b0 := bl(θ0). From Corollary 4.3

we see that G[b] = G̃[b0]/E, where b0 := bl(θ0).

For the proof of (a) let µ1 and µ2 ∈ Irr(G̃) with N0 ⊆ kerµ1 and N0 ⊆ kerµ2 such

that τG̃µ1 is a lift of χ1 and τG̃µ2 is a lift of χ2. Note that E ⊆ Z(G̃). According

to [14, (9.9) and (9.10)] bl(χ1) = bl(χ2) if and only if τG̃µ1 and τG̃µ2 belong to the

same block. According to Theorem 4.4 we see that the characters of G̃/N0 induced

by µ1 and µ2 are in the same block if and only if bl(τG̃µ1) = bl(τG̃µ2). This proves

the statement of (a). Part (b) follows from similar considerations. �

As a corollary that might be of independent interest we conclude the following.

Corollary 5.3. Let N⊳G and b ∈ Bl(N). Assume there exists some G-invariant

θ ∈ IrrA(N) ∩ Irr(b) or θ ∈ IBrA(N) ∩ IBr(b). Let (G∗, N∗, θ∗) and (ι, σ) :
(G,N, θ) −→ (G∗, N∗, θ∗) be as in Proposition 5.1. Let H := G[b] and H∗ the

group with ι(H/N) = H∗/N∗.
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(a) Then Bl(G|b) is in bijection with Bl(H∗|b∗), where b∗ := bl(θ∗).

(b) Two characters χ1, χ2 ∈ Irr(G|θ) satisfy bl(χ1) = bl(χ2) if and only if

bl(σG(χ1)) and bl(σG(χ2)) cover the same block of H∗.

(c) Two characters φ1, φ2 ∈ IBr(G|θ) satisfy bl(φ1) = bl(φ2) if and only if

bl(σG(φ1)) and bl(σG(φ2)) cover the same block of H∗.

Proof. Part (a) follows directly from Proposition 5.2. Parts (b) and (c) are applications

of Proposition 5.2 together with Theorem 4.2(b). �

6. REDUCTION

In this section we show how Theorem 1.1 is implied by the analogous statement for

the central product of quasi-simple groups given in Corollary 2.6. In fact, we will

work with the following slightly more general statement.

Theorem 6.1. Let the group A act on the group G with (|A|, |G|) = 1.

(a) Let Z be an A-invariant central p-subgroup of G, let ν ∈ IrrA(Z) and let B ∈
BlA(G). Then there exists an A-invariant character χ ∈ Irr(B|ν).

(b) Let B ∈ BlA(G). Then there exists an A-invariant character φ ∈ IBr(B).

The following well-known result will be used for part (a).

Theorem 6.2. Let the groupA act on the groupG with (|A|, |G|) = 1 and letN⊳G
beA-stable. Let θ ∈ IrrA(N). Then there exists anA-invariant character in Irr(G|θ).

Proof. This is Theorem (13.28) and Corollary (13.30) of [7]. �

For the proof of Theorem 6.1(b) we need the following analogue for Brauer characters.

Theorem 6.3. Let the group A act on the group G with (|A|, |G|) = 1 and let

N⊳G be A-stable. Let φ ∈ IBrA(N). Then there exists an A-invariant character in

IBr(G|φ).

Proof. We prove this statement by induction on |G : N | and then on |G : Z(G)|. We

can assume that φ is G-invariant, since otherwise some φ′ ∈ IBrA(Gφ|φ) exists by

induction and hence φ′G ∈ IBrA(G|φ).

Assume there exists an A-stable subgroup K⊳G with N � K � G. Then by induc-

tion there exists some A-invariant character φ′ ∈ IBr(K|φ) and one in IBr(G|φ′).

Accordingly we can assume that G/N is a chief factor of GA and hence G/N is the

direct product of isomorphic simple groups, such thatA acts transitively on the factors

of G/N .

Then (G,N, φ) forms a modular character triple that is isomorphic to some

(G∗, N∗, φ∗) according to Proposition 5.1, such that N∗ ⊆ Z(G∗) and p ∤ |N∗|.
Since the isomorphism of the character triples is A-equivariant it is sufficient to prove

the statement for (G∗, N∗, φ∗). For this it suffices to prove that there exists some

A-invariant character in IBr(G∗|θ∗). If G/N is a q-group for p 6= q, the group G∗

is a p′-group and the statement follows immediately from Theorem 6.2. If G/N is a

p-group, the set IBr(G∗|φ∗) is a singleton.

Let ν ∈ Irr(N∗) be the character with ν0 = φ∗. (Note that ν is unique since N∗

is a p′-group.) Since ν is A-invariant there exists some A-invariant χ ∈ Irr(G∗|ν)
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by Theorem 6.2. This character hence belongs to an A-invariant block B ∈ Bl(G∗).

FurtherG∗/N∗ is the direct product of isomorphic non-abelian simple groups that are

permuted transitively by A. According to Corollary 2.6 there exists an A-invariant

Brauer character in IBr(B). �

We start proving Theorem 6.1 in a series of intermediate results, working by in-

duction first on |G/Z(G)| and second on |G|. It is clear that we may assume that

Z ∈ Sylp(Z(G)).

Let N⊳G such that G/N is chief factor of GA. Then by Glauberman’s Lemma, [7,

Lemma (13.8)], there exists b ∈ BlA(N) such that B ∈ Bl(G|b). (Recall that by

[14, Cor. (9.3)], G acts transitively on the set of blocks of N covered by b.) Another

application of Glauberman’s Lemma shows that b has an A-invariant defect group D.

Next, notice that Z ⊆ N in part (a) of Theorem 6.1. Otherwise, we have that NZ =
G, and therefore G/N is a p-group. In particular B is the only block covering b
([14, Cor. (9.6)]). Let ν ∈ IrrA(Z). Since b has an A-invariant character χ1 ∈
Irr(N |νZ∩N ) by induction, the character χ1 · ν defined as in [8, Section 5] has the

required properties and we are done.

Analogously one can argue that Z(G) ⊆ N since there exists a unique µ ∈
Irr(Z(G)|ν) in a block of Z(G) covered by B.

Lemma 6.4. We can assume that Gb = G.

Proof. By the Fong-Reynolds theorem [14, Thm. (9.14)], there exists a unique B̃ ∈
Bl(Gb|b) with B̃G = B. Since b is A-invariant, so is Gb. Also, B̃ is A-invariant by

uniqueness. Notice that Z ⊆ Z(G) ⊆ Gb. If Gb < G, then by inductionGb has anA-

invariant character χ0 ∈ Irr(B̃) ∩ IrrA(Gb|ν) and φ0 ∈ IBr(B̃). Now, the characters

χG0 and φG0 are irreducible,A-invariant and belong to B. �

Lemma 6.5. We can assume that G[b] = G.

Proof. By Theorem 4.2(b) there exists a unique B′ ∈ Bl(G[b]|b) with (B′)G = B.

Since G[b] is uniquely determined by b, we have that G[b] is A-stable and by

uniqueness that B′ is A-invariant. Note that Z(G) ⊆ G[b] by Theorem 4.2(a).

If G[b] 6= G then we can conclude by induction that there exist some A-fixed

χ0 ∈ Irr(G[b]|ν) ∩ Irr(B′) and φ0 ∈ IBr(B′). By Theorem 6.2 and 6.3 there ex-

ist some χ ∈ Irr(G|χ0) and φ ∈ IBr(G|φ0), respectively that is A-fixed. Those

characters belong to Bl(G|B′) = {B}. �

Lemma 6.6. We can assume that N = Z(G).

Proof. By induction on |G : Z(G)| we see that b contains an A-invariant character

θ ∈ Irr(b|ν), respectively θ ∈ IBr(b). By the above we can assume G[b] = G.

Let (G∗, N∗, θ∗) be the character triple associated to (G,N, θ) and σG the A-

equivariant bijection Irr(G|θ)→ Irr(G∗|θ∗) from Proposition 5.1(a), respectively the

A-equivariant bijection IBr(G|θ) → IBr(G∗|θ∗) from Proposition 5.1(b). Accord-

ing to Proposition 5.2(b) there is some block C ∈ Bl(G∗) such that σG(Irr(B|θ)) =
Irr(C|θ∗) or σG(IBr(B|θ)) = IBr(C|θ∗), respectively.
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If N 6= Z(G) then Irr(C|θ∗) and IBr(C|θ∗) both contain A-invariant characters be-

cause |G∗ : Z(G∗)| = |G : N | < |G : Z(G)|. Since σG is A-equivariant this proves

the statement. �

Proof of Theorem 6.1. Now it remains to consider the case where Z(G) = N . Since

N was chosen such that G/N is a chief factor of GA, the quotient G/N is the direct

product of isomorphic simple groups that are transitively permuted by A.

If G/N is non-abelian, Corollary 2.6 applies and proves the statement. Otherwise

G/N is an elementary abelian p-group or a p′-group. In the first case Bl(G|b) is a

singleton and the statement follows from Theorems 6.2 and 6.3. In the latter case B
has a central defect group and the sets Irr(B|ν) and IBr(B) are singletons. �
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Abstract. Let D = {D1, . . . , Dℓ} be a multi-degree arrangement
with normal crossings on the complex projective space Pn, with de-
grees d1, . . . , dℓ; let Ω1

Pn(logD) be the logarithmic bundle attached to
it. First we prove a Torelli type theorem when D has a sufficiently
large number of components by recovering them as unstable smooth
irreducible degree-di hypersurfaces of Ω1

Pn(logD). Then, when n = 2,
by describing the moduli spaces containing Ω1

P2(logD), we show that
arrangements of a line and a conic, or of two lines and a conic, are not
Torelli. Moreover we prove that the logarithmic bundle of three lines
and a conic is related with the one of a cubic. Finally we analyze the
conic-case.

2010 Mathematics Subject Classification: 14J60, 14F05, 14C34,
14C20, 14N05
Keywords and Phrases: Multi-degree arrangement, Hyperplane ar-
rangement, Logarithmic bundle, Torelli theorem

1. Introduction

In the complex projective space Pn, let D be a union of ℓ distinct smooth irre-
ducible hypersurfaces with degrees d1, . . . , dℓ, i.e. a multi-degree arrangement.
We can map D to Ω1

Pn(logD), the sheaf of differential 1-forms with logarithmic
poles on D. This sheaf was originally introduced by Deligne in [7] for arrange-
ments with normal crossings. In this case, for all x ∈ Pn, the space of sections of
Ω1

Pn(logD) near x is defined as < d log z1, . . . , d log zk, dzk+1, . . . , dzn >OPn,x
,

where z1, . . . , zn are local coordinates such that D = {z1 · . . . · zk = 0}. In par-
ticular, Ω1

Pn(logD) is a locally free sheaf over Pn and it is called logarithmic
bundle.
A natural, interesting question is whether Ω1

Pn(logD) contains information
enough to recover D, which is the so-called Torelli problem for logarithmic
bundles. In particular, if the isomorphism class of Ω1

Pn(logD) determines D,
then D is called a Torelli arrangement.
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In the mathematical literature, the first situation that has been analyzed is
the case of hyperplanes. In [11] Dolgachev, Kapranov proved that, if ℓ ≤ n+ 2,
then two different arrangements always give the same logarithmic bundle and
in [26] Vallès showed that, if ℓ ≥ n+3, then we can reconstruct the hyperplanes
from the logarithmic bundle (as its unstable hyperplanes, see Definition 2.4)
unless they osculate a rational normal curve Cn of degree n in Pn, in which
case the logarithmic bundle is isomorphic to Eℓ−2(C∨n ), the Schwarzenberger
bundle ([21], [22]) of degree ℓ− 2 associated to C∨n . Recently, Dolgachev ([10])
and Faenzi, Matei, Vallès ([13]) solved this problem in the case of hyperplanes
that do not necessarily satisfy the normal crossings property.
Concerning the higher degree case, Ueda and Yoshinaga ([25], [24]) studied
the case ℓ = 1, characterizing generically the Torelli arrangements as the ones
with d1 ≥ 3. In [2] we analyzed hypersurfaces of the same degree d and, by
means of the unstable hypersurfaces of Ω1

Pn(logD) (see Definition 2.4), we

proved a Torelli type theorem when ℓ ≥
(
n+d
d

)
+ 3. Pairs of quadrics are also

investigated in [2].
Very recently Ballico, Huh, Malaspina ([4]) and Dimca, Sernesi ([9]), general-
izing the techniques, respectively, of [2] and [24], answered some Torelli type
questions, respectively, in the case of logarithmic bundles over quadrics or
products of projective spaces and for plane curves with nodes and cusps.
In this paper, after recalling some preliminary tools (§. 2, 3), we consider
multi-degree arrangements with normal crossings on Pn (§. 4), on P2 (§.
5, 6, 7) and conic-arrangements with normal crossings on P2 (§. 8). In
Theorem 4.2, by generalizing the arguments used in [2] for hypersurfaces of
the same degree and by applying a reduction technique, we prove that if the
number ℓi of hypersurfaces of degree di in D satisfies ℓi ≥

(
n+di
di

)
+ 3, then

we can generically recover the components of D. In §. 5, 6, 7 we focus on
some line-conic cases on P2 and we prove that they are not of Torelli type
(Corollaries 5.5, 6.4). In particular, in Theorem 7.1 we show a link between
arrangements of three lines and a conic and arrangements with a cubic in the
projective plane. Finally, §. 8 is devoted to conics. The cases ℓ ∈ {1, 2} were
studied in [2]; here we prove that for ℓ ≥ 4 a Torelli type result holds (Theorem
8.5). ℓ = 3 is still a bit mysterious.

Acknowledgements I am very grateful to Giorgio Ottaviani and Daniele
Faenzi for introducing me to this interesting subject and for their help dur-
ing the preparation of this work. I also thank Jean Vallès for several helpful
comments.

2. Preliminary definitions and notations

Let Pn be the n-dimensional complex projective space with n ≥ 2 and let D =
{D1, . . . , Dℓ} be an arrangement on Pn, i.e. a family of smooth, irreducible,
distinct hypersurfaces of Pn. Let us assume that D has normal crossings,
that is D is locally isomorphic (in the sense of holomorphic local coordinates
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changes) to a union of coordinate hyperplanes of Cn.
For all i ∈ {1, . . . , ℓ}, Di = {fi = 0} with fi ∈ C[x0, . . . , xn]di for certain di;
thus D = {f = 0}, where f = f1 · . . . · fℓ has degree d = d1 + . . . + dℓ. In
particular, if all di’s are equal to 1 we speak of a hyperplane arrangement, if
they are equal to 2 we deal with an arrangement of quadrics and so on. If
different di’s appear in D, then we call D a multi-degree arrangement.
In order to introduce the notion of sheaf of logarithmic forms on D we refer
to Deligne ([8], [7]). Let U be the complement of D in Pn and let j be the
embedding of U in Pn. We denote by Ω1

U the sheaf of holomorphic differential
1-forms on U and by j∗Ω1

U its direct image sheaf on Pn. Since D has normal
crossings, then for all x ∈ Pn there exists a Euclidean neighbourhood Ix ⊂ Pn

such that Ix ∩ D = {z1 · · · zk = 0}, where {z1, . . . , zk} is a part of a system of
local coordinates. We have the following:

Definition 2.1. The sheaf of differential 1-forms on Pn with logarithmic poles
on D is the subsheaf Ω1

Pn(logD) of j∗Ω1
U , such that, for all x ∈ Pn,

Γ(Ix,Ω
1
Pn(logD)) = {s ∈ Γ(Ix, j∗Ω1

U ) | s =

k∑

i=1

uid log zi +

n∑

i=k+1

vidzi}

where ui, vi are locally holomorphic functions and d log zi =
dzi
zi

.

Another way to describe these sheaves, which is useful for more general divi-
sors and is equivalent to the previous one in the normal crossings case, is the
following, ([19], [20]):

Definition 2.2. The sheaf of diff. 1-forms on Pn with log. poles on D is

Ω1
Pn(logD) = T (logD)∨(−1),

where T (logD) is the kernel of the Gauss map On+1
Pn

(∂0f ,...,∂n f )−−−−−−−−→ OPn(d− 1).

Since D has normal crossings, Ω1
Pn(logD) is a locally free sheaf of rank n, [7].

It is called the logarithmic bundle attached to D.
Definition 2.1 can be used, more generally, to introduce the logarithmic bundle
of an arrangement with normal crossings D on a smooth algebraic variety X
(see also [2]).
Our investigations are mainly based on the following:

Theorem 2.3. Ω1
Pn(logD) admits the short exact sequences

(1) 0 −→ Ω1
Pn −→ Ω1

Pn(logD)
res−→

ℓ⊕

i=1

ODi −→ 0,

where res denotes the Poincaré residue morphism ([11]) and

(2) 0 −→ Ω1
Pn(logD)∨ −→ OPn(1)n+1 ⊕Oℓ−1

Pn
N−→

ℓ⊕

i=1

OPn(di) −→ 0,
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where N is a ℓ×(n+ℓ) matrix depending on the fj’s and their partial derivatives
([2]).

Our aim is to study the injectivity of the correspondence

(3) D 7−→ Ω1
Pn(logD)

where D is a multi-degree arrangement with normal crossings with fixed degrees
d1, . . . , dℓ, that is the Torelli problem for logarithmic bundles. In the case of
1 : 1 correspondence we call D an arrangement of Torelli type or, simply, a
Torelli arrangement.
In the next section we recall the main results concerning this problem in the
case of hyperplanes ([11], [26], [1]), of one smooth hypersurface ([25], [24], [2]),
of many smooth hypersurfaces of degree d ≥ 2 and of two smooth quadrics
([2]). In some of them, the components of D are recovered by looking at the
set of unstable objects of Ω1

Pn(logD) of a given degree; to that end we make
the following:

Definition 2.4. Let D ⊂ Pn be a hypersurface. We call D unstable for
Ω1

Pn(logD) if the following condition holds:

(4) H0(D,Ω1
Pn(logD)

∨
|D ) 6= {0}.

Remark 2.5. Let us suppose that D has ℓ = ℓ1 + . . . + ℓm components such
that ℓi have degree di, i ∈ {1, . . . ,m}. We are interested in Definition 2.4 when

h0(Pn,Ω1
Pn(logD)

∨
) = {0}, that is, by using the same arguments of Remark

5.3 of [2], when

(5)

m∑

i=1

(ℓi · di) > n+ 1.

Remark 2.6. In Lemma 5.4 of [2], by means of (1) we prove that each com-
ponent Di of D is an unstable hypersurface of degree di for Ω1

Pn(logD).
As in Definition 2.4, we can introduce the notion of unstable hypersurface for
Ω1
X(logD) when X is a smooth algebraic variety and D is an arrangement with

normal crossings on it. In a similar way we can prove that each element of D
is unstable for Ω1

X(logD).

3. Some known Torelli type results

Let H = {H1, . . . , Hℓ} be a hyperplane arrangement with normal crossings on
Pn. If ℓ ≤ n + 2, then H isn’t of Torelli type ([11]); otherwise we have the
following result ([26], Theorem 3.1):

Theorem 3.1. If ℓ ≥ n + 3 then H is the set of unstable hyperplanes of
Ω1

Pn(logH), unless H1, . . . , Hℓ osculate a rational normal curve Cn ⊂ Pn of
degree n, in which case all the hyperplanes lying on C∨n ⊂ (Pn)∨ are unsta-
ble and Ω1

Pn(logH) ∼= Eℓ−2(C∨n ), the Schwarzenberger bundle of degree ℓ − 2
associated to C∨n .
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If D = {D1}, where D1 ⊂ Pn is a general hypersurface of degree d1, then D is
of Torelli type if and only if d1 ≥ 3 ([24], Theorem 1; [2], Proposition 6.1).
Now, let D = {D1, . . . , Dℓ} be an arrangement with normal crossings on Pn,
with ℓ ≥ 2 and di = d ≥ 2 for all i ∈ {1, . . . , ℓ}. By associating to D a

hyperplane arrangementH in P(n+d
d )−1 through the d-uple Veronese embedding

and by applying Theorem 3.1, we get the following result ([2], Theorem 5.5):

Theorem 3.2. If ℓ ≥
(
n+d
d

)
+ 3 and H is a hyperplane arrangement with

normal crossings whose components don’t osculate a rational normal curve of

degree
(
n+d
d

)
− 1 in P(n+d

d )−1, then D is the set of smooth, irreducible, degree-d

hypersurfaces of Pn unstable for Ω1
Pn(logD).

In ([2], Theorem 7.5) we prove also that if ℓ = d = 2 then D is not a Torelli
arrangement. Indeed, by using the simultaneous diagonalization of the ma-
trices of the smooth quadrics and a duality argument, we get that two such
arrangements have isomorphic logarithmic bundles if and only if they have the
same tangent hyperplanes.
In the next sections we present some recent results concerning multi-degree ar-
rangements (§. 4, 5, 6, 7) and an almost complete description of the conic-case
(§. 8).

4. Many multi-degree hypersurfaces

Let D = {Dd1
1 , . . . , D

d1
ℓ1
, Dd2

1 , . . . , D
d2
ℓ2
, . . . . . . , Ddm

1 , . . . , Ddm
ℓm
} be a multi-

degree arrangement with normal crossings in Pn such that the components
Ddi

1 , . . . , D
di
ℓi

have degree di, with i ∈ {1, . . . ,m} and dm > dm−1 > · · · > d1;

let us denote by Ω1
Pn(logD) the corresponding logarithmic bundle.

When the number of components in D is sufficiently large, the Torelli problem
can be solved by generalizing the method used in [2] and by applying a reduction
technique inspired by the one adopted in [26]. So, let Hdi be the arrangement

with ℓi hyperplanes on PNi , with i ∈ {1, . . . ,m} and Ni =
(
n+di
di

)
− 1, as-

sociated to {Ddi
1 , . . . , D

di
ℓi
} by means of the di-uple Veronese embedding, i.e.

νdi : Pn −→ PNi and νdi([x0, . . . , xn]) = [. . . xI . . .], where xI ranges over all
monomials of degree di in x0, . . . , xn. Let us assume that each Hdi has normal
crossings on PNi and let Ω1

PNi
(logHdi) be the associated logarithmic bundle.

With the previous notation, let us consider the diagonal embedding:

ν : Pn −→ P =

m∏

i=1

PNi

ν([x0, . . . , xn]) = [νd1([x0, . . . , xn]), . . . , νdm([x0, . . . , xn])].

Let pi : P −→ PNi be the i-th projection and let hi = c1(p∗i (OPNi (1))). By
means of ν, we can associate to the multi-degree arrangement D an arrange-
ment A = A1 ∪ . . .∪Am on P such that Ai is an irreducible divisor of class hi
which is the pull-back via pi of Hdi .
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Let us assume that A has normal crossings and let Ω1
P(logA) be its logarith-

mic bundle (see also [4] for some results concerning logarithmic bundles over
products of projective spaces).

Remark 4.1. The following property holds:

(6) Ω1
P(logA) ∼=

m⊕

i=1

p∗i (Ω
1
PNi

(logHdi)).

Moreover, if ℓi ≥ Ni + 2, Hdi having normal crossings, Ω1
PNi

(logHdi) is a

Steiner bundle over PNi , [11]. So, because of (6), Ω1
P(logA) admits the short

exact sequence

(7) 0 −→
m⊕

i=1

OP(−hi)ℓi−Ni−1 −→
m⊕

i=1

Oℓi−1
P −→ Ω1

P(logA) −→ 0.

Now we can state and prove the main result concerning the Torelli problem for
multi-degree arrangements with many components.

Theorem 4.2. Let D be a multi-degree arrangement with normal crossings on
Pn and let Hd1 , . . . ,Hdm , A be the corresponding arrangements, respectively,
on PN1 , . . . ,PNm and P, in the sense of Veronese maps.
Assume that, for all i ∈ {1, . . . ,m}:
1. ℓi ≥ Ni + 4
2. A has normal crossings on P

3.Hdi has normal crossings on PNi and its hyperplanes don’t osculate a rational
normal curve of degree Ni in PNi .
Then D = {D ⊂ Pn smooth irred. hypers. of degree di, ∃ i |Dsatisfies (4)}.
Proof. We perform a double inclusion argument between the two sets in the
last line of the statement of Theorem 4.2. We observe that the inclusion ⊂
follows from Remark 2.6.
Thus, let us assume that D ⊂ Pn is a smooth irreducible hypersurface of degree
di which is unstable for Ω1

Pn(logD), we want to prove that D ∈ D.
First let us suppose that the degree of D is the highest one, i.e. dm.
Our aim is to show that, denoting by Hdm ⊂ PNm the hyperplane associated
to D by means of νdm , then H = p∗m(Hdm) ⊂ P satisfies

(8) H0(H,Ω1
P(logA)∨|H ) 6= {0}.

Indeed, if this is the case, Hdm is an unstable hyperplane for Ω1
PNm

(logHdm)
and so hypothesis 1. and 3. allow us to apply Theorem 3.1, which implies
that Hdm ∈ Hdm . In particular, we get that D = Ddm

j ∈ D for certain j ∈
{1, . . . , ℓm}.
Let us denote by V the image of the map ν; since V is a non singular subvariety
of P which intersects transversally A, from Proposition 2.11 of [10] we get the
following exact sequence

(9) 0 −→ N∨
V,P −→ Ω1

P(logA)|V −→ Ω1
V (logA ∩ V ) −→ 0
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where N∨
V,P denotes the conormal sheaf of V in P.

We remark that V ∼= Pn and D = A ∩ V , so if we restrict (9) to D, we apply
Hom(·, OD) and then we pass to cohomology we get

0 −→ H0(D,Ω1
Pn(logD)

∨
|D ) −→ H0(D,Ω1

P(logA)
∨
|D ).

Since D is unstable for Ω1
Pn(logD), necessarily it has to be

(10) H0(D,Ω1
P(logA)

∨
|D) 6= {0}.

Now, let us tensor the ideal sheaf sequence of V in P with Ω1
P(logA)

∨
|H ; we

have the exact sequence

0 −→ IV ∩H,H ⊗ Ω1
P(logA)

∨
|H −→ Ω1

P(logA)
∨
|H −→ Ω1

P(logA)
∨
|D −→ 0.

Passing to cohomology we get

0 −→ H0(H, IV ∩H,H ⊗ Ω1
P(logA)

∨
|H ) −→ H0(H,Ω1

P(logA)
∨
|H ) −→

−→ H0(D,Ω1
P(logA)

∨
|D ) −→ H1(H, IV ∩H,H ⊗ Ω1

P(logA)
∨
|H ).

We remark that to conclude the proof it suffices to show that

(11) H1(H, IV ∩H,H ⊗ Ω1
P(logA)

∨
|H ) = {0}.

Since hypothesis 1. and 3. hold, we are allowed to use (7), which, by applying
Hom(·, P) turns out to be

0 −→ Ω1
P(logA)∨ −→

m⊕

i=1

Oℓi−1
P −→

m⊕

i=1

OP(hi)
ℓi−Ni−1 −→ 0.

If we tensor with IV,P |H and then we pass to cohomology, the previous sequence
becomes

(12) · · · −→
m⊕

i=1

H0(H, IV ∩H,H ⊗ OP(hi)
ℓi−Ni−1
|H ) −→

−→ H1(H, IV ∩H,H ⊗ Ω1
P(logA)∨|H ) −→

m⊕

i=1

H1(H, IV ∩H,H ⊗ Oℓi−1
P |H ).

In order to prove (11) it suffices to show that

(13) H1−k(H, IV ∩H,H(khi)) = {0}

for k = {0, 1} and for all i ∈ {1, . . . ,m}. V ∩ H being connected, from the
induced cohomology sequence of the ideal sheaf sequence of V in P, restricted
to H , we immediately get (13) for k = 0.
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So, let us consider the exact commutative diagram:

0 0 0
↓ ↓ ↓

0 → IV,P(hi − hm) → OP(hi − hm) → OPn(di − dm) → 0
↓ ↓ ↓

0 → IV,P(hi) → OP(hi) → OPn(di) → 0
↓ ↓ ↓

0 → IV ∩H,H(hi) → OH(hi) → OV ∩H(di) → 0
↓ ↓ ↓
0 0 0

Since H0(P,OP(hi))→ H0(Pn,OPn(di)) is an isomorphism, we always get

(14) H0(P, IV,P(hi)) = H1(P, IV,P(hi)) = {0}.
Moreover, looking at the first row of the diagram, we obtain, for all i,

(15) H1(P, IV,P(hi − hm)) = {0}
By using (14) and (15), the first column of the diagram implies (13) for k = 1,
as desired.
Now, let us suppose that D has degree di with i ∈ {m − 1,m − 2, . . . , 1}. In
order to prove that D ∈ D, we apply a reduction technique to Ω1

Pn(logD) and

to the hypersurfaces of D of highest degree dm. Let’s start with Ddm
ℓm

: since for

this hypersurface (4) holds, there exists a non-zero surjective homomorphism

Ω1
Pn(logD)|

D
dm
ℓm

−→ ODdmℓm ,

which induces a surjective composed homomorphism gℓm

Ω1
Pn(logD) −→ Ω1

Pn(logD)|
D
dm
ℓm

−→ ODdmℓm .

Its kernel, denoted by Kdm
ℓm

, turns out to be a rank-n vector bundle over Pn.
If we apply the snake lemma to the commutative diagram

0 −→
m⊕

i=1

OPn(−di)ℓi −→ OPn(−1)n+1 ⊕ O(
∑m
i=1 ℓi)−1

Pn −→ Ω1
Pn(logD) −→ 0

↓ ↓ ↓ gℓm
0 −→ OPn(−dm) −→ OPn −→ ODdmℓm −→ 0

we get that Kdm
ℓm

admits the short exact sequence

0 −→
m−1⊕

i=1

OPn(−di)ℓi ⊕ OPn(−dm)ℓm−1 Mℓm−→

Mℓm−→ OPn(−1)n+1 ⊕ O(
∑m−1
i=1 ℓi)+(ℓm−1)−1

Pn −→ Kdm
ℓm
−→ 0
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where Mℓm is the
[
n+

(∑m−1
i=1 ℓi

)
+ (ℓm − 1)

]
×
[(∑m−1

i=1 ℓi

)
+ (ℓm − 1)

]
ma-

trix obtained from the transpose of the matrix in (2) by removing the last
column and row. So we have that

Kdm
ℓm
∼= Ω1

Pn(log{Dd1
1 , . . . , D

d1
ℓ1
, Dd2

1 , . . . , D
d2
ℓ2
, . . . . . . , Ddm

1 , . . . , Ddm
ℓm−1}),

i.e. Kdm
ℓm

is the logarithmic bundle associated to D − {Ddm
ℓm
}. In particular, D

satisfies the condition

(16) H0(D,Kdm
ℓm

∨
|D) 6= {0},

that is D is unstable for Kdm
ℓm
. Indeed, if we apply Hom(·,OPn) to the short

exact sequence

0 −→ Kdm
ℓm
−→ Ω1

Pn(logD)
gℓm−−→ ODdmℓm −→ 0

we get

(17) 0 −→ Ω1
Pn(logD)∨ −→ Kdm

ℓm

∨ −→ ODdmℓm (dm) −→ 0.

So, if we restrict (17) to D and then consider the induced cohomology sequence,
we obtain an injective map

H0(D,Ω1
Pn(logD)∨|D ) −→ H0(D,Kdm

ℓm

∨
|D

),

which implies (16).

Now, starting from Kdm
ℓm

, we iterate this technique for Ddm
ℓm−1, D

dm
ℓm−2, . . . , D

dm
1

and we get a sequence of rank-n vector bundles Kdm
ℓm−1,K

dm
ℓm−2, . . . ,K

dm
1 over

Pn such that, for all s ∈ {1, . . . , ℓm − 1},

0 −→ Kdm
ℓm−s −→ Kdm

ℓm−(s−1)

gℓm−s−−−−→ ODdmℓm−s
−→ 0

is a short exact sequence and

Kdm
ℓm−s

∼= Ω1
Pn(log{Dd1

1 , . . . , D
d1
ℓ1
, . . . . . . , Ddm

1 , . . . , Ddm
ℓm−(s+1)}).

In particular

Kdm
1
∼= Ω1

Pn(log{Dd1
1 , . . . , D

d1
ℓ1
, . . . . . . , D

dm−1

1 , . . . , D
dm−1

ℓm−1
})

and the smooth irreducible hypersurface D of degree di is unstable for Kdm
1 .

If i = m − 1, then D is a hypersurface of highest degree in the arrangement
D−{Ddm

1 , . . . , Ddm
ℓm
} and so, by repeating the computations of the first case of

this proof, we get that there exists j ∈ {1, . . . , ℓm−1} such that D = D
dm−1

j .

If i = m−2, we apply the reduction technique to Kdm
1 and to the hypersurfaces

{Ddm−1

ℓm−1
, . . . , D

dm−1

1 } and so on.

If i = 1, with this method D turns out to be unstable for the logarithmic bundle
Ω1

Pn(log{Dd1
1 , . . . , D

d1
ℓ1
}) and so, from Theorem 3.2 it follows that there exists

j ∈ {1, . . . , ℓ1} such that D = Dd1
j , which concludes the proof. �

We have the following:
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Corollary 4.3. If ℓi ≥
(
n+di
di

)
+ 3, for all i ∈ {1, . . . ,m}, then the map

D = {Dd1
1 , . . . , D

d1
ℓ1
, . . . . . . , Ddm

1 , . . . , Ddm
ℓm
} −→ Ω1

Pn(logD)

is generically injective.

Remark 4.4. Hypothesis 1. of Theorem 4.2 implies (5).

Remark 4.5. We don’t know if we can state a Torelli type theorem like 4.2
without assuming 2. and 3.

In the case of arrangements with lines and conics in the projective plane, that
is d1 = 1 and d2 = n = 2, hypothesis 1. of Theorem 4.2 translates to ℓ1 ≥ 6
and ℓ2 ≥ 9. In the next three sections we describe this kind of arrangements
when ℓ1 ∈ {1, 2, 3} and ℓ2 = 1.

5. A conic and a line

Let D = {L,C} be an arrangement with normal crossings in P2 consisting of a
line L and a conic C. Without loss of generality, we can assume L = {f1 = 0}
and C = {f2 = 0}, with f1 = x0 and f2 =

∑2
i,j=0 aijxixj , (aij)0≤i,j≤2 ∈

GL(2,C), so that, by applying Gaussian elimination to the matrix of (2), we
can get the minimal resolution for Ω1

P2(logD)

(18) 0 −→ OP2(−2)
M−→ OP2(−1)2 ⊕OP2 −→ Ω1

P2(logD) −→ 0

with

M =




2 ∂1f2
2 ∂2f2
−2 x0 ∂0f2


 .

As a consequence we get that c1(Ω1
P2(logD)) = 0, c2(Ω1

P2(logD)) = 1
and, according to the Bohnhorst-Spindler criterion ([5]), that Ω1

P2(logD) is
a semistable vector bundle over P2.

Theorem 5.1. Let Mss
P2(0, 1) be the family of semistable rank 2 vector bundles

E over P2 with minimal resolution

0 −→ OP2(−2)
t
(
ℓ1 ℓ2 q

)

−−−−−−−−−−→ OP2(−1)2 ⊕OP2 −→ E −→ 0

where ℓ1, ℓ2 ∈ H0(P2,OP2(1)) and q ∈ H0(P2,OPn(2)). Then the map

Mss
P2(0, 1)

π2−→ P2

E 7−→ {ℓ1 = 0} ∩ {ℓ2 = 0}
is an isomorphism.

Proof. Let E and E′ be two elements of Mss
P2(0, 1), defined, respectively, by

ℓ1, ℓ2, q and ℓ′1, ℓ
′
2, q

′, as in the statement of Theorem 5.1. We have to prove
that the intersection point of ℓ1 and ℓ2 coincides with the one of ℓ′1 and ℓ′2
if and only if E ∼= E′. If the intersection point is the same, without loss of
generality we can assume that ℓ1 = ℓ′1 = x0 and ℓ2 = ℓ′2 = x1. We remark that,
for all x ∈ P2, Ex and E′

x are the cokernels of two rank 1 maps, in particular
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if x = [0, 0, 1] then q and q′ have to contain the term x22. Thus, E ∼= E′ if and
only if there exist g1, g2 ∈ H0(P2,OP2(1)) such that the following diagram
commutes

OP2(−2)
t
(
x0 x1 q

)

−−−−−−−−−−→ OP2(−1)2 ⊕OP2

(
1
)y

y




1 0 0
0 1 0
g1 g2 1




OP2(−2)
t
(
x0 x1 q′

)

−−−−−−−−−−−→ OP2(−1)2 ⊕OP2

which is equivalent to say that

(19) q′ − q = g1x0 + g2x1.

Assume that

q = b00x
2
0 + b01x0x1 + b02x0x2 + b11x

2
1 + b12x1x2 + x22

q′ = b′00x
2
0 + b′01x0x1 + b′02x0x2 + b′11x

2
1 + b′12x1x2 + x22.

By using the identity principle for polynomials, we immediately get that

g1 = (b′00 − b00)x0 + (b′01 − b01 − 1)x1 + (b′02 − b02)x2

g2 = x0 + (b′11 − b11 − 1)x1 + (b′12 − b12)x2

solve (19), which concludes the proof. �

Remark 5.2. Each E ∈Mss
P2(0, 1) is logarithmic for a line and a conic.

Remark 5.3. Theorem 5.1 asserts that Ω1
P2(logD) lives in 2-dimensional

space, while the number of parameters associated to a line and a conic with
normal crossings is 7. So we can immediately conclude that arrangements like
these are not of Torelli type.

With the aid of the description given in Theorem 5.1 and with the same notation
as in the beginning of this section, we get the following result.

Proposition 5.4. The point in P2 corresponding to Ω1
P2(logD) by means of

π2 is the pole of the line L with respect to the conic C.

Proof. By applying Cramer’s rule we get that the point in P2 satisfying

2∑

j=0

a1jxj =
2∑

j=0

a2jxj = 0

is P = [a212−a11a22, a22a01−a02a12, a02a11−a12a01]. The polar line of P with
respect to C is given by

(a212 − a11a22, a22a01 − a02a12, a02a11 − a12a01)



a00 a01 a02
a01 a11 a12
a02 a12 a22





x0
x1
x2


 = 0

which reduces to x0 = 0, that is to L, as desired. �
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We immediately get the following:

Corollary 5.5. Let D = {L,C} and D′ = {L′, C′} be arrangements with
normal crossings in P2 given by a line and a conic. Then

Ω1
P2(logD) ∼= Ω1

P2(logD′)

if and only if the pole of L with respect to C coincides with the pole of L′ with
respect to C′.

Figure 1. L is the polar line of P with respect to C

Remark 5.6. These results can be extended in a natural way to the case of a
multi-degree arrangement D with normal crossings in Pn, n ≥ 3, consisting of
a hyperplane H and a smooth quadric Q. In this setting Ω1

Pn(logD) is no more
semistable over Pn, but its isomorphism class is still described by the pole of
H with respect to Q, [3].

6. A conic and two lines

Let D = {L1, L2, C} be an arrangement with normal crossings in P2, where
Li, for i ∈ {1, 2}, is a line and C is a conic. We can assume that L1 =
{f1 = 0}, L2 = {f2 = 0} and C = {f3 = 0} where f1 = x0, f2 = x1
and f3 =

∑2
i,j=0 aijxixj , (aij)0≤i,j≤2 ∈ GL(2,C), so that, by means of (2),

Ω1
P2(logD) fits in the minimal resolution

(20) 0 −→ OP2(−2)
M−→ OP2(−1)⊕O2

P2 −→ Ω1
P2(logD) −→ 0

where

M =




2 ∂2f3
−2 x0 ∂0f3
−2 x1 ∂1f3


 .

In particular, (20) implies that the normalized bundle Ω1
P2(logD)(−1) belongs

to MP2(−1, 2), the moduli space of rank 2 stable vector bundles over P2 with
Chern classes c1 = −1 and c2 = 2. In the following result, which is likely to be
known to experts, we give an interesting description of MP2(−1, 2); in order
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to state it, we denote by σ2(ν2(P2)) the 2-secant variety of the image of the
quadratic Veronese map ν2 : P2 −→ P5.

Theorem 6.1. MP2(−1, 2) is isomorphic to σ2(ν2(P2))−ν2(P2), the projective
space of symmetric matrices of order 3 and rank 2.

Proof. A vector bundle E lives in MP2(−1, 2) if and only if it is endowed with
a short exact sequence like

0 −→ OP2(−3)
t
(
ℓ1 q1 q2

)

−−−−−−−−−−−→ OP2(−2)⊕O2
P2(−1) −→ E −→ 0

where ℓ1 ∈ H0(P2,OP2(1)) and q1, q2 ∈ H0(P2,OP2(2)).
We note that E has a unique line L ⊂ P2 such that H0(L,E|L(−1)) 6= {0},
known as jumping line of E, which is {ℓ1 = 0}. On this line, the linear series
given by q1 and q2 has two distinct double points, which we denote by P1 and
P2. Then the map given by

MP2(−1, 2) −→ σ2(ν2(P2))− ν2(P2)

E 7−→ {P1, P2}
is an isomorphism, which concludes the proof. �

Remark 6.2. Theorem 6.1 implies that Ω1
P2(logD)(−1) is characterized by 4

parameters, while D needs 9 parameters to be described. So in this case D is
not a Torelli arrangement.

Remark 6.3. The jumping line of Ω1
P2(logD) is {∂2f3 = 0} and it is the polar

line with respect to C of L1 ∩L2 = [0, 0, 1]. Moreover, the linear series on this
line is given by L1 ∪ s2 and L2 ∪ s1, where s2 is the polar line with respect to
C of {∂2f3 = 0} ∩L2 = [a22, 0,−a02] and s1 is the polar line with respect to C
of {∂2f3 = 0} ∩ L1 = [0, a22,−a12], that is s2 = {a22∂0f3 − a02∂2f3 = 0} and
s1 = {a22∂1f3− a12∂2f3 = 0}. The logarithmic bundle Ω1

P2(logD) corresponds
to the two intersection points {P1, P2} of C and {∂2f3 = 0}.

Corollary 6.4. Let D = {L1, L2, C} and D′ = {L′
1, L

′
2, C

′} be arrange-
ments with normal crossings in P2 consisting of two lines and a conic. Let
{P1, P2}, resp. {P ′

1, P
′
2}, be the points in P2 associated to Ω1

P2(logD), resp. to
Ω1

P2(logD′), in the sense of Remark 6.3. Then

Ω1
P2(logD) ∼= Ω1

P2(logD′)⇐⇒ {P1, P2} = {P ′
1, P

′
2}.

7. A conic and three lines

Let D = {L1, L2, L3, C} be an arrangement with normal crossings in P2 con-
sisting of three lines and a conic, let us say that L1 = {x0 = 0}, L2 = {x1 = 0},
L3 = {x2 = 0} and C = {f4 = 0} where

(21) f4 =

2∑

i,j=0

dijxixj , (dij)0≤i,j≤2 ∈ GL(2,C).

Documenta Mathematica 20 (2015) 507–529



520 Elena Angelini

Figure 2. The points {P1, P2} associated to Ω1
P2(logD)

In this case, starting from (2), the minimal resolution for the logarithmic bundle
turns out to be

(22) 0 −→ OP2(−2)
M−→ O3

P2 −→ Ω1
P2(logD) −→ 0

where

M =



−x0∂0f4
−x1∂1f4
−x2∂2f4


 .

From (22) we get that Ω1
P2(logD) is stable and that its normalized bundle

Ω1
P2(logD)(−1) lives in the moduli space MP2(0, 3), which has dimension 9,

as we can see in [17]. Since the number of parameters associated to three lines
and a conic is 11, also in this case we can’t get a Torelli type theorem.
By using the second part of Theorem 2.3, we note that Ω1

P2(logD)(−1) admits
an exact sequence like the one for the logarithmic bundle of a smooth plane
cubic curve. The link between these two vector bundles is explained in the
following result:

Theorem 7.1. Let D be the multi-degree arrangement with normal crossings
on P2 given by {x0x1x2f4 = 0}, where f4 is as in (21). Then there exists
D′ = {D}, where D ⊂ P2 is a smooth cubic curve, such that

Ω1
P2(logD) ∼= Ω1

P2(logD′)(1).

Proof. Our aim is to find g ∈ H0(P2,OP2(3)) such that, for all i ∈ {0, 1, 2},
(23) ∂ig = ei0(−x0∂0f4) + ei1(−x1∂1f4) + ei2(−x2∂2f4)

for certain eij ∈ C.
By using Schwarz’s theorem, from (23) we get, for all i, h ∈ {0, 1, 2}, i 6= h,

2∑

j=0

ehj ∂i(xj∂jf4) =

2∑

j=0

eij∂h(xj∂jf4).
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Let us denote by {ajuv} the coefficients of xj∂jf4 for j ∈ {0, 1, 2}; by using
the identity principle for polynomials we get the following linear system of 9
equations with variables eij : for all i, u, v ∈ {0, 1, 2}, i 6= u,

(24)

2∑

j=0

ajuve
i
j =

2∑

j=0

ajive
u
j .

Since ajuv depend on the coefficients of f4, the matrix of (24) is:

H =




d01 d01 0 −2d00 0 0 0 0 0
0 2d11 0 −d01 −d01 0 0 0 0
0 d12 d12 −d02 0 −d02 0 0 0
d02 0 d02 0 0 0 −2d00 0 0
0 d12 d12 0 0 0 −d01 −d01 0
0 0 2d22 0 0 0 −d02 0 −d02
0 0 0 d02 0 d02 −d01 −d01 0
0 0 0 0 d12 d12 0 −2d11 0
0 0 0 0 0 2d22 0 −d12 −d12




.

By using Gaussian elimination, we get that rankH ≤ 8. So, let us assume
that eij is a solution of our system, we need a cubic polynomial g such that
conditions in (23) are satisfied. Let us integrate with respect to x0 the equation
(23) with i = 0, we get

(25) g(x0, x1, x2) = −2e00x
2
0

(x0
3
a000 +

x1
2
a001 +

x2
2
a002

)
+ h(x1, x2)+

−2x0

[
e01

(x0x1
2

a001 + x21a
0
11 + x1x2a

0
12

)
+ e02

(x0x2
2

a002 + x1x2a
0
12 + x22a

0
22

)]

where h is a function to be determined. If we compute ∂1g from (25), we
substitute it in (23) with i = 1 and we integrate with respect to x1 we get

(26) h(x1, x2) = x0x1

[
e00x0a

0
01 + 2e01

(x0
2
a001 + x1a

0
11 + x2a

0
12

)]
+

+x0x1
[
2e02x2a

0
12 − e10

(
2x0a

0
00 + x1a

0
01 + 2x2a

0
02

)]
+ i(x2)+

−e11x21
(
x0a

0
01 + 2

x1
3
a011 + x2a

0
12

)
− x1x2e12

(
2x0a

0
02 + x1a

0
12 + 2x2a

0
22

)

where we have to determine the function i. Finally, if we compare ∂2g from
(25) with (23) for i = 2, using also (26) and we integrate with respect to x2,
we can find explicitly i, so that the required polynomial is

g(x0, x1, x2) = −2

3
e00a

0
00x

3
0−2e10a

0
00x

2
0x1−2e01a

0
11x0x

2
1−

2

3
e11a

0
11x

3
1−2e02a22x0x

2
2+

−2e20a
0
00x

2
0x2 − 2(e01 + e02)a012x0x1x2 − 2e21a

0
11x

2
1x2 − 2e12a

0
22x1x

2
2 −

2

3
e22a

0
22x

3
2.

�

Remark 7.2. The proof of Theorem 7.1 implies also Hermite’s Theorem
(1868), which asserts that a net of conics can be regarded as the net of the
polar conics with respect to a given cubic curve (see [12], book III, chapter III,
section 29).
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Remark 7.3. If we require that ∂ig = xi∂if4, for all i ∈ {0, 1, 2}, then

(27) g(x0, x1, x2) =
2

3

(
a000x

3
0 + a011x

3
1 + a022x

3
2

)
,

provided that the conic is given by f4(x0, x1, x2) = d00x
2
0 + d11x

2
1 + d22x

2
2. So,

let D = {x0x1x2f4 = 0} and D′ = {x0x1x2f ′
4 = 0} be two arrangements with

normal crossings in P2 each of which with a conic given by a diagonalized qua-
dratic form. D and D′ correspond to a logarithmic bundle which is isomorphic
to the logarithmic bundle of a smooth cubic like the one of (27). Since in [25]
it is proved that two smooth cubics which are both Fermat yield isomorphic
logarithmic bundles, then Ω1

P2(logD) ∼= Ω1
P2(logD′).

Remark 7.4. Although we know that a multi-degree arrangement with three
lines and a conic, because of parameters computations, isn’t Torelli and that
Theorem 7.1 holds, in this case the problem of determining the fiber of (3) is
still open.

8. Arrangements with few conics

Let D = {C1, . . . , Cℓ} be an arrangement of ℓ ∈ {4, . . . , 8} conics with normal
crossings on P2.
Let F2

5 = {(x, y) ∈ P2 × P5 |x ∈ Cy} be the incidence variety point-conic in
P2 ×P5, where Cy ⊂ P2 denotes the conic defined by the point y ∈ P5 with

the Veronese correspondence and let α, β the restrictions to F2
5 of the usual

projections α and β:

F2
5 ⊂ P2 ×P5

α

ւ
β

ց
P2 P5

Remark 8.1. Let UC(Ω1
P2(logD)) be the set of unstable conics of Ω1

P2(logD),
in the sense of Definition 2.4. UC(Ω1

P2(logD)) coincides with the support of

the first direct image sheaf R1(β∗α
∗Ω1

P2(logD)(−1)): indeed, for all y ∈ P5,

R1(β∗α
∗Ω1

P2(logD)(−1))y = H1(β
−1

(y), α∗Ω1
P2(logD)(−1)|

β−1(y)
) =

= H1(Cy ,Ω
1
P2(logD)(−1)|Cy ) = H0(Cy ,Ω

1
P2(logD)

∨
|Cy )∨,

where the last inequality follows from Serre’s duality.

So, let tensor with OP2(−1) the exact sequence (2) where n = 2, di = 2 and let
apply the functor β∗α

∗, we get:

(28) 0→ R0β∗α
∗(OP2(−3))ℓ → R0β∗α

∗(OP2(−2)3 ⊕OP2(−1)ℓ−1)→
→ R0β∗α

∗(Ω1
P2(logD)(−1))→ R1β∗α

∗(OP2(−3))ℓ →
→ R1β∗α

∗(OP2(−2)ℓ−1 ⊕OP2(−1)3)→ R1β∗α
∗(Ω1

P2(logD)(−1))→ 0.
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In order to determine the terms in (28) we consider

0 −→ OP2×P5
(−2,−1) −→ OP2×P5

−→ OF2
5
−→ 0,

we do the tensor product with α∗(OP2(t)), where t ∈ {−1,−2,−3} and we
apply the functor β∗. In this way (28) becomes

(29) 0 −→ R0β∗α
∗(Ω1

P2(logD)(−1)) −→ (Ω1
P5

)ℓ
F−→

F−→ (OP5(−1)3)3 ⊕OP5(−1)ℓ−1 −→ R1β∗α
∗(Ω1

P2(logD)(−1)) −→ 0.

Remark 8.2. In order to investigate UC(Ω1
P2(logD)), it suffices to study the

cokernel of the map F appearing in (29).

Remark 8.3. More generally, all the previous arguments can be applied to a
vector bundle E fitting in an exact sequence like the one of Ω1

P2(logD).

Now, let us assume that ℓ = 4. In what follows, by using Macaulay2 software
system, we produce D0 = {C0, 1, C0, 2, C0, 3, C0, 4} such that

(30) UC(Ω1
P2(logD0)) = {C0, 1, C0, 2, C0, 3, C0, 4}.

Example 1
D0 is made of four smooth random conics with normal crossings:

C0,1 : 42x20 − 50x0x1 + 9x21 + 39x0x2 − 15x1x2 − 22x22 = 0,

C0,2 : 50x20 + 45x0x1 − 39x21 − 29x0x2 + 30x1x2 + 19x22 = 0,

C0,3 : −38x20 + 2x0x1 − 36x21 − 4x0x2 − 16x1x2 − 6x22 = 0,

C0,4 : −32x20 + 31x0x1 − 38x21 − 32x0x2 + 31x1x2 + 24x22 = 0.

By multiplying the four polynomials defining the conics, we get the polynomial
f ∈ k[x0, x1, x2]8 = R8 associated to D0, where k is the field Z101. According
to Definition 2.2, we consider the kernel E of the Gauss map and we construct
the matrix M ∈M6,4(R) associated to the module defining Ω1

P2(logD0). Then
we determine the elements of UC(Ω1

P2(logD0)): as we can see in Remark 8.1,
UC(Ω1

P2(logD0)) is the zero locus of the order 4 minors of the matrix Z, whose
cokernel is equal to the cokernel of F . In particular, posing T = k[y0, . . . , y5],
Z ∈ M4,12(T ) is the product of C ∈ M4,24(T ) and B ∈ M24,12(T ), where C
is the matrix of variables needed to get Ω1

P5 and B is the syzygy matrix of
A ∈M12,24(T ) whose entries are the coefficients of the polynomials in M . The
ideal J generated by the 4× 4 minors of Z has dimension 1 and degree 4, from
which (30) follows.
This is the script of our algorithm.

k=ZZ/101

R=k[x_0..x_2]

ran=random(R^{1:0},R^{4:-2})

f=1_R; for t from 0 to rank source ran-1 do f=f*(ran_(0,t))

E=ker map(R^{1:-1+(degree f)_0},R^{3:0},diff(vars R,f))

M=(res dual E).dd_1

T=k[y_0..y_5]

coe=(M,k,i,j)->diff(symmetricPower(k,vars R),transpose(symmetricPower
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(k-2,vars R))*submatrix(M,{i},{j}))

coe2=(M,i,j)->diff(transpose(vars(R))*submatrix(M,{i},{j}),symmetric

Power(2,vars R))

expa=(M,k)->matrix table(rank target M,rank source M,(i,j)->coe(M,k,

i,j))

expa2=(M)->matrix table(rank target M,rank source M,(i,j)->coe2(M,i,

j))

A=sub(matrix(expa(submatrix(M,{0..2},{0..3}),2), expa2(submatrix(M,

{3..5},{0..3}))),T)

B=syz A

C=(id_(T^{4:0}))**(vars T)

Z=C*B

J=minors(4,Z)

dim J

degree J

Remark 8.4. The previous algorithm can be performed for all ℓ. In particular,
if ℓ = 5 then we can get another example such that the unstable conics of the
logarithmic bundle coincide with the conics of the arrangement.

Starting from the previous example, we can prove the following:

Theorem 8.5. If ℓ ≥ 4, then the map

D = {C1, . . . , Cℓ} −→ Ω1
P2(logD)

is generically injective.

Proof. First, let us assume that ℓ = 4. Let us consider the incidence variety
W = {(D, C) ∈ (P5 × P5 × P5 × P5) × P5 |C ∈ UC(Ω1

P2(logD))} and let

a, b be the restrictions to W of the projection morphisms, respectively, from
(P5 ×P5 ×P5 ×P5) and P5.
From the previous example we have that a−1(D0) = D0. So, for all arrange-
ments D ∈ P5 × P5 × P5 × P5, dima−1(D) ≥ 0 and h0(a−1(D),OW ) =
length a−1(D) ≥ 4. To conclude the proof, it suffices to show that there exists
V ⊂ P5 ×P5 ×P5 ×P5 open such that, for all D ∈ V
(31) dima−1(D) = 0,

(32) length a−1(D) = 4.

We remark that the dimension d of the fiber given by the morphism a has
the upper semicontinuity property ([16], chapter 1, section 8, corollary 3),
which implies that {w ∈ W | d(w) ≥ 1} is a closed subset in W . So the set
V1 = a({w ∈W | d(w) ≤ 0}) = a({w ∈W | d(w) = 0}) is open in P5×P5×P5×
P5. By using the upper semicontinuity of the length of the fiber given by the
morphism a (this fact is a consequence of theorem 12.8, chapter 3 of [14]; this
theorem holds with the hypothesis of flatness, in our case we have the generic
flatness) we get that the set {D ∈ P5 ×P5 ×P5 ×P5 | length a−1(D) ≥ 5} is
closed in P5 × P5 × P5 × P5. As above, the set V2 = {D ∈ P5 × P5 ×P5 ×
P5 | length a−1(D) ≤ 4} = {D ∈ P5 × P5 × P5 × P5 | length a−1(D) = 4} is
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open in P5×P5×P5×P5. The points of the open set V = V1 ∩V2 satisfy the
required properties (31) and (32).
Now, if ℓ ≥ 5, then we can apply the reduction technique, performed in the
proof of Theorem 4.2, to Ω1

P2(logD) and to the conics of D: at each step we
get a logarithmic bundle of a conic-arrangement with one component less, till
we reduce to the case of four conics, studied above. �

Finally we discuss the case of ℓ = 3.
Let D = {C1, C2, C3} be an arrangement of conics with normal crossings on
P2. Let us start by analyzing UC(Ω1

P2(logD)). In order to do that, let us
consider the exact sequence (29) with ℓ = 3: UC(Ω1

P2(logD)), the support

of R1β∗α
∗(Ω1

P2(logD)(−1)), is the maximal degeneration locus of the mor-

phism (Ω1
P5

)3
F−→ (OP5(−1)3)3 ⊕OP5(−1)2, i.e. it coincides with the scheme

D10(F ) = {y ∈ P5 | rank(Fy) ≤ 10}, which, according to [18], has expected
codimension 5 in P5 (we note that the computation of the expected codimen-
sion is meaningless when ℓ ≥ 4). If this is the case, the number of points in
D10(F ) is determined by Porteous’ formula:

(33) [D10(F )] = det[c1−i+j((((OP5 (−1)3)3 ⊕OP5(−1)2)− (Ω1
P5

)3)],

where 1 ≤ i, j ≤ 5. The generic entry of the matrix (33) is the coefficient of the
term of degree (1− i+ j) in the formal series in one variable coming from the
quotient of the Chern polynomials of ((OP5(−1)3)3 ⊕OP5(−1)2) and (Ω1

P5
)3.

Thus [D10(F )] = 21. More generally, we get the following:

Proposition 8.6. Let E be a vector bundle over P2 such that

0 −→ OP2(−2)3 −→ OP2(−1)3 ⊕O2
P2 −→ E −→ 0

is exact and let UC(E) be the set of unstable conics of E, in the sense of (4).
UC(E) is expected to be a 0-dimensional scheme of P5 with 21 points.

Remark 8.7. If we apply the algorithm performed in Example 1 of this sec-
tion in the case of ℓ = 3, we can find some arrangements D such that
UC(Ω1

P2(logD)) satisfies the expected properties of Proposition 8.6. Indeed,
according to the notations introduced in such algorithm, the variety in P5 de-
fined by the ideal J has 21 distinct points, which, in terms of the quadratic
Veronese embedding of the projective plane, correspond to smooth conics in
P2. Between these 21 points, 3 correspond to the component of D and the re-
maining 18 belong to a net quadrics in P5, whose base locus is a K3-surface
with 12 singular points, that don’t seem to be related to the 18 conics we are
interested in. The explicit determination of such 18 points or, equivalently, of
a primary decomposition of J saturated with the ideals defining the conics of D
as points in P5, would be interesting to solve the Torelli problem in this case,
but, at the moment, it seems to be hard, also with a computer.

According to Remark 8.7, instead of studying UC(Ω1
P2(logD)), we can focus

on UL(Ω1
P2(logD)), the set of unstable lines of Ω1

P2(logD) in the sense of
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Definition 2.4. Let F2
2 be the incidence variety point-line in P2 ×P2, i.e.

(34) F2
2 = {(x, y) ∈ P2 ×P2 |x ∈ Ly}

where Ly ⊂ P2 is the line defined by y ∈ P2 and let p, q be, respectively, the
restrictions to F2

2 of the projection maps p, q as in the following diagram:

F2
2 ⊂ P2 ×P2

p

ւ
q

ց
P2 P2

We remark that UL(Ω1
P2(logD)), as a subset of P2, is the support of

R1(q∗p
∗Ω1

P2(logD)(−2)). Namely, if y ∈ P2 then we have that

R1(q∗p
∗Ω1

P2(logD)(−2))y = H1(q−1(y), p∗Ω1
P2(logD)(−2)|q−1(y)

) =

= H1(Ly,Ω
1
P2(logD)(−2)|Ly ) = H0(Ly,Ω

1
P2(logD)

∨
|Ly )∨,

where the last equality follows from Serre’s duality. In order to study this
support, we apply the functor q∗p

∗ to the exact sequence (2) in the case of
three conics twisted by −2 and we get

(35) 0 −→ R0q∗p
∗(OP2(−4)3) −→ R0q∗p

∗(OP2(−3)3 ⊕OP2(−2)2) −→
−→ R0q∗p

∗(Ω1
P2(logD)(−2)) −→ R1q∗p

∗(OP2(−4)3) −→
−→ R1q∗p

∗(OP2(−3)3 ⊕OP2(−2)2) −→ R1q∗p
∗(Ω1

P2(logD)(−2)) −→ 0.

Our aim is to describe the terms of (35). So we tensor

0 −→ OP2×P2
(−1,−1) −→ OP2×P2

−→ OF2
2
−→ 0

with p∗O2
P(t), where t ∈ {−4,−3,−2} and then we apply q∗. By using Serre’s

duality and the Poincaré-Euler sequence, (35) turns out to be

(36) 0 −→ R0q∗p
∗(Ω1

P2(logD)(−2)) −→ R1q∗p
∗(OP2(−4)3)

G−→
G−→ (Ω1

P2
)3 ⊕OP2(−1)2 −→ R1q∗p

∗(Ω1
P2(logD)(−2)) −→ 0

where R1q∗p
∗(OP2(−4)) fits in the exact sequence

0 −→ R1q∗p
∗(OP2(−4)) −→ OP2(−1)6 −→ O3

P2
−→ 0,

and it has rank 3 over P2. The support of R1(q∗p
∗Ω1

P2(logD)(−2)) is the
maximal degeneration locus of the morphism G in (36), i.e. it’s the scheme
D7(G) = {y ∈ P2 | rank(Gy) ≤ 7}. According to [18], the expected codimen-
sion over P2 of D7(G) is 2, that is we expect a finite number of unstable lines for
Ω1

P2(logD). Assuming that D7(G) is 0-dimensional, the number of its points
is given by Porteous’ formula:

[D7(G)] = det[c1−i+j(((Ω
1
P2

)3 ⊕OP2(−1)2)−R1q∗p
∗(OP2(−4)3))],

where 1 ≤ i, j ≤ 2. The generic entry of [D7(G)] is the coefficient of the degree-
(1−i+j) term of the formal series in one variable defined as the quotient of the
Chern polynomial of (Ω1

P2
)3 ⊕ OP2(−1)2 with the one of R1q∗p

∗(OP2(−4)3).
So [D7(G)] = 21. These arguments imply the following:
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Proposition 8.8. Let D = {C1, C2, C3} be a normal crossing arrangement of
conics in P2. UL(Ω1

P2(logD)) is expected to be a 0-dimensional scheme of P2

with 21 points.

Remark 8.9. The previous proposition holds, more generally, for all vector
bundles E over P2 admitting the exact sequence

0 −→ OP2(−2)3 −→ OP2(−1)3 ⊕O2
P2 −→ E −→ 0.

By using Macaulay2 software system, we can find some examples of arrange-
ments that behave as stated in Proposition 8.8.
Example 2
Let us consider the arrangement D0 = {C0,1, C0,2, C0,3} of conics with normal
crossings such that

C0,1 : x20 + x21 − 16x22 = 0,

C0,2 : x20 + 9x21 − 36x22 = 0,

C0,3 : 25x20 + 100x0x2 + x21 − 2x1x2 + 76x22 = 0.

In order to determine UL(Ω1
P2(logD0)), we contruct the 3×5 matrix associated

to Ω1
P2(logD0)∨ in the sense of (2) and then we restrict it to a generic line

L ⊂ P2 parametrized by x0 = bx1 + cx2. Afterwards we produce the 9 × 8
matrix M of the map

H0(L,OP2(1)3|L ⊕O
2
P2 |L) −→ H0(L,OP2(2)3|L)

with respect to the basis given by {{x1, x2}, {x1, x2}, {x1, x2}, {1}, {1}} and
{{x21, x1x2, x22}, {x21, x1x2, x22}, {x21, x1x2, x22}}. Since we are interested in the
kernel of this linear map, we consider, over the ring k[b, c], where for simplicity
k = Q, the ideal J generated by the 8 maximal minors of M : as expected, we
get that J has dimension 0 and degree 21, in particular the algebra k[b, c]/J is
a C-vector space of dimension 21. Therefore, let B a basis of k[b, c]/J and let
compb (resp. compc) be the 21 × 21 matrix associated, with respect to B, to
the linear map (companion)

k[b, c]/J −→ k[b, c]/J

defined by the multiplication by b (resp. by c). According to [6] (chapter
2, section 4), the eigenvalues of compb (resp. compc) coincide with the b-
coordinates (resp. c-coordinates) of the points of the variety associated to J .
By using Stickelberger’s Theorem (see for example [23], chapter 2, section 2.3),
in order to get the pair of parameters (bi, ci) defining an unstable line it suffices
to match the eigenvalue bi of compb corresponding to the same eigenvector (up
to a change of sign) of the eigenvalue ci of compc.
If D0 is as above, then Ω1

P2(logD0) has 21 unstable lines such that 11 are real.

Remark 8.10. As we can see in Figure 3, it seems to be hard but interesting
to understand what these lines represent for the conic-arrangement and how it
is possible to get the conics from them: we observe, for example, that they are
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Figure 3. D0 and the 11 real unstable lines plotted with [15]

not tangent lines and they don’t cross the conics in special points. So we can
say that the three conics case represents still an open problem.

References

[1] V. Ancona, G. Ottaviani, Unstable hyperplanes for Steiner bundles and
multidimensional matrices, Advances in Geometry, 1 (2001), 165-192

[2] E. Angelini, Logarithmic bundles of hypersurface arrangements in Pn, Col-
lectanea Mathematica, Volume 65, Issue 3, (2014), 285-302

[3] E. Angelini, The Torelli problem for Logarithmic bundles of hypersurface
arrangements in the projective space, Ph.D. thesis (2013), available on the au-
thor’s web page (http://web.math.unifi.it/users/angelini/finalphdthesis.pdf)

[4] E. Ballico, S. Huh, F. Malaspina, A Torelli type problem for logarithmic
bundles over projective varieties (2013), arXiv: 1309.7192v2 [math.AG]

[5] G. Bohnhorst, H. Spindler, The stability of certain vector bundles on Pn,
Complex algebraic varieties, Lect. Notes Math., vol. 1507, 39-50 (1992)

[6] D. Cox, J. Little, D. O’Shea, Using Algebraic Geometry, Graduate Texts in
Mathematics, Springer-Verlag New York (1998)
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1 Introduction

Let R be a commutative ring and V be a free R-module. This article is on the
Clifford algebra of the hyperbolic module H(V ) = V ⊕ V ∗ equipped with the
quadratic form q(x, f) = f(x). These algebras are isomorphic to total matrix
rings of size 2n × 2n, where dim V = n. A representation of these algebras is
given using what are called Suslin matrices. The identities followed by these
matrices will then be used to study the corresponding Spin groups. Conversely
one will now be able to relate some (seemingly) accidental properties of Suslin
matrices to the geometry of Clifford algebras.

In the introduction of [JR], the authors shared the insight of the referee (of
[JR2]) that there should be a link between Clifford algebras and Suslin matrices
such that the Spin groups are isomorphic to matrix groups which stabilize the
Suslin matrices (under a suitable action). The present paper describes and
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analyzes this link. This (half-spin) representation in terms of Suslin matrices is
faithful only when dimV is odd and we will mostly be concerned with this case.
With an explicit construction at hand, one can expect to derive some results
on the Clifford algebra and its Spin group using simple matrix computations.
For example, the identities followed by the Suslin matrices (in Equation 1)
give us (as we will see) the involution on the Clifford algebra. Indeed given
any element of the Clifford algebra we will be able to explicitly construct its
conjugate matrix under the involution. As an application of Suslin matrices,
we give a proof of the following exceptional isomorphisms :

Spin4(R) ∼= SL2(R)× SL2(R), Spin6(R) ∼= SL4(R).

On the other hand, some key properties of Suslin matrices (see Theorem 3.4
and Remark 8.5) are re-derived here (with minimal computation) using the
connection to Clifford algebras. These properties play the crucial role in the
papers [JR], [JR2] which study an action of the orthogonal group on unimodular
rows. In addition, this connection to Clifford algebras explains why the size of
a Suslin matrix has to be of the form 2n−1 × 2n−1. One can go on and ask if
there are other matrix-constructions, possibly of smaller sizes. Indeed, it turns
out that the size chosen by Suslin is the least possible. This is an embedding
problem of a quadratic space into the algebra of matrices - it belongs to a larger
theme of finding natural ways of constructing algebras out of quadratic spaces.
It would be interesting to see similar constructions for other types of quadratic
forms - and for this reason alone, it might be worthwhile having this connection
between Suslin matrices and Clifford algebras.

We begin with a few preliminaries on Clifford algebras and Suslin matrices (to
make the article accessible) and the link between them. The involution of the
Clifford algebra is then described via some identities followed by the Suslin
matrices. It turns out that the behavior of the Suslin matrices (hence that of
the Spin groups) depends on whether the dimension of V is odd or even. One
realizes this after observing the pattern followed by the involution in the odd
and even cases. This leads us to Section 5 where the action of the Spin group
on the Suslin space is studied in detail. The last part of the paper contains a
few remarks on the Spin and Epin groups.

By a ring, we always mean a ring with unity. In this paper, V will always
denote a free R-module where R is any commutative ring and H(V ) = V ⊕V ∗.
From now on, we fix the standard basis for V = Rn and identify V with its
dual V ∗. One can then write the quadratic form on H(V ) as

q(v, w) = v · wT = a1b1 + · · ·+ anbn.

for v = (a1, · · · , an), w = (b1, · · · , bn).
For general literature on Clifford algebras and Spin groups over a commutative
ring, the reader is referred to [B1], [B2] of H. Bass. For a more detailed in-
troduction to Suslin matrices (and their important connection to unimodular
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rows), a few references are Suslin’s paper [S], the papers [JR], [JR2] of Ravi
Rao and Selby Jose, and T. Y. Lam’s book [L] (sections III.7, VIII.5).

Acknowledgements. I would like to thank my advisor Prof. Ravi Rao for
the many discussions we had while working on this paper. His willingness to
give his time so generously has been very much appreciated. The comments
given by referees have been very helpful and I would like to thank them for
improving the clarity of the paper.

Part of this work was done during a short enjoyable visit to Fields Institute
(in Toronto), which funded me to attend its Spring school on Torsors in 2013.

2 The Suslin Construction

The Suslin construction gives a sequence of matrices whose size doubles at
every step. Moreover each Suslin matrix S has a conjugate Suslin matrix S̄
such that SS̄ and S + S̄ are scalars (norm and the trace).

Let us pause here to see the recursive process by which the Suslin matrix
Sn(v, w) of size 2n× 2n, and determinant (v ·wT )2

n−1

, is constructed from two
vectors v, w in Rn+1.

Let v = (a0, v1), w = (b0, w1) where v1, w1 are vectors in Rn. Define

S0(a0, b0) = a0, S1(v, w) =

(
a0 v1
−w1 b0

)

and

Sn(v, w) =

(
a0I2n−1 Sn−1(v1, w1)

−Sn−1(w1, v1)T b0I2n−1

)
.

For Sn = Sn(v, w), define

S̄n := Sn(w, v)T =

(
b0I2n−1 −Sn−1(v1, w1)

Sn−1(w1, v1)T a0I2n−1

)
.

Notice that Sn(v, w) is also a Suslin matrix. Indeed, Sn(v, w) = Sn(v′, w′)
where (

v′

w′

)
=

(
(b0,−v1)
(a0,−w1)

)
.

In particular, we have S0(a0, b0) = b0.

One can easily check that a Suslin matrix Sn = Sn(v, w) satisfies the following
properties:

(1) SnS̄n = S̄nSn = (v · wT )I2n , and

(2) detSn = (v · wT )2
n−1

, for n ≥ 1.
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Unless otherwise specified, we assume that n > 0. Then the element (v, w)
is determined by its corresponding Suslin matrix Sn(v, w). So we sometimes
identify the element (v, w) with Sn(v, w) for n > 0. The set of Suslin matrices
of size 2n× 2n is an R-module under matrix-addition and scalar multiplication
given by rSn(v, w) = Sn(rv, rw) for r ∈ R; Moreover when n > 0, the map-
ping Sn → S̄n is an isometry of the quadratic space H(Rn+1), preserving the
quadratic form q(v, w) = v · wT .

In his paper [S], A. Suslin then describes a sequence of matrices Jn ∈M2n(R)
by the recurrence formula

Jn =





1 for n = 0

(
Jn−1 0

0 −Jn−1

)
for n even

(
0 Jn−1

−Jn−1 0

)
for n odd.

Remark 2.1. We will simply write J and S (or S(v, w)) and drop the subscript
when there is no confusion. When there is some confusion, remember that the
subscript r in Sr is used to indicate that Sr (or Jr) is a 2r × 2r matrix.

It is easy to check that detJ = 1 and JT = J−1 = (−1)
n(n+1)

2 J .

That means that J is

{
skew-symmetric for n = 4k + 1 and n = 4k + 2,

symmetric for n = 4k and n = 4k + 3.

It can be shown inductively that the forms J satisfy the following identities :

JSTJT =

{
S for n even,

S̄ for n odd.
(1)

The even case in Equation (1) can also be deduced from Lemma 5.3, [S], while
the odd case follows from loc. cit. only if v · wt is not a zero-divisor. The
above relations will be used to describe the involution on the Clifford algebra.
The Suslin matrices will now be used to give a set of generators of the Clifford
algebra.
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3 The link to Clifford algebras

Let R be any commutative ring. Let (V, q) be a quadratic space where V is a
free R-module of dim V = n, equipped with a quadratic form q. The Clifford
algebra Cl(V, q) is the quotient of the tensor algebra

T (V ) = R⊕ V ⊕ V ⊗2 ⊕ · · · ⊕ V ⊗n ⊕ · · ·

by the two sided ideal I(V, q) generated by all x⊗ x− q(x) with x ∈ V .

Thus Cl(V, q) is an associative algebra (with unity) over R with a linear map
i : V → Cl(V, q) such that i(x)2 = q(x). The terms x ⊗ x and q(x) appearing
in the generators of I(V, q) have degrees 0 and 2 in the grading of T (V ). By
grading T (V ) modulo 2 by even and odd degrees, it follows that the Clifford
algebra has a Z2-grading Cl(V, q) = Cl0(V, q)⊕ Cl1(V, q).

The Clifford algebra Cl(V, q) has the following universal property : Given any
associative algebra A over R and any linear map j : V → A such that

j(x)2 = q(x) for all x ∈ V ,

then there is a unique algebra homomorphism f : Cl(V, q) → A such that
f ◦ i = j.

Let Cl denote the Clifford algebra of H(Rn) equipped with the quadratic form

q(v, w) = v · wT .

It can be proved (see [B1], Ch. 5, Theorem 3.9) that

Cl ∼= M2n(R).

Let φ : H(Rn)→M2n(R) be the linear map defined by

φ(v, w) =

(
0 Sn−1(v, w)

Sn−1(v, w) 0

)

where Sn−1(v, w) = Sn−1(w, v)T .

Since φ(v, w)2 = q(v, w)I2n , the map φ uniquely extends to an R-algebra ho-
momorphism

φ : Cl →M2n(R)

(by the universal property of Clifford algebras). In the next section, we will
prove that φ is an isomorphism.
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3.1 Optimal embedding of Suslin matrices

The Clifford algebra and the Suslin matrix are two different ways of construct-
ing algebras out of the quadratic space H(Rn). One can ask if one can con-
struct similar matrices but of different sizes - possibly smaller? First we need
a notion of an embedding of a quadratic space in an algebra to compare two
constructions.

Let (V, q) be a quadratic space (i.e. V is a freeR-module and q a non-degenerate
quadratic form on V ). Let A be a faithful R-algebra (R →֒ A).

Definition 3.2. The quadratic space (V, q) is said to be embedded in A if
V ⊆ A and there is an isometry α : V → V such that

vα(v) = α(v)v = q(v).

The object of our interest is the hyperbolic quadratic space H(Rn) with the
quadratic form q(v, w) = v · wT . By taking α : H(Rn) → H(Rn) (for n > 1)
to be the isometry

α : Sn−1(v, w)→ Sn−1(v, w)

one sees that the Suslin construction (v, w) → S(v, w) is an embedding of
H(Rn) into M2n−1(R).

One can ask which properties of Suslin matrices are unique to its construction
and which ones are true in general for any other embedding into matrices.
The size of a Suslin matrix corresponding to (v, w) ∈ H(Rn) is 2n−1×2n−1; the
Clifford algebra (another embedding of H(Rn)) is isomorphic to the algebra of
2n × 2n matrices. Are there embeddings of smaller sizes? Theorem 3.3 tells us
that the size of the Suslin matrices is optimal.

Let us analyze an embedding α : H(Rn) →֒ A into an associative algebra A.
We will see that this places a strong restriction on the choice of A. Consider
the R-linear map φ : H(Rn)→M2(A) defined by φ(x) =

(
0 x

α(x) 0

)
.

Since φ(x)2 = q(x), the map φ uniquely extends (by the universal property of
Clifford algebras) to an R-algebra homomorphism

φ : Cl→M2(A).

Theorem 3.3. Let φ be defined as above; then φ is injective.

Proof. Recall that we have an isomorphism of R-algebras Cl ∼= M2n(R) [[B1],
Chapter 5, theorem 3.9], so it suffices to prove that the composite homomor-
phism M2n(R) → M2(A) is injective. Now every ideal of Cl is of the form
M2n(I). In particular ker(φ) = M2n(I) for some ideal I ⊆ R. So to prove that
φ is injective it is enough to observe that I = 0. But this is obvious since φ is
R-linear and acts as identity on R.
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For the Suslin embedding α is the isometry S(v, w)→ S(v, w) defined for Suslin
matrices in Section 2. Since the map φ is injective, it follows (by dimension
arguments) that φ is an isomorphism for the Suslin embedding. We will identify
the elements (v, w) ∈ H(Rn) with their images under the representation φ. The
following fundamental lemma of Jose-Rao in [JR] is an easy consequence of the
basic properties of Clifford algebras.

Theorem 3.4. Let X and Y be Suslin matrices in M2n−1(R). Then XYX is
also a Suslin matrix. Moreover XYX = X̄Ȳ X̄.

Proof. Let z1, z2 ∈ H(Rn). Then

〈z1, z2〉 := z1z2 + z2z1 = (z1 + z2)2 − z21 − z22
is an element in R. Multiplying by z1 we get

z1〈z1, z2〉 = z21z2 + z1z2z1.

Since z21 = q(z1), it follows that z1z2z1 ∈ H(Rn). Take z1 =
(

0 X
X̄ 0

)
and

z2 =
(

0 Ȳ
Y 0

)
. Then z1z2z1 =

(
0 XYX

X̄Ȳ X̄ 0

)
.

3.5 The basic automorphism of Cl

The Clifford algebra Cl = Cl0 ⊕ Cl1 has a ‘basic automorphism’ given by

x = x0 + x1 → x′ = x0 − x1.
Two automorphisms of Cl are the same if they agree on the elements (v, w) ∈
H(Rn). Under the isomorphism φ in Section 3, the basic automorphism corre-
sponds to conjugation by the matrix λ =

(
1 0
0 −1

)
. One can infer this by checking

that
(
1 0
0 −1

)
φ(v, w)

(
1 0
0 −1

)
= −φ(v, w). It is also easy to check that

λ∗ := JλT JT =

{
λ for n even,

−λ for n odd.

Remark 3.6. One needs this basic automorphism to make a suitable adjust-
ment for the grading of the Clifford algebra - for example when defining the
norm or a ‘graded’ conjugation. We will be concerned mostly with the Spin
group which lies in Cl0 (on which conjugation by λ is the identity map).

4 The involution on Cl

We will identify Cl with M2n(R) via the isomorphism φ. Recall that φ is
defined on the elements (v, w) as

φ(v, w) =

(
0 Sn−1(v, w)

Sn−1(v, w) 0

)
.
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The map (v, w)→ (−v,−w) can also be viewed as an inclusion of H(Rn) in the
opposite algebra of Cl. By the universal property of the Clifford algebra, this
map extends to an anti-automorphism of Cl. We will call this the standard
involution on Cl.

Theorem 4.1. Let M ∈ Cl ∼= M2n(R). The standard involution ∗ is given by

M∗ = JnM
TJTn .

Proof. That ∗ is an involution is clear since JTn = J−1
n . The elements (v, w)

generate the Clifford algebra. Therefore, to prove that the above involution is
the correct one, it is enough to check that its action on the matrices

φ(v, w) =

(
0 Sn−1(v, w)

Sn−1(v, w) 0

)

is multiplication by −1.

Let S′
n = Sn(v′, w′) =

(
0 Sn−1(v, w)

−Sn−1(v, w) 0

)
where v′ = (0, v) and

w′ = (0, w). Then
φ(v, w) = λS′

n = −S′
nλ.

Moreover observe that S̄′
n = −S′

n. It follows by the identities in Equation (1)
that

S′
n
∗

=

{
S′
n for n even,

−S′
n for n odd.

Therefore for n even, we have

φ(v, w)∗ = S′
n
∗
λ∗ = S′

nλ = −λS′
n.

And for n odd, we have

φ(v, w)∗ = S′
n
∗
λ∗ = (−S′

n)(−λ) = −λS′
n.

Hence for any n,
φ(v, w)∗ = −φ(v, w).

Given an element of the Clifford algebra, one can now compute its conjugate
under the involution ∗. One can spot two different patterns of the involution
depending on the parity of n. To see this, let us write M =

(
A B
C D

)
as a 2× 2

matrix and analyze its conjugate in terms of its blocks. Then one can compute
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M∗ inductively as follows: (For n = 0, the involution is the identity map on
R.)

(
A B
C D

)∗
=





(
D∗ −B∗

−C∗ A∗

)
for n odd,

(
A∗ −C∗

−B∗ D∗

)
for n even.

(2)

With this the setup is complete for us to analyze and compute the Spin groups.

4.2 Spin group

The Clifford algebra is a Z2-graded algebra Cl = Cl0⊕Cl1. Under the isomor-
phism φ, the elements of Cl0 correspond to matrices of the form

( g1 0
0 g2

)
.

The following groups are relevant to our discussion :

U0
2n(R) := {x ∈ Cl0 |xx∗ = 1}.

Spin2n(R) := {x ∈ U0
2n(R) |xH(Rn)x−1 = H(Rn)}.

Let (g1, g2) ∈ Spin2n(R). We have by the identities in Equation (2),

(
g1 0
0 g2

)∗
=





(
g∗1 0

0 g∗2

)
for n even,

(
g∗2 0

0 g∗1

)
for n odd.

Where there is no confusion possible, we will write (g1, g2) for the diagonal
matrix

( g1 0
0 g2

)
.

5 The action of the Spin group on the space of Suslin matrices
: When n is odd

In the introduction of [JR], the authors shared the insight of their referee (of
[JR2]) that one should be able to construct a subgroupGr(R) ofGL2r(R) which
is defined by the property that g ∈ Gr(R) if gS(v, w)g∗ is a Suslin matrix for
all Suslin matrices S ∈ M2r(R). From this action of Gr(R) on the space of
Suslin matrices S(v, w), consider the subgroup SGr(R) consisting of g ∈ Gr(R)
preserving the norm v · wT for all pairs (v, w). The referee guessed that the
group SGr(R) is isomorphic to the Spin group.
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In this section, we construct such a group Gr(R) and prove that there is such
an isomorphism between SGr(R) and the corresponding Spin group when n =
dimV is odd (i.e. r = n− 1 is even). This is achieved by taking g → g∗ to be
the restriction of the involution on M2r(R) defined earlier. In the rest of the
section, n = dimV is odd.

Let M =
(
A B
C D

)
∈ M2n(R). When n is odd, we have M∗ =

(
D∗ −B∗

−C∗ A∗

)
.

Therefore for (g1, g2) ∈ U0
2n(R), we have

(g1, g2)
∗ = (g∗2 , g

∗
1).

In addition, since (g1, g2) ∈ U0
2n(R) has unit norm, i.e. (g1, g2)(g1, g2)∗ = 1, it

follows that
g2 = g∗

−1

1 .

Now Spin2n(R) is precisely the subgroup of U0
2n(R) which stabilizes H(Rn) un-

der conjugation. This means that if (g, g∗
−1

) ∈ Spin2n(R) and S ∈ M2n−1(R)
is any Suslin matrix, then there exists a Suslin matrix T ∈M2n−1(R) such that

(g, g∗
−1

)

(
0 S
S̄ 0

)
(g−1, g∗) =

(
0 T
T̄ 0

)

i.e., (
0 gSg∗

g∗
−1

S̄g−1 0

)
=

(
0 T
T̄ 0

)
.

Hence if S ∈ M2n−1(R) is a Suslin matrix and (g, g∗
−1

) ∈ Spin2n(R), then
gSg∗ is also a Suslin matrix.

Remark 5.1. The space of Suslin matrices is nothing but the quadratic space
H(Rn). For simplicity, we will write S instead of Sn−1 and when we say “for
all Suslin matrices S”, we really mean “for all Suslin matrices S ∈M2n−1(R)”.

Let g • S = gSg∗.

Consider

Gn−1(R) = { g ∈ GL2n−1(R) | g • S is a Suslin matrix ∀ Suslin matrices S}.

One has the homomorphism

χ : Spin2n(R)→ Gn−1(R)

given by (g, g∗−1)→ g.

In general, this homomorphism is not surjective, but one can expect that it is
the case on the subgroup of Gn−1(R) which preserves the quadratic form v ·wT .
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For this we introduce a length function on the space of Suslin matrices : for
S = Sn−1(v, w), define

l(S) := SS̄ = v · wT .
Let

SGn−1(R) := { g ∈ Gn−1(R) | l(g • S) = l(S) ∀ Suslin matrices S}.

Suppose g ∈ SGn−1(R). Then l(gg∗) = 1. One expects (g, g∗
−1

) to be an
element of the Spin group.

Theorem 5.2. The homomorphism χ : Spin2n(R) ∼= SGn−1(R) is an isomor-
phism.

Proof. We first prove that if g ∈ SGn−1(R) then g∗−1 ∈ Gn−1(R). Let T =

g • S. If l(S) = l(T ) = 1, then T̄ = T−1 = g∗
−1 • S̄. Write a general Suslin

matrix as a linear combination of unit-length Suslin matrices. By linearity of
the action • it follows that T̄ = g∗

−1 •S̄ for a general Suslin matrix S. It follows
that we can define a homomorphism SGn−1(R)→ Spin2n(R) by g → (g, g∗

−1

)
and one checks easily that this is an inverse of χ.

The assumption l(g • S) = l(S) is simply a translation of the definition of the
Spin group in terms of Suslin matrices. It does not give us much insight into
the action •. A simpler equivalent criterion is the following: for g ∈ Gn−1(R),
we have l(g • S) = l(S) for all Suslin matrices S if and only if l(gg∗) = 1.

This will be proved by replacing the length function which is defined on Suslin
matrices with a ‘norm’ which makes sense for any element g ∈ Gr−1(R). The
Spin group then corresponds to the subgroup consisting of elements which have
unit norm. In particular, the following theorem implies that

SGn−1(R) = { g ∈ Gn−1(R) | l(gg∗) = 1}.

Theorem 5.3. Let g ∈ Gn−1(R). Then l(g • S) = l(gg∗)l(S) for all Suslin
matrices S.

Proof. Case 1 : l(gg∗) = 1.

It is enough to show that g • S = g∗
−1 • S̄ which in turn implies that l(g •S) =

l(S). We will first prove this for a subset of Suslin matrices and then show that
our chosen set spans the total space.

If X,Y are Suslin matrices then it follows by Theorem 3.4 that

l(XYX) = l(X)2l(Y ).

Take X = g • S and Y = (gg∗)−1. Then XYX = g • S2. In addition we have

gg∗ • (gg∗)−1 = gg∗.
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Since gg∗ is a Suslin matrix and l(gg∗) = 1 (by the hypothesis) it follows that
its inverse Y is also a Suslin matrix with l(Y ) = 1. Therefore l(XYX) = l(X)2,
i.e.

l(g • S2) = l(g • S)2.

By induction we get that

l(g • S2k) = l(g • S)2
k

for all k ≥ 1.

Suppose l(S) = 1. From the definition of the length function, we have

l(g • S)2
n−2

= det(g • S) = det(gg∗) det(S) = 1.

Therefore
l(g • S2k) = 1, for all k ≥ n− 2. (3)

Let

W = { riTi + · · ·+ rkTk |ri ∈ R and

Ti = S2mi
i for some Si with l(Si) = 1 and mi > n.}

If T = S2m with m > n and l(S) = 1, then we have by Equation (3) that

g • T = (g • T )−1 = g∗
−1 • T̄ .

For any T ∈W it follows by the linearity of the action • that

g∗
−1 • T̄ = g∗

−1 • (riT̄i + · · ·+ rkT̄k) = g • T .

Therefore l(g • T ) = l(T ) for all T ∈ W.
Let {ei} be the standard basis of Rn and {fi} be its dual basis. We will now
show that W contains the generators Sn−1(ei, 0) and Sn−1(0, fi), hence the
whole space. Let

Ei = Sn−1(ei, 0), Fi = Sn−1(0, fi).

Let X =
(

1 A
−Ā 0

)
for some Suslin matrix A with AĀ = I. Then X is also

a Suslin matrix and X2 =
(

0 A
−Ā −1

)
and X3 = −I. Therefore X2k = X2 or

X2k = −X , depending on whether k is odd or even. It follows by the above
discussion that X ∈ W . For example, one can take X = Ei + Fi + E1 with
i 6= 1. Also, if i 6= j and i, j 6= 1, then Ei + Ej + Fj + E1 is an example.

Let i 6= j and i, j 6= 1. Then Ei ∈W since

Ei = (Ei + Ej + Fj + E1)− (Ej + Fj + E1)

is a linear combination of matrices in W . Similarly Fi ∈W since

Fi = (Fi + Ej + Fj + E1)− (Ej + Fj + E1).
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And finally E1 = (Ei + Fi + E1)− (Ei + Fi) and F1 = I − E1 also lie in W .

Case 2 : l(gg∗) = a.

Clearly a has to be invertible since g ∈ Gn−1(R). Suppose there is an x ∈ R
such that x2 = a−1.

Take h = xg. Then l(hh∗) = 1 and by Case 1, we have

l(h • S) = l(hh∗)l(S)

for any Suslin matrix S.

We also have l(h • S) = x2 · l(g • S), hence l(g • S) = l(gg∗)l(S).

Now suppose x2 = a−1 has no solutions in R. Then one has the identity

l(g • S) = l(gg∗)l(S)

over the ring R[x]
(x2−a−1) ; since each term of the equation lies in R, the theorem

is proved in this case too.

Remark 5.4. Let R• denote the group of units in R. Define d : Gn−1(R)→ R•

as
d(g) := l(gg∗).

Let g, h ∈ Gn−1(R). As a consequence of Theorem 5.3, we have

d(gh) = l(ghh∗g∗) = l(gg∗)l(hh∗) = d(g)d(h).

Thus d is a group homomorphism and ker(d) = SGn−1(R) ∼= Spin2n(R).

6 When n is even:

Let (g1, g2) ∈ Spin2n(R). By definition if S ∈ M2n−1(R) is a Suslin matrix,
then there exists a Suslin matrix T such that

(g1, g2)

(
0 S
S̄ 0

)
(g−1

1 , g−1
2 ) =

(
0 T
T̄ 0

)

i.e., (
0 g1Sg

−1
2

g2S̄g
−1
1 0

)
=

(
0 T
T̄ 0

)
.

Let us now consider the group homomorphism χ : Spin2n(R) → GL2n−1(R)
given by

χ(g1, g2) = g1.
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In this case the projection χ has a nontrivial kernel. Let (1, g) ∈ ker(χ). Taking
S = 1, one sees that g is also a Suslin matrix. Now both g and Sg−1 are Suslin
matrices for any Suslin matrix S. In the case when n > 2, one can then
conclude by a simple computation that g = uI where u ∈ R and u2 = 1 (see
[JR], Lemma 3.1).

Define µ2 := {u ∈ R |u2 = 1}. Then one has an following exact sequence when
n > 2 and n even :

1→ µ2 → Spin2n(R)→ GL2n−1(R). (4)

Question : Let SG′
n−1(R) = χ(Spin2n(R)). For what conditions on R is there

a homomorphsim f : SG′
n−1(R)→ Spin2n(R) such that f ◦ χ = Id?

Recall that when n is even, (g1, g2)∗ = (g∗1 , g
∗
2). From this one can immediately

compute Spin4(R). Firstly any 2× 2 matrix is of the form S(v, w) =
( a1 a2
−b2 b1

)

for v = (a1, a2), w = (b1, b2). Therefore g1Sg
−1
2 is a Suslin matrix for any

pair (g1, g2) and S ∈ M2(R). Moreover it is clear from the definition of the
involution that the norm is precisely the determinant for 2× 2 matrices.

(g1, g2)(g∗1 , g
∗
2) = (det g1, det g2).

Therefore
Spin4(R) = SL2(R)× SL2(R).

For another proof, see [[K], Chapter V, § 4.5].

Remark 6.1. An immediate corollary is that Spin4(R) acts transitively on the
set of 2× 2 Suslin matrices S(v, w) of unit length (i.e. v · wT = 1). The set of
unit length Suslin matrices is nothing but SL2(R) and the action is given by
S → g1Sg

−1
2 for (g1, g2) ∈ Spin4(R) and S ∈ SL2(R).

7 Computing Spin6(R)

In this section, we compute Spin6(R) using Suslin matrices. For another proof
of the following result, see [[K], Chapter V, § 5.6].

Theorem 7.1. Spin6(R) ∼= SL4(R).

Proof. We will prove that SG2(R) ∼= SL4(R).

First it will be shown that given any 4× 4 matrix M , the product MSM∗ is a
Suslin matrix whenever S is a Suslin matrix.

Write S =
( a S1

−S̄1 b

)
and M =

(
A B
C D

)
. Since M is a 4× 4 matrix, we have

M∗ =
(
A∗ −C∗

−B∗ D∗

)
.
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To conclude that MSM∗ is a Suslin matrix, it is enough to check that both
M
(
a 0
0 b

)
M∗ and M

( 0 S1

−S̄1 0

)
M∗ are Suslin matrices.

We have

M

(
a 0
0 b

)
M∗ =

(
aAA∗ − bBB∗ −aAC∗ + bBD∗

aCA∗ − bDB∗ −aCC∗ + bDD∗

)

and

M

(
0 S1

−S̄1 0

)
M∗ =

(
−BS̄1A

∗ −AS1B
∗ BS̄1C

∗ +AS1D
∗

−DS̄1A
∗ − CS1B

∗ DS̄1C
∗ + CS1D

∗

)
.

Recall that any 2 × 2 matrix X =
(
x y
z w

)
is a Suslin matrix and X∗ = X̄ =(

w −y
−z x

)
. Also, X∗ +X are XX∗ are scalar matrices.

A 4×4 matrix
(
X Y
Z W

)
is a Suslin matrix if and only if X,W are scalar matrices

and Y = −Z∗. Therefore MSM∗ is a Suslin matrix.

It remains to show that if g ∈ SG2(R), then det g = 1. By definition l(S)2 =
det(S) for any Suslin matrix S ∈ M4(R). One should be able to prove from
this that det g = l(gg∗) = 1.

One can also check by hand that for 4 × 4 matrices, l(MM∗) = detM . We
have

MM∗ =

(
AA∗ −BB∗ −AC∗ + BD∗

CA∗ −DB∗ −CC∗ +DD∗

)

and

l(MM∗) = AA∗DD∗ +BB∗CC∗ +AC∗DB∗ +BD∗CA∗.

Remark 7.2. Suppose 2 is not a zero divisor in R. Then a matrix M ∈M4(R)
is a Suslin matrix if and only if M = M∗, i.e. the set of Suslin matrices is
the Jordan algebra consisting of self-adjoint elements in M4(R). In particular
MSM∗ is a Suslin matrix for any M ∈M4(R). Observe that the set {gg∗| g ∈
SL4(R)} is precisely the orbit of the identity element under the action of the
Spin group. Therefore Spin6(R) acts transitively on the set of elements of
length 1 if and only if every self-adjoint matrix in SL4(R) can be factorized as
S = gg∗ for some g ∈ SL4(R).

We have already seen that the Spin group acts transitively in the case n = 2.
A related open question is whether the Orthogonal group acts transitively on
the unit sphere (set of (v, w) such that v · wT = 1) for any commutative ring
R. In [S] (see Lemma 5.4) it has been proved that this is indeed the case when
n = 4. The question is open for other dimensions.
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8 The group Epin2n(R)

Let ∂ denote the permutation (1 n + 1)...(n 2n) corresponding to the form(
0 In
In 0

)
. We define for 1 ≤ i 6= j ≤ 2n, z ∈ R,

oeij(a) = I2n + aeij − ae∂(j)∂(i).

It is clear that when a ∈ R all these matrices belong to O2n(R). We call them
the elementary orthogonal matrices over R and the group generated is called
the elementary orthogonal group EO2n(R).

By definition there is a map π : Spin2n(R)→ O2n(R) given by

π(g) : v → gvg−1 for g ∈ Spin2n(R).

We denote by Epin2n(R) the inverse image of EO2n(R) under the map π.

Let V = Rn with standard basis e1, · · · , en and dual basis f1, · · · , fn for V ∗.
In terms of Suslin matrices, we have

ei =

(
0 Sn−1(ei, 0)

Sn−1(ei, 0) 0

)

and

fi =

(
0 Sn−1(0, fi)

Sn−1(0, fi) 0

)

Remark 8.1. Observe that if
( g1 0

0 g2

)
is an element of the Spin group, then so

is
( g2 0

0 g1

)
. We have

(g2, g1) = u · (g1, g2) · u
where u =

(
0 In
In 0

)
Below, we get a different basis of Epin2n(R) by conjugating

its elements with u.

Remark 8.2. It can be proved (see [B2], section 4.3) that Epin2n(R) is gener-
ated by elements of the form 1 + aeiej and 1 + afifj with a ∈ R, 1 ≤ i, j ≤ n,
i 6= j. Then it follows from the above symmetry of the Spin group that el-
ements u(1 + aeiej)u and u(1 + afifj)u also generate Epin2n(R) for a ∈ R.
Therefore Epin2n(R) is generated by elements of the type

1 + ae′ie
′
j, 1 + af ′

if
′
j

where

e′i = eiu =

(
Sn−1(ei, 0) 0

0 Sn−1(ei, 0)

)
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and

f ′
i = fiu =

(
Sn−1(0, fi) 0

0 Sn−1(0, fi)

)
.

In the rest of the section we will work with the case where n is odd. Recalling
Remark 5.4 we have

Spin2n(R) ∼= SGn−1(R) := { g ∈ Gn−1(R)| l(gg∗) = 1},
where the isomorphism is the projection χ : (g, g∗−1)→ g.

Let EGn−1(R) denote the image of Epin2n(R) under the above isomorphism.
Remark 8.2 tells us that the group EGn−1(R) is generated by elements of the
type

1 + aEiEj , 1 + aFiFj

where
Ei = Sn−1(ei, 0), Fi = Sn−1(0, fi).

Notice that E1 =
(
I 0
0 0

)
and F1 =

(
0 0
0 I

)
. For i 6= 1, the element Ei is of the

form
( 0 Xi
−X̄i 0

)
for some Suslin matrix Xi and l(Ei) = XiX̄i = 0.

The elements Ei, Fi satisfy the following properties :

i) Ē1 = F1 and E1 + F1 = I2n−1 .

i’) Ēi = −Ei and F̄i = −Fi for i 6= 1.

ii) E2
1 = E1, E2

i = 0 for i 6= 1.

ii’) F 2
1 = F1, F 2

i = 0 for i 6= 1.

iii) EiE1 + E1Ei = Ei for i 6= 1.

iii’) FiE1 + E1Fi = Fi for i 6= 1.

iv) EiE1 = F1Ei and FiE1 = F1Fi for i 6= 1.

iv’) E1Ei = EiF1 and E1Fi = FiF1 for i 6= 1.

It follows from properties ii) and iii) that E1EiE1 = 0 = EiE1Ei. Similarly we
have F1FiF1 = 0 = FiF1Fi.

Using this one can prove the following commutator relations :

1 + aEiEj = [1 + aEiE1, 1 + E1Ej ] i 6= 1, j 6= 1,

1 + aFiFj = [1 + aFiF1, 1 + F1Fj ] i 6= 1, j 6= 1.

It follows from Remark 8.2 and the above commutator relations that EGn−1(R)
is generated by elements of the type

1 + aE1Ei, 1 + aEiE1, 1 + aF1Fi, 1 + aFiF1, i 6= 1.
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Definition 8.3. An elementary matrix has 1’s on the diagonal and at most
one other entry is nonzero. Let Eij(x) denote the elementary matrix with x in
the (i, j) position. The group generated by n×n elementary matrices is denoted
by En(R).

Theorem 8.4. Epin6(R) = E4(R).

Proof. Let v = (a1, a2, a3) and w = (b1, b2, b3). Then

S(v, w) =




a1 0 a2 a3
0 a1 −b3 b2
−b2 a3 b1 0
−b3 −a2 0 b1


 .

The group EG2(R) contains following matrices and their transposes :

E13(x) = 1 + xE1E2,
E14(x) = 1 + xE1E3,
E24(x) = 1 + xE1F2,
E23(x) = 1− xE1F3.

Observe that the generators of EG2(R)

1 + xE1Ei, 1 + xEiE1, 1 + xF1Fi, 1 + xFiF1, i 6= 1

are all elementary matrices. Therefore EG2(R) ⊆ E4(R).

We also have
ET1 = E1, ETi = −Fi.

Thus if g ∈ EG2(R), then gT ∈ EG2(R). Therefore to conclude that E4(R) ⊆
EG2(R) it suffices to check that every elementary matrix with a nonzero entry
above the diagonal falls into EG2(R).

It remains to be checked that E12(x) and E34(x) also fall in EG2(R). Indeed
we have

E12(x) = [E13(x), E32(1)]

and
E34(x) = [E31(x), E14(1)].

Remark 8.5. The generators of EGn−1(R) mentioned above, i.e.

1 + xE1Ei, 1 + xEiE1, 1 + xF1Fi, 1 + xFiF1, i 6= 1

are nothing but the “top and bottom” matrices E(ei)(x)tb, E(e∗i )(x)tb (defined
in [JR]). These “top and bottom” matrices are another set of generators of
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the group EUmn−1(R) generated by the Suslin matrices S(e1ǫ, e1ǫ
∗) where

ǫ ∈ En(R) and ǫ∗ = (ǫT )−1 (see [JR3], Proposition 2.6). Hence for odd n, we
have

EUmn−1(R) = EGn−1(R) ∼= Epin2n(R).

Moreover since Epin2n(R) maps onto EO2n(R) it follows that EUmn−1(R)
maps onto EO2n(R), the key result in developing the Quillen-Suslin theory for
the pair (SUmn−1(R), EUmn−1(R)) where SUmn−1(R) is the group generated
by Suslin matrices of unit length.
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1. Introduction

1.1. Motivation. Let Fq be a finite field with q elements, where q is a power of
a prime number p. Let A = Fq[T ] be the ring of polynomials in indeterminate
T with coefficients in Fq, and F = Fq(T ) the field of fractions of A. The
degree map deg : F → Z ∪ {−∞}, which associates to a non-zero polynomial
its degree in T and deg(0) = −∞, defines a norm on F by |a| := qdeg(a). The
corresponding place of F is usually called the place at infinity, and is denoted
by ∞. We also define a norm and degree on the ideals of A by |n| := #(A/n)
and deg(n) := logq |n|. Let F∞ denote the completion of F at ∞, and C∞
denote the completion of an algebraic closure of F∞. Let Ω := C∞ − F∞ be
the Drinfeld half-plane.
Let n✁A be a non-zero ideal. The level-n Hecke congruence subgroup of GL2(A)

Γ0(n) :=

{(
a b
c d

)
∈ GL2(A)

∣∣∣∣ c ≡ 0 mod n

}

plays a central role in this paper. This group acts on Ω via linear fractional
transformations. Drinfeld proved in [6] that the quotient Γ0(n) \Ω is the space
of C∞-points of an affine curve Y0(n) defined over F , which is a moduli space of
rank-2 Drinfeld modules (we give a more formal discussion of Drinfeld modules
and their moduli schemes in Section 4). The unique smooth projective curve
over F containing Y0(n) as an open subvariety is denoted by X0(n). The
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cusps of X0(n) are the finitely many points of the complement of Y0(n) in
X0(n); the cusps generate a finite subgroup C(n) of the Jacobian variety J0(n)
of X0(n), called the cuspidal divisor group. By the Lang-Néron theorem, the
group of F -rational points of J0(n) is finitely generated, in particular, its torsion
subgroup T (n) := J0(n)(F )tor is finite. It is known that when n is square-free
C(n) ⊆ T (n).
For a square-free ideal n✁ A divisible by an even number of primes, let D be
the division quaternion algebra over F with discriminant n. The group of units
Γn of a maximal A-order in D acts on Ω, and the quotient Γn \ Ω is the space
of C∞-points of a smooth projective curve Xn defined over F ; this curve is a
moduli space of D-elliptic sheaves introduced in [28]. Let Jn be the Jacobian
variety of Xn.
The analogy between X0(n) and the classical modular curves X0(N) over Q
classifying elliptic curves with Γ0(N)-structures is well-known and has been
extensively studied over the last 35 years. Similarly, the modular curves Xn

are the function field analogues of Shimura curves XN parametrizing abelian
surfaces equipped with an action of the indefinite quaternion algebra over Q
with discriminant N .
Let T(n) be the Z-algebra generated by the Hecke operators Tm, m ✁ A, act-
ing on the group H0(T ,Z)Γ0(n) of Z-valued Γ0(n)-invariant cuspidal harmonic
cochains on the Bruhat-Tits tree T of PGL2(F∞). The Eisentein ideal E(n) of
T(n) is the ideal generated by the elements Tp−|p|−1, where p ∤ n is prime. In
this paper we study the Eisenstein ideal in the case when n = pq is a product
of two distinct primes, with the goal of applying this theory to two important
arithmetic problem: 1) comparing T (n) with C(n), and 2) constructing explicit
homomorphisms J0(n)→ Jn. Our proofs use the rigid-analytic uniformizations
of J0(n) and Jn over F∞. It seems that the existence of actual geometric fibres
at ∞ allows one to prove stronger results than what is currently known about
either of these problems in the classical setting; this is specific to function fields
since the analogue of ∞ for Q is the archimedean place.
Our initial motivation for studying E(pq) came from an attempt to prove a
function field analogue of Ogg’s conjecture [37] about the so-called Jacquet-
Langlands isogenies. We briefly recall what this is about. A geometric conse-
quence of the Jacquet-Langlands correspondence [25] is the existence of Hecke-
equivariant Q-rational isogenies between the new quotient J0(N)new of J0(N)
and the Jacobian JN of XN ; see [45]. (Here N is a square-free integer with an
even number of prime factors.) The proof of the existence of aforementioned
isogenies relies on Faltings’ isogeny theorem, so provides no information about
them beyond the existence. It is a major open problem in this area to make
the isogenies more canonical (cf. [24]). In [37], Ogg made several predictions
about the kernel of an isogeny J0(N)new → JN when N = pp′ is a product
of two distinct primes and p = 2, 3, 5, 7, 13. As far as the authors are aware,
Ogg’s conjecture remains open except for the special cases when JN has dimen-
sion 1 (N = 14, 15, 21, 33, 34) or dimension 2 (N = 26, 38, 58). In these cases,
JN and J0(N)new are either elliptic curves or, up to isogeny, decompose into
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a product of two elliptic curves given by explicit Weierstrass equations. One
can then find an isogeny J0(N)new → JN by studying the isogenies between
these elliptic curves; see the proof of Theorem 3.1 in [21]. This argument does
not generalize to JN of dimension ≥ 3 because they contain absolutely simple
abelian varieties of dimension ≥ 2, and one’s hold on such abelian varieties is
decidedly more fleeting.
Now returning to the setting of function fields, let n✁A be a square-free ideal
with an even number of prime factors. The global Jacquet-Langlands corre-
spondence over F , combined with the main results in [6] and [28], and Zarhin’s
isogeny theorem, implies the existence of a Hecke-equivariantF -rational isogeny
J0(n)new → Jn. In Section 9, by studying the groups of connected components
of the Néron models of J0(n) and Jn, we propose a function field analogue
of Ogg’s conjecture (see Conjecture 9.3). This conjecture predicts that, when
n = pq is a product of two distinct primes with deg(p) ≤ 2, there is a Jacquet-
Langlands isogeny whose kernel comes from cuspidal divisors and is isomorphic
to a specific abelian group. Our approach to proving this conjecture starts with
the observation that C(n) is annihilated by the Eisenstein ideal E(n) acting on
J0(n), so we first try to show that there is a Jacquet-Langlands isogeny whose
kernel is annihilated by E(n), and then try to describe the kernel of the Eisen-
stein ideal J [E(n)] in J0(n) explicitly enough to pin down the kernel of the
isogeny. This naturally leads to the study of J [E(n)] for composite n. On the
other hand, J [E(n)] also plays an important role in the analysis of T (n), as was
first demonstrated by Mazur in his seminal paper [33] in the case of classical
modular Jacobian J0(p) of prime level. These two applications of the theory
of the Eisenstein ideal constitute the main theme of this paper.

1.2. Main results. The Shimura subgroup S(n) of J0(n) is the kernel of the
homomorphism J0(n) → J1(n) induced by the natural morphism X1(n) →
X0(n) of modular curves (see Section 8.1).

Assume p ✁ A is prime. Define N(p) = |p|−1
q−1 if deg(p) is odd, and define

N(p) = |p|−1
q2−1 , otherwise. In [38], Pál developed a theory of the Eisenstein ideal

E(p) in parallel with Mazur’s paper [33]. In particular, he showed that J [E(p)]
is everywhere unramified of order N(p)2, and is essentially generated by C(p)
and S(p), both of which are cyclic of order N(p). Moreover, C(p) = T (p) and
S(p) is the largest µ-type subgroup scheme of J0(p). These results are the
analogues of some of the deepest results from [33], whose proof first establishes
that the completion of the Hecke algebra T(p) at any maximal ideal in the
support of E(p) is Gorenstein.
As we will see in Section 8, even in the simplest composite level case the kernel
of the Eisenstein ideal J [E(n)] has properties quite different from its prime level
counterpart. For example, J [E(n)] can be ramified, generally S(n) has smaller
order than C(n), neither of these groups is cyclic, and S(n) is not the largest
µ-type subgroup scheme of J0(n).
First, we discuss our results about C(n), S(n), and T (n):
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Theorem 1.1.

(1) We give a complete description of C(pq) as an abelian group; see The-
orem 6.11.

(2) For an arbitrary square-free n we show that the group scheme S(n) is
µ-type, and therefore annihilated by E(n), and we give a complete de-
scription of S(n) as an abelian group; see Proposition 8.5 and Theorem
8.6.

(3) If ℓ 6= p is a prime number which does not divide

(q − 1) · gcd(|p|+ 1, |q|+ 1),

then the ℓ-primary subgroups of C(pq) and T (pq) are equal; see Theorem
7.3.

Usually, many of the primes dividing the order of C(pq) satisfy the condition
in (3), so, aside from a relatively small explicit set of primes, we can determine
the ℓ-primary subgroup T (pq)ℓ of T (pq). For example, (1) and (3) imply that
if ℓ does not divide (|p|2−1)(|q|2−1), then T (pq)ℓ = 0. The most advantageous
case for applying (3) is when deg(q) = deg(p)+1, since then gcd(|p|+1, |q|+1)
divides q− 1. In particular, if q = 2 and deg(q) = deg(p) + 1, then we conclude
that the odd part of T (pq) coincides with C(pq). These results are qualitatively
stronger than what is currently known about the rational torsion subgroup
J0(N)(Q)tor of classical modular Jacobians of composite square-free levels (cf.
[4]).

Outline of the Proof of Theorem 1.1. Although it was known that C(n) is finite
for any n (see Theorem 6.1), there were no general results about its structure,
besides the prime level case n = p. The curve X0(p) has two cusps, so C(p) is
cyclic; its order was computed by Gekeler in [10]. The first obvious difference
between the prime level and the composite level n = pq is that X0(pq) has 4
cusps, so C(pq) is usually not cyclic and is generated by 3 elements. To prove
the result mentioned in (1), i.e., to compute the group structure of C(pq), we
follow the strategy in [10], but the calculations become much more complicated.
The idea is to use Drinfeld discriminant function to obtain upper bounds on
the orders of cuspidal divisors, and then use canonical specializations of C(pq)
into the component groups of J0(pq) at p and q to obtain lower bounds on these
orders.
To deduce the group structure of S(n) mentioned in (2) we use the rigid-analytic
uniformizations of J0(n) and J1(n) over F∞, and the “changing levels” result
from [18], to reduce the problem to a calculation with finite groups.
The proof of (3) is similar to the proof of Theorem 7.19 in [38], although
there are some important differences, too. Suppose ℓ is a prime that does not
divide q(q − 1). Since J0(pq) has split toric reduction at ∞, the ℓ-primary
subgroup T (pq)ℓ maps injectively into the component group Φ∞ of J0(pq) at
∞. Using the Eichler-Shimura relations, one shows that the image of T (pq)ℓ in
Φ∞ can be identified with a subspace of H0(T ,Z)Γ0(pq) ⊗ Z/ℓnZ annihilated
by the Eisenstein ideal E(pq) for any sufficiently large n ∈ N. Denote by
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E00(pq,Z/ℓnZ) the subspace of H0(T ,Z)Γ0(pq) ⊗ Z/ℓnZ annihilated by E(pq).
Then we have the inclusions

C(pq)ℓ →֒ T (pq)ℓ →֒ E00(pq,Z/ℓnZ).

The space E00(pq,Z/ℓnZ) contains the reductions modulo ℓn of certain Eisen-
stein series. We prove that if ℓ does not divide q(q − 1)gcd(|p| + 1, |q| + 1),
then the whole E00(pq,Z/ℓnZ) is generated by the reductions of these Eisen-
stein series (see Theorem 3.9 and Lemma 3.10). This allows us to compute
E00(pq,Z/ℓnZ). It turns out that E00(pq,Z/ℓnZ) ∼= C(pq)ℓ, and consequently
C(pq)ℓ = T (pq)ℓ. To prove Theorem 3.9, we first prove a version of the key
Theorem 1 in the famous paper by Atkin and Lehner [1] for Z/ℓnZ-valued har-
monic cochains (see Theorem 2.26). The fact that we need to work with Z/ℓnZ
rather than C leads to technical difficulties, which results in the restriction
ℓ ∤ q(q − 1)gcd(|p| + 1, |q| + 1). Note that in our definition the Hecke algebra
T(pq) includes the operators Up and Uq. This is important since we need to
deal systematically with “old” forms of level p and q. The smaller algebra
T(pq)0 generated by the Hecke operators Tm with m coprime to pq used by Pál
in [38] and [39] is not sufficient for getting a handle on E00(pq,Z/ℓnZ). �

Now we concentrate on the case where we investigate the Jacquet-Langlands
isogenies. We fix two primes x and y of A of degree 1 and 2, respectively. This
differs from our usual Fraktur notation for ideals of A. This is done primarily
to make it easy for the reader to distinguish the theorems which assume that
the level is xy. Several sections in the paper are titled “Special case” and deal
exclusively with the case pq = xy. Note that X0(pq) has genus 0 if p and q are
distinct primes with deg(pq) ≤ 2. The genus of X0(xy) is q, so this curve is the
simplest example of a Drinfeld modular curve of composite level and positive
genus. Also, by a theorem of Schweizer [49], X0(pq) is hyperelliptic if and only
if p = x and q = y, so one can think of this case as the hyperelliptic case.
The cusps of X0(xy) can be naturally labelled [x], [y], [1], [∞]; see Lemma 2.14.
Let cx and cy denote the classes of divisors [x] − [∞] and [y]− [∞] in J0(xy).
First, we show that (see Theorem 7.13)

T (xy) = C(xy) = 〈cx〉 ⊕ 〈cy〉 ∼= Z/(q + 1)Z⊕ Z/(q2 + 1)Z.

The reason we can prove this stronger result compared to (3) of Theorem
1.1 is that we can compute E00(xy,Z/ℓnZ) without any restrictions on ℓ, and
we can deal with the 2-primary torsion T (xy)2 using the fact that X0(xy) is
hyperelliptic.
To simplify the notation, for the rest of this section denote T = T(xy), E =
E(xy), H := H0(T ,Z)Γ0(xy), H′ := H(T ,Z)Γ

xy

, where this last group is the
group of Z-valued Γxy-invariant harmonic cochains on T . We show that (see
Corollary 3.18)

T/E ∼= Z/(q2 + 1)(q + 1)Z,

so the residue characteristic of any maximal ideal of T containing E divides
(q2 + 1)(q + 1). The Jacquet-Langlands correspondence over F implies that
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there is an isomorphism H⊗Q ∼= H′ ⊗Q which is compatible with the action
of T.

Theorem 1.2 (See Theorems 9.5 and 9.6).

(1) If H ∼= H′ as T-modules, then there is an isogeny J0(xy)→ Jxy defined
over F whose kernel is cyclic of order q2 + 1 and is annihilated by E.

(2) If H ∼= H′ as T-modules and for every prime ℓ|(q2+1) the completion of
T⊗Zℓ at M = (E, ℓ) is Gorenstein, then there is an isogeny J0(xy)→
Jxy whose kernel is 〈cy〉 ∼= Z/(q2 + 1)Z.

Remark 1.3. An isogeny J0(xy) → Jxy with kernel 〈cy〉 does not respect the
canonical principal polarizations on the Jacobians since 〈cy〉 is not a maximal
isotropic subgroup of J0(xy) with respect to the Weil pairing.

Outline of the Proof of Theorem 1.2. Both J0(xy) and Jxy have rigid-analytic
uniformization over F∞. The assumption that H and H′ are isomorphic T-
modules allows us to identify the uniformizing tori of both Jacobians with
T ⊗ C×

∞. Next, we show that the groups of connected components of the
Néron models of J0(xy) and Jxy at ∞ are annihilated by E. This allows us to
identify the uniformizing lattices of the Jacobians with ideals in T. These two
observations, combined with a theorem of Gerritzen, imply (1). If in addition
we assume that TM is Gorenstein, then we get an explicit description of the
kernel of the Eisenstein ideal from which (2) follows. �

Proving that the assumptions in Theorem 1.2 hold seems difficult. First, even
though H⊗Q and H′⊗Q are isomorphic T-modules, the integral isomorphism
is much more subtle. It is related to a classical problem about the conjugacy
classes of matrices in Matn(Z); cf. [27]. Second, when ℓ|(q2 + 1) the kernel of
M in J0(xy) is ramified, and Mazur’s Eisenstein descent arguments for proving
TM is Gorenstein do not work in this ramified situation. (Both versions of
Mazur’s descent discussed in [38, §§10,11] rely on subtle arithmetic properties
of J0(p) which are valid only for prime level.)
Nevertheless, both assumptions in Theorem 1.2 can be verified computation-
ally; Section 10 is devoted to these calculations. We were able to check the
assumptions for several cases for each prime q ≤ 7. In particular, we were able
to go beyond dimension 2, which is currently the only dimension where the
Ogg’s conjecture is known to be true over Q. Section 10 is also of independent
interest since it provides an algorithm for computing the action of Hecke op-
erators on H′; this should be useful in other arithmetic problems dealing with
Xxy. (An algorithm for computing the Hecke action on H was already known
from the work of Gekeler; see Remark 10.2.)

1.3. Notation. Aside from ∞, the places of F are in bijection with non-zero
prime ideals of A. Given a place v of F , we denote by Fv the completion of F
at v, by Ov the ring of integers of Fv, and by Fv the residue field of Ov. The
valuation ordv : Fv → Z is assumed to be normalized by ordv(πv) = 1, where
πv is a uniformizer of Ov. The normalized absolute value on F∞ is denoted by
| · |.
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Given a field K, we denote by K̄ an algebraic closure of K and Ksep a separable
closure in K̄. The absolute Galois group Gal(Ksep/K) is denoted by GK .
Moreover, F nr

v and Onr
v will denote the maximal unramified extension of Fv

and its ring of integers, respectively.
Let R be a commutative ring with identity. We denote by R× the group of
multiplicative units of R. Let Matn(R) be the ring of n × n matrices over R,
GLn(R) the group of matrices whose determinant is in R×, and Z(R) ∼= R×

the subgroup of GLn(R) consisting of scalar matrices.
If X is a scheme over a base S and S′ → S any base change, XS′ denotes
the pullback of X to S′. If S′ = Spec(R) is affine, we may also denote this
scheme by XR. By X(S′) we mean the S′-rational points of the S-scheme X ,
and again, if S′ = Spec(R), we may also denote this set by X(R).
Given a commutative finite flat group schemeG over a base S (or just an abelian
group G, or a ring G) and an integer n, G[n] is the kernel of multiplication by
n in G, and Gℓ is the maximal ℓ-primary subgroup of G. The Cartier dual of
G is denoted by G∗.
Given an ideal n ✁ A, by abuse of notation, we denote by the same symbol
the unique monic polynomial in A generating n. It will always be clear from
the context in which capacity n is used; for example, if n appears in a matrix,
column vector, or a polynomial equation, then the monic polynomial is implied.
The prime ideals p✁A are always assumed to be non-zero.

2. Harmonic cochains and Hecke operators

2.1. Harmonic cochains. Let G be an oriented connected graph in the sense
of Definition 1 of §2.1 in [50]. We denote by V (G) and E(G) its set of vertices
and edges, respectively. For an edge e ∈ E(G), let o(e), t(e) ∈ V (G) and
ē ∈ E(G) be its origin, terminus and inversely oriented edge, respectively. In
particular, t(ē) = o(e) and o(ē) = t(e). We will assume that for any v ∈ V (G)
the number of edges with t(e) = v is finite, and t(e) 6= o(e) for any e ∈ E(G)
(i.e., G has no loops). A path in G is a sequence of edges {ei}i∈I indexed
by the set I where I = Z, I = N or I = {1, . . . ,m} for some m ∈ N such
that t(ei) = o(ei+1) for every i, i + 1 ∈ I. We say that the path is without
backtracking if ei 6= ēi+1 for every i, i + 1 ∈ I. We say that the path without
backtracking {ei}i∈N is a half-line if for every vertex v of G there is at most
one index n ∈ N such that v = o(en).
Let Γ be a group acting on a graph G, i.e., Γ acts via automorphisms. We say
that Γ acts with inversion if there is γ ∈ Γ and e ∈ E(G) such that γe = ē.
If Γ acts without inversion, then we have a natural quotient graph Γ \G such
that V (Γ \G) = Γ \ V (G) and E(Γ \G) = Γ \ E(G), cf. [50, p. 25].

Definition 2.1. Fix a commutative ring R with identity. An R-valued har-
monic cochain on G is a function f : E(G)→ R that satisfies

(i)

f(e) + f(ē) = 0 for all e ∈ E(G),
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(ii) ∑

e∈E(G)
t(e)=v

f(e) = 0 for all v ∈ V (G).

Denote by H(G,R) the group of R-valued harmonic cochains on G.

The most important graphs in this paper are the Bruhat-Tits tree T of
PGL2(F∞), and the quotients of T . We recall the definition and introduce
some notation for later use. Fix a uniformizer π∞ of F∞. The sets of ver-
tices V (T ) and edges E(T ) are the cosets GL2(F∞)/Z(F∞)GL2(O∞) and
GL2(F∞)/Z(F∞)I∞, respectively, where I∞ is the Iwahori group:

I∞ =

{(
a b
c d

)
∈ GL2(O∞)

∣∣∣∣ c ∈ π∞O∞

}
.

The matrix

(
0 1
π∞ 0

)
normalizes I∞, so the multiplication from the right by

this matrix on GL2(F∞) induces an involution on E(T ); this involution is
e 7→ ē. The matrices

(2.1) E(T )+ =

{(
πk∞ u
0 1

) ∣∣∣∣
k ∈ Z

u ∈ F∞, u mod πk∞O∞

}

are in distinct left cosets of I∞Z(F∞), and there is a disjoint decomposition
(cf. [12, (1.6)])

E(T ) = E(T )+
⊔
E(T )+

(
0 1
π∞ 0

)
.

We call the edges in E(T )+ positively oriented.
The group GL2(F∞) naturally acts on E(T ) by left multiplication. This in-
duces an action on the group of R-valued functions on E(T ): for a func-
tion f on E(T ) and γ ∈ GL2(F∞) we define the function f |γ on E(T ) by
(f |γ)(e) = f(γe). It is clear from the definition that f |γ is harmonic if f is
harmonic, and for any γ, σ ∈ GL2(F∞) we have (f |γ)|σ = f |(γσ).
Let Γ be a subgroup of GL2(F∞) which acts on T without inversions. Denote
by H(T , R)Γ the subgroup of Γ-invariant harmonic cochains, i.e., f |γ = f for
all γ ∈ Γ. It is clear that f ∈ H(T , R)Γ defines a function f ′ on the quotient
graph Γ \ T , and f itself can be uniquely recovered from this function: If
e ∈ E(T ) maps to ẽ ∈ E(Γ \ T ) under the quotient map, then f(e) = f ′(ẽ).
The conditions of harmonicity (i) and (ii) can be formulated in terms of f ′ as
follows. Since Γ acts without inversion, (i) is equivalent to

(i′)
f ′(ẽ) + f ′(¯̃e) = 0 for all ẽ ∈ E(Γ \T ).

Let v ∈ V (T ) and ṽ ∈ V (Γ \T ) be its image. The stabilizer group

Γv = {γ ∈ Γ | γv = v}
acts on the set {e ∈ E(T ) | t(e) = v}, and the orbits correspond to

{ẽ ∈ E(Γ \T ) | t(ẽ) = ṽ}.
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Let Γe := {γ ∈ Γ | γe = e}; clearly Γe is a subgroup of Γt(e). The weight of e

w(e) := [Γt(e) : Γe]

is the length of the orbit corresponding to e. Since w(e) depends only on its
image ẽ in Γ \T , we can define w(ẽ) := w(e). Note that

∑
t(ẽ)=ṽ w(ẽ) = q+ 1.

We stress that, in general, w(e) depends on the orientation, i.e., w(e) 6= w(ē).
With this notation, condition (ii) is equivalent to

(ii′) ∑

ẽ∈E(Γ\T )
t(ẽ)=ṽ

w(ẽ)f ′(ẽ) = 0 for all ṽ ∈ V (Γ \T ),

cf. [18, (3.1)].

Definition 2.2. The group of R-valued cuspidal harmonic cochains for Γ,
denoted H0(T , R)Γ, is the subgroup of H(T , R)Γ consisting of functions which
have compact support as functions on Γ \ T , i.e., functions which have value
0 on all but finitely many edges of Γ \ T . Let H00(T , R)Γ denote the image
of H0(T ,Z)Γ ⊗R in H0(T , R)Γ.

Definition 2.3. It is known that the quotient graph Γ0(n) \ T is the edge
disjoint union

Γ0(n) \T = (Γ0(n) \T )0 ∪
⋃

s∈Γ0(n)\P1(F )

hs

of a finite graph (Γ0(n)\T )0 with a finite number of half-lines hs, called cusps ;
cf. Theorem 2 on page 106 of [50]. The cusps are in bijection with the orbits
of the natural action of Γ0(n) on P1(F ); cf. Remark 2 on page 110 of [50].

To simplify the notation, we put

H(n, R) := H(T , R)Γ0(n)

H0(n, R) := H0(T , R)Γ0(n)

H00(n, R) the image of H0(n,Z)⊗R in H0(n, R).

One can show that H0(n,Z) and H(n,Z) are finitely generated free Z-modules
of rank g(n) and g(n) + c(n)− 1, respectively, where g(n) is the genus of X0(n)
and c(n) is the number of cusps.
From the above description it is clear that f is in H0(n, R) if and only if it
eventually vanishes on each hs. It is also clear that if R is flat over Z, then
H0(n, R) = H00(n, R). On the other hand, it is easy to construct examples
where this equality does not hold.

Example 2.4. The quotient graph GL2(A) \ T is a half-line; see Figure 1.
Denote the edge with origin vi and terminus vi+1 by ei. The stabilizers of
vertices and edges of GL2(A) \ T are well-known, cf. [17, p. 691]. From this
one computes w(ei) = q for all i, w(ē0) = q + 1, and w(ēi) = 1 for i ≥ 1.
Therefore, if ϕ ∈ H(1, R), then ϕ(ei) = qiα (i ≥ 0) for some fixed α ∈ R[q+ 1].
Now it is clear that H(1, R) = R[q + 1] and H0(1, R) = H00(1, R) = 0.
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v0 v1 v2 v3

Figure 1. GL2(A) \T

v0 v1 v2 v3

v−1 v−2 v−3

Figure 2. Γ0(x) \T

v0 v1 v2 v3

v−1 v−2 v−3u

Figure 3. Γ0(y) \T

Example 2.5. The graph of Γ0(x)\T is given in Figure 2, where the vertex vi

(i ∈ Z) is the image of

(
T i 0
0 1

)
∈ V (T ); the positive orientation is induced

from E(T )+. Denote by ei the edge with origin vi−1 and terminus vi. Since(
0 1
1 0

)
v−i = vi and the stabilizers of vi (i ≥ 0) in GL2(A) are well-known (cf.

[17, p. 691]), one easily computes

w(ei) =

{
q if i ≥ 0

1 if i ≤ −1
w(ēi) =

{
1 if i ≥ −1

q if i ≤ −2

Suppose ϕ ∈ H(x,R) and denote α = ϕ(e−1). Since w(ei)ϕ(ei) =
w(ēi+1)ϕ(ei+1), we get

ϕ(ei) =





αqi+1 if i ≥ −1

α if i = −2

αq−i−3 if i ≤ −3.

We conclude that H(x,R) = R, H0(x,R) = Rp, and H00(x,R) = 0. (Recall
that Rp denotes the p-primary subgroup of R.)

Example 2.6. The graph Γ0(y)\T is given in Figure 3, where vi is the image

of

(
T i 0
0 1

)
∈ V (T ) and u is the image of

(
T−2 T−1

0 1

)
. We denote the edge
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with origin vi−1 and terminus vi by ei, and the edge with terminus u by eu.
One computes

w(ei) =

{
q if i ≥ 0

1 if i ≤ −1
w(ēi) =

{
1 if i ≥ 0

q if i ≤ −1

w(eu) = q + 1, w(ēu) = q − 1.

Let ϕ ∈ H(y,R). Denote ϕ(e0) = α and ϕ(eu) = β. Then (q + 1)β = 0 and

ϕ(ei) =

{
αqi if i ≥ 0

q−i−1(α+ (q − 1)β) if i ≤ −1.

This implies that H(y,R) ∼= R⊕ R[q + 1]. For ϕ to be cuspidal we must have
qnα = 0 and qn(q− 1)β = 0 for some n ≥ 1. Thus, α ∈ Rp and β ∈ R[2] (resp.
β = 0) if p is odd (resp. 2). We get an isomorphism H0(y,R) ∼= Rp ⊕R[2] if p
is odd and H0(y,R) ∼= R2 if p = 2. Note that H00(y,R) = 0.

Lemma 2.7. The following holds:

(1) If n ✁ A has a prime divisor of odd degree, assume q(q − 1) ∈ R×.
Otherwise, assume q(q2 − 1) ∈ R×. Then H0(n, R) = H00(n, R).

(2) If n = p is prime and q(q − 1) ∈ R×, then H0(n, R) = H00(n, R).

Proof. Our proof relies on the results in [17], and is partly motivated by the
proof of Theorem 3.3 in [17]. Let Γ := Γ0(n). By 1.11 and 2.10 in [17], the
stabilizer Γv for any v ∈ V (T ) is finite, contains the scalar matrices Z(Fq),
and n(v) := #Γv/F×q either divides (q − 1)qm for some m ≥ 0, or is equal to
q + 1. Moreover, n(v) = q + 1 is possible only if all prime divisors of n have
even degrees. Overall, we see that our assumptions in (1) imply that n(v) is
invertible in R for any v ∈ V (T ). Since the stabilizer Γe of any e ∈ V (T )
is a subgroup of Γt(e) containing Z(Fq), we also have n(e) := #Γe/F×q ∈ R×.
Note that n(e) does not depend on the orientation of e and depends only on
its image ẽ in Γ \T , so we can define n(ẽ) = n(e).
Let H0(Γ \ T , R) be the subgroup of H(Γ \ T , R) consisting of compactly
supported harmonic cochains on Γ \T . There is an injective homomorphism

H0(Γ \T , R)→ H0(n, R)(2.2)

ϕ 7→ ϕ†

defined by ϕ†(ẽ) = n(ẽ)ϕ(ẽ). Indeed, since n(ẽ) does not depend on the orien-
tation of e, ϕ† clearly satisfies (i′). As for (ii′), we have

∑

ẽ∈E(Γ\T )
t(ẽ)=ṽ

w(ẽ)ϕ†(ẽ) =
∑

ẽ∈E(Γ\T )
t(ẽ)=ṽ

n(ṽ)

n(ẽ)
n(ẽ)ϕ(ẽ) = n(ṽ)

∑

ẽ∈E(Γ\T )
t(ẽ)=ṽ

ϕ(ẽ) = 0.

The map (2.2) is also defined over Z, and by [17, Thm. 3.3] gives an isomor-

phism H0(Γ \T ,Z)
∼−→ H0(n,Z). Next, there is an isomorphism

H0(Γ \T , R) ∼= H0(Γ \T ,Z)⊗Z R,
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which follows, for example, by observing that H1(Γ \ T , R) ∼= H0(Γ \ T , R)
and applying the universal coefficient theorem for simplicial homology. Hence

H0(Γ \T , R) ∼= H0(Γ \T ,Z)⊗Z R ∼= H0(n,Z)⊗Z R.

Let g = rankZH0(Γ \ T ,Z). Thinking of the elements of H0(Γ \ T ,Z) as 1-
cycles, it is easy to show by induction on g that one can choose e1, . . . , eg ∈
E(Γ\T ) and a Z-basis ϕ1, . . . , ϕg of H0(Γ\T ,Z) such that Γ\T −{e1, . . . , eg}
is a tree, and ϕi(ej) = δij =(Kronecker’s delta), 1 ≤ i, j ≤ g. By slight abuse

of notation, denote the image of ϕ†
i in H00(n, R) by the same symbol. Let

ψ ∈ H0(n, R). Then

ψ′ := ψ −
g∑

i=1

ψ(ei)

n(ei)
ϕ†
i

is supported on a finite subtree S of Γ\T . Let v ∈ V (S) be a vertex such that
there is a unique e ∈ E(S) with t(e) = v. Note that w(e) ∈ R×. Condition
(ii′) gives w(e)ψ′(e) = 0, so ψ′(e) = 0. This process can be iterated to show
that ψ′ = 0. This implies that the natural map H0(n,Z) ⊗Z R → H0(n, R) is
surjective, which is part (1).
To prove part (2), we can assume that deg(p) is even. A consequence of 2.7
and 2.8 in [17] is that there is a unique v0 ∈ V (Γ\T ) with n(v0) = q+ 1 and a
unique e0 ∈ E(Γ\T ) with o(e0) = v0. For any other v ∈ V (Γ\T ), n(v) divides
(q − 1)qm. Since the stabilizer of any edge e ∈ E(Γ \ T ) is a subgroup of the
stabilizers of both t(e) and o(e), we have n(e) ∈ R×. After this observation, we
can repeat the argument used to prove (1) to reduces the problem to showing
that ψ ∈ H0(p, R) supported on a finite tree S is identically 0. We can always
choose v ∈ V (S) to be a vertex different from v0 but such that there is a unique
e ∈ E(S) with t(e) = v. Since w(e) is a unit in R, we can also finish as in part
(1). �

The conclusion in Example 2.6 that H0(y,R) 6= H00(y,R) if R[2] 6= 0 is a
special case of a general fact:

Lemma 2.8. Assume p is odd and invertible in R. Let p✁A be prime of even
degree. If R[2] 6= 0, then H0(p, R) 6= H00(p, R).

Proof. Let Γ := Γ0(p). As in Lemma 2.7, let v0 be the unique vertex of Γ \T

with n(v0) = q+ 1, and let e0 ∈ E(Γ \T ) be the unique edge with o(e0) = v0.
Note that w(ē0) = q + 1. As we already mentioned in the proof of Lemma
2.7, for any other vertex v in Γ \ T , n(v) divides (q − 1)qm. Moreover, it
is easy to see, for example by case (a) of Lemma 2.7 in [17], that there is at
least one vertex v such that n(v) is divisible by q − 1. Consider all the paths
without backtracking connecting v0 to such a vertex, and fix a path of shortest
length {e0, e1, . . . , em}. Then w(ēi) (1 ≤ i ≤ m) is invertible in R, but w(em)
is divisible by q − 1. For a fixed non-zero α ∈ R[2], define f on E(Γ \ T ) by

f(e0) = α, f(ei) = w(ei−1)
w(ēi)

f(ei−1) (1 ≤ i ≤ m), f(ēj) = f(ej) (0 ≤ j ≤ m),

and f(e) = 0 for all other edges. It is easy to see that f ∈ H0(p, R). On the

Documenta Mathematica 20 (2015) 551–629



564 Mihran Papikian, Fu-Tsun Wei

other hand, any function ϕ ∈ H0(p,Z) must be zero on e0, since condition (ii′)
for v0 gives (q + 1)ϕ(ē0) = 0. Therefore, f 6∈ H00(p, R). �

Remark 2.9. The fact stated in Lemma 2.8 is deduced in [38] by different
(algebro-geometric) methods. Our combinatorial proof seems to answer the
question in Remark 11.9 in [38].

2.2. Hecke operators and Atkin-Lehner involutions. Assume n✁A is
fixed. Given a non-zero ideal m ✁ A, define an R-linear transformation of the
space of R-valued functions on E(T ) by

f |Tm =
∑

f |
(
a b
0 d

)
,

where f |γ for γ ∈ GL2(F∞) is defined in Section 2.1, and the above sum
is over a, b, d ∈ A such that a, d are monic, (ad) = m, (a) + n = A, and
deg(b) < deg(d). This transformation is the m-th Hecke operator. Following a
common convention, for a prime divisor p of n we often write Up instead of Tp.

Proposition 2.10. The Hecke operators preserve the spaces H(n, R) and
H0(n, R), and satisfy the recursive formulas:

Tmm′ = TmTm′ if m + m′ = A,

Tpi = Tpi−1Tp − |p|Tpi−2 if p ∤ n,

Tpi = T ip if p|n.
Proof. The group-theoretic proofs of the analogous statement for the Hecke
operators acting on classical modular forms work also in this setting; cf. [34,
§4.5]. �

Definition 2.11. Let T(n) be the commutative subalgebra of EndZ(H0(n,Z))
with the same unity element generated by all Hecke operators. Let T(n)0 to be
the subalgebra of T(n) generated by the Hecke operators Tm with m coprime
to n.

For every ideal m dividing n with gcd(m, n/m) = 1, let Wm be any matrix in
Mat2(A) of the form

(2.3)

(
am b
cn dm

)

such that a, b, c, d,∈ A and the ideal generated by det(Wm) in A is m. It is not
hard to check that for f ∈ H(n, R), f |Wm does not depend on the choice of the
matrix for Wm and f |Wm ∈ H(n, R). Moreover, as R-linear endomorphisms of
H(n, R), Wm’s satisfy

(2.4) Wm1Wm2 = Wm3 , where m3 =
m1m2

gcd(m1,m2)2
.

Therefore, the matrices Wm acting on the R-module H(n, R) generate an
abelian group W ∼= (Z/2Z)s, called the group of Atkin-Lehner involutions,
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where s is the number of prime divisors of n. The following proposition, whose
proof we omit, follows from calculations similar to those in [1, §2].

Proposition 2.12. Let

Bm =

(
m 0
0 1

)
.

(1) If n is coprime to m and f ∈ H(n, R), then

(f |Bm)|Wm = f,

where Wm is the Atkin-Lehner involution acting on H(nm, R). (Note
that by Lemma 2.25, f |Bm ∈ H(nm, R).)

(2) Let m|n with gcd(m, n/m) = 1, and b be coprime to m. If f ∈ H(n, R),
then

(f |Bb)|Wm = (f |Wm)|Bb,

where on the left hand-side Wm denotes the Atkin-Lehner involution
acting on H(nb, R) and on the right hand-side Wm denotes the involu-
tion acting on H(n, R).

(3) Let f ∈ H(n, R). If q is a prime ideal which divides n but does not
divide n/q, then f |(Uq +Wq) ∈ H(n/q, R).

The vector spaceH0(n,Q) is equipped with a natural (Petersson) inner product

〈f, g〉 =
∑

e∈E(Γ0(n)\T )

n(e)−1f(e)g(e),

where n(e) is defined in the proof of Lemma 2.7. The Hecke operator Tm is
self-adjoint with respect to this inner product if m is coprime to n; one can
prove this by an argument similar to the proof of Lemma 13 in [1].

Definition 2.13. Let m be a divisor of n and d be a divisor of n/m. By Lemma
2.25, the map ϕ 7→ ϕ|Bd gives an injective homomorphism

id,m : H0(m,Q)→ H0(n,Q).

We denote the subspace generated by the images of all id,m (m 6= n) by
H0(n,Q)old. The orthogonal complement of H0(n,Q)old with respect to the
Petersson product is the new subspace of H0(n,Q), and will be denoted by
H0(n,Q)new. The new subspace of H0(n,Q) is invariant under the action T(n)
(this again can be proven as in [1]). We denote by T(n)new the quotient of T(n)
through which T(n) acts on H0(n,Q)new.

As we mentioned, the cusps of Γ0(n) are in bijection with the orbits of the
action of Γ0(n) on

P1(F ) = P1(A) =

{(
a
b

) ∣∣ a, b ∈ A, gcd(a, b) = 1, a is monic

}
,

where Γ0(n) acts on P1(F ) from the left as on column vectors. We leave the
proof of the following lemma to the reader.

Lemma 2.14. Assume n is square-free.
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(1) For m|n let [m] be the orbit of

(
1
m

)
under the action of Γ0(n). Then

[m] 6= [m′] if m 6= m′, and the set {[m] | m|n} is the set of cusps of
Γ0(n). In particular, there are 2s cusps, where s is the number of
prime divisors of n.

(2) Since Wm normalizes Γ0(n), it acts on the set of cusps of Γ0(n). There
is the formula

Wm[n] = [n/m].

The cusp [n] is usually called the cusp at infinity. We will denote it by [∞].

2.3. Fourier expansion. An important observation in [38] is that the theory
of Fourier expansions of automorphic forms over function fields developed in [57]
works over more general rings than C. Here we follow Gekeler’s reinterpretation
[12] of Weil’s adelic approach as analysis on the Bruhat-Tits tree, but we will
extend [12] to the setting of these more general rings.

Definition 2.15. Following [38] we say that R is a coefficient ring if p ∈ R×

and R is a quotient of a discrete valuation ring R̃ which contains p-th roots of
unity. Note that the image of the p-th roots of unity of R̃ in R is exactly the
set of p-th roots of unity of R. For example, any algebraically closed field of
characteristic different from p is a coefficient ring.

Let

η : F∞ → R×

∑
aiπ

i
∞ 7→ η0

(
TraceFq/Fp(a1)

)

where η0 : Fp → R× is a non-trivial additive character fixed once and for all.
Let f be an R-valued function on E(T ), which is invariant under the action of

Γ∞ :=

{(
a b
0 d

)
∈ GL2(A)

}
,

and is alternating (i.e., satisfies f(e) = −f(ē) for all e ∈ E(T )). The constant
Fourier coefficient of f is the R-valued function f0 on πZ

∞ defined by

f0(πk∞) =





q1−k
∑
u∈(π∞)/(πk∞) f

((
πk∞ u

0 1

))
if k ≥ 1

f

((
πk∞ 0

0 1

))
if k ≤ 1.

For a divisor m on F , the m-th Fourier coefficient f∗(m) of f is

f∗(m) = q−1−deg(m)
∑

u∈(π∞)/(π
2+deg(m)
∞ )

f

((
π
2+deg(m)
∞ u

0 1

))
η(−mu),

if m is non-negative, and f∗(m) = 0, otherwise; here m ∈ A is the monic
polynomial such that m = div(m) · ∞deg(m).
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Theorem 2.16. Let f be an R-valued function on E(T ), which is Γ∞-invariant
and alternating. Then

f

((
πk∞ y
0 1

))
= f0(πk∞) +

∑

06=m∈A
deg(m)≤k−2

f∗(div(m) · ∞k−2) · η(my).

In particular, f is uniquely determined by the functions f0 and f∗.

Proof. This follows from [38, §2] and [12, §2]. �

Lemma 2.17. Assume f is alternating and Γ∞-invariant. Then f is a harmonic
cochain if and only if

(i) f0(πk∞) = f0(1)q−k for any k ∈ Z;
(ii) f∗(m∞k) = f∗(m)q−k for any non-negative divisor m and k ∈ Z≥0.

Proof. See Lemma 2.13 in [12]. �

Lemma 2.18. For an ideal m✁A and f ∈ H(n,Z) we have

(f |Tm)∗(r) =
∑

a monic
a| gcd(m,r)
(a)+n=A

|m|
|a| f

∗
( rm
a2

)
.

In particular,

(f |Tm)∗(1) = |m|f∗(m).

Proof. See Lemma 3.2 in [38]. �

Lemma 2.19. Assume n is square-free. A harmonic cochain f ∈ H(n, R) is
cuspidal if and only if (f |W )0(1) = 0 for all W ∈W.

Proof. By definition, f is cuspidal if and only if it vanishes on all but finitely
many edges of each cusp [m]. The positively oriented edges of the cusp [∞] are

given by the matrices

(
πk∞ 0
0 1

)
, k ≤ 1. By definition of f0 and Lemma 2.17,

f

((
πk∞ 0
0 1

))
= f0(πk∞) = q−kf0(1).

Since q is invertible in R, we see that f eventually vanishes on [∞] if and only
if f0(1) = 0. Next, by Lemma 2.14, f vanishes on [n/m] if and only if f |Wm

vanishes on [∞], which is equivalent to (f |Wm)0(1) = 0. �

Theorem 2.20. If R is a coefficient ring, then the bilinear T(n)⊗R-equivariant
pairing

(T(n)⊗R)×H00(n, R)→ R

T, f 7→ (f |T )∗(1)

is perfect.
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[x]

[∞]

[y]

[1]

... bu

c3

a2 = b0

a1

c1

c4

a3

a4

a5

a6

c2

Figure 4. Γ0(xy) \T

Proof. Theorem 3.17 in [11] says that the pairing

T(n)×H0(n,Z)→ Z(2.5)

T, f 7→ (f |T )∗(1)

is non-degenerate and becomes a perfect pairing after tensoring with Z[p−1].
Since p is invertible in R by assumption, the claim follows. �

It is not known if in general the pairing (2.5) is perfect. This is in contrast to
the situation over Q where the analogous pairing between the Hecke algebra
and the space of weight-2 cusp forms on Γ0(N) with integral Fourier expan-
sions is perfect (cf. [46, Thm. 2.2]). This dichotomy comes from the formula
(f |Tm)∗(1) = |m|f∗(m); in the classical situation the first Fourier coefficient of
f |Tm is just the mth Fourier coefficient of f .

Proposition 2.21. In the special case n = xy, the pairing (2.5)

T(xy) ×H0(xy,Z)→ Z

is perfect. Moreover, as Z-modules,

T(xy)0 = T(xy) ∼= Z⊕
⊕

deg(p)=1
p 6=x

ZTp.

Proof. Take αx, βx ∈ Fq such that y = x2 +αxx+βx. Let ̟x := x−1, which is
also a uniformizer at ∞. The quotient graph Γ0(xy)\T is depicted in Figure
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4 with positively oriented edges

c1 =

(
̟x 0
0 1

)
, c2 =

(
̟3
x 0

0 1

)
, c3 =

(
̟4
x ̟x

0 1

)
, c4 =

(
̟5
x y−1

0 1

)
;

a1 =

(
̟2
x ̟x

0 1

)
, a2 =

(
̟3
x ̟x

0 1

)
, a3 =

(
̟4
x y−1

0 1

)
, a4 =

(
̟3
x ̟2

x

0 1

)
;

a5 =

(
̟2
x 0

0 1

)
, a6 =

(
̟4
x ̟x − βx̟3

x

0 1

)
;

bu =

(
̟3
x ̟x + u̟2

x

0 1

)
, u ∈ Fq.

Note that in this notation a2 = b0. A small calculation shows that

w(a1) = w(ā2) = w(ā3) = w(a4) = q − 1,

and the weights of all other edges in (Γ0(xy) \T )0 are 1.
It is easy to see that the map

H0(xy,Z)→
⊕

u∈Fq

Z

f 7→ (f(bu))u∈Fq

is an isomorphism, so the harmonic cochains fv ∈ H0(xy,Z), v ∈ Fq, defined
by fv(bu) = δv,u=(Kronecker’s delta) form a Z-basis. Let f ∈ H0(xy,Z) and
κ ∈ Fq. By Lemma 2.18

q(f |Tx−κ)∗(1) = q2f∗(x − κ) =
∑

w∈̟xO∞/̟3
xO∞

f

((
̟3
x w

0 1

))
η (−(x− κ)w)

=f

((
̟3
x 0

0 1

))
+
∑

β∈F×
q

f

((
̟3
x β̟2

x

0 1

))
η
(
−(̟−1

x − κ)β̟2
x

)

+
∑

u∈Fq

∑

β∈F×
q

f

((
̟3
x β(̟x + u̟2

x)
0 1

))
η
(
−(̟−1

x − κ)β(̟x + u̟2
x)
)
.

Since the double class of

(
̟3
x w

0 1

)
does not change if w is replaced by βw

(β ∈ F×q ), f

((
̟3
x 0

0 1

))
= f(c2) = 0, and

∑
β∈F×

q
η(β̟x) = −1, the above

sum reduces to

−f(a4) +
∑

u∈Fq

f(bu)(qδu,κ − 1).

Using (ii′),

(q − 1)f(a1) + f(a5) = 0, (q − 1)f(a4) + f(ā5) = 0, f(a1) =
∑

u∈Fq

f(bu).
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Therefore, f(a4) = −∑u∈Fq
f(bu) and we get

(f |Tx−κ)∗(1) = f(bκ).

In particular, (fv|Tx−κ)∗(1) = δκ,v. This implies that the homomorphism

(2.6) T(xy)→ Hom(H0(xy,Z),Z)

induced by the pairing (2.5) is surjective. Comparing the ranks of both sides,
we conclude that this map is in fact an isomorphism, which is equivalent to
the pairing being perfect. Let M be the Z-submodule of T(xy) generated
by {Tx−κ | κ ∈ Fq}. The composition of M →֒ T(xy) with (2.6) gives a
surjection M → Hom(H0(xy,Z),Z). This implies that M = T(xy) and M ∼=⊕

κ∈Fq
ZTx−κ.

An easy consequence of the definitions is that f∗(1) = −f(a1), cf. [11, (3.16)].
If we denote S =

∑
κ∈Fq

Tx−κ, then

(2.7) (f |S)∗(1) =
∑

κ∈Fq

f(bκ) = f(a1) = −f∗(1).

The non-degeneracy of the pairing implies that S = −1. Therefore

T(xy) = Z⊕
⊕

κ∈F×
q

ZTx−κ ⊆ T(xy)0,

which implies T(xy) = T(xy)0. �

Remark 2.22. In [44], we have extended the statement of Proposition 2.21 to
arbitrary n ✁ A of degree 3. More precisely, we proved that the pairing (2.5)
is perfect if deg(n) = 3. Moreover, if n has degree 3 but is not a product of
three distinct primes of degree 1, then T(n) = T(n)0. Finally, if n is a product
of three distinct primes of degree 1, then T(n)/T(n)0 is finite but non-zero.

2.4. Atkin-Lehner method. For b ∈ A, let Sb =

(
1 b
0 1

)
. Define a linear

operator Up on the space of R-valued functions on E(T ) by

f |Up =
∑

b∈A
deg(b)<deg(p)

f |B−1
p Sb.

Note that the action of B−1
m on functions on E(T ) is the same as the action of

the matrix

(
1 0
0 m

)
(since the diagonal matrices act trivially), so this operator

agrees with the Hecke operator Up when restricted toH(n, R) for any n divisible
by p.

Lemma 2.23. Let p and q be two distinct prime ideals of A. If f ∈ H(T , R)Γ∞,
then

(f |Bp)|Up = |p| · f,
(f |Bp)|Uq = (f |Uq)|Bp.
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Proof. We have

(f |Bp)|Up =
∑

b∈A
deg(b)<deg(p)

(f |Bp)|B−1
p Sb =

∑

b∈A
deg(b)<deg(p)

f |Sb.

Since Sb ∈ Γ∞, we have f |Sb = f for all b, so the last sum is equal to |p|f .
Next, for b ∈ A representing a residue modulo q we have

BpB
−1
q Sb =

(
p bp
0 q

)
.

By the division algorithm there is a ∈ A and b′ ∈ A with deg(b′) < deg(q) such
that bp = aq + b′. Now

(
1 a
0 1

)(
p bp
0 q

)
=

(
p b′

0 q

)
= B−1

q Sb′Bp.

As b runs over the residues modulo q, b′ runs over the same set since p 6= q.
Thus, using Γ∞-invariance of f , we get (f |Bp)|Uq = (f |Uq)|Bp. �

Lemma 2.24. For any non-zero ideal m✁A and f ∈ H(T , R)Γ∞

(f |Bm)0(πk∞) = f0(πk−deg(m)
∞ ), (f |Bm)∗(n) = f∗(n/m).

Proof. See Proposition 2.10 in [12]. �

Given ideals n,m✁A, denote

Γ0(n,m) =

{(
a b
c d

)
∈ GL2(A)

∣∣ c ∈ n, b ∈ m

}
.

Lemma 2.25. If f ∈ H(n, R), then f |Bm is Γ0(nm)-invariant and f |B−1
m is

Γ0(n/ gcd(n,m),m)-invariant.

Proof. This follows from a straightforward manipulation with matrices. �

Theorem 2.26. Let p and q be two distinct primes such that pq divides n, and
pq is coprime to n/pq. Let ϕ ∈ H(n, R). Assume ϕ∗(m) = 0 unless p or q
divides m. Then there exist ψ1 ∈ H(n/p, R) and ψ2 ∈ H(n/q, R) such that

sp,q · ϕ = ψ1|Bp + ψ2|Bq,

where sp,q = gcd(|p|+ 1, |q|+ 1).

Proof. Take φ2 := |q|−1 · ϕ|Uq ∈ H(n, R). We have

(φ2)0(πk∞) = ϕ0(πk+deg(q)
∞ ), φ∗2(m) = ϕ∗(mq).

Let ϕ1 := ϕ− φ2|Bq ∈ H(nq, R). Then by Lemma 2.24,

(ϕ1)0(πk∞) = 0, ϕ∗
1(m) = ϕ∗(m) if q ∤ m, ϕ∗

1(m) = 0 if q|m.
Let φ1 := ϕ1|B−1

p , which is Γ0(nq/p, p)-invariant by Lemma 2.25. In particular,
ϕ∗
1(m) = 0 unless p|m, which implies that φ1 is Γ∞-invariant. Since Γ∞ and

Γ0(nq/p, p) generates Γ0(nq/p), we get φ1 ∈ H(nq/p, R) with

(φ1)0(πk∞) = 0, φ∗1(m) = ϕ∗(mp) if q ∤ m, φ∗1(m) = 0 if q|m,
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and

ϕ = φ1|Bp + φ2|Bq.

By Proposition 2.12, ψ1 := ϕ|(Up + Wp) ∈ H(n/p, R). Using Proposition 2.12
and Lemma 2.23,

(φ1|Bp)|(Up +Wp) = φ1|Bp|Up + φ1|Bp|Wp = |p|φ1 + φ1 = (|p|+ 1)φ1.

On the other hand, using the fact that φ2 ∈ H(n, R), we have

(φ2|Bq)|(Up +Wp) = φ2|(Up +Wp)|Bq.

If we denote ψ := φ2|(Up +Wp), then we proved that

ψ1 = (|p|+ 1)φ1 + ψ|Bq ∈ H(n/p, R).

Therefore,

(|p|+ 1)ϕ = (|p|+ 1)φ1|Bp + (|p|+ 1)φ2|Bq

= ((|p|+ 1)φ1 + ψ|Bq)|Bp + ((|p|+ 1)φ2 − ψ|Bp)|Bq = ψ1|Bp + ψ2|Bq,

where ψ2 := (|p| + 1)φ2 − ψ|Bp. We already proved that ψ1 ∈ H(n/p, R).
Obviously ψ2|Bq ∈ H(n, R). By Lemma 2.25, ψ2 is Γ0(n/q, q)-invariant. Since
it is also Γ∞-invariant, we conclude ψ2 ∈ H(n/q, R).
Finally, interchanging the roles of p and q we obtain

(|q|+ 1)ϕ = ψ′
1|Bp + ψ′

2|Bq

with ψ′
1 ∈ H(n/p, R) and ψ′

2 ∈ H(n/q, R). This implies the claim of the
theorem. �

3. Eisenstein harmonic cochains

3.1. Eisenstein series. In this section R always denotes a coefficient ring, in
particular, p is invertible in R. We say that a harmonic cochain ϕ ∈ H(n, R) is
Eisenstein if ϕ|Tp = (|p|+ 1)ϕ for every prime ideal p✁A not dividing n. It is
clear that the Eisenstein harmonic cochains form an R-submodule of H(n, R)
which we denote by E(n, R).
The Drinfeld half-plane

Ω = P1(C∞)− P1(F∞) = C∞ − F∞

has a natural structure of a smooth connected rigid-analytic space over F∞;
see [18, §1]. The group Γ0(n) acts on Ω via linear fractional transformations:

(
a b
c d

)
z =

az + b

cz + d
.

This action is discrete, so the quotient

(3.1) Y0(n)(C∞) = Γ0(n) \ Ω

has a natural structure of a rigid-analytic curve over F∞, which is in fact an
affine algebraic curve; cf. [6, Prop. 6.6]. If we denote Ω = Ω ∪ P1(F ), then

X0(n)(C∞) = Γ0(n) \ Ω

Documenta Mathematica 20 (2015) 551–629



The Eisenstein Ideal and Jacquet-Langlands Isogeny 573

is the projective closure of Y0(n). The points X0(n)(C∞) − Y0(n)(C∞) are
called the cusps of X0(n), and they are in natural bijection with the cusps of
Γ0(n) \T in Definition 2.3.
The Hecke operator Tp induces a correspondence on X0(n)(C∞)

(3.2) Tp : z 7→
∑

b∈A
deg(b)<deg(p)

z + b

p
+ pz mod Γ0(n);

Up(z) is given by the same sum but without the last summand.
Let O(Ω)× be the group of nowhere vanishing holomorphic functions on Ω. The
group GL2(F∞) act on O(Ω)× via (f |γ)(z) = f(γz). To each f ∈ O(Ω)× van
der Put associated a harmonic cochain r(f) ∈ H(T ,Z) so that the sequence

(3.3) 0→ C×
∞ → O(Ω)×

r−→ H(T ,Z)→ 0

is exact and GL2(F∞)-equivariant. As is explained in [18], the map r plays the
role of a logarithmic derivation.

Lemma 3.1. Assume n is square-free and f ∈ O(Ω)× is Γ0(n)-invariant. Then
r(f) is Eisenstein.

Proof. Put

en(z) = z
∏

06=a∈n

(
1− z

a

)
and Γu∞ =

{(
1 a
0 1

) ∣∣a ∈ n

}
.

For z ∈ Ω, let |z|i = inf{|z − s| | s ∈ F∞} be its “imaginary” absolute value.
The subspace Ωd = {z ∈ Ω | |z|i ≥ d} of Ω is stable under Γu∞, and for
d≫ 0, the function t(z) = eA(z)−1 identifies Γu∞ \ Ωd with a small punctured
disc D0

ε = {t ∈ C∞ | 0 < |t| ≤ ε}. The function f is Γu∞-invariant, so can
be considered as a holomorphic non-vanishing function on D0

ε . By the non-
archimedean analogue of Picard’s Big Theorem [55, (1.3)], f has at worst a
pole at t = 0, or equivalently, at the cusp [∞]. Now let [c] be any other cusp
of Γ0(n) and γ ∈ GL2(A) be such that γ[∞] = [c]. The function f |γ ∈ O(Ω)×

is invariant under Γ′ = γ−1Γ0(n)γ. The stabilizer of [∞] in Γ′ contains Γu∞,
so the previous argument shows that f |γ is meromorphic at [∞]. Thus, f is
meromorphic at [c]. We conclude that f descends to a rational function on
X0(n) whose divisor is supported at the cusps.
Now we use an idea from the proof of Lemma 6.2 in [38]. The Hecke corre-
spondence Tp defines a map from the group of divisors on X0(n) supported at
the cusps to itself (cf. (3.2)):

Tp[d] =

(
p 0
0 1

)(
1
d

)
+

∑

b6=0
deg(b)<deg(p)

(
1 b
0 p

)(
1
d

)
=

(
p
d

)
+

∑

b6=0
deg(b)<deg(p)

(
1 + bd
pd

)
.

The orbit of the cusp [d] consists exactly of those

(
α
β

)
∈ P1(A) such that β

is divisible by d and is coprime to n/d, so Tp[d] = (1 + |p|)[d]. Thus, f |Tp and
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f |p|+1, as rational functions on X0(n), have the same divisor. This implies that
(f |Tp)/f |p|+1 is a constant function. Applying r, we get

r(f |Tp) = (|p|+ 1)r(f).

Since r is GL2(F∞)-equivariant, r(f |Tp) = r(f)|Tp, which finishes the proof.
�

Lemma 3.1 gives a natural source of Z-valued Eisenstein harmonic cochains.
Let ∆(z) be the Drinfeld discriminant function on Ω defined on page 183 of
[14]. This is a Drinfeld modular form of weight (q2−1) and type 0 for GL2(A),
which vanishes nowhere on Ω. Let ∆n := ∆|Bn = ∆(nz). By page 194 of
[14], ∆/∆n is a Γ0(n)-invariant function in O(Ω)×. Hence r(∆/∆n) ∈ E(n,Z).
Define

ν(n) =

{
1, if deg(n) is even

q + 1, if deg(n) is odd

and

(3.4) En =
ν(n)

(q − 1)(q2 − 1)
r(∆/∆n).

By [14, (3.18)], En is Z-valued and primitive (i.e., En is not a scalar multiple
of another harmonic cochain in H(n,Z) except for ±En). We call En ∈ E(n,Z)
the Eisenstein series. The Fourier expansion of En can be deduced from [14]:

En

((
πk∞ y
0 1

))
= ν(n) · q−k+1 ·


1− |n|

1− q2 +
∑

06=m∈A,
deg(m)≤k−2

σn(m)η(my)


 ,

where σn(m) := σ(m)− |n| · σ(m/n), and σ is the divisor function

σ(m) :=





∑
monic m′∈A,

m′|m

|m′|, if m ∈ A,

0, otherwise.

Remark 3.2. Note that for each prime p✁A and m ∈ A,

σ(mp) = σ(p)σ(m) − |p|σ(m/p).

Therefore the Fourier expansion of En|Tp for each prime p not dividing n also
tells us that En ∈ E(n,Z).

Example 3.3. Let E0 be the R-valued function on E(T ) defined by

E0

((
πk∞ u
0 1

))
= −E0

((
πk∞ u
0 1

)(
0 1
π∞ 0

))
= q−k.

This function is alternating and Γ∞-invariant. For γ =

(
a b
c d

)
∈ GL2(A), let

ω := ord∞(cu+ d). By the calculations in [12, p. 379]

(E0|γ)

((
πk u
0 1

))
=

{
−qk−2 deg(c)−1 if ω ≥ k − deg(c)

q2ω−k if ω < k − deg(c).
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Now it is easy to see that if α ∈ R[q + 1], then αE0 is the function in H(1, R)
discussed in Example 2.4. The Hecke operator Tp acts on αE0 by

(αE0|Tp)

((
πk u
0 1

))
=αE0

((
πkp up

0 1

))

+
∑

deg(b)<deg(p)

αE0

((
πk/p (u+ b)/p

0 1

))

= α(−1)k−deg(p) + qdeg(p)α(−1)k+deg(p) = (1 + |p|)αE0

((
πk u
0 1

))
.

Therefore, αE0 is Eisenstein and H(1, R) = E(1, R) ∼= R[q + 1].

Example 3.4. Let ϕ ∈ H0(x,R). As we saw in Example 2.5, ϕ is uniquely
determined by ϕ(e0) = α. Note that ϕ0(1) = ϕ(e1) = qα. On the other hand,
E0
x(1) = q, so H(x,R) = E(x,R) ∼= R is generated by Ex.

Example 3.5. Finally, we return to the setting of Example 2.6. The Eisenstein
series Ey, as a function on Γ0(y) \T , can be explicitly described by Ey(ei) =
Ey(e−i−1) = qi for i ≥ 0, and Ey(eu) = 0. Next, the function αE0, for any
α ∈ R[q+1], can be considered as a function on Γ0(y)\T , and as such it is given
by αE0(eu) = −α and αE0(ei) = α(−1)i+1 (∀i ∈ Z). Since any f ∈ H(y,R) is
uniquely determined by its values on eu and e0, we see that

H(y,R) = E(y,R) = REy ⊕ {αE0 | α ∈ R[q + 1]} ∼= R⊕R[q + 1].

3.2. Cuspidal Eisenstein harmonic cochains. We set

E0(n, R) := E(n, R) ∩H0(n, R), E00(n, R) := E(n, R) ∩H00(n, R).

Let p ✁ A be a prime. Theorem 6.6 in [38] states that E0(p, R) ∼= R
[
|p|−1
q−1

]
,

if deg(p) is odd, and E0(p, R) ∼= R
[
2 |p|−1
q2−1

]
, if deg(p) is even. Note that Ex-

amples 2.6 and 3.5 imply that E0(y,R) ∼= R[2], which is a special case of this
theorem. The main result of this section is a similar description of E0(pq, R)
and E00(pq, R) under certain assumptions. Note that as a consequence of the
Ramanujan-Petersson conjecture over function fields E0(n,C) = 0 for any n.
Therefore, E0(n, R) can be non-trivial only if R has non-trivial additive tor-
sion.

Definition 3.6. The Eisenstein ideal E(n) of T(n) is the ideal generated by
the elements {Tp − |p| − 1 | p is prime, p ∤ n}. We say that a maximal ideal
M✁ T(n) is Eisenstein if E(n) ⊂M.

Lemma 3.7. Let p✁A be a prime, and S be a set of prime ideals of A of density
one that does not contain p. A cochain f ∈ H00(p, R) is Eisenstein if and only
if

f |Tq = (|q|+ 1)f, ∀q ∈ S.
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Proof. Let I(p) be the ideal of T(p) generated by the elements Tq − |q| − 1,
where q ∈ S. It is enough to show that E(p) ⊗ R = I(p) ⊗ R in T(p) ⊗ R.
The proof of the analogous statement over Q can be found in [4, Lem. 4]. We
briefly sketch the argument over F .
Let M ✁ T(p) be a maximal ideal such that the characteristic ℓ of T(p)/M is
different from p. There is a unique semi-simple representation

ρ
M

: GF → GL2(T(p)/M),

which is unramified away from p and ∞, and such that for all primes q ✁ A,
q 6= p, the following relations hold:

Trρ
M

(Frobq) = Tq mod M, det ρ
M

(Frobq) = |q| mod M.

The existence of such residual representations for GQ is well-known. The cor-
responding statement over F can be proved along the same lines (cf. [40, Prop.
2.6]); this relies on Drinfeld’s fundamental results in [6]. If M ⊃ I(p), then
Tq ≡ (1 + |q|) (mod M) for all q ∈ S. In view of the Chebotarev density and
the Brauer-Nesbitt theorems, we conclude that ρ

M
is the direct sum 1⊕χℓ of the

trivial and cyclotomic characters. But this means that Tq ≡ (1 + |q|) (mod M)
for all q 6= p, and therefore M is Eisenstein. Now it suffices to show that
I(p) ⊗ R ⊆ E(p) ⊗ R is an equality in the completion (T(p) ⊗ R)M at any
maximal Eisenstein M of residue characteristic 6= p. (Recall that p is invertible
in R.)
A consequence of the proof of Theorem 2.20 in [11], the argument in the proof
of Theorem 2.26, and the fact that H0(1, R) = 0 is that T(p)0⊗R = T(p)⊗R.
On the other hand, by Theorem 5.13 in [39], the ideal E(p)M in T(p)0M is
principal, generated by Tq − |q| − 1 for any “good” prime q. Since the density
of these good primes is positive (see [38, p. 186]), there is a good prime in S.
Therefore (I(p)⊗R)M contains a generator of (E(p)⊗R)M and must be equal
to it. �

Fix two distinct primes p and q. Set

ν(p, q) =

{
1, if deg(p) or deg(q) is even,

q + 1, otherwise.

Let E(p,q) ∈ E(pq,Z) be the Eisenstein series defined by

E(p,q)

((
πk∞ u
0 1

))
= ν(p, q)·q−k+1·


 (1− |p|)(1 − |q|)

1− q2 +
∑

06=m∈A,
deg(m)≤k−2

σ′
pq(m)η(mu)


 ,

where
σ′
n(m) :=

∑

monic m′∈A, (m′,n)=1,

and m′|m

|m′|.

It is clear that E(p,q) = E(q,p), and comparing the Fourier expansions we get

ν(p)

ν(p, q)
· E(p,q) =

(
Ep − Ep|Bq

)
.(3.5)
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Lemma 3.8.

(1) Viewing Ep as a harmonic cochain in H(pq,Z), we get

Ep|Up = Ep = −Ep|Wp and Ep|Wq = Ep|Bq.

(2)

E(p,q) = E(p,q)|Up = E(p,q)|Uq = E(p,q)|Wpq = −E(p,q)|Wp = −E(p,q)|Wq.

Proof. The proof is straightforward. �

Let E ′(pq, R) be the R-submodule of E(pq, R) spanned by Ep, Eq and E(p,q),
i.e., E ′(pq, R) = REp +REq +RE(p,q). Denote

E ′0(pq, R) = E ′(pq, R) ∩H0(pq, R) and E ′00(pq, R) = E ′(pq, R) ∩H00(pq, R).

Theorem 3.9. The following holds:

(1) If ν(p, q) is invertible in R, then E ′(pq, R) is a free R-module of rank
3.

(2) If q − 1 and sp,q = gcd(|p|+ 1, |q|+ 1) are both invertible in R, then

E00(pq, R) = E ′00(pq, R).

Proof. By (3.5), Ep|Bq and Eq|Bp are both in E ′(pq, R), and

E ′(pq, R) = R(Ep|Bq) +R(Eq|Bp) +RE(p,q).

Suppose f = aEp|Bq + bEq|Bp + cE(p,q) = 0. Then f∗(1) = cE∗
(p,q)(1) =

c · ν(p, q) = 0. Since ν(p, q) is invertible in R under our assumption, we get c
= 0. Without loss of generality we can assume that either deg(p) is even, or
deg(p) and deg(q) are both odd. Now E∗

p(1) = (Ep|Bq)∗(q) = ν(p) is invertible
in R. Therefore from f∗(q) = a · ν(p) = 0 we get a = 0. From the fact that Ep

is primitive, we have b = 0. The proof of Part (1) is complete.
To prove Part (2), it suffices to show that E00(pq, R) is contained in E ′(pq, R).
Given an Eisenstein harmonic cochain f ∈ E00(pq, R), let

f1 := f − f∗(1)ν(p, q)−1E(p,q) ∈ E(pq, R).

Then for every ideal m✁A, f∗
1 (m) = 0 unless p or q divides m. By the method

of Section 2, (|p|+1)f1 = ψ1|Bp+ψ2|Bq, where ψ1 ∈ H(q, R) and ψ2 ∈ H(p, R).
Moreover, by the proof of Theorem 2.26, we can take

ψ1 = f1|(Up +Wp) and ψ2 = |q|−1
[
(|p|+ 1)f1|Uq − f1|Uq(Up +Wp)Bp

]
.

Since Lemma 3.8 (2) implies that E(p,q)|(Up + Wp) = 0, we get ψ1 = f |(Up +
Wp) ∈ H00(q, R) and

ψ2 = |q|−1
[
(|p|+ 1)f |Uq − f |Uq(Up +Wp)Bp

]

−|q|−1(|p|+ 1)f∗(1)ν(p, q)−1E(p,q) ∈ H(q, R).

The constant term ψ0
2(1) is equal to

−|q|−1(|p|+ 1)f∗(1) · (1− |p|)(1− |q|)
q(1− q2)

= −|q|−1(|p|+ 1)f∗(1) · 1− |q|
ν(p)

E0
p(1)
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and (ψ2|Wp)0(1) = −ψ0
2(1). Let

ψ′
2 := ψ2 + |q|−1(|p|+ 1)f∗(1) · 1− |q|

ν(p)
Ep ∈ H(p, R).

Since q − 1 is invertible in R by assumption, Lemma 2.7 and 2.19 show that

ψ′
2 ∈ H0(p, R) = H00(p, R).

Note that for every prime p′ ✁A different from p and q, we have

ψ1|Tp′ = (|p′|+ 1)ψ1 and ψ′
2|Tp′ = (|p′|+ 1)ψ′

2.

Lemma 3.7 implies that ψ1 ∈ E00(q, R) and ψ′
2 ∈ E00(p, R). By Theorem 6.6

in [38], we can find a1, a2 ∈ R such that ψ1 = a1Eq and ψ′
2 = a2Ep (as 2 is

invertible in R by our assumption). We conclude that

(|p|+ 1)f = ψ1|Bp + ψ2|Bq + f∗(1)ν(p, q)−1E(p,q)

= a2Eq|Bp +
(
a2 − |q|−1(|p|+ 1)f∗(1) · 1− |q|

ν(p)

)
Ep|Bq

+ f∗(1)ν(p, q)−1E(p,q)

is in E ′(pq, R). Similarly, we also get (|q|+ 1)f ∈ E ′(pq, R) by interchanging p
and q. Since sp,q is invertible in R, f must be in E ′(pq, R), which completes
the proof of Part (2). �

Lemma 3.10. The following holds:

(1) Suppose ν(p, q) is invertible in R. The R-module E ′0(pq, R) is torsion
and isomorphic to the submodule of R3 consisting of elements (a, b, c)
with

(|p| − 1)(|q|+ 1)

q2 − 1
ν(p)a = 0,

(|p|+ 1)(|q| − 1)

q2 − 1
ν(q)b = 0,

1− |p|
1− q2 ν(p)a+

1− |q|
1− q2 ν(q)b +

(1 − |p|)(1− |q|)
1− q2 ν(p, q)c = 0.

(2) Suppose further that 2 is also invertible in R. Then E ′0(pq, R) is iso-
morphic to

R

[
(|p| − 1)(|q|+ 1)

q2 − 1
ν(p)

]
⊕R

[
(|p|+ 1)(|q| − 1)

q2 − 1
ν(q)

]
⊕R

[
(|p| − 1)(|q| − 1)

q2 − 1

]
.

Proof. Let f = aEp + bEq + cE(p,q) with a, b, c ∈ R. By Lemma 2.19,
f ∈ E ′0(pq, R) if and only if

f0(1) = (f |Wp)0(1) = (f |Wq)0(1) = (f |Wpq)0(1) = 0.

Documenta Mathematica 20 (2015) 551–629



The Eisenstein Ideal and Jacquet-Langlands Isogeny 579

This gives us the following equations:

1− |p|
1− q2 ν(p)a+

1− |q|
1− q2 ν(q)b+

(1− |p|)(1 − |q|)
1− q2 ν(p, q)c = 0,(3.6)

−1− |p|
1− q2 ν(p)a+ |p|1− |q|

1− q2 ν(q)b− (1− |p|)(1 − |q|)
1− q2 ν(p, q)c = 0,(3.7)

|q|1− |p|
1− q2 ν(p)a− 1− |q|

1− q2 ν(q)b− (1− |p|)(1 − |q|)
1− q2 ν(p, q)c = 0,(3.8)

−|q|1− |p|
1− q2 ν(p)a− |p|1− |q|

1− q2 ν(q)b+
(1− |p|)(1 − |q|)

1− q2 ν(p, q)c = 0.(3.9)

We remark that

Equation (3.9) = −
(

Equation (3.6) + (3.7) + (3.8)
)
.

Considering the equation (3.6)+(3.7), (3.6)+(3.8), and (3.6)+(3.9), we get

(|p|+ 1)(|q| − 1)

q2 − 1
ν(q)b = 0,(3.10)

(|p| − 1)(|q|+ 1)

q2 − 1
ν(p)a = 0,(3.11)

(|p| − 1)(|q| − 1)

q2 − 1

(
ν(p)a+ ν(q)b+ 2ν(p, q)c

)
= 0.(3.12)

Since the conditions of (a, b, c) described by Equation (3.6)∼(3.9) is equivalent
to those described by Equation (3.6), (3.10), and (3.11) combined, the proof of
Part (1) is complete.
To prove Part (2), note that 2ν(p, q) is invertible in R by assumption. Therefore
the conditions of (a, b, c) described by Equation (3.6)∼(3.9) is equivalent to
those described by Equation (3.10)∼(3.12). Let E′ := ν(p)Ep + ν(q)Eq +
2ν(p, q)E(p,q). By Theorem 3.9 (1), we also have E ′(pq, R) = REp⊕REq⊕RE′.
Therefore Equation (3.10)∼(3.12) assures the result. �

In fact, when q − 1 and sp,q are invertible in the coefficient ring R, one can
show that E00(pq, R) = E ′0(pq, R); see Remark 7.4.

3.3. Special case. In this subsection we give a concrete description of
E0(xy,R) and E00(xy,R) for an arbitrary coefficient ring R. Recall that E0

is the function on E(T ) satisfying

E0

((
πk∞ u
0 1

))
= −E0

((
πk∞ u
0 1

)(
0 1
π∞ 0

))
= q−k.

Lemma 3.11. Given a ∈ R[q+ 1], we have aE0 = −aEn ∈ H(1, R) if deg(n) is
odd. Moreover, aE0|Bm = (−1)deg(m)aE0.

Proof. The proof is straightforward. �

According to Examples 3.4 and 3.5 we have:

Lemma 3.12. H(x,R) = REx and H(y,R) = REy ⊕R[q + 1]E0.
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Note that ν(x, y) = ν(y) = 1 and ν(x) = q + 1. Given f ∈ E(xy,R), let
f ′ := f − f∗(1)E(x,y). Then f ′∗(m) = 0 unless x or y divides m. By Theorem
2.26 and Lemma 3.12, there exists a, b ∈ R and b′ ∈ R[q + 1] such that

2f ′ = (bEy + b′E0)|Bx + aEx|By.
When q is even, 2 is invertible in R and we have f ∈ E ′(xy,R). Suppose q is
odd. Note that b′E0|Bx = b′Ex by Lemma 3.11. Hence

2f = (a+ b′)Ex|By + bEy|Bx + 2f∗(1)E(x,y) ∈ E ′(xy,R).

In fact, there exists a′′, b′′ ∈ R such that a+ b′ = 2a′′ and b = 2b′′. Indeed, by
Lemma 2.24 we have

2f∗(x) = b+2f∗(1) and 2f0(π∞) = 2q−1f0(1) = |y|(a+b′)+|x|b+2f∗(1)(q−1).

Set f ′′ := f −
(
a′′Ex|By + b′′Ey|Bx + f∗(1)E(x,y)

)
∈ E(xy,R). Then the above

discussion shows that 2f ′′ = 0. Take f ′′′ := f ′′ − (f ′′)0(1)E0. Then

f ′′′ ∈ E(xy,R)[2] and (f ′′′)∗(1) = (f ′′′)0(1) = 0.

The following lemma shows that f ′′′ ∈ E ′(xy,R), which also implies that f ∈
E ′(xy,R).

Lemma 3.13. Suppose q is odd. Given ϕ ∈ E(xy,R)[2] with ϕ∗(1) = ϕ0(1) = 0,
there exists α ∈ R[2] such that

ϕ = α(Ex + Ey|Bx).

Proof. We use the notation in the proof of Proposition 2.21. Given ϕ ∈
E(xy,R)[2] with ϕ0(1) = 0, we have that for each prime p with p ∤ xy,

ϕ|Tp = (|p|+ 1)ϕ = 0.

Therefore for every prime p with p ∤ xy and a non-zero ideal m✁A,

|p|ϕ∗(pm) + ϕ∗(m/p) = (ϕ|Tp)∗(m) = 0.(3.13)

By Equation (3.13) and the Fourier expansion of ϕ, we get

ϕ

((
̟k
x 0

0 1

))
= 0, ∀k ∈ Z,

ϕ(a1) = ϕ(a2) = 0,

ϕ(bu) = ϕ(a4) = ϕ∗(x), ∀u ∈ F×q ,
ϕ(c3) = ϕ∗(y), ϕ(a3) = ϕ∗(x) + ϕ∗(x2), ϕ(a6) = ϕ∗(x2).

The harmonicity of ϕ gives us that

0 = ϕ(a4) +
∑

u∈F×
q

ϕ(bu)− ϕ(a3) = ϕ∗(x2),

0 = ϕ(a6) + ϕ(c3) + (1 − q)ϕ(a2) = ϕ∗(x2) + ϕ∗(y).

0 = ϕ(a6) + (q − 1)ϕ(a3)− ϕ(c4) = ϕ∗(x2) + ϕ(c4).

Hence
ϕ(e) = 0 for e = c1, c2, c3, c4, a1, a2, a5, a6, and
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ϕ(a3) = ϕ(a4) = ϕ(bu) = ϕ∗(x) ∈ R[2], for u ∈ F×q .

On the other hand, for α ∈ R[2],

α(Ex + Ey|Bx)(e) = 0 for e = c1, c2, c3, c4, a1, a2, a5, a6, and

α(Ex+Ey|Bx)(a3) = α(Ex+Ey|Bx)(a4) = α(Ex+Ey|Bx)(bu) = α, for u ∈ F×q .

Therefore ϕ = ϕ(a3) · (Ex + Ey |Bx) and the proof is complete. �

From the above discussion, we conclude that

Corollary 3.14. E(xy,R) = E ′(xy,R) for every coefficient ring R. In other
words, every Eisenstein harmonic cochain of level xy can be generated by Eisen-
stein series.

By Lemma 3.10 and Corollary 3.14, we immediately get

Corollary 3.15. The space E0(xy,R) is isomorphic to the torsion R-module

{(a, b, c) ∈ R3 | (q2 + 1)a = (q + 1)b = a+ b+ (1− q)c = 0}.
In particular,

E0(xy,R) ∼= R
[(q − 1)

2
(q2 + 1)(q + 1)

]
⊕R[2].

From the graph in Figure 4, an alternating R-valued function f on
E(Γ0(xy)\T ) is in H0(xy,R) if and only if f vanishes on the cusps c1, c2, c3, c4
and

(q − 1)f(a1) + f(a5) = 0, (q − 1)f(a2)− f(a6) = 0,

(q − 1)f(a3) + f(a6) = 0, (q − 1)f(a4)− f(a5) = 0,

f(a2) +
∑

u∈F×
q

f(bu) = f(a1), f(a3)−
∑

u∈F×
q

f(bu) = f(a4).

Moreover, f is in H00(xy,R) if and only if f satisfies an extra equation:

f(a1) + f(a4) = 0.

In particular, every harmonic cochain f ∈ H00(xy,R) is determined uniquely
by the values

f(a1), f(bu) for u ∈ F×q .
Let f = aEx + bEy + cE(x,y) ∈ E0(xy,R). By Corollary 3.15 we have

(q2 + 1)a = (q + 1)b = a+ b+ (1− q)c = 0.

It is observed that

Ex(a1) = −1, Ex(a4) = −q,
Ey(a1) = 0, Ey(a4) = −1,
E(x,y)(a1) = −1, E(x,y)(a4) = −1.

We then get

f(a1) + f(a4) = −
(
(q + 1)a+ b+ 2c

)
.
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Hence f ∈ E00(xy,R) if and only if

c ∈ R[(q2 + 1)(q + 1)], a = −q−1(q + 1)c, b = q−1(q2 + 1)c.

We conclude that

Proposition 3.16. The module E00(xy,R) is isomorphic to R[(q2 + 1)(q+ 1)].
More precisely, every harmonic cochain in E00(xy,R) must be of the form

c ·
(
− (q + 1)Ex + (q2 + 1)Ey + qE(x,y)

)

where c ∈ R[(q2 + 1)(q + 1)].

Corollary 3.17. For every natural number n relatively prime to p the module
E00(xy,Z/nZ) is isomorphic to Z/nZ[(q2 + 1)(q + 1)].

Proof. The difference between this claim and Proposition 3.16 is that Z/nZ is
not a coefficient ring in general. Still, one can deduce this from Proposition
3.16 by arguing as in the proof of Corollary 6.9 in [38]. First, one easily reduces
to the case when n is a power of some prime ℓ 6= p, and applies Proposition
3.16 with R = Zℓ[ζp]/nZℓ[ζp], where ζp is the primitive pth root of unity. The
claim follows by observing that R is a free Z/nZ-module. �

Corollary 3.18. T(xy)/E(xy) ∼= Z/(q2 + 1)(q + 1)Z.

Proof. Let (T(n)0)new be the quotient of T(n)0 with which it acts on
H0(n,Q)new; cf. Definition 2.13. By Lemma 4.2 and Theorem 4.5 in [39], for
any square-free n✁A the quotient ring (T(n)0)new/E(n) is a finite cyclic group of
order coprime to p; here with abuse of notation E(n) denotes the ideal generated
by the images of Tp − |p| − 1 in (T(n)0)new. Since H0(xy,Q) = H0(xy,Q)new,
we have T(xy)0 = (T(xy)0)new. On the other hand, by Proposition 2.21,
T(xy)0 = T(xy). Hence T(xy)/E(xy) ∼= Z/nZ for some n coprime to p.
The perfectness of the pairing (2.5) implies

HomZ/nZ(T(xy) ⊗Z Z/nZ,Z/nZ) ∼= H00(xy,Z/nZ).

Hence

E00(xy,Z/nZ) ∼= HomZ/nZ(T(xy) ⊗Z Z/nZ,Z/nZ)[E(xy)]

∼= HomZ/nZ((T(xy)/E(xy)) ⊗Z Z/nZ,Z/nZ)

∼= HomZ/nZ(Z/nZ⊗Z Z/nZ,Z/nZ) ∼= Z/nZ.

Applying Corollary 3.17, we conclude that n must divide (q+ 1)(q2 + 1). Later
in this paper we will prove that the component group Φ∞ ∼= Z/(q2 +1)(q+1)Z
of J0(xy) is annihilated by E(xy) (see Lemma 8.16). This implies that n is
divisible by (q2 + 1)(q + 1). Therefore, n = (q2 + 1)(q + 1). �

Remark 3.19. In [44], we extended our calculation of T(n)/E(n) to arbitrary
n of degree 3. Up to an affine transformation T 7→ aT + b with a ∈ F×q and
b ∈ Fq, there are 5 different cases, namely

(1) If n = T 3, then T(n)/E(n) ∼= Z/q2Z;
(2) If n = T 2(T − 1), then T(n)/E(n) ∼= Z/q(q2 − 1)Z;
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(3) If n is irreducible, then T(n)/E(n) ∼= Z/(q2 + q + 1)Z;
(4) If n = xy, then T(n)/E(n) ∼= Z/(q2 + 1)(q + 1)Z;
(5) If n = T (T − 1)(T − c), where c ∈ Fq, c 6= 0, 1 (here we must have

q > 2), then

T(n)/E(n) ∼= Z/(q + 1)Z× Z/(q + 1)Z× Z/(q − 1)2(q + 1)Z.

4. Drinfeld modules and modular curves

In this section we collect some facts about Drinfeld modules and their moduli
schemes that will be used later in the paper.
Let S be an A-scheme and L a line bundle over S. Let L{τ} be the noncom-

mutative ring ⊕i≥0L⊗(1−qi)(S)τ i, where τ stands for the qth power Frobe-
nius mapping. The multiplication in this ring is given by αiτ

i · αjτ j =

(αi ⊗ α⊗qj
j )τ i+j . A Drinfeld A-module of rank r (in standard form) over

S is given by a line bundle L over S together with a ring homomorphism

φL : A → EndFq (L) = L{τ}, a 7→ φLa , such that φLa =
∑m(a)

i=0 αi(a)τ i, where

m(a) = −r · ord∞(a), αm(a)(a) is a nowhere vanishing section of L⊗(1−m(a)),

and α0 coincides with the map ∂ : A → H0(S,OS) giving the structure of an
A-scheme to S; cf. [6, p. 575]. The kernel of ∂ is called the A-characteristic
of S. A Drinfeld A-module over S is clearly an A-module scheme over S, and
a homomorphism of Drinfeld modules is a homomorphism of these A-module
schemes. A homomorphism of Drinfeld modules over a connected scheme is ei-
ther the zero homomorphism, or it has finite kernel, in which case it is usually
called an isogeny. When S is the spectrum of a field K, we will omit mention
of L and write φ : A→ K{τ}.
Let n ✁ A be a non-zero ideal. A cyclic subgroup of order n of φL is an A-
submodule scheme Cn of L which is finite and flat over S, and such that there
is a homomorphism of A-modules ι : A/n→ L(S) giving an equality of relative

effective Cartier divisors
∑

a∈A/n ι(a) = Cn. Denote φL[n] = ker(L φL
n−−→ L),

where n is a generator of the ideal n. It is clear that the A-submodule scheme
φL[n] of L does not depend on the choice of n, and Cn ⊂ φL[n]. To each Cn ⊂ φ
one can associate a unique, up to isomorphism, Drinfeld module φ′ := φ/Cn

such that there is an isogeny φ→ φ′ whose kernel is Cn.
Now assume S = Spec(K), where K is a field. Explicitly, a homomorphism of
Drinfeld modules u : φ → ψ is u ∈ K{τ} such that φau = uψa for all a ∈ A,
and u is an isomorphism if u ∈ K×. Let End(φ) denote the centralizer of φ(A)
in K̄{τ}, i.e., the ring of all homomorphisms φ→ φ over K̄. The automorphism
group Aut(φ) is the group of units End(φ)×. It is known that End(φ) is a free
A-module of rank ≤ r2; cf. [6]. From now on we also assume that r = 2. Note
that φ is uniquely determined by the image of T :

φT = ∂(T ) + gτ + ∆τ2,

where g ∈ K and ∆ ∈ K×. The j-invariant of φ is j(φ) = gq+1/∆. It is easy
to check that if K is algebraically closed, then φ ∼= ψ if and only if j(φ) = j(ψ).
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It is also easy to check that

(4.1) Aut(φ) =

{
F×q if j(φ) 6= 0;

F×q2 if j(φ) = 0.

If n is coprime to the A-characteristic of K, then φ[n](K̄) ∼= (A/n)2. On the
other hand, if p = ker(∂) 6= 0, then φ[p](K̄) ∼= (A/p) or 0; when φ[p](K̄) = 0,
φ is called supersingular. The following is Theorem 5.9 in [8]:

Theorem 4.1. Let p✁A be a prime ideal. The number of isomorphism classes
of supersingular rank-2 Drinfeld A-modules over Fp is

{ |p|−1
q2−1 if deg(p) is even;
|p|−q
q2−1 + 1 if deg(p) is odd.

The Drinfeld module with j(φ) = 0 is supersingular if and only if deg(p) is odd.

The functor from the category of A-schemes to the category of sets, which
associates to an A-scheme S the set of isomorphism classes of pairs (φL, Cn),
where φL is a Drinfeld module of rank 2 and Cn is a cyclic subgroup of order
n has a coarse moduli scheme Y0(n). The scheme Y0(n) is affine, finite type,
of relative dimension 1 over Spec(A), and smooth over Spec(A[n−1]). This
is well-known and can be deduced from the results in [6]. The rigid-analytic
uniformization of Y0(n) over F∞ is given by (3.1). The scheme Y0(n) has a
canonical compactification over Spec(A):

Theorem 4.2. There is a proper normal geometrically irreducible scheme
X0(n) of pure relative dimension 1 over Spec(A) which contains Y0(n) as an
open dense subscheme. The complement X0(n) − Y0(n) is a disjoint union of
irreducible schemes. Finally, X0(n) is smooth over Spec(A[n−1]).

Proof. See [6, §9] and [29, Prop. V.3.5]. �

Denote the Jacobian variety of X0(n)F by J0(n). Let p✁A be prime. There are
two natural degeneracy morphisms α, β : Y0(np)→ Y0(n) with moduli-theoretic
interpretation:

α : (φ,Cnp) 7→ (φ,Cn), β : (φ,Cnp) 7→ (φ/Cp, Cnp/Cp),

where Cn and Cp are the subgroups of Cnp of order n and p, respectively.
These morphisms are proper, and hence uniquely extend to morphisms α, β :
X0(np)→ X0(n). By Picard functoriality, α and β induce two homomorphisms
α∗, β∗ : J0(n) → J0(pn). The Hecke endomorphism of J0(n) is Tp := α∗ ◦ β∗ ,
where α∗ : J0(pn) → J0(n) is the dual of α∗. The Z-subalgebra of End(J0(n))
generated by all Hecke endomorphisms is canonically isomorphic to T(n). This
is a consequence of Drinfeld’s reciprocity law [6, Thm. 2].
The Jacobian J0(n) has a rigid-analytic uniformization over F∞ as a quotient
of a multiplicative torus by a discrete lattice. To simplify the notation denote
Γ := Γ0(n) and let Γ be the maximal torsion-free abelian quotient of Γ. In
[18] and [13], Gekeler and Reversat associate a meromorphic theta function
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θ(ω, η, ·) on Ω with each pair ω, η ∈ Ω := Ω ∪ P1(F ). The theta function
θ(ω, η, ·) satisfies a functional equation

θ(ω, η, γz) = c(ω, η, γ)θ(ω, η, z), ∀γ ∈ Γ,

where c(ω, η, ·) : Γ → C×
∞ is a homomorphism that factors through Γ. The

divisor of θ(ω, η, ·) is Γ-invariant and, as a divisor onX0(n)(C∞), equals [ω]−[η],
where [ω] is the class of ω ∈ Ω in Γ \ Ω = X0(n)(C∞).
For a fixed α ∈ Γ, the function uα(z) = θ(ω, αω, z) is holomorphic and invert-
ible on Ω. Moreover, uα is independent of the choice of ω ∈ Ω, and depends
only on the class ᾱ of α in Γ. Let cα(·) = c(ω, αω, ·) be the multiplier of uα. It
induces a pairing

Γ× Γ→ F×
∞

(α, β) 7→ cα(β)

which is bilinear, symmetric, and

〈·, ·〉 : Γ× Γ→ Z(4.2)

〈α, β〉 = ord∞(cα(β))

is positive definite. One of the main result of [18] is that there is an exact
sequence

(4.3) 0→ Γ
α7→cα(·)−−−−−→ Hom(Γ,C×

∞)→ J0(n)(C∞)→ 0.

One can define Hecke operators Tp as endomorphisms of Γ in purely group-
theoretical terms as some sort of Verlagerung (see [18, (9.3)]). These operators
then also act on the torus Hom(Γ,C×

∞) through their action on the first argu-
ment Γ. By [18, (3.3.3)] and [17], there is a canonical isomorphism

(4.4) j : Γ
∼−→ H0(n,Z)

which is compatible with the action of Hecke operators. Through this con-
struction, the Hecke algebra T(n) in Definition 2.11 acts faithfully on Γ and
Hom(Γ,C×

∞). The sequence (4.3) is compatible with the action of T(n)0 on its
three terms; see [18, (9.4)].
Assume n is square-free. The matrix (2.3) representing the Atkin-Lehner in-
volution Wm for m|n is in the normalizer of Γ in GL2(F∞), and the induced
involution of X0(n)F∞ does not depend on the choice of this matrix. In terms
on the moduli problem, the involution Wm on X0(n) is given by

Wm : (φ,Cn) 7→ (φ/Cm, (φ[m] + Cn/m)/Cm),

where Cm and Cn/m are the subgroups of Cn of order m and n/m, respectively.

5. Component groups

Let n✁A be a non-zero ideal. Let J := J0(n) and J denote the Néron model
of J over P1Fq . Let J 0 denote the relative connected component of the identity

of J , that is, the largest open subscheme of J containing the identity section
which has connected fibres. The group of connected components (or component
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group) of J at a place v of F is Φv := JFv/J 0
Fv

. This is a finite abelian group
equipped with an action of the absolute Galois group GFv . The homomorphism
℘v : J(F nr

v )→ Φv obtained from the composition

℘v : J(F nr
v ) = J (Onr

v )→ JFv(Fv)→ Φv

will be called the canonical specialization map.
Assume p✁A is a prime not dividing m. Then the curveX0(m)Fp

is smooth. We

call a point P ∈ X0(m)(Fp) supersingular if it corresponds to the isomorphism

class of a pair (φ,Cm) with φ supersingular over Fp. For a Drinfeld A-module

φ over Fp given by φT = ∂(T )+gτ+∆τ2, let φ(p) : A→ Fp{τ} be the Drinfeld

module given by φ
(p)
T = ∂(T ) + g|p|τ + ∆|p|τ2. Since ∂(A) ⊆ Fp, we see that

τ |p|φa = φ
(p)
a τ |p| for all a ∈ A, so τ |p| is an isogeny φ → φ(p). Denote the

image of Cm in φ(p) under τ |p| by C
(p)
m . The map from X0(m)(Fp) to itself

given by (φ,Cm) 7→ (φ(p), C
(p)
m ) restricts to an involution on the finite set of

supersingular points; cf. [8, Thm. 5.3].

Theorem 5.1. Assume n = pm, with p prime not dividing m. The curve
X0(n)Fp

is smooth and extends to a proper flat scheme X0(n)Op
over Op such

that the special fibre X0(n)Fp
is geometrically reduced and consists of two ir-

reducible components, both isomorphic to X0(m)Fp
, intersecting transversally

at the supersingular points. More precisely, a supersingular point (φ,Cm) on

the first copy of X0(m)Fp
is glued to (φ(p), C

(p)
m ) on the second copy. The

curve X0(n)Fp
is smooth outside of the locus of supersingular points. De-

note by Aut(φ,Cm) the subgroup of automorphisms of φ which map Cm to
itself. For a supersingular point P ∈ X0(m)Fp

corresponding to (φ,Cm), let

m(P ) := 1
q−1#Aut(φ,Cm). Then, locally at P for the étale topology, X0(n)Op

is given by the equation XY = pm(P ).

Proof. This is proven in [10, §5] for n = p, but the proof easily extends to this
more general case. �

We will compute the component group Φp using a classical theorem of Raynaud,
but first we need to determine the number of singular points on X0(n)Fp

, and
the integers m(P ) ≥ 1 defined in Theorem 5.1. We call m(P ) the thickness of
P .
Let m =

∏
1≤i≤s p

ri
i be the prime decomposition of m. Define

R(m) =

{
1 if deg(pi) is even for all 1 ≤ i ≤ s
0 otherwise

L(m) = #P1(A/m) =
∏

1≤i≤s
|pi|ri−1(|pi|+ 1).

If m = A, we put s = 0 and L(m) = R(m) = 1.
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Lemma 5.2. The number of supersingular points on X0(m)Fp
is

S(p,m) =

{ |p|−1
q2−1L(m) if deg(p) is even;
|p|−q
q2−1L(m) + L(m)+q2sR(m)

q+1 if deg(p) is odd.

The thickness of a supersingular point on X0(m)Fp
is either 1 or q + 1. Su-

persingular points with thickness q+ 1 can exist only if deg(p) is odd and their
number is 2sR(m).

Proof. Let φ be a fixed Drinfeld module of rank 2 over Fp. Since m is assumed
to be coprime to p, the number of distinct cyclic subgroups Cm ⊂ φ[m] is L(m).
If Aut(φ) = F×q , then all pairs (φ,Cm) are non-isomorphic, since F×q fixes each
of them. Therefore, all these pairs correspond to distinct points on X0(m)Fp

.
We know from (4.1) that Aut(φ) 6= F×q if and only if j(φ) = 0. Since Theorem
4.1 gives the number of isomorphism classes of supersingular Drinfeld modules,
the claim of the lemma follows if we exclude the case with j(φ) = 0.
Now assume j(φ) = 0. Then Aut(φ) ∼= F×q2 . We can identify the set of cyclic

subgroups of φ of order m with P1(A/m). From this perspective, the action of
Aut(φ) on this set is induced from an embedding

F×q2 →֒ GL2(A/m) ∼= Aut(φ[m]),

with GL2(A/m) acting on P1(A/m) in the usual manner. We can decompose

P1(A/m) ∼=
∏

1≤i≤s
P1(A/prii )

with GL2(A/m) acting on P1(A/prii ) via its quotient GL2(A/prii ). The image
of F×q2 in GL2(A/m) is a maximal non-split torus in GL2(Fq). If the stabilizer

StabF×

q2
(P ) of P ∈ P1(A/prii ) is strictly larger than F×q , then it is easy to

see that in fact StabF×

q2
(P ) = F×q2 . Moreover, this is possible if and only if

Fq2 →֒ A/prii , in which case there are exactly 2 fixed points in P1(A/prii ) under
the action of Fq2 ; cf. [17, p. 695]. Note that the existence of an embedding

Fq2 →֒ A/prii is equivalent to deg(pi) being even. We conclude that F×q2 acting

on the set of L(m) pairs (φ,Cm) has 2sR(m) fixed elements, and the orbit of
any other element has length q + 1. This implies that there are

L(m)− 2sR(m)

q + 1
+ 2sR(m) =

L(m) + q2sR(m)

q + 1

points on X0(m)Fp
corresponding to φ with j(φ) = 0. Finally, by Theorem

4.1, the Drinfeld module with j(φ) = 0 is supersingular if and only if deg(p) is
odd. �

Theorem 5.3. Assume n = pm, with p prime not dividing m. If deg(p) is odd
and m = A, then

Φp
∼= Z/ ((q + 1)(S(p, A)− 1) + 1)Z.
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If deg(p) is even or m has a prime divisor of odd degree, then

Φp
∼= Z/S(p,m)Z.

Finally, if deg(p) is odd, m 6= A, and all prime divisors of m have even degrees,
then

Φp
∼= Z/

(
(q + 1)2S(p,m)− q(q + 1)2s

)
Z

⊕

1≤i≤2s−2

Z/(q + 1)Z.

(The isomorphisms above are meant only as isomorphisms of groups, not group
schemes, so Φp can have non-trivial GFp

-action.)

Proof. This follows from Corollary 11 on page 285 in [3], combined with Lemma
5.2 and Theorem 5.1. This result for n = p is also in [10]. �

Proposition 5.4. Assume n = pq is a product of two distinct primes. Denote

n(p, q) =
(|p| − 1)(|q|+ 1)

q2 − 1
.

Let Φp(Fp) be the subgroup of Φp fixed by GFp
. If deg(p) is odd and deg(q) is

even, then

Φp
∼= Z/(q + 1)2n(p, q)Z, Φp(Fp) ∼= Z/(q + 1)n(p, q)Z.

Otherwise,

Φp(Fp) = Φp
∼= Z/n(p, q)Z.

Proof. To simplify the notation, denote X = X0(pq)Op
and k = Fp. Let

X̃ → X be the minimal resolution of X . We know that Xk consists of two
irreducible components, both isomorphic to X0(q)k. If deg(p) is even or deg(q)

is odd, then X = X̃. On the other hand, if deg(p) is odd and deg(q) is
even, then there are two points P and Q of thickness q + 1. To obtain the
minimal regular model one performs a sequence of q blows-ups at P and Q.
With the notation of [41, §4.2], let E1, . . . , Eq and G1, . . . , Gq be the chain of
projective lines resulting from these blow-ups at P and Q, respectively. Let
Z and Z ′ denote the two copies of X0(q)k, with the convention that E1 and

G1 intersect Z. Let B(X̃k) be the free abelian group generated by the set

of geometrically irreducible components of X̃k. Let B0(X̃k) be the subgroup

of degree-0 elements in B(X̃k). The theorem of Raynaud that we mentioned

earlier gives an explicit description of Φp as a quotient of B0(X̃k); cf. [41, §4.2].

Let Frobp : α → α|p| be the usual topological generator of Gk. The Frobenius

Frobp naturally acts on the geometrically irreducible components of X̃k, and

therefore on B0(X̃k). Since X0(q)k is defined over k, the action of Frobp fixes

z := Z − Z ′ ∈ B0(X̃k). If deg(p) is even or deg(q) is odd, then z generates

B0(X̃k), so Gk acts trivially on Φp, which by Theorem 5.3 is isomorphic to
Z/n(p, q)Z.
From now on we assume deg(p) is odd and deg(q) is even. The claim Φp

∼=
Z/(q + 1)2n(p, q)Z follows from Theorem 5.3. Let φ be given by φT = T + τ2.
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Note that j(φ) = 0 and φ is defined over k, so Frobp acts on the set of cyclic
subgroups Cq ⊂ φ. Denote A′ = Fq2 [T ]. It is easy to see that A′ ⊆ End(φ).
Since q = q1q2 splits in A′ into a product of two irreducible polynomials of the
same degree, we have

φ[q] ∼= A′/q ∼= A′/q1 ⊕A′/q2 ∼= A/q⊕A/q ∼= φ[q1]⊕ φ[q2].

The above decomposition is preserves under the action of Fq2 . In particu-

lar, Aut(φ, φ[qi]) ∼= F×q2 . On the other hand, since p has odd degree, this

decomposition is not defined over k and Frobp(φ[q1]) = φ[q2]. We conclude
that P = (φ, φ[q1]), Q = (φ, φ[q2]) and Frobp(P ) = Q. Since the action of

Frobp preserves the incidence relations of the irreducible components of X̃k,
we have Frobp(Ei) = Gi, 1 ≤ i ≤ q. Following the notation of Theorem 4.1
in [41], let eq = Eq − Z ′ and gq = Gq − Z ′. According to that theorem,
the image of eq in Φp generates Φp, and in the component group we have
gq = − ((q + 1)(S(p, q)− 2) + 1) eq. Thus, the action of Frobp on Φp in terms
of the generator eq is given by Frobp(eq) = − ((q + 1)(S(p, q)− 2) + 1) eq. This
implies that aeq ∈ Φp(Fp) if and only if

aeq = Frobp(aeq) = −a ((q + 1)(S(p, q)− 2) + 1) eq,

which is equivalent to a ((q + 1)S(p, q)− 2q) eq = 0. Hence amust be a multiple
of q + 1, and

Φp(Fp) = 〈(q + 1)〉 ∼= Z/(q + 1)n(p, q)Z.
�

The existence of rigid-analytic uniformization (4.3) of J implies that J has
totally degenerate reduction at ∞, i.e., J 0

F∞
is a split algebraic torus over F∞.

The problem of explicitly describing Φ∞ is closely related to the problem of
describing Γ0(n) \ T together with the stabilizers of its edges; cf. [41, §5.2].
Since the graph Γ0(n) \ T becomes very complicated as |n| grows, no explicit
description of Φ∞ is known in general. On the other hand, Φ∞ has a description
in terms of the uniformization of J . Let 〈·, ·〉 : Γ × Γ → Z be the pairing
(4.2). This pairing is bilinear, symmetric, and positive-definite, so it induces
an injection ι : Γ → Hom(Γ,Z), γ 7→ 〈γ, ·〉. Identifying Γ with H0(n,Z) via
(4.4), we get an injection ι : H0(n,Z)→ Hom(H0(n,Z),Z). The Hecke algebra
T(n) acts on Hom(H0(n,Z),Z) through its action on the first argument. The
action of T(n) on J , by the Néron mapping property, canonically extends to an
action on J . Thus, T(n) functorially acts on Φ∞.

Theorem 5.5. The absolute Galois group GF∞ acts trivially on Φ∞, and there
is a T(n)0-equivariant exact sequence

0→ H0(n,Z)
ι−→ Hom(H0(n,Z),Z)→ Φ∞ → 0.

Proof. The exact sequence is the statement of Corollary 2.11 in [11]. The T(n)0-
equivariance of this sequence follows from the T(n)0-equivariance of (4.3). The
fact that GF∞ acts trivially on Φ∞ is a consequence of J 0

F∞
being a split

torus. �
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6. Cuspidal divisor group

The cuspidal divisor group C(n) of J := J0(n) is the subgroup of J generated
by the classes of divisors [c] − [c′], where c, c′ run through the set of cusps of
X0(n)F .

Theorem 6.1. C(n) is finite and if n is square-free then C(n) ⊂ J(F )tor.

Proof. This theorem is due to Gekeler [15], where the finiteness of C(n) is
proven for general congruence subgroups over general function fields. Since
the proof is fairly short, for the sake of completeness, we give a sketch. The
space H0(n,C) has an interpretation as a space of automorphic cusp forms (cf.
[18]), so the Ramanujan-Petersson conjecture over function fields (proved by
Drinfeld) implies that the eigenvalues of Tp are algebraic integers of absolute

value ≤ 2
√
|p| for any prime p ∤ n. This implies that the operator ηp =

Tp − |p| − 1 is invertible on H0(n,C). Hence ηp : H0(n,Z) → H0(n,Z) is
injective with finite cokernel. Now using the Tp equivariance of (4.3) and (4.4),
we see that ηp : J → J is an isogeny. Assume for simplicity that n is square-
free. In the proof of Lemma 3.1 we showed that ηp([c] − [c′]) = 0. Hence
C(n) ⊆ ker(ηp), which is finite. Finally, when n is square-free, all the cusps of
X0(n)F are rational over F , so the cuspidal divisor group is in J(F ); see [16,
Prop. 6.7]. �

Proposition 6.2. With notation of §3.1, let µ(n) be the largest integer ℓ such
that there exists an ℓ-th root of ∆/∆n in O(Ω)×. Then µ(n) = (q− 1)2 if deg n
is odd and µ(n) = (q − 1)(q2 − 1) if deg n is even. Let Dn be a µ(n)-th root of
∆/∆n. There exists a character ωn : Γ0(n)→ F×q such that for each γ ∈ Γ0(n),

Dn(γz) = ωn(γ)Dn(z).

Proof. See Corollary 3.5 and 3.21 in [14]. �

If n =
∏
i p
ri
i ✁ A is the prime decomposition of n, define a character χn :

Γ0(n)→ F×q by the following: for γ =

(
a b
c d

)
∈ Γ0(n),

χn(γ) :=
∏

i

Ni(d mod pi)
−ri ,

where Ni : (A/piA)× → F×q is the norm map. Then ωn = χn · detdeg(n)/2 if

deg(n) is even and ωn = χ2
n · detdeg(n) if deg(n) is odd. In particular, the order

of ωn is q − 1 when n is square-free (cf. [14] Proposition 3.22). By Proposition
6.2, we immediately get:

Corollary 6.3.

(1) D′
n := Dq−1

n is a meromorphic function on the Drinfeld modular curve
X0(n) satisfying

(D′
n)

µ(n)
q−1 =

∆

∆n
.

Documenta Mathematica 20 (2015) 551–629



The Eisenstein Ideal and Jacquet-Langlands Isogeny 591

(2) Given two ideals m and n of A, we set Dn,m(z) := Dn(z)/Dn(mz),
∀z ∈ Ω. Then

(Dn,m)µ(n) =
∆∆mn

∆n∆m
= (Dm,n)µ(m)

and for every γ ∈ Γ0(mn), we have

Dn,m(γz) = Dn,m(z).

In other words, Dn,m and Dm,n can be viewed as meromorphic functions
on X0(mn).

Remark 6.4. Take two coprime ideals m and n of A. By Corollary 6.3 (1),
the (q − 1)-th roots of (∆∆m)/(∆n∆mn) always exist in the function field of
X0(mn)C∞ . In fact, we can find a (q2 − 1)-th root of (∆∆m)/(∆n∆mn) when
deg n or degmn is even. Indeed, we notice that

∆(z)∆m(z)

∆n(z)∆mn(z)
=

∆(z)

∆n(z)
· ∆(z′)

∆n(z′)
=

∆(z)

∆mn(z)
· ∆(z′′)

∆mn(z′′)
·m−(q2−1).

Here

z′ = mz, z′′ =
mz + 1

bmnz + am
=

(
m 1
bmn am

)
· z,

and a, b ∈ A such that am− bn = 1. In particular, when q is odd,

D′′
n(z) := (Dn(z) ·Dn(mz))

q−1
2

is a 2(q2 − 1)-th (resp. 2(q − 1)-th) root of (∆∆m)/(∆n∆mn) in the function
field of X0(mn)C∞ when deg n is even (resp. odd).

The following lemma is immediate from the definitions.

Lemma 6.5. Let r be the van der Put derivative (3.3) and En ∈ H(n,Z) the
Eisenstein series (3.4). Then r(Dn) = En, and for any two distinct prime
ideals p and q,

r(Dp,q) =

{
(q + 1) ·E(p,q), if deg p is odd and deg q is even,

E(p,q), otherwise.

Take two distinct prime ideals p and q, let ℓ be the largest number such that
there exists an ℓ-th root ξ of (∆∆pq)/(∆p∆q) in the function field of X0(pq)C∞ .

Comparing the first Fourier coefficient r(ξ)∗(1) with r
(
(∆∆pq)/(∆p∆q)

)∗
(1),

we must have ℓ|(q − 1)(q2 − 1). By Corollary 3.17 in [14], for every non-zero
ideal n of A

∆

∆n
= const.

G
(q−1)(q2−1)
n

∆(qdeg n−1)
,

where Gn is a Drinfeld modular form on Ω such that for any γ =

(
a b
c d

)
∈

Γ0(n)

Gn(γz) = χn(γ)(cz + d)(|n|−1)/(q−1)Gn(z).
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Then

ξℓ =
∆(z)∆pq(z)

∆p(z)∆q(z)
= const.

(
Gp(z)

Gp(qz)

)(q−1)(q2−1)

·
(

∆q(z)

∆(z)

)|p|−1

= const.

(
Gp(z)

Gp(qz)

)(q−1)(q2−1)

·Dq(z)−µ(q)(|p|−1).

Since Gp(z)/Gp(qz) is a meromorphic function on X0(pq)C∞ ,

Dq(z)
µ(q)(|p|−1)

ℓ = const.

(
Gp(z)

Gp(qz)

) (q−1)(q2−1)
ℓ

· ξ−1

is also in the function field of X0(pq)C∞ . Note that the character ωq has order
q − 1. Set

µ(p, q) :=

{
(q − 1)(q2 − 1), if deg(p) or deg(q) is even,

(q − 1)2, otherwise.

We then have:

Lemma 6.6. The largest number ℓ such that there exists an ℓ-th roots of
∆∆pq

∆p∆q

in the function field of X0(pq)C∞ is µ(p, q).

From now on we assume that n = pq is a product of two distinct primes.
In this case, X0(n)F has 4 cusps, which in the notation of Lemma 2.14 are
[∞], [1], [p], [q]. Let c1, cp, cq ∈ J(F ) be the classes of divisors [1] − [∞],
[p]−[∞], and [q]−[∞], respectively. To simplify the notation, we put C := C(pq).
The cuspidal divisor group C is generated by c1, cp, and cq.

Proposition 6.7. The order of c1 and cq is divisible by
{

(|p|−1)(|q|+1)
q−1 if deg(p) is odd and deg(q) is even,

(|p|−1)(|q|+1)
q2−1 otherwise.

Proof. We use the notation in the proof of Proposition 5.4. Let ℘p : J(Fp) →
Φp be the canonical specialization map. This map can be explicitly described
as follows. Let D =

∑
i niPi be a degree-0 divisor, where all Pi ∈ X(Fp).

Denote by D also the linear equivalence class of D in J(Fp). Since X and X̃

are proper, X(Fp) = X(Op) = X̃(Op). Since X̃ is regular, each Pi specializes

to a unique irreducible component c(Pi) of X̃k. Then ℘p(D) is the image

of
∑
i nic(Pi) ∈ B0(X̃k) in Φp. By Theorem 4.2, the cusps reduce to distinct

points in the smooth locus ofXk. The Atkin-Lehner involutionWp interchanges
the two irreducible components Z and Z ′ of Xk. Since Wp([∞]) = [q], the
reductions of [∞] and [q] lie on distinct components. On the other hand,
Wq acts on Xk by acting on each component Z and Z ′ separately, without
interchanging them. Since Wq([∞]) = [p], the reductions of [∞] and [p] lie on
the same component of Xk. Let Z ′ be the component containing [∞] and [p].
Let z be the image of Z−Z ′ in Φp. Then ℘p(c1) = ℘p(cq) = z and ℘p(cp) = 0.
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By Theorem 4.1 in [41], Φp/〈z〉 ∼= Z/(q + 1)Z. Now the claim follows from
Theorem 5.3. �

Remark 6.8. Suppose n = pm, with p prime not dividing m. Let C(n)(F ) denote
the F -rational cuspidal subgroup of J0(n). Generalizing the argument in the
proof of Proposition 6.7 and using Theorem 5.3, it is not hard to show that the
exponent of the group Φp/℘p(C(n)(F )) divides (q + 1). In particular, the map

℘p : C(n)(F )ℓ → (Φp)ℓ

is surjective for ℓ ∤ (q + 1).

The orders of ∆ at the cusps are known (cf. [14, (3.10)]):

ord[∞]∆ = 1, ord[1]∆ = |p||q|, ord[p]∆ = |p|, ord[q]∆ = |q|.

Using the action of the Aktin-Lehner involutions on the cusps (Lemma 2.14)
and on the functions ∆, ∆p, and ∆pq, one obtains the divisors of the following
functions on X0(n)C∞ (cf. [41]):

div(∆/∆p) = (|p| − 1)
(
|q|([1]− [∞])− |q|([p]− [∞]) + ([q]− [∞])

)
,

div(∆/∆q) = (|q| − 1)
(
|p|([1]− [∞]) + ([p]− [∞])− |p|([q]− [∞])

)
,

div(∆/∆pq) = (|pq| − 1)([1]− [∞]) + (|q| − |p|)([p]− [∞])+

+ (|p| − |q|)([q]− [∞]).

Hence

div

(
∆∆pq

∆p∆q

)
= (|p| − 1)(|q| − 1)

(
[∞] + [1]− [p]− [q]

)
,(6.1)

div

(
∆∆q

∆p∆pq

)
= (|p| − 1)(|q|+ 1)

(
[∞] + [1]− [p] + [q]

)
,(6.2)

div

(
∆∆p

∆q∆pq

)
= (|p|+ 1)(|q| − 1)

(
[∞] + [1] + [p]− [q]

)
.(6.3)

From these equations we get:

Lemma 6.9.

0 = (|p|2 − 1)(|q|2 − 1)c1 = (|p|2 − 1)(|q| − 1)cp = (|p| − 1)(|q|2 − 1)cq.

In particular, the order of C is not divisible by p.

Let

c(−,−) := c1 − cp − cq, c(−,+) := c1 − cp + cq, c(+,−) := c1 + cp − cq.
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The subgroup C′ of C generated by c(−,−), c(−,+), and c(+,−) has index 1, 2, or
4. Set

ǫ(p, q) :=





q − 1, if q is even, deg p is odd and deg q is even,

2(q − 1), if q is odd, deg p is odd, and deg q is even,

q2 − 1, if (i) deg p and deg q are both odd or

(ii) q is even and deg p is even,

2(q2 − 1), otherwise,

and

N(−,−) :=
(|p| − 1)(|q| − 1)

µ(p, q)
,

N(−,+) :=
(|p| − 1)(|q|+ 1)

ǫ(p, q)
, N(+,−) :=

(|p|+ 1)(|q| − 1)

ǫ(q, p)
.

Proposition 6.10. The orders of c(−,−), c(−,+), and c(+,−) are N(−,−),
N(−,+), and N(+,−), respectively. The group C′ is isomorphic to

Z
N(−,−)Z

× Z
N(−,+)Z

× Z
N(+,−)Z

.

Proof. Lemma 6.6 and Equation (6.1) tell us immediately that the order of

c(−,−) is N(−,−). In Remark 6.4, we have constructed ǫ(p, q)-th root of
∆∆q

∆p∆pq

in the function field of X0(pq)C∞ . Therefore Equation (6.2) and (6.3) imply
that

N(−,+)c(−,+) = N(+,−)c(+,−) = 0.

Recall from the proof of Proposition 6.7 that ℘p(c1) = ℘p(cq) = z and
℘p(cp) = 0, where ℘p : J(Fp)→ Φp is the canonical specialization map. Then
℘p(c(−,+)) = 2z, and the order of c(−,+) must be divisible by N(−,+). There-
fore the order of c(−,+) is N(−,+), which is also the order of ℘p(c(−,+)). By
interchanging p and q we obtain that the order of c(+,−) is N(+,−). This proves
the first claim.
Now, suppose c = α1c(−,−)+α2c(−,+)+α3c(+,−) = 0 for α1, α2, α3 ∈ Z. Then
℘p(c) = α2℘p(c(−,+)) = 0, which implies that N(−,+) | α2. Similarly, we have
N(+,−) | α3. Hence c = α1c(−,−) = 0, and N(−,−) | α1. This implies the second
claim. �

When q is even, Lemma 6.9 implies that C = C′. Suppose q is odd. Note that
the quotient group C/C′ is generated by cp and cq, where 2cp ≡ 2cq ≡ 0 mod C′.
When deg(p) and deg(q) are both odd, we can find meromorphic functions ϕp

and ϕq on X0(pq)C∞ such that

div(ϕp) =
(|p|2 − 1)(|q| − 1)

(q − 1)(q2 − 1)
([p]− [∞]),

div(ϕq) =
(|p| − 1)(|q|2 − 1)

(q − 1)(q2 − 1)
([q]− [∞]).
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Indeed, let

ϕp(z) :=
Dq(z)

|p|−q

q2−1 ·Dq(pz)
|p|q−1

q2−1

(
Dpq(z) ·Dpq(Wpz)

) |p|−1
q−1

, ϕq(z) :=
Dp(z)

|q|−q

q2−1 ·Dp(qz)
|q|q−1

q2−1

(
Dpq(z) ·Dpq(Wqz)

) |q|−1
q−1

(Proposition 6.2 implies that ϕp and ϕq are Γ0(pq)-invariant.) We conclude
that the orders of cp and cq are odd, and therefore C = C′.
Suppose q is odd and deg(p) ·deg(q) is even. Then Proposition 6.7 tells us that
the order of cp and cq are both even. Thus from the canonical specialization
maps ℘p and ℘q, we have the following exact sequence:

0 −→ C′ −→ C −→ Z
2Z
× Z

2Z
−→ 0.

Since 2cp = c(+,−) − c(−,−) and 2cq = c(−,+) − c(−,−), the order of cp is 2 ·
lcm(N(−,−), N(+,−)), and the order of cq is 2 · lcm(N(−,−), N(−,+)). From the
above discussion, we finally conclude that:

Theorem 6.11.

(1) The order of cp is (|p|2−1)(|q|−1)
(q−1)(q2−1) and the order of cq is (|p|−1)(|q|2−1)

(q−1)(q2−1) .

(2) The odd part of C is isomorphic to

Z
Nodd

(−,−)Z
× Z
Nodd

(−,+)Z
× Z
Nodd

(+,−)Z
,

where Nodd is the odd part of a positive integer N .
(3) When q is even or q · deg(p) · deg(q) is odd, we have C = C′.
(4) Suppose q is odd and deg(p) · deg(q) is even. Let C2 (resp. C′2) be the

2-primary part of C (resp. C′). Let r1, r2, r3 ∈ Z≥0 with r1 ≥ r2 ≥ r3
such that

C′2 ∼= Z/2r1Z× Z/2r2Z× Z/2r3Z.
Then

C2 ∼= Z/2r1+1Z× Z/2r2+1Z× Z/2r3Z.
Example 6.12. If q is even, then C′(xy) = C(xy) ∼= Z/(q+ 1)Z×Z/(q2 + 1)Z.
If q is odd, then C′(xy) ∼= Z

q+1
2 Z
× Z

q2+1
2 Z

and C(xy) ∼= Z/(q+ 1)Z×Z/(q2 + 1)Z.

Example 6.13. Assume deg(p) = deg(q) = 2. If q is even, then

C′(pq) = C(pq) ∼= Z
(q2 + 1)Z

× Z
(q + 1)(q2 + 1)Z

.

If q is odd,

C′(pq) ∼= Z
(q + 1)Z

× Z
q2+1
2 Z

× Z
q2+1
2 Z

,

C(pq) ∼= Z
(q2 + 1)Z

× Z
(q + 1)(q2 + 1)Z

.
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7. Rational torsion subgroup

7.1. Main theorem. Let n✁A be a non-zero ideal. To simplify the notation
in this section we denote J = J0(n). Let J denote the Néron model of J over
P1Fq . Let T (n) the torsion subgroup of J(F ).

Lemma 7.1. Let ℓ be a prime not equal to p. Then T (n)ℓ is annihilated by
the Eisenstein ideal E(n), i.e., (Tp − |p| − 1)P = 0 for every prime ideal p not
dividing n and P ∈ T (n)ℓ.

Proof. It follows from Theorem 4.2 that J has good reduction at p ∤ n. By
the Néron mapping property, T (n)ℓ extends to an étale subgroup scheme of
J . This implies that there is a canonical injective homomorphism T (n)ℓ →֒
JFp

(Fp). The action of T(n) on J canonically extends to an action on J .
Since the reduction map commutes with the action of T(n), it is enough to
show that (Tp− |p|− 1) annihilates T (n)ℓ over Fp. Let Frobp be the Frobenius
endomorphism of JFp

. The Hecke operator Tp satisfies the Eichler-Shimura
relation:

Frob2
p − Tp · Frobp + |p| = 0.

Since Frobp acts trivially on T (n)ℓ, the claim follows. �

Lemma 7.2. Suppose ℓ is a prime not dividing q(q − 1). There is a natural
injective homomorphism T (n)ℓ →֒ E00(n,Z/ℓrZ) for any r ∈ Z≥0 with ℓr ≥
#(Φ∞,ℓ).

Proof. Since J has split toric reduction at ∞, J 0
F∞

(F∞) ∼=
∏g
i=1 F

×
q , where

g = dim(J). Under the assumption that ℓ does not divide q(q − 1), we see
that T (n)ℓ has trivial intersection with J 0

F∞
, so the canonical specialization

T (n)ℓ → (Φ∞)ℓ is injective. Since this map is T(n)-equivariant, by Lemma 7.1
we get an injection T (n)ℓ → (Φ∞)ℓ[E]. Fix some r ∈ Z≥0 with ℓr · (Φ∞)ℓ =
0. Multiplying the sequence in Theorem 5.5 by ℓr and applying the snake
lemma, we get an injection (Φ∞)ℓ →֒ H00(n,Z/ℓrZ). Since this map is again
T(n)-equivariant, restricting to the kernels of E(n), we get (Φ∞)ℓ[E(n)] →֒
E00(n,Z/ℓrZ). Therefore, T (n)ℓ →֒ E00(n,Z/ℓrZ) as was required to show. �

Theorem 7.3. Suppose n = pq is a product of two distinct primes p and q. Let
sp,q = gcd(|p|+1, |q|+1). If ℓ does not divide q(q−1)sp,q, then C(n)ℓ = T (n)ℓ.

Proof. First of all, since n is square-free, C(n) is rational over F , so C(n)ℓ ⊆
T (n)ℓ; see Theorem 6.1. Next, note that ℓ is odd by our assumption, so by
Proposition 6.10

C(n)ℓ = C(n)oddℓ
∼= Z/ℓr(−,−)Z× Z/ℓr(−,+)Z× Z/ℓr(+,−)Z,

where r(±,±) := ordℓ(N(±,±)). Since ℓ is coprime to q(q − 1)sp,q, Theorem 3.9
and Lemma 3.10 give the inclusion

E00(n,Z/ℓrZ) = E ′00(n,Z/ℓrZ)

⊆ E ′0(n,Z/ℓrZ) ∼= Z/ℓr(−,−)Z× Z/ℓr(−,+)Z× Z/ℓr(+,−)Z.
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Finally, by Lemma 7.2 we have an injection C(n)ℓ →֒ T (n)ℓ →֒ E00(n,Z/ℓrZ).
Comparing the orders of these groups, we conclude that

C(n)ℓ = T (n)ℓ = E00(n,Z/ℓrZ) = E ′0(n,Z/ℓrZ).

�

Remark 7.4. The previous proof shows that E00(pq,Z/ℓrZ) = E ′0(pq,Z/ℓrZ).
A generalization of this argument gives the equality E00(pq, R) = E ′0(pq, R) for
any coefficient ring in which q − 1 and sp,q are invertible.

Corollary 7.5. If ℓ does not divide q(|p|2 − 1)(|q|2 − 1), then T (pq)ℓ = 0.

Lemma 7.6. Assume n = mp is square-free, p is prime, and deg(m) ≤ 2. Then
T (n)p = 0.

Proof. If deg(m) ≤ 2, then X0(m)Fp
∼= P1Fp

. It follows from Theorem 5.1 and

[3, p. 246] that J 0
Fp

is a torus. Since J has toric reduction at p, the p-primary

torsion subgroup T (n)p injects into Φp; see Lemma 7.13 in [38]. Finally, as is
easy to see from Theorem 5.3, if n is square-free, the order of Φp is coprime to
p. Thus, T (n)p = 0. �

7.2. Special case. Here we focus on the case n = xy and prove that C(n) =
T (n). To simplify the notation, let C := C(n) and T := T (n). By Theorem 7.3
and Lemma 7.6, we know that Cℓ = Tℓ for any ℓ ∤ (q − 1). Let

N = (q + 1)(q2 + 1).

By Corollary 3.18, T(xy)/E(xy) ∼= Z/NZ, so N ∈ E(xy). On the other hand,
E(xy) annihilates Tℓ for ℓ 6= p. Therefore, the exponent of Tℓ divides N . Since
gcd(q− 1, N) divides 4, Tℓ = 0 when ℓ | (q− 1) is an odd prime. Therefore, we
are reduced to showing that C2 = T2 in the case when q is odd. To prove this
we will use the fact that X0(xy)F is hyperelliptic.
Let C be a hyperelliptic curve of genus g over a field F of characteristic not equal
to 2. Let B ⊂ C(F̄ ) be the set of fixed points of the hyperelliptic involution of
C. The cardinality of B is 2g + 2. Let J be the Jacobian variety of C. Let G
be the set of subsets of even cardinality of B modulo the equivalence relation
defined by S1 ∼ S2 if S1 = S2 or S1 = B − S2 (= the complement of S2).
Denote the equivalence class of S ⊂ B by [S]. Define a binary operation on G
by

[S1] ◦ [S2] = [(S1 ∪ S2)− (S1 ∩ S2)].

Then G is an abelian group isomorphic to (Z/2Z)2g (the identity is [∅]). There
is an obvious action of the absolute Galois group GF on G, induced from the
action on B.

Theorem 7.7. There is a canonical isomorphism J [2] ∼= G of Galois modules.

Proof. Follows from Lemma 2.4 in [36], page 3.32. �
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Now let F = Fq(T ) with q odd. Let f(T ) be a monic square-free polynomial
of degree 3. Let n be the ideal in A generated by f(T ). The Drinfeld modular
curve X0(n)F is hyperelliptic with the Atkin-Lehner involution Wn being the
hyperelliptic involution; see [49]. Let e ∈ F×q be a non-square. Denote K1 =

F (
√
f(T )), K2 = F (

√
ef(T )), O1 = A[

√
f(T )], O2 = A[

√
ef(T )]. Note that

since ∞ does not split in Ki/F , Oi is a maximal order in Ki (i = 1, 2).

Theorem 7.8. The fixed points of Wn on X0(n)F correspond to the isomor-
phism classes of Drinfeld modules with complex multiplication by O1 or O2.

Proof. See (3.5) in [10]. �

Theorem 7.9. Let K be an imaginary quadratic extension of F , i.e., ∞ does
not split in K/F . Let O be the integral closure of A in K. Let H be the Hilbert
class field of K, i.e., the maximal abelian unramified extension of K in which
∞ splits completely.

(1) Gal(H/K) ∼= Pic(O).
(2) There is a unique irreducible monic polynomial HK(z) ∈ A[z] whose

roots are the j-invariants of various non-isomorphic rank-2 Drinfeld
A-modules over C∞ with CM by O.

(3) The degree of HK(z) is the class number of O, and H is its splitting
field.

(4) The field F ′ = F [z]/HK(z) is linearly disjoint from K, and H is the
composition of F ′ and K.

Proof. Follows from Corollary 2.5 in [8]. �

Denote Hi(z) = HKi(z), Fi = F [z]/Hi(z), hi = #Pic(Oi), and Hi the Hilbert
class field of Ki (i = 1, 2). Let B be the set of fixed points of Wn on X0(n).
Since the action of GF on X0(n)(F̄ ) commutes with the action of Wn, the set B
is stable under the action of GF . The previous two theorems imply that B can
be identified with the set of roots of the polynomial H1(z)H2(z) compatibly
with the action of GF . Let J := J0(n).

Lemma 7.10. If f(T ) is irreducible, then J(F )[2] = 0.

Proof. Let X be the smooth, projective curve over Fq with function field K1.
It is well-known that there is an exact sequence

0→ JacX(Fq)→ Pic(O1)→ Z/d∞Z→ 0,

where d∞ is the degree of ∞ on X . Since f(T ) has degree 3, ∞ ramifies in
K1/F , so d∞ = 1 and X is isomorphic to the elliptic curve E1 defined by the
equation Y 2 = f(T ). Thus, Pic(O1) ∼= E1(Fq). Similarly, Pic(O2) ∼= E2(Fq),
where E2 is defined by Y 2 = ef(T ). In particular,

h1 + h2 = #E1(Fq) + #E2(Fq) = 2q + 2.

The last equality follows from the observation that for any α ∈ Fq either
f(α) = 0, in which case we get one Fq-rational point on both E1 and E2,
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or exactly one of f(α), ef(α) is a square in F×q , in which case we get two
Fq-rational on one of the elliptic curves and no points on the other.
Now suppose f(T ) is irreducible. Then f(T ) has no Fq-rational roots, and
therefore E1(Fq)[2] = O. This implies that h1 and h2 are both odd. Denote
the set of roots of H1 (resp. H2) by B1 (resp. B2), so that B = B1 ∪B2. Note
that B1 and B2 are stable under the action of GF , but have no non-trivial GF
stable subsets. Since #B1 and #B2 are odd, by Mumford’s theorem the only
possibility for having an F -rational 2-torsion on J is to have a subset S ⊂ B
of order q + 1 such that σS = S or σS = B − S for any σ ∈ GF . Denote
S1 = S ∩ B1. Without loss of generality we can assume that S1 6= ∅, B1.
We must have σS1 = S1 or σS1 = B1 − S1 for any σ ∈ GF . But #S1 and
#(B1 − S1) have different parity, and therefore σS1 = S1 for any σ ∈ GF ,
which is a contradiction. �

Remark 7.11. Lemma 7.10 also follows from Theorem 1.2 in [38]. Indeed, if
f(T ) is irreducible, then according to [38], J(F )tor ∼= Z/(q2 + q + 1)Z, so
J(F )[2] = 0.

Lemma 7.12. If f(T ) decomposes into a product f1(T )f2(T ), where f2(T ) is
irreducible of degree 2, then J(F )[2] ∼= Z/2Z⊕ Z/2Z.
Proof. We retain the notation of the proof of Lemma 7.10. The first part of
the proof of that lemma implies that Pic(Oi)[2] ∼= Z/2Z, since both elliptic
curves E1 and E2 have exactly one non-trivial Fq-rational 2-torsion point cor-
responding to (α, 0), where f1(α) = 0. In particular, h1 and h2 are even, and
Hi/Ki has a unique quadratic subextension. We conclude that [B1] = [B2] is
F -rational.
The other F -rational 2-torsion points on J are in bijection with the disjoint
decompositions B1 = R1 ∪ R2 and B2 = R′

1 ∪ R′
2 such that #R1 = #R2,

#R′
1 = #R′

2, and for any σ ∈ GF either

σR1 = R1 and σR′
1 = R′

1

or
σR1 = R2 and σR′

1 = R′
2.

In that case, P = [R1 ∪ R′
1] = [R2 ∪ R′

2] and Q = [R1 ∪ R′
2] = [R2 ∪ R′

1] give
two distinct non-trivial 2-torsion points on J which are rational over F . Note
that the subgroup generated by P,Q and [B1] is isomorphic to Z/2Z⊕ Z/2Z.
On the other hand, such disjoint decompositions are in bijection with the qua-
dratic extensions L of F which simultaneously embed into both F1 and F2.
Note that over a quadratic subextension L of F1/F the polynomial H1 decom-
poses into a product G1(z)G2(z) of two irreducible polynomials in L[z] of the
same degree. In that case, R1 and R2 are the sets of roots of G1 and G2,
respectively. Now if there are two distinct quadratic subextensions L and L′

of F1, then H1 = F1K1 also contains two distinct quadratic subextensions. As
we indicated above, this is not the case, hence there is at most one L.
Consider L = F (

√
f2). Since f2 is monic of degree 2, ∞ splits in L/F . Since

the only place that ramifies in L/F is the place corresponding to f2, which
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also ramifies in K/F with the same ramification index, LK is a quadratic
subextension of H1/K. Hence the composition LF1 is a subfield of H1, and if
L and F1 are linearly disjoint over F , then by comparing the degrees we see
that LF1 = H1. Since H1(z) has even degree, F1 embeds into the completion
F∞. The same is true for L. Thus, if LF1 = H1, then H1 embeds into F∞,
which is not the case as K/F is imaginary quadratic. We conclude that L
and F1 cannot be linearly disjoint, and therefore L embeds into F1. The same
argument works also with F2, and this finishes the proof of the lemma. �

Theorem 7.13. C = T ∼= Z/(q + 1)Z× Z/(q2 + 1)Z.

Proof. As we already discussed, it is enough to show that C2 = T2 when q is
odd. By Example 6.12,

C = 〈cx〉 ⊕ 〈cy〉 ∼= Z/(q + 1)Z⊕ Z/(q2 + 1)Z,

and c1 = cx + cy. The component group Φ∞ (for the case n = xy) and the
canonical specialization map ℘∞ : C → Φ∞ are computed in [41, Thm. 5.5]:

Φ∞ = Φ∞(F∞) ∼= Z/NZ, ℘∞(cx) = q2 + 1, ℘∞(cy) = −q(q + 1).

In particular, if we denote C0 = ker(℘∞ : C → Φ∞), then C0 ∼= Z/2Z when
q is odd. On the other hand, by Lemma 7.12, T [2] ∼= Z/2Z × Z/2Z. Hence
C[2] = T [2].
Let T 0 := ker(℘∞ : T → Φ∞). As we discussed at the beginning of this section,
T 0 is a subgroup of (Z/(q − 1)Z)⊕q annihilated by N . We have

gcd((q − 1), N) =

{
2 if q ≡ 3 mod 4

4 if q ≡ 1 mod 4.

Assume q ≡ 3 mod 4. Then T 0 ⊂ T [2] = C[2]. This implies T 0 = C0 ∼= Z/2Z,
and is generated by

c :=
(q + 1)

2
cx +

(q2 + 1)

2
cy.

In this case ℘∞ is injective on 〈c1〉, and ℘∞(c1) generates ℘∞(C). If T2 6= C2,
then there is an element t ∈ T such that 2℘∞(t) = ℘∞(c1). Thus, 2t = c1 + c
or 2t = c1. We know from the proof of Proposition 6.7 that ℘y(cy) = 0, and
℘y(cx) generates Φy(Fy) ∼= Φy ∼= Z/(q + 1)Z. If 2t = c1, then 2℘y(t) generates
Φy. Since 2 divides q + 1, the multiplication by 2 map is not surjective on Φy,

so we get a contradiction. If 2t = c1 + c, then 2℘y(t) = ℘y(cx) + (q+1)
2 ℘y(cx),

which is still a generator of Φy, and we again arrive at a contradiction.
Now assume q ≡ 1 mod 4. In this case

C2 ∼= (Z/(q + 1)Z)2 × (Z/(q2 + 1)Z)2 = Z/2Z× Z/2Z ∼= C[2]

is generated by q+1
2 cx and q2+1

2 cy. If T 6= C, then there is t ∈ T of order 4

such that 2t ∈ C[2]. If 2t = c or 2t = q+1
2 cx, then applying ℘y we see that

2℘y(t) 6= 0. On the other hand, ℘y(t) ∈ (Φy)2 ∼= Z/2Z, so 2℘y(t) = 0, which is

a contradiction. Finally, suppose 2t = q2+1
2 cy, which implies 2℘x(t) 6= 0. Since

t is a rational point, ℘x(t) ∈ Φx(Fx)2. On the other hand, by Proposition 5.4,
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Φx(Fx)2 ∼= (Z/(q2 +1)Z)2 ∼= Z/2Z, which again leads to a contradiction. (Note
that Φx ∼= Z/(q+1)(q2 +1)Z, so here we cannot just rely on Theorem 5.3.) �

Corollary 7.14. J(F ) ∼= Z/(q + 1)Z × Z/(q2 + 1)Z. For any ℓ 6= p, the
ℓ-primary part of the Tate-Shafarevich group X(J) is trivial.

Proof. Denote by L(J, s) the L-function of J ; see [26] for the definition. Let
f ∈ H0(n,C) be an eigenform for T(n), normalized by f∗(1) = 1. The L-
function of f is the sum

L(f, s) =
∑

m pos. div.

f∗(m)q−s·deg(m)

over all positive divisors on P1Fq ; here s ∈ C. Drinfeld’s fundamental result

[6, Thm. 2] implies that L(J, s) =
∏
f L(f, s), where the product is over nor-

malized T(xy)-eigenforms in H0(xy,C). It is known that L(f, s) is a poly-
nomial in q−s of degree deg(n) − 3; cf. [54, p. 227]. Thus, L(J, s) = 1.
From the main theorem in [26] we conclude that J(F ) = T , X(J) is a finite
group, and the Birch and Swinnerton-Dyer conjecture holds for J . The claim
J(F ) ∼= Z/(q + 1)Z × Z/(q2 + 1)Z follows from Theorem 7.13. The ℓ-primary
part of the Birch and Swinnerton-Dyer formula becomes the equality

1 =
(#X(J)ℓ)(#Φx(Fx)ℓ)(#Φy(Fy)ℓ)(#Φ∞(F∞)ℓ)

(#Tℓ)2
.

We know all entries of this formula from Theorem 7.13 and its proof, except
#X(J)ℓ. This implies that X(J)ℓ = 1. �

8. Kernel of the Eisenstein ideal

8.1. Shimura subgroup. Let n ✁ A be a non-zero ideal. Consider the sub-
group Γ1(n) of GL2(A) consisting of matrices

Γ1(n) =

{(
a b
c d

)
∈ GL2(A)

∣∣∣∣ a ≡ 1 mod n, c ≡ 0 mod n

}
.

The quotient Γ1(n) \Ω is the rigid-analytic space associated to a smooth affine
curve Y1(n)F∞ over F∞; cf. (3.1). This curve is the modular curve of isomor-
phism classes of pairs (φ, P ), where φ is a Drinfeld A-module of rank 2 and
P ∈ φ[n] is an element of exact order n. Let Y1(n)F be the canonical model of
Y1(n)F∞ over F , and X1(n)F be the smooth projective curve containing Y1(n)F
as a Zariski open subvariety. Denote by J1(n) the Jacobian variety of X1(n)F .
To simplify the notation, in this section we denote Γ := Γ0(n) and ∆ :=

Γ1(n). The map w : Γ → (A/n)× given by

(
a b
c d

)
7→ a mod n is a surjective

homomorphism whose kernel is ∆. Hence ∆ is a normal subgroup of Γ and
Γ/∆ ∼= (A/n)×. One deduces from the action of Γ on Ω ∪ P1(F ) an action of
Γ on X1(n)C∞ . The group ∆ and the scalar matrices act trivially on X1(n)C∞ ,
hence we have an action of the group (A/n)×/F×q onX1(n)C∞ . This implies that
there is a natural morphism X1(n)C∞ → X0(n)C∞ which is a Galois covering
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with Galois group (A/n)×/F×q . This covering is in fact defined over F , as in
terms of the moduli problems it is induced by (φ, P ) 7→ (φ, 〈P 〉), where 〈P 〉 is
the order-n cyclic subgroup of φ generated by P . By the Picard functoriality
we get a homomorphism π : J0(n) → J1(n) defined over F , whose kernel S(n)
is the Shimura subgroup of J0(n).

Definition 8.1. Let Q be the subgroup of (A/n)× generated by the elements
which satisfy a2 − ta + κ = 0 mod n for some t ∈ Fq and κ ∈ F×q . Denote

U = (A/n)×/Q.

Theorem 8.2. The Shimura subgroup S(n), as a group scheme over F∞, is
canonically isomorphic to the Cartier dual U∗ of U viewed as a constant group
scheme.

Proof. Denote by Γab the abelianization of Γ and let Γ := Γab/(Γab)tor be the
maximal abelian torsion-free quotient of Γ. The inclusion ∆ →֒ Γ induces a
homomorphism I : ∆→ Γ (which is not necessarily injective). There is also a
homomorphism V : Γ → ∆, the transfer map, such that I ◦ V : Γ → Γ is the
multiplication by [Γ : ∆]/(q − 1); see [18, p. 71].
First, we note that the homomorphism V : Γ→ ∆ is injective with torsion-free
cokernel. Indeed, by [18, p. 72], there is a commutative diagram

Γ
jΓ //

V

��

H0(T ,Z)Γ

��
∆

j∆ // H0(T ,Z)∆

where the right vertical map is the natural injection. This last homomorphism
obviously has torsion-free cokernel. Since by [17] jΓ and j∆ are isomorphisms,
the claim follows.
Next, by the results in Sections 6 and 7 of [18], there is a commutative diagram

0 // Γ //

V

��

Hom(Γ,C×
∞) //

I∗

��

J0(n) //

π

��

0

0 // ∆ // Hom(∆,C×
∞) // J1(n) // 0,

where the top row is the uniformization in (4.3), the bottom row is a similar
uniformization for J1(n) constructed in [18] for an arbitrary congruence group,
and the middle vertical map I∗ is the dual of I : ∆ → Γ. This diagram gives
an exact sequence of group schemes

0→ (Γ/I∆)∗ → S(n)→ ∆/V Γ.

Since there are no non-trivial maps from an abelian variety to a discrete group,
S(n) is finite. On the other hand, by the previous paragraph, ∆/V Γ is torsion-
free, so

S(n) ∼= (Γ/I∆)∗.
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Denote by Γc the commutator subgroup of Γ. The fact that Γ/∆ is abelian
implies Γc ⊂ ∆. Hence Γ/∆ ∼= Γab/(∆/Γc). It follows from Corollary 1 on
page 55 of [50] that (Γab)tor is generated by the images of finite order elements
of Γ in Γab. Since Γ is the quotient of Γab by the torsion subgroup (Γab)tor, we
conclude that Γ/I∆ is the quotient of Γ/∆ by the subgroup generated by the
images of finite order elements of Γ.
An element γ ∈ GL2(A) has finite order if and only if Tr(γ) ∈ Fq. Therefore,
if γ ∈ Γ has finite order then w(γ) satisfies the equation a2 − ta + κ = 0,
where t = Tr(γ) ∈ Fq and κ = det(γ) ∈ F×q . Conversely, suppose ā ∈ (A/n)×

satisfies ā2 − tā+ κ = 0 for some t ∈ Fq and κ ∈ F×q . Fix some a ∈ A reducing
to ā modulo n. Since a(t − a) ≡ κ (mod n), there exists c ∈ A such that

a(t − a) = κ+ cn. The matrix γ =

(
a 1
cn t− a

)
has determinant κ and trace

t. It is clear that γ ∈ Γ is a torsion element, and w(γ) = ā. We conclude that
Γ/I∆ ∼= (A/n)×/Q. �

Remark 8.3. The previous theorem is the function field analogue of Theorem
1 in [30].

Lemma 8.4. Assume n is square-free, so that the order of (A/n)× is not divisible
by p and S(n) is étale over F∞. The Shimura subgroup S(n) extends to a finite
flat subgroup scheme of J 0

O∞
.

Proof. From the proof of Theorem 8.2, S(n) is canonically a subgroup of
Hom(Γ,C×

∞). It is easy to see that S(n) actually lies in Hom(Γ, (Onr
∞)×). On

the other hand, as is implicit in the proof of Corollary 2.11 in [11], there is a
canonical isomorphism J 0(Onr

∞) ∼= Hom(Γ, (Onr
∞)×). �

Proposition 8.5. Assume n is square-free. The Shimura subgroup S(n), as a
group scheme over F , is an étale group scheme whose Cartier dual is canoni-
cally isomorphic to U viewed as a constant group scheme. The endomorphisms
Tp − |p| − 1 and Wn + 1 of J0(n) annihilate S(n); here p✁A is any prime not
dividing n.

Proof. The covering π : X1(n)F → X0(n)F can ramify only at the elliptic
points and the cusps of X0(n)F . (By definition, an elliptic point on X0(n)C∞ is
the image of z ∈ Ω whose stabilizer in GL2(A) is strictly larger than F×q .) The
proof of Theorem 8.2 shows that U is the Galois group of the maximal abelian
unramified covering XF → X0(n)F through which π factorizes. Now [30, Prop.
6] implies that S(n) as a group scheme over F is isomorphic to Hom(U, F̄×).
The Jacobian J0(n) has good reduction at p. Since S(n) has order coprime
to p and is unramified at p, the reduction map injects S(n) into J0(n)(Fp).
Let Frobp be the Frobenius endomorphism of J0(n)Fp

. The Hecke operator Tp
satisfies the Eichler-Shimura relation:

Frob2
p − Tp · Frobp + |p| = 0.

Since S(n)∗ is constant, Frobp acts on S(n) by multiplication by |p|. Therefore,
the endomorphisms |p|(Tp− |p| − 1) annihilates S(n). Since the reduction map
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commutes with the action of Hecke algebra and the multiplication by |p| is an
automorphism of S(n), we conclude that Tp − |p| − 1 annihilates S(n).

Note that for

(
a b
c d

)
∈ Γ we have

(
0 −1
n 0

)(
a b
c d

)(
0 1/n
−1 0

)
=

(
d −c/n
−bn a

)
.

Since d, up to an element of F×q , is the inverse of a modulo n, this calculation

shows that Wn acts on the group (Γ/∆)/F×q by u 7→ u−1, so it acts as −1 on
S(n). �

Theorem 8.6. Assume n is square-free, and let n = p1 · · · ps be its prime
decomposition. As an abelian group, S(n) is isomorphic to




∏s
i=1

(
Z
/

|pi|−1
q−1 Z

)
, if some pi has odd degree

∏s
i=1

(
Z
/

|pi|−1
q2−1 Z

)
, if q is even and all pi have even degrees

∏s
i=1

(
Z
/

2(|pi|−1)
q2−1 Z

)
/diag (Z/2Z) , if q is odd and all pi have even degrees

where diag : Z/2Z→∏s
i=1

(
Z
/

2(|pi|−1)
q2−1 Z

)
is the diagonal embedding.

Proof. First, we claim that the image of Q under the isomorphism (A/n)× ∼=∏s
i=1 F

×
pi given by

a 7→ (a mod p1, · · · , a mod ps)

contains the subgroup
∏s
i=1 F

×
q . Indeed, let α ∈ F×q be arbitrary, and consider

(1, . . . , α, . . . , 1) with α in the ith position. This element is in the image of Q
since a ∈ (A/n)× mapping to it satisfies the quadratic equation (x−α)(x−1) =
0 modulo n.
Suppose a ∈ Q is a zero of f(x) := x2 − tx + κ. Then a satisfies the same
equation modulo pi. If deg(pi) is odd, then f(x) must be reducible over Fq.
This implies that the image of a in F×pi lies in the subfield Fq. On the other hand,
since a mod pj (1 ≤ j ≤ s) satisfies the same reducible quadratic equation, the
image of a in Fpj also lies in its subfield Fq, and we conclude that Q ∼=

∏s
i=1 F

×
q .

Now suppose all pi’s have even degrees. Let α ∈ F×q2 be arbitrary. The elements

(α, . . . , α) and (α, . . . , αq, . . . , α), with αq in the ith position (1 ≤ i ≤ s), are
in the image of Q. Indeed, a ∈ (A/n)× which maps to such an element satisfies
(x − α)(x − αq) = 0, and this polynomial has coefficients in Fq. Therefore,
(1, . . . , αq−1, . . . , 1) ∈ Q. Since αq+1 ∈ F×q , we get that (1, . . . , α2, . . . , 1) ∈ Q.

Thus, diag(F×q2 ) ·∏s
i=1(F×q2)2 is a subgroup of Q, where (F×q2 )2 = {α2 | α ∈ F×q2}

and diag : F×q2 →֒
∏s
i=1 F

×
pi is the diagonal embedding. If f(x) is reducible, then

a ∈∏s
i=1 F

×
q . If f(x) is irreducible, then a = (αi1 , . . . , αis) with αi1 , . . . , αis ∈

{α, αq}, where α, αq are the roots of f(x). We can write

a = (αi1 , . . . , αi1) ·
(

1,
αi2
αi1

, . . . ,
αis
αi1

)
.
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The first element in this product is in diag(F×q2) and the second is in∏s
i=1(F×q2)2 since each αij/αi1 is either 1 or α±(q−1). We conclude that

diag(F×q2) ·∏s
i=1(F×q2)2 = Q. Since S(n) is isomorphic to (A/n)×/Q, the claim

follows. �

Example 8.7. If p✁A is prime, then S(p) is cyclic of order |p|−1
q−1 (resp. |p|−1

q2−1 )

is deg(p) if odd (resp. even). This is also proved in [38] by a different method.

Example 8.8. S(xy) is cyclic of order q + 1.

Example 8.9. Assume p and q are two distinct primes of degree 2. Then
S(pq) ∼= Z/2Z (resp. 0) if q is odd (resp. even).

Definition 8.10. Let n ✁ A be a non-zero ideal and denote J = J0(n). The
kernel of the Eisenstein ideal J [E(n)] is the intersection of the kernels of all
elements of E(n) acting on J(F̄ ). Given a prime ℓ 6= p, the action of T(n) on
J induces an action on J [ℓn] (n ≥ 1) and the ℓ-divisible group Jℓ := lim

→
J [ℓn],

so one can also define Jℓ[E(n)]. From the proof of Theorem 6.1, we see that
J [E(n)] is a finite group scheme over F , as J [E(n)] ⊆ J [ηp] for any p ∤ n, where
ηp = Tp − |p| − 1. By Lemma 7.1 and Proposition 8.5, if n is square-free then
S(n)ℓ and C(n)ℓ are in Jℓ[E(n)].

Definition 8.11. We say that a group scheme H over the base S is µ-type
if it is finite, flat and its Cartier dual is a constant group scheme over S; H
is pure if it is the direct sum of a constant and µ-type group schemes; H is
admissible if it is finite, étale and has a filtration by groups schemes such that
the successive quotients are pure.

Lemma 8.12. Assume n = pq is a product of two distinct primes. Let sp,q =
gcd(|p|+1, |q|+1). If ℓ does not divide q(q−1)sp,q, then Jℓ[E(n)] is unramified
except possibly at p and q, and there is an exact sequence of group schemes over
F

0→ C(n)ℓ → Jℓ[E(n)]→Mℓ → 0,

where Mℓ is µ-type and contains S(n)ℓ.

Proof. Since C(n)ℓ is fixed by GF and is invariant under the action of T(n),
the quotient Mℓ := Jℓ[E(n)]/C(n)ℓ is naturally a T(n) × GF -module . From
the uniformization sequence (4.3) and the isomorphism (4.4), for any n ≥ 1 we
obtain the exact sequence of T(n)×GF∞ -modules

0→ D[ℓn]→ J [ℓn]→ H00(n,Z/ℓnZ)→ 0,

where D := Hom(Γ,C×
∞). Considering the parts annihilated by E(n), we obtain

the exact sequence

0→ D[ℓn,E(n)]→ J [ℓn,E(n)]→ E00(n,Z/ℓnZ).

From the proof of Theorem 7.3 we know that if ℓ does not divide q(q−1)sp,q and
n is sufficiently large, then C(n)ℓ ⊆ J [ℓn,E(n)] and C(n)ℓ maps isomorphically
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onto E00(n,Z/ℓnZ). Hence for n ≫ 0 the above sequence is exact also on the
right:

0→ D[ℓn,E(n)]→ J [ℓn,E(n)]→ C(n)ℓ → 0.

Since the map of T(n) × GF∞ -modules J [ℓn,E(n)] → C(n)ℓ has a retraction,
we get the splitting Jℓ[E(n)] ∼= Dℓ[E(n)] ⊕ C(n)ℓ over F∞. This shows that
Mℓ

∼= Dℓ[E(n)] is µ-type over F∞, and Jℓ[E(n)] is unramified at ∞. Since
S(n)ℓ ⊆ Dℓ[E(n)] (cf. Lemma 8.4), we see that S(n)ℓ is a subgroup scheme of
Mℓ.
By the Néron-Ogg-Shafarevich criterion Jℓ[E(n)] is unramified at all finite
places except possibly at p and q. Let l ✁ A be any prime not equal to p
or q. Since Tl acts on Jℓ[E(n)] by multiplication by |l|+ 1, the Eichler-Shimura
congruence relation implies that the action of Frobl on Jℓ[E(n)] satisfies the re-
lation (Frobl−1)(Frobl−|l|) = 0. Now one can use Mazur’s argument [33, Prop.
14.1] to show that Jℓ[E(n)] is admissible over U = P1Fq − p− q; cf. the proof of

Proposition 10.8 in [38]. Since the quotient map Jℓ[E(n)]→Mℓ is compatible
with the action of GF and T(n), Mℓ is also admissible over U = P1Fq − p − q.

On the other hand, Mℓ is µ-type over F∞, so all Jordan-Hölder components
of Mℓ over U must be isomorphic to µℓ. We say that l1, l2 is a pair of good
primes, if li 6= p, q, |li| − 1 is not divisible by ℓ, and the images of (l1, l1) and
(l2, l2) in (F×p /(F

×
p )ℓ × F×q /(F×q )ℓ)/F×q generate this group; here (F×p )ℓ is the

subgroup of F×p consisting of ℓth powers, and F×q is embedded diagonally into

F×p × F×q . The Chebotarev density theorem shows that a pair of good primes
exists. The operator (Frobli − |li|)(Frobli − 1) annihilates Mℓ. On the other
hand, since the semi-simplification of Mℓ is isomorphic to (µℓ)

n for some n
and ℓ does not divide |li|−1, the operator Frobli−1 must be invertible onMℓ.
Therefore, Mℓ is annihilated by Frobli − |li|. This implies that Mℓ is µ-type
over Fli . Finally, one can argue as in Proposition 10.7 in [38] to conclude that
Mℓ is µ-type over F . �

Remark 8.13. When n = p is prime and ℓ does not divide q−1, then Jℓ[E(p)] =
C(p)ℓ⊕S(p)ℓ; see [38]. As we will see in the next section, for a composite level,
Mℓ can be larger than S(n)ℓ and the sequence in Lemma 8.12 need not split
over F .

8.2. Special case. Let p✁A be a prime of degree 3. Then

(1) The rational torsion subgroup T (p) of J0(p) is equal to the cuspidal
divisor group C(p) ∼= Z/(q2 + q + 1)Z;

(2) The maximal µ-type étale subgroup scheme of J0(p) is the Shimura
subgroup S(p) ∼= (Z/(q2 + q + 1)Z)∗;

(3) The kernel J [E(p)] is everywhere unramified and has order (q2+q+1)2.

Here (1) and (2) follow from the main results in [38], and (3) follows from [38]
and [40].
We proved that (see Theorem 7.13)

T (xy) = C(xy) ∼= Z/(q + 1)Z× Z/(q2 + 1)Z,
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so the analogue of (1) is true for n = xy, although C(xy) is not cyclic if q is odd.
Interestingly, even for small composite levels such as n = xy, the analogues of
(2) and (3) are no longer true. For simplicity, we will omit the level xy from
notation. First of all, Jℓ[E] can be ramified. To see this, let q = 2s with s odd,
x = T + 1, y = T 2 + T + 1. Consider the elliptic curve E over F given by the
Weierstrass equation

E : Y 2 + TXY + Y = X3 +X2 + T.

This curve embeds into J according to [41, Prop. 7.10]. There is an exact
sequence of GF -modules

0→ Z/5Z→ E[5]→ µ5 → 0.

The component group of E at y is trivial, so E[5] is ramified at y and the above
sequence does not split over F . On the other hand, from the Eichler-Shimura
congruence relations we see that E[5] ⊆ J5[E]. Thus, J5[E] is ramified at y.
Next, the Shimura subgroup S ∼= (Z/(q + 1)Z)∗ has smaller order than the
cuspidal divisor group, and S is not the maximal µ-type étale subgroup scheme
of J when q is odd. Indeed, C[2] ∼= Z/2Z× Z/2Z is µ-type but is not cyclic.
In the remainder of this section we will show that even though (2) and (3) fail
for the xy-level, these properties do not fail “too much”.

Proposition 8.14. Assume q is odd. Then S2 + C[2] ∼= S2 × Z/2Z is the
maximal 2-primary µ-type subgroup of J(F̄ ).

Proof. First, we show that the canonical specialization map ℘y : S → Φy is an
isomorphism. Since S and Φy have the same order, it is enough to show that
the induced morphism J0(xy)0

Fy
→ J1(xy)0

Fy
on the connected components of

the identity of the special fibres of the Néron models of J0(xy) and J1(xy) at
y is injective. Here we argue as in Proposition 11.9 in [33]. Let Gr0 be the
dual graph of X0(xy)Fy ; this graph has two vertices corresponding to the two

irreducible components of X0(xy)Fy joined by q+ 1 edges corresponding to the

supersingular points. Let Gr1 be the dual graph of the special fibre of the model
of X1(xy) over Oy constructed in [51]. The underlying reduced subscheme
X1(xy)red

Fy
has two irreducible components intersecting at the supersingular

points. Since the Jacobian J0(xy) has toric reduction at y, there is a canonical
isomorphism (cf. [3, p. 246])

J0(xy)0
Fy
∼= H1(Gr0,Z)⊗Gm,Fy .

Similarly, the toric part of J1(xy)0
Fy

is canonically isomorphic to H1(Gr1,Z)⊗
Gm,Fy . There is an obvious map Gr1 → Gr0 and our claim reduces to showing

that this map induces a surjection H1(Gr1,Z) → H1(Gr0,Z). This is clear
from the description of the graphs Gr0 and Gr1.
Let M2 be the maximal 2-primary µ-type subgroup of J(F̄ ). It is clear that
S2 + T [2] ⊆ M2 and M2[2] = T [2]. Similar to the notation in the proof
of Theorem 7.13, let M0

2 denote the intersection of M2 with Hom(Γ,C×
∞).
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...

ϕq

ϕ1

ϕ2

ϕq−1

Figure 5. (Γ0(xy) \T )0

Note that S2 ⊆ M0
2. Moreover, we must have S[2] = M0

2[2] since M0
2[2] ⊆

T 0[2] = C0[2] = S[2]. Thus, if S2 6= M0
2, then there exists P ∈ M0

2 such
that 2P generates S2 ∼= (Z/(q + 1)Z)∗2. Since ℘y : S → Φy is an isomorphism,
2℘y(P ) generates Z/(q + 1)Z. On the other hand, 2 divides q + 1, so we get a
contradiction. We conclude that there is an exact sequence

0→ S2 →M2 → Z/2nZ→ 0

for some n ≥ 1, where Z/2nZ is the image of M2 in Φ∞ ∼= Z/(q2 + 1)(q + 1)Z
(see Corollary 8.15). Since M2[2] = T [2] ∼= Z/2Z× Z/2Z, the above sequence
splits as a sequence of abelian groups. Moreover, since S2 is GF -invariant
and M∗

2 is constant, the sequence splits as a sequence of F -groups schemes:
M2

∼= S2 ⊕ Z/2nZ. If q ≡ 3 (mod 4), then Z/2nZ is µ-type if and only if
n ≤ 1, which impliesM2 = S2 +T [2]. If q ≡ 1 (mod 4) and n ≥ 2, then T = C
contains a point of order 4, which is a contradiction. �

The point of the previous proposition is that even though S2 is not the maximal
2-primary µ-type subgroup of J , it is not far from it. Next, we will show that
under a reasonable assumption Sℓ is the maximal ℓ-primary µ-type subgroup
of J for any odd ℓ 6= p, and the order of Jℓ[E] is (#Cℓ)2 for any ℓ 6= p, which is
of course very similar to (2) and (3).
We start by showing that Φ∞ is annihilated by E. This almost follows from
Theorem 5.5 in [41], since according to that theorem the canonical specializa-
tion map ℘∞ : C → Φ∞ is an isomorphism if q is even and has cokernel Z/2Z
if q is odd. On the other hand, ℘∞ is T-equivariant and C is annihilated by E.
Below we give an alternative direct argument which works for any characteristic
and does not use the cuspidal divisor group C.
Choose the cycles ϕ1, ..., ϕq as a basis of H1(Γ0(xy) \ T ,Z) ∼= H0(xy,Z); see
Figure 5. We assume that all these cycles are oriented counterclockwise. Let
ψ1, ..., ψq be the dual basis of Hom(H0(xy,Z),Z). The map ι in Theorem 5.5
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sends ϕ ∈ H0(xy,Z) to
q∑
i=1

(ϕ, ϕi)ψi, where for 1 ≤ j ≤ i ≤ q

(ϕi, ϕj) =





q + 2, if i = j = 1 or q,

2, if 1 < i = j < q,

−1, if j = i− 1,

0, otherwise.

This follows from [11, Thm. 2.8] and a calculation of the stabilizers of edges of
(Γ0(xy) \T )0 (see the proof of Proposition 2.21). Hence the component group
Φ∞ can be explicitly described as follows: It is the quotient of the free abelian
group

⊕q
i=1 Zψi by the relations

(q + 2)ψq − ψq−1 = 0,

−ψi+1 + 2ψi − ψi−1 = 0, for 1 ≤ i ≤ q − 1,

−ψ2 + (q + 2)ψ1 = 0.

From the last q − 1 relations we get

ψi =
(
(i− 1)q + i

)
ψ1, 1 ≤ i ≤ q.

On the other hand, by the first relation, ψq−1 = (q + 2)ψq = q2(q + 2)ψ1.
Therefore q2(q + 2)ψ1 = (q2 − q − 1)ψ1 and

(q2 + 1)(q + 1)ψ1 = 0.

We conclude that

Corollary 8.15. Φ∞ ∼= Z/(q2 + 1)(q + 1)Z is generated by the image of ψ1.

Multiplication by N = (q2 + 1)(q + 1) on the exact sequence in Theorem 5.5
and the snake lemma give an embedding δN : Φ∞ →֒ H00(xy,Z/NZ).

Lemma 8.16. Let ψ̄1 be the image of ψ1 in Φ∞. Then δN(ψ̄1) = −(q+ 1)Ex +
(q2 + 1)Ey + qE(x,y), the generator of E00(xy,Z/NZ). In particular, the com-
ponent group Φ∞ is annihilated by the Eisenstein ideal.

Proof. Note that

Nψ1 =

q∑

i=1

(
(i − 1)q + i

)
ι(ϕi) ∈ Hom(H0(xy,Z),Z).

Hence δN(ψ̄1) =
∑q

i=1

(
(i − 1)q + i

)
ϕi mod N ∈ H00(xy,Z/NZ). Viewing the

cycles ϕ1, ..., ϕq as harmonic cochains in H0(xy,Z), it is observed that

(i)

ϕ1(a1) = 1, ϕ1(a4) = −1, ϕ1(a6) = 1− q, ϕ1(b1) = 1,

ϕ1(a2) = ϕ1(a3) = ϕ1(a5) = ϕ1(bu) = 0, 2 ≤ u ≤ q − 1;

(ii)

ϕq(a1) = ϕq(a4) = ϕq(a6) = ϕq(bu) = 0, 1 ≤ u ≤ q − 2,

ϕq(a2) = 1, ϕq(a3) = −1, ϕq(a5) = q − 1, ϕ1(bq−1) = −1.
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(iii) for 2 ≤ j ≤ q − 1,

ϕj(ai) = ϕj(bu) = 0, 1 ≤ i ≤ 6, u 6= j − 1, j; ϕj(bj) = −ϕj(bj−1) = 1.

Here ai, bu are the oriented edges of the graph (Γ0(xy) \ T )0 in Figure 4.
Therefore δN(ψ̄1)(a1) = 1 and δN (ψ̄1)(bu) = −(q + 1), 1 ≤ u ≤ q − 1.
On the other hand, let f = −(q+1)Ex+(q2 +1)Ey +qE(x,y) ∈ E00(xy,Z/NZ).
From the Fourier expansion of Ex, Ey, and E(x,y), we also get

f(a1) = 1 and f(bu) = −(q + 1) for 1 ≤ u ≤ q − 1.

Since every harmonic cochain in H00(xy,Z/NZ) is determined uniquely by its
values at a1 and bu for 1 ≤ u ≤ q − 1, we get δN (ψ̄1) = f and the proof is
complete. �

Definition 8.17. Let n ✁ A be a non-zero ideal and ℓ a prime number. Let
T(n)ℓ := T(n) ⊗Z Zℓ. Given a maximal ideal M ✁ T(n)ℓ, let T(n)M be the
completion of T(n)ℓ at M. We say that T(n)M is a Gorenstein Zℓ-algebra
if T(n)∨M := HomZℓ(T(n)M,Zℓ) is a free T(n)M module of rank 1. In [38],
following Mazur [33], Pál proved that T(p)M is Gorenstein for the maximal
ideals containing E(p).

Let Eℓ be the ideal generated by E(xy) in Tℓ. We know that Tℓ/Eℓ ∼= Zℓ/NZℓ;
see Corollary 3.18. Thus, N annihilates Jℓ[E].

Proposition 8.18. Assume ℓ | N . The finite group-scheme Jℓ[E] is unramified
at ∞. If TM is Gorenstein for M = (Eℓ, ℓ), then there is an exact sequence of
GF∞-modules

0→ (Zℓ/NZℓ)∗ → Jℓ[E]→ Zℓ/NZℓ → 0.

Proof. The argument in the proof of Lemma 8.12 and the isomorphism of Hecke
modules (Φ∞)ℓ ∼= E00(xy,Z/ℓnZ) that we just proved (n ≫ 0) give the exact
sequence

0→ Dℓ[E]→ Jℓ[E]→ (Φ∞)ℓ → 0.

Since J [ℓn]I∞ ∼= D[ℓn]× (Φ∞)[ℓn], we see that Jℓ[E] is unramified at ∞. Next,
using Proposition 2.21, (4.3) and (4.4), we have

Dℓ[E] ∼= Hom(H0(xy,Zℓ)/EℓH0(xy,Zℓ),C×
∞)

∼= Hom(T∨
ℓ /EℓT

∨
ℓ ,C

×
∞) ∼= Hom(T∨

M/EℓT
∨
M,C

×
∞).

If TM is Gorenstein, then

Hom(T∨
M/EℓT

∨
M,C

×
∞) ∼= Hom(TM/Eℓ,C×

∞) ∼= Hom(Zℓ/NZℓ,C×
∞).

�

If ℓ is odd and divides q+1 then, under the assumption that TM is Gorenstein,
Proposition 8.18 implies that Sℓ is the maximal µ-type subgroup scheme of
Jℓ and Jℓ[E] ∼= Cℓ ⊕ Sℓ is pure. Indeed, since Φ∞ is constant and gcd(q +
1, q − 1) divides 2, the maximal µ-type subgroup scheme of Jℓ specializes to
the connected component J 0

F∞
of the Néron model, so must be isomorphic to

(Zℓ/(q + 1)Zℓ)∗. Since Sℓ is µ-type, it must be maximal by comparing the
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orders. The fact that TM is Gorenstein in this case can be proved by Mazur’s
Eisenstein descent discussed in Section 10 of [38]. Since this fact is not central
for our paper, and the proof closely follows the argument in [38], we omit the
details.
Now assume ℓ is odd and divides q2 + 1. Assume TM is Gorenstein. Since
sx,y divides 2, Lemma 8.12 and Proposition 8.18 imply that there is an exact
sequence of GF -modules

(8.1) 0→ Cℓ → Jℓ[E]→Mℓ → 0,

where Mℓ
∼= (Zℓ/(q2 + 1)Zℓ)∗. If Jℓ[E]Iy is strictly larger than Cℓ, then the

Galois representation ρ
M

: GF → Aut(Jℓ[M]) ∼= GL2(Fℓ) is unramified at y.
On the other hand, (Φy)ℓ = 0, so Jℓ[M] is isomorphic to a Tℓ×GFy -submodule

of the torus J 0
Fy

. Now the same argument that proves Proposition 3.8 in [47]

implies that Froby acts on Jℓ[M] as a scalar ±|y|2. Hence det(ρ
M

) = q4. On
the other hand, the sequence (8.1) shows that the eigenvalues of Froby are 1
and |y| = q2. Thus, det(ρ

M
) = q2. This forces q4 ≡ q2 (mod ℓ), which is

a contradiction since gcd(q2 + 1, q2(q2 − 1)) divides 2. We conclude that if
TM is Gorenstein then the ℓ-primary µ-type subgroup scheme of J is trivial.
This “explains” why S is smaller than C – the missing part corresponds to the
ramified portion of J [E].

9. Jacquet-Langlands isogeny

9.1. Modular curves of D-elliptic sheaves. Let D be a division quater-
nion algebra over F . Assume D is split at∞, i.e., D⊗F F∞ ∼= Mat2(F∞); this
is the analogue of “indefinite” over Q. Let n✁A be the discriminant of D. It is
known that n is square-free with an even number of prime factors. Moreover,
any n with this property is a discriminant of some D, and, up to isomorphism,
n determines D; cf. [56].
Let C := P1Fq . Fix a locally free sheaf D of OC -algebras with stalk at the

generic point equal to D and such that Dv := D ⊗OC Ov is a maximal order
in Dv := D⊗F Fv for every place v. Let S be an Fq-scheme. Denote by FrobS
its Frobenius endomorphism, which is the identity on the points and the qth
power map on the functions. Denote by C ×S the fiber product C ×Spec(Fq) S.

Let z : S → Spec(A[n−1]) be a morphism of Fq-schemes. A D-elliptic sheaf
over S, with pole ∞ and zero z, is a sequence E = (Ei, ji, ti)i∈Z, where each Ei
is a locally free sheaf of OC×S-modules of rank 4 equipped with a right action
of D compatible with the OC -action, and where

ji : Ei → Ei+1

ti : τEi := (IdC × FrobS)∗Ei → Ei+1

are injective OC×S-linear homomorphisms compatible with the D-action. The
maps ji and ti are sheaf modifications at ∞ and z, respectively, which satisfy
certain conditions, and it is assumed that for each closed point P of S, the
Euler-Poincaré characteristic χ(E0|C×P ) is in the interval [0, 2); we refer to [28,
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§2] for the precise definition. Denote by EℓℓD(S) the set of isomorphism classes
of D-elliptic sheaves over S. The following theorem can be deduced from (4.1),
(5.1) and (6.2) in [28]:

Theorem 9.1. The functor S 7→ EℓℓD(S) has a coarse moduli scheme Xn,
which is proper and smooth of pure relative dimension 1 over Spec(A[n−1]).

For each prime p✁A not in R, there is a Hecke correspondence Tp on Xn; we
refer to [28, §7] for the definition.

9.2. Rigid-analytic uniformization. Let D be a maximal A-order in D.
Let Γn := D× be the group of units of D. By fixing an isomorphism D⊗F F∞ ∼=
Mat2(F∞), we get an embedding Γn →֒ GL2(F∞). Hence Γn acts on the
Drinfeld half-plane Ω = C∞ − F∞. We have the following uniformization
theorem

(9.1) Γn \ Ω ∼= (Xn
F∞

)an,

which follows by applying Raynaud’s “generic fibre” functor to Theorem 4.4.11
in [2]. The proof of this theorem is only outlined in [2]. Nevertheless, as is
shown in [52, Prop. 4.28], (9.1) can be deduced from Hausberger’s version [23]
of the Cherednik-Drinfeld theorem for Xn. An alternative proof of (9.1) is
given in [53, Thm. 4.6].
Assume for simplicity that n is divisible by a prime of even degree. In this case,
the normal subgroup Γn

f of Γn generated by torsion elements is just the center

F×q of Γn, cf. [42, Thm. 5.6]. This implies that the image of Γn in PGL2(F∞) is
a discrete, finitely generated free group, and (9.1) is a Mumford uniformization
[20], [35].
Denote Γ = Γn/F×q and let Γ be the abelianization of Γ. The group Γ acts
without inversions on the Bruhat-Tits tree T , and the quotient graph Γn\T =
Γ \ T is finite; cf. [42, Lem. 5.1]. Fix a vertex v0 ∈ T . For any γ ∈ Γ
there is a unique path in T without backtracking from v0 to γv0. The map
Γ → H1(Γ \ T ,Z) which sends γ to the homology class of the image of this
path in Γ\T does not depend on the choice of v0, and induces an isomorphism

(9.2) Γ ∼= H1(Γ \T ,Z).

Since Γ is a free group and Γ \T is a finite graph,

H(n,Z)′ := H0(T ,Z)Γ
n

= H0(T ,Z)Γ = H(T ,Z)Γ

∼= H(Γ \T ,Z) ∼= H1(Γ \T ,Z),

cf. Definitions 2.1 and 2.2. The spaceH(n,Z)′ is equipped with a natural action
of Hecke operators Tm (m ✁ A), which generate a commutative Z-algebra; cf.
[34, §5.3].
The map 〈·, ·〉 : E(T )× E(T )→ Z

〈e, f〉 =





1 if f = e
−1 if f = ē
0 otherwise
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induces a Z-valued bilinear symmetric positive-definite pairing on H1(Γ\T ,Z),
which we denote by the same symbol. Using (9.2) we get a pairing

Γ× Γ→ Z(9.3)

γ, δ 7→ 〈γ, δ〉.
Let Jn denote the Jacobian variety of Xn

F , and J n denote the Néron model of
Jn over O∞. Since Xn is a Mumford curve over F∞, (J n)0F∞

is a split algebraic

torus. Let M := Hom((J n)0
F∞
,Gm,F∞

) be the character group of this torus.

By the mapping property of Néron models, each endomorphism of Jn defined
over F∞ canonically extends to J n, hence acts functorially on M . Since Jn

has purely toric reduction, EndF∞(Jn) operates faithfully on M . By [35, p.
132], the graph Γ \ T is the dual graph of the special fibre of the minimal
regular model of Xn over O∞. On the other hand, by [3, p. 246], there is
a canonical isomorphism M ∼= H1(Γ \ T ,Z). The Hecke correspondence Tp
induces an endomorphism of Jn by Picard functoriality, which we denote by
the same symbol. Via the isomorphisms mentioned in this paragraph and (9.2),
we get a canonical action of Tp on Γ. This action agrees with the action of Tp
on H(n,Z)′.
Using rigid-analytic theta functions, one constructs a symmetric bilinear pair-
ing

Γ× Γ→ F×
∞

γ, δ 7→ [γ, δ],

such that ord∞[γ, δ] = 〈γ, δ〉; see [31, Thm. 5]. The main result of [31] gives a
rigid-analytic uniformization of Jn:

(9.4) 0→ Γ
γ 7→[γ,·]−−−−−→ Hom(Γ,C∞)→ Jn(C∞)→ 0.

This sequence is equivariant with respect to the action of Tp (p 6∈ R); this was
proven by Ryan Flynn [7] following the method in [18].
Finally, we have the following quaternionic analogue of Theorem 5.5. Let Φ′

∞
be the component group of Jn at ∞. After identifying Γ with the character
group M , the pairing (9.3) becomes Grothendieck’s monodromy pairing on M ,
so there is an exact sequence (see [22, §§11-12] and [43])

(9.5) 0→ Γ
γ 7→〈γ,·〉−−−−−→ Hom(Γ,Z)→ Φ′

∞ → 0.

This sequence is equivariant with respect to the action of Tp.

9.3. Explicit Jacquet-Langlands isogeny conjecture. Let n ✁ A be
a product of an even number of distinct primes. The space H0(n,Q) can be
interpreted as a space of automorphic forms on Γ0(n); see [18, §4]. A similar
argument can be used to show that H(n,Q)′ has an interpretation as a space of
automorphic forms on Γn; cf. [43, §8]. The Jacquet-Langlands correspondence
over F implies that there is an isomorphism

JL : H0(n,Q)new ∼= H(n,Q)′
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deg(q) is even deg(q) is odd
deg(p) = 1 Z/(q + 1)M(q)Z Z/M(q)Z
deg(p) = 2 Z/M(q)Z Z/(q + 1)M(q)Z

Table 1. Component group Φ′
q of Jpq

which is compatible with the action of Hecke operators Tp, p ∤ n; cf. [25, Ch.
III].

Remark 9.2. In fact, JL is Up-equivariant also for p | n. The analogous state-
ment over Q follows from the results of Ribet [47, §4] (cf. [24, Thm. 2.3]),
which rely on the geometry of the Jacobians of modular curves. The Néron
models of J0(n) and Jn have the necessary properties for Ribet’s arguments to
apply. Since this fact will not be essential for our purposes, we do not discuss
the details further. The Up-equivariance of JL can also be deduced from [25];
the necessary input is contained in [25, Thm. 4.2] and its proof.

Let J0(n)old be the abelian subvariety of J0(n) generated by the images of
J0(m) under the maps J0(m) → J0(n) induced by the degeneracy morphisms
X0(n)F → X0(m)F for all m ) n. Let J0(n)new be the quotient of J0(n) by
J0(n)old. Combining JL with the main results in [6] and [28], and Zarhin’s
isogeny theorem, one concludes that there is a T(n)0-equivariant isogeny
J0(n)new → Jn defined over F , which we call a Jacquet-Langlands isogeny;
cf. [41, Cor. 7.2]. (This isogeny is in fact T(n)-equivariant by the previous
remark; see [24, Cor. 2.4] for the corresponding statement over Q.) Zarhin’s
isogeny theorem provides no information about the Jacquet-Langlands isoge-
nies beyond their existence. One possible approach to making these isogenies
more explicit is via the study of component groups. More precisely, since
J0(n)new and Jn have purely toric reduction at the primes dividing n and at
∞, one can deduce restrictions on possible kernels of isogenies J0(n)new → Jn

from the component groups of these abelian varieties using [41, Thm. 4.3].
Unfortunately, the explicit structure of these component groups is not known
in general.
From now on we restrict to the case when n = pq is a product of two distinct
primes and deg(p) ≤ 2. In this case, the structure of Xn

Fq
is fairly simple and

can be deduced from [41, Prop. 6.2]. Using this and Raynaud’s theorem, one
computes that the component group Φ′

q of Jn at q is given by Table 1, where

M(q) =

{
|q|+ 1, if deg(q) is even;
|q|+1
q+1 , if deg(q) is odd.

The cuspidal divisor group of J0(q) is generated by [1]− [∞], which has order

N(q) =

{ |q|−1
q2−1 , if deg(q) is even;
|q|−1
q−1 , if deg(q) is odd.
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deg(q) is even deg(q) is odd
deg(p) = 1 Z/(q + 1)Z 0
deg(p) = 2 Z/(q2 + 1)Z Z/(q2 + 1)(q + 1)Z

Table 2. Φ̃q

Let α : X0(pq)F → X0(q)F be the degeneracy morphism discussed in Section
4. The image of C(q) in J0(pq) under the induced map J0(q) → J0(pq) is
generated by

c := α∗([1]− [∞]) = |p|[1] + [p]− |p|[q]− [∞].

By examining the specializations of the cusps in X0(pq)Fq
, we see that

℘q(c) = (|p|+ 1)z,

where z ∈ Φq is the element from the proof of Proposition 5.4. Let Φ̃q :=
Φq/℘q(c). The order of z in Φq is given in [41, Thm. 4.1], and the order of Φq

itself is given in Proposition 5.4. From this one easily computes that Φ̃q is the
group in Table 2.
Since c ∈ J0(n)old, the map of component groups Φq → Φnew

q induced by the

quotient J0(n) → J0(n)new must factor through Φ̃q (here Φnew
q denotes the

component group of J0(n)new at q).
Assume deg(p) = 1. Then the cuspidal divisor cq := [q]− [∞] ∈ C(pq) has order
N(q)M(q) (see Theorem 6.11) and specializes to the connected component of
identity J 0

Fq
of the Néron model of J0(n). Theorem 4.3 in [41] describes how

the component groups of abelian varieties with toric reduction over a local
field change under isogenies, depending on the specialization of the kernel of
the isogeny in the closed fibre. After comparing the groups Φ̃q and Φ′

q, and the
orders of c and cq, this theorem suggests that there is an isogeny J0(n)new → Jn

whose kernel is isomorphic to Z/M(q)Z and is generated by the image of cq in
J0(n)new.
The case deg(p) = 2 can be analysed similarly. The cuspidal divisor cq has

order (q+ 1)N(q)M(q). The image of cp in Φ̃q generates its cyclic subgroup of
order q2 + 1. Hence there might be an isogeny J0(n)new → Jn whose kernel is
isomorphic to Z

M(q)Z × Z
(q2+1)Z .

Conjecture 9.3. Assume n = pq, where p, q are distinct primes and deg(p) ≤
2. There is an isogeny J0(pq)new → Jpq whose kernel K is generated by cuspidal
divisors and

K ∼=
{

Z
M(q)Z if deg(p) = 1;

Z
M(q)Z × Z

(q2+1)Z if deg(p) = 2.

This conjecture is the function field analogue of Ogg’s conjectures about
Jacquet-Langlands isogenies over Q; see [37, pp. 212-216].
There are only two cases when n is square-free, J0(n) is non-trivial, and
J0(n)new = J0(n). The first case is n = xy; Conjecture 9.3 then specializes
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v+ ...
v−

eu

Figure 6. Γxy \T

to the conjecture in [41]. We will prove this conjecture in §9.4 under cer-
tain assumptions, and unconditionally for some small q. The second case is
n = pq, where p 6= q are primes of degree 2. In this case the conjecture pre-
dicts that there is a Jacquet-Langlands isogeny whose kernel is isomorphic to
Z/(q2 + 1)Z×Z/(q2 + 1)Z; cf. Example 6.13. The method of this paper should
be possible to adapt to this latter case, and prove the conjecture for some small
q.

9.4. Special case. Assume n = xy. To simplify the notation we put

J := J0(xy), J ′ := Jxy, H := H0(xy,Z), H′ := H(xy,Z)′, T := T(xy).

First, we prove the analogue of Lemma 8.16 for J ′.

Lemma 9.4. Let Φ′
∞ be the component group of J ′ at ∞. Let p ✁ A be any

prime not dividing xy. Then Tp − |p| − 1 annihilates Φ′
∞ ∼= Z/(q + 1)Z.

Proof. The quotient graph Γxy \T has two vertices joined by q + 1 edges; see
[41, Prop. 6.5]. We label the vertices by v+ and v−, and label the edges by the
elements of P1(Fq); see Figure 6. Let γ ∈ GL2(F∞) be an arbitrary element.
Then γv± ≡ v± mod Γxy if ord∞(det γ) is even, and γv± ≡ v∓ mod Γxy if
ord∞(det γ) is odd. Consider the free Z-module with generators {eu, eu | u ∈
P1(Fq)}, modulo the relations eu = −eu. The action of Tp on this module
satisfies

Tp
∑

u∈P1(Fq)

eu = (|p|+ 1)

{∑
u∈P1(Fq)

eu if deg(p) is even,

−∑u∈P1(Fq)
eu if deg(p) is odd.

H′ is generated by the cycles ϕu = eu − e∞, u ∈ Fq. Let ϕ∗
u be the dual basis

of Hom(H′,Z). The map in (9.5) sends ϕu to ϕ∗
u +

∑
w∈Fq

ϕ∗
w. It is easy to see

from this that Φ′
∞ is cyclic of order q+ 1 and is generated by

∑
w∈Fq

ϕ∗
w. Note

that |p|+ 1 ≡ 0 mod (q + 1) if deg(p) is odd. Hence

Tp
∑

w∈Fq

ϕ∗
w = Tp


 ∑

u∈P1(Fq)

e∗u − (q + 1)e∗∞


 = ±(|p|+1)

∑

u∈P1(Fq)

e∗u−(q+1)Tpe
∗
∞

≡ (|p|+ 1)
∑

u∈P1(Fq)

e∗u − (q + 1)(|p|+ 1)e∗∞ = (|p|+ 1)
∑

w∈Fq

ϕ∗
w mod (q + 1).

This implies that Tp acts by multiplication by |p|+ 1 on Φ′
∞. �
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Theorem 9.5. Assume H ∼= H′ as T-modules. There is an isogeny J → J ′

defined over F whose kernel is cyclic of order q2 + 1 and annihilated by the
Eisenstein ideal.

Proof. By (4.3) and (4.4), the rigid-analytic uniformization of J over F∞ is
given by the T0-equivariant sequence

0→ H→ Hom(H,C×
∞)→ J(C∞)→ 0.

By Proposition 2.21, Hom(H,Z) ∼= T = T0, so we can write this sequence as
the T-equivariant sequence

0→ H→ T⊗ C×
∞ → J(C∞)→ 0.

By Theorem 5.5, the sequence derived from this using the valuation homomor-
phism ord∞ is

0→ H→ T→ Φ∞ → 0,

where Φ∞ is the component group of the Néron model of J at∞. Now we can
consider H as ideal in T. We know from Lemma 8.16 that the Eisenstein ideal
E annihilates Φ∞ ∼= Z/(q2 + 1)(q + 1)Z. Hence Φ∞ is a quotient of T/E. On
the other hand, by Corollary 3.18, T/E ∼= Z/(q2 + 1)(q + 1)Z. Comparing the
orders of Φ∞ and T/E, we conclude that Φ∞ ∼= T/E and H ∼= E.
From the discussion in §9.2, if we assume H ∼= H′ as T-modules, the rigid-
analytic uniformization of J ′ over F∞ is given by the T-equivariant sequence

0→ H′ → T⊗ C×
∞ → J ′(C∞)→ 0.

The argument in the previous paragraph allows us to identify H′ in the above
sequence with the annihilator E′

✁T of Φ′
∞ in T. On the other hand, by Lemma

9.4, Tp − |p| − 1 ∈ E′ for any p ∤ xy. Therefore, E ⊂ E′ and

T/E′ ∼= Φ′
∞ ∼= Z/(q + 1)Z.

Hence E′/E ∼= Z/(q2 + 1)Z.
We have identified the uniformizing tori of J and J ′ with T ⊗ C×

∞, and the
uniformizing lattices H and H′ with E and E′, respectively. Now specializing
a theorem of Gerritzen [19] to this situation, we get a natural bijection

HomT(T⊗ C×
∞,E;T⊗ C×

∞,E
′)

∼−→ HomT(JF∞ , J
′
F∞

),

where on the left hand-side is the group of homomorphisms T⊗C×
∞ → T⊗C×

∞
which map E to E′ and are compatible with the action of T. It is clear that
identity map on T⊗C×

∞ is in this set. The snake lemma applied to the resulting
diagram

0 // E //� _

��

T⊗ C×
∞ // J(C∞) //

π

��

0

0 // E′ // T⊗ C×
∞ // J ′(C∞) // 0

shows that there is an isogeny π : J → J ′ with ker(π) ∼= E′/E. Moreover, since
HomT(T,T) ∼= T, every T-equivariant homomorphism J → J ′ can be obtained
as a composition of π with an element of T. We know that there is an isogeny
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J → J ′ defined over F . Since the endomorphisms of J induced by the Hecke
operators are also defined over F , we conclude that π is defined over F . �

Theorem 9.6. In addition to the assumption in Theorem 9.5, assume TM

is Gorenstein for all maximal Eisenstein ideals M of residue characteristic
dividing q2 + 1. Then there is an isogeny J → J ′ whose kernel is 〈cy〉.
Proof. By Theorem 9.5, there is an isogeny J → J ′ defined over F whose kernel
H ⊂ J [E] is cyclic of order q2 + 1. Assume TM is Gorenstein for all maximal
Eisenstein ideals M of residue characteristic dividing q2 +1. First, by Theorem
7.13 and Proposition 8.18, this implies J [2,E] = C[2]. Next, let ℓ|(q2 + 1) be
an odd prime. From the discussion after Proposition 8.18 we know that the
action of inertia at y on Jℓ[E] is unipotent and the Iy-invariant subgroup of
Jℓ[E] is Cℓ = 〈cy〉ℓ. Since 4 does not divide q2 +1, these two observations imply
that there is an isogeny J → J ′ whose kernel is cyclic of order q2 + 1 and is
contained in C[2] + 〈cy〉.
If q is even, then C[2]+〈cy〉 = 〈cy〉, and we are done. If q is odd, then the kernel

is generated by cy, or cy + q+1
2 cx, or 2cy + q+1

2 cx. We know that ℘y(cy) = 0

and ℘y(cx) = 1 (cf. Proposition 6.7). If H is generated by cy + q+1
2 cx or

2cy + q+1
2 cx, then the specialization map ℘y gives the exact sequence

0→ Z
q2+1
2 Z

→ H
℘y−−→ Z/2Z→ 0.

It is a consequence of the uniformization theorem in [23] that Xn
Fp

is a twisted

Mumford curve for any p|n (here n is arbitrary). This implies that Jn has toric
reduction at p. In particular, J ′ has toric reduction at y. Now we can apply
Theorem 4.3 in [41] to get an exact sequence

0→ Z/2Z→ Φy → Φ′
y →

Z
q2+1
2 Z

→ 0,

where Φ′
y is the component group of J ′ at y. This implies that the order of Φ′

y

is (q+ 1)(q2 + 1)/4. But according to [41, Thm. 6.4], Φ′
y
∼= Z/(q2 + 1)(q+ 1)Z,

which leads to a contradiction. �

To be able to verify the assumptions in Theorem 9.6 computationally, it is
crucial to be able to compute the action of T on H and H′. The methods
for doing this will be discussed in Section 10. Our calculations lead to the
following:

Proposition 9.7. The assumptions of Theorem 9.6 hold for q = 2, and for
the 12 cases listed in Table 4. In particular, in these cases there is an isogeny
J → J ′ whose kernel is 〈cy〉.
Remark 9.8. We believe that the assumptions in Theorem 9.6 hold in general.
Our method for verifying that H and H′ are isomorphic T-modules relies on
finding a perfect T-equivariant pairing T × H′ → Z. Unlike the case of H,
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q y disc(T)
2 T 2 + T + 1 4
3 T 2 + 1 80
3 T 2 + T + 2 68
3 T 2 + 2T + 2 68
5 T 2 + T + 1 265216
5 T 2 + T + 2 278800
7 T 2 + 1 7372800000
7 T 2 + T + 4 6567981056

Table 3. Discriminant of T(xy)

there is no natural pairing between these modules, so our method is by trial-
and-error. We essentially construct some T-equivariant pairings, and check if
one of those is perfect (see the discussion after (10.2)). This method is very
inefficient, and our computer calculations terminated in a reasonable time only
in the cases listed in Table 4.

10. Computing the action of Hecke operators

10.1. Action on H. Assume n = xy. To simplify the notation, we denote
H = H0(xy,Z), H′ = H(xy,Z)′, T = T(xy). Assume x = T . Theorem 6.8
in [9] gives a recipe for computing a matrix by which Tx−s acts on H for any
s ∈ F×q . Since by Proposition 2.21 the operators {1, Tx−s | s ∈ F×q } form a Z-
basis of T, this essentially gives a complete description of the action of T on H.
This also allows us to compute the discriminant of T, an interesting invariant
measuring the congruences between Hecke eigenforms. (Recall that disc(T) is
the determinant of the q × q matrix

(
Trace(titj)

)
1≤i,j≤q, where {t1, . . . , tq} is

a Z-basis of T.) Table 3 lists the values of disc(T) in some cases.

Remark 10.1. The algebra T(n)⊗C∞ is isomorphic to the Hecke algebra acting
on doubly cuspidal Drinfeld modular forms of weight 2 and type 1 on Γ0(n);
see [18, (6.5)]. The algebra T(n)⊗C∞ has no nilpotent elements if and only if
p ∤ disc(T). Table 3 indicates that p ∤ disc(T) for q = 3 and arbitrary y, but for
q = 5 or 7, there exist y1 and y2 such that p | disc(T(xy1)) and p ∤ disc(T(xy2)).
It seems like an interesting problem to investigate the frequency with which p
divides disc(T).

Remark 10.2. For the sake of completeness, and also because [9] is in German,
we give Gekeler’s method for computing a matrix G(x− s) ∈ Matq(Z), s ∈ F×q ,

representing the action of Tx−s on H. Let y = T 2 + aT + b. Label the rows
and columns of G(x − s) by u,w ∈ Fq. Then the (u,w) entry of G(x − s) is
equal to

2−Q(u,w)− (q + 1)δw,s + qδu,0δw,b/s,
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where δ is Kroneker’s delta, and Q(u,w) is the number of solutions β ∈ Fq
(without multiplicities) of the equation

(u − β)(w − β)(s− β) + β(β2 + aβ + b) = 0

plus 1 if u+ w + s+ a = 0.

By comparing the discriminant of the characteristic polynomial of Tx−s with
disc(T), one can deduce that in some cases T is monogenic, i.e., is generated
by a single element as a Z-algebra:

Example 10.3. For q = 2 and y = T 2 + T + 1

T ∼= Z[Tx−1] ∼= Z[X ]/X(X + 2).

For q = 3 and y = T 2 + T + 2

T ∼= Z[Tx−2] ∼= Z[X ]/(X + 1)(X2 −X − 4).

If T is monogenic, then its localization at any maximal ideal is Gorenstein; see
[32, Thm. 23.5]. This is stronger than what we need for Theorem 9.6, but
it is also computationally harder to establish. A simpler test is based on the
following lemma:

Lemma 10.4. Let ℓ be a prime number dividing (q + 1)(q2 + 1). Suppose there
is an element η in E such that

dimFℓ H00(xy,Fℓ)[η] = 1.

Then TM is Gorenstein, where M = (E, ℓ).

Proof. Note that the dimension ofH00(xy,Fℓ)[η] is at least 1 since E00(xy,Fℓ) ∼=
Fℓ is a subspace. Now consider the ideal I = (ℓ, η)Tℓ. We haveH00(xy,Fℓ)[I] =
H00(xy,Fℓ)[η]. On the other hand,H00(xy,Fℓ)[I] is Fℓ-dual to Tℓ/I, cf. Propo-
sition 2.21. Hence, if dimFℓ H00(xy,Fℓ)[η] = 1, then Tℓ/I ∼= Fℓ. This implies
Tℓ/M ∼= Tℓ/I. Since I ⊂ M, we get M = (ℓ, η), which implies that TM is
Gorenstein by Proposition 15.3 in [33]. �

Any Z-linear combination η of the operators {Tx−s−(q+1)}s∈F×
q

is in E. We can

compute the characteristic polynomial of such η acting on H using Gekeler’s
method. Fix ℓ dividing (q + 1)(q2 + 1). If we find η whose characteristic
polynomial modulo ℓ does not have 0 as a multiple root, then we can apply
Lemma 10.4 to conclude that TM is Gorenstein for Eisenstein M of residue
characteristic ℓ. Using this strategy, for each prime q ≤ 7 we found by computer
calculations an appropriate η for any ℓ dividing (q + 1)(q2 + 1).

10.2. Action on H′. Suppose y = T 2 + aT + b. We denote the place x by
∞′. Let T ′ = T−1, A′ = Fq[T ′], and y′ = T ′2 + ab−1T ′ + b−1. We have the
correspondence of places of F :

∞ ←→ T ′

T ←→ ∞′

y ←→ y′
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Let D be the quaternion algebra over F ramified precisely at ∞′ and y′ (i.e.
ramified at x and y). Take an Eichler A′-order D′ in D of level T ′. More
precisely, D′

p′ := D′ ⊗A′ Op′ is a maximal Op′ -order in Dp′ := D ⊗F Fp′ for

each prime p′ of A′ with p′ 6= T ′, and there exists an isomorphism ιT ′ : DT ′ :=
D ⊗F FT ′ ∼= Mat2(FT ′) such that

ιT ′(D′
T ′) =

{(
a b
c d

)
∈Mat2(OT ′)

∣∣∣∣ c ≡ 0 mod T ′
}
.

Let OD∞′ be the maximal O∞′ -order in D∞′ . Consider the double coset spaces

G′xy := D×\D×(AF )/
(
D̂′× · (O×

D∞′
F×
∞′)
)

and Cl(D′) := D×\D×(A∞′

F )/D̂′×,

where:

• AF is the adele ring of F , i.e. AF is the restricted direct product
∏′
v Fv;

• A∞′

F is the finite (with respect to ∞′) adele ring of F , i.e. A∞′

F =∏
v 6=∞′ Fv;

• D×(AF ) (resp. D×(A∞′

F )) denotes (D ⊗F AF )× (resp. (D ⊗F A∞′

F )×);

• D̂′ =
∏

p′✁A′ D′
p′ .

Then the strong approximation theorem (with respect to {∞}) shows that

Lemma 10.5. The double coset space G′xy can be identified with the set of the
oriented edges of the quotient graph Γxy\T in Figure 6.

Note that Cl(D′) can be identified with the locally-principal right ideals of D′

in D, and #Cl(D′) = q + 1. Moreover, if we take iu ∈ GL2(FT ′ ), u ∈ P1(Fq),
to be

iu =





(
u 1

1 0

)
, if u ∈ Fq,

(
1 0

0 1

)
, if u =∞,

then, via the natural embedding GL2(FT ′) ∼= D×
T ′ →֒ D×(A∞′

F ), {iu | u ∈
P1(Fq)} is a set of representatives of Cl(D′). Take an element ̟∞′ ∈ D∞′ such
that its reduced norm Nr(̟∞′) = T . From the natural surjection from G′xy to
Cl(D′), one observes that

{
(iu, ̟

c
∞′) ∈ D×(A∞′

F )×D×
∞′ = D×(AF ) | u ∈ P1(Fq), c = 0, 1

}

is a set of representatives of G′xy. We may take eu := [iu, 1] ∈ G′xy. Then there

exists a unique permutation γ : P1(Fq)→ P1(Fq) of order 2 so that

eu :=

[
iu

(
0 1
T ′ 0

)
, 1

]
= [iγ(u), ̟∞′ ].

Moreover,H′ can be viewed as the set of Z-valued functions f on G′x,y satisfying

f(eu) + f(eu) = 0, ∀u ∈ P1(Fq) and
∑

u∈P1(Fq)

f(eu) = 0.
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Let Iu be the right ideal of D′ in D corresponding to iu, i.e.,

Iu := D ∩ iu · D̂′.

Then the reduced norm of Iu is trivial, i.e., the ideal of A′ generated by
the reduced norms of all elements in Iu is A′. For each ideal m′

✁ A′, the
m′-th Brandt matrix B(m′) =

(
Bu,u′(m′)

)
u,u′ ∈Matq+1(Z) is defined by

Bu,u′(m′) :=
#{b ∈ IuI−1

u′ : Nr(b) ·A′ = m′}
q − 1

.

In Section 10.3, we give an explicit recipe of computing Bu,u′(m′) for deg(m′) =
1 when q is odd and the constant term b of y is not a square in F×q , and also
when q = 2. By an analogue of Hecke’s theory (cf. [5]) we obtain the following
result:

Proposition 10.6.

(1) Viewing γ as a permutation matrix in Matq+1(Z), one has

B(T ′) = 2 · J − γ,
where every entry of J is 1.

(2) Identifying the place x− s and T ′− s−1 of F , one has that for s ∈ F×q ,

Tx−seu =
∑

u′∈P1(Fq)

Bu,γ(u′)(T
′ − s−1)eu′ .

Proof. By Lemma II.5 in [5], we observe that for every u ∈ Fq,
[iγ(u)] +

∑

u′∈Fq

Bu,u′(T ′)[iu′ ] = 2
∑

u′′∈Fq

[iu′′ ] ∈ Z[Cl(D′)].

This shows (1). To prove (2), notice that for every gv ∈ GL2(Fv) with v 6=∞′

and u ∈ Fq, there exists u′ ∈ Fq such that

[iugv, 1] = [iu′ , ̟c
∞′ ],

where c = ordv(det gv) · deg v. By Proposition II.4 in [5] we have that for
s ∈ F×q ,

Tx−seu =
∑

u′∈P1(Fq)

Bu,u′(T ′ − s−1)[iu′ , ̟∞′ ]

=
∑

u′∈P1(Fq)

Bu,u′(T ′ − s−1)eγ(u′)

=
∑

u′∈P1(Fq)

Bu,γ(u′)(T
′ − s−1)eu′ .

�

For u ∈ Fq, let fu ∈ H′ such that fu(e′u) = δu,u′ for u′ ∈ Fq and fu(e∞) = −1.
We immediately get the following.
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Corollary 10.7. For u, u′ ∈ Fq and s ∈ F×q , set

B′
u′,u(x− s) := Bu′,γ(∞)(T

′ − s−1)−Bu′,γ(u)(T
′ − s−1).

Then

Tx−sfu =
∑

u′∈Fq

B′
u′,u(x− s)fu′ .

In other words, B′(x − s) :=
(
B′
u′,u(x − s)

)
u′,u
∈ Matq(Z) is a matrix repre-

sentation of Tx−s acting on H′ with respect to the basis {fu | u ∈ Fq}.

Remark 10.8. From (2.7) we know that
∑
s∈Fq

Tx−s = −1, as endomorphisms

ofH. On the other hand, by Remark 9.2, JL : H⊗Q ∼= H′⊗Q is Tx-equivariant.
Hence the previous corollary allows us to obtain also the matrix representation
of Tx acting on H′.

Remark 10.2 and Corollary 10.7 give the matrices by which Tx−s (s ∈ F×q ) acts
on H and H′. Since Tx−s generate T, the condition that the T-modules H and
H′ are isomorphic in Theorem 9.5 is equivalent to the matrices B′(x− s) being
simultaneously Z-conjugate to Gekeler’s matrices G(x−s), i.e., to the existence
of a single matrix C ∈ GLq(Z) such that

(10.1) C−1 ·B′(x− s) · C = G(x− s) ∀s ∈ F×q .

Remark 10.9. Due to Jacquet-Langlands correspondence, there does exist a
matrix C ∈ GLq(Q) satisfying (10.1), but the existence of an integral matrix
is more subtle; cf. [27].

Example 10.10. Let q = 2 and y = T 2 + T + 1. By Remark 10.2

G(x − 1) =

(
0 0
1 −2

)
.

On the other hand, with respect to the basis {i∞, i0, i1} of Z[Cl(D′)] we calcu-
late that (see Remark 10.12)

γ =




0 1 0
1 0 0
0 0 1


 and B(T ′ − 1) =




0 2 1
2 0 1
1 1 1


 .

Therefore

B′(x− 1) =

(
−2 −1
0 0

)
.

We can take C =

(
0 −1
1 0

)
.

Note that the matrix

(
0 0
0 −2

)
is conjugate to G(x − 1) over Q, but not over

Z; in fact, there are exactly two conjugacy classes of matrices in Mat2(Z) with
characteristic polynomial X(X + 2).
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q y α
3 T 2 + T + 2 [0, 1, 0]
3 T 2 + 2T + 2 [0, 0, 1]
5 T 2 + T + 2 [−1, 1, 4, 5, 2]
5 T 2 + 2T + 3 [−1,−3,−6,−5,−2]
5 T 2 + 3T + 3 [−1,−6,−3,−2,−5]
5 T 2 + 4T + 2 [−1, 4, 1, 2, 5]
7 T 2 + T + 6 [−8, 0,−6,−5,−8,−7, 5]
7 T 2 + 2T + 3 [−8,−7,−7, 2, 3,−6,−6]
7 T 2 + 3T + 5 [−5,−6,−6,−4, 2, 3,−5]
7 T 2 + 4T + 5 [−8,−8, 0,−7,−6, 5,−5]
7 T 2 + 5T + 3 [−5,−4,−5,−6, 3,−6, 2]
7 T 2 + 6T + 6 [−5,−6, 2,−5,−6,−4, 3]

Table 4. Available choice of α

There exists an algorithm for deciding whether, for two collections of integral
matrices {X1, . . . , Xm} and {Y1, . . . , Ym}, there exists an integral and integrally
invertible matrix C relating them via conjugation, i.e., such that C−1XiC = Yi
for all i; see [48]. Unfortunately, this algorithm is complicated and does not
seem to have been implemented into the standard computational programs,
such as Magma. Instead of trying to find C, we take a different approach to
proving that the T-modules H and H′ are isomorphic. Note that the pairing
in Proposition 2.21 gives an isomorphism H ∼= Hom(T,Z) of T-modules. If one
constructs a perfect T-equivariant pairing

(10.2) H′ × T→ Z,

then the desired isomorphism H′ ∼= Hom(T,Z) ∼= H follows. The absence of
Fourier expansion in the quaternionic setting makes the construction of such a
pairing ad hoc.
Note that Hom(H′,Z) =

⊕
u∈Fq

Ze∗u, where 〈fu, e∗u′〉 := fu(eu′) = δu,u′ . One

way to construct (10.2) is to find a Z-linear combination α =
∑

u aue
∗
u such

that

det (〈fu, Tx−sα〉)u,s∈Fq
= ±1.

We were able to find such α in several cases; see Table 4 where α is given as
[a0, a1, . . . , ap−1].

10.3. Computation of Brandt matrices. Recall that we denote y = T 2 +
aT + b ∈ A and y′ = T ′2 + ab−1T + b−1, where T ′ = 1/T . Assume q is odd and
b is not a square in F×q . Set y0 := bT ′2 + aT ′ + 1. Let

D := F + Fi+ Fj + Fij

where i2 = T ′, j2 = y0, ij = −ji. Since we have the Hilbert quadratic symbols
(T ′, y0)T = (T ′, y0)y = −1 and (T ′, y0)v = 1 for every places v 6= T or y, the
quaternion algebra D is ramified precisely at T and y.
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Let D′ = A′ +A′i+A′j+A′ij, which is an Eichler A′-order in D of level T ′y′.
We choose the representatives of locally principal right ideal classes of D′ as
follows.

I∞ := D′ = A′ +A′i+A′j +A′ij,

Iu := A′(1− j) +A′(
i+ ij

T ′ + 2uj) +A′T ′j +A′ij, u ∈ Fq.

Then the reduced norm of Iu is trivial for every u ∈ P1(Fq). Moreover, for

u, u′ ∈ Fq, IuI−1
u′ is equal to




A′ +A′T ′i+A′(j − 2ui) +A

(
i(1+j)2

T ′ + 4u2i
)
, if u = u′,

A′T ′ +A
(
i− (u′ − u)−1

)
+A

(
j − u′+u

u′−u

)
+A

(
i(1+j)2

T ′ + 4uu′

u′−u

)
, if u 6= u′.

After tedious calculations, we obtain the following:

Lemma 10.11.

(1) For s ∈ Fq,

#{z ∈ I∞ | Nr(z)A′ = (x− s)A′}
q − 1

=





2 if s ∈ (F×q )2,

1 if s = 0,

0 otherwise.

(2) For s, u ∈ Fq, set

αy(s, u) := 1 + s(4u2 + a+ sb) and βy(s, u) =
(
(a+ 4u2)2 − 4b

)
s+ 16u2.

Then

#{z ∈ Iu | Nr(z)A′ = (x− s)A′}
q − 1

=





2 if αy(s, u) ∈ (F×q )2,

1 if αy(s, u) = 0,

0 otherwise.

#{z ∈ IuI−1
u | Nr(z)A′ = (x− s)A′}

q − 1
=





2 if βy(s, u) ∈ (F×q )2,

1 if βy(s, u) = 0,

0 otherwise.

(3) For s, u, u′ ∈ Fq with u 6= u′, set

ξy(s, u, u′) :=
(
2u2 + 2u′2 + s(u′ − u)a

)2

−
(
1− s(u′ − u)2

)(
16u2u′2 − s(u′ − u)2(a2 − 4b)

)
.

Then

#{z ∈ IuI−1
u′ | Nr(z)A′ = (x− s)A′}

q − 1
=





2 if ξy(s, u) ∈ (F×q )2,

1 if ξy(s, u) = 0,

0 otherwise;
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Since the Brandt matrices are symmetric under our settings, the above lemma
gives us the recipe of computing the Brandt matrices B(T ′ − s) for s ∈ Fq. In
particular, we can get

γ(∞) =∞, γ(0) = 0, and γ(u) = −u ∀u ∈ F×q .

Remark 10.12. In characteristic 2 the presentation of quaternion algebras has
to be modified. Consider the case when q = 2 and y = T 2 +T +1. In this case,
we let D = F + Fi+ Fj + Fij, where

i2 + i = T ′, j2 = y0 = T ′2 + T ′ + 1, ji = (i+ 1)j.

Let D′
max = A + Ai + Aj + Aij, which is a maximal A′-order in D. We take

the Eichler A′-order D′ = A′ + A′i + A′T ′j + A′ij and the representatives of
ideal classes of D′ in the following:

I∞ = D′ = A′ +A′i+A′T ′j +A′ij,

I0 = A′T ′ +A′(1 + i) +A′j +A′ij,

I1 = A′T ′ +A′(1 + i) +A′(1 + j) +A′ij.

Then

I0I
−1
0 = A′ +A′i+A′xj +A′(i+ 1)j,

I0I
−1
1 = A′T ′ +A′i+A′(1 + j) +A′(1 + ij),

I1I
−1
1 = A′ +A′T ′i+A′j +A′(i+ ij).

Since

{z ∈ D′
max | Nr(z) = T ′} = {i, 1 + i, 1 + T ′ + j}

and

{z ∈ D′
max | Nr(z) = 1 + T ′} = {T ′ + j, T ′ + i+ j, 1 + T ′ + i+ j},

we can get

B(T ′) =




2 1 2
1 2 2
2 2 1


 and B(T ′ − 1) =




0 2 1
2 0 1
1 1 1


 .
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Abstract. We show that on any abelian scheme over a complex
quasi-projective smooth variety, there is a Green current for the zero-
section, which is axiomatically determined up to ∂ and ∂̄-exact differ-
ential forms. On an elliptic curve, this current specialises to a Siegel
function. We prove generalisations of classical properties of Siegel
functions, like distribution relations and reciprocity laws. Further-
more, as an application of a refined version of the arithmetic Riemann-
Roch theorem, we show that the above current, when restricted to a
torsion section, is the realisation in analytic Deligne cohomology of
an element of the (Quillen) K1 group of the base, the corresponding
denominator being given by the denominator of a Bernoulli number.
This generalises the second Kronecker limit formula and the denomi-
nator 12 computed by Kubert, Lang and Robert in the case of Siegel
units. Finally, we prove an analog in Arakelov theory of a Chern class
formula of Bloch and Beauville, where the canonical current plays a
key role.
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1 Introduction

In this article, we show that on any abelian scheme over a complex quasi-
projective smooth variety, there is a Green current g for the the cycle given by
the zero-section of the abelian scheme, which is uniquely determined, up to ∂
and ∂̄-exact forms, by three axioms — see Theorem 1.1.
We proceed to show that this Green current is naturally compatible with iso-
genies (ie it satisfies distribution relations), up to ∂ and ∂̄-exact forms (see
Theorem 1.2.1), and that it intervenes in an Arakelov-theoretic generalization
of a formula of Bloch and Beauville (see [2, p. 249] for the latter), which is
proven here without resorting to the Fourier-Mukai transform. See Theorem
1.2.2. Furthermore, we show that if the basis of the abelian scheme is a point
(ie if the abelian scheme is an abelian variety), then g is a harmonic Green
current (see Theorem 1.2.3). The current g is also shown to be compatible
with products (see Theorem 1.2.5).
Finally, we show that the restriction of g to the complement of the zero-section
has a spectral interpretation. Up to a sign, it is given there by the degree
(g − 1) part of the analytic torsion form of the Poincaré bundle of the abelian
scheme. See Theorem 1.3.1 for this. In point 2 of the same theorem, we show
that the restriction of the higher analytic torsion form to torsion sections, which
never meet the zero-section, lies in the rational image of the Beilinson regulator
from K1 to analytic Deligne cohomology and we give a multiplicative upper
bound for the denominators involved. To prove Theorem 1.3.1, we make heavy
use of the arithmetic Riemann-Roch theorem in higher degrees proven in [22]
and to compute the denominators described in Theorem 1.3.2, we apply the
Adams-Riemann-Roch theorem in Arakelov geometry proven in [42].
If one specializes to elliptic schemes (i.e. abelian schemes of relative dimen-
sion 1) the results proven in Theorems 1.1, 1.2 and 1.3 one recovers many
results contained in the classical theory of elliptic units. In particular, on el-
liptic schemes the current g is described by a Siegel function and the spectral
interpretation of g specializes to the second Kronecker limit formula. The reci-
procity law for elliptic units (ie the analytic description of the action of the
Galois group on the elliptic units) is also easily obtained and (variants) of the
results of Kubert-Lang and Robert on the fields of definition of elliptic units
are recovered as a special case of the above denominator computations. Details
about elliptic schemes are given in section 5 where references to the classical
literature are also given. The reader will notice that even in the case of elliptic
schemes, our methods of proof are quite different from the classical ones.
The current g can also be used to describe the realisation in analytic Deligne
cohomology of the degree 0 part of the polylogarithm on abelian schemes in-
troduced by J. Wildeshaus in [45] (see also [25]). The fact that this should be
the case was a conjecture of G. Kings. His conjecture is proven in [26].
Here is a detailed description of the results.
Let (R,Σ) be an arithmetic ring. By definition, this means that R is an ex-
cellent regular ring, which comes with a finite conjugation-invariant set Σ of

Documenta Mathematica 20 (2015) 631–668



On a Canonical Class of Green Currents . . . 633

embeddings into C (see [19, 3.1.2]). For example R might be Z with its unique
embedding into C, or C with the identity and complex conjugation as embed-
dings.
Recall that an arithmetic variety over R is a scheme, which is flat and of finite
type over R. In this text, all arithmetic varieties over R will also be assumed
to be regular, as well as quasi-projective over R. For any arithmetic variety X
over R, we write as usual

X(C) :=
∐

σ∈Σ

(X ×R,σ C)(C) =
∐

σ∈Σ

X(C)σ.

Let Dp,p(XR) (resp. Ap,p(XR)) be the R-vector space of currents (resp. differ-
ential forms) γ on X(C) such that

• γ is a real current (resp. differential form) of type (p, p);

• F ∗
∞γ = (−1)pγ,

where F∞ : X(C) → X(C) is the real analytic involution given by complex
conjugation. We then define

D̃p,p(XR) := Dp,p(XR)/(im ∂ + im ∂̄)

(resp.
Ãp,p(XR) := Ap,p(XR)/(im ∂ + im ∂̄) ).

All these notations are standard in Arakelov geometry. See [44] for a com-
pendium. It is shown in [19, Th. 1.2.2 (ii)] that the natural map Ãp,p(XR)→
D̃p,p(XR) is an injection.
If Z a closed complex submanifold of X(C), we shall write more generally
Dp,p
Z (XR) for the R-vector space of currents γ on X(C) such that

• γ is a real current of type (p, p);

• F ∗
∞γ = (−1)pγ;

• the wave-front set of γ is included in the real conormal bundle of Z in
X(C).

Similarly, we then define the R-vector spaces

D̃p,p
Z (XR) := Dp,p

Z (XR)/Dp,p
Z,0(XR)

where Dp,p
Z,0(XR) is the set of currents γ ∈ Dp,p

Z (XR) such that: there exists a
complex current α of type (p− 1, p) and a complex current β of type (p, p− 1)
such that γ := ∂α + ∂̄β and such that the wave-front sets of α and β are
included in the real conormal bundle of Z in X(C).
See [24] for the definition (and theory) of the wave-front set.
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It is a consequence of [11, Cor. 4.7] that the natural morphism D̃p,p
Z (XR) →

D̃p,p(XR) is an injection.1 Thus the real vector space D̃p,p
Z (XR) can be identified

with a subspace of the real vector space D̃p,p(XR).
Furthermore, it is a consequence of [11, Th. 4.3] that for any R-morphism
f : Y → X of arithmetic varieties, there is a natural morphism of R-vector
spaces

f∗ : D̃p,p
Z (XR)→ D̃p,p

f(C)∗(Z)(YR),

provided f(C) is transverse to Z. This morphism extends the morphism
Ãp,p(XR)→ Ãp,p(YR), which is obtained by pulling back differential forms.
Fix now S an arithmetic variety over R. Let π : A → S be an abelian scheme
over S of relative dimension g. We shall write as usual A∨ → S for the dual
abelian scheme. Write ǫ (resp. ǫ∨) for the zero-section of A → S (resp. A∨ →
S) and also S0 (resp. S∨

0 ) for the image of ǫ (resp. ǫ∨). We denote by the symbol
P the Poincaré bundle on A ×S A∨. We equip the Poincaré bundle P with
the unique metric hP such that the canonical rigidification of P along the zero-
section A∨ → A×SA∨ is an isometry and such that the curvature form of hP is
translation invariant along the fibres of the map A(C)×S(C) A∨(C)→ A∨(C).

We write P := (P , hP) for the resulting hermitian line bundle. Write P0
be

the restriction of P to A×S (A∨\S∨
0 ).

The aim of this text is now to prove the following three theorems.

Theorem 1.1. There is a unique class of currents gA ∈ D̃g−1,g−1(A∨
R) with

the following three properties:

(a) Any element of gA is a Green current for S∨
0 (C).

(b) The identity (S∨
0 , gA) = (−1)gp2,∗(ĉh(P))(g) holds in ĈH

g
(A∨)Q.

(c) The identity gA = [n]∗gA holds for all n > 2.

Here the morphism p2 is the second projection A ×S A∨ → A∨ and [n] :

A∨ → A∨ is the multiplication-by-n morphism. The symbol ĉh(·) refers to

the arithmetic Chern character and ĈH
•
(·) is the arithmetic Chow group. See

[19, 1.2] for the notion of Green current.
Supplement. The proof of Theorem 1.1 given below shows that if S is assumed
proper over SpecR, then the condition (b) can be replaced by the following
weaker condition :
(b)’ The identity of currents ddcg + δS∨

0 (C) = (−1)gp2,∗(ch(P))(g) holds.
Here ddc := i

2π∂∂̄ and δS∨
0 (C) is the Dirac current associated to S∨

0 (C) inA∨(C).

Furthermore, ch(P) is the Chern character form of the hermitian bundle P. See
[20, Intro.] for this.
Remarks. (1) The condition (b) apparently makes the current gA dependent
on the arithmetic structure of A. We shall show in 1.2.4 below that this is not

1many thanks to J.-I. Burgos for bringing this to our attention
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the case. In particular, in defining gA, we could have assumed that R = C.
The settting of arithmetic varieties is used in Theorem 1.1 because it is the
natural one for property (b). Formula (15) gives a purely analytic expression
for gA. (2) It is tempting to try to refine Theorem 1.1 by using in property (b)
the arithmetic Chow groups defined by J.-I. Burgos (in [10]) rather than the
arithmetic Chow groups of Gillet-Soulé. One would then obtain a class of forms
with certain logarithmic singularities, rather than a class of currents. Such a
refinement does not seem to be easily attainable though, because of the lack of
covariant functoriality of the spaces of forms mentioned in the last sentence.
The next theorem gives some properties of the class of currents gA.
Let L be a rigidified line bundle on A. Endow L with the unique hermitian
metric hL, which is compatible with the rigidification and whose curvature
form is translation-invariant on the fibres of A(C) → S(C). Let L := (L, hL)
be the resulting hermitian line bundle. Let φL : A → A∨ be the polarisation
morphism induced by L.

Theorem 1.2. 1. Let ι : A → B be an isogeny of abelian schemes over S.
Then the identity ι∨∗ (gB) = gA holds.

2. Suppose that L is ample relatively to S and symmetric. Then the equali-
ties

(S∨
0 , gA) = (−1)gp2,∗(ĉh(P)) =

1

g!
√

deg(φL)
φL,∗(̂c1(L)g)

are verified in ĈH
∗
(A∨)Q.

3. If S → SpecR is the identity on SpecR then any element of gA is a har-
monic Green current for S∨

0 (C), where A∨(C) is endowed with a conjuga-
tion invariant Kähler metric, whose Kähler form is translation invariant.

4. The class gA is invariant under any change of arithmetic rings (R,Σ)→
(R′,Σ′).

5. Let B → S be another abelian scheme and let πA∨ : A∨ ×S B∨ → A∨

(resp. πB∨ : A∨ ×S B∨ → B∨) be the natural projections. Then

gA×SB = π∗
A∨(gA) ∗ π∗

B∨(gB) (1)

6. The class of currents gA lies in D̃g−1,g−1
S∨
0 (C) (A∨

R).

7. Let T be a an arithmetic variety over R and let T → S be a morphism of
schemes over R. Let AT be the abelian scheme obtained by base-change
and let BC : AT → A be the corresponding morphism. Then BC(C) is
tranverse to S∨

0 (C) and BC∗gA = gAT .
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Here ι∨ : B∨ → A∨ is the isogeny, which is dual to ι. For the notion of harmonic
Green current, see [8] and [29]. The pairing ∗ appearing in the equation (1) is
the ∗-product of Green currents. See [19, par. 2.2.11, p. 122] for the definition.
Recall that an S-isogeny between the abelian schemes A and B is a flat and
finite S-morphism A → B, which is compatible with the group-scheme struc-
tures. The symbol ĉ1(·) refers the first arithmetic Chern class; see [20, Intro.]
for this notion.
Theorem 1.2.1 generalizes to higher degrees the distribution relations of Siegel
units. See section 5 below for details. If the morphism S → SpecR is the
identity on SpecR and R is the ring of integers of a number field, then it is
shown in [29, Prop. 11.1 (ii)] that Theorem 1.2.3 implies Theorem 1.2.2. Still in
the situation where S → SpecR is the identity on SpecR, another construction
of a Green current for S∨

0 (C) is described in A. Berthomieu’s thesis [3]. The
current constructed by Berthomieu is likely to be harmonic (it is not proven
in [3], but according to the author [private communication] it can easily be
shown). The current constructed in [3] satisfies the identity in Theorem 1.3.1
by construction.
The last theorem relates the current gA to the Bismut-Köhler analytic torsion
form of the Poincaré bundle (see [6, Def. 3.8, p. 668] for the definition).
Let λ be a (1, 1)-form on A(C) defining a Kähler fibration structure on the
fibration A(C) → S(C) (see [6, par. 1] for this notion). With the form λ, one
can canonically associate a hermitian metric on the relative cotangent bundle
ΩA/S and we shall write ΩA/S for the resulting hermitian vector bundle. We
suppose that λ is translation invariant on the fibres of the map A(C)→ S(C)
as well as conjugation invariant. We shall write

T (λ,P0
) ∈ Ã((A∨\S∨

0 )R) :=
⊕

p>0

Ãp,p((A∨\S∨
0 )R)

for the Bismut-Köhler higher analytic torsion form of P0
along the fibration

A(C) ×S(C) (A∨(C)\S∨
0 (C)) −→ A∨(C)\S∨

0 (C).

For any regular arithmetic variety X over R, the (Beilinson) regulator map
gives rise to a morphism of groups

regan : K1(X) −→
⊕

p>0

H2p−1
D,an (XR,R(p)).

To define the space H2p−1
D,an (XR,R(p)) and the map regan, let us first write

H∗
D,an(X,R(·)) for the analytic real Deligne cohomology ofX(C). By definition,

Hq
D,an(X,R(p)) := Hq(X(C),R(p)D,an)

where R(p)D,an is the complex of sheaves of R-vector spaces

0→ R(p)→ OX(C)
d→ Ω1

X(C) → · · · → Ωp−1
X(C) → 0
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on X(C) (for the ordinary topology). Here R(p) := (2iπ)pR ⊆ C. We now
define

H2p−1
D,an (XR,R(p)) := {γ ∈ H2p−1

D,an (X,R(p)) | F ∗
∞γ = (−1)pγ}.

By construction, the regulator map K1(X) → ⊕p>0H
2p−1
D,an (X,R(p)) (see

[12] for a direct construction of the regulator and further references) fac-
tors through ⊕p>0H

2p−1
D,an (XR,R(p)) and thus gives rise to a map K1(X) →

⊕p>0H
2p−1
D,an (XR,R(p)). This is the definition of the map regan.

It is shown in [12, par 6.1] that there is a natural inclusion
H2p−1
D,an (XR,R(p)) →֒ Ãp−1,p−1(XR).

For the next theorem, define

N2g := 2 · denominator [(−1)g+1B2g/(2g)],

where B2g is the 2g-th Bernoulli number. Recall that the Bernoulli numbers
are defined by the identity of power series:

∑

t>1

Bt
ut

t!
=

u

exp(u)− 1
.

Theorem 1.3. 1. The class of differential forms Td(ǫ∗ΩA/S) ·T (λ,P0
) lies

in Ãg−1,g−1((A∨\S∨
0 )R) and the equality

gA|A∨(C)\S∨
0 (C) = (−1)g+1 Td(ǫ∗ΩA/S) · T (λ,P0

)

holds. In particular T (λ,P0
)(g−1) does not depend on λ.

2. Suppose that λ is the first Chern form of a relatively ample rigidified line
bundle, endowed with its canonical metric. Let σ ∈ A∨(S) be an element
of finite order n, such that σ∗S∨

0 = ∅. Then

g · n ·N2g · σ∗T (λ,P0
) ∈ image(regan(K1(S))).

A the end of section 4.2 (see the end of the proof of Lemma 4.5), we give a
statement, which is slightly stronger than Theorem 1.3.2 (but more difficult to
formulate).
Theorem 1.3.1 can be viewed as a generalization to higher degrees of the second
Kronecker limit formula (see [31, chap. 20, par. 5, p. 276] for the latter).
Theorem 1.3.2 generalizes to higher degrees part of a classical statement on
elliptic units and their fields of definition. See section 5 below.
Remark. It would be interesting to have an analogue of Theorem 1.3.2, where
regan is replaced by the analytic cycle class cycan (see (3) below). If S ≃
SpecR and R is the ring of integers in a number field, then regan and cycan
can be identified but this is not true in general. In particular, this suggests
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that the Bernoulli number 12 = N2/2, which appears in the denominators of
elliptic units (see the last section) should be understood as coming from the
natural integral structure of the group K1(·)Q and not from the natural integral
structure of the corresponding motivic cohomology group

⊕
pH

2p−1
M (·,Z(p))Q.

Some of the results of this article were announced in [37].
We shall provide many bibliographical references to ease the reading but the
reader of this article is nevertheless assumed to have some familiarity with the
language of Arakelov theory, as expounded for instance in [44].
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Notations. Here are the main notational conventions. Some of them have
already been introduced above. Recall that we wrote π : A → S for the
structure morphism of the abelian schemeA over S. We also write π∨ : A∨ → S
for the structure morphism of the abelian scheme A∨ over S. Write µ = µA :
A×SA → A for the addition morphism and p1 : A×A∨ → A, p2 : A×A∨ → A∨

for the obvious projections. We shall also also write p1, p2 : A × A → A and
p∨
1 , p

∨
2 : A∨ × A∨ → A∨ for more obvious projections. Recall that we wrote

ǫ (resp. ǫ∨) for the zero-section of A → S (resp. A∨ → S) and also that we
wrote S0 (resp. S∨

0 ) for the image of ǫ (resp. ǫ∨). Write ωA := det(ΩA/S) for
the determinant of the sheaf of differentials of A over S. We let ddc := i

2π∂∂̄.

2 Proof of Theorem 1.1

If M is a smooth complex quasi-projective variety, we shall write H∗
D(M,R(·))

for the Deligne-Beilinson cohomology of M . We recall its definition. Let M̄ be
a smooth complex projective variety, which contains M as an open subscheme.
We call M̄ a compactfication of M . Suppose furthermore that M̄\M is the
underlying set of a reduced divisor with normal crossings D. From now on,
we view M and M̄ as complex analytic spaces and we work in the category of
complex analytic spaces. Let j : M →֒ M̄ be the given open embedding. There
is a natural subcomplex Ω•

M̄
(log D) of j∗Ω•

M , called the complex of holomorphic
differential forms on M with logarithmic singularities along D. The objects of
Ω•
M̄

(log D) are locally free sheaves. We redirect the reader to [9, chap. 10] for
the definition and further bibliographical references. Write F pΩ•

M̄
(log D) for

the subcomplex
Ωp
M̄

(log D) −→ Ωp+1

M̄
(log D) −→ · · ·

of Ω•
M̄

(log D). Write f0
p : F pΩ•

M̄
(log D)→ j∗Ω•

M for the inclusion morphism.
Abusing notation, we shall identify Rj∗R(p) with the complex, which is the
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image by j∗ of the canonical flasque resolution of R(p). Similarly, we shall
write Rj∗Ω•

M for the simple complex associated to the image by j∗ of the
canonical flasque resolution of Ω•

M ( the latter being a double complex). Write
fp : F pΩ•

M̄
(log D) → Rj∗Ω•

M for the morphism obtained by composing f0
p

with the canonical morphism j∗Ω•
M → Rj∗Ω•

M . There is a natural morphism
of complexes R(p)→ Ω•

M (where R(p) is viewed as a complex with one object
sitting in degree 0) and by the functoriality of the flasque resolution, we obtain
a morphism rp : Rj∗R(p)→ Rj∗Ω•

M . We now define the complex

R(p)D := simple
(
Rj∗R(p)⊕ F pΩ•

M̄ (log D)
up−→ Rj∗Ω•

M

)

where up := rp−fp. By definition, Deligne-Beilinson cohomology is now defined
by the formula

Hq
D(M,R(p)) := Hq(M,R(p)D).

Notice that by construction, Hq
D(M,R(p)) = Hq

D,an(M,R(p)) if M is compact
(so that D is empty). More generally, there is a natural "forgetful" morphism
of R-vector spaces Hq

D(M,R(p)) → Hq
D,an(M,R(p)) (what is forgotten is the

logarithmic structure) ; see [10, before Prop. 1.3] for this. It can be proven that
Deligne-Beilinson cohomology does not depend on the choice of the compacti-
fication M̄ . By its very definition, we have a canonical long exact sequence of
R-vector spaces

· · · → Hq−1(M,C)→ Hq
D(M,R(p))→ Hq(M,R(p))⊕F pHq(M,C)→ · · · (2)

where F pHq(M,C) is the p-th term of the Hodge filtration of the mixed Hodge
structure on Hq(M,C). Furthermore the R-vector space Hq

D(M,R(p)) has a
natural structure of contravariant functor from the category of smooth quasi-
projective varieties over C to the category of R-vector spaces (see [10, Prop.
1.3] for this). If we equip the singular cohomology spaces Hq(M,C) and
Hq
D(M,R(p)) with their natural contravariant structure, then the sequence (2)

becomes an exact sequence of functors.
If X is an arithmetic variety, then we define

Hq
D(XR,R(p)) := {γ ∈ Hq

D(X(C),R(p)) | F ∗
∞γ = (−1)pγ}.

Before beginning with the proof of Theorem 1.1, we shall prove the following
key lemma.

Lemma 2.1. Let n > 2. The eigenvalues of the R-endomorphism [n]∗ of the
Deligne-Beilinson cohomology R-vector space H2p−1

D (A∨(C),R(p)) lie in the set
{1, n, n2, . . . , n2p−1}.

Proof. The existence of the exact sequence of functors (2) shows that we have
the following exact sequence of R-vector spaces

H2p−2(A∨(C),C)→ H2p−1
D (A∨(C),R(p))→
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→ H2p−1(A∨(C),R(p))⊕ F pH2p−1(A∨(C),C)

a and that the differentials in this sequence are compatible with the natural
contravariant action of [n]. Hence it is sufficient to prove the conclusion of
the lemma for the R-vector spaces H2p−2(A∨(C),C), H2p−1(A∨(C),R(p)) and
H2p−1(A∨(C),C). These spaces are more easily tractable and can be approxi-
mated by the Leray spectral sequence

Ers2 = Hr(S(C),Rsπ∨(C)∗(K))⇒ Hr+s(A∨(C),K)

where K is R or C. Now notice that since [n] is an S-morphism, this spec-
tral sequence carries a natural contravariant action of [n], which is compatible
with the aforementionned action of [n] on its abutment. Consider the index
2p − 1. We know that [n]∗ acts on Rsπ∨(C)∗(K) by multiplication by ns.
This may be deduced from known results on abelian varieties using the proper
base-change theorem. Hence [n]∗ acts on Hr(S(C),Rsπ∨(C)∗(K)) by multipli-
cation by ns as well. Now the existence of the spectral sequence shows that
H2p−1(A∨(C),K) has a natural filtration, which consists of subquotients of the
spaces Hr(S(C),Rsπ∨(C)∗(K)), where r + s = 2p− 1. Since s 6 2p− 1, this
proves the assertion for the index 2p− 1. The index 2p − 2 can be treated in
an analogous fashion. �
Proof of uniqueness. Let gA and g0A be elements of D̃g−1,g−1(A∨

R) satisfying
(a), (b) and (c). Let κA := g0A − gA ∈ D̃g−1,g−1(A∨) be the error term.
Recall the fundamental exact sequence

CHg,g−1(A∨)
cycan−−−→ Ãg−1,g−1(A∨

R)
a→ ĈH

g
(A∨)→ CHg(A∨)→ 0 (3)

(see [19, th. 3.3.5] for this). Here CHg,g−1(·) is Gillet-Soulé’s version of one of

Bloch’s higher Chow groups. The group ĈH
g
(A∨) is the g-th arithmetic Chow

group and CHg(A∨) is the g-th ordinary Chow group. By construction, there
are maps

CHg,g−1(A∨)
cyc−−→ H2g−1

D (A∨
R ,R(g))

forgetful−−−−−−→H2g−1
D,an (A∨

R ,R(g))→Ãg−1,g−1(A∨
R)

whose composition is cycan. Here cyc is the cycle class map into Deligne-
Beilinson cohomology; the second map from the left is the forgetful map and
the third one is the natural inclusion mentioned before Theorem 1.3.
Now let n > 2. Let

V := image
(
H2g−1
D (A∨

R ,R(g))
forgetful−−−−−−→ H2g−1

D,an (A∨
R ,R(g))

)
(4)

be the image of the forgetful map from H2g−1
D (A∨

R ,R(g)) to H2g−1
D,an (A∨

R ,R(g)).
By (b), we know that κA ∈ V . Furthermore V is invariant under [n]∗. In fact,
by Lemma 2.1, [n]∗ restrict to an injective morphism V → V , which is thus an
isomorphism, since V is finite dimensional. Now the projection formula shows
that the equation [n]∗[n]∗ = n2g is valid in H2g−1

D,an (A∨
R ,R(g)) and we conclude
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that that V is also invariant under [n]∗. The same equation [n]∗[n]∗ = n2g now
shows that the eigenvalues of [n]∗ on V lie in the set {n2g, n2g−1, . . . , n}. In
particular, [n]∗ has no non-vanishing fixed point in V . Since [n]∗κA = κA by
(c), this proves that κA = 0.
Proof of existence. As very often, the proof of existence is inspired by the
proof of uniqueness. Let g ∈ D̃g−1,g−1(A∨

R) be a class of Green currents for S∨
0

satisfying (b). To see that there is such a g, pick any Green current g′ for S∨
0 (C),

such that F ∗
∞g′ = (−1)g−1g′. This exists by [19, th.1.3.5]. Now a basic property

of the Fourier-Mukai transformation for abelian schemes (see [32, Lemme 1.2.5])
implies that (−1)gp2,∗(ch(P))(g) = S∨

0 in CHg(A∨)Q. Hence, looking at the
sequence (3), we see that there exists α ∈ Ãg−1,g−1(A∨

R) such that (a⊗Q)(α) =

(S∨
0 , g

′)− (−1)gp2,∗(ĉh(P))(g). If we define g := g′ − α, we obtain the required
class of Green currents. Now fix n > 2 and let c := g − [n]∗g. We shall prove
below (see (6)) that

[n]∗p2∗(ĉh(P))(g) = p2∗(ĉh(P))(g).

This implies that c lies in the space V defined in (4) above. Now recall that
we proved that [n]∗ sends V on V and that 1 is not a root of the characteristic
polynomial of [n]∗ as an endomorphism of V . Hence the linear equation in x

x− [n]∗x = c

has a unique solution in V . Call this solution c0. By construction the current
g0 := g + c0 satisfies the equation g0 − [n]∗g0 = 0. Now let m > 2 be another
natural number. We have seen above that g0 − [m]∗g0 lies in V . On the other
hand

[n]∗(g0 − [m]∗g0) = [n]∗g0 − [m]∗[n]∗g0 = g0 − [m]∗g0

hence g0−[m]∗g0 is a fixed point of [n]∗ in V . This implies that g0−[m]∗g0 = 0.
This proves that g0 satisfies (a), (b) and (c).

3 Proof of Theorem 1.2

3.1 Proof of 1.2.1

By the definition of the dual isogeny, there is a diagram

A×S B∨ ι× Id
> B ×S B∨ > B∨

A×S A∨

Id× ι∨
∨

> A∨

ι∨
∨

such that
(Id× ι∨)∗PA ≃ (ι× Id)∗PB
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and such that the outer square is cartesian. Here PA := P and PB is the
Poincaré bundle of B over S.
First notice that the arithmetic Riemann-Roch theorem [22] implies that

ĉh((ι× Id)∗(OA×SB∨)) = deg ι

in ĈH
•
(B ×S B∨)Q.

Now we compute

ι∨,∗pA2∗(ĉh(PA)) = pB2∗(ĉh(PB)ĉh((ι × Id)∗(OA×SB∨)))

= (deg ι) · pB2∗(ĉh(PB)). (5)

Here we used the projection formula for arithmetic Chow theory (see [19, Th.
4.4.3, 7.]) and the fact that the push-forward map in arithmetic Chow theory
commutes with base-change. We may now compute

ι∨∗ ι
∨,∗pA2∗(ĉh(PA)) = (deg ι) · pA2∗(ĉh(PA)) = (deg ι) · ι∨∗ pB2∗(ĉh(PB))).

In other words, we have

pA2∗(ĉh(PA)) = ι∨∗ p
B
2∗(ĉh(PB))). (6)

Furthermore, since ι∨ restricts to an isomorphism between the zero-sections,
the class of currents ι∨∗ (gB) consists of Green currents for S∨

0,A. All this shows
that gA − ι∨∗ (gB) lies inside the space V defined in 4. Recall that V is the

image of the forgetful map H2g−1
D (A∨

R ,R(g))
forgetful−−−−−−→ H2g−1

D,an (A∨
R ,R(g)). To

conclude, notice that for any n > 2, we have

[n]∗(gA − ι∨∗ (gB)) = gA − ι∨∗ (gB)

since [n] commutes with ι∨. It was shown just before the proof of existence in
the proof of Theorem 1.1 that [n]∗ leaves V invariant and has no non-vanishing
fixed points in V . Thus gA − ι∨∗ (gB) = 0.

3.2 Proof of 1.2.2

We shall prove the equivalent identities

(−1)g

g!
√

deg(φL)
φL,∗ (̂c1(L)g) = p2,∗(ĉh(P))(g) (7)

and
p2,∗(ĉh(P))(k) = 0 (8)

if k 6= g.
For the equality (8), notice that in view of (5) and the fact that [n]∨ = [n], we
have

[n]∗(p2,∗(ĉh(P))) = n2g · p2,∗(ĉh(P)) (9)
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for any n > 2. On the other hand, since (Id× [n])∗P̄ = P̄⊗n, we have also

[n]∗(p2,∗(ĉh(P))) =
∑

k>0

nk+g · p2,∗(ĉh(P))(k) (10)

and comparing equations (9) and (10) as polynomials in n proves equation (8).
We now proceed to the proof of equation (7). Notice that the line bundle
µ∗L⊗p∗

1L∨⊗p∗
2L∨ on A×SA carries a natural rigidification on the zero section

A (Id,ǫ)−−−→ A×S A and that the same line bundle is algebraically equivalent to
0 on each geometric fibre of the morphism p2 : A×S A → A. Hence there is a
unique morphism φL : A → A∨, the polarisation morphism induced by L, such
that there is an isomorphism of rigidified line bundles

(Id× φL)∗P ≃ µ∗L ⊗ p∗
1L∨ ⊗ p∗

2L∨. (11)

Furthermore, if we endow the line bundles on both sides of (11) with their nat-
ural metrics, this isomorphism becomes an isometry, because both line bundles
carry metrics that are compatible with the rigidification and the curvature
forms of both sides are translation invariant (in fact 0) on the fibres of the map
p2(C).
We shall now give a more concrete expression for

p2∗(ĉh(µ∗L)ĉh(p∗
1L

∨
)ĉh(p∗

2L
∨

)).

We first make the calculation

p2∗(ĉh(µ∗L)ĉh(p∗
1L

∨
)ĉh(p∗

1L)) = p2∗(ĉh(µ∗L))

= p2∗(α∗p∗
1ĉh(L)) = p2∗(p∗

1ĉh(L))

where α : A×S A → A×S A is the p2-automorphism α := (µ, p2). Now notice
that for any n > 2,

p2∗(([n]× Id)∗([n]× Id)∗p∗
1ĉh(L)) = n2gp2∗(p∗

1ĉh(L))

= p2∗(([n]× Id)∗p∗
1ĉh(L)) = p2∗(

∑

l>1

n2l(p1ĉh(L))(l)).

Here we used the isometric isomorphism [n]∗L ≃ L⊗n2

(recall that L is sym-
metric). We deduce that

p2∗(p∗
1ĉh(L)) = p2∗(p∗

1ĉh(L)(g)) =
√

deg(φL)

Thus, using the projection formula, we see that

p2∗(ĉh(p∗
1L)ĉh(µ∗L)ĉh(p∗

1L
∨

)p∗
2ĉh(L∨)) =

√
deg(φL) ĉh(L∨)

which implies that

p2∗(ĉh(p∗1L)ĉh(P)) =
1√

deg(φL)
φL,∗ĉh(L∨

).
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Now notice that in the proof of equation (7), we may assume without restriction
of generality that L is relatively generated by its sections, which is to say that
the natural morphism π∗π∗L → L is surjective. Indeed, for any n > 2, we have

1

g!
√

deg(φL⊗n)
φL⊗n,∗(̂c1(L⊗n

)g) =
1

g!
√

deg(φL)
φL,∗([n]∗ĉ1(L)g)

and for any k > 0,

[n]∗ĉ1(L)k = n−2k[n]∗[n]∗ĉ1(L)k = n2g−2k ĉ1(L)k. (12)

Hence

1

g!
√

deg(φL⊗n)
φL⊗n,∗(̂c1(L⊗n

)g) =
1

g!
√

deg(φL)
φL,∗(̂c1(L)g).

We may thus harmlessly replace L by L⊗n
, where n is some large positive

integer. In particular, we may assume (and we do) that the morphism π∗π∗L →
L is surjective, since L is relatively ample. Now let E := π∗π∗L ⊗ L∨ and let

P •
0 : · · · → Λr(E)→ Λr−1(E)→ · · · → E → O → 0

be the associated Koszul resolution. Let

P •
1 : 0→ P → p∗1E∨ ⊗ P → · · · → p∗1Λr−1(E)∨ ⊗ P → p∗1Λr(E)∨ ⊗ P → · · ·

be the complex P ⊗ p∗1(P •
0 )∨. All the bundles appearing in the complex P •

1

have natural hermitian metrics and we let ηP̄1
be the corresponding Bott-Chern

class. Notice the equalities

ηP̄1
= ĉh(Λ−1(E∨))ĉh(P) = ĉ top(E)T̂d

−1
(E)ĉh(P)

in ĈH
•
(A×SA∨) (see [5, last paragraph]). Here Λ−1(E∨) is the formal Z-linear

combination
∑

r>0(−1)rΛr(E∨). Since rk(E) may be assumed arbitrarily large
(since we may replace L by some of its tensor powers), we see that we may
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assume that ηP̄1
= 0 in ĈH

•
(A×S A∨)Q. Thus we may compute

p2∗(ĉh(P)) = p2∗(ĉh[−p
∗
1Λ−1(E

∨
) +O]ĉh(P))

= −

rk(E)∑

r=1

(−1)rp2∗[ĉh(Λ
r(π∗π∗(L)

∨))ĉh(p∗1L
⊗r

)ĉh(P)]

= −

rk(E)∑

r=1

(−1)rp2∗[ĉh(p
∗
1L

⊗r
)ĉh(P)]ĉh(Λr(π∗π∗(L))

∨)

= −

rk(E)∑

r=1

(−1)r
1√

deg(φL⊗r )
φL⊗r,∗(ĉh(L

∨,⊗r
))ĉh(Λr(π∗π∗(L))

∨)

= −
1√

deg(φL)
φL,∗

[ rk(E)∑

r=1

(−1)rr−g
(
[r]∗(ĉh(L

∨,⊗r
))ĉh(Λr(π∗π∗(L))

∨)
)]

= −
1√

deg(φL)
φL,∗

[ rk(E)∑

r=1

(−1)rr−g
(
[
∑

s>0

r2g−2sĉh(L
∨,⊗r

)(s)]ĉh(Λr(π∗π∗(L))
∨)
)]

= −
1√

deg(φL)
φL,∗

[ rk(E)∑

r=1

∑

s>0

(−1)rrg−sĉh(L
∨
)(s)ĉh(Λr(π∗π∗(L))

∨)
]
.

Now notice that the expression

[n]∗p2∗(ĉh(P)) = p2∗((Id× [n])∗ĉh(P))

= p2∗((Id× [n])∗(Id× [n])∗
∑

k>0

n−k ĉh(P)(k)) = p2∗(
∑

k>0

n2g−k ĉh(P)(k))

is a Laurent polynomial in n > 2. The equation (12) shows that the expression

[n]∗
(
− 1√

deg(φL)
φL,∗

[ rk(E)∑

r=1

∑

s>0

(−1)rrg−s ĉh(L∨
)(s)ĉh(Λr(π∗π∗(L))∨)

])

is also a Laurent polynomial in n > 2. We may thus identify the coefficients of
these polynomials. We obtain the following : if g + k is even, then

p2∗(ĉh(P))(k) =

− 1√
deg(φL)

φL,∗
[
ĉh(L∨

)((g+k)/2)[

rk(E)∑

r=1

(−1)rrg−(g+k)/2 ĉh(Λr(π∗π∗(L))∨)]
]

and
p2∗(ĉh(P))(k) = 0

if g + k is odd. Note that we have already proven the stronger fact that
p2∗(ĉh(P))(k) = 0 if k 6= g. Thus

p2∗(ĉh(P))(g) = − 1√
deg(φL)

φL,∗
[
ĉh(L∨

)g[

rk(E)∑

r=1

(−1)r ĉh(Λr(π∗π∗(L))∨)]
]
.
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Using furthermore that the left-hand side expression in the last equality is of
pure degree g in ĈH

•
(A∨)Q, we deduce that

p2∗(ĉh(P))(g) = − 1√
deg(φL)

φL,∗
[
ĉh(L∨)g[

rk(E)∑

r=1

(−1)r
(

rk(E)

r

)
]
]
.

Now notice that by the binomial formula
∑rk(E)

r=1 (−1)r
(
rk(E)
r

)
= (1−1)rk(E)−1 =

−1. This proves equation (7).

3.3 Proof of 1.2.3

Let Z be an analytic cycle of pure codimension c on A(C). In view of the
assumption on S, A(C) is a finite disjoint union of abelian varieties and so we
may (and do) choose a translation invariant Kähler form on A(C). A current g
on A(C) of type (c−1, c−1) is said to be a harmonic Green current for Z (with
respect to the Kähler form), if it satisfies the following properties : g is a Green
current for Z, the differential form ddcg+δZ is harmonic and

∫
A(C)

g∧κ = 0 for
any harmonic form κ on A(C). Notice now that a differential form on A(C) is
harmonic if and only if it is translation invariant (see for instance [15, p. 648]).
Hence the concept of harmonic Green current is independent of the choice of
the translation invariant Kähler form.
The property (a) in Theorem 1.1 shows that gA is a Green current for S∨

0 (C)
and the property 2 in Theorem 1.2 shows that ddcg + δS∨

0 (C) is harmonic. Let
now κ be a harmonic form of type (1, 1) on A(C). We know that κ is d-closed
and that [n]∗κ = n2 · κ for any n > 2. We may thus compute

∫

A(C)

gA∧κ =

∫

A(C)

[n]∗(gA∧κ) = n−2

∫

A(C)

[n]∗(gA∧[n]∗κ) = n−2

∫

A(C)

gA∧κ

and hence
∫
A(C)

gA ∧ κ = 0. Thus gA is harmonic.

3.4 Proof of 1.2.4

In the next section, we shall give an expression for gA, which depends only on
AC (see the formula (15)). This implies the assertion.

3.5 Proof of 1.2.5

The proof of 1.2.5 is postponed to the end of the proof of Theorem 1.3.1. See
the paragraph before subsection 4.2.

3.6 Proof of 1.2.6

This is a direct consequence of Theorem 1.1.1 and [11, Cor. 4.7 (i)] (thanks to
J.-I. Burgos for providing this proof).
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3.7 Proof of 1.2.7

We leave the proof that BC(C) is transverse to S∨
0 (C) to the reader. The

equation BC∗gA = gAT follows from formula (15) for gA, which will be proved
in the next section, together with [11, Th. 9.11 (ii)] and the fact that the higher
analytic torsion forms of Bismut-Köhler are compatible with base-change.

4 Proof of Theorem 1.3

4.1 Proof of 1.3.1

This is the most difficult point to prove. We shall construct a class of currents
g0A which naturally restricts to the degree (g−1, g−1) part of the analytic tor-
sion and we shall prove that g0A satisfies the axioms defining gA. The arithmetic
Riemann-Roch theorem in higher degrees plays a crucial role here.

4.1.1 Definition of g0A

Let
V : 0→ OA → V0 → · · · → Vr → Vr+1 → · · ·

be a resolution of OA by π∗-acyclic vector bundles. Dualising, we get a resolu-
tion

V ∨ : · · · → V ∨
r+1 → V ∨

r → · · · → V ∨
0 → OA → 0

of OA on the left. The first hypercohomology spectral sequence of the complex
V ∨ ⊗ P for the functor p2,∗ provides an exact sequence

H : · · · → Rgp2∗(V ∨
r ⊗ P)→ Rgp2∗(V ∨

r−1 ⊗ P)→ . . .

→ Rgp2∗(V ∨
0 ⊗ P)→ ǫ∨∗(ω∨

A/S)→ 0.

Now endow the vector bundles Vr with conjugation-invariant hermitian metrics.
The line bundle ωA/S is endowed with its L2-metric. This metric does not
depend on the choice of λ. This follows from the explicit formula for the
L2-metric on Hodge cohomology given in [38, Lemma 2.7]. The arithmetic
Riemann-Roch [22] in higher degrees applied to P and p2 is the identity

(−1)g ĉh(
∑

r>0

(−1)rRgp2∗(V
∨
r ⊗ P))−

∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)+

+

∫

p2

Td(Tp2) ch(P)ηV̄ ∨

= p2,∗(T̂d(Tp2)ĉh(P))−
∫

p2

ch(P)R(Tp2) Td(Tp2)

in ĈH
•
(A∨)Q. Here ηV̄ ∨ is the Bott-Chern secondary class of V

∨
, where OA

has index 0. We have identified λ with p∗1λ.
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Notice first that

[

∫

p2

ch(P)R(Tp2) Td(Tp2)](g−1)

= [

∫

p2

ch(P)R(Tπ) Td(Tπ)](g−1)

= [π∨,∗(ǫ∗(R(Tπ) Td(Tπ)))

∫

p2

ch(P)](g−1) = 0

where we used (7).
Write T (H) for the homogenous secondary class in the sense of Bismut-Burgos-
Litcanu (see [11, sec. 6]) of the resolutionH. By its very definition, −T (H)(g−1)

is a class of Green currents for S∨
0 (C) and it is shown in [11, Th. 10.28] that

[ĉh(
∑

r>0

(−1)rRgp2∗(V
∨
r ⊗ P))](g) = (S∨

0 ,−T (H)(g−1)) (13)

in ĈH
g
(A∨)Q and equation (7) shows that

[p2,∗(T̂d(Tp2)ĉh(P))](g) = [p2,∗(T̂d(Tπ)ĉh(P))](g)

= [p2,∗(ĉh(P))π∨,∗(ǫ∗(T̂d(Tπ)))](g) = p2,∗(ĉh(P))(g)

hence we are led to the equality

p2,∗(ĉh(P))(g) = (−1)g(S∨
0 ,−T (H)(g−1))−

∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)(g−1)

+ [

∫

p2

Td(Tp2) ch(P)ηV̄ ∨ ](g−1). (14)

This motivates the definition:

g0A := −T (H)(g−1) + (−1)g+1
∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)(g−1)

+(−1)g[

∫

p2

Td(Tp2) ch(P)ηV̄ ∨ ](g−1) (15)

Lemma 4.1. The class of currents g0A does not depend on the resolution V , nor
on the metrics on the bundles Vr, nor on the translation invariant Kähler form
λ.

Proof. We first prove that the class of currents g0A does not depend on V and
that it does not depend on the hermitian metrics or on the bundles Vr .
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Suppose that there is a second resolution V ′ dominating V :

0 0 0 0

V ′ : 0 > OA
∨

> V ′
0

∨
> · · · > V ′

r

∨
> V ′

r+1

∨
> · · ·

V : 0 > OA

Id
∨

> V0
∨

> · · · > Vr
∨

> Vr+1

∨
> · · ·

Q : 0
∨

> Q0

∨
> · · · > Qr

∨
> Qr+1

∨
> · · ·

0
∨

0
∨

0
∨

By assumption the complex Q is exact and we assume that its objects are π∗-
acyclic. We endow everything with hermitian metrics. We shall write H′ for
the exact sequence

H′ : · · · → Rgp2∗(V
′,∨
r ⊗ P)→ Rgp2∗(V

′,∨
r−1 ⊗ P)→ . . .

hfill→ Rgp2∗(V
′,∨
0 ⊗ P)→ ǫ∨∗(ω∨

A/S)→ 0.

In order to emphasize the dependence of g0A on the resolution V together with
the collection of hermitian metrics on the Vr, we shall write g0

V
:= g0A,V instead

of g0A. Recall that η
V

∨ is the Bott-Chern secondary class of the sequence V
∨
,

with OA sitting at the index 0. We shall accordingly write η
V

′,∨ for the Bott-

Chern secondary class of the sequence V
′,∨

, with OA sitting at the index 0.
By definition, we have

(−1)g(g0
V
− g0

V
′) = (−1)g+1T (H)(g−1)

−
∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)(g−1) + [

∫

p2

Td(Tp2) ch(P)ηV̄ ∨ ](g−1)

− (−1)g+1T (H′
)(g−1) +

∑

r>0

(−1)rT (λ, V
′,∨
r ⊗ P)(g−1)

− [

∫

p2

Td(Tp2) ch(P)ηV̄ ′,∨ ](g−1).

Let now
Cr : 0→ Q∨

r ⊗ P → V ∨
r ⊗ P → V

′,∨
r ⊗ P → 0

be the natural exact sequence. All the bundles appearing on Cr are endowed
with natural hermitian metrics. By the symmetry formula [4, Th. 2.7, p. 271],
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we may compute

T (H)− T (H′
) = c̃h(Rgπ∗(Q∨ ⊗ P))−

∑

r>0

(−1)rc̃h(Rgπ∗(Cr)).

On the other hand, the anomaly formula [6, Th. 3.10, p. 670] tells us that

∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)−

∑

r>0

(−1)rT (λ, V
′,∨
r ⊗ P)

=
∑

r>0

(−1)rT (λ,Q
∨
r ⊗ P) + (−1)g

∑

r>0

(−1)rc̃h(Rgπ∗(Cr))

−
∫

p2

∑

r>0

(−1)r Td(Tp2)c̃h(Cr)

and

∑

r>0

(−1)rT (λ,Q
∨
r ⊗ P) =

∫

p2

Td(Tp2)c̃h(Q
∨ ⊗ P)− (−1)g c̃h(Rgπ∗(Q∨ ⊗ P)).

Furthermore the symmetry formula [4, Th. 2.7, p. 271] again implies that

∫

p2

Td(Tp2)ηV̄ ′,∨ ch(P)−
∫

p2

Td(Tp2)ηV̄ ∨ ch(P)

= −
∫

p2

Td(Tp2)c̃h(Q
∨ ⊗ P) +

∫

p2

∑

r>0

(−1)r Td(Tp2)c̃h(Cr).

Putting everything together, we see that

(−1)g(g0
V
− g0

V
′)

=
[
− (−1)g c̃h(Rgπ∗(Q∨ ⊗ P)) + (−1)g

∑

r>0

(−1)r c̃h(Rgπ∗(Cr))

− (−1)g
∑

r>0

(−1)rc̃h(Rgπ∗(Cr)) +

∫

p2

∑

r>0

(−1)r Td(Tp2)c̃h(Cr)

−
∫

p2

Td(Tp2)c̃h(Q
∨ ⊗ P) + (−1)g c̃h(Rgπ∗(Q∨ ⊗ P))

+

∫

p2

Td(Tp2)c̃h(Q
∨ ⊗ P)−

∫

p2

∑

r>0

(−1)r Td(Tp2)c̃h(Cr)
](g−1)

= 0.

Homological algebra tells us that there always exists a resolution dominating
simultaneously two other ones. Furthermore, we might assume that this reso-
lution satisfies the above conditions of π∗-acyclicity (see [30, chap XX, par. 3,
proof of Th. 3.5, p. 773]). Hence we have proven that g0

V
does not depend on

V and that it does not depend on the hermitian metrics on the bundles Vr.
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We shall now prove that g0A does not depend on the choice of λ. So let λ′

be another Kähler fibration, which is translation invariant on the fibres. To

emphasize the dependence of g0A on λ, let us write g0A := g0,λ. Write Hλ (resp.

Hλ
′

) for the sequence H together with the hermitian metrics induced by λ
(resp. λ′).
We compute as before

(−1)g(g0,λ − g0,λ
′

)

= (−1)g+1T (Hλ)(g−1) −
∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)(g−1)

+ [

∫

p2

Td(Tp2, λ) ch(P)ηV̄ ∨ ](g−1)

− (−1)g+1T (Hλ
′

)(g−1) +
∑

r>0

(−1)rT (λ′, V
∨
r ⊗ P)(g−1)

− [

∫

p2

Td(Tp2, λ
′) ch(P)ηV̄ ∨ ](g−1).

We compute

T (Hλ
′

)− T (Hλ) = −
∑

r>0

(−1)r c̃h(Rgπ∗(V ∨
r ⊗ P), λ′, λ)

and by the anomaly formula [6, Th. 3.10, p. 670]

∑

r>0

(−1)rT (λ′, V
∨
r ⊗ P)−

∑

r>0

(−1)rT (λ, V
∨
r ⊗ P)

= (−1)g
∑

r>0

(−1)r c̃h(Rgπ∗(V ∨
r ⊗ P), λ′, λ)

−
∫

p2

∑

r>0

(−1)rT̃d(λ′, λ) ch(V
∨
r ⊗ P).

Now notice that by the Leibniz formula (see [42, 6.2, (7)] for details)
∫

p2

(
Td(Tp2, λ)− Td(Tp2, λ

′)
)

ch(P)ηV̄ ∨ = −
∫

p2

ddc(T̃d(λ′, λ)) ch(P)ηV̄ ∨

= −
∫

p2

T̃d(λ′, λ)ddc(ch(P)ηV̄ ∨)

=
∑

r>0

(−1)r
∫

p2

T̃d(λ′, λ) ch(V
∨
r ⊗ P)−

∫

p2

T̃d(λ′, λ) ch(P).

Now, by the projection formula, since λ and λ′ are translation invariant, we
have ∫

p2

T̃d(λ′, λ) ch(P) = ǫ∨,∗(T̃d(λ′, λ))

∫

p2

ch(P)
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and by the formula (7) we have [ǫ∨,∗(T̃d(λ′, λ))
∫
p2

ch(P)](g−1) = 0. Assembling

everything, we get that g0,λ − g0,λ
′

= 0. �

4.1.2 End of proof of 1.3.1

We keep the notation of the last subsection. By construction, the class of
currents g0A has the property that

g0A|A∨(C)\S∨
0 (C) = (−1)g+1T (λ,P0

)(g−1) (16)

in Ãg−1,g−1(A∨\S∨
0 ) and contemplating equation (13), we see that the elements

of g0A are Green currents for S∨
0 . Looking at the equation (14) we see that g0A

satisfies (a) and (b) in Theorem 1.1.
Now we want to prove that

g0A = [n]∗g
0
A (17)

for all n > 2.
Fix n > 2. We claim that to prove equation (17), we may assume that ker [n]A is
a constant diagonalisable subgroup-scheme of A. Indeed, both sides of equation
(17) depend onA∨

C only. In proving equation (17), we thus may (and do) replace
R by its fraction field Frac(R). We may also assume without restriction of
generality that S is connected, hence integral (since S is regular by assumption).
Now let S′ be the normalisation of S in the composite of the field extensions
of the function field κ(S) of S, which are defined by the residue fields of the
n-torsion points in the generic fibre Aκ(S) of A. Then b : S′ → S is finite (see
[23, II, 6.3.10]) and étale (see [39, Cor. 20.8, p. 147]). Since [n]A is étale,
the group scheme of n-torsion points on AS′ is then a constant group scheme.
If we again replace S′ by a finite étale cover, we may assume that Γ(S′,OS′)
contains the n-th roots of 1 and the group scheme of n-torsion points on AS′

then become diagonalisable (and constant).
Now, by the projection formula the pull-back morphism b∗ : Ãg−1,g−1(A∨

R) →
Ãg−1,g−1(A∨

S′,R) is injective. Furthermore, since an étale finite morphism is a
local isomorphism in the category of complex manifolds, we have b∗([n]∗g0A) =
[n]∗(b∗g0A). For the same reason, we also have b∗g0A = g0AS′

.

Lemma 4.2. There is an isometric isomorphism

[n]∗OA ≃
⊕

M∈A∨[n](S)

M

where the left-hand side is endowed with its L2-metric and the direct summands
on the right-hand side are endowed with the metric induced by the Poincaré
bundle.

Proof. Let us denote by FA : Db(A) → Db(A∨) the Fourier-Mukai trans-
formation. If X is a scheme, the category Db(X) is a full subcategory of the
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category D(X) derived from the category of sheaves in OX -modules. Its ob-
jects are the complexes with a finite number of non-zero homology sheaves, all
of which are coherent. The functor FA is given by the formula

K• 7→ Rp2,∗(p∗1K
• ⊗ P).

It can be proven that in our situation, there is a natural isomorphism of functors

FA∨ ◦ FA(·) ≃
(
([−1]∗(·))⊗ ω∨

A
)
[−g]

(here we have identified A with (A∨)∨) and

FA ◦ [n]∗(·) ≃ [n]∗ ◦ FA(·).

See [32] for this. Now we compute

FA∨ ◦ FA([n]∗(OA)) ≃ [n]∗(OA)⊗ ω∨
A[−g] ≃ FA∨ ◦ [n]∗(FA(OA))

≃ FA∨([n]∗
(
ǫ∨∗ (ǫ∨,∗(ω∨

A))[−g]
)
) ≃ πA,∗(PA|A×Sker [n]A∨ )⊗ ω∨

A[−g]

and we thus obtain a canonical isomorphism

[n]∗OA ≃
⊕

M∈A∨[n](S)

M. (18)

Now we make a different computation. Let G be a finite group such that
GS ≃ ker [n]A. Let L := Γ(S,OS). If χ : G → L∗ is a character of G
we let ([n]∗OA)χ be the locally free subbundle of [n]∗OA which is the largest
subbundle S of [n]∗O such that the action of G on S is given by multiplication
by χ. Since GL is a diagonalisable group scheme over L, this gives a direct sum
decomposition

[n]∗OA = ⊕χ([n]∗OA)χ. (19)

Now we use the equivariant form of Bismut’s relative curvature formula (see
[7]). Let a ∈ G be any non-zero element. Since the fixed point scheme of a on
A is empty, we get

cha([n]∗(OA)) = 0. (20)

Here cha(·) is the equivariant Chern character form associated to the action of
a. See [7] for details. The non-equivariant relative curvature formula gives

ch([n]∗(OA)) = rk([n]∗OA). (21)

From the equations (20) and (21) and the fact that rk([n]∗OA) = #G, we
deduce (by finite Fourier theory) that all the ([n]∗OA)χ are of rank 1 and that
c1(([n]∗OA)χ) = 0, where ([n]∗OA)χ is endowed with the metric induced by
[n]∗OA.
A completely similar computation using the relative geometric fixed point for-
mula (see [1]) shows that each line bundle ([n]∗OA)χ is actually a torsion line
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bundle. Notice also that since G acts by isometries on OA, the direct sum
decomposition (19) is an orthogonal direct sum.

Now notice that since [n] is finite and flat there is an isometric equivariant
isomorphism

ǫ∗([n]∗OA) ≃ OGA

where OGA is endowed with the G-action induced by the action of G on itself.

This shows that there exist isometric rigidifications ǫ∗(([n]∗OA)χ) ≃ OS .

Summing up the discussion of the previous paragraphs, we see that there exists
an isometric isomorphism of vector bundles

[n]∗OA = ⊕χ([n]∗OA)χ (22)

where the direct sum is orthogonal and where each ([n]∗OA)χ is a torsion line
bundle, which is isometrically rigidified and which carries a hermitian metric,
whose curvature form vanishes.

Now consider the isomorphism of vector bundles

⊕

χ

([n]∗OA)χ ≃
⊕

M∈A∨[n](S)

M (23)

induced by the isomorphisms (18) and (22).

We shall need the

Claim. Let M and L be torsion line bundles on A. If there is a non-zero
morphism of line bundles (without rigidification) L → M then L and M are
isomorphic.

This follows from the fact that the Picard functor of A/S is representable by
a scheme, which is separated over S, together with the fact that a non-trivial
torsion bundle on an abelian variety has no global sections. Details are left to
the reader.

The claim shows that the isomorphism (23) send each ([n]∗OA)χ into exactly
oneM ∈ A∨[n](S) and that this morphism is an isomorphism of line bundles.
After possibly rescaling the isomorphism ([n]∗OA)χ ≃ M by an element of
Γ(S,O∗

S), we obtain an isomorphism ([n]∗OA)χ ≃M of rigidified line bundles.
Since both ([n]∗OA)χ and M are endowed with the unique metrics, whose
curvature form is translation invariant on the fibres ofA(C)/S(C) and which are
compatible with the given rigidifications, this implies that this is an isometric
isomorphism. This completes the proof of the lemma. �
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As at the beginning of the proof of assertion 1 in Theorem 1.2, we have a
diagram

A×S A∨ [n]× Id
> A×S A∨ > A∨

A×S A∨

Id× [n]
∨

> A∨

[n]
∨

such that

(Id× [n])∗P ≃ ([n]× Id)∗P

and such that the outer square is cartesian. Write q := p2◦([n]×Id). To clarify
further computations, write R•p2,∗(V ∨ ⊗ P) for H. We now compute

(−1)g[n]∗g0A = [n]∗
[
(−1)g+1T (R•p2,∗(V ∨ ⊗ P)) (24)

−
∑

r>0

(−1)rT (λ, V
∨
r ⊗ P) +

∫

p2

Td(Tp2) ch(P)ηV̄ ∨

]

= (−1)g+1T (R•q∗(V ∨ ⊗ (Id× [n])∗P)) (25)

−
∑

r>0

(−1)rT (λ, V
∨
r ⊗ (Id× [n])∗P)

+

∫

q

Td(Tq) ch((Id× [n])∗P)ηV̄ ∨

= (−1)g+1T (R•q∗(V ∨ ⊗ ([n]× Id)∗P)) (26)

−
∑

r>0

(−1)rT (λ, V
∨
r ⊗ ([n]× Id)∗P)

+

∫

q

Td(Tq) ch(([n]× Id)∗P)ηV̄ ∨

In view of Lemma 4.1, we may replace V by [n]∗V A and λ by [n]∗λA in the
string of equalities (27) without changing its truth-value. Thus
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(−1)g[n]∗g0A = (−1)g+1T (R•q∗(([n]× Id)∗(V ∨ ⊗ P)))

−
∑

r>0

(−1)rT ([n]∗λ, ([n]× Id)∗(V
∨
r ⊗ P))

+

∫

q

Td(Tq)([n]× Id)∗(ch(P)ηV̄ ∨)

(∗)
= (−1)g+1T (R•p2,∗(([n]× Id)∗(O) ⊗ V ∨ ⊗ P))

−
∑

r>0

(−1)rT (([n]× Id)∗(O)⊗ V ∨
r ⊗ P)

+

∫

p2

Td(Tp2)([n]× Id)∗(1) ch(P)ηV̄ ∨

(∗∗)
=

∑

τ∈A∨(S)

[
(−1)g+1T (R•p2,∗((Id× (τ ◦ π))∗(P)⊗ V ∨ ⊗ P))

−
∑

r>0

(−1)rT ((Id× (τ ◦ π))∗(P)⊗ V ∨
r ⊗ P)

+

∫

p2

Td(Tp2) ch((Id× (τ ◦ π))∗(P)⊗ P)ηV̄ ∨

]

=
∑

τ∈A∨(S)

[
(−1)g+1τ∗(T (R•p2,∗(V ∨ ⊗ P)))− τ∗[

∑

r>0

(−1)rT (V
∨
r ⊗ P)]

+ τ∗[

∫

p2

Td(Tp2)(P)ηV̄ ∨ ]
]

= (−1)g
∑

τ∈A∨(S)

τ∗g
0
A.

The equality (*) is justified by the following

Proposition 4.3. The equality

T ([n]∗λ, ([n]× Id)∗(V
∨
r ⊗ P)) = T (([n]× Id)∗(O)⊗ V ∨

r ⊗ P)

is verified for any r.

Proof. (of Proposition 4.3). This is a direct consequence of [35, Intro., Th.
0.1]. �
For the equality (**), we used Lemma 4.2. We may now compute

[n]∗[n]∗g0A = n2gg0A = [n]∗(
∑

τ∈A∨(S)

τ∗g
0
A) = n2g[n]∗g

0
A

i.e.
g0A = [n]∗g

0
A.
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We have thus proven that g0A satisfies the conditions (a), (b), (c) in Theorem
1.1. Thus g0A = gA and looking at equation (16), we see that we have almost
concluded the proof of Theorem 1.3.1. To finish, we quote [27], where it is

shown that T (λ,P0
) = Td−1(ǫ∗Ω)γ for some real differential form γ of type

(g − 1, g − 1) on A∨\S∨
0 . From the above, we see that γ = (−1)g+1gA and we

are done.
Proof of Theorem 1.2.5.
We revert to the hypotheses of the introduction and of Theorem 1.2.5 (in
particular, we do not suppose anymore that for some n > 2, the group scheme
ker [n] is the constant group scheme).
To verify the equation gA×SB = π∗

A∨ (gA) ∗ π∗
B∨(gB), it is sufficient to check

that the class of currents π∗
A∨(gA) ∗ π∗

B∨(gB) satisfies the axioms (a), (b), (c)
in Theorem 1.1.
The fact that the elements of π∗

A∨(gA) ∗ π∗
B∨(gB) are Green currents for the

unit section of A∨×S B∨ follows immediately from the definitions. This settles
(a).
To verify (b), we consider the commutative diagram

A× B ×A∨ × B∨

A×A∨ <
qAA∨ A×A∨ × B∨

pAA∨B∨

< A∨ × B × B∨ rBB∨

>

pA∨BB∨

>
B × B∨

A∨ × B∨

pA∨B∨

∨ rA∨B∨<qA∨B∨ >

where the morphisms are the obvious ones. Notice that in this diagram, the
square is cartesian. We compute

(−1)gA×BpA∨B∨,∗(ĉh(PA×B))
gA×B

= (−1)(gA+gB)pA∨B∨,∗(ĉh(PA×B))
(gA+gB)=(−1)(gA+gB)pA∨B∨,∗(ĉh(PA×B))

= (−1)(gA+gB)pA∨B∨,∗(ĉh(p
∗
AA∨B∨q∗AA∨PA) · ĉh(p∗A∨BB∨r∗BB∨PB))

= (−1)(gA+gB)rA∨B∨,∗(pA∨BB∨,∗(ĉh(p
∗
AA∨B∨q∗AA∨PA) · ĉh(p∗A∨BB∨r∗BB∨PB)))

= (−1)(gA+gB)rA∨B∨,∗(pA∨BB∨,∗(ĉh(p
∗
AA∨B∨q∗AA∨PA)) · ĉh(r∗BB∨PB))

= (−1)(gA+gB)rA∨B∨,∗(r
∗
A∨B∨(qA∨B∨,∗(ĉh(q

∗
AA∨PA))) · ĉh(r∗BB∨PB))

= (−1)(gA+gB)rA∨B∨,∗(ĉh(r
∗
BB∨PB)) · qA∨B∨,∗(ĉh(q

∗
AA∨PA))

= (−1)gAπ∗
A∨(ĉh(PA)) · (−1)gBπ∗

B∨(ĉh(PB)) = π∗
A∨((S∨,A

0 , gA)) · π∗
B∨((S∨,B

0 , gB))

= (S∨,A×B
0 , π∗

A∨(gB) ∗ π
∗
B∨(gB))

Here we have used the projection formula repeatedly, as well as the fact that
direct images in arithmetic Chow theory are compatible with base-change. We
also used Theorem 1.2.2. (in the second equation before last) and the definition
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of the intersection product in arithmetic Chow theory (in the last equation).
This settles (b).
To verify (c) we revert to the hypothesis made at the beginning of this sub-
section. In particular, we suppose that for some n > 2, the scheme ker [n] is
the constant group scheme in A. As explained at the beginning of this subsec-
tion, this does not restrict generality. First notice that by the definition of the
symbols [n]∗ and [n]∗, we have

[n]∗[n]∗gA =
∑

τ∈A∨[n](S)

τ∗(gA)

and thus by Theorem 1.1(c),

[n]∗gA =
∑

τ∈A∨[n](S)

τ∗(gA) (27)

Of course, similar equations hold for gB. Notice also that equation (27) implies
that [n]∗gA = gA, as can be see by applying [n]∗ to both sides of equation
(27) (see the calculation made after Proposition 4.3). Thus the equation (27)
is actually equivalent to the equation [n]∗gA = gA.
Now we may compute

[n]∗A∨×B∨(π∗
A∨ (gA) ∗ π∗

B∨(gB)) = π∗
A∨([n]∗A∨(gA)) ∗ π∗

B∨([n]∗B∨(gB))

= π∗
A∨(

∑

τ∈A∨[n](S)

τ∗(gA)) ∗ π∗
B∨(

∑

τ∈B∨[n](S)

τ∗(gB))

=
∑

τ∈A∨[n](S)×B∨[n](S)

τ∗
(
π∗
A∨(gA) ∗ π∗

B∨(gB)
)

which settles (c). Here we used in the first line the fact that the ∗-product is
naturally compatible with finite étale pull-back.

4.2 Proof of 1.3.2

We shall apply the Adams-Riemann-Roch theorem in Arakelov geometry
proven in [42, Th. 3.6]. Let M be the rigidified hermitian line bundle on

A corresponding to σ. By assumption, there is an isomorphism M⊗n ≃ OA
of rigidified hermitian line bundles. Let k, l be two positive integers such that
k = l (mod n). Let Ω := ΩA/S . The theorem [42, Th. 3.6] implies that the
identity

ψk(R•π∗M)− ψk(T (λ,M))

= θk(ǫ∗Ω)−1R•π∗(M
⊗k

)− ch(θk(ǫ∗Ω)−1)T (λ,M⊗k
) (28)

holds in K̂0(S)[ 1k ] and that the identity

ψl(R•π∗M)− ψl(T (λ,M))

= θl(ǫ∗Ω)−1R•π∗(M
⊗l

)− ch(θl(ǫ∗Ω)−1)T (λ,M⊗l
) (29)
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holds in K̂0(S)[ 1l ]. Here the symbols ψ∗(·) refer to the Adams operations
acting on arithmetic K0-theory; see [42, sec. 2 and before Th. 3.6] for the
exact definition. For the definition of the symbol θ∗(·), see [42, sec. 2]. In the
following computations, we shall need the following properties of these symbols.
Define φt(·) to be the additive operator, which sends a differential form η of
type (r, r) to the differential form tr · η. It is proven in [42, Prop. 4.2] that
θk(ǫ∗Ω) is a unit in K̂0(S)[ 1k ] and we have

ch(θk(ǫ∗Ω)) = krk(Ω) Td(ǫ∗Ω
∨

)φk(Td
−1

(ǫ∗Ω
∨

)) (30)

(and similarly for l instead of k). See [42, Lemma 6.11] for this. Secondly, if
η ∈ Ã(SR), then we have

ψk(η) = k · φk(η)

in K̂0(S). In view of the fact that θk(ǫ∗Ω) is a unit in K̂0(S)[ 1k ], we get the
equation

ch(θk(ǫ∗Ω))ψk(R•π∗M)− ch(θk(ǫ∗Ω))ψk(T (λ,M))

= R•π∗(M
⊗k

)− T (λ,M⊗k
)

in K̂0(S)[ 1k ] from equation (28). Similarly, we get

ch(θl(ǫ∗Ω))ψl(R•π∗M)− ch(θl(ǫ∗Ω))ψl(T (λ,M)) = R•π∗(M
⊗l

)− T (λ,M⊗l
)

in K̂0(S)[ 1l ]. Since k = l (mod n), we obtain the equation

ch(θk(ǫ∗Ω))ψk(R•π∗M)− ch(θk(ǫ∗Ω))ψk(T (λ,M))

= ch(θl(ǫ∗Ω))ψl(R•π∗M)− ch(θl(ǫ∗Ω))ψl(T (λ,M))

in K̂0(S)[ 1
kl ]. In view of equation (30) and of the fact that Rrπ∗M = 0 for all

r > 0, this translates to the equation

kg Td(ǫ∗Ω
∨

)φk(Td
−1

(ǫ∗Ω
∨

))ψk(T (λ,M))

= lg Td(ǫ∗Ω
∨

)φl(Td
−1

(ǫ∗Ω
∨

))ψl(T (λ,M))

in K̂0(S)[ 1
kl ]. Recall that in [27] it is shown that T (λ,M) = Td−1(ǫ∗Ω)γ,

where γ is a real differential form of type (g−1, g−1) on S. So we may rewrite

kg+1 Td(ǫ∗Ω
∨

)φk(Td
−1

(ǫ∗Ω
∨

))φk(Td−1(ǫ∗Ω))φk(γ)

= lg+1 Td(ǫ∗Ω
∨

)φl(Td
−1

(ǫ∗Ω
∨

))φl(Td−1(ǫ∗Ω))φl(γ) (31)

Furthermore

Lemma 4.4. We have Td−1(ǫ∗Ω
∨ ⊕ ǫ∗Ω) = 1.
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Proof. We may (and do) assume that R = C. Consider the relative Hodge
extension

0→ R0π∗(Ω)→ H1
dR(A/S)→ R1π∗(OA)→ 0 (32)

where H1
dR(A/S) := R1π∗(Ω•

A/S) is the first relative de Rham cohomology

sheaf. The sequence (32) is the expression of the filtration on R1π∗(Ω•
A/S),

which comes from the relative Hodge to de Rham spectral sequence. This
spectral sequence is the first hypercohomology spectral sequence of the relative
de Rham complex Ω•

A/S and it degenerates by [13, Prop. 5.3]. The relative
form of the GAGA theorem shows that there is an isomorphism of holomor-
phic vector bundles H1

dR(A/S)(C) ≃ (R1π(C)∗C)⊗C OS(C) (see [14, p. 31])
and via this isomorphism we endow H1

dR(A/S)(C) with the fibrewise Hodge
metric, whose formula is given in [38, before Lemma 2.7]. Since the metric on
H1

dR(A/S)(C) is locally constant by construction, the curvature matrix of the
hermitian vector bundle H1

dR(A/S)(C) ≃ (R1π(C)∗C)⊗C OS(C) vanishes. Now
the formula in [38, Lemma 2.7] shows that in the sequence (32), the L2-metric
on the first term corresponds to the induced metric and the L2-metric on the
end term corresponds to the quotient metric. We now view the sequence (32)
as a sequence of hermitian vector bundles with the metrics described above.
Using [36, Th. 3.4.1], we see that the secondary class T̃d of the sequence (32)
is ddc-closed. Thus

Td(R1π∗(OA, L
2)⊕ R0π∗(Ω, L2)) = Td((H1

dR(A/S),Hodge metric)) = 1.

Now notice that by relative Lefschetz duality for Hodge cohomology (see [13,
Lemme 6.2]) and Grothendieck duality, there is an isomorphism of OS-modules
φλ : R1π∗(OA)

∼−→ R0π∗(Ω)∨, which is dependent on λ. To describe it, let
S = SpecC. Under the Hodge-de Rham splitting of the sequence (32), the
morphism φλ is given by the formula

ω 7→ ω ∧ λg−1 7→
∫

A
(ω ∧ λg−1) ∧ (·)

(notice that this formula does actually not depend on the splitting). Now com-
paring the last formula with the formula for the Hodge metric in [38, before
Lemma 2.7], we see that, up to a constant factor, φλ induces an isometry be-
tween R1π∗(OA, L2) and the dual of the hermitian vector bundle R0π∗(Ω, L2).
To complete the proof, notice that since the volume of the fibres of π(C) is
locally constant (by the assumption on λ), the natural isomorphism of vec-
tor bundles R0π∗(Ω, L2) ≃ ǫ∗Ω is an isometry up to a locally constant factor.
Hence the Chern forms of R0π∗(Ω, L2) and ǫ∗Ω are the same. This completes
the proof. �
Together with Lemma 4.4, we see that (31) gives the identity

k2g Td(Ω
∨

)γ = l2g Td(Ω
∨

)γ

or in other words
(k2g − l2g)T (λ,M) = 0 (33)
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in K̂0(S)[ 1
kl ].

We shall now show that equation (33) implies the identity

2g · n ·N2g · T (λ,M) = 0 (34)

in K̂0(S). For this consider the following combinatorial lemma.

Lemma 4.5. Let G be an abelian group, written additively. Let c > 1 and let
α ∈ G. Suppose that for all k, l > 0 such that k = l (mod n), we have

(lc − kc) · α = 0

in G[ 1
kl ]. Then

order(α) | 2 · n · c · [
∏

p prime,
p∤n, (p−1)|c

p]

Proof. Rephrasing the hypotheses of the lemma, we find that for any k, l > 0
such that k = l (mod n), there exist integers a, b > 0 (depending on the couple
(k, l)) such that:

kalb(lc − kc) · g = 0. (35)

For any (k, l) as above, we will denote by γ the integer such that l = k + γn.
In what follows, p will be a prime dividing order(α) and we will write δp (or in
short δ if no confusion can occur) the positive valuation vp(order(α)).
We deduce from equation (35) that:

pδ | kalb(lc − kc).

From now on, k and l will be chosen such that k, l 6= 0 (mod p), this implying
in particular that the classes of k and l in Z/pδZ are invertible. We thus get:

pδ | (lc − kc)

or equivalently:
(l/k)c = 1 (mod pδ)

in (Z/pδZ)∗. We will denote by C ⊂ (Z/pδZ)∗ the set of the classes (l/k) with
l and k as above. The restriction of the map ϕ : x 7→ xc to C is then identically
equal to 1. In what follows, in order to bound δ, we determine the set C. We
must distinguish between two cases.

Case 1. The prime p doesn’t divide n.
Taking k = n, we have (l/k) = (k + γn)/k = 1 + γ for all the integers γ
satisfying (1 + γ) ∧ p = 1. We deduce from this that necessarily:

C = (Z/pδZ)∗.

We now need the following well-known group isomorphisms, which we recall for
the sake of the exposition (the group laws are multiplicative on the left-hand
side and additive on the right-hand side):
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• If p 6= 2, (Z/pδZ)∗ ≃ Z/pδ−1(p− 1)Z.

• If p = 2, (Z/2Z)∗ ≃ {0}, (Z/4Z)∗ ≃ Z/2Z and for δ > 3, (Z/2δZ)∗ ≃
(Z/2Z)× (Z/2δ−2Z), the projection on the first factor being the obvious
reduction map to (Z/4Z)∗ ≃ Z/2Z.

Let’s then discuss the two subcases p 6= 2 and p = 2 separately.
If p 6= 2, the restriction of ϕ to C = (Z/pδZ)∗ ≃ Z/pδ−1(p− 1)Z is equal to 1
identically. On the righten side, ϕ is the multiplication by c the class of c in
Z/pδ−1(p− 1)Z. One must then have c = 0, and thus:

(p− 1)pδ−1 | c,

i.e. the two conditions p− 1 | c and δp 6 1 + vp(c).
If p = 2, using the same argument as above, the discussion falls into three
different subsubcases:

• δ2 = 1, no condition.

• δ2 = 2, we find that 2 | c.

• δ2 > 3, we get that 2 | c and 2δ2−2 | c, i.e. δ2 6 2 + v2(c).

Summing up those three subsubcases, we finally conclude that if c is odd then
δ2 = 1 and if c is even then δ2 6 2 + v2(c).

Let’s now come to the:

Case 2. The prime p divide n.
Let’s define β := vp(n) > 1 and n′ := n/pβ and let’s suppose in addition that
δ > β.
We compute in (Z/pβZ)∗

l/k = (k + γn)/k = 1 + γn/k = 1 + (γn′/k)pβ = 1

and thus the set C is contained in the kernel K of the reduction morphism:

(Z/pδZ)∗ −→ (Z/pβZ)∗.

The integer n′ being prime to p, its class in (Z/pδZ) is invertible and one can
take k = n′. We find that for any integer γ:

l/k = 1 + γn/n′ = 1 + γpβ

in (Z/pδZ)∗, this implying the set equality:

C = K.

We are thus left to determine K. Again, we will distinguish between two
subcases:
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If p 6= 2 we have:

#K = #(Z/pδZ)∗/#(Z/pβZ)∗ = pδ−1(p− 1)/pβ−1(p− 1) = pδ−β

from which we deduce first that K ≃ Z/pδ−βZ and then immediately that
pδ−β | c, i.e.

δ 6 β + vp(c) = vp(n) + vp(c).

If p = 2, the discussion now falls into five different subsubcases.

• β = 1 and δ2 = 1, no condition.

• β = 1 and δ2 = 2, we find that 2 | c, i.e. c is even.

• β = 1 and δ2 > 3, then we get 2 | c and 2δ2−2 | c, i.e. δ2 6 2 + v2(c) with
c being necessary even.

To summarize those three first cases let’s write that when β = 1, if c odd
then δ2 = 1 and if c is even then δ2 6 2 + v2(c).

• β = 2 and δ2 = 2, no condition.

• In all other cases, the kernel K is contained in (Z/2δ2−2Z) and as a
consequence is cyclic. We thus get:

#K = #(Z/2δ2Z)∗/#(Z/2βZ)∗ = 2δ2−1/2β−1 = 2δ2−β

and so 2δ2−β | c, from which we deduce:

δ2 6 β + v2(c) = v2(n) + v2(c).

In conclusion of the subcase p = 2, we find that:

δ2 6 v2(n) + v2(c) + w2,

with w2 = 1 if v2(n) = 1 and c is even, and w2 = 0 otherwise.

Putting everything together, we have finally proven that:

order(α) | F2 ×
∏

p prime, p 6=2,
p doesn’t divide n, (p−1)|c

p1+vp(c) ×
∏

p prime,

p 6=2, p|n

pvp(n)+vp(c)

where the F2 factor is given by the following rules:

• if n and c are odd then F2 = 2,

• if n is odd and c is even then F2 = 22+v2(c),

• if n is even then F2 = 2v2(n)+v2(c)+w2 ; with w2 = 1 if v2(n) = 1 and c is
even, and w2 = 0 otherwise.
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The lemma’s statement is then a direct consequence of this (more precise)
assertion. �
In view of Lemma 4.5, the set of identities (33) implies that the order of T (λ,M)

in K̂0(S) divides 2 · n · 2g · [∏p prime, p∤n, (p−1)|2g p].
Now use the notations of the last lemma. It is shown in [40, Appendix B] that
the equality

2 · denominator[(−1)
c+2
2 Bc/c] = 2 ·

∏

p prime,
(p−1)|c

pordp(c)+1 (36)

holds if c is even. This proves the identity (34) .
To conclude the proof of Theorem 1.3.2, recall that there is an exact sequence

K1(A∨)
−2regan−−−−−→ ⊕p>0Ã

p,p(A∨
R)

a→ K̂0(A∨)→ K0(A∨)→ 0

(see [21, Th. 6.2 (i)] for this).

5 The case of elliptic schemes

In this last section, we shall consider elliptic schemes and compare the conclu-
sions of Theorems 1.1, 1.2 and 1.3 with classical results on elliptic units.
So suppose that A is of relative dimension 1, i.e. that A is an elliptic scheme
over S. Suppose also that the structural morphism S → SpecR is the iden-
tity on SpecR. Let σ ∈ Σ be an embedding of R into C. There exists an
isomorphism of complex Lie groups

A(C)σ := (A×R,σ C)(C) = C/(Z+ Z · τσ) (37)

where τσ ∈ C lies in the upper half plane.

Proposition 5.1. (a) The restriction of gA∨ to A(C)σ = C/(Z+ Z · τσ)\{0}
is given by the function

φ(z) = φA,σ(z) := −2log|e−z·η(z)/2sigma(z)∆(τσ)
1
12 |

(b) Endow C/(Z+Z·τσ) with its Haar measure of total measure 1. The function
φ then defines an L1-function on C/(Z+ Z · τσ) and the restriction of gA∨ to
A(C)σ is the current [φ] associated with φ.

Here ∆(•) is the discriminant modular form, sigma(z) is the Weierstrass sigma-
function associated with the lattice [1, τσ] and η is the quasi-period map asso-
ciated with the lattice [1, τσ], extended R-linearly to all of C (see [43, I, Prop.
5.2] for the latter).
Proof. The formula (a) follows from Theorem 1.3.1 and the formula for the
Ray-Singer analytic torsion of a flat line bundle on an elliptic curve given in
[41, Th. 4.1].
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For statement (b), notice that there exists a Green form η of log type along 0
(see [19, Th. 1.3.5, p.106]). In this situation η is a real-valued C∞ function on
A(C)σ\{0}, which is locally and hence globally L1 on A(C)σ (because A(C)σ
is compact). By definition the current [η] associated with η is a Green current
for 0 and by [19, Lemma 1.2.4], there exists a C∞ real-valued function f on
A(C)σ , such that gA∨ |A(C)σ = [η] + [f ] = [η + f ]. Now by construction the
restriction of gA∨ to A(C)σ\{0} is given by the current associated with the
restriction to A(C)σ\{0} of the locally L1-function η + f . Since η + f and φ
are both C∞ on A(C)σ\{0}, they must actually coincide on A(C)σ\{0}. This
proves (b). �

The distribution relations for gA∨ (i.e. Theorem 1.1.3) imply that the function
φ(z) has the property that

∑

w∈C/(Z+Z·τσ),
n·w=z

φA,σ(w) = φA,σ(z).

for any n > 2 and z ∈ C/(Z + Z · τσ)\{0}. This also follows from the more
precise distribution relations given in [28, Th. 4.1, p. 43].
Now suppose that R is a Dedekind ring. We suppose given z ∈ A(S), whose
image is disjoint from the unit section and such that n · z = 0. Let zσ ∈
C/(Z + Z · τσ) be the element corresponding to z. We compute from the
definition that N2 = 24. Theorem 1.3.2 now implies that there exists u ∈ R∗,
which does not depend on σ ∈ Σ, such that

log|σ(u)| = 24 · n · φA,σ(zσ) (38)

In particular the real number

exp(24 · n · φA,σ(zσ))

is an algebraic unit. If R is the ring of integers of a number field, n has at
least two distinct prime factors and Σ = {σ, σ̄} then (38) is also a consequence
of [28, Th. 2.2, p. 37]. Notice that (38) overlaps with part of the reciprocity
law for elliptic units, if A

Frac(R)
is assumed to have complex multiplication by

the ring of integers of an imaginary quadratic field (see [31, chap. 19, par. 3,
Th. 3]). Special instances of elliptic units were first (implicitly) constructed by
Eisenstein in his analytic proof of cubic and quartic reciprocity laws (cf. [18]
and [16], [17]). For a thorough historical discussion of Eisenstein’s contribution
and additional references, see [33, §8].
Remark. Our proof of the fact that the real number exp(24 · n · φA,σ(zσ)) is
an algebraic unit shows that 24 naturally comes from a Bernoulli number via
von Staudt’s theorem. Indeed, von Staudt’s theorem is the main tool in the
proof of (36). The proof of the fact that the number exp(24 · n · φA,σ(zσ)) (in
fact even the number exp(12 ·n ·φA,σ(zσ))) is an algebraic unit, which is given
in [28, Th. 2.2, p. 37], does not seem to establish such a link.
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Abstract. Auslander’s formula shows that any abelian category C

is equivalent to the category of coherent functors on C modulo the
Serre subcategory of all effaceable functors. We establish a derived
version of this equivalence. This amounts to showing that the homo-
topy category of injective objects of some appropriate Grothendieck
abelian category (the category of ind-objects of C) is compactly gener-
ated and that the full subcategory of compact objects is equivalent to
the bounded derived category of C. The same approach shows for an
arbitrary Grothendieck abelian category that its derived category and
the homotopy category of injective objects are well-generated trian-
gulated categories. For sufficiently large cardinals α we identify their
α-compact objects and compare them.

2010 Mathematics Subject Classification: Primary 18E30; Secondary
16E35, 18C35, 18E15.

1. Introduction

Let A be a Grothendieck abelian category and let InjA denote the full sub-
category of injective objects. Then it is known from Neeman’s work [24, 25]
that the derived category D(A) and the homotopy category K(InjA) are well-
generated triangulated categories. The present work describes for sufficiently
large cardinals α their subcategories of α-compact objects.
Recall that any well-generated triangulated category T admits a filtration T =⋃
α T

α where α runs through all regular cardinals and Tα denotes the full
subcategory of α-compact objects [23]. This is an analogue of the filtration
A =

⋃
α A

α where Aα denotes the full subcategory of α-presentable objects
[9]. Note that there exists a regular cardinal α0 such that Aα is abelian for all
α ≥ α0 (Corollary 5.2). In fact, when Aα is abelian and generates A, then Aβ

is abelian for all β ≥ α (Corollary 5.5).
We distinguish two cases, keeping in mind the notation Aℵ0 = fpA and Tℵ0 =
Tc. The first case is a generalisation of the locally noetherian case studied in
[16].
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Theorem (α = ℵ0). Let A be a Grothendieck abelian category. Suppose that
the subcategory fpA of finitely presented objects is abelian and generates A.
Then the homotopy category K(InjA) is a compactly generated triangulated
category and the canonical functor K(InjA) → D(A) induces an equivalence

K(InjA)c
∼−→ Db(fpA).

Theorem (α 6= ℵ0). Let A be a Grothendieck abelian category. Suppose that
α > ℵ0 is a regular cardinal such that the subcategory Aα is abelian and gener-
ates A. Then the following holds:

(1) The derived category D(A) is an α-compactly generated triangulated

category and the inclusion Aα → A induces an equivalence D(Aα)
∼−→

D(A)α.
(2) The homotopy category K(InjA) is an α-compactly generated triangu-

lated category and the left adjoint of the inclusion K(InjA) → K(A)
induces a quotient functor K(Aα) ։ K(InjA)α.

The case α = ℵ0 is Theorem 4.9 and for α 6= ℵ0 see Theorems 5.10 and 5.12.
Note that in case α = ℵ0 the derived category D(A) need not be compactly
generated; an explicit example is given by Neeman [25].
The above results are obtained by ‘resolving’ the abelian category A. More
precisely, we use a variation of Auslander’s formula (Theorem 2.2) to write A

as the quotient of a functor category modulo an appropriate subcategory of
effaceable functors (Corollary 5.5). Then we ‘derive’ this presentation of A by
passing to the derived category D(A) and to the homotopy category K(InjA).
This passage from a Grothendieck abelian category to a well-generated tri-
angulated category demonstrates the amazing parallel between both concepts
[15]. Also, we see the relevance of the filtration A =

⋃
α A

α, which seems to be
somewhat neglected in the literature.
There are at least two aspects that motivate our work. The homotopy cat-
egory K(InjA) played an import role in work with Benson and Iyengar on
modular representations of finite groups [5]. For instance, a classification of
localising subcategories of K(InjA) amounts to a classification of α-localising
subcategories of K(InjA)α for a sufficiently large cardinal α. On the other
hand, K(InjA) has been used to reformulate Grothendieck duality for noether-
ian schemes, and it seems reasonable to wonder about the non-noetherian case;
see [25] for details.
This paper has two parts. The first sections form the ‘finite’ part, dealing with
finitely presented and compact objects. Cardinals greater than ℵ0 only appear
in the last section, which includes a gentle introduction to locally presentable
abelian and well-generated triangulated categories.

2. Functor categories and Auslander’s formula

In this section we recall definitions and some basic facts about functor cate-
gories. In particular, we recall Auslander’s formula.
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Localisation sequences. We consider pairs of adjoint functors (F,G)

C D
F

G

satisfying the following equivalent conditions [10, I.1.3]:

(1) The functor F induces an equivalence

C[Σ−1]
∼−→ D

where Σ := {σ ∈MorC | Fσ is invertible }.
(2) The functor G is fully faithful.
(3) The morphism of functors FG→ IdD is invertible.

Definition 2.1. A localisation sequence of abelian (triangulated) categories is
a diagram of functors

(2.1) B C D
E

E′

F

F ′

satisfying the following conditions:

(1) E and F are exact functors of abelian (triangulated) categories.
(2) The pairs (E,E′) and (F, F ′) are adjoint pairs.
(3) The functors E and F ′ are fully faithful.
(4) An object in C is annihilated by F iff it is in the essential image of E.

We refer to [8, 30] for basic properties, in particular for the construction of
the abelian (triangulated) quotient C/B′ such that F induces an equivalence

C/B′ ∼−→ D, where B′ denotes the full subcategory of objects in C that are
annihilated by F . Thus any of the functors E,E′, F, F ′ determines the diagram
(2.1) up to equivalence.
An exact functor F : C→ D of abelian (triangulated) categories is by definition

a quotient functor if F induces an equivalence C/B
∼−→ D, where B denotes the

full subcategory of objects in C that are annihilated by F .

Finitely presented functors. Let C be an additive category. We denote
by modC the category of finitely presented functors F : Cop → Ab. Recall that
F is finitely presented (or coherent) if it fits into an exact sequence

(2.2) HomC(−, X) −→ HomC(−, Y ) −→ F −→ 0.

The Yoneda functor is the fully faithful functor

C −→ modC, X 7→ HomC(−, X).

Additive functors. Let C be an (essentially) small additive category. A
C-module is an additive functor Cop → Ab. For the category of C-modules we
write

ModC := Add(Cop,Ab)
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and consider the following full subcategories:

ProjC := projective C-modules

InjC := injective C-modules

FlatC := flat C-modules

The flat C-modules are precisely the filtered colimits of representable functors.
Thus we may identify

FlatC = IndC

where IndC denotes the category of ind-objects in the sense of [12, §8]. When
C admits cokernels then

FlatC = Lex(Cop,Ab)

where Lex(Cop,Ab) denotes the category of left exact functors Cop → Ab.
Note that the inclusion modC→ ModC induces an equivalence

Ind modC
∼−→ ModC.

Effaceable functors. Let C be an abelian category. Then we write eff C for
the full subcategory of functors F in modC that admit a presentation (2.2) with
X → Y an epimorphism in C. If C is small then the inclusion eff C → ModC

induces a fully faithful functor

Eff C := Ind eff C −→ ModC.

This identifies Eff C with the functors in ModC that are effaceable in the sense
of [11, p. 141].

Auslander’s formula. The following result is somewhat hidden in Auslan-
der’s account on coherent functors.

Theorem 2.2 ([2, p. 205]). Let C be an abelian category. Then the Yoneda
functor C→ modC induces a localisation sequence of abelian categories.

(2.3) eff C modC C

Moreover, the functor modC→ C induces an equivalence

modC

eff C

∼−→ C.

Proof. The left adjoint of the Yoneda functor is the unique functor modC→ C

that preserves finite colimits and sends each representable functor HomC(−, X)
to X . Thus a functor F with presentation (2.2) is sent to the cokernel of the
representing morphism X → Y . The exactness of the left adjoint follows from
a simple application of the horseshoe lemma. �

Following Lenzing [19] we call this presentation of an abelian category (via the
left adjoint of the Yoneda functor) Auslander’s formula.
A predecessor of this result for Grothendieck abelian categories is due to
Gabriel.
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Theorem 2.3 ([8, II.2]). Let C be a small abelian category. Then the inclusion
IndC → ModC induces a localisation sequence of abelian categories extending
(2.3).

(2.4) Eff C ModC IndC

Moreover, the functor ModC→ IndC induces an equivalence

ModC

Eff C

∼−→ IndC.

Proof. The left adjoint of the inclusion functor is the unique functor ModC =
Ind modC → IndC that preserves filtered colimits and extends the functor
modC → C from Theorem 2.2. Any exact sequence in ModC can be written
as a filtered colimit of exact sequences in modC.1 Thus the exactness of the
functor modC→ C yields the exactness of ModC→ IndC. �

Note that for any small abelian category C the category IndC is a Grothendieck
abelian category [8, II.3]. Thus all categories occuring in diagram (2.4) are
Grothendieck abelian.
A Grothendieck abelian category A has injective envelopes and we denote by
InjA the full subcategory of injective objects. The diagram (2.4) induces a
sequence of functors2 Inj IndC → InjC → Inj Eff C since a right adjoint of an
exact functor preserves injectivity.

3. Derived categories

In this section we describe a derived version of Auslander’s formula for the
bounded derived category of an abelian category.
Let us recall some notation. For an additive category C let K(C) denote the
homotopy category of cochain complexes in C. The objects of K(C) are cochain
complexes and the morphisms are homotopy classes of chain maps. When C is
abelian, then Ac(C) denotes the full subcategory of acyclic complexes and the
derived category D(C) is by definition the triangulated quotient K(C)/Ac(C).
The superscript b refers to the full subcategory of cochain complexes X satis-
fying Xn = 0 for |n| ≫ 0.
For a triangulated category T and a class of objects S in T let Thick(S) denote
the smallest thick subcategory of T containing S.

Lemma 3.1. Let C be an abelian category. Then the Yoneda functor C→ modC

induces a triangle equivalence Kb(C)
∼−→ Db(modC) that makes the following

1Let η : 0 → X
α
−→ Y

β
−→ Z → 0 be exact. Write α as filtered colimit of morphisms

αi : Xi → Yi in modC. Each αi induces an epimorphism βi : Yi → Cokerαi. Then η is the
filtered colimit of the exact sequences 0 → Ker βi → Yi → Cokerαi → 0.

2The notation InjC is ambiguous: We mean the category of injective C-modules, and not
the category of injective objects in C.
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diagram commutative.

Acb(C) Kb(C) Db(C)

Thick(eff C) Db(modC) Db(C)

≀ ≀

In particular, the triangulated category Acb(C) is generated by the acyclic com-
plexes of the form

· · · → 0→ Xn−1 → Xn → Xn+1 → 0→ · · · .
Proof. Each object F in modC admits a finite projective resolution

(3.1) 0→ HomC(−, X)→ HomC(−, Y )→ HomC(−, Z)→ F → 0.

Thus we have a triangle equivalence Kb(C)
∼−→ Db(modC) because the Yoneda

functor identifies C with the full subcategory of projective objects in modC.
For X in Kb(C) let Y denote the corresponding complex in Db(modC) and
observe that Y belongs to Thick({Hi(Y ) | i ∈ Z}). The kernel of modC → C

equals eff C by Theorem 2.2. Thus Y is in Thick(eff C) iff Y is annihilated by

Db(modC) → Db(C) iff X is in Acb(C). This yields the triangle equivalence

Acb(C)
∼−→ Thick(eff C).

For the final assertion of the lemma, observe that the equivalence Kb(C)
∼−→

Db(modC) identifies the complexes of the form

· · · → 0→ Xn−1 → Xn → Xn+1 → 0→ · · ·
with the objects in eff C viewed as complexes concentrated in degree n+ 1. �

Corollary 3.2. The canonical functor Db(modC)→ Db(C) induces an equiv-
alence

Db(modC)

Thick(eff C)

∼−→ Db(C). �

Observe that Thick(eff C) identifies with the full subcategory of complexes X in
Db(modC) such that Hn(X) belongs to eff C for all n ∈ Z; see also Lemma 5.9.
I am grateful to Xiao-Wu Chen for pointing out the following.

Remark 3.3. The inclusion eff C → modC induces a functor Db(eff C) →
Db(modC) which is not fully faithful in general. Examples arise by taking for
C the category modA of finite dimensional modules over a finite dimensional
k-algebra A, where k is any field. Then eff C identifies with mod(modA), where
modA denotes the stable category modulo projectives [4, §6].

4. Homotopy categories of injectives

In this section we discuss a derived version of Auslander’s formula for com-
plexes of injective objects. More precisely, we extend the presentation of a
small abelian category C via Auslander’s formula to the homotopy category of
injective objects of IndC.
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Homotopically minimal complexes. Let A be a Grothendieck abelian cat-
egory. Recall from [16, Proposition B.2] that every complex I in A with injective
components admits a decomposition I = I ′ ∐ I ′′ such that I ′ is homotopically
minimal and I ′′ is null homotopic. Here, a complex J is homotopically minimal
if for all n the inclusion KerdnJ → Jn is an injective envelope.
Recall that a full subcategory B ⊆ A is localising if B is closed under forming
subobjects, quotients, extensions, and coproducts.

Lemma 4.1. Let A be a Grothendieck abelian category and B a localising subca-
teory. Write t : A→ B for the right adjoint of the inclusion. If a complex I with
injective components in A is homotopically minimal, then tI is homotopically
minimal in B.

Proof. Observe that KerdntI = t(Ker dnI ) since t is left exact. Now use that t
takes injective envelopes in A to injective envelopes in B. �

Pure acyclic complexes. Let A be a Grothendieck abelian category and
fix a class C of objects that generates A and is closed under finite colimits.
Throughout we identify objects in A with complexes concentrated in degeee
zero.
The following is a slight generalisation of a result due to Šťov́ıček [29].

Proposition 4.2. Let I be a complex of injective objects in A and suppose that
HomK(A)(X, I[n]) = 0 for all X ∈ C and n ∈ Z. Then I is null homotopic.

The proof is based on the following lemma, where C(A) denotes the abelian
category of cochain complexes in A.

Lemma 4.3 ([29]). Let Y ⊆ K(InjA) be a class of objects satisfying Y = Y[1].
Then

⊥Y := {X ∈ K(A) | HomK(A)(X,Y ) = 0 for all Y ∈ Y}
has the following properties.

(1) Let 0 → X ′ → X → X ′′ → 0 be an exact sequence in C(A). If two
terms are in ⊥Y, then the third term belongs to ⊥Y.

(2) Let X =
⋃
Xi be a directed union of subobjects Xi ⊆ X in C(A). If all

Xi belong to ⊥Y, then X belongs to ⊥Y.

Proof. (1) Let Y ∈ Y. Then the induced sequence

0→ HomA(X ′′, Y )→ HomA(X,Y )→ HomA(X ′, Y )→ 0

is exact, where HomA(−,−) denotes the usual Hom complex. Now observe
that

HomK(A)(−, Y [n]) = HnHomA(−, Y ).

(2) Let Y ∈ Y and observe that HomK(A)(−, Y [1]) = Ext1C(A)(−, Y ). Thus

the assertion follows from Eklof’s lemma [7], using that it suffices to treat
well-ordered chains; see [29] for details. �
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Proof of Proposition 4.2. Let Y denote the class of complexes I in K(InjA)
such that HomK(A)(X, I[n]) = 0 for all X ∈ C and n ∈ Z. We consider
⊥Y ⊆ K(A) and have C ⊆ ⊥Y by definition. Now fix an object X in C and
a subobject U ⊆ X in A. Write

⋃
Ui = U as a directed union of subobjects

which are quotients of objects in C. Thus each object X/Ui belongs to ⊥Y since
C is closed under cokernels. Now apply Lemma 4.3. Thus each Ui is in ⊥Y,
therefore U , and finally X/U belongs to ⊥Y. Each object in A is a directed
union of subobjects of the form X/U . Thus all objects of A belong to ⊥Y.
Clearly, this implies that all complexes in Y are null homotopic. �

Let us call a class C ⊆ A saturated if it is closed under finite colimits and if
there is a localising subcategory B ⊆ A such that B is generated by C.

Example 4.4 ([13, Theorem 2.8]). Let A be a Grothendieck abelian category.
Suppose that the full subcategory fpA of finitely presented objects is abelian
and that it generates A. Then any Serre subcategory of fpA is saturated.

The following is an immediate consequence of Proposition 4.2.

Proposition 4.5. Let A be a Grothendieck abelian category. For a saturated
class C of objects and a homotopically minimal complex of injective objects I,
the following are equivalent:

(1) HomK(A)(X, I[n]) = 0 for all X ∈ C and n ∈ Z.
(2) HomA(X, In) = 0 for all X ∈ C and n ∈ Z.

Proof. (1) ⇒ (2): Let B denote the localising subcategory of A generated by
C and write t : A → B for the right adjoint of the inclusion. The assumption
implies that HomK(B)(X, tI[n]) = 0 for all X ∈ C and n ∈ Z. Thus tI is null
homotopic by Proposition 4.2, and therefore tI = 0 by Lemma 4.1.
(2) ⇒ (1): Clear since HomK(A)(X, I[n]) = HnHomA(X, I). �

Compactly generated triangulated categories. Let T be a triangu-
lated category and suppose that T admits small coproducts. An object X in
T is compact if each morphism X → ∐

i∈I Yi in T factors through
∐
i∈J Yi

for some finite subset J ⊆ I. Let Tc denote the full subcategory of compact
objects and observe that Tc is a thick subcategory. Following [22], the triangu-
lated category T is compactly generated if Tc is essentially small (that is, the
isomorphism classes of objects form a set) and T admits no proper localising
subcategory containing Tc.

Example 4.6. For a small additive category C, the derived category D(ModC)

is compactly generated with subcategory of compact objects given by Kb(C)
∼−→

D(ModC)c.

We shall need the following well-known result about Bousfield localisation for
compactly generated triangulated categories.

Proposition 4.7. Let T be a compactly generated triangulated category and
S ⊆ Tc a triangulated subcategory. Then the triangulated category

S⊥ := {Y ∈ T | HomT(X,Y ) = 0 for all X ∈ S}
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has small coproducts and is compactly generated. Moreover, the left adjoint of
the inclusion S⊥ → T induces (up to direct summands) an equivalence Tc/S

∼−→
(S⊥)c.

Proof. Combine [21, Theorem 2.1] and [23, Theorem 9.1.16]. �

Homotopy categories of injectives. We describe the homotopy category
of injective objects for Grothendieck abelian categories of the form IndC given
by a small abelian category C. The following lemma provides the basis; it is
the special case where IndC is replaced by ModC.

Lemma 4.8. Let C be a small abelian category. Then the canonical functor

Q : K(InjC) −→ D(ModC)

is a triangle equivalence which restricts to an equivalence

(4.1) K(InjC)c
∼−→ Db(modC).

Proof. Recall from [28] that the restriction of Q to the full subcategory of K-
injective complexes is a triangle equivalence. Moreover, each X in K(ModC)
fits into an exact triangle aX → X → iX → with aX acyclic and iX K-
injective.
Each F ∈ modC admits a finite projective resolution (3.1) since C is abelian.
Then a standard argument yields HomK(ModC)(F, I[n]) = 0 for all n ∈ Z and
each acyclic complex I of injectives, since this holds when F is projective.
Thus I is null homotopic by Proposition 4.2, and we conclude that Q is an
equivalence. It remains to observe that Kb(C)

∼−→ Db(modC) by Lemma 3.1.
�

Theorem 4.9. Let C be a small abelian category. Then the triangulated cate-
gory K(Inj IndC) has small coproducts and is compactly generated. Moreover,
the canonical functor K(Inj IndC)→ D(IndC) induces a triangle equivalence

(4.2) K(Inj IndC)c
∼−→ Db(C).

Proof. The inclusion IndC→ ModC identifies

Inj IndC = {I ∈ InjC | Hom(X, I) = 0 for all X ∈ eff C}.
This follows from the localisation sequence in Theorem 2.3, since

IndC = {Y ∈ModC | Hom(X,Y ) = 0 = Ext1(X,Y ) for all X ∈ Eff C}
by [8, III.3]. Then Proposition 4.5 implies that the inclusion K(IndC) →
K(ModC) identifies

K(Inj IndC) = {I ∈ K(InjC) | Hom(X, I[n]) = 0 for all X ∈ eff C, n ∈ Z},
where eff C ⊆ Db(modC) is viewed as subcategory of K(InjC) via the equiva-
lence (4.1). Now apply Proposition 4.7 and use that K(InjC) is compactly
generated by Lemma 4.8. Thus K(Inj IndC) is compactly generated, and
K(Inj IndC)c identifies with Db(C) thanks to Corollary 3.2. �
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Remark 4.10. The first theorem from the introduction (labelled α = ℵ0) is a
consequence of Theorem 4.9, since a Grothendieck abelian category A that is
generated by the full subcategory fpA of finitely presented objects is equivalent
to Ind fpA via the functor Ind fpA→ A induced by the inclusion fpA→ A.

Corollary 4.11. The inclusion Inj IndC→ InjC induces a functor

K(Inj IndC) −→ K(InjC)

that admits a left and a right adjoint. The left adjoint makes the following
diagram commutative.

Db(modC) Db(C)

K(InjC) K(Inj IndC)

Proof. The left adjoint of the inclusion F : K(Inj IndC) → K(InjC) exists by
construction and restricts to Db(modC) → Db(C); see Proposition 4.7. Next
observe that F preserves coproducts since its essential image are the objects
perpendicular to a set of compact objects. Thus F admits a right adjoint by
Brown representability. �

The following consequence of Theorem 4.9 is due to Šťov́ıček; his proof is
different and based on an analysis of fp-injective modules.

Corollary 4.12 ([29]). Let A be a coherent ring. Then K(InjA) is a com-
pactly generated triangulated category and the canonical functor K(InjA) →
D(ModA) induces a triangle equivalence

K(InjA)c
∼−→ Db(modA). �

Functoriality. We consider the assignment C 7→ K(Inj IndC) and discuss
its functoriality.
Fix an additive functor f : C→ D between small additive categories. Then

f∗ : ModD −→ ModC, X 7→ X ◦ f
admits a right adjoint f∗ and a left adjoint f! [12, §5]. Note that f! extends
f , that is, f! sends each representable functor HomC(−, X) to HomD(−, f(X)).
Thus f! restricts to a functor IndC→ IndD.
Now suppose that f is an exact functor between abelian categories. Then f∗

restricts to a functor IndD → IndC, since IndC = Lex(Cop,Ab) and IndD =
Lex(Dop,Ab). Thus (f!, f

∗) yields an adjoint pair of functors IndC ⇄ IndD

and f! is exact. Therefore f∗ restricts to a functor

Inj IndD −→ Inj IndC.

Proposition 4.13. An exact functor f : C→ D induces a functor

F ∗ : K(Inj IndD) −→ K(Inj IndC)
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that admits a left and a right adjoint. The left adjoint makes the following
diagram commutative.

Db(C) Db(D)

K(Inj IndC) K(Inj IndD)

Db(f)

F∗

F!

F∗

Proof. In Corollary 4.11 the assertion has been established for the canonical
functors

p : modC −→ C and q : modD −→ D.

Now consider the sequence (f!, f
∗, f∗) of functors making the following diagram

commutative.

modD ModD Inj IndD

modC ModC Inj IndC

f∗f! f∗

We extend this diagram to complexes and obtain the following diagram.

Db(modD) D(ModD) K(Inj IndD)

Db(modC) D(ModC) K(Inj IndC)

f∗

Q!

Q∗

Q∗

F∗f! Rf∗
P!

P∗

P∗

F! F∗

Here, Rf∗ denotes the right derived functor. Thus it remains to describe
the vertical functors on the right. In fact, F ∗ is determined by the identity
P ∗F ∗ = f∗Q∗. Now set F! := Q!f!P

∗ and F∗ := Q∗Rf∗P ∗. Then we have

Hom(F!,−) = Hom(Q!f!P
∗,−)

= Hom(−, P∗f
∗Q∗)

= Hom(−, P∗P
∗F ∗)

= Hom(−, F ∗)

and similarly

Hom(−, F∗) = Hom(F ∗,−).

It remains to show that F! restricts on compacts to Db(f), after identifying
the full subcategory of compacts in K(Inj IndC) with Db(C) via (4.2). This
assertion holds for P!, Q!, and f!. Then the identity F!P! = Q!f! yields the
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assertion for F!, using that the diagram

Kb(C) Db(modC) Db(C)

Kb(D) Db(modD) Db(D)

Kb(f)

∼ Db(p)

Db(f)

∼ Db(q)

is commutative. �

5. Grothendieck abelian categories

In this section we generalise the results from the previous sections to arbi-
trary Grothendieck abelian categories. This involves the concepts of locally
presentable abelian and well-generated triangulated categories.

Locally presentable abelian categories. Grothendieck abelian cate-
gories are well-known to be locally presentable in the sense of Gabriel and
Ulmer [9]. We recall this concept, refering to [1, 9] for details and unexplained
terminology.
Let A be a cocomplete category and fix a regular cardinal α. An object X
in A is α-presentable if the representable functor HomA(X,−) preserves α-
filtered colimits. We denote by Aα the full subcategory which is formed by all
α-presentable objects. Observe that Aα is closed under α-small colimits in A.
The category A is called locally α-presentable if Aα is essentially small and each
object is an α-filtered colimit of α-presentable objects. Moreover, A is locally
presentable if it is locally β-presentable for some cardinal β. Note that we have
for each locally presentable category A a filtration A =

⋃
β A

β where β runs
through all regular cardinals.
Let C be a small additive category and fix a regular cardinal α. When C has
α-small colimits we write

Indα C := Lexα(Cop,Ab)

for the category of left exact functors Cop → Ab preserving α-small products.
This category is locally α-presentable. Conversely, for any locally α-presentable
additive category A the assignment X 7→ HomA(−, X)|Aα induces an equiva-
lence

A
∼−→ Indα A

α.

Grothendieck abelian categories. We begin with a discussion of the lo-
calisation theory for Grothendieck abelian categories.

Proposition 5.1. Let A be a Grothendieck abelian category and α a regular
cardinal. Suppose that A is locally α-presentable and that Aα is abelian. For a
localising subcategory B ⊆ A such that B∩Aα generates B, the following holds:

(1) B and A/B are locally α-presentable Grothendieck abelian categories.
(2) Bα = B∩Aα and the quotient functor A→ A/B induces an equivalence

Aα/Bα
∼−→ (A/B)α.
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(3) The inclusion B→ A induces a localisation sequence.

Bα Aα Aα/Bα

B A A/B

Proof. For the case α = ℵ0, see Theorems 2.6 and 2.8 of [13]. The general
case is analogous; it amounts to identifying the sequence B  A ։ A/B
with the sequence Indα B

α → Indα A
α → Indα(Aα/Bα) which is induced by

Bα  Aα ։ Aα/Bα. �

The Popesco–Gabriel theorem yields the following well-known3 consequence.

Corollary 5.2. Any Grothendieck abelian category is locally presentable.
Moreover, there exists a regular cardinal α such that Aα is abelian.

Proof. Let A be a Grothendieck abelian category with generator U and set
Γ := EndA(U). Then the functor HomA(U,−) : A→ Mod Γ is fully faithful and
admits an exact left adjoint −⊗ΓU ; it is the unique colimit preserving functor
sending Γ to U . This induces an equivalence Mod Γ/C

∼−→ A, where C ⊆ Mod Γ
denotes the localising subcategory of objects annihilated by − ⊗Γ U ; see [27].
Now choose α so that modα Γ is abelian (see Lemma 5.3 below) and contains
a generator of C. Then apply Proposition 5.1. �

Let C be a small additive category and fix a regular cardinal α. We write

modα C := (ModC)α and projα C := ProjC ∩modα C.

The next lemma shows that modα C is abelian when α is sufficiently large.

Lemma 5.3. The following conditions are equivalent:

(1) The kernel of each morphism in modC belongs to modα C.
(2) The category projα C has pseudo-kernels, that is, for each morphism

Y → Z there exists a morphism X → Y making the sequence X →
Y → Z exact.

(3) The category modα C is abelian.

Proof. (1) ⇒ (2): The objects in projα C are precisely the direct summands of
coproducts Y =

∐
i∈I HomC(−, Yi) with card I < α. Clearly, Y is the filtered

colimit of subobjects
∐
i∈J HomC(−, Yi) with cardJ < ℵ0. This colimit is α-

small, and it follows that any morphism Y → Z in projα C is an α-small filtered
colimit of morphisms Yλ → Zλ in projℵ0

C ⊆ modC. Thus

Ker(Y → Z) = colim
λ

Ker(Yλ → Zλ)

belongs to modα C. It remains to observe that each object in modα C is the
quotient of an object in projα C.
(2) ⇒ (3): This follows from a standard argument [3, III.2] since each object
in modα C is the cokernel of a morphism in projα C.

3References are [9, p. 4] or [12, 9.11.3].
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(3) ⇒ (1): Clear. �

When C has α-small colimits, then the Yoneda functor C → modα C admits a
left adjoint; it is the α-small colimit preserving functor modα C→ C taking each
representable functor HomA(−, X) to X . Let effα C denote the full subcategory
of modα C consisting of the objects annihilated by this left adjoint, and set
Effα C := Indα effα C.

Proposition 5.4. Let C be a small abelian category with α-small coproducts
and suppose that Indα C is Grothendieck abelian. Then the inclusion Indα C→
ModC induces a localisation sequence of abelian categories

(5.1) Effα C ModC Indα C

which restricts to the localisation sequence

effα C modα C C.

Proof. The inclusion Indα C → ModC has a left adjoint; it is the colimit pre-
serving functor which is the identity on the representable functors [8, V.1].
This left adjoint is exact by the Popesco–Gabriel theorem [27], and it sends
α-presentable objects to α-presentable objects, since the right adjoint pre-
serves α-filtered colimits. This yields the left adjoint of the Yoneda functor
C→ modα C. The rest follows from Proposition 5.1. �

There is an interesting consequence which seems worth mentioning.

Corollary 5.5. Let A be a locally α-presentable Grothendieck abelian category
such that Aα is abelian. Then

ModAα

Effα Aα
∼−→ A

and Aβ is abelian for every regular cardinal β ≥ α.
Proof. We have a quotient functor Q : ModAα → A by Proposition 5.4, and
this yields the presentation of A. Now observe that modβ A

α is abelian for all
β ≥ α by Lemma 5.3. Thus Q restricts to an exact quotient functor of abelian
categories modβ A

α → Aβ by Proposition 5.1. �

Well-generated triangulated categories. The triangulated analogue
of a Grothendieck abelian category is a well-generated triangulated category in
the sense of Neeman [23]. Such triangulated categories admit small coproducts
and are α-compactly generated for some regular cardinal α. Here, we collect
their essential properties and refer to [14, 23] for further details.
Fix a triangulated category T and suppose that T has small coproducts. Recall
that a full triangulated subcategory S ⊆ T is localising if S is closed under all
coproducts. For a regular cardinal α, a full triangulated subcategory S ⊆ T is
α-localising if it is closed under α-small coproducts. An object X in T is called
α-small if every morphism X →∐

i∈I Yi in T factors through
∐
i∈J Yi for some

subset J ⊆ I with cardJ < α.
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A triangulated category T with small coproducts is α-compactly generated if
there is a full subcategory Tα satisfying the following:

(1) Tα ⊆ T is an essentially small α-localising subcategory consisting of
α-small objects.

(2) T admits no proper localising subcategory containing Tα.
(3) Given a family (Xi → Yi)i∈I of morphisms in T such that the induced

map HomT(C,Xi)→ HomT(C, Yi) is surjective for all C ∈ Tα and i ∈
I, the induced map HomT(C,

∐
iXi)→ HomT(C,

∐
i Yi) is surjective.

Then Tα is uniquely determined by (1)–(3) and the objects in Tα are called
α-compact. Also, T is β-compactly generated for every regular cardinal β ≥
α, and Tβ is the smallest β-localising subcategory of T containing Tα. In
particular, T =

⋃
β T

β where β runs through all regular cardinals.
The ℵ0-compactly generated triangulated categories are precisely the usual
compactly generated triangulated categories.
The most important aspect of the theory is that well-generated categories be-
have well under localisation; this is in complete analogy to Grothendieck abelian
categories.

Localisation theory for well-generated triangulated categories.
We recall the basic facts from the localisation theory for well-generated trian-
gulated categories. For further details, see [17, 23].
The following is the analogue of Proposition 5.1 for abelian categories.

Proposition 5.6. Let T be a triangulated category and α a regular cardinal.
Suppose that T is α-compactly generated. For a localising subcategory S ⊆ T

such that S ∩ Tα generates S, the following holds:

(1) S and T/S are α-compactly generated triangulated categories.
(2) Sα = S ∩ Tα and the quotient functor T → T/S induces (up to direct

summands) a triangle equivalence Tα/Sα
∼−→ (T/S)α.

(3) The inclusion S→ T induces a localisation sequence.

Sα Tα Tα/Sα

S T T/S

Proof. See Theorem 4.4.9 in [23]. �

The following generalises Proposition 4.7, which treats the case α = ℵ0.

Proposition 5.7. Let T be an α-compactly generated triangulated category
and S ⊆ Tα a triangulated subcategory that is closed under α-small coproducts.
Then the triangulated category

S⊥ := {Y ∈ T | HomT(X,Y ) = 0 for all X ∈ S}
has small coproducts and is α-compactly generated. Moreover, the left adjoint of
the inclusion S⊥ → T induces (up to direct summands) an equivalence Tα/S

∼−→
(S⊥)α.
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Proof. Let S̄ ⊆ T denote the smallest localising subcategory containing S. Then
the assertion follows from Proposition 5.6, since S̄∩Tα = S and the composite
S⊥ = S̄⊥  T ։ T/S̄ is an equivalence by [23, Theorem 9.1.16]. �

The derived category of a Grothendieck abelian category. The
derived category of a Grothendieck abelian category is known to be a well-
generated triangulated category [24]. For the derived categories of rings and
schemes, one finds a discussion of α-compact objects in [20]. Here, we give a
description of the full subcategory of α-compacts for any Grothendieck abelian
category, provided the cardinal α is sufficiently large. This is based on the
following special case.

Proposition 5.8. Let C be a small additive category and α > ℵ0 a regular
cardinal such that modα C is abelian. Then the derived category D(ModC) is α-
compactly generated and the inclusion modα C→ ModC induces an equivalence

D(modα C)
∼−→ D(ModC)α.

Proof. First observe that modα C is an abelian category with enough projective
objects. Indeed, any α-small coproduct of representable functors belongs to
modα C and any object in modα C is a quotient of such a projective object.
Now identify D(ModC) with the full subcategory of K(ProjC) consisting of the
K-projective complexes [28]. Because D(ModC) is compactly generated, the
subcategory D(ModC)α identifies with the smallest α-localising subcategory
containing all perfect complexes. The latter equals the full subcategory of
K-projectives in K(projα C), and this in turn identifies with D(modα C). �

Let A be an abelian category and B ⊆ A a Serre subcategory. Define the full
subcategory

DB(A) := {X ∈ D(A) | Hn(X) ∈ B for all n ∈ Z} ⊆ D(A)

and note that the quotient functor A→ A/B induces a functor

D(A)/DB(A) −→ D(A/B).

We will need the following fact.

Lemma 5.9. The functor D(A)/DB(A) → D(A/B) is a triangle equivalence
when the quotient functor A→ A/B admits a right adjoint.

Proof. Let s denote right adjoint of q : A→ A/B. The composite

K(A/B)
s−→ K(A) ։ D(A) ։ D(A)/DB(A)

annihilates each acyclic complex since qs ∼= IdA/B. Thus s induces an exact
functor D(A/B)→ D(A)/DB(A) such that qsX ∼= X for X in D(A/B). On the
other hand, for any complex Y in D(A) the cone of the adjunction morphism
Y → sqY belongs to DB(A); thus Y ∼= sqY in D(A)/DB(A). �

The following result describes for any Grothendieck abelian category the sub-
category of α-compact objects, provided the cardinal α is sufficiently large.
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Theorem 5.10. Let A be a Grothendieck abelian category and α > ℵ0 a regular
cardinal. Suppose that Aα is abelian and generates A. Then the derived category
D(A) is α-compactly generated and the inclusion Aα → A induces a triangle

equivalence D(Aα)
∼−→ D(A)α.

Proof. We set C := Aα and identify A
∼−→ Indα C. Consider the following

commutative diagram which is obtained from the pair of localisation sequences
in Proposition 5.4 by forming derived categories and using Lemma 5.9.

DeffαC(modα C) D(modα C) D(C)

DEffαC(ModC) D(ModC) D(Indα C)

The assertion follows from the localisation theory for α-compactly generated
triangulated categories; see Proposition 5.6. More precisely, we know from
Proposition 5.8 that

D(ModC)α = D(modα C),

and we need to show that DeffαC(modα C) generates the localising subcate-
gory DEffαC(ModC) of D(ModC). To see this, set T := D(ModC) and let
Q : ModC → A denote the exact left adjoint of the functor sending X ∈ A to
HomA(−, X)|C from (5.1). Consider the cohomological functor

H : T
H∗

−→ ModC
Q−→ A

and observe that H restricts to Tα → Aα, since Q restricts to modα C → Aα.
The kernel of H equals DEffαC(ModC), and it is generated by the homo-
topy colimits of countable sequences of morphisms in Tα annihilated by H ;
see [17, §7.5]. It remains to note that these homotopy colimits belong to
DeffαC(modα C) since α > ℵ0. �

Corollary 5.11. For a Grothendieck abelian category A, the filtration A =⋃
α A

α induces a filtration

D(A) =
⋃

α regular

D(Aα). �

Homotopy categories of injectives. In recent work of Neeman [25] it
is shown that for any Grothendieck abelian category the homotopy category
of injective objects is well-generated. Here we are slightly more specific and
provide an analogue of Theorem 4.9 for uncountable regular cardinals.

Theorem 5.12. Let A be a Grothendieck abelian category and α > ℵ0 a regular
cardinal. Suppose that Aα is abelian and generates A. Then the following holds:

(1) The category K(InjA) has small coproducts and is α-compactly gener-
ated.

(2) The left adjoint of the inclusion K(InjA)→ K(A) restricts to a quotient
functor K(Aα) ։ K(InjA)α.
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(3) The canonical functor K(InjA)→ D(A) restricts to a quotient functor
K(InjA)α ։ D(Aα).

Proof. We adapt the proof of Theorem 4.9 using the description of A via Propo-
sition 5.4. As before, set C := Aα and identify A

∼−→ Indα C. Consider

effα C ⊆ D(modα C) = D(modC)α

and let

S := Loc(effα C) ⊆ D(ModC)

denote the localising subcategory generated by effα C. Then K(InjA) identifies
with S⊥ in D(ModC), and it follows from Proposition 5.7 that K(InjA) is
α-compactly generated. Moreover,

D(ModC)/S
∼−→ K(InjA) and D(modα C)/Sα

∼−→ K(InjA)α.

Our assertions about K(InjA)α follow by inspection of the following commuting
diagram.

K(modα C) K(C) K(C)

K(ModC) K(A) K(A)

D(modα C) K(InjA)α D(A)α

D(ModC) K(InjA) D(A)

We omit details but explain the construction of the diagram. The two bottom
rows are obtained by localising

K(InjC) = D(ModC)

with respect to Loc(effα C) and DEffαC(ModC), restricting the left adjoints to
the full subcategories of α-compact objects, and keeping in mind that

Loc(effα C) ⊆ DEffαC(ModC).

The two top rows follow from Proposition 5.4. The left adjoint of the inclusion
K(InjA)→ K(A) is obtained by taking the composite

K(A)  K(ModC) ։ D(ModC) ։ K(InjA). �

Corollary 5.13. The inclusion K(InjA)→ K(A) admits a left adjoint.

Proof. The proof of Theorem 5.12 yields an explicit left adjoint; for other
constructions see [18, Example 5] and [25, Theorem 2.13]. �
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The stable derived category. Following Buchweitz [6] and Orlov [26],
we define the stable derived category of a Grothendieck abelian category A as
the full subcategory of acyclic complexes in K(InjA). This is precisely the
definition given in [16] for a locally noetherian category, and we denote this
category by S(A).

Corollary 5.14. Let A be a Grothendieck abelian category and α > ℵ0 a
regular cardinal. Suppose that Aα is abelian and generates A. Then the sta-
ble derived category S(A) is α-compactly generated and fits into the following
localisation sequence:

S(A) K(InjA) D(A)

Moreover, the left adjoints preserve α-compactness.

Proof. The canonical functor K(InjA) → D(A) is a functor between α-
compactly generated triangulated categories by Theorems 5.10 and 5.12; it
determines the localisation sequence. In particular, its kernel is α-compactly
generated by Proposition 5.6. �
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[29] containing a precursor of Proposition 4.2. Also, I wish to thank Amnon
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homologie Etale des Schémas, Tome 1. Théorie des Topos, Lect. Notes in Math., vol.
269, Springer, Heidelberg, 1972-1973, pp. 1-184.

[13] H. Krause, The spectrum of a locally coherent category, J. Pure Appl. Algebra 114
(1997), no. 3, 259–271.

Documenta Mathematica 20 (2015) 669–688



688 Henning Krause

[14] H. Krause, On Neeman’s well generated triangulated categories, Doc. Math. 6 (2001),
121–126 (electronic).

[15] H. Krause, “Triangulated categories” by A. Neeman, Book review, Jahresber. Dtsch.
Math.-Ver. 106 (2004), 6–8.

[16] H. Krause, The stable derived category of a Noetherian scheme, Compos. Math. 141
(2005), no. 5, 1128–1162.

[17] H. Krause, Localization theory for triangulated categories, in Triangulated categories,
161–235, London Math. Soc. Lecture Note Ser., 375, Cambridge Univ. Press, Cambridge,
2010.

[18] H. Krause, Approximations and adjoints in homotopy categories, Math. Ann. 353
(2012), no. 3, 765–781.

[19] H. Lenzing, Auslander’s work on Artin algebras, in Algebras and modules, I (Trondheim,
1996), 83–105, CMS Conf. Proc., 23, Amer. Math. Soc., Providence, RI, 1998.

[20] D. Murfet, Rouquier’s cocovering theorem and well-generated triangulated categories,
J. K-Theory 8 (2011), no. 1, 31–57.

[21] A. Neeman, The connection between the K-theory localization theorem of Thomason,
Trobaugh and Yao and the smashing subcategories of Bousfield and Ravenel, Ann. Sci.
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Abstract. Using the minors in Hessian matrices, we introduce new
graded algebras associated to a homogeneous polynomial. When the
associated projective hypersurface has isolated singularities, these al-
gebras are related to some new local algebras associated to isolated hy-
persurface singularities, which generalize their Tjurina algebras. One
consequence of our results is a new very rapid way to determine the
number of weighted homogeneous singularities of such a hypersurface.
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1. Introduction and statement of results

Let S = ⊕kSk = C[x0, ..., xn] be the graded polynomial ring in n+1 indetermi-
nates with complex coefficients, where Sk denotes the vector space of degree k
homogeneous polynomials. Consider for a polynomial f ∈ Sd, the correspond-
ing Jacobian ideal Jf generated by the partial derivatives fj of f with respect
to xj for j = 0, ..., n, the graded Milnor algebra M(f) = ⊕kM(f)k = S/Jf and
its Hilbert series

(1.1) HP (M(f); t) =
∑

k

dimM(f)kt
k.

Assume in this note that the projective hypersurface V = V (f) : f = 0 in
Pn is reduced with (at most) isolated singularities at the points a1, ..., ap. Let
Hess(f) be the Hessian matrix (fij) of the second order partial derivatives of

1 Partially supported by Institut Universitaire de France and IAS Princeton.
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f and h(f) be the Hessian of f , i.e. the determinant of this matrix Hess(f).
This Hessian h(f) is a homogeneous polynomial in S of degree

T = (n+ 1)(d− 2).

More generally, for each k satisfying 1 ≤ k ≤ n + 1 we denote by hk(f) the
ideal in S generated by all k × k-minors in the matrix Hess(f). In particular,
the ideal hn+1(f) = (h(f)) is a principal ideal. For each k as above, consider
the graded k-th Hessian algebra of the polynomial f defined by

(1.2) Hk(f) = S/(Jf + hk(f)),

whose isomorphism class is clearly a GL(n + 1,C)-invariant of f . Clearly we
have a sequence of epimorphisms of graded C-algebras

M(f)→ Hn+1(f)→ Hn(f)→ · · · → H1(f).

On the other hand, we introduce for any isolated hypersurface singularity (V, 0)
at the origin of Cn, given by an analytic germ g = 0, the k-th Hessian ideal
hk(g) to be the ideal generated by all the k-th minors in the Hessian (n× n)-
matrix Hess(g) = (gij). By convention, we set hn+1(g) = 0. It is easy to
check that the isomorphism class of the local k-th Hessian algebra of the germ
g defined by

(1.3) Hk(g) = On/((g) + Jg + hk(g)),

is a K-invariant of g, i.e. depends only on the isomorphism class of the germ
(V, 0), see Lemma 2.1. Clearly we have now a sequence of epimorphisms of
local Artinian C-algebras

T (g) = Hn+1(g)→ Hn(g)→ · · · → H1(g),

starting with the Tjurina algebra T (g) of g. Hence one can consider the
Hessian algebras Hk(g) as a generalization of the Tjurina algebra T (g). For
k = 1, ..., n+ 1 we introduce the k-th Hessian number of g to be

(1.4) χk(g) = dimHk(g).

In view of the above remark, we can also write χk(g) = χk(V, 0) and use any
normal form of g to compute these new invariants. Note that χn+1(V, 0) =
τ(V, 0), the usual Tjurina number of (V, 0) and one has the inequalities

0 ≤ χ1(V, 0) ≤ ... ≤ χn(V, 0) ≤ χn+1(V, 0) = τ(V, 0).

Our first main result is the following.

Theorem 1.1. Assume that V (f) is a hypersurface in Pn with isolated singu-
larities at the points a1, ..., ap. Then for k = 1, 2, ..., n + 1 and any m large
enough one has

dimHk(f)m =
∑

i=1,p

χk(V (f), ai).

The following result estimates how large m should be in order to have such
stabilization results. First we recall some definitions, see [12].
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Definition 1.2. For a hypersurface V : f = 0 with isolated singularities we
introduce three integers, as follows.
(i) the coincidence threshold

ct(V ) = max{q : dimM(f)k = dimM(fs)k for all k ≤ q},
with fs a homogeneous polynomial in S of degree d such that Vs : fs = 0 is a
smooth hypersurface in Pn.
(ii) the stability threshold st(V ) = min{q : dimM(f)k = τ(V ) for all k ≥ q},
where τ(V ) is the total Tjurina number of V , that is τ(V ) =

∑
i=1,p τ(V (f), ai).

(iii) the minimal degree of a syzygy mdr(V ) = min{q : Hn(K∗(f))q+n 6= 0},
where K∗(f) is the Koszul complex of f0, ..., fn with the natural grading.

It is known that one has

(1.5) ct(V ) = mdr(V ) + d− 2,

and precise estimates on mdr(V ) are given in [8], [9], [10], [13]. Our second
main result is the following.

Theorem 1.3. Assume that the hypersurface V (f) in Pn has only isolated
singularities. Then one has the following stabilization property:

dimHn(f)m = τ(V (f))− |Singwh(V (f))|
for any m large, where |Singwh(V (f))| is the number of weighted homogeneous
singularities the hypersurface V (f) has. Moreover, for any integer k, 1 ≤ k ≤
n, the dimension of Hk(f)m is constant for any

m ≥ Tk := max(T − ct(V ) + k(d− 2), st(V )).

We also have the following result, expressing HP (Hn+1(f); t) in term of the
series HP (M(f); t), which was already studied in [9], [10], [12].

Proposition 1.4. (i) Assume the hypersurface V (f) is smooth. Then

HP (Hn+1(f); t) = HP (M(f); t)− 1 =
(1− td−1)n+1

(1 − t)n+1
− 1.

(ii) Assume the hypersurface V (f) has isolated singularities (and it is not
smooth). Then

HP (Hn+1(f); t) = HP (M(f); t).

A consequence of these results is the following (possibly the fastest) way to
compute the total number of singularities of a projective hypersurface in cases
when it is known a priori that these singularities are all weighted homogeneous.

Corollary 1.5. Assume that the hypersurface V (f) in Pn has only isolated
singularities (and it is not smooth). Then the total number of weighted homo-
geneous singularities of V (f) is given by

|Singwh(V (f))| = dimM(f)m − dimHn(f)m

for any m ≥ T̃n = (2n+ 1)(d− 2).
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In the second section we prove these results, give some Corollaries and a number
of Examples. In the final section we offer a discussion on the constructible
partitions induced on the space of homogeneous polynomials of a fixed degree
d by the values of the Hilbert-Poincaré series of the Milnor algebra M(f) and
of the Hessian algebras Hk(f). The only results here are of an experimental
computational nature. The computations of various invariants given in this
paper were made using two computer algebra systems, namely CoCoA [3] and
Singular [5]. The corresponding codes are available on request.
We would like to thank the referee for the careful reading of our manuscript
and his useful remarks.

2. Hessian matrix and Hessian ideals

Lemma 2.1. The isomorphism class of the local k-th Hessian algebra

Hk(g) = On/((g) + Jg + hk(g)),

of the isolated hypersurface germ (V, 0) : g = 0 is a K-invariant of g for any
integer k = 1, 2, ..., n.

Proof. We have to show that if u ∈ On is a unit and φ : (Cn, 0)→ (Cn, 0) an
isomorphism germ, and if we set g′(y) = u(y) ·g(φ(y)), then the algebra Hk(g′)
is isomorphic to the algebraHk(g) for any k. Note first that the quotientsOV =
On/(g) and OV ′ = On/(g′) are isomorphic C-algebras, since the isomorphism
φ∗ : On → On given by a(y) 7→ a(φ(y)) sends the ideal (g) injectively onto the
ideal (g′). Computing the partial derivatives of g′ with respect to y1, ..., yn, we
see that the isomorphism φ∗ sends also the ideal (g)+Jg into the ideal (g′)+Jg′ .
The inclusion φ∗((g) + Jg) ⊂ (g′) + Jg′ implies τ(g) ≥ τ(g′). Since the relation
between g and g′ is symmetrical, we get in the same way τ(g′) ≥ τ(g), and
hence in fact we have equalities everywhere. Now compute the second order
partial derivatives of g′ and note that, modulo the ideal (g′) + Jg′ , the Hessian
matrix Hess(g′) is a product of 3 matrices A(y)tHess(g)(φ(y))A(y), where
A(y) = dφ(y) is the Jacobian matrix of φ and A(y)t denotes its transpose.
From this relation it follows that

φ∗((g) + Jg + hk(g)) ⊂ (g′) + Jg′ +mk(g′)

for any k. The equality is established exactly as above, using the symmetry
between g and g′.

�

2.2. Proof of Theorem 1.1. For any k, it is clear that the ideal Jf + hk(f)
defines a 0-dimensional subscheme in Pn whose support is contained in the
singular locus V (f)sing = {a1, ..., ap}. Hence one has for large m the following
equality

(2.1) dimHk(f)m =
∑

i=1,p

dimHk(f)ai ,

where Hk(f)ai denotes the analytic localization of the graded S-module Hk(f)
at the point ai, exactly as in the proof of Corollary 9 in [2].
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To study such a localization, assume that the coordinates have been chosen
such that the singular point a = a1 is located at (1 : 0 : ... : 0). Then the
isolated hypersurface singularity (V (f), a) has a local equation

g(y1, ..., yn) = f(1, y1, ..., yn) = 0.

It follows that gj = fj(1, y1, ..., yn) for any j = 1, ..., n, where gj denotes the
partial derivative of g with respect to yj . Using the Euler relation for f exactly
as in the proof of Corollary 9 in [2], we also get

(2.2) d · g = f0(1, y1, ..., yn) + y1f1(1, y1, ..., yn) + ...+ ynfn(1, y1, ..., yn).

This implies that the localization of the Jacobian ideal Jf at the point a coin-
cides with the ideal spanned by g, g1, ..., gn, i.e. the Tjurina ideal of the isolated
hypersurface singularity (V (f), a). Let’s look now at the second order deriva-
tives. One clearly has gij = fij(1, y1, ..., yn) for all 1 ≤ i, j ≤ n. If we take the
partial derivative with respect to yj for some j > 0 of the polynomials entering
into the equality (2.2), we get

(2.3) d · gj = f0j(1, y1, ..., yn) + y1f1j(1, y1, ..., yn) + ...+

+(fj(1, y1, ..., yn) + yjfjj(1, y1, ..., yn)) + ...+ ynfnj(1, y1, ..., yn).

Similarly, starting with the Euler relation for f0, taking the partial derivative
with respect to x0 and then setting x0 = 1 and xj = yj for j > 0 we get

(2.4) (d− 1) · f0(1, y1, ..., yn) =

= (f0(1, y1, ..., yn) + f00(1, y1, ..., yn)) +
∑

j>0

yjf0j(1, y1, ..., yn).

The formulas (2.3) and (2.4) give a proof of the following result.

Proposition 2.3. The localization of the ideal Jf +hk(f) at the singular point
a = (1 : 0 : ... : 0) coincides with the ideal in the corresponding local ring On
spanned by the local equation g(y) = f(1, y1, ..., yn), its partial derivatives gj
with respect to yj for j = 1, ..., n and all k×k minors in the local n×n Hessian
matrix Hess(g) = (gij).

Proof. Indeed, modulo the Tjurina ideal, the matrix Hess(f)(1, y1, ..., yn) can
be transformed using the above formulas by obvious line and column operations
into a matrix obtained from the local Hessian matrix Hess(g) by adding a first
line and a first column formed by zeros only.

�

Combining this definition with Proposition 2.3 and the equality (2.1) clearly
completes the proof of Theorem 1.1.

Example 2.4. Assume that (V, 0) is an A1-singularity, hence a node. Then
we can choose an equation of the form g = y21 + ... + y2n and it is clear that
χk(V, 0) = 0 for k = 1, 2, ..., , n and χn+1(V, 0) = 1. In particular, if V (f) is a
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nodal hypersurface then Hk(f)m = 0 for 1 ≤ k ≤ n and m large. Hence the
corresponding Hilbert-Poincaré series

HP (Hk(f); t) =
∑

m

dimHk(f)mt
m

is a polynomial for 1 ≤ k ≤ n.

Example 2.5. Assume that n = 2 and (V, 0) is an Aq-singularity. Then we can

choose an equation of the form g = y21 + yq+1
2 and it is clear that χ1(V, 0) = 0,

χ2(V, 0) = q − 1 and χ3(V, 0) = q. In particular, if V (f) is a cuspidal curve
then dimHk(f)m = (k − 1)κ for m large, where κ is the number of cusps A2.
To have a numerical example, let f = x2y2 + y2z2 + x2z2 − 2xyz(x + y + z).
Then f = 0 has κ = 3 cusps and no other singularities, see also [6], p.129 for
more on this quartic curve. Numerical computations show that

HP (H1(f); t) = 1 + 3t = 1 + 3t+ 0(t2 + t3 + ...)

HP (H2(f); t) = 1 + 3t+ 6t2 + 7t3 + 3(t4 + t5 + ...)

HP (H3(f); t) = 1 + 3t+ 6t2 + 7t3 + 6(t4 + t5 + ...).

In particular
dimHk(f)m = 3(k − 1)

for k = 1, 2, 3 and m ≥ 4.

Example 2.6. Assume that n = 2 and (V, 0) is an Dq-singularity, q ≥ 4. Then

we can choose an equation of the form g = y21y2 + yq−1
2 and it is clear that

χ1(V, 0) = 1, χ2(V, 0) = q − 1 and χ3(V, 0) = q. Moreover, it clear that for
a plane curve singularity (V, 0), one has χ1(V, 0) = 1, if and only if (V, 0) has
type Dq for some q ≥ 4.

Using Theorem 1.1 and Example 2.5 we get the following.

Example 2.7. The curve V (f) in P2 has only Aq singularities for various q’s
(i.e. V (f) has only corank 1 singularities) if and only if H1(f)m = 0 for m
large. If this holds, then the total number of singularities of V (f) is given by

|Sing(V (f))| = dimH3(f)m − dimH2(f)m

for m large.

2.8. Proof of Theorem 1.3. Consider the local case of an isolated weighted
homogeneous singularity (V, 0) given by g = 0. Then g ∈ Jg and in the local
Gorenstein ring M(g) = On/Jg, the Hessian h(g) of g spans the socle which is
one dimensional, see [15]. Clearly we have Hn(g) = M(g)/(h(g)), and hence
χn(g) = τ(g)− 1 = χn+1(g)− 1. Next, if g is not weighted homogeneous, then
the ideal (g) in M(g) is nonzero, and hence contains the minimal ideal (h(g)).
It follows that in such a case χn(g) = τ(g). The result then follows for large m
using Theorem 1.1 .
Let I be the saturation of the Jacobian ideal Jf . Then Prop. 2. in [7] tells us
that

(2.5) dimSq/Iq = τ(V (f))

Documenta Mathematica 20 (2015) 689–705



Hessian Ideals and Generalized Tjurina Algebras 695

for any q ≥ T − ct(D). In other words, for such q’s, the evaluation map

(2.6) evq : Sq/Iq → ⊕On/((g) + Jg)

is a bijection, where the sum is taken over all singularities (V, a) : g = 0
of the hypersurface V = V (f). In particular, for any fixed singularity a ∈
Vsing there is a polynomial ha ∈ Sq such that the class of ha in the summand
T (g) = On/((g) + Jg) corresponding to a is 1 and its classes in all the other
summands are 0. The k-minors in the matrix Hess(f) have degree k(d − 2)
and the computation done in Proposition 2.3 shows that for any singular point
a ∈ Vsing there are linear combinations ms of such minors (arising from a
change of coordinates on Pn) such that the classes of ms in the corresponding
local ring T (g) generate the ideal hk(g). Corollary 2 in [7] tells us that

(2.7) Iq = Jf,q

for all q ≥ q1 = max(T − ct(V (f)), st(V (f))).
Consider the bijection evq for q ≥ Tk := max(T − ct(V )+k(d−2), st(V )) ≥ q1.
Since all the products hams ∈ hk(f)q, it follows that

evq((Jf,q + hk(f)q)/Jf,q) = ⊕((g) + Jg + hk(g)/((g) + Jg).

This gives the following bijection for q ≥ Tk
evq : Hk(f)q → ⊕On/((g) + Jg + hk(g))

which completes the proof of Theorem 1.3.

Remark 2.9. Note that Tk ≤ T̃k = T + k(d − 2) = (n+ k + 1)(d− 2) for any
k. So one can use this larger bound when there is no information on ct(V ) and

st(V ), i.e. we always have stabilization for dimHk(f)m when m ≥ T̃k. When
we have information on ct(V ) but not on st(V ), as it is often the case, one can
use the better general bound

T̂k = T + max(k(d− 1)− ct(V ), 0).

Corollary 2.10. (i) The hypersurface V (f) in Pn is nodal if and only if

Hn(f)m = 0 for m ≥ T̂n = 3n(d − 2)/2. In particular, for n = 2, we have

H2(f)m = 0 for m ≥ T = T̂2 = 3d− 6.
(ii) Assume the hypersurface V (f) in Pn is nodal and n ≥ 4. Then Hn−1(f)m =

0 for m ≥ T̂n−1 = (3n− 2)(d− 2)/2.

Proof. For a nodal hypersurface, it is known that ct(V (f)) ≥ (n+ 2)(d− 2)/2,
see [9]. It follows that

T − ct(V (f)) + n(d− 2) ≤ T + (n− 2)(d− 2)/2 = 3n(d− 2)/2 ≥ T,

which proves the result (i). The second claim (ii) follows along the same lines.

The condition n ≥ 4 is necessary to insure that T̂n−1 ≥ T .
�
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Example 2.11. For the nodal curves f = xyzd−2 + xd + yd = 0, a direct
computation shows that the stabilization H2(f)m = 0 occurs for m ≥ 3d −
7 for low values of d, so only one unit better than our prediction. For the
Chebyshev curves considered in [11] or in [22], a direct computation shows
that the stabilization H2(f)m = 0 occurs for m ≥ 3d− 8 for low values of d, so
just 2 units better than our general prediction in Corollary 2.10.

Example 2.12. Let V : f = 0 be the Chebyshev 4-fold of degree d in P5

considered in [10] or in [22]. A direct computation shows that the stabilization
H4(f)k = 0 occurs for k ≥ 13m − 10 for low values of d = 2m + 1, and for
k ≥ 13m − 17 for low values of d = 2m. The corresponding (integral) values
given by T ′

4 in these cases are 13m−7 for low values of d = 2m+1 and 13m−13
for low values of d = 2m, so the difference between the theoretical bound and
the real value of k is less than 4 for any degree d. Similarly, the stabilization
H5(f)k = 0 occurs for k ≥ 15m − 10 for low values of d = 2m + 1, and for
k ≥ 15m − 17 for low values of d = 2m. The corresponding (integral) values
given by T ′

5 in these cases are 15m−8 for low values of d = 2m+1 and 15m−15
for low values of d = 2m, so the difference between the theoretical bound and
the real value of k is less than 2 for any degree d.

Corollary 2.13. Assume the curve V (f) in P2 has ν nodes and κ cusps as
singularities. Then dimH2(f)m = κ and dimM(f)m = dimH3(f)m = ν + 2κ
for m ≥ T + d/6. In other words, the asymptotic behavior of dimHk(f)m for
k = 2, 3 determines the number of nodes and cusps.

Proof. For a plane curve with nodes and cusps, it is known that ct(V (f)) ≥
11d/6− 4, see [13]. It follows that T1 ≤ T + d/6, which proves the result.

�

The stabilization value of Hn−1(f)m is not easy to describe gemetrically beyond
Theorem 1.1, as the following example shows.

Example 2.14. Let V : f = 0 be a plane curve having only simple singularities,
hence singularities of type Ak, Dk, E6, E7 and E8. A direct computation shows
that χ1(g) = 2 for g of type E6 and E7, and χ1(g) = 3 for g of type E8. Using

now Example 2.6, it follows that, for m ≥ T̃1 = 4d− 8, one has

dimH1(f)m =
∑

k

♯Dk + 2(♯E6 + ♯E7) + 3♯E8.

Example 2.15. Consider the line arrangement in P2 given by the following
equation

f = (x2 − y2)(y2 − z2)(x2 − z2).
Then the curve V (f) : f = 0 is a union of 6 lines and it has 3 nodes A1

and 4 triple points D4. In this case ct(V ) = 6 as shown by HP (H3(f); t) =
HP (M(f); t), and hence T2 = max(12− 6 + 8, st(V )) = 14 and T1 = T2− (d−
2) = 10. Numerical computations give the following.

HP (H1(f); t) = 1 + 3t+ 6t2 + 10t3 + 10t4 + 7t5 + 5t6 + 4(t7 + t8 + ...)
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(hence again a stabilization 3 units before T1)

HP (H2(f); t) = 1+3t+6t2+10t3+15t4+18t5+19t6+19t7+13t8+12(t9+t10+...)

(hence again a stabilization 2 units before T2) and

HP (H3(f); t) = HP (M(f); t) = 1+3t+6t2+10t3+15t4+18t5+19(t6+t7+...),

as predicted by Proposition 1.4.

The following consequence of the proof of Theorem 1.3 might be useful some-
times.

Corollary 2.16. An isolated hypersurface singularity g = 0 is weighted ho-
mogeneous if and only if χn(g) = τ(g)− 1. Otherwise χn(g) = τ(g).

2.17. Proof of Proposition 1.4. In the case (i), it is enough to note that
M(f) is an Artinian Gorenstein ring whose 1-dimensional socle is spanned by
the Hessian polynomial h(f) which has degree T , see for instance [15].

In the case (ii), the class of the Hessian h(f) will now vanish in the local Tjurina
ring T (g) attached to any singularity of V (f) by Proposition 2.3. Indeed, recall
that the first row and first column are zero in the Hessian matrix Hess(f) (in
suitable coordinates) modulo the Tjurina ideal (g) + Jg. Moreover, as in the
proof of Theorem 1.3, the evaluation map

(2.8) evT : ST /Jf,T → ⊕On/((g) + Jg)

is an isomorphism. It follows that h(f) ∈ Jf and hence HP (Hn+1(f); t) =
HP (M(f); t) in this case.

The Hilbert-Poincaré series of the Hessian rings Hk(f) for 1 ≤ k ≤ n are quite
mysterious, as the following example shows.

Example 2.18. Consider the Fermat curve V (f) : f = x6 + y6 + z6 = 0 and
its ”deformation” V (f ′) : f ′ = f + 2xyz4 + 3xzy4 + 5yzx4 = 0. One obtains
the following results by direct computation.

(2.9) HP (M(f); t) = HP (M(f ′); t) =

= 1+3t+6t2+10t3+15t4+18t5+19t6+18t7+15t8+10t9+6t10+3t11+t12.

In particular, V (f ′) is smooth as well and HP (H3(f); t) = HP (H3(f ′); t) can
be computed using Proposition 1.4. For k = 2 we get the following results.

HP (H2(f); t) = 1+3t+6t2+10t3+15t4+18t5+19t6+18t7+12t8+7t9 +3t10

and

HP (H2(f ′); t) = 1 + 3t+ 6t2 + 10t3 + 15t4 + 18t5 + 19t6 + 18t7 + 9t8.

Note that the 2-minors have degree 8, which explains the fact that the mono-
mials containing tm for m < 8 are unchanged. For f there are only 3 such
minors, which explain the drop from 15 to 12 in the coefficient of t8. For f ′,
there are 6 distinct minors (due to the symmetry of the Hessian matrix) and
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these 2-minors span a 6-dimensional vector space modulo Jf ′,8 in this case.
Finally, for k = 1 we get

HP (H1(f); t) = 1 + 3t+ 6t2 + 10t3 + 12t4 + 12t5 + 10t6 + 6t7 + 3t8 + t9

and

HP (H1(f ′); t) = 1 + 3t+ 6t2 + 10t3 + 9t4 + 3t5.

Note that the 1-minors have degree 4, which explains the fact that the mono-
mials containing tm for m < 3 are unchanged. For f there are only 3 such
minors, which explain the drop from 15 to 12 in the coefficient of t4. For f ′,
there are 6 distinct 1-minors (due to the symmetry of the Hessian matrix) and
these 1-minors are linearly independent in this case as seen by looking at the
coefficient of t4. Moreover, if we look at the coefficient of t5 in HP (H1(f ′); t), it
says that the only relations among the 18 polynomials xmf

′
ij with i ≤ j and the

3 partial derivatives f ′
0, f

′
1, f

′
3 are the obvious 3 relations given by the Euler’s

formulas

(d− 1)f ′
q = x0f

′
q0 + x1f

′
q1 + x2f

′
q2,

for q = 0, 1, 2. This accounts for the drop 18 − 15 = 3 when we pass from
M(f ′) to H1(f ′).
The symmetry of the polynomial HP (H1(f); t) is easy to explain in general.
Indeed, if we denote by F (d) the Fermat polynomial in n+1 variables of degree
d, then it is clear that

H1(F (d)) = M(F (d− 1)).

3. Constructible partitions for the space of homogeneous
polynomials

Consider the projective space P(Sd) of non-zero homogeneous polynomials of
degree d and let G = PGLn(C) act on P(Sd) in the usual way, i.e. by linear
changes of coordinates. Then there is a Zariski open and dense, G-invariant
subset Us(n, d) in P(Sd), parametrizing the smooth hypersurfaces of degree d
in Pn. There is a larger G-invariant Zariski open subset Uiso(n, d) such that
f ∈ Uiso(n, d) if and only if the hypersurface V (f) : f = 0 in Pn has only iso-
lated singularities. Moreover, for each list of (distinct or not) simple isolated hy-
persurface singularities (Y1, Y2, ..., Yp) we can consider the constructible subset
S(Y1, Y2, ..., Yp) ⊂ Uiso(n, d) defined by the condition that f ∈ S(Y1, Y2, ..., Yp)
if and only if the hypersurface V (f) has exactly p singularities of types Y1, ..., Yp.
It is known that if this stratum is non-empty, then

codimS(Y1, Y2, ..., Yp) ≤
∑

i=1,p

τ(Yi)

with equality if the degree d is large, e.g. if

(3.1) d ≥
∑

i=1,p

si + p− 1,
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where si is the K-determinacy order of Yi, see Prop. 1.3.9 in [6], p.18. Moreover
in this case the stratum S(Y1, Y2, ..., Yp) is smooth and connected. For more
precise and more general results, see Theorem 1 and Theorem 5 in [16].
When all of the singularities Yi are nodes and n = 2, then the corresponding
stratum S0(Y1, Y2, ..., Yp) consisting of all reduced irreducible curves with p
nodes is connected. This is the famous Severi problem solved by J. Harris
[18]. However, in general, the strata S(Y1, Y2, ..., Yp) are not connected even in
this case, see Example 3.1 below. For more general and precise results in this
direction, as well as for an extensive bibliography on the subject, we refer to
the excellent survey [16].
Since dimM(f)k = τ(V (f)), for k > T = (n+ 1)(d− 2), see [2], it follows that
there is a finite constructible Jacobian partition SY (M(f)) of each stratum
S(Y ) = S(Y1, Y2, ..., Yp), such that f, g ∈ S(Y ) are in the same stratum of SY
if and only if HP (M(f); t) = HP (M(g); t). It is known that fs ∈ Us(n, d) if
and only if

(3.2) HP (M(fs); t) =
(1− td−1)n+1

(1− t)n+1
,

and hence the Jacobian partition on Us(n, d) consists of just one stratum.
However, for a nodal hypersurface V (f) with 3 nodes, the value of HP (M(f); t)
depends on whether the nodes are collinear or not, see Example 4.3 (iii) in [12].
It follows that the Jacobian stratification on the stratum S(3A1) is not trivial
in general.

Example 3.1. Consider the case n = 2, d = 4 and the stratum S(3A1). It is
known that this stratum S(A3) has two irreducible components, X = S0(3A1)
containing the irreducible quartics with 3 nodes (necessarily non-collinear) and
Y , containing the reduced quartics with 3 collinear nodes obtained from a
smooth cubic and a trisecant line, see Remark 4.7.21 in [21]. Then one has
codimX = codimY = 3, as follows from Theorem 4.7.18 in [21].
Example 4.3 (iii) in [12] tells us that there are two possibilities for H(M(f); t)
on the stratum S(3A1), namely the minimal value (coefficient by coefficient) is

HP (M(f); t) = 1 + 3t+ 6t2 + 7t3 + 6t4 + 3t5 + 3t6 + ...

and this is attained exactly on X and the other possible value is

HP (M(g); t) = 1 + 3t+ 6t2 + 7t3 + 6t4 + 4t5 + 3t6 + ...

and which is attained precisely on Y . In other words, in this case the Jacobian
partition separates the irreducible components of the stratum S(3A1).
Consider now the case n = 2, but d ≥ 8. Since the K-determinacy order of a
node is si = 2, it follows from (3.1) that the stratum S(3A1) is smooth and
connected in this case. The minimal value of HP (M(f); t), which is

(3.3)
(1− td−1)3

(1− t)3 + 2tT + 3tT+1(1 + t+ t2 + ...),
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by Example 4.3 (iii) in [12], is attained on a Zariski open dense subset S′ of
the stratum S(3A1), while the larger value

(3.4)
(1− td−1)3

(1 − t)3 + tT−1 + 2tT + 3tT+1(1 + t+ t2 + ...),

is attained on the closed subset S′′ = S(3A1) \ S′ in S(3A1).

Example 3.2. Consider the case n = 2, d = 6 and the stratum S(6A2). It is
known by the classical work of Zariski that this stratum has two irreducible
components, X containing the irreducible sextics with 6 cusps on a conic and
Y , containing the irreducible sextics with 6 cusps not on a conic. As an example
of a sextic in X one can take

V (f) : f = (x2 + y2)3 + (y3 + z3)2 = 0

and then a direct computation yields

(3.5) HP (M(f); t) =

= 1 + 3t+ 6t2 + 10t3 + 15t4 + 18t5 + 19t6 + 18t7 + 16t8 + 13t9 + 12(t10 + · · · .
As an example of a sextic in Y one can take

V (g) : g = 27(x+y)3(x+y−z)2(x+y+2z)−27(x+y)2(x+y−z)2((x−y)2−z2)+
+9((x+ y)2 − z2)((x− y)2 − z2)2 − ((x− y)2 − z2)3 = 0,

see [20], formula (5.7), and again a direct computation yields

HP (M(g); t) = 1+3t+6t2+10t3+15t4+18t5+19t6+18t7+15t8+12(t9+ ....

We do not know whether the Hilbert-Poincaré series is constant on X and/or
Y , but it seems that again it can separate distinct irreducible components in a
stratum.

We have seen above, especially in Example 2.18, that though one can also
define the Hessian partition by looking at the strata inside a given S(Y1, ..., Yp)
where the corresponding Hilbert-Poincaré series HP (Hk(f); t) are constant for
k = 1, 2, ..., n+1, the behavior of these partitions is rather mysterious. Indeed,
Example 2.18 shows that already the Hessian partition on the stratum Us(n, d)
can be quite subtle.
To investigate the possibilities for the Hilbert series for HP (M(f); t) as well
as for HP (Hk(f); t) for various k’s, in the neighborhood of a given point g ∈
P(Sd), one can proceed as follows. It is known that the tangent space to
the G-orbit of g (where all the invariants are clearly preserved) is given by
(Jg)d. Let h1, ..., hq be a (monomial) basis of M(g)d and consider the family
of polynomials

(3.6) f = g + a1h1 + ...+ aqhq,

with aj ∈ C, which is exactly a transversal to the G-orbit of g. If we
choose the aj small enough, the values obtained for HP (M(f); t) as well as
for HP (Hk(f); t) for various k’s, will cover all the possibilities that occur in
a neighborhood of g (in the strong topology). If we allow any values for aj ,
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they will give sometimes interesting values, even though not related to the fixed
polynomial g (but covering this time a Zariski open neighborhood of g).

Remark 3.3. Consider the case of smooth plane curves of increasing degree d.
(i) When d = 2, then Us(2, 2) is a single G-orbit, hence all the invariants
HP (Hk(f)) are constant on Us(2, 2), i.e. the Hessian partition is trivial. This
fact clearly holds for any n ≥ 2 as well.
(ii) When d = 3, it is known that any polynomial in Us(2, 3) is G-equivalent to
a Hesse normal form

f = x3 + y3 + z3 + 3axyz,

with a3 6= −1. This comes essentially from the fact that if g = x3 + y3 + z3 is
the corresponding Fermat polynomial, then xyz is a basis for the 1-dimensional
vector space M(g)3.
(iii) When d = 4, if we take g = x4 + y4 + z4, then a basis for M(g)4 is given
by the following 6 monomials

x2y2, x2z2, y2z2, x2yz, xy2z, xyz2.

But doing computation with 6 parameter families seems too complicated for
the moment. That is why in the following examples we take h1, ..., hq just a
family of independent elements of M(g)d, i.e. we explore what happens only in
a fixed direction in the normal space to the orbit of g.

Example 3.4. Consider the case n = 2, d = 6, g = x6 + y6 + z6 and the
3-parameter family

E : f = g + ax4yz + bxy4z + cxyz4,

which is a partial transversal as explained above. We will describe all the
possibilities for the series HP (H1(f); t) when f has this form and f ∈ Us(2, 6).
By direct computation one gets the following Hessian strata in E, where for
each strata we list the corresponding series HP (H1(f); t) and the conditions
on a, b, c to get such a series, up to the action of the permutation group on
x, y, z.

S1 : 1 + 3t+ 6t2 + 10t3 + 9t4 + 3t5 with a, b, c generic .

This is the largest stratum, a Zariski open dense subset in E = C3.

S2 : 1 + 3t+ 6t2 + 10t3 + 9t4 + 4t5 with a = b 6= 0 and c generic .

S3 : 1 + 3t+ 6t2 + 10t3 + 9t4 + 6t5 with a = b = c generic .

S4 : 1 + 3t+ 6t2 + 10t3 + 9t4 + 4t5 + t6 with a = b 6= 0 and c = 0.

S5 : 1 + 3t+ 6t2 + 10t3 + 9t4 + 6t5 + 2t6 with a, b, c a collection of finite nonzero
values, for instance a = b = c = 2.

S6 : 1 + 3t+ 6t2 + 10t3 + 9t4 + 7t5 + 3t6 + t7 with a = b = 0 and c generic .

S7 : 1 + 3t+ 6t2 + 10t3 + 12t4 + 12t5 + 10t6 + 6t7 + 3t8 + t9 with a = b = c = 0.
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In the next picture (a Hasse diagram as in the theory of hyperplane arrange-
ments) we draw a line between Si and Sj with Si above Sj if the inequal-
ity HP (H1(f i); t) ≥ HP (H1(f j); t) (coefficient by coefficient) holds for some
f i ∈ Si and f j ∈ Sj and we call the resulting poset a Hessian poset. This
inequality is a necessary condition such that the closure of the stratum Sj in-
tersects the stratum Si, by obvious semicontinuity properties. This condition is
not sufficient, since for instance the stratum S5 consists of finitely many points,
hence its closure coincides with S5, and has empty intersection with the strata
S6 and S7. However, all the other strata Sj contain g in their closure. Note
also that if, instead of looking at strata Sj inside E ∩Us(2, 6), we consider the
corresponding strata S′

j in Us(2, 6) defined by the same series HP (H1(f); t),

the above claim that S5 is finite it is no longer valid for S′
5, and hence it is pos-

sible that the closure of S′
5 in Us(2, 6) contains g. To decide such a question by

this approach would involve computation with a family having dimM(g)6 = 19
parameters. On the positive side, the above computation shows that the strata
S′
1, S′

2, S′
3, S′

4 and S′
6 contain g in their closure.

S1

S2

S3 S4

S5

S6

S7

❄❄❄❄
⑧⑧⑧⑧

⑧⑧⑧⑧ ❄❄
❄❄

Figure 1. The Hasse diagram of a Hessian poset in the case n = 2, d = 6

Here is an example for the smooth curves of degree 6, which can be regarded as
a continuation of Example 2.18 and where we consider both seriesHP (H1(f); t)
and HP (H2(f); t).

Example 3.5. Consider the case n = 2, d = 6. Let g = f ′′ = x6 + y6 + z6 +
3x2y2z2. Then the curve V (f ′′) : f ′′ = 0 is smooth and we have

HP (H2(f ′′); t) = 1 + 3t + 6t2 + 10t3 + 15t4 + 18t5 + 19t6 + 18t7 + 9t8, hence
the same series as for the polynomial f ′ in Example 2.18 and

HP (H1(f ′′); t) = 1 + 3t+ 6t2 + 10t3 + 9t4 + 6t5, hence a strictly larger series
than for the polynomial f ′ since the coefficients of t5 satisfy 3 < 6.
Consider now the 1-parameter deformation f ′′

a = f ′′ + axyz4 of f ′′. For small
values of a we get
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HP (H2(f ′′
a ); t) = 1 + 3t + 6t2 + 10t3 + 15t4 + 18t5 + 19t6 + 18t7 + 9t8, hence

the same series as for the polynomials f ′ and f ′′. Moreover

HP (H1(f ′′
a ); t) = 1+3t+6t2+10t3+9t4+4t5, hence a series between that of the

polynomial f ′ and that of polynomial f ′′, since the corresponding coefficients
of t5 satisfy 3 < 4 < 6. However, for the value a = 3 we get different results,
namely

HP (H2(f ′′
3 ); t) = 1 + 3t+ 6t2 + 10t3 + 15t4 + 18t5 + 19t6 + 18t7 + 9t8 + 2t9, and

HP (H1(f ′′
3 ); t) = 1 + 3t + 6t2 + 10t3 + 9t4 + 4t5, hence this polynomial has

both series distinct from the minimal values given by the polynomial f ′ in
Example 2.18. Note that the series HP (H2(f ′′

3 ); t) is strictly bigger than the
series HP (H2(f ′′); t), while the series HP (H1(f ′′

3 ); t) is stricly smaller than
HP (H1(f ′′); t). The conclusion is that the strata of the Hessian partition to
which belong f ′′

3 and respectively f ′′ are not adjacent, i.e. their closures are
disjoint.

Remark 3.6. It is not at all clear what the series HP (Hk(f); t)) tells us about
the geometry of the smooth hypersurface V (f) : f = 0.

(i) In the curve case, when n = 2, the equations f = h(f) = 0 define the
inflection points of the curve V (f), and by Bezout Theorem, their number is
at most d(3d− 6), with equality for a generic curve, see for instance [1]. This
number is lower for some curves, e.g. for the Fermat curve xd + yd + zd = 0
we have only 3d inflection points (counted without multiplicities). However,
the series HP (Hk(f); t)) do not seem to be related to such differences. Indeed,
the two smooth curves V (f ′) and V (f ′′

3 ) of degree 6 in Example 3.5 have each
72 inflection points (by direct computation), but the corresponding series are
different.

(ii) The subvariety of V (f) ⊂ Pn given by the vanishing of the ideal hn+2−k(f)
corresponds to the closure of the Thom-Boardman singularity set Sk(φf ) of the
dual mapping φf : V (f) → Pn associated to f . For a generic f , the stratum
Sk(φf ) is smooth, of codimension k(k+ 1)/2 in V (f) (in particular empty if if
n− 1 < k(k + 1)/2) and connected if n− 1 > k(k + 1)/2, see [1].

(iii) When d = 3, there is a graded Artinian Gorenstein algebra R(f) with
socle degree 3 associated to f via the so-called Macaulay inverse systems, see
[4], [17], [19]. By results in classical algebraic geometry in [14], the variety given
by the vanishing of the ideal hk(f) corresponds to the linear forms ℓ ∈ R(f)1
such that the multiplication by ℓ gives a linear map R(f)1 → R(f)2 of rank
< k, see Lemma 6.1 in [4]. In this way relations to the Lefschetz properties
of Artinian graded rings are established. For such properties, and a definition
of generalized Hessians playing a key role in this theory, see [17], in particular
Definition 3.75.
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Abstract. We generalize Drinfeld’s notion of the center of a tensor
category to bicategories. In this generality, we present a spectral se-
quence to compute the basic invariants of Drinfeld centers: the abelian
monoid of isomorphism classes of objects, and the abelian automor-
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the center of the classifying category. For examples, we discuss bicat-
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categories.
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Introduction

If M is a monoid, then its center Z(M) is the abelian submonoid of elements
that commute with all elements. Monoids are just the (small) categories with
only one object. It has therefore been natural to ask for a generalization of the
center construction to categories C. The resulting notion is often referred to as
the Bernstein center Z(C) of C, see [Bas68, II §2], [Mac71, II.5, Exercise 8] as
well as [Ber84, 1.9], for example. It is the abelian monoid of natural transforma-
tions Id(C)→ Id(C), so that its elements are the families (p(x) : x→ x |x ∈ C)
of self-maps that commute with all morphisms in C. Centers in this generality
have applications far beyond those provided by monoids alone. As an example
which is at least as important as elementary, for every prime number p the cen-
ter of the category of commutative rings in characteristic p is freely generated
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by Frobenius, exhibiting Frobenius as a universal symmetry of commutative
algebra in prime characteristic.
Drinfeld, Joyal, Majid, Street, and possibly others have generalized the notion
of center in a different direction, from monoids to (small) monoidal (or tensor)
categories, see [JS91a, Definition 3] and [Maj91, Example 3.4]. The resulting
notion is often referred to as the Drinfeld center. Since tensor categories are
just the bicategories with only one object, it is therefore natural to ask for a
generalization of the Drinfeld center construction to bicategories. This will be
the first achievement in the present paper.
After we have set up our conventions and notation for bicategories in Section 1,
Section 2 contains our definition and the main properties of the Drinfeld center
of bicategories: The center is a braided tensor category that is invariant under
equivalences. In the central Section 3, we will explain a systematic method (a
spectral sequence) to compute the two primary invariants of the Drinfeld cen-
ter of every bicategory as a braided tensor category: the abelian monoid of
isomorphism classes of objects, and the abelian group of automorphisms of its
unit object.
We will also explain the relation of the Drinfeld center with a more primitive
construction: the center of the classifying category. These are connected by a
characteristic homomorphism (3.1) that, in general, need not be either injec-
tive or surjective. As an explanation of this phenomenon, we will see that the
characteristic homomorphism can be interpreted as a fringe homomorphism
of our spectral sequence. The word ‘fringe’ here refers to the fact that spec-
tral sequences in non-linear contexts only rarely have a well-defined edge. As
in [Bou89], this will lead us into an associated obstruction theory that will also
be explained in detail.
The final Sections 4, 5, and 6 discuss important examples where our spectral se-
quence can be computed and where it sheds light on less systematic approaches
to computations of centers: the 2-category of groups, where the 2-morphisms
are given by conjugations, fusion categories in the sense of [ENO05], where
Drinfeld centers have been in the focus from the beginning of the theory on,
and the bicategory that underlies Morita theory: the bicategory of rings and
bimodules .

1 A review of bicategories

To fix notation, we review the definitions and some basic examples of 2-
categories and bicategories in this section. Some useful references for this
material are [Ben67], [KS74], [KV94], [Str96], [Lac10], and of course [Mac71,
Chapter XII]. For clarity of exposition, we will use different font faces for ordi-
nary categories and 2-categories/bicategories.
Ordinary categories will be denoted by boldface letters such as C,D, . . . . and
their objects will be denoted by x, y, . . . . The set of morphisms in C from x
to y will be denoted by MorC(x, y), or sometimes C(x, y) for short. We will
write x ∈ C to indicate that x is an object of C. If C is a small ordinary
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category, then Iso(C) will be the set of isomorphism classes of objects. If x ∈ C

is any object, then AutC(x) will be its automorphism group in C.

Definition 1.1. A 2-category (or sometimes: strict 2-category) is a category
enriched in small categories. This is a category B in which for every two
objects (or 0-morphisms) x, y in B the morphism set is the underlying object
set of a given small category MorB(x, y); there are identity objects, and a
composition functor that satisfy the evident axioms.

Example 1.2. A basic example of a (large) 2-category can be described as
follows: It has as objects the (small) categories, and the categories of mor-
phisms are the functor categories Fun(C,D) with natural transformations as
morphisms. We will write End(C) = Fun(C,C) for short.

Bicategories (or sometimes: lax/weak 2-categories) are similar to 2-categories,
except that the associativity and identity properties are not given by equalities,
but by natural isomorphisms. More precisely, we have the following definition.

Definition 1.3. A bicategory B consists of

• objects (the 0-morphisms) x, y, ...,

• a category MorB(x, y) of morphisms (the 1-morphisms) for every ordered
pair of objects x, y of B,

• a functor, the horizontal composition,

MorB(y, z)×MorB(x, y) −→MorB(x, z),

(M,N) 7−→M ⊗N,

• and an identity object Id(x) ∈MorB(x, x) for every object x.

We also require natural transformations α, λ and ρ of functors that make the
canonical associativity and identity diagrams commute.

Example 1.4. A basic example of a (large) bicategory has as objects
the (small) categories, and the categories of morphisms are the bimodules (or
pro-functors or distributors), see [Bor94, Proposition 7.8.2].

Bicategories will be denoted by blackboard bold letters such as B,C, . . . .
The objects (that is, the 0-morphisms) of a bicategory will be denoted
by small letters x, y, .... Objects in MorB(x, y) (that is, the 1-morphisms
in B) will be denoted by capital letters M,N, . . ., and we will sometimes
write B(x, y) = MorB(x, y) for short.

Every category of the form MorB(x, x) is a tensor category with respect to ⊗
and Id(x):
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Example 1.5. We refer to [Mac71, Chapter VII] and [JS91b] for introduc-
tions to tensor (or monoidal) categories. Every tensor category M defines a
bicategory B(M) with one just object, which will be denoted by ⋆:

MorB(M)(⋆, ⋆) = M.

Conversely, every bicategory with precisely one object is of this form. Examples
of the form End(C) = Fun(C,C) for small categories C should be thought
of as typical in the sense that the product need not be symmetric. Weaker
notions, such as braidings [JS93], will be described later when needed.

Example 1.6. On the one hand, every category C defines a (‘discrete’) bicat-
egory D(C), where the morphism sets MorC(x, y) from C are interpreted as
categories MorD(C)(x, y) with only identity arrows. These examples are in fact
always 2-categories.

Definition 1.7. Every bicategory B determines an ordinary category Ho(B),
its classifying category, as follows [Ben67, Section 7]: The objects of Ho(B)
and B are the same; the morphism set from x to y in the classifying cat-
egory Ho(B) is the set of isomorphism classes of objects in the morphism
category MorB(x, y). In the notation introduced before,

MorHo(B)(x, y) = Iso(MorB(x, y)).

The associativity and identity constraints for B prove that horizontal compo-
sition provides Ho(B) with a the structure of an ordinary category such that
the isomorphism classes of the Id(x) become the identities.

Remark 1.8. The classifying category of a bicategory is not to be confused
with the Poincaré category of a bicategory, see [Ben67, Section 7] again.

Example 1.9. If M is a tensor category, and B = B(M) is the associated
bicategory with one object, then Ho(B) is the monoid Iso(M) of isomorphism
classes of objects in M, thought of as an ordinary category with one object.

Example 1.10. If B = D(C) is a discrete bicategory defined by an ordinary
category C, then the classifying category Ho(B) = C gives back the ordinary
category C.

Example 1.11. There is a bicategory T that has as objects the topological
spaces, as 1-morphisms the continuous maps, and as 2-morphisms the homo-
topy classes of homotopies between them. In other words, one may think
of MorT(X,Y ) as the fundamental groupoid of the space of maps X → Y (with
respect to a suitable topology). The bicategory T is actually a 2-category. Its
classifying category Ho(T) is the homotopy category of topological spaces with
respect to the (strong) homotopy equivalences.

The preceding example explains our choice of notation Ho(B) for general bi-
categories B.
We will not recall the appropriate notions of functors and natural transforma-
tions for bicategories here, but we note that every bicategory is equivalent to
a 2-category, see [MP85].
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2 Drinfeld centers for bicategories

Drinfeld centers for tensor categories were introduced independently by Drin-
feld, Majid [Maj91, Example 3.4], and Joyal-Street [JS91a, Definition 3]. In
this section, we extend their definition and basic properties to bicategories.

2.1 Definition

Drinfeld centers for bicategories are defined as follows.

Definition 2.1. Let B be a (small) bicategory. Its Drinfeld center Z(B) is the
following ordinary category. The objects in Z(B) are pairs (P, p) where

P = (P (x) ∈MorB(x, x) |x ∈ B)

is a family of objects in the endomorphism (tensor) categories MorB(x, x), one
for each object x ∈ B, and

p = (p(M) : P (y)⊗M ∼=−→M ⊗ P (x) |x, y ∈ B,M ∈MorB(x, y))

is a family of natural isomorphisms in the category MorB(x, y), one for each
object M ∈MorB(x, y). These pairs of families have to satisfy two conditions:
Firstly, the isomorphism

p(Id(x)) : P (x)⊗ Id(x)→ Id(x) ⊗ P (x)

is the composition of the identity constraints λ and ρ. Secondly, ignoring the
obvious associativity constraints, there is an equality

p(M ⊗N) = (id(M)⊗ p(N))(p(M)⊗ id(N)) (2.1)

that has to hold between morphisms in the category MorB(x, z) for all ob-
jects M ∈MorB(y, z) and N ∈MorB(x, y) that are horizontally composeable.
A morphism from (P, p) to (Q, q) in the category Z(B) is a family of morphisms

f(x) : P (x)→ Q(x)

in the categories MorB(x, x) such that the diagram

P (y)⊗M
f(y)⊗id(M)

��

p(M) // M ⊗ P (x)

id(M)⊗f(x)
��

Q(y)⊗M
q(M)

// M ⊗Q(x)

commutes for all objects M ∈ MorB(x, y). Identities and composition in the
category Z(B) are defined so that there is a faithful functor

Z(B) −→
∏

x∈B

MorB(x, x)

to the product of the endomorphism categories which is forgetful on objects.
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Remark 2.2. Equation (2.1) means that the triangles

M ⊗ P (y)⊗N
id(M)⊗p(N)

&&▼▼
▼▼▼

▼▼▼
▼▼▼

▼▼

P (z)⊗M ⊗N

p(M)⊗id(N)

88qqqqqqqqqqqqq

p(M⊗N)
// M ⊗N ⊗ P (x)

in the category MorB(x, z) commute on the nose, again ignoring the given
associativity constraints. This means that the bottom arrow is equal to the
composition of the other two. For bicategories as defined here, there is no
other notion of equivalence between morphisms in MorB(x, z), so this is the
appropriate definition in our situation. Further generalization–with even higher
order structure (P 0, P 1, P 2, . . . ) instead of just (P, p)–is called for in higher
categories. This has been developed for the context of simplicial categories
in [Szy]. A detailed comparison, while clearly desirable, is not within the scope
of the present text, and apart from some occasional hints such as in Remark 3.2,
we will focus entirely on the categorical situation here.

Example 2.3. By inspection, if B = B(M) is a tensor category, thought of as a
bicategory with one object as in Example 1.5, then our definition recovers the
Drinfeld center as defined in [Maj91, Example 3.4] and [JS91a, Definition 3].

Other examples related to categories of groups, bands, and fusion categories
will be discussed later, see Section 4 and Section 5, respectively.

2.2 Basic properties

We now list the most basic properties of Drinfeld centers for bicategories: They
are invariant under equivalences, and carry canonical structures of braided
tensor categories. All of these are straightforward generalizations from the
one-object case of tensor categories.

Proposition 2.4. For every (small) bicategory B, its Drinfeld center Z(B) has
a canonical structure of a tensor category. The tensor product

(P, p)⊗ (Q, q) = (P ⊗Q, p⊗ q)

is defined by

(P ⊗Q)(x) = P (x)⊗Q(x)

and

(p⊗ q)(M) = (p(M)⊗ id(Q(x)))(id(P (y)) ⊗ q(M))

as morphisms

P (y)⊗Q(y)⊗M −→ P (y)⊗M ⊗Q(x) −→M ⊗ P (x) ⊗Q(x)
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for M ∈MorB(x, y). The tensor unit is (E, e) with

E(x) = Id(x)

and
e(M) : Id(y)⊗M ∼= M ∼= M ⊗ Id(x)

is given by the constraints of the tensor structure.

Proof. See [Kas95, XIII.4.2] for the case of tensor categories.

Corollary 2.5. The group AutZ(B)(E, e) is abelian.

Proof. In every (small) tensor category, the endomorphism monoid of the tensor
unit is abelian. See [Kas95, XI.2.4], for example.

Proposition 2.6. For every (small) bicategory B, its Drinfeld center Z(B) has
a canonical structure of a braided tensor category. The braiding

(P, p)⊗ (Q, q) −→ (Q, q)⊗ (P, p)

is defined by the morphisms

p(Q(x)) : P (x)⊗Q(x) −→ Q(x) ⊗ P (x)

for objects x ∈ B.
Proof. See again [Kas95, XIII.4.2] or [JS91a, Proposition 4] for the case of
tensor categories.

Corollary 2.7. The monoid Iso(Z(B)) is abelian.

Proof. In every (small) braided tensor category, the monoid of isomorphism
classes of objects is abelian.

Remark 2.8. The Drinfeld center is invariant under equivalences of bicate-
gories. This is shown for tensor categories in [Müg03], even under the more
general hypothesis that the tensor categories are weakly monoidal Morita equiv-
alent. This will not be needed in the following.

3 Symmetries, deformations, and obstructions

In this section, we will explain a systematic method how to compute the two pri-
mary invariants of the Drinfeld center Z(B) of every bicategory B as a braided
tensor category: The abelian monoid Iso(Z(B)) of isomorphism classes of ob-
jects under ⊗, and the abelian group AutZ(B)(E, e) of automorphisms of its
unit of object. We will also explain the relation of the Drinfeld center to a
more primitive construction: the center of the classifying category. These are
connected by the homomorphism

Iso(Z(B)) −→ Z(Ho(B)) (3.1)
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that sends the isomorphism class of an object (P, p), where P is the fam-
ily P = (P (x) ∈MorB(x, x) |x ∈ B), to the family [P ] of isomorphism classes,
that is [P ] = ([P (x) ] ∈ IsoMorB(x, x) |x ∈ B).

Definition 3.1. The canonical homomorphism (3.1) is called the characteristic
homomorphsim.

In general, the characteristic homomorphism need not be either injective or
surjective. As an explanation of this phenomenon, we will see that the charac-
teristic homomorphism can be interpreted as a fringe homomorphism of a spec-
tral sequence (Es,tr | r > 1) with an associated obstruction theory. This spectral
sequence will compute the abelian monoid Iso(Z(B)) from Es,t∞ with t− s = 0
and the abelian group AutZ(B)(E, e) from Es,t∞ with t− s = 1.

Remark 3.2. The spectral sequence that we are about to construct can be mo-
tivated by the spectral sequence one of us has constructed to compute the ho-
motopy groups of homotopy coherent centers of simplicial categories, see [Szy]
and compare Remark 2.2. For the purposes of this discussion, let us begin by
ignoring all non-invertible objects and morphisms. Then the groups Iso(Z(B))
and AutZ(B)(E, e) that we are trying to compute are the (only) non-zero ho-
motopy groups of the nerve (or classifying space) of the Drinfeld center. On
the other hand, the nerve construction can also be used to produce a simpli-
cial category from any bicategory, and it seems plausible that the homotopy
coherent center of that simplicial category, which is a space, is equivalent to
the nerve of the Drinfeld center of the bicategory that we started with. Then
the theory in [Szy] can be applied. See also Remarks 3.3 and 5.7. It should be
noted that our deductions in here will be entirely elementary, and do not make
use of algebraic topology.

The non-zero part of the E1 page of our spectral sequence is not very popu-
lated. There are only five terms Es,t1 that can be non-zero, and only three d1

differentials between them. The situation can be illustrated as follows.

s

0

1

2

t− s
−1 0 1

E0,0
1

E1,0
1

E0,1
1

E1,1
1

E2,1
1

Then d2 is the last differential that may be non-zero, and working through the
spectral sequence is only a two-stage process. However, we note in advance
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that our terms will not necessarily carry the structure of abelian groups, as one
might be used to in spectral sequences.

Remark 3.3. The range where our spectral sequence is non-trivial can be also
motivated along the lines of Remark 3.2: Since for the nerve of a groupoid
only π0 (the set of isomorphism classes of objects) and π1 (their automorphism
groups) can be non-trivial, the spectral sequence in [Szy] for the homotopy
coherent center of the corresponding simplicial category will have non-zero
entries in at most five places: those with 0 6 t 6 1 and −1 6 t− s 6 1.

We will now describe the terms and the differentials on the E1 page, so as to
obtain a description of the E2 page.

3.1 The terms with t = 0

Let us first look at the two terms with t = 0.

Definition 3.4. We define

E0,0
1 =

∏

x∈B

IsoB(x, x), (3.2)

which is a monoid, and

E1,0
1 =

∏

y,z∈B

IsoFun(B(y, z),B(y, z)), (3.3)

which is a monoid as well.

Remark 3.5. Let us point out a common source of confusion: Each func-
tor F : B(y, z)→ B(y, z) induces a map Iso(B(y, z))→ Iso(B(y, z)) between the
sets of isomorphism classes, and this map only depends on the isomorphism
class of the functor F . This gives us a (tautological) homomorphism

τ(y, z) : IsoFun(B(y, z),B(y, z)) −→ Map(IsoB(y, z), IsoB(y, z))

of monoids, but this homomorphism is neither injective nor surjective in gen-
eral. It is the source that is relevant in (3.3), not the less useful target.

There are two natural homomorphisms d′
1, d

′′
1 : E0,0

1 → E1,0
1 of monoids, given

by sending a family ([P (x) ] |x ∈ B) of isomorphism classes of objects to either
the equivalence class [M 7→ P (z)⊗M ] of the endo-functor M 7→ P (z)⊗M
or to the equivalence class of the endo-functor [M 7→M ⊗ P (y) ] respectively.
The differential d1 : E0,0

1 → E1,0
1 should be thought of as the difference of them:

Definition 3.6. The monoid E0,0
2 is defined as the equalizer of d′

1 and d′′
1 .

Proposition 3.7. There are injections

E0,0
2 6 Z(Ho(B)) 6 E0,0

1

of monoids.
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Proof. On the one hand, an element in E0,0
2 is an element E0,0

1 that lies in
the equalizer of d′

1 and d′′
1 . These are the families ([P (x) ] |x ∈ B) of isomor-

phism classes of objects such that the two endo-functors M 7→ P (z) ⊗ M
and M 7→ P (z)⊗M are naturally isomorphic. On the other hand, an el-
ement in the center Z(Ho(B)) of the classifying category is just a fam-
ily ([P (x) ] |x ∈ B) such that the objects P (z) ⊗ M and P (z)⊗M are iso-
morphic (perhaps not naturally) for all M .
Finally, notice that the center Z(Ho(B)) of the classifying category can be
considered as the equalizer of the maps

∏
y,z τ(y, z)d′

1 and
∏
y,z τ(y, z)d′′

1 , where
the maps τ(y, z) are the tautological maps defined in Remark 3.5.

3.2 The terms with t = 1

Let us now look at the three terms with t = 1.

Definition 3.8. We define

E0,1
1 =

∏

x∈B

AutB(x,x)(Id(x)) (3.4)

and

E1,1
1 =

∏

y,z∈B

AutEnd(B(y,z))(id), (3.5)

which are both abelian groups.

Again, there are two distinguished homomorphisms d′
1, d

′′
1 : E0,1

1 → E1,1
1 , this

time of abelian groups. One can be described as sending a family

u = (u(x) : Id(x)→ Id(x) |x ∈ B)

of automorphisms to the natural transformation (u(z) ⊗ id(M) |M) and the
other sends it to (id(M)⊗u(y) |M). Actually the targets are slightly different,
but the tensor structure can be used to compare the two, using the diagram

Id(z)⊗M
u(z)⊗id(M)

��

oo ∼= // M

��

oo ∼= // M ⊗ Id(y)

id(M)⊗u(y)
��

Id(z)⊗M oo
∼=

// M oo
∼=

// M ⊗ Id(y).

The differential d1 : E0,1
1 → E1,1

1 is the difference of d′
1 and d′′

1 .

Definition 3.9. We define E0,1
2 to be the equalizer of the two homomor-

phisms d′
1 and d′′

1 , this is the kernel of the difference d1 = d′
1 − d′′

1 .

Direct inspection gives the following result.
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Proposition 3.10. There is an isomorphism

E0,1
2
∼= AutZ(B)(E, e)

of abelian groups.

This already finishes the calculation of one of the basic invariants of Z(B) as a
braided tensor category, the (abelian) automorphism group of its tensor unit.

3.3 Measuring the failure of injectivity

We will now proceed to calculate the (abelian) monoid Iso(Z(B)) of isomor-
phism classes of objects as well. In order to do so, we need to describe the
remaining group on the E1 page.
Given three objects x, y, z of B, it will be useful to write

F(x, y, z) = Fun(B(y, z)× B(x, y),B(x, z))

as an abbreviation for the functor category.

Definition 3.11. For any family P = (P (x) |x ∈ B) we define

E2,1
1 (P ) =

∏

x,y,z∈B

AutF(x,y,z)(P⊗?⊗??), (3.6)

where P⊗?⊗?? : B(y, z)× B(x, y)→ B(x, z) denotes the functor

(M,N) 7−→ P (z)⊗M ⊗N.
This is a group that may not be abelian.

It is clear that any isomorphism P ∼= Q of families also determines an isomor-
phism E2,1

1 (P ) ∼= E2,1
1 (Q) of groups. For P = E, the group

E2,1
1 (E) ∼=

∏

x,y,z∈B

AutF(x,y,z)(⊗)

receives three homomorphisms from the abelian group E1,1
1 : One sends a family

f = (f(M) : M −→M | y, z ∈ B,M ∈ B(y, z)) ∈ E1,1
1

of natural automorphisms of the identity to the family

(f(M)⊗ id(N) |x, y, z ∈ B,M ∈ B(y, z), N ∈ B(x, y)),

and the other ones are given similarly by

(id(M)⊗ f(N) |x, y, z ∈ B,M ∈ B(y, z), N ∈ B(x, y))

and
(f(M ⊗N) |x, y, z ∈ B,M ∈ B(y, z), N ∈ B(x, y)),

respectively.
Lead by Equation (2.1), we define a subgroup of the abelian group E1,1

1 by what
should be thought of as the alternating sum of these three homomorphisms:
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Definition 3.12.

Z1,1
1 = {f ∈ E1,1

1 | f(M ⊗N) = (id(M)⊗ f(N))(f(M)⊗ id(N))} (3.7)

Note that
(id(M)⊗ f(N))(f(M)⊗ id(N)) = f(M)⊗ f(N),

so that we can rewrite this definition as

Z1,1
1 = {f ∈ E1,1

1 | f(M ⊗N) = f(M)⊗ f(N)}. (3.8)

Definition 3.13. We define

B1,1
1 = {(u⊗ id(N))(id(M)⊗ u−1) |u ∈ E0,1

1 } (3.9)

to be the image of the differential d1 : E0,1
1 → E1,1

1 .

Recall that both of the groups E0,1
1 and E1,1

1 are abelian, so that taking the
difference makes sense, and the image is a subgroup. It is then clear that we
have B1,1

1 6 Z1,1
1 .

Definition 3.14. We define

E1,1
2 = Z1,1

1 /B1,1
1 , (3.10)

which is also an abelian group.

Proposition 3.15. There is an isomorphism

E1,1
2
∼= Ker(Iso(Z(B))→ Z(Ho(B)))

of abelian groups.

Remark 3.16. Notice that Iso(Z(B)) and Z(Ho(B)) are abelian monoids, and
are not necessarily groups. However, each element from Iso(Z(B)) which maps
into the identity element in Z(Ho(B)) is invertible.

Proof. The kernel displayed above contains all isomorphism classes of ob-
jects (P (x) |x ∈ B ) in the Drinfeld center Z(B) such that there exists an iso-
morphism P (x) ∼= Id(x) for every object x of B. We define

Z1,1
1 −→ Iso(Z(B))

f 7−→ (Pf , pf )

as follows: Every element f ∈ Z1,1
1 is a family of natural isomorphisms from the

identity of B(y, z) to itself that is compatible with the tensor product as in (3.8).
We define the image (Pf , pf ) of the element f to be the following central object:
For every object x ∈ B, we choose Pf (x) = Id(x) to be the identity, and for
every M ∈ B(x, y), the isomorphism pf : M ∼= M ⊗ Pf (x)→ Pf (y)⊗M ∼= M
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is given by f(M) : M →M . The fact that the family f is compatible with the
tensor products ensures that this construction produces a central object.
The image (Pf , pf ) of the element f lies in the kernel of the homomor-
phism under consideration, and in fact, every element in the kernel is of
this form. If the object (Pf , pf ) is isomorphic to the identity object, then
there is a family of isomorphisms u(x) : Pf (x) = Id(x)→ Id(x) such that pf is
given by (u(y)⊗ id(M))(id(M)⊗ u(x)−1), where we have used the identifica-
tions Id(y)⊗M ∼= M ∼= M ⊗ Id(x) again. This just means that the element f
lies in B1,1

1 .

The preceding proposition explains the potential failure of the injectivity of the
characteristic homomorphism (3.1): If an element Z(Ho(B)) can be lifted to
an element in Z(B), then the abelian group E1,1

2 acts on the different represen-
tatives in Iso(Z(B)). However, in monoids, this action need neither be free nor
transitive.

3.4 The E2 page

The part of the E2 page of the spectral sequence that can be non-trivial looks
as follows.

s

0

1

2

t− s
−1 0 1

E0,0
2 E0,1

2

E1,1
2

E2,1
2 (?)

The three terms that have already been calculated are

E0,1
2
∼= AutZ(B)(E, e)

in the column t− s = 1 and

E0,0
2 6 Z(Ho(B))

E1,1
2
∼= Ker(Iso(Z(B))→ Z(Ho(B)))

in the column t− s = 0, so that there is an exact sequence

0 −→ E1,1
2 −→ Iso(Z(B)) −→ Z(Ho(B))

that describes Iso(Z(B)), except for the image of the characteristic homomor-
phism.
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One may guess that the image of the characteristic homomorphism would be
the kernel of a differential

d2 : E0,0
2 −→ E2,1

2 , (3.11)

but the situation is more complicated: The question mark in E2,1
2 (?) in the

figure indicates that we do not have a single group E2,1
2 as the target of a

differential (3.11), but rather an entire family E2,1
2 (P ) of groups, one as the

target of a tailored differential that acts on [P ] ∈ E0,0
2 . This will now be

explained in detail.

3.5 Obstructions to surjectivity

We now address the following question: When can an element in the cen-
ter Z(Ho(B)) of the classifying category be lifted to an element in Iso(Z(B))
and hence in Z(B)? Our proof of Proposition 3.7 already gives one con-
dition: That element should lie in the submonoid E0,0

2 that is cut out as
the ‘kernel of d1.’ We may therefore right away start with an element
in the monoid E0,0

2 . Recall from our Definition 3.6 that an element in
the monoid E0,0

2 is given by a family (P (x) |x ∈ B ) of objects for which
the two functors RP (x),LP (y) : B(x, y)→ B(x, y) that are given on objects
by M 7→M ⊗ P (x) and M 7→ P (y)⊗M , respectively, are naturally isomor-
phic. The family can be lifted to an object in the Drinfeld center Z(B) if and
only if we can choose a family p = ( px,y : RP (x) → LP (y) |x, y ∈ B ) of (natural)
isomorphisms of functors such that we have a natural isomorphism

px,z(M ⊗N) = (id(M)⊗ px,y(N))(py,z(M)⊗ id(N))

for every pair of objects M ∈ B(y, z) and N ∈ B(x, y). To measure the failure
of a given p to comply to these needs, we may consider the composition

d2(p)x,y,z(M,N) = (id(M)⊗ px,y(N))(py,z(M)⊗ id(N))p−1
x,z(M ⊗N), (3.12)

which is an automorphism of the functor (M,N) 7→ P (z) ⊗ M ⊗ N . If we
let x, y, and z vary, then the family of the d2(p)x,y,z defines an element d2(p)

of the group E2,1
1 (P ) of our Definition 3.11. The automorphisms (3.12) is the

identity automorphism if and only if (P, p) lies in the Drinfeld center Z(B).
This leads us to regard the automorphisms (3.12) as the obstructions for (P, p)
to be an object of the Drinfeld center.
Of course, it is possible that (P, p) will not be an object of the Drinfeld center,
but (P, p′) will be, for some other family p′ = ( p′x,y ) of isomorphisms. Since
the group of automorphisms of the functor (M,N) 7→ P (z) ⊗M ⊗ N is not
abelian in general, we proceed as follows.

Definition 3.17. We define the obstruction differential d2 on P by

d2(P ) = { d2(p) | p = ( px,y : RP (x) → LP (y) |x, y ∈ B ) } ⊆ E2,1
1 (P ),

where p runs over all possible isomorphisms of functors. We will say that d2(P )
vanishes on P if it contains the identity automorphism.
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The discussion preceding the definition proves the following result.

Proposition 3.18. The obstruction differential d2 vanishes on P if for some
choice of p the object (P, p) lies in the Drinfeld center Z(B).

4 Groups and the category of bands

In this section, we present a detailed discussion of the various notions of cen-
ters, and in particular the Drinfeld center, in a situation that is genuinely
different from tensor categories: categories and bicategories where the objects
are (discrete) groups.

A size limitation needs to be chosen, and we can and will assume that all groups
under consideration are finite. Therefore, let G denote the category of all finite
groups. Definition 2.1 requires a small category, so that it will be clear that
the result is a set. However, our calculations will reveal that the result is a
set anyway. We could also choose to work with a skeleton, and then note that
the choice of skeleton does not affect the calculation, since any two skeleta are
equivalent.

The category G is the underlying category of a 2-category G, where the cat-
egory MorG(G,H) is the groupoid of homomorphisms G → H , which are
the 1-morphisms of G, and the 2-morphisms h : α→ β between two homomor-
phisms α, β : G → H are the elements h in H that conjugate one into the
other:

{ h ∈ H |hα(g)h−1 = β(g) for all g ∈ G }.

Remark 4.1. The classifying category B = Ho(G) is sometimes called the
category of bands in accordance with its use in non-abelian cohomology and
the theory of gerbes, see [Gir71, IV.1]. It is customary to denote the conjugacy
classes of homomorphisms G→ H by

Rep(G,H) = IsoMorG(G,H) = MorB(G,H).

These are the sets of morphisms in the classifying category B = Ho(G). Note
that Giraud used the notation Hex(G,H) instead of our Rep(G,H).

The automorphism group of any given homomorphism α : G→ H in the cate-
gory G(G,H) = MorG(G,H) of homomorphisms is the centralizer

AutG(G,H)(α) = { h ∈ H |hα(g)h−1 = α(g) for all g ∈ G } = C(α) (4.1)

of the image of α. This is a subgroup of the group H . We remark that the
centralizers need not be abelian. For example, the centralizer of the constant
homomorphismG→ G is the entire groupG, whereas the center ofG reappears
as the centralizer of the identity G→ G. These observations will be useful when
we will determine the Drinfeld center of G.
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4.1 Some ordinary centers

Before we turn our attention towards the Drinfeld center, let us first describe
the centers of the ordinary categories G and B = Ho(G).

Proposition 4.2. The centers of the categories G and B = Ho(G) are iso-
morphic to the abelian monoid {0, 1} under multiplication.

Proof. This is straightforward for the category G of groups and homomor-
phisms. An element in the center thereof is a family P = (PG : G → G) of
homomorphisms that are natural in G. We can evaluate P on the full sub-
category of cyclic groups, and since Mor(Z/k,Z/k) ∼= Z/k, we see that P is

determined by a profinite integer n in Ẑ: we must have PG(g) = gn for all
groups G and all of their elements g. But, if n is not 0 or 1, then there are
clearly groups for which that map is not a homomorphism. In fact, we can take
symmetric or alternating groups, as we will see in the course of the rest of the
proof.

Let us move on to the center of the classifying category B = Ho(G). Again,
the homomorphisms g 7→ g0 and g 7→ g1 are in the center, and they still
represent different elements, since they are not conjugate. In the classifying
category, if [P ] = ([PG ] : G→ G) is an element in the center, testing against
the cyclic groups only shows that there is a profinite integer n such that PG(g)
is conjugate to gn for each group G and each of its elements g. We will argue
that no such family of homomorphisms PG exists unless n is 0 or 1.

Let us call an endomorphisms α : G→ G on some group G of conjugacy type n
if α(g) is conjugate to gn for all g in G. We need to show that for all n
different from 0 and 1 there exists at least one group G that does not admit
an endomorphism of conjugacy type n.

If |n| > 2, then we choose m > max{n, 5} and consider the subgroup G of the
symmetric group S(m) generated by the elements of order n. Since the set of
generators is invariant under conjugation, this subgroup is normal, and it fol-
lows that G = A(m) (the subgroup of alternating permutations) or G = S(m).
An endomorphism α : G → G of conjugacy type n would have to be trivial
because it vanishes on the generators. But then gn would be trivial for all
elements g in A(m) 6 G, which is absurd.

If n = −1, then we first note that an endomorphism α : G → G of conjugacy
type −1 is automatically injective. Hence, if G is finite, then it is an automor-
phism. Therefore we choose a nontrivial finite group G of odd order such that
its outer automorphism group is trivial. (Such groups exist, see [Hor74], [Dar75]
or [Hei96] for examples that also have trivial centers.) If α : G → G were an
endomorphism of conjugacy type −1, then this would be an inner automor-
phism by the assumption on G. Then id: G → G, which represents the same
class, would also be an endomorphism of conjugacy type −1. In other words,
every element g would be conjugate to its inverse g−1, a contradiction since
the order of G is odd.
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4.2 The Drinfeld center

Now that we have evaluated the centers of the ordinary categories of groups
and bands, we are ready to apply the obstruction theory and spectral sequence
introduced in Section 3 in order to determine the Drinfeld center Z(G) of the 2-
category G of groups. The following result describes the two basic invariants
of Z(G).

Proposition 4.3. The maps

Z(G) −→ IsoZ(G) −→ Z(B = Ho(G))

are both isomorphisms, and the automorphism group of the identity object
in Z(G) is trivial.

Proof. Let us start with the one entry in the spectral sequence that has t = 0.
We already know that there is an upper bound E0,0

2 6 Z(B = Ho(G)) by Propo-
sition 3.7. The center of the classifying category has been determined in the
preceding Proposition 4.2. That result also makes it clear that all elements in
the center of the classifying category lift to the Drinfeld center of G; they even
lift to the center of the underlying category G. We deduce that the obstructions
vanish.
Let us now deal with the two entries in the spectral sequence that have t = 1
and that determine the kernel of the map IsoZ(G)→ Z(B = Ho(G)) and the
automorphism group of the identity object in Z(G). We have

E0,1
1 =

∏

F

AutG(F,F )(id) ∼=
∏

F

Z(F )

by (4.1), and we record that this is an abelian group.
In order to determine the entry E1,1

1 , we start with the definition:

E1,1
1 =

∏

G,H

AutEnd(G(G,H))(id).

We know that the category G(G,H) = MorG(G,H) is a groupoid, and as such
it is equivalent to the sum of the groups C(α), where α runs through a sys-
tem of representatives of Rep(G,H) in MorG(G,H). Since we are considering
automorphisms of the identity object, we get

AutEnd(G(G,H))(id) ∼=
∏

[α ]∈Rep(G,H)

ZC(α),

the product of the centers of the centralizers. We note again that this is an
abelian group. This leaves us with

E1,1
1
∼=
∏

G,H

∏

[α ]∈Rep(G,H)

ZC(α).
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The differential d1 : E0,1
1 → E1,1

1 is the difference of the two coface ho-
momorphisms. Therefore, up to an irrelevant sign, it is given on a fam-
ily P = (P (F ) ∈ Z(F ) |F ) by

(d1P )(α) = P (H)− α(P (G)) ∈ ZC(α) (4.2)

in the factor of α : G → H . It follows that the E0,1
2 entry in the spectral

sequence consists of those families P such that P (H) = α(P (G)) for all G, H ,
and α : G → H . Taking α to be constant, we see that P (F ) has to be trivial
for all F . This shows E0,1

2 = 0. Therefore, by Proposition 3.10, we deduce
that AutZ(G)(E, e) is indeed trivial.
It remains to be shown that there are no more components than we already
know. Proposition 3.15 says that these are indexed by the group E1,1

2 . This
group can be calculated as follows. Its elements are represented by elements
in the subgroup Z1,1

1 6 E1,1
1 , the subgroup of elements Q = (Q(α) ∈ ZC(α) |α)

such that
Q(γβ) = Q(γ) + γ(Q(β)), (4.3)

again up to an irrelevant sign. We claim that each family with that prop-
erty is already in the distinguished subgroup B1,1

1 , so that Z1,1
1 = B1,1

1

and E1,1
2 = Z1,1

1 /B1,1
1 = 0.

That subgroup B1,1
1 is the image of the differential d1. Therefore, to prove the

claim, let us be given a family Q = (Q(α) ∈ ZC(α) |α) such that (4.3) holds.
We can then evaluate this family at the unique homomorphisms α = ǫF from
the trivial group to F , for each finite group F , to obtain a family P (F ) = Q(ǫF ),
and that family is our candidate for an element P to hit the element Q under
the differential d1. And indeed, equation (4.3) for α = γ and β = ǫG gives

Q(ǫH) = Q(αǫG) = Q(α) + α(Q(ǫG)).

Rearranging this yields the identity

Q(α) = Q(ǫH)− α(Q(ǫG)) = P (H)− α(P (G)) = (d1P )(α),

and this shows that Q is indeed in the image. We have proved the claim.

It seems reasonable to expect that similar arguments will determine the Drin-
feld centers of related bicategories such as the ones coming from groupoids or
topological spaces, etc. This will not be pursued further here. Instead, we will
now turn our attention towards a class of examples that indicates the wealth
of obstructions and nontrivial differentials that one can expect in general.

5 Applications to fusion categories

Fusion categories are tensor categories with particularly nice properties. They
arise in many areas of mathematics and mathematical physics, such as operator
algebras, conformal field theory, and Hopf algebras. A general theory of such
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categories has been developed in [ENO05]. In this section, we use the theory
developed so far in order to explain some constructions related to the centers of
fusion categories that otherwise may seem to appear ad hoc. For completeness,
let us start with the definition.

Definition 5.1. A fusion category is a semisimple abelian tensor cate-
gory (F,⊗, I) over a field K of characteristic zero, usually assumed to be al-
gebraically closed, with finitely many simple objects, such that ⊗ is bilinear,
each object has a dual object, and the distinguished object I is simple.

We are here interested in the bicategory B(F) with one object that is associated
with such a fusion category F as explained in Example 1.5, and its Drinfeld cen-
ter. Since fusion categories are special cases of tensor categories, this refers to
the usual notion of a Drinfeld center of a tensor category, and as such it has been
studied in other places. For example, the papers [Müg03], [Ost03], [GNN09],
and [BV13] contain various results on the centers of fusion categories and re-
lated categories.

We will show that the spectral sequence introduced in Section 3 offers a sys-
tematic approach to the computation of the basic invariants of the Drinfeld
center, by interpreting the different terms and differentials in the language of
fusion categories.

5.1 The first page

We start by identifying the terms on the first page of the spectral sequence.

Proposition 5.2. If a fusion category F has n isomorphism classes of simple
objects, then the monoid E0,0

1 can be identified as a set with Nn, the n-fold
product of the monoid N of non-negative integers. The multiplication is given
by the fusion coefficients.

Proof. The monoid E0,0
1 is the set of isomorphism classes of objects in our

category. If the different simple objects of F are X1, . . . , Xn, then there is a
canonical identification of E0,0

1 with Nn, given by

(a1, . . . , an)←→ X⊕a1
1 ⊕ · · · ⊕X⊕an

n .

Notice that the direct sum on F and the tensor product are two different
operations.

An element of the monoid E1,0
1 is just an isomorphism class of endofunc-

tors F→ F.

Proposition 5.3. If a fusion category F over a field K has n isomorphism
classes of simple objects, with representatives X1, . . . , Xn, then there are iso-
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morphisms

E0,1
1
∼= K×

E1,1
1
∼= (K×)n

E2,1
1
∼=
∏

i,j

Aut(Xi ⊗Xj).

Remark 5.4. In every fusion category with simple objects X1, . . . , Xn, the
automorphism group of the objectX⊕a1

1 ⊕ · · · ⊕X⊕an
n is the group

∏
i GLai(K).

All of the groups in the preceding proposition have this form.

Proof. The group E0,1
1 is the automorphism group of the tensor identity I of F.

In a fusion category, the tensor identity is simple, and the endomorphism ring
of each simple object is K. Therefore this group is isomorphic to K×.
The group E1,1

1 is the automorphism group of the identity functor idF : F→ F.
In the case of a fusion category, such an automorphism α is specified by giv-
ing αi : Xi → Xi for each i = 1, . . . , n. In other words, such an automorphism
is given by a set of n invertible scalars, and the group is isomorphic with (K×)n.
Now, the two maps we have E0,1

1 → E1,1
1 are the same. They are given by the

diagonal embedding K× → (K×)n.
The group E2,1

1 is the automorphism group of the tensor product func-
tor ⊗ : F× F→ F. Any such automorphism is given by a set of n2 invertible
morphisms βi,j : Xi ⊗Xj → Xi ⊗Xj . We can thus identify this group with the
product

∏
i,j Aut(Xi ⊗Xj).

5.2 The first differentials and the center of the classifying cat-
egory

The following result computes the first differential and the center of the classi-
fying category.

Proposition 5.5. The abelian monoid E0,0
2 is isomorphic to Z(Ho(B(F))), the

center of the classifying category.

Proof. The first differential E0,0
1 → E1,0

1 is given by two maps, one which sends
an object X to the functor LX : Y 7→ X ⊗ Y and the other one maps X
to the functor RX : Y 7→ Y ⊗ X . We are interested in the equalizer. This
consists of all the (isomorphism classes of) objects X for which there exists
an isomorphism (of functors) between LX and RX . For fusion categories, this
is the same as the center of the classifying category. Indeed, since a fusion
category F is semi-simple, an additive functor F → F is determined by its
restriction to simple objects, and the tensor product with a given object is an
additive functor.

5.3 The universal grading group

For each fusion category F, we define Fad to be the fusion subcategory of F

consisting of all the direct summands of all objects of the form Xi⊗X∗
i . Notice
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that we take only the products of simple objects with their duals. Then F has a
faithful grading by a group U(F), the universal grading group of F such that Fad

is exactly the trivially graded component. Moreover, each other faithful grading
of F is a quotient of this grading. See [GN08] for more details.

Proposition 5.6. There are isomorphisms

E0,1
2
∼= K×

E1,1
2
∼= Û(F),

where Û(F) denotes the character group of the universal grading group of F.

Proof. The first claim follows from the fact that the differential from E0,1
1

to E1,1
1 is zero. This fact also implies that the group B1,1

1 is the trivial group.
As for the second one, the three maps E1,1

1 → E2,1
1 are the following. The first

is given by sending a family (αi) to the family (αi)i,j . The second sends a
family (αi) to the family (αj)i,j . The third is more complicated: It sends a
family (αi) to (βi,j)i,j , where βi,j acts by the scalar αk on the Xk component
inside Xi ⊗Xj . We can now offer two proofs, based on Proposition 3.15.

First, we can identify Z1,1
1 and Û(F): For each i = 1, . . . , n, let gi ∈ U(F) be

the degree of Xi by the universal grading. Then the element in Z1,1
1 which

corresponds to ϕ ∈ Û(F) is (ϕ(gi)). We thus get an isomorphism E1,1
2
∼= Û(F).

Second, we can also identify Û(F) directly with the kernel of the characteris-
tic homomorphism Iso(Z(B(F))) → Z(Ho(B(F))): Characters of the universal
grading group U(F) are in one to one correspondence with objects of the Drin-
feld center whose underlying object is the tensor unit. The central object
corresponding to a character ϕ is (I, ϕ), the tensor unit I, together with the
isomorphism I ⊗ Xi → Xi ⊗ I given by the scalar ϕ(gi). Here we identify
both objects with Xi in the canonical way, and the endomorphism ring of Xi

is K.

In conclusion, we have the following exact sequence:

0 −→ Û(F) −→ Iso(Z(B(F))) −→ Z(Ho(B(F))) (5.1)

for any fusion category F. It identifies the character group of the universal
grading group as the measure of the failure of the center of the classifying
category to detect information that is contained in the richer Drinfeld center.

Remark 5.7. The exact sequence (5.1) has been established (independently)
in the work of Grossman, Jordan, and Snyder. Their preprint [GJS] gives two
proofs: One is elementary and ad hoc; the other shows that the sequence can
be embedded into the long exact sequence associated to a fibration of spaces.
It would be interesting to relate that fibration to the tower of fibrations that
is the origin of the spectral sequence in [Szy], compare Remark 3.2.
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5.4 The obstruction differential

The last part which we need to understand in the spectral sequence is the
obstruction differential on the second page, that is d2 : E0,0

2 → E2,1
2 (?). We

have seen in Section 3.5 that the target E2,1
2 (?) depends on the argument. Let

us explain the obstruction that the differential encodes.
The monoid E0,0

2 contains all objects X of F for which the functors LX and RX

are isomorphic. We will furnish a structure of a central object on X if we can
find an isomorphism of functors α : LX → RX such that the following diagram
will be commutative for every Y, Z ∈ F.

X ⊗ (Y ⊗ Z)
αY⊗Z // (Y ⊗ Z)⊗X

((PP
PPP

PPP
PPP

P

(X ⊗ Y )⊗ Z

αY ⊗idZ ((PP
PPP

PPP
PPP

P

66♥♥♥♥♥♥♥♥♥♥♥♥
Y ⊗ (Z ⊗X)

(Y ⊗X)⊗ Z // Y ⊗ (X ⊗ Z)

idY ⊗αZ

66♥♥♥♥♥♥♥♥♥♥♥♥

(5.2)
In other words, if for all choices of α, the identity is in the set of loops of
diagram (5.2).
Of course, different choices of α might furnish different central structures on X .
If we take X to be the tensor unit, this obstruction indeed lies in E2,1

2 (I).

5.5 Vector spaces graded by groups

Let G be a finite group, and assume that our fusion category F is VecωG, that is,
the category of G-graded vector spaces, in which the associativity constraint
is deformed by the class [ω ] ∈ H3(G,K×) of a 3-cocycle ω, as in [ENO05,
Section 2]. Briefly, the simple objects Xg in VecωG are indexed by the elements g
of the group G. The tensor product is given by Xg ⊗ Xh = Xgh and the
associativity constraint

Xghk = (Xg ⊗Xh)⊗Xk −→ Xg ⊗ (Xh ⊗Xk) = Xghk

is given by the scalar ω(g, h, k). We can think of this category as the category
of vector bundles over the set G, with deformed associativity constraints.
The automorphism group of the neutral object in the Drinfeld center is given
by K×, as for every fusion category.
The abelian monoid of isomorphism classes of objects is more interesting in
this case: We can view E0,0

1 as the multiplicative monoid underlying the group
semi-ring NG, and then the elements of E0,0

2 are exactly the central elements.
The universal grading group U(VecωG) is given by the group G. This shows
that the characteristic homomorphism is not injective as soon as the group G
admits a non-trivial character.
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These observations determine the E2-page of the spectral sequence except for
the obstruction differential.
Let us begin by understanding the obstruction differential d2 in case we are
taking a central element z ∈ G, and ask if the corresponding simple object Xz

has a structure of a central object. By inspecting the diagram (5.2) above, we
get that z and ω together furnish a 2-cocycle γω,z on G, given by

γω,z(g, h) = ω(g, h, z)ω−1(g, z, h)ω(z, g, h).

Assume that an object Xz has a structure of a central object. We can then
choose isomorphisms ϕg : Xg ⊗Xz → Xz ⊗Xg for every element g in G, such
that diagram (5.2) is commutative, with X = Xg, Y = Xh and Z = Xz. We
have Xz ⊗Xg = Xzg = Xgz = Xg ⊗Xz. This means that the isomorphism ϕg
can be given by a scalar. By inspecting the diagram (5.2) again, we see that
its commutativity boils down to the equation ∂(ϕ) = γω,z. In other words, the
object Xz will have a central structure if and only if the class of γω,z vanishes
in H2(G,K×). In that case, the different central structures on Xz are in one to
one correspondence with characters of G, as in the case when z is the neutral
element of our group G.
More generally, we can ask when the direct sum X⊕m

z of m copies of Xz will
have a central structure. For this, we need the twisted group algebra Kγω,zG.
This K-algebra has a K-basis { ug | g ∈ G } and the multiplication is given by

uguh = γω,z(g, h)ugh.

The 2-cocycle condition ensures that this algebra is associative. The au-
tomorphism group of the object X⊕m

z is isomorphic to the general linear
group GLm(K). The commutativity of the diagram (5.2) with Z = X⊕m

z will
mean that we can choose elements vg ∈ GLm(K) such that vgvh = γω,z(g, h)vgh.
In other words, the algebra Kγω,zG has an m dimensional representation, and
the different structures of central objects on X⊕m

z correspond to the differ-
ent isomorphism classes of those representations of the twisted group alge-
bra Kγω,zG that have dimension m. Since Kγω,zG is finite-dimensional and
semi-simple when char(K) = 0, there are only finitely many such isomorphism
classes.
The general obstructions can be understood now in a similar way: If g1, . . . , gr
are representatives of the conjugacy classes of G, then we denote by Yi the
direct sum of all Xg such that g is conjugate to gi. We denote by yi the cor-
responding sum in NG. Then any central element in NG can be written as a
sum

∑
i aiyi for ai ∈ N. The possible central structures on the object ⊕iY ⊕ai

i

are given by tuples ([Vi ])i where [Vi ] is an isomorphism class of a representa-
tion of Kγω,giCG(gi) of dimension ai.

Proposition 5.8. For every group G, class ω ∈ H3(G,K×), and central el-
ement z ∈ Z(G) such that γω,z is non trivial, the isomorphism class of the
object Xz is not in the image of the characteristic homomorphism.
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Example 5.9. Let n > 2 be any integer, and setG = (Z/n)3. We denote a Z/n-
basis of the abelian group G by {e1, e2, e3}, and we write ζ for a primitive n-th
root of unity in our field K. We consider the 3-cocycle ω defined by

ω(ea111 ea122 ea133 , ea211 ea222 ea233 , ea311 ea322 ea333 ) = ζa11a22a33 .

in H3(G,K×). It arises as the cup product of three Z/n-linearly independent
elements in the group H1(G,K×) ∼= (Z/n)⊕3. Since the group G is abelian,
every element is central; we choose z = e1. A direct calculation shows that

γω,z(e
a11
1 ea122 ea133 , ea211 ea222 ea233 ) = ζa12a23+a11a22 ,

which is non-trivial. Furthermore, the Wedderburn decomposition of the alge-
bra Kγω,zG is given by

Kγω,zG ∼=
n⊕

i=1

Mn(K)

Thus, the class of the m-fold direct sum X⊕m
z will be in the image of the

characteristic homomorphism if and only if m is a multiple of n.

6 The bicategory of rings and bimodules

In this section, we discuss another important example of a bicategory, this time
one that has several objects, and that is not a (strict) 2-category, the bicate-
goryM of rings and bimodules, see [Ben67, 2.5] and [Mac71, XII.7]. The objects
in M are the (associative) rings A,B,C, . . . (with unit). The category M(A,B)
is the category of (B,A)-bimodules M and their homomorphism. (As before
in Section 4, some size limitation on the rings and bimodules is needed to keep
the categories and their centers relatively small. We will not further comment
on this, since it is again inessential to our calculations.) Composition in M is
given by the tensor product of bimodules, and the (A,A)-bimodule A is the
identity object in the categoryM(A,A). Every morphism f : A→ B in the (or-
dinary) category of rings gives rise to a (B,A)-bimodule Bf , where A acts via f .
The identity object corresponds to the identity idA in the category M(A,A).
The (ordinary) category of rings has the ring Z as an initial object, and we use
this observation repeatedly in this section.
We can now begin to study our spectral sequence for the bicategory M. As in
Section 4, we start with the (ordinary) center of the classifying category.

Proposition 6.1. The center Z(Ho(M)) of the classifying category Ho(M) of
the bicategory M is the abelian monoid of isomorphism classes of abelian groups
under the multiplication induced by the tensor product, with the isomorphism
class of the infinite cyclic group as unit.

Proof. Consider the monoid

E0,0
1 =

∏

A∈M

IsoM(A,A).
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An element in this monoid is given by a family of isomorphism classes of (A,A)-
bimodules (P (A) |A ∈M ). The monoid

E1,0
1 =

∏

A,B∈M

IsoFun(M(A,B),M(A,B))

contains families of isomorphism classes of endofunctors of the category
of (B,A)-bimodules, one such for every two rings A and B in M. The first
differential vanishes on the isomorphism class of the family (P (A) |A ∈ M )
if and only if the two functors N 7→ N ⊗A P (A) and N 7→ P (B) ⊗B N are
isomorphic on the category of (B,A)-bimodules.
Consider in particular the case where B = Z is the initial ring, and the (Z, A)-
bimodule N is A itself. In this particular case, we see that the two (Z, A)-
bimodules A⊗A P (A) and P (Z) ⊗ A are isomorphic to each other and hence
to P (A). (Here and in the following we write ⊗ = ⊗Z for readability.) We
see that, up to isomorphism, the entire family is determined by the abelian
group P (Z). Conversely, given any abelian group M , then the family of
the P (A) = M ⊗ A admits the structure of a central object. In other words,
the submonoid E0,0

2 consists of all isomorphism class of families of the form

(P (A) |A ∈ M ) = (P (Z)⊗A |A ∈M ),

where P (Z) is an arbitrary abelian group. We thus have E0,0
2 = Z(Ho(M)). It

is clear from the definition of M that the composition is given by the tensor
product and the isomorphism class of the abelian group Z, which corresponds
to the family of isomorphism class of the (A,A)-bimodules A, is the unit.

We remark that we have seen in the course of the proof that the usual sym-
metry will furnish a central structure on any family of bimodules of the
form (P (A) = M ⊗A |A ∈ M ). In particular, this holds for the unit given
by the family E = (E(A) = A ) of (A,A)-bimodules A.
We can now direct our attention to the Drinfeld center of M itself. We start
by determining the automorphism group of its tensor unit.

Proposition 6.2. The automorphism group AutZ(M)(E, e) of the tensor
unit (E, e) in the Drinfeld center Z(M) of the bicategory M is cyclic of or-
der 2.

Proof. It is well known (and easy to prove) fact that the automorphism group
of A as an (A,A)-bimodule is canonically isomorphic to the group Z(A)× of
invertible elements in the center of the ring A. So

E0,1
1
∼=
∏

A∈M

Z(A)×

follows. Similarly, any automorphism of the identity functor on the category
of (B,A)-bimodules, which is isomorphic to the category of B ⊗Aop-modules,
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is determined by its action on the generator, so that it will be given as multi-
plication by an invertible element of the center of the ring B ⊗ Aop. We thus
have

E1,1
1 =

∏

A,B∈M

Z(B ⊗Aop)×.

Using these isomorphisms as identifications, the differential d1 : E0,1
1 → E1,1

1

then sends a family ( zA |A ∈ M ) to the family ( zB ⊗ z−1
A |A,B ∈ M ). It

follows that, if the differential on the family ( zA |A ∈ M ) vanishes, then each
element zA must be the image in A of some invertible element in (the cen-
ter of) Z. Because the only such elements in Z are ±1, we conclude that
the only families in E0,1

2 are ( 1A |A ∈ M ) and (−1A |A ∈ M ), and thus we
have AutZ(M)(E, e) ∼= E0,1

2
∼= Z/2.

It remains for us to describe the isomorphism classes of objects in the cen-
ter Z(M) of M. We will do this now by showing that the characteristic homo-
morphism is bijective, so that Proposition 6.1 gives the desired result.

Proposition 6.3. For the bicategory M of rings and bimodules, the character-
istic homomorphism Iso(Z(M))→ Z(Ho(M)) is an isomorphism.

Proof. We have already explained the fact that an element in the cen-
ter Z(Ho(M)) of the classifying category Ho(M) admits a structure of a central
object that lives in Z(M). Therefore, all obstructions must vanish and the char-
acteristic homomorphism is surjective.
The group Z1,1

1 is the subgroup that consists of all families of invertible central
elements zA,B ∈ Z(B ⊗ Aop)× that satisfy the following condition: For every
three rings A,B and C, the element

(idC ⊗mB ⊗ idA)(zB,C ⊗ zA,B) ∈ C ⊗B ⊗ Aop

is equal to zA,B ⊗ 1, where we identify C ⊗ B ⊗ Aop with C ⊗ Aop ⊗ B using
the symmetry, and where we denote the multiplication B ⊗B → B by mB.
Similarly to before, by studying this equation for the special case B = Z we
learn that each such family must be of the form zA,B = zB ⊗ z−1

A for some in-
vertible central elements zA ∈ Z(A)×: Set zA = zA,Z and note that zZ,A = z−1

A .

In other words, a family in the group Z1,1
1 will automatically be in the image of

the differential d1, which is the subgroup B1,1
1 . We conclude that the group E1,1

2

is trivial, and therefore the characteristic homomorphism is also injective in this
case.

The following statement summarizes the results of this section.

Theorem 6.4. The Drinfeld center Z(M) of the bicategory M of rings and
bimodules is isomorphic to the category of abelian groups with the monoidal
structure given by the usual tensor product of abelian groups, and the unit
given by the group of integers.
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Remark 6.5. The obvious generalization from the bicategory of rings (that
is Z-algebras) to the bicategory ofR-algebras (over a given commutative ringR)
can be proven with the same techniques; this only requires a more ornamented
notation.
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[Hor74] M.V. Horoševskĭı. Complete groups of odd order. Algebra and Logic
13 (1974) 34–40.

[JS91a] A. Joyal, R. Street. Tortile Yang-Baxter operators in tensor cate-
gories. J. Pure Appl. Algebra 71 (1991) 43–51.

[JS91b] A. Joyal, R. Street. The geometry of tensor calculus. I. Adv. Math.
88 (1991) 55–112.

[JS93] A. Joyal, R. Street. Braided tensor categories. Adv. Math. 102
(1993) 20–78.

[KV94] M.M. Kapranov, V.A. Voevodsky. 2-categories and Zamolodchikov
tetrahedra equations. Algebraic groups and their generalizations:
quantum and infinite-dimensional methods (University Park 1991)
177–259. Proc. Sympos. Pure Math. 56, Part 2. Amer. Math. Soc.,
Providence, RI, 1994.

[Kas95] C. Kassel. Quantum Groups. Graduate Texts in Mathematics 155.
Springer-Verlag, New York, 1995.

[KS74] G.M. Kelly, R. Street. Review of the elements of 2-categories. Cat-
egory Seminar (Proc. Sem., Sydney, 1972/1973) 75–103. Lecture
Notes in Math. 420. Springer, Berlin, 1974.

[Lac10] S. Lack. A 2-categories companion. Towards higher categories, 105–
191, IMA Vol. Math. Appl. 152. Springer, New York, 2010.

[Mac71] S. Mac Lane. Categories for the Working Mathematician. Second
Edition. Springer Verlag, 1971.
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Abstract. Given a separated scheme X of finite type over a fi-
nite field, its higher Chow groups CH−1(X, 1) and CH−2(X, 3) are
computed explicitly.
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1. Introduction

Let Fq be the field of q elements of characteristic p. For a separated scheme X
which is essentially of finite type over SpecFq, we define the Borel-Moore mo-
tivic homology group HBM

i (X,Z(j)) as the homology group Hi−2j(zj(X, •)) =
CHj(X, i− 2j) of Bloch’s cycle complex zj(X, •) ([Bl, Introduction, p. 267] see
also [Ge-Le2, 2.5, p. 60] to remove the condition that X is quasi-projective;
see [Le1] for the labeling using dimension and not codimension). If j > i or
j > dim X , then HBM

i (X,Z(j)) = 0 for trivial reason. When X is essen-
tially smooth over SpecFq, it coincides with the motivic cohomology group
defined in [Le1, Part I, Chapter I, 2.2.7, p. 21] or [Vo-Su-Fr] (cf. [Le2, Theo-
rem 1.2, p. 300], [Vo, Corollary 2, p. 351]). For an abelian group M , we set
HBM
i (X,M(j)) = Hi−2j(zj(X, •)⊗Z M).

For a scheme X , we let O(X) = H0(X,OX). The aim of this paper is to prove
the following theorem.

1Faculty of Mathematics, National Research University Higher School of Economics, Rus-
sia; Institute for the Physics and Mathematics of the Universe, University of Tokyo (WPI),
Japan
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Theorem 1.1. Let X be a connected scheme which is separated and of finite
type over SpecFq. Then for j = −1,−2, the pushforward map

αX : HBM
−1 (X,Z(j))→ HBM

−1 (SpecO(X),Z(j))

is an isomorphism if X is proper, and the group HBM
−1 (X,Z(j)) is zero if X is

not proper.

Theorem 1.1 is a generalization of a theorem of Akhtar [Ak, Theorem 3.1,
p. 285] where the claim is proved for j = −1 and X smooth projective over
SpecFq. Our proof of Theorem 1.1 is independent of [Ak], and we do not
require a Bertini-type theorem.
If we assume Parshin’s conjecture, then the statement in the theorem holds for
any j ≤ −1. Moreover we also obtain HBM

i (X,Z(j)) = 0 for any i ≤ −2 and
j ≤ −1. The method is explained in Section 4
We define the étale Borel-Moore (not motivic) homology with Zℓ-coefficients,
where ℓ is a prime different from p, in Remark 4.3. Then we compute it

explicitly, and deduce that HBM
i (X,Z(j)) ⊗Z Zℓ ∼= HBM,et

i (X,Zℓ(j)) in the
range i ≤ −1 and j ≤ −1 (using Parshin’s conjecture where it is needed for the
computation of the Borel-Moore motivic homology groups).
The original version of this paper was written without using the Bloch-Kato-
Milnor conjecture. We use it as a theorem of Rost and Voevodsky. It is used
via theorems of Geisser and Levine (e.g., [Ge-Le2, Corollary 1.2, p.56]).
Acknowledgment The first author thanks Shuji Saito and Thomas Geisser
for valuable comments in the course of revision. The second author would like
to thank Akio Tamagawa for helpful suggestions on the proof of a lemma in the
earlier version which no longer exists. The authors thank Thomas Geisser and
Tohru Korita for pointing out a mistake in a former version of the manuscript.
We thank the referee for numerous suggestions which shortened this paper and
clarified many things at many points.
During this research, the first author was supported as a Twenty-First Century
COE Kyoto Mathematics Fellow and was partially supported by JSPS Grant-
in-Aid for Scientific Research 17740016, 21654002, 25800005 and by World Pre-
mier Research Center Initiative (WPI Initiative), MEXT, Japan. The second
author was partially supported by JSPS Grant-in-Aid for Scientific Research
16244120, 21540013, and 24540018.

2. Higher Chow groups of smooth curves over a finite field

A curve will mean a scheme of pure dimension one, separated and of finite type
over a field. The aim of this section is to compute the higher Chow groups
CHi(X, j) for a smooth curve X over a finite field in the range i, j ≥ 0.

Lemma 2.1. Let X be a connected smooth curve over a finite field. Then

CHi(X, 0) ∼=




Z, i = 0,
Pic(X), i = 1,
0, i ≥ 2.
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Proof. These are the classical Chow groups and the computation is known.
For i ≥ 2, it vanishes by dimension reason. See also [Bl, THEOREM (6.1),
p.287]. �

Lemma 2.2. Let j ≥ 2. Let X be a smooth curve over a finite field Fq of

characteristic p. Then we have CHi(X, j) = 0 for i > j, and for i ≤ j, the
cycle map in [Ge-Le2, (1.2), p.56] gives an isomorphism

CHi(X, j) ∼=
⊕

ℓ 6=p
H2i−j−1

et (X,Qℓ/Zℓ(i)).

The right hand side is zero unless 2i− j = 1, 2, 3. If moreover X is affine, the
right hand side is zero for 2i− j = 3.

Proof. We first note that CHi(X, j) = 0 if i > j + 1 by dimension reason.
Henceforth we consider the case i ≤ j + 1.
Recall Bloch’s formula ([Bl, THEOREM(9.1), p.296]):

(2.1) Kj(X)⊗Z Q ∼=
⊕

i≥0

CHi(X, j)⊗Z Q

where Kj is the j-th algebraic K-group. Recall also Harder’s result (the result
[Hard, 3.2.5 Korollar, p.175] is not correctly stated; we refer to [Gr, THEOREM
0.5, p.70] and the remark there for the explanation and the corrected statement)

which implies that Kj(X)⊗Z Q = 0 for j ≥ 2. Hence CHi(X, j) is torsion for
j ≥ 2.
We recall the definition of motivic cohomology given in [Ge-Le2, Section 2.5,
p.60]. For a smooth scheme X over a field, define the cohomological cycle
complex by Zj(X, i) = zj(X, 2j − i) where z∗(−, ∗) is Bloch’s cycle com-
plex ([Bl, INTRODUCTION, p.267], see also [Ge-Le2, 2.2, p.58]). Then, for

an abelian group A, define Hj
M(X,A(i)) = Hi(Zj(X, ∗) ⊗Z A). We have

H2i−j
M (X,Z(i)) = CHi(X, j).

The exact sequence 0→ Z→ Q→ Q/Z→ 0 gives an exact sequence

H2i−j−1
M (X,Q(i))→ H2i−j−1

M (X,Q/Z(i))
(1)−−→ H2i−j

M (X,Z(i))

→ H2i−j
M (X,Q(i)).

The first and the last terms are zero as was remarked above. The map (1) is
hence an isomorphism.
Since we are in the range i ≤ j+1 (equivalently, 2i−j−1 ≤ i), we apply [Ge-Le2,
Corollary 1.2, p.56] and the computation ([Ge-Le1, Theorem 8.4, p.491]) by
Geisser and Levine of p-torsion motivic cohomology to obtain

H2i−j−1
M (X,Q/Z(i)) ∼=

⊕

ℓ 6=p
H2i−j−1

et (X,Qℓ/Zℓ(i))⊕ lim−→
r

Hi−j−1(XZar, ν
i
r).

(We refer to [Ge-Le1] for the definition of H∗(XZar, ν
i
r).) One can compute the

right hand side explicitly. The p-part is zero since we are in the range i ≤ j+ 1
and j ≥ 2.
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Set a = 2i− j− 1. Let us show that Ha
et(X,Qℓ/Zℓ(i)) = 0 if a ≥ 3. If a ≥ 4, it

follows from the fact that the cohomological dimension of a curve over a finite
field is 3 ([SGA4-3, Exposé X, Corollaire 4.3, p.15]). Suppose a = 3. We have
an exact sequence

H3
et(X,Qℓ(i))→ H3

et(X,Qℓ/Zℓ(i))→ H4
et(X,Zℓ(i)).

The third term is zero because of the cohomological dimension reason. The
Hochschild-Serre spectral sequence reads

Ep,q2 = Hp
et(Gal(Fq/Fq), H

q
et(X,Qℓ(i))⇒ Hp+q

et (X,Qℓ(i))

where X = X ×SpecFq SpecFq. We have E0,3
2 = 0 since H3

et(X,Qℓ(i)) = 0. To

show E1,2
2 = 0, note that the weight of H2

et(X,Qℓ(i)) is 2− 2i. Since j ≥ 2 and

a = 3, the weight 2− 2i is nonzero, hence E1,2
2 = 0. We have E2,1

2 = 0 because

the cohomological dimension of Gal(Fq/Fq) is one. This proves the claim in
this case.
Suppose a = 2 and X is affine. We have an exact sequence

H2
et(X,Qℓ(i))→ H2

et(X,Qℓ/Zℓ(i))→ H3
et(X,Zℓ(i)).

The third term is zero since the cohomological dimension of an affine curve
over a finite field is 2 ([SGA4-3, Exposé XIV, Théorème 3.1, p.15]). We use

the Hochshild-Serre spectral sequence as above. We have E0,2
2 = 0 using the

same cohomological dimension reason. Note that the (possible) weights of
H1

et(X,Qℓ(i)) are 1 − 2i and 2 − 2i. Since neither of them is zero, we have

E1,1
2 = 0. These imply that H2

et(X,Qℓ(i)) = 0 hence the claim in this case.
�

Lemma 2.3. Let X be a smooth curve over a finite field. We have

CHi(X, 1) =





0, i = 0,
O(X)×, i = 1,
0, i ≥ 3.

Proof. The case i = 0 is trivial. The case i = 1 is found in Bloch’s paper
([Bl, THEOREM (6.1), p.287]). For i ≥ 3, the claim follows by dimension
reason. �

Lemma 2.4. Let U be an affine smooth curve over a finite field. Then
CH2(U, 1) = 0.

Proof. The group SK1(U) sits in the following exact sequence:

0→ SK1(U)→ K1(U)→ O(U)× → 0.

We use the result [Gr, THEOREM 0.5, p.70], which says that SK1(U)⊗ZQ = 0
for an affine smooth curve U . Using Lemma 2.3, it follows from counting the
dimension of both sides of Bloch’s formula (2.1) that dimQH

3
M(U,Q(2)) = 0.

For the rest of the proof, one proceeds as in Lemma 2.2. �
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Lemma 2.5. Let Z be a scheme which is finite over SpecFq. Then we have
isomorphisms

HBM
−1 (Z,Z(j))

(1)∼= HBM
−1 (Zred,Z(j))

(2)∼= HBM
0 (Zred,Q/Z(j))

(3)∼=
⊕

ℓ 6=pH
0
et(Zred,Qℓ/Zℓ(−j))

for j ≤ −1, which are functorial with respect to pushforwards. Here Zred

denotes the reduced scheme associated to Z.

Proof. For any scheme W of finite type over Fq and an abelian group A, we
have HBM

i (W,A(j)) ∼= HBM
i (Wred, A(j)) for any i, j, since the cycle complexes

are canonically isomorphic by definition. This gives the isomorphism (1).
For (2), we use the long exact sequence of the universal coefficient theorem for
higher Chow groups:

HBM
0 (Zred,Q(j))→ HBM

0 (Zred,Q/Z(j))
→ HBM

−1 (Zred,Z(j))→ HBM
−1 (Zred,Q(j)).

We know that the higher K-groups of a finite field are torsion from [Qu, THE-
OREM 8, p.583]. Then using a formula of Bloch (2.1), we see that the groups
in the sequence above with Q-coefficient are zero.
Since Fq is perfect, SpecZred is smooth over Fq. The map (3) is the cycle map
in [Ge-Le2] (which is defined for smooth schemes over a field). The fact that
the cycle map is an isomorphism follows from [Ge-Le2, Corollary 1.2, p. 56]
and [Me-Su, (11.5), THEOREM, p. 328], and [Ge-Le1, Theorem 1.1, p406].
It is clear that the isomorphisms (1) and (2) are functorial with respect to
pushforwards. Let Z ′ be another scheme which is finite over SpecFq and let
f : Z ′ → Z be a morphism over SpecFq. We prove that the isomorphisms
(3) for Z and Z ′ are compatible with the pushforward maps with respect to
f . We are easily reduced to the case when both Z and Z ′ are spectra of finite
extensions of Fq. Let Z ′′ = Z ′ ×Z Z ′ and let pr1, pr2 : Z ′′ → Z ′ denote the
projections to the first and the second factor, respectively. Then the diagram

HBM
0 (Z ′,Q/Z(j))

f∗−−−−→ HBM
0 (Z,Q/Z(j))

pr∗2

y
yf∗

HBM
0 (Z ′′,Q/Z(j))

(pr1)∗−−−−→ HBM
0 (Z ′,Q/Z(j))

is commutative, and a similar commutativity holds for the corresponding
étale cohomology groups. Since the pullback map f∗ : H0

et(Z,Qℓ/Zℓ(−j)) →
H0

et(Z
′,Qℓ/Zℓ(−j)) is injective, it suffices to prove that the isomorphisms (3)

for Z ′′ and Z ′ are compatible with the pushforward maps with respect to pr1.
Since Z ′′ is isomorphic to the disjoin union of a finite number of copies of Z ′,
the last claim can be checked easily. The lemma is proved. �

The statement is better understood using étale Borel-Moore homology groups.
See Remark 4.3.
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Remark 2.6. Suppose X is a connected scheme which is proper over SpecFq.
Then Theorem 1.1 says that the group HBM

−1 (X,Z(j)) is isomorphic to

HBM
−1 (SpecO(X),Z(j)). We can then use Lemma 2.5 and compute this group

explicitly. The computation of étale cohomology group shows that this group is
a cyclic group whose order is

|O(Xred)|−j − 1

for each j = −1,−2.

Lemma 2.7. Let F′1, F
′
2 be two finite extensions of Fq with F′1 ⊂ F′2. Then for

j ≤ −1, the pushforward map HBM
−1 (SpecF′2,Z(j)) → HBM

−1 (SpecF′1,Z(j)) is
surjective.

Proof. By Lemma 2.5, the cycle class map gives an isomorphism α :
HBM

−1 (SpecF′k,Z(j)) ∼=
⊕

ℓ 6=pH
0
et(Spec F′k,Qℓ/Zℓ(−j)) for k = 1, 2. The cycle

class map is compatible with the pushforward by a finite morphism ([Ge-Le2,
Lemma 3.5(2), p.69]). Thus the claim follows from the corresponding state-
ment for the étale cohomology groups. (See [So, Lemme 6 iii), p.269] and [So,
IV.1.7, p.283].) �

3. Proof of Theorem 1.1

Lemma 3.1. Let X be an integral scheme which is of finite type over SpecFq.
Let F be the algebraic closure of Fq in O(X). Then the degree [F : Fq] divides
the degree [κ(x) : Fq] for all closed points x ∈ X0. If moreover X is normal,
we have the equality [F : Fq] = gcdx∈X0

[κ(x) : Fq].

Proof. For each x ∈ X0, the composite F →֒ O(X) → κ(x), where the second
map is induced from the pullback map by the closed immersion, is injective
since F is a field. Hence [F : Fq] divides [κ(x) : Fq].
Suppose that X is normal of dimension d. Then X is geometrically irreducible
as a scheme over SpecF. Let d0 = (gcdx∈X0

[κ(x) : Fq])/[F : Fq]. Let F ⊂ F0
denote an extension of degree d0. The canonical morphism f : X ×SpecF

SpecF0 → X is a finite étale cover in which every closed point of X splits
completely. It follows from a Chebotarev density type theorem ([La]; we refer
to [Ra, Lemma 1.7, p.98] for the statement which is ready for our use) that f
is an isomorphism. Hence d0 = 1. This completes the proof. �

Lemma 3.2. Let d ≥ 0 be an integer. Suppose that Theorem 1.1 holds for all
connected normal schemes over SpecFq of dimension d which are not proper
over SpecFq. Then Theorem 1.1 holds for all connected normal schemes of
dimension d which are proper over SpecFq.

Proof. Let X be a connected normal scheme of dimension d which is proper over
SpecFq. Let j ∈ {−1,−2}. Let x ∈ X0 be a closed point. The pushforward
map αX in the statement of Theorem 1.1 is surjective since its composite with
the pushforward map ιx∗ : HBM

−1 (Spec κ(x),Z(j))→ HBM
−1 (X,Z(j)) is surjective

by Lemma 2.7. By assumption, the group HBM
−1 (X \ {x},Z(j)) is zero. Hence
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the localization sequence shows that the pushforward map ιx∗ is surjective.
This implies that HBM

−1 (X,Z(j)) is of order dividing gcdx∈X0
(|κ(x)|−j − 1) =

q(−j)·gcdx∈X0
[κ(x):Fq] − 1. This equals q[F:Fq] by Lemma 3.1 where F is the al-

gebraic closure of Fq in O(X). We know the order of the target of αX is also
equal to this value from Lemma 2.5. Hence the bijectivity of αX follows. �

Lemma 3.3. Let S1
α1←− S3

α2−→ S2 be a diagram of sets and let R be an
integral domain. For i = 1, 2, 3, let Map(Si, R) denote the R-module of R-
valued functions on Si. Then the cokernel of the homomorphism

β : Map(S1, R)⊕Map(S2, R)→ Map(S3, R)

which sends (f1, f2) to f1 ◦ α1 − f2 ◦ α2 is R-torsion free.

Proof. Let e : Map(S3, R) → Cokerβ denote the quotient map. Let f ∈
Map(S3, R) and suppose that e(f) is an R-torsion element in Cokerβ. We
prove that e(f) = 0. Since e(f) is an R-torsion element, there exist a non-zero
element a ∈ R and an element (f1, f2) ∈ Map(S1,Z) ⊕Map(S2,Z) satisfying
af = f1 ◦ α1 − f2 ◦ α2. Let us take a complete set T ⊂ R of representatives of
R/aR. For i = 1, 2, let f i denote the unique T -valued function on Si satisfying
f i(x) ≡ fi(x) mod aR for every x ∈ Si. We then have

f1 ◦ α1 ≡ f1 ◦ α1 ≡ f2 ◦ α2 ≡ f2 ◦ α2

modulo aMap(S3, R). Since both f1 ◦ α1 and f2 ◦ α2 are T -valued functions,
we have f1 ◦ α1 = f2 ◦ α2. For i = 1, 2, let gi denote the unique R-valued
function on Si satisfying fi = f i + agi. Then

af = (f1 + ag1) ◦ α1 − (f2 + ag2) ◦ α2 = a(g1 ◦ α1 − g2 ◦ α2).

Since Map(S3, R) is R-torsion free, we have f = g1 ◦ α1 − g2 ◦ α2. This shows
that e(f) = 0, which proves the claim. �

Lemma 3.4. Let d ≥ 0 be an integer. Suppose that Theorem 1.1 holds for all
connected schemes of dimension smaller than d which are proper over SpecFq
and for all connected normal schemes over Spec Fq of dimension d. Then
Theorem 1.1 holds for all connected schemes of dimension d which are proper
over SpecFq.

Proof. Let X be a connected scheme of dimension d which is proper over
SpecFq. Without loss of generality we may assume that X is reduced. Suppose
that X is not normal. Let π : X ′ → X denote the normalization of X . The
scheme X ′ is proper over SpecFq since π is finite by [EGAII, Remarque 6.3.10,
p. 120]. Take a reduced closed subscheme Y ⊂ X of dimension less than that
of X such that X \ Y is normal and set Y ′ = (Y ×X X ′)red. By assumption,
Theorem 1.1 holds for each connected component of X \ Y , X ′, Y and Y ′.
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Let j ∈ {−1,−2}. Let us consider the commutative diagram

HBM
−1 (Y,Z(j))

β−−−−→ HBM
−1 (X,Z(j))

αY

y∼= αX

y

HBM
−1 (SpecO(Y ),Z(j))

γ−−−−→ HBM
−1 (SpecO(X),Z(j))

where all the homomorphisms are pushforwards. Since αY is an isomorphism
and we know that γ is surjective using Lemma 2.5 and Lemma 2.7, the homo-
morphism αX is surjective.
Since HBM

−1 (X \ Y,Z(j)) is zero, the localization sequence shows that the map
β is surjective.
We use the following notation for short: for a scheme Z, we denote SpecO(Z)red
by a(Z).

Lemma 3.5. The diagram

H0
et(a(Y ′),Qℓ/Zℓ(−j)) −−−−→ H0

et(a(X ′),Qℓ/Zℓ(−j))y
y

H0
et(a(Y ),Qℓ/Zℓ(−j)) −−−−→ H0

et(a(X),Qℓ/Zℓ(−j)),
where the arrows are the pushforward homomorphisms, is cocartesian for every
prime number ℓ 6= p.

Proof. Let X = X ×SpecFq SpecFq and define Y , X
′

and Y
′

in a similar man-

ner. By [EGAIII-I, (1.4.16.1), p.94], we have a(X) = a(X)×SpecFq SpecFq and
similarly for Y , X ′, and Y ′. Since j 6= 0, the weight argument shows that the
Gal(Fq/Fq)-coinvariants of any quotient Gal(Fq/Fq)-module and of any divis-

ible Gal(Fq/Fq)-submodule of H0
et(a(Y

′
),Qℓ/Zℓ(−j)) vanish. Hence it suffices

to show that the diagram

H0
et(a(Y

′
),Qℓ/Zℓ(−j)) −−−−→ H0

et(a(X
′
),Qℓ/Zℓ(−j))y
y

H0
et(a(Y ),Qℓ/Zℓ(−j)) −−−−→ H0

et(a(X),Qℓ/Zℓ(−j))

is cocartesian in the category of Gal(Fq/Fq)-modules and that the kernel

of the homomorphism H0
et(a(Y

′
),Qℓ/Zℓ(−j)) → H0

et(a(X
′
),Qℓ/Zℓ(−j)) ⊕

H0
et(a(Y ),Qℓ/Zℓ(−j)) is divisible. By taking the Pontryagin dual, we prove

that the diagram

H0
et(a(X),Zℓ(j)) −−−−→ H0

et(a(X
′
),Zℓ(j))y
y

H0
et(a(Y ),Zℓ(j)) −−−−→ H0

et(a(Y
′
),Zℓ(j)),
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where the arrows are the pullback homomorphisms, is cartesian in the category
of Gal(Fq/Fq)-modules and that the cokernel of the homomorphism

(3.1) H0
et(a(X

′
),Zℓ(j))⊕H0

et(a(Y ),Zℓ(j))→ H0
et(a(Y

′
),Zℓ(j))

is torsion free.
Let Z be a scheme which is of finite type over Fq. Let us write Z = Z ×SpecFq

SpecFq. Then we have an isomorphism

(3.2) H0
et(a(Z),Zℓ(j)) ∼= Map(π0(Z),Zℓ)⊗Zℓ Zℓ(j)

of Gal(Fq/Fq)-modules, which is functorial with respect to pullbacks. It then
follows from Lemma 3.3 that the homomorphism (3.1) has a torsion free cok-
ernel. Hence it suffices to show that the diagram

(3.3)

π0(X) ←−−−− π0(X
′
)

x
xϕ

π0(Y )
ψ←−−−− π0(Y

′
)

is cocartesian in the category of sets.
As X ′ → X is a normalization, it is surjective. As surjectivity is preserved

under base change, the map Y
′ → Y is surjective, hence ψ is surjective. This

implies that the pushout of the diagram

π0(X
′
)
ϕ←− π0(Y

′
)
ψ−→ π0(Y )

is isomorphic to the quotient of π0(X
′
) by the following equivalence relation.

We define a binary relation ∼ on π0(X
′
) as follows. We say x′1 ∼ x′2 if there

exist y′1, y
′
2 ∈ π0(Y

′
) such that x′1 = ϕ(y′1), x′2 = ϕ(y′2), and ψ(y′1) = ψ(y′2). We

also write ∼ for the equivalence relation on π0(X
′
) generated by the binary

relation above. Let us show that the map φ : π0(X
′
)/ ∼→ π0(X) obtained

from the diagram (3.3) is an isomorphism.

As the étale base change of a normalization, X
′ → X is a normalization.

Hence π0(X
′
) coincides with the set of irreducible components of X . As a

normalization is a surjective morphism, the map φ is surjective.
Let C1, C2 be two distinct irreducible components of X. We claim that if

C1 ∩ C2 6= ∅ then the classes of C1 and C2 in π0(X
′
)/ ∼ coincide. Let y ∈

C1 ∩C2. Then the local ring OX,y is not an integral domain. Since we chose Y

so that X \ Y is normal, y belongs to Y . One can take y1, y2 ∈ X
′

lying over
y such that yi lies in the same connected component as Ci for each i = 1, 2.

Note that y1, y2 ∈ Y
′

since they both lie over y ∈ Y . Then using the definition
of the equivalence relation above for y1 and y2, we see that C1 ∼ C2.
Let C′

1 and C′
2 be two irreducible components of X. It follows from the discus-

sion above that if they belong to the same connected component, then C′
1 ∼ C′

2.
This implies the injectivity of φ. This proves the claim. �
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We return to the proof of Lemma 3.4. It follows from Lemma 2.5 and
Lemma 3.5 that the diagram

HBM
−1 (SpecO(Y ′),Z(j)) −−−−→ HBM

−1 (SpecO(X ′),Z(j))
y

y

HBM
−1 (SpecO(Y ),Z(j)) −−−−→ HBM

−1 (SpecO(X),Z(j))

is cocartesian. We saw that γ is surjective. Taking a lift and composing with
β◦(αY )−1 we obtain a map HBM

−1 (SpecO(X),Z(j))→ HBM
−1 (X,Z(j)). The fact

that the diagram above is cocartesian and some diagram chasing imply that this
map does not depend on the choice of a lift and this map is a homomorphism.
We then see that the homomorphism β factors through the homomorphism

HBM
−1 (Y,Z(j))

αY−−→ HBM
−1 (SpecO(Y ),Z(j))

γ−→ HBM
−1 (SpecO(X),Z(j)).

This proves that the order of HBM
−1 (X,Z(j)) divides the order of

HBM
−1 (SpecO(X),Z(j)).

Hence αX is an isomorphism. This completes the proof. �

Lemma 3.6. Let U be a nonempty open subscheme of a separated connected
scheme V over SpecFq such that V \ U 6= ∅. Then U is not proper over
SpecFq.

Proof. As V is separated, the diagonal ∆ ⊂ V ×SpecFq V is closed, hence the
restriction ∆∩ (U ×SpecFq V ) ⊂ U ×SpecFq V is closed. The image of this closed
set under the second projection U ×SpecFq V → V is U , hence it is not closed
in V since V is connected. This shows the structure map U → SpecFq is not
universally closed, hence it is not proper. �

Proof of Theorem 1.1. First suppose d = 1. The claim for X normal and non-
proper follows from Lemmas 2.4 and 2.2. Then the claim for X proper follows
from Lemmas 3.2 and 3.4.
Let us prove the claim for non-proper X . We use induction on the number of
irreducible components n of X . Suppose n = 1. We may without loss of gener-
ality assume X is reduced so that X is integral. Take an open immersion from
X to a connected scheme X ′ of dimension one which is proper over SpecFq such
that the complement X ′ \X is zero dimensional. Let j ∈ {−1,−2}. We have
proved that the pushforward map HBM

−1 (X ′,Z(j)) → HBM
−1 (SpecO(X ′),Z(j))

is an isomorphism. This implies, using Lemma 2.7, that the pushforward map
HBM

−1 (X ′ \X,Z(j))→ HBM
−1 (X ′,Z(j)) is surjective. Hence, by the localization

sequence, we have HBM
−1 (X,Z(j)) = 0.

Suppose n ≥ 2. We take a (non-empty) zero dimensional closed subscheme
Y ⊂ X such that X \ Y = X1

∐ · · ·∐Xr (disjoint union of schemes) with the
following properties:

(1) Xi is a connected one dimensional open subscheme of X ,
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(2) the number of irreducible components of Xi is less than n,
(3) the closure X i of Xi in X equals Xi ∪ Y ,

for each 1 ≤ i ≤ r.
We can for example take as Y the following scheme. Let Y0 be a zero di-
mensional subscheme of X such that the complement X \ Y0 is not con-
nected. We order the set of such Y0’s by inclusion, and let Y be a mini-
mal one with respect to this ordering. Let us check the properties (1)(2)(3).
Let {Xi}1≤i≤r be the set of connected components of X \ Y then (1) holds
true. We have r ≥ 2 by construction. Since the number of irreducible com-
ponents of X equals the sum of the number of irreducible components of the
Xi’s, the property (2) holds true. The closure X i of Xi in X is contained
in Xi ∪ Y by construction. Suppose Xi 6= Xi ∪ Y for some 1 ≤ i ≤ r. Let
y ∈ (Xi ∪ Y ) \ Xi. Then the minimality condition on the construction of Y
implies that X \ (Y \ {y}) = (X1

∐ · · ·∐Xr) ∪ {y} is connected. This implies
in particular that y ∈ X i, which is a contradiction, so (3) holds true.
Taking U = Xi and V = Xi in Lemma 3.6, we see that Xi is not proper. By
the non-properness of X (and changing the indexing) we may suppose that X1

is not proper. The localization sequence gives the exact sequence

HBM
0 (X1,Z(j))

ϕ−→ HBM
−1 (Y,Z(j))→ HBM

−1 (X1,Z(j)).

By the inductive hypothesis, we have HBM
−1 (X1,Z(j)) = 0, hence ϕ is a surjec-

tion. Now use the following localization sequence
r⊕

i=1

HBM
0 (Xi,Z(j))

ψ−→ HBM
−1 (Y,Z(j))→ HBM

−1 (X,Z(j))

→
r⊕

i=1

HBM
−1 (Xi,Z(j)).

Since ϕ is surjective, ψ is surjective. By the inductive hypothesis,⊕r
i=1H

BM
−1 (Xi,Z(j)) = 0. It follows that HBM

−1 (X,Z(j)) = 0. The claim is
proved in the case d = 1.
Next suppose that d ≥ 2 and X is affine. Let j ∈ {−1,−2}. The localization
sequence gives an exact sequence

lim−→Y
HBM

−1 (Y,Z(j))→ HBM
−1 (X,Z(j))

→ lim−→Y
HBM

−1 (X \ Y,Z(j)),

where Y runs over the reduced closed subschemes of X of pure codimension
one. For dimension reasons, we have lim−→Y

HBM
−1 (X \ Y,Z(j)) = 0. Hence by

induction on d, we have HBM
−1 (X,Z(j)) = 0.

Next suppose that d ≥ 2 and X is not proper. Using a similar argument as
above, we are reduced, by induction on the number of irreducible components
of X , to the case where X is integral. Take an open immersion from X to a
connected scheme X ′ of dimension d, which is proper over SpecFq, such that
X is dense in X ′. Take a non-empty affine open subscheme U ⊂ X and set
Y = X ′ \ U . Let us take an algebraic closure Fq of Fq. By [Hart, Chapter
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II, Proposition 3.1, p. 66] and [Hart, Chapter II, Proposition, p. 67] (originally
due to [Go]), for each irreducible component X ′′ of X ′ ×Spec Fq Spec Fq, we

know that X ′′ \U ×Spec Fq Spec Fq is connected and is of pure codimension one
in X ′. This shows that Y is of pure codimension one in X ′.
Let us show that Y is connected. Write f : X ′ ×SpecFq SpecFq → X ′ for the
canonical projection. We note that the map f is surjective, and, as the canon-
ical morphism SpecFq → SpecFq is universally closed by [EGAII, Proposition
(6.1.10)], the map f is a closed map. Let ξ ∈ X denote the generic point of
X . As X is dense in X ′, the closure of ξ in X ′ equals X ′. Take ξ′ ∈ f−1(ξ)
and let X ′′ be an irreducible component of X ′ ×SpecFq SpecFq that contains
ξ′. Using that an irreducible component is closed, we see that X ′′ contains the
closure in X ′ ×SpecFq SpecFq of ξ′. Then as f is a closed map, the morphism
f |X′′ : X ′′ → X ′ is surjective. Using the fact above by Goodman, we have that
X ′′ \U ×SpecFq SpecFq is connected. Then as X ′′ \ (U ×SpecFq SpecFq) surjects
onto X ′ \ U = Y , we have that Y is connected as the continuous image of a
connected space.
Write X ∩ Y = Z1

∐ · · ·∐Zr so that each Zi is connected. We claim that
each Zi is not proper. As X ⊂ X ′ is an open subset, X ∩ Y ⊂ Y is an open
subset of Y , hence each Zi ⊂ Y is an open subset of Y . As Y is connected,

Z
Y

i 6= Zi where Z
Y

i denotes the closure of Zi in Y . This implies that Zi is the

complement of a non-empty closed set, namely Z
Y

i \Zi, of a connected proper

scheme Z
Y

i . It follows from Lemma 3.6 that Zi is not proper.
Let j ∈ {−1,−2}. Since U is affine, from the localization sequence

HBM
−1 (Y ∩X,Z(j))→ HBM

−1 (X,Z(j))→ HBM
−1 (U,Z(j))

it follows by induction on d thatHBM
−1 (X,Z(j)) is zero (to remove the hypothesis

that the schemes in the localization sequence are quasi-projective, we refer to
[Le2, Theorem 1.7, p. 301] and [Ge-Le2, 2.6, p. 60]). This proves the claim for
X not proper.
The claim for X proper follows from Lemmas 3.2 and 3.4. This completes the
proof. �

4. Under Parshin’s conjecture

We assume Parshin’s conjecture in this section and draw some consequences.
Parshin’s conjecture states that for any projective smooth scheme Z over a
finite field, Ha

M(Z,Q(b)) = 0 unless a = 2b. We note that it is a theorem
of Harder for curves (we refer to [Gr, THEOREM 0.5, p.70] for the correct
implication of Harder’s result).

Proposition 4.1. Assume that Parshin’s conjecture holds. Then the statement
in Theorem 1.1 holds true for any j ≤ −1. We also have HBM

i (X,Z(j)) = 0
for i ≤ −2 and j ≤ −1.

We begin with a lemma.
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Lemma 4.2. (1) Let U be a connected scheme of pure dimension d ≥ 1 over
Fq. Then lim−→V

HBM
i (V,Z(j)) = 0, where V runs over the (non-empty)

open subschemes of U , for i ≤ −1 and j ≤ −1 assuming Parshin’s
conjecture.

(2) Let V be a zero dimensional scheme over Fq. Then HBM
i (V,Z(j)) = 0

for i ≤ −2 and j ≤ −1 assuming Parshin’s conjecture.

Proof. Let K denote the function field of U . If d > i− j, then HBM
i (V,Z(j)) =

CHj(V, i−2j) = CHd−j(V, i−2j). So the limit is CHd−j(SpecK, i−2j), which
equals zero by dimension reason.
Suppose d ≤ i− j. Let V be an open smooth subscheme of U . We proceed as
in the proof of Lemma 2.2. We have

HBM
i (V,Z(j)) = H2d−i

M (V,Z(d − j)) = H2d−i−1
M (V,Q/Z(d− j)),

where the second equality follows from [Ge, Theorem 4.7 ii), p.312] (this
uses Parshin’s conjecture). Since we are in the range d ≤ i − j, we can
use [Ge-Le2, Corollary 1.2, p.56] and [Ge-Le1, Theorem 8.4, p.491] to see

that the quantity above is isomorphic to
⊕

ℓ 6=pH
2d−i−1
et (V,Qℓ/Zℓ(d − j)) ⊕

lim−→r
Hd+j−i−1(XZar, ν

d−j
r ). The p-part is zero since we are in the range

d ≤ i− j.
We may assume that V is affine. Then H2d−i−1

et (V,Qℓ/Zℓ(d − j)) = 0 for
d − 3 ≥ i since the cohomological dimension of V is d + 1 ([SGA4-3, Exposé
XIV, Théorème 3.1, p.15]). Suppose d ≥ 2. Then the claim follows from this
immediately since i ≤ −1. Suppose d = 1. The vanishing H2

et(V,Qℓ/Zℓ(1 −
j)) = 0 can be shown using the same method as in the proof of Lemma 2.2.
This proves (1). Let V be as in (2). The remaining case is i = −2. We proceed
as in the proof of Lemma 2.2. We have an exact sequence

H1
et(V,Qℓ(−j))→ H1

et(V,Qℓ/Zℓ(−j))→ H2
et(V,Zℓ(−j)).

The third term is zero since V is zero dimensional. We use the Hochschild-
Serre spectral sequence as before. We have E0,1

2 = E1,0
2 = 0 using the weight

argument. The claim then follows. This completes the proof. �

Proof of Proposition 4.1. Suppose i = −1. For the proof of Theorem 1.1 to
work for general i, we need as an input the vanishing of lim−→Y

HBM
−1 (X \Y,Z(j))

(the notation as in the proof of Theorem 1.1), and this is all that we need.
As we have seen in Lemma 4.2 above, the vanishing holds under Parshin’s
conjecture, hence the claim follows if i = −1.
Suppose i ≤ −2. We show by induction on the dimension d that
HBM
i (X,Z(j)) = 0. The case d = 0 is Lemma 4.2(2). Consider the exact

sequence

lim−→
Y

HBM
i (Y,Z(j))→ HBM

i (X,Z(j))→ lim−→
Y

HBM
i (X \ Y,Z(j))

where Y runs over closed subschemes of X . By the inductive hypothesis, the
first term is zero, and the third term is zero by Lemma 4.2(1). �
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For fixed (i, j), we only need to assume Parshin’s conjecture for projective
smooth schemes of dimension (less than or equal to) i− j. Theorem 1.1 treats
the cases (i, j) = (−1,−1) and (−1,−2). Hence we can use Harder’s result and
need not assume Parshin’s conjecture.

Remark 4.3. For this remark, we do not use Parshin’s conjecture. Let us
define and compute the étale Borel-Moore (not motivic) homology groups for
a scheme X separated and of finite type over Fq in the same range as that of
Proposition 4.1. We will see that the étale Borel-Moore homology groups and
the Borel-Moore motivic homology groups are isomorphic in this range. Let
ℓ be a prime number prime to p. We define the étale Borel-Moore homology
group to be

HBM,et
i (X,Z/ℓn(j)) = H−i

et (X,Rf !(Z/ℓn(−j)))
for i, j ∈ Z and n ≥ 1. Since this is isomorphic to

HomZ/ℓn(Hi+1
et,c (X,Z/ℓn(−j)),Z/ℓn),

we set

HBM,et
i (X,Zℓ(j)) = HomQℓ/Zℓ(H

i+1
et,c (X,Qℓ/Zℓ(−j)),Qℓ/Zℓ).

Then it is easy to see that a statement similar to the one in Proposition 4.1
holds for étale Borel-Moore (not motivic) homology groups with Zℓ-coefficient.

Namely, we have HBM,et
i (X,Zℓ(j)) = 0 for i ≤ −2, and, for X connected and

for i = −1, the pushforward by the structure morphism is an isomorphism if

X is proper, and HBM,et
−1 (X,Zℓ(j)) = 0 otherwise.
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à XIX.) Lecture Notes in Mathematics. 305. Berlin-Heidelberg-New
York: Springer-Verlag. vi, 640 pp. (1973)

Documenta Mathematica 20 (2015) 737–752



752 Satoshi Kondo and Seidai Yasuda

Satoshi Kondo
Faculty of Mathematics
National Research University
Higher School of Economics
7 Vavilova Str.
Moscow 117312
Russia
skondo@hse.ru
Institute for the Physics
and Mathematics of the
University of Tokyo (WPI)
Japan

Seidai Yasuda
Department of Mathematics
Graduate School of Science
Osaka University
Toyonaka, Osaka 560-8502
JAPAN
s-yasuda@math.sci.osaka-u.ac.jp

Documenta Mathematica 20 (2015) 737–752



Documenta Math. 753

On Homological Stability for Configuration Spaces

on Closed Background Manifolds
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Abstract. We introduce a new map between configuration spaces
of points in a background manifold – the replication map – and prove
that it is a homology isomorphism in a range with certain coefficients.
This is particularly of interest when the background manifold is closed,
in which case the classical stabilisation map does not exist. We then
establish conditions on the manifold and on the coefficients under
which homological stability holds for configuration spaces on closed
manifolds. These conditions are sharp when the background manifold
is a two-dimensional sphere, the classical counterexample in the field.
For field coefficients this extends results of Church [Church, 2012] and
Randal-Williams [Randal-Williams, 2013a] to the case of odd charac-
teristic, and for p-local coefficients it improves results of Bendersky–
Miller [Bendersky and Miller, 2014].

2010 Mathematics Subject Classification: 55R80, 55P60, 55R25
Keywords and Phrases: Homological stability, configuration spaces,
replication map, scanning map, closed background manifolds.

1. Introduction

Let M be a smooth, connected manifold without boundary of dimension n, and
with Euler characteristic χ, and denote by Ck(M) the unordered configuration
space of k points in M :

Ck(M) := {q ⊂M | |q| = k},
which is topologised as a quotient space of a subspace of Mn. After removing
a point ∗ from M one can define a map

Ck(M r {∗}) −→ Ck+1(M r {∗}),
1Both authors were funded by Michael Weiss’ Humboldt professor grant. The first author

was partially supported by the Spanish Ministry of Economy and Competitiveness under
grants MTM2010-15831 and MTM2013-42178-P.
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called the stabilisation map, which expands the configuration away from ∗ and
adds a new point near to it. More generally, one can define such a stabilisation
map Ck(M)→ Ck+1(M) using any properly embedded ray in M to bring in a
point from infinity (such a ray exists if and only if M is non-compact).
Let us assume from now on that the manifold is endowed with a Riemannian
metric with injectivity radius bounded below by δ > 0. Define Cδk(M) ⊂
Ck(M)× (0, δ) to be the space of pairs (q, ǫ), where q is a configuration whose
points are pairwise at distance at least 2ǫ. The projection to Ck(M) is a
fibre bundle with contractible fibres, hence a homotopy equivalence. The main
theorem in [McDuff, 1975] concerns the scanning map

S : Cδk(M) −→ Γc(ṪM)k

which takes values in the space of degree-k compactly-supported sections of the
fibrewise one-point compactification of TM (see §3.1).

Definition 1.1 Given a properly embedded ray in M and an abelian group A,
define the function µ = µ[M ] : N→ N to be the pointwise maximum f : N→ N
such that the stabilisation map Ck(M) → Ck+1(M) induces isomorphisms
on H∗(−;A) in the range ∗ 6 f(k). This is called the stable range of the
stabilisation map.
Given a Riemannian metric on M with injectivity radius bounded below by
δ > 0 and an abelian group A, the function ν = ν[M ] : N→ N is defined to be
the pointwise maximum f : N→ N such that the scanning map S : Cδk(M)→
Γc(ṪM)k induces isomorphisms on H∗(−;A) in the range ∗ 6 f(k). This is
called the stable range of the scanning map.

Henceforth the term “stable range” will by default refer to the stable range ν
of the scanning map.

Theorem ([McDuff, 1975]) For non-compact M the function µ[M ] diverges
and

ν[M ](k) = min
j>k
{µ[M ](j)}.

The inequality ν[M ] > ν[Mr{∗}] holds for allM , so the function ν[M ] diverges
for all M .

No explicit lower bound for µ[M ] was given in [McDuff, 1975], but the following
lower bounds have since been proved:

• µ[M ](k) > k
2 if A = Z and dim(M) > 2, by [Segal, 1979;

Randal-Williams, 2013a].
• µ[M ](k) > k if A = Q and either dim(M) > 3 or M is non-orientable,

by [Randal-Williams, 2013a; Knudsen, 2014].
• µ[M ](k) > k − 1 if A = Q and M is orientable, by [Church, 2012;

Knudsen, 2014].
• µ[M ](k) > k if A = Z[ 12 ] and dim(M) > 3, by

[Kupers and Miller, 2014b].
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See also Propositions A.2 and B.3. Further improvements to the lower
bound are possible under extra hypotheses ([Church, 2012, Proposition 4.1]
and [Kupers and Miller, 2014b, Remark 4.5]). Some of these results can
be also deduced from [Milgram and Löffler, 1988; Bödigheimer et al., 1989;
Félix and Thomas, 2000].
McDuff’s theorem says that the homology of configuration spaces Ck(M) on
a non-compact manifold M stabilises, i.e., is independent of k in a diverging
range of degrees. For closed manifolds M stabilisation maps do not exist –
this leaves open the question of when the homology of configuration spaces on
closed background manifolds stabilises.

Stability for p-torsion. Let ṪM denote the fibrewise one-point com-
pactification of the tangent bundle of M and let Γc(−) denote the space
of compactly-supported sections. By the main result in [Møller, 1987], for

each k ∈ Z the localisation of the path-component Γc(ṪM)k at a prime

p is homotopy equivalent to the path-component Γc(ṪM(p))k of the space

of compactly-supported sections of the fibrewise localisation of ṪM .2 In
[Bendersky and Miller, 2014] Bendersky and Miller proved the existence of ho-
motopy equivalences

(1.1) Γc(ṪM(p))k −→ Γc(ṪM(p))j

whenever

• p > n+3
2 and M is odd-dimensional,

• p > n+3
2 and 2k−χ

2j−χ is a unit in Z(p),

• ṪM is trivial and 2k−χ
2j−χ is a unit in Z(p).

Using McDuff’s theorem one obtains a zigzag of Z(p)-homology isomorphisms
in the stable range:

(1.2) Ck(M) −→ Γc(ṪM)k −→ Γc(ṪM)j ←− Cj(M).

We will show that linearly independent pairs of sections of TM ⊕ ǫ give rise to
families of fibrewise homotopy equivalences of ṪM after localisation, and hence
maps as in (1.1) for certain k and j, from which we are able to extend the results
of Bendersky and Miller to all odd primes and under certain conditions to the
prime 2. For a number k ∈ Z, we denote by (k)p the p-adic valuation of k, and

observe that j
k is a unit in Z(p) if and only if (k)p = (j)p. If ℓ is a collection of

primes, the ℓ-adic valuation is the sequence of all p-adic valuations with p ∈ ℓ.
Theorem A Let M be a closed, connected, smooth manifold. If M is odd-
dimensional, there are zigzags of maps as in (1.2) inducing isomorphisms in

2To ensure that the localisation of Γc(ṪM(p))k exists, we need to assume here that M
has the homotopy type of a finite complex. However, for the purpose of proving homological
stability results, we may assume this without loss of generality; see §2.1.
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the stable range:

H∗(Ck(M);Z) ∼= H∗(Ck+1(M);Z) if dimM = 3, 7(1.3)

H∗(Ck(M);Z) ∼= H∗(Ck+2(M);Z)(1.4)

H∗(Ck(M);Z[ 12 ]) ∼= H∗(Ck+1(M);Z[ 12 ]).(1.5)

If M is even-dimensional with Euler characteristic χ, then for each set ℓ of
primes (assuming 2 6∈ ℓ if χ is odd) there are zigzags of maps as in (1.2)
inducing isomorphisms in the stable range:

(1.6) H∗(Ck(M);Z(ℓ)) ∼= H∗(Cj(M);Z(ℓ)) if (2k − χ)ℓ = (2j − χ)ℓ.

In particular there are integral homology isomorphisms between Ck(M) and
Cχ−k(M) in the stable range.

Observe that since these isomorphisms are induced by zigzags of maps, they
also give isomorphisms between the cohomology rings of configuration spaces.
In Proposition 2.10 we show that when M is an odd-dimensional sphere, this
method cannot be used to improve Theorem A. In Proposition 2.12 we prove
that our theorem is sharp when M is an even-dimensional sphere: if n is even
and k is in the stable range with respect to homological degree n− 1, then

(1.7) Hn−1(Ck(Sn);Z) ∼= τHn−1(Ωn0S
n;Z)⊕ Z/(2k − 2),

where τG is the torsion of G. In particular, if j is also in the stable range:

Hn−1(Ck(Sn);Z(ℓ)) ∼= Hn−1(Cj(S
n);Z(ℓ))⇔ (2k − χ)ℓ = (2j − χ)ℓ.

This generalises the computation of H1(Ck(S2);Z) (which follows from the
presentation of π1(Ck(S2)) given by [Fadell and Van Buskirk, 1962]).

Replication maps. Our next result involves a new map between config-
uration spaces, defined whenever M admits a non-vanishing vector field,
which induces some of the homology isomorphisms of Theorem A. This
map (or rather its effect on π1) has been considered before in the case
M = R2 in the context of the Burau representations of the classical
braid groups [Blanchet and Marin, 2007]. It has also appeared in §7 of
[Martin and Woodcock, 2003]. However, to our knowledge its homological
stability properties have not previously been studied. A homomorphism
π1(Ck(M)) → π1(Ck+1(M)) (which is not induced by a map of spaces) was
defined using a similar idea in [Berrick et al., 2006] (see page 283), where it
was used to show that the collection {π1(Ck(M))} is a crossed simplicial group
when M admits a non-vanishing vector field.
This map is especially interesting when M is closed, in which case it allows one
to compare configuration spaces which do not admit any stabilisation map.
It is also useful when M is open: we will use this map in the case of open
manifolds to prove Theorem D, which concerns closed manifolds.
Let v be a non-vanishing vector field on M of norm 1. Define the r-replication
map ρr = ρr[v] : Cδk(M) → Cδrk(M) by adding r − 1 points near each point of
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the configuration in the direction of the vector field v:

ρr[v](q = {q1, . . . , qk}, ǫ) =
({

exp( jǫr v(qi))
∣∣ i=1,...,k
j=0,...,r−1

}
, ε2r
)
.

Theorem B Let r > 2. If M admits a non-vanishing vector field v and ℓ is a
set of primes each not dividing r, then the homomorphism induced by ρr[v]:

H∗(Cδk(M);Z(ℓ)) −→ H∗(Cδrk(M);Z(ℓ))

is an isomorphism in the stable range. If M is not closed, then it is always
injective.

Remark 1.2 Observe that the map ρr does not induce isomorphisms on r-
torsion in general. For example take M to be simply-connected and of di-
mension at least 3. Then π1(Ck(M)) ∼= Σk and H1(Ck(M)) ∼= Z/2, given by
the sign of the permutation. The map Σk → Σ2k induced by ρ2 on π1 sends
a permutation σ to the concatenation (σ, σ), whose sign is the square of the
sign of σ, therefore zero. Hence the map induced on first homology by ρ2 is
zero. In particular this shows that ρ2 cannot be homotopic to a composition
of stabilisation maps.

Configurations with labels and the intrinsic replication map.
Given a fibre bundle θ : E → M with path-connected fibres, one can define
the configuration space Ck(M ; θ) with labels in θ by

Ck(M ; θ) = {{q1, . . . , qk} ⊂ E | θ(qi) 6= θ(qj) for i 6= j}.
Configuration spaces with labels admit stabilisation maps, scanning maps and
replication maps (see [Kupers and Miller, 2014b] and Definition B.1 in this
article for the stabilisation map, and Section 4 for the other two maps) which
induce homology isomorphisms in a range, which we call the stable range with
labels in θ.
To define the replication and the scanning map it is more convenient to use the
following alternative model:

Cδk(M ; θ) = {(q, ǫ, s) | (q, ǫ) ∈ Cδk(M), s : Bǫ/2(q)→ E a section of θ},
where Bǫ/2(q) means the (disjoint) union of the (ǫ/2)-balls around q for each
q ∈ q. So a point in this space consists of a configuration q with prescribed
pairwise separation, together with a choice of label on a small contractible
neighbourhood of each configuration point.
If θ : E → M factors through the unit sphere bundle of TM with a map
ϕ : E → S(TM), then it is possible to define a new map which we call the
intrinsic replication map ろr : Cδk(M ; θ) −→ Cδrk(M ; θ). It sends the labelled
configuration (q = {q1, . . . , qk}, ǫ, s : Bǫ/2(q) → E) to the labelled configura-
tion ({

exp( jǫr ϕs(qi))
∣∣ i=1,...,k
j=0,...,r−1

}
, ε2r , restriction of s

)
.

In contrast with the (extrinsic) replication map of Theorem B, this map is
defined for every manifold M .
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Theorem C Let r > 2 and let ℓ be a set of primes each not dividing r. Then
the map ろr : Cδk(M ; θ) → Cδrk(M ; θ) induces isomorphisms on homology with
Zℓ-coefficients in the stable range with labels in θ.

An extension for field coefficients. The homology of configuration
spaces with field coefficients is better understood than the torsion of their
integral homology. In fact, complete descriptions of the additive structure of
H∗(Ck(M);F) were given by [Milgram and Löffler, 1988] when F has charac-
teristic 2 and by [Bödigheimer et al., 1989] when either F has characteristic
2 or M is odd-dimensional. The rational structure was further studied by
[Félix and Thomas, 2000] and more recently by [Knudsen, 2014], who gave a
complete description of the rational cohomology ring of Ck(M). From their
computations, it follows that the homology with field coefficients always sta-
bilises, unless the manifold is even-dimensional and the field has odd charac-
teristic. These results were proven again by [Church, 2012] (in the rational
case) and [Randal-Williams, 2013a] (in all cases) using homological stability
methods (also improving the known stable ranges).

Theorem [Milgram and Löffler, 1988; Bödigheimer et al., 1989;
Félix and Thomas, 2000; Church, 2012; Randal-Williams, 2013a;
Knudsen, 2014] Let M be a connected, smooth manifold of dimension n,
let F be a field of characteristic p and assume that p(n − 1) is even. Then in
the stable range we have isomorphisms H∗(Ck(M);F) ∼= H∗(Ck+1(M);F).

The last part (§5) of this article addresses the question of homological stability
when p(n − 1) is odd, in other words for even-dimensional (closed) manifolds
and with coefficients in fields of odd characteristic. It does not involve section
spaces, but rather uses the result of Theorem B in the case of open manifolds
M together with an argument similar to that of [Randal-Williams, 2013a, §9].
If M is a closed, connected manifold one can choose a vector field on M which is
non-vanishing away from a point ∗ ∈M . This vector field (suitably normalised)
therefore induces an r-replication map for configuration spaces on M r {∗},
which induces isomorphisms on homology with Z[ 1r ] coefficients in the stable
range by Theorem B.
We can fit Ck(M) into a cofibre sequence in which the other two spaces are
suspensions of configuration spaces onMr{∗}. We can then define stabilisation
maps on the other two spaces using the r-replication map and the ordinary
stabilisation map, which are isomorphisms on homology localised away from r
in the stable range. We will therefore have homological stability for Ck(M),
with field coefficients of characteristic coprime to r, as long as the square formed
by this pair of stabilisation maps commutes. In fact it does not commute in
general, but the obstruction to commutativity on homology is a single homology
class whose divisibility we can calculate. Thus we obtain the following theorem,
where

λ(k) = λ[M ](k) := min{ν(k), ν(k − 1) + n− 1, µ(rk − i) | i = 2, . . . , r}.
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Here n is the dimension of M and µ = µ[M r {∗}] and ν = ν[M r {∗}].
Theorem D LetM be a closed, connected, even-dimensional smooth manifold.
Choose a field F of positive characteristic p and let r > 2 be an integer coprime
to p such that p divides (χ− 1)(r − 1). Then there are isomorphisms

H∗(Ck(M);F) ∼= H∗(Crk(M);F)

in the range ∗ 6 min(λ(k), λ(rk)).

See Remark 5.7 for an explanation of how the function λ[M ] arises, and the
remark that if µ[M r {∗}] is linear with slope 6 dim(M)− 1 and r, k > 2, then
λ[M ](k) = µ[M r {∗}](k).
This theorem also generalises to configuration spaces with labels in a fibre bun-
dle over M with path-connected fibres. See §5.4 for the proof for configuration
spaces without labels and §5.6 for a sketch of the generalisation to configuration
spaces with labels (Theorem D′).

Remark 1.3 When M is odd-dimensional the conclusion of Theorem D follows
directly from Theorem A. Also, we note that our proof in §5.4 also works for
fields of characteristic zero: in this case we must asssume that χ = 1, but the
proof then becomes simpler since the square (5.9) commutes up to homotopy
(not only on homology). Finally, in the case where the fibre bundle over M
factors through the unit sphere bundle S(TM)→M , Theorem D′ follows from
Theorem C′.

Combining Theorems A and D. Theorem A says that in odd dimensions
there are at most two stable integral homologies, depending on the parity of
the number of points k. On the other hand, in even dimensions – even when
taking homology with Z(p) coefficients – there may be infinitely many different
stable homologies: one for each possible p-adic valuation of 2k−χ. In fact this
is sharp, as the calculation (1.7) shows.
However, the situation is simpler when taking Fp coefficients. From the cal-
culation (1.7) we see that, when n is even and k is in the stable range with
respect to degree n− 1, we have

Hn−1(Ck(Sn);Fp) ∼= Tor(Hn−2(Ωn0S
n),Fp)⊕ (τHn−1(Ωn0S

n)⊗ Fp)
⊕ (Z/(2k − 2)⊗ Fp).

Writing d for the dimension of the first two summands on the right-hand side
(which is independent of k), it follows that Hn−1(Ck(Sn);Fp) is either d- or
(d + 1)-dimensional depending on whether or not p divides 2k − 2, so there
are at most two stable Fp-homologies in this special case. One can combine
Theorems A and D to prove that this phenomenon holds more generally:

Corollary E Let M be a closed, connected, even-dimensional smooth man-
ifold and let F be a field of odd characteristic p. Then there are canonical
(additive) isomorphisms

H∗(Ck(M);F) ∼= H∗(Cj(M);F)
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under either of the following conditions :

• min{(2k − χ)p, (χ)p + 1} = min{(2j − χ)p, (χ)p + 1},
• χ ≡ 1 mod p,

in the range ∗ 6 min(λ(k), λ(j)).

This is proved in §5.7, where we also partially recover the known homological
stability results for odd-dimensional manifolds and fields of characteristic 2 or
0 (see Corollary 5.8).

Number of stable homologies. Homological stability (without an explicit
range) for configuration spaces with coefficients in a field F can be rephrased as
the statement that for each degree i, the set {dimHi(Cj(M);F) | j = k, . . . ,∞}
contains only one element once k is sufficiently large, in other words, the number

nshi(M ;F) := limk→∞|{dimHi(Cj(M);F)}∞j=k| ∈ {1, 2, 3, . . . ,∞}
is equal to 1. As mentioned earlier, we have nshi(M ;F) = 1 whenever ei-
ther dim(M) is odd or char(F) is even, and we also have the example that
nsh1(S2;Fp) = 2. The above corollary can be viewed as proving that whenever
M has non-zero Euler characteristic, nshi(M ;F) is finite and has the explicit
upper bound:

nshi(M ;F) 6 (χ)p + 2

where p = char(F) and χ is the Euler characteristic of M . Moreover, we also
have

nshi(M ;F) = 1 when χ ≡ 1 mod p.

In particular this means that when χ(M) = 1 we have nshi(M ;F) = 1 for any
field F, in other words homological stability holds for the sequence {Ck(M)}∞k=1

with coefficients in any field.

Homological periodicity. A consequence of Corollary E is that the se-
quence of homology groups {Hi(Ck(M);F)}∞k=1 for fixed M , F and i is eventu-
ally periodic as k → ∞, as long as χ 6= 0. To see this, note that by Corollary
E it is enough to show that

(1.8) min{(2k − χ)p, (χ)p + 1} = min{(2(k + a)− χ)p, (χ)p + 1}
for some natural number a independent of k. Note that for any two natural
numbers x, y we have the inequality (x+y)p > min{(x)p, (y)p} and a sufficient
condition for equality is that (x)p and (y)p are distinct. Considering the cases
(2k − χ)p > (χ)p and (2k − χ)p 6 (χ)p separately, and applying this fact, one

can easily show that the equation (1.8) holds for a = p(χ)p+1. Hence we have:

Corollary F Let M be a closed, connected, even-dimensional smooth mani-
fold with Euler characteristic χ 6= 0 and let F be a field of odd characteristic p.
Then the sequence

(1.9) {Hi(Ck(M);F)}∞k=1
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is eventually periodic in k as k → ∞, with period equal to pei(M ;F) for some
number ei(M ;F) 6 (χ)p + 1. Equivalently, there are (additive) isomorphisms

Hi(Ck(M);F) ∼= Hi(Ck+pχ(M)p+1(M);F)

for k ≫ i (precisely, in the range i 6 λ(k)).

This is similar to a result of Nagpal [Nagpal, 2015, Theorem F], who also proves
that the sequence (1.9) is eventually periodic in k as k → ∞ and obtains an
explicit period of p(i+3)(2i+2). The difference is that his result also holds when
χ = 0, but on the other hand he assumes that M is orientable, and his upper
bound on the period depends on the homological degree.
Note however that Corollary E is much stronger than homological periodicity:
it implies that the number of stable homologies nshi(M ;F) is bounded above by
(χ)p + 2, whereas Corollary F alone only implies an upper bound of pχ(M)p+1.
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2. Homological stability via the scanning map

2.1. Sphere bundles, localisation and fibrewise homotopy equiva-
lences. Let M be a connected manifold and E →M a rank n inner product
vector bundle. Let Ė be the fibrewise one point compactification of E. The
topological bundle Ė is isomorphic to the unit sphere bundle S(E ⊕ ǫ) of the
Whitney sum of E and a trivial line bundle. We denote by ∞ the point at
infinity in each fibre. We denote by ι the section with value ∞ and by z the
zero section. During the next paragraph we assume temporarily that M is a
compact manifold with boundary.
Let Γ∂(Ė) ⊂ Γ(Ė) be the subspace of those sections that take value ∞ on

the boundary of M . Since the fibre of Ė → M is nilpotent and the pair
(M,∂M) has finitely many non-zero homology groups, then by [Møller, 1987,

Theorem 4.1], each connected component of Γ∂(Ė) is also nilpotent. We may

therefore consider, for each set of primes ℓ, the localisation Γ∂(Ė)(ℓ). We may

also consider the fibrewise localisation Ė → Ė(ℓ), and [Møller, 1987, Theo-

rem 5.3] implies that the induced map Γ∂(Ė) → Γ∂(Ė(ℓ)) is a localisation in
each component, since (M,∂M) is a finite relative complex.
If M is an arbitrary manifold, we can write it as a union M =

⋃
M i of compact

codimension-0 submanifolds with boundary. Let Ėi denote the restriction of Ė
to the submanifold M i. The map Γc(Ė)→ Γc(Ė(ℓ)), induced by the fibrewise
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localisation Ė → Ė(ℓ), is then the colimit of the maps Γ∂(Ėi)→ Γ∂(Ėi(ℓ)):

Γ∂(Ėi) //

��

Γ∂(Ėi+1) //

��

· · · // Γc(Ė)

��

Γ∂(Ėi(ℓ))
// Γ∂(Ėi+1

(ℓ) ) // · · · // Γc(Ė(ℓ)).

Since the vertical maps induce (componentwise) isomorphisms on homology
with Z(ℓ)-coefficients, so does their colimit.

A bundle endomorphism f of Ė(ℓ) is compactly supported if f ◦ ι = ι outside

a compact subset of M . We denote by Endrc(Ė(ℓ)) the space of compactly
supported endomorphisms which induce on fibres maps of degree r. We denote
by endr(Ė(ℓ)) the bundle of pairs (x, fx), where x ∈ M and fx : (Ė(ℓ))x →
(Ė(ℓ))x is a map of degree r. By definition Endrc(Ė(ℓ)) = Γc(endr(Ė(ℓ))). By
Theorem 3.3 of [Dold, 1963], if r is a unit in Z(ℓ), then any endomorphism

in Endrc(Ė(ℓ)) admits a fibrewise homotopy inverse. Postcomposition with it
induces a homotopy equivalence between path-components

Γc(Ė(ℓ))k −→ Γc(Ė(ℓ))[f ](k),

where [f ] denotes the map induced by f on π0Γc(Ė(ℓ)).
We summarize the discussion so far in the following lemma:

Lemma 2.1 If r is a unit in Z(ℓ), f ∈ Endrc(Ė(ℓ)) and [f ](k) is an integer, then
the zigzag

Γc(Ė)k −→ Γc(Ė(ℓ))k −→ Γc(Ė(ℓ))[f ](k) ←− Γc(Ė)[f ](k),

where the middle map is given by post-composition with f , induces an isomor-
phism on homology with Z(ℓ)-coefficients.

Remark 2.2 Note that if ℓ = ∅, then (−)(ℓ) is rationalisation (also denoted
(−)(0)), whereas if ℓ = SpecZ, the set of all primes, this localisation is the
identity, i.e., we are not localising at all.

2.2. The degree of a section. Let β be a compactly supported section of
π : ṪM → M , and let Th(β) be the Thom class in Hn(ṪM ;π∗O), where O is
the orientation sheaf of M . The β-degree of a compactly supported section α
is

degβ(α) = α∗(Th(β))∨ ∈ H0(M ;Z),

the Poincare dual in M of α∗Th(β) ∈ Hn
c (M ;O). If M is orientable, then

Th(β) is the Poincare dual of β∗[M ] ∈ Hn(ṪM ;Z), and degβ(α) is also equal

to the intersection product of α∗[M ] and β∗[M ] in ṪM . We will write deg for

degz, where z is the zero section of ṪM .
Assume now that M is closed and orientable. The Gysin sequence for the

sphere bundle Sn
i→ ṪM

π→M splits an exact sequence

(2.1) 0 −→ Hn(Sn;Z)
i∗−→ Hn(ṪM ;Z)

π∗−→ Hn(M ;Z) −→ 0.
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The zero section z : M → ṪM is an inverse of π, so the group Hn(ṪM) ∼= Z⊕Z
is generated by i∗[Sn] and z∗[M ]. The fibres over two different points give two
disjoint representatives of i∗[Sn], therefore i∗[Sn] ∩ i∗[Sn] = 0. On the other
hand, the intersection of the zero section with itself is the Euler characteristic
χ of M . And it is also clear that the intersection of i∗[Sn] and z∗[M ] consists
of a single point. The intersection products of 4k (resp. 4k + 2) dimensional
manifolds are symmetric (antisymmetric). Therefore we have:

Lemma 2.3 If M is connected, closed, orientable and of dimension n, then the
intersection pairing of ṪM with respect to the above basis is given by

(
0 1

(−1)n χ

)
.

If α is a section of π, then α∗[M ] = (deg(α)− χ, 1) in this basis.

Proof. For the second claim, observe that α is an inverse of π too, so the second
component of α∗[M ] is the same as the second component of z∗[M ]. The first
component is obtained from the following equation:

deg(α) = α∗[M ] ∩ z∗[M ] = (a, 1)

(
0 1

(−1)n χ

)(
0
1

)
= a+ χ. �

The Gysin sequence (2.1) applied to the localised bundle Sn(ℓ) → ṪM(ℓ) → M

shows that Hn(ṪM(ℓ)) ∼= Z(ℓ)⊕Z. The first factor is generated as a Z(ℓ)-module
by the fundamental class of the fibre, and the second factor is generated by the
image of the fundamental class of M under the zero section. The following
definition extends the notion of degree to sections of fibrewise localised sphere
bundles.

Definition 2.4 The degree of a section α of ṪM(ℓ), denoted deg(α), is the
value a+ χ ∈ Z(ℓ), where (a, 1) = α∗[M ] in our preferred basis.

2.3. Fibrewise homotopy equivalences of many degrees. Let V2(E⊕ǫ)
be the fibrewise Stiefel manifold of E ⊕ ǫ. If σ is a section of Γ(V2(E ⊕ ǫ)(ℓ))
we denote by σ0 the image of σ under the localisation of the map that forgets
the second vector:

ϕ(ℓ) : Γ(V2(E ⊕ ǫ)(ℓ)) −→ Γ(S(E ⊕ ǫ)(ℓ)).
We denote by Γc(V2(E⊕ǫ)(ℓ)) the space of sections σ such that σ0 is compactly
supported.

Lemma 2.5 Let E be a real inner product bundle over a manifold M . There is
a bundle map

V2(E ⊕ ǫ) −→ endr(Ė)

for each r ∈ Z and therefore, for each set of primes ℓ, there are maps

Φℓr : Γc(V2(E ⊕ ǫ)(ℓ)) −→ Endrc(Ė(ℓ))
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which are natural with respect to pullback of bundles. If M is closed and E =
TM , then Φℓr(σ) sends sections of degree k to sections of degree r(k−deg(σ0))+
deg(σ0).

Proof. A 2-frame in V2(E⊕ǫ) determines a linear embedding R2 → (E⊕ǫ)x. If
we denote by V its orthogonal complement, we obtain canonical isomorphisms
R2⊕V ∼= (E⊕ ǫ)x which induce canonical isomorphisms S1 ∗S(V ) ∼= S(E⊕ ǫ).
This allows to define a degree r map

S(E ⊕ ǫ)x ∼= S1 ∗ S(V )
e2πir∗Id // S1 ∗ S(V ) ∼= S(E ⊕ ǫ)x.

After fibrewise localizing and taking sections, one obtains the second map.
Observe that the above map fixes the first vector in the 2-frame, hence the
image of a section in Γc(V2(E ⊕ ǫ)(ℓ)) will fix the section ι outside a compact
subset.
By construction, f∗(Φℓr(σ)) = Φℓr(f

∗(σ)), so these maps are natural. Similarly,
observe that

(2.2) Endrc(Ė(ℓ))× Γ(Ė(ℓ)) −→ Γ(Ė(ℓ))

is also natural with respect to pullback of bundles.
Now we describe the effect of φr := Φℓr(σ) on components of Γ(ṪM(ℓ))

when M is closed. Assume first that M is orientable, in which case ṪM is
also orientable and Lemma 2.3 applies. First we identify the induced map
(φr)∗ : Hn(ṪM(ℓ))→ Hn(ṪM(ℓ)). Since φr(σ0) = σ0, we have

(φr)∗(deg(σ0)− χ, 1) = (deg(σ0)− χ, 1).

On the other hand, φr acts on the fibre over a point as a map of degree r, hence

(φr)∗(1, 0) = (r, 0).

From this we deduce that (φr)∗ has the form
(
r −(r − 1)(deg(σ0)− χ)
0 1

)
,

hence, for an arbitrary section α, we have that

(deg(φr(α)∗[M ])− χ, 1) = φr(α)∗[M ] = (φr)∗(α∗[M ])

= (r(deg(α) − χ)− (r − 1)(deg(σ0)− χ), 1)

and so deg(φr(α)) = r deg(α)−(r−1) deg(σ0) = r(deg(α)−deg(σ0))+deg(σ0).
Assume now that M is non-orientable. We take then the orientation cover
f : M̃ → M . If s is a section of ṪM(ℓ) and σ is a section of V2(TM ⊕ ǫ)(ℓ),
we can pull back both sections along f to obtain a section f∗s of Ṫ M̃(ℓ) and a

section f∗σ of V2(TM̃ ⊕ ǫ)(ℓ). Then, because f is a double cover, deg(f∗s) =

2 deg(s), and by the naturality of φr and (2.2) we have that Φℓr(f
∗σ)(f∗s) =

f∗(Φℓr(σ)(s)). On the other hand, since M̃ is orientable, by the previous para-
graph we know that deg(Φℓr(f

∗σ)(s)) = r deg(f∗s) − (r − 1) deg(f∗σ0). As a
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consequence:

2 deg(Φℓr(σ)(s)) = deg(f∗(Φℓr(σ)(s)))

= deg(Φℓr(f
∗σ)(f∗(s))

= r(deg(f∗s)− deg(f∗σ0)) + deg(f∗σ0)

= r(2 deg(s)− 2 deg(σ0)) + 2 deg(σ0). �

We now face the following lifting problem:

V2(TM ⊕ ǫ)(ℓ)
ϕ(ℓ)

��

M
σ0

//

σ
66♠♠♠♠♠♠♠♠

S(TM ⊕ ǫ)(ℓ),

Proposition 2.6 Let M be closed and of dimension n > 2. When n is odd
every diagram has a lift, and when n is even the diagram has a lift precisely
for sections σ0 of degree χ/2 (which exist whenever χ is even or 2 /∈ ℓ).
Proof. The above problem is equivalent to find a section of the pullback η(ℓ)
of ϕ(ℓ) along σ0, which is an Sn−1

(ℓ) -bundle over an n-dimensional manifold. If

n is odd, η(ℓ) has always a section, hence in that case every section σ0 admits
a lift. If n is even, the complete obstruction (if M is orientable) is the Euler
class e(η(ℓ)) of η(ℓ). We proceed to compute it:
Assume first that M is orientable and ℓ = SpecZ. The bundle η is the unit
sphere bundle of σ∗

0T
v(TM ⊕ ǫ), whose Euler number can be computed by

taking the self-intersection of its zero section in the fibrewise one point com-
pactification of σ∗

0T
v(TM ⊕ ǫ), which is precisely S(TM ⊕ ǫ). As the zero

section of σ∗
0T

v(TM ⊕ ǫ) is σ0, we have that (we denote by x∨ the Poincaré
dual of x)

e(η)∨ = σ0[M ] ∩ σ0[M ](2.3)

= (deg(σ0)− χ, 1)

(
0 1
1 χ

)(
deg(σ0)− χ

1

)
= 2 deg(σ0)− χ.(2.4)

Hence a section admits a lift if and only if deg(σ0) = χ/2.
Let us assume now that M is orientable and ℓ is a proper subset of SpecZ. In
this case, the above computation is no longer valid, as it relies on a geometric
interpretation of the Euler class. We will first compute the Euler class e of ϕ(ℓ):

e(η(ℓ)) = σ∗
0(e)∨ = e ⌢ σ0[M ] = e∨ ∩ σ0[M ],

and therefore, if e∨ = (a, b) in the basis described before, it holds that

e(η(ℓ))
∨ = σ∗

0(e)∨ = (a, b)

(
0 1
1 χ

)(
deg(σ0)− χ

1

)
= a+ b deg(σ0).

This, together with (2.3) (which holds for integral values), implies that e∨ =
(−χ, 2), and therefore that σ∗

0(e)∨ = 2 deg(σ0)− χ. Hence, after localising we
obtain that only sections of degree χ/2 admit a lift.
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Finally, let M be non-orientable and let f : M̃ → M be the orientation cover
of M . Then degf∗σ0

(f∗σ0) = 2 degσ0
(σ0) and the Euler characteristic of M̃ is

2χ, so degσ0
(σ0) = 0 if and only if (2χ)/2 = deg(f∗σ0) = 2 deg(σ0). Hence

only sections of degree χ/2 have lifts. �

Combining Lemma 2.5 and Proposition 2.6, we have the following (see imme-
diately above Lemma 2.1 for the notation [f ]).

Corollary 2.7 Let ℓ be a collection of primes. Suppose that dim(M) is
odd and we are given any r, d ∈ Z. Then there exists an endomorphism
f ∈ Endrc(ṪM(ℓ)) with [f ](k) = r(k − d) + d. Suppose that dim(M) is even
and we are given any r ∈ Z. Assume also that χ/2 ∈ Z(ℓ), i.e., either χ is

even or 2 6∈ ℓ. Then there exists an endomorphism f ∈ Endrc(ṪM(ℓ)) with
[f ](k) = r(k − χ/2) + χ/2.

2.4. Proof of Theorem A. As promised in the introduction, in the next
three propositions we will provide the middle map in the zigzag (1.2), from
which the assertions in the theorem will follow by virtue of Lemma 2.1.

Proposition 2.8 If dimM is odd and ℓ is any set of odd primes, then there
are homotopy equivalences

Γc(ṪM)k
≃−→ Γc(ṪM)k+2

Γc(ṪM(ℓ))k
≃−→ Γc(ṪM(ℓ))k+1.

Proof. By Corollary 2.7 and Theorem 3.3 of [Dold, 1963] (cf. the discussion
above Lemma 2.1), there exist homotopy equivalences

Γc(ṪM(ℓ))k −→ Γc(ṪM(ℓ))r(k−d)+d

for all integers r and d such that r /∈ ℓZ (if ℓ = SpecZ), then the condition
becomes that r = 1,−1). Observe first that if r is odd, then k and r(k− d) + d
have the same parity. Hence if k and j have different parity then a homotopy
equivalence Γc(ṪM(ℓ))k −→ Γc(ṪM(ℓ))j as above exists only if 2 /∈ ℓ.
Taking r = −1 and d = k+1 (and ℓ = SpecZ) we obtain the first map. Taking
r = 2 and d = k − 1 we obtain the second map. �

Proposition 2.9 Suppose that dimM is even, ℓ is a set of primes and k, j
are integers such that (2k − χ)ℓ = (2j − χ)ℓ. If χ is odd, assume also that

2 6∈ ℓ. Then there is a zigzag of homotopy equivalences between Γc(ṪM(ℓ))k
and Γc(ṪM(ℓ))j. If j = χ − k, there is a homotopy equivalence Γc(ṪM)k →
Γc(ṪM)j.

Proof. By Corollary 2.7 and Theorem 3.3 of [Dold, 1963], there exists, for each
integer r with trivial ℓ-adic valuation, a homotopy equivalence

Γc(ṪM(ℓ))k −→ Γc(ṪM(ℓ))r(k−χ/2)+χ/2.

Equivalently, there exists a homotopy equivalence Γc(ṪM(ℓ))k → Γc(ṪM(ℓ))j
whenever (2j−χ) = r(2k−χ) for some r such that (r)ℓ = 0. Now let k and j be
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the two given integers, let l = (2k−χ)ℓ = (2j−χ)ℓ and define m =
∏
p∈ℓ p

l(p).

Note that the integer 1
m (2k − χ)(2j − χ) + χ is always even, so we have

1
m (2k − χ)(2j − χ) = (2h− χ)

for some integer h. Since 1
m (2j − χ) and 1

m (2k − χ) both have trivial ℓ-adic
valuation, the previous discussion implies that there are homotopy equivalences
Γc(ṪM(ℓ))k → Γc(ṪM(ℓ))h and Γc(ṪM(ℓ))j → Γc(ṪM(ℓ))h.
For the last claim, observe that if M has even Euler characteristic χ, taking
r = −1 and ℓ = SpecZ in Corollary 2.7, we obtain a homotopy equivalence
Γc(ṪM) → Γc(ṪM) (without localising) that sends sections of degree k to
sections of degree χ−k. In fact, such a homotopy equivalence exists regardless
of whether χ is even or odd: it may be obtained by postcomposition with the
antipodal map ṪM → ṪM . �

If dimM is odd, Theorem A can only be improved when 2 ∈ ℓ and k, j have
different parity. To face this problem using a zigzag as in (1.2), we need to find

a fibrewise homotopy equivalence f of ṪM(2) whose action on components of
the section space changes the parity. The following proposition deals with this
case (cf. [Hansen, 1974; Hansen, 1981]). We note that its proof can be used
to recover Theorem A when M is a sphere, as well as the integral homology
isomorphisms of Theorem A when M is an arbitrary odd-dimensional manifold
(see Remark 2.11).

Proposition 2.10 For n odd and 2 ∈ ℓ, the fibre bundle Ṫ Sn(ℓ) admits fibrewise

homotopy equivalences that change the parity of the sections if and only if n =
1, 3, 7. If dimM = 1, 3, 7, then ṪM admits a fibrewise homotopy equivalence
that sends sections of degree k to sections of degree k + 1.

Proof. Spheres are stably parallelisable, and therefore Ṫ Sn is trivial, being the
unit sphere bundle of TSn ⊕ ǫ. After choosing a trivialisation, a fibrewise
endomorphism f of Ṫ Sn(ℓ) of degree r is the same as a map

f t : Sn −→ Mapr(S
n
(ℓ), S

n
(ℓ)).

Since n is odd, the Euler characteristic χ is 0, so we may trivialise Ṫ Sn so that
the zero section corresponds to a trivial section of the product bundle Sn×Sn(ℓ).
Hence the matrix of Hn(f) with the basis considered in Lemma 2.3 is of the
form (

r b
0 1

)
,

where b ∈ Z(ℓ) is the degree of the composition of f t with the evaluation map.
Such an f sends sections of degree k to sections of degree rk + b. For f to be
a fibrewise homotopy equivalence, r must be odd (and moreover equal to ±1
when ℓ = SpecZ), and therefore b has to be odd as well, because [f ](k) = rk+b
and we want k and [f ](k) to have different parity. Therefore, we need to solve
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the lifting problem

Mapr(S
n
(ℓ), S

n
(ℓ))

��

Sn
b //

66❧❧❧❧❧❧❧❧
Sn(ℓ)

where the vertical map is the evaluation map and the horizontal map is
some map of odd degree b. The single (and therefore complete) obstruction
to the existence of a lift is a class in Hn(Sn;πn−1ΩnrS

n
(ℓ))
∼= πn−1ΩnrS

n
(ℓ).

This class is b times the image of the generator of πnS
n
(ℓ) under the bound-

ary homomorphism in the long exact sequence of homotopy groups. The
boundary homomorphism is computed in [Whitehead, 1946, Theorem 3.2] with
a correction in [Whitehead, 1953], who proved that under the identification
πi(Ω

n
rS

n
(ℓ))
∼= πn+i(S

n
(ℓ)), it corresponds to taking the Whitehead product with

−rι, where ι is a generator of πn(Sn). Therefore our obstruction is b[−rι, ι].
Because the Whitehead product is graded-commutative, [ι, ι] has order two, so
−br[ι, ι] = [ι, ι]. The EHP sequence shows that the vanishing of this class is
equivalent to the existence of elements of Hopf invariant one in π2n+1(Sn+1

(ℓ) ),

which exist if and only if n = 0, 1, 3, 7 [Adams, 1960].
If M is an arbitrary manifold of dimension 1, 3 or 7, we first choose an open
disc D in M . Then we take ℓ = ∅, r = 1, b = 1, and we consider the one-
point compactification Ḋ of D. By the previous part, there is a fibrewise
endomorphism f of fibrewise degree 1 of Ṫ Ḋ. Without loss of generality, we
may assume that its value on the basepoint is the identity. Then we can extend
this fibrewise endomorphism to the whole of M by defining x 7→ (Id: ṪxM →
ṪxM) if x /∈ D. The extension sends sections of degree k to sections of degree
rk + b = k + 1. By Theorem 3.3 of [Dold, 1963], it is a fibrewise homotopy
equivalence. �

Remark 2.11 The above proof recovers Theorem A in certain cases, as follows.
Given some k ∈ Z, we take r = 2 and b = 1−k to obtain homotopy equivalences
Γc(Ṫ S

n
(ℓ))k ≃ Γc(Ṫ S

n
(ℓ))k+1 with ℓ the set of all odd primes. This recovers

the isomorphisms (1.5) when M = Sn. For the isomorphisms (1.4), we take
r = 1 and b = 2 (and ℓ the set of all primes, i.e., we do not localise) and
extend the resulting fibrewise homotopy equivalence, defined over a disc in
M , to the whole of M by the identity. This gives homotopy equivalences
Γc(ṪM)k ≃ Γc(ṪM)k+2 for any M .

Proposition 2.10 also shows that, when M is an odd-dimensional sphere, Theo-
rem A cannot be improved by finding a fibrewise homotopy equivalence of Ṫ Sn(ℓ).

The following proposition (cf. [Hansen, 1974, Theorem 3.1] and [Hansen, 1981])
generalises the computation of H1(Ck(S2);Z) (which follows from the presen-
tation of π1(Ck(S2)) given by [Fadell and Van Buskirk, 1962]) and shows that
Theorem A is sharp when M is an even-dimensional sphere.
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Proposition 2.12 If n is even and k belongs to the stable range with respect
to homological degree n− 1, then

Hn−1(Ck(Sn);Z) ∼= τHn−1(Ωn0S
n)⊕ Z/(2k − 2),

where τG is the torsion of G. If M is a closed manifold of even dimension,
then any fibrewise endomorphism of ṪM(ℓ) of degree r 6= 0 sends sections of
degree k to sections of degree r(k − χ/2) + χ/2.

Proof. The target of the scanning map in this case is Γ(Ṫ Sn), and since Sn

is stably parallelisable, Ṫ Sn can be trivialised. The trivialisation gives a ho-
motopy equivalence Γ(Ṫ Sn) → Map(Sn, Sn) that sends sections of degree k
to maps of degree k − χ/2, where χ is the Euler characteristic of Sn (this
corresponds to a change of basis in Lemma 2.3, and is stated explicitly in
[Bendersky and Miller, 2014, Proposition 3.6]). We let now r = k − χ/2.
The space of maps fits into the evaluation fibration

(2.5) ΩnrS
n −→ Mapr(S

n, Sn) −→ Sn

for which we may consider the corresponding Wang sequence

· · · −→ H0(ΩnrS
n)

δr−→ Hn−1(ΩnrS
n) −→ Hn−1(Mapr(S

n, Sn)) −→ 0.

The map named δr is the transgression

Hn(Sn;H0(ΩnrS
n)) −→ H0(Sn;Hn−1(ΩnrS

n))

in the Serre spectral sequence of the evaluation fibration, and therefore under
the identification Hn(Sn;H0(ΩnrS

n)) = Hn(Sn) it fits into the commutative
diagram

πn(Sn)

��

∂r // πn−1(ΩnrS
n)

��

Hn(Sn)
δr // Hn−1(ΩnrS

n),

where ∂r is the boundary homomorphism in the long exact sequence of homo-
topy groups. As recalled in the previous proof, ∂r was identified by Whitehead
as the adjoint of the operation of taking Whitehead product with −rι, where
ι is the generator of Sn. Additionally, the left vertical arrow is an isomor-
phism and the rightmost vertical arrow sends the class [ι, ι] to the Browder
square of the generator of H0(ΩnrS

n) (see Remark 1.2 in the third chapter of
[Cohen et al., 1976]) (here we are using a canonical identification of ΩnrS

n and
Ωn1S

n to define the Browder square and the Whitehead product).
We claim, when n is even, that this Browder square has infinite order and is
divisible by two (but not by four). To see this, consider the scanning map
C(Rn) → ΩnSn. Both spaces have an action of the little n-discs operad, and
the scanning map is equivariant with respect to this action, hence it takes
Browder squares to Browder squares. The adjoint α of the class ι ∈ πn(Sn)
is a generator of π0(Ωn1S

n), so the Browder square λ(β, β) of the Hurewicz
image β of α lives naturally (that is, before using the identification between
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the different components of ΩnSn) in Hn−1(Ωn2S
n). We will now describe this

class.
The generator γ of H0(C1(Rn)) is mapped under the scanning map to β,
hence λ(γ, γ) is mapped to λ(β, β). The class λ(γ, γ) ∈ Hn−1(C2(Rn)) cor-
responds to moving one of the points around the other point in all possi-
ble directions, parametrised by Sn−1. The inclusion of the space RPn−1 of
antipodal points in Sn−1 into C2(Rn) is a homotopy equivalence, and our
class λ(γ, γ) is the image of the fundamental class of Sn−1 under the dou-
ble covering map Sn−1 → RPn−1, hence it is twice a generator of the group
Hn−1(C2(Rn)) ∼= Hn−1(RPn−1) ∼= Z (cf. the class τ on page 780). Now, since
the scanning map is split-injective on homology (see [McDuff, 1975, p. 103] and
the proof of Corollary 3.2 in this article), it follows that λ(β, β) also has infinite
order and is divisible exactly by two.
Observe that, when n is odd, the above argument shows that λ(β, β) is zero,
since RPn−1 is non-orientable for n− 1 even.
By results of Serre [Serre, 1951] on the homotopy groups of spheres, and the
rational Hurewicz theorem, Hn−1(ΩnrS

n) has rank 1, so

Hn−1(Mapr(S
n, Sn)) ∼= Hn−1(ΩnrS

n)/(−rλ(β, β)) ∼= τHn−1(ΩnrS
n)⊕ Z/2r.

The first statement now follows from McDuff’s theorem.
Let f : ṪM(ℓ) → ṪM(ℓ) be any fibrewise endomorphism of ṪM(ℓ), where we

view the bundle ṪM(ℓ) → M as a fibration. We can consider the fibrewise

rationalisation f(0) : ṪM(0) → ṪM(0), and observe that [f ](k) = [f(0)](k) for
k ∈ Z(ℓ) (using the canonical inclusion of Z(ℓ) in Q). Therefore the function

[f ], describing the effect of f on degrees of sections of ṪM(ℓ), is determined by
the function [f(0)].

If dimM is even, there is a unique fibrewise endomorphism of ṪM(0) of fibre-
wise degree r up to homotopy. This is because such fibrewise endomorphisms
are sections of a bundle over M with fibre Mapr(S

n
(0), S

n
(0)), which, using the

evaluation fibration (2.5), is (2n−2)-connected since [ι, rι] 6= 0. Therefore, if f

and g are fibrewise endomorphisms of ṪM(ℓ) with the same (non-zero) fibrewise
degree, we have that [f ](k) = [f(0)](k) = [g(0)](k) = [g](k) for all k ∈ Z(ℓ), so
they act in the same way on the path-components of the section space.
Let r = p/q be a non-zero rational number, with p, q ∈ Z r {0}, and let fr be

any fibrewise endomorphism of ṪM(0) of degree r. Since p and q are integers,
Corollary 2.7 implies that there are fibrewise endomorphisms φp and φq of de-
grees p and q respectively. Let fp = φqfr, which is a fibrewise endomorphism of
degree p. By the previous paragraph, there is a unique fibrewise endomorphism
of each degree, so it follows that fp is fibrewise homotopic to φp. We therefore
have the equation:

[φq ][fr](k) = [φp](k).

The last formula of Corollary 2.7 determines the functions [φp] and [φq], from
which we deduce that

q([fr](k)− χ/2) + χ/2 = p(k − χ/2) + χ/2
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and the result follows after solving the equation. �

3. The extrinsic replication map

3.1. Scanning maps. Let M be a connected manifold, for which we choose a
Riemannian metric with injectivity radius bounded below by δ > 0. Let T 1M
denote the open unit disc bundle of the tangent bundle of M , and let Ṫ 1M and
ṪM denote the fibrewise one point compactifications of T 1M and TM . Let
δ > 0 be smaller than the injectivity radius of M . Define the linear scanning
map

S : Cδk(M) −→ Γc(Ṫ
1M)k

to the space of degree k compactly supported sections of Ṫ 1M as

S (q, ǫ)(x) =

{
∞ if x /∈ Bǫ(q) ∀q ∈ q,
exp−1

x (q)
ǫ if x ∈ Bǫ(q), q ∈ q.

The degree of a section s is the fibrewise intersection, counted with multiplicity,
of s and the zero section (see also §2.2).

Let D be the unit n-dimensional open disc, let Ḋ be its one point compacti-
fication and define ψδ(D) to be the quotient of

⋃
k C

δ
k(Rn), where two config-

urations (q, ǫ) and (q′, ǫ′) are identified if q ∩ D = q′ ∩ D and either ǫ = ǫ′

or q ∩D = ∅. We write ψδ(T 1M) for the result of applying this construction
fibrewise to T 1M .
Let γ be a number smaller than the injectivity radius of M . The radius γ
non-linear scanning map

s : Cδk(M)→ Γc(ψ
δ(T 1M))

sends a configuration q to 1
γ exp−1

x (q) — which may consist of more than one

point.
There is an inclusion i : Ḋ →֒ ψδ(D) given by i(q) = (q, δ/2) as the subspace of
configurations with at most one point. This inclusion has a homotopy inverse

h(q, ǫ) = q

qsecond

where qfirst is the norm of a closest point in q to the origin, and qsecond is defined
to be 1 if |q| = 1 and (q′)first otherwise, where q′ is the result of removing
a single closest point of q to the origin. The composite hi is the identity

and Ht(q, ǫ) =
(

q
(1−t)+tqsecond

, tδ/2 + (1− t)ǫ
)

gives a homotopy between the

identity and ih.
Each of i, h and Ht is O(n)-equivariant, so they can be defined on the vector
bundle TM , obtaining homotopy equivalences

i : Ṫ 1M ←→ ψδ(T 1M) : h

which induce by composition homotopy equivalences

i : Γc(Ṫ
1M)←→ Γc(ψ

δ(T 1M)) : h
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that commute with the linear and non-linear scanning maps:

Cδk(M) Γc(ψ
δT 1M)

Γc(Ṫ
1M).

sγ

S
hi ≃(3.1)

3.2. Homological stability.

Theorem B. Let M be a connected, smooth manifold and let v be a non-
vanishing section of TM . Then there exists a map φr ∈ Endrc(Ṫ

1M) that
makes the following diagram commute up to homotopy:

Cδk(M)
S //

ρr [v]

��

Γc(Ṫ
1M →M)k

φr
��

Cδrk(M)
S // Γc(Ṫ

1M →M)rk.

(3.2)

Hence the r-replication map induces an isomorphism on Z(ℓ)-homology in the
stable range with Z(ℓ) coefficients as long as r is not divisible by any prime in
ℓ.

Remark 3.1 One can prove that the map φr constructed below is homotopic
to Φℓr(ι, v) with ℓ = SpecZ.

Proof. The proof has three steps. First, since Cδk(M) is independent of δ up
to homotopy, we let 2δ be smaller than the injectivity radius of M . We claim
that the following diagram commutes:

Cδk(M)
s2δ //

ρr [v]

��

Γc(ψ
δ(T 1M))

ςr

��

Cδrk(M)
sδ // Γc(ψ

δ(T 1M))

where ςr is given by postcomposition with the bundle map
ρr[exp∗

2δ(v)] : ψδ(T 1M)→ ψδ(T 1M) followed by the expansion 2 : ψδ(T 1M)→
ψδ(T 1M) that sends each point q in the configuration to 2q. Observe that
the bundle map ρr[exp∗

2δ(v)] is not continuous but it becomes continuous after
composing with 2.
In order to understand this square, we check what happens with the adjoint of
the scanning map M × Ck(M)→ ψδ(T 1M) over each point x ∈M :

{x} × Cδk(M)
s2δx //

ρr [v]

��

ψδ(T 1
xM)

ςr

��

{x} × Cδrk(M)
sδx // ψ(T 1

xM).
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The square commutes on the nose unless there exists some q ∈ q such that

ςr(q) ∩Bδ(x) 6= ∅, and q /∈ B2δ(x).

But this is not possible, as d(ςr(q), x) > d(q, x)−maxq′∈ςr(q) d(q, q′) > 2δ− ǫ >
δ.
Second, observe that since the exponential map is homotopic to the projection
π : TM →M , the maps ςr = 2ρr[exp∗

2δ(v)] and σr = 2ρr[π
∗v] are homotopic.

Third, consider now the diagram

Γc(ψ
δ(T 1M))

σr

��

Γc(Ṫ
1M)

��

ioo

Γc(ψ
δ(T 1M))

h // Γc(Ṫ
1M)

whose maps are induced by the fibrewise maps which on each fibre are

ψδ(T 1
xM)

σr

��

Ṫ 1
xM

��

ioo

ψδ(T 1
xM)

h // Ṫ 1
xM

Let us denote by v the value of the vector field v at the point x. Then σr(q, 1) =
q ∪ q + v ∪ . . . ∪ q + (r − 1)v and

hσri(q) =

{
2 q+jv
‖q+(j−1)v‖ if q + jv is the closest point and 〈v, q + jv〉 > 0

2 q+jv
‖q+(j+1)v‖ if q + jv is the closest point and 〈v, q + jv〉 < 0.

The inverse image of a point (for instance the origin) consists of r points
({−jv}r−1

j=0), all of them oriented according to the sign of r. Hence hσri in-
duces a map of degree r on fibres. �

Corollary 3.2 If M is a connected open manifold of dimension at least 2,
then the homomorphism induced on Z[ 1r ]-homology by the r-replication map is
split-injective.

Proof. The scanning map is split-injective on homology in all degrees, as may
be deduced from [McDuff, 1975]. To see this, recall the following facts from
the referenced paper: (a) the stabilisation maps Ck(M)→ Ck+1(M) are split-
injective on homology in all degrees (see p. 103), (b) the analogous stabilisation

maps for section spaces Γc(ṪM)k → Γc(ṪM)k+1 are homotopy equivalences,

(c) the scanning map Ck(M) → Γc(ṪM)k is a homology equivalence in the
colimit as k →∞ and (d) the homology in the colimit is finitely-generated. It
then follows from the fact that stabilisation and scanning commute that the
homomorphism induced on homology by the scanning map is the composition
of a finite sequence of split-injections, and therefore itself a split-injection.
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Thus, in the commutative square (3.2), the composite φr ◦S is split-injective
on Z[ 1r ]-homology, hence S ◦ ρr[v] is split-injective on Z[ 1r ]-homology, and so

ρr[v] is also split-injective on Z[ 1r ]-homology. �

4. The intrinsic replication map

4.1. Stabilisation, replication and scanning maps with labels. Let
θ : E → M be a fibre bundle, and define the following spaces (the first two
were also defined in the introduction; the third space is defined whenever γ is
smaller than the injectivity radius of M , in particular when γ < δ):

Ck(M ; θ) = {(q, f) | q ∈ Cn(M), f ∈ Γ(θ|q)}
Cδk(M ; θ) = {(q, ǫ, f) | (q, ǫ) ∈ Cδk(M), f ∈ Γ(θ|Bq(ǫ))}
Cδ,γk (M ; θ) = {(q, ǫ, {fq}q∈q) | (q, ǫ) ∈ Cδk(M), fq ∈ Γ(θ|Bq(γ))}.

Lemma 4.1 The forgetful maps

Cδ,γk (M ; θ) −→ Cδk(M ; θ) −→ Ck(M ; θ)

that restrict the section first from balls of radius γ to balls of radius ǫ, and then
to the centres of the balls, are weak homotopy equivalences.

Proof. A point in Cδk(M ; θ) consists of a configuration q with prescribed
pairwise separation, together with a choice of label on a small contractible
neighbourhood of each configuration point. On the other hand, the pull-
back Ċδk(M ; θ) of Cδk(M) along the map Ck(M ; θ) → Ck(M) which for-
gets the labels consists of a configuration with prescribed pairwise separa-
tion, together with a choice of label just over each configuration point. Since
Cδk(M) → Ck(M) is a fibre bundle with contractible fibres, so is its pullback

Ċδk(M ; θ) → Ck(M ; θ), which is therefore a weak equivalence. There is also

a forgetful map Cδk(M ; θ) → Ċδk(M ; θ) which just remembers the label at the
centre of each ball. This is also a fibre bundle with contractible fibres, so a weak
equivalence. Hence the composition Cδk(M ; θ) → Ck(M ; θ) which completely
forgets the labels (the second map in Lemma 4.1) is a weak equivalence. The
first map in Lemma 4.1 is a fibre bundle with contractible fibres, so it is also a
weak equivalence. �

Definition 4.2 If the manifold M is open, a choice of an embedding of a ray,
together with a point y in the ray and a label fy ∈ θ−1(y) of this point defines
a stabilisation map with labels

sθ : Ck(M ; θ) −→ Ck+1(M ; θ)

by pushing the configuration outside the ray and adding the labelled point
(y, fy).

Definition 4.3 If the manifold M is open or has trivial Euler characteristic,
a choice of a non-vanishing vector field defines a replication map with labels

ρθr : Cδk(M) −→ Cδrk(M ; θ)
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ρθ,γr : Cδ,γk (M ; θ) −→ C
δ,γ/r
rk (M ; θ)

by sending a configuration ((q, ǫ), f) to the configuration ρr(q, ǫ) together with
the restriction of the section f to the balls of radius ǫ

2r (and radius γ
r ) centered

at the points in the new configuration.

The pullback θ∗TM → E is also fibred over M , and the fibres are vector
bundles. We denote by Ṫ θM the fibrewise Thom construction of θ∗TM viewed
as a bundle over M . The inclusion of the points at infinity define a cofibre
sequence over M

(4.1) E −→ θ∗ṪM −→ Ṫ θM.

The pullback map θ∗ṪM → ṪM factors through the bundle maps

(4.2) θ∗ṪM −→ Ṫ θM
ξ−→ ṪM.

We define the degree of a section s as the degree of ξ(s). If the fibres of θ are

path connected, then the n-skeleton of the fibres of Ṫ θM is homotopic to Sn,
therefore the forgetful map

Γc(Ṫ
θM) −→ Γc(ṪM)

induces a bijection on connected components. We write Ṫ 1,θM for the analo-
gous construction with T 1M .

Definition 4.4 Define the linear scanning map

S
θ : Cδk(M ; θ) −→ Γ(Ṫ 1,θM)

by sending a configuration (q, ǫ, f) to the section whose value at a point x ∈M
is S (q, ǫ)(x) together with the label f |x if S (q, ǫ)(x) 6=∞.

Let D be the unit n-dimensional open disc, let Ḋ be its one-point compact-
ification and let F be a space. Define ψδ(D;F ) to be the quotient of the
space

⋃
k C

δ
k(Rn; θ : F × Rn → Rn), where two labeled configurations (q, ǫ, f)

and (q′, ǫ′, f ′) are identified if q∩D = q′∩D, f |Bǫ(q) = f ′|Bǫ(q) for all q ∈ q∩D,
and either q ∩D = ∅ or ǫ = ǫ′.
Let ψδ(T 1M ; θ) be the result of applying this construction fibrewise to the unit
ball of the tangent bundle of M and the fibre bundle θ, so that

ψδ(T 1M ; θ) =
⋃

x∈M
ψδ(T 1

xM ; θ−1(x)).

Definition 4.5 The non-linear scanning map with labels in θ

sθ,γ : Cδ,γk (M ; θ) −→ Γ(ψδ(T 1M ; θ))

sends a configuration (q, ǫ, {fq}q∈q) to the section that assigns to the point
x ∈M the triple (q′, ǫ′, {f ′}q′∈q′), where (q′, ǫ′) = s(q, ǫ) ∈ ψδ(T 1

xM), and f ′
q′

is constant with value fq(x) if q′ = 1
γ exp−1(q).
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There are fibrewise maps

i : Ṫ 1,θM →֒ ψδ(T 1M ; θ)

h : ψδ(T 1M ; θ) −→ Ṫ 1,θM

defined by i(∞) =∞, h(∞) =∞ and

i(q, y) = (q, δ/2, f) with f constant with value y

h(q, ǫ, {fq}q∈q) =





(
q

qsecond
, f (q)

)
if qfirst < qsecond

and q ∈ q with ‖q‖ = qfirst,

∞ if qfirst = qsecond

which are mutually fibrewise homotopy inverses by the same argument as on
page 771 (where the definition of qsecond is also given).
In Appendix B we show that the stabilisation map with labels induces an
isomorphism in a range ∗ 6 µ[M ; θ](k), and we give lower bounds for it in
Proposition B.3 and Remark B.4 – these are either the same or one degree less
than the lower bounds given on page 754 for unlabelled configuration spaces.
In Appendix C we give a proof of McDuff’s theorem with labels, as follows
(where ν[M ; θ] is the range in which the scanning map for M is an isomorphism
on homology):

Theorem 4.6 Let θ : E → M be a fibre bundle with path-connected fibres. If
M is non-compact then we have

ν[M ; θ](k) = min
j>k
{µ[M ; θ](j)}.

The inequality ν[M ; θ] > ν[M r {∗}; θ|Mr{∗}] holds for all M , so the function
ν[M ; θ] diverges for all M .

4.2. Homological stability. The fibrewise homotopy equivalences of
Lemma 2.5 lift to fibrewise homotopy equivalences of θ∗Ṫ 1M(p), which in turn

descend to fibrewise homotopy equivalences Ṫ 1,θM(p) if and only if they fix
the section at infinity (c.f. cofibration (4.1)). This implies that σ0 = ι in that
lemma, and therefore each of these fibrewise homotopy equivalences sends
sections of degree k to sections of degree rk. Hence we only recover part of
Theorem A and the whole of Theorem B:

Theorem A′ If M is a closed, connected manifold with trivial Euler charac-
teristic, then H∗(Ck(M ; θ)) ∼= H∗(Cj(M ; θ)) in the stable range with labels if k
and j have the same p-adic valuation.

Theorem B′ If v is a non-vanishing vector field on a connected manifold M
and p ∤ r, then the r-replication map ρθr with labels induces isomorphisms in
Z(p)-homology in the stable range with labels.
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Proof. The relevant diagram is the following:

Cδ,γk
sθ,γ //

ρr

��

Γc(ψ
δ(T 1M ; θ))

��

Γc(Ṫ
1,θM)

��

ioo

C
δ,γ/r
rk

sθ,γ/r // Γc(ψ
δ(T 1M ; θ))

h // Γc(Ṫ
1,θM)

The argument in the proof of Theorem B generalizes step by step to give that
the left hand-side square commutes up to homotopy and that the rightmost
vertical arrow is given by postcomposition with a bundle map which on the
fibre over x ∈M induces a map

F //

Id

��

F × Sn

Id×fr
����

// ΣnF+

��

F // F × Sn // ΣnF+

where F = θ−1(x), fr is a degree r map, hence the rightmost vertical map is a
Z[ 1r ]-homotopy equivalence. degree r between sphere bundles. �

Let θ be the projection S(TM) → M . Recall the definition of the intrinsic
replication map ろr : Cδk(M ; θ) −→ Cδrk(M ; θ) from page 757.

Theorem C If M is a connected smooth manifold and ℓ is a set of primes
not dividing an integer r, then the map ろr : Cδk(M ; θ) → Cδrk(M ; θ) induces
isomorphisms on homology with Z(ℓ)-coefficients in the stable range with labels.

Proof. Define σr : ψ(TM ; θ) → ψ(TM ; θ) to be the fibrewise version of ろr
composed with 2 as in the proof of Theorem B. The first square in the following
diagram

Cδ,γk (M ; θ)
sθ,γ //

ろr

��

Γc(ψ
δ(T 1M ; θ))

σr

��

Γc(Ṫ
1,θM)k

ioo

hσri

��

C
δ,γ/r
k (M ; θ)

sθ,γ/r // Γc(ψ
δ(T 1M ; θ))

h // Γc(Ṫ
1,θM)rk.

(4.3)

commutes, by the same argument as the first step the proof of Theorem B.
Therefore we obtain a fibrewise map hσri on the right hand side. The map
hσri is obtained by postcomposition with a fibrewise map g : Ṫ 1,θM → Ṫ 1,θM .
The map gx on the fibre over the point x restricts to the identity on the points
at infinity, therefore it extends to the following diagram of cofibre sequences

S(TxM)× {∞}

Id

��

// S(TxM)× Ṫ 1
xM //

f

��

Ṫ 1,θ
x M

gx

��

S(TxM)× {∞} // S(TxM)× Ṫ 1
xM // Ṫ 1,θ

x M
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where the leftmost horizontal maps are the inclusion of the points at infinity.
After localizing the diagram at ℓ, the map f(ℓ) is a map of sphere bundles that
induces a map of degree r on fibres (as in the proof of Theorem B). Since r
is a unit in Z(ℓ), it follows that f(ℓ) is a homotopy equivalence, and therefore
that (gx)(ℓ) is too. Since g(ℓ) induces a homotopy equivalence on fibres, it
follows (using Theorem 3.3 of [Dold, 1963]) that g(ℓ) is a fibrewise homotopy
equivalence, and therefore that (hσri)(ℓ) is a homotopy equivalence. �

If the bundle θ : E → M factors through S(TM) and has path-connected fi-
bres (for instance the oriented frame bundle of TM , if M is orientable), then
Theorem C generalises to:

Theorem C′ If ℓ is a set of primes, none of them dividing the integer r, then
the intrinsic replication map with labels

ろr : Ck(M ; θ) −→ Crk(M ; θ)

induces isomorphisms on homology with Z(ℓ) coefficients in the stable range
with labels.

5. Homological stability via vector fields with exactly one zero

We now use some different techniques to extend our results a bit further for
homology with field coefficients. Section spaces are not involved in this part;
instead we apply Theorem B (homological stability with respect to the r-
replication map) to M r {∗} and classical homological stability for M r {∗} to
obtain Theorem D.

5.1. Vector fields. Let M be a closed connected manifold with Euler char-
acteristic χ.

Definition 5.1 Given a vector field v ∈ Γ(TM) with an isolated zero z ∈M ,
define the degree degv(z) of z as follows. Choose a coordinate chart U ∼= Rn,
with z ∈ U corresponding to 0 ∈ Rn, such that v has no other zeros in U . The
differential of the diffeomorphism U ∼= Rn is a bundle isomorphism TM |U =
TU ∼= TRn = Rn ×Rn. The restriction of v to U r {z} therefore determines a
map Rn r {0} → Rn r {0}. The degree of this map is by definition degv(z).

A simple observation is that M admits a vector field with at most one zero,
which will therefore have index χ by the Poincaré-Hopf theorem. Moreover we
can choose exactly what this zero looks like locally:

Lemma 5.2 Suppose we are given a vector field v on a closed ball B ⊆M with
exactly one zero which lies in its interior and has index χ. Then this extends
to a vector field v̂ on M which is non-vanishing on M rB.

Proof. First choose a vector field w on M which has only isolated (and therefore
finitely many) zeros. Choose a larger closed ball B′ ⊃ B and a trivialisation of
TM |B′. Now homotope w if necessary so that all its zeros lie in int(B′) r B.
The restriction of w to ∂B′ is a map ∂B′ → Rnr {0}, whose degree is the sum
of the degrees of all zeros of w, which is χ by the Poincaré-Hopf theorem. The
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restriction of the vector field v to ∂B is a map ∂B → Rn r {0} which also has
degree χ by assumption. Since any two maps Sn−1 → Rn r {0} of the same
degree are homotopic, there is a map x : B′r int(B) ∼= Sn−1× [0, 1]→ Rnr{0}
agreeing with w on ∂B′ and with v on ∂B. We can therefore define v̂ to be
equal to v on B, x on B′ rB and w on M rB′. �

5.2. A cofibre sequence of configuration spaces. Choose a Riemann-
ian metric on M and an isometric embedding D →֒ M of the closed unit disc
D ⊆ Rn. Following [Randal-Williams, 2013a, §6] we define Uk(M) to be the
subspace of Ck(M) of configurations which have a unique closest point in D to
its centre 0 ∈ D. There is an open cover of Ck(M) given by the subsets Uk(M)
and Ck(M r {0}), with intersection Uk(M r {0}). By excision, the induced
map of mapping cones

(5.1) (Uk(M), Uk(M r {0})) −→ (Ck(M), Ck(M r {0}))

is a homology equivalence. The space Uk(M) decomposes up to homeomor-
phism as Dn × Ck−1(M r {0}) and similarly Uk(M r {0}) ∼= (Dn r {0}) ×
Ck−1(M r {0}), so the left-hand side of (5.1) is homeomorphic to

(Dn, Dn r {0}) ∧ Ck−1(M r {0})+.

Composing with the homotopy equivalence ∂Dn → Dn r {0} we obtain the
following diagram:

Ck(M r {0}) Ck(M) (Ck(M), Ck(M r {0}))

Sn−1 ×Ck−1(M r {0}) Dn ×Ck−1(M r {0}) Σn(Ck−1(M r {0})+)

tk−1 (⋆)

(5.2)

where the rows are cofibre sequences and the rightmost vertical map (⋆) is a
homology equivalence. The map tk−1 may be described as radially expanding
the configuration in Ck−1(M r {0}) away from 0 until it has no points in D,
and then adding the point in Sn−1 = ∂D to the configuration.

Remark 5.3 Note that the bottom left horizontal map of (5.2) is homotopy
split-surjective, so the maps

Σn−1(Ck−1(M r {0})+) 99K Sn−1×Ck−1(M r {0}) −→ Dn ×Ck−1(M r {0})

induce split short exact sequences on homology, corresponding to the Künneth
decomposition for Sn−1×Ck−1(M r {0}). The dotted arrow is the connecting
homomorphism and only exists on homology.

The upshot of this discussion is the following lemma, where 99K indicates a
map which is only defined on homology.
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Lemma 5.4 There are maps Ck(Mr{0}) −→ Ck(M) 99K Σn(Ck−1(Mr{0})+)
which induce a long exact sequence on homology. The connecting homomor-
phism is the composite

Σn−1(Ck−1(M r {0})+) 99K Sn−1 × Ck−1(M r {0}) −→ Ck(M r {0}).
The first of these two maps is the inclusion of a direct summand of the homology
of Sn−1 × Ck(M r {0}) and the second is the map tk−1 described above.

5.3. Configuration spaces on cylinders. For the remainder of this section
n = dim(M) will always be assumed even.

Some natural homology classes. We will need to do some calculations in-
side the homology group Hn−1(Ck(Rnr{0});Z) of punctured Euclidean space.
There are certain natural elements of this group which one can write down. For
example we have the following elements (see also Figure 5.1):

(a) For any 0 6 j 6 k − 1 we have a map ∆j : Sn−1 → Ck(Rn r {0}) which
sends v ∈ Sn−1 to the configuration {v, p1, . . . , pk−1}, where p1, . . . , pk−1

are arbitrary fixed points in Rn r {0} with |pi| < 1 for i 6 j and |pi| > 1
for i > j.
By abuse of notation we denote the element (∆j)∗([Sn−1]) simply by ∆j ∈
Hn−1(Ck(Rn r {0});Z). We will systematically use this abuse of notation
for maps Sn−1 → Ck(Rn r {0}).

(b) We also have a map π : RPn−1 → Ck(Rn r {0}) which sends {v,−v} ∈
RPn−1 = Sn−1/ ∼ to the configuration {2 + v, 2 − v, p1, . . . , pk−2}, where
2 = (2, 0, . . . , 0) and p1, . . . , pk−2 are fixed points in RnrB1(2). This gives
us an element π ∈ Hn−1(Ck(Rn r {0});Z).

(c) Composing this map with the double covering Sn−1 → RPn−1 gives a map
representing 2π. This is homotopic to the map τ : Sn−1 → Ck(Rn r {0})
which sends v ∈ Sn−1 to the configuration {p1, s(v), p2, . . . , pk−1}, where
s : Sn−1 → Rnr{0} is an embedding so that p1 is in the interior of s(Sd−1)
and 0, p2, . . . , pk−1 are in its exterior.

(d) More generally, for any 1 6 j 6 k − 1 we can define a map
τj : Sn−1 → Rn r {0} which sends v ∈ Sn−1 to the configuration
{p1, . . . , pj , s(v), pj+1, . . . , pk−1}, where p1, . . . , pj are in the interior of
s(Sn−1) and 0, pj+1, . . . , pk−1 are in its exterior. So τ1 = τ = 2π.

Relations between homology classes. Let Pn denote the closed n-
dimensional disc Dn with two open subdiscs (whose closures are disjoint) re-
moved; this is the n-dimensional pair-of-pants. Consider the map r : Pn →
Ck(Rn r {0}) pictured in Figure 5.2. The image r∗([∂Pn]) of the fundamental
class of its boundary is the class ∆j+1 −∆j − τ1, which is therefore equal to
zero in Hn−1(Ck(Rn r {0});Z). Similarly the map r′ : Pn → Ck(Rn r {0})
pictured in Figure 5.2 shows that τj+1 − τj − τ1 = 0. Hence by induction and
the fact that τ1 = 2π we have

(5.3) ∆j = ∆0 + 2jπ and τj = 2jπ.
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∆3 π τ2

Figure 5.1. Examples of homology classes in H1(C6(R2 r
{0});Z). The small circle denotes the puncture 0 and bullets denote
points of the configuration.

. . . . . .r :

. . . . . .r′ :

Figure 5.2. Pictures of maps r, r′ : Pn → Ck(Rnr{0}) such that
r∗([∂P

n]) = ∆j+1−∆j−τ1 and r′∗([∂P
n]) = τj+1−τj−τ1. In each

case there are j + 1 fixed points in the bounded white region and
k−j−2 fixed points in the unbounded white region. The remaining
point is in the shaded region; its position is parametrised by Pn.

Now let ∆̂ denote the image of the fundamental class under the map Sn−1 →
Ck(Rn r {0}) which sends v to {v, 2v, . . . , kv}. This map can be homotoped
to the map

(5.4) Sn−1 −→ Sn−1 ∨ · · · ∨ Sn−1 −→ Ck(Rn r {0})
which collapses k−1 equators to get a wedge sum of k copies of Sn−1 and then
applies the maps ∆0, . . . ,∆k−1 on these summands. To see this, note that the
k−1 equators divide Sn−1 into k slices (see Figure 5.3) and let qi : S

n−1 → Sn−1

be the quotient map that collapses everything but the ith slice of the sphere to
a point. Note that the map q{1,...,k} : Sn−1 → Ck(Rnr {0}) defined by sending

v ∈ Sn−1 to {q1(v), 2q2(v), . . . , kqk(v)} is precisely the map (5.4) described
above. On the other hand, each qi is homotopic to the identity, and these
homotopies assemble to give a homotopy from q{1,...,k} to v 7→ {v, 2v, . . . , kv}.
Hence ∆̂ = ∆0 + · · ·+ ∆k−1 and so by (5.3),

(5.5) ∆̂ = k∆0 + k(k − 1)π.
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Figure 5.3. The slices of Sn−1 when k = 5.

Similarly we let τ̂ denote the image of the fundamental class under the map
Sn−1 → Ck(Rn r {0}) which sends v to p1 + {0, v, 2v, . . . , (k − 1)v}, where p1
is a fixed point in Rn with |p1| > k. Just as above, we can homotope this to
see that τ̂ = τ1 + · · · τk−1 and so by (5.3),

(5.6) τ̂ = k(k − 1)π.

One can see this very directly in the case n = 2. In this case we are talking
about H1(Ck(R2);Z) = βk/[βk, βk] = Z{π}, where βk denotes the braid group
on k strands. Any one of the standard generators σ1, . . . , σk−1 of βk, which
interchange two consecutive strands, is sent to the generator π. The element
τ̂ is the image of the full twist of all k strands, which can be written as a
product of k(k − 1) generating elements, and so after abelianisation we have
τ̂ = k(k − 1)π.
We now apply the above discussion to prove the following:

Lemma 5.5 For any map f : Sn−1 → Sn−1 define σf : Sn−1 → Ck(Rn r {0})
by sending v to {v, v + 1

kf(v), . . . , v + k−1
k f(v)}. Denoting the image of the

fundamental class under this map also by σf we have

(5.7) σf = k∆0 + deg(f)k(k − 1)π.

Proof. Note that if deg(f) = 1 then σf = σid = ∆̂ so this is just (5.5). In
general this can be seen as follows. Write d = deg(f) and first assume that
d > 0.
Denote the constant map to the basepoint by ∗ : Sn−1 → Sn−1 and the map
Sn−1 → Sn−1 ∨ · · · ∨ Sn−1 which collapses d− 1 equators by cd. Then σf can
be homotoped to the map

v 7→
{
s(v), s(v) + 1

kg(v), . . . , s(v) + k−1
k g(v)

}

where s = (id + ∗+ · · ·+ ∗)◦ cd and g = (id + id + · · ·+ id)◦ cd, which is in turn

homotopic to the map (∆̂ + τ̂ + · · ·+ τ̂) ◦ cd : Sn−1 → Ck(Rnr {0}). Therefore

the homology class σf is equal to ∆̂ + (d − 1)τ̂ , which is the claimed formula
by (5.5) and (5.6).
If d 6 0 we can instead take s = (id + ∗+ · · ·+ ∗) ◦ c2−d and g = (id + r+ · · ·+
r) ◦ c2−d, where r is a reflection of Sn−1, to see that σf is homotopic to the
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map (∆̂ + τ̂ ◦ r+ · · ·+ τ̂ ◦ r) ◦ c2−d. The image of the fundamental class [Sn−1]
under τ̂ ◦ r is just −τ̂ , so we again get that the homology class σf is equal to

∆̂ + (d− 1)τ̂ . �

Remark 5.6 Rationally, the (n− 1)st homology of Ck(Rn r {0}) is known to
be two-dimensional by the presentation of the bigraded Q-algebra H∗(C∗(Rnr
{0});Q) given in Proposition 3.4 of [Randal-Williams, 2013b]. Specifically, it
is generated by the elements ∆0 and ∆1, corresponding to [k − 1] · ∆ and
[k − 2] ·∆ · [1] in the notation of the cited paper.

5.4. Proof of Theorem D. Abbreviate Cl(M r {0}) by just Cl. Fix a field

F of characteristic p > 0 and write H̃∗(−) = H̃∗(−;F). Recall from Lemma 5.4
that we have a long exact sequence on homology

· · · −→ H̃∗(Σn−1((Ck−1)+)) −→ H̃∗(Ck) −→ H̃∗(Ck(M)) −→ · · ·
and denote the left-hand map above by Tk,∗. By exactness we have:

dim(H̃∗(Ck(M))) = dim(codomain(Tk,∗)) + dim(domain(Tk,∗−1))

− rank(Tk,∗)− rank(Tk,∗−1).
(5.8)

Hence in order to identify H̃∗(Ck(M)) and H̃∗(Crk(M)) in a range it suffices
to identify the linear maps Tk,∗ and Trk,∗ in a range.

Proof of Theorem D. Fix a positive integer r > 2 coprime to p. We will con-
struct maps a, b and c such that the square

Sn−1 × Ck−1 Sn−1 × Crk−r Sn−1 × Crk−1

Ck Crk

a b

c

tk−1 trk−1(5.9)

commutes on homology with coefficients in F. Applying H̃∗(−) and restricting
to a direct summand (see Remark 5.3) on the top row gives a commutative
square

H̃∗+1(Σn(Ck−1)+) H̃∗+1(Σn(Crk−r)+) H̃∗+1(Σn(Crk−1)+)

H̃∗(Ck) H̃∗(Crk).

α β

c∗

Tk,∗ Trk,∗

(5.10)

Throughout this section we will abbreviate µ = µ[Mr{0}] and ν = ν[Mr{0}].
Recall that we defined the function

λ(k) = λ[M ](k) = min{ν(k), ν(k − 1) + n− 1, µ(rk − i) | i = 2, . . . , r},
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where n is the dimension of M . We will show that α, β and c∗ are isomorphisms
in the range ∗ 6 λ(k), therefore identifying the maps Tk,∗ and Trk,∗ in this

range. Hence by (5.8) the vector spaces H̃∗(Ck(M)) and H̃∗(Crk(M)) have the
same dimension for ∗ 6 λ(k), which is Theorem D.

Remark 5.7 The first two terms of λ(k) come from our use of the replication
map and Theorem B, which tells us that the r-replication map induces iso-
morphisms in the stable range ν. The remaining terms come from our use of
the classical stabilisation map, which by definition induces isomorphisms in the
range µ. If we assume that µ is non-decreasing (so ν = µ) and r, k > 2 then
the range ∗ 6 λ(k) simplifies to

∗ 6 min{µ(k), µ(k − 1) + n− 1}.
For example if µ(k) = ak + b then this is

∗ 6 ak + b if n > a+ 1

∗ 6 ak + b− (a+ 1− n) if n < a+ 1,

i.e. the same as the stable range, except possibly shifted down by a constant if
the manifold is low-dimensional compared to the slope of the stable range.

Constructing the maps. Fix a basepoint 0 ∈ M . By Lemma 5.2 we can
choose a vector field v on M which is non-vanishing except possibly at 0. This
has an associated one-parameter family of diffeomorphisms φt. Define the r-
replication map

ρr,k : Ck(M r {0}) −→ Crk(M r {0})
to take a configuration c = {x1, . . . , xk} to the configuration

{φit/r(x1), . . . , φit/r(xk) | 0 6 i 6 r − 1},
where t = t(c) > 0 is sufficiently small that φs(xi) 6= φu(xj) for s, u ∈ (0, t)
unless i = j and s = u. This agrees up to homotopy with the earlier definition
of the r-replication map under the identifications Cδk(M r {0}) ≃ Ck(M r {0})
and Cδrk(M r {0}) ≃ Crk(M r {0}). We now define

a = id× ρr,k−1

b = (pr1, trk−2) ◦ · · · ◦ (pr1, trk−r)

c = ρr,k.

In other words a and c replace each point of the configuration by r copies in
the direction determined by the vector field, whereas b adds r − 1 new points
near the missing point 0 in the direction determined by the vector in Sn−1.

Isomorphisms in a range. The vector field is non-vanishing on M r {0},
so Theorem B tells us that the r-replication map ρr,k induces isomorphisms
in the stable range on homology with Z(p) coefficients, and hence also with F
coefficients. Hence c∗ is an isomorphism in the stable range ∗ 6 ν(k).
The map ρr,k−1 induces isomorphisms on F-homology up to degree ν(k−1), so
its suspension Σn((ρr,k−1)+) induces isomorphisms up to degree ν(k − 1) + n.
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The map that this induces on H̃∗+1(−) is α, which is therefore an isomorphism
in the range ∗ 6 ν(k − 1) + n− 1.
For the map β consider the map of (trivial) fibre bundles

Sn−1 × Crk−i Sn−1 × Crk−i+1

Sn−1

(pr1, trk−i)

for i = 2, . . . , r. Its fibre over a point in Sn−1 is the classical stabilisation map
and therefore induces isomorphisms on F-homology up to degree µ(rk − i).
Hence by the relative Serre spectral sequence the map (pr1, trk−i) also induces
isomorphisms on F-homology in this range. So the map b induces isomorphisms
on F-homology up to degree min{µ(rk − i) | 2 6 i 6 r}.
In general, for a map f : Sd × A → Sd × B over Sd, the map on homology
under the Künneth isomorphism, f∗ : H∗(A)⊕H∗−d(A)→ H∗(B)⊕H∗−d(B),
is triangular – more precisely the component H∗(A)→ H∗−d(B) is zero. To see
this note that a representing cycle c for an element in the H∗(A) component
can be taken to have support in a single fibre. Since f is a map over Sd the
image f♯(c) will also have support in a single fibre, and therefore the image
f∗([c]) will be in the H∗(B) component of the Künneth decomposition of the
right-hand side. Hence if f induces an isomorphism on homology, it also re-
stricts to isomorphisms between each of the direct summands in the Künneth
decompositions of the source and target. Applying this fact to the map b we
obtain that β is an isomorphism in the range ∗ 6 min{µ(rk − i) | 2 6 i 6 r}.
Hence each of α, β and c∗ are isomorphisms in the range ∗ 6 λ(k).

Commutativity. It therefore remains to show that the square (5.9) commutes
on F-homology. Choose a coordinate neighbourhood U ∼= Rn of 0 ∈ M and
define the map

(5.11) ζ : Cr(Rn r {0})× Ck−1(M r {0}) −→ Crk(M r {0})
to first apply the map ρr,k−1 to the configuration in M r {0}, i.e. replace
each point by r copies according to the vector field, then push the resulting
configuration radially away from 0 so that it is disjoint from U , and finally
insert the configuration of r points in Rn r {0} = U r {0} into the vacated
space. Choosing a trivialisation of TM over U ∼= Rn, the vector field v restricts
to a map Rn → Rn which is non-vanishing on Sn−1, so we may rescale it to
obtain a map f : Sn−1 → Sn−1. Recall from Lemma 5.5 that such a map
induces a map σf : Sn−1 → Cr(Rn r {0}). One can then easily see that the
two ways c ◦ tk−1 and trk−1 ◦ b ◦ a around the square (5.9) are homotopic to

ζ ◦ (σf × id) and ζ ◦ (σid × id) : Sn−1 × Ck−1(M r {0}) −→ Crk(M r {0})
respectively. It suffices to show that σf and σid : Sn−1 → Cr(Rn r {0}) induce
the same map on F-homology, and we only need to check this on the funda-
mental class. Using our abuse of notation from §5.3 this means that we just
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need to check that the homology classes σf and σid in Hn−1(Cr(Rn r {0});F)
are equal.
The degree of f : Sn−1 → Sn−1 is χ by the Poincaré-Hopf theorem (c.f. Defi-
nition 5.1) so by Lemma 5.5 we have

σf = r∆0 + χr(r − 1)π

σid = r∆0 + r(r − 1)π

in Hn−1(Cr(Rnr{0});Z). Their difference is (χ−1)r(r−1)π, which is divisible
by p = char(F) by hypothesis. Hence the difference σf − σid is indeed zero in
Hn−1(Cr(Rnr {0});F), and so the square (5.9) commutes on F-homology. �

5.5. The case of the two-sphere. For M = S2 we have the well-known
calculation H1(Ck(S2);Z) ∼= Z/(2k − 2)Z for k > 2 obtained from a presenta-
tion for π1(Ck(S2)) (see [Fadell and Van Buskirk, 1962]). The degree-one Fp-
homology is therefore either one- or zero-dimensional, depending on whether
p | 2k − 2 or not. So the statement of Theorem D in degree 1 for M = S2 for
mod-p coefficients reduces to the following purely number-theoretic statement:
if p is a prime and r is a positive integer such that p | r − 1 then p | 2k − 2 if
and only if p | 2rk− 2. This is of course obviously true: we have r− 1 = ap for
some a, so 2rk − 2 = 2k + 2kap− 2 ≡ 2k − 2 (mod p).

5.6. Generalisation to configurations with labels in a bundle. The-
orem D generalises directly to configuration spaces Ck(M ; θ) with labels in a
bundle θ : E →M with path-connected fibres.

Theorem D′ Let M be a closed, connected, smooth manifold with Euler char-
acteristic χ and let θ : E → M be a fibre bundle with path-connected fibres.
Choose a field F of positive characteristic p and let r > 2 be an integer coprime
to p such that p divides (χ− 1)(r − 1). Then there are isomorphisms

H∗(Ck(M ; θ);F) ∼= H∗(Crk(M ; θ);F)

in the range ∗ 6 λ[M ; θ](k).

The function λ[M ; θ] is defined just as λ[M ], namely:

λ[M ; θ](k) = min{ν(k), ν(k − 1) + n− 1, µ(rk − i) | i = 2, . . . , r},
where µ = µ[M⋆; θ⋆], ν = ν[M⋆; θ⋆] and M⋆, θ⋆ denote M r {∗} and θ|Mr{∗}
respectively. These two functions are defined analogously to Definition 1.1,
using the stabilisation and scanning maps for configuration spaces with labels
in a bundle.
In the remainder of this subsection we sketch how to generalise the proof of
Theorem D to a proof of Theorem D′. The proof follows the same steps. In
§5.2 one has to additionally choose a trivialisation of θ over the embedded disc
D ⊆M , and analogously to Lemma 5.4 there is a cofibre sequence

Ck(M⋆; θ⋆) −→ Ck(M ; θ) 99K Σn((F × Ck−1(M⋆; θ⋆))+),

where F is the typical fibre of θ. The description of the connecting homomor-
phism for the long exact sequence on homology is exactly analogous, using the
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trivialisation of θ over D to determine the label of the new point which is added
to the configuration near 0 ∈ D.
In the diagram (5.9) the top three spaces are replaced by their cartesian prod-
ucts with F . The maps c∗ and α are isomorphisms in the range ∗ 6 λ(k) for the
same reasons as before, using Theorem B′ instead of Theorem B. The map b is
a composition of maps of fibre bundles over F×Sn−1 and the maps of fibres are
classical stabilisation maps for configuration spaces with labels in a bundle, and
so are isomorphisms on homology in the stable range for the stabilisation map
(c.f. Proposition B.3 and the appendix of [Kupers and Miller, 2014a]). The rest
of the argument that β is an isomorphism in the range ∗ 6 λ(k) goes through
as before.
For commutativity: the map ζ can be defined similarly, using the chosen trivi-
alisation of θ over D. The input is now a configuration of k−1 points in Mr{0}
with labels in θ and a configuration of r points in Rnr{0}with labels in the triv-
ial bundle with fibre F , and the output is a configuration of rk points in Mr{0}
with labels in θ. The map f : Sn−1 → Sn−1, corresponding to the restriction of
the vector field to ∂D, induces a map σf : F × Sn−1 → Cr(Rn r {0};F ). The
two ways around the square (5.9) are homotopic to ζ◦(σf×id) and ζ◦(σid×id).
Hence we just need to show that σf and σid : F × Sn−1 → Cr(Rn r {0};F )
induce the same map on F-homology.
Now as in §5.3 we need to find formulas, in terms of more basic classes, for
(σf )∗(x), for any class x ∈ H∗(F × Sn−1). Previously we showed that when
F = ∗ and x = [Sn−1] we have

(σf )∗([Sn−1]) = r∆0 + deg(f)r(r − 1)π ∈ Hn−1(Cr(Rn r {0});Z).

By the Künneth decomposition H∗(F×Sn−1) = H∗(F )⊕H∗−n+1(F ) it suffices
to show that (σf )∗(x× [∗])− (σid)∗(x× [∗]) and (σf )∗(x× [Sn−1])− (σid)∗(x×
[Sn−1]) are zero on F-homology for any class x ∈ H∗(F ). It is easy to see that
in fact

(σf )∗(x× [∗]) = (σid)∗(x× [∗]) ∈ H∗(Cr(Rn r {0};F );Z)

and therefore also on F-homology. One can define classes π(x),∆i(x), τi(x) etc.
in H∗+n−1(Cr(Rn r {0};F );Z) just as in §5.3 and by the same arguments as
before we have

(σf )∗(x×[Sn−1]) = r∆0(x)+deg(f)r(r−1)π(x) ∈ H∗+n−1(Cr(Rnr{0};F );Z).

Hence (σf )∗(x × [Sn−1]) − (σid)∗(x × [Sn−1]) is equal to (deg(f) − 1)r(r −
1)π(x) = (χ − 1)r(r − 1)π(x) and is therefore zero on F-homology since p
divides (χ− 1)(r − 1). This completes the sketch of the proof of Theorem D′.

5.7. Combining Theorems A and D. We now prove Corollary E, concern-
ing the homology of configuration spaces on even-dimensional manifolds with
coefficients in a field of odd characteristic. In fact, our methods also partially
recover the known homological stability results for odd-dimensional manifolds
and for fields of characteristic 2 or 0. The complete statement of what may be
deduced by combining Theorems A and D is as follows:
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Corollary 5.8 Let M be a closed, connected, smooth manifold with Euler
characteristic χ and let F be a field of characteristic p. Then, in the stable range
(resp. the range ∗ 6 λ(k) for lines 4–9 ), the homology group H∗(Ck(M);F)
depends only on the quantity stated in Table 5.1.

dim. conditions H∗(Ck(M);F) depends only on ♯

odd p 6= 2 — — 1 A
p = 2 — parity of k 2 A

even p = 0 — whether 2k = χ 1 or 2∗ A

p odd — min{(2k − χ)p, (χ)p + 1} (χ)p + 2 A,D
χ 6≡ 0 mod p whether p divides 2k − χ 2 A,D
χ ≡ 1 mod p — 1 A,D

p = 2 — (k)2 ∞ D
(χ)2 > 1 min{(k)2, (χ)2} (χ)2 + 1 A,D
(χ)2 = 1 parity of k 2 A,D

Table 5.1. The second-from-right column is the maximum num-
ber of different values of H∗(Ck(M);F) in the stable range (resp.
the range ∗ 6 λ(k) in lines 4–9). The rightmost column indicates
which theorem(s) each line follows from.
∗ There is only one “stable homology” on the third line, although
when χ is even there may be a single exception in the stable range
when k = χ

2
.

Proof. The first two lines follow directly from the odd part of Theorem A,
noting that a map of spaces which induces an isomorphism with Z[ 12 ] coeffi-
cients also induces isomorphisms with coefficients in any field of characteristic
different from 2. The third line follows directly from the even part of Theorem
A, since a map of spaces inducing isomorphisms on homology with Z(p) coeffi-
cients also induces isomorphisms with Q or Fp coefficients, and therefore with
coefficients in any field of characteristic 0 or p. (Given j, k in the stable range
and not equal to χ

2 , choose any prime p which divides neither 2j−χ nor 2k−χ
and apply Theorem A to get an isomorphism with Z(p) coefficients.)
For the fourth line there are two cases to consider. For the first case suppose
that (2j−χ)p = (2k−χ)p 6 (χ)p. In this case the result follows from Theorem

A. Now suppose that (2j − χ)p, (2k − χ)p > (χ)p and write x′ for x/p(x)p for
each number x. The assumption implies that (j)p = (χ)p = (k)p and that p
divides both 2k′ − χ′ and 2j′ − χ′, so that j′ ≡ k′ 6≡ 0 mod p. Hence we may
choose l such that lk′ ≡ 1 mod p, so that by Theorem D we have:

p|(lj′ − 1) so H∗(Ck(M);Fp) ∼= H∗(Clj′k(M);Fp) for ∗ 6 min(λ(k), λ(lj′k)),

p|(lk′ − 1) so H∗(Cj(M);Fp) ∼= H∗(Clk′j(M);Fp) for ∗ 6 min(λ(j), λ(lk′j)).
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Since lj′k = lk′j we have the required isomorphism in the intersection of these
two ranges. Note that l may be chosen arbitrarily large and λ is divergent, so
this is precisely the range ∗ 6 min(λ(k), λ(j)).
The fifth line is the special case of the fourth line when (χ)p = 0.
Sixth line: Suppose that ∗ 6 min(λ(k), λ(j)); we will consider three cases.
First, if j and k are both in pZ then (2j − χ)p = 0 = (2k − χ)p, so we have an
isomorphism H∗(Cj(M);F) ∼= H∗(Ck(M);F) by Theorem A. Second, if j and
k are both not in pZ then (j)p = 0 = (k)p and the isomorphism follows from
Theorem D (since p | χ − 1, we may take r in Theorem D to be any integer
coprime to p). Finally, suppose that j ∈ pZ and k /∈ pZ. Then

(2j − χ)p = 0 = (2(jkl + χ)− χ)p and (jkl + χ)p = 0 = (k)p

for any l. Since λ diverges and l may be chosen arbitrarily large we have an
isomorphism H∗(Cj(M);F) ∼= H∗(Ck(M);F) by Theorems A and D.
The seventh line follows directly from Theorem D: when p = 2 we may take r to
be any odd integer, so there are isomorphisms in the range ∗ 6 min(λ(j), λ(k))
between any j, k with the same 2-adic valuation. To deduce the eighth line
from the seventh we need to show that there are isomorphisms in this range
whenever (j)2 and (k)2 are both at least (χ)2. In this case we have (2k−χ)2 =
(χ)2 = (2j−χ)2, and so we can apply Theorem A (since we assumed that χ is
even). Finally, the ninth line is a special case of the eighth line. �

Appendix A. The stability range for the torsion in configuration
spaces

In this appendix we show that the stable range for homological stability of
unordered configuration spaces may be improved to have slope 1 when taking
Z[ 12 ] coefficients. We note that this has also recently been proved by a dif-
ferent method by [Kupers and Miller, 2014b]. We begin by proving this in a
larger range when M = Rn using Salvatore’s description [Salvatore, 2004] of
Cohen’s calculations [Cohen et al., 1976], and then use this to deduce the slope
1 statement for general open, connected manifolds M . Our method for this sec-
ond step is a slight variation of an argument due to Oscar Randal-Williams in
[Randal-Williams, 2013a, §8].
From Salvatore’s description [Salvatore, 2004, page 537] of the homology of
C(Rn) (based on [Cohen et al., 1976, page 227]), we obtain the following. A
non-empty sequence of positive integers I = (i1, . . . , iℓ(I)) with ℓ(I) > 0 is said
to be (n, p)-admissible if it is weakly monotone and strictly bounded above by
n. If p is odd, an admissible function for I is a function ǫ : {1, . . . , ℓ(I)} → {0, 1}
satisfying

ǫ(j) ≡ ij + ij−1 mod 2 for 2 6 j 6 ℓ(I).

Observe that ǫ is determined by I and ǫ(1). If p = 2, define ǫ to be constant
with value 0.
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If p = 2, then H∗(C(Rn);F2) is isomorphic to the free commutative graded
algebra generated by the symbols Qǫ(1),I(ι) where I is an (n, p)-admissible
sequence and ǫ is an admissible function.
If p is odd, then H∗(C(Rn);Fp) is isomorphic to the free commutative graded
algebra generated by the symbols Qǫ(1),I(ι) where I is an (n, p)-admissible
sequence with iℓ(I) even and ǫ is an admissible function for I, and also (if n is
even) the symbols Qǫ(1),I([ι, ι]) where I is an (n, p)-admissible sequence with
iℓ(I) odd and ǫ is an admissible function for I.
The homological degrees of ι := Q∅,∅(ι) and [ι, ι] := Q∅,∅([ι, ι]) are 0 and n−1,
and the configuration degrees are 1 and 2. The homological and configuration
degrees of the other generators are

h(Qǫ(1),(i1,...,ik)(α)) = ph(Qǫ(2),(i2,...,ik)(α)) + i1(p− 1)− ǫ(1)

ν(Qǫ(1),(i1,...,ik)(α)) = pν(Qǫ(2),(i2,...,ik)(α)),

where α = ι or [ι, ι]. The degrees of a product of generators are:

h(xy) = h(x) + h(y), ν(xy) = ν(x) + ν(y).

Multiplication by the class ι raises the configuration degree by 1 and hence
defines a homomorphism

H∗(Ck−1(Rn)) −→ H∗(Ck(Rn)),

which is the same as that induced by the stabilisation map.
We say that a class in H∗(Ck(Rn);Fp) is p-inceptive if it is not in the image of
the stabilisation map Ck−1(Rn)→ Ck(Rn) on mod-p homology. By the above
a class is p-inceptive if and only if it is not in the principal ideal generated by
ι.

Lemma A.1 In H∗(Ck(Rn);Fp), the first p-inceptive class in a fixed configura-
tion degree k is given in Table A.1 on page 791, where a = ⌊k/p⌋ and mp(k)
is the remainder after dividing k by p. Any case not covered in the table has
no p-inceptive classes. Hence, by the above discussion, the stabilisation map
Ck−1(Rn)→ Ck(Rn) induces an isomorphism on H∗(−;Fp) for smaller homo-
logical degrees.
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Proof. First observe that

h(Qǫ(1),(i1,...,ik)(ι)) > h(Qǫ(i2),(i2,...,ik)(ι)
p)

ν(Qǫ(1),(i1,...,ik)(ι)) = ν(Qǫ(i2),(i2,...,ik)(ι)
p)

h(Qǫ(1),(i1,...,ik)([ι, ι])) > h(Qǫ(i2),(i2,...,ik)([ι, ι])
p)

ν(Qǫ(1),(i1,...,ik)([ι, ι])) = ν(Qǫ(i2),(i2,...,ik)([ι, ι])
p)

h(Q1,(i)(ι)) 6 h(Qǫ,(j)(ι))

ν(Q1,(i)(ι)) = ν(Qǫ,(j)(ι))

where i 6 j in the bottom two rows. Hence the lowest p-inceptive class in a
fixed configuration degree is a product whose factors are





Q1(ι) if p = 2

Q1,(2)(ι) if p odd and n odd

Q1,(2)(ι), [ι, ι] if p odd and n even

[ι, ι] if p is odd and n = 2.

This is enough to deduce the first two rows of the table, as well as the sixth.
Second observe that, if p is odd and n is even, the first configuration de-
gree in which a power of Q1,(2)(ι) and a power of [ι, ι] both live is 2p, where

ν(Q1,(2)(ι)
2) = ν([ι, ι]p), and

h(Q1,(2)(ι)
2) = 4p− 6 < p(n− 1) = h([ι, ι]p)⇔ n > 6 or n = 4, p = 3, 5,

from which the third, fourth and fifth rows of the table follow. �

Lemma A.1 tells us in particular that for odd primes p the stabilisation map
Ck(Rn)→ Ck+1(Rn) induces an isomorphism on homology with Fp coefficients
in the range ∗ 6 k. We now show that this implies that the same is true for
the stabilisation map Ck(M) → Ck+1(M) for any smooth, connected, open
manifold M of dimension at least 3. Our method for this is a slight variation
of an argument due to Oscar Randal-Williams in [Randal-Williams, 2013a, §8].

Proposition A.2 Let M be a smooth, connected, open n-manifold with n > 3
and let A be an abelian group. If the stabilisation map on A-homology

H∗(Ck(Rn);A) −→ H∗(Ck+1(Rn);A)

is an isomorphism in the range ∗ 6 k then so is the stabilisation map on
A-homology

H∗(Ck(M);A) −→ H∗(Ck+1(M);A).

So by Lemma A.1 the stabilisation map Ck(M) → Ck+1(M) induces isomor-
phisms on homology with Fp coefficients in the range ∗ 6 k for any odd prime
p.

This result has also been recently proved by [Kupers and Miller, 2014b] using
a different method along the lines of [Segal, 1979].
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Proof. We will just write H∗(−) for H∗(−;A). Define Rk(M) to be the homo-
topy cofibre of the stabilisation map Ck(M)→ Ck+1(M). Now the stabilisation
map Ck(M) → Ck+1(M) is split-injective on homology (see [McDuff, 1975,
page 103]) so it induces an isomorphism on homology in degree ∗ if and

only if H̃∗(Rk(M)) = 0. So the hypothesis of the proposition says that

H̃∗(Rk(Rn)) = 0 for ∗ 6 k and we would like to show that H̃∗(Rk(M)) = 0 for
∗ 6 k. We refer to [Randal-Williams, 2013a] for background and any details
which we omit in this proof – the line of argument is very similar. The proof
is by induction on k. The base case k = 0 is obvious so we now fix k > 1 for
the inductive step.
For i > 0 let Cl(M)i be the space of l-point subsets c of M together with
an injection {0, . . . , i} → c. These fit together to form an semi-simplicial
space Cl(M)• augmented by Cl(M). The stabilisation map lifts to a map
Cl(M)• → Cl+1(M)• of augmented semi-simplicial spaces. There is a fibre bun-

dle π : Cl(M)i → C̃i+1(M), where C̃ denotes the ordered configuration space,
given by sending an injection {0, . . . , i} → c to its image and remembering
the induced ordering. Its fibre over a point is homeomorphic to Cl−i−1(Mi+1),
where Mi+1 denotes the manifold M with i+ 1 points removed. Moreover the
projection π commutes with the stabilisation map Cl(M)i → Cl+1(M)i and the
map of fibres over a point is the stabilisation map Cl−i−1(Mi+1)→ Cl−i(Mi+1).
Any map of Serre fibrations over a fixed base space has an associated relative
Serre spectral sequence; in this case it has second page

iẼ2
s,t
∼= Hs(C̃i+1(M); H̃t(Rl−i−1(Mi+1)))

and converges to H̃∗(Rl(M)i), where Rl(M)i denotes the homotopy cofibre of
the lift Cl(M)i → Cl+1(M)i of the stabilisation map.
For 1 6 j 6 k there are maps of augmented semi-simplicial spaces Ck−j(M)×
Cj(Rn)• → Ck(M)• defined similarly to the stabilisation map, except one
stabilises by adding the given configuration in Rn instead of just a single point.
In [Randal-Williams, 2013a, §8] it is explained how these induce maps of semi-
simplicial spaces Rk−j−1(M) ∧ Rj(Rn)• → Rk(M)• for 1 6 j 6 k. Note
that when j = k we have R−1(M) = S0 and this is just the map Rk(Rn)• →
Rk(M)• induced by an embedding Rn →֒M . Each semi-simplicial space has an
associated spectral sequence so we obtain a map jĒ → E of spectral sequences
whose first pages are

jĒ1
s,t
∼= H̃t(Rk−j−1(M) ∧Rj(Rn)s)

E1
s,t
∼= H̃t(Rk(M)s).

Note that these are first quadrant plus an extra column {s = −1, t > 0}.
The spectral sequence E converges to H̃∗+1 of the homotopy cofibre of the map
‖Rk(M)•‖ → Rk(M) induced by the augmentation map. Since taking homo-
topy cofibres commutes with taking geometric realisation of semi-simplicial
spaces this space can also be obtained as follows: first take the homotopy
cofibres of the maps ‖Ck(M)•‖ → Ck(M) and ‖Ck+1(M)•‖ → Ck+1(M);
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these are related by a map induced by stabilisation; then take the homo-
topy cofibre of this map. Now the augmented semi-simplicial space Ck(M)•

is a (k − 1)-resolution [Randal-Williams, 2013a, Proposition 6.1], i.e. the map
‖Ck(M)•‖ → Ck(M) is (k − 1)-connected. Hence the spectral sequence E
converges to zero in total degree ∗ 6 k − 1.
The inductive hypothesis says that

(IH) H̃∗(Rl(M)) = 0 for ∗ 6 l < k

and the hypothesis of the proposition says that

(Hyp) H̃∗(Rl(Rn)) = 0 for ∗ 6 l.

From (IH) we deduce that iẼ2
s,t = 0 for t 6 l − i − 1 so the spectral sequence

iẼ converges to zero in total degree ∗ 6 l − i− 1, so

(A.1) H̃∗(Rl(M)i) = 0 for ∗ 6 l − i− 1 and i > 0.

In other words:

(A.2) E1
s,t = 0 for t 6 k − s− 1 and s > 0.

Also, using the Künneth theorem, (A.1) and (IH) we deduce that

(A.3) jĒ1
s,t = 0 for t 6 k − s− 1,

where for the case {s = −1 and j = k} we also need to use (Hyp). We now
make the following:

Claim For 1 6 j 6 k the map jĒ1
j,k−j → E1

j,k−j is surjective.

The verification of this claim is delayed until the end of the proof. Now a
diagram chase in the following:

jĒ1
j,k−j

jĒj+1
j,k−j

jĒj+1
−1,k

jĒ1
−1,k

E1
j,k−j Ej+1

j,k−j Ej+1
−1,k

E1
−1,k

= 0
d̄j+1

dj+1

shows that the differential dj+1 : Ej+1
j,k−j → Ej+1

−1,k is zero for 1 6 j 6 k.

Now we can deduce that the first differential d1 : E1
0,t → E1

−1,t is surjective

in a range. First, for t 6 k − 1 note that the differentials hitting E�
−1,t have

source Ejj−1,t−j+1 for 1 6 j 6 t + 1. By (A.2) these groups are all zero, so

E1
−1,t = E∞

−1,t. The spectral sequence E converges to zero in total degree

t − 1 so E1
−1,t = E∞

−1,t = 0 and so the first differential d1 : E1
0,t → E1

−1,t is
vacuously surjective. For t = k we use the result of the diagram chase above,
which tells us that the only possible non-zero differential hitting E�

−1,k is the
first differential. We know that E∞

−1,k = 0 since E converges to zero in total

degree k− 1 so the first differential d1 : E1
0,k → E1

−1,k must be surjective. This
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can be identified as the map on homology induced by the augmentation map
Rk(M)0 → Rk(M). Hence we have established:

Fact A.3 The augmentation map a : Rk(M)0 → Rk(M) induces surjections
on A-homology up to degree k.

Now consider the maps p : Ck(M) → Ck(M1) and u : Ck(M1) → Ck(M), de-
fined as follows. The map p is defined similarly to the stabilisation map. Write
M = int(M) for a manifold M with non-empty boundary and choose a self-
embedding e′ : M →֒M which is isotopic to the identity and whose image does
not contain the missing point of M1. Then p is defined by applying e′ to each
point of the configuration. The map u is simply the map induced by the in-
clusion M1 →֒ M . Since e′ is isotopic to the identity the composition u ◦ p is
homotopic to the identity, and so the induced maps u∗ and p∗ on homology are
semi-inverses: u∗ ◦ p∗ = id. If we are careful to define p using a self-embedding
e′ : M →֒ M whose support is disjoint from the self-embedding e : M →֒ M
used to define the stabilisation map s, then p commutes on the nose with s
and there are induced maps p : Rk(M) → Rk(M1) and u : Rk(M1) → Rk(M)
on mapping cones. Again we have u ◦ p ≃ id so u∗ ◦ p∗ = id.
The methods of the proof of Proposition 6.3 in [Randal-Williams, 2013a] show
that

hconnA(u : Rk−1(M1)→ Rk−1(M)) >

> hconn(s : Ck−2(M)→ Ck−1(M)) + dim(M)

where hconnA(f) is the A-homology-connectivity of f , i.e. the largest ∗ such

that H̃∗(mc(f);A) = 0, where mc(f) is the mapping cone of f . By inductive
hypothesis the right-hand side is at least k − 2 + dim(M) > k + 1 since we
have assumed that M is at least 3-dimensional. Therefore the A-homology-
connectivity of p : Rk−1(M)→ Rk−1(M1) is at least k. In particular we have:

Fact A.4 The map p : Rk−1(M) → Rk−1(M1) induces surjections on A-
homology up to degree k.

For our third and final fact, consider the spectral sequence 0Ẽ with l = k and

recall from just before (A.1) that 0Ẽ2
s,t = 0 for t 6 k − 1. This is the relative

Serre spectral sequence for the map of fibre bundles Ck(M)0 → Ck+1(M)0

over C̃1(M) = M . The inclusion of the fibre over a point ∗ ∈ M is the
map Ck−1(M1) = Ck−1(M r {∗}) → Ck(M)0 which adds the point ∗ to a
configuration and labels it by 0. This induces a map f : Rk−1(M1)→ Rk(M)0

on mapping cones. The map on H̃∗ induced by f can be identified with the
composition of the edge homomorphism

H̃∗(Rk−1(M1)) = 0Ẽ2
0,∗ ։ 0Ẽ∞

0,∗

and the inclusion

0Ẽ∞
0,∗ →֒ H̃∗(Rk(M)0)
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given by all the extension problems in total degree ∗. But since the second
page is trivial for t 6 k − 1 there are no extension problems in total degree
∗ 6 k, and so this inclusion is an isomorphism. Hence we have:

Fact A.5 The map f : Rk−1(M1) → Rk(M)0 induces surjections on A-
homology up to degree k.

The composition s′ := a ◦ f ◦ p : Rk−1(M)→ Rk(M) is defined exactly like the
stabilisation map s : Rk−1(M)→ Rk(M) except that it uses the self-embedding
e′ of M instead of e. Since we chose e and e′ to have disjoint support, the maps
s and s′ commute. If we now ensure that we picked e and e′ to be isotopic, we
have that s and s′ are homotopic. The square s ◦ s′ = s′ ◦ s induces a map of
long exact sequences:

H̃t(Ck(M)) H̃t(Rk−1(M)) H̃t−1(Ck−1(M)) H̃t−1(Ck(M))

H̃t(Ck+1(M)) H̃t(Rk(M))

c b = s∗

d

s′∗ a = s′∗

s∗

s∗

Let t 6 k – our aim is to show that H̃t(Rk(M)) = 0. By Facts A.3, A.4 and A.5
above, the map a in this diagram is surjective. As mentioned at the beginning
of the proof, the stabilisation map is split-injective on homology in all degrees
[McDuff, 1975, page 103], so the map b is injective, and so by exactness the
map c is surjective. Hence the composite a ◦ c is surjective. But

a ◦ c = d ◦ s′∗ = d ◦ s∗ = 0,

so its codomain H̃t(Rk(M)) must be trivial.
It now remains to prove the claim we made earlier in the proof, namely that
the map

jĒ1
j,k−j = H̃k−j(Rk−j−1(M) ∧Rj(Rn)j) −→ H̃k−j(Rk(M)j) = E1

j,k−j

is surjective. In fact we will show that the map Rk−j−1(M) ∧ Rj(Rn)j →
Rk(M)j induces surjections on homology in degrees t 6 k − j. First note that

Rj(Rn)j = mc(Cj(Rn)j → Cj+1(Rn)j)

= mc(∅→ C̃j+1(Rn))

= C̃j+1(Rn)+

and the map Rk−j−1(M) ∧ C̃j+1(Rn)+ → Rk(M)j is given by taking mapping
cones of the horizontal arrows in the commutative square:
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Ck−j−1(M)× C̃j+1(Rn) Ck−j(M)× C̃j+1(Rn)

Ck(M)j Ck+1(M)j

s× id

s

To do this we begin by defining some more explicit models for various
maps. As before, write M = int(M) for a manifold M with non-empty
boundary and choose two isotopic self-embeddings e, e′ : M →֒ M which
are both non-surjective and have disjoint support. Choose an embedding
φ : Rn →֒ M r e′(M) and pairwise disjoint points p0, . . . , pj ∈ Rn. Write
Mj+1 = M r {φ(p0), . . . , φ(pj)}. We have a square of maps

Ck−j−1(M) Ck−j−1(M)× C̃j+1(Rn)

Ck−j−1(Mj+1) Ck(M)j

α

β

γ δ(A.4)

defined by

α(c) = (c, (p0, . . . , pj))

γ(c) = e′(c)

β(c) = c ∪ {φ(p0), . . . , φ(pj)}; i 7→ φ(pi)

δ(c, (q0, . . . , qj)) = e′(c) ∪ {φ(q0), . . . , φ(qj)}; i 7→ φ(qi).

Choose a point ∗ ∈M r e(M) and take an explicit model for the stabilisation
map to be defined by c 7→ e(c) ∪ {∗}. Since e and e′ have disjoint support this
induces a map of squares from (A.4) to (A.4)[k 7→ k + 1]. Taking mapping
cones along this map of squares gives us the following:

Rk−j−1(M) Rk−j−1(M) ∧ C̃j+1(Rn)+

Rk−j−1(Mj+1) Rk(M)j

ᾱ

β̄

γ̄ δ̄

We need to show that δ̄ induces surjections on homology in degrees t 6 k − j.
This will follow if we can prove this for γ̄ and β̄. But γ̄ is the composition of
j+ 1 instances of the map p from Fact A.4, and so this does induce surjections
on homology up to degree k − j by Fact A.4.3 When j = 0 the map β̄ is
surjective on homology up to degree k by Fact A.5. Moreover, the argument

3The proofs of Facts A.4 and A.5 earlier did not depend on the claim which we are
currently proving, so this is not circular.
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proving Fact A.5 generalises (using the spectral sequence jẼ instead of 0Ẽ) to
prove precisely that the map β̄ is surjective on homology up to degree k− j in
general. �

Remark A.6 When dim(M) > 3 we have homological stability in the range
∗ 6 k for Q coefficients (by [Randal-Williams, 2013a, Theorem B]) and for
Z/p coefficients with p odd (by Proposition A.2 above). Using the short exact
sequences of coefficients 0→ Z/p→ Z/pl+1 → Z/pl → 0 and

0→ Z[ 12 ]→ Q→⊕
p6=2 coliml→∞ Z/pl → 0

this implies homological stability in the range ∗ 6 k − 1 for Z[ 12 ] coefficients.
This recovers Theorem 1.4 of [Kupers and Miller, 2014b], except without sur-
jectivity in degree k.

Appendix B. Homological stability for configuration spaces with
labels in a fibre bundle

Definition B.1 (Configuration spaces and stabilisation maps with labels in a
fibre bundle) Let θ : E → M be a fibre bundle with path-connected fibres F
and define

Ck(M ; θ) := {{p1, . . . , pk} ⊂ E | θ(pi) 6= θ(pj) for i 6= j}.
Choose a self-embedding e : M →֒ M which is non-surjective and isotopic to
the identity. Choose an open neighbourhood U ⊆ M containing the support
of e, write V = U r ∂M and choose a trivialisation φ : θ−1(V )→ V × F of E
over V . Define a self-embedding ẽ : E →֒ E by

p 7→
{
p p /∈ θ−1(V )

φ−1 ◦ (e× id) ◦ φ(p) p ∈ θ−1(V )

and note that θ ◦ ẽ = e ◦ θ. Also choose points ∗ ∈M r e(M) ⊆ V and x ∈ F .
We can then define the stabilisation map Ck(M ; θ)→ Ck+1(M ; θ) by

{p1, . . . , pk} 7→ {ẽ(p1), . . . , ẽ(pk), φ−1(∗, x)}.
We may generalise Proposition A.2 to configuration spaces with labels in θ
using the following fact.

Remark B.2 Configuration spaces also satisfy homological stability with re-
spect to finite-degree twisted coefficient systems: for the case of symmetric
groups this was proved by [Betley, 2002], and the general case was proved in
[Palmer, 2013]. A twisted coefficient system for M is a functor from the partial
braid category B(M) to Z-mod. The partial braid category B(M) has objects
{0, 1, 2, . . .} and a morphism from m to n is a path in Ck(M) from a subset of
{p1, . . . , pm} to a subset of {p1, . . . , pn}, up to endpoint-preserving homotopy,
where {p1, p2, p3, . . . } is a fixed injective sequence in M .
If the twisted coefficient system has degree d the stable range obtained is ∗ 6
k−d
2 , which arises since homological stability with untwisted Z coefficients in

the range ∗ 6 k
2 is an input for the proof. However, if the twisted coefficient
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system takes values in the subcategory Z[ 12 ]-mod of Z-mod and dim(M) > 3,
then we may instead input [Kupers and Miller, 2014b] or Proposition A.2 to
obtain a stable range of ∗ 6 k − d for Ck(M) with coefficients in a functor
B(M)→ Z[ 12 ]-mod of degree d.

Proposition B.3 Let M be a smooth, connected, open n-manifold with n > 2
and θ : E →M a fibre bundle with path-connected fibres. Then the stabilisation
map Ck(M ; θ)→ Ck+1(M ; θ) induces isomorphisms on H∗(−;Z) in the range
∗ 6 k

2 − 1. It induces isomorphisms in the range ∗ 6 k on H∗(−;Q), unless M
is an orientable surface in which case the range is only ∗ 6 k − 1. If n > 3 it
induces isomorphisms on H∗(−;Z[ 12 ]) in the range ∗ 6 k − 1.

The worse range ∗ 6 k−1 for rational homology of configurations on orientable
surfaces is necessary: for example H1(C1(R2);Q) = 0 6∼= Q ∼= H1(C2(R2);Q).

Remark B.4 A version of Proposition B.3 is also proved in the appendix of
[Kupers and Miller, 2014a]. One of the proofs given there is essentially the
same as the proof we give below, and a sketch proof using semi-simplicial
resolutions by collections of disjoint arcs in M is also given. This latter method
has the advantage that it gives a range of ∗ 6 k

2 for Z coefficients (at least when

M is orientable), rather than the smaller range ∗ 6 k
2 − 1 for Z coefficients

obtained in Proposition B.3.

Proof. This will follow by the same considerations as in Remark A.6 if we show
that it induces isomorphisms on H∗(−;A) in the range ∗ 6 k

2 when A = Fp, in
the range ∗ 6 k if either (a) A = Q and M is not an orientable surface or (b)
A = Fp for p odd and n > 3, and in the range ∗ 6 k− 1 when A = Q and M is
an orientable surface. The loss of one degree from the range occurs when going
from Q and Q/Z coefficients to Z coefficients (resp. Q and Q/Z[ 12 ] coefficients

to Z[ 12 ] coefficients).
Let A = Q or Fp for a prime p. There are fibre bundles Ck(M ; θ) → Ck(M),
given by forgetting labels, with fibre F k. The stabilisation maps Ck(M) →
Ck+1(M) and Ck(M ; θ) → Ck+1(M ; θ) commute with these fibre bundles and
the map of fibres is the inclusion F k →֒ F k+1. There is then a map of Serre
spectral sequences

E2
s,t
∼= Hs(Ck(M);Ht(F

k;A)) H∗(Ck(M ; θ);A)

E2
s,t
∼= Hs(Ck+1(M);Ht(F

k+1;A)) H∗(Ck+1(M ; θ);A)⇒

⇒

and our aim is to prove that the map in the limit is an isomorphism in a certain
range depending on A and M .
Now by Lemma 4.2 of [Palmer, 2013] and since A is a field the assignment k 7→
Ht(F

k;A) extends to form a twisted coefficient system of degree at most t
h+1 6

t where h = hconnA(F ). Hence the map on the second page is an isomorphism
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in the range s 6 k−t
2 by Theorem 1.3 of [Palmer, 2013]. In particular it is an

isomorphism in total degree at most k
2 and therefore the same holds for the

map in the limit.
To obtain the improved range in certain cases note that, by Remark 6.5 of
[Palmer, 2013], if homological stability with (untwisted) A coefficients holds for
(unlabelled) configuration spaces on M in the range ∗ 6 f(k), then twisted ho-
mological stability will hold in the range ∗ 6 f(k−d) for any twisted coefficient
system of degree d which factors through the forgetful functor A-mod→ Z-mod
(c.f. Remark B.2).
If A = Q then the above twisted coefficient system factors through the inclusion
Q-mod → Z-mod. By Theorem C of [Randal-Williams, 2013a] we may take
f(k) = k if n = dim(M) > 3. For orientable surfaces we may take f(k) =
k − 1 by Corollary 3 of [Church, 2012] or Theorem 1.3 of [Knudsen, 2014],
and for non-orientable surfaces we may take f(k) = k by Theorem 1.3 of
[Knudsen, 2014]. By the above paragraph the map of spectral sequences is an
isomorphism on the second page in the range s 6 f(k − t), and therefore in
total degree at most k (resp. total degree at most k−1 for orientable surfaces).
Hence so is the map in the limit.
If A = Fp for p odd and n > 3 then the twisted coefficient system factors
through the inclusion Z[ 12 ]-mod → Z-mod. By Proposition A.2 (or Theorem
1.4 of [Kupers and Miller, 2014b]) we may take f(k) = k. So as above the map
of spectral sequences is an isomorphism in total degree at most k, and therefore
so is the map in the limit. �

Appendix C. Stable homology of configuration spaces with
labels in a fibre bundle

In this appendix we prove Theorem 4.6. Another proof can be obtained adapt-
ing step by step the proof in [McDuff, 1975] for trivial labels, as pointed out in
the introduction to that paper. We give here a sketch of this proof with some
shortcuts, taking advantage of knowing the homology stability theorem with
labels (Proposition B.3) in the spirit of [Galatius et al., 2009].

Definition C.1 Let M be an open manifold, let c : Dn−1 × (0, 1] be a proper

embedding and let M1 = M ∪c (D̊n−1 × (−1, 1]). Define ψδ,γ(M ; θ) to be the

space whose underlying set is Cδ,γ(M ; θ) :=
∐
k C

δ,γ
k (M ; θ) with the following

topology: Consider the quotient Y of Cδ,γ(M1; θ) under the relation ∼ where
(q, ǫ, {fq}q∈q) ∼ (q′, ǫ′, {f ′

q′}q′∈q′) if and only if

(1) q ∩M = q′ ∩M ,
(2) if the above intersection is non-empty, then ǫ = ǫ′,
(3) if the above intersection is non-empty, then fq = f ′

q for all q ∈ q ∩M .

The natural inclusion Cδ,γ(M ; θ) → Cδ,γ(M1; θ) induces a bijection
Cδ,γ(M ; θ) ∼= Y , which we use to endow Cδ,γ(M ; θ) with a new topology.
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Recall that we defined the non-linear scanning map with labels

sθ,γ : Cδ,γk (M ; θ) −→ Γc(ψ
δ(T 1M ; θ))

in §4. Following the same recipe we can define a scanning map

sθ,γ : ψδ,γ(M ; θ) −→ Γ(ψδ(T 1M ; θ))

whose target is now the whole space of sections.

Lemma C.2 ([Hesselholt, 1992, §2.3]) IfM is connected, then the scanning map
is a homotopy equivalence.

In the paper, Hesselholt considers E to be a fibre bundle of based spaces. This
lemma is a particular case of his theorem, taking a disjoint basepoint in each
fibre and the submanifold N in his theorem to be connected.
Let π1 : M 99K I be the partially defined function that sends a point in
the image of Dn−1 × I to the second coordinate. Define ψδ,γ(M ; θ)• to be
the semi-simplicial space whose space of i-simplices is the space of tuples
(q, ǫ, {fq}q∈q, a0, . . . , ai), where (q, ǫ, {fq}q∈q) ∈ ψδ,γ(M ; θ) and (a0, . . . , ai) ∈
Ii+1 and π1(q) ∩ {a0, . . . , ai} = ∅. The jth face map forgets aj , and there is
an augmentation to ψδ,γ(M ; θ) that forgets all the aj ’s.

Lemma C.3 The realization of the augmentation

‖ψδ,γ(M ; θ)•‖ → ψδ,γ(M ; θ)

is a weak homotoy equivalence.

Proof. This is an augmented topological flag complex
[Galatius and Randal-Williams, 2014] satisfying the conditions of Theorem 6.2
in that paper, hence a weak homotopy equivalence. �

Proposition C.4 If θ : E →M has path-connected fibres, then the restriction
of the scanning map

sγ,θ : Cδ,γk (M r c; θ) −→ Γc(Ψ
δ(T 1M r c; θ))

is a homology isomorphism in the range in which the stabilisation map of Propo-
sition B.3 is a homology isomorphism. Since M r c ∼= M , the same holds for
M .

Proof. We have constructed the following commutative diagram:

‖ψδ,γ(M ; θ)•‖ //

��

ψδ,γ(M ; θ) //

��

Γ(Ψδ(T 1M ; θ))

��

‖ψδ,γ(Dn−1 × I; θ)•‖ // ψδ,γ(Dn−1 × I; θ) // Γ(ψδ(T 1(Dn−1 × I); θ))

(C.1)
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All the horizontal maps are homotopy equivalences, by the previous two lem-
mas. The rightmost vertical map is a fibration. We now choose another prop-
erly embedded ray Dn−1 × (0, 1] ∼= L ⊂ ∂M r c, and take the colimit

P (M ; θ)• := colim
(
ψδ,γ(M ; θ)•

s−→ ψδ,γ(M ; θ)• −→ . . .
)

with respect to the stabilisation maps s that push the configurations outside
L and adds a point in L with some prescribed label. The scanning of this
operation sγ,θ(s) gives also a sequence of maps between spaces of sections,
whose colimit we denote by

G(M ; θ) := colim

(
Γ(ψδ(T 1M ; θ))

sθ,γ (s)−→ Γ(ψδ(T 1M ; θ)) −→ . . .

)

Observe that the maps sγ,θ(s) increase the degree by 1. We can consider instead
the maps that push the source of the scanning map away from L and glue there
the reflection of the scanning of some point in L, together with some prescribed
label. This latter map is a homotopy inverse of sγ,θ(s), hence the maps sγ,θ(s)
are homotopy equivalences.
By Proposition B.3, it follows that the semi-simplicial map

P (M ; θ)• −→ ψδ,γ(Dn−1 × I; θ)•

satisfies the hypotheses of [McDuff and Segal, 7576, Proposition 4], so the re-
alization

‖P (M ; θ)•‖ −→ ‖ψδ,γ(Dn−1 × I; θ)•‖
is a homology fibration. Its fibre over any point is the colimit of the space
Cδ,γ(M ; θ) with respect to the stabilisation map s. The map

G(M ; θ) −→ Γ(ψδ,γ(T 1M ; θ))

is a Serre fibration (it is a union of Serre fibrations). Its fibre over any point is
the colimit of Γc(ψ

δ(T 1M); θ) with respect to the map obtained by scanning s:

(C.2)

colimCδ,γ(M ; θ) //

��

colim Γc(ψ
δ(T 1M); θ)

��

‖P (M ; θ)•‖ ≃ //

a

��

G(M ; θ)

b

��

‖ψδ,γ(Dn−1 × I; θ)•‖ ≃ // Γ(ψδ(T 1M ; θ))

The fibres of (C.2) together with the maps to the fibres of (C.2) give the
following commutative diagram

Cδ,γ(M ; θ)
sγ,θ //

��

Γc(ψ
δ(T 1M); θ)

��

colimCδ,γ(M ; θ) // colim Γc(ψ
δ(T 1M); θ).
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The bottom map is a homology equivalence because the horizontal maps in
diagram (C.1) are homotopy equivalences. The left vertical map is a homology
equivalence in the stable range of Proposition B.3. The right vertical map
is a homotopy equivalence. As a consequence, the upper horizontal map is a
homology equivalence in the range provided by Proposition B.3 �

The following is proved in the same way as Theorem 1.1 at the bottom of page
34 in [McDuff, 1975].

Corollary C.5 If M is a manifold with empty boundary, then the non-linear
scanning map

sθ,γ : Cδ,γ(M ; θ) −→ Γc(ψ
δ(T 1M ; θ))

is a homology isomorphism in the range in which the stabilisation map is a
homology isomorphism.

We showed in Section §4 that the triangle

Cδ,γk (M ; θ) Γc(ψ
δ(T 1M ; θ))

Γc(Ṫ
1,θM).

sθ,γ

S
hi ≃(C.3)

commutes, hence from Corollary C.5 it follows that:

Theorem C.6 (McDuff’s Theorem with labels) The linear scanning map with
labels

S
δ,θ : Ck(M ; θ) −→ Γc(Ṫ

θ(M))k

induces an isomorphism on homology groups in the stable range provided by
Proposition B.3.
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Introduction

The aim of this article is to prove a canonical Künneth decomposition for the
motive of a commutative group scheme over a field. Moreover, we show that
this decomposition behaves under the group law just as in cohomology.

Let us start with the concrete example of a connected commutative algebraic
group G over C, the field of complex numbers. Then the complex manifold
associated with G is homotopy equivalent to a product of unit circles S1. So,
by the Künneth formula for singular cohomology, one has

Hi
sing(G(C),Q) =

i∧
H1

sing(G(C),Q).

This phenomenon exists also for ℓ-adic cohomology. Let G be a connected
commutative group scheme over a field k and let ℓ a prime number different from
the characteristic of k. Then H∗(Gk̄,Qℓ) is a graded finite-dimensional Qℓ-
vector space. Moreover, it has a canonical structure of graded commutative and
cocommutative connected Hopf algebra coming from the group structure and
the diagonal immersion ∆ : G → G ×G (the latter induces the cup product).
The classification of graded Hopf algebras implies that H∗(Gk̄,Qℓ) has to be
the exterior algebra of its primitive part. It turns out to be H1(Gk̄,Qℓ), the
dual of the Tate module tensor Qℓ. So one deduces an isomorphism of graded
Hopf algebras

H∗(Gk̄,Qℓ) =

∗∧
H1(Gk̄,Qℓ) .

Our main theorem shows that this formula is motivic, up to two minor sub-
tleties. First, in odd degree symmetric powers realize to the exterior powers
(Koszul rule of signs), so one has to consider the former. Second, the realization
functors from motives to cohomology is contravariant so one has to consider
the opposite Hopf algebra structure.

Theorem 1. Let G be a connected commutative algebraic group over a field k.
Then there exists a canonical decomposition in DMeff

gm(k)Q

M(G) =
⊕

i=0

Mi(G),

such that, for any mixed Weil cohomology theory H∗, the motiveMi(G) realizes
to Hi(G). Moreover,

(1) for i big enough the motives Symi(M1(G)) and Mi(G) vanish,
(2) there is a canonical isomorphism

Mi(G) ∼= SymiM1(G) ,

(3) The canonical isomorphism

M(G) ∼= coSym(M1(G)) =
⊕

i

SymiM1(G)
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is an isomorphism of Hopf algebras between the motive of G and the
symmetric coalgebra over the motive M1(G).

For more refined statements see Theorems 7.1.1 and 7.2.2
There are a number of useful applications of our motivic decomposition. For
instance, we are able to describe the weight filtration on Mi(G) explicitly (see
Section 7.3). We get a new proof of Kimura finiteness of 1-motives (which
implies Kimura finiteness of the motive of a curve). We also show thatH∗(M) is
concentrated in one degree for any 1-motiveM and any mixed Weil cohomology
theory.
Recently, Sugiyama [Sug14] has applied Theorem 1 to generalize to semiabelian
varieties results of Beauville [Bea86] and Bloch [Blo76, Theorem 0.1] on Chow
groups of abelian varieties.
In a sequel of this paper [AHPL], we will show that all the results in this
introduction hold for the relative motive of a general smooth commutative
group scheme G over a base scheme S (supposed noetherian and finite dimen-
sional). Note that Theorem 1 was known for abelian schemes over a regular
base [DM91, Kün94]. Our generalization will be interesting especially for Néron
models of abelian varieties and for the group scheme over compactifications of
Shimura varieties.

Theorem 1 was already known for tori and abelian varieties. The straightfor-
ward case of tori was discussed partially by Huber-Kahn [HK06]. The abelian
case was proven by Künnemann [Kün94] following earlier partial results by
Shermenev [Šer74] and Deninger-Murre [DM91]. The main tool in his proof is
the Fourier transform for cycles over an abelian variety, introduced by Beauville
[Bea86]. This is not available for more general groups.
Instead, our starting point is to use the more flexible category motivic com-
plexes. Indeed, we write down the component M1(G) completely explicitly.
This is non-trivial, even for abelian varieties.
First, following Barbieri-Viale and Kahn [BVK], consider G the sheaf on the
big étale site on Sm/k represented by G. It inherits from the group structure of
G a canonical structure of sheaf of abelian groups. By work of Spieß-Szamuely
([SS03]) G has transfers, hence it induces a motive (namely the singular com-
plex C∗G) that we will note M1(G).
Second, consider the map of (pre)sheaves with transfers

Cor(·, G)→ G

which maps a multivalued map S → G (a correspondence) to the sum of its
values in the commutative group G. It induces a canonical map

αG : M(G)→M1(G) .

Using the comultiplication on M(G) this extends to a natural map

ϕnG : M(G)→ SymnM1(G) .
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Most of the effort of this paper goes into proving the following (Theorem 3.1.4
in the paper):

Theorem 2. Let G be a semiabelian variety over a perfect field k. Then the
motive M1(G) is odd (i.e. SymnM1(G) vanishes for n big enough) and, more-
over, the map

ϕG =
⊕

n

ϕnG : M(G) −→
⊕

n=0

SymnM1(G).

is an isomorphism.

We will easily deduce Theorem 1 from Theorem 2: the construction of the
morphism ϕG has been done so that it is natural and it respects the Hopf
structures (and the unipotent part of a general commutative group will be easy
to treat, as well as the non-perfect case).
A difficulty in showing this theorem is that we do not have for free natu-
ral maps in the opposite direction (the reader can think of the embedding
MorSm/k(·, G) ⊂ Cor(·, G), but this is just a morphism of sheaves of sets).

We prove Theorem 2 by induction on the torus rank with the case of abelian
varieties as a starting point. Consider a short exact sequence of semiabelian
varieties

1→ Gm → G→ H → 1

and suppose to know Theorem 2 for H . On the one hand, the filtration on G
defined by the above short exact sequence induces triangles

SymnM1(G)→ SymnM1(H)→ Symn−1M1(H)(1)[2] .

On the other hand, the localization sequence for the Gm-torsor G→ H reads

M(G)→M(H)→M(H)(1)[2] .

By comparing these triangles, the hypothesis that ϕH is an isomorphism implies
that there is a non-canonical isomorphism

ψ : M(G)→
⊕

n

Symn(M1(G)) .

This fact has two essential consequences. First, the motive M(G) is Kimura fi-
nite. Second, there is a non-trivial morphism from

⊕
n Symn(M1(G)) to M(G).

We then show that one can modify this morphism in order to obtain a map
which is the inverse of ϕG after ℓ-adic realization. Then Kimura finiteness
allows us to conclude that ϕG is an isomorphism.

We now briefly discuss the structure of the paper. Section 1 settles notations
and recalls some facts from the literature. In Section 2 we define the motive
M1(G) and the morphism αG and establish basic properties. We will pretty
quickly specialize to the case of a semiabelian variety. In Section 3 we construct
the morphism ϕG and show that it respects the Hopf structures, under the
hypothesis that SymnM1(G) vanishes for n big enough. Section 4 deals with
the two special cases: tori and abelian varieties. In Section 5 we show that
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the motive M1(G) of a semiabelian variety G is odd and geometric. We then
compute its ℓ-adic realization. Section 6 finally gives the proof of Theorem 2
for any semiabelian variety G.
Section 7 shows how to deduce Theorem 1 from Theorem 2. We also explain
how the semiabelian case implies the case of a general commutative group
scheme, possibly with a unipotent radical or several connected components.
Some other properties are studied, namely the uniqueness of the Künneth de-
composition and that the weight filtration in cohomology lifts canonically to a
filtration of each Künneth component.
Some technical points of the main proof are left to the appendices. Appendix A
is the essential input to relate the two triangles above. This is done comparing
two obvious definitions of the first Chern class of the line bundle defined by an
extension of a semiabelian variety by Gm. Appendix B rewiews the definition
of the symmetric coalgebra, its universal properties and a comparison with the
standard symmetric algebra in the setting of Q-linear pseudo-abelian additive
categories. Appendix C constructs a natural filtration on Symn(V ) given a
subobject U ⊂ V in the setting of general Q-linear abelian categories.

Acknowledgments. Part of these results have already been obtained in the
PhD thesis [EW13] of the second author, written under the supervision of the
third. The first author would like to thank them for letting him participate to
conclude this work and for the warm hospitality in Freiburg.
In more detail: the definition of ϕG was given in [EW13] and the results on
tori and abelian varieties were established there. It also contained the inductive
argument of Section 6.1 but not the proof of the main Theorem 2.
We would like to thank J. Ayoub, F. Déglise, B. Drew, J. Fresán, M. Huruguen,
P. Jossen, B. Kahn, S. Kelly, K. Künnemann, S. Meagher, S. Pepin Lehalleur,
J. Scholbach, R. Sugiyama, and C. Vial for useful discussions.
R. Sugiyama pointed out a gap in an earlier version of our preprint. The
problem is resolved by his [Sug14, Appendix B].
We are most thankful to M. Wendt, who has been involved in the project
from the start. He came to act as a coadvisor of the thesis and contributed
generously by discussions, advice on references and careful proof reading. The
(as it turns out decisive) remark that the very formulation of the main theorem
needs a finiteness assumption, was his.
Finally, we would like to thank the referee for useful comments.

1. Notations and Generalities

Throughout this paper k denotes a fixed base field of any characteristic. We
fix an algebraic closure of k and we call it k̄. We write (·) for the pull-back to
k̄ on varieties, motives and sheaves.

1.1. Categories of varieties. We denote:

• Sch/k the category of schemes separated and of finite type over k;
• Sm/k the full subcategory of smooth schemes over k;
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• SmPrVar/k the full subcategory of smooth and projective schemes
over k;
• SmCor/k the category of smooth correspondences. Objects are

smooth schemes over k and morphisms are finite correspondences in
the sense of Voevodsky [Voe00, Section 2]. The free abelian group gen-
erated by primitive finite correspondences from X to Y will be denoted
Cor(X,Y );
• cGrp/k the category of commutative group schemes of finite type over
k with morphisms of k-group schemes;
• sAb/k the full subcategory of cGrp of semiabelian varieties. By def-

inition an object of sAb/k is a connected smooth commutative group
scheme G over k such that its pullback Gk̄ does not have any subgroups
which are isomorphic to an additive group.
• Ab/k the full subcategory of cGrp of abelian varieties.

We will usually abbreviate Sch instead of Sch/k etc.

Remark 1.1.1. Suppose that the base field is perfect. By a theorem of Barsotti
[Bar55] and Chevalley [Che60] (see also [Con02] for a modern presentation) any
semiabelian variety can be uniquely decomposed as an extension of an abelian
variety by a torus.
Moreover, there are no non-constant homomorphism from a torus to an abelian
variety, see for example [Con02, Lemma 2.3]. In particular any homomorphism
between two semiabelian varieties induces morphisms between the tori and
between the abelian varieties of their decompositions.

Remark 1.1.2. Notice that a short exact sequence in cGrp of smooth groups
induces a short exact sequence of étale sheaves, as any smooth morphism has
a section locally for the étale topology.

1.2. Rational coefficients. When A is an additive category, then we will
write AQ for the pseudo-abelian hull of the category having the same objects
as A and such that for any X,Y ∈ A the set of the homomorphisms from X
to Y is the Q-vector space

HomA(X,Y )⊗Z Q .

This applies, in particular, to the additive categories SmCor, Ab and sAb.

Remark 1.2.1. (1) Notice that morphisms in SmCorQ between two vari-
eties are Q-linear combinations of primitive finite correspondences.

(2) The categories AbQ and sAbQ are the categories of abelian and semi-
abelian varieties up to isogeny, respectively. These categories are
abelian.

1.3. Symmetric powers, exterior powers and Kimura finiteness. Let
A be a pseudo-abelian Q-linear symmetric tensor category with unit 1. There
are canonical functors

Symn : A → A .
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Indeed, let X ∈ A be an object of A. As the category is symmetric the group
of permutations Sn acts on X⊗n. The endomorphism

1

n!

∑

σ∈Sn
σ : X⊗n → X⊗n

is a projector. Then one defines Symn(X) to be its image (notice that it is
fonctorial in X ∈ A). We define similarly the functor

∧n
: A → A. By

convention, we will write Sym0X =
∧0

X = 1 for all non-zero objects X .
Following [Kim05] and [O’S05] we will say that an object X is

• odd of dimension N if SymNX 6= 0 and SymN+1X = 0. In this case
we will write detX = SymNX ;

• even of dimension N if
∧N

X 6= 0 and
∧N+1

X = 0. In this case we

will write detX =
∧N X ;

• odd or even finite-dimensional if it is even or odd finite-dimensional for
some N ;
• Kimura finite if there exists a decomposition (in general not unique)
X = X+ ⊕X− such that X+ is even finite-dimensional and X− is odd
finite-dimensional.

The result we will need about finite-dimensional motives is the following theo-
rem of André and Kahn.

Theorem 1.3.1 (André, Kahn). Let K be a field of characteristic zero, C be
a K-linear pseudoabelian symmetric tensor rigid category, with unit object 1

satifsfying EndC(1) = K.
Let f : X → Y be a map in C between two finite-dimensional objects. Suppose
that there exist another K-linear pseudo-abelian symmetric tensor category D,
a non-zero K-linear symmetric tensor functor F : C → D (covariant or con-
travarient) and a map g : Y → X in C such that F (f) and F (g) are inverses
of the other. Then f is an isomorphism.

Proof. This is a consequence of the work [AK02]. As this theorem is never
stated in this form let us explain how to deduce it from loc. cit. We will
suppose F to be covariant (otherwise one can compose with the canonical
antiequivalence of D with its opposite category).
First of all we can replace C by the K-linear symmetric tensor category gener-
ated by finite-dimensional objects, hence suppose that C is a Kimura category.
The kernel of the functor F is a tensor ideal of C, which is by hypothesis non-
trivial. Then by [AK02, Theorem. 9.2.2] the kernel is contained inside a tensor
ideal R called the radical and C is a Wedderburn category. Write π : C → C/R
for the canonical functor. Our hypothesis implies that π(f) and π(g) are in-
verses of each other. We can now conclude because by [AK02, Proposition
1.4.4(b)] the functor π detects the isomorphism, i.e., π(f) is an isomorphism if
and only if f is.
Notice that the erratum of [AK02] does not concern the statements we are
using. �
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1.4. Symmetric coalgebra. Let X be an odd object of dimension N in a
pseudo-abelian Q-linear symmetric tensor category with unit 1. We define the
symmetric coalgebra

coSym(X) =
N⊕

n=0

Symn(X) .

The coalgebra coSym(X) has a canonical structure of Hopf algebra. Multiplica-
tion and comultiplication are defined so that coSym(X) becomes the standard
symmetric algebra in the opposite category. For details see Appendix B.

1.5. Graded super-vector spaces. Let F be a field. The category of graded
super-F -vector spaces will be denoted by GrVec±F . As an F -linear tensor cate-
gory it is equivalent to the category of graded F -vector spaces. In particular if
V =

⊕
i∈Z Vi and W =

⊕
i∈ZWi, then

(V ⊗W )n =
⊕

p+q=n

Vp ⊗Wq.

The difference is in the convention of the symmetry. If σi,j : Vi⊗Wj →Wj⊗Vi
is the isomorphism of symmetry in the category of F -vector spaces, then the
isomorphism of symmetry in GrVec±F is given by (−1)i·jσi,j .

1.6. Chow and Voevodsky motives. Let k be a perfect field (for the non-
perfect case see Section 1.7). Our conventions on motives will follow notations
and constructions from Voevodsky [Voe00] and especially from [MVW06, Sec-
tion 14], where the case of rational coefficients is explicitly treated. We will
study the following categories:

ShTét(k,Q) , DMeff
−,ét(k,Q) , DMeff

gm(k)Q , DMgm(k)Q , Chow(k)Q

of étale sheaves with transfers, motivic complexes, effective geometric motives,
geometric motives, and Chow motives, respectively. We are going to need the
functors

L : Smk → D−(ShTét(k,Q)) and q : D−(ShTét(k,Q))→ DMeff
−,ét(k,Q) .

We will write

M = q ◦ L ,

and for any variety X ∈ Smk we will call M(X) the motive of X .
Let us give more details. The category of sheaves of Q-vector spaces with
transfers on the big étale site on Sm/k is denoted

ShTét(k,Q) .

By [MVW06, Lemma 14.21] a rational presheaf with transfers is a sheaf for
the Nisnevich topology if and only if it is a sheaf for étale topology. We decide
to work with the latter topology. Tensor product is exact on this category by
[Sug14, Proposition B.1]. Moreover, by [MVW06, Theorem 14.30] the cate-

gories DMeff
−,ét(k,Q) and DMeff

,Nis(k,Q) are equivalent.
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By [MVW06, Theorem 14.28] and [MVW06, Remark 14.29] there are two ad-
joint Q-linear exact functors

q : D−ShTét(k,Q) ⇄ DMeff
−,ét(k,Q) : i .

The functor q is compatible with tensor products. Moreover, the functor i is an
embedding and the functor q is a localization. We may identify DMeff

−,ét(k,Q)

with its image in D−ShTét(k,Q) and avoid to write i.
The category of effective geometric motives will be denoted by

DMeff
gm(k)Q .

Several equivalent definitions are possible, here we define it as the full triangu-
lated Q-linear pseudo-abelian tensor sub-category of DMeff

−,ét(k,Q) generated
by motives of smooth schemes over k.

Remark 1.6.1. (1) Let DMeff
gm(k,Z) be the category of effective geometric

motives with integer coefficients defined by Voevodsky [Voe00, Defini-
tion 2.1.1], then

DMeff
gm(k)Q = DMeff

gm(k,Z)Q ,

where the tensor product on the right hand side is in the sense of
Section 1.2. This fact can be deduced from [CD09, Theorem 11.1.13],
[CD09, Remark 9.1.3(3)] and [CD09, Corollary 16.1.6].

(2) The reader should be warned that ShTét(k,Q) and DMeff
−,ét(k,Q)

are not ShTét(k,Z)Q and DMeff
−,ét(k,Z)Q. We will always work with

ShTét(k,Q) and DMeff
−,ét(k,Q).

After tensor-inverting the Lefschetz motive inside DMeff
gm(k)Q we obtain a Q-

linear pseudo-abelian triangulated rigid tensor category, denoted by DMgm(k)Q
and called the category of geometric motives. The category DMeff

gm(k)Q is
canonically a full subcategory of DMgm(k)Q by Voevodsky’s Cancellation The-
orem [Voe10].
The Q-linear pseudo-abelian rigid tensor sub-category of DMgm(k)Q gener-
ated by motives of smooth and projective schemes over k will be denoted by
Chow(k)Q and called the category of Chow (or pure) motives (with Q coef-
ficients). Note that by [Voe00, Proposition 2.1.4] together with [Voe02], this
category is equivalent to the opposite of the classical category of Chow motives.
Although we will use properties of classical Chow motives transposed in
this context, we will always keep the notations coming from the conventions
of Voevodsky, for instance the motive of the projective line decomposes as
M(P1k) = 1⊕ 1(1)[2].
We are going to need the following facts.

Proposition 1.6.2. Let f be a morphism in DMeff
−,ét(k,Q). Then f is an

isomorphism if and only if its pull-back f to k̄ is. In particular a motive M
vanishes if and only if M does.
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Proof. Let f be a morphism in DMeff
−,ét(k,Q). Then f is an isomorphism if

and only if it is an isomorphism in the derived category of étale sheaves, i.e., if
it induces isomorphism on cohomology sheaves without transfers. A morphism
of étale sheaves is an isomorphism if it is an isomorphism on geometric stalks.
It suffices to consider geometric points over closed points of objects in Sm/k.
Hence we can check it after pull back to the algebraic closure. �

Remark 1.6.3. Voevodsky’s tensor product on ShTét(k,Q) is exact because
by [SV96, §5 and §6] the category can be seen as a full tensor subcategory of
the category of qfh-sheaves with the standard tensor product of sheaves. This
argument is due to Sugiyama, see [Sug14, Appendix B] for full details.

1.7. Motives over non-perfect fields. To avoid the hypothesis of per-
fectness one can consider Beilinson motives with rational coefficients following
Cisinski and Déglise [CD09]. These motives are defined over general bases and
when the base is a perfect field their definition is equivalent to the category
of geometric Voevodsky motives with Q-coefficients DMeff

gm(k)Q, see [CD09,
Corollary 16.1.6].
Suppose now that k is not perfect, and let ki be its perfect closure. Then
by [CD09, Proposition 2.1.9] and [CD09, Theorem 14.3.3] the pull-back from

DMeff
gm(k)Q to DMeff

gm(ki)Q is an equivalence of category.

1.8. Realization functor. Fix a prime number ℓ different from the charac-
teristic of k. We denote

H∗ =
⊕

i∈Z

Hi : Smk → Smk −→ GrVec±Qℓ

the contravariant functor of ℓ-adic cohomology. By work of Ivorra [Ivo07, The-
orem 4.3] it extends uniquely to a contravariant functor called realization

H∗ : DMgm(k) −→ GrVec±Qℓ
which is a Q-linear symmetric tensor functor, sending the unit to the unit
triangles to long exact sequences and which moreover verifies H∗(M(n)) =
H∗(M)(−n) and Hm(M [n]) = Hm−n(M) for all integers m and n and all
motives M .

The structure of ℓ-adic cohomology of semiabelian varieties is well known.

Lemma 1.8.1. Let G be a semiabelian variety. Then

H∗(G) = Sym(H1(G)) .

Moreover, let Vℓ(G) be the ℓ-adic Tate module tensored by Qℓ, then we have

H1(G) = Vℓ(G)∗ .

Proof. The abelian or torus case are classical. For the semiabelian case see
e.g. [BS13, Lemma 4.1 and 4.2]. The rational case follows from their stronger
assertion with torsion coefficients. �
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Lemma 1.8.2. The functor H1 is exact and faithful on sAbQ.

Proof. From the explicit formula for H1 we get both the exact sequence and a
formula for the dimension of H1(G). In particular, it does not vanish, if G is
non-trivial. �

2. The 1-motive M1(G) of G

Let k be a perfect field and G be a smooth commutative group scheme over
k (often a semiabelian variety). In this section we are going to construct a
natural morphism

αG : M(G) −→M1(G)

in the category DMeff
−,ét(k,Q) of triangulated motives, where M1(G) is the the

1-motive of G to be defined below. This is based on the work of Barbieri-
Viale/Kahn [BVK], Spieß/Szamuely [SS03], and Suslin/Voevodsky [SV96].
There is no need to work with rational coefficients in this section, but we prefer
to put them in the setting (they will become essential later).

2.1. Adding transfers.

Definition 2.1.1. Let G be the presheaf of abelian groups Sm/k defined by G,
i.e.,

G(S) = MorSm/k(S,G)

for S ∈ Sm/k. We denote GQ = G⊗Z Q the presheaf tensor product, i.e.,

GQ(S) = MorSm/k(S,G)⊗Z Q

for S ∈ Sm/k.

Lemma 2.1.2 (Spieß-Szamuely, Orgogozo). Let G be a smooth commutative
group scheme over k, then GQ is an étale sheaf with transfers of Q-vector
spaces. When G is a semiabelian variety, GQ is homotopy invariant.

Proof. Spieß and Szamuely showed in [SS03, Proof of Lemma 3.2] that G is
a presheaf with transfers (for more details we refer to second author’s thesis
[EW13, Section 2.3]).
Homotopy invariance follows as in the abelian or torus case, see [Org04,
Lemma 3.3.1].
We have to check the sheaf condition for GQ. It is enough to check this for
covers with finitely many objects, as a general cover can be refined to such a
cover. On the other hand the sheaf condition in this case is implied by the
sheaf condition of S 7→ MorSm/k(S,G), which is true by étale descent. �

Let us recall the relation between finite correspondences Cor(S,X) and multi-
valued maps. Let S be a connected smooth k-scheme and W ⊂ S ×X be an
irreducible subvariety finite and surjective over S, i.e., a primitive finite cor-
respondence. Let d be the degree of W/S. By work of Suslin and Voevodsky
[SV96, Preamble to Theorem 6.8] there is an associated morphism

S → Sd(X) ,
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where Sd(X) = Xd/Sd is the symmetric power of X .
From this description, the following is straightforward.

Proposition 2.1.3. Let G be a commutative group scheme over k. Then there
is a canonical map of sheaves with transfers

γG : Cor(·, G)⊗Z Q→ GQ ,

characterized by the fact that it maps a morphism S
f→ Sd(G) to

S
f→ Sd(G)

µ→ G ,

where µ : Sd(G) → G is the summation map. Moreover, γG is natural in
G ∈ cGrpk.

Definition 2.1.4. Let G be a semiabelian variety over k. Recall the functor
q : D−ShTét(k,Q)→ DMeff

−,ét(k,Q) (see Section 1.6).

(1) We denote

M1(G) ∈ DMeff
−,ét(k,Q)

the image under the functor q of the complex given by GQ concentrated
in degree in 0. We call M1(G) the 1-motive defined by G.

(2) We denote

αG : M(G)→M1(G)

the image under the functor q of the morphism

γG : Cor(·, G) ⊗Z Q→ GQ

of complexes concentrated in degree in 0.

Remark 2.1.5. The definition of M1(G) is a special case of the embedding of
the category of 1-motives into triangulated motives constructed by Barbieri-
Viale/Kahn [BVK].
The notation M1(G) should suggest the first Künneth component of G. This
intuition is justified by Proposition 2.2.1 and Lemma 2.2.2 (and of course by
the main Theorem 3.1.4).

Remark 2.1.6. The adjunction q : D−ShTét(k,Q) ⇄ DMeff
−,ét(k,Q) : i (Section

1.6) gives a canonical identification

HomDMeff

−,ét(k,Q)
(M(G),M1(G)) = HomD−ShTét(k,Q)(L(G), iM1(G)) .

On the other hand GQ is homotopy invariant (Lemma 2.1.2) so by [MVW06,
Corollary 14.9] iM1(G) is the complex GQ concentrated in degree zero. Alto-
gether we have a canonical identification

HomDMeff

−,ét(k,Q)
(M(G),M1(G)) = HomShTét(k,Q)(L(G), GQ) .

Under this identification αG corresponds to γG.
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2.2. Elementary properties.

Proposition 2.2.1 (Orgogozo). The assignment

M1 : sAb→ DMeff
−,ét(k,Q)

is an exact functor, i.e., it maps short exact sequences to exact triangles. It is
isogeny invariant and factors via an exact functor

M1 : sAbQ → DMeff
−,ét(k,Q) .

In particular, it maps direct products in sAbQ to direct sums and multiplication
by n on a semiabelian variety G to multiplication by n on M1(G).
Moreover, M1 is a full embedding, i.e., for any two semiabelian varieties G and
H we have a natural isomorphism

HomsAbQ
(G,H) = HomDMeff

−,ét(k,Q)
(M1(G),M1(H)) .

Proof. The fact that M1 is a full embedding is shown more generally for the
derived category of 1-motives in [Org04, Proposition 3.3.3]. Exactness is ex-
plained in the preamble of loc. cit. �

Lemma 2.2.2. The morphism αG : M(G) → M1(G) is natural in G ∈ sAb/k
and it is always non-zero for G 6= 0 ∈ sAbQ.

Proof. By Remark 2.1.6 we can replace in the statement αG by the map γG
(Proposition 2.1.3). Naturality is part of Proposition 2.1.3 and we have γG 6= 0
because it does not vanish on idG ∈ Cor(G,G) ⊗Z Q. �

Corollary 2.2.3. Let G be a semiabelian variety. Let µ be the multiplication,
−1 the inverse, 0 the unit and ǫ the structural map. Then

M1(µ) = + :M1(G)⊕M1(G)→M1(G) ,

M1(−1) = −1 :M1(G)→M1(G) ,

M1(0) = 0 :M1(Speck)→M1(G) ,

M1(ǫ) = 0 :M1(G)→M1(Speck) .

Proof. The statement on µ holds by definition. The second follows from Propo-
sition 2.2.1 with n = −1. The last two are trivial from M1(Speck) = 0. �

Recall that (̄·) denotes the pull-back to k̄.

Lemma 2.2.4. Let G be a semiabelian variety over k.

M(G) = M(G) ,

M1(G) = M1(G) ,

αG = αG .

Proof. The analogous statement in ShTét(k̄,Q) for Cor(·, G)⊗ZQ, GQ and γG
can be proved just by checking the definitions. Then one deduces the statement
by applying the functor q. �
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3. Main Theorem

In this section we state the main theorem. The point is to construct a mor-
phisms ϕG and the theorem will essentially state that it is an isomorphism. We
also establish some basic properties of ϕG.

3.1. The morphism ϕG.

Definition 3.1.1. Let G be a semiabelian variety over k, n ≥ 0 be an integer
and ∆n

G be the n-fold diagonal. We define ϕnG to be the morphism

ϕnG : M(G)
M(∆nG)−−−−−→M(G)⊗n

α⊗n
G−−−→M1(G)⊗n.

As ∆n
G is invariant under permutations, this factors uniquely

M(G)
α⊗n
G M(∆nG)

//

ϕnG &&◆◆
◆◆◆

◆◆◆
◆◆◆

M1(G)⊗n

Symn(M1(G))

77♦♦♦♦♦♦♦♦♦♦♦♦

Remark 3.1.2. Equivalently, we have

ϕnG : M(G)
M(∆nG)−−−−−→M(G)⊗n

α⊗n
G−−−→M1(G)⊗n −→ Symn(M1(G)),

which was the original definition in [EW13].

Definition 3.1.3. Let G be a semiabelian variety over k which is an extension
of an abelian variety of dimension g by a torus of rank r. Define the morphism
ϕG as

ϕG =

2g+r⊕

n=0

ϕnG : M(G) −→
2g+r⊕

n=0

Symn(M1(G)).

Our main theorem is the following; it will be proven in Section 6.

Theorem 3.1.4. Let k be a perfect field and G be a semiabelian variety which
is an extension of an abelian variety of dimension g by a torus of rank r. Then
the motive M1(G) is odd of dimension 2g + r and the map

ϕG : M(G) −→
2g+r⊕

n=0

Symn(M1(G)).

is an isomorphism of motives.

More refined statements will be deduced in Section 7.

3.2. First properties and reductions. Let G be a semiabelian variety.
The motive M(G) has a canonical Hopf algebra structure induced by mor-
phisms of varieties:

• multiplication by multiplication on G;
• comultiplication by the diagonal ∆ : G→ G×G;
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• the antipodal map by the inverse on G;
• the unit by the neutral element;
• the counit by the structure map to the base field.

The aim here is to show that the morphism ϕG of Definition 3.1.3 is a natural
morphism of Hopf algebras from M(G) to the symmetric coalgebra

coSym(M1(G)) =
∏

n≥0

Symn(M1(G)) .

To consider such an object one needs to work under the following assumption:

Finiteness Assumption 3.2.1. The motive M1(G) is odd of dimension 2g+ r
(here G is a semiabelian variety which is an extension of an abelian variety of
dimension g by a torus rank r).

Remark 3.2.2. The finiteness assumption is needed to make coSym(M1(G)) an

object of DMeff
−,ét(k,Q). We are going to establish later (see Proposition 5.1.1)

that this assumption is always satisfied. The reader who does not want to
work under this assumption can simply work unconditionally in the procategory
Pro-DMeff

−,ét(k,Q).

Lemma 3.2.3. Under the finiteness assumption 3.2.1, the map ϕG is the unique
morphism of commutative coalgebras extending αG (Definition 2.1.4).

Proof. From the definitions it is clear that it is a morphism of coalgebras.
Uniqueness then comes by universal property of coSym(M1(G)). �

Lemma 3.2.4. The maps ϕnG are natural in G ∈ sAb.

Proof. Clear by construction and naturality of αG (Lemma 2.2.2). �

Lemma 3.2.5. Let k̄ be an algebraic closure of k and denote (̄·) the base change
to k̄. Then

ϕnG = ϕn
G
.

Proof. By construction this comes from the case of αG (Lemma 2.2.4). �

Corollary 3.2.6. Let G be a semiabelian variety over k. Then Theorem 3.1.4
holds for G if it holds for G.

Proof. By Lemma 2.2.4, we have M1(G) = M1(G). We apply Proposition 1.6.2

to the motives SymnM1(G) and we obtain that M1(G) is odd of the same
dimension asM1(G). In particular, the finiteness assumption 3.2.1 is verified for
G. By Lemma 3.2.5 we have ϕG = ϕG, we then conclude applying Proposition
1.6.2 to f = ϕG. �

We want to study compatibility of ϕG with products. Let G and H be two
semiabelian varieties. Recall that we have

M1(G×H) = M1(G) ⊕M1(H)

M(G×H) = M(G)⊗M(H)

coSym(M1(G) ⊕M1(H)) = coSym(M1(G)) ⊗ coSym(M1(H))
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by additivity of M1 (Lemma 2.2.1), Künneth formula and Corollary B.3.1.

Proposition 3.2.7. Let G and H be two semiabelian varieties over k satisfying
finiteness assumption 3.2.1. Then, under the above identifications, we have

ϕG×H = ϕG ⊗ ϕH ,

i.e., the diagram

M(G×H)

∼=
��

ϕG×H// coSym(M1(G×H))
∼= // coSym(M1(G)⊕M1(H))

M(G)⊗M(H)
ϕG⊗ϕH

// coSym(M1(G)) ⊗ coSym(M1(H))

∼=

OO

commutes.

Proof. First, notice that G ×H verifies the finiteness assumption 3.2.1. Now,
by the universal property of the coalgebra coSym it is enough to check that the
diagram

M(G×H)

∼=
��

αG×H // M1(G×H)
∼= // M1(G)⊕M1(H)

M(G)⊗M(H)
(αG⊗ǫG)⊕(ǫH⊗αH )

// M1(G) ⊗ 1⊕ 1⊗M1(H)

∼=

OO

commutes, which is the case by Corollary 2.2.3. �

Corollary 3.2.8. Let G and H be connected semiabelian varieties satisfying
finiteness assumption 3.2.1. Then ϕG×H is an isomorphism if and only if ϕG
and ϕH are isomorphisms.

Proof. If ϕG and ϕH are isomorphisms, so is ϕG ⊗ ϕH . For the converse note
that M(G) is a direct factor of M(G×H) via G→ G×H . �

Proposition 3.2.9. Under the finiteness assumption 3.2.1, the morphism ϕG
is a morphism of Hopf algebras.

Proof. Comultiplication is part of the Lemma 3.2.3. Antipode, unit and counit
are special cases of naturality Lemma 3.2.4. Multiplication is also reduced to
naturality using Proposition 3.2.7. �

4. Special cases

Before giving a full proof we need to address the cases of tori and abelian
varieties, the two building blocks of the category of semiabelian varieties. The
case of tori is simple from the properties that we have established so far. In
the case of abelian varieties, there are two key ingredients: some properties of
the Chow motive of A (after Deninger, Murre, Künnemann and Kings) and
a computation of Voevodsky of the motive of a curve. We also draw some
consequences from these partial results.
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4.1. The case of tori. Recall that (cGrp/k)Q is the category of commuta-
tive groups schemes of finite type over k up to isogeny.

Definition 4.1.1. Let T be a torus over k. The cocharacter sheaf Ξ(T ) of T
is defined as the sheaf of Q-vector spaces on the small étale site of k given by

K 7→ Hom(cGrp/K)Q
((Gm)K , TK)

for all finite separable field extensions K/k By abuse of notation, we also write
Ξ(T ) for the pull-back to the category ShTét(k,Q) of étale sheaves with trans-

fers and for its image in DMeff
−,ét(k)Q.

Remark 4.1.2. The motive Ξ(T ) is an Artin motive.

Proposition 4.1.3. Let T be a torus over k of rank r. Then the main Theorem
3.1.4 holds for G = T , i.e., M1(T ) is odd of dimension r and

ϕT : M(T )→ coSym(M1(T ))

is an isomorphism. Moreover, the natural pairing

HomcGrpQ
(Gm, T )×GmQ

→ TQ

defines a map
Ξ(T )⊗ 1(1)[1]→M1(T )

which is an isomorphism.

Proof. Let us start with the first part of the statement. Let first T = Gm. In
this case it is well-known that

M(Gm) = 1⊕ 1(1)[1]

with 1(1)[1] = GmQ
and the factor 1 is the image of the projector induced by

the constant endomorphism of Gm. We claim that α induces an isomorphism

1(1)[1]→M1(Gm) .

The proper way of showing this would be to analyze the constructions carefully.
However, as HomDMeff

−,ét(k,Q)
(1,1) = Q we can use a quicker argument instead.

By the naturality of Lemma 2.2.2, the morphism αGm vanishes when restricted
to the unit motive 1, hence it suffices to check that

αGm : M(Gm)→M1(Gm)

is non-zero. This was pointed out in Lemma 2.2.2. Note that M1(Gm) is odd
of dimension 1 because 1 is even of dimension 1.
Now let T be general. By Corollary 3.2.6 it suffices to consider the case k
algebraically closed. Hence T ∼= Grm. The assertion now follows from Corollary
3.2.8 and T = Gm.
We now turn to the identification of M1(T ). In order to check that it is an
isomorphism, we use the same reduction steps as before. Without loss of gen-
erality, k is algebraically closed (Proposition 1.6.2) and hence T ∼= Grm. By
compatibility with products it suffices to consider the case r = 1 which is
tautological. �
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Remark 4.1.4. The analogous computation for the associated graded of the slice
filtration is shown in [HK06, Proposition 7.2], even with integral coefficients.
Note that by loc. cit. Corollary 7.9 we do not expect the integral version of
Proposition 4.1.3.

Remark 4.1.5. Let T be a torus of rank r. Then

det(M1(T )) = Symr(M1(T )) =

(
r∧

Ξ(T )

)
(r)[r] = det Ξ(T )(r)[r]

is a finite-dimensional motive. It is odd of dimension 1 when r is odd and it
is even of dimension 1 when r is even. However, it is not always isomorphic to
1(r)[r] as the example of a non-split torus of rank 1 shows.
The Artin motive det Ξ(T ) is even of dimension 1. It is given by a one-
dimensional continuous representation of the absolute Galois group of k in
the category of Q-vector spaces. It is either trivial or of order 2.

4.2. The Chow motive of an abelian variety. We recall here some clas-
sical results on the Chow motive of an abelian variety.
Let us recall some notations and conventions: Chow(k)Q is the pseudo-abelian
Q-linear rigid symmetric tensor category of Chow motives over k with ratio-
nal coefficients, endowed with the covariant Q-linear symmetric tensor functor
called motive

M : SmPrVar/k → Chow(k)Q .

For a detailed description of this category see [DM91] or [Kün94].

Remark 4.2.1. Recall that the standard convention in the classical literature
on Chow motives is to take the functor to Chow motives to be contravariant.
By replacing a cycle by its transpose we can pass to the covariant version.
Note that this operation interchanges the notions of symmetric algebra and

symmetric coalgebra. Note also that [DM91] and [Kün94] use the notation
∧i

instead of Symi.

Theorem 4.2.2 ([DM91, Thm. 3.1]). For any abelian variety over k of dimen-
sion g there is a unique decomposition in Chow(k)Q

M(A) =

i=2g⊕

i=0

hi(A),

which is natural in A ∈ Ab/k, and such that for all n ∈ Z

M(nA) =

i=2g⊕

i=0

ni · idhi(A).

Moreover, one has h0(A) = 1.

Theorem 4.2.3 ([Kün94, Thm. 3.1.1 et 3.3.1]). For any abelian variety A over
k of dimension g the following holds:
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(1) The Poincaré duality holds

h2g−i(A)∨ = hi(A)(−g)[−2g] .

In particular one has h2g(A) = 1(g)[2g].

(2) For i > 2g, the motive Symih1(A) vanishes.
(3) The canonical morphism of coalgebras

M(A) −→ coSym(h1(A))

induced by the projectionM(A)→ h1(A) is an isomorphism. It respects
the grading, i.e. it induces isomorphisms

hi(A) −→ Symi(h1(A)) .

Proposition 4.2.4 ([Kin98, Prop. 2.2.1]). For all pairs of abelian varieties A
and B, the functor h1 induces an isomorphism of Q-vector spaces

HomAbQ
(A,B)

∼−−→ HomChow(k)Q
(h1(A), h1(B)).

Proposition 4.2.5. Let C be a smooth and projective curve over k and J(C)
its Jacobian. Suppose that C(k) 6= ∅ and let x0 : C → C be a constant map.
Then the motive of the curve can be decomposed as

M(C) = 1⊕ h1(J(C)) ⊕ 1(1)[2]

such that the projector to 1 is given by M(x0) and the projector to 1(1)[2] by
its Poincaré dual.

Proof. This is classical, see for example [Sch94, Proposition 4.5]. Notice that
by Theorem 5.3 of loc. cit. the different notions of motivic h1 for an abelian
variety coincide. �

4.3. The Voevodsky motive of an abelian variety. We consider A an
abelian variety of dimension g over the base field k.
In order to prove the main Theorem 3.1.4 in this special case, the key point
is to show that αA induces an isomorphism between h1(A) and M1(A). We
will reduce this to the case of Jacobians and then use Proposition 4.2.5 and a
parallel result of Voevodsy for geometric motives.

Lemma 4.3.1. Consider the decomposition M(A) =
⊕i=2g

i=0 hi(A) of Theorem
4.2.2 and the map αA : M(A) → M1(A) of definition 3.1.3. Then the restric-
tion of the map to each factor hi(A) is zero for all i 6= 1. Moreover, the induced
map

αA : h1(A)→M1(A)

is non-zero.

Proof. By Lemma, 2.2.2 the map αA is natural in sAbQ. On the other hand
the action of the multiplication nA is equal to ni · id on hi(A) (Theorem 4.2.2)
and to n · id on M1(A) (Proposition 2.2.1). This implies that αA is zero on
hi(A) for i 6= 1.
To conclude, notice that the restriction of αA to h1(A) has to be non-zero,
otherwise the whole αA would be zero, which contradicts Lemma 2.2.2. �
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Lemma 4.3.2. Let C be a smooth and projective curve over k with a rational
point and J(C) its Jacobian. Then, the motives h1(J(C)) and M1(J(C)) are
isomorphic.

Proof. Consider M(C) ∈ D−(ShTét(k,Q)). It is cohomologically concentrated
in degrees 0 and −1. The cohomology in degree 0 is by [Voe00, Theorem 3.4.2]
given by PicC/k

Q
. In degree −1 it is equal to GmQ

.

We use the projector given by the rational point x and its Poincaré dual to cut
off 1 ⊕ 1(1)[2] = Q ⊕ GmQ

[1]. The remaining object is cohomologically con-

centrated in degree 0 and given by the kernel of the degree map PicC/k
Q
→ Q,

hence isomorphic to M1(J(C)).
By comparing with the decomposition in Proposition 4.2.5 we get the result. �

Proposition 4.3.3. For any abelian variety A, the map

αA|h1(A) : h1(A)→M1(A)

is an isomorphism.

Remark 4.3.4. In [EW13, Section 4.3] this is established by going through the
definitions carefully. The proof given here is different.

Proof. We can assume that k is algebraically closed by Proposition 1.6.2 and
Lemma 2.2.4. We may decompose A up to isogeny into simple factors. The
map αA is natural in AbQ and compatible with direct products. Hence it
suffices to consider the case of a simple abelian variety. We can choose a curve
C such that A is a factor of J(C) up to isogeny. As k is algebraically closed,
we can apply Lemma 4.3.2 and deduce that there is some isomorphism

h1(J(C))→M1(J(C)) .

Hence we may view h1(A) and M1(A) as direct factors of the same object
X and α|h1(A) as an endomorphism of X . They are both simple factors by
Proposition 2.2.1 and Proposition 4.2.4. Hence any non-zero map between
them is an isomorphism. By Lemma 4.3.1 this is the case for αA. �

Proposition 4.3.5. Let A be an abelian variety over k of dimension g. Then
the main Theorem 3.1.4 holds for G = A, i.e., M1(A) is odd of dimension 2g
and

ϕA : M(A)→ coSym(M1(A))

is an isomorphism.

Proof. First, h1(A) is odd of dimension 2g by Theorem 4.2.3. So by Proposition
4.3.3 the same holds for M1(A). Let us consider the following commutative
diagram:

M(A)

��

αA

$$■
■■

■■
■■

■■

h1(A)
αA|h1(A)

// M1(A)
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where the vertical arrow is the projection. By the universal property B.2.1 it
induces a unique commutative diagram

M(A)

�� ((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

coSym(h1(A)) // coSym(M1(A))

of morphisms of coalgebras. The diagonal morphism is ϕA by Lemma 3.2.3.
By Proposition 4.3.3 αA : h1(A)→M1(A) is an isomorphism, so the horizontal
arrow coSym(h1(A))→ coSym(M1(A)) is an isomorphism. The vertical arrow
is an isomorphism by Theorem 4.2.3. We deduce that ϕA is an isomorphism.

�

5. Properties of M1(G)

In all the section, G is a semiabelian variety over k. We consider the basic
exact sequence

1→ T → G→ A→ 1 ,

with T a torus of rank r and A an abelian variety of dimension g. We establish
properties for M1(G) which we already know for M1(T ) and M1(A).

5.1. The motive M1(G) is Kimura finite.

Proposition 5.1.1. Let G be a semiabelian variety over k which is an extension
of an abelian variety of dimension g by a torus T of rank r. Then the motive
M1(G) is odd of dimension 2g+ r, i.e., Symn(M1(G)) vanishes for n > 2g+ r,
and the motive

det(G) := det(M1(G)) = Sym2g+rM1(G)

is of the form
Λ(g + r)[2g + r]

where Λ is the tensor-invertible Artin motive det Ξ(T ) of Remark 4.1.5. In
particular, if the torus part of G is split, then Λ = 1.

Proof. Let 1 → T → G → A → 1 be the basic sequence and consider the
associated filtration of Appendix C.2

Fil
M1(T )
i SymnM1(G) .

By Proposition C.3.4 its associated graded pieces have the form

SymiM1(T )⊗ Symn−iM1(A) .

Hence, they vanish in DMeff
−,ét(k,Q) for i > r (Proposition 4.1.3) or n− i > 2g

(Theorem 4.2.3). This implies vanishing for n > 2g + r. For n = 2g + r we get
a canonical isomorphism

detM1(G) = detM1(T )⊗ detM1(A) .

Hence the formula follows from the Proposition 4.1.3 for tori and Theorem
4.2.3 for abelian varieties. Note that Λ is indeed invertible. �
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The following is not needed in the sequel.

Corollary 5.1.2. (1) Let C be a curve (not necessarily smooth and pro-
jective). Then M(C) is Kimura finite.

(2) Fix the embedding of the category of 1-motives [Del74] in DMeff
−,ét(k,Q)

to be the one constructed in [BVK, Org04]. Then all 1-motives are even

objects in DMeff
−,ét(k,Q).

Proof. By [BVK, Theorem 11.2.1] the motive M(C) decomposes into the sum
of an Artin-motive and a 1-motive (shifted by 1). Then, it is enough to show
(2).
Consider a 1-motive [F → G] as a complex where F (in degree 0) is a k-group
scheme such that Fk̄ is a free abelian group of finite rank and G (in degree 1)
is a semiabelian variety.
By Proposition C.3.4, the filtration (in the abelian category Cb(ShTét(k,Q)))

0→ [0→ GQ]→ [FQ → GQ]→ [FQ → 0]→ 0

induces a filtration on Symn[FQ → GQ] with associated graded pieces isomor-
phic to

Syma[0→ GQ]⊗ Symn−a[FQ → 0] .

These exact sequences induce triangles in DMeff
−,ét(k,Q) which reduce to the

case of [F → 0] and [0 → G]. The first is just an Artin motive, hence even.
The second, by definition, equals to M1(G)[−1], which is even by Proposition
5.1.1. �

Remark 5.1.3. (1) Kimura finiteness of motives of curves was known by the
work of Guletskii [Gul06] and Mazza [Maz04] (using different methods).

(2) The fact that 1-motives are Kimura finite is pointed out in [Maz04,
Remark 5.11] (attributed to O’Sullivan) as a consequence of Kimura
finiteness of motives of curves. The above is more precise and also more
direct.

5.2. The motive M1(G) is geometric.

Proposition 5.2.1. The motive M1(G) ∈ DMeff
−,ét(k,Q) belongs to the full

subcategory DMeff
gm(k)Q.

Remark 5.2.2. The fact that all 1-motives are geometric is already shown in
[Org04]. We give a straight-forward argument in our case.

Proof. If G is a torus or an abelian variety, we have established the isomorphism

ϕG : M(G)→ coSym(M1(G))

in Proposition 4.1.3 and Proposition 4.3.5. In particular, M1(G) is a direct
summand of a geometric motive, hence geometric. (Alternatively, we have given
an explicit description of M1(G) in Proposition 4.1.3 and Proposition 4.3.3,
which is in both cases geometric.)
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In general, consider a basic exact sequence fixed in the beginning of the section

1→ T → G→ A→ 1 .

It induces an exact triangle

M1(T )→M1(G)→M1(A)

in DMeff
−,ét(k,Q). The claim follows because the category of geometric motives

is triangulated. �

5.3. Computation of realization. Fix a prime ℓ different from the charac-
teristic of the base field k. Let

H∗ : DMgm(k) −→ GrVec±Qℓ

be the realization functor (see Section 1.8).

Proposition 5.3.1. The realization of the map αG : M(G)→ M1(G) of Def-
inition 2.1.4 is zero in all degrees except in degree one where it induces an
isomorphism

H∗(αG) : H∗(M1(G))→ H1(G).

Proof. Let us start by showing that the statement holds for all G which satisfy
the main Theorem 3.1.4. Indeed, applying H∗ one has an isomorphism of Hopf
algbras

H∗(G) ∼= Sym(H∗(M1(G))) .

Hence, their primitive parts are isomorphic. On the other hand, by the struc-
ture theory of connected graded Hopf algebras (see for example [Lod92, Ap-
pendix A]) the primitive part of on the right hand side is H∗(M1(G)) and the
primitive part of H∗(G) is H1(G) (Lemma 1.8.1).
Note that, in particular, we have shown the statement in the toric case and in
the abelian case, by Propositions 4.1.3 and 4.3.5.
In the general case, write

1 −→ T
f−→ G

g−→ A −→ 1 .

By Lemma 2.2.1 one has a triangle

M1(T )→M1(G)→M1(A)
+1→ .

By applying the functor H∗ one obtains a long exact sequence. For i 6= 1 we
have seen that Hi(M1(T )) and Hi(M1(A)) vanish hence Hi(M1(G)) vanishes
as well.
Then one has the following commutative diagram of short exact sequences

H1(M1(A))

H1(αA)

��

H1(M1(g))// H1(M1(G))

H1(αG)

��

H1(M1(f))// H1(M1(T ))

H1(αT )

��
H1(A)

H1(g) // H1(G)
H1(f) // H1(T ).
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(The two squares are commutative by Lemma 2.2.2 and the second line is also
a short exact sequence by Lemma 1.8.2.)
As we have shown that the first and third vertical arrows are isomorphisms so
is the second.

�

6. Proof of the Main Theorem

The proof is by induction on the torus rank. By comparing two triangles, we
establish that there is some isomorphism between M(G) and coSym(M1(G))
and deduce that these two motives are finite-dimensional. In the next section
6.2 we show that ϕG is an isomorphism studying its behaviour in the realization
and using Kimura finiteness.

6.1. Comparing exact triangles. Throughout this section, we consider a
short exact sequence of semiabelian varieties

1→ Gm → G→ H → 1 .

Lemma 6.1.1. (1) Let n ≥ 0. We denote

[M1(G)] : M1(H)→ 1(1)[2]

the connecting morphism of the exact triangle

1(1)[1]→M1(G)→M1(H) .

Then there is an exact triangle

Symn(M1(G))→ Symn(M1(H))
∪[M1(G)]−−−−−−→ Symn−1(M1(H))(1)[2] .

(2) Let

c1([G]) ∈ H1
ét(H,Gm) = MorDMeff

−,ét(k,Q)
(M(H),1(1)[2])

be the first Chern class of G viewed as a Gm-torsor over H. Then there
is an exact triangle

M(G)→M(H)
·∪c1(G)−−−−−→M(H)(1)[2] .

(3) The diagram

M(H)
·∪c1([G]) //

ϕH

��

M(H)(1)[2]

ϕH(1)[2]

��
coSym(M1(H))

·∪[M1(G)]
// coSym(M1(H))(1)[2]

commutes.
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Proof. For (1), we apply Theorem C.4.4 to the exact sequence of sheaves with
transfers

0→ GmQ
→ GQ → HQ → 0

and the localization functor

q : ShTét(k,Q)→ DMeff
−,ét(k,Q) .

Note that ShTét(k,Q) is Q-linear abelian symmetric tensor category with an
exact tensor product, see Remark 1.6.3, and that M1(Gm) = 1(1)[1] and
Sym2(1(1)[1]) = 0.
For the second triangle consider A(G) → H , the line bundle associated to the
Gm-torsor G. The zero section of A(G) identifies H with 0(H), a smooth sub-
variety of A(G) of codimension 1. Its complement is G. Hence the localization
sequence reads

M(G)→M(A(G))→M(0(H))(1)[2] .

By homotopy invariance M(A(G)) = M(H). The identification of the bound-
ary map with the first Chern class is carried out in [HK06, Proposition C1].
By compatibility with comultiplication (which holds by definition of the maps),
it suffices to check commutativity in degree 1. This is precisely the comparison
of Chern classes in Proposition A.1.1. �

Corollary 6.1.2. Assume that there exists a short exact sequence of semia-
belian varieties

1→ Gm → G→ H → 1,

such that the main Theorem 3.1.4 holds for H. Then there exists an isomor-
phism

ψ : coSym(M1(G))→M(G) .

In particular, M(G) is Kimura finite.

Proof. We consider

M(G) //

ψ

��✤
✤
✤
✤
✤
✤

M(H) //

ϕH≃

��

M(H)(1)[2]

ϕH (1)[2]≃

��

// M(G)[1]

ψ[1]

��✤
✤
✤
✤
✤
✤

coSym(M1(G)) // coSym(M1(H)) // coSym(M1(H))(1)[2] // coSym(M1(G))[1].

Both triangles are constructed in Lemma 6.1.1. The central square commutes
also by Lemma 6.1.1. By assumption ϕH is an isomorphism. By the axioms
of a triangulated category we obtain an isomorphism ψ as indicated. M(G)
is Kimura finite because M1(G) is Kimura finite by Proposition 5.1.1 and the
notion is stable under tensor products and direct summands. �
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Remark 6.1.3. The above corollary was the main result of [EW13]. We expect
ϕ? to define a morphism of triangles, i.e., ψ = ϕG. This would immediately
show that ϕG is an isomorphism. We were not able to establish this morphism
of triangles and use a completely different argument instead.

6.2. ϕG is an isomorphism. We modify the non-canonical isomorphism ψ
(Corollary 6.1.2) such that its realization is the inverse of the realization of
ϕG. To conclude we use conservativity of the realization functor on finite-
dimensional motives.

Isomorphism Assumption 6.2.1. We assume the existence of an isomorphism
ψ : coSym(M1(G)) → M(G). We fix such ψ and write ψ1 : M1(G) → M(G)
for its restriction to M1(G).

Lemma 6.2.2. Under the above isomorphism assumption 6.2.1, the realization
of ψ1 induces an isomorphism

H1(ψ1) : H1(G)
∼−−→ H1(M1(G))

Proof. Recall from Proposition 5.3.1 that H∗(M1(G)) is concentrated in degree
one. Hence the realization of ψ gives isomorphisms

Hn(G)
Hn(ψ)−−−−→ Symn(H1(M1)) .

Moreover, H1(ψ1) = H1(ψ). �

Lemma 6.2.3. Under the isomorphism assumption 6.2.1, the endomorphism
αG ◦ ψ1 of the motive M1(G) is an isomorphism. In particular, there exists a
morphism β1 : M1(G)→M(G) such that

αG ◦ β1 = idM1(G) .

Proof. We write
αG ◦ ψ1 = M1(f0) .

This is possible because by Proposition 2.2.1 any endomorphism of M1(G) is
of the form M1(f) where f is in EndsAbQ

(G).

It is enough to show that f0 is an automorphism of G ∈ sAbQ. As H1 is exact
and faithful on sAbQ (see Lemma 1.8.2), we can test this after applying H1.
Moreover,

H1(f0) = H∗(M1(f0)) = H∗(ψ1) ◦H∗(αG) .

By Lemma 5.3.1, the map H∗(αG) is an isomorphism onto its image H1(G).
By Lemma 6.2.2, the map H∗(ψ1) is an isomorphism when restricted to H1(G).
Hence the composition is an isomorphism. �

Lemma 6.2.4. Under the isomorphism assumption 6.2.1, let us fix a morphism
β1 : M1(G) → M(G) such that αG ◦ β1 = idM1(G) as in the previous lemma.
Let

β : coSymM1(G)→M(G)

be the induced morphism of algebras (Corollary B.2.5).
Then H∗(ϕG) and H∗(β) are inverse to each other.
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Proof. By Assumption 6.2.1 the vector spaces H∗(coSym(M1(G))) and
H∗(M(G)) have the same dimension, in particular it is enough to check that
the composition in one direction is the identity.
By Proposition 3.2.9, ϕG is not only a morphism of coalgebras but also a
morphism of algebras. Hence

ϕG ◦ β : coSym(M1(G))→ coSym(M1(G))

is also a morphism of algebras and so

H∗(ϕG ◦ β) = H∗(β) ◦H∗(ϕG) : Sym(H∗(M1(G)))→ Sym(H∗(M1(G)))

is a morphism of coalgebras.
By Corollary B.2.5, the bialgebra Sym(H1(M1(G)) also has the universal prop-
erty with respect to comultiplication. We are going to exploit it in order to
establish that H∗(ϕG ◦ β) is the identity.
By Proposition 5.3.1, H∗(M1(G)) = H1(M1(G)) is concentrated in degree one.
In degree one our morphism is equal to H∗(αG ◦ β1) so it is the identity by
assumption. �

Proposition 6.2.5. Under the isomorphism assumption 6.2.1, the morphism
ϕG is an isomorphism.

Proof. By Proposition 5.1.1 and Corollary 6.1.2 the objects coSym(M1(G))
and M(G) are finite-dimensional. Moreover, by Cancellation Theorem [Voe10],
effective motives are embedded in non-effective ones, hence we can suppose that
ϕG is a morphism defined in a rigid category. So we can use Theorem 1.3.1
(applied to the realization functor) and conclude by Lemma 6.2.4. �

6.3. Conclusion.

Proof of the Main Theorem 3.1.4. Let k be a perfect field and G be a semia-
belian variety over k which is an extension of an abelian variety A of dimension
g and a torus T of rank r.
By Proposition 5.1.1, the motive M1(G) is odd of dimension 2g+ r. It remains
to establish that ϕG is an isomorphism. By Corollary 3.2.6 we can suppose
that k is algebraically closed.
We now argue by induction on r. When r = 0 (and hence G = A) the theorem
is proved by Proposition 4.3.5.
Let us now consider the case r ≥ 1. As the ground field k is algebraically closed
we have T ∼= Grm. We fix such a splitting and let Gm → Grm be the inclusion
as the first coordinate. This defines a short exact sequence

1→ Gm → G→ H → 1,

with H a semiabelian variety of torus rank r − 1. By inductive hypothesis the
theorem holds for H . By Corollary 6.1.2, this implies the existence of some
isomorphism

ψ : M(G)→ coSym(M1(G)) .

This is the isomorphism assumption 6.2.1 for G. Then Proposition 6.2.5 shows
that the morphism ϕG is an isomorphism. �
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7. Consequences

Let k be a field (not necessarily perfect). We deduce from our main Theorem
3.1.4 a Künneth decomposition for the motive of a semiabelian variety, the
behaviour under mixed Weil cohomology theories and the existence of a weight
filtration. Finally, we also compute the motives of arbitrary commutative group
schemes.

7.1. Künneth components. In this section we fix a prime number ℓ and
write H∗ : DMeff

gm(k)Q −→ GrVec±Qℓ for the ℓ-adic realization, see Section 1.8.

Theorem 7.1.1. Let G be a semiabelian variety over k which is an extension
of an abelian variety of dimension g and a torus of rank r. Then there exists
a unique decomposition in DMeff

gm(k)Q

M(G) =

2g+r⊕

i=0

Mi(G)

which is natural in G ∈ sAb/k and such that

H∗(Mi(G)) = Hi(Gk̄,Qℓ).

Moreover:

(1) The multiplication by nG acts as

M(nG) =

i=2g+r⊕

i=0

ni · idMi(G).

In particular, for any non-zero integer n, the morphism M(nG) is
an isomorphism and hence the Künneth decomposition is natural in
G ∈ sAbQ.

(2) If L is a field extension of k, then we have

Mi(G)L = Mi(GL)

in DMeff
gm(L)Q.

(3) The image of the motive M1(G) in DMeff
−,ét(k,Q) is given by the ho-

motopy invariant sheaf with transfers

S 7→ MorSch/k(S,G) ⊗Q .

(4) For all pairs G1, G2 ∈ sAb/kQ, the functorM1 induces an isomorphism
of Q-vector spaces

HomsAbQ
(G1, G2)

∼−−→ HomDMeff

gm(k)Q
(M1(G1),M1(G2)).

(5) Any exact sequence 1 → G1 → G2 → G3 → 1 in sAbQ induces an
exact triangle

M1(G1)→M1(G2)→M1(G3)

in DMeff
gm(k)Q

(6) For i > 2g + r, the motive Symi(M1(G)) vanishes.
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(7) The canonical morphism of coalgebras

M(G) =
⊕

i

Mi(G) −→ coSym(M1(G)) =
⊕

i

Symi(M1(G))

induced by the projection M(G)→ M1(G) is a graded isomorphism of
Hopf algebras.

(8) The motive

det(G) := M2g+r(G) = det(M1(G))

is of the form
Λ(g + r)[2g + r]

with a tensor-invertible Artin motive Λ. If the torus part of G is split,
then Λ = 1.

(9) There is an isomorphism

Mi(G)∨ ∼= M2g+r−i(G)⊗ det(G)−1

= M2g+r−i(G)⊗ Λ−1(−g − r)[−2g − r]
natural in G ∈ sAb/kQ. In particular there are isomorphisms

M(G)∨ ∼= M(G)⊗ det(G)−1 ,

Mc(G) ∼= M(G)⊗ det(G)−1(g + r)[2g + 2r]

= M(G)⊗ Λ−1[r]

natural in G ∈ sAb/kQ (where Mc(G) is the motive with compact sup-
port of G).

Proof. By Section 1.7, we may assume that k is perfect. We use the main
Theorem 3.1.4 and choose

Mi(G) = Symi(M1(G)) .

By Proposition 5.3.1 it has the correct behaviour for the realization of M1(G)
and by Lemma 1.8.1 also for all Mi(G). By Proposition 2.2.1 it also satisfies
(1). Suppose there is another natural decomposition

M(G) =

2g+r⊕

i=0

M ′
i(G) .

By naturality, this decomposition is stable under the action of the Q-algebra
generated by M(nG). Notice now that, for all i, the projector pi defining Mi(G)
is in this algebra, indeed

pi =

∏
i6=jM(nG)− nj id∏

i6=j(n
i − nj) .

So we get a decomposition

M ′
i(G) =

2g+r⊕

j=0

M j
i (G)
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where the motive M j
i (G) is a direct factors of M ′

i(G) and of Mj(G). Hence by
hypothesis, its realization is concentrated, on one hand in degree i and on the
other hand in degree j, which implies that its realization is zero when i 6= j.
Moreover, M j

i (G) is a finite-dimensional motive (as M(G) is by Theorem 3.1.4)

so we can apply Theorem 1.3.1 to deduce that M j
i (G) vanishes for i 6= j. This

gives the uniqueness.
For (2) one can argue in two different ways: using uniqueness of the decom-
position or using the multiplication nG of (1). Properties (3) and (7) hold
by definition and main Theorem 3.1.4. The properties (4) and (5) come from
Proposition 2.2.1.
The properties (6) and (8) were established in Proposition 5.1.1.
Part (9) comes from a more general statement: we claim that if X is an odd
object of dimension d in a Q-linear pseudo-abelian symmetric tensor category,
then there is a canonical isomorphism

(SymiX)∨ ∼= Symd−iX ⊗ (SymdX)∨ .

Let us prove the claim. In [O’S05, Lemma 3.2] it is proven that for any even
object X of dimension d there is a canonical isomorphism (∧iX)∨ ∼= ∧d−iX ⊗
(∧dX)∨. One can change the sign of all symmetries so that one gets a new
category which is equivalent as Q-linear tensor category to the previous one
(but not as Q-linear symmetric tensor category). This transformation sends
even objects of dimension d to odd objects of dimension d so that [O’S05,
Lemma 3.2] implies our claim. �

7.2. Mixed Weil cohomology of semiabelian varieties. Let H∗ be any
mixed Weil cohomology with coefficients in F , in the sense of [CD12] (we do
not ask anymore this to be the ℓ-adic cohomology). Recall that, by definition,
this means that F is a field of characteristic zero, the Künneth formula and
excision hold, and that, moreover, the cohomology of the point, the affine line
and the multiplicative group have the standard dimensions.
We also require that the cohomology of any scheme is concentrated in non-
negative degrees. In [CD12, Remark 2.7.15] it is conjectured that this should
be deduced from the other axioms (see the comments in loc. cit. after Theorem
2.7.14). We also write

H∗ : DMeff
gm(k) −→ GrVec±F

for the realization functor induced by the mixed Weil cohomology [CD12, Thm
3].

Lemma 7.2.1. Let M be an Artin motive. Then H∗(M) is concentrated in
degree 0.

Proof. By [CD12, Thm 1(4)], the theory H∗ satisfies Poincaré duality. By
assumption it is concentrated in non-negative degrees. Hence H∗(M(SpecL))
is concentrated in degree 0. �
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Proposition 7.2.2. Let G be a semiabelian variety over k and Mi(G) be the
Künneth components constructed in Theorem 7.1.1. Then

H∗(Mi(G)) = Hi(G)

for any mixed Weil cohomology H∗.

Proof. We apply H∗ to the isomorphism of Hopf algebras

ϕG : M(G)→ coSym(M1(G)) .

Hence H∗(M1(G)) is the primitive part of H∗(G) and it suffices to show that
it is concentrated in degree 1. We know that M1(G) is odd of dimension 2g+ r
where r is the torus rank of G and g the dimension of the abelian part of A.
Hence H∗(M1(G)) is of dimension 2g + r. Moreover,

det(H∗(M1(G)) = H∗(det(G)) = H∗(Λ(g + r)[2g + r])

with Λ as in Theorem 7.1.1 an invertible Artin motive. By Lemma 7.2.1 the
cohomology of Λ is concentrated in degree 0. Hence the cohomology of det(G)
is concentrated in degree 2g + r. By assumption H∗(M1(G)) is odd and H∗ is
concentrated in non-negative degrees. This is only possible if all of H∗(M1(G))
is concentrated in degree 1. �

Consider now the category of 1-motives over k (introduced by Deligne [Del74])

and its embedding in DMeff
−,ét(k,Q) [BVK, Org04].

Proposition 7.2.3. Let [F → G] ∈ DMeff
−,ét(k,Q) be a 1-motive, with F (in

degree 0) a k-group scheme such that Fk̄ is a free abelian group of rank d and
G (in degree 1) an extension of an abelian variety of dimension g by a torus
of rank r. Let H∗ be a mixed Weil cohomology theory such that H∗(X) is
concentrated in non-negative degrees. Then H∗([F → G]) is concentrated in
degree 0 and of dimension 2g + d+ r.

Proof. This holds for [F → 0] by Lemma 7.2.1 and for [0→ G] by Proposition
7.2.2 (compare with the Definition 2.1.4 and note the shift on the degree here).
By considering the long exact cohomology sequence, it follows for [F → G]. �

Remark 7.2.4. To our knowledge this result is new. There is a discussion of
realizations of 1-motives in [BVK, Section 15.4] which is going into a different
direction.

7.3. Weight filtration. Recall that Bondarko defines in [Bon10, Definition
1.1.1, Proposition 6.5.3] categories ≤aDMgm of motives of weight at most a
and ≥aDMgm of motives of weight at least a such that

≤aDMgm ∩≥a DMgm = Chow(k)Q[−a] .

Our structural knowledge also gives us a weight filtration in the sense of Bon-
darko on M(G). Let G be semiabelian with torus part T of rank r and abelian
part A of dimension g. Recall that there is a natural exact triangle

M1(T )→M1(G)→M1(A)
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with M1(A) a Chow motive and M1(T ) = Ξ(1)[1] (with Ξ the Artin motive
of Proposition 4.1.3) a Chow motive shifted by [−1]. This means that M1(A)
is pure of weight 0 and M1(T ) is pure of weight 1. Hence M1(G) has weights
between 0 and 1 and the above sequence is a weight decomposition. Using the
filtration of Appendix C we extend this to all Künneth components.

Proposition 7.3.1. Fix an integer i. For every choice of −∞ ≤ a ≤ b ≤ ∞
in Z ∪ {−∞,∞} there is a functor

a≤w≤bMi : sAbQ →≤b DMgm ∩≥a DMgm

together with an exact triangle of functors for every choice of a ≤ b < c

b+1≤w≤cMi →a≤w≤c Mi →a≤w≤b Mi

such that

a≤w≤bMi = Mi for a ≤ i and b ≥ 0.

Moreover, for every semiabelian variety G with torus part T of rank r and
abelian part A of dimension g, we have naturally

a≤w≤aMi(G) = Ma(T )⊗Mi−a(A) = SymaM1(T )⊗ Symi−aM1(A) .

The weights of Mi(G) are concentrated in the range

Mi(G) =max(0,i−2g)≤w≤min(i,r) Mi(G) .

Remark 7.3.2. Suppose that G = T ×A, then

Mi(G) = Symi(M1(T )⊕M1(A)) =
⊕

j=0

Mj(T )⊗Mi−j(A)

and the definitions

a≤w≤bMi(G) =

b⊕

j=a

Mj(T )⊗Mi−j(A)

verify all the properties of the statement. In general G will just be an extension
of A by T and one needs to replace this description by a filtered one, using
Proposition C.3.4.

Proof of Proposition 7.3.1. By Section 1.7, we may assume that k is perfect.
Recall that M1(G) = qG where q : D−(ShTét(k,Q)) → DMeff

−,ét(k,Q) is the
localization functor and G ∈ ShTét(k,Q) is a sheaf. We put

a≤w≤bMi(G) = q
(

FilTa SymiG/Fil
T
b+1SymiG

)

with FilT as defined in Definition C.3.1. The exact triangles are immediate from
this construction. The computation of a≤w≤aMi(G) follows from Proposition
C.3.4. In particular, it is pure of weight a and geometric. All other statements
follow from this case by induction on |b− a|. �

Corollary 7.3.3. Suppose we are in one of the following two cases:

(1) k is embedded into C and H∗ is the Betti realization with its natural
mixed Hodge structure;
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(2) k is a field of finite type over its prime field, ℓ a prime different from
the characteristic of k and H∗ the ℓ-adic cohomology;

In both cases let (WnH
∗)n∈Z be the weight filtration. Then

H∗ (−∞≤w≤aMi(G)) = Hi (−∞≤w≤aMi(G)) = Wi+aH
i(G) .

Proof. Let again be T the torus part of G and A the abelian part. Note that
by Proposition 7.2.2

H∗(Ma(T )⊗Mi−a(A)) = Ha(T )⊗Hi−a(A)

is concentrated in degree i. As A is smooth projective, Hi−a(A) is pure
of weight i − a. On the other hand, Ha(T ) is pure of weight 2a. Hence
H∗(a≤w≤aMi(G)) is concentrated in degree i and pure of weight i+ a.
The corollary follows by induction. �

Remark 7.3.4. In general one does not have to expect that the weight filtration
of a cohomology and its graded components lift canonically in DMeff

gm(k)Q. This
has been studied in [Wil09] and a sufficient criterion, called of avoiding weights,
has been given. This criterion does not apply here, but our situation allows
anyway to define such a canonical lifting.

7.4. General Commutative Group Schemes. Let k be a field and G/k an
arbitrary commutative group scheme of finite type over k. Our aim is to extend
the previous results to this case.
Let us initially consider k to be perfect. Let G0 be the connected component of
the neutral element and π0(G) the group of connected components of G. The
latter is finite. We have a natural short exact sequence

1→ G0 → G→ π0(G)→ 1 .

We are going to express the motive of G in terms of G0 and π0(G). Note that
we always have

M(G) = M(Gred)

where Gred is the maximal reduced subscheme of G. As k is perfect, this scheme
is a group and it is, moreover, smooth. Recall that by the Barsotti-Chevalley
structure theorem ([Bar55] and [Che60]), there is a short exact sequence

1→ Gu → Gred → Gsa → 1

with Gu unipotent and Gsa semiabelian.

Remark 7.4.1. Let F be a finite group scheme over k. Then the Artin mo-
tive M(F ) has the explicit description as representation of the absolute Galois
group:

M(F ) ∼= Q[F (k̄)]

with operation of Gal(k̄/k) given by the operation on k̄-valued points. The
Hopf algebra structure is the one of the group ring. Note that we have naturally
F (k̄) = F red(k̄).
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Definition 7.4.2 (cf. Definition 2.1.1). Let G be a commutative group scheme
over a perfect field k. Define G to be the étale sheaf on Sm/k given by

G(S) = MorSch/k(S,G)

and GQ = G⊗Z Q.

Lemma 7.4.3. Let G be a commutative group scheme. Then G is an étale sheaf
with transfers and we have

GQ = Gred
Q = G0

Q = (G0)redQ .

Proof. First, Gred is smooth, hence the sheaf has transfers by Lemma 2.1.2.
The equality GQ = Gred

Q holds actually integrally because, for any smooth
scheme S, we have

MorSch/k(S,G) = MorSch/k(S,Gred)

(note that we consider G as a sheaf only on Sm).
To conclude note that the finite group of connected components does not con-
tribute after tensoring with Q. �

Definition 7.4.4 (cf. Definition 2.1.4). Let G be a commutative group scheme
over k. Consider GQ ∈ D−ShTét(k,Q) as an object concentrated in degree
zero and define

M1(G) ∈ DMeff
−,ét(k,Q)

as the image of GQ by the functor q (see Section 1.6). Similarly, consider

γGred : Cor(·, Gred)⊗Z Q→ Gred
Q ,

of Proposition 2.1.3, as a map in D−ShTét(k,Q), and define

αG : M(G) = M(Gred)→M1(Gred) = M1(G)

as the image of γGred by the functor q. Moreover, let

ϕG : M(G)→ coSym(M1(G))

be the unique extension of αG compatible with comultiplication.

If G is semiabelian, then this definition agrees with the old one.

Lemma 7.4.5. Let k be perfect, G a smooth connected commutative groups
scheme over k. Let Gsa be its semi-abelian part. Then

M(G)→M(Gsa), M1(G)→M1(Gsa)

are isomorphisms. In particular, M(G) and M1(G) vanish if G is unipotent.

Proof. It suffices to consider the case where k is algebraically closed. We con-
sider the sequence

1→ Gu → G→ Gsa → 1

with Gu unipotent and Gsa semiabelian. As M1 is exact, we need to show
that M1(Gu) vanishes. The unipotent group G has a filtration with associated
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graded components isomorphic to Ga. As M1 is exact, it suffices to consider
G = Ga. By definition

Ga = O
is the structure sheaf. We take its image under

ShTét(k,Q)
q−→ DMeff

−,ét(k,Q)
i−→ D−(ShTét(k,Q))

and get the Suslin complex

iqO = C∗(O) = O ⊗k O(∆∗)

where ∆∗ is the standard cosimplicial object with ∆n the algebraic n-simplex.
It suffices to show that O(∆∗) is exact. This is the case q = 0 of [BG76, Prop.
1.1] Note that they assume char(k) = 0, but the assumption is not used at this
point.
We now turn to M(G). We view G → Gsa as a Gu-bundle. Note that Gu

is A1-homotopy equivalent to a point. The surjectivity of the map of étale
sheaves G→ Gsa means that Gsa → G étale locally has a section. This implies
that the bundle is étale locally trivial. Hence the M(G) → M(Gsa) is an
isomorphism. �

Theorem 7.4.6. Let G be a commutative group scheme of finite type over a
field k, which is not necessarily perfect. Let π : G→ π0(G) be the projection to
its group of components. Then the natural map

ψG : M(G)→ coSym(M1(G)) ⊗M(π0(G))

given by the composition

ψG : M(G)
∆−→M(G)⊗M(G)

ϕG⊗π−−−−→ coSym(M1(G)) ⊗M(π0(G))

is an isomorphism of Hopf algebras and it is natural in G ∈ cGrp.

Remark 7.4.7. All other results, e.g., Künneth components, computation of
mixed Weil cohomology and weights immediately extend to this case.

Proof. By Section 1.7 we may assume that k is perfect and the above construc-
tions apply.
By Lemma 7.4.3 we may assume that G is reduced and hence smooth. By
Proposition 1.6.2, we may assume that k is algebraically closed. By Lemma
7.4.8 we may assume that G = G0 × F with F finite. The morphism ψG is a
morphism of coalgebras by construction. It is compatible with direct products
as in Proposition 3.2.7. Hence it suffices to consider the cases G = G0 and
G = F separately. The latter case is trivial. From now on let G = G0 and
assume also that G is reduced, i.e., smooth. By Lemma 7.4.5 we are reduced
to the semiabelian case. This is main Theorem 3.1.4.
Compatiblity with the Hopf object structure follows by the same reductions
from the semiabelian case and the finite case because (G×G)0 = G0×G0. �

The following statement must be well-known to experts but we have not found
a reference.
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Lemma 7.4.8. Let k be algebraically closed and G a smooth commutative group
scheme over k. Then

G ∼= G0 × F
with G0 connected and F finite.

Proof. We claim that

Ext1cGrp(F,G0)

vanishes. We compute in the category of étale sheaves on Sch. The finite
group scheme F is constant because k is algebraically closed. Hence there is a
finite resolution

0→ Zn M−→ Zn → F → 0

where M is multiplication by a diagonal matrix. The interesting part of the
associated long exact sequence reads

G0(k)n
M−→ G0(k)n → Ext1(F,G0)→ Ext1(Zn, G0)

As k is algebraically closed the functor Hom(Z, ·) = Γ(k, ·) is exact, hence the
last group vanishes. The first map is surjective because the multiplication by
m is surjective on the connected group G0. �

Appendix A. Comparison of Chern classes

In this section we establish a comparison of two possible ways of attaching a
cohomology class to a semiabelian variety. This technical result is one of the
key inputs into the proof of our main Theorem 3.1.4. We keep the notation of
the main text, in particular Section 2.

A.1. The comparison result. Let

1→ Gm → G→ H → 1

be a short exact sequence of semiabelian varieties. Note that G is a Gm-torsor
on H , hence it has a cohomology class

c1([G]) ∈H1
ét(H,GmQ

)(1)

∼= MorD−(ShTét(k,Q))(L(H), i(1(1)[2]))(2)

= MorDMeff

−,ét(k,Q)
(M(H),1(1)[2]) ,(3)

where the last equality comes by adjunction. On the other hand, the induced
exact sequence

0→M1(Gm)→M1(G)→M1(H)→ 0

is an element

[M1(G)] ∈ Ext1ShTét(k,Q)
(M1(H),1(1)[1]) =

= MorD−(ShTét(k,Q))(M1(H),1(1)[2]) .

By composition with the summation map (see Definition 2.1.4)

αH : M(H)→M1(H)
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we obtain

(4) α∗
H [M1(G)] ∈ MorDMeff

−,ét(k,Q)
(M(H),1(1)[2]) .

Proposition A.1.1. Let

1→ Gm → G→ H → 1

be a short exact sequence of semiabelian varieties. Then the elements c1([G])
and α∗

H [M1(G)] agree in MorDMeff

−,ét(k,Q)
(M(G),1(1)[2]). In other words, the

diagram

M(H)

c1([G])]

$$❏
❏❏

❏❏
❏❏

❏❏

α

��
M1(H)

[M1(G)]
// 1(1)[2]

commutes.

Remark A.1.2. We formulate everything with rational coefficients because this
is the way we want to apply the statement. However, the result is already true
with integral coefficients.

A.2. Proof. The proof will be given at the end of this appendix. We introduce
some notation.

Notation A.2.1. Let H be a commutative group scheme. As before we write
H for the corresponding étale sheaf of abelian groups. Moreover, we write Htr

for the corresponding étale sheaf with transfers.

Lemma A.2.2. Let H be a commutative group scheme. Then there is a com-
mutative diagram of δ-functors on ShTét(k,Q):

ExtiShTét(k,Q)
(Htr

Q , ·) −−−−→ ExtiShét(k,Q)
(HQ, ·)

γ∗

y
yYShét(k,Q)

ExtiShTét(k,Q)
(L(H), ·) −−−−−−−−→

YShTét(k,Q)

Hi
ét(H, ·)

with γ : L(H) → Htr
Q the summation map of Proposition 2.1.3 and Y? the

Yoneda map in the categories ShTét(k,Q) and Shét(k,Q), respectively.

Proof. By universality in ShTét(k,Q) and Shét(k,Q), it suffices to check the
case i = 0. Let A be an étale sheaf with transfers and f : Htr

Q → A a morphism
in ShTét(k,Q). We describe its image in A(H) via the right-hand side map of
the diagram. By forgetting transfers, f gives rise to a map

f : HQ → A .

Evaluating on H , we get

f(H) : HQ(H)→ A(H) .
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Then YShét(k,Q)(f) is defined as f(H)(id). Going via the left hand side, we

have to evaluate the map in ShTét(k,Q)

L(H)
γ−→ Htr

Q
f−→ A

on H and get

HomSmCor/k(H,H) = L(H)(H)
γ(H)−−−→ Htr

Q (H)
f(H)−−−→ A(H) .

Then YShTét(k,Q)(γ
∗(f)) is given by f(H)γ(H)(id). The summation map γ(H)

maps the identity in SmCor/k to the identity in Htr
Q (H) = HQ(H) hence

YShét(k,Q)(f) = YShTét(k,Q)(γ
∗(f)) .

�

Corollary A.2.3. Let

1→ Gm → G→ H → 1

be a short exact sequence of commutative group schemes. Then

YShTét(k,Q)γ
∗[Gtr

Q ] = ∂(idH)

where ∂ is the connecting homomorphism

Γ(H,HQ)→ H1
ét(H,GmQ

) .

Proof. Note that [Gtr
Q ] = ∂(id) where ∂ is the boundary map

HomShTét(k,Q)(H
tr
Q , H

tr
Q )→ Ext1ShTét(k,Q)

(H tr
Q ,Gm

tr
Q

)

for the short exact sequence

0→ Gmtr
Q
→ Gtr

Q → Htr
Q → 0 .

The statement follows from evaluating the δ-homomorphism of Lemma A.2.2

ExtiShTét(k,Q)
(Htr

Q , ·)→ Hi
ét(H, ·)

on this short exact sequence. �

Proof of Proposition A.1.1. Let 1→ Gm → G→ H → 1 be an exact sequence
of commutative group schemes. It suffices to show that

c1([G]) = YShTét(k,Q)γ
∗[Gmtr

Q
] ∈ H1

ét(H,GmQ
) .

By Corollary A.2.3 this is reduced to showing

c1([G]) = ∂(idH)

where ∂ is the connecting homomorphism

Γ(H,HQ)→ H1
ét(H,GmQ

)

for the short exact sequence

0→ GmQ
→ GQ → HQ → 0 .

Documenta Mathematica 20 (2015) 807–858



On the Motive of a Commutative Algebraic Group 845

We use the point of view of Čech cohomology in order to compute explicitly.
Choose a local trivialization of the Gm-torsor G, i.e., a covering {Ui → H}i∈I
and sections si : Ui → G|Ui inducing isomorphisms

φi : Gm × Ui → G|Ui .
By definition c1[G] is given by the cocycle gij ∈ Gm(Ui ∩ Uj) where

sj |Ui∩Uj = si|Ui∩Ujgij .
On the other hand, in order to define ∂(idH) we have to choose preimages of
idH |Ui in G(Ui). We choose si. We then have to apply the boundary map of
the Čech complex of GQ and get the same cocycle gij . �

Appendix B. Universal properties of the symmetric (co)algebra

We review the Hopf algebra structure on the symmetric algebra and its oppo-
site. Throughout the appendix let A be a Q-linear pseudo-abelian symmetric
tensor category with unit object 1. These considerations are going to be applied
to the triangulated category DMeff

−,ét(k,Q).

B.1. The symmetric (co)algebra. Let V be an object of A. We denote

T (V ) =

∞⊕

i=0

V ⊗i

the tensor algebra with multiplication

µ : T (V )⊗ T (V )→ T (V )

given by the tensor product.
We denote by

SymnV

the image of the projector 1
n!

∑
σ∈Sn σ. Let

ιn : SymnV → V ⊗n, πn : V ⊗n → SymnV

be the natural inclusion and projection. For n = 0 we put Sym0(V ) = 1. The
projection

πn+m : V ⊗n+m → Symn+m(V )

factors uniquely via πn ⊗ πm and induces

πn,mn+m : Symn(V )⊗ Symm(V )→ Symn+m(V ).

The inclusion

ιn+m : Symn+m(V )→ V ⊗n ⊗ V ⊗m

factors uniquely via ιn ⊗ ιm and induces

ιn,mn+m : Symn+m(V )→ Symn(V )⊗ Symm(V ) .
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Definition B.1.1. Assume that V is odd finite-dimensional in the sense of
Section 1.3, i.e., there is N such that SymN (V ) = 0.
The symmetric algebra on V is given by

Sym(V ) =
⊕

n≥0

SymnV

with multiplication

µ : Symn(V )⊗ Symm(V )→ Symn+m(V )

given by πn+mn,m .
The symmetric coalgebra on V is given by

coSym(V ) =
∏

n≥0

SymnV

with comultiplication

∆ : Symn+mV → Symn(V )⊗ Symm(V )

given by ιn,mn+m.

Remark B.1.2. The finiteness assumption ensures that all direct sums and
products are finite. If we drop the assumption, the definition of the algebra
Sym(V ) needs existence of the direct sum and that infinite direct sums com-
mute with ⊗. The definition of the coalgebra coSym(V ) needs existence of
infinite products and that they commute with ⊗. The latter is not satisfied in
standard abelian categories like modules. Alternatively, one may work in the
ind-category and the pro-category, respectively. For simplicity, we make the
finiteness assumption. This is enough for our application.

B.2. Universal properties. Note that T (V ) → Sym(V ) is a morphism of
algebras.

Lemma B.2.1. Let V be odd finite-dimensional. Let A be a unital algebra object
in A and let α : V → A a morphism. Then there is a unique morphism of unital
algebras

T (V )→ A

extending α. If A is commutative, the map factors through a unique map of
algebras

Sym(V )→ A .

Let B be an augmented cocommutative coalgebra object in A and α : B → V a
morphism. Then there is a unique morphism of augmented coalgebras

B → coSym(V ) .

Proof. The argument is the same as for vector spaces, where it is well-known.
�
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We apply this principle to the diagonal map

∆ : V → V ⊗ 1⊕ 1⊗ V ⊂ T (V )⊗ T (V )

and obtain a comultiplication

∆ : T (V )→ T (V )⊗ T (V ) .

It turns T (V ) into a bialgebra. The same argument also turns Sym(V ) into a
bialgebra and

T (V )→ Sym(V )

is a morphism of bialgebras. Dually, the summation map

coSym(V )⊗ coSym(V )→ V ⊗ 1⊕ 1⊗ V +−→ V

gives rise to a multiplication on coSym(V ) making it a bialgebra. Finally,
multiplication by −1 defines a map

V
−1−−→ V

which induces an antipodal map on Sym(V ) and on coSym(V ). It turns Sym(V )
and coSym(V ) into Hopf algebras.

Remark B.2.2. If A is the category of Q-vector spaces and V a finite-
dimensional vector space, then Sym(V ) is a polynomial ring, whereas coSym(V )
is the algebra of distributions. The two are isomorphic but not equal.

Lemma B.2.3. Let V be odd finite-dimensional.

(1) Let A be a unital commutative bialgebra in A and α : V → A a mor-
phism such that

V −−−−→ A

∆

y
y∆

V ⊗ 1⊕ 1⊗ V −−−−→ A⊗A
commutes. Then the universal morphism Sym(V )→ A is a morphism
of bialgebras.

(2) Let B be an augmented cocommutative bialgebra in A and β : B → V
a morphism such that

B ⊗B −−−−→ V ⊗ 1⊕ 1⊗ V
µ

y
y+

B −−−−→ V

commutes. Then the universal morphism coSym(V ) → B is a mor-
phism of bialgebras.

Proof. This is an assertion about algebra morphisms. It follows from the uni-
versal property of Sym(V ). The second part follows by the analogous argu-
ment. �
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Lemma B.2.4. (1) The component

∆n,m
n+m : Symn+mV → SymnV ⊗ SymmV

of comultiplication on Sym(V ) is equal to

∆n,m
n+m =

(
n+m

n

)
ιn,mn+m .

(2) The component of multiplication on coSym(V )

µn+mn,m : Symn(V )⊗ Symm(V )→ Symn+m(V )

is equal to

µn+mn,m =

(
n+m

n

)
πn+mn,m .

(3) Let V be odd finite-dimensional. The universal map of bialgebras

Sym(V )→ coSym(V )

induced from Sym(V ) → V is given by multiplication by n! in degree
n. It is an isomorphism.

In particular, the two bialgebras are not identical.

Proof. The statement on ∆ is elementary from the definitions. We now consider
the map

Sym(V )→ coSym(V )

given by multiplication by n! in degree n. We see from the explicit formula that
it is compatible with comultiplication, i.e., it is the canonical one. It satisfies
the criterion Lemma B.2.3, hence it is an isomorphism of bialgebras. The
formula for multiplication on coSym(V ) follows from this isomorphism. �

Corollary B.2.5. Assume that V is odd finite-dimensional. Then the bial-
gebra Sym(V ) has the universal properties of Lemma B.2.1 and Lemma B.2.3
with respect to comultiplication. The bialgebra coSym(V ) has the universal
properties of Lemma B.2.1 and Lemma B.2.3 with respect to multiplication.

B.3. Direct sums.

Lemma B.3.1. Let V = U ⊕W in A with U and W odd finite-dimensional.
The natural map

coSym(U)⊗ coSym(W )→ U ⊗ 1⊕ 1⊗W ∼= U ⊕W
gives rise to an isomorphism of bialgebras

coSym(U)⊗ coSym(W )→ coSym(U ⊕W )

with inverse given by

coSym(U⊕W )
∆−→ coSym(U⊕W )⊗coSym(U ⊕W )→ coSym(U)⊗coSym(W )

with the second map induced by functoriality of coSym in each factor. The
analogous statement for Sym(U ⊕W ) holds as well.
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Proof. The isomorphism is well-known for vector spaces. The case of an addi-
tive category is a special case of [Del02, Propostion 1.8]. By construction, the
isomorphism is the one compatible with the inclusion into the tensor algebra,
i.e., the one for the symmetric coalgebra. The case of the symmetric algebra
follows because the map is a rational multiple of the one for the coalgebra. �

Remark B.3.2. The isomorphism

SymN (U ⊕W )→
⊕

n+m=N

Symn(U)⊗ Symm(V )

via the symmetric coalgebra is not the same as the one defined on the symmetric
algebra!

Appendix C. Filtrations on the graded symmetric (co)algebra

The aim of this appendix is to establish a certain exact triangle for the sym-
metric coalgebra, see Theorem C.4.4. The basic construction behind it already
appears in a paper by Deligne [Del02], more precisely in the Proof of Propo-
sition 1.19 of loc. cit. We wanted to understand the details of the argument
and, in particular, keep precise control of the morphisms and the Hopf algebra
structure. Hence we decided to give the argument in full detail.
Throughout the appendix, let A be a Q-linear abelian symmetric tensor cat-
egory with unit object 1. We assume that ⊗ is exact. These considerations
are going to be applied to the abelian category ShTét(k,Q) of etale sheaves of
Q-vector spaces with transfers. This is possible by Remark 1.6.3.

C.1. The graded symmetric (co)algebra.

Definition C.1.1. Let V be an object of A. We denote by

Sym∗(V ) =
⊕

n≥0

Symn(V )

the graded symmetric algebra with Symn(V ) in degree n. It is a graded Hopf
algebra with structure morphisms as in Appendix B.
We denote

coSym∗(V ) =
⊕

n≥0

Symn(V )

the graded symmetric coalgebra with Symn(V ) in degree n. It is a graded Hopf
algebra with structure morphisms as in Appendix B.

The explicit formulae are given in Lemma B.2.4.

Remark C.1.2. Note that we are considering graded objects. In contrast to
Appendix B we do not assume that V is odd finite-dimensional. Neither do we
need existence of infinite direct sums. The notation

⊕
n≥0 is just convention.

A graded object really is given by a sequence of objects. Switching to graded
objects and graded morphisms allows all considerations of Appendix B without
finiteness assumptions of any kind.
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Lemma C.1.3. The universal properties of Lemma B.2.1 and Lemma B.2.3 are
satisfied for Sym∗(V ) and coSym∗(V ) with respect to graded morphisms.
The identity on V induces an isomorphism of graded Hopf algebras

Sym∗(V )→ coSym∗(V ) .

In degree n it is given by multiplication by n!.

Proof. Same arguments as in Appendix B. Note that the finiteness assumptions
are not needed because all morphisms respect the grading. �

C.2. The filtration on the graded tensor algebra.

Definition C.2.1. Let U ⊂ V be a subobject in A. We define a descending
filtration on V by

FilUi V =





V i = 0,

U i = 1,

0 i > 1.

For n ≥ 0 let

FilUi V
⊗n ⊂ V ⊗n

the product filtration on V ⊗n and

GrUi V
⊗n = FilUi V

⊗n/FilUi+1V
⊗n

the associated graded objec object.

This means that an elementary tensor is in ith step of the filtration step, if at
least i factors are in U .

Lemma C.2.2. Let U ⊂ V be a subobject in A. The filtration FilUi T (V ) turns
the graded tensor algebra into a filtered graded bialgebra, i.e.,

µ : FilUi V
⊗n ⊗ FilUj V

⊗m → FilUi+jV
⊗n+m ,

∆ : FilUI V
⊗N →

∑

i+i′=I,n+n′=N

FilUi V
⊗n ⊗ FilUi′V

⊗n′

.

In particular, GrU• T
∗(V ) is a bigraded bialgebra.

Proof. The statement on multiplication is obvious. The statement on comulti-
plication is reduced by the universal property to the basic case N = 1. �

The aim of this section is to compute the associated graded bialgebra.

Proposition C.2.3. Let

0→ U → V →W → 0

be a short exact sequence in A. Then there is a canonical isomorphism of
bigraded bialgebras

GrU• T
∗(V ) ∼= GrU• T

∗(U ⊕W ) = T •(U)⊗ T ∗−•(W ) .

The proof will be given at the end of the section.
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Remark C.2.4. Whenever the sequence has a splitting (e.g. in the case when
A is a category of vector spaces), this formula is easy to check. The purpose
of the following arguments is to verify that they work for more general A.

Lemma C.2.5. Let A′ ⊂ A and B′ ⊂ B be subobjects in A. Then

(A′ ⊗B) ∩ (A⊗B′) = A′ ⊗B′

where the intersection is taken in A⊗B.

Proof. Consider the monomorphism of short exact sequences

0 // A⊗B′ // A⊗B // A⊗ (B/B′) // 0

0 // A′ ⊗B′ //
?�

OO

A′ ⊗B
?�

OO

// A′ ⊗ (B/B′) //
?�

OO

0

The assertion follows from diagram chasing. �

Lemma C.2.6. Let i ≥ 0 and n ≥ 1 be integers, and let U ⊂ V be a subobject
in A. Then the sequence

0→ U ⊗ FilUi V
⊗(n−1) →
→
(
U ⊗ FilUi−1V

⊗(n−1)
)
⊕
(
V ⊗ FilUi V

⊗(n−1)
)
→ FilUi V

⊗n → 0

is exact.

Proof. Obviously,

(U ⊗ FilUi−1V
⊗n−1) + (V ⊗ FilUi V

⊗n−1) = FilUi V
⊗n .

It remains to check that

(U ⊗ FilUi−1V
⊗n−1) ∩ (V ⊗ FilUi V

⊗n−1) = U ⊗ FilUi V
⊗n−1 .

This is true by Lemma C.2.5. �

Lemma C.2.7. Let n ≥ 1, i ≥ 0 and

0→ U → V →W → 0

be a short exact sequence in A. Then there is a natural isomorphism

GrUi V
⊗n → GrUi (U ⊕W )⊗n .

Remark C.2.8. The object GrUi (U ⊕W ) is a direct sum of tensor products of
i copies of U and n− i copies of W , running through all possible choices. E.g.

GrU1 (U ⊕W )⊗3 = (U ⊗W ⊗W )⊕ (W ⊗ U ⊗W )⊕ (W ⊗W ⊗ U) .

Proof of Lemma C.2.7. We argue by induction on n. The case n = 1 holds
by definition. For n > 0 we consider the commutative diagram of short exact
sequences
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0 // U ⊗ FilUi+1V
⊗n //

_�

��

(
U ⊗ FilUi V

⊗n
)
⊕
(
V ⊗ FilUi+1V

⊗n
) //

_�

��

FilUi+1V
⊗n+1 //

_�

��

0

0 // U ⊗ FilUi V
⊗n // (U ⊗ FilUi−1V

⊗n
)
⊕
(
V ⊗ FilUi V

⊗n
) // FilUi V

⊗n+1 // 0

By the snake lemma we get a short exact sequence of cokernels. By induction
it reads

0→ U ⊗GrUi (U ⊕W )⊗n →
→ U ⊗GrUi−1(U ⊕W )⊗n ⊕ V ⊗GrUi (U ⊕W )⊗n → GrUi V

⊗n+1 → 0 .

Note that the map

U ⊗GrUi (U ⊕W )⊗n → U ⊗GrUi−1(U ⊕W )⊗n

vanishes, hence

GrUi V
⊗n+1 ∼= U⊗GrUi−1(U⊕W )⊗n⊕W⊗GrUi−1(U⊕W )⊗n = GrUi (U⊕W )⊗n+1 .

�

Proof of Proposition C.2.3. We apply Lemma C.2.7 for all i and n. The com-
patibility with multiplication and comultiplication follows from the construc-
tion or more abstractly from naturality. �

C.3. The filtration on the graded symmetric (co)algebra.

Definition C.3.1. Let U ⊂ V be a subobject in A and n ≥ 0. We define a
descending filtration on Symn(V ) by

FilUi Symn(V ) = πn
(

FilUi V
⊗n
)

and
GrUi Symn(V ) = FilUi Symn(V )/FilUi+1Symn(V )

the associated graded object.

Remark C.3.2. We have the simpler presentation

FilUi Symn(V ) = πn
(
U⊗i ⊗ V ⊗n−i) .

Lemma C.3.3. Let U ⊂ V be a subobject in A. The filtration

FilUi coSym∗(V ) =
⊕

n≥0

FilUi Symn(V )

turns the graded symmetric coalgebra coSym∗(V ) into a filtered graded bialge-

bra. In particular, GrU• coSym∗(V ) is a bigraded bialgebra.
The analogous statement for the symmetric algebra is also true.

Proof. The assertion for the symmetric algebra follows from the case of the ten-
sor algebra. The assertion for the symmetric coalgebra follows because multi-
plication and comultiplication on coSym∗(V ) are degreewise rational multiples
of multiplication and comultiplication on Sym∗(V ). �
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Proposition C.3.4. Let

0→ U → V →W → 0

be a short exact sequence in A. Then there is a natural isomorphism of bigraded
bialgebras

GrU• coSym∗(V ) ∼= coSym•(U)⊗ coSym∗−•(W ) .

In particular for 0 ≤ i ≤ n, there are natural short exact sequences

0→ FilUi+1Symn(V )→ FilUi Symn(V )
gn,i−−→ Symi(U)⊗ Symn−iW → 0 .

The map gn,i is obtained by factoring

U⊗i ⊗ V ⊗n−i → U⊗i ⊗W⊗n−i µcoSym−−−−→ Symi(U)⊗ Symn−i(W )

uniquely through FilUi Symn(V ).
The analogous statement for Sym∗(V ) is also true.

Proof. We first consider the case of the symmetric algebra. As a projector,
the symmetrization map πn preserves short exact sequences. Hence Proposi-
tion C.2.3 implies

GrU• Sym∗(V ) ∼= GrU• Sym∗(U ⊕W ) ∼= Sym•(U)⊗ Sym∗−•(W ) .

Specializing to GrUi Symn(V ) provides the required short exact sequence. It
remains to verify the explicit description of gn,i. Everything is determined on
the level of the graded tensor algebra, where the map to the associated graded
object is induced from the projection V → W in the appropriate factors. As
FilUi Symn(V ) is the image of U⊗i ⊗ V n−i ⊂ FilUi V

⊗n, it suffices to describe
the map on this object.
In the case of the symmetric coalgebra everything agrees up to rational factors.
Exactness of the sequence follows from the first case. �

Remark C.3.5. This agrees with the map denoted gn,i in second author’s thesis
[EW13] (see loc. cit. Notation 5.3.10).

C.4. Cup-product. Let W be an object of A. The coalgebra structure on
coSym∗(W ) allows to define cup-products.

Definition C.4.1. Let W be an object of A, c : W → K a morphism in the
derived category Db(A). Then we define

· ∪ c : coSym∗(W )→ coSym∗−1(W )⊗K
as the composition

coSym∗(W )
∆−→ coSym∗(W )⊗ coSym∗(W )

→ coSym∗(W )⊗W
id⊗c−−−→ coSym∗(W )⊗K .
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We apply this to the morphism [V ] : W → U [1] in Dn(A) represented by a
short exact sequence

0→ U → V →W → 0

in A.

Proposition C.4.2. Let

0→ U → V →W → 0

be a short exact sequence in A. Then

· ∪ [V ] : coSym∗(W )→ coSym∗−1(W )⊗ U [1]

is equal to the extension class

[coSym∗(V )/FilU2 coSym∗(V )]

under the identifications of Proposition C.3.4 GrU0 coSym∗(V ) = coSym∗(W )

and GrU1 (V ) ∼= coSym∗(W )⊗ U .

Remark C.4.3. This corresponds to the crucial computation [EW13,
Lemma 5.3.13].

Proof of Proposition C.4.2. We view the morphisms in D(A) as Yoneda ex-

tensions. We need to identify the extension class [Symn(V )/FilU2 Symn(V )],
i.e.,

0→ Symn−1(V )⊗ U → Symn(V )/FilU2 Symn(V )→ SymnW → 0

with the pull-back of

0→ Symn−1W ⊗ U → Symn−1W ⊗ V → Symn−1W ⊗W → 0

via the component

∆n−1,1 : SymnW → Symn−1W ⊗W
of the comultiplication. The same component of the comultiplication but for
coSym∗(V ) gives rise to a map

∆̄n−1,1
n : SymnV

∆n−1,1

−−−−−→ Symn−1V ⊗ V → Symn−1W ⊗ V .

This gives rise to a morphism of short exact sequences

0 −−→ GrU1 SymnV −−→ SymnV/FilU2 SymnV −−→ SymnW −−→ 0
y

y∆̄n−1,1
n

y∆n−1,1
n

0 −−→ Symn−1W ⊗ U −−→ Symn−1W ⊗ V −−→ Symn−1W ⊗W −−→ 0

It remains to check that the induced map on kernels equals gn,1, i.e., it is
induced by multiplication. By the explicit description, it suffices to check that
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the diagram

V ⊗n−1 ⊗ U µn //

µn−1⊗id
��

SymnV

∆̄n,1n

��
Symn−1V ⊗ V // Symn−1W ⊗ V

commutes. Recall that multiplication and comultiplication are the ones of the
symmetric coalgebra, and hence

µn = n!πn , µn−1 = (n− 1)!πn−1

and

∆n−1,1 = ιn−1,1 =
1

n

n∑

i=1

σi

where

σi : V ⊗n → V ⊗n−1 ⊗ V
is the permutation that swaps the i-th factor into the last place and leaves the
order otherwise intact. Hence we can equivalently check the commutativity of
the following diagram

V ⊗n−1 ⊗ U πn−−−−→ SymnV

πn−1⊗id

y
y∑n

i=1 σi

Symn−1V ⊗ V −−−−→ Symn−1W ⊗ V
It suffices to check the same identity on the level of tensor algebras. By abuse
of notation

σi(g1 ⊗ g2 ⊗ . . .⊗ gn) = (g1 ⊗ . . .⊗ ĝi ⊗ . . .⊗ gn)⊗ gi
where ĝi means that the factor is omitted. The composition

V ⊗n−1 ⊗ U ⊂ V ⊗n σi−→ V ⊗n−1 ⊗ V →W⊗n−1 ⊗ V
vanishes for i 6= n because it involves a factor U → W . Hence only σn = id
contributes to

V ⊗n−1 ⊗ U ⊂ V ⊗n ∆n−1,1

−−−−−→ V ⊗n−1 ⊗ V →W⊗n−1 ⊗ V .

This finishes the proof. �

Theorem C.4.4. Let A be a Q-linear abelian symmetric tensor category.
Moreover, let T be a Q-linear, tensor, symmetric, triangulated category and
q : Db(A)→ T be a Q-linear, tensor, symmetric and triangulated functor. Let

0→ U → V →W → 0

be a short exact sequence in A. Suppose that Sym2(q(U)) = 0.
Then there is a canonical triangle in T

coSymn(q(V ))→ coSymn(q(W ))
·∪[V ]−−−→ coSymn−1(q(W ))⊗ q(U)[1] .
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Proof. By Proposition C.4.2 the short exact sequence in A
0→ coSym∗−1(W )⊗ U → coSym∗(V )/FilU2 coSym∗(V )→ coSym∗(W )→ 0

gives rise to the exact triangle

coSym∗(V )/FilU2 coSym∗(V )→ coSym∗(W )
·∪[V ]−−−→ coSym∗−1(W )⊗ U [1] .

We apply q. It remains to show that

q(FilU2 coSym∗(V )) = 0 .

This follows by descending induction from the system of triangles of Proposition
C.3.4

q(FilUi+1Symn(V ))→ q(FilUi Symn(V ))→ Symi(q(U))⊗ Symn−iq(W )

and the vanishing of Symi(q(U)) for i ≥ 2. �
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[AK02] Yves André and Bruno Kahn. Nilpotence, radicaux et structures
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Abstract. The algebraic K-theory of Waldhausen ∞-categories is
the functor corepresented by the unit object for a natural symmetric
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0. Introduction

Dan Kan playfully described the theory of∞-categories as the homotopy theory
of homotopy theories. The aim of this paper, which is a sequel to [2], is to show
that algebraic K-theory is the stable homotopy theory of homotopy theories,
and it interacts with algebraic structures accordingly. To explain this assertion,
let’s recap the contents of [2].

0.1. The kinds of homotopy theories under consideration in this paper are
Waldhausen ∞-categories [2, Df. 2.7]. (We employ the quasicategory model of
∞-categories for technical convenience.) These are ∞-categories with a zero
object and a distinguished class of morphisms (called cofibrations or ingressive
morphisms) that satisfies the following conditions.

(0.1.1) Any equivalence is ingressive.
(0.1.2) Any morphism from the zero object is ingressive.
(0.1.3) Any composite of ingressive morphisms is ingressive.
(0.1.4) The (homotopy) pushout of an ingressive morphism along any mor-

phism exists and is ingressive.
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A pushout of a cofibration X Y along the map to the zero object is to be
viewed as a cofiber sequence

X Y Y/X.

Examples of this structure abound: pointed∞-categories with all finite colimits,
exact categories in the sense of Quillen, and many categories with cofibrations
and weak equivalences in the sense of Waldhausen all provide examples of
Waldhausen ∞-categories.
Write Wald∞ for the ∞-category whose objects are Waldhausen ∞-categories
and whose morphisms are functors that are exact in the sense that they preserve
the cofiber sequences. This is a compactly generated ∞-category [2, Pr. 4.7]
that admits direct sums [2, Pr. 4.6].

0.2. We will be interested in invariants that split cofiber sequences in Wald-
hausen ∞-categories. To make this precise, for any Waldhausen ∞-category C,
let E(C) denote the ∞-category of cofiber sequences

X Y Y/X.

This is a Waldhausen ∞-category [2, Pr. 5.11] in which a morphism

U V V/U

X Y Y/X

is ingressive just in case each of

U X , V Y , and V/U Y/X

is ingressive. We have an exact functor m : E(C) C defined by the assign-
ment

[X Y Y/X ] Y.

We also have an exact functor i : C ⊕ C E(C) defined by the assignment

(X,Z) [X X ∨ Z Z]

as well as a retraction r : E(C) C ⊕ C defined by the assignment

[X Y Y/X ] (X,Y/X).

0.3. Now let S denote the ∞-category of spaces. The homotopy theory
Dfiss(Wald∞) constructed in [2, §6] has the property that homology theories
(i.e., reduced, 1-excisive functors)

Dfiss(Wald∞) S

are essentially the same data [2, Th. 7.4] as functors φ : Wald∞ S with the
following properties.

(0.3.1) φ is finitary in the sense that it preserves filtered colimits.
(0.3.2) φ is reduced in the sense that φ(0) = ∗.
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(0.3.3) φ splits cofiber sequences in the sense that the exact functor r induces
an equivalence

φ(E(C)) ∼ φ(C) × φ(C).

(0.3.4) φ is grouplike in the sense that the multiplication

φ(m ◦ i) : φ(C) × φ(C) ≃ φ(E(C)) φ(C)

defines a grouplike H-space structure on φ(C).

Dfiss(Wald∞) is called the fissile derived ∞-category of Waldhausen ∞-
categories, and its objects are called fissile virtual Waldhausen ∞-categories. It
is possible to be quite explicit about these objects: fissile virtual Waldhausen
∞-categories are functors Waldop

∞ S that satisfy the dual conditions to
(0.3.1–3). The homotopy theory Dfiss(Wald∞) is compactly generated and it
admits all direct sums; furthermore, suspension in Dfiss(Wald∞) is given by
the geometric realization of Waldhausen’s S• construction [2, Cor. 6.9.1].

0.4. From any finitary reduced functor F : Dfiss(Wald∞) S one may extract
the Goodwillie differential P1F , which is the nearest excisive approximation to
F , or, in other words, the best approximation to F by a homology theory [7].
This approximation is given explicitly by the colimit of the sequence

F Ω ◦ F ◦ Σ · · · Ωn ◦ F ◦ Σn · · · .
Since P1F is excisive, it factors naturally through the functor Ω∞ : Sp S.
Consequently, for any fissile virtual Waldhausen ∞-category X , we obtain a
homology theory

P1F (X) : S∗ S.

Unwinding the definitions, we find that this homology theory is itself the Good-
willie differential of the functor

T F (T ⊗X),

where ⊗ denotes the tensor product

S∗ ×Dfiss(Wald∞) Dfiss(Wald∞)

guaranteed by the identification of presentable pointed∞-categories with mod-
ules over S∗ [10, Pr. 6.3.2.11].

0.5. The main result of [2, §10] can now be stated as follows. We have a Wald-
hausen ∞-category Fin∗ of pointed finite sets, in which the cofibrations are
injective (pointed) maps; if I : Dfiss(Wald∞) S denotes evaluation at Fin∗
(so that I(X) = X(Fin∗)), then algebraic K-theory may be identified as

K ≃ P1I.

This gives a “local” universal property for algebraic K-theory: for any fissile vir-
tual Waldhausen ∞-category X , the homology theory K(X) is the Goodwillie
differential of the functor

T I(T ⊗X).
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Our version of Waldhausen’s Additivity Theorem states that this differential
only requires a single delooping: K(X) is simply the homology theory S∗ S

given by

T ΩI(ΣT ⊗X),

or, equivalently, since suspension in Dfiss(Wald∞) is given by Waldhausen’s S•
construction, the assignment

T ΩI(T ⊗ S•(X)),

0.6. In this paper, we construct (Pr. 1.9) a symmetric monoidal structure on
Wald∞ in which the tensor product C ⊗D represents “bi-exact” functors

C ×D E,

i.e., functors that preserve cofiber sequences separately in each variable. The
unit therein is simply the Waldhausen ∞-category Fin∗. We then descend this
symmetric monoidal structure to one on Dfiss(Wald∞) with the property that
it preserves colimits separately in each variable (Pr. 2.5).
Now the functor represented by Fin∗ is the unit for the Day convolution sym-
metric monoidal structure constructed by Saul Glasman [6] on the ∞-category
of functors from Dfiss to spaces. Its differential — i.e., algebraic K-theory —
is therefore the unit among homology theories on Dfiss(Wald∞). That is, it
plays precisely the same role among homology theories on Dfiss(Wald∞) that
is played by the sphere spectrum in the∞-category of spectra. It therefore has
earned the mantle the stable homotopy theory of homotopy theories.
Just as one may describe the stable homotopy groups of a pointed space X as
Ext groups out of the unit:

πsn(X) ∼= Ext−n(Σ∞S0,Σ∞X)

in the stable homotopy category, so too may one describe the algebraic K-
theory groups of a Waldhausen ∞-category C as Ext groups out of the unit:

Kn(C) ∼= Ext−n(Σ∞Fin∗,Σ
∞C)

in the stable homotopy category of Waldhausen ∞-categories.

0.7. Algebraic K-theory is therefore naturally multiplicative, and so it inherits
homotopy-coherent algebraic structures on Waldhausen ∞-categories. That is,
we show (Cor. 3.8.2) that if an∞-operad O acts on a Waldhausen ∞-category
C via functors that are exact separately in each variable, then there is an
induced action of O on both the space K(C) and the spectrum K(C). As a
corollary (Ex. 3.9), we deduce that for any 1 ≤ n ≤ ∞, the algebraic K-theory
of an En-algebra in a suitable symmetric monoidal∞-category is an En−1 ring
spectrum. In particular, we note that the K-theory of an En ring is an En−1

ring, and the A-theory of any n-fold loopspace is an En−1 ring spectrum. These
sorts of results are K-theoretic analogues of the so-called (homological) Deligne
Conjecture [11, 8].
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0.8. In fact, the main result (Th. 3.6) is much more general: we actually show
that any additive theory that can be expressed as the additivization of a mul-
tiplicative theory is itself multiplicative in a canonical fashion. This yields a
uniform way of reproducing conjectures “of Deligne type” for theories that are
both additive and multiplicative.
Of course since algebraic K-theory is the stable homotopy theory of Wald-
hausen ∞-categories, it is initial as a theory that is both additive and multi-
plicative. The sphere spectrum is the initial E∞ object of the stable∞-category
of spectra; similarly, the object of the stable ∞-category of Waldhausen ∞-
categories that represents algebraic K-theory is the initial E∞ object. Just as
the universal property of algebraic K-theory [2] gives a uniform construction
of trace maps, this result gives a uniform construction of multiplicative trace
maps — in particular, any additive and multiplicative theory accepts a unique
(up to a contractible choice) multiplicative trace map (Th. 3.13).
The passage to higher categories is a sine qua non of this result. Indeed, note
that when n ≥ 3, an En structure on an ordinary category is tantamount to
a symmetric monoidal structure. As a result, it is difficult to identify, e.g., E3

structures on the K-theory spectrum of an E4-algebra without employing some
higher categorical machinery.

0.9. Remark. Note that the form of algebraic K-theory we study has an ex-
ceptionally strong compatibility with the tensor product. For example, the
Barratt–Priddy–Quillen–Segal theorem implies the endomorphism spectrum
End(Σ∞Fin∗) is the sphere spectrum. That is, the form of algebraic K-theory
studied here is strongly unital. This is of course false for any form of alge-
braic K-theory that applies only to Waldhausen ∞-categories in which every
morphism is ingressive. We intend to return to this observation in future work.

0.10. Remark. The heart of the proof is to use the description of K-theory as
a Goodwillie differential. The result actually follows from a quite general fact
about the interaction between the Goodwillie calculus and symmetric mon-
oidal structures. Namely, the Goodwillie differential of a multiplicative functor
between suitable symmetric monoidal ∞-categories inherits a canonical multi-
plicative structure. This fact, which may be of independent interest, doesn’t
seem to be recorded anywhere in the literature. So we do so in this paper (Pr.
3.5).

0.11. Remark. Some variants of some of these results can be found in the
literature.
Elmendorf and Mandell [5] constructed an algebraic K-theory of multicate-
gories, which the show is lax monoidal as a functor to symmetric spectra. Con-
sequently, they deduce that any operad that acts on a permutative category
will also act on its K-theory.
In later work of Blumberg and Mandell [4, Th. 2.6], it is shown that the K-
theory of an ordinary Waldhausen category equipped with an action of a cate-
gorical operad inherits an action of the nerve of that operad.
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In independent work, Blumberg, Gepner, and Tabuada [3] have proved that
algebraic K-theory is initial among additive and multiplicative functors from
an ∞-category of idempotent complete stable ∞-categories. (They used this
to uniquely characterize the cyclotomic trace.) The result here shows that al-
gebraic K-theory is initial among additive and multiplicative functors on all
Waldhausen ∞-categories.

0.12. Remark. Finally, let’s emphasize that work of Saul Glasman [6] made
it possible for me to sharpen the results of this paper significantly. Previous
versions of this paper did not contain the full strength of the universality of
algebraic K-theory as an additive and multiplicative theory.

1. Tensor products of Waldhausen ∞-categories

The first thing we need to understand is the symmetric monoidal structure
on the ∞-category of Waldhausen ∞-categories. As in [2, §4], we will regard
Wald∞ as formally analogous to the nerve of the ordinary category V (k) of
vector spaces over a field k. The tensor product V ⊗ W of vector spaces is
defined as the vector space that represents multilinear maps V ×W X ,
i.e., maps that are linear separately in each variable. In perfect analogy with
this, the tensor product C ⊗D of Waldhausen ∞-categories is defined as the
Waldhausen ∞-category that represents functors C ×D E that are exact
separately in each variable.

1.1. Notation. Let Λ(F) denote the following ordinary category. The objects
will be finite sets, and a morphism J I will be a map J I+; one composes
ψ : K J+ with φ : J I+ by forming the composite

K
ψ

J+
φ+

I++
µ

I+,

where µ : I++ I+ is the map that simply identifies the two added points.
(Of course Λ(F) is equivalent to the category Fin∗ of pointed finite sets, but
we prefer to think of the objects of Λ(F) as unpointed. This is the natural
perspective on this category from the theory of operator categories [1].)
For any morphism φ : J I of Λ(F) and any i ∈ I, write Ji for the fiber
φ−1({i}).
1.2. One way to write down a symmetric monoidal ∞-category [10, Ch. 2] is
to give the data of the space of maps out of any tensor product of any finite
collection of objects. More precisely, a symmetric monoidal ∞-category is a
cocartesian fibration p : C⊗ NΛ(F) such that for any finite set I, the
various maps χi : I {i}+ such that χ−1

i ({i}) = {i} together specify an
equivalence of ∞-categories

C⊗
I

∼
∏

i∈I
C⊗

{i}.

The objects of C⊗ are, in effect, (I,XI) consisting of a finite set I and a
collection XI = {Xi}i∈I of objects of C. Morphisms (J, YJ) (I,XI) of C⊗
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are essentially pairs (ω, φI) consisting of morphisms ω : J I of Λ(F) and
families of morphisms 


φi :

⊗

j∈Ji
Yj Xi




i∈I

.

1.3. Example. For any ∞-category that admits all finite products, there is a
corresponding symmetric monoidal ∞-category C× called the cartesian sym-
metric monoidal ∞-category.

We will be particularly interested in identifying a suitable subcategory of the∞-
category Pair×∞, where Pair∞ denotes the ∞-category of pairs of ∞-categories
[2, Df. 1.11].

1.4. Definition. Suppose I a finite set, and suppose CI := (Ci)i∈I an I-tuple
of Waldhausen ∞-categories. For any Waldhausen ∞-category D, a functor of
pairs

∏
CI D is said to be exact separately in each variable if, for any

element i ∈ I and any collection of objects (Xj)j∈I\{i} ∈
∏
CI\{i}, the functor

Ci ∼= Ci ×
∏

j∈I\{i}
{Xj}

∏
CI D

carries cofibrations to cofibrations and is exact as a functor of pairs between
Waldhausen ∞-categories.

1.5. Note that we do not assume the cubical cofibrancy criterion that appears in
Blumberg–Mandell [4, Df. 2.4]. It seems that the authors of this paper required
it to guarantee a compatibility with the “all at once” iterated S• construction.
We will not use such a construction here; the only compatibility we will need
to find with the S• construction is Pr. 2.3, which deals with one tensor factor
at a time.

1.6. Notation. Denote by Wald⊗
∞ ⊂ Pair×∞ the following subcategory. The

objects of Wald⊗
∞ are those objects (I, CI), where for any i ∈ I, the pair Ci

is a Waldhausen ∞-category. A morphism (J,DJ) (I, CI) of Pair×∞ is a
morphism of Wald⊗

∞ if and only if, for every element i ∈ I, the functor
∏

DJi Ci

is exact separately in each variable.

We now identify the tensor product of Waldhausen ∞-categories.

1.7. Lemma. Suppose I a finite set, and suppose CI := (Ci)i∈I an I-tuple of
Waldhausen ∞-categories. Then there exist a Waldhausen ∞-category

⊗
CI

and a functor of pairs
f :
∏

CI
⊗

CI

such that for every Waldhausen ∞-category D, composition with f induces an
equivalence between the ∞-category FunWald∞

(
⊗
CI , D) and the full subcat-

egory of FunPair∞(
∏
CI , D) spanned by the functors of pairs that are exact

separately in each variable.
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Proof. We construct
⊗
CI as a colimit in Wald∞ in the following manner.

First, recall that the forgetful functor Wald∞ Cat∞ admits a left adjoint
W . Consider the pushout K = (I ×∆1) ∪I×∆{0}

(I ×∆{0})✄ and the obvious
functor

F : K Wald∞

that carries each object of the form (i, 0) to the coproduct
∐

(Xj)j∈I\{i}∈
∏
j∈I\{i} Cj

W (Ci),

each object of the form (i, 1) to the coproduct
∐

(Xj)j∈I\{i}∈
∏
j∈I\{i} Cj

Ci,

and the cone point +∞ to W (
∏
i∈I Ci). Now the desired Waldhausen ∞-

category
⊗
CI can be constructed as the colimit of F . �

1.8. The construction of this proof is of course the natural analogue of the
construction of tensor products of abelian groups. From this description, it is
clear that when I = ∅, then the Waldhausen ∞-category ⊗0 ≃ W (∆0) ≃
NFin∗, the nerve of the ordinary category of finite pointed sets, in which the
cofibrations are the monomorphisms.

1.9. Proposition. The functor Wald⊗
∞ NΛ(F) is a symmetric monoidal

∞-category.

Proof. We first claim that the functor p : Wald⊗
∞ NΛ(F) is a cocartesian

fibration; it is an inner fibration because Wald⊗
∞ is an∞-category [9, Pr. 2.3.1.5].

Now suppose φ : J I an edge of NΛ, and suppose DJ a J-tuple of pairs of
∞-categories. We want to find a p-cocartesian edge of Pair⊗∞ covering φ. For
this, for any i ∈ I, consider a pair

⊗
DJi along with a functor

∏
DJi

⊗
DJi

satisfying the property described in Lemma 1.7. These fit together to yield a
morphism

(J,DJ)

(
I,
(⊗

DJi

)
i∈I

)

of Wald⊗
∞ covering φ. The property described in Lemma 1.7 guarantees that

this a locally p-cocartesian edge of Wald⊗
∞, so p is a locally cocartesian fibration.

Now to conclude that p is a cocartesian fibration, it is enough to note that for
any 2-simplex

(K,EK) (I, CI),

(J,DJ)

h

g f

if f and g are locally p-cocartesian edges, then so is h; this follows directly from
our construction of

⊗
CI . �
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1.10. Proposition. The tensor product functor

⊗ : Wald∞ ×Wald∞ Wald∞

preserves filtered colimits and direct sums separately in each variable.

Proof. Suppose C a Waldhausen ∞-category. We will show that the endofunc-
tor −⊗ C preserves filtered colimits and direct sums.
Suppose Λ a filtered simplicial set, and suppose D : Λ✄ Wald∞ a colimit
diagram. Since filtered colimits in Wald∞ are preserved under the forgetful
functor Wald∞ Pair∞, it follows that for any Waldhausen ∞-category A,
there is an equivalence of ∞-categories

FunPair∞ (D+∞ × C,A) ∼ lim
α∈Λ

FunPair∞
(Dα × C,A).

To show that the tensor product preserves filtered colimits separately in
each variable, it remains to note that, under this equivalence, a functor
D+∞ × C A that is exact separately in each variable correspond to com-
patible families of functors Dα × C A that are exact separately in each
variable.
Note that if 0 is the zero Waldhausen∞-category, then for any Waldhausen∞-
category A, any functor 0× C A that is exact separately in each variable is
essentially constant, whence 0⊗C ≃ 0. Moreover, if D and D′ are Waldhausen
∞-categories, then the two inclusions

D × C (D ⊕D′)× C and D′ × C (D ⊕D′)× C
given by (y, x) (y, 0, x) and (y′, x) (0, y′, x) together induce a functor

FunPair∞((D ⊕D′)× C,A)

FunPair∞(D × C,A) × FunPair∞(D′ × C,A).

On the other hand, the coproduct induces a functor

FunPair∞(D × C,A) × FunPair∞(D′ × C,A)

FunPair∞((D ⊕D′)× C,A).

It is not hard to see that these functors carry (pairs of) functors that are exact
in each variable separately to (pairs of) functors that are exact in each variable
separately. Moreover, if F : (D ⊕D′)× C A is exact separately in each
variable, then

F ≃ F |D×C ∨ F |D′×C ,

and if G : D × C A and G′ : D′ × C A are each exact separately in each
variable, then

G ≃ (G ∨G′)|D×C and G′ ≃ (G ∨G′)|D′×C .
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Hence these two functors exhibit an equivalence

(D ⊕D′)⊗ C ≃ (D ⊗ C)⊕ (D′ ⊗ C),

as desired. �

1.11. For any integer m ≥ 0 and any Waldhausen∞-category C, write mC for
the iterated direct sum C⊕· · ·⊕C, and write Cm for the iterated tensor product
C⊗· · ·⊗C. It follows from the previous proposition that we may form “polyno-
mials” in Waldhausen ∞-categories (with coefficients in the natural numbers),
and the usual formulas hold, such as

(C ⊗D)m ≃
m⊕

i=0

(
m

i

)
Ci ⊗Dm−i.

1.12. There is a natural generalization [10, Df. 2.1.1.10] of the notion of a sym-
metric monoidal ∞-category to that of an∞-operad. This is an inner fibration
p : O⊗ NΛ(F) satisfying properties that ensure that the objects of O⊗ are,
in effect, pairs (I,XI) consisting of a finite set I and a collection XI = {Xi}i∈I
of objects of O⊗

{∗}, and that morphisms (J, YJ ) (I,XI) of C⊗ are essentially
determined by pairs (ω, φI) consisting of morphisms ω : J I of Λ(F) and
families of “multi-morphisms”

{φi : YJi Xi}i∈I .
An O⊗-algebra in a symmetric monoidal ∞-category is simply a morphism of
∞-operads [10, Df. 2.1.2.7].

1.13. Definition. For any ∞-operad O⊗, an O⊗-monoidal Waldhausen ∞-
category is an O⊗-algebra in Wald⊗

∞.

1.14. Example. In particular, a monoidal Waldhausen∞-category is simply an
O⊗-monoidal Waldhausen ∞-category, where O⊗ is the associative ∞-operad
[10, Df. 4.1.1.3]. Similarly, a symmetric monoidal Waldhausen ∞-category will
be a O⊗-monoidal Waldhausen ∞-category, where O⊗ is the commutative ∞-
operad [10, Ex. 2.1.1.18].

1.15. Example. Suppose that Φ is a perfect operator category [1], and suppose
that X NΛ(Φ) is a pair cocartesian fibration such that for any object I of
Λ(Φ), the inert morphisms I {i} induce an equivalence of pairs

XI
∼

∏

i∈|I|
X{i}.

Then we might call X a Φ-monoidal Waldhausen ∞-category if, for any object
I of Λ(Φ), the pair XI is a Waldhausen ∞-category, and the morphism

∏

i∈|I|
X{i} ≃ XI X{ξ}

induced by the unique active morphism I {ξ} is exact separately in each
variable. One may show that this notion is essentially equivalent to the notion
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of U⊗
Φ -monoidal Waldhausen ∞-category, where U⊗

Φ is the symmetrization of
the terminal ∞-operad over Φ. In particular, an O(n)-monoidal Waldhausen
∞-category is essentially the same thing as an En-monoidal Waldhausen ∞-
category.

2. Tensor products of virtual Waldhausen ∞-categories

The derived∞-category D≥0(k) of complexes of vector spaces over a field k with
vanishing negative homology inherits a symmetric monoidal structure from the
ordinary category of vector spaces. In precisely the same manner, the derived
∞-category of Waldhausen∞-categories D(Wald∞) — which is the∞-category
of functors Waldop

∞ S that preserve all filtered limits and all finite products
[2, Nt. 4.10] — inherits a symmetric monoidal structure from Wald∞.

2.1. Proposition. There exists a symmetric monoidal ∞-category
D(Wald∞)⊗ and a fully faithful symmetric monoidal functor
Wald⊗

∞ D(Wald∞)⊗ with the following properties.

(2.1.1) The underlying ∞-category of D(Wald∞)⊗ is the ∞-category
D(Wald∞) of virtual Waldhausen ∞-categories, and the underlying
functor is the inclusion Wald∞ D(Wald∞).

(2.1.2) For any symmetric monoidal ∞-category E⊗ whose underlying ∞-
category admits all sifted colimits, the induced functor

FunNFin∗(D(Wald∞), E) FunNFin∗(Wald∞, E)

exhibits an equivalence from the full subcategory of spanned
by those morphisms of ∞-operads A whose underlying functor
A : D(Wald∞) E preserves sifted colimits to the full subcate-
gory of spanned by those morphisms of ∞-operads B whose underlying
functor B : Wald∞ E preserves filtered colimits.

(2.1.3) The tensor product functor ⊗ : D(Wald∞)×D(Wald∞) D(Wald∞)
preserves all colimits separately in each variable.

Proof. The only part that is not a consequence of [10, Pr. 6.3.1.10 and Var.
6.3.1.11] is the assertion that the tensor product functor

⊗ : D(Wald∞)×D(Wald∞) D(Wald∞)

preserves direct sums separately in each variable. Pr. 1.10 states that this holds
among Waldhausen∞-categories; the general case follows by exhibiting all the
virtual Waldhausen ∞-categories as colimits of simplicial diagrams of Wald-
hausen ∞-categories and using the fact that both the tensor product and the
direct sum commute with sifted colimits. �

Since our goal is to study multiplicative structures on additive theories, we
should see to it that the symmetric monoidal structure on the derived ∞-
category of Waldhausen ∞-categories gives rise to one on the fissile derived
∞-category described in the introduction 0.3. It is not the case that the tensor
product of two fissile virtual Waldhausen ∞-categories is still fissile; however,

Documenta Mathematica 20 (2015) 859–878



870 Clark Barwick

Dfiss(Wald∞) is the accessible localization of D(Wald∞) with respect to the set
of morphisms

{i : C ⊕ C E(C) | C ∈Waldω∞} ,
where i is the functor defined in 0.2. We can therefore ask whether the local-
ization functor is compatible with the resulting localization functor

Lfiss : D(Wald∞) Dfiss(Wald∞).

That is, we wish to show that the assignment

(X,Y ) Lfiss(X ⊗ Y );

defines a symmetric monoidal structure on Dfiss(Wald∞).

2.2. Construction. The symmetric monoidal ∞-category D(Wald∞)⊗ can
be described in the following manner. An object (I,XI) thereof is a finite set I
and an I-tuple of virtual Waldhausen∞-categoriesXI := (Xi)i∈I . A morphism
(J, YJ ) (I,XI) is a morphism J I of Λ(F) along with the data, for every
element i ∈ I, of a functor of pairs

⊗
YJi Xi.

We denote by Dfiss(Wald∞)⊗ the full subcategory of D(Wald∞)⊗ spanned by
those objects (I,XI) such that for every i ∈ I, Xi is a distributive virtual
Waldhausen ∞-category.

2.3. Lemma. The localization functor Lfiss on D(Wald∞) of [2, Pr. 6.7] is
compatible with the symmetric monoidal structure on D(Wald∞) is the sense
of [10, Df. 2.2.1.6].

Proof. As in [10, Ex. 2.2.1.7], our claim is that for any Lfiss-equvalence U V
and any virtual Waldhausen ∞-category Z, the morphism U ⊗ Z V ⊗ Z is
an Lfiss-equivalence. Since the tensor product preserves all colimits separately
in each variable, we may assume that Z is a compact Waldhausen ∞-category
D. Furthermore, since the set of Lfiss-equivalences is generated as a strongly
saturated class by the set of maps of the form

i : C ⊕ C E(C)

in which C is compact, we may assume that U V is of this form. Our claim
is thus that for any compact Waldhausen ∞-categories C and D, the map

i⊗ idD : (C ⊕ C)⊗D E(C)⊗D
is a Lfiss-equivalence. We have a retraction

r ⊗ idD : E(C)⊗D (C ⊕ C)⊗D
of this map, and the composition E(C)⊗D E(C) ⊗D is given by the
multi-exact functor that carries a pair (S T T/S,X) to the “simple
tensor”

(S S ∨ (T/S) T/S)⊗X.
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That is, the composition E(C)⊗D E(C)⊗D is given by the direct sum
of the functor

(S T T/S,X) (S S 0)⊗X
and the functor

(S T T/S,X)
(S T T/S)⊗X

(S S 0)⊗X .

But in Dfiss(Wald∞), this is homotopic to the identity. �

2.4. Note that as a corollary, we find that, for any integer m ≥ 0, we obtain
Lfiss-equivalences

Fm(C)⊗D ≃ mC ⊗D ≃ Fm(C ⊗D),

where Fm(C) is the Waldhausen ∞-category of filtered objects
X0 · · · Xm [2, Nt. 5.5]. Consequently, we obtain an Lfiss-equivalence

Fm(C) ≃ Fm(NFin∗)⊗ C.
This observation yields another way to think about the suspension functor in
Dfiss(Wald∞). Just as suspension is smashing with a circle in the homotopy
theory of spaces, we have

ΣC ≃ S(C) ≃ S(NFin∗ ⊗ C) ≃ S(NFin∗)⊗ Lfiss(C)

in Dfiss(Wald∞). Here the fissile virtual Waldhausen ∞-category S(NFin∗) is
playing the role of a circle. The algebraicK-theory of a Waldhausen∞-category
C can thus be described as the space

ΩIS(C) ≃ ΩIS(NFin∗ ⊗ C) ≃ ΩI(S(NFin∗)⊗ Lfiss(C)),

where I is the left derived functor of ι. More generally, for any pre-additive
theory φ, the additivization Dφ can be computed by the formula

Dφ(C) ≃ ΩΦS(C) ≃ ΩΦS(NFin∗ ⊗ C) ≃ ΩΦ(S(NFin∗)⊗ Lfiss(C)),

where Φ is the left derived functor of φ.

2.5. Proposition. The functor Dfiss(Wald∞)⊗ NΛ(F) is a symmetric
monoidal ∞-category with the property that the tensor product

⊗ : Dfiss(Wald∞)×Dfiss(Wald∞) Dfiss(Wald∞)

preserves all colimits separately in each variable.

Proof. That Dfiss(Wald∞)⊗ is symmetric monoidal follows from [10, Pr. 2.2.1.9].
Observe that the functor

⊗ : Dfiss(Wald∞)×Dfiss(Wald∞) Dfiss(Wald∞)

can be identified with the functor given by the assignment

(X,Y ) Lfiss(X ⊗ Y );

hence it follows from [2, Cor. 6.7.2] it preserves colimits in each variable. �
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2.6. Construction. The stabilization

Sp(Dfiss(Wald∞))

of the fissile derived ∞-category Dfiss(Wald∞) inherits a canonical symmet-
ric monoidal structure Sp(Dfiss(Wald∞))⊗, given by applying the symmetric
monoidal functor

L⊗ : PrL,⊗ PrL,⊗St

induced by the localization L = Sp⊗− of [10, Pr. 6.3.2.17] to the presentable∞-
category Dfiss(Wald∞). By construction, the tensor product functor ⊗ preserves
colimits separately in each variable. Furthermore, the functor

Σ∞ : Dfiss(Wald∞) Sp(Dfiss(Wald∞))

is symmetric monoidal.
We call the∞-category Sp(Dfiss(Wald∞)) the stable∞-category of Waldhausen
∞-categories, and we call its homotopy category hSp(Dfiss(Wald∞)) the stable
homotopy category of Waldhausen ∞-categories.
Note that Sp(Dfiss(Wald∞)) is equivalent to the full subcategory of the ∞-
category Fun(Waldω,op∞ , Sp) spanned by those functors X : Waldω,op∞ Sp
such that for any compact Waldhausen ∞-category C, the morphisms induced
by the exact functor i : C ⊕ C E(C) exhibits X(E(C)) as the direct sum
of X(C) and X(C).

2.7. Observe that the K-groups of a Waldhausen ∞-category C are given by
Ext groups in the stable homotopy category of Waldhausen ∞-categories. In-
deed, just as one may describe the stable homotopy groups of a pointed space
X as Ext groups out of the sphere spectrum:

πsn(X) ∼= Ext−nSp(Σ∞S0,Σ∞X),

so too may one describe the algebraic K-theory groups of a Waldhausen ∞-
category C as Ext groups out of the suspension spectrum of Fin∗:

Kn(C) ∼= Ext−nSp(Dfiss(Wald∞))
(Σ∞Fin∗,Σ

∞C).

3. Multiplicative theories

Now we are in a position to study theories that are compatible with the mon-
oidal structure on Waldhausen ∞-categories.

3.1. Recall [2, Df. 7.1] that for any∞-topos E, an E-valued theory is a reduced
functor

φ : Wald∞ E

that preserves filtered colimits.

3.2. Definition. Suppose E an ∞-topos. A multiplicative theory valued in E
is a morphism of ∞-operads

φ⊗ : Wald⊗
∞ E×
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such that the underlying functor φ : Wald∞ E preserves all filtered colim-
its and carries the zero object to the terminal object. We will say that the
multiplicative theory φ⊗ extends the theory φ.
We denote by

Thy⊗(E) ⊂ FunNΛ(F)(Wald⊗
∞, E

×)

the full subcategory spanned by the multiplicative theories, and we denote by
Add⊗(E) the full subcategory spanned by those multiplicative theories such
that the underlying theory Wald∞ E is additive.

3.3. It follows from Pr. 2.1 that any multiplicative theory

φ⊗ : Wald⊗
∞ E×

can be extended to a reduced functor Φ⊗ : D(Wald∞)⊗ E× of ∞-operads
such that the underlying functor D(Wald∞) E∗ preserves sifted colimits.
This is the multiplicative left derived functor of φ⊗.

3.4. Example. The theory ι : Wald∞ Kan [2, Nt. 1.7] can be extended
to a multiplicative theory ι⊗ in the following manner. The right adjoint
Cat∞ Kan of the inclusion can be given the structure of a symmetric
monoidal functor

Cat×∞ Kan×

for the cartesian symmetric monoidal structures in an essentially unique man-
ner. The desired morphism ι⊗ : Wald⊗

∞ Kan× of ∞-operads is now the
composite

Wald⊗
∞ Pair×∞ Cat×∞ Kan×.

We now wish to show that additivizations of multiplicative theories are natu-
rally multiplicative (Th. 3.6). Since additivizations are constructed via Good-
willie differentials, we will prove a general result about these. What follows
is surely not the most general result one can prove, but it’s enough for our
purposes.

3.5. Proposition. Suppose C⊗ and D⊗ symmetric monoidal ∞-categories.
Suppose that the underlying ∞-category D is presentable, and suppose that the
underlying ∞-category C is small and that it admits a terminal object and all
finite colimits. Finally, assume that C⊗ is compatible with all finite colimits,
and assume that D⊗ is compatible with all colimits. Then the inclusion

Exc(C,D) ×Fun(C,D) AlgC⊗(D⊗) AlgC⊗(D⊗)

admits a left adjoint.

Proof A. The Adjoint Functor Theorem [9, Cor. 5.5.2.9] and the existence of
excisive approximation [10, Th. 7.1.10] implies that Exc(C,D) ⊂ Fun(C,D) is
stable under both limits and κ-filtered colimits for some regular cardinal κ. The
fiber product

Exc(C,D) ×Fun(C,D) AlgC⊗(D⊗)

can be identified with the full subcategory of AlgC⊗(D⊗) spanned by those
functors F⊗ : C⊗ D⊗ over NΛ(F) with the property that the underlying
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functor F : C D is excisive. It now follows from [10, Cor. 3.2.2.5 and Pr.
3.2.3.1(4)] that this subcategory is stable under both limits and κ-filtered colim-
its. A second coat of the Adjoint Functor Theorem [9, Cor. 5.5.2.9] now yields
the result. �

Proof B. Alternately, one may prove this result (in fact a more general version
thereof) in an explicit fashion by applying a variant of [9, Cor. 5.2.7.11]. Note
that for the argument there to go through, one does not need the full strength
of the condition that the forgetful functor

p : AlgC⊗(D⊗) Fun(C,D)

be a cocartesian fibration. (It obviously isn’t in our case.) One need only en-
sure that for every multiplicative functor F⊗ : C⊗ D⊗ with underlying
functor F : C D, there exist a localization θ : F P1F with respect to
Exc(C,D) and a p-cocartesian edge F⊗ (P1F )⊗ that covers θ. Recall [10,
Cnstr. 7.1.1.27] that P1F can be obtained as the sequential colimit of the se-
quence

F T1F T 2
1F · · · ,

where T1F = Ω ◦ F ◦ Σ as in 0.4.
Let N+ denote the following ordinary category. An object is a pair (I, kI)
consisting of a finite set I and an I-tuple kI = (ki)i∈I of natural numbers. A
morphism (J, ℓJ) (I, kI) is a map of finite sets J I+ such that for any
element i ∈ I, one has ∑

j∈Ji
ℓj ≤ ki.

The forgetful functor N+ Λ(F) is the Grothendieck opfibration that cor-
responds to the functor Λ(F) Cat that exhibits the ordered set of natural
numbers as a symmetric monoidal category under addition. Hence the cocarte-
sian fibration NN+ NΛ(F) is a symmetric monoidal∞-category. Now one
may define a functor

(P1F )⊠ : NN+ ×NFin∗ C
⊗ D⊗

such that the formula

(P1F )⊠(I, kI , XI) := (T ki1 Xi)i∈I

holds. Then our desired functor (P1F )⊗ will be the left Kan extension of (P1F )⊠

along the projection NN+ ×NΛ(F) C
⊗ C⊗.

We also have the functor F⊠ : NN+ ×NΛ(F) C
⊗ D⊗, which is the projec-

tion NN+ ×NΛ(F) C
⊗ C⊗ composed with F⊗ : C⊗ D⊗. The natural

transformations F T k1 F induce a natural transformation F⊠ (P1F )⊠

and thus an induced natural transformation θ⊗ : F⊗ (P1F )⊗. A quick com-
putation shows that θ⊗ is a cocartesian edge covering θ. �

3.5.1. Corollary. Suppose C⊗ and D⊗ symmetric monoidal ∞-categories.
Suppose that the underlying ∞-category D is presentable, and suppose that the
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underlying ∞-category C is compactly generated. Finally, assume that C⊗ and
D⊗ are compatible with all colimits. Then the inclusion

ExcF (C,D) ×Fun(C,D) AlgC⊗(D⊗) AlgC⊗(D⊗)

admits a left adjoint, where ExcF (C,D) denotes the full subcategory of
Fun(C,D) spanned by excisive functors C D that preserve all filtered col-
imits.

With this result in hand, we easily prove our main theorem.

3.6. Theorem. The inclusion Add⊗(E) Thy⊗(E) admits a left adjoint
that covers the left adjoint of the inclusion Add(E) Thy(E).

Proof. In light of [2, Th. 7.6], the claim is that the inclusion

ExcG∗ (Dfiss(Wald∞), E)×Fun(Dfiss(Wald∞),E) AlgDfiss(Wald∞)⊗(E×)

FunG∗ (Dfiss(Wald∞), E)×Fun(Dfiss(Wald∞),E) AlgDfiss(Wald∞)⊗(E×)

admits a left adjoint. We now appeal to Cor. 3.5.1, and the proof is completed
by the observation that if a functor Dfiss(Wald∞) E preserves geometric
realizations, then so does Goodwillie differential. (This follows from [2, Lm. 7.7];
see the proof of [2, Th. 7.8].) �

3.7. Notation. Write D⊗ for the left adjoint of the inclusion

Add⊗(E) Thy⊗(E).

We may now define K⊗ := D⊗ι⊗, whence we deduce that algebraic K-theory
is naturally a multiplicative theory.

3.8. Proposition. There exists a canonical multiplicative extension K⊗ of
algebraic K-theory.

In light of [10, Pr. 7.2.4.14 and Pr. 7.2.6.2], we also find the following.

3.8.1. Corollary. There exists a canonical multiplicative extension K⊗ of the
connective algebraic K-theory functor K : Wald∞ Sp.

3.8.2. Corollary. For any ∞-operad O⊗, composition with the multiplicative
extensions K⊗ and K⊗ induce functors

K⊗ : AlgO⊗(Wald⊗
∞) AlgO⊗(Kan×)

and
K⊗ : AlgO⊗(Wald⊗

∞) AlgO⊗(Sp∧).

As a special case of this, we obtain the following.

3.8.3. Corollary. Suppose A⊗ a monoidal Waldhausen ∞-category. Then
composition with the multiplicative extensions K⊗ and K⊗ induce functors

K⊗ : LModA⊗(Wald⊗
∞) LModK⊗(A⊗)(Kan×)
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and

K⊗ : LModA⊗(Wald⊗
∞) LModK⊗(A⊗)(Sp∧).

3.9. Example (Deligne Conjecture for algebraic K-theory). Suppose C⊗ a
pointed, symmetric monoidal ∞-category that admits all finite colimits. As-
sume that the tensor product ⊗ : C × C C preserves finite colimits sepa-
rately in each variable. Then C⊗ may be viewed as an E∞ object of Wald⊗

∞,
and the K-theory spectrum of C is naturally endowed with an E∞-structure
given by K⊗(C⊗) [Cor. 3.8.2].
Carrying an En-algebra in C⊗ to its ∞-category of right modules defines a
functor ΘC [10, Rk. 6.3.5.15], which factors through a functor

AlgEn(C⊗) AlgEn−1
(Wald⊗

∞).

Composing this with K⊗ and K⊗, we obtain functors

AlgEn(C⊗) AlgEn−1
(Kan×) and AlgEn(C⊗) AlgEn−1

(Sp∧).

3.10. Example. The previous example makes an assortment of iterated K-
theories possible. If n ≥ 1, then by forming iterated compositions of the various
functors AlgEk(Sp∧) AlgEk−1

(Sp∧) constructed above, we obtain n-fold
algebraic K-theory functor

K(n) : AlgEn(Sp∧) Sp∧

as well as an infinite hierarchy of functors

K(n) : AlgE∞
(Sp∧) AlgE∞

(Sp∧).

The Chromatic Red Shift Conjectures of Ausoni and Rognes (presaged by Wald-
hausen and Hopkins) implies that K(n) should, in effect, carry En-rings of tele-
scopic complexity m to spectra of telescopic complexity m + n. We hope to
investigate these phenomena in future work.

3.11. Example. We also find that Waldhausen’s A-theory of an n-fold
loopspace X (defined as in [2, Ex. 2.10]) carries a canonical En−1-monoidal
structure.

3.12. Note that, although this result ensures that algebraic K-theory is merely
lax symmetric monoidal, as a functor to spectra it’s actually slightly better: by
Barratt–Priddy–Quillen, K⊗ : Wald⊗

∞ Sp∧ carries the unit NFin∗ to the
unit S0.

Let us conclude by appealing to the recent work [6] of Saul Glasman. Glas-
man identifies the ∞-category AlgWald⊗(E×) with the ∞-category of E∞ al-
gebras in Fun(Wald∞, E), equipped with the Day convolution structure. When
E = Kan, one sees that the functor ι is corepresented by the unit NFin∗;
consequently it is the unit for the Day convolution product. Hence it admits a
unique E∞ structure, which under Glasman’s equivalence must coincide with
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the multiplicative theory ι⊗. Moreover, ι⊗ is initial in AlgWald⊗(E×). Mean-
while, the universal property of K⊗ ensures that for any additive multiplicative
theory φ⊗, we have

Map(K⊗, φ⊗) ≃ Map(ι⊗, φ⊗) ≃ ∗.

That is, there is an essentially unique multiplicative “trace map” from K-theory
to any additive and multiplicative theory. In other words, we have the following.

3.13. Theorem. Algebraic K-theory of Waldhausen ∞-categories is the initial
additive and multiplicative theory.
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Abstract. Let O be a topological (colored) operad. The Lurie ∞-
category of O-algebras with values in (∞-category of) complexes is
compared to the ∞-category underlying the model category of (clas-
sical) dg O-algebras. This can be interpreted as a ”rectification” result
for Lurie operad algebras. A similar result is obtained for modules
over operad algebras, as well as for algebras over topological PROPs.

2010 Mathematics Subject Classification: 18G55, 18D05, 18D50.

1. Introduction

1.1. Operad algebras. In this paper we compare two notions of operad al-
gebras with values in complexes. Let O be a topological colored symmetric
operad. The functor of singular chains with coefficients in a commutative ring
k converts O into an operad in the category of complexes, so that one has the
category Alg

O
(C(k)) of O-algebras in C(k) in the “conventional” sense: its

objects are complexes A ∈ C(k) together with Σn-equivariant operations

C∗(O(n), k)⊗A⊗n ✲ A

satisfying the standard compatibilities.
The category Alg

O
(C(k)) has (sometimes) a model category structure with

quasiisomorphisms as weak equivalences and surjective maps as fibrations.
Sometimes it does not have such model structure. In any case, one can find
a quasiisomorphism of dg operads R → C∗(O) such that the category of R-
algebras has a model structure; moreover, under a mild extra requirement,
the model category Alg

R
(C(k)) is independent, up to Quillen equivalence, of

the dg operad R. The operad R satisfying the above properties will be called
homotopically sound, see 2.4.6 below.

A topological operad O defines, on the other hand, an∞-operad O⊗ in the sense
of Lurie, [L.HA], Section 2, and an ∞-category of algebras Alg

O
(QC(k)) with

values in the symmetric monoidal ∞-category QC(k) which is the ∞-category
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version of the derived category of k-modules. Our main result Theorem 4.1.1
claims that, given a quasiisomorphism of operads R → C∗(O) with R homo-
topically sound1 the ∞-category Alg

O
(QC(k)) is equivalent to the ∞-category

underlying the “classical” model category Alg
R

(C(k)). This can be interpreted
as a rectification result: any Lurie O-algebra with values in QC(k) can be pre-
sented by a strict R-algebra. In good cases, when C∗(O) is homotopically
sound, any Lurie O-algebra can be presented by a strict O-algebra with values
in C(k).
We feel this is an important (though not unexpected) result: the notion of
operad algebra in Lurie theory is very flexible; however, an algebra over an
∞-operad is defined by a huge collection of coherence data which is difficult to
specify. The description of Alg

O
(QC(k)) as a nerve of a model category allows

one to present O⊗-algebras in QC(k) and their diagrams by strict O-algebras in
complexes.

1.1.1. The mere formulation of Theorem 4.1.1 requires a model category struc-
ture on the category of algebras over a colored dg operad. An account of the
relevant theory is presented in Section 2. The results of this section are mostly
well-known, at least for colorless operads. Our approach here is very close to
the earlier colorless version [H].
Note that there exists a very general result by C. Berger and I. Moerdijk,
[BM2], on model structure for algebras over color operads. Unfortunately, we
were unable to deduce from their result that all dg operads are admissible in
case k ⊃ Q. This is why we felt it important to present the colored version of
the notion of Σ-splitness used in [H].

1.1.2. Dold-Kan. As we mentioned above, a simplicial operad can be converted,
via the normalized chains functor, into a dg operad. This is due to the fact
that the normalized chains functor

C∗ : sSet ✲ C(k)

is lax symmetric monoidal, via Eilenberg-MacLane map.
Were it really symmetric monoidal, any strict operad algebra over O with values
in C(k) would automatically define an O-algebra in the sense of Lurie. In real
life this is “almost so” — the functor C∗ induces an adjoint pair between the
symmetric monoidal ∞-categories Cat∞ and dgCat.
This “almost so” has to be explained, and we do so in Section 3 which precedes
the rectification theorem.

1.1.3. The proof of Theorem 4.1.1 follows the idea of Lurie’s Theorem 4.1.4.4
of [L.HA] where a similar result for associative algebras with values in a com-
binatorial monoidal model category is proven.

1any operad is homotopically sound if (and only if) k is a field of characteristic zero.
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1.2. Algebras over PROPs. Theorem 4.1.1 allows one to (partially) rec-
tify algebras more general than algebras over operads, such as, for instance,
associative bialgebras.
These are algebras over PROPs, that is, symmetric monoidal functors from a
certain symmetric monoidal category designed to describe the necessary struc-
ture (PROP), to the category of complexes.
A topological PROP P gives rise to a SM ∞-category P⊗; this leads to the
notion of P -algebra with values in complexes as a SM functor P⊗ → QC(k)⊗.
We do not expect such algebras to be always presentable by strict P -algebras in
complexes. One can, however, slightly generalize the notion of strict dg algebra
over a PROP — allowing lax symmetric monoidal functors to complexes which
are “homotopy SM”, see Definition 4.4.12.
Our rectification theorem 4.1.1 implies easily the equivalence of two approaches,
see Corollary 4.4.4.

1.3. Modules. The notion of module over an operad algebra is very straight-
forward in the “classical” theory. We describe a construction which assigns
to a topological operad O another operad MO whose algebras are pairs (A,M)
where A is an O-algebra and M is an A-module. A similar construction can be
easily defined in the world of ∞-operads as well.
J. Lurie suggests another notion of module over an operad algebra. Similarly to
the cases of commutative or associative algebras where modules (or bimodules)
form a symmetric monoidal (or simply monoidal) category, his version of the
∞-category of modules over a fixed ∞-operad algebra A has an O-monoidal
structure. To have such nicely behaved notion, one has to require some very
special properties from O — it has to be coherent, see [L.HA], Sect. 3.
In Appendix B we prove that our definition of module coincides with the one
suggested by Lurie (with discarded O-monoidal structure). Our rectification
result easily implies the rectification for modules, see Corollary 5.2.3.

1.4. SM adjunction. Appendix A deals with adjunction between two (or
more) symmetric monoidal (in what follows: SM) ∞-categories. It turns out
that if any of the adjunctions is a lax SM functor, all others automatically
acquire the same structure. This generalizes a well-known observation for con-
ventional SM categories that the functor right adjoint to a SM functor, is
necessarily lax. We believe that this is an important fact in its own. In this
paper we use it to construct the functor from strict operad algebras to algebras
over the corresponding ∞-operad.
Appendix B contains some technical details of the comparison between two
notions of module.

1.5. Acknowledgements. Parts of this paper were written during author’s
visit to MIT and IHES. I am grateful to these institutions for hospitality and
excellent working conditions. I am very grateful to J. Lurie for several useful
conversations. I am also very grateful to the referee for numerous suggestions,

2A very close notion was used by K. Costello in [C] (h-split symmetric monoidal functors).
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as well as to F. Muro for pointing out to a wrong formula in the earler version
of the manuscript.

2. Models for algebras

2.1. Introduction. In this section we present an account of the model cate-
gory structure on algebras over colored operads. The results described in this
section are mostly well-known, for the colorless case see [H, H.V, BM1], and for
the colored case [BM2] (Berger and Moerdijk consider more general algebras
with values in any model category).
Having in mind applications to dg algebras, we wanted to make sure the impor-
tant case of algebras in characteristic zero would be covered. The only proof we
are aware of in the colorless case is via the notion of Σ-split operads presented
in [H]. This is why we spend some time to give a colored version of this notion.
We also use this section as an opportunity to fix notation for colored operads.

2.2. Colored operads. Fix a symmetric monoidal category C. A colored
operad O in C consists of the following data.

1. A set [O] (the set of colors of O) 3.
2. An object O(c, d) of C (of operations) given for each collection of colors
c : I → [O] (I is a finite set) and a color d ∈ [O].

3. A composition map defined for each map of finite sets f : I → J , with
collections of colors c : I → [O], d : J → [O], e ∈ [O]. This is a map

(1) O(d, e)⊗
⊗

j∈J
O(cj , d(j)) ✲ O(c, e),

where cj denotes the restriction of c : I → [O] to Ij = f−1(j).
4. The unit maps 1c : 1 ✲ O({c}, c) for each c ∈ [O], where 1 is the

unit object of C.

The composition maps are required to satisfy the following associativity and
unit conditions.

1. Associativity: for a pair of maps I
f✲ J

g✲ K, collections of colors
c : I → [O], d : J → [O], e : K → [O] and f ∈ [O], two compositions

O(e, f)⊗
⊗

k∈K
O(dk, e(k))⊗

⊗

j∈J
O(cj, d(j)) ✲ O(c, f),

with cj being the restriction of c to Ij = f−1(j) and dk being the
restriction of d to Jk = g−1(k), coincide.

2. Left unit: For any c : I → [O], J = {j} consisting of one element and
d(j) = e ∈ [O], the map (1) induces the identity map

O(c, e) = 1⊗ O(c, e)
1e⊗id✲ O(d, e)⊗ O(c, e) ✲ O(c, e).

3One can allow [O] to be “big”, as the set of objects of a category.
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3. Right unit: For f : I → J bijection with c = d ◦ f , the map (1) induces
the identity map

O(d, e)
id⊗⊗

1d(j)✲ O(d, e)⊗
⊗

j∈J
O(cj , d(j)) ✲ O(c, e).

Note that colored operads in our definition are “symmetric”: the right unit
axiom defines a canonical action of the automorphism group of c : I → [O] on
all O(c, d).
Colored operads are also known under other names as “multicategories” or
“pseudo-tensor categories”. The first name is self-explanatory. The reason
for the second one (due to Beilinson) is that colored operads can be assigned
to symmetric monoidal categories. Thus, colored operads can be seen as the
generalizations of symmetric monoidal categories. Here are the details.
Let D be a symmetric monoidal category enriched over C (The case C = Set

is as interesting as any other). We can put [D] = Ob(D) and define D(c, d) =
HomD(⊗i∈Ic(i), d). This yields a colored operad in C.
It is not difficult to understand when a colored operad O comes in the above
described manner from a symmetric monoidal category. First of all, any colored
operad O has an underlying category (also enriched over C) denoted O1 in the
sequel. If we wish O to come from a symmetric monoidal (SM) category, the
functors d 7→ O(c, d) should be representable for each c : I → [O]. This
condition is not yet sufficient: assuming all functors above are representable
by the objects denoted as ⊗i∈Ic(i), we obtain for each map f : I → J of finite
sets a canonical map

(2) ⊗i∈I c(i) ✲ ⊗j∈J (⊗i∈Ij c(i)).
If these maps are isomorphisms, our colored operad O comes from a SM cate-
gory (uniquely defined up to equivalence). 4

2.2.1. Planar versions. If one replaces finite sets with totally ordered finite
sets and the maps of finite sets with the monotone maps, we get a multicolor
notion of planar (or asymmetric) operad. This notion generalizes the notion of
monoidal category in the same way as the notion of colored operad generalizes
the notion of SM category.

2.2.2. Maps of operads. Given two colored operads P and Q, a map of operads
f : P → Q is defined as a map f : [P] → [Q] together with a compatible
collection of maps

P(c, d)→ P(f ◦ c, f(d))

for each c : I → [M ].
Compatibility means that the above maps preserve units and are compatible
with compositions.
If P and Q are the operads corresponding to SM categories, a map of operads
f : P→ Q is what is usually called a lax SM functor.

4By the way, defining a SM category as a colored operad satisfying the above properties,
allows one not to care about associativity or commutativity constraints.
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2.2.3. SM functors. In more detail, let P and Q be SM categories and let f :
P → Q be a map of the corresponding colored operads. This means that a
compatible collection

Hom(⊗i∈Iai, b)→ Hom(⊗i∈If(ai), f(b))

is given. By naturality, this is the same as a compatible collection of morphisms

(3) ⊗i∈I f(ai) ✲ f(⊗i∈Iai).
This is what is usually called a lax SM functor. A map of operads f : P ✲ Q

is called a SM functor if the maps (3) are isomorphisms.

2.2.4. Algebras. We assume that the base symmetric monoidal category C ad-
mits colimits and the tensor product commutes with colimits along each one
of the arguments.
Let O be a colored5 operad in C and let D be a SM category enriched over C.
An O-algebra in D is just a map of operads A : O→ D.
The category of O-algebras in D is denoted as Alg

O
(D) or just Alg

O
if D can

be understood from the context.
The following theorem is very standard, see, for instance, [BM2], 1.2.

2.2.5. Theorem. Let f : P → Q be a map of (small) operads and let D be a
SM C-enriched category having colimits. There is a pair of adjoint functors

f! : Alg
P

(D)
✲✛ Alg

Q
(D) : f∗

where f∗ is the forgetful functor, assigning to A : Q → D the composition
f∗(X) = A ◦ f : P→ Q→ D.

In the special case where P = [Q] is the operad with the same colors as Q and
with no nontrivial operations, the functor f! is the free algebra functor which
is worth of a more detailed description.
Let V : [O]→ D be a collection of objects of D numbered by the colors.
The free algebra FO(V ) is the collection of objects FO(V )d, d ∈ [O], described
as follows. Collections c : I → [O] form a groupoid denoted Fin/[O]. To each
c ∈ Fin/[O] we assign the object

(4) O(c, d)⊗
⊗

i∈I
Vc(i).

This gives rise to a functor F(V )d : Fin/[O]→ D; its colimit is the component
FO(V )d of the free O-algebra generated by V . Note that Fin/[O] is a groupoid.
For c : I → [O] ∈ Fin/[O] denote Σc its automorphism group (this is a subgroup
of the symmetric group ΣI). Thus, the free O-algebra generated by V is given
by the formula

(5) FO(V )d =
⊕

c∈π0(Fin/[O])

O(c, d)⊗Σc

⊗

i∈I
Vc(i),

5In what follows we will say “operads” and “colorless operads” instead of “colored oper-
ads” and “operads”.
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where the direct sum is over a set of representatives of isomorphism classes of
objects in Fin/[O].
The functor f! carries the free P-algebra generated by a collection V = {Vc}c∈P

to the free Q-algebra generated by the collection d 7→ ∐
c∈[P]:f(c)=d Vd.

2.3. DG version. From now on we fix a commutative ring k and we study
operads and algebras with values in the category C(k) of complexes over k.
First of all, the category of complexes C(k) admits a model structure, with
quasiisomorphisms as weak equivalences and degree-wise surjective maps as
fibrations, see, for example, [H].
For a large class of dg operads a model category structure on Alg

O
(C(k)) can

be defined using the adjoint pair of functors

(6) FO : C(k)[O] ✲✛ Alg
O

(C(k)) : G,

where G is the forgetful functor and FO is the free O-algebra functor.
A map of O-algebras f : A→ B is called a weak equivalence (resp., a fibration)
if G(f) is a weak equivalence (resp., a fibration). In other words, f is a weak
equivalence if for each color c ∈ [O] the map Ac → Bc is a quasiisomorphism
of complexes. It is a fibration if all maps Ac → Bc are surjective. It is called
a cofibration if it satisfies the left lifting property with respect to all trivial
fibrations.

2.3.1. Definition. An operad O in C(k) is called admissible if the category of
algebras Alg

O
(C(k)) admits a model category structure determined by weak

equivalences and fibrations defined as above.

The model category structure on Alg
O

(C(k)) is cofibrantly generated as it is
transferred from the cofibrantly generated model category structure on (collec-
tions of) complexes. In particular, any cofibration is a retract of a transfinite
composition of maps of the form A→ A〈x〉 where x is a free variable of a given
color c, a given degree d, and a specified value of dx ∈ (Ac)

d+1.
The operads with a fixed collection of colors K can be described as the algebras
over an appropriate operad whose colors are the finite collections of the elements
of K. This allows one to define weak equivalence and fibration of a map of
operads with a fixed collection of colors in a usual way. This allows one to
define as well cofibrations for maps of operads via the left lifting property with
respect to trivial fibrations. Note that we are not requiring or claiming here
the existence of model structure for such category of dg operads. 6

One has the following

2.3.2. Proposition. A cofibrant operad is admissible.

The colorless case is proven in [H.V]. The same reasoning proves the colored
case. �
Another class of admissible operads (Σ-split operads) is described in Subsection
2.5. It includes, for instance, all planar operads, or all operads over k ⊃ Q.
Note the following criterion of admissibility.

6In this we follow [BM2].
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2.3.3. Theorem. An operad O in C(k) is admissible if and only if for any O-
algebra A and for any collection of contractible cofibrant complexes M = {Mc},
c ∈ [O], the natural map

(7) A ✲ A
∐
FO(M)

is a weak equivalence.

The proof for colorless operads is given in [H]. The same reasoning proves the
colored case. �
One immediately sees that it is sufficient to check that (7) is a weak equivalence
for M = {Mc} with Mc = 0 for c 6= c0, and Mc0 contractible cofibrant.

2.4. Change of operad. Recall that a map f : P ✲ Q of operads gives
rise to a pair of adjoint functors

(8) f! : Alg
P

✲✛ Alg
Q

: f∗

where f∗ forgets a part of the structure. One has the following

2.4.1. Theorem. Assume P and Q are admissible. Then the pair of adjoint
functors (f!, f

∗) is a Quillen pair.

Proof. The forgetful functor obviously preserves fibrations (surjective maps)
and trivial fibrations (surjective quasiisomorphisms). �

One can expect the pair (f!, f
∗) to be a Quillen equivalence under some favor-

able conditions.
Recall that for a dg operad O we denote by O1 the underlying dg category which
remembers only unary operations of O. Passing to the zeroth cohomology of
all Hom complexes, we get a category H0(O1).

2.4.2. Definition. 1. A map f : P→ Q is called a weak equivalence if
a. For each c : I → [P] and d ∈ [P] the morphism P(c, d) → Q(f ◦
c, f(d)) is a quasiisomorphism. 7

b. The functor H0(f1) : H0(P1) → H0(Q1) is an equivalence of cat-
egories.

2. A map f : P→ Q is a strong equivalence if instead of (a) the following
stronger condition is fulfilled.

a′. Let c : I → [P] be a collection of colors and d ∈ [P]. Choose a
decomposition c = c′ ◦ p

(9) I
p✲ J

c′✲ [P]

with p surjective, and let G be the subgroup of automorphisms of
I over J . The map

(10) P(c, d)⊗G k ✲ Q(f ◦ c, f(d))⊗G k
is a quasiisomorphism for all c, d and p.

7In case f induces bijection on the colors, our notion of weak equivalence coincides with
the one mentioned in 2.3.
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2.4.3. Definition. An operad O in C(k) is called Σ-cofibrant if for each c :
I → [O] and d ∈ [O] with G the group of automorphisms of c, the complex
O(c, d) is a (projectively) cofibrant complex of G-modules.

2.4.4. Remark. Weak equivalence of operads implies their strong equivalence
in case they are Σ-cofibrant.

2.4.5. Theorem. A strong equivalence of admissible operads f : P ✲ Q gives
rise to a Quillen equivalence (f!, f

∗).

The colorless case is proven in [H.V]. The proof of [H.V] directly generalizes
to the colored case. Theorem 4.1 of [BM2] proves that weak equivalence of
admissible Σ-cofibrant operads gives rise to a Quillen equivalence. �
The above observations lead us to the following definition.

2.4.6. Definition. An operad O is called homotopically sound if it is admissible
and Σ-cofibrant.

One can define therefore homotopy O-algebras as algebras over an operad which
is a homotopically sound replacement of O.

2.5. Σ-split operads. In this subsection we present another class of admis-
sible operads in C(k).

2.5.1. There is an obvious forgetful functor O 7→ O♯ assigning to an operad
its planar counterpart. The functor ♯ admits a left adjoint functor which we
denote O 7→ OΣ; if O is a planar operad, the operad OΣ has the same colors; it
is defined by the formula

(11) O
Σ(c, d) =

⊕

θ:I≃〈n〉
O((c, θ), d),

where 〈n〉 = {1, . . . , n} is the standard (totally ordered) n-element set, the
direct sum is over all bijections θ and a pair (c, θ) describes a colored collection
c numbered by the totally ordered set (I, θ).
Let O be an operad. Applying the adjoint pair of functors described above, we
get a new operad which we will denote OΣ. It has the same colors as O and its
complexes of operations are defined by the formulas

(12) OΣ(c, d) =
⊕

θ:I≃〈n〉
O(c, d),

in the previously explained notation.
The composition is defined as follows. Let f : I → J be a map of sets and let
c : I → [O] and d : J → [O] be collections. The map

(13) O
Σ(d, e)⊗

⊗

j

O
Σ(cj , d(j)) ✲ O

Σ(c, e)

is defined as follows. Choice of a total order on J together with a choice of
total orders on each fiber f−1(j) defines a lexicographical total order on I: if
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two elements of I belong to different fibers, we compare the fibers, and if they
belong to the same fiber, we compare them inside the fiber. With the described
above choice of the orderings, the corresponding component of the map (13) is
given by the composition (1) for O.
For example, if O is the operad for commutative algebras, OΣ is the operad for
associative algebras.

2.5.2. One has a canonical map

π : OΣ ✲ O

summing up the components corresponding to different orderings (this is just
the the counit of the adjunction).
One defines Σ-splitting as a collection of splittings t = tc,d :
O(c, d) ✲ OΣ(c, d) of the canonical map π described above, satisfying
the properties (SPL), (INV), (COM) which will be specified later on. We will
usually omit the superscript (c, d) from the notation.
A Σ-splitting t is defined by a collection of its components tθ : O(c, d)→ O(c, d)
numbered by different orderings of I.
The first two requirements for Σ-splitting are

(SPL) The map t splits π, that is
∑
θ tθ = id.

(INV) For any isomorphism f : c′ → c (that is, a bijection f : I ′ → I satisfying
c′ = c ◦ f) the induced isomorphism f∗ : O(c, d) → O(c′, d) commutes
with t. The latter means that

f∗ ◦ tθ = tθf ◦ f∗.

The last requirement of Σ-splitness is a weak form of compatibility of the
splitting with the compositions.
Let c : I → [O], d : J → [O], a : K → [O], a′ : K ′ → [O] be finite collections in
O. Let f : I → J be a map of finite sets and let φ : a→ a′ be an isomorphism
of collections (that is, a bijection φ : K → K ′ such that a = a′ ◦ φ).
Gluing the above data, one gets collections c ⊔ a : I ⊔ K → [O] and d ⊔ a′ :
J ⊔K ′ → [O], as well as a map of finite sets f ⊔ φ : I ⊔K → J ⊔K ′.
The requirement (COM) describes a compatibility of the splitting with the
composition in O

(14) O(d ⊔ a′, e)⊗
⊗

j∈J
O(cj , d(j)) ✲ O(c ⊔ a, e)

induced by the morphism f ⊔ φ.
We are now able to formulate the third requirement of Σ-splittings.
(COM) The following diagram is commutative.
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(15)

O(d ⊔ a′, e)⊗
⊗

j∈J
O(cj , d(j)) ✲ O(c ⊔ a, e)

⊕

η:J⊔K′≃〈|J|+|K|〉
O(d ⊔ a′, e)⊗

⊗

j∈J
O(cj , d(j))

t

❄ ⊕

θ:I⊔K≃〈|I|+|K|〉

t

❄
O(c ⊔ a, e)

⊕

k∈K′

O(d ⊔ a′, e)⊗
⊗

j∈J
O(cj , d(j))

q

❄
✲
⊕

k∈K
O(c ⊔ a, e)

q

❄

The upper vertical arrows in the diagram are defined by splitting of O(d⊔a′, d)
and of O(c ⊔ a, e) respectively. In order to define the lower vertical ar-
rows we will introduce the following notation. For each ordering η of the
set J ⊔ K ′ we denote by minK′(η) the smallest element of the subset K ′ of
J ⊔ K ′. In the same manner we define minK(θ). Now the maps q send each
η-component (resp., θ-component) to the corresponding minK′(η)-component
(resp., minK(θ)-component).

2.5.3. Remark. There is another (stronger) version of Σ-splitness where q is
replaced with a projection to the sum over orderings of K ′ (resp., of K). It
seems more satisfactory aesthetically; in this formulation the condition (INV)
is its special case for I = J = ∅.
This stronger version was used in the definition given in [H] for the colorless
case.

2.5.4. Example. In the case k ⊃ Q the map

tθ(m) =
1

n!
m

defines a Σ-splitting.

2.5.5. Example. Let P be a planar colored operad and let O = PΣ. The
canonical map of planar operads P → O♯ defines a map of operads t : O →
OΣ splitting the canonical map OΣ → O. This map satisfies obviously the
conditions (SPL), (INV), (COM).

2.6. Admissibility of Σ-split operads. One has

2.6.1. Theorem.

• Σ-split operads in C(k) are admissible.
• If the components O(c, d) of a Σ-split operad O are cofibrant complexes,
O is homotopically sound.
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The second claim of the theorem immediately follows from the first one, as
O(c, d) is a direct summand of OΣ(c, d) which is cofibrant Σc-complex, where
Σc denotes the group of automorphisms of c : I → [O].
The forgetful functor commutes with filtered colimits. Thus, it is sufficient to
check that the map A → A

∐
F(Ha) is a quasiisomorphism for Ha standard

contractible complex Cone(idk)[d] concentrated at a color a ∈ [O]. The proof
of the theorem is given in 2.6.2—2.6.5 below.

2.6.2. Extending homotopy to a free algebra. Let V = {Vd|d ∈ [O]} be a collec-
tion of complexes, α : V → V an endomorphism and h a homotopy of α with
idV , that is a degree −1 map satisfying the condition

dh = idV − α.
The endomorphism α induces an endomorphism FO(α) : FO(V )→ FO(V ); we
will present an explicit homotopy between idFO(V ) and FO(α) which we will
denote FO(h). The homotopy FO(h) will be based on a Σ-splitting of O.
Recall that one has a morphism of operads π : OΣ → O identical on the colors,
as well as a Σ-splitting t : O(c, d)→ OΣ(c, d).
We are now ready to define a homotopy H on FO(V ). Recall that FO(V )d is
the direct limit of the functor F(V )d carrying a collection c : I → [O] to

F(V )d(c) = O(c, d)⊗
⊗

i

Vc(i).

We will define a degree−1 endomorphism H of each separate F(V )d(c) compat-
ible with the isomorphisms c→ c′ of collections. It is given by the composition

(16) O(c, d)⊗
⊗

i

Vc(i)
t✲

⊕

θ:I≃〈n〉
O(c, d)⊗

⊗

i

Vc(i)
S✲

⊕

θ:I≃〈n〉
O(c, d)⊗

⊗

i

Vc(i)
π✲ O(c, d)⊗

⊗

i

Vc(i),

with the map S being defined at the θ-component as

Sθ =
∑

i

idO(c,d) ⊗ αi−1 ⊗ h⊗ idn−i.

2.6.3. In order to check that the morphism A → A
∐
FO(Ha) is a quasiiso-

morphism for Ha = Cone(idk)[d], one proceeds as follows.
Let A′ = A⊕Ha. Then A

∐
FO(Ha) can be described as the quotient of FO(A′)

by the ideal generated by the kernel of the natural map FO(A) ✲ A.
Let α : A′ → A′ be zero on Ha and idA on A. Let h : A′ → A′ be the degree
−1 map vanishing on A such that dh = id − α. Then h defines a homotopy
FO(h) on FO(A′) extending h.
Let I the the kernel of the natural projection FO(A)→ A and let J be the ideal
in FO(A′) generated by I. We check below that H(J) ⊂ J and this induces a
homotopy on the quotient FO(A′)/J = A

∐
FO(Ha).
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2.6.4. Action of FO(h) on FO(A′). Some relevant notation. For c : I → [O]
and n ≥ 0 we define c∗n : I ⊔ 〈n〉 → [O] by the formula

c∗n(i) = c(i) for i ∈ I; c∗n(k) = a for k ∈ 〈n〉;
The e-component of the free algebra FO(A′) with A′ = A ⊕Ha is the colimit
of the complexes

O(c∗n, e)⊗
⊗

i

Ac(i) ⊗H⊗n
a

The homotopy FO(h) is defined by the components Sθ numbered by the total
ordering θ of the set I ⊔ 〈n〉. Since h vanishes on A and α is identity on A and
vanishes on Ha, the map Sθ has form

Sθ = idO(c∗n,e) ⊗ idA ⊗ id⊗k−1 ⊗ h⊗ idn−k

where the homotopy h is applied to the k-th component of Ha, with k :=
min〈n〉(θ).

2.6.5. End of the proof. We keep the notation of 2.6.3.
The ideal J in FO(A′) generated by I, is spanned by the expressions

(17) u⊗ δ ⊗
⊗

i∈I−{0}
bi ⊗

⊗

k∈〈n〉
xk

where c : I → [O], 0 ∈ I, c(0) = c0, δ ∈ Ic0 , u ∈ O(c∗n, e), bi ∈ Ac(i) and
xk ∈ Ha.
We will now explicitly calculate the image of (17) under the homotopy FO(h) =∑

θ Sθ ◦ tθ to make sure it belongs to J.
Let

t(u) =
∑

θ:I∗n→〈|I|+n〉
tθ(u).

We claim that FO(h) carries (17) to the sum

(18)
∑

θ

uθ ⊗ δ ⊗
⊗

i∈I−{0}
bi ⊗

⊗

k∈〈n〉
xθ,k,

where

(19) xθ,k =

{
xk, k 6= min〈n〉(θ)
h(xk), k = min〈n〉(θ)

It is sufficient to check the formula (18) in case δ is a monomial in FO(A):

(20) δ = m⊗
⊗

j∈J
aj

with m ∈ O(d, c0), d : J → [O], aj ∈ Ad(j).
Replace δ in (17) with the expression (20). We get a monomial

(21) z := u ◦m⊗
⊗

j∈J
aj ⊗

⊗

i∈I−{0}
bi ⊗

⊗

k∈〈n〉
xk,
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where u ◦m denotes the composition of u and m belonging to O(c ◦ d, e) where
c ◦ d : I − {0}⊔ J → [O] is the restriction of c⊔ d, whose image under FO(h) is
given by the formula

(22) FO(h)(z) =
∑

η:I−{0}⊔J≃〈|I|+|J|−1〉
Sη ◦ tη.

By the axiom (COM) of Σ-splitness applied to the surjection I−{0}⊔J ✲ I
sending the elements of J to 0 and the elements of I − {0} to themselves, we
deduce that FO(h)(z) is equal to (18).

2.7. Simplicial structure in characteristic zero. All operads are Σ-
split when k ⊃ Q, so in this case the category of algebras Alg

O
(C(k)) has a

model structure described in Theorem 2.3.3.
Moreover, polynomial differential forms allow one to define a simplicial struc-
ture on the category Alg

O
(C(k)) which is (partly) compatible with the model

category structure. We will present the definitions and formulate the theorem.
The proof is identical to the colorless case described in [H], 4.8.
For k ⊃ Q and n ≥ 0 one defines a dg commutative algebra Ωn by the formula

Ωn = k[x0, . . . , xn, dx0, . . . , dxn]/(
∑

xi − 1,
∑

dxi).

The assignment n 7→ Ωn defines a simplicial object in the category of commu-
tative dg algebras over k. It is canonically extended to a contravariant functor

Ω : sSet ✲ AlgCom(C(k))

carrying colimits to limits.
For A,B ∈ Alg

O
(C(k)) the simplicial set Map(A,B) is defined by the formula

Map(A,B)n = Hom(A,Ωn ⊗B).

The compatibility of the simplicial structure on Alg
O

(C(k)) with the model
category structure is described in the following theorem.

2.7.1. Theorem. Assume k ⊃ Q and let O be an operad in C(k). The cat-
egory Alg

O
(C(k)) of O-algebras with values in C(k) has a structure of model

category with quasiisomorphisms as weak equivalences and componentwise sur-
jective maps as fibrations. The category Alg

O
(C(k)) has a “weak simplicial

model category structure” (see [H.L], 1.4.2), that is a simplicial structure such
that the axioms (M7) and the half of the axiom (M6), see [Hir], 9.1.6, are
satisfied.

(12M6) For every finite simplicial set K and A ∈ Alg
O

(C(k)) the “weak path

object” (see [H.L], 1.4.1) AK exists and is defined by the formula

AK = Ω(K)⊗A.8

8It has an O-algebra structure as the tensor product of a commutative algebra with an
O-algebra.
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(M7) For a cofibration i : A→ B and a fibration p : X → Y in Alg
O

(C(k))
the map of simplicial sets

(23) Map(B,X) ✲ Map(A,X)×Map(A,Y ) Map(B, Y )

is a fibration which is trivial if either i or p is trivial.

2.8. A pushout of algebras. Let O be an admissible operad. In this sub-
section we will present, for a later use, explicit formulas for a specific type of
cofibrations of operad algebras. This is a generalization of formula presented
in [SS00] in the proof of Lemma 6.2, see also F. Muro’s very detailed account
of the planar case [Mu], Lemmas 8.2, 8.5.
Recall that the model category structure on Alg

O
(C(k)) is transported from

the projective model structure on C(k) via adjunction (6).
Given a cofibration f : V → W of cofibrant objects in C(k)[O], that is a
collection of cofibrations of cofibrant compexes fc : Vc → Wc numbered by
c ∈ [O], and a pushout diagram in Alg

O
(C(k))

(24)

FO(V )
FO(f)✲ FO(W )

A
❄

✲ B
❄

with cofibrant A, we will explicitly describe the morphism G(A) ✲ G(B) as
a colimit of a sequence of cofibrations

(25) G(A) = B0
✲ B1

✲ . . . ✲ Bk ✲ . . .

in C(k)[O].

2.8.1. Enveloping operad. In order to describe the precise formula for Bi, we
need a colored version of enveloping operads, as defined and used by Berger
and Moerdijk [BM3]. Let O be a colored operad and let A be a O-algebra.
The enveloping operad OA can be defined as the operad governing O-algebras
X endowed with a morphism of O-algebras A ✲ X . Admissibility criterion
2.3.3 immediately implies that, if O is admissible, then for any O-algebra A the
operad OA is as well admissible.
Furthermore, if O is Σ-cofibrant and A is a cofibrant, the enveloping operad
OA is also Σ-cofibrant. The latter is proven in [BM1], 5.4, for colorless operads,
but the colored version can be proven in the same way.

2.8.2. In the formula (27) below we will use the following notation. Given a
collection of maps φi : Xi → Yi, i ∈ I in C(k), we can form a functor from the
standard |I|-cube, considered as a poset of subsets S ⊂ I, to C(k), carrying S
to Z(S) :=

⊗
i∈I Zi where Zi = Xi for i 6∈ S and Yi for i ∈ S. This yields a

map

(26)
∧

i∈I
φi : colimS 6=I Z(S) ✲ Z(I) = ⊗i∈IYi.
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We will need some more notation. Recall that for c : I → [O] we denote Σc the
automorphism group of c.
Now, fix d ∈ [O]. The d-component of the map Bk−1

✲ Bk is defined as the
pushout of the map

(27)
⊕

c∈π0(Fin/[O])
|I|=k

OA(c, d)⊗Σc

∧

i∈I
fc(i),

where fc(i) : Vc(i) →Wc(i) is a component of the map f : V →W .
We have to specify the map from the source of (27) to the d-component of
Bk−1. Fixing c : I → [O] with |I| = k, the formula (27) is obtained from a
cubic diagram whose vertices are numbered by subsets T ⊂ I so that T -th
vertex has |T | times the factor W and k − |T | times the factor V . We have to
specify a map from all such vertices corresponding to T 6= I, to Bk−1. This is
done by replacing factors of Vc(i) with respective factors of Ac(i) = OA(∅, c(i)),
composing the components of OA via

OA(c, d)⊗
⊗

i∈I−T
OA(∅, c(i)) ✲ OA(c|T , d),

and, finally, composing the result with the map

OA(c|T )⊗
⊗

i∈T
Wc(i)

✲ Bk−1.

We now have

2.8.3. Proposition. Let O-algebra B be given by the pushout diagram (24).
Then the object G(B) ∈ C(k)|O| is a colimit of the sequence of cofibrations (25)
so that Bk−1 → Bk is defined by the pushout diagram (27) in C(k)|O|.

Proof. The O-algebra B can be presented as a split coequalizer of

A ⊔ FO(V ⊕W )
α✲
β
✲ A ⊔ FO(W ),

where α is determined by the map (f, idW ) : V ⊕ W → W , and β is idW
on W and is defined by V → A on V . The above coequalizer can be more
conveniently rewritten as the coequalizer of

FOA(V ⊕W )
α✲
β
✲ FOA(W ).

We will apply the functor G before calculating the colimit. The free algebras
considered as collection of complexes, are direct sums of components Fk cor-
responding to collections of colors c : I → [O] with |I| = k. We define Bk as

the image of the map F≤k
OA

(W ) ✲ B. Then it is obvious that the image of

Fk
OA

(W ) and Bk−1 generate the whole Bk and that the d-component of the

fiber product Fk(W )×Bk Bk−1 coincides with the source of the map (27). �

2.8.4. Corollary. Assume O is homotopically sound. Let A be a cofibrant
O-algebra. Then for each d ∈ [O] the complex G(A)d is cofibrant.
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Proof. Any cofibrant O-algebra is a retract of a transfinite sequence of cofi-
brations as in (24). Formulas (27) show that each step is a cofibration in
C(k)[O], so the limit is as well a cofibration. Finally, retract of a cofibration is
a cofibration. �

3. SM ∞-categories

In this section we will construct certain SM ∞-categories (of ∞-categories, of
dg categories and others) by Dwyer-Kan localization. We construct an adjoint
pair of functors

Cdg : Cat×∞
✲✛ N(dgCat)⊗ : Ndg

between the symmetric monoidal ∞-categories of infinity-categories and of dg
categories, induced by Dold-Kan equivalence. The functor Cdg is symmetric
monoidal, whereas Ndg is lax symmetric monoidal (that is, a morphism of ∞-
operads).
We will denote CatSM∞ := AlgCom(Cat∞) and dgCatSM = AlgCom(N(dgCat)).
The functor Ndg induces a functor

Ndg : dgCatSM ✲ CatSM∞ .

Furthermore, we will see that both ∞-categories dgCatSM(k) and CatSM∞ are
enriched over Cat∞, so that Ndg preserves this enrichment. The latter means
that for a pair of symmetric monoidal dg categories C, D one has a functor

Fun⊗(C,D) ✲ Fun⊗(Ndg(C),Ndg(D)).

3.1. Localization. Given a symmetric monoidal ∞-category C⊗ and a col-
lection of arrows W , we would like to be able to define a SM structure on the
localization L(C,W ). This is easy if the tensor product preserves W , see [H.L],
3.2 or [L.HA], 4.1.3.4.
In this case the localization of the total category C⊗ with respect to the collec-
tion of arrows in C⊗ generated by W , yields what we call a strict SM localiza-
tion: this is a SM functor

(28) C
⊗ ✲ L(C⊗,W⊗)

universal among SM functors C⊗ → D⊗ carrying W to equivalences. More-
over, the underlying∞-category of the strict SM localization is the localization
L(C,W ) and the localization functor is also universal among lax monoidal func-
tors C⊗ → D⊗, see [H.L], 3.2.
Strict SM localizations seldom exist: tensor product does not always preserve
weak equivalences. In this paper we will use the following ad hoc construction.
Given a SM ∞-category C⊗ and a collection of arrows W in C, we will present
a full subcategory C

⊗
0 such that

• The pair (C⊗
0 ,W0 = W ∩ C0) admits a strict SM localization.

• The embedding C0
✲ C induces an equivalence of the localizations

L(C0,W0)→ L(C,W ).
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We will call L(C⊗
0 ,W

⊗
0 ) the SM localization of (C⊗,W ). This construction

depends, in general, on the choice of C0. We believe that in the examples
below, it satisfies a universal property which makes it right SM localization as
defined in [H.L], 3.3. By [H.L], 3.3.3, this is so in Example 3.1.1.

3.1.1. Example: QC(k)⊗. Let k be a commutative ring, C := C(k) the category
of complexes of k-modules and let W be the collection of quasiisomorphisms.
We choose C0 to be the full subcategory of cofibrant complexes. As a result,
we get a SM ∞-category denoted as QC(k). This is the SM ∞-category of
k-modules; its homotopy category is the derived category of k.

3.1.2. Example: categories of enriched categories. We will use a similar con-
struction to define SM ∞-categories of certain enriched categories. The corre-
sponding model categories were defined by G. Tabuada, see [T1, T2]. These
are

• dgCat(k), the category of categories enriched over C(k).
• dg≤0Cat(k), that of categories enriched over C≤0(k).
• sMod-Cat(k), that of categories enriched over the simplicial k-modules.

Symmetric monoidal structure on all these categories is induced by the sym-
metric monoidal structure on C(k), C≤0(k) and sMod(k) respectively. In each
one of the cases C := dgCat, dg≤0Cat or sMod-Cat, the full subcategory C0 is
spanned by the categories whose Hom-objects are cofibrant.
In all three cases tensor product preserves weak equivalence of categories be-
longing to C0. It remains to check that in all three cases the embedding
C0

✲ C induces an equivalence of DK localizations. This is routinely done
using Key Lemma 1.3.6 of [H.L]9.
This yields symmetric monoidal ∞-categories which we denote N(dgCat)⊗,
N(dg≤0Cat)⊗ and N(sMod-Cat)⊗.

3.2. Dold-Kan correspondence.

3.2.1. Classical Dold-Kan equivalence. Here we will fix some notation. The
functor of normalized chains

C∗ : sMod(k) ✲ C≤0(k)

from simplicial k-modules to nonpositively graded complexes of k-modules is
well-known to be an equivalence, with the inverse functor

N∗ : C≤0(k) ✲ sMod(k)

defined by the formula Nn(X) = Hom(C∗(∆n), X).
The functor C∗ is not symmetric monoidal, but it is very close to be one. One
has functorial maps

(29) ▽X,Y : C∗(X)⊗ C∗(Y ) ✲ C∗(X ⊗ Y )

9see 1.3.7 of [H.L] for the routine.
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(Eilenberg-MacLane, or shuffle, map), and

(30) △X,Y : C∗(X ⊗ Y ) ✲ C∗(X)⊗ C∗(Y )

(Alexander-Whitney map) such that

• The functor C∗ is lax symmetric monoidal via ▽.
• It is also colax monoidal 10 via △ (equivalently, N∗ is lax monoidal via
△).
• Both △ and ▽ are homotopy equivalences and △ ◦▽ = id.

3.2.2. Enriched categories. Any lax monoidal functor F : M ✲ N induces
a functor

F : CatM ✲ CatN

between the respective enriched categories.
Therefore, one has a pair of functors

(31) C̄ : sMod-Cat(k)
✲✛ dg≤0Cat(k) : N̄ ,

where C̄ = (C∗,▽) and N̄ = (N∗,△), with a natural isomorphism N̄ ◦ C̄ = id.
Note that the functors C̄, N̄ do not form an adjoint pair.
The functor C̄ is lax symmetric monoidal. Developing the ideas of [SS03],
Tabuada proved in [T2] that the functor C̄ has a left adjoint and this pair
defines a Quillen equivalence.
Therefore, an equivalence

(32) N(C̄) : N(sMod-Cat(k)) ✲ N(dg≤0Cat(k))

is induced. Since it is lax SM, it is a symmetric monoidal equivalence. Since
N(N̄) is left inverse, it is an inverse symmetric monoidal equivalence.

3.2.3. We can now define an adjoint pair

(33) Cdg : Cat×∞
✲✛ N(dgCat(k))⊗ : Ndg

as a composition
(34)

N(sCat×)
✲✛ N(sMod-Cat(k))⊗

✲✛ N(dg≤0
Cat(k))⊗

✲✛ N(dgCat(k))⊗.

The adjoint pair in the middle is a SM equivalence. In two other adjoint pairs
the left adjoint is symmetric monoidal, therefore the right adjoint is a map of
operads, see Appendix A.
Thus, Cdg is symmetric monoidal and Ndg is a map of operads.

10but not colax symmetric monoidal!
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3.2.4. We will now show that the functor Ndg carries the dg category C(k) to
QC(k) ∈ Cat∞. Moreover, Ndg carries the commutative algebra object C(k)⊗

to QC(k)⊗.
Let Cc♯ (k) denote the category of cofibrant complexes of k-modules. It is k-

linear and so is enriched in a “trivial” way over C(k):

(35) Hom ♯(X,Y ) := Z0(Hom(X,Y )).

The functor Ndg carries Cc♯ (k) into the category whose Hom object are discrete

(as simplicial objects) k-modules. We identify Ndg(C
c
♯ (k)) with Cc♯ (k) for the

obvious reason.
The functor Ndg applied to the map Cc♯ (k)→ Cc(k) yields a map

Cc♯ (k) ✲ Ndg(C
c(k))

which carries quasiisomorphisms to equivalences. Therefore, a map

QC(k) ✲ Ndg(C
c(k))

is induced. It is an equivalence by [H.L], 1.4.3.
Let us show that Ndg also preserves the symmetric monoidal structure of Cc(k).
The adjoint pair

Cdg : Cat×∞
✲✛ N(dgCat(k))⊗ : Ndg

gives rise to an adjoint pair of functors between the ∞-categories of commuta-
tive algebras in respective categories,

(36) Cdg : CatSM∞
✲✛ dgCatSM(k) : Ndg,

that is between symmetric monoidal ∞-categories and (weak) symmetric
monoidal dg categories.
We claim that Ndg carries the symmetric monoidal dg category Cc(k)⊗ to
QC(k)⊗ as constructed in 3.1.1.
The dg category Cc♯ (k) has a symmetric monoidal structure and the map

Cc♯ (k) ✲ Cc(k) is a symmetric monoidal functor. Therefore, the induced
arrow

Cc♯ (k)⊗ ✲ Ndg(C
c(k)⊗)

is also a symmetric monoidal functor. By universality of symmetric monoidal
localization we get a symmetric monoidal functor

(37) QC(k)⊗ ✲ Ndg(C
c(k)⊗).

Since we already know that the induced functor QC(k) → Ndg(C
c(k)) is an

equivalence, it is an equivalence of symmetric monoidal ∞-categories.

3.3. Ndg, enriched. We will now show that the ∞-categories CatSM∞ and
dgCatSM(k) are enriched over Cat∞ and the functor Ndg defined in (36) pre-
serves this enrichment. More precisely, we will present, for a pair A,B of
symmetric monoidal dg categories, a map of ∞-categories

(38) Fun⊗(A,B) ✲ Fun⊗(Ndg(A),Ndg(B))
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of respective symmetric monoidal functors extending the map of of spaces of
morphisms defined by the functor Ndg.
We will first explain the construction in the setup of conventional categories,
and then will provide the ∞-categorical generalization, using the formalism of
SM adjunction (see Appendix A).

3.3.1. A general setup (conventional categories). Let

(39) λ : C
✲✛ D : ρ

be an adjoint pair of functors between symmetric monoidal categories, so that
λ is symmetric monoidal (and therefore ρ is lax symmetric monoidal). We
assume that D is cotensored over C, which means that there exists a functor
η : Cop×D ✲ D, (X,A) 7→ AX , right adjoint to the bifunctor C×D ✲ D

carrying the pair (X,A) to λ(X)⊗A. One can easily see that η is lax symmetric
monoidal.
Assume now that C is cartesian. Then any object X ∈ C has an obvious coalge-
bra structure defined by the diagonal. This implies that for any commutative
algebra A in D and any object X in C the power object AX has a commutative
algebra structure. The multiplication in AX is given by the composition

AX ⊗AX ✲ (A⊗A)X×X ✲ AX×X ✲ AX .

We can therefore define inner hom on AlgCom(D) by the formula

(40) Hom(X,Fun⊗(A,B)) = HomAlgCom(D)(A,B
X),

provided the right-hand side is representable.
The C-enrichment on AlgCom(D) so defined is functorial in the following sense.
Given a sequence of adjoint pairs

C
λ1✲✛
ρ1

D1

λ2✲✛
ρ2

D2

between SM categories, satisfying the above properties, one has a natural iso-
morphism

(41) ρ2(BX) = ρ2(B)X ,

which induces a canonical map

(42) Fun⊗(A,B) ✲ Fun⊗(ρ2(A), ρ2(B)).

3.3.2. Construction for SM ∞-categories. The only claim requiring a special
attention when extending the above construction to ∞-categories is the struc-
ture of lax symmetric monoidal functor on η : Cop ×D ✲ D induced by the
adjunction (39). The functor λ leads to a C-left-tensored structure on D given
by a SM functor

C×D ✲ D

defined by the formula (a, x) 7→ λ(a)⊗ x.
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The corresponding functor Cop ×Dop ×D ✲ S carrying the triple (a, x, y)
to Map(a⊗ x, y) is then lax monoidal by A.5.1. Existence of C-cotensor struc-
ture on D is equivalent to {1, 3}-representability of this functor. Once more,
according to A.5.1, this implies that the functor

(43) η : Cop ×D ✲ D

is lax SM, see A.5.3.
Now, a lax SM functor induces a functor between respective ∞-categories of
commutative algebras. A commutative algebra in Cop × D is a pair (X,A)
where X ∈ C and A ∈ AlgCom(D). This yields a required functor

(44) ηSM : Cop × AlgCom(D) ✲ AlgCom(D),

which allows one to define C-valued inner Hom on AlgCom(D) by the formula
(40).

3.3.3. We wish to apply the above construction to C = D1 = Cat∞, D2 =
N(dgCat(k)). The ∞-categories Cat∞ and N(dgCat(k)) can be described as
∞-categories underlying combinatorial model categories, see [L.T], 2.2.5.1 and
[T1], Thm 1.8.
Therefore, the corresponding underlying ∞-categories are presentable. The
tensor products in these ∞-categories commute with colimits, so by Corol-
lary 3.2.3.5 of [L.HA] the categories of commutative algebras in Cat∞ and
N(dgCat(k)) are as well presentable. Furthermore, the functors η and ηSM

preserve limits in each of the arguments.
This implies presentability of the C-valued inner Hom given by (44).

We now have to make sure that the Cat∞-enrichment of CatSM∞ defined by
the above universal construction, coincides with the standard one, see [L.HA],
Definition 2.1.3.7.

3.3.4. Inner Hom for SM ∞-categories. In case C = D has products, the func-
tor ηSM defined in (44) can be described much easier: the functor η (43) pre-
serves products in the second variable; therefore, it carries algebras to algebras.
Here is an explicit description of ηSM for C = Cat∞, where commutative alge-
bras in Cat∞ are presented as∞-categories cocartesian overNFin∗, see [L.HA],
Section 2.
Given a simplicial set X and a SM ∞-category p : B ✲ NFin∗, we define a
simplicial set BX with a map q : BX ✲ NFin∗ as follows. The n-simplices
of BX over σ : ∆n ✲ NFin∗ are the commutative diagrams

(45)

∆n ×X σ̃ ✲ B

∆n

pr1

❄
σ✲ NFin∗

p

❄

.

Documenta Mathematica 20 (2015) 879–926



Rectification of Algebras and Modules 901

A diagram (45) with n = 1 represents a cocartesian lifting of σ iff the restriction
of σ̃ to each vertex of X is cocartesian. This implies that q is a cocartesian
fibration; the fiber of q at 〈n〉 is BX〈n〉, so q : BX ✲ NFin∗ is a SM ∞-
category.
Now the identity

(46) Map(X,Fun⊗(A,B)) = MapCatSM∞
(A,BX)

can be easily verified, which proves that Cat∞-valued function space defined
be our general construction is the conventional one for C = Cat∞.

4. Rectification of algebras

4.1. Introduction. Let O be a topological operad (that is, a fibrant simplicial
operad) with the set of colors [O]. We denote O⊗ the corresponding∞-operad
in the sense of Lurie [L.HA] which is defined as follows.
Let Fin∗ denote the category of finite pointed sets. Its objects are finite pointed
sets I∗ = I ⊔ {∗} and the maps f : I∗ → J∗ satisfy f(∗) = ∗.
We will define first of all a simplicial category Õ⊗ over Fin∗, and then will

put O⊗ to be the (homotopy coherent) nerve of the simplicial category Õ⊗,

see [L.T], 1.1.5.5. Here is the definition of Õ⊗.
Its objects over I∗ ∈ Fin∗ are maps c : I → [O] and the simplicial sets of
morphisms over f : I∗ → J∗ defined by the formula

Mapf
Õ⊗

(c, d) =
∏

j∈J
O(c|f−1(j), d(j)).

The composition in Õ⊗ is determined by the composition in O, see the details
in [L.HA], 2.1.1.22.
Fix a commutative ring k. We are mostly interested in algebras over O⊗ with
values in the SM ∞-category QC(k) of complexes of k-modules described in
detail in 3.1.1.
We want to compare the ∞-category Alg

O
(QC(k)), as defined in Lurie’s book

[L.HA], 2.1.3.1 (this is just the ∞-category of operad maps O⊗ ✲ QC(k)),
with the category of “strict” O-algebras Algst

O
(C(k)) defined as in Section 2. 11

Assume now we are given a quasiisomorphism of operads R → C∗(O, k) with
R homotopically sound.
In this case, as we know, the category Algst

R
(C(k)) admits a model structure

with quasiisomorphisms as weak equivalences and surjective maps as fibrations.
Applying the nerve construction (see [H.L], 1.3) to Algst

R
(C(k)), we get an ∞-

category. A certain effort is required in order to be able to interpret a strict
R-algebra as an object of Alg

O
(QC(k)). Unexpectedly, the problem exists even if

R = C∗(O). The reason is that the singular chains functor C∗ : sSet ✲ C(k)
is not symmetric monoidal.

11Note that we have changed the notation in order to distinguish two notions of O-algebra!
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The construction of the functor Algst
R

(C(k)) ✲ Alg
O

(QC(k)) is explained in
Subsection 4.2 below. Once we have this functor, the universal property of the
∞-localization yields an ∞-functor

(47) Φ : N(Algst
R

(C(k)) ✲ Alg
O

(QC(k)).

Here is the central result of this paper.

4.1.1. Theorem. Let O be a topological operad and let R→ C∗(O) be a homo-
topically sound replacement. Then the functor Φ (47) is an equivalence.

4.1.2. The proof follows the idea of the proof of [L.HA] 4.1.4.4 dealing with
rectification of associative algebras. An ∞-categorical version of Barr-Beck
theory [L.HA], 6.2, allows one to present an O-algebra A in QC(k) as a colimit
of its monadic Bar-resolution. The latter consists of free algebras which can be
easily lifted to Algst

R
(C(k)). The homotopy colimit of this simplicial object in

Algst
R

(C(k)) gives the lifting of A. Further details of the proof are given in 4.3
below.
But first of all we have to define the map Φ in a greater detail.

4.2. Construction of Φ. Let O be a fibrant simplicial operad and let R →
C∗(O, k) be a quasiisomorphism of dg operads (bijective on colors) with R

homotopically sound.
The simplicial operad O generates a simplicial PROP PO defined as follows.
Let Fin be the category of finite sets. It can be considered as a subcategory of
Fin∗ via the functor Fin → Fin∗ carrying a finite set I to the pointed set I∗.

One defines the simplicial category PO as the fiber product Õ⊗×Fin∗ Fin . The
objects of PO are finite collections of colors of O, and the arrows are composed
from the operations in O. The symmetric monoidal structure is defined by
disjoint union of collections.
The image of PO under Cdg, see formula (36), is presented by the SM dg category
PC∗O which is the k-linear PROP generated by dg operad C∗(O). We will
replace PC∗O with an equivalent SM dg category PR, the PROP generated by
the dg operad R.
Any cofibrant R-algebra A in C(k) gives rise to a symmetric monoidal dg
functor

A : PR
✲ C(k)

such that all A(x), x ∈ PR, are cofibrant, see 2.8.4.
This yields, in particular, an arrow in dgCatSM(k). Applying to it the functor
Ndg, and composing with the unit map, we get

PO
✲ Ndg(PR) ✲ Ndg(C(k)) = QC(k)⊗.

The above construction defines a composition

Algst
R

(C(k))c → Fun⊗(PR, C(k)) ≃ Fun⊗(PC∗O, C(k))→(48)

→ Fun⊗(Ndg(PC∗O), QC(k)⊗)→ Fun⊗(PO, QC
⊗) = Alg

O
(QC(k)).
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Thus, we have a functor

φ : Algst
R

(C(k))c ✲ Alg
O

(QC(k)).

It remains to check that φ carries weak equivalences of cofibrant R-algebras to
an equivalence. This is really easy: the functor φ constructed above commutes
with the forgetful functors Gst 12 and G in the following diagram

(49)

Algst
R

(C(k))c
φ✲ Alg

O
(QC(k))

(C(k)c)[O]

Gst

❄
φtriv

✲ QC(k)[O]

G

❄

,

where φtriv is defined by localization.
Since weak equivalences in Algst

R
are detected by Gst and since the functor G

is conservative (see [L.HA], Lemma 3.2.2.6), the assertion follows.

4.3. Proof of 4.1.1.

4.3.1. Look at the commutative diagram obtained from (49) by application of
the nerve functor to Gst .

(50)

N(Algst
R

(C(k))
Φ ✲ Alg

O
(QC(k))

QC(k)[O]
✛

G

N
G st

✲
.

The reasoning briefly explained in 4.1.2 is formalized in Corollary 6.2.2.14 of
[L.HA]. It claims that the map Φ in (47) is an equivalence, provided the
following properties are verified.

1. The functor G is conservative.
1st . The functor NGst is conservative.

2. The functor G admits a left adjoint functor F .
2st . The functor NGst admits a left adjoint functor F st .

3. Any G-split simplicial object in Alg
O

(QC(k)) has a colimit and G pre-
serves this colimit.

3st . The same for NGst .
4. The unit map X → NGstF st (X) = GΦ(F st (X)) induces an equiva-

lence

F (X) ✲ Φ(F st (X)).

12we denoted it G in Section 2.

Documenta Mathematica 20 (2015) 879–926



904 Vladimir Hinich

Let us check the assertions 1–4.
The properties 1,2,3 is are proven in [L.HA], see 3.2.2.6, 3.1.3.5 and 3.2.3.1. 13

The functor F st is obtained by application of the the nerve construction (see
Proposition 1.5.1, [H.L]) to the functor FR which is left adjoint to the forgetful
functor Gst : Algst

R
(C(k))→ C(k)[O]. This proves 2st .

The functor NGst is conservative as weak equivalences in Algst
R

are detected
by Gst . Thus, it remains to verify the assertions 3st and 4.
Assertion 3st .
According to [H.L], 1.5.2, colimits in an∞-category underlying a combinatorial
model category can be calculated via derived colimits in the model category.
This is applicable to both C(k) and Algst

R
(C(k)).

A simplicial complex X ∈ C(k)∆
op

will be called colim-adapted if

• The canonical map L colimX ✲ colimX is a quasiisomorphism.
• For all n ∈ ∆op the components Xn ∈ C(k) are cofibrant.
• The complex colimX is cofibrant.

Simplicial objects in Algst
R

(C(k)) are algebras over a certain operad which we

will denote R∆op

. In Lemma 4.3.2 below we check that the operad R∆op

is also
homotopically sound.
Since the category ∆op is sifted, the colimit over ∆op commutes with the for-
getful functor G.
Therefore, in order to deduce Assertion 3st , it remains to prove that the for-
getful functor

Alg
R∆op (C(k)) = Alg

R
(C(k))∆

op ✲ C(k)[R]×∆op

carries cofibrant simplicial algebras to [R]-collections of colim-adapted simpli-
cial complexes. This is also proven in Lemma 4.3.2 below.
Let C be a (small) category and R a dg operad. We will now describe a dg
operad RC such that RC -algebras are precisely the functors C → Alg

R
(C(k)).

The colors of RC are pairs (c,m) where c is a color of R and m ∈ C.
A collection of colors I → [RC ] is given by a pair (c,m) where c : I → [R]
is a collection of colors in R and m a function I → Ob(C). The complex
RC((c,m), (d, n)) is defined as

∏
i HomC(mi, n)×R(c, d), and the composition

in RC is defined by the compositions in R and in C.

4.3.2. Lemma. Assume R is a homotopically sound operad. Then

a) R∆op

is also homotopically sound.
b) the forgetful functor

G : Alg
R∆op (C(k)) ✲ C(k)[R]×∆op

carries cofibrant algebras to collections of colim-adapted simplicial com-
plexes.

13Note that 3.1.3.5 is applicable since tensor product in QC(k) commutes with colimits
along each one of the arguments.
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Proof. Assertion (a).
We prove that RC is homotopically sound for any category C. First of all,
let us prove admissibility of RC . Let A be an RC algebra and M a cofibrant
contractible complex. Choose a color (c,m) of RC . We have to prove that
the map A → B is a weak equivalence, where B is obtained from A by freely
joining M at color (c,m). In other words, we have to check that for each
n ∈ C the map A(n) → B(n) is a weak equivalence. Note that B(n) is freely
generated over A(n) as R-algebra by HomC(m,n)×M which is also cofibrant
and contractible. Therefore, RC is admissible by the criterion 2.3.3.
It remains to make sure RC is Σ-cofibrant. The automorphism group of a
collection (c,m) of colors in PC is a subgroup of the automorphism group of
the collection c in R. Thus, if R is Σ-cofibrant, RC is Σ-cofibrant as well. This
proves the assertion a).
Assertion (b). Here we follow, with minor amendments, Lurie [L.HA], 4.1.4.13
14. A morphism of simplicial complexes X ✲ Y will be called colim-adapted,
if

• X,Y are colim-adapted.
• For each n ∈ ∆op the map Xn

✲ Yn is a cofibration in C(k).
• The map colimX ✲ colimY is a cofibration in C(k).

The collection of colim-adapted morphisms satisfies the following properties
(proven in [L.HA], 4.1.4.13).

• Let X be a cofibrant complex. Then the constant simplicial complex
defined by X is colim-adapted.
• Let f, g be two colim-adapted maps. Then f ∧ g defined as in (26) is

colim-adapted.
• All cofibrations in C(k)∆

op

are colim-adapted.
• The collection of colim-adapted morphisms is closed under transfinite

composition.
• Base change: if f : X → Y and Z in a pushout diagram

(51)

X
f ✲ Y

Z
❄

f ′

✲ T
❄

are colim-adapted, then f ′ is also colim-adapted.

Let us now prove assertion (b).
Obviously, a retract of a colim-adapted simplicial complex is colim-adapted,
so we may assume that the cofibrant algebra A is a colimit of a transfinite
sequence of cofibrations A = colimAα where A0 is the initial R∆op

-algebra,
Aα ≃ colimβ<αAβ for α limit ordinal, and such that Aα+1 is obtained from

14We use the term ”colim-adapted” instead of Lurie’s ”good”.
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Aα via a pushout diagram

(52)

FR∆op (V ) ✲ FR∆op (W )

Aα
❄

✲ Aα+1

❄

,

where V →W is a cofibration of cofibrant objects in C(k)[R]×∆op

.
According to 2.8.3, Aα+1, considered as an object of C(k)[R]×∆op

, is obtained
as a colimit of arrows obtained by pushforward along the maps (27). Since the
components of Ac(i) are cofibrant complexes and R is homotopically sound, the
properties of colim-adapted maps listed above imply that the map G(Aα) →
G(Aα+1) is colim-adapted. This proves the assertion.

�

4.3.3. To prove assertion 4, we will need a minor generalization of [L.HA],
3.1.3.11, describing free algebras generated by a collection of objects corre-
sponding to different colors.
Let O⊗ be an ∞-operad and a : I → [O] a collection of objects in O. Let
Θ ⊂ Fin∗ denote the subcategory defined by the inert arrows in Fin∗, so that
Θ is the “trivial ∞-operad”. We identify ΘI with the category whose objects
are finite sets over I and whose morphisms are inert partial maps over I. There
is an (essentially unique) extension of the map a : I → O to a map θ : ΘI → O⊗

of ∞-operads.
Let q : C⊗ → O⊗ be an O-monoidal ∞-category. A collection of objects
X = {Xi ∈ Ci}, i ∈ I defines (essentially uniquely) a ΘI -algebra X̄ in C such
that q ◦ X̄ = θ : ΘI → O⊗. Let F ∈ Alg

O
(C). The lemma below allows one

to check whether a given morphism X̄ → θ∗(F ) exhibits F as free O-algebra
generated by the collection {Xi}, i ∈ I.
Denote ΘI

iso the maximal subgroupoid of ΘI . In other words, this is the
groupoid of finite sets over I. For each y ∈ O we define a Kan simplicial
set PI,y as the full sub(∞-)category of ΘI

iso ×O⊗ O
⊗
/y spanned by the objects

whose component in O
⊗
/y is given by an active arrow.

One has a canonical map h : PI,y ×∆1 ✲ O⊗ defined as follows.
Its restriction h0 to PI,y × {0} is the composition PI,y → ΘI

iso → O⊗ whereas
the restriction h1 to PI,y × {1} carries everything to {y} ∈ O. In general, if
π is a k-simplex of PI,y and σi is a k-simplex of ∆1 having i times value 1
(i = 0, . . . , k + 1), then the image of (π, σi) is defined by the formula

(53) h(π, σi) =

{
dk+1τ, i = 0
si−1
k−i+1d

i
k−i+1τ, i > 0

where τ is the k + 1-simplex of O⊗ defining the projection of π to O
⊗
/y.

Now, the map q : C⊗ → O⊗ being cocartesian fibration, the map h : PI,y ×
∆1 ✲ O⊗ can be lifted to a map H : PI,y×∆1 ✲ C⊗ so that the restriction

Documenta Mathematica 20 (2015) 879–926



Rectification of Algebras and Modules 907

H0 to PI,y × {0} is the composition

PI,y ✲ ΘI
iso

X̄✲ C⊗

and such that for each π ∈ PI,y the arrows H(π,∆1) is cocartesian.
This yields a map H1 : PI,y ✲ Cy.

Definition. The colimit of H1 constructed above, if exists, is denoted
SymO(X̄)y.

Let now, X̄ be as above, and let A be a a O-algebra in C. A choice of a map of
ΘI -algebras f : X̄ → θ∗(A), which is given essentially by a collection of maps
fi : Xi

✲ A(i), i ∈ I, defines a canonical collection of maps

(54) Fy : SymO(X̄)y ✲ Ay

as follows. The map f : X̄ → θ∗(A) induces a map

H0
✲ A ◦ h0 : PI,y ✲ C

⊗.

By construction of SymO(X̄)y, one obtains a canonical map

H ✲ A ◦ h : PI,y ×∆1 ✲ C⊗

whose restriction to PI,y × {1} yields a map Fy : SymO(X̄)y ✲ Ay.
The following lemma is a straightforward generalization of [L.HA], 3.1.3.11.

4.3.4. Lemma. A collection of maps fi : Xi → θ∗(A)i, i ∈ I, exhibits A as a
free algebra generated by X iff for all y ∈ O the natural map

Fy : SymO(X̄)y ✲ Ay

is an equivalence.

�
We will now apply the above lemma to prove Assertion 4. In our context O⊗

is the ∞-operad constructed from a topological operad O. We put I = [O]
and we represent the collection of Xi ∈ QC(k) by their cofibrant representatives
Yi. Let FR(Y ) be the free R-algebra on Y = {Yi}i∈[O]. We denote F to be
the O-algebra in QC(k) corresponding to FR(Y ) as explained in 4.2. We have
canonical maps Yi → θ∗(F)i, so we can apply the above lemma.
It remains to check that the maps Fy : SymO(X̄)y → Fy are equivalences.
Recall that ΘI

iso identifies with the groupoid of collections Fin/[O] used in
the description of the (classical) free algebra, see 2.2.5. One has a canonical
projection PI,y → NFin/[O] and n-simplices of PI,y over σ : c0 → . . .→ cn in
NFin/[O] correspond to n-simplices of O(c0, y).
The map SymO(X̄)y ✲ Fy is constructed as follows. The map H1 :
PI,y ✲ QC is the composition

(55) PI,y ✲ NFin/[O] ✲ QC,

where the second arrow carries a collection c : J → [O] to ⊗j∈JYc(j).
The canonical maps Yi ✲ θ∗(F)i allow one to extend H1 to a functor

H⊲
1 : P⊲I,y

✲ QC
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carrying the vertex on the left to Fy = colimF(Y )y, where the functor F(Y )y :
Fin/[O] ✲ C(k) is given by the formula F(Y )y(c) = R(c, y) ⊗⊗j∈J Yc(j),
see formula (4).
The extension H⊲

1 is constructed as follows. One chooses a section s of the
projection N∗(R(c, y)) ✲ N∗(C∗(O(c, y))). We will denote by the same
letter the composition s : O(c, y) ✲ N∗(C∗(O(c, y))) ✲ N∗(R(c, y)). Now,
given an n-simplex (σ, τ) of PI,y, where σ : c0 → . . . → cn in NFin/[O] and
τ ∈ O(c0, y)n, one extends it with the map

C∗(∆n)⊗
⊗

j∈J0

Yc0(j)
✲ Fy

defined by the map C∗(∆n) ✲ R(c0, y) determined by s(τ). It remains to
check that H⊲

1 : P⊲I,y
✲ QC(k) is a colimit diagram.

In fact, since the functor H1 factors through NFin/[O], see (55), colim H1 can
be calculated as the colimit of the left Kan extension of H1 via the projection

PI,y ✲ NFin/[O].

This functor is a Kan fibration, so by [L.T], 4.3.3.1 the left Kan extension of
H1 is precisely the functor F(Y )y . Since R is Σ-cofibrant, its (naive) colimit
calculates as well the required homotopy colimit.

�

4.4. Algebras over a PROP. Theorem 4.1.1 allows one to get a certain
rectification result for algebras over a topological PROP, or, more generally,
over any SM topological category.
A topological SM category P determines a SM ∞-category P⊗, see 4.1, and
the ∞-category of algebras Fun⊗(P⊗, QC(k)⊗).
We are going to give a “classical” description of this notion of ∞-algebra.

4.4.1. Definition. Let R be a symmetric monoidal dg category. A homotopy
R-algebra in C(k) is a lax SM functor A : P ✲ C(k) such that the natural
map

A(x) ⊗A(y) ✲ A(x ⊗ y)

induces a quasiisomorphism A(x)⊗L A(y) ✲ A(x⊗ y) for all x, y ∈ P.

We denote by Po the dg operad defined by P. A lax SM functor P → C(k) is
just a strict Po-algebra in C(k).
We need a minor generalization of the above definition. A dg operad R will be
called weak SM category if the corresponding operad enriched over the derived
category of k is an (enriched) SM category.
The only example of weak SM category we need is the following.

4.4.2. Lemma. Let P be a SM dg category and let R → Po be a homotopically
sound replacement of dg operads. Then R is a weak SM category.

�
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If R is a weak SM category and x, y ∈ [R] two objects, tensor product x⊗ y is
defined uniquely up to equivalence. Then Definition 4.4.1 is applicable also for
weak SM categories. We will repeat it once more.

4.4.3. Definition. Let R be a weak SM dg category. A homotopy R-algebra
in C(k) is an algebra over the operad R such that the natural map

A(x) ⊗A(y) ✲ A(x ⊗ y)

induces a quasiisomorphism A(x)⊗L A(y) ✲ A(x⊗ y) for all x, y ∈ [R].

Let P be a topological SM category and let R ✲ C∗(Po, k) be a homotopically
sound replacement.
The ∞-category of homotopy R-algebras is defined as the full subcategory
of N(Algst

R
(C(k))) consisting of homotopy R-algebras. It can be otherwise

described as the DK localization of the category of cofibrant homotopy R-
algebras, with respect to weak equivalences.
Theorem 4.1.1 immediately implies the following result.

4.4.4. Corollary. Let P be a topological SM category, and let R → C∗(P, k)
be a homotopically sound replacement of C∗(P, k) considered as an operad. Let
P⊗ be the SM ∞-category defined by P. Then the equivalence of ∞-categories

Φ : N(Algst
R

(C(k)) ✲ AlgP⊗(QC(k))

induces an equivalence of the subcategory of homotopy R-algebras with
Fun⊗(P⊗, QC(k)⊗).

�

5. Modules

In this section we deduce from Theorem 4.1.1 the rectification for modules over
operad algebras. Our definition of module over an O-operad algebra is very
straightforward. For any ∞-operad O we define a new ∞-operad denoted MO

such that algebras over MO are pairs (A,M) where A is an O-algebra and M
is an A-module, see Subsection 5.2.
Theorem 4.1.1 implies the main result of this section Theorem 5.2.3 saying
that the ∞-category of modules over an operad algebra can be described as
the infinity category underlying the corresponding model category. The precise
formulation is given in 5.2.3. The proof is based on the result on localization
of families of ∞-categories given in [H.L], Sect. 2.
In his foundational book [L.HA] J. Lurie gives another definition which, under
some restrictions, yields for any O-algebra A an O-monoidal category of A-
modules. In Appendix B we show that our definition is equivalent to the one
suggested by Lurie, with discarded O-monoidal structure.
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5.1. Classical setting. Let O be a topological operad. We define a new
topological operad MO as follows. We double each color, defining

[MO] = [O]× {a,m}.
A collection of colors in MO is given by a pair of maps c̃ = (c,Xc) where
c : I → [O], Xc : I → {a,m}.
The space of operations MO(c̃, d̃) for c̃ : I → [MO], d̃ ∈ [MO] is nonempty in two
cases described below.

• Xc(i) = a for all i ∈ I, Xd = a.
• Xc(i) = m for precisely one i ∈ I, Xd = m.

In these cases MO(c̃, d̃) = O(c, d).
Note that the same construction makes sense for operads enriched over any SM
category.
One has a map O→ MO carrying any c ∈ [O] to (c, a). In the opposite direction,
a map MO→ O erases the X-marking of a color.
Algebras over MO are pairs (A,M) where A is an O-algebra and M is a A-
module.

5.2. A similar construction makes sense in the context of ∞-operads. Given
an ∞-operad O⊗ we define a new operad MO⊗ by the formula

MO⊗ = CM⊗ ×NFin∗ O
⊗,

where CM is the two-color operad governing pairs (A,M) with A a commutative
algebra and M an A-module, and CM⊗ is the corresponding ∞-operad.

5.2.1. Definition. Let O⊗ be an ∞-operad and C⊗ a SM ∞-category. Let
A ∈ Alg

O
(C). The ∞-category ModOA(C) is defined as the fiber product

ModOA(C) = AlgMO(C)×Alg
O
(C) {A}

Let O be a topological operad and let R ✲ C∗(O) be a homotopically sound
replacement.
We are not sure that MR is always homotopically sound. The following, however,
is very easy.

5.2.2. Lemma. Let R be a Σ-split operad in C(k). Then MR is also Σ-split. If
R is Σ-cofibrant, then MR is Σ-cofibrant.

Proof. If the collection of maps tθ : R(c, d)→ R(c, d), θ : I → 〈|I|〉, provides a
Σ-splitting for R, the same maps provide a Σ-splitting for nonzero components
of MR in the notation of 5.1 and 2.5. The second claim is also obvious. �

In any case, we can choose a homotopically sound replacement

M ✲ C∗(MO)

and define R as the full suboperad spanned by the original colors of O. Then
by 2.3.3 R is a homotopicaly sound replacement of C∗(O).
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5.2.3. Theorem. Let O be a topological operad. Let M be a homotopically
sound replacement of C∗(MO) and let R be the full suboperad of M spanned by
the original colors of O. Let A be an R-algebra in C(k). There is a canonical
equivalence

(56) N(ModRA(C(k)))→ ModOA(QC(k)),

where we denote by the same letter A the corresponding O-algebra in QC(k).

Proof. According to Theorem 4.1.1 one has a commutative diagram of ∞-
categories whose horizontal maps are equivalences.

(57)

N(Algst
M

(C(k))) ✲ AlgMO(QC(k))

N(Algst
R

(C(k)))

φst

❄
✲ Alg

O
(QC(k))

φ

❄

This yields an equivalence of the homotopy fibers of the vertical maps. It
remains to identify the map of homotopy fibers with the map (56).
The forgetful functor

(58) Algst
M

(C(k)) ✲ Algst
R

(C(k))

inducing the left vertical arrow φst , preserves cofibrant algebras. This map,
restricted to the subcategories spanned by the cofibrant objects, and consid-
ered as marked ∞-categories (quasiisomorphisms being the marked arrows), is
a marked cocartesian fibration in the sense of Definition 2.1.1, [H.L]: this is a
cocartesian fibration of categories (a map f : A → A′ of algebras gives rise to
base change map f∗ : ModA → ModA′), the base change preserves quasiisomor-
phisms of cofibrant modules, and weak equivalence of cofibrant algebras gives
rise to equivalence of the corresponding categories of modules). Then, accord-
ing to Proposition 2.1.4, [H.L], the (homotopy) fibers of φst identify with the
DK localizations of the fiber of the functor

(59) φst : Algst
M

(C(k))c ✲ Algst
R

(C(k))c

at a cofibrant algebra A.
If we had M = MR, the fiber would be precisely the category of cofibrant A-
modules. In general one has to add a few lines.

We will now present a mini-theory, generalizing to algebras over colored operads
the notion of enveloping algebra.
Let R be a full suboperad of an operad M such that the following “linearity”
condition holds.
Let c : I → [M] and d ∈ [M] satisfy the condition M(c, d) 6= 0. Then either both
d and the image of c belong to [R], or d 6∈ [R] and there is precisely one i ∈ I
such that c(i) 6∈ [R]. Given a pair of operads M ⊃ R satisfying the linearity
condition, and an R-algebra A in C(k), we can look at the fiber of the functor
Alg

M
(C(k))→ Alg

R
(C(k)) at A as the category of generalized A-modules. In
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case M = MR this fiber is the category of A-modules. Keeping in mind this
analogy, we will denote it ModMA .

The category ModMA can be easily described as the category of representations
(that is, C(k)-enriched functors to C(k)) of a category enriched over C(k) which
we will call the enveloping category of A and will denote UM

R
(A). Its objects

are the elements of [M]−[R]. The complex of maps from x to y, x, y ∈ [M]−[R],
is a certain colimit of tensor products of M(c, d) along a category of marked
trees.
In case R is a colorless operad and M = MR, we recover the classical notion of
universal enveloping algebra. In case R is a full suboperad of two operads M

and M′, a map of operads f : M→M′ is said to be over R if f |R = id. If A is
a cofibrant R-algebra and f : M → M′ is a quasiisomorphism of operads over
R, the induced map

UM

R (A) ✲ UM
′

R (A)

is an equivalence of dg categories. This can be checked precisely as in the
colorless case, see [H], 5.3.3.
We can now complete our proof applying the above claim to R, M as in the
theorem and M′ = MR. �

Appendix A. Symmetric monoidal adjunction

Let F : C
✲✛ D : G be an adjoint pair of symmetric monoidal categories,

so that F is a symmetric monoidal functor. Then it is easy to see that G is
automatically lax symmetric monoidal.
In this subsection we study the above phenomenon and its generalizations in
the context of ∞-categories.

A.1. Fibrations in Cat∞. We are going to use the notions of left or cocarte-
sian fibration applied to arrows of Cat∞ rather than of sSet as in [L.T], 2.1
and 2.4. Here are the appropriate definitions.
A map f : X → Y in Cat∞ is called a left fibration if the diagram below defined
by f

(60)

X∆1 ✲ Y ∆1

X{0}
❄

f ✲ Y {0}
❄

is cartesian. Equivalently, this means that a map f is equivalent to one repre-
sented by a left fibration in sSet.
Similarly, one defines a cocartesian fibration in Cat∞ as a map equivalent to
one represented by a cocartesian fibration in sSet. Let X, Y be ∞-categories.
A map f : X → Y in sSet represents a cocartesian fibration in Cat∞ if it can
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be embedded into a homotopy commutative triangle of ∞-categories

(61)

X
h ✲ Z

Y
✛

gf

✲
,

where g is a cocartesian fibration in sSet and h is an equivalence of ∞-
categories.
Given an ∞-category C, we denote as CocC the subcategory of (Cat∞)/C
spanned by cocartesian fibrations, with arrows preserving the cocartesian lift-
ings. The category LeftC is the full subcategory of (Cat∞)/C spanned by the
left fibrations. One also defines the ∞-category Left as the full subcategory
of Fun(∆1, Cat∞) spanned by the left fibrations. The ∞-cateory LeftC is the
fiber at C of the cartesian fibration e1 : Fun(∆1, Cat∞) → Cat∞ assigning to
each arrow in Cat∞ its target.

A.2. SM Grothendieck construction. Recall that for an ∞-category C
there is an equivalence

(62) CocC
∼✲ Fun(C, Cat∞).

In this subsection we will describe symmetric monoidal versions of this corre-
spondence.
A map of SM ∞-categories is called SM cocartesian fibration, see [L.HA],
2.1.2.13, if it is presented by a cocartesian fibration of the corresponding ∞-
categories overNFin∗. In the following proposition CocSMC⊗ denotes the category
of SM cocartesian fibrations over C⊗.

A.2.1. Proposition. Let C⊗ be a SM ∞-category. There is an equivalence

(63) CocSMC⊗
∼✲ Funlax(C⊗, Cat∞),

compatible with the equivalence (62).

Proof. Since Cat∞ is cartesian closed, the right hand side identifies with the
full subcategory of Fun(C⊗, Cat∞) spanned by the functors F : C⊗ ✲ Cat∞
which are lax cartesian structures in the sense of [L.HA], 2.4.1.1: any object
X = X1 ⊕ . . .⊕Xn with Xi ∈ C exhibits F (X) as the product of F (Xi).
Now the claim follows from the equivalence of two definitions of operad co-
cartesian fibration, see [L.HA], 2.1.2.12. �

The following result is an immediate consequence of the above.

A.2.2. Corollary. Let C⊗ be a SM ∞-category. There is an equivalence

(64) LeftSMC⊗
∼✲ Funlax(C⊗, S)

between the ∞-category of left fibrations M⊗ ✲ C⊗ which are SM functors
and lax SM functors C⊗ ✲ S, compatible with the Grothendieck construction.
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The ∞-category LeftSMC⊗ has a simple interpretation in terms of Left. The
latter ∞-category has a cartesian SM structure. One has

A.2.3. Lemma. Let C⊗ be a SM ∞-category. The obvious functor

(65) LeftSMC⊗
✲ AlgCom(Left)

identifies the left-hand side with the fiber of the forgetful functor

AlgCom(Left) ✲ CatSM∞

at C⊗.

Proof. We have to check that if a SM functor f : D⊗ ✲ C⊗ induces a
left fibration D ✲ C of the respective ∞-categories, then f itself is a left
fibration. Applying Proposition 2.4.2.11 of [L.T], we get that f is a locally
cocartesian fibration. Moreover, the same proposition gives a description of
locally cocartesian arrows: these are arrows α : d ✲ d′ embeddable into a
commutative triangle

(66)

d
α ✲ d′

d′′

γ

✲
β

✲
,

where β is πD-cocartesian for π : D⊗ ✲ NFin∗, and π(γ) = id. Obviously,
these are all arrows in D⊗. Therefore, f is a left fibration. �

A.3. SM pairings. A pairing of ∞-categories is a pair of maps
C ✛ M ✲ D, such that the induced map M ✲ C × D is a left
fibration 15.
The ∞-category of pairings, Pair, is defined as the full subcategory of the
category Fun(Λ2

0, Cat∞), spanned by the diagrams giving rise to a left fibration.
Equivalently, Pair can be defined by a cartesian diagram

(67)

Pair ✲ Left

Cat∞ × Cat∞
❄ ×✲ Cat∞

❄

.

A pairing is uniquely defined, up to a usual ambiguity, by a corresponding
functor to the category of spaces C ×D ✲ S.
The forgetful functor Pair ✲ Cat∞ × Cat∞ induces a functor

AlgCom(Pair) ✲ CatSM∞ × CatSM∞ .

For a pair (C,D) of SM ∞-categories we denote as AlgCom(Pair)(C,D) the fiber
of this functor at (C,D).

15Note: Lurie [L.X], 3.1 and 4.2, uses right fibrations instead.
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According to Corollary A.2.2 and Lemma A.2.3, one has an equivalence

(68) AlgCom(Pair)(C,D)
∼✲ Funlax(C ×D, S).

A.4. Representability. A pairing (p, q) : M ✲ C × D is called left-
representable if for any x ∈ C the fiber p−1(x) has an initial object.
We define Pairℓ as the full subcategory of Pair spanned by the left-
representable pairings 16.
A left pairing p : M → C ×D corresponds to a functor C ×D ✲ S which
can be equivalently converted into a functor p̃ : C ✲ P (Dop). 17 Then p is
left representable iff p̃ factors through Yoneda embedding Dop ✲ P (Dop).
More precisely, one has the following.

A.4.1. Lemma. The equivalence

Pair(C,D)
∼✲ Fun(C ×D, S)

identifies the full subcategory Pairℓ(C,D) on the left with Fun(C,Dop) on the

right.

Proof. We have to verify that the natural map Fun(C,Dop) ✲ Fun(C×D, S)
is fully faithful. This is the composition of the equivalence

Fun(C,P (Dop)) ✲ Fun(C ×D, S)

with the map

Fun(C,Dop) ✲ Fun(C,P (Dop))

which is fully faithful by Yoneda lemma. �

Pairℓ is closed under direct products. Therefore, commutative algebras in
Pairℓ form a full subcategory of AlgCom(Pair).
Our aim is to prove the following SM version of Lemma A.4.1.

A.4.2. Proposition. The equivalence (68)

AlgCom(Pair)(C,D)
∼✲ Funlax(C ×D, S)

identifies the full subcategory AlgCom(Pair
ℓ)(C,D) on the left with Funlax(C,Dop)

on the right.

The proof is given in A.4.3–A.4.4 below.

16This differs from the category of left-representable pairings considered in [L.X], 4.2.7
where the arrows are required to be left-representable.

17Here P (X) denotes the presehaves on X.
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A.4.3. Opposite S-family. Given a cocartesian fibration p : C ✲ S corre-
sponding to p′ : C ✲ Cat∞, we define a cocartesian fibration p◦ : C◦ ✲ S
as the one corresponding to the composition of p′ with the functor X 7→ Xop.
More explicitly, if p is presented by a cocartesian fibration C ✲ S in sSet,
the cocartesian fibration C◦ ✲ S is defined by the formula

(69) HomS(T,C◦) = Homℓ(T ×S C, S) :=

{f ∈ Hom(T ×S C, S)|∀t ∈ T ft : {t} ×S C → S is corepresentable }.
Note that the formula (69) yields immediately

(70) FunS(T,C◦) = Funℓ(T ×S C, S),

where Funℓ(T ×S C, S) is defined as

Funℓ(T ×S C, S)n = Homℓ((T ×∆n)×S C, S).

This is a full subcategory of Fun(T ×S C, S) consisting of left-representable
functors.

A.4.4. Proof of A.4.2. We will apply the formula (70) to S := NFin∗, T := C⊗,
C := D⊗. The right-hand side of (70) contains the full subcategory

Funℓ,lax(C⊗ ×N Fun∗ D
⊗, S)

spanned by the left-representable lax cartesian structures on C⊗ ×N Fun∗ D
⊗

in the sense of [L.HA], 2.4.4.1.
We will now check that the corresponding full subcategory of
FunNFin∗(C⊗, D◦⊗) coincides with Funlax(C,D◦).
In fact, let f : C⊗ ×NFin∗ D

⊗ ✲ S be lax cartesian and left-representable.
Recall that f is lax cartesian if for c = ⊕ni=1ci, d = ⊕ni=1di the natural map
f(c, d) ✲ ∏

f(ci, di) defined by the inert maps ρi : 〈n〉 → 〈1〉, is an equiva-
lence. In this case left representability can be checked at 〈1〉 ∈ NFin∗ only; it
will follow automatically for all 〈n〉 ∈ NFin∗.

Left representability of f yields a map f̃ : C⊗ ✲ D◦⊗ over NFin∗. If

c = ⊗ci and d = f̃(c), we have immediately d = ⊕f̃(ci) which is equivalent to
preservation of inert arrows.
This proves Proposition A.4.2.

A.5. A generalization. Proposition A.4.2 has an obvious (and important)
generalization to multi-variable adjunction.
Let K be a subset of {1, . . . , n}.
A functor F : C1 × . . . × Cn ✲ S will be called K-representable if the
corresponding functor F ′ :

∏
i∈K Ci

✲ P (
∏
i6∈K C

op
i ) factors through the

fully faithful embedding
∏

i6∈K
Cop
i

✲ P (
∏

i6∈K
Cop
i ).
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Let now Ci be symmetric monoidal. The claim below directly follows from
Proposition A.4.2.

A.5.1. Corollary. There is an equivalence between the following ∞-
categories.

1. Funlax(
∏
i∈K Ci,

∏
i6∈K C

◦
i ),

2. The full subcategory of Funlax(
∏n
i=1 Ci, S) spanned by the lax functors

which are K-representable, once the SM structure is discarded.

A.5.2. Example. In particular, if a SM functor f : C ✲ D admits a right
adjoint as a functor between ∞-categories, its right adjoint has a canonical lax
SM structure, see also [H.L], 3.1.1.

A.5.3. Example. A symmetric monoidal functor f : C ✲ D determines on
D a C-tensored structure, defined by a functor

C ×D ✲ D, (x, y) 7→ f(x)⊗ y
which is also symmetric monoidal. This implies that, if f induces also a C-
cotensored structure on D

Cop ×D ✲ D,

it is automatically lax symmetric monoidal.

Appendix B. Comparison of two notions of module

B.1. In this appendix we assume that the operad O⊗ is unital (see [L.HA],
2.3.1), that is that the space Map(∅, x) is contractible for any x ∈ O. Here ∅
belongs to the contractible space O

⊗
〈0〉.

Denote SO the full subcategory of Fun(∆1,O⊗) spanned by the semi-inert ar-
rows (see [L.HA], 3.3.1) x→ y in O⊗ with p(x) = 〈1〉 ∈ Fin∗ 18.
The maps s, t : SO ✲ O⊗ assign to an edge its source and its target, respec-
tively.

B.1.1. Lemma. The map t : SO ✲ O⊗ is a categorical fibration.

Proof. The map is the composition SO → Fun(∆1,O⊗)
e1✲ O⊗. The second

map is a cartesian fibration by [L.T], 2.4.7.11 and 2.4.7.5. In particular, it is a
categorical fibration. The first map is an embedding as a full subcategory, so
is an inner fibration. Now Joyal’s criterion [L.T], 2.4.6.5 immediately shows it
is also a categorical fibration.

�

An edge α in SO will be called inert if both s(α) and t(α) are inert edges
in O⊗. Note that s(α) has to be an equivalence since it lives over an inert
endomorphism of 〈1〉 ∈ Fin∗ which has to be identity.

18In the notation of Lurie [L.HA], 3.3.2.1, SO is the fiber of the composition p◦e0 : K⊗
O

→

O⊗ → NFin∗ at 〈1〉.
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The assignment O⊗ 7→ SO is functorial. One can identify SCom with a subpre-
operad of CM⊗♮ via the map

(71) ι : SCom ✲ CM⊗♮

carrying an arrow α : 〈1〉 → I∗ to the characteristic function h : I → {a,m} of
the image of α: h has value m on the image and a otherwise.

The commutative diagram

(72)

SO ✲ SCom ✲ CM⊗

O⊗

t

❄
✲ NFin∗

t

❄
==== NFin∗

❄

defines the maps

(73) SO
π✲ SCom ×NFin∗ O

⊗ ι✲ CM⊗ ×NFin∗ O
⊗.

The following result shows that Definition 5.2.1 of the category of modules over
an ∞-operad algebra is equivalent to the one given by Lurie in [L.HA], 3.3.3.8.
In particular, Corollary 5.2.3 is applicable to Lurie modules (with O-monoidal
structure discarded).

B.1.2. Proposition. Assume that O⊗ is unital and O is Kan (this is so if
O⊗ is coherent [L.HA], 3.3.1.9). Then the maps π and ι in (73) are weak
equivalences in Pop∞.

The proof of the proposition is given in B.2.1–B.2.7.
We will prove that the ι and ι ◦ π are weak equivalences in Pop∞.
This will be done using Lurie’s notion of approximation of operads. We check
that both ι and ι ◦ π are approximations in the sense of [L.HA], 2.3.3.6.
Then, using [L.HA], 2.3.3.23(1), we deduce that the maps ι and ι ◦ π are weak
equivalences.

B.2. Proof of B.1.2.

B.2.1. ι is an approximation. The map ι is obtained from the embedding ιCom :
SCom → CM⊗ by a base change along fibration p : O⊗ → NFin∗. Therefore, by
Remark 2.3.3.9 of [L.HA], in order to prove ι is an approximation, it suffices
to check that the map ιCom is an approximation. SCom is a full subcategory of
CM⊗ spanned by the objects having at most one appearance of m. Thus, if an
arrow α : x → y in CM⊗ is inert and x ∈ SCom then y ∈ SCom. Similarly, if α is
active and y ∈ SCom then x ∈ SCom. This implies ιCom is an approximation.

We will now prove that ι ◦ π is also an approximation. This is done in B.2.2–
B.2.6.
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B.2.2. ι ◦ π is a categorical fibration. Let A → B be a trivial cofibration of
simplicial sets in the Joyal model structure. Given a pair of compatible maps
a : A→ SO and b : B → CM⊗ ×NFin∗ O⊗, we have to find a lifting c : B → SO

making two triangles commutative.
We proceed as follows. Look at the commutative square with vertical arrows
A→ B and SO → O⊗, as shown in the diagram.

(74)

A ✲ SO

B
❄

✲

c

✲

CM⊗ ×NFin∗ O
⊗

ι◦π

❄
✲ O

⊗

t

✲

By Lemma B.1.1 there is a lifting c : B → SO making two triangles ABSO
and BSOO

⊗ commutative. We claim c makes also commutative the triangle
we need. In fact, the commutative diagram

(75)

A ✲ CM⊗

B
❄

✲ NFin∗
❄

has a unique lifting (as CM⊗ and NFin∗ are both nerves of categories, and the
functor between them admits lifting of isomorphisms). This implies that the
lifting c automatically satisfies the required property.

B.2.3. Property (1) of [L.HA], 2.3.3.6. If a : x → y is an object in SO and
b̄ : p(y) → z̄ is an inert arrow in Fin∗, we can lift b̄ to an inert edge b : y → z

in O⊗ (so that p(b) = b̄). One has a triangle x
a✲ y

b✲ z in O⊗ that
determines an edge in SO. Its image is obviously inert in CM⊗ ×NFin∗ O

⊗.

B.2.4. Property (2) of [L.HA], 2.3.3.6. Here the assumptions of B.1.2 on O⊗

will be used.
Let a : x → y be an object of SO and let (α, y) ∈ CM⊗ ×NFin∗ O⊗ denote the
image ι ◦ π(a).
An active edge β : (γ, z) ✲ (α, y) in CM⊗ ×NFin∗ O

⊗ is uniquely determined
by an active edge b : z → y in O⊗, together with an element γ : p(x)→ p(z) in
SCom such that p(a) = p(b) ◦ γ.
We have to find a cartesian lifting for β, that is a 2-simplex in O⊗

(76)

z

x
a ✲

c

✲

y

b

✲

,
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such that p(c) = γ and satisfying a certain universal property.
In case a is null, the map γ is null and we choose c to be the null map from x to
z. The required 2-simplex is now essentially unique as Map(0, y) is contractible.
In case a is not null let y = ⊕yi with yi ∈ O, z = ⊕zi with zi ∈ O⊗,
b = ⊕bi : zi → yi. Let, furthermore, a be defined by an equivalence ak : x→ yk.
Write zk = ⊕zj where zj ∈ O. The map γ : p(x) → p(z) factors through
γ′ : p(x) → p(zk) which singles out an element j in p(zk). This allows one to
produce an arrow zj → yi in O obtained from bi : zi → yi by precomposing with
units. It should be equivalence as O is Kan. Choose a two-simplex x→ zj → yk
with the described above edges x→ yk and zj → yk. Adding to it an essentially
unique triangle

0 ✲ z ⊖ zj 0✲ y ⊖ yk,
we get a triangle with required properties 19.
We claim that the edge in SO defined by the above two-simplex, is a ι ◦ π-
cartesian lifting of β : (γ, z) ✲ (p(a), y).
The map f : SO ✲ CM⊗×NFin∗ O

⊗ is a categorical fibration, so the criterion
2.4.4.3 of [L.T] can be applied.
We have to check that for any d : s → w in SO the following homotopy com-
mutative diagram

(77)

MapSO
(d, c) ✲ MapSO

(d, a)

MapCM⊗×NFin∗O
⊗(f(d), f(c))
❄

✲ MapCM⊗×NFin∗O
⊗(f(d), f(a))
❄

is homotopy cartesian20.
Since SO is a full subcategory of Fun(∆1,O⊗), we can replace MapSO

in the
above diagram with MapFun(∆1,O⊗). Here the following easy lemma is very
convenient.

B.2.5. Lemma. Let C be an ∞-category and D = Fun(∆1,C). Let a : x → y
and a′ : x′ → y′ be two objects in D. Then one has a homotopy cartesian
diagram

(78)

MapD(a, a′) ✲ MapC(y, y′)

MapC(x, x′)
❄

✲ MapC(x, y′)
❄

19Of course y ⊖ yk = ⊕i6=kyi and similarly for z ⊖ zj .
20To make this formulation precise, one has to replace the map spaces with their explicit

representatives by Kan simplicial sets, so that the diagram (77) is commutative.
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Proof. The formulation of the lemma is imprecise: the diagram (78) has to
be replaced with an explicit commutative diagram of spaces, similarly to the
diagram (77). It is described below. By definition, MapC(x, y′) is realized as
the fiber of the categorical fibration 21

Fun(∆1,C) ✲ Fun(∂∆1,C) = C2

at the point (x, y′). Similarly, MapD(a, a′) is realized as the fiber of

Fun(∆1 ×∆1,C) = Fun(∆1,D)→ Fun(∂∆1,D) = Fun(∆1,C)2

at the point (a, a′).
Furthermore, we replace the space MapC(y, y′) with Map′

C(y, y′) defined as the
fiber of the map

Fun(∆2,C) ✲ Fun(∆1,C)× C,

induced by ∂2 : ∆1 → ∆2 and ∂0∂1 : ∆0 → ∆2, at the point (a, y′). Similarly,
we replace MapC(x, x′) with Map′

C(x, x′) defined as the fiber of the map

Fun(∆2,C) ✲ C× Fun(∆1,C),

induced by ∂0 : ∆1 → ∆2 and ∂1∂2 : ∆0 → ∆2, at the point (x, a′).
The canonical maps Map′

C(y, y′) → MapC(y, y′) and Map′
C(x, x′) →

MapC(x, x′) are trivial Kan fibrations as they can be obtained by base
change from the trivial fibration

(79) Fun(∆2,C) ✲ Fun(Λ2
1,C).

This, in particular, proves that all Map′-spaces are Kan.
The commutative square

(80)

MapD(a, a′) ✲ Map′
C(y, y′)

Map′
C(x, x′)
❄

✲ MapC(x, y′)
❄

replacing the diagram (78), is now obtained from the following commutative
cube

21See Lurie, [L.T], 4.2.1, this is the realization via “alternative join”
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(81)

Fun(∆1 ×∆1,C) ✲ Fun(∆2,C)

Fun(∆2,C) ✲
✲

Fun(∆1,C)

✲

Fun(∆1,C)2
❄

✲ Fun(∆1,C)× C

❄

C× Fun(∆1,C)

❄
✲

✲

C
2
❄✲

as the fiber along the vertical edges at (a, a′) ∈ Fun(∆1,C)2 and at its images.
Here the upper face is defined by the presentation of ∆1×∆1 as a union of two
2-simplices glued along an edge. The upper and the lower faces are cartesian
and homotopy cartesian. Therefore, the commutative square (80) of the fibers
is also homotopy cartesian. �

B.2.6. End of the proof of Property (2). Recall that we have to verify that the
diagram (77) is homotopy cartesian.
Note that

MapCM⊗×NFin∗O
⊗(f(d), f(c)) =(82)

MapO⊗(w, z)×HomFin∗ (p(w),p(z)) HomSCom
(p(d), p(c)) =

MapO⊗(w, z)×HomFin∗ (p(s),p(z))
HomFin∗(p(s), p(x)),

and similarly

MapCM⊗×NFin∗O
⊗(f(d), f(a)) =(83)

MapO⊗(w, y) ×HomFin∗ (p(s),p(y))
HomFin∗(p(s), p(x)).

Let us first replace the diagram (77) with a commutative diagram so that the
claim become formally meaningful. Similarly to what we did in the proof of
Lemma B.2.5, we replace in (77) MapSO

(d, c) and

MapCM⊗×NFin∗O
⊗(f(d), f(c)) =

= MapO⊗(w, z)×HomFin∗ (p(s),p(z))
HomFin∗(p(s), p(x))

with homotopy equivalent versions, Map′
SO

(d, c) and

Map′
O⊗(w, z)×HomFin∗ (p(s),p(z))

HomFin∗(p(s), p(x))
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where Map′
SO

(d, c) is the fiber of the map

(84) Fun(∆2, SO) ✲ SO × Fun(∆1, SO)

at (d, β : c→ a) whereas Map′
O⊗(w, z) is the fiber of

(85) Fun(∆2,O⊗) ✲ O⊗ × Fun(∆1,O⊗)

at (w, b : z → y). The maps (84) and (85) are both induced by the embedding
∆0 ⊔∆1 ✲ ∆2 defined by ∂1∂2 and by ∂0.
The diagram (77)22 is now replaced with a commutative diagram

(86)

MapSO
(d, c)

πc✲ MapO⊗(w, z)×HomFin∗(p(s),p(z))
HomFin∗(p(s), p(x))

Map′
SO

(d, c)

≃

✻

π′
c✲ Map′

O⊗(w, z)×HomFin∗(p(s),p(z))
HomFin∗(p(s), p(x))

≃

✻

MapSO
(d, a)
❄

πa✲ MapO⊗(w, y)×HomFin∗(p(s),p(y))
HomFin∗(p(s), p(x))

❄

The upwards arrows are weak equivalences; we will prove that the lower com-
mutative square is homotopy cartesian, considering separately the cases a = 0
and a 6= 0 23.
In case a is non-null, the edge c is also non-null. In this case we will check that
the horizontal arrows πc and πa of (86) are equivalences. The case a = 0 = c
will be verified separately.
Case a 6= 0.
We will prove that if d : s→ w and a : x→ y are in SO so that a 6= 0, then the
natural map

πa : MapSO
(d, a) ✲ MapO⊗(w, y)×HomFin∗ (p(s),p(y))

HomFin∗(p(s), p(x))

is an equivalence.
The proof goes as follows. We replace MapSO

with MapFun(∆1,O) and use
Lemma B.2.5 to express it as a fiber product. We have to check therefore that
the map

Map′
O⊗(w, y) ×Map

O⊗ (s,y) Map′
O⊗(s, x) ✲(87)

MapO⊗(w, y)×HomFin∗(p(s),p(y))
HomFin∗(p(s), p(x))

is an equivalence, where the notation for Map′ is as in Lemma B.2.5.
Since the map

Map′
O⊗(w, y) ✲ MapO⊗(w, y)

22rotated by 90◦ to fit on the page
23we denote by 0 a null map which exists and is essentially unique for any choice of source

and target.
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is a trivial fibration, it is sufficient to check that the diagram

(88)

Map′
O(s, x) ✲ MapO⊗(s, y)

HomFin∗(p(s), p(x))
❄

✲ HomFin∗(p(s), p(y))
❄

is cartesian if a 6= 0. In other words, we have to check that for any map
e : p(s) → p(x) (there are two such maps as p(s) = p(x) = 〈1〉) the fiber of
the left vertical map at e is equivalent to the fiber of the right vertical map at
p(a) ◦ e. If e = 0, both fibers are contractible. Otherwise write y = ⊕yi with
yi ∈ O, so that a is determined by an equivalence ak : x→ yk for some k. Then
the fibers are equivalent respectively to Map′

O(s, x) and to MapO(s, yk), that
is, equivalent to each other.
Case a = 0.
We will show that the lower commutative square in (86) is equivalent to the
following diagram

(89)

MapO(s, x) × Fc ✲ HomFin∗(p(s), p(x)) × Fc

MapO(s, x)× Fa
❄

✲ HomFin∗(p(s), p(x)) × Fa
❄

for appropriately chosen Fc and Fa. This will imply the claim.
We proceed as follows.
Define F̄a as the fiber of the map MapO⊗(w, y) ✲ HomFin∗(p(s), p(y))
at zero. Then the target of πa in the diagram (86) identifies with F̄a ×
HomFin∗(p(s), p(x)). Similarly, we define F̄c as the fiber of the map
Map′

O⊗(w, z) ✲ HomFin∗(p(s), p(z)) at zero. This will identify the target of
π′
c in the diagram (86) with F̄c ×HomFin∗(p(s), p(x)).

The projections s, t : SO → O⊗ yield the maps
(90)
sa : MapSO

(d, a) ✲ MapO(s, x), ta : MapSO
(d, a) ✲ Map′

O⊗(w, y),

where Map′
O⊗(w, y) is defined as the fiber of the map

Fun(∆2,O⊗) ✲ Fun(∆1,O⊗)× O⊗

defined by ∂2 : ∆1 → ∆2 and ∂0∂0 : ∆0 → ∆2, at (d, y). The composition

MapSO
(d, a)

ta✲ Map′
O⊗(w, y) ✲ MapO⊗(s, y)

is zero. We can therefore define Fa as the fiber of

(91) Map′
O⊗(w, y) ✲ MapO⊗(s, y)

at 0 (at the contractible space of null maps), and get a canonical map

(92) MapSO
(d, a) ✲ MapO(s, x)× Fa.
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One easily sees this is an equivalence. Note that one has a canonical map
Fa → F̄a which is a trivial Kan fibration.
Similarly, one has a pair of maps
(93)
sc : Map′

SO
(d, c) ✲ MapO(s, x), tc : MapSO

(d, c) ✲ Map′′
O⊗(w, z),

with Map′′
O⊗(w, z) defined as the fiber of the map

(94) Fun(∆3,O⊗) ✲ Fun(∆1,O⊗)2

given by ∂2∂3 : ∆1 → ∆3, ∂0∂0 : ∆1 → ∆3, at (d, b).
Once more the composition

Map′
SO

(d, c)
tc✲ Map′′

O⊗(w, z) ✲ MapO⊗(s, z)

is zero, so we define Fc as the fiber of

(95) Map′′
O⊗(w, z) ✲ MapO⊗(s, z)

at 0 and get a canonical map

(96) Map′
SO

(d, c) ✲ MapO(s, x) × Fc.
It is also an equivalence and the map Fc → F̄c is a trivial Kan fibration.
We are done.

B.2.7. Having checked that ι and ι◦π are approximations, we can now deduce
from Theorem 2.3.3.23(2) of [L.HA] that both ι and ι◦π are weak equivalences.

References

[BM1] C. Berger, I. Moerdijk, Axiomatic homotopy theory for operads,
Comm. Math. Helv., 78(2003), 805–831.

[BM2] C. Berger, I. Moerdijk, Resolution of coloured oprerads and rectifica-
tion of homotopy algebras, Categories in algebra, geometry and math-
ematical physics, 31-58, Contemp. Math., 431, Amer. Math. Soc.,
Providence, RI, 2007, arXiv:math/0512576.

[BM3] C. Berger, I. Moerdijk, On the derived category of an algebra over an
operad. Georgian Math. J. 16 (2009), no. 1, 13-28, arXiv:0801.2664.

[C] K. Costello, Topological conformal field theories and Calabi-Yau cat-
egories, Adv. Math. 210 (2007), no. 1, 165-214, arXiv:math/0412149.

[H] V. Hinich, Homological algebra of homotopy algebras, Comm. Algebra
25 (1997), no. 10, 3291-3323, arXiv:q-alg/9702015.

[H.err] V. Hinich, Erratum to “Homological algebra of homotopy algebras”,
preprint arXiv:math/0309453.

[H.L] V. Hinich, Dwyer-Kan localization revisited, to appear in Homology,
Homotopy and Applications, arXiv: 1311.4128

[H.V] V. Hinich, Virtual operad algebras and realization of homotopy
types, J. Pure Appl. Algebra 159 (2001), no. 2–3, 173-185,
arXiv:math/9907115.

Documenta Mathematica 20 (2015) 879–926



926 Vladimir Hinich

[H.DSA] V. Hinich, Deformations of sheaves of algebras, Adv. Math. 195(2005),
no. 1, 102–164, arXiv:math/0310116.

[Hir] P. Hirschhorn, Model categories and their localizations, Mathematical
Surveys and Monographs, 99. AMS, Providence, RI, 2003. xvi+457
pp.

[L.HA] J. Lurie, Higher algebra, preprint August 3, 2012, available at
http://www.math.harvard.edu/˜lurie/papers/HigherAlgebra.pdf.

[L.T] J. Lurie, Higher topos theory, Annals of Mathematics Studies, 170.
Princeton University Press, Princeton, NJ, 2009. xviii+925 pp, also
available at
http://www.math.harvard.edu/˜lurie/papers/croppedtopoi.pdf.

[L.X] J. Lurie, Derived algebraic geometry, X, available at
http://www.math.harvard.edu/˜lurie/papers/DAG-X.pdf.

[Mu] F. Muro, Homotopy theory of nonsymmetric operads, Algebr. Geom.
Topol. 11 (2011), no. 3, 1541-1599, arXiv:1101.1634.

[SS00] S. Schwede, B. Shipley, Algebras and modules in monoidal model
categories. Proc. London Math. Soc. (3) 80 (2000), no. 2, 491-511,
arXiv:math/9801082.

[SS03] S. Schwede, B. Shipley, Equivalence of monoidal model cat-
egories, Algebraic and geometric topology, 3(2003), 287–334,
arXiv:math/0209342
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Abstract. Schreyer has proved that the graded Betti numbers of a
canonical tetragonal curve are determined by two integers b1 and b2,
associated to the curve through a certain geometric construction. In
this article we prove that in the case of a smooth projective tetragonal
curve on a toric surface, these integers have easy interpretations in
terms of the Newton polygon of its defining Laurent polynomial. We
can use this to prove an intrinsicness result on Newton polygons of
small lattice width.
MSC2010: Primary 14H45, Secondary 14M25

1 Introduction

Let k be an algebraically closed field of characteristic 0 and let T2 = (k∗)2 be
the two-dimensional torus over k. Let ∆ ⊂ R2 be a two-dimensional lattice
polygon and consider the associated toric surface Tor(∆) over k, i.e. the Zariski
closure of the image of

ϕ∆ : T2 →֒ P♯(∆∩Z2)−1 : (α, β) 7→ (αiβj)(i,j)∈∆∩Z2 .

Let

f =
∑

(i,j)∈Z2

ci,jx
iyj ∈ k[x±1, y±1]

be an irreducible Laurent polynomial and consider its Newton polygon

∆(f) = conv
{

(i, j) ∈ Z2
∣∣ ci,j 6= 0

}
.
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Let Uf ⊂ T2 be the curve cut out by f . We say that f is ∆-non-degenerate if
∆(f) ⊂ ∆ and for every face τ ⊂ ∆ (vertex, edge, or ∆ itself) the system

fτ =
∂fτ
∂x

=
∂fτ
∂y

= 0

has no solutions in T2. Here

fτ =
∑

(i,j)∈τ∩Z2

ci,jx
iyj.

For a fixed instance of ∆ and given that ∆(f) ⊂ ∆, the condition of ∆-non-
degeneracy is generically satisfied. It implies that the Zariski closure Cf of
ϕ∆(Uf ) inside Tor(∆) is non-singular. A curve that is isomorphic to Cf for
some ∆-non-degenerate Laurent polynomial is in turn called ∆-non-degenerate.

Non-degenerate curves form an attractive class of objects from the point of view
of explicit algebraic geometry. On the one hand they vastly generalize well-
known families such as elliptic curves, hyperelliptic curves, trigonal curves1,
smooth plane curves, Ca,b curves, . . . covering a much broader range of geo-
metric situations. On the other hand they remain very tangible, because many
important geometric invariants can be told by simply looking at the combina-
torics of ∆. Two notable instances are:

• the (geometric) genus g, which equals ♯(∆(1) ∩ Z2), where ∆(1) is the
convex hull of the interior lattice points of ∆; see [10];

• the gonality γ, which equals lw(∆), except if ∆ ∼= 2Υ or ∆ ∼= dΣ for some
d ≥ 2, where

Υ = conv{(−1,−1), (1, 0), (0, 1)} and Σ = conv{(0, 0), (1, 0), (0, 1)},

in which case it equals lw(∆)− 1; here lw denotes the lattice width, and
∼= indicates unimodular equivalence; see [4, Lem. 6.2]. (Shorter charac-
terization: γ = lw(∆(1)) + 2 except if ∆ ∼= 2Υ in which case γ = 3.)

Similar interpretations exist for the Clifford index and the Clifford dimension
[4, §8], and in some cases for the minimal degree of a plane model [6]. The cur-
rent paper extends the list of combinatorial features of non-degenerate curves,
by focusing on tetragonal curves. Namely, we give the following interpreta-
tion for the invariants b1 and b2, as introduced by Schreyer in [14, (6.2)]. The
definition of these invariants will be recalled in Section 2 below.

1Strictly spoken, there do exist trigonal curves that are not non-degenerate; for example
see [4, Lem. 4.4]. But all trigonal curves are ‘morally’ non-degenerate, in the sense that they
can always be embedded in a toric surface, which is sufficient for most applications. See also
the remark at the end of this section.

Documenta Mathematica 20 (2015) 927–942



A Combinatorial Interpretation . . . 929

Theorem 1. Let C be a tetragonal ∆-non-degenerate curve. Then Schreyer’s
corresponding set of invariants {b1, b2} is given by

{
♯(∂∆(1) ∩ Z2)− 4 , ♯(∆(2) ∩ Z2)− 1

}
.

Here ∂ denotes the boundary and ∆(2) = ∆(1)(1) is the convex hull of the
interior lattice points of ∆(1).

Example 2. The Laurent polynomial f = 1 + y2 − x6y2 + x6y4 ∈ C[x, y] is
∆-non-degenerate, where ∆ is as follows.

The dashed lines indicate ∆(1). One verifies, purely by looking at the Newton
polygon, that Cf is a tetragonal curve of genus 9 with b1 = b2 = 2. (In view
of [4, Cor. 6.3, Thm. 9.1], one can even say that it carries a unique g14 , whose
scrollar invariants read 1, 1, 4; see Remark 2 below for more background on this
terminology.)

Schreyer’s invariants are known to determine the Betti diagram of the canonical
ideal, and vice versa [14, (6.2)]. In particular, Theorem 1 implies that in the
tetragonal case, the Betti diagram is combinatorially determined. We believe
that this holds in much greater generality (work in progress).

A second aim of this paper is to initiate a discussion on the intrinsicness of ∆.
Namely, given the many geometric invariants that are encoded in the Newton
polygon, one might wonder to what extent it is possible to reconstruct ∆ from
the abstract geometry of a given ∆-non-degenerate curve Cf . The best one can
hope for is to find back ∆ up to unimodular equivalence, because unimodular
transformations correspond to automorphisms of T2. Another relaxation is
that (usually) one can only expect to recover ∆(1), rather than all of ∆. For
example, let f ∈ k[x, y] be dΣ-non-degenerate for some integer d ≥ 2 and let
(x0, y0) ∈ Uf be sufficiently generic. Then f ′ = f(x + x0, y + y0) is ∆-non-
degenerate, where ∆ is obtained from dΣ by clipping off the point (0, 0). In this
case ∆ 6∼= dΣ, while clearly Cf ∼= Cf ′ . More generally, pruning a vertex off a
lattice polygon ∆ without affecting its interior boils down to forcing the curve
through a certain non-singular point of Tor(∆), which is usually not intrinsic.
One is naturally led to the following question.

Question 3 (intrinsicness). Let ∆,∆′ be two-dimensional lattice polygons
for which there exists a curve that is both ∆-non-degenerate and ∆′-non-
degenerate. Does it follow that ∆(1) ∼= ∆′(1)?
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Our conjecture is that for ‘most’ pairs of polygons the answer is yes. E.g., this
is known to be true as soon as

(a) ∆(1) is one-dimensional, because a ∆-non-degenerate curve is hyperellip-
tic of genus g ≥ 2 if and only if ∆(1) ∩ Z2 consists of g collinear points
[11, Lem. 3.2.9],

(b) ∆(1) = ∅ or ∆(1) ∼= (d − 3)Σ for some integer d ≥ 3, because a ∆-non-
degenerate curve is abstractly isomorphic to a smooth plane curve if and
only if ∆(1) is a multiple of the standard simplex (up to equivalence) [4,
Cor. 8.2].

(c) ∆(1) ∼= [0, a]× [0, b] for some integers a ≥ b ≥ −1 with (a+ 1)(b+ 1) 6= 4,
because a ∆-non-degenerate curve of genus g 6= 4 can be embedded in
P1 × P1 if and only if ∆(1) is a standard rectangle (up to equivalence);
see [5]. The assumption g 6= 4 is necessary: see the discussion following
(d) below.

Let us indicate why we expect Question 3 to have an affirmative answer for
many more instances of ∆, while gathering some material that will be needed in
Section 2. Our starting point is a theorem by Khovanskii [10], stating that there
exists a canonical divisor K∆ on Cf such that a basis for the Riemann-Roch
space H0(Cf ,K∆) is given by

{
xiyj

}
(i,j)∈∆(1)∩Z2 . (1)

Here x, y are to be viewed as functions on Cf through ϕ∆. Note that one
recovers the statements that g = ♯(∆(1) ∩ Z2) and that Cf is hyperelliptic if
and only if ∆(1) is one-dimensional; see [7, Lem. 5.1] for more details. If ∆(1) is
two-dimensional, then Khovanskii’s theorem implies that the canonical model
Ccan
f of Cf satisfies

Ccan
f ⊂ Tor(∆(1)) ⊂ Pg−1.

But surfaces of the form Tor(∆(1)) are very special. Most notably, they are of
low degree, and they are generated by binomials. The idea is that they are so
special that there is room for at most one such surface containing Ccan

f . This
idea is not always true, but the exceptions seem rare. If it is true, then the
following general and seemingly new statement allows one to recover ∆(1). A
proof will be given in Section 3.

Theorem 4. Let ∆,∆′ be two-dimensional lattice polygons with

♯(∆ ∩ Z2)− 1 = ♯(∆′ ∩ Z2)− 1 = N,

and suppose that Tor(∆),Tor(∆′) ⊂ PN can be obtained from one another using
a projective transformation. Then ∆ ∼= ∆′.

Using this, we can immediately extend the above list to the case where
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(d) ♯(∆(1) ∩ Z2) ≥ 5 and ∆(2) = ∅, which holds if and only if Cf is trigonal
of genus g ≥ 5, or isomorphic to a smooth plane quintic [4, §8]. In
this case Tor(∆(1)) can be characterized as the unique irreducible surface
containing Ccan

f that is generated by quadrics. Indeed, the fact that it
is generated by quadrics follows from [12], while uniqueness follows from
Petri’s theorem [13].

The above argument breaks down in the genus 4 case where ∆ ∼= 2Υ, because
Tor((2Υ)(1)) = Tor(Υ) is not generated by quadrics. And indeed, using this,
it is not hard to cook up examples of (2Υ)-non-degenerate curves that are
non-degenerate with respect to [0, 3]× [0, 3], and also of (2Υ)-non-degenerate
curves that are non-degenerate with respect to conv{(0, 0), (4, 0), (0, 2)}. (See
§5.6 of our unpublished arXiv paper 1304.4997 for an extended discussion;
see also Example 13 below.)

In Section 2 we will give a similar but more complicated recipe for recovering
Tor(∆(1)) in most tetragonal cases. More precisely, we extend the list with the
situation where

(e) lw(∆(1)) = 2 and ♯(∂∆(1) ∩ Z2) ≥ ♯(∆(2) ∩ Z2) + 5, which holds if and
only if Cf is tetragonal and b1 ≥ b2 + 2. In this case Tor(∆(1)) can
be characterized as the unique surface containing Ccan

f that is linearly
equivalent to 2H−b1R, when viewed as a divisor inside the scroll spanned
by a g14 .

More explanation will be given in Section 4. Of course, in establishing this, we
will make extensive use of Theorem 1 and its proof.

Remark 5. Even though we formulate our results in terms of non-degenerate
curves, they remain valid for the slightly more general class of arbitrary smooth
curves in toric surfaces. Indeed, to a smooth (non-torus-invariant) curve C in
a toric surface ϕ : T2 →֒ X one can always associate a ‘defining Laurent
polynomial’ f ∈ k[x±1, y±1], by which we mean a generator of the ideal of
ϕ−1C. It is well-defined up to multiplication by cxiyj for some c ∈ k∗ and
(i, j) ∈ Z2. One then just proceeds with f and ∆ = ∆(f), as if f were ∆-non-
degenerate. We refer to [4, §4] for a more extended discussion.
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2 Schreyer’s tetragonal invariants

Let C/k be a tetragonal curve of genus g ≥ 5 and assume it to be canonically
embedded in Pg−1. Fix a gonality pencil g14 on C and consider

S =
⋃

D∈g14

〈D〉 ⊂ Pg−1,

where 〈D〉 ⊂ Pg−1 denotes the linear span of D. One can show that S is
a rational normal threefold scroll whose type we denote by (e1, e2, e3), where
we assume 0 ≤ e1 ≤ e2 ≤ e3. One has deg S = e1 + e2 + e3 = g − 3, and
S is non-singular if and only if e1 > 0. If e1 = 0 then the singularities are
resolved by the natural map µ : P(E) → S, where E is the locally free sheaf
O(e1)⊕O(e2)⊕O(e3) on P1; if e1 > 0 then µ is an isomorphism. The Picard
group of P(E) is freely generated by the hyperplane class H = [µ∗(O(1))] and
the ruling class R consisting of the fibers of the projection π : P(E)→ P1. The
following intersection-theoretic identities hold: H3 = g − 3, H2 · R = 1 and
R2 = 0. For more general background and references, see [4, §9] and [14, §2-4].

Remark 6. The numbers e1, e2, e3 are called the scrollar invariants of C with
respect to our g14 .

Now let C′ be the strict transform under µ of our canonical curve C ⊂ S.
Schreyer proved that C′ is the complete intersection of surfaces Y and
Z in P(E), with Y ∼ 2H − b1R, Z ∼ 2H − b2R, b1 + b2 = g − 5 and
−1 ≤ b2 ≤ b1 ≤ g − 4. He moreover showed that b1, b2 are invariants of the
curve: they depend neither on the canonical embedding, nor on the choice of
the g14 , nor on the choice of Y and Z. If b1 > b2, which is automatic if g is
even, then Y is in fact unique, and µ(Y ) ⊂ Pg−1 is independent of the chosen
g14 . For these particular statements we refer to [14, (6.2)].

The goal of this section is to prove the combinatorial interpretation for
Schreyer’s invariants b1, b2 stated in Theorem 1. Using the abbreviations

B = ♯(∂∆(1) ∩ Z2)− 4, B(1) = ♯(∆(2) ∩ Z2)− 1,

we will in fact show:

Theorem 7. Let f ∈ k[x±1, y±1] be non-degenerate with respect to its Newton
polygon ∆ = ∆(f), and suppose that Cf is tetragonal. Then its invariants
b1, b2 statisfy {b1, b2} = {B,B(1)}. If moreover B > B(1) then the surface
µ(Y ) associated to the canonical model Ccan

f from Section 1 equals Tor(∆(1)).

Proof. The assumption that Cf is tetragonal is equivalent to lw(∆(1)) = 2 and
∆ 6∼= 2Υ. We can also suppose that ∆ 6∼= 5Σ, because this case can be reduced
to

∆ ∼= conv{(1, 0), (5, 0), (0, 5), (0, 1)}
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by means of a coordinate transformation, as explained in the discussion pre-
ceding Question 3. By [4, Lem. 5.2] we can therefore suppose that

∆(1) ⊂
{

(X,Y ) ∈ R2 | 0 ≤ Y ≤ 2
}

and ∆ ⊂
{

(X,Y ) ∈ R2 | − 1 ≤ Y ≤ 3
}
.

Then the projection map Uf → T1 : (x, y) 7→ x has degree 4, i.e. it gives rise
to a g14 on Cf . As remarked in Section 1, the canonical model Ccan

f obtained

using the basis (1) of H0(Cf ,K∆) satisfies

Ccan
f ⊂ Tor(∆(1)) ⊂ Pg−1.

The scroll S corresponding to our g14 is easily seen to be the Zariski closure of
the image of the map

T3 →֒ Pg−1 :

(α, β, γ) 7→
(
(αi)(i,0)∈∆(1)∩Z2 : (βαi)(i,1)∈∆(1)∩Z2 : (γαi)(i,2)∈∆(1)∩Z2

)
.

(Note that the scrollar invariants e1, e2, e3 are precisely the numbers

♯{(i′, j′) ∈ ∆(1) ∩ Z2 | j′ = j} − 1

for j = 0, 1, 2, up to order; for a generalization of this observation, see [4,
§9].) Moreover, one verifies that S contains Tor(∆(1)), i.e. the above chain of
inclusions extends to

Ccan
f ⊂ Tor(∆(1)) ⊂ S ⊂ Pg−1.

Now let µ : P(E) → S be as above and denote by C′ the strict transform of
Ccan
f under µ. Similarly, denote by T ′ the strict transform of Tor(∆(1)). Write

the divisor class of T ′ as aH + bR with a, b ∈ Z. Let F be the fiber of π above
α ∈ T1 ⊂ P1. Then µ(F ) is a P2 whose intersection with Tor(∆(1)) has β = y
and γ = y2 as parameter equations on T2 ⊂ P2. In particular this intersection
is a conic, so we have that

a = (aH + bR) ·H · R = T ′ ·H ·R = 2.

Next, we compute the intersection product T ′ · H2 in two ways. On the one
hand we find the degree of Tor(∆(1)), which equals 2Vol(∆(1)) because the
Hilbert polynomial of Tor(∆(1)) equals the Ehrhart polynomial of ∆(1), see [8,
Prop. 9.4.3]. On the other hand one has

T ′ ·H2 = (2H + bR) ·H2 = 2(g − 3) + b.

We obtain that b = 2Vol(∆(1)) − 2(g − 3) = −B, where the latter equality
follows from Pick’s theorem. In conclusion, T ′ ∼ 2H −BR. Now

• if Y = T ′ then it is immediate that b1 = B and, consequently, b2 = B(1),
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• if Y 6= T ′ then if we intersect Y ∼ 2H− b1R and T ′ ∼ 2H−BR on P(E),
we obtain a (possibly reducible) curve whose image under µ has degree

H ·(2H−BR)·(2H−b1R) = 4(g−3)−2b1−2B ≤ 4(g−3)−2(g−5) = 2g−2.

This follows from 2b1 ≥ b1 + b2 = g − 5 and 2B ≥ B + B(1) = g − 5 if
B ≥ B(1), and from 2b1 ≥ b1 + b2 +1 = g−4 and 2B = g−6 if B < B(1);
see Lemma 9 below. In both cases, if either one of the inequalities would
be strict, then we would run into a contradiction because C′ is contained
in this intersection (and µ(C′) = Ccan

f , being a canonical curve, has degree

2g− 2). We conclude that b1 = b2 = B = B(1) = g−5
2 or b1 = B(1) = g−4

2

and b2 = B = g−6
2 .

All conclusions follow.

Remark 8. Assume that Cf is not isomorphic to a smooth plane quintic, i.e.
∆(1) 6∼= 2Σ. Then by Petri’s theorem [13] the ideal of Ccan

f is generated by
quadrics. In this case we can construct (instances of) Schreyer’s surfaces
Y, Z ⊂ P(E) in a concrete way, by explicitly giving the defining equations of
µ(Y ), µ(Z) ⊂ S. Indeed, by [3, Thm. 4] the ideal of Ccan

f is minimally generated
by quadrics

b1, . . . , br, b
′
1 . . . , b

′
s,F2,w1 , . . . ,F2,wt ,

where

• the r =
(
g−3
2

)
binomials bi generate I(S),

• the s = (4g − 6)− ♯(2∆(1) ∩ Z2) binomials b′i cut Tor(∆(1)) out in S,

• t = ♯(∆(2) ∩Z2) = B(1) + 1 and the quadrics F2,wi are constructed in the
explicit manner described in [3]. Note that there is some freedom in the
way these quadrics arise.

Then if Ff ⊂ P(E) denotes the strict transform under µ of the joint zero locus
of the quadrics F2,wi , one can verify that Ff ∼ 2H − B(1)R, so that one can
take Y = T ′ and Z = Ff if B ≥ B(1), and Y = Ff and Z = T ′ if B < B(1).

We end this section by explicitly listing the lattice polygons for which B ≤ B(1).
We will need the following property of two-dimensional lattice polygons of
the form ∆(1). An edge τ of a two-dimensional lattice polygon Γ is always
supported on a line aτX + bτY = cτ with aτ , bτ , cτ ∈ Z and aτ , bτ coprime.
When signs are chosen appropriately, we can assume that Γ is contained in
the half-plane aτX + bτY ≤ cτ . Then the line aτX + bτY = cτ + 1 is called
the outward shift of τ . It is denoted by τ (−1), and the polygon (which may
take vertices outside Z2) that arises as the intersection of the half-planes
aτX + bτY ≤ cτ + 1 is denoted by Γ(−1). If Γ = ∆(1) for some lattice polygon
∆, then the outward shifts of two adjacent edges of Γ always intersect in a
lattice point, and in fact Γ(−1) = ∆(1)(−1) is a lattice polygon. Moreover,
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∆ ⊂ ∆(1)(−1), i.e. ∆(1)(−1) is the maximal lattice polygon with respect to
inclusion for which the convex hull of the interior lattice points equals ∆(1).
See [9, §4] or [11, §2.2] for proofs.

Even though the following statement is purely combinatorial, given its geomet-
ric interpretation, it is natural to abbreviate g = ♯(∆(1) ∩ Z2). Similarly, we
will write g(1) = ♯(∆(2) ∩ Z2).

Lemma 9. Let ∆ be a lattice polygon with lw(∆(1)) = 2. Then we have:

• B < B(1) if and only if

∆(1) ∼= Γ4k+4 := conv {(0, 0), (k, 0), (2k + 2, 1), (k + 1, 2), (1, 2)}
for some integer k ≥ 0. In this case g = 4k+4, B = 2k−1 and B(1) = 2k.

• B = B(1) if and only if either

∆(1) ∼= Γm4k+5 := conv {(0, 0), (k, 0), (2k + 2, 1), (k +m, 2), (m, 2), (0, 1))}
for some integers k ≥ 0 and 0 ≤ m ≤ k + 2 (in these cases, g = 4k + 5
and B = B(1) = 2k), or

∆(1) ∼= Γ4k+3 := conv {(0, 0), (k, 0), (2k + 1, 1), (k + 1, 2), (1, 2)}
for some integer k ≥ 1 (in this case, g = 4k+ 3 and B = B(1) = 2k− 1),
or

∆(1) ∼= Γ4k+1 := conv {(0, 0), (k, 0), (2k, 1), (k, 2), (1, 2)}
for some integer k ≥ 2 (in this case, g = 4k+ 1 and B = B(1) = 2k− 2).

Proof. First we consider the polygons with g(1) equal to 0 and 1 separately. If
g(1) = 0 then ∆(1) ∼= 2Σ, hence B = 2 > B(1) = −1. If g(1) = 1 then B(1) = 0,
hence B ≤ B(1) if and only if g ≤ 5. It is easy to check that there is one
such polygon in genus 4 (namely ∆ ∼= 2Υ, so ∆(1) ∼= Υ = Γ4) and three such
polygons in genus 5 (corresponding to ∆(1) ∼= Γ0

5,Γ
1
5,Γ

2
5). Each of these appear

in the classification.
If g(1) ≥ 2, we can use Koelman’s classification [11, Section 4.3] of lattice
polygons Γ with lattice width 2. One can assume that Γ = ∆(1) is contained
in the strip {(X,Y ) ∈ R2 | 0 ≤ Y ≤ 2}. Koelman subdivided these polygons
into three types:

• Type 0: there is no boundary lattice point of Γ with Y = 1.
Then up to equivalence Γ = ∆(1) is of the form

(1, 2)

(0, 0)

(1 + 2g(1) − k, 2)

(k, 0)

(1, 1) (g(1), 1)
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with g(1) ≤ k ≤ 2g(1). One sees that B = 2g(1) − 2 and B(1) = g(1) − 1,
so B ≤ B(1) implies that g(1) ≤ 1: a contradiction.

• Type 1: there is one boundary lattice point of Γ with Y = 1.
Up to equivalence Γ = ∆(1) is of the form

(1, 2)

(0, 0)

(ℓ + 1, 2)

(k, 0)

(1, 1)

(g(1), 1)

with 0 ≤ k ≤ 2g(1) + 1 and

{
0 ≤ ℓ ≤ k if 0 ≤ k ≤ g(1),
0 ≤ ℓ ≤ 2g(1) − k + 1 if g(1) < k ≤ 2g(1) + 1.

Since moreover Γ is an interior lattice polygon we have that Γ(−1) takes its

vertices inside Z2, leading to the inequalities k ≥ g(1)−1
2 and ℓ ≥ g(1)−1

2 .

For this type, B = k+ ℓ−1 ≥ g(1)−2 and B(1) = g(1)−1. So if B ≤ B(1)

then either k = ℓ = g(1)−1
2 (and g = 4k + 4 ≡ 0 mod 4), or k = ℓ = g(1)

2

(and g = 4k + 3 ≡ 3 mod 4), or k = g(1)+1
2 and ℓ = g(1)−1

2 (and g =
4k + 1 ≡ 0 mod 4). We find back the polygons Γ4k+1,Γ4k+3,Γ4k+4 from
the statement of the lemma.

• Type 2: there are two boundary lattice points of Γ with Y = 1.
Up to equivalence Γ = ∆(1) is of the form

(m, 2)

(0, 0)

(m + ℓ, 2)

(k, 0)

(1, 1)

(g(1), 1)

with 0 ≤ m ≤ g(1) + 1, 0 ≤ k ≤ 2g(1) + 2− 2m and

{
0 ≤ ℓ ≤ k if 0 ≤ k ≤ g(1) + 1−m,
0 ≤ ℓ ≤ 2g(1) − k − 2m+ 2 if g(1) + 1−m < k ≤ 2g(1) + 2− 2m.

Since moreover Γ is an interior lattice polygon, we also get the inequalities

k ≥ g(1)−1
2 and ℓ ≥ g(1)−1

2 . If B ≤ B(1) then since B = k+ ℓ ≥ g(1)− 1 =

B(1), we have that k = ℓ = g(1)−1
2 , B = B(1) = 2k and g = 4k+ 5. So we

get the polygons Γm4k+5 from the statement.
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This concludes the proof.

Remark 10. For each lattice polygon Γ = Γg,Γ
m
g appearing in the statement

of the lemma, there is only one polygon ∆ for which ∆(1) = Γ, namely ∆ =
Γ(−1). Note that (Γ4)(−1) ∼= 2Υ and recall that a (2Υ)-non-degenerate curve is
trigonal, rather than tetragonal.

3 From toric surfaces to polygons

This section is devoted to proving Theorem 4. As an a priori remark, note
that it is important to impose that Tor(∆) and Tor(∆′) are obtained from
one another using a transformation of PN , rather than just isomorphic. For
instance, let

∆ = conv{(0, 0), (3, 0), (3, 2), (0, 2)} and ∆′ = conv{(0, 0), (5, 0), (5, 1), (0, 1)},

then Tor(∆),Tor(∆′) ⊂ P11 are isomorphic (because their normal fans are the
same), but not projectively equivalent, as they have different degrees (6 resp.
5). Here clearly ∆ 6∼= ∆′.

Proof. We assume familiarity with the theory of divisors on toric surfaces, along
the lines of [4, §3]. Notation-wise, we will write

• Σ∆ for the (inner) normal fan associated to a given two-dimensional lat-
tice polygon ∆, and

• ∆D for the polygon (well-defined up to translation) corresponding to a
Weil divisor (or a Cartier divisor, or an invertible sheaf) D on a given
toric surface.

The proof then works as follows. Let ∆ and ∆′ be as in the statement of
Theorem 4. The projective transformation induces an automorphism Tor(∆)→
Tor(∆) that sends OTor(∆)(1) to OTor(∆′)(1). Because

∆ ∼= ∆OTor(∆)(1) and ∆′ ∼= ∆OTor(∆′)(1)

it suffices to prove the following general statement: if

ι : Tor(∆)
∼=−→ Tor(∆′)

is an isomorphism between two toric surfaces, and if D is a Weil divisor on
Tor(∆), then

∆D
∼= ∆ι(D).

Now it is known that two isomorphic toric varieties always admit a toric iso-
morphism between them [1, Thm. 4.1], i.e. an isomorphism that is induced by
a GL2(Z)-transformation taking Σ∆ to Σ∆′ . It is clear that such an isomor-
phism preserves polygons (up to equivalence). Therefore we may assume that
Σ∆ = Σ∆′ and that ι is an automorphism of Tor(∆). Every such automorphism
can be written as the composition of
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• a toric automorphism,

• the automorphism induced by the action of an element of T2,

• a number of automorphisms of the form eλv , where λ ∈ k and v ∈ Z2

is a column vector of ∆, i.e. a primitive vector v for which there exists
an edge τ ⊂ ∆ such that u + v ∈ ∆ for all u ∈ (∆ \ τ) ∩ Z2. To de-
scribe eλv explicitly, assume that v = (0,−1) and that τ lies horizontally
(the general case can be reduced to this case by using an appropriate
unimodular transformation). Then Tor(∆) can be viewed as a compacti-
fication of T2 ∪ (x-axis) rather than just T2. On T2 ∪ (x-axis), eλv acts as
(x, y) 7→ (x, y+λ). The column vector property ensures that this extends
nicely to all of Tor(∆).

Example. Let ∆ = [0, 1]× [0, 1] and consider the map

ϕ : T2 ∪ (x-axis) →֒ Tor(∆) : (x, y) 7→ (1, x, y, xy).

The point (x, y + λ) is mapped to (1 : x : y + λ : xy + λx). So here

eλ(0,−1) : (X0,0 : X1,0 : X0,1 : X1,1) 7→(X0,0 : X1,0 : X0,1+λX0,0 : X1,1+λX1,0).

See [2, Thm. 3.2] for a proof of this statement, along with a more elaborate
discussion. Now the first type of automorphisms preserves polygons up to
equivalence, as before. The second type also preserves polygons because it
preserves torus-invariant Weil divisors. As for the third type, let Dτ be the
torus-invariant prime divisor corresponding to the base edge τ of v. Then by
adding a divisor of the form div(xiyj) if needed, one can always find a torus-
invariant Weil divisor that is equivalent to D and whose support does not
contain Dτ ; see [4, §4] for more details. But such a divisor is preserved by eλv ,
hence the theorem follows.

4 Intrinsicness for tetragonal curves

We are ready to explain why intrinsicness holds for lattice polygons ∆ satisfying

lw(∆(1)) = 2 and B ≥ B(1) + 2,

that is, for the polygons of type (e) from the introduction. Let C be a ∆-non-
degenerate curve. Then it is a tetragonal curve (indeed, B ≥ B(1) + 2 implies
∆ 6∼= 2Υ) whose Schreyer invariants b1, b2 satisfy b1 ≥ b2 + 2. By Theorem 7
we find that Schreyer’s surface µ(Y ) ⊂ Pg−1 equals Tor(∆(1)). Now suppose
that C is also ∆′-non-degenerate for some two-dimensional lattice polygon ∆′.
By the tetragonality of C we have lw(∆′(1)) = 2. In analogy with the previous
notation, write

B′ = ♯(∂∆′(1) ∩ Z2)− 4, B′(1) = ♯(∆′(2) ∩ Z2)− 1,
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so that
{
B′, B′(1)} = {b1, b2} by Theorem 7. It follows that either

B′ ≥ B′(1) + 2 or B′(1) ≥ B′ + 2.

But the latter is impossible by Lemma 9, which states that B′(1) is at most
B′ + 1. Therefore B′ > B′(1) and, again by Theorem 7, we find that µ(Y )
is given by Tor(∆′(1)). We conclude that Tor(∆(1)) and Tor(∆′(1)) are equal,
possibly modulo a projective transformation. Intrinsicness now follows from
Theorem 4.

This argument can be refined. For instance, in genus g 6≡ 0 mod 4 it suffices
that B ≥ B(1) + 1, because in this case Lemma 9 yields the sharper bound
B′(1) ≤ B′. In genus g ≡ 2 mod 4 one sees that this is automatically satisfied.

By pushing this type of reasoning, we obtain the following statement.

Theorem 11. Let ∆,∆′ be two-dimensional lattice polygons and let there be
a curve that is both ∆-non-degenerate and ∆′-non-degenerate. Suppose that
lw(∆(1)) = 2 and define g = ♯(∆(1) ∩ Z2) = ♯(∆′(1) ∩ Z2).

• Case g ≡ 0 mod 4. If ∆(1),∆′(1) 6∼= Γg then ∆(1) ∼= ∆′(1). This is auto-
matic if ♯(∂∆(1) ∩ Z2) ≥ ♯(∆(2) ∩ Z2) + 5.

• Case g ≡ 1 mod 4. If ∆(1),∆′(1) 6∼= Γmg for all 1 ≤ m ≤ (g + 3)/4 then

∆(1) ∼= ∆′(1). This is automatic if ♯(∂∆(1) ∩ Z2) ≥ ♯(∆(2) ∩ Z2) + 4.

• Cases g ≡ 2, 3 mod 4. Here one always has ∆(1) ∼= ∆′(1).

Proof. The cases g ≡ 0, 2 mod 4 follow along the above lines of thought. For
the case g ≡ 3 mod 4 one remarks that Schreyer’s invariants coincide if and
only if B = B(1), which by Lemma 9 happens if and only if ∆(1) ∼= ∆′(1) ∼= Γg.
If not then B ≥ B(1) + 1, and one proceeds as before.
The most subtle case is when g ≡ 1 mod 4. If g = 5 then Schreyer’s invariants
coincide if and only if ∆(1) ∼= ∆′(1) ∼= Γ0

5 (indeed, the polygons Γ1
5 and Γ2

5

appearing in Lemma 9 were excluded in the statement), so this is analogous
to the g ≡ 3 mod 4 case. If g > 5 then one draws the weaker conclusion that
Schreyer’s invariants coincide if and only if ∆(1) and ∆′(1) are among Γg and
Γ0
g. To distinguish between both cases, one notes that the scrollar invariants
e1, e2, e3 are

g − 5

4
,
g − 1

4
,
g − 3

2
and

g − 5

4
,
g − 5

4
,
g − 1

2
,

respectively. Here we implicitly used that our curve carries a unique g14 by [4,
Cor. 6.3], so it does make sense to talk about the scrollar invariants. We con-
clude that ∆(1) ∼= ∆′(1) ∼= Γ0

g if the curve has two coinciding scrollar invariants,

and that ∆(1) ∼= ∆′(1) ∼= Γg if not.
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Remark 12. Note that the theorem remains valid if we replace ‘for all 1 ≤ m ≤
(g + 3)/4’ by ‘for all m ∈ {0, . . . , (g + 3)/4} \ {i}’, for whatever i.

Example 13. Let g ≥ 4 satisfy g ≡ 0 mod 4, and denote by ∆g the (unique)

lattice polygon for which ∆
(1)
g = Γg. Then it is possible that a ∆g-non-

degenerate curve is also non-degenerate with respect to a lattice polygon ∆′

for which ∆′(1) 6∼= Γg. For instance, consider f = 1 − x2y4 − x
g
2+2y2 and

f ′ = (y4 − 1)x
g
2+1 + 4y2. Both polynomials are non-degenerate with re-

spect to their respective Newton polygons. Note that ∆(f) ∼= ∆g and that
∆(f ′)(1) 6∼= Γg. Now the rational maps

Uf → Uf ′ : (x, y) 7→
(
x,

1− xy2
x
g
4+1y

)

Uf ′ → Uf : (x, y) 7→
(
x,

2y

x
g
4+1(1 + y2)

)

are inverses of each other, so Cf and Cf ′ are isomorphic. We conclude that Cf
is both ∆g-non-degenerate and ∆(f ′)-non-degenerate.

Example 14. We conjecture that for each g ≥ 5 with g ≡ 1 mod 4 and each
0 ≤ n,m ≤ (g + 3)/4, there exists a curve that is both ∆n

g - and ∆m
g -non-

degenerate. Here ∆n
g and ∆m

g are the unique lattice polygons having Γng and
Γmg as their respective interiors.
Loosely speaking, we believe that the following strategy for finding such a curve
always works (although we could not prove this). From Sections 1 and 2 we
know that the canonical model Ccan

f of a ∆n
g -non-degenerate curve Cf satisfies

Ccan
f ⊂ Tor(Γng ) ⊂ S ⊂ Pg−1, where S is a rational normal scroll of type

(
g − 5

4
,
g − 5

4
,
g − 1

2

)
,

and that Ccan
f arises as the intersection of two surfaces Y and Z inside the class

2H − g − 5

2
R

(the role of µ, which is only relevant for g = 5, is ignored for the sake of
exposition). Recall from Remark 8 that one can take Y = Tor(Γng ), and Z =
Ff . The idea is to switch the role of Y and Z, in the sense that one chooses
f such that Ff = θ(Tor(Γmg )) for some θ ∈ Aut(S) ⊂ Aut(Pg−1). Because
non-degeneracy is generically satisfied, one expects θ−1(Y ) to be of the form
Ff ′ for some ∆m

g -non-degenerate Laurent polynomial f ′.
Explicit examples in genus g = 5 can be found in our unpublished arXiv paper
1304.4997.
For g = 9 and {n,m} = {0, 3}
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∆
0

9
∆

3

9

we used the above approach to find that the ∆0
9-non-degenerate Laurent poly-

nomial

f = 8x5y + 36x4y + 66x3y − x2y2 + 62x2y − x2 + 33xy+

+9y − 2x−1y3 − 2x−1y2 − 4x−1y − 3x−1 − 3x−1y−1

and the ∆3
9-non-degenerate Laurent polynomial

f ′ = 2x5y3 + x5y2 − x5y − 6x4y − 15x3y + 2x2y2 − 14x2y+

+x2 − 15xy − 6y − x−1y + 3x−1 + 3x−1y−1

define birationally equivalent curves in T2. To describe the automorphism θ
explicitly, we need to pick coordinates of Pg−1. When thought of as the ambient
space of Tor(Γ0

9), we will write

Pg−1 = ProjV with V = k[X0,0, X1,0, X0,1, X1,1, X2,1, X3,1, X4,1, X0,2, X1,2],

where Xi,j is the coordinate corresponding to the lattice point (i, j) ∈ Γ0
9 (the

origin is understood to be the bold-marked lattice point). Similarly, when
thought of as the ambient space of Tor(Γ3

9) we write

Pg−1 = ProjW with W = k[X0,0, X1,0, X0,1, X1,1, X2,1, X3,1, X4,1, X3,2, X4,2].

Then, on the level of coordinate rings, θ : V → W can be defined by




θ(X0,1)
θ(X1,1)
θ(X2,1)
θ(X3,1)
θ(X4,1)
θ(X0,2)
θ(X1,2)
θ(X0,0)
θ(X1,0)




=




1 4 6 4 1 0 0 0 0
1 5 9 7 2 0 0 0 0
1 6 13 12 4 0 0 0 0
1 7 18 20 8 0 0 0 0
1 8 24 32 16 0 0 0 0
1 1 0 0 0 1 1 1 1
1 2 0 0 0 1 2 1 2
0 0 0 1 1 2 2 3 3
0 0 0 1 2 2 4 3 6




·




X0,1

X1,1

X2,1

X3,1

X4,1

X3,2

X4,2

X0,0

X1,0




.

We leave it to the reader to verify that θ maps S to S and sends Tor(Γ3
9) to

Ff and Ff ′ to Tor(Γ0
9) (for an appropriate choice of defining equations for Ff

and Ff ′).
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1. Introduction

Let p be an odd prime. In this paper we study the reductions of two-dimensional
crystalline p-adic representations of the local Galois group GQp . The answer is
known when the weight k is smaller than 2p+ 1 [E92], [B03a], [B03b] or when
the slope is greater than ⌊k−2

p−1 ⌋ [BLZ04]. The answer is also known if the slope

is small, that is, in the range (0, 1) [BG09], [G10], [BG13]. Here we treat the
next range of fractional slopes (1, 2), for all weights k ≥ 2.
Let E be a finite extension field of Qp and let v be the valuation of Q̄p nor-
malized so that v(p) = 1. Let ap ∈ E with v(ap) > 0 and let k ≥ 2. Let Vk,ap
be the irreducible crystalline representation of GQp with Hodge-Tate weights
(0, k − 1) such that Dcris(V

∗
k,ap

) = Dk,ap , where Dk,ap = Ee1 ⊕ Ee2 is the

filtered ϕ-module as defined in [B11, §2.3]. Let V̄k,ap be the semisimplification

of the reduction of Vk,ap , thought of as a representation over F̄p.
Let ω = ω1 and ω2 denote the fundamental characters of level 1 and 2 re-
spectively, and let ind(ωa2 ) denote the representation of GQp obtained by in-
ducing the character ωa2 from GQp2

. Let unr(x) be the unramified character

of GQp taking (geometric) Frobenius at p to x ∈ F̄∗p. Then, a priori, V̄k,ap
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is isomorphic either to ind(ωa2 ) ⊗ unr(λ) or unr(λ)ωa ⊕ unr(µ)ωb, for some a,
b ∈ Z and λ, µ ∈ F̄∗p. The former representation is irreducible on GQp when
(p + 1) ∤ a, whereas the latter is reducible on GQp . The following theorem

describes V̄k,ap when 1 < v(ap) < 2. Since the answer is known completely for
weights k ≤ 2p+ 1, we shall assume that k ≥ 2p+ 2.

Theorem 1.1. Let p ≥ 3. Let 1 < v(ap) < 2 and k ≥ 2p+ 2. Let r = k− 2 ≡ b
mod (p− 1), with 2 ≤ b ≤ p. When b = 3 and v(ap) = 3

2 , assume that

(⋆) v(a2p −
(
r − 1

2

)
(r − 2)p3) = 3.

Then, V̄k,ap has the following shape on GQp :

b = 2 =⇒
{

ind(ωb+1
2 ), if p ∤ r(r − 1)

ind(ωb+p2 ), if p | r(r − 1),

3 ≤ b ≤ p− 1 =⇒
{

ind(ωb+p2 ), if p ∤ r − b
ind(ωb+1

2 ), if p | r − b,

b = p =⇒
{

ind(ωb+p2 ), if p2 ∤ r − b
unr(
√
−1)ω ⊕ unr(−

√
−1)ω, if p2 | r − b.

Using the theorem, and known results for 2 ≤ k ≤ 2p+ 1, we obtain:

Corollary 1.2. Let p ≥ 3. If k ≥ 2 is even and v(ap) lies in (1, 2), then V̄k,ap
is irreducible.

It is in fact conjectured [BG15, Conj. 4.1.1] that if k is even and v(ap) is non-
integral, then the reduction V̄k,ap is irreducible on GQp . This follows for slopes

in (0, 1) by [BG09]. Theorem 1.1 shows that V̄k,ap can be reducible on GQp for
slopes in (1, 2) only when b = p or b = 3 (or both). Since k is clearly odd in
these cases, the corollary follows.
Let ρf : Gal(Q̄/Q)→ GL2(E) denote the global Galois representation attached
to a primitive cusp form f =

∑
anq

n ∈ Sk(Γ0(N)) of (even) weight k ≥ 2 and
level N coprime to p. It is known that ρf |GQp

is isomorphic to Vk,ap , at least

if a2p 6= 4pk−1. This condition always holds for slopes in (1, 2) except possibly

when k = 4 and ap = ±2p
3
2 . Since it is expected to hold generally, we assume

it. We obtain:

Corollary 1.3. Let p ≥ 3. If the slope of f at p lies in (1, 2), then ρ̄f |GQp
is

irreducible.

Remark 1.4. Here are several remarks.

• Theorem 1.1 treats all weights for slopes in the range (1, 2), subject to
a hypothesis. It builds on [GG15, Thm. 2], which treated weights less
than p2 − p.
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• The hypothesis (⋆) in the theorem applies only when b = 3 and v(ap) =
3
2 and is mild in the sense that it holds whenever the unit

a2p
p3 and(

r−1
2

)
(r − 2) have distinct reductions in F̄p.

• The theorem agrees with all previous results for weights 2 < k ≤ 2p+1
described in [B11, Thm. 5.2.1] when specialized to slopes in (1, 2). It
could therefore be stated for all weights k > 2. We note that (⋆) is
satisfied for weights k ≤ 2p+ 1, except possibly for k = 5.
• When b = p and p2 | r − b, the theorem shows that V̄k,ap is always

reducible if p ≥ 5 (and under the hypothesis (⋆) when p = 3). This
is a new phenomenon not occurring for slopes in (0, 1). When b = 3,
v(ap) = 3

2 and (⋆) fails, we expect that V̄k,ap might also be reducible
in some cases, by analogy with the main result of [BG13].
• Fix k, ap and b = b(k) as in Theorem 1.1. Then the theorem implies

the following local constancy result: for any other weight k′ ≥ 2p + 2
with k′ ≡ k mod p1+v(b)(p − 1), the reduction V̄k′,ap is isomorphic to

V̄k,ap , except possibly if v(ap) = 3
2 and b = 3. We refer to [B12, Thm.

B] for a general local constancy result for any positive slope.

The proof of Theorem 1.1 uses the p-adic and mod p Local Langlands Cor-
respondences due to Breuil, Berger, Colmez, Dospinescu, Paškūnas [B03a],
[B03b], [BB10], [C10], [CDP14], [P13], and an important compatibility between
them with respect to the process of reduction [B10]. The general strategy is
due to Breuil and Buzzard-Gee and is outlined in [B03b], [BG09], [GG15]. We
briefly recall it now and explain several new obstacles we must surmount along
the way.
Let G = GL2(Qp), K = GL2(Zp) be the standard maximal compact subgroup
of G and Z = Q∗

p be the center of G. Consider the locally algebraic represen-
tation of G

Πk,ap =
indGKZSymrQ̄2

p

T − ap
,

where r = k− 2, indGKZ is compact induction and T is the Hecke operator, and
consider the lattice in Πk,ap given by

Θk,ap := image
(

indGKZSymrZ̄2
p → Πk,ap

)
(1.1)

∼=
indGKZSymrZ̄2

p

(T − ap)(indGKZSymrQ̄2
p) ∩ indGKZSymrZ̄2

p

.

It is known that the semisimplification of the reduction of this lattice satisfies
Θ̄ss
k,ap
≃ LL(V̄k,ap), where LL is the (semisimple) mod p Local Langlands Corre-

spondence of Breuil [B03b]. One might require here the conditions a2p 6= 4pk−1

and ap 6= ±(1 + p)p(k−2)/2, see [BB10], but these clearly hold if k ≥ 2p+ 2 and
v(ap) < 2. By the injectivity of the mod p Local Langlands Correspondence,
Θ̄ss
k,ap

determines V̄k,ap completely, and so it suffices to compute Θ̄k,ap .
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Let Vr = SymrF̄2p be the usual symmetric power representation of Γ := GL2(Fp)
(hence of KZ, with p ∈ Z acting trivially). Clearly there is a surjective map

indGKZVr ։ Θ̄k,ap ,(1.2)

for r = k − 2. Write Xk,ap for the kernel. A model for Vr is the space of all

homogeneous polynomials of degree r in the two variables X and Y over F̄p with
the standard action of Γ. Let Xr−1 ⊂ Vr be the Γ- (hence KZ-) submodule
generated by Xr−1Y . Let V ∗

r and V ∗∗
r be the submodules of Vr consisting

of polynomials divisible by θ and θ2 respectively, for θ := XpY − XY p. If
r ≥ 2p+ 1, then Buzzard-Gee have shown [BG09, Rem. 4.4]:

• v(ap) > 1 =⇒ indGKZ Xr−1 ⊂ Xk,ap ,

• v(ap) < 2 =⇒ indGKZ V
∗∗
r ⊂ Xk,ap .

The proof of Theorem 1.1 for k = 2p+2 is known (cf. [GG15, §2]) and involves
slightly different techniques, so for the rest of this introduction assume that
r ≥ 2p + 1. It follows that when 1 < v(ap) < 2, the map (1.2) induces a

surjective map indGKZ Q։ Θ̄k,ap , where

Q :=
Vr

Xr−1 + V ∗∗
r

.

To proceed further, one needs to understand the ‘final quotient’ Q. It is not
hard to see that a priori Q has up to 3 Jordan-Hölder factors as a Γ-module.
The exact structure of Q is derived in §3 to §6 by giving a complete description
of the submodule Xr−1 and understanding to what extent it intersects with
V ∗∗
r . When 0 < v(ap) < 1, the relevant ‘final quotient’ in [BG09] is always

irreducible allowing the authors to compute the reduction (up to separating
out some reducible cases) using the useful general result [BG09, Prop. 3.3].
When 1 < v(ap) < 2, we show Q is irreducible if and only if

• b = 2, p ∤ r(r − 1) or b = p, p ∤ r − b,
and we obtain V̄k,ap immediately in these cases (Theorem 8.1).
Generically, the quotient Q has length 2 when 1 < v(ap) < 2. In fact, we
show that Q has exactly two Jordan-Hölder factors, say J and J ′, in the cases
complementary to those above

• b = 2, p | r(r − 1) or b = p, p | r − b,
as well as in the generic case

• 3 ≤ b ≤ p− 1 and p ∤ r − b.
We now use the Hecke operator T to ‘eliminate’ one of J or J ′. Something
similar was done in [B03b] and [GG15] for bounded weights. That this can be
done for all weights is one of the new contributions of this paper (see §8). It

involves constructing certain rational functions f ∈ indGKZSymrQ̄2
p, such that

(T − ap)f ∈ indGKZSymrZ̄2
p is integral, with reduction mapping to a simple

function in say indGKZ J
′ that generates this last space of functions as a G-

module. As (T −ap)f lies in the denominator of the expression (1.1) describing
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Θk,ap , its reduction lies in Xk,ap . Thus we obtain a surjection indGKZ J ։ Θ̄k,ap

and can apply [BG09, Prop. 3.3] again. For instance, let

J1 = Vp−b+1 ⊗Db−1 and J2 = Vp−b−1 ⊗Db,

where D denotes the determinant character. Then in the latter (generic) case
above, Q ∼= J1⊕J2 is a direct sum. We construct a function f which eliminates

J ′ = J2 so that J = J1 survives, showing that V̄k,ap
∼= ind(ωb+p2 ) (Theorem

8.3).
The situation is more complicated when Q has 3 Jordan-Hölder factors, namely
J0 = Vb−2 ⊗D, in addition to J1 and J2 above. That this happens at all came
as a surprise to us since it did not happen in the range of weights considered
in [GG15]. We show that this happens for the first time when r = p2 − p+ 3,
and in general whenever

• 3 ≤ b ≤ p− 1 and p | r − b.
This time we construct functions f killing J0 and J1 (except when b = 3,
v(ap) = 3

2 and v(a2p − p3) > 3), so that J2 survives instead, and the reduction

becomes ind(ωb+1
2 ) (Theorems 8.6, 8.7). Since J2 was also the ‘final quotient’ in

[BG09], the reduction in these cases is the same as the generic answer obtained
for slopes in (0, 1).
As a final twist in the tale, we remark that even though one can eliminate all
but 1 Jordan-Hölder factor J , one needs to further separate out the reducible
cases when J = Vp−2 ⊗Dn, for some n. This happens in three cases:

• b = 3, p ∤ r − b,
• b = p = 3, p || r − b,
• b = p, p2 | r − b.

In §9 we construct additional functions and use them to show that the map
indGKZ J ։ Θ̄k,ap factors either through the cokernel of T or the cokernel of

T 2 − cT + 1, for some c ∈ F̄p, and then apply the mod p Local Langlands
Correspondence directly to compute V̄k,ap , as was done in [B03b], [BG13]. In
the first two cases, we show that the map above factors through the cokernel
of T so that the reducible case never occurs. We work under the assumption
(⋆), namely if v(ap) = 3

2 , then v(a2p −
(
r−1
2

)
(r − 2)p3) is equal to 3, which is

the generic sub-case (Theorem 9.1). On the other hand, in the third case we
show that if p ≥ 5 or if p = 3 = b and (⋆) holds, then the map factors through
the cokernel of T 2 + 1, so that V̄k,ap is reducible and is as in Theorem 1.1
(Theorem 9.2).
One of the key ingredients that go into the proof of Theorem 1.1 is a complete
description of the structure of the submodule Xr−1 of Vr. We give its structure
now as the result might be of some independent interest. To avoid technicalities,
we state the following theorem in a weaker form than what we actually prove.
Let M := M2(Fp) be the semigroup of all 2× 2 matrices over Fp and consider
Vr as a representation of M , with the obvious extension of the action of Γ =
GL2(Fp) on it.
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Theorem 1.5. Let p ≥ 3. Let r ≥ 2p + 1 and let Xr−1 = 〈Xr−1Y 〉 be
the M -submodule of Vr generated by the second highest monomial. Then
2 ≤ length Xr−1 ≤ 4, as an M -module. More precisely, if 2 ≤ b ≤ p − 1,
then Xr−1 fits into the exact sequence of M -modules

Vp−b+1 ⊗Db−1 ⊕ Vp−b−1 ⊗Db → Xr−1 → Vb−2 ⊗D ⊕ Vb → 0,

and if b = p, then

V1 ⊗Dp−1 → Xr−1 →W → 0,

where W is a quotient of the length 3 M -module V2p−1.

Theorem 1.5 is proved for representations defined over Fp in §3 and §4 using
results of Glover [G78]. Here we have stated the corresponding result after
extending scalars to F̄p. We recall that V ∗

r is the largest singular M -submodule
of Vr [G78, (4.1)]. It is the M -module structure of Xr−1 given in the theorem
rather than just the Γ-module structure that plays a key role in understanding
how Xr−1 intersects with V ∗

r and V ∗∗
r .

A more precise description of the structure of Xr−1 can be found in Propo-
sitions 3.13 and 4.9. There we show that the Jordan-Hölder factors in The-
orem 1.5 that actually occur in Xr−1 are completely determined by the sum
of the p-adic digits of an integer related to r. As a corollary, we obtain the
following curious formula for the dimension of Xr−1 in all cases.

Corollary 1.6. Let p ≥ 3 and let r ≥ 2p+ 1. Write r = pnu, with p ∤ u. Set
δ = 0 if r = u and δ = 1 otherwise. Let Σ be the sum of the digits of u− 1 in
its base p expansion. Then

dimXr−1 =

{
2Σ + 2 + δ(p+ 1− Σ), if Σ ≤ p− 1

2p+ 2, if Σ > p− 1.

2. Basics

2.1. Hecke operator T . Recall G = GL2(Qp) and KZ = GL2(Zp)Q∗
p is

the standard compact mod center subgroup of G. Let R be a Zp-algebra
and let V = SymrR2 ⊗ Ds be the usual symmetric power representation of
KZ twisted by a power of the determinant character D (with p ∈ Z acting
trivially), modeled on homogeneous polynomials of degree r in the variables

X , Y over R. For g ∈ G, v ∈ V , let [g, v] ∈ indGKZV be the function with
support in KZg−1 given by

g′ 7→
{
g′g · v if g′ ∈ KZg−1

0 otherwise.

Any function in indGKZV is a finite linear combination of functions of the form
[g, v], for g ∈ G and v ∈ V . The Hecke operator T is defined by its action on
these elementary functions via

(2.1) T ([g, v]) =
∑

λ∈Fp

[
g
(
p [λ]
0 1

)
, v (X,−[λ]X + pY )

]
+
[
g
(
1 0
0 p

)
, v(pX, Y )

]
,
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where v = v(X,Y ) ∈ V and [λ] denotes the Teichmüller representative of

λ ∈ Fp. We will always denote the Hecke operator acting on indGKZV for
various choices of R = Z̄p, Q̄p or F̄p and for different values of r and s by T ,
as the underlying space will be clear from the context.

2.2. The mod p Local Langlands Correspondence. Let V be a weight,
i.e., an irreducible representation of GL2(Fp), thought of as a representation of
KZ by inflating to GL2(Zp) and making p ∈ Q∗

p act trivially. Let Vr = SymrF̄2p
be the r-th symmetric power of the standard two-dimensional representation
of GL2(Fp) on F̄2p. The set of weights V is exactly the set of modules Vr ⊗Di,

for 0 ≤ r ≤ p− 1 and 0 ≤ i ≤ p− 2. For 0 ≤ r ≤ p− 1, λ ∈ F̄p and η : Q∗
p → F̄∗p

a smooth character, let

π(r, λ, η) :=
indGKZVr
T − λ ⊗ (η ◦ det)

be the smooth admissible representation of G, where indGKZ is compact induc-
tion and T is the Hecke operator defined above; T generates the Hecke algebra
EndG(indGKZ Vr) = F̄p[T ]. With this notation, Breuil’s semisimple mod p Local
Langlands Correspondence [B03b, Def. 1.1] is given by:

• λ = 0: ind(ωr+1
2 )⊗ η LL7−→ π(r, 0, η),

• λ 6= 0:
(
ωr+1unr(λ)⊕ unr(λ−1)

)
⊗ η

LL7−→ π(r, λ, η)ss ⊕ π([p− 3− r], λ−1, ηωr+1)ss,

where {0, 1, . . . , p − 2} ∋ [p − 3 − r] ≡ p − 3 − r mod (p − 1). It is clear
from the classification of smooth admissible irreducible representations of G
by Barthel-Livné [BL94] and Breuil [B03a], that this correspondence is not
surjective. However, the map “LL” above is an injection and so it is enough
to know LL(V̄k,ap ) to determine V̄k,ap .

2.3. Modular representations of M and Γ. In order to make use of re-
sults in Glover [G78], let us abuse notation a bit and let Vr be the space of
homogeneous polynomials F (X,Y ) in two variables X and Y of degree r with
coefficients in the finite field Fp, rather than in F̄p. For the next few sections
(up to §6) we similarly consider all subquotients of Vr as representations de-
fined over Fp. This is not so serious as once we have established the structure
of Xr−1 or Q over Fp, it immediately implies the corresponding result over
F̄p, by extension of scalars. Let M be the semigroup M2(Fp) under matrix
multiplication. Then M acts on Vr by the formula

(
a b
c d

)
· F (X,Y ) = F (aX + cY, bX + dY ),

making Vr an M -module, or more precisely, an Fp[M ]-module. One has to be
careful with the notation Vr while using results from [G78] as Glover indexed
the symmetric power representations by dimension instead of the degree of the
polynomials involved. In this paper, Vr always has dimension r + 1.
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We denote the set of singular matrices by N ⊆ M . An Fp[M ]-module V is
called ‘singular’, if each matrix t ∈ N annihilates V , i.e., if t · V = 0, for all
t ∈ N . The largest singular submodule of an arbitrary Fp[M ]-module V is
denoted by V ∗. Note that any M -linear map must take a singular submodule
(of its domain) to a singular submodule (of the range). This simple observation
will be very useful for us.
Let Xr and Xr−1 be the Fp[M ]-submodules of Vr generated by the monomials
Xr and Xr−1Y respectively. One checks that Xr ⊂ Xr−1 and are spanned by
the sets {Xr , (kX + Y )r : k ∈ Fp} and {Xr, Y r, X(kX + Y )r−1, (X + lY )r−1Y :

k, l ∈ Fp} respectively [GG15, Lem. 3]. Thus we have dimXr ≤ p + 1 and
dimXr−1 ≤ 2p+ 2. We will describe the explicit structure of the modules Xr

and Xr−1, according to the different congruence classes a ∈ {1, 2, . . . , p − 1}
with r ≡ a mod (p − 1). It will also be convenient to use the representatives
b ∈ {2, . . . , p− 1, p} of the congruence classes of r mod (p− 1).
For s ∈ N, we denote the sum of the digits of s in its base p expansion by
Σp(s). It is easy to see that Σp(s) ≡ s mod (p − 1), for any s ∈ N. Let us
write r = pnu, where n = v(r) and hence p ∤ u. The sum Σp(u− 1) plays a key
role in the study of the module Xr−1. For r ≡ a mod (p − 1), observe that
the sum Σp(u− 1) ≡ a− 1 mod (p− 1), therefore it varies discretely over the
infinite set {a− 1, p+ a− 2, 2p+ a− 3, · · · }.
Let θ = θ(X,Y ) denote the special polynomial XpY −XY p. For r ≥ p+ 1, we
know [G78, (4.1)]

V ∗
r := {F ∈ Vr : θ | F} ∼=

{
0, if r ≤ p
Vr−p−1 ⊗D, if r ≥ p+ 1

is the largest singular submodule of Vr. We define V ∗∗
r , another important

submodule of Vr, by

V ∗∗
r := {F ∈ Vr : θ2 | F} ∼=

{
0, if r < 2p+ 2

Vr−2p−2 ⊗D2, if r ≥ 2p+ 2.

Note that V ∗∗
r is obviously not the largest singular submodule of V ∗

r .
Next we introduce the submodules

X∗
r := Xr ∩ V ∗

r , X
∗∗
r := Xr ∩ V ∗∗

r , X∗
r−1 := Xr−1 ∩ V ∗

r , X
∗∗
r−1 := Xr−1 ∩ V ∗∗

r .

It follows that X∗
r and X∗

r−1 are the largest singular submodules inside Xr and
Xr−1 respectively. The group GL2(Fp) ⊆ M is denoted by Γ. For r ≥ 2p+ 1,
we will study the Γ-module structure of

Q :=
Vr

Xr−1 + V ∗∗
r

.

We will be particularly interested in the bottom row of the following commu-
tative diagram of M -modules (hence also of Γ-modules):
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0

��

0

��

0

��

0 //
X∗
r−1

X∗∗
r−1

��

//
Xr−1

X∗∗
r−1

��

//
Xr−1

X∗
r−1

��

// 0

0 //
V ∗
r

V ∗∗
r

//

��

Vr
V ∗∗
r

��

//
Vr
V ∗
r

//

��

0

0 //
V ∗
r

V ∗∗
r +X∗

r−1

//

��

Q //

��

Vr
V ∗
r +Xr−1

��

// 0.

0 0 0

(2.2)

Proposition 2.1. Let p ≥ 3 and r ≥ p, with r ≡ a mod (p− 1), for 1 ≤ a ≤
p− 1. Then the Γ-module structure of Vr/V

∗
r is given by

0→ Va →
Vr
V ∗
r

→ Vp−a−1 ⊗Da → 0.(2.3)

The sequence splits as a sequence of Γ-modules if and only if a = p− 1.

Proof. For r ≥ p, we obtain that Vr/V
∗
r
∼= Va+p−1/V

∗
a+p−1, using [G78, (4.2)].

The exact sequence then follows from [B03b, Lem. 5.3]. Note that it must split
when a = p− 1, as Vp−1 is an injective Γ-module. The fact that it is non-split
for the other congruence classes can be derived from the Γ-module structure of
Va+p−1 (see, e.g., [G78, (6.4)] or [GG15, Thm. 5]). �

Proposition 2.2. Let p ≥ 3 and 2p + 1 ≤ r ≡ a mod (p − 1), with 1 ≤ a ≤
p− 1. Then the Γ-module structure of V ∗

r /V
∗∗
r is given by

0→ Vp−2 ⊗D →
V ∗
r

V ∗∗
r

→ V1 → 0, if a = 1,(2.4)

0→ Vp−1 ⊗D →
V ∗
r

V ∗∗
r

→ V0 ⊗D → 0, if a = 2,(2.5)

0→ Va−2 ⊗D →
V ∗
r

V ∗∗
r

→ Vp−a+1 ⊗Da−1 → 0, if 3 ≤ a ≤ p− 1,(2.6)

and the sequences split if and only if a = 2.

Proof. We use [G78, (4.1)] to get that V ∗
r /V

∗∗
r
∼= (Vr−p−1/V

∗
r−p−1)⊗D. Since

p ≤ r− p− 1 by hypothesis, we apply Proposition 2.1 to deduce the Γ-module
structure of (Vr−p−1/V

∗
r−p−1)⊗D. �
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The following lemma will be used many times throughout the article to deter-
mine if certain polynomials F ∈ Vr are divisible by θ or θ2. We skip the proof
since it is elementary.

Lemma 2.3. Suppose F (X,Y ) =
∑

0≤j≤r
cj · Xr−jY j ∈ Fp[X,Y ] is such that

cj 6= 0 implies j ≡ a mod (p− 1), for some fixed a ∈ {1, 2, · · · , p− 1}. Then

(i) F ∈ V ∗
r if and only if c0 = cr = 0 and

∑
j

cj = 0 in Fp.

(ii) F ∈ V ∗∗
r if and only if c0 = c1 = cr−1 = cr = 0 and

∑
j

cj =
∑
j

jcj = 0

in Fp.

2.4. Reduction of binomial coefficients. In this article, the mod p re-
ductions of binomial coefficients play a very important role. We will repeatedly
use the following theorem and often refer to it as Lucas’ theorem, as it was
proved by E. Lucas in 1878.

Theorem 2.4. For any prime p, let m and n be two non-negative integers
with p-adic expansions m = mkp

k + mk−1p
k−1 + · · · + m0 and n = nkp

k +
nk−1p

k−1 + · · · + n0 respectively. Then
(
m
n

)
≡
(
mk
nk

)
·
(
mk−1

nk−1

)
· · ·
(
m0

n0

)
mod p,

with the convention that
(
a
b

)
= 0, if b > a.

The following elementary congruence mod p will also be used in the text. For
any i ≥ 0,

p−1∑

k=0

ki ≡
{
−1, if i = n(p− 1), for some n ≥ 1,

0, otherwise (including the case i = 0, as 00 = 1).

This follows from the following frequently used fact in characteristic zero. For
any i ≥ 0,

(2.7)
∑

λ∈Fp

[λ]i =





p, if i = 0,

p− 1, if i = n(p− 1) for some n ≥ 1,

0, if (p− 1) ∤ i,

where [λ] ∈ Zp is the Teichmüller representative of λ ∈ Fp.
We now state some important congruences, leaving the proofs to the reader
as exercises. These technical lemmas are used in checking the criteria given in
Lemma 2.3, and also in constructing functions f ∈ indGKZ SymrQ̄2

p with certain
desired properties (cf. §7, §8 and §9).

Lemma 2.5. For r ≡ a mod (p− 1), with 1 ≤ a ≤ p− 1, we have

Sr :=
∑

0<j <r,
j≡ a mod (p−1)

(
r

j

)
≡ 0 mod p.

Moreover, we have
1

p
Sr ≡

a− r
a

mod p, for p > 2.
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Lemma 2.6. Let r ≡ b mod (p− 1), with 2 ≤ b ≤ p. Then we have

Tr :=
∑

0< j <r−1,
j≡ b−1 mod (p−1)

(
r

j

)
≡ b− r mod p.

Lemma 2.7. Let p ≥ 3, r ≡ 1 mod (p− 1), i.e., b = p with the notation above.
If p | r, then

Sr :=
∑

1< j <r,
j≡ 1 mod (p−1)

(
r

j

)
=

∑

0< j <r−1,
j≡ 0 mod (p−1)

(
r

j

)
≡ (p− r) mod p2.

3. The case r ≡ 1 mod (p− 1)

In this section, we compute the Jordan-Hölder (JH) factors of Q as a Γ-module,
when r ≡ 1 mod (p− 1). This is the case a = 1 and b = p, with the notation
above.

Lemma 3.1. Let p ≥ 3, r > 1 and let r ≡ 1 mod (p− 1).

(i) If p ∤ r, then X∗
r /X

∗∗
r
∼= Vp−2 ⊗D, as a Γ-module.

(ii) If p | r, then X∗
r /X

∗∗
r = 0.

Proof. (i) Consider the polynomial F (X,Y ) =
∑
k∈Fp

(kX + Y )r ∈ Xr. We have

F (X,Y ) =
r∑

j=0

(
r

j

)
·
∑

k∈Fp

kr−j ·Xr−jY j ≡
∑

0≤j < r,
j≡ 1 mod (p−1)

−
(
r

j

)
·Xr−jY j mod p.

The sum of the coefficients of F (X,Y ) is congruent to 0 mod p, by Lemma
2.5. Applying Lemma 2.3, we get that F (X,Y ) ∈ V ∗

r . As p ∤ r, the co-
efficient of Xr−1Y in F (X,Y ) is −r 6≡ 0 mod p. Hence F (X,Y ) /∈ V ∗∗

r

and so F (X,Y ) has non-zero image in X∗
r /X

∗∗
r . For r = 2p − 1, we have

0 6= X∗
r /X

∗∗
r ⊆ V ∗

r /V
∗∗
r
∼= Vp−2⊗D, which is irreducible and the result follows.

If r ≥ 3p− 2, then V ∗
r /V

∗∗
r has dimension p+ 1, but [G78, (4.5)] implies that

dimX∗
r � dimXr ≤ p+ 1. So we have 0 6= X∗

r /X
∗∗
r ( V ∗

r /V
∗∗
r . Now it follows

from Proposition 2.2 that X∗
r /X

∗∗
r
∼= Vp−2 ⊗D.

(ii) Write r = pnu, where n ≥ 1 and p ∤ u. The map ι : Xu → Xr, defined by
ι(H(X,Y )) := H(Xpn , Y p

n

), is a well-defined M -linear surjection from Xu to
Xr. It is also an injection, as H(Xpn , Y p

n

) = H(X,Y )p
n ∈ Fp[X,Y ]. Hence

the M -isomorphism ι : Xu → Xr must take X∗
u, the largest singular submodule

of Xu, isomorphically to X∗
r .

If u = 1, then X∗
r
∼= X∗

u = 0, so X∗
r = X∗∗

r follows trivially. If u > 1, then
as p ∤ u ≡ r ≡ 1 mod (p − 1), we get u ≥ 2p− 1 and V ∗

u
∼= Vu−p−1 ⊗D. For

any F ∈ X∗
r , we have F = ι(H), for some H ∈ X∗

u. Writing H = θH ′ with
H ′ ∈ Vu−p−1, we get F = ι(H) = (θH ′)p

n

. As n ≥ 1, clearly θ2 divides F .
Therefore X∗

r ⊆ V ∗∗
r , equivalently X∗

r = X∗∗
r . �
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The p-adic expansion of r − 1 will play an important role in our study of the
module Xr−1. Write

(3.1) r − 1 = rmp
m + rm−1p

m−1 + · · · ripi,
where rj ∈ {0, 1, · · · , p− 1}, m ≥ i and rm, ri 6= 0. If i > 0, then we let rj = 0,
for 0 ≤ j ≤ i− 1.
With the notation introduced in Section 2.3, we have a = 1, so Σp(r − 1) ≡ 0
mod (p− 1). Excluding the case r = 1, note that the smallest possible value of
Σp(r− 1) is p− 1. Also recall that the dimension of Xr−1 is bounded above by
2p+ 2 and a standard generating set is given by {Xr, Y r, X(kX+Y )r−1, (X+
lY )r−1Y : k, l ∈ Fp}, over Fp.

Lemma 3.2. For p ≥ 2, if p ≤ r ≡ 1 mod (p− 1) and Σ = Σp(r − 1) = p− 1,
then
p−1∑

k=0

X(kX + Y )r−1 ≡ −Xr and

p−1∑

l=0

(X + lY )r−1Y ≡ −Y r mod p.

As a consequence, dimXr−1 ≤ 2p.

Proof. It is enough to show one of the congruences, since the other will then
follow by applying the matrix w = ( 0 1

1 0 ) to it. We compute that

F (X,Y ) =

p−1∑

k=0

X(kX+Y )r−1 ≡
∑

0<s<r
s≡0 mod (p−1)

−
(
r − 1

s

)
·Xs+1Y r−1−s mod p.

We claim that if 0 < s < r− 1 and s ≡ 0 mod (p− 1), then
(
r−1
s

)
≡ 0 mod p.

The claim implies that F (X,Y ) ≡ −
(
r−1
r−1

)
·Xr ≡ −Xr mod p, as required.

Proof of claim: Let s = smp
m + · · ·+ s1p+ s0 be the p-adic expansion of s <

r− 1, where m is as in the expansion (3.1) above. Since s ≡ 0 mod (p− 1), we
have Σp(s) ≡ 0 mod (p−1) too. If

(
r−1
s

)
6≡ 0 mod p, then by Lucas’ theorem

0 ≤ sj ≤ rj , for all j. Taking the sum, we get that 0 ≤ Σp(s) ≤ Σ = p − 1.
But since s > 0, Σp(s) has to be a strictly positive multiple of p − 1, and so
it is p − 1. Hence sj = rj , for all j ≤ m, and we have s = r − 1, which is a
contradiction. �

We observe that p | r if and only if r0 = p − 1 in (3.1). Therefore if Σ =
Σp(r − 1) = r0 + · · · + rm = p − 1, then the condition p | r is equivalent
to r = p. Our next proposition treats the case Σ = p − 1, and to avoid the
possibility of p dividing r, we exclude the case r = p. The fact that p ∤ r will
be used crucially in the proof. This does not matter, as eventually we wish to
compute Q for r ≥ 2p+ 1.

Proposition 3.3. For p ≥ 2, if p < r ≡ 1 mod (p− 1) and Σ = Σp(r − 1) =
p− 1, then

(i) Xr−1
∼= V2p−1 as an M -module, and the M -module structure of Xr is

given by
0→ Vp−2 ⊗D → Xr → V1 → 0.
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(ii) X∗
r−1 = X∗

r
∼= Vp−2 ⊗D and X∗∗

r−1 = X∗∗
r = 0.

(iii) For r > 2p, Q has only one JH factor V1, as a Γ-module.

Proof. It is easy to check that {S(kS+T )2p−2, (S+ lT )2p−2T : k, l ∈ Fp} gives
a basis of V2p−1 over Fp. We define an Fp-linear map η : V2p−1 → Xr−1, by

η
(
S(kS + T )2p−2

)
= X(kX + Y )r−1, η

(
(S + lT )2p−2T

)
= (X + lY )r−1Y,

for k, l ∈ Fp. Note that for r ≤ p2 − p + 1, the map η is the same as the one
used in the proof of [GG15, Prop. 6]. We claim that η is in fact an M -linear
injection. By Lemma 3.2, we have

(3.2) η(S2p−1) = Xr, η(T 2p−1) = Y r.

The M -linearity can be checked on the basis elements of V2p−1 above by an
elementary computation which uses the fact that r − 1 ≡ 0 mod (p − 1) and
(3.2), so we leave it to the reader.
As a Γ-module, soc(V2p−1) = V ∗

2p−1
∼= Vp−2 ⊗ D is irreducible. Therefore if

ker η 6= 0, then it must contain the submodule V ∗
2p−1. Consider

H(S, T ) =

p−1∑

k=0

( k 1
1 0 ) · S2p−1 = (SpT − ST p)Sp−2 ∈ V ∗

2p−1.

By M -linearity, we have η(H) = F (X,Y ) ∈ X∗
r \X∗∗

r , where F is as in the proof
of Lemma 3.1 (i). In particular, this shows that H /∈ ker η. As V ∗

2p−1 * ker η,
we have ker η = 0.
Thus η : V2p−1 → Xr−1 is an injective M -linear map. By Lemma 3.2,
dimXr−1 ≤ 2p = dimV2p−1, forcing η to be an isomorphism. Therefore
the largest singular submodule X∗

r−1 inside Xr−1 has to be isomorphic to
V ∗
2p−1

∼= Vp−2 ⊗D, the largest singular submodule of V2p−1. Then Lemma 3.1
(i) implies that X∗

r is a non-zero submodule of X∗
r−1
∼= Vp−2⊗D, which is irre-

ducible. So we must have X∗
r = X∗

r−1. Again by Lemma 3.1 (i), X∗∗
r−1(⊇ X∗∗

r )
is a proper submodule of X∗

r−1. Hence X∗∗
r−1 = X∗∗

r = 0.
Since dim(Xr−1/X

∗
r−1) = p + 1 = dim(Vr/V

∗
r ), the rightmost module in the

bottom row of Diagram (2.2) is 0. As the dimension of X∗
r−1/X

∗∗
r−1 is p − 1,

the leftmost module must have dimension 2. It has to be V1, as the short exact
sequence (2.4) does not split for p ≥ 3. For p = 2 and r ≥ 5, the only two-
dimensional quotient of V ∗

r /V
∗∗
r is V1, as one checks that V ∗

r /V
∗∗
r
∼= V1 ⊕ V0.

Hence we get Q ∼= V1 as a Γ-module. �

The next lemma about the dimension of Xr−1 is a special case of Lemma 4.2,
proved at the beginning of Section 4.

Lemma 3.4. For p ≥ 2, suppose p ∤ r ≡ 1 mod (p−1). If Σ = Σp(r−1) > p−1,
then dimXr−1 = 2p+ 2.

Lemma 3.5. For any r, if dimXr−1 = 2p+ 2, then dimXr = p+ 1.

Proof. Suppose Xr has dimension smaller than p+1. Then the standard span-
ning set of Xr is linearly dependent, i.e., there exist constants A, ck ∈ Fp, for
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k ∈ {0, 1, . . . , p− 1}, not all zero, such that AXr +
p−1∑
k=0

ck(kX +Y )r = 0, which

implies that

AXr + c0Y
r +

p−1∑

k=1

kckX(kX + Y )r−1 +

p−1∑

k=1

ckk
r−1(X + k−1Y )r−1Y = 0.

But this shows that the standard spanning set {Xr, Y r, X(kX + Y )r−1, (X +
lY )r−1Y : k, l ∈ Fp} ofXr−1 is linearly dependent, contradicting the hypothesis
dimXr−1 = 2p+ 2. �

For any r, let us set r′ := r − 1. The trick introduced in [GG15] of using the
structure of Xr′ ⊆ Vr′ to study Xr−1 ⊆ Vr via the map φ described below,
turns out to be very useful in general.

Lemma 3.6. There exists an M -linear surjection φ : Xr′ ⊗ V1 ։ Xr−1.

Proof. The map φr′,1 : Vr′ ⊗ V1 ։ Vr sending u ⊗ v 7→ uv, for u ∈ Vr′ and
v ∈ V1, is M -linear by [G78, (5.1)]. Let φ be its restriction to the M -submodule

Xr′⊗V1 ⊆ Vr′⊗V1. The module Xr′⊗V1 is generated by Xr′⊗X and Xr′⊗Y ,
which map to Xr and Xr−1Y ∈ Xr−1 respectively. So the image of φ lands in
Xr−1 ⊆ Vr . The surjectivity follows as Xr−1Y generates Xr−1. �

Lemma 3.7. For p ≥ 3, if r ≡ 1 mod (p− 1), with Σp(r
′) > p− 1, then

(i) X∗∗
r′ = X∗

r′ has dimension 1 over Fp. In fact, it is M -isomorphic to
Dp−1.

(ii) φ(X∗
r′ ⊗ V1) ⊆ V ∗∗

r and φ(X∗
r′ ⊗ V1) ∼= V1 ⊗Dp−1.

Proof. Consider F (X,Y ) := Xr′ +
∑
k∈Fp

(kX + Y )r
′ ∈ Xr′ ⊆ Vr′ . It is easy to

see that

F (X,Y ) ≡ −
∑

0<j<r′

j≡0 mod (p−1)

(
r′

j

)
Xr′−jY j mod p.

Using Lemmas 2.3 and 2.5 we check that F (X,Y ) ∈ V ∗∗
r′ , for p ≥ 3. Since

Σp(r
′) > p− 1 or equivalently Σp(r

′) ≥ 2p− 2, using Lucas’ theorem one can

show that at least one of the coefficients
(
r′

j

)
above is non-zero mod p. So we

have 0 6= F (X,Y ) ∈ X∗∗
r′ ⊆ X∗

r′ . Since r′ ≡ p − 1 mod (p − 1), [G78, (4.5)]
gives the following short exact sequence of M -modules:

(3.3) 0→ X∗
r′ → Xr′ → Vp−1 → 0.

As dimXr′ ≤ p+1 and X∗∗
r′ 6= 0, we must have dimX∗∗

r′ = dimX∗
r′ = 1. Hence

X∗∗
r′ = X∗

r′
∼= Dn, for some n ≥ 1. Checking the action of diagonal matrices on

F (X,Y ), we get n = p− 1.
As X∗∗

r′ = X∗
r′ , each element of X∗

r′ is divisible by θ2. Therefore it follows
from the definition of the map φ that φ(X∗

r′ ⊗ V1) ⊆ V ∗∗
r . For any non-

zero F ∈ X∗
r′ , note that φ(F ⊗ X) = FX 6= 0. We know that X∗

r′ ⊗ V1 ∼=
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V1 ⊗ Dp−1 is irreducible of dimension 2 and its image under φ is non-zero.
Hence φ(X∗

r′ ⊗ V1) ∼= V1 ⊗Dp−1 ⊆ Xr−1. �

Proposition 3.8. Let p ≥ 3, r > 2p and p ∤ r ≡ 1 mod (p − 1). If Σ =
Σp(r − 1) > p− 1, then

(i) The M -module structures of Xr−1 and Xr are given by the exact se-
quences

0→ V1 ⊗Dp−1 → Xr−1 → V2p−1 → 0,

0→ Vp−2 ⊗D → Xr → V1 → 0.

(ii) X∗
r
∼= Vp−2 ⊗D and X∗

r−1
∼= V1 ⊗Dp−1 ⊕ Vp−2 ⊗D.

(iii) X∗∗
r = 0 and X∗∗

r−1
∼= V1 ⊗Dp−1.

(iv) Q ∼= V1 as a Γ-module.

Proof. By Lemma 3.4, dimXr−1 = 2p + 2, so by Lemma 3.6, we must have
dimXr′ ⊗ V1 ≥ 2p+ 2. This forces Xr′ to have its highest possible dimension,
namely, p+1. Thus theM -map φ : Xr′⊗V1 ։ Xr−1 is actually an isomorphism.
Tensoring the short exact sequence (3.3) by V1, we get the exact sequence

0→ X∗
r′ ⊗ V1 → Xr′ ⊗ V1 → Vp−1 ⊗ V1 → 0.

The middle module is M -isomorphic to Xr−1, and the rightmost module is
M -isomorphic to V2p−1, by [G78, (5.3)]. Thus the exact sequence reduces to

(3.4) 0→ X∗
r′ ⊗ V1 → Xr−1 → V2p−1 → 0,

where X∗
r′ ⊗ V1 ∼= V1 ⊗ Dp−1, by Lemma 3.7 (i). Since M -linear maps must

take singular submodules to singular submodules, the above sequence gives rise
to the following exact sequence

(3.5) 0→ V1 ⊗Dp−1 → X∗
r−1 → V ∗

2p−1
∼= Vp−2 ⊗D.

The rightmost module above is irreducible, so the map X∗
r−1 → Vp−2 ⊗ D is

either the zero map or it is a surjection. By Lemma 3.5, dimXr = p + 1 and
so by [G78, (4.5)], we have dimX∗

r = p− 1. By Lemma 3.1 (i), we get X∗∗
r = 0

and X∗
r
∼= Vp−2 ⊗ D must be a JH factor of X∗

r−1. Therefore the rightmost
map above must be surjective, as otherwise X∗

r−1
∼= V1 ⊗Dp−1. So we have

(3.6) 0→ X∗
r′ ⊗ V1 ∼= V1 ⊗Dp−1 → X∗

r−1 → Vp−2 ⊗D → 0.

Thus X∗
r−1 has two JH factors, of dimensions 2 and p−1 respectively. Moreover,

since X∗
r
∼= Vp−2 ⊗D is a submodule of X∗

r−1, the sequence above must split,
and we must have

X∗
r−1 = φ(X∗

r′ ⊗ V1)⊕X∗
r
∼= V1 ⊗Dp−1 ⊕ Vp−2 ⊗D.

Knowing the structure of X∗
r−1 as above, next we want to see how the sub-

module X∗∗
r−1 sits inside it. By Lemma 3.7 (ii), we have φ(X∗

r′ ⊗ V1) ⊆ V ∗∗
r ,

on the other hand Xr ∩ V ∗∗
r = X∗∗

r = 0. Therefore X∗∗
r−1 = X∗

r−1 ∩ V ∗∗
r =

φ(X∗
r′ ⊗ V1) ∼= V1 ⊗Dp−1 has dimension 2.
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Now we count the dimension dimQ = 2p + 2 − dimXr−1 + dimX∗∗
r−1 = 2.

The final statement Q ∼= V1 follows from Diagram (2.2) as in the proof of
Proposition 3.3. �

Thus we know Q is isomorphic to V1 whenever r is prime to p. Next we treat
the case p divides r. Since r ≡ 1 mod (p − 1), we see that r can be a pure
p-power. We will show that Q has two JH factors as a Γ-module, irrespective
of whether r is a p-power or not. The following result about dimXr−1 when
p | r is stated without proof, as it follows from the more general Lemma 4.3 in
Section 4.

Lemma 3.9. Let p ≥ 2 and r ≡ 1 mod (p − 1). If p | r but r is not a pure
p-power, then dimXr−1 = 2p+ 2.

Lemma 3.10. For p ≥ 2 and r = pn, with n ≥ 2, we have dimXr−1 = p+ 3.

Proof. We know that Γ = B ⊔ BwB, where B ⊆ Γ is the subgroup of upper-
triangular matrices, and w = ( 0 1

1 0 ). Using this decomposition and the fact that
r = pn, one can see that the Fp[Γ]-span of Xr−1Y ∈ Vr is generated by the
set {Xr, Xr−1Y, Y r, X(kX + Y )r−1 : k ∈ Fp} over Fp. We will show that this
generating set is linearly independent. Suppose that

AXr +BY r +DXr−1Y +

p−1∑

k=0

ckX(kX + Y )r−1 = 0,

where A,B,D, ck ∈ Fp, for each k. Clearly, it is enough to show that ck = 0,
for each k ∈ F∗p. Since r− 1 = pn− 1 for some n ≥ 2, Lucas’ theorem says that(
r−1
i

)
6≡ 0 mod p, for 0 ≤ i ≤ r − 1. As r − p ≥ 2, equating the coefficients of

X iY r−i on both sides, for 2 ≤ i ≤ p, we get that
p−1∑
k=1

ckk
i−1 ≡ 0 mod p. The

non-vanishing of the Vandermonde determinant now shows that ck = 0, for all
k ∈ F∗p. �

Remark 3.11. Note that the proof does not work for r = p, since we need
r − p ≥ 2. Also the lemma is trivially false for r = p, because then Xr−1 ⊆ Vr
must have dimension ≤ p+ 1.

The next proposition describes the structure of Q for p | r. Note that if r > p
is a multiple of p, then for r′ = r− 1, we have Σp(r

′) > p− 1, so we can apply
Lemma 3.7.

Proposition 3.12. For p ≥ 3, let r (> p) be a multiple of p such that r ≡ 1
mod (p− 1).

(i) If r = pn with n ≥ 2, then X∗
r = X∗∗

r = 0 and X∗
r−1 = X∗∗

r−1 has
dimension 2.

(ii) If r is not a pure p-power, then X∗
r = X∗∗

r
∼= Vp−2 ⊗ D and X∗

r−1 =
X∗∗
r−1 has dimension p+ 1.

(iii) In either case, Q is a non-trivial extension of V1 by Vp−2 ⊗ D, as a
Γ-module.
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Proof. (i) By Lemma 3.7, dimX∗
r′ = 1 and dimXr′ = p + 1 by [G78, (4.5)].

By Lemma 3.10, dimXr−1 = p + 3. By Lemma 3.6, we get a surjection φ :
Xr′⊗V1 ։ Xr−1, with a non-zero kernel of dimension 2(p+1)−(p+3) = p−1.

Note that W :=
Xr−1

φ(X∗
r′ ⊗ V1)

is a quotient of (Xr′/X
∗
r′) ⊗ V1, which is M -

isomorphic to V2p−1 by [G78, (4.5), (5.3)]. We have the exact sequence of
M -modules

0→ X∗
r′ ⊗ V1

φ−→ Xr−1 →W → 0.

Restricting it to the maximal singular submodules, we get the exact sequence

0→ X∗
r′ ⊗ V1

φ−→ X∗
r−1 →W ∗,

where W ∗ denotes the largest singular submodule of W . By Lemmas 3.10 and
3.7 (ii), we get dimW = (p + 3) − 2 = p + 1. Being a (p + 1)-dimensional
quotient of V2p−1, W must be M -isomorphic to V2p−1/V

∗
2p−1.

By [G78, (4.6)], W has a unique non-zero minimal submodule, namely,

W ′ =
(
X2p−1 + V ∗

2p−1

)
/V ∗

2p−1.

Note that the singular matrix ( 1 0
0 0 ) acts trivially on X2p−1, which is non-zero

in W ′. Thus the unique minimal submodule W ′ is non-singular, so W ∗ = 0,

giving us an M -isomorphism X∗
r′ ⊗ V1

φ−→ X∗
r−1. Now by Lemma 3.7 (ii),

X∗
r−1 = φ(X∗

r′ ⊗ V1) = X∗∗
r−1 has dimension 2.

(ii) If r = pnu for some n ≥ 1 and p ∤ u ≥ 2p − 1, then dimXr−1 = 2p + 2,
by Lemma 3.9. We have shown in the proof of Lemma 3.1 (ii) that
X∗
r = X∗∗

r
∼= X∗

u, which is isomorphic to Vp−2 ⊗ D, as p ∤ u (cf. Propo-
sitions 3.3 and 3.8). We proceed exactly as in the proof of Proposition 3.8, to
get that X∗

r−1
∼= φ(X∗

r′ ⊗ V1) ⊕ X∗
r has dimension p + 1. By Lemma 3.7, we

know φ(X∗
r′ ⊗ V1) ⊆ V ∗∗

r . Thus both the summands of X∗
r−1 are contained in

V ∗∗
r . Hence X∗∗

r−1 := X∗
r−1 ∩ V ∗∗

r = X∗
r−1.

(iii) Using part (i), (ii) above and Lemmas 3.9, 3.10, we count that
dim(Xr−1/X

∗∗
r−1) = p+1. Hence dimQ = 2p+2−dimXr−1+dimX∗∗

r−1 = p+1.
Since X∗

r−1 = X∗∗
r−1, the natural map V ∗

r /V
∗∗
r → Q is injective, hence an iso-

morphism by dimension count. Now the Γ-module structure of Q follows from
the short exact sequence (2.4). �

Note that in the course of studying the structure of Q, we have derived the
complete structure of the M -submodule Xr−1 ⊆ Vr, for r ≡ 1 mod (p − 1),
summarized as follows:

Proposition 3.13. Let p ≥ 3, r > p, and r ≡ 1 mod (p− 1).

(i) If Σp(r − 1) = p− 1 (so p ∤ r), then Xr−1
∼= V2p−1 as an M -module.

(ii) If Σp(r − 1) > p − 1 and r 6= pn, then we have a short exact sequence
of M -modules

0→ V1 ⊗Dp−1 → Xr−1 → V2p−1 → 0.
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(iii) If r = pn, for some n ≥ 2 (so Σp(r− 1) > p− 1), then we have a short
exact sequence of M -modules

0→ V1 ⊗Dp−1 → Xr−1 →W → 0,

where W ∼= V2p−1/V
∗
2p−1 is a non-trivial extension of Vp−2 ⊗D by V1.

4. Structure of Xr−1

In this section we study the M -submodule Xr−1 of Vr generated by Xr−1Y ,
for r lying in any congruence class a modulo (p − 1). Recall that Xr is the
M -submodule of Vr generated by Xr. For r ≤ p − 1, we have Xr = Xr−1 =
Vr, since Vr is irreducible. We begin with the following easily proved lemma
showing that outside this small range of r, the module Xr is properly contained
in Xr−1.

Lemma 4.1. For any p ≥ 2, if r ≥ p, then Xr ( Xr−1.

The following lemma is valid for r lying in any congruence class a mod (p−1),
with 1 ≤ a ≤ p− 1.

Lemma 4.2. Let p ≥ 2, r ≥ 2p + 1 and p ∤ r. If Σ := Σp(r − 1) ≥ p, then
dimXr−1 = 2p+ 2.

Proof. We claim that the spanning set {Xr, Y r, X(kX+Y )r−1, (X+ lY )r−1Y :
k, l ∈ Fp} of Xr−1 is linearly independent. Suppose there exist constants
A,B, ck, dl ∈ Fp, for k, l = 0, 1, · · · , p− 1, satisfying the equation

(4.1) AXr +BY r +

p−1∑

k=0

ckX(kX + Y )r−1 +

p−1∑

l=0

dl(X + lY )r−1Y = 0.

We want to show that A = B = ck = dl = 0, for all k, l ∈ Fp. It is enough to
show that ck = dl = 0, for all k, l 6= 0, since that implies that AXr + BY r +
c0XY

r−1 + d0X
r−1Y = 0, hence A = B = c0 = d0 = 0 too. As the matrix

( 0 1
1 0 ) flips the coefficients ck’s to dl’s in (4.1), it is enough to show that dl = 0,

for each l = 1, 2, · · · , p− 1. Let us define, for i, j ≥ 0,

Ci :=

p−1∑

k=1

ckk
i, Dj :=

p−1∑

l=1

dll
j.

Note that Ci, Dj depend only on the congruence classes of i, j mod (p − 1).
By the non-vanishing of the Vandermonde determinant, if D1 = D2 = · · · =
Dp−1 = 0, then (d1, · · · , dp−1) = (0, · · · , 0). Thus the proof reduces to showing
that Dt = 0, for 1 ≤ t ≤ p− 1.
Comparing the coefficients of Xr−t−1Y t+1 on both sides of (4.1), we get

(4.2)

(
r − 1

t+ 1

)
Cr−2−t +

(
r − 1

t

)
Dt = 0, for 1 ≤ t ≤ r − 3.

Let r − 1 = rmp
m + · · · + r1p + r0, as in (3.1), with ri being the rightmost

non-zero coefficient. Note that 0 ≤ r0 < p− 1, as by hypothesis p ∤ r.
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We will first consider the Dt’s with 1 ≤ t < ri. Suppose r0 = 0, then for
1 ≤ t < ri, choose t′ := tpi. Clearly r − 3 ≥ t′ ≡ t mod (p − 1), so we apply
it to equation (4.2), to get Dt′ = Dt = 0, since

(
r−1
t′+1

)
≡ 0 6≡

(
r−1
t′

)
mod p,

by Lucas’ theorem. If r0 6= 0, i.e., ri = r0, let i′ > 0 be the smallest positive
integer such that ri′ 6= 0. Then we choose t′ := t + pi

′ − 1 ≡ t mod (p − 1)
and check that t′ ≤ r− 3. Now equation (4.2) gives us the following two linear
equations:

(
r − 1

t+ 1

)
Cr−2−t +

(
r − 1

t

)
Dt = 0,

(
r − 1

t′ + 1

)
Cr−2−t +

(
r − 1

t′

)
Dt = 0.

The determinant of the corresponding matrix is congruent to
(

r0
t+ 1

)(
ri′

1

)(
r0
t− 1

)
−
(
r0
t

)(
ri′

1

)(
r0
t

)

≡ −
(
ri′

1

)(
r0
t− 1

)(
r0
t

)
· r0 + 1

t(t+ 1)
6≡ 0 mod p,

since we have 0 < r0 + 1, ri′ ≤ p− 1. This shows that Dt = Cr−2−t = 0.
Next we deal with the Dt’s, for ri ≤ t ≤ p− 1. As Σ = ri+ ri+1 + · · ·+ rm ≥ p,
we can write t as t = ri + si+1 + · · · + sm, with 0 ≤ sj ≤ rj , for all j. Let
us choose t′ := rip

i + si+1p
i+1 + · · · + smp

m, clearly t′ ≡ t mod (p − 1).

We observe that since t = ri + si+1 + · · · + sm ≤ p − 1 < p ≤
m∑
j=i

rj = Σ,

there must exist at least one j > i, such that sj < rj . This implies that
t′ ≤ r−1−pj ≤ r−1−pi+1 ≤ r−3. By our choice of t′, we have t′ +1 ≡ r0 +1
mod p, with 0 ≤ r0 < r0+1 ≤ p−1, as r0 < p−1. Hence

(
r−1
t′+1

)
≡ 0 mod p, by

Lucas’ theorem. Also note that
(
r−1
t′

)
≡
(
ri
ri

)(
ri+1

si+1

)
· · ·
(
rm
sm

)
6≡ 0 mod p. Now

using (4.2) for t′, we get Dt′ = Dt = 0.
Thus we conclude Dt = 0, for all t = 1, 2, · · · , p− 1. �

Lemma 4.3. Let p ≥ 2, r = pnu with n ≥ 1 and p ∤ u, and say r ≡ a
mod (p− 1), with 1 ≤ a ≤ p− 1. If Σ := Σp(u− 1) > a− 1, then dimXr−1 =
2p+ 2.

Proof. We skip the details of this proof as the basic idea is the same as that of
Lemma 4.2. �

Remark 4.4. The special cases a = 1 of the two lemmas above have been used
in Section 3. Thus the proof of the structure of Xr−1, for a = 1, becomes
complete now. Next we will study the module Xr−1, for r lying in higher
congruence classes, i.e., for 2 ≤ a ≤ p − 1. The structure of Xr−1 for r ≡ 1
mod (p−1) will be used as the first step of an inductive process. Note that the
condition 2 ≤ a ≤ p− 1 implies that the prime p under consideration is odd.
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In spite of the lemmas above, the module Xr−1 often has small dimension, as
we are going to show below. The next lemma is complementary to Lemma 4.2,
for a ≥ 2. Note that the condition Σp(r− 1) = a− 1 forces r to be prime to p.

Lemma 4.5. Let p ≥ 3, r > p and let r ≡ a mod (p− 1), with 2 ≤ a ≤ p− 1.
If Σ = Σp(r − 1) = a − 1, then dimXr−1 = 2a. In fact, Xr

∼= Va and
Xr−1

∼= Va−2 ⊗D ⊕ Va as M -modules.

Proof. Write r′ = r − 1 = rmp
m + rm−1p

m−1 + · · · r1p + r0, where each ri ∈
{0, 1, · · · , p− 1} and r0 + · · ·+ rm = a− 1, by hypothesis. For any α, β ∈ Fp,
we have

(αX + βY )r
′ ≡ (αXpm + βY p

m

)rm · · · (αXp + βY p)r1 · (αX + βY )r0 mod p.

Considering this as a polynomial in α and β, we get that

(αX + βY )r
′

=

a−1∑

i=0

αiβa−1−iFi(X,Y ),

where the polynomials Fi are independent of α and β. Hence Xr′ is contained
in the Fp-span of the polynomials F0, F1, . . . , Fa−1. Thus dim(Xr′) ≤ a. But
by [G78, (4.5)], we know Xr′/X

∗
r′
∼= Va−1, hence Xr′

∼= Va−1 and X∗
r′ = 0. By

[G78, (5.2)] and Lemma 3.6, we have the surjection

(4.3) Xr′ ⊗ V1 ∼= Va−2 ⊗D ⊕ Va φ−→ Xr−1.

By [G78, (4.5)], we know that Va is a quotient of Xr. In fact, by an argu-
ment similar to the one just given for Xr′ , we have Xr

∼= Va and X∗
r = 0,

since Σp(r) = a. Now by Lemma 4.1, the surjection in (4.3) has to be an
isomorphism. �

Lemma 4.6. For any r > p, let r ≡ a mod (p − 1), for some 1 ≤ a ≤ p − 1.
Then either X∗

r = 0 or X∗
r
∼= Vp−a−1 ⊗Da as an M -module.

Proof. The statement for a = 1 is proved in Section 3 (cf. Propositions 3.3,
3.8, 3.12). Now we use the method of induction to prove it for 2 ≤ a ≤ p− 1.
So assuming the statement for all congruence classes less than a, we want to
prove it for r ≡ a mod (p− 1).
Recall that for r = pnu with p ∤ u, Xu

∼= Xr, where the M -linear isomorphism is
simply given by F 7→ F p

n

, for any F ∈ Xu. So the largest singular submodules
X∗
u and X∗

r are M -isomorphic. We also note that if u < p, then Xu = Vu and
X∗
r = X∗

u = 0. Thus without loss of generality we may assume that u > p and
p ∤ r, i.e., r = u > p. We denote r′ := r − 1, as usual. As p ∤ r and Σ ≡ a− 1
mod (p− 1), r satisfies the hypothesis of either Lemma 4.5 or Lemma 4.2. So
dimXr−1 is either 2a or 2p+2 respectively. In the first case we know Xr

∼= Va,
so X∗

r = 0 by [G78, (4.5)].
In the second case, Lemma 4.2, Lemma 3.5 and [G78, (4.5)] together tell us
that dimX∗

r = p − a. By Lemma 3.6, we have the M -map φ : Xr′ ⊗ V1 ։
Xr−1. As dimXr−1 = 2p + 2 in this case, Xr′ must have maximum possible
dimension p + 1, and hence X∗

r′ 6= 0. By the induction hypothesis, we get
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X∗
r′
∼= Vp−a ⊗Da−1. Counting dimensions we conclude that the map φ above

must be an isomorphism. The short exact sequence

0 −→ X∗
r′ ⊗ V1 −→ Xr′ ⊗ V1 −→ Va−1 ⊗ V1 −→ 0

implies, by [G78, (5.2)], that we have

0 −→ Vp−a−1 ⊗Da ⊕ Vp−a+1 ⊗Da−1 −→ Xr−1 −→ Va−2 ⊗D ⊕ Va −→ 0,

giving the M -module structure of Xr−1.
The obvious choice for the (p−a)-dimensional subspace X∗

r ⊆ Xr−1 is Vp−a−1⊗
Da. In the particular case when 2a = p+ 1, we eliminate the possibility of X∗

r

being isomorphic to Va−2 ⊗D by using the fact that Xr is indecomposable as
an M -module [G78, (4.6)], so Xr cannot be M -isomorphic to Va−2 ⊗D ⊕ Va.
So X∗

r
∼= Vp−a−1 ⊗Da, as desired. �

Recall that in the case a = 1, we have X∗
r /X

∗∗
r 6= 0 if and only if p ∤ r, by

Lemma 3.1. Our next lemma shows that, for all the higher congruence classes,
X∗
r /X

∗∗
r = 0 always.

Lemma 4.7. Let p ≥ 3, r ≥ 2p and r ≡ a mod (p− 1). If 2 ≤ a ≤ p− 1, then
X∗
r = X∗∗

r .

Proof. For r = 2p, one has Xr
∼= V2 and X∗

r = 0, so there is nothing to
prove. So assume r > 2p. If X∗

r /X
∗∗
r 6= 0, then by Lemma 4.6 we must have

X∗
r /X

∗∗
r
∼= Vp−a−1 ⊗Da. But the short exact sequences (2.5) and (2.6) given

by Proposition 2.2 tell us that Vp−a−1 ⊗Da is not a Γ-submodule of V ∗
r /V

∗∗
r .

This is a contradiction. �

The next lemma is complementary to Lemma 4.3 for a ≥ 2 and is comparable
to Lemma 3.10 for a = 1. It generates examples of Xr−1 with relatively small
dimension, under the hypothesis p | r.
Lemma 4.8. Let p ≥ 3, r > 2p and let p divide r ≡ a mod (p − 1), with
2 ≤ a ≤ p− 1. Write r = pnu, where n ≥ 1 and p ∤ u. If Σp(u − 1) = a− 1,
then dimXr−1 = a+ p+ 2.

Proof. Since p | r, we have p ∤ r′ := r − 1 ≡ p− 1 mod p. As r > p, we know
that Σp(r

′− 1) is at least p− 1. Since Σp(r
′− 1) ≡ r′− 1 ≡ a− 2 mod (p− 1),

we have Σp(r
′ − 1) ≥ p+ a− 3. If a ≥ 3, then by Lemma 4.2 and Lemma 3.5

we get dimXr′ = p+ 1. On the other hand if a = 2, then Propositions 3.3 and
3.8 show that dimXr′ = p+1. In any case, X∗

r′ 6= 0, by [G78, (4.5)]. Therefore
X∗
r′
∼= Vp−a ⊗Da−1, by Lemma 4.6. Now using [G78, (4.5), (5.2)], we get

0 // Vp−a−1 ⊗Da ⊕ Vp−a+1 ⊗Da−1 // Xr′ ⊗ V1
φ

����

// Va−2 ⊗D ⊕ Va // 0.

Xr−1

Since r = pnu, we know that Xu
∼= Xr. As Σp(u − 1) = a − 1, we have

Xu
∼= Va, by Lemma 4.5 if u > p, and by the fact that Vu = Va is irreducible
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if u < p. So Xr
∼= Va has dimension a + 1 < p + 1, and Lemma 3.5 implies

that dimXr−1 < 2p + 2. Hence all of the four JH factors of Xr′ ⊗ V1 given
above cannot occur in the quotient Xr−1. We will show that the last three JH
factors, i.e., Vp−a+1⊗Da−1, Va−2⊗D and Va, always occur in Xr−1. Therefore
Vp−a−1 ⊗Da must die in Xr−1. Adding the dimensions of the JH factors we
will get dimXr−1 = a+ p+ 2, as desired.
For F (X,Y ) ∈ Vm, let δm(F ) := FX ⊗ X + FY ⊗ Y ∈ Vm−1 ⊗ V1, where
FX , FY are the usual partial derivatives of F . It is shown on [G78, p. 449]
that the injection Vp−a+1 ⊗Da−1 →֒ (Vp−a ⊗Da−1) ⊗ V1 can be given by the
map 1

p−a+1 · δp−a+1 (φ̄ in the notation of [G78]). So the monomial Xp−a+1 ∈
Vp−a+1⊗Da−1 maps to the non-zero element Xp−a⊗X ∈ (Vp−a⊗Da−1)⊗V1.

Let F ∈ X∗
r′ be the image of Xp−a under the isomorphism Vp−a⊗Da−1 ∼→ X∗

r′ .
Then under the composition of maps

Vp−a+1 ⊗Da−1 →֒ (Vp−a ⊗Da−1)⊗ V1 ∼−→ X∗
r′ ⊗ V1

φ−→ Xr−1,

the monomial Xp−a+1 7→ Xp−a ⊗ X 7→ F ⊗ X 7→ X · F 6= 0 in Xr−1. This
shows that Vp−a+1 ⊗Da−1 must be a JH factor of Xr−1.
Note that by hypothesis r ≡ 0 6≡ a mod p. We refer to Lemma 6.1 in Section
6 to show that Va−2⊗D is a JH factor of Xr−1, if 3 ≤ a ≤ p−1. For a = 2, the
hypothesis implies that r must be of the form r = pn(pm + 1) with m+ n ≥ 2.
An elementary calculation using Lucas’ theorem shows that in this case the
M -linear map Xr−1 ։ V0 ⊗ D, sending Xr−1Y 7→ 1, is well-defined. Thus
Va−2 ⊗D is a JH factor of Xr−1 for all a ≥ 2.
Finally, Va is always a JH factor of Xr−1, by [G78, (4.5)]. �

We write r = pnu, where p ∤ u and n ≥ 0 is an integer. Note that if p ∤ r, then
u simply equals r, and n = 0. Clearly u ≡ a mod (p − 1) as well, so the sum
of the p-adic digits of u− 1 lies in the congruence class a− 1 mod (p− 1). We
denote this sum by Σ := Σp(u − 1). Then the M -module structure of Xr−1

proved in this section can be summarized as follows:

Proposition 4.9. Let p ≥ 3, r > 2p, and r ≡ a mod (p − 1), with 2 ≤ a ≤
p− 1. Then with the notation above

(i) If Σ = a − 1 and p ∤ r (i.e., n = 0), then dimXr−1 = 2a and as an
M -module

Xr−1
∼= Va−2 ⊗D ⊕ Va.

(ii) If Σ = a − 1 and p | r (i.e., n > 0), then dimXr−1 = a + p + 2, and
we have the following exact sequence of M -modules

0 −→ Vp−a+1 ⊗Da−1 −→ Xr−1 −→ Va−2 ⊗D ⊕ Va → 0.

(iii) If Σ > a− 1, or equivalently Σ ≥ p+ a− 2, then dimXr−1 = 2p+ 2,
and we have the following exact sequence of M -modules

0→ Vp−a−1 ⊗Da ⊕ Vp−a+1 ⊗Da−1 → Xr−1 → Va−2 ⊗D ⊕ Va → 0.
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5. The case r ≡ 2 mod (p− 1)

With the notation of Section 2.3, let a = 2. In particular, p will denote an
odd prime throughout this section. By Proposition 2.2, we get V ∗

r /V
∗∗
r
∼=

Vp−1⊗D⊕V0⊗D as a Γ-module. For r′ := r−1, we know by [G78, (4.5)] that
Xr′/X

∗
r′
∼= V1. As usual by Lemma 3.6 and [G78, (5.2)], we get the following

commutative diagram of M -modules:

0 // X∗
r′ ⊗ V1

����

// Xr′ ⊗ V1

φ

����

// V0 ⊗D ⊕ V2

����

// 0

0 // φ(X∗
r′ ⊗ V1) // Xr−1

//
Xr−1

φ(X∗
r′ ⊗ V1)

// 0.

(5.1)

Lemma 5.1. Let p ≥ 3, r > 2p and r ≡ 2 mod (p− 1). If p ∤ r, then there is
an M -linear surjection

X∗
r−1/X

∗∗
r−1 ։ V0 ⊗D.

Proof. We claim that the following composition of maps is non-zero, hence
surjective:

X∗
r−1

X∗∗
r−1

→֒ V ∗
r

V ∗∗
r

∼= Vr−p−1

V ∗
r−p−1

⊗D ψ−1⊗ id−−−−−→ V2p−2

V ∗
2p−2

⊗D ։ V0 ⊗D,

where ψ is the M -isomorphism in [G78, (4.2)] and the rightmost surjection
is induced from the Γ-linear map in [B03b, 5.3(ii)]. Indeed, one checks that
under the above composition of maps, F (X,Y ) = Xr−1Y − XY r−1 ∈ X∗

r−1

maps to r−2p
p−1 ∈ V0⊗D, which is non-zero, as p ∤ r. Note that the composition is

automaticallyM -linear, as both its domain and range are singular modules. �

Lemma 5.2. Let p ≥ 3, r > 2p, and r ≡ 2 mod (p− 1). If p ∤ r′ := r− 1, then
φ(X∗

r′ ⊗ V1) ⊆ X∗
r−1, but φ(X∗

r′ ⊗ V1) * X∗∗
r−1.

Proof. The inclusion is obvious from the definition of the map φ. For the rest,

note that F (X,Y ) :=
p−1∑
k=0

(kX + Y )r
′ ∈ X∗

r′ , as shown in the proof of Lemma

3.1 (i). The coefficient of Xr−1Y in φ(F ⊗X) = F (X,Y ) ·X is the same as the

coefficient of Xr′−1Y in F , which is congruent to −r′ mod p. By hypothesis
p ∤ r′, so θ2 cannot divide φ(F ⊗X). Therefore φ(X∗

r′ ⊗ V1) * X∗∗
r−1. �

Lemmas 5.1 and 5.2 will be used to study the Γ-module Q. If p ∤ r(r − 1),
then we can use both the lemmas simultaneously to prove the following simple
structure of Q.

Proposition 5.3. Let p ≥ 3, r > 2p and r ≡ 2 mod (p − 1). If p ∤ r(r − 1),
then Q ∼= Vp−3 ⊗D2 as a Γ-module.

Proof. Since p ∤ r(r− 1), we have Σ = Σp(r− 1) > a− 1 = 1 with the notation
of Proposition 4.9, as otherwise Σ = 1, which forces r − 1 to be a p-power. So
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by Proposition 4.9 (iii), dimXr−1 = 2p+ 2, and we have

(5.2) 0 −→ Vp−3 ⊗D2 ⊕ Vp−1 ⊗D −→ Xr−1 −→ V0 ⊗D ⊕ V2 −→ 0,

noting that here Vp−3 ⊗D2 ⊕ Vp−1 ⊗D = φ(X∗
r′ ⊗ V1) ⊆ Xr−1.

Restricting this short exact sequence of M -modules to the largest singular
submodules, we get the structure of X∗

r−1:

(5.3) 0 −→ Vp−3 ⊗D2 ⊕ Vp−1 ⊗D −→ X∗
r−1 −→ V0 ⊗D −→ 0,

where the last surjection follows from the fact that V0 ⊗ D is a JH factor of
X∗
r−1, by Lemma 5.1.

Next we want to compute the JH factors of X∗∗
r−1. By Lemma 3.5 and [G78,

(4.5)], we have dimX∗
r = p − 2. By Lemmas 4.7 and 4.6, we get that X∗∗

r =
X∗
r
∼= Vp−3 ⊗ D2, hence this submodule of φ(X∗

r′ ⊗ V1) (⊆ X∗
r−1) is in fact

contained in X∗∗
r−1. By Lemma 5.2, the other JH factor Vp−1⊗D of φ(X∗

r′⊗V1)
cannot occur in X∗∗

r−1. Since V0⊗D occurs only once in Xr−1, Lemma 5.1 tells
that V0 ⊗D cannot be a JH factor of X∗∗

r−1. Thus X∗∗
r−1
∼= Vp−3 ⊗D2.

So now we know all the JH factors of Xr−1, X
∗
r−1 and X∗∗

r−1. As X∗
r−1/X

∗∗
r−1

has two JH factors Vp−1⊗D and V0⊗D, we have X∗
r−1/X

∗∗
r−1 = V ∗

r /V
∗∗
r , and

the left module in the bottom row of Diagram (2.2) vanishes. On the other
hand Xr−1/X

∗
r−1 has only one JH factor V2, so the short exact sequence (2.3)

of Γ-modules implies that the rightmost module in the bottom row of Diagram
(2.2) is Vp−3 ⊗D2. Therefore Q is Γ-isomorphic to Vp−3 ⊗D2. �

Next we will treat the case p | r(r − 1). Note that if p | (r − 1), then p ∤ r and
we can still use Lemma 5.1. Similarly if p | r, then p ∤ (r − 1) and we can use
Lemma 5.2.

Proposition 5.4. Let p ≥ 3, r > 2p and r ≡ 2 mod (p− 1). If p | r− 1, then
Q ∼= Vp−1 ⊗D ⊕ Vp−3 ⊗D2 as a Γ-module.

Proof. If r−1 is a pure p-power, then by Proposition 4.9 (i), Xr−1
∼= V0⊗D⊕V2

as an M -module. Hence X∗
r−1
∼= V0 ⊗D, being the largest singular submodule

of Xr−1. By Lemma 5.1, X∗∗
r−1 must be zero. In other words, Xr−1/X

∗
r−1
∼= V2

and X∗
r−1/X

∗∗
r−1
∼= V0 ⊗D.

If r − 1 is not a pure p-power, then Σp(r − 1) ≥ p. By Proposition 4.9 (iii),
dimXr−1 = 2p+ 2 and we have the exact sequence of M -modules

0 −→ Vp−3 ⊗D2 ⊕ Vp−1 ⊗D −→ Xr−1 −→ V0 ⊗D ⊕ V2 −→ 0.

Note that Vp−3 ⊗D2 ⊕ Vp−1 ⊗D = φ(X∗
r′ ⊗ V1) ⊆ Xr−1, with the notation of

Diagram (5.1). Similarly as in the proof of Proposition 5.3, we use Lemma 5.1
to obtain

0 −→ φ(X∗
r′ ⊗ V1) −→ X∗

r−1 −→ V0 ⊗D −→ 0.

As p | r′, by Lemma 3.1 (ii) we have X∗
r′ = X∗∗

r′ , therefore φ(X∗
r′ ⊗ V1) =

φ(X∗∗
r′ ⊗V1) must be contained inside X∗∗

r−1. On the other hand V0⊗D occurs
only once in Xr−1, so Lemma 5.1 implies that V0 ⊗D cannot be a JH factor
of X∗∗

r−1. Thus X∗∗
r−1 = φ(X∗

r′ ⊗ V1) ∼= Vp−3 ⊗D2 ⊕ Vp−1 ⊗D. Thus again we
get Xr−1/X

∗
r−1
∼= V2 and X∗

r−1/X
∗∗
r−1
∼= V0 ⊗D.
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Therefore by the exact sequences (2.3) and (2.5), the bottom row of Diagram
(2.2) reduces to

0 −→ Vp−1 ⊗D −→ Q −→ Vp−3 ⊗D2 −→ 0.

Now the result follows as Vp−1 ⊗D is an injective Γ-module. �

Proposition 5.5. Let p ≥ 3, r > 2p and r ≡ 2 mod (p− 1). If p | r, then the
Γ-module structure of Q is given by

0 −→ V0 ⊗D −→ Q −→ Vp−3 ⊗D2 −→ 0.

Proof. Let us write r = pnu, n ≥ 1 and p ∤ u. Looking at Diagram (5.1) and
using Proposition 4.9, we get the exact sequence of M -modules

0 −→W −→ Xr−1 −→ V0 ⊗D ⊕ V2 −→ 0,

where W = φ(X∗
r′ ⊗ V1) =

{
Vp−1 ⊗D, if Σp(u − 1) = 1,

Vp−1 ⊗D ⊕ Vp−3 ⊗D2, if Σp(u − 1) ≥ p.
Restricting the above sequence to the largest singular submodules, we get

(5.4) 0 −→W −→ X∗
r−1 −→ V0 ⊗D −→ 0,

where the last map has to be a surjection, as otherwise V0 ⊗D would be a JH
factor of Vr/V

∗
r , which is not true by the sequence (2.3).

Now we claim that the restriction of the map X∗
r−1 ։ V0 ⊗D in (5.4) to the

submodule X∗∗
r−1 is also non-zero, and hence surjective.

Proof of claim: If not, then the above map factors via η1 : X∗
r−1/X

∗∗
r−1 ։

V0 ⊗ D ⊆ V1 ⊗ V1. We can check that the elements Xr′, Y r
′ ∈ Xr′ map to

X,Y ∈ V1 respectively under the map Xr′ ։ Xr′/X
∗
r′
∼= V1. Hence, for

F = F (X,Y ) = Xr−1Y − Y r−1X = φ(Xr′ ⊗ Y − Y r′ ⊗X) ∈ φ(Xr′ ⊗ V1),

we get η1(F ) = X ⊗ Y − Y ⊗ X ∈ V1 ⊗ V1. Note that the non-zero element
X ⊗ Y − Y ⊗ X of V1 ⊗ V1 ∼= V0 ⊗ D ⊕ V2 actually belongs to V0 ⊗ D, as
it projects to XY − Y X = 0 ∈ V2. So η1(F ) 6= 0. Now we consider the
composition of maps η2 : X∗

r−1/X
∗∗
r−1 →֒ V ∗

r /V
∗∗
r ։ V0 ⊗ D, as described in

the proof of Lemma 5.1. If η2 is the zero map, then the short exact sequence
(2.4) implies that X∗

r−1/X
∗∗
r−1 ⊆ Vp−1 ⊗D, contradicting the existence of the

map η1 : X∗
r−1/X

∗∗
r−1 ։ V0 ⊗D. So η2 is a non-zero map. But the calculation

in the proof of Lemma 5.1 shows that η2(F ) = 0, since p | r. Thus we end up
with two different surjections η1, η2 : X∗

r−1/X
∗∗
r−1 ։ V0 ⊗D, one containing F

in its kernel and the other not. This forces V0 ⊗D to be a repeated JH factor
of X∗

r−1/X
∗∗
r−1, contradicting the fact that it occurs only once in X∗

r−1. Thus
the claim is proved.
If Σp(u − 1) ≥ p, then the extra JH factor Vp−3 ⊗ D2 of W is actually the
submodule X∗

r (cf. Lemma 4.6), which equals X∗∗
r , by Lemma 4.7. So this

JH factor is in fact contained in X∗∗
r−1. By Lemma 5.2, we know that W =
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φ(X∗
r′ ⊗ V1) * X∗∗

r−1. Therefore

W1 := W ∩X∗∗
r−1 =

{
0, if Σp(u− 1) = 1,

Vp−3 ⊗D2, if Σp(u− 1) ≥ p.
By the claim above, the structure of X∗∗

r−1 is now given by

0→W1 → X∗∗
r−1 → V0 ⊗D → 0.

Hence we always haveXr−1/X
∗
r−1
∼= V2, and X∗

r−1/X
∗∗
r−1
∼= W/W1

∼= Vp−1⊗D.
Next we use the exact sequences (2.3) and (2.5) to see that the bottom row of
Diagram (2.2) reduces to

0 −→ V0 ⊗D −→ Q −→ Vp−3 ⊗D2 −→ 0.

�

Remark 5.6. The short exact sequences in Proposition 2.2 split only when
a = 2, the case we are dealing with. Note that all three possible non-zero
submodules of V ∗

r /V
∗∗
r
∼= V0⊗D⊕Vp−1⊗D occur as X∗

r−1/X
∗∗
r−1 in the three

distinct cases p ∤ r(r − 1), p | (r − 1) and p | r.

6. The case r ≡ a mod (p− 1), with 3 ≤ a ≤ p− 1

In this section we describe the Γ-module structure of Q, for r ≡ a mod (p−1),
with 3 ≤ a ≤ p− 1. Note that this bound on a forces p to be at least 5.

Lemma 6.1. Let p ≥ 5, r > 2p, r ≡ a mod (p − 1), with 3 ≤ a ≤ p − 1. If
r 6≡ a mod p, then X∗

r−1/X
∗∗
r−1 contains Va−2 ⊗D as a Γ-submodule.

Proof. By the non-split short exact sequence (2.6), it is enough to show the sub-
module X∗

r−1/X
∗∗
r−1 of V ∗

r /V
∗∗
r is non-zero. Using Lemma 2.3 (i) and Lemma

2.6, one may check that the polynomial

F (X,Y ) = (a− 1)Xr−1Y +

p−1∑

k=0

kp+1−a(kX + Y )r−1X ∈ X∗
r−1.

But F /∈ V ∗∗
r , as the coefficient of Xr−1Y in F (X,Y ) is (a−1)−

(
r−1
r−2

)
= a−r 6≡

0 mod p, by hypothesis. So F maps to a non-zero element in X∗
r−1/X

∗∗
r−1. �

Lemma 6.2. Let p ≥ 5 and r ≡ a mod (p − 1), with 3 ≤ a ≤ p− 1. If r ≡ a
mod p, then we have Xr−1 ⊆ Xr + V ∗∗

r and X∗
r−1/X

∗∗
r−1 = 0.

Proof. The lemma is trivial for r = a as Va is irreducible. Thus for each a,
r = p2 − p + a is the first non-trivial integer satisfying the hypotheses. We
begin by expanding the following element of Xr:

∑

k∈Fp

kp−2(kX + Y )r ≡ −rXY r−1 −
∑

0<j<r−1
j≡a−1 mod (p−1)

(
r

j

)
·Xr−jY j mod p.
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Using Lemma 2.3 (ii) and Lemma 2.6, one checks that

F (X,Y ) :=
∑

0<j<r−1
j≡a−1 mod (p−1)

(
r

j

)
·Xr−jY j

is in fact contained in V ∗∗
r , implying that the monomial −rXY r−1 is contained

in Xr + V ∗∗
r . Since r ≡ a 6≡ 0 mod p, we have Xr−1 ⊆ Xr + V ∗∗

r . Hence
X∗
r−1 ⊆ Xr−1 ∩ (X∗

r +V ∗∗
r ), which equals Xr−1 ∩ (X∗∗

r +V ∗∗
r ), by Lemma 4.7.

But X∗∗
r ⊆ V ∗∗

r , so we have X∗
r−1 ⊆ Xr−1∩V ∗∗

r = X∗∗
r−1. The reverse inclusion

is obvious and therefore X∗
r−1 = X∗∗

r−1. �

Remark 6.3. It was proved in [GG15, Prop. 4] that Xr−1 6⊂ Xr + V ∗∗
r , for

p ≤ r ≤ p2 − p+ 2 and all primes p. The lemma above shows that the upper
bound is sharp, at least if p ≥ 5, since the smallest non-trivial r covered by the
lemma is p2 − p + 3. As we show just below, the fact that Xr−1 ⊂ Xr + V ∗∗

r

causes Q to have 3 JH factors, leading to additional complications.

Proposition 6.4. Let p ≥ 5, r > 2p and r ≡ a mod (p−1), with 3 ≤ a ≤ p−1.
The Γ-module structure of Q is as follows.

(i) If r 6≡ a mod p, then

0 −→ Vp−a+1 ⊗Da−1 −→ Q −→ Vp−a−1 ⊗Da −→ 0,

and moreover the exact sequence above is Γ-split.
(ii) If r ≡ a mod p, then

0 −→ V ∗
r /V

∗∗
r −→ Q −→ Vp−a−1 ⊗Da −→ 0,

where V ∗
r /V

∗∗
r is the non-trivial extension of Vp−a+1⊗Da−1 by Va−2⊗

D.

Proof. Let r′ := r− 1. As explained in Section 4 (cf. Proposition 4.9), we have

0 −→ φ(X∗
r′ ⊗ V1) −→ Xr−1 −→ Va−2 ⊗D ⊕ Va → 0.

Restricting the above M -linear maps to the largest singular submodules, we
get

0 −→ φ(X∗
r′ ⊗ V1) −→ X∗

r−1 −→ Va−2 ⊗D → 0.

Indeed, the short exact sequence (2.3) shows that Va−2⊗D is not a JH factor of
Vr/V

∗
r , so the surjection Xr−1 ։ Va−2⊗D cannot factor through Xr−1/X

∗
r−1,

hence the rightmost map above is surjective. As 2 ≤ a − 1 ≤ p − 2, by
Lemma 4.7 we have X∗

r′ = X∗∗
r′ . Hence by the definition of the φ map, we get

φ(X∗
r′ ⊗ V1) ⊆ X∗∗

r−1.
If r 6≡ a mod p, then Lemma 6.1 implies that X∗

r−1/X
∗∗
r−1 must have ex-

actly one JH factor, namely Va−2 ⊗ D. So we have Xr−1/X
∗
r−1
∼= Va and

X∗
r−1/X

∗∗
r−1
∼= Va−2 ⊗D. Now using the short exact sequences (2.3) and (2.6),

the bottom row of Diagram (2.2) reduces to

0 −→ Vp−a+1 ⊗Da−1 −→ Q −→ Vp−a−1 ⊗Da −→ 0.
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That the sequence splits follows from [BP12, Cor. 5.6 (i)], which implies that
there exists no non-trivial extension between the Γ-modules Vp−a−1 ⊗Da and
Vp−a+1 ⊗Da−1.
On the other hand if r ≡ a mod p, then Xr−1/X

∗
r−1
∼= Va as before, but

X∗
r−1/X

∗∗
r−1 = 0, by Lemma 6.2. Now using the short exact sequence (2.3), the

bottom row of Diagram (2.2) reduces to

0 −→ V ∗
r /V

∗∗
r −→ Q −→ Vp−a−1 ⊗Da −→ 0,

where the structure of V ∗
r /V

∗∗
r is given by the exact sequence (2.6). �

7. Combinatorial lemmas

In this section we prove some technical lemmas which are used repeatedly in
the next two sections. Only the first lemma is proved in detail as the techniques
used to prove the others are similar.

Lemma 7.1. Let r ≡ a mod (p− 1), with 2 ≤ a ≤ p− 1. Then one can choose
integers αj ∈ Z, for all j ≡ a mod (p− 1), with 0 < j < r, such that

(i)
(
r
j

)
≡ αj mod p, for all j as above,

(ii)
∑
j

αj ≡ 0 mod p3,

(iii)
∑
j≥1

j αj ≡ 0 mod p2,

(iv)
∑
j≥2

(
j
2

)
αj ≡

{(
r
2

)
mod p, if a = 2,

0 mod p, if 3 ≤ a ≤ p− 1.

Proof. For r ≤ ap, note that Σp(r) = a and one can check using Lucas’ theorem
that

(
r
j

)
≡ 0 mod p for all the j’s listed above. In this case we simply choose

αj = 0, for all j. So now assume r > ap, hence j = a, ap are both contained in
the list of j’s above. Let a′ be a fixed integer such that a′a ≡ 1 mod p2, and
then let us choose the αj , for all 0 < j < r, with j ≡ a mod (p−1), as follows:

αj =

(
r

j

)
, for j 6= a, ap,(7.1)

αa = −
∑

a< j <r
j≡a mod (p−1)

a′j

(
r

j

)
,(7.2)

αap = −
∑

j 6=a, ap

(
r

j

)
− αa.(7.3)

We will show that these αj satisfy the properties (i), (ii), (iii) and (iv).
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(i) Note that j
(
r
j

)
= r

(
r−1
j−1

)
, for any j ≥ 1. Using Lemma 2.5, for r − 1

and r respectively, we obtain

αa = −
∑

a<j<r
j≡a mod (p−1)

a′r

(
r − 1

j − 1

)
(2.5)≡ a′r

(
r − 1

a− 1

)
= a′a

(
r

a

)
≡
(
r

a

)
mod p,

αap
(2.5)≡

(
r

a

)
+

(
r

ap

)
− αa ≡

(
r

ap

)
mod p.

For j 6= a, ap, property (i) is trivially satisfied.
(ii) By our choice of αj , in fact

∑
j

αj = 0.

(iii) Since a′a ≡ 1 mod p2, using equation (7.2) we get a · αa ≡
− ∑

a<j<r,
j≡a mod (p−1)

j
(
r
j

)
mod p2. Since αap ≡

(
r
ap

)
mod p, we have

ap · αap ≡ ap
(
r
ap

)
mod p2. Using these two congruences we conclude

that
∑
j

jαj ≡ 0 mod p2, as desired.

(iv) We use property (i) and Lemma 2.5 for r − 2 to get

∑

0<j<r
j≡a mod (p−1)

(
j

2

)
αj ≡

∑

0<j<r
j≡a mod (p−1)

(
j

2

)(
r

j

)

=
∑

0<j<r
j≡a mod (p−1)

(
r

2

)(
r − 2

j − 2

)
≡

{(
r
2

)
mod p, if a = 2,

0 mod p, if 3 ≤ a ≤ p− 1.

�

Lemma 7.2. Let r ≡ b mod (p − 1), and 3 ≤ b ≤ p. If p | r − b, then one
can choose integers βj, for all j ≡ b − 1 mod (p− 1), with b − 1 ≤ j < r − 1,
satisfying:

(1) βj ≡
(
r
j

)
mod p, for all j as above,

(2)
∑
j≥n

(
j
n

)
βj ≡ 0 mod p3−n, for n = 0, 1 and 2.

Proof. As p | b−r, we have r ≡ b mod (p2−p), so we may assume r ≥ p2−p+b.
Thus we have j = b − 1, (b− 1)p are two of the j’s in the expression for Tr in
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Lemma 2.6. Let us choose

βj =

(
r

j

)
, for all j 6= b− 1, (b− 1)p,(7.4)

βb−1 = −
∑

b−1<j <r−1
j≡b−1 mod (p−1)

b′j

(
r

j

)
,(7.5)

β(b−1)p = −
∑

j 6=b−1
j 6=(b−1)p

(
r

j

)
− βb−1,(7.6)

where b′ is any integer satisfying (b−1)b′ ≡ 1 mod p2. One can now check that
the integers βj satisfy the required properties. The proof uses the congruence in
Lemma 2.6 and is similar to that of Lemma 7.1, so we leave it as an exercise. �

Lemma 7.3. Let p ≥ 3, r ≡ 1 mod (p− 1), i.e., b = p. Suppose that p2 | r− p.
Then

(i) One can choose αj ∈ Z, for all j ≡ 1 mod (p − 1), with p ≤ j < r,
satisfying:

(1) αj ≡
(
r
j

)
mod p2, for all j as above,

(2)
∑
j≥n

(
j
n

)
αj ≡ 0 mod p4−n, for n = 0, 1 and 2,

(3)
∑
j≥3

(
j
3

)
αj ≡

{
0 mod p, if p ≥ 5

1 mod p, if p = 3.

(ii) One can choose γj ∈ Z, for all j ≡ 0 mod (p−1), with p−1 ≤ j < r−1,
satisfying:

(1) γj ≡
(
r
j

)
mod p2, for all j as above,

(2)
∑
j≥n

(
j
n

)
γj ≡ 0 mod p4−n, for n = 0, 1 and 2,

(3)
∑
j≥3

(
j
3

)
γj ≡

{
0 mod p, if p ≥ 5

−1 mod p, if p = 3.

Proof. Similar to that of Lemma 7.1 and 7.2, and uses the congruences given
in Lemma 2.7. �

Remark 7.4. The integers αj , βj , γj in the lemmas above are not unique, but
their existence will be crucial for us. We will use these integers in §8 and §9 to
construct functions to eliminate JH factors of Q, and to compute the reduction
V̄k,ap , which is the main goal of this paper.

8. Elimination of JH factors

For the rest of this paper, we will work under the assumption 1 < v(ap) < 2.

Let us recall Proposition 3.3 in [BG09]: If Θ̄k,ap is a quotient of indGKZ(Vs⊗Dn)

for some 0 ≤ s ≤ p− 1, then V̄k,ap
∼= ind(ω

s+1+(p+1)n
2 ), unless s = p− 2, where

one has the additional possibility that V̄k,ap is reducible and isomorphic to
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ωn⊕ ωn on Ip, the inertia subgroup at p. Using this result one can specify the
shape of V̄k,ap when Q is irreducible as a Γ-module, up to the fact that V̄k,ap
may be occasionally reducible, as mentioned above. For example, we have

Theorem 8.1. Let p ≥ 3 and r > 2p.

(i) If r ≡ 1 mod (p − 1) and p ∤ r, then V̄k,ap
∼= ind(ω2

2). If p = 3, then

V̄k,ap can also possibly be reducible and trivial on Ip.

(ii) If r ≡ 2 mod (p− 1) and p ∤ r(r − 1), then V̄k,ap
∼= ind(ω3

2).

Proof. As 1 < v(ap) < 2, there exists a surjection indGKZQ ։ Θ̄k,ap . In part

(i), we have Q ∼= V1 by Propositions 3.3 and 3.8. In part (ii), Q ∼= Vp−3 ⊗D2

by Proposition 5.3. Since Q is irreducible in both cases, we apply [BG09, Prop.
3.3] to determine V̄k,ap . �

Remark 8.2. In fact, Theorem 9.1 in the next section will imply that the re-
ducible possibility in part (i) above never occurs. Note that for p = 3, the

condition p ∤ r implies that
(
r−1
2

)
≡ 0 mod p and therefore the hypothesis of

Theorem 9.1 is automatically satisfied.

As we have already seen, Q is usually not irreducible. It can have two and
sometimes even three JH factors as a Γ-module depending on the congruence
class of r modulo both p−1 and p. In these cases we will use the explicit formula
for the Hecke operator T acting on the space indGKZSymrQ̄2

p, to eliminate one
or two JH factors of Q, so that we can use [BG09, Prop. 3.3].
To work explicitly with the Hecke operator T , we need to recall some well-
known formulas involving T from [B03b]. For m = 0, set I0 = {0}, and for
m > 0, let

Im = {[λ0] + [λ1]p+ · · ·+ [λm−1]pm−1 : λi ∈ Fp} ⊂ Zp,
where the square brackets denote Teichmüller representatives. For m ≥ 1,
there is a truncation map [ ]m−1 : Im → Im−1 given by taking the first m− 1
terms in the p-adic expansion above; for m = 1, [ ]m−1 is the 0-map. Let
α =

(
1 0
0 p

)
. For m ≥ 0 and λ ∈ Im, let

g0m,λ =

(
pm λ
0 1

)
and g1m,λ =

(
1 0
pλ pm+1

)
,

noting that g00,0 = Id is the identity matrix and g10,0 = α in G. Recall the
decomposition

G =
∐

m≥0, λ∈Im,
i∈{0,1}

KZ(gim,λ)−1.

Thus, a general element in indGKZV , for a KZ-module V , is a finite sum of
elementary functions of the form [g, v], with g = g0m,λ or g1m,λ, for some λ ∈ Im
and v ∈ V . For a Zp-algebra R, let v =

∑r
i=0 ciX

r−iY i ∈ V = SymrR2 ⊗Ds.
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Expanding the formula (2.1) for the Hecke operator T one may write T =
T+ + T−, where

T+([g0n,µ, v]) =
∑

λ∈I1

[
g0n+1,µ+pnλ,

r∑

j=0

(
pj

r∑

i=j

ci

(
i

j

)
(−λ)i−j

)
Xr−jY j

]
,

T−([g0n,µ, v]) =

[
g0n−1,[µ]n−1

,

r∑

j=0

(
r∑

i=j

pr−ici

(
i

j

)(
µ− [µ]n−1

pn−1

)i−j)
Xr−jY j

]

(n > 0),

T−([g0n,µ, v]) =

[
α,

r∑

j=0

pr−jcjX
r−jY j

]
(n = 0).

The formulas for T+ and T− will be used to calculate the (T − ap)-image of

the functions f ∈ indGKZSymrQ̄2
p. Though T is a G-linear operator, note that

T+ and T− are not G-linear. Formulas similar to those above describe how
T acts on functions of the form [g1n,µ, v] but we will not use these functions in
this article.
An integral function, i.e., an element of indGKZSymrZ̄2

p will be said to “die mod

p”, if it maps to zero in indGKZSymrF̄2p under the standard reduction map.

Theorem 8.3. Let p ≥ 5, r > 2p, r ≡ a mod (p− 1), with 3 ≤ a ≤ p− 1. If
r 6≡ a mod p, then there exists a surjection

indGKZ(Vp−a+1 ⊗Da−1) ։ Θ̄k,ap .

As a consequence, V̄k,ap
∼= ind(ωa+p2 ), if a > 3. For a = 3, we have the

additional possibility that V̄k,ap is reducible and its restriction to Ip is ω2⊕ω2.

Proof. By Proposition 6.4 (i), we have Q ∼= J1 ⊕ J2 as a Γ-module, where

J1 = Vp−a+1 ⊗Da−1 and J2 = Vp−a−1 ⊗Da. Let F1 be the image of indGKZJ1
in Θ̄k,ap under the surjection indGKZQ։ Θ̄k,ap , and let F2 denote the quotient

Θ̄k,ap/F1. Then we have the commutative diagram:

0 // indGKZJ1

����

// indGKZQ

����

// indGKZJ2

����

// 0

0 // F1
// Θ̄k,ap

// F2
// 0.

We will construct a function in Xk,ap = ker(indGKZVr ։ Θ̄k,ap), which maps

to a function of the form [g, v] ∈ indGKZJ2 under the surjection in the top row
above, for some g ∈ G and 0 6= v ∈ J2. Since the G-span of [g, v] is all of

indGKZJ2, we get F2 = 0 and Θ̄k,ap
∼= F1 is a quotient of indGKZJ1. The final

conclusion follows by applying [BG09, Prop. 3.3].
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Consider the function f ∈ indGKZSymrQ̄2
p defined by f := f2 + f1 + f0 with

f2 =
∑

λ∈Fp

[
g02,p[λ],

1

p
·
(
Y r −Xp−1Y r−p+1

) ]
,

f1 =


 g

0
1,0,

(p− 1)

pap
·

∑

0<j<r
j≡a mod (p−1)

αj · Xr−jY j


 ,

f0 =

{
0, if a < p− 1,[
Id, (1−p)p ·

(
Xr −Xr−p+1Y p−1

)]
, if a = p− 1,

where the αj ∈ Z are integers satisfying the four properties stated in Lemma
7.1.
Applying the explicit formulas for T+ and T−, using Lemma 7.1 and the
facts r > 2p, 3 ≤ p − 1 and 1 < v(ap) < 2, we get that the functions
T−f0, T−f1, T+f1, apf0, apf2 are all integral and die mod p. We compute that

T+f2 ∈ indGKZ〈Xr−1Y 〉Z̄p + p · indGKZSymrZ̄2
p, hence it maps to 0 ∈ indGKZQ.

Next we use the formulas for T−, T+ and the identity (2.7) to compute that

T−f2 − apf1 + T+f0 ≡
[
g01,0, F (X,Y )

]
mod p,

where

F (X,Y ) =
∑

0<j<r
j≡a mod (p−1)

(p− 1)

p

((
r

j

)
− αj

)
·Xr−jY j + Y r.

Note that F (X,Y ) is integral, as αj ≡
(
r
j

)
mod p, for each j, by Lemma 7.1.

All the information above together implies that (T − ap)f ∈ indGKZSymrZ̄2
p,

so its reduction lies in Xk,ap . Moreover, the reduction (T − ap)f maps to

[g01,0, , Pr2(F )] ∈ indGKZJ2, where Pr2 : Q ։ J2 is the projection map. It is

clear from Diagram (2.2) that Pr2 is induced by the map Vr ։
Vr
V ∗
r

։ J2.

Noting that the monomial Y r maps to 0 in Q, we have

Pr2(F ) = −Pr2


∑

j

1

p

((
r

j

)
− αj

)
·Xr−jY j




= −
∑

j

1

p

((
r

j

)
− αj

)
· Pr2(Xr−aY a),

since all the mixed monomials in F (X,Y ) are congruent to scalar multiples of

Xr−aY a modulo V ∗
r . Under the composition Vr/V

∗
r

∼−→ Va+p−1/V
∗
a+p−1 ։

Vp−a−1 ⊗Da = J2, where the first isomorphism is ψ−1 of [G78, (4.2)] and the
next surjection is induced from [B03b, Lem. 5.3], we have

Xr−aY a mod V ∗
r 7→ Xp−1Y a mod V ∗

a+p−1 7→ Xp−1−a 6= 0.
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Therefore Pr2(F ) = c · Pr2(Xr−aY a) = c · Xp−1−a, where c is the mod p

reduction of the sum −∑
j

1

p
·
((
r
j

)
− αj

)
∈ Z. By property (ii) of the integers αj

stated in Lemma 7.1, c is the reduction of −1

p
·∑
j

(
r
j

)
∈ Z, which is congruent to

r − a
a

mod p, by Lemma 2.5. By hypothesis, r 6≡ a mod p, so we get c ∈ F̄∗p.
Thus the reduction (T − ap)f maps to [g, v] ∈ indGKZJ2, where g = g01,0 ∈ G
and v = c ·Xp−1−a is a non-zero element in J2, and we are done. �

The following theorem is complementary to Theorem 8.1 (ii).

Theorem 8.4. Let p ≥ 3, r > 2p, r ≡ 2 mod (p − 1). If p | r(r − 1), then

V̄k,ap
∼= ind(ω2+p

2 ).

Proof. If p | r(r − 1), then Q has two JH factors by Propositions 5.4 and
5.5. We will eliminate the JH factor J2 = Vp−3 ⊗ D2. We take the function
f = f0 + f1 + f2 as in the proof of Theorem 8.3, for a = 2. Note that property
(iv) in Lemma 7.1 implies that

∑
j

(
j
2

)
αj ≡

(
r
2

)
≡ 0 mod p, by hypothesis.

Now by the same argument as in Theorem 8.3, we eliminate the JH factor J2,
except for the following subtlety: to show T−f1 ≡ 0 mod p, we used the bound
3 ≤ p−1 in Theorem 8.3. This cannot be used in the present case as a = 2 and
so p = 3 is allowed. But p | r(r− 1) implies that αr−p+1 ≡

(
r

r−p+1

)
≡ 0 mod p

by Lucas’ theorem. This ensures that T−f1 dies mod p even in this case.
Therefore if p | r − 1, then we have a surjection indGKZ(Vp−1 ⊗ D) ։ Θ̄k,ap

by Proposition 5.4, and if p | r, then we have indGKZ(V0 ⊗ D) ։ Θ̄k,ap by
Proposition 5.5. Now we use [BG09, Prop. 3.3] to draw the final conclusion. �

Next we treat some cases where Q has three JH factors and those coming from
V ∗
r /V

∗∗
r are to be eliminated. We begin by stating the following easy lemma.

Note that we already have a complete solution to the problem in the case b = 2
by Theorem 8.1 (ii) and Theorem 8.4. So we assume b ≥ 3 from now on.

Lemma 8.5. Let p ≥ 3, r > 2p, r ≡ b mod (p− 1), with 3 ≤ b ≤ p. Then we
have the non-split short exact sequence of Γ-modules

0→ J0 := Vb−2 ⊗D → V ∗
r /V

∗∗
r → J1 := Vp−b+1 ⊗Db−1 → 0, where

(i) The monomials Y b−2, Xb−2 ∈ J0 map to θY r−p−1 and θXr−p−1 re-
spectively in V ∗

r /V
∗∗
r .

(ii) The polynomials θY r−p−1, θXr−p−1 ∈ V ∗
r /V

∗∗
r map to 0 ∈ J1 and

θXr−p−b+1Y b−2 maps to Xp−b+1 ∈ J1.
Proof. The exact sequence is given by Proposition 2.2. By [G78, (4.1), (4.2)],

we have an isomorphism V ∗
r /V

∗∗
r

ψ−1⊗id−−−−−→ (Vp+b−3/V
∗
p+b−3) ⊗ D. Then one

computes the images of the polynomials mentioned above under the Γ-maps
Vb−2⊗D →֒ (Vp+b−3/V

∗
p+b−3)⊗D and (Vp+b−3/V

∗
p+b−3)⊗D ։ Vp−b+1⊗Db−1

respectively, using the explicit formulas from [B03b, Lem. 5.3]. �
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The next two theorems are complementary to Theorem 8.3 above.

Theorem 8.6. Let p ≥ 5, r > 2p and r ≡ b mod (p− 1), with 4 ≤ b ≤ p− 1.

If r ≡ b mod p, then V̄k,ap
∼= ind(ωb+1

2 ).

Proof. By Proposition 6.4 (ii), Q contains V ∗
r /V

∗∗
r as a submodule, which is

an extension of J1 by J0, with the notation of Lemma 8.5. Let F0,1 denote the

image of indGKZ(V ∗
r /V

∗∗
r ) inside Θ̄k,ap , and let F2 := Θ̄k,ap/F0,1. Then we have

the following commutative diagram of G-maps

0 // indGKZ(V ∗
r /V

∗∗
r )

����

// indGKZQ

����

// indGKZJ2

����

// 0

0 // F0,1
// Θ̄k,ap

// F2
// 0,

where J2 = Vp−b−1 ⊗ Db. We will show that F0,1 = 0, under the hypothesis
r ≡ b mod p.
Consider f = f0 + f1 ∈ indGKZSymrQ̄2

p, given by

f1 =
∑

λ∈F∗
p

[
g01,[λ],

p

ap
[λ]p−2 ·

(
Y r −Xr−bY b

)]

+

[
g01,0,

r(1 − p)
ap

·
(
XY r−1 −Xr−b+1Y b−1

)]
,

f0 =


Id,

∑

0<j<r−1
j≡b−1 mod (p−1)

p(p− 1)

a2p
· βjXr−jY j


 ,

where the βj are the integers from Lemma 7.2.
Using b > 2 and the fact that p | r − b, we check that T+f1 ≡ 0 mod p.
Similarly, T−f0 ≡ 0 mod p, since v(a2p/p) < 3 ≤ p. We use the fact b >
3, together with the properties satisfied by the integers βj in Lemma 7.2 to
conclude that T+f0 ≡ 0 mod p as well. Next we compute that

T−f1 − apf0 ≡


Id,

∑

0<j<r−1
j≡b−1 mod (p−1)

(p− 1)p

ap

((
r

j

)
− βj

)
·Xr−jY j


 ,

which again dies mod p, since βj ≡
(
r
j

)
mod p for each j, by Lemma 7.2.

Finally we get (T − ap)f is integral and (T − ap)f ≡ −apf1 mod p. As r ≡ b
mod p, we have
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(T − ap)f

≡ −
[
g01,0, r(1 − p) · (XY r−1 −Xr−b+1Y b−1)

]

≡ −
[
g01,0, −b · θ

(
r − p− b+ 1

p− 1
·Xr−p−b+1Y b−2 + Y r−p−1

)
mod V ∗∗

r

]

≡
[
g01,0, −b · θ

(
Xr−p−b+1Y b−2 − Y r−p−1

)]
mod p.

Let v be the image of −b · θ
(
Xr−p−b+1Y b−2 − Y r−p−1

)
in V ∗

r /V
∗∗
r . Then

the reduction (T − ap)f maps to
[
g01,0, v

]
∈ indGKZ(V ∗

r /V
∗∗
r ) ⊆ indGKZQ. By

Lemma 8.5, v maps to the non-zero element −b·Xp−b+1 ∈ J1 = Vp−b+1⊗Db−1.
As the short exact sequence (2.6) is non-split, v generates the whole module

V ∗
r /V

∗∗
r over Γ, so the element

[
g01,0, v

]
generates indGKZ(V ∗

r /V
∗∗
r ) over G.

Thus F0,1 = 0 and hence Θ̄k,ap
∼= F2 is a quotient of indGKZ(Vp−b−1 ⊗ Db).

Finally we apply [BG09, Prop. 3.3] to get the structure of V̄k,ap . �

However, for b = 3 ≤ p−1, we do not have a complete solution to the problem of
computing V̄k,ap when r ≡ b mod p(p−1). But we have the following theorem

which is applicable whenever v(ap) 6= 3
2 . It is also applicable if v(ap) = 3

2 ,

unless the unit
a2p
p3 reduces to 1 in F̄p.

Theorem 8.7. Let p ≥ 5, r > 2p and r ≡ 3 mod p(p− 1). If v(ap) = 3
2 , then

assume that v(a2p − p3) = 3. Then V̄k,ap
∼= ind(ω4

2).

Proof. If v(ap) ≤ 3/2, then we consider f = f0 + f1, where f0 are f1 are as
in the proof of Theorem 8.6 with b = 3. The formula for the Hecke operator
shows that (T − ap)f is still integral. As b = 3, now T+f0 does not necessarily
die mod p. In fact we have

T+f0 ≡
[
g01,0,

p3(p− 1)

a2p

(
2

2

)
β2 ·Xr−2Y 2

]
mod p,

which is integral because v(a2p) ≤ 3, and we have

(T − ap)f ≡ T+f0 − apf1

≡
[
g01,0,

p3(p− 1)

a2p
β2 ·Xr−2Y 2 − r(1 − p)

(
XY r−1 −Xr−2Y 2

)]
mod p.

Note that r ≡ 3 mod p and also β2 ≡
(
r
2

)
≡
(
3
2

)
= 3 mod p by Lucas’ theo-

rem. As XY r−1 vanishes in Q, the reduction (T − ap)f maps to the image of[
g01,0, 3

(
1− p3/a2p

) (
Xr−2Y 2 −XY r−1

)]
in indGKZQ. The hypothesis implies

that 1 − p3/a2p is a p-adic unit. So, the module indGKZ(V ∗
r /V

∗∗
r ) maps to 0 in

Θ̄k,ap , as explained in the proof of Theorem 8.6.
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If v(ap) > 3/2, then we consider the new function f ′ =
a2p
p3
· f = f ′

0 + f ′
1, with

f ′
1 =

∑

λ∈F∗
p

[
g01,[λ],

ap
p2

[λ]p−2 ·
(
Y r −Xr−3Y 3

)]

+

[
g01,0,

(1 − p)rap
p3

·
(
XY r−1 −Xr−2Y 2

)]
,

f ′
0 =


Id,

∑

0<j<r−1
j≡2 mod (p−1)

(p− 1)

p2
· βj Xr−jY j


 ,

where the βj are the integers from Lemma 7.2. The computations are
very similar to the previous case, except that now we have apf

′
1 ≡ 0

mod p, since v(a2p/p
3) > 0. Finally we get (T − ap)f

′ ≡ T+f ′
0 ≡[

g01,0, (p− 1)β2 ·Xr−2Y 2
]

mod p. So the reduction (T − ap)f ′ maps to the

image of
[
g01,0, 3(XY r−1 −Xr−2Y 2)

]
in indGKZQ. The rest of the proof follows

as in the previous case. �

Remark 8.8. Note that when b = 3 and p | r− b, the hypothesis (⋆) in Theorem
1.1 is equivalent to the condition v(a2p − p3) = 3 above. If v(a2p − p3) > 3,

so necessarily v(ap) = 3
2 , we can only show that V̄k,ap is either ind(ω4

2) or

ind(ω3+p
2 ), or it is reducible of the form ω2 ⊕ ω2 or ω3 ⊕ ω on Ip.

The following theorem is complementary to Theorem 8.1 (i). It treats the case
p | r ≡ 1 mod p−1, where Q has two JH factors. With the notation of Lemma
7.2, a = 1 is equivalent to b = p, and so the condition p | r can also be stated
as r ≡ b mod p.

Theorem 8.9. For p ≥ 3, let p < r ≡ 1 mod (p − 1) and suppose p | r. If
p = 3 and v(ap) = 3

2 , then further assume that v(a2p − p3) = 3. Then we have

(i) If p2 ∤ r − p, then there is a surjection indGKZV1 ։ Θ̄k,ap . As a con-

sequence, V̄k,ap
∼= ind(ω2

2) unless p = 3, in which case V̄k,a3 may be
reducible, and trivial on I3.

(ii) If p2 | r − p, then there is a surjection indGKZ(Vp−2 ⊗D) ։ Θ̄k,ap . As

a consequence, either V̄k,ap
∼= ind(ω2

2) or V̄k,ap is reducible, with the
shape ω ⊕ ω on Ip.

Proof. By Proposition 3.12 (iii), we have Q ∼= V ∗
r /V

∗∗
r is an extension of J1 =

V1 by J0 = Vp−2⊗D. Let F0 ⊆ Θ̄k,ap be the image of indGKZJ0 under the map

indGKZQ։ Θ̄k,ap . Then F1 := Θ̄k,ap/F0 is a quotient of indGKZJ1 and we have
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the following commutative diagram:

0 // indGKZJ0

����

// indGKZQ

����

// indGKZJ1

����

// 0

0 // F0
// Θ̄k,ap

// F1
// 0.

We show F0 = 0 if p2 ∤ r − p and F1 = 0 if p2 | r − p. Then (i) and (ii) will
follow as usual.

(i) Consider f = f2 + f1 + f0 ∈ indGKZSymrQ̄2
p, given by

f2 =
∑

λ∈Fp

[
g02,p[λ],

[λ]p−2

p
· (Y r −Xr−pY p)

]
,

f1 =


 g

0
1,0,

p− 1

pap
·

∑

0<j<r−1
j≡0 mod (p−1)

βj · Xr−jY j


 ,

f0 =

[
Id,

1− p
p
· (Xr −XpY r−p)

]
,

where the βj are the integers from Lemma 7.2. Using the formula for the Hecke
operator, one checks that T+f2, T

−f1,−apf2, T−f0,−apf0 are all integral and
die mod p. Also T+f1 ≡ 0 mod p by Lemma 7.2, i.e., by the properties
satisfied by the integers βj . Moreover,

T−f2 + T+f0 − apf1 ≡
 g

0
1,0,

(p− 1)

p
·




∑

0<j<r−1
j≡0 mod (p−1)

((
r

j

)
− βj

)
·Xr−jY j + rXY r−1





mod p.

Note that the function above is integral because each βj ≡
(
r
j

)
mod p by

Lemma 7.2, and p | r by hypothesis. Now modifying the polynomial above

by a suitable XY r−1-term, we can see that (T − ap)f has the same image as[
g01,0, (p− 1)

(
F (X,Y ) +

(p− r)θY r−p−1

p

)]
in indGKZQ, where

F (X,Y ) =
∑

0<j<r−1
j≡0 mod (p−1)

1

p

((
r

j

)
− βj

)
·Xr−jY j − (p− r)

p
·XpY r−p.

Using Lemmas 7.2, 2.7 and 2.6 we see that F (X,Y ) ∈ V ∗∗
r , by Lemma 2.3.

Hence (T − ap)f maps to the image of
(r − p)
p

·
[
g01,0, θY

r−p−1
]

in indGKZQ.

By hypothesis, p2 ∤ r − p. Thus c = (r − p)/p is a non-zero element in F̄p. By

Lemma 8.5 (i), the element c · [g01,0, Y p−2] ∈ indGKZJ0 maps to 0 ∈ F0 ⊆ Θ̄k,ap .
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Since c · [g01,0, Y p−2] generates all of indGKZJ0 as a G-module, we have F0 = 0

and Θ̄k,ap
∼= F1 is a quotient of indGKZJ1.

(ii) If p2 | r − p, we consider the function f = f2 + f1 + f0 ∈ indGKZSym Q̄2
p,

given by

f2 =
∑

λ∈F∗
p

[
g02,p[λ],

[λ]p−2

ap
· (Y r −Xr−pY p)

]

+

[
g02,0,

(1− p)r
pap

· (XY r−1 −Xr−p+1Y p−1)

]
,

f1 =


 g

0
1,0,

p− 1

a2p
·

∑

0<j<r−1
j≡0 mod (p−1)

γj · Xr−jY j


 ,

f0 =

[
Id,

1− p
ap
· (Xr −XpY r−p)

]
,

where the γj are integers from Lemma 7.3 (ii). Using Lemma 7.3 we check
that if either p ≥ 5 or if p = 3 and v(ap) < 3/2, then T+f2, T

+f0 + T−f2 −
apf1, T

−f1, T+f1, T
−f0 are all integral and die mod p. That leaves us with

(T − ap)f ≡ −apf0 − apf2 ≡
∑

λ∈F∗
p

[
g02,p[λ],−[λ]p−2 · (Y r −Xr−pY p)

]

+

[
g02,0,

(p− 1)r

p
(XY r−1 −Xr−p+1Y p−1)

]

+
[
Id, (p− 1) · (Xr −XpY r−p)

]
mod p.

Hence the image of the reduction (T − ap)f in indGKZQ is the same as that of
∑

λ∈F∗
p

[ g02,p[λ],−[λ]p−2 · (Xr−1Y −Xr−pY p) ]

+[ g02,0,
(p−1)r
p (XY r−1 −Xr−p+1Y p−1)] + [Id, (p− 1) · (XY r−1 −XpY r−p)].

As we have r/p ≡ 1 mod p by hypothesis, the function above is congruent to
∑

λ∈F∗p

[g02,p[λ],−[λ]p−2θXr−p−1 ]+[g02,0, X
r−p+1Y p−1−XY r−1]+[Id, θY r−p−1] mod p.

Since Xr−p+1Y p−1 −XY r−1 = θ · (Xr−2p+1Y p−2 + · · ·+ Y r−p−1), we have

Xr−p+1Y p−1 −XY r−1 ≡ θ ·

(
(r − 2p+ 1)

p− 1
·Xr−2p+1Y p−2 + Y r−p−1

)
mod V ∗∗

r .

Applying Lemma 8.5 (ii) we get that (T − ap)f maps to
[
g02,0, −X

]
∈ indGKZJ1

under the map indGKZQ։ indGKZ J1. As [g02,0,−X ] generates all of indGKZJ1 as

a G-module, we get F1 = 0 and so Θ̄k,ap
∼= F0 is a quotient of indGKZJ0.
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If p = 3 and v(ap) ≥ 3/2, then note that T−f1 and T+f1 do not die mod p
any more, and (T − ap)f is not necessarily integral. In this case we consider
the modified new function f ′ := (a2p/p

3) · f , with f as above. Then one checks

(T − ap)f ′ is integral and maps to c · [g02,0, X ] ∈ indGKZJ1, where c = 1− a2p/p3.
By the extra hypothesis in the case v(ap) = 3/2, c is always a non-zero element
in F̄p, and thus the JH factor J1 is killed again. �

Remark 8.10. In the next section we will show that in part (i) above the
reducible case does not occur when p = 3, and that in part (ii) V̄k,ap is always
reducible.

9. Separating out reducible and irreducible cases

If Θ̄k,ap is a quotient of indGKZ(Vp−2 ⊗ Dn), then [BG09, Prop. 3.3] fails to

determine V̄k,ap . In this case, either V̄k,ap
∼= ind(ω

p−1+n(p+1)
2 ) is irreducible

or it is reducible with V̄k,ap |Ip ∼= ωn ⊕ ωn. We have faced this problem in the
following cases, cf. Theorems 8.1 (i), 8.3 and 8.9.

(1) If b = 3 and p1+v(b) ∤ r − b, then we have indGKZ
(
Vp−2 ⊗D2

)
։ Θ̄k,ap ,

hence

V̄k,ap |Ip ∼=
{

ind(ωp+3
2 ), or

ω2 ⊕ ω2.

(2) If b = p and p2 | r− b, then under the extra hypothesis ‘v(ap) = 3/2⇒
v(a2p−p3) = 3, when p = 3’, we have indGKZ (Vp−2 ⊗D) ։ Θ̄k,ap , hence

V̄k,ap |Ip ∼=
{

ind(ω2
2), or

ω ⊕ ω.

In this section we mostly separate out the reducible and irreducible possibilities
above. We will show that V̄k,ap is ‘almost always’ irreducible in the first case
whereas it is always reducible in the second case above. In the first case,
we work under the mild hypothesis (⋆) in Theorem 1.1. Note that (⋆) holds

trivially if p |
(
r−1
2

)
. In particular, it holds for the smallest new weight treated

in this paper, namely, k = 2p+ 3.

Theorem 9.1. Let p ≥ 3, r > 2p, r ≡ 3 mod (p − 1) and p1+v(3) ∤ r − 3.

If v(ap) = 3
2 , then further assume that v

(
a2p −

(
r−1
2

)
(r − 2)p3

)
= 3. Then

V̄k,ap
∼= ind(ωp+3

2 ) is irreducible.

Proof. Assuming the hypothesis, we will show that the G-map indGKZJ1 ։
Θ̄k,ap given by Propositions 3.3, 3.8 and Theorem 8.9 (i) for p = 3, and by
Theorem 8.3 for p ≥ 5, factors through the cokernel of the Hecke operator T
acting on indGKZJ1, where J1 = Vp−2 ⊗D2.
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If v(a2p) ≤ v
((
r−1
2

))
+ 3, we consider the function f = f2 + f1 + f0, where

f2 =
∑

λ∈Fp

[
g02,p[λ],

1

ap
· θ(Xr−p−2Y − Y r−p−1)

]
,

f1 =


g

0
1,0,

∑

0<j<r−1
j≡2 mod (p−1)

(p− 1)p

a2p
· αjXr−jY j


 ,

f0 =

{
0, if p ≥ 5[
Id, (1−p)p

ap
· (Xr −Xr−p+1Y p−1)

]
, if p = 3,

where the αj are integers from Lemma 7.1, applied with r−1 ≡ 2 mod (p−1),
instead of r.
It is easy to see using the formula for the Hecke operator that T+f2, T−f1 are
integral and die mod p. Moreover,

T−f2 − apf1 + T+f0 ≡


g

0
1,0,

∑

0<j<r−1
j≡2 mod (p−1)

(p− 1)p

ap
·

((
r − 1

j

)
− αj

)
Xr−jY j




dies mod p, since v(ap) < 2 and each αj ≡
(
r−1
j

)
mod p, by Lemma

7.1. Also, T−f0 and apf0 die mod p, which is relevant only when p = 3.
We use the four properties of the αj in Lemma 7.1, and the fact that

v(a2p) ≤ v
((
r−1
2

))
+ 3 to conclude that T+f1 is also integral and that T+f1 ≡

∑
λ∈Fp

[
g02,p[λ],

p3(p− 1)

a2p

(
r−1
2

)
·Xr−2Y 2

]
mod p. Thus (T−ap)f is integral and

is congruent to

∑

λ∈Fp

[
g02,p[λ], −θ(Xr−p−2Y − Y r−p−1) +

p3(p− 1)

a2p

(
r − 1

2

)
·Xr−2Y 2

]
mod p.

The image of Xr−2Y 2 in Q is the same as that of Xr−2Y 2 −XY r−1, which is

θ · (Xr−p−2Y + · · ·+ Y r−p−1) ≡ θ ·

(
r − p− 2

p− 1
·Xr−p−2Y + Y r−p−1

)
mod V ∗∗

r .

Hence (T − ap)f maps to

∑

λ∈Fp

[
g02,p[λ], −Xp−2 +

p3

a2p

(
r − 1

2

)
(r − 2) ·Xp−2

]
∈ indGKZ(Vp−2 ⊗D2),

by Lemma 8.5. This equals c · T ([g01,0, X
p−2]), with c = p3

a2p

(
r−1
2

)
(r − 2)− 1.

Using the hypothesis one checks that the constant c ∈ F̄p is non-zero, hence the

map indGKZ J1 ։ Θ̄k,ap factors through π(p− 2, 0, ω2). Therefore the reducible

case cannot occur and V̄k,ap
∼= ind

(
ωp+3
2

)
.
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Now let v(a2p) > v
((
r−1
2

))
+ 3. As v(a2p) < 4, this forces p ∤

(
r−1
2

)
and so

v(a2p) > 3. Note that in this case (T − ap)f is not integral for the f above.
However, we can use the following modified function f ′ = f ′

2 + f ′
1 + f ′

0 :

f ′
2 =

a2p
p3
· f2 =

∑

λ∈Fp

[
g02,p[λ],

ap · θ(Xr−p−2Y − Y r−p−1)

p3

]
,

f ′
1 =

a2p
p3
· f1 =


g

0
1,0,

∑

0<j<r−1
j≡2 mod (p−1)

(p− 1)

p2
· αjXr−jY j


 ,

f ′
0 =

a2p
p3
· f0 =

{
0, if p ≥ 5[
Id,

(1−p)ap
p2 · (Xr −Xr−p+1Y p−1)

]
, if p = 3,

with the same αj as before. Now apf
′
2, apf

′
0 dies mod p, as v(a2p) > 3. Also

T+f ′
2, T−f ′

1, T−f ′
0 and T−f ′

2 − apf ′
1 + T+f ′

0 die mod p as before, and hence

(T − ap)f ′ ≡ T+f ′
1 ≡

∑

λ∈Fp

[
g02,p[λ], (p− 1)

(
r − 1

2

)
Xr−2Y 2

]
mod p.

This maps to
∑
λ∈Fp

[
g02,p[λ], (r − 2)

(
r−1
2

)
·Xp−2

]
= (r − 2)

(
r−1
2

)
· T ([g01,0, X

p−2])

under the map indGKZVr ։ indGKZQ ։ indGKZJ1, as shown above. Since (r −
2)
(
r−1
2

)
is a p-adic unit, the map indGKZJ1 ։ Θ̄k,ap factors through the image

of T , and we have V̄k,ap
∼= ind(ωp+3

2 ). �

Surprisingly, if b = p and p2 | r − p, then V̄k,ap is always reducible, at least if
p ≥ 5. This is the first time in this paper that we have obtained a family of
examples where V̄k,ap is reducible, for slopes in the range 1 < v(ap) < 2. The
following theorem describes the action of both inertia and Frobenius elements.

Theorem 9.2. Let p ≥ 3, r > 2p and r ≡ 1 mod (p− 1), i.e., b = p. If p = 3
and v(ap) = 3

2 , then further assume that v(a2p − p3) = 3. If p2 | r − p, then
V̄k,ap is reducible and

V̄k,ap
∼= unr

(√
−1
)
ω ⊕ unr

(
−
√
−1
)
ω.

Proof. We claim that the map indGKZJ0 ։ Θ̄k,ap given by Theorem 8.9 (ii),
where J0 = Vp−2 ⊗D, factors through

indGKZ(Vp−2 ⊗D)

(T 2 + 1)
∼= π

(
p− 2,

√
−1, ω

)
⊕ π

(
p− 2,−

√
−1, ω

)
.

Once this claim is proved, the result follows as we know that Θ̄k,ap lies in the
image of the mod p Local Langlands Correspondence.
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Proof of the claim: We consider f = f2 + f1 + f0 ∈ indGKZ SymrQ̄2
p, given by

f2 =
∑

λ∈Fp,
µ∈F∗

p

[
g02, p[µ]+[λ] ,

1

ap
· (Y r −Xr−pY p)

]

+
∑

λ∈Fp

[
g02,[λ] ,

(1− p)
ap

· (Y r −Xr−pY p)

]
,

f1 =
∑

λ∈Fp


 g

0
1,[λ],

(p− 1)

a2p
·

∑

1<j<r
j≡1 mod (p−1)

αj · Xr−jY j


 ,

f0 =

[
Id,

r

pap
· (Xr−1Y −Xr−pY p)

]
,

where the αj are integers from Lemma 7.3 (i). If either p ≥ 5 or p = 3 and
v(ap) < 3/2, then we use the fact that p2 | r− p and the properties satisfied by
the αj to conclude that all of T+f2, T+f1, T

−f1, T−f0, T−f2 − apf1 + T+f0
are integral and die mod p. Thus (T − ap)f is integral, and is congruent to
−apf2 − apf0 mod p, which equals

∑

λ, µ∈Fp

[
g02, p[µ]+[λ] , X

r−pY p − Y r
]
−
[
Id,

r

p
· (Xr−1Y −Xr−pY p)

]
.

Since Y r, Xr−1Y map to 0 in Q, and as r/p ≡ 1 mod p by hypothesis,

the image of the integral function above in indGKZQ is the same as that of

− ∑
λ, µ∈Fp

[
g02, p[µ]+[λ], θX

r−p−1
]
−
[
Id, θXr−p−1

]
, which, by the formula for T 2

and by Lemma 8.5, is the image of

(T 2 + 1)[Id,−Xp−2] =
∑

λ, µ∈Fp

[
g02, p[µ]+[λ], −Xp−2

]
+
[
Id, −Xp−2

]
∈ indGKZJ0

in indGKZQ. As [Id,−Xp−2] generates indGKZJ0, the image (T 2 + 1)(indGKZJ0)

must map to 0 under the G-map indGKZJ0 ։ Θ̄k,ap .
When p = 3 and v(ap) ≥ 3/2, then (T − ap)f is not necessarily integral for the
function f above. However, if we consider f ′ := (a2p/p

3) · f , then (T − ap)f ′ is

integral with reduction equal to the image of c·(T 2+1)[Id, X ] ∈ indGKZJ0 inside

indGKZQ, for c = 1− a2p/p3 ∈ F̄p. By the extra hypothesis when v(ap) = 3/2,
we see c is non-zero, and the result follows as before. �

Errata to [GG15]

• p. 256, l. 21: α =
(
0 1
p 0

)
should be α =

(
1 0
0 p

)
.

• p. 267, l. 13: “hat” should be “that”.
• p. 273, l. 15: Sym Q̄2

p should be Sym2pQ̄2
p.

• p. 274, l. 15 and l. 18: “3 ≤ a ≤ p− 3” should be “3 ≤ a ≤ p− 1”.
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• p. 284: When a = p − 1, part (2) of Lemma 28 is not true, since

d0 = − p−1
p is not integral and so w is non-integral. This can be

corrected by modifying the function f2. Set f = f0 + f2, with
f0 = [Id, 1p (Xr−p+1Y p−1−Xr)]. One checks that T−f0 is integral and

vanishes mod p and that T+f0 + T−f2 = [g01,0, w
′], with w′ integral.

Thus, (T − ap)f is integral and the proof of Theorem 27 proceeds as
before with w replaced by w′.
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Abstract. In this paper we prove that the linear Koszul duality
isomorphism for convolution algebras in K-homology of [MR3] and
the Fourier transform isomorphism for convolution algebras in Borel–
Moore homology of [EM] are related by the Chern character. So,
Koszul duality appears as a categorical upgrade of Fourier transform
of constructible sheaves. This result explains the connection between
the categorification of the Iwahori–Matsumoto involution for graded
affine Hecke algebras in [EM] and for ordinary affine Hecke algebras
in [MR3].
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Introduction

0.1

This article is a sequel to [MR1, MR2, MR3]. It links two kinds of “Fourier”
transforms prominent in mathematics, the Fourier transform for constructible
sheaves and the Koszul duality. This is done in a particular situation which is
of interest in representation theory, namely the context of convolution algebras.
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0.2 Chern character map

Our geometric setting consists of two vector subbundles F1, F2 of a trivial vector
bundle X × V over a (smooth and proper) complex algebraic variety X . We
consider the fiber product F1×V F2 as well as the dual object – the fiber product
F⊥
1 ×V ∗ F⊥

2 of orthogonal complements of F1 and F2 inside the dual vector
bundle X×V ∗. The linear Koszul duality mechanism from [MR1, MR2, MR3]
is a geometric version of the standard Koszul duality between graded modules
over the symmetric algebra of a vector space and graded modules over the
exterior algebra of the dual vector space. Here, this formalism provides an
equivalence of categories of equivariant coherent sheaves on the derived fiber

products F1
R×F2 and F⊥

1

R×F⊥
2 (in the sense of dg-schemes). In particular we get

an isomorphism of equivariant K-homology groups of algebraic varieties F1×V
F2 and F⊥

1 ×V ∗F⊥
2 .1 On the other hand, the Fourier transform for constructible

sheaves provides an isomorphism of equivariant Borel–Moore homologies of
fiber products F1 ×V F2 and F⊥

1 ×V ∗ F⊥
2 , see [EM].

Our main result shows that the maps in K-homology and in Borel–Moore ho-
mology are related by the Chern character map (the “Riemann–Roch map”)
from equivariant K-homology to (completed) equivariant Borel–Moore homol-
ogy.2 In this way, linear Koszul duality appears as a categorical upgrade of the
topological Fourier transform.

0.3 Convolution algebras

In Representation Theory the above setting provides a geometric construction
of algebras. Indeed, when F1 = F2 =: F then the equivariant K-homology and
Borel–Moore homology of F ×V F have structures of convolution algebras; for
simplicity in this introduction we denote these AK(F ) and ABM(F ). The Chern

character provides a map of algebras AK(F )→ ÂBM(F ) from the K-homology
algebra to a completion of the Borel–Moore homology algebra [CG, Kat]. This
gives a strong relation between their representation theories: one obtains results
on the representation theory of the (more interesting) algebra AK(F ) through
the relation to the representation theory of the algebra ABM(F ) which is more
accessible.3 In this setting, the maps

ıK : AK(F )
∼−→ AK(F⊥), ıBM : ABM(F )

∼−→ ABM(F⊥)

induced respectively by linear Koszul duality and by Fourier transform are
isomorphisms of algebras.

1 Note that K-homology does not distinguish the derived fiber product from the usual
fiber product of varieties, see [MR3].

2 For simplicity we work under a technical assumption on Fi’s which is satisfied in all
known applications.

3 The reason is the powerful machinery of perverse sheaves that one can use in the topo-
logical setting, see [CG].
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An important example of this mechanism appears in the study of affine Hecke
algebras, see [KL, CG]. The Steinberg variety Z of a complex connected re-
ductive algebraic group G (with simply connected derived subgroup) is of the
above form F ×V F where the space X is the flag variety B of G, the vector
space V is the dual g∗ of the Lie algebra g of G, and F is the cotangent bun-
dle T ∗B. The G×Gm-equivariant K-homology and Borel–Moore homology of
the Steinberg variety Z are then known to be realizations of the affine Hecke
algebra Haff of the dual reductive group Ǧ (with equal parameters) and of the
corresponding graded affine Hecke algebra Haff . In this case the dual version
F⊥ ×V ∗ F⊥ turns out to be another – homotopically equivalent – version of
the Steinberg variety Z. Therefore, ıK and ıBM are automorphisms of Haff

and Haff , respectively. In fact these are (up to minor “correction factors”)
geometric realizations of the Iwahori–Matsumoto involution of Haff (see [EM])
and Haff (see [MR3]). The Chern character map can also be identified, in this
case, with (a variant of) a morphism constructed (by algebraic methods) by
Lusztig [L1]. So, in this situation, Theorem 1.9.1 explains the relation between
results of [MR3] and [EM].

0.4 Character cycles and characteristic cycles

In [Kas], Kashiwara introduced for a group G acting on a space X an invariant
of a G-equivariant constructible sheaf F on X . This is an element chG(F)
of the Borel–Moore homology of the stabilizer space GX := {(g, x) ∈ G ×X |
g ·x = x}. He “linearized” this construction to an element chg(F) of the Borel–
Moore homology of the analogous stabilizer space gX for the Lie algebra g of
the group G. Under some assumptions (that put one in the above geometric
setting) he proved that the characteristic cycle of F is the image of chg(F)
under a Fourier transform map in Borel–Moore homology (see [Kas, §1.9]).
This work is the origin of papers on Iwahori–Matsumoto involution [EM] and
linear Koszul duality [MR1]. From this point of view, the present paper is a
part of the effort to categorify Kashiwara’s character cycles.

0.5 Conventions and notation

In the body of the paper we will consider many morphisms involving K-
homology and Borel–Moore homology. We use the general convention that
morphisms involving only K-homology are denoted using bold letters, those
involving only Borel–Moore homology are denoted using fraktur letters, and
the other ones are denoted using “sans serif” letters.

If X is a complex algebraic variety endowed with an action of a reductive
algebraic group A, we denote by Coh

A(X) the category of A-equivariant co-
herent sheaves on X . If Y ⊂ X is an A-stable closed subvariety we denote
by Coh

A
Y (X) the subcategory consisting of sheaves supported set-theoretically

on Y ; recall that DbCohAY (X) identifies with a full subcategory in DbCohA(X).
When considering Gm-equivariant coherent sheaves, we denote by 〈1〉 the func-
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tor of tensoring with the tautological 1-dimensional Gm-module.

0.6 Organization of the paper

In Section 1 we define all our morphisms, and state our main result (Theorem
1.9.1). In Section 2 we study more closely the case of convolution algebras, and
even more closely the geometric setting for affine Hecke algebras; in this case
we make all the maps appearing in Theorem 1.9.1 explicit. In Sections 3 and
4 we prove some compatibility statements for our constructions, and we apply
these results in Section 5 to the proof of Theorem 1.9.1. Finally, Appendix A
contains the proofs of some technical lemmas needed in other sections.
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1 Definitions and statement

1.1 Equivariant homology and cohomology

If A is a complex linear algebraic group acting on a complex algebraic va-
riety Y , we denote by DAconst(Y ) the A-equivariant derived category of con-
structible complexes on Y with complex coefficients, see [BL]. Let CY , re-
spectively DY , be the constant, respectively dualizing, sheaf on Y . These are
objects of DAconst(Y ). We also denote by DY : DAconst(Y )

∼−→ DAconst(Y )op the
Grothendieck–Verdier duality functor.
If M is in DAconst(Y ), the i-th equivariant cohomology of Y with coefficients in
M is by definition

H
i
A(Y,M) := ExtiDAconst(Y )(CY ,M).

In particular, the equivariant cohomology and Borel–Moore homology of Y are
defined by

H
i
A(Y ) := H

i
A(Y,CY ), H

A
i (Y ) := H

−i
A (Y,DY ).

We will also use the notation

H•
A(Y ) :=

⊕

i∈Z

HiA(Y ), Ĥ•
A(Y ) :=

∏

i∈Z

HiA(Y ),

HA• (Y ) :=
⊕

i∈Z

HAi (Y ), ĤA• (Y ) :=
∏

i∈Z

HAi (Y ).
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(By construction of the equivariant derived category, see [BL, §2.2], these def-
initions coincide – up to grading shift – with the definitions used e.g. in [L2,
EG2, BZ] using some “approximations” of EA.) Note that with our conven-
tions, one can have HAi (Y ) 6= 0 for i < 0. We will use the general convention
that we denote by the same symbol an homogeneous morphism between vec-
tor spaces of the form HA• (·) or H•

A(·) and the induced morphism between the

associated vector spaces ĤA• (·) or Ĥ•
A(·).

The vector spaces H•
A(Y ) and HA• (Y ) have natural gradings, and most mor-

phisms between such spaces that will occur in this paper will be homogeneous.
We will sometimes write a morphism e.g. as H•

A(Y ) → H
•+d
A (Y ′) to indicate

that it shifts degrees by d.
There exists a natural (right) action of the algebra H•

A(Y ) on HA• (Y ) induced by
composition of morphisms in DAconst(Y ); it extends to an action of the algebra

Ĥ•
A(Y ) on ĤA• (Y ).

We will also denote by KA(Y ) the A-equivariant K-homology of Y , i.e. the
Grothendieck group of the category of A-equivariant coherent sheaves on Y .
We will frequently use the following classical constructions. If Z is another
algebraic variety endowed with an action of A, and if f : Z → Y is a proper
A-equivariant morphism, then there exist natural “proper direct image” mor-
phisms

pdif : KA(Z)→ KA(Y ), resp. pdif : HA• (Z)→ HA• (Y ),

see [CG, §5.2.13], resp. [CG, §2.6.8].4 Each of these maps satisfies a projection
formula; in particular for c ∈ H•

A(Y ) and d ∈ HA• (Z) we have

pdif (d · f∗(c)) = pdif (d) · c, (1.1.1)

where f∗ : H•
A(Y )→ H•

A(Z) is the natural pullback morphism.
On the other hand, if Y is smooth, Y ′ ⊂ Y is an A-stable smooth closed
subvariety, and Z ⊂ Y is a not necessarily smooth A-stable closed subvariety,
then we have “restriction with supports” morphisms

res : KA(Z)→ K
A(Z∩Y ′), resp. res : HA• (Z)→ H

A
•−2 dim(Y )+2 dim(Y ′)(Z∩Y ′)

associated with the inclusion Y ′ →֒ Y , see [CG, p. 246], resp. [CG, §2.6.21].
(The definition of the second morphism is recalled in §A.5.) Note that the
morphism res satisfies the formula

res(c · d) = res(c) · i∗(d) (1.1.2)

for c ∈ HA• (Z) and d ∈ H•
A(Z), where i : Z ∩Y ′ →֒ Z is the embedding and i∗ is

the pullback in cohomology as in (1.1.1). (In the non-equivariant setting, this

4Only non-equivariant Borel–Moore homology is considered in [CG]. However, the con-
structions for equivariant homology are deduced from these, since the equivariant homology
of Y can be described in terms of ordinary homology of various spaces of the form U ×A Y
where U is an “approximation” of EA, see e.g. [EG1, §2.8].
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follows from [CG, Equation (2.6.41)] and the definition of res in [CG, §2.6.21];
the equivariant case follows using the remark in Footnote 4.)
Finally, if E → Y is an A-equivariant vector bundle, then we have the Thom
isomorphism

HA• (E) ∼= HA•−2rk(E)(Y ).

1.2 Fourier–Sato transform

Let again A be a complex linear algebraic group, and let Y be an A-variety.
If r : E → Y is an A-equivariant (complex) vector bundle, we equip it with an
A×Gm-action where t ∈ Gm acts by multiplication by t−2 along the fibers of r.
We denote by E⋄ the A×Gm-equivariant dual vector bundle (so that t ∈ Gm

acts by multiplication by t2 along the fibers of the projection to Y ), and by
E∗ the dual A-equivariant vector bundle, which we equip with a Gm-action
where t ∈ Gm acts by multiplication by t−2 along the fibers. We denote by
ř : E∗ → X the projection.
The Fourier–Sato transform defines an equivalence of categories

FE : DA×Gm

const (E)
∼−→ DA×Gm

const (E⋄). (1.2.1)

This equivalence is constructed as follows (see [KS, §3.7]; see also [AHJR, §2.7]
for a reminder of the main properties of this construction). Let Q := {(x, y) ∈
E ×Y E⋄ | Re(〈x, y〉) ≤ 0}, and let q : Q → E, q̌ : Q → E⋄ be the projections.
Then we have

FE := q̌!q
∗.

(This equivalence is denoted (·)∧ in [KS]; it differs by a cohomological shift
from the equivalence TE of [AHJR].)
Inverse image under the automorphism of A×Gm which sends (g, t) to (g, t−1)
establishes an equivalence of categories

DA×Gm

const (E⋄)
∼−→ DA×Gm

const (E∗), (1.2.2)

see [BL, Chap. 6]. We will denote by

FE : DA×Gm

const (E)
∼−→ DA×Gm

const (E∗)

the composition of (1.2.1) and (1.2.2).
Let F ⊂ E be an A-stable subbundle, and denote by F⊥ ⊂ E∗ the orthogonal
to F . Then one can consider the constant sheaf CF as an object of DA×Gm

const (E).
(Here and below, we omit direct images under closed inclusions when no confu-
sion is likely.) Similarly, we have the object CF⊥ of DA×Gm

const (E∗). The following
result is well known; we reproduce the proof for future reference.

Lemma 1.2.3. There exists a canonical isomorphism

FE(CF ) ∼= CF⊥ [−2rk(F )].
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Proof. It is equivalent to prove a similar isomorphism for FE. For simplicity
we denote F⊥ by the same symbol when it is considered as a subbundle of E⋄.
By definition of FE we have a canonical isomorphism

FE(CF ) ∼= q̌F !CQF ,

where QF := q−1(F ) ⊂ Q and q̌F is the composition of q̌ with the inclusion
QF →֒ Q. There is a natural closed embedding iF : F ×Y F⊥ →֒ QF ; we denote
by UF the complement and by jF : UF →֒ QF the inclusion. The natural exact

triangle jF !CUF → CQF → iF∗CF×XF⊥
+1−−→ provides an exact triangle

qF !jF !CUF → qF !CQF → qF!
iF !CF×XF⊥

+1−−→ .

Using the fact that H•
c(R≥0;C) = 0, one can easily check that qF !jF !CUF = 0, so

that the second map in this triangle is an isomorphism. Finally, qF ◦ iF : F ×Y
F⊥ → E⋄ identifies with the composition of the projection F ×X F⊥ → F⊥

with the embedding F⊥ →֒ E⋄. We deduce a canonical isomorphism

qF !CQF
∼= CF⊥ [−2rk(F )],

which finishes the proof.

We will mainly use these constructions in the following situation. Let V be an
A-module (which we will consider as an A-equivariant vector bundle over the
variety pt := Spec(C)), and let E := V × Y , an A-equivariant vector bundle
over Y . We denote by p : E → V , p̌ : E∗ → V ∗ the projections. As above, let
F ⊂ E be an A-stable subbundle.

Corollary 1.2.4. There exists a canonical isomorphism

FV (p!CF ) ∼= p̌!CF⊥ [−2rk(F )]. (1.2.5)

Proof. By [KS, Proposition 3.7.13] (see also [AHJR, §A.4]) we have a canonical
isomorphism of functors

FV ◦ p! ∼= p̌! ◦ FE .
In particular we deduce an isomorphism FV (p!CF ) ∼= p̌!FE(CF ). Then the
result follows from Lemma 1.2.3.

1.3 Equivariant homology as an Ext-algebra

From now on we let G be a complex connected reductive algebraic group, X be
a smooth and proper complex algebraic variety, and V be a finite dimensional
G-module. Let E := V ×X , considered as a G×Gm-equivariant vector bundle
as in §1.2, and let F1, F2 be G-stable subbundles of the vector bundle E over
X . As in §1.2, we denote by p : E → V the projection, and by F⊥

1 , F
⊥
2 ⊂ E∗

the orthogonals to F1 and F2. Then there exists a canonical isomorphism

canF1,F2 : HG×Gm

• (F1 ×V F2)
∼−→ Ext

2 dim(F2)−•
DG×Gm

const (V )
(p!CF1

, p!CF2
).
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Let us explain (for future reference) how this isomorphism can be constructed,
following [CG, L3]. Consider the cartesian diagram

E ×V E � � j //

µ

��

E × E
p×p
��

V
� � ∆ // V × V

where ∆ is the diagonal embedding. Then in [CG, Equation (8.6.4)] (see also
[L3, §1.15 and §2.4]) the authors construct a canonical and bifunctorial isomor-
phism

µ∗j
!(DE(A1) ⊠A2) ∼= RHomC(p!A1, p!A2)

for A1, A2 in DG×Gm

const (E). Applying equivariant cohomology, we obtain an
isomorphism

Ext•DG×Gm
const (V )

(p!A1, p!A2) ∼= H•
G×Gm

(
E ×V E, j!(DE(A1) ⊠A2)

)
. (1.3.1)

Setting A1 = CF1
, A2 = CF2

we deduce an isomorphism

Ext•DG×Gm
const (V )

(p!CF1
, p!CF2

) ∼= H
•
G×Gm

(
E ×V E, j!(DF1

⊠ CF2
)
)
.

Let a : F1 × F2 →֒ E × E be the inclusion, and consider the cartesian diagram

F1 ×V F2
� � b //

� _

k

��

E ×V E� _
j

��
F1 × F2

� � a // E × E.

Then using the base change isomorphism we obtain

H•
G×Gm

(
E ×V E, j!(DF1

⊠ CF2
)
) ∼= H•

G×Gm

(
E ×V E, j!a∗(DF1

⊠ CF2
)
)

∼= H
•
G×Gm

(
E ×V E, b∗k!(DF1

⊠ CF2
)
) ∼= H

•
G×Gm

(
F1 ×V F2, k

!(DF1
⊠ CF2

)
)
.

Now we use the canonical isomorphisms CF2
∼= DF2

[−2 dim(F2)] (since F2 is
smooth) and k!(DF1

⊠DF2
) ∼= k!(DF1×F2

) ∼= DF1×V F2
to obtain the isomorphism

canF1,F2 .

1.4 The Fourier isomorphism

We continue with the setting of §1.3, and denote by p̌ : E∗ → V ∗ the projection.
Then we have canonical isomorphisms

canF1,F2 : HG×Gm

• (F1 ×V F2)
∼−→ Ext

2 dim(F2)−•
DG×Gm

const (V )
(p!CF1

, p!CF2
);

canF⊥
1 ,F

⊥
2

: HG×Gm
• (F⊥

1 ×V ∗ F⊥
2 )

∼−→ Ext
2 dim(F⊥

2 )−•
DG×Gm

const (V ∗)
(p̌!CF⊥

1
, p̌!CF⊥

2
).
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On the other hand, through the canonical isomorphisms FV (p∗CFi)
∼=

p̌∗CF⊥
i

[−2rk(Fi)] for i = 1, 2 (see (1.2.5)), the functor FV induces an iso-
morphism

Ext•DG×Gm
const (V )

(p!CF1
, p!CF2

)
∼−→ Ext

•−2rk(F2)+2rk(F1)

DG×Gm
const (V ∗)

(p̌!CF⊥
1
, p̌!CF⊥

2
).

We denote by

FourierF1,F2
: HG×Gm

• (F1 ×V F2)
∼−→ H

G×Gm

•+2 dim(F⊥
2 )−2 dim(F1)

(F⊥
1 ×V ∗ F⊥

2 )

the resulting isomorphism. This isomorphism, considered in particular in [EM],
was the starting point of our work on linear Koszul duality.

1.5 Linear Koszul duality

Let us recall the definition and main properties of linear Koszul duality, fol-
lowing [MR1, MR2, MR3]. In this paper we will only consider the geometric
situation relevant for convolution algebras, as considered in [MR3, §4]. How-
ever we will allow using two different vector bundles F1 and F2; the setting of
[MR3, §4] corresponds to the choice F1 = F2.

We continue with the setting of §1.3, and denote by ∆V ⊂ V ×V the diagonal
copy of V . We will consider the derived category

DcG×Gm

(
(∆V ×X ×X)

R∩E×E (F1 × F2)
)

as defined in [MR3, §3.1]. By definition this is a subcategory of the derived
category of G×Gm-equivariant quasi-coherent dg-modules over a certain sheaf
of OX×X -dg-algebras on X × X , which we will denote by AF1,F2 . Note that
the derived intersection

(∆V ×X ×X)
R∩E×E (F1 × F2)

is quasi-isomorphic to the derived fiber product F1
R×V F2 in the sense of [BR,

§3.7].

Similarly we have a derived category

DcG×Gm

(
(∆V ∗ ×X ×X)

R∩E∗×E∗ (F⊥
1 × F⊥

2 )
)
.

We denote by ωX the canonical line bundle on X . Then by [MR3, Theorem
3.1] there exists a natural equivalence of triangulated categories

KF1,F2 : DcG×Gm

(
(∆V ×X ×X)

R∩E×E (F1 × F2)
)

∼−→ DcG×Gm

(
(∆V ∗ ×X ×X)

R∩E∗×E∗ (F⊥
1 × F⊥

2 )
)op

.
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More precisely, [MR3, Theorem 3.1] provides an equivalence of categories

κF1,F2 : DcG×Gm

(
(∆V ×X ×X)

R∩E×E(F1 × F2)
)

∼−→ DcG×Gm

(
(∆V ⋄ ×X ×X)

R∩E⋄×E⋄(F⊥
1 × F⊥

2 )
)op

where ∆V ⋄ ⊂ V ⋄ × V ⋄ is the antidiagonal copy of V ⋄. (The construction of
[MR3] depends on the choice of an object E in DbCohG×Gm(X×X) whose image
in DbCoh(X ×X) is a dualizing object; here we take E = OX ⊠ ωX [dim(X)].)
Then KF1,F2 is the composition of κF1,F2 with the natural equivalence

DcG×Gm

(
(∆V ⋄ ×X ×X)

R∩E⋄×E⋄ (F⊥
1 × F⊥

2 )
) ∼−→

DcG×Gm

(
(∆V ⋄ ×X ×X)

R∩E⋄×E⋄ (F⊥
1 × F⊥

2 )
)

(see [MR3, §4.3]) and the natural equivalence

DcG×Gm

(
(∆V ⋄ ×X ×X)

R∩E⋄×E⋄ (F⊥
1 × F⊥

2 )
) ∼−→

DcG×Gm

(
(∆V ∗ ×X ×X)

R∩E∗×E∗ (F⊥
1 × F⊥

2 )
)

induced by the automorphism of Gm sending t to t−1.
Note that we have H0(AF1,F2) = (πF1,F2)∗OF1×V F2 , where πF1,F2 : F1×V F2 →
X × X is the projection (which is an affine morphism). Hence, using [MR3,
Lemma 5.1] and classical facts on affine morphisms, one can canonically identify

the Grothendieck group of the category DcG×Gm

(
(∆V ×X×X)

R∩E×E (F1×F2)
)

with KG×Gm(F1×V F2). We have a similar isomorphism for F⊥
1 and F⊥

2 ; hence
the equivalence KF1,F2 induces an isomorphism

KoszulF1,F2 : KG×Gm(F1 ×V F2)
∼−→ KG×Gm(F⊥

1 ×V ∗ F⊥
2 ).

1.6 Duality and parity conjugation in K-homology

To obtain a precise relation between the maps FourierF1,F2
of §1.4 and

KoszulF1,F2 of §1.5 we will need two auxiliary maps in K-homology.
Our first map has a geometric flavour, and is induced by Grothendieck–Serre
duality. More precisely, consider the “duality” equivalence

DG×Gm

F⊥
1 ,F

⊥
2

: DbCohG×Gm(F⊥
1 × F⊥

2 )→ DbCohG×Gm(F⊥
1 × F⊥

2 )op

associated with the dualizing complex OF⊥
1
⊠ωF⊥

2
[dim(F⊥

2 )], which sends G to

RHomO
F⊥
1

×F⊥
2

(G, OF⊥
1
⊠ ωF⊥

2
)[dim(F⊥

2 )],

see e.g. [MR3, §2.1] and references therein. (Here, ωF⊥
2

is the canonical

line bundle on F⊥
2 , endowed with its natural G × Gm-equivariant structure.)
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This equivalence induces a (contravariant) auto-equivalence of the subcategory
DbCohG×Gm

F⊥
1 ×V ∗F⊥

2
(F⊥

1 × F⊥
2 ), which we denote similarly. We denote by

DF⊥
1 ,F

⊥
2

: KG×Gm(F⊥
1 ×V ∗ F⊥

2 )
∼−→ KG×Gm(F⊥

1 ×V ∗ F⊥
2 )

the induced automorphism at the level of Grothendieck groups.
Our second map is a “correction factor”, with no interesting geometric
interpretation. Namely, the direct image functor under the projection
πF⊥

1 ,F
⊥
2

: F⊥
1 ×V ∗ F⊥

2 → X × X (an affine morphism) induces an equivalence

between Coh
G×Gm(F⊥

1 ×V ∗ F⊥
2 ) and the category of locally finitely generated

G × Gm-equivariant modules over the OX×X -algebra (πF⊥
1 ,F

⊥
2

)∗OF⊥
1 ×V ∗F⊥

2
.

Since Gm acts trivially on X × X , one can consider (πF⊥
1 ,F

⊥
2

)∗OF⊥
1 ×V ∗F⊥

2

as a graded G-equivariant OX×X -algebra, and this grading is concentrated
in even degrees. Hence if F is any module over this algebra, then we have
F = Feven⊕Fodd where Feven, resp. Fodd, is concentrated in even, resp. odd,
degrees. We denote by

iF⊥
1 ,F

⊥
2

: KG×Gm(F⊥
1 ×V ∗ F⊥

2 )
∼−→ K

G×Gm(F⊥
1 ×V ∗ F⊥

2 )

the automorphism which sends the class of a module F = Feven ⊕ Fodd as
above to [Feven]− [Fodd].

1.7 Reminder on the equivariant Riemann–Roch theorem

Let us recall the definition and the main properties of the “equivariant
Riemann–Roch morphism” for a complex algebraic variety, following [EG2].
(See also [BZ] for a more direct treatment, without much details.) Let A be a
complex linear algebraic group, acting on a complex algebraic variety Y . Then
we have a “Riemann–Roch” morphism

τAY : KA(Y )→ ĤA• (Y ).

More precisely, we define this morphism as the composition

KA(Y ) −→
∏

i≥0

Q⊗Z CH
i
A(Y ) −→

∏

i∈Z

HAi (Y ) = ĤA• (Y ), (1.7.1)

where CH
i
A(Y ) is the i-th equivariant Chow group, see [EG2, §1.2], the first ar-

row is the morphism constructed in [EG2, Section 3], and the second morphism
is induced by the “equivariant cycle map” of [EG1, §2.8].

Remark 1.7.2. It follows from [EG2, Theorem 4.1] that the first morphism
in (1.7.1) induces an isomorphism between a certain completion of Q⊗ZK

A(Y )
and

∏
i≥0Q⊗ZCH

i
A(Y ). Hence, if the equivariant cycle map is an isomorphism,

a similar claim holds for our morphism τAY .

Below we will use the following properties of the map τAY , which follow from
the main results of [EG2].

Documenta Mathematica 20 (2015) 989–1038



1000 Ivan Mirković, Simon Riche

Theorem 1.7.3 (Equivariant Riemann–Roch theorem). If f : Y → Y ′ is an
A-equivariant proper morphism, then we have

τAY ′ ◦ pdif = pdif ◦ τAY .

Proof. By [EG2, Theorem 3.1(b)], the first arrow in (1.7.1) is compatible with
proper direct image morphisms (in the obvious sense). And by [Fu, p. 372] the
second arrow is also compatible with proper direct image morphisms, complet-
ing the proof. (More precisely, only the non-equivariant setting is considered
in [Fu], but the equivariant case follows, using the same arguments as in Foot-
note 4.)

If F is an A-equivariant vector bundle over Y , then one can define its (coho-
mological) equivariant Chern classes in H•

A(Y ), and define a (cohomological)

equivariant Todd class tdA(F ) ∈ Ĥ•
A(Y ), see [EG2, Section 3] or [BZ, §3] for

similar constructions. This element is invertible in the algebra Ĥ•
A(Y ). If Y is

smooth, we denote by TdAY the equivariant Todd class of the tangent bundle
of Y .
The following result can be stated and proved under much weaker assumptions,
but only this particular case will be needed.

Proposition 1.7.4. Let Y be a smooth A-variety, and let f : Z →֒ Y be the
embedding of a smooth subvariety with normal bundle N . Then we have

resf ◦ τAY (x) =
(
τAZ ◦ resf (x)

)
· tdA(N)

for any x ∈ KA(Y ), where resf : HA• (Y ) → HA•−2 dim(Y )+2 dim(Z)(Z) and

resf : KA(Y )→ KA(Z) are the “restriction with supports” morphisms.

Proof. A similar formula for the first arrow in (1.7.1) follows from [EG2, The-
orem 3.1(d)]. To deduce our result we need to check that the equivariant cycle
map commutes with restriction with supports and with multiplication by a
Todd class. In the non-equivariant situation, the first claim follows from [Fu,
Example 19.2.1] and the second one from [Fu, Proposition 19.1.2]. The equiv-
ariant case follows, using the same arguments as in Footnote 4.

Remark 1.7.5. Note that, in the setting of Proposition 1.7.4, we have f∗TdAY =
TdAZ · tdA(N), where f∗ is as in (1.1.1). (In fact, this formula easily follows
from the compatibility of Chern classes with pullback and extensions of vector
bundles.)

Finally we will need the following fact, which follows from [EG2, Theo-
rem 3.1(d)] applied to the projection Y → pt (see also [BZ, Theorem 5.1]).

Proposition 1.7.6. If Y is smooth, then

τAY (OY ) = [Y ] · TdAY ,

where [Y ] is the equivariant fundamental class of Y (i.e. the image of the fun-
damental class in the Chow group from [EG1, §2.2] under the cycle map).
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1.8 Riemann–Roch maps

Following [CG, §5.11], we consider the “bivariant Riemann–Roch maps”

RRF1,F2
: K

G×Gm(F1 ×V F2)→ Ĥ
G×Gm

• (F1 ×V F2),

RRF⊥
1 ,F

⊥
2

: KG×Gm(F⊥
1 ×V ∗ F⊥

2 )→ ĤG×Gm
• (F⊥

1 ×V ∗ F⊥
2 )

defined by

RRF1,F2
(c) = τG×Gm

F1×V F2
(c) ·

(
1 ⊠ (TdG×Gm

F2
)−1
)
,

RRF⊥
1 ,F

⊥
2

(d) = τG×Gm

F⊥
1 ×V ∗F⊥

2

(d) ·
(
(TdG×Gm

F⊥
1

)−1 · TdG×Gm

X ⊠ (TdG×Gm

X )−1
)
.

In the expression for RRF1,F2
, 1 ⊠ (TdG×Gm

F2
)−1 is considered as an element of

Ĥ•
G×Gm

(F1 ×V F2) through the composition

Ĥ
•
(G×Gm)2(F1 × F2)→ Ĥ

•
G×Gm

(F1 × F2)→ Ĥ
•
G×Gm

(F1 ×V F2)

where the first morphism is the restriction morphism associated with the
diagonal embedding of G × Gm, and the second morphism is the pullback
in equivariant cohomology. In the expression for RRF⊥

1 ,F
⊥
2

, first we con-

sider TdG×Gm

X as an element of Ĥ•
G×Gm

(E∗) using the Thom isomorphism

H•
G×Gm

(E∗)
∼−→ H•

G×Gm
(X); then the same conventions as above allow to con-

sider (TdG×Gm

F⊥
1

)−1 ·TdG×Gm

X ⊠ (TdG×Gm

X )−1 as an element in Ĥ•
G×Gm

(F⊥
1 ×V ∗

F⊥
2 ).

1.9 Statement

The main result of this paper is the following.

Theorem 1.9.1. Assume that the proper direct image morphism

HG×Gm
• (F⊥

1 ×V ∗ F⊥
2 )→ HG×Gm

• (F⊥
1 ×V ∗ E∗) (1.9.2)

induced by the inclusion F⊥
2 →֒ E∗ is injective. Then the following diagram

commutes:

KG×Gm(F1 ×V F2)
i
F⊥
1 ,F⊥

2
◦D

F⊥
1 ,F⊥

2
◦KoszulF1,F2

//

RRF1,F2

��

KG×Gm(F⊥
1 ×V ∗ F⊥

2 )

RR
F⊥
1 ,F⊥

2
��

ĤG×Gm• (F1 ×V F2)
FourierF1,F2 // ĤG×Gm• (F⊥

1 ×V ∗ F⊥
2 ).

The proof of Theorem 1.9.1 is given in §5.3. It is based on compatibility (or
functoriality) results for all the maps considered in the diagram, which are
stated in Sections 3 and 4; some of these results might be of independent
interest. Let us point out that our assumption is probably not needed for the
result to hold.
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Remark 1.9.3. (Injectivity assumption.) The fiber product F⊥
1 ×V ∗ E∗ is iso-

morphic to F⊥
1 ×X , hence is a vector bundle over X2. In particular, by the

Thom isomorphism we have

HG×Gm

• (F⊥
1 ×V ∗ E∗) ∼= H

G×Gm

•−2rk(F⊥
1 )

(X ×X). (1.9.4)

Moreover, by [CG, Lemma 5.4.35] the following diagram commutes, where
m = dim(F⊥

2 ):

HG×Gm• (F⊥
1 ×V ∗ F⊥

2 ) //

��

HomH•
G×Gm

(pt)

(
HG×Gm• (F⊥

2 ),HG×Gm

•−2m (F⊥
1 )
)

≀
��

H
G×Gm

•−2rk(F⊥
1 )

(X ×X) // HomH•
G×Gm

(pt)

(
H
G×Gm

•−2rk(F⊥
2 )

(X),HG×Gm

•−2m−2rk(F⊥
1 )

(X)
)
.

(1.9.5)
Here the horizontal arrows are induced by convolution, the left vertical arrow is
the composition of (1.9.2) and the isomorphism (1.9.4), and the right vertical
arrow is induced by the respective Thom isomorphisms. Assume now that
Hodd
c (X) = 0 (e.g. that X is paved by affine spaces). Then one can easily check

that the lower horizontal arrow in diagram (1.9.5) is an isomorphism. Hence
in this case our assumption is equivalent to injectivity of the upper horizontal
arrow. If moreover F1 = F2 = F , then HG×Gm• (F⊥ ×V ∗ F⊥) is an algebra
and HG×Gm• (F⊥) is a module over this algebra. In this case our assumption
amounts to the condition that the action on this module is faithful.

1.10 An injectivity criterion for (1.9.2)

The following result gives an easy criterion which ensures that the assumption
of Theorem 1.9.1 is satisfied.

Proposition 1.10.1. Assume that Hodd
c (F⊥

1 ×V ∗ F⊥
2 ) = 0. Then the proper

direct image morphism

HG×Gm
• (F⊥

1 ×V ∗ F⊥
2 )→ HG×Gm

• (F⊥
1 ×V ∗ E∗)

induced by the inclusion F⊥
2 →֒ E∗ is injective.

Proof. Let T be a maximal torus of G. Then we have a commutative diagram

HG×Gm• (F⊥
1 ×V ∗ F⊥

2 ) //

��

HG×Gm• (F⊥
1 ×V ∗ E∗)

��
HT×Gm• (F⊥

1 ×V ∗ F⊥
2 ) // HT×Gm• (F⊥

1 ×V ∗ E∗)

where horizontal arrows are proper direct image morphisms, and vertical arrows
are forgetful maps. The left vertical arrow is injective: indeed, by our assump-
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tion and [L2, Proposition 7.2], there exist (non-canonical) isomorphisms

HG×Gm

• (F⊥
1 ×V ∗ F⊥

2 ) ∼= H
−•
G×Gm

(pt)⊗C H•(F⊥
1 ×V ∗ F⊥

2 ), (1.10.2)

HT×Gm
• (F⊥

1 ×V ∗ F⊥
2 ) ∼= H

−•
T×Gm

(pt)⊗C H•(F⊥
1 ×V ∗ F⊥

2 ) (1.10.3)

such that our forgetful morphism is induced by the natural morphism
H•
G×Gm

(pt) → H•
T×Gm

(pt), which is well known to be injective. Hence, to
prove that the upper horizontal arrow is injective it is sufficient to prove that
the lower horizontal arrow is injective.
If Q denotes the fraction field of H := H•

T×Gm
(pt), then using again isomorphism

(1.10.3), the natural morphism

HT×Gm

• (F⊥
1 ×V ∗ F⊥

2 )→ Q⊗H HT×Gm

• (F⊥
1 ×V ∗ F⊥

2 )

is injective. We deduce that to prove the proposition it suffices to prove that
the induced morphism

Q⊗H H
T×Gm

• (F⊥
1 ×V ∗ F⊥

2 )→ Q⊗H H
T×Gm

• (F⊥
1 ×V ∗ E∗)

is injective. Let Y := (X ×X)T denote the T -invariants in X ×X . Then we
have

Y = (F⊥
1 ×V ∗ F⊥

2 )T×Gm = (F⊥
1 ×V ∗ E∗)T×Gm .

Consider the commutative diagram

HT×Gm• (F⊥
1 ×V ∗ F⊥

2 )
α // HT×Gm• (F⊥

1 ×V ∗ E∗)

HT×Gm• (Y )

β

hh❘❘❘❘❘❘❘❘❘❘❘❘❘ γ

66❧❧❧❧❧❧❧❧❧❧❧❧❧

where all morphisms are proper direct image morphisms in homology. Then
by the localization theorem (see [L3, Proposition 4.4] or [EM, Theorem B.2])
both β and γ become isomorphisms after applying Q ⊗H (·). Hence the same
is true for α; in particular idQ ⊗H α is injective, which finishes the proof.

Remark 1.10.4. Using a non-equivariant variant of isomorphism FourierF1,F2
,

one can check that the condition Hodd
c (F⊥

1 ×V ∗ F⊥
2 ) = 0 is equivalent to the

condition Hodd
c (F1 ×V F2) = 0.

2 The case of convolution algebras

In this subsection we study more closely the case F1 = F2. In this case, as
we will explain, all the objects appearing in the diagram of Theorem 1.9.1
are equipped with convolution products, and all the maps are compatible with
these products. In a particular case, these algebras are related to affine Hecke
algebras, and our diagram explains the relation between the categorifications
of Iwahori–Matsumoto involutions obtained in [EM] and [MR3], via maps in-
troduced in [L1].
None of the results of this section are used in the proof of Theorem 1.9.1.
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2.1 Convolution

We set F := F1 = F2. As explained in [CG, §5.2.20] or [MR3, §4.1], the
group KG×Gm(F ×V F ) can be endowed with a natural (associative and unital)
convolution product ⋆. In fact, for c, d ∈ KG×Gm(F ×V F ), with our notations
this product satisfies5

c ⋆ d = pdip1,3 ◦ res(c⊠ d)

where c⊠ d ∈ KG×Gm
(
(F ×V F )× (F ×V F )

)
is the exterior product of c and

d,

res : KG×Gm
(
(F ×V F )× (F ×V F )

)
→ K

G×Gm(F ×V F ×V F )

is the restriction with supports morphism associated with the inclusion F 3 →֒
F 4 sending (x, y, z) to (x, y, y, z), and p1,3 : F ×V F ×V F → F ×V F is the
(proper) projection on the first and third factors. (See [MR3, §4.2] for a similar
description at the categorical level.) The unit in this algebra is the structure
sheaf O∆F of the diagonal ∆F ⊂ F ×V F . The same constructions provide a
left, resp. right, action of the algebra KG×Gm(F ×V F ) on the group KG×Gm(F )
defined by

c ⋆ d = pdip1 ◦ resl(c⊠ d), resp. d ⋆ c = pdip2 ◦ resr(d⊠ c)

for c ∈ KG×Gm(F ×V F ) and d ∈ KG×Gm(F ). Here p1, p2 : F ×V F → F are the
projections on the first and second factor respectively, the exterior products
are defined in the obvious way, and

resl : K
G×Gm

(
(F ×V F )× F

)
→ KG×Gm(F ×V F ),

resp. resr : KG×Gm
(
F × (F ×V F )

)
→ KG×Gm(F ×V F ),

is the restriction with supports morphism associated with the inclusion F 2 →֒
F 3 sending (x, y) to (x, y, y), resp. to (x, x, y).
Of course we have similar constructions for the subbundle F⊥ ⊂ E∗, and we
will use the same notation in this context.

Lemma 2.1.1. The morphisms KoszulF,F , DF⊥,F⊥ and iF⊥,F⊥ are (unital)
algebra isomorphisms.

Proof. The case of KoszulF,F follows from [MR3, Propositions 4.3 & 4.5].6

The case of DF⊥,F⊥ is not difficult, and left to the reader (see [L4, Lemma 9.5]
for a similar statement, with slightly different conventions in the definition of
Grothendieck–Serre duality). Finally, the case of iF⊥,F⊥ is obvious.

5Note that our convention for the definition of the convolution product is opposite to the
one adopted in [MR3].

6In [MR3] we use the dualizing complex ωX ⊠OX [dim(X)] instead of OX ⊠ωX [dim(X)].
But the results cited remain true (with an identical proof) with our present conventions.
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This convolution construction has a natural analogue in equivariant Borel–
Moore homology, see e.g. [CG, §2.7] or [L3, §2]. In fact, the convolution product
on HG×Gm• (F ×V F ), which we will also denote ⋆, satisfies

c ⋆ d = pdip1,3 ◦ res(c⊠ d),

where res is defined as for res above (replacing K-homology by Borel–Moore
homology). The unit for this convolution product is the equivariant fundamen-
tal class [∆F ] of the diagonal ∆F ⊂ F ×V F . We also have a left and a right
module structure on HG×Gm• (F ), defined via the formulas

c ⋆ d = pdip1 ◦ resl(c⊠ d), resp. d ⋆ c = pdip2 ◦ resr(d⊠ c)

for c ∈ HG×Gm• (F×V F ) and d ∈ HG×Gm• (F ). Finally we have similar structures
for the subbundle F⊥ ⊂ E∗.

Lemma 2.1.2. The morphism FourierF,F is a (unital) algebra isomorphism.

Proof. One can show that the isomorphism canF,F is a (unital) algebra iso-
morphism, where the right-hand side is endowed with the Yoneda product;
see [CG, Theorem 8.6.7], [L3, Lemma 2.5] or [Kat, Theorem 4.5] for similar
statements. Then the claim follows from the fact that FourierF,F is induced by
a functor.

2.2 Compatibility for the Riemann–Roch maps

Lemma 2.2.1. Assume7 that Hodd
c (F ×V F ) = 0. Then the morphisms RRF,F

and RRF⊥,F⊥ are unital algebra morphisms.

Proof. We only treat the case of RRF,F ; the case of RRF⊥,F⊥ is similar.
(Note that, by Remark 1.10.4, our “odd vanishing” assumption implies that
Hodd
c (F⊥ ×V ∗ F⊥) = 0 also.) The fact that our morphism sends the unit to

the unit follows from Theorem 1.7.3 and Proposition 1.7.6, using the projection
formula (1.1.1). It remains to prove the compatibility with products.
To prove the lemma we use “projective completions,” namely we set V :=
P(V ⊕C) and let F be the projective bundle associated with the vector bundle
F × C over X . Then we have a projection F → V , and open embeddings
F →֒ F , V →֒ V . Note that F ×V F = F ×V F , so that F ×V F is a closed
subvariety in F×F . Similarly, one can identify F×V F with a closed subvariety
in F × F , so that we have proper direct image morphisms

ı1 : HG×Gm

• (F ×V F )→ HG×Gm

• (F × F ),

ı2 : HG×Gm

• (F ×V F )→ H
G×Gm

• (F × F ),

ı3 : HG×Gm

• (F ×V F )→ HG×Gm

• (F × F ).

7This assumption is probably unnecessary. However, to avoid it one would need a more
general variant of Proposition 1.7.4 (as in [CG, Theorem 5.8.14], for instance) for which we
could not find any reference or easy proof.
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Using the same arguments as in the proof of Proposition 1.10.1, one can check
that the morphism ı3 is injective under our assumption. There exists a natural
convolution product

⋆ : HG×Gm

• (F × F )× HG×Gm

• (F × F )→ HG×Gm

• (F × F )

defined by
c ⋆ d = pdip′1,3 ◦ res

′(c⊠ d),

where p′1,3 : F ×F ×F → F ×F is the (proper) projection on the first and third

factors, and res : HG×Gm• (F ×F ×F ×F )→ HG×Gm• (F ×F ×F ) is the restric-
tion with supports morphism associated with the inclusion sending (x, y, z) to
(x, y, y, z). Moreover one can check (using in particular Lemma A.5.1) that for
c, d ∈ HG×Gm• (F ×V F ) we have

ı3(c ⋆ d) = ı1(c) ⋆ ı2(d).

We have a similar construction of a convolution product in equivariant K-
homology, for which we will use similar notations. Hence, using the injectivity
of ı3, Theorem 1.7.3 and the projection formula (1.1.1), to prove the lemma it
is enough to prove that

RR3(c ⋆ d) = RR1(c) ⋆ RR2(d) (2.2.2)

for c ∈ KG×Gm(F × F ) and d ∈ KG×Gm(F × F ), where

RR1 : KG×Gm(F × F )→ ĤG×Gm

• (F × F )

is defined by
RR1(d) = τG×Gm

F×F (d) ·
(
1 ⊠ (TdG×Gm

F
)−1
)
,

and RR2 and RR3 are defined similarly.
Now we have

RR3(c ⋆ d) = τG×Gm

F×F (pdip′1,3 ◦ res
′(c⊠ d)) · (1 ⊠ (TdG×Gm

F )−1)

= pdip′1,3

(
τG×Gm

F×F×F (res′(c⊠ d))
)
· (1 ⊠ (TdG×Gm

F )−1)

= pdip′1,3

(
τG×Gm

F×F×F (res′(c⊠ d)) · (1 ⊠ 1 ⊠ (TdG×Gm

F )−1)
)

= pdip′1,3

(
res′ ◦ τG×Gm

F×F×F×F (c⊠ d) · tdG×Gm(N)

· (1 ⊠ 1 ⊠ (TdG×Gm

F )−1)
)
,

where N is the normal bundle to the embedding F × F × F →֒ F × F 2 × F .
(Here the second equality follows from Theorem 1.7.3, the third one from the
projection formula (1.1.1), and the last equality from Proposition 1.7.4.) On
the other hand we have

RR1(c) ⋆ RR2(d) =

pdip′1,3 ◦ res
′(τG×Gm

F×F×F×F (c⊠ d) · (1 ⊠ (TdG×Gm

F
)−1) ⊠ 1 ⊠ (TdG×Gm

F )−1)
)
.
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The normal bundle N is canonically isomorphic to the restriction to F ×F ×F
of the pullback of the tangent bundle of F under the projection F×F 2×F → F
on the second factor. Using (1.1.2) and comparing the formulas for RR3(c ⋆ d)
and for RR1(c) ⋆ RR2(d) obtained above, we deduce (2.2.2).

2.3 Compatibility for the actions on the natural modules

In §2.1 we have defined (left and right) actions of the algebra KG×Gm(F ×V F ),
resp. KG×Gm(F⊥ ×V ∗ F⊥), resp. HG×Gm(F ×V F ), resp. HG×Gm(F⊥ ×V ∗

F⊥), on the module KG×Gm(F ), resp. KG×Gm(F⊥), resp. HG×Gm(F ),
resp. HG×Gm(F⊥). We now define “bivariant Riemann–Roch maps”

RRF : KG×Gm(F )→ ĤG×Gm

• (F ), RRF⊥ : KG×Gm(F⊥)→ ĤG×Gm

• (F⊥)

by the formulas

RRF = τG×Gm

F , RRF⊥(c) = τG×Gm

F⊥ (c) · (TdG×Gm

X )−1

(where use the same conventions as in §1.8). The following technical lemma
will be used to compute explicitly some Riemann–Roch maps in §2.6.

Lemma 2.3.1. Assume that Hodd
c (F ×V F ) = 0. Then the morphisms RR

and RR are compatible with the module structures, in the sense that for c ∈
KG×Gm(F ×V F ) and d ∈ KG×Gm(F ), resp. for c ∈ KG×Gm(F⊥ ×V ∗ F⊥) and
d ∈ KG×Gm(F⊥), we have

RRF (c⋆d) = RRF,F (c)⋆RRF (d), resp. RRF⊥(d⋆c) = RRF⊥(d)⋆RRF⊥,F⊥(c).

Proof. We only prove the first equality; the second one can be proved by similar
arguments. First, we claim that

τG×Gm

F×V F ◦ resl(c⊠ d) =
(
resl ◦ τG×Gm

F×V F×F (c⊠ d)
)
· tdA(N)−1, (2.3.2)

where N is the normal bundle to the inclusion F×F →֒ F×F×F considered in
the definition of resl. Indeed, as in the proof of Lemma 2.2.1, our assumption
ensures that the proper direct image morphism

ı : HG×Gm
• (F ×V F )→ HG×Gm

• (F × F )

is injective. Hence it is enough to prove that the image under ı of both sides
in (2.3.2) are equal. Now by the projection formula (1.1.1), Theorem 1.7.3 and
Lemma A.5.1 we have

ı
((

resl ◦ τG×Gm

F×V F (c⊠ d)
)
· tdA(N)−1

)
= ı
(
resl ◦ τG×Gm

F×V F×F (c⊠ d)
)
· tdA(N)−1

=
(
res′l ◦ τG×Gm

F×F×F (ı(c) ⊠ d)
)
· tdA(N)−1,

where
res′l : H

G×Gm

• (F × F × F )→ HG×Gm

• (F × F )
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is the restriction with supports morphism associated with the embedding F 2 →֒
F 3 considered in the definition of resl.
On the other hand, by Theorem 1.7.3 and the obvious K-theoretic analogue of
Lemma A.5.1 we have

ı
(
τG×Gm

F×V F ◦ resl(c⊠ d)
)

= τG×Gm

F×F ◦ res′l(ı(c) ⊠ d),

where res′l is defined as for res′l. Hence the desired equality follows from Propo-
sition 1.7.4.
Now we have

RRF (c ⋆ d) = τG×Gm

F (pdip1 ◦ resl(c⊠ d))

= pdip1 ◦ τ
G×Gm

F×V F ◦ resl(c⊠ d)

= pdip1

((
resl ◦ τG×Gm

F×V F×F (c⊠ d)
)
· tdA(N)−1

)

= pdip1

(
resl
(
(τG×Gm

F×V F (c) ⊠ τG×Gm

F (d)) · (1 ⊠ (TdAF )−1 ⊠ 1)
))

= RRF,F (c) ⋆ RRF (d).

(Here the second equality follows from Theorem 1.7.3, the third one
from (2.3.2), and the fourth one from (1.1.2).) This concludes the proof.

2.4 Affine Hecke algebras and their graded versions

From now on in this section we restrict to the case of the affine Hecke algebra
and its graded version. Our notation mainly follows [L1]. Namely, we fix
a semisimple and simply connected complex algebraic group G, with fixed
maximal torus T and Borel subgroup B with T ⊂ B. We denote by W the
Weyl group of (G, T ), and by S ⊂W the set of Coxeter generators determined
by the choice of B. We also denote by X the lattice of characters of T , and by
R ⊂ X the root system of (G, T ). We denote by R+ ⊂ R the system of positive
roots consisting of the roots opposite to the roots of B. Then the affine Hecke
algebra Haff (with equal parameters) attached to these data is the Z[v, v−1]-
algebra generated by elements Ts for s ∈ S and θx for x ∈ X, subject to the
following relations (where ms,t is the order of st in W ):

1. (Ts + 1)(Ts − v2) = 0 for s ∈ S;

2. TsTt · · · = TtTs · · · for s, t ∈ S (with ms,t factors on each side);

3. θxθy = θx+y for x, y ∈ X;

4. θ0 = 1;

5. Ts · θx − θsx · Ts = (v2 − 1) θx−θsx1−θ−α for s ∈ S, where α ∈ R is the corre-

sponding simple root.
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Remark 2.4.1. 1. Relations (3) and (4) imply that the subalgebra gener-
ated by the generators θx for x ∈ X is isomorphic to the group algebra
Z[v, v−1][X]; then the quotient in the right-hand side in (5) denotes the
quotient in this integral ring.

2. The present notation differs slightly from the notation in [MR3]. In
fact the element denoted Ts here coincides with the element denoted
tα in [MR3, §5.2] (for α the corresponding simple root).

The following reformulation of relation (5) (see [L1, Proposition 3.9]) will be
useful:

(Ts+ 1) · θx− θsx · (Ts+ 1) = (θx− θsx) ·G (α) with G (α) =
v2θα − 1

θα − 1
. (2.4.2)

The subalgebra of Haff generated by the elements Ts (s ∈ S) can be identified
with the Hecke algebra HW of the Coxeter group (W,S). We will consider
the left module sgnl of this subalgebra which is (canonically) free of rank one
over Z[v, v−1], and where Ts acts by −1. The same recipe also defines a right
module sgnr over HW . Then we can define the “antispherical” left, resp. right,
module over Haff as

Masph
l := Haff ⊗HW sgnl, Masph

r := sgnr ⊗HW Haff .

For both modules, we will simply denote by 1 the “base point” 1⊗ 1.
We will also consider the associated graded affine Hecke algebra Haff (again,
with equal parameters). This algebra is the C[r]-algebra generated by O(t) =
S(t∗) (where t is the Lie algebra of T ) and elements tw for w ∈ W , subject to
the following relations:

1. t1 = 1;

2. tvtw = tvw for v, w ∈ W ;

3. ts · φ − s(φ)ts = (φ − s(φ)) · (g(α) − 1) for s ∈ S, where α ∈ R is the
corresponding simple root.

Here following [L1] we have used the notation

g(α) =
α̇+ 2r

α̇
,

where α̇ ∈ t∗ is the differential of the root α. In this case also, one can
reformulate relation (3) in the following form, see [L1, 4.6(c)]:

(ts + 1) · φ− s(φ) · (ts + 1) = (φ− s(φ)) · g(α). (2.4.3)

The subalgebra of Haff generated by the elements tw (for w ∈ W ) identifies
with the group algebra HW = C[r][W ]. As above one can define a “sign” left,
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resp. right, module over this algebra (where ts acts by −1 for s ∈ S), which we
will denote by sgnl, resp. sgnr, and corresponding “antispherical” modules

Masph

l := Haff ⊗HW
sgnl, Masph

r := sgnr ⊗HW
Haff .

Let m ⊂ O(t)[r] = O(t × A1) denote the maximal ideal associated with the

point (0, 0) ∈ t × A1, and let Ô(t)[r] be the m-adic completion of O(t)[r].

Then Ĥaff := Ô(t)[r]⊗O(t)[r]Haff has a natural algebra structure extending the

structure on Haff . With this notation introduced, the algebras Haff and Haff

are related by the Lusztig morphism

Lr : Haff → Ĥaff

defined in [L1, §9].8 Let us recall the definition of this morphism. First, we
denote by Y := X∗(T ) the lattice of cocharacters of T , and consider the map

e :

{
t = Y⊗Z C → T = Y⊗Z C×

λ∨ ⊗ a 7→ λ∨ ⊗ exp(a)
.

This map induces a map

Z[v, v−1][X]→ Ô(t)[r]

sending x ∈ X to (the power series expansion of) x ◦ e and v to exp(r), which
can be used to define Lr on the subalgebra of Haff generated by the elements
θx (x ∈ X), see Remark 2.4.1(1). Then the description of Lr is completed by
the formula

Lr(Ts + 1) = (ts + 1) · g(α)−1 · G̃ (α), where G̃ (α) = Lr(G (α)).

In more concrete terms, we have (see [L1, Proof of Lemma 9.5]):

g(α)−1 · G̃ (α) =
exp(α̇ + 2r)− 1

α̇+ 2r
· α̇

exp(α̇)− 1
.

From the defining relations of Haff (resp. Haff) one can see that there exists an
anti-involution of Haff (resp. Haff) as a Z[v, v−1]-algebra (resp. C[r]-algebra),
which fixes all generators Ts for s ∈ S and θx for x ∈ X (resp. the generators ts
for s ∈ S and the elements of O(t)). Conjugating the morphism Lr with these
anti-involutions we obtain a second Lusztig morphism

Ll : Haff → Ĥaff

which satisfies

Ll(θx) = Lr(θx), Ll(v) = Lr(v), Ll(Ts + 1) = g(α)−1 · G̃ (α) · (ts + 1).
8The setting considered in [L1, §9] is much more general than the case considered in the

present paper. With Lusztig’s notation, we only consider the case v0 = 1 (which is covered
by [L1, §9.7]), r0 = 0, t0 = 1, Σ = {0}. This case suffices (except in the case when v is
specialized to a non trivial root of unity) for the study of the representation theory of Haff

via the (more accessible) study of the representation theory of Haff ; see [L1] for details.
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2.5 Geometric realization of Haff and its antispherical module(s)

Let B := G/B be the flag variety of G. Then we can consider the constructions
of §2.1 for the data X = B, V = g∗, and with F being the subbundle

Ñ := {(ξ, gB) ∈ g∗ × B | ξ|g·b = 0},

where b is the Lie algebras of B. (This variety is isomorphic to the Springer
resolution of the nilpotent cone of G.) We will also consider

g̃ := {(ξ, gB) ∈ g∗ × B | ξ|g·[b,b] = 0}.

(This variety is isomorphic to the Grothendieck simultaneous resolution.) Note
that the Killing form defines a G-equivariant isomorphism (g∗)∗ ∼= g∗, hence a
G×Gm-equivariant isomorphism E ∼= E∗. Via this isomorphism, F⊥ identifies
with g̃.
The Steinberg variety is the fiber product

Z := Ñ ×g∗ Ñ .

If α is a simple root, we denote by Pα ⊂ G the corresponding minimal standard
parabolic subgroup, and by Pα := G/Pα the associated partial flag variety.
Then as in [Ri]9 we set

S′
α := {(X, g1B, g2B) ∈ g∗ × (B ×Pα B) | Xg1·b+g2·b = 0}.

In other words, S′
α is the inverse image of B×PαB under the projection Z → B×

B. This scheme is reduced but not irreducible: its two irreducible components
are the diagonal ∆Ñ and

Yα := {(X, g1B, g2B) ∈ g∗ × (B ×Pα B) | Xg1·pα = 0},

where pα is the Lie algebra of Pα.
With these definitions, we obtain algebras KG×Gm(Z) and HG×Gm• (Z). It fol-
lows from work of Kazhdan–Lusztig [KL], Ginzburg [CG] and Lusztig [L4] that
there exists an algebra isomorphism10

Haff
∼−→ KG×Gm(Z) (2.5.1)

which satisfies

v 7→ [O∆Ñ 〈1〉], θx 7→ [O∆Ñ (x)], Ts 7→ −[OYα(−ρ, ρ− α)]− [O∆Ñ ] = −[OS′
α

].

(In the middle term, O∆Ñ (x) is (the direct image of) the line bundle on ∆Ñ
obtained by pullback of the line bundle on B naturally associated with x. In

9Due to a typo, the subscript “Pα” is missing in the fiber product in the description of
S′
α in [Ri, §6.1].
10Due to our change of convention in the definition of the convolution product (see Foot-

note 5), the isomorphism (2.5.1) is the composition of the isomorphism considered in [MR3,
§5.2] with the anti-involution considered at the end of §2.4.
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the third term, α is the simple root associated with s, and ρ is the half-sum of
the positive roots; the equality follows from [Ri, Lemma 6.1.1].)
We also have isomorphisms of Z[v, v−1]-modules

Masph
l

∼−→ K
G×Gm(Ñ ), resp. Masph

l

∼−→ K
G×Gm(Ñ ), (2.5.2)

where vnθx · 1, resp. 1 · vnθx, corresponds to [OÑ (x)〈n〉] (for x ∈ X).

Lemma 2.5.3. The isomorphisms (2.5.2) are isomorphisms of left and right
Haff -modules respectively.

Proof. It is enough to prove that for α a simple root we have

[OS′
α

] ⋆ [OÑ ] = [OÑ ] = [OÑ ] ⋆ [OS′
α

].

By symmetry the two equalities are equivalent, so we restrict to the first one.
By definition we have [OS′

α
]⋆[OÑ ] = [Rp1∗(OS′

α
)]. If Sα ⊂ g̃×g̃ is the subvariety

defined in [Ri, §1.4], in the derived category of (equivariant) coherent sheaves
on g̃× g̃, by [Ri, Lemma 4.1] we have

OÑ×g̃

L⊗Og̃×g̃
OSα ∼= OS′

α
.

Then, by the (non flat) base change theorem (e.g. in the form of [BR, Propo-
sition 3.7.1]), to prove our equality it is enough to prove that

Rq1∗OSα ∼= Og̃,

where q1 : g̃× g̃→ g̃ is the projection on the first factor. This is proved in [BR,
Lemma 2.7.2].11

One also has a similar geometric realization using g̃ instead of Ñ . In fact, if
we set

Z := g̃×g∗ g̃,

as explained in [MR3, Lemma 5.2], restriction with supports associated with

the inclusion Ñ × g̃ →֒ g̃ × g̃ induces an algebra isomorphism KG×Gm(Z)
∼−→

KG×Gm(Z). Therefore, we have an algebra isomorphism

Haff
∼−→ K

G×Gm(Z) (2.5.4)

which satisfies

v 7→ [O∆g̃〈1〉], θx 7→ [O∆g̃(x)], Ts 7→ −[OSα ].

(Here we use conventions similar to those for Ñ , and Sα is defined in [Ri, §1.4].)
As in Lemma 2.5.3, we also have isomorphisms of left, resp. right, Haff -modules

Masph
l

∼−→ KG×Gm(g̃), resp. Masph
r

∼−→ KG×Gm(g̃).
11The subvariety Sα is denoted Zs in [BR], where s is the corresponding simple reflection.

Also, in [BR, §2] the base field is assumed to be of positive characteristic; but the proof of
the cited lemma works over any algebraically closed field of coefficients.

Documenta Mathematica 20 (2015) 989–1038



Linear Koszul Duality and Fourier Transform 1013

2.6 Geometric realization of Haff and its antispherical module(s)

Following [L2, L3], replacing K-theory by Borel–Moore homology in the con-
structions of §2.5 one obtains a geometric realization of Haff ; in fact, apply-
ing [L3, Theorem 8.11] in our situation (i.e. for the Levi subgroup T , its nilpo-
tent orbit {0}, and the cuspidal local system C{0} on {0}), we obtain an algebra
isomorphism

Haff
∼−→ HG×Gm

• (Z) (2.6.1)

such that the subalgebra O(t)[r] is obtained as the image (under proper direct
image) of

HG×Gm
• (∆g̃) ∼= HG×Gm

• (B) ∼= HB×Gm
• (pt) ∼= HT×Gm

• (pt) ∼= O(t)[r]. (2.6.2)

(More concretely, if x ∈ X, then ẋ ∈ t∗ corresponds to [∆g̃] · cG×Gm

1 (Og̃(x)),

where cG×Gm

1 (−) is the first equivariant Chern class.) The image of C[W ] is
obtained via the “Springer isomorphism”

C[W ]
∼−→ HomDG×Gm

const (g∗)(p!Cg̃, p!Cg̃) →֒ HG×Gm

• (Z).

(Here the inclusion is induced by the isomorphism cang̃,g̃ of §1.3.) As in (2.6.2)
we also have a natural isomorphism of C[r]-modules

Masph

l
∼−→ HG×Gm

• (g̃), resp. Masph

r
∼−→ HG×Gm

• (g̃), (2.6.3)

where ẋ · 1, resp. 1 · ẋ, corresponds to [g̃] · cG×Gm

1 (Og̃(x)).

Lemma 2.6.4. The isomorphisms (2.6.3) are isomorphisms of left and right
Haff-modules respectively.

Proof. As in Lemma 2.5.3, by symmetry it is enough to prove the equivariance
in the first case. Using similar constructions as for HG×Gm• (g̃), one can construct
an action by convolution of HG×Gm• (Z) on HG×Gm• (B), where B is seen as the
zero section of g̃; see [CG, Corollary 2.7.41] in the non-equivariant setting.
Moreover, the Thom isomorphism HG×Gm• (g̃)

∼−→ HG×Gm• (B) is equivariant for
this action. Therefore, it is enough to prove that the natural isomorphism

O(t)[r]
∼−→ HG×Gm• (B) induces an isomorphism of left Haff -modules Masph

l
∼−→

HG×Gm• (B). And for this it is enough to prove that ts · [B] = −[B] for s ∈ S.
Now the forgetful morphism H

G×Gm

2 dim(B)(B) → H2 dim(B)(B) is an isomorphism,

and so is the morphism H
G×Gm

2 dim(Z)(Z)→ H2 dim(Z)(Z). Hence we have reduced

our question to a claim about non-equivariant Borel–Moore homology, which
can be solved using Springer theory.
By [CG, Proposition 8.6.16], if i0 : {0} →֒ g̃ denotes the inclusion, there exists
a canonical isomorphism H•(B)

∼−→ H2 dim(g)−•(i!0p!Cg̃), which identifies the
action of H•(Z) with the natural action of Hom•

Dbconst(g
∗)(p!Cg̃, p!Cg̃) via the

non-equivariant analogue of the isomorphism cang̃,g̃. Hence what we have to
show is that the 1-dimensional W -module

H2 dim(B)(B) ∼= H2 dim(g)−2 dim(B)(i!0p!Cg̃)
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is the sign representation. This fact is well known, see e.g. [AHJR, Lemmas
4.5 & 4.6].

As in §2.5, we have a similar story when g̃ is replaced by Ñ . In fact, construc-
tions similar to those in [MR3, Lemma 5.2] show that restriction with supports
induces an algebra isomorphism HG×Gm• (Z)

∼−→ HG×Gm• (Z). (This property
can also be extracted from [L2, L3]; it is used implictly in [EM].) Therefore,
we obtain isomorphisms of algebras and modules over these algebras

Haff
∼−→ H

G×Gm

• (Z), Masph

l
∼−→ H

G×Gm

• (Ñ ), Masph

r
∼−→ H

G×Gm

• (Ñ ).
(2.6.5)

Proposition 2.6.6. 1. Under the isomorphisms (2.5.1) and (2.6.5), the
morphism RRÑ ,Ñ identifies with Ll.

2. Under the isomorphisms (2.5.4) and (2.6.1), the morphism RRg̃,g̃ iden-

tifies with the morphism c 7→ eB ·Lr(c) · e−1
B , where

eB :=
∏

α∈R+

α̇

1− exp(−α̇)
.

Proof. First, we note that Z and Z are paved by affine spaces, so that the
“parity vanishing” assumptions in some of our statements above are satisfied
in these cases.
(1) Both of our maps are algebra morphisms (see Lemma 2.2.1), so it is enough
to check that they coincide on the generators of Haff . The case of v is obvious
(see [EG2, §3.3]), and the case of θx follows from Proposition 1.7.6. It remains
to consider the case of Ts; in fact it will be simpler (but equivalent) to prove
that

RRÑ ,Ñ (1 + Ts) = Ll(1 + Ts) = g(α)−1 · G̃ (α) · (ts + 1). (2.6.7)

By Remark 1.9.3 and Proposition 1.10.1, HG×Gm• (Ñ ) is faithful as a mod-
ule over HG×Gm• (Z). Therefore, the same is true for the completions, and to

prove (2.6.7) it is enough to prove that both sides act similarly on ĤG×Gm• (Ñ ).
However, by Lemma 2.5.3 and (2.4.2), for x ∈ X we have (1 + Ts) · (θx · 1) =(
(θx − θsx) · G (α)

)
· 1. By Lemma 2.3.1, this implies that in Masph

l we have

RRÑ ,Ñ (1 + Ts) · (exp(ẋ) · 1) =
(
(exp(ẋ)− exp(sẋ)) · G̃ (α)

)
· 1.

Using (2.4.3), this coincides with the action of g(α)−1 · G̃ (α) · (ts + 1). Since

the elements of the form rn exp(ẋ) · 1 form a topological basis of ĤG×Gm• (Ñ ),
we deduce the equality in (2.6.7).

(2) The proof is similar to the proof of (1), using the right action on ĤG×Gm• (g̃),
and using the fact that

TdG×Gm

B =
∏

α∈R+

α̇

1− exp(−α̇)
in Ĥ•

G×Gm
(g̃) = Ô(t)[r]
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(as follows from [EG2, §3.3], since the tangent bundle on B has a filtration with
associated graded the sum of the line bundles OB(α) for α ∈ R+).

Remark 2.6.8. In [L1, §0.3], Lusztig explains that his morphism Lr “is of the
same nature as the Chern character from K-theory to homology.” Proposi-
tion 2.6.6 is a concrete justification of this claim.

2.7 Commutative diagram for affine Hecke algebras

Finally we can consider the diagram of Theorem 1.9.1 in the geometric setting
of §§2.5–2.6:

KG×Gm(Z)
KoszulÑ ,Ñ //

RRÑ ,Ñ

��

KG×Gm(Z)
ig̃,g̃◦Dg̃,g̃ // KG×Gm(Z)

RRg̃,g̃

��
ĤG×Gm• (Z)

Fourier
Ñ ,Ñ // ĤG×Gm• (Z).

(2.7.1)

Note that Proposition 1.10.1 ensures that the assumption of Theorem 1.9.1
is satisfied in this case, since Z is paved by affine spaces, and that the re-
sults of §2.1–2.2 ensure that all the maps in this diagram are unital algebra
morphisms. Using Proposition 2.6.6 and the results of [EM] and [MR3] we
can describe explicitly all the maps in this diagram, and hence illustrate the
content of Theorem 1.9.1 in this particular situation.
The morphism KoszulÑ ,Ñ was studied in [MR3, §5.3]. In particular, [MR3,

Theorem 5.4] describes this automorphism algebraically, and shows that it
is closely related to the Iwahori–Matsumoto involution of Haff . Using the
identifications (2.5.1) and (2.5.4), we have

KoszulÑ ,Ñ (Ts) = θρ(−v2T−1
s )θ−ρ, KoszulÑ ,Ñ (θx) = θ−x,

KoszulÑ ,Ñ (v) = −v

for s ∈ S a simple root and x ∈ X.12

Concerning the map Dg̃,g̃, one can check that, with the identification (2.5.4),
it satisfies

Dg̃,g̃(Ts) = T−1
s , Dg̃,g̃(θx) = θ−x, Dg̃,g̃(v) = v−1.

(See [L4, Lemma 9.7] for a similar computation, with different conventions.)
Finally, the morphism ig̃,g̃ is the same as the involution ι of [MR3, §5.3]; it
satisfies

ig̃,g̃(Ts) = Ts, ig̃,g̃(θx) = θx, ig̃,g̃(v) = −v.
12As noted in Footnote 6, the conventions in the definition of K

Ñ ,Ñ
used in the present

paper differ slightly from the conventions used in [MR3]. Our identification of KG×Gm (Z) is
also slightly different, see [MR3, Comments at the end of §5.2]. This explains the differences
with the formulas in [MR3].

Documenta Mathematica 20 (2015) 989–1038



1016 Ivan Mirković, Simon Riche

On the Borel–Moore homology side, the map FourierÑ ,Ñ was studied in [EM].
In that paper it was shown to be closely related to the Iwahori–Matsumoto
involution of Haff ; more precisely it satisfies

FourierÑ ,Ñ (tw) = (−1)ℓ(w)tw, FourierÑ ,Ñ (φ) = φ, FourierÑ ,Ñ (r) = −r

for w ∈W and φ ∈ O(t).
Using these formulas one can check the commutativity of (2.7.1) by hand. For
instance, for the element 1 +Ts, the commutativity of the diagram amounts to
the following equality in Haff :

exp(α̇− 2r)− 1

α̇− 2r

α̇

exp(α̇)− 1
(−ts + 1) =

1− exp(−ρ̇− 2r)eB
(

(ts + 1)
exp(α̇+ 2r)− 1

α̇+ 2r

α̇

exp(α̇)− 1
− 1
)
e−1
B exp(ρ̇).

3 Compatibility of the Fourier isomorphism with inclusions

In this section and the next one we will consider compatibility properties of our
morphisms in two geometric situations. We use the same setting and notation
as in §§1.3–1.9.

3.1 Further notation

First we will consider a situation which we will refer to as Setting (A): here
we are given an additional subbundle F ′

2 ⊂ E containing F2 and such that F2,
F ′
2 and E can be locally simultaneously trivialized. Then we have “restriction

with supports” morphisms associated with the embedding F2 →֒ F ′
2, both in

K-homology and in Borel–Moore homology, which we denote as follows:

res
F1,F

′
2

F1,F2
: KG×Gm(F1 ×V F ′

2) → KG×Gm(F1 ×V F2);

res
F1,F

′
2

F1,F2
: HG×Gm

• (F1 ×V F ′
2) → H

G×Gm

•−2rk(F ′
2)+2rk(F2)

(F1 ×V F2).

We also have proper direct image morphisms associated with the embedding
(F ′

2)⊥ →֒ F⊥
2 , again both in K-homology and in Borel–Moore homology, which

we denote as follows:

pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2

: KG×Gm(F⊥
1 ×V ∗ (F ′

2)⊥) → K
G×Gm(F⊥

1 ×V ∗ F⊥
2 );

pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2

: HG×Gm

• (F⊥
1 ×V ∗ (F ′

2)⊥) → HG×Gm

• (F⊥
1 ×V ∗ F⊥

2 ).

Secondly, we will consider a situation which we will refer to as Setting (B):
here we are given an additional subbundle F ′

1 ⊂ E containing F1 and such
that F1, F ′

1 and E can be locally simultaneously trivialized. Then we have
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proper direct image morphisms associated with the embedding F1 →֒ F ′
1, both

in K-homology and in Borel–Moore homology, which we denote as follows:

pdi
F1,F2

F ′
1,F2

: KG×Gm(F1 ×V F2) → K
G×Gm(F ′

1 ×V F2);

pdiF1,F2

F ′
1,F2

: HG×Gm

• (F1 ×V F2) → HG×Gm

• (F ′
1 ×V F2).

We also have “restriction with supports” morphisms associated with the embed-
ding (F ′

1)⊥ →֒ F⊥
1 , again both in K-homology and in Borel–Moore homology,

which we denote as follows:

res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

: KG×Gm(F⊥
1 ×V ∗ F⊥

2 ) → K
G×Gm((F ′

1)⊥ ×V ∗ F⊥
2 );

res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

: HG×Gm

• (F⊥
1 ×V ∗ F⊥

2 ) → H
G×Gm

•−2rk(F⊥
1 )+2rk((F ′

1)
⊥)

((F ′
1)⊥ ×V ∗ F⊥

2 ).

3.2 Convolution algebras and inclusion of subbundles

Consider Setting (A) of §3.1. Then we have natural morphisms induced by
adjunction

adj∗F2,F ′
2
: CF ′

2
→ CF2

and adj!(F ′
2)

⊥,F⊥
2

: C(F ′
2)

⊥ → CF⊥
2

[2rk(F⊥
2 )−2rk((F ′

2)⊥)].

The proof of the following result being rather technical (and the details not
needed), it is postponed to the appendix (see §§A.6–A.7).

Proposition 3.2.1. 1. The following diagram commutes:

HG×Gm• (F1 ×V F ′
2)

canF1,F
′
2

∼
//

res
F1,F

′
2

F1,F2

��

Ext
2 dim(F ′

2)−•
DG×Gm

const (V )
(p!CF1

, p!CF ′
2
)

(p!adj
∗
F2,F

′
2
)◦(·)

��

H
G×Gm

•−2rk(F ′
2)+2rk(F2)

(F1 ×V F2)
canF1,F2

∼
// Ext

2 dim(F ′
2)−•

DG×Gm
const (V )

(p!CF1
, p!CF2

).

2. The following diagram commutes:

HG×Gm• (F⊥
1 ×V ∗ (F ′

2)⊥)
can

F⊥
1 ,(F ′

2)⊥

∼
//

pdi
F⊥
1 ,(F ′

2)⊥

F⊥
1 ,F⊥

2

��

Ext
2 dim((F ′

2)
⊥)−•

DG×Gm
const (V ∗)

(p̌!CF⊥
1
, p̌!C(F ′

2)
⊥)

(p̌!adj
!

(F ′
2
)⊥,F⊥

2
)◦(·)

��

HG×Gm• (F⊥
1 ×V ∗ F⊥

2 )
can

F⊥
1
,F⊥

2

∼
// Ext

2 dim(F⊥
2 )−•

DG×Gm
const (V ∗)

(p̌!CF⊥
1
, p̌!CF⊥

2
).

Consider now Setting (B) of §3.1. We have natural morphisms induced by
adjunction

adj∗F1,F ′
1
: CF ′

1
→ CF1

and adj!(F ′
1)

⊥,F⊥
1

: C(F ′
1)

⊥ → CF⊥
1

[2rk(F⊥
1 )−2rk((F ′

1)⊥)].

The proof of the following proposition is similar to that of Proposition 3.2.1,
and is therefore omitted.
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Proposition 3.2.2. 1. The following diagram commutes:

HG×Gm• (F1 ×V F2)
canF1,F2

∼
//

pdi
F1,F2
F ′
1
,F2

��

Ext
2 dim(F2)−•
DG×Gm

const (V )
(p!CF1

, p!CF2
)

(·)◦(p!adj∗F1,F
′
1
)

��

HG×Gm• (F ′
1 ×V F2)

canF ′
1,F2

∼
// Ext

2 dim(F2)−•
DG×Gm

const (V )
(p!CF ′

1
, p!CF2

).

2. The following diagram commutes, where r1 =: rk(F⊥
1 ), r′1 := rk((F ′

1)⊥)
and d2 = dim(F⊥

2 ):

H
G×Gm
• (F⊥

1 ×V ∗ F⊥
2 )

can
F⊥
1 ,F⊥

2

∼
//

res
F⊥
1 ,F⊥

2

(F ′
1
)⊥,F⊥

2

��

Ext2d2−•

D
G×Gm
const (V ∗)

(p̌!CF⊥
1
, p̌!CF⊥

2
)

(·)◦(p̌!adj
!

(F ′
1)⊥,F⊥

1

)

��

H
G×Gm

•−2r1+2r′1
((F ′

1)
⊥ ×V ∗ F⊥

2 )
can

(F ′
1)⊥,F⊥

2

∼
// Ext2d2+2r1−2r′1−•

D
G×Gm
const (V ∗)

(p̌!C(F ′
1)

⊥ , p̌!CF⊥
2
).

3.3 Fourier transform and inclusion of subbundles

In the next lemma G can be replaced by any linear algebraic group, X by
any smooth G-variety, and E by any G-equivariant vector bundle over X .
We consider subbundles F ⊂ F ′ ⊂ E which can be locally simultaneously
trivialized. (In practice, E and X will be as above, and we will take F = Fi,
F ′ = F ′

i for i ∈ {1, 2}.) Adjunction induces morphisms

adj∗F,F ′ : CF ′ → CF and adj!(F ′)⊥,F⊥ : C(F ′)⊥ → CF⊥ [2rk(F⊥)−2rk((F ′)⊥)].

Lemma 3.3.1. The following diagram is commutative:

FE(CF ′)

≀
��

FE(adj∗
F,F ′ )

// FE(CF )

≀
��

C(F ′)⊥ [−2rk(F ′)]
adj!

(F ′)⊥,F⊥
// CF⊥ [−2rk(F )],

where vertical isomorphisms are provided by Lemma 1.2.3.

Proof. It is equivalent to prove a similar isomorphism for FE ; for simplicity we
still denote by F⊥, (F ′)⊥ the orthogonals viewed in E⋄, and by ř : E⋄ → X the
projection. By the construction in the proof of Lemma 1.2.3 we have natural
isomorphisms

FE(CF ′) ∼= q̌!CQF ′
and FE(CF ) ∼= q̌!CQF ,

where QF ′ := q−1(F ′), QF := q−1(F ). It follows from the definitions that
the morphism FE(adj∗F,F ′) is the image under q̌! of the morphism CQF ′

→
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CQF induced by adjunction (for the inclusion QF →֒ QF ′). Hence what we
have to show is that the morphism ϕ in the following diagram coincides with
adj!(F ′)⊥,F⊥ , where the upper arrow is induced by adjunction as above, and the
vertical isomorphisms are as in the proof of Lemma 1.2.3:

q̌!CQF ′
//

≀
��

q̌!CQF

≀
��

q̌!CF ′×X (F ′)⊥

≀
��

q̌!CF×XF⊥

≀
��

C(F ′)⊥ [−2rk(F ′)]
ϕ // CF⊥ [−2rk(F )].

Now we have canonical isomorphisms

ř!
(
C(F ′)⊥ [−2rk(F ′)]

) ∼= CX [−2rk(E)], ř!
(
CF⊥ [−2rk(F )]

) ∼= CX [−2rk(E)],

and one can check that the functor ř! induces an isomorphism

HomDG×Gm
const (E⋄)

(
C(F ′)⊥ [−2rk(F ′)],CF⊥ [−2rk(F )]

) ∼−→
HomDG×Gm

const (X)

(
CX [−2rk(E)],CX [−2rk(E)]

)

sending adj!(F ′)⊥,F⊥ [−2rk(F ′)] to the identity morphism of CX [−2rk(E)].
Hence it is enough to prove that ř!ϕ[2rk(E)] is the identity of CX (through
the canonical isomorphisms above). The latter statement is about sheaves
(and not complexes), so that we can forget about equivariance and check the
claim locally over X . (This is allowed by combining [BL, Proposition 2.5.3] and
[Le, Proposition 4.2.7].) By local triviality, one can then assume that X = pt
(i.e. that E is a vector space and that F, F ′ ⊂ E are subspaces).
In this case the claim boils down to the fact that the dotted arrow in the
following diagram is the identity:

H
2 dim(E)
c (F ′ × (F ′)⊥)

≀
��

H
2 dim(E)
c (Q)

∼ //∼oo H
2 dim(E)
c (F × F⊥)

≀
��

C // C.

To prove this fact we regard E × E∗ as a real vector space, endowed with the
non-degenerate quadratic form given by q(x, ξ) := Re(〈ξ, x〉). The orthogonal

group H of this form stabilizes Q, hence acts on H
2 dim(E)
c (Q), and this action

factors through the group of components H/H◦. Now F ×F⊥ and F ′× (F ′)⊥

are conjugate under the action of H◦, with finishes the proof.

In the following proposition we get back to the assumption that E = V ×X ,
and we let p : E → V be the projection. The following result is an immediate
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consequence of Lemma 3.3.1 and the isomorphism of functors FV ◦p! ∼= p̌! ◦FE,
see the proof of Corollary 1.2.4.

Proposition 3.3.2. The following diagram is commutative:

FV (p!CF ′)

(1.2.5) ≀
��

FV (p!(adj
∗
F,F ′))

// FV (p!CF )

(1.2.5)≀
��

p̌!C(F ′)⊥ [−2rk(F ′)]
p̌!(adj

!

(F ′)⊥,F⊥ )
// p̌!CF⊥ [−2rk(F )].

3.4 The Fourier isomorphism and inclusion of subbundles

We come back to Setting (A) of §3.1.

Proposition 3.4.1. We have an equality

FourierF1,F2
◦ resF1,F

′
2

F1,F2
= pdi

F⊥
1 ,(F

′
2)

⊥

F⊥
1 ,F

⊥
2

◦ FourierF1,F ′
2

of morphisms HG×Gm• (F1 ×V F ′
2)→ H

G×Gm

•+2 dim((F ′
2)

⊥)−2 dim(F1)
(F⊥

1 ×V ∗ F⊥
2 ).

Proof. By functoriality the following diagram commutes, where horizontal
maps are induced by the functor FV :

Ext
2 dim(F ′

2)−•
DG×Gm

const (V )
(p!CF1

, p!CF ′
2
)

(p!adj
∗
F2,F

′
2
)◦(·)

��

∼
// Ext

2 dim(F ′
2)−•

DG×Gm
const (V ∗)

(FV (p!CF1
),FV (p!CF ′

2
))

FV (p!adj
∗
F2,F

′
2
)◦(·)

��

Ext
2 dim(F ′

2)−•
DG×Gm

const (V )
(p!CF1

, p!CF2
) ∼

// Ext
2 dim(F ′

2)−•
DG×Gm

const (V ∗)
(FV (p!CF1

),FV (p!CF2
)).

Now by Proposition 3.3.2 the following diagram commutes, where vertical maps
are induced by the isomorphisms FV (p!CF ) ∼= p̌!CF⊥ [−2rk(F )] for F = F1, F2

or F ′
2 (see (1.2.5)) and where d1 := dim(F1), d2 := dim(F2) and d′2 := dim(F ′

2):

Ext
2d′2−•
DG×Gm

const (V ∗)
(FV (p!CF1

),FV (p!CF ′
2
))

FV (p!adj
∗
F2,F

′
2
)◦(·)

��

∼
// Ext2d1−•

DG×Gm
const (V ∗)

(p̌!CF⊥
1
, p̌!C(F ′

2)
⊥)

(p̌!adj
!

(F ′
2)⊥,F⊥

2
)◦(·)

��

Ext
2d′2−•
DG×Gm

const (V ∗)
(FV (p!CF1

),FV (p!CF2
)) ∼

// Ext
2d1+2d′2−2d2−•
DG×Gm

const (V ∗)
(p̌!CF⊥

1
, p̌!CF⊥

2
).

Pasting these diagrams with the ones of Proposition 3.2.1 we obtain the desired
equality.

Now we consider Setting (B) of §3.1. The proof of the following proposition is
similar to that of Proposition 3.4.1 (replacing Proposition 3.2.1 by Proposition
3.2.2), and is therefore omitted.
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Proposition 3.4.2. We have an equality

FourierF ′
1,F2
◦ pdiF1,F2

F ′
1,F2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

◦ FourierF1,F2

of morphisms HG×Gm• (F1 ×V F2)→ H
G×Gm

•+2 dim(F⊥
2 )−2 dim(F ′

1)

(
(F ′

1)⊥ ×V ∗ F⊥
2

)
.

4 Compatibility of the remaining constructions with inclusions

4.1 Compatibilities for linear Koszul duality

Consider Setting (A) of §3.1. Then we have equivalences of triangulated cat-
egories KF1,F2 and KF1,F ′

2
constructed as in §1.5. We also have natural mor-

phisms of dg-schemes

f : (∆V ×X ×X)
R∩E×E(F1 × F2)→ (∆V ×X ×X)

R∩E×E(F1 × F ′
2),

g : (∆V ∗×X×X)
R∩E∗×E∗(F⊥

1 ×(F ′
2)⊥)→ (∆V ∗×X×X)

R∩E∗×E∗(F⊥
1 ×F⊥

2 )

associated with the inclusions F2 →֒ F ′
2 and (F ′

2)⊥ →֒ F⊥
2 respectively, and

associated functors

Lf∗ : DcG×Gm

(
(∆V ×X ×X)

R∩E×E(F1 × F ′
2)
)
→

DcG×Gm

(
(∆V ×X ×X)

R∩E×E(F1 × F2)
)
,

Rg∗ : DcG×Gm

(
(∆V ∗ ×X ×X)

R∩E∗×E∗(F⊥
1 × (F ′

2)⊥)
)
→

DcG×Gm

(
(∆V ∗ ×X ×X)

R∩E∗×E∗(F⊥
1 × F⊥

2 )
)

(see [MR3, §§3.2–3.3] for details). By [MR3, Proposition 3.5] there exists an
isomorphism of functors

KF1,F2 ◦ Lf∗ ∼= Rg∗ ◦ KF1,F ′
2
.

It easily follows from definitions that the following diagram commutes:

DcG×Gm

(
(∆V ×X2)

R∩E2(F1 × F ′
2)
) Lf∗

//

��

DcG×Gm

(
(∆V ×X2)

R∩E2(F1 × F2)
)

��
DbCohG×Gm(F1 × F ′

2) // DbCohG×Gm(F1 × F2).

(Here the lower horizontal arrow is the usual pullback functor associated with
the embedding F1 × F2 →֒ F1 × F ′

2. The right vertical arrow is induced by
the “restriction of scalars” functor associated with the embedding A0

F1,F2
→֒

AF1,F2 , where the dg-algebra AF1,F2 is defined in §1.5; note that A0
F1,F2

is the
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direct image of the structure sheaf under the affine morphism F1×F2 → X×X .
The left vertical arrow is defined similarly.) We deduce that the morphism

induced by Lf∗ in K-homology is res
F1,F

′
2

F1,F2
. Similarly, the morphism induced

by Rg∗ in K-homology is pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2

(see the proof of [MR3, Lemma 3.3]). We

deduce the following result.

Proposition 4.1.1. We have an equality

KoszulF1,F2 ◦ res
F1,F

′
2

F1,F2
= pdi

F⊥
1 ,(F

′
2)

⊥

F⊥
1 ,F

⊥
2
◦KoszulF1,F ′

2

of morphisms KG×Gm(F1 ×V F ′
2)→ KG×Gm(F⊥

1 ×V ∗ F⊥
2 ).

Now, consider Setting (B) of §3.1. The same considerations as above allow to
prove the following result.

Proposition 4.1.2. We have an equality

KoszulF ′
1,F2
◦ pdiF1,F2

F ′
1,F2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

◦KoszulF1,F2

of morphisms KG×Gm(F1 ×V F2)→ KG×Gm
(
(F ′

1)⊥ ×V ∗ F⊥
2

)
.

4.2 Compatibilities for the other maps in K-homology

Consider Setting (A) of §3.1.

Proposition 4.2.1. We have equalities

DF⊥
1 ,F

⊥
2
◦ pdiF

⊥
1 ,(F

′
2)

⊥

F⊥
1 ,F

⊥
2

= pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2

◦DF⊥
1 ,(F

′
2)

⊥ ,

iF⊥
1 ,F

⊥
2
◦ pdiF

⊥
1 ,(F

′
2)

⊥

F⊥
1 ,F

⊥
2

= pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2
◦ iF⊥

1 ,(F
′
2)

⊥

of morphisms KG×Gm(F⊥
1 ×V ∗ (F ′

2)⊥)→ KG×Gm(F⊥
1 ×V ∗ F⊥

2 ).

Proof. The second equality is easy, and left to the reader. Let us consider the
first one. We denote the inclusion morphism by

hA : F⊥
1 × (F ′

2)⊥ →֒ F⊥
1 × F⊥

2 ,

and consider the duality functor

DG×Gm

F⊥
1 ,F

⊥
2

: DbCohG×Gm

F⊥
1 ×V ∗F⊥

2
(F⊥

1 × F⊥
2 )→ DbCohG×Gm

F⊥
1 ×V ∗F⊥

2
(F⊥

1 × F⊥
2 )op

defined as in §1.6, and similarly for DG×Gm

F⊥
1 ,(F

′
2)

⊥ . Then the result follows from

the natural isomorphism

R(hA)∗ ◦DG×Gm

F⊥
1 ,(F

′
2)

⊥
∼= DG×Gm

F⊥
1 ,F

⊥
2

◦R(hA)∗

provided by the duality theorem [Ha, Theorem VII.3.3]. More precisely we
need an equivariant version of the duality theorem, which can be derived from
the non-equivariant version by the arguments of [MR3, §2.1].
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Consider now Setting (B) of §3.1.

Proposition 4.2.2. We have equalities

D(F ′
1)

⊥,F⊥
2
◦ resF

⊥
1 ,F

⊥
2

(F ′
1)

⊥,F⊥
2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2
◦DF⊥

1 ,F
⊥
2
,

i(F ′
1)

⊥,F⊥
2
◦ resF

⊥
1 ,F

⊥
2

(F ′
1)

⊥,F⊥
2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

◦ iF⊥
1 ,F

⊥
2

of morphisms KG×Gm(F⊥
1 ×V ∗ F⊥

2 )→ KG×Gm((F ′
1)⊥ ×V ∗ F⊥

2 ).

Proof. The second equality is easy, and left to the reader. Let us consider the
first one. We denote the inclusion morphism by

hB : (F ′
1)⊥ × F⊥

2 →֒ F⊥
1 × F⊥

2 ,

and consider the duality functors DG×Gm

F⊥
1 ,F

⊥
2

and DG×Gm

(F ′
1)

⊥,F⊥
2

defined as in §1.6.

The claim follows from an isomorphism of functors

L(hB)∗ ◦DG×Gm

F⊥
1 ,F

⊥
2

∼= DG×Gm

(F ′
1)

⊥,F⊥
2

◦ L(hB)∗

which can be proved by arguments similar to those of [Ha, Proposition II.5.8],
taking into account our assumption that X is a smooth variety (so that F⊥

1 ×
F⊥
2 and (F ′

1)⊥ × F⊥
2 are also smooth), which implies that every object of

the bounded derived category of coherent sheaves is isomorphic to a bounded
complex of locally free sheaves.

4.3 Compatibilities for RR

First, consider Setting (A) of §3.1.

Proposition 4.3.1. Assume that the proper direct image morphism

HG×Gm

• (F1 ×V F2)→ HG×Gm

• (F1 × F2)

is injective. Then we have an equality

RRF1,F2
◦ resF1,F

′
2

F1,F2
= res

F1,F
′
2

F1,F2
◦ RRF1,F ′

2

of morphisms KG×Gm(F1 ×V F ′
2)→ ĤG×Gm• (F1 ×V F2).
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Proof. Consider the following cube:

KG×Gm(F1 ×V F ′
2)

res
F1,F

′
2

F1,F2

��

pdi

''❖❖
❖❖❖

❖❖❖
❖❖❖

❖

RRF1,F
′
2 // ĤG×Gm• (F1 ×V F ′

2)

res
F1,F

′
2

F1,F2

��

pdi

''❖❖
❖❖❖

❖❖❖
❖❖❖

KG×Gm(F1 × F ′
2)

res

��

(1) // ĤG×Gm• (F1 × F ′
2)

res

��

KG×Gm(F1 ×V F2)

pdi

''❖❖
❖❖❖

❖❖❖
❖❖❖

❖

RRF1,F2 // ĤG×Gm• (F1 ×V F2)

pdi

''❖❖
❖❖❖

❖❖❖
❖❖❖

KG×Gm(F1 × F2)
(2) // ĤG×Gm• (F1 × F2).

Here the labels res and res, resp. pdi and pdi, indicate restriction with supports
(always with respect to the morphism induced by F2 →֒ F ′

2), resp. proper direct
image, the arrow labelled by (1) is given by τG×Gm

F1×F ′
2
·
(
1⊠(TdG×Gm

F ′
2

)−1
)
, and the

arrow labelled by (2) by τG×Gm

F1×F2
·
(
1⊠(TdG×Gm

F2
)−1
)
. The upper and lower faces

of this cube commute by Theorem 1.7.3 and the projection formula (1.1.1). The
left face commutes by definition, and the right one by Lemma A.5.1. The front
face commutes by Proposition 1.7.4, Remark 1.7.5 and formula (1.1.2). Using
our assumption, we deduce the commutativity of the back face, which finishes
the proof.

Now, consider Setting (B) of §3.1. The following proposition follows from
Theorem 1.7.3 and the projection formula (1.1.1).

Proposition 4.3.2. We have an equality

RRF ′
1,F2
◦ pdiF1,F2

F ′
1,F2

= pdiF1,F2

F ′
1,F2
◦ RRF1,F2

of morphisms KG×Gm(F1 ×V F2)→ ĤG×Gm• (F ′
1 ×V F2).

4.4 Compatibilities for RR

The proofs in this subsection are analogous to those of the corresponding state-
ments in §4.3; they are therefore omitted.
First, consider Setting (A) of §3.1.

Proposition 4.4.1. We have an equality

RRF⊥
1 ,F

⊥
2
◦ pdiF

⊥
1 ,(F

′
2)

⊥

F⊥
1 ,F

⊥
2

= pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2
◦ RRF⊥

1 ,(F
′
2)

⊥

of morphisms KG×Gm(F⊥
1 ×V ∗ (F ′

2)⊥)→ ĤG×Gm• (F⊥
1 ×V ∗ F⊥

2 ).

Now, consider Setting (B) of §3.1.
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Proposition 4.4.2. Assume that the proper direct image morphism

HG×Gm
• ((F ′

1)⊥ ×V ∗ F⊥
2 )→ HG×Gm

• ((F ′
1)⊥ × F⊥

2 )

is injective. Then we have an equality

RR(F ′
1)

⊥,F⊥
2
◦ resF

⊥
1 ,F

⊥
2

(F ′
1)

⊥,F⊥
2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

◦ RRF⊥
1 ,F

⊥
2

of morphisms KG×Gm(F⊥
1 ×V ∗ F⊥

2 )→ ĤG×Gm• ((F ′
1)⊥ ×V ∗ F⊥

2 ).

5 Proof of Theorem 1.9.1

5.1 A particular case

In this subsection we study the case when F1 = E and F2 = X (considered as
the zero-section of E), so that F⊥

1 = X , F⊥
2 = E∗. In this case, the assumption

of Theorem 1.9.1 is trivially satisfied.

Lemma 5.1.1. Under the identifications E ×V X = X ×X = X ×V ∗ E∗, the
isomorphism

FourierE,X : HG×Gm

• (E ×V X)
∼−→ HG×Gm

• (X ×V ∗ E∗)

coincides with the automorphism of HG×Gm• (X ×X) induced by the involution
of G×Gm sending (g, t) to (g, t−1).

Proof. The lemma is equivalent to the statement that the isomorphism
HG×Gm• (E×V X)

∼−→ HG×Gm• (X×V ⋄ E⋄) induced by the equivalence FV of §1.2
is the identity morphism of HG×Gm• (X ×X).
Using the canonical isomorphism of §1.3 in the case V = {0}, F1 = F2 = X we
obtain an isomorphism

α : HG×Gm

• (X ×X)
∼−→ Ext

2 dim(X)−•
DG×Gm

const (pt)

(
(p0)!CX , (p0)!CX

)
,

where p0 : X → pt is the projection. Then the composition

HG×Gm

• (X ×X) = HG×Gm

• (E ×V X) ∼= Ext
2 dim(X)−•
DG×Gm

const (V )
(p!CE , p!CX)

sends each c ∈ H
G×Gm

i (X ×X) to the morphism

p!CE = CV ⊠ (p0)!CX
ϕ⊠α(c)−−−−−→ C{0} ⊠ (p0)!CX [2 dim(X)− i]

= p!CX [2 dim(X)− i]

where ϕ : CV → C{0} is the (∗, ∗)-adjunction morphism for the inclusion {0} →֒
V , and we use the identification V = V × pt. Similarly, the composition

HG×Gm

• (X ×X) = HG×Gm

• (X ×V ⋄ E⋄) ∼= Ext
2 dim(E∗)−•
DG×Gm

const (V ⋄)
(p̌!CX , p̌!CE⋄)
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sends each c ∈ H
G×Gm

i (X ×X) to the morphism

p̌!CX = C{0} ⊠ (p0)!CX
ψ⊠α(c)−−−−−→ CV ⋄ ⊠ (p0)!CX [2 dim(E∗)− i]

where ψ : C{0} → CV ⋄ [2 dim(V ∗)] is the (!,
!)-adjunction morphism for the in-

clusion {0} →֒ V ⋄, and we use the identification V ⋄ = V ⋄ × pt. Now using
Lemma 3.3.1 we obtain that FV sends ϕ ⊠ α(c) to ψ ⊠ α(c), and the lemma
follows.

With this result in hand we can prove Theorem 1.9.1 in our particular case.

Lemma 5.1.2. Theorem 1.9.1 holds in the case F1 = E, F2 = X.

Proof. We have F1 ×V F2 = X × X , and also F⊥
1 ×V ∗ F⊥

2 = X × X . There
exists a natural morphism of dg-schemes

(∆V ×X ×X)
R∩E×E(E ×X)→ (X ×X)

R∩X×X(X ×X)

associated with the morphism of vector bundles p × p : E × E → X ×X , see
[MR3, §3.2]. In our case it is easily checked that this morphism is a quasi-
isomorphism, hence it induces an equivalence of triangulated categories

LΦ∗ : DcG×Gm
((X×X)

R∩X×X(X×X))
∼−→ DcG×Gm

((∆V ×X×X)
R∩E×E(E×X)),

see [MR1, Proposition 1.3.2]. Moreover by definition the left-hand side co-
incides with the category DbCohG×Gm(X × X), so that LΦ∗ can (and will)
be considered as an equivalence from DbCohG×Gm(X ×X) to DcG×Gm

((∆V ×
X ×X)

R∩E×E(E ×X)). It is easily checked that the induced automorphism of
KG×Gm(X ×X) is the identity.
Similarly, the morphism dual to p× p induces a quasi-isomorphism

(X ×X)
R∩X×X(X ×X)→ (∆V ∗ ×X ×X)

R∩E∗×E∗(X × E∗),

hence an equivalence of triangulated categories

RΨ∗ : DbCohG×Gm(X ×X)
∼−→ DcG×Gm

((∆V ∗ ×X ×X)
R∩E∗×E∗(X × E∗)),

which induces the identity morphism in K-homology.
If KX,X denotes the linear Koszul duality equivalence defined as in §1.5 (in the
case V = {0}, F1 = F2 = E = X), by [MR3, Proposition 3.4] there exists an
isomorphism

KE,X ◦ LΦ∗ ∼= RΨ∗ ◦ KX,X .
Using the remarks above and the definition of the equivalence KX,X , we deduce

that, if G is in DbCohG(X×X) (considered as an object of DbCohG×Gm(X×X)
with trivial Gm-action), the morphism KoszulE,X sends the class of G〈m〉 to
the class of

RHomOX×X (G,OX ⊠ ωX)〈m〉[dim(X) +m].
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Using the compatibility of Grothendieck–Serre duality with proper direct im-
ages (as in the proof of Proposition 4.2.1) one easily checks that, with similar
notation, DX,E∗ sends the class of G〈m〉 to the class of

RHomOX×X (G,OX ⊠ ωX)〈−m〉[dim(X)].

We deduce that DX,E∗ ◦ KoszulE,X sends the class of G〈m〉 to the class of
G〈−m〉[−m], and then that iX,E∗ ◦ DX,E∗ ◦ KoszulE,X identifies with the
automorphism of KG×Gm(X×X) induced by the involution of G×Gm sending
(g, t) to (g, t−1).
The statement in the lemma follows from this description, Lemma 5.1.1, and the
compatibility of the Riemann–Roch maps with inverse image (in K-homology
and Borel–Moore homology) under an automorphism of G×Gm.

5.2 Compatibility with inclusion

Consider first Setting (A) of §3.1.

Proposition 5.2.1. 1. We have an equality

RRF⊥
1 ,F

⊥
2
◦ iF⊥

1 ,F
⊥
2
◦DF⊥

1 ,F
⊥
2
◦KoszulF1,F2 ◦ res

F1,F
′
2

F1,F2
=

pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2

◦ RRF⊥
1 ,(F

′
2)

⊥ ◦ iF⊥
1 ,(F

′
2)

⊥ ◦DF⊥
1 ,(F

′
2)

⊥ ◦KoszulF1,F ′
2

of morphisms KG×Gm(F1 ×V F ′
2)→ ĤG×Gm• (F⊥

1 ×V ∗ F⊥
2 ).

2. Assume that the proper direct image morphism

HG×Gm

• (F1 ×V F2)→ HG×Gm

• (F1 × F2)

is injective. Then we have an equality

FourierF1,F2
◦ RRF1,F2

◦ resF1,F
′
2

F1,F2
= pdi

F⊥
1 ,(F

′
2)

⊥

F⊥
1 ,F

⊥
2

◦ FourierF1,F ′
2
◦ RRF1,F ′

2

of morphisms KG×Gm(F1 ×V F ′
2)→ ĤG×Gm• (F⊥

1 ×V ∗ F⊥
2 ).

Proof. (1) follows from Propositions 4.1.1, 4.2.1 and 4.4.1. (2) follows from
Propositions 4.3.1 and 3.4.1.

Consider now Setting (B) of §3.1.

Proposition 5.2.2. 1. Assume that the proper direct image morphism

HG×Gm

• ((F ′
1)⊥ ×V ∗ F⊥

2 )→ HG×Gm

• ((F ′
1)⊥ × F⊥

2 )

is injective. Then we have an equality

RR(F ′
1)

⊥,F⊥
2
◦ i(F ′

1)
⊥,F⊥

2
◦D(F ′

1)
⊥,F⊥

2
◦KoszulF ′

1,F2
◦ pdiF1,F2

F ′
1,F2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

◦ RRF⊥
1 ,F

⊥
2
◦ iF⊥

1 ,F
⊥
2
◦DF⊥

1 ,F
⊥
2
◦KoszulF1,F2

of morphisms KG×Gm(F1 ×V F2)→ ĤG×Gm• ((F ′
1)⊥ ×V ∗ F⊥

2 ).
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2. We have an equality

FourierF ′
1,F2
◦ RRF ′

1,F2
◦ pdiF1,F2

F ′
1,F2

= res
F⊥

1 ,F
⊥
2

(F ′
1)

⊥,F⊥
2

◦ FourierF1,F2
◦ RRF1,F2

of morphisms KG×Gm(F1 ×V F2)→ ĤG×Gm• ((F ′
1)⊥ ×V ∗ F⊥

2 ).

Proof. (1) follows from Propositions 4.1.2, 4.2.2 and 4.4.2. (2) follows from
Propositions 4.3.2 and 3.4.2.

5.3 Proof of Theorem 1.9.1

By assumption, the proper direct image morphism

HG×Gm
• (F⊥

1 ×V ∗ F⊥
2 )→ HG×Gm

• (F⊥
1 ×V ∗ E∗)

is injective. Hence the same is true for the induced morphism

ĤG×Gm

• (F⊥
1 ×V ∗ F⊥

2 )→ ĤG×Gm

• (F⊥
1 ×V ∗ E∗).

By Proposition 5.2.1 applied to the inclusion X ⊂ F2, we deduce that it suffices
to prove the theorem in the case F2 = X . (Note that the inclusion F1×V X →֒
F1 × X is the inclusion of the zero section in the vector bundle F1 × X over
X × X . Hence the injectivity assumption in Proposition 5.2.1(2) holds by
Lemma A.8.2.)
Now consider the inclusion of vector subbundles F1 ⊂ E (again with F2 = X).
In this case, the morphism

res
F⊥

1 ,E
∗

X,E∗ : HG×Gm
• (F⊥

1 ×V ∗E∗)→ H
G×Gm

•−2rk(F⊥
1 )

(X×V ∗E∗) = H
G×Gm

•−2rk(F⊥
1 )

(X×X)

is the Thom isomorphism for the vector bundle F⊥
1 ×V ∗ E∗ ∼= F⊥

1 × X over
X × X ; in particular it is injective. Using Proposition 5.2.2 we deduce that
it suffices to prove the theorem in the case F1 = E, F2 = X . (Note that in
our situation the inclusion E⊥ ×V ∗ X⊥ →֒ E⊥ × X⊥ is the inclusion of the
zero section in the vector bundle X × E∗ over X ×X , so that the injectivity
assumption in Proposition 5.2.2(1) holds by Lemma A.8.2.) In this case the
theorem holds by Lemma 5.1.2, hence our proof is complete.

A Proofs of some technical results

A.1 Conventions

In §§A.2–A.4 we work in the A-equivariant constructible derived category of
some complex algebraic A-varieties (for some arbitrary complex linear alge-
braic group A). If X,Y, Z are A-varieties and f : X → Y , g : Y → Z are
A-equivariant morphisms, then there exist canonical “composition” isomor-
phisms

g∗f∗ ∼= (g ◦ f)∗, g!f! ∼= (g ◦ f)!, f∗g∗ ∼= (g ◦ f)∗, f !g! ∼= (g ◦ f)!,

Documenta Mathematica 20 (2015) 989–1038



Linear Koszul Duality and Fourier Transform 1029

which we will all indicate by (Comp). Similarly, given a cartesian square

Y ′

g′

��

f ′

//

�

Z ′

g

��
Y

f // Z

of A-equivariant morphisms, there exist canonical “base change” isomorphisms

f∗g! ∼= (g′)!(f
′)∗, f !g∗ ∼= (g′)∗(f ′)!,

which we will indicate by (BC).

A.2 Some commutative diagrams

Consider a commutative diagram of A-varieties and A-equivariant morphisms

Y
g //

a

''◆◆
◆◆◆

◆◆

c

��

Z
d

''◆◆
◆◆◆

◆◆

f ��
Y ′ g′ //

b

ww♣♣♣
♣♣♣

Z ′

exx♣♣♣
♣♣♣

Y ′′ g′′ // Z ′′

where all squares are cartesian. The following lemma is a restatement of [AHR,
Lemma B.7(d)].

Lemma A.2.1. The following diagram of isomorphisms of functors commutes:

(g′′)!f∗
(Comp)

∼
//

(BC) ≀
��

(g′′)!e∗d∗
(BC)

∼
// b∗(g′)!d∗

(BC)≀
��

c∗g!
(Comp)

∼
// b∗a∗g!.

Now, consider A-equivariant morphisms

W
f // X

g // Y
h // Z.

The following lemma is a restatement of [AHR, Lemma B.4(a) & Lemma
B.4(d)].

Lemma A.2.2. The following diagrams of isomorphisms of functors commute:

h∗g∗f∗
(Comp)

∼
//

(Comp) ≀
��

h∗(g ◦ f)∗

(Comp)≀
��

(h ◦ g)∗f∗
(Comp)

∼
// (h ◦ g ◦ f)∗,

f !g!h!
(Comp)

∼
//

(Comp) ≀
��

f !(h ◦ g)!

(Comp)≀
��

(g ◦ f)!h!
(Comp)

∼
// (h ◦ g ◦ f)!.
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A.3 Base change and adjunction

Consider a cartesian diagram

Y ′

g′

��

f ′

//

�

Z ′

g

��
Y

f // Z

(A.3.1)

of A-varieties and A-equivariant morphisms. Then there exists a canonical
morphism of functors

(f ′)!(g
′)! → g!f! (A.3.2)

which can be defined equivalently as the composition

(f ′)!(g
′)! → (f ′)!(g

′)!f !f!
(Comp)−−−−−→

∼
(f ′)!(f ◦ g′)!f!

(Comp)−−−−−→
∼

(f ′)!(f
′)!g!f! → g!f!

or as the composition

(f ′)!(g
′)! → g!g!(f

′)!(g
′)!

(Comp)−−−−−→
∼

g!(g ◦ f ′)!(g
′)!

(Comp)−−−−−→
∼

g!f!(g
′)!(g

′)! → g!f!

where the unlabelled arrows are induced by the appropriate adjunction mor-
phisms. (We leave it to the reader to check that these compositions coincide.)

As stated in [KS, Exercise III.9], the following diagram is commutative, where
vertical arrows are induced by the canonical morphisms f! → f∗ and (f ′)! →
(f ′)∗:

(f ′)!(g′)!
(A.3.2) //

��

g!f!

��
(f ′)∗(g′)!

(BC)

∼
// g!f∗.

We deduce the following.

Lemma A.3.3. If f (hence also f ′) is proper, then the base change isomorphism
(f ′)∗(g′)! ∼= g!f∗ coincides, under the natural identifications f! = f∗ and (f ′)! =
(f ′)∗, with morphism (A.3.2).

A.4 Some consequences

Consider again a cartesian diagram (A.3.1), and assume that f (hence also f ′)
is proper.
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First, one can consider the diagram of morphisms of functors

(f ′)∗(g′)!f !

(Comp)≀
��

∼
(BC) // g!f∗f !

��

(f ′)∗(f ◦ g′)!

(Comp)≀
��

(f ′)∗(f ′)!g! // g!

(A.4.1)

where the right vertical arrow is induced by the adjunction morphism f∗f ! =
f!f

! → id and the lower horizontal arrow is induced by the adjunction morphism
(f ′)∗(f ′)! = (f ′)!(f ′)! → id.

Lemma A.4.2. Diagram (A.4.1) is commutative.

Proof. The claim follows from Lemma A.3.3 (using the first description of mor-
phism (A.3.2)) and the fact that the composition of adjunction morphisms

f ! → f !f!f
! → f !

is the identity.

One can also consider the diagram of morphisms of functors

g!(f
′)∗(g′)!

(Comp)≀
��

∼
(BC) // g!g!f∗

��

(g ◦ f ′)!(g′)!

(Comp)≀
��

f∗(g′)!(g′)! // f∗

(A.4.3)

where unlabelled arrows are induced by adjunction, and in the left-hand side
we use the identifications f! = f∗ and (f ′)! = (f ′)∗.

Lemma A.4.4. Diagram (A.4.3) is commutative.

Proof. The claim follows from Lemma A.3.3 (using the second description of
morphism (A.3.2)) and the fact that the composition of adjunction morphisms

g! → g!g
!g! → g!

is the identity.
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A.5 Restriction with supports in Borel–Moore homology

As in §1.1, let A be a complex linear algebraic group, let Y be a smooth complex
A-variety, and let Y ′ ⊂ Y be a smooth A-stable closed subvariety. Consider
another A-stable closed subvariety Z ⊂ Y , not necessarily smooth, and set
Z ′ := Z ∩ Y ′. Then we have a cartesian diagram of closed inclusions

Z ′ � � i′ //� _

g

��

Y ′
� _

f

��
Z
� � i // Y.

Set N := 2 dim(Y )− 2 dim(Y ′). The “restriction with supports” morphism

resZZ′ : HA• (Z)→ H
A
•−N (Z ′)

associated with the inclusion Y ′ →֒ Y is defined as follows. Consider the
composition

i! → i!f∗f
∗ (BC)−−−→

∼
g∗(i′)!f∗

where the first morphism is induced by the adjunction morphism id → f∗f∗.
Then applying this composition to DY and using the isomorphisms

i!DY ∼= DZ , f∗DY ∼= f∗CY [2 dim(Y )] ∼= CY ′ [2 dim(Y )] ∼= DY ′ [N ]

and (i′)!DY ′
∼= DZ′

we obtain a morphism

DZ → g∗DZ′ [N ].

Taking (equivariant) cohomology provides our morphism resZZ′ .

The same construction, applied to the subvariety Y ′ ⊂ Y instead of Z, provides
another morphism

resYY ′ : HA• (Y )→ HA•−N (Y ′)

Lemma A.5.1. The following diagram is commutative:

HA• (Z)
resZ

Z′ //

pdii

��

HA•−N (Z ′)

pdii′

��
HA• (Y )

resY
Y ′ // HA•−N (Y ′).
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Proof. Consider the following diagram:

i!i
! //

��

i!i
!f∗f∗ (BC)

∼
//

��❁
❁❁

❁❁
❁❁

❁❁
❁❁

❁❁
❁❁

❁❁
❁

i!g∗(i′)!f∗

(‡)≀
��

f∗(i′)!(i′)!f∗

��
id // f∗f∗.

Here the unlabelled arrows are induced by the appropriate adjunction mor-
phisms, and the arrow labelled with (‡) is induced by the composition of natural
isomorphisms

i!g∗ ∼= i!g!
(Comp)−−−−−→

∼
(i ◦ g)!

(Comp)−−−−−→
∼

f!(i
′)! ∼= f∗(i′)!.

The left part of the diagram is clearly commutative, and the right part is com-
mutative by Lemma A.4.4. Hence the diagram as a whole is commutative.
Now, when applied to DY and after taking equivariant cohomology, this dia-
gram induces the diagram of the lemma, hence these remarks finish the proof.
(In this argument we also use the left diagram in Lemma A.2.2, which allows to
forget about the “(Comp)” isomorphisms in the right-hand side of the diagram
once equivariant cohomology is taken.)

A.6 Proof of Proposition 3.2.1(1)

By functoriality of isomorphism (1.3.1) the following diagram commutes, where
the right vertical morphism is induced by adj∗F2,F ′

2
:

Ext•DG×Gm
const (V )

(p∗CF1
, p∗CF ′

2
)

(p∗adj
∗
F2,F

′
2
)◦(·)

��

(1.3.1)

∼
// H•
G×Gm

(E ×V E, j!(DF1
⊠ CF ′

2
))

��
Ext•DG×Gm

const (V )
(p∗CF1

, p∗CF2
)
(1.3.1)

∼
// H•
G×Gm

(E ×V E, j!(DF1
⊠ CF2

)).

(A.6.1)

Now, consider the following diagram, where all squares are cartesian and all
morphisms are closed inclusions:

F1 ×V F2
c //

k

��

b

((
F1 ×V F ′

2

k′

��

b′ // E ×V E
j

��
F1 × F2

d //

a

77F1 × F ′
2

a′ // E × E.
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Then under the natural identifications

H•
G×Gm

(E ×V E, j!(DF1
⊠ CF2

)) ∼= H•
G×Gm

(E ×V E, j!a∗(DF1
⊠ CF2

)),

H•
G×Gm

(E ×V E, j!(DF1
⊠ CF ′

2
)) ∼= H•

G×Gm
(E ×V E, j!(a′)∗(DF1

⊠ CF ′
2
)),

the right vertical morphism in (A.6.1) identifies with the morphism

H
•
G×Gm

(
E ×V E, j!(a′)∗(DF1

⊠ CF ′
2
)
)
→ H

•
G×Gm

(
E ×V E, j!a∗(DF1

⊠ CF2
)
)

(A.6.2)
induced by the adjunction morphism id → d∗d∗ (through the “composition”
isomorphism (a′)∗d∗ ∼= a∗).
Consider the following diagram of morphisms of functors:

j!(a′)∗
(BC)

∼
//

��
(⋆)

''

(b′)∗(k′)!

��
(†)

zz

j!(a′)∗d∗d∗
(BC)

∼
//

(Comp) ≀
��

(b′)∗(k′)!d∗d∗

(BC)≀
��

j!a∗d∗
(BC)

∼
// b∗k!d∗

(Comp)

∼
// (b′)∗c∗k!d∗.

Here the upper vertical arrows are induced by the adjunction morphism id →
d∗d∗, and other arrows are either base change or composition isomorphisms
as indicated. The upper square is clearly commutative, and the lower square
is commutative by Lemma A.2.1. Hence the whole diagram is commutative,
which allows to define the dotted arrows uniquely. The arrow labelled with (⋆)
is the morphism which defines (A.6.2), and the arrow labelled with (†) is the

morphism used in the definition of restriction with supports res
F1,F

′
2

F1,F2
, see §A.5.

Applying this diagram to DF1
⊠CF ′

2
and taking equivariant cohomology allows

to finish the proof of Proposition 3.2.1(1). (In this argument we also use the
left diagram in Lemma A.2.2, which allows e.g. to forget about the “(Comp)”
isomorphism on the lower line once equivariant cohomology is taken.)

A.7 Proof of Proposition 3.2.1(2)

Consider the following diagram, where all squares are cartesian and all mor-
phisms are closed inclusions:

F⊥
1 ×V ∗ (F ′

2)⊥ c̃ //

k̃
��

b̃

))
F⊥
1 ×V ∗ F⊥

2

k̃′

��

b̃′ // E∗ ×V ∗ E∗

j̃

��
F⊥
1 × (F ′

2)⊥
d̃ //

ã

55F⊥
1 × F⊥

2
ã′ // E∗ × E∗.

Documenta Mathematica 20 (2015) 989–1038



Linear Koszul Duality and Fourier Transform 1035

Then by functoriality of isomorphism (1.3.1) we have a commutative diagram

Ext•
D
G×Gm
const (V ∗)

(p̌∗CF⊥
1
, p̌∗C(F ′

2)
⊥)

∼ //

(p̌∗adj
!

(F ′
2
)⊥,F⊥

2

)◦(·)

��

H•
G×Gm

(
E∗ ×V ∗ E∗, j̃!ã∗(DF⊥

1
⊠ C(F ′

2)
⊥)

)

��
Ext

•+2r2−2r′2

D
G×Gm
const (V ∗)

(p̌∗CF⊥
1
, p̌∗CF⊥

2
)

∼ // H•+2r2−2r′2
G×Gm

(
E∗ ×V ∗ E∗, j̃!(ã′)∗(DF⊥

1
⊠ CF⊥

2
)
)
,

(A.7.1)
where horizontal arrows are induced by isomorphism (1.3.1) and the right ver-
tical morphism is induced by the adjunction morphism d̃!d̃

! → id (through
the isomorphisms (ã′)∗d̃! ∼= (ã′)∗d̃∗ ∼= ã∗ and C(F ′

2)
⊥
∼= D(F ′

2)
⊥ [−2 dim((F ′

2)⊥)],

CF⊥
2

∼= DF⊥
2

[−2 dim(F⊥
2 )]), and where r2 := rk(F⊥

2 ), r′2 := rk((F ′
2)⊥).

Consider the following diagram of morphisms of functors:

j̃!ã∗d̃!
(BC)

∼
//

(Comp) ≀

��
(#)

  

b̃∗k̃!d̃!

(Comp)≀
��

(♭)

rr

(b̃′)∗c̃∗k̃!d̃!

(BC)≀
��

(Comp)

∼
// (b̃′)∗c̃∗(d̃ ◦ k̃)!

(Comp)≀
��

j̃!(ã′)∗d̃∗d̃!
(BC)

∼
//

��

(b̃′)∗(k̃′)!d̃∗d̃!

��

(b̃′)∗c̃∗c̃!(k̃′)!

uu❧❧❧
❧❧❧

❧❧❧
❧❧❧

❧❧

j̃!(ã′)∗
(BC)

∼
// (b̃′)∗(k̃′)!

Here all the unlabelled arrows are induced by the appropriate adjunction mor-
phisms (using the identifications c̃∗ = c̃! and d̃∗ = d̃!). The upper square is
commutative by Lemma A.2.1, the lower square is obviously commutative, and
the right square is commutative by Lemma A.4.2. Hence the diagram as a
whole is commutative, which allows to define the dotted arrows uniquely. The
arrow labelled with (#) is the one which induces the right arrow in diagram
(A.7.1) (when applied to DF⊥

1 ×F⊥
2

), while the arrow labelled with (♭) is the

one which induces the proper direct image morphism pdi
F⊥

1 ,(F
′
2)

⊥

F⊥
1 ,F

⊥
2

(again when

applied to DF⊥
1 ×F⊥

2
), see [CG, §8.3.19]. The result follows. (As in §A.6, in this

argument we also use the diagrams of Lemma A.2.2.)

A.8 A lemma on Euler classes

Let A be a complex linear algebraic group acting on a smooth complex algebraic
variety Y , and let F → Y be an A-equivariant vector bundle of rank r. We
consider F (hence also its zero-section Y ) as an A×Gm-variety with the Gm-
action defined as in §1.2. Note that, as Gm acts trivially on Y , there exists a
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canonical isomorphism of graded algebras

H•
A×Gm

(Y ) ∼= H•
A(Y )⊗C H•

Gm
(pt). (A.8.1)

Lemma A.8.2. The proper direct image morphism

HA×Gm

• (Y )→ HA×Gm

• (F )

associated with the inclusion Y →֒ F is injective.

Proof. It is well known that the composition of our morphism with the Thom
isomorphism HA×Gm• (F ) ∼= H

A×Gm

•−2r (Y ) identifies with the action of the equiv-
ariant Euler class Eu(F ) ∈ H2r

A×Gm
(Y ) of F , see e.g. [L3, §1.19]. Since Y is

smooth, the equivariant homology HA×Gm• (Y ) is a free module of rank one over
H•
A×Gm

(Y ), hence it is enough to prove that Eu(F ) is not a zero-divisor in
H•
A×Gm

(Y ). However one can check that (due to our choice of Gm-action) this
Euler class can be written, using isomorphism (A.8.1), as

Eu(F ) = 1⊗ (−2u)r + x

where 1 ∈ H0
A(Y ) is the unit, u ∈ H2

Gm
(pt) is the canonical generator and

x ∈ ⊕i≥2 H
i
A(Y ) ⊗ H

2r−i
Gm

(pt). It follows that this element is indeed not a
zero-divisor.
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Abstract. Let K be an algebraically closed field of characteristic
zero, Gm = (K \ {0},×) be its multiplicative group, and Ga = (K,+)
be its additive group. Consider a commutative linear algebraic group
G = (Gm)r × Ga. We study equivariant G-embeddings, i.e. normal
G-varieties X containing G as an open orbit. We prove that X is a
toric variety and all such actions of G on X correspond to Demazure
roots of the fan of X . In these terms, the orbit structure of a G-variety
X is described.
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Keywords and Phrases: Toric variety, Cox ring, locally nilpotent
derivation, Demazure root

1. Introduction

Let K be an algebraically closed field of characteristic zero, Gm = (K \ {0},×)
be its multiplicative group, and Ga = (K,+) be its additive group. It is well
known that any connected commutative linear algebraic group G over K is
isomorphic to (Gm)r × (Ga)s with some non-negative integers r and s, see [20,
Theorem 15.5]. We say that r is the rank of the group G and s is the corank
of G.
The aim of this paper is to study equivariant embeddings of commutative linear
algebraic groups. Let us recall that an equivariant embedding of an algebraic
group G is a pair (X, x), where X is an algebraic variety equipped with a
regular action G × X → X and x ∈ X is a point with the trivial stabilizer
such that the orbit Gx is open and dense in X . We assume that the variety
X is normal. If X is supposed to be complete, we speak about equivariant
compactifications of G. For the study of compactifications of reductive groups,
see e.g. [26]. More generally, equivariant embeddings of homogeneous spaces of
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1040 Ivan Arzhantsev, Polina Kotenkova

reductive groups is a popular object starting from early 1970th. Recent survey
of results in this field may be found in [27].
Let us return to the case G = (Gm)r × (Ga)s. If s = 0 then G is a torus
and we come to the famous theory of toric varieties, see [13], [23], [18], [12].
Another extreme r = 0 corresponds to embeddings of a commutative unipotent
(=vector) group. This case is also studied actively during last decades, see [19],
[8], [3], [16], [14]. The next natural step is to study the mixed case r > 0 and
s > 0 and to combine advantages of both torus and additive group actions.
The present paper deals with the case s = 1, i.e. from now on G is a con-
nected commutative linear algebraic group of corank one. In other words,
G = (Gm)n−1 ×Ga, where n = dimX .
Let X be a toric variety with the acting torus T. Consider an action Ga×X →
X normalized by T. Then T acts on Ga by conjugation with some character
e. Such a character is called a Demazure root of X . If T = Ker(e), then the
group G := T ×Ga acts on X with an open orbit, and X is a G-embedding, see
Proposition 6. Our main result (Theorem 2) states that all G-embeddings can
be realized this way. To this end we prove that for any G-embedding X the
(Gm)n−1-action on X can be extended to an action of a bigger torus T which
normalizes the Ga-action and X is toric with respect to T.
This result can not be generalized to groups of corank two; examples of non-
toric surfaces which are equivariant compactifications ofG2

a can be found in [14].
Similar examples are constructed in [14], [15] for semidirect products Gm⋌Ga.
Such groups can be considered as non-commutative groups of corank one.
If two toric varieties are isomorphic as abstract varieties, then they are isomor-
phic as toric varieties [10, Theorem 4.1]. This shows that the structure of a
torus embedding on a toric variety is unique up to isomorphism. A structure
of a G-embedding on a given variety may be non-unique, see Examples 2, 4.
Such structures are given by Demazure roots and thus the number of struc-
tures is finite if X is complete, and it is at most countable for arbitrary X . At
the same time, G6

a-embeddings into P6 admit a non-trivial moduli space [19,
Example 3.6].
The paper is organized as follows. Section 2 contains preliminaries on torus
actions on affine varieties. We recall basic facts on affine toric varieties and
introduce a description of affine T -varieties in terms of proper polyhedral di-
visors due to Altmann and Hausen [1]. A correspondence between Ga-actions
on X normalized by T and homogeneous locally nilpotent derivations (LNDs)
of the algebra K[X ] is explained. We define Demazure roots of a cone and use
them to describe homogeneous LNDs on K[X ], where X is toric. Also we give a
description of homogeneous LNDs of horizontal type on algebras with grading
of complexity one obtained by Liendo [22].
In Section 3 we show that if X is a normal affine T -variety of complexity one
and the algebra K[X ] admits a homogeneous LND of degree zero, then X is
toric with an acting torus T, T is a subtorus of T, and T normalizes the corre-
sponding Ga-action. This gives the result for affine G-embeddings. Moreover,
Proposition 3 provides an explicit description of affine G-embeddings.
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Section 4 deals with compactifications of G. Here we use the Cox construction
and a lifting of the action of G to the total coordinate space X of X to deduce
the result from the affine case.
In Section 5 we recall basic facts on toric varieties and introduce the notion of
a Demazure root of a fan following Demazure [13]. The action of the corre-
sponding one-parameter subgroup on the toric variety is also described there.
Let Σ be a fan and e be a Demazure root of Σ. In Section 6 we define a G-
embedding associated to the pair (Σ, e) and study the G-orbit structure of X .
It turns out that the number of G-orbits on X is finite.
Finally, in Section 7 we prove that any G-embedding is associated with some
pair (Σ, e). The idea is to reduce the general case to the complete one via equi-
variant compactification. At the end several explicit examples of G-embeddings
are given.
Some results of this paper appeared in preprint [5]. They form a part of the
Ph.D. thesis of the second author [21].
The authors are grateful to the referee for careful reading of the paper and
valuable suggestions.

2. Ga-actions on affine T -varieties

Let X be an irreducible affine variety with an effective action of an algebraic
torus T , M be the character lattice of T , N be the lattice of one-parameter
subgroups of T , and A = K[X ] be the algebra of regular functions on X . It is
well known that there is a bijective correspondence between effective T -actions
on X and effective M -gradings on A. In fact, the algebra A is graded by a
semigroup of lattice points in some convex polyhedral cone ω ⊆MQ = M⊗ZQ.
So we have

A =
⊕

m∈ωM
Amχ

m,

where ωM = ω ∩M and χm is the character corresponding to m.
A derivation ∂ on an algebra A is said to be locally nilpotent (LND) if for each
f ∈ A there exists n ∈ N such that ∂n(f) = 0. For any LND ∂ on A the map
ϕ∂ : Ga ×A→ A, ϕ∂(s, f) = exp(s∂)(f), defines a structure of a rational Ga-
algebra on A. This induces a regular action Ga ×X → X , where X = SpecA.
In fact, any regular Ga-action on X arises this way, see [17, Section 1.5]. A
derivation ∂ on A is said to be homogeneous if it respects the M -grading. If
f, h ∈ A\ ker ∂ are homogeneous, then ∂(fh) = f∂(h) + ∂(f)h is homogeneous
too and deg ∂(f)− deg f = deg ∂(h)− deg h. So any homogeneous derivation ∂
has a well defined degree given as deg ∂ = deg ∂(f)−deg f for any homogeneous
f ∈ A\ ker ∂. It is easy to see that an LND on A is homogeneous if and only if
the corresponding Ga-action is normalized by the torus T in the automorphism
group Aut(X), cf. [17, Section 3.7].
Any derivation on K[X ] extends to a derivation on the field of fractions K(X)
by the Leibniz rule. A homogeneous LND ∂ on K[X ] is said to be of fiber
type if ∂(K(X)T ) = 0 and of horizontal type otherwise. In other words, ∂ is of
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fiber type if and only if the general orbits of corresponding Ga-action on X are
contained in the closures of T -orbits.
Let X be an affine toric variety, i. e. a normal affine variety with a generically
transitive action of a torus T . In this case

A =
⊕

m∈ωM
Kχm = K[ωM ]

is the semigroup algebra. Recall that for given cone ω ⊂ MQ, its dual cone is
defined by

σ = {n ∈ NQ | 〈n, p〉 > 0 ∀p ∈ ω},
where 〈, 〉 is the pairing between dual lattices N and M . Let σ(1) be the set
of rays of a cone σ and nρ be the primitive lattice vector on the ray ρ. For
ρ ∈ σ(1) we set

Sρ := {e ∈M | 〈nρ, e〉 = −1 and 〈nρ′ , e〉 > 0 ∀ ρ′ ∈ σ(1), ρ′ 6= ρ}.
One easily checks that the set Sρ is infinite for each ρ ∈ σ(1). The elements
of the set R :=

⊔
ρ
Sρ are called the Demazure roots of σ. Let e ∈ Sρ. Then ρ

is called the distinguished ray of the root e. One can define the homogeneous
LND on the algebra A by the rule

∂e(χ
m) = 〈nρ,m〉χm+e.

In fact, every homogeneous LND on A has a form α∂e for some α ∈ K, e ∈ R,
see [22, Theorem 2.7]. In other words, Ga-actions on X normalized by the
acting torus are in bijection with Demazure roots of the cone σ.
Clearly, all homogeneous LNDs on a toric variety are of fiber type.

Example 1. Consider X = Ak with the standard action of the torus
(K×)k. It is a toric variety with the cone σ = Qk>0 having rays ρ1 =

〈(1, 0, . . . , 0)〉Q>0
, . . . , ρk = 〈(0, 0, . . . , 0, 1)〉Q>0

. The dual cone ω is Qk>0 as
well. In this case

Sρi = {(c1, . . . , ci−1,−1, ci+1, . . . , ck) | cj ∈ Z>0}.

r r r r r

r

r

r

r

✲

✻Sρ1

Sρ2

MQ = Q2

Denote x1 = χ(1,0,...,0), . . . , xk = χ(0,...,0,1). Then K[X ] = K[x1, . . . , xk]. It
is easy to see that the homogeneous LND corresponding to the root e =
(c1, . . . , ck) ∈ Sρi is

∂e = xc11 . . . x
ci−1

i−1 x
ci+1

i+1 . . . x
ck
k

∂

∂xi
.
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This LND gives rise to the Ga-action

xi 7→ xi + sxc11 . . . x
ci−1

i−1 x
ci+1

i+1 . . . x
ck
k , xj 7→ xj , j 6= i, s ∈ Ga.

Let us recall that the complexity of an action of a torus T on an irreducible
variety X is the codimension of a general T -orbit on X , or, equivalently, the
transcendence degree of the field of rational invariants K(X)T over K. In
particular, actions of complexity zero are precisely actions with an open T -
orbit.
Now we recall a description of normal affine T -varieties of complexity one in
terms of proper polyhedral divisors. Let N and M be two mutually dual
lattices with the pairing denoted by 〈, 〉, σ be a strongly convex cone in NQ, and
ω ⊆ MQ be the dual cone. A polyhedron ∆ ⊆ NQ, which can be decomposed
as Minkowski sum of a bounded polyhedron and the cone σ, is called σ-tailed.
Let C be a smooth curve. A σ-polyhedral divisor on C is a formal sum

D =
∑

z∈C
∆z · z,

where ∆z are the σ-tailed polyhedra and only finite number of them are not
equal to σ. The divisor D is trivial, if ∆z = σ for all z ∈ C.
The finite set SuppD := {z ∈ C | ∆z 6= σ} is called the support of D. For every
m ∈ ωM we can obtain the Q-divisor D(m) =

∑
z∈C

hz(m) · z, where hz(m) :=

min
p∈∆z

〈p,m〉. So a σ-polyhedral divisor is just a piecewise-linear function from

ωM to the group of Q-divisors on C. One can define the M -graded algebra

A[C,D] =
⊕

m∈ωM
Amχ

m,

where

Am = H0(C,D(m)) := {f ∈ K(X) | div f + D(m) > 0},
where the multiplication of homogeneous elements is given as in K(X).
A σ-polyhedral divisor on smooth curve C is called proper if either C is affine,
or C is projective and the polyhedron degD :=

∑
z∈C

∆z is a proper subset of σ.

The next theorem expresses the main results of [1] specialized to the case of
torus actions of complexity one.

Theorem 1. (1) Let C be a smooth curve and D a proper σ-polyhedral divi-
sor on C. Then the M -graded algebra A[C,D] is a normal finitely generated
effectively graded (rkM + 1)-dimensional domain. Conversely, for each nor-
mal finitely generated domain A with a grading of complexity one there exist
a smooth curve C and a proper σ-polyhedral divisor D on C such that A is
isomorphic to A[C,D].
(2) The M -graded domains SpecA[C,D] and SpecA[C,D′] are isomorphic if
and only if for every z ∈ C there exists a lattice vector vz ∈ N such that

D = D′ +
∑

z

(vz + σ) · z,
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and for all m ∈ ωM the divisor
∑
z
〈vz ,m〉 · z is principal.

The following result is obtained in [1, Section 11].

Proposition 1. Let D be a proper σ-polyhedral divisor on a smooth curve C,
X = SpecA[C,D], and T ×X → X be the corresponding torus action. Then
this action can be realized as a subtorus action an a toric variety if and only if
either C = A1 and D can be chosen supported in at most one point, or C = P1

and D can be chosen supported in at most two points.

Also we need a description of homogeneous LNDs of horizontal type for a T -
variety X of complexity one from [22]. Below we follow the approach given
in [7]. We have K[X ] = A[C,D] for some C and D. It turns out that C is
isomorphic to A1 or P1 whenever there exists a homogeneous LND of horizontal
type on A[C,D], see [22, Lemma 3.15].
Let C be A1 or P1, D =

∑
z∈C

∆z · z a σ-polyhedral divisor on C, z0 ∈ C,

z∞ ∈ C\{z0}, and vz a vertex of ∆z for every z ∈ C. Put C′ = C if C = A1

and C′ = C\{z∞} if C = P1. A collection D̃ = {D, z0; vz, ∀z ∈ C} if C = A1

and D̃ = {D, z0, z∞; vz , ∀z ∈ C′} if C = P1 is called a colored σ-polyhedral
divisor on C if the following conditions hold:

(∗) vdeg :=
∑
z∈C′

vz is a vertex of degD|C′ :=
∑
z∈C′

∆z ;

(∗∗) vz ∈ N for all z ∈ C′, z 6= z0.

Let D̃ be a colored σ-polyhedral divisor on C and δ ⊆ NQ be the cone generated
by degD|C′ −vdeg. Denote by σ̃ ⊆ (N ⊕ Z)Q the cone generated by (δ, 0) and
(vz0 , 1) if C = A1, and by (δ, 0), (vz0 , 1) and (∆z∞ + vdeg − vz0 + δ,−1) if
C = P1. By definition, put d the minimal positive integer such that d ·vz0 ∈ N .

A pair (D̃, e), where e ∈M , is said to be coherent if

(i) there exists s ∈ Z such that ẽ = (e, s) ∈ M ⊕ Z is a Demazure root of
the cone σ̃ with distinguished ray ρ̃ = (d · vz0 , d);

(ii) 〈v, e〉 > 1 + 〈vz , e〉 for all z ∈ C′\{z0} and all vertices v 6= vz of the
polyhedron ∆z;

(iii) d · 〈v, e〉 > 1 + 〈vz0 , e〉 for all vertices v 6= vz0 of the polyhedron ∆z0 ;

(iv) if Y = P1, then d · 〈v, e〉 > −1− d · ∑
z∈Y ′

〈vz , e〉 for all vertices v of the

polyhedron ∆z∞ .

It follows from [7, Theorem 1.10] that homogeneous LNDs of horizontal type

on A[C,D] are in bijection with the coherent pairs (D̃, e). Namely, let (D̃, e)
be a coherent pair. Without loss of generality we may assume that z0 = 0,
z∞ = ∞ if C = P1, and vz = 0 ∈ N for all z ∈ C′\{z0}. Let K(C) = K(t).

Then the homogeneous LND of horizontal type corresponding to (D̃, e) is given
by

(1) ∂(χm · tr) = d(〈v0,m〉+ r)χm+e · tr+s for all m ∈M, r ∈ Z.
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In particular, the vector e is the degree of the derivation ∂.

3. The affine case

Let (X, x) be an equivariant embedding of the group G = (Gm)n−1 × Ga,
where n = dimX . In this section we assume that X is normal and affine. Let
us denote the subgroup (Gm)n−1 of G by T . Since the action of T on X is
effective, it has complexity one and defines an effective grading of the algebra
K[X ] by the lattice M . In particular, the graded algebra K[X ] has the form
A[C,D] for some smooth curve C and some proper σ-polyhedral divisor on C,
where σ is a cone in NQ.
Since the action of the subgroup Ga commutes with T -action on X , the cor-
responding homogeneous LND on K[X ] has degree zero. Moreover, the group
G acts on X with an open orbit. It implies that the Ga-action on X is of
horizontal type, and hence either C = A1 or C = P1.

Proposition 2. Let X = SpecA[C,D] be a T -variety of complexity one. Sup-
pose that there exists a homogeneous LND of horizontal type and of degree zero
on A[C,D]. Then

(1) if C = A1, then one can assume (via Theorem 1) that D is a trivial
σ-polyhedral divisor;

(2) if C = P1, then one can choose D = ∆∞ · [∞], where ∆∞  σ is some
σ-tailed polyhedron.

Proof. Let (D̃, 0) be the coherent pair corresponding to the homogeneous LND
of horizontal type. Without loss of generality we may assume that z0 = 0 and
z∞ = ∞ if C = P1. By definition of a coherent pair, there exists s ∈ Z such
that (0, s) is a Demazure root of the cone σ̃ with distinguished ray (dv0, d).
It implies that s = −1, d = 1, and hence v0 ∈ N . Further, the inequality
〈v, 0〉 > 1 + 〈vz , 0〉 should be satisfied for every z ∈ C′ and every vertex v 6= vz
of ∆z. It means that each polyhedron ∆z, where z ∈ C′, has only one vertex
vz . Replacing σ-polyhedral divisor D with D′ = D +

∑
z∈C′(−vz + σ) · z and

using Theorem 1, we obtain the assertion. The condition ∆∞  σ follows from
the fact that D is a proper σ-polyhedral divisor. �

Corollary 1. Under the conditions of Proposition 2 the variety X is toric
with T being a subtorus of the acting torus T.

Proof. It follows immediately from Propositions 1 and 2. �

The next proposition is a specification of Corollary 1. In particular, it shows
that the Ga-action on X is normalized by the acting torus T.

Proposition 3. Under the conditions of Proposition 2,

(1) if C = A1, then X ∼= Y ×A1, where Y is the toric variety corresponding
to the cone σ and Ga acts on A1 by translations;

(2) if C = P1, then X is the toric variety with the cone σ̃ ⊂ N ⊕ Z
generated by (σ, 0), (∆∞,−1) and (0, 1). The Ga-action on X is given
by Demazure root ẽ = (0,−1) ∈M ⊕ Z of the cone σ̃.
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Proof. Let K(C) = K(t). If C = A1 then D is trivial and

A[C,D] =
⊕

m∈ωM
K[t] · χm = K[ωM ]⊗K[t] = K[Y ]⊗K[t].

Hence X ∼= Y × A1. Applying formula (1), we obtain that the homogeneous
LND is given by

(2) ∂(χm · tr) = rχm · tr−1

for all m ∈ ωM and r ∈ Z>0. Thus Ga acts on Y × A1 as (y, t) 7→ (y, t+ s).

If C = P1 then D = ∆∞ · [∞] and we obtain

A[C,D] =
⊕

m∈ωM

h∞(m)⊕

r=0

Kχm · tr =
⊕

(m,r)∈ω̃
M̃

Kχm · tr = K[ω̃
M̃

],

where M̃ = M ⊕ Z and ω̃ ⊂ M̃Q is the cone dual to σ̃. So we see that A[C,D]
is a semigroup algebra and X is a toric variety with the cone σ̃. In this case
formula (2) gives the LND corresponding to the Demazure root ẽ = (0,−1). �

4. The complete case

In this section we study equivariant compactifications of the group G. First we
briefly recall the main ingredients of the Cox construction, see [4, Chapter 1]
for more details.
Let X be a normal variety with finitely generated divisor class group Cl(X)
and only constant invertible regular functions.
Suppose that Cl(X) is free. Denote by WDiv(X) the group of Weil divisors on
X and fix a subgroup K ⊆WDiv(X) which maps onto Cl(X) isomorphically.
The Cox ring of the variety X is defined as

R(X) =
⊕

D∈K
H0(X,D),

where H0(X,D) = {f ∈ K(X) | div f +D > 0} and multiplication on homoge-
neous components coincides with multiplication in K(X) and extends to R(X)
by linearity.
If Cl(X) has torsion, we choose a finitely generated subgroup K ⊆ WDiv(X)
that projects to Cl(X) surjectively. Denote by K0 ⊂ K the kernel of this
projection. Take compatible bases D1, . . . , Ds and D0

1 = d1D1, . . . , D
0
r = drDr

in K and K0 respectively. Let us choose the set of rational functions F = {FD ∈
K(X)× : D ∈ K0} such that div(FD) = D and FD+D′ = FDFD′ . Suppose
that D,D′ ∈ K and D −D′ ∈ K0. The map f 7→ FD−D′f is an isomorphism
of the vector spaces H0(X,D) and H0(X,D′). The linear span of the elements
f −FD−D′f over all D,D′ with D−D′ ∈ K0 and all f ∈ H0(X,D) is an ideal
I(K,F) of the graded ring TK(X) :=

⊕
D∈K H

0(X,D). The Cox ring of the
variety X is given by

R(X) = TK(X)/I(K,F).
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This construction does not depend on the choice of K and F, see [2, Lemma 3.1
and Proposition 3.2] and [4, Proposition 1.4.2.2].
Suppose that the Cox ring R(X) is finitely generated. Then X := SpecR(X) is
a normal affine variety with an action of the quasitorus HX := SpecK[Cl(X)].

There is an open HX -invariant subset X̂ ⊆ X such that the complement

X\X̂ is of codimension at least two in X , there exists a good quotient

pX : X̂ → X̂//HX , and the quotient space X̂//HX is isomorphic to X , see
[4, Construction 1.6.3.1]. So we have the following diagram

X̂
i−−−−→ X = SpecR(X)

y//HX

X
Let us return to equivariant compactifications of G.

Proposition 4. Let G = T × Ga and X be a normal compactification of G.
Then the T -action on X can be extended to an action of a bigger torus T such
that T normalizes Ga and X is a toric variety with the acting torus T.

Proof. The variety X is rational with torus action of complexity one. By [4,
Theorem 4.3.1.5], the divisor class group Cl(X) and the Cox ring R(X) are
finitely generated.
There exists a finite epimorphism ǫ : G′ → G of connected linear algebraic

groups and an action G′ × X̂ → X̂ which commutes with the quasitorus HX

and pX(g′ · x̂) = ǫ(g′) ·pX(x̂) for all g′ ∈ G′ and x̂ ∈ X̂, see [4, Theorem 4.2.3.1].
The group G′ has a form T ′ ×Ga, where ǫ defines a finite epimorphism of tori
T ′ → T and is identical on Ga.
Since X = SpecK[X̂], the action of G′ extends to the affine variety X. This
variety is an embedding of the group (T ′H0

X)×Ga. By Proposition 3, it is toric

with an acting torus T normalizing the Ga-action and T ′H0
X is a subtorus of T.

Since X is complete, [25, Corollary 2.5] implies that the subset X̂ is invariant
under the torus T. By [4, Lemma 4.2.1.3], the action of T descends to an action
of the torus T := T/H0

X on X . Here T normalizes Ga, its action extends the
action of T on X , and X is toric with respect to T. �

5. Toric varieties and Demazure roots

We keep notations of Section 2. Let X be a toric variety of dimension n with
an acting torus T and Σ be the corresponding fan of convex polyhedral cones
in the space NQ, see [18] or [12] for details.
As before, let Σ(1) be the set of rays of the fan Σ and nρ be the primitive
lattice vector on the ray ρ. For ρ ∈ Σ(1) we consider the set Sρ of all vectors
e ∈M such that

(1) 〈nρ, e〉 = −1 and 〈nρ′ , e〉 > 0 ∀ ρ′ ∈ σ(1), ρ′ 6= ρ;

(2) if σ is a cone of Σ and 〈v, e〉 = 0 for all v ∈ σ, then the cone generated
by σ and ρ is in Σ as well.
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Note that condition (1) implies condition (2) if Σ is a maximal fan with support
|Σ|. This is the case if X is affine or complete.
The elements of the set R :=

⊔
ρ
Sρ are called the Demazure roots of the fan Σ,

cf. [13, Définition 4] and [23, Section 3.4]. Again elements e ∈ R are in bijection
with Ga-actions on X normalized by the acting torus, see [13, Théoreme 3]
and [23, Proposition 3.14]. If X is affine, the Ga-action given by a Demazure
root e coincides with the action given by the locally nilpotent derivation ∂e
of the algebra K[X ] as defined in Section 2. Let us denote the image under
this action of the group Ga in Aut(X) by He. Thus He is a one-parameter
unipotent subgroup normalized by T in Aut(X).
We recall basic facts from toric geometry. There is a bijection between cones
σ ∈ Σ and T-orbits Oσ on X such that σ1 ⊆ σ2 if and only if Oσ2 ⊆ Oσ1 .
Here dimOσ = n− dim〈σ〉. Moreover, each cone σ ∈ Σ defines an open affine
T-invariant subset Uσ on X such that Oσ is a unique closed T-orbit on Uσ and
σ1 ⊆ σ2 if and only if Uσ1 ⊆ Uσ2 .
Let ρe be the distinguished ray corresponding to a root e, ne be the primitive
lattice vector on ρe, and Re be the one-parameter subgroup of T corresponding
to ne.

Our aim is to describe the action of He on X .

Proposition 5. For every point x ∈ X \ XHe the orbit Hex meets exactly
two T-orbits O1 and O2 on X, where dimO1 = dimO2 + 1. The intersection
O2 ∩Hex consists of a single point, while

O1 ∩Hex = Rey for any y ∈ O1 ∩Hex.

Proof. It follows from the proof of [23, Proposition 3.14] that the affine charts
Uσ, where σ ∈ Σ is a cone containing ρe, are He-invariant, and the complement
of their union is contained in XHe , cf. [9, Lemma 2.4]. This reduces the proof
to the case X is affine. Then the assertion is proved in [6, Proposition 2.1]. �

A pair of T-orbits (O1,O2) on X is said to be He-connected if Hex ⊆ O1 ∪O2

for some x ∈ X \ XHe . By Proposition 5, O2 ⊆ O1 for such a pair (up
to permutation) and dimO1 = dimO2 + 1. Since the torus normalizes the
subgroup He, any point of O1 ∪ O2 can actually serve as a point x.

Lemma 1. A pair of T-orbits (Oσ1 ,Oσ2) is He-connected if and only if e|σ2 ≤ 0
and σ1 is a facet of σ2 given by the equation 〈v, e〉 = 0.

Proof. The proof again reduces to the affine case, where the assertion is [6,
Lemma 2.2]. �

6. The orbit structure

We keep notations of the previous section. Let us begin with a construction
mentioned in the Introduction. Let X be a toric variety with the acting torus
T. Consider a non-trivial action Ga × X → X normalized by T and thus
represented by a Demazure root e of the fan Σ of X . Then T acts on Ga by
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conjugation with the character e and the semidirect product T⋌Ga acts on X
as well. Let T = Ker(e) ⊆ T and consider the group G := T ×Ga.

Proposition 6. The variety X is an embedding of G.

Proof. Take a point x ∈ X whose stabilizers in T and Ga are trivial. It suffices
to show that the stabilizer of x in G is trivial. To this end, note that by the
Jordan decomposition [20, Theorem 15.3] any subgroup of T ×Ga is a product
of subgroups in T and Ga respectively. �

Remark 1. The G-embedding of Proposition 6 is defined by the pair (Σ, e).

Since 〈ne, e〉 = −1, we have T = T ×Re.

Lemma 2. Any (T ×Ga)-invariant subset in X is also T-invariant.

Proof. Note that an orbit Tx does not coincide with the orbit Tx if and only if
the stabilizer of x in T is contained in T . For x ∈ Oσ this condition is equivalent
to e|σ = 0. It shows that for every x ∈ XGa we have Tx = Tx. If x ∈ X \XGa,
then by Proposition 5 the orbit Gax is invariant under Re. This proves that
any orbit of (T ×Ga) is Re- and T -invariant, thus the assertion. �

Proposition 7. Let X be a G-embedding given by a pair (Σ, e). Then any G-
orbit on X is either a union O1∪O2 of two T-orbits on X or a unique T-orbit;
the first possibility occurs if and only if the pair (O1,O2) is He-connected. In
particular, the number of G-orbits on X is finite.

Proof. The assertion follows directly from Lemma 2 and Proposition 5. �

Proposition 8. Let X be a G-embedding given by a pair (Σ, e). Then the
stabilizer of any point x ∈ X in G is connected and the closure of any G-orbit
on X is a (normal) toric variety. If X is smooth, then the closure of any
G-orbit is smooth.

Proof. The stabilizer of a point x in G is the direct product of stabilizers in
T and in Ga. An algebraic subgroup of Ga is either {0} or Ga itself, while
the stabilizer in T is the kernel of the (primitive) character e restricted to the
(connected) stabilizer of x in T. Thus the stabilizer of x in G is connected.
Proposition 7 shows that any G-orbit on X contains an open T-orbit, and thus
the closure of a G-orbit coincides with the closure of some T-orbit. Now the
last two assertions follow from [18, Section 3.1]. �

Remark 2. If X contains l torus invariant prime divisors, then the number of
G-invariant prime divisors on X is l− 1. On a toric variety, the closure of any
torus orbit is an intersection of torus invariant prime divisors. In contrast, not
every G-orbit closure on X is an intersection of G-invariant prime divisors, see
Example 3.
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7. The general case

We are going to show that every G-embedding can be realized as in Proposi-
tion 6.

Theorem 2. Let G = T × Ga and X be a normal equivariant G-embedding.
Then the T -action on X can be extended to an action of a bigger torus T such
that T normalizes Ga and X is a toric variety with the acting torus T. In
particular, every G-embedding comes from a pair (Σ, e), where Σ is a fan and
e is a Demazure root of Σ.

Proof. We begin with a classical result of Sumihiro. Let X be a normal variety
with a regular action G × X → X of a linear algebraic group G. By [24,
Theorem 3], there exists a normal complete G-variety X such that X can be
embedded equivariantly as an open subset of X. In other words, X is an
equivariant compactification of X .
Let X be a normal embedding of G and X be an equivariant compactification
of X . By Proposition 4, the T -action on X can be extended to an action of
a bigger torus T such that T normalizes Ga and X is a toric variety with the
acting torus T. Since the subset X ⊆ X is (T × Ga)-invariant, it is invariant
under T, see Lemma 2. This provides the desired structure of a toric variety
on X . �

Proposition 9. A complete toric variety X admits a structure of a G-
embedding if and only if Aut(X)0 6= T.

Proof. The variety X admits a structure of a G-embedding if and only if
Aut(X)0 contains at least one root subgroup. It is well known that the group
Aut(X)0 is generated by T and root subgroups [13, Proposition 11], [23, Sec-
tion 3.4], [11, Corollary 4.7]. �

Consider two structures of a G-embedding on a variety X . We say that such
structures are equivalent, if there is an automorphism of X sending one struc-
ture to the other. Since the structure of a toric variety on X is unique up to
automorphism, we may assume that our two structures share the same acting
torus T and the same fan Σ, and are given by two roots e, e′ of Σ. Then the
structures are equivalent if and only if e can be sent to e′ by an automorphism
of the torus T. This leads to the following result.

Proposition 10. Two structures of a G-embedding given by pairs (Σ, e) and
(Σ, e′) are equivalent if and only if there is an automorphism φ of the lattice N
which preserves the fan Σ and such that the induced automorphism φ∗ of the
dual lattice M sends e to e′.

Let us finish with explicit examples of G-embeddings into a given variety.

Example 2. We find all structures of G-embeddings on A2. The cone of A2

as a toric variety is Q2
>0. The set of Demazure roots of Q2

>0 is

R = {(−1, k) | k ∈ Z>0} ⊔ {(k,−1) | k ∈ Z>0},
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see Example 1. The G-action on A2 corresponding to the root (−1, k) is given
by

(3) (t, s) ◦ (x1, x2) = (tkx1 + stkxk2 , tx2),

where (x1, x2) ∈ A2, s ∈ Ga, and t ∈ K×. If k 6= 0, then there is a line of
Ga-fixed points and the stabilizer of a non-zero point on this line is a cyclic
group of order k. If k = 0, then there is no Ga-fixed point. So formula (3) gives
non-equivalent G-actions for different k. With k 6= 0 we have three G-orbits
on A2, while for k = 0 there are two G-orbits.
Note that G-actions defined by the roots (k,−1) and (−1, k) are equivalent via
the automorphism x1 ↔ x2 of A2.

Example 3. Let X = P2. It is a complete toric variety with a fan Σ generated
by the vectors (1, 0), (0, 1) and (−1,−1):

✲
✻

��✠

NQ MQ

�
��

e4

s

e1
s

e5
s

e2
s

e6
s

e3
s

✲

✻

The set of Demazure roots is

R = {e1 = (1, 0), e2 = (1,−1), e3 = (0,−1),

e4 = (−1, 0), e5 = (−1, 1), e6 = (0, 1)}.
We see that for any i and j there exists isomorphism of the fan Σ sending ei
to ej. So any G-embedding into P2 is equivalent to

(t, s) ◦ [z0 : z1 : z2] = [tz0 + stz1 : tz1 : z2].

This time seven T-orbits glue to five G-orbits.

Example 4. Consider the Hirzebruch surface F1. The corresponding complete
fan Σ is generated by the vectors (1, 0), (0, 1), (0,−1), and (−1, 1):

NQ MQ

✲
✻

❅❅■

❄

❅
❅❅

s s

ss

✲

✻

e2 e1

e3 e4

The set of Demazure roots is

R = {e1 = (1, 0), e2 = (−1, 0), e3 = (0, 1), e4 = (1, 1)}.
By an automorphism, we can send e1 to e2 and e3 to e4. For the first equivalence
class we have six G-orbits, while in the second one the number of G-orbits is
seven.
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Abstract. We show that for 5-gonal curves of odd genus g ≥ 13
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2 ⌉-th syzygy module of the curve is
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1. Introduction

In this article we study minimal free resolutions of the coordinate ring SC of
5-gonal canonically embedded curves C ⊂ Pg−1. The gonality of a curve C is
defined as the minimal degree of a nonconstant map C−→P1.
A pencil of degree k on a canonically embedded curve C of genus g, defining
a degree k map C → P1 sweeps out a rational normal scroll X of dimension
d = k − 1 and degree f = g − k + 1. It follows that the linear strand of X
is a subcomplex of the linear strand of the curve C. To be more precise the
scroll contributes with an Eagon-Northcott complex of length g−k to the linear
strand of the curve. This means in particular, that the Betti numbers of X
give a lower bound for the Betti numbers of C.
The main focus of this article lies on the relation between the Betti numbers
of the canonical curve C ⊂ Pg−1 and the Betti numbers of the scroll X defined
by a pencil of minimal degree on C.
>From the values of the Hilbert function HSC and the relation with Betti
numbers (see [Eis05, Corollary. 9.4 and Corollary. 1.10]) one obtains the
following relation for the Betti numbers of a canonical curve C ⊂ Pg−1:

βi,i+1(C) = i ·
(
g − 2

i+ 1

)
− (g − i− 1) ·

(
g − 2

i− 2

)
+ βi−1,i+1(C).

Since the minimal free resolution of a canonical curve is self-dual, we have

βi−1,i+1(C) = βg−i−1,g−i(C) ≥ βg−i−1,g−i(X)
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and a direct computation for the case i =
⌈
g−3
2

⌉
shows that if k > 3 and g ≥ 5,

then

βi,i+1(C) ≥ i ·
(
g − 2

i+ 1

)
− (g − i− 1) ·

(
g − 2

i− 2

)
+ βg−i−1,g−i(X) > βi,i+1(X)

for all i = 1, . . . ,
⌈
g−3
2

⌉
. We are interested in the Betti numbers βi,i+1(C) for

i ≥ ⌈ g−1
2 ⌉.

The gonality of a general canonical curve of genus g is precisely ⌈ g+2
2 ⌉ and

therefore βn,n+1(X) = 0, where n = ⌈ g−1
2 ⌉. For odd genus g and ground field

of characteristic 0, Voisin and Hirschowitz-Ramanan (see [Voi05] and [HR98])
showed that the locus

Kg := {C ∈ Mg | βn,n+1(C) 6= 0}
defines an effective divisor in the moduli space of curves, the so-called Koszul
divisor.
On the Hurwitz-scheme Hg,k a natural analogue of the Koszul divisor could be
the following

Kg,k := {C ∈ Hg,k | βn,n+1(C) > βn,n+1(X)}.
If the genus is odd, then Kg,k is a divisor on the Hurwitz-scheme if βn,n+1(C) =
βn,n+1(X) holds for a general curve C ∈ Hg,k (see [HR98, §3]). For gonality
k = 3, 4 it is known from [Sch86, §6] that the so-called iterated mapping cone
construction, which we recall in Section 2, always gives a minimal free resolution
of C ⊂ Pg−1. In particular βn,n+1(C) = βn,n+1(X) holds for general 3-gonal
and 4-gonal canonical curves. For 5-gonal curves we used Macaulay2 (see
[GS]) to verify computationally, that βn,n+1(C) = βn,n+1(X) holds for general
5-gonal canonical curves of genus g < 13.
We will show that Kg,5 is no longer a divisor for odd g ≥ 13 by proving the
following theorem.

Theorem. Let C be a 5-gonal canonical curve of genus g and n = ⌈ g−1
2 ⌉.

Then
βn,n+1(C) > βn,n+1(X)

for odd genus g ≥ 13 and even genus g ≥ 28.

The proof is based on the techniques introduced in [Sch86]. First we resolve the
curve C as an OP(E )-module, where P(E ) is the bundle associated to the rational
normal scroll swept out by the g15. In the next step we resolve the OP(E )-modules
occurring in this resolution by Eagon-Northcott type complexes. An iterated
mapping cone construction then gives a non-minimal resolution of C ⊂ Pg−1.
By determining the ranks of the maps which give rise to non-minimal parts in
the iterated mapping cone we can decide whether the curve has extra syzygies.
In the last section we discuss the genus 13 case in detail.

Remark 1.1. The proof of the main theorem does not depend on the char-
acteristic of the ground field k. However for char(k) > 0 it is possible that

Documenta Mathematica 20 (2015) 1055–1069



Syzygies of 5-Gonal Canonical Curves 1057

βn,n+1(C) > βn,n+1(X) for general 5-gonal curves of genus g < 13. This hap-
pens, for example, for 5-gonal curves of genus 7 over a field of characteristic 2
[Sch86, §7].

Some of the statements in this article rely on computations done with
Macaulay2 [GS]. The Macaulay2 code which verifies these statements can
be found here:
http://www.math.uni-sb.de/ag-schreyer/images/data/computeralgebra/
fiveGonalFile.m2

2. Scrolls, Pencils and Canonical Curves

In this section we briefly summarize the connections between pencils on canon-
ical curves and rational normal scrolls. Most of this section follows Schreyer’s
article [Sch86].

Definition 2.1. Let e1 ≥ e2 ≥ · · · ≥ ed ≥ 0 be integers, E = OP1(e1) ⊕ · · · ⊕
OP1(ed) and let π : P(E )→ P1 be the corresponding Pd−1-bundle.
A rational normal scroll X = S(e1, . . . , ed) of type (e1, . . . , ed) is the image of

j : P(E )→ PH0(P(E ),OP(E )(1)) = Pr

where r = f + d− 1 with f = e1 + · · ·+ ed ≥ 2.

In [Har81, §3] it is shown that the variety X defined above is a non-degenerate
d-dimensional variety of minimal degree f = r − d + 1 = codimX + 1. If
e1, . . . , ed > 0, then j : P(E ) → X ⊂ PH0(P(E ),OP(E )(1)) = Pr is an isomor-
phism. Otherwise it is a resolution of singularities and since the singularities
of X are rational, we can consider P(E ) instead of X for most cohomological
considerations.
It is furthermore shown that the Picard group Pic(P(E )) is generated by the
ruling R = [π∗OP1(1)] and the hyperplane class H = [j∗OPr(1)] with intersec-
tion products

Hd = f, Hd−1 ·R = 1, R2 = 0.

Remark 2.2 ([Sch86, (1.3)]). For a ≥ 0 we have an isomorphism
H0(P(E ),OP(E )(aH + bR)) ∼= H0(P1, Sa(E )(b)), where Sa(E ) denotes the
ath symmetric power of E . Thus we can compute the cohomology of the line
bundle OP(E )(aH + bR) explicitly.
If we denote by k[s, t] the coordinate ring of P1 and by ϕi ∈
H0(P(E ),OP(E )(H − eiR)) the basic sections, then we can identify sections
ψ ∈ H0(OP(E ),OP(E )(aH + bR)) with homogeneous polynomials

ψ =
∑

α

Pα(s, t)ϕα1
1 . . . ϕαdd

of degree a = α1 + · · ·+αd in ϕi’s and with polynomial coefficients Pα ∈ k[s, t]
of degree degPα = α1e1 + · · ·+αded + b. Thus for a ·min{ei}+ b ≥ −1 we get

h0(P(E ),OP(E )(aH + bR)) = f

(
a+ d− 1

d

)
+ (b + 1)

(
a+ d− 1

d− 1

)
.
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In particular OP(E )(aH + bR) is globally generated if and only if a ≥ 0 and
a ·min{ei}+ b ≥ 0.

Next we want to describe how to resolve line bundles OP(E )(aH + bR) by OPr -
modules. If we denote by Φ the 2×f matrix with entries inH0(P(E ),OP(E )(H))
obtained from the multiplication map

H0(P(E ),OP(E )(R))⊗H0(P(E ),OP(E )(H −R)) −→ H0(P(E ),OP(E )(H)),

then the equations of X are given by the 2× 2 minors of Φ. We define

F := H0(P(E ),OP(E )(H −R))⊗ OPr = O
f
Pr

and

G := H0(P(E ),OP(E )(R))⊗ OPr = O
2
Pr

and regard Φ as a map Φ : F (−1) → G. For b ≥ −1, we consider the Eagon-
Northcott type complex C (see [Eis95, Appendix A2.6]), whose jth term is
defined by

C
b
j =

{∧j
F ⊗ Sb−jG⊗ OPr (−j), for 0 ≤ j ≤ b∧j+1 F ⊗Dj−b−1G

∗ ⊗ OPr (−j − 1), for j ≥ b+ 1

where SjG denotes the jth symmetric power and DjG
∗ denotes the jth divided

power of G. The differentials δj : C b
j → C b

j−1 are given by the multiplication

with Φ for j 6= b+ 1 and by
∧2 Φ for j = b+ 1.

Theorem 2.3. The Eagon-Northcott type complex C b(a) := C b ⊗ OPr(a), de-
fined above, gives a minimal free resolution of OP(E )(aH + bR) as an OPr -
module.

Proof. See [Sch86, §1]. �

Now let C ⊂ Pg−1 be a canonically embedded curve of genus g and let further

g1k = {Dλ}λ∈P1 ⊂ |D|
be a pencil of divisors of degree k. If we denote by Dλ ⊂ Pg−1 the linear span
of the divisor, then

X =
⋃

λ∈P1

Dλ ⊂ Pg−1

is a (k− 1)-dimensional rational normal scroll of degree f = g − k+ 1 (see e.g.
[EH87, Theorem 2]). Conversely if X is a rational normal scroll of degree f
containing a canonical curve, then the ruling on X cuts out a pencil of divisors
{Dλ} ⊂ |D| such that h0(C, ωC ⊗ OC(D)−1) = f.

Notation 2.4. During the rest of this article C ⊂ Pg−1 will denote a canonical
curve with a basepoint free g1k. The variety X = S(e1, . . . , ed) is the scroll of
degree f = g − k + 1 and dimension d = k − 1 defined by this pencil and P(E )
will denote the Pd−1-bundle corresponding to X.
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The next important theorem due to Schreyer explains how to obtain a free
resolutions of k-gonal canonical curves C ⊂ Pg−1 by an iterated mapping cone
construction.

Theorem 2.5. i) C ⊂ P(E ) has a resolution F• of type

0 −→ OP(E )(−kH + (f − 2)R) −→
βk−3∑

j=1

OP(E )(−(k − 2)H + a
(k−3)
j R) −→

. . . −→
β1∑

j=1

OP(E )(−2H + a
(1)
j R) −→ OP(E ) −→ OC −→ 0

with βi = i(k−2−i)
k−1

(
k
i+1

)
.

ii) The complex F• is self dual, i.e.,

Hom(F•,OP(E )(−kH + (f − 2)R)) ∼= F•

iii) If all a(j)k ≥ −1, then an iterated mapping cone



. . .


C

(f−2)(−k) −→
βk−3∑

j=1

C
(a

(k−3)
j )(−k + 2)


 −→ . . .


 −→ C

0




gives a, not necessarily minimal, resolution of C as an OPg−1-module.

Proof. See [Sch86, Corollary 4.4] and [Sch86, Lemma 4.2]. �

Remark 2.6. The a(k)i ’s in part i) of the theorem above satisfy certain linear
equations obtained from the Euler characteristic of the complex F• and part
(ii) of the Theorem above. In particular in [Sch86, §6] it is shown, that for
5-gonal curves C

∑5
i=1 ai = 2g − 12 and ai + bi = f − 2,

where ai := a
(1)
i , bi := a

(2)
i and f = g − 4 is the degree of the rational normal

scroll swept out by the g15 on C.

Definition 2.7. We call a partition (e1, . . . , ed) balanced if maxi,j |ei−ej| ≤ 1.
A rational normal scroll X = S(e1, . . . , ed) of dimension d is said to be of
balanced type if (e1, . . . , ed) is a balanced partition.
With the same notation as in the remark above we say that a 5-gonal canonical
curve satisfies the balancing conditions if

• the scroll X of dimension 4 swept out by the g15 on C is of balanced
type and

• the partition (a1, . . . , a5) of 2g − 12 is balanced.

Remark 2.8. One can show (see e.g. [GV06, Corollary 3.3]) that a generic
k-gonal curve sweeps out a scroll of balanced type. The proof uses Ballico’s
Theorem [Bal89, Proposition 2.1.1] and the fact that the type of the scroll is
uniquely determined by the g1k (see [Sch86, (2.4)]).
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For a section Ψ : OX(−H + bR) −→ OX(aR) in H0(X,OX(H − (b − a)R))
the induced comparison maps ψ• : C b

• (−1) −→ C a
• between the corresponding

Eagon-Northcott type complexes are determined by Ψ up to homotopy. For
example

Hom(C b
a+1(−1),C a

a+2) = Hom(C b
a (−1),C a

a+1) = 0

by degree reasons, and therefore the (a+1)st−comparison map ψa+1 is uniquely
determined by Ψ (not only up to homotopy). The following lemma is due to
Martens and Schreyer.

Lemma 2.9. If Hom(C b
j (−1),C a

j+1) = Hom(C b
j−1(−1),C a

j ) = 0, then the jth-
comparison map ψj : C b

j → C a
j is given (up to a scalar factor) by the composi-

tion

ψj :

j∧
F ⊗ Sb−jG −→

j∧
F ⊗ Sb−jG⊗ Sj−a−1G⊗Dj−a−1G

∗

id⊗mult⊗id
−−−−−−−−→

j∧
F ⊗ Sb−a−1G⊗Dj−a−1G

∗ id⊗Ψ⊗id
−−−−−−→

j∧
F ⊗ F ⊗Dj−a−1G

∗

∧⊗id
−−−→

j+1∧
F ⊗Dj−a−1G

∗.

Proof. In [MS86, Lemma of the Appendix] this is shown for the (a+ 1)st com-
parison map but the proof immediately generalizes to our situation as long as
Hom(C b

j (−1),C a
j+1) = Hom(C b

j−1(−1),C a
j ) = 0. �

3. Proof of the Main Theorem

The aim of this section is to prove Theorem 3.1 and then to show that a general
5-gonal curve satisfies the balancing conditions.

Theorem 3.1. Let C ⊂ Pg−1 be a general 5-gonal canonical curve of genus g
satisfying the balancing conditions. If X is the scroll swept out by the g15 and
n = ⌈ g−1

2 ⌉, then

βn,n+1(C) > βn,n+1(X) for odd g ≥ 13 and even g ≥ 28.

Throughout this section, C ⊂ Pg−1 will be a 5-gonal canonical curve of genus g.
In this case X is a d = 4 dimensional rational normal scroll of degree f = g−4.
Recall from Theorem 2.5 and Remark 2.6 that C ⊂ P(E ) has a resolution of
the form

OP(E )(−5H + (f − 2)R)→
5∑

i=1

OP(E )(−3H + biR)

Ψ−→
5∑

i=1

OP(E )(−2H + aiR)→ OP(E ) → OC

where
∑5

i=1 ai = 2g − 12, ai + bi = f − 2.
The matrix Ψ is skew symmetric by the structure theorem for Gorenstein ideals
in codimension 3 and the 5 Pfaffians of Ψ generate the ideal of C (see [BE77,
Theorem 2.1]).
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As in Theorem 2.3, we denote by F = H0(P(E ),OP(E )(H−R))⊗OPg−1
∼= O

f
Pg−1

and byG = H0(P(E ),OP(E )(R))⊗OPg−1
∼= O2

Pg−1 . By abuse of notation, we will
also refer to the vector spacesH0(P(E ),OP(E )(H−R)) and H0(P(E ),OP(E )(R))
by F and G, respectively.
Resolving the OP(E )-modules occurring in the minimal resolution of C ⊂ P(E ),
we get

∑5
i=1 OP(E )(−3H + biR)

Ψ //∑5
i=1 OP(E )(−2H + biR)

.

.

.

OO

.

.

.

OO

∑5
i=1 C

bi
n−2(−3)

OO

ψn−2 //∑5
i=1 C

ai
n−2(−2)

OO

∑5
i=1 C

bi
n−1(−3)

OO

ψn−1 //∑5
i=1 C

ai
n−1(−2)

OO

.

.

.

OO

.

.

.

OO

where rank(
∑5

i=1 C
bi
n−2) ≤ rank(

∑5
i=1 C

ai
n−2) (with equality for odd genus).

Next note that if C is a canonical curve of odd genus g = 2n+ 1 satisfying the
balancing conditions, then we obtain the following inequality

min{bi} =

⌊∑5
i=1 bi
5

⌋
=

⌊
6n− 15

5

⌋
≥ n− 2 ≥

⌈
4n− 10

5

⌉
= max{ai}(3.1)

if n ≥ 5. For even genus g = 2n and n ≥ 8 we similarly get

min{bi} =

⌊
6n− 18

5

⌋
≥ n− 2 ≥

⌈
4n− 12

5

⌉
= max{ai}.

It follows that in these cases

C
bi
n−2(−3) =

n−2∧
F ⊗ Sbi−n+2G(−n− 1)

and

C
ai
n−2(−2) =

n−1∧
F ⊗Dn−ai−3G

∗(−n− 1).

Thus, if C is a canonical curve of odd genus g ≥ 11 or even genus g ≥ 16, then
the (n− 2)th comparison map in the diagram above

ψ := ψn−2 :

5∑

i=1

C
bi
n−2(−3) −→

5∑

i=1

C
ai
n−2(−2)

has entries in the field k and its rank determines the Betti number βn,n+1(C).
To be more precise, we have

βn,n+1(C) = βn,n+1(X) + dim ker(ψ),

where the Betti number βn,n+1(X) is given by rank(C 0
n ) = n ·

(
f
n+1

)
.
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For the proof of Theorem 3.1 we restrict ourselves to curves of odd genus since
the theorem is proved in exactly the same way for even genus. For curves of
odd genus g = 2n+ 1, we distinguish 5 types of curves satisfying the balancing
conditions. These types depend on the congruence class of n modulo 5, i.e., on
the block structure of the skew symmetric matrix Ψ. Setting r := ⌊n5 ⌋ we have
the following five possibilities.

Type I: (a1, . . . , a5) = (a, a, a, a, a), (b1, . . . , b5) = (b, b, b, b, b) ⇔ a =
4r + 2, b = 6r + 3 and n = 5r + 5.

Type II: (a1, . . . , a5) = (a− 1, a, a, a, a), (b1, . . . , b5) = (b+ 1, b, b, b, b)⇔
a = 4r − 1, b = 6r − 2 and n = 5r + 1.

Type III: (a1, . . . , a5) = (a − 1, a − 1, a, a, a), (b1, . . . , b5) = (b + 1, b +
1, b, b, b)⇔ a = 4r, b = 6r − 1 and n = 5r + 2.

Type IV: (a1, . . . , a5) = (a, a, a, a + 1, a + 1), (b1, . . . , b5) = (b, b, b, b −
1, b− 1)⇔ a = 4r, b = 6r + 1 and n = 5r + 3.

Type V: (a1, . . . , a5) = (a, a, a, a, a+ 1), (b1, . . . , b5) = (b, b, b, b, b− 1)⇔
a = 4r + 1, b = 6r + 2 and n = 5r + 4.

Proof of Theorem 3.1.
Since the proof of the theorem is similar for all different types above, we will
only carry out the proof for curves of type II, leaving the other cases to the
reader. We show that the map

ψ :

(
C

(b+1)
n−2 ⊕

4∑

i=1

C
b
n−2

)
(−3) −→

(
C

(a−1)
n−2 ⊕

4∑

i=1

C
a
n−2

)
(−2)

induced by the skew-symmetric matrix

Ψ :
OP(E)(−3H+(b+1)R)

⊕
OP(E)(−3H+bR)⊕4

−→
OP(E)(−2H+(a−1)R)

⊕
OP(E)(−2H+aR)⊕4

has a non-trivial decomposable element in the kernel. Note that the map

Ψ(11) : OP(E )(−3H + (b + 1)R) −→ OP(E )(−3H + (a− 1)R)

is zero by the skew-symmetry of Ψ. Thus it is sufficient to find an element in
the kernel of the map ψ(41) : C

(b+1)
n−2 (−3) −→ ∑4

i=1 C
(a)
n−2(−2), induced by the

submatrix

Ψ(41) : OP(E )(−3H + (b + 1)R) −→ OP(E )(−2H + aR)⊕4

of the matrix Ψ. By Lemma 2.9, the map ψ(41) is uniquely determined and is
given as the composition

C
b+1
n−2(−3) =

n−2∧
F ⊗ Sb−n+3G =

n−2∧
F ⊗ Sn−a−2G

→֒
n−2∧

F ⊗ Sn−a−2G⊗ Sn−a−3G⊗Dn−a−3G
∗

−→
n−2∧

F ⊗ S2n−2a−5G⊗Dn−a−3G
∗ id⊗Ψ(41)⊗id−−−−−−−−→

n−2∧
F ⊗ F⊕4 ⊗Dn−a−3G

∗
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∧⊗id−−−→
( n−1∧

F

)⊕4

⊗Dn−a−3G
∗ =

4∑

i=1

C
a
n−2(−2) .

Since the multiplication map Sn−a−2G ⊗ Sn−a−3G −→ S2n−2a−5G is not in-
jective, we show that the existence of an f ∈ ∧n−2

F and a g ∈ Sn−a−2G such
that f ∧Ψ(41)(g · g′) = 0 for all g′ ∈ Sn−a−3G.
To this end, let g ∈ Sn−a−2G be an arbitrary element and let {g′1, . . . , g′n−a−2}
be a basis of Sn−a−3G. For i = 1, . . . , (n− a− 2), we define

(f
(i)
1 , f

(i)
2 , f

(i)
3 , f

(i)
4 )t := Ψ(41)(g · g′i) ∈ F 4

and choose a maximal linearly independent subset {fk}k=1,...,p of {f (i)
j } ⊂ F .

Since

n− 2 = 5r − 1 ≥ #{f (i)
j } = 4 · dimk(Sn−a−3G) = 4(n− a− 2) = 4r

≥ #{fk} = p

holds for all r ≥ 1 (i.e. g ≥ 13), we find a nonzero element f of the form

f = f1 ∧ f2 ∧ · · · ∧ fp ∧ f̃ ∈
n−2∧

F

for some f̃ ∈ ∧n−p−2 F . By construction, f ⊗ g is in the kernel of ψ(41), and
hence (f ⊗ g, 0, 0, 0, 0)t lies in the kernel of ψ. �

We can immediately generalize Theorem 3.1.

Theorem 3.2. Let C ⊂ Pg−1 be a general 5-gonal canonical curve satisfying
the balancing conditions. Then

βn+c,n+c+1(C) > βn+c,n+c+1(X) for odd genus g = 2n+ 1 ≥ 30c+ 13

βn+c,n+c+1(C) > βn+c,n+c+1(X) for even genus g = 2n ≥ 30c+ 28.

Proof. With the above notation we always have

rank(

5∑

i=1

C
bi
n−2+c) ≤ rank(

5∑

i=1

C
ai
n−2+c).

Since the curve C satisfies the balancing conditions, we obtain as in (3.1)

min{bi} ≥ n− 2 + c ≥ max{ai}
for odd genus g = 2n+1 if n ≥ 5c+5 or even genus g = 2n if n ≥ 5c+8. Thus,
it follows that the Betti number βn+c,n+c+1(C) is determined by the rank of
the map

ψn−2+c :

5∑

i=1

C
bi
n−2+c(−3) −→

5∑

i=1

C
ai
n−2+c(−2)

which has entries in the ground field k. By the same construction as in the
proof of Theorem 3.1, we find a decomposable element in the kernel of ψn−2+c

if r = ⌊n5 ⌋ ≥ 3c+ 1 (for odd genus) or r = ⌊n5 ⌋ ≥ 3c+ 3 (for even genus). This
gives precisely the range for the genus, as stated in the theorem. �
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Next we want to show that the generic 5-gonal curve satisfies the balancing
conditions. The balancing conditions on a 5-gonal canonical curve are open
conditions. It is therefore sufficient to find an example for each g.

Proposition 3.3. For any odd g ≥ 13 (and even g ≥ 28), there exists a
smooth and irreducible 5-gonal canonical genus g curve satisfying the balancing
conditions.

Proof. We illustrate the proof for odd genus curves of type II:
To this end, let X = S(e1, . . . , e4) ∼= P(E ) with e1 ≥ · · · ≥ e4 be a fixed 4-
dimensional rational normal scroll of balanced type and of degree f = g − 4.
Let further

(a1, . . . , a5) = (a− 1, a, a, a, a) and (b1, . . . , b5) = (b+ 1, b, b, b, b)

be balanced partitions such that
∑5

i=1 ai = 2g − 12, g = 2n + 1, n = 5r + 1,
a = 4r−1 and ai+bi = g−6. We consider a general skew-symmetric morphism

OP(E )(−3H+(b+1)R)

⊕
OP(E )(−3H+bR)⊕4

︸ ︷︷ ︸
=:F

Ψ−−→
OP(E )(−2H+(a−1)R)

⊕
OP(E )(−2H+aR)⊕4

︸ ︷︷ ︸
=:F∗⊗L

If
∧2

F ∗ ⊗L is globally generated, then it follows by a Bertini type theorem
(see e.g. [Oko94, §3]) that the scheme Pf(Ψ) cut out by the Pfaffians of Ψ is
smooth of codimension 3 or empty. Recall from Remark 2.2, that a line bundle
OP(E )(H + cR) is globally generated if and only if e4 + c ≥ 0. Thus since for
r ≥ 1

min{ei} =

⌊
g − 4

4

⌋
=

⌊
10r − 1

4

⌋
= 2r +

⌊
2r − 1

4

⌋
≥ (b− a+ 1) = 2r,

we conclude that in this case
2∧

F
∗ ⊗L = OP(E )(H − (b− a+ 1)R)⊕4 ⊕ OP(E )(H − (b− a)R)⊕6

is globally generated. It follows that C = Pf(Ψ) is smooth of codimension 3 or
empty. The iterated mapping cone construction gives a free resolution of C ⊂
Pg−1 of length g− 2 which is not null-homotopic. Therefore it follows from the
Auslander-Buchsbaum formula that C is a non-empty (and therefore smooth)
arithmetically Cohen-Macaulay scheme. In particular we have a surjective map

H0(Pg−1,OPg−1)︸ ︷︷ ︸
∼=k

→ H0(C,OC)→ 0

and therefore C is smooth and connected and hence an irreducible curve.
Doing the same for curves of type I, III, IV and V and the even genus cases
the result follows for all genera except for g = 15 (in this case

∧2
F ∗ ⊗L is

not globally generated). For the g = 15 case one can verify the statement by
using Macaulay2 (see [GS]). �
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Corollary 3.4. Kg,5 = {C ∈ Hg,5 | βn,n+1(C) > βn,n+1(X)} equals Hg,5 for
odd genus g ≥ 13 and even genus g ≥ 28.

Proof. For odd genus g ≥ 13 and even genus g ≥ 28 it follows by Theorem 3.1
and Proposition 3.3 that Kg,5 is a non empty and dense subset of Hg,5. The
conclusion follows by semi-continuity on the Betti numbers. �

4. A First Example

In this section, we discuss the case of a general 5-gonal canonical curve of genus
13. The rational normal scroll X swept out by the g15 on C is therefore a 4-
dimensional scroll of type S(3, 2, 2, 2) and degree f = 9. The curve C ⊂ P(E )
has a resolution of the form

OP(E )(−5H + 7R)→
OP(E)(−3H+5R)

⊕
OP(E)(−3H+4R)⊕4

Ψ−→
OP(E)(−2H+2R)

⊕
OP(E)(−2H+3R)⊕4

→ OP(E ) → OC

where Ψ is a skew-symmetric matrix with entries as indicated below

(4.1) (Ψ) ∼




0 (H − 2R) (H − 2R) (H − 2R) (H − 2R)
0 (H − R) (H − R) (H − R)

0 (H − R) (H − R)
0 (H − R)

0




We resolve the OP(E )-modules in the resolution above by Eagon-Northcott
type complexes and determine the rank of the maps which give rise to non-
minimal parts in the iterated mapping cone. As in Section 3, we denote by
F = H0(P(E ),OP(E )(H −R)) and by G = H0(P(E ),OP(E )(R)).

∑5
i=1 C

bi
3 (−3) =

∧3 F⊗S2G(−6)
⊕

(
∧3 F⊗S1G(−6))⊕4

OO

ψ3 //∑5
i=1 C

ai
3 (−2) =

∧4 F (−6)
⊕

(
∧4 F (−5))⊕4

OO

∑5
i=1 C

bi
4 (−3) =

∧4 F⊗S1G(−7)
⊕

(
∧

4 F (−7))⊕4

OO

ψ4 //∑5
i=1 C

ai
4 (−2) =

∧5 F⊗D1G
∗(−7)

⊕
(
∧

5 F (−7))⊕4

OO

∑5
i=1 C

bi
5 (−3) =

∧5 F (−8)
⊕

(
∧

5 F (−9))⊕4

OO

ψ5 //∑5
i=1 C

ai
5 (−2) =

∧6 F⊗D2G
∗(−8)

⊕
(
∧

6 F⊗D1G∗(−8))⊕4

OO

OO OO

Note that by degree reasons, the maps indicated above are the only ones which
give rise to possibly non-minimal parts in the iterated mapping cone.
By the Gorenstein property of canonical curves, it follows that the maps

ψ′
3 : (

3∧
F ⊗ S1G)⊕4(−6)→

4∧
F (−6)
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and

ψ′
5 :

5∧
F (−8)→ (

6∧
F ⊗D1G

∗)⊕4(−8)

are dual to each other and one can easily check the surjectivity of ψ′
3. It remains

to compute the rank of ψ4.

Proposition 4.1. Let Ψ be a general skew symmetric matrix with entries as
indicated above. Then the induced matrix ψ4 :

∑5
i=1 C

bi
4 (−3)→∑5

i=1 C
ai
4 (−2)

has a six dimensional kernel.

Proof. According to Section 2, we can write down the relevant cohomology
groups. Let {s, t} be a basis of G = H0(P(E ),OP(E )(R)) and {ϕ1} be a basis of
H0(P(E ),OP(E )(H − 3R)) then a basis of H0(P(E ),OP(E )(H − 2R)) is given by

{sϕ1, tϕ1, ϕ2, ϕ3, ϕ4}. We consider the submatrix ψ(41) :
∧4

F ⊗ S1G(−7) →(∧5 F (−7)
)4

of ψ4 induced by the first column of Ψ. As in the proof of

Theorem 3.1, the map ψ(41) is given as the composition

∧4
F ⊗ S1G ∼=

∧4
F ⊗H0(OP(E )(R))

id⊗Ψ(41)

��∧4
F ⊗H0(OP(E )(H −R))⊕4 ∼=

∧4
F ⊗ F⊕4 ∧ // (

∧5
F )⊕4.

By our generality assumption on C, we can assume that the 4 entries of Ψ(41) are
independent and after acting with an element in Aut(X), we can furthermore
assume that Ψ(41) = (sϕ1, ϕ2, ϕ3, ϕ4)t. It follows that elements of the form

(λs+µt)sϕ1∧ (λs+µt)ϕ2 ∧ (λs+µt)ϕ3∧ (λs+µt)ϕ4⊗ (λs+µt),with λ, µ ∈ k
lie in the kernel of ψ(41). Expanding those elements we get

λ5s2ϕ1 ∧ sϕ2 ∧ sϕ3 ∧ sϕ4 ⊗ s+ · · ·+ µ5stϕ1 ∧ tϕ2 ∧ tϕ3 ∧ tϕ4 ⊗ t
and conclude that a rational normal curve of degree 5 lies in P(Syz) where
Syz ⊂ TorT6 (T/IC)7 is the subspace of the 6th syzygy module spanned by the
extra syzygies and IC ⊂ T denotes the ideal of the canonical curve C. We get
β6,7(C) ≥ β6,7(X) + 6 = 222 and by computing one example using Macaulay2,
it follows that ψ4 has a 6-dimensional kernel in general. �

Remark 4.2. A direct computation using Macaulay2 shows that none of the
entries of the skew symmetric matrix Ψ can be made zero by suitable row and
column operations respecting the skew symmetric structure of Ψ. By [Sch86,
§5] this implies that the 6 extra syzygies are not induced by an additional linear
series on C.

The question arises of how the extra syzygies of a 5-gonal canonical curve
C ⊂ P12 differ from the syzygies induced by the scroll swept out by the g15 on
C. At least in the genus g = 13 case we can give an answer in this direction by
considering syzygy schemes, originally introduced in [Ehb94].
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Definition and Remark 4.3. Let C ⊂ Pg−1 be a smooth and irreducible
canonical curve and let IC ⊂ S be the ideal of C. Let further

L• : S ← S(−2)β1,2 ← S(−3)β2,3 ← · · ·
be the linear strand of a minimal free resolution of SC = S/IC . For a pth

linear syzygy s ∈ Lp, let Vs be the smallest vector space such that the following
diagram commutes

Lp−1 ←− Lp

∪ ∪
Vs ⊗ S(−p) ←− S(−p− 1) ∼= 〈s〉 .

The rank of the syzygy s is defined to be rank(s) := dimVs.
Since Hom(L•, S) is a free complex and the Koszul complex is exact, it follows
that the maps of the dual diagram extend to a morphism of complexes. Dualizing
again we get

S L1
oo · · ·oooo Lp−1

oo Lpoo

∧p Vs ⊗ S(−1)

ϕp

OO

∧p−1 Vs ⊗ S(−2)oo

OO

· · ·oo Vs ⊗ S(−p)oo

OO

S(−p− 1) .oo

OO

By degree reasons there are only trivial homotopies and therefore all the vertical
maps except ϕp are unique. The syzygy scheme Syz(s) of s is the scheme
defined by the ideal

Is = im(S ←−
p−1∧

Vs ⊗ S(−2)).

The pth-syzygy scheme Syzp(C) of a curve C is defined to be the intersection⋂
s∈Lp Syz(s).

Any pth-syzygy of a canonical curve has rank ≥ p+ 1 and the syzygies of rank
p + 1 are called scrollar syzygies. The name is justified by a theorem due to
von Bothmer:

Theorem 4.4 ([GvB07, Corollary 5.2]). Let s ∈ Lp be a pth scrollar syzygy.
Then Syz(s) is a rational normal scroll of degree p+ 1 and codimension p that
contains the curve C.

We can now come back to our example of a 5-gonal genus 13 curve. Recall that
in this case the space of extra syzygies can be identified with the kernel of the
map

C
5
4 (−3)→ (C 3

4 )⊕4(−2)

which is induced by the first column of the skew symmetric matrix Ψ.
We denote by Pf1, . . . ,Pf4 ∈ H0(OP(E ),OP(E )(2H − 3R)) the 4 Pfaffians of the
matrix Ψ that involve the first column and consider the iterated mapping cone

[[
C

5 → (C 3)⊕4
]
→ C

0
]
,

where
∑4
i=1 C 3 → C 0 is induced by the multiplication with (Pf1, . . . ,Pf4).

This complex is a resolution of the ideal J generated by the 4 Pfaffians as an
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OP12 -module. In particular the minimized resolution is a subcomplex of the
minimal free resolution of SC .
Since all extra syzygies are induced by the first column of Ψ, it follows that
the 6th syzygy modules in the linear strand of these minimal resolutions
are canonically isomorphic. Therefore Syz6(V (J)) and Syz6(C) coincide and
V (J) ⊂ Syz6(C).

Proposition 4.5. Let C ⊂ P12 be a general 5-gonal canonical curve. Then
Syz6(C) is the scheme cut out by the 4 Pfaffians of Ψ involving the first column.
In particular Syz6(C) = C ∪ p for some point p ∈ X.

Proof. One inclusion follows from the discussion above. The other inclusion
follows by computing one example using Macaulay2. �

Remark 4.6. Since we do not have a full description of the space of extra
syzygies for 5-gonal canonical curves of higher genus, a similar approach does
not work in these cases.
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Abstract. Let G be a Lie group endowed with a bi-invariant pseudo-
Riemannian metric. Then the moduli space of flat connections on a
principal G-bundle, P → Σ, over a compact oriented surface with
boundary, Σ, carries a Poisson structure. If we trivialize P over a
finite number of points on ∂Σ then the moduli space carries a quasi-
Poisson structure instead. Our first result is to describe this quasi-
Poisson structure in terms of an intersection form on the fundamental
groupoid of the surface, generalizing results of Massuyeau and Turaev
[27, 38].

Our second result is to extend this framework to quilted surfaces, i.e.
surfaces where the structure group varies from region to region and
a reduction (or relation) of structure occurs along the borders of the
regions, extending results of the second author [33–35].

We describe the Poisson structure on the moduli space for a quilted
surface in terms of an operation on spin networks, i.e. graphs im-
mersed in the surface which are endowed with some additional data
on their edges and vertices. This extends the results of various au-
thors [16, 17, 31, 32].
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1 Introduction

LetG denote a quadratic Lie group, i.e. a Lie group endowed with a bi-invariant
pseudo-Riemannian metric. If Σ is a closed oriented surface, the corresponding
moduli space of flat G-bundles over Σ (note: we always take our G-bundles to
be principal)

Hom(π1(Σ), G)/G

carries a symplectic form [4]; more generally, if Σ has a boundary, then the
moduli space carries a Poisson structure.

If Σ is connected, and one marks a point on one of the boundary components

1072



Moduli Spaces for Quilted Surfaces 1073

Σ =

and trivializes the principal bundle over that point, the moduli space

Hom(π1(Σ), G)

becomes quasi-Poisson [1–3]. In a recent paper [27], Massuyeau and Turaev
described this quasi-Poisson structure in terms of an intersection form on the
loop algebra Zπ1(Σ), extending a result of Goldman [16,17]. The first result of
our paper is to generalize their result to the case where Σ has multiple marked
points (possibly on the same boundary component):

Σ =

These surfaces allow for more economical description of the moduli spaces —
in particular, we show how to obtain them from a collection of discs with two
marked points each via iterated fusion.
Blowing up at each of the marked points, we obtain a surface which we call a
domain:

Σ̂ =

We refer to the preimage of any marked point as a domain wall (these are
the thickened segments of the boundary in the image above). Our second
result is the following: Suppose one chooses a reduced structure separately for
each domain wall w, i.e. a subgroup Lw ⊂ G. If the Lie algebras lw ⊂ g
corresponding to Lw ⊂ G each satisfy l⊥w ⊆ lw, then the moduli space of

• flat G-bundles over Σ̂ equipped with a flat3 reduction of the structure
group from G to Lw over each domain wall w

3Let P |w → w be a flat principal G-bundle. By a a flat reduction of the structure from
G to Lw, we mean a choice of principal Lw-subbundle Qw → w of P |w which is flat with
respect to the connection on P |w.
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1074 D. Li-Bland and P. Ševera

is Poisson. We may think of this as ‘coloring’ each domain wall with a reduced
structure group Lw ⊆ G, as pictured below:

Σ =

In this way we obtain, in particular, the Poisson structures inverting the sym-
plectic forms carried by the moduli spaces of colored surfaces, introduced in [35]
(see also [33, 34]).
Suppose now that G′ is a second Lie group whose Lie algebra g′ carries an
invariant metric. Once again, we choose a reduced structure over each domain
wall w′ on Σ′, i.e. a subgroup Lw′ ⊂ G′. If we simultaneously consider flat G-
bundles over Σ and G′-bundles over Σ′ which are compatible with the reduced
structure on each domain wall, then (as before) the moduli space is Poisson.
We picture this as follows:

Σ′Σ

However, one might instead wish to choose a common reduction of structure
for two domain walls, w and w′ (on Σ and Σ′, resp.). More precisely, to sew
the domain walls w and w′ together is to choose an (orientation reversing)
identification φ : w → w′; Σ ∪φ Σ′ is then the sewn surface. We understand
the common image of w and w′ to define a domain wall in the sewn surface.
A quilted surface Σquilt is formed by sewing a collection of domains {Σi}ni=1

together along domain walls, and by choosing

• a quadratic Lie group Gi for each domain Σi,

• a reduced structure Lw ⊂ Gi for each unsewn domain wall w ⊂ Σi; such
that lw ⊆ l⊥w, and

• a reduced structure Lw ⊂ Gi×Gj for each sewn domain wall w ⊂ Σi∩Σj ;
such that lw ⊆ l⊥w as a Lie subalgebra of gi ⊕ ḡj (where ḡj denotes the
Lie algebra gj with the metric negated).

Σquilt =
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Such surfaces (or closely related ones) have played a role in recent developments
in both Chern-Simons theory [18–20] and Floer theory [39,40]. Our second main
result is to show that the moduli space, MΣquilt , of

• tuples {Pi → Σi}ni=1 of flat Gi-bundles, equipped with

1. a flat4 reduction of the structure group of Pi|w from Gi to Lw over
each unsewn domain wall w ⊂ Σi, and

2. a flat reduction of the structure group of Pi ×w Pj from Gi ×Gj to
Lw over each sewn domain wall w ⊂ Σi ∩ Σj ,

is Poisson. We will often call MΣquilt a moduli space of flat bundles over a
quilted surface.
We provide a description of this Poisson structure in terms of spin networks [5,
30], as in [16,17,31,32]. More precisely, we identify functions f ∈ C∞(MΣquilt )
on the moduli space of flat connections over a quilted surface with spin networks
in the quilted surface. Such a spin network [Γ, ∗] consists of an immersed graph
Γ→ Σquilt,

together with some decoration5 of the edges and vertices of the graph, which
(in the introduction) we will denote abstractly by ∗. The Poisson bracket of
two spin networks [Γ, ∗] and [Γ′, ∗′] is computed as a sum over their intersection
points p ∈ Γ×Σquilt Γ′,

{
[Γ, ∗], [Γ′, ∗′]

}
=

∑

p∈Γ×Σquilt
Γ′

±[Γ ∪p Γ′, ∗′′],

where Γ∪pΓ′ denotes the union of the two graphs with a common vertex added
at the intersection point p. This formula generalizes the one found in [32].
The basic technical tool we use is a new type of reduction of quasi-Poisson
G-manifolds by subgroups of G.
In this paper we study the moduli spaces from the (quasi-)Poisson point of
view. An alternative approach via (quasi-)symplectic 2-forms (or more gener-
ally, Dirac geometry) appears in [21]; and the equivalence between these two
approaches is explained in [36]. It should be mentioned that the approach
taken in [21] allows the construction of more general moduli spaces, while the
approach taken in the current paper is more easily quantized (cf. [22]).

4i.e. a principal Lw-subbundle Qw → w of Pi|w which is flat with respect to the connec-
tion on Pi|w.

5Note, when our structure groups are compact, the graph is decorated with a represen-
tation on each edge, and each vertex is decorated with an intertwinor of the representations
on the surrounding edges, as in [32].
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Remark 1. Of course, one could also consider sewing k domains together
along a single domain wall, together with a compatible reduction of structure
along that domain wall. The moduli space of flat bundles over the resulting
branched surfaces is also Poisson [21], and there is an analogous description
of the Poisson structure in terms of spin networks. To keep our presentation
simple, however, we restrict to the case of quilted surfaces (k = 1, 2).
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2 Quasi-Poisson manifolds

In this section we recall the basic definitions from the theory of quasi-Poisson
manifolds, as introduced by Alekseev, Kosmann-Schwarzbach, and Meinrenken
[1, 2].
Let G be a Lie group with Lie algebra g and with a chosen Ad-invariant sym-
metric quadratic tensor, s ∈ S2g. Let φ ∈ ∧3

g be the Ad-invariant element
defined by

φ(α, β, γ) =
1

4
α
(
[s♯β, s♯γ]

)
(α, β, γ ∈ g∗), (1)

where s♯ : g∗ → g is given by β(s♯α) = s(α, β).
Suppose ρ : G×M →M is an action of G on a manifold M . Abusing notation
slightly, we denote the corresponding Lie algebra action ρ : g → Γ(TM), by
the same symbol. We extend ρ to a Gerstenhaber algebra morphism ρ :

∧
g→

Γ(
∧
TM).

Definition 1. A quasi-Poisson G-manifold is a triple (M,ρ, π), where M is a

manifold, ρ an action of G on M , and π ∈ Γ(
∧2

TM) a G-invariant bivector
field, satisfying

1

2
[π, π] = ρ(φ). (2)

This definition depends on the choice of s. If G1, G2 are Lie groups with chosen
elements si ∈ S2gi (i = 1, 2), we set s = s1 + s2 ∈ S2(g1 ⊕ g2), so that we can
speak about quasi-Poisson G1×G2-manifolds. In particular, if (Mi, ρi, πi) is a
quasi-Poisson Gi-manifold (i = 1, 2) then

(M1, ρ1, π1)× (M2, ρ2, π2) = (M1 ×M2, ρ1 × ρ2, π1 + π2)

is a quasi-Poisson G1 ×G2-manifold.
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Example 1. G is a quasi-PoissonG×G-manifold, with the action ρ(g1, g2)·g =
g1gg

−1
2 and with π = 0.

Remark 2. Since s appears twice in Eq. (1), it follows that any quasi-Poisson
(G, s)-manifold is also a quasi-Poisson (G,−s)-manifold. Likewise, any quasi-
Poisson (G1×G2, s1⊕s2)-manifold is also a quasi-Poisson (G1×G2, s1⊕−s2)-
manifold.

Let ψ ∈ ∧2
(g⊕ g) be given by

ψ =
1

2

∑

i,j

sij (ei, 0) ∧ (0, ej)

where s =
∑

i,j s
ij ei ⊗ ej in some basis ei of g.

Definition 2. If (M,ρ, π) is a quasi-Poisson G×G×H-manifold then its fu-
sion is the quasi-Poisson G×H-manifold (M,ρ∗, π∗), where ρ∗(g, h) = ρ(g, g, h)
and

π∗ = π − ρ(ψ).

Fusion is associative (but not commutative): if M is a quasi-Poisson G×G×
G×H-manifold then the two G×H-quasi-Poisson structures obtained by the
iterated fusions coincide. If M is a quasi-Poisson Gn × H-manifold then its
(iterated) fusion to a quasi-Poisson G×H-manifold is given by

π∗ = π −
∑

i<j

ρ(ψi,j), (3)

where ψi,j ∈
∧2

(g⊕n) is the image of ψ under the inclusion g⊕g→ g⊕n sending
the two g’s to i’th and j’th place respectively.

3 Reduction and moment maps

A Lie subgroup C ⊆ G will be called reducing if its Lie algebra c ⊆ g satisfies

φ(α, β, γ) = 0 ∀α, β, γ ∈ ann(c)

where ann(c) ⊆ g∗ is the annihilator of c. Equivalently,

[s♯α, s♯β] ∈ c ∀α, β ∈ ann(c).

In particular, if C ⊆ G is coisotropic, i.e. if s♯(ann(c)) ⊆ c, then C is reducing.

Theorem 1.A. Suppose that (M,ρ, π) is a quasi-Poisson G-manifold and that
C ⊆ G is a reducing subgroup. Then

{f, g} := π(df, dg), f, g ∈ C∞(M)C (4)
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is a Poisson bracket on the space of C-invariant functions. In particular, if
the action of C on M induces a regular equivalence relation on M6, then the
bivector field π descends to define a Poisson structure on M/C.

Proof. The proof is essentially the same as that of [1, Theorem 4.2.2], but we
include it for completeness.
First, we observe that {f, g} ∈ C∞(M)C , since f, g and π are each C-invariant.
To see that the bracket (4) satisfies the Jacobi identity, notice that

{f1, {f2, f3}}+ c.p. =
1

2
[π, π](df1, df2, df3) = ρ(φ)(df1, df2, df3),

for any fi ∈ C∞(M)C (i = 1, 2, 3). Now ρ∗dfi ∈ ann(c) and C is reducing,
hence ρ(φ)(df1, df2, df3) = 0.

For ξ ∈ g let ξL and ξR denote the corresponding left and right invariant vector
field on G.

Definition 3. Let (M,ρ, π) be a quasi-Poisson G-manifold and let τ : G→ G
be an s-preserving automorphism. A map µ : M → G is a (τ -twisted) moment
map if it is equivariant for the action

g · g̃ = τ(g) g̃ g−1 (5)

of G on G, and if the image of π under

µ∗ ⊗ id : TM ⊗ TM → TG⊗ TM

is

−1

2

∑

i,j

sij
(
eLi + τ(ei)

R
)
⊗ ρ(ej).

We shall use moment maps to get Poisson submanifolds of M/C, in analogy
with Marsden-Weinstein reduction (under certain non-degeneracy conditions
these submanifolds will be the symplectic leaves of M/C). First we need an
analogue of coadjoint orbits.

Lemma 1. If C ⊆ G is a reducing subgroup then

ĉ := {(ξ + s♯α, ξ − s♯α); ξ ∈ c, α ∈ ann(c)}

is a Lie subalgebra of g⊕ g.

Proof. Let ξ, η ∈ c, α, β ∈ ann(c). Since

[ξ ± s♯α, η ± s♯β] =
(
[ξ, η] + [s♯α, s♯β]

)
± s♯(ad∗

ξβ − ad∗
ηα)

and [s♯α, s♯β] ∈ c, the space ĉ is closed under the Lie bracket.

6i.e. the orbit space, M/C, is a manifold, and the projection M → M/C is a surjective
submersion. Equivalently, by Godement’s criterion, the subset M ×M/C M ⊆ M × M is a
closed, embedded submanifold, and the projection onto either factor, M ×M/C M → M , is
a submersion.
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Let Ĉ ⊆ G×G be a Lie group with the Lie algebra ĉ; and we suppose that the
diagonal inclusion c ⊆ ĉ lifts to an inclusion C ⊆ Ĉ ⊆ G×G. The group G×G
acts on G by

(g1, g2) · g = τ(g1) g g−1
2 . (6)

The orbits of Ĉ ⊆ G×G on G will serve as analogues of coadjoint orbits.

Theorem 1.B. Let (M,ρ, π) be a quasi-Poisson G-manifold with a moment
map µ : M → G and C ⊆ G a reducing subgroup. Suppose that the C action
on M induces a regular equivalence relation. Let O ⊆ G be a Ĉ-orbit. If O is
in a clean position relative to µ,7 then

µ−1(O)/C ⊆M/C

is a Poisson submanifold. More generally, if S ⊆ G is a Ĉ-stable submanifold
and S is in a clean position relative to µ, then µ−1(S)/C ⊆M/C is a Poisson
submanifold.

Proof. This follows from Theorem 1.C when H is trivial.

Partial reduction

One can generalize both Theorem 1.A and Theorem 1.B in order to reduce
quasi-Poisson G×H-manifolds to quasi-Poisson H-manifolds:

Theorem 1.C. Suppose that (M,ρ, π) is a quasi-Poisson G×H-manifold and
C ⊆ G is a reducing subgroup.

1. If the C action on M induces a regular equivalence relation, then the
bivector field π descends to define a quasi-Poisson H-structure on M/C.

2. Let τG and τH be automorphisms of G and H, and let

(µG, µH) : M → G×H

be a (τG, τH)-twisted moment map. If S ⊆ G is a Ĉ-stable submanifold,
and the following topological conditions hold:

• S is in a clean position relative to µG, and

• the action of C on µ−1
G (S) induces a regular equivalence relation,

then µ−1
G (S)/C is a quasi-Poisson H-manifold, and µH descends to define

a τH-twisted moment map,

µH : µ−1
G (S)/C → H.

7That is, gr(µ) ∩ (O × M) ⊆ G × M is a submanifold, and T (gr(µ) ∩ (O × M)) =
T gr(µ) ∩ (TO × TM), where gr(µ) = {(µ(x), x); x ∈ M}. It happens, in particular, if µ is
transverse to O.
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Moreover, if all the stated assumptions hold, then µ−1
G (S)/C ⊆M/C is a quasi-

Poisson H-submanifold.

Proof. 1. The proof of this first statement is very similar to that of Theo-
rem 1.A.

Let q : M → M/C denote the quotient map (a surjective submersion).
π is G × H-invariant, thus it descends to define a bivector field π′ on
M/C. Likewise, the H-action on M descends to define an action ρ′ :
H ×M/C →M/C.

Now the Ad-invariant element s ∈ S2(g ⊕ h) splits as the sum of sG ∈
S2(g) and sH ∈ S2(h); similarly φ ∈ ∧3

(g ⊕ h) splits as the sum of

φG ∈
∧3

g and φH ∈
∧3

h. By definition, we have

1

2
[π, π] = ρ(φ) = ρ(φG) + ρ(φH).

However, for any αi ∈ Ω1(M/C), (i = 1, 2, 3) the pullbacks ρ∗q∗αi ∈
ann(c), and C is reducing, hence ρ(φG)(q∗α1, q

∗α2, q
∗α3) = 0. Thus

1

2
[π′, π′] = ρ′(φH),

as desired.

2. First of all, since S is in a clean position relative to µG, µ−1
G (S) ⊆ M

is a submanifold. Moreover, since the action of C induces a regular
equivalence relation, µ−1

G (S)/C is a manifold and the quotient map is
a surjective submersion. Since H acts trivially on S ⊆ G, so H restricts
to an action on µ−1

G (S)/C ⊆M/C.

For any x ∈ µ−1
G (S) and α ∈ T ∗

xM the moment map condition gives

(µG)∗
(
π(·, α)

)
= −1

2

(
(s♯Gρ

∗
xα)L + τ(s♯Gρ

∗
xα)R

)
. (7)

If α is annihilates ρx(c), then ρ∗xα ∈ ann(c). The vector (7) is thus the

action of 1
2 (s♯Gρ

∗
xα,−s♯Gρ∗xα) ∈ ĉ on G. In particular, since S is in a

clean position relative to µG, it follows that π(·, α) is tangent to µ−1
G (S).

This implies that π descends to µ−1
G (S)/C to define a quasi-Poisson H-

structure.

Finally, since µH : µ−1
G (S)→ H isG×H-equivariant, it descends to a map

on µ−1
G (S)/C. The image of π under (µH)∗⊗ id : TM⊗TM → TH⊗TM

is

−1

2

∑

i,j

sijH
(
eLi + τ(ei)

R
)
⊗ ρ(ej),

where sH ∈ S2(h)H denotes the chosen invariant symmetric tensor, and
hence this also holds for the reduced bivector field on µ−1

G (S)/C, proving
that µH descends to define a moment map.
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If the action of C on M induces a regular equivalence relation, then
µ−1
G (S)/C ⊆M/C is certainly an H-invariant submanifold, and the pre-

vious argument shows that the bivector field is tangent to µ−1
G (S)/C.

That is, µ−1
G (S)/C ⊆M/C is a quasi-Poisson H-submanifold.

Example 2. Suppose that (M,ρ, π) is a quasi-Poisson G × G × H manifold.
Let

G∆ := {(ξ, ξ) ∈ G×G} ⊆ G×G

denote the diagonal subgroup.

One may first fuse the two G factors of the quasi-Poisson structure on M (in
either order), yielding a quasi-Poisson G×H structure on M , and then reduce
by G, to obtain a quasi-Poisson H structure on M/G∆. Alternatively, notice
that G∆ ⊆ G × G is a reducing subgroup, so one may reduce M directly by
G∆, as in Theorem 1.C, obtaining a quasi-PoissonH structure on M/G∆. Both
these quasi-Poisson H structures on M/G∆ are identical.

3.1 Induction and the Hat construction

When C ⊆ Ĉ is closed, and O ⊂ G is a Ĉ-orbit, the reduced space µ−1
G (O)/C

can be conveniently described in the following way. Let M̂ be the manifold
obtained from M by induction from C to Ĉ (using the diagonal embedding
C ⊂ Ĉ). Concretely,

M̂ = (Ĉ ×M)/C (8)

where the C-action on Ĉ ×M is c · (ĉ,m) = (ĉ c−1, c ·m).

Now suppose O = Ĉ · g0 for some g0 ∈ G, then

µ−1
G (O)/C ∼= µ̂−1

G (g0)/ Stab(g0), (9)

where

µ̂G : M̂
(ĉ,m)→ĉ·µG(m)−−−−−−−−−−→ G,

is the induced Ĉ-equivariant moment map and

Stab(g0) = {ĉ ∈ Ĉ; ĉ · g0 = g0} ⊆ Ĉ.

More generally, suppose that S ⊆ G is a Ĉ-invariant submanifold. Then for
any submanifold X ⊆ G such that S = Ĉ ·X , we have natural bijections

µ−1
G (S)/C ∼= µ̂−1

G (S)/Ĉ ∼= µ̂−1
G (X)/ Stab(X), (10)

where the stabilizer groupoid, Stab(X) ⇒ X , is defined as the restriction of
the action groupoid Ĉ ⋉G to X ⊆ G.
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Remark 3 (The stabilizer groupoid). Recall that the stabilizer groupoid is
defined as Stab(X) := {(ĉ, x) ∈ Ĉ×X | ĉ ·x ∈ X} with source and target maps
given by s(ĉ, x) = x, and t(ĉ, x) = ĉ · x, respectively, and multiplication given
by (ĉ′, ĉ · x) ◦ (ĉ, x) := (ĉ′ · ĉ, x).
The action of Stab(X) on µ̂−1

G (X) is the obvious one: the moment map is µ̂G,
and for any m̂ ∈ µ̂−1

G (X) and
(
ĉ, µ̂G(m̂)

)
∈ Stab(X), we have

(
ĉ, µ̂G(m̂)

)
· m̂ =

ĉ·m̂. In particular, two elements m̂, m̂′ ∈ µ̂−1
G (X) are in the same Stab(X)-orbit

if and only if there exists a ĉ ∈ Ĉ such that m̂′ = ĉ · m̂.

The following proposition gives sufficient conditions on X ⊆ G for the quotient
(10) to be a smooth quasi-Poisson manifold.

Proposition 1. Suppose that C ⊆ G is a reducing subgroup, and C ⊆ Ĉ is
closed. Suppose further that (M,ρ, π) is a quasi-Poisson G×H-manifold with
a (τG, τH)-twisted moment map,

(µG, µH) : M → G×H.

If X ⊆ G, Stab(X) ⊆ Ĉ ⋉G, and S := Ĉ ·X ⊆ G are embedded submanifolds,
and the following topological conditions hold:

• X is in a clean position relative to µ̂G, and

• the action of Stab(X) on µ̂−1
G (X) induces a regular equivalence relation,

then µ̂−1
G (X)/ Stab(X) is a quasi-Poisson H-manifold, and µH descends to

define a τH-twisted moment map,

µH : µ̂−1
G (X)/ Stab(X)→ H.

Proof. Since µ−1
G (S)/C ∼= µ̂−1

G (X)/ Stab(X), it suffices to show that the as-
sumptions of Theorem 1.C.2 hold.
We begin by showing that S is in a clean position relative to µG. First, consider
the diagonal action map

A : Ĉ ⋉ (G× M̂)
(ĉ;g,m̂)→(ĉ·g,ĉ·m̂)−−−−−−−−−−−−→ (G× M̂).

By assumption, U := Ĉ × (X × M̂) ⊆ Ĉ ⋉ (G × M̂) and V := Ĉ × gr(µ̂G) ⊆
Ĉ⋉ (G×M̂) intersect cleanly, with U ∩V ∼= Ĉ× µ̂−1

G (X). Since V is a union of

fibres of A, it follows that A(U) = S× M̂ and A(V ) = gr(µ̂G) intersect cleanly
(cf. Lemma 6). That is, S is in a clean position relative to µ̂G. Moreover, the
restriction A : U ∩ V → A(U) ∩ A(V ) defines a surjective submersion

Ĉ × µ̂−1
G (X)→ µ̂−1

G (S).

Next, consider the Ĉ-equivariant map B : G × M̂ (g,[ĉ,m])→[ĉ]−−−−−−−−→ Ĉ/C. The re-
strictions of B to both S × M̂ and gr(µ̂G) are surjective submersions (since
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both submanifolds are Ĉ-invariant). Thus S × M =
(
B|S×M̂

)−1
(C) and

gr(µG) =
(
B|gr(µ̂G)

)−1
(C) intersect cleanly. That is, S is in a clean position

relative to µG.
Since the action Lie groupoids C⋉µ−1

G (S) and Stab(X)⋉X µ̂−1
G (X) are Morita

equivalent, and the equivalence relation defined by the action of Stab(X) on
µ̂−1
G (X) is regular, it follows that the equivalence relation corresponding to the

action of C on µ−1
G (S) is also regular (cf. Lemma 7).

4 Quasi-Poisson structures on moduli spaces

Let Σ be a compact oriented surface with boundary, and let V ⊂ ∂Σ be a
finite collection of “marked points” such that every component of Σ intersects
V . Let Π1(Σ, V ) denote the fundamental groupoid of Σ with the base set V .
The composition in Π1(Σ, V ) is from right to left: ab means path b followed by
path a. For a ∈ Π1(Σ, V ) let s(a) denote the source and t(a) the target of a;
ab is defined if t(b) = s(a).
Let

MΣ,V (G) = Hom(Π1(Σ, V ), G).

MΣ,V (G) can be seen as the moduli space of pairs:

(P → Σ, {v̂ ∈ P |v}v∈V ), (11)

consisting of a flat (principal) G-bundle over Σ together with a framing over
V .8

For any arrow a ∈ Π1(Σ, V ) let

hola : MΣ,V (G)→ G

denote evaluation at a (in terms of flat connections it is the holonomy along
a). There is a natural action ρ = ρΣ,V of the group GV on MΣ,V (G) which is
defined by

hola(ρ(g)x) = gt(a) hola(x)g−1
s(a). (12)

Infinitesimally,
(hola)∗(ρ(ξ)) = −ξRt(a) + ξLs(a)

for any ξ ∈ gV , where ξL/R denotes the left/right invariant vector field on G
corresponding to ξ ∈ g.
By a skeleton of (Σ, V ) we mean a graph Γ ⊂ Σ with the vertex set V , such
that there is a deformation retraction of Σ to Γ.9 If we choose an orientation

8By a framing over V , we mean a choice of a lift v̂ ∈ Pv of each marked point v ∈ V to
the fibre over v.

9It is a simple exercise to show that there exists a skeleton for every marked surface.
However, it should be emphasized that this skeleton is not unique! The edges of a skeleton
determine generators of Π1(Σ, V ), but the converse fails (generators for Π1(Σ, V ) may be
chosen which intersect in an essential way).
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of every edge of Γ then MΣ,V (G) gets identified (via (hola, a ∈ EΓ)) with GEΓ ,
where EΓ is the set of edges of Γ. In particular, if Σ is a disc and V has two
elements then we get MΣ,V (G) = G.
Our convention in this paper is to orient the ∂Σ against the induced boundary
orientation. Cutting the boundary of Σ at the marked points, V , splits it into
oriented arcs (the components of ∂Σ that don’t contain a marked point10 are
not considered to be arcs). If we choose an ordered pair (vs, vt) of marked
points (vs 6= vt ∈ V ) then the corresponding fused surface Σ∗ is obtained by
gluing a short piece of the arc ending at vs with a short piece of the arc starting
at vt (so that vs and vt get identified). The subset V ∗ ⊂ ∂Σ∗ is obtained from
V by identifying vs and vt. Notice that the map

MΣ∗,V ∗(G)→MΣ,V (G),

coming from the map (Σ, V )→ (Σ∗, V ∗), is a diffeomorphism: if Σ retracts to
a skeletal graph Γ then Σ∗ retracts to its image Γ∗, and the two graphs have
the same number of edges. We can thus identify the manifolds MΣ∗,V ∗(G) and
MΣ,V (G).

v

vs vt

v∗

Σ Σ∗

v∗s = v∗t

Figure 1: Fusion. The marked points vs, vt ∈ V are identified after fusion,
while every other marked point v ∈ V (vs 6= v 6= vt) is unaffected. Notice that
vs remains the source of the same edge after fusion, and vt remains the target
of the same edge after fusion.

Every (Σ, V ) can be obtained by fusion from a collection of discs, each with
two marked points: If Γ ⊂ Σ is a skeleton then the subset of Σ that retracts
onto an edge e ∈ EΓ is a disc De, and Σ is obtained from De’s by repeated
fusion.

Theorem 2. There is a natural bivector field πΣ,V on MΣ,V (G) such that

(MΣ,V (G), ρΣ,V , πΣ,V )

is a quasi-Poisson manifold, uniquely determined by the properties

1. if Σ is a disc and V has two elements then πΣ,V = 0

10that is, an element of V
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Figure 2: A surface with a skeleton, fused from four discs. The discs have been
assigned colors in the picture, but this figure should not be confused with a
quilted surface.

2. if (Σ, V ) = (Σ1, V1) ⊔ (Σ2, V2) then πΣ,V = πΣ1,V1 + πΣ2,V2

3. if (Σ∗, V ∗) is obtained from (Σ, V ) by fusion, then
(MΣ∗,V ∗(G), ρΣ∗,V ∗ , πΣ∗,V ∗) is obtained from (MΣ,V (G), ρΣ,V , πΣ,V ) by
the corresponding fusion.

If there is no danger of confusion, we shall denote πΣ,V simply by π.

Remark 4. Alejandro Cabrera has independently studied quasi-Hamiltonian
GV -structures for the marked surfaces described above.

Once we choose a skeleton Γ of (Σ, V ), Theorem 2 gives us a formula for the
quasi-Poisson structure on MΣ,V , as (Σ, V ) is a fusion of a collection of discs
with two marked points. Let us denote the resulting bivector field on MΣ,V (G)
by πΓ. Theorem 2 follows from the following Lemma:

Lemma 2. The bivector field πΓ on MΣ,V (G) is independent of the choice of
Γ.

Remark 5. The lemma follows from the special case where (Σ, V ) is a disc
with 3 marked points (see Example 4 below). However, we shall give a different
proof in the next section.

Proof of Theorem 2. By the lemma we have a well-defined quasi-Poisson struc-
ture on MΣ,V (G). Properties (1)–(3) of the theorem are satisfied by the con-
struction of πΓ.

Let us now describe the calculation of π = πΓ in more detail. Notice that for
any vertex v of Γ, the (half)edges adjacent to v are linearly ordered: a cyclic
order is given by the orientation of Σ. Since v is on the boundary, the cyclic
order is actually a linear order. Γ is a ciliated graph in the terminology of Fock
and Rosly [15].
We choose an orientation of every edge of Γ to get an identification MΣ,V (G) =
GEΓ . First we see it as a GEΓ × GEΓ -quasi-Poisson space with zero bivector
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vs vt

Figure 3: The annulus with one marked point is obtained by fusion from the
disc with two marked points.

(i.e. as MΣ′,V ′(G), where (Σ′, V ′) is a disjoint union of discs with two marked
points each). Then, fusing at each vertex using the reversed11 linear order, we
obtain a GV -quasi-Poisson space.

Example 3. As the simplest example, suppose (Σ, V ) is an annulus with a
single marked point (on one of the boundary circles). Then (Σ, V ) may be
obtained by fusion from a disc (Σ′, V ′) with two marked points, as in Fig. 3.
Now MΣ′,V ′ = G with the the quasi-Poisson G × G-structure described in
Example 1: the bivector field is trivial and G×G acts by (g1, g2) · g = g1gg

−1
2 .

Thus MΣ,V = G, the G-action is by conjugation, and

π =
1

2

∑

i,j

sij eRi ∧ eLj .

Example 4. Let Σ be a triangle and V is the set of its vertices.

a

bc

We can identify MΣ,V with G2 via (hola−1 , holb), i.e. Γ is the graph with the
oriented edges a−1, b. In this case

π = −1

2

∑

i,j

sij eLi (1) ∧ eLj (2) (13)

11We reverse the linear order when fusing to account for the minus sign appearing in (3)
(cf. [2]).
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(where eLi (k) denotes the left-invariant vector field which is tangent to the kth

factor of G2 (k = 1, 2)). Equivalently,

π(hol∗a−1 θL, hol∗b θ
L) = −s ∈ g⊗ g,

where θL ∈ Ω1(G, g) is the left-invariant Maurer-Cartan form. An easy calcu-
lation shows

π(hol∗b−1 θL, hol∗c θ
L) = −s ∈ g⊗ g,

confirming that π is independent of the choice of Γ.

For a general surface (Σ, V ) with a choice of a skeleton Γ, we get an identifica-
tion MΣ,V = GEΓ . Applying (3) we obtain

πΣ,V =
1

2

∑

v∈V

∑

a<b

∑

i,j

sij ei(a, v) ∧ ej(b, v) (14)

where a, b run over the (half)edges adjacent to v,

ei(a, v) =

{
−eRi (a) a goes into v

eLi (a) a goes out of v

and for a ∈ EΓ, eR,Li (a) denotes the right/left-invariant vector field on GEΓ

equal to

(0, . . . , 0,

a︷︸︸︷
ei , 0, . . . , 0) ∈ gEΓ

at the identity element.

Remark 6. Essentially the same formula was discovered by Fock and Rosly
[15], for Poisson structures onMΣ,V obtained by a choice of a classical r-matrix.
More precisely, if one considers the bivector described in Equation (16) of [15],
but replacing the r-matrix rij with it’s symmetrization sij , then one arrives at
the same formula as (14).
Meanwhile, Skovborg studied the corresponding formula in the absence of an
r-matrix for invariant functions [37].

5 The homotopy intersection form and quasi-Poisson structures

Massuyeau and Turaev [27] made a beautiful observation that, in the case of
one marked point and G = GLn, the quasi-Poisson structure on MΣ,V (G) can
be expressed in terms of the homotopy intersection form on π1(Σ), introduced
by Turaev in [38]. Here we extend their result to the case of arbitrary (G, s)
and arbitrary V .
Let us first extend (a skew-symmetrized version of) Turaev’s homotopy inter-
section form to fundamental groupoids. If a, b ∈ Π1(Σ, V ), let us represent
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them by transverse smooth paths α, β. For any point A in their intersection,
let

λ(A) =

{
1 if A ∈ ∂Σ

2 otherwise

sign(A) :=

{
1 if (α̇|A, β̇|A) is positively oriented

−1 otherwise.

as in Fig. 4.

A

α β

+ A

β α

−

Figure 4: sign(A) = ±1 is determined by comparing the orientation of α and
β with that of Σ.

Let αA denote the portion of α parametrized from the source of α up to the
point A. Finally, let

(a, b) :=
∑

A

λ(A) sign(A)[α−1
A βA] ∈ ZΠ1(Σ, V ), (15)

where ZΠ1(Σ, V ) denotes the groupoid ring12 generated by Π1(Σ, V ) over Z.
As in [38] one can check that (a, b) is well defined, i.e. independent of the choice
of α and β.
Let us list the properties of (a, b). For x ∈ ZΠ1(Σ, V ), x =

∑
niai, let x̄ =∑

nia
−1
i .

Proposition 2. The pairing

(·, ·) : Π1(Σ, V )×Π1(Σ, V )→ ZΠ1(Σ, V )

satisfies

12As a Z-module, ZΠ1(Σ, V ) is freely generated by Π1(Σ, V ). For generators a, b ∈
Π1(Σ, V ), their product in ZΠ1(Σ, V ) is

ab :=

{
a ◦ b if a and b are composable, i.e. s(a) = t(b)

0 otherwise.
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1. (a, b) is a linear combination of paths from the source of b to the source
of a

2. (b, a) = −(a, b)

3. (a, bc) = (a, c) + (a, b)c

4. if (Σ∗, V ∗) is obtained from (Σ, V ) by fusing Σ at vs, vt ∈ V and a∗, b∗

denotes the image of a, b in Π1(Σ∗, V ∗), then

(a∗, b∗) = (a, b)∗ − (δt(a),vs a
−1 − δs(a),vs1v∗s )(δt(b),vt b− δs(b),vt1v∗s )+

+ (δt(a),vt a
−1 − δs(a),vt1v∗s )(δt(b),vs b− δs(b),vs1v∗s ).

It is the only pairing satisfying these properties.

Proof. The fact that (15) satisfies these properties is readily verified.
We now show that these properties uniquely determine a pairing

(·, ·) : Π1(Σ, V )×Π1(Σ, V )→ ZΠ1(Σ, V ). (16)

First suppose (Σ, V ) is a disjoint union of disks each of which is marked with
two points, then any pairing which satisfies the first three properties must be
trivial: From property 1, we see that (a, b) = 0 unless a and b lie in the same
connected component of Σ. This leaves the following cases to check:

a = 1v is a unit, for some v ∈ V (17a)

b = 1v is a unit, for some v ∈ V (17b)

b = a (17c)

b = a−1 (17d)

Now in case (17b) property 3 (with c = 1v) implies that (a, 1v) = 0. Now in
case (17a), property 2 implies (a, b) = (1v, b) = −(b, 1v) = 0. In case (17c),
(a, a) = k1s(a) (by property 1), for some k ∈ Z. Then property 2 implies that

k1s(a) = −k1s(a) := −k1s(a), which forces k = 0, and hence (a, b) = (a, a) = 0.
Finally, in case (17d), property 3 implies (a, 1t(a)) = (a, a−1)+(a, a)a−1. Since
(a, 1t(a)) = 0 = (a, a), we have (a, b) = (a, a−1) = 0.
Next, notice that properties 3 and 4 determine the pairing for a fused surface
(Σ∗, V ∗) in terms of the pairing for (Σ, V ). Since any marked surface can be
obtained by fusing a collection of disks (with two marked points each), a finite
number of times, this shows that (16) is uniquely determined by properties
1-4.

For a, b ∈ Π1(Σ, V ) let us consider the g⊗ g-valued function on MΣ,V ,

π(hol∗a θ
L, hol∗b θ

L).

These functions, in turn, specify π completely.
We can now state our version of the result of Massuyeau and Turaev [27].
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Theorem 3. For any a, b ∈ Π1(Σ, V ) we have

π(hol∗a θ
L, hol∗b θ

L) =
1

2
(Adhol(a,b) ⊗ 1) s. (18)

Remark 7. Essentially the same formula was discovered independently by Xin
Nie [29].

Proof of Theorem 3 and of Lemma 2. To prove both Theorem 3 and Lemma 2
(and thus finish the proof of Theorem 2) we need to check that

πΓ(hol∗a θ
L, hol∗b θ

L) =
1

2
(Adhol(a,b) ⊗ 1) s (19)

for every a, b ∈ Π1(Σ, V ) and any skeleton Γ of (Σ, V ).
Notice (via hol∗bc θ

L = hol∗c θ
L + Ad(holc)−1 hol∗b θ

L) that

πΓ(hol∗a θ
L, hol∗bc θ

L) = πΓ(hol∗a θ
L, hol∗c θ

L)+

(1⊗Ad(holc)−1)πΓ(hol∗a θ
L, hol∗b θ

L).

As a result, if (19) is true for all a, b in a set of generators of Π1(Σ, V ), it is
then true (by Proposition 2 Part 3) for all elements of Π1(Σ, V ).
Equation (19) is true if (Σ, V ) is a disc with two marked points, as both sides
of the equation vanish. The same is true for the disjoint union of a collection
of such discs. As any (Σ, V,Γ) can be obtained from such a collection by a
repeated fusion, it remains to check that (19) is preserved under fusion.
Suppose that (19) is satisfied for some (Σ, V ) and its skeleton Γ. Let (Σ∗, V ∗)
be a fusion of (Σ, V ) and let Γ∗ be the image of Γ in Σ∗. Then πΓ∗ is obtained
from πΓ by the corresponding quasi-Poisson fusion. By Proposition 2 Part 4
we then get

πΓ∗(hol∗a θ
L, hol∗b θ

L) =
1

2
(Adhol(a∗,b∗)

⊗ 1) s.

In other words, (19) is satisfied also for (Σ∗, V ∗,Γ∗) for the elements of
Π1(Σ∗, V ∗) in the image of Π1(Σ, V ). As the image generates Π1(Σ∗, V ∗),
we conclude that (19) is satisfied for (Σ∗, V ∗,Γ∗).

Remark 8. Theorem 3 can be used as an alternative definition of π. Properties
1–3 of the homotopy intersection form (cf. Proposition 2) mean that there is a
unique GV -invariant bivector field π satisfying (18). Property 4 means that π
is compatible with fusion.

If f : (Σ′, V ′)→ (Σ, V ) is an embedding then clearly

(f∗a, f∗b) = f∗(a, b)

for every a, b ∈ Π1(Σ′, V ′). From Theorem 3 we thus get the following result.
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v2

v1

v3

vn

S1
i =

Figure 5: Pictured, is a connected component of the boundary, S1
i ⊆ ∂Σ.

S1
i is oriented against the induced boundary orientation. The marked points
{v1, . . . , vn} = V ∩ S1

i inherit a cyclic order, and the permutation is defined as
σ(vi) = vi+1 (where the index i+ 1 is computed modulo n).

Corollary 1. If f : (Σ′, V ′)→ (Σ, V ) is an embedding then

f∗ : MΣ,V (G)→MΣ′,V ′(G)

is a quasi-Poisson map, i.e. πΣ,V and πΣ′,V ′ are f∗-related.

Let us now consider the special case Σ′ = Σ, V ′ ⊂ V . Recall that if (M,ρ, π)
is a G×H-quasi-Poisson manifold and if M/G is a manifold (e.g. if the action
of G is free and proper) then π descends to a bivector field π′ on M/G such
that p∗π = π′, where p : M → M/G is the projection, and that M/G thus
becomes a H-quasi-Poisson manifold, called the quasi-Poisson reduction of M
by G (cf. [1, 2] or Theorem 1.C). Using this terminology, Corollary 1 becomes

Corollary 2. If V ′ ⊂ V then MΣ,V ′(G) is the quasi-Poisson reduction of

MΣ,V (G) by GV \V ′

.

Finally, again following Massuyeau and Turaev [27], we can define a moment
map for the quasi-PoissonGV -manifold MΣ,V (G). Let us orient ∂Σ against the
orientation induced from Σ, and let S1

1 ⊔ · · · ⊔ S1
n = ∂Σ be the decomposition

into connected components. The subset of marked points V ∩S1
i which all lie on

a given component of the boundary inherit a cyclic order from the orientation
of ∂Σ. Let σ : V → V be the corresponding permutation (as in Figure 5). Let
τ : GV → GV be the automorphism defined for any g ∈ GV and v ∈ V by

τ(g)v = gσ(v),

so that the τ -twisted action of GV ×GV on GV is

(
(g1, g2) · g

)
v

= (g1)σ(v) gv (g2)−1
v (20)

(cf. Eq. (6)). For every v ∈ V let µv : MΣ,V (G)→ G be

µv = holav
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where av is the boundary arc from v to σ(v). Let us combine the maps µv to
a single map µ : MΣ,V (G)→ GV .

Theorem 4. The map µ : MΣ,V (G)→ GV is a τ-twisted moment map.

Proof. The equivariance of µ is obvious. If v ∈ V and b ∈ Π1(Σ, V ) then by
the definition of (av, b) we have

(av, b) = −δs(b),v 1v − δs(b),σ(v) a−1
v + δt(b),v b+ δt(b),σ(V ) a

−1
v b.

Theorem 3 then implies that µ is a moment map, as the 1-forms hol∗b θ
L span

the cotangent bundle of MΣ,V (G).

Remark 9. An alternative way of proving Theorem 4 is to verify it for the
case of a disc with two marked points on the boundary, and then to use fusion.

6 Surfaces with boundary data

For every point v ∈ V let us choose a coisotropic subgroup Cv ⊆ G.13 Let
C =

∏
v∈V Cv ⊆ GV . Suppose the action of C on MΣ,V (G) defines a regular

equivalence relation, and consider the orbit space

MΣ,V (G, (Cv)v∈V ) := MΣ,V (G)/C.

Geometrically, MΣ,V (G, (Cv)v∈V ) is the moduli space of flat (principal) G-
bundles P → Σ equipped with a reduction to Cv over v for every v ∈ V .

Since C ⊆ GV is coisotropic, by Theorem 1.A we know that MΣ,V (G, (Cv)v∈V )
is Poisson. More generally, if V ′ ⊆ V then Theorem 1.C implies that

MΣ,V (G)/
∏

v∈V ′

Cv

is a quasi-Poisson GVrV ′

-manifold.

Example 5. Let Σ be a triangle and V the set of its vertices. Suppose that
s ∈ S2g is non-degenerate, and that (g, a, b) is a Manin triple. Let A,B ⊂ G
be the corresponding subgroups, and let us suppose that A ∩ B = {1} and

BA = G, i.e. B ×A (b,a)→ba−−−−−−→ G is a diffeomorphism.

Let us choose the subgroup, Cv, at two of the vertices to be B and the remaining
vertex to be A, as in the picture below

13If G is semisimple then any parabolic subgroup is coisotropic; if G is simple then these
are all the coisotropic subgroups
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g1

g2

B A

B

Now the holonomies g1, g2 ∈ G along the edges pictured above identify
MΣ,V (G) with G×G, where the bivector field was described in Eq. (13). The
diffeomorphism (

(b, a)→ ba
)

: B ×A→ G

identifies MΣ,V with B × A × B × A, and the action of C = B × A × B on
MΣ,V (G) becomes

(b, a, b′) · (b1, a1, b2, a2) = (bb1, a1a
−1, b′b2, a2a

−1).

Thus the map (b1, a1, b2, a2)→ a2a
−1
1 identifies MΣ,V (G)/C with the Lie group

A. Using (13) we see that the resulting bivector field on A ∼= B\G is the
pushforward of

π =
1

2

∑

i

ξi
L ∧ ηiL,

where {ηi} ⊂ b and {ξi} ⊂ a are bases in duality.

A comparison shows that the Poisson structure on MΣ,V (G)/C ∼= A is the
Poisson-Lie structure on A described in [23].

The assumption that G = BA is rather strong. In Example 8, we will identify
the Poisson Lie group with a moduli space in the absence of this assumption.

Example 6. If Σ, V is a disc with two marked points and C ⊆ G is a coisotropic
subgroup which we embed as a subgroup of the second factor of G × G, then
MΣ,V (G)/C = G/C is a quasi-Poisson G-manifold, with π = 0.

Since, according to Theorem 4, the holonomies along the boundary arcs de-
fine a moment map µ : MΣ,V (G) → GV , we can apply the moment map
reduction (Theorem 1.B) to get Poisson submanifolds of MΣ,V (G, (Cv)v∈V ) =
MΣ,V (G)/C.14 To give geometric descriptions of these Poisson submanifolds
it will be convenient to use the “hat”-construction from Section 3.1. We begin
be describing M̂ , µ̂ and Ĉ.
Recall that σ : V → V is the permutation obtained by walking along ∂Σ against
the orientation induced from Σ, and that av is the boundary arc from v to σ(v).

14If s ∈ S2g is nondegenerate and if every component of ∂Σ contains a marked point then
these submanifolds are in fact the symplectic leaves. See [21] for more details.
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We now describe the group Ĉ. Let c⊥v = s♯ ann(cv); it is an ideal in cv. Let
C⊥
v ⊆ Cv denote the corresponding connected Lie group.15 Then Cv normalizes

C⊥
v . Hence

Ĉv = {(g1, g2) ∈ Cv × Cv | g1g−1
2 ∈ C⊥

v } ⊂ G×G

is a subgroup. We take

Ĉ =
∏

Ĉv ⊂ GV ×GV .

av

v

av′ av av′

v+ v−

wv

Σ Σ̂

Figure 6: Σ̂ is obtained from Σ by blowing up at each point v ∈ V . We denote
the exceptional divisor (a segment on the boundary of Σ) by wv, its initial
point by v− and its endpoint by v+. Note that v = σ(v′), and the orientation
of the arcs is opposite to the induced boundary orientation.

Let us now give a geometric description of the induced Ĉ-manifold M̂ (see
Eq. (8)) and of the induced Ĉ-equivariant moment map µ̂ : M̂ → GV in the
case of M = MΣ,V (G). First, let Σ̂ be the surface obtained from Σ by blowing
up at each point v ∈ V , as in Fig. 6. We let wv denote the exceptional divisor
obtained by blowing up at v. We label the initial and end points of the segment
wv by v− and v+, respectively. We let Wall denote the set of wv’s, and we
let V− and V+ denote the set of initial and end points of the wv’s. Thus
(Σ̂, V− ∪ V+) is a marked surface.
Then

M̂ = {f ∈MΣ̂,V−∪V+
(G); f(wv) ∈ C⊥

v (∀v ∈ V )}. (21)

The group GV ×GV ∼= GV−∪V+ acts naturally on MΣ̂,V−∪V+
(G) (cf. Eq. (12))

and the subgroup Ĉ preserves M̂ ⊂ MΣ̂,V−∪V+
(G). The elements of Ĉ are

(gv− , gv+ ∈ Cv)v∈V such that gv+g
−1
v− ∈ C⊥

v . The map µ̂ : M̂ → GV is given by

µ̂(f) = (f(av))v∈V .

Suppose we now choose an element h = (hv)v∈V ∈ GV . Recall from Eq. (20)
that the action of Ĉ ⊂ GV−∪V+ on GV is by

(g · h)v = gσ(v)−hvg
−1
v+ .

Let O ⊆ GV denote the Ĉ-orbit containing h ∈ GV . Using Eq. (9) we get

µ−1(O)/C ∼= µ̂−1(O)/Ĉ ∼= {f ∈ M̂ ; f(av) = hv (∀v ∈ V )}/ Stab(h).
15If G is simple, so that Cv is parabolic, then C⊥

v ⊆ Cv is the nilpotent radical.
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Theorem 5. Suppose that the graph of µ̂ composes cleanly with h ∈ GV , and
the Stab(h)-orbits of µ̂−1(h) form a regular foliation, then the quotient space

µ̂−1(h)/ Stab(h)

=
{
f ∈MΣ̂,V−∪V+

(G); f(wv) ∈ C⊥
v , f(av) = hv (∀v ∈ V )

}
/ Stab(h),

is a Poisson manifold.

Moreover, if the C-orbits of MΣ,V (G) form a regular foliation, then
µ̂−1(h)/ Stab(h) is naturally isomorphic to a Poisson submanifold of
MΣ,V (G)/C.

Proof. We apply Proposition 1 to prove the first statement. To do so, we only
need to show that C ⊆ Ĉ is closed. But for each v ∈ V , we have Ĉv ∼= C⊥

v ⋊Cv
via the map (g1, g2) → (g1g

−1
2 , g2); hence Cv ⊆ Ĉv is closed, which yields the

result.
The proof of Proposition 1 shows that the assumptions of Theorem 1.C.2 hold,
and if the C-orbits of MΣ,V (G) form a regular foliation, then the assumptions
of Theorem 1.C.1 also hold. Hence µ̂−1(h)/ Stab(h) is naturally isomorphic to
a Poisson submanifold of MΣ,V (G)/C.

Theorem 5 is particularly interesting in the case when h = 1 is the unit. Since
this constrains the holonomies along the paths av to be trivial, we can contract
these paths to points.

v v′′

v′

v+

v− v′′+

v′′−

v′+v′−

wv wv′′

wv′

av

av′′

av′

wv wv′′

wv′

Σ Σ̂ Σ̂c

Figure 7: Blow up at the marked points, followed by contraction of av’s

Example 7. [ [33–35]] Once again, let (g, a, b) be a Manin triple, let Σ, V be
a disk with four marked points, and let us choose the subgroups Cv as in the
picture,

B

B

AA Σ
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where A,B ⊂ G are Lie groups integrating a and b with A ∩B = {1}. Setting
h = 1 (which is a regular value for µ̂), we get the constraint on the holonomies
pictured in Fig. 8.

B

B

AA

B

B

AAΣ̂

b1

b2

a1a2

Figure 8: Setting h = 1 is effectively the same as contracting the uncolored
portions of the boundary in the first picture; this results in the second picture.
We label the holonomies as in the third picture. Since Σ̂ is contractible, the
product of the holonomies around the boundary must be trivial, that is: a1b1 =
b2a2.

In this case Stab(h) = 1 and µ̂−1(1)/ Stab(1) is

µ̂−1(1) = {(a1, b1, a2, b2) ∈ A×B ×A×B; a1b1 = b2a2},
where the holonomies are as pictured in Fig. 8.16

MΣ,V (G)/C is the Lu-Weinstein double symplectic groupoid (cf. [23,25]). The
moduli space for this surface was first identified with the Lu-Weinstein double
symplectic groupoid in the work of the second author [33–35].
In the case that G = AB, we can identify the moduli space with G via

g = a1b1 = b2a2.

The resulting Poisson structure on G is the so-called Heisenberg double.

Description in terms of flat bundles

We now give an alternative description ofMΣ,V /C and its Poisson submanifolds
in terms of flat bundles. Given a domain wall wv ∈Wall obtained by blowing
up the marked point v ∈ V , we define Cwv := Cv.

Definition 4. Suppose that w ⊆ ∂Σ̂ is a domain wall. A flat reduction of
the structure from G to Cw over w, is a choice of principal Cw-subbundle
Qw ⊆ P |w which is flat with respect to the connection on P |w.17

Theorem 6. Suppose the C-orbits of MΣ,V form a regular foliation. Then the
moduli space of pairs

(P → Σ̂, {Qw → w}w∈Wall) (22)

16In the case that the discrete group A ∩ B is non-trivial, µ̂−1(1) is a covering space for
MΣ,V (G)/C, and thus inherits a Poisson structure.

17Equivalently, this is a choice of a flat principal Cw-bundle Qw → w together with an
isomorphism of flat bundles P |w → Qw ×Cw

G.
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of flat G-bundles over Σ̂ equipped with a flat reduction of the structure group
from G to Cw over each domain wall w ∈ Wall, carries a natural Poisson
structure and can be canonically identified with MΣ,V /C (as a Poisson mani-
fold).

We now describe the Poisson submanifold µ̂−1(1)/ Stab(1) ⊆ MΣ,V /C as a
moduli space. For simplicity, we assume18 that s ∈ S2(g) is non-degenerate,
and each Cv ⊆ G is Lagrangian (i.e. C⊥

v = Cv for each v ∈ V ).

Let Σ̂c be the surface Σ̂ with each arc av contracted to a point, as in Figure 7.
The surface Σ̂c is thus obtained from Σ by blowing up the marked points and
contracting the original boundary arcs. We identify every domain wall w ⊆ ∂Σ̂
with its image in ∂Σ̂c. Note that adjacent domain walls intersect non-trivially
in Σ̂c.

Definition 5. Suppose P → Σ̂c is a principal G-bundle, and that w,w′ ⊆ ∂Σ̂c

are two domain walls. We say that a reduction of the structure group from G
to Cw over w is compatible with a reduction of the structure group from G to
Cw′ over w′ if there exists a common reduction of the structure group from G
to Cw ∩ Cw′ over the intersection w ∩ w′ (if it exists, the common reduction
of structure is unique up to a unique isomorphism).19

We have:

Theorem 7. Suppose that the graph of µ̂ composes cleanly with 1 ∈ GV , and
the Stab(1)-orbits of µ̂−1(1) form a regular foliation, then the moduli space of
pairs

(P → Σ̂c, {Qw → w}w∈Wall), (23)

consisting of a flat G-bundles over Σ̂c equipped with mutually compatible flat re-
ductions of the structure group from G to Cw over each domain wall w ∈Wall,
is a Poisson manifold canonically isomorphic to µ̂−1(1)/ Stab(1) ⊆MΣ,V /C.

Remark 10. The moduli space described in Theorem 7 is a symplectic manifold
(cf. [21]).

7 Surfaces with domain walls

Consider a finite family (Σd, Vd) indexed by a set, Dom. Once again, we
construct Σ̂d by blowing up Σd at every v ∈ Vd. We let wv ⊂ Σ̂d denote the

18These are not necessary assumptions, and we encourage the interested reader to describe
the generalization.

19Equivalently, the corresponding Cw-subbundle Qw ⊂ P |w and the corresponding C
w

′ -
subbundle Q

w
′ ⊂ P |

w
′ intersect non-trivially over every point in the intersection w ∩ w

′.

Moreover, in the special case that w = wv = w′ and the image of wv in Σ̂c forms a closed
loop, we insist (naturally) that the two reductions of the structure from G to Cwv over the
common endpoint q(v+) = q(v−) agree.
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preimage of v ∈ Vd and denote the boundary points of wv by v− and v+ (see
Fig. 6). We let

W̃all =
⊔

d∈Dom,v∈Vd
wv,

and choose an orientation for each connected component of W̃all, defining the

map Sign : π0(W̃all)→ {−,+} by

Sign(w) :=





+ if w ⊆ Σd, and the inclusion

w → ∂Σd is orientation preserving,

− otherwise,

for any w ∈ π0(W̃all).

Now choose an orientation preserving action of Z2 on W̃all, which we extend
trivially to an action on ⊔d∈DomΣ̂d. We let

Σ =
(
⊔d∈DomΣ̂d

)
/Z2,

and Wall = π0(W̃all)/Z2. As before, we refer to each connected component
w ∈Wall as a domain wall.
For each d ∈ Dom choose a Lie group Gd and an element sd ∈ (S2gd)

Gd - we
describe this choice as coloring the domain Σd with (Gd, sd). Then

M =
∏

d

MΣd,Vd(Gd)

is a quasi-Poisson G-manifold, where

G =
∏

d

GVdd .

Let us now construct a reducing subgroup of G in the following way. Taking

V = ⊔d∈DomVd, we have a natural identification V ∼= π0(W̃all). The orbits
of the induced action of Z2 on V are either pairs (orbit of cardinality 2), or
singletons (orbits of cardinality 1), and the orbit space is naturally identified
with the set of domain walls V/Z2

∼= Wall.
For every singleton-orbit {v}, for which v ∈ Vd ⊆ V , we choose a subgroup

C{v} ⊆ Gd
which is coisotropic with respect to sd. The singleton-orbit, {v} ∈ V/Z2

∼=
Wall, is naturally identified with a domain wall w ∈ Wall, and we describe
the choice of C{v} as coloring the domain wall w with Cw := C{v}. For future
use we define sw = Sign(v)sd.
For every pair-orbit O = {v, v′}, for which v ∈ Vd, v

′ ∈ Vd′ we choose a
subgroup

C{v,v′} ⊆ Gd ×Gd′
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which is coisotropic with respect to Sign(v)sd + Sign(v′)sd′ . The pair-orbit,
{v, v′} ∈ V/Z2

∼= Wall, is naturally identified with a domain wall w ∈Wall,
and we describe the choice of C{v,v′} as coloring the domain wall w with Cw :=
C{v,v′}. As before, we define sw = Sign(v)sd + Sign(v′)sd′
Following Wehrheim and Woodward [39,40] we shall call the resulting surface,
Σ, together with the chosen coloring of each domain Σd with (Gd, sd), and each
domain wall w ∈Wall with the coisotropic subgroup Cw, a quilted surface.
The product

C =
∏

w∈Wall

Cw =




 ∏

{v}∈V/Z2

Cv


×


 ∏

{v,v′}∈V/Z2

C{v,v′}




 ⊆

∏

d∈Dom

GVdd

is a reducing subgroup of G. Indeed, it is coisotropic with respect to

s :=
∑

d∈Dom,v∈Vd
Sign(v)sd,

as in Remark 2.
As a result (by Theorem 1.A),

M/C =
(∏

d

MΣd,Vd(Gd)
)
/C

is a Poisson manifold (provided the equivalence relation is regular). The mani-
fold M/C can be interpreted as a moduli space classifying compatible flat bun-
dles over the quilted surface; for brevity, we will not describe the corresponding
moduli problem in detail (as we did in Theorem 6 for a single domain), though
we encourage the interested reader to do so. Instead, we will now use the “hat”
construction from Section 3.1 to give an explicit geometric description of M/C
in terms of holonomy representations of the fundamental groupoid (as would
be obtained from such flat bundles).
We begin by describing the induced space M̂ corresponding to M =∏
dMΣd,Vd(Gd), the action of Ĉ on M̂ , and the map µ̂ : M̂ → G in more

detail. As before, we let c⊥w = s♯w ann(cw), where cw is the Lie algebra corre-
sponding to Cw. Once again, c⊥w ⊆ cw is an ideal, and we let C⊥

w ⊆ Cw be the
corresponding connected Lie group (which is normalized by Cw). We take

Ĉw = {(gw− , gw+) ∈ Cw × Cw | gw+g
−1
w−
∈ C⊥

w}.

We have

Ĉ =
∏

w∈Wall

Ĉw ⊆
∏

w∈Wall

Cw × Cw =
∏

d∈Dom

GVd ×GVd .

Now we relate the induced space M̂ to the the quilted surface. An element
f ∈ M̂ is a collection of elements fd ∈MΣ̂d,Vd−∪Vd+(Gd) (d ∈ Dom), satisfying

the condition:
f(w) ∈ C⊥

w ,
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Figure 9: A quilted surface with 2 domains and 4 domain walls

for every domain wall w ∈Wall. Here f(w) is the holonomy (if w is on the
boundary of Σ) or the pair of holonomies (if w is inside Σ) along w. Every
element (gw− , gw+) ∈ Ĉw acts on M̂ by acting at the initial and final boundary

points of w, (w−, and w+, respectively).20 This defines the action of Ĉ on M̂ .
Finally, the map

µ̂ : M̂ → G =
∏

d∈Dom

GVdd

is the collection of holonomies along the arcs av, v ∈ Vd (i.e. along the boundary
arcs of Σ which are not domain walls).
The isomorphism

M̂/Ĉ ∼= M/C

can be seen via the embedding M →֒ M̂ given by the constraint f(w) = 1 for
all w ∈Wall (effectively contracting every w to a point). We write

MΣ := M̂/Ĉ (24)

Theorem 1.B and Proposition 1 now give the following result.

Theorem 8.A. Let h ∈ G. If h is in a clean position relative to µ̂ and the
Stab(h)-orbits of µ̂−1(h) form a regular equivalence relation, then the quotient
space

N := {f ∈ M̂ ; f(av) = hv}/ Stab(h) (25)

is a Poisson manifold.
Moreover, if the C-orbits of M form a regular equivalence relation, then N is
naturally isomorphic to a Poisson submanifold of M/C.

20Recall that the orientation of w as a domain wall was chosen arbitrarily, and may not
coincide with the orientation of the boundaries of the domains. For example, if w ∈ Wall ∼=
V/Z2 corresponds to the singleton-orbit {v} ∈ Vd ⊆ V , then we have

(w−,w+) =

{
(v−, v+) if Sign(v) = +, and

(v+, v−) if Sign(v) = −.
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The theorem is particularly interesting when h = 1, as then we can contract
the arcs av. More generally we might want to only contract a subset of the arcs
av. For instance, suppose we choose a subset Vtriv ⊆ V and want to contract
those arcs av with v ∈ Vtriv. We can do this as follows: Let

H = {h ∈
∏

d∈Dom

GVdd ; hv = 1 for all v ∈ Vtriv},

and
Ĥ = {g ∈

∏

d∈Dom

G
Vd−∪Vd+
d ; gv+ = gσ(v)− for all v ∈ Vtriv}.

Then for any g ∈ ∏dG
Vd−∪Vd+
d , and h ∈ H ,

g · h ∈ H ⇒ g ∈ Ĥ, (26)

where the action on the left hand side is the twisted action (6). Thus the

stabilizer groupoid for H is Stab(H) =
(
Ĉ ∩ Ĥ

)
⋉H (cf. Remark 3).

Let ΣVtriv be the surface obtained from Σ by contracting each arc av ⊆ Σ (for
v ∈ Vtriv) to a point.
Thus Proposition 1 implies:

Theorem 8.B. If H is in a clean position relative to µ̂, S = Ĉ · H is a
submanifold of

∏
dG

Vd
d , and the Ĉ ∩ Ĥ-action on µ̂−1(H) defines a regular

equivalence relation, then the moduli space

MΣVtriv
:= µ̂−1(H)/(Ĉ ∩ Ĥ)

is a Poisson manifold.
Moreover, if the action of C on M defines a regular equivalence relation, then
MΣVtriv

is naturally isomorphic to a Poisson submanifold of M/C.

Explicitly, we have

µ̂−1(H) = {f ∈ M̂ ; f(av) = 1 for all v ∈ Vtriv}

=

{
f ∈

∏

d∈Dom

MΣ̂d,Vd−∪Vd+(Gd)

∣∣∣∣∣
f(w) ∈ C⊥

w for every w ∈Wall, and

f(av) = 1 for all v ∈ Vtriv

}

In the sequel, we will refer to

Ĉ ∩ Ĥ =




g ∈

∏

d

G
Vd−∪Vd+
d

∣∣∣∣∣∣∣

gw− , gw+ ∈ Cw

gw+g
−1
w−
∈ C⊥

w

gv+ = gσ(v)− for all v ∈ Vtriv





as the group of residual gauge transformations. Here gw := gv when the domain
wall w ∈Wall ∼= V/Z2 corresponds to the singleton-orbit {v} ⊂ V , and gw :=
(gv, gv′) when the domain wall w corresponds to the pair-orbit {v, v′} ⊂ V .
We leave the reformulation of Theorem 8 in terms of moduli spaces of flat
bundles (in the spirit of Theorems 6 and 7) to the reader.
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Remark 11 (Quilted surfaces with residual marked points). One may also
leave the marked points on certain boundary components of the domains Σd
(d ∈ Dom) unreduced (or unsewn); the resulting moduli spaces are quasi-
Poisson rather than Poisson. For example, suppose that we decompose the
set B := ⊔d∂Σd of all boundary components into two closed subsets B =
Bsew ⊔ Bres. We will leave those marked points V res := V ∩ Bres in Bres

unreduced (here V = ⊔dVd).
As before, le Σ̂d denote the surface obtained by blowing up Σd at V sewd :=

Vd ∩ Bsew , W̃all the union of the exceptional divisors and W̃all →Wall the
quotient obtained by sewing along the domain walls.
We color each domain, Σd with a pair (Gd, sd), and each domain wall, w ∈
Wall, with a coisotropic subgroup Cw. We take

G =
∏

d∈Dom

G
V sewd

d H =
∏

d∈Dom

GVd∩V
res

d , and C =
∏

w∈Wall

Cw ⊆ G

Once again, we let M̂ denote the induced manifold,

M̂ =

{
f ∈

∏

d

MΣ̂d,Vdres∪Vdsew− ∪Vdsew+
(Gd)

∣∣∣∣f(w) ∈ C⊥
w for each w ∈Wall

}

Then Proposition 1 implies that the moduli space

{f ∈ M̂ ; f(av) = 1 for each v ∈ V sew}/ Stab(1)

is a quasi-Poisson H-manifold, where

Stab(1) = {ĉ ∈ Ĉ; ĉ · 1 = 1}.

8 Spin networks

In this section, we reinterpret the quasi-Poisson structure on marked surfaces
as well as the Poisson structure on quilted surfaces in terms of spin networks.

Remark 12. Spin networks were first introduced by Penrose [30] (see also
[5]). Poisson brackets of spin networks were studied by Roche and Szenes [32],
following work by Goldman [16, 17], Andersen, Mattes and Reshetikhin [31].

8.1 Spin networks on a marked surface

Let (Σ, V ) denote a marked surface, as in Section 4.

Definition 6. A graph diagram in (Σ, V ) consists of the following data:

• a directed graph, Γ with edges EΓ and vertices VΓ,

• a subset of vertices V anchΓ ⊆ VΓ, called ‘anchor points’, and
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• a smooth map ι : Γ→ Σ (it is understood that the domain of this map is
really the geometric realization, |Γ|, of Γ) such that

ι−1(V ) = V anchΓ .

Often we will abuse notation and denote the graph diagram simply by Γ.
A morphism between graph diagrams ι : Γ → Σ and ι′ : Γ′ → Σ is a map
between the geometric realizations, µ : |Γ| → |Γ′|, such that ι = ι′ ◦ µ and
µ(VΓ) ⊆ VΓ′ .
A homotopy between graph diagrams ι0 : Γ → Σ and ι1 : Γ → Σ is a one
parameter family of graph diagrams ιt : Γ→ Σ, t ∈ [0, 1].

Suppose Γ is a graph diagram in (Σ, V ). The Lie group GVΓ acts on GEΓ by

(g · g′)e = gt(e)g
′
eg

−1
s(e),

where g ∈ GVΓ , g′ ∈ GEΓ , and e ∈ EΓ. We define

AΓ(G) := C∞(GEΓ
)GV intΓ

,

where V intΓ = VΓ r V anchΓ . Note that there is a residual action of GV
anch
Γ on

AΓ(G). For any v ∈ V anchΓ , we let ρv : G×AΓ(G)→ AΓ(G) denote the action
of the vth-factor.

Remark 13. Since Γ is a graph, GEΓ = Hom
(
Π1(|Γ|, VΓ), G

)
. Therefore

AΓ(G) = C∞
(

Hom
(
Π1(|Γ|, VΓ), G

))GV
int
Γ

.

By functoriality, a morphism µ : |Γ| → |Γ′| of graph diagrams defines a mor-
phism

µ! : Hom
(
Π1(|Γ′|, VΓ′), G

)
→ Hom

(
Π1(|Γ|, VΓ), G

)
,

which is equivariant with respect to the map

µ!
V : GVΓ′ → GVΓ

defined by µ!(g)v = gµ(v), for any g ∈ GVΓ′ . Since µ!
V maps the normal

subgroup GV
int
Γ′ into GV

int
Γ , pull-back along µ! defines an equivariant morphism

of algebras µ∗ : AΓ → AΓ′ . We may summarize this as:

Lemma 3. The assignment (ι : Γ→ Σ) 7→ AΓ is a functor from graph diagrams
to algebras endowed with an action of GV , where g ∈ GV acts via

g · f =
( ∏

v∈V anchΓ

ρv(gι(v))
)
f.

Documenta Mathematica 20 (2015) 1071–1135



1104 D. Li-Bland and P. Ševera

Definition 7. A spin network in (Σ, V ) is a pair (Γ, f), where Γ → Σ is a
graph diagram, and f ∈ AΓ(G).
We say that spin networks (Γ0, f0) and (Γ1, f1) are homotopic if the underlying
graph diagrams are homotopic and f0 = f1 ∈ AΓ0 ≡ AΓ1 (to identify the alge-
bras, we use the fact that the definition of AΓ only depends on the underlying
graph, and not the map Γ→ Σ).
A morphism of spin networks µ : (Γ, f) → (Γ′, f ′) is a morphism of graph
diagrams µ : Γ→ Γ′ such that f ′ = µ∗f .

We consider two spin networks to be equivalent if they are related by a chain of
homotopies and morphisms (or the formal inverses of morphisms). For a spin
network (Γ, f), we let [Γ, f ] denote the corresponding equivalence class. Define
SpinNet(Σ,V )(G) to be the set of equivalence classes of spin networks.

Lemma 4. SpinNet(Σ,V )(G) is a GV -algebra where scalar multiplication, addi-
tion, and multiplication are defined as

λ · [Γ, f ] = [Γ, λf ] (27a)

[Γ, f ] + [Γ′, f ′] = [Γ ∪ Γ′, f ⊕ f ′] (27b)

[Γ, f ] · [Γ′, f ′] = [Γ ∪ Γ′, f ⊗ f ′] (27c)

Lemma 4 will follow from Proposition 3.

8.2 Spin networks and functions on the moduli space

Suppose (Γ, f) is a spin network in (Σ, V ). Then the we may push f along the
map ι : Γ→ Σ to define a function ev(Γ, f) on the moduli space MΣ,V (G), as
we shall now describe.
For a finite set of points X = {xi} ∈ Σr V , we let

MΣ,V,X(G) := Hom
(
Π1(Σ, V ∪X), G

)

Notice that
MΣ,V (G) = MΣ,V,X(G)/GX .

The map
ι : (|Γ|, VΓ)→ (Σ, V ∪ V intΓ )

yields a GV ×GV intΓ -equivariant map

ι! : MΣ,V,V intΓ
(G)→ Hom

(
Π1(|Γ|, VΓ), G

)
. (28)

Therefore, the function

ev(Γ, f) := ι!
∗
f ∈ C∞(MΣ,V,V intΓ

(G)
)

is GV
int
Γ -invariant. Hence it descends to define a function on the moduli space

MΣ,V (G) ∼= MΣ,V,V intΓ
(G)/GV

int
Γ .
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Moreover, the map

ev(Γ, ·) : AΓ(G)→ C∞(MΣ,V (G))

is GV -equivariant.
Notice that ev(Γ0, f0) = ev(Γ1, f1) whenever (Γ0, f0) and (Γ1, f1) are homo-
topic. Moreover, if

µ : (ι : |Γ| → Σ)→ (ι′ : |Γ′| → Σ)

is a morphism of graph diagrams, then the following diagram of equivariant
morphisms commute

MΣ,V,V int
Γ′

(G)

Hom
(
Π1(|Γ′|, VΓ′), G

)
Hom

(
Π1(|Γ|, VΓ), G

)
ι′!

ι!

µ!

Therefore, ι!
∗
(f) = ι′!

∗ ◦ µ∗(f) for any f ∈ AΓ, i.e. ev(Γ′, µ∗f) = ev(Γ, f).
So ev descends to a map on the set of equivalence classes of spin networks,
SpinNetΣ,V (G).

Proposition 3. The map

ev : SpinNetΣ,V (G)→ C∞(MΣ,V (G)
)

is an isomorphism of GV -algebras.

Proof. With only a slight modification, the statement follows from the proofs of
the corresponding statements for (unmarked) surfaces in [5,32], but we outline
it here for completeness.

Let ˜SpinNetΣ,V (G) be the set of all spin networks in (Σ, V ) (i.e. we do not
identify equivalent spin networks). We may define the operations in Eqs. 27

directly on ˜SpinNetΣ,V (G) (we do not claim that they satisfy the axioms of
an algebra on this set). Since (Γ, f) → ev(Γ, f) is induced by the map of
spaces (28), it follows that ev intertwines the operations of scalar multiplication,
addition, and multiplication.

Next we show that ev : ˜SpinNetΣ,V (G) → C∞(MΣ,V (G)
)

is surjective. Let
ιskel : |Γskel| → Σ be an embedded graph diagram with a single anchor point
at every marked point, for which there exists a deformation retract r : Σ →
ιskel(|Γskel|). Then the map defined in Eq. (28),

Hom
(
Π1(Σ, V ∪ V intΓ ), G

)
→ Hom

(
Π1(|Γskel|, VΓskel), G

)

is a diffeomorphism. It follows that ev : AΓskel → C∞(MΣ,V (G)
)

is an isomor-
phism.
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It remains to show that that ev(Γ, f) = ev(Γ′, f ′) only if the two spin net-
works are equivalent. We may assume that there exist maps between the
geometric realizations µ : |Γ| → |Γskel| (just compose the map |Γ| → Σ
with the retract Σ → |Γskel|) and likewise µ′ : |Γ′| → |Γskel|. Since
ev : AΓskel → C∞(MΣ,V (G)

)
is an isomorphism, ev(Γ, f) = ev(Γ′, f ′) only

if µ∗f = µ′
∗f

′, i.e. (Γ, f) and (Γ′, f ′) are equivalent.

8.3 The quasi-Poisson bracket on SpinNetΣ,V (G)

e

e ′

A

(a) The edge e ∈ EΓ and e′ ∈ EΓ′

intersect at A.

ẽA

ẽ ′
A

A

eA

e ′
A

(b) After subdividing the edges e and
e′ at A and then the newly created ver-
tices, the newly created edges are la-
belled as depicted.

Figure 10

Suppose that ι : Γ→ Σ and ι′ : Γ′ → Σ are graph diagrams such that the maps
ι and ι′ are transverse to each other.21 Let (Γ×Σ Γ′)anch = (V anchΓ )×Σ (V anchΓ′ )
and

(Γ×Σ Γ′)int =
(
Γ×Σ Γ′)r (Γ×Σ Γ′)anch.

Given A ∈ (Γ×Σ Γ′)int, let e ∈ EΓ and e′ ∈ EΓ′ be the two edges intersecting
at A. Let Γ ∪A Γ′ be the graph obtained from Γ ∪ Γ′ by subdividing the edges
e and e′ at A and then merging the newly created vertices. It is clear that

ι ∪ ι′ : Γ ∪A Γ′ → Σ

is a graph diagram. We let eA and e′A denote the newly created edges running
from s(e) and s(e′) (respectively) to A and ẽA and ẽ′A denote the newly created
edges running from A to t(e) and t(e′) (respectively), as depicted in Fig. 10.
Note that the orientations of the new edges are inherited from the orientations
of the original edge.

We define the map

̺ : (g× g)×GE(Γ∪AΓ′) → T
(
GEΓ

)
× T

(
GEΓ′

)

21That is, the restriction of ι and ι′ to any two edges are transverse, and ι(V intΓ )∩ι′(V int
Γ′ ) =

∅.
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by

̺(ξ, η, g)e0 :=





(LgẽARgeA )∗ξ if e0 = e,

(Lgẽ′
A

Rge′
A

)∗η if e0 = e′,

ge0 otherwise.

Where Lg, Rg : G→ G denote Left,Right multiplication by g ∈ G, and we have

identified g with the tangent space at the identity. The map ̺ is GV(Γ∪AΓ′) -
equivariant, where the action is defined on g× g by

g · (ξ, η) := (AdgAξ,AdgAη), g ∈ GV(Γ∪AΓ′) , ξ, η ∈ g.

The universal property of the tensor product implies that ̺ extends to a map

̺ : (g⊗ g)×GE(Γ∪AΓ′) → T
(
GEΓ

)
⊗ T

(
GEΓ′

)
⊆ ⊗2T

(
GE(Γ∪Γ′)

)

We define
Ψs := ̺(s, ·) : GE(Γ∪AΓ′) → ⊗2T

(
GE(Γ∪Γ′)

)
.

Since s is G invariant, it follows that Ψs is GV(Γ∪AΓ′) -equivariant. Therefore
(
f ⊗ f ′ → Ψ∗

s(df ⊗ df ′)
)

: AΓ(G) ⊗AΓ′(G)→ A(Γ∪AΓ′)(G)

is a GV
anch
Γ ×GV anchΓ′ -equivariant linear map.

Proposition 4. Let SpinNetΣ,V (G) be endowed with the bracket

{
[Γ, f ], [Γ′, f ′]

}
:=

∑

A∈(Γ×ΣΓ′)int

sign(A)
[
Γ ∪A Γ′,Ψ∗

s(df ⊗ df ′)
]

+
∑

A=(v,v′)∈(Γ×ΣΓ′)anch

1

2
sign(A)

[
Γ ∪ Γ′, (df ⊗ df ′)

(
(ρv ⊗ ρv′)s

)]
, (29)

where sign(·) = ±1 is computed as pictured in Fig. 4, and Γ and Γ′ are assumed
to be transverse graph diagrams. Then

π
(
d ev(Γ, f), d ev(Γ′, f ′)

)
= ev

{
[Γ, f ], [Γ′, f ′]

}
. (30)

Proof. Suppose first that V intΓ = ∅ = V intΓ′ . Then AΓ(G) = C∞(GEΓ), and
d ev(Γ, f) =

∏
e∈EΓ

hol∗e df . Thus

d ev(Γ, f) =
∑

e∈EΓ

(
(Lhole)

∗
edf
)
(hol∗e θ

L) (31)

where (Lg)e, (Rg)e : GEΓ → GEΓ denotes the left,right multiplication by g ∈ G
on the e ∈ EΓ-th factor of GEΓ . Substituting Eq. (31) (and the corresponding
expression for d ev(Γ′, f ′)) into Eq. (18) results in the equality

π
(
d ev(Γ, f), d ev(Γ′, f ′)

)

=
1

2

∑

e∈EΓ,e′∈EΓ′

(
(Lhole)

∗
edf
)
⊗
(
(Lhole′ )

∗
e′df

′)(Adhol(e,e′) ⊗ 1)s
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Expanding (e, e′) in the last line using Eq. (15), and simplifying the resulting
expression using the equalities hole = holẽA holeA and hole′ = holẽ′A hole′A ,
yields

∑

A∈e∩e′,e∈EΓ,e′∈EΓ′

1

2
λ(A) sign(A)

(
df ⊗ df ′)

((
(LholẽA

)e(RholeA
)e ⊗ (Lholẽ′

A

)e′ (Rhole′
A

)e′
)
s
)
.

If A ∈ ∂Σ, then λ(A) = 1, and

(LholẽA
)e(RholeA

)e = ρv, (Lholẽ′
A

)e(Rhole′
A

)e = ρv′ ,

where A = (v, v′) ∈ (Γ ×Σ Γ′)anch. On the other hand, if A 6∈ ∂Σ, then
λ(A) = 2, and
(
df ⊗ df ′)(((LholẽA

)e(RholeA
)e ⊗ (Lholẽ′

A

)e′(Rhole′
A

)e′
)
s
)

= Ψ∗
s(df ⊗ df ′).

Therefore Eq. (30) holds in this case.

Σ Σc ΣC

v v vDv Dv

Figure 11: For each vertex v, we delete a small open disk, Dv, from Σ such
that its boundary ∂Dv intersects the graph precisely at v.

Suppose now that Γ and Γ′ are arbitrary graph diagrams (which are transverse
to each other). Let Σc be the marked surface obtained from Σ as follows: for
each v ∈ V intΓ ∪ V intΓ′ delete a small open disk Dv ⊂ Σr Γ ∪ Γ′ such that

∂Dv ∩ (Γ ∪ Γ′) = v.

Let ΣC be the marked surface obtained by Σc by adding a marked point at v
(cf. Fig. 11).
If we view (Γ, f) and (Γ′, f ′) as spin networks in ΣC , all their vertices are
anchor points. Therefore Eq. (29) holds for these spin networks in ΣC . Finally,
applying Corollary 1 to the embeddings

(Σc, V )→ (Σ, V )

and
(Σc, V )→ (ΣC , V ∪ V intΓ ∪ V intΓ′ )

shows that Eq. (29) holds for these spin networks in Σ.
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8.4 Spin networks on quilted surfaces

Let Σ be a quilted surface.

Definition 8. A graph diagram in Σ consists of the following data:

• a directed graph, Γ with edges EΓ and vertices VΓ,

• a subset of vertices V anchΓ ⊆ VΓ, called ‘anchor points’, and

• a smooth map ι : Γ→ Σ (it is understood that this map is really from the
geometric realization) such that

ι−1(Wall) = V anchΓ .

Often we will abuse notation and denote the graph diagram simply by Γ.
A morphism between graph diagrams ι : Γ→ Σ and ι′ : Γ′ → Σ is a map between
the geometric realizations of the graphs, µ : |Γ| → |Γ′|, such that ι = ι′ ◦ µ and
µ(VΓ) ⊆ VΓ′ .
A homotopy between graph diagrams ι0 : Γ → Σ and ι1 : Γ → Σ is one
parameter family of graph diagrams ιt : Γ→ Σ, t ∈ [0, 1].

Suppose ι : Γ → Σ is a graph diagram. We denote by ι̃ the natural map
V anchΓ → Wall. Let Γd = ι−1(Σd),

22 then Γd → Σd is a graph diagram in
the marked surface (Σd, Vd), (here we have composed with the blow down map
Σ̂d → Σd). Define

A(ι:Γ→Σ) := C∞
( ∏

d∈Dom

G
EΓd

d

)CintΓ ×CanchΓ

,

where

CintΓ :=
∏

d∈Dom

G
V intΓd

d , CanchΓ :=
∏

v∈V anchΓ

Cι̃(v),

with V intΓd
:= VΓd r V

anch
Γd

. Notice that

A(ι:Γ→Σ) =
(
⊗̂d∈DomAΓd(Gd)

)CanchΓ . (32)

To simplify notation, we will often abbreviate A(ι:Γ→Σ) to AΓ.
As in the case of spin networks in marked surfaces, we have the following
lemma.

Lemma 5. • The algebras A(ι0:Γ→Σ) and A(ι1:Γ→Σ) are canonically identi-
fied for homotopic graph diagrams ι0 : Γ→ Σ and ι1 : Γ→ Σ.

• The assignment (ι : Γ→ Σ) 7→ A(ι:Γ→Σ) is a functor from graph diagrams
to algebras.

22I.e. the subgraph of Γ consisting of edges mapped into Σd

Documenta Mathematica 20 (2015) 1071–1135



1110 D. Li-Bland and P. Ševera

Definition 9. A spin network in Σ is a pair (Γ, f), where Γ → Σ is a graph
diagram, and f ∈ AΓ.
We say that spin networks (Γ0, f0) and (Γ1, f1) are homotopic if the underlying
graph diagrams are homotopic and f0 = f1 ∈ AΓ0 ≡ AΓ1 .
A morphism of spin networks µ : (Γ, f) → (Γ′, f ′) is a morphism of graph
diagrams µ : |Γ| → |Γ′| such that f ′ = µ∗f .

Let
MΣ :=

( ∏

d∈Dom

MΣd,Vd(Gd)
)
/C

denote the moduli space for the quilted surface, Σ. Then

C∞(MΣ) = C∞( ∏

d∈Dom

MΣd,Vd(Gd)
)C

=
(
⊗̂d∈DomC

∞(MΣd,Vd(Gd)
))C

Since the map

ev : ⊗̂d∈DomAΓd(Gd)→ ⊗̂d∈DomC
∞(MΣd,Vd(Gd)

)

is
∏
d∈DomGVdd -equivariant it restricts to a map of algebras

ev : AΓ → C∞(MΣ).

As before, we consider two spin networks to be equivalent if they are related
by a chain of homotopies and morphisms, and we define SpinNetΣ to be the
set of equivalence classes of spin networks in the quilted surface, Σ. The same
arguments as in Section 8.2 shows that ev descends to a map of equivalence
classes:

ev : SpinNetΣ → C∞(MΣ).

Moreover, the analogues of Lemma 4, Proposition 3, and Proposition 4 hold
for SpinNetΣ.
To be precise, suppose that ι : Γ→ Σ and ι′ : Γ′ → Σ are two graph diagrams
which are transverse. That is, ι(VΓ)∩ι′(VΓ′ ) = ∅ and the restrictions of ι and ι′

to the edges are transverse. Suppose A ∈ Γ×ΣΓ′ and let dA ∈ Dom denote the
domain such that A ∈ ΣdA . We define the graph diagram ι∪A ι′ : Γ∪A Γ′ → Σ
as in Section 8.3, and we define

Ψ :
∏

d∈Dom

G
E(Γ∪pΓ′)d

d → ⊗2T
( ∏

d∈Dom

G
E(Γ∪Γ′)d
d

)

to be the sum of ΨsdA
on the dA-th factor with the zero sections on the other

factors.

Theorem 9. The map

ev : SpinNetΣ → C∞(MΣ)
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is an isomorphism of Poisson algebras, where scalar multiplication, addition,
and multiplication are defined on SpinNetΣ by Eqs. 27, and the Poisson bracket
is defined by

{[Γ, f ], [Γ′, f ′]} :=
∑

A∈Γ×ΣΓ′

sign(A)[Γ ∪A Γ′,Ψ∗(df ⊗ df ′)], (33)

where Γ and Γ′ are assumed to be transverse graph diagrams.

Proof. The proof that ev : SpinNetΣ → C∞(MΣ) is an isomorphism of algebras
is entirely analogous to that of Proposition 3, and so we omit it.
As explained in Section 8.3, Ψ is equivariant with respect to the action of∏
d∈DomG

V(Γ∪AΓ′)d
d . In particular, Ψ∗(df ⊗ df ′) ∈ A(Γ∪AΓ′).

Equation (32) identifies SpinNetΣ with the subalgebra of C-invariant elements
of

⊗̂d∈Dom SpinNetΣd,Vd(Gd).

Moreover, the following diagram commutes:

SpinNetΣ C∞(MΣ)

⊗̂d∈Dom SpinNetΣd,Vd(Gd) C∞(∏
d∈DomMΣd,Vd(Gd)

)

ev

ev

Hence Theorem 1.A and Proposition 4 imply that Eq. (29) defines a Poisson
bracket on SpinNetΣ for which ev is a morphism of Poisson algebras. Explicitly,
this bracket is

{
[Γ, f ], [Γ′, f ′]

}
:=

∑

d∈Dom

( ∑

A∈(Γ×ΣΓ′)intd

sign(A)
[
Γ ∪A Γ′,Ψ∗(df ⊗ df ′)

]

+
∑

A=(p,p′)∈(Γd×Σd
Γ′
d)
anch

1

2
sign(A)

[
Γ ∪ Γ′, (df ⊗ df ′)

(
(ρp ⊗ ρp′)sd

)])
.

The first term simplifies to yield Eq. (33), so we need only show that the second
term vanishes.
In terms of graph diagrams in the quilted surface, Σ, the second term can be
rewritten as

1

2

∑

w∈Wall

∑

p∈w∩Γ,p′∈w∩Γ′

∑

d∈Dom(w)

ǫ(p, p′,w, d)
[
Γ∪Γ′, (df⊗df ′)

(
(ρp⊗ρp′)sd

)]

where

Dom(w) = {d ∈ Dom; w ⊂ ∂Σ̂d}.
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+

Σ̂d

p w

−
Σ̂d

p w

(a) Sign(p, d) = ±1 depends on the direc-
tion of the edge in Γ leaving p.

+

Σ̂d

p′ pw

−
Σ̂d

p p′w

Γ′ Γ Γ Γ′

(b) Sign(p, p′,w, d) = ±1 depends on the
order of p and p′, where we give w ⊂ ∂Σ̂d
the boundary orientation.

+

Σ̂d

A

−
Σ̂d

A

Γ′ Γ Γ Γ′

(c) The blow down map Σ̂d → Σd con-
tracts w to a point. Thus the blow down
equates ǫ(p, p′,w, d) with sign(A), where
the latter is computed as in Fig. 4

Figure 12

Both
ǫ(p, p′,w, d) = sign(p, d) sign(p′, d) sign(p, p′,w, d),

and sign(p, d) = ±1 and sign(p, p′,w, d) = ±1 are computed as in Fig. 12. Note
that ǫ(p, p′,w, d) = sign(A), where the left hand side is computed in the blow
up, Σ̂d, and the right hand side is computed for A = (p, p′) in the blow down,
Σd.
Now both f and f ′ are Cw-invariant, that is

⊕

d∈Dom(w)

ρ∗pdf ∈ c⊥w,
⊕

d∈Dom(w)

ρ∗p′df
′ ∈ c⊥w

Since Cw was chosen to be coisotropic,
∑

d∈Dom(w) ǫ(p, p
′,w, d)sd vanishes on

c⊥w. This completes the proof.

Suppose Σ and Σ′ are two quilted surfaces. A map Σ → Σ′ is called an
embedding of quilted surfaces if

• it is an embedding of surfaces Σ→ Σ′,

• it maps each domain, Σd, of Σ into a domain, Σ′
d′ , of Σ′ which is colored

with the same structure group (i.e. Gd ≡ Gd′), and
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• it maps each domain wall, w, of Σ into a domain wall, w′, of Σ′ which is
colored with the same coisotropic relation (i.e. Cw ≡ Cw′).

Corollary 3. An embedding of quilted surfaces Σ → Σ′ induces a Poisson
morphism

MΣ′ →MΣ

of the corresponding moduli spaces.

Proof. This follows directly from the functoriality of the assignment Σ →
SpinNetΣ of the Poisson algebra of spin networks to quilted surfaces and The-
orem 9.

Alternatively, it follows from Corollary 1 and the definition of the Poisson
structure on MΣ given in Eq. (24).

9 Colorful examples

Example 8 (Poisson Lie groups). Suppose that (g, a, b) is a Manin triple and
consider the quilted surface Σ pictured below

B

A

1

B
1

where A,B ⊂ G are Lie groups integrating a and b such that A ∩ B = 1.
Constraining the holonomies along the uncolored boundary arcs marked by 1

to be trivial is effectively the same as contracting those arcs to points, which
results in the first image below.

b1

b2

ga

B

GA

B

Following Theorem 8.B, the moduli space is

{(b1, g, b2, a) ∈ B ×G×B ×A; b2gb1 = a}/(Ĥ ∩ Ĉ),
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1114 D. Li-Bland and P. Ševera

where the holonomies are as pictured above. Since A ∩ B = 1, the group
(Ĥ ∩ Ĉ) ∼= B × B of residual gauge transformations acts non-trivially only at
the right two vertices by

(b, b′) · (b1, g, b2, a) = (bb1, b
′gb−1, b2b

′−1, a).

Thus the moduli space is identified with A. The Poisson structure on A is the
Poisson Lie structure. This example should be compared with Example 5.
Consider the embedding of quilted surfaces pictured below:

t s

As explained above, the moduli space corresponding to the quilted surfaces
depicted on the left and right is the Poisson Lie group, A. Meanwhile, as
explained in Example 7, the moduli space for the quilted surface depicted in
the middle is the symplectic groupoid

{(a1, b1, a2, b2) ∈ A×B ×A×B; a1b1 = b2a2},
integrating the Poisson Lie structure on A. The embedding of quilted surfaces
induces the map

t× s : (a1, b1, a2, b2)→ (a2, a1).

The first component of the map is the Lie groupoid target map, while the
second component is the Lie groupoid source map. Corollary 3 shows that this
map is a Poisson morphism.
The multiplication for the Poisson Lie group A ∼= MΣ can be understood by
considering the following sequence of embeddings:

=

Σ̃′ Σ̃′ ΣΣ̃ ⊔ Σ̃Σ ⊔ Σ

which induces the following sequence of Poisson morphisms:

MΣ⊔Σ
ι−→MΣ̃⊔Σ̃

ϕ←−MΣ̃′

=−→MΣ̃′

m−→MΣ

The map ϕ is an embedding which contains the image of ι. Composing this
sequence, µ := m ◦ ϕ−1 ◦ ι, yields a multiplication map

µ :MΣ ×MΣ =MΣ⊔Σ →MΣ.

Associativity can be verified via another sequence of embeddings of quilted
surfaces (we omit the details). Under the canonical identification MΣ

∼= A
with the Lie group A, the map µ becomes the usual multiplication. However,
as a consequence of this construction, we see that multiplication is a Poisson
map.
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Example 9 (Double Poisson Lie group). Suppose once again that (g, a, b) is a
Manin triple, and that A,B ⊂ G are Lie groups integrating a and b such that
A∩B = 1. Then, G is a Poisson Lie group (cf. [11], see also [23], for example),
we may describe this Poisson structure in terms of a moduli space as follows:
Let Σ be the quilted surface pictured below left,

B

A

g
B

A

11

B

A

B

A

Contracting the uncolored boundary arcs marked by 1 results in the image on
the right. Since A∩B = 1, the group (Ĥ∩Ĉ) of residual gauge transformations
is trivial (cf. Theorem 8.B). Consequently, computing the holonomy along the
dotted arc pictured in the second image, we may identify the moduli space
with G. The resulting Poisson structure on G is Drinfel’d’s Double Poisson Lie
structure.
Applying Corollary 3 to the following embedding of quilted surfaces

yields the morphism of Poisson Lie groups A→ G.

Example 10 (Symplectic double groupoid integrating Drinfel’d’s double [33,
35]). Suppose once again that (g, a, b) is a Manin triple, and that A,B ⊂ G
are Lie groups integrating a and b such that the product map A×B → G is a
diffeomorphism. We may identify the symplectic double groupoid integrating
the Poisson Lie structure on G (described in the previous example) with a
moduli space, as follows: Let Σ be the quilted surface pictured below, where
we have already contracted all the uncolored boundary arcs.

B

A

B

A

b1

a1

b2

a2

g
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1116 D. Li-Bland and P. Ševera

The holonomies along the arcs pictured above identify the moduli space with

{(a1, b1, a2, b2, g) ∈ A×B ×A×B ×G; ga1b1 = a2b2g},

where once again, the group of residual gauge transformations is trivial.

Applying Corollary 3 to the following embedding of quilted surfaces

t s

yields the Poisson morphism

t× s : (a1, b1, a2, b2, g)→ (g, b2gb
−1
1 )

whose components are the target/source map (respectively) onto G endowed
with the Poisson Lie structure described in Example 9.

This moduli space was first studied in [33, 35].

Example 11 (Lu-Yakimov Poisson homogeneous spaces). Suppose once again
that (g, a, b) is a Manin triple, and that A,B ⊂ G are Lie groups integrating a
and b such that A ∩ B = 1. Let C ⊆ G be a closed subgroup whose Lie sub-
algebra c ⊆ g is coisotropic. Lu and Yakimov [26] describe a Poisson structure
on G/C, which we may identify with the moduli space for the following quilted
surface:

B

A

C
g

Computing the holonomy along the dotted arc yields an element g ∈ G, but
the group C of residual gauge transformations acts by right multiplication on
this element. Thus, following Theorem 8.B, the moduli space G/C carries a
Poisson structure.

The symplectic groupoid integrating the Poisson structure on G/C is the mod-
uli space corresponding to the quilted surface pictured below:

Documenta Mathematica 20 (2015) 1071–1135



Moduli Spaces for Quilted Surfaces 1117

B

A

b

a

cgC

The holonomies along the arcs pictured above identify the moduli space with

{(a, b, c, g) ∈ A×B × C⊥ ×G; abg = gc}/C

where c′ ∈ C acts by

c′ · (a, b, c, g) = (a, b, c′cc′−1, gc′−1).

Applying Corollary 3 to the embedding of quilted surfaces pictured below

yields the following source and target maps onto G/C:

t× s : (a, b, c, g)→ (g, bg).

That the Lu-Yakimov space, G/C, carries a Poisson action of the Drinfeld Dou-
ble, G, can be seen from the following sequence of embeddings (cf. Example 8):

=

Example 12 (Poisson Homogeneous spaces). Suppose once again that (g, a, b)
is a Manin triple, and that A,B ⊂ G are Lie groups integrating a and b such
that A ∩ B = 1. As explained in Example 8, A carries the structure of a
Poisson Lie group. Following Drinfel’d’s classification [12], pointed Poisson
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homogeneous spaces for A with connected stabilizers are classified, up to iso-
morphism, by Lagrangian subalgebras c ⊆ g.23 Let C ⊂ G be a subgroup whose
corresponding subalgebra c ⊆ g is Lagrangian. Let K = A ∩ C. Consider the
quilted surface pictured below:

c

b

ga

B

GA

C

Following Theorem 8.B, the moduli space is

{(c, g, b, a) ∈ C ×G×B ×A; bgc = a}/ ∼,

where the holonomies are as pictured above, and the quotient is by the group
of residual gauge transformations. Since A∩B = 1, the group of residual gauge
transformations is K × C ×B acting by

(k, c′, b′) · (c, g, b, a) = (c′ck−1, b′gc′−1, bb′−1, ak−1).

Thus the moduli space is identified with A/K.
The Poisson Lie groupA acts on A/K via the following sequence of embeddings:

=

To compute the bivector field on A/K, we work with the following skeleton:

B

GA

C

g1

g2

23Note that not every Lagrangian subalgebra c corresponds to a Poisson homogeneous
space, but the correspondences become one-to-one when one works with local lie groups and
homogeneous spaces (cf. [12–14]).
Alternatively (if one doesn’t wish to work with pointed spaces), Poisson homogeneous spaces
for A with connected stabilizers are classified, up to isomorphism, by A-orbits of Lagrangian
subalgebras c ⊆ g.
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Let g1 = b1a1 ∈ BA, and g2 = a2c2 ∈ AC denote the holonomies along the
corresponding edges, then we may choose the following (skeletal) coordinates
for A/K:

{(ba1, a2c) ∈ BA×AC}/ ∼
(ba1,a2c)→(a1a2)K−−−−−−−−−−−−→ A/K,

where the equivalence relation on the left hand side is induced by the action

(a′, b′, c′) · (ba1, a2c) = (b′ba1a
′−1, a′a2cc

′−1), (a′, b′, c′) ∈ A×B × C (34)

In these coordinates, the bivector is the restriction of (14):

π = −1

2

∑

i

ξLi (1) ∧ ηiR(2) + ηi
L

(1) ∧ ξiR(2)

to BA×AC ⊂ G2, where, for ζ ∈ g, ζL(k) and ζR(k) denote the corresponding
left and right-invariant vector fields which are tangent to the kth factor of G2

(k = 1, 2), and {ξi} ⊂ a, and {ηi} ⊂ b are dual bases. At the point (1, 1) ∈ G2,

π(1,1) ∼ −
1

2

∑

i

ξi(2) ∧ ηi(2)

modulo the equivalence relation (34) (since at (1, 1), ηi ∈ b⇒ ηi
L

(1) ∼ 0 and
ξi ∈ a⇒ ξLi (1) ∼ ξRi (2)).
Now, choose a vector space complement p ⊆ b to ann(k) ⊆ b ∼= a∗ (where k ⊆ a
is the Lie algebra of K ⊆ A). Then a = k⊕ ann(p), and b = p⊕ ann(k). There
exists a unique ̟ ∈ ∧2(a/k) ∼= ∧2 ann(p) such that

c = {(ξ +̟♯(η) + η) ∈ g | ξ ∈ k, η ∈ ann(k)},
where ̟♯(η) = (η ⊗ id)(̟) and we have used the identification ̟ ∈ ∧2(a/k) ∼=
∧2
(

ann(k)∗
)
.

Let {ξ1i } ⊂ k and {ηi1} ⊂ p be bases in duality, and similarly with {ξ0i } ⊂ ann(p)
and {ηi0} ⊂ ann(k). Then

π(1,1) ∼ −
1

2

∑

i

ξi(2) ∧ ηi(2) = −1

2

∑

i

ξ0i (2) ∧ ηi0(2) + ξ1i (2) ∧ ηi1(2)

Modulo (34), we have

π(1,1) ∼
1

2

∑

i

ξ0i (2) ∧̟♯(ηi0)(2)

(since ξ1i ∈ c⇒ ξ1i (2) ∼ 0 and ̟♯(ηi0) + ηi0 ∈ c ⇒ ηi0(2) ∼ −̟♯(ηi0)(2)). Thus,
at the point K ∈ A/K, the bivector is just

̟ ∈ ∧2(a/k) ∼= ∧2TK(A/K),

which shows that the pointed Poisson homogeneous space (A/K, ∗ = K) corre-
sponds to the Lagrangian Lie subalgebra c ⊂ g under Drinfel’d’s classification.
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Example 13 (Drinfel’d Polyubles [15]). Suppose once again that (g, a, b) is a
Manin triple, and that A,B ⊂ G are Lie groups integrating a and b such that
A∩B = 1. The nth Drinfel’d polyuble of A (introduced in [15] for factorizable
Poisson Lie groups, A, and generalized to arbitrary Poisson Lie groups by Jiang
Hua-Lu and Victor Mouquin [24]) is a Lie-Poisson structure on

Pn(A) :=

{
A×Gk when n = 2k + 1 is odd, and

Gk+1 when n = 2k + 2 is even.

The Poisson manifold Pn(A) is naturally identified with the moduli spaceMΣn

for a quilted surface Σn, as we now describe.24 When n is even, the quilted
surface Σn is the k = n−2

2 -fold punctured disk pictured below left,

1

BB

1
B B

k

G

A

g0

g1

gk

A A

A

Figure 13
contracting the uncolored boundary arcs marked by 1 results in the surface
pictured above right. Since A ∩ B = 1, the group (Ĥ ∩ Ĉ) of residual gauge
transformations is trivial (cf. Theorem 8.B). Thus, computing the holonomies
along the dotted arcs canonically identifies MΣn with

{(g0, g1, . . . , gk) ∈ Gk+1} = Pn(A).

The resulting Poisson structure on Pn(A) is the Drinfel’d Polyuble Poisson Lie
structure, as explained in [15] (cf. Remark 6). In particular, for n = 2, the
quilted surface pictured in Figure 13 is just the one from Example 9 corre-
sponding to the Drinfel’d Double. The double symplectic groupoid integrating
Pn(A) is the moduli space for the quilted surface from Example 10, modified
by attaching k handles in the interior.

On the other hand, when n is odd, then the quilted surface Σn is the k = n−1
2 -

fold punctured disk pictured below left,

24For the factorizable case, this is essentially explained in [15], but using a slightly different
language.
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1

BB

1

B B
k

G

A

a

g1

gk

A

contracting the uncolored boundary arcs marked by 1 results in the surface
pictured above right. As before, the group of residual gauge transformations
is trivial, and computing the holonomies along the dotted arcs canonically
identifies MΣn with

{(a0, g1, . . . , gk) ∈ A×Gk} = Pn(A).

The resulting Poisson structure on Pn(A) is the Drinfel’d Polyuble Poisson
Lie structure, as explained in [15] (cf. Remark 6). The double symplectic
groupoid integrating Pn(A) is the moduli space for the quilted surface pictured
in Figure 8, modified by attaching k handles in the interior.

As mentioned in [15], for n either even or odd, the natural embedding of Σn into
the (unpunctured) disk from Example 8 yields a Poisson morphism A→ Pn(A)
between the corresponding moduli spaces (cf. Example 9 for the case n = 2).

To take a different perspective on this example, we recall that the nth Drin-
feld’ polyuble is the Poisson Lie group whose corresponding Manin triple is
(gn, an, bn), where

gn :=

{
g⊕ (ḡ⊕ g)

n−1
2 , if n is odd,

(g⊕ ḡ)
n
2 , if n is even,

(35)

an :=

{
a⊕ (g∆)

n−1
2 , if n is odd,

(g∆)
n
2 , if n is even,

bn :=

{
(g∆)

n−1
2 ⊕ b, if n is odd,

a⊕ (g∆)
n−2
2 ⊕ b, if n is even,

Where g∆ = {(ξ, ξ)} ⊆ g⊕ ḡ is the diagonal subalgebra, as in Example 2.

Thus, after first replacing the Manin triple (g, a, b) with (gn, an, bn), we may
identify the nth Drinfel’d polyuble with the moduli space for the quilted surface
from Example 8:
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Bn

An

1

Bn
1

Gn

Gn := Gn

An :=

{
A× (G∆)

n−1
2 , if n is odd,

(G∆)
n
2 , if n is even,

Bn :=

{
(G∆)

n−1
2 ×B, if n is odd,

A× (G∆)
n−2
2 ×B, if n is even,

Figure 14
where G∆ is the diagonal subgroup, as in Example 2. In particular, using the
multiplicative structure described in Example 8, this shows that Pn is a Poisson
Lie group, as claimed.
We now relate the Gn-colored quilted surface pictured in Figure 14 to the G-
colored quilted surface pictured in Figure 13. For brevity, we will consider only
the case where n is even (the odd case is completely analogous).
Let (Σ, V ) be the underlying domain for the quilted surface pictured in Fig-
ure 14 (i.e. the disk with three marked points on the boundary). First, notice
that coloring a domain Σ with Gn = Gn is equivalent to coloring n copies of
the domain with G.

n layers of G-colored sheetsBn Bn

An

G

Next, we use the fact (cf. Example 2) that coloring a pair of marked points
by G∆ corresponds to fusing those two marked points and then reducing by G
(effectively erasing the marked point); that is, coloring a domain wall by G∆

corresponds to sewing the surface together along that domain wall:

G∆-colored Domain wall. No domain wall.

=

Since An = G
n
2

∆ is just n
2 copies of G∆, reducing by An corresponds to sewing

the alternating pairs of sheets together at that marked point, as pictured below
(for the case n = 6):
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6 layers of G-colored sheets
G∆ G∆G∆

G∆

B

G∆

A

B

G∆

A
G∆

Figure 15: We sew the sheets together along the domain walls coloured
by G∆, so that the orientations coincide when one crosses the G∆-
coloured domain wall. Note that the orientations of alternating layers
are reversed - this corresponds to the fact that alternating layers (do-
mains) are coloured with ḡ rather than g (cf. (35)).

Similarly, since Bn = A× (G∆)
n−2
2 ×B is just n−2

2 copies of G∆ (bounded on
one end by a copy of A, and on the other end by a copy of B) reducing by Bn
corresponds to sewing alternating pairs of the interior sheets together at that
marked point (as pictured above), and then coloring the marked points on the
initial (respectively, final) sheet by A (respectively B). Unfolding the resulting
quilted surface to lay it flat yields the quilted surface pictured in Figure 13.

Example 14 (Fission spaces [10]). Suppose that s ∈ S2(g)g is non-degenerate,
g = u+ ⊕ h ⊕ u− as a vector space (but not as a Lie algebra), where b± :=
h⊕u± ⊆ g are coisotropic subalgebras satisfying b⊥± = u±. Suppose further that
the Lie subalgebras u±, b±, h all integrate to closed subgroups U±, B±, H ⊆ G
such that H = B+ ∩ B−. The metric on g descends to a non-degenerate
invariant metric on h ⊆ g, and

C± := {(c, c̃) ∈ H ×G; c̃c−1 ∈ U±} (36)

is a coisotropic subgroup of H ×G.
Consider the quilted surface pictured in Fig. 16. Computing holonomies along
the dashed lines yields

{(h, h0, . . . , h2r−1;C0, C1, . . . , C2r) ∈ H2r+1 ×G2r+1

; h−1
2i+1C2i+1C

−1
2i h2i ∈ U+ and h−1

2i C2iC
−1
2i−1h2i−1 ∈ U−, }.

Meanwhile, since B+ ∩B− = G, the group of residual gauge transformations is∏
x1,...,x2r

H , acting at the appropriate points on the quilted surface. Thus, up
to a gauge transformation, we may assume that h0 = h1 = · · · = h2r−1 = 1.
Setting Si = CiC

−1
i−1, we see that that the moduli space can be identified with

GArH := {(h;S2r, . . . , S1;C0) ∈ H × (U− × U+)r ×G}.

As explained in Remark 11, GArH is a quasi-Poisson G × H manifold, where
g ∈ G and k ∈ H act at the marked points vG and vH , respectively:

(g, k) · (h;S2r, . . . , S1;C0) = (khk−1, kS2rk
−1, . . . , kS1k

−1, kC0g
−1),
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x3 x2r−3

C
0

C
1

C 2

hC2r C2r−
1
C2r

−2H

G

C
0

A
d
h
h
0

hh0
h
2r−1

h
2r−2

h
2

h
1

A
d
h
h
0

h

x2r

x1

x2
x2r−2

x2r−1

vG

vH

vG

vH

Figure 16: On the surface pictured above, the structure group in the yellow
domain is G while the structure group in the blue domain is H . Along the
boundary of the two domains, blue edges are colored with C+ while the red
edges are colored with C−. The dotted segment of the boundary between the
two annuli is meant to indicate an alternating sequence of blue and red edges.
Cutting along the vertical dotted line in the first picture yields the second
picture. Acting by H at the points x1, . . . , x2r allows us to set the holonomies
h0, . . . , h2r−1 to the identity.

The holonomy along the boundary components,

(h;S2r, . . . , S1;C0)→ (C−1
0 hS2r · · ·S1C0, h

−1),

defines a moment map on GArH .
This quasi-Hamiltonian G×H-space was first discovered by Boalch [8–10], who
used it to study meromorphic connections on Riemann surfaces.

Example 15 (Bott-Samelson variety [6]). Suppose that sg ∈ S2(g)g is non-
degenerate, g = u+ ⊕ h ⊕ u− as a vector space (but not as a Lie algebra),
where b± := u± ⊕ h ⊆ g are coisotropic subalgebras satisfying b⊥± = u±. Let
sh ∈ S2(h)h be the projection of sg along

g = h⊕ (u+ ⊕ u−)→ h.

Suppose further that the Lie subalgebras b±, h integrate to closed subgroups
B±, H ⊆ G such that H = B+ ∩B−.
We take g̃ = g⊕ h, and define

b̂± = {(ξ ± η, η) | ξ ∈ u± and η ∈ h} ⊆ g̃

Then (g̃, b̂+, b̂−) forms a Manin triple with respect to the non-degenerate co-
pairing s := sg ⊕−sh ∈ S2(g̃)g̃.
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Suppose that the Lie subalgebras b̂± integrate to closed subgroups B̂± ⊆ G̃ :=
G × H which project isomorphically to B± along the map G × H → G; and
suppose for simplicity t that B̂+ ∩ B̂− = 1.

Let (g̃n, b
+
n , b

−
n ) denote the Manin triple corresponding to the n-th Drinfel’d

Polyuble, Pn(B̂+), as described in Example 13, and let (G̃n, B
+
n , B

−
n ) denote

the corresponding triple of Lie groups (cf. Figure 14).

Notice that B̃+ = B+ × H ⊆ G̃ is a coisotropic subgroup. We consider the
Lu-Yakimov Poisson homogeneous space, Mbig = G̃n/B̃n+

∼= Gn/Bn+, seen as

the moduli space for the following quilted surface with G̃n-colored domain (cf.
Example 11):

B−
n

B+
n

B̃n+G̃n

Recall that a G̃n-colored domain Σ is equivalent to n copies of Σ, colored by G̃.
‘Unfolding’ the n-layered quilted surface pictured above (as in Example 13), we
obtain the following G̃-colored quilted surface with n B̃+-colored domain walls:

B̂−

B̂+

B̃+

B̃+

B̃+

B̃+
g1 g2

gn

Figure 17
Computing the holonomies along the dotted arcs identifies the corresponding
moduli space with

Mbig :=

n−1︷ ︸︸ ︷
G̃×B̃+

· · · ×B̃+
G̃×B̃+

G̃/B̃+.

As in Example 11,Mbig has a Poisson action of the Drinfel’d PolyubleP2n(B̂+).

We now take a closer look at this moduli space. Let Σ′ denote the disk with
n+ 2 marked points V = {−1, 0, . . . , n}:
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−1

0

n

n− 1

1

2p1

p0

p−1
pn

p2

Computing holonomies along the boundary arcs identifies

MΣ′,V (G̃) ∼= {(p0, . . . , pn) ∈ Gn+1},

a quasi-Poisson G̃n+2 space with the G̃n+2 action given by

(g′−1, g
′
0, . . . , g

′
n) · (p0, . . . , pn) =

(
g′−1p0g

′
0
−1
, . . . , g′n−1png

′
n
−1)

,

and moment map µ : MΣ′,V (G̃)→ G̃n+2 given by

µ(p0, . . . , pn) = (p−1, p0, . . . , pn) (where p−1 := (p0 · · · pn)−1).

Let
Sbig = G̃× (B̂− · B̂+)× G̃n ⊆ G̃n+2,

and
C = B̂− × B̂+ × B̃n+ ⊆ G̃n+2.

The moduli space Mbig for the quilted surface picture in Figure 17 is the
moment map quotient

Mbig = µ−1(Sbig)/C

Now choose subgroups B+ ⊆ P1, . . . , Pn ⊆ G between B+ and the ambient
group G. With P̃i := Pi ×H ⊆ G̃, we define

Ssmall = G̃× (B̂− · B̂+)× P̃1 × · · · × P̃n ⊆ Sbig

(note that Ssmall is a Ĉ-stable submanifold of G̃n+2). Computing the
holonomies25 along the dotted arcs in Figure 17 identifies the moduli space
Msmall := µ−1(Ssmall)/C with the Bott-Samelson variety

P1 ×B+ P2 ×B+ · · · ×B+ Pn/B+
∼= P̃1 ×B̃+

· · · ×B̃+
P̃n/B̃+ ⊆Mbig.

25More specifically

µ−1(Ssmall) = {(p0, p1, . . . , pn) | p0 = b−b+ ∈ B̂− · B̂+, and pi ∈ P̃i}

and (b̂−, b̂+, b̃1, . . . , b̃n) ∈ C acts by

(b̂−, b̂+, b̃1, . . . , b̃n) · (b−b+; p1, . . . , pn) = (b̂−b−b+b̂−1
+ ; b̂+p1b̃

−1
1 , b̃1p2b̃

−1
2 , . . . , b̃n−1pnb̃

−1
n ).

Thus the map (which computes the holonomies pictured in Figure 17)

(b−b+, p1, . . . , pn) → [g1, . . . , gn] := [b+p1, p2, p3, . . . , pn] ∈ P̃1 ×B̃+
· · · ×B̃+

P̃n/B̃+

descends to an isomorphism on µ−1(Ssmall)/C.
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In particular, we recover the result of Jiang-Hua Lu [24] that the Bott-Samelson
variety Msmall is a Poisson submanifold of Mbig.
There are n and distinct Poisson morphisms from the Bott-Samelson variety
Msmall to the Shubert variety G/B+

∼= G̃/B̃+ (which carries the Lu-Yakimov
Poisson structure, cf. Example 11),

qk : [g1, . . . , gn]→ [g1 · · · gk], 1 ≤ k ≤ n,

corresponding to the embeddings (we picture the case k = 2):

A Quilted surfaces and moduli spaces of flat bundles

In this section we prove Theorems 6 and 7, and identify the more general
Poisson manifolds µ̂−1(h)/ Stab(h) ⊆MΣ,V /C with moduli spaces.

Proof of Theorem 6. First, we recall that MΣ,V is the moduli space of pairs
(11)

(P → Σ; {v̂ ∈ Pv}v∈V ),

of flat G-bundles26 over Σ equipped with a framing over V ⊂ ∂Σ. Of course
this moduli space only depends on the homotopy type of the pair (Σ, V ). Since
(Σ, V ) has the same homotopy type as (Σ̂,∪v∈Vwv), MΣ,V is equivalently
described as the moduli space of pairs

(P → Σ̂; {ŵ ∈ C∞
flat(w, P |w)}w∈Wall),

of flat G-bundles over Σ̂ which are equipped with a flat framing over each
domain wall w ∈Wall.
Likewise, MΣ,V /C is canonically isomorphic to the moduli space of pairs

(P → Σ, {Qv → v}v∈V )

of flat G-bundles over Σ which are equipped with reduction of the structure
group from G to Cv over each marked point v ∈ V .27 As above, we can also
canonically identify MΣ,V /C with the moduli space of pairs

(P → Σ̂, {Qw → w}w∈Wall)

26Recall that we always take our G-bundles to be principal.
27That is, a choice of a principal Cv-subbundle Qv ⊆ Pv over each marked point v ∈ V .
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of flat G-bundles over Σ̂ equipped with a flat reduction of the structure group
from G to Cw over each domain wall w ∈ Wall (as in the description we
gave in the introduction). Indeed the isomorphism between these two moduli
spaces is given by sending (P → Σ, {Qv → v}v∈V ) to its pullback (p∗P →
Σ̂, {p∗Qv → wv}v∈V ) along the blowdown map p : Σ̂ → Σ. Thus we have
proven Theorem 6.

Proof of Theorem 7. To describe the Poisson submanifolds µ̂−1(1)/ Stab(1) ⊆
MΣ,V /C as moduli spaces, we need to first identify M̂ with a moduli space.
By assumption, s ∈ S2(g) is non-degenerate, and each Cv ⊆ G is Lagrangian
(i.e. C⊥

v = Cv for each v ∈ V ). Thus Ĉv = Cv × Cv ⊆ G ×G. (We will treat
the general case later).

As a first step, consider the moduli space of triples

(P → Σ̂, {Qw → w}w∈Wall, {xv ∈ Qwv |v}v∈V−∪V+), (37)

i.e a pair of the form (22), but equipped with an additional framing of the
Cv-bundle Qwv at either end point v−, v+ ⊂ wv. Since xv ∈ Qwv ⊂ P , we
have a fully faithful forgetful functor which sends a triple (37) to the pair
((P → Σ̂, {xv ∈ P |v}v∈V−∪V+). Thus, the moduli space of triples (37) imbeds
as a subspace of the moduli space MΣ̂,V−∪V+

of pairs (11). Now the holonomy
of a given connection along the domain wall wv, as measured with respect to
the framing xv− , xv+ , is an element of Cv. This is the only restriction placed on
the holonomies by the structure of the triples (37), and it identifies the moduli
space of triples with the imbedded submanifold M̂ ⊆MΣ̂,V−∪V+

(cf. (21)).

The forgetful functor sending a triple (37) to the corresponding pair (22) coin-
cides with the quotient map M̂ → M̂/Ĉ ∼= MΣ,V /C. Meanwhile, µ̂−1(1) ⊂ M̂
consists of those triples (37) for which parallel transport along av takes xv+ to
xσ(v)− .

Let q : Σ̂ → Σ̂c denote the quotient map which collapses each respective seg-
ment av to a point, as in Figure 7. We denote the image of each domain wall w
in Σ̂c by the same symbol. The flat connection along each av canonically triv-
ializes P |av , allowing us to identify P → Σ̂ with the pullback of a flat bundle
P c → Σ̂c, i.e. P = q∗P c. Moreover, if the parallel transport along av takes xv+
to xσ(v)− , then q(xv+) = q(xσ(v)− ) ∈ (Qwv ∩Qwσ(v) )|q(v) is a common framing.

Thus the moduli space µ̂−1(1) of triples (37) is canonically isomorphic to the
moduli space of triples over Σ̂c:

(P c → Σ̂c, {Qw → w}w∈Wall, {xv ∈ (Qwv ∩Qwσ(v))|q(v)}v∈V ) (38)

where each xv is a common framing of Qwv and Qwσ(v) over q(v).

Now Ĉ acts on the moduli space M̂ of triples (38) by forgetting the framing.
The essential image of this forgetful functor consists of those pairs

(P c → Σ̂c, {Qw → w}w∈Wall)
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of flat G-bundles over Σ̂c equipped with reductions of the structure group
from G to Cw over each domain wall w such that ∅ 6= (Qwv ∩ Qwσ(v))|q(v).
Equivalently, for any two domain walls w,w′ ∈ Wall, the fibres of Qw and
Qw′ intersect non-trivially over every point in the intersection of their bases
w ∩ w′. That is, the reductions of structure along w and w′ are compatible
(cf. Definition 5). This proves Theorem 7

We now lift the restrictions that s ∈ S2(g) be non-degenerate, and each Cv ⊆ G
be Lagrangian; instead we suppose only that C⊥

v ⊂ Cv is closed, for each v ∈ V .
To describe the Poisson submanifolds µ̂−1(h)/ Stab(h) ⊆ MΣ,V /C as moduli

spaces, we proceed as above, by first identifying M̂ with a moduli space.
Consider the moduli space of triples

(P → Σ̂, {Qw → w}w∈Wall, {xv ∈ Qwv |v}v∈V−∪V+), (39)

i.e a pair of the form (22), but equipped with an additional framing of the
Cv-bundle Qwv at either end point v−, v+ ⊂ wv such that parallel transport
in the quotient bundle Qwv/C

⊥
wv

identifies their images x̃v− , x̃v+ ∈ Qwv/C
⊥
wv

.
As in the proof of Theorem 7, the forgetful functor which sends a triple (39)
to the pair

((P → Σ̂, {xv ∈ P |v}v∈V−∪V+)

identifies the moduli space of triples with the imbedded submanifold M̂ ⊆
MΣ̂,V−∪V+

(cf. (21)).

The forgetful functor sending a triple (39) to the corresponding pair (22) co-
incides with the quotient map M̂ → M̂/Ĉ ∼= MΣ,V /C; and the moment map

µ̂ : M̂ → GV coincides with the map which sends an isomorphism class of
triples (39) to the collection of holonomies (holav )v∈V ∈ GV (these holonomies
are measured with respect to the chosen framings).
Let q : Σ̂ → Σ̂c denote the quotient map which collapses each respective seg-
ment av to a point, as in Figure 7. As before, P → Σ̂ is pullback of a flat bundle
P c → Σ̂c. Thus the moduli space M̂ of triples (39) is canonically isomorphic
to the moduli space of triples over Σ̂c:

(P c → Σ̂c, {Qw → w}w∈Wall, {xv ∈ Qwv |q(v)}v∈V−∪V+),

and the moment map µ̂ sends a given triple to the element (gv)v∈V ∈ GV such
that xσ(v)− = gv · xv+ for each v ∈ V . In particular, the moment map factors
through the isomorphism classes of triples over the boundary:

(P ′ → ∂Σ̂c, {Q′
w → w}w∈Wall, {xv ∈ Q′

wv
|q(v)}v∈V−∪V+), (40)

where P ′ → ∂Σ̂c is a G-bundle, Q′
w ⊆ P ′|w is a Cw-subbundle equipped with

1. a flat connection on the quotient bundle Qw/C
⊥
w , and

2. a framing at either endpoint of w such that parallel transport in the
quotient bundle, Qw/C

⊥
w , identifies the images of the framings.
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An element (gv− , gv+)v∈V ∈ Ĉ ⊆ GV−∪V+ acts on a triple (40) by xv → gv · xv
for each v ∈ V− ∪ V+.
Notice that neither P ′ nor Q′

w carry a distinguished flat structure, so the Ĉ-
equivariant map which sends an isomorphism class of such quadruples (40) to
the unique element (gv)v∈V ∈ GV such that xσ(v)− = gv · xv+ for each v ∈ V
is injective. In particular, a given isomorphism class of quadruples (40) is
naturally identified with an element of GV , and under this identification, the
moment map µ̂ : M̂ → GV coincides with the functor which sends a quadruple
of the form (39) to a quadruple of the form (40) by restricting the ambient
principal bundle P c to ∂Σ̂c, and forgetting the superfluous flat connections.

Definition 10. Boundary data for the surface Σ̂c is a pair

(P → ∂Σ̂c, {Qw → w}w∈Wall),

where P → ∂Σ̂c is a G-bundle, and each Qw ⊆ P |w is a Cw-subbundle equipped
with a choice of flat connection on the quotient bundle Qw/C

⊥
w .

Thus the isomorphism classes of boundary data for Σ̂c correspond precisely
to the Ĉ-orbits of isomorphism classes of quadruples (40). In particular, a
given isomorphism class of boundary data is naturally identified with a Ĉ-
orbit O ⊆ GV . Of course, given a flat G-bundle over Σ̂c equipped with a
flat reduction of the structure group from G to Cw over each domain wall
{w}w∈Wall:

(P → Σ̂c, {Qw → w}w∈Wall),

restricting P to ∂Σ̂c, and forgetting the superfluous flat connections defines a
boundary data,

(P |∂Σ̂c , {Qw}w∈Wall),

for Σ̂c. Summarizing, we have:

Theorem 10. Let O ⊆ GV be a Ĉ-orbit corresponding to a given isomorphism
class of boundary data for Σ̂c. Suppose that O is in a clean position relative to
µ̂, and the Ĉ-orbits of µ̂−1(O) form a regular foliation. Then the moduli space
of pairs

(P → Σ̂c, {Qw → w}w∈Wall),

a flat G-bundles over Σ̂c equipped with a flat reduction of the structure
group from G to Cw over each domain wall {w}w∈Wall and such that
(P |∂Σ̂c , {Qw}w∈Wall), lies in the given isomorphism class of boundary data,

is a Poisson manifold which is canonically isomorphic to µ̂−1(O)/Ĉ as a Pois-
son manifold.

Remark 14. When s ∈ S2(g) is non-degenerate, and each Cv ⊆ G is La-
grangian (i.e. C⊥

v = Cv for each v ∈ V ), each moduli space described in
Theorem 7 is a symplectic manifold (cf. [21]).
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B Some Technical Lemmas

We expect the following lemmas are common knowledge, but we were unable
to find any proofs for them, so we have included these proofs for completeness.

Lemma 6. Suppose that embedded submanifolds U, V ⊆ W intersect cleanly,
q : W → Q is a surjective submersion, and V is a union of q-fibres, i.e V =
q−1
(
q(V )

)
. If q(U), q(V ) ⊆ Q are embedded submanifolds, and q|U : U → q(U)

is a submersion, then q(U) and q(V ) intersect cleanly.

Proof. We claim that q(U) ∩ q(V ) ⊆ Q is an embedded manifold. Assuming
this, we need only show that

T
(
q(U) ∩ q(V )

)
= Tq(U) ∩ Tq(V ).

It is clear that the right hand side contains the left hand side. Suppose that

ξ ∈ Tq(U) ∩ Tq(V ) = q∗(TU) ∩ q∗(TV ).

By assumption, TV contains the kernel of q∗, so there exists a lift ξ̃ ∈ TU ∩TV
such that ξ = q∗(ξ̃). Since U and V intersect cleanly, ξ̃ ∈ T (U ∩ V ), and hence
ξ = q∗(ξ̃) ∈ q∗

(
T (U ∩ V )

)
⊆ T

(
q(U) ∩ q(V )

)
.

We now prove the claim that q(U) ∩ q(V ) ⊆ Q is an embedded submanifold.
Consider the groupoid U ×q(U) U over U corresponding to the surjective sub-
mersion q : U → q(U). Then U ×q(U) U is Morita equivalent to q(U), thus it is
a proper groupoid with trivial isotropy groups [28, § 5.6]. Since U ∩ V ⊆ U is
an embedded submanifold, it follows that

U ×q(U) (U ∩ V ) ⊆ U ×q(U) U

is an embedded submanifold. Now V is a union of q-fibres, therefore U∩V ⊆ U
is a union of q|U -fibres, and (U ∩ V )×q(U) (U ∩ V ) = U ×q(U) (U ∩ V ).
In summary, we have shown that

H := (U ∩ V )×q(U) (U ∩ V ) ⊆ U ×q(U) U

is an embedded subgroupoid over base U ∩V . Since H is a proper Lie groupoid
with trivial isotropy groups (it inherits these properties from the inclusion
H ⊆ U×q(U)U), it follows that H is Morita equivalent to a manifold [28, § 5.6].
That is to say, the orbit space of H , q(U ∩V ), is a manifold. Since V is a union
of q-fibres, q(U) ∩ q(V ) = q(U ∩ V ) is also a manifold.
By construction, the inclusion q(U)∩q(V )→ Q is an injective immersion. Now
U∩V ⊂M has the subset topology, while q(U∩V ) andQ both have the quotient
topology. Since q is a surjective submersion, q(U) ∩ q(V ) = q(U ∩ V ) ⊆ Q has
the subset topology. Thus q(U) ∩ q(V ) ⊆ Q is an embedded submanifold.

Lemma 7. Suppose that G and H are Morita equivalent Lie groupoids, and the
orbit-equivalence relation on H is regular, then the orbit-equivalence relation
on G is regular too.
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Proof. By Godement’s criterion, the image RH = t × s(H1) ⊆ H0 × H0 is a
closed embedded submanifold. Let G ← K → H be a Morita equivalence.28

Then K0 → H0 is a surjective submersion, and the pullback RK = RH×H0×H0

(K0 ×K0) is a closed embedded submanifold (since K0 → H0 is a surjective
submersion). But RK = t× s(K1), so the projection from from RK onto either
factor of K0 is a surjective submersion. It follows from Godement’s criterion
that RK is a regular equivalence relation.
Now form Q = K0/RK . The quotient map q : K0 → Q is a surjective sub-
mersion, which factors through the surjective submersion f : K0 → G0, i.e.
there exists a map p : G0 → Q such that q = p ◦ f . Since f and q are smooth,
surjective submersions, it follows that q is a smooth, surjective submersion.
Since Q = G0/G1 is the orbit space for G, this proves the lemma.
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[22] David Li-Bland and Pavol Ševera. On Deformation Quantization of Pois-
son Lie Groups and Moduli Spaces of Flat Connections. International
Mathematics Research Notices (to appear), 19, 2014.

[23] Jiang-Hua Lu. Multiplicative and affine Poisson structures on Lie groups.
PhD thesis, University of California, Berkeley, 1990.

[24] Jiang-Hua Lu and Victor Mouquin. Mixed product Poisson structures
associated to Poisson Lie groups and Lie bialgebras. preprint availble at:
http://arxiv.org/abs/1504.06843

Documenta Mathematica 20 (2015) 1071–1135

http://arxiv.org/abs/1504.06843


1134 D. Li-Bland and P. Ševera
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1 Introduction

The subject of algebraic quantum field theory has led to many structural re-
sults and recently also to interesting constructions and classifications in quan-
tum field theory. Conformal quantum field theory can be conveniently stud-
ied in this approach. In particular there is the notion of a conformal QFT
on Minkowski space and boundary conformal QFT on Minkowski half-plane
x > 0.
One can associate with a boundary conformal QFT (boundary theory) a con-
formal QFT on Minkowski space (bulk theory), but in general several boundary
theories can have the same bulk theory, which correspond to different boundary
conditions of the bulk theory.
In a different framework Fuchs, Runkel and Schweigert gave a general construc-
tion, the so-called TFT construction, of a (euclidean) rational full conformal
field theory (CFT). The construction can be divided into two steps: first one
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chooses a certain vertex operator algebra (VOA), whose representation cat-
egory C is a modular tensor category and which specifies chiral fields. This
can be seen as the analytical part. Then with a choice of a special symmetric
Frobenius algebra object A ∈ C one can construct correlators on an arbitrary
Riemann surface. The bulk field content depends on the Morita equivalence
class of A, while A itself fixes a boundary condition.
Carpi, and two of the authors gave a general procedure starting from an al-
gebraic quantum field theory on the Minkowski space, to obtain all locally
isomorphic boundary conformal QFT nets, in other words to find all possible
boundary conditions (with unique vacuum). The main purpose of this paper
is to show that there is a similar classification for the boundary conditions for
maximal (full) (conformal) local nets on Minkowski space and its boundary
conditions as in the afore mentioned TFT construction.
Let us consider more concretely a quantum field theory on Minkowski space.
By introducing new coordinates x± = t ∓ x we identify the two-dimensional
Minkowski space M = {(t, x) ∈ R2} with metric ds2 = dt2 − dx2 with the
product L+×L− of two light rays L± = {(t, x) : t± x = 0} with metric ds2 =
dx+dx−. The densities of conserved quantities (symmetries) are prescribed
by left and right moving chiral fields, i.e. fields just depending on x+ or x−,
respectively.
For example for the stress-energy tensor holds T00,01 = T+(x+) ± T−(x−)
and for the conserved U(1)-current holds j0,1(t, x) = j+(x+) ± j−(x−). In
the algebraic setting such conserved quantities are abstractly given by a net
A2(O) = A+(I)⊗A−(J).
In general, there can be other local observables, so the net of observables is a
local extension B(O) ⊃ A2(O) of A2. We ask this extension to be irreducible
(B(O)∩A2(O)′ = C·1), which is for example true if we assume that A2 contains
the stress energy tensor of B.
We will also assume that the algebras of left and right moving chiral fields are
isomorphic, in other words A2(O) = A(I)⊗A(J) where O = I ×J ⊂ L+×L−
and A is a local Möbius covariant net on R. So in this case symmetries are
prescribed by the net A.
We further assume A to be completely rational, this is for example true for the
net Virc generated by the stress energy tensor with central charge c < 1, SU(N)
loop group models, or conformal nets associated with even lattices (lattice
compactifications). The category of Doplicher–Haag–Roberts superselection
sectors of a completely rational conformal net is a unitary modular tensor
category [KLM01].
Fixing A we are, as a first step, interested in classifying all nets B “containing
the symmetries described by A”, i.e. to classify all local extensions B2 ⊃ A2.
It turns out that the maximal ones are classified by Morita equivalence classes
of chiral extensions A ⊂ B.
Let us look a moment into nets defined on M+ = {(t, x) ∈ M : x > 0},
i.e. nets with a boundary at x = 0. We are interested to prescribe boundary
conditions of B2 without flow of “charges” associated with A. The vanishing of
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the chargeflow across the boundary of the charges associated with A is encoded
in the algebraic framework via the trivial boundary net A+(O) = A(I)∨A(J)
with I × J ∈ M+. This net is locally isomorphic to A2 restricted to M+. In
other words A+ prescribes the boundary condition of A2 such that there is no
charge flow across the boundary.
Now given a two-dimensional net B2 which contains the given rational symme-
tries described by A, i.e. a local irreducible extension B2 ⊃ A2, we are now
interested in all boundary conditions with no charge flow associated with A as
above. Such a boundary condition is abstractly given [LR04,CKL13] by a net
B+ ⊃ A+ on M+ which is locally isomorphic to B2 such that this isomorphism
restricts to an isomorphism of A+

∼= A2.
A classification gets feasibile by operator algebraic methods. Finite index sub-
factors N ⊂ M are in one-to-one correspondence with algebra objects (Q-
systems) in the unitary tensor category End(N) of endomorphisms of N .
Local irreducible extension B ⊃ A of nets with finite index give rise to nets of
subfactors A(O) ⊂ B(O) and the corresponding Q-system (up to isomorphism)
is independent of O and is in the category of localized DHR endomorphisms.
Conversely, every such Q-system gives a relatively local extension, which is
local if and only if the Q-system is commutative. In particular, one has a
one-to-one correspondence between Q-systems and relatively local extensions.
This situation can be abstracted to the setting of braided subfactors, namely
we fix an interval I, set N = A(I) and denote by NCN the category of localized
DHR endomorphisms which are localized in I. We can start with a type III fac-
tor N and a modular tensor category NCN ⊂ End(I) and look into subfactors
N ⊂ M such that the corresponding Q-system is in NCN . We introduce the
notion of Morita equivalence of such braided subfactors. As a main technical
result we show that a conjecture of Kong and Runkel [KR10] is true. Namely,
we show in Prop. 4.18 that the generalized Longo–Rehren construction [Reh00]
coincides with the full center construction in the categorical literature (e.g.
[FFRS06,KR08]). We give some consequences on the study of braided subfac-
tors and modular invariants. This result opens the possiblity to apply many
results from the categorical literature to the braided subfactor and conformal
net setting. In particular, we make use of the result that Q-systems are Morita
equivalent if and only if they have the same full center [KR08].
Going back to the conformal net setting we get the main result. Namely,
maximal 2D extensions B2 ⊃ A2 are classified by Morita equivalence classes
of Q-systems in Rep(A) (see Prop. 6.7 and irreducible boundary conditions of
B2 are classified by equivalence classes of irreducible Q-systems in the Morita
class (see Prop.6.11). We also treat reducible boundary conditions, which were
not conisidered before in the literature, and show that we get a classification
by reducible Q-systems.
The article is structured as follows.
In Sec. 2 we give some background on the category of endomorphisms of a
type III factor, Q-systems, unitary modular tensor categories (UMTC), braided
subfactors and the α-induction construction.
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In Sec. 3 we give a notion of Morita equivalence for subfactors and Q-systems
in UMTCs. The Morita equivalence class of a subfactor in a UMTC can be
described by irreducible sectors in the module category of the subfactor modulo
automorphisms of some dual category.
In Sec. 4 we show that the α-induction construction in subfactors coincide with
the full center construction in the categorical literature. This is the first main
technical result.
In Sec. 5 we study maximal commutative Q-systems in the category NCN⊠NCN
(the Drinfel’d center of NCN) and give a characterization of them. We give some
application to the study of modular invariants and examples of inequivalent
extensions with same modular invariant, i.e. example of non-vanishing second
cohomology.
In Sec. 6 we apply our former results to the study of conformal field theory
on the Minkowski space in the operator algebraic (Haag–Kastler) framework.
We give a proof of a folk theorem about the representation theory of local
extensions (Prop. 6.4). Given a completely rational conformal net A, as the
main result, we obtain a classification of maximal local CFTs containing the
chiral observables described by A and all its boundary conditions. We also
discuss reducible boundary conditions, i.e. we drop the assumption that the
boundary condition possesses a unique vacuum. Finally, we give a relation to
the construction of adding a boundary in [CKL13], which gives an alternative
proof for the classification of boundary conditions.

2 Preliminaries

2.1 Endomorphisms of type III factors and Q-systems

Let us look into the following strict 2–C∗-category C. Its 0-cells Ob(C) =
{N,M,P, . . .} are given by a (finite) set of type III factors. The 1-cells are
given for M,N ∈ Ob(C) by Mor(M,N), i.e. the set of unital ∗-homomorphisms
(morphism) from ρ : M → N with finite (statistical) dimension dρ ≡ dρ =

[N : ρ(M)]
1
2 , where [N : ρ(M)] denotes the minimal index [Jon83,Kos86]. The

2-cells are intertwiners, i.e. for λ, µ ∈ Mor(M,N) we define Hom(λ, µ) = {t ∈
N : tλ(m) = µ(m)t for all m ∈M}. Then Hom(λ, µ) is a vector space and we
write 〈λ, µ〉 = dim Hom(λ, µ) for its dimension. Let ρ ∈ Mor(M,N). We call
ρ irreducible if ρ(M)′ ∩N = C · 1N . A sector is a unitary equivalence class
[ρ] = {AdU ◦ ρ : U ∈ N unitary}. We denote by End(N) = Mor(N,N), which
is a 2–C∗-category with only one 0-cell, so a C∗-tensor category.
Let ρ1, . . . , ρn ∈ Mor(M,N), and let ri ∈ N be generators of the Cuntz algebra
On, i.e.

∑n
i=1 rir

∗
i = 1N and r∗j ri = δij · 1N . The morphism

ρ =
n∑

i=1

Ad ri ◦ ρi ∈Mor(M,N),

is called direct sum of ρ1, . . . , ρn and we have ri ∈ Hom(ρi, ρ). The direct
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sum is unique on sectors and we write it as

[ρ] =: [ρ1]⊕ · · · ⊕ [ρn] =:
n⊕

i=1

[ρi] ,

and for the multiple direct sum we introduce the notation:

n[σ] :=
n⊕

i=1

[σ] , n ∈ N, σ ∈ Mor(M,N) .

We say that a full and replete subcategory C of Mor(M,N) has subobjects,
if every object is a finite direct sum of irreducible sectors in C. Similarly, we
say it has direct sums, if ρ1, . . . , ρn ∈ C implies that also their direct sum is
in C. Let
us assume C has subobjects. If e ∈ Hom(ρ, ρ) is a (not necessarily orthogonal)
projection (idempotent), then there exists a ρ′ ∈ C and s ∈ Hom(ρ′, ρ) and
t ∈ Hom(ρ, ρ′) such that s · t = e and t · s = 1ρ′ ≡ 1N . We note that if we
have e ∈ Hom(θ, θ) we have an orthonormal projection p = e(1 + e − e∗)−1 ∈
Hom(θ, θ) with the same range. If [ρ] =

⊕m
i=1[ρi] and [σ] =

⊕n
j=1[σj ] we can

decompose t ∈ Hom(ρ, σ) as

t =
⊕

ij

tij := si · tij · r∗i , tij ∈ Hom(ρi, σj) ,

where ri ∈ Hom(ρi, ρ) and sj ∈ Hom(σj , σ) are isometries as above. Similarly,
one can decompose t ∈ Hom(ρ, στ) etc.
Let us briefly explain the graphical notation (string diagrams) [JS91, BEK99,
BEK00, Sel11, BDH14] which we will use. The 0-cells N,M, . . . are drawn as
shaded two-dimensional regions, with different shadings for each factor. A 1-
cell ρ ∈ Mor(N,M) is a vertical line (one dimensional) between the region M
and N and composition of 1-cells correspond to horizontal concatenation. The
identity idN ∈ End(N) is not drawn. The 2-cells t ∈ Hom(ρ, σ) are vertices
between two lines. Sometimes we draw also boxes and again the identity 1ρ ≡
1 ∈ Hom(ρ, ρ) is in general not drawn. The composition of intertwiners is
vertical concatenation and the monoidal product horizontal concatenation.
We use a Frobenius rotation invariant convention for trivalent vertices, namely
for an isometry e ∈ Hom(ν, λµ) we introduce the diagram

ν

µ

e

λ

=:
4

√
dλdµ

dν
e .

Let C ⊂ End(N) and D ⊂ End(M) be two full subcategories. We define the
Deligne product C ⊠ D to be the completion of C ⊗C D under subobjects
and direct sums cf. [LR97, Appendix].
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A morphism ρ̄ : N → M is said to be a conjugate to ρ : M → N if there
exist intertwiners R ∈ (idM , ρ̄ρ) and R̄ ∈ (idN , ρρ̄) such that the conjugate
equations hold:

(1ρ ⊗R∗) · (R̄⊗ 1ρ) ≡ ρ(R∗) · R̄ = 1ρ (1)

(1ρ̄ ⊗ R̄∗) · (R⊗ 1ρ̄) ≡ ρ̄(R̄∗) · R = 1ρ̄ . (2)

The 2–morphisms R, R̄ will graphically be represented by

R̄ =

ρ ρ̄

idN

R =

ρ̄ ρ

idM

and the above equations (1), (2) are sometimes called zig-zag identities,
because in diagrams they are given by

ρ

ρ

=

ρ

ρ

,

ρ̄

ρ̄

=

ρ̄

ρ̄

.

If ρ is irreducible we ask the solution R, R̄ to be normalized, i.e. ‖R‖ = ‖R̄‖.
In the case that ρ is not irreducible we further ask that R, R̄ is a standard
solution of the conjugate equation, i.e. R (and similar R̄) is of the form

R =
∑

i

(W̄i ⊗Wi) · Ri ≡
⊕

i

Ri ,

where Ri ∈ (idM , ρ̄iρi) is a normalized solution for an irreducible object ρi ≺ ρ
and Wi ∈ (ρi, ρ) and W̄i ∈ (ρ̄i, ρ) are isometries expressing ρ and ρ̄ as direct
sums of irreducibles. We note that for the dimension dρ ≡ dρ of ρ we have
R∗R = dρ · 1M and dρ = dρ̄. For N 6= M we may always choose R̄ρ = Rρ̄.
If we have a subcategory NCN ⊂ End(N) we may choose a system N∆N of
representants for every sector in NCN and choose Rρ for every ρ ∈ N∆N such
that for [ρ] 6= [ρ̄] we have R̄ρ = Rρ̄. For [ρ̄] = [ρ] the intertwiners Rρ and R̄ρ
are intrinsically related, namely R̄ρ = ±Rρ holds, where the sign ±1 is called
the Frobenius–Schur indicator. In this case the sector [ρ] is called real for +1
and pseudo-real for −1. Although [ρ] and [ρ̄] might be represented by the
same ρ ∈ N∆N we still use ρ̄ in the diagrammatically notation to distinguish
between Rρ and R̄ρ.
A triple Θ = (θ, w, x) with θ ∈ End(N) and isometries w : idN → θ and
x : θ → θ2, which we will graphically display as

4
√
dθ w =

θ

w
4
√
dθ x =

θ θ

θ

x
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is called a Q-sytem (cf. [Lon94,LR97]) if it fulfills

xx = θ(x)x (x⊗ 1θ)x = (1θ ⊗ x)x (associativity)

w∗x = θ(w∗)x = λ1θ (w∗ ⊗ 1θ)x = (1θ ⊗ w∗)x = λ1θ (unit law)

where λ =
√
dθ

−1
. In graphical notation this reads:

θ

θ θ θ

=

θ

θθθ

;

θ

θ

=

θ

θ

=

θ

θ

.

Two Q-systems Θ = (θ, w, x) and Θ̃ = (θ̃, w̃, x̃) in End(N) are called equivalent,
if there is a unitary u ∈ Hom(θ, θ̃), such that

x̃u = (u⊗ u)x ≡ uθ(u)x ; uw̃ = w

hold, or graphically:

θ̃θ̃

θ

x̃

u
=

θ̃θ̃

θ

x

u u
;

θ

u

w̃∗

=

θ

w∗

.

A Q-system in a C∗-tensor category automatically [LR97] fulfills the “Frobenius
law”

(x∗ ⊗ 1θ)(1θ ⊗ x) ≡ x∗θ(x) = xx∗ = (1θ ⊗ x∗)(x⊗ 1θ) ≡ θ(x∗)x

or graphically:

θ

θθ

θ

=

θ θ

θ θ

=

θ

θ θ

θ

.

This means a Q-system is a special symmetric ∗-Frobenius algebra object, but
we prefer to use the name Q-system which is most common in the subfactor
context, (other names would be monoid, algebra object, monoidal algebra). We
say a Q-system Θ = (θ, w, x) is irreducible (called haploid in the Frobenius
algebra context) if 〈idN , θ〉 = 1.
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2D Conformal Nets and Its Boundary conditions 1145

Definition 2.1. Every irreducible a ∈ Mor(M,N) defines an irreducible Q-
system

Θa = (θa, wa, xa) := (aā, r̄a, a(ra))

in End(N), where ra : idM → āa and r̄a : idN → aā are isometries such that
R̄a =

√
da · r̄a and Ra =

√
da · ra fulfill the conjugate equations (1,2) for a. In

graphical notation:

θa =

a

a

ā

ā

,
√
dawa =

a ā
,

√
da x =

a ā

a ā a ā

.

We remark that up to this point everything can abstractly be defined in a
2–C∗-category.
Consider now a finite index irreducible subfactor N ⊂M with inclusion ι : N →
M then Θ := Θῑ gives dual canonical Q-system of N ⊂ M (and Γ = Θι

the canonical Q-system). The endomorphism θ ≡ ῑι ∈ End(N) is called the
dual canonical endomorphism of N ⊂ M (γ ≡ ιῑ ∈ End(M) is called the
canonical endomorphism).
Conversely, starting from an irreducible Q-system Θ in End(N), there is a
subfactor N1 ⊂ N , where N1 is defined to be the image N1 := E(N) of the
conditional expectation E( · ) = x∗θ( · )x and there is subfactor (extension)
N ⊂ M defined by the Jones basic construction N1 ⊂ N ⊂ M (cf. [LR95]).
One can make the construction of M explicit (cf. [BKLR15]) and obtains this
way a dual morphism ῑ : M → N of the inclusion ι : N →M such that Θ = Θῑ.
The upshot of this discussion is that there is a one-to-one correspondence (cf.
[Lon94]) of

• Q-systems in End(N) up to equivalence.

• Irreducible finite index subfactors N ⊂M up to conjugation.

Remark 2.2. We note that θ alone does not fix N ⊂ M , which can be seen
as a cohomological obstruction. Izumi and Kosaki [IK02] define the second
cohomology H2(N ⊂ M) to be all equivalence classes of Q-systems Θ =
(θ, w, x) with θ the dual canonical endomorphism of N ⊂ M (their definition
uses actually the canonical endomorphism). We say the second cohomology of
N ⊂M vanishes if there up to equivalence is just one Q-system Θ = (θ, x, w),
where θ is the dual canonical endomorphism of N ⊂M .

We finally note that Θ is a Q-system in the full C∗-tensor subcategory with
subobjects generated by θ. The Q-system becomes “trivial”, i.e. is of the form
Θῑ, in the 2–C∗-category formed of 0-cells {N,M} and full and replete subcat-
egories LCP ⊂ Mor(P,L) with subobjects and direct sums, which is generated
by {ι, ῑ}. We remark that this is actually a general feature of Frobenius alge-
bra object in rigid tensor categors, in particular the obtained 2–C∗-category
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together with the 1-morphisms ι : N →M and ῑ : M → N appears in [Müg03a]
under the name Morita context. In the general situation having a special
symmetric Frobenius algebra A in a rigid tensor category C one can find a bi-
category C̃ ⊃ C giving a Morita context in which the Frobenius algebra becomes
trivial, cf. [Müg03a] for details.

2.2 UMTCs in End(N) and braided subfactors

Let us fix a type III factor N and write NCN ⊂ End(N) for a full and replete
subcategory NCN of End(N), such that each object is a finite direct sum of
irreducible objects and NCN is closed under taking finite direct sums. We
use this notation to stress that it is a category of N -N morphisms. We may
choose an endomorphism for each irreducible sector and denote the set of these
endomorphisms by N∆N . Let us assume the following properties:

1. idN ∈ N∆N .

2. There are only finitely many irreducible sectors in NCN , i.e. |N∆N | <∞.

3. If σ ∈ N∆N then also a conjugate (dual) σ̄ ∈ N∆N .

4. If ρ, σ ∈ N∆N , then ρ ◦ σ ∈ NCN , in other words we have that

[µ ◦ ν] =
⊕

Nρ
µν [ρ], Nρ

µν = 〈ρ, µν〉,

where Nρ
µν are called fusion rule coefficients.

This means that NCN is a finite rigid C∗–tensor category [LR97], i.e. a unitary
fusion category. We associated with NCN a finite dimensional vector space
K0(NCN )⊗Z C ∼= C|N∆N |, where |N∆N | denotes the cardinality of the system

N∆N and K0(NCN ) is the Grothendieck group of the monoidal category NCN .
We define the global dimension dimNCN of NCN to be

dimNCN =
∑

ρ∈N∆N

(dρ)2 .

We remark that for convenience we assume NCN to be a subcategory of End(N).
But it turns out that this is not a lost of generality, because every countable
generated rigid C∗–tensor can be embedded in End(N) by the result of [Yam03].
We will need more structure on NCN , in particular we additionally assume:

5. There is a natural family {ε(µ, ν) ∈ Hom(µν, νµ) : µ, ν ∈ NCN} fulfilling:

ε(λ, µν) = (1µ ⊗ ε(λ, ν)) · (ε(λ, µ)⊗ 1ν) ≡ µ(ε(λ, ν)) · ε(λ, µ)

ε(λµ, ν) = (ε(λ, ν)⊗ 1µ) · (1λ ⊗ ε(µ, ν)) ≡ ε(λ, ν) · λ(ε(µ, ν)).

Naturality means, that for s : σ → σ′ and t : τ → τ ′

(t⊗ s) · ε(σ, τ) ≡ t · τ(s) · ε(σ, τ)

= ε(σ′, τ ′) · (s⊗ t) ≡ ε(σ′, τ ′) · s · σ(t).
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We note that this family is determined by {ε(µ, ν) ∈ Hom(µν, νµ) : µ, ν ∈
N∆N}.

That means that NCN is a braided unitary fusion category which has
automatically the structure of a unitary ribbon fusion category. We then
say that NCN ⊂ End(N) is a URFC. The braiding ε+(λ, µ) := ε(λ, µ) always
comes along with an opposite braiding ε−(λ, µ) := ε(µ, λ)∗ which in general is
different from ε+(λ, µ). We will graphically denote the braiding by:

ε+(λ, ν) =

ν

νλ

λ

λ

λ

ε−(λ, ν) =

λ

λ

λ

λν

ν

.

We denote by NCN the braided category obtained by interchanging the braiding
with the opposite braiding.
Finally, most of the time we will also use the following additional assumption:

6. The braiding is non-degenerate, i.e. ε+(λ, µ) = ε−(λ, µ) for all µ ∈ N∆N

implies [λ] = [idN ].

We then say NCN is modular. In other words NCN is a unitary modular
tensor category (UMTC).
We define (see [BEK99]) for λ, µ ∈ N∆N

Yλµ = λ̄ µ̄ ; ωλ · 1λ =

λ

λ

and the following |N∆N | × |N∆N |-matrices

Sλµ = (dimNCN )−
1
2Yλ,µ , Tλµ = e−πic/12δλµωλ , (3)

where

z =
∑

ρ∈N∆N

(dρ)2ωρ ; c = 4 arg(z)/π .

They obey the relations of the partial Verlinde modular algebra:
TSTST = S, CTC = T , and CSC = S, where Cµν = δµ,ν̄ is the charge
conjugation matrix.
The property (6) is equivalent to:

(6’) Z(NCN) ∼= NCN ⊠ NCN , where Z(NCN ) is the Drinfeld center of NCN
[Müg03b, Corollary 7.11] and

(6”) the matrix S = (Sλµ) is unitary.
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In particular, in the modular case we have ([BEK99, Prop. 2.5]):

S∗S = T ∗T = 1 , (ST )3 = S2 = C , CTC = T ,

i.e. S and T define a unitary representation of SL(2,Z) ∼= Z6 ∗Z2 Z4 on C|N∆N |

if and only if NCN is modular.

2.3 Braided subfactors and α-induction

Let N be a type III factor, NCN ⊂ End(N) a URFC and let ι(N) ⊂ M be
an irreducible subfactor such that θ ≡ ῑι ∈ NCN . We call the data (ι(N) ⊂
M,NCN ) a braided subfactor. If NCN ⊂ End(N) happens to be a UMTC
we call the braided subfactor a non-degenerately braided. There is an
obvious one-to-one correspondence between (the equivalence classes of) braided
subfactors in NCN and Q-systems in NCN .

For ρ ∈ NCN we define its α-induction by

α±
λ = ῑ−1 ◦Ad(ε±(λ, θ)) ◦ λ ◦ ῑ ∈ End(M) .

We define the module category NCM to be the full subcategory with sub-
objects and direct sums of Mor(M,N), which is generated by NCN ῑ ≡ {ρῑ : ρ ∈
NCN} and choose a set of representatives of irreducible sectors N∆M . In the
same way we define MCN and the dual category MCM generated by ιNCN
and ιNCN ῑ, respectively. Finally we define MC±M to be generated by α±(NCN),
respectively, and the ambichiral category MC0M = MC+M ∩MC−M . Again we
choose a set of representatives of irreducible sectors M∆N ,M∆M ,M∆±

M ,M∆0
M

in the respective categories.

It turns out that MC±M ⊂ MCM and that MC+M ∪MC−M generates MCM [BEK99,
Thm. 5.10]. It will be convenient to work in the 2-category generated by

NCN ∪ NCM ∪MCN ∪MCM .

As shown in [BEK99, Prop. 3.1], we have for a ∈ NCM , λ ∈ NCN :

ε±(λ, aι) ∈ Hom(λa, aα±
λ ) E±(λ, ā) ∈ Hom(α±

λ ā, āλ) ,

where E±(λ, ā) := T ∗ι(ε±(λ, ν̄))α±
λ (T ) for a ∈ NCM with ā ≺ ῑν for some

ν ∈ NCN and T ∈ (ā, ῑν) an isometry. The definition does not depend on
the choice of ν and T . We set E±(ā, λ) := (E∓(λ, ā))∗. We represent this
graphically—where we use thin lines for morphisms in MCN and NCM , normal
lines for endomorphisms in NCN and thick lines for endomorphisms in MCM—as
follows:

ε+(λ, aι) =

a

aλ

α+
λ

; E+(λ, ā) =

ā

ā λ

α+
λ

.
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The intertwining braided fusion equations (IBFE’s) [BEK99, Prop. 3.3]
hold, namely

ρ(t) ε±(λ, ρ) = ε±(aι, ρ) a(E±(b̄, ρ)) t ,

t ε±(ρ, λ) = a(E±(ρ, b̄)) ε±(ρ, aι) ρ(t) ,

ρ(y) ε±, (aι, ρ) = ε±(λ, ρ)λ(ε±(bι, ρ)) y ,

y ε±(ρ, aι) = λ(ε±(ρ, bι) ε±(ρ, λ)) ρ(y) ,

α∓(Y ) E±(ā, ρ) = E±(b̄, ρ) b̄(ε±(λ, ρ))Y ,

Y E±(ρ, ā) = b̄(ε±(ρ, λ)) E±(ρ, b̄)α±
ρ ρ(Y ) ,

where λ, ρ ∈ NCN , a, b ∈ NCM with conjugates ā, b̄ ∈ MCN ; t ∈ Hom(λ, ab̄),
y ∈ Hom(a, λb) and Y ∈ Hom(ā, b̄λ). The IBFE’s have simple graphical inter-
pretation, e.g. the first and sixth equations are represented by:

λ

b̄

t

a

ρ

ρ

α−
ρ

=

λ

b̄

t

a

ρ

ρ

;

λ

ā

Y

b̄

ρ

α−
ρ

=

λ

ā

Y

b̄

ρ

α−
ρ

.

For details we refer to [BEK99, Sect. 3.3].
There is a relative braiding [BEK00, p. 738]

Er(β+, β−) := S∗αµ(T ∗)ε(λ, µ)α+
λ (S)T ∈ Hom(β+β−, β+β−) , (4)

where for fixed β± ∈ MC±M , we choose λ, µ ∈ NCN , such that β+ ≺ α+
λ , β− ≺

α−
ν and isometries S, T , such that T ∈ Hom(β+, α

+µ) and S ∈ Hom(β−, α−
µ ).

The definition is independent of the particular choice of λ, µ, S, T .
The relative braidings give a non-degenerate braiding ε( · , · ) := Er( · , · )
on MC0M by [BEK00, Sec. 4], so in particular MC0M becomes a UMTC.
In general for two braided subfactors ιa(N) ⊂Ma and ιb(N) ⊂Mb in NCN we
define MaCMb

as a full subcategory of Mor(Mb,Ma) with subobjects and direct
sums generated by ιaNCN ῑb.

3 Morita equivalence for braided subfactors

3.1 Module categories, modules and bimodules

In this section we give the notion of Morita equivalent non-degenerately braided
subfactors.
We adapt the following definitions from [Ost03].

Definition 3.1. A (strict) module category over a tensor category C is
a category M together with an exact bifunctor ⊗ : C × M → M such that
(X ⊗ Y )⊗M = X ⊗ (Y ⊗M) for all X,Y ∈ C and M ∈M.
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Let M1,M2 be two module categories over C. A (strict) module functor
fromM1 toM2 is a functor F : M1 →M2 such that F (X⊗M) = X⊗F (M).
Two module categories M1 and M2 over C are called isomorphic if there
exist a module functor, which is an isomorphism of categories.

Let NCN ⊂ End(N) be a UFC and let Θ = (θ, w, x) be a Q-system in NCN
corresponding to N ⊂M . A (right) Θ-module (cf. [EP03]) is a pair (ρ, r) with
ρ ∈ NCN and r̃ ∈ Hom(ρ ◦ θ, ρ), such that r∗ is an isometry and r̃ = 4

√
dθ r

satisfies

r̃ · (1ρ ⊗m) = r̃ · (ẽ ⊗ 1θ) ⇔ r̃ · ρ(m) = ρ̃(r̃2)

r̃ · (1ρ ⊗ r) = 1ρ ⇔ r̃ · ρ(e) = 1ρ

where m = 4
√
dθx∗ the multiplication and e = 4

√
dθw the unit of the (Frobenius)

algebra object corresponding to Θ. Graphically this means:

ρ

ρ

θθ

r

x∗ =

ρ

ρ

θθ

r

r ;

ρ

ρ

r

w
=

ρ

ρ

.

A left Θ-module can be defined similarly. We note that because we are working
in C∗-categories and ask r∗ to be an isometry, that a module is also a co-module
by the action r∗. The endomorphism ρθ with ρ ∈ NCN has the structure of a
right Θ-module, where the action is given by r̃ = 1ρ⊗m ≡ ρ(m) ≡ 4

√
dθ·ρ(x∗) ∈

Hom(ρθθ, ρθ) in other words r = ρ(x∗), graphically:

ρθ

ρθ

θ

r :=

ρ

ρ

θθ

θ

x∗ .

It is called the induced module. Any irreducible right Θ-module is equivalent
to a submodule of an induced module cf. [Ost03].
The Θ-modules form a category with HomΘ(ρ, σ) ≡ HomΘ((ρ, r), (σ, s)) = {t ∈
Hom(ρ, σ) : tr = st}, so the arrows are arrows of the objects which intertwine
the actions. There is a correspondence between projections p ∈ HomΘ(ρ, ρ)
and submodules, namely we can choose ρp and t ∈ Hom(ρp, ρ) with t∗t = 1ρp ,
tt∗ = p and define rp = t∗rt.
Let Θa = (θa, wa, xa) and Θb = (θb, wb, xb) be two Q-systems in NCN . A Θa-
Θb bimodule is a triple (ρ, ra, rb) with ρ ∈ NCN and ρa ∈ Hom(θaρ, ρ) and
ρb ∈ Hom(ρθb, ρ), such that (ρ, ra) is a left Θa-module and (ρ, rb) is a (right)
Θb-module and which commute, i.e.

ra · θa(rb) = rb · ra.
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We can define:

r := ra · (1θa ⊗ rb) = rb · (ra ⊗ 1θa) ∈ (θa ◦ ρ ◦ θb, ρ).

Let ρ = (ρ, ra, rb) and σ = (σ, sa, sb) be two Θa–Θb bimodules. An intertwiner
t : ρ → σ is an Θa–Θb bimodule intertwiner, if t intertwines the actions r and
s, i.e.

tr = s(1θa ⊗ t⊗ 1θb) ≡ sθa(t) .

Let us denote by Bim(Θa,Θb) the category of bimodules with HomΘa−Θb(ρ, σ)
Θa-Θb bimodule intertwiner. We note that one can give Q-systems, bimodules
and intertwiners the structure of a bicategory, by introducing a relative tensor
product between bimodules.
We set Mod(Θ) = Bim(1,Θ) to be the category of (right) Θ-modules.
The category Mod(Θ) has a natural structure of a (strict) left NCN module
category, where the functor NCN × Mod(Θ) is given by (µ, ρ) 7→ µρ where
µρ is a right-module with rµσ = µ(rρ) and HomMod(Θ)(ρ, σ) ∋ T 7→ µ(T ) ∈
HomMod(Θ)(µρ, µσ).

Proposition 3.2 ([EP03, Lemma 3.1.]). Let NCN be a UMTC and Θa,Θb

irreducible Q-systems in NCN . The category of Θa-Θb bimodules is equivalent
to the category MaCMb

. The functor Φ maps β ∈ MaCMb
to ῑa ◦ β ◦ ιb and

t ∈ Hom(β, β′) to ῑa(t) ∈ HomΘa-Θb(Φ(β),Φ(β′)).

Proof. In [EP03, Lemma 3.1.] is shown that the functor Φ is fully faithful.
It is also shown that is is essentially surjective, so it gives an equivalence of
categories.

The functor Φ is graphically given as follows, where ρ = Φ(β) r̃ ∈ Hom(θaρθb, ρ)
the action:

Φ:

β

β′

t 7→

β

β′

ῑa

ῑa

ιb

ιb

t , r̃ =

ρ

ρ

θa θb

:=

β

β

ῑa

ῑa

ιb

ιb

ιb ῑbῑaιa

.

Remark 3.3. Let Θ = (θ, w, x) be a Q-system in a UMTC NCN with corre-
sponding subfactor ι(N) ⊂ M . The bimodule Φ(α±

λ ) ≡ ῑα±
λ ι ≡ ῑιλ is the

object θλ with left action the induced action x∗ and right action by x∗ε±(λ, θ),
namely for the +-case:

r̃ =

θ

θ

θ θλ

λ

=

α+
λ

α+
λ

ῑ

ῑ

ι

ι

ι ῑῑι

,
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where equality can be seen easily using ιλ = α+
λ ι, Θ = Θῑ and the IBFEs

by pulling the λ-string between ῑ and ι. The −-case works analogous using
the opposite braiding. The obtained bimodules coincide with the notion of
α-induction in the categorical literature.

The category Bim(Θ,Θ) becomes a tensor category, where ρ⊗Θ σ is the object
associated to the projection in Pρ⊗Θσ ∈ Hom(ρσ, ρσ) given by:

Pρ⊗Θσ =
1√
dθ

ρ σ

.

and it is easy to check that Φ is a tensor functor. Thus, Bim(Θ,Θ) and MCM
are equivalent as tensor categories. We note that this category is non-strict.
We can define the categories Bim±(Θ,Θ) to be the image of MC±M under Φ and
Bim0(Θ,Θ) = Bim+(Θ,Θ) ∩ Bim−(Θ,Θ).
In the special case Ma = N and Mb = M and θa = θ we have an equivalence
of the category NCM and the category Mod(Θ) of right Θ-modules given by
ā 7→ āι. The category of right Θ-modules Mod(Θ) becomes a module category
over NCN using the monoidal structure inherent from End(N). The same is
true for NCM .
In particular, it follows:

Proposition 3.4. Let NCN ⊂ End(N) be a UMTC and Θ be a Q-system
in NCN with corresponding subfactor N ⊂ M . Then Mod(Θ) and NCM are
equivalent as module categories.

Proof. It follows directly from the properties of the monoidal structure, that
the functor Φ (in the case of Ma = N and Mb = M and θa = θ) in the proof of
Prop. 3.2 is a module functor, so in particular a module isomorphism, between
the two module categories Mod(Θ) and NCM over NCN .

We remark that in general in the definition of module it is not assumed that
r is a (multiple) of an isometry, because the existence of a unitary structure
is not assumed. But since every module in the general sense is equivalent to
a submodule of an induced module and the submodule can chosen to have a
multiple of an isometry as action, we can without lost of generality restrict to
modules where r is a multiple of an isometry. This can also be shown directly
[BKLR15].
Let a ∈ NCM be irreducible and consider the subfactor N ⊂ Ma given by the
Q-system Θa (see Def. 2.1). Let Ma be the factor which is given by Jones basic
construction a(M) ⊂ N ⊂ Ma and denote the inclusion map ιa : N →֒ Ma.
Because the subfactors ῑa(Ma) ⊂ N and a(M) ⊂ N have by definition the same
Q-system and thus are conjugated by a unitary in N , we may and do choose
ῑa : Ma → N , such that ῑa(Ma) = a(M). This implies that α = ῑ−1

a ◦ a : M →
Ma is an isomorphism with conjugate α−1 = a−1 ◦ ῑa : Ma →M .
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Lemma 3.5 (cf. [LR04, Eva02]). Let NCN ⊂ End(N) be a UMTC and Θ be a
Q-system in NCN with corresponding subfactor N ⊂M .
For a ∈ NCM irreducible let Θa be the canonical Q-system (Θa = aā, wa, xa)
and N ⊂ Ma the corresponding subfactor. Then NCM and NCMa are iso-
morphic as module categories of NCN . The isomorphism is given by Ψ: b 7→
b ◦ a−1 ◦ ιa and Hom

NCM (b, c) ∋ t 7→ t ∈ Hom
NCMa (Ψ(b),Ψ(c)).

Remark 3.6. Given a ∈ NCM we have the Q-systen Θa with θa = aā. Let
β = Φ(a) ∈ Mod(Θ), then β̄ is a Θ left module and there is another way to
construct a Q-system [KR08] denoted by β̄ ⊗Θ β, and it is easy to check that
β̄ ⊗Θ β ∼= āa and that the obtained Q-systems are equivalent.

3.2 The Morita equivalence class of a braided subfactor

In the following we use the definition of Morita equivalence for module cate-
gories as in [Ost03, Def. 3.3]. Let NCN ⊂ End(N) be a UMTC. We remember
that we call a pair (N ⊂M,NCN ) where N ⊂M is a subfactor whose Q-system
Θ is in NCN a non-degenerately braided subfactor.

Definition 3.7. Let NCN ⊂ End(N) be a UMTC. Two irreducible Q-systems
Θa and Θb in NCN are called Morita equivalent if one of the following
equivalent statements hold:

• Mod(Θa) and Mod(Θb) are equivalent as module categories over NCN .

• NCMa and NCMb
are equivalent as module categories over NCN , where

N ⊂M• is corresponding to Θ•.

We say that the subfactors N ⊂Ma and N ⊂Mb are Morita equivalent if their
Q-systems Θa and Θb, respectively, are Morita equivalent.

Let (ι(N) ⊂ M,NCN ) be a non-degenerately braided subfactor. It follows
directly that for a, b ∈ NCM irreducible Θa and Θb are Morita equivalent and
in particular are Morita equivalent to Θῑ. But it can also happen that Θa and
Θb are equivalent for [a] 6= [b]. If C is a UTFC, we denote by Pic(C) the full and
replete subcategory (2-group) with objects {ρ ∈ C : dρ = 1} (not completed
under direct sums).

Proposition 3.8 ([GS15]). Given two irreducible objects a, b ∈ NCM . Then
the Q-systems Θa and Θb are equivalent if and only if there is an automorphism
β ∈ Pic(MCM ) such that bβ = a.

Now we can give a characterization of the Morita equivalence class of a non-
degenerately braided subfactor.

Proposition 3.9. Let NCN ⊂ End(N) be a UMTC and let Θ be a Q-system
in NCN . Then there is a one-to-one correspondence between

1. equivalence classes [Θa] of irreducible Q-systems Morita equivalent to Θ,
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2. irreducible sectors [a] with a ∈ NCM up the identification: [a] ∼ [b] if
there is an automorphism β ∈ MXM , such that [a] = [βb],

3. elements in N∆M/Pic(MCM ).

Proof. Statement (3) is just a reformulation of (2). Let a ∈ NXM then we
obtain a canonical Q-system Θa in NCN which is Morita equivalent to Θ by
Lemma 3.5. Conversely given a Q-system Θa Morita equivalent to Θ then

NCM is equivalent to NCMa . The element a ∈ NCM corresponding to ιa ∈ NCMa

under this equivalence is the corresponding element in NCM , cf. [Ost03, Remark
3.5]. The rest follows by Prop. 3.8.

4 α-induction construction and the full center

4.1 The full center and Rehren’s construction coincide

Let N be a type III factor and NCN ⊂ End(N) a UMTC. As before let N∆N =
{idN , ρ1, . . . , ρn} a set of representatives for each sector.
Given ν, λ, µ ∈ N∆N , we can choose a set of isometries B(ν, λµ) :=
{ei}i=1,...,〈ν,λµ〉 with ei ∈ HomNCN (ν, λµ), such that {ei} form an orthonor-
mal basis with respect to the scalar product (e, f) = Φν(e∗f) defined by the
left inverse Φν of ν [LR97] or equivalently defined by (e, f) · 1ν = e∗f . We
define for an isometry e ∈ HomNCN (ν, λµ) an isometry ē ∈ Hom

NCN (ν̄, λ̄µ̄) by

ν̄

µ̄

ē

λ̄

:= e∗

λ̄

ν̄

µ̄

.

Definition 4.1 (Longo–Rehren construction). Let NCN ⊂ End(N) a URFC.
There is a Q-system ΘLR = (θLR, wLR, xLR) in NCN ⊠ NCN given by:

[θLR] =
⊕

ρ∈NCN
[ρ⊠ ρ̄], xLR =

1√
dθ

⊕

λµν

∑

e∈B(ν,λµ)

√
dλdµ

dνdθ
e⊠ ē ,

=
⊕

λµν

∑

e∈B(ν,λµ)
ν

µ

e

λ

⊠

ν̄

µ̄

ē

λ̄

.

More general, for an equivalence of braided categories φ : NCN → NC′N , we

define the Q-system Θφ
LR = (θφLR, w

φ
LR, x

φ
LR) in NCN ⊠ NC′N by

[θφLR] =
⊕

ρ∈NCN
[ρ⊠ φ(ρ̄)], xφLR =

⊕

λµν

∑

e∈B(ν,λµ)

√
dλdµ

dνdθ
e ⊠ φ(e) .
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Definition 4.2. Let NCN ⊂ End(N) be a URFC. A Q-system Θ = (θ, w, x)
in NCN is called commutative if ε(θ, θ)x = x. Diagrammatically:

θθ

θ

=

θ θ

θ

θθ

.

Proposition 4.3 ([LR95]). The Q-system obtained by the Longo–Rehren con-
struction is commutative.

Definition 4.4 (Product Q-system). Let Θi = (θi, wi, xi) with i = 1, 2 be
two Q-systems in a URFC category NCN . Then we define two Q-systems
Θ1 ◦± Θ2 = (θ1 ◦ θ2, w1w2, x±) in NCN , where x± = θ1(ε±(θ1, θ2))x1θ1(x2),
graphically:

θ1θ2 θ1θ2

θ1θ2

x+
=

θ2 θ2

θ2

x2

θ1 θ1

θ1

θ1 θ1

θ1

x1
.

Definition 4.5. For Θ ≡ (θ, w, x) a Q-system in NCN and ρ ∈ NCN , we define

P l
Θ(ρ) =

1√
dθ
·

ρ

ρθ

θ

≡

ρ

ρθ

θ

∈ Hom(θρ, θρ)

and P l
Θ := P l

Θ(idN ). Similarly, we define P r
Θ(ρ) and P r

Θ by interchanging the
braiding with the opposite braiding.

Lemma 4.6. P
l/r
Θ (ρ) is a projection.

Proof. That P l
Θ(ρ)2 = P l

Θ(ρ) is proven as in [FRS02, Lemma 5.2], see also
[BKLR15]. We just remark that we have a prefactor due to another normal-
ization and that one can check that P l

Θ(ρ) is selfadjoint.

Proposition 4.7 (Sub-Q-system cf. [BKLR15]). Let p ∈ Hom(θ, θ) be an or-
thogonal projection satisfying pθ(p)xp = θ(p)xp = pxp = pθ(p)x and w∗p = w∗.
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Let θp ≺ θ corresponding to p, i.e. there a isometry s ∈ Hom(θp, θ), such that
s∗s = 1θp and ss∗ = p. Then Θp = (θp, wp, xp) with

wp := s∗w, xp :=

√
dθ

dθp
· s∗θ(s∗)xs

is a Q-system.

Graphically, the conditions are given by:

θθ

θ

p

p

p

=

θθ

θ

p

p

=

θθ

θ

p p

=

θθ

θ

p

p

,

θ

p
=

θ

.

Remark 4.8. The notion of sub-Q-system Θp of Θ corresponds to the notion
of intermediate subfactor L with N ⊂ L ⊂ M where Θ is the dual canon-
ical Q-system of N ⊂ M . Namely, the properties of the sub-Q-system are
just a reformulation of [ILP98, Corollary 3.10]. Namely, they consider sub-
spaces Kρ ⊂ Hom(ι, ιρ) for each ρ ∈ N∆N , which correspond to a projection
p ∈ Hom(θ, θ) if we identify the Hilbert spaces Hom(ρ, θ) and Hom(ι, ιρ) by
Frobenius reciprocity.

Remark 4.9 (cf. [BKLR15]). If one drops the condition w∗p = w∗ in Prop. 4.7
then we obtain a more general “sub” Q-system Θp = (θp, wp, xp) with

wp := λ−1 · s∗w, xp := λ ·
√

dθ

dθp
· s∗θ(s∗)xs

where λ =
√
w∗pw.

Definition 4.10. We denote by Cl(Θ) = (Cl(θ), Cl(w), Cl(x)) the left cen-
ter of Θ, which is defined to be the sub-Q-sytem associated with the projection
P l
Θ ∈ Hom(θ, θ). Analogously, the right center Cr(Θ) is defined using P r

Θ.

Remark 4.11 ([FFRS06, Lemma 2.30]). The Q-system Cl/r(Θ) is a maximal
commutative sub-Q-system of Θ.

Remark 4.12. The intermediate factor N ⊂ M+ ⊂ M defined in [BE00] is
given by the Q-system Cl(Θ). Namely, the characterization of P l

Θ in [FFRS06,
Lemma 2.30] is the characterization in [BE00, Lemma 4.1] in terms of subspaces
Hρ ⊂ Hom(ι, ιρ) of “charged intertwiners”. Similarly, N ⊂ M− ⊂ M is given
by Cr(Θ).

Definition 4.13 (cf. [FFRS08]). Let NCN be a UMTC. The full center
of a Q-system Θ is defined to be the Q-system Z(Θ) ≡ (Z(θ), Z(w), Z(x)) =
Cl((Θ ⊠ idN ) ◦+ ΘLR) in NCN ⊠ NCN .
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In particular we have Z(idN ) = ΘLR.

Definition 4.14. Let NCN be a URFC and Θ = (θ, w, x) a Q-system in NCN .
We define

Homloc(θρ, σ) = {t ∈ Hom(θρ, σ) : t · P l
θ(ρ) = t} ,

Homloc(σ, θρ) = {t∗ ∈ Hom(σ, θρ) : P l
θ(ρ) · t∗ = t∗} .

In particular, the spaces Homloc(θρ, σ) and Homloc(σ, θρ) are anti-isomorphic,
due to the self-adjointness of P l

θ(ρ).

Lemma 4.15. The isometry ψ ∈ Hom (Z(θ), (θ ⊠ idN )θLR) with ψψ∗ =
P l
(Θ⊠idN )◦+ΘLR

and ψ∗ψ = 1 is of the form:

ψ =
⊕

λ1,λ2∈N∆N

⊕

m∈B(θλ2,λ1)loc

m∗ ⊠ idλ2 ∈ Hom (Z(θ), (θ ⊠ idN )θLR) ,

where the sum over m goes over an ONB of Homloc(θλ2, λ1). In particular:

[Z(θ)] =
⊕

λ1,λ2∈N∆N

〈θλ2, λ1〉loc
[
λ1 ⊠ λ2

]
,

where 〈 · , · 〉loc = dim Homloc( · , · ).

Proof. We first note that u ∈ Hom (R(θ), (θ ⊠ 1)θLR) given by

u :=
⊕

λ1,λ2∈N∆N

⊕

m∈B(θλ2,λ1)

m∗ ⊠ idλ2 ∈ Hom (R(θ), (θ ⊠ idN )θLR) ,

R(θ) :=
⊕

λ1,λ2∈N∆N

〈θλ2, λ1〉λ1 ⊠ λ2

is a unitary interwiner. It can be shown that

P l
(Θ⊠idN )◦+ΘLR

· u = P l
Θ⊠idN

(θLR) · u ≡
( ⊕

λ∈N∆N

P l
Θ(λ) ⊠ 1λ

)
· u .

The equality is the statement [FFRS06, Prop. 3.14(i)], namely it is proven
that Cl((Θ ⊠ idN ) ◦+ ΘLR) which is associated with P l

(Θ⊠idN )◦+Θ is associated

with the projection P l
Θ⊠idN

(Cl(θLR)) ≡ P l
Θ⊠idN

(θLR). We can conclude by
eventually choosing another basis that a maximal isometry invariant w.r.t.
P l
(Θ⊠idN )◦+ΘLR

is given by summing just over ONB’s of Homloc(θλ2, λ1).

Given a Q-system Θ in NCN and ι(N) ⊂ M its associated subfactor with the
inclusion map ι : N →M , we will constantly use that the Q-system Θ is of the
form Θῑ as in Def. 2.1, in other words the Q-system Θ becomes trivial in the
2–C∗-category generated by NCN , ι, ῑ. This simplifies many graphical proofs.
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Lemma 4.16. Let NCN ⊂ End(N) be a UMTC, Θ a Q-system in NCN and
N ⊂M the corresponding subfactor. Let ρ, σ ∈ NCN be irreducible. The spaces
Homloc(θρ, σ) and Hom(α−

ρ , α
+
σ ) are isomorphic by the map:

Homloc(θρ, σ) −→ Hom(α−
ρ , α

+
σ )

θ

σ

ρ

7−→ 1
4
√
dθ

α−
ρ

α+
σ

1
4
√
dθ

θ

σ

ρ

←−[

α+
σ

α−
ρ

.

In the same way Homloc(ρ, θσ) is isomorphic to Hom(α+
ρ , α

−
σ ). This gives a

unitary equivalence between the Hilbert spaces Homloc(ρ, θσ) with scalar product
(e, f) = Φσ(e∗f) and Hom(α+

ρ , α
−
σ ) with scalar product (e′, f ′) = Φα+

σ
(e′∗f ′),

where Φσ and Φα+
σ

denote the unique left inverse and unique standard left
inverse, respectively.

Proof. We first check that the map is well defined, namely the image is an
element in Homloc(θρ, σ) and we have (“=” denotes the trivial intertwiner
identifying θ = ῑι)

1√
dθ

ρθ

σ

=

≡ 1√
dθ

θθ ρ

σ

=

θ

σ

ρ

,

where we used in the first equation that Θ is of the form Θῑ and in the second
equation that the closed string can be contracted which cancels the prefactor.
So we conclude that the image is actually in Homloc(θρ, σ).
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We have to show that both maps are inverse to each other:

θ

σ

ρ

7−→

α−
ρ

α+
σ

7−→ 1√
dθ

θ

σ

ρ

=

θ

σ

ρ

α+
σ

α−
ρ

7−→ 1
4
√
dθ

θ

σ

ρ

7−→ 1√
dθ

α−
ρ

α+
σ

=

α+
σ

α−
ρ

,

where the last equation in the first line is exactly the fact that the intertwiner is
in Homloc(θρ, σ), namely the diagram can be deformed to obtain P l

Θ(ρ) which
can be omitted; in the last equation of the second line the closed string can
again be contracted to a dimension cancelling the prefactor.

Finally, unitarity can be seen as follows:

∥∥∥∥∥∥∥∥∥∥∥∥

1
4
√
dθ

θ

σ

ρ
∥∥∥∥∥∥∥∥∥∥∥∥

2

=
1√
dθ dσ

θ

σ

ρ =

∥∥∥∥∥∥∥∥∥∥ α+
σ

α−
ρ

∥∥∥∥∥∥∥∥∥∥

2

,

where in the last equation we use that the string diagram can be deformed to
give the standard left inverse for α+

σ (cf. [Reh00, Lemma 2.2]).

Definition 4.17 (α-induction construction [Reh00]). For a braided subfactor
ι(N) ⊂ M in NCN there is a Q-system ΘM = (θM , wM , xM ) in NCN ⊠ NCN
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given by:

[θM ] =
⊕

ρ,σ∈N∆N

Zµν [µ⊠ ν̄],

Zµν = 〈α+
µ , α

−
ν 〉

xM =
⊕

lmn

∑

e1,e2

√
dλ2dµ2

dθMdν2
Φ1
ν1 [ι(e1

∗)(φ∗l ⊗ φ∗m)ι(e2)φn] · e1 ⊠ ē2,

=
⊕

lmn

∑

e1,e2

1√
dθM

4

√
dλ2dµ2dν1
dλ1dµ1dν2

Φ1
ν1 [· · · ]

ν1

µ1

e1

λ1

⊠

ν̄2

µ̄2

ē2

λ̄2

where l is considered as a multi-index (λ1 ∈ N∆N , λ2 ∈ N∆N , l =
1, · · · , Zλ1,λ2) and ei stands for an ONB in Hom(νi, λiµi) and φl an ONB
in Hom(α+

λ1
, α−

λ2
) with respect to the induced left inverse Φ1

λ1
.

The following result was conjectured in [KR10]. It can be seen as the main
technical result. It allows to apply a lot of results obtained in the categorical
literature to the braided subfactor and conformal net setting.

Proposition 4.18. Let NCN be a UMTC. The α-induction construction for
(ι(N) ⊂ M,NCN ) coincides with the full center Z(Θ) of the corresponding
Q-system Θ.

Proof. It is already clear that the two constructions give equivalent objects,
namely

[Z(θ)] =
⊕

λ1,λ2∈N∆N

〈θλ2, λ1〉loc[λ1 ⊠ λ̄2] =
⊕

λ1,λ2∈N∆N

〈α+
λ1
, α−

λ2
〉[λ1 ⊠ λ̄2] = [θM ]

follows from Lemma 4.15 and Lemma 4.16. We have to show that the two
intertwiners Z(x) and xM of the two respective constructions are equivalent.
We decompose Z(x) w.r.t. an ONB to show that we obtain the same coefficients
as in the α-induction construction for xM . Using Lemma 4.15 we have:

√
dθLR

√
dθZ(x) =

⊕

lmn

∑

e2

4

√
dλ1
dλ2

dµ1

dµ2

dν1
dν2

e2

µ1

m∗
λ1

l∗

ν1

n

⊠

ν̄2

µ̄2

ē2

λ̄2

, (5)

where l,m, n run over an ONB of Homloc(λ1, θλ2), Homloc(µ1, θµ2) and
Homloc(ν1, θν2), respectively. We use the following expansion of an arbitrary
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intertwiner t ∈ Hom(ν, λµ) with respect to an ONB {e} of

ν

λ µ

t =
∑

e

Φν(e∗t)e =
1√

dλdµdν

∑

e

e∗

t

ν

µ

e

λ

with respect to an orthonormal basis {e} of Hom(ν, λµ). The rhs of Eq. (5)
becomes

=
⊕

lmn

∑

e1,e2

4

√
dλ1

dλ2

dµ1

dµ2

dν1
dν2√

dλ1dµ1dν1 e2

µ1

m∗
λ1
l∗

ν1
n

e∗1

·

ν1

µ1

e1

λ1

⊠

ν̄2

µ̄2

ē2

λ̄2

.

We calculate:

4

√
dλ1
dλ2

dµ1

dµ2

dν1
dν2 e2

µ1

m∗
λ1

l∗

ν1
n

e∗1

= 4

√
dλ1
dλ2

dµ1

dµ2

dν1
dν2

(dθ)−
3
2

e2

µ1

m∗
λ1

l∗

ν1
n

e∗1

=

=

e2

m∗l∗

n

e∗1

= dν1
√
dθ 4

√
dλ1dλ2dµ1dµ2

dν1dν2
Φ1
ν1 [· · · ] ,

where we first use that the intertwiners l,m, n are in Homloc( · , · ) and then
replace by Lemma 4.16 with an orthonormal basis in Hom(α+

λ1
, α−

λ2
) and in the

second step deform the ι string to obtain the left inverse of α+
nu1

and Φ1
ν1 [· · · ]

is the expression of Def. 4.17. This shows that Z(x) has the same coefficients
as xM from the α-induction construction.
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We need the following general result as a main tool in the following sections.

Proposition 4.19 (cf. [KR08]). Let Θa and Θb be irreducible in a UMTC

NCN . Then Θa and Θb are Morita equivalent if and only if Z(Θa) and Z(Θb)
are equivalent.

4.2 The adjoint functor of the full center

We have a tensor functor T as follows: the map

T

(⊕

i

λi ⊠ µ̄i

)
=
⊕

i

λi ◦ µ̄i (6)

is an extension of the monoidal product (which by definition is a bifunctor).
We have T (idN ⊠ idN ) = idN and the family of morphisms

µ(ρ1⊠σ̄1),(ρ2⊠σ̄2) : T (ρ1 ⊠ σ̄1) ◦ T (ρ2 ⊠ σ̄2) −→ T (ρ1ρ2 ⊠ σ̄1σ̄2)

µ(ρ1⊠σ̄1),(ρ2⊠σ̄2) := (1ρ1 ⊗ ε(ρ2, σ̄1)∗ ⊗ 1σ̄2) ≡ ρ1(ε(ρ2, σ̄1)∗) (7)

extends to a family

µ(β1),(β2) : T (β1) ◦ T (β2) −→ T (β1 ◦ β2), β1, β2 ∈ NCN ⊠ NCN
and makes the following diagram commute:

T (β1) ◦ T (β2) ◦ T (β3) −→ T (β1) ◦ T (β2 ◦ β3)
↓ ↓

T (β1 ◦ β2) −→ T (β1 ◦ β2 ◦ β3)
.

This means T is a (strict with respect to the unity but in general non-strict for
associativity, i.e. µ•,• 6= 1) strong monoidal functor (tensor functor). It is well
known that strong monoidal functors map monoids into monoids, by this we
can conclude that for Θ2 = (θ2, w2, x2) a Q-system in NCN ⊠NCN we obtain a
(reducible) Q-system T (Θ2) = (T (θ2), wT (Θ2), xT (Θ2)) by

wT (Θ2) = T (w2), xT (Θ2) = µ∗
θ2,θ2 · T (x2)

or explicitely by (tjki ∈ Hom(ρi ⊠ σ̄i, ρjρk ⊠ σ̄j σ̄k))

θ =
⊕

i

ρi ⊠ σ̄i x =
⊕

ijk

tjki

T (θ2) =
⊕

i

ρiσ̄i xT (Θ) =
⊕

ijk

ρj(ε(ρk, σ̄j)) · T (tjki )︸ ︷︷ ︸
∈Hom(ρiσ̄i,ρj σ̄jρkσ̄k)

.

We note that even if Θ is commutative T (Θ) is in general not commutative,
because the functor is not braided.
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We introduce the notion of a direct sum for Q-systems (cf. [EP03, p. 321]).
Let NCN ⊂ End(N) be a URFC and {Θi = (θi, wi, xi)}i=1,...,n be Q-systems in

NCN . The direct sum Q-system Θ = (θ, w, x) with θ =
⊕n

i=1 θi is defined by

θ =

n∑

i=1

Ad Ti ◦ θi , w =
1√
d(θ)

n∑

i=1

di · Ti · wi , x =

n∑

i=1

θ(Ti)TixiT
∗
i ,

where di =
√
d(θi) = d(ιi) and Ti are generators of the Cuntz algebra with

n elements, i.e. T ∗
i Tj = δij · 1 and

∑
i TiT

∗
i = 1. If (θi, wi, xi) corresponds to

the subfactor N ⊂Mi with inclusion map ιi, then (θ, w, x) corresponds to the
inclusion N ⊂ ⊕n

i=1Mi. The pi = TiT
∗
i give a decomposition in the sense of

Remark 4.9.
The following identity has been proven on the level of objects in [Eva02, Prop.
3.3.]. We remark that a priori it is not clear that this “curious identity” holds
also on the level of Q-systems. It is directly related to the adding the boundary
construction in [CKL13] as we discuss in Sect. 6.6.

Proposition 4.20 (cf. [KR08, Prop. 4.3]). Let NCN ⊂ End(N) be a UMTC
and Θ a Q-system in NCN with corresponding subfactor N ⊂ M . Then we
have an equivalence of Q-systems:

T (Z(Θ)) ∼=
⊕

a∈N∆M

Θa.

Our first aim was to prove this identity directly for the α-induction construc-
tion. We had a graphical proof for the trivial Q-system. Because the α-
induction construction coincides with the full center it follows now easily from
the general results of [KR08].

Proof. We note (see Rem. 3.6) that the Q-system Θa for some a ∈ NCM or
equivalently ā ∈ MCN corresponds on the nose with the Q-system Φ(ā)∨ ⊗Θ

Φ(ā) = Φ(a) ⊗Θ Φ(ā) constructed in [KR08], where Φ: MCN → Bim(Θ, id) is
the functor in Prop. 3.2. Then one can directly apply [KR08, Prop. 4.3].

As a corollary this implies the “curious identity” which was proven in [Eva02,
Prop. 3.3.] and shows that behind this identity indeed sits more structure.

Corollary 4.21 (cf. [Eva02, Prop. 3.3.], see also [BEK99, Cor 6.13.]). Let
N ⊂ M be a non-degenerately braided type III subfactor and Zλµ = 〈α+

λ , α
−
µ 〉

for λ, µ ∈ N∆N . Then we have
⊕

a∈N∆M

[aā] =
⊕

ρ,σ∈N∆N

Zρσ[ρσ̄] (8)

and in particular the number of elements in N∆M or M∆N is given by

|N∆M | = |M∆N | =
∑

ρ∈N∆N

Zρρ .

Remark 4.22. The functor T ( · ) gives a (left) adjoint to the full center Z( · ),
namely Θ is a sub-Q-system of T (Z(Θ)).
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5 Modular invariance and Q-systems in NCN ⊠ NCN

5.1 Characterization of modular invariant Q-systems

Let NCN ⊂ End(N) be a UMTC. Given a Q-system Θ and the correspond-
ing extension ι(N) ⊂ M let Zµν = 〈α+

µ , α
−
ν 〉 for µ, ν ∈ N∆N . The matrix

Z = (Zµν)µ,ν∈N∆N is a modular invariant [BEK99], i.e. it commutes with
S and T from (3). It is called normalized because Z00 = 1 and sufferable
because it comes from an inclusion ι(N) ⊂ M . The α-induction construc-
tion or equivalently the full center gives a Q-system Θ2 in NCN ⊠ NCN with
[θ2] =

⊕
µ,ν∈N∆N

Zµν [µ ⊠ ν̄]. It is sometimes convenient to write the matrix
(Zµν) formally in character form as Z =

∑
µ,ν∈N∆N

Zµ,νχµχ̄ν .

Lemma 5.1 ([BEK00], see also [KO02, Thm 4.5]). Let NCN be a UMTC.
If Θ is an irreducible commutative Q-system in NCN , then dimMC0M =

dimNCN/(dΘ)2. In particular, dΘ ≤ dim(NCN)
1
2 .

Proof. The first statement is a combination of Thm. 4.2 and Prop. 3.1 in
[BEK00]. The second statement follows from the first, using dimMC0M ≥ 1.
Using Remark 3.3 and 5.6, this also follows from [KO02, Thm 4.5].

Proposition 5.2 ([KR09, Thm. 3.4, Prop. 3.22]). Let Θ2 be an irreducible
commutative Q-system in NCN ⊠ NCN , then the following are equivalent:

1. dΘ2 = dim(NCN )

2. Z = (Zµν) is a modular invariant

3. Θ2 ≡ Z(Θ) for some irreducible Q-system Θ in NCN .

Proof. (3) are equivalent (1) by [KR09, Thm. 3.4, Prop. 3.22] (see also [Müg10,
Thm 3.4], [DMNO13]).
The notion of modular invariance in [KR09, Thm. 3.4] is a bit different. But
by [LR04, Appendix C] we obtain that (2) implies (1), namely the argument
shows that if dθ < dim(NCN) then Z cannot be modular invariant. Together
with Lemma 5.1 this gives the statement.
(3) implies (2) is clear by the fact that Zµν = 〈α+

µ , α
−
ν 〉 defines a modular

invariant and that Z(Θ) coincides with the α-induction construction Prop.
4.18.

5.2 Permutation modular invariants

Let NCN ⊂ End(N) be a UMTC. A non-negative integer valued matrix
Z = (Zµν)µ,ν∈N∆N with ZidN ,idN = 1 is called a modular invariant if it
commutes with the matrices S and T constructed in Subsect. 2.2. It is called
realizable (sufferable) if there exists a braided subfactor (ι(N) ⊂ M,NCN )
such that Zµν = 〈α+

µ , α
−
ν 〉.
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Proposition 5.3. Let NCN ⊂ End(N) be a UMTC and φ ∈ Aut(N∆N ) which
only fixes the sector [idN ] and which extends to a braided automorphism of

NCN . Then there is a braided subfactor N ⊂Mφ in NCN with

[θφ] =
⊕

ν

nν [ν], nν =
∑

µ

〈µφ(µ̄), ν〉

which realizes the permutation modular invariant Zµν = δν,φ(µ).

Proof. By the Longo–Rehren construction Def. 4.1 there is a Q-system Θφ
LR

with:

[θφLR] =
⊕

µ

[µ⊠ φ(µ̄)] .

We define the Q-system Θφ := T (Θφ
LR) in NCN with

[θφ] :=
⊕

µ

[µφ(µ̄)] =
⊕

ν

nν [ν], nν =
∑

µ

〈µφ(µ̄), ν〉

as above which is irreducible because 0 = 〈µφ(µ̄), idN 〉 for [µ] 6= [idN ] by the
assumption about φ not having non-trivial fixed points. Because T ( · ) is left-
adjoint to Z( · ) the subfactor N ⊂ Mφ given by the Q-system Θφ has the
modular invariant Zµν = δν,φ(µ).

A particular case is, if NCN has no non-trivial self-conjugate sectors besides the
trivial sector, in this case the charge conjugation C might fulfill the assumptions
and the obtained subfactor realizes the charge conjugation modular invariant
Z = C. We therefore can answer a particular case of the question how Z = C
is realized, namely the case that there are no non-trivial self-conjugate charges.

Example 5.4. The UMTC E6,1 for example obtained by positive energy repre-
sentation of loop groups, has 3 sectors {ρ0, ρ1, ρ2} with Z3 fusion rules, i.e.
[ρiρj ] = [ρi+j mod 3] for 0 ≤ i, j ≤ 2, and the charge conjugation trans-
poses the two non-trivial charges. Then Prop. 5.3 yields a Q-system with
[θ] = [ρ0]⊕ [ρ1]⊕ [ρ2] which realizes Z = C, i.e. Z = |χ0|2 + χ1χ̄2 + χ2χ̄1.

If there is fixed point in the permutation the same construction as in the proof
of Prop. 5.3 is possible but we do not know how a dual canonical endomorphism
of an irreducible Q-system giving the modular invariant would look, because
the “adjoint functor” gives a reducible Q-system. Nevertheless, we can con-
clude that for a permutation matrix Z of N∆N which gives rise to a braided
automorphism, there exists a braided subfactor ι(N) ⊂M in NCN which has Z
as a modular invariant, i.e. such permutation modular invariants are realizable.
The category NCN is called pointed if all irreducible objects are invertible, i.e.
have dimension 1 or in other words NCN = Pic(NCN ).

Lemma 5.5. Let NCN ∈ End(N) be a pointed UMTC and let Θ1 and Θ2 be
Q-systems. If Θ1 and Θ2 are Morita equivalent, then they are equivalent.
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Proof. Let Θ1 and Θ2 be irreducible Q-systems in NCN which are Morita equiv-
alent. Without lost of generatlity, we may assume that Θ1 = Θῑ comes from a
subfactor ι(N) ⊂M and Θ2 = Θa with a ∈ NCM irreducible.
Because NCN is pointed the sectors form an abelian (due to the braiding)
group denoted G. The multiplication in G is given by the fusion rules, i.e.

N∆N = {λg : g ∈ G} with [λgλh] = [λgh] for all g, h ∈ G and [λg−1 ] = [λ̄g].
We note that ιλg is irreducible, namely by Frobenius reciprocity 〈ιλg, ιλg〉 =
〈θ, λg λ̄g〉 = 〈θ, idN 〉 = 1. Therefore N∆M ⊂ {λg ῑ : g ∈ G} (because there
can be [λg ῑ] = [λhῑ]). So we may assume that a = λg ῑ and can conclude that
[θa] = [λg ῑιλ̄g] = [θλ̄gλg] = [θ]. It is easy to check that using ε(λg, θ) we can
construct a unitary intertwiner θa → θλgλ̄g → θ, which gives an equivalence of
the two Q-systems.
Alternatively, we can use that ᾱ±

λg−1
is an automorphism satisfying aᾱ±

λg−1
=

λg ῑα
±
λg−1

= λgλg−1 ῑ = ῑ. Then Prop. 3.8 gives an alternative proof of the

statement.

Let NCN ⊂ End(N) be a pointed UMTC and Θ be a Q-system and Zµν =

〈α+
µ , α

−
ν 〉. Then Lemma 5.5 shows that T (Z(Θ)) is equivalent to

⊕trZ
i=1 Θ.

Therefore in this case we obtain an easy formula for θ in terms of its modular
invariant matrix Z = (Zµν):

[θ] =
1

trZ

⊕

ρ∈N∆N

∑

µ,ν∈N∆N

ZµνN
ρ
µν [ρ] ,

see also [Pin07].

5.3 Maximal chiral subalgebras and second cohomology for mod-
ular invariant Q-systems

Let us assume that Θ is a commutative Q-system in NCN and N ⊂ M the
associated subfactor.
The category Mod(Θ) forms a (non-strict) tensor category as follows. Let ρ,
σ be two right Θ-modules. Because Θ is commutative, we obtain a left action
on ρ and σ using the braiding, which makes them bimodules. Then the tensor
product ρ ⊗ σ is defined to be the object ρ ⊗Θ σ as in Remark 3.3, which we
see as right module by forgetting the left action.
Let Mod0(Θ) the subcategory of dyslectic modules (see [Par95, KO02]), i.e.
modules (ρ, r), such that rε(θ, ρ)ε(ρ, θ) = r, graphically:

r

ρ

ρ θ

=

r

ρ

ρ θ

.
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It can easily be seen that if we give the induced right Θ-module ρθ the structure
of a bimodule using the braiding that it becomes equivalent to the α-induction
Φ(α±

ρ ) in Remark 3.3, where the sign is depending on the choice of the braiding.

We obtain that Bim±(Θ,Θ) ∼= Mod(Θ) as tensor categories, but we will just
need the following fact.

Remark 5.6. The map obtained by restricting bimodules to right modules

Bim0(Θ,Θ)→ Mod0(Θ)

is an equivalence of categories. Namely, an object in Bim0(Θ,Θ) gives a dyslec-
tic module, because using the fact that it is contained both, in the image of
α+ and α−, we can “unwind” the double braid. Conversely, if a module is
dyslectic, the left action obtained by the both braidings coincide, so it must
come from Bim0(Θ,Θ).

For β ∈ MCM we define the σ-restriction σβ = ῑβι ∈ NCN .
Given Θ± commutative Q-systems corresponding to N ⊂ M± it follows
that M±C0M±

are again UMTCs. Let us assume there is a braided equiv-

alence φ : M+C0M+
→ M−C0M−

. Now we consider the Q-system Θφ
LR in

M+C0M+
⊠M−C0M−

. By composing ιLR with ι1 ⊠ ι2 we obtain a Q-system

Θ(Θ+,Θ−,φ) = Θ(ῑ1⊠ῑ2)◦ῑφLR

with

[θφLR] =
⊕

α∈M+
∆0
M+

,β∈M−∆0
M−

Z̃αβ [α⊠ β̄], Z̃αβ = δα,φ(β)

[θ(Θ+,Θ−,φ)] =
⊕

µ,ν∈N∆N

Zµν [µ⊠ ν̄], Zµν =
∑

αβ

Zαβ〈σ+
α , µ〉〈σ−

β̄
, µ̄〉

=
∑

τ

b+τ,µb
−
φ(τ),ν

where b±τ,µ = 〈σ±
τ , µ〉 for τ ∈ M±C0M±

. All maximal commutative Q-systems in

NCN ⊠ NCN are of this form:

Proposition 5.7 ([DNO13, Prop. 3.7, Cor. 3.8]). There is a one-to-one cor-
respondence between

1. Equivalence classes of commutative irreducible Q-systems Θ2 in NCN ⊠

NCN with dθ2 = dim(NCN ).

2. Isomorphism classes of triples (Θ+,Θ−, φ) where Θ± are commutative
irreducible Q-systems in NCN and φ : M+C0M+

→ M−C0M−
is an equivalence

of braided categories.

3. Indecomposable module categories over NCN .
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Proof. This statement is proven in a more general setting in [DNO13, Prop.
3.7, Cor. 3.8]. They call the objects in point 1) Lagrangian algebras. We use
that by Remark 3.3 and 5.6 (see also [Müg10, Thm 3.1]) the category M+C0M+

is equivalent to the category of dyslectic modules.

We note that there can exist inequivalent φ1, φ2 giving the same modular in-
variant Z = (Zµν). Namely if 〈σφ1(τ), µ〉 = 〈σφ2(τ), µ〉 holds for all τ ∈ M+C0M+

and µ ∈ NCN for which b+τ,µ 6= 0. Because φ1 and φ2 are inequivalent the

Q-systems Θφ1

LR and Θφ2

LR are inequivalent. This (or using Prop. 5.7) implies
that also Θ(Θ+,Θ−,φ1) and Θ(Θ+,Θ−,φ2) are inequivalent. This means that the
second cohomology (see Rem. 2.2) of Θ(Θ+,Θ−,φ1,2) does not vanish in this case.

Example 5.8. Let us consider for NCN the UMTC obtained by SU(3)9 and Θ+

coming from the conformal inclusion SU(3)9 ⊂ E6,1.
As in Ex. 5.4 the UMTC category E6,1 has three sectors M+∆0

M+
= {β0, β1, β2}

and we obtain an extension M+ ⊂ M̃ with [θ̃] = [β0]⊕ [β1]⊕ [β2], which gives
the permutation modular invariant interchanging β1 ↔ β2. Now σ+

β1
= σ+

β2
, so

both inclusions N ⊂ M+ and N ⊂ M̃ give by the above discussion the same
modular invariant with respect to SU(3)9, which is Z = |χ0,0 + χ9,0 + χ0,9 +
χ4,1 + χ1,4 + χ4,4|2 + 2|χ2,2 + χ5,2 + χ2,5|2. This example appeared in [BE01],
cf. [EP09,EP11].
So we can conclude that Θ(Θ+,Θ+,id) and Θ(Θ+,Θ+,φ) in NCN ⊠ NCN have iso-
morphic endomorphisms [θ(Θ+,Θ+,id)] = [θ(Θ+,Θ+,φ)] but the Q-systems are not
equivalent. So we have an example where the second cohomology does not
vanish.
The same happens for the inclusion4 G2,3 ⊂ E6,1 where Z = |χ00 + χ11|2 +
2|χ02|2.

6 Conformal nets

We now apply the results to conformal nets.
Let R = R∪{∞} be the one-point compactification of the real line R, which we
can by the Cayley map R ∋ x 7→ z = i−x

i+x ∈ S1 identify with the circle S1 ⊂ C.
We denote by Möb the Möbius group which is isomorphic to both:

• PSL(2,R), which acts naturally on the real line R, and

• PSU(1, 1), which acts naturally on the circle S1 ⊂ C.

The universal covering group of Möb is denoted by M̃öb. We denote by Möb± =
Möb⋊Z2 where the action of Z2 is given by the reflection r : z 7→ z̄ on S1. The
rotations R(ϑ)z = eiϑz on S1, the dilations δ(s)x = esx on R, and the
translations τ(t)x = x + t on R give three distinguished one-parameter
subgroups of Möb which generate Möb.

4This was told to us by V. Ostrik via mathoverflow
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We denote by I ∈ I the set of all proper intervals on S1, i.e. all open,
connected, non-dense, non-empty intervals I ⊂ S1.

Definition 6.1. A local Möbius covariant net (conformal net) A on S1 is a
family {A(I)}I∈I of von Neumann algebras on a Hilbert space HA, with the
following properties:

A. Isotony. I1 ⊂ I2 implies A(I1) ⊂ A(I2).

B. Locality. I1 ∩ I2 = ∅ implies [A(I1),A(I2)] = {0}.

C. Möbius covariance. There is a unitary representation U of Möb on H
such that U(g)A(I)U(g)∗ = A(gI).

D. Positivity of energy. U is a positive energy representation, i.e. the
generator L0 (conformal Hamiltonian) of the rotation subgroup U(R(θ)) =
eiθL0 has positive spectrum.

E. Vacuum. There is a (up to phase) unique rotation invariant unit vector
Ω ∈ H which is cyclic for the von Neumann algebra

∨
I∈I A(I).

The Reeh–Schlieder property automatically holds [FJ96], i.e. Ω is cyclic
and separating for any A(I) with I ∈ I. Furthermore, we have the
Bisognano–Wichmann property [GF93, BGL93] saying that the modular
operators with respect to Ω have geometric meaning; e.g. the modular oper-
ators for the upper circle I0 are given by the dilation ∆it = U(δ(−2πt)) and
reflection J = U(r), where here U is extended to Möb±. For a general interval
I ∈ I the modular operators are given by a special conformal transformation δI
and a reflection rI both fixing the endpoints of I. The Bisognano–Wichmann
property implies Haag duality

A(I)′ = A(I ′) I ∈ I

and it can be shown (see e.g. [GF93]) that each A(I) is a type III1 factor in
Connes’ classification [Con73]. A conformal net is additive [FJ96], i.e. for
intervals I ∈ I and I1, . . . , In ∈ I we have

I ⊂
⋃

i

Ii =⇒ A(I) ⊂
∨

i

A(Ii) .

A local Möbius covariant net on A on S1 is called completely rational if it

F. fulfills the split property, i.e. for I0, I ∈ I with I0 ⊂ I the inclusion
A(I0) ⊂ A(I) is a split inclusion, namely there exists an intermediate type
I factor M such that A(I0) ⊂M ⊂ A(I).

G. is strongly additive, i.e. for I1, I2 ∈ I two adjacent intervals obtained by
removing a single point from an interval I ∈ I the equality A(I1)∨A(I2) =
A(I) holds.
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H. for I1, I3 ∈ I two intervals with disjoint closure and I2, I4 ∈ I the two
components of (I1 ∪ I3)′, the µ-index of A

µ(A) := [(A(I2) ∨A(I4))′ : A(I1) ∨ A(I3)] (9)

(which does not depend on the intervals Ii) is finite.

Example 6.2. Examples of completely rational local Möbius covariant nets are:

• Diffeomorphism covariant nets with central charge c < 1 [KL04a].

• The nets AL where L is a positive even lattice [DX06] which contain as
a special case [Bis12] loop group nets AG,1 at level 1 for G a compact
connected, simply connected simply-laced Lie group.

• The loop group nets ASU(n),ℓ for SU(n) at level ℓ. [Xu00].

Further examples of rational conformal nets can be obtained from these as
follows:

• Finite index extensions and subnets of completely rational conformal nets.
Namely, let A ⊂ B be a finite subnet i.e. [B(I) : A(I)] < ∞ for some
(then all) I ∈ I, then A is completely rational iff B is completely rational
[Lon03], in particular orbifolds AG of completely rational nets A with G
a finite group are completely rational.

• Let A ⊂ B be a co-finite subnet , i.e. [B(I),A(I) ∨ Ac(I)] <∞ for some
(then all) I ∈ I, where the coset net Ac is defined by Ac(I) = A′∩B(I)
with A′ = (∨I∈IA(I))′. Then B is completely rational iff A and Ac

are completely rational [Lon03]. This gives many example of completely
rational nets coming from the coset construction.

A separable (non-degenerated) representation of a strongly additive
local Möbius covariant net is a family π = {πI : A(I) → B(Hπ)}I∈I of unital
representations (∗-homomorphisms) πI of A(I) on a common separable Hilbert
space Hπ, which are compatible, i.e.

πI2 ↾ A(I1) = πI1 , I1 ⊂ I2 .

Such a representation is automatically normal, i.e. all πI are strongly continu-
ous. We denote by DHR(A) the category of separable representations, where
morphisms in Hom(π1, π2) are given by intertwiners V ∈ B(Hπ1 ,Hπ2), such
that V π1

I (a) = π2
I (a)V for all I ∈ I and a ∈ A(I). Let us denote by DHR0(A)

the representations π with finite statistical dimension dπ, which is defined to
be

dπ := [πI′(A(I ′))′ : πI(A(I))]
1
2

for some I ∈ I, where [M : N ] is the minimal index. The definition of dπ does
not depend on the choice of I.
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Let us from now on fix a completely rational local Möbius covariant net A on
S1. The category DHR0(A) is a (unitary) modular tensor category [KLM01].
Every π ∈ DHR0(A) is equivalent to a representation localized in a given
I0 ∈ I, i.e. it exists a ρ ∼= π such that Hρ = HA and ρI′0 = idA(I′0)

. Namely,
πI′0(A(I ′0)) on Hπ is spatially isomorphic to A(I ′0) on HA, by the type III
property. Let U : Hπ → HA be a unitary implementing this isomorphism, then
ρ = {ρI := AdU ◦ πI}I∈I does the job.
This implies that the category DHRI0(A) of representations with finite statis-
tical dimensions which are localized in I0 has the same irreducible sectors as
DHR0(A).
By Haag duality ρ ∈ DHRI0(A) implies ρI(A(I)) ⊂ A(I) for every I ⊃ I0,
that means such a representation is an endomorphism and dρ = [A(I0) :

ρI0(A(I0))]
1
2 equals the dimension of the endomorphism. Together with strong

additivity it follows that all intertwiners are in A(I0). In particular, this means
that DHRI0(A) can naturally be seen as a full subcategory of End(A(I0)) and
that DHRI0(A) is equivalent to DHR0(A). We note that the family {ρI} is
determined by ρI0 by using strong additivity and it is really enough to consider
DHRI0(A) as a full and replete subcategory of End(A(I0)) and we will drop
the index I0. Repleteness is just the fact that for U ∈ A(I0) also AdU ◦ρ is
localized in I0.
The braiding (also called statistics operator) is given by:

ε(ρ1, ρ2) = ρ2(U∗
1 )U∗

2U1ρ1(U2) ,

where Ui ∈ Hom(ρi, ρ̃i) and ρ̃i ∈ [ρi] is localized in Ii. Here I1, I2 ⊂ I0 are two
disjoint intervals such that I1 > I2 (I2 sits clockwise after I1 inside I0). We
also write ε+ for ε and define the opposite braiding by ε−(ρ1, ρ2) = ε+(ρ2, ρ1)∗.
We will interpret A as the chiral observables or as chiral symmetries. For
example A = Virc with c < 1 is the net generated by the chiral stress energy
tensor T (x). We want to look into CFTs on Minkowski space containing the
chiral observables A and boundary conditions on M+ which “preserve” these
observables.

6.1 Extensions and Q-systems

Let M be a spacetime, e.g. Minkowski space and K a set of open spacetime
regions in M , e.g. the set of double cones. Let G be a group acting locally on
M and let G(O) be the set of all g ∈ G, such that there is a continuous path
γ in G from the identity to g such that γ(t)O ∈ K.

Definition 6.3. A local G-covariant net A on M is a family {A(O)}O∈K of
von Neumann algebras on a Hilbert space H, with the following properties:

A. Isotony. O1 ⊂ O2 implies A(O1) ⊂ A(O2).

B. Locality. [A(O1),A(O2)] = {0} for all pairwise spacelike separated
O1, O2 ∈ K.
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C. G-covariance. There is a unitary positive energy representation U of G
on H, such that U(g)A(O)U(g)∗ = A(gO) for all g ∈ G(O)

D. Vacuum. There is a (up to phase) unique G- invariant unit vector Ω ∈ H
which is cyclic and separating for A(O) for all O ∈ K.

A G-covariant DHR representation of A is a compatible family π =
{πO : A(O)→ B(Hπ)}O∈K of representations on a Hilbert space Hπ, such that
for all O ∈ K there exists a unitary V : Hπ → H, such that the representation
ρ := AdV ◦π is localized in O, i.e. ρO0 = idA(O0) for O0 spacelike to O, and that
there is a unitary projective representation Uπ of G, such that AdUπ(g)◦πO =
πgO ◦AdU(g) for all g ∈ G(O).

Given two local G-covariant nets A and B on Hilbert spaces HA and HB,
respectively, an arrow A → B is an isometry V : HA → HB and a compatible
family of embeddings (representation) {πO : A(O) →֒ B(O)} such that for all
O ∈ K we have V a = πO(a)V , V UA(g) = UB(g)V for all g ∈ G and V ΩA = ΩB.

A and B are called unitary equivalent if V is a unitary and πO are isomor-
phisms.

Let us assume that we have a subnet A0 of B, i.e. A0(O) ⊂ B(O) for all O
and U(g)A0(O)U(g)∗ = A0(gO). Then A = A0e with e the Jones projection
on ∨A0(O)Ω is a G-local net on HA := eH, in other words we have an arrow
A → B in the above sense. We say that A is a subnet of B and B is a local
extension of A. By abuse of notation we will not distinguish between the net
A and its representation on the bigger Hilbert space H and write A ⊂ B or
B ⊃ A for an inclusion/extension of nets.

For every connected region we have a subfactor A(O) ⊂ B(O). If the subfactor
is irreducible, we call the extension irreducible and if the index is finite
we call the extension finite. If we have a finite irreducible extension B of A
then the corresponding Q-system of A(O) ⊂ B(O) is a commutative irreducible
Q-system in DHRO(A) and conversely if we have a commutative irreducible Q-
system Θ in DHRO(A) we obtain a finite local extension B of A. In particular
we have a one-to-one correspondence between [LR95]:

• local finite irreducible extensions B ⊃ A up to unitary equivalence and

• commutative irreducible Q-systems Θ in DHRO(A) up to equivalvence.

If we assume Θ to be only irreducible, we still have a relatively local extension,
i.e. [A(O1),B(O2)] = {0} for O1 and O2 spacelike separated. We call such an
extension B ⊃ A also non-local extension to stress the fact that we do not
assume locality of B. There is a one-to-one correspondence between [LR95]:

• finite irreducible extensions B ⊃ A up to unitary equivalence and

• irreducible Q-systems Θ in DHRO(A) up to equivalence.
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6.2 Representation theory of local extensions

The following is well-known to experts [Müg10].

Proposition 6.4. Let A ⊂ B a finite index inclusion of local Möbius covariant
nets on S1 and let either net be completely rational. Then A and B are both
completely rational and the inclusion is irreducible.
Further, let I ∈ I be an interval N := A(I) ⊂ B(I) =: M and NCN =
DHRI(A), and Θ be the Q-system in NCN associated with N ⊂ M . Then
DHRI(B) = MC0M as UMTCs and in particular DHR(B) is equivalent to
Mod0(Θ) and Bim0(Θ,Θ).

Proof. Both MC0M and DHRI(B) being full and replete subcategories of
End(M), the only thing which needs to be checked is that both have the
same irreducible sectors. The braiding on MC0M can be checked to give the
braiding on Rep(B) since the braiding is fixed by the universal property
ε(ρ1, ρ2) = 1 if I2 sits clockwise after I1 inside I. A sector [β] ∈ M∆M is
a DHR sector if and only it is in M∆0

M (see [LR95, BE98]), which implies

MC0M ⊂ DHRI(B). To see equality, we realize that global dimensions coincide,
namely dim DHRI(B) ≡ µ(B) = [M : N ]−2µ(A) ≡ dimNCN/(dθ)2 by [KLM01]
and dimMC0M = dimNCN/(dθ)2 by Lemma 5.1.

Remark 6.5. Commutative Q-systems Θ in a UMTC NCN are also called quan-
tum subgroups, so finding quantum subgroups in a given UMTCs NCN and
finding finite index local extensions of a local Möbius covariant A net with
DHR0(A) ∼= NCN is equivalent. The representation theory of the extensions
can be completely understood on a categorical level.
An analogous statement for inclusions of rational VOAs appeared recently in
[HKL15].

6.3 Maximal 2D nets with chiral observables A
Let A be a local Möbius covariant net on S1 ∼= R. By restriction we can and
will see A as a net on R. Then Haag duality of A on R is equivalent to strong
additivity of A. We will assume that A is completely rational, therefore this
holds automatically.
We denote by M the two-dimensional Minkowski space and by K the set of
double cones O ⊂M. Each double cone is of the form

O = I × J := {(t, x) : t− x ∈ I, t+ x ∈ J},

where I, J ∈ I0 are two intervals on the light-rays L± = {(t, x) : t± x = 0}.
The action of Möb ∼= PSL(2,R) on R gives a local action of M̃öb on R as in

[KL04a]. We define G2 = M̃öb × M̃öb which acts locally on Minkowski space
M.
For O ∈ K we denote by G2(O) all g ∈ G2 such that there is a path γ : [0, 1]→
G2 from the identity element e to g with γ(t)O ⊂M for all t ∈ [0, 1].
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We denote by A2 the net on HA ⊗HA given by

A2(I × J) := A(I)⊗A(J).

It is a local Möbius covariant net on M as in [KL04a]. Every DHR repre-
sentation of A2 with finite index is a direct sum of representations of the
form ρ ⊗ σ where ρ ∈ DHR(A) and σ ∈ DHR(A). The braiding is given
by ε(ρ1 ⊗ σ1, ρ2 ⊗ σ2) = ε+(ρ1, ρ2) ⊗ ε−(σ1, σ2). Therefore the category of
DHR representations of A2 with finite statistical dimensions is equivalent to

DHRI(A) ⊠ DHRJ (A).
Let us write B2 ⊃ A2 for a local, Möbius covariant, irreducible extension of A2,
i.e. a local Möbius covariant net B2 on Minkowski space M on the Hilbert space
HB2 with irreducible vacuum vector Ω which is extending A2

∼= A ⊗A, more
precisely there is a representation π of A2 onHB2 , such that π(A2(O)) ⊂ B2(O)
is an irreducible inclusion of factors and U(g)π(A(O))U(g)∗ = π(A(gO)) for
all double cones O ∈ K and all g ∈ G(O). By abuse of notation we will omit
the π.
We remember that there is a one-to-one correspondence between local irre-
ducible extensions B2 ⊃ A2 (up to unitary equivalence) and irreducible com-

mutative Q-systems Θ2 in DHRI(A) ⊠ DHRJ (A) (up to equivalence).

Proposition 6.6. Let B2 ⊃ A2 be a local extension. Then the following state-
ments are equivalent:

1. The net B2 is a maximal local irreducible extension, i.e. if B̃2 ⊃ B2 is a
local irreducible extension, then B2 = B̃2.

2. The index [B2 : A2] = µ2(A) ≡ dim(DHR(A)).

3. The matrix (Zλµ) is a modular invariant.

4. The µ-index of B2 is 1.

5. The net B2 has no non-trivial superselection sectors.

Proof. To show (2)⇒ (1) let Θ2 be a Q-system in DHRI(A)⊠DHRJ(A) giving
the extension A(I) ⊗ A(J) ⊂ B2(I × J) and let us assume that [B2(I × J) :
A(I) ⊗A(J)] = µ2(A). By Lemma 5.1 we have the following inequality:

dΘ2 ≡ [B2 : A2] ≤ dim(DHR(A⊗A))
1
2 ≡ dim

(
DHR(A) ⊠ DHR(A)

) 1
2

= dim(DHR(A)) ≡ µ2(A) .

This implies maximality.
For showing (1) ⇒ (2), let us assume that [B2 : A2] < µ2(A). We need
to show that there is an extension B̃2 ) B2. This we obtain by adding the
boundary [CKL13], i.e. from B2 we obtain a possible reducible boundary net
(see Subsec. 6.6) of which we choose an irreducible subnet B+. We claim B+
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cannot be Haag dual, but this follows because [B+ : A+] = [B2 : A2] < µ2(A)
and then [LR04, Prop. 2.13] implies [Bd

+ : B+] > 1. So we have an inclusion

A+ ⊂ B+ ( Bd
+ and a corresponding locally isomorphic inclusionA2 ⊂ B2 ( B̃2

as in [LR04], in particular B2 was not maximal.
The statements (2) and (3) are equivalent by Prop. 5.2 and the implication (5)
⇒ (1) is clear.
(2) ⇒ (4) follows by calculating the µ index [KLM01] and likewise the impli-
cation (4) ⇒ (5) is [KLM01, Corollary 32].

Proposition 6.7. There is a one-to-one correspondence between:

1. maximal local irreducible extensions B2 ⊃ A2 up to unitary equivalence.

2. Θ2 commutative irreducible Q-systems in DHRI(A) ⊠ DHRI(A) with
dθ2 = µ2(A) up to equivalence.

3. (Non-local) irreducible extensions B ⊃ A up to Morita equivalence.

4. Irreducible Q-systems Θ in DHRI(A) up to Morita equivalence.

5. Indecomposable NCN module categories, where N = A(I) and NCN =
DHRI(A).

6. Local chiral extensions AL ⊃ A, AR ⊃ A together with a braided equiva-
lence φ : DHR(AL)→ DHR(AR).

Proof. The correspondence between (1) and (2) is Prop. 6.6, the one between
(3) and (4) [LR95]. Starting with (4) we obtain (2) by applying the full center
and it is well defined on Morita equivalence classes and injective by Prop. 4.19.
It is surjective by Prop. 5.2, so (2) and (4) are equivalent. Equivalently, one can
start with B2 and add the boundary to obtain a Haag dual boundary net (as in
the proof before) which correspond to a non-local extension. The α-induction
construction gives back the original net.
The correspondence between (4), (5) and (6) is just Prop. 5.7, where (6) is (2)
of Prop. 5.7 reformulated in the language of nets, cf. [Müg10].

Remark 6.8. We know how the Morita equivalence looks like, see Subsec. 3.2.

6.4 Boundary conditions

Let A be a completely rational local Möbius covariant net on S1, which we
will see as a net on R by restriction. Let M+ = {(t, x) ∈ M : x > 0} be
Minkowski half-plane and let K+ be the set of double cones O ⋐ M+. Double
cones O ∈ K+ are in one-to-one correspondence with pairs of proper intervals
I, J ⊂ R such that I < J . We write O = I × J .
Let A+ be the net on M+ given by

A+(O) = A(I) ∨A(J) O = I × J
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which is locally covariant w.r.t. G+ the universal covering of Möb, namely

U(g)A+(O)U(g)∗ = A+(gO) g ∈ G+(O)

where G+ acts locally on O = I × J ∈ K+ by gO = gI × gJ and G+(O) is the
set of all g ∈ G+ such that there is a continuous path γ from the identity to g
such that γ(t)O ∈ K+.
By the split property it follows that A+(O) is spatially isomorphic to A2(O) ≡
A(I)⊗A(J). This implies that the net A+ is locally isomorphic to the net A2

restricted to M+.
A boundary net B+ associated with A is a local, (locally) G+-covariant net
B+, which is an irreducible extension B+ ⊃ A+.
Starting with B+ ⊃ A+, we define the generated net Bgen

+ ⊃ A on R by

Bgen
+ (I) =

∨

O∈K+

O⊂WI

B+(O) ⊃ A(I) ,

where WI = {(t, x) : t± x ∈ I} is the left wedge, such that its intersection on
the t-axis is I.
Conversely, given B ⊃ A a (non-local) extension on R, we define

Bind
+ (O) = B(L) ∩ B(K)′ ,

where O = I × J and L ⋐ K, such that L ∩ K ′ = I ∪ J or equivalently
O = WL ∩W ′

K .
The dual net is defined by Bd

+(O) = B+(O′)′ and Bd
+ = B+ if and only if B+ is

Haag dual.
Then (Bind

+ )gen = B and (Bgen
+ )ind+ = Bd

+ = B+ provided B+ was already Haag
dual.
Together we have:

Proposition 6.9 ([LR04, LR95]). There is a one-to-one correspondence be-
tween the equivalence classes of:

1. boundary nets B+ associated with A, such that B+ is Haag dual.

2. boundary nets B+ associated with A, such that A+ ⊂ B+ is maximal.

3. (Non-local) extensions B ⊃ A on R.

4. Q-systems in NCN , where N = A(I) and NCN = DHRI(A).

Definition 6.10. Let B2 ⊃ A2 be local extension, i.e. a CFT on Minkowski
space. A (Möbius covariant) boundary condition of B2 ⊃ A2 with
chiral symmetry A is a unitary equivalence class of boundary nets B+ ⊃ A+,
where B2 ↾M+ is locally covariantly isomorphic to B+, more precisely there is a
compatible family of isomorphisms ΦO : B+(O) → B2(O) such that it restricts
to an isomorphism A+(O) → A2(O) for all O ∈ K+ and that Φ is covariant
respect to the covariance UB+ of Möb and UB2 of Möb ×Möb (where Möb is

the diagonal subgroup of Möb×Möb).
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Proposition 6.11. Let B2 ⊃ A2 maximal and let A ⊂ B given by Prop. 6.7.
Then there is a one-to-one correspondence between:

1. Boundary conditions of B2 ⊃ A2 with chiral symmetry A.

2. Unitary equivalence classes of Ba ⊃ A Morita equivalent to B ⊃ A.

3. Sectors in

NCM/Pic(MCM ) ,

where N = A(I), M = B(I) and NCN = DHRI(A).

In particular the number of boudary conditions of B2 ⊃ A2 with chiral symmetry
A is less or equal than

|N∆M | ≡
∑

λ∈N∆N

Zλλ .

Proof. The following diagram commutes [LR09, Cor. 2]

{B+ ⊃ A+ maximal}

{B ⊃ A} {B2 ⊃ A2 ≡ A⊗A}

removing the boundary∼

α-induction .

Given a boundary condition, i.e. a boundary net Ba,+ ⊃ A+ let Ba ⊃ A
be the corresponding chiral extension. We note that Ba,+ is Haag dual (cf.
[LR09, App. C]), because B2 is modular invariant. If we remove the boundary
we obtain B2 ⊃ A2, because the extensions are locally isomorphic and therefore
isomorphic, see [LR09].

We conclude by commutativity of the above diagram that B ⊃ A and Ba ⊃ A
are Morita equivalent, namely the α-induction construction gives equivalent
two-dimensional extensions, which means the full centers are equivalent, which
is equivalent to the Morita equivalence of B ⊃ A and Ba ⊃ A.

Conversely, if we have given a chiral extension Bb ⊃ A Morita equivalent to
B ⊃ A, then Bb,+ ⊃ A+ is locally equivalent to Bb,2 ⊃ A2 ↾ M+ obtained by
α-induction. But B2,b ⊃ A2 is isomorphic to B2 ⊃ A2 by Morita equivalence,
so we get a boundary condition (this follows also from [LR04], realizing that
the DHR orbit exhausts the Morita equivalence class).

Choosing N = A(I), M = B(I) and NCN = DHRI(A) the Q-systems Θa

corresponding to Ba ⊃ A which is Morita equivalent to B ⊃ A are in one-to-
one correspondence with NCM/Pic(MCM ) by Prop. 3.9.

Example 6.12. We can give several cases as an example.
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• If A is holomorphic, i.e. DHR(A) just contains the vacuum sector or
equivalently µ(A) = 1, then B2 = A2 is maximal and the only 2D net
and A+ is the only boundary condition. The family of holomorphic nets
contains for example the conformal nets AL associated with even selfdual
lattices [DX06] like the E8 lattice, Leech lattice etc., the Moonshine net
A♮ [KL06] and certain framed nets [KS14].

• For A from the family of conformal nets, for which DHR(A) is pointed, it
follows from Lemma 5.5 that there is always just one boundary condition
for each B2 ⊃ A2. This family for example contains all conformal nets
AL coming from an even lattice L [DX06], which include all loop group
conformal nets AG,1 of compact, connected, simply connected, simply
laced Lie groups G (the simple one being in one-to-one correspondence
with A-D-E Dynkin diagrams) at level 1 [Bis12].

• If A is any completely rational net and B2 = ALR ⊃ A2 given by the
trivial Longo-Rehren extension, then NCM ∼= NCN ∼= DHR(A) and the
boundary conditions are given by DHR sectors of A modulo DHR auto-
morphisms of A. This case is sometimes also called the Cardy case.

• For A = ASU(2),k the two-dimensional extensions are in one-to-one cor-
respondence with Dynkin diagrams of A-D-E type with Coxeter number
k+2. The boundary conditions are given by orbits [ν] of a marked vertex
ν under the automorphism group of the Dynkin diagram cf. [KLPR07].

• ForA = Virc with c < 1, the only possible values for c are c = 1−6/m(m+
1) with m = 2, 3, 4, . . .. The maximal two-dimensional extensions are in
one-to-one correspondence with pairs (G1, G2) of Dynkin diagrams of A-
D-E type with Coxeter number m and m + 1, respectively, cf. [KL04b].
The boundary conditions are given by pairs ([ν1], [ν2]) with [νi] the orbit
of a marked vertex on Gi under the automorphism group of Gi (i = 1, 2).
This result now follows also from [KLPR07].

The invertible objects (automorphisms) in MCM have to do with invertible
defects (see for an interpretation of invertible defects in a different framework
[DKR11]).
The difference between two inequivalent a, b ∈ NCM related by an invertible
β ∈ MCM gets important if we also consider also reducible boundary conditions
in the next section.

6.5 Reducible boundary conditions

With the notation as before, let us assume B2 ⊃ A2 is a maximal extension of
A2. Using Prop. 6.7 we can choose a (non-local) extension B ⊃ A such that B2
is given by the α-induction construction of B ⊃ A.
Let I be an interval, N = A(I), NCN = DHRI(A), M = B(I) and Θ the
Q-system in NCN giving N ⊂ M . Then every a ∈ NCM gives a in general
reducible Q-system Θa and an extension Ba ⊃ A.
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We can define as before

Ba+(O) = Ba(L) ∩ Ba(K)′ .

This net fulfills all the properties of a boundary CFT in [LR04], but the unique-
ness of the vacuum and the joint irreducibility.

Proposition 6.13. Let a ∈ NCM possibly reducible. Then the (reducible)
boundary net Ba,+ ⊃ A+ is a (reducible) boundary condition for B2 ⊃ A2,
which is given by the Q-system Z(Θa).

Proof. If a is irreducible this is already proven.
Let a be reducible and let Θa = ῑι be the Q-system with inclusion ι(A(I)) ⊂
Ba(I). Let {pi}ni=1 be a set of minimal projections in ι(A(I))′ ∩ Ba(I) =
Hom(ι, ι) with

∑n
i=1 pi = 1 with corresponding morphisms ιi ≺ ι. By the

usually Reeh–Schlieder argument, the projection do not depend on the choice
of I. The inclusion ι(A(I)) ⊂ Ba(I) is conjugated to







ι1(a)

. . .

ιn(a)


 : a ∈ A(I)




⊂ Ba(I)⊗Mn(C) ∼= Ba(I) .

With the same notation A+(O) ⊂ Ba,+(O) is conjugated to:







ι1(a)

. . .

ιn(a)


 : a ∈ A+(O)




⊂







b

. . .

b


 : b ∈ Ba,+(O)




.

(10)

Because Θ2 := Z(Θa) and Z(Θῑi) are equivalent (by Prop. 4.19) every Bi,+ ⊃
A+ is a boundary condition for B2 ⊃ A2. But then also the inclusion B2 ⊃ A2

is locally isomorphic to Ba,+ ⊃ A+ by (10) and the isomorphism restricted to
A2 gives a local isomorphism of A2 restricted to M+ and A+.

Note that in the reducible case the vacuum Ω of B+ is neither cyclic nor unique
and that Ω =

∑n
i=1 Ωi with Ωi = piΩ. The restriction of B+ to the subspace

B+(O)Ωi is unitarily equivalent to the boundary condition coming from ιi. In
other words, NCM ∋ a 7→ Ba,+ maps direct sums of sectors to direct sums of
boundary conditions.

Example 6.14. Consider a, b ∈ NCM irreducible and mutually inequivalent but
related by an automorphism β ∈ MCM , or equivalently Θa

∼= Θb. This means
the boundary conditions coming from a and b are the same, but for example
the boundary conditions coming from c := a ⊕ a and d := a ⊕ b are different.
This can be seen for example by regarding the relative commutants of the
subfactors associated with Θc and Θd, namely c̄(N)′ ∩ N ∼= C ⊕ C, while
d̄(N)′ ∩N ∼= M2(C).
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6.6 Adding the boundary

In [CKL13] a purely operator algebraic construction of all boundary conditions
is given. As a result a boundary net is obtained which is the direct sum of all
boundary conditions.
Let us consider the inclusion

A(I)⊗A(J) ⊂ B2(O)

for some fixed O = I × J ⋐ W and let Θ2 be the associated Q-system in

DHRI(A) ⊠ DHRJ(A). Let Ω be the vacuum in HA and let us define the
state ϕ0(x ⊗ y) = (Ω, xyΩ) for x ∈ A(I), y ∈ A(J) and let εO : B2(O) →
A2(O) ∼= A+(O) be the conditional expectation. This gives a state ϕ = ϕ0 ◦ ε0
on B2(O) (which can be extended to a state on A2(W )). Using the GNS
representation one get an inclusion A+(O) ⊂ B+(O) on a bigger Hilbert space
and which is by construction isomorphic to A2(O) ⊂ B2(O). This construction
extends to A2(W ) and gives a (reducible) boundary net {B+(O)}O∈K+ . Let
us define B(I) =

∨
K+∋O⊂W (I) B+(O) where W (I) is the left wedge such that

its intersection with the time axis x = 0 is equals I. This gives a non-local
extension B ⊃ A. Let us fix L ⊃ I ∪J , then the Q-system of B(L) ⊃ A(L) can
be chosen to be localized in I ∪J and it can be in particular trivially extended
from the inclusion A+(O) ⊂ B+(O) using strong additivity. Let’s denote its
Q-system by Θ̃.

Proposition 6.15. Let B2 ⊃ A2 be a local irreducible extension with Q-system
Θ2. The Q-system of the inclusion A(I) ⊂ B(I), where B = Bgen

+ and B+ is
obtained by adding the boundary is equivalent to the Q-system T (Θ2).

Proof. We have to show that Θ̃ is equivalent to T (Θ2), where we see Θ2 as a
Q-system by the equivalence NCN ⊠ NCN ∼= DHRO(A2).
An endomorphism ρI ⊠ σ̄J gives an endomorphism ρI σ̄J ∈ End(A(I) ∨ A(J))
and this gives actually an isomorphism of tensor categories

End(A(I)⊗A(J)) ∼= End(A(I) ∨ A(J)) .

Starting from an object in DHRO(A2) the image is a localized endomorphism
of A(I) ∨ A(J) which can by strong additivity be extended to a localized en-
domorphism of End(A(L)), so we get a tensor functor

T̃ : DHRI(A2)→ DHRL(A) ≡ NCN
where we choose N := A(L) and NCN = DHRL(A). We note that the µ from
(7) is trivial as is ε(ρ2, σ̄1) because of the order of localization.
So the functor

NCN ⊠ NCN ∼= DHRO(A2)→ DHRL(A) ≡ NCN
is by construction equivalent to the tensor T from Subsec. 4.2 and, in particular
Θ̃ is equivalent to T (Θ2).
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This gives as an alternative proof of Prop. 6.11. Let us assume B2 was modular
invariant/maximal. All boundary conditions are obtained by the adding the
boundary construction, and by Prop. 4.20 we can conclude:

Corollary 6.16. All boundary conditions of B2 come from an a ∈ N∆M ,
where N = A(I), M = B(I), NCN = DHRI(A) and B ⊂ A is any (non-local)
extension giving B2 by the α-induction construction.
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[BE00] J. Böckenhauer and D. E. Evans, Modular invariants from subfactors: Type I
coupling matrices and intermediate subfactors, Comm. Math. Phys. 213 (2000),
no. 2, 267–289. MR1785458 (2001g:46142)

[BE01] , Modular invariants and subfactors, Mathematical physics in mathemat-
ics and physics (Siena, 2000), 2001, pp. 11–37. MR1867545 (2002i:46064)

[BE98] , Modular invariants, graphs and α-induction for nets of subfac-
tors. I, Comm. Math. Phys. 197 (1998), no. 2, 361–386, available at
arXiv:hep-th/9801171. MR1652746 (2000c:46121)
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Abstract. We prove that various arithmetic quotients of the unit
ball in Cn are Mordellic, in the sense that they have only finitely
many rational points over any finitely generated field extension of
Q. In the previously known case of compact hyperbolic complex sur-
faces, we give a new proof using their Albanese in conjunction with
some key results of Faltings, but without appealing to the Shafarevich
conjecture. In higher dimension, our methods allow us to solve an al-
ternative of Ullmo and Yafaev. Our strongest result uses in addition
Rogawski’s theory and establishes the Mordellicity of the Baily-Borel
compactifications of Picard modular surfaces of some precise levels
related to the discriminant of the imaginary quadratic fields.
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Introduction

Let F be a totally real number field of degree d and ring of integers o, and let
M be a totally imaginary quadratic extension of F with ring of integers O. Let
G be a unitary group over F defined by a hermitian form on Mn+1 of signature
(n, 1) at one infinite place ι and (n+1, 0) or (0, n+1) at the others. A subgroup
Γ ⊂ G(F ) is arithmetic if it is commensurable with G(o), the stabilizer in G(F )
of On+1, and we will denote by YΓ the quotient of the n-dimensional complex
hyperbolic space by the natural action of ι(Γ) ⊂ G(Fι) = U(n, 1). If F 6= Q,
then the hermitian form is anisotropic and YΓ is a projective variety defined
over a number field (see Proposition 1.2).
A projective variety X over C is said to be Mordellic if it has only a finite
number of rational points in every finitely generated field extension of Q over
which X is defined. Lang conjectured in [L, Conjecture VIII.1.2] that X is
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Mordellic if and only if the corresponding analytic space X(C) is hyperbolic,
meaning that any holomorphic map C → X(C) is constant, which by Brody
[B] is equivalent to requiring the Kobayashi semi-distance on X(C) to be a
metric. It is a consequence of a conjecture of Ullmo (see [U, Conjecture 2.1])
that a projective variety X defined over a number field k is Mordellic if it is
arithmetically Mordellic, meaning that it has only a finite number of rational
points in every finite extension of k.
Our first result establishes that many arithmetic compact surfaces previously
only known to be arithmetically Mordellic by [U, Théorème 3.2] are in fact
Mordellic. To state it precisely we need to fix a Hecke character λ of M as
in Definition 3.1. The existence of such characters is known (see Lemma 3.5).
Denote by C the conductor of λ and, if the extension M/F is everywhere un-
ramified, multiply C by any prime q of F which does not split in M . Moreover,
fix an auxiliary prime p of F which splits in M and is relatively prime to C.
Finally, for every ideal N ⊂ O we consider the standard congruence subgroups
Γ0(N), Γ1(N) and Γ(N) of G(F ) (see Definition 1.3).

Theorem 0.1. Let n = 2 and G over F 6= Q as above. Then for every choice
of (C, p), and for any torsion free subgroup Γ ⊂ Γ1(C) ∩ Γ0(p) of finite index,
YΓ is Mordellic.

A consequence of this is that for any arithmetic subgroup Γ ⊂ G(F ) there exists
a finite explicit cover of YΓ which is Mordellic. Note also that even though the
theorem only concerns arithmetic subgroups, because F and M can vary, it can
be applied to infinitely many pairwise non-commensurable cocompact discrete
subgroups in U(2, 1). In order to apply our method to the analogous case of a
unitary group G′′ defined by a division algebra of dimension 9 over M with an
involution of a second kind, one would need to find a (cocompact) arithmetic
subgroup Γ ⊂ G′′(F ) such that the Albanese of YΓ is non-zero. This is an open
question for any G′′ since, in contrast to our case, it is known by Rogawski
[R1] that the Albanese of YΓ is zero for any congruence subgroup Γ ⊂ G′′(F ).
While Ullmo’s approach uses the Shafarevich conjecture, ours is based instead
on the Mordell-Lang conjecture proved by Faltings [F2] and on the key Propo-
sition 3.6, which we hope is of independent interest.
Consider now the case when the hermitian form is isotropic, which necessarily
implies that F = Q andM is imaginary quadratic. Then YΓ is not compact and,
for Γ arithmetic, we denote by Y ∗

Γ the Baily-Borel compactification which is a
normal, projective variety of dimension n. A smooth toroidal compactification
XΓ of YΓ can be defined over a number field (see [F3]), and it is not hyperbolic
even if Γ is torsion-free; for example, if n = 2, then XΓ is a union of YΓ with
a finite number of elliptic curves – one above each cusp of Y ∗

Γ . However, by
a result of Tai and Mumford [Mu, §4], XΓ is of general type for Γ sufficiently
small. The Bombieri-Lang conjecture asserts then that the points of XΓ over
any finitely generated field extension of Q over which XΓ is defined are not
Zariski dense. We prove this in Proposition 4.3 which allows us to solve an
alternative of Ullmo and Yafaev [UY] regarding the Lang locus of Y ∗

Γ .
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Theorem 0.2. For all Γ ⊂ G(Q) arithmetic and sufficiently small, Y ∗
Γ is arith-

metically Mordellic.

Keeping the assumption that M is imaginary quadratic, say of fundamental
discriminant−D, let us now suppose in addition that n = 2. The corresponding
locally symmetric spaces YΓ are called Picard modular surfaces. We state here
our main theorem.

Theorem 0.3. Let D =





3O , if D = 3,√
−DO , if D 6= 3 is odd,

2
√
−DO , if 8 divides D,√
−DP2 , otherwise, where P2

2 = 2O.

(i) Let Γ =





Γ(D2) , if D ∈ {3, 4, 7, 11, 19, 43, 67, 163},
Γ(D) , if D ∈ {8, 15, 20, 23, 24, 31, 39, 47, 71},
Γ1(D) , otherwise.

Then Y ∗
Γ is Mordellic, while XΓ is a minimal surface of general type.

(ii) Let N > 2 be a prime inert in M and not equal to 3 when D = 4. Then
Y ∗
Γ(N)∩Γ1(D) is Mordellic, while XΓ(N)∩Γ1(D) is a minimal surface of

general type.

The fact that one can take Γ(D) instead of Γ(D2) when D ∈
{15, 20, 23, 24, 31, 39, 47, 71} in Theorem 0.3(i) depends on a preprint of
Džambić [D] considered for publication elsewhere (see the proof for details).
At the heart of our proof stand some arithmetical computations using certain
key theorems of Rogawski [R1, R2]. They yield, for each imaginary quadratic
field M , an explicit congruence subgroup Γ such that the smooth compactifica-
tion XΓ does not admit a dominant map to its Albanese variety. A geometric
ingredient of the proof is a result of Holzapfel et al that XΓ is of general type,
though not hyperbolic, implying by a theorem of Nadel [N] that any curve of
genus ≤ 1 on it is contained in the compactifying divisor.
If there is anything new in our approach, it lies in the systematic use of the
modern theory of automorphic representations in Diophantine geometry.
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1. Basics: lattices, general type and neatness

For any integer n > 1, let HnC be the n-dimensional complex hyperbolic space,
represented by the unit ball in Cn equipped with the Bergman metric of con-
stant holomorphic sectional curvature −4/(n+ 1), on which the real Lie group
U(n, 1) acts in a natural way.
Given a lattice Γ ⊂ U(n, 1) we denote by Γ̄ = Γ/Γ ∩ U(1) its image in the
adjoint group PU(n, 1) = U(n, 1)/U(1), where U(1) is centrally embedded in
U(n, 1). Conversely any lattice Γ̄ ⊂ PU(n, 1) = PSU(n, 1) is the image of a
lattice in U(n, 1), namely the lattice U(1)Γ̄∩SU(n, 1). We consider the quotient
YΓ = YΓ̄ = Γ̄\HnC.

Lemma 1.1. Let Γ be a lattice in U(n, 1).

(i) The analytic variety YΓ is an orbifold and one has the following impli-
cations:

Γ neat⇒ Γ torsion-free⇒ Γ̄ torsion-free⇒ YΓ hyperbolic manifold.

(ii) Assume that Γ̄ is torsion-free. Then the natural projection HnC → YΓ
is an etale covering with deck transformation group Γ̄.

Proof. The stabilizer in U(n, 1) of any point of HnC is a compact group, hence
its intersection with the discrete subgroup Γ is finite, showing that YΓ is an
orbifold.
Recall that Γ is neat if the subgroup of C× generated by the eigenvalues of
any γ ∈ Γ is torsion-free. In particular Γ is torsion-free. Since Γ ∩ U(1) is
finite, this implies that Γ̄ is torsion-free too. Under the latter assumption,
Γ ∩ U(1) acts trivially on HnC, and Γ̄ acts freely and properly discontinuously
on it, hence YΓ is a manifold. Since HnC is simply connected, it is a universal
covering space of YΓ with group Γ̄. Hence any holomorphic map from C to YΓ
lifts to a holomorphic map from C to HnC which must be constant because HnC
has negative curvature. Thus YΓ is hyperbolic. �

Deligne’s classification [De] of Shimura varieties implies, when Γ is a congru-
ence subgroup, that YΓ admits an embedding in a Shimura variety. Hence, by
Shimura’s theory of canonical models, YΓ can be defined over a finite abelian
extension of the reflex field M .
We claim that this is also true for Γ arithmetic, when sufficiently small. Indeed
any such YΓ is a finite unramified cover of a congruence quotient YΓ′ which
we have seen is defined over a number field. By Grothendieck, the finite index
subgroup Γ̄ of the topological fundamental group Γ̄′ of YΓ′(C) gives rise to
a finite index subgroup of the algebraic fundamental group of YΓ′ , yielding a
finite algebraic (etale) map from a model of YΓ to YΓ′ .
In the cocompact case, this remains true even when Γ is not arithmetic.

Proposition 1.2. Assume that Γ̄ is cocompact and torsion-free. Then the
projective variety YΓ̄ is of general type and can be defined over a number field.
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Proof. The existence of the positive Bergman metric on HnC implies by the
Kodaira embedding theorem that any quotient by a free action such as YΓ̄
has ample canonical bundle, which results in YΓ̄ being of general type; it even
implies that any subvariety of YΓ̄ is of general type. For surfaces one may
alternately use the hyperbolicity of YΓ̄ to rule out all the cases in the Enriques-
Kodaira classification where the Kodaira dimension is less than 2, thus showing
that YΓ̄ is of general type.
Calabi and Vesentini [CV] have proved that YΓ̄ is locally rigid, hence by Shimura
[S1] it can be defined over a number field.
In order to highlight the importance of rigidity of compact ball quotients, we
provide a short second proof when n = 2 and Γ is arithmetic, based on Yau’s
algebro-geometric characterization of compact Kähler surfaces covered by H2

C.
Since YΓ̄ has an ample canonical bundle it can be embedded in some projective
space, hence is algebraic over C by Chow. Since YΓ̄ is uniformized by H2

C,
the Chern numbers c1, c2 of its complex tangent bundle satisfy the relation
c21 = 3c2. Since everything can be defined algebraically, for any automorphism
σ of C, the variety Y σ

Γ̄
also has ample canonical bundle and cσ21 = 3cσ2 . By a

famous result of Yau [Y, Theorem 4], this is equivalent to the fact that Y σ
Γ̄

may

be realized as Γ̄σ\H2
C for some cocompact torsion-free lattice Γ̄σ.

Since Γ̄ is arithmetic, it has infinite index in its commensurator in PU(2, 1),
denoted by Comm(Γ̄). For every element g ∈ Comm(Γ̄) there is a Hecke
correspondence

(1) YΓ̄ ← YΓ̄∩g−1Γ̄g
∼−→
g·

YgΓ̄g−1∩Γ̄ → YΓ̄

and the correspondences for g and g′ differ by an isomorphism YgΓ̄g−1∩Γ̄
∼−→

Yg′Γ̄g′−1∩Γ̄ over YΓ̄ if and only if g′ ∈ Γ̄g. By Chow (1) is defined algebraically,
hence yields a correspondence on Y σ

Γ̄
= YΓ̄σ :

YΓ̄σ ← YΓ̄1

∼−→ YΓ̄2
→ YΓ̄σ ,

for some finite index subgroups Γ̄1 and Γ̄2 of Γ̄σ. By the universal property
of the covering space H2

C, the middle isomorphism is given by an element of
gσ ∈ PU(2, 1) ≃ Aut(H2

C). Since Aut(H2
C/YΓ̄i) = Γ̄i (i = 1, 2), it easily follows

that Γ̄2 = gσΓ̄1g
−1
σ , and by applying σ−1 one sees that Γ̄1 = Γ̄σ ∩ g−1

σ Γ̄σgσ.
It follows that gσ ∈ CommG(Γσ) and one can check that g′σ ∈ Γ̄σgσ if and
only if g′ ∈ Γ̄g. Therefore Comm(Γ̄σ)/Γ̄σ ≃ Comm(Γ̄)/Γ̄ is infinite too, which
by a major theorem of Margulis implies that Γ̄σ is arithmetic, providing an
alternative proof of a result of Kazhdan.
Thus Aut(C) acts on the set of isomorphism classes of cocompact arithmetic
quotients YΓ̄, or equivalently, on the set of equivalence classes of cocompact
arithmetic subgroups Γ̄ (up to conjugation by an element of PU(2, 1)). The
latter set is countable for the following reason. The group U(2, 1) has only
countably many Q-forms, classified by central simple algebras of dimension 9
over M , endowed with an involution of a second kind and verifying some condi-
tions at infinity (see [PR, pp. 87-88]). Moreover, there are only countably many
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arithmetic subgroups for a given Q-form, since those are all finitely generated
and contained in their common commensurator, which is countable.
Finally, by [G, Corollary 2.13], the fact that YΓ̄ has a countable orbit under
the action of Aut(C) is equivalent to YΓ̄ being defined over a number field. �

It is a well known fact that any orbifold admits a finite cover which is a manifold.
In view of Lemma 1.1, the two lemmas below provide such covers explicitly for
arithmetic quotients.

Definition 1.3. For every ideal N ⊂ O we define the congruence subgroup
Γ(N) (resp. Γ0(N), resp. Γ1(N)) as the kernel (resp. the inverse image of upper
triangular, resp. upper unipotent, matrices) of the composite homomorphism:

G(o) →֒ GL(n+ 1,O)→ GL(n+ 1,O/N).

The following lemma is well-known (see [H1, Lemma 4.3]).

Lemma 1.4. For any integer N > 2 the group Γ(N) is neat.

Lemma 1.5. Suppose that n = 2 and that M is an imaginary quadratic field of
fundamental discriminant −D /∈ {−3,−4,−7,−8,−24}. Then Γ1(

√
−DO) is

neat.

Proof. Suppose that the subgroup of C× generated by the eigenvalues of some
γ ∈ Γ1(

√
−DO) contains a non-trivial root of unity. Note first that det(γ) ∈

O× ∩ (1 +
√
−DO) = {1}.

If γ is elliptic then it is necessarily of finite order. Otherwise γ fixes a boundary
point of H2

C ⊂ P2(C) and is therefore conjugated in GL(3,C) to a matrix of

the form
( ᾱ ∗ ∗

0 β ∗
0 0 α−1

)
, where β is necessarily a root of unity. If β = 1, then

det(γ) = 1 implies that α ∈ R, leading to α = −1. Hence, in all cases, one may
assume γ has a non-trivial root of unity ζ as an eigenvalue.
By the Cayley-Hamilton theorem we have [M(ζ) : M ] ≤ 3 and since D 6= 7
we may assume (after possibly raising γ to some power) that ζ has order 2 or
3. By the congruence condition, each prime p dividing D has to divide also
the norm of ζ − 1, hence D can be divisible only by the primes 2 or 3. Thus
D ∈ {3, 4, 8, 24}, leading to a contradiction. �

2. Irregularity of arithmetic varieties

Let z 7→ z̄ be the non-trivial automorphism of M/F and let ω be the quadratic
character of M/F , viewed as a Hecke character of F . Put M1 = {z ∈ M× |
zz̄ = 1}, which we will view as an algebraic torus over F and denote by A1

M

its AF -points.
We denote by q(X) the irregularity of X , given by the dimension of H0(X,Ω1

X).

2.1. Automorphic forms contributing to the irregularity. Fix a
maximal compact subgroup K∞ ≃ (U(n) × U(1)) × U(n + 1)d−1 of the real
linear Lie group G∞ = G(F ⊗Q R) ≃ U(n, 1)×U(n+ 1)d−1. Let Γ ⊂ G(F ) be
a lattice such that Γ̄ is torsion free.
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Since YΓ is the Eilenberg-MacLane space of Γ, there is a decomposition:

(2) H1(YΓ,C) ≃ H1(Γ̄,C) ≃
⊕

π∞

H1(Lie(G∞),K∞;π∞)⊕m(π∞,Γ),

where π∞ runs over irreducible unitary representations of G∞ occurring
in the discrete spectrum of L2(Γ\G∞) with multiplicity m(π∞,Γ), and
H∗(Lie(G∞),K∞;π∞) is the relative Lie algebra cohomology. When Γ is co-
compact, the entire L2-spectrum is discrete and this decomposition follows from
[BW, XIII]. When Γ is non-cocompact, one gets by [BC, §4.4-4.5] such a de-
composition, but only for the L2-cohomology of YΓ. However, one knows (see
[MR, §1]) that H1(YΓ,C) is isomorphic to the middle intersection cohomology
(in degree 1) of Y ∗

Γ , which is in turn isomorphic to the L2-cohomology (in degree
1) of YΓ.
By [BW, VI.4.11] there are exactly two irreducible non-tempered unitary rep-
resentations of SU(n, 1) with trivial central character, denoted J1,0 and J0,1,
each of whose relative Lie algebra cohomology in degree 1 does not vanish
and is in fact one dimensional. Since U(n, 1) is the product of its center with
SU(n, 1), J1,0 and J0,1 can be uniquely extended to representations π+ and π−,
say, of U(n, 1) with trivial central characters (when n = 2 those are the repre-
sentations J+ and J− from [R1, p.178]). It follows that at the distinguished
Archimedean place ι, where G(Fι) = U(n, 1), we have

H1(Lie(U(n, 1)),U(n) ×U(1);πι) =

{
C , if πι = π+ or π−,

0 , otherwise.

Moreover the only irreducible unitary representation with non-zero relative Lie
algebra cohomology in degree 0 is the trivial representation 1, which does not
contribute in degree 1; in particular π+ 6= 1 and π− 6= 1 . This allows us to
deduce from (2) the following formula

(3) dimC H1(YΓ,C) = m(π+ ⊗ 1
⊗d−1,Γ) +m(π− ⊗ 1

⊗d−1,Γ),

where π+ and π− are viewed as representations of G(Fι) = U(n, 1) and 1
⊗d−1

denotes the trivial representation of U(n+ 1)d−1.
By [MR, §1], H1(YΓ,C) is isomorphic to H1(XΓ,C), hence admits a pure Hodge
structure of weight 1 and its dimension is given by 2q(XΓ). In particular, the
natural map H0(XΓ,Ω

1
XΓ

)→ H0(YΓ,Ω
1
YΓ

) is an isomorphism, i.e.,

(4) q(YΓ) = q(XΓ).

It is known that π+ ⊗ 1
⊗d−1 (resp. π− ⊗ 1

⊗d−1) contributes to H0(YΓ,Ω
1
YΓ

)

(resp. H1(YΓ,Ω
0
YΓ

)). Since the latter two groups have the same dimension, it
follows from (3) that

(5) q(YΓ) = m(π+ ⊗ 1
⊗d−1,Γ) = m(π− ⊗ 1

⊗d−1,Γ).

We will now focus on the case when Γ is a congruence subgroup and switch to
the adelic setting which is better suited for computing the irregularity. For any
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open compact subgroup K of G(AF,f ), where AF,f denotes the ring of finite
adeles of F , we consider the adelic quotient

(6) YK = G(F )\G(AF )/KK∞.

Let G1 = ker(det : G → M1) be the derived group of G. Since G1 is simply
connected and G1

∞ is non-compact, G1(F ) is dense in G1(AF,f ) by strong
approximation (see [PR, Theorem 7.12]). It follows that the group of connected
components of YK is isomorphic to the idele class group:

(7) π0(YK) ≃ A1
M/M

1 det(K)M1
∞.

To describe each connected component of YK , choose ti ∈ G(AF,f ), 1 ≤
i ≤ h, such that (det(ti))1≤i≤h forms a complete set of representatives of

A1
M/M

1 det(K)M1
∞, and let Γi = G(F ) ∩ tiKt−1

i G∞. Then

(8) G(F )\G(AF )/K =

h∐

i=1

Γi\G∞ and YK =

h∐

i=1

YΓi .

Therefore (2) and (5) can be rewritten as:

(9) H1(YK ,C) ≃
⊕

π=π∞⊗πf

(
H1(Lie(G∞),K∞;π∞)⊗ πKf

)⊕m(π)
and

(10) q(YK) =
∑

π=π∞⊗πf
π∞=πι⊗1

⊗d−1,πι≃π+

m(π) dim(πKf ) =
∑

π=π∞⊗πf
π∞=πι⊗1

⊗d−1,πι≃π−

m(π) dim(πKf ),

where π runs over all automorphic representation ofG(AF ) occurring discretely,
with multiplicity m(π), in L2(G(F )\G(AF )).

2.2. Irregularity growth. Non-vanishing of q(YΓ) for sufficiently small
congruence subgroups is known by a theorem of Shimura [S2, Theorem 8.1],
extending earlier works of Kazhdan and Borel-Wallach [BW, VIII]. Our Dio-
phantine results require however the stronger assumption that q(YΓ) > n, which
we establish as a corollary of the next proposition.

Proposition 2.1. For every open compact subgroup K ⊂ G(AF,f ) such that
q(YK) 6= 0 there exist infinitely many primes p of F for which one can find
an explicit finite index subgroup K ′ ⊂ K differing form K only at p, such that
π0(YK′) = π0(YK) and q(YK′) > q(YK).

Proof. Since q(YK) 6= 0 by assumption, formula (10) implies that there exists
an automorphic representation π with π∞ = πι ⊗ 1

⊗d−1, πι ≃ π+, such that
m(π) 6= 0 and πKf 6= 0.

Let p be a prime of F which splits in M , so that G(Fp) = GL(n + 1, Fp).

Assume that K = K0
p × K(p) where K0

p = GL(n + 1, op) is the standard

maximal compact subgroup of G(Fp) and K(p) is the part of K away from
p. In particular πp is unramified. Moreover πp is a unitary representation,
since it is a local component of an automorphic representation. By the main
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result of [T], πp is then the full induced representation of GL(n + 1, Fp) from
an unramified character µ of a parabolic subgroup P (Fp).
We claim that, in our case, P is a proper parabolic subgroup. Otherwise
πp will be one dimensional, hence G1(Fp) will act trivially. Since by strong
approximation G1(F )G1(Fp) is dense in G1(AF ), the latter will act trivially on
any smooth vector in π, contradicting the fact that πι 6≃ 1.
Let Fq = o/p be the residue field of Fp and denote by P (Fq) the corresponding
parabolic subgroup of G(Fq). Let K0,P (p) is the inverse image of P (Fq) under
the reduction modulo p homomorphism GL(n+ 1, op)→ GL(n+ 1,Fq).
Consider K ′ = K0,P (p)K(p). Since det(K ′) = det(K), (7) implies that
π0(YK′) = π0(YK). Moreover, formula (10) implies that

q(YK′) ≥ q(YK) + dim(π
K0,P (p)
p )− dim(π

K0
p

p ) = q(YK) + dim(π
K0,P (p)
p )− 1,

hence it suffices to show that the K0,P (p)-invariants in πp form at least a 2-
dimensional space. We claim that we even have

(11) dim(π
K0,P (p)
p ) ≥ n+ 1.

Indeed, since µ is unramified, its restriction to P ∩K0
p is trivial. Therefore by

the Iwasawa decomposition G(Fp) = P (Fp) ·K0
p the restriction of πp to K0

p is

isomorphic to Ind
K0

p

P (Fp)∩K0
p
(1).

The subspace of K0,P (p)-invariant vectors in Ind
K0

p

P (Fp)∩K0
p
(1) identifies natu-

rally with the space of C-valued functions on the set:
(
P (Fp) ∩K0

p

)
\K0

p/K0,P (p) ≃ P (Fq)\G(Fq)/P (Fq).

and the number of such double cosets is the number of double cosets of the
Weyl group of G relative to the subgroup attached to P . We may assume, for
getting a lower bound, that P is maximal (and proper). The smallest number
appears for P of type (n, 1) and it is n+ 1. The claim follows. �

Corollary 2.2. For every arithmetic subgroup Γ ⊂ G(F ) there exists an
explicit subgroup Γ′ of finite index in Γ such that q(YΓ′) > q(YΓ).

Proof. By [S2, Theorem 8.1] there exists an open compact subgroup K of
G(AF,f ) such that q(YK) 6= 0 (one might take the principal congruence sub-
group of level 2N , which is included in the index 4 subgroup of the principal
congruence subgroup of level N considered by Shimura). Denote by h the car-
dinality of π0(YK). Applying recursively Proposition 2.1 yields a finite index
subgroup K ′ ⊂ K, such that π0(YK′) = π0(YK) and

q(YK′) > h · q(YΓ).

Write YK′ =
∐h
i=1 YΓ′

i
as in (8), and let Γ′ = ∩hi=1Γ′

i. Since the irregularity
cannot decrease by going to a finite cover, one has:

q(YΓ′∩Γ) ≥ q(YΓ′) ≥ max
1≤i≤h

q(YΓ′
i
) ≥ 1

h

h∑

i=1

q(YΓ′
i
) =

1

h
q(YK′) > q(YΓ).
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�

One can simplify the final step of the proof above and use any Γ′
i instead of

∩hi=1Γ′
i, since Shimura’s theory of canonical models implies that the connected

components of YK′ are all Galois conjugates, hence share the same irregularity.

3. Irregularity of arithmetic surfaces

The positivity of q(YΓ) is an essential ingredient in the proof of our Diophantine
results.
The starting point for the arithmetic application of this paper was our knowl-
edge that Rogawski’s classification [R1, R2] of cohomological automorphic
forms on G, combined with some local representation theory, would allow us
to compute q(YΓ) precisely and show that it does not vanish for some explicit
congruence subgroups Γ. Marshall [Ma] gives sharp asymptotic bounds for
q(YΓ) when Γ shrinks, also by using Rogawski’s theory.
In this section we assume that n = 2.

3.1. Rogawski’s theory. Rogawski [R1, R2] gives an explicit description, in
terms of global Arthur packets, of the automorphic representations π of G(AF )
occurring in (10), which we will now present.
Let T denote the maximal torus of the standard upper-triangular Borel sub-
group B of G.
Let G′ denote the quasi-split unitary group associated to M/F , so that G is
an inner form of G′. Note that Gv ≃ G′

v for any finite place v and that G ≃ G′

only for d = 1.
Let λ be a unitary Hecke character of M whose restriction to F is ω, and let ν
be a unitary character of A1

M/M
1.

At a place v of F which does not split in M , which includes any Archimedean
v, the local Arthur packet Π′(λv, νv) consists of a square-integrable representa-
tion πs(λv, νv) and a non-tempered representation πn(λv, νv) of G′(Fv). These
constituents of the packet can be described (see [R1, §12.2]) as the unique
subrepresentation and the corresponding (Langlands) quotient representation
of the induction of the character of B(Fv) which is trivial on the unipotent
subgroup and given on T (Fv) by:

(12) (ᾱ, β, α−1) 7→ λv(ᾱ)|α|3/2Mv
νv(β), where α ∈M×

v , β ∈M1
v .

If one considers unitary induction, then one has to divide the above charac-
ter by the square root of the modular character of B(Fv), that is to say by
(ᾱ, β, α−1) 7→ |α|Mv .
At any finite place v of F which splits in M , Gv ≃ G′

v also splits and is
isomorphic to GL(3, Fv). The local Arthur packet Π′(λv, νv) has a unique
element πn(λv , νv) which is induced from the character:


 h2

∗
∗

0 0 h1


 7→ λv(det(h2))| det(h2)|3/2v νv(h1)
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of the maximal parabolic of type (2, 1) in GL(3, Fv) (see [R2, §1]).
For almost all v, πn(λv, νv) is necessarily unramified. We set

Π′(λ, ν) = {⊗vπv|πv ∈ Π′(λv, νv) for all v ,

and πv ≃ πn(λv, νv) for almost all v} .
Recall that a CM type Φ on M is the choice, for each Archimedean place v of
F , of an isomorphism M ⊗F,v R ≃ C.

Definition 3.1. Let Ξ denote the set of pairs (λ, ν) where λ is a unitary
Hecke character of M whose restriction to F is ω, and ν is a unitary character
of A1

M/M
1, such that

(13) λ∞(z) =
∏

v∈Φ

z̄v
|zv|

, for all z ∈M∞ and

ν∞(z) =
∏

v∈Φ

zv , for all z ∈M1
∞,

for some CM type Φ on M .

Theorem 3.2 (Rogawski [R1, R2]). (i) For every (λ, ν) ∈ Ξ, Π′(λ, ν) is a
global Arthur packet for G′ such that for all infinite v, πn(λv, νv) = π+

or π−.
(ii) Π′(λ, ν) can be transferred to an Arthur packet Π(λ, ν) on G such that

Π(λv, νv) = {1} at all the Archimedean places v 6= ι, and Π(λv, νv) =
Π′(λv , νv) at the remaining places.

(iii) Denote by W (λνM ) ∈ {±1} the root number of the Hecke character
λνM , where νM (z) = ν(z̄/z) for z ∈ A×

M , and by s(π) the number of
finite places v such that πv ≃ πs(λv, νv). Then

π ∈ Π(λ, ν) is automorphic if and only if W (λνM ) = (−1)d−1+s(π).

Moreover, in this case the global multiplicity m(π) is 1.
(iv) Any automorphic representation π of G(AF ) such that πι = π+ or π−,

and πv = 1 at all the Archimedean places v 6= ι, belongs to Π(λ, ν) for
some (λ, ν) ∈ Ξ.

Proof. Let H = U(2)×U(1) be the unique elliptic endoscopic group, shared by
G′ and all its inner forms over F . The embedding of L-groups LH →֒ LG = LG′

depends on the choice of a Hecke character µ of M , whose restriction to F is ω,
and allows one to transfer discrete L-packets on H to automorphic L-packets
on G (see [R2, §13.3]). The character µ being fixed, any pair of characters
(λ, ν) ∈ Ξ uniquely determines a (one-dimensional) character of H , whose
endoscopic transfer is Π′(λ, ν) (see [R2, §1]).
Denote by WF (resp. WM ) the global Weil group of F (resp. M). By loc.cit.,
the restriction to WM of the global Arthur parameter

WF × SL(2,C)→ LG = GL(3,C)⋊Gal(M/F )

of Π′(λ, ν) is given by the 3-dimensional representation (λ ⊗ St) ⊕ (νM ⊗ 1),
where St (resp. 1) is the standard 2-dimensional (resp. trivial) representation
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of SL(2,C). By [La, p.62] the restrictions to C× of the Langlands parameters of

π+ and π− are given by z 7→
(
z̄ 0 0
0 z/z̄ 0

0 0 z−1

)
and its complex conjugate, hence for

every Archimedean place v one has πn(λv, νv) = π+ or π−, depending on the
choice of isomorphism M⊗F,vR ≃ C in the CM type Φ. It follows that for every
Archimedean place v, Π′(λv, νv) is a packet containing a discrete series repre-
sentation of G′

v, and thus by [R1, §14.4], there will be a corresponding Arthur
packet Π(λ, ν) of representations of G(AF ) such that at any Archimedean place
v 6= ι, Π(λv , νv) is a singleton consisting of a finite-dimensional representation
of the compact real group G(Fv) = U(3). In the notation of [R2, p.397] the
representations π+ and π− have parameters (r, s) = (1,−1) and (r, s) = (0, 1),
respectively, and hence, by the recipe on the same page, the highest weight of
the associated finite-dimensional representation equals (1, 0,−1). Therefore at
every Archimedean v 6= ι we have Π(λv , νv) = {1}.
So far we have established (i) and (ii), while (iii) is the content of [R2, Theorem
1.1].
Conversely, any π as in (iv) is discrete, hence belongs to an Arthur packet Π
on G, which can be transferred to an Arthur packet Π′ on G′ (see [R1, §14.4
and Proposition 14.6.2]). By definition, Πv = Π′

v at v = ι and at all the finite
places v (where, as noted earlier, Gv = G′

v). In particular π+ or π− belongs to
Πι = Π′

ι, hence Π′ arises by endoscopy from H , that is to say equals Π′(λ, ν)
for some unitary Hecke character λ of M whose restriction to F is ω, and some
unitary character of A1

M/M
1 (see [R1, Theorem 13.3.6]). Since Πv = {1} for

all the Archimedean places v 6= ι, by the above mentioned recipe Π(λv, νv)
contains either π+ or π−, implying that (λ, ν) ∈ Ξ (see Definition 3.1). �

3.2. Irregularity of the connected components. Let K be an open
compact subgroup of G(AF,f ). Using Theorem 3.2(iii) one can transform (10)
into the formula:

(14) 4q(YK) =
∑

(λ,ν)∈Ξ

∑

π∈Π(λ,ν)

dim(πKf )(W (λνM ) + (−1)d−1+s(π)).

We will now deduce a similar formula for the irregularity of the connected
component of identity YΓ of YK , where Γ = G(F ) ∩KG∞.

Recall (see (7)) that π0(YK) ≃ A1
M/M

1 det(K)M1
∞, and denote by π̂0(YK)

its (finite, abelian) group of characters. Consider the free action of π̂0(YK)

on the set Ξ given by (χ, (λ, ν)) 7→ (λχ−1
M , νχ), and denote by Ξ/π̂0(YK) the

quotient set. Since for any π ∈ Π(λ, ν) and any χ ∈ π̂0(YK) one has π ⊗
χ ∈ Π(λχ−1

M , νχ), the group π̂0(YK) acts freely on the set of automorphic
representations contributing to q(YK). Moreover this action preserves λνM ,
s(π) and the dimension of πKf . Hence, in the notations of (8), for any 1 ≤ i ≤ h,
the image of the composite map

H1(Lie(G∞),K∞;π∞)⊗ πKf → H1(YK ,C)→ H1(YΓi ,C),
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where the first map comes from (9) and the second from the inclusion YΓi ⊂ YK ,

does not change when replacing π by π ⊗ χ for any χ ∈ π̂0(YK).

It follows that q(YΓi) ≤ 1
hq(YK) for all 1 ≤ i ≤ h. Since

∑h
i=1 q(YΓi) = q(YK),

we deduce that q(YΓi) = 1
hq(YK) for all 1 ≤ i ≤ h. This establishes the formula:

(15) 4q(YΓ) =
∑

(λ,ν)∈Ξ/π̂0(YK)

∑

π∈Π(λ,ν)

dim(πKf )(W (λνM ) + (−1)d−1+s(π)).

This formula shows the importance of calculating dim(πKf ) which, when K is of

the form
∏
vKv with v running over all the finite places of F , can be reduced to

a local computation of dim(πKvv ). This will be taken up in the following section
at places v where Kv is not the hyperspecial maximal compact subgroup K0

v .

3.3. Levels of induced representations. Let p be a prime of F divisible
by a unique prime P of M and let Fq be the residue field o/p. In this section
we exhibit open compact subgroups Kp of G(Fp) for which πn(λp, νp) (resp.
πs(λp, νp)) admit a non-zero Kp-invariant subspace, and compute in some cases
the exact dimension of this space.
For every integer m ≥ 1, we define the open compact subgroup K(Pm) (resp.
K0(Pm), resp. K1(P

m)) of G(Fp) as the kernel (resp. the inverse image of
upper triangular, resp. upper unipotent, matrices) of the composite homomor-
phism:

(16) G(op) →֒ GL(3,OP)→ GL(3,O/Pm).

Lemma 3.3. Letm ∈ Z>0 be such that the character (12) is trivial on K1(Pm)∩
T (Fp). Then both πn(λp, νp) and πs(λp, νp) have non-zero fixed vectors under
K1(Pm).

Proof. Let J denote the Jacquet functor sending admissible G(Fp)-
representations to admissible T (Fp)-representations. The Jacquet functor
is exact and its basic properties imply:

J(πs(λp, νp)) : (ᾱ, β, α
−1) 7→ λp(ᾱ)νp(β)|α|

3/2
Mp

= λp(ᾱ)νp(β)|α|
1/2
Mp

|α|Mp ,

J(πn(λp, νp)) : (ᾱ, β, α
−1) 7→ λp(ᾱ)νp(β)|α|

1/2
Mp

= λp(ᾱ)νp(β)|α|
−1/2
Mp

|α|Mp .
(17)

One knows that K1(Pm) admits an Iwahori decomposition:

K1(Pm) = (K1(Pm) ∩N(Fp)) · (K1(Pm) ∩ T (Fp)) · (K1(Pm) ∩ N̄(Fp)),

where N(Fp) (resp. N̄(Fp)) denotes the unipotent of the standard (resp. op-
posite) Borel containing T (Fp). This is proved for the principal congruence
subgroup K(Pm) in [C, Proposition 1.4.4] and the extension to K1(Pm) is
straightforward. Now by the proof of [C, Proposition 3.3.6], given any admis-
sible G(Fp)-representation V , one has a canonical surjection:

V K1(P
m) ։ J(V )K1(P

m)∩T (Fp).

Since both characters in (17) are trivial on K1(Pm)∩T (Fp), the claim follows.
�
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Lemma 3.4. Suppose that p is inert in M and that (λp, νp) is unramified. Then
the dimension of the K0(p)-fixed subspace of both πs(λp, νp) and πn(λp, νp)
is 1. Moreover the dimension of the K(p)-fixed subspace of πs(λp, νp) (resp.
πn(λp, νp)) is q3 (resp. 1).

Proof. Since (λp, νp) is unramified, restriction to the standard hyperspecial
maximal compact subgroup K0

p of G(Fp) yields, by Iwasawa decomposition

G(Fp) = B(Fp) ·K0
p , the following exact sequence:

0→ πs(λp, νp)|K0
p
→ Ind

K0
p

B(Fp)∩K0
p
(1)→ πn(λp, νp)|K0

p
→ 0.

The subspace of K(p)-invariant vectors in Ind
K0

p

B(Fp)∩K0
p
(1) identifies naturally

with the space of C-valued functions on the set:
(
B(Fp) ∩K0

p

)
\K0

p/K(p) ≃ B(Fq)\G(Fq),

on which K0
p/K(p) = G(Fq) acts by right translation. By the Iwahori decom-

position, since G(Fq) has rank 1, the representation Ind
G(Fq)
B(Fq)

(1) has exactly

two irreducible constituents which are the trivial representation and the Stein-
berg representation, implying that both πn(λp, νp)K0(p) and πs(λp, νp)K0(p) are

one-dimensional. Since πs(λp, νp)K
0
p = 0, it follows that πn(λp, νp)K(p) (resp.

πs(λp, νp)K(p) ) is isomorphic to the trivial (resp. Steinberg) representation of
G(Fq), hence its dimension equals 1 (resp. q3). �

3.4. Surfaces with positive irregularity. The existence of Hecke char-
acters λ of M satisfying (13) goes back to Chevalley and Weil. We will show
that there are still such characters if one further imposes their restriction to F
to be ω.

Lemma 3.5. For any CM extensionM/F and any CM type Φ onM , there exist
Hecke characters λ of M whose restriction to F equals ω, such that λ∞(z) =∏

v∈Φ

z̄v
|zv|

for all z ∈M×
∞.

Proof. Since M is totally imaginary, λ∞ and ω agree on F×
∞, hence there is a

character λ0 of A×
FM

×
∞ extending both.

We show now that λ0 can be extended to a Hecke character λ of M , which
will obviously satisfy the assumptions of the lemma. Since M/F is totally
imaginary, o×2 has finite index in O×. By [Ch, Théorème 1] there exists an
open compact subgroup U of A×

M,f such that U ∩O× ⊂ o×2. We may, and we
will, assume that U is contained in the congruence subgroup whose level is the
relative different of M/F and by replacing U by U ∩ Ū we can further assume
that U = Ū . Since the Artin conductor of ω is the relative discriminant of
M/F , it follows that ω is trivial on U ∩ A×

F,f . Hence one can extend λ0 to a

character of A×
FUM

×
∞ by letting it be trivial on U .

Suppose we knew that

(18) M× ∩ A×
FUM

×
∞ = F×.
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Then there is a unique character of M×A×
FUM

×
∞ extending both λ0 and the

trivial character of M×U . Since A×
M/M

×A×
FUM

×
∞ is a finite abelian (idele

class) group, the character above can be further extended to a character λ of
A×
M/M

×, and any such extension has the desired properties.

It remains to prove (18). Let x ∈M× ∩A×
FUM

×
∞. Then

x̄/x ∈M1 ∩ UM1
∞ = O× ∩ UM1

∞ ⊂ o×2.

Since F×2 ∩M1 = {1}, we have x = x̄ ∈ F×. �

Proposition 3.6. Fix any Hecke character λ of M satisfying (13) whose re-
striction to F is ω. Let p be a prime of F which splits in M and is relatively
prime to the conductor C of λ. If W (λ3) = (−1)d we choose a prime q of F
which does not split in M ; if not, we take q = o. Then q(YΓ1(C)∩Γ0(pq)) > 2.

Proof. Let K = K1(C) ∩ K0(pq), so that Γ = G(F ) ∩ KK∞. Let Π(λ, λ−1
|M1 )

be the global Arthur packet on G associated to λ. Let π = ⊗vπv ∈ Π(λ, λ−1
|M1 )

be such that πι = π+, πv = 1 for every infinite place v 6= ι, πv = πn,v for every
finite v 6= q, and finally if W (λ3) = (−1)d then πq = πs,q. By Theorem 3.2(iii),
π is automorphic, and by Lemma 3.3, we have πKvn,v 6= 0 for all finite places

v 6= p, q. Moreover, if q 6= o, then π
Kq

s,q 6= 0 by Lemma 3.3 (resp. Lemma 3.4 ) if

q divides (resp. does not divide) C. Finally (11) implies that dim(π
K0(p)
p ) ≥ 3,

hence q(YΓ) ≥ 3 by (15) as claimed. �

Remark 3.7. Since restriction of λ to A×
F equals ω, its conductor C is divisible

by the different of M/F . Hence, unless M/F is unramified everywhere, one
might take as q a place where M/F is ramified and Proposition 3.6 applies
then to K = K1(C)∩K0(p). Given a totally real number field F , there exists a
totally imaginary quadratic extension M/F unramified everywhere if and only
if all the units in F have norm 1.

For the rest of this section we assume that F = Q, so that G is quasi-split.

Proposition 3.8. Any Γ as in Theorem 0.3 is neat and q(YΓ) > 2.

Proof. There exists an open compact subgroup K of G(AQ,f ) such that Γ =
G(Q) ∩KG(R).
We claim that there exists a Hecke character λ of M of conductor D satisfying
(13), whose restriction to F equals ω. If D 6= 3 is odd or if 8 divides D such
characters, called canonical, are proved to exists by Rohrlich [Ro]. If D > 4
is even but not divisible by 8, then by Yang (see [Ya, p.88]) there are such
characters, called the simplest. Finally for D = 3 (resp. D=4) the claim
follows from the existence of a CM elliptic curve over Q of conductor 27 (resp.
32).
By definition, (λ, λ−1

|M1 ) ∈ Ξ and is trivial on K1(D) ∩ T (AQ,f). Then Lemma

3.3 implies that:

(19) π
K1(D)
f 6= 0 , for all π ∈ Π(λ, λ−1

|M1 ).
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In case (ii) of Theorem 0.3 where Γ = Γ(N) ∩ Γ1(D) we fix a prime p dividing
D and π = ⊗vπv ∈ Π(λ, λ−1

|M1 ) such that πv = πn(λv, λ
−1
|M1

v
) for all v 6= p,N ,

πN = πs(λN , λ
−1
|M1

N
) and

πp =

{
πn(λp, λ

−1
|M1

p
) , if W (λ3) = −1,

πs(λp, λ
−1
|M1

p
) , if W (λ3) = 1.

Since Γ(N) is neat by Lemma 1.4, we can apply (15) which, when combined
with Lemma 3.4, yields

q(YΓ(N)∩Γ1(D)) ≥ dim(π
K(N)
N ) ≥ N3 ≥ 3.

We now turn to case (i) and suppose first that M has class number h ≥ 3.
For any class character ξ one has (λξ, λ−1

|M1 ) ∈ Ξ giving h pairwise distinct

elements in Ξ/ ̂π0(YK1(D)). Fix a prime p dividing D and consider π = ⊗vπv ∈
Π(λξ, λ−1

|M1 ) such that πv = πn(λvξv, λ
−1
|M1

v
) for all v 6= p and

πp =

{
πn(λpξp, λ

−1
|M1

p
) , if W (λ3) = 1,

πs(λpξp, λ
−1
|M1

p
) , if W (λ3) = −1.

Since Γ1(D) is neat by Lemma 1.5, one can apply (15) which combined with
(19) yields q(YΓ1(D)) ≥ h ≥ 3.
If M is one of the 18 imaginary quadratic fields of class number 2, then its
fundamental discriminant D has (exactly) two distinct prime divisors p < q.
For each character λ on M as above, consider π ∈ Π(λ, λ−1

|M1 ) such that πv =

πn(λv, λ
−1
|M1

v
) for all v 6= p, q, and moreover if W (λ3) = 1, then

(πp, πq) = (πn(λp, λ
−1
|M1

p
), πn(λq, λ

−1
|M1

q
)) or (πs(λp, λ

−1
|M1

p
), πs(λq, λ

−1
|M1

q
)),

whereas if W (λ3) = −1, then

(πp, πq) = (πn(λp, λ
−1
|M1

p
), πs(λq, λ

−1
|M1

q
)) or (πs(λp, λ

−1
|M1

p
), πn(λq, λ

−1
|M1

q
)).

If D 6= 24 then Γ1(D) is neat by Lemma 1.5 and (15) implies that q(YΓ1(D)) ≥
2 · 2 = 4. If D = 24 then Γ(D) is neat by Lemma 1.4, since 4 divides D, and
again q(YΓ(D)) ≥ 4.
Finally, we consider the nine imaginary quadratic fields of class number 1.
For D ∈ {7, 11, 19, 43, 67, 163} there is a unique character λ as in the beginning
of the proof. Any character of (1 +

√
−DO/1 + DO) ≃ Z/DZ lifts to a finite

order Hecke character ξ of M with trivial restriction to Q, hence (λξ, λ−1
|M1 ) ∈ Ξ.

Let π = ⊗vπv ∈ Π(λξ, λ−1
|M1 ) be such that πv = πn(λvξv, λ

−1
|M1

v
) for all v 6= D

and

πD =

{
πn(λDξD, λ

−1
|M1

D
) , if W (λ3) = 1,

πs(λDξD, λ
−1
|M1

D
) , if W (λ3) = −1.

Since Γ(D) is neat by Lemma 1.4, by (15) we get q(YΓ(D)) ≥ D ·dim(π
K(D)
D ) ≥

D.
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For D = 3 the same argument with D2 instead of D, implies that q(YΓ(9O)) ≥ 3.

For D = 4 (resp. D = 8) the group Γ(8O) (resp. Γ(2
√
−8O)) is neat by Lemma

1.4 and it is an exercise on idele class groups to show that there are at least three
Hecke characters of M satisfying (13) whose restriction to Q is ω, and whose
conductor divides 8 (resp. 2

√
−8). It follows then from (15) and (19) that for

D = 4 (resp. D = 8) one has q(YΓ(8O)) ≥ 3 (resp. q(YΓ(2
√−8O)) ≥ 3). �

Remark 3.9. The computation of the smallest level K for which there exists
an automorphic representation π ∈ Π(λ, ν) such that πKf 6= 0 is analyzed in

detail in [DR]. In particular, if λ is a canonical character, we check that the
level subgroup at any p dividing D is precisely the one conjectured by B. Gross,
namely the index 2 subgroup of the maximal parahoric subgroup with reductive
quotient PGL(2).

4. The Albanese map and Mordellicity

A major ingredient in the proof of our theorems is the Mordell-Lang conjecture
for abelian varieties in characteristic zero, established by Faltings [F2] using
some earlier work of himself [F1] and Vojta [V] (see Mazur’s detailed account
[M]).

Theorem 4.1 (Mordell-Lang conjecture : theorem of Faltings). Suppose A is
an abelian variety over C and Z ⊂ A a closed subvariety. Then for any finitely
generated field extension k of Q over which Z ⊂ A is defined, the set Z(k) is
contained in a union of finitely many translates of abelian subvarieties of A,
each of which is defined over k and contained in Z.

The following corollary was proved in Moriwaki [Mo, Theorem 1.1]. He stated
it for number fields, but the proof is the same for finitely generated fields over
Q.

Corollary 4.2. Let X be a connected smooth projective variety over C which
does not admit a dominant map to its Albanese variety. Then for any finitely
generated field extension k of Q over which X is defined, the set X(k) is not
Zariski dense in X.

Proof. The conclusion is obvious if X(k) is empty so we may choose a point of
X(k) to define the Albanese map over k:

j : X → Alb(X).

Applying Theorem 4.1 to the closed subvariety Z = j(X) of Alb(X) we get a
finite number, say m ≥ 1, of translates Zi of abelian subvarieties of Alb(X)
defined over k and such that

Z(k) ⊂
m⋃

i=1

Zi(k) and Zi ⊂ Z.
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Since j is defined over k, each k-rational point of X is contained in j−1(Zi) for
some i. If j−1(Zi) were not a proper closed subvariety of X , the universal prop-
erty of the Albanese map would imply that Z = Zi = Alb(X), contradicting
the assumption that j is not dominant. �

Proposition 4.3. For every arithmetic subgroup Γ ⊂ G(F ) there exists a finite
cover of YΓ whose points over any finitely generated field extension of Q are
not Zariski dense, i.e., the Bombieri-Lang conjecture holds for that cover.

Proof. Applying Corollary 2.2 recursively yields a finite index subgroup Γ′ ⊂ Γ,
which one can assume to be torsion free, such that q(YΓ′) > n = dim(YΓ′ ). It
suffices then to apply Corollary 4.2 to YΓ′ in the compact case and, in view of
(4), to XΓ′ in the non-compact case. �

Proof of Theorem 0.1. By Proposition 3.6, we have q(YΓ) > 2, hence YΓ does
not admit a dominant map to its Albanese variety. Moreover YΓ is a geomet-
rically irreducible smooth projective surface, hence by Corollary 4.2 YΓ(k) is
not Zariski dense in YΓ for any finitely generated field extension k of Q over
which YΓ is defined. If YΓ(k) were infinite, then YΓ would contain an irreducible
curve C defined over k and such that C(k) infinite. Since C(k) is Zariski dense
in C, the curve C is geometrically irreducible and its geometric genus is at
most 1 by Theorem 4.1 applied to the Albanese map of C. Taking a complex
uniformization of C would provide a non-constant holomorphic map from C to
YΓ, which is impossible by Lemma 1.1(i) which we can apply as Γ is torsion
free. Therefore YΓ is Mordellic. �

Proof of Theorem 0.2. The Lang locus of a quasi-projective irreducible variety
Z over a number field is defined as the Zariski closure of the union, over all
number fields k, of irreducible components of positive dimension of the Zariski
closure of Z(k). It is clear that Z is arithmetically Mordellic if and only if its
Lang locus is empty. The main theorem in [UY] asserts that, for Γ neat and
sufficiently small, the Lang locus of Y ∗

Γ is either empty or everything.
By Corollary 2.2 one can assume by further shrinking Γ that q(YΓ) > n, and
by (4) we also have q(XΓ) > n for XΓ a smooth toroidal compactification of
YΓ. By Corollary 4.2 the Lang locus of XΓ is not everything, which forces the
Lang locus of Y ∗

Γ to be empty. �

Proof of Theorem 0.3. Let us first show that XΓ is of general type, hence its
canonical divisor KX is big in the sense of [N, Definition 1.1]. Note that just
like irregularity, the Kodaira dimension cannot decrease when going to a finite
covering. By Holzapfel [H2, Theorem 5.4.15] and Feustel [Fe] the surfaceXΓ1(D)

is of general type for all

D /∈ {3, 4, 7, 8, 11, 15, 19, 20, 23, 24, 31, 39, 47, 71}.
Also by [H1, Proposition 4.13], XΓ(N) is of general type for all integers N > 2,
with the possible exceptions of N = 3 and N = 4 when D = 4, implying in
particular that XΓ(D2) is of general type for D ∈ {3, 4, 7, 8, 11, 19}. Finally,
the argument from loc. cit. transports in a straight forward way to the case
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when the level is an ideal of O, yielding that the remaining varieties XΓ(D),
D ∈ {15, 20, 23, 24, 31, 39, 47, 71}, are of general type as well. See [D] where
this has been carried out (it should be noted that his argument works also
when D = 24).

If g =
∑2
i,j=1 gij̄dzidz̄j denotes the Bergman metric of H2

C viewed as the unit

ball {z = (z1, z2) ∈ C2 , |z| < 1}, normalized by requiring that

Ric(g) =

2∑

i,j=1

−∂
2 log(g11̄g22̄ − g21̄g12̄)

∂zi∂z̄j
dzidz̄j = −g,

then the holomorphic sectional curvature is constant and equals −4/3 (see

[GKK, §3.3]), where gij̄ =
3((1−|z|2)δij+z̄izj)

(1−|z|2)2 .

By (4) and Proposition 3.8 we have that Γ is neat and q(XΓ) = q(YΓ) > 2.
Corollary 4.2 then implies that XΓ(k) is not Zariski dense in XΓ for any finitely
generated field extension k of Q over which XΓ is defined. If XΓ(k) is infinite,
arguing as in the proof of Theorem 0.1 shows that XΓ contains a geometrically
irreducible curve C whose geometric genus is at most one. Now applying a
result of Nadel [N, Theorem 2.1] with γ = 1 (so that −γ ≥ −4/3), we see that
the bigness of KX implies that C is contained in the compactifying divisor,
which is a finite union of elliptic curves indexed by the cusps. It follows that
Y ∗
Γ (k) is finite and that XΓ does not contain any rational curves at all, let

alone just those of self intersection −1, hence it is a minimal surface of general
type. �
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Abstract. We construct a projection operator on an unbounded
worm domain which maps subspaces of W s to themselves. The sub-
spaces are determined by a Fourier decomposition of W s according to
a rotational invariance of the worm domain.
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Introduction

Our work is on the non-smooth unbounded worm domains

Dβ = {(z1, z2) ∈ C2 : Re
(
z1e

−i log z2z2) > 0, | log z2z2| < β−π/2} β > π/2.

On a bounded version of the domains Dβ , given by

Ωc =
{

(z1, z2) :
∣∣z1 + ei log z2z2

∣∣2 < 1, | log z2z2| < β − π/2
}
,

C. Kiselman showed the failure of the Bergman projection to preserve C∞(Ωc)
[7]. The model domains, Dβ , were important in [1], where the first author used
them to show the Diedrich-Fornæss worm domains (constructed in [5]) provide a
counterexample to regularity of the Bergman projection on a smoothly bounded
pseudoconvex domain. In a detailed analysis of the Bergman kernel, Krantz
and the third author, in [8], studied the Lp mapping properties of the Bergman
projection onDβ , obtaining the exact range of values of p for which the mapping
is bounded.

1Work of the first author supported in part by the National Science Foundation un-
der Grant No. 1161735. Work of the second author was (partially) supported by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation), grant RU 1474/2
within DFG’s Emmy Noether Programme.
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In this article we look at regularity in terms of Sobolev spaces. We denote by
W s(Dβ) the space of functions whose derivatives of order ≤ s are in L2(Dβ),
and by W s

D
(Dβ) the closure of D := C∞

0 (Dβ) in W s(Dβ). The first author’s
results on smooth domains relied on the fact (proved in the same paper) that
the Bergman projection on the model domain, Dβ, fails to map W s

D
(Dβ) to

W s(Dβ) for large enough s [1]. More precisely, the failure to preserve Sobolev
spaces was proved on subspaces (defined as W s

j (Dβ) below). This was instru-
mental in proving that Condition R, in which for each s ≥ 0 there exists an
M ≥ 0 such that the Bergman projection is bounded as a map from W s+M

D
(Ω)

to W s(Ω) ([3]), fails when Ω is the Diederich-Fornæss worm domain [4]. We
point out that for a smoothly bounded pseudoconvex domain Condition R is
equivalent to the apparently stronger condition in which the larger domain
W s+M (Ω) replaces W s+M

D
(Ω). This equivalence also holds on the domains

Dβ : the first author constructed a composition of first order operators which
allow us to consider the Bergman projection acting on functions which vanish
to desired order at the boundary, without changing the resulting image of the
projection (see Theorem 2.2 and specifically Theorem 3.1 in [2]).
The question remained whether there exists another (oblique) projection op-
erator which preserves the level of the Sobolev spaces. We construct such an
operator in the present article.
We now state our main result. From the rotational invariance of Dβ with
respect to the rotations, ρθ(z) = (z1, e

iθz2), we can decompose the Bergman
space B(Dβ) = L2(Dβ) ∩ O(Dβ) by

B(Dβ) =
⊕

j∈Z

Bj(Dβ),

where Bj(Dβ) consists of functions f ∈ B(Dβ) satisfying f ◦ ρθ ≡ eijθf . The
space L2(Dβ) admits a similar decomposition into subspaces L2

j(Dβ), and we

can define W s
j (Dβ) = L2

j(Dβ) ∩W s(Dβ).
Our main theorem is grounded on adjustments to factors which imply the
obstruction to regularity of the Bergman projection on worm domains. The
Bergman kernel for each space, Bj(Dβ) is explicitly calculated and expressed
as an integral in the form:

Kj(z, w) =
1

2π2
zj2w

j
2

∫

R

(ξ − j+1
2 )ξ

sinh
[
(2β − π)(ξ − j+1

2 )
]

sinhπξ
ziξ−1
1 w−iξ−1

1 dξ,

where, with an abuse of notation, we write

zα1 = (z1e
−i log z2z2)αeiα log z2z2 .

Such a power of z1 is holomorphic on Dβ as is easy to see, and it is locally
constant in |z2|, but not constant if α is not an integer and β > π. In fact, in
this case, the fiber over z1 is a union of disjoint annuli in z2 and the function
is constant on each such annulus, but not globally constant.
Using the residue calculus, one can compute an asymptotic expansion of the
kernel (see [1]). The poles corresponding to non-integer multiples of i of the
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kernel lead to non-integer powers of z1 and w1 which ultimately lead to the
obstruction of regularity of the operator.
We construct a kernel which, when added to the Bergman kernel, eliminates all
such poles, and in this way we successfully remove the obstruction to regularity
of the Bergman projection on the model domains, Dβ , and construct new
projections which preserve the level of Sobolev spaces:

Main Theorem. Let β > π/2, and Dβ be defined as above. For all j ∈ Z
there exists a bounded linear projection

Tj : L2(Dβ)→ Bj(Dβ)

which satisfies

Tj : W s
D(Dβ)→ W s

j (Dβ)

for every s ≥ 0.

Much of this paper was discussed at collaborative meetings made possible
through invitations extended by the University of Michigan and the Univer-
sità degli Studi di Milano. All authors gratefully acknowledge the support
from these institutions. We also thank the referee for a careful reading of the
article as well as for many helpful suggestions in addition to pointing out an
error in the calculation of the adjoint to the tangential operator, Λt, in Section
4 which led to our use of the W s

D
(Dβ) Sobolev spaces.

1. The Bergman projection on Dβ

Following [1], we introduce the domains

D′
β =

{
(z1, z2) ∈ C2 : |Im z1 − log z2z2| < π/2, | log z2z2| < β − π/2

}

to aid in our study of the Bergman kernels on Dβ . D′
β is related to Dβ via the

biholomorphic mapping

Ψ : D′
β → Dβ(1.1)

(z1, z2) 7→ (ez1 , z2).

Let KDβ (z, w) be the Bergman kernel for Dβ, and Kj(z, w) the reproducing
kernel for Bj(Dβ); we have the relation

KDβ (z, w) =
∑

j

Kj(z, w).

We calculate Kj(z, w) using Fourier transforms as in [1].
Let Sβ denote the strip

Sβ := {z = x+ iy ∈ C : |y| < β},
and let ωj(y) be the continuous bounded function on the interval Iβ := {y :

|y| < β}, given by ωj = π
(
e(j+1)(·)χβ−π/2

)
∗ χπ/2, where for a > 0, χa :=
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χ(−a,a), the characteristic function of the interval (−a, a). We denote by ‖ · ‖ωj
the L2(Sβ)-norm weighted with the function ωj :

‖f‖ωj :=

(∫

Sβ

|f(x, y)|2ωj(y)dxdy

)1/2

.

We further define the weighted Bergman spaces on the strip Sβ by

Bωj = {f holomorphic on Sβ : ‖f‖2ωj <∞}.
For f ∈ Bωj ,

f̂(ξ, y) =

∫

R

f(x+ iy)e−ixξdx

satisfies

(1.2) f̂(ξ, y) = e−yξf̂R(ξ),

where f̂R(ξ) := f̂(ξ, 0).
Here and throughout we use the notation for complex variables

z1 = x+ iy

w1 = x′ + iy′.

Define

k′j(ξ, y, w1) =
1

ω̂j(−2iξ)
eiξ(y−w1),

where ω̂j refers to the Fourier-Laplace transform of ωj, and satisfies

(1.3) ω̂j(−2iξ) = π
sinh

[
(2β − π)(ξ − j+1

2 )
]

sinhπξ

(ξ − j+1
2 )ξ

.

We note that ω̂j extends to an entire function. We claim that k′j corresponds

to the kernel for the orthogonal projection on D′
β according to the following

lemma:

Lemma 1.1. Let K ′
j(z, w) denote the reproducing kernel of the space Bj(D

′
β).

Then

K ′
j(z, w) =

1

2π2
zj2w

j
2

∫

R

(ξ − j+1
2 )ξ

sinh
[
(2β − π)(ξ − j+1

2 )
]

sinhπξ
ei(z1−w1)ξdξ.

Proof. Let Γ : B1 → B2 be a surjective isometry of two Bergman spaces. Let
K1(z, w) be the reproducing kernel of the space B1 and K2(z, w) the kernel for
B2. Then

(1.4) K2(z, w) = ΓwΓzK1(z, w).

We now apply (1.4) to the spaces B1 = Bωj and B2 = Bj(D
′
β). From [1]

Kj(z1, w1) =
1

2π

∫

R

k′j(ξ, y, w1)eixξdξ
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is the reproducing kernel for Bωj , and

Γ : Bωj → Bj(D
′
β)

f(z1) 7→ zj2f(z1)

is the isometry between Bergman spaces. Thus, by (1.4)

K ′
j(z, w) =

1

2π
zj2w

j
2

∫

R

k′j(ξ, y, w1)eixξdξ

from which the lemma follows. �

2. Improving the Bergman projection

Crucial to the proof in [1] of the failure of the Bergman projection to preserve
W s(Dβ) is the existence of poles of k′j(ξ, y, w1) in the ξ variable whose imagi-

nary part is a non-integer multiple of i. We see from (1.3) that such poles of
k′j(ξ, y, w1) are due to the zeros of ω̂j(−2iξ) at (j + 1)/2 + ikπ/(2β − π) for k
a non-zero integer. In this section we deal with this obstruction by adding a
correction term which eliminates such poles.
We assume initially that j = −1. To keep the notation that integral operators
are defined by integrating functions against conjugates of functions of two vari-
ables (the kernel), we will work with terms in the kernel coming from ω̂j(2iξ),

observing that ω̂j(−2iξ) = ω̂j(2iξ). The goal in this section then is to find a

function, denoted by ĥ(ξ, y), defined in C × Iβ such that ĥ(ξ, y), cancels the
poles of the function

(2.1)
1

ω̂−1(2iξ)
e−ξy

at ξ = ikνβ, for k a non-zero integer, and νβ = π/(2β−π). The function ĥ(ξ, y)
will have an inverse transform which is orthogonal to Bω−1 and satisfy certain
L2 estimates which will be used in Section 3 to construct an integral operator.
To ease notation we set

τk(ξ) = (−1)k
e−k

2ν2
β

(2β − π)π

ξ2

sinh(πξ)
e−ξ

2

k ∈ Z.

We define

(2.2) ĥk(ξ, y) =
τk(ξ)e(ξ−2ikνβ )y

ξ − ikνβ
.

We note that the pole of (2.1) at ξ = ikνβ, for k a non-zero integer is the

same as the pole of ĥk. Our aim is to sum ĥk over k in order to produce a
function which will be used to eliminate all such poles of (2.1). The following
proposition shows that we can sum over k.
To keep track of the poles, we introduce the set P of all poles:

P := {ikνβ : k 6= 0} ∪ {ik : k 6= 0}.
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Proposition 2.1. Let ĥk(ξ, y) be defined as above. The infinite sum
∑

k 6=0

ĥk(ξ, ·)

converges in L∞(Iβ) to a function ĥ(ξ, ·) uniformly in ξ on compact subsets of
C \ P .
Let Br = ∪B(ikνβ ; r) denote the union of balls centered at elements of P for
some fixed radius r > 0. Let U be any neighborhood of P containing Br. Then
on C \ U × Iβ
(2.3) |ĥ(ξ, y)| . |ξ|2e−Reξ2e(β−π)|Reξ|,
with the constant of inequality depending only on U .

Proof.
∑

k 6=0

ĥk(ξ, y) =
∑

k 6=0

τk(ξ)e(ξ−2ikνβ )y

ξ − ikνβ
is a sum of terms of the form

eξy
∑

k 6=0

ak(ξ)

where

|ak(ξ)| . 1

k
e−k

2ν2
β |ξ|2e−Reξ2e−π|Reξ| k 6= 0.

Inequality (2.3) is then a consequence of

|ĥ(ξ, y)| =
∣∣∣∣∣e
ξy
∑

k

ak(ξ)e−2ikνβy

∣∣∣∣∣

. eβ|Reξ|
∑

k

|ak(ξ)|

. |ξ|2e−Reξ2e(β−π)|Reξ|.
�

We note for f ∈ Bω−1 :
∫

R

∫

Iβ

ĥk(ξ, y)f̂(ξ, y)ω−1(y)dydξ =

∫

R

∫

Iβ

ĥk(ξ, y)e−yξf̂R(ξ)ω−1(y)dydξ

=

∫

R

τk(ξ)

ξ + ikνβ
f̂R(ξ)

[∫

Iβ

e2ikνβyω−1(y)dy

]
dξ

= 0,

where we use the representation of f in (1.2) in the first step, and the fact that∫
Iβ
e2ikνβyω−1(y)dy = ω̂−1(−2kνβ) = 0 in the last.

We collect the essential properties, which follow directly from the above, of the
kernel function h(x, y) in the following theorem:
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Theorem 2.2. There exists h(x, y) ∈ L2
ω−1

(Sβ) with the following properties:

(i) For each y ∈ Iβ, the poles of

ĥ(ξ, y) +
1

ω̂−1(2iξ)
e−ξy

with respect to ξ lie at only integer multiples of i.
(ii) The kernel given by

H′(z, w) =
1

2π

1

z2w2

∫

R

ĥ(ξ, y)ei(x−w1)ξdξ

is orthogonal to the space B−1(D′
β) in the sense that H′(·, w) ⊥ B−1(D′

β).

(iii) Let U be any neighborhood of P containing Br for some r > 0. Then on
C \ U × Iβ

|ĥ(ξ, y)| . |ξ|2e−Reξ2e(β−π)|Reξ|,
with the constant of inequality depending only on U .

We also denote the horizontal lines

St = {R+ it}
for t ∈ R. From the Theorem 2.2 iii), we have in particular, on any given St
such that St ∩ P = ∅, ĥ(ξ, y) satisfies the following estimates uniformly, i.e.
with constant of inequality independent of ξ:

(2.4)

∫

Iβ

∣∣∣ĥ(ξ, y)
∣∣∣
2

dy . |ξ|4e−2Reξ2e2(β−π)|Reξ|.

3. Mapping properties

We begin this section with some integral estimates for our constructed correc-
tion term. We let H′(z, w) be as in Theorem 2.2. Due to the z−1

2 factor in

H′(z, w), the operator determined by the kernel, H′(z, w), will have its action
restricted to the L2

−1(D
′
β) component of a given function in L2(D′

β)
We use the equivalence between Bergman spaces given in Lemma 1.1 in the
proof of the next proposition: for G ∈ B−1(D′

β), G is of the form G = g(z1)z−1
2 ,

where g ∈ Bω−1 , and ‖G‖B−1(D′
β)

= ‖g‖Bω−1
.

Proposition 3.1. Let β > π/2, and H′ be the integral operator

H′f(w) =

∫

D′
β

f(z)H′(z, w)dV (z),

where

H′(z, w) =
1

2π

1

z2w2

∫

R

ĥ(ξ, y)ei(x−w1)ξdξ.

Then

H′ : L2(D′
β)→ B−1(D′

β),

and

‖H′f‖B−1(D′
β)

. ‖f‖L2
−1(D

′
β)
.
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Proof. We write D′
β = R× d′β , where

d′β = {(y, z2) ∈ R× C : |y − log z2z2| < π/2, | log z2z2| < β − π/2}.
Then,

H′f(w) =
1

2π

1

w2

∫

D′
β

1

z2

∫

R

ĥ(ξ, y)e−i(x−w1)ξdξf(z)dV (z)

=
1

2π

1

w2

∫

d′β

1

z2

∫

R

∫

R

ĥ(ξ, y)e−i(x−w1)ξf(x, y, z2)dxdξdydV (z2)

=
1

2π

1

w2

∫

d′β

1

z2

∫

R

ĥ(ξ, y)eiw1ξ f̂(ξ, y, z2)dξdydV (z2).

We use a decomposition of f according to

f(z) =
∑

j

fj(z), fj(z) ∈ L2
j(D

′
β).

Using the orthogonality of powers of z2 (over circular regions) we can isolate

any fj by integrating through zj2. This is used in the third step below where
after integrating over z2 only f−1(z) terms remain:

‖H′f‖2B−1(D′
β)

=
1

4π2

∥∥∥∥∥

∫

d′β

1

z2

∫

R

ĥ(ξ, y)ei(·)ξf̂(ξ, y, z2)dξdydV (z2)

∥∥∥∥∥

2

Bω−1

=
1

4π2

∫

Iβ

∫

R

∣∣∣∣∣

∫

d′β

1

z2

∫

R

ĥ(ξ, y)e−y
′ξeix

′ξ f̂(ξ, y, z2)dξdydV (z2)

∣∣∣∣∣

2

dx′ω−1(y′)dy′

=
1

4π2

∫

Iβ

∫

R

∣∣∣∣∣

∫

d′β

1

z2
ĥ(ζ, y)e−y

′ζ f̂−1(ζ, y, z2)dydV (z2)

∣∣∣∣∣

2

dζω−1(y′)dy′

.

∫

Iβ

∫

R

[(∫

Iβ

∣∣∣ĥ(ζ, y)
∣∣∣
2

ω−1(y)dy

)
×

(∫

d′
β

∣∣∣f̂−1(ζ, y, z2)
∣∣∣
2

dydV (z2)

)
e−2y′ζ

]
dζω−1(y′)dy′.

From Theorem 2.2 (iii) and (2.4) we have that∫

Iβ

∣∣∣ĥ(ζ, y)
∣∣∣
2

ω−1(y)dy . |ζ|4e−2Reζ2e2(β−π)|Reζ|.

We continue with our estimate of ‖H′f‖B−1(D′
β)

:

‖H′f‖2B−1(D′
β)

.

∫

R

∫

d′β

∣∣∣f̂−1(ζ, y, z2)
∣∣∣
2

dydV (z2)|ζ|4e−2ζ2e2(β−π)|ζ|ω̂−1(−2iζ)dζ

. ‖f−1‖2L2(D′
β)
,

where the last estimate follows by the fact that the term

|ζ|4e−2ζ2e2(β−π)|ζ|ω̂−1(−2iζ) is bounded with respect to ζ. �
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We recall the biholomorphic mapping Ψ : D′
β → Dβ from (1.1). Through a

change of variables Ψ−1, H′ induces an integral operator on L2(Dβ): g 7→
(g ◦Ψ)det(Ψ−1)′, (Ψ−1)′ being the complex Jacobian of (Ψ−1)′, is an isometry
between L2(Dβ) and L2(D′

β), and in fact since Ψ is biholomorphic, between

Bergman spaces (see also (1.4)). In this regard, we define the kernel

(3.1) H(z, w) =
1

z1w1
H′(Ψ−1z,Ψ−1w),

using the fact that det(Ψ−1(z))′ = 1
z1

.
Let H be the integral operator

Hf(w) =

∫

Dβ

f(z)H(z, w)dV (z),

where H(z, w) is given by (3.1).
Then as a result of Proposition 3.1, we have the following

Corollary 3.2. We have that

H : L2(Dβ)→ B−1(Dβ),

and

‖Hf‖B−1(Dβ) . ‖f‖L2
−1(Dβ)

.

We now define the projection operator T−1 as

T−1 = P−1 + H,

where P−1 : L2(Dβ)→ B−1(Dβ) is the orthogonal projection operator.

4. Properties of the projection T−1

Theorem 4.1. Let β > π/2 and T−1 = P−1 + H. Then

T−1 : L2(Dβ)→ B−1(Dβ).

Furthermore, T−1 is a projection, and has the regularity property

(4.1) T−1 : W k
D(Dβ)→W k

−1(Dβ) ∀k,
and

‖T−1f‖Wk
−1(Dβ)

. ‖f‖Wk(Dβ)

for f ∈ W k
D

(Dβ).

Proof. The mapping from L2(Dβ) to B−1(Dβ) follows from the corresponding
properties of P−1 and H (see Corollary 3.2).
That T−1 is a projection follows from P−1 being a projection and from the
restriction of H to B−1(Dβ) being equivalently 0 (from Theorem 2.2 ii.):

T2
−1 = P2

−1 + P−1H + HP−1 + H2

= P−1 + H

= T−1.
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Since T−1f is holomorphic, to prove (4.1) we estimate the L2 norm of holomor-
phic derivatives of T−1f . Also, T−1f is of the form g(w1, |w2|)w−1

2 , where the
function g(w1, |w2|) is holomorphic and locally constant in w2, so its derivatives
in w2 are zero and we only need to estimate the derivatives with respect to the
first variable. To prove the theorem we thus show

(4.2)

∥∥∥∥
∂k

∂wk1
T−1f

∥∥∥∥
L2(Dβ)

. ‖f−1‖Wk(Dβ),

for f ∈W k
D

(Dβ).
The domain D′

β is related to Dβ via the biholomorphic mapping Ψ. We can
then read off the kernels attached to the domain Dβ from the transformation
formula applied to the corresponding kernels on D′

β, as in (3.1). We have the
relations

K−1(z, w) =
1

z1w1
K ′

−1(Ψ−1z,Ψ−1w)

H(z, w) =
1

z1w1
H′(Ψ−1z,Ψ−1w)

T−1(z, w) =
1

z1w1
T ′
−1(Ψ−1z,Ψ−1w),

where K−1, H, T−1 (resp. K ′
−1, H′, T ′

−1) are the kernels for, respectively, P−1,
H, T−1 (resp. P′

−1, H′, T′
−1).

Using integration by parts, we relate ∂k

∂wk1
T−1f to kth order derivatives falling

on f .
From above, we have

T−1f(w) =

∫

Dβ

T−1(z, w)f(z)dV (z),

where

T−1(z, w) =
1

2π

1

z2w2

∫

R

(
1

ω̂−1(2iξ)
z−iξ−1
1 wiξ−1

1

+ ĥ(ξ, (log z1 − log z1)/2i)z
−iξ/2−1
1 z

−iξ/2
1 wiξ−1

1

)
dξ.

By virtue of the factor z−1
2 in T−1(z, w), all action is isolated on f−1(z). Thus,

T−1f(w) =

∫

Dβ

T−1(z, w)f(z)dV (z)

=

∫

Dβ

T−1(z, w)f−1(z)dV (z).

Furthermore,

(4.3)
∂k

∂wk1
T−1f =

∫

Dβ

∂k

∂wk1
T−1(z, w)f−1(z)dV (z),
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and

∂k

∂wk1
T−1(z, w) =

1

2π

1

z2w2

∫

R

(iξ − 1)(iξ − 2) · · · (iξ − k)

(
1

ω̂−1(2iξ)
z−iξ−1
1 wiξ−k−1

1

+ ĥ(ξ, (log z1 − log z1)/2i)z
−iξ/2−1
1 z

−iξ/2
1 wiξ−k−1

1

)
dξ.(4.4)

Our strategy is roughly as follows: we use shifts of contours of integration to
write the integrands of (4.4) using derivatives with respect to z1; we make sure
Fubini’s theorem applies with respect to the z and ξ integrals and then we
take the z1 derivatives outside the ξ integrals; finally we can then perform an
integration by parts in the z1 variable in (4.3).
When shifting the contour of integration, in order to verify that Fubini’s theo-
rem applies, we work with the two cases, each of which determines a different
direction of shift:

i) |w1| < |z1|
ii) |z1| < |w1|.

To illustrate the cases, we consider integrals of the form

φt(w1) =

∫

U

1

z2

∫

Im(ξ)=t

σw1(ξ, z1, z1)f−1(z)dξdV (z),

where σw1 will be either

(iξ − 1)(iξ − 2) · · · (iξ − k)
1

ω̂−1(2iξ)

1

z1w
k+1
1

(
w1

z1

)iξ

or

(iξ − 1)(iξ − 2) · · · (iξ − k)ĥ(ξ, (log z1 − log z1)/2i)
1

z1w
k+1
1

(
w1

|z1|

)iξ
,

and the domain of integration U will be either Dβ

⋂{|w1| < |z1|} or
Dβ

⋂{|z1| < |w1|}. Using the estimates for ω̂−1(2iξ) and the estimate in (2.3)

for ĥ, we have

(4.5) |φt(w1)| .
∫

U

∣∣∣∣
1

z2

1

z1w
k+1
1

∣∣∣∣
( |z1|
|w1|

)t
|f−1(z)|dV (z).

We see Fubini’s theorem applies in case i) when t < 0 and in case ii) when
t > 0. The signs of t correspond to shifts in the lower- and upper half planes,
respectively.

We now proceed to the write an expression for the kernel ∂k

∂wk1
T−1(z, w) in terms

of derivatives with respect to the z variable, corresponding to the two cases. It
will be shown in both cases we are lead to the same expression.
Case i). By construction of the term h in Section 2 the integrand exhibits
poles only at integer multiples of i, of which those at −i,−2i, . . . ,−ik are
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cancelled. We therefore deform the contour of integration in (4.4) to R − ik.
The contribution of the sides of the contour are null due to the exponential
decay in ξ of the integrand.
We now work with the contour of integration in (4.4) deformed to R− ik. We
first consider

1

2π

1

z2w2

∫

R−ik
(iξ − 1)(iξ − 2) · · · (iξ − k)

1

ω̂−1(2iξ)
z−iζ−1
1 wiξ−k−1

1 dξ =

1

2π

1

z2w2

∫

R

(iζ + k − 1)(iζ + k − 2) · · · (iζ) 1

ω̂−1(2i(ζ − ik))
z−iζ−k−1
1 wiζ−1

1 dζ.

We use

1

ω̂−1(2i(ζ − ik))
= (−1)k

1

π

(ζ − ik)2

sinh[(2β − π)(ζ − ik)] sinh(πζ)
,

hence

(iζ + k − 1)(iζ + k − 2) · · · (iζ)
ω̂j(2i(ζ − ik))

z−iζ−k−1
1 wiζ−1

1

= (−1)k
1

π

(ζ − ik)(ζ − ik)

sinh[(2β − π)(ζ − ik)] sinh(πζ)
×

(iζ + k − 1)(iζ + k − 2) · · · (iζ)z−iζ−k−1
1 wiζ−1

1

= (−1)k
1

π

(ζ − ik)(iζ)

sinh[(2β − π)(ζ − ik)] sinh(πζ)
×

(ζ − ik)(iζ + k − 1) · · · (iζ + 1)z−iζ−k−1
1 wiζ−1

1

=
1

π

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)

∂k

∂z1
k
z−iζ−1
1 wiζ−1

1 .

For the integral above we thus have

1

2π

1

z2w2

∫

R−ik
(iξ − 1)(iξ − 2) · · · (iξ − k)

1

ω̂−1(2iξ)
z−iζ−1
1 wiξ−k−1

1 dξ =

1

2π2

1

z2w2

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)

∂k

∂z1
k
z−iζ−1
1 wiζ−1

1 dζ.

Similarly, we work with

1

2π

1

z2w2

∫

R−ik
(iξ − 1)(iξ − 2) · · · (iξ − k)ĥ(ξ, (log z1 − log z1)/2i)×(4.6)

z
−iξ/2−1
1 z

−iξ/2
1 wiξ−k−1

1 dξ.

Let us write

ĥ(ξ, (log z1 − log z1)/2i) =
ξ

sinh(πξ)
g(ξ, z1),

and note that g(ξ, z1) has the property

Λtg(ξ, z1) = 0,
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where

Λt :=

((
z1
z1

)1/2
∂

∂z1
+

(
z1
z1

)1/2
∂

∂z1

)
.

The integrand in (4.6) can thus be written according to

(iζ + k − 1)(iζ + k − 2) · · · (iζ)ĥ(ζ − ik, (log z1 − log z1)/2i)×
z
(−iζ−k)/2−1
1 z

(−iζ−k)/2
1 wiζ−1

1

= (−1)k
ζ

sinh(πζ)
g(ζ − ik, z1)×

(iζ + k)(iζ + k − 1) · · · (iζ + 1)z
(−iζ−k)/2−1
1 z

(−iζ−k)/2
1 wiζ−1

1

=
ζ

sinh(πζ)
g(ζ − ik, z1)×

((
z1
z1

)1/2
∂

∂z1
+

(
z1
z1

)1/2
∂

∂z1

)k
z
−iζ/2−1
1 z

−iζ/2
1 wiζ−1

1

=
ζ

sinh(πζ)
g(ζ − ik, z1)(Λt)kz−iζ/2−1

1 z
−iζ/2
1 wiζ−1

1 .

Therefore,
∫

|w1|<|z1|
∂k

∂wk1
T−1(z, w)f(z)dV (z) = − 1

2π

1

z2w2
×

∫

Rew1<Rez1

[
1

π

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)

∂k

∂z1
k
z−iζ−1
1 wiζ−1

1 dζ+

∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)(Λt)kz−iζ/2−1

1 z
−iζ/2
1 wiζ−1

1 dζ

]
f−1(z)dV (z).

We remark that, as outlined above, the ζ and z integrations can be switched
(just consider the integral φk in (4.5)).
Case ii). We begin by writing (4.4) in the form:

∂k

∂wk1
T−1(z, w) =

1

2π

1

z2w2
×

∫

R

[
(−1)k

π

(ξ + ik)(ξ)

sinh [(2β − π)(ξ)] sinh(πξ)

∂k

∂zk1
z
−iξ+(k−1)
1 wiξ−1−k

1 +

(−1)k
ξ + ik

sinh(πξ)
g(ξ, z1) (Λt)

k
z
−iξ/2+k/2−1
1 z

−iξ/2+k/2
1 wiξ−k−1

1

]
dξ,

which is also obtained by deforming the contour of integration to R+ ik (using
that the sides of the contour give no contributions in the same manner as that
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of case i)) of the following integral

− 1

2π

∫

R

[
1

π

ζ(ζ − ik)

sinh [(2β − π)(ζ − ik)] sinh(πζ)

∂k

∂zk1
z−iζ−1
1 wiζ−1

1

+
ζ

sinh(πζ)
g(ζ − ik, z1) (Λt)

k
z
−iζ/2−1
1 z

−iζ/2
1 wiζ−1

1

]
dζ,

noting that the contribution from the poles at integer multiples of i are can-
celled due to the differential operators.
Combining the results in cases i) and ii), we have

∫

Dβ

∂k

∂wk1
T−1(z, w)f(z)dV (z) =

∫

|w1|<|z1|

∂k

∂wk1
T−1(z, w)f(z)dV (z) +

∫

|w1|>|z1|

∂k

∂wk1
T−1(z, w)f(z)dV (z),

where

∫

|w1|<|z1|

∂k

∂wk1
T−1(z, w)f(z)dV (z) =

− 1

2π

∫

|w1|<|z1|

1

z2w2
×

[
1

π

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)

∂k

∂z1
k
z−iζ−1
1 wiζ−1

1 dζ+

∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)(Λt)kz−iζ/2−1

1 z
−iζ/2
1 wiζ−1

1 dζ

]
f−1(z)dV (z)

and

∫

|w1|>|z1|

∂k

∂wk1
T−1(z, w)f(z)dV (z) =

− 1

2π

∫

|w1|>|z1|

1

z2w2
×

[
1

π

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)

∂k

∂z1
k
z−iζ−1
1 wiζ−1

1 dζ+

∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)(Λt)kz−iζ/2−1

1 z
−iζ/2
1 wiζ−1

1 dζ

]
f−1(z)dV (z).

We now use Fubini’s theorem in both case i) and ii) to take the derivatives
outside of the ζ integrals, and then combine the results above. Before doing
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so, we note

Λt =

((
z1
z1

)1/2
∂

∂z1
+

(
z1
z1

)1/2
∂

∂z1

)

=∂r1 ,

where r1 = |z1|, is a tangential differential operator. To calculate the adjoint
of Λt we note for fixed z2, z1 can be written with coordinates t1 and d1, d1
representing the distance to the boundary Re z1e

−i log z2z2 = 0, via

(4.7) z1 = (t1 + id1)eiα

where α = log |z2|2 − π/2. In these coordinates we calculate

Λt =
t1√
t21 + d21

∂

∂t1
+

d1√
t21 + d21

∂

∂d1
.

Then,

(Λt)
∗ =− Λt −

∂

∂t1

(
t1√
t21 + d21

)
− ∂

∂d1

(
d1√
t21 + d21

)

=− Λt −
1√

t21 + d21

=− Λt −
1

|z1|
.(4.8)

Furthermore, from the relation (4.7), we can write

∂

∂z1
= α1

∂

∂z1
+ α2

∂

∂t1
,

where α1(|z2|) and α2(|z2|) are bounded away from 0 and depend smoothly on
|z2|.
We recall that that g(ξ, z1) has the property Λtg(ξ, z1) = 0, and so

g(ζ − ik, z1)(Λt)kz−iζ/2−1
1 z

−iζ/2
1 =(Λt)

k
[
z
−iζ/2−1
1 z

−iζ/2
1 g(ζ − ik, z1)

]
.

We thus have, after commuting the z derivatives with the ζ integrals,
∫

Dβ

∂k

∂wk1
T−1(z, w)f(z)dV (z) =

− 1

2π

∫

Dβ

1

z2w2
×

[
1

π

∂k

∂z1
k

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)
z−iζ−1
1 wiζ−1

1 dζ+

(Λt)
k

∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)z

−iζ/2−1
1 z

−iζ/2
1 wiζ−1

1 dζ

]
f−1(z)dV (z).(4.9)
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Integrating by parts in the first integral on the right in (4.9) gives

− 1

2π2

∫

Dβ

1

z2w2
×

[
∂k

∂z1
k

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)
z−iζ−1
1 wiζ−1

1 dζ

]
f−1(z)dV (z)

= − 1

2π2

∫

Dβ

1

z2w2
×

[
(α2∂t1)k

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)
z−iζ−1
1 wiζ−1

1 dζ

]
f−1(z)dV (z)

= (−1)k+1 1

2π2

∫

Dβ

1

z2w2
×

[∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)
z−iζ−1
1 wiζ−1

1 dζ

]
(α2∂t1)kf−1(z)dV (z).

(4.10)

Similarly, we perform an integration by parts in the second integral in (4.9),
using (4.8).

− 1

2π

∫

Dβ

1

z2w2
(Λt)

k

∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)z

−iζ/2−1
1 z

−iζ/2
1 wiζ−1

1 dζf−1(z)dV (z)

= (−1)k+1 1

2π

∫

Dβ

1

z2w2

[∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)z−iζ/2−1

1 z
−iζ/2
1 wiζ−1

1 dζ

]
×

(
Λt + |z1|−1

)k
f−1(z)dV (z).

(4.11)

To finish the proof we note that the proof of Proposition 3.1 , with ĥ(ξ, y)e−ixξ

replaced with

(ξ − ik)ξ

sinh[(2β − π)(ξ − ik)] sinh(πξ)
e−iz1ξ

may be followed to show that the operator from (4.10) with kernel

∫

Dβ

1

z2w2

∫

R

(ζ − ik)ζ

sinh[(2β − π)(ζ − ik)] sinh(πζ)
z−iζ−1
1 wiζ−1

1 dζ

maps L2(Dβ) to L2
−1(Dβ). Similarly, the proof of Proposition 3.1 shows that

the operator with kernel

1

2π

1

z2w2

∫

R

ζ

sinh(πζ)
g(ζ − ik, z1)z

−iζ/2−1
1 z

−iζ/2
1 wiζ−1

1 dζ
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occurring in (4.11) maps L2(Dβ) to L2
−1(Dβ). We have estimates for the term

in (4.11) when f ∈ W s
D

(Dβ):
∑

α≤k

∥∥|z1|−k+αΛαt f−1 ‖L2(Dβ)

.
∑

α≤k

∥∥|z1|−k+αΛαt f−1

∥∥
L2((D1×C)∩Dβ) + ‖f−1‖Wk(Dβ)

.
∑

α≤k

∥∥t−k+α1 Λαt f−1

∥∥
L2((D1×C)∩Dβ) + ‖f−1‖Wk(Dβ)

.‖f−1‖Wk(Dβ),

where D1 := {|z1| ≤ 1}, the variable t1 is as in (4.7), and the last step follows
from Theorem 1.4.4.4 in [6] (with a slight variation in the argument we can
also apply Theorem 11.8 in [9] which holds for smooth domains).
Then, together (4.10) and (4.11) show

∥∥∥∥
∂k

∂wk1
T−1f

∥∥∥∥
L2(Dβ)

.‖f−1‖Wk(Dβ) +
∑

α≤k

∥∥|z1|−k+αΛαt f−1

∥∥
L2(Dβ)

.‖f−1‖Wk(Dβ).

The estimate in (4.2) is verified, completing the proof of the theorem. �

5. The case j 6= −1

We construct operators

Tj : W k
D(Dβ)→W k

j (Dβ) ∀k,
for the cases j 6= −1 as follows.
We let Qj be the projection from L2(Dβ) to L2

j(Dβ) given by

Qjf(z1, z2) =
1

2π

∫ π

−π
f(z1, e

iθz2)e−ijθdθ.

Then we take the operator Tj to be given by

Tjf = wj+1
2 T−1(z−j−1

2 Qjf).

For each Tj , due to properties of the operator T−1, we have a theorem similar
to Theorem 4.1:

Theorem 5.1. Let β > π/2, and Dβ be defined as above. For all j ∈ Z there
exists a bounded linear projection

Tj : L2(Dβ)→ Bj(Dβ)

which satisfies
Tj : W k

D(Dβ)→W k
j (Dβ) ∀k,

and
‖Tjf‖Wk

j (Dβ)
. ‖f‖Wk(Dβ).

This proves the Main Theorem.
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6. Remarks

We end with a few remarks. We first note that in our proof of Theorem 4.1, we
worked with Sobolev spaces, W k for integer k. The general case for all s ≥ 0
follows by interpolation.
Secondly, there are infinitely many projection operators which have the same
regularity properties as our constructed projection in the Main Theorem. Other
projections can be constructed for instance by changing the factor τk(ξ) in

Section 2 with the replacement of the term e−ξ
2

with another e−mξ
2

for any
positive integer m. Then the rest of the arguments could be followed verbatim.
By [2], if the Bergman projection were to map C∞

0 (Dβ) continuously into

C∞(Dβ) (it does not) then we would automatically have continuity from the

larger space C∞(Dβ) as well. Thus, it would be of interest to find an improve-
ment to the projection, along the lines presented here, which preserves W s

j (Dβ)
for all s ≥ 0.
We lastly note that, while it would be ideal to obtain an operator which would
map W s to itself, without the restriction to the space W s

j , by summing the
operators in Main Theorem over j, the dependence of the norms in Theorem 5.1
on j prohibit the convergence of such a summation. Following the calculations
of the proof of Proposition 3.1 leads to the estimates for the norms of Tj :

‖Tj‖ .
sinh[(j + 1)(β − π/2)]

j + 1
.

This exponential growth of the estimates thus prohibits us from using results
such as the Cotlar–Stein almost orthogonality lemma to conclude any conver-
gence of a sum over the operators Tj .
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Abstract. We prove a formula for the Greenberg–BenoisL-invariant
of the spin, standard and adjoint Galois representations associated
with Siegel–Hilbert modular forms. In order to simplify the calcula-
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with Benois’ definition for IndQ
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1 Introduction

Since the historical results of Kummer and Kubota–Leopold on congruences for
Bernoulli numbers, people have been interested in studying the p-adic variation
of special values of L-functions.
More precisely, fix a motive M over Q. We suppose that M is Deligne critical

at s = 0 and that there exists a Deligne’s period Ω(M) such that L(M,0)
Ω(M) is

algebraic. Fix a prime p and two embeddings

Cp ←֓ Q →֒ C.

Let V be the p-adic realization of M and suppose that V is semistable (à
la Fontaine). Thanks to work of Coates and Perrin-Riou, we have precise
conjectures on how the special values should behave p-adically; we fix a regular
sub-module of V . This corresponds to the choice of a sub-(ϕ,N)-module of
Dst(V ) which is a section of the exponential map

Dst(V )→ t(V ) ∼= Dst(V )

Fil0Dst(V )
.

Let h be the valuation of the determinant of ϕ on D. We can state the following
conjecture;
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Conjecture 1.1. There exists a formal series LDp (V, T ) ∈ Cp[[T ]] which grows

as loghp such that for all non-trivial, finite-order characters ε : 1 + pZp → µp∞
we have

LDp (V, ε(1 + p)− 1) = Cε(D)
L(M ⊗ ε, 0)

Ω(M)
.

Moreover, for ε = 1 we have

LDp (V, 0) = E(D)
L(M, 0)

Ω(M)
,

where E(D) is an explicit product of Euler-type factors depending on D and

(Dst(V )/D)
N=0

.

It may happen that one of the factors of E(D) vanishes and then we say that
trivial zeros appear. Since the seminal work of [MTT86], people have been
interested in describing the p-adic derivative of LDp (V, (1 + p)

s−1) when trivial
zeros appear.
We suppose for simplicity that L(M, 0) is not vanishing. We have the following
conjecture by Greenberg and Benois;

Conjecture 1.2. Let t be the number of vanishing factors of E(D). Then

• ords=0L
D
p (V, (1 + p)s − 1) = t,

• LDp (V, 0)∗ = L(V ∗(1), D∗)E∗(D)L(M,0)
Ω(M) .

Here E∗(D) is the product of non-vanishing factors of E(D) and L(V ∗(1), D∗)
is a number, defined in purely Galois theoretical terms (see Section 3.1), for
the dual Galois representation V ∗(1).

The error factor L(V,D) is quite mysterious. It has been calculated in only few
cases for the symmetric square of a (Hilbert) modular form by Hida, Mok and
Benois and for symmetric power of Hilbert modular forms by Hida and Harron–
Jorza. Unless V is an elliptic curve over Q with multiplicative reduction at p
we can not prove the non-vanishing of L(V,D).
The aim of this paper is to calculate it in some new cases; let F be a totally
real field (we make no assumptions on the ramification at p) and π be an
automorphic representation of GSp2g/F

of weight k = (kτ )τ , where τ runs

through the real embeddings of F and (kτ ) = (k1,τ , . . . , kg,τ ; k0) (note that
k0 does not depend on τ). We say that π is parallel of weight k, k ∈ Z≥0 if
ki,τ = k for all τ and i = 1, . . . , g and k0 = gk.
We suppose that it has Iwahoric level at all p | p. We suppose moreover that πp
is either Steinberg (see Definition 4.8) or spherical. We partition consequently
the prime ideals of F above p in SStb ∪ SSph.
We have conjecturally two Galois representations associated with π, namely
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the spinorial one Vspin and the standard one Vsta. Let V be one of these two
representations. We choose for each prime p of F dividing p a regular sub
module Dp of Dst(V|GFp

).

Consider a family of Siegel–Hilbert modular forms as in [Urb11] passing through
π. Let us denote by βp(κ) the eigenvalue of the normalized Hecke operators U1,p

(see Definition 4.9) on this family. Let SSph,1 = SSph,1(V,D) be the subset of

SSph for which (Dst(Vp)/Dp)N=0 does contain the eigenvalue 1. Conjecturally,
it is empty for the spin representation. The eigenvalues 1 always appears in
Dst(Vp) for V the standard representation but it may appear in Dp (this is
already the case for the symmetric square of a modular form).
Let tStb be the cardinality of SStb and tSph be the cardinality of SSph,1. We
define fp = [F ur

p : Qp].

Theorem 1.3. Let π be as above, of parallel weight k. Let V = Vspin and
suppose hypothesis LGp of Section 4.2, then the expected number of trivial
zeros for LDp (V (k − 1), T ) is tStb and

L(V (k − 1), D) =
∏

p∈SStb

− 1

fp

d logp βp(k)

dk |k=k
.

Let V = Vstd, then the conjectural number of trivial zero for LDp (V, T ) is tStb +
tSph and

L(V,D) = L(V,D)Sph
∏

p∈SStb

− 1

fp

d logp βp(k)

dk |k=k
,

where L(V,D)Sph is a priori global factor. It is 1 if tSph = 0.

In Section 4.2 we shall provide also a formula for the L-invariant of Vstd(s)
(min(k − g − 1, g − 1) ≥ s ≥ 1).

The proof of the theorem is not different from the one of [Ben10, Theorem 2]
which in turn is similar to the original one of [GS93].
Let now g = 2. Let t be the number of primes above p in F . We consider
the 2t-dimensional eigenvariety for GSp4/F with variables k = {kp,1, kp,2}p(see

Section 5) and let us denote by Fp,i(k) (i = 1, 2) the first two graded pieces of

D
†
rig(Vspin). The 10-dimensional Galois representation Ad(Vspin) has a natural

regular sub-(ϕ,N)-module induced by the p-refinement of D†
rig(Vspin) and which

we shall denote by DAd. With this choice of regular sub module, Ad(Vspin)
presents 2t conjectural trivial zeros. In Section 5 we prove the following theo-
rem;

Theorem 1.4. Let π be an automorphic form of weight k. Suppose that hy-
pothesis LGp of Section 4.2 is verified for Vspin and the point corresponding
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to π in the eigenvariety X ′ (as defined in Section 5) is étale over the weight
space. We have then

L(Ad(Vspin(π)), DAd) =
∏

p

2

f2
p

det




∂ logp Fpi,1
(k)

∂kpj ,1

∂ logp Fpi,2
(k)

∂kpj ,1
∂ logp Fpi,1

(k)

∂kpj ,2

∂ logp Fpi,2
(k)

∂kpj ,2




1≤i,j≤t|k=k

.

We remark that this theorem is the first to really go beyond GL2 and its
representations Symn.

The motivation for Theorem 1.3 lies in a generalization of [Ros15] to Siegel
forms. In loc. cit. we use Greenberg–Stevens method to prove a formula for the
derivative of the symmetric square p-adic L-function and calculate the analytic
L-invariant and the same method of proof could possibly be generalized to
finite slope Siegel forms thanks to the overconvergent Maß-Shimura operators
and overconvergent projectors of Z. Liu’s thesis.
With some work, it could also be generalized to totally real field where p is
inert, as already done for the symmetric square [Ros13].

We hope to calculate the L-invariant for Vstd and Ad(Vspin) for more general
forms in a future work.

In Section 2 we recall the theory of (ϕ,Γ)-module over a finite extension of
Qp. It will be used in Section 3 to generalize the definition of the L-invariant à
la Greenberg–Benois to Galois representations V over general number field F
(note that we do not suppose p split or unramified). This definition does not
require one to pass through IndQ

F (V ) to calculate the L-invariant which in turn
simplifies explicit calculation. We shall check that this definition coincides
with Benois’ definition for IndQ

F (V ).
We prove the above-mentioned theorems in Section 4 and 5, inspired mainly
by the methods of [Hid07].
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2 Some results on rank one (ϕ,Γ)-module

Let L be a finite extension of Qp. The aim of this section is to recall cer-
tain results concerning (ϕ,Γ)-modules over the Robba ring RL. Let L0 be
the maximal unramified extension contained in L. Let L′

0 be the maximal
unramified extension contained in L∞ := L(µp∞) and L′ = L · L′

0. Let
eL := [L(µp∞) : L0(µp∞)] = [ΓQp : ΓL], where ΓL := Gal(L∞/L). We de-
fine

B
†,r
L,rig =

{
f =

∑

n∈Z

anπ
n
L|an ∈ L′

0, such that f(X) =
∑

n∈Z

anX
n

is holomorphic on p
− 1
eLr ≤ |X |p < 1

}
,

B
†
L,rig :=

⋃

r

B
†,r
L,rig,

where πL is a certain uniformizer coming from the theory of field of norms. Note
that B

†
L,rig is classically called the Robba ring of L′

0. For sake of notation, we

shall denote write RL := B
†
L,rig. We hope that this will cause no confusion in

what follows.
We have an action of ϕ on RL. If L = L0, there is no ambiguity and we have:

ϕ(πL) = (1 + πL)p − 1, ϕ(an) = ϕL′
0
(an).

Otherwise the action on πL is more complicated.
Similarly, we have a ΓL-action. If L = L0 we have

γ(πL) = (1 + πL)
χcycl(γ) − 1,

where χcycl is the cyclotomic character. If L is ramified we also have an action
of ΓL on the coefficients given by

γ(an) = σγ(an)

where σγ is the image of γ via

ΓL → ΓL/ΓL′

∼=→ Gal(L′
0/L0).

If an is fixed by ϕ and ΓL, then is it in Qp. We have rkRQp
RL = [L∞ : Qp,∞].

Let δ : L× → E× be a continuous character. Let RL(δ) be the rank one
(ϕ,ΓL)-module defined as follows; fix a uniformizer ̟L of L and write δ = δ0δ1
with δ0|O×

L
:= δ|O×

L
, δ0(̟L) := 1 and δ1 is trivial on O×

L and δ1(̟L) := δ(̟L).

As δ0 is a unitary character, it defines by class field theory a unique one
dimensional Galois representation δ̃0. Fontaine’s theorem on the equivalence
of category between (ϕ,ΓL)-modules and Galois representations [Fon90] gives
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us a one dimensional (ϕ,ΓL)-module D
†
rig(δ̃0).

We define RL(δ1) := RL ⊗Qp Eeδ1 so that ϕfL(eδ1) = δ1(̟L)eδ1 (here fL is
the degree of L0 over Qp), γ(eδ1) = eδ and ϕ does not act on the E-coefficient.

Finally, we define RL(δ) = D
†
rig(δ̃0)⊗RL RL(δ1).

We now classify the cohomology of such a (ϕ,ΓL)-modules. It will be useful to
calculate it explicitly in terms of Cϕ,γ-complexes [Ben11, §1.1.5]. We fix then
a generator γL of ΓL; if clear from the context, we shall drop the subscript L

and write simply γ.

Proposition 2.1. We have H0(RL(δ)) = 0 unless δ(z) =
∏
τ τ(z)mτ with

mτ ≤ 0 for all τ ; in this case we have H0(RL(δ)) ∼= E. We shall denote its
basis by t−m ⊗ eδ, where

t−m = (t−mτ ) ∈
∏

τ

B+
dR ⊗L,τ E.

If δ(z) =
∏
τ τ(z)mτ with mτ ≤ 0, then

dimEH
1(RL(δ)) = [L : Qp] + 1.

If δ(z) = |NL/Qp(z)|p
∏
τ τ(z)kτ with kτ ≥ 1, then

dimEH
1(RL(δ)) = [L : Qp] + 1.

Otherwise
dimEH

1(RL(δ)) = [L : Qp].

We have H2(RL(δ)) = 0 unless δ(z) = |NL/Qp(z)|p
∏
τ τ(z)kτ with kτ ≥ 1; in

this case we have H2(RL(δ)) ∼= E.

Note that when we choose t−m as a basis we are implicitly using the fact that
we can embed certain sub-rings of RL into B+

dR (see [Ben11, §1.2.1]).

Proof. The same results is stated in [Nak09, Proposition 2.14, 2.15, Lemma
2.16] for E −B-pairs, but the proof for (ϕ,Γ)-modules is the same.
Recall that have a canonical duality [Liu08] given by cup product

Hi(D)×H2−i(D∗(χcycl))→ H2(χcycl).

The last fact is then a direct consequence.

This allows us to define a canonical basis of H2(RL(|NL/Qp(z)|p
∏
τ τ(z)kτ )).

We define H1
f (D) as the H1 of the complex

Dcris(D)→ tD ⊕Dcris(D)

and we have immediately [Nak09, Proposition 2.7]

dimEH
1
f (D) = dimE(H0(D)) + dimEtD. (2.2)

Hence
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Lemma 2.3. If δ(z) =
∏
τ τ(z)mτ with mτ ≤ 0, then

dimEH
1
f (RL(δ)) = 1.

If δ(z) = |NL/Qp(z)|p
∏
τ τ(z)kτ with kτ ≥ 1, then

dimEH
1
f (RL(δ)) = d.

Proposition 2.4. Let D be a semi-stable (ϕ,Γ)-module over RL with non-
negative Hodge–Tate weight. Suppose that Dst(D) = Dst(D)ϕ=1. Then D is
crystalline,

D ∼= ⊕RL(δi)

with δi(z) =
∏
τ τ(z)mi,τ , mi,τ ≤ 0 and Dst(D) = Dcris(D) = H0(D).

Proof. We follow closely the proof [Ben11, Proposition 1.5.8]. As Nϕ = pϕN
we obtain immediately that N = 0, hence D is crystalline.
Let r be the rank of D over RL. We write the Hodge–Tate weight as (mi)

r
i=1

where mi = (mi,τ )τ .
We prove the proposition by induction; the case r = 1 is easy.
If D is not split, for r = 2, we can suppose, as D is de Rham, that for each
τ we have −m1,τ ≤ −m2,τ , hence m1 = 0 by twisting. Let δ be defined by∏
τ τ(z)mτ . So we have an extension of RL(δ) by RL. Let d2 be a lift to D of

a basis of RL. As ϕ = 1 we have ϕd2 = d2. As the extension is crystalline we
know that γ acts trivially too, hence the extension splits.
Suppose now r > 2. Take v in the Fil−m0Dst(D), the smallest filtered piece of
Dst(D). We can associate to it RL(δ), where δ(z) =

∏
τ τ(z)m0,τ . We have

0→RL(δ)→ D → D′ → 0.

By inductive hypothesis D′ ∼= ⊕d−1
i=1RL(δi). We can write

Ext(D′,RL(δ)) = ⊕d−1
i=1 Ext(RL(δi),RL(δ))

and we are reduced to the case r = 2 which has already been dealt.

We now want to calculate H1
f (RL(δ)) for δ(z) =

∏
τ τ(z)mτ with mτ ≤ 0. We

recall the following lemma [Ben11, Lemma 1.4.3]

Lemma 2.5. The extension cl(a, b) in H1(RL(δ)) corresponding to the couple
(a, b) is crystalline if and only if the equation (1 − γ)x = b has a solution in
RL(δ)

[
1
t

]

The following proposition in an immediate consequence of the above lemma
[Ben11, Theorem 1.5.7 (i)] (see also the construction of [Nak09] at page 900)

Proposition 2.6. Let eδ be a basis for RL(δ). Then xm = cl(t−m, 0)eδ is a
basis of H1

f (RL(δ)).
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Remark 2.7. If δ is the trivial character then x0 corresponds (via class field
theory) to the unramified Zp-extension of Hom(GL, E

×) ∼= H1(GL, E).

We now have to cut out another “canonical” one-dimensional subspace in
H1(RL(δ)) which trivially intersects H1

f (RL(δ)) (and reduces to the cyclo-
tomic Zp-extension in the sense of the previous remark).
We recall that for L = Qp Benois has defined in [Ben11, Proposition 1.5.9]
a canonical complement H1

c (RQp(zm)) of H1
f (RQp(zm)) inside H1(RQp(zm)).

He has also defined a canonical basis ym of H1
c (RQp(zm)).

We hence define the extension

ym :=
1

eL
logp(χcycl(γL))cl(0, t−m)eδ.

When L = Qp, this is the same element ym as defined by Benois.
We can calculate cohomology of induced (ϕ,ΓQp)-module. Indeed, we now
consider two p-adic fields K and L, L a finite extension of K. The main
reference for this part is [Liu08, §2.2]. Let D be a (ϕ,ΓL)-module, we define

IndΓK
ΓL

(D) = {f : ΓK → D|f(hg) = hf(g) ∀h ∈ ΓL} .

It has rank [L : K]rkRL(D) over RK ; indeed RL is a RK-module of rank
[L : K]/|ΓK/ΓL| = [L′

0 : K ′
0]. (The unramified part of L/K plus the ramified

part which is disjoint by K∞. See after [Liu08, Theorem 2.2].) If D comes
from a GL-representation V we have

D
†
rig(IndGKGL (V )) = IndΓK

ΓL
(D†

rig(V )).

We have then the equivalent of Shapiro’s lemma

Hi(D) ∼= Hi(IndΓK
ΓL

(D)).

Moreover, the aforementioned duality for (ϕ,Γ)-modules is compatible with
induction [Liu08, Theorem 2.2].
If D ∼= RL(δ) is free of rank one, then we have an explicit description of

IndΓK
ΓL

(D). Let e∞ = |ΓK/ΓL|, we write
{
ωi
}e∞−1

i=0
for (ΓK/ΓL)∧. The

IndΓK
ΓL

(D) is the RL-span of fi, where fi(g) = ωi(g)δ(χcycl(g))eδ.

We go back to the previous setting where K = Qp (hence e∞ = eL). Suppose

δ(z) =
∏
τ τ(z)mτ with mτ ≤ 0 and let D = Ind

ΓQp

ΓL
(RL(δ)). Note that in this

case Dst(D) ∼= EfL is a filtered ϕ-module where ϕ acts as a permutation of
length fL. To Dst(D)ϕ=1 corresponds (by Proposition 2.4 over Qp) a rank-one
(ϕ,Γ)-module RQp(zm0), for m0 the minimum of the mτ ’s (hence −m0 is the
greatest Hodge–Tate weight of D).
The identifications

H0(RQp(zm0)) = Dst(RQp(zm0))ϕ=1 = Dst(D)ϕ=1 = H0(D) = H0(RL(δ))
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induces (via the maps cl(0, ) and cl( , 0)) an injection

H1(RQp(zm0)) →֒ H1(Ind
Qp
L (RL(δ))). (2.8)

which sends xm0 to xm and ym0 to ym.

We consider a (ϕ,Γ)-module M which sits in the non-split exact sequence

0→M0 := ⊕ri=1RL(δi)→M →M1 := ⊕ri=1RL(δ′i)→ 0, (2.9)

where δi(z) = |NL/Qp(z)|p
∏
τ τ(z)mi,τ with mi,τ ≥ 1 for all τ and δ′i(z) =∏

τ τ(z)ki,τ with ki,τ ≤ 0 for all τ . We say that M is of type Um,k if the image
of M in H1(M1) is crystalline.

Proposition 2.10. Suppose that M as above is not of type Um,k. Then we
have dimE(H1(M)) = 2[L : Qp]r and H2(M) = H0(M) = 0. Moreover, if we
write

0→ H0(M1)
∆0→ H1(M0)

f1→ H1(M)
g1→ H1(M1)

∆1→ H2(M0)→ 0

we have H1(M0) = Im(∆1) ⊕ H1
f (M0), Im(f1) = H1

f (M) and H1(M1) =
Im(g1)⊕H1

f (M1).

Proof. We have H0(M) = 0 by definition of M . Note that M∗(χcycl) is a
module of the same type, hence H2(M) = H0(M∗(χcycl)) = 0. We can write

0→ H0(M1)→ H1(M0)
f1→ H1(M)

g1→ H1(M1)→ H2(M0)→ 0

and conclude by Proposition 2.1.
Note that dimEH

1
f (M) = rd by (2.2).

By hypothesis, we have that Im(∆1) ∩ H1
f (M0) = 0 and the first statement

follows from dimension counting.
The third statement follows from duality.
For the second statement H1

f (M0) injects into H1
f (M). As both have the same

dimension, we conclude.

We give the following key lemma for the definition of the L-invariant

Lemma 2.11. The intersection of T := Im(H1(M)) and Im(H1(RQp(zm0))) in
Im(H1(M1)) is one dimensional.

Proof. The intersection is non-empty as the sum of their dimension is d+2 and
Im(H1(M1)) has dimension d + 1. We have that H1

f (M1) is contained in the
image of H1(RQp(zm0)) via (2.8) and by the previous proposition the former
is not in the image of g1 and we are done.

In particular, we deduce that T surjects into the image of H1
c (RQp(zm0)).
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3 L-invariant over number fields

Let F be a number field. We consider a global Galois representation

V : GF → GLn(E)

where E is p-adic field. We suppose that it is unramified outside a finite num-
ber of places S containing all the p-adic places. We suppose moreover that it
is semistable at all places above p (i.e. Dst(V|Fp

) is of rank n over F ur
p ⊗Qp E,

being F ur
p the maximal unramified extension of Qp contained in F ur

p ).
In this section we generalize Greenberg–Benois definition of the L-invariant for
V whenever it presents trivial zeros. Note that we do not require p split or
unramified in F .
Let t be the number of trivial zeros. The classical definition by Greenberg
[Gre94] describes the L-invariant as the “slope” of a certain t-dimension sub-
space of H1(GQp ,Q

t
p) which is a 2t-dimensional space with a canonical basis

given by ordp and logp.
In our setting, the main obstacle is that the cohomology of the (ϕ,Γ)-module
RFp

is no longer two-dimensional and it is not immediate to find a suitable sub-
space. Inspired by Hida’s work for symmetric powers of Hilbert forms [Hid07],
we consider the image of H1(RQp) inside H1(RFp

).
If t denotes the number of expected trivial zeros, we show that we can define,
similarly to [Ben11], a t-dimensional subspace of H1(GF,S , V ) whose image in
H1(RQp) has trivial intersection with the crystalline cocycle. This is enough to
define the L-invariant; we further check that our definition is compatible with
Benois’.

3.1 Definition of the L-invariant

We define local cohomological conditions Lv in order to define a Selmer group;
we denote by Gv a fixed decomposition group at v in GF,S and by Iv the inertia.
For v ∤ p we define

Lv := Ker
(
H1(Gv, V )→ H1(Iv, V )

)
.

If v | p we define

Lv := H1
f (Fv, V ) = Ker(H1(Gv, V )→ H1(Gv, V ⊗E Bcris)).

If D
†
rig(V ) denotes the (ϕ,Γ)-module associated with V we also have Lp =

H1
f (D†

rig(V )). We define then the Bloch-Kato Selmer group

H1
f (V ) := Ker

(
H1(GF,S , V )→

∏

v∈S

H1(Gv, V )

Lv

)
.

We make the following additional hypotheses:

Documenta Mathematica 20 (2015) 1227–1253



L-Invariant for Siegel–Hilbert Forms 1237

C1) H1
f (V ) = H1

f (V ∗(1)) = 0,

C2) H0(GF,S , V ) = H0(GF,S , V
∗(1)) = 0,

C3) ϕ on Dst(V|Fp
) is semisimple at 1 ∈ F ur

p ⊗Qp E and p−1 ∈ F ur
p ⊗Qp E for

all p | p,

C4) D
†
rig(V|Fp

) has no saturated sub-quotient of type Um,k for all p | p.

Note that if V satisfies the previous four conditions, so does V ∗(1).
The first two conditions tell us that the Poitou–Tate sequence reduces to

H1(GF,S , V ) ∼=
⊕

v∈S

H1(Gv, V )

H1
f (Fv, V )

. (3.1)

For each p | p we denote by Vp the restriction to GFp
of V . We choose a regular

sub-module Dp ⊂ Dst(Vp) and define a filtration (Dp,i) of Dst(Vp).

Dp,i =





0 i = −2,

(1− p−1ϕ)Dp +N(Dϕ=1
p ) i = −1,

Dp i = 0,

Dp + Dst(Vp)ϕ=1 ∩N−1(Dϕ=p−1

p ) i = 1,
Dst(Vp) i = 2.

(3.2)

We have that Dp,1/Dp,−1 coincides with the eigenvectors of ϕ on Dst(Vp) of
eigenvalue 1 (resp. p−1) and which are in the kernel (resp. in the image) of N .

This filtration induces a filtration on D
†
rig(Vp). Namely, we pose

FiD
†
rig(Vp) = D

†
rig(Vp) ∩ (Dp,i ⊗RFp,log

[t−1]).

We define

Wp := F1D
†
rig(Vp)/F−1D

†
rig(Vp).

The same proof as [Ben11, Proposition 2.1.7] tells us that we can find a unique
decomposition

Wp = Wp,0

⊕
Wp,1

⊕
Mp

such that tp,0 = dimEH
0(W ∗

p (1)) = rankRFp
Wp,0, tp,1 = dimEH

0(Wp) =
rankRFp

Wp,1 and Mp sits in a sequence

0→Mp,0
f→Mp

g→Mp,1 → 0

such that gr0(D†
rig(Vp)) = Wp,0⊕Mp,0 and gr1(D†

rig(Vp)) = Wp,1⊕Mp,1. More-

over Mp is non-split; by construction we have H0(Mp) = H2(Mp) = 0 and if
the exact sequence were split we would have H0(Mp) 6= 0 and H2(Mp) 6= 0.
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We can prove exactly in the same way as [Ben11, Proposition 2.1.7 (i)] that
C4 implies rankRFp

Mp,1 = rankRFp
Mp,0.

In order to define the L-invariant we shall follow verbatim Benois’ construc-
tion. For sake of notation, we write D

†
p for D

†
rig(Vp). We obtain from [Ben11,

Proposition 1.4.4 (i)]

H1
f (gr2(D†

p)) = H0(gr2(D†
p)) = 0.

We deduce the following isomorphism

H1
f (F1D

†
p) = H1

f (D†
p) = H1

f (Fp, V ). (3.3)

As the Hodge–Tate weights of F−1D
†
p are < 0, we obtain from [Ben11, Proposi-

tion 1.5.3 (i)] and Poiteau–Tate duality H2(F−1D
†
p) = 0. Using the long exact

sequence associated with

0→ F−1D
†
p → F1D

†
p →Wp → 0

we see that

H1(Wp)

H1
f (Wp)

=
H1(F−1D

†
p)

H1
f (Fp, V )

.

As Greenberg and Benois do, we make the extra assumption that

C5) Wp,0 = 0 for all p | p.

Using Proposition 2.4 we can write gr1(D†
p) = ⊕tp,1+rpi=1 RFp

(
∏
τp
τp(z)mi,τp ).

We define the 2(tp,1 + rp)-dimensional subspace obtained as the image of

Indp :=

{tp,1+rp∑

i=0

Exmi + Eymi

}
⊂ H1(gr1(D†

p)). (3.4)

We define

Tp = (H1(F1D
†
p) ∩ Indp)/H1

f (Fp, V ).

It has dimension tp,1 + rp.
Write t =

∑
p tp,1 + rp. We have a unique t-dimensional subspace H1(D,V )

of H1(GF,S , V ) projecting via (3.1) to ⊕pTp. We have an isomorphism (cfr.
[Ben11, Proposition 1.5.9])

Indp
∼= Dcris(Wp,1 ⊕Mp,1)⊕Dcris(Wp,1 ⊕Mp,1) ∼= Etp,1+rp ⊕ Etp,1+rp ,

where the first (resp. the second) factor is identified with Etp,1+rp via the basis{
xmi

}
(resp.

{
ymi

}
). We shall denote the two projections by ιf,p and ιc,p.

We denote by ιf (resp. ιc) the projection of H1(D,V ) to Et via ⊕ιf,p (resp.
⊕ιc,p). By the remark after Lemma 2.11 and the definition of Tp, we have that
ιc is surjective.
Summing up, we can give the following definition;
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Definition 3.5. The L-invariant of the pair (V,D) is

L(V,D) := det(ιf ◦ ι−1
c ),

where the determinant is calculated w.r.t. the basis (xmi , ymj )1≤i,j≤t
.

Remark 3.6. There is no a priori reason for which L(V,D) should be non-zero.

In the case Wp = Mp we see from the description of H1(F1D
†
p) that the space

Tp depends only on V|Fp
exactly as in the classical case.

3.2 Comparison with Benois’ definition

Fix a global field F and let {p} be the set of primes above p.
Let Gp denote a fixed decomposition group at p in GQ and let p0 be the corre-
sponding place of F . Let Gp0,F be the decomposition group at p0 in GF . For
each other place p above p in F , we have Gp = τpGpτ

−1
p . We shall denote by

Gp,F the corresponding decomposition group in GF . Consider a p-adic Galois
representation

V : GF → GLn(E).

We shall suppose E big enough to contain the Galois closure of Fp, for all p.
As before, we suppose V semistable at all primes above p. We have then

IndQ
F (V )|Gp

∼=
⊕

p

τ−1
p Ind

Gp

Gp,F
V|Gp,F

where τp ∈ Gp \Hom(F,Q).
Consider the (ϕ,Γ)-module

D† := D
†
rig

(
IndQ

FV
)
.

We let D be the regular (ϕ,N)-module of Dst(D
†) induced by {Dp}p. As

before we have a filtration (FiD
†) on D† induced by the filtration on D. We

denote by W the quotient F1D
†/F−1D

†. Note that it is semistable. We write
W = W0⊕M ⊕W1. We suppose that V satisfies the hypotheses C1-C5 of the
previous section.

Lemma 3.7. Let M be as in (2.9). We have

0→ Ind(M0)→ Ind(M)→ Ind(M1)→ 0.

We can now compare our definition of L-invariant with Benois’.
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Proposition 3.8. We have a commutative diagram

H1(GQ,S , Ind(V ))

��

H1(Ind(V ), Ind(D))oo Resp//

��

H1(F1D
†(Ind(V )))

H1
f (Gp,Ind(V ))

= H1(F−1D
†)

H1
f (Gp,Ind(V ))

.

ιp

��
H1(GF,S , V ) H1(V,D)oo ⊕pResp // ∏

p Tp

whose vertical arrows are isomorphism.

Proof. We follow [Hid06, §3.4.4]. Recall that we wrote D
†
p for D

†
rig(Vp).

Shapiro’s lemma tells us that

H1(Gp, IndQ
FV )

H1
f (Gp, IndQ

FV )

ιp∼=
⊕

p

H1(D†
p)

H1
f (D†

p)
.

We are left to show that H1(F1D
†(Ind(V ))) is sent by ιp into (H1(F1D

†
p)∩Invp)

and we shall conclude by dimension counting.
We have then an injection

F1D
†(Ind(V )) →֒ ⊕pInd(F1(D†

rig(Vp))).

Then clearly the image of ιp lands in H1(F1D
†
p). But we have also the injection

gr1(D†
rig(IndV )) →֒ ⊕pInd(gr1(D†

rig(Vp)))

which by (2.8) tells us that the image of ιp lands in Invp and we are done.

Corollary 3.9. We have L(V,D) = L(IndQ
F (V ), IndQ

F (D)).

4 Siegel–Hilbert modular forms, the local case

The calculation of the L-invariant requires to produce explicit cocycles in
H1(D,V ); when V appears in Ad(V ′) for a certain representation V ′ we
can sometimes use the method of Mazur and Tilouine [MT90] to produce
these cocycles. This has been done in many case for the symmetric square
[Hid04, Mok12] and generalized to symmetric powers of the Galois representa-
tion associated with Hilbert modular forms in [Hid07, HJ13]. The main limit
of this approach is that for most representations V it is computationally heavy
to obtain V as the quotient of an adjoint representation.
In the case D

†
rig(V ) = W = M the situation is way simpler; if t = 1 it has been

proved in [Ben10] that to produce the cocycle in H1(V,D) it is enough to find
deformations of V |Qp .
We shall generalized the method of Benois to our situation in the caseWp = Mp

and rp = 1. This will allow us to give a complete formula for the L-invariant
of the Galois representations associated with a Siegel–Hilbert modular form
which is Steinberg at all primes above p.
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4.1 The case tp = rp = 1

We now suppose that Wp = Mp and rp = 1. For sake of notation, in this
section we shall drop the index p. In particular, in this subsection F = Fp.
All that we have to do is to check that the calculation of [Ben11, Theorem 2]
works in our setting.
We write as before

0→M0 →M →M1 → 0

and, only in this subsection, we shall write δ for the character defining M0 and
ψ for the character defining M1. We suppose δ = δ′ ◦NF/Qp for δ′(z) = |z|pzk
with k ≥ 1 and ψ = ψ′ ◦NF/Qp with ψ′(z) = zm with m ≤ 0. We consider an
infinitesimal deformation

0→M0,A →MA →M1,A → 0,

over A = E[T ]/(T 2). We suppose that M0,A (resp. M1,A) is an infinitesimal
deformation of M0 (resp. M1) which still factors through NF/Qp .
We shall write δA, δ′A, ψA and ψ′

A for the corresponding one-dimensional char-
acter.

Theorem 4.1. Suppose that d logp(δ
′
Aψ

′
A
−1

)(χcycl(γQp))) 6= 0; then

L(M,M0) = − logp(χcycl(γQp))
f−1d logp(δAψ

−1
A )(̟)

d logp(δ
′
Aψ

′
A
−1)(χcycl(γQp))

.

Proof. Recall the definition of Ind in (3.4). We have a vector v = axm+ bym in
H1(F1D

†)∩ Ind. By definition L(M) = ab−1. The extension Mj,A provides us
with connecting morphisms Bij : Hi(Mj)→ Hi+1(Mj). We have by definition

B0
1(t−mem) =cl(dlog(ψ′

A)(p)t−mem, dlog(ψ′
A)(χcycl(γQp))t−mem)

=dlog(δ′A)(p)xm + dlog(δ′A)(χcycl(γQp))ym. (4.2)

As in [Ben10, §3.2] we consider the dual extension

0→M∗
1 (χcycl)→M∗(χcycl)→M∗

0 (χcycl)→ 0,

and we shall denote with a ∗ the corresponding map in the long exact sequence
of cohomology.
We have hence ker(∆1)⊥Im(∆∗

0) under duality, and a map

H1(M∗
1 )→ H1(RQp(|z|z1−m)).

By duality again, we deduce that the image of ∆∗
0 inside the target of the above

arrow is

aα1−m + bβ1−m,
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where α1−m (resp. β1−m) is the dual of xm (resp. ym) as in [Ben10, Proposition
1.1.5].
We now consider the map

B1
1
∗

: H1(M∗
1 (χcycl))→ H2(M∗

1 (χcycl)) = H2(RQp(|z|zm)) ∼= E.

We can use [Ben10, Proposition 2.4] to see that after the above identification
of H2 with E we have

B1
1
∗
(α1−m) = clogp(χcycl(γQp))−1d logp(ψ

′
A
−1

(χcycl(γQp)), (4.3)

B1
1
∗
(β1−m) = cd logp(ψ

′
A
−1

(p)), (4.4)

where c ∈ E×. We consider the following anti-commutative diagram

H0(M∗
0 (χcycl))

B1
0
∗

��

∆∗
0 // H1(M∗

1 (χcycl))

B1
1
∗

��
H1(M∗

0 (χcycl))
∆∗

1 // H2(M∗
1 (χcycl))

which means

B1
1
∗
∆∗

0 = −∆∗
1B

1
0
∗
.

We calculate this identity on t1−ke1−k. Applying (4.3) and (4.4) to ψ′
A
−1χcycl,

(4.2) to δ′A
−1
χcycl and using [Ben10, (3.6)] which says

∆∗
1B

1
0
∗
(t1−k) = c

(
bd logp(δ

′
A)(p) + ad logp(δ

′
A)(χcycl(γQp))

)

we get

b−1a =− logp(χcycl(γQp))
d logp(δ

′
Aψ

′
A
−1

)(p)

d logp(δ
′
Aψ

′
A
−1)(χcycl(γQp))

.

We conclude as δ′A(p)f = δA(̟).

Remark 4.5. In particular, this theorem proves that this definition of L-
invariant is compatible with the Fontaine-Mazur one [Pot14, Zha14].

4.2 Calculation of the L-invariant for Steinberg forms

We fix a totally real field F . Let I be the set of real embeddings. Fix two
embeddings

Cp ←֓ Q →֒ C

as before. We partition I = ⊔pIp according to the p-adic place which each
embedding induces. We shall denote by qp = pfp the residual cardinality for
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each prime ideal p. We consider an irreducible representation π of GSp2g/F
,

algebraic of weight k = (kτ )τ , where (kτ ) = (kτ,1, . . . , kτ,g; k0) (k0 is a parallel

weight for ResQF (Gm)) with kτ,1 ≤ kτ,2 . . . ≤ kτ,g. If kτ,1 ≥ g+ 1 for all τ , then
the weight is cohomological. The cohomological weight of π is then

(µτ )τ = (kτ )τ − (g + 1, . . . , g + 1; 0)τ .

For parallel weights k, we shall choose k0 = gk.
We now describe the conjectural Galois representation associated with π.
We have a spin Galois representation Vspin (whose image is contained in
GL2g ) and a standard Galois representation Vsta (whose image is contained
in GL2g+1) given respectively by the spinorial and the standard representation
of GSpin2g+1 = LGSp2g.
Thanks to the work of Scholze [Sch15] we now dispose of the standard Galois
representation (see for example [HJ13, Theorem 18]). We also know the exis-
tence of the spin representation in many cases [KS14].
We now recall some expected properties of these Galois representations. Our
main reference is [HJ13, §3.3]. We will make the following assumption on π at
p;

for each p | p either πp is spherical or Steinberg.

We explain what we mean by Steinberg. Consider the Satake parameters at p,
normalized as in [BS00, Corollary 3.2], (αp,1, . . . , αp,g). We have the following
theorem on Iwahori-spherical representation of GSp2g(Fp) [Tad94, Theorem
7.9].

Theorem 4.6. Let α1, . . . , αg, α be g + 1 character of F×
p . Let BGSp2g

be

the Borel subgroup of Sp2g(Fp). Then Ind
GSp2g(Fp)

BGSp2g
(α1 × · · · × αg ⋊ α) is not

irreducible if and only if one of the following conditions is satisfied:

i) There exist at least three indexes i such that αi has exact order two and
the αi’s are mutually distinct;

ii) There exists i such that αi = |N( )|p±1
;

iii) There exist i and j such that αi = |N( )|p±1
αj

±1.

Remark 4.7. As shown in [HJ13, Lemma 19], such a points are contained in
a proper subset of the Hecke eigenvariety for GSp2g.

Definition 4.8. We say that πp is Steinberg if αi = |N( )|i−1
p α1.

If πp is Steinberg at p, then αp,i(̟p) = qipαp,1(̟p).
Trivial zeros appear also for automorphic forms which are only partially
Steinberg at p and can be dealt exactly at the same way as the parallel one
but for the sake of notation we prefer not to deal with them.
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To each g + 1 non-zero elements (t1, . . . , tg; t0) ∈ (A×)
g+1

we associate the
diagonal matrix

u(t1, . . . , tg; t0) := (t1, . . . , tg, t0t
−1
g , . . . , t0t

−1
1 )

of GSp2g(A).
For 1 ≤ i ≤ g − 1 we denote by up,i the diagonal matrix associated with
(1, . . . , 1, ̟−1

p , . . . , ̟−1
p ;̟−2

p ), where ̟p appears i times; we also denote by
up,0 the diagonal matrix corresponding to (1, . . . , 1;̟−1

p ).

Definition 4.9. The Hecke operators Up,i, for 1 ≤ i ≤ g are defined as the
double coset operator [Iwup,g−iIw].

We have that Up,g is the “classical” Up operator [BS00, §0]. We shall say then
that π is of finite slope for Up,g if Up,g has eigenvalue αp,0 6= 0 on πp.

We are interested to study the possible p-stabilization of π (i.e. Iwahori fixed
vectors). If πp is unramified at p, we have then 2gg! choices (see [HJ13, Lemma
16] or [BS00, Proposition 9.1]). If πp is Steinberg, we have instead only one
possible choice, as the monodromy N has maximal rank.

Suppose that we can lift π to an automorphic representation π(2g) of GL2g .
We suppose also that we can lift π to an automorphic representation π(2g+1)

of GL2g+1.
Let V = Vspin (resp. Vsta) be the Galois representation associated with π(2g)

(resp. π(2g+1)). We make the following assumption

LGp) V is semistable at all p | p and strong local-global compatibility at l = p
holds.

These hypotheses are conjectured to be always true for f as above. Arthur’s
transfer from GSp2g to GL2g+1 has been proven in [Xu] (note that it is now
unconditional [MW]) and for V = Vsta this hypothesis is then verified thanks
to [Car14, Theorem 1.1]. These hypotheses are also satisfied in many cases for
V = Vspin in genus 2 (see [AS06, PSS14]).
Roughly speaking, we require that

WD(V|Fp
)ss ∼= ι−1

n π
(n)
p ,

where WD(V|Fp
) is the Weil-Deligne representation associated with V|Fp

à la

Berger, π
(n)
p is the component at p of π(n), and ιn is the local Langlands

correspondence for GLn(Fp) geometrically normalized (n = 2g + 1 when V is
the standard representation and n = 2g when V is the spinorial representation).

When πp is an irreducible quotient of Ind
GSp2g

B (αp,1 ⊗ · · · ⊗ αp,g) we have that
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the Frobenius eigenvalues on WD(Vspin|Fp
)ss are the 2g numbers



αp,0

∏

0 ≤ r ≤ g
1 ≤ i1 < . . . < ir ≤ g

αp,i1(̟p) · · ·αp,ir (̟p)



.

The ones on WD(Vsta|Fp
)ss are

(
α−1
p,g(̟p), . . . , α−1

p,1(̟p), 1, αp,1(̟p), . . . , αp,g(̟p)
)
.

Moreover, the monodromy operator should have maximal rank (i.e. one-
dimensional kernel) if we are Steinberg or be trivial otherwise. (This is also a
consequence of the weight-monodromy conjecture for V .)
Let p be a p-adic place of F and let τ be a complex place in Ip. The Hodge–Tate
weights of Vspin|Fp

at τ are then

(
k0
2

+
1

2

g∑

i=1

ε(i)(ki,τ − i)
)

ε

,

where ε ranges among the 2g maps from {1, . . . , g} to {±1}.
The one of Vsta|Fp

are (1− kτ,g, . . . , g − kτ,1, 0, kτ,1 − g, . . . , kτ,g − 1).

Thanks to work of Tilouine-Urban [TU99], Urban [Urb11], Andreatta-Iovita-
Pilloni [AIP15] we have families of Siegel modular forms;

Theorem 4.10. Let W = Homcont

(
Z×
p × ((OF ⊗Z Zp)

×
)
g
,C×

p

)
be

the weight space. There exist an affinoid neighborhood U of κ0 =(
(z, (zi)

g
i=1) 7→ zk0

∏
τ∈I

∏
i τ(zi)

ki,τ
)

in W, an equidimensional rigid va-
riety X = Xπ of dimension dg + 1, a finite surjective map w : X → U , a
character Θ : HNp → O(X ), and a point x in X above k such that x ◦ Θ
corresponds to the Hecke eigensystem of π.
Moreover, there exists a dense set of points x of X coming from classical
cuspidal Siegel–Hilbert automorphic forms of weight (ki,τ ; k0) which are regular
and spherical at p.

Remark 4.11. Assuming Leopoldt’s conjecture, the multiplicative group appear-

ing in the definition of W is, up to a finite subgroup, ((OF ⊗Z Zp)
×

)
g+1

/O×
F

(i.e. the Zp-points of the torus of ResQF (GSp2g) modulo the Zp-points of the
center).

This allows us to define two pseudo-representations R? : GQ → O(X ), for
? = spin, sta, interpolating the trace of the representations associated with
classical Siegel forms [BC09, Proposition 7.5.4]. Suppose now that V? is abso-
lutely irreducible (this is conjectured to hold when π is Steinberg at least at
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one prime); we have then, shrinking U around k if necessary, a big Galois repre-
sentation ρ? with value in GLn(O(X )) such that Tr(ρ?) = R? [BC09, page 214].

For 1 ≤ j < g we define λp(up,g−j) = ̟

∑
τ∈Ip

kτ,1+···+kτ,j−k0
p and

λp(up,0) = ̟

∑
τ∈Ip

(kτ,1+···+kτ,g−k0)/2
p . We have analytic functions βp,j :=

Θ(Up,j|λp(up,g−j)|p) ∈ O(X ). We proceed now as in [HJ13]. We recall the
following theorem [Liu13, Theorem 0.3.4];

Theorem 4.12. Let ρ : GFp
→ GLn(O(X )) be a continuous representation.

Suppose that there exist κ1(x), . . . , κn(x) in Fp ⊗Qp O(X ), F1(x), . . . , Fd(x) in
O(X ), and a Zariski dense set of points Z ⊂ X such that

• for any x in X , the Hodge–Tate weights of ρx are κ1(x), . . . , κn(x);

• for any z in Z, ρz is crystalline;

• for any z in Z, κτ,1(z) < . . . < κτ,n(z), for all τ ∈ Ip;
• for any z in Z, the eigenvalues of ϕfp on Dcris(Vz) are∏

τ∈Ip τ(̟p)κτ,1(z)F1(z), . . . ,
∏
τ∈Ip τ(̟p)κτ,n(z)Fn(z);

• for any C in R, defines ZC ⊂ Z as the set of points z such that for all
I, J ⊂ {1, . . . , n} such that |∑i∈I κi,τ (z) −∑j∈J κτ,j(z)| > C for all
τ ∈ Ip. We require that for all z ∈ Z and C ∈ R, ZC accumulates at z.

• for 1 ≤ i ≤ n there exist character χi : O×
Fp
→ O(X )

×
such that its

derivative at 1 is κi and at each z ∈ Z we have χi(u) =
∏
τ τ(u)κτ,i(z).

Then, for all x in X non-critical and regular (κ1(x) < . . . < κn(x) and the

eigenvalues of ϕ on
∧iDcris(Vx) are distinct for all i) there exists a Zariski

neighbourhood U of x such that ρU is trianguline and its graded pieces are
RU (χi).

Here the rank one (ϕ,Γ)-moduleRU (χi) overU is defined similarly as in Section
2 following [Liu13, §0.2].
We can apply this theorem and show that the (ϕ,Γ)-module associated with
ρ?|GQp

is trianguline. We now explicit the triangulation, given in [HJ13, §3.3].

As seen before, a p-stabilization of πp corresponds to a permutation ν and a
map ε.
The eigenvalues of ϕfp are given by

∏

τ∈Ip
τ(̟p)

c1+µ1,τβp,1,

∏

τ∈Ip
τ(̟p)

ci+µi,τ βp,i−1

βp,i
,

∏

τ∈Ip
τ(̟p)

cg+µg,τ βp,g−1

β2
p,g
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where ci’s are a positive integer independent of the weight.
We define the following characters of Fp with value in O(X ):

χp,1(̟p) = βp,1,

χp,i(̟p) =
βp,i−1

βp,i
,

χp,g(̟p) =
βp,g−1

β2
p,g

,

and χp,i(u) =
∏
τ∈Ip τ(u)

ci+µi,τ .

From [HJ13, Lemma 19] we have that the graded pieces of D
†
rig(Vsta|p) are

then given by the characters χp,g, . . . , 1, . . . , χ
−1
p,g.

Concerning Vspin, we number the subsets of {1, . . . , g} as I1, I2, . . . , I2g . Each
Ij corresponds to a map εj : {1, . . . , g} → ±1.
We have then the graded pieces δp,j are given by the characters

δp,εj (u) =
∏

τ∈Ip
τ(u)dj+

k0+
∑
i εj(i)ki,τ

2 ,

δp,εj (̟p) =βp,g
∏

i∈Ij
χp,i(̟p).

Let V be either VSta or Vspin. If πp is Steinberg, there is only one choice of a
regular (ϕ,N)-sub-module Dp of Dst(VGFp

), where V is one of the two repre-
sentations associated with π described above. If the form is not Steinberg at p
many different regular sub-module can be chosen.
In any case, we expect (and we shall assume in the follow) that there is at
most one trivial zero for each p. Consider now the representation π of parallel
weight k (i.e. associated with NF/Q(detk), k ∈ Z) as in the introduction.
We give a preliminary proposition on the factorization of the L-invariant. Re-
call the set SSph,1 and SStb defined in the introduction, we have the following;

Proposition 4.13. We have the following factorization

L(V,D) = L(V,D)Sph
∏

p∈SStb

L(V,D)p,

where L(V,D)Sph comes from the prime in Ssph and the factors L(V,D)p are
local.

Proof. We follow [Hid07, §1.3]. In the notation of Section 3, we write
W1 = ⊕p∈SStbWp,1 and M1 = ⊕p∈SSph,1Mp,1. We are left to show that the
endomorphism ιf ◦ ι−1

c of Dcris(W1 ⊕M1) ∼= Et keeps stable Dcris(M1) and on
the quotient it respects the direct sum decomposition ⊕p∈SStbDcris(Wp,1).
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Consider a prime p0 ∈ SStb and a cocycle c ∈ H1(D,V ) such that resp(c) = 0
for all p 6= p0. This means that resp(c) ∈ H1

f (Fp, V ) = H1
f (Fp,Mp) (by (3.3)).

We have hence ιc,p(c) = 0 for all primes p 6= p0 as H1
c is the direct sum com-

plement of H1
f (see [Ben11, Proposition 1.5.9]).

If p in SStb by Proposition 2.10 we also have ιf,p(c) = 0.
The proposition then follows from standard linear algebra as in [Hid07, Corol-
lary 1.9].

Remark 4.14. A key ingredient in the proof of the factorization at Steinberg
places is that each prime ideal brings a single trivial zero.

We now consider the case V = Vsta. We have a contribution to trivial zeros
from the πp’s which are Steinberg and possibly from the πp which are spherical.
In particular, if we choose the regular sub-module coming from an ordinary
filtration, we always have a trivial zero coming from each place.
For all 1 ≤ s ≤ min(k − g − 1, g − 1) we have also eStb trivial zeros for V (s).

Theorem 4.15. For πp Steinberg we have

L(V,D)p = − 1

fp

d logp βp,1(k)

dk |k=k
,

where k is the parallel weight variable.
For 1 ≤ s ≤ min(k − g − 1, g − 2) we also have

L(V (s), D(s))p = − 1

fp

d logp(βp,s−1β
−1
p,s(k))

dk |k=k

and if g − 1 ≤ k − g − 1 we have

L(V (g − 1), D(g − 1))p = − 1

fp

d logp(βp,g−1β
−2
p,g(k))

dk |k=k
.

Proof. We note that we can specialize to a parallel family, so that no con-
tribution from the denominator appears. We can apply Theorem 4.1 for
δAψ

−1
A (̟p) = χp,i(̟p). The factor logp(u) disappears because of the change

of variable T 7→ uk − 1 (u any topological generator of Z×
p ).

Remark 4.16. The presence of fp in the denominator can be explained in
terms of the p-adic L-function for the induced representation, its missing Euler
factors at p and Conjecture 1.2. See [Hid09, pag. 1348].

From now on, V = Vspin(k − 1) (s = k − 1 is the only critical integer); if πp
is spherical it should not give any trivial zeros (as the corresponding p-adic
representation is conjectured to be crystalline and consequently the βi’s are
Weil numbers of non-zero weight).
So we are left to see what happen at the primes Steinberg at p. Twisting by βp,g
the triangulated (ϕ,Γ)-module of ρspin we are in the hypothesis of Theorem 4.1
and we have
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Theorem 4.17. For πp Steinberg we have

L(V,D)p = − 1

fp

d logp βp,1(k)

dk |k=k
,

where k is a parallel weight variable.

5 The case of the adjoint representation

We prove Theorem 1.4 of the introduction. We consider only the case g = 2.
Fix an automorphic representation π of weight k = (kτ,1, . . . , kτ,g; k0)τ and let
V = Vspin be the spin representation associated with π. Let ρ = ρspin be the
corresponding big Galois representation.

We specializes the eigenvariety X of Theorem 4.10 to the subspace of the weight
space given by the equations ki,τ = ki,τ ′ if τ and τ ′ induce the same p-adic place
p and k0 = k0. We shall denote the new variable by kp,i and this eigenvariety
by X ′. For simplicity, we rewrite the graded pieces of V as

δp,1(̟p) = F−1
p,1 (k), δp,1(u) = NFp/Qp(u)

k0+kp,1+kp,2−3

2 ,

δp,2(̟p) = F−1
p,2 (k), δp,2(u) = NFp/Qp(u)

k0+kp,2−kp,1+1

2 ,

δp,3(̟p) = Fp,2(k), δp,3(u) = NFp/Qp(u)
k0−kp,2+kp,1−1

2 ,

δp,4(̟p) = Fp,1(k), δp,4(u) = NFp/Qp(u)
k0−kp,1−kp,2+3

2

where k = (kp,1, kp2 ; k0)
p
.

The representation space of Ad(V ) is given by the matrices

Sp4 =
{
X ∈ SL4|XtJ + JX = 0

}
.

The p-stabilization on V induces a natural p-stabilization and consequently a
regular sub-module DAd on Ad(Vspin). We have

DAd−1 = {nilpotent X} ,
DAd0 = {unipotent X} .

The basis for the space DAd0/DAd−1 is given by the two diagonal matrices
d1 = [−1, 0, 0, 1] and d2 = [0,−1, 1, 0]. We shall denote by dp,i these matrices
when seen as a vector for Ad(Vp).

Proposition 5.1. Suppose that C1-C4 holds for V . Suppose that the clas-
sical E-point x in the eigenvariety X ′ corresponding to π is étale above
the weight space. Then, the space L(DAd, V ) is generated by the image of(

d logp δp,i
dkp′,j

dp,i

)
p′,j=1,2

.
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Proof. The proof is standard and goes back to [MT90], so we shall only sketch
it. Let A = E[T ]/(T 2). Consider an infinitesimal deformation of ρ given by

ρA = V ⊕ ρ′;

note that ρ′ can be written as the first order truncation of ∂ρ
∂v , where v is any

direction in the weight space.
From ρA we can construct a cocyle cx,A defined by

GF ∋ σ 7→ ρ′(σ)V −1(σ).

It is easy to check that this defines a cocycle with values in V ⊗V ∗. Moreover its
image lands in Ad(V ) ⊂ V ⊗V ∗ as the determinant is fixed (by our choice of the
Hodge–Tate weight on X ′). Writing explicitly the matrix for the (ϕ,Γ)-module
associated with ρA we obtain




∂δp,1
∂v ∗ ∗ ∗

∂δp,2
∂v ∗ ∗

∂δp,3
∂v ∗

∂δp,4
∂v




|k=k




δ−1
p,1 ∗ ∗ ∗

δ−2
p,2 ∗ ∗

δ−1
p,3 ∗

δ−1
p,4




|k=k

In particular, they are upper triangular and their projection via ιf onto the

vector dp,1 is
d logp Fp,1(k)

dv |k=k . Similarly for dp,2.

We also have that the projection via ιc onto dp,1 is −∂(kp,1+kp,2)/2∂v |k=k .

By hypothesis, the projection to the weight space is étale at x and hence{
∂

∂kp,i

}
p,i=1,2

is a base of the tangent space at x in X ′ and we are done.

We can now prove Theorem 1.4 which we recall;

Theorem 5.2. Let π be an automorphic form of weight k. Suppose that hy-
pothesis LGp is verified for Vspin and the point corresponding to π in the eigen-
variety X ′ is étale over the weight space. We have then

L(Ad(Vspin), DAd) =
∏

p

2

f2
p

det




∂ logp Fpi,1
(k)

∂kpj ,1

∂ logp Fpi,2
(k)

∂kpj ,1
∂ logp Fpi,1

(k)

∂kpj ,2

∂ logp Fpi,2
(k)

∂kpj ,2




1≤i,j≤t|k=k

.

Proof. By hypothesis we can use Proposition 5.1, so we just have to follow
the proof of [Hid06, Theorem 3.73]. The matrix of ιf is exactly what appears
in the Theorem, while the matrix of ιc can be directly calculated using the

formula
d logp(u

±kp,i )

dkp′,j
= ±δp,p′δi,j (where δa,b here is Kronecker delta) and gives

a contribution of 2−1 for each prime ideal p.
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Sci. École Norm. Sup. (4), 32(4):499–574, 1999.

Documenta Mathematica 20 (2015) 1227–1253

http://arxiv.org/abs/1412.2981


L-Invariant for Siegel–Hilbert Forms 1253

[Urb11] Eric Urban. Eigenvarieties for reductive groups. Ann. of Math. (2),
174(3):1685–1784, 2011.

[Xu] Bin Xu. Endoscopic classification of representations of GSp(2n) and
GSO(2n). PhD thesis, University of Toronto.

[Zha14] YuanCao Zhang. L-invariants and logarithm derivatives of eigen-
values of frobenius. Science China Mathematics, 57(8):1587–1604,
2014.

Giovanni Rosso
DPMMS, Centre for
Mathematical Sciences

Wilberforce Road
Cambridge CB3 0WB
United Kingdom
gr385@cam.ac.uk

Documenta Mathematica 20 (2015) 1227–1253



1254

Documenta Mathematica 20 (2015)



Documenta Math. 1255

Enumerating Exceptional Collections of Line Bundles

on Some Surfaces of General Type

Stephen Coughlan

Received: February 2, 2015

Revised: October 7, 2015

Communicated by Thomas Peternell

Abstract. We use constructions of surfaces as abelian covers to
write down exceptional collections of line bundles of maximal length
for every surface X in certain families of surfaces of general type with
pg = 0 and K2

X = 3, 4, 5, 6, 8. We also compute the algebra of derived
endomorphisms for an appropriately chosen exceptional collection,
and the Hochschild cohomology of the corresponding quasiphantom
category. As a consequence, we see that the subcategory generated by
the exceptional collection does not vary in the family of surfaces. Fi-
nally, we describe the semigroup of effective divisors on each surface,
answering a question of Alexeev.

2010 Mathematics Subject Classification: 14F05 (14J29)
Keywords and Phrases: Derived category; Kulikov surface; Burniat
surface; Beauville surface; Semiorthogonal decomposition; Excep-
tional sequence; Hochschild homology

Contents

1 Introduction 1256

2 Preliminaries 1259

3 Exceptional collections of line bundles on surfaces 1266

4 Heights of exceptional collections 1276

5 Secondary Burniat surfaces and effective divisors 1282

A Appendix: Acyclic bundles on the Kulikov surface 1287

Documenta Mathematica 20 (2015) 1255–1291



1256 Stephen Coughlan

B Appendix: Nodal Secondary Burniat surface with K2 = 4 1288

1 Introduction

Exceptional collections of maximal length on surfaces of general type with pg =
0 have been constructed for Godeaux surfaces [13, 15], primary Burniat surfaces
[2], and Beauville surfaces [24, 39]. Recently, progress has also been made for
some fake projective planes [25, 23]. In this article, we present a method which
can be applied uniformly to produce exceptional collections of line bundles on
several surfaces with pg = 0, including Burniat surfaces with K2 = 6 (cf. [2]),
5, 4, 3, Kulikov surfaces with K2 = 6 and some Beauville surfaces with K2 = 8
[24, 39]. In fact we do more: we enumerate all exceptional collections of line
bundles corresponding to any choice of numerical exceptional collection. We
can use this enumeration process to find those exceptional collections that are
particularly well-suited to studying the surface itself, and possibly its moduli
space.
Both [2] and [24] hinted that it should be possible to produce exceptional
collections of line bundles on a wide range of surfaces of general type with
pg = 0. This inspired us to build the approaches of [2, 24] into the larger
framework of abelian covers (see especially Section 2), an important part of
which is a new formula for the pushforward of certain line bundles on any
abelian cover, generalising formulas of Pardini [43]. We believe that this work
is a step in the right direction, even though there remain many families of
surfaces which require further study (see Section 3.1 for more details).
Let X be a surface of general type with pg = 0, and let Y be a del Pezzo surface
with K2

Y = K2
X . The lattices PicX/TorsX and PicY are both isomorphic to

Z1,N , where N = 9−K2
X , and moreover, the cohomology groups H2(X,Z) and

H2(Y,Z) are completely algebraic. By exploiting this relationship between X
and Y , we can study exceptional collections of line bundles on X . Indeed,
exceptional collections on del Pezzo surfaces are well understood after [42],
[33], and we sometimes refer to X as a fake del Pezzo surface, to emphasise
this analogy.
Suppose now thatX is a fake del Pezzo surface that is constructed as a branched
Galois abelian cover ϕ : X → Y , where Y is a (weak) del Pezzo surface with
K2
Y = K2

X . Many fake del Pezzo surfaces can be constructed in this way [10],
but we require certain additional assumptions on the branch locus and Galois
group (see Section 3.1). These assumptions ensure that there is an appropriate
choice of lattice isometry PicY → PicX/TorsX . This isometry is combined
with our pushforward formula to calculate the coherent cohomology of any line
bundle on X .

Theorem 1.1 (Theorem 2.1) Let X be a fake del Pezzo surface satisfying
our assumptions, and let L be any line bundle on X. We have an explicit for-
mula for the line bundles Mχ appearing in the pushforward ϕ∗L =

⊕
χ∈G∗ Mχ,

where G is the Galois group of the cover ϕ : X → Y .
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Working modulo torsion, we can use the above lattice isometry to lift any
exceptional collection of line bundles on Y to a numerical exceptional collection
on X . We then incorporate Theorem 1.1 into a systematic computer search, to
find those combinations of torsion twists which correspond to an exceptional
collection on X .
The search for exceptional collections on fake del Pezzo surfaces, leads naturally
to the following question, which was asked by Alexeev [1]:

Can we characterise effective divisors on X in terms of those on Y ?

For example, in [1], Alexeev gives an explicit description of the semigroup of
effective divisors on the Burniat surface with K2 = 6, and proposes similar
descriptions for the other Burniat surfaces. We use our pushforward formula
to prove these characterisations for the Burniat surfaces and other fake del
Pezzo surfaces, cf. Theorems 3.2, 5.1.

Theorem 1.2 Let X be a fake del Pezzo surface satisfying our assumptions.
Then the semigroup of effective divisors on X is generated by the reduced pull-
back of irreducible components of the branch divisor, together with pullbacks of
certain (−1)-curves on Y .

Let E be an exceptional collection on X , and suppose H1(X,Z) is nontrivial.
Then E can not be full, for K-theoretic reasons (see Section 4). Hence we have
a semiorthogonal decomposition of the bounded derived category of coherent
sheaves on X :

Db(X) = 〈E,A〉.
If E is of maximal length, then A is called a quasiphantom category; that is,
K0(A) is torsion and the Hochschild homology HH∗(A) is trivial. Even when
H1(X,Z) vanishes, an exceptional collection of maximal length need not be full
(see [15]), and in this case A is called a phantom category, because K0(A) is
trivial.
On the other hand, the Hochschild cohomology does detect the quasiphantom
category A; in fact, HH∗(A) measures the formal deformations of A. We calcu-
late HH∗(A) by considering the A∞-algebra of endomorphisms of E, together
with the spectral sequence developed in [36]. Indeed, one of the advantages
of our systematic search, is that we can find exceptional collections for which
the higher multiplications in the A∞-algebra of E are as simple as possible.
Theorem 1.3 below serves as a prototype statement of our results for a good
exceptional collection on a fake del Pezzo surface. More precise statements can
be found for the Kulikov surface in Section 4.7.

Theorem 1.3 Let X → T be a family of fake del Pezzo surfaces satisfying
our assumptions. Then for any t in T , there is an exceptional collection E of
line bundles on X = Xt which has maximal length 12 − K2

X . Moreover, the
subcategory of Db(X) generated by E does not vary with t, and the Hochschild
cohomology of X agrees with that of the quasi-phantom category A in degrees
less than or equal to two.
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The significance of Theorem 1.3 is amplified by the reconstruction theorem
of [17]: if X and X ′ are smooth, ±KX is ample, and Db(X) and Db(X ′)
are equivalent bounded derived categories, then X ∼= X ′. In conjunction with
Theorem 1.3, we see that if KX is ample, then X can be reconstructed from the
quasi-phantom category A. The gluing between A and E does not vary with X ,
because the statement about Hochschild cohomology implies that the formal
deformation spaces of X are isomorphic to the formal deformation spaces of
A. Currently, it is not clear whether there is any practical way to extract
information about X from A, although some interesting ideas are discussed in
[2]. It would be interesting to know whether this “rigidity” of E is a general
phenomenon, or just a coincidence for good choices of exceptional collection.
In Section 2 we review abelian covers, and prove our result on pushforwards of
line bundles, which is valid for any abelian cover, and is used throughout. In
Section 3.1, we explain our assumptions on the fake del Pezzo surface X and its
Galois covering structure ϕ : X → Y , and describe our approach to enumerating
exceptional collections on the surface of general type. Section 3.2 is an extended
treatment of the Kulikov surface with K2 = 6, which is an example of a fake del
Pezzo surface. We give a cursory review of dg-categories and A∞-algebras in
Section 4, as background to our discussion of quasi-phantom categories and the
theory of heights from [36]. We then show how to compute the A∞-algebra and
height of an exceptional collection on the Kulikov surface. In Section 5 we prove
Theorem 1.2 for the secondary nodal Burniat surface with K2 = 4. Appendix
A lists certain data relevant to the Kulikov surface example of Section 3.2, and
Appendix B applies similarly to the secondary nodal Burniat surface of Section
5.
With appropriate amendments, Theorems 1.2 and 1.3 hold for the Burniat
surfaces with K2 = 6, 5, 4, 3 and some Beauville surfaces with K2 = 8. The
arguments used are similar to those appearing in Sections 3.2 and 5.1, and we
refer to [20] for details. We have exceptional collections of maximal length on
the tertiary Burniat surface with K2 = 3. In this case it is necessary to use the
Weyl group action on the Picard group to find exceptional collections. We can
show that the A∞-category is formal, but we do not yet know how to compute
the Hochschild cohomology of the quasiphantom category.
In order to use results on deformations of each fake del Pezzo surface, we work
over C.

Remark 1.1 The calculation of ϕ∗L according to Theorem 1.1 is elementary
but repetitive; we include a few sample calculations to illustrate how to do it
by hand, but when the torsion group becomes large, it is more practical to use
computer algebra. Our enumerations of exceptional collections are obtained by
simple exhaustive computer searches. We use Magma [12], and the annotated
scripts are available from [20].

Acknowledgements I would like to thank Valery Alexeev, Ingrid Bauer,
Gavin Brown, Fabrizio Catanese, Paul Hacking, Al Kasprzyk, Anna Kazanova,
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Alexander Kuznetsov, Miles Reid and Jenia Tevelev for helpful conversations
or comments about this work. I thank the DFG for support during part of this
work through grant Hu 337-6/2.

2 Preliminaries

We collect together the relevant material on abelian covers. See especially [43],
[7] or [34] for details. Unless stated otherwise, X and Y are normal projective
varieties, with Y nonsingular. Let G be a finite abelian group acting faithfully
on X with quotient ϕ : X → Y . Write ∆ =

∑
∆i for the branch locus of ϕ,

where each ∆i is a reduced, irreducible effective divisor on Y . The cover ϕ is
determined by the group homomorphism

Φ: π1(Y −∆)→ H1(Y −∆,Z)→ G,

which assigns an element of G to the class of a loop around each irreducible
component ∆i of ∆. If Φ is surjective, then X is irreducible. The factorisation
through H1(Y −∆,Z) arises because G is assumed to be abelian, so we only
need to consider the map Φ: H1(Y −∆,Z) → G. For brevity, we refer to the
loop around ∆i by the same symbol, ∆i.

Let Ỹ be the blow up of Y at a point P where several branch components
∆i1 , . . . ,∆ik intersect. Then there is an induced cover of Ỹ , and the image of
the exceptional curve E under Φ is given by

Φ(E) =

k∑

j=1

Φ(∆ij ). (1)

Fix an irreducible reduced component Γ of ∆ and denote Φ(Γ) by γ. Then the
inertia group of Γ is the cyclic group H ⊂ G generated by γ. Choosing the
generator of H∗ = Hom(H,C∗) to be the dual character γ∗, we may identify H∗

with Z/n, where n is the order of γ. Composing the restriction map res : G∗ →
H∗ with this identification gives

G∗ → Z/n, χ 7→ k,

where χ|H = (γ∗)k for some 0 ≤ k ≤ n− 1. On the other hand, given χ in G∗

of order d, the evaluation map χ : G→ Z/d satisfies

χ(γ) = d
nχ|H(γ) = dk

n

as a residue class in Z/d (or as an integer between 0 and d− 1).

The pushforward of ϕ∗OX breaks into a direct sum of eigensheaves

ϕ∗OX =
⊕

χ∈G∗

L−1
χ . (2)
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Moreover, the Lχ are line bundles on Y and by Pardini [43], their associated
(integral) divisors Lχ are given by the formula

dLχ =
∑

i

χ ◦ Φ(∆i)∆i. (3)

The line bundles Lχ play a pivotal role in the sequel, and we refer to them as
the character sheaves of the cover ϕ : X → Y .

2.1 Line bundles on X

We develop tools for calculating with torsion line bundles on X . Let π′ : A′ →
X be the maximal abelian cover of X ; that is, the étale cover of X associated
to the subgroup π1(X)ab = H1(X,Z) of π1(X). Now let ψ′ be the composite
map ϕ ◦ π′ : A′ → Y . It is not always true that ψ′ is Galois and ramified
over the same branch divisor ∆ as ϕ : X → Y (see for example [45], [9]).
So choose a maximal subgroup T of the torsion subgroup TorsX in PicX
whose associated cover ψ : A→ Y is Galois and ramified over ∆. We have the
following commutative diagram

A

π

~~⑦⑦
⑦⑦
⑦⑦
⑦

ψ

��❅
❅❅

❅❅
❅❅

X
ϕ // Y

Let the Galois group of ψ be G̃. Then the original group G is the quotient
G̃/T , so we get short exact sequences

0→ T → G̃→ G→ 0 (4)

and
0← T ∗ ← G̃∗ ← G∗ ← 0 (5)

where G∗ = Hom(G,C∗), etc. In fact, for each surface that we consider, these
exact sequences are split, so that

G̃ = G⊕ T, G̃∗ = G∗ ⊕ T ∗. (6)

Let Γ be a reduced irreducible component of the branch locus ∆ of an abelian
cover ϕ : X → Y and suppose the inertia group of Γ is cyclic of order n. Then

Definition 2.1 (cf. [2]) The reduced pullback Γ of Γ is the (integral) divisor
Γ = 1

nϕ
∗(Γ) on X.

Remark 2.1 The reduced pullback extends to arbitrary linear combinations∑
i ki∆i in the obvious way. We use a bar to denote divisors on Y and remove

the bar when taking the reduced pullback. In other situations, it is convenient
to use Di to denote the reduced pullback of a branch divisor ∆i.
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The remainder of this section is dedicated to calculating the pushforward
ϕ∗(L⊗τ), where L = OX(

∑
i kiDi) is the line bundle associated to the reduced

pullback of
∑
i ki∆i, and τ is any torsion line bundle contained in T ⊂ TorsX .

We do this by exploiting the association of the free part L with ϕ : X → Y , and
the torsion part τ with π : A→ X . The formulae that we obtain are a natural
extension of results in [43]. It may be helpful to skip ahead to Examples 2.2.1
and 2.4.1 before reading this section in detail.

2.2 Free case

Until further notice, we write Γ ⊂ Y for an irreducible component of the branch
divisor ∆ of ϕ : X → Y . By Pardini [43], the inertia group H ⊂ G of Γ is cyclic,
and H is generated by Φ(Γ) of order n. Let Γ ⊂ X be the reduced pullback of
Γ, so that nΓ = ϕ∗(Γ). We start with cyclic covers.

Lemma 2.1 Let α : X → Y be a cyclic cover with group H ∼= Z/n, and suppose
that Γ is an irreducible reduced component of the branch divisor. Let Γ be the
reduced pullback of Γ, and suppose 0 ≤ k ≤ n− 1. Then

α∗OX(kΓ) =
⊕

i∈H∗−S
M−1

i ⊕
⊕

i∈S
M−1

i (Γ),

where Mi is the character sheaf associated to α with character i ∈ H∗, and

S = {n− k, . . . , n− 1} ⊂ H∗ ∼= Z/n.

Remark 2.2 If k is a multiple of n, say k = pn, the projection formula gives

α∗OX(kΓ) = α∗(α∗OY (pΓ)) = α∗OX ⊗OY (pΓ) =
⊕

i∈H∗

M−1
i (pΓ).

Thus the lemma extends to any integer multiple of Γ.

Proof After removing a finite number of points from Γ, we may choose
a neighbourhood U of Γ such that U does not intersect any other irreducible
components of ∆. Then since X and Y are normal we may calculate α∗OX(kΓ)
locally on α−1(U) and U . In what follows, we do not distinguish U (respectively
α−1(U)) from Y (resp. X).
Let g = Φ(Γ) so that H = 〈g〉 ∼= Z/n, and identify H∗ with Z/n via g∗ = 1.
Locally, write α : α−1(U)→ U as zn = b where b = 0 defines Γ in U . Then

α∗OX =

n−1⊕

i=0

OY zi =

n−1⊕

i=0

OY (− i
nΓ) =

n−1⊕

i=0

M−1
i ,

where the last equality is given by (3). Thus α∗OX is generated by
1, z, . . . , zn−1 as an OY -module, and the OY -algebra structure on α∗OX is
induced by the equation zn = b.
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The calculation for OX(kΓ) is similar,

α∗OX(kΓ) = α∗OX
1

zk
=
n−k−1⊕

i=−k
OY zi =

n−k−1⊕

i=0

OY zi ⊕
−1⊕

i=−k
OY

zn+i

b

where we use zn = b to remove negative powers of z. Thus

α∗OX(kΓ) =

n−k−1⊕

i=0

OY (− i
nΓ)⊕

n−1⊕

i=n−k
OY (− i

nΓ)(Γ)

=
⊕

i∈H∗−S
M−1

i ⊕
⊕

i∈S
M−1

i (Γ),

where S = {n− k, . . . , n− 1}. �

The lemma can be extended to any abelian group using arguments inspired by
Pardini [43] Sections 2 and 4.

Proposition 2.1 Let ϕ : X → Y be an abelian cover with group G, and let
k = np+ k, where 0 ≤ k ≤ n− 1. Then

ϕ∗OX(kΓ) =
⊕

χ∈G∗−SkΓ

L−1
χ (pΓ)⊕

⊕

χ∈SkΓ

L−1
χ ((p+ 1)Γ),

where

SkΓ = {χ ∈ G∗ : n− k ≤ χ|H ≤ n− 1}.

Proof By the projection formula, we only need to consider the case k = k
(cf. Remark 2.2). As in the proof of Lemma 2.1, after removing a finite number
of points, we may take a neighbourhood U of Γ which does not intersect any
other components of ∆. We work on U and its preimages ϕ−1(U), β−1(U).
Factor ϕ : X → Y as

X
α−→ Z

β−→ Y,

where α is a cyclic cover ramified over Γ with group H = 〈g〉 ∼= Z/n, and β
is unramified by our assumptions. As in Lemma 2.1 we denote the character
sheaves of α by Mi, and those of the composite map ϕ = β ◦ α by Lχ. Now

β∗Mi =
⊕

χ∈[i]

Lχ (7)

where the notation [i] means the preimage of i in H∗ under the restriction map
res : G∗ → H∗. That is,

[i] = {χ ∈ G∗ : χ|H = i},
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where d is the order of χ. Since β is not ramified we combine Lemma 2.1 and
(7) to get

ϕ∗OX(kΓ) =
⊕

χ∈G∗−SkΓ

L−1
χ ⊕

⊕

χ∈SkΓ

L−1
χ (Γ)

where
SkΓ = {χ ∈ G∗ : n− k ≤ χ|H ≤ n− 1}

is the preimage of S = {n− k, . . . , n− 1} ⊂ H∗ under res : G∗ → H∗. �

2.2.1 Example (Campedelli surface)

Let ϕ : X → P2 be a G = (Z/2)3-cover branched over seven lines in general
position. We label the lines ∆1, . . . ,∆7, and define Φ to induce a set-theoretic
bijection between {∆i} and (Z/2)3 − {0}. We make the definition of Φ more
precise later (see Example 2.4.1). It is well known ([34, §4]) that X is a surface
of general type with pg = 0, K2 = 2 and π1 = (Z/2)3.
Choose generators g1, g2, g3 for (Z/2)3 so that Φ(∆1) = g1. There are eight
character sheaves for the cover, which we calculate using formula (3),

L(0,0,0) = OP2 , Lχ = OP2(2) for χ 6= (0, 0, 0).

Write D1 for the reduced pullback of ∆1, so that ϕ∗(∆1) = 2D1. Then

S∆1 = {χ : χ|〈g1〉 = 1} = {(1, 0, 0), (1, 1, 0), (1, 0, 1), (1, 1, 1)},
so that by Proposition 2.1, we have

ϕ∗OX(D1) = OP2 ⊕ 4OP2(−1)⊕ 3OP2(−2).

2.3 Torsion case

In this section we use the maximal abelian cover A to calculate the pushfor-
ward of a torsion line bundle on X . To simplify notation, we assume that the
composite cover A→ X → Y is Galois with group G̃, so that T = TorsX .

Proposition 2.2 Let τ be a torsion line bundle on X. Then

ϕ∗OX(−τ) =
⊕

χ∈G∗

L−1
χ+τ .

where addition χ+ τ takes place in G̃∗ = G∗ ⊕ T ∗.

Remark 2.3 Note that Lχ+τ is a character sheaf for the G̃-cover ϕ : A→ Y ,
and the proposition allows us to interpret Lχ+τ as a character sheaf for the
G-cover ϕ : X → Y . Unfortunately, there is still some ambiguity, because we
do not determine which character in G∗ is associated to each Lχ+τ under the
splitting of exact sequence (5). On the other hand, the special case τ = 0 gives

ϕ∗OX =
⊕

χ∈G∗

L−1
χ .
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Proof The structure sheaf OA decomposes into a direct sum of the torsion
line bundles when pushed forward to X

π∗OA =
⊕

τ∈TorsX

OX(−τ).

Thus OX(τ) is the character sheaf with character τ under the identification
T ∗ ∼= TorsX . The composite ϕ∗π∗OA breaks into character sheaves according
to (2), and the image of OX(−τ) is the direct sum of those character sheaves

with character contained in the coset G∗ + τ of τ in G̃∗ under (6). �

2.4 General case

Now we combine Propositions 2.1 and 2.2 to give our formula for pushforward
of line bundles OX(

∑
iDi) ⊗ τ . The formula looks complicated, but most of

the difficulty is in the notation.

Definition 2.2 Let ni be the order of Ψ(∆i) in G̃, and write ki = nipi + ki,
where 0 ≤ ki ≤ ni − 1. Then given any subset I ⊂ {1, . . . ,m}, we define

SI [τ ] =
⋂

i∈I
Ski∆i [τ ] ∩

⋂

j∈Ic
Skj∆j [τ ]c,

where
SkΓ[τ ] = {χ ∈ G∗ : n− k ≤ n

d (χ+ τ)(Ψ(Γ)) ≤ n− 1}
for any reduced irreducible component Γ of the branch locus ∆. Note that for
fixed τ in T ∗, the collection of all SI [τ ] partitions G∗.

Theorem 2.1 Let D =
∑m
i=1 kiDi be the reduced pullback of the linear combi-

nation of branch divisors
∑m
i=1 ki∆i on Y . Then

ϕ∗OX(D − τ) =
⊕

I

⊕

χ∈SI [τ ]
L−1
χ+τ (∆I),

where I is any subset of {1, . . . ,m} and ∆I =
∑

i∈I ∆i.

Remark 2.4 For simplicity, we have assumed that ki = ki for all i in the state-
ment and proof of the theorem. When this is not the case, by the projection
formula (cf. Remark 2.2) we twist by OY (

∑m
i=1 pi∆i).

Proof Fix i and let Di be the reduced pullback of an irreducible component
∆i of the branch divisor. Choose a neighbourhood of ∆i which does not inter-
sect any other ∆j . This may also require us to remove a finite number of points
from Di. We work locally in this neighbourhood and its preimages under ϕ, π.
Now by the projection formula,

π∗π
∗OX(kiDi) = π∗OA ⊗OX(kiDi),
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and thus
ψ∗π

∗OX(kiDi) =
⊕

τ∈T
ϕ∗OX(kiDi − τ).

Then we combine Propositions 2.1 and 2.2 to obtain

ϕ∗OX(kiDi − τ) =
⊕

χ∈G∗−Ski∆i [τ ]
L−1
χ+τ ⊕

⊕

χ∈Ski∆i [τ ]
L−1
χ+τ (∆i),

where the indexing is explained in Definition 2.2.
To extend to the global setting and linear combinations

∑
kiDi, we just need

to keep track of which components of ∆ should appear as a twist of each L−1
χ+τ

in the direct sum. This book-keeping is precisely the purpose of Definition 2.2.
�

Using the formula

KX = ϕ∗(KY +
∑

i

ni−1
ni

∆i

)
(8)

and the Theorem, we give an alternative proof of the decomposition of
ϕ∗OX(KX).

Corollary 2.1 [43, Proposition 4.1] We have

ϕ∗OX(KX) =
⊕

χ∈G∗

Lχ−1(KY ).

Proof Let Di be the reduced pullback of ∆i. Then by (8) and the projection
formula, we have

ϕ∗(OX(KX)) = ϕ∗
(
ϕ∗OY (KY )⊗OX

(∑

i

(ni − 1)Di

))

= OY (KY )⊗ ϕ∗OX
(∑

i

(ni − 1)Di

)
.

Now by definition,

S(ni−1)∆i = {χ ∈ G∗ : 1 ≤ ni
d χ(Φ(∆i)) ≤ ni − 1} = {χ ∈ G∗ : χ(Φ(∆i)) 6= 0}.

Thus in the decomposition of ϕ∗OX
(∑

i(ni − 1)Di

)
given by Theorem 2.1,

the summand L−1
χ is twisted by

∑
j∈J ∆j , where J is the set of indices j with

χ(Φ(∆j)) 6= 0. Then by (3),

L−1
χ

(∑

i∈J
∆i

)
=
∑

i

(1 − 1
d)χ(Φ(∆i))∆i = Lχ−1 ,

where the last equality is because χ−1(g) = −χ(g) = d − χ(g) for any g in G.
Thus we obtain

ϕ∗
(
OX
(∑

i

(ni − 1)Di

))
=
⊕

χ∈G∗

Lχ−1 ,

and the Corollary follows. �
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2.4.1 Example 2.2.1 continued

We resume our discussion of the Campedelli surface. The fundamental group
of X is (Z/2)3, and so the maximal abelian cover π : A→ X is a (Z/2)6-cover
ψ : A → P2 branched over ∆. Choose generators g1, . . . , g6 of (Z/2)6. As
promised in Example 2.2.1, we now fix Φ and Ψ:

∆i ∆1 ∆2 ∆3 ∆4 ∆5 ∆6 ∆7

Φ(∆i) g1 g2 g3 g1 + g2 g1 + g3 g2 + g3 g1 + g2 + g3

Ψ(∆i)− Φ(∆i) 0 0 0 g4 g5 g6 g4 + g5 + g6

For clarity, the table displays the difference between Ψ(∆i) and Φ(∆i). In
order that A be the maximal abelian cover, Ψ is defined so that each Ψ(∆i)
generates a distinct summand of (Z/2)6, excepting Ψ(∆7), which is chosen so
that

∑
i Ψ(∆i) = 0. This last equality is induced by the relation

∑
i ∆i = 0 in

H1(P2 −∆,Z).
The torsion group TorsX is generated by g∗4 , g∗5 , g∗6 . As an illustration of
Theorem 2.1, we calculate ϕ∗OX(D1)⊗τ , where τ is the torsion line bundle on
X associated to g∗4 . Suppose ϕ∗OX(D1)⊗ τ =

⊕
χ∈G∗Mχ, whereMχ are the

line bundles to be calculated. In the table below, we collect the data relevant
to Theorem 2.1.

χ L−1
χ+τ (χ+ τ) ◦Ψ(D1) Twist by ∆1? Mχ

(0, 0, 0) OP2(−1) 0 No OP2(−1)

(1, 0, 0) OP2(−1) 1 Yes OP2

(0, 1, 0) OP2(−1) 0 No OP2(−1)

(0, 0, 1) OP2(−2) 0 No OP2(−2)

(1, 1, 0) OP2(−3) 1 Yes OP2(−2)

(1, 0, 1) OP2(−2) 1 Yes OP2(−1)

(0, 1, 1) OP2(−2) 0 No OP2(−2)

(1, 1, 1) OP2(−2) 1 Yes OP2(−1)

Summing the last column of the table, we get

ϕ∗OX(D1)⊗ τ = OP2 ⊕ 4OP2(−1)⊕ 3OP2(−2).

In particular, we see that the linear system on X associated to the line bundle
OX(D1)⊗ τ contains a single effective divisor.

3 Exceptional collections of line bundles on surfaces

3.1 Overview and definitions

We outline our method for producing exceptional collections, starting with
some definitions and fundamental observations. A good reference for semi-
orthogonal decompositions is [37], and Proposition 3.1 is proved in [26].
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Definition 3.1 An object E in Db(X) is called exceptional if

Extk(E,E) =

{
C if k = 0,
0 otherwise.

An exceptional collection E ⊂ Db(X) is a sequence of exceptional objects E =
(E0, . . . , En) such that if 0 ≤ i < j ≤ n then

Extk(Ej , Ei) = 0 for all k.

Remark 3.1 Some authors prefer the term exceptional sequence rather than
exceptional collection.

It follows from Definition 3.1 that a line bundle on a surface is exceptional if
and only if pg = q = 0. Moreover, if E is an exceptional collection of line
bundles, and L is any line bundle, then E⊗ L = (E0 ⊗ L, . . . , En ⊗L) is again
an exceptional collection, so we always normalise E so that E0 = OX .
Let E = 〈E〉 denote the smallest full triangulated subcategory of Db(X) con-
taining all objects in E. Then E is an admissible subcategory of Db(X), and
so we have a semiorthogonal decomposition

Db(X) = 〈E ,A〉,

where A is the left orthogonal to E . That is, A consists of all objects F in
Db(X) such that Extk(F,E) = 0 for all k and for all E in E . We say that the
exceptional collection E is full if Db(X) = E . The K-theory is additive across
semiorthogonal decompositions:

Proposition 3.1 If Db(X) = 〈A,B〉 is a semiorthogonal decomposition, then

K0(X) = K0(A)⊕K0(B).

Moreover, if E is an exceptional collection of length n, then K0(E) = Zn. Thus
if K0(X) is not free, then X can never have a full exceptional collection. The
maximal length of an exceptional collection on X is less than or equal to the
rank of K(X).

3.1.1 Exceptional collections on del Pezzo surfaces

Let Y be the blow up of P2 in n points, and write H for the pullback of the
hyperplane section, Ei for the ith exceptional curve. Then by work of Kuleshov
and Orlov [42], [33] there is an exceptional collection of sheaves on Y

OE1
(−1), . . . ,OEn(−1),OY ,OY (H),OY (2H).

Note that the blown up points do not need to be in general position, and can
even be infinitely near. We prefer an exceptional collection of line bundles on
Y , so we mutate past OY to get

OY , OY (E1), . . . ,OY (En), OY (H), OY (2H). (9)
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In fact, we only use the numerical properties of a given exceptional collection
of line bundles on Y . Choose a basis e0, . . . , en for the lattice PicY ∼= Z1,n

with intersection form diag(1,−1n). Then we write equation (9) numerically
as

0, e1, . . . , en, e0, 2e0.

3.1.2 From del Pezzo to general type

Let X be a surface of general type with pg = 0 which admits an abelian cover
ϕ : X → Y of a del Pezzo surface Y with K2

Y = K2
X . In addition, we suppose

that the maximal abelian cover A→ X → Y is also Galois. Otherwise choose
a maximal subgroup T ⊂ TorsX for which the associated cover is Galois, and
replace A, as in Section 2. The branch divisor is ∆ =

∑
i ∆i and we assume

that ∆ is sufficiently reducible so that

(A1) PicY is generated by integral linear combinations of ∆i.

Now the Picard lattices of X and Y are isomorphic. Thus if G is not too
complicated, e.g. of the form Z/p× Z/q, we might hope to have:

(A2) The reduced pullbacks Di of ∆i (see Definition 2.1) generate
PicX/TorsX.

In very good cases, reduced pullback actually induces an isometry of lattices

(A3) f : PicY → PicX/TorsX, such that f(KY ) = −KX modulo TorsX .

We say that a surface satisfies assumption (A) if (A1), (A2) and (A3) hold.
These conditions are quite strong, and are not strictly necessary for our meth-
ods. For example, we could replace (A3) with an isometry of lattices from the
abstract lattice Z1,n to PicX/TorsX.

Definition 3.2 A sequence E = (E0, . . . , En) of line bundles on X is called
numerically exceptional if χ(Ej , Ei) = 0 whenever 0 ≤ i < j ≤ n.

Assume X satisfies (A), and let (Λi) = (Λ0, . . . ,Λn) be an exceptional collection
on Y . Now define (Li) = (L0, . . . , Ln) by Li = f(Λi)

−1. A calculation with the
Riemann–Roch formula shows that (Li) is a numerically exceptional collection
on X . This is explained in [2].

Given a numerically exceptional collection (Li) of line bundles on X , the re-
maining obstacle is to determine whether (Li) is genuinely exceptional rather
than just numerically so. Indeed, most numerically exceptional collections on
X are not exceptional. The standard trick (see [13]) is to choose torsion line
bundles τi in such a way that the twisted sequence (Li ⊗ τi) is an exceptional
collection. We examine these choices of τi more carefully in what follows.
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3.1.3 Acyclic line bundles

We discuss acyclic line bundles following [24].

Definition 3.3 Let L be a line bundle on X. If Hi(X,L) = 0 for all i, then
we call L an acyclic line bundle. We define the acyclic set associated to L to
be

A(L) = {τ ∈ TorsX : L⊗ τ is acyclic} .

We call L numerically acyclic if χ(X,L) = 0. Clearly, an acyclic line bundle
must be numerically acyclic.

Remark 3.2 In the notation of [24], τ = −χ.

Lemma 3.1 ([24], Lemma 3.4) A numerically exceptional collection L0 =
OX , L1 ⊗ τ1, . . . , Ln ⊗ τn on X is exceptional if and only if

−τi ∈ A(L−1
i ) for all i, and

τi − τj ∈ A(L−1
j ⊗ Li) for all j > i.

(10)

Thus to enumerate all exceptional collections on X of a particular numerical
type, it suffices to calculate the relevant acyclic sets, and systematically test
the above conditions (10) on all possible combinations of τi.

3.1.4 Calculating cohomology of line bundles

Given a torsion twist L⊗ τ , Theorem 2.1 gives a decomposition

ϕ∗(L⊗ τ) =
⊕

χ∈G∗

Mχ,

for some line bundles Mχ on Y , which may be computed explicitly. Since ϕ is
finite, we have

hp(L⊗ τ) =
∑

χ∈G∗

hp(Mχ)

for all p.

Thus L⊗ τ is acyclic if and only if each summand Mχ is acyclic on Y . Now if
χ(Y,Mχ) = 0 and h0(Mχ) = h2(Mχ) = 0, we see that h1(Mχ) = 0. Thus by
Serre duality and the Riemann–Roch theorem, we are reduced to calculating
Euler characteristics and determining effectivity for (lots of) divisor classes on
the del Pezzo surface Y .

3.1.5 Coordinates on PicX/TorsX

Under assumption (A), we make the following definition.
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Definition 3.4 Choose a basis B1, . . . , Bn for PicX/TorsX consisting of lin-
ear combinations of reduced pullbacks. Then any line bundle L on X may be
written uniquely as

L = OX(d1, . . . , dn)⊗ τ
so that L = OX

(∑n
i=1 diBi

)
⊗ τ . We call d (respectively τ) the multidegree

(resp. torsion twist) of L with respect to the chosen basis.

The torsion twist associated to any line bundle on X may be calculated us-
ing Theorem 2.1 and the following immediate lemma. See Lemma 3.4 for an
example.

Lemma 3.2 If τ is a torsion line bundle, then h0(τ) 6= 0 implies τ = 0.

Remark 3.3 Definition 3.4 fixes a basis for PicY = Z1,9−K2

via the isometry
with PicX/TorsX. This basis corresponds to a geometric marking on the del
Pezzo surface Y , and the multidegree d of L is just the image of L in PicY
under the isometry. In fixing our basis, we break some of the symmetry of
the coordinates. This is necessary in order to use the computer to search for
exceptional collections. We can recover the symmetry later using the Weyl
group action (see Section 3.1.7).

3.1.6 Determining effectivity of divisor classes

For each fake del Pezzo surface, we have the following theorem.

Theorem 3.1 Suppose X is a fake del Pezzo surface satisfying assumption
(A) and with T = TorsX. Let E denote the semigroup generated by the reduced
pullbacks Di of the irreducible branch components ∆i, and pullbacks of the other
(−1)- and (−2)-curves on Y . Then E is the semigroup of all effective divisors
on X.

We prove this theorem for the secondary nodal Burniat surface with K2 = 4
in Section 5 (cf. [1] for the Burniat surface with K2 = 6). The other fake del
Pezzo surfaces work in the same way, see [20].
Moreover, E is graded by multidegree, and we define a homomorphism

t : E→ TorsX

sending Di to its torsion twist under Definition 3.4. The image under t of the
graded summand Ed of multidegree d is the set of torsion twists τ for which
OX(

∑
diBi)⊗ τ is effective.

3.1.7 Group actions on the set of exceptional collections

We consider a dihedral group action and the Weyl group action on the set of
exceptional collections on X . Mutations are not considered systematically in
this article, since a mutation of a line bundle need not be a line bundle.
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Let E = (E1, . . . , En) be an exceptional collection of line bundles on X . If we
normalise the first line bundle of any exceptional collection to be OX , then
there is an obvious dihedral group action on the set of exceptional collections
of length n on X , generated by E 7→ (E2, . . . , En, E1(−KX)) and E 7→ E−1 =
(E−1

n , . . . , E−1
1 ).

The Weyl group of PicY is generated by reflections in (−2)-classes. That is,
suppose α is a class in PicY with KY · α = 0 and α2 = −2. Then

rα : L 7→ L+ (L · α)α

is a reflection on PicY which fixes KY . Any reflection sends an exceptional
collection on Y to another exceptional collection. Thus the Weyl group action
on numerical exceptional collections on Y induces an action on numerical ex-
ceptional collections on X under assumption (A). This action accounts for the
choices made in giving Y a geometric marking (see Definition 3.4).

3.2 The Kulikov surface with K2 = 6

For details on the Kulikov surface (first described in [34]), its torsion group and
moduli space, see [19]. The Kulikov surface X is a (Z/3)2-cover of the del Pezzo
surface Y of degree 6. Figure 1 shows the associated cover of P2 branched over
six lines in special position. The configuration has just one free parameter,
and in fact, the Kulikov surfaces form a 1-dimensional, irreducible, connected
component of the moduli space of surfaces of general type with pg = 0 and
K2 = 6.

❏
❏

❏
❏

❏
❏❏

✡
✡
✡
✡
✡
✡✡

✧
✧

✧
✧
✧
✧✧

❛❛❛❛❛❛❛

❊
❊
❊
❊
❊
❊
❊

t t

t

∆1

∆2

∆3

∆4

∆5

∆6

P1

P2 P3

Figure 1: The Kulikov configuration

To obtain a nonsingular cover, we blow up the plane at three points P1, P2, P3,
giving a (Z/3)2-cover of a del Pezzo surface of degree 6. The exceptional curves
are denoted Ei. By results of [19], the torsion group TorsX is isomorphic to

(Z/3)3, so the maximal abelian cover ψ : A→ Y has group G̃ ∼= (Z/3)5. Let gi
generate G̃, and write g∗i for the dual generators of G̃∗. As explained in Section
2, the covers are determined by Φ: H1(P2−∆,Z)→ G and Ψ: H1(P2−∆,Z)→
G̃, which are defined in the table below.

D ∆1 ∆2 ∆3 ∆4 ∆5 ∆6

Φ(D) g1 g1 g1 g2 g1 + g2 2g1 + g2

Ψ(D)− Φ(D) 0 g3 2g3 + g4 2g4 g5 2g5

Documenta Mathematica 20 (2015) 1255–1291



1272 Stephen Coughlan

The images of the exceptional curves Ei under Φ and Ψ are computed using
formula (1):

Φ(E1) = 2g1 + g2, Φ(E2) = g2, Φ(E3) = g1 + g2, etc.

Lemma 3.3 The Kulikov surface satisfies assumptions (A1) and (A2). That
is, the free part of PicX is generated by the reduced pullbacks of ∆1 +E2 +E3,
E1, E2, E3, and the intersection pairing diag(1,−1,−1,−1) is inherited from
Y .

Proof Define e0 = D1+E2+E3, e1 = E1, e2 = E2, e3 = E3 in PicX . These
are integral divisors, since they are reduced pullbacks, and the intersection
pairing is diag(1,−1,−1,−1), which is unimodular. For example, by definition
of reduced pullback, 3e0 = ϕ∗(∆1 + E2 + E3), and so

(3e0)2 = ϕ∗(∆1 + E2 + E3)2 = 9 · 1,

or e20 = 1. Hence we have an isomorphism of lattices. �

Using the basis chosen in this lemma, we compute the coordinates (Definition
3.4) of the reduced pullback Di of each irreducible branch component ∆i.

Lemma 3.4 We have

OX(D1) = OX(1, 0,−1,−1), OX(D4) = OX(1,−1, 0, 0)[2, 1, 2],

OX(D2) = OX(1,−1, 0,−1)[1, 0, 2], OX(D5) = OX(1, 0,−1, 0)[2, 1, 0],

OX(D3) = OX(1,−1,−1, 0)[2, 0, 2], OX(D6) = OX(1, 0, 0,−1)[2, 1, 1],

where [a, b, c] in (Z/3)3 denotes a torsion line bundle on X.

Proof We prove that OX(D2) = OX(1,−1, 0,−1)[1, 0, 2]. The other cases
are similar. It is clear that ∆2 ∼ ∆1 − E1 + E2 on Y , so the multidegree is
correct. It remains to check the torsion twist, by showing that F = OX(D2 −
D1 +E1−E2− τ) has a global section when τ = [1, 0, 2]. Then by Lemma 3.2,
we have the desired equality.

The pushforward ϕ∗F splits into a direct sum of line bundles
⊕Mχ, one for

each character χ = (a, b) in G∗. The following table collects the data required
to calculate eachMχ via Theorem 2.1. The second column is calculated using
equation (3), and the next four columns evaluate χ+ τ on each Ψ(Γ), where Γ
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is any one of ∆1, ∆2, E1 and E2. The final column is explained below.

(χ+ τ) ◦Ψ(Γ)

χ L−1
χ+τ ∆1 ∆2 E1 E2 Mχ

(0, 0) OY (−2, 1, 1, 0) 0 1 0 1 OY (−3, 1, 2, 1)

(1, 0) OY (−1, 0, 0, 1) 1 2 2 1 OY
(0, 1) OY (−2, 1, 0, 1) 0 1 1 2 OY (−3, 1, 1, 2)

(2, 0) OY (−2, 0, 1, 1) 2 0 1 1 OY (−2, 0, 1, 1)

(1, 1) OY (−2, 1, 0, 1) 1 2 0 2 OY (−1, 0, 0, 0)

(0, 2) OY (−2, 1, 1, 0) 0 1 2 0 OY (−3, 2, 1, 1)

(2, 1) OY (−2, 0, 1, 0) 2 0 2 2 OY (−2, 1, 1, 0)

(1, 2) OY (−3, 1, 1, 1) 1 2 1 0 OY (−2, 0, 0, 0)

(2, 2) OY (−2, 1, 1, 1) 2 0 0 0 OY (−2, 1, 0, 1)

Now by the projection formula (cf. Remark 2.2),

ϕ∗F = ϕ∗OX(2D1 +D2 + E1 + 2E2 − τ)⊗OY (−∆1 − E2).

So according to Theorem 2.1 and the remark following it, each Mχ is a twist
of L−1

χ+τ (−∆1 − E2) by a certain combination of ∆1, ∆2, E1 and E2. By
Definition 2.2, the rules governing the twists are:

twist by ∆1 ⇐⇒ (χ+ τ) ◦Ψ(∆1) = 1 or 2

twist by ∆2 ⇐⇒ (χ+ τ) ◦Ψ(∆2) = 2

twist by E1 ⇐⇒ (χ+ τ) ◦Ψ(E1) = 2

twist by E2 ⇐⇒ (χ+ τ) ◦Ψ(E2) = 1 or 2.

Thus ϕ∗F is given by the direct sum of the line bundlesMχ listed in the final
column. Note thatM(1,0) = OY , so h0(ϕ∗F) = 1. Hence D2−D1 +E1−E2−
τ ∼ 0. �

Corollary 3.1 By formula (8), we have

OX(KX) = OX(3,−1,−1,−1)[0, 0, 2].

Thus the Kulikov surface satisfies (A3).

Proof The multidegree is clear by (8), but the torsion twist requires some
care. Since KX is the pullback of an integral divisor on Y , it should be torsion-
neutral with respect to our coordinate system on PicX . Thus by Lemma 3.4,
we see that the required twist is [0, 0, 2]. �
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Theorem 3.2 The semigroup E of effective divisors on the Kulikov surface is
generated by the nine reduced pullbacks of components of the branch divisor
D1, . . . , D6, E1, E2, E3. �

This Theorem is proved using an easier variant of the proof of Theorem 5.1.
The situation here is easier, because all of the (−1)-curves on Y are branch
divisors, and there are no (−2)-curves.
Thus we have a homomorphism of semigroups t : E → TorsX , which sends
an effective divisor to its associated torsion twist (see Lemma 3.3), under the
choice of basis (from Lemma 3.4).

3.2.1 Acyclic line bundles on the Kulikov surface

Let us start with the following numerical exceptional collection on Y :

Λ: 0, e0 − e1, e0 − e2, e0 − e3, 2e0 −
∑3

i=1ei, e0.

Given assumptions (A), we see that Λ corresponds to the following numerically
exceptional sequence of line bundles on X :

L0 = OX , L1 = OX(−1, 1, 0, 0), L2 = OX(−1, 0, 1, 0),

L3 =OX(−1, 0, 0, 1), L4 = OX(−2, 1, 1, 1), L5 = OX(−1, 0, 0, 0).
(11)

We find all collections of torsion twists Li⊗τi which are exceptional collections
on X . The first step is to find the acyclic sets associated to the various L−1

j ⊗Li.

Proposition 3.2 The acyclic sets A(L−1
j ⊗ Li) for j > i ≥ 0 are listed in

Appendix A.

First Proof By Theorem 3.2, it is an easy exercise to check each entry in
the table. As an illustration, we calculate A(L−1

1 ). The effective divisors on
X of multidegree (1,−1, 0, 0) are D2 + E3, D3 + E2, D4. Thus applying the
homomorphism t to each of these effective divisors, we see that [1, 0, 2], [2, 0, 2],
[2, 1, 2] do not appear in A(L−1

1 ). Next we consider degree two cohomology via
Serre duality. The effective divisors of multidegree (2, 0,−1,−1) are

2D1 + E2 + E3, D1 +D2 + E1 + E3, D1 +D3 + E1 + E2,

D2 +D3 + 2E1, D1 +D4 + E1, D1 +D5 + E2, D1 +D6 + E3,

D2 +D5 + E1, D3 +D6 + E1, D5 +D6.

Again, applying t we find that [0, 0, 2], [2, 0, 0], [1, 0, 0], [0, 0, 1], [1, 2, 0], [1, 2, 2],
[1, 2, 1], [0, 2, 0], [2, 2, 2], [2, 1, 1] can not appear in A(L−1

1 ). The acyclic set is
made up of those elements of TorsX which do not appear in either of the two
lists above. �
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Second Proof As a sanity check, an alternative proof is to use Theorem
2.1 repeatedly, to calculate the cohomology of all possible torsion twists of L1.
�

Both methods are implemented in our computer script [20].

3.2.2 Exceptional collections on the Kulikov surface

We now find all exceptional collections on X which are numerically of the form
(11). Lemma 3.1 reduces us to a simple search, which can be done systemati-
cally [20].

Theorem 3.3 The surface X has nine exceptional collections L0 = OX , L1⊗
τ1, . . . , L5⊗τ5 which are numerically of the form (11). They are given in Table
1 below. Each row lists the required torsion twists τi for i = 1, . . . , 5 as elements
of (Z/3)3.

τ1 τ2 τ3 τ4 τ5

1 [0, 0, 0] [0, 2, 2] [2, 2, 1] [2, 2, 1] [0, 0, 1]

2 [2, 2, 0] [2, 1, 2] [0, 0, 1] [1, 1, 1] [2, 2, 1]

3 [2, 2, 1] [2, 1, 2] [0, 0, 1] [1, 1, 1] [2, 0, 2]

4 [2, 2, 0] [2, 0, 1] [0, 2, 0] [2, 2, 1] [2, 1, 2]

5 [1, 1, 0] [1, 0, 2] [2, 2, 0] [1, 1, 1] [2, 2, 1]

6 [1, 1, 0] [1, 0, 2] [0, 0, 1] [1, 1, 1] [2, 2, 1]

7 [1, 1, 0] [1, 0, 2] [2, 2, 1] [1, 1, 1] [0, 0, 1]

8 [2, 0, 2] [2, 2, 0] [0, 1, 2] [1, 1, 1] [2, 2, 1]

9 [2, 0, 2] [2, 2, 1] [0, 1, 2] [1, 1, 1] [1, 0, 2]

Table 1: Exceptional collections on the Kulikov surface

Remark 3.4 1. The precise number of exceptional collections is not im-
portant. Rather, the fact that we have definitively enumerated all excep-
tional collections of numerical type Λ, means that we can sift through
the list to find one with the most desirable properties.

2. Let Λ′ be any translation of Λ under the Weyl group action of A1 × A2

on PicY . Then Λ′ is another numerical exceptional collection on X
(see Section 3.1.7), so we may enumerate exceptional collections on X
of numerical type Λ′. For the Kulikov surface, each element of the orbit
corresponds to either 9, 14, 18 or 24 exceptional collections on X . Thus,
the Weyl group action does not “lift” to X in a way which is compatible
with the covering X → Y . On occasion, this incompatibility is used to
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our advantage (see [20]). We return to these exceptional collections in
Section 4.

4 Heights of exceptional collections

Let X be a surface of general type with pg = q = 0, TorsX 6= 0 with an
exceptional collection of line bundles E = (E0, . . . , En−1). Write E for the
smallest full triangulated subcategory of Db(X) containing E. In this section
we calculate some invariants of E. The invariants we consider are essentially
determined by the derived category, but we must enhance the derived category
in order to make computations. For completeness, we discuss some background
first.

4.1 Motivation from del Pezzo surfaces

Let Y be a del Pezzo surface and let E be a strong exceptional collection of line
bundles on Y . Recall that E is strong if Extk(Ei, Ej) = 0 for all i, j and for
all k > 0. We define the partial tilting bundle of E to be T =

⊕
iEi. Then the

derived endomorphism ring Ext∗(T, T ) =
⊕

i,j Hom(Ei, Ej) is an associative

algebra, and we have an equivalence of categories E ∼= Db(mod- Ext∗(T, T ))
(see [16]).
From now on, we assume that E is an exceptional collection on a fake del Pezzo
surface X , so that we do not have the luxury of choosing a strong exceptional
collection. Instead, we recover E by studying the higher multiplications coming
from the A∞-algebra structure on Ext∗(T, T ).

4.2 Digression on dg-categories

We sketch the construction of a differential graded (or dg) enhancement D
of Db(X). Objects in D are the same as those in Db(X), but morphisms
Hom•

D(F,G) form a chain complex, with differential d of degree +1. Compo-
sition of maps Hom•

D(F,G) ⊗ Hom•
D(G,H) → Hom•

D(F,H) is a morphism
of complexes (the Leibniz rule), and for any object F in D, we require
d(idF ) = 0. For a precise definition of Hom•

D(F,G), one could use the Čech
complex, and we refer to [36] for details. The main point is that the cohomol-
ogy of Hom•

D(F,G) in degree k is ExtkDb(X)(F,G), so in particular, we have

H0(Hom•
D(F,G)) = HomDb(X)(F,G).

4.3 Hochschild homology

We first compute some additive invariants, only making implicit use of the dg-
structure. The Hochschild homology of X is given by the Hochschild–Kostant–
Rosenberg isomorphism

HHk(X) ∼=
⊕

p

Hp+k(X,ΩpX),
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so HH0(X) = C12−K2

and HHk(X) = 0 in all other degrees. Moreover,
Hochschild homology is additive over semiorthogonal decompositions.

Theorem 4.1 [35] If Db(X) = 〈A,B〉 is a semiorthogonal decomposition, then

HHk(X) = HHk(A)⊕HHk(B).

Assuming the Bloch conjecture on algebraic zero-cycles, we have

K0(X) = Z12−K2 ⊕ TorsX,

and we note that K-theory is also additive over semiorthogonal decompositions
(see Proposition 3.1).
Now for an exceptional collection of length n, K0(E) = Zn and

HHk(E) =

{
Cn if k = 0
0 otherwise.

Thus the maximal length of E is at most 12 − K2
X , and such an exceptional

sequence of maximal length effects a semiorthogonal decomposition Db(X) =
〈E ,A〉 with nontrivial semiorthogonal complement A. We say that A is a
quasiphantom category; by additivity, the Hochschild homology vanishes, but
K0(A) ⊇ TorsX 6= 0, so A can not be trivial.

4.4 Height

The Hochschild cohomology groups of X may be computed via the other
Hochschild–Kostant–Rosenberg isomorphism (cf. [35]):

HHk(X) =
⊕

p+q=k

Hq(X,ΛpTX).

Thus for a surface of general type with pg = 0, we have

HH0(X) ∼= H0(OX) = C, HH1(X) = 0, HH2(X) ∼= H1(TX),

HH3(X) ∼= H2(TX), HH4(X) ∼= H0(2KX) = C1+K2

.

Recall that the degree two (respectively three) Hochschild cohomology is the
tangent space (resp. obstruction space) to the formal deformations of a category
[32].
In principle, [36] gives an algorithm for computing HH∗(A) using a spectral
sequence and the notion of height of an exceptional collection. Moreover, by
[36, Prop. 6.1], for an exceptional collection to be full, its height must vanish.
Thus the height may be used to prove existence of phantom categories without
reference to the K-theory. We outline the algorithm of [36] below.
Given an exceptional collection E on X , there is a long exact sequence (induced
by a distinguished triangle)

. . .→ NHHk(E, X)→ HHk(X)→ HHk(A)→ NHHk+1(E, X)→ . . .
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where NHH(E, X) is the normal Hochschild cohomology of the exceptional
collection E. The normal Hochschild cohomology can be computed using a
spectral sequence with first page

E1
−p,q =

⊕

0≤a0<···<ap≤n−1
k0+···+kp=q

Extk0(Ea0 , Ea1)⊗ · · ·

· · · ⊗ Extkp−1(Eap−1 , Eap)⊗ Extkp(Eap , S
−1(Ea0)).

The spectral sequence relies on the dg-structure on D; the initial differentials
d′ and d′′ are induced by the differential on D and the composition map respec-
tively, while the higher differentials are related to the A∞-algebra structure on
Ext-groups, (see Section 4.6).
The existing examples of exceptional collections on surfaces of general type with
pg = 0 suggest that NHHk(E, X) vanishes for small k. Thus the height h(E)
of an exceptional collection E = (E0, . . . , En−1) is defined to be the smallest
integer m for which NHHm(E, X) is nonzero. Alternatively, m is the largest
integer such that the canonical restriction morphism HHk(X) → HHk(A) is
an isomorphism for all k ≤ m− 2 and injective for k = m− 1.

4.5 Pseudoheight

The height may be rather difficult to compute in practice, requiring a careful
analysis of the Ext-groups of E and the maps in the spectral sequence. The
pseudoheight is easier to compute and sometimes gives a good lower bound for
the height.

Definition 4.1 The pseudoheight ph(E) of an exceptional collection E =
(E0, . . . , En−1) is

ph(E) = min
0≤a0<···<ap≤n−1

(
e(Ea0 , Ea1) + · · ·

+ e(Eap−1 , Eap) + e(Eap , Ea0(−KX))− p+ 2
)
,

where e(F, F ′) = min{i : Exti(F, F ′) 6= 0}.

The pseudoheight is just the total degree of the first nonzero term in the first
page of the spectral sequence, where the shift by 2 takes care of the Serre
functor.
Consider the length 2n anticanonical extension of the sequence E (see also
Section 3.1.7):

E0, . . . , En−1, En = E0(−KX), . . . , E2n−1 = En−1(−KX). (12)

If the Ei are line bundles, then we have a numerical lower bound for the pseu-
doheight.
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Lemma 4.1 [36, Lem. 4.10, Lem. 5.1] If KX is ample and Ei ·KX ≥ Ej ·KX

for all i < j and for all Ei, Ej in the anticanonically extended sequence (12),
then ph(E) ≥ 3.

The numerical conditions required by the Lemma are not particularly stringent.
For example, all the exceptional collections we have exhibited on the Kulikov
surface in Section 3.2 have pseudoheight at least 3, even before we consider the
Ext-groups more carefully.

Remark 4.1 If L is a line bundle, then dim Extk(L,L(−KX)) = h2−k(2KX)
by Serre duality, which is the case p = 0 in Definition 4.1. Thus any excep-
tional collection of line bundles on a surface of general type with pg = 0 has
pseudoheight at most 4. Moreover, if ph(E) = 4, then h(E) = 4 by [36].

4.6 The A∞-algebra of an exceptional collection

Let E = (E0, . . . , En−1) be an exceptional collection on X , and define T =
⊕n−1
i=0 Ei. Then B = Hom•

D(T, T ) is a differential graded algebra via the dg-
structure on D (see Section 4.2). It can be difficult to compute the dg-algebra
structure on B directly, so we pass to the A∞-algebra H∗B.
We discuss A∞-algebras, referring to [29] for details and further references.
An A∞-algebra is a graded vector space A =

⊕
p∈ZA

p, together with graded

multiplication maps mn : A⊗n → A of degree 2 − n, for each n ≥ 1. These
multiplication maps satisfy an infinite sequence of relations, starting with

m1m1 = 0,

m1m2 = m2(m1 ⊗ idA + idA ⊗m1).

These first two relations ensure that m1 is a differential on A, satisfying the
Leibniz rule with respect to m2. The third relation is

m2(idA ⊗m2 −m2 ⊗ idA) =

m1m3 +m3(m1 ⊗ idA ⊗ idA + idA ⊗m1 ⊗ idA + idA ⊗ idA ⊗m1),

which shows that m2 is not associative in general, but if mn = 0 for all n ≥ 3,
then A is an ordinary associative differential graded algebra.
In fact, by the above discussion, we can view B as an A∞-algebra, with m1

being the differential, m2 the multiplication, and mn = 0 for n ≥ 3. By a theo-
rem of Kadeishvili (cf. [29]), the homology H∗B = H∗(B,m1) has a canonical
A∞-algebra structure, for which m1 = 0, m2 is induced by the multiplication
on B, and H∗B and B are quasi-isomorphic as A∞-algebras. This canonical
A∞-structure is unique, and H∗B is called a minimal model for B. We say
that B is formal if it has a minimal model H∗B for which mn = 0 for all n ≥ 3,
so that H∗B is just an associative graded algebra.
The A∞-algebra of E is

H∗B = Ext∗(T, T ) =
⊕

k

⊕

0≤i,j≤n−1

Extk(Ei, Ej),
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and m2 coincides with the Yoneda product on Ext-groups. Clearly, if the ex-
ceptional collection E consists of sheaves, then H∗B has only three nontrivial
graded summands, in degrees 0, 1 and 2. Since mn has degree 2− n, the sum-
mands of degree 0 and 1 are crucial in determining the A∞-algebra structure.

4.6.1 Recovering E from H∗B

According to [16], [30], the subcategory E of D generated by the exceptional col-
lection E is equivalent to the triangulated subcategory Perf(B) ⊂ Db(mod-B)
of perfect objects over the dg-algebra B. A perfect object is a differential
graded B-module that is quasi-isomorphic to a bounded chain complex of pro-
jective and finitely generated modules. As mentioned above, it is preferable
to consider the A∞-algebra H∗B instead, noting that E is in turn equivalent
to the triangulated category of perfect A∞-modules over H∗B. If B is formal,
the equivalence reduces to E ∼= Db(mod-H∗B), which should be compared with
Section 4.1.
We search for exceptional collections whose Hom- and Ext1-groups are mostly
zero. In good cases, this implies that B is formal, and H∗B has no deforma-
tions. It then follows that E is rigid, i.e. constant in families.

4.7 Quasiphantoms on the Kulikov surface

We study some properties of the exceptional collections on the Kulikov surface
from Section 3.2. For the purposes of the discussion, we fix the following
exceptional collection

E : O, L1[2, 2, 0], L2[2, 1, 2], L3[0, 0, 1], L4[1, 1, 1], L5[2, 2, 1],

which can be found in the second row of Table 1 in Section 3.2.
Using Theorem 2.1, we may compute the Ext-groups of the extended sequence
(12). We present the results in Table 2 below. The ijth entry of the table is
the following formal polynomial in q

∑

k∈Z

dim Extk(Ei, Ei+j)q
k,

where 0 ≤ i, j ≤ 5, and the zigzag delineates those entries whose target Ei+j
is in the anticanonically extended part of (12).

Lemma 4.2 The only nonzero Ext1-groups are Ext1(E1, E4) which is 2-
dimensional, and Ext1(E1, E5) which is 1-dimensional. �

Remark 4.2 The lemma shows that E does not have 3-block structure. A 3-
block structure means the exceptional collection can be split into three mutually
orthogonal blocks (cf. [28]). In fact, every exceptional collection in Table 1, and
every exceptional collection in the Weyl group orbit (cf. Section 3.1.7), has some
non-zero Ext1-groups. This is in contrast with the exceptional collections on
the Burniat surface exhibited in [2], which are of the same numerical type, and
have 3-block structure.
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0 1 2 3 4 5

0 1 2q2 2q2 2q2 3q2 3q2

1 1 0 0 2q + 3q2 q + 2q2 4q2

2 1 0 q2 q2 4q2 6q2

3 1 q2 q2 4q2 6q2 6q2

4 1 0 3q2 5q2 5q2 5q2

5 1 3q2 5q2 5q2 5q2 6q2

Table 2: Ext-table of an exceptional collection on the Kulikov surface

Proposition 4.1 The A∞-algebra of E is formal, and the product m2 of any
two elements with strictly positive degree is trivial.

Proof The A∞-algebra H∗B of E, is the direct sum of all Ext-groups ap-
pearing above the zigzag in the table. By [46, Lemma 2.1] or [38, Theorem
3.2.1.1], we may assume that mn(. . . , idEi , . . . ) = 0 for all Ei and all n > 2.
We show that every productm3 must be zero for degree reasons. By Lemma 4.2,
there are only two nonzero arrows in degree 1, and they can not be composed
with one another, since they have the same source. Thus the product m3 of
any 3 composable elements of H∗B has degree at least degm3 + 1 + 2 + 2 = 4,
and is therefore identically zero, because the graded piece H4B is trivial. The
same argument applies for all products mn with n ≥ 3. Thus H∗B is a formal
A∞-algebra. In fact, we see from the table that any product m2 of two elements
of nonzero degree also vanishes for degree reasons. �

Moreover, we calculate the Hochschild cohomology of A using heights.

Proposition 4.2 We have HH0(A) = C, HH1(A) = 0, HH2(A) = C, and
HH3(A) contains a copy of C3.

Proof The pseudoheight of E may also be computed from the table, where
now we also need the portion below the zigzag. The minimal contribution to
the pseudoheight is achieved by incorporating one of the nonzero Ext1-groups.
For example,

e(E1, E4) + e(E4, E1 ⊗ ωX)− 1 + 2 = 1 + 2− 1 + 2 = 4,

so ph(E) = 4. In this case, by [36], the height and pseudoheight are equal.
Hence HHk(A) = HHk(X) for k ≤ 2, and HH3(A) ⊃ HH3(X). By the
Hochschild–Kostant–Rosenberg isomorphism, the dimensions of HHk(X) fol-
low from the infinitesimal deformation theory of the Kulikov surface, which
was studied in [19]: H1(TX) = 1 and H2(TX) = 3. �

In summary, we have
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Theorem 4.2 Every Kulikov surface X has a semiorthogonal decomposition

Db(X) = 〈E ,A〉

where E is generated by the exceptional collection E, and E is rigid, i.e. E
does not vary with X. The semiorthogonal complement A is a quasiphantom
category whose formal deformation space is isomorphic to that of Db(X), and
therefore X may be reconstructed from A.

5 Secondary Burniat surfaces and effective divisors

Burniat surfaces were discovered in [18], and an alternate construction is given
in [27]. There are several cases Xk, with K2 = k for 2 ≤ k ≤ 6. For details
we refer to [44], [4]. Exceptional collections on primary Burniat surfaces X6

with K2 = 6 were first constructed and studied in [2], where two 3-block
exceptional collections are exhibited. Burniat surfaces with K2 = 3, 4, 5, 6 can
be constructed as abelian covers satisfying assumptions (A), and so we are able
to enumerate exceptional collections on all these Burniat surfaces. We do not
reproduce these computations here, but see [20]. Exceptional collections of line
bundles of maximal length on the Burniat–Campedelli surface X2 with K2 = 2
remain elusive, because this surface does not satisfy assumption (A1).
In computing exceptional collections on fake del Pezzo surfaces, it becomes clear
that a characterisation of effective line bundles is very useful. In this section
we prove the following theorem for the secondary nodal Burniat surface.

Theorem 5.1 Let X be a nodal secondary Burniat surface with K2 = 4. Then
the semigroup of effective divisors on X is generated by the reduced pullbacks
of irreducible components of the branch divisor, together with the pullbacks E4,
E5 of two (−1)-curves on Y .

With appropriate changes, the same proof works for the other surfaces satis-
fying assumptions (A). Indeed, Theorem 3.2 above for the Kulikov surface is
an easier case of this result. The additional complexity here arises from two
sources: some of the exceptional curves on Y are not branch divisors, and there
is a (−2)-curve.

5.1 Burniat surfaces revisited

We first describe the nodal secondary Burniat line configuration. Take the three
coordinate points P1, P2, P3 in P2, and label the edges A0 = P1P2, B0 = P2P3,
C0 = P3P1. Then let A1, A2 (respectively Bi, Ci) be two lines passing through
P1 (resp. P2, P3). We require that A1, B1, C2 are concurrent in P4 (respectively
A1, B2, C1 in P5). This gives nine lines in total, four passing through each
of P1, P2, P3 and three passing through each of P4, P5. Moreover, A1 passes
through three triple points. Blow up the five points Pi to obtain a weak del
Pezzo surface Y of degree 4. The strict transforms of these nine lines (for
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which we use the same labels) together with the three exceptional curves Ei
for i = 1, 2, 3, are called the nodal secondary Burniat configuration (see Figure
2).
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Figure 2: The secondary Burniat configurations with K2 = 4 (nodal configu-
ration is on the right)

The nodal secondary Burniat surface X4 with K2
X = 4 is a (Z/2)2-cover of Y

branched in the configuration of Figure 2, and X4 is a surface of general type
with pg = 0, K2 = 4 and TorsX = (Z/2)4. The cover is not ramified in E4,
E5. The weak del Pezzo surface Y has a (−2)-curve, A1 and the canonical
model of X4 is a (Z/2)2-cover of a nodal quartic. Following the description of
[5, 6], the nodal secondary Burniat surfaces form an irreducible closed family,
inside a 3-dimensional irreducible connected component of the moduli space.
This component is given by the union of the family of nodal secondary Burniat
surfaces with the extended secondary Burniat surfaces, which form an open
subset. We do not directly consider extended Burniat surfaces here.

In Appendix B, we show that the secondary Burniat surface satisfies as-
sumptions (A). More precisely, we exhibit an explicit basis e0, . . . , e5 for
PicX/TorsX, in terms of reduced pullbacks of irreducible branch divisors.
The appendix also lists coordinates for the reduced pullback of each irreducible
component of the branch divisor, according to Definition 3.4.

We define E to be the semigroup generated by the reduced pullbacksA0, . . . , C2,
E1, E2, E3 together with ordinary pullbacks E4, E5. There is a multigrading
on E by multidegree in PicX/TorsX, and we write E(d) for graded piece of
multidegree d. Using the coordinates from Appendix B, we define a homomor-
phism t : E → TorsX , sending each generator of E to its associated torsion
twist. Remember that t(E4) = t(E5) = 0 because these are pulled back from
Y .

5.2 Proof of Theorem 5.1.

The stategy of proof is similar to that of Alexeev, [1], but for completeness, we
outline the whole proof. The main differences are the (−2)-curve on Y and the
(−1)-curves which are not branch divisors. These introduce new complications
which are not present in [1]. We are able to resolve these issues because we
can use the pushforward formula and Appendix B to check effectivity in a
systematic manner.
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Suppose D is an effective divisor and C is an effective curve class on X for
which D · C < 0. Then C2 < 0 and C is in the base locus of D, so we define
D′ = D−aC where a is the smallest positive integer for which (D−aC)·C ≥ 0.
In this way, we can reduce an effective divisor on X to one which has positive
intersection with all curve classes in E. Such divisor classes form a rational
polyhedral cone P in N1(X,R).
To describe the generators of P in the most geometric way, we first construct
certain divisor classes on X in terms of reduced pullbacks and the birational
transformations the del Pezzo surface Y . Suppose we take a standard Cremona
transformation of P2 centred on any three non-collinear triple points Pi, Pj
and Pk. The numerical class of the hyperplane section of the image P2 is
hijk = 2e0 − ei − ej − ek for any {i, j, k} 6= {1, 4, 5}, or h0 = e0. There are
also natural fibrations on Y which arise from the pencil of hyperplanes passing
through a fixed Pk on some copy of P2. The numerical classes of these fibrations
are denoted fi = e0−ei or fijkl = 2e0−ei−ej−ek−el with {1, 4, 5} 6⊂ {i, j, k, l}.

Lemma 5.1 The polyhedron P is generated by the ten hyperplane classes h0,
hijk and eight fibrations fi, fijkl defined above, together with the four additional
classes

g1 = 3e0 − e1 − 2e2 − e3 − e4 − e5, g2 = 3e0 − e1 − e2 − 2e3 − e4 − e5,
g3 = 3e0 − e1 − 2e2 − e4 − e5, g4 = 3e0 − e1 − 2e3 − e4 − e5.

Proof Any generator D of E determines a linear function ·D, which in turn
defines a collection of hyperplanes supporting the polyhedron P . We use the
computer [20] to calculate the integral generators of the cone.
We examine the additional generators. The class g1 is the hyperplane section
of the copy of P2 obtained by contracting A0, A1, B0, B1 and B2 on Y , and
g3 is the hyperplane section of the quadric cone given by contracting A0, A1,
E3, B1 and B2. There are similar descriptions of g2 and g4. �

Lemma 5.2 Suppose D is an effective divisor on X with KX ·D ≤ 4. Then D
is in E.

Proof We may assume that D is in P . This is a finite (and small) number
of classes to check, and we do this directly using the computer implementation
[20] of our pushforward formula Theorem 2.1. �

Proposition 5.1 Suppose D is an effective divisor on X with KX ·D > 4 and
χ(D) > 0. Then D is in E.

Proof Since KX ·D > 4 we have that (KX −D) ·KX < 0 and so KX −D
can not be effective. By Serre duality, h2(D) = h0(KX −D) = 0, hence D is
effective.
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Choose D̄ in PicY such that the numerical class of KY + D̄ in PicY is the
same as that of D −KX in PicX/TorsX by assumption (A). Then

χ(KY + D̄) = 1 +
1

2
(KY + D̄)D̄ = 1 +

1

2
(D −KX)D = χ(D) > 0.

Moreover, h2(KY + D̄) = h0(−D̄) = 0 because −KY · −D̄ < 0, so by the same
argument as above, we see that KY + D̄ is effective on Y .
Now, any effective divisor on Y is a positive linear combination of branch
divisors A0, . . . , C2, E1, E2, E3 and exceptional curves E4 and E5. So taking
the reduced pullback, we get the following expression for the numerical class
of D in PicX/TorsX:

D = KX + (combination of A0, . . . , E3) + 1
2 (combination of E4, E5).

The coefficient of 1
2 appears because E4 and E5 are not branch divisors. It

remains to show that D+ τ is in E for any τ such that D+ τ is effective. This
is implied by the following lemma:

Lemma 5.3 (1) Let L be any of the following line bundles on X:

OX(KX + γ)⊗ τ, OX(KX + 1
2E4)⊗ τ, OX(KX + 1

2E5)⊗ τ, or

OX(KX + 1
2 (E4 + E5))⊗ τ

where γ is any generator of E and τ is any element of TorsX. Then L
is effective and in E unless L = OX(KX +A1).

(2) The line bundles L = OX(KX + kA1) are not effective for any k > 0.

Proof

(1) Suppose L = OX(KX + A0) ⊗ τ , and take the graded piece of E with
multidegree d = (4,−2,−2,−1,−1,−1). We use the computer [20] to check
that the image of E(d) under t is all of TorsX . This proves that L is effective
and in E for any τ . The same computation works for all multidegrees listed in
the statement, except when L = OX(KX + A1) ⊗ τ , for which we refer to the
proof of part (2).

(2) When L = OX(KX +A1)⊗τ , the same computation as above shows that
the image of E(4,−2,−1,−1,−2,−2) under t is TorsX − {[1, 0, 0, 0]}. Thus
OX(KX +A1) is not in E. Indeed, the pushforward is

ϕ∗L = OY (e2−e1)⊕OY (e3−e2)⊕OY (−2e0 +e2+e3)⊕OY (e0−e3−e4−e5),

which is not effective. Moreover, by the projection formula, we have

ϕ∗L(2mA2) = ϕ∗L⊗OY (mA2) = ϕ∗L⊗OY (m(e0 − e1 − e4 − e5)),
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which is not effective for any m, and so OX(KX + kA2) is not effective for any
odd k = 1 + 2m. For even k, the proof is similar, starting from ϕ∗OX(KX). �

Remark 5.1 Since A2 is a (−2)-curve, we have KX · (KX + kA1) = K2
X = 4

for all k. Thus we do not need part (2) of the above lemma, because KX +kA1

does not satisfy the assumptions of Proposition 5.1.

Finally, we take care of the cases with χ(D) ≤ 0.

Lemma 5.4 Suppose D is an effective divisor on X with numerical class in P
and χ(D) ≤ 0. Then D is in one of the following classes:

(1) h or 2h for any hyperplane generator h;

(2) g or 2g1 or 2g3, where g refers to any of the additional generators de-
scribed in Lemma 5.1;

(3) nf , nf +f ′, nf +h, nf +g for any n ≥ 1 where f is a fibration and f ′ is
another fibration with intersection f · f ′ = 1, h is a hyperplane generator
with f · h = 1, g is an additional generator with f · g = 1.

Proof This is a systematic induction. We note that each generator γ of P has
χ(γ) = 0. Moreover, if D = D1 +D2 then χ(D) = χ(D1)+χ(D2)+D1 ·D2−1.
So for example, starting from f1, we choose another fibration generator f ′.
Either f1 · f ′ = 0, in which case f1 = f ′ and χ(2f1) = −1, or f1 · f ′ = 1,
so that χ(f1 + f ′) = 0. Now adding a further generator γ to f1 + f ′ yields
χ(f1+f ′+γ) > 0 by simple consideration of the intersection numbers, unless γ
is one of f1 or f ′. We continue in this way, to produce the list of possibilities.�

Lemma 5.5 Suppose L is an effective line bundle with numerical class one of
the exceptional cases from Lemma 5.4. Then L is in E.

Proof We give a proof for nf1. The other possibilities listed in Lemma
5.4(3) work in the same way, and cases (1) and (2) can be checked by a direct
computation [20]. As in the proof of Lemma 5.3, we split into even and odd
cases and make use of the projection formula.
Let L = OX(2f1)⊗τ for some τ in the image of t(E(2f1)), so that in particular,
L is effective. Since C0 +E3 is a section of OX(f1), it follows that OX(nf1)⊗ τ
is effective and in E for any n ≥ 2.
Now suppose τ is any torsion element in TorsX − t(E(2f1)), so that L is not
in E. For example, τ = [0, 0, 0, 1]. Then we compute

ϕ∗L = OY (0,−1, 0, 0, 0, 1)⊕OY (−2, 1, 1, 1, 1, 1)

⊕OY (−1,−1, 1, 1, 1, 0)⊕OY (−2, 0, 1, 1, 1, 1),

which is clearly not effective. Moreover, by the projection formula, we see
that ϕ∗L⊗OX(2mf1) = ϕ∗L⊗OY (mf1) is not effective for any m either, for
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degree reasons. This completes the proof for any even multiple of f1. A similar
computation proves the odd case, starting from 3f1. �

A Appendix: Acyclic bundles on the Kulikov surface

For reference, here are the acyclic line bundles on the Kulikov surface used in
Section 3.2.

L A(L)

L−1
1 [0, 0, 0], [0, 1, 0], [1, 1, 0], [2, 1, 0], [2, 2, 0], [1, 0, 1], [2, 0, 1], [0, 1, 1],

[1, 1, 1], [0, 2, 1], [2, 2, 1], [0, 1, 2], [1, 1, 2], [0, 2, 2]

L−1
2 [0, 1, 0], [1, 1, 0], [2, 2, 0], [2, 0, 1], [0, 1, 1], [1, 1, 1], [2, 1, 1], [1, 2, 1],

[2, 2, 1], [0, 0, 2], [1, 0, 2], [0, 1, 2], [1, 1, 2], [1, 2, 2]

L−1
3 [0, 1, 0], [1, 1, 0], [1, 0, 1], [0, 1, 1], [1, 1, 1], [0, 2, 1], [1, 2, 1], [0, 0, 2],

[2, 0, 2], [0, 1, 2], [1, 1, 2], [2, 1, 2], [0, 2, 2], [1, 2, 2]

L−1
4 [0, 0, 0], [0, 1, 0], [2, 1, 0], [0, 2, 0], [2, 2, 0], [1, 0, 1], [2, 0, 1], [0, 1, 1],

[1, 1, 1], [2, 1, 1], [0, 2, 1], [2, 2, 1], [1, 1, 2], [0, 2, 2], [2, 2, 2]

L−1
5 [0, 1, 0], [1, 1, 0], [2, 2, 0], [1, 0, 1], [2, 0, 1], [0, 1, 1], [1, 1, 1], [0, 2, 1],

[1, 2, 1], [2, 2, 1], [0, 0, 2], [0, 1, 2], [1, 1, 2], [0, 2, 2], [1, 2, 2]

L−1
2 ⊗ L1 [1, 0, 0], [2, 0, 0], [2, 1, 0], [0, 1, 1], [0, 1, 2], [2, 1, 2], [0, 2, 2]

L−1
3 ⊗ L1 [0, 0, 0], [1, 0, 0], [2, 0, 0], [1, 1, 0], [2, 1, 0], [2, 2, 0], [1, 1, 2], [2, 1, 2],

[2, 2, 2]

L−1
4 ⊗ L1 [0, 1, 0], [1, 1, 0], [0, 1, 1], [1, 1, 1], [1, 2, 1], [0, 0, 2], [1, 0, 2], [2, 0, 2],

[0, 1, 2], [1, 1, 2], [1, 2, 2]

L−1
5 ⊗ L1 [1, 0, 0], [2, 0, 0], [1, 1, 0], [2, 1, 0], [2, 2, 0], [0, 1, 1], [0, 0, 2], [0, 1, 2],

[1, 1, 2], [2, 1, 2], [0, 2, 2], [2, 2, 2]

L−1
3 ⊗ L2 [1, 0, 1], [1, 1, 1], [2, 1, 1], [2, 0, 2], [1, 1, 2], [2, 1, 2], [1, 2, 2]

L−1
4 ⊗ L2 [0, 0, 0], [0, 1, 0], [1, 1, 0], [1, 0, 1], [0, 1, 1], [1, 1, 1], [0, 2, 1], [2, 0, 2],

[0, 1, 2], [1, 1, 2], [0, 2, 2]

L−1
5 ⊗ L2 [0, 1, 0], [1, 0, 1], [0, 1, 1], [1, 1, 1], [2, 1, 1], [0, 2, 1], [0, 0, 2], [2, 0, 2],

[1, 1, 2], [2, 1, 2], [0, 2, 2], [1, 2, 2]

L−1
4 ⊗ L3 [0, 0, 0], [0, 1, 0], [1, 1, 0], [2, 2, 0], [2, 0, 1], [0, 1, 1], [1, 1, 1], [2, 2, 1],

[1, 0, 2], [0, 1, 2], [1, 1, 2]

L−1
5 ⊗ L3 [0, 1, 0], [1, 1, 0], [2, 1, 0], [2, 2, 0], [2, 0, 1], [1, 1, 1], [2, 1, 1], [1, 2, 1],

[0, 0, 2], [1, 0, 2], [0, 1, 2], [1, 2, 2]

L−1
5 ⊗ L4 [1, 0, 0], [2, 0, 0], [1, 1, 0], [2, 2, 0], [0, 0, 2], [0, 1, 2], [2, 1, 2], [2, 2, 2]
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B Appendix: Nodal Secondary Burniat surface with K2 = 4

The maps Ψ4,Ψ
n
4 : H1(Y −∆,Z) → (Z/2)6 determining respectively the non-

nodal and nodal Burniat surfaces, differ from one another slightly. We tabulate
them below.

Γ A0 A1 A2 B0 B1 B2 C0 C1 C2

Ψ4(Γ)− Φ(Γ) 0 g3 g4 0 g5 g6 0 g4 + g6 g3 + g5

Ψn
4 (Γ)− Φ(Γ) 0 g3 g4 0 g5 g6 g3 + g4 g3 + g6 g3 + g5

The restriction imposed by P5 is Ψ4(A2 +B2 +C1) = 0 in the non-nodal case,
and Ψn

4 (A1 +B2 + C1) = 0 in the nodal case. Either way, g7 is eliminated, so
the torsion group is (Z/2)4, generated by g∗3 , . . . , g

∗
6 .

We extend the basis chosen for the free part of Pic(X5). The basis is the same
for non-nodal and nodal surfaces

e0 = C0 + E1 + E3, e1 = E1, e2 = E2, e3 = E3,

e4 = C0 − C2 + E1, e5 = B0 −B2 + E3.

Coordinates for non-nodal surface:

Multidegree Torsion

OX(A0) 1 −1 −1 0 0 0 [1, 1, 0, 0]

OX(A1) 1 −1 0 0 −1 0 [1, 0, 0, 0]

OX(A2) 1 −1 0 0 0 −1 [0, 1, 1, 0]

OX(B0) 1 0 −1 −1 0 0 [0, 0, 1, 1]

OX(B1) 1 0 −1 0 −1 0 [0, 0, 1, 0]

OX(B2) 1 0 −1 0 0 −1 [0, 0, 1, 1]

OX(C0) 1 −1 0 −1 0 0 0

OX(C1) 1 0 0 −1 0 −1 [0, 0, 1, 0]

OX(C2) 1 0 0 −1 −1 0 0

Coordinates for nodal surface are the same (with same multidegrees) except
for the following:

Multidegree Torsion

OX(A1) 1 −1 0 0 −1 −1 [1, 0, 1, 0]

OX(A2) 1 −1 0 0 0 0 [0, 1, 0, 0]

In both cases, OX(KX) = O(3,−1,−1,−1,−1,−1)[0, 0, 1, 0].
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1. Introduction

In his admirable book [24], Goro Shimura establishes various algebraicity results
concerning special L-values of Siegel modular forms, both of integral and half-
integral weight, as well as of Hermitian modular forms. All these results are
over an algebraic closure of Q, in the sense, that it is shown that the ratio
of the special L-values over the Petersson inner product of the corresponding
modular forms, defined over Q, is an algebraic number up to some powers of π
(see also the discussion in [24, page 239]). In this work, similar to our previous
works [2, 4], where the Siegel modular form situation was considered, we obtain,
in some cases, more precise information about the field of definition of these
ratios, and we establish a reciprocity law of the action of the absolute Galois
group. Moreover, in some cases, we even extend some of the results of Shimura
concerning the general algebraicity of these ratios. These can be achieved by
employing a recent result due to Klosin in [18] (see Theorem 4.2 below).
We note that the questions addressed here have been considered by Michael
Harris in [11, 13] where the situation of Hermitian modular forms attached
to unitary groups over a quadratic imaginary field was considered. In the
last section of this paper we will compare the results of this work with the ones
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obtained by Harris. Here we only mention that our work differs from the ones of
Harris in the method used. Harris uses the so-called doubling method to study
the L-values while here we employ the Rankin-Selberg method. Harris’ results
are more general in the sense that the doubling method can cover Hermitian
modular forms for unitary groups with archimedean components isomorphic to
U(n,m) with n 6= m, something which cannot be done by the Rankin-Selberg
method. Moreover Harris considers vector valued Hermitian modular forms,
while here we restrict ourselves to the scalar weight case. Having said that,
there are some critical values in the scalar weight situation, where the results
of our work are not covered by the ones obtained by Harris. We provide details
on this point in the last section of the paper.
However the main motivation for our work springs from the analytic part
of Iwasawa Theory. This work should be seen as the first step towards the
construction of p-adic measures for Hermitian modular forms, which is the
subject of our forthcoming work [5]. Actually the results obtained here will
be used in [5] to determine the field of definition of the p-adic measures
constructed there. The construction of such measures has been initiated
by Harris, Li and Skinner in [15, 16] (the interested reader should also see
important related work of Eischen [7, 8]), where an Eisenstein measure, which
interpolates p-adic Siegel type Eisenstein series is constructed, and some hints
toward the construction of the p-adic measure are given. Their work should
be seen as a vast generalization of the work of Katz [17]. Actually in our work
[3] we have constructed these measures for the case of Hermitian modular
forms attached to definite unitary groups of one obtaining p-adic measures
attached to Hecke Characters and two variables. However in all these works
one needs to assume that the prime ideals of F above p split in K. We
believe that this assumption is needed only in the case where the archimedean
components of the unitary group is of the form U(n,m) with n 6= m, that is
the Witt signature is not trivial. We defer a more detailed discussion on this
to our forthcoming work [5], but we only mention here, that this is related to
the fact that in the case of non-trivial Witt signature, one needs to evaluate
p-adic modular forms on CM points, and this can be done p-adically only
when the, corresponding to these points, CM abelian varieties are ordinary at
p. And the above condition on p guarantees this. Finally we mention that
our approach using the Rankin-Selberg method should be seen as the unitary
analogue of the work of Panchishkin, and of Courtieu and Panchishkin [6], who
considered the symplectic case (Siegel modular forms overQ and of even genus).

Notation: As in our works [2, 4] also in this one we use the books of Shimura
[23, 24] as our main references. For this reason we have decided to keep the
notation used in these two books. The only important notational difference,
is the use of the L-notation to denote the L-function instead of the Z used in
Shimura’s works.
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2. Hermitian modular forms

In this section we introduce the notion of a Hermitian modular form, both
classically and adelically. We follow closely the books of Shimura [23, Chapter
II] and [24, Chapter I], and we remark that we adopt the convention done in
the second book with respect to the weight of Hermitian modular forms (see
the discussion on page 32, Section 5.4 in [24]).
Let K be a field equipped with an involution ρ. For a positive integer n ∈ N
we define the matrix η := ηn :=

(
0 −1n

1n 0

)
∈ GL2n(K), and the group

G := U(n, n) := {α ∈ GL2n(K)|α∗ηα = η}, where α∗ := tα
ρ
. Moreover we de-

fine α̂ := (α∗)−1 and S := Sn := {s ∈Mn(K)|s∗ = s} for the set of Hermitian
matrices with entries in K. If we take K = C and ρ denotes complex conjuga-
tion then the group G(R) = {α ∈ GL2n(C)|α∗ηα = η} acts on the symmetric
space (Hermitian upper half space) Hn := {z ∈Mn(C)|i(z∗− z) > 0} by linear

fractional transformations. That is for α =

(
aα bα
cα dα

)
∈ G(R) and z ∈ Hn

we have α · z := (aαz + bα)(cαz + dα)−1 ∈ Hn.

Let now K be a CM field of degree 2d := [K : Q] and we let ρ denote the com-
plex conjugation. We write F for the maximal totally real subfield. Moreover
we write OK for the ring of integers of K, OF for that of F , DF and DK for
their discriminants and d for the different ideal of F . We write a for the set of
archimedean places of F . We now pick a CM type (K, {τv}v∈a) of K. For an
element a ∈ K we write av ∈ C for τv(a). We will identify τv with v and also
view a as archimedean primes of K. Finally we let b be the set of all complex
embeddings of K, and we note that b = a

∐
aρ.

We define GA := G(A), the adeles of G, and we write Gh =
∏′
v Gv for the finite

part, and Ga =
∏
v∈aGv for the archimedean part. Note that we understand

G as an algebraic group over F , and hence the finite places v above are finite
places of F . For a description of Gv at a finite place we refer to [23, Chapter
2]. We define an action of GA on H by g · z := ga · z, with g ∈ GA and z ∈ H.
Following Shimura, we define for two fractional ideals a and b of F such that
ab ⊆ OF , the subgroup of GA,

D[a, b] :=

{(
ax bx
cx dx

)
∈ GA|ax ≺ OFv , bx ≺ av, cx ≺ bv, dx ≺ OFv , ∀v ∈ h

}

where we use the notation ≺ in [24, page 11], where x ≺ bv means that the
v-component of the matrix x has are all its entries in bv. For a finite adele
q ∈ Gh we define Γq = Γq(b, c) := G∩D[b−1, bc], a congruence subgroup of G.
Given a Hecke character ψ of K of conductor dividing c we define a character
on D[b−1, bc] by ψ(x) =

∏
v|c ψv(det(dx)v)−1, and a character ψq on Γq by

ψq(γ) = ψ(q−1γq).
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We write Za :=
∏
v∈a Z, Zb :=

∏
v∈b Z and H :=

∏
v∈aHn. For a function

f : H → C and an element k ∈ Zb we define

(f |kα)(z) := jα(z)−kf(αz), α ∈ GA, z ∈ H.
Here we write z = (zv)v∈a with zv ∈ Hn and define

jα(z)−k :=
∏

v∈a

det(µ(cαvzv + dαv )−kvdet(cαv
tzv + dαv )−kvρ .

For a fixed b and c as above, a q ∈ Gh and a Hecke character ψ of K, we define

Definition 2.1. [24, page 31] A function f : H → C is called a Hermitian
modular form for the congruence subgroup Γq of weight k ∈ Zb and nebentype
ψq if:

(1) f is holomorphic,
(2) f |kγ = ψq(γ)f for all γ ∈ Γq,
(3) f is holomorphic at cusps (see [24, page 31] for this notion).

The space of Hermitian modular forms of weight k for the congruences group
Γq is denoted by Mk(Γq, ψq). For any γ ∈ G we have a Fourier expansion of
the form (see [24, page 33]

(f |kγ)(z) =
∑

s∈S

c(s, γ; f)ea(sz),

where S a lattice in S+ := {s ∈ S| sv ≥ 0, ∀v ∈ a}, and ea(x) =
exp(2πi

∑
v tr(xv)). An f is called a cusp form if c(s, γ; f) = 0 for any

γ ∈ G and s with det(s) = 0. The space of cusp forms we will be denoted
by Sk(Γq, ψq). Given an element f ∈ Sk(Γq, ψq), and a function g on H such
that g|kγ = ψq(γ)f for all γ ∈ Γq we define the Petersson inner product

〈f, g〉 := 〈f, g〉Γq :=

∫

Γq\H
f(z)g(z)δ(z)mdz,

where δ(z) := det( i2 (z∗ − z)) and dz a measure on Γq \ H defined as in [24,
Lemma 3.4 ] and m = (mv)v∈a with mv = kv + kvρ.

We now turn to the adelic Hermitian modular forms. If we write D for a group
of the form D[b−1, bc], and ψ a Hecke character of finite order then we define,

Definition 2.2. [24, page 166]) A function f : GA → C is called an adelic
Hermitian modular form if

(1) f(αxw) = ψ(w)jkw(i)f(x) for α ∈ G, w ∈ D with wa(i) = i,
(2) For every p ∈ Gh there exists fp ∈ Mk(Γp, ψp), where Γp := G∩pCp−1

such that f(py) = (fp|ky)(i) for every y ∈ Ga.

Here we write i := (i1n, . . . , i1n) ∈ H. We denote this space by Mk(D,ψ).
Moreover there exists a finite set B ⊂ Gh such that GA =

∐
b∈BGbD and an

isomorphismMk(D,ψ) ∼= ⊕b∈BMk(Γb, ψb) (see [23, Chapter 2]). Actually one
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can pick the elements of B to be of the form dia[q̂, q] for q ∈ GLn(K)h. For a
q ∈ GLn(K)A and an s ∈ SA we have (see [24, pages 167-168]

f

((
q sq̂
0 q̂

))
= det(qa)kρ

∑

τ∈S+

cf (τ, q)ea(iq∗τq)eA(τs)

For the properties of cf (τ, q) we refer to the [24, Proposition 20.2] and for the
definition of eA to [24, page 127]. Finally one can extend the notion of the
Petersson inner product to the adelic setting (see [23, page 81]. We write 〈·, ·〉
for this.
For a subfield L of C we will be writing Mk(Γq, ψ, L) for the subspace of
Mk(Γq, ψ) whose Fourier expansion at infinity has coefficients in L. For a
fixed set B, with elements of the form diag[q̂, q] and q ∈ GLn(K)h, we will
be writing Mk(D,ψ, L) for the subspace of Mk(D,ψ) consisting of elements
whose image under the above isomorphism lies in ⊕b∈BMk(Γb, ψb, L). Finally
we define the adelic cusp forms Sk(D,ψ) to be the subspace of Mk(D,ψ),
which map to ⊕b∈BSk(Γb, ψb).

In the rest of this section we obtain some results which we will use later. The
first two are minor modification of two results in [24, Theorem 10.4 (3) and
Theorem 7.11]. Since they are not stated there in the form we need for our
purposes we have decided to provide the needed changes in the proofs in [24].

Lemma 2.3. Let q ∈ GLn(K)h be a diagonal matrix and consider the space
Mk(Γq, ψ), with ψ a character of finite order. We write Φ for the Galois
closure of K over Q and Φψ for the extension of Φ obtained by adjoining the
values of the character ψ. Then we have that

Mk(Γq, ψ,C) =Mk(Γq, ψ,Φψ)⊗Φψ C

Proof. This is in principle [24, Theorem 10.4 (3) and (4)]. The difference with
the statement there is that we want to have a more precise base field in the
presence of nebentype. Keeping the notation as in the proof in [24] we explain
how we can obtain the result.
Our condition on q guarantees that if we write Dq = qDq−1 then we have
that xDqx−1 = Dq for every x ∈ ı(Z×

h ). Moreover, since we always take our
D of a very specific type we have that Mk(Γq, ψ)τ = Mk(Γq, ψ) for every
τ ∈ Gal(Q/Φψ) (see the remark of Shimura after the proof of his Theorem 10.4
in [24]). But then the argument of in the proof of Theorem 10.4 (4) in [24]
works also in this situation. Namely any f will be in some Mk(Γq,Ξ, ψ) and
fσ ∈ Mk(Γq,Ξ, ψ) for all σ ∈ Gal(Ξ/Φψ). In particular for any a ∈ Ξ we will
have

∑
σ(af)σ ∈ Φψ. �

The next result is a modification of [24, Theorem 7.11]. There are three dif-
ferences: (i) we state it here for any weight, not necessarily parallel, (ii) our
field Φ′ contains the Galois closure of K over Q, and (iii) the field Φ′ contains
a finite abelian extension of Q and not the whole Qab as in [24].
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Lemma 2.4. Let Φ denote the Galois closure of K over Q, and let α ∈ G.
Consider an element f ∈ Mk(Γ, χ,Φ) for some k ∈ b. Then f |kα ∈
Mk(α−1Γα, χα,Φ

′), where Φ′ is a finite extension of Φ obtained by adjoin-
ing roots of unity, and χα the character of the congruence subgroup α−1Γα
defined by χα(γ) = χ(αγα−1) for γ ∈ α−1Γα.

Proof. As in the proof of [24, Theorem 7.11] we can write α as a product of
elements in the Siegel parabolic P and η. So it is enough to establish the claim
for such elements. For the element η ∈ SU(n, n) the claim follows from the
fact that (fσ|η)

σ
= χ(t)nf where t ∈ Z×

h , such that [t,Q] = σ on Qab. For
this we refer to [9]. So in particular we need to adjoin the values of the finite
character χ. For the action of the elements in the parabolic we use the same
argument as in the proof of Theorem 7.11 in [24], with the only difference that
since we are also considering non-parallel weight we need to take the field Φ′

to contain Φ. �

Lemma 2.5. Write hF and hK for the class number of F and K respectively.
Assume hF = 1 and that (2n, hK) = 1. Then we can pick a finite number of
q ∈ GL(K)h such that B = {diag[q, q̂]} and det(qq∗) = 1.

Proof. This lemma is in principle the one of Klosin in [18, Corollary 3.9] by
observing that his argument generalizes to CM fields by assuming the class
number of F is equal to one. �

For a fixed ideal b we write D(c) for the group D[b−1, bc].

Lemma 2.6. Write H := {x ∈ K×|xxρ = 1}. Then

det(D(c)) = det(D(OF )) = U0 := {xρ/x ∈ HA|xv ∈ O×
Kv
, ∀v ∈ h}.

In particular we have that there exists a set B such that

GA =
∐

b∈B
GbD(c) =

∐

b∈B
GbD(OF ).

Moreover the elements b ∈ B can be taken in the form b =

(
q̂ 0
0 q

)
with

q ∈ GLn(K)h.

Proof. For the fact that det(D(OF )) = U we refer to [23, Lemma 5.11]. The

first equality then follows by observing that the map q 7→
(
q̂ 0
0 q

)
defined

an embedding of GLn(K) into G. But then det

((
q̂ 0
0 q

))
= det(q)ρ

det(q) and

hence also det(D(c)) = U (see also the proof of Lemma 9.10 in [23]. The last
statement of the lemma follows from [23, Lemma 9.8]. �

3. Eisenstein and Theta series for U(n, n)/F

In this section we collect some results on theta series and Eisenstein series,
which we will need later.
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3.1. Theta series. Shimura in [24, Appendix A.5] and [23, Appendix A.7]
attach a theta series, θA(x, ω), to a Hecke character ω, a positive definite matrix
τ , a matrix r ∈ GLn(K)h and an element µ ∈ Zb with µvµvρ = 0 and µv ≥ 0
for all v ∈ b. His construction depends on a choice of a Hecke character φ of
K with infinity type φ(xa) = x−1

a |xa|, such that φ = θ on F×
A , where θ is the

non-trivial character of the quadratic extension K/F . We summarize various
results of Shimura in [23, 24] in the following theorem.

Theorem 3.1 (Shimura, section A5.5 in [24] and Proposition A7.16 in [23]).
θA(x, ω) is an element in Ml(C, ω

′) with C = D[b−1, bc] and ω′ = ωφ−n, and
l = µ+ na. Moreover θA(x, ω) is a cusp form if µ 6= 0. The ideals b and c are
given as follows. We define a fractional ideals y and t in F such that g∗τg ∈ y
and h∗τ−1h ∈ t−1 for all g ∈ rOnK and h ∈ OnK . Then we can take b = dy and
bc = d(tefρf ∩ ye ∩ yf), where e is the relative discriminant of K over F . For
an element q ∈ GLn(K)h we have that the qth component of the theta series is
given by

θq,ω(z) = ω′(det(q)−1)|det(q)|n/2K ×

∑

ξ∈V ∩rR∗q−1

ωa(det(ξ))ω∗(det(r−1ξq)OK)det(ξ)µρea(ξ∗τξz),

where ξ ∈ V ∩ rR∗q−1 such that ξ∗τξ = σ. Here V = Mn(K), R∗ = {w ∈
Mn(K)A|wv ≺ OKv, ∀v ∈ h}, and ω∗ denotes the ideal character associated to
the Hecke character ω.

3.2. Eisenstein series. In this section we introduce Siegel type Eisenstein
series following closely Shimura [23, Chapter III] and [24, Chapter IV]. This
Eisenstein series will be nearly holomorphic, and can be given an algebraic
structure. In particular there is an action of the absolute Galois group on them
and our goal is to obtain a reciprocity law of this action. This question has
been considered by Feit in [9] for Eisenstein series of the special unitary group
SU(n, n), and hence our main aim here is to extend his results to the unitary
group. The main difference of course is the lack of the strong approximation
theorem which is available for the special unitary group. Our main contribution
in this section is Lemma 3.8.
We consider a weight k ∈ Zb and a c ⊂ OF , an integral ideal of F . Moreover
we pick a Hecke character χ of K with infinity type χa(x) = xℓa|xa|−ℓ, where
ℓ = (kv −kvρ)v∈a and of conductor dividing c. For a fractional ideal b we write
D for D[b−1, bc]. Then for a pair (x, s) ∈ GA × C, we denote by EA(x, s) =
EA(x, s;χ,D) the Siegel type Eisenstein series associated to the character χ
and the weight k. We recall here its definition, taken from [24, page 131],

EA(x, s) =
∑

γ∈P\G
µ(γx)ǫ(γx)−s, ℜ(s) >> 0,
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where P is the Siegel parabolic subgroup and the function µ : GA → C is
supported on PAD ⊂ GA, defined for an x = pw with p ∈ PA and w ∈ D by,

µ(x) :=
∏

v

µv(pvwv), with µv(pvwv) =





χv(det(dpv ))−1 if v ∈ h, v ∤ c
χv(det(dpvdwv ))−1 if v ∈ h, v | c
jkvxv (i)−1|jxv (i)|mv if v ∈ a,

where m = (kv + kvρ)v. The function ǫ : GA → C is defined as ǫ(x) =
|det(dp)|hjx(i)2a where xh = pw with p ∈ Ph and w ∈ D[b−1, b]h. Moreover
we define the normalized Eisenstein series

DA(x, s) = EA(x, s)

n−1∏

i=0

Lc(2s− i, χ1θ
i),

where we recall that θ is the non-trivial character associated to K/F and χ1

is the restriction of the Hecke character χ to F×
A . Here, for a Hecke character

φ of F , we write Lc(s, φ) for the Dirichlet series associated to φ with the
Euler factors at the primes dividing c removed. For a q ∈ GLn(K)h we define
Dq(z, s; k, χ, c) a function on (z, s) ∈ H× C associated to DA(x, s) by the rule
(see [24, page 132])

Dq(x(i), s; k, χ, c) = jkx(i)DA(diag[q, q̂]x, s).

Even though the above defined Eisenstein series are the ones which are rele-
vant to our applications, we need to introduce yet another kind of Eisenstein
series for which we have explicit information about their Fourier expansion. In
particular we define the E∗

A(x, s) := EA(xη−1
h , s) and D∗

A(x, s) := DA(xη−1
h , s),

and as before we write D∗
q (z, s; k, χ, c) for the series associated to D∗

A(x, s).
We write the Fourier expansion of E∗

A(x, s) by

E∗
A

((
q σq̂
0 q̂

)
, s

)
=
∑

h∈S
c(h, q, s)eA(hσ),

where q ∈ GLn(K)A and σ ∈ SA. For the coefficients c(h, q, s) we have the
following results of Shimura,

Proposition 3.2 (Shimura, Proposition 18.14 and Proposition 19.2 in [23]).

Suppose that c 6= OF . Then c(h, q, s) 6= 0 only if (tqhq)v ∈ (db−1c−1)vS̃v for
every v ∈ h. In this case

c(h, q, s) = C(S)χ(det(−q))−1|det(qq∗)h|n−sh |det(qq∗)a|sN(bc)−n
2×

Ξ(qq∗;h; sa + (kv − kρv)/2, sa− (kv + kρv)/2)αc(ω · tqhq, 2s, χ1),

where N(·) denotes the norm from F to Q, |x|h :=
∏
v∈h |xv|v with | · |v the

normalized absolute value at the finite place v, ω is a finite idele such that
ωOF = bd, S̃v the dual lattice to S(OFv ), the Hermitian matrices with entries
in OFv , and

C(S) := 2n(n−1)d|DF |−n/2|DK |−n(n−1)/4.
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Moreover if we write r for the rank of h and let g ∈ GLn(F ) such that g−1hg =
diag[h′, 0] with h′ ∈ Sr. Then

αc(ω · tqhq, 2s, χ1) = Λc(s)
−1Λh(s)

∏

v∈c

fh,q,v
(
χ(πv)|πv|2s

)
,

where

Λc(s) =

n−1∏

i=0

Lc(2s− i, χ1θ
i), Λh(s) =

n−r+1∏

i=0

Lc(2s− n− i, χ1θ
n+i−1).

Here fh,q,v are polynomials with coefficients in Z, independent of χ1. The
set c consists of finitely many finite places of F which are prime to c. For
the precise description we refer to [23, page 158-159], and for the function
Ξ(g;h;α, β) =

∏
v∈a ξ(yv, hv;αv, βv) we refer to [24, page 140].

For a number field W , a k ∈ Zb and r ∈ Za we follow [24] and write N r
k (W ) for

the space of W -rational nearly holomorphic modular forms of weight k (see [24,
page 103 and page 110] for the definition). The index r should be thought as a
degree of nearly holomorphicity, with r = 0 being holomorphic. Without going
into much of details here on the definition of the nearly holomorphic forms, we
just mention that even though these modular forms are not holomorphic, one
can still impose an algebraic structure on them. In general this can be done
by studying their values at CM points. However we give here an equivalent
definition taken from [24, page 117], which is enough for our purposes, and it
is based on the Fourier expansion. Namely an element f ∈ N r

k (W ) is a C∞

function on H, with the modularity property (i.e. f |kγ = f for all γ in some
congruence subgroup Γ) and has an expansion of the form

f(z) =
∑

h∈S

sh(π−1i(tz − zρ)−1)ea(hz),

where S is a lattice of S+, and sh(T ) is a finite sum of elements of the form∏
v∈a Pv(T

(v)
ij ) with Pv(T

(v)
ij ) are homogeneous polynomials of degree rv in

the variables T
(v)
ij , 1 ≤ i, j ≤ n, with coefficients in W . It turns out (see [24,

Theorem 14.12]) that the absolute Galois group acts on them by acting on the
coefficients of the polynomials sh(T ).

For the Eisenstein series Dq(z, s;χ, c) we have the following theorem of Shimura
[24, Theorem 17.12], which tells us for which values of s the Eisenstein series
introduced above are nearly holomorphic.

Theorem 3.3 (Shimura, Theorem 17.12 in [24]). We set m := (kv + kvρ)v∈a.
Let K ′ be the reflex field of K with respect to the selected CM type and Kχ the
field generated over K ′ by the values of χ. Let Φ be the Galois closure of K
over Q and suppose 2n − mv ≤ µ ≤ mv and mv − µ ∈ 2Z for every v ∈ a.
Then Dq(z, µ/2; k, χ, c) belongs to πβN r

k (ΦKχQab), except when 0 ≤ µ < n,
c = OF , and χ1 = θµ, where β = (n/2)

∑
v∈a(mv + µ) − dn(n − 1)/2 and
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r = n(m − µ + 2)/2 if µ = n + 1, F = Q and χ1 = θn+1. Otherwise r =
(n/2)(m− |µ− n|a− na).

We now explain how the nearly holomorphic Eisenstein series can be obtained
from holomorphic ones (excluding some cases) by the use of the so-called
Maasss-Shimura differential operators. An important property of these op-
erators is that they are Galois equivariant in the sense explained in Equation
1 below.
For an element p ∈ Za and a weight q ∈ Zb we write ∆p

q for the differential
operators defined in [24, page 146 and page 148]. Moreover it is shown in

[24] that ∆p
qN t

q (ΦQab) ⊂ πn|p|N t+np
q′ (ΦQab), where q′ ∈ Zb is defined by q′v =

qv+pv and q′ρv := qρv+pv for v ∈ a, and for any f ∈ N t
q (W ) and σ ∈ Gal(W/Φ)

we have that

(1)
(
π−n|p|∆p

q(f)
)σ

= π−n|p|∆p
q(f

σ)

Let µ ∈ Z and k ∈ Zb be as in Theorem 3.3. If µ ≥ n then by [24, page 148]
we have that

(2) ∆p
µaDq(z, µ/2; k′, χ, c) =Q×

(i/2)n|p|Dq(z, µ/2; k, χ, c),

where p = (m − µa)/2 and k′ ∈ Zb with k′v = kv − pv and kρv = kρv − pv
for v ∈ a. The notation =Q×

means equality up to elements in Q×, and
|p| := ∑

v∈a pv. Similarly if µ < n (see again [24, page 148]) then we have

(3) ∆p
νaDq(z, µ/2; k′′, χ, c) =Q×

(i/2)n|p|Dq(z, µ/2; ka, χ, c),

where ν = 2n − µ, p = (m − νa)/2 and k′′v = k′ρv for all v ∈ b. Now the
following lemma is immediate from the above equations, and it reduces the
study of the Galois equivariant properties of the nearly Eisenstein series to
holomorphic ones of a very particular weight.

Lemma 3.4. Assume there exists A(χ), B(χ) ∈ Qab and β1, β2 ∈ N such that
for all σ ∈ Gal(Kχ/Q)
(
Dq(z, µ/2; k′, χ, c)

πβ1A(χ)

)σ
=
Dq(z, µ/2; k′, χσ, c)

πβ1A(χσ)
, µ ≥ n, and k′v + k′ρv = µ

and(
Dq(z, µ/2; k′′, χ, c)

πβ2B(χ)

)σ
=
Dq(z, µ/2; k′′, χσ, c)

πβ2B(χσ)
, µ < n, and k′′v + k′′ρv = ν.

Then we have for µ ≥ n that
(
D(z, µ/2; k, χ, c)

πβ1+n|p|in|p|A(χ)

)σ
=

D(z, µ/2; k, χσ, c)

πβ1+n|p|in|p|A(χσ)
, p = (m− µa)/2 ∈ Za,

and for µ < n that
(
D(z, µ/2; k, χ, c)

πβ2+n|p|in|p|B(χ)

)σ
=

D(z, µ/2; k, χσ, c)

πβ2+n|p|in|p|B(χσ)
, ν = 2n−µ p = (m−νa)/2 ∈ Za,
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We are interested in algebraicity statements for Eisenstein series with the prop-
erty that kv+kvρ ≥ n for all v ∈ a, where k is the weight of the Eisenstein series.
The following lemma indicates that for these Eisenstein series it is enough to
study the effect of the action of the Galois group on the full rank Fourier coeffi-
cients. The proof of the lemma can be found in [2], where the similar situation
of Siegel modular forms was considered. Its proof relies on the fact (see [24,
Proposition 6.16]) that for the weights under consideration there does not ex-
ist singular Hermitian modular forms, that is Hermitian modular forms whose
Fourier coefficients are supported on singular Hermitian matrices.

Lemma 3.5. Let f(z) =
∑
h∈S c(h)ena(hz) ∈ Mk(Q) with kv + kρv ≥ n. As-

sume that for an element σ ∈ Gal(Q/Φ) we have c(h)σ = ac(h) for all h with
det(h) 6= 0 for some a ∈ C. Then c(h)σ = ac(h) for all h ∈ S. In particular
fσ = af .

We can now consider the action of Gal(Q/Φ) on the Eisenstein series. Thanks
to the Lemma 3.4 above it is enough to consider the Galois action on the
holomorphic ones. That is, we consider the following two Eisenstein series

(1) Dq(z, µ/2; k, χ, c) ∈ πβMk(Q) for µ ≥ n and kv + kρv = µ,

(2) Dq(z, ν/2; k, χ, c) ∈ πβMk(Q) for ν = 2n− (kv + kρv) for all v ∈ a and
ν ≤ n,

where β is determined by Theorem 3.3.
For these values of s we collect in the following lemma some properties that we
will need concerning the functions Ξ(y, h;α, β) =

∏
v∈a ξ(y, h;α, β). For the

proof, which can be obtained from the study of this function in [21], we refer
to the similar proof done in the symplectic case in [2].

Lemma 3.6. Let h ∈ S with det(h) 6= 0 and y ∈ Sa
+(R). Then for µ ∈ Z

Ξ(y, h;µ, 0) = 2d(1−n)i−dnµ(2π)dnµΓn(µ)−dN(det(h))µ−nea(iyh)

and

Ξ(y, h;n, n− µ) = i−dnµ2−(dn(µ+1))πdn
2

Γn(n)−d
(∏

v∈a

det(yv)
−(n−µ)

)
ea(iyh).

Galois reciprocity of Eisenstein Series. We start by considering first
the holomorphic Eisenstein series D∗

q(z, µ/2; k, χ, c) ∈ πβMk(Q) for µ ≥ n and
kv + kρv = µ. If we write D∗

q(z, µ/2; k, χ, c) =
∑

h∈S b(h, q, χ)ea(hz) then we
have that for full rank h,

b(h, q, χ) =

n−1∏

i=0

Lc(µ− i, χ1τ
i)det(y)−µ/2c(h, q, µ/2), z = x+ iy.

In particular we conclude that

b(h, q, χ) = det(y)−µ/2C(S)χ(det(−q))−1|det(qq∗)h|n−µ/2h det(qq∗)a|µ/2×
N(bc)−n

2

2d(1−n)i−dnµ(2π)dnµΓn(µ)−dN(det(h))µ−n
∏

v∈c

fh,q,v (χ1(πv)|πv|µ)
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and hence

(
b(h, q, χ)

c(S)|det(qq∗)h|n−µ/2h i−dnµ(2π)dnµ

)σ
=

b(h, q, χσ)

c(S)|det(qq∗)h|n−µ/2h i−dnµ(2π)dnµ

for all σ ∈ Gal(Q/Φ). In particular we conclude that
(

D∗
q(z, µ/2; k, χ, c)

c(S)|det(qq∗)h|n−µ/2h i−dnµ(2π)dnµ

)σ
=

D∗
q (z, µ/2; k, χσ, c)

c(S)|det(qq∗)h|n−µ/2h i−dnµ(2π)dnµ

for all σ ∈ Gal(Q/Φ). Similarly we consider the Eisenstein series

D∗
q(z, ν/2; k, χ, c) ∈ πβMk(Q)

for ν = 2n− (kv + kρv) for all v ∈ a, kv + kvρ = µ ∈ N and ν ≤ n. If we write∑
h∈S a(h, q, χ)ea(hz) then we have that for full rank h,

a(h, q, χ) =

n−1∏

i=0

Lc(ν − i, χ1τ
i)det(y)−µ/2c(h, q, ν/2).

In particular we have

a(h, q, χ) = det(y)−µ/2C(S)χ(det(−q))−1|det(qq∗)h|n−ν/2h det(qq∗)a|ν/2i−dnµ×

N(bc)−n
2

2−(dn(µ+1))πdn
2

Γn(n)−d
∏

v∈a

det(yv)
−(n−µ)∏

v∈c

fh,q,v (χ1(πv)|πv|ν) =

C(S)χ(det(−q))−1|det(qq∗)h|n−ν/2h N(bc)−n
2 × i−dnµ2−(dn(µ+1))πdn

2

Γn(n)−d×
∏

v∈c

fh,q,v (χ1(πv)|πv|ν) .

In particular as before we have that
(

a(h, q, χ)

c(S)|det(qq∗)h|n−ν/2h i−dnµ2−(dn(µ+1))πdn2

)σ
=

a(h, q, χσ)

c(S)|det(qq∗)h|n−ν/2h i−dnµ2−(dn(µ+1))πdn2

for all σ ∈ Gal(Q/Φ). In particular we conclude that
(

D∗
q(z, ν/2; k, χ, c)

c(S)|det(qq∗)h|n−ν/2h i−dnµ2−(dn(µ+1))πdn2

)σ
=

D∗
q(z, ν/2; k, χσ, c)

c(S)|det(qq∗)h|n−ν/2h i−dnµ2−(dn(µ+1))πdn2
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Remark 3.7. We note here that the appearance of the term |det(qq∗)h|h makes
the statement of the reciprocity law dependent on the choice of the component
q, when of course the exponents have roots. It is possible, under some assump-
tions, to force det(qq∗) = 1. For example, as it was shown in the previous
section, we could take that the class number of K is prime to 2n and the class
number of F is one. Or we could write the reciprocity law not over Φ but some
extension which contains the possible roots of |det(qq∗)h|h of the finitely many
selected q’s. However as we have seen, these terms show up also on the Fourier
expansion of the theta series, and later we will be considering products of the
theta series with Eisenstein series, and these terms will cancel.

Our next aim is to obtain information about the action ofGal(Q/Φ) onDA(x, s)
from the information we have obtained from the action on the components of
D⋆(x, s) for s = µ/2 or ν/2 as above. We start with the following lemma.

Lemma 3.8. Let f ∈ Mk(C, χ,Q) and define g(x) := f(xηh) ∈ Mk(C′, ψ,Q),
where C′ := ηhCη

−1
h and some character ψ related to χ. For σ ∈ Gal(Q/Φ)

we have
gσ(x) = χ(a−n)σfσ(xηh),

where a ∈ Z×
h such that with respect to the reciprocity law we have [a,Q] =

σ|Qab . In particular we have that
(

g(x)

τ(χn1 )

)σ
=

fσ(xηh)

τ((χn1 )σ)
,

where τ(χ1) is the Gauss sum associated to the Hecke character χ1 of F defined
by taking the restriction of χ to F .

Proof. We can pick a finite set Q ⊂ GLn(K)h such that GA =∐
q∈QGdiag[q, q̂]C, and moreover we can pick this set so that the matri-

ces q are diagonal (see for example the proof of [23, Lemma 9.8 (3)]). Then
we know that the adelic form f corresponds to the the array of modular forms
(fp) for p = diag[q, q̂] and q ∈ Q. We have fp ∈ Mk(Γp, χp). We now fix yet
another decomposition of GA by picking Q′ = {q′ := q̂|q ∈ Q} We note that if

we write p′ := diag[q′, q̂′] then p′ = ηhpη
−1
h . In particular we see that indeed

the set Q′ gives a decomposition GA =
∐
q′∈Q′ Gdiag[q′, q̂′]C′. Indeed we have

GA =
∐

q∈Q
Gdiag[q, q̂]C =

∐

q∈Q
Gdiag[q, q̂]Cη−1

h =
∐

q∈Q
Gη−1

h ηhdiag[q, q̂]η−1
h C′ =

∐

q′∈Q′

Gη−1
h diag[q′, q̂′]C′ =

∐

q′∈Q′

Gηadiag[q′, q̂′]C′ =
∐

q′∈Q′

Gdiag[q′, q̂′]ηaC
′ =

∐

q′∈Q′

Gdiag[q′, q̂′]C′.

We now claim that gp′(z) = fp(z)|kη−1. It is enough to show that (gp′ |ky)(i) =
(fp|kη−1|ky)(i) for all y ∈ Ga. But we have

(gp′ |ky)(i) = g(p′y) = g(ηhpη
−1
h y) = f(ηhpη

−1
h yηh) = f(ηpη−1

a y) = f(pη−1
a y),
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and
(fp|kη−1|ky)(i) = (fp|η−1y)(i) = f(pη−1

a y).

Hence we conclude that the p′-component of g is given by fp|kη−1. By [24,
Lemma 23.14] we have that gσ has p′-component gσp′ = (fp|kη−1)σ. But

this has been established by Feit [9], (note that ηn ∈ SU(n, n) and hence
we have Shimura’s reciprocity law also here, but see also [25, Lemma 5] and
[2]) to conclude that gσp′ = (fp|kη−1)σ = χσ(a−n)(fp)

σ|kη−1. A last re-
mark here is that, since we are taking the q’s diagonal matrices we have that
diag[q, q̂]diag[a, a−1]diag[q−1, q̂−1] = diag[a, a−1], and hence the value of the
nebentype character of each component at diag[q, q̂]diag[a, a−1]diag[q̂, q] is the
same. But, by the same argument as above, the p′-component of fσ(xηh) is
equal to (fp)

σ|kη−1 and hence we conclude the first part of the proof. The
last follows by standard properties of Gauss sums over totally real fields (see
for example [20, page 657]). Note that in the reciprocity law, the values of χ
restricted to F (actually to Q) matter. �

We now fix a set B ⊂ Gh such that GA =
∐
b∈B GbD. We pick

this set to be of the form diag[q, q̂] with q ∈ GLn(Kh) and diagonal.
We define the Eisenstein series D(x, µ2 , χ) to correspond to q-components

1

|det(qq)h|δ1/2h

Dq(z, µ/2; k, χ, c) and similarly D(x, ν2 , χ) to correspond to q-

components 1

|det(qq)h|δ2/2h

Dq(z, ν/2; k, χ, c), where δ1 = 0 if n − µ/2 ∈ Z and

1 otherwise. Similarly δ2 = 0 if n − ν/2 ∈ Z and 1 otherwise. Then from the
Lemma 3.8 above and the reciprocity on the D∗

q Eisenstein series we conclude
that,

Proposition 3.9. For σ ∈ Gal(Q/Φ) we have that
( D(x, µ/2, χ)

C(S)τ(χn1 )i−dnµ(π)dnµ

)σ
=

D(x, µ/2, χσ)

C(S)τ((χn1 )σ)i−dnµ(π)dnµ
,

and ( D(x, ν/2, χ)

C(S)τ(χn1 )i−dnµ(π)dn2

)σ
=

D(x, ν/2, χσ)

C(S)τ((χn1 )σ)i−dnµ(π)dn2 .

4. The L-function attached to a Hermitian modular form

In this section we introduce the L-functions, whose special values we will study,
and present an integral representation of them by using the Rankin-Selberg
method. Up to a result of Klosin [18, Equation (7.28)], presented as Theorem
4.2 below, everything else in this section is taken from [24, Chapter V].
We start by defining the L-functions associated to eigenforms, and introduce
Shimura’s generalization of the so-called Adrianov-Kalinin identity in the uni-
tary case. In particular this identity will allow us to obtain a relation of the
L-function with another Dirichlet series (in the notation below D′

r,τ (s, f , χ)),
which even though itself does not have an Euler product representation, can
be written as a Rankin-Selberg type integral. This Rankin-Selberg representa-
tion is the content of Theorem 4.1 below, which is due to Shimura. However
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this form is not enough for our purposes, the reason being that we do not
have a good understanding of the Fourier expansion of the Eisenstein series
involved. For this reason we will use an identity proved by Klosin (Theorem
4.2 below) to obtain a Rankin-Selberg representation involving the Siegel type
Eisenstein series introduced in the last section, and whose Galois reciprocity
we have studied.

4.1. The standard L-Function. We fix a fractional ideal b and an integral
ideal c of F . We set C = D[b−1, bc]. For an integral OK-ideal a we write T (a)
for the Hecke operator defined by Shimura in [24, page 162].
We consider a non-zero adelic Hermitian modular form f ∈ Mk(C,ψ) and
assume that we have f |T (a) = λ(a)f with λ(a) ∈ C for all integral OK-ideals
a. If χ denotes a Hecke character of K of conductor f, then in [24, page 171] it
is shown that the Dirichlet series

Z(s, f , χ) :=

(
2n∏

i=1

Lc(2s− i+ 1, χ1θ
i−1)

)
×
∑

a

λ(a)χ∗(a)N(a)−s, ℜ(s) >> 0,

has an Euler product representation which we write as Z(s, f , χ) =∏
q Zq (χ∗(q)N(q)−s), where we recall χ∗ is the ideal character associated

to the Hecke character χ. The sum runs over all integral ideals of K and the
product is over all prime ideals of K. For the description of the Euler factors
Zq at the prime ideal q of K we refer to [24, page 171]. We will need another
L-function which we will denote by L(s, f , χ) and we define by

(4) L(s, f , χ) :=
∏

q

Zq

(
χ∗(q)(ψ/ψc)(πq)N(q)−s

)
,

where πq a uniformizer of Kq. We note here that we may obtain the first from
the second up to a finite number of Euler factors by setting χψ−1 for χ.

4.2. The Rankin-Selberg method. For τ ∈ S+ and r ∈ GLn(K)h we de-
fine, following [24, page 180], the Dirichlet series,

(5) D′
r,τ (s, f , χ) :=

∑

x∈B/E
ψ(det(rx))χ∗(det(x)OK)cf (τ, rx)|det(x)|s−nK .

Here B = GLn(K)h ∩
∏
vMn(OKv ), E =

∏
v∈hGLn(OKv ) and for an idele x

of K we write xOK for the fractional ideal of K corresponding to x. Moreover
| · |K denotes the adelic absolute values of K, and, for later use, we denote by
| · |F the one of F . This Dirichelt series cannot be written in an Euler product
form, but it has the advantage that it can be written as a Rankin-Selberg
type integral as we will see later. However first we give the relation of this
Dirichlet series and the L-function introduced before. The following equation,
which is taken from [24, Theorem 20.4], is often called an Adrianov-Kalinin
type equation, since it was first observed in the symplectic case by Adrianov
and Kalinin in [1]. We have,
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(6) D′
r,τ (s, f , χ)Λc (s)

∏

v∈b

gv(χ(ψ/ψc)(πv)|πv|s) = L(s, f , χ)(ψ/ψc)
2(det(r))×

∑

L<M∈Lτ
µ(M/L)(ψ2

c/ψ)(det(y))χ∗(det(r∗ŷ)OK)|det(r∗ŷ)|sKcf (τ, y),

where Λc(s) :=
∏n
i=1 Lc(2s+ 1− n− i, ψ1χ1θ

n+i−1).

Let us now explain the notation in the above equation (see [24, page 164] for
more details). Lτ is the set of OK-lattices L in Kn such that ℓ∗τℓ ∈ bd−1 for
all ℓ ∈ L. Moreover for the chosen ideal c above, and for two OK lattices M,N
we write M < N if M ⊂ N and M ⊗OK OKv = N ⊗OK OKv for every v | cOK .
In particular in the sum above we take L := rOnK , and in the sum, over the
M ’s, we take y ∈ GLn(K)h such that M = yOnK and y−1r ∈ B. Moreover we
define µ(A), for a torsion OK-module A, recursively by

∑
B⊂A µ(B) = 1 if A is

the trivial module and 0 otherwise. This is a generalized Möbius function and
we refer to [24, Lemma 19.10] for details. The important fact for our purposes
is that the function µ is Z-valued. Finally the gv are Siegel-series related to
the polynomials fv(x) mentioned in Proposition 3.2 above, and we refer to [24,
Theorem 20.4] for the precise definition.
We now fix a Hecke character φ of K such that φ(y) = y−1

a |ya| for y ∈ K×
a and

the restriction of φ to F×
A is the non-trivial Hecke character of F corresponding

to the extension K/F . The existence of this character follows from [24, Lemma
A5.1]. Keeping the notations from above we let t ∈ Za be the infinity type of
χ and define µ ∈ Zb (see [24, page 181]) by

µv = tv − kvρ + kv, and µvρ = 0 if tv ≥ kvρ − kv,
and

µv = 0, and µvρ = kvρ − kv − tv if tv < kvρ − kv.
We moreover define l = µ + na and ψ′ := χ−1φ−n. Given µ, φ, τ and χ as
above we write θχ(x) := θA(x, λ) ∈ Ml(C

′, ψ′) for the theta series that we can
associate to (µ, φ, τ, χ−1) by taking ω := χ−1 in Theorem 3.1. We write c′ for

the integral ideal defined by C′ = D[b′−1
, b′c′].

We now fix a decomposition GLn(K)A =
∐
q∈QGLn(K)qEGLn(K)a. In par-

ticular the size of the set Q is nothing else than the class number of K. Then
we have the following integral expression for the Dirichlet series D′

r,τ (s, f , χ).

Theorem 4.1 (Shimura, pages 179-181 in [24]). With notation as above we
have∏

v∈a

(4π)−n(s+hv)Γn(s+ hv)D′
r,τ (s+ 3n/2, f , χ) = det(τ)sa+h|det(r)|−s−n/2K ×

∑

q∈Q
(ψ/ψ′)(det(q))|det(qq∗)|sF ×A〈fq(z), θq,χE(z, s̄+ n;m−m′,Γq)〉Γq ,

where h := 1/2(kv + kvρ + lv + lvρ)v∈a, m = (kv + kvρ)v∈a, m
′ = (lv + lvρ)v∈a

and Γq := qΓq−1, with Γ a suitably chosen congruence subgroup of SU(n, n).
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A is a rational number times C(S)−1 (see Proposition 3.2 for the definition).
Here θq,χ is the theta series introduced in section 3,

E(z, s̄+ n;m−m′,Γq) =
∑

γ∈Γq∩P\Γq
det(i(z∗ − z)/2)s−

m−m′

2 |m−m′γ

is the Eisenstein series of SU(n, n) defined in [24, page 137] with κ = 0.

Let us remark here that in the form given in [24, pages 179-181] only one group
Γ appears. However it is easily seen that our choices can be made as above by
picking Γ ⊂ SU(n, n) ∩ C′′ for C′′ deep enough which is contained in both C
and C′.
As we mentioned at the beginning of this section, the next step is to replace
the Eisenstein series E(z, s,m−m′,Γq) in the expression above, with an Eisen-
stein series of the form appeared in the previous section. The two kinds of
Eisenstein series are related as for example it is explained in [24, Lemma 17.2].
In particular we want to have an Eisenstein series for which we have i) a good
understanding of its Galois reciprocity laws and ii) a good understanding of
nearly holomorphicity (see also the remark after Theorem 6.2 on this). This is
the reason of the importance for our purposes of the following result, shown by
Klosin in [18, Equation (7.28)] in a slightly different form.

Theorem 4.2 (Klosin, Equation (7.28) in [18]). With notation as above we
have

|X |
[Γ0(c′′) : Γ]

〈fq(z), θq,χ(z)E(z, s̄,m−m′,Γq)〉Γq =

(ψ′/ψ)(det(q))|det(qq∗)|−sF 〈fq(z), θq,χ(z)Eq(z, s̄; k − l, (ψ′/ψ)c, c′′)〉Γq0(c′′),
where (ψ′/ψ)c(x) := (ψ′/ψ)(xc) and X denotes the number of Hecke characters
of infinity type t and conductor dividing fχ, and c′′ any non-trivial integral ideal
such that cc′|c′′.
Proof. The proof is in principle done in [loc. cit.]. Here we only make a few
remarks in order to justify the slightly different formula.
We remark here that in [18] the case of F = Q is considered, but it is easy
to see that his result holds for totally real fields. Moreover the assumption
(|ClK |, 2n) = 1 which Klosin makes at the beginning of his section 7 in [18],
where the above equation is shown, it is used only later and not for the above
equation.
Moreover we have also considered the case of f with non-trivial nebentype
and this is why our formula differs slightly from these in [loc. cit.]. We also
comment on the fact that we use more general weights than in [loc. cit]. Indeed
one needs to observe that in Lemma 17.13 in [24] the identity used in [18] and
cited as formula (17.5) of [24] is extended to the case of weights k ∈ Zb. But
then one needs only to observe that for Γ ⊂ SU(n, n) we have the equality of
the Eisenstein series

Eq(z, s;m−m′,Γ) = Eq(z, s; k − l,Γ),
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where on the left side we have m−m′ ∈ Za and on the right we have k− l ∈ Zb.
This point is explained in [24, page 32, paragraph 5.4]. Here we simply note
that the Eisenstein series on the right is defined by

Eq(z, s; k − l,Γ) =
∑

α∈Γ∩P\Γ
det(i(z∗ − z)/2)s−

m−m′

2 |k−lα,

since m−m′ = ((kv − lv) + (kvρ − lvρ))v.
�

Putting all the above results together we can conclude the following theorem
(see also [18, Theorem 7.8]),

Theorem 4.3 (Shimura, Klosin). Let 0 6= f ∈ Mk(C,ψ)) such that f |T (a) =
λ(a)f for every a. Then

Γ((s))L(s+ 3n/2, f , χ)(ψ/ψc)
2(det(r))×

∑

L<M∈Lτ
µ(M/L)(ψ2

c/ψ)(det(y))χ∗(det(r∗ŷ)OK)|det(r∗ŷ)|s+3n/2
K cf (τ, y) =

Λc(s+ 3n/2, θ(ψχ)1) ·
∏

v∈b

gv(χ(ψ/ψc)(πv)|πv|2s+3n)det(τ)sa+h|det(r)|−s−n/2K ×

C0

∑

q∈Q
|det(qq∗)|−nF vol(Φq)〈fq(z), θq,χ(z)Eq(z, s̄+ n)〉Γq0(c′′),

where Eq(z, s̄+ n) := Eq(z, s̄+ n; k − l, (ψ′/ψ)c, c′′), c′′ any non-trivial integral
ideal of F such that cc′|c′′. If moreover we assume that kv + kvρ ≥ n for some
v ∈ a, then there exists τ ∈ S+ ∩GLn(K) and r ∈ GLn(K)h such that

Γ((s))ψc(det(r))cf (τ, r)L(s + 3n/2, f , χ) =

Λc(s+ 3n/2, θ(ψχ)1) ·
(∏

v∈b

gv(χ(πp)N(p)−2s−3n)

)
det(τ)sa+h|det(r)|−s−n/2K ×

C0

∑

q∈Q
|det(qq∗)|−nF vol(Φq) < fq(z), θq,χ(z)Eq(z, s̄+ n) >Γq0(c

′′),

where

Γ((s)) :=
∏

v∈a

(4π)−n(s+hv)Γn(s+ hv), and C0 :=
[Γ0(c′′) : Γ]A

|X | .

We close this section by remarking that vol(Φq) is independent from q (see for
example [23, page 67]) and hence we will be writing simply vol(Φ). Moreover

we have that this is equal to πdn
2

times a rational number [24, Proposition
24.9].
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5. Petersson Inner Product and Periods

In this section we define some archimedean periods, which we will use to nor-
malize the special values of the function L(s, f , χ). The definition of these
periods is inspired by the work of Sturm [25] (building on previous work of
Shimura), for integral weight Siegel modular forms of even genus over the ra-
tionals. In our works [2, 4] we have extended also these results to totally real
fields, considered odd genus and the case of half-integral weight Siegel modular
forms.
We start by proving a lemma with respect to the action of “good” Hecke op-
erator T (a), relative to the group C = D[b−1, bc]. Here good means that a is
prime to c.

Lemma 5.1. Let W be a number field, which contains the values of the finite
character ψ. Then the operators T (a) preserveMk(C,ψ,W ).

Proof. Following Shimura in [24, page 161], and using the same notation as in
there, we consider the formal Dirichlet series f |J :=

∑
a[a]f |T (a). For τ ∈ S+

and q ∈ GLn(K)h Shimura shows in (page 170, loc. cit.) that c(τ, q; f |J) is
equal to

∑

g,h

ψc(det(h
−1g))|det(g)|−nK c(τ, qh−1g; f)αc(ĥq

∗τqh−1)[det(gh)OF ].

The point which is important here is that Shimura shows (see Theorem 16.2 in
(loc. cit.) that αc(·) is a rational formal Dirichlet series (i.e. has coefficients
in Q). In particular by the equation above we conclude that the c(τ, q; f |T (a)),
which is obtained by equating the [a] coefficient in the formal Dirichlet series
above, is a Q(ψ) linear combination of the Fourier coefficients of f . Hence we
conclude the lemma. �

We now fix a set B ⊂ Gh such that GA =
∐
GbC. Note that this does not

depend on the ideal c thanks to Lemma 2.6. Moreover we can take the elements

b to be of the form b = diag[b1, b̂1] with b1 ∈ GLn(Kh). Keeping the notation
of the previous section where we wrote Q ⊂ GLn(K)h, we define, following
Shimura [24, Lemma 28.4], the set Ab := {q ∈ Q|diag[q, q̂] ∈ GbC}, and the
map

πb : ⊕q∈AbMk(Γq, ψq)→Mk(Γb, ψb), (fq)q 7→ hb := B
∑

q∈Ab
fq|αq,

with diag[q, q̂] ∈ αqbC and B the size of the set B. As explained in [24] for
any cusp form g ∈ Sk(C,ψ)) we have that 〈gb, hb〉 = B

∑
q∈Ab〈gq, fq〉. In

particular if we define the form h with local components hb we have that
〈g,h〉 =

∑
q∈Q〈gq, fq〉. From Lemma 2.4 we have that the map πb is defined

over some finite extension of Φ, the Galois closure of K. We write L for the
minimal field over which all πb for b ∈ B are defined. Clearly this field is equal
to Φ in the situation where the set B and the set Q have the same size. This,
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for example, can happen when the class number of F is one (see [23, page 66].

As we mentioned above, the following theorem should be seen as the unitary
analogue of a theorem by Sturm [25] for Siegel modular forms of integral weight,
even genus over the rationals (see also related work of Harris [14]), building on
ideas of Shimura. Our proof combines ideas taken from the proof of Sturm
in [25] as well as from the proof of a theorem of Shimura [24, Theorem 28.5].

This last one provides a result of the form 〈f ,g〉
〈f ,f〉 ∈ Q, for f a cusp form and

g modular forms defined over Q. We also mention that similar theorems have
been also proved in [2, 4] for Siegel modular forms over totally real fields of
integral and half-integral weight.

Theorem 5.2. Let f ∈ Sk(C,ψ,Q) be an eigenform for all the good Hecke
operators of C, and define mv := kv + kρv for all v ∈ a. Let Φ be the Galois
closure of K over Q and writeW for the extension of Φ generated by the Fourier
coefficients of f and their complex conjugation. Assume m0 := minv(mv) >
3n+ 2. Then there exists a period Ωf ∈ C× and a finite extension Ψ of Φ such
that for any g ∈ Sk(Q) we have

( 〈f ,g〉
Ωf

)σ
=
〈fσ,gσ′〉

Ωfσ
,

for all σ ∈ Gal(Q/Ψ), with σ′ := ρσρ. Here Ωfσ is the period attached to the
eigenform fσ. Moreover Ωf depends only on the eigenvalues of f and we have
〈f ,f〉
Ωf
∈ (WΨ)×. In particular we have 〈f ,g〉

〈f ,f〉 ∈ (WΨ)(g,gρ), where (WΨ)(g,gρ)

denotes the extension of WΨ obtained by adjoining the values of the Fourier
coefficients of g and gρ.

Remark 5.3. Before we give the rather long proof of the above theorem we
would like to indicate some of the ideas that allow us to obtain the above
theorem.

(1) For the proof of Theorem 5.2 we will make use of Theorem 4.3 of the
previous section. In particular, the fact that for the Eisenstein series
involved in Theorem 4.3 we have a very good understanding of the
Galois reciprocity obtained in section 3, will play a key role. Note that
this is not the case for the Eisenstein series involved in the original
expression of Shimura in Theorem 4.1, which of course is good enough
if one is only interested in obtaining results over an algebraic closure
of Q, but not for the results which we are aiming here.

(2) The second observation is related to the bound imposed on the weight
of the Hermitian modular form f . In particular this is a bit weaker than
the one appearing in [24, Theorem 28.5], where the bound is taken to
be 3n. The reason for this difference is to give us some freedom in
selecting a particular character (in the notation of the proof χ), which
will make the associated theta series (which we denote θq,χ in the proof
below) a cusp form. This will allow us not to have to worry about the
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field of definition under which we have a splitting of the cuspidal part
from the Eisenstein part. Note that this is quite important, since we
are considering weights, which may be below the range of absolute
convergent for Eisenstein series, which is 4n − 2 in the unitary case,
and hence we do not have an explicit description of the field over which
this decomposition is defined (see also Theorem 5.5 below).

(3) The extension Ψ will become explicit in the proof of the theorem. We
will see that it is a finite extension of the field L defined above (the
field of definition of the maps π′

bs) obtained by adjoining the values of
two, once and for all fixed, characters, which are denoted χ and φ in
the proof.

Proof of Theorem 5.2. We first consider the case where m0 is even. We define
µ ∈ Zb by setting µρv = 0 and µv = mv −m0 + 2 for all v ∈ a. We now set
t′ := µv−kv +kvρ, and consider a Hecke character χ of K of conductor fχ such

that χa(x) = x−t
′

a |xa|t
′

, and c|fχ. Later we explain more on the choice of the
character χ. We recall here that we are taking ψ to be of finite order, so the
infinity type is trivial. We now set s := m0−3n

2 − 1 in Theorem 4.3. We get

C(S)Γ((
m0 − 3n

2
− 1))L(

m0

2
− 1, f , χ)(ψ/ψc)

2(det(r))×
∑

L<M∈Lτ
µ(M/L)(ψ2

c/ψ)(det(y))χ∗(det(r∗ŷ)OK)|det(r∗ŷ)|
m0
2 −1

K cf (τ, y) =

Λc(
m0

2
−1, θ(ψχ)1)·

∏

v∈b

gv(χ(ψ/ψc)(πv)|πv|2m0−1)det(τ)m−n|det(r)|−
m0+2n+2

2

K ×

C0

∑

q∈Q
|det(qq∗)|−nF vol(Φ)〈fq(z), θq,χ(z)Eq(z,

ν − 2

2
; k − ℓ, ξ, c′′)〉Γq0(c′′),

where ξ := (ψ′/ψ)c and we set ν := m0 − n. We note that m0

2 − 1 > 3n
2 and

that (kv − ℓv) + (kvρ − ℓvρ) = ν − 2 > 2n. In particular the bound on ν − 1
implies that Eq(z,

ν−2
2 ; k − ℓ, (ψ′/ψ)c, C′′) is holomorphic.

If m0 is odd we define µ ∈ Zb by setting µρv = 0 and µv = mv −m0 + 1 for all
v ∈ a. We now set t′ := µv − kv + kvρ, and consider a Hecke character χ of K

of conductor fχ such that χa(x) = x−t
′

a |xa|t
′

.

We now set s := m0+1−3n
2 − 1 in Theorem 4.3 and get

C(S)Γ((
m0 + 1− 3n

2
− 1))L(

m0 + 1

2
− 1, f , χ)(ψ/ψc)

2(det(r))×
∑

L<M∈Lτ
µ(M/L)(ψ2

c/ψ)(det(y))χ∗(det(r∗ŷ)OK)|det(r∗ŷ)|
m0−1

2

K cf (τ, y) =

Λc(
m0 − 1

2
, θ(ψχ)1) ·

∏

v∈b

gv(χ(ψ/ψc)(πv)|πv|2m0+1)det(τ)m−n|det(r)|
2n+1−m0

2

K ×

C0

∑

q∈Q
|det(qq∗)|−nF vol(Φ)〈fq(z), θq,χ(z)Eq(z,

ν − 1

2
; k − ℓ, ξ, c′′)〉Γq0(c′′),
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where ξ := (ψ′/ψ)c and we set ν := m0 − n. We note that m0+1
2 − 1 > 3n

2 and
that (kv − ℓv) + (kvρ − ℓvρ) = ν − 1 > 2n. In particular the bound on ν − 1
implies that Eq(z,

ν−1
2 ; k − ℓ, (ψ′/ψ)c, C′′) is holomorphic.

In the case of m0 is even we have

Γ((
m0 − 3n

2
− 1)) =

∏

v∈a

(4π)−n(mv−n)Γn(mv − n),

and a similar equality holds for m0 odd, namely

Γ((
m0 + 1− 3n

2
− 1)) =

∏

v∈a

(4π)−n(mv−n)Γn(mv − n).

We now notice that

∏

v∈a

Γn(mv − n) =
∏

v∈a

πn(n−1)/2
n−1∏

j=0

Γ(mv − n− j) ∈ πdn(n−1)/2Q×,

where d = [F : Q]. In particular for m0 even we have,

Γ((
m0 − 3n

2
− 1)) ∈ πdn(n−1)/2+dn2−n∑

vmvQ×

and similar equality holds for Γ((m0+1−3n
2 − 1)) when m0 is odd. Recalling

that vol(Φ) ∈ πdn2

Q× we conclude that for m0 even,

Γ((m0−3n
2 − 1))

vol(Φ)
∈ πdn(n−1)/2−n∑

vmvQ×,

and similarly for
Γ((

m0+1−3n
2 −1))

vol(Φ) when m0 odd.

We now describe the extension Ψ of the theorem. We first note that we can
pick the characters χ and φ so that χ(x) and θ(x) belong in a finite extension
of Φ for any x ∈ K×

h . We start with the character φ. We note in the proof of
lemma A5.1 in [24] that φ(x) = b−a

a |ba|aθ(c) if x = abc with a ∈ K×, b ∈ U
(as in Shimura) and c ∈ F×

A . In particular φ(x)2 = 1 if x ∈ K×
h ∩ K×UF×

A .
But then by looking at the proof of Lemma 11.15 in [23], where the extension
of φ to K×

A one sees that we need to extend the values of φ by a finite number
of roots of 1 or −1. Similarly in order to obtain the character χ we can start
by a quadratic Hecke character χ1 of F with infinity type t′ mod 2. Note
that this is always possible, since we can take χ1 to be the quadratic character
corresponding to a quadratic extension of F that is imaginary when tv ≡ 1
mod 2 and real otherwise. Then we can apply the same argument as we did
with the character φ. We now define the field Ψ to be the finite extension of
Φ obtained by adjoining the values of the characters χ and φ on finite adeles,
and such that the maps πb discussed before the theorem are all defined over Ψ.
For every q we write Γ′

q and Γq for the groups Γq0(c′′) and Γq0(c′′) respectively.
We first consider the case of m0 being even. We now write δ for the rational

Documenta Mathematica 20 (2015) 1293–1329



Algebraicity of L-values. 1315

part of Γ((m0−3n
2 − 1)) ∈ πdn(n−1)/2+dn2−n∑

vmvQ× and take β ∈ N so that

π−βDq(ν − 2/2) ∈ Mk−l(ΦQab) where

Dq(
ν − 2

2
) := Λc′′(

m0 + 1

2
− 1), θ(ψχ)1)Eq(z,

ν − 2

2
; k − ℓ, (ψ′/ψ)c, c′′).

We further set

B(χ, ψ, τ, r, f) := δ(ψ/ψc)
2(det(r))×

∑

L<M∈Lτ
µ(M/L)(ψ2

c/ψ)(det(y))χ∗(det(r∗ŷ)OK)|det(r∗ŷ)|
m0
2 −1

K cf (τ, y)

and

C(χ, ψ, τ, r) := C0

Λc(
m0−1

2 )

Λc′′(
m0−1

2 )
det(τ)m−n|det(r)|

2n+2−m0
2

K ×
∏

v∈b

gv(χ(ψ/ψc)(πv)|πv|2m0−1).

We remark here that
Λc(

m0+1
2 −1)

Λc′′ (
m0+1

2 −1)
is a product of finite many Euler factors,

none of which is zero, thanks to the bound on m0. We then have for every
σ ∈ Gal(Q/Φχ) that

B(χ, ψ, τ, r, f)σ = B(χσ, ψσ, τ, r, fσ) and C(χ, ψ, τ, r)σ = C(χσ, ψσ, τ, r).

Keeping now the character χ fixed, we define the space V := {g ∈
Sk(C,ψ)|g|T (a) = λ(a)g, (a, c) = 1}, where λ(a) is the eigenvalue of f with
respect to the good Hecke operators T (a). From above we have that for any
given g ∈ V there exists (τ, r) such that

B(χ, ψ, τ, r,g) = δψc(det(r))cg(τ, r) 6= 0.

We note here that the same pair (τ, r) can be used for the form gσ, as it follows
from the proof of Theorem 20.9 in [24]. As in [24, page 233] we write G for the
set of pairs (τ, r) for which such an g exists. From the observation above the set
G is the same also for the system of eigenvalues λ(a)σ , for all σ ∈ Gal(Q/Ψ).
In particular for such an (τ, r)

(7) 0 6= C(S)πγL(σ0,g, χ)δψc(det(r))cg(τ, r) =
(∏

v∈b

gv(χ(πp)N(p)2m0−1)

)
det(τ)m−n|det(r)|−

m0
2 +n+1

K C0×

Λc(
m0+1

2 − 1)

Λc′′(
m0+1

2 − 1)
×
∑

q∈Q
|det(qq∗)|−nF 〈gq(z), θq,χ(z)Dq(z,

ν − 2

2
)〉Γ′

q
,

where we have set σ0 = m0

2 − 1. The fact that L(σ0,g, χ) 6= 0 is in principle
[24, Theorem 20.13]. Indeed in page 183 of (loc. cit) Shimura first proves the
non-vanishing of Z ′(σ0,g, χ) for any character χ with µ 6= 0, as it is the case
that we consider. Further we note that this in particular implies also that
C(χ, ψ, τ, r) 6= 0 for all (τ, r) ∈ G.
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We note that

〈gq, θq,χDq

(
ν − 2

2

)
〉Γ′
q

= 〈gq, T rΓqΓ′
q

(
θq,χD

(
ν − 2

2

))
〉Γq ,

and we define an element gτ,r,ψ ∈ Sk(C,ψ) by defining its components as

gb,τ,r,ψ := πb

(
C(S)−1|det(qq∗)|−nF π−βTrΓqΓ′

q

(
θq,χπ

−βDq

(
ν − 2

2

)))

where we take diag[q, q̂] ∈ Ab. We note that it is a cusp form since we are
taking µ 6= 0 and hence the theta series is a cusp form. We now define W to
be the space generated by gτ,r,ψ for (τ, r) ∈ G.

We now claim that there exists an Ωf ∈ C× such that for any gτ,r,ψ

( 〈f ,gτ,r,ψ〉
Ωf

)σ
=
〈fσ ,gσ′

τ,r,ψ〉
Ωfσ

,

where σ′ = ρσρ, with σ ∈ Gal(Q/Ψ). We first note that the action of σ on
gτ,r,ψ can be understood by the action on θq,χ and π−βDq

(
ν−2
2

)
. This follows

from the fact that the maps πb are defined over Ψ and the Galois equivariance
of the trace map, which is proved right after this theorem. We now have(
|det(qq∗)|−n/2h θq,χ

)σ′

= |det(qq∗)|−n/2h θq,χσ where we have used the Fourier

expansion of θq,χ given in Proposition 3.1 as well as the fact that χ is a unitary
character, hence χρ = χ−1. For the Eisenstein series we first note that for m0

even we have that n − (ν−2
2 ) = n − m0−n−2

2 ≡ n
2 mod Z. In particular for

n odd, we have that δ1 = 1 in Proposition 3.9. Since we are really interested
in the product θq,χDq(

ν−2
2 ) we have this factor cancelled out from the theta

series. So in particular we can conclude that gσ
′

τ,r,ψ = P (ξ)σ
′

P (ξσ′ )
gτ,r,ψσ , where

P (ξ) := τ(ξn1 )i−dnµ. For any gτ,rψ we have

πγL(σ0, f , χ)B(χ, ψ, τ, r, f) =

C(χ, ψ, τ, r)〈f ,gτ,r,ψ〉.
For any (τ, r) ∈ G we have seen that C(χ, ψ, τ, r) 6= 0. We obtain

〈f ,gτ,r,ψ〉
πγL(σ0, f , χ)

=
B(χ, ψ, τ, r, f)

C(χ, ψ, τ, r)
.

For any σ ∈ Gal(Q/Ψ) we have then
( 〈f ,gτ,r,ψ〉
πγL(σ0, f , χ)

)σ
=

(
B(χ, ψ, τ, r, f)

C(χ, ψ, τ, r)

)σ
=

B(χσ, ψσ, τ, r, fσ)

C(χσ, ψσ, τ, r)
=
〈fσ,gτ,r,ψσ〉
πγL(σ0, fσ, χ)

.
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In particular we conclude that

( 〈f ,gτ,r,ψ〉
πγL(σ0, f , χ)

)σ
=

((
P (ξ)σ′

P (ξσ′)

))−1 〈fσ ,gτ,r,ψσ′ 〉
πγL(σ0, fσ, χ)

.

In particular if we set Ωf := πγL(σ0, f , χ)P (ξ)
−1

then we conclude the claim.

One should note here that P (ξσ
′

) = P (ξσ).

The case of m0 odd can of course be done similarly. Namely if we set Ωf =

πγL(σ0, f , χ)P (ξ)
−1

with σ0 = m0+1
2 − 1, with P (ξ) defined as above. then for

any f ∈ V and any gτ,r,ψ
( 〈f ,gτ,r,ψ〉

Ωf

)σ
=
〈fσ ,gσ′

τ,r,ψ〉
Ωfσ

,

where σ′ = ρσρ and σ ∈ Gal(Q/Ψ). Here one needs to observe that for m0

odd we have that n − m0−n−1
2 = n − m0−1

2 − n
2 ≡ n

2 mod Z and hence again
the roots of |det(qq∗|h (when n odd) of the Eisenstein series will cancel with
the ones of the theta series.
With W ′ we denote the space generated by the projection of W on V . By
definitionW ′ = V . Indeed for any element g ∈ V there exists h ∈ W ′ such that
〈g,h〉Γ 6= 0, simply by taking the projection of the corresponding gτ,r := gτ,r,ψ
to W ′. So the C span of gτ,r with (τ, r) ∈ G is equal to V . Since gτ,r have

algebraic coefficients we have that the Q-span is equal to V(Q). We can now
establish the theorem for any g ∈ V(Q) since after writing g =

∑
j cjgτj,rj ,V ∈

V(Q), where gτj,rj ,V is the projection of gτj,rj to V , we have

( 〈f ,g〉
Ωf

)σ
=
∑

j

cj
σ

(
〈fσ,gσ′

τj ,rj,V〉
Ωfσ

)
=
〈fσ ,gσ′〉

Ωfσ
.

Here we note that we make use of the important fact that gτj,rj are cusp

forms. We now take any g ∈ Sk(C,ψ;Q). The good Hecke operators act as
commutative semi-simple linear transformations hence we have Sk(C,ψ,Q) =
V⊕U , with U a vector space which is stable under the action of the good Hecke
operators. We write g = g1 + g2 with g1 ∈ V and g2 ∈ U . Then we have that

( 〈f ,g〉
Ωf

)σ
=

( 〈f ,g1〉
Ωf

)σ
=
〈fσ,gσ′

1 〉
Ωfσ

=
〈fσ,gσ′〉

Ωfσ

where the first and the last equality follows from the fact that < f ,g >= 0
and < fσ,gσ

′

>= 0 for g ∈ U . It is enough to show this for g an eigenform
for all the good Hecke operators with eigenvalues different from that of f ’s.
That is, there exists an ideal a with (a, c) = 1 so that T (a)f = λf (a)f and
T (a)g = λg(a)g such that λf (a) 6= λg(a). But then we have

λf (a)σ〈fσ ,gσ′〉 = 〈T (a)fσ,gσ
′〉 =

〈fσ, T (aρ)gσ
′ 〉 = 〈fσλg(a)σρgσ

′ 〉 = 〈fσ,gσ′〉λg(a)σ

Documenta Mathematica 20 (2015) 1293–1329



1318 Thanasis Bouganis

and hence we conclude that < fσ,gσ
′

>= 0. Here we have used the fact (see
[24, Lemma 23.15]) that the adjoint of a good Hecke operator T (a) is T (aρ)

and that λg(a)ρ = λg(aρ). In particular T (a)gσ
′

= λf (a
ρ)σρgσ

′

.
Finally taking g equal to f we obtain that Ωf is equal to < f , f > up to a
non-zero element (WΨ)×. �

We now prove the lemma on the Galois equivariance property of the trace map,
which was used in the proof above.

Lemma 5.4. With notation as in the theorem we consider the trace map Tr :
Sk(Γ′

q, ψ) → Sk(Γq, ψ). Then for any σ ∈ Gal(Q/Φ) we have that Tr(f)σ =
Tr(fσ).

Proof. The proof of this is similar to the one given by Sturm in [25] for Siegel
modular forms and extended in [2]. All we need to observe is that if we write
Γq =

∐
Γ′
qy, then we can pick y ∈ SU(n, n). Indeed we have by Lemma 2.6

that det(Γq) = det(Γ′
q). In particular if we fix any decomposition Γq =

∐
x Γ′

qx,
then det(x) ∈ det(Γq) = det(Γ′

q). That is there exists γ ∈ Γ′
q such that det(x) =

det(γ). So if we consider the elements y = γ−1x then we have det(y) = 1 and
so y ∈ SU(n, n) and they form a set of representatives, which concludes our
claim. Then we can follow an argument similar to the proof of [25, Lemma
11] or in [2, Lemma 8], since now we have the reciprocity law for elements in
SU(n, n) and the strong approximation holds. �

The above theorem can in some cases be stated in a stronger form, namely
we can take that g above is actually in Mk(Q). Of course this question is
meaningful only when Sk 6= Mk, that is if mv = m0 for all v. However for
this we need to know the rational decomposition of the Eisenstein part. This
is known in the case of absolute convergence by a result of Michael Harris [12,
Main Theorem 3.2.1]. Actually his result implies that,

Theorem 5.5 (Harris, Corollary to Theorem 3.2.1 in [12]). Assume that m0 >
4n− 2. Then there exists a projection operator

p :Mk(C,ψ,Q)→ Sk(C,ψ,Q),

such that p(g)σ = p(gσ) for all σ ∈ Gal(Q/Φ).

In particular if we assume that m0 > 4n−2 then we can take g in the Theorem
5.2 to be in g ∈ Mk(Q). Actually an improvement of this bound will allow us
to remove some of the assumptions made in the theorems below. We note here
that Shimura in [24, Theorem 27.14] has results towards this direction, but his
results are only over an algebraic closure Q of Q.

6. Algebraicity Results for Special L-Values and Reciprocity
Laws

In this section we present various results regarding special values of the function
L(s, f , χ), with f ∈ Sk(C,ψ), an eigenform for all Hecke operators. We recall
that we have also considered the function Z(s, f , χ). The two coincide when
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the nebentype of f is trivial. Indeed if we write Zq(χ∗(q)N(q)−s) for the Euler
factor of Z(s, f , χ) at some prime q of K then the corresponding Euler factor
of L(s, f , χ) is equal to Zq((ψ/ψc)(π)χ∗(q)N(q)−s), where π is a uniformizer of
Kq. We note the equation

L(s, f , χψ−1) = Zc(s, f , χ),

where the subindex on the right hand side indicates that we have removed
the Euler factors at all primes in the support of c. In particular if we take
the character χ trivial at the primes dividing c (the character χ may not be
primitive) then we have that the two functions are the same.
We start by stating a result of Shimura [24, Theorem 28.8]. We take f ∈
Sk(C;Q), where

C = {x ∈ D[b−1, bc]|ax − 1 ≺ c}.
We moreover take f of trivial Nebentypus and assume that it is an eigenform for
all Hecke operators away from the primes in the support of c. In the notation
of [24, Chapter V], we take e = c, and not e = OF . In particular here we take
the Euler factors Zv trivial for v in the support of c.

Theorem 6.1 (Shimura, Theorem 28.8 in [24]). With notation as above define
m0 := min{mv := kv + kvρ|v ∈ a} and assume m0 > 3n. Let χ be a Hecke
character of K such that χa(x) = xta|xa|−t with t ∈ Za. Let σ0 ∈ 1

2Z such that

4n− (2kvρ + tv) ≤ 2σ0 ≤ mv − |kv − kvρ − tv|,
and

2σ0 − tv ∈ 2Z, ∀v ∈ a.

We exclude the cases

(1) 2σ0 = 2n+ 1, F = Q and χ1 = θ, and kv − kvρ = tv,
(2) 0 < 2σ0 ≤ 2n, c = OF , χ1 = θ2σ0 and the conductor of χ is OK .

Then we have
Z(σ0, f , χ)

〈f , f〉 ∈ πn(
∑
vmv)+d(2nσ0−2n2+n)Q,

where d = [F : Q].

We now take f ∈ Sk(C,ψ;Q) with C of the form D[b−1, bc] (i.e. the standard
setting in this paper). Then, with notation as in the previous theorem,

Theorem 6.2. Let f ∈ Sk(C,ψ;Q) be an eigenform for all Hecke operators, and
assume that m0 ≥ 3n+2. Let χ be a character of K such that χa(x) = xta|xa|−t
with t ∈ Za, and define µ ∈ Zb by µv := −tv − kvρ + kv and µvρ = 0 if
kvρ − kv + tv ≤ 0, and µv = 0 and µvρ = kvρ − kv + tv, if kvρ − kv + tv > 0.
Assume moreover that either

(1) there exists v, v′ ∈ a such that mv 6= mv′ , or
(2) mv = m0 for all v and m0 > 4n− 2, or
(3) µ 6= 0.
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Then let σ0 ∈ 1
2Z such that

4n−mv + |kv − kvρ − tv| ≤ 2σ0 ≤ mv − |kv − kvρ − tv|,
and,

2σ0 − tv ∈ 2Z, ∀v ∈ a.

We exclude the σ0’s in n ≤ 2σ0 < 2n, for which there is no choice of the integral
ideal c′′ in Theorem 4.3 such that for any prime ideal q of F , q|c′′c−1 implies
either q|f′ or q ramifies in K. Here f′ denotes the conductor of the character χ1.

Then we have
L(σ0, f , χ)

〈f , f〉 ∈ πn(
∑
vmv)+d(2nσ0−2n2+n)Q.

Moreover, if we take a number field W so that f , fρ ∈ Sk(W ) and ΨΦ ⊂ W ,
where Φ is the Galois closure of K in Q, and Ψ as in the Theorem 5.2 then

L(σ0, f , χ)

πβτ(χn1ψ
n
1 θ

n2)in
∑
v∈a

pv 〈f , f〉
∈ W := W (χ),

where β = n(
∑

vmv)+d(2nσ0−2n2 +n), W (χ) obtained from W by adjoining
the values of χ on finite adeles, and p ∈ Za is defined for v ∈ a as pv =
mv−|kv−kvρ−tv |−2σ0

2 if σ0 ≥ n, and pv =
mv−|kv−kvρ−tv |−4n+2σ0

2 if σ0 < n.

Remark 6.3. With respect to the cases excluded in the above theorem we would
like to make the following comment. As it will become clear in the proof, we

need to make sure that the finite product Λc(σ0)
Λc′′ (σ0)

does not have a pole. But if

it is possible to pick the integral ideal c′′ such that for any prime ideal q of F ,

q|c′′c−1 implies either q|f′ or q ramifies in K, then the finite product Λc(σ0)
Λc′′ (σ0)

is

equal to one, where we recall that for an integral ideal h of F we write

Λh(s) =

n∏

i=1

Lh(2s− n+ 1− i, ψ1χ1θ
n+i−1).

Actually even a weaker condition is needed in order to guarantee that Λc(σ0)
Λc′′ (σ0)

does not have a pole. Indeed this can only happen for σ0 in the range n ≤
2σ0 ≤ 2n− 1 and if we have (ψ1χ1θ

2σ0 )(q) = 1 for some integral ideal q of F
with q 6 | c and q |c′′. Since there are only finite many primes q dividing c′′c−1,
this is a condition in finitely many integral ideals imposed on the character
ψ1χθ

2σ0 , which is equal to ψ1χ1 if σ0 ∈ Z and ψ1χ1θ otherwise. Finally we
mention that a similar condition appears in the Siegel modular forms case in
[22, Proposition 8.3].

Remark 6.4. Before giving the proof of the Theorem 6.2, we would like to
make some comments on the differences and new input in comparison to the
Theorem 6.2 [24, Theorem 28.8]. Of course as we mentioned the L-functions
appearing in the two theorems will differ in the presence of nebentype. Even
if we take the nebentype to be trivial, then one could try to compare the
results, but one should keep in mind, as we indicated above, we obtain the

Documenta Mathematica 20 (2015) 1293–1329



Algebraicity of L-values. 1321

Z-function from the L-function after removing the finitely many bad Euler
factors. However one should exclude then the values of s where some of these
Euler factors are zero. Moreover the main aim of Theorem 6.2 is to provide
more precise information about the field where the normalized L-values lie.
Moreover:

(i) We would like to remark that our theorem (Theorem 6.2) provides some
algebraic results in cases, which are not covered by the one of Shimura (Theo-
rem 6.1), since the excluded values of σ0 in Theorem 6.1 do not coincide with
the ones excluded in Theorem 6.2. We would like to explain briefly why this is
happening. In the proof of Theorem 6.1 [24, Theorem 28.8] two methods are
provided. One is based on the doubling method (1st method in the notation
there) and the other is based on the Rankin-Selberg method (2nd method in
the notation there). The cases excluded in Theorem 6.1, are the ones where the
Eisenstein series involved in the doubling method are not nearly holomorphic.
Of course the question is whether one could avoid these restrictions by working
with the Rankin-Selberg method (2nd method of proof). However in the proof
of Theorem 6.1, the Rankin-Selberg method is applicable only to the case of
σ0 ≥ n. The reason for this is that Shimura is working with the form given
in Theorem 4.1. The Eisenstein series involved there does not allow one to
consider the case of σ0 < n, since in this case they are not nearly holomorphic.
However in our proof we employ the form of Theorem 4.3, in which the nearly
holomorphicity of the Eisenstein series involved is better understood, even
when we take σ0 < n.

(ii) The second point we would like to emphasize is related to the results about
the field in which the L-values (after divided with the appropriate periods)
lie. We start by explaining the assumptions (i),(ii) and (iii) of the Theorem
6.2. The reason for these assumptions is the lack of precise information about
the field over which we have a decomposition of the Hermitian modular forms
to the Eisenstein part and to the cuspidal part. As we mentioned above in
Theorem 5.5, we have such an information in the case of absolute convergent,
which is case (ii) in our theorem. In case (i), the non parallel situation we
know that there is no Eisenstein part [23, Proposition 10.6]. Finally case (iii)
will make the theta series, involved in the Rankin-Selberg method, a cusp
form, and hence also the product with a nearly holomorhic Eisenstein series
will be again cuspidal. In particular, after taking holomorphic projection, we
will not have to worry about splitting from the Eisenstein part. We also would
like to emphasize here that even though the cases (i) and (ii) could also be
available using the doubling method, case (iii) is possible only when one uses
the Rankin-Selberg method, due to the presence of the theta series.

(iii) Finally our proof relies heavily on the various results which we proved
about the Galois reciprocity of Siegel-type Eisenstein series in section 3, as
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well as Theorem 5.2, which provides precise information about the ratio of
Petersson inner products needed in the proof of Theorem 6.2.

Proof of Theorem 6.2. We set s := σ0 − 3n
2 , and ℓ := µ+ na. By Theorem 4.3

we know that there exists τ ∈ S+ ∩GLn(K) and r ∈ GLn(K)h such that

C(S)Γ((σ0 −
3n

2
))ψc(det(r))cf (τ, r)L(σ0, f , χ) =

Λc(σ0, θ(ψχ)1) ·
(∏

v∈b

gv(χ(πp)N(p)−2σ0)

)
det(τ)σ0− 3n

2 a+h|det(r)|−σ0+n
K C0×

∑

q∈Q
|det(qq∗)|−nF vol(Φq)〈fq(z), θq,χ(z)Eq(z,

ν

2
, (ψ′/ψ)c, C′′)〉Γq0(c′′),

where we have set ν := 2σ0 − n a,d hence s = ν
2 − n.

We first consider the conditions under which the gamma factors do no have
any poles. We first recall that

Γn(s) = πn(n−1)/2
n−1∏

j=0

Γ(s− j).

Hence for
∏
v∈a Γn(σ0 − 3n

2 +
kv+kvρ+ℓv+ℓvρ

2 ). we have

σ0 −
3n

2
+
kv + kvρ + ℓv + ℓvρ

2
= σ0 − n+

kv + kvρ + µv + µvρ
2

=

σ0 − n+
kv + kvρ + |kv − kvρ − tv|

2
.

Hence we need that σ0 − n+
kv+kvρ+|kv−kvρ−tv|

2 > n− 1 or equivalently

2σ0 > 4n− 2−m− |kv − kvρ − tv|
We now consider the Eisenstein series Dq(

ν
2 ) := Λc′′(σ0, θ(ψχ)1)Eq(z,

ν
2 ; k −

ℓ, (ψ′/ψ)c, C′′) of weight k−ℓ. We check for which values is nearly holomorphic.
It is nearly holomorphic if and only if 2n − (kv − ℓv) − (kvρ − ℓvρ) ≤ ν ≤
(kv − ℓv) + (kvρ − ℓvρ) or equivalently

4n−mv + |kv − kvρ − tv| ≤ 2σ0 ≤ mv − |kv − kvρ − tv|.
Moreover we need that mv−|kv−kvρ−tv|−2σ0 ∈ 2Z or equivalently tv−2σ0 ∈
2Z for all v ∈ a.
For the values at which the series Dq(

ν
2 ) is nearly holomorphic we know that

π−γDq(
ν

2
) ∈ Nk−ℓ(Q),

for γ = (n/2)
∑
v∈a(mv − |kv − kvρ − tv| − 2n+ 2σ0)− dn(n− 1)/2. Moreover

we note that the condition tv − 2σ0 ∈ 2Z implies that

σ0 − n+
kv + kvρ + |kv − kvρ − tv|

2
∈ Z
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in particular Γn(σ0− 3n
2 +

kv+kvρ+ℓv+ℓvρ
2 ) ∈ πn(n−1)/2Q× and so

∏
v∈a Γn(σ0−

3n
2 +

kv+kvρ+ℓv+ℓvρ
2 ) ∈ πd(n(n−1)/2Q×. We then conclude that

Γ((σ0 −
3n

2
)) =

∏

v∈a

(4π)−n(σ0− 3n
2 +hv)Γn(σ0 −

3n

2
+ hv) ∈ πǫQ×,

where ǫ = dn(n−1)/2−n∑v∈a(σ0−n+
kv+kvρ+|kv−kvρ−tv |

2 ). Finally we recall

that vol(Φ) ∈ πdn2

Q×. Putting this together we have that up to elements of
Q×

C(S)π−βL(σ0, f , χ) =Q×

ψ−1
c (det(r))cf (τ, r)

−1

(∏

v∈b

gv(χ(πp)N(p)−2σ0)

)
det(τ)σ0− 3n

2 a+h×

|det(r)|−σ0+n
K C0

Λc(σ0, θ(ψχ)1)

Λc′′(σ0, θ(ψχ)1)

∑

q∈Q
|det(qq∗)|−nF 〈fq(z), θq,χ(z)

Dq(
ν
2 )

πγ
〉,

where β = n(
∑

vmv) + d(2nσ0 − 2n2 + n). We have moreover established that
σ0 − 3n

2 a + hv ∈ Z for all v ∈ a. Moreover we notice that because of the

assumption in the theorem, the factor Λc(σ0,θ(ψχ)1)
Λc′′ (σ0,θ(ψχ)1)

does not have a pole and

belongs to W . Hence in order to conclude the theorem it is enough to show
that ∑

q∈Q |det(qq∗)|−nF 〈fq(z), θq,χ(z)
Dq(

ν
2 )

πγ )〉
πγτ(χn1ψ

n
1 θ

n2)in
∑
v∈a

pv 〈f , f〉
∈ W .

First we assume that σ0 ∈ Z. We note that for every q component

|det(qq∗)|−nF θq,χ(z)Dq(
ν
2 )

τ(χn1ψ
n
1 θ

n2)in
∑
v∈a

pvπγ
∈ Nk(W).

Indeed this follows from Lemma 1 and Proposition 3.9 combined with the
observation that n− ν

2 = n−σ0 + n
2 ≡ n

2 mod Z, and hence we do not have to

worry about the |det(qq∗)|n/2h , since the will cancelled out by the theta series.
If we are in the cases (i) or (iii) then we know that θq,χ(z)Dq(

ν
2 ) ∈ Rk as in

the notation of Shimura in [24, page 124] (cuspidal nearly holomorphic forms),
and by [24, Proposition 15.6] we have that there exists gq ∈ Sk(W) such that

〈fq(z),
|det(qq∗)|−nF θq,χ(z)Dq(

ν
2 )

τ(χn1ψ
n
1 θ

n2)in
∑
v∈a pvπγ

〉 = 〈fq, gq〉.

Using the fact that the maps πq are defined over W we have that there exists
a cusp form g defined over W such that

∑
q∈Q〈fq, gq〉 = 〈f ,g〉, and then using

Theorem 5.2 we have that
〈f ,g〉
〈f , f〉 ∈ W ,
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and hence we conclude the theorem. In case (ii) we can use [24, Lemma 15.8]
to conclude that there exists gq ∈Mq(W) such that

〈fq(z),
|det(qq∗)|−nF θq,χ(z)Dq(

ν
2 )

τ(χn1ψ
n
1 θ

n2)in
∑
v∈a

pvπγ
〉 = 〈fq, gq〉,

and then use the theorem of Harris, stated in the previous section, and write
gq = Eq + g′q with g′q ∈ Sk(W) and Eq an Eisenstein series. And so we obtain
< fq, gq >=< fq, g

′
q >. Then arguing as before we conclude the Theorem also

in this case.
For the case σ0 ∈ 1

2Z \ Z the argument is almost identical, but now we have
that n− ν

2 6≡ n
2 mod Z. That is, we may have to worry about square roots of

|det(qq∗)|h. But we note that the final expression is independent of the choice
of q ∈ Q. As before we can establish that

L(σ0, f , χ)

πβτ(χn1ψ
n
1 θ

n2)in
∑
v∈a

pv 〈f , f〉
∈ WQ,

where WQ is the field obtained by adjoining |det(qq∗)|1/2h to W . Let us pick
another set Q′ ⊂ GLn(Kh) so that for all Q′ ∈ Q′ we have q′v = 1 for all v that
ramify in WQ. In particular WQ′ ∩WQ =W . But we also have that

L(σ0, f , χ)

πβτ(χn1ψ
n
1 θ

n2)in
∑
v∈a

pv 〈f , f〉
∈ WQ′

by the same argument as for Q. But then we have that the values must actually
lie in the intersection, namely W . �

We now obtain also some results with reciprocity laws.

Theorem 6.5. Let f ∈ Sk(C,ψ;Q) be an eigenform for all Hecke operators.
With notation as before we take m0 > 3n + 2. Let χ be a Hecke character of
K such that χa(x) = x−ta |xa|t with t ∈ Za. Define µ ∈ Zb as in the previous
theorem. With the same assumptions as in the previous theorem and with
Ωf ∈ C× as defined in the previous section in Theorem 5.2 we have for all
σ ∈ Gal(Q/ΨQ) that

(
L(σ0, f , χ)

πβτ(χn1ψ
n
1 θ

n2)in
∑
v∈a pvΩf

)σ
=

L(σ0, f
σ, χσ)

πβτ((χn1ψ
n
1 θ

n2)σ)in
∑
v∈a pvΩfσ

,

where ΨQ = Ψ if σ0 is an integer and it is the algebraic extension of Ψ obtained

by adjoining |det(qq∗)|1/2h for all q ∈ Q, for a fixed set Q, if σ0 is a half integer.

Proof. This follows exactly in the same way as we argued in the theorem above,
so we just mention the necessary additional observations. First we see that

(
|det(qq∗)|−nF θq,χ(z)

Dq(
ν
2 , χψφ

n)

πγτ(χn1ψ
n
1 θ

n2)in
∑
v∈a pv

)

)σ′

=

|det(qq∗)|−nF θq,χσ (z)
Dq(

ν
2 , χ

σψσφn)

πγτ(χσn1ψ
σn
1 θ
n2)in

∑
v∈a

pv
.

Documenta Mathematica 20 (2015) 1293–1329



Algebraicity of L-values. 1325

and the fact that the holomorphic projection we used Proposition 15.6 in [24]
for cuspidal nearly holomorphic modular forms is Galois equivariant. This will
settle the cases (i) and (iii). For (ii) we use as before Lemma 15.8 of [24] and
Harris’s projector from Theorem 5.5 which is Galois equivariant. We remark
here that in Lemma 15.8 of [24] the Galois equivariance is not explicitly men-
tioned. However it follows from the fact that in our situation the space of
nearly holomorphic modular forms has a basis over Φ ⊂ ΨQ (see [24, Propo-
sition 14.13]), and the map will preserve the field of definition of the basis.
Finally using now Theorem 5.2 we can finish the proof of the theorem. �

Remark 6.6. The only difficulty to obtain stronger results in the case where
µ = 0 and the (mv)v is parallel is the lack of result as in [12], on the rationality
of Eisenstein series beyond the absolute convergence. A strengthen of the
Theorem 5.5 of Harris, will allow to obtain stronger results.

Comparison with the results of Harris in [11, 13]: Let us now compare
the above results with the rationality results obtained by Harris in [11, Theorem
3.5.13]. As we indicated in the introduction the results of Harris are much
more general than the ones obtained here. For example, Harris establishes his
results using the doubling method, which allows him to consider more general
Hermitian modular forms, namely forms attached to unitary groups of the
form U(n,m) at infinity, where n 6= m. This cannot be done using the Rankin-
Selberg method. Another direction in which the results of Harris are more
general is the fact that he considers vector valued Hermitian modular forms,
where in this work we have restricted ourselves to the scalar weight situation.
So, in what follows we will be comparing results in the case of scalar weight
modular forms, associated to a unitary group of trivial Witt signature (i.e of
the form U(n, n) at infinity).
We start by establishing a dictionary between unitary Hecke characters and
Hecke characters of type A0 in the sense of Weil. We recall the definition,

Definition 6.7. A Grössencharacter of type A0, in the sense of Weil, of con-
ductor dividing a given integral ideal m of K, is a homomorphism χ : I(m)→ Q
such that there exist integers λ(τ) for each τ : K →֒ Q, such that for each
α ∈ K× we have

χ((α)) =
∏

τ

τ(α)λ(τ), if α ≡ 1 mod ×m, and α >> 0.

It is well known (see for example [17]) if we take K to be a CM field then the
above λ(τ) must satisfy some conditions. In particular if we select a CM type
Σ of K then there exists integers d(σ) for each σ ∈ Σ and an integer k such
that

χ((α)) =
∏

σ∈Σ

(
1

σ(α)k

(
σ(ᾱ)

σ(α)

)d(σ))
, if α ≡ 1 mod ×m.

We now keep writing χ for the associated by class field theory adelic character
to χ. As it is explained in [17, page 286] the infinity type is of the form (after
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we identify a with Σ),

χa(x) =
∏

v∈a

(
xk+dvv

x̄vdv

)
.

We now consider the unitary character ψ := χ| · |−k/2AK
, where |x|a =

∏
v∈a |xv|kv ,

where | · |v is the standard absolute value as in Shimura, not the normalized
(i.e. the square). We then have that

ψa(xa) =
∏

v∈a

(
x
k/2+dv
v

x̄vk/2+dv

)
=
∏

v∈a

(
xk+2dv
v

(xvx̄v)k/2+dv

)
=
∏

v∈a

(
xk+2dv
v

|xv|k+2dv

)
.

In particular to a Grössencharacter χ of type A0 of infinity type −kΣσσ +
Σσd(σ) (σ − σ̄) we can associate a unitary character ψ of weight {mv}v∈a with
mv := k+2d(σ) after identifying Σ with a. The relation between the associated
L functions is given by

L(s, χ) = L(s+ k/2, ψ).

Now we turn to the paper of Harris [11], and we use his notation. First
we observe that the Dirichlet series relevant to our discussion is the function
Lmot(s, π, St) in the notation of Harris and not the function L(s, π, St), which
is related to the previous one by Lmot(s, π, St) = L(s − n+ 1

2 ). Here we note
that Harris’ n is equal 2n with our notation. In the work of Harris n is the di-
mension of the Hermitian space i.e. n = r+ s for U(r, s). Now as Harris writes
(page 154) the function Lmot(s, π, St) is absolutely convergent for Re(s) > 2n,
which means Re(s) > n + 1

2 for the other function. By ([23, 24, Theorem
20.13 and Theorem 22.11]) we then conclude that L(s, f) = Lmot(s, π), where
L(s, f) is the L-functions considered in this paper. Now we consider twists by
Hecke characters. Here we remark that in this paper we follow Shimura and
we consider unitary Hecke characters. Harris considers Hecke characters of a
particular type at infinity i.e. χa(x) = xka (see [11, page 136] for the defini-
tion of ηk that shows up in the main theorem). By the discussion above we
have then that if we write ψ for the corresponding unitary character defined

by ψ := χ| · |−k/2AK
then

L(s, χ) = L(s+ k/2, ψ).

In particular we have the equality

Lmot(s, π, St, χ) = L(s+ k/2, f , ψ).

That means that our variable σ0 is related to the variable m of Harris by
σ0 = m+ k/2. Hence in Harris [11] the results are for σ0 > 2n or equivalently
2σ0 > 4n.
We now move to the more recent paper [13] of Harris, in which he explains how
the results of his first work in [11] could be extended to cover cases beyond
the absolute convergence range. Indeed in his Theorem 4.3 in [13] he obtains
results which are beyond the range of absolute convergence. However he puts
an assumption on the twisting character χ [13, equation 4.3.2], which allows
the use of the Siegel-Weil formula. This assumption excludes various cases
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considered here, so there are still quite a few cases where the results of Harris
and ours do not overlap. Moreover, since Harris is using the doubling method
to obtain his results, the limitations of the method, as they were explained in
Remark 6.4 (i), are present also here, and hence there are some special values
which can be only considered by employing the Rankin-Selberg method.
Let us add at this point that in the case of F 6= Q we obtained some results
in the non-parallel weight situation without any assumption on the twists. We
do not know whether the results in [11, 13] could be strengthen in the case of
F 6= Q and non-parallel weight (both works are written in the case of F = Q).
Finally we mention that a result on the ratio of Petersson inner products, as it
is stated in our Theorem 5.2, could be of independent interest.
A last comment on scalar weights. We finish this paper by making a
last comment on the fact that we restrict ourselves here to the scalar weight sit-
uation. To the best of author’s knowledge the Rankin-Selberg method has been
utilized towards algebraicity results only for scalar weight modular forms. And
this both in the Hermitian and in the Siegel modular form case. However the
work of Piatetski-Shapiro and Rallis in [19] indicates that the Rankin-Selberg
method could be used to study also the L-values of vector valued Hermitian or
Siegel modular forms. Needless to say that that there are numerous technical-
ities to be worked out in order to get from the analytic continuation results,
which is one of the main aims in [19], to algebraicity results. Perhaps the most
difficult of them seems to be to define the appropriate theta series, and espe-
cially the defining Schwartz function at infinity (note that the result in [19]
guarantees the existence but it is not constructive). And, of course, then also
worked the algebraicity of these theta functions. This could be the aim of a
future work.
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Abstract. We interpret the Cuntz–Pimsner covariance condition
as a nondegeneracy condition for representations of product systems.
We show that Cuntz–Pimsner algebras over Ore monoids are con-
structed through inductive limits and section algebras of Fell bundles
over groups. We construct a groupoid model for the Cuntz–Pimsner
algebra coming from an action of an Ore monoid on a space by topolog-
ical correspondences. We characterise when this groupoid is effective
or locally contracting and describe its invariant subsets and invariant
measures.
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1. Introduction

Let A and B be C∗-algebras. A correspondence from A to B is a Hilbert
B-module E with a nondegenerate ∗-homomorphism from A to the C∗-algebra
of adjointable operators on E . It is called proper if the left A-action is by
compact operators, A → K(E). If EAB and EBC are correspondences from A
to B and from B to C, respectively, then EAB ⊗B EBC is a correspondence
from A to C.
A triangle of correspondences consists of three C∗-algebras A, B, C, corre-
spondences EAB, EAC and EBC between them, and an isomorphism of corre-
spondences u : EAB ⊗B EBC → EAC ; that is, u is a unitary operator of Hilbert
C-modules that also intertwines the left A-module structures. Such triangles
appear naturally if we study the correspondence bicategory of C∗-algebras in-
troduced in [12].
This article started with the observation that a correspondence triangle with
A = B and EBC = EAC is the same as a Cuntz–Pimsner covariant rep-
resentation of the correspondence E := EAB by adjointable operators on
F := EBC = EAC , provided EAB is proper. Thus we get to the Cuntz–Pimsner
algebra directly, without going through the Cuntz–Toeplitz algebra.
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This is limited, however, to proper correspondences and the absolute Cuntz–
Pimsner algebra; that is, we cannot treat the relative Cuntz–Pimsner algebras
introduced by Muhly and Solel [59] and Katsura [42]. The relative versions are
most relevant if the left action map A → K(E) is not faithful. Then the map
from A to the Cuntz–Pimsner algebra is not faithful, and the latter may even
be zero.
Our observation about the Cuntz–Pimsner algebra of a single proper correspon-
dence has great conceptional value because it exhibits these (absolute) Cuntz–
Pimsner algebras as a special case of a general construction, namely, colimits
in the correspondence bicategory, see [2]. Other examples of such colimits are
crossed products for group and crossed module actions, inductive limits for
chains of ∗-homomorphisms, and Cuntz–Pimsner algebras for proper essential
product systems.
In this article, we apply our observation on the Cuntz–Pimsner covariance
condition to the case of Cuntz–Pimsner algebras for proper essential product
systems over monoids. Much less is known about their structure. Follow-
ing Fowler [33], they are always defined and treated through the corresponding
Cuntz–Toeplitz algebra. Many articles never get farther than the Nica–Toeplitz
algebra. We shall prove strong results about the structure of Cuntz–Pimsner
algebras of proper essential product systems over Ore monoids. Commutative
monoids and groups are Ore. So are extensions of commutative monoids by
groups such as the monoid Mn(Z)× of integer matrices with non-zero determi-
nant, with multiplication as group structure: this is an extension of the group
Gln(Z) by the commutative monoid (N≥1, ·). Thus most of the semigroups cur-
rently being treated in the operator algebras literature are Ore monoids. The
main exception are free monoids, which are not Ore.
Let P be a cancellative Ore monoid and let G be its group completion. Let A
be a C∗-algebra and let (Eg)p∈P be a proper, essential product system over P
with unit fibre E1 = A; that is, the left action of A on each Ep for p ∈ P is by a
nondegenerate ∗-homomorphism A→ K(Ep). The Ore conditions for P ensure
that the diagram formed by the C∗-algebras K(Ep) for p ∈ P with the maps

K(Ep)→ K(Ep ⊗A Eq) ∼= K(Epq)

for q, p ∈ P is indexed by a directed set. Hence the colimit for this diagram
behaves like an inductive limit; it may indeed be rewritten as an inductive
limit of a chain of maps K(Epi

) → K(Epi+1
) for a suitable map N → P if P is

countable. Let O1 be the inductive limit of this diagram of C∗-algebras. We
construct a Fell bundle (Og)g∈G over G with O1 as its unit fibre, such that its
section algebra is the Cuntz–Pimsner algebra O of the given product system.
Thus the construction of the Cuntz–Pimsner algebra of a product system over P
has two steps: inductive limits and Fell bundle section algebras.
After putting this article on the arxiv, we learnt of the preprint [49] by
Kwaśniewski and Szymański, which proves essentially the same result about
the structure of Cuntz–Pimsner algebras over Ore monoids.
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Assume now that the correspondences Ep are full as Hilbert A-modules. Then
the C∗-algebras K(Ep) for p ∈ P are all Morita–Rieffel equivalent to A and
the Fell bundle (Og)g∈G is saturated. Let K be the C∗-algebra of compact
operators. By the Brown–Green–Rieffel Theorem, Ep⊗K ∼= A⊗K as a Hilbert
A ⊗ K-module, so we may replace the proper correspondence Ep by an endo-
morphism ϕp : A⊗K→ A⊗K. Choose a cofinal sequence (pi)i≥0 in P as above
with p0 := 1, and let qi ∈ P be such that pi = pi−1qi. Then O1 ⊗ K is the
inductive limit of the inductive system

A⊗K ϕq1−−→ A⊗K ϕq2−−→ A⊗K ϕq3−−→ A⊗K→ · · · ;

this inductive limit carries a natural G-action with G⋉O1
∼= O ⊗K.

Thus the K-theory of O1 is an inductive limit of copies of the K-theory of A;
the maps are induced by the proper correspondences Eq or, equivalently, the
endomorphisms ϕq of A⊗K. Roughly speaking, we have reduced the problem of
computing the K-theory for Cuntz–Pimsner algebras of proper product systems
over an Ore monoid P to the problem of computing the K-theory for crossed
products with the group G. This latter problem may be difficult, but is much
studied. We cannot hope for more because crossed products for G-actions are
special cases of Cuntz–Pimsner algebras over P .
Lots of C∗-algebras are or could be defined as Cuntz–Pimsner algebras of prod-
uct systems over Ore monoids. Thus our structure theory for them has lots of
potential applications. As a sample of how K-theory computations in this con-
text might work, we consider certain higher-rank analogues of the Doplicher–
Roberts algebras that motivated the introduction of graph algebras. (Our
higher-rank analogues, however, need not be higher-rank graph algebras.)
Many Cuntz–Pimsner algebras are constructed from generalised dynamical sys-
tems, such as higher-rank topological graphs. The appropriate topological
analogue of a product system over P is given by locally compact spaces X
and Mp for p ∈ P with continuous maps rp, sp : Mp → X and σp,q : Mpq

∼−→
Mp ×sp,X,rq

Mq. We assume rp to be proper and sp to be local homeomor-
phisms to turn (Mp, sp, rp) into proper correspondences over C0(X). These
form a product system over P with unit fibre C0(X). The data above may be
called a topological higher-rank graph over P ; we prefer to call it an action
of P on X by topological correspondences.
In the above situation, we construct a groupoid model for the Cuntz–Pimsner
algebra of our product system. This model is a Hausdorff, locally compact,
étale groupoid. We translate what it means for this groupoid to be effective,
locally contracting, or minimal into the original data (X,Mp, sp, rp, σp,q). We
also describe invariant subsets and invariant measures for the object space
of our groupoid model. This gives criteria when the Cuntz–Pimsner algebra
of an action by topological correspondences is simple or purely infinite and
often describes its traces and KMS-states for certain one-parameter groups of
automorphisms.
Our results are interesting already for the commutative Ore monoids (Nk,+).
Several authors have considered examples of product systems over these and
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other commutative cancellative monoids ([10, 31, 32, 51, 79]). Commutativity
seems to be a red herring: what is relevant are Ore conditions. Commutativity
is hidden also in Exel’s idea in [29] to extend a semigroup action to an “interac-
tion semigroup.” Examples in [31] show that interaction semigroups for product
systems over N2 only exist under some commutativity assumptions about cer-
tain conditional expectations. Our approach shows that a deep study of these
examples is possible without such technical commutativity assumptions (see
Section 5.1).
Topological higher-rank graphs are already very close to our situation, so we
compare our constructions to the existing ones for this class as we go along.
As an example involving noncommutative Ore monoids, we discuss how the
semigroup C∗-algebras of Xin Li [55] fit into our approach.

2. The Cuntz–Pimsner covariance condition

We first reinterpret the Cuntz–Pimsner covariance condition for a single corre-
spondence as a nondegeneracy condition.

Definition 2.1. A correspondence from A to B is a Hilbert B-module F with
a nondegenerate left action of A by adjointable operators. A correspondence is
proper if A acts by compact operators. We often write the left action multiplica-
tively as a · ξ for a ∈ A, ξ ∈ F . An isomorphism between two correspondences
from A to B is an A,B-bimodule map that is unitary for the B-valued inner
products.

Definition 2.2. Let A and B be C∗-algebras and let E be a correspondence
from A to itself. A transformation from (A, E) to B is a correspondence F
from A to B with an isomorphism of correspondences u : E ⊗B F ∼−→ F .

This definition is a special case of the standard notion of a “transformation”
between two “morphisms” between two “bicategories” (see [52]). This point of
view is developed further in [2]. Here it will not play any role besides guiding
our choice of notation.
We want to relate transformations to certain Toeplitz representations of corre-
spondences. The next proposition is already implicit in [58, §5] and has also
been used by other authors before.

Proposition 2.3. Let A, B1, B2 be C∗-algebras. Let E : A → B1, F1 : B1 →
B2 and F2 : A → B2 be correspondences. Isomorphisms E ⊗B1

F1 → F2 of

correspondences are in natural bijection with linear maps S : E → B(F1,F2)
that satisfy

(1) S(aξ) = aS(ξ) for all a ∈ A, ξ ∈ E;

(2) S(ξ1)∗S(ξ2) = 〈ξ1, ξ2〉B1
for all ξ1, ξ2 ∈ E;

(3) S(E) · F1 spans a dense subspace of F2.

Furthermore, (2) implies

(4) S(ξb) = S(ξ)b for all b ∈ B1.
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Proof. First let u : E ⊗B1
F1 → F2 be an isomorphism of correspondences.

Define S(ξ)(η) := u(ξ⊗ η) for ξ ∈ E , η ∈ F1. For fixed ξ, this is an adjointable
operator S(ξ) : F1 → F2 because u and the operator F1 → E⊗B1

F1, η 7→ ξ⊗η,
are adjointable. This map S clearly satisfies (1). Since u is isometric,

〈η1, S(ξ1)∗S(ξ2)η2〉 = 〈S(ξ1)η1, S(ξ2)η2〉 = 〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 = 〈η1, 〈ξ1, ξ2〉η2〉
for all ξ1, ξ2 ∈ E , η1, η2 ∈ F1. This is equivalent to (2). Since u is unitary, it
has dense range, which gives (3).
Conversely, let S : E → B(F1,F2) be given. Define u on the algebraic tensor
product of E and F1 by linear extension of u(ξ ⊗ η) := S(ξ)(η). Condition (2)
ensures that this is an isometry and hence extends to the completion E ⊗B1

F1.
Hence S satisfies S(ξb)(η) = S(ξ)(bη) for all ξ ∈ E , b ∈ B1, η ∈ F1, which
is equivalent to (4). Condition (1) says that u is A-linear, and (3) says that
it has dense range. Being isometric, this means that u is unitary. The two
constructions u ↔ S are inverse to each other because u is determined by its
values on the monomials ξ ⊗ η. �

A (Toeplitz) representation of E is usually defined as a map S satisfying (1)
and (2) in the case F1 = F2; we also allow the case F1 6= F2 for a while because
this is used in [2] and in Proposition 2.8.

Definition 2.4. A representationn is nondegenerate if it satisfies (3).

By Proposition 2.3, a transformation from (A, E) to B is equivalent to a corre-
spondence F : A → B with a nondegenerate representation of E by operators
on F . We now relate nondegeneracy to the Cuntz–Pimsner covariance condi-
tion:

Proposition 2.5. Nondegenerate representations of a correspondence E are

Cuntz–Pimsner covariant. The converse holds if E is proper.

Proof. Let A, B1 and B2 be C∗-algebras and let E : A→ B1, F1 : B1 → B2 and
F2 : A→ B2 be correspondences as in Proposition 2.3. The left actions of A in
our correspondences are nondegenerate ∗-homomorphisms

ϕE : A→ B(E), ϕF2
: A→ B(F2).

Let u : E ⊗B1
F1 → F2 be an isomorphism of correspondences. The map

ϑ : B(E)→ B(F2), T 7→ u(T ⊗ 1)u∗,

is a strictly continuous, unital ∗-homomorphism. It satisfies ϑ ◦ ϕE = ϕF2

because u intertwines the left actions of A. If ξ1, ξ2 ∈ E and |ξ1〉〈ξ2| is the
corresponding rank-one compact operator on E , then

ϑ(|ξ1〉〈ξ2|) = S(ξ1)S(ξ2)∗.

This formula still defines a (possibly degenerate) ∗-homomorphism ϑ : K(E)→
B(F2) for any representation S : E → B(F1,F2), see [65, p. 202].

Definition 2.6. A representation S is Cuntz–Pimsner covariant if ϑ(ϕE(a)) =
ϕF2

(a) for all a ∈ A with ϕE(a) ∈ K(E).
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By Proposition 2.3, a nondegenerate representation comes from an isomorphism
of correspondences. We have already seen ϑ(ϕE (a)) = ϕF2

(a) for all a ∈ A in
that case. So nondegenerate representations are Cuntz–Pimsner covariant.
Conversely, let S be Cuntz–Pimsner covariant and assume that E is proper,
that is, ϕE(A) ⊆ K(E). Let 〈X〉 denote the closed linear span of X . We have

〈S(E)F1〉 ⊇ 〈S(E)S(E)∗F2〉 = 〈ϑ(K(E))F2〉
⊇ 〈ϑ(ϕE (A))F2〉 = 〈ϕF2

(A)F2〉 = 〈F2〉
because ϕF2

is nondegenerate. Thus S is nondegenerate. �

For a proper correspondence E , we may now reformulate the universal property
that defines its Cuntz–Pimsner algebra OE : it is the universal C∗-algebra for
nondegenerate representations of E . Equivalently, OE is the universal target
for transformations from (A, E) to C∗-algebras. The Cuntz–Pimsner algebra
comes with a nondegenerate ∗-homomorphism ϕ0 : A → OE and a representa-
tion S0 : E → OE , which is Cuntz–Pimsner covariant and thus nondegenerate.
This is equivalent to a transformation from (A, E) to OE ; the underlying cor-
respondence is OE itself as a Hilbert OE -module, with A acting via ϕ0. The
isomorphism u0 : E ⊗A OE

∼= OE is the unitary that corresponds to S0 by
Proposition 2.3.
The transformation (OE , u0) has the following universal property: if (F , u) is an-
other transformation from (A, E) to a C∗-algebraB, then there is a unique repre-
sentation ψ : OE → B(F) for which u = u0⊗ψ idF . Conversely, a representation
ψ : OE → B(F) provides a unitary u = u0⊗ψ idF from E⊗AF ∼= E⊗AOE⊗OE

F
to F ∼= OE ⊗OE

F . The pair (F , ψ) is the same as a correspondence from OE

to B. Thus transformations from (A, E) to B are the same as correspondences
from OE to B.
What happens for a representation S : E → B(F) that does not satisfy the
Cuntz–Pimsner covariance condition? The construction in the proof of Propo-
sition 2.3 still gives a map u : E⊗AF → F , which is an A,B-bimodule map and
isometric for the B-valued inner product. But this isometry u need not be uni-
tary, not even adjointable. Thus allowing all Toeplitz representations replaces
the unitary in the definition of a transformation by a possibly non-adjointable
isometry.

Example 2.7. What goes wrong if E is not proper? Let us consider the sim-
plest case, A = C and E = ℓ2(N). In this case, no non-zero element of A acts
by a compact operator, so there is no difference between the Cuntz–Pimsner
and the Cuntz–Toeplitz algebra. A correspondence from A to B is the same
as a Hilbert B-module. The Cuntz–Pimsner algebra OE is the famous Cuntz
algebra O∞. The identity map on O∞ corresponds to a Cuntz–Pimsner co-
variant representation S0 : ℓ2(N)→ O∞, which maps the basis vector δi to the
generating isometry Si. The induced ∗-homomorphism K(ℓ2N)→ O∞ is degen-
erate, however, because O∞ is unital. It corresponds to the isometry of Hilbert
O∞-modules ℓ2(N) ⊗ O∞ →֒ O∞, Eij ⊗ x 7→ SixS

∗
j . If this were adjointable,

its range would be of the form pO∞ for a projection p ∈ O∞ because O∞ is
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unital. Then [1]+p = p in K0(O∞) because O∞⊕ (ℓ2(N)⊗O∞) ∼= ℓ2(N)⊗O∞,
giving [1] = 0 in K0(O∞), which is false.

Katsura’s definition of a relative Cuntz–Pimsner algebra only requires the
Cuntz–Pimsner covariance condition on a certain ideal K ⊳A that acts on E by
compact operators (see [41] or [42, Definition 3.4]). We may reformulate this
as a partial nondegeneracy condition:

Proposition 2.8. Let A and B be C∗-algebras, let E and F be correspon-

dences from A to A and from A to B, respectively. Let K be an ideal in A that

acts on E by compact operators. A representation S : E → B(F) satisfies the

Cuntz–Pimsner covariance condition on K if and only if K · S(E)F = K · F .

Equivalently, the isometry E ⊗A F → F induced by S restricts to an isomor-

phism of correspondences KE ⊗A F → KF .

Proof. Proposition 2.3 says that an isomorphism KE ⊗A F → KF is equiva-
lent to a nondegenerate representation KE → B(F ,KF). Now apply Proposi-
tion 2.5 to the correspondences KE : K → A, F : A → B, and KF : K → B,
so substitute K,A,B,KE ,F ,KF for A,B1, B2, E ,F1,F2. Since we assume K
to act by compact operators on E , the correspondence KE : K → A is always
proper. So the nondegeneracy condition KE · F = KF is equivalent to the
Cuntz–Pimsner covariance condition for the restriction of the left action of K
to KF . That is, ϑ(ϕE(k))ξ = ϕF (k)ξ for all k ∈ K and ξ ∈ KF , with
ϑ : K(E) → B(F) as in the proof of Proposition 2.5. It remains to show that
this equality for all ξ ∈ KF implies the same equality for all ξ ∈ F : the latter
is the usual coisometry condition for the ideal K. Let Tk := ϑ(ϕE (k))− ϕF (k)
for k ∈ K. Both Tk and T ∗

k = Tk∗ map F to KF = KE · F , and they vanish
on KF by the above computation. Therefore, 〈Tkξ, Tkξ〉 = 〈ξ, T ∗

kTkξ〉 = 0 for
all ξ ∈ F . �

3. Cuntz–Pimsner algebras of product systems over Ore monoids

Product systems over a monoid P were introduced by Fowler [33], inspired
by previous definitions by Arveson [6] and Dinh [21]. The following data is
equivalent to a product system in Fowler’s sense with the mild extra condition
that each fibre be an essential left module over the unit fibre:

• a C∗-algebra A;
• correspondences Ep from A to itself for all p ∈ P \ {1};
• isomorphisms of correspondences µp,q : Ep ⊗A Eq → Epq for all p, q ∈
P \{1}, which are associative, that is, the following diagram commutes
for all p, q, t ∈ P :

Ep ⊗A Eq ⊗A Et Ep ⊗A Eqt

Epq ⊗A Et Epqt

idEp
⊗A µq,t

µp,q ⊗A idEt
µp,qt

µpq,t
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here we let E1 = A, and we let µ1,q and µp,1 be the isomorphisms A⊗A Eq ∼= Eq
and Ep ⊗A A ∼= Ep from the left and right A-module structures, respectively;
this is needed to write down µp,q if p · q = 1 and to formulate the associativity
condition for Ep ⊗A Eq ⊗A Et → Epqt if p · q = 1 or q · t = 1.
Our main theorems will only hold if all correspondences Ep are proper. Then
we speak of a proper product system over P .

Remark 3.1. A nondegenerate ∗-homomorphism f : A→ B gives a proper cor-
respondence Ef from A to B: take Ef = B with A acting through f . For two
composable nondegenerate ∗-homomorphisms, we have a natural isomorphism
Ef ⊗B Eg ∼= Egf . Due to this change in the order of products, an action of
the opposite monoid P op by ordinary nondegenerate ∗-homomorphisms gives a
product system over P . The Cuntz–Pimsner algebra of this product system is
the same as the crossed product for the original action by endomorphisms, see
[33, Section 3].
The change from P to P op also explains why left Ore conditions are needed in
[16, 50] to study actions of P by endomorphisms, while we will need right Ore
conditions to study product systems over P .

Definition 3.2. Let (A, Ep, µp,q) be a product system over P . A transforma-

tion from it to a C∗-algebra B consists of a correspondence F from A to B and
isomorphisms of correspondences Vp : Ep ⊗A F → F for p ∈ P \ {1}, such that
for all p, q ∈ P \ {1}, the following diagram of isomorphisms commutes:

(3.3)

Ep ⊗A Eq ⊗A F Ep ⊗A F

Epq ⊗A F F
Vp

Vpq

idEp
⊗A Vq

µp,q ⊗A idF

We let V1 be the canonical isomorphism A ⊗A F ∼= F and use this in (3.3) if
p · q = 1.

By Proposition 2.3, each isomorphism Vp corresponds to a nondegenerate
representation Sp : Ep → B(F) of the correspondence Ep. By convention,
S1 : E1 = A → B(F) is the representation of A that is part of the correspon-
dence F . Equation (3.3) means that both maps around the square agree on all
monomials ξp ⊗ ξq ⊗ η ∈ Ep ⊗A Eq ⊗A F . This amounts to the condition

Sp(ξp) · Sq(ξq) = Spq(µp,q(ξp ⊗ ξq)) for all ξp ∈ Ep, ξq ∈ Eq,

which is standard for representations of product systems.
Example 2.7 shows that we cannot expect enough transformations to exist
unless our product system is proper. We assume this from now on. By Propo-
sition 2.5, the nondegeneracy of the representations Sp is equivalent to the
Cuntz–Pimsner covariance condition for all of them. Hence the universal prop-
erty that defines the Cuntz–Pimsner algebra gives a natural bijection between
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correspondences from it to a C∗-algebra B and transformations from the prod-
uct system to B; this bijection leaves the underlying Hilbert module F un-
changed.
A transformation (F , Vp) gives unital, strictly continuous ∗-homomorphisms

ϑp : B(Ep)→ B(Ep ⊗A F)
∼=−→ B(F), T 7→ Vp(T ⊗A idF )V ∗

p ,

for all p ∈ P . Similarly, the isomorphisms µp,q : Ep ⊗A Eq → Epq induce nonde-
generate ∗-homomorphisms

ϕp,q : K(Ep)→ K(Epq), T 7→ µp,q(T ⊗A idEq
)µ∗
p,q.(3.4)

Since Eq is proper, ϕp,q(K(Ep)) is contained in K(Epq). The commuting dia-
gram (3.3) gives ϑpq ◦ ϕp,q = ϑp for all p, q ∈ P .
This situation invites us to take a colimit (or inductive limit) of the C∗-algebras
K(Ep) along the maps ϕp,q. More precisely, let CP be the category with object
set P and arrow set P × P , where (p, q) is an arrow from p to pq, and where
(pq, t) · (p, q) := (p, qt) for all p, q, t ∈ P .

Lemma 3.5. The maps p 7→ K(Ep) and (p, q) 7→ ϕp,q form a functor from CP
to the category of C∗-algebras and nondegenerate ∗-homomorphisms.

Proof. Functoriality means that ϕpq,t ◦ ϕp,q = ϕp,qt for all p, q, t ∈ P . This is
equivalent to the associativity of µ. �

The diagram in Lemma 3.5 has a colimit in the category of C∗-algebras and
nondegenerate ∗-homomorphisms. This colimit will act nondegenerately on F
by its universal property. Therefore, it is part of the Cuntz–Pimsner algebra of
the product system. In general, the colimit involves amalgamated free products,
which make it rather intractable. To get a well-behaved Cuntz–Pimsner algebra,
we assume that CP is a filtered category in the following sense:

Definition 3.6 ([57, Section IX.1]). A category C is filtered if it is nonempty
and

(F1) for any two objects x, y ∈ C0, there are an object z ∈ C0 and arrows
g ∈ C(x, z) and h ∈ C(y, z);

(F2) for any two parallel arrows g, h ∈ C(x, y), there are z ∈ C0 and k ∈
C(y, z) with kg = kh.

These conditions for CP are equivalent to the following Ore conditions for P :

(O1) for all x1, x2 ∈ P , there are y1, y2 ∈ P with x1y1 = x2y2;
(O2) if xy1 = xy2 for y1, y2, x ∈ P , then there is z ∈ P with y1z = y2z.

Definition 3.7. We call P a right Ore monoid if it has these two properties
or, equivalently, CP is filtered. We call P a left Ore monoid if P op is a right

Ore monoid.

Condition (O2) follows if P has cancellation. Both hold if P ⊆ G for a group G
with PP−1 = G. Cancellative Ore monoids have already been considered by
C∗-algebraists; see, for instance, [16, 50]. We do not expect product systems
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over non-cancellative monoids to be very interesting (Lemma 4.16 hints strongly
towards this), but it costs little extra effort to work in this greater generality.
The monoid P is cancellative if and only if there is at most one arrow between
any two objects in CP . Then CP is the category associated to a directed set,
and colimits over CP are the same as colimits over this directed set. Directed
sets are familiar to analysts as the indexing sets for nets.
Let P be a right Ore monoid. We may construct a group out of P by tak-
ing equivalence classes of formal quotients pq−1 := (p, q) for p, q ∈ P , where
(p1, q1) ∼ (p2, q2) if there are t1, t2 ∈ P with (p1t1, q1t1) = (p2t2, q2t2) (see
also [13]). Condition (O1) implies that this relation is transitive and that prod-
ucts p1q

−1
1 · p2q

−1
2 may be rewritten as pq−1 by finding a common multiple of

q1 and p2: if q1t1 = p2t2, then

p1q
−1
1 · p2q

−1
2 = (p1t1)(q1t1)−1 · (p2t2)(q2t2)−1 = (p1t1)(q2t2)−1.

Hence we define the multiplication by [p1, q1]·[p2, q2] := [p1t1, q2t2] for t1, t2 ∈ P
with q1t1 = p2t2. The conditions (O1) and (O2) imply that this is a well-defined
group structure on G := P/∼.

Example 3.8. All commutative monoids are Ore: we may take y1 = x2 and
y2 = x1 in (O1) and z = x in (O2). Groups are also clearly Ore monoids. We
may combine both classes as follows.
Assume that G ⊆ P is a group such that xg1 = xg2 for x ∈ P , g1, g2 ∈ G implies
g1 = g2; assume further that pG = Gp for all p ∈ P and p1p2G = p2p1G for all
p1, p2 ∈ P ; roughly speaking, G is a normal subgroup of P such that P/G is
commutative. We claim that such a monoid P is Ore. In (O1), given x1, x2 ∈ P ,
we first take y1 = x2 and y0

2 = x1 as in the commutative case; then x1y1G =
x2y

0
2G, so there is g ∈ G with x1y1 = x2y

0
2g, so y2 = y0

2g will do. In (O2),
assume xy1 = xy2 for some x, y1, y2 ∈ P . Then y1xG = xy1G = xy2G = y2xG,
so there is g ∈ G with y1x = y2xg. Then xy1x = xy2xg = xy1xg, which implies
g = 1 by one of our assumptions. Thus y1x = y2x, so z = x works in (O2).

Example 3.9. Let R be a commutative, unital ring. Let R× ⊆ R be the sub-
set of all elements that are not zero divisors; this is the largest submonoid
of (R, ·) that does not contain 0. The “ax + b-monoid” of R is the monoid
P = R× ⋉ R, consisting of pairs (a, b) ∈ R× ⋉ R with the multiplication
(a1, b1) · (a2, b2) = (a1a2, a1b2 + b1). This monoid is cancellative because we
have taken away the zero divisors. It acts on R by (a, b) · x := ax + b. It con-
tains the additive group (R,+) as a normal subgroup, and the quotient P/R
is the commutative monoid (R×, ·). Hence it is a special case of Example 3.8.
C∗-algebras associated to semigroups of this form have recently been studied
by several authors, following Cuntz [15] and Li [54].

Example 3.10. Assume that P is cancellative and has a “norm” homomorphism
N : P → (N×, ·) such that G := kerN is a subgroup. This is a special case of the
situation in Example 3.8, with P/G ⊆ (N×, ·). One example of this type is the
monoid Mn(Z)×, the ring of integer matrices with non-zero determinant, with
the determinant as norm: the kernel of the norm is the group Gln(Z). Another
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example is the monoid Mn(Z)× ⋉Zn, with the determinant of the matrix part
as norm and the semidirect product group Gln(Z) ⋉ Zn as the kernel of the
norm. More generally, we may replaceMn(Z) by the ring of integers in a simple
algebra over Q; this also includes integer quaternion algebras. Semigroups of
this form appear in generalisations of the Bost–Connes dynamical system, see
[8, 14].

Example 3.11. The matrices of the form

h(a, b, c) :=





1 a c
0 1 b
0 0 1





for a, b, c ∈ N form a noncommutative, cancellative monoid HN under matrix
multiplication:

h(a1, b1, c1) · h(a2, b2, c2) = h(a1 + a2, b1 + b2, c1 + c2 + a1b2).

This is an Ore monoid. To check the Ore condition (O1), pick h(a1, b1, c1) and
h(a2, b2, c2) in HN. Let

a := max(a1, a2), b := max(b1, b2), c := max(c1 +a1(b−b1), c2 +a2(b−b2)).

For i = 1, 2, let a⊥
i := a − ai, b⊥

i := b − bi, and c⊥
i := c − ci − aib

⊥
i ; then

h(ai, bi, ci) · h(a⊥
i , b

⊥
i , c

⊥
i ) = h(a, b, c) for i = 1, 2, so we have found the desired

common multiple. A similar formula works for the opposite monoid, so HN is
both left and right Ore.

An inductive limit in the usual sense is the same as a colimit over the category
associated to the poset (N,≤), which is easily seen to be filtered. Colimits
over general filtered categories behave very much like inductive limits. This is
well-known to category theorists. For the operator algebraists, we now assume
that P is a countable Ore monoid, so that CP is a countable filtered category.
Then we may replace a colimit over CP by an inductive limit over (N,≤):

Lemma 3.12. Let C be a countable filtered category. Then there is a sequence

of objects (xn)n∈N and maps fn ∈ C(xn−1, xn) such that for any object y of C
there is n ∈ N and an arrow y → xn. Furthermore, if y → xn and y → xm are

two such arrows, they become equal by composing with fN−1 ◦ · · · ◦ fn : xn →
xn+1 → · · · → xN and fN−1 ◦· · ·◦fm : xm → xm+1 → · · · → xN for sufficiently

large N .

Such a sequence of objects and maps is called cofinal or final. More precisely,
the functor (N,≤)→ C given by the objects xn and the maps fn is called final
in [57].

Proof. It is shown in [5] that any filtered category receives a cofinal functor
from a directed (partially ordered) set. A partially ordered set is viewed as a
category by putting a unique arrow x → y if x ≤ y, and no arrow otherwise.
A category is of this form if and only if for any two objects there is at most
one arrow between them. To simplify the proof, we first use [5] to reduce to a
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countable, directed set. The category CP comes from a directed set if and only
if P has cancellation.
Let (yn)n∈N be an enumeration of the objects of C. We construct xn for n ∈ N
inductively so that it receives maps from y1, . . . , yn. We start with x0 = y0.
Assume xi and fi have been constructed for i < n. Since C is filtered, there
is an object xn that receives maps from yn and xn−1. Let fn be the arrow
xn−1 → xn. Since already xn−1 receives maps from yi for i < n, so does xn by
composing with fn. Thus every object y has a map to some xn. Our simplifying
assumption makes the second part of the lemma trivial. �

We now describe the colimit of the inductive system on CP given by the
C∗-algebras K(Ep) for p ∈ P and the maps ϕp,q for p, q ∈ P defined in (3.4).
We first do this quickly in the countable case. Then Lemma 3.12 allows us
to choose a cofinal functor (N,≤) to CP , that is, we get a pair of sequences
(pn)n∈N and (qn)n∈N in P with pn+1 = pnqn for all n ∈ N that is “cofi-
nal” in CP . The C∗-algebras K(Epn

) and the nondegenerate ∗-homomorphisms
ϕpn,qn

: K(Epn
)→ K(Epnqn

) = K(Epn+1
) form an inductive system in the usual

sense. Let O1 be its inductive limit C∗-algebra. Cofinality implies that this
inductive limit is also a colimit of the whole diagram on CP .
Now we give the more complicated construction without using Lemma 3.12,
which also works in the uncountable case. Let

O⊔ :=
⊔

p∈P

K(Ep).

Let O∼ be the set of equivalence classes for the equivalence relation on O⊔

generated by the relations (x, p) ∼ (ϕp,q(x), pq) for all p, q ∈ P , x ∈ K(Ep).

Lemma 3.13. There is a unique ∗-algebra structure for which all maps K(Ep)→
O∼ are ∗-homomorphisms, and the maximal C∗-seminorm on O∼ exists.

Let O1 be the resulting C∗-completion of O∼. If (F , Vp) is a transformation

from (A, Ep, µp,q) to a C∗-algebra B, then the resulting maps ϑp : K(Ep)→ B(F)
factor through a unique nondegenerate ∗-homomorphism Θ: O1 → B(F).

Proof. Let x ∈ K(Ep), y ∈ K(Eq). There are t1, t2 ∈ P with pt1 = qt2. Then
(x, p) ∼ (ϕp,t1 (x), pt1) and (y, q) ∼ (ϕq,t2 (y), qt2) both belong to the C∗-algebra
K(Ept1 ) = K(Eqt2 ); this dictates what their sum or product should be in O∼. If
we choose t′1, t

′
2 ∈ P with pt′1 = qt′2 instead, then we may find m1,m2 ∈ P with

pt′1m1 = pt1m2 and hence qt′2m1 = qt2m2. If not yet t′2m1 = t2m2, then we
find n ∈ P with t′2m1n = t2m2n and replace m1,m2 by m1n,m2n. Similarly,
we achieve t′1m1 = t1m2. Then multiplication with m2 and m1 will map our
two choices of the sum or product to the same sum or product in K(Ept1m2

),
respectively. Thus the multiplication and addition on O∼ are well-defined.
A similar argument shows that any finite subset of O∼ belongs to the image
of K(Ep) in O∼ for some p ∈ P . Since the algebraic operations are defined using
those in K(Ep), O∼ is a ∗-algebra. By construction, this is the only ∗-algebra
structure for which all maps K(Ep)→ O∼ are ∗-homomorphisms.
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The kernel of the map K(Ep) → O∼ is the union of the kernels of the ∗-ho-
momorphisms ϕq,p : K(Ep) → K(Epq). Thus the image of K(Ep) in O∼ is the
quotient by a union of closed ∗-ideals. We equip it with the quotient semi-
norm, which is a C∗-seminorm (there may be a nullspace because the union
of ideals need not be closed). All these C∗-seminorms on subalgebras of O∼

together are compatible with each other and thus define a C∗-seminorm on O∼.
Since any ∗-homomorphism between C∗-algebras is contractive, this is the max-
imal C∗-seminorm on the ∗-algebra O∼. Let O1 be the (Hausdorff) completion
of O∼ for this C∗-seminorm. This is a C∗-algebra with ∗-homomorphisms
ϑ0
p : K(Ep)→ O1 for all p ∈ P that satisfy ϑ0

pq ◦ ϕp,q = ϑ0
p for all p, q ∈ P .

Now take a transformation to B as above. The resulting maps ϑp : K(Ep) →
B(F) satisfy ϑpq ◦ ϕp,q = ϑp. Hence the map

⊔

p∈G ϑp : O⊔ → B(F) descends

to a map f : O∼ → B(F). Since all ϑp are ∗-homomorphisms, so is f . Since
we took the maximal C∗-seminorm on O∼, we may extend f uniquely to a
∗-homomorphism Θ: O1 → B(F) with Θ ◦ ϑ0

p = ϑp for all p ∈ P . �

Any functor (pn, qn) : (N,≤)→ CP induces a ∗-homomorphism from the induc-
tive limit C∗-algebra of the inductive system (K(Epn

), ϕpn,qn
) described above

Lemma 3.13 to O1. If the functor is cofinal, then this map is an isomorphism.
Hence the simplified construction for countable P gives the same C∗-algebraO1.
So far, we have described only a part of the Cuntz–Pimsner algebra of the prod-
uct system. For a single endomorphism, this is the fixed-point subalgebra of
the gauge action. We now describe the whole Cuntz–Pimsner algebra through
a Fell bundle over the group completion G of P .
Elements of G are equivalence classes of formal fractions p1p

−1
2 for p1, p2 ∈ P ,

with p1p
−1
2 ∼ (p1q)(p2q)

−1. The fibre of the desired Fell bundle over G at
1 ∈ G is the C∗-algebra O1 described above.

Definition 3.14. Fix g ∈ G. Let

Rg = {(p1, p2) ∈ P × P | p1p
−1
2 = g in G}

be its set of representatives. Let CgP be the category with object set Rg and
arrow set Rg × P , where (p1, p2, q) is an arrow (p1, p2)→ (p1q, p2q); the multi-
plication is (p1q, p2q, t) · (p1, p2, q) = (p1, p2, tq).

Lemma 3.15. The categories CgP for g ∈ G are filtered if P is an Ore monoid.

The functor CP → C1
P that maps an object p in CP to (p, p) and an arrow (p, q)

in CP to (p, p, q) is cofinal.

Proof. First we check that CgP is filtered. Let p = (p1, p2) and q = (q1, q2)
be elements of Rg. We must prove two things. First, there should be arrows
h : p→ t and k : q → t with the same target t ∈ Rg. Secondly, if h, k : p⇒ q are
two parallel arrows, there is an arrow l : q → t for some object t such that l◦h =
l◦k. Since p and q both represent g ∈ G, there are h, k ∈ P with p1h = q1k and
p2h = q2k. Hence h : (p1, p2) → (p1h, p2h) and k : (q1, q2) → (q1k, q2k) have
the same target, as desired. The second claim above is immediate from (O2):
we may simply forget p2 and q2.
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The functor CP → C1
P is fully faithful. If (p1, p2) ∈ R1, then there are q, h ∈ P

with (p1h, p2h) = (q, q). Hence the functor CP → C1
P is cofinal. �

For (p1, p2) ∈ Rg, let Op1,p2
:= K(Ep2

, Ep1
); for now, we view this as a Banach

space. For q ∈ P , (p1, p2) ∈ Rg, we define a contraction

ϕp1,p2,q : K(Ep2
, Ep1

)→ K(Ep2q, Ep1q), T 7→ µp1,q(T ⊗A idEq
)µ∗
p2,q

.

These maps form a functor from CgP to the category of Banach spaces with
linear contractions. Since CgP is filtered by Lemma 3.15, the colimit Og of this
diagram may be constructed as in Lemma 3.13: first take the disjoint union
of the Banach spaces Op1,p2

for all (p1, p2) ∈ Rg; then divide out the relations
given by the maps ϕp1,p2,q; this gives a vector space, and it inherits a canonical
seminorm by taking the quotient seminorms on the images ofK(Ep2

, Ep1
); finally,

take the completion to get Og. If P is countable, then we may also use a cofinal
sequence in CgP to describe the colimit as an inductive limit over (N,≤).
Since the functor CP → C1

P is cofinal, the colimit of a diagram over C1
P is the

same as the colimit of its restriction to CP . Hence the construction of Og for
g = 1 gives the same C∗-algebra O1 as in Lemma 3.13, as suggested by our
notation.
If g1, g2 ∈ G, (p1, p2) ∈ Rg1

, (p2, p3) ∈ Rg2
, then p1p

−1
3 = p1p

−1
2 · p2p

−1
3 =

g1 · g2, that is, (p1, p3) ∈ Rg1·g2
. The composition of compact operators gives a

bounded bilinear map Op1,p2
×Op2,p3

→ Op1,p3
. These maps define a bounded

bilinear map

Og1
×Og2

→ Og1g2

because for any (p′
1, p

′
2), (p2, p3) in Rg1

×Rg2
there are h, k ∈ P with p2h = p′

2k,
so that the composition is defined onOp′

1
k,p′

2
k×Op2h,p3h, and these composition

maps are compatible with the structure maps of the inductive systems. Simi-
larly, taking adjoints gives maps Op1,p2

→ Op2,p1
, T 7→ T ∗, for all p1, p2 ∈ Rg;

these maps induce an involution Og → O∗
g−1 . These multiplication maps

and involutions on (Og)g∈G give a Fell bundle over the group G. The re-
sulting C∗-algebra structure on its unit fibre O1 is the one already described
in Lemma 3.13.

Theorem 3.16. Let P be an Ore monoid and let (A, Ep, µp,q) be a proper,

nondegenerate product system over P . Its Cuntz–Pimsner algebra is isomorphic

to the full sectional C∗-algebra of the Fell bundle (Og)g∈G described above.

Proof. Let C denote the Cuntz–Pimsner algebra of our product system. By
construction, a nondegenerate ∗-homomorphismC →M(B) for a C∗-algebraB
is the same as a Cuntz–Pimsner covariant representation of our product system
on B that is nondegenerate on the unit fibre A. The Cuntz–Pimsner covariance
condition is equivalent to the nondegeneracy condition Ep ·B = B for all p ∈ P
by Proposition 2.5 because we assume all Ep to be proper and nondegenerate
left A-modules, and the left A-action on B is nondegenerate as well.
We are going to find a natural bijection between representations of the prod-
uct system with Ep · B = B for all p ∈ P and representations of the
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Fell bundle (Og)g∈G in M(B). By the universal property of the sectional
C∗-algebra of a Fell bundle, this gives a natural bijection between nondegen-
erate ∗-homomorphisms C → M(B) and C∗((Og)g∈G) → M(B), and this
implies C ∼= C∗((Og)g∈G).
By Proposition 2.3, a representation of the product system that is nondegen-
erate in the above sense is equivalent to a transformation from (A, Ep, µp,q)
to B with underlying Hilbert B-module B. We write F = B to be consis-
tent with our previous notation. We already constructed ∗-homomorphisms
ϑp : K(Ep)→ B(F) with ϑpq ◦ ϕp,q = ϑp for all p, q ∈ P . The same recipe gives
linear contractions

ϑp1,p2
: K(Ep2

, Ep1
)→ B(F), T 7→ Vp1

(T ⊗ idF)V ∗
p2
.

These satisfy ϑp1q,p2q ◦ ϕp1,p2,q = ϑp1,p2
for all p1, p2, q ∈ P . Hence they in-

duce maps Θg : Og → B(F) on the Banach space inductive limits. Routine
computations show that

(3.17) ϑp2,p1
(T )∗ = ϑp1,p2

(T ∗), ϑp1,p2
(T ) ◦ ϑp2,p3

(T2) = ϑp1,p3
(T ◦ T2)

for all p1, p2, p3 ∈ P , T ∈ K(Ep2
, Ep1

), T2 ∈ K(Ep3
, Ep2

). Hence the maps Θg

form a representation of the Fell bundle (Og)g∈G.
Conversely, a representation of the Fell bundle (Og)g∈G gives maps

K(Ep2
, Ep1

)→ B(F)

that satisfy (3.17). For p2 = 1, there is a canonical isomorphism K(Ep2
, Ep1

) ∼=
Ep1

because E1 = A. Hence the Fell bundle representation gives maps Sp : Ep →
B(F). Since A = K(E1) ⊆ O1, the conditions of a Fell bundle representation
imply that the maps Sp form a representation of the product system. Since
the maps K(Ep) → O1 → B(F) are nondegenerate, Sp(Ep)F ⊇ K(Ep)F =
F . This gives the desired bijection between Fell bundle representations and
Cuntz–Pimsner covariant representations of the product system and finishes
the proof. �

Theorem 3.16 is similar to [49, Theorem 3.8], only the assumptions on the
product system differ slightly. Unlike in [49], we assume the product system
to be nondegenerate, but allow the left action to be non-injective. Similar
ideas are used in [16, Section 4] to dilate certain actions of Ore semigroups
by endomorphisms to group actions on a larger algebra. In fact, actions by
endomorphisms are a special case of product systems by Remark 3.1. To reduce
the dilation results in [16] or [50] to Theorem 3.16, another step is missing:
checking when the Fell bundle in Theorem 3.16 comes from an ordinary group
action by automorphisms. We refrain from doing this because, from our point
of view, saturated Fell bundles are already actions of the underlying group.

Proposition 3.18. The Fell bundle (Og)g∈G is saturated if Ep is a full Hilbert

A-module for each p ∈ P .

Proof. Let g ∈ G and let p ∈ P . We want to show that the image of K(Ep)
in O1 is contained in the space of right inner products from Og. There is
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(p1, p2) ∈ Rg and q ∈ P with pq = p1. The image of K(Ep) in O1 is contained
in the image of K(Epq) = K(Ep1

).
Since Ep1

and Ep2
are full, both K(Ep1

) and K(Ep2
) are Morita–Rieffel equiva-

lent to A and hence equivalent to each other. The equivalence between them is
K(A, Ep1

)⊗AK(Ep2
, A) ∼= K(Ep2

, Ep1
). Hence the latter is a full Hilbert bimod-

ule over K(Ep2
) and K(Ep1

). Since K(Ep2
, Ep1

) ⊆ Og, it follows that the right
inner products from Og give a dense subspace of K(Ep1

) in O1. Thus the Fell
bundle (Og)g∈G is saturated. �

Remark 3.19. The criterion in Proposition 3.18 is not necessary for rather
trivial reasons. If the left A-actions on Ep are not faithful, then it may happen
that O1 = 0. Since this has nothing to do with Ep being full as a right Hilbert
module, the Fell bundle (Og) may be saturated although not all Ep are full.

Saturated Fell bundles over a group G are interpreted as actions of G by corre-
spondences in [12]. Long before, it was known that one may replace a saturated
Fell bundle (Og)g∈G with unit fibre O1 by an action of G by automorphisms

on a C∗-algebra Õ1 that is Morita–Rieffel equivalent to O1: this is the Packer–
Raeburn Stabilisation Trick. Non-saturated Fell bundles over G are interpreted
in [11] as actions of G by Hilbert bimodules, that is, partial Morita–Rieffel

equivalences. The analogue of the Packer–Raeburn Stabilisation Trick says that
any Fell bundle, saturated or not, is equivalent to an action of G by partial
∗-isomorphisms.
A saturated Fell bundle overG may, of course, be restricted to a product system
over P . Which product systems are of this form?

Proposition 3.20. A proper product system over P is the restriction of a

saturated Fell bundle over G if and only if each Ep is an A,A-imprimitivity

bimodule, that is, each Ep is a full right Hilbert A-module and the left action is

by an isomorphism A ∼= K(Ep). The saturated Fell bundle over G is unique up

to isomorphism.

Proof. In a saturated Fell bundle over G, each Eg is an imprimitivity bimodule.
Conversely, assume that Ep is an imprimitivity bimodule for each p ∈ P . Then
all the maps K(Ep) → K(Epq) in our inductive system are isomorphisms, so
that the inductive limit O1 is isomorphic to A = K(E1). Similarly, Op ∼= Ep
for all p ∈ P . Thus our product system is the restriction to P of a Fell bundle
over G. Since all Ep are assumed to be full, this Fell bundle is saturated by
Proposition 3.18.
Now start with a saturated Fell bundle (Og)g∈G, restrict it to P , and then
go back to a Fell bundle over G. The maps K(Ep2

, Ep1
) → K(Ep2q, Ep1q) are

isomorphisms for all p1, p2, q ∈ P , so the inductive systems that give the fibres
of the new Fell bundle are constant. Thus the colimit Og is canonically isomor-
phic to K(Ep2

, Ep1
) for any (p1, p2) ∈ Rg, and our construction of a Fell bundle

from (Ep)p∈P reproduces the original Fell bundle up to isomorphism. Hence
the product system on P determines the saturated Fell bundle over G uniquely
up to isomorphism. �
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A non-saturated Fell bundle over G need not give a proper product system
on P : this requires Ep to be full as a left Hilbert A-module for each p ∈ P .

Theorem 3.21. If A is nuclear or exact, then so is O1. If A is nuclear and

the group G generated by P is amenable, then the Cuntz–Pimsner algebra O is

nuclear. If A is exact and G is amenable, then O is exact.

Proof. The first claim follows because O1 is an inductive limit of C∗-algebras
Morita–Rieffel equivalent to A and because nuclearity and exactness are hered-
itary under Morita–Rieffel equivalence and filtered inductive limits.
The other statements follow from Theorem 3.16 and general results about nucle-
arity and exactness of Fell bundle C∗-algebras. First, if the group is amenable,
then any Fell bundle over it has the approximation property, which implies that
the full and reduced sectional C∗-algebras coincide (see [24]). The exactness
of the reduced sectional C∗-algebra is proved in [25], assuming exact unit fibre
and an exact group. The nuclearity of the full sectional C∗-algebra is proved
in [1], assuming nuclear unit fibre and an amenable group. �

Next we describe the K-theory of the unit fibre O1 of our Fell bundle. Since Ep
is a proper correspondence from A to A, it gives an element [Ep] ∈ KK0(A,A)
with zero operator F . This gives a map

(Ep)∗ : K∗(A)→ K∗(A);

here K∗(A) denotes the Z/2-graded K-theory of A comprising both K0 and K1.
The Kasparov product of [Ep] and [Eq] is [Ep⊗AEq] with zero operator; since the
Fredholm operator is irrelevant, this case of the Kasparov product is easy. The
isomorphisms µp,q now show that [Ep]⊗A [Eq] = [Epq ] and hence (Eq)∗ ◦ (Ep)∗ =
(Epq)∗ for all p, q ∈ P . The order of p and q is changed here because ⊗A is the
composition product in KK in reverse order. Hence our product system over P
gives an action of P op on K∗(A). We view this as a right module structure over
the monoid ring Z[P ]. The group ring Z[G] is a left module over Z[P ].

Theorem 3.22. Let P be an Ore monoid and let (A, Ep, µp,q) give a proper,

nondegenerate product system over P . Assume also that all Ep are full right

Hilbert A-modules. Then the K-theory of O1 is isomorphic to K∗(A)⊗Z[P ]Z[G]
as a right Z[G]-module; here we use the canonical right module structure on

K∗(A) ⊗Z[P ] Z[G] by right multiplication and the module structure on K∗(O1)
induced by the saturated Fell bundle (Og)g∈G.

Proof. It is well-known that K-theory is compatible with inductive limits. This
extends to colimits over countable filtered categories by Lemma 3.12. We leave
it to the reader interested in uncountable monoids to check that the result
remains true for arbitrary filtered colimits. Hence K∗(O1) is the colimit of
the diagram over CP that maps p ∈ P to K∗(K(Ep)) and (p, q) : p → pq to
(ϕp,q)∗ : K∗(K(Ep))→ K∗(K(Epq)).
Since Ep is a full Hilbert bimodule, it gives a Morita–Rieffel equivalence
from K(Ep) to A. This correspondence with zero operator F is a cycle for
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KK0(K(Ep), A). This is a KK-equivalence: the inverse is the inverse imprimi-
tivity bimodule K(Ep, A) with zero operator F . We use this KK-equivalence to
identify K∗(K(Ep)) ∼= K∗(A) for all p ∈ P . Composing the maps

K∗(A) −→
∼=

K∗(K(Ep))
(ϕp,q)∗−−−−→ K∗(K(Epq)) −→∼= K∗(A)

requires composing three KK0-cycles with zero operator F , which amounts to
tensoring the underlying correspondences. Identifying Epq ∼= Ep ⊗A Eq as in
the definition of ϕp,q, we see that this composite is [Eq]. Thus the inductive
system with colimit K∗(O1) is isomorphic to the inductive system with entries
K∗(A) at all p ∈ P , where the arrow (p, q) : p → pq in CP induces the map
(Eq)∗ : K∗(A)→ K∗(A).
Define a diagram of left Z[P ]-modules over CP by taking the free module Z[P ] at
all objects and letting q : p→ pq act by δx 7→ δxq for all x, p, q ∈ P . The colimit
of this diagram of modules is isomorphic to Z[G] by mapping Z[P ] ∋ δx at the
object p of CP to δxp−1 ∈ Z[G]. Hence M⊗Z[P ]Z[G] for a right Z[P ]-module M
is the colimit of the diagram over CP with entries M ⊗Z[P ] Z[P ] ∼= M and
with q : p → pq acting by m 7→ m · q for all m ∈ M , p, q ∈ P . Now compare
this with our description of the inductive system that computes K∗(O1) to get
K∗(O1) ∼= K∗(A) ⊗Z[P ] Z[G].
Since the Hilbert modules Ep are full, the Fell bundle (Og)g∈G is saturated
by Proposition 3.18. Then each Og is a proper correspondence from O1

to itself and hence gives a class [Og] in KK0(O1,O1). This induces maps
(Og)∗ : K∗(O1) → K∗(O1). Since we have a saturated Fell bundle, we have
Og ⊗O1

Oh ∼= Ogh. Therefore, g 7→ (Og)∗ defines a representation of Gop on
the Abelian group K∗(O1); we view this as a right Z[G]-module structure.
To describe this action, it suffices to compute, for p ∈ P , how (Og)∗ acts
on the image of K∗(K(Ep)) in K∗(O1) under the map K∗(ϑ0

p) induced by

ϑ0
p : K(Ep) → O1. First choose (p1, p2) ∈ Rg and then q ∈ P with pq = p1.

Then K∗(ϑ0
p) = K∗(ϑ0

p1
) ◦ K∗(ϕp,q), so it suffices to describe how (Og)∗

acts on the image of K∗(K(Ep1
)). The map K(Ep2

, Ep1
) → Og shows that

(ϑ0
p1

)∗(Og) ∼= K(Ep2
, Ep1

) ⊗ϑ0
p2
O1 as correspondences from K(Ep1

) to O1.

Now compose these correspondences with the KK-equivalences between K(Ep1
)

and A. Then we see that (Og)∗ acts on the entry K∗(A) at p1 in the inductive
system describing K∗(O1) by sending it to the same entry at p2. Right mul-
tiplication by g = p1p

−1
2 in K∗(A) ⊗Z[P ] Z[G] has the same effect. Thus the

action of G on K∗(O1) induced by the Fell bundle corresponds to the one by
right multiplication on K∗(A)⊗Z[P ] Z[G]. �

By the Packer–Raeburn Stabilisation Trick, there is a G-action by automor-
phisms on the stabilisation Õ1 := O1 ⊗ K(L2G) such that the (full) crossed
product G ⋉ Õ1 is Morita–Rieffel equivalent to the Cuntz-Pimsner algebra O
(this follows from [12, Corollary 5.5]). Thus computing the K-theory of the
Cuntz–Pimsner algebra becomes a matter for the (full) Baum–Connes conjec-
ture for G with certain coefficients.
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For a-T-menable groups, the Baum–Connes assembly map is known to be an
isomorphism for all coefficients, also for the full crossed product (see [36]).
The meaning of the Baum–Connes conjecture here is that we may compute
K∗(O) by topological means from K∗(O|H), the section algebras for restrictions
of (Og)g∈G to all finite subgroupsH . These topological means may be expressed
as a spectral sequence, and it can be quite hard to perform this computation
in practice. At least, the results above show that the computation for a Cuntz–
Pimsner algebra over P is not more difficult than in the special case of an
action of G by automorphisms.
For instance, let P = (Nk,+) for k ∈ N. Then G = Zk, and the computation of
K∗(O) is a matter of iterating the Pismner–Voiculescu sequence k times. We
will consider a concrete case where a K-theory computation along these lines
is feasible in Section 3.3. Already two iterations may be very hard because
the boundary maps for the second iteration are not determined by the original
data.

Remark 3.23. The iteration of the Pimsner–Voiculescu sequence that we get is
equivalent to one by Deaconu in [20]. This is because the Pimsner–Voiculescu
sequence for Z-actions can be obtained from the Cuntz–Toeplitz algebra of the
product system over N associated to the Z-action.

Our theory contains the case of semigroup crossed products for actions of left
Ore monoids by endomorphisms by Remark 3.1. In that case, (Ep)∗ : K∗(A)→
K∗(A) is simply the map induced by the underlying endomorphism.
The K-theory computation for semigroup C∗-algebras in [16] also uses the
Baum–Connes isomorphism for the group G. In the situation of [16], a di-
lation of the semigroup action to an action of G on a larger C∗-algebra is
easy to write down by hand, giving a direct route to K∗(O1). But then extra
assumptions on the action of G on K∗(O1) are needed to compute K∗(O).

3.1. Making left actions faithful. Let (A, Ep, µp,q) be a proper product
system over an Ore monoid P . Taking suitable quotients of A and Ep, we are
going to construct another product system (A′, E ′

p, µ
′
p,q) with the same nonde-

generate representations and hence the same Cuntz–Pimsner algebra, such that
the left actions ϕ′

p : A′ → B(E ′
p) are injective for all p ∈ P .

For p ∈ P , let ϕp : A→ K(Ep) denote the left action map and let Ip := kerϕp.
Recall the maps ϕp,q : K(Ep)→ K(Epq) for p, q ∈ P . Since ϕp,q ◦ ϕp = ϕpq, we
have Ip ⊆ Ipq for all p, q ∈ P . Since CP is filtered, this implies that the ideals Ip
form a directed set of ideals in A. Thus I :=

⋃

p∈P Ip is another ideal in A. We

let A′ := A/I and E ′
p := Ep ⊗A A′ ∼= Ep / (Ep · I).

Lemma 3.24. The induced left action A → K(E ′
p) factors through A′, and the

isomorphism µp,q : Ep ⊗A Eq ∼−→ Epq descends to an isomorphism of correspon-

dences µ′
p,q : E ′

p ⊗A E ′
q

∼−→ E ′
pq. This gives a product system (A′, E ′

p, µ
′
p,q).

Proof. Let p ∈ P . To prove that the induced left A-module structure on E ′
p

descends to A′, we must show that IEp ⊆ EpI. Since P is an Ore monoid, the
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subset pP is cofinal in P , so
⋃

q∈P Ipq is still dense in I. Thus it suffices to
prove IpqEp ⊆ EpI for all p, q ∈ P . We will prove the following more precise
result:

(3.25) Ipq = {a ∈ A | aEp ⊆ EpIq}.

Let ξ ∈ Ep. We have ξ ⊗A η = 0 in Ep ⊗A Eq for all η ∈ Eq if and only if

0 = 〈ξ ⊗ η1, ξ ⊗ η2〉 = 〈η1, ϕq(〈ξ, ξ〉A)η2〉

for all η1, η2 ∈ Eq, if and only ϕq(〈ξ, ξ〉A) = 0, if and only if 〈ξ, ξ〉A ∈ Iq.
We claim that this is equivalent to ξ ∈ Ep · Iq. Since Iq is an ideal, we have
〈ξ, ξ〉A ∈ Iq for ξ ∈ Ep · Iq. Conversely, if 〈ξ, ξ〉A ∈ Iq, then the closure of ξ · A
in Ep is a Hilbert Iq-module containing ξ, and thus it is nondegenerate as a
right Iq-module, so that ξ ∈ EpIq. Hence ξ ⊗A η = 0 in Ep ⊗A Eq for all η ∈ Eq
if and only ξ ∈ EpIq.
Now let a ∈ A. Then aξ ∈ EpIq for all ξ ∈ Ep if and only if aξ ⊗A η = 0 for all
ξ ∈ Ep, η ∈ Eq, if and only if the left action by a vanishes on Ep ⊗A Eq ∼= Epq.
This is equivalent to a ∈ Ipq. This finishes the proof of (3.25). In turn, this
implies that the left A-module structure on E ′

p descends to A′. Now

E ′
p ⊗A′ E ′

q = Ep ⊗A A′ ⊗A′ Eq ⊗A A′ = Ep ⊗A Eq ⊗A A′ ∼= Epq ⊗A A′ = E ′
pq.

This gives the multiplication maps µ′
p,q. From another point of view, µ′

p,q is
the map on the quotient spaces E ′

p and E ′
q induced by µp,q. Hence these maps

inherit associativity from the maps µp,q, so we have constructed a product
system. �

Theorem 3.26. The product system (A′, E ′
p, µ

′
p,q) has faithful left action maps

A′ → K(E ′
p), and it has the same nondegenerate representations as the original

system. Hence it also has the same Cuntz–Pimsner algebra.

Proof. Fix p ∈ P . An operator on Ep induces the zero operator on Ep/EpIq ∼=
Ep ⊗A (A/Iq) if and only if it maps Ep into EpIq. Thus (3.25) shows that
the map ϕp : A → K(Ep) descends to an injective ∗-homomorphism A/Ipq →֒
K(Ep/EpIq). The C∗-algebras A/Ipq and K(Ep/EpIq) for q ∈ P form inductive
systems indexed by the filtered category CP , and the maps A/Ipq →֒ K(Ep/EpIq)
form a morphism of inductive systems, consisting of injective maps. It follows

that the induced map between the inductive limits lim−→A/Ipq = A/
⋃

q∈P Ipq =

A′ and lim−→K(Ep/EpIq) = K(E ′
p) is injective as well. That is, the left action

A′ → K(E ′
p) is faithful.

Now let ϑ′ : A′ → B(F) and S′
p : E ′

p → B(F) for p ∈ P give a nondegener-
ate representation of the product system (A′, E ′

p, µ
′
p,q). Composing with the

quotient maps A → A′ and Ep → E ′
p then gives a nondegenerate representa-

tion of (A, Ep, µp,q). We claim that any nondegenerate representation (ϑ, Sp)
of (A, Ep, µp,q) factors through the quotient maps A → A′ and Ep → E ′

p and
thus comes from a unique representation (ϑ′, S′

p). This gives a bijection on
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the level of nondegenerate representations and thus an isomorphism of Cuntz–
Pimsner algebras because they are universal for nondegenerate representations
by Proposition 2.5.
Recall the maps ϑp : K(Ep) → B(F) with ϑpq ◦ ϕp,q = ϑp for all p, q ∈ P . In
particular, ϑ = ϑp ◦ ϕp : A → B(F), so ϑ must vanish on Ip. Since this holds
for all p ∈ P , we get ϑ|I = 0, so ϑ factors through the quotient map A → A′.
Since Sp(ξ)

∗Sp(ξ) = ϑ(〈ξ, ξ〉A) for ξ ∈ Ep and 〈ξ, ξ〉 ∈ I for ξ ∈ Ep · I, we also
get Sp(ξ) = 0 for ξ ∈ Ep · I. Thus Sp factors through E ′

p. �

Proposition 3.27. If the maps A → K(Ep) are injective for all p ∈ P , then

so are the induced maps ϕp,q,t : K(Eq, Ep) → K(Eqt, Ept) for p, q, t ∈ P and the

maps K(Eq, Ep)→ O to the Cuntz–Pimsner algebra.

Proof. We assume that Ip = {0} for all p ∈ P . The proof of (3.25) shows that
ξ ∈ Ep satisfies ξ⊗A η = 0 in Ep⊗A Eq for all η ∈ Eq if and only if ξ = 0. Hence
the maps ϕp,q,t are injective. Since Og ⊆ O is the filtered colimit of the spaces
K(Eq, Ep), this implies the same for the maps K(Eq, Ep)→ Og ⊆ O. �

3.2. What happens without the Ore conditions? We now consider an
example of a monoid without the Ore conditions where we can, nevertheless,
describe the Cuntz–Pimsner algebra by hand. Let F+

n be the free monoid on
n generators, n ≥ 2. Elements in F+

n are finite words in the letters a1, . . . , an,
including the empty word. This monoid violates the Ore conditions: there are
no words w1, w2 ∈ F+

n with a1w1 = a2w2. A proper product system over F+
n is

equivalent to a C∗-algebra A with proper correspondences Ei from A to itself
for i = 1, . . . , n, without any further data or conditions: given this data, we
may define Ew for a word w by composing the correspondences for the letters
in w, and we use the canonical multiplication maps between them.

Proposition 3.28. Let A be a C∗-algebra and let Ei for 1 ≤ i ≤ n be proper

correspondences from A to A. Let Oi be the Cuntz–Pimsner algebra of Ei for

1 ≤ i ≤ n. The Cuntz–Pimsner algebra of the resulting product system over F+
n

is the amalgamated free product of the Cuntz–Pimsner algebras Oi over A.

Proof. Let D be another C∗-algebra and let G be a Hilbert module over D. A
nondegenerate representation of our product system over F+

n on G is already
determined by what it does on the correspondences Ei, and Ei may act by
arbitrary nondegenerate representations because F+

n is a free monoid. A non-
degenerate representation of Ei is equivalent to a representation of the Cuntz–
Pimsner algebra Oi by Proposition 2.5. Since all these representations give the
same representation when we compose with the canonical map A → Oi, we
get a representation of the amalgamated free product of the C∗-algebras Oi
over A. Conversely, a representation of this free product gives nondegenerate
representations of the correspondences Ei and thus of A, and it gives the same
representation on A for each i. This data may be extended to a nondegenerate
representation of the product system over F+

n . �
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Free products with amalgamation are, unfortunately, rather large and compli-
cated. In particular, they are almost never nuclear or exact. Thus we view
Proposition 3.28 as a negative result: it tells us that we should not expect
Cuntz–Pimsner algebras for proper product systems over F+

n to have a nice
structure. Standard assumptions in the theory of Cuntz–Toeplitz and Cuntz–
Pimsner algebras are that the underlying semigroup be “quasi-lattice-ordered”
and the product system “compactly aligned,” see [33]. Both assumptions are
satisfied for proper product systems over F+

n . If two elements in F+
n have an

upper bound, they have a least upper bound because two elements in F+
n only

have an upper bound if one of them is a subword of the other, and then the
longer of the two is a least upper bound. Hence Cuntz–Pimsner algebras of
compactly aligned product systems over quasi-lattice-ordered monoids need not
be tractable.

3.3. Higher-rank Doplicher–Roberts algebras. In this section, we con-
sider higher-rank analogues of the C∗-algebras introduced by Doplicher and
Roberts in [22]. The Doplicher–Roberts C∗-algebras were an important mo-
tivation for Kumjian, Pask, Raeburn and Renault when they defined graph
C∗-algebras in [48].
Our higher-rank analogue is constructed from a compact Lie group G and
finite-dimensional representations π1, . . . , πk of G; in addition, we need a rep-
resentation ρ : G → U(H) on a Hilbert space H that contains each irreducible
representation of G. Different choices for ρ will, however, give Morita–Rieffel
equivalent C∗-algebras, so we consider ρ to be auxiliary data only. From the
above data, we are going to construct a product system over the commutative
monoid (Nk,+) and then take its Cuntz–Pimsner algebra. The case k = 1 is
considered in [48].
For m = (m1, . . . ,mk) ∈ Nk, we form the representation

πm := π⊗m1

1 ⊗ · · · ⊗ π⊗mk

k : G→ U(V m);

here V m denotes the finite-dimensional Hilbert space on which πm acts. There
are canonical unitary operators µm1,m2

: V m1⊗Vm2 ∼= V m1+m2 that intertwine
the representations πm1 ⊗ πm2 and πm1+m2 , and which satisfy the properties
of a symmetric monoidal category.
Let Em ⊆ K(H, V m ⊗ H) be the space of all compact intertwining operators
between the representations ρ and πm ⊗ ρ. Define multiplication maps Em1

×
Em2
→ Em1+m2

by mapping (T1, T2) to the composite intertwining operator

ρ
T2−→ πm2 ⊗ ρ 1⊗T1−−−→ πm2 ⊗ πm1 ⊗ ρ µm2,m1

⊗1−−−−−−−→ πm1+m2 ⊗ ρ;

this composite is compact because T2 is compact.

Lemma 3.29. The multiplication above is associative.
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Proof. Let m1,m2,m3 ∈ Nk and let Ti ∈ Emi
for i = 1, 2, 3. Then the products

(T1T2)T3 and T1(T2T3) are equal to the composite operators

ρ πm3 ⊗ ρ πm3 ⊗ πm2 ⊗ ρ πm3 ⊗ πm2 ⊗ πm1 ⊗ ρ

πm3+m2 ⊗ ρ πm3+m2 ⊗ πm1 ⊗ ρ

πm3+m2+m1 ⊗ ρ

T3 1⊗T2 1⊗1⊗T1

µm3,m2
⊗1 µm3,m2

⊗1

1⊗1⊗T1

µm3+m2,m1
⊗1

because µm3+m2,m1
◦ (µm3,m2

⊗ 1) = µm3,m2+m1
◦ (1⊗ µm2,m1

). �

The unit fibre E0 is the C∗-algebra of all compact intertwining operators of ρ.
The multiplication maps above turn each Em into an E0-bimodule. We define
an E0-valued right inner product on Em by 〈T1, T2〉 := T ∗

1 T2 for T1, T2 ∈ Em.
This turns each Em into a correspondence from the C∗-algebra E0 to itself.

Lemma 3.30. The C∗-algebra K(Em) is isomorphic to the C∗-algebra of compact

intertwiners of the representation πm ⊗ ρ, acting on Em by left multiplication.

More generally, K(Em1
, Em2

) is isomorphic to the space of compact intertwiners

πm1 ⊗ ρ→ πm2 ⊗ ρ.

Proof. The map sending |T1〉〈T2| ∈ K(Em) for T1, T2 ∈ Em to the intertwiner
T1T

∗
2 : πm ⊗ ρ → πm ⊗ ρ extends to a ∗-homomorphism from K(Em) to the

C∗-algebra of compact intertwiners of πm⊗ ρ. Since |T1〉〈T2|T3 = T1T
∗
2 T3, this

representation is faithful. It remains to show that it is surjective.
Any compact intertwiner on πm ⊗ ρ may be approximated by linear combina-
tions of intertwiners with irreducible range because the representation πm ⊗ ρ,
like any representation ofG, is a direct sum of irreducible representations. Since
any irreducible representation of G occurs in ρ, any intertwiner with irreducible
range factors through the representation ρ. Thus we may write it as T1T

∗
2 for

T1, T2 ∈ Em. This shows that K(Em) is mapped onto the C∗-algebra of compact
intertwiners of πm ⊗ ρ.
The same argument still works in the more general case of K(Em1

, Em2
). �

If T ∈ E0, then the induced operator 1⊗ T : πm ⊗ ρ → πm ⊗ ρ is compact as
well because the representation πm has finite dimension. Thus the correspon-
dence Em is proper by Lemma 3.30.

Lemma 3.31. The multiplication maps induce unitary operators Em1
⊗E0
Em2
→

Em1+m2
.

Proof. It is routine to check that the map Em1
×Em2

→ Em1+m2
defined above

preserves the inner products, so it gives an isometry Em1
⊗E0
Em2

→ Em1+m2
.

This induces a ∗-homomorphism K(Em1
)→ K(Em1+m2

), T 7→ T ⊗ 1. In terms
of Lemma 3.30, this is given by the map T 7→ T ⊗ 1 from compact intertwiners
of πm1 ⊗ ρ to compact intertwiners of πm1 ⊗ πm2 ⊗ ρ ∼= πm1+m2 ⊗ ρ. This
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∗-homomorphism on compact operators is nondegenerate. Hence the underly-
ing isometry Em1

⊗E0
Em2
→ Em1+m2

must be surjective. �

Lemma 3.31 says that the correspondences Em with the above multiplication
maps form an essential product system over the commutative monoid (Nk,+).
As remarked above, Lemma 3.30 implies that this product system is proper.
Since any irreducible representation occurs in ρ, the Hilbert E0-module Em is
full and carries a faithful left E0-action.

Definition 3.32. The Cuntz–Pimsner algebra of the product system (Em)m∈Nk

over (Nk,+) is the higher-rank Doplicher–Roberts algebra for the representa-
tions π1, . . . , πn of G, relative to ρ.

Lemma 3.33. The higher-rank Doplicher–Roberts algebras for different choices

of ρ are canonically Morita–Rieffel equivalent.

Proof. Let ρ and ρ′ be two representations of G that contain all irreducible

representations. Lemma 3.30 identifies Eρ0 and Eρ
′

0 with the C∗-algebras of
compact intertwiners on the representations ρ and ρ′, respectively. Let Fρρ′

be the space of all compact intertwining operators ρ′ → ρ. This is a full

Hilbert bimodule for Eρ0 and Eρ
′

0 . Furthermore, we may naturally identify both

Fρρ′⊗
Eρ′

0

Eρ′

m and Eρm⊗Eρ

0
Fρρ′ with the space of compact intertwiners from ρ′ to

πm⊗ρ. These identifications provide a Morita equivalence between the product
systems for ρ and ρ′ and thus induce a Morita–Rieffel equivalence between their
Cuntz–Pimsner algebras. �

To clarify the link to previous constructions, take k = 1 and let ρ be the
direct sum of all irreducible representations with multiplicity 1. Then the
C∗-algebra E0 of compact intertwiners of ρ is C0(Ĝ). Since k = 1, our product

system is determined by the single self-correspondence of C0(Ĝ) given by E1.

Such a self-correspondence is equivalent to a graph with vertex set Ĝ. Since
the left action on E1 is faithful and E1 is proper and full, our graph has neither
sources nor sinks and no infinite emitters. Hence our absolute Cuntz–Pimsner
algebra agrees with the relative one used to define graph C∗-algebras. Our
Doplicher–Roberts algebra is exactly the graph C∗-algebra considered in [48,
Section 7]. As shown there, the C∗-algebra defined by Doplicher and Roberts
in [22] is isomorphic to a full corner in this graph C∗-algebra (assuming that
each irreducible representation of G occurs in πm for some m ∈ N).

Remark 3.34. For k > 1, it seems unlikely that our higher-rank Doplicher–
Roberts algebras are higher-rank graph C∗-algebras. For k = 1, any product
system over (Nk,+) with unit fibre of the form C0(V ) for a discrete set V
(“vertices”) gives a higher-rank graph C∗-algebra. For k > 1, this fails: we
also need the multiplication isomorphisms in the product system to be given
by permutation matrices in some chosen bases for our self-correspondences.

Let D denote our higher-rank Doplicher–Roberts algebra. The general theory
above applies here and shows that D =

⊕

m∈Zk Dm is the section C∗-algebra of
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a Fell bundle (Dm)m∈Zk over Zk, where Dm is the filtered colimit of the Banach
spaces K(Ea, Ea+m) for a ∈ Nk with a + m ∈ Nk. Here Lemma 3.30 identifies
this Banach space with the space of compact intertwiners πa⊗ρ→ πa+m⊗ρ. In
particular, the zero fibre D0 is the inductive limit of the system of C∗-algebras
K(Ea) for a ∈ Nk; the sequence given by a = (a1, a1, . . . , a1) for a1 ∈ N is
cofinal in Nk, so we may as well take this sequence.
For each a ∈ Nk, K(Ea) is a C∗-algebra of compact operators, hence a direct

sum of matrix algebras. The summands are in bijection with Ĝ because all
irreducible representations of G occur in ρ and hence in πa ⊗ ρ. In particular,
K(Ea) is Morita–Rieffel equivalent to C∗(G) for each a ∈ Nk, and it is an
AF-algebra whose K-theory is equal to the K-theory K0(C∗(G)) of the group
C∗-algebra of G and hence to the representation ring of G. Concretely, its
elements are functions Ĝ→ (Z,+), and the positive cone in K0(K(Ea)) consists

of all functions Ĝ→ (N,+).
A countable inductive limit of AF-algebras remains an AF-algebra, so D0 is
AF. We compute its K-theory. The group K0(C∗(G)) is a commutative ring
through the tensor product of representations: the representation ring of G.
The map

K0(C∗(G)) ∼= K0(K(Ea))→ K0(K(Ea+m)) ∼= K0(C∗(G))

induced by the canonical ∗-homomorphism K(Ea) → K(Ea+m) is the multipli-
cation with [πm] in the ring structure on K0(C∗(G)). Hence

K0(D0) = lim−→
(

K0(C∗(G))
[π1k ]−−−→ K0(C∗(G))

[π1k ]−−−→ K0(C∗(G))→ · · ·
)

,

where [π1k ] denotes multiplication with the class of the representation π1 ⊗
· · · ⊗ πk in the representation ring. This inductive limit is the localisation of
the representation ring K0(C∗(G)) of G in which we invert [π1k ]. Our K-theory
computation determines D0 uniquely up to Morita–Rieffel equivalence by El-
liott’s classification of AF-algebras.
Each Dm is a Hilbert bimodule from D0 to itself, which acts on K0 by multi-
plication with the class of πm. From this information, it is sometimes possible
to compute the K-theory of D. We do not pursue this in general but merely
consider one special case where we can completely describe the higher-rank
Doplicher–Roberts algebra.

Theorem 3.35. Let G = SU(n) for n ≥ 2 and let πi = Λi(Cn) ∈ Ĝ for

i = 1, . . . , n − 1 be the exterior powers of the standard representation on Cn.

The associated rank-n−1 Doplicher–Roberts algebra D is purely infinite, simple,

separable, nuclear and in the bootstrap class, and has K0(D) = Z, K1(D) = 0.

Kirchberg’s Classification Theorem implies that D is isomorphic to the Cuntz
algebra O∞, but we would not expect this isomorphism to be constructible.

Proof. The representations π1, . . . , πn−1 ∈ Ĝ are the fundamental representa-
tions of SU(n), that is, they are irreducible and generate a ring isomorphism
Z[x1, . . . , xn−1] 7→ R(G), xi 7→ [πi].
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Our Fell bundle description of D shows that it is stably isomorphic to a crossed
product of an action of Zn−1 on an AF-algebra. Hence it is separable, nuclear
and in the bootstrap class. We compute the K-theory of D by iterating the
Pimsner–Voiculescu exact sequence n−1 times. We write D⋊Zi for the crossed
product with Zi ⊆ Zn−1, although this is really a Fell bundle section algebra;
the action by automorphisms only occurs on a stably isomorphic C∗-algebra.
The AF-algebra D0 has K0(D0) = Z[x±1

1 , . . . , x±1
n−1] because the representa-

tion ring of G is isomorphic to the polynomial algebra Z[x1, . . . , xn−1] with
xi = [πi] and localising at the elements x1, . . . , xn−1 simply adjoins their in-
verses. The elements 1 − x1, . . . , 1 − xn−1 form a regular sequence in this
algebra; that is, for each i, multiplication by 1 − xi+1 is injective on the
quotient Z[x±1

1 , . . . , x±1
n−1]/(1 − [x1], . . . , 1 − [xi]) by the ideal generated by

1 − [x1], . . . , 1 − [xi]. This is what allows us to compute the K-theory by
repeated application of the Pimsner–Voiculescu exact sequence.
In each step, we are supposed to consider the kernel and cokernel of the map
1 − αi on K∗(D0 ⋊ Zi−1), where αi is induced by the action of the ith factor
of Z on D0 ⋊ Zi−1. By induction, we show that K1(D0 ⋊ Zi) vanishes and
that K0(D0 ⋊ Zi) is the quotient ring Z[x±1

1 , . . . , x±1
n−1]/(1 − x1, . . . , 1 − xi) ∼=

Z[x±1
i+1, . . . , x

±1
n−1]. This is clear for i = 0. In each induction step, we use

the Pimsner–Voiculescu exact sequence. Since we have a regular sequence,
multiplication by 1− xi is injective on Z[x±1

1 , . . . , x±1
n−1]/(1− x1, . . . , 1− xi−1).

Thus K1(D0⋊Zi) vanishes and K0(D0⋊Zi) is Z[x±1
1 , . . . , x±1

n−1]/(1−x1, . . . , 1−
xi). After n− 1 steps, we get K1(D) = 0 and

K0(D) ∼= Z[x±1
1 , . . . , x±1

n−1]/(1− x1, . . . , 1− xn−1) ∼= Z.

Thus D has the asserted K-theory.
Next we prove that D is simple. We do not claim that the AF-algebra D0 is
simple. The crossed product D0⋊Z1, however, is simple by [48, Corollary 7.3]
because the representation π1 of G on Cn is faithful. This crossed product is
just a rank-1 Doplicher–Roberts algebra, hence stably isomorphic to a graph
algebra. The graph algebra description of D0 ⋊ Z1 shows also that it is purely
infinite.
The K-theory computation above shows that D0⋊Z1 has K-theory isomorphic
to Z[x±1

2 , . . . , x±1
n−1], where the automorphism associated to πm2

2 · · ·πmn−1

n−1 acts

by multiplication with xm2

2 · · ·xmn−1

n−1 . Since this is never the identity map, none

of these automorphisms can be inner. Since D0 ⋊ Z1 is simple, separable and
purely infinite, the (reduced) crossed product by the group Zn−2 remains simple
and purely infinite by [46, Lemma 10]. Since the stabilisation (D0⋊Z1)⋊Zn−2

of D is simple and purely infinite, so is D itself. �

There is another way to construct higher-rank Doplicher–Roberts algebras us-
ing the comultiplication ∆: C∗(G) → C∗(G) ⊗ C∗(G), which is defined by
λg 7→ λg⊗λg for the standard multipliers λg of C∗(G) for g ∈ G. This comulti-
plication turns C∗(G) into a discrete quantum group. Our comultiplication is
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only a morphism, that is, its image is only in the multiplier algebra of C∗(G).
We know, however, that (C∗(G)⊗ 1) ·∆(C∗(G)) = C∗(G) ⊗ C∗(G).
Let π : C∗(G)→Mn(C) be some finite-dimensional representation of C∗(G) or,
equivalently, of G. We get a morphism

C∗(G)
∆−→ C∗(G) ⊗ C∗(G)

π⊗id−−−→Mn ⊗ C∗(G) ∼= K(C∗(G)n).

Since (C∗(G) ⊗ 1) ·∆(C∗(G)) = C∗(G) ⊗ C∗(G), this morphism has values in
K(C∗(G)n). Thus any finite-dimensional representation π of C∗(G) induces a
proper correspondence E(π) from C∗(G) to itself.
Let πi : C∗(G)→Mni

(C) for i = 1, 2 be two finite-dimensional representations
and let π1 ⊗ π2 : C∗(G) → Mn1n2

(C) be their tensor product representation.
The coassociativity of ∆ gives an isomorphism of correspondences

E(π1)⊗C∗(G) E(π2) ∼= E(π1 ⊗ π2).

Hence the obvious intertwining unitary π1 ⊗ π2
∼= π2 ⊗ π1 gives canonical

isomorphisms E(π1) ⊗C∗(G) E(π2) ∼= E(π2) ⊗C∗(G) E(π1). The category of rep-
resentations of G with the tensor product of representations and the obvious
associators and commuters π1⊗π2

∼= π2⊗π1 is a symmetric monoidal category.
Therefore, k representations π1, . . . , πk of G give a product system over the
monoid (Nk,+) with fibres

E(m1, . . . ,mk) := E(π⊗m1

1 ⊗ · · · ⊗ π⊗mk

k )

and with the canonical isomorphisms

E(m1, . . . ,mk)⊗C∗(G) E(m′
1, . . . ,m

′
k) ∼= E(m1 +m′

1, . . . ,mk +m′
k).

We claim that this product system is the same as the one constructed above
if ρ is the regular representation. A first point is that the C∗-algebra of com-
pact intertwiners of ρ is canonically isomorphic to C∗(G), acting by the right
regular representation. Hence Eρ0 ∼= C∗(G). Furthermore, ρ absorbs every
other representation by the Fell absorption principle: π ⊗ ρ is canonically

isomorphic to a sum of n copies of ρ if π has dimension n; the intertwiners
L2(G,Cn) ↔ L2(G,Cn) are given by pointwise multiplication with the ma-
trix πg at g ∈ G. Hence we may identify C∗(G)n canonically with the Hilbert
Eρ0 -module of compact intertwiners ρ → π ⊗ ρ. These identifications provide
an isomorphism between our product systems because the tensor product of
representations of G is induced by the comultiplication ∆.

4. Actions of Ore monoids on spaces

Now let X be a locally compact, Hausdorff space and let A = C0(X). Since
any automorphism of A comes from a homeomorphism on X , we may turn an
action of a group G on A by automorphisms into an action of G on the space X
and form a transformation groupoid G ⋉X . The crossed product G ⋉ C0(X)
is canonically isomorphic to the groupoid C∗-algebra of G⋉X . When is there
such a groupoid model for the Cuntz–Pimsner algebra of a self-correspondence
on A?
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As a counterexample, consider a Hermitian vector bundle over X . It gives
a proper self-correspondence from A to itself by taking the Hilbert module
of sections with its usual inner product and the left action by pointwise mul-
tiplication. The resulting Cuntz–Pimsner algebra is a locally trivial field of
C∗-algebras over X with Cuntz algebras as fibres. Such C∗-algebras are clas-
sified by Dădărlat in [18] in terms of certain cohomology groups. Unless the
field of C∗-algebras over X is particularly simple, it seems to have no natural
groupoid model.
Therefore, we restrict attention to self-correspondences of C0(X) that are in-
duced by topological correspondences (see [43]). We define product systems
of such topological correspondences in the obvious fashion, so that they in-
duce a product system of C∗-correspondences. We will build a “transformation
groupoid” for a proper product system of topological correspondences and show
that its groupoid C∗-algebra is isomorphic to the Cuntz–Pimsner algebra of the
product system. Our transformation groupoid construction is similar in spirit
to the boundary path groupoid of Yeend [79] for a higher-rank topological
graph, that is, for the case P = Nk for some k ≥ 1. Yeend’s construction, how-
ever, depends on special features of Nk. In contrast, our construction depends
on the properness of the product systems.
A topological correspondence between two spaces X and Y is given by a third
space M with two maps r : M → X and s : M → Y . We want to turn this into a
C∗-correspondence from C0(X) to C0(Y ). There are two ways to do this. First,
we may assume that s is a local homeomorphism; this is Katsura’s definition of a
topological correspondence in [43]. Other names for this are continuous graphs

(see [19]) or polymorphisms (see [7, 17]). Secondly, we may add extra data,
namely, a family of measures (λx)x∈X on the fibres of s; this is what Muhly
and Tomforde call a topological quiver in [60]. The family of measures (λx)
is equivalent to a transfer operator for s in the notation of Exel [26], or a
Markov operator in the notation of [39]. A topological correspondence gives a
topological quiver when combined with a suitably normalised family of counting
measures on the (discrete) fibres of s.
A topological quiver (M, r, s, λx) gives a C∗-correspondence Er,M,s over C0(X):
complete Cc(M) with respect to the C0(X)-valued inner product

〈ξ1, ξ2〉(x) :=

∫

s−1(x)

(

ξ1ξ2

)

(y) dλx(y)

for ξ1, ξ2 ∈ Cc(M), x ∈ X ; the left and right module structures are (fξ)(m) :=
f(r(m))ξ(m) and (ξf)(m) := ξ(m)f(s(m)) for all m ∈ M , f ∈ C0(X), ξ ∈
Cc(M). In particular, this construction applies to topological correspondences,
where we always take the family of counting measures.

Proposition 4.1. The C∗-correspondence Er,M,s is proper if and only if r is

proper and s is a local homeomorphism. In that case, the isomorphism class

of Er,M,s does not depend on (λx), so we may always use the family of counting

measures. The C∗-correspondence Er,M,s is full if and only if s is surjective.
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Proof. The C∗-correspondence Er,M,s is proper if and only if ϕ−1(K(Er,M,s)) =
C0(X). In the notation of [60, Definition 3.14], all vertices are finite emitters.
[60, Corollary 3.12] shows that this happens if and only if r is proper and s is
a local homeomorphism.
Let (λx) and (λ′

x) be two families of measures that make (M, r, s) into a topo-
logical quiver. Since both λx and λ′

x have the same discrete subset s−1(x)
as support, they are equivalent, say, λ′

x = fx · λx for a unique function
fx : s−1(x) → (0,∞). The functions fx may be pieced together to a function
f : M → (0,∞). The continuity of (λx) and (λ′

x) implies that f is a continu-
ous function. Hence multiplication with

√
f is a unitary operator between the

Hilbert modules over C0(X) associated to the two families of measures. This
unitary also intertwines the left actions, which are by multiplication operators.
It is routine to check that Er,M,s is full if and only if s is surjective. �

Definition 4.2. A topological correspondence is called proper if r is proper
and s is a local homeomorphism.

Lemma 4.3. Consider two topological correspondences

X
r1←−M1

s1−→ X
r2←−M2

s2−→ X.

Define M := M1 ×s1,X,r2
M2, r : M → X, (m1,m2) 7→ r1(m1), s : M → X,

(m1,m2) 7→ s2(m2). Then

Er1,M1,s1
⊗C0(X) Er2,M2,s2

∼= Er,M,s.

If r1 and r2 are proper, so is r. If s1 and s2 are surjective, so is s.

Proof. The first part is routine to prove and holds even for topological quivers,
see [60, Lemmas 6.1–4]. The statements about proper and surjective maps are
easy as well; they amount to the statement that tensor products of proper or
full C∗-correspondences are again proper or full, respectively. �

Proposition 4.1 says that the C∗-correspondence associated to a topological
quiver is proper if and only if we are dealing with a proper topological corre-
spondence; the family of measures does not matter. We restrict attention to
proper topological correspondences from now on.
The notion of a “topological graph algebra” interprets a topological correspon-
dence as a “topological graph,” where vertices and (oriented) edges form topo-
logical spaces. This interpretation, however, fails to elucidate the lack of sym-
metry between r and s in the construction of the C∗-correspondence. Another
interpretation is that a topological correspondence (r,M, s) is a multi-valued
map from Y to X , where r(m) ∈ X for m ∈ s−1(y) are the possible values
at y ∈ Y . If s is a local homeomorphism and r is proper, then the subset
of values r(s−1(y)) of y is discrete. The interpretation as a multivalued map
breaks down, however, if there are different m,m′ ∈M with s(m) = s(m′) and
r(m) = r(m′). We suggest the following more dynamical interpretation of a
(proper) topological correspondence.
We consider points in M as possible developments or, briefly, stories. Each
story m ∈ M assumes a certain initial situation s(m) ∈ Y and leads to a
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certain ending r(m) ∈ X . Several stories may have the same initial situation
and ending.
How does this interpretation account for the assumptions that s be a local
homeomorphism and r be proper? That s is a local homeomorphism means
the following: if we modify the initial situation s(m) of a story m a little bit,
then there is a unique story mx close to m with initial situation x. Roughly
speaking, mx describes how “the same” story would go in a slightly different
initial situation, and fits our intuition of story-telling. That r is proper means
that, given a compact set of possible endings, the set of stories with such an
ending is also compact. This is a rather technical finiteness condition on the
space of possible stories. It ensures that the space of complete histories defined
below is locally compact.

Definition 4.4. Let P be a monoid. An action of P on X by proper topological

correspondences consists of the following data:

• proper topological correspondences (Mp, rp, sp) from X to X for p ∈
P \ {1};

• homeomorphisms σp,q : Mpq →Mp ×sp,X,rq
Mq for p, q ∈ P \ {1}.

Let M1 = X and r1 = s1 = idX , and let σp,1 and σ1,q be the canonical
homeomorphisms Mp

∼= Mp×sp,X,idX
X and Mq

∼= X×idX ,X,rq
Mq for p, q ∈ P .

For an action of P , we require the diagram

(4.5)

Mp ×X Mq ×X Mt Mpq ×X Mt

Mp ×X Mqt Mpqt

σp,q ×X idMt

idMp
×X σq,t σpq,t

σp,qt

to commute for all p, q, t ∈ P \ {1} (since pq = 1 or qt = 1 is possible, we have
to define (M1, s1, r1), σ1,q and σp,1 for this condition to make sense). This
diagram commutes automatically if p = 1, q = 1 or t = 1, so our assumption
implies that it commutes for all p, q, t ∈ P .

Example 4.6. An action of Nk on a countable discrete set X by proper topo-
logical correspondences is equivalent to a row-finite rank-k graph by [34]. The
Cuntz–Pimsner algebra that we shall attach to this data is not always the
higher-rank graph C∗-algebra, however, because we do not incorporate Kat-
sura’s modification of the Cuntz–Pimsner algebra into our definition. See
also [67].

We fix an action of P on X by proper topological correspondences as
above. The proper topological correspondences (Mp, rp, sp) induce proper
C∗-correspondences Ep from C0(X) to itself for p ∈ P \ {1}, and we let E1 :=
C0(X). The homeomorphisms σp,q induce isomorphisms of C∗-correspondences

µp,q : Ep ⊗C0(X) Eq → Epq
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for p, q ∈ P \ {1} by Lemma 4.3, and we let µ1,q and µp,1 be the canonical
isomorphisms. The diagram (4.5) ensures the associativity of these multiplica-
tion maps µp,q for all p, q, t ∈ P \ {1} (even if pq = 1 or qt = 1); associativity
is automatic if p = 1, q = 1 or t = 1. So an action of P on X by topological
correspondences induces a proper product system over P with unit fibre C0(X),
as expected.
The defining property of the fibre product means that σp,q = (rp,q, sp,q) for two
continuous maps

rp,q : Mpq →Mp, sp,q : Mpq →Mq

with sp ◦ rp,q = rq ◦ sp,q. Since σp,1 and σq,1 are the canonical maps,

sp,1 = sp, rp,1 = idMp
, s1,q = idMq

, r1,q = rq

for all p, q ∈ P . The associativity condition (4.5) is equivalent to

(4.7) rp,q ◦ rpq,t = rp,qt, sp,q ◦ rpq,t = rq,t ◦ sp,qt, sq,t ◦ sp,qt = spq,t.

Lemma 4.8. The maps rp,q are proper and the maps sp,q are local homeomor-

phisms. If all sp are surjective, then so are the maps sp,q.

Proof. The map rp,q is the composite of the homeomorphism σp,q and the
coordinate projection Mp ×sp,X,rq

Mq → Mp. This coordinate projection is
proper if rq is proper because properness is hereditary under this type of fibre
products. Similarly, the map sp,q is the composite of the homeomorphism σp,q
and the coordinate projection Mp ×sp,X,rq

Mq → Mq; the latter inherits the
property of being surjective or a local homeomorphism from sp. �

We interpret elements of P as a (multi-dimensional) kind of time, and elements
of Mp as stories of length p ∈ P ; a story m ∈Mp starts in the situation sp(m)
and ends in rp(m). The maps rp,q : Mpq → Mp and sp,q : Mpq → Mq cut
a story m of length pq into two stories of length p and q: its ending m1 =
rp,q(m) ∈ Mp and its beginning m2 = sp,q(m) ∈ Mq. These satisfy sp(m1) =
rq(m2), that is, the storym1 starts wherem2 ends. The inverse of σp,q combines
a pair m1 ∈ Mp, m2 ∈ Mq of stories of lengths p and q to a story m1 ◦ m2

of length pq, provided m1 starts where m2 ends. The assumption that σp,q
be a homeomorphism says that m ∈ Mpq and (m1,m2) ∈ Mp × Mq with
sp(m1) = rq(m2) determine each other uniquely and continuously.
The length 1 ∈ P is the neutral element, so nothing can happen in time 1,
and adding a story of length 1 before or after another story does nothing.
This means that M1 = X and that σp,1 and σ1,q are the canonical maps.
The associativity conditions (4.7) say that the two ways of cutting a story of
length pqt into three pieces of length p, q and t give the same results.
If P is a free monoid on n generators (which, however, is not Ore), then the
situation above may be interpreted as describing a game where the players
may do n different things in each time interval. If, say, the player has the three
options a, b, c, then p = baac means a time interval of length 4 in which the
player first does c, then twice a, then b. If the game was in situation x ∈ X
initially, then the points in s−1

p (x) ⊆ Mp are the possible game developments
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in this length-4 time period, provided the player’s actions are baac. And rp(m)
for m ∈ s−1

p (x) is the situation after this time period. If s−1
p (x) has more than

one point, then the game contains randomness. It makes sense to quantify this
randomness by a transfer operator with

∑

sp(m)=y µp(m) = 1 for all x ∈ X ,

where µp(m) is the probability that the game develops as in story m, given the
initial situation y. We do not add such probabilities to our setup because they
are irrelevant for us by Proposition 4.1.
A relation in the monoid P means that certain actions of the player always
and automatically have the same effect on the game. For instance, if P is the
free Abelian monoid Nn on n generators, then the order in which the player
does various things does not matter. I know no game with this property; so
the interpretation through games works best for free monoids.
There are three simple cases of actions by proper topological correspondences:

(1) Mp = X and sp = idX for all x ∈ X , p ∈ P ; that is, a situation x ∈ X
determines its future uniquely;

(2) Mp = X and rp = idX for all x ∈ X , p ∈ P ; that is, a situation x ∈ X
determines its past uniquely;

(3) Mp is arbitrary, but sp = rp for all p ∈ P ; that is, the situation never

changes; then sp = rp must be both proper and a local homeomorphism;
equivalently, it is a finite covering map.

From now on, we assume that P is a right Ore monoid. In this case, the
Cuntz–Pimsner algebra of the product system (Ep, µp,q) over P is described
more concretely in Section 3. We are going to identify this Cuntz–Pimsner
algebra with the groupoid C∗-algebra of an étale, locally compact groupoid H .
We first describe the object space H0 of this groupoid. The first associativ-
ity condition in (4.7) says that the spaces Mp for p ∈ P and the continuous
maps rp,q for p, q ∈ P form a projective system of locally compact spaces
indexed by the directed category CP . We let

H0 := lim←−
CP

(Mp, rp,q).

Thus a point in H0 consists of mp ∈Mp for all p ∈ P that satisfy rp,q(mpq) =
mp for all p, q ∈ P . In other words, the mp are stories that are consistent in
the sense that mp is the ending of mpq for each p, q ∈ P . We call a point in H0

a complete history and think of mp as describing what happened in the last
length-p time period.

Lemma 4.9. The space H0 is locally compact and Hausdorff. The projection

maps πq : H0 →Mq, (mp)p∈P 7→ mq, are proper for all q ∈ P .

Proof. Fix (mp)p∈P ∈ H0 and let K ⊂ X = M1 be a compact neighbourhood
of m1. The preimage of K in H0 is the subset of all (m′

p)p∈P with m′
1 ∈ K

and hence rp(m
′
p) ∈ K for all p ∈ P . Since all the maps rp are proper, the

subsets r−1
p (K) ⊆Mp are compact. Hence so is the product L :=

∏

p∈I r
−1
p (K)

by Tychonov’s Theorem. Thus the map π1 : H0 → X is proper. The same
argument shows that all the maps πq are proper. Since L is also a compact
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neighbourhood of (mp)p∈P in H0, the space H0 is locally compact. If (m′
p) 6=

(mp), then there is p ∈ P with m′
p 6= mp. There are open neighbourhoods

in Mp that separate m′
p and mp. These yield open neighbourhoods in H0 that

separate (m′
p) and (mp), so H0 is Hausdorff. �

Given a complete history (mp)p∈P and t ∈ P , we may forget what happened
in the last time period of length t; this gives another complete history, defined
formally by m′

p := st,p(mtp) for p ∈ P ; the second condition in (4.7) implies
rp,q(m

′
pq) = m′

p for all p, t ∈ P , that is, (m′
p)p∈P is again a complete history as

expected. Thus (mp) 7→ (m′
p) defines a map s̃t : H

0 → H0.

Lemma 4.10. Let t ∈ P . The map (πt, s̃t) : H0 →Mt ×st,X,π1
H0 is a homeo-

morphism, and s̃t : H
0 → H0 is a local homeomorphism. If st is surjective, so

is s̃t. If st is a homeomorphism, so is s̃t.

Proof. Let (mp)p∈P ∈ H0. Then πt(mp) = mt and s̃t((mp)) = (st,p(mtp))p∈P .
Since mtp = rt,p(mtp) · st,p(mtp) = mt · s̃t((mp))p, we have π1 ◦ s̃t = st ◦ πt,
that is, the image of (πt, s̃t) is contained in the fibre product Mt ×st,X,π1

H0.
Since the map (πt, s̃t) is clearly continuous, we must prove that it is a bijection
with a continuous inverse. So we let (m′

p) ∈ H0 be a complete history and let
mt ∈Mt be a length-t story with m′

1 = st(mt) ∈ X . We must show that there
is a unique complete history (mp) with given mt and with s̃t((mp)) = (m′

p),
which depends continuously on (m′

p) and mt.
First assume that (mp)p∈P as above has been found. Let q ∈ P . Then we may
write qu = tp for some u, p ∈ P because P is a right Ore monoid. The story mtp

is the concatenationmt◦m′
p of rt,p(mpt) = mt and st,p(mtp) = m′

p, which exists
because rp(m

′
p) = m′

1 = st(mt). Thus mq = rq,u(mqu) = rq,u(mt ◦m′
p). So

there is at most one possible solution (mp)p∈P , and it depends continuously
on (m′

p) and mt. We must show that the length-q stories mq := rq,u(mt ◦m′
p)

with u, p ∈ P as above form a complete history, that is, rq,v(mqv) = mq for all
q, v ∈ P .
We have mqv = rqv,u2

(mt ◦m′
p2

) for some u2, p2 ∈ P with qvu2 = tp2. Since P
is a right Ore monoid, there are u3, u4 ∈ P with vu2u3 = uu4. Then tp2u3 =
qvu2u3 = quu4 = tpu4. Since P is a right Ore monoid, there is u5 ∈ P with
p2u3u5 = pu4u5. To simplify notation, we replace (u3, u4) by (u3u5, u4u5); thus
p2u3 = pu4.
Since quu4 = tpu4, we could also use (uu4, pu4) instead of (u, p) to define mq.
The associativity conditions in (4.7) show that this gives the same result:

rq,uu4
(mt ◦m′

pu4
) = rq,urqu,u4

(mt ◦m′
pu4

)

= rq,urqu,u4
(mt ◦m′

p ◦ sp,u4
(m′

pu4
)) = rq,u(mt ◦m′

p).

Similarly, we get the same result for mqv if we use (u2u3, p2u3) instead
of (u2, p2). Thus we may assume that p2 = p and u = vu2. Then

rq,v(mqv) = rq,v(rqv,u2
(mt ◦m′

p)) = rq,vu2
(mt ◦m′

p) = rq,u(mt ◦m′
p) = mq.
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This finishes the proof that (πt, s̃t) is a homeomorphism. This homeomorphism
transforms the map s̃t into the second coordinate projection Mt×st,X,π1

H0 →
H0, which is a (local) homeomorphism if st is one, and surjective if st is. �

First forgetting the last length-t time period and then the last length-u time pe-
riod gives the same result as directly forgetting the last time period of length tu.
That is, s̃u ◦ s̃t = s̃tu for all t, u ∈ P . Formally, this follows from the third
condition in (4.7). Thus the monoid P op acts on H0 by local homeomorphisms.
Why do we get the opposite monoid here? The maps s̃t : H

0 → H0 and
r̃t := idH0 form an action of P by topological correspondences with the ex-
tra property that any situation determines its past uniquely: a “situation”
in H0 is a complete history, which simply contains its past. Thus we still have
an action by topological correspondences, but one where the maps r̃p are all
identity maps, so that we may forget about them. This gives an action of the
opposite monoid P op by local homeomorphisms because of the direction of the
maps s̃p.

Example 4.11. Suppose that we start with an action of P on X by proper
maps rp and let sp be identity maps; that is, every situation determines its
future. Then the maps s̃t are homeomorphisms by Lemma 4.10. Thus our
action of P op on H0 extends to the group completion G of P op. The groupoid
model we are going to construct is the transformation groupoid of this group
action.

Definition 4.12. The transformation groupoid H := P op ⋉ H0 associated
to the P op-action (s̃p) on H0 by local homeomorphisms has object space H0,
arrow set

H1 := {(x, g, y) ∈ H0 ×G×H0 | ∃p1, p2 ∈ P, g = p1p
−1
2 , s̃p1

(x) = s̃p2
(y)},

range and source maps r(x, g, y) := x, s(x, g, y) := y, and multiplication

(x1, g1, y1) · (x2, g2, y2) := (x1, g1g2, y2)

if y1 = x2. The unit on x ∈ H0 is (x, 1, x), the inverse of (x, g, y) is (y, g−1, x).
We describe the topology on H1. For p1, p1 ∈ P , let

H1
p1,p2

:= H0 ×s̃p1
,H0,s̃p2

H0 := {(x, y) ∈ H0 ×H0 | s̃p1
(x) = s̃p2

(y)},

the fibre product of the diagram H0
s̃p1−−→ H0

s̃p2←−− H0. We give each H1
p1,p2

the

subspace topology from the product H0×H0, and
⊔

p1,p2∈P H
1
p1,p2

the disjoint

union topology. We map H1
p1,p2

→ H1 by (x, y) 7→ (x, p1p
−1
2 , y) ∈ H1. This

gives a surjection
⊔

H1
p1,p2

→ H1. We give H1 the quotient topology from this
map.

To verify that the transformation groupoid has desirable properties, we rewrite
it using filtered colimits. Let H1

g := {(x, g, y) ∈ H1} for g ∈ G; so

H1 =
⊔

g∈GH
1
g . We describe H1

g for fixed g ∈ G as a colimit over CgP (see Defi-

nition 3.14), which is a filtered category by Lemma 3.15. If p1q = p3, p2q = p4,
then s̃p1

(x) = s̃p2
(y) implies s̃p3

(x) = s̃p4
(y), so H1

p1,p2
⊆ H1

p3,p4
⊆ H0 × H0.
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Since right multiplication with q is locally injective, any (x, y) ∈ H1
p3,p4

has a neighbourhood in H0 × H0 so that for (x′, y′) in this neighbourhood,
s̃p1

(x′) 6= s̃p2
(y′) implies s̃p1q(x

′) 6= s̃p2q(y
′). Thus the subset H1

p1,p2
is rela-

tively open in H1
p3,p4

; so the spaces H1
p1,p2

for (p1, p2) ∈ P 2 and the inclusion

mapsH1
p1,p2

→ H1
p3,p4

form a diagram of subsets ofH0×H0 with open inclusion
maps.

Lemma 4.13. If p1p
−1
2 = p3p

−1
4 , then there are p5, p6 ∈ P with p5p

−1
6 = p1p

−1
2

and so that both H1
p1,p2

and H1
p3,p4

are open subsets of H1
p5,p6

; hence the subspace

topologies from H1
p1,p2

and H1
p3,p4

coincide on H1
p1,p2
∩H1

p3,p4
, and this subset is

open both in H1
p1,p2

and in H1
p3,p4

. Each H1
p1,p2

is open in H1
g , and the topology

on H1
g restricts to the given topology on each H1

p1,p2
.

Proof. Since CgP is filtered, there is an object (p5, p6) that dominates both
(p1, p2) and (p3, p4). This has all required properties. Thus all the embeddings
H1
p1,p2

→ H1
p3,p4

are open. This implies that the quotient topology on H1
g =

⋃

(p1,p2)∈Rg
H1
p1,p2

from
⊔

(p1,p2)∈Rg
H1
p1,p2

restricts to the given topology on

each subset H1
p1,p2

. �

Thus the subsets H1
p1,p2

for p1, p2 ∈ P form an open covering of H1, and the

topology on H1 restricts to the usual topology on each H1
p1,p2

. In the following,

we identify H1
p1,p2

with its image in H1, which is an open subset.

Proposition 4.14. The groupoid H is étale, locally compact and Hausdorff.

The decomposition H1 =
⊔

g∈GH
1
g satisfies H1

g ·H1
h ⊆ H1

gh and (H1
g )−1 = H1

g−1 .

If the maps sp for p ∈ P are surjective, then H1
g ·H1

h = H1
gh for all g, h ∈ G.

The groupoid H1
1 ⊆ H1 is an increasing union of open subgroupoids that are

proper and étale and describe equivalence relations on H0.

Proof. The space H0 is locally compact and Hausdorff by Lemma 4.9. The
coordinate projections H1

p1,p2
⇒ H0 are étale because P acts by local home-

omorphisms. Since the subsets H1
p1,p2

for p1, p2 ∈ P form an open covering

of H1, the coordinate projections H1 ⇒ H0 are étale. Any two points of H1
g

are contained in the same Hausdorff, locally compact, open subset H1
p1,p2

for

suitable p1, p2, so they may be separated by open subsets of H1
g ; since the sub-

sets H1
g are open, it is also possible to separate points in H1

g and H1
h for g 6= h.

Thus H1 is Hausdorff.
If the maps sp for p ∈ P are surjective, then so are the maps s̃p for p ∈ P
by Lemma 4.10. Now let (x, gh, y) ∈ H1

gh. Hence there are p1, p2 ∈ P with

gh = p1p
−1
2 and s̃p1

(x) = s̃p2
(y). Write g = p3p

−1
4 , h = p5p

−1
6 . Then also

g = p3q(p4q)
−1 and h = (p5t)(p6t)

−1 for all q, t ∈ P . The Ore condition (O1)
allows us to choose q and t such that p4q = p5t. Hence we may assume without
loss of generality that p4 = p5. Then

p1p
−1
2 = gh = p3p

−1
4 p5p

−1
6 = p3p

−1
6 .
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If s̃p1
(x) = s̃p2

(y), then also s̃p1t(x) = s̃p2t(y) for any t ∈ P , so we may rewrite
gh = (p1t)(p2t)

−1. We may also replace (p3, p4, p5, p6) by (p3q, p4q, p5q, p6q)
for any q ∈ P . Choosing q and t by condition (O1), we may achieve p3q = p1t,
p6q = p2t, by the definition of the group G. Hence we find p1, p2, p3 ∈ P with
gh = p1p

−1
2 , g = p1p

−1
3 , h = p3p

−1
2 and s̃p1

(x) = s̃p2
(y). Since s̃p3

is surjective,
we may choose z ∈ H0 with s̃p3

(z) = s̃p1
(x) = s̃p2

(y). Then (x, g, z) ∈ H1
g and

(z, h, y) ∈ H1
h satisfy (x, g, z) · (z, h, y) = (x, gh, y).

The open subgroupoid H1
1 is defined as the union of H1

p1,p2
with (p1, p2) ∈ R1.

Since CP is cofinal in C1
P by Lemma 3.15, H1

1 =
⋃

p∈P H
1
p,p. Here H1

p,p is the set

of all (x, y) ∈ H0×H0 with s̃p(x) = s̃p(y), and it carries the subspace topology
from H0 ×H0. So H1

p,p is a proper equivalence relation on H0, and H1
1 is the

union of these open subgroupoids. �

If P is countable, then we may choose a cofinal sequence in C1
P and write H1

1

as an increasing union of a sequence of proper étale equivalence relations.
Hence H1

1 is an approximately proper equivalence relation in the notation of [71].
These are called hyperfinite relations in [47]. We allow ourselves to call H1

1 ap-
proximately proper also if P is uncountable, replacing a sequence of proper
(finite) open subrelations by a directed set of such subrelations.
If the maps sp for p ∈ P are surjective, then the subsets H1

g for g ∈ G form a
G-grading in the notation of [11]. This is equivalent to an action of G on the
groupoid H1

1 by Morita equivalences with transformation groupoid H . Thus
we may think of H as the transformation groupoid associated to an action
of G on the noncommutative orbit space H1/H1

1 . Points in this orbit space
are equivalence classes of complete histories, where two complete histories are
identified if they coincide in the distant past, that is, s̃p(x) = s̃p(y) for some
p ∈ P . The group G acts on this by “time translations.”
If the maps sp are not surjective, then the G-action on H1 is only a partial

action because time translations x 7→ px into the future are not everywhere de-
fined. A partial G-action is the same as an action of a certain inverse semigroup
associated to G, see [23].

Definition 4.15. A situation x ∈ X is (historically) possible if x ∈ rp(Mp) for
all p ∈ P .

Let X ′ ⊆ X be the subset of possible situations. We have X ′ = X if and only
if all the maps rp are surjective. Let M ′

p = s−1
p (X ′) and let r′

p and s′
p be the

restrictions of rp and sp to M ′
p. Any situation that occurs at some point in

a complete history is possible, so we have mp ∈ M ′
p for any (mp)p∈P ∈ H0.

Conversely, a situation that is possible is the endpoint m1 of some complete
history (mp)p∈P because the maps rp are proper (Lemma 4.9) and a projec-
tive limit of non-empty compact spaces is non-empty. Thus π−1

p (H0) = M ′
p,

r′
p(M

′
p) = X ′ for all p ∈ P , and s′

p(M
′
p) ⊆ X ′ by associativity: if a situa-

tion has a possible past, then it is itself possible because we may concatenate
stories. We still have isomorphisms M ′

p ×X′ M ′
q
∼= M ′

pq, so restricting to the
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possible situations gives a new action by topological correspondences. By con-
struction, both systems (X,M, sp, rp, σp,q) and (X ′,M ′

p, s
′
p, r

′
p, σ

′
p,q) have the

same complete histories and thus the same transformation groupoid H .

Lemma 4.16. Let q, a1, a2 ∈ P satisfy qa1 = qa2. Then rq,a1
|M ′

qa1
= rq,a2

|M ′
qa2

.

Proof. Condition (O2) gives us b ∈ P with a1b = a2b. The associativity prop-
erty (4.7) of the maps rp,p gives rq,ai

◦ rqai,b = rq,aib. Hence rq,a1
and rq,a2

coincide on the range of rq,a1b = rq,a2b. The subspace M ′
qa1

is contained in that
range. �

Write p ≥ q for p, q ∈ P if there is a ∈ P with p = qa. Lemma 4.16 shows that
after restricting to the possible situations, the truncation map rq,a : M ′

p →M ′
q

for p ≥ q does not depend on the choice of a.

Theorem 4.17. The groupoid C∗-algebra C∗(H) is canonically isomorphic to

the Cuntz–Pimsner algebra of the product system (Ep)p∈P over P described

above.

Proof. The proof has two parts. In the first part, we show that the original
action on X has the same colimit as the induced action on H0. So we are
reduced to the special case of actions by correspondences of the special form
where the maps rp : Mp → X are all identity maps. In the second part, we do
this case by hand.
Let D be a C∗-algebra. A transformation from the product system (Ep)p∈P

to D consists of a correspondence F to D together with isomorphisms of cor-
respondences Vp : Ep⊗C0(X) F ∼= F . The left action of C0(X) on Ep extends to
an action of C0(Mp) by pointwise multiplication. Thus we get a canonical left
action of C0(Mp) on Ep ⊗C0(X) F ∼= F , where we use use the isomorphism Vp.
Thus C0(Mp) acts on F in a canonical way for each p ∈ P .
If p, q ∈ P , then the isomorphism Vpq : Epq ⊗C0(X) F ∼= F is equal to the com-
posite isomorphism where we first identify Epq ∼= Ep ⊗C0(X) Eq and then apply
Vq and Vp. As a consequence, the action of C0(Mp) on F is the composite of the
action of C0(Mpq) on F and the ∗-homomorphism rp,q : C0(Mp) → C0(Mpq).
So the left actions of C0(Mp) fit together to an action of the inductive limit

lim−→
CP

(C0(Mp), r
∗
p,q)
∼= C0

(

lim←−
CP

(Mp, rp,q)
)

= C0(H0).

Thus F carries a nondegenerate ∗-representation of C0(H0), turning it into a
correspondence F̃ from C0(H0) to D.
Now let Ẽp := Ep ⊗C0(X) C0(H0). Then

Ẽp ⊗C0(H0) F̃ ∼= Ep ⊗C0(X) C0(H0)⊗C0(H0) F̃ ∼= Ep ⊗C0(X) F ∼= F ,
where the last isomorphism is Vp and all other isomorphisms are trivial. By

definition, the correspondence Ẽp from C0(X) to C0(H0) is obtained from a

topological correspondence as well, namely, we replaceMp by M̃p = Mp×sp,X,π1

H0 and use the map (m,ω) 7→ rp(m) as range and the map (m,ω) 7→ ω as
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source map. Lemma 4.10 describes a homeomorphism M̃p
∼= H0 such that the

second coordinate projection becomes s̃p : H0 → H0. We let r̃p be the identity

map H0 → H0 and thus turn Ẽp into a correspondence from C0(H0) to itself.
Since s̃p◦s̃q = s̃qp, the usual composition of topological correspondences defines
an action of P on H0 by topological correspondences. Thus the associated
C∗-correspondences Ẽp form a product system over P with unit fibre C0(H0).

We claim that the isomorphism of Hilbert modules Ẽp ⊗C0(H0) F̃ ∼= F̃ con-

structed above is an isomorphism of correspondences from C0(H0) to D with
this choice of left action of C0(H0) on Ẽp. It suffices that C0(Mq) acts in the
same way on both sides for each q ∈ P . The Ore condition (O1) gives t, u ∈ P
with pt = qu. Since the action of C0(Mq) factors through C0(Mqu) and qu = pt,
we may assume q = pt.
The left action of C0(Mpt) on Ẽp ⊗C0(H0) F̃ is obtained as follows. First, as
Hilbert D-modules, we identify

Ẽp ⊗C0(H0) F̃ ∼= (Ep ⊗C0(X) C0(Mt))⊗C0(Mt) (Et ⊗C0(X) F).

Then we identify Ep ⊗C0(X) C0(Mt) with the C∗-correspondence from C0(Mpt)
to C0(Mt) associated to the topological correspondence Mpt

∼= Mp ×sp,X,rt

Mt →Mt, where the range map is the homeomorphism σp,t and the source map
is pr2. By Lemma 4.3, the composite of this with the C∗-correspondence Et
from C0(Mt) to C0(X) is the C∗-correspondence associated to the composite
topological correspondence, (Mp×sp,X,rt

Mt)×pr2,Mt,rt
Mt. This is Mp×sp,X,rt

Mt now viewed as a topological correspondence from Mpt to X . As such, it
is isomorphic to Mpt. Thus we may also get the left action of C0(Mpt) on

Ẽp ⊗C0(H0) F̃ by identifying this in the canonical way with Ept ⊗C0(X) F and
then acting on the first tensor factor by pointwise multiplication. This, however,
is exactly how the left action of C0(Mpt) on F̃ is defined. Thus the left actions

of C0(Mt) on Ẽp ⊗C0(H0) F̃ and F̃ coincide as expected.

Since C0(X) ⊆ C0(H0), we may view Ep as a subspace of Ẽp. The map from

the algebraic tensor product Ep ⊙ F to Ẽp ⊗C0(H0) F has dense range because
the target is isomorphic to F , which is also isomorphic to the correspondence
tensor product Ep ⊗C0(X) F , and there Ep ⊙ F is certainly dense. Hence the

map from Ep ⊙ Eq ⊙ F to Ẽp ⊗C0(H0) Ẽq ⊗C0(H0) F also has dense range. The
coherence condition for a transformation of product systems (3.2) holds on
this dense subspace by assumption, and hence it holds everywhere. Thus our
isomorphisms of C∗-correspondences Ẽp ⊗C0(H0) F ∼= F form a transformation
as expected.
Thus a transformation from the product system Ep to D gives a transformation

from the product system Ẽp to D, with the same underlying Hilbert mod-

ule F . Conversely, a transformation from the product system Ẽp to D gives

one from the product system Ep to D because Ep ⊆ Ẽp. Since Ep⊙F is dense in

Ẽp⊗C0(H0)F , these two constructions must be inverse to each other. Summing
up, we have found a bijection between the transformations from our two prod-
uct systems to D that does not change the underlying Hilbert module F . The
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results in Section 2 show that such transformations are in bijection with non-
degenerate representations of the Cuntz–Pimsner algebras of the two product
systems on F , respectively. Having found bijections between the representa-
tions of both Cuntz–Pimsner algebras on any Hilbert module, we conclude by
the Yoneda Lemma that they must be isomorphic.
We have now reduced the general case of an action by topological correspon-
dences to the special case of an action with Mp = X and rp = id for all p ∈ P .
This case is much easier because the groupoid model has H0 = X , so we merely
take a transformation groupoid and do not change the underlying object space.
By definition, C∗(H) is the C∗-completion of the dense ∗-subalgebra Cc(H1)
of compactly supported, continuous functions on H1, equipped with the usual
convolution and involution

f1 ∗ f2(h) :=
∑

h1h2=h

f1(h1)f2(h2), f∗(h) := f(h−1),

for f1, f2, f ∈ Cc(H1), h ∈ H1 (see [28, Section 3]). Here “C∗-completion”
means that we complete in the largest C∗-seminorm on Cc(H

1). There is
no need to assume boundedness for the I-norm. First, the argument in [28]
shows that every Hilbert space representation and hence every C∗-seminorm is
continuous for the inductive limit topology; secondly, [70, Corollaire 4.8] shows
that such representations and C∗-seminorms are bounded for the I-norm.
The disjoint decomposition H1 =

⊔

g∈GH
1
g gives Cc(H1) =

⊕

g∈G Cc(H
1
g ).

This is a non-saturated G-grading, that is, Cc(H
1
g ) ∗ Cc(H

1
h) ⊆ Cc(H

1
gh) and

Cc(H1
g )∗ = Cc(H

1
g−1 ). This G-grading turns C∗(H) into the section algebra

of a Fell bundle over G. Of course, our proof will show that this Fell bundle
structure corresponds to the same structure on the Cuntz–Pimsner algebra.
The space H1

g is an increasing union of the open subsets H1
p1,p2

. Thus any

function in Cc(H
1
g ) already belongs to Cc(H

1
p,q) for some p, q ∈ P with pq−1 =

g:

Cc(H1
g ) =

⋃

pq−1=g

Cc(H
1
p,q).

Since X = H1, we haveH1
p,q
∼= X×sp,X,sq

X , the set of pairs (x, y) with sp(x) =
sq(x). We are now going to relate Cc(X ×sp,X,sq

X) to the space K(Eq, Ep) in
the description of the Cuntz–Pimsner algebra in the proof of Theorem 3.16.
Given a function k ∈ Cc(X ×sp,X,sq

X), we define

Tk : Eq → Ep, (Tkξ)(m1) :=
∑

sp(m1)=sq(m2)

k(m1,m2)ξ(m2);

these sums are uniformly finite form1 in a compact subset because sp and sq are
local homeomorphisms and the support of k is compact. The operator Tk is a
rank-one operator if k(m1,m2) = k1(m1)·k2(m2) with k1 ∈ Cc(X), k2 ∈ Cc(X).
Since functions k of this form are dense in Cc(X ×sp,X,sq

X) and the map
k 7→ Tk is continuous, we have Tk ∈ K(Eq, Ep) for all k ∈ Cc(X ×sp,X,sq

X).
Since compactly supported functions are dense in Ep and Eq, operators of the
form Tk for k ∈ Cc(X×sp,X,sq

X) are dense in K(Eq, Ep). If Tk = 0, then k = 0.
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We may express the product and involution on compact operators through ker-
nel functions: if k ∈ Cc(X ×sp,X,sq

X) and l ∈ Cc(X ×sq,X,st
X), then Tk ◦ Tl

has the kernel (m1,m2) 7→ ∑

sq(m)=sp(m1)=st(m2) k(m1,m)l(m,m2), and the

adjoint T ∗
k has the kernel (m1,m2) 7→ k(m2,m1). These formulas correspond

to the convolution and involution in Cc(H
1). Therefore, the map k 7→ Tk is an

injective ∗-homomorphism with dense range from Cc(H
1) =

∑

p,q∈P Cc(H
1
p,q)

to the ∗-algebra
∑

g∈GOg of compactly supported sections of the Fell bun-

dle (Og)g∈G.
It remains to show that this ∗-homomorphism extends to an isomorphism
between the C∗-completions. It suffices to prove that the restriction of any
∗-representation of Cc(H1) to Cc(H1

g ) is bounded with respect to the norm

of Og. Since ‖ξ‖2 = ‖ξ∗ξ‖O1
for all ξ ∈ Og, this holds for all g once it holds for

g = 1. Thus it remains to show that the unit fibre O1 of the Cuntz–Pimsner
algebra is the C∗-completion of Cc(H1

1 ) for the subgroupoid H1
1 .

If p ∈ P , then the subset H1
p,p = X ×sp,X,sp

X of H1
1 is the groupoid de-

scribing the equivalence relation ∼p induced by the map sp. This equivalence
relation is proper, that is, the map X → X/∼p is proper, since sp is a local
homeomorphism. Hence the C∗-algebra of the groupoid H1

p,p is Morita–Rieffel
equivalent to C0(sp(X)). The Hilbert bimodule constructed in the proof of
this Morita–Rieffel equivalent in [61] is exactly our correspondence Ep. Hence
C∗(H1

p,p) = K(Ep). The C∗-algebras C∗(H1) and O1 are the colimits of the dia-

grams of C∗-algebras C∗(H1
p,p) and K(Ep) over the filtered category CP . Hence

they are also canonically isomorphic. �

5. Some relations to previous work

The construction of groupoid models above is very general and contains many
known constructions. We discuss some of them in this section.
First let P = (N,+). An action of N by topological correspondences is already
determined by the single topological correspondence (M1, r1, s1), where s1 must
be a local homeomorphism (1 ∈ N is not the unit element here, there is a conflict
with our usual multiplicative notation). This topological correspondence is the
same as a topological graph. We assume r1 to be proper to get a proper
topological correspondence; then the composite correspondences Mn for n ∈ N
are automatically proper. We also assume r1 to be surjective; equivalently,
all maps rn are surjective and X = X ′. What we are dealing with is a row-
finite topological graph without sources, which we simply call regular. The
space X is its space of vertices, and M1 is its space of edges, with m ∈ M1

giving an edge from s1(x) to r1(x). A point in Mn is a path in the topological
graph of length n, and the maps sn and rn send such a path to its initial and
final point. The homeomorphism Mn ×sn,X,rm

Mm
∼= Mn+m builds a path of

length n + m by concatenating two paths of length n and m. If the space X
of vertices is discrete, then so is the space of edges M1 because s1 is a local
homeomorphism. Thus the case where X is discrete gives the ordinary graphs
among the topological graphs.
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For a regular topological graph, the topological graph C∗-algebra of Katsura
[43–45] is, by definition, the same absolute Cuntz–Pimsner algebra that we
study. If there are sources, that is, r1 is not surjective, then neither our (abso-
lute) Cuntz–Pimsner algebra nor its groupoid model see a difference between
the topological graph (X,M1, r1, s1) and its restriction (X ′,M ′

1, r
′
1, s

′
1), which

now has surjective r′
1. Thus we get the topological graph C∗-algebra of the

regular graph (X ′,M ′
1, r

′
1, s

′
1); this is quite different from Katsura’s C∗-algebra

for the original topological graph.
Groupoid models played an important role in the definition of (discrete) graph
C∗-algebras by Kumjian, Pask, Raeburn and Renault in [48]. They are,
however, not used by Katsura to develop the theory of topological graph
C∗-algebras. A pretty general construction of a groupoid model for topological
graph C∗-algebras is due to Deaconu [19], under the extra assumption that
both maps s1 and r1 be surjective local homeomorphisms and both spaces X
and M1 be compact. These assumptions are removed by Yeend [78], who con-
structs groupoid models for the more general class of higher-rank topological
graphs. His construction works for all rank-1 graphs, that is, he may allow r1 to
be any map. The construction simplifies, however, if r1 is proper and surjective.
Since points in Mn are paths of length n, our complete histories in H0 are
the same as infinite paths in the topological graph. The map πn : H0 → Mn

gives the initial segment of a path of length n. The local homeomorphism s̃n
truncates an infinite path by throwing away the initial segment of length n.
The groupoid H is Z-graded,

H =
⊔

n∈Z

Hn,

and the unit fibre H0 ⊆ H describes the equivalence relation of tail equivalence:
we identify two infinite paths if they eventually become equal (without shift).
The whole groupoid H combines tail equivalence with the shift map on infinite
paths: an arrow in Hn means that two infinite paths become eventually equal
if we also shift one of them by n steps.
The construction above is exactly how the usual groupoid model for a regular
topological graph is constructed. Thus our groupoid H is the same as Yeend’s
groupoid model for the C∗-algebra of a regular topological graph, which in turn
generalises the groupoid models in [19, 48]. In particular, we get the familiar
groupoid model for the C∗-algebra of a row-finite graph without sources. In
the irregular case, Yeend adds certain finite paths to H0, and he defines the
topology on the resulting space of “boundary paths” carefully to get a locally
compact space.
Next consider P = (Nk,+) for some k ≥ 2. An action of the Ore monoid Nk by
topological correspondences is the same, almost by definition, as a topological

rank-k graph. The case where the underlying space X is discrete corresponds
to an ordinary rank-k graph. Topological higher-rank graphs are introduced by
Yeend, who also describes a groupoid model for them in [79]. He requires the
source maps to be local homeomorphisms, but does not require the range maps
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to be proper; instead, he assumes a weaker condition called “compact align-
ment,” which may be formulated for lattice-ordered semigroups. He constructs
groupoid models for the Toeplitz C∗-algebra and the relative Cuntz–Pimsner al-
gebra of the product system over Nk associated to a compactly aligned topologi-
cal higher-rank graph. The relative and absolute Cuntz–Pimsner algebras agree
if and only if all range maps rp are surjective (“no sources”). We call a topolog-
ical higher-rank graph regular if the maps rp are surjective and proper for all
p ∈ Nk. In the regular case, the groupoid model constructed by Yeend [79] is
the same one that we have constructed above: the boundary paths that form
the object space for Yeend’s groupoid model are the same as our complete his-
tories by [79, Lemma 6.6]. In the irregular case, the object space of Yeend’s
groupoid combines infinite paths with certain finite and partially infinite paths.
It is unclear how to carry this over to actions of Ore monoids.
How about groupoid models for actions of semigroups other than Nk? Here
we are only aware of constructions in particular cases. We discuss two general
situations. First, if the action is by local homeomorphisms, then we are already
very close to an inverse semigroup action, which is easily translated to an étale
groupoid (see [28,31,64]). Secondly, the construction of a semigroup C∗-algebra
by Xin Li in [16, 55] may also be based on an action of the semigroup by
topological correspondences.

5.1. Semigroups of partial local homeomorphisms. Let P be a monoid,
and let P act on a locally compact space X by partial local homeomorphisms,
that is, by topological correspondences of the special form

(5.1) X
inclusion←−−−−− Up

αp−−→ X,

where Up ⊆ X is an open subset and αp is a local homeomorphism. These
topological correspondences are only proper if the domains Up are also closed.
But the following construction of a groupoid does not need this assumption,
and neither does it require the monoid P to be Ore. We do not claim, however,
that the groupoid C∗-algebra of the resulting groupoid is isomorphic to the
Cuntz–Pimsner algebra of the product system over P associated to our action:
our proof only gives this if P is an Ore monoid and the correspondences are
proper, that is, the subsets Up are clopen.
First we make the multiplication maps explicit. The fibre product Up×sp,X,rq

Uq
consists of pairs (x, y) with x ∈ Up, y ∈ Uq, and αp(x) = y, and the range and
source maps on Up ×sp,X,rq

Uq take (x, y) to x and αq(y), respectively. Since

y = αp(x), the map (x, y) 7→ x identifies Up ×sp,X,rq
Uq with Up ∩ α−1

p (Uq);
under this identification, the range and source maps become the inclusion map
and the map x 7→ αq(αp(x)), respectively. Thus we must have

(5.2) Upq = Up ∩ α−1
p (Uq), αpq = αq ◦ αp.

Conversely, these conditions give a unique isomorphism of topological corre-
spondences Up ×sp,X,rq

Uq ∼= Upq. These isomorphisms automatically verify
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the associativity condition required for an action of P by topological corre-
spondences. Thus an action of P by topological correspondences of the special
form (5.1) is the same as a homomorphism from P op to the monoid of partial
local homeomorphisms of X , with the composition of partial local homeomor-
phisms defined in (5.2).
If V ⊆ Up is such that αp|V is injective, then αp|V is a partial homeomorphism
on X . Since αp is a local homeomorphism, any point in Up has a neighbour-
hood V on which αp|V is injective, so that these partial homeomorphisms con-
tained in αp cover αp. Hence we do not lose any information if we replace αp
by the set of all partial homeomorphisms αp|V for V ⊆ Up such that αp|V
is injective. These partial homeomorphisms αp|V form a semigroup because
αq|V ◦ αp|W = αpq|W∩α−1

p (V ) and W ∩ α−1
p (V ) is an open subset of Upq on

which αpq is injective by (5.2).
We let S be the inverse semigroup of partial homeomorphisms generated by
these partial homeomorphisms αp|V . This inverse semigroup acts on X by
construction, and this action has an associated transformation groupoid X⋊S,
also called groupoid of germs; see [28, 64]. This groupoid is often the same
as the groupoid model constructed in Section 4, but there are some “trivial”
counterexamples. The issue is how to define the germ relation. To always get
the groupoid constructed in Section 4, we do the following.
First, we assume now that P is an Ore monoid with group completion G. Since
the construction in Section 4 is only for actions by proper correspondences, we
also require that the domains Up are clopen. We let S0 be the free inverse
semigroup on symbols (p, V ) for αp|V as above. This comes with a canonical
homomorphism γ : S → G by mapping (p, V ) 7→ p−1, and with a canonical
action on X by mapping (p, V ) 7→ αp|V . Let S be the quotient of S0 by the
kernel of this map. That is, we consider two elements of S0 equivalent if they
give the same element of G and the same partial homeomorphism on X . Now
we take the groupoid of germs of the action of S on X with the germ relation
from [28], that is, two elements s, t ∈ S have the same germ at x ∈ X if there
is an idempotent e in S defined at x so that se = te.

Lemma 5.3. Assume that P is an Ore monoid and the subsets Up are clopen.

Then the groupoid X⋊S above is canonically isomorphic to the groupoid model

in Definition 4.12.

Proof. We map the free inverse semigroup S0 above to the inverse semigroup
of bisections of the groupoid H in Definition 4.12 by mapping (p, V ) to H1

1,p ∩
s−1(V ); this is easily seen to be a bisection of H that acts on X = H0 by
the partial homeomorphism αp|V and has degree p−1. Thus the action of S0

on X and the homomorphism γ both factor through the inverse semigroup of
bisections of H , where γ maps bisections contained in H1

g to g and where the
action of H on X is used to let bisections act on X .
By construction, s ∈ S0 is annihilated by γ if and only if the corresponding
bisection in H is contained in H1. This groupoid comes from an equivalence
relation, so a bisection is trivial if and only if it acts trivially on X . Hence
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s ∈ S0 becomes idempotent in S if and only if it is mapped to an idempotent
bisection of H . This shows that the quotient S of S0 is exactly the image of S0

in the inverse semigroup of bisections of H .
The groupoid H is covered by bisections that belong to S and are of the form

(H1
1,p ∩ s−1(V )) ◦ (H1

1,q ∩ s−1(W ))−1

for p, q ∈ P and V ⊆ Up, W ⊆ Uq such that αp|V and αq|W are injective. It
is not clear whether these bisections already form an inverse semigroup; but at
least, since they cover the arrow space of H , any product of such bisections is
again covered by bisections of H of this special form. Therefore, the inverse
semigroup S and the inverse semigroup of bisections of H have the same germ
groupoids attached to their actions on X , that is, H ∼= X ⋊ S. �

The examples considered by Exel and Renault in [31] are actions of (Nk,+) by
(globally defined) local homeomorphisms, so they certainly fit into our frame-
work. This is remarkable because [31] also contains counterexamples where
Exel’s interaction group approach to non-invertible dynamical systems does
not apply. This leads Exel and Renault to speculate that something should go
wrong in these counterexamples.
Exel defines interactions in [27] as a way to describe dynamical systems that
are non-deterministic in both past and future time directions. A local home-
omorphism with a transfer operator is a particular example of an interaction,
and the dynamics generated by a single local homeomorphism may be studied
quite well using interactions. Exel proposed the concept of an interaction group

in [29] in order to extend this to more general dynamical systems. In [31], Exel
and Renault give rather simple examples of commuting local homeomorphisms
S, T : X → X that cannot be embedded in an interaction group over Z2. We are
going to discuss this, assuming both S, T to be surjective because this happens
in the counterexamples in [31].
The problem is the following. The local homeomorphism S generates an equiv-
alence relation on X by x ∼S y if S(x) = S(y), and similarly for T . If there
is an interaction group, then these relations ∼S and ∼T must commute, that
is, there is z ∈ X with x ∼S z ∼T y if and only if there is w ∈ X with
x ∼T w ∼S y (see [31, Proposition 14.1]). There are, however, commuting
endomorphisms S, T for which the relations ∼S and ∼T do not commute. So
such S, T cannot be part of an interaction group. Why is this no problem for
our groupoid model?
Since our topological correspondences are already local homeomorphisms, our
groupoid H has object space H0 = X . The group completion of (N2,+)
is (Z2,+), so the groupoid H is Z2-graded, H =

⊔

g∈Z2 Hg. A point in Hg

is given by (x, y) ∈ X and n1, n2,m1,m2 ∈ N with Sn1T n2(x) = Sm1Tm2(y)
and (m1,m2)− (n1, n2) = g, and this is an arrow x← y. Thus the range and
source maps identify Hg with the union of the subsets

Hn1,n2,m1,m2
= {(x, y) ∈ X ×X | Sn1T n2(x) = Sm1Tm2(y)}.

Documenta Mathematica 20 (2015) 1331–1402



Product Systems over Ore Monoids 1375

We treat these as relations on X . The subsets Hn1,n2,m1,m2
are closed

in X × X . If k1, k2 ∈ N then Hn1,n2,m1,m2
is both open and closed in

Hn1+k1,n2+k2,m1+k1,m2+k2
because the map Sk1T k2 is a local homeomorphism,

hence locally injective. The relation Hn1,n2,m1,m2
may also be interpreted as

the graph of the multi-valued map S−n1T−n2Sm1Tm2 on X .
What happens when we compose our relations? We have (x, y) ∈ Hk1,k2,l1,l2 ◦
Hl1,l2,m1,m2

if and only if there is z ∈ X with Sk1T k2(x) = Sl1T l2(z) =
Sm1Tm2(y). Since Sl1T l2 is surjective by assumption, the point z can always
be found if Sk1T k2(x) = Sm1Tm2(y), so

(5.4) Hk1,k2,l1,l2 ◦Hl1,l2,m1,m2
= Hk1,k2,m1,m2

.

Exel and Renault say that S and T star-commute if for all x, y ∈ X with
T (x) = S(y) there is a unique z ∈ X with S(z) = x and T (z) = y. Under this
assumption, they construct an interaction group containing S and T . In our
notation, S and T star-commute if and only if H0,1,1,0 = H0,0,1,0 ◦H0,1,0,0; the
inclusion H0,1,1,0 ⊇ H0,0,1,0 ◦H0,1,0,0 is trivial. The relation H0,1,1,0 describes
the multi-valued map T−1 ◦ S, whereas the relation H0,0,1,0 ◦H0,1,0,0 describes
the multi-valued map S◦T−1. So S and T star-commute if and only if T−1◦S =
S ◦ T−1.
If this fails, there is no good way to define a topological correspondence or an
interaction for the element (1,−1) ∈ Z2. The difference between these two
relations is, however, always small in the sense that

T ◦ (S ◦ T−1) = S ◦ (T ◦ T−1) = S = T ◦ (T−1 ◦ S).

Since x, y ∈ X with T (x) = T (y) are equivalent in our groupoid H , the differ-
ence between the relations S ◦ T−1 and T−1 ◦ S does not matter once we take
the whole groupoid into account.
Let us also examine this issue from the point of view of the Cuntz–Pimsner
algebra of the resulting product system (Ep)p∈N2 . The subspace Hn1,n2,m1,m2

of the groupoid corresponds to the subspace K(E(m1,m2), E(n1,n2)) of the Cuntz–
Pimsner algebra, compare the proof of Theorem 4.17. Since we assume the
maps S, T to be surjective, the correspondences Ep are full for all p ∈ N2.
Hence

K(E(m1,m2), E(n1,n2)) ·K(E(k1,k2), E(m1,m2)) = K(E(k1,k2), E(n1,n2))

for all k1, k2,m1,m2, n1, n2 ∈ N. This corresponds to (5.4).
The zero fibre of the Cuntz–Pimsner algebra is the inductive limit of the
C∗-subalgebras K(En1,n2

) for n1, n2 → ∞. In particular, K(E0,1) and K(E1,0)
are contained in K(E1,1). Although E1,1 = E1,0 ⊗C0(X) E0,1

∼= E0,1 ⊗C0(X) E1,0,
we cannot expect in general that K(E0,1) · K(E1,0) is equal to K(E1,1): this
goes wrong if S and T do not star-commute. It may also happen that
K(E0,1) · K(E1,0) 6= K(E0,1) · K(E1,0) or, equivalently, that K(E0,1) · K(E1,0) is
not a C∗-algebra.
Summing up, we have seen that the commutative semigroup N2 may well gen-
erate some noncommutative phenomena both on the groupoid and C∗-algebra
level. So the reason why Cuntz–Pimsner algebras for proper product systems
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over N2 are tractable is not that N2 is commutative—it is that N2 satisfies Ore

conditions.

To make this clearer, consider now an arbitrary semigroup P . The Cuntz–
Pimsner algebra of a proper product system (Ep)p∈P over P must contain K(Ep)
for all p ∈ P . Given p, q ∈ P , we therefore need a C∗-algebra containing both
K(Ep) and K(Eq). If P is an Ore monoid, then there is t ∈ P with t ≥ p, q,
and then K(Ep) and K(Eq) are both contained in K(Et). It is irrelevant for the
construction how much of K(Et) is generated by K(Ep) and K(Eq) or whether
K(Ep)·K(Eq) is a C∗-algebra. Indeed, we would not even ask for any relationship
unless t were chosen minimal, t = p ∨ q, which only exists in lattice-ordered
semigroups. The examples in [31] show that for commutative P the interaction
group approach of Exel is trying implicitly to combine K(Ep) and K(Eq) in such
a way that K(Ep) ·K(Eq) = K(Eq) ·K(Ep) is again a C∗-algebra. This led Exel
in [30] to study when A ·B = B ·A for two C∗-subalgebras A and B of another
C∗-algebra.
Finally, there is one thing where an interaction group helps. If we only have an
action of N2, then we can only restrict it to submonoids of N2. An interaction
group on Z2 may also be restricted to subgroups of Z2; in the above notation,
an interaction group gives well-defined topological correspondences Sn1T n2 for
all n1, n2 ∈ Z. Without it, we only have this if n1 and n2 have the same
sign. Examples of such restrictions are the polymorphisms in [17]. These may,
however, be written directly as topological graphs.

5.2. Semigroup C*-algebras. How to define the C∗-algebra of a monoid P?
A satisfactory answer is given by Xin Li [55], assuming P to be left cancellative.
If P is Ore, we shall describe Xin Li’s C∗-algebra as the Cuntz–Pimsner algebra
of a product system. More precisely, we change the order of multiplication in P
so as to get product systems over P instead of over P op, compare Remark 3.1.
Thus for us P is a right cancellative, right Ore monoid, and we describe the
semigroup C∗-algebra of P op in the notation of [55]. The discussion below is
closely related to the description of semigroup C∗-algebras in [16].
Why is it non-trivial to construct semigroup C∗-algebras? There is an obvious
product system over any monoid: just take the complex numbers everywhere,
with the obvious multiplication maps. A nondegenerate representation of this
product system, however, is a representation of P by unitaries, not isome-
tries. Hence the Cuntz–Pimsner algebra of this product system is the group
C∗-algebra of the group completion of P . To get an interesting Cuntz–Pimsner
algebra, we need a non-trivial product system.
So why not take the universal C∗-algebra for representations of P by isometries?
This is generated by one isometry sp for each p ∈ P , with the relations s∗

psp = 1
for all p ∈ P and spsq = sqp for all p, q ∈ P . This universal semigroup
C∗-algebra of P op is introduced by Murphy [62]. It is, however, usually too
“wild” to say much about it. It is rarely simple or exact.
The right way to “tame” Murphy’s universal C∗-algebra of a semigroup is to
impose relations on the range projections of the isometries sp. Xin Li [55]
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proposes a set of such relations modelled on properties of the regular represen-
tation of the semigroup. We are about to construct a product system (Ep)p∈P

that gives Xin Li’s C∗-algebra, and such that s∗
p ∈ Ep. Thus sps

∗
p ∈ E1. In our

approach, the desired relations among the range projections sps
∗
p are encoded

in the C∗-algebra D := E1.
Let D be the C∗-subalgebra of ℓ∞(P ) generated by the characteristic functions
of left ideals of the form Ppq−1 ∩ P for p, q ∈ P , where

Ppq−1 ∩ P = {x ∈ P | ∃y ∈ P : xq = yp}.

In the following, we will use the group completion G of P and write Pg for
g ∈ G. Since P ⊆ G is right cancellative, we have xq ∈ Pp if and only if
xqt ∈ Ppt for some t ∈ P ; thus Pg for g ∈ G is well-defined, that is, does not
depend on how we write g = pq−1 for p, q ∈ P .
SinceD is commutative and unital, it is of the form C(X) for a compact spaceX .
Right translation by p ∈ P maps Pg ∩ P to Pgp ∩ Pp. The characteristic
function of this intersection is the product of the characteristic functions of
Pgp∩P and Pp∩P and hence belongs to D. Thus right translation by p gives
an endomorphism ϕp : D → D. These maps form an action of P op on D by
endomorphisms, that is, ϕp ◦ ϕq = ϕqp for all p, q ∈ P .
The endomorphism ϕp for p ∈ P maps the constant function 1 to the char-
acteristic function ep of the subset P · p ⊆ P . Actually, ϕp : D → epD is an
isomorphism because the map

P → P · p, x 7→ x · p,

is bijective and this map and its inverse map the generators of D to the char-
acteristic functions of subsets of the form Pg ∩ Pp, which are exactly all the
generators of epD.
We may turn the action of P op by the endomorphisms (ϕp)p∈P into a product
system (Ep)p∈P over P as in Remark 3.1, with reversed order of multiplication
in P . Explicitly, Ep = ϕp(D) ·D = ϕp(1D) ·D = epD as a Hilbert D-module,

with left action of D through ϕp, and the multiplication maps are Ep⊗D Eq ∼−→
Epq, x⊗y 7→ ϕq(x)·y. The Cuntz–Pimsner C∗-algebra of this product system is
canonically isomorphic to the semigroup crossed product for the action (ϕp)p∈P

of P op on D (see [33, Section 3]), and this is isomorphic to Xin Li’s semigroup
C∗-algebra of P op by [55, Lemma 2.14].
Explicitly, the isomorphism looks as follows. The Cuntz–Pimsner algebra O
of (Ep)p∈P is generated by D and copies Sp(Ep) of Ep for each p ∈ P . Since
Ep = ep ·D and Sp(epd) = Sp(ep)d for all d ∈ D, O is already generated by D
and the elements sp = Sp(ep)

∗. Since 〈ep, ep〉Ep
= ep and |ep〉〈ep| = idEp

, the
element sp is an isometry with range projection ep. Furthermore, s∗

p · s∗
q = s∗

pq

or, equivalently, sp · sq = sqp for all p, q ∈ P . As it turns out, the relations
of D and the relations sps

∗
p = ep, s

∗
psp = 1, sp · sq = sqp for p, q ∈ P imply all

relations for the Cuntz–Pimsner algebra of (Ep)p∈P . Thus the Cuntz–Pimsner
algebra agrees with Xin Li’s semigroup C∗-algebra of P op.
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Now we describe a groupoid model for our Cuntz–Pimsner algebra. Such
groupoid models are already constructed in [56], even under weaker assump-
tions on the semigroup P .
The projection ep in C(X) corresponds to a clopen subset Vp ⊆ X . The iso-
morphism ϕp : D → epD corresponds to a homeomorphism rp : Vp → X . More
precisely, ϕp(x)|Vp

= x ◦ rp and ϕp(x)|X\Vp
= 0 for all x ∈ D. Let sp : Vp → X

be the inclusion map; this is a homeomorphism onto a clopen subset and hence
a local homeomorphism. Thus (Vp, rp, sp) is a proper topological correspon-
dence on X . The resulting correspondence on D = C(X) is C(Vp) = epD with
the obvious right Hilbert D-module structure and the left D-action ϕp = r∗

p.
This is equal to the C∗-correspondence Ep associated to the endomorphism ϕp.
Now identify Vp ∼= X through rp and rewrite our topological correspondence
in the form (X, idX , θp), where θp : X → Up ⊆ X applies the inverse r−1

p ;
these topological correspondences are as in (5.1), where Up = X and θp is a
homeomorphism onto a clopen subset of X . We have θp ◦ θq = θqp for all
p, q ∈ P because ϕp ◦ϕq = ϕqp. Hence we get an action of P op on X by partial
homeomorphisms, which is an action of the type considered in Section 5.1.
The resulting product system over P is canonically isomorphic to the product
system (Ep)p∈P associated to the action (ϕp)p∈P of P op on D = C(X) by
∗-endomorphisms.
As in Section 5.1, we get a groupoid model for the Cuntz–Pimsner algebra of
the product system (Ep)p∈P , and this groupoid model is the groupoid of germs
for the pseudogroup of partial homeomorphisms of X generated by the partial
homeomorphisms θp for p ∈ P .
Finally, we mention a quicker alternative definition of Xin Li’s semigroup
C∗-algebras, see also [56] for an extension of this approach to more general
semigroups. The main result of [50] shows that any semigroup crossed product
is a full corner in the crossed product for a group action on a larger C∗-algebra.
In our case, this larger C∗-algebra is the C∗-subalgebra A of ℓ∞(G) generated
by the characteristic functions of subsets of the form Pg ⊆ G for g ∈ G. The
right translation action of G on ℓ∞(G) restricts to an action of G on A by
automorphisms. This also induces an action of G by homeomorphisms on the
spectrum Y of the C∗-algebra A. The C∗-algebra D is the full corner in A
corresponding to the projection 1P , the characteristic function of P ⊆ G. The
action (ϕp) on D above is the compression of the action of G on A. Hence the
semigroup crossed product discussed above is canonically isomorphic to the
full corner 1P (A⋊G)1P in the crossed product A⋊G. Similarly, the groupoid
model for the action of P on X is the restriction of the transformation groupoid
Y ⋊G to the compact-open subset X ⊆ Y .

6. Properties of the groupoid model

Let an Ore monoid P act on a locally compact space X by topological corre-
spondences (Mp, σp,q). The Cuntz–Pimsner algebra of the resulting product
system over P is identified with a groupoid C∗-algebra C∗(H) in Theorem 4.17.
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Many properties of C∗(H) are equivalent or closely related to properties of the
underlying groupoid H . We harvest some known results of this type regarding
nuclearity, simplicity or ideal structure, tracial and KMS weights, and pure
infiniteness.
One interesting aspect of our groupoid model is that it involves a “precompiler”:
given an action of an Ore monoid P by topological correspondences on a spaceX ,
we first construct an action of P on another space H0 by local homeomorphisms,
and then we take the Cuntz–Pimsner algebra of this new action. Hence any
C∗-algebra that may be obtained as the Cuntz–Pimsner algebra of some action
of P by topological correspondences may also be obtained from an action of P
on another space by local homeomorphisms. Therefore, for some purposes
we may assume without loss of generality that we are dealing with an action
of P by local homeomorphism. In this section, however, the main point is to
rewrite properties of the groupoid H in terms of the original action on X . For
actions of P by local homeomorphisms, what we are going to do is already well-
known. Our criteria simplify further if the space X is discrete; this happens,
in particular, for higher-rank graphs.
We begin with quick criteria for separability, unitality and nuclearity.

Remark 6.1. The groupoid C∗-algebra of an étale locally compact groupoid
is separable if and only if the underlying groupoid is second countable. This
happens if and only if the closed subspace X ′ ⊆ X is second countable and the
group G is countable. This follows if X is second countable and P is count-
able; in the latter case, we can see directly that the Cuntz–Pimsner algebra is
separable.

Remark 6.2. The C∗-algebra C∗(H) is unital if and only if H0 is compact.
This happens if and only if the closed subspace X ′ ⊆ X is compact because
the projection map π1 : H0 → X is a continuous, proper map with image X ′

(see Lemma 4.9 and the discussion after Definition 4.15).

Theorem 6.3. The full groupoid C∗-algebra C∗(H) is nuclear if and only if

the groupoid H is topologically amenable. In that case, C∗(H) belongs to the

bootstrap class. The groupoid H1 ⊆ H is always topologically amenable. If G
is amenable, then the groupoid H is also amenable, and C∗(H1) belongs to the

bootstrap class.

Proof. An étale, Hausdorff, locally compact groupoid is (topologically)
amenable if and only if its reduced C∗-algebra is nuclear by [4, Corollary 6.2.14].
Furthermore, if H is amenable, then its reduced and full C∗-algebras coincide,
so the full one is also nuclear. Conversely, if the full groupoid C∗-algebra is
nuclear, then so is the reduced one because nuclearity is hereditary for quo-
tients. Hence nuclearity of the full groupoid C∗-algebra is also equivalent to
amenability of the groupoid.
Any amenable groupoid is “a-T-menable” by [76, Lemma 3.5]; that is, it acts
properly and isometrically on a continuous field of affine Euclidean spaces. The
proof of the Baum–Connes conjecture for a-T-menable groupoids also shows
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that their groupoid C∗-algebras belong to the bootstrap class, see [76, Propo-
sition 10.7].
Since C0(X) is nuclear, Theorem 3.21 shows that the unit fibre O1 in the
associated Cuntz–Pimsner algebra is always nuclear; then O itself is nuclear
if G is amenable. Theorem 4.17 and its proof identify O1 and O with C∗(H1)
and C∗(H), respectively. So the statements about amenability of H1 and H
follow from the first sentence in the theorem.
It is elementary to prove the topological amenability of H1 directly. The open
subgroupoids H1

p,p for p ∈ P are proper equivalence relations. So we may

normalise the counting measure on the fibres of H1
p,p to give an invariant mean

on H1
p,p. When we view these invariant means on H1

p,p as means on H1 for p in
the filtered category CP , we get an approximately invariant mean on H1. �

We have not yet tried to characterise amenability of H in terms of the original
action by topological correspondences.

6.1. Open invariant subsets and minimality.

Definition 6.4. A topological groupoid H is minimal if H0 has no open,
invariant subsets besides ∅ and H0.

Being minimal is a necessary condition for C∗(H) to be simple because open
invariant subsets of H0 generate ideals in C∗(H). We are going to describe
the open, invariant subsets of H0 in terms of the original data (Mp, σp,q). The
following lemma gives a base for the topology on H0 and will also be used for
other purposes.

Lemma 6.5. For p ∈ P and an open subset U ⊆Mp, let

π−1
p (U) := {(mq)q∈P ∈ H0 | mp ∈ U} ⊆ H0.

The family B of subsets of this form is a base for the topology on H0 and, for

each x ∈ H0, the subsets π−1
p (U) with x ∈ U form a neighbourhood base at x.

This base for the topology is closed under finite unions, finite intersections, and

under applying s̃−1
t for all t ∈ P ; and

(6.6) s̃t
(

π−1
t (U)

)

= π−1
1 (st(U)) for all t ∈ P and U ⊆Mt open.

Proof. By definition of the product topology, intersections
⋂

p∈F π
−1
p (Up) for

finite subsets F ⊆ P and open subsets Up ⊆ Mp for p ∈ F form a base of the
topology onH0, and such intersections with x ∈ π−1

p (Up) form a neighbourhood

base for x ∈ H0. If B is closed under finite intersections, then B itself is this
canonical base of the topology, and similarly for neighbourhoods of x.
Let p, q ∈ P . Then rp,q(mpq) = mp for all (mt)t∈P ∈ H0. Thus

(6.7) π−1
pq (r−1

p,q(U)) = π−1
p (U)

for each open subset U ⊆ Mp. Since the maps rp,q are continuous, r−1
p,q(U)

is again open. Now we consider a finite intersection
⋂n
i=1 π

−1
pi

(Ui) for F =
{p1, . . . , pn} ⊆ P and Ui = Upi

⊆ Mpi
. Since P is a right Ore monoid, there
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are p ∈ P and qi ∈ P with piqi = p for i = 1, . . . , n. Then π−1
pi

(Ui) =

π−1
p (r−1

pi,qi
(Ui)). Thus

n
⋂

i=1

π−1
pi

(Ui) = π−1
p

( n
⋂

i=1

r−1
pi,qi

(Ui)

)

,

n
⋃

i=1

π−1
pi

(Ui) = π−1
p

( n
⋃

i=1

r−1
pi,qi

(Ui)

)

.

Thus B is closed under finite intersections and finite unions. We have

(6.8) s̃−1
t (π−1

p (U)) = π−1
tp (s−1

t,p (U))

because s̃t((mp)) = (st,p(mtp))p∈P . Thus B is closed under s̃−1
t for all t ∈ P .

Lemma 4.10 shows that (πt, s̃t) : H0 → Mt ×st,X,π1
H0 is a homeomorphism.

Given U ⊆ Mt, consider the set of all ω ∈ H0 for which there is m ∈ U with
(m,ω) ∈Mt ×st,X,π1

H0. By definition of the fibre product, this is π−1
1 (st(U)).

The homeomorphism (πt, s̃t) shows, however, that it is also s̃t(π
−1
t (U)). This

gives (6.6). �

Definition 6.9. The indicator of an invariant subset A ⊆ H0 is the following
subset of X :

A# := {x ∈ X | π−1
1 (x) ⊆ A}.

Let X ′ ⊆ X be the subset of possible situations. By definition, any saturated
subset contains X \X ′. So we lose no information if we restrict attention to
A# ∩X ′.

Definition and Lemma 6.10. The indicator B of an open invariant subset

is open in X and has the following two properties:

hereditary: if p ∈ P , m ∈Mp satisfy rp(m) ∈ B, then sp(m) ∈ B;

saturated: if p ∈ P , x ∈ X satisfy sp(m) ∈ B for all m ∈ r−1
p (x), then

x ∈ B.

If S ⊆ P is a subset that generates P , then a subset B ⊆ X is hereditary and

saturated if and only if it satisfies the above two conditions for all p ∈ S.

Proof. Let B = A#. First we show that A# is open. By definition, X \A# =
π1(H0 \ A). The map π1 : H0 → X is proper by Lemma 4.9. So it maps the
closed subset H0 \A to a closed subset of X . Hence X \A# is closed and A#

is open.
Next we check that A# is hereditary. If sp(m) /∈ A#, then there is η ∈ H0 \A
with π1(η) = sp(m). The concatenation m · η ∈ H0 exists because sp(m) =
π1(η), and has π1(m · η) = rp(m). Since A is invariant, so is H0 \ A. Hence
m · η /∈ A and rp(m) /∈ A#.
We check that A# is saturated. Assume sp(m) ∈ A# for all m ∈ r−1

p (x), and

let η ∈ H0 satisfy π1(η) = x. Decompose η as η = m · η′ with η′ ∈ H0 and
m := πp(η) by Lemma 4.10. Since rp(m) = π1(η) = x, the assumption gives
π1(η′) = sp(m) ∈ A#, so η′ ∈ A. Since A is invariant, we get η = m · η′ ∈ A
and x ∈ A#.
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If a subset B ⊆ X satisfies the conditions of being hereditary and saturated for
given p, q ∈ P , then it also satisfies them for p·q because Mpq

∼= Mp×sp,X,rq
Mq.

Hence it suffices to verify these conditions for a set of generators for P . �

Theorem 6.11. The complete lattice of open H-invariant subsets of H0 is

isomorphic to the complete lattice of open, hereditary, saturated subsets of X.

In one direction, the isomorphism maps an open H-invariant subset A ⊆ H0

to its indicator; in the other direction, it maps an open, hereditary, saturated

subset B ⊆ X to

A :=
⋃

p∈P

(sp ◦ πp)−1(B) = {(mp)p∈P ∈ H0 | ∃p : sp(mp) ∈ B}.

Proof. Lemma 6.10 shows that the indicator A# of an open invariant subset
A ⊆ H0 is open, hereditary and saturated. Conversely, let B ⊆ X be open,
hereditary and saturated, and define A ⊆ H0 as above. This is clearly open.
We first check that A is invariant; then we check that its indicator is B.
Let η ∈ H0. Then sp ◦πp(η) ∈ X is the situation at time p ∈ P in the complete
history η. Thus A consists of all complete histories that, at some time, visit
B ⊆ X . However, if sp ◦πp(η) ∈ B, then spqπpq(η) ∈ B for all q ∈ P because B
is hereditary; indeed, πpq(η) ∈ Mpq

∼= Mp ×sp,X,rq
Mq corresponds to a pair

(πp(η),mq) with rq(mq) = spπp(η) ∈ B, so spq(πpq(η)) = sq(mq) ∈ B. The
subset pP ⊆ P is cofinal. Hence η ∈ A if and only if the set of q ∈ P with
sq ◦ πq(η) ∈ B is cofinal in P .

A subset A of H0 is H-invariant if and only if s̃−1
t (A) = A for all t ∈ P . Let

η ∈ H0 and write it as η = m · η′ for m ∈ Mt, η
′ ∈ H0 with st(m) = rt(η

′).
Thus s̃t(η) = η′. Then stpπtp(η) = spπp(η

′) for all p ∈ P . So if there is p ∈ P
with spπp(η

′) ∈ B, then there is q ∈ P with sqπq(η) ∈ B, namely, q = tp;
conversely, if there is q ∈ P with sqπq(η) ∈ B, then the set of such q ∈ P is
cofinal and hence contains some element of the form tp with p ∈ P by (O1).
Then spπp(η

′) ∈ B. This shows that η ∈ A if and only if η′ ∈ A. So A is
invariant as desired.
Now we check that the indicator of A is B. By construction, if x ∈ B, then
π−1

1 (x) ⊆ A. Conversely, let x ∈ X \ B. We must construct η ∈ H0 \ A
with π1(η) = x. For each p ∈ P , there is mp ∈ Mp with rp(mp) = x and
sp(mp) /∈ B because otherwise B would not be saturated. Since X \X ′ ⊆ B,
and sp(mp) /∈ B, there is ηp ∈ H0 with πp(ηp) = mp and hence π1(ηp) = x and
sp ◦ πp(ηp) /∈ B.
Since B is open and the map πp is proper by Lemma 4.9, the set Kp of all
such ηp is a compact subset of H0. We have seen above that spπp(η) ∈ B
implies spqπpq(η) ∈ B for all p, q ∈ P . Hence Kp ⊇ Kpq for all p, q ∈ P .
Since P is Ore, this tells us that {Kp}p∈P is a directed set of compact, non-
empty subsets in H0. The intersection of such a family of subsets is non-empty.
A point η in the intersection satisfies π1(η) = x and spπp(η) /∈ B for all p ∈ P ,
so that η /∈ A. Thus A# = B.
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We have constructed two maps A 7→ B and B 7→ A from open invariant subsets
of H0 to open, hereditary, saturated subsets of X and back, and we have seen
that the composite map B 7→ A 7→ B is the identity, that is, the indicator
of the subset A defined in the theorem is the given subset B. Conversely, let
A′ ⊆ H0 be an invariant open subset. Let B be its indicator and define A ⊆ B
as in the statement of the theorem. We must show that A′ = A. Since B is
the indicator of A′, we have π−1

1 (B) ⊆ A′. Since A′ is invariant, this implies
(spπp)

−1(B) ⊆ A′ for all p ∈ P , that is, A ⊆ A′. It remains to prove A′ ⊆ A.
So we take η ∈ A′. Since A′ is open, Lemma 6.5 gives p ∈ P and an open
subset U ⊆ Mp such that π−1

p (U) ⊆ A′. If η′ ∈ H0 satisfies π1(η′) ∈ sp(U),

then there is m ∈ U ⊆Mp with sp(m) = π1(η′), so m · η′ ∈ H0 is well-defined;
it belongs to π−1

p (U) ⊆ A′ by construction. Since s̃p(m · η′) = η′ and A′ is

invariant, we get η′ ∈ A′ for all η′ ∈ H0 with π1(η′) ∈ sp(U). Thus sp(U) is
contained in the indicator B of A′. Then π−1

p (U) ⊆ A, so η ∈ A as desired. �

Corollary 6.12. The groupoid H is minimal if and only if X has no non-

trivial open, hereditary, saturated subsets. �

Example 6.13. Let P = (N,+) and let r1 be surjective, so that we are dealing
with a regular topological graph (see the beginning of Section 5). Then our
notion of a hereditary and saturated subset of the space of verticesX is the same
one used by Katsura [45] to describe the gauge-invariant ideals of a topological
graph C∗-algebra in the regular case.

Example 6.14. Let P = (Nk,+) and assume that X is discrete and rp : Mp → X
is surjective for all p ∈ Nk. Our data is equivalent to that of a row-finite
k-graph without sources, and our Cuntz–Pimsner algebra is the higher-rank
graph C∗-algebra in this case. Since the standard basis e1, . . . , ek generates Nk,
a subset is hereditary and saturated if and only if it satisfies the conditions in
Definition 6.10 for p = e1, . . . , ek. Our notion of being hereditary and saturated
is equivalent to the one used by Raeburn, Sims and Yeend in [68] to describe
the gauge-invariant ideals in a higher-rank graph C∗-algebra. Theorem 6.23
below will show that, in general, the open invariant subsets of H0 correspond
to those ideals in C∗(H) that are “gauge-invariant” in a suitable sense.

6.2. Effectivity.

Definition 6.15. An étale topological groupoid H is essentially free if the
subset of objects with trivial isotropy is dense in H0. It is effective if every
open subset of H1 \ H0 contains an arrow x with s(x) 6= r(x). Equivalently,
the interior of the set {h ∈ H1 \H0 | r(h) = s(h)} is empty.

For a second countable, locally compact, étale groupoid, being effective or
essentially free are equivalent properties by [72, Proposition 3.6] or [9, Lemma
3.1] (these articles use the name “topologically principal” for “essentially free”).
Being essentially free is a variant of the aperiodicity condition that is used to
characterise when topological higher-rank graph C∗-algebras are simple (see,
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for instance, [79, Definition 5.2]). We cannot, however check whether H is
essentially free without looking at points in H0, that is, infinite paths.
As we shall see, the following definition characterises when the groupoid H is
effective in terms of the original data of an action by topological correspon-
dences:

Definition 6.16. An action (Mp, σp,q) of an Ore monoid P on a locally com-
pact Hausdorff space X by proper topological correspondences is effective if for
all p, q ∈ P with pq−1 6= 1 in G and for all non-empty, open subsets U ⊆ X ′,
there are a, f, g ∈ P with paf = qag and y ∈ Mpaf = Mqag with rpaf (y) ∈ U
and midp,a,f (y) 6= midq,a,g(y) in Ma. Here X ′ ⊆ X denotes the closed subset of
possible situations; midp,a,f (y) denotes the component in the middle factor Ma

after identifying Mpaf
∼= Mp ×X Ma ×X Mf , and similarly for midq,a,g(y).

Similar criteria for boundary path groupoids of higher-rank topological graphs
being effective have been found by Wright [77]; for higher-rank graphs without
topology, such criteria are also given in [40, 53, 74]. Before we explain the
relationship between our criterion and others, we prove the theorem suggested
by our notation:

Theorem 6.17. The groupoid H is effective if and only if the action (Mp, σp,q)
is effective.

Proof. We may assume without loss of generality that X = X ′.
First we assume that the action (Mp, σp,q) is not effective. This means that
there are p, q ∈ P with pq−1 6= 1 in G and a non-empty open subset U ⊂ X ′

such that midp,a,f (y) = midq,a,g(y) in Ma for all a, f, g ∈ P with paf = qag
and all y ∈ Mpaf with rpaf (y) ∈ U . This means that (s̃px)a = (s̃qx)a for all

x ∈ π−1
1 (U) and all a ∈ P . Hence s̃px = s̃qx in H0 for all x ∈ π−1

1 (U). Thus

the elements of the form (x, pq−1, x) for x ∈ π−1
1 (U) form a bisection B in

H1 \H0 with r|B = s|B, which means that H is not effective.
Now assume that the action (Mp, σp,q) is effective. Let U ⊆ H1 \ H0 be a
non-empty open subset. We need to find (x, g, y) ∈ U with x 6= y.
The intersection U ∩ H1

p,q is non-empty for some p, q ∈ P . Replacing U by

U ∩H1
p,q , we may arrange that U ⊆ H1

p,q. The subgroupoid H1 is an increasing
union of equivalence relations, so it is certainly effective. Hence we are done if
pq−1 = 1 in G. Thus we may assume from now on that pq−1 6= 1 in G.
We may shrink U to a bisection because H is étale. We may then shrink further
so that r(U) = π−1

t (Ut) for some t ∈ P and some non-empty open subset
Ut ⊆ Mt because subsets of the form π−1

t (Ut) form a base for the topology
on H0 by Lemma 6.5. Since the map st : Mt → X is a local homeomorphism,
we may shrink Ut even further, so that st becomes injective on Ut. Hence st
restricts to a homeomorphism from Ut ⊆Mt onto an open subset st(Ut) ⊆ X .
We are going to show that there is x ∈ π−1

t (Ut) with s̃px 6= s̃qx. Thus (x, g, x)

is not an arrow in H ; since r(U) = π−1
t (Ut) and U ⊆ H1

p,q, there must be

y ∈ H0 with (x, g, y) ∈ U ⊆ H1
p,q. Since s̃px = s̃qy 6= s̃qx, we have x 6= y, as

desired.
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Since P is Ore, we may find h, i ∈ P with ph = ti. Then we may find h′, i′ ∈ P
with qhh′ = ti′. Thus phh′ = tih′ and qhh′ = ti′. Since H1

p,q ⊆ H1
phh′,qhh′ ,

we may replace (p, q) by (phh′, qhh′). Thus we may assume without loss of
generality that there are p′, q′ ∈ P with p = tp′ and q = tq′.
Recall that st restricts to a homeomorphism from Ut onto V := st(Ut).
Hence x 7→ s̃tx is a homeomorphism from π−1

t (Ut) onto π−1
1 (V ) (compare

Lemma 4.10). By assumption, there are a, f, g ∈ P with p′af = q′ag and
y ∈ Mp′af with rp′af (y) ∈ V and midp′,a,f (y) 6= midq′,a,g(y) in Ma. By con-
struction, there is z ∈Mt with st(z) = rp′af (y). Then (z, y) ∈Mt×XMp′af

∼=
Mtp′af . We have s̃p(z, y) = s̃p′(y) and s̃q(z, y) = s̃q′(y) because p = tp′ and
q = tq′. The Ma-component of s̃p′(y) is midp′,a,f (y), and that of s̃q′ (y) is
midq′,a,g(y). Since these are different, s̃p(x) 6= s̃q(x) for any x ∈ H0 with tp′af -
component (z, y). Such x exist because we have restricted to possible histories
throughout, making the maps πp : H0 →Mp surjective for all p ∈ P . �

Theorem 6.18. Assume that P is countable and X is second countable or,

more generally, that H is second countable. The Cuntz–Pimsner algebra O or,

equivalently, the C∗-algebra C∗(H), is simple if and only if the following three

conditions are satisfied:

(1) C∗(H) = C∗
r (H);

(2) the action (Mp, σp,q) is effective;

(3) any non-empty, closed, hereditary, saturated of X contains X ′.

The first condition above follows if H is amenable and, in particular, if G is

amenable.

Proof. We use [9, Theorem 5.1], which characterises when the groupoid
C∗-algebra of a second countable, locally compact, Hausdorff, étale groupoid
is simple. The groupoid H is always locally compact, Hausdorff, and étale.
The third condition is equivalent to the minimality of H by Corollary 6.12.
Since H is second countable, it is essentially free if and only if it is effective by
[9, Lemma 3.1]. This is equivalent to the effectivity of the action (Mp, σp,q) by
Theorem 6.17. Thus our conditions are equivalent to the three conditions in
[9, Theorem 5.1]. �

Kwaśniewski and Szymański [49] also provide an aperiodicity criterion and
use it to prove simplicity results and a uniqueness theorem for certain Cuntz–
Pimsner algebras over Ore monoids. On the one hand, their criterion still works
if the unit fibre A of a product system is only a liminal C∗-algebra. On the other
hand, it does not imply the simplicity of the Cuntz algebra On because it only
uses the (partial, multivalued) action of P on the spectrum of A induced by
the product system. This contains no information if A = C as in the standard
construction of On.
Now we simplify the definition of being effective for the monoids P = (Nk,+).
Some of the steps also work for other monoids.
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Lemma 6.19. The definition of an effective action of Nk does not change if we

assume, in addition, that the pair (p, q) ∈ Nk is reduced, that is, there is no

t ∈ Nk with p, q ∈ Nkt.
Proof. Take p = p′t, q = q′t for p′, q′, t ∈ Nk. Since U ⊆ X ′ is non-empty and
consists of possible situations, there is m ∈ Mt with rt(m) ∈ U . Since rt is
continuous, there is an open neighbourhood V of m with rt(V ) ⊆ U , and then
U ′ := st(V ) is open as well. Let a, f, g and y′ verify the effectivity criterion for
p′, q′, U ′. Then the same a, f, g and y = m · y′ verify it for p, q, U . �

The role of f, g in Definition 6.16 is merely as padding to make paf = qag. In
a commutative monoid such as Nk, we may simply take f = q and g = p; or we
may take f = (p∨ q)−p and g = (p∨ q)−p, where p∨ q denotes the maximum
of p and q in Nk. The latter choice is minimal and may therefore be optimal.

Lemma 6.20. Let P = Nk. Then the action on X is effective if and only if, for

all reduced p, q ∈ Nk with p− q 6= 0 in Zk and for all non-empty, open subsets

U ⊆ X ′, there are a ∈ Nk and y ∈Mp+a+f = Mq+a+g with rp+a+f (y) ∈ U and

midp,a,f(y) 6= midq,a,g(y) in Ma, with f = (p ∨ q)− q and g = (p ∨ q)− p.
Proof. The criterion in the lemma differs from Definition 6.16 in two ways.
First, we assume (p, q) reduced, which makes no difference by Lemma 6.19.
Secondly, we choose particular f, g. To see that this makes no difference, choose
f ′, g′, y′ as in Definition 6.16. Then f ′ − f = g′ − g = h ∈ Nk. The truncation
y := rp+a+f (y′) ∈ Mp+a+f still has the same mid-part in Ma and hence also
verifies the criterion in Definition 6.16. �

The condition in Lemma 6.20 is exactly Condition (ii) in [77, Theorem 3.1]. As
shown in [77], this condition is equivalent to Yeend’s aperiodicity condition (A),
which characterises when the groupoid model of the topological higher-rank
graph is essentially free; Wright also gives an example where her finite-path
version of aperiodicity is much easier to check than the original criterion.

Proposition 6.21. Let P = (N,+) and assume X = X ′. Then the action of P
on X is effective if and only if the set of base points of loops without entrances

has empty interior in X.

We will explain during the proof what loops without entrances are. The condi-
tion we arrive at characterises when the groupoid model for a regular topolog-
ical graph is effective, compare [45, Definition 6.6].

Proof. Any reduced pair in N is of the form (p, 0) or (0, p). Since our notion
is symmetric, we may as well take q = 0. Thus the condition in Lemma 6.20
says that for any non-empty, open subset U ⊆ X ′ and any p ∈ N there is a ∈ N
and y ∈ Mpa with rpa(y) ∈ U and midp,a,0(y) 6= mid0,a,p(y) in Ma. If there is
y ∈ Mp with rp(y) ∈ U and sp(y) 6= rp(y), then a = 0 and y will do because
the relevant mid-parts are sp(y) and rp(y), respectively. Thus we may assume
as well that sp(m) = rp(m) for all m ∈ Mp with rp(m) ∈ U ; such a path is
called a loop, and rp(m) ∈ X is its base point.
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Take m ∈Mp with rp(m) ∈ U . Identify Mp
∼= M×Xp

1 and write m as a path

x1
m1←−− x2

m2←−− x3
m3←−− x4 → · · ·

mp←−− xp+1 = x1

with x1, . . . , xp ∈ X , m1, . . . ,mp ∈ M1. An entrance for this loop is 1 ≤ i ≤ p
and an arrow m′ : x′ → xi with m′ 6= mi. If t is such an entrance, then take
a = i and let y ∈Mpa be the concatenation of the loop m and the path

x1
m1←−− x2

m2←−− x3 ← · · · ← xi
m′

←−− x′.

The relevant length-a mid-parts of this concatenation are the paths from x′

to x1 and xp to x1 involving m′ and mi, respectively. Hence an entrance to
some loop gives the data (a, y) required in Definition 6.16. If the set of base
points of loops without entrances has empty interior, then we may find some
loop with an entrance with base point in U , so the action is effective.
Conversely, assume that U is an open subset so that all points in U are base
points of some loop without an entrance. Then there is only one path with
range x for any x ∈ U : we must follow the loop based at that point because it
has no entrances (note that our paths go backwards). A continuity argument
shows that the period of the loop is locally constant. Shrinking U , we may
arrange that it is constant equal to p for all x ∈ U . Then midp,a,0(m) =
mid0,a,p(m) for all m ∈Mp+a with rp+a(m) ∈ U . �

If X is discrete, so that we are dealing with an ordinary graph C∗-algebra, then
Proposition 6.21 simplifies further to the condition that there are no loops with-
out entrances, which is a standard condition in the theory of graph C∗-algebras
(see [66]).

6.3. Gauge-invariant ideals. We now describe which ideals in C∗(H) come
from open H-invariant subsets of H0 if H is not effective. Recall that the
groupoid H is graded by the group completion G of P , H =

⊔

g∈GHg, and that
this corresponds to the Fell bundle structure on the Cuntz–Pimsner algebra O,
that is, O1 = C∗(H1) is the groupoid C∗-algebra of the subgroupoid H1. The
canonical projection to O1 is a conditional expectation E : O → O1.

Definition 6.22. We call an ideal I ⊆ O gauge-invariant if I is equal to the
ideal in O generated by E(I) ⊆ O1.

If G is an Abelian group, so that there is a dual action of Ĝ on O, then standard
arguments show that an ideal is “gauge-invariant” in the sense of Definition 6.22
if and only if it is invariant under the dual action of the compact group Ĝ on O
in the usual sense because E(x) =

∫

Ĝ
αγ(x) dγ.

Theorem 6.23. The gauge-invariant ideals in O are in bijection with open

invariant subsets of H0 or, equivalently, with open, hereditary and saturated

subsets of X.

Proof. The bijection between invariant subsets of H0 and open, hereditary
and saturated subsets of X is Theorem 6.11. An open and invariant sub-
set U ⊆ H0 corresponds to the ideal C∗(H |U ) ⊆ C∗(H), where H |U denotes
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the subgroupoid of H with object space U ⊆ H0 and arrow space r−1(U) =
s−1(U) ⊆ H1. This ideal is gauge-invariant with E(C∗(H |U )) = C∗(H1|U ).
Conversely, let I ⊆ C∗(H) be a gauge-invariant ideal. Then E(I) is an ideal in
C∗(H1). The groupoid H1 is an approximately proper equivalence relation or
a hyperfinite relation. This implies that it is amenable and that any restriction
of H1 to an invariant closed subset remains effective. Now [9, Corollary 5.9]
implies that ideals in C∗(H1) are in bijection with H1-invariant open subsets
of H0, where U ⊆ H0 corresponds to the ideal C∗(H1|U ). This can only be
of the form E(I) for an ideal I ⊆ C∗(H) if U is invariant under the whole
groupoid H , and then the ideal I generated by C∗(H1|U ) is C∗(H |U ). Thus
any gauge-invariant ideal I is of the form C∗(H |U ) for an open H-invariant
subset U of H0. �

6.4. Invariant measures. In the following, a “measure” on a locally compact
space X means a Radon measure or, equivalently, a positive linear functional
on Cc(X). We assume X to be second countable and P to be countable,
so that H is second countable. Let c : P → (0,∞) be a homomorphism to
the multiplicative group of positive real numbers. This extends to the group
completion G and then to H , by letting c|H1

p,q
= c(p)/c(q). This cocycle on H

generates a 1-parameter group of automorphisms of C∗(H), see [69, Section 5].
The one-parameter automorphism groups of C∗(H) described above are not as
special as it may seem:

Proposition 6.24. Let H be effective. An automorphism of C∗(H) that acts

trivially on the C∗-subalgebra C∗(H1) is given by pointwise multiplication with a

homomorphism G→ T. A one-parameter group of such automorphisms comes

from a homomorphism c : P → (0,∞).

Proof. Renault’s construction of a groupoid model for C∗-algebras with a Car-
tan subalgebra in [72] is natural. More precisely, any automorphism of a twisted
groupoid C∗-algebra C∗(H,L) for an étale, effective, Hausdorff, locally compact
groupoid H and a Fell line bundle L over H that maps the subalgebra C0(H0)
into itself must come from an automorphism of the pair (H,L).
The automorphism fixes C0(H0) ⊆ C∗(H1) if and only if the induced automor-
phism of H acts trivially on objects. For an effective groupoid, this implies
that the automorphism acts identically on the inverse semigroup of bisections.
Hence it is the identity automorphism. Thus the only source of such automor-
phisms of C∗(H,L) are automorphisms of the Fell line bundle L; this is the
trivial Fell line bundle in our case.
Any automorphism of a Fell line bundle over a groupoid H acts by pointwise
multiplication with a continuous groupoid homomorphism H → T. Since we
want the automorphism to act identically on C∗(H1), this homomorphism must
be constant on H1 ⊆ H . Hence it is constant on the subspaces Hg and thus
comes from a group homomorphism on G. Since G is the group completion
of P , homomorphisms G→ T are in bijection with homomorphisms P → T.
A one-parameter automorphism group is equivalent to a continuous homo-
morphism P × R → T; this is equivalent to a continuous homomorphism
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P → Hom(R,T) ∼= R ∼= (R>0, ·). Hence all one-parameter automorphism
groups of C∗(H) that fix C∗(H1) come from a homomorphism P → (0,∞). �

Definition 6.25. A measure µ on H0 is c-invariant if µ(r(B)) = c(g)µ(s(B))
for any bisection B ⊆ H1

g . If c ≡ 1, we speak simply of invariant measures.

A c-invariant measure on H0 gives a KMS-weight on C∗(H) for the correspond-
ing automorphism group (with temperature 1); conversely, if H has trivial
isotropy groups, then any KMS-weight on C∗(H) for this 1-parameter group
of automorphisms is of this form for a unique c-invariant measure on H0 (see
[69, Proposition 5.4]); this result is generalised by Neshveyev [63] to KMS states
on groupoids with non-trivial isotropy, and by Thomsen [75] to KMS weights.
In particular, invariant measures on H0 give tracial weights on C∗(H); if the set
of objects with non-trivial isotropy has measure zero for all invariant measures
on H0, then all KMS weights are of this form.
We are going to describe invariant measures on H0 in terms of measures on X .
This requires two operations on measures: push-forwards along continuous
maps and pull-backs along local homeomorphisms. The first is standard: if
f : X → Y is a continuous map and µ is a measure on X , then f∗µ is the
measure on Y defined by f∗µ(B) = µ(f−1(B)) for Borel subsets B ⊆ Y . If
f : X → Y is a local homeomorphism and λ is a measure on Y , then f∗λ is the
measure on X defined by

f∗λ(B) =

∫

Y

|f−1(y) ∩B| dλ(y).

If h : X → C is Borel measurable with compact support, then
∫

X

h(x) d(f∗λ)(x) =

∫

Y

∑

{x∈X|f(x)=y}

h(x) dλ(y)

because this holds for characteristic functions of Borel subsets.

Definition 6.26. A measure λ on X is c-invariant if λ = c(p)(rp)∗s
∗
p(λ) for

all p ∈ P .

Theorem 6.27. The map (π1)∗ induced by the projection π1 : H0 → X is a

bijection between c-invariant measures on H0 and c-invariant measures on X.

Proof. A measure µ on H0 gives measures µp := (πp)∗(µ) on Mp for all p ∈ P .
These are linked by (rp,q)∗µpq = µp for all p, q ∈ P because rp,q ◦ πpq = πp.
Conversely, we claim that any family of measures (µp)p∈P with (rp,q)∗µpq = µp
for all p, q ∈ P comes from a unique measure µ on H0. This is because
⋃

p∈P π
∗
p(Cc(Mp)) is a dense subspace in Cc(H0). The consistency condi-

tion rp,q ◦ πpq = πp implies that the positive linear maps Cc(Mp) → C,
f 7→

∫

Mp
f(x) dµp(x), well-define a positive linear map on

⋃

p∈P π
∗
p(Cc(Mp)).

This extends uniquely to a positive linear map on Cc(H
0). Thus we may re-

place a measure µ on H0 by a family of measures (µp)p∈P on the spaces Mp

whenever this is convenient.
Next we claim that µ is c-invariant if and only if µp = c(p)s∗

pµ1 for all p ∈ P .
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Assume first that µ is c-invariant. Let p ∈ P and let U ⊆ Mp be an open,
relatively compact subset such that sp|U : U → X is injective. Then

{(x, p, s̃px) | x ∈ π−1
p (U)} ⊆ H1

p,1

is a bisection with range π−1
p (U) and source π−1

1 (sp(U)) by Lemma 6.5. Since µ
is c-invariant,

µp(U) = µ(π−1
p (U)) = c(p)µ(π−1

1 (sp(U))) = c(p)µ1(sp(U)).

This equality also holds for all open subsets of U because sp is still injective on
them. This implies µp(B) = c(p)µ1(sp(B)) for all Borel subsets B of U .
If B ⊆Mp is an arbitrary Borel subset, then we may cover B by open, relatively
compact subsets on which sp is injective because sp is a local homeomorphism.
Then we may decompose B as a countable disjoint union B =

⊔

i∈NBi of Borel
subsets with Bi ⊆ Ui for open, relatively compact subsets Ui such that sp|Ui

is
injective for all i. Applying the formula above for each i gives

µp(B) = c(p)

∫

X

|s−1
p (x) ∩B| dµ1(x) = c(p)s∗

pµ1(B).

Thus µp = c(p)s∗
pµ1 if µ is c-invariant.

Conversely, assume µp = c(p)s∗
pµ1. Let g = pq−1 ∈ G and let V ⊆ H1

g be a

bisection. We may assume without loss of generality that V ⊆ H1
p,q, replacing

(p, q) by (ph, qh) for some h ∈ P if necessary. Decomposing V into disjoint
Borel subsets, we may further reduce to the case where s(V ) ⊆ H0 is one of
the base neighbourhoods in Lemma 6.5; say, s(V ) = π−1

t (U) for an open subset
U ⊆Mt. Replacing (p, q, t) by (pa, qa, tb) for suitable a, b ∈ P , we may arrange
t = p by the Ore condition. We assume this from now on. Decomposing V
even further, we may arrange that sp|U is injective. Then V is the product
of two bisections, one of the form {(x, p, s̃p(x)) | x ∈ π−1

p (U)}, the other of

the form {(y, q, s̃q(y))−1 | y ∈ r(V )}; here s̃qr(V ) = s̃pπ
−1
p (U) = π−1

1 (sp(U)).

So r(V ) must be of the form π−1
q (W ) for some W ⊆ Mq for which sq|W is a

homeomorphism onto sp(U).
The upshot of these reductions is that µ is c-invariant once the c-invariance
condition holds for bisections of the form {(x, p, s̃p(x)) | x ∈ π−1

p (U)} with p ∈
P and an open subset U ⊆Mp. But this is exactly the condition µp = c(p)s∗

pµ1.
This finishes the proof of the claim.
The claim shows that the family of measures (µp)p∈P and hence the measure µ
is determined uniquely by the measure µ1 on M1 = X provided µ is c-invariant.
If we are given a measure λ on X , then µp := c(p)s∗

p(λ) is the only possibility

for a c-invariant measure on H0 with µ1 = λ. This family of measures gives a
measure on H0 if and only if (rp,q)∗µpq = µp for all p, q ∈ P . In particular, for
p = 1 and q ∈ P , this gives the condition c(q)(rq)∗s

∗
qλ = (rq)∗µq = λ, that is,

λ has to be c-invariant.
The proof of the theorem will be finished by checking that

c(p)s∗
pλ = c(pq)(rp,q)∗s

∗
pqλ

Documenta Mathematica 20 (2015) 1331–1402



Product Systems over Ore Monoids 1391

holds for all p, q ∈ P if λ is a c-invariant measure on X . Since c(pq) = c(p)c(q),
we have to prove c(q)(rp,q)∗s

∗
pqλ = s∗

pλ. Let U ⊆Mp be an open, relatively com-

pact subset. On the one hand, (s∗
pλ)(U) :=

∫

X
|s−1
p (x)∩U | dλ(x). Substituting

c(q)(rq)∗s
∗
qλ for λ, this becomes

(6.28) c(q)

∫

X

|s−1
p (x) ∩ U | d(rq)∗s

∗
qλ(x) = c(q)

∫

Mq

|s−1
p (rq(z)) ∩ U | ds∗

qλ(z)

= c(q)

∫

X

∑

{z∈Mq|sq(z)=x}

|s−1
p (rq(z)) ∩ U | dλ(x).

On the other hand,
(6.29)

c(q)((rp,q)∗s
∗
pqλ)(U) = c(q)s∗

pqλ(r−1
p,q(U)) = c(q)

∫

X

|s−1
pq (x) ∩ r−1

p,q(U)| dλ(x).

We may identify Mpq
∼= Mp ×sp,X,rq

Mq and rp,q with the projection to the

first factor. Hence s−1
pq (x) ∩ r−1

p,q(U) is the set of pairs (y, z) with y ∈ U ⊆ Mp,
z ∈ Mq, sp(y) = rq(z) and sq(z) = x. The cardinality of this set is the sum
over all z ∈ s−1

q (x) of the cardinalities of s−1
p (rq(z))∩U . Hence the right hand

sides in (6.28) and (6.29) are equal, as desired. �

Similar arguments as in the end of the proof of Theorem 6.27 show the following:

Remark 6.30. The map αp := (rp)∗(sp)
∗ on the space of measures on X is

an action of P , that is, αpq = αp ◦ αq for all p, q ∈ P . Therefore, if S ⊆ P
generates P , then it suffices to check whether a measure is invariant for p ∈ S.

Example 6.31. Assume that X is discrete. Then a (positive) measure
on X is simply a function λ : X → R+. We have (rp)∗(sp)

∗(λ)(x) =
∑

rp(m)=x λ(sp(m)); a c-invariant measure is a non-negative joint eigenvector

of these maps with eigenvalue p 7→ c(p). If P = N, then it suffices to look at the
generator 1 ∈ N, and the resulting map on the measures of X is matrix-vector
multiplication with the adjacency matrix of the graph described by X1. For
P = (Nk,+), it suffices to look at the k generators of Nk. Thus the c-invariant
weights on H0 are exactly those joint eigenvalues of the adjacency matrices
that have a non-negative eigenvector.
Any c-invariant weight on H0 gives a KMS state on C∗(H) by first applying
the conditional expectation C∗(H) → C0(H0) that restricts functions to H0

and then integrating against the measure on H0. If all isotropy groups are
trivial, then these are all KMS states. Neshveyev [63] shows how to describe
KMS states if there is non-trivial isotropy. A particularly simple case is if the
set of points in H0 with non-trivial isotropy is a null set for all c-invariant
measures on H0. In that case, all KMS states for the R-action generated by
the cocycle c factor through the conditional expectation, so we get the same
answer as if there were no isotropy groups.
If the set of non-trivial isotropy has positive measure, then Neshveyev’s descrip-
tion of KMS states uses essentially invariant measurable families of states on
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the C∗-algebras of the isotropy groups. If there is lots of isotropy, these may be
hard to classify. The situation is tractable, however, if the set of points in H0

with non-trivial isotropy is countable.
This always happens for (separable) graph algebras. The set of orbits of points
in H0 with non-trivial isotropy is in bijection with simple loops in the graph.
The orbit of a point in H0 and the set of simple loops are both countable. Thus
for a graph C∗-algebra, we may get all KMS states in two steps. First we find
the non-negative eigenvectors of the adjacency matrix. Then we examine which
loops in the graph give atoms for the induced measure on H0. For each such
loop, we take a state on C∗(Z), that is, a probability measure on the circle.
The KMS states for a non-negative eigenvector of the adjacency matrix are in
bijection with the set of all such families of probability measures on the circle.
In the case of (higher-rank) graphs, the measures on H0 that we get are essen-
tially product measures coming from a measure on the discrete set of vertices V
of the graph. If the higher-rank graph is effective, then the set of points with
non-trivial isotropy in H0 is often also a null set for such product type measures
on H0. This explains why the descriptions of the KMS states or weights on
(higher-rank) graph C∗-algebras in, for example, [37,38,75], are often equivalent
to what we found above, namely, those joint eigenvalues of the k adjacency ma-
trices that have a non-negative eigenvector. As usual, our analysis only applies
to regular (higher-rank) graphs.

Remark 6.32. It is shown in [35] that any stably finite, exact, unital C∗-algebra
has a tracial state. Conversely, a C∗-algebra with a tracial state is stably finite.
Thus a unital, exact C∗-algebra has a tracial state if and only if it is stably
finite. We have already remarked that C∗(H) is unital if and only if X ′ is
compact, and exactness follows if H is amenable, compare Theorem 6.3. Hence
Theorem 6.27 gives a necessary and sufficient criterion for C∗(H) to be stably
finite in the case where X ′ is compact metrisable, P is countable, and H is
amenable.

6.5. Local contractivity.

Definition 6.33 ([3]). A locally compact, Hausdorff, étale groupoid G is locally

contracting if, for every non-empty open subset U ⊂ G0, there are an open
subset V ⊆ U and a bisection B of G such that V ⊆ s(B) and r(BV ) ( V .

Since H is an étale, locally compact groupoid, [3, Proposition 2.4] shows that
C∗

r (H) is purely infinite (that is, every hereditary C∗-subalgebra contains an
infinite projection) if H is essentially free and locally contracting. Actually,
we only need H to be effective here by [9, Lemma 3.1.(4)]: this is exactly the
condition in [3, Lemma 2.3] that is used in the proof of [3, Proposition 2.4]. We
would, however, not expect local contractivity to be necessary for C∗

r (H) to be
purely infinite.
The following definition characterises when the groupoid H is locally contract-
ing in terms of the original action by topological correspondences:

Documenta Mathematica 20 (2015) 1331–1402



Product Systems over Ore Monoids 1393

Definition 6.34. An action (Mp, σp,q) of an Ore monoid P on a locally com-
pact Hausdorff space X by proper topological correspondences is locally con-

tracting if for any relatively compact, open subset S ⊆ X ′, there are n ∈ N and
pi, qi, ai, bi ∈ P and Wi ⊆M ′

pi
×spi

,X′,sqi
M ′
qi

for 1 ≤ i ≤ n such that

(LC1) p1a1 = p2a2 = · · · = pnan = q1b1 = · · · = qnbn;
(LC2) the restricted coordinate projections pr1 : Wi → M ′

pi
and pr2 : Wi →

M ′
qi

are injective and open;
(LC3) the subsets

pr1(Wi)M
′
ai

:= {σ−1
pi,ai

(x1, x2) | x1 ∈ pr1(Wi), x2 ∈M ′
ai
, spi

(x1) = rai
(x2)}

of M ′
piai

are disjoint, and so are the subsets pr2(Wi)M
′
bi

;

(LC4)
⊔n
i=1 pr1(Wi)M ′

ai
(

⊔n
i=1 pr2(Wi)M

′
bi

;
(LC5) rqi

pr2(Wi) ⊆ S;

(LC6) piq
−1
i 6= pjq

−1
j in G for i 6= j.

Here X ′ ⊆ X is the closed invariant subspace of possible situations, which is
different from X if some of the range maps are not surjective.

The choice of ai, bi does not really matter: if the conditions hold for one choice
satisfying (LC1), then also for all others. This follows from Lemma 4.16 and
the surjectivity of the maps rp,q on the M ′

pq.
Giving up some symmetry, we may use the Ore conditions to simplify the data
above slightly: we may assume either p1 = p2 = · · · = pn and a1 = a2 = · · · =
an or q1 = q2 = · · · = qn and b1 = b2 = · · · = bn.
Condition (LC6) says, roughly speaking, that we cannot make n smaller by
combining the data for any i 6= j. This is its only role, and it could be left out.

Theorem 6.35. The groupoid H is locally contracting if and only if the ac-

tion (Mp, σp,q) is locally contracting.

Proof. To simplify notation, we replace X by X ′ throughout, so that the
maps rp are all surjective.
Call a subset U of H0 good if there are V,B as in Definition 6.33. If U1 ⊆ U2

and U1 is good, then so is U2. If T ⊆ H1 is a bisection, then r(T ) is good
if and only if s(T ) is good: given V,B for s(T ), then TV and TBT−1 will
work for r(T ). If U ⊆ H0 is an arbitrary open subset, then there are p ∈ P
and Up ⊆ Mp such that π−1

p (Up) ⊆ U , sp|Up
is injective, and Up is relatively

compact and open; here we use that subsets of the form π−1
p (Up) for Up ⊆Mp

open form a base (Lemma 6.5), that Mp is locally compact, and that sp is a
local homeomorphism for each p (Lemma 4.10). Hence there is a bisection with
range π−1

p (Up) and source π−1
1 (sp(Up)). Thus U is good when π−1

1 (sp(Up)) is

good. Summing up, all non-empty open subsets of H0 are good once all non-
empty subsets of the form π−1

1 (S) with S ⊆ X relatively compact and open
are good.
Assume now that the action (Mp, σp,q) is locally contracting. Let S ⊂ X be a
non-empty, open, relatively compact set. Pick n ∈ N and pi, qi, ai, bi ∈ P and
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subsets Wi ⊆Mpi
×spi

,X,sqi
Mqi

as in Definition 6.34. Let

Bi := {(x1y, piq
−1
i , x2y) | (x1, x2) ∈ Wi, y ∈ H0, spi

(x1) = π1(y)};
here x1y and x2y are well-defined because spi

(x1) = sqi
(x2) = π1(y), which uses

that spi
(x1) = sqi

(x2) for (x1, x2) ∈ Wi. Since s̃pi
(x1y) = y = s̃qi

(x2y), we
have Bi ⊆ H1

pi,qi
. Condition (LC2) ensures that the range and source maps are

open and injective on each Bi, so these are bisections. For different i, they have
disjoint sources and ranges by (LC3). Hence B := B1⊔B2⊔· · ·⊔Bn is a bisection

as well. Condition (LC4) gives r(B) ( s(B), and (LC5) gives s(B) ⊆ π−1
1 (S).

Since we assume S to be relatively compact, the closed subset r(B) is compact.

So there is an open subset V with r(B) ( V ⊆ V ⊆ s(B). Hence π−1
1 (S) is

good. This implies that H is locally contracting.
Conversely, assume that H is locally contracting. Let S ⊆ X be a relatively
compact, non-empty, open subset and let U := π−1

1 (S). Then U is relatively
compact, non-empty and open because π1 : H0 → X is surjective, continuous,
and proper. Since H is locally contracting, there is a bisection B ⊆ H1 with
r(B) ( s(B) ⊆ U . Next we have to analyse this bisection B locally. This does
not yet use the special feature of B and gives slightly more, namely, a “base”
for the inverse semigroup of bisections of H . By this we mean an inverse
subsemigroup closed under finite intersections that covers H1. This can be
used to study actions of H on C∗-algebras as in [11].

Lemma 6.36. Let B ⊆ H1 be a bisection and η ∈ B. Then there is an open

bisection Bη with η ∈ Bη ⊆ B that has the following form:

Bη := {(x1y, pq
−1, x2y) | (x1, x2) ∈W, y ∈ H0, sp(x1) = π1(y)}

for some p, q ∈ P and a subset W ⊆ Mp ×sp,X,sq
Mq such that pr1 : W → Mp

and pr2 : W →Mq are injective and open.

If pt = p1, qt = q1 and

W1 := {(x1y, x2y) | (x1, x2) ∈W, y ∈ Wt, sp(x1) = rt(y)}
for some t ∈ P , then the data (p, q,W ) and (p1, q1,W1) define the same bisec-

tion Bη.

Proof. We write B∗ for the homeomorphism s(B) → r(B) induced by B; this
is determined uniquely by B∗(s(h)) = r(h) for all h ∈ B. Let ξ := s(η).
There are p, q ∈ P with η ∈ H1

p,q because these subsets cover H1. Since the

subsets B and H1
p,q and the map s : H1 → H0 are open, s(B ∩ H1

p,q) is an

open neighbourhood of ξ. Let h ∈ B ∩H1
p,q. Lemma 4.10 shows that there are

unique x2 ∈Mq and y ∈ H0 with sq(x2) = π1(y) and s(h) = x2y, namely, x2 =
πq(s(h)) and y = s̃q(s(h)). Similarly, there are unique x1 ∈ Mp and y′ ∈ H0

with sp(x1) = π1(y′) and r(h) = x1y
′, namely, x1 = πp(r(h)) and y′ = s̃p(r(h)).

The assumption h ∈ H1
p,q means exactly that y = y′. Thus h = (x1y, pq

−1, x2y)

for x1 ∈Mp, x2 ∈Mq, y ∈ H0 with sp(x1) = sq(x2) = π1(y).
Since sp is a local homeomorphism, there is an open neighbourhood V around
πp(B∗ξ) ∈Mp so that sp|V : V → X is a homeomorphism onto an open subset
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of X . The subset

V ′ := {x ∈ s(B ∩H1
p,q) | πp(B∗x) ∈ V }

is still an open neighbourhood of ξ. It contains a neighbourhood of ξ that
belongs to the base in Lemma 6.5. This gives us q2 ∈ P and V ′′ ⊂ Mq2

with ξ ∈ π−1
q2

(V ′′) ⊆ V ′. Since sq2
is a local homeomorphism as well, we may

further shrink V ′′ so that sq2
|V ′′ becomes injective; we assume this. The first

Ore condition gives us a, b ∈ P with qa = q2b. Let p′ := pa and q′ := qa = q2b.
Let

W := {(πp′(r(h)), πq′ (s(h))) | h ∈ B, πq2
(s(h)) ∈ V ′′}.

We claim that p′, q′,W have the asserted properties.
Let h ∈ B satisfy πq2

(s(h)) ∈ V ′′. Write s(h) = x2y, r(h) = x1y with x1 ∈Mp,
x2 ∈Mq, y ∈ H0 and sp(x1) = sq(x2) = π1(y) as above. Then x1 ∈ V , so x1 is
the unique point in V with sp(x1) = sq(x2). Now write y = y1y2 with y1 ∈Ma,
y2 ∈ H0, sa(y1) = π1(y2). Then s(h) = x1y1y2 and r(h) = x2y1y2. The point
x1y1 ∈ Mpa = Mp′ is the unique one in r−1

p,a(V ) with sp,a(x1y1) = y1. This
shows that πp′ (r(h)) is determined by πq′ (s(h)) and that the map that takes
πq′ (s(h)) to πq′ (r(h)) is continuous. Hence the second coordinate projection
pr2 : W → Mq′ is injective and open. Since we assumed sq2

to be injective
on V ′′, the same holds for pr1 : W →Mp′ .
If (x1y, pq

−1, x2y) ∈ Bη, then s̃p(x1y) = y = s̃q(x2y), so (x1y, pq
−1, x2y) ∈

H1
p,q and Bη ⊆ H1. Since pr1 : W →Mp′ and pr2 : W →Mq′ are injective and

open, so are the maps s, r : Bη → H0 because y2 is common to both source
and range and x1y1 and x2y1 determine each other uniquely and continuously.
Thus Bη is a bisection. It is clear from the construction that η ∈ Bη ⊆ B.
The last statement about different data giving the same Bη is implicitly shown
above. �

Fix ξ0 ∈ s(B) \ r(B). The subset r(B) ∪ {ξ0} ⊆ s(B) ⊆ U = π−1
1 (S) is closed

and contained in the relatively compact subset π−1
1 (S), so it is compact. For

each x ∈ r(B) ∪ {ξ0} ⊆ s(B), there is a unique η ∈ B with s(η) = x. Let
Bη ⊆ B be some bisection as in Lemma 6.36. The open subsets s(Bη) for these

chosen bisections cover r(B) ∪ {ξ0}. By compactness, this only needs finitely
many of them, say, B1, . . . , Bℓ. Let B′ := B1 ∪ B2 . . . ∪ Bℓ ⊆ B. This is still
an open bisection, and it satisfies r(B′) ⊆ r(B) ⊆ s(B′) ⊆ s(B) ⊆ U . Since

ξ0 ∈ s(B′) \ r(B), we get r(B′) ( s(B′). Hence we may replace B by B′.
Each Bi is constructed from certain pi, qi ∈ P and Wi ⊆ Mpi

× Mqi
as in

Lemma 6.36. The Ore conditions also provide e, ai, bi ∈ P with piai = e = qibi
for all i. Our construction so far already achieves the most crucial properties
(LC1), (LC2), (LC4) and (LC5); the last one follows from s(B′) ⊆ s(B) ⊆
π−1

1 (S). So far, however, the subsets s(Bi) and r(Bi) may still overlap, and

some among the group elements piq
−1
i may well be equal. We now rectify this.

Let piq
−1
i = pjq

−1
j for some i 6= j. We may replace (pi, qi) by (pic, qic) for

c ∈ P using the last statement in Lemma 6.36. By this, we can arrange that
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pi = pj and qi = qj , which we now assume. Then

Bi ∪Bj = {(x1y, pq
−1, x2y) | (x1, x2) ∈Wi ∪Wj , y ∈ H0, sp(x1) = π1(y)}.

We know that Bi ∪Bj is a bisection because it is contained in the bisection B.
Since X = X ′, this implies that the coordinate projections remain injective on
Wi ∪Wj . They are open because this holds locally on Wi and Wj . Hence we
may simply merge the data (pi, qi,Wi) and (pj , qj ,Wj) into one piece, without
changing the bisection B′. We go on merging part of our data until all group
elements gi := piq

−1
i are different. This achieves (LC6). By construction,

Bi ⊆ H1
pi,qi

⊆ H1
gi

, and these subsets are disjoint for different gi. Hence the
Bi are disjoint bisections. Since their union remains a bisection, their ranges
and sources must be disjoint, which is (LC3). Hence all the conditions in
Definition 6.34 hold. �

Our condition for local contractivity is rather complicated because it is neces-
sary and sufficient. If we restricted to n = 1 in Definition 6.34, the condition
would no longer be necessary, and it would depend on the G-grading on H , so
it would not be a property of the groupoid H alone. Nevertheless, the case
n = 1 of our criterion gives a useful sufficient condition:

Corollary 6.37. The groupoid H is locally contracting if, for any relatively

compact, open subset S ⊆ X ′, there are p, q, a, b ∈ P with pa = qb and a subset

W ⊆ M ′
p ×sp,X′,sq

M ′
q such that the projections pr1 : W → M ′

p and pr2 : W →
M ′
q are injective and open, rq(pr2(W )) ⊆ S, and pr1(W ) ·M ′

a ( pr2(W ) ·M ′
b

as subsets of M ′
pa = M ′

qb.

Proof. Besides restricting to n = 1, we also have rewritten

pr1(W ) ·M ′
a = pr1(W ) ·M ′

a,

using the closure of pr1(W ) in M ′
p. This is because pr1(W ) · M ′

a =
pr1(W ) ×sp,X′,sq

M ′
a ⊆ M ′

p ×sp,X′,sq
M ′
a, and for such a subset the closure

operation clearly works on the first entry only. �

Specialising further, we may assume W to have the form W = W ′
p×sp,X′,sq

W ′
q

for open subsets Wp ⊆ M ′
p and Wq ⊆ M ′

q; if W has this form, then we may
chooseWp andWq minimal givenW by takingWp = pr1(W ) andWq = pr2(W ).
Then sp(Wp) = sq(Wq) because sp ◦ pr1 = sq ◦ pr2 on W .

Lemma 6.38. The maps pr1 |W and pr2 |W are injective and open if and only

if Wp ⊆ M ′
p and Wq ⊆ M ′

q are open and the restrictions sp|Wp
and sq|Wq

are

injective.

Proof. Assume first that pr1 |W and pr2 |W are injective and open. Then Wp =
pr1(W ) and Wq = pr2(W ) are open. If x ∈ Wp, then any y ∈Wq with sq(y) =
sp(x) gives a point (x, y) ∈ W with pr1(x, y) = x. Hence sq|Wq

is injective
if pr1 |W is injective. Conversely, assume that Wp ⊆M ′

p and Wq ⊆M ′
q are open

subsets and the restrictions sp|Wp
and sq|Wq

are injective. Since sp and sq are
local homeomorphisms, so are their restrictions to the open subsets Wp and Wq.
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Being also injective and continuous, they are homeomorphisms onto sp(Wp) =
sq(Wq). Hence the coordinate projections on W are homeomorphisms onto Wp

and Wq, respectively. Since these subsets are open, the coordinate projections
are injective and open. �

Corollary 6.39. The groupoid H is locally contracting if, for any relatively

compact, open subset S ⊆ X ′, there are p, q, a, b ∈ P with pa = qb and open

subsets Wp ⊆ M ′
p and Wq ⊆ M ′

q such that sp(Wp) = sq(Wq), the restrictions

sp|M ′
p

and sq|M ′
q

are injective, rq(Wq) ⊆ S, and Wp ·M ′
a (Wq ·M ′

b as subsets

of M ′
pa = M ′

qb.

Proof. Specialise Corollary 6.37 to the case where W = Wp ×sp,X′,sq
Wq. �

The role of a, b ∈ P is only as padding to be able to compare Wp and Wq.
Since we restricted to possible histories, so that all range maps are surjective,
we have

Wp ·M ′
a (Wq ·M ′

b ⇐⇒ Wp ·M ′
at (Wq ·M ′

bt

for any t ∈ P . This shows that the choice of a, b does not matter: if the criterion
holds for one choice, it holds for all choices. The same is true, of course, for
Corollary 6.39, and an analogous statement holds for Theorem 6.35.
If P is a lattice-ordered Ore monoid, we therefore get equivalent criteria if we
take a = p−1(p∨ q) and b = q−1(p∨ q) in Corollary 6.37 or Corollary 6.39. We
write down the variant of Corollary 6.39:

Corollary 6.40. Assume that P is Ore and lattice-ordered. The groupoid H is

locally contracting if, for any relatively compact, open subset S ⊆ X ′, there are

p, q ∈ P and open subsets Wp ⊆M ′
p and Wq ⊆M ′

q such that sp(Wp) = sq(Wq),

the restrictions sp|M ′
p

and sq|M ′
q

are injective, rq(Wq) ⊆ S, and Wp ·M ′
a (

Wq ·M ′
b as subsets of M ′

pa = M ′
qb, where a = p−1(p ∨ q) and b = q−1(p ∨ q).

The inclusion Wp ·M ′
a ⊆Wq ·M ′

b for a = p−1(p ∨ q) and b = q−1(p ∨ q) means

that for any xp ∈ Wp there is xq ∈ Wq so that xp and xq have a common
extension; the minimal such extension lives in M ′

pa = M ′
qb. The meaning of

Wp ·M ′
a 6= Wq ·M ′

b is that some y ∈ Wq has no common extension with any

element of Mp.
Corollary 6.40 involves the same ingredients as the sufficient condition for the
boundary path groupoid of a higher-rank topological graph to be locally con-
tracting in [73, Proposition 5.8]. The proof of [73, Lemma 5.9] shows that our
sufficient criterion is more general than the one in [73]. We are, however, not
aware of any applications of the criterion in [73].
Our criteria have the advantage that we understand very well which assump-
tions we have imposed on the contracting bisections for H . In Corollary 6.37,
the only assumption is that the bisection is contained in H1

g for some g ∈ G. In
Corollaries 6.39 and 6.40, we assume this and that the bisection has a product
form.
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1. Introduction

Gabriel [Gab62] introduced a classification theory of subcategories of the cate-
gory of modules over a ring. The theory relates several classes of subcategories
to collections of ideals, and it reveals that geometry of the prime spectrum of
a commutative ring is reflected in the structure of subcategories of modules.
In this paper, we extend Gabriel’s result (Theorem 1.2) to an arbitrary locally
noetherian scheme X and give a systematic classification of subcategories of
the category QCohX of quasi-coherent sheaves on X .
We deal with the following classes of subcategories.

Definition 1.1. Let A be a Grothendieck category.

(1) A prelocalizing subcategory X of A is a full subcategory of A closed
under subobjects, quotient objects, and arbitrary direct sums.

(2) A localizing subcategory of A is a prelocalizing subcategory of A closed
under extensions.

(3) A closed subcategory of A is a prelocalizing subcategory of A closed
under arbitrary direct products.

(4) A bilocalizing subcategory ofA is a prelocalizing subcategory ofA which
is both localizing and closed.

It is known that a full subcategory X of a Grothendieck category A is prelo-
calizing (resp. closed) if and only if X is closed under subobjects and quotient
objects, and the inclusion functor X → A has a right adjoint (resp. both a
right and a left adjoint). See Proposition 4.3 and Proposition 11.2.
The notion of closed subcategories can be regarded as the categorical refor-
mulation of closed subschemes of a given scheme. In fact, for every ring Λ,
Rosenberg [Ros95] showed that there is a bijection

{ two-sided ideals of Λ } → { closed subcategories of ModΛ }
given by I 7→ {M ∈ ModΛ |MI = 0 }. It has been shown that the analogous
results hold for every noetherian scheme with an ample line bundle ([Smi02,
Theorem 4.1]) and for every separated scheme ([Bra14, Proposition 3.18]).
One of the aims of this paper is to classify the closed subcategories of QCohX
for a locally noetherian scheme X . In more generality, we classify the prelo-
calizing subcategories of QCohX by giving an analog of the following famous
theorem by Gabriel [Gab62].

Theorem 1.2 ([Gab62, Lemma V.2.1]; Theorem 9.3). Let Λ be a ring. There
is a bijection

{ prelocalizing subcategories of ModΛ }
→ { prelocalizing filters of right ideals of Λ }

given by Y 7→ {L ⊂ Λ in ModΛ | Λ/L ∈ Y }.
Note that the prelocalizing filters of right ideals of Λ bijectively correspond to
the right linear topologies on Λ (see [Ste75, section VI.4]).
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For a locally noetherian schemeX , there exist too many filters of quasi-coherent
subsheaves of OX compared with the prelocalizing subcategories of QCohX .
Hence we need to consider a suitable class of filters, which we call local filters
(Definition 9.5). By using local filters, we obtain a classification of prelocalizing
subcategories, and as a consequence, we deduce classifications of localizing
subcategories, closed subcategories, and bilocalizing subcategories.

Theorem 1.3 (Theorem 9.14, Corollary 10.9, Theorem 11.9, Corollary 12.7,
Theorem 11.11, and Corollary 12.11). Let X be a locally noetherian scheme.
There is a bijection

{ prelocalizing subcategories of QCohX }
→ { local filters of quasi-coherent subsheaves of OX }

given by

Y 7→
{
I ⊂ OX in QCohX

∣∣∣∣
OX
I
∈ Y

}
.

This bijection restricts to bijections

{ localizing subcategories of QCohX }

→
{

local filters of quasi-coherent subsheaves of OX
closed under products

}
,

{ closed subcategories of QCohX }
→ { principal filters of quasi-coherent subsheaves of OX },

and

{ bilocalizing subcategories of QCohX }

→
{

principal filters of quasi-coherent subsheaves of OX
closed under products

}
.

In particular, there exists a bijection between the closed subcategories of
QCohX and the closed subschemes of X, and it restricts to a bijection be-
tween the bilocalizing subcategories of QCohX and the subsets of X which are
open and closed.

The key of the proof of Theorem 1.3 is to reduce the problem to open affine
subschemes, and this part is in fact a consequence of the general theory of
Grothendieck categories (Theorem 8.11). The notion of atom spectrum plays
a crucial role in this process, and it clarifies the essential properties of the
Grothendieck category QCohX .
The atom spectrum ASpecA of a Grothendieck category A is the set of atoms
in A which were introduced by Storrer [Sto72] (Definition 3.6). It is regarded
as the collection of structural elements of the Grothendieck category in our
previous studies [Kan12, Kan15b, Kan15a]. An atom is a generalization of
a prime ideal of a commutative ring. Indeed, for every commutative ring R,
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there exists a canonical bijection between ASpec(ModR) and SpecR (Propo-
sition 3.7). For a locally noetherian scheme X , it is shown in this paper that
there exists a canonical bijection between ASpec(QCohX) and the underlying
space of X (Theorem 7.6). Several fundamental notions of commutative rings
and locally noetherian schemes are generalized to Grothendieck categories in
terms of atom spectrum as summarized in Table 1.
In this paper, we also generalize another kind of Gabriel’s classification
of localizing subcategories. Gabriel [Gab62] showed that for a noetherian
scheme X , the localizing subcategories of QCohX bijectively correspond to
the specialization-closed subsets of the underlying space of X ([Gab62, Propo-
sition VI.2.4 (b)]). This result has been generalized by a number of authors.
(For example, [Hov01], [Kra08], [GP08a], [GP08b], [Tak08], [Tak09], [Her97],
[Kra97], [Kan12], and [Kan15a] to some abelian categories. See [GP08a] or
[Tak09] for generalizations to derived categories.) By combining the theory
of atom spectrum and the description of the atom spectrum of QCohX for a
locally noetherian scheme X (Theorem 7.6), we obtain the following result.

Theorem 1.4 (Theorem 7.8). Let X be a locally noetherian scheme. There is
a bijection

{ localizing subcategories of QCohX } → { specialization-closed subsets of X }

given by X 7→ SuppX . Its inverse is given by Φ 7→ Supp−1 Φ.

This paper is organized as follows. In section 3, we recall the definition of
the atom spectrum and fundamental notions and results on it. Section 4 is
devoted to preliminary results on subcategories and quotient categories by lo-
calizing subcategories. In section 5, we summarize results on the atom spec-
trum and the localization at an atom. In section 6, we introduce the class
of Grothendieck categories with enough atoms and show that the localizing
subcategories are classified in terms of the atom spectrum for a Grothendieck
category with enough atoms (Theorem 6.8). In section 7, we describe the
atom spectrum of the Grothendieck category QCohX for a locally noether-
ian scheme X and show that QCohX has enough atoms (Theorem 7.6). In
section 8, we investigate a Grothendieck category A with some properties and
relate the prelocalizing subcategories (resp. localizing subcategories) of A with
the prelocalizing subcategories (resp. localizing subcategories) of quotient cate-
gories of A. For a locally noetherian scheme X , the prelocalizing subcategories,
the localizing subcategories, the closed subcategories, and the bilocalizing sub-
categories of QCohX are classified in section 9, section 10, section 11, and
section 12, respectively.

Remark 1.5. In this paper, we use the words “prelocalizing”, “localizing”, and
“bilocalizing” subcategories in the same way as in [Pop73]. Some authors use
different terminology on these subcategories and also on “closed” subcategories,
which are summarized below. Note that we always work inside a Grothendieck
category.
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Table 1. Corresponding notions on ASpecA, SpecR, and X

Grothendieck category A Commutative ring R Locally noetherian scheme X

Atom spectrum ASpecA Prime spectrum SpecR Underlying space |X |
Atom α in A Prime ideal p of R Point x ∈ X

Associated atoms AAssM Associated primes AssM Associated points AssM
Atom support ASuppM Support SuppM Support SuppM
Open subsets of ASpecA Specialization-closed subsets of SpecR Specialization-closed subsets of X

{α} for α ∈ ASpecA { q ∈ SpecR | q ⊂ p } for p ∈ SpecR { y ∈ X | x ∈ {y} } for x ∈ X
α1 ≤ α2 p1 ⊂ p2 {x1} ∋ x2

Maximal atoms in A Maximal ideals of R Closed points in X
Open points in ASpecA Maximal ideals of R Closed points in X

Minimal atoms in A Minimal prime ideals of R Points in X of height 0
(=Closed points in ASpecA)

Generic point in ASpecA Unique maximal ideal of R Unique closed point in X
Injective envelope E(α) Injective envelope E(R/p) jx∗E(x)

Residue field k(α) Residue field k(p) Residue field k(x)
Atomic object H(α) Residue field k(p) jx∗k(x)

Localization Aα ModRp ModOX,x
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(1) Prelocalizing subcategories are often called weakly closed subcategories.
This terminology was introduced by Van den Bergh [VdB01], and fol-
lowed by [Smi02] and [Pap02], for example. Closed subcategories in
[VdB01] were defined in the same way as we do.

(2) Van den Bergh used different terminology in the preprint version
[VdB98]. Weakly closed (resp. closed) subcategories in the published
version [VdB01] were called closed (resp. biclosed) subcategories in
[VdB98]. This fits into Gabriel’s terminology [Gab62].

(3) In the context of torsion theory, such as in [Ste75, Chapter VI], pre-
localizing subcategories, localizing subcategories, and bilocalizing sub-
categories in this paper are called hereditary pretorsion class, hereditary
torsion class, and TTF-class (TTF indicates “torsion torsionfree”), re-
spectively.

(4) In [Bra14], our prelocalizing subcategories (resp. closed subcategories)
are called topologizing subcategories (resp. reflective topologizing sub-
categories). This preprint is aimed at modifying a theory of Rosen-
berg [Ros98], and the definition of topologizing subcategories was also
changed. In Rosenberg’s paper [Ros98], our prelocalizing subcategories
(resp. closed subcategories) are called coreflective topologizing subcat-
egories (resp. reflective topologizing subcategories), and they are also
called closed subcategories (resp. left closed subcategories) in [Ros95].

Conventions 1.6. Throughout this paper, we fix a Grothendieck universe. A
set is called small if it is an element of the universe. For every category C, the
collection ObC (resp. Mor C) of objects (resp. morphisms) in C is a set, and
HomC(X,Y ) is supposed to be small for all objects X and Y in C. A category
C is called skeletally small if the set of isomorphism classes of objects in C is in
bijection with a small set. The index set of each limit and colimit is assumed
to be skeletally small.
Rings, modules over rings, schemes, and sheaves on schemes are assumed to be
small. Every ring is associative and has an identity element.

2. Acknowledgement

The author would like to express his deep gratitude to Osamu Iyama for his
elaborate guidance. The author thanks Mitsuyasu Hashimoto, S. Paul Smith,
and Ryo Takahashi for their valuable comments.

3. Atom spectrum

In this section, we recall the definition of the atom spectrum of a Grothendieck
category and fundamental results. We start with the definition of a
Grothendieck category.

Definition 3.1.

(1) An abelian category A is called a Grothendieck category if it satisfies
the following conditions.

Documenta Mathematica 20 (2015) 1403–1465
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(a) A admits arbitrary direct sums (and hence arbitrary direct limits),
and for every direct system of short exact sequences in A, its direct
limit is also a short exact sequence.

(b) A has a generator G, that is, every object in A is isomorphic to a
quotient object of the direct sum of some copies of G.

(2) A Grothendieck category is called locally noetherian if it admits a small
generating set consisting of noetherian objects.

The exactness of direct limits has the following characterizations.

Proposition 3.2. Let A be an abelian category with arbitrary direct sums.
Then the following assertions are equivalent.

(1) For every direct system of short exact sequences in A, its direct limit
is also a short exact sequence.

(2) Let M be an object in A. For each subobject L of M and each family N
of subobjects of M such that every finite subfamily of N has an upper
bound in N , we have

L ∩
∑

N∈N
N =

∑

N∈N
(L ∩N).

(3) For every family {Mλ}λ∈Λ of objects in A and every subobject L of⊕
λ∈ΛMλ,

L =
∑

Λ′∈S

(
L ∩

⊕

λ∈Λ′

Mλ

)
,

where S is the set of finite subsets of Λ.

Proof. [Pop73, Theorem 2.8.6]. �

From now on, we deal with a Grothendieck category A. The atom spectrum
of a Grothendieck category is defined by using monoform objects defined as
follows.

Definition 3.3.

(1) A nonzero object H in A is called monoform if for each nonzero sub-
object L of H , no nonzero subobject of H is isomorphic to a subobject
of H/L.

(2) For monoform objects H1 and H2 in A, we say that H1 is atom-
equivalent to H2 if there exists a nonzero subobject of H1 which is
isomorphic to a subobject of H2.

We recall the definitions of essential subobjects and uniform objects. These are
also important notions in a Grothendieck category and related to monoform
objects.

Definition 3.4.

(1) Let M be an object in A. A subobject L of M is called essential if for
every nonzero subobject L′ of M , we have L ∩ L′ 6= 0.
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(2) A nonzero object U in A is called uniform if every nonzero subobject
of U is essential.

In other words, a nonzero object U in A is uniform if and only if for all nonzero
subobjects L1 and L2 of U , we have L1 ∩ L2 6= 0.
It is easy to show that each nonzero subobject of a uniform object is uniform.
This type of result also holds for monoform objects.

Proposition 3.5.

(1) Each nonzero subobject of a monoform object is monoform.
(2) Every monoform object is uniform.
(3) Every nonzero noetherian object has a monoform subobject.

Proof. (1) [Kan12, Proposition 2.2].
(2) [Kan12, Proposition 2.6].
(3) [Kan12, Theorem 2.9]. �

It follows from Proposition 3.5 (2) that atom equivalence is an equivalence
relation on the set of monoform objects in A ([Kan12, Proposition 2.8]). The
atom spectrum is defined by using this relation.

Definition 3.6. Let A be a Grothendieck category. Denote by ASpecA the
quotient set of the set of monoform objects in A by atom equivalence. We call
it the atom spectrum of A. Each element of ASpecA is called an atom in A.
For each monoform object H in A, the equivalence class of H is denoted by H .

It is shown in [Kan15b, Proposition 2.7 (2)] that the atom spectrum ASpecA
of a Grothendieck category A is in bijection with a small set.
The following result shows that the atom spectrum of a Grothendieck category
is a generalization of the prime spectrum of a commutative ring.

Proposition 3.7. Let R be a commutative ring.

(1) ([Sto72, Lemma 1.5]) Let a be an ideal of R. Then R/a is a monoform
object in ModR if and only if a is a prime ideal.

(2) ([Sto72, p. 631]) There is a bijection SpecR → ASpec(ModR) given

by p 7→ R/p.

We can also generalize the notions of supports and associated primes in com-
mutative ring theory.

Definition 3.8. Let M be an object in A.

(1) Define the subset AAssM of ASpecA by

AAssM = {α ∈ ASpecA | α = H for some monoform subobject H of M }.
We call each element of AAssM an associated atom of M .

(2) Define the subset ASuppM of ASpecA by

ASuppM={α ∈ ASpecA |α = H for some monoform subquotient H of M }.
We call it the atom support of M .
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Proposition 3.9. Let R be a commutative ring, and let M be an R-module.
Then the bijection SpecR→ ASpec(ModR) in Proposition 3.7 (2) restricts to
bijections AssM → AAssM and SuppM → ASuppM .

Proof. [Kan15b, Proposition 2.13]. �

The following results are generalizations of fundamental results in commutative
ring theory.

Proposition 3.10. Let 0 → L → M → N → 0 be an exact sequence in A.
Then

AAssL ⊂ AAssM ⊂ AAssL ∪AAssN,

and
ASuppM = ASuppL ∪ ASuppN.

Proof. [Kan12, Proposition 3.5] and [Kan12, Proposition 3.3]. �

Proposition 3.11.

(1) Let {Mλ}λ∈Λ be a family of objects in A. Then

AAss
⊕

λ∈Λ
Mλ =

⋃

λ∈Λ
AAssMλ,

and
ASupp

⊕

λ∈Λ
Mλ =

⋃

λ∈Λ
ASuppMλ.

(2) Let M be an object in A, and let {Lλ}λ∈Λ be a family of subobjects of
M . Then

ASupp
∑

λ∈Λ
Lλ =

⋃

λ∈Λ
ASuppLλ.

Proof. (1) [Kan15b, Proposition 2.12].
(2) Since we have the canonical epimorphism

⊕
λ∈Λ Lλ ։

∑
λ∈Λ Lλ and the

inclusion Lµ ⊂
∑

λ∈Λ Lλ for each µ ∈ Λ, we obtain

ASuppLµ ⊂ ASupp
∑

λ∈Λ
Lλ ⊂

⋃

λ∈Λ
ASuppLλ

by (1). Hence the claim follows. �

Similarly to the case of commutative rings, we have the following results on the
associated atoms of uniform objects and essential subobjects.

Proposition 3.12.

(1) Let U be a uniform object in A. Then AAssU consists of at most one
element. In particular, for every monoform object H in A, we have
AAssH = {H}.

(2) Let M be an object in A, and let L be an essential subobject of M .
Then AAssL = AAssM .

Proof. (1) [Kan15b, Proposition 2.15 (1)].
(2) [Kan15b, Proposition 2.16]. �
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We introduce a topology on the atom spectrum.

Definition 3.13. We call a subset Φ of ASpecA a localizing subset if there
exists an object M in A such that Φ = ASuppM .

Proposition 3.14. The set of localizing subsets of ASpecA satisfies the axioms
of open subsets of ASpecA.
Proof. [Kan12, Proposition 3.8]. �

We call the topology on ASpecA defined by the set of localizing subsets of
ASpecA the localizing topology. Throughout this paper, we regard ASpecA
as a topological space in this way. For a commutative ring R, the localizing
subsets of ASpec(ModR) define a different topology from the Zariski topology
on SpecR. Recall that a subset Φ of SpecR is said to be closed under spe-
cialization if for every p, q ∈ SpecR, the conditions p ∈ Φ and p ⊂ q imply
q ∈ Φ.

Proposition 3.15. Let R be a commutative ring, and let Φ be a subset of
SpecR. Then the corresponding subset

{(
R

p

)
∈ ASpec(ModR)

∣∣∣∣∣ p ∈ Φ
}

of ASpec(ModR) is localizing if and only if Φ is closed under specialization.

Proof. [Kan12, Proposition 7.2 (2)]. �

For each α ∈ ASpecA, let Λ(α) be the topological closure of {α} in ASpecA.
We introduce a partial order on the atom spectrum.

Definition 3.16. For α, β ∈ ASpecA, we write α ≤ β if α ∈ Λ(β).

The relation ≤ is called the specialization order on the topological space
ASpecA with respect to the localizing topology. This is in fact a partial or-
der on ASpecA since the topological space ASpecA is a Kolmogorov space
([Kan15b, Proposition 3.5]).
By definition, Λ(β) = {α ∈ ASpecA | α ≤ β } for each β ∈ ASpecA. The
partial order has the following descriptions.

Proposition 3.17. Let α, β ∈ ASpecA. Then the following assertions are
equivalent.

(1) α ≤ β, that is, α ∈ Λ(β).
(2) For every object M in A, the condition α ∈ ASuppM implies β ∈

ASuppM .
(3) For every monoform object H in A with H = α, we have β ∈ ASuppH.

Proof. [Kan15b, Proposition 4.2]. �

The following result claims that the partial order ≤ on ASpecA is a general-
ization of the inclusion relation between prime ideals of a commutative ring.
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Proposition 3.18. Let R be a commutative ring and p, q ∈ SpecR. Then
R/p ≤ R/q in ASpec(ModR) if and only if p ⊂ q. In other words, the bijection
SpecR→ ASpec(ModR) in Proposition 3.7 (2) is an isomorphism between the
partially ordered sets (SpecR,⊂) and (ASpec(ModR),≤).

Proof. [Kan15b, Proposition 4.3]. �

4. Subcategories and quotient categories

In this section, we show preliminary results on subcategories and quotient cat-
egories of a Grothendieck category A. We start with defining some classes of
subcategories, which are the main objects in this paper.

Definition 4.1.

(1) For full subcategories X1 and X2 of A, we denote by X1 ∗ X2 the full
subcategory of A consisting of all objects M admitting an exact se-
quence

0→M1 →M →M2 → 0

in A, where Mi belongs to Xi for each i = 1, 2.
(2) We say that a full subcategory X of A is closed under extension if
X ∗X ⊂ X , that is, for every exact sequence 0→ L→M → N → 0 in
A, the condition L,N ∈ X implies M ∈ X .

(3) A full subcategory X ofA is called a prelocalizing subcategory (or weakly
closed subcategory in [VdB01]) of A if X is closed under subobjects,
quotient objects, and arbitrary direct sums.

(4) A prelocalizing subcategory X of A is called a localizing subcategory of
A if X is also closed under extensions.

(5) For a full subcategory X of A, denote by 〈X 〉preloc (resp. 〈X 〉loc) the

smallest prelocalizing (resp. localizing) subcategory of A containing
X . For an object M in A, let 〈M〉preloc = 〈{M}〉preloc and 〈M〉loc =

〈{M}〉loc.
Proposition 4.2.

(1) Let X1, X2, and X3 be full subcategories of A. Then

(X1 ∗ X2) ∗ X3 = X1 ∗ (X2 ∗ X3).

(2) Let X1 and X2 be prelocalizing subcategories of A. Then X1 ∗X2 is also
a prelocalizing subcategory of A.

Proof. (1) [Kan12, Proposition 2.4 (2)].
(2) [Pop73, Lemma 4.8.11]. �

Prelocalizing subcategories are characterized as follows.

Proposition 4.3. Let A be a Grothendieck category (or more generally, an
abelian category admitting arbitrary direct sums), and let X be a full subcategory
of A closed under subobjects and quotient objects. Then the following assertions
are equivalent.
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(1) X is closed under arbitrary direct sums, that is, X is a prelocalizing
subcategory of A.

(2) The inclusion functor X →֒ A has a right adjoint.
(3) For each object M in A, there exists a largest subobject L of M which

belongs to X .
Proof. Assume (3). Then the functor A → X which sends each object M to its
largest subobject belonging to X and each morphism to the induced morphism
is a right adjoint of the inclusion functor X →֒ A.
The dual statement of (2)⇒(1) is essentially shown in [Ste75, Proposi-
tion X.1.2].
(1)⇒(3) follows from the next remark. �

Remark 4.4. Let X be a full subcategory of A closed under quotient objects
and arbitrary direct sums, and let M be an object in A. Since the sum L =∑

λ∈Λ Lλ of all subobjects of M which belong to X is a quotient object of the
direct sum

⊕
λ∈Λ Lλ, the subobject L of M also belongs to X . Hence L is the

largest subobject of M which belongs to X .

The operation in Remark 4.4 of taking the subobject L from M is used through-
out this paper. The following result shows that this operation commutes with
taking arbitrary direct sums.

Proposition 4.5. Let A be a Grothendieck category, and let X be a full sub-
category of A closed under quotient objects and arbitrary direct sums. Let
{Mλ}λ∈Λ be a family of objects in A, and take Lλ to be the largest subobject of
Mλ which belongs to X for each λ ∈ Λ. Then

⊕
λ∈Λ Lλ is the largest subobject

of
⊕

λ∈ΛMλ which belongs to X .
Proof. Let N be the largest subobject of

⊕
λ∈ΛMλ which belongs to X . It

suffices to show that N ⊂⊕λ∈Λ Lλ.
We show the claim in the case where Λ = {1, . . . , n} for some n ∈ Z≥1. Let
πi : M1⊕· · ·⊕Mn ։Mi be the projection for each i ∈ {1, . . . , n}. Since πi(N)
is a quotient object of N , it belongs to X . By the maximality of Li, we have
πi(N) ⊂ Li. Hence

N ⊂ π1(N)⊕ · · · ⊕ πn(N) ⊂ L1 ⊕ · · · ⊕ Ln
as subobjects of M1 ⊕ · · · ⊕Mn.
In the general case, let S be the set of finite subsets of Λ. Then by Proposi-
tion 3.2,

N =
∑

Λ′∈S

(
N ∩

⊕

λ∈Λ′

Mλ

)
⊂
∑

Λ′∈S

⊕

λ∈Λ′

Lλ =
⊕

λ∈Λ
Lλ. �

For a localizing subcategory X of A, we have the quotient category A/X of
A by X . It is a Grothendieck category together with a canonical (covariant)
functor A → A/X ([Pop73, Corollary 4.6.2]). We refer the reader to [Kan15b,
Definition 5.2] for the explicit definition of the quotient category. Instead, we
state a universal property of the quotient category.
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Theorem 4.6. Let A be a Grothendieck category, and let X be a localizing
subcategory of A. The canonical functor is denoted by F : A → A/X .

(1) The functor F : A → A/X is exact and has a right adjoint A/X → A.
For every object M in A, we have F (M) = 0 if and only if M belongs
to X .

(2) Let B be an abelian category together with an exact functor Q : A → B
with Q(M) = 0 for each object M in X . Then there exists a unique
functor Q : A/X → B such that QF = Q. Moreover, the functor Q is
exact.

Proof. (1) [Pop73, Proposition 4.6.3], [Pop73, Theorem 4.3.8], and [Pop73,
Lemma 4.3.4].
(2) [Pop73, Corollary 4.3.11] and [Pop73, Corollary 4.3.12]. �

Every object M in a Grothendieck category A has an injective envelope E(M)
([Gab62, Theorem II.6.2], see also [Pop73, Theorem 3.10.10]). By definition,
the object M is an essential subobject of the injective object E(M). The object
E(M) is also denoted by EA(M) in order to specify the category explicitly.
Let X be a localizing subcategory of A. An object M in A is called X -
torsionfree if M has no nonzero subobject belonging to X . Note that every
subobject of an X -torsionfree object is X -torsionfree.

Proposition 4.7. Let X be a localizing subcategory of A. Let M be an object
in A, and let L be the largest subobject of M which belongs to X . Then M/L
is X -torsionfree.
Proof. Assume that M/L is not X -torsionfree. Then there exists a subobject
L′ of M such that L ( L′, and L′/L belongs to X . The subobject L′ of M also
belongs to X . This contradicts the maximality of L. �

For an object M in A, it is also important to consider the torsionfreeness of
E(M)/M .

Proposition 4.8. Let X be a localizing subcategory of A, and let

0→ L→M → N → 0

be an exact sequence in A. If M and E(L)/L are X -torsionfree, then N is
X -torsionfree.
Proof. This can be shown similarly to the proof of [Pop73, Proposition 4.5.5].

�

We state important properties of the canonical functor to a quotient category
and its right adjoint by using the notion of torsionfreeness.

Proposition 4.9. Let X be a localizing subcategory of A. Denote the canonical
functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) F is surjective, that is, each object in A/X is of the form F (M), where
M is some object in A.
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(2) The counit morphism ε : FG → 1A/X is an isomorphism. Hence G is
fully faithful.

(3) Let η : 1A → GF be the unit morphism. Then for each object M in
A, the subobject Ker ηM of M is the largest subobject belonging to X ,
the subobject Im ηM of GF (M) is essential, and Cok ηM belongs to X .
The objects GF (M) and E(GF (M))/GF (M) are X -torsionfree.

(4) Let M ′ be an object in A/X . Then G(M ′) and E(G(M ′))/G(M ′) are
X -torsionfree.

Proof. (1) This is obvious from the definition of the canonical functor F . It
also follows from Theorem 4.6.
(2) [Pop73, Proposition 4.4.3 (1)].
(3) This follows from [Pop73, Proposition 4.4.3 (2)] and the proof of [Pop73,
Proposition 4.4.5].
(4) This follows from (1) and (3). �

The next result is necessary to describe subobjects of an object in a quotient
category.

Proposition 4.10. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A. Let M be
an object in A. For each subobject L′ of F (M), there exists a largest subobject
L of M satisfying F (L) ⊂ L′ as a subobject of F (M). Moreover, it holds that
F (L) = L′, and the quotient object M/L is X -torsionfree. The quotient object
F (M)/L′ of F (M) is equal to F (M/L).

Proof. Since G is left exact, the object G(L′) can be regarded as a subobject
of GF (M). Let η : 1A → GF be the unit morphism. There is a commutative
diagram

0 η−1
M (G(L′)) M

M

η−1
M (G(L′))

0

0 G(L′) GF (M)
GF (M)

G(L′)
0

ηM .
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By applying F to this diagram, we obtain the commutative diagram

0 F (η−1
M (G(L′))) F (M) F

(
M

η−1
M (G(L′))

)
0

0 FG(L′) FGF (M) F

(
GF (M)

G(L′)

)
0

0 L′ F (M) F

(
GF (M)

G(L′)

)
0

∼= ∼= ∼=

∼= ∼=

by Proposition 4.9 (2) and Proposition 4.9 (3). Hence the subobject L :=
η−1
M (G(L′)) of M satisfies F (L) = L′, and F (M)/L′ = F (M/L). By Propo-

sition 4.8, the object GF (M)/G(L′) is X -torsionfree, and hence M/L is also
X -torsionfree.
Let L̃ be a subobject ofM such that F (L̃) ⊂ L′. Since we have the commutative
diagram

L̃ M

GF (L̃) GF (M)

ηL̃ ηM ,

it holds that ηM (L̃) ⊂ GF (L̃). Therefore

L̃ ⊂ η−1
M (GF (L̃)) ⊂ η−1

M (G(L′)) = L. �

Several properties of objects are preserved by the canonical functor to a quo-
tient category and its right adjoint as in the following results.

Proposition 4.11. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) Let M ′ be an object in A/X , and let L′ be an essential subobject of M ′.
Then G(L′) is an essential subobject of G(M ′).

(2) Let U ′ be a uniform object in A/X . Then G(U ′) is a uniform object in
A.

(3) Let H ′ be a monoform object in A/X . Then G(H ′) is a monoform
object in A.

(4) Let I ′ be an injective object in A/X . Then G(I ′) is an injective object
in A.

(5) Let M ′ be an indecomposable object in A/X . Then G(M ′) is an inde-
composable object in A.

Proof. (1) [Pop73, Corollary 4.4.7].
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(2) Let L be a nonzero subobject of G(U ′). We have a commutative diagram

L G(U ′)

GF (L) GFG(U ′)

,

and the morphism G(U ′) → GFG(U ′) is an isomorphism by Proposition 4.9
(2). Hence the morphism L → GF (L) is a monomorphism, and in particular
F (L) is a nonzero subobject of FG(U ′) ∼= U ′. By the uniformness of U ′ and (1),
GF (L) is an essential subobject of GFG(U ′). Since L is essential as a subobject
of GF (L) by Proposition 4.9 (3), L is an essential subobject of G(U ′).
(3) [Kan15b, Lemma 5.14 (1)].
(4) [Pop73, Corollary 4.4.7].
(5) This follows from Proposition 4.9 (2). �

Proposition 4.12. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) Let M be an X -torsionfree object in A, and let L be an essential sub-
object of M . Then F (L) is an essential subobject of F (M).

(2) Let U be a uniform X -torsionfree object in A. Then F (U) is a uniform
object in A/X .

(3) Let H be a monoform X -torsionfree object in A. Then F (H) is a
monoform object in A/X .

(4) Let I be an injective X -torsionfree object in A. Then F (I) is an injec-
tive object in A/X .

Proof. (1) [Pop73, Lemma 4.4.6 (3)].
(2) This follows from Proposition 4.10 and (1).
(3) [Kan15b, Lemma 5.14 (2)].
(4) [Pop73, Lemma 4.5.1 (2)]. �

The prelocalizing subcategories ofA and those of quotient categories are related
by the following operations.

Proposition 4.13. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) For each prelocalizing subcategory Y ′ of A/X , the full subcategory

F−1(Y ′) := {M ∈ A | F (M) ∈ Y ′ }
of A is a prelocalizing subcategory, and

X ∗ F−1(Y ′) ∗ X = F−1(Y ′).

(2) For each prelocalizing subcategory Y of A, the full subcategory

F (Y) :=

{
N ∈ AX

∣∣∣∣ N ∼= F (M) for some M ∈ Y
}

of A/X is a prelocalizing subcategory.
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(3) Let Y1 and Y2 be prelocalizing subcategories of A. Then

F (Y1 ∗ X ∗ Y2) = F (Y1) ∗ F (Y2).

Proof. (1) Since F is exact and commutes with arbitrary direct sums, the full
subcategory F−1(Y ′) is a prelocalizing subcategory. The inclusion F−1(Y ′) ⊂
X ∗ F−1(Y ′) ∗ X is obvious. By Theorem 4.6 (1),

F (X ∗ F−1(Y ′) ∗ X ) ⊂ F (X ) ∗ F (F−1(Y ′)) ∗ F (X ) ⊂ Y ′.

Hence X ∗ F−1(Y ′) ∗ X ⊂ F−1(Y ′).
(2) By Proposition 4.10, the full subcategory F (Y) of A/X is closed under
subobjects and quotient objects. It is also closed under arbitrary direct sums
since F commutes with arbitrary direct sums.
(3) Since F is exact, F (Y1 ∗ X ∗ Y2) ⊂ F (Y1) ∗F (Y2) by Theorem 4.6 (1). Let
M ′ be an object in A/X which belongs to F (Y1) ∗ F (Y2). Then there exists
an exact sequence

0→ F (M1)→M ′ → F (M2)→ 0

where Mi is an object in A which belongs to Yi for each i = 1, 2. Since G is
left exact, we have the exact sequence

0→ GF (M1)→ G(M ′)→ GF (M2).

Let η : 1A → GF be the unit morphism, and let B be the image of the morphism
G(M ′)→ GF (M2). Then we obtain a commutative diagram

0 GF (M1) M B ∩ Im ηM2 0

0 GF (M1) G(M ′) B 0

,

where M is an object in A. Let N be the cokernel of the composite Im ηM1 →֒
GF (M1) →֒ G(M ′). There is a commutative diagram

0 Im ηM1 M N 0

0 GF (M1) M B ∩ Im ηM2 0

.

By the snake lemma, we have an exact sequence

0→ Cok ηM1 → N → B ∩ Im ηM2 → 0.

By Proposition 4.9 (3), the object Cok ηMi belongs to X for each i = 1, 2.
Hence F (Cok ηM1) = 0, and

F

(
B

B ∩ Im ηM2

)
∼= F

(
B + Im ηM2

Im ηM2

)
⊂ F

(
GF (M2)

Im ηM2

)
= 0.

By applying F to the morphisms B ∩ Im ηM2 →֒ B and Im ηM1 →֒ GF (M1),
we obtain F (B ∩ Im ηM2) ∼−→ F (B) and F (Im ηM1) ∼−→ FGF (M1) ∼−→ F (M1).
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Hence we have the commutative diagram

0 F (Im ηM1) F (M) F (N) 0

0 FGF (M1) F (M) F (B ∩ Im ηM2) 0

0 FGF (M1) FG(M ′) F (B) 0

0 F (M1) M ′ F (M2) 0

∼= ∼=

∼= ∼=

∼= ∼= ∼=

.

For each i = 1, 2, the quotient object Im ηMi of Mi belongs to Yi, and hence
N belongs to X ∗ Y2. Therefore M ′ belongs to F (Y1 ∗ X ∗ Y2). �

Proposition 4.14. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) There is a bijection
{

prelocalizing subcategories Y of A
satisfying X ∗ Y ∗ X = Y

}
→
{
prelocalizing subcategories of

A
X

}

given by Y 7→ F (Y). Its inverse is given by Y ′ 7→ F−1(Y ′).
(2) For each i = 1, 2, let Yi be a prelocalizing subcategory of A such that
X ∗ Yi ∗ X = Yi. Then

F (Y1 ∗ Y2) = F (Y1) ∗ F (Y2).

(3) The bijection in (1) restricts to a bijection
{

localizing subcategories Y of A
satisfying X ⊂ Y

}
→
{
localizing subcategories of

A
X

}
.

Proof. (1) By Proposition 4.13 (1) and Proposition 4.13 (2), these maps are
well-defined. Let η : 1A → GF be the unit morphism.
Let Y be a prelocalizing subcategory of A satisfying X ∗Y∗X = Y. It is obvious
that Y ⊂ F−1F (Y). Let M be an object in A which belongs to F−1F (Y). Then
there exists an object N in A which belongs to Y such that F (M) ∼= F (N).
There is an exact sequence

0→ Im ηN → GF (N)→ Cok ηN → 0.

The quotient object Im ηN of N belongs to Y. By Proposition 4.9 (3), the
object Cok ηN belongs to X . Hence GF (M) ∼= GF (N) belongs to Y ∗ X . By
Proposition 4.2 (2), the subobject Im ηM of GF (M) belongs to Y ∗ X . There
is an exact sequence

0→ Ker ηM →M → Im ηM → 0,

where Ker ηM belongs to X . Therefore M belongs to X ∗ Y ∗ X = Y. This
shows that F−1F (Y) ⊂ Y.
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Let Y ′ be a prelocalizing subcategory of A/X . It is obvious that FF−1(Y ′) ⊂
Y ′. Let M ′ be an object in A/X which belongs to Y ′. Then by Proposition 4.9
(1), there exists an object M in A such that F (M) = M ′. Since M belongs
to F−1(Y ′), the object M ′ = F (M) belongs to FF−1(Y ′). This shows that
Y ′ ⊂ FF−1(Y ′).
(2) By Proposition 4.13 (3),

F (Y1 ∗ Y2) = F (Y1 ∗ X ∗ Y2) = F (Y1) ∗ F (Y2).

(3) This follows from (2). �

Remark 4.15. In the setting of Proposition 4.13 (3), the assertion F (Y1 ∗
X ∗ Y2) = F (Y1 ∗ Y2) does not necessarily hold. The next example gives a
counter-example.

Example 4.16. Let K be a field, and let Λ be the ring

Λ =



K 0 0
K K 0
K K K




of 3×3 lower triangular matrices. Define simple Λ-modules Si for each i = 1, 2, 3
by

S1 =
[
K 0 0

]
,

S2 =

[
K K 0

]
[
K 0 0

] ,

S3 =

[
K K K

]
[
K K 0

] ,

and let Xi be the localizing subcategory of ModΛ consisting of arbitrary direct
sums of copies of Si. Let F : A → A/X2 and G : A/X2 → A denote the
canonical functors. Since the Λ-module

M =
[
K K K

]

belongs to X1∗X2∗X3, it follows that M ∼= GF (M) belongs to GF (X1∗X2∗X3).
On the other hand, every Λ-module belonging to X1 ∗ X3 is the direct sum of
some object in X1 and some object in X3. Since ModΛ is a locally noetherian
Grothendieck category, by [Pop73, Proposition 5.8.12], the functor G commutes
with arbitrary direct sums. Hence every Λ-module belonging to GF (X1 ∗ X3)
is the direct sum of some object in GF (X1) = X1 ∗ X2 and some object in
GF (X3) = X3. Since M is indecomposable and belongs to neither X1 ∗ X2

nor X3, the Λ-module M does not belong to GF (X1 ∗ X3). This shows that
F (X1 ∗ X2 ∗ X3) 6⊂ F (X1 ∗ X3).

The following result gives a characterization of a quotient category.

Proposition 4.17. Let A and B be Grothendieck categories, and let Q : A → B
be an exact functor with a fully faithful right adjoint B → A. Then the full

Documenta Mathematica 20 (2015) 1403–1465



1422 Ryo Kanda

subcategory

X = {M ∈ A | Q(M) = 0 }
of A is a localizing subcategory, and there exists a unique equivalence
Q : A/X ∼−→ B such that QF = Q, where F : A → A/X is the canonical
functor.

Proof. [Pop73, Theorem 4.4.9]. �

We state some facts on the image of a localizing subcategory in a quotient
category.

Proposition 4.18. Let X and Y be localizing subcategories of A. Denote the
canonical functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) It holds that 〈F (Y)〉loc = F (〈X ∪ Y〉loc).
(2) If X ⊂ Y, then the composite Y → A → A/X induces an equivalence

Y
X
∼−→ F (Y).

(3) If X ⊂ Y, then the composite

A → A/X → A/X
F (Y)

induces an equivalence

A
Y
∼−→ A/X

F (Y)
.

Proof. (1) It is obvious that 〈F (Y)〉loc ⊂ F (〈X ∪ Y〉loc). Since F is exact and
commutes with arbitrary direct sums,

F (〈X ∪ Y〉loc) ⊂ 〈F (X ∪ Y)〉loc = 〈F (X ) ∪ F (Y)〉loc = 〈F (Y)〉loc
by Theorem 4.6 (1).
(2) The equivalence follows from the construction of A/X (see [Gab62, p. 365]
or [Kan15b, Definition 5.2]).
(3) By Proposition 4.14 (3), the full subcategory F (Y) of A/X is a localizing
subcategory, and F−1F (Y) = Y. By Proposition 4.9 (2), the composite is an
exact functor with a fully faithful right adjoint. Hence by Proposition 4.17, it
induces an equivalence

A
Y =

A
F−1F (Y)

∼−→ A/X
F (Y)

. �

5. Atom spectra of quotient categories and localization

Throughout this section, let A be a Grothendieck category. We recall a de-
scription of the atom spectrum of a quotient category of A and fundamental
results on the localization of A at an atom. We start with relating localizing
subcategories of A and localizing subsets of ASpecA.
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Definition 5.1.

(1) For a full subcategory X of A, define the subset ASuppX of ASpecA
by

ASuppX =
⋃

M∈X
ASuppM.

(2) For a subset Φ of ASpecA, define the full subcategory ASupp−1 Φ of
A by

ASupp−1 Φ = {M ∈ A | ASuppM ⊂ Φ }.
Proposition 5.2.

(1) For every full subcategory X of A, the subset ASuppX of ASpecA is
a localizing subset.

(2) For every subset Φ of ASpecA, the full subcategory ASupp−1 Φ of A is
a localizing subcategory.

Proof. (1) Recall that ASpecA is in bijection with a small set. For each α ∈
ASuppX , choose an object M(α) in A which belongs to X such that α ∈
ASuppM(α). Then

ASupp
⊕

α∈ASuppX
M(α) =

⋃

α∈ASuppX
ASuppM(α) = ASuppX

by Proposition 3.11 (1).
(2) This follows from Proposition 3.10 and Proposition 3.11 (1). �

The following result shows that a localizing subset of ASpecA is determined
by the corresponding localizing subcategory of A.

Proposition 5.3. For every localizing subset Φ of ASpecA,
ASupp(ASupp−1 Φ) = Φ.

Proof. This follows from the proof of [Kan12, Theorem 4.3]. �

If A is a locally noetherian Grothendieck category, we also have
ASupp−1(ASuppX ) = X for every localizing subcategory X of A, and
these correspondences establish a bijection between the localizing subcate-
gories of A and the localizing subsets of ASpecA ([Kan12, Theorem 5.5]). We
generalize this result later as Theorem 6.8.
We describe the atom spectrum of the quotient category by a localizing sub-
category.

Theorem 5.4. Let A be a Grothendieck category, and let X be a localizing
subcategory of A. Denote the canonical functor by F : A → A/X and its right
adjoint by G : A/X → A. Then the map ASpecA \ ASuppX → ASpec(A/X )

given by H 7→ F (H) is a homeomorphism. Its inverse is given by H ′ 7→ G(H ′).

Proof. [Kan15b, Theorem 5.17]. �
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Remark 5.5. Every localizing subcategory X of A is a Grothendieck category,
and ASpecX is homeomorphic to the localizing subset ASuppX of ASpecA
by the correspondence H 7→ H ([Kan15b, Proposition 5.12]). We identify
ASpecX with ASuppX , and ASpec(A/X ) with ASpecA \ ASuppX via the
homeomorphism in Theorem 5.4. Then

ASpecA = ASpecX ∪ ASpec
A
X ,

and

ASpecX ∩ ASpec
A
X = ∅.

We describe atom supports and associated atoms in a quotient category.

Proposition 5.6. Let X be a localizing subcategory of A. Denote the canonical
functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) For every object M ′ in A/X ,
AAssG(M ′) = AAssM ′,

and

ASuppG(M ′) \ASuppX = ASuppM ′.

(2) For every object M in A,
AAssF (M) ⊃ AAssM \ASuppX ,

and

ASuppF (M) = ASuppM \ASuppX .
Proof. These follow from [Kan15b, Lemma 5.16]. By considering Proposi-
tion 4.9 (4), the assertion AAssG(M ′) = AAssM ′ also follows. �

The atom spectrum of the image of a localizing subcategory in a quotient
category is described as follows.

Proposition 5.7. Let X and Y be localizing subcategories of A. Denote the
canonical functor by F : A → A/X and its right adjoint by G : A/X → A.
Then

ASpec 〈F (Y)〉loc = ASpecF (〈X ∪ Y〉loc)

= ASpecY ∩ ASpec
A
X

= ASpecY \ASpecX ,
and

ASpec
A/X
〈F (Y)〉loc

= ASpec
A

〈X ∪ Y〉loc
= ASpec

A
X ∩ ASpec

A
Y

= ASpecA \ (ASpecX ∪ ASpecY).
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Proof. This follows from ASupp 〈X ∪ Y〉loc = ASuppX ∪ASuppY and Propo-
sition 4.18. �

Definition 5.8. Let A be a Grothendieck category and α ∈ ASpecA. Define
a localizing subcategory X (α) of A by X (α) = ASupp−1(ASpecA \ Λ(α)).
Define the localization Aα of A at α by Aα = A/X (α). The canonical functor
A → Aα is denoted by (−)α.

In Definition 5.8, the subset ASpecA\Λ(α) of ASpecA is localizing. By Propo-
sition 5.3, ASuppX (α) = ASpecA \ Λ(α). Therefore we have the following
result.

Theorem 5.9. Let A be a Grothendieck category and α ∈ ASpecA. Then
ASpecAα = Λ(α). In particular, the partially ordered set ASpecA has the
largest element α.

Proof. [Kan15b, Proposition 6.6 (1)]. �

We obtain the following description of atom supports.

Proposition 5.10.

(1) For every α ∈ ASpecA,
X (α) = {M ∈ A | α /∈ ASuppM }.

(2) For every object M in A,
ASuppM = {α ∈ ASpecA |Mα 6= 0 }.

Proof. [Kan15b, Proposition 6.2]. �

We show that the localization of a Grothendieck category at an atom is “local”
in the following sense.

Definition 5.11. Let A be a Grothendieck category.

(1) We say that A is local if there exists a simple object in A such that
E(S) is a cogenerator of A.

(2) A localizing subcategory X of A is called prime if A/X is a local
Grothendieck category.

Theorem 5.12. Let A be a Grothendieck category. Then the following asser-
tions are equivalent.

(1) A is local.
(2) There exists α ∈ ASpecA such that for every nonzero object M in A,

we have α ∈ ASuppM .
(3) There exists α ∈ ASpecA such that the canonical functor A → Aα is

an equivalence.

Proof. [Kan15b, Proposition 6.4 (1)] and [Kan15b, Proposition 6.6 (2)]. �

In the case of where A is a locally noetherian Grothendieck category, the lo-
calness of A is characterized as follows.
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Proposition 5.13. Let A be a Grothendieck category. If A is local, then all
simple objects in A are isomorphic to each other. In the case where A is a
nonzero locally noetherian Grothendieck category, the converse also holds.

Proof. [Kan15b, Proposition 6.4 (2)]. �

Theorem 5.12 shows that the localizing subcategory X (α) is prime for every
α ∈ ASpecA. This correspondence gives the following bijection.

Theorem 5.14. Let A be a Grothendieck category. There is a bijection

ASpecA → { prime localizing subcategories of A}
given by α 7→ X (α). For each α, β ∈ ASpecA, we have α ≤ β if and only if
X (α) ⊃ X (β).

Proof. [Kan15b, Theorem 6.8]. �

We consider the localization of a quotient category.

Proposition 5.15. Let X be a localizing subcategory of A and α ∈ ASpecA \
ASuppX . Then the composite of the canonical functors A → A/X and A/X →
(A/X )α induces an equivalence Aα ∼−→ (A/X )α.

Proof. By Proposition 5.10 (1), X ⊂ X (α). Hence the claim follows from
Proposition 5.6 (2) and Proposition 4.18 (3). �

In the setting of Proposition 5.15, we identify Aα and (A/X )α.
The following result shows that the localization of a Grothendieck category at
an atom is a generalization of the localization a commutative ring at a prime
ideal.

Proposition 5.16. Let R be a commutative ring.

(1) Let p ∈ SpecR. Denote by α the corresponding atom R/p in ModR.
Then the functor −⊗R Rp : ModR → ModRp induces an equivalence
(ModR)α ∼−→ ModRp.

(2) The Grothendieck category ModR is local if and only if the commuta-
tive ring R is local.

Proof. (1) [Kan15b, Proposition 6.9].
(2) This follows from Theorem 5.12 and (1). �

6. Grothendieck categories with enough atoms

The purpose of this paper is to investigate the category QCohX of quasi-
coherent sheaves on a locally noetherian scheme X . In general, the category
QCohX is a Grothendieck category but not necessarily locally noetherian (see
Remark 7.5). In this section, we introduce the notion of a Grothendieck cate-
gory with enough atoms and investigate its properties. It is shown later that
QCohX is a Grothendieck category with enough atoms.
Let A be a Grothendieck category. Recall that every monoform object in A is
uniform (Proposition 3.5 (2)). We say that uniform objects U1 and U2 in A
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are equivalent (denoted by U1 ∼ U2) if there exists a nonzero subobject of U1

which is isomorphic to a subobject of U2. The equivalence between monoform
objects is exactly the same as the atom-equivalence defined in Definition 3.3
(2).

Proposition 6.1. Let U1 and U2 be uniform objects in A. Then U1 is equiv-
alent to U2 if and only if E(U1) is isomorphic to E(U2).

Proof. [Kra03, Lemma 2]. �

Since every indecomposable injective object in A is uniform ([Ste75, Proposi-
tion V.2.8]), the map

{ uniform objects in A}
∼ → { indecomposable injective objects in A}

∼=
induced by the correspondence U 7→ E(U) is bijective. We consider the restric-
tion of this bijection to ASpecA.

Definition 6.2. Let A be a Grothendieck category. For α ∈ ASpecA, define
the injective envelope E(α) of α by E(α) = E(H), where H is a monoform
object in A satisfying H = α.

Proposition 6.1 implies that the isomorphism class of E(α) in Definition 6.2
does not depend on the choice of the representative H .

Definition 6.3. We say that a Grothendieck category A has enough atoms if
A satisfies the following conditions.

(1) Every injective object in A has an indecomposable decomposition.
(2) Each indecomposable injective object in A is isomorphic to E(α) for

some α ∈ ASpecA.

Note that an indecomposable decomposition of an injective object is unique in
the following sense.

Theorem 6.4. Let A be a Grothendieck category, and let I be an injective
object with

I ∼=
⊕

λ∈Λ
Iλ ∼=

⊕

µ∈Λ′

I ′µ,

where Iλ and I ′µ are indecomposable for each λ ∈ Λ and µ ∈ Λ′. Then there
exists a bijection ϕ : Λ→ Λ′ such that Iλ is isomorphic to I ′ϕ(λ) for each λ ∈ Λ.

Proof. This follows from Krull–Remak–Schmidt–Azumaya’s theorem ([Pop73,
Theorem 5.1.3]) and the fact that the endomorphism ring of each indecompos-
able injective object in A is local ([Pop73, Lemma 4.20.3]). �

The following result shows that a Grothendieck category with enough atoms is
a generalization of a locally noetherian Grothendieck category.

Proposition 6.5. Every locally noetherian Grothendieck category has enough
atoms.
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Proof. This follows from Proposition 3.5 (3) and [Ste75, Proposition V.4.5]
since every nonzero object in a locally noetherian Grothendieck category has a
nonzero noetherian subobject. �

We show that every quotient category of a Grothendieck category with enough
atoms has enough atoms.

Proposition 6.6. Let A be a Grothendieck category, and let X be a localizing
subcategory of A.

(1) If every injective object in A has an indecomposable decomposition, then
every injective object in A/X has an indecomposable decomposition.

(2) If A has enough atoms, then A/X has enough atoms.

Proof. Denote the canonical functor by F : A → A/X and its right adjoint by
G : A/X → A.
(1) Let I ′ be an injective object in A/X . By Proposition 4.11 (4), the object
G(I ′) in A is injective. Hence G(I ′) has an indecomposable decomposition

G(I ′) =
⊕

λ∈Λ
Iλ.

We obtain

I ′ ∼= FG(I ′) ∼=
⊕

λ∈Λ
F (Iλ).

By Proposition 4.9 (4), Proposition 4.12 (2) and Proposition 4.12 (4), the object
F (Iλ) is an indecomposable injective object in A/X for each λ ∈ Λ.
(2) Let I ′ be an indecomposable injective object in A/X . Then by Proposi-
tion 4.11 (5) and Proposition 4.11 (4), the object G(I ′) in A is indecomposable
and injective. Hence there exists α ∈ ASpecA such that G(I ′) ∼= EA(α).
We obtain I ′ ∼= FG(I ′) ∼= F (EA(α)). Let H be a monoform subobject of
EA(α). By Proposition 4.9 (4), the object H is X -torsionfree. By Proposi-
tion 4.12 (3), the object I ′ has the monoform subobject F (H). This implies
that I ′ = E(F (H)) = EA/X (α). �

A Grothendieck category A is called locally uniform2 if every nonzero object in
A has a uniform subobject. It is shown that this holds whenever A has enough
atoms.

Proposition 6.7. Let A be a Grothendieck category with enough atoms. Then
every nonzero object in A has a monoform subobject. In particular, the
Grothendieck category A is locally uniform.

Proof. Let M be a nonzero object in A. Then there exists a family {αλ}λ∈Λ
of atoms in A such that

E(M) ∼=
⊕

λ∈Λ
E(αλ).

2In [Pop73, p. 330], it is called locally coirreducible since a uniform object is called a
coirreducible object.
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Hence E(M) has a monoform subobject H . Since M is an essential subobject
of E(M), the subobject H ∩M of M is monoform by Proposition 3.5 (1). The
last assertion follows from Proposition 3.5 (2). �

The classification of the localizing subcategories by the atom spectrum we
mentioned after Proposition 5.3 is generalized to a Grothendieck category with
enough atoms.

Theorem 6.8. Let A be a Grothendieck category with enough atoms. There is
a bijection

{ localizing subcategories of A} → { localizing subsets of ASpecA}
given by X 7→ ASuppX . Its inverse is given by Φ 7→ ASupp−1 Φ.

Proof. By Proposition 5.2 and Proposition 5.3, it suffices to show that
ASupp−1(ASuppX ) = X for each localizing subcategory X of A. The in-
clusion X ⊂ ASupp−1(ASuppX ) holds obviously. Let M be an object in A
which belongs to ASupp−1(ASuppX ), and let L be the largest subobject of M
which belongs to X . If M/L is nonzero, then by Proposition 6.7, there exists a
monoform subobject H of M/L. Since H ∈ ASuppM ⊂ ASuppX , there exists
a nonzero subobject H ′ of H which belongs to X . Let H ′ = L′/L ⊂ M/L.
Since L and L′/L belongs to X , the subobject L′ of M also belongs to X . This
contradicts the maximality of L. Therefore ASupp−1(ASuppX ) = X . �

We show that every localizing subcategory is the intersection of some family of
prime localizing subcategories.

Corollary 6.9. Let A be a Grothendieck category with enough atoms. For
every localizing subcategory X of A,

X =
⋂

α∈ASpecA\ASuppX
X (α).

Proof. By Proposition 5.10 (1) and Theorem 6.8,
⋂

α∈ASpecA\ASuppX
X (α)

= {M ∈ A | α /∈ ASuppM for each α ∈ ASpecA \ASuppX }
= {M ∈ A | ASuppM ⊂ ASuppX }
= ASupp−1(ASuppX )

= X . �

Let A be a Grothendieck category and α ∈ ASpecA. It is shown in the proof of
[Kan15a, Theorem 2.5] that the injective envelope E(α) has a largest monoform
subobject H(α). The object H(α) is called the atomic object corresponding to
α. It is straightforward to show that no monoform object in A has a proper
essential subobject isomorphic to H(α).
The atomic objects correspond to the simple objects in the localizations.
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Proposition 6.10. Let A be a Grothendieck category and α ∈ ASpecA. De-
note the canonical functor by Fα : A → Aα and its right adjoint by Gα : Aα →
A. Let S′ be the simple object in Aα.

(1) S′ is the atomic object corresponding to the atom S′ in Aα.
(2) Gα(S′) is isomorphic to the atomic object H(α).
(3) The ring EndA(H(α)) is isomorphic to the skew field EndAα(S′).

Proof. (1) It holds that S′ ⊂ H(S′) ⊂ E(S′) = E(S′). If S′ ( H(S′), then
by Theorem 5.12, S′ ∈ ASupp(H(S′)/S′), and hence there exist a subobject L
of H(S′) with S′ ⊂ L and a subobject of H(S′)/L which is isomorphic to S′.
This contradicts the monoformness of H(S′). Therefore S′ = H(S′).
(2) By Theorem 5.4, the object Fα(H(α)) is a monoform object in Aα, and
GαFα(H(α)) is a monoform object in A. By (1), Fα(H(α)) ∼= S′. Since
H(α) is X (α)-torsionfree, by Proposition 4.9 (3), the canonical morphism
H(α) → GαFα(H(α)) is a monomorphism, and H(α) is essential as a sub-
object of GαFα(H(α)). Therefore the morphism H(α) → GαFα(H(α)) is an
isomorphism, and Gα(S′) ∼= GαFα(H(α)) ∼= H(α).
(3) By (2) and Proposition 4.9 (2),

EndA(H(α)) ∼= EndA(Gα(S′))
∼= HomAα(FαGα(S′), S′)
∼= EndAα(S′).

This gives a ring isomorphism EndA(H(α)) ∼= EndAα(S′). �

The skew field EndA(H(α)) is called the residue field of α and denoted by k(α).

7. The atom spectra of locally noetherian schemes

In this section, we describe the atom spectrum of the category of quasi-coherent
sheaves on a locally noetherian scheme. Let X be a locally noetherian scheme
with the underlying topological space |X | and the structure sheaf OX . It is
known that the category ModX of OX -modules and the category QCohX of
quasi-coherent sheaves on X are Grothendieck categories (see [Har66, Theo-
rem II.7.8] and [Con00, Lemma 2.1.7]). For a commutative ring R, we identify
QCoh(SpecR) with ModR.

Proposition 7.1. Let U be an open affine subscheme of X, and let i : U →֒ X
be the immersion. Then the functor i∗ : ModU → ModX and its left adjoint
i∗ : ModX → ModU induce the functor i∗ : QCohU → QCohX and its left
adjoint i∗ : QCohX → QCohU .

Proof. [Gro60, 0.4.4.3.1] and [Gro60, Proposition I.9.4.2 (i)]. �

In the rest of this paper, every quasi-coherent sheaf M on X is always regarded
as an object in QCohX , not in ModX . Hence a subobject of M means a quasi-
coherent subsheaf of M .
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For an open affine subscheme U ofX with the immersion i : U →֒ X , the functor
i∗ : QCohX → QCohU is also denoted by (−)|U . The category QCohU is
realized as a quotient category of QCohX through this functor.

Proposition 7.2. Let U be an open affine subscheme of X. Then the func-
tor (−)|U : QCohX → QCohU induces an equivalence (QCohX)/XU ∼−→
QCohU , where XU is a localizing subcategory of QCohX defined by

XU = {M ∈ QCohX |M |U = 0 }.
Proof. Let i : U →֒ X be the immersion. Since the counit functor i∗i∗ →
1QCohU is an isomorphism, the functor i∗ is fully faithful. The functor i∗ is
exact. Hence the claim follows from Proposition 4.17. �

For each object M in QCohX , the subset SuppM of X is defined by

SuppM = {x ∈ X |Mx 6= 0 }.
For each x ∈ X , let jx : SpecOX,x → X be the canonical morphism. Note
that j∗x is equal to the localization (−)x : QCohX → ModOX,x. The category
ModOX,x is realized as a quotient category of QCohX through this morphism.

Proposition 7.3. For every x ∈ X, the full subcategory

X (x) := {M ∈ QCohX | x /∈ SuppM } = {M ∈ QCohX |Mx = 0 }
of QCohX is a prime localizing subcategory. The functor (−)x : QCohX →
ModOX,x induces an equivalence (QCohX)/X (x) ∼−→ ModOX,x.
Proof. Let i : U →֒ X be the immersion of an open affine subscheme with
x ∈ U . Then the functor (−)x : QCohX → ModOX,x is equal to the com-
posite of (−)|U : QCohX → QCohU and (−)x : QCohU → ModOX,x. By
Proposition 7.2 and Proposition 5.16 (1), these two functors are exact func-
tors with fully faithful right adjoints. Hence we obtain the equivalence by
Proposition 4.17. By Proposition 5.16 (2), the localizing subcategory X (x) is
prime. �

For each x ∈ X , denote the unique maximal ideal of OX,x by mx, the residue
field of x by k(x) = OX,x/mx, and an injective envelope of k(x) in ModOX,x
by E(x) = EOX,x(k(x)). We state that every injective object in QCohX is a
direct sum of indecomposable injective objects of this form.

Theorem 7.4 (Hartshorne [Har66]). Let X = (|X |,OX) be a locally noetherian
scheme.

(1) For every family {Iλ}λ∈Λ of injective objects in QCohX, the direct
sum

⊕
λ∈Λ Iλ is also injective.

(2) Every injective object in QCohX has an indecomposable decomposition.
(3) There is a bijection

|X | → { indecomposable injective objects in QCohX }
∼=

given by x 7→ jx∗E(x).
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Proof. [Con00, Lemma 2.1.5]. �

Remark 7.5. In [Har66, p. 135], it is shown that there exists a locally noe-
therian scheme X such that the Grothendieck category QCohX is not locally
noetherian. By combining Theorem 7.4 (1) and [Pop73, Theorem 5.8.7], we
deduce that QCohX is not even (categorically) locally finitely generated. On
the other hand, the set of coherent sheaves on X generates QCohX [Gro60,
Corollary I.9.4.9]. Consequently, a coherent sheaf on X is not necessarily a
finitely generated object in QCohX .

We give a description of the atom spectrum of QCohX .

Theorem 7.6. Let X = (|X |,OX) be a locally noetherian scheme.

(1) For each x ∈ X, the set AAss jx∗E(x) consists of one element, say αx.
The injective envelope of αx is E(αx) = jx∗E(x). The atomic object is
H(αx) = jx∗k(x). The residue field is k(αx) ∼= k(x).

(2) There is a bijection |X | → ASpec(QCohX) given by x 7→ αx. More-
over, the Grothendieck category QCohX has enough atoms.

Proof. (1) By Proposition 7.3 and Proposition 5.6 (1),

AAss jx∗E(x) = AAssE(x) = {k(x)}.
Since jx∗E(x) is an indecomposable injective object by Theorem 7.4 (3), it is an
injective envelope of each of its nonzero subobjects. Hence E(αx) = jx∗E(x).
By Proposition 6.10 (2), H(αx) = jx∗k(x). By Proposition 6.10 (3), k(αx) ∼=
EndOX,x(k(x)) ∼= k(x).
(2) The bijection in Theorem 7.4 (3) is the composite of the map

|X | → ASpec(QCohX)

given by x 7→ αx and the injection

ASpec(QCohX)→ { indecomposable injective objects in QCohX }
∼=

given by α 7→ E(α). Hence these maps are also bijective. By Theorem 7.4 (2),
the Grothendieck category QCohX has enough atoms. �

A subset Φ of X is said to be closed under specialization if for every x ∈ Φ, we
have {x} ⊂ Φ. Atom supports and related notions in QCohX are described as
follows.

Corollary 7.7.

(1) Let M be an object in QCohX. Then the bijection |X | →
ASpec(QCohX) in Theorem 7.6 (2) restricts to a bijection SuppM →
ASuppM .

(2) For each x ∈ X, we have X (αx) = X (x). The canonical func-
tor QCohX → ModOX,x induces an equivalence (QCohX)αx

∼−→
ModOX,x.
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(3) For each subset Φ of X, the corresponding subset

{αx ∈ ASpec(QCohX) | x ∈ Φ }
of ASpec(QCohX) is localizing if and only if Φ is closed under special-
ization.

(4) Let x, y ∈ X. Then αx ≤ αy if and only if y ∈ {x}.
Proof. (1) For each x ∈ X , by Proposition 7.3 and Proposition 5.6 (2),

αx ∈ ASuppM if and only if k(x) ∈ ASupp j∗xM . By Proposition 3.9, this
is equivalent to mx ∈ Supp j∗xM , which means Mx = j∗xM 6= 0.
(2) By (1) and Proposition 5.10 (1), X (αx) = X (x). The equivalence follows
from Proposition 7.3.
(3) By (2), it suffices to show that Φ is closed under specialization if and
only if there exists an object M in QCohX satisfying Φ = SuppM . For every
object M in QCohX , it is straightforward to show that SuppM is closed under
specialization.
Assume that Φ is closed under specialization. For each x ∈ Φ, we have
Supp jx∗k(x) = {x}. Hence

Supp
⊕

x∈Φ
jx∗k(x) =

⋃

x∈Φ
Supp jx∗k(x) = Φ.

(4) This follows from (3). �

We specialize Theorem 6.8 to the case of QCohX . For a full subcategory X of
QCohX , define the specialization-closed subset SuppX of X by

SuppX =
⋃

M∈X
SuppM.

For a subset Φ of X , define the localizing subcategory Supp−1 Φ of QCohX by

Supp−1 Φ = {M ∈ QCohX | SuppM ⊂ Φ }.
Theorem 7.8. Let X be a locally noetherian scheme. There is a bijection

{ localizing subcategories of QCohX } → { specialization-closed subsets of X }
given by X 7→ SuppX . Its inverse is given by Φ 7→ Supp−1 Φ.

Proof. In Theorem 7.6 (2), we showed that the Grothendieck category QCohX
has enough atoms and described ASpec(QCohX). Hence the claim follows from
Theorem 6.8 and Corollary 7.7 (3). �

Definition 7.9. Let X be a locally noetherian scheme, and let M be an object
in QCohX . The subset AssM of X is defined by

AssM = {x ∈ X | mx ∈ AssOX,xMx }.
Each element of AssM is called an associated point of M .

In order to show that associated atoms are generalizations of associated points
defined in Definition 7.9, we need the following results.
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Proposition 7.10. Let SpecR be an open affine subscheme of X, and let
i : SpecR →֒ X be the immersion. For every R-module M , we have Ass i∗M =
i(AssRM).

Proof. [Gro65, Proposition 3.1.13] and [Gro65, Proposition 3.1.2]. �

Lemma 7.11. For each x ∈ X, we have Ass jx∗E(x) = {x} and Supp jx∗E(x) =

{x}.

Proof. Let i : SpecR →֒ X be the immersion of an open affine subscheme such
that x = i(p) for some p ∈ SpecR. Then the morphism jx is the compos-
ite of j : SpecOX,x ∼= SpecRp → SpecR and i : SpecR →֒ X . By [Mat89,
Theorem 18.4 (vi)], j∗E(x) = ER(R/p). By Proposition 7.10,

Ass jx∗E(x) = Ass i∗ER

(
R

p

)
= i

(
AssRER

(
R

p

))
= i({p}) = {x}.

By the argument in [Mat89, p. 150], for each q ∈ SpecR, we have ER(R/p)q =
ERq

((R/p)q). Hence we obtain

SuppER

(
R

p

)
= { q ∈ SpecR | p ⊂ q }

and

Supp jx∗E(x) = Supp i∗

(
ER

(
R

p

))
= {x}. �

Proposition 7.12. Let M be an object in QCohX. Then the bijection |X | →
ASpec(QCohX) in Theorem 7.6 (2) restricts to a bijection AssM → AAssM .

Proof. Assume that αx ∈ AAssM , and let i : U →֒ X be the immersion of an
open affine subscheme with x ∈ U . By Proposition 7.2 and Proposition 5.6
(2), αx ∈ AAss i∗M . By Proposition 3.9 and Proposition 7.10, we obtain x ∈
Ass i∗i∗M . Since the canonical morphism M → i∗i∗M induces an isomorphism
Mx
∼−→ (i∗i∗M)x, we deduce that x ∈ AssM .

Conversely, assume that x ∈ AssM . By Theorem 7.4 (2) and Theorem 7.4 (3),
there exists a family {xλ}λ∈Λ of points in X such that

E(M) ∼=
⊕

λ∈Λ
jxλ∗E(xλ).

By [Gro65, Proposition 3.1.7],

x ∈ AssM ⊂ AssE(M) =
⋃

λ∈Λ
Ass jxλ∗E(xλ).

Hence there exists λ ∈ Λ such that x ∈ Ass jxλ∗E(xλ). By Lemma 7.11,
xλ = x. By Proposition 3.12 (2), we deduce that

αx ∈ AAss jx∗E(x) ⊂ AAssE(M) = AAssM. �
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8. Localization of prelocalizing subcategories and localizing
subcategories

In order to classify the prelocalizing subcategories of QCohX for a locally
noetherian scheme X , we show that they are determined by their restrictions
to open affine subschemes of X . In this section, we prove this claim in a
categorical setting (Setting 8.3). We start with two lemmas, which show the
setting includes the case of QCohX .

Lemma 8.1. Let X be a locally noetherian scheme, and let M be an object in

QCohX. Then for each y ∈ SuppM , there exists x ∈ AssM with y ∈ {x}.
Proof. By Theorem 7.4 (2) and Theorem 7.4 (3), there exists a family {xλ}λ∈Λ
of points in X such that

E(M) ∼=
⊕

λ∈Λ
jxλ∗E(xλ).

Then
y ∈ SuppM ⊂ SuppE(M) =

⋃

λ∈Λ
Supp jxλ∗E(xλ).

By Lemma 7.11, y ∈ Supp jxλ∗E(xλ) = {xλ} for some λ ∈ Λ. By Proposi-
tion 7.12 and Proposition 3.12 (2), we obtain

AssM = AssE(M) =
⋃

λ∈Λ
Ass jxλ∗E(xλ) = {xλ | λ ∈ Λ }.

Therefore the claim follows. �

Lemma 8.2. Let R be a commutative ring, and let S be a multiplicatively closed
subset of R. LetM be an R-module. Then the R-moduleMS is a quotient object
of the direct sum of some copies of M . In particular, for every p ∈ SpecR, the
R-module Mp belongs to the prelocalizing subcategory 〈M〉preloc of ModR.

Proof. For each s ∈ S, the image of the R-homomorphism M → MS given
by x 7→ xs−1 is Ms−1. Hence the R-submodule Ms−1 of MS is a quotient
R-module of M . Since ⊕

s∈S
Ms−1 ։

∑

s∈S
Ms−1 = MS,

the claim follows. �

In the rest of this section, we investigate localizations of prelocalizing subcat-
egories in the following setting.

Setting 8.3. Let A be a Grothendieck category with enough atoms, and let
{Xλ}λ∈Λ be a family of localizing subcategories of A. For each λ ∈ Λ, let
Uλ = A/Xλ. Denote the canonical functors and their right adjoints by

• Fλ : A → Uλ and Gλ : Uλ → A for each λ ∈ Λ,
• Fλµ : Uλ → Uµ and Gλµ : Uµ → Uλ for each λ, µ ∈ Λ with Uµ ⊂ Uλ,
• Fα : A → Aα and Gα : Aα → A for each α ∈ ASpecA,
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• Fλα : Uλ → (Uλ)α and Gλα : (Uλ)α → Uλ for each λ ∈ Λ and α ∈
ASpec Uλ. (Note that (Uλ)α = Aα.)

We assume the following properties.

(1) It holds that

ASpecA =
⋃

λ∈Λ
ASpec Uλ.

Moreover, for each λ1, λ2 ∈ Λ and α ∈ ASpec Uλ1 ∩ ASpec Uλ2 , there
exists µ ∈ Λ such that

α ∈ ASpec Uµ ⊂ ASpec Uλ1 ∩ ASpec Uλ2 .

In other words, the family {ASpec Uλ}λ∈Λ satisfies the axiom of open

basis of ASpecA.3

(2) For each object M in A and β ∈ ASuppM , there exists α ∈ AAssM
with α ≤ β.

(3) Let λ ∈ Λ, and let M ′ be an object in Uλ and α ∈ ASpec Uλ. Then
the object GλαF

λ
α (M ′) belongs to 〈M ′〉preloc.

For a locally noetherian scheme X , let {Uλ}λ∈Λ be an open affine basis of X
(that is, an open basis of X consisting of affine subsets). Then Lemma 8.1
and Lemma 8.2 show that the Grothendieck category QCohX together with
{QCohUλ}λ∈Λ satisfies the conditions in Setting 8.3.
We assume Setting 8.3 in the rest of this section.
We show that every quotient category of A also satisfies the same conditions.

Proposition 8.4. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A. Then
the Grothendieck category A/X together with the family {〈F (Xλ)〉loc}λ∈Λ of
localizing subcategories of A/X also satisfies the conditions in Setting 8.3. In
particular, for every α ∈ ASpecA, the Grothendieck category Aα together with
{〈(Xλ)α〉loc}λ∈Λ satisfies the conditions in Setting 8.3.4

Proof. By Proposition 6.6 (2), the Grothendieck category A/X has enough
atoms.
(1) By Proposition 5.7,

ASpec
A/X

〈F (Xλ)〉loc
= ASpec

A
Xλ
∩ASpec

A
X .

(2) Let M ′ be an object in A/X , and let β ∈ ASuppM ′. By Proposition 5.6
(1), β ∈ ASuppG(M ′). Hence there exists α ∈ AAssG(M ′) = AAssM ′ with
α ≤ β.

3However, we regard ASpecA as a topological space only by the localizing topology. (See
Proposition 3.14.)

4It is shown in Proposition 8.15 (3) that 〈F (Xλ)〉loc = F (Xλ). In particular, 〈(Xλ)α〉loc =

(Xλ)α.
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(3) Let λ ∈ Λ. By Proposition 4.18 (1) and Proposition 4.18 (3),

A/X
〈F (Xλ)〉loc

∼= A
〈Xλ ∪ X〉loc

∼= A/Xλ
〈Fλ(X )〉loc

.

Let U ′
λ := Uλ/〈Fλ(X )〉loc. Denote the canonical functors by F ′ : Uλ → U ′

λ,
F ′
α : U ′

λ → Aα, and their right adjoints by G′ : U ′
λ → Uλ, G′

α : Aα → U ′
λ,

respectively. Let M ′′ be an object in U ′
λ, and let α ∈ ASpec U ′

λ. Then by the
assumption, the object GλαF

λ
αG

′(M ′′) belongs to 〈G′(M ′′)〉preloc. Since F ′ is

exact, the object F ′GλαF
λ
αG

′(M ′′) belongs to 〈F ′G′(M ′′)〉preloc = 〈M ′′〉preloc.
Since

F ′GλαF
λ
αG

′(M ′′) ∼= F ′G′G′
αF

′
αF

′G′(M ′′) ∼= G′
αF

′
α(M ′′),

the claim follows. �

Under the assumptions of Setting 8.3, we can show a complemental fact on
associated atoms in a quotient category.

Lemma 8.5. Let X be a localizing subcategory of A. Denote the canonical
functor by F : A → A/X and its right adjoint by G : A/X → A. For every
object M in A,

AAssF (M) = AAssM \ASuppX .
In particular, for every α ∈ ASpecA,

AAssMα = AAssM ∩ Λ(α).

Proof. By Proposition 5.6,

AAssGF (M) = AAssF (M) ⊃ AAssM \ASuppX .
Let η : 1A → GF be the unit morphism and β ∈ AAssGF (M). Note that
β /∈ ASuppX . By Proposition 4.9 (3), the subobject L := Ker ηM of M belongs
to X , and Im ηM is an essential subobject of GF (M). By Proposition 3.12
(2), β ∈ AAss(Im ηM ) = AAss(M/L). Hence there exists a subobject L′ of
M with L ⊂ L′ such that L′/L is a monoform object representing β. Since
β ∈ ASuppL′, by Setting 8.3 (2), there exists α ∈ AAssL′ with α ≤ β.
Since β /∈ ASuppX , it holds that α /∈ ASuppL by Proposition 3.17. By
Proposition 3.10 and Proposition 3.12 (1), α ∈ AAss(L′/L) = {β}. Therefore
β = α ∈ AAssL′ ⊂ AAssM . �

We show two lemmas as parts of the proof of Theorem 8.8. It is useful to
determine whether an object belongs to a given prelocalizing subcategory.

Lemma 8.6. Let λ ∈ Λ, and let Y ′ be a prelocalizing subcategory of Uλ. Let U ′

be a uniform object in Uλ with AAssU ′ = {α}. If U ′
α belongs to Y ′

α, then U ′

belongs to Y ′.

Proof. There exists an object N ′ in Uλ which belongs to Y ′ such that U ′
α
∼=

N ′
α. By Setting 8.3 (3), the object GλαF

λ
α (U ′) ∼= GλαF

λ
α (N ′) belongs to

Y ′. Let η : 1Uλ → GλαF
λ
α be the unit morphism. Then by Proposition 4.9

(3), α /∈ ASupp(Ker ηU ′ ). If Ker ηU ′ 6= 0, then by Proposition 3.12 (2),
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α ∈ AAss(Ker ηU ′) ⊂ ASupp(Ker ηU ′). This is a contradiction. Hence ηU ′

is a monomorphism. The object U ′ belongs to Y ′. �

Lemma 8.7. Let Y be a prelocalizing subcategory of A, and let U be a uniform
object in A with AAssU = {α}. If Uα belongs to Yα, then U belongs to Y.
Proof. Let L be the largest subobject of U which belongs to Y. Assume
that L ( U . Then by Proposition 6.7, there exists β ∈ AAss(U/L). By
Setting 8.3 (2), α ≤ β. By Setting 8.3 (1), there exists λ ∈ Λ such
that β ∈ ASpec Uλ = ASpecA \ ASuppXλ. Then by Proposition 3.17, we
also have α ∈ ASpec Uλ. By a similar argument to that in the proof of
Lemma 8.6, the canonical morphism U → GλFλ(U) is a monomorphism, and
U is Xλ-torsionfree. By Proposition 4.12 (2), the object Fλ(U) is uniform, and
AAssFλ(U) = {α} by Proposition 3.12 (1). Since Fλ(U)α = Uα belongs to
Yα = Fλ(Y)α, by Lemma 8.6, the object Fλ(U) belongs to Fλ(Y). We ob-
tain an object N in A which belongs to Y such that Fλ(N) ∼= Fλ(U). Let
V be the image of the composite of the canonical morphism N → GλFλ(N)
and GλFλ(N) ∼−→ GλFλ(U). By Proposition 4.9 (3), the object GλFλ(U)/V
belongs to Xλ. Hence

GλFλ(U)

U ∩ V →֒ GλFλ(U)

U
⊕ GλFλ(U)

V
∈ Xλ.

Since U ∩ V belongs to Y, we have U ∩ V ⊂ L by the maximality of L.
Hence U/L also belongs to Xλ, and β ∈ ASupp(U/L) ⊂ ASuppXλ. This is a
contradiction. Therefore L = U . �

Theorem 8.8. Assume Setting 8.3. Let Y be a prelocalizing subcategory of A,
and let M be an object in A. If Mα belongs to Yα for every α ∈ AAssM , then
M belongs to Y.
Proof. Since A has enough atoms, there exists a family {αω}ω∈Ω of elements
of ASpecA such that

E(M) ∼=
⊕

ω∈Ω
E(αω).

Let Z = 〈M〉preloc. For each ω ∈ Ω, let Lω be the largest subobject of E(αω)

which belongs to Z. Then by Proposition 4.5, M ⊂ ⊕ω∈Ω Lω. Since Lω is
uniform for each ω ∈ Ω, by Proposition 3.12,

{αω} = AAssLω ⊂ AAssE(M) = AAssM.

By Proposition 4.13 (2), it is straightforward to show that Zαω = 〈Mαω〉preloc.
Hence by the assumption, Zαω ⊂ Yαω . Since Lω belongs to Z, the object
(Lω)αω belongs to Yαω . By Lemma 8.7, we deduce that Lω belongs to Y.
Therefore the subobject M of

⊕
ω∈Ω Lω also belongs to Y. �

The following results are consequences of Theorem 8.8.

Proposition 8.9. Let X be a localizing subcategory of A. Denote the canonical
functor by F : A → A/X and its right adjoint by G : A/X → A. Then for every
object M in A, the object GF (M) belongs to 〈M〉preloc.
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Proof. Let η : 1A → GF be the unit morphism. Let α ∈ AAssGF (M). By
Proposition 5.6 (1),

α ∈ AAssGF (M) = AAssF (M) ⊂ ASpec
A
X = ASpecA \ASuppX .

By Proposition 4.9 (3), the objects Ker ηM and Cok ηM belong to X . By
applying (−)α to the exact sequence

0→ Ker ηM →M → GF (M)→ Cok ηM → 0,

we obtain the isomorphism Mα
∼−→ GF (M)α. Hence GF (M)α belongs to

(〈M〉preloc)α. By Theorem 8.8, we deduce that GF (M) belongs to 〈M〉preloc.
�

Proposition 8.10. Let Y be a prelocalizing subcategory of A and α ∈ ASpecA.
Then α ∈ ASuppY if and only if H(α) belongs to Y.
Proof. If H(α) belongs to Y, then α = H(α) ∈ ASuppY.
Assume α ∈ ASuppY. Then there exists a monoform object H in A with
H = α such that H belongs to Y. By Proposition 8.9, the object GαFα(H)
belongs to Y. By the proof of Proposition 6.10 (2), the object GαFα(H) is
isomorphic to H(α). �

We show the main result in this section.

Theorem 8.11. Assume Setting 8.3. Then there exist bijections between the
following sets.

(1) The set of prelocalizing subcategories of A.
(2) The set of families {Yλ ⊂ Uλ}λ∈Λ of prelocalizing subcategories such

that Fλµ (Yλ) = Yµ for each λ, µ ∈ Λ with ASpec Uµ ⊂ ASpec Uλ.
(3) The set of families {Y(α) ⊂ Aα}α∈ASpecA of prelocalizing subcategories

such that Y(β)α = Y(α) for each α, β ∈ ASpecA with α ≤ β.
The correspondences are given as follows.

(1) Y 7→
{

(2) {Fλ(Y)}λ∈Λ
(3) {Yα}α∈ASpecA,

(2) {Yλ}λ∈Λ 7→





(1)
⋂

λ∈Λ
F−1
λ (Yλ)

(3) {Y(α)}α∈ASpecA,

where Y(α) = (Yλ)α for λ ∈ Λ with α ∈ ASpec Uλ,

(3) {Y(α)}α∈ASpecA 7→





(1)
⋂

α∈ASpecA
F−1
α (Y(α))

(2)

{ ⋂

α∈ASpec Uλ
(Fλα )−1(Y(α))

}

λ∈Λ
.

Proof. ((1)↔(2)) Let Y be a prelocalizing subcategory of A. It is obvious
that Y ⊂ ⋂

λ∈Λ F
−1
λ Fλ(Y). Let M be an object in A which belongs to
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⋂
λ∈Λ F

−1
λ Fλ(Y). For each α ∈ AAssM , by Setting 8.3 (1), there exists λ ∈ Λ

such that α ∈ ASpec Uλ. Then

Mα = Fλ(M)α ∈ Fλ(Y)α = Yα.
By Theorem 8.8, the object M belongs to Y. We obtain Y =

⋂
λ∈Λ F

−1
λ Fλ(Y).

Let {Yλ}λ∈Λ be an element of (2) and Y :=
⋂
λ∈Λ F

−1
λ (Yλ). It is obvious that

Fλ(Y) ⊂ Yλ. Let M ′ be an object in Uλ which belongs to Yλ. We show that
Fλ′Gλ(M ′) belongs to Yλ′ for each λ′ ∈ Λ. For each β ∈ AAssFλ′Gλ(M ′), by
Lemma 8.5 and Proposition 5.6 (1),

β ∈ AAssM ′ ∩ ASpec Uλ′ ⊂ ASpec Uλ ∩ ASpec Uλ′ .

Hence there exists µ ∈ Λ such that

β ∈ ASpec Uµ ⊂ ASpec Uλ ∩ ASpec Uλ′ .

Since the object

Fλ′Gλ(M ′)β = Gλ(M ′)β = FλGλ(M ′)β = M ′
β

belongs to

(Yλ)β = Fλµ (Yλ)β = (Yµ)β = Fλ
′

µ (Yλ′)β = (Yλ′ )β ,

by Proposition 8.4 and Theorem 8.8, the object Fλ′Gλ(M ′) belongs to Yλ′ .
Hence Gλ(M ′) belongs to Y, and M ′ ∼= FλGλ(M ′) belongs to Fλ(Y). We
obtain Fλ(Y) = Yλ.
(Well-definedness of (2)→(3)) Let {Yλ}λ∈Λ be an element of (2) and α ∈
ASpecA. Let λ1, λ2 ∈ Λ such that α ∈ ASpec Uλi for each i = 1, 2. Then
by Setting 8.3 (1), there exists µ ∈ Λ such that

α ∈ ASpec Uµ ⊂ ASpec Uλ1 ∩ ASpec Uλ2 .

Hence

(Yλ1 )α = Fλ1
µ (Yλ1 )α = (Yµ)α = Fλ2

µ (Yλ2 )α = (Yλ2 )α.

((2)↔(3)) Let {Yλ}λ∈Λ be an element of (2). For each λ ∈ Λ, let

Ỹλ :=
⋂

α∈ASpec Uλ
(Fλα )−1Fλα (Yλ).

Then Yλ ⊂ Ỹλ. Let M ′ be an object in Uλ which belongs to Ỹλ. For each α ∈
AAssM ′, we have M ′

α ∈ (Yλ)α. Hence by Proposition 8.4 and Theorem 8.8,

the object M ′ belongs to Yλ, and we obtain Yλ = Ỹλ.
Let {Y(α)}α∈ASpecA be an element of (3). For each λ ∈ Λ, let

Yλ :=
⋂

α∈ASpec Uλ
(Fλα )−1(Y(α)).

For each α ∈ ASpecA, by Setting 8.3 (1), there exists µ ∈ Λ such that α ∈
ASpec Uµ. It is obvious that Fµα (Yλ) ⊂ Y(α). Let M ′′ be an object in Aα
which belongs to Y(α). We show that FλβG

λ
α(M ′′) belongs to Y(β) for each β ∈
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ASpec Uλ. For each γ ∈ AAssFλβG
λ
α(M ′′), by Lemma 8.5 and Proposition 5.6

(1),
γ ∈ AAssM ′′ ∩ Λ(β) ⊂ Λ(α) ∩ Λ(β).

Since the object

FλβG
λ
α(M ′′)γ = Gλα(M ′′)γ = FλαG

λ
α(M ′′)γ = M ′′

γ

belongs to
Y(α)γ = Y(γ) = Y(β)γ ,

the object FλβG
λ
α(M ′′) belongs to Y(β). Hence Gλα(M ′′) belongs to Yλ, and

M ′′ ∼= FλαG
λ
α(M ′′) ∈ Fλα (Yλ). We obtain Fµβ (Yλ) = Y(β). �

For a family {Yω}ω∈Ω of prelocalizing subcategories of A, we can consider the
smallest prelocalizing subcategory 〈⋃ω∈Ω Yω〉preloc containing Yω for every ω ∈
Ω and the intersection

⋂
ω∈Ω Yω. These are described in terms of prelocalizing

subcategories of quotient categories in the following ways.

Proposition 8.12. Assume that the following elements correspond to each
other by the bijections in Theorem 8.11 for each ω ∈ Ω.

(1) Yω.
(2) {Yωλ }λ∈Λ.
(3) {Yω(α)}α∈ASpecA.

Then the following elements correspond to each other by the bijections.

(1) 〈⋃ω∈Ω Yω〉preloc.
(2) {〈⋃ω∈Ω Yωλ 〉preloc}λ∈Λ.
(3) {〈⋃ω∈Ω Yω(α)〉preloc}α∈ASpecA.

Proof. For each λ ∈ Λ,

Fλ

(〈 ⋃

ω∈Ω
Yω
〉

preloc

)
=

〈
Fλ

( ⋃

ω∈Ω
Yω
)〉

preloc

=

〈 ⋃

ω∈Ω
Fλ(Yω)

〉

preloc

=

〈 ⋃

ω∈Ω
Yωλ

〉

preloc

.

It is shown similarly that (〈⋃ω∈Ω Yω〉preloc)α = 〈⋃ω∈Ω Yω(α)〉preloc for each
α ∈ ASpecA. �

Proposition 8.13. Assume that the following elements correspond to each
other by the bijections in Theorem 8.11 for each ω ∈ Ω.

(1) Yω.
(2) {Yωλ }λ∈Λ.
(3) {Yω(α)}α∈ASpecA.

Then the following elements correspond to each other by the bijections.
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(1)
⋂
ω∈Ω Yω.

(2) {⋂ω∈Ω Yωλ }λ∈Λ.
(3) {⋂ω∈Ω Yω(α)}α∈ASpecA.

Proof. Let λ ∈ Λ. It is obvious that Fλ(
⋂
ω∈Ω Yω) ⊂ ⋂

ω∈Ω Fλ(Yω) =⋂
ω∈Ω Yωλ . Let M ′ be an object in Uλ which belongs to

⋂
ω∈Ω Yωλ . Then for

each ω ∈ Ω, there exists an object Mω in A which belongs to Yω such that
Fλ(Mω) ∼= M ′. By Proposition 8.9, the object Gλ(M ′) ∼= GλFλ(Mω) belongs
to 〈Mω〉preloc. Hence Gλ(M ′) belongs to

⋂
ω∈Ω Yω , and M ′ ∼= FλGλ(M ′) ∈

Fλ(
⋂
ω∈Ω Yω). This shows that Fλ(

⋂
ω∈Ω Yω) =

⋂
ω∈Ω Yωλ .

It is shown similarly that (
⋂
ω∈Ω Yω)α =

⋂
ω∈Ω Yω(α) for each α ∈ ASpecA.

�

Families in Theorem 8.11 (3) have the following characterization.

Proposition 8.14. For each family {Y(α) ⊂ Aα}α∈ASpecA of prelocalizing
subcategories, the following assertions are equivalent.

(1) There exists a prelocalizing subcategory Y of A satisfying Yα = Y(α)
for each α ∈ ASpecA.

(2) For each α ∈ ASpecA, there exist λ ∈ Λ with α ∈ ASpec Uλ and
a prelocalizing subcategory Y ′ of Uλ satisfying Y ′

β = Y(β) for each
β ∈ ASpec Uλ.

(3) For each α, β ∈ ASpecA with α ≤ β, it holds that Y(β)α = Y(α).

Proof. This can be shown straightforwardly by using Theorem 8.11. �

In order to investigate the localizing subcategories of QCohX , we improve
Proposition 4.13 under the assumptions of Setting 8.3.

Proposition 8.15. Let X be a localizing subcategory of A. Denote the canon-
ical functor by F : A → A/X and its right adjoint by G : A/X → A.

(1) Let Y be a prelocalizing subcategory of A. Then Y ∗ X ⊂ X ∗ Y.
(2) Let Y1 and Y2 be prelocalizing subcategories of A. Then

F (Y1 ∗ Y2) = F (Y1) ∗ F (Y2).

(3) Let Y be a localizing subcategory of A. Then F (Y) is a localizing sub-
category of A/X .

Proof. (1) Let M be an object in A which belongs to Y ∗X . Then there exists
an exact sequence

0→ L→M → N → 0

in A, where L belongs to Y, and N belongs to X . Since F (L) ∼= F (M), the
object GF (M) ∼= GF (L) belongs to Y by Proposition 8.9. Let η : 1A → GF
be the unit morphism. There is an exact sequence

0→ Ker ηM →M → Im ηM → 0.

By Proposition 4.9 (3), the object Ker ηM belongs to X . The subobject Im ηM
of GF (M) belongs to Y. Therefore M belongs to X ∗ Y.
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(2) By Proposition 4.13 (3),

F (Y1 ∗ Y2) ⊂ F (Y1 ∗ X ∗ Y2) = F (Y1) ∗ F (Y2).

By (1),

F (Y1 ∗ X ∗ Y2) ⊂ F (X ∗ Y1 ∗ Y2) ⊂ F (X ) ∗ F (Y1 ∗ Y2) = F (Y1 ∗ Y2).

(3) By (2),

F (Y) ∗ F (Y) = F (Y ∗ Y) = F (Y). �

Theorem 8.16. Assume that the following elements correspond to each other
by the bijections in Theorem 8.11 for each i = 1, 2.

(1) Yi.
(2) {Yiλ}λ∈Λ.
(3) {Yi(α)}α∈ASpecA.

Then the following elements correspond to each other by the bijections.

(1) Y1 ∗ Y2.
(2) {Y1

λ ∗ Y2
λ}λ∈Λ.

(3) {Y1(α) ∗ Y2(α)}α∈ASpecA.

Proof. This follows from Proposition 8.15. �

Corollary 8.17. The bijections in Theorem 8.11 restrict to bijections between
following sets.

(1) The set of localizing subcategories of A.
(2) The set of families {Yλ ⊂ Uλ}λ∈Λ of localizing subcategories such that

Fλµ (Yλ) = Yµ for each λ, µ ∈ Λ with ASpec Uµ ⊂ ASpec Uλ.
(3) The set of families {Y(α) ⊂ Aα}α∈ASpecA of localizing subcategories

such that Y(β)α = Y(α) for each α, β ∈ ASpecA with α ≤ β.
Proof. This follows from Theorem 8.16. �

Prime localizing subcategories of A are characterized as follows.

Theorem 8.18. Assume Setting 8.3, and let X be a localizing subcategory of
A. Then the following assertions are equivalent.

(1) X is a prime localizing subcategory of A.
(2) There exists α ∈ ASpecA such that X = X (α).
(3) For each family {Xω}ω∈Ω of localizing subcategories of A satisfying
X =

⋂
ω∈Ω Xω, there exists ω ∈ Ω such that X = Xω.

(4) For each family {Yω}ω∈Ω of prelocalizing subcategories of A satisfying
X =

⋂
ω∈Ω Yω, there exists ω ∈ Ω such that X = Yω.

Proof. The equivalence (1)⇔(2) follows from Theorem 5.14.
Let {Yω}ω∈Ω be a family of prelocalizing subcategories of A satisfying X (α) =⋂
ω∈Ω Yω . Since H(α) does not belong to X (α), there exists ω ∈ Ω such that

H(α) does not belong to Yω. By Proposition 8.10, α /∈ ASuppYω , and hence
Yω ⊂ X (α). This shows (2)⇒(4).

Documenta Mathematica 20 (2015) 1403–1465



1444 Ryo Kanda

The implication (4)⇒(3) is obvious. The implication (3)⇒(2) follows from
Corollary 6.9. �

9. Classification of prelocalizing subcategories

Let X be a locally noetherian scheme with the structure sheaf OX . In this
section, we classify the prelocalizing subcategories of QCohX . Let {Uλ}λ∈Λ
be an open affine basis of X . Let iλ : Uλ →֒ X be the immersion for each λ ∈ Λ,
and let iλ,µ : Uµ →֒ Uλ be the immersion for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
We recall the notion of a filter. This is an essential tool to classify prelocalizing
subcategories.

Definition 9.1. Let A be a Grothendieck category, and let M be an object
in A.

(1) A filter of subobjects of M in A is a set F of subobjects of M satisfying
the following conditions.
(a) M ∈ F .
(b) If L ⊂ L′ are subobjects of M with L ∈ F , then L′ ∈ F .
(c) If L1, L2 ∈ F , then L1 ∩ L2 ∈ F .

If there is no danger of confusion, we simply say that F is a filter of
M .

(2) For each subobject L of M , denote by F(L) the filter consisting of all
subobjects L′ of M with L ⊂ L′. A filter of the form F(L) is called a
principal filter.

Remark 9.2. In Definition 9.1 (2), the principal filter F(L) is closed under
arbitrary intersection. Conversely, if a filter F of M is closed under arbitrary
intersection, then F = F(L), where L is the smallest element of F .
It is obvious that the map

{ subobjects of M } → {principal filters of M }
given by L 7→ F(L) is bijective.

For a ring Λ, we say that a filter F of right ideals of Λ is prelocalizing if for
each L ∈ F and a ∈ Λ, the right ideal

a−1L = { b ∈ Λ | ab ∈ L }
of Λ belongs to F . For a ring Λ, Gabriel [Gab62] gave a classification of the
prelocalizing subcategories of ModΛ.

Theorem 9.3 ([Gab62, Lemma V.2.1]). Let Λ be a ring. There is a bijection

{ prelocalizing subcategories of ModΛ }
→ { prelocalizing filters of right ideals of Λ }

given by

Y 7→
{
L ⊂ Λ in ModΛ

∣∣∣∣
Λ

L
∈ Y

}
.
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Its inverse is given by

F 7→ {M ∈ ModΛ | AnnΛ(x) ∈ F for every x ∈M }

=

〈
Λ

L
∈ModΛ

∣∣∣∣ L ∈ F
〉

preloc

.

Proof. [Pop73, Theorem 4.9.1]. �

For a commutative ring R, every filter F of R is prelocalizing. Indeed, for
L ∈ F and a ∈ R, we have L ⊂ a−1L, and hence a−1L ∈ F . Therefore the
following assertion holds.

Corollary 9.4. Let R be a commutative ring. There is a bijection

{ prelocalizing subcategories of ModR } → {filters of ideals of R }
given by

Y 7→
{
I ⊂ R in ModR

∣∣∣∣
R

I
∈ Y

}
.

Its inverse is given by

F 7→ {M ∈ ModR | AnnR(x) ∈ F for every x ∈M }

=

〈
R

I
∈ModR

∣∣∣∣ I ∈ F
〉

preloc

.

Proof. This is immediate from Theorem 9.3. �

In the case of a locally noetherian scheme X , we need to use the notion of a
local filter instead of a filter (see Theorem 9.14 and Example 12.13).

Definition 9.5. Let X be a locally noetherian scheme. We say that a filter F
of subobjects of OX in QCohX is a local filter of OX if it satisfies the following
condition: let I be a subobject of OX , and assume that for each x ∈ X , there
exist an open affine neighborhood U of x in X and I ′ ∈ F such that I ′|U ⊂ I|U
as a subobject of OU . Then I ∈ F .

Proposition 9.6. Every principal filter of OX is a local filter.

Proof. For every subobject I of OX , we show that F(I) is a local filter. Let
I ′ be a subobject of OX such that for each x ∈ X , there exist an open affine
neighborhood U(x) of x in X and J(x) ∈ F(I) such that J(x)|U(x) ⊂ I ′|U(x).
Let J :=

⋂
x∈X J(x) in QCohX . Then J ∈ F(I), and J |U(x) ⊂ I ′|U(x) for each

x ∈ X . For each open subset U of X ,

J(U) = { s ∈ OX(U) | s|U(x)∩U ∈ J(U(x) ∩ U) for each x ∈ X }
⊂ { s ∈ OX(U) | s|U(x)∩U ∈ I ′(U(x) ∩ U) for each x ∈ X }
= I ′(U),

and hence J ⊂ I ′ follows. This implies that I ′ ∈ F . �
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The next result shows that the local filters of OX are exactly the same as the
filters of OX in the case where X is quasi-compact. This is the reason that we
do not need to consider a local filter in the case of a commutative ring.

Proposition 9.7. If X is a noetherian scheme, then every filter of OX is a
local filter.

Proof. Let F be a filter of OX . Let I be a subobject of OX , and assume that
for each x ∈ X , there exist an open affine neighborhood U(x) of x in X and
I ′(x) ∈ F such that I ′(x)|U(x) ⊂ I|U(x). Since X is quasi-compact, there exists

x1, . . . , xn ∈ X such that X =
⋃n
j=1 U(xj). Let I ′ :=

⋂n
j=1 I

′(xj). Then I ′

belongs to F . Since I ′|U(xj) ⊂ I|U(xj) for each j = 1, . . . , n, we have I ′ ⊂ I,
and hence I also belongs to F . �

The following result describes the local filter generated by a set of subobjects
of OX .

Proposition 9.8. Let S be a set of subobjects of OX . Let F be the set con-
sisting of all subobjects I of OX satisfying the following condition: for each
x ∈ X, there exist an open affine neighborhood U of x in X and n ∈ Z≥1 and
I1, . . . , In ∈ S such that

(I1 ∩ · · · ∩ In)|U ⊂ I|U .
Then F is the smallest local filter of OX including S.
Proof. It is obvious that F satisfies the conditions (a) and (b) in Definition 9.1
(1). We show that (c) is satisfied. Let I(1), I(2) ∈ F . Then for each j = 1, 2 and
x ∈ X , there exist an open affine neighborhood U (j) of x in X and nj ∈ Z≥1

and I
(j)
1 , . . . , I

(j)
nj ∈ S such that

(I
(j)
1 ∩ · · · ∩ I(j)nj )|U(j) ⊂ I(j)|U(j) .

Then

(I
(1)
1 ∩ · · · ∩ I(1)n1

∩ I(2)1 ∩ · · · ∩ I(2)n2
)|U(1)∩U(2) ⊂ (I(1) ∩ I(2))|U(1)∩U(2) .

This shows I(1) ∩ I(2) ∈ F . Hence F is a filter of OX .
Let I be a subobject of OX such that for each x ∈ X , there exist an open affine
neighborhood U of x in X and I ′ ∈ F such that I ′|U ⊂ I|U . Let x ∈ X , and
take such U and I ′. Then there exists an open affine neighborhood U ′ of x in
X and n ∈ Z≥1 and I ′1, . . . , I

′
n ∈ S such that

(I ′1 ∩ · · · ∩ I ′n)|U ′ ⊂ I ′|U ′ .

Since
(I ′1 ∩ · · · ∩ I ′n)|U∩U ′ ⊂ I ′|U∩U ′ ⊂ I|U∩U ′ ,

it holds that I ∈ F . This shows that F is a local filter. It is obvious that F is
the smallest local filter of OX including S. �

In the setting of Proposition 9.8, the local filter F is denoted by 〈S〉locfilt.
We investigate the restriction of a filter to an open affine subscheme and the
localization at a point.
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Proposition 9.9. Let F be a filter of OX .

(1) For every λ ∈ Λ, the set

F|Uλ := { I|Uλ ⊂ OUλ in QCohUλ | I ∈ F }
is a filter of OUλ .

(2) For every x ∈ X, the set

Fx := { Ix ⊂ OX,x in ModOX,x | I ∈ F }
is a filter of OX,x.

Proof. (1) Since OX ∈ F , we have OUλ ∈ F|Uλ .

Let Ĩ ⊂ Ĩ ′ be subobjects of OUλ with Ĩ ∈ F|Uλ . By Proposition 4.10, there

exists a largest subobject I (resp. I ′) of OX satisfying I|Uλ ⊂ Ĩ (resp. I ′|Uλ ⊂
Ĩ ′), and it holds that I|Uλ = Ĩ (resp. I ′|Uλ = Ĩ ′). Then I ∈ F and I ⊂ I ′ imply

I ′ ∈ F . We deduce that Ĩ ′ = I ′|Uλ ∈ F|Uλ .

Let Ĩ1, Ĩ2 ∈ F|Uλ . Then for each i = 1, 2, there exists Ii ∈ F such that

Ii|Uλ = Ĩi. It holds that I1 ∩ I2 ∈ F . Since (−)|Uλ : QCohX → QCohUλ is an
exact functor, I1|Uλ ∩ I2|Uλ = (I1 ∩ I2)|Uλ ∈ F|Uλ .
(2) This is shown similarly to (1). �

We give a characterization of a local filter.

Proposition 9.10. Let F be a filter of OX . Then the following assertions are
equivalent.

(1) F is a local filter.
(2) Let I be a subobject of OX such that for each x ∈ X, there exists an

open affine neighborhood U of x in X satisfying I|U ∈ F|U . Then
I ∈ F .

Proof. It is obvious that (1) implies (2).
Assume (2). Let I be a subobject of OX such that for each x ∈ X , there exist
an open affine neighborhood U of x in X and I ′ ∈ F satisfying I ′|U ⊂ I|U .
Since F|U is a filter of OU by Proposition 9.9 (1), we have I|U ∈ F|U . Hence
I ∈ F . This shows (1). �

The following lemmas show that the bijection in Corollary 9.4 commutes with
the restriction to an open affine subscheme and the localization at a point.

Lemma 9.11. Let λ, µ ∈ Λ with Uµ ⊂ Uλ. Let Y be a prelocalizing subcategory
of QCohUλ, and let F be the corresponding filter of OUλ by the bijection in
Corollary 9.4. Then the filter F|Uµ of OUµ corresponds to the prelocalizing
subcategory Y|Uµ of QCohUµ by the bijection.

Proof. Let F ′ be the filter of OUµ corresponding to Y|Uµ , that is,

F ′ =

{
Ĩ ⊂ OUµ in QCohUµ

∣∣∣∣
OUµ
Ĩ
∈ Y|Uµ

}
.
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It is obvious that F|Uµ ⊂ F ′. Let Ĩ ∈ F ′. Then there exists an object

M in QCohX which belongs to Y such that OUµ/Ĩ ∼= M |Uµ . By Proposi-

tion 4.10, there exists a subobject I of OUλ such that I|Uµ = Ĩ, and OUλ/I is
X -torsionfree, where

X = {M ′ ∈ QCohUλ |M ′|Uµ = 0 }.
By Proposition 4.9 (3), the canonical morphism OUλ/I → (iλ,µ)∗i∗λ,µ(OUλ/I)
is a monomorphism. By Proposition 8.9, the object

(iλ,µ)∗i
∗
λ,µ

(OUλ
I

)
∼= (iλ,µ)∗

(OUµ
Ĩ

)
∼= (iλ,µ)∗i

∗
λ,µM

belongs to Y. Hence OUλ/I also belongs to Y. This shows that I ∈ F and that

Ĩ = I|Uµ ∈ F|Uµ . Therefore F|Uµ = F ′. �

Lemma 9.12. Let x, y ∈ X with y ∈ {x}. Let Y be a prelocalizing subcategory
of ModOX,y, and let F be the corresponding filter of OX,y by the bijection
in Corollary 9.4. Then the filter Fx of OX,x corresponds to the prelocalizing
subcategory Yx of ModOX,x by the bijection.

Proof. This is shown similarly to Lemma 9.11. �

We show a lemma to glue filters on open affine basis to a local filter of OX .

Lemma 9.13.

(1) For every local filter F of OX ,

F = { I ⊂ OX in QCohX | I|Uλ ∈ F|Uλ for each λ ∈ Λ }.
(2) Let Fλ be a filter of OUλ for each λ ∈ Λ, and assume that Fλ|Uµ = Fµ

for each λ, µ ∈ Λ with Uµ ⊂ Uλ. Then there exists a unique local filter
F of OX satisfying F|Uλ = Fλ for each λ ∈ Λ.

Proof. (1) This follows from Proposition 9.10.
(2) The uniqueness follows from (1). Let

F := { I ⊂ OX in QCohX | I|Uλ ∈ Fλ for each λ ∈ Λ }.
It is straightforward to show that F is a filter of OX satisfying F|Uλ ⊂ Fλ for
each λ ∈ Λ.
Let I be a subobject of OX such that for each x ∈ X , there exists an open affine
neighborhood U of x in X satisfying I|U ∈ F|U . For each λ ∈ Λ and y ∈ Uλ,
there exists an open affine neighborhood U ′ of y in X satisfying I|U ′ ∈ F|U ′ .
Take µ ∈ Λ satisfying y ∈ Uµ ⊂ Uλ ∩ U ′. Then (I|Uλ)|Uµ = (I|U ′ )|Uµ ∈
(F|U ′ )|Uµ = (F|Uλ)|Uµ . Since F|Uλ is a local filter by Proposition 9.9 (1) and
Proposition 9.7, we have I|Uλ ∈ F|Uλ ⊂ Fλ. This shows that I ∈ F . By
Proposition 9.10, the filter F is a local filter.

We show that Fλ ⊂ F|Uλ . Let J̃ ∈ Fλ. By Proposition 4.10, there exists

a subobject J of OX such that J |Uλ = J̃ , and OX/J is XUλ -torsionfree (see
Proposition 7.2). It suffices to show that J ∈ F , that is, J |Uµ ∈ Fµ for each
µ ∈ Λ. Denote by Yλ and Yµ the prelocalizing subcategories of QCohUλ
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and QCohUµ corresponding to Fλ and Fµ by Corollary 9.4, respectively. We
show that the object OUµ/J |Uµ belongs to Yµ. Let x ∈ AssUµ(OUµ/J |Uµ). By
Lemma 8.5,

x ∈ AssUµ
OX
J

∣∣∣∣
Uµ

= AssX
OX
J
∩ Uµ ⊂ Uλ ∩ Uµ.

Hence (OUµ
J |Uµ

)

x

=
OX,x
Jx

=

(OUλ
J |Uλ

)

x

=

(OUλ
J̃

)

x

∈ (Yλ)x.

Take ν ∈ Λ such that x ∈ Uν ⊂ Uλ ∩ Uµ. Then (Yλ)x = (Yλ|Uν )x = (Yν)x =
(Yµ|Uν )x = (Yµ)x. Hence by Theorem 8.8, the object OUµ/J |Uµ belongs to Yµ.
This shows that J |Uµ ∈ Fµ. �

The following theorem is the main result in this section, which gives a classifi-
cation of the prelocalizing subcategory of QCohX .

Theorem 9.14. Let X be a locally noetherian scheme, and let {Uλ}λ∈Λ be an
open affine basis of X. Then there exist bijections between the following sets.

(1) The set of prelocalizing subcategories of QCohX.
(2) The set of families {Yλ ⊂ QCohUλ}λ∈Λ of prelocalizing subcategories

such that Yλ|Uµ = Yµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(3) The set of families {Y(x) ⊂ ModOX,x}x∈X of prelocalizing subcate-

gories such that Y(y)x = Y(x) for each x, y ∈ X with y ∈ {x}.
(4) The set of local filters of OX .
(5) The set of families {Fλ}λ∈Λ, where Fλ is a filter of OUλ for each λ ∈ Λ,

such that Fλ|Uµ = Fµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(6) The set of families {F(x)}x∈X, where F(x) is a filter of OX,x for each

x ∈ X, such that F(y)x = F(x) for each x, y ∈ X with y ∈ {x}.
The correspondences are given as follows.

(1) Y 7→





(4)

{
I ⊂ OX in QCohX

∣∣∣∣
OX
I
∈ Y

}

(2) {Y|Uλ}λ∈Λ
(3) {Yx}x∈X

(4) F 7→





(1)

〈 OX
I

∣∣∣∣ I ∈ F
〉

preloc

.

(5) {F|Uλ}λ∈Λ
(6) {Fx}x∈X

(2) {Yλ}λ∈Λ 7→ (1) {M ∈ QCohX |M |Uλ ∈ Yλ for each λ ∈ Λ }
(3) {Y(x)}x∈X 7→ (1) {M ∈ QCohX |Mx ∈ Y(x) for each x ∈ X }
(5) {Fλ}λ∈Λ 7→ (4) { I ⊂ OX in QCohX | I|Uλ ∈ Fλ for each λ ∈ Λ }
(6) {F(x)}x∈X 7→ (4) { I ⊂ OX in QCohX | Ix ∈ F(x) for each x ∈ X }
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Proof. Theorem 8.11 gives bijections between (1), (2), and (3). Corollary 9.4
and Lemma 9.11 (resp. Lemma 9.12) give a bijection between (2) and (5) (resp.
(3) and (6)). Lemma 9.13 gives a bijection between (4) and (5). �

For a family of prelocalizing subcategories of QCohX , the supremum and the
intersection are described in terms of local filters as follows.

Proposition 9.15. Assume that the following elements correspond to each
other by the bijections in Theorem 9.14 for each ω ∈ Ω.

(1) Yω.
(2) {Yωλ }λ∈Λ.
(3) {Yω(x)}x∈X .

(4) Fω.
(5) {Fωλ }λ∈Λ.
(6) {Fω(x)}x∈X.

Then the following elements correspond to each other by the bijections.

(1) 〈⋃ω∈Ω Yω〉preloc.
(2) {〈⋃ω∈Ω Yωλ 〉preloc}λ∈Λ.
(3) {〈⋃ω∈Ω Yω(x)〉preloc}x∈X .

(4) 〈⋃ω∈Ω Fω〉locfilt.
(5) {〈⋃ω∈Ω Fωλ 〉locfilt}λ∈Λ.
(6) {〈⋃ω∈Ω Fω(x)〉locfilt}x∈X.

Proof. This follows from Proposition 8.12. �

Proposition 9.16. Assume that the following elements correspond to each
other by the bijections in Theorem 9.14 for each ω ∈ Ω.

(1) Yω.
(2) {Yωλ }λ∈Λ.
(3) {Yω(x)}x∈X .

(4) Fω.
(5) {Fωλ }λ∈Λ.
(6) {Fω(x)}x∈X.

Then the following elements correspond to each other by the bijections.

(1)
⋂
ω∈Ω Yω.

(2) {⋂ω∈Ω Yωλ }λ∈Λ.
(3) {⋂ω∈Ω Yω(x)}x∈X .

(4)
⋂
ω∈Ω Fω.

(5) {⋂ω∈Ω Fωλ }λ∈Λ.
(6) {⋂ω∈Ω Fω(x)}x∈X.

Proof. This follows from Proposition 8.13. �

We demonstrate a calculation of the prelocalizing subcategories by using The-
orem 9.14.

Example 9.17. Let k be an algebraically closed field, and consider the poly-
nomial ring k[x] with a variable x. For each a ∈ k, let pa := (x− a) ⊂ k[x] and
ma := pak[x]pa . Then

Spec k[x] = { pa | a ∈ k } ∪ {0}.
Since k[x]pa is a discrete valuation ring, the set of ideals of k[x]pa is

{mia | i ∈ Z≥0 } ∪ {0},
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where m0
a = k[x]pa . For each n ∈ Z≥0, define the filter Fna of k[x]pa by

Fna = {mia | 0 ≤ i ≤ n },
and let

F∞
a := {mia | i ∈ Z≥0 }, Fa := {mia | i ∈ Z≥0 } ∪ {0}.

Then the set of filters of k[x]pa is

{Fna | n ∈ Z≥0 ∪ {∞}} ∪ {Fa}.
Since k[x]0 = k(x) is a field, the set of the filters of k(x) consists of F∞ = {k(x)}
and F = {0, k(x)}. For each a ∈ k and n ∈ Z≥0 ∪ {∞}, (Fna )0 = F∞, and
(Fa)0 = F . Hence the set
{

({Fr(a)a }a∈k, F∞)

∣∣∣∣∣ r = {r(a)}a∈k ∈
∏

a∈k
(Z≥0 ∪ {∞})

}
∪ {({Fa}a∈k, F)}

is the set of families of filters which are compatible with localizations. By
Theorem 9.14, the set of prelocalizing subcategories of Mod k[x] is

{
Yr
∣∣∣∣∣ r ∈

∏

a∈k
(Z≥0 ∪ {∞})

}
∪ {Mod k[x]},

where

Yr = {M ∈Mod k[x] |Mpam
r(a)
a = 0 for each a ∈ k with r(a) 6=∞}

for each r ∈∏a∈k(Z≥0 ∪ {∞}).

10. Classification of localizing subcategories

In this section, we investigate extensions of prelocalizing subcategories (Defi-
nition 4.1 (1)) in terms of local filters and classify the localizing subcategories
of QCohX for a locally noetherian scheme X . The classification is given as a
restriction of Theorem 9.14. We start with recalling Gabriel’s classification of
the localizing subcategories of ModΛ for a ring Λ.

Definition 10.1. Let Λ be a ring.

(1) For prelocalizing filters F1 and F2 of right ideals of Λ, define the product
F1 ∗ F2 as follows: L ∈ F1 ∗ F2 if and only if there exists L1 ∈ F1

satisfying a−1L ∈ F2 for every a ∈ L1.
(2) A prelocalizing filter F of right ideals of Λ is called a Gabriel filter if
F ∗ F ⊂ F holds.

Proposition 10.2. Let Λ be a ring. If F1 and F2 are prelocalizing filters of
right ideals of Λ, then F1 ⊂ F1 ∗ F2, and F2 ⊂ F1 ∗ F2.

Proof. Let L1 ∈ F1. Then a−1L1 = Λ ∈ F2 for each a ∈ L1. This shows that
F1 ⊂ F1 ∗ F2.
Let L2 ∈ F2. Then Λ ∈ F1, and a−1L2 ∈ F2 for each a ∈ Λ. This shows that
F2 ⊂ F1 ∗ F2. �

Theorem 10.3 ([Gab62, p. 412]). Let Λ be a ring.
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(1) For each i = 1, 2, let Yi be a prelocalizing subcategory of ModΛ, and
let Fi be the prelocalizing filter of right ideals of Λ corresponding to Fi
by the bijection in Theorem 9.3. Then Y1 ∗ Y2 corresponds to F2 ∗ F1

by the bijection.
(2) The bijection in Theorem 9.3 restricts to a bijection

{ localizing subcategories of ModΛ } → {Gabriel filters of right ideals of Λ }.
Proof. [Ste75, Theorem VI.5.1]. �

For a commutative ring R, we say that a filter F of R is closed under products
if I1, I2 ∈ F implies I1I2 ∈ F . In the case of a commutative noetherian ring,
products of filters and Gabriel filters are characterized as follows.

Proposition 10.4. Let R be a commutative noetherian ring.

(1) Let F1 and F2 be filters of R. Then

F1 ∗ F2 = { I ⊂ R in ModR | I1I2 ⊂ I for some I1 ∈ F1, I2 ∈ F2 }.
(2) Let F be a filter of R. Then F is a Gabriel filter if and only if F is

closed under products.

Proof. (1) Let I ∈ F1 ∗ F2. Then there exists I1 ∈ F1 such that a−1I ∈ F2

for each a ∈ I1. Since R is noetherian, there exist b1, . . . , bn ∈ R such that
I1 = b1R + · · ·+ bnR. Let I2 := b−1

1 I ∩ · · · ∩ b−1
n I. Then I2 ∈ F2, and

I1I2 = b1I2 + · · ·+ bnI2 ⊂ b1(b−1
1 I) + · · ·+ bn(b−1

n I) ⊂ I.
Conversely, let J1 ∈ F1 and J2 ∈ F2. For each a ∈ J1, we have J2 ⊂ a−1J1J2,
and hence a−1J1J2 ∈ F2. This implies that J1J2 ∈ F1 ∗ F2.
(2) This follows from (1). �

For a commutative noetherian ring R, the classification of the localizing sub-
categories of ModR is stated as follows.

Corollary 10.5. Let R be a commutative noetherian ring. Then the bijection
in Corollary 9.4 restricts to a bijection

{ localizing subcategories of ModR } → {filters of R closed under products }.
Proof. This follows from Theorem 10.3 (2) and Proposition 10.4 (2). �

In the rest of this section, let X be a locally noetherian scheme, and let {Uλ}λ∈Λ
be an open affine basis of X . For an object M in QCohX and a subobject I of
OX , the subobject MI of M is defined as the image of the canonical morphism
M ⊗OX I →M in QCohX .

Definition 10.6.

(1) Let F1 and F2 be local filters of OX . We define the product F1 ∗F2 by

F1 ∗ F2 = 〈 I1I2 ⊂ OX in QCohX | Ii ∈ Fi for each i = 1, 2 〉locfilt.
(2) We say that a local filter F is closed under products if F ∗F ⊂ F holds.
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Note that a local filter F is closed under products if and only if I1, I2 ∈ F
implies I1I2 ∈ F .
Products of local filters of OX commute with the restriction to an open affine
subscheme and the localization at a point.

Lemma 10.7. Let Fi be a local filter of OX for each i = 1, 2.

(1) For every λ ∈ Λ,
(F1 ∗ F2)|Uλ = F1|Uλ ∗ F2|Uλ .

(2) For every x ∈ X,

(F1 ∗ F2)x = (F1)x ∗ (F2)x.

Proof. (1) Let J ∈ (F1 ∗ F2)|Uλ . Then there exists I ∈ F1 ∗ F2 such that
I|Uλ = J . For each x ∈ Uλ, there exist an open affine neighborhood U of x in
X and I1 ∈ F1 and I2 ∈ F2 such that (I1I2)|U ⊂ I|U . Hence

(I1|UλI2|Uλ)|Uλ∩U = (I1I2)|Uλ∩U ⊂ I|Uλ∩U = J |Uλ∩U .
This shows that J ∈ F1|Uλ ∗ F2|Uλ .
Conversely, assume J ∈ F1|Uλ ∗ F2|Uλ . Then for each x ∈ Uλ, there exist
an open affine neighborhood V of x in Uλ and J1 ∈ F1|Uλ and J2 ∈ F2|Uλ
such that (J1J2)|V ⊂ J |V . For each i = 1, 2, there exists Ii ∈ Fi such that
Ii|Uλ = Ji. Then (I1I2)|Uλ ∈ (F1 ∗ F2)|Uλ , and

((I1I2)|Uλ)|V = (J1J2)|V ⊂ J |V .
Since (F1 ∗ F2)|Uλ is a local filter by Proposition 9.9 (1) and Proposition 9.7,
we obtain J ∈ (F1 ∗ F2)|Uλ .
(2) This can be shown similarly to (1). �

We describe extensions of prelocalizing subcategories of QCohX in terms of
products of local filters.

Theorem 10.8. Assume that the following elements correspond to each other
by the bijections in Theorem 9.14 for each i = 1, 2.

(1) Yi.
(2) {Yiλ}λ∈Λ.
(3) {Yi(x)}x∈X.

(4) F i.
(5) {F iλ}λ∈Λ.
(6) {F i(x)}x∈X .

Then the following elements correspond to each other by the bijections.

(1) Y1 ∗ Y2.
(2) {Y1

λ ∗ Y2
λ}λ∈Λ.

(3) {Y1(x) ∗ Y2(x)}x∈X.

(4) F1 ∗ F2.
(5) {F1

λ ∗ F2
λ}λ∈Λ.

(6) {F1(x) ∗ F2(x)}x∈X.

Proof. This follows from Theorem 8.16, Theorem 10.3 (1), and Lemma 10.7.
�
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Corollary 10.9. The bijections in Theorem 9.14 restrict to bijections between
following sets.

(1) The set of localizing subcategories of QCohX.
(2) The set of families {Xλ ⊂ QCohUλ}λ∈Λ of localizing subcategories such

that Xλ|Uµ = Xµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(3) The set of families {X (x) ⊂ ModOX,x}x∈X of localizing subcategories

such that X (y)x = X (x) for each x, y ∈ X with y ∈ {x}.
(4) The set of local filters of OX closed under products.
(5) The set of families {Fλ}λ∈Λ, where Fλ is a filter of OUλ closed under

products for each λ ∈ Λ, such that Fλ|Uµ = Fµ for each λ, µ ∈ Λ with
Uµ ⊂ Uλ.

(6) The set of families {F(x)}x∈X, where F(x) is a filter of OX,x closed
under products for each x ∈ X, such that F(y)x = F(x) for each

x, y ∈ X with y ∈ {x}.
Proof. This follows from Theorem 10.8. �

We apply Corollary 10.9 to Example 9.17.

Example 10.10. In the setting of Example 9.17,

Fma ∗ Fna = Fm+n
a

for each a ∈ k and m,n ∈ Z≥0 ∪ {∞}. Hence by Corollary 10.9, the set of
localizing subcategories of Mod k[x] is

{
Yr
∣∣∣∣∣ r ∈

∏

a∈k
{0,∞}

}
∪ {Mod k[x]}.

In Theorem 7.8, we showed that there exists a bijection between the localizing
subcategories of QCohX and the specialization-closed subsets of X . For a local
filter F of OX closed under products, the corresponding specialization-closed
subset of X is {x ∈ X | Fx 6= {OX,x} }.
Prime localizing subcategories of QCohX are characterized in terms of local
filters as follows.

Theorem 10.11. Let F be a local filter of OX closed under products. Then the
following assertions are equivalent.

(1) By the bijection in Theorem 9.14, the local filter F corresponds to a
prime localizing subcategory of QCohX.

(2) There exists x ∈ X such that

F = { I ⊂ OX in QCohX | Ix = OX,x }.
(3) For each family {Fω}ω∈Ω of local filters of OX closed under products

satisfying F =
⋂
ω∈Ω Fω, there exists ω ∈ Ω such that F = Fω.

(4) For each family {Fω}ω∈Ω of local filters of OX satisfying F =⋂
ω∈Ω Fω, there exists ω ∈ Ω such that F = Fω.

Proof. This follows from Theorem 8.18. �
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11. Classification of closed subcategories

In this section, we investigate the closed subcategories of QCohX for a locally
noetherian scheme X , whose definition is as follows.

Definition 11.1. Let A be a Grothendieck category. A prelocalizing subcat-
egory X of A is called a closed subcategory of A if X is closed under arbitrary
direct products.

Note that every Grothendieck category has arbitrary direct products ([Pop73,
Corollary 3.7.10]).
Closed subcategories are characterized by Proposition 4.3 and the following
result.

Proposition 11.2. Let A be a Grothendieck category (or more generally, an
abelian category admitting arbitrary direct products), and let Y be a full sub-
category of A closed under subobjects and quotient objects. Then the following
assertions are equivalent.

(1) Y is closed under arbitrary direct products.
(2) The inclusion functor Y →֒ A has a left adjoint.
(3) For each object M in A, there exists a smallest subobject L of M sat-

isfying M/L ∈ Y.
Proof. Apply Proposition 4.3 to the opposite category of A. �

Note that for a Grothendieck category, every full subcategory which is closed
under subobjects and arbitrary direct products is also closed under arbitrary
direct sums.
For a ring Λ, Rosenberg [Ros95] showed that there exists a bijection between
the closed subcategories of ModΛ and the two-sided ideals of Λ. This result
can be unified into Theorem 9.3 as follows.

Theorem 11.3 (Gabriel [Gab62, Lemma V.2.1] and Rosenberg [Ros95, Propo-
sition III.6.4.1]). Let Λ be a ring. Then there exist bijections between the fol-
lowing sets.

(1) The set of closed subcategories of ModΛ.
(2) The set of principal prelocalizing filters of right ideals of Λ.
(3) The set of two-sided ideals of Λ.

The bijection between (1) and (2) is induced by the bijection in Theorem 9.3.
The bijection between (1) and (3) is given by

(1)→ (3) : Y 7→
⋂

M∈Y
AnnΛ(M),

(3)→ (1) : I 7→ {M ∈ModΛ |MI = 0 } =

〈
Λ

I

〉

preloc

.

Proof. We show that for each right ideal L of Λ, the principal filter F(L) of
right ideals of Λ is prelocalizing if and only if L is a two-sided ideal of Λ. Assume
that F(L) is prelocalizing. Then for each a ∈ Λ, we have a−1L ∈ F(L). This
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implies L ⊂ a−1L, and hence aL ⊂ L. Therefore L is a two-sided ideal of
Λ. The converse is obvious. The bijection between (2) and (3) follows from
Remark 9.2.
Let Y be a prelocalizing subcategory of A, and let F be the corresponding
prelocalizing filter of right ideals of Λ. If Y is a closed subcategory of A, then
by Proposition 11.2, there exists a smallest element of F . Hence F is principal.
Conversely, assume that F is principal. Then F = F(I) for some two-sided
ideal I of Λ. Since

Y = {M ∈ ModΛ | I ⊂ AnnΛ(x) for each x ∈M }
= {M ∈ ModΛ |MI = 0 },

the prelocalizing subcategory Y of A is also closed under arbitrary direct prod-
ucts. �

The aim of this section is to generalize Theorem 11.3 to a locally noetherian
scheme X . Let {Uλ}λ∈Λ be an open affine basis of X .
We show a lemma on gluing of subobjects on open affine subschemes.

Lemma 11.4. Let M be an object in QCohX, and let Lλ be a subobject of M |Uλ
for each λ ∈ Λ. Assume that Lλ|Uµ = Lµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
Then there exists a unique subobject L of M such that L|Uλ = Lλ for each
λ ∈ Λ.
Proof. (Existence) Define a subsheaf L of M by

L(U) = { s ∈M(U) | s|Uλ ∈ Lλ(Uλ) for each λ ∈ Λ with Uλ ⊂ U }
for each open subset U of X . It is straightforward to show that L is a subsheaf
of M satisfying L|Uλ = Lλ for each λ ∈ Λ. In particular, the sheaf L is
quasi-coherent.
(Uniqueness) Let L′ be a subobject of M in QCohX such that L′|Uλ = Lλ for
each λ ∈ Λ. Then

L′(U) = { s ∈M(U) | s|Uλ ∈ L′(Uλ) for each λ ∈ Λ with Uλ ⊂ U }
= { s ∈M(U) | s|Uλ ∈ Lλ(Uλ) for each λ ∈ Λ with Uλ ⊂ U }

for each open subset U of X . �

The following lemma shows that for a principal filter of OX , its restriction to an
open affine subscheme and its localization at a point are also principal filters.

Lemma 11.5. Let I be a subobject of OX .

(1) For every λ ∈ Λ, we have F(I)|Uλ = F(I|Uλ).
(2) For every x ∈ X, we have F(I)x = F(Ix).

Proof. (1) For each J ′ ∈ F(I)|Uλ , there exists J ∈ F(I) such that J |Uλ = J ′.
Since I ⊂ J , it holds that I|Uλ ⊂ J |Uλ = J ′. This shows that F(I)|Uλ ⊂
F(I|Uλ).
It is follows from I ∈ F(I) that I|Uλ ∈ F(I)|Uλ . Since F(I)|Uλ is a filter of
OUλ by Proposition 9.9 (1), we have F(I)|Uλ ⊃ F(I|Uλ).
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(2) This is shown similarly by using Proposition 9.9 (2). �

Conversely, if the restriction of a local filter ofOX to each open affine subscheme
Uλ is principal, then the local filter is principal.

Lemma 11.6. Let F be a local filter of OX . Then F is a principal filter if and
only if the filter F|Uλ of OUλ is principal for every λ ∈ Λ.

Proof. If F is a principal filter, then F|Uλ is a principal filter for every λ ∈ Λ
by Lemma 11.5 (1).
Assume that there exists a subobject Iλ of OUλ such that F|Uλ = F(Iλ) for
each λ ∈ Λ. For each λ, µ ∈ Λ with Uµ ⊂ Uλ,

F(Iλ|Uµ) = F(Iλ)|Uµ = (F|Uλ)|Uµ = F|Uµ = F(Iµ).

Hence Iλ|Uµ = Iµ. By Lemma 11.4, there exists a subobject I of OX such that
I|Uλ = Iλ for each λ ∈ Λ. Since F(I)|Uλ = F(I|Uλ) = F(Iλ) = Fλ for each
λ ∈ Λ, it follows from Lemma 9.13 (2) that F(I) = F . �

Remark 11.7. Let F be a local filter of OX . Even if Fx is a principal filter of
OX,x for each x ∈ X , the local filter F is not necessarily a principal filter. A
counter-example is given in Example 11.12.

We characterize closed subcategories of QCohX in terms of local filters.

Lemma 11.8. Let Y be a prelocalizing subcategory of QCohX, and let F be
the corresponding local filter of OX by the bijection in Theorem 9.14. Then
Y is a closed subcategory of QCohX if and only if F is a principal filter. If
F = F(I) for a subobject I of OX , then I is the smallest subobject of OX
satisfying OX/I ∈ Y, and

Y = {M ∈ QCohX |MI = 0 }.

Proof. Assume that Y is a closed subcategory of QCohX . Then by Propo-
sition 11.2, there exists a smallest subobject I of OX satisfying OX/I ∈ Y.
Hence F = F(I).
Conversely, assume that F = F(I) for some subobject I of OX . Then for each
λ ∈ Λ, we have F|Uλ = F(I|Uλ) by Lemma 11.5 (1), and hence

Y|Uλ = {M ′ ∈ QCohUλ |M ′(I|Uλ) = 0 }
by Theorem 11.3. By Theorem 9.14,

Y = {M ∈ QCohX |M |Uλ ∈ Y|Uλ for every λ ∈ Λ }
= {M ∈ QCohX |M |UλI|Uλ = 0 for every λ ∈ Λ }
= {M ∈ QCohX |MI = 0 }.

For each object M in QCohX , the subobject MI of M is the smallest among
the subobjects L of M satisfying (M/L)I = 0. Therefore Y is a closed subcat-
egory of QCohX . �
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As in Remark 11.7, the same type of theorem as Corollary 10.9 does not hold
for the closed subcategories. For this reason, we use the characterization in
Proposition 8.14 in order to obtain a generalization to the closed subcategories.

Theorem 11.9. Let X be a locally noetherian scheme, and let {Uλ}λ∈Λ be an
open affine basis of X. Then there exist bijections between the following sets.

(1) The set of closed subcategories of QCohX.
(2) The set of families {Yλ ⊂ QCohUλ}λ∈Λ of closed subcategories such

that Yλ|Uµ = Yµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(3) The set of families {Y(x) ⊂ ModOX,x}x∈X of closed subcategories

such that for each x ∈ X, there exist λ ∈ Λ with x ∈ Uλ and a closed
subcategory Y ′ of QCohUλ satisfying Y ′

y = Y(y) for each y ∈ Uλ.
(4) The set of principal filters of OX .
(5) The set of families {Fλ}λ∈Λ, where Fλ is a principal filter of OUλ for

each λ ∈ Λ, such that Fλ|Uµ = Fµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(6) The set of families {F(x)}x∈X , where F(x) is a principal filter of OX,x

for each x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with x ∈ Uλ
and a principal filter F ′ of OUλ satisfying F ′

y = F(y) for each y ∈ Uλ.
(7) The set of subobjects of OX .
(8) The set of families {Iλ}λ∈Λ, where Iλ is a subobject of OUλ for each

λ ∈ Λ, such that Iλ|Uµ = Iµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(9) The set of families {I(x)}x∈X, where I(x) is an ideal of OX,x for each

x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with x ∈ Uλ and a
subobject I ′ of OUλ satisfying I ′y = I(y) for each y ∈ Uλ.

The bijections between the sets (1), . . . , (6) are induced by Theorem 9.14.
The bijections (4)↔(7), (5)↔(8), and (6)↔(9) are defined by the bijection
L 7→ F(L) in Remark 9.2.

Proof. This follows from Theorem 9.14, Theorem 11.3, Lemma 11.6, and
Lemma 11.8. �

We establish a bijection between the closed subcategories of QCohX and the
closed subschemes of X by using the following fact.

Proposition 11.10. There is a bijection

{ subobjects of OX } → { closed subschemes of X }
given by I 7→ (Supp(OX/I), i−1(OX/I)), where i : Supp(OX/I) →֒ X is the
immersion. For each closed subscheme Y of X, the corresponding subobject I
of OX is given by the exact sequence

0→ I → OX → i∗OY → 0,

where i : Y →֒ X is the immersion, and OX → i∗OY is the canonical morphism.

Proof. [Har77, Proposition II.5.9]. �

Theorem 11.11. Let X be a locally noetherian scheme. Then there exists a
bijection between
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(1) The set of closed subcategories of QCohX.
(2) The set of closed subschemes of X.

For each closed subscheme Y of X with the immersion i : Y →֒ X, the functor
i∗ : QCohY → QCohX is fully faithful and induces an equivalence between
QCohY and the closed subcategory of QCohX corresponding to Y .

Proof. The bijection is obtained by Theorem 11.9 and Proposition 11.10. By
[Gro60, 0.5.1.4], [Gro60, Proposition I.5.5.1 (i)], and [Gro60, Corollary I.9.2.2
(a)], we have the functor i∗ : QCohX → QCohY and its right adjoint
i∗ : QCohY → QCohX . It is straightforward to show that the counit mor-
phism i∗i∗ → 1QCohY is an isomorphism. Hence i∗ is fully faithful. An object
M in QCohX is isomorphic to the image of an object in QCohY by i∗ if and
only if the canonical morphism M → i∗i∗M is an isomorphism. Let I be the
subobject of OX corresponding to Y . Since we have the exact sequence

0→MI →M → i∗i
∗M → 0,

M → i∗i∗M is an isomorphism if and only if MI = 0. Therefore the claim
follows. �

Example 11.12. We follow the notations in Example 9.17 and Example 10.10.
Each nonzero proper ideal I of k[x] is generated by an element of the form
(x − a1)r1 · · · (x − al)rl , where l ∈ Z≥1, a1, . . . , al are distinct elements of k,
and r1, . . . , rl ∈ Z≥1. We have

Ipa =

{
mriai if a = ai for some i ∈ {1, . . . , l}
k[x]pa if a ∈ k \ {a1, . . . , al}

.

For each r ∈ ∏a∈k(Z≥0 ∪ {∞}), the object k[x]/I belongs to Yr if and only if
ri ≤ r(ai) for every i = 1, . . . , l. Hence the corresponding filter of k[x] to Yr is




(x− a1)r1 · · · (x− al)rl ⊂ k[x]

∣∣∣∣∣∣∣

l ∈ Z≥1, a1, . . . , al ∈ k (distinct)

r1, . . . , rl ∈ Z≥1

ri ≤ r(ai) for each i = 1, . . . , l




∪ {k[x]}.

This is equal to

〈 (x− a)r ⊂ k[x] | a ∈ k, r ∈ Z≥1, r ≤ r(a) 〉locfilt,
and we have the description

Yr =

〈
k[x]

(x− a)r

∣∣∣∣ a ∈ k, r ∈ Z≥1, r ≤ r(a)

〉

preloc

.

By Theorem 11.9, the set of closed subcategories of Mod k[x] is
{
Yr
∣∣∣∣∣ r ∈

⊕

a∈k
Z≥0

}
∪ {Mod k[x]}.

Let r ∈ (
∏
a∈k Z≥0) \ (

⊕
a∈k Z≥0). Then for every p ∈ Spec k[x], the prelo-

calizing subcategory (Yr)p of Mod k[x]p is a closed subcategory, and Fp is a
principal filter of k[x]p. However, the prelocalizing subcategory Yr of Modk[x]
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is not a closed subcategory, and the corresponding local filter of k[x] is not a
principal filter.

12. Classification of bilocalizing subcategories

Let X be a locally noetherian scheme. We investigate extensions of closed
subcategories. The following lemma shows that products of principal filters are
also principal.

Lemma 12.1. Let I1 and I2 be subobjects of OX . Then F(I1)∗F(I2) = F(I1I2).

Proof. This follows from Proposition 9.6. �

Extensions of closed subcategories are described in terms of products of prin-
cipal filters.

Theorem 12.2. Assume that the following elements correspond to each other
by the bijections in Theorem 11.9 for each i = 1, 2.

(1) Yi.
(2) {Yiλ}λ∈Λ.
(3) {Yi(x)}x∈X.
(4) F i.
(5) {F iλ}λ∈Λ.
(6) {F i(x)}x∈X.

(7) Ii.
(8) {Iiλ}λ∈Λ.
(9) {Ii(x)}x∈X .

Then the following elements correspond to each other by the bijections.

(1) Y1 ∗ Y2.
(2) {Y1

λ ∗ Y2
λ}λ∈Λ.

(3) {Y1(x) ∗ Y2(x)}x∈X.
(4) F1 ∗ F2.
(5) {F1

λ ∗ F2
λ}λ∈Λ.

(6) {F1(x) ∗ F2(x)}x∈X.

(7) I1I2.
(8) {I1λI2λ}λ∈Λ.
(9) {I1(x)I2(x)}x∈X .

Proof. This follows from Theorem 10.8 and Lemma 12.1. �

As a corollary of Theorem 12.2, we obtain a classification of the bilocalizing
subcategories of QCohX . They are defined as follows.

Definition 12.3. Let A be a Grothendieck category. A prelocalizing subcat-
egory X of A is called a bilocalizing subcategory of A if X is both localizing
and closed.

Bilocalizing subcategories have the following characterization.

Proposition 12.4. Let A be a Grothendieck category, and let X be a localizing
subcategory of A. Then X is a bilocalizing subcategory of A if and only if the
canonical functor A → A/X has a left adjoint.
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Proof. [Pop73, Theorem 4.21.1]. �

For a ring Λ, the bilocalizing subcategories of ModΛ are classified by the idem-
potent two-sided ideals of Λ.

Definition 12.5. Let Λ be a ring. A two-sided ideal I of Λ is called idempotent
if I2 = I holds.

Proposition 12.6. Let Λ be a ring.

(1) For each i = 1, 2, let Yi be a closed subcategory of ModΛ, and let Ii be
the corresponding two-sided ideal of Λ by the bijection in Theorem 11.3.
Then Y1 ∗ Y2 corresponds to I2I1 by the bijection.

(2) The bijection in Theorem 11.3 restricts to a bijection

{ bilocalizing subcategories of ModΛ } → { idempotent two-sided ideals of Λ }.
Proof. (1) For two-sided ideals I1 and I2 of Λ, it is straightforward to show
that F(I1) ∗ F(I2) = F(I1I2). Therefore the claim follows from Theorem 10.3
(1).
(2) This follows from (1). �

A subobject I of OX is called idempotent if I2 = I holds. We classify the
bilocalizing subcategories of QCohX as follows.

Corollary 12.7. The bijections in Theorem 11.9 restrict to bijections between
following sets.

(1) The set of bilocalizing subcategories of QCohX.
(2) The set of families {Yλ ⊂ QCohUλ}λ∈Λ of bilocalizing subcategories

such that Yλ|Uµ = Yµ for each λ, µ ∈ Λ with Uµ ⊂ Uλ.
(3) The set of families {Y(x) ⊂ ModOX,x}x∈X of bilocalizing subcategories

such that for each x ∈ X, there exist λ ∈ Λ with x ∈ Uλ and a bilocal-
izing subcategory Y ′ of QCohUλ satisfying Y ′

y = Y(y) for each y ∈ Uλ.
(4) The set of principal filters of OX closed under products.
(5) The set of families {Fλ}λ∈Λ, where Fλ is a principal filter of OUλ

closed under products for each λ ∈ Λ, such that Fλ|Uµ = Fµ for each
λ, µ ∈ Λ with Uµ ⊂ Uλ.

(6) The set of families {F(x)}x∈X , where F(x) is a principal filter of OX,x
closed under products for each x ∈ X, such that for each x ∈ X, there
exist λ ∈ Λ with x ∈ Uλ and a principal filter of subobjects F ′ of OUλ
which is closed under products and satisfies F ′

y = F(y) for each y ∈ Uλ.
(7) The set of idempotent subobjects of OX .
(8) The set of families {Iλ}λ∈Λ, where Iλ is an idempotent subobjects of
OUλ for each λ ∈ Λ, such that Iλ|Uµ = Iµ for each λ, µ ∈ Λ with
Uµ ⊂ Uλ.

(9) The set of families {I(x)}x∈X , where I(x) is an idempotent ideal of
OX,x for each x ∈ X, such that for each x ∈ X, there exist λ ∈ Λ with
x ∈ Uλ and an idempotent subobject I ′ of OUλ satisfying I ′y = I(y) for
each y ∈ Uλ.
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Proof. This follows from Theorem 12.2. �

Example 12.8. In the setting of Example 11.12, the set of bilocalizing subcat-
egories of Modk[x] is

{Yr | r = {0}a∈k } ∪ {Mod k[x]} = {0, Mod k[x]}.
We show that the sets in Corollary 12.7 also bijectively correspond to the set
of open closed subsets of X . We start with the following well-known fact on a
commutative noetherian ring.

Lemma 12.9. Let R be a commutative noetherian ring, and let I be an idem-
potent ideal of R. Then there exists an ideal J of R such that R = I ⊕ J in
ModR. In particular, the subset Supp(R/I) of SpecR is open and closed.

Proof. By Nakayama’s lemma ([Mat89, Theorem 2.2]), there exists a ∈ R such
that aI = 0 and 1− a ∈ I. Then a2 = a and (1− a)R = I. By letting J = aR,
we obtain R = I ⊕ J , and SpecR is the disjoint union of the closed subsets
V (I) and V (J) determined by I and J , respectively. �

The idempotence of a subobject of OX is characterized in terms of the corre-
sponding closed subscheme.

Lemma 12.10. Let X be a locally noetherian scheme. Let I be a subobject of
OX , and let Y be the corresponding closed subscheme of X by the bijection
in Proposition 11.10. Then I is idempotent if and only if Y is also an open
subscheme of X.

Proof. Assume that I is idempotent. For each open affine subscheme U of
X , the subobject I|U of OU is idempotent. By Lemma 12.9, the subset
Supp(OU/I|U ) of U is open and closed. Since

Supp
OU
I|U

= U ∩ Supp
OX
I
,

the underlying space Supp(OX/I) of Y is an open subset of X . For each y ∈ Y ,
the ideal Iy of OX,y is idempotent, and (OX/I)y 6= 0. Hence Iy = 0. It follows
that OY = (OX/I)|Y = OX |Y .
Conversely, assume that Y is also an open subscheme. Let i : Y →֒ X be the
immersion. There is an exact sequence

0→ I → OX → i∗(OX |Y )→ 0.

For each x ∈ X ,

Ix =

{
0 if x ∈ Y
OX,x if x /∈ Y ,

and hence Ix is idempotent. It follows that I is idempotent. �

Corollary 12.11. Let X be a locally noetherian scheme. Then there exist
bijections between the following sets.

(1) The set of bilocalizing subcategories of QCohX.
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(2) The set of idempotent subobjects of OX .
(3) The set of closed subschemes of X which are also open subschemes.
(4) The set of subsets of X which are open and closed.

The bijection (1)↔(2) is in Corollary 12.7. The bijection (2)↔(3) is induced by
the bijection in Proposition 11.10. For each element Y of (3), the corresponding
element of (4) is the underlying space of Y .

Proof. This follows from Corollary 12.7 and Lemma 12.10. �

By using the classification of the prelocalizing (resp. localizing, closed) subcat-
egories of Mod k[x], we can obtain a classification of the prelocalizing (resp.
localizing, closed) subcategories for the projective line.

Example 12.12. Let k be an algebraically closed field, and consider the pro-
jective line X = P1k. Denote by Φ the set of closed points in X . For each
r ∈∏x∈Φ(Z≥0 ∪{∞}), we define a prelocalizing subcategory Yr of QCohX by

Yr = {M ∈ QCohX |Mxm
r(x)
x = 0 for each x ∈ Φ with r(x) 6=∞}.

Then by the main results (Theorem 9.14, Corollary 10.9, Theorem 11.9, and
Corollary 12.7) and the examples on Spec k[x] (Example 9.17, Example 10.10,
Example 11.12, and Example 12.8), the set of prelocalizing subcategories of
QCohX is {

Yr
∣∣∣∣∣ r ∈

∏

x∈Φ
(Z≥0 ∪ {∞})

}
∪ {QCohX},

the set of localizing subcategories of QCohX is
{
Yr
∣∣∣∣∣ r ∈

∏

x∈Φ
{0,∞}

}
∪ {QCohX},

the set of closed subcategories of QCohX is
{
Yr
∣∣∣∣∣ r ∈

⊕

x∈Φ
Z≥0

}
∪ {QCohX},

and the set of bilocalizing subcategories of QCohX is

{Yr | r = {0}x∈Φ } ∪ {QCohX} = {0, QCohX}.
Example 12.13. For each i ∈ Z, let ki be a field, and let Ui := Spec ki.
Consider the disjoint union X :=

∐
i∈Z Ui. For each subset B of Z, define a

prelocalizing subcategory YB of QCohX by

YB = {M ∈ QCohX |M |Ui = 0 for each i ∈ Z \B }.
Then by Theorem 9.14, Corollary 10.9, Theorem 11.9, and Corollary 12.7, the
set

{YB | B ⊂ Z }
is the set of prelocalizing subcategories of QCohX , and every prelocalizing
subcategory of QCohX is bilocalizing. Therefore every local filter of OX is a
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principal filter. For each subset B of Z, let IB be the idempotent subobject of
OX corresponding to the bilocalizing subcategory YB . Then the filter

F = { IB | Z \B is a finite set }
of OX is not a local filter since F is not a principal filter.
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Abstract. Let K be a global field which contains a primitive p-th
root of unity, where p is a prime number. M. J. Hopkins and K. G.
Wickelgren showed that for p = 2, any triple Massey product over K
with respect to Fp, contains 0 whenever it is defined. We show that
this is true for all primes p.
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1. INTRODUCTION

Massey products were introduced by W. S. Massey in [M]. (We review the
definition in Section 2.) Massey products were first used in topology where
usual cohomology cup products would not detect some linking properties of
knots but Massey products would. (See for example [Mo, page 98] or [GM,
pages 154-158].) Further interest in Massey products arises as an obstruction
to the "formality" of manifolds over real numbers. In the case of compact
Kähler manifolds, formality formalizes the property that their homotopy type
is a formal consequence of their real cohomology ring. (See [DGMS].) We
treat Massey products also as obstructions to solving certain Galois embed-
ding problems.
Throughout this paper, we let p be a prime number. Let K be a field which we
assume contains a fixed primitive p-th root of unity ζp. Let GK be the absolute
Galois group of K. Let C• = C•(GK, Fp) denote the differential graded algebra
of Fp-inhomogeneous cochains in continuous group cohomology of GK (see
e.g., [NSW, Chapter I, §2]). For any a ∈ K× = K \ {0}, let χa denote the
corresponding character via the Kummer map K× → H1(GK, Fp), i.e., χa is

1The first named author is partially supported by the Natural Sciences and Engineering Re-
search Council of Canada (NSERC) grant R0370A01. The second named author is partially
supported by the National Foundation for Science and Technology Development of Vietnam
(NAFOSTED) grant 101.04-2014.34
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defined by σ( p
√

a) = ζ
χa(σ)
p

p
√

a, for all σ ∈ GK. In the work of M. J. Hopkins
and K. G. Wickelgren [HW], the following fundamental result was proved.
(By a global field we mean a finite extension of Q, or a function field in one
variable over a finite field.)

Theorem 1.1 ([HW, Theorem 1.2]). Let the notation be as above. Assume that
p = 2 and K is a global field of characteristic 6= 2. Let a, b, c ∈ K×. The triple Massey
product 〈χa, χb, χc〉 contains 0 whenever it is defined.

In [MT1] we extend the result of Hopkins-Wickelgren to an arbitrary field K
of characteristic 6= 2, still assuming that p = 2.

Theorem 1.2 ([MT1, Theorem 1.2]). Let the notation be as above. Assume that
p = 2 and K is an arbitrary field of characteristic 6= 2. Let a, b, c ∈ K×. The triple
Massey product 〈χa, χb, χc〉 contains 0 whenever it is defined.

In this paper we extend the result of Hopkins-Wickelgren in Theorem 1.1 in
another direction. We still consider a global field K but we let the prime p be
arbitrary.

Theorem 1.3. Let the notation be as above. Assume that K is a global field contain-
ing a primitive p-th root of unity and a, b, c ∈ K×. Then the triple Massey product
〈χa, χb, χc〉 contains 0 whenever it is defined.

Let us denote by U4(Fp) the group of all upper-triangular unipotent 4-by-4-
matrices with entries in Fp. For a finite group G, by a G-Galois extension L/K,
we mean a Galois extension with Galois group isomorphic to G. It is a classical
problem to describe extensions M/K which can be embedded into a G-Galois
extension L/K with a prescribed Galois group G. From Theorem 1.3 and its
local version we can deduce the following contribution to this problem when
G = U4(Fp).

Corollary 1.4. Let K be a local or global field containing a primitive p-th root of
unity. Let a, b, c ∈ K× and assume that the classes [a], [b], [c] in the Fp-vector space

K×/(K×)p are linearly independent. Assume further that χa ∪ χb = χb ∪ χc = 0
in H2(GK, Fp). Then the Galois extension K( p

√
a, p
√

b, p
√

c)/K can be embedded in a
U4(Fp)-Galois extension L/K.

In fact for each U4(Fp)-extension L/K, there exist a, b, c ∈ K× ∩ Lp such that
the classes [a], [b], [c] in the Fp-vector space K×/(K×)p are linearly indepen-
dent, and that χa ∪ χb = χb ∪ χc = 0 in H2(GK, Fp). Thus we see that this
hypothesis is both necessary and sufficient for embedding abelian extensions
of degree p3 and exponent p into a U4(Fp)-extension. (See Section 4 for more
detail.)
In the case when p = 2, Corollary 1.4 was also proved in [GLMS, Section 4]
for all fields K of characteristic not 2. (See also [MT1, Section 6].)
Let us now recall briefly how Theorem 1.1 is established in [HW].
Let p = 2 and K be a field of characteristic not 2. In [HW], the authors con-
struct for each a, b, c ∈ K×, a K-variety Xa,b,c which has a K-rational point if
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and only if the triple Massey product 〈χa, χb, χc〉 is defined and contains 0 (see
[HW, Theorem 1.1]). The authors then establish a local version of Theorem 1.1
by using the non-degeneracy property of the cup products and the indetermi-
nacy of Massey products. Now assume that K is a global field and consider
a, b, c ∈ K× such that 〈χa, χb, χc〉 is defined. By applying a result of D. B. Leep
and A. R. Wadsworth in [LW], the authors show that the splitting variety Xa.b,c
satisfies the Hasse local-global principle (see [HW, Theorem 3.4]), and then the
result follows from the local case.
In our paper we also use the local-global principle but our method is different
from the method used in the paper [HW]. Let p be any prime, and let K be a
field containing a primitive p-th root of unity. Let a, b, c ∈ K× such that the
triple Massey product 〈χa, χb, χc〉 is defined. Now instead of constructing a
splitting variety for 〈χa, χb, χc〉, we use the technique of Galois embedding
problems to detect the vanishing property of triple Massey products. Namely,
〈χa, χb, χc〉 vanishes if certain kinds of embedding problems are solvable. This
is true because of a result of W. G. Dwyer. We then use Hoechsmann’s lemma
to translate the problem of solvability of embedding problems to the problem
of showing the vanishing of some degree 2 cohomology classes. Then we
establish a local-global principle for the vanishing of the cohomology classes
(see Lemma 6.2). Theorem 1.3 then follows from its local version. This being
said, our proof also provides another proof for Theorem 1.1 in the case p = 2.

Acknowledgments: We would like to thank Stefan Gille, Thong Nguyen
Quang Do and Kirsten Wickelgren for their interest and correspondence. We
are grateful to the an anonymous referee for his/her very careful reading
of our paper and for providing us with insightful comments and valuable
suggestions which we used to improve our exposition considerably. For
example, Proposition 4.7 and Lemma 6.1 were formulated based on his/her
report.

Addendum (October 2015): Since submitting of this paper there have been
some new significant developments in this subject motivated and influenced
by this paper and [MT1]. In [EM1] Efrat and Matzri proved a result which
implies the main result Theorem 1.3 of this paper. In [Ma] Matzri extended
our main result Theorem 1.3 to an arbitrary field K. Efrat and Matzri [EM2]
and in parallel [MT3] gave a direct proofs of Matzri’s result, using only tools
from Galois cohomology. In [MT4] the explicit constructions of U4(Fp)-Galois
extensions over all fields which admit such extensions are provided. In [MT5]
the authors also considered the vanishing property of higher Massey products
over rigid fields.

2. REVIEW OF MASSEY PRODUCTS

In this section, we review some basic facts about Massey products, see [MT1]
and references therein for more detail.
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Let A be a unital commutative ring. Recall that a differential graded algebra
(DGA) over A is a graded associative A-algebra

C• = ⊕k≥0Ck = C0 ⊕ C1 ⊕ C2 ⊕ · · ·
with product ∪ and equipped with a differential ∂ : C• → C•+1 such that

(1) ∂ is a derivation, i.e.,

∂(a ∪ b) = ∂a ∪ b + (−1)ka ∪ ∂b (a ∈ Ck);

(2) ∂2 = 0.
Then as usual the cohomology H• of C• is ker ∂/im∂. We shall assume that
a1, . . . , an are elements in H1.

Definition 2.1. A collection M = (aij), 1 ≤ i < j ≤ n + 1, (i, j) 6= (1, n +

1) of elements of C1 is called a defining system for the n-fold Massey product
〈a1, . . . , an〉 if the following conditions are fulfilled:

(1) ai,i+1 represents ai.

(2) ∂aij = ∑
j−1
l=i+1 ail ∪ al j for i + 1 < j.

Then ∑
n
k=2 a1k ∪ ak,n+1 is a 2-cocycle. (See for example [Fe, page 233].) Its co-

homology class in H2 is called the value of the product relative to the defining
system M, and is denoted by 〈a1, . . . , an〉M.
The product 〈a1, . . . , an〉 itself is the subset of H2 consisting of all elements
which can be written in the form 〈a1, . . . , an〉M for some defining systemM.
The n-fold Massey product 〈a1, . . . , an〉 is said to be defined if it has a defining
system, i.e., the set 〈a1, . . . , an〉 is non-empty.
For n ≥ 2 we say that C• has the vanishing n-fold Massey product property if
every defined Massey product 〈a1, . . . , an〉, where a1, . . . , an ∈ C1, necessarily
contains 0. When n = 3 we will speak about triple Massey products and the
vanishing triple Massey product property.

Now let G be a profinite group and let A be a finite commutative ring con-
sidered as a trivial discrete G-module. Let C• = C•(G, A) be the DGA of
inhomogeneous continuous cochains of G with coefficients in A [NSW, Ch. I,
§2]. We write Hi(G, A) for the corresponding cohomology groups.

Definition 2.2. We say that G has the vanishing n-fold Massey product prop-
erty (with respect to A) if the DGA C•(G, A) has the vanishing n-fold Massey
product property.

3. UNIPOTENT MATRICES

Let Un+1(Fp) be the group of all upper-triangular unipotent (n + 1)× (n + 1)-
matrices with entries in Fp. Let Zn+1(Fp) be the subgroup of all such matrices
with all off-diagonal entries being 0 except possibly at position (1, n + 1). We
may identify the quotient Un+1(Fp)/Zn+1(Fp) with the group Ūn+1(Fp) of
all upper-triangular unipotent (n + 1)× (n + 1)-matrices with entries over Fp

with the (1, n + 1)-entry omitted.
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For a representation ρ : G → Un+1(Fp) and 1 ≤ i < j ≤ n + 1, let ρij : G →
Fp be the composition of ρ with the projection from Un+1(Fp) to its (i, j)-
coordinate. We use similar notation for representations ρ̄ : G → Ūn+1(Fp).
Note that ρi,i+1 (resp., ρ̄i,i+1) is a group homomorphism.
Now we assume n = 3. We consider the following exact sequence of finite
groups

1 −→ A −→ U4(Fp)
(a12,a23,a34)−−−−−−→ F3

p −→ 1,

here aij : U4(Fp) → Fp is the map sending a matrix to its (i, j)-coefficient.
Explicitly,

A =








1 0 a b
0 1 0 c
0 0 1 0
0 0 0 1


 : a, b, c ∈ Fp





.

We consider the action of U4(Fp) on A by conjugation: g · a = gag−1, ∀ g ∈
U4(Fp), a ∈ A. Since A is abelian, this action induces an action of F3

p on A,
i.e., we get a homomorphism ψ : F3

p → Aut(A).
Let A′ = Hom(A, Fp) be the dual F3

p-module of the F3
p-module A. Here the

action of F3
p on A′ is given by

(gφ)(a) = φ(g−1 · a),

where φ ∈ Hom(A, Fp), g ∈ F3
p and a ∈ A. (Here we write the group F3

p mul-
tiplicatively.) From this action, we get a homomorphism ψ′ : F3

p → Aut(A′).
The following lemma is a special case of a more general result on matrix rep-
resentations of dual representations. For the convenience of the reader, we
include a short proof.

Lemma 3.1. Assume that {e1, e2, e3} is a basis for the Fp-vector space A. Let g be

any element F3
p. Suppose that ψ(g) is given by matrix X with respect to e1, e2, e3.

Then the matrix of ψ′(g) with respect to the dual basis is (X−1)T.

Proof. We write X−1 = (xij). Let {e′1, e′2, e′3} be the dual basis of the basis
{e1, e2, e3}. Then

(ψ′(g)(e′i))(ej) = e′i(ψ(g−1)(ej)) = e′i(∑
k

xkjek) = xij = (∑
k

xike′k)(ej).

Hence ψ′(g)(e′i) = ∑k xike′k, and the lemma follows. �

Lemma 3.2. There exists an Fp-basis of A′ such that with respect to this basis the

map ψ′ : F3
p → Aut(A′) becomes a map F3

p → GL3(Fp) which sends (x, y, z) ∈ F3
p

to




1 0 −x
0 1 z
0 0 1


 .
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Proof. We first describe the action of F3
p on A, i.e., we describe the map

ψ : F3
p → Aut(A), as follows.

Let e1 = I + E24, e2 = I + E13, e3 = I + E14. We have

ψ(x, y, z)(e1) =

=




1 x 0 0
0 1 y 0
0 0 1 z
0 0 0 1







1 0 0 0
0 1 0 1
0 0 1 0
0 0 0 1







1 x 0 0
0 1 y 0
0 0 1 z
0 0 0 1




−1

=




1 0 0 x
0 1 0 1
0 0 1 0
0 0 0 1


 = e1 + xe3;

ψ(x, y, z)(e2) =

=




1 x 0 0
0 1 y 0
0 0 1 z
0 0 0 1







1 0 1 0
0 1 0 0
0 0 1 0
0 0 0 1







1 x 0 0
0 1 y 0
0 0 1 z
0 0 0 1




−1

=




1 0 1 −z
0 1 0 0
0 0 1 0
0 0 0 1


 = e2 − ze3;

ψ(x, y, z)(e3) =

=




1 x 0 0
0 1 y 0
0 0 1 z
0 0 0 1







1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1







1 x 0 0
0 1 y 0
0 0 1 z
0 0 0 1




−1

=




1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1


 = e3.

Thus with respect to the Fp-basis {e1, e2, e3} of A, the element (x, y, z) ∈ F3
p is

sent to the matrix




1 0 0
0 1 0
x −z 1


 ∈ GL3(Fp).

Now we consider the F3
p-module A′. By Lemma 3.1, the structure map

ψ′ : F3
p → Aut(A′) describing the action of F3

p on A′ with respect to the dual
basis of (e1, e2, e3), is given by:

(x, y, z) 7→







1 0 0
0 1 0
x −z 1



−1



T

=




1 0 x
0 1 −z
0 0 1



−1

=




1 0 −x
0 1 z
0 0 1


 .

�

4. EMBEDDING PROBLEMS

A weak embedding problem E for a profinite group G is a diagram

E := G

α
��

U
f // Ū
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which consists of profinite groups U and Ū and homomorphisms α : G → Ū,
f : U → Ū with f being surjective. (All homomorphisms of profinite groups
considered in this paper are assumed to be continuous.)
A weak solution of E is a homomorphism β : G→ U such that f β = α.
We call E a finite weak embedding problem if the group U is finite. The kernel
of E is defined to be M := ker( f ).
Let φ1 : G1 → G be a homomorphism of profinite groups. Then φ1 induces the
following weak embedding problem

E1 := G1

α◦φ1
��

U
f // Ū.

If β is a weak solution of E then β ◦ φ1 is a weak solution of E1.
The following result is due to W. Dwyer. We will use this result to reformulate
the vanishing Massey product property in terms of weak embedding prob-
lems.

Theorem 4.1 ([Dwy, Theorem 2.4]). Let α1, . . . , αn be elements of H1(G, Fp).
There is a one-one correspondence M ↔ ρ̄M between defining systems M for
〈α1, . . . , αn〉 and group homomorphisms ρ̄M : G → Ūn+1(Fp) with (ρ̄M)i,i+1 =
−αi, for 1 ≤ i ≤ n.
Moreover 〈α1, . . . , αn〉M = 0 in H2(G, Fp) if and only if the dotted homomorphism
exists in the following commutative diagram

G

ρ̄M
��ww♣ ♣

♣
♣
♣
♣

0 // Fp
// Un+1(Fp) // Ūn+1(Fp) // 1.

Explicitly, the one-one correspondence in Theorem 4.1 is given by: For a defin-
ing system M = (aij) for 〈α1, . . . , αn〉, ρ̄M : G → Ūn+1(Fp) is defined by
letting (ρ̄M)ij = −aij (see [Dwy, Proof of Theorem 2.4]).

Lemma 4.2. Let G be a profinite group, and n ≥ 3 an integer. Then the following
statements are equivalent:

(1) G has the vanishing n-fold Massey product property with respect to Fp.

(2) For every homomorphism ρ̄ : G → Ūn+1(Fp), the finite weak embedding
problem

G

(ρ̄12,...,ρ̄n,n+1)

��zz✉
✉
✉
✉
✉

0 // A // Un+1(Fp) // Fn
p

// 1,

has a weak solution, i.e., (ρ̄12, ρ̄23, . . . , ρ̄n,n+1) can be lifted to a homomor-
phism ρ : G→ Un+1(Fp).
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Proof. This follows from Theorem 4.1. �

Corollary 4.3. Let G be a profinite group. Let χ1, χ2, χ3 ∈ H1(G, Fp) be Fp-
linearly independent. Assume that G has the vanishing triple Massey product and
that χ1 ∪ χ2 = χ2 ∪ χ3 = 0 ∈ H2(G, Fp). Then there is a continuous surjective
homomorphism ρ : G → U4(Fp) such that ρ12 = χ1, ρ23 = χ2 and ρ34 = χ3.

Proof. Since χ1 ∪ χ2 = χ2 ∪ χ3 = 0 ∈ H2(G, Fp), there exist a12, a23 ∈
C1(G, Fp) such that ∂a12 = χ1 ∪ χ2 and ∂a23 = χ2 ∪ χ3. This implies that
the triple Massey product 〈χ1, χ2, χ3〉 is defined. By Theorem 4.1, we have a
homomorphism ρ̄ : G → Ū4(Fp) such that ρ̄12 = χ1, ρ̄23 = χ2 and ρ̄34 = χ3.
By Lemma 4.2, there exists a homomorphism ρ : G → U4(Fp) such that

ρ12 = ρ̄12 = χ1, ρ23 = ρ̄23 = χ2, ρ34 = ρ̄34 = χ3.

Note that the Frattini subgroup of U4(Fp) is A. Hence by the Frattini argu-
ment ρ : G→ U4(Fp) is surjective. �

Remark 4.4. Let ρ : G → U4(Fp) be a surjective homomorphism. Let χ1 =
ρ12, χ2 = ρ23 and χ3 = ρ34. Since (ρ12, ρ23, ρ34) : G → Fp × Fp × Fp is surjec-
tive, we see that χ1, χ2 and χ3 are Fp-linearly independent. Furthermore since
ρ is group homomorphism, we see that χ1 ∪ χ2 = χ2 ∪ χ3 = 0 ∈ H2(G, Fp).

Lemma 4.5 (Hoechsmann). Let E be a finite weak embedding problem for G with
finite abelian kernel M. Let ǫ ∈ H2(Ū, M) be the cohomology class corresponding
to the embedding problem E . Then E has a weak solution if and only if α∗(ǫ) = 0 ∈
H2(G, M).

Proof. See [Ho, Statement 1.1, page 82]. (See also [NSW, Chapter 3, §5, Propo-
sition 3.5.9].) �

Corollary 4.6. Let E (G) = (α : G → Ū, f : U → Ū) be a finite weak embed-
ding problem for G with abelian kernel M. Let φi : Gi → G, i ∈ I, be a family of
homomorphisms of profinite groups. Assume that the natural homomorphism

H2(G, M)→∏
i

H2(Gi, M),

is injective. Then the weak embedding problem E (G) has a weak solution if and only
if for every i ∈ I the induced weak embedding problem E (Gi) has a weak solution.

Proof. We consider the following sequence

H2(Ū, M)
α∗ // H2(G, M) // // ∏i∈I H2(Gi, M).

The statement follows from Lemma 4.5. �

Proposition 4.7. Suppose that Gi, i ∈ I, are closed subgroups of a profinite group
G, and that for every map α : G → F3

p the map

Res : H2(G, A) −→∏
i∈I

H2(Gi, A)
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is injective, where the action is via ψ ◦ α : G → Aut(A). If each Gi has the triple van-
ishing Massey product property, then G also has the triple vanishing Massey product
property.

Proof. We shall prove the condition (2) in Lemma 4.2.
Let ρ̄ : G → Ū4(Fp) be any homomorphism. We consider the weak embed-
ding problem

(E ) G

(ρ̄12,ρ̄23,ρ̄34)
��

0 // A // U4(Fp) // (Fp)3 // 1.

By assumption for every i ∈ I the induced weak embedding problem (Ei)

(Ei) Gi

(ρ̄12,ρ̄23,ρ̄34)
��zz✉

✉
✉
✉
✉

0 // A // U4(Fp) // (Fp)3 // 1,

has a weak solution. By Corollary 4.6, (E ) has a weak solution also. �

5. THE VANISHING OF A CERTAIN COHOMOLOGY GROUP

Let G be a profinite group, and let M be a discrete G-module. We define

H1
∗(G, M) = ker(H1(G, M)→∏

C

H1(C, M)),

where the product is over all closed cyclic subgroups (in the profinite sense)
of G.
(The definition of H1∗(G, M) is due to Tate (see [Se, §2]). This definition also
appeared in [DZ, §2], in which the authors used the notation H1

loc instead of
using H1

∗.)
The following lemma is a special case of [DZ, Lemma 3.3]. It is a simple lemma
and therefore we also omit a proof.

Lemma 5.1. Let V be a vector space of finite dimension over a field k. Let ϕ1, ϕ2 be
elements in the dual k-vector space V∗ := Hom(V, k). If ker ϕ1 ⊆ ker ϕ2 then there
exists λ ∈ k such that ϕ2 = λϕ1.

Lemma 5.2. Let

G =








1 0 a
0 1 b
0 0 1


 : a, b ∈ Fp



 ,

and let F3
p act on G by matrix multiplication. Then H1

∗(G, (Fp)3) = 0.
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Proof. Let (Zσ) be a cocycle representing an element in H1
∗(G, (Fp)3). Then for

each σ ∈ G, there exists Wσ ∈ (Fp)3 such that

Zσ = (σ− 1)Wσ.

Writing Zσ =




xσ

yσ

zσ


, Wσ =




uσ

vσ

tσ


 and σ =




1 0 aσ

0 1 bσ

0 0 1


 , we have




xσ

yσ

zσ


 =




0 0 aσ

0 0 bσ

0 0 0






uσ

vσ

tσ


 =




tσaσ

tσbσ

0


 .

Hence

(1) xσ = tσaσ, yσ = tσbσ, zσ = 0.

By the cocycle condition, σ 7→ xσ and σ 7→ yσ are homomorphisms. Also,
σ 7→ aσ and σ 7→ bσ are homomorphisms. From (1), one has ker aσ ⊆ ker xσ

and ker bσ ⊆ ker yσ. Hence by Lemma 5.1, there exist λ, µ ∈ Fp such that

(2) xσ = λaσ; yσ = µbσ.

We consider the matrix σ0 =




1 0 1
0 1 1
0 0 1


 , i.e., aσ0 = bσ0 = 1. Then (1) and (2)

imply that
xσ0 = tσ0 = λ, and yσ0 = tσ0 = µ.

Thus λ = µ. Hence for all σ ∈ G we have Zσ = (σ− 1)W, with W = (0, 0, λ)t.
Therefore (Zσ) is cohomologous to 0, as desired. �

6. THE INJECTIVITY OF A LOCALIZATION MAP

Let K be a global field containing a primitive p-th root of unity. For any GK-
module M with the structure map ρ : GK → Aut(M), let K(M) be the smallest
splitting field of M, explicitly K(M) is the fixed field of the separable closure
Ksep under ker(ρ). For each prime v of K, let Kv denote the completion of K at
v. We will fix an embedding ιv : GKv →֒ GK which is induced by choosing an
embedding of Ksep in K

sep
v . Then for each i, ιv’s induce a homomorphism

β1(K, M) : Hi(GK, M)→∏
v

Hi(GKv , M).

This homomorphism does not depend on the choice of embeddings Ksep →֒
K

sep
v , and it is called the localization map.

Lemma 6.1. Let F be a finite Galois extension of K containing K(M). Then we can

inject the group ker β1(K, M) into the group H1
∗(Gal(F/K), M).

(See [Se, Proposition 8] for a similar statement.)
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Proof. By [Mi, Chapter I, Lemma 9.3] and/or [Ja, Lemma 1], we have the fol-
lowing diagram

ker β1(K, M)� _

��
H1∗(Gal(F/K), M)

≃ // H1∗(GK, M).

The lemma then follows. �

Now let α : GK → F3
p be any (continuous) homomorphism. We consider A as

a GK-module via

ψ ◦ α : GK
α→ F3

p
ψ→ Aut(A).

Lemma 6.2. The localization map

H2(GK, A)→∏
v

H2(GKv , A),

is injective.

Proof. First note that if we consider A′ = Hom(A, Fp) as a GK-module via

the composition map β = ψ′ ◦ α : GK → F3
p

ψ′→ Aut(A′), then A′ is the dual
GK-module of the GK-module A. We shall choose an Fp-basis of A′ as in
Lemma 5.2. Clearly, after identifying A′ with F3

p, and Aut(A′) with GL3(Fp),
the action of GK on A′ via the image im(β) is the matrix multiplication.
By Poitou-Tate duality ([NSW, Theorem 8.6.7]), it is enough to show that

(3) ker(H1(GK, A′)→∏
v

H1(GKv , A′)) = 0.

Let F = (Ksep)ker β be the smallest splitting field of A′. Then Gal(F/K) ≃
im(β) ⊆ imψ′ = G, where G is the group defined in Lemma 5.2. Here the
equality imψ′ = G follows from Lemma 3.2.
If Gal(F/K) ≃ imβ = G, then by Lemma 5.2, H1

∗(Gal(F/K), A′) = 0. If
Gal(F/K) ≃ imβ 6= G, then Gal(F/K) is of order dividing p because |G| =
p2. Thus Gal(F/K) is cyclic. In this case, it is clear that H1∗(Gal(F/K), A′) =
0. Thus in all cases we have H1∗(Gal(F/K), A′) = 0. Therefore Lemma 6.1
implies that (3) is true, as desired. �

7. TRIPLE MASSEY PRODUCTS OVER LOCAL AND GLOBAL FIELDS

Recall that a pro-p-group G is call a Demushkin group if its cohomol-
ogy Hi(G, Fp) has the following properties: (1) dimFp H1(G, Fp) < ∞, (2)
dimFp H2(G, Fp) = 1 and (3) the cup product H1(G, Fp) × H1(G, Fp) →
H2(G, Fp) is non-degenerate.
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Theorem 7.1. Let K be a local field containing a primitive p-th root of unity. Let n
be an integer greater than 2. Then every n-fold Massey product contains 0 whenever
it is defined.

Proof. Let G = GK(p) be the maximal pro-p quotient of the absolute Galois
group of K. If either K ≃ C or K ≃ R and p 6= 2, then G is trivial. Clearly then
G has the vanishing n-fold Massey product property.
If K ≃ R and p = 2 then G ≃ Z/2Z, which is a Demushkin group by
[NSW, Proposition 3.9.10]. Now assume that K is not isomorphic to either
R or C, then by [NSW, Proposition 7.5.9 and Theorem 7.5.11], G is also a De-
mushkin group. Hence, in the both main cases when G is non-trivial, G has
the vanishingn-fold Massey product property by [MT1, Theorem 4.3]. �

Proof of Theorem 1.3. Theorem 1.3 follows from Proposition 4.7, Lemma 6.2
and Theorem 7.1. �

Proof of Corollary 1.4. Corollary 1.4 follows from Theorems 7.1-1.3 and Corol-
lary 4.3. �

Remark 7.2. If F is a local field containing a primitive p-th root of unity, then
the situation in Corollary 1.4 actually occurs precisely when F is a finite ex-
tension of the field Qp. Indeed, let G = GF(p) be the maximal pro-p quotient
of the absolute Galois group of F. Then [NSW, Proposition 7.5.9 and Theo-
rem 7.5.11] imply that G is a Demushkin group of rank ≥ 3 precisely when
F is a finite extension of the field Qp. The statement then follows from [MT2,
Proposition 3.1 and Lemma 3.6].
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Abstract. A bounded operator T on a separable, complex Hilbert
space is said to be odd symmetric if I∗T tI = T where I is a real
unitary satisfying I2 = −1 and T t denotes the transpose of T . It is
proved that such an operator can always be factorized as T = I∗AtIA
with some operator A. This generalizes a result of Hua and Siegel for
matrices. As application it is proved that the set of odd symmetric
Fredholm operators has two connected components labelled by a Z2-
index given by the parity of the dimension of the kernel of T . This
recovers a result of Atiyah and Singer. Two examples of Z2-valued
index theorems are provided, one being a version of the Noether-
Gohberg-Krein theorem with symmetries and the other an application
to topological insulators.
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1 Resumé

Let H be a separable, complex Hilbert space equipped with a complex conjuga-
tion C, namely an anti-linear involution. For T from the set B(H) of bounded
linear operators, one can then dispose of its complex conjugate T = CTC and
its transpose T t = (T )∗. Then T is called real if T = T and symmetric if
T = T t. Let now further be given a real skew-adjoint unitary operator I on H.
Skew-adjointness I∗ = −I of I is equivalent to I2 = −1 and implies that the
spectrum of I is {−ı, ı}. Such an I exists if and only if H is even or infinite
dimensional. One may assume I to be in the normal form I =

(
0 −1
1 0

)
, see

Proposition 5 below. This paper is about bounded linear operators T ∈ B(H)
which are odd symmetric w.r.t. I in the sense that

I∗ T I = T ∗ or equivalently I∗ T t I = T . (1)
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The set of bounded odd symmetric operators is denoted by B(H, I). Condition
(1) looks like a quaternionic condition, but actually a quaternionic operator
rather satisfies I∗TI = T and the set of quaternionic operators forms a multi-
plicative group, while B(H, I) does not. There was some activity on odd sym-
metric operators in the russian literature (where a different terminology was
used), as is well-documented in [Zag], but not on the main questions addressed
in this paper. The following elementary properties can easily be checked.

Proposition 1 B(H, I) is a linear space and the following holds.

(i) T ∈ B(H, I) if and only if T ∗ ∈ B(H, I).

(ii) If T, T ′ ∈ B(H, I) and n ∈ N, then T n ∈ B(H, I) and TT ′+T ′T ∈ B(H, I).

(iii) For an invertible operator, T ∈ B(H, I) if and only if T−1 ∈ B(H, I).

(iv) For A ∈ B(H) and T ∈ B(H, I), one has 1
2 (I∗AtI + A) ∈ B(H, I) and

I∗AtTIA ∈ B(H, I).

(v) T ∈ B(H, I) if and only if B = IT (or B = TI) is skew-symmetric,
namely Bt = −B.

(vi) If the polar decomposition of T ∈ B(H, I) is T = V |T | where V is the
unique partial isometry with Ker(T ) = Ker(V ), then the polar decompo-
sition of T ∗ is T ∗ = I∗V I|T ∗| and |T ∗| = I∗|T |I.

The factorization property stated in (iv) characterizes odd symmetric operators
as is shown in the first main result of this paper stated next:

Theorem 1 Any T ∈ B(H, I) is of the form T = I∗AtIA for some A ∈ B(H).
If Ker(T ) is either even dimensional or infinite dimensional, one moreover has
Ker(A) = Ker(T ).

For finite dimensional H this is due to [Hua] (who stated a decomposition for
skew-symmetric matrices which readily implies the above), but the proof pre-
sented below actually rather adapts the finite-dimensional argument of [Sie,
Lemma 1]. Before going into the proof in Section 2, let us give a summary of
the remainder of the paper, consisting mainly of spectral-theoretic applications
which are ultimately based on Theorem 1. Item (v) of Propostion 1 shows
that there is a direct connection between odd symmetric and skew-symmetric
operators. Hence one may expect that there is nothing interesting to be found
in the spectral theory of odd symmetric operators in the case of a finite di-
mensional Hilbert space, but in fact these matrices have even multiplicities
(geometric, algebraic, actually every level of the Jordan hierarchy). Actually,
the spectra of T and B = IT have little in common as Tψ = λψ is equivalent
to (B − λI)ψ = 0. For k ≥ 1 and λ ∈ C, let dk(T, λ) denote the dimension of
the kernel of (T − λ1)k.
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Proposition 2 Let T ∈ B(H, I) where H is finite dimensional. Then dk(T, λ)
and d1(T ∗T, λ) are even for all λ ∈ C.

In the case of a self-adjoint or unitary odd symmetric operator T , this degener-
acy is known as Kramers degeneracy [Kra] and possibly the first trace of this in
the mathematics literature is [Hua, Theorem 6]. The author could not localize
any reference for the general fact of Proposition 2, but after producing various
proofs he realized that there is a simple argument basically due to [Hua] and
appealing to the Pfaffian. A crucial difference between the self-adjoint and
general case is that the generalized eigenspaces need not be invariant under I
in the latter case. Let us also point out that T ∗T is not odd symmetric, but
nevertheless has even degeneracies. By an approximation argument, the even
degeneracy extends to the set K(H, I) of compact odd symmetric operators.

Proposition 3 Let K ∈ K(H, I) and λ 6= 0. Then dk(K,λ) is even for all
k ≥ 1.

The next result of the paper is about the subset F(H, I) of bounded odd sym-
metric Fredholm operators furnished with the operator norm topology. Recall
that T ∈ B(H) is a Fredholm operator if and only if kernel Ker(T ) and cok-
ernel Ker(T ∗) are finite dimensional and the range of T is closed. Then the
Noether index defined as Ind(T ) = dim(Ker(T ))−dim(Ker(T ∗)) is a compactly
stable homotopy invariant. For an odd symmetric Fredholm operator, one has
Ker(T ∗) = ICKer(T ) so that the Noether index vanishes. Nevertheless, there
is an interesting invariant given by the parity of the dimension of the kernel
which is sometimes also called the nullity.

Theorem 2 Let T ∈ F(H, I) and K ∈ K(H, I). Set

Ind2(T ) = dim(Ker(T )) mod 2 ∈ Z2 .

(i) If Ind2(T ) = 0, there exists a finite-dimensional odd symmetric partial
isometry V ∈ B(H, I) such that T + V is invertible.

(ii) Ind2(T +K) = Ind2(T )

(iii) The map T ∈ F(H, I) 7→ Ind2(T ) is continuous.

(iv) F(H, I) is the disjoint union of two open and connected components
F0(H, I) and F1(H, I) labelled by Ind2.

This theorem is not new as it can be deduced from the paper of Atiyah and
Singer [AS1] because F(H, I) can be shown to be isomorphic to the classifying
space F2(HR) defined in [AS1]. This isomorphism will be explained in detail
following the proof of Theorem 2 in Section 3. Nevertheless, even given this
connection, the proof in [AS1] is quite involved. Here a detailed and purely
functional analytic argument based on the factorization property in Theorem 1
and the Kramers degeneracy in Proposition 3 is presented.
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It is worth noting that Theorem 2 can also be formulated for skew-symmetric
operators by using the correspondence of Proposition 1(v), but the author feels
that there are two good reasons not to do so: the spectral degeneracy is linked
to odd symmetric rather than skew-symmetric operators, and in applications
to time-reversal symmetric quantum mechanical systems (where I is the the
rotation in spin space for a system with half-integer spin) one is naturally lead
to odd symmetric operators. The Z2-index has a number of further basic prop-
erties, like Ind2(T ) = Ind2(T ∗) and Ind2(T ⊕ T ′) = Ind2(T ) + Ind2(T ′) mod 2,
but the author was not able to find a trace formula for the Z2-index similar to
the Calderon-Fedosov formula for the Noether index. Theorem 2 is restricted
to bounded Fredholm operators, but readily extends to unbounded operators
with adequate modifications.

Just as for Fredholm operators with non-vanishing Noether index, an example
of an odd symmetric operator with a non-trivial Z2-index can be constructed
from the shift operator S on ℓ2(N) defined as usual by S|n〉 = δn≥2|n− 1〉: the
operator T = S ⊕ S∗ on ℓ2(N) ⊗ C2 is odd symmetric w.r.t. I =

(
0 −1
1 0

)
and

has a one-dimensional kernel.

Building on this example, a Z2-valued index theorem is proved in Section 4. It
considers the setting of the Noether-Gohberg-Krein index theorem connecting
the winding number of a function z ∈ S1 7→ f(z) on the unit circle to the index
of the associated Toeplitz operator Tf . If the function is matrix-valued and
has the symmetry property I∗f(z)I = f(z)t, then the Toeplitz operator is odd
symmetric and its Z2-index is proved to be equal to an adequately defined Z2-
valued winding number of f , which can be seen as a topological index associated
to f . It ought to be stressed that the examples of index theorems in [AS2]
invoked the classifying space F1(HR) of skew-symmetric Fredholm operators
on a real Hilbert space rather than F2(HR). Hence they are of different nature.
Both results can be described in the realm of KR-theory [Sch]. The aim of our
presentation here is not to give the most general version of such a Z2-index
theorem, but rather to provide a particularly simple example. As a second
example, again using F(H, I) ∼= F2(HR) and not F1(HR), Section 5 considers
two-dimensional topological insulators which have half-integer spin and time-
reversal symmetry. In these systems a Z2-index is defined and shown to be of
physical importance, as it is shown to be equal to the parity of the spin Chern
numbers. In another publication [DS] (actually written after a first version of
this work was available), the Z2-index is also linked to a natural spectral flow
in these systems.

Before turning tot the proofs of Theorems 1 and 2 as well as details on the
Z2-index theorems, let us briefly consider quaternionic and even symmetric
Fredholm operators in order to juxtapose them with odd symmetric Fredholm
operators. The following result follows from a standard Kramers degeneracy
argument.

Proposition 4 Let T ∈ B(H) be a quaternionic Fredholm operator, namely
I∗TI = T . Then Ind(T ) ∈ 2Z is even.
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Next suppose given a real unitary J on H with J2 = 1. This implies J∗ =
J = J−1 and that the spectrum of J is contained in {−1, 1}. Note that, in
particular, J = 1 is also possible. Then an operator is called even symmetric
w.r.t. J if JT tJ = T , which is completely analogous to (1). Such operators were
studied in [GP, Zag] and the references cited therein, and a variety of different
terminologies was used for them. Again Proposition 1 remains valid for the
set B(H, J) of even symmetric operators except for item (v), the equivalent
of which is that the operator B = JT is symmetric Bt = B if and only if
T ∈ B(H, J). Next let us consider the set F(H, J) of even symmetric Fredholm
operators. The following result, analogous to Theorems 1 and 2, shows that
there is no interesting topology in F(H, J).

Theorem 3 Let J be a real unitary on H with J2 = 1. Then for any T ∈
B(H, J) there exists A ∈ B(H) such that T = JAtJA and Ker(A) = Ker(T ).
The set F(H, J) is connected.

2 Proof of the factorization property

In the following, a real unitary operator is called orthogonal. The following
result was mentioned in the first paragraph of the paper.

Proposition 5 Let I and J be real unitaries with I2 = −1 and J2 = 1. Then
there are orthogonal operators O and O′ such that OtIO and (O′)tJO′ are of
the normal form

OtIO =

(
0 −1
1 0

)
, (O′)tJO′ =

(
1 0
0 − 1

)
.

If T is odd symmetric w.r.t. I, then OtTO is odd symmetric w.r.t. OtIO.
Similarly, if T is even symmetric w.r.t. J , then (O′)tTO′ is even symmetric
w.r.t. (O′)tJO′.

Proof. Let us focus on the case of I. The spectrum of I is {ı,−ı} and
the eigenspaces E−ı and Eı are complex conjugates of each other and are, in
particular, of same dimension. Hence there is a unitary V = (v, v) built from
an orthonormal basis v = (v1, v2, . . .) of Eı such that V ∗IV = −ı

(
1 0
0 −1

)
. Now

the Cayley transform C achieves the following

C∗
(
1 0
0 −1

)
C = ı

(
0 − 1

1 0

)
, C =

1√
2

(
1 −ı1
1 ı1

)
. (2)

Hence O = V C is both real and satisfies the desired equality. The reality of O
also implies the claim about odd symmetric operators. ✷

As a preparation for the proof of Theorem 1, let us begin with the following
result of independent interest. A related result in finite dimension was proved
in [Hua], but the argument presented here adapts the proof of Lemma 1 in [Sie]
to the infinite dimensional situation. A preliminary result to Proposition 6 can
be found in [LZ].
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Proposition 6 Let N ∈ B(H) be a normal and skew-symmetric operator on
a complex Hilbert space H with complex conjugation C. Then there exists an
orthogonal operator O : H′ → H from a complex Hilbert space H′ onto H and
a bounded operator M with trivial kernel such that in an adequate grading of
H′

OtNO =



M 0 0
0 M 0
0 0 0






0 − 1 0
1 0 0
0 0 0





M 0 0
0 M 0
0 0 0



t

. (3)

Proof. By normality, Ker(N) = Ker(N∗), and skew symmetry Ker(N∗) =
CKer(N). Thus Ker(N) = CKer(N) is invariant under complex conjugation
C. It is possible to choose a real orthonormal basis of Ker(N). This is used
as the lowest block of O in (3) corresponding to the kernel of N . Now one
can restricted N to Ran(N) = Ker(N)⊥ which is also a closed subspace that
is invariant under C. Equivalently, it is possible to focus on the case where
Ker(N) = {0}. Recall that the complex conjugate and transpose are defined
by N = CNC and N t = CN∗C and skew-symmetry means N t = −N . Then by
normality

N∗N = −N N = −N N ,

so that N∗N is a real operator. Let us decompose

N = N1 + ı N2 , N1 =
1

2
(N −N) , N2 =

1

2 ı
(N +N) .

Then N1 and N2 are purely imaginary, self-adjoint and commute due to the
reality of

N N = − (N1)2 − (N2)2 + ı(N1N2 −N2N1) .

Thus they can and will be simultaneously diagonalized. Also, one has
Ker(N1) ∩ Ker(N2) = {0} because otherwise N would have a non-trivial ker-
nel. Furthermore, the skew-symmetry ofNj, j = 1, 2, implies that the spectrum
satisfies σ(Nj) = −σ(Nj) and the spectral projections Pj(∆) satisfy

Pj(∆) = Pj(−∆) , ∆ ⊂ R . (4)

In fact, for any n ∈ N and α ∈ C, one has αNn
j = α (−Nj)n and hence for any

continuous function f : R → C also f(Nj) = f(−Nj). By spectral calculus,
this implies (4). Next let us set E± = Ran(P1(R±)) where R+ = (0,∞) and
R− = (−∞, 0), as well as E0 = ker(N1). Then E+ = E− and E0 = E0 and
H = E+ ⊕ E− ⊕ E0. Now let us apply the spectral theorem to N1,+ = N1|E+

which has its spectrum in R+. It furnishes a sequence of measures µn and a
unitary u :

⊕
n≥1 L

2(R+, µn)→ E+ such that

u∗N1,+ u = M1,+ ,

where M1,+ :
⊕

n≥1 L
2(R+, µn)→⊕

n≥1 L
2(R+, µn) is the real multiplication

operator given by (M1,+ψ)(x) = xψ(x). Due to (4) and because N1 is purely
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imaginary, u = C u C :
⊕

n≥1 L
2(R+, µn)→ E− leads for N1,− = N1|E− to

u∗N1,− u = −M1,+ .

Taking the direct sum of u and u, one obtains a unitary
(
u 0
0 u

)
:
⊕

n≥1

L2(R+, µn)⊗ C2 → E+ ⊕ E− ,

such that (
u 0
0 u

)∗
N1

(
u 0
0 u

)
=

(
M1,+ 0

0 −M1,+

)
.

As N1 and N2 commute, u can furthermore be chosen such that

(
u 0
0 u

)∗
N2

(
u 0
0 u

)
=

(
M2,+ 0

0 −M2,+

)
.

where M2,+ = uN2|E+u
∗ is also a multiplication operator which is, however,

not positive, and it was used that N2 is purely imaginary. Furthermore, E0 is
a real subspace that is invariant under N2 and Ker(N2|E0) = {0}. Following
the above argument, now for N2, one can decompose E0 = E0,+ ⊕ E0,− in the
positive and negative subspace of N2 and obtains a sequence of measures νn
on R+ and a unitary v :

⊕
n≥1 L

2(R+, νn)→ E0,+ such that

(
v 0
0 v

)∗
N2

(
v 0
0 v

)
=

(
M0,+ 0

0 −M0,+

)
.

Combining and rearranging, this provides a spectral representation for N =
N1 + ıN2:

U∗N U =




M1,+ + ıM2,+ 0 0 0
0 ıM0,+ 0 0
0 0 − (M1,+ + ıM2,+) 0
0 0 0 − ıM0,+


 ,

where U = u⊕ v ⊕ u⊕ v. Now let us conjugate this equation with the Cayley
transformation defined in (2) where each entry corresponds to 2 × 2 blocks.
Then one readily checks that O = C∗UC is an orthogonal operator and

OtN O =




0 0 − ı(M1,+ + ıM2,+) 0
0 0 0 − ıM0,+

ı(M1,+ + ıM2,+) 0 0 0
0 ıM0,+ 0 0


 .

Now all the operators on the r.h.s. are diagonal multiplication operators and
one may set

M =

(
ıM1,+ −M2,+ 0

0 ıM0,+

) 1
2

.
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This leads to (3) in the case with trivial kernel, in the grading H+⊕H− where
H± = {ψ ± ψ |ψ ∈ E+ ⊕ E0,+}. How to include the kernel of N was already
explained above. ✷

Proposition 7 Let B ∈ B(H) be a skew-symmetric operator on a complex
Hilbert space H with complex conjugation C. Then there exists a unitary op-
erator U : H′ → H from a complex Hilbert space H′ onto H and a bounded
operator M with trivial kernel such that in an adequate grading of H′

U tBU =



M 0 0
0 M 0
0 0 0






0 − 1 0
1 0 0
0 0 0





M 0 0
0 M 0
0 0 0



t

. (5)

Proof. By the spectral theorem, there exist measures µn on R≥ = [0,∞) and
a unitary W : H →⊕

n≥1 L
2(R≥, µn) such that

B∗B = W ∗DW ,

where D :
⊕

n≥1 L
2(R≥, µn)→⊕

n≥1 L
2(R≥, µn) is the multiplication opera-

tor (Dψ)(x) = xψ(x). Now

BB∗ = W tDW .

Let us set N = WBW ∗. Then N is skew-symmetric and normal because
N∗N = D = NN∗. Hence Proposition 6 can be applied. Setting U = W ∗O
concludes the proof. ✷

Proposition 8 Let B ∈ B(H) be a skew-symmetric operator on a complex
Hilbert space H with complex conjugation C. Suppose that dim(Ker(B)) is even
or infinite. Let I be a unitary with I2 = −1. Then there exists an operator
A ∈ B(H) with Ker(A) = Ker(B) such that

B = AtIA .

Proof. If dim(Ker(N)) is even or infinite one can modify (5) to

U tBU =




M 0 0 0
0 0 0 0
0 0 M 0
0 0 0 0







0 0 − 1 0
0 0 0 − 1

1 0 0 0
0 1 0 0







M 0 0 0
0 0 0 0
0 0 M 0
0 0 0 0




t

.

Inserting adequate orthogonals provided by Proposition 5, the operator in the
middle becomes I as claimed. ✷

Proof of Theorem 1. Associated to T ∈ B(H, I) is the skew-symmetric B =
IT . Applying Proposition 8 to B provides the desired factorization of T for
the case of an even dimension or an infinite dimensional kernel. For the odd
dimensional case, let us choose a real orthonormal basis and let C be the
associated unilateral shift, namely a real partial isometry with CCt = 1 and
1−CtC an orthogonal projection of dimension 1. Now the operator I∗CtTIC is
odd symmetric by Proposition 1(iv) and its kernel is even dimensional because
Ct has trivial kernel and the range of C is all H. By the above, I∗CtTIC =
IAtIA for some A ∈ B(H). Thus T = I∗(ACtI)tI(ACtI). ✷
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3 Proof of properties of the Z2 index

Proof of Proposition 2. Following [Hua], let us first prove that the spectrum
of the non-negative operator T ∗T has even degeneracy. If T has a kernel,
choose a small ǫ such that T + ǫ 1 has a trivial kernel. Then B = I(T + ǫ 1)
is skew-symmetric and invertible. One has det(B∗B − λ1) = det(B) det(B∗ −
λB−1). As B∗−λB−1 is skew-symmetric, its determinant is the square of the
Pfaffian and thus, in particular, has roots of even multiplicity. Consequently
the spectrum of B∗B = (T+ǫ 1)∗(T+ǫ 1) has even multiplicities. Taking ǫ→ 0
shows that also T ∗T has even multiplicities, namely d1(T ∗T, λ) is even. Now
Ker(T ) = Ker(T ∗T ) so that also d1(T, 0) = d1(T ∗T, 0) is even. Further, as T k

is also odd symmetric by Proposition 1, also dk(T, 0) = d1(T k, 0) is even. For
any other eigenvalue λ, one uses the odd symmetric matrix T − λ1 to deduce
that dk(T, λ) = dk(T − λ1, 0) is also even. ✷

Proof of Proposition 3. Let Rn be a sequence of 2n-dimensional real projec-
tions commuting with I and converging weakly to 1. The existence of such a
sequence can readily be deduced from Proposition 5. Set Kn = RnKRn. Then
Kn restricted to the range of Rn is a finite dimensional odd symmetric operator
which has even degeneracies by Proposition 2. Let us set Tn = (Kn − λ1)k.
Then the spectrum of T ∗

nTn consists of the infinitely degenerate point |λ|2k
and a finite number of positive eigenvalues which have even degeneracies. Now
Tn converges to T = (K − λ1)k in the norm topology. Thus the eigenvalues
of T ∗

nTn and associated Riesz projections converge the eigenvalues and Riesz
projections of T ∗T [Kat, VIII.1]. As all eigenvalues of T ∗

nTn have even degen-
eracy for all n, it follows that, in particular, the kernel of T ∗T also has even
degeneracy. But Ker(T ) = Ker(T ∗T ) and dim(Ker(T )) = dk(K,λ) completing
the proof. ✷

Proof of the Theorem 2(i). Because the Noether index vanishes, one has
dim(Ker(T )) = dim(Ker(T ∗)) < ∞. By hypothesis, dim(Ker(T )) is even, say
equal to 2N . Let (φn)n=1,...,2N be an orthonormal basis of Ker(T ). As (1)
implies Ker(T ∗) = ICKer(T ), an orthonormal basis of Ker(T ∗) is given by
(I φn)n=1,...,2N . Using Dirac’s Bra-Ket notations, let us introduce

V =

N∑

n=1

(
I |φn〉〈φn+N | − I |φn+N 〉〈φn|

)
. (6)

Then V ∗V and V V ∗ are the projections on Ker(T ) and Ker(T ∗), and one has
indeed I∗V tI = V . From now on the proof follows standard arguments. To
check injectivity of T + V , let ψ ∈ H satisfy (T + V )ψ = 0. Then

Tψ = −V ψ ∈ TH ∩ Ran(V ) = TH ∩ Ker(T ∗) = TH ∩ Ran(T )⊥ = {0} ,

so that Tψ = 0 und V ∗V ψ = 0 and ψ ∈ Ker(T ) ∩ Ker(V ∗V ) = Ker(T ) ∩
Ker(T )⊥ = {0}. Furthermore, T+V is surjective, because VKer(T ) = Ker(T ∗)
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implies

(T + V )(H) = (T + V )
(
Ker(T )⊥ ⊕Ker(T )

)
=

= T (H)⊕Ker(T ∗) = TH⊕ (TH)⊥ = H ,

where the last equality holds because the range of the Fredholm operator T is
closed. Hence T + V is bijective and bounded, so that the Inverse Mapping
Theorem implies that it is also has a bounded inverse. ✷

Proof of the Theorem 2(ii). Let us first suppose that Ind2(T ) = 0. By
Theorem 2(i) there is a finite-dimensional odd symmetric partial isometry such
that T + V is invertible. According to Theorem 1 there exists an invertible
operator A ∈ B(H) such that T + V = I∗AtIA. Thus

T + K = I∗At
(
1 + (At)−1I(K − V )IA−1I∗

)
IA .

Now K ′ = (At)−1I(K−V )IA−1 is compact and by Proposition 3 the dimension
of the kernel of 1 +K ′ is even dimensional. This dimension is not changed by
multiplication with invertible operators. Now let Ind2(T ) = 1. Let C be a
Fredholm operator with 1-dimensional kernel and trivial cokernel and set

T̂ = I∗CtTIC . (7)

Then T̂ is odd symmetric by Proposition 1(iv) and its kernel is even dimensional
because Ct = (C)∗ has trivial kernel and the kernel of T lies in the range of

C. Consequently, Ind2(T̂ ) = 0 and the compact stability of its index is already

guaranteed. Thus T̂ +K = I∗Ct(T + K)IC has vanishing Z2 index and thus
even dimensional kernel. One concludes that T +K has odd dimensional kernel
so that Ind2(T +K) = 1. ✷

Proof of the Theorem 2(iii) and (iv). Actually (iii) follows once it is proved
that the sets F0(H, I) and F1(H, I) of odd symmetric Fredholm operators with
even and odd dimensional kernel are open in the operator topology. Let us
first prove that F0(H, I) is open. Let T ∈ F0(H, I) and let Tn ∈ B(H, I) be a
sequence of odd symmetric operators converging to T . By (i), there exists a
finite dimensional partial isometry V ∈ B(H, I) such that T + V is invertible.
Thus

Tn + V = T + V + Tn − T = (T + V )(1 + (T + V )−1(Tn − T )) .

For n sufficiently large, the norm of (T + V )−1(Tn − T ) is smaller than 1, so
that the Neumann series for the inverse of 1 + (T + V )−1(Tn − T ) converges.
Hence Tn+V is invertible and Ind2(Tn) = 0 by (ii), namely Tn ∈ F0(H, I) for n
sufficiently large. For the proof that also F1(H, I) is open, let now T ∈ F1(H, I)

and Tn ∈ B(H, I) with Tn → T in norm. Then consider the operators T̂ and T̂n
constructed as in (7). They have vanishing Z2-index so that the above argument
applies again. It remains to show that F0(H, I) and F1(H, I) are connected. If
T ∈ F0(H, I), let again V ∈ B(H, I) be the finite dimensional partial isometry
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such that T + V is invertible. Then s ∈ [0, 1] 7→ Ts = T + sV is a path from
T to an invertible operator T1 ∈ F0(H, I). Using Theorem 1 let us choose an
invertible A ∈ B(H) such that T1 = I∗AtIA. Because A is invertible, the polar
decomposition is of the form A = eıH |A| with a self-adjoint operator H (so
that the phase is a unitary operator). Thus s ∈ [1, 2] 7→ As = eıH(2−s)|A|2−s
is a norm continuous path of invertible operators from A1 = A to A2 = 1.
This induces the path s ∈ [1, 2] 7→ Ts = I∗(As)

tIAs ∈ F0(H, I) from T1 to
T2 = 1. This shows that F0(H, I) is path connected. For the proof that also

F1(H, I) is path connected, one can use again T̂ with trivial index defined in
(7). Let us also assume that C is a real partial isometry (such as a unilateral
shift associated to a real orthonormal basis) so that CC∗ = CCt = 1. By the

above, there is a path s ∈ [0, 1] 7→ T̂s ∈ F0(H, I) from T̂0 = T̂ to T̂1 = 1. Then

s ∈ [0, 1] 7→ CIT̂sC
tI∗ is a path in F1(H, I) from T to CICtI∗ ∈ F1(H, I). As

this hold for any T ∈ F1(H, I), the proof is complete. ✷

Let us now explain in detail the connetion of F(H, I) to the classifying space
F2(HR) as defined in [AS1]. Atiyah and Singer consider a real Hilbert space
HR on which is given a linear operator J satisfying J∗ = −J and J2 = −1.
Then F2(HR) is defined as the set of skew-adjoint Fredholm operators A on
HR satisfying AJ = −JA. It is then shown to have exactly two connected
components. To establish a (R-linear) bijection from F2(HR) to F(H, I), let us
choose a basis of HR such that J =

(
0 −1
1 0

)
. In this basis, write x =

(
u
v

)
∈ HR

and define ϕ from HR to a new vector space H by ϕ(x) = u + ıv where ı
is the imaginary unit. Defining a scalar multiplication by complex scalars
λ = λℜ + ıλℑ in the usual way by λ(u+ ıv) = (λℜu−λℑv) + ı(λℜv+λℑu), the
vector spaceH becomes complex. This means that J implements multiplication
by ı, namely ıϕ(x) = ϕ(Jx). Now let us introduce a scalar product and complex
conjugation C on H by setting

〈ϕ(x)|ϕ(y)〉H = 〈x|y〉HR
, Cϕ(x) = u− ıv for x =

(
u

v

)
.

Resuming, via ϕ the real Hilbert space HR with skew-adjoint unitary J can be
seen as a complex Hilbert space H with a complex conjugation (or alternatively
a real structure). Now given a linear operator A on HR satisfying A = JAJ ,
the operator B = ϕAϕ−1C can be checked to be a C-linear operator on H.
Furthermore, the skew-adjointness of A implies that B = −Bt. Explicitly,
with the above identifications, if A =

(
a b
b −a

)
with linear operators a and b, then

B = a+ ıb. Now the kernel of A is invariant under J , and therefore Ker(B) =
Cϕ(Ker(A)) is a C-linear subspace with dimC(Ker(B)) = 1

2 dimR(Ker(A)). As
similar statements hold for the cokernels, one deduces in particular that A is
Fredholm on HR if and only if B is Fredholm on H. Therefore A ∈ F2(HR) 7→
T = IB ∈ F(H, I) is a bijection as claimed.
Before going on to presenting Z2-valued index theorems in the next sections,
let us prove the remaining statements from the introduction.
Proof of the Proposition 4. As T is quaterionic if and only if T ∗ is quater-
nionic, it is sufficient to show that V = Ker(T ) is even dimensional. From
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I∗TI = T one infers ICV = V . Actually any finite dimensional complex vector
space with this property is even dimensional. Indeed, choose a non-vanishing
φ1 ∈ V . Then Iφ1 ∈ V and φ1 are linearly independent because φ1 = λIφ1 for
some λ ∈ C leads to the contradiction φ1 = |λ|2I2φ1 = −|λ|2φ1. Next choose
φ2 in the orthogonal complement of the span of φ1, Iφ1. One readily checks
that Iφ2 ∈ V is also in this orthogonal complement, and by the same argument
as above linearly independent of φ2. Iterating this procedure one obtains an
even dimensional basis of V . ✷

Proof of the Theorem 3. Let us begin by diagonalizing T ∗T = U∗MU .
The set N = UJTU∗. As above one checks N is normal, but now rather
symmetric than skew-symmetric. Then let us decompose N = N1 + ıN2 where
N1 = 1

2 (N +N) and N2 = 1
2ı (N −N). Similar as in the proof of Proposition 6,

N1 and N2 are commuting self-adjoints which are now real. Thus there exists
an orthogonal operator O diagonalizing both of them:

ON1O
t = M1 , O N2O

t = M2 ,

where M1 and M2 are real multiplication operators in the spectral representa-
tion. Thus

T = JU tNU = JU tOt(M1 + ıM2)OU = JAtJA ,

where A = O′(M1 + ıM2)
1
2OU with O′ as in Proposition 5.

Next let us show that for T ∈ F(H, J) there exists a finite dimensional
partial isometry V ∈ B(H, J) such that T + V is invertible. Indeed
Ker(T ∗) = JCKer(T ), so if (φn)n=1,...,N is an orthonormal basis of Ker(T ),
then (J φn)n=1,...,N is an orthonormal basis of Ker(T ∗). Let us set V =∑N

n=1 J |φn〉〈φn|. From this point on, all the arguments are very similar to
those in the proof of Theorem 2. ✷

4 Odd symmetric Noether-Gohberg-Krein theorem

The object of this section is to given an example of a index theorem con-
necting the Z2-index of an odd symmetric Fredholm operator to a topological
Z2-invariant, simply by implementing an adequate symmetry in the classi-
cal Noether-Gohberg-Krein theorem. Let H be a separable complex Hilbert
space with a real unitary I satisfying I2 = −1. The set of unitary opera-
tors on H having essential spectrum {1} is denoted by Uess(H). Further let
S1 = {z ∈ C | |z| = 1} denote the unit circle. Focus will be on continuous func-
tion f ∈ C(S1,Uess(H)) for which the eigenvalues are continuous functions of
z ∈ S1 by standard perturbation theory. Each such function f ∈ C(S1,Uess(H))
has a well-defined integer winding number which can be calculated as the spec-
tral flow of the eigenvalues of t ∈ [0, 2π) 7→ f(eıt) through −1 (or any phase
eıϕ other than 1), counting passages in the positive sense as +1, and in the
negative sense as −1. It is well-known (e.g. [Phi]) that the winding number
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labels the connected components of C(S1,Uess(H)) and establishes an isomor-
phism between the fundamental group of Uess(H) and Z. Furthermore, the
Noether-Gohberg-Krein theorem [Noe, GK, BS] states that the winding num-
ber is connected to the Fredholm index of the Toeplitz operator associated to f .
The construction of the Toeplitz operator is recalled below. A precursor of this
theorem was proved by F. Noether in the first paper exhibiting a non-trivial
index [Noe]. Before going on, let us point out that instead of Uess(H) as defined
above, one can also work with the set of invertibles on H for which there is
path from 0 to ∞ in the complement of the essential spectrum (defined as the
complement of the discrete spectrum). Indeed, using Riesz projections these
cases reduce to the above and the spectral flow is calculated by counting the
passages by the above path. Let us point out that also this set of invertibles is
compactly stable as can be shown using analytic Fredholm theory.
Now an odd symmetry will be imposed on the function f , namely

I∗ f(z) I = f(z)t = f(z)−1 . (8)

where in the second equality the unitarity of f(z) was used. As the real points
z = 1 and z = −1 are invariant under complex conjugation, (8) implies a
condition for the unitaries f(1) and f(−1), namely they are odd symmetric
(if H is finite dimensional, this means that they are in Dyson’s symplectic
circular ensemble). Such an odd symmetric unitary operator u has a Kramer’s
degeneracy so that each eigenvalue has even multiplicity (this follows from
Proposition 2 , but is well-known for unitary operators). Furthermore, by
(8) the spectra of f(z) and f(z) are equal. Schematic graphs of the spectra of
t ∈ [−π, π] 7→ f(eıt) are plotted in Figure 1. One conclusion is that the winding
number of f vanishes (of course, this follows by a variety of other arguments).
On the other hand, contemplating a bit on the graphs one realizes that there
are two distinct types of graphs which cannot be deformed into each other:
the set of spectral curves with Kramers degeneracy at t = 0 and t = π and
reflection symmetry at t = 0 has two connected components. Let us denote
by Wind2(f) ∈ Z2 the homotopy invariant distinguishing the two components,
with 0 being associated to the trivial component containing f = 1. One way to
calculate Wind2(f) is to choose ϕ ∈ (0, 2π) such that eıϕ is not in the spectrum
of f(1) and f(eıπ); then the spectral flow of t ∈ [0, π) 7→ f(eıt) by eıϕ modulo 2
(or simply the number of crossings by eıϕ modulo 2) is Wind2(f). This allows
to read off Wind2(f) for the examples in Figure 1.
The aim is to calculate Wind2(f) as the Z2-index of the Toeplitz operator Tf
associated to f . The operator Tf turns out to be odd symmetric w.r.t. an
adequate real skew-adjoint unitary. Let us recall the construction of Tf . First
one considers f as an operator on the Hilbert space L2(S1)⊗H where L2(S1)
is defined using the Lebesgue measure on S1:

(fψ)(z) = f(z)ψ(z) .

On L2(S1) one has the Hardy projection P onto the Hardy space H2 of positive
frequencies. Its extension P⊗1 to L2(S1)⊗H is still denoted by P . The discrete
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Figure 1: Schematic representation of the phases of the eigenvalues of t ∈
[−π, π] 7→ f(eıt) for three examples with the symmetry (8). The first one is
non-trivial, that is Wind2(f) = 1, and can actually be seen to be a perturbation
of the Fourier transform of S⊕S∗, while the other two both have Wind2(f) = 0.
The reader is invited to find the corresponding homotopy to a constant f in the
latter two cases.

Fourier transform F : L2(S1)→ ℓ2(Z) is an Hilbert space isomorphism, under
which f and P become operators on ℓ2(Z)⊗H that will be denoted by the same
letters. In this representation, P is the projection onto the subspace ℓ2(N) ⊂
ℓ2(Z) which is isomorphic to H2. Now the Toeplitz operator onH′ = ℓ2(N)⊗H
is by definition

Tf = PfP .

This is known [BS] to be a Fredholm operator (for continuous f) and its index
is equal to (minus) the winding number of f . On the Hilbert space L2(S1)⊗H
a real skew-adjoint unitary is now defined by

(I ′ψ)(z) = I ψ(z) , ψ ∈ H′ .

As it commutes with P , this also defines real skew-adjoint unitary I ′ on H′ =
ℓ2(N)⊗H. It is a matter of calculation to check that the odd symmetry (8) of
f is equivalent to

(I ′)∗ (Tf )t I ′ = Tf .

Thus Theorem 2 applied to H′ furnished with I ′ assures the existence of
Ind2(Tf).

Theorem 4 One has Wind2(f) = Ind2(Tf ) for all f ∈ C(S1,Uess(H)).

Let us give some non-trivial examples. Let H = C2. For n ∈ Z, consider the
function

fn(z) =

(
zn 0
0 zn

)
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written in the grading of I =
(
0 −1
1 0

)
. Then fn satisfies (8). The associated

Toeplitz operator on H = ℓ2(N)⊗ C2 is

Tfn =

(
Sn 0
0 (S∗)n

)
,

where S : ℓ2(N) → ℓ2(N) is the left shift. One readily checks separately that
indeed Wind2(f) = nmod 2 and Ind2(Tf ) = nmod 2. Now Theorem 4 follows
for the caseH = C2 from the homotopy invariance of both quantities appearing
in the equality, and the general case follows by approximation arguments. It is
a fun exercise to write out the explicit homotopy from Tf2 to the identity, by
following the proof of Theorem 2(i).

5 Time-reversal symmetric topological insulators

The aim of this short section is to indicate how the Z2-index can be used
to distinguish different phases of quantum mechanical systems of independent
particles described by a bounded one-particle Hamiltonian H = H∗ acting on
the Hilbert space H = ℓ2(Z2) ⊗ CN ⊗ C2s+1. Here Z2 models the physical
space by means of a lattice (in the so-called tight-binding representation), CN

describes internal degrees of freedom over every lattice site except for the spin
s ∈ 1

2N which is described by C2s+1. On the spin fiber C2s+1 act the spin
operators sx, sy and sz which form an irreducible representation of dimension
2s+ 1 of the Lie algebra su(2). It is supposed to be chosen such that sy is real.
Then the time-reversal operator on H is given by complex conjugation followed
by a rotation in spin space by 180 degrees:

Is = 1⊗ eıπsy .

This operator satisfies I2
s

= −1 if s is half-integer, and I2
s

= 1 if s is integer.
In both cases, the time-reversal symmetry of the Hamiltonian then reads

I∗
s
H Is = H ⇐⇒ I∗

s
Ht Is = H ,

namely the Hamiltonian is an odd or even symmetric operator pending on
whether the spin s is half-integer or integer. This implies that any real function
g of the Hamiltonian also satisfies I∗s g(H)tIs = g(H). Here the focus will be on
Fermions so that it is natural to consider the Fermi projection P = χ(H ≤ EF )
corresponding to some Fermi energy EF . These Fermions can have an even or
odd spin (this is not a contradiction to fundamental principles because the
spin degree of freedom can, for example, be effectively frozen out by a strong
magnetic field). Then P is either odd or even symmetric.

Up to now, the spatial structure played no role. Now, it is supposed that H is
short range in the sense that it has non-vanishing matrix elements only between
lattice sites that are closer than some uniform bound. Further let X1 and X2
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be the two components of the position operator on ℓ2(Z2), naturally extended
to H. Then let us consider the operator

TP = PFP + (1− P ) , F =
X1 + ıX2

|X1 + ıX2|
,

which is then also odd or even symmetric. The operator F is called the Dirac
phase and it is associated to an adequate even Fredholm module. It can be
shown [BES] that PFP is a Fredholm operator on PH provided that the matrix
elements of P decay sufficiently fast in the eigenbasis of the position operator
(more precisely, |〈n|P |m〉| ≤ C(1 + |n+m|)−(2+ǫ) is needed). This holds if EF
lies in a gap of the spectrum of H , but also if EF lies in a spectral interval of
so-called dynamical Anderson localization [BES]. As TP is the direct sum of the
operators PFP and 1−P on the Hilbert spaces PH and (1−P )H respectively
and 1 − P is simply the identity on the second fiber, it follows that TP is
also Fredholm and has the same Noether index as PFP . This index is then
equal to the Chern number of P which is of crucial importance for labeling
the different phases of the integer quantum Hall effect [BES]. Moreover, if
H = (Hω)ω∈Ω is a covariant family of Hamiltonians (namely, Ω is a compact
topological space equipped with a Z2 action such that, for a given projective
unitary representation a ∈ Z2 7→ Ua of Z2, one has UaHωU

∗
a = Ha·ω, see

[BES] for details), then the index of TP is almost surely constant w.r.t. to any
invariant and ergodic probability measure P on Ω.
Here the focus will rather be on a time-reversal symmetric Hamiltonian for
which thus the Noether index of TP vanishes. Such Hamiltonians describe
certain classes of so-called topological insulators and the prime example falling
in the framework described above is the Kane-Mele Hamiltonian [KM] which is
analyzed in great detail in [ASV]. It has odd time-reversal symmetry and the
associated Fermi projection (for a periodic model and EF in the central gap)
was shown to be topologically non-trivial for adequate ranges of the parameters
[KM, ASV]. While here the model dependent calculation of the associated Z2-
index is not carried out, the following result is nevertheless in line with these
findings. It also shows that the Z2-index can be used to distinguish different
phases and that the localization length has to diverge at phase transitions, in
agreement with the numerical results of [Pro2].

Theorem 5 Consider the Fermi projection P = (Pω)ω∈Ω of a covariant fam-
ily of time-reversal invariant Hamiltonians H = (Hω)ω∈Ω corresponding to a
Fermi energy EF lying in a region of dynamical Anderson localization. Set
TP,ω = PωFPω + (1 − Pω). If the spin is half-integer, then the Z2-index
Ind2(TP,ω) is well-defined, P-almost surely constant in ω and a homotopy in-
variant w.r.t. norm continuous changes of the Hamiltonian respecting the time-
reversal symmetry and changes of the Fermi energy, as long as the Fermi energy
remains in a region of Anderson localization.

Proof. By [BES], TP,ω is almost surely a Fredholm operator, which by
the above has a vanishing Noether index, but also a well-defined Z2-index.
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Moreover, the difference TP,a·ω − UaTP,ωU
∗
a is a compact operator (because

UaFU
∗
a − F is compact, note also that Ua is not projective due to the ab-

sence of magnetic fields). Hence by Theorem 2(ii) and the unitary invariance
of Ind2, Ind2(TP,ω) is constant along orbits and thus P-almost surely constant
by ergodicity. Now remains to show the homotopy invariance. We suppress
the index ω in the below and follow [Pro2] by noting Ind2(TP ) = Ind2(T ′

P )
where T ′

P = g(H)Fg(H) + ĝ(H)2 is obtained using smooth non-negative
functions g and ĝ with supp(g) = (−∞, EF ] and supp(ĝ) = [EF ,∞). In-
deed, then g(EF ) = 0 = ĝ(EF ). Furthermore, EF is P-almost surely not
an eigenvalue of the Hamiltonian, due to Anderson localization. There-
fore one has g(H)P = g(H) and ĝ(H)(1 − P ) = ĝ(H) almost surely, and
G(H) = g(H) + ĝ(H) has almost surely a trivial kernel and its range is all of
H. As T ′

P = G(H)TPG(H) the equality of the almost sure Z2-indices follows.
As T ′

P is constructed using smooth functions of the Hamiltonian, it is now
possible to make norm continuous deformations of the Hamiltonian and then
appeal to Theorem 2(iii) to conclude the proof. ✷

If the spin is integer, then the operators TP can be homotopically deformed to
the identity (within the class of time-reversal symmetric operators). This is in
line with the belief that there are no non-trivial topological insulator phases
for two-dimensional Hamiltonians with even time-reversal symmetry.
In the remainder of the paper, the implications of a non-trivial Z2-invariant
for odd time-reversal symmetric systems is discussed. In fact, it seems to be
unknown whether Ind2(TP ) can be directly measured, but it is believed [KM]
that Ind2(TP ) = 1 implies the existence of edge modes that are not susceptible
to Anderson localization. Indeed, dissipationless edge transport was shown
to be robust under the assumption of non-trivial spin Chern numbers [SB].
Theorem 6 below shows that this assumption holds if Ind2(TP ) = 1.
Spin Chern numbers for disordered systems were first defined by Prodan [Pro1].
Let us review their construction in a slightly more general manner that is pos-
sibly applicable to other models. Suppose given another bounded self-adjoint
observable A = A∗ ∈ B(H) which is odd skew-symmetric, namely I∗AtI = −A.
Associated with A and the Fermi projection P is the self-adjoint operator PAP
which is also odd skew-symmetric. The spectrum of both A and PAP is odd,
that is σ(PAP ) = − σ(PAP ). It will now be assumed that 0 is not in the
spectrum of PAP when viewed as operator on PH. This allows to define two
associated Riesz projections P± by taking contours Γ± around the positive and
negative spectrum of PAP :

P± =

∮

Γ±

dz

2πı
(z − PAP )−1 .

One then has P = P+ +P− and P+P− = 0 and, most importantly, I∗(P±)tI =
P∓. Therefore P± provide a splitting of PH into two subspaces P+H and P−H
which are mapped onto each other under the time-reversal operator IC. If now
the matrix elements of P in the eigenbasis |n〉 of the position operator has decay
as described above and also A has such decay (e.g., A is a local operator), then
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one can show that also the matrix elements of P± decay (e.g. by following the
arguments in [Pro1] imitating those leading to the Combes-Thomas estimate).
Consequently [F, P±] is compact and therefore P±FP± are Fredholm operators
on P±H with well-defined Noether indices which, by the arguments in the proof
of Theorem 6 below, satisfy Ind(P+FP+) = − Ind(P−FP−). Under adequate
decay assumptions these indices are again equal to the Chern numbers of P±.
What is now remarkable is that the indices Ind(P±FP±) are also stable under
perturbations which break time-reversal invariance, such as magnetic fields.
Hence Theorem 6 below shows that a non-trivial Z2-invariant defined for a
time-reversal invariant system leads, under adequate hypothesis, to non-trivial
invariants that are stable also if time-reversal symmetry is broken.

All the above hypothesis on A hold for the Kane-Mele model with small Rashba
coupling if A = sz is the z-component of the spin operator. In this situation the
Chern numbers of P± are then called the spin Chern numbers [Pro1, ASV, SB].

Theorem 6 Consider the Fermi projection of a time-reversal invariant Hamil-
tonian H corresponding to a Fermi energy EF lying in a region of dynamical
Anderson localization. Suppose that A is a self-adjoint operator such that 0
is not in the spectrum of PAP ∈ B(PH) and that for the Riesz projections
P+ and P− on the positive and negative spectrum of PAP , the commutators
[F, P±] are compact. Then Ind2(TP ) = Ind(P±FP±) mod 2.

Proof. Let Ind(P+FP+) = k. We show that there is a homotopy within
F(H, I) connecting the operator TP to an operator T0 with Ind2(T0) = kmod 2.
Let us begin by choosing an orthonormal basis (φn)n∈N in the Hilbert space
P+H. Then Φ = (φ1, φ2, . . .) : ℓ2(N) → P+H is a Hilbert space isomorphism.
Let the standard complex conjugation on ℓ2(N) also be denoted by C, and set
Φ = CΦC. Because I∗(P+)tI = P−, also IΦ : ℓ2(N)→ P−H is a Hilbert space
isomorphism and so is (Φ, IΦ) : ℓ2(N)⊕ℓ2(N)→ PH. Also consider I =

(
0 −1
1 0

)

as an operator on ℓ2(N)⊕ℓ2(N). Then IC(Φ, IΦ) = (Φ, IΦ)IC. As above, let the
left shift on ℓ2(N) be denoted by S. Then G0 = ΦSkΦ∗ is a Fredholm operator
on P+H with Ind(G0) = k. Hence there exists a homotopy s ∈ [0, 1] 7→ Gs ∈
F(P+H) from G0 to G1 = P+FP+. Extending Gs by 0 to all H, we next define
Ts = Gs + I∗(Gs)

tI + (1 − P ). By construction, Ts ∈ F(H, I). Furthermore,

T0 = (Φ, IΦ)
(
Sk 0
0 (S∗)k

)
(Φ, IΦ)∗ + 1− P , so that indeed Ind2(T0) = kmod 2,

see Section 4. On the other hand, T1 = P+FP+ + P−FP− + (1 − P ). Next
P±FP∓ = P±[F, P∓] is compact and odd symmetric. It follows that also
s ∈ [1, 2] 7→ T1 + (s − 1)(P+FP− + P−FP+) is a homotopy in F(H, I). As
T2 = TP , the proof is completed. ✷
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[Sch] H. Schröder, K-theory for real C∗-algebras and applications, (Longman
Scientific & Technical, 1993).

[SB] H. Schulz-Baldes, Persistence of Spin Edge Currents in Disordered
Quantum Spin Hall Systems, Commun. Math. Phys. 324, 589-600
(2013).

[Sie] C. L. Siegel, Symplectic geometry, Amer. J. Math. 65, 1-86 (1943).

[Zag] S. M. Zagorodnyuk, On a J-polar decomposition of a bounded operator
and matrices of J-symmetric and J-skew-symmetric operators, Banach
J. Math. Anal 4, 11-36 (2010).

Hermann Schulz-Baldes
Department Mathematik
Universität Erlangen-Nürnberg
Germany
schuba@mi.uni-erlangen.de

Documenta Mathematica 20 (2015) 1481–1500


	1. Introduction
	2. The category of stratified bundles
	3. The monodromy group
	4. Families of finite stratified bundles
	5. A counterexample over countable fields
	6. The main theorem
	7. Regular singularity and a refinement of the theorem
	8. Finite vector bundles
	References
	References
	Introduction
	Divisors on varieties over the valuation ring
	Toric schemes over valuation rings
	The cone of a normal affine toric variety
	Construction of the Cartier divisor
	Linearization and immersion into projective space
	Proof of Sumihiro's theorem
	1. Preliminaries
	2. Actions of finite groups: permanence properties
	3. Actions of a single automorphism: permanence properties
	4. Obstructions to finite Rokhlin dimension
	References
	Introduction
	1. Notation
	2. Tadic's determinantal formula
	3. The Satake transform
	4. Weyl chambers and truncation of Hecke functions
	5. Functions of Kottwitz
	6. Compact traces
	7. Lattice paths and the Steinberg representation
	8. Lattice t-paths and standard representations
	9. Non-crossing paths
	10. A dual formula
	11. The trivial representation
	12. The dual formula
	13. Return to Shimura varieties
	The Shimura datum
	The special fibre and the basic stratum
	Local system
	Test functions and harmonic analysis
	The signatures of the unitary group
	The space of automorphic forms

	14. Combining the results
	References
	1. Introduction
	2. Schemes with G-action
	3. Equivariant Nisnevich topology
	4. Presheaves with equivariant transfers
	5. Bredon motivic cohomology
	6. Relative equivariant Cartier divisors
	7. Equivariant triples
	8. Homotopy invariance of cohomology
	9. Cancellation Theorem
	Acknowledgements
	References
	1. Introduction
	2. Topology
	2.1. The p-local cohomology of some Eilenberg-MacLane spaces
	2.2. The p-local homotopy type of BSLpC
	2.3. The p-local homotopy type of BPGLp(C)

	3. Purity
	3.1. Definitions
	3.2. Purity for torsors
	3.3. Local purity
	3.4. Canonical factorization
	3.5. The Witt group

	References
	Introduction
	Preliminaries
	Some notation
	Quantized universal enveloping algebras
	Quantized algebras of functions
	Representations and duality
	Quantum subgroups
	The quantized flag manifold

	Isotypical decompositions and associated C*-categories
	Isotypical decompositions
	Harmonically finite and harmonically proper operators
	Alternative characterizations
	Basic properties
	Commuting generating quantum subgroups
	Harmonic properties of tensor products

	The lattice of C*-ideals
	Longitudinal pseudodifferential operators: statement of results
	Comparisons of Gelfand-Tsetlin bases
	Quantum subgroups of Uq(n)
	Upper and lower Gelfand-Tsetlin bases
	Class 1 representations
	Change of basis formula
	Change of basis formula for Uq(3)
	Action of the phase of  E1  on the lower Gelfand-Tsetlin basis

	Essential orthotypicality
	Definitions and basic properties
	Essential orthotypicality of subgroups of Uq(n)
	Application to the lattice of ideals

	Longitudinal pseudodifferential operators
	Multiplication operators
	Basic properties of the phase of Ei, Fi
	The phase of the longitudinal Dirac operators
	Commutator of functions with the phase of a longitudinal Dirac operator

	The action of SLq(n,C)
	The complex quantum group SLq(n,C)
	Principal series representations of SLq(n,C)
	Almost SLq(n,C)-equivariance of the phases of Ei and Fi

	BGG elements in K-homology
	The normalized BGG complex
	Construction of the Fredholm module

	Applications to Poincaré duality and the Baum-Connes conjecture
	Some results from q-calculus
	Proof of the change of basis formula of Proposition 6.2
	A q-integral identity for little q-Legendre polynomials

	1. Introduction
	2. Quasi-simple groups and their central products
	3. A Gallagher type theorem for blocks
	4. Dade's Ramification Group
	5. Character triple isomorphisms under coprime actions and blocks
	6. Reduction
	References
	1. Introduction
	2. Preliminary definitions and notations
	3. Some known Torelli type results
	4. Many multi-degree hypersurfaces
	5. A conic and a line
	6. A conic and two lines
	7. A conic and three lines
	8. Arrangements with few conics
	References
	1. Introduction
	1.1. Motivation
	1.2. Main results
	1.3. Notation

	2. Harmonic cochains and Hecke operators
	2.1. Harmonic cochains
	2.2. Hecke operators and Atkin-Lehner involutions
	2.3. Fourier expansion
	2.4. Atkin-Lehner method

	3. Eisenstein harmonic cochains
	3.1. Eisenstein series
	3.2. Cuspidal Eisenstein harmonic cochains
	3.3. Special case

	4. Drinfeld modules and modular curves
	5. Component groups
	6. Cuspidal divisor group
	7. Rational torsion subgroup
	7.1. Main theorem
	7.2. Special case

	8. Kernel of the Eisenstein ideal
	8.1. Shimura subgroup
	8.2. Special case

	9. Jacquet-Langlands isogeny
	9.1. Modular curves of D-elliptic sheaves
	9.2. Rigid-analytic uniformization
	9.3. Explicit Jacquet-Langlands isogeny conjecture
	9.4. Special case

	10. Computing the action of Hecke operators
	10.1. Action on H
	10.2. Action on H'
	10.3. Computation of Brandt matrices
	Acknowledgements

	References
	Introduction
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of 1.2.1
	Proof of 1.2.2
	Proof of 1.2.3
	Proof of 1.2.4
	Proof of 1.2.5
	Proof of 1.2.6
	Proof of 1.2.7

	Proof of Theorem 1.3
	Proof of 1.3.1
	Definition of gA0
	End of proof of 1.3.1

	Proof of 1.3.2

	The case of elliptic schemes
	1. Introduction and statement of results
	2. Hessian matrix and Hessian ideals
	3. Constructible partitions for the space of homogeneous polynomials
	References
	1. Introduction
	2. Homological stability via the scanning map
	2.1. Sphere bundles, localisation and fibrewise homotopy equivalences
	2.2. The degree of a section
	2.3. Fibrewise homotopy equivalences of many degrees
	2.4. Proof of Theorem A

	3. The extrinsic replication map
	3.1. Scanning maps
	3.2. Homological stability

	4. The intrinsic replication map
	4.1. Stabilisation, replication and scanning maps with labels
	4.2. Homological stability

	5. Homological stability via vector fields with exactly one zero
	5.1. Vector fields
	5.2. A cofibre sequence of configuration spaces
	5.3. Configuration spaces on cylinders
	5.4. Proof of Theorem D
	5.5. The case of the two-sphere
	5.6. Generalisation to configurations with labels in a bundle
	5.7. Combining Theorems A and D

	Appendix A. The stability range for the torsion in configuration spaces
	Appendix B. Homological stability for configuration spaces with labels in a fibre bundle
	Appendix C. Stable homology of configuration spaces with labels in a fibre bundle
	References
	Introduction
	1. Notations and Generalities
	2. The 1-motive M1(G) of G
	3. Main Theorem
	4. Special cases
	5. Properties of M1(G)
	6. Proof of the Main Theorem
	7. Consequences
	Appendix A. Comparison of Chern classes
	Appendix B. Universal properties of the symmetric (co)algebra
	Appendix C. Filtrations on the graded symmetric (co)algebra
	References
	0. Introduction
	1. Tensor products of Waldhausen -categories
	2. Tensor products of virtual Waldhausen -categories
	3. Multiplicative theories
	References
	1. Introduction
	1.1. Operad algebras
	1.2. Algebras over PROPs
	1.3. Modules
	1.4. SM adjunction
	1.5. Acknowledgements

	2. Models for algebras
	2.1. Introduction
	2.2. Colored operads
	2.3. DG version
	2.4. Change of operad
	2.5. -split operads
	2.6. Admissibility of -split operads
	2.7. Simplicial structure in characteristic zero
	2.8. A pushout of algebras

	3. SM -categories
	3.1. Localization
	3.2. Dold-Kan correspondence
	3.3. Ndg, enriched

	4. Rectification of algebras
	4.1. Introduction
	4.2. Construction of 
	4.3. Proof of 4.1.1
	4.4. Algebras over a PROP

	5. Modules
	5.1. Classical setting
	5.2. 

	Appendix A. Symmetric monoidal adjunction
	A.1. Fibrations in Cat
	A.2. SM Grothendieck construction
	A.3. SM pairings
	A.4. Representability
	A.5. A generalization

	Appendix B. Comparison of two notions of module
	B.1. 
	B.2. Proof of B.1.2

	References
	Introduction
	Schreyer's tetragonal invariants
	From toric surfaces to polygons
	Intrinsicness for tetragonal curves
	1. Introduction
	2. Basics
	2.1. Hecke operator T 
	2.2. The mod p Local Langlands Correspondence
	2.3. Modular representations of M and 
	2.4. Reduction of binomial coefficients

	3. The case r 1 12mumod(p-1)
	4. Structure of Xr-1
	5. The case r 2 12mumod(p-1)
	6. The case ra12mumod(p-1), with 3ap-1
	7. Combinatorial lemmas
	8. Elimination of JH factors
	9. Separating out reducible and irreducible cases
	References
	
	Chern character map
	Convolution algebras
	Character cycles and characteristic cycles
	Conventions and notation
	Organization of the paper
	Acknowledgements
	Definitions and statement
	Equivariant homology and cohomology
	Fourier–Sato transform
	Equivariant homology as an Ext-algebra
	The Fourier isomorphism
	Linear Koszul duality
	Duality and parity conjugation in K-homology
	Reminder on the equivariant Riemann–Roch theorem
	Riemann–Roch maps
	Statement
	An injectivity criterion for (1.9.2)

	The case of convolution algebras
	Convolution
	Compatibility for the Riemann–Roch maps
	Compatibility for the actions on the natural modules
	Affine Hecke algebras and their graded versions
	Geometric realization of Haff and its antispherical module(s)
	Geometric realization of Haff and its antispherical module(s)
	Commutative diagram for affine Hecke algebras

	Compatibility of the Fourier isomorphism with inclusions
	Further notation
	Convolution algebras and inclusion of subbundles
	Fourier transform and inclusion of subbundles
	The Fourier isomorphism and inclusion of subbundles

	Compatibility of the remaining constructions with inclusions
	Compatibilities for linear Koszul duality
	Compatibilities for the other maps in K-homology
	Compatibilities for RR
	Compatibilities for RR

	Proof of Theorem 1.9.1
	A particular case
	Compatibility with inclusion
	Proof of Theorem 1.9.1

	Proofs of some technical results
	Conventions
	Some commutative diagrams
	Base change and adjunction
	Some consequences
	Restriction with supports in Borel–Moore homology
	Proof of Proposition 3.2.1(1)
	Proof of Proposition 3.2.1(2)
	A lemma on Euler classes

	1. Introduction
	2. Ga-actions on affine T-varieties
	3. The affine case
	4. The complete case
	5. Toric varieties and Demazure roots
	6. The orbit structure
	7. The general case
	References
	1. Introduction
	2. Scrolls, Pencils and Canonical Curves
	3. Proof of the Main Theorem
	4. A First Example
	References
	Introduction
	Acknowledgements

	Quasi-Poisson manifolds
	Reduction and moment maps
	Induction and the Hat construction

	Quasi-Poisson structures on moduli spaces
	The homotopy intersection form and quasi-Poisson structures
	Surfaces with boundary data
	Surfaces with domain walls
	Spin networks
	Spin networks on a marked surface
	Spin networks and functions on the moduli space
	The quasi-Poisson bracket on SpinNet,V(G)
	Spin networks on quilted surfaces

	Colorful examples
	Quilted surfaces and moduli spaces of flat bundles
	Some Technical Lemmas
	Introduction
	Preliminaries
	Endomorphisms of type III factors and Q-systems
	UMTCs in End(N) and braided subfactors
	Braided subfactors and alpha-induction

	Morita equivalence for braided subfactors
	Module categories, modules and bimodules
	The Morita equivalence class of a braided subfactor

	alpha-induction construction and the full center
	The full center and Rehren's construction coincide
	The adjoint functor of the full center

	Modular invariance and Q-systems in CxC'
	Characterization of modular invariant Q-systems
	Permutation modular invariants
	Maximal chiral subalgebras and second cohomology for modular invariant Q-systems

	Conformal nets
	Extensions and Q-systems
	Representation theory of local extensions
	Maximal 2D nets with chiral observables A
	Boundary conditions
	Reducible boundary conditions
	Adding the boundary

	Introduction
	1. The Bergman projection on D
	2. Improving the Bergman projection
	3. Mapping properties
	4. Properties of the projection T-1
	5. The case j=-1
	6. Remarks
	References
	Introduction
	Some results on rank one (phi,Gamma)-module
	Definition of the L-invariant over number fields
	Definition of the L-invariant
	Comparison with Benois' definition

	Siegel–Hilbert modular forms, the local case
	The case t=r=1
	Calculation of the L-invariant for Steinberg forms

	The case of the adjoint representation
	Introduction
	Preliminaries
	Exceptional collections of line bundles on surfaces
	Heights of exceptional collections
	Secondary Burniat surfaces and effective divisors
	Appendix: Acyclic bundles on the Kulikov surface
	Appendix: Nodal Secondary Burniat surface with K2=4
	1. Introduction
	2. Hermitian modular forms
	3. Eisenstein and Theta series for U(n,n)/F
	3.1. Theta series
	3.2. Eisenstein series

	4. The L-function attached to a Hermitian modular form
	4.1. The standard L-Function
	4.2. The Rankin-Selberg method

	5. Petersson Inner Product and Periods
	6. Algebraicity Results for Special L-Values and Reciprocity Laws
	References
	1. Introduction
	2. The Cuntz–Pimsner covariance condition
	3. Cuntz–Pimsner algebras of product systems over Ore monoids
	3.1. Making left actions faithful
	3.2. What happens without the Ore conditions?
	3.3. Higher-rank Doplicher–Roberts algebras

	4. Actions of Ore monoids on spaces
	5. Some relations to previous work
	5.1. Semigroups of partial local homeomorphisms
	5.2. Semigroup C*-algebras

	6. Properties of the groupoid model
	6.1. Open invariant subsets and minimality
	6.2. Effectivity
	6.3. Gauge-invariant ideals
	6.4. Invariant measures
	6.5. Local contractivity

	References
	1. Introduction
	2. Acknowledgement
	3. Atom spectrum
	4. Subcategories and quotient categories
	5. Atom spectra of quotient categories and localization
	6. Grothendieck categories with enough atoms
	7. The atom spectra of locally noetherian schemes
	8. Localization of prelocalizing subcategories and localizing subcategories
	9. Classification of prelocalizing subcategories
	10. Classification of localizing subcategories
	11. Classification of closed subcategories
	12. Classification of bilocalizing subcategories
	References
	1. Introduction
	2. Review of Massey products
	3. Unipotent matrices
	4. Embedding problems
	5. The vanishing of a certain cohomology group
	6. The injectivity of a localization map
	7. Triple Massey products over local and global fields
	References
	Resumé
	Proof of the factorization property
	Proof of properties of the Z2 index
	Odd symmetric Noether-Gohberg-Krein theorem
	Time-reversal symmetric topological insulators

